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(ABSTRACT) 

We study the problem of classifying all Poisson-Lie structures on the group Gy 

of local diffeomorphisms of the real line R! which leave the origin fixed, as well as 

the extended group of diffeomorphisms Goo. D G. whose action on R' does not 

necessarily fix the origin. 

A complete classification of all Poisson-Lie structures on the group G,, is given. 

All Poisson-Lie structures of coboundary type on the group Go. are classified. This 

includes a classification of all Lie-bialgebra structures on the Lie algebra G,, of Ga, 

which we prove to be all of coboundary type, and a classification of all Lie-bialgebra 

strucutures of coboundary type on the Lie algebra Go. of Go. which is the Witt 

algebra. 

A large class of Poisson structures on the space V\ of A-densities on the real line 

is found such that V, becomes a homogeneous Poisson space under the action of the 

Poisson-Lie group G.. 

We construct a series of finite-dimensional quantum groups whose quasiclassical 

limits are finite-dimensional Poisson-Lie factor groups of G,, and Gogo.
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INTRODUCTION 

Quantum groups have been introduced by Drinfel’d [D2] as deformations of uni- 

versal enveloping algebras of Lie groups and of the algebra of functions on Poisson-Lie 

groups. The latter are Lie groups equipped with Poisson structures compatible with 

the group structure (from where the term Poisson-Lie group originates). In this 

approach of constructing quantum groups the first step is to analyze existence of 

Poisson-Lie structures on the corresponding Lie group. The question of classifying 

all Poisson-Lie structures on a given Lie group (if they exist) is very difficult. To give 

an idea of how difficult it is we present a list of groups for which the solution of the 

classification problem is known: 

(a) Finite dimensional complex simple Lie groups [BD], 

(b) The groups GL(N), SZ(2), GL(1|1) [Ku3,4,5], 

(c) The 3-dimensional Heisenberg group [Ku6], 

(d) The group of affine transformations of the line Af f(1). 

Note that all the groups mentioned above are finite-dimensional. 

In the work presented here we study the problem of classifying all the Poisson-Lie 

structures on the group G.. of local diffeomorphisms of the real line R! which leave 

the origin fixed, as well as the extended group of diffeomorphisms Go,. D G,. whose 

action on R! does not necessarily fix the origin. 

The original problem was to decide whether such structures exist on the above 

described group G,,. Surprisingly, there exist many Poisson-Lie structures on the 

groups G,, and Go... Moreover a complete classification of all Poisson-Lie structures 

on the group G,, is possible. For the group Go. the classification remains incomplete; 

a list of all Poisson-Lie structures of coboundary type on the group Go,, is given. 

The Lie algebras of the groups Go. and G,. are the Witt algebra Go. and its 

principal subalgebra G,, C Gono. We prove that there is a one-to-one correspondence 

between the Poisson-Lie structures on G,,. and the Lie-bialgebra structures on Goo. 

1
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The latter are shown to be ail of coboundary type. All Lie-bialgebra structures of 

coboundary type on Go. are classified, and there is a one-to-one correspondence be- 

tween them and an explicitly listed family of the Poisson-Lie structures on Go... Thus 

a complete classification of all Lie-bialgebra structures on the principal subalgebra 

Goo of the Witt algebra Go. is given and all Lie-bialgebra structures of coboundary 

type on the Witt algebra Go,, are classified. 

The group G.. acts naturally on the space V, of A-densities on R!. For each 

Poisson-Lie structure on the group G,, we determine a Poisson structure on V, such 

that V, becomes a homogeneous Poisson G,.-space under the action of the Poisson-Lie 

group Goo. 

Finally, the quantization problem is addressed. We construct a series of finite- 

dimensional quantum groups whose quasi-classical limits are finite-dimensional Poisson- 

Lie factor groups of G., and Goo. The Poisson- Lie structures on these finite-dimensional 

groups are restrictions of the Poisson-Lie structures on Go. 

We give now a brief guide to the organization of the text. 

In Ch.I we introduce the basic concepts related to the Poisson-Lie theory and 

formulate the fundamental theorem of Drinfel’d relating Poisson-Lie groups and Lie- 

bialgebras. 

In Ch.IT we introduce the infinite-dimensional group G,. and a smooth structure 

on it. 

In Ch.III we find all bialgebra structures on the Lie algebra G,, of Goo. 

In Ch.IV we find a class of Poisson-Lie structures on G.. 

In Ch.V we show that there is a one-to-one correspondence between the Lie- 

bialgebra structures on G,, and the Poisson-Lie structures found on G,,, and prove 

that the latter give a complete list of all Poisson-Lie structures on Goo. 

In Ch.VI we study Poisson-Lie structures on Go,. which correspond to all Lie- 

bialgebra structures on Go. of coboundary type. 

Chapter VII is devoted to elements of representation theory for the Poisson-Lie 

group G.. on the homogeneous spaces Vy.
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In Ch.VIII we describe a series of quantum finite-dimensional groups. 

Lastly, we discuss some open problems. 

The bibliography does not pretend to give a complete list of works related to 

the subject. This is partly because the amount of literature devoted to Quantum 

and Poisson-Lie groups is so large that a complete list of references would have far 

exceeded the volume of this work, and partly because the subject is so quickly growing 

that a comprehensive bibliography is not a well-defined object. Therefore we give only 

a list of the works that served as guidelines to the author in trying to learn the subject 

and to begin being able to appreciate its beauty.



CHAPTER I 

POISSON-LIE THEORY 

In this chapter we introduce the basic objects to be studied: Poisson manifolds, Poisson-Lie 

groups, and Lie bialgebras, and prove basic results about them. 

Let M be a finite-dimensional smooth manifold. A Poisson structure (bracket) 

on M is defined as a map { , }: C°(M)xC™(M) — C™(M), which makes C™(M) 

into a Lie algebra, and is a derivation with respect to each argument. That is, there 

exists a section w € A?T'y4, where Ty is the tangent bundle of M, such that for any 

f,g,h € C@(M) we have 

(f,9) + {f,9} = (w.df Adg), 
and 

(i) {{frg}, h} + {{9, 2}, f} + {{h, f},g} = 0 (Jacobi identity); 

(ii) {f, gh} = {f,g}h + {f, 2}g (derivation property); 

(iii) {f, 9} = —{g, f} (antisymmetry). 

In local coordinates, 

Of og 
{f,g}(x) = wil @) aT a; 

where wz = wis(2) A Bey € A*T, is a bi-vector field at the point z € M, and {=} 

is a basis of the tangent space T, at x € M in the local coordinates (z;). 

Here and throughout this text a summation is understood over repeated nonfixed 

indices unless stated otherwise. 

The Jacobi identity (i) is equivalent to the following system of equations for the 

components w;;(z) = —w,;(z): 

Owpi Ow; Ow; J jk 

t (1.1) Oz; Oz;
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Definition 1.1 (Poisson Manifold)[L]. A Poisson manifold is a smooth manifold 

with a Poisson structure. 

A smooth map Ff: M,; — Mg, of two Poisson manifolds M, and Mg, is said to 

be Poisson if 

F"({g,h} am.) = {F"(g),F"(h)}m, for any gh € C™ (Ma), 

where (F'*(g))(z) “sf g(F(x)), and { , }m,, { , }a, are the Poisson brackets on 

M, and My, respectively. Thus the above condition is equivalent to {g,h}y,o0F = 

{go F,hoF}y,. 

If M, and Mg are two Poisson manifolds with Poisson structures defined by 

uw, € A*?Ty, and wo € A?Ty,, respectively, we define the direct product Poisson 

structure on M, x My, as 

(1.2) Wy X We “J 1x We +w, xl, 

which is a map : A?T'y4, @ A?TM, — A?Tu,xm- Here the space C®(M, x M2) 

is identified with the space C®(M,) @ C™(Mo2)(the reason being that a Poisson 

structure on C™(M, x Mo.) is uniquely defined by the one on C@(M,) @C™(Mg)). 

In more detail, for any function f € C%(M, x M2), and for each r € My, and 

y € Mz, let us define the functions f7 on Mz and f¥ on M, as follows: 

f(y) = f(x,y) and f*(x) = f(z,y). 

Then (1.2) means 

(1.3) {fis fobmaxMe (2; y) = {fT fz bane (y) + {fis falm, (z). 

Definition 1.2 (Poisson-Lie group)(D1]. Let G be a Lie group. Let w be a 

Poisson structure on G. The pair (G,w) is said to be a Poisson-Lie group if the 

multiplication map G x G — G is Poisson, where the manifold G x G is equipped 

with the direct product Poisson structure w x w. 

Let Lz: G— Gand R,: G > G be the left and right actions of G on itself defined 

by y + xy and y + yz respectively, where x,y € G. Then for any two functions
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fi, fz € C~(G) the compatibility between the product Poisson structure on G x G 

introduced by (1.2) and the Poisson structure on G can be witten as 

{fis fobe(zy) = {fi fobexe(zy) 

(1.4) = {ft fa}aly) + (ff, fa }e(z) 

= {fi o Ly, fe ° Lz}a(y) + {fi oO Ry, fa 0 Ry}e(z), 

where a function in C™(G) evaluated at xy is considered once as a function on G, 

and once as a function on G x G. In other words, we have 

(way; day fi A day fr) = (wy, dy( fr oL,)A dy( fa oO Lz) + (we, da( fi o Ry) A dz(f2 0 R,)) 

= (wy, day fi 0 (Le)wy A dey fz 0 (Lz)ey ) + (we, dry fy 0 (Ry )ax A dry fe © (Ry)ex) 

= ((Le)ay @ (Lx)ayi0y, dey fi A dey fo) + ((Ry)az ® (Ry)uztoys dey fi A dey for), 

where we used the relations d,(foL,) = dzyf o(Lz)sy and d,(foR,) = dry f o( Ry)«z- 

Here (Lz), and (Ry)... are the tangent maps to L, and R, evaluated at the points y 

and x respectively. Therefore we deduce 

(1.5) Wry = [(Le) sy ® (Le)aylwy + [(Ry ax ® (Ry) c]we- 

In local coordinates 

0; OC; (1.6) wig(6) = wn) SES + oly ) 6: O84 
Oy Oyi’ 

where € = zy. 

If e € G is the identity of G, then (1.5) yields 2u, = w,. Therefore w, = 0. This 

implies that w is not a symplectic structure since the rank of w at the identity of G 

is zero, and we are dealing with more general Poisson manifolds. 

Thus, equations (1.1) and (1.6) are the defining equations for a Poisson-Lie group. 

Many examples are known. The question of the classification of the Poisson-Lie struc- 

tures is very difficult. Presently there is no general method of classifying all Poisson- 

Lie structures on a given Lie group. Some results are known for finite dimensional
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Lie groups. The most general is the classification of all Poisson-Lie structures for 

complex simple Lie groups, due to Belavin and Drinfel’d [BD]. Up to now there is no 

known classification for an infinite-dimensional Lie group. 

Remark. In the definitions above all manifolds were finite-dimensional (M, re- 

spectively the group G). To extend these into the infinite-dimensional case, one 

needs two things: Ty, and C™(M). Since we will study infinite-dimensional groups 

in this text, the infinite-dimensional aspects will be addressed at the moment they 

are introduced. 

We now proceed with the definition of a Lie-bialgebra and formulate a theorem 

(again due to Drinfel’d) relating the concept of a Lie-bialgebra to the concept of a 

Poisson-Lie group. 

Definition 1.3. A Lie-bialgebra G is a Lie algebra G equipped with a coalgebra 

map a: G —+ GAG such that a is a l-cocycle of G with values in the G-module 

A?G, where G acts on A?G by means of the adjoint representation, and a satisfies the 

co-Jacobi identity. Thus, (G, qa) is a Lie bialgebra iff 

(2) TOa=-a 

(22) a([X,Y]) = adxa(Y) —adya(X), X,Y €G, 

(722) [1@18@14(781)1 @7)4+(1@7)(7 @1II|1 G®a)oa=), 

where the transposition map 7: G@G — G @G is defined by r(a ® 6) = 6@a for any 

a,beG. 

Equation (iii) above has the following meaning. The coalgebra map a: G — GAG 

satisfies (iii) if and only if its dual a*: G* AG* — G* makes the dual space G* into a 

Lie algebra. Let us see how this comes about. Let iy, l2,/3 € G* be elements of the 

the dual space to G. The the map a*: G* A G* — G* is defined by 

a*(l, ® ly) “! (1, & In) Od. 

That is, for any x € G we have (a*(1, @l2))(z) = (4 @lz)(a(z)). Let also r*: G*QG* 

G* @ G* be the dual of the transposition map 7 defined by the formula 

wT (hy & Iz) “ef (t &) ly) OT.
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That is, for any x @y € G @G we have (7*(, @le))\(x Oy) = (Hh @BbL)(y@z) = 

Li(y)l,(z). We see that the above definition is equivalent to the following definition: 

T*(l, @ a) J lz ® l,. Then the Jacobi identity for a* reads 

a*(l, ® a* (lz @ Is)) + a*(hh @ a* (lg @ 1,)) + a* (ls @ a*(, @ h)) = 0 

which is equivalent to 

o(1 @0")|(h @l, @ ls) + (2 @ lg @4)4+(b Oh @h) = 0 

The above equation is then equivalent to 

a*o(1@a*) heiei+ier\(ret)+(re1\ler)| (1,@l,@l3) = 0, for any |), ln, 13 € G*. 

Therefore we have 

cl @e/l@leltleryral)+(r enter) = 0. 

Taking the dual of this we obtain (iii). 

In order to clarify the meaning of (ii) in the definition of a Lie bialgebra we recall 

here basic facts about the Chevalley-Eilenberg cohomology theory for Lie algebras. 

Let {C,, 6} ne Ba be the complex 

6 6 6 § 
Co 7 C1 9... 9 Cn Cag... . 

Here C,, = Hom(A"G, V) is the space of n-cochains, where V is a G-module, i.e. a 

representation space for G, and Cp = V. The coboundary operator 6: C,, — C4, is 

defined by the rule 

©) +1 

(6a")(X4,... Xanga) =} (=I) X.0"(X1,... Xia, Xiga,--. -Xn41) 
i=l 

+S 0(-1) a" ([Xi, Xj] X15... Kis XG. Xn), 
t<j 

where a": A" G — V is an n-cochain. The hat over an argument means that it is 

being omitted, and the dot after X; stands for the action of G on V. If we choose 

V =G AG, then in the above formula the dot stands for the action induced by the
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adjoint action of G on itself. Let a: G = GAG bea 1-cochain. Then a is a 1-cocycle 

if and only if (6a)(X1, X2) = 0 for any X,, X2 € G. From the definition of 6 we obtain 

(**) (6a)(X1, X2) = X1.a(X2) — Xo.a(X1) — a([X4, Xy]) = 0. 

This is exactly equation (11) in the definition of a Lie bialgebra. Therefore we will 

refer to (ii) as the 1-cocycle condition in the sequel. In the case when a = 6a° is 

a 1-coboundary, equation (**) is automatically satisfied, since 6? = 0. In this case 

a(X) = adxr, wherer €EGAG=Co(G,GAG). 

Let {e;} be a basis of G and let us write a in this basis as a(e,) = ave; Ae;. Let 

C*} be the structure constants of G defining the Lie structure on G by [e;, ej] = Cv en. 

Property (i) in the definition of a implies that a?; = —a%,. Then the equation (iii) 

written in terms of ar becomes 

nog n 3 nad _ (1.7) aral, + ab.aj, + a5ja5; = 0. 

Similarly, equation (ii) expressed in terms of a}, and the structure constants CY of G 

becomes 

. oj j . 
Cragier A er = ay,[ei, ex] A er + ayer A [e:, e1] — a ,[e;, ek] A er — ex A [e;, €7] 

_ 5 pik jul : pik Syl = 04,C yep A er + a4, Ch eg A ep — A407" ey A €1 — Ay CZ ex A ep 

= OniCk €, Ne + Com CI” Ck Ae, — acy ex Ne; — Cem C) ex A €}. 

This is equivalent to 

(1.8) CHO = Omi CK + CP” = OnE” = Om C7” 

Thus, these two systems of equations, (1.7) and (1.8), plus the Jacobi identity for the 

structure constants of the Lie algebra G 

cuom’ 4 Cikom 4 Chom — 0, 

define a Lie-bialgebra structure on G. Then we have the following result. 

Theorem 1.4 (Drinfel’d). The category of connected, simply connected finite 

dimensional Poisson-Lie groups is equivalent to the category of finite dimensional 

Lie-bialgebras.
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Proof. ( = > ) Let G be a Poisson-Lie group with a Poisson-Lie structure defined 

locally by 

(1.9) {foad(a) = wile) 5a oe, 
for any f,g € C™(G). 

The differential of (1.9) is 

Owi;(x) Of Og Of og Of Ag   Uf 9M) = |B. anda; +8 Fada ba; 1“ On Deda, 
  dz,,. 

Evaluating at the identity e of G and using the previously derived fact w, = 0 in the 

form w;;(e) = 0, we obtain 

Owi;(e) OF 
Or, Oz; 

Og     

  

  

dz, €T7G =G", 
e 

i.e. an element of the dual space G* of G. 

Let G be the Lie algebra of G and G”* its dual. Let us define a Lie algebra 

strucuture on G* as follows. Let a € G*,a = a;dz; and {dz;} bea basis for G* = T7G. 

Then there is a function f € C~(G) such that a; = zt |., ie. df(e) =a. Let A 

be the class of all functions f € C™®(G) with the property df(e) = a. Then A is an 

equivalence class: 

(i) f~f, 
(ii) if fi ~ fo, ine. $4 |= 32 |, then fo ~ fi, 
(ili) if fy ~ fz and j.~ fs then fi ~ fs. This follows from: f; ~ fg => ao |= 52 |. 

and fo ~ fs ==> gia |= ae |.- Therefore, 7a |= oie |= fr~ fs. 

Let a, 8 € G*. Let f,g € C*(G) be such that df(e) = a and dg(e) = £, and let 

A and B be the corresponding equivalence classes of functions of C°(G) such that if 

fEA = df(e)=aandge B => dg(e) =f. Define [, |g«: G* @G* — G* by 

Ow; ley, Blge = dL f,g}(€) = “Be 5s | a   

    
dz, €T7G=G". 

Let f’ € A and g’ € B are another two elements of the equivalence classes A and B 

such that df'(e) = a and dg’(e) = 6. Then 

Ow; (e) of’ 

Oz, Oz; 

Og’ 
[a, A]g- = d{ f',g'}(e) = Dr.     dt, €T°G =G". 
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Since f ~ f' and g ~ g' we have zt |= 8f | and 22 ag" Therefore the 
Oz; le $4 |= — Ox; |. 

definition of | , ]g+ is independent of the choice of f € A and g € B. 

Let L,: G— G bea left translation by z € G. Let w(x) = (L,-1),w(z), i-e., we 

translate w back to the identity. Let also & = x27!y. If {3} is a basis of TyG then 

the action of the tangent map (L,-1), on a basis element of the tangent space T,G is 

O\ _ 0b 
((teege), = Oyp 

where {a} is a basis of T;G. Therefore the action on the bi-vector w(y) is 

described by the formula 

<2 
, ob   

    

0g; | 9 0 
[(L2-1) ® (Le -1) Jw(y) = —_ ould 5 , Oy |, dE; A de, . 

After evaluating at y = x we obtain 

a | ab; (wr )aj(@) = wera us |,» Ou |= 
  

  

Therefore w)(x) = (w7)i;(z)e; A e; is a map uw: G + GAG, where {e;} is a basis for 

G at the identity. Define 

    

        
n — Owri)iz | _ ( Owes OE; 0g; an kil 

vo OLn . On OYE y=r Oy: =x axe Pui X9 

where 9 _ ab; 
Wr] t 

= —— d Ba = Oz, |. an x ~ Ayn yas lene 
      

Differentiating u;(x) at the identity we obtain a map a:G > GAG. The map a 

endows G with a Lie-bialgebra structure. Indeed, 

ay “Oe + ah, ay, + ana, = = 

= Br xexe Be XEXT + BRXIXG BL XIN: + BopXs xi Fe XIE = 

= (87,81, + Br Bi, + BoB) XExeXEX- 

But 
n Qt n Qt nor _ 

pPqr + 5q rp + sr pq = 9; 

which follows from 
Ow Oey Ow jx 

Wii 1 Wik Da, > + wz =0
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after differentiating and evaluating at the identity of G, and using again w,;(e) = 0. 

Thus @ satisfies the co-Jacobi identity (1.7). That @ is a 1-cocycle can be seen from 

the following argument. From (1.5) we have 

w(zy) = [(Le)- @ (Le)«|o(y) + [(Ry)« ® (Ry).]o(2) 

where w(x) = wis(a) A oe Pulling back the left hand side to the identity element 

by a left translation, we obtain 

[(L(ey)-1 =» @ (Lieyy-1 Jalw(zy) = [(L(eyy-1 )e(L2)e @ (Layy- (Lz) e]o(y)+ 

[(L(ey)-1 «(Py ) ® (L(ey)-1 )w( By) «]w(2). 

From this we have 

wi(xy) = wi(y) + Ad,-14)(z), 

and this shows that w:(r) = (wr)i;(z)e; Ae; is a 1-cocycle uw: G — GAG on the group 

G. To this 1-cocycle on G corresponds exactly one 1-cocycle on the Lie algebra G of 

G as we now show. 

Let X € G and let yx(t) = e'* be the flow that X generates on G. Then the 

map a: G + GAG is defined by a(X) = £(uy(e'*)) |,_9 From this we deduce 

= get) Adc aate) d 0= —(w(e7** e**)) _ 7 

dt 

  

  t=0 #=0 

= a(—X)+a(X). 

Let Y € G and yy(s) = e*” be the flow it generates on G. Since 

    

  

d|d 
a([X,Y]) = ai Fowles ee) 

L s=0 t=0 

= a a(eX¥e™)| 
dt L #=0 al 

; 

t=0   = — a(¥ +41X,Y] +...) 
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we have 

    

    

  

  

  

_ did tX ,sY .—tX 

all, ) 7 di ae te s=0 7=0 

d|d etx tX .sY 

~ de [on _ )+ Adexun(e ) s=0 #=0 

= a a w(e7*) + Ad,+xuy(e°” ) + Ad.ex Ad,-sv w;(e'* ) 
dt ds s=0 t=0 

= a ad exa(Y) + Adgrc ad -ryan(e*) 

dt t=0 

= adxa(Y) — Ad.adya(X) — adxadywu,(e) 

= sdyal¥) — adya(X). 

Therefore 

(1.10) a([X,Y]) = adxa(Y) — adya(X). 

This proves the first part of the theorem. 

(<=) Assume now that a: G > GAG isa 1-cocycle that satisfies 

[18@1814(7 @1187)+(1 @r)\(7 @lj1@a)oa=0. 

Since G is connected and simply connected a can be integrated to get a 1-cocycle 

Wy: G—7GAG on G. That is, w, satisfies 

(1.11) We(ry) = Waly) + Ady-1W.(z). 

Let us define w(z) = [(L,).@(Lz).]wa(z). Then from (1.11) we obtain that w satisfies 

(1.12) w(ry) = (Le). @ (Lz)xJw(y) + [(Ry)~ ® (Ry)Jo(2). 

Therefore w(e) = 0. In local coordinates w(x) = w;;(z)s4 - A aay , where {2} is a 

basis of TG. 

Define a map { , }: C°(G) x C®(G) — C™(G) by 

Of O (fae) =wil) 5252, for any f.g €C°(G). 
Then for any f,g,h € C™(G) we have
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af dg Oh 
(1.13) {{frg} hk} + {{9,h}, Ff} + (12, fh, 9} = nF Fn Da, Oa’ 

where 

Q5.1 = wie + wage + wae 

To show this we compute the l.h.s. of (1.13): 

(1.14) {{f,g},h} + {{9,h}, f} + ({4, f},9} = 

= wip (« Wea ant + cyl, 95) 

win OeH OF 89 O8 FF Oo Ob 
Ox; Ox, Ot On; Ax;02, Ox) 02; 

  ~ bu, Aa Lu, "ay Of Og Oh 
0 Oz; On, Oz; " Ox; Ox, Ox, Oz; 

oO’ f Og Oh 

O2x,;02, 02; Oz; + cyel(f, 9, h). 
+ (Wj jp) + WW; ) -—— 

  

But 

+ Of Whi Wjt + WEIW a we w;w;.|——— = Wj ._|——— 
jWkl Ik) Ox. OL, EIT TEES On Oxy 

“Loo, eure,,| 
ak wgkl Oz;O02}, 

Therefore 

Of 
(1.15) [ion + win deda, 0, 

and the same is true for the remainig two terms of the same form in (1.14) obtained 

after cyclic permutation of f,g,h. 

Next we show that 10;4; is a l-cocycle on the group G. Let € = zy, for z,y € G. 

Then 

Ou; 
0€; 

Ow, 

Q540(E) =wisl 6) Ge + wiz (E)a> 
Ow 5k + wil) Ge
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OE; OE; 0§; OF; | 0 , = | enna) Ge SE oma oe hs Br FH 4 eyell bd 

=Wmn(t)—— oi awn (29) + ennlY) oe OYn et + cycl(y, k, l) 

_ 0g; O OE; ob Ist 5 
=Wnn(t)——= dz, OLm wlt) aT Oa, * Weply) 

wae + Wal) ge 5 eo) 5 oe a ee + eyel(i, 
€; OE; d€; 36 O&, 26 

=OQnsp(Z) 
    

Oz, On, Ox, * naol¥ Wy Ys Op 

Of; O& O& | 06; OF; OE, 
+ Wmn(t)Wsp(2) ae OLmOXLs Oy + OLy OL, OL mOLy + cyel(j, ky 8] + 

Og; OE, A 4 OE; OE; O7E;, 

| OYn OYmOYs OYp — Yn OYs OymOYp 

  

    

  

+ Winn(y)wsp(y) + cycl(y, k, | + 

    

    
(Og; OP&, Of 06: O€; PE, . 

+ Wmn(Z)Wsp(y) | Oar, Dt dys Ou, + Din Oy, tnd, + cycl(j, kf} + 

fOE; OPE, O& | O&; OE; OE, , 
+ Wmnly)Wsr(®)| a a az, Oty * Dyn Ot, Oymda, * VU). 

The terms proportional to Wmn(t)wWs,(x) and Wmn(y)wsp(y) are all zero due to the 

identity (1.15). The terms proportional to Wmn(t)wWsp(y) and wWmn(y)Wsp(z) also add 

up to zero due to identities as, for example, the one shown below 

0€; Ob OE, 
    

Wmn(L)Wsp(y) + Wsp(Y )Wmn(x ) 

    

Orn OY, OrmOYs ~ 

As a result we obtain that 054; satisfies 

OE; OE O8r Ob; O€% O&r 
0; = Qns : Qns ? jai( zy) p(r ta Oz, Oxy + ply ay, Oy, Oy, 

Writing this in an invariant notation we have that Q(z) = O;Ki(2) 555 A nes A ae 

satisfies 

(1.16) Q(ay) = [(Le)« @ (Lz) @ (Le) |Q(y) + [(Ry)« @ (Ry) ® (Ry).] Q(z). 

From (1.16) it follows that N(e) = 0. Pulling N back to the identity by a left trans- 

lation we have 

Q(z) = [(Le-1)x @ (Le-1) x @ (Le) =] (x), 
and from (1.16) we obtain that 0)(x) satisfies the cocycle condition 

(1.17) Qi(ry) = Q(y) +- Ad,-1 Q(z).
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Thus 2;: G — G AG is a 1-cocycle on G. In coordinates 

dt) Ay | aE, 
OY; |yer OYk Iyoo OYt 

  Q(z) = QVjxi(z) ep Ne, Aes, 

y=r   

    

where £ = x~'y and {e;} is a basis of G. For the derivative of 2; we have 

    

    

  

  

0 0 ; ._ oO 
Aa Q(z) | = Fe Q54:(z) XAxEXLED Ae,Ne,, where x= , 

n e n € y=ur |lrme 

which gives rise to a 1-cocycle 8: G > GAG AG, defined by f(e,) = ou , for each 
  

basis element e, € G. But 

OQ jK1 

Orn 

Ow; j 

OLn 
    

— znAn.s nos ns nm 

(€) = af, + Ofer; + O7,05,, where aj = 
  e€ 

By assumption the map a satisfies the co-Jacobi identity. Therefore we conclude 

that 20" (e) = 0, and from here it follows that 6 = 0. Since there is a one-to-one 

  

correspondence between the 1-cocycles on the Lie algebra and 1-cocycles on the group 

we conclude that 2. = 0 because its infinitesimal part is zero. Hence, to every Lie- 

bialgebra structure on the Lie algebra G defined by the map a: G — GAG corresponds 

a unique Poisson-Lie structure on the group G.™ 

Theorem 1.5. Let G be a Poisson-Lie group. Then the map y: G — G defined 

by v(x) = x7! is an anti-Poisson map. 

Proof. We prove the statement in a neighbourhood of the identity element of 

G. Let & = &(z,y), for: = 1,... ,n, be the coordinate functions of € = ry. The 

multiplicativity condition reads 

ag; A; Obi 06s O85 
Ox, Oz; 

(1.18) w3(€) = wri( xr) Oys Oy: . + wily) 

After solving £; = &(z,y) with respect to the coordinates of y we have y; = y;(z,€). 

We differentiate the identities 

Yi =yilz,€(z,y)), for 1=1,...,n, 

with respect to y, for each k = 1,...,n to obtain 

Oy; O (1.19) pha OM] 
Et |(xe) Vk M(ow) 
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Let y: G — G be the map defined by y(x) = z7', which is given in coordinates 

by the functions y; = 9,;(z). The we have 

(1.20) 0=£,(2,9(r)), for t=1,...,n. 

We differentiate (1.20) with respect to x, to obtain 

Or Og 
OLk \(eg(x)) Oy 

Oy! 
(1.21) 0 = Or,   

  

  (z,9(z)) 

After multiplying both sides of (1.18) by 2 Be \ e at 
  
to.) and summing over 1,j we 

get 

OYn 

(z,€) 0€; 

OYn oo oi 

(x,€) oe; 

where we used (1.19). 

Ym 
aE; 

    wis(f) = Om (1.22) 
(x.€) 0: 

Wei ( x \ae. 
(z,€) 

+ Waly), 
    

    

We now set € = e = ry(z) in (1.22), and obtain 

0G OYn 
2 wa) 5 

(zr,e) 0€; 

OE; Og; 

(x,y(z)) de 

OYm 
+Wmn(y(z)). 

(x,(x)) 

  

      (xe) 

Using (1.21) the above equality is equivalent to 

OX Oys (x,e) " OY» 

OYm _ Iym | Yn 
OE; (x,e) 0; 

  

      

  (z,(x)) (z,9(z)) 

Now using again (1.19) as 

at 
(r,e) OY: 

  
OY; 6F = 

© OE     (x,~(x)) 

we finally conclude that 

OOm OPn 
wnn(e()) = —wa(2) 5 5m     

In the following chapters we will adapt the above given definitions for the case 

where G will stand for particular infinite-dimensional groups, and address the clas- 

sification problem. We will show that theorems analogous to Theorems 1.4 and 1.5 

above also hold in this case.



CHAPTER II 

THE GROUP OF INFINITE-JETS G. AND ITS LIE ALGEBRA 

In this chapter we recall the necessary background on infinite-dimensional manifolds needed to 

justify the resulis obtained in the subsequent chapters. This includes the definitions of projective and 

inductive limits of families of topological vector spaces. We illustrate this definitions on the example 

of the space R™. Then we introduce a group G,,. as an infintte-dimensional manifold modeled on the 

space IR™ and also introduce a smooth structure on it. We also define a concept of a tangent manifold 

TG. which allows us to carry out the Potsson-Lie theory, discussed in the previous chapter, to this 

particular infinite-dimensional group. Finally we derive the Lie algebra of this group. 

The group G,, of infinite-jets. 

Let us consider the space of formal power series in the variable u 

oo 

X(u) = > zu’. 
i=1 

We think of each ¥ as representing a point z = (zy, Z2,... ) on the infinite-dimensional 

subspace G,, of R®: G,, = {x € R® | x, # 0}, where z;’s are the coordinate functions 

of the point. 

Define a multiplication map m.,: Gy X Go — Gx on G,, induced by the sub- 

stitution of formal power series. For any two A’(u), Y(u) define 

(AY)(u) = A(Y(u)) 

to be the product of V(u) and Y(u). 

Obviously the induced multiplication makes G,, a group with an identity e = (1,0,0,...). 

In local coordinates 
k 

(2.1) oe = Soa; S> Yar + Vie 
=) (NL jade 
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The first several formulae are given below 

f= 21x 

Eo = 21y2 + 22y7 

3 = t1y3 + L22y1y2 + ray; 

€4 = 01 y4 + To(ys + 2yiys) + ra3yiye + Tay; 

En = 21Yn + EnyT + Yn—12yit2 + Ln-i(n — Lyf 7y2 + O(< n—1), n>3 

where € = zy. 

The group G,, can be made into a smooth manifold modeled on the complete 

locally convex topological vector space R® in the following way. 

The space R® and smooth structures on it. 

We will begin with two definitions. Namely, the definitions of inverse (projective) 

and direct (inductive) limits of topological vector spaces, which will establish the 

background for our discussion of infinite-dimensional groups and Poisson-Lie struc- 

tures on them. 

Definition 2.1. (see, e.g. [Sa]) Let (Va, frein)nen be a family of topological 

vector spaces and maps, where fr4in: Vn41 — Vz are continuous. Then the pair 

(Vso3 (foon)nen) is called an inverse (projective) limit of (Vn, frein)nen if 

(i) Vo is a topological vector space; each foon: Voo > Vy is a continuous map, and 

Frtin © foont1 = foon for each n EN. 

(ii) If W is a topological vector space and g,: W — V,, are continuous maps satisfying 

fatin © Gnt4i = Gn for every n € N, then there exists a unique continuous map 

g: W — V. which satisfies g, = fon Og, Vn EN. 

Part (ii) of the above definition simply asserts that V,. is unique up to an isomor- 

phism. Next, we give an example, which is the main space we will work with. 

Consider the family (R”, T41,n)nen, Where the projections ty41n: R"*+! — R” are 

defined by 

Trtin(L1,-+- Ln, 2ngi1) = (L1,---,Ln),



20 

and {z;};_, are the standard coordinates on R". Then the above family has an inverse 

limit (R™, %on) where 7.5,,: R® — R” are defined by 

Moon(Li5-++ En, Intis+--) = (%1,.--, Ln). 

Clearly the maps 7,41,, are continuous in the (e.g. Euclidean) topology on R". The 

inverse limit topology on R® is defined by declaring subsets of the form 73',(0,.), 

for open O, € R”, to be open in R® and to form a basis for the topology on R®. 

We also have Tryin 0 Toont1 = Toon for every n € N. If W is another candidate 

for a projective limit and g,: W — R", Vn € N, then we define g: W — R® by 

(9(z)\n = (9n(2))n, where (g(z)), is the n-th component of g(z) € R®, and z € W. 

The dual concept is the concept of a direct (inductive) limit of a family of topo- 

logical vector spaces. 

Definition 2.2. (see, e.g. [Sa]) Let (Vi, fnntijnen be a family of topological 

vector spaces and continuous maps fpnii: Vn > Vagi- Then the pair (Vio; (fn,co nen) 

is called a direct (inductive) limit of (V,, frnti)nen if 

(i) Voo is a topological vector space, each foo: Vn — Voo is a continuous map, and 

fntiyo ° fanti = fnjoo for every n € N; 

(ii) if W is a topological vector space and g,: V, — W are continuous maps for 

every n EN, satisfying gn = gnt4i1 © fnntgi, Vn EN, then there exists a unique map 

9: Voo — W which satisfies g, = 9 ° frico- 

Going back to our example, let us consider the family (R",tnn41)nen, Where 

tnngi: R” — R"*? is defined by 

lnnti(L1,--- Ln) = (L1,--- ,Ln,0). 

This family has a direct limit (R3°, n,.o), where R5° is a vector subspace of R® 

consisting of all sequences containing only finite number of non-zero terms, and 

bn,oo: R™ — R6>° is defined by 

bnoo(@1,--- , Xn) = (21,.-. , En, 0,0,.-..). 

The direct (inductive) limit topology on R>° is defined by declaring a subset O C R9° 

to be open if and only if «7 4,(O) is open in R" for every n EN. Then énico is continuous 

and tno = ln4t,co ° lnngi, Vn EN. If W is another topological vector space and 

Jn: R” — W, let us define g: R5° — W as follows
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�e�v�e�r�y� �1�1�,�.�.�.�,�u�g�%�  ¬� �V�,� �t�h�e� �m�a�p� �O�  �� �W� �g�i�v�e�n� �b�y� �t�z� �&� �D�*�¥� �f�(�z�;�u�,�,�.�.�.� �,� �v�,�)� �i�s� �o�f� �c�l�a�s�s� 

�C�!�.� �H�e�r�e� �t�h�e� �m�a�p� �D�*�*�!�f�:� �O� �x� �V�*�+�!�  �� �W� �i�s� �t�h�e�n� �d�e�f�i�n�e�d� �b�y� 

�1� 
�D�*�*� �f�(�x�;� �v�,�0�1�,�.�.�.� �,� �U�K�)� �=� �l�i�m�  ��[�D�*� �f�(�a� �+� �t�u�;�v�1�,�.�.�.� �,�0�n�)�  �� �D�*�¥� �f�(�a�j�u�1�,�.�.�.� �,� �v�¢�)�]�.� 

�I�f� �f� �i�s� �o�f� �c�l�a�s�s� �C�*� �f�o�r� �e�a�c�h� �k� �>� �1� �t�h�e�n� �i�t� �i�s� �s�a�i�d� �t�o� �b�e� �s�m�o�o�t�h�,� �o�r� �o�f� �c�l�a�s�s� �C!"�.� 

�L�e�t� �O� �C� �R�©�®� �b�e� �o�p�e�n�,� �a�n�d� �l�e�t� �f�:� �O�  �� �R� �b�e� �C�!�.� �T�h�e�n� �f�o�r� �e�v�e�r�y� �x�  ¬� �O� �t�h�e� 

�m�a�p� �d�e�f�i�n�e�d� �b�y� �v� �+� �D�f�{�(�a�;�v�)� �i�s� �l�i�n�e�a�r� �a�n�d� �c�o�n�t�i�n�u�o�u�s� �f�r�o�m� �R�®�  �� �R�.� �T�h�u�s�,� �i�t� �i�s� 

�a�n� �e�l�e�m�e�n�t� �o�f� �R�5�°�.� �B�y� �c�h�o�o�s�i�n�g� �v� �t�o� �p�o�i�n�t� �a�t� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �a�x�e�s� �w�e� 
�c�o�n�c�l�u�d�e� �t�h�a�t� �a�t� �e�a�c�h� �p�o�i�n�t� �x�  ¬� �O� �t�h�e� �o�n�l�y� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �f� �t�h�a�t� �a�r�e� �n�o�n�-�z�e�r�o� 
�a�r�e� �g�e�,� �2� �<�n� �f�o�r� �s�o�m�e� �n� �E�N�.� �T�h�i�s� �r�e�m�a�i�n�s� �t�r�u�e� �i�f� �f� �i�s� �o�f� �c�l�a�s�s� �C�*�,� �k� �>� �1� �o�r� �C�®� �a�n�d� 

�i�s� �s�h�o�w�n� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �s�a�m�e� �a�r�g�u�m�e�n�t� �t�o� �t�h�e� �h�i�g�h�e�r� �o�r�d�e�r� �d�i�r�e�c�t�i�o�n�a�l� �d�e�r�i�v�a�t�i�v�e�s� 
�D�F� �f�:� �O� �x� �(�R�®�)�*�  �� �R�®� �w�h�i�c�h� �a�r�e� �a�l�l� �l�i�n�e�a�r� �a�n�d� �c�o�n�t�i�n�u�o�u�s� �m�a�p�s� �f�r�o�m� �(�R�®�)�*� �>�=� �R� 
�a�t� �e�a�c�h� �p�o�i�n�t� �t�  ¬� �O�.� �T�h�e�r�e�f�o�r�e� �w�e� �d�e�f�i�n�e� �t�h�e� �s�p�a�c�e� �C�@�(�R�®�)� �o�f� �s�m�o�o�t�h� �f�u�n�c�t�i�o�n�s� 
�o�n� �R�®� �t�o� �b�e� �t�h�e� �s�p�a�c�e� �o�f� �s�m�o�o�t�h� �f�u�n�c�t�i�o�n�s� �d�e�p�e�n�d�i�n�g� �o�n�l�y� �u�p�o�n� �a� �f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� 

�v�a�r�i�a�b�l�e�s�.� 

�S�i�n�c�e� �i�n� �w�h�a�t� �f�o�l�l�o�w�s� �w�e� �w�i�l�l� �e�n�c�o�u�n�t�e�r� �m�a�p�s� �o�f� �t�h�e� �f�o�r�m� �f� �:� �V�  �� �R�®�,� �f�o�r� �s�o�m�e� 

�l�o�c�a�l�l�y� �c�o�n�v�e�x� �t�o�p�o�l�o�g�i�c�a�l� �v�e�c�t�o�r� �s�p�a�c�e� �V�,� �w�e� �g�i�v�e� �n�e�x�t� �a� �c�r�i�t�e�r�i�o�n� �f�o�r� �t�h�e�s�e� �m�a�p�s� �t�o� 

�b�e� �s�m�o�o�t�h�.� 

�L�e�m�m�a� �2�.�6�.� �[�S�a�]� �L�e�t� �V�,� �W� �=� �R�@�©� �b�e� �l�o�c�a�l�l�y� �c�o�n�v�e�r� �t�o�p�o�l�o�g�i�c�a�l� �v�e�c�t�o�r� �s�p�a�c�e�s�,� 

�a�n�d� �O�C� �V� �a�n� �o�p�e�n� �s�u�b�s�e�t� �o�f� �V�.� �T�h�e� �m�a�p� �f� �:�O�  �� �R!"� �i�s� �a� �s�m�o�o�t�h� �m�a�p� �i�f� �a�n�d� �o�n�l�y� 
�i�f� �e�a�c�h� �f�n� �=� �T�o�n� �f�,� �N�E�N�,� �i�s� �a� �s�m�o�o�t�h� �m�a�p� �f�,� �:�O�  �� �R�"�.� 

�P�r�o�o�f�.� �I�f� �f� �:� �O�  �� �R�®� �i�s� �a� �s�m�o�o�t�h� �m�a�p� �t�h�e�n� �e�a�c�h� �f�,� �i�s� �s�m�o�o�t�h� �s�i�n�c�e� �7�.�5�,�,� �a�r�e� 

�s�m�o�o�t�h�.� 

�L�e�t� �f�,� �b�e� �s�m�o�o�t�h� �f�o�r� �e�v�e�r�y� �n�  ¬� �N�.� �F�r�o�m� �f�p� �=� �T�n�4�i�n� �°� �f�a�z� �i�t� �f�o�l�l�o�w�s�,� �u�s�i�n�g� �t�h�e� 

�c�h�a�i�n� �r�u�l�e�,� �t�h�a�t� �D�f�,� �=� �D�a�n�s�i�n�°� �D�f�n�s�i� �=� �t�a�i�n� �°� �D�f�n�4�1�,� �s�i�n�c�e� �T�4�i�n� �1�s� �a� �l�i�n�e�a�r



�2�3� 

�m�a�p� �f�o�r� �e�v�e�r�y� �n�  ¬� �N�.� �L�e�t� �«�  ¬� �O�,� �v�  ¬� �V�,� �a�n�d� �l�e�t�  ¬�  ¬� �R!"� �b�e� �s�u�c�h� �t�h�a�t� �t�o�m�(�E�)� �=� 
�D�f�m�n�(�x�;�v�)� �f�o�r� �e�v�e�r�y� �m� �E�N� �(�b�y� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �R�®� �a�s� �a� �p�r�o�j�e�c�t�i�v�e� �l�i�m�i�t�)�.� �F�o�r� �e�v�e�r�y� 

�n�e�i�g�h�b�o�u�r�h�o�o�d� �U� �3�  ¬� �o�f�  ¬� �t�h�e�r�e� �i�s� �a�n� �n�  ¬� �N� �a�n�d� �a� �n�e�i�g�h�b�o�u�r�h�o�o�d� �U�,�,� �3� �D�f�,�(�2�;�v�)� �o�f� 
�D�f�,�(�;�v�)� �s�u�c�h� �t�h�a�t� �7�Z�1�,�(�U�,�)� �C� �U� �(�b�y� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �t�o�p�o�l�o�g�y� �o�n� �R�®�)�.� �T�h�e�n� 
�t�h�e�r�e� �i�s� �a�n�  ¬� �>� �0� �s�u�c�h� �t�h�a�t� 

�+� �f�a�l� �+�t�v�) �� �f�a�l�e�)� �C�U�,�,� �f�o�r� �|�t�|�<�e�.� 

�S�i�n�c�e� 

�F�o�o�n� �|� �7� �(�f�l�e� �+�t�0�)� �~� �f�(�e�)�)�|� �=�F�]� �f�l�e� �+� �0�)� �f�o�l�)�,� 
�i�t� �f�o�l�l�o�w�s� �t�h�a�t� 

�T�o�o�n� �G�e� �+�t�v�) �� �f�(�2�)�)�|� �C�c� �U�,�,� 

�a�n�d� �t�h�e�r�e�f�o�r�e� 

�7� �|� �l�e� �+� �t�v�)�  �� �i�)� �E�U�.� 
�S�i�n�c�e� �U� �w�a�s� �c�h�o�s�e�n� �t�o� �b�e� �a�r�b�i�t�r�a�r�y� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� 

�é� �=� �l�i�m�=�(�f�(�e� �+� �t�v�)�  �� �f�(�e�)�)�.� 

�A�p�p�l�y�i�n�g� �t�h�e� �s�a�m�e� �a�r�g�u�m�e�n�t� �i�n�d�u�c�t�i�v�e�l�y� �t�o� �t�h�e� �h�i�g�h�e�r� �d�e�r�i�v�a�t�i�v�e�s� �D�*� �f�,�,� �=� �T�o�o�n� �©� 

�D�*� �f� �o�f� �f�,� �w�e� �d�e�d�u�c�e� �t�h�a�t� �f� �i�s� �s�m�o�o�t�h�.�m!"� 

�L�e�t� �u�s� �c�o�n�s�i�d�e�r� �t�h�e� �c�o�n�n�e�c�t�e�d� �c�o�m�p�o�n�e�n�t�s� �G�y�o� �=� �{�r�  ¬� �G�,�,� �|� �2�1� �>� �0�}� �a�n�d� �G�e�o�g� �=� 

�{�x�  ¬� �G� �|� �x�1� �<� �0�}� �o�f� �t�h�e� �g�r�o�u�p� �G�,�,�.� �T�h�e�n� �G�,�,� �i�s� �a� �d�i�s�j�o�i�n�t� �u�n�i�o�n� �G�.� �=� �G�y�o� �U� �G�e�o�.� 

�W�e� �m�o�d�e�l� �e�a�c�h� �o�f� �t�h�e� �t�w�o� �c�o�n�n�e�c�t�e�d� �c�o�m�p�o�n�e�n�t�s� �G�y�o� �a�n�d� �G�e�o�g� �o�f� �G�,�.� �o�n� �t�h�e� �s�p�a�c�e� �R�®�.� 

�I�n� �t�h�e� �s�e�q�u�e�l� �w�e� �f�o�l�l�o�w� �t�h�e� �t�h�e�o�r�y� �o�f� �i�n�f�i�n�i�t�e� �d�i�m�e�n�s�i�o�n�a�l� �L�i�e� �g�r�o�u�p�s� �a�n�d� �t�h�e� �n�o�t�a�t�i�o�n� 

�a�s� �i�t� �h�a�s� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �i�n� �[�M�]�.� �(�W�e� �w�i�l�l� �g�i�v�e� �t�h�e� �a�r�g�u�m�e�n�t�s� �f�o�r� �t�h�e� �c�o�m�p�o�n�e�n�t� �G�y�o� 
�w�h�i�c�h� �c�o�n�t�a�i�n�s� �t�h�e� �i�d�e�n�t�i�t�y�.� �C�l�e�a�r�l�y� �G�e�o� �i�s� �a� �m�i�r�r�o�r� �c�o�p�y� �o�f� �G�y�o� �u�n�d�e�r� �t�h�e� �r�e�f�l�e�c�t�i�o�n� 
�m�a�p� �2�1� �+�+�  ��2�}�.�)� 

�L�e�t� �u�s� �i�n�t�r�o�d�u�c�e� �a� �l�o�c�a�l� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �y�s�o� �o�n� �G�y�o� �b�y� �t�h�e� �s�m�o�o�t�h� �m�a�p� 

�(�2�.�2�)� �Y�s�o� �:� �R!"� �>� �G�y�o� 

�d�e�f�i�n�e�d� �b�y� 

�(�2�.�3�)� �Y�>�o�(�x�)� �=� �(�e�7�'�,� �2�2�,� �2�3�,�.�.�.�)�,� �w�h�e�r�e� �x� �=� �(�2�,� �£�2�,� �7�3�,�.�.�.�)�  ¬� �R!"�,



�2�4� 

�a�n�d� �i�t�s� �i�n�v�e�r�s�e� �y�5�4� �:� �G�y�o�  �� �R�®!"� �i�s� �d�e�f�i�n�e�d� �b�y� 

�(�2�.�3�*�)� �p�s�o�l�y�)�  �� �(�I�n� �Y�1�,� �Y�2�,�Y�3�,�-�-�-� �)�;� �w�h�e�r�e� �y�=� �(�y�i�,� �Y�2�,� �Y�3�,�-�-�-� �)� �E� �G�o�.� 

�(�A�n�a�l�o�g�o�u�s�l�y� �o�n�e� �c�o�u�l�d� �d�e�f�i�n�e� �a� �l�o�c�a�l� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �y�<�o� �o�n� �G�e�o�:� �Y�e�o�(�r�)� �=� 
�( ��e�"�!�,�2�2�,�2�3�,�.�.�.�)�.�)� �W�i�t�h� �t�h�i�s� �l�o�c�a�l� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �G�5�9� �b�e�c�o�m�e�s� �a� �s�m�o�o�t�h� �m�a�n�-� 

�i�f�o�l�d� �(�n�o�t� �a� �v�e�r�y� �i�n�t�e�r�e�s�t�i�n�g� �o�n�e� �f�r�o�m� �a� �t�o�p�o�l�o�g�i�c�a�l� �p�o�i�n�t� �o�f� �v�i�e�w�)�,� �s�u�c�h� �t�h�a�t� �t�h�e� 
�m�u�l�t�i�p�l�i�c�a�t�i�o�n� �m�a�p� �M�o�.� �:� �G�y�o� �X� �G�s�o�  �� �G�y�o� �a�n�d� �t�h�e� �i�n�v�e�r�s�e� �m�a�p� �t�.�,� �:� �G�s�o�  �� �G�y�o�,� 

�1� �d�e�f�i�n�e�d� �b�y� �x� �+�+� �x�~�*�,� �a�r�e� �s�m�o�o�t�h� �m�a�p�s�.� 

�T�o� �s�h�o�w� �t�h�a�t� �m�,�,� �i�s� �s�m�o�o�t�h� �w�e� �n�e�e�d� �t�o� �s�h�o�w� �t�h�a�t� �t�h�e� �m�a�p� �9�5�5�4�0�.� �0�(�Y�s�0�X�Y�>�0�)� �:� 

�R�®� �x� �R�®�  �� �R�®� �i�s� �s�m�o�o�t�h�.� �B�u�t� �e�a�c�h� �o�f� �t�h�e� �m�a�p�s� �T�o�o�n� �0� �Y�S�G� �O� �M�e�o� �0� �(�Y�>�0� �X� �Y�s�a�)� �:� 

�R�®� �x� �R�®�  �� �R �� �d�e�f�i�n�e�d� �b�y� 

�(�z�y�)�.� �=� �2�7�+� 
�k�-�1� 

�(�z�y�)�,�=� �e�y�e� �t�e�a�t� �S�o� �a�,� �S�o� �y�f�.�.�.�a�i�,� �f�o�r� �2�<�k�<�n�,� 
�i�=�2� �S�o� �e�e�k� 

�y�!� �=�{�o�.� �J�o� �=�1� 

�J�e� �Y�o�a� �J�a� �F�<� �1�,� 

�i�s� �s�m�o�o�t�h�.� �T�h�e�r�e�f�o�r�e� �w�e� �a�p�p�l�y� �L�e�m�m�a� �2�.�6�.� �A�n�a�l�o�g�o�u�s�l�y�,� �t�o� �s�h�o�w� �t�h�a�t� �t�h�e� �m�a�p� �7�.� �i�s� 

�a�n�d� �w�h�e�r�e� 

�s�m�o�o�t�h� �w�e� �n�e�e�d� �t�o� �s�h�o�w� �t�h�a�t� �t�h�e� �m�a�p� �Y�5�9� �0� �t�o�o� �0� �Y�s�0� �:� �R�®�  �� �R�®� �i�s� �s�m�o�o�t�h�.� �A�g�a�i�n� 

�e�a�c�h� �o�f� �t�h�e� �m�a�p�s� �T�o�o�n� �0� �(�Y�S� �0� �t�o�o� �O� �Y�s�a�)� �:� �R�Y�  �� �R �� �d�e�f�i�n�e�d� �b�y� 

�(�2�)�.� �=�  ��2� 
�k�-�1� 

�(�x�7�"�)�,� �=�  ��e� �(�e�t�e�r� �_� �e�o� �z�;� �S�-� �y�'�s�,� �.� �L�y�i�,� �f�o�r� �2�<�k�<�n�,� 

�a�n�d� �w�h�e�r�e� 
�,�  �� �e�o�"�)�,� �J�a� �=� 

�Y�i�n� �=� �_� �.� 
�;� �(�x� �V�i�a�»� �J�a� �#� �1�,� 

�i�s� �s�m�o�o�t�h�.� �H�e�r�e� �(�x�~�'�)�;�,�,� �f�o�r� �2� �<� �j�g� �<�n ��J�1� �a�r�e� �c�o�m�p�u�t�e�d� �i�n�d�u�c�t�i�v�e�l�y� �s�t�a�r�t�i�n�g� �w�i�t�h� 
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�2�5� 

�N�o�w� �w�e� �a�p�p�l�y� �a�g�a�i�n� �L�e�m�m�a� �2�.�6�.� 

�I�n� �o�r�d�e�r� �t�o� �d�e�f�i�n�e� �a� �t�a�n�g�e�n�t� �s�p�a�c�e� �t�o� �G�y�o� �w�e� �n�e�e�d� �a� �n�o�t�i�o�n� �o�f� �a�n� �e�q�u�i�v�a�l�e�n�c�e� �c�l�a�s�s� 

�o�f� �p�a�t�h�s� �p�a�s�s�i�n�g� �t�h�r�o�u�g�h� �a� �p�o�i�n�t� �r�p�  ¬� �G�y�o�.� �L�e�t� �y�,� �:� �R�  �� �G�y�o� �a�n�d� �7�2� �:� �R� �+� �G�y�o� �b�e� 
�t�w�o� �p�a�t�h�s� �i�n� �G�y�o� �s�u�c�h� �t�h�a�t� �7�,�(�0�)� �=� �0� �=� �y�2�(�0�)�.� �W�e� �s�a�y� �t�h�a�t� �7�,� �a�n�d� �2� �a�r�e� �e�q�u�i�v�a�l�e�n�t� 
�i�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �p�a�t�h�s� 

�t�h�s� �p�S�o�(�v�(�t�)�)� �a�n�d� �t�+�+� �y�5�o�(�r�2�(�t�)�)� 
�i�n� �R�®� �h�a�v�e� �t�h�e� �s�a�m�e� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e�s� �a�t� �t� �=� �0�.� �T�h�e� �s�e�t� �o�f� �a�l�l� �e�q�u�i�v�a�l�e�n�c�e� �c�l�a�s�s�e�s� �o�f� 

�p�a�t�h�s� �t�h�r�o�u�g�h� �t�h�e� �p�o�i�n�t� �z�o�  ¬� �G�y�o� �i�s� �d�e�f�i�n�e�d� �t�o� �b�e� �t�h�e� �t�a�n�g�e�n�t� �s�p�a�c�e� �T�;�,�G�y� �9�.� �I�n� 

�f�a�c�t� �t�h�e�r�e� �i�s� �a� �o�n�e�-�t�o�-�o�n�e� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �b�e�t�w�e�e�n� �T�,�,�G� �5� �9� �a�n�d� �t�h�e� �m�o�d�e�l� �s�p�a�c�e� �R�®!"�.� 

�I�n�d�e�e�d�,� �l�e�t� �p�o�  ¬� �R�®� �a�n�d� �Y�s�o�(�p�o�)� �=� �Z�o�.� �T�h�e�n� �t�o� �e�v�e�r�y� �p�  ¬� �R�®� �t�h�e�r�e� �c�o�r�r�e�s�p�o�n�d�s� �t�h�e� 
�e�q�u�i�v�a�l�e�n�c�e� �c�l�a�s�s� �o�f� �t�h�e� �p�a�t�h� 

�t� �+�>� �Y�s�0�(�P�o� �+� �t�p�)� 

�t�h�r�o�u�g�h� �t�h�e� �p�o�i�n�t� �x�9�  ¬� �G�y�o�.� �U�s�i�n�g� �t�h�i�s� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �7�T�,�,�G� �5� �9� �c�a�n� �b�e� �g�i�v�e�n� �a� 

�s�t�r�u�c�t�u�r�e� �o�f� �a� �l�o�c�a�l�l�y� �c�o�n�v�e�x� �t�o�p�o�l�o�g�i�c�a�l� �v�e�c�t�o�r� �s�p�a�c�e� �i�s�o�m�o�r�p�h�i�c� �t�o� �R�®�.� 

�D�e�f�i�n�e� �T�G�y�9� �=� �(�J� �T�-�G�y�o� �t�o� �b�e� �t�h�e� �t�a�n�g�e�n�t� �m�a�n�i�f�o�l�d� �[�M�]� �o�f� �G�y�o�.� �T�h�e� �t�a�n�g�e�n�t� 
�r�E�G�>�0� 

�m�a�n�i�f�o�l�d� �T ��G�s�o� �c�a�n� �b�e� �g�i�v�e�n� �a� �s�m�o�o�t�h� �s�t�r�u�c�t�u�r�e�.� �W�e� �m�o�d�e�l� �T�G� �y�o� �o�n� �t�h�e� �s�p�a�c�e� 

�R�®� �x� �R�®�.� �T�h�e� �l�o�c�a�l� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �s�m�o�o�t�h� �m�a�p� 

�W�s�o� �:� �R!"� �x� �R�®� �+� �T�G�s�o�,� 

�d�e�f�i�n�e�d� �b�y� �(�p�,�q�)� �+�+� �{�e�q�u�i�v�a�l�e�n�c�e� �c�l�a�s�s� �o�f� �t�h�e� �p�a�t�h� �t� �w�y� �y�o�(�p� �+� �t�q�)� �t�h�r�o�u�g�h� �t�h�e� �p�o�i�n�t� 

�P�}�-� 

�W�e� �r�e�c�a�l�l� �t�h�a�t� �g�i�v�e�n� �t�w�o� �s�m�o�o�t�h� �m�a�n�i�f�o�l�d�s� �M�,�,� �M�»�2�,� �a� �s�m�o�o�t�h� �m�a�p� �f� �:� �M�,�  ��-� 

�M�z� �i�n�d�u�c�e�s� �a� �c�o�n�t�i�n�u�o�u�s� �l�i�n�e�a�r� �m�a�p� �f�,� �:� �T�,�M�1�  �� �T�y�(�z�)� �M�z� �b�e�t�w�e�e�n� �t�h�e� �c�o�r�r�e�s�p�o�n�d�-� 

�i�n�g� �t�a�n�g�e�n�t� �s�p�a�c�e�s� �(�t�h�e� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �m�a�p� �f�)�.� �T�h�i�s� �m�a�p� �i�n�d�u�c�e�s� �a� �s�m�o�o�t�h� �m�a�p� 

�f�e�:� �T�M�,� �3� �T�M�,� 

�b�e�t�w�e�e�n� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�a�n�g�e�n�t� �m�a�n�i�f�o�l�d�s�.� 

�D�e�f�i�n�i�t�i�o�n� �2�.�7�.� �A� �s�m�o�o�t�h� �v�e�c�t�o�r� �f�i�e�l�d� �i�s� �a� �s�m�o�o�t�h� �m�a�p� �v� �:� �G�y�o�  �� �T�'�G�y�o� �d�e�f�i�n�e�d� 

�b�y� �r�+� �u�(�r�)�  ¬� �T�,�G�y�o� �f�o�r� �e�v�e�r�y� �z�  ¬� �G�y�o�.� 

�I�n� �l�o�c�a�l� �c�o�o�r�d�i�n�a�t�e�s� 

�y� �0� �0�°� 
�v�=� �/�  ��O�a�,� �v�3 ¬� �C� �(�G�o�)�.� 

�1�=�1



�2�6� 

�T�h�e� �v�e�c�t�o�r� �f�i�e�l�d� �v� �a�c�t�s� �a�s� �a� �l�i�n�e�a�r� �d�i�f�f�e�r�e�n�t�i�a�l� �o�p�e�r�a�t�o�r� �(�d�e�r�i�v�a�t�i�o�n�)� �o�n� �t�h�e� �r�i�n�g� 
�C�'�(�G�s�o�,�R�)� �o�f� �s�m�o�o�t�h� �f�u�n�c�t�i�o�n�s� 

�f� �:� �G�s�o�  ��R�.� 

�A�s� �w�e� �m�e�n�t�i�o�n�e�d� �a�b�o�v�e� �t�h�i�s� �m�a�p� �i�n�d�u�c�e�s� �t�h�e� �c�o�n�t�i�n�o�u�s� �l�i�n�e�a�r� �m�a�p� 

�f�e�:� �T�r�G�s�o� �>� �T�y�2�)�R� �f�o�r� �e�a�c�h� �x�  ¬� �G�y�o�.� 

�B�e�c�a�u�s�e� �o�f� �t�h�e� �c�a�n�o�n�i�c�a�l� �i�s�o�m�o�r�p�h�i�s�m� �T�y�;�,�)�R� �=� �R� �w�e� �c�o�u�l�d� �t�h�i�n�k� �o�f� �f�i�(�v�(�x�r�)�)� �a�s� �a� 
�p�o�i�n�t� �i�n� �R� �f�o�r� �e�v�e�r�y� �v�(�x�)�  ¬� �T�,�;�G� �y�o�.� �T�h�u�s� �f�o�r� �e�v�e�r�y� �v�  ¬� �T�G� �y�o� �a�n�d� �e�v�e�r�y� �f� �:� �G�3�9� �>� �R� 

�w�e� �o�b�t�a�i�n� �a� �m�a�p� 

�(�2�.�4�)� �X�u�(�f�)� �:� �G�s�o� �>� �R�,� 

�d�e�f�i�n�e�d� �b�y� 

�X�y�(�f�)�(�v�)� �=� �f�,�(�e�(�x�)�)�  ¬� �T�y�y�R� �=� �R�B�.� 
�C�l�e�a�r�l�y� �t�h�e� �m�a�p� �(�2�.�4�)� �h�a�s� �t�h�e� �p�r�o�p�e�r�t�i�e�s� 

�(�2�.�5�)� �X�a�v�i� �t�b�v�e�(�F�)� �=� �a�X�,� �(�f�)� �+� �b�X�,�.�(�f�)� �f�o�r� �e�v�e�r�y� �U�1�,� �v�2�  ¬� �T�G�s�o�,� �a�n�d� �a�,� �b�  ¬� �R�,� 

�a�n�d� 
�(�2�.�6�)� 

�X�y�(�a�f�t� �+� �b�f�2�)� �=� �a�X�,�{� �f�i�)� �+� �b�X�y�(� �f�a�)� �f�o�r� �e�v�e�r�y� �f�i�,� �f�o�  ¬� �C!"�(�G�5�o�,�R�)�,� �a�n�d� �a�,� �b�E�R�.� 

�T�h�e� �l�a�s�t� �p�r�o�p�e�r�t�y� �i�s� �a� �c�o�n�s�e�q�u�e�n�c�e� �o�f� �t�h�e� �l�i�n�e�a�r�i�t�y� �o�f� �t�h�e� �s�p�a�c�e� �T�;�,�,�)�R� �f�o�r� �e�a�c�h� �p�o�i�n�t� 

�r�E� �G�y�o�.� 

�F�o�r� �a�n�y� �u�,�v�:� �G�y�o� �+� �T�G�s�o� �d�e�f�i�n�e� �a� �v�e�c�t�o�r� �f�i�e�l�d� �[�u�,� �v�]� �b�y� 

�(�2�.�7�)� �X�t�u�y�w�l�|�f� �=� �X�u�l�(� �X�f�)�  �� �X�(�X�u�f�)�.� 

�U�s�i�n�g� �p�r�o�p�e�r�t�y� �(�2�.�6�)� �o�n�e� �i�m�m�e�d�i�a�t�l�y� �s�h�o�w�s� �t�h�a�t� �t�h�e� �J�a�c�o�b�i� �i�d�e�n�t�i�t�y� 

�(�2�.�8�)� �[�v�1�,� �[�v�e�,� �v�a�]� �+� �[�v�e�,� �[�v�s�,� �v�a�]� �+� �[�v�s�,� �[�v�1�,� �v�2�]�]� �=� �0� 

�i�s� �s�a�t�i�s�f�i�e�d� �f�o�r� �a�n�y� �t�h�r�e�e� �v�e�c�t�o�r� �f�i�e�l�d�s� �v�1�,� �v�2�,�v�3�  ¬� �T�'�G�y�o�.� 

�S�i�n�c�e� �(�R�°�®�)�*� �=� �I�R�¢�°�,� �a�n�d� �w�e� �h�a�v�e� �t�h�e� �n�a�t�u�r�a�l� �i�s�o�m�o�r�p�h�i�s�m� �T�,�,�G� �5�»� �=� �R�®�,� �i�t� �f�o�l�l�o�w�s� 

�t�h�a�t� �w�e� �h�a�v�e� �a�n� �i�s�o�m�o�r�p�h�i�s�m� �b�e�t�w�e�e�n� �t�h�e� �d�u�a�l� �s�p�a�c�e�s� �(�7�;�G�y�o�)�*� �=� �(�R�®�)�*� �=� �R�G�?� �a�t� 
�e�a�c�h� �p�o�i�n�t� �z�  ¬� �G�y�o�.� �T�h�e�n� �e�v�e�r�y� �c�o�t�a�n�g�e�n�t� �v�e�c�t�o�r� �¢�  ¬� �(�T�,�G� �5�9�) �� �i�s� �g�i�v�e�n� �b�y� �a� �f�i�n�i�t�e� 
�s�u�m



�2�7� 

�C�=�)� �G�d�z�i�,� �G�  ¬� �C�°�(�G�s�o�)�;� 
�t�=�1� 

�f�o�r� �s�o�m�e� �n� �E�N�.� �H�e�r�e� �{�d�z�;�}�;�¢�y� �f�o�r�m�s� �a� �b�a�s�i�s� �o�f� �(�T�,�G�y�)�*� �d�u�a�l� �t�o� �a� �b�a�s�i�s� �{�2� �}�i�e�n� �o�f� 
�T�,�G�y�o�.� 

�F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �d�e�f�i�n�i�n�g� �P�o�i�s�s�o�n� �s�t�r�u�c�t�u�r�e�s� �o�n� �G�y�o� �w�e� �w�i�l�l� �u�s�e� �t�h�e� �e�x�i�s�t�i�n�g� 

�d�u�a�l�i�t�y� �b�e�t�w�e�e�n� �t�h�e� �t�a�n�g�e�n�t� �a�n�d� �t�h�e� �c�o�t�a�n�g�e�n�t� �s�p�a�c�e�s� �a�t� �e�a�c�h� �p�o�i�n�t�.� 

�L�e�t� �T�.�G�9� �b�e� �t�h�e� �t�a�n�g�e�n�t� �s�p�a�c�e� �a�t� �t�h�e� �i�d�e�n�t�i�t�y� �o�f� �t�h�e� �g�r�o�u�p�.� �L�e�t� �y�y�o� �:� �R�®� �>� �G�y�o� 

�b�e� �a� �l�o�c�a�l� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �w�i�t�h� �y�s�o�(�0�)� �=� �e�.� �T�h�e�n� �t�h�e� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �-� �:� �G�y�o� �x� 

�G�y�o�  �� �G�y�o� �o�n� �G�y�o� �(�t�h�e� �m�a�p� �m�,� �r�e�s�t�r�i�c�t�e�d� �t�o� �G�y�o� �x� �G�y�o�)� �l�i�f�t�s� �t�o� �a� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� 

�*� �>� �I�R� �x� �R�?�  �� �R�®� �o�n� �t�h�e� �m�o�d�e�l� �s�p�a�c�e� �R!"� �b�y� 

�(�2�.�9�)� �£�*�y� �=� �p�5�o�(�Y�>�0�(�z�)�-�Y�>�o�(�y�)�)� �f�o�r� �a�n�y� �z�,�y�  ¬� �R�®�.� 
�T�h�e� �f�i�r�s�t� �s�e�v�e�r�a�l� �t�e�r�m�s� �o�f� �t�h�e� �T�a�y�l�o�r� �e�x�p�a�n�s�i�o�n� �o�f� �(�2�.�9�)� �a�r�o�u�n�d� �0� �a�r�e� �g�i�v�e�n� �b�y� 

�(�2�.�1�0�)� �r�e�y�=�a�t�y�t� �W�a�z�,�y�)� �+�.�.�.� 

�H�e�r�e� �6�(�z�,�y�)� �i�s� �a� �b�i�l�i�n�e�a�r� �v�e�c�t�o�r�-�v�a�l�u�e�d� �f�o�r�m� �a�n�d� �t�h�e� �d�o�t�s� �s�t�a�n�d� �f�o�r� �t�e�r�m�s� �o�f� �h�i�g�h�e�r� 
�o�r�d�e�r�.� �L�a�t�e�r� �w�e� �w�i�l�l� �c�o�m�p�u�t�e� �e�x�p�l�i�c�i�t�l�y� �t�h�e� �f�o�r�m� �b�(�z�,�y�)� �f�o�r� �t�h�e� �g�r�o�u�p� �G�y�o�.� �S�i�n�c�e� �w�e� 

�a�l�s�o� �h�a�v�e� 

�(�2�.�1�1�)� �2�x�0� �=� �g�M� �p�s�o�(�z�)� �- ¬�)� �=� �2� �=� �p�5�h�(�e�-�Y�s�o�(�z�)�)� �=� �0�2� 
�i�t� �f�o�l�l�o�w�s� �t�h�a�t� �t�h�e� �c�o�n�s�t�a�n�t� �t�e�r�m� �i�n� �t�h�e� �e�x�p�a�n�s�i�o�n� �i�s� �0�.� �A�l�s�o� �f�r�o�m� 

 ��1� �(�2�.�1�2�)� �w�*� �a�7�!� �=�  ��5�o�(�~�s�0�(�a�)� �-� �P�5�o�(�z�)�)� �=� �0� �=� �v�S�a�(�y�S�a�(�x�)� �-� �Y�o�o�(�z�)�)� �=� �2�7� �*� �a� 
�w�e� �h�a�v�e� 

�O�=�a�t�e� �'�=�x�r�4�+�2�r�'�4�0�(�z�,�2�"�)�4�+�.�.�.� 

�T�h�e�r�e�f�o�r�e� 

�a�}� �= ��2 ��O�)�(�2�,�2�7�"�)�4�.�.�.� 

�= ��£�4�+�0�(�2�,�r�)�+�.�.�.�.� 

�F�i�n�a�l�l�y� �w�e� �c�o�m�p�u�t�e� 

�a�x�y�*�r� �'� �=�2�*�(�y�*�a�'�)� 

�=�r�+�y�*�a� �'�4�+�0�(�2�,�y�*�u�"�)�4�+�.�.�.� 

�=�r�t�y�t�+�a�'�t�+�b�(�y�a�2�'�)�+�.�.�.�4�+�b�(�a�,�y�t�a�"�)� �+�.�.�.� 

�=�r�+�y ��2�+� �(�2�,�2�)�  �� �d�b�(�y�,�2�)�+�.�.�.�+� �0�(�2�,�y�)�  �� �d�(�a�,�x�)� �4�+�.�.�.� 

�(�2�.�1�3�)� �=�y� �+� �(�H�(�2�,� �y�)�  �� �d�(�y�,� �z�)�)� �+�o�.�.�.



�2�8� 

�L�e�t� �t� �+� �y�(�t�)� �a�n�d� �s� �+� �2�(�s�)� �b�e� �t�w�o� �p�a�t�h�s� �i�n� �R�®� �p�a�s�s�i�n�g� �t�h�r�o�u�g�h� �0�,� �t� �+� �y�5�o�(�y�(�t�)�)� 
�a�n�d� �s� �+�+� �y�5�9�(�z�(�s�)�)� �t�h�e�i�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �p�a�t�h�s� �i�n� �G�y�o� �p�a�s�s�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �i�d�e�n�t�i�t�y� �e� 
�w�i�t�h� �t�a�n�g�e�n�t� �v�e�c�t�o�r�s� �u�  ¬� �T�.�G�y�o�9� �a�n�d� �v�  ¬� �T�.�G�y�o� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�r�o�m� �(�2�.�1�3�)� �w�e� �h�a�v�e� 

�(�2�.�1�4�)� �n�(�s�)� �*� �y�(�t�)� �#�2�7�1�(�s�)� �=� �y�(�t�)� �+� �(�6�(�#�(�s�)�,� �y�(�t�)�  �� �(�y�(�t�)�,� �2�(�s�)�)�)� �+�.�.�.� 
�S�i�n�c�e� �w�e� �h�a�v�e� �t�h�e� �n�a�t�u�r�a�l� �i�s�o�m�o�r�p�h�i�s�m� �7�p�>�R�®� �=� �R�®� �t�h�e� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �c�o�o�r�d�i�n�a�t�e� 

�s�y�s�t�e�m� �m�a�p� �y�o� �:� �R�®�  �� �G�y�o� �e�v�a�l�u�a�t�e�d� �a�t� �0�,� 

�(�2�.�1�5�)� �(�y�>�0�)�_� �|�.� �T�o�R�®�  �� �T�.�G�s�o�,� 

�s�u�p�p�l�i�e�s� �a� �n�a�t�u�r�a�l� �i�s�o�m�o�r�p�h�i�s�m� �T�.�G�s�9� �=� �R�®� �b�e�t�w�e�e�n� �t�h�e� �v�e�c�t�o�r� �s�p�a�c�e� �T�,�G� �y�o� �a�n�d� 

�t�h�e� �m�o�d�e�l� �v�e�c�t�o�r� �s�p�a�c�e� �R�®�.� �U�s�i�n�g� �t�h�i�s� �i�s�o�m�o�r�p�h�i�s�m� �(�a�n�d� �a�f�t�e�r� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �(�2�.�1�4�)� 
�w�.�r�.�t�.� �¢� �a�t� �¢� �=� �0� �f�i�r�s�t� �a�n�d� �t�h�e�n� �w�.�r�.�t�.� �s� �a�t� �s� �=� �0�)� �w�e� �d�e�f�i�n�e� �t�h�e� �a�d�j�o�i�n�t� �a�c�t�i�o�n� �o�f� �T�.�G�y�o� 

�o�n� �i�t�s�e�l�f� �b�y� �t�h�e� �f�o�r�m�u�l�a� 

�(�2�.�1�6�)� �a�d�,�(�v�)� �=� �b�(�u�,�v�)�  �� �&�(�v�,� �u�)�.� 

�D�e�f�i�n�i�t�i�o�n� �2�.�8�.� �T�h�e� �L�i�e� �a�l�g�e�b�r�a� �G�,�,� �o�f� �t�h�e� �g�r�o�u�p� �G�,�.� �i�s� �d�e�f�i�n�e�d� �t�o� �b�e� �t�h�e� �t�o�p�o�-� 

�l�o�g�i�c�a�l� �v�e�c�t�o�r� �s�p�a�c�e� �T�.�G�'�y�9� �e�q�u�i�p�e�d� �w�i�t�h� �t�h�e� �b�r�a�c�k�e�t� 

�(�2�.�1�7�)� �[�u�,�v�]� �=� �a�d�,�(�v�)� �=� �b�(�u�,�v�)�  �� �b�(�v�,�u�)� �f�o�r� �a�n�y� �u�,�v�  ¬� �T�.�G�y�o�.� 

�T�h�e� �s�o� �d�e�f�i�n�e�d� �b�r�a�c�k�e�t� �i�s� �c�o�n�t�i�n�u�o�u�s�,� �b�i�l�i�n�e�a�r� �a�n�d� �a�n�t�i�-�s�y�m�m�e�t�r�i�c�,� �a�n�d� �i�t� �s�a�t�i�s�f�i�e�s� 

�(�2�.�1�8�)� �[�u�,� �[�v�,� �w�]�]� �+� �[�v�,� �[�w�,� �u�]�]� �+� �[�w�,� �[�u�,� �v�]�]� �=� �0�.� 

�T�h�e� �l�a�s�t� �i�d�e�n�t�i�t�y� �i�s� �p�r�o�v�e�d� �u�s�i�n�g� �t�h�e� �a�s�s�o�c�i�a�t�i�v�i�t�y� �c�o�n�d�i�t�i�o�n� 

�c�x�(�y�*�z�)� �=� �(�a�r�y�)� �*�z�,� 

�f�r�o�m� �w�h�i�c�h� �w�e� �o�b�t�a�i�n� 

�e�t�y�*�z�4�+�a�e�y�*�z�)�+�.�.�.�=�r�e�y�t�z�2�4�+�a�r�r�y�,�z�)�+�.�.�.�.� 

�A�f�t�e�r� �e�x�p�a�n�d�i�n�g� �t�h�e� �p�r�o�d�u�c�t�s� �o�n� �b�o�t�h� �s�i�d�e�s� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�l�i�t�y�,� �c�a�n�c�e�l�i�n�g� �t�h�e� �l�i�n�e�a�r� 

�a�n�d� �b�i�l�i�n�e�a�r� �t�e�r�m�s�,� �a�n�d� �c�o�m�p�a�r�i�n�g� �t�h�e� �t�e�r�m�s� �o�f� �t�h�i�r�d� �o�r�d�e�r� �w�e� �d�e�d�u�c�e� �t�h�a�t� 

�B�(�x�,� �b�(�y�,� �z�)�)� �=� �(�O�(�z�,� �y�)�,� �2�)�.



�2�9� 

�T�h�e�r�e�f�o�r�e� �w�e� �h�a�v�e� 

�[�u�,� �[�v�,� �w�]�]�|� �=�b�(�u�,� �b�(�v�,� �w�)�)�  �� �b�(�u�,� �b�(�w�,� �v�)�)�  �� �b�(�b�(�v�,� �w�)�,� �u�)� �+� �b�(�b�(�w�,� �v�)�,� �u�)� 

�=�b�(�u�,� �b�(�v�,� �w�)�)�  �� �b�(�u�,� �b�(�w�,� �v�)�)�  �� �B�(�v�,� �d�b�(�w�,� �u�)�)� �+� �d�(�w�,� �b�(�v�,� �u�)�)�,� 

�a�n�d� �a�f�t�e�r� �c�y�c�l�i�c� �p�e�r�m�u�t�a�t�i�o�n� �o�f� �u�,� �v�,� �w�,� �(�2�.�1�8�)� �f�o�l�l�o�w�s�.� �I�n� �o�r�d�e�r� �t�o� �c�o�m�p�u�t�e� �t�h�e� �b�r�a�c�k�e�t� 
�f�o�r� �G�o�o� �w�e� �n�e�e�d� �t�o� �f�i�n�d� �e�x�p�l�i�c�i�t�l�y� �t�h�e� �b�i�l�i�n�e�a�r� �f�o�r�m� �b�(�z�,� �y�)�.� 

�L�e�t� �u�s� �c�o�n�s�i�d�e�r� �t�h�e� �T�a�y�l�o�r� �e�x�p�a�n�s�i�o�n�s� �a�r�o�u�n�d� �0� �o�f� �t�h�e� �f�i�r�s�t� �s�e�v�e�r�a�l� �c�o�m�p�o�n�e�n�t�s� �o�f� 

�t�h�e� �p�r�o�d�u�c�t� �x� �*� �y�,� �w�h�e�r�e� �z�,�y�  ¬� �R!"�:� 

�(�r�e�y�)� �=�r� �+�H� 

�(�z� �*� �y�)�2� �=�e�"� �y�o� �+� �a�r�e� 
�=�2�2� �+� �y�o� �+� �(�r�i�y�2� �+� �2�2�2�9�1�)� �+�.�.�.� 

�(�x� �*� �y�)�3� �=�e�"� �y�s� �+� �2�r�a�y�r�e!"�!� �+� �r�3�e�°�1� 

�=�2�r�3� �+� �y�3� �+� �(�r�1�y�3� �+� �2�r�e�y�2� �+� �3�r�3�y�1�)� �+�.�.�.� 

�(�x� �*� �y�)�4� �=�e!"� �y�s� �+� �F�2�(�y�s� �+� �2�e�%� �y�s�)� �+� �B�r�e� �y�o� �+� �r�y�e� 

�=�2�4�+� �y�a� �+� �(�2�1�Y�4� �+� �2�2�2�y�3� �+� �3�a�z�y�2� �+� �4�t�4�y�1�)� �+�.�.�.� 

�T�h�e� �a�b�o�v�e� �c�a�l�c�u�l�a�t�i�o�n� �s�u�p�p�l�i�e�s� �u�s� �w�i�t�h� �t�h�e� �n�e�c�e�s�s�a�r�y� �i�n�t�u�i�t�i�o�n� �t�o� �b�e� �a�b�l�e� �t�o� �f�o�r�m�u�l�a�t�e� 

�a�n�d� �p�r�o�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�L�e�m�m�a� �2�.�9�.� �F�o�r� �t�h�e� �g�r�o�u�p� �G�y�o� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �b�,�(�2�,�y�)� �o�f� �t�h�e� �v�e�c�t�o�r�-�v�a�l�u�e�d� 

�b�i�l�i�n�e�a�r� �f�o�r�m� �b�(�z�,�y�)� �i�n� �t�h�e� �e�x�p�a�n�s�i�o�n� �f�o�r�m�u�l�a� �(�2�.�1�0�)� �a�r�e� �g�i�v�e�n� �b�y� 

�(�2�.�1�9�)� �b�,�(�e�,�y�)� �=� �{� �s�i� �n�=�l� 
�i�=�l� �t�L� �s�Y�n�-�i�4�1�,� �7� �>� �1�.� 

�P�r�o�o�f�.� �F�o�r� �n� �=� �1� �t�h�e� �s�t�a�t�e�m�e�n�t� �i�s� �o�b�v�i�o�u�s�.� �L�e�t� �n� �>� �1�.� �F�r�o�m� �(�2�.�1�)� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� 
�t�h�e� �n�-�t�h� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �p�r�o�d�u�c�t� �z� �*� �y� �i�s� �g�i�v�e�n� �b�y� 

�n ��-�1� 

�(�2�.�2�0�)� �(�r�+�y�)�n� �=� �y�n� �t�e�i�n�t� �a� �Y�o� �y�f� �.�.�y�h�,�,� 
�=�?� �(�r�a�c� �j�a�j�=�n� 

�w�h�e�r�e� 

�e�¥�1� �J� �=� �1� 

�2�.�2�1�  �� �7� �o�e� 
�(� �)� �M�i�a� �{� �Y�j�a�r� �J�a� �#� �1�.



�3�0� 

�L�e�t� �u�s� �a�n�a�l�y�z�e� �a�n� �a�r�b�i�t�r�a�r�y� �t�e�r�m� �i�n� �t�h�e� �f�i�r�s�t� �s�u�m� �i�n� �(�2�.�2�0�)�.� �I�t� �h�a�s� �t�h�e� �f�o�r�m� 

�(�2�.�2�2�)� �L�;� �»� �V�i�g� �V�i�s�e� 

�n�e�t� �J�a�j�=�n� 

�C�l�e�a�r�l�y� �t�h�e� �o�n�l�y� �t�e�r�m�s� �b�i�l�i�n�e�a�r� �i�n� �x� �a�n�d� �y� �t�h�a�t� �c�o�u�l�d� �a�r�i�s�e� �f�r�o�m� �(�2�.�2�2�)� �c�o�m�e� �f�r�o�m� 
�p�r�o�d�u�c�t�s� �y ��,�,� �.�.�.�y�;�,� �w�i�t�h� �e�x�a�c�t�l�y� �(�2�  �� �1�)� �m�u�l�t�i�p�l�e�s� �e�q�u�a�l� �t�o� �e �� �a�n�d� �t�h�e� �r�e�m�a�i�n�i�n�g� �o�n�e� 
�e�q�u�a�l� �t�o� �y�;�,� �f�o�r� �s�o�m�e� �a�,� �2� �<� �a� �<�7�.� �T�h�i�s� �f�i�x�e�s� �t�h�e� �v�a�l�u�e� �o�f� �j�y� �t�o� �b�e� �7�g� �=� �n �� �y�o� �l�=� 
�n ��i�+�1�.� �T�h�e� �s�u�m� �i�n� �(�2�.�2�2�)� �c�o�n�t�a�i�n�s� �e�x�a�c�t�l�y� �(�5�)� �=� �z�i� �t�e�r�m�s� �o�f� �t�h�i�s� �f�o�r�m�.� �T�h�e�r�e�f�o�r�e� �w�e� 
�c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �f�r�o�m� �(�2�.�2�2�)� �t�o� �t�h�e� �b�i�l�i�n�e�a�r� �f�o�r�m� �6�,�(�z�,�y�)� �i�s� �t�r�;�y�p�,�_�;�4�1�.�-� 

�T�h�u�s� 
�n ��-�1� �n�-�1� 

�S�o� �y�~� �Y�i� �V�i� �=�o� �i�z�i�t�n�i�g�a� �+�.�.�.� �.� 
�t�=�2� �O�N�,� �j�a�)�=�n� �t�=�2� 

�E�x�p�a�n�d�i�n�g� �t�h�e� �e�x�p�o�n�e�n�t�s� �i�n� �t�h�e� �f�i�r�s�t� �t�w�o� �t�e�r�m�s� �o�f� �(�2�.�2�0�)� �w�e� �o�b�t�a�i�n� 

�(�z�*�¥�)�n� �=�a�n�t�y�n�t� �>� �-� �i�v�i�v�a�i�t�i� �t�.�-�-� �:� 

�1�=�1� 

�T�h�e�r�e�f�o�r�e� �w�e� �h�a�v�e� 
�T�r� 

�b�,� �(�2�,� �y�)� �=� �>� �1�2� �i�Y�n ��-�i�+�1�-�0� 

�t�=�1� 

�T�o� �b�e�t�t�e�r� �u�n�d�e�r�s�t�a�n�d� �t�h�e� �b�r�a�c�k�e�t� �(�2�.�1�7�)� �d�e�f�i�n�e�d� �b�y� �t�h�i�s� �b�i�l�i�n�e�a�r� �f�o�r�m� �l�e�t� �u�s� �c�h�o�o�s�e� 
�a� �b�a�s�i�s� �{�e�,� �}�°�2�,� �o�f� �v�e�c�t�o�r�s� �i�n� �T�.�G� �9�.� �T�h�e� �v�e�c�t�o�r�s� �e�,� �a�r�e� �d�e�f�i�n�e�d� �b�y� �t�h�e�i�r� �c�o�m�p�o�n�e�n�t�s� 

�(�e�n�)�;�,� �t�h�e� �l�a�t�t�e�r� �b�e�i�n�g� �e�q�u�a�l� �t�o� 

�(�e�n�)�;� �=� �o�F�,� 

�w�h�e�r�e� �6�*� �i�s� �t�h�e� �K�r�o�n�e�c�k�e�r� �s�y�m�b�o�l�.� �L�e�t� �u�s� �c�o�m�p�u�t�e� �t�h�e� �j�-�t�h� �c�o�m�p�o�n�e�n�t� �o�f� �[�e�n�,�  ¬�m�|�:� 

�[�e�n�s�  ¬�m�]�j� �=�b�;�( ¬�n�s�  ¬�m�)�  �� �b�j�( ¬�m�s� �e�n�)� 

�=� �S�~� �8�( ¬�n�)�s�( ¬�m�)�j ��s�+�1� �_� �S�>� �S�( ¬�m�)�s�( ¬�n�)�j ��s�4�1� 

�=� �S�°� �$�( ¬�n�)�s�( ¬�m�)�j ��s�+�1�  �� �S�o�U�  ��s�+�1�)�(�e ¬�,�)�,�( ¬�m�)�j�; ��s�+�1� 

�=� �S� �(�2�s�  ��)� �_� �L�)�( ¬�n�)�s�( ¬�m�)�j ��s�4�1� 

�3� 

�=�)� �(�2�s�  ��j�  �� �1�)�"� �,�,�,� �F�V� �s�a�n� �a�n�d� �j ��s�t�l�=�m�>�j�=�m�+�n�-�l�.� 
�s�=�1



�3�1� 

�T�h�e�r�e�f�o�r�e� �w�e� �o�b�t�a�i�n� 

�e�n�,� �E�m�]�;� �=� 
�(�n�- ��m�)�,� �g�=�u�n�+�t�m�-�l� 

�0�,� �J� �F�n�t�+�t�m�- ��1�.� 

�F�r�o�m� �t�h�i�s� �w�e� �d�e�d�u�c�e� �t�h�a�t� 

�(�2�.�2�3�)� �[�e�n�y� �E�m�]� �=�(�N ��M�)�e�n�i�m�-�1� �f�o�r� �e�v�e�r�y� �n�,�m�  ¬� �Z�y�.� 

�H�a�d� �w�e� �c�h�o�s�e�n� �t�o� �e�n�u�m�e�r�a�t�e� �t�h�e� �s�e�t� �o�f� �v�e�c�t�o�r�s� �{�e�,�}� �w�i�t�h� �n�  ¬� �Z�,�,� �a�n�d� �t�h�e� �c�o�m�p�o�n�e�n�t�s� 
�t�o� �b�e� �g�i�v�e�n� �b�y� �(�e�n�)�;� �=� �6�7�+�"�,� �t�h�e�n� �[�e�,�, ¬�,�]� �w�o�u�l�d� �h�a�v�e� �a�s�s�u�m�e�d� �t�h�e� �f�o�r�m� 

�(�2�.�2�4�)� �[�e�n�, ¬�m�|� �=�(�n ��M�)�é�e�n�g�t�m� �f�o�r� �e�v�e�r�y� �n�,�m� �E�N�.� 

�I�n� �t�h�e� �s�e�q�u�e�l� �w�e� �u�s�e� �b�o�t�h� �e�n�u�m�e�r�a�t�i�o�n�s� �w�h�e�n� �w�e� �f�i�n�d� �t�h�e� �o�n�e� �m�o�r�e� �c�o�n�v�e�n�i�e�n�t� �i�n� 

�c�a�l�c�u�l�a�t�i�o�n�s� �t�h�a�n� �t�h�e� �o�t�h�e�r�.� �O�n�e� �c�o�u�l�d� �e�a�s�i�l�y� �s�w�i�t�c�h� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �b�y� �s�h�i�f�t�i�n�g� �t�h�e� 

�i�n�d�i�c�e�s� �b�y� �1�.� 

�A�s� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �a�b�o�v�e� �c�a�l�c�u�l�a�t�i�o�n� �w�e� �f�o�u�n�d� �e�x�p�l�i�c�i�t�l�y� �t�h�e� �L�i�e� �a�l�g�e�b�r�a� �G�,�,� �o�f� �t�h�e� 

�g�r�o�u�p� �G�,�,�.� �T�h�e� �J�a�c�o�b�i� �i�d�e�n�t�i�t�y� �(�2�.�1�8�)� �f�o�l�l�o�w�s� �i�m�m�e�d�i�a�t�l�y� �f�r�o�m� �(�2�.�2�3�)� �o�r� �(�2�.�2�4�)� �i�n� �t�h�i�s� 
�c�a�s�e�.� 

�A�n�o�t�h�e�r� �w�a�y� �t�o� �f�i�n�d� �t�h�e� �L�i�e� �a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e� �o�n� �G�,�,� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�L�e�m�m�a� �2�.�1�0�.� �T�h�e� �L�i�e� �s�t�r�u�c�t�u�r�e� �o�n� �G�,�.� �i�s� �g�i�v�e�n� �b�y� 

�(�2�.�2�5�)� �[�E�n�,� �E�m�]� �=� �(�n�  �� �M�) ¬�n�i�m�}� �n�,�m�  ¬� �Z�4�,� 

�w�h�e�r�e� �{�e�,�}�°� �9� �i�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �b�a�s�i�s� �f�o�r� �G�.�:� �i�f� �C�,�(�u�)� �=� �u�+�t�u!"�t�!� �i�s� �a� �1�-�p�a�r�a�m�e�t�e�r� 
�p�a�t�h� �t�h�e�n� �e�,� �i�s� �t�h�e� �t�a�n�g�e�n�t� �v�e�c�t�o�r� �t�o� �t�h�i�s� �p�a�t�h� �a�t� �t�h�e� �i�d�e�n�t�i�t�y�.� �I�n� �o�t�h�e�r� �w�o�r�d�s� �w�e� �m�a�k�e� 

�t�h�e� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �u!"�t�!� �G� �e�,�,� �f�o�r�n� �>� �0�.� 

�P�r�o�o�f�.� �L�e�t� �u�s� �t�a�k�e� �t�w�o� �1�-�p�a�r�a�m�e�t�e�r� �p�a�t�h�s� �o�n� �t�h�e� �g�r�o�u�p� �p�a�s�s�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �i�d�e�n�-� 

�t�i�t�y� 

�A�,�(�u�)� �=� �u�t� �t�u ��,� 

�B�,�(�u�)� �=� �u�t�+�t�u!"�,� 

�a�n�d� �J�e�t� �u�s� �t�a�k�e� �t�h�e�i�r� �i�n�v�e�r�s�e�s



�3�2� 

�A�;�*�(�u�)� �=� �u�  �� �t�u �� �+� �n�t�?�u�?�"�*� �+� �O�4�(�¢�°�)�,� 

�B�y� �i� �(�u�)� �=� �u ��t�u!"� �+� �m�t�?�u�?!"�)� �+� �O�n�(�t�°�)�.� 

�F�r�o�m� �t�h�e� �c�o�m�m�u�t�a�t�o�r� 

�O�,�(�u�)� �=� �(�A�,� �0� �B�,�o� �A�p�o� �B�F�*�)�(�u�)� �=�u�t�+�l�(�n�  ��m�)�u�"�*!"�!� �+� �O�(�f�)�,� 

�w�e� �d�e�d�u�c�e� �t�h�a�t� 

�1� 
�[�e�n�y�E�m�|� �=� �l�i�m� �p� �(�S�e�l�e�)�  ��e�)� �=�(�n ��m�M�)�e ¬�n�i�m�-�E� 

�T�h�e� �g�r�o�u�p� �G�,�,� �a�s� �a� �p�r�o�j�e�c�t�i�v�e� �l�i�m�i�t� �o�f� �g�r�o�u�p�s� �o�f� �f�i�n�i�t�e� �j�e�t�s�.� 

�S�t�i�l�l� �a�n�o�t�h�e�r� �v�i�e�w�p�o�i�n�t� �o�n� �t�h�e� �i�n�f�i�n�i�t�e�-�d�i�m�e�n�s�i�o�n�a�l� �g�r�o�u�p� �i�s� �p�o�s�s�i�b�l�e�.� �T�h�e� �g�r�o�u�p� 

�G�.�.� �c�a�n� �b�e� �v�i�e�w�e�d� �a�s� �a� �p�r�o�j�e�c�t�i�v�e� �l�i�m�i�t� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�a�m�i�l�y� �o�f� �f�i�n�i�t�e� �d�i�m�e�n�s�i�o�n�a�l� 

�L�i�e� �g�r�o�u�p�s�.� �L�e�t� �u�s� �c�o�n�s�i�d�e�r� �t�h�e� �f�a�m�i�l�y� �o�f� �L�i�e� �g�r�o�u�p�s� �a�n�d� �m�a�p�s� �(�G�y�,� �7�n�4�1�,�n�)�n�e�n�,� �W�h�e�r�e� 

�G�,� �=� �{�4�,�(�u�)� �=� �D�h�,� �z�;�u�'� �|� �z�,� �#� �0�}� �w�i�t�h� �a� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �m�,�:� �G�,� �x� �G�,�  �� �G�,� �d�e�f�i�n�e�d� 

�b�y� 
�(�X�n� �V�n�)�(�u�)� �=� �X�n�(�Y�a�(�u�)�)� �m�o�d� �u�®�t�?�,� 

�T�h�e� �g�r�o�u�p� �G�,� �i�s� �t�o�p�o�l�o�g�i�c�a�l�l�y� �R�®� �\� �M�"� �w�h�e�r�e� �M �� �=� �{�(�2�1�,�.�.�.�,�2�n�)�  ¬� �R�®� �|� �2�1� �=� �O�}�.� 
�T�h�a�t� �i�s�,� �t�h�e� �g�r�o�u�p� �G�,� �i�s� �a�n� �o�p�e�n� �s�u�b�s�e�t� �o�f� �R ��,� �a�n�d� �c�a�r�r�i�e�s� �t�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �a� �f�i�n�i�t�e� 

�d�i�m�e�n�s�i�o�n�a�l� �C ��?� �m�a�n�i�f�o�l�d� �m�o�d�e�l�e�d� �o�n� �R ��.� �C�l�e�a�r�l�y� �t�h�e� �m�a�p�s� �t�r�y�i�n�:� �G�n�a� �7�%� �G�n�a� 

�d�e�f�i�n�e�d� �b�y� 

�T�r�t�i�n�(�L�1�5�-�-�-� �>�l�n�g�1�)� �=� �(�2�1�,�-�.�-�-� �5� �F�n�)� 

�a�r�e� �h�o�m�o�m�o�r�p�h�i�s�m�s�,� �i�.�e�.� 

�T�n�+�i�j�n� �0� �M�n�4�+�1�i� �=� �M�y�,� �O� �(�T�n�4�i�n� �x� �n�i�n�)�:� 

�T�h�i�s� �f�o�l�l�o�w�s� �f�r�o�m� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �7�,�4�1�,�,� �a�n�d� �(�2�.�1�)�.� �T�h�e�n� �t�h�e� �f�a�m�i�l�y� �(�G�,�,� �t�n�4�1�,�n�)�n�e�n� 

�h�a�s� �a� �p�r�o�j�e�c�t�i�v�e� �l�i�m�i�t� �(�G�o�,� �(�%�o�o�.�n�)�n�e�n�)�,� �W�h�e�r�e� �G�,�.�.� �i�s� �a�n� �o�p�e�n� �s�u�b�s�e�t� �o�f� �R�®�:� �G�y� �=� 

�{�z�x�  ¬� �R!"� �|� �x�;� �#� �O�}�,� �a�n�d� �w�e� �c�o�u�l�d� �c�o�n�s�i�d�e�r� �i�t� �a�s� �a�n� �i�n�f�i�n�i�t�e�-�d�i�m�e�n�s�i�o�n�a�l� �m�a�n�i�f�o�l�d� 
�m�o�d�e�l�e�d� �o�n� �R�®� �a�s� �e�x�p�l�a�i�n�e�d� �e�a�r�l�i�e�r� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�.� �T�h�e� �m�a�p�s� �7�.�.�n�:� �G�o�  �� �G�p� �a�r�e� 

�d�e�f�i�n�e�d� �b�y� 

�M�o�o�n�(�L�1�,�-�+�-� �5�2�n�y�E�n�g�i�,�-�-�-�)� �=� �(�L�1�,�.�-�-� �5� �F�n�)�.



�3�3� 

�O�b�v�i�o�u�s�l�y�,� �t�h�e�s�e� �m�a�p�s� �s�a�t�i�s�f�y� �t�o�n� �=� �T�n�t�i�n� �°� �T�o�n�t�i�-� �O�n� �G�o� �a� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� 

�M�o�o�:� �G�o�o� �X� �G�o�o� �+� �G�o�o� �i�s� �d�e�f�i�n�e�d� �b�y� �(�2�.�1�)�.� �A�l�s�o� �t�h�e� �m�a�p�s� �7�,�.�.�,� �a�r�e� �h�o�m�o�m�o�r�p�h�i�s�m�s�,� 

�1�. ¬�.� �T�o�o�n� �9� �M�o� �=� �M�n� �O� �(�T�o�o�,�n� �X� �T�o�o�n�)�,� �W�h�i�c�h� �f�o�l�l�o�w�s� �f�r�o�m� �t�h�e� �d�e�f�i�n�i�t�i�o�n�s�.� �I�f� �H�.� 

�i�s� �a�n�o�t�h�e�r� �c�a�n�d�i�d�a�t�e� �f�o�r� �a� �l�i�m�i�t� �a�n�d� �h�,�:� �H�,�.�  ��~� �G�,� �f�o�r� �e�v�e�r�y� �n�  ¬� �N�,� �t�h�e�n� �w�e� �d�e�-� 

�f�i�n�e� �h�:� �H�o�  �� �G�o�o� �b�y� �(�h�(�z�)�)�n� �=� �(�A�n�(�z�)�)�n� �w�h�e�r�e� �(�h�(�z�)�)�n� �i�s� �t�h�e� �n�-�t�h� �c�o�m�p�o�n�e�n�t� �o�f� 
�A�(�z�)�  ¬�C� �G�o�,� �&� �E� �A�y�.� 

�L�e�t� �u�s� �c�o�n�s�i�d�e�r� �n�o�w� �t�h�e� �f�a�m�i�l�y� �o�f� �s�p�a�c�e�s� �a�n�d� �m�a�p�s� �(�C!"�(�G�n�)�,� �t�n�n�¢�i�)�n�e�n�,� �W�h�e�r�e� �t�h�e� 

�s�p�a�c�e� �C�'!"�(�G�,�,�)� �i�s� �t�h�e� �s�p�a�c�e� �o�f� �s�m�o�o�t�h� �f�u�n�c�t�i�o�n�s� �o�n� �G�,�,� �a�n�d� �t�h�e� �m�a�p�s� �t�n�n�g�i�:� �C�~�(�G�,�)� 

�C!"�(�G�n�4�i�)� �a�r�e� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�.� �F�o�r� �a�n�y� �f�  ¬� �C ��(�G�,�)� �w�e� �d�e�f�i�n�e� �t�a�n�y�i�(�f�)�  ¬� 

�C�°�(�G�n�4�i�)� �b�y� 

�(�é�n�n�g�i�(�f�)�)�(�2�1�,�-�-�-� �5� �2�n�y� �E�n�g�i�)� �=� �f�(�2�1�,�-�.�-� �F�n�)�.� 

�T�h�e�n� �t�h�e� �a�b�o�v�e� �f�a�m�i�l�y� �h�a�s� �a�n� �i�n�d�u�c�t�i�v�e� �l�i�m�i�t� �(�C!"�(�G�.�.�)�,� �¢�n�,�o�o�)�,� �W�h�e�r�e� �t�n�o�o�:� �C�®�(�G�n�)� 
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�d�e�f�i�n�e�d� �a�s� �t�h�e� �s�m�o�o�t�h� �f�u�n�c�t�i�o�n�s� �o�n� �R�©� �o�f� �f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �v�a�r�i�a�b�l�e�s� �r�e�s�t�r�i�c�t�e�d� �t�o� �R!"� �\� 
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�t�=�1�  �� 
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�t�n�n�g�i�(�{�f�,�g�}�n�)� �=� �{�é�n�n�t�i�l�f�)�,� �t�n�n�+�i�(�9�)� �t�n�t�:� 

�I�n� �o�t�h�e�r� �w�o�r�d�s� �{� �,� �}�n�4�i�l�g�,�=�{�,� �}�n�-� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d� �l�e�t� �w�  ¬� �T�G�,�,�A�T�G�,�,� �b�e� �a� �s�m�o�o�t�h� �b�i�v�e�c�t�o�r� �f�i�e�l�d� �a�n�d� �l�e�t� �u�s� �d�e�f�i�n�e� 

�a� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e� �o�n� �G�.�.� �a�s� �a� �m�a�p� �{� �,� �}�o�:� �C!"�(�G�o�)� �x� �C�?�(�G�o�.�)� �-� �C!"�(�G�o�o�)� 
�d�e�f�i�n�e�d� �b�y� �{�f�,�g�}� �=�<� �w�,�d�f� �A� �d�g� �>� �f�o�r� �a�n�y� �f�,�g�  ¬� �C ��(�G�,�.�)�,� �w�h�e�r�e� �<�,�>� �d�e�n�o�t�e�s� �t�h�e� 
�p�a�i�r�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �t�a�n�g�e�n�t� �a�n�d� �c�o�t�a�n�g�e�n�t� �s�p�a�c�e�s� �a�t� �e�a�c�h� �p�o�i�n�t�.� �T�h�e�n� �i�t� �i�s� �a�l�s�o� 
�n�a�t�u�r�a�l� �t�o� �r�e�q�u�i�r�e� �t�h�a�t� �t�h�e� �m�a�p�s� �7�.�.�,�,� �a�r�e� �P�o�i�s�s�o�n�.� �T�h�a�t� �i�s�,� �w�e� �w�a�n�t� �t�h�e� �c�o�n�d�i�t�i�o�n� 

�t�n�i�o�o�l�(�{�f�,�g�}�n�)� �=� �{�t�n�o�o�l� �f�)�,� �b�n�,�c�o�(�9�)� �b�o�o� 

�t�o� �b�e� �s�a�t�i�s�f�i�e�d�,� �w�h�e�r�e� �f�,�g�  ¬� �C!"�(�G�,�)�.� �T�h�e�n� �w�e� �c�o�u�l�d� �d�e�f�i�n�e� �(�G�o�,� �{� �,� �}�0�0�1� �(�%�o�o�n�)�n�e�n�)� �t�o� 

�b�e� �t�h�e� �i�n�v�e�r�s�e� �l�i�m�i�t� �o�f� �t�h�e� �f�a�m�i�l�y� �o�f� �P�o�i�s�s�o�n�-�L�i�e� �g�r�o�u�p�s� �a�n�d� �m�a�p�s� �(�G�p�,� �{� �,� �}�n�)� �T�n�+�1�.�n�)�n�e�n�-� 

�L�a�t�e�r� �i�t� �w�i�l�l� �b�e�c�o�m�e� �c�l�e�a�r� �t�h�a�t� �f�o�r� �t�h�e� �P�o�i�s�s�o�n�-�L�i�e� �g�r�o�u�p�s� �s�t�u�d�i�e�d� �i�n� �t�h�i�s� �t�e�x�t� �t�h�e�s�e� 
�c�o�n�d�i�t�i�o�n�s� �a�r�e� �a�u�t�o�m�a�t�i�c�a�l�l�y� �s�a�t�i�s�f�i�e�d�.� 

�A�r�e� �t�h�e�r�e� �a�n�y� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e�s� �o�n� �G�,�,�?� �I�f� �s�u�c�h� �s�t�r�u�c�t�u�r�e�s� �e�x�i�s�t�,� �c�o�u�l�d� �w�e� 

�c�l�a�s�s�i�f�y� �t�h�e�m�?



�3�7� 

�A�l�s�o�,� �s�i�n�c�e� �f�o�r� �a�n�y� �f�i�n�i�t�e� �n� �t�h�e�r�e� �i�s� �a� �o�n�e�-�t�o�-�o�n�e� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� 

�P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e�s� �o�n� �G�,�,� �(�i�f� �t�h�e�y� �e�x�i�s�t�)� �a�n�d� �t�h�e� �L�i�e�-�b�i�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e�s� �o�n� �t�h�e� 
�L�i�e� �a�l�g�e�b�r�a� �G�,�,� �o�f� �G�,�,� �o�n�e� �i�s� �l�e�d� �t�o� �e�n�q�u�i�r�e� �i�f� �t�h�e�r�e� �a�r�e� �a�n�y� �L�i�e�-�b�i�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e�s� 

�o�n� �t�h�e� �L�i�e� �a�l�g�e�b�r�a� �G�,�,� �o�f� �G�o�.� 

�A�l�l� �t�h�e�s�e� �q�u�e�s�t�i�o�n�s� �s�h�a�l�l� �b�e� �f�u�l�l�y� �a�n�s�w�e�r�e�d�.� 

�L�e�t� �u�s� �t�u�r�n� �o�u�r� �a�t�t�e�n�t�i�o�n� �t�o� �t�h�e� �L�i�e�-�a�l�g�e�b�r�a�i�c� �p�i�c�t�u�r�e� �f�i�r�s�t�.� �O�u�r� �f�i�r�s�t� �g�o�a�l� �i�s� �t�o� 
�f�i�n�d� �a�l�l� �b�i�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e�s� �o�n� �G�,�.�.� �T�h�e� �n�e�x�t� �c�h�a�p�t�e�r� �i�s� �d�e�v�o�t�e�d� �t�o� �t�h�i�s�.



�C�H�A�P�T�E�R� �I�I�I� 

�B�I�A�L�G�E�B�R�A� �S�T�R�U�C�T�U�R�E�S� �O�N� �G�&�G�.� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e� �f�i�n�d� �a�l�l� �1�-�c�o�c�y�c�l�e�s� �o�n� �t�h�e� �L�i�e� �a�l�g�e�b�r�a� �G�y�o� �o�f� �t�h�e� �g�r�o�u�p� �G�o�o�.� �A�l�l� �o�f� �t�h�e�m� �t�u�r�n� 

�o�u�t� �t�o� �b�e� �c�o�b�o�u�n�d�a�r�i�e�s�,� �a�n�d� �t�h�e�y� �a�r�e� �a�l�l� �e�x�p�l�i�c�i�t�l�y� �e�n�u�m�e�r�a�t�e�d�.� 

�L�e�t� �{�e�;�}�;�>�1� �b�e� �t�h�e� �p�r�e�v�i�o�u�s�l�y� �f�i�x�e�d� �b�a�s�i�s� �o�f� �t�h�e� �L�i�e� �a�l�g�e�b�r�a� �G�.� �o�f� �G�o�.� �T�h�e� �L�i�e� 

�a�l�g�e�b�r�a� �G�,�.� �h�a�s� �t�h�e� �f�o�r�m� �(�2�.�2�3�)� 

�(�3�.�1�)� �l�e�g�,� �e�m�]� �=� �(�k�  �� �m�)� �n�a�m�a�;� �k�,�m� �E�N�.� 

�T�h�e� �c�o�c�y�c�l�e� �c�o�n�d�i�t�i�o�n� �r�e�a�d�s� �(�c�f�.� �(�i�i�)�,� �D�e�f�.� �1�.�3�,� �C�h�a�p�.� �1�)� 

�(�3�.�2�)� �(�e�k�,�  ¬�m�]�)� �=�  ¬�4�-�0�( ¬�m�)�  ��  ¬�m�-�c�e�( ¬�x�)�.� 

�U�s�i�n�g� �(�3�.�1�)�,� �w�e� �r�e�w�r�i�t�e� �(�3�.�2�)� �a�s� 

�(�3�.�3�)� �(�k�  �� �m�)�a�(�e�p�4�m�-�1�)� �=�  ¬�k�-�O�( ¬�m�)�  �� �E�m�-�a�( ¬�x�)�.� 

�L�e�t�n� �=�k�+�m�- ��1�,�s�o�t�h�a�t�k�=�n ��m�+�1� �(�1�<�m�<�_�v�7�)�.� �F�o�r� �f�i�x�e�d� �n�,� �(�3�.�3�)� �i�s� 
�e�q�u�i�v�a�l�e�n�t� �t�o� 

�[�n�  �� �(�2�m�  �� �1�)�)� �a�(�e�n�)� �=�  ¬�n ��(�m ��1�)�-�A�( ¬�m�)�  ��  ¬�m�-�O�( ¬�n ��(�m�-�1�)�)�:� 

�W�r�i�t�i�n�g� �a�(�e�n�)� �=� �D�7�;� �2�1� �a�%�e�;� �A� �e�;� �w�e� �o�b�t�a�i�n� 

�I�n� �~� �(�2�m� �~�~� �1�)�|� �O�F�;�  ¬�;� �N� �é�;� �=�a�y�;� �[�e�n ��m�+�1�)� �e�i�]� �N�e�;� �+� �O�j�;� �e�i� �A� �[�e�n ��m�+�1�)� �e�;�]�  �� 

�n ��m�t�+�1� �n ��-�m�+�1� �h�e� �i�j� �5�  ¬�;� �A� �[ ¬�m�,� �e�j�]� �=�  ��a� �[�e�m�,�e�;�]� �N�e�;�  ��@� 
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�3�9� 

�=�(�n�- ��m�4�+�1�  ��1�)�a�M� �e�i�n�e�m� �N�e�;� �+� �(�n�  ��-�m�+�1�  �� �j�)�a�p�e�:� �A�  ¬�j�4�n ��-�m �� 

�(�3�.�4�)�  ��(�m�  �� �t�a�n�t� �t�e�n� �m�a� �A�e�;�  �� �(�m �� �j�a�n� !"�t�t�e�;� �A� �e�j�4�m�-�1�-� 

�W�e� �r�e�w�r�i�t�e� �(�3�.�4�)� �(�a�f�t�e�r� �s�h�i�f�t�i�n�g� �i�n�d�i�c�e�s� �w�h�e�n�e�v�e�r� �n�e�c�e�s�s�a�r�y� �)� 

�(�3�.�5�)� 
�[�n� �~�~� �(�2�m� �~�~� �1�)�]� �a�%�,� �=� �[�2�(�n� �~�~� �m�)�+� �+�1 �� �i�]� �o�m� �O�j� �n�+�m�,�j� �+� �[�2�(�n� �a� �m�)� �+� �+�1 ��-� �i�]� �a�y�"� �j�o�n�+�m� 

 �� �(�2�m�  �� �i� �=� �L�a�g�i�;�  �� �(�2�m�  �� �7�  �� �Y�e�r� 

�T�h�i�s� �i�s� �t�h�e� �c�o�c�y�c�l�e� �c�o�n�d�i�t�i�o�n� �i�n� �i�t�s� �m�o�s�t� �g�e�n�e�r�a�l� �f�o�r�m� �i�n� �t�e�r�m�s� �o�f� �a�f ��s�.� 

�R�e�m�a�r�k�.� �T�h�e� �i�n�f�i�n�i�t�e� �s�u�m�s� �a�(�e�,�)� �=� �S�7�7�.�.�.� �a�f�e�;� �A� �e�;� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �a�s� �e�l�e�m�e�n�t�s� 

�o�f� �t�h�e� �c�o�m�p�l�e�t�e�d� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �G�o�.�®�@�G�o�o� �=� �[�J� �(�@�a�e�s�e� �G�i� �®� �G�;�)� �,� �w�h�e�r�e� �e�a�c�h� �G�;� �i�s� �n�=�1� 

�a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�u�b�s�p�a�c�e� �o�f� �G�,�.� �s�p�a�n�n�e�d� �b�y� �e�;� �[�D�i�,�Z�S�]�.� �I�n� �w�h�a�t� �f�o�l�l�o�w�s� �w�e� �a�l�w�a�y�s� 
�l�o�o�k� �f�o�r� �s�o�l�u�t�i�o�n�s� �o�f� �(�3�.�2�)� �a�s� �e�l�e�m�e�n�t�s� �o�f� �G�,�.�@�G�o�o�-� 

�T�h�e�o�r�e�m� �3�.�1�.� �A�l�l� �s�o�l�u�t�i�o�n�s� �o�f� �(�3�.�5�)� �a�r�e� �d�e�s�c�r�i�b�e�d� �a�s� �f�o�l�l�o�w�s� �(�h�e�r�e� �a�i�;� �=� �a�j�;� 
�T�h�e� �c�o�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e� �c�o�n�s�t�a�n�t�s� �a�j�,� �=� �a�i�j� �a�r�e� �a�r�b�i�t�r�a�r�y�,� �f�o�r� �a�l�l�i�,�j� �>� �1�,� �w�h�i�l�e� 

�(�i�)� �a�f�,� �=� �0�,� �V�n� �2� �2�;� 

�(�i�a�r� �=� �H�a�w�,� �V�n� �2�3� �a�n�d�2�<�s�<�n�-�1�;� 

�(�t�t�)� �a�f�,� �=�0�,�V�n� �2�3� �a�n�d�l� �<�i�<�y�<�n�-�l�;� 

�(�i�v�)� �o�f� �=� �P�E�E�D� �i�n�g� �(�O�M�,� �1� �=�0�,�V�n� �2�2�)�,� �V�n� �2�2�,�1� �<�i�s�n�-�l�,�j�>�n�t�l�;� �(�n ��-�t ��j�+�1�)� 

�(�v�)� �a�r� �=� �e�e�n�s� �+� �a�n� �i�n�t�s� �V�n�>�2�,� �a�n�d�j� �>�n�+�1�;� 

�(�v�t�)� �O�F� �y�-�1� �=�9�0�,�V�n� �2�2� �a�n�d�2�<�i�<�n�-�1�;� 

�2�n ��1�-�2� �Q�n�-�1�-�3� �.� �.� �(�v�i�t�)� �a�f�,� �=� �e�t�h� �a�y� �i�n�t�i� �+� �e�t� �a�i� �j�-�n�t�t�,� �Y�n�>�2�a�n�d�n�+�1�<�i�<�}�.� 

�T�h�e� �p�r�o�o�f� �i�s� �s�p�l�i�t� �i�n�t�o� �e�i�g�h�t� �l�e�m�m�a�s� �a�n�d� �u�s�e�s� �t�h�e� �s�y�m�m�e�t�r�y� �o�f� �(�3�.�5�)� �t�o�g�e�t�h�e�r� �w�i�t�h� 
�i�n�d�u�c�t�i�v�e� �a�r�g�u�m�e�n�t�s�.



�4�0� 

�L�e�m�m�a� �3�.�2�.� �(�a�)� �o�f�,� �=� �0�2�,�(�n�  �� �3�)� �+� �a�s�,� 

�(�b�)� �a�h�,� �=� �a�t�,� �+� �a�r� �G�a�i� �2�S� �K�S� �[�B�A�]�,� �V�n� �>� �8�.� 
�P�r�o�o�f�.� �(�a�)� �F�r�o�m� �(�3�.�5�)� �w�i�t�h� �s�h�i�f�t�i�n�g� �o�f� �i�n�d�i�c�e�s� �w�h�e�n�e�v�e�r� �n�e�c�e�s�s�a�r�y� �w�e� �o�b�t�a�i�n� 

�[�p�n�  �� �(�2�m�  �� �l�l�a�}�,� �=� �2�(�n�  �� �m�a�n� �_�n�t�i�n� �+� �l�n�  �� �(�2�m�  �� �1�)� �a�f�,�  �� 

�(�3�.�6�)� �-�&�(�m �� �1�3�7�4� �+� �[�n ��(�2�m �� �D�a�y�s�,� �(�1�<�m� �<�n�)�.� �g�t� 

�N�o�t�e� �t�h�a�t� �(�3�.�6�)� �i�s� �i�n�v�a�r�i�a�n�t� �u�n�d�e�r� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m� �>� �n ��~�m�+�1�.� �T�h�u�s�,� �i�t� �i�s� 
�e�n�o�u�g�h� �t�o� �s�t�u�d�y� �o�n�l�y� �t�h�e� �c�a�s�e�s� �w�h�e�n� �1� �<�m� �<� �[�=�]�.� 

�(�i�)� �C�a�s�e� �m� �=� �1�,� �l�e�a�d�s� �t�o� �i�d�e�n�t�i�t�y� �f�o�r� �a�l�l� �n�;� 
�(�i�1�)�C�a�s�e� �m� �=� �2�.� �F�r�o�m� �(�3�.�6�)�,� �w�e� �h�a�v�e� 
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�(�1�.�1�)� �f�o�r� �t�h�e� �f�u�n�c�t�i�o�n�s� �w�,�;�.� 

�L�e�t� �u�s� �d�e�f�i�n�e� 

�4�8



�4�9� 

�(�*�)� �Q�(�u�,� �v�;� �X�)� �=�>� �w�(�x� �(�z�)�u�'�v ��,� �f�o�r� �¥� �=� �S�o� �x�i�v�.� 
�t�j�=�l� �t�=�1� 

�T�h�u�s� �(�u�,�v�;� �A ��)� �i�s� �a� �g�e�n�e�r�a�t�i�n�g� �s�e�r�i�e�s� �f�o�r� �t�h�e� �b�r�a�c�k�e�t�s� �w�,�;�(�z�)�.� 

�L�e�m�m�a� �4�.�0�.� �I�n� �t�e�r�m�s� �o�f� �9� �t�h�e� �c�o�c�y�c�l�e� �c�o�n�d�i�t�i�o�n� �(�4�.�0�)� �h�a�s� �t�h�e� �f�o�r�m� 

�(�4�.�1�)� 
�O�N�(�u�,� �v�;�Z�)� �=� �W�Y�(�u�)�,� �V�(�v�)�;� �X�)� �+� �(�u�,�v�;� �V�R� �(�V�(�u�)� �a� �(�V�(�r�)�,� �Z�(�u�)� �=� �&�(�Y�(�u�)�)�.� 

�P�r�o�o�f�.� �R�e�c�a�l�l� �t�h�a�t� �¥�(�u�)� �=� �S�O�,� �2�i�u�'� �(�c�f�.� �C�h�a�p�.� �I�I�)� �a�n�d� �Z�(�u�)� �=� �¥�(�Y�(�u�)�)� �=� 
�E�A�R�L�:� �y�i� �=� �y�e�,� �f�u ��,� �w�h�e�r�e�  ¬�;� �=� �(�z�y�)�;�.� �F�r�o�m� �t�h�e� �l�a�s�t� �f�o�r�m�u�l�a� �w�e� �o�b�t�a�i�n� �t�h�a�t� 

�s�a�e� �b�u�t� �(�=� �s�u�)�,� 

�O�Z� �a� �j�-� 
�D�y�n� �=� �>� �i�z�;�u�*�[�Y�(�u�)�]� �1� 

�w�=�=�1� 

�I�f� �w�e� �m�u�l�t�i�p�l�y� �b�o�t�h� �s�i�d�e�s� �o�f� �e�q�u�a�t�i�o�n� �(�4�.� �°�)� �b�y� �u�'�v�?� �a�n�d� �s�u�m� �o�v�e�r� �2� �a�n�d� �7� �w�e� �o�b�t�a�i�n� 

�=� �j� �O�E� �i�y� �9�G�;� �=� �u�i� �0�g�;� �v�i� �S�-� �W�i�j� �( ¬�)�u �� �y�=� �=� �u�n�l�e� �>� �a�e� �D�a�g�  ��d� �D�e�) �� �a�e� �S� �u�l�)� �5�p� �y�+� �i� �B�y� 
�t�,�j�=�1� �k�l�=�1� �k�,�l�=�1� �j�=�l� 

�=� �Y�F� �w�a�(�x�)�[�V�u�)� �V�O�)� �+� �4�(�V�(�u�)�)� �A�Y�O�)� �Y�F� �w�a�r�l�y�u�t�o� 
�k�l�=�1� �k�,�l�=�1� 

�N�o�w�,� �u�s�i�n�g� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �Q� �w�e� �f�i�n�a�l�l�y� �o�b�t�a�i�n� �t�h�a�t� 

�X�u�,� �v�;�Z�)� �=� �U�Y�(�u�)�,� �V�(�v�)�;� �V�)� �+� �A�u�,� �v�;� �V�I�A� �Y�(�u�)�)�A�(�Y�(�v�)�)�.� 
�N�o�t�i�c�e� �a�l�s�o� �t�h�a�t� �b�o�t�h� �s�i�d�e�s� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �a�r�e� �d�i�v�i�s�i�b�l�e� �b�y� �u�v�.!"� 

�E�q�u�a�t�i�o�n� �(�4�.�1�)� �h�a�s� �a� �l�a�r�g�e� �c�l�a�s�s� �o�f� �s�o�l�u�t�i�o�n�s� �o�f� �t�h�e� �t�y�p�e� �(�*�)�.� �N�a�m�e�l�y�,� �w�e� �h�a�v�e� �t�h�e� 
�f�o�l�l�o�w�i�n�g� �t�h�e�o�r�e�m�.



�5�0� 

�T�h�e�o�r�e�m� �4�.�1�.� �F�o�r� �a�n�y� �f�u�n�c�t�i�o�n� �y� �=� �y�(�u�,�v�)� �w�i�t�h� �t�h�e� �p�r�o�p�e�r�t�i�e�s� 

�(�i�)� �p�(�u�,�v�)� �i�s� �d�i�v�i�s�i�b�l�e� �b�y� �u� �a�n�d� �v�;� 

�(�t�i�)�p�(�u�,� �v�)� �=�  ��y�(�v�,�u�)�,� 

�w�e� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�o�l�u�t�i�o�n� �o�f� �(�4�.�1�)�:� 

�(�4�.�2�)� �M�u�,� �v�;�V�)� �=� �o�u�,� �v�)�U�"�(�u�)�A�"�(�v�)�  �� �p�(�X� �(�u�)�,� �¥�(�v�)�)�.� 

�P�r�o�o�f�.� �T�h�e� �p�r�o�o�f� �c�o�n�s�i�s�t�s� �o�f� �a� �s�i�m�p�l�e� �c�h�e�c�k�.� �T�h�e� �l�e�f�t� �h�a�n�d� �s�i�d�e� �o�f� �t�h�e� �e�q�u�a�t�i�o�n� 
�(�4�.�1�)� �i�n� �t�e�r�m�s� �o�f� �(�4�.�2�)� �r�e�a�d�s� 

�O�u�,� �v�;�Z�)� �=� �v�(�u�,�v�)�Z�"�(�u�)�Z�"�(�v�)�  �� �v�(�Z�(�u�)�,� �Z�(�v�)�)� 
�=� �9�(�u�,� �v�)�A�(�Y�(�u�)�)� �V�Y� �(�U�A�(�Y�(�v�)�)� �V�(�r�)�  �� �o�(�Z�(�u�)�,� �Z�(�v�)�)�.� 

�T�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e� �o�f� �(�4�.�1�)� �g�i�v�e�s� 

�N�U�Y�(�u�)�,� �V�(�v�)�;� �X�)� �+� �M�u�,� �v�s� �V�)�A�(�V�(�u�)�j�e�(�V�(�v�)�)� �=� 
�+� �P�(�Y�(�u�)�,� �V�(�v�)�)�*�'�(�Y�(�u�)�)�4�"�(�Y�(�v�)�)�  �� �o�p�(�Z�(�u�)�,� �Z�(�r�)�)�+� 
�+� �(�u�,�v�)� �(�Y�u�)� �V�u� �X�"�(�Y�(�v�)�)�Y�'�(�w�)�  �� �P�Y�(�u�)�,� �Y�o�)� �A�"�(�Y�(�u�)� �)�A�(�Y�(�v�)�)�.� 

�C�o�m�p�a�i�r�i�n�g� �b�o�t�h� �s�i�d�e�s� �w�e� �o�b�t�a�i�n� �a�n� �i�d�e�n�t�i�t�y�.� 

�C�o�n�d�i�t�i�o�n� �(�i�i�)� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �Q�(�u�,�v�;� �V�)� �=�  ��O�(�v�,� �u�;� �V�)� �w�h�i�c�h� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d� 
�i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �s�k�e�w�-�s�y�m�m�e�t�r�y� �o�f� �t�h�e� �w�,�; ��s�.� 

�T�h�e� �c�o�n�d�i�t�i�o�n� �(�i�)� �i�s� �n�e�e�d�e�d� �s�i�n�c�e� �a�s� �n�o�t�i�c�e�d� �a�b�o�v�e� �N�(�u�,�v�;� �4 ��)� �i�s� �d�i�v�i�s�i�b�l�e� �b�y� �u�v�.� 
�T�h�i�s� �r�e�q�u�i�r�e�s� �t�h�a�t� �t�h�e� �r�.�h�.�s�.� �o�f� �(�4�.�2�)� �i�s� �d�i�v�i�s�i�b�l�e� �b�y� �u�v�.� �F�r�o�m� �d�e�f�i�n�i�t�i�o�n� �o�f� �V�(�u�)� �i�t� �i�s� 
�c�l�e�a�r� �t�h�a�t� �V�'�(�u�)�A�4 ��'�(�v�)� �i�s� �n�o�t� �d�i�v�i�s�i�b�l�e� �b�y� �u�v�.� �I�t� �b�e�g�i�n�s� �w�i�t�h� �a� �t�e�r�m� �x�j� �+� �2�2�,�2�2�(�u� �+� 
�v�)� �+�.�.�.�.� �S�u�p�p�o�s�e� �t�h�a�t� �y�(�u�,�v�)� �i�s� �n�o�t� �d�i�v�i�s�i�b�l�e� �b�y� �u�v�.� �T�h�e�n� �y�(�4�(�u�)�,� �V�(�v�)�)� �i�s� �a�l�s�o� 
�n�o�t� �d�i�v�i�s�i�b�l�e� �b�y� �u�v�,� �a�n�d� �s�o� �i�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �y�(�u�,� �v�)�Z�'�(�u�)�Z�'�(�v�)�  �� �y�(�Z�(�u�)�,� �Z�(�v�)�)�.� �T�h�e� 
�l�a�s�t� �b�e�c�o�m�e�s� �c�l�e�a�r� �i�f� �w�e� �c�o�n�s�i�d�e�r� �t�h�e� �f�o�r�m�a�l� �e�x�p�a�n�s�i�o�n�s� �o�f� �y�(�u�,�v�)� �a�n�d� �y�(�¥�(�u�)�,� �(�v�)�)� 
�a�r�o�u�n�d� �(�0�,�0�)�:� 

�p�(�u�,�v�)� �=� �p�i�o�w� �+� �Y�o�i�v� �+� �p�i�q�u�e �� �+� �p�a�u �� �+�.�.�.� 

�=� �Y�o�i�(�v�  �� �u�)� �+� �y�i�2�u�v�(�v ��u�)�t�+�.�.�.�,� 

�p�(�X� �(�u�)�,� �¥�(�v�)�)� �=� �p�r�o� �(�u�)� �+� �p�o�r�t� �(�v�)� �+� �p�i�2�t�(�u�)�X�(�v�)�?� �+� �p�a�d� �(�u�)�?�X�(�v�)� �+�.�.�.� 
�=� �Y�1�0�T�1�U� �+� �Y�o�r� �T�y�v� �+� �Y�r�g�e�e�u�v� �+� �Y�a� �t�e�u�y� �+�.�.�.� 

�=� �Y�n�t�i�(�v�  �� �u�)� �+� �p�r�o�r�j�u�v�(�v�  ��u�)�t�+�.�.�.�.



�5�1� 

�A�l�s�o� �w�e� �h�a�v�e� 

�o�(�u�,� �v�)�A�"�(�u�)�A�(�v�)� �=� �[�P�o�l�y�  �� �u�)� �+� �G�r�g�u�v�(�v�  �� �u�)� �+� �.�.�.�]�x� 
�x� �[�2�7� �+� �2�2�,�2�2�(�u� �+� �v�)� �+� �3�2�,�2�3�(�u�?� �+� �v�7�)� �+�.�.�.�]� 

�=� �0�1� �2�3�(�v�  �� �u�)� �+� �W�o� �z�1�2�2�(�v�?�  �� �u�*�)� �+� �Y�y�g�z�j�u�v�(�v�  ��u�)�+�.�.�.�.� 

�H�e�r�e� �w�e� �h�a�v�e� �u�s�e�d� �t�h�a�t� �y�;�;� �=�  ��y�,�j�;� �w�h�i�c�h� �f�o�l�l�o�w�s� �f�r�o�m� �y�(�u�,�v�)� �=�  ��y�(�v�,�u�)�.� �C�l�e�a�r�l�y� 
�t�h�e� �r�.�h�.�s�.� �o�f� �(�4�.�2�)� �w�o�u�l�d� �b�e� �d�i�v�i�s�i�b�l�e� �b�y� �u�v� �o�n�l�y� �i�f� �V�(�u�)� �=� �u�,� �i�e�.� �w�h�e�n� �V� �=� �e�.� �B�u�t� 
�t�h�e�n� �N�(�u�,�v�;�e�)� �=� �0�.� �T�h�e�r�e�f�o�r�e� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �y�(�u�,� �v�)� �m�u�s�t� �b�e� �d�i�v�i�s�i�b�l�e� �b�y� �u�v�.� �F�r�o�m� 
�t�h�i�s� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �t�h�i�s� �i�s� �a�l�s�o� �t�r�u�e� �f�o�r� �y�(�4�V�(�u�)�,� �¥�(�v�)�)�,� �a�n�d� �t�h�u�s� �f�o�r� �t�h�e� �r�.�h�.�s�.� �o�f� �(�4�.�2�)�.�m� 

�N�e�x�t�,� �w�e� �w�o�u�l�d� �l�i�k�e� �t�o� �f�i�n�d� �o�u�t� �f�o�r� �w�h�i�c�h� �c�l�a�s�s�e�s� �o�f� �y ��s� �t�h�e� �J�a�c�o�b�i� �i�d�e�n�t�i�t�y� �i�s� 

�s�a�t�i�s�f�i�e�d�.� �T�h�i�s� �w�i�l�l� �b�e� �a�n� �i�m�p�o�r�t�a�n�t� �s�t�e�p� �i�n� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�r�o�b�l�e�m� �o�f� �c�l�a�s�s�i�f�y�i�n�g� 
�a�l�l� �p�o�s�s�i�b�l�e� �L�i�e�-�P�o�i�s�s�o�n� �s�t�r�u�c�t�u�r�e�s� �o�n� �G�'�g�.� 

�L�e�t� �U� �=� �{�u�i�h�i�e�z�,� �b�e� �a� �c�o�u�n�t�a�b�l�e� �s�e�t� �o�f� �i�n�d�e�t�e�r�m�i�n�a�t�e�s�.� �C�o�n�s�i�d�e�r� �t�h�e� �r�i�n�g� �o�f� �f�o�r�m�a�l� 
�p�o�w�e�r� �s�e�r�i�e�s� �C!"�(�G�,�,�)�[�[�U�/�]�]� �i�n� �U� �o�v�e�r� �t�h�e� �r�i�n�g� �C�®�(�G�.�.�)�.� �W�e� �s�h�a�l�l� �u�s�e� �t�h�e� �f�o�l�l�o�w�i�n�g� 
�d�e�f�i�n�i�t�i�o�n� 

�{�X�(�u�)�,�¥�(�v�)�}� �=� �A�(�u�,� �v�;�X�)� �=� �s� �{�x�;�,�2�;�}�u�'�v ��,� 
�i�j�=�l� 

�w�h�e�r�e� �u� �=� �u�,�;� �a�n�d� �v� �=� �u�;� �f�o�r� �a�n�y� �u�,�;�,�u�;�  ¬� �U�.� �T�h�e� �a�b�o�v�e� �e�q�u�a�l�i�t�y� �d�e�f�i�n�e�s� �a� �m�a�p� 

�{�,� �}�:� �C�?�(�G�o�o�)�[�[�U�J�]�x�C!"�(�G�.�)�|�[�U�]�]� �+� �C�°�(�G�.�)� �|�|�]� �i�n�d�u�c�e�d� �b�y� �t�h�e� �m�a�p� �{� �,� �}�:� �C�°�(�G�a�o�)�x� 
�C�°�(�G�.�.�)� �+� �C!"�(�G�.�.�)�.� �T�h�e�n� �t�h�e� �J�a�c�o�b�i� �i�d�e�n�t�i�t�y� �i�n� �t�e�r�m�s� �o�f� �g�e�n�e�r�a�t�i�n�g� �s�e�r�i�e�s� �r�e�a�d�s� 

�(�4�.�3�)� �{�X�(�w�)�,� �{�V�(�u�)�,� �V�(�v�)�}�}� �+�e�p�.� �=� �0�,� 

�f�o�r� �a�n�y� �u�,�v�,�w�  ¬� �U�.� �I�n�d�e�e�d�,� 
�o�O� 

�{�¥�(�w�)�,� �{�X�(�u�)�,� �M�(�v�)�}�}� �+�e�p�.� �=� �S�-� �{�x�,�,� �{�2�;�,� �c�g�}� �}�u�i�v�i�w�*� �+�o�p�.� 

�1�,�7�,�4�k�=�1� 

�=� �>� �{�x�i�s� �(�2�3�,� �2�8�}�}� �+� �c�y�c�l�(�z�,� �J�,� �k�)�)� �u�i�v�i�w�*� 

�i�,�j�,�k�=�1� 

 �� �S�-� �{�i�s� �e�2�j�e�}� �+� �c�y�c�l�(�i�,� �J�,� �k�)�|� �w�i�v�i�w�*� 

�i�,�j�,�k�=�1� 

�=� �S�-� �{�i�n� �F�y� �c�y�c�l�(�z�,� �J�,� �)� �u�i�v�i�w�*� 

�2�,�7�,�4�,�i�=�1� 

�=� �»� �o�u� �+� �c�y�c�l�(�2� �t�J�;� �|� �u�v�i�w�*�,



�5�2� 

�w�h�e�r�e� �w�e� �u�s�e�d� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �p�r�o�p�e�r�t�y� �o�f� �{� �,� �}� �a�n�d� �t�h�e� �f�a�c�t� �t�h�a�t� �w�;�;�(�z�)� �=� �{�2�;�,�2�;�}�.� 
�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d� �w�e� �h�a�v�e� 

�{�X�(�w�)�,� �{�¥�(�u�)�,� �X�(�v�)�}�}� �=� �{�X�(�w�)�,� �e�l�u�,� �v�A�"� �(�u�j� �d�"�(�v�)�  �� �p�(�X�(�u�)�,� �¥�(�v�)�}� 

�=� �(�u�,�v�)� �|�{�X�(�w�)�,� �X�'�(�u�)�}�A�"�(�v�)� �+� �{�X�(�w�)�,� �U�"�(�v�)� �}�4�"�(�u�)�]� �-� 

 �� �N�p�(�X�(�u�)�,� �&�(�v�)�)�{�X�(�w�)�,� �V�(�u�)�}�  �� �A�a�p�(�¥�(�u�)�,� �&�(�v�)�)�{�X�(�w�)�,� �X�(�v�)�}�,� 

�w�h�e�r�e� �O�Q�,� �d�e�n�o�t�e�s� �t�h�e� �d�e�r�i�v�a�t�i�v�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �f�i�r�s�t� �a�r�g�u�m�e�n�t� �a�n�d� �0�2� �i�s� �t�h�e� 

�d�e�r�i�v�a�t�i�v�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �s�e�c�o�n�d� �a�r�g�u�m�e�n�t�.� �A�l�s�o� 

�{�U�(�w�)�,� �V�"�(�u�)�}� �=�A�,�{�4�(�w�)�,� �¥�(�u�)�}� 
�|� �=�0�,�0�(�w�,� �U�V�"� �(�w�)�A�'�(�u�)�+� 

�+� �p�(�w�,� �u�X�(�w�)�A�"�(�u�)� �+� �O�r�p�(�¥�(�w�)�,� �(�u�)�j�A�"�(�u�)�,� 
�a�n�d� �w�e� �h�a�v�e� �s�i�m�i�l�a�r� �f�o�r�m�u�l�a�e� �w�h�e�n� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �r�e�m�a�i�n�i�n�g� �t�w�o� �t�e�r�m�s� �i�n� �(�4�.�3�)� �w�i�t�h� 

�w�,�u�,�v� �p�e�r�m�u�t�e�d�.� 

�L�e�m�m�a� �4�.�2�.� �T�h�e� �s�o�l�u�t�i�o�n� �(�4�.�2�)� �s�a�t�i�s�f�i�e�s� �t�h�e� �J�a�c�o�b�i� �i�d�e�n�t�i�t�y� �(�4�.�3�)� �i�f�f� �p�(�u�,�v�)� 
�s�a�t�i�s�f�i�e�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�u�n�c�t�i�o�n�a�l� �(�p�a�r�t�i�a�l�)� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� 

�(�4�.�4�)� �y�(�u�,� �v�)�(�A�.�p�(�w�,� �u�)� �+� �p�(�w�,� �v�)�|� �+� �e�p�.� �=� �0�.� 

�P�r�o�o�f�.� �A�f�t�e�r� �s�u�b�s�t�i�t�u�t�i�n�g� �(�4�.�2�)� �i�n�t�o� �(�4�.�3�)�,� �u�s�i�n�g� �t�h�e� �f�o�r�m�u�l�a�e� �d�e�r�i�v�e�d� �a�b�o�v�e�,� �a�n�d� 
�c�o�l�l�e�c�t�i�n�g� �t�e�r�m�s� �w�e� �o�b�t�a�i�n� 

�(�*�)� �(�v�l� �v�)� �[�B�u�p�(�w�,�v�)� �+� �A�e�(�w�,�v�)�]� �+� �c�p�.�)� �X�"�(�w�)� �A�u�)� �e�"�(�v�)�+� 

�+� �(�0�X�)�,� �X�(�u�)�)�[�O�2�o�(�V�(�w�)�,� �¥�(�v�)�)� �+� �2�e�(�e�(�w�)�,� �¥�(�u�)�)�|� �+� �c�p�.�)� �=� �0�.� 

�L�e�t� �u�s� �d�e�f�i�n�e� �t�h�e� �f�u�n�c�t�i�o�n� �®�(�w�,� �u�,�v�)� �b�y� 

�O�(�w�,�u�,�v�)� �=� �y�(�u�,� �v�)�(�O�,�y�(�w�,� �u�)� �+� �O�,�¢�y�(�w�,� �v�)�|� �+� �c�p�.� 

�I�t� �i�s� �e�a�s�i�l�y� �v�e�r�i�f�i�e�d� �t�h�a�t� �t�h�e� �f�u�n�c�t�i�o�n� �®�(�w�,�u�,�v�)� �i�s� �a�n�t�i�s�y�m�m�e�t�r�i�c� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �e�a�c�h� 

�p�a�i�r� �o�f� �i�t�s� �a�r�g�u�m�e�n�t�s�.� �F�o�r� �e�x�a�m�p�l�e� �®�(�w�,� �u�,�v�)� �=�  ��®�(�u�,� �w�,�v�)�.� �T�h�e�n� �(�*�)� �b�e�c�o�m�e�s� 

�O�(�X�(�w�)�,� �V�(�u�)�,� �X�(�v�)�)� �=� �X�'�(�w�)�A�'�(�u�)�A�'�(�v�)� �O�(�w�,� �u�,� �v�)�.



�5�3� 

�T�h�i�s� �e�q�u�a�t�i�o�n� �i�s� �s�a�t�i�s�f�i�e�d� �f�o�r� �e�v�e�r�y� �f�u�n�c�t�i�o�n� �X�(�u�)�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �i�t� �i�s� �t�r�u�e� �f�o�r� �t�h�e� 
�f�u�n�c�t�i�o�n� �1�(�u�)� �=� �A�u�,� �w�h�e�r�e� �\� �#� �0�.� �I�n� �t�h�i�s� �c�a�s�e� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�®�(�A�w�,� �A�u�,� �A�v�)� �=� �A�°�O�(�w�,� �u�,�v�)�.� 

�I�n� �o�t�h�e�r� �w�o�r�d�s� �®� �i�s� �h�o�m�o�g�e�n�e�o�u�s� �o�f� �d�e�g�r�e�e� �3�,� �a�n�d� �s�a�t�i�s�f�i�e�s� �t�h�e� �E�u�l�e�r� �e�q�u�a�t�i�o�n� 

�w�O�w�P�(�w�,� �u�,�v�)� �+� �u�d�,� �O�(�w�,� �u�,�v�)� �+� �v�d�,� �0�(�w�,� �u�,�v�)� �=� �3�0�(�w�,� �u�,� �v�)�.� 

�B�u�t� �t�h�e� �o�n�l�y� �h�o�m�o�g�e�n�e�o�u�s� �f�u�n�c�t�i�o�n� �®�(�w�,� �u�,�v�)� �o�f� �d�e�g�r�e�e� �3� �w�h�i�c�h� �i�s� �a�l�s�o� �a�n�t�i�s�y�m�m�e�t�r�i�c� 

�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �e�a�c�h� �p�a�i�r� �o�f� �i�t�s� �a�r�g�u�m�e�n�t�s� �i�s� �®�(�w�,�u�,�v�)� �=� �0�.� �T�h�e�r�e�f�o�r�e� �t�h�e� �s�t�a�t�e�m�e�n�t� 

�o�f� �t�h�e� �L�e�m�m�a� �f�o�l�l�o�w�s�.� 

�1� �T�h�e�o�r�e�m� �4�.�3�.� �T�h�e� �m�a�p� �g� �>� �g�~� �i�s� �a�n� �a�n�t�t�-�P�o�i�s�s�o�n� �m�a�p�.� 

�P�r�o�o�f�.� �L�e�t� �X�(�u�)� �d�e�n�o�t�e�s� �t�h�e� �i�n�v�e�r�s�e� �o�f� �¥�(�u�)�.� �T�h�e�n� �w�e� �h�a�v�e� �t�h�e� �i�d�e�n�t�i�t�i�e�s� 

�X�(�X�(�u�)�)� �=�u�,� �a�n�d� �X�(�¥�(�u�)�)� �=�u�,� 

�a�s� �w�e�l�l� �a�s� �(�f�o�l�l�o�w�i�n�g� �f�r�o�m� �t�h�e�m�)� 

�X�X� �(�u�)�)�X�"�(�u�)� �=� �1�,� �a�n�d� �A�X� �(�u�)�)�¥�"�(�u�)� �=� �1�.� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d� �w�e� �h�a�v�e� 

�0�=� �{�u�,�X�(�v�)�}� 

�{�V�(�X� �(�u�)�)�,� �¥�(�v�)�}� 

�I�|� �{�X�(�w�)�,� �X�(�v�)�}� �|� �w�=�a�(�u�)� �+� �X�'�(�w�)�|�w�a�x�(�u�y� �{�4� �(�u�)�,� �X�(�v�)�}�.� 

�T�h�e�r�e�f�o�r�e�,� 

�(�4�.�5�)� �{�4�(�v�)�,� �X�(�w�)�}�l�u�a�a�(�u�y� �=� �(�W�w�)� �w�a�x� �{�¥�(�u�)�,� �X�(�v�)�}�.� 

�A�l�s�o�,� �w�e� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�h�a�i�n� �o�f� �i�d�e�n�t�i�t�i�e�s� 

�0�=� �{�v�,�  ¬�(�w�)�}�l�w�=�a�(�u�)� 

�=� �{�X�(�X�(�v�)�)�,� �¥�(�w�)� �}�l�w�=�a�(�u�)� 

�=� �{�X�V� �(�z�)�,� �&�(�w�)�}�|�z�=�4�(�v�)�,�w�=�a�(�u�)� �+� �X�'�(�z�)�l�e�=�x�(�v�)� �{�X�(�v�)�,� �¥�(�w�)�}�|�w�=�a�(�u�)�-



�5�4� 

�U�s�i�n�g� �(�4�.�2�)� �a�n�d� �(�4�.�5�)�,� �t�h�e� �l�a�s�t� �i�d�e�n�t�i�t�y� �c�a�n� �b�e� �r�e�w�r�i�t�t�e�n� �a�s� 

�0� �=� �o�(�X�(�v�)�,� �X�(�u�)� �A�(�X� �(�v�)�)�A�(�¥�(�u�)�)�  �� �o�l�v�,� �u�)� 

�+� �X�X� �(�v�)�)�A�(�X�(�u�)�)� �[�(�u�,� �v�J�M�(�u�)�A�"�(�v�)�  �� �o�(�X�(�u�)�,� �X�(�v�)�)�]� 

�=� �{�X�(�z�)�,� �¥�(�w�)�}�|�2�=�¥�(�w�)�,�w�=�¥�(�u�)� �+� �p�l�u�,� �v�)�  �� �X�'�(�w�)�X�"�(�z�)�y�(�w�,� �z�)�.� 

�T�h�u�s�,� 

�{�X�(�w�)�,� �(�z�)�}� �=�  �� �[�¥�"�(�w�)� �A�(�z�)� �p�(�w�,� �z�)�  �� �p�(�¥�(�w�)�,� �¥�(�z�)�)�]�,� 

�a�n�d� �t�h�e� �p�r�o�o�f� �i�s� �f�i�n�i�s�h�e�d�.�m� 

�T�h�e�o�r�e�m� �4�.�4�.� �F�o�r� �e�v�e�r�y� �d�  ¬� �Z�,�,� �t�h�e� �f�u�n�c�t�i�o�n� �y�(�u�,� �v�)� �=� �u�v�(�u�t ��v�?�)� �s�o�l�v�e�s� �(�4�.�4�)�,� 

�t�h�u�s� �g�i�v�i�n�g� �r�i�s�e� �t�o� �a� �f�a�m�i�l�y� �o�f� �L�i�e�-�P�o�i�s�s�o�n� �s�t�r�u�c�t�u�r�e�s� �o�n� �t�h�e� �g�r�o�u�p� �G�.�.�.� 

�P�r�o�o�f�.� �S�u�b�s�t�i�t�u�t�i�n�g� �y�(�u�,� �v�)� �=� �u�v�(�u�?�  �� �v�*�)� �i�n�t�o� �t�h�e� �e�q�u�a�t�i�o�n� �(�4�.�4�)� �w�e� �o�b�t�a�i�n� 

�[�u�t�t�t�y�  �� �u�v�l� �|�[�w�t�t�!�  �� �(�d�+� �1�)�w�u�t� �+� �w�i�t�!�  �� �(�d�+� �1�)�w�e�"�)� �+� �c�p�.� �=� �0�.� 

�B�u�t� �t�h�i�s� �i�s� �a�n� �i�d�e�n�t�i�t�y�,� �s�i�n�c�e� 

�Q�u�t�t� �w�e�t�l�y�  �� �Q�u�v�t�t� �w�i�t�!� �+� �e�p�.� �=� �0�,� 

�(�d�+� �l�)�u�w�o�?�4�*�!�  �� �(�d� �+� �1�)�u�*�4�*�*�1�o�w� �+� �c�.�p� �=� �0�,� 

�a�n�d� 
�(�d�+� �l�)�u�t�t� �o�t� �w�  �� �(�d�+� �1�)�w�u�t�t� �t�y�!� �4�+� �e�p�.� �=� �0�.�0� 

�d� �W�r�i�t�i�n�g� �f�o�r�m�u�l�a� �(�4�.�2�)� �i�n� �c�o�m�p�o�n�e�n�t�s�,� �w�i�t�h� �y�(�u�,� �v�)� �=� �u�v�(�u�?�  �� �v�4�)�,� �w�e� �o�b�t�a�i�n� 

�w�i�j�(�t�)� �=� �(�0�  �� �d�)�j�a�j�r�j�a�  �� �1�(�7�  �� �d�)�a�j�r�j ��a� 

�+� �2�;� �)� �L�s�,� �-�+�-�L�s�y�,�,�  �� �T�j� �)� �L�s�,� �+�+�+� �L�s�q�y�4�°



�5�5� 

�T�h�e�s�e� �f�o�r�m�u�l�a�e� �d�e�s�c�r�i�b�e� �a� �c�o�u�n�t�a�b�l�e� �f�a�m�i�l�y� �o�f� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e�s� �o�n� �G�,�.�,� �t�h�u�s� 

�a�n�s�w�e�r�i�n�g� �t�h�e� �q�u�e�s�t�i�o�n� �o�f� �e�x�i�s�t�e�n�c�e� �o�f� �s�u�c�h�.� 

�I�n� �o�r�d�e�r� �t�o� �c�l�a�s�s�i�f�y� �a�l�l� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e�s� �o�n� �G�,�,� �o�n�e� �h�a�s�,� �i�n� �p�a�r�t�i�c�u�l�a�r�,� �t�o� 

�c�l�a�s�s�i�f�y� �a�l�l� �s�o�l�u�t�i�o�n�s� �o�f� �t�h�e� �f�u�n�c�t�i�o�n�a�l� �(�p�a�r�t�i�a�l�)� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �(�4�.�4�)�.� �T�h�e� �m�a�i�n� 

�r�e�s�u�l�t� �o�f� �t�h�i�s� �s�e�c�t�i�o�n� �i�s� �f�o�r�m�u�l�a�t�e�d� �b�e�l�o�w�.� 

�T�h�e�o�r�e�m� �4�.�5�.� �F�o�r� �e�a�c�h� �d� �E�N�,� �t�h�e�r�e� �i�s� �a� �s�o�l�u�t�i�o�n� �o�f� �(�4�.�4�)� �g�i�v�e�n� �b�y� �t�h�e� �f�u�n�c�t�i�o�n� 

�1� 

�M�i�d�+�1� 
� � �p�a�l�u�,�v�)� �=� �f�a�(�u�)�g�a�(�v�)�  �� �f�a�l�v�)�g�a�(�r�)�}�,� 

�w�h�e�r�e� �t�h�e� �f�u�n�c�t�i�o�n�s� �f�4�(�u�)�,� �g�a�(�u�)� �a�r�e� �s�u�c�h� �t�h�a�t� �f�i�(�u�)�g�a�(�u�) ��f�a�(�u�)�g�)�(�u�)� �=�  ��d�r�1�,�a�4�1�f�a�(�u�)�,� 
�w�h�e�r�e� �1�,�4�4�1� �#� �0� �i�s� �a�n� �a�r�b�i�t�r�a�r�y� �p�a�r�a�m�e�t�e�r�,� �a�n�d� �f�y� �h�a�s� �a� �z�e�r�o� �o�f� �o�r�d�e�r�d�+�1� �a�t�u�=�0�.� 

�T�h�e� �s�e�t� �o�f� �a�l�l� �s�o�l�u�t�i�o�n�s� �o�f� �(�4�.�4�)� �i�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�i�s� �w�a�y�.� 

�F�i�r�s�t�,� �w�e� �p�r�o�v�e� �a� �h�e�l�p�f�u�l� �l�e�m�m�a�.� 

�L�e�m�m�a� �4�.�6�.� �F�o�r� �a�n�y� �t�w�o� �f�u�n�c�t�i�o�n�s� �f�(�u�)�,� �g�(�u�)� �s�a�t�i�s�f�y�i�n�g� �t�h�e� �r�e�l�a�t�i�o�n� �f�'�(�u�)�g�(�u�) �� 
�f�l�u�)�g�'�(�u�)� �=� �a�f�(�u�)� �+� �B�g�(�u�)�,� �w�h�e�r�e� �a�,� �8� �a�r�e� �a�r�b�i�t�r�a�r�y� �c�o�n�s�t�a�n�t�s�,� �(�4�.�4�)� �h�a�s� �a� �s�o�l�u�t�i�o�n� 

�i�n� �t�h�e� �f�o�r�m� �y�(�u�,�v�)� �=� �f�l�u�)�g�(�v�)�  �� �f�l�v�)�g�(�u�)�.� 

�P�r�o�o�f�.� �A�f�t�e�r� �s�u�b�s�t�i�t�u�t�i�n�g� �y�(�u�,�v�)� �=� �f�(�u�)�g�(�v�)�  �� �f�(�v�)�g�(�u�)� �i�n�t�o� �(�4�.�4�)� �a�n�d� �c�o�l�l�e�c�t�i�n�g� 
�t�e�r�m�s� �w�e� �o�b�t�a�i�n� 

�[�F�(�u�)�g�"�(�u�)�  �� �f ��(�u�)�g�(�u�)�]� �f�(�w�)�g�(�v�)�  �� �[�F�(�u�)�g�"�(�u�)�  �� �F�(�u�)�g�(�u�)�]� �F�v�)�g�(�w�)� �+� �e�p�.� �=� �0�.� 

�U�s�i�n�g� �t�h�e� �r�e�l�a�t�i�o�n� 

�F�(�u�j�g�(�u�)�  �� �f�(�u�)�g�'�(�u�)� �=� �a�f�(�u�)� �+� �B�g�(�u�)� 
�t�h�e� �a�b�o�v�e� �e�q�u�a�l�i�t�y� �t�r�a�n�s�f�o�r�m�s� �t�o� 

 ��l�a�f�(�u�)� �+� �B�g�(�u�)�|�f�(�w�)�g�(�v�)� �+� �[�a�f�(�u�)� �+� �B�g�(�u�)�]�f�(�v�)�g�(�w�)� �+� �c�p�.� �=� �0�.� 

�T�h�e� �l�a�s�t� �e�q�u�a�l�i�t�y� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�a�l�f�(�u�)�f�(�v�)�g�(�w�)�  �� �f�l�u�)� �f�(�w�)�g�(�v�)� �+� �e�.�p�.�J� �+� �B�[�f�(�v�)�g�(�u�)�g�(�w�)�  �� �f�(�w�)�g�(�u�)�g�(�v�)� �+� �c�.�p�.�]� �=� �0�.� 

�B�u�t� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �i�n� �t�h�e� �s�q�u�a�r�e� �b�r�a�c�k�e�t�s� �a�r�e� �i�d�e�n�t�i�c�a�l�l�y� �z�e�r�o� �a�s� �o�n�e� �c�a�n� �e�a�s�i�l�y� �c�h�e�c�k�.� 

�T�h�u�s� �w�e� �o�b�t�a�i�n� �a�n� �i�d�e�n�t�i�t�y�.!"
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�I�n� �f�a�c�t�,� �w�e� �w�i�l�l� �s�h�o�w� �t�h�a�t� �a�l�l� �s�o�l�u�t�i�o�n�s� �o�f� �t�h�e� �f�u�n�c�t�i�o�n�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �(�4�.�4�)� 
�w�i�t�h� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �y�(�u�,� �v�)� �i�s� �d�i�v�i�s�i�b�l�e� �b�y� �u�v� �a�r�e� �o�f� �t�h�e� �a�b�o�v�e� �f�o�r�m�,� 
�w�i�t�h� �B�=� �0�.� 

�W�e� �w�i�l�l� �s�e�e�k� �t�h�e� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �o�f� �(�4�.�4�)� �a�s� �a� �f�o�r�m�a�l� �p�o�w�e�r� �s�e�r�i�e�s� �y�(�u�,�v�)� �=� 
�S�o� �m�a�y� �A�n�m�u�"�v!"�.� �H�e�r�e�,� �t�h�e� �a�n�t�i�s�y�m�m�e�t�r�y� �o�f� �y�(�u�,�v�)� �i�m�p�l�i�e�s� �t�h�e� �a�n�t�i�s�y�m�m�e�t�r�y� �o�f� �n�y�m�=�1� 

�A�n�m�,� �h�a�m�e�l�y� �A�n�m� �=�  ��A�m�n�:� 

�S�u�b�s�t�i�t�u�t�i�n�g� �i�n�t�o� �(�4�.�4�)� �w�e� �o�b�t�a�i�n� 

�S�|� �>� �8�[�A�k ��s�4�1�n�A�r�s� �+� �A�k�n ��s�+�1� �A�r�s� �+� �A�n ��s�t�i�r�A�k�s� �+� �A�n�r ��s�+�1� �A�k�s� �+� �A�r ��s�t�i�,�k�A�n�s�t� 

�k�n� �y�r� �8�s� 

�k� 
�+� �A�y� �k �� �+�1� �A�n�s�l�U� �v�w� �=� �0�,� 

�o�r� 

�m�a�z�(�k�,�n�,�r�)� 

�(�4�.�6�)� �S�-� �8�[�(�A�g ��s�4�1�n� �+� �X�n ��s�+�1�)�A�r�s� �+� �(�A�n�-�s�4�1�,�r� �+� �A�n�,�r ��s�+�1�)�A�k�s� �+� �O�r�-�s�t�1�k�+� 

�s�=�1� 

�+� �r�,�,�b ��s�+�1�)� �A�n�s�]� �=� �0�.� 

�W�e� �m�a�y� �a�s�s�u�m�e� �k� �<� �n� �<�r�,� �s�i�n�c�e� �i�f� �a�t� �l�e�a�s�t� �t�w�o� �o�f� �t�h�e� �i�n�d�i�c�e�s� �k�,�n�,�r� �a�r�e� �e�q�u�a�l� �t�h�e�n� 

�(�4�.�6�)� �i�s� �i�d�e�n�t�i�c�a�l�l�y� �s�a�t�i�s�f�i�e�d�.� �T�h�e�n� �m�a�x�(�k�,�n�,�r�)� �=� �r�.� �L�e�t� �k� �=� �1� �a�n�d� �n� �<� �r�,� �t�h�e�n� �w�e� 
�h�a�v�e� 

�r�T� 

�S�>� �8� �[�A�o ��s�n�A�r�s� �+� �A�i�n ��s�+�1�A�r�s� �+� �A�n ��s�t�i�,�r�A�l�s� �+� �A�n�y�r ��s�t�i�A�l�s� �+� �A�r ��s�+�1�,�1� �A�n�s� �+� �A�r�2�-�s�A�n�s�]� �=� �0�,� 

�s�=�1� 

�w�h�i�c�h� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�M�n�A�r�i� �+� �S�-� �S�r�y� �n ��s�+�i�A�r�s� �+� �S�-� �S�A�n ��s�4�1�,�r�A�1�s� �+� �S�-� �S�A�n�r ��s�+�1�A�1�s�t� 
�s�=�i�1� �s�=�1� �s�=�1� 

�+� �S�>� �S�r�p ��5�4�1�,�1� �A�n�s� �+� �A�r�i�A�n�t� �=� �0�.� 

�s�=�1� 

�T�h�e� �f�i�r�s�t� �a�n�d� �t�h�e� �l�a�s�t� �t�e�r�m�s� �i�n� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �c�a�n�c�e�l� �e�a�c�h� �o�t�h�e�r�.� �W�e� �m�a�k�e� �t�h�e� 
�c�h�a�n�g�e� �o�f� �v�a�r�i�a�b�l�e�s� �s� �>� �n ��s�+�1�,� �a�n�d� �s�+�+�r ��s�+�1� �i�n� �t�h�e� �t�h�i�r�d� �a�n�d� �t�h�e� �f�o�r�t�h� �t�e�r�m�s� 
�r�e�s�p�e�c�t�i�v�e�l�y� �t�o� �o�b�t�a�i�n� 

�n� 

�S�s �� �S�A�1� �n ��s�t�+�1�A�r�s� �+� �S�o�(�n�  ��s�+� �1�)�A�s�r�A�t�n ��s�t�1� �+� �S�o�l�r�  �� �S�s�t� �1�)�A�n�s�A�t�r ��s�t�i�t� 

�s�=�1� �s�=�1� �s�=�1� 

�+� �S�A�p �� �5�4�1�,�1�0�8� �=� �0�,� 

�s�=�1



�5�7� 

�w�h�i�c�h� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�(�4�.�7�)� �S�o�(�n�  �� �2�8� �+� �1�)�M�n�a�s�t�¢�i�A�e�r� �=� �D�o� �(�7�  �� �2�8� �+� �1�)�A�n�r�e�t�t� �A�a�n� 
�s�=�1� �s�=�1� 

�A� �c�l�o�s�e� �l�o�o�k� �a�t� �t�h�e� �f�i�r�s�t� �s�e�v�e�r�a�l� �e�q�u�a�t�i�o�n�s� �o�f� �(�4�.�6�)� 

�A�y�2�A�i�3� �=� �0� 

�A�y�2�(�2�A�1�4� �+� �A�2�3�)� �=� �0� 

�A�i�s�(�A�i�a� �+� �A�2�3�)� �=� �0� 

�3�A�r�4�A�2�3�  �� �(�A�2�3�) ��  �� �4�A�r�g�s�A�2�4� �+� �5�A�r�2�A�z�4� �=� �0� 

�A�i�2�(�3�A�1�s� �+� �2�A�2�4�)� �=� �0� 

�A�i�3�A�i�s� �+� �A�r�a�A�2�3� �+� �A�r�2�A�3�4� �=� �0� 

�3�A�i�5�A�2�3�  �� �2�A�a�3�A�0�2�4�  �� �5�A�q�3�A�0�5� �+� �6�A�1�2�A�3�5� �=� �9� 

 �� �A�y�a�A�i�s�  �� �2�A�r�g�A�o�g� �+� �A�i�z�A�2�5�  �� �A�r�2�A�3�5� �=� �0� 

�A�A�r�s�A�o�g�  �� �2�(�A�v�4�)�?�  �� �S�A�r�g�A�a�s� �+� �A�v�s�A�2�s� �+� �T�A�r�2� �A�a�s� �=� �0� 

�D�A�1�s�A�3�4�  �� �2�A�2�q�A�a�a�  �� �6�A�r�g�A�a�s� �+� �A�2�3�A�3�5� �+� �T�A�1�3�A�4�5� �=� �0� 

�s�h�o�w�s� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n�s� �o�f� �t�h�i�s� �i�n�f�i�n�i�t�e� �s�y�s�t�e�m� �o�f� �q�u�a�d�r�i�c�s� �f�a�l�l� �i�n�t�o� �t�h�r�e�e� �m�a�i�n� �c�l�a�s�s�e�s�.� 

�N�a�m�e�l�y� �t�h�o�s�e� �w�i�t�h� �4�1�3� �=� �0�,� �t�h�e�s�e� �w�i�t�h� �4�,�2� �=� �0�,� �a�n�d� �t�h�e�s�e� �w�i�t�h� �A�1�3�2� �=� �0� �=� �4�3�,� �t�h�e� 

�l�a�s�t� �o�n�e� �b�e�i�n�g� �a�n� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�h�e� �f�i�r�s�t� �t�w�o�.� �W�e� �n�o�w� �p�r�o�c�e�e�d� �w�i�t�h� �d�e�s�c�r�i�b�i�n�g� �t�h�e�s�e� 

�c�l�a�s�s�e�s�.� 

�(�i�)� �L�e�t� �A�y�2� �#� �0� �a�n�d� �A�y�3� �=� �0�.� �T�h�e�n�,� �f�r�o�m� �(�4�.�7�)� �w�i�t�h� �n� �=� �2� �w�e� �o�b�t�a�i�n� 

�r� 

 ��H�4�2�A�1�,� �=� �S�l�r�  �� �2�8� �+�1�)�A�q�p�~�s�4�1�A�2�5�-� 
�s�=�1� 

�A�f�t�e�r� �m�u�l�t�i�p�l�y�i�n�g� �b�o�t�h� �s�i�d�e�s� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �b�y� �u ��,� �a�n�d� �s�u�m�m�i�n�g� �o�v�e�r� �r� �w�e� 

 ��1�2� �S�-� �A�y�u� �=� �S�>� �S�o�l�r�  �� �2�5�+� �1�)�A�r�p ��s�t�i�r�z�s�u �� 
�r�=�1� �r�=�1� �s�=�1� 

�o�b�t�a�i�n� 

�f�r�o�m�+�s ��1
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 ��1�2� �y� �A�y�u �� �=� �y� �S�i�(�m�  �� �8�)�A�y�m�A�z�u!"� �t�s�!� 
�m�=�1� �s�=�1� 

�C�O� �8�0�0�0� 

�=� �5� �)� �M�A�U� �d�r�o�,� �u�e� �-�y� �y� �s�r�2�,�u�e� �A�y�u �� 
�m�=�1� �s�=�1� �m�=�z�1� �s�=�1� 

�N�o�w�,� �i�f� �w�e� �d�e�f�i�n�e� �f�,�(�u�)� �=� �5�2�°�,� �A�y�u ��,� �a�n�d� �g�i�(�u�)� �=� �S�5�2�2�,� �A�2�s�u ��,� �t�h�e� �a�b�o�v�e� �e�q�u�a�-� 
�t�i�o�n� �b�e�c�o�m�e�s� 

 ��A�r�e�f�i�(�u�)� �=� �f�i�l�u�)�a�r�(�u�)�  �� �f�a�(�u�)�g�i�(�u�)�.� 

�(�i�i�)� �L�e�t� �A�y�q� �=� �0� �a�n�d� �4�4�3� �#� �0�.� �T�h�e�n�,� �f�r�o�m� �(�4�.�7�)� �w�i�t�h� �n� �=� �3� �w�e� �h�a�v�e� 

 ��2�X�i�3�\�1�7� �=� �S�o�(�r�  �� �2�s� �+� �1�)�A�1� �7�-�s�4�1�A�3�s�-� 

�s�=�1� 

�D�e�f�i�n�e� �f�.�(�u�)�,� �a�n�d� �g�2�(�u�)� �t�o� �b�e� �f�o�(�u�)� �=� �S�5�7�,� �A�p�u�"�,� �a�n�d� �g�i�(�u�)� �=� �S�o�%�2�,� �A�3�,�u�*�.� �T�h�e�n�,� 

�p�e�r�f�o�r�m�i�n�g� �t�h�e� �s�a�m�e� �m�a�n�i�p�u�l�a�t�i�o�n�s� �a�s� �i�n� �t�h�e� �c�a�s�e� �(�i�)� �a�b�o�v�e� �w�e� �o�b�t�a�i�n� 

 ��2�d�i�s�f�o�(�u�)� �=� �f�,�(�u�)�g�e�(�u�)�  �� �f�o�(�u�)�g�2�(�u�)�.� 

�(�i�i�i�)� �F�o�r� �A�y�2� �=� �0� �=� �4�4�3�,� �l�e�t� �u�s� �a�s�s�u�m�e� �t�e�m�p�o�r�a�r�i�l�y� �t�h�a�t� �4�1�4� �4� �0�.� �T�h�e�n� �f�r�o�m� �(�4�.�7�)� �w�i�t�h� 

�n� �=� �4� �w�e� �h�a�v�e� 
�T�r� 

 ��3�A�1�4�A�1�-� �=� �S�o�l�r� �_ �� �2�s� �+� �1�)�A�1� �-�-�s�¢�1� �A�4�8�5� 

�s�=�1� 

�a�n�d� �t�h�e�r�e�f�o�r�e� 

 ��3�A�r�a�f�a�(�u�)� �=� �f�5�(�u�)�g�a�(�u�)�  �� �f�a�(�u�)�g�s�(�u�)�.� 

�W�h�e�r�e� �f�a�(�u�)� �=� �e�e�t� �A�i�s�u�*�,� �g�a�(�u�)� �=� �e�n� �A�g�s�.� 

�T�h�e� �a�b�o�v�e� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �s�u�g�g�e�s�t� �t�h�e� �f�o�l�l�o�w�i�n�g� �a�r�g�u�m�e�n�t�.� �I�f� �t�h�e� �f�i�r�s�t� �n�o�n�-�z�e�r�o� 

�e�l�e�m�e�n�t� �o�f� �t�h�e� �s�e�t� �{�A�i�n�}�n�>�2� �i�s� �A�1�4�1� �(�d� �>� �1�)�,� �t�h�e�n� �f�r�o�m� �(�4�.�7�)� �w�e� �d�e�d�u�c�e� �t�h�a�t� 
�r� 

 ��d�d�,� �4�4�1�X�1�9�7� �=� �K�G�  �� �2�s� �+� �1�)�A�y�y ��s�4�4� �A�d�+�1�,�8�3� 

�s�=�1�]� 

�a�n�d� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

 ��d�d�y� �a�s�i� �f�a�(�u�)� �=� �f�o�(�u�)�g�a�(�u�)�  �� �f�a�(�u�)�g�g�(�u�)�.



�5�9� 

�H�e�r�e� �f�z�,� �g�q� �a�r�e� �d�e�f�i�n�e�d� �a�s� �f�y�(�u�)� �=� �o�e�,� �A�i�s�u ��,� �a�n�d� �g�a�(�u�)� �=� �D�3�2�2�,� �A�d�t�i�,�s�u ��.� �(�C�e�r�t�a�i�n�l�y�,� �s�=�1� 

�t�h�e� �f�i�r�s�t� �d� �t�e�r�m�s� �i�n� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �f�y� �a�r�e� �z�e�r�o�.�)� 

�T�h�u�s�,� �w�e� �w�i�l�l� �p�a�r�a�m�e�t�r�i�z�e� �a�l�l� �c�l�a�s�s�e�s� �o�f� �s�o�l�u�t�i�o�n�s� �o�f� �(�4�.�4�)� �b�y� �d�  ¬� �N� �s�u�c�h� �t�h�a�t� 

� � 

�A�y�g� �=�.�.�.� �=� �A�y�a� �=� �0�,� �a�n�d� �4�1�4�4�1� �#� �0�.� �I�n� �w�h�a�t� �f�o�l�l�o�w�s�,� �w�e� �w�i�l�l� �s�h�o�w� �t�h�a�t� �f�o�r� �e�a�c�h� �d�  ¬� �N� 

�w�i�t�h� �t�h�e� �a�b�o�v�e� �p�r�o�p�e�r�t�y� �y�(�u�,� �v�)� �i�s� �g�i�v�e�n� �b�y� �y�a�(�u�,� �v�)� �=� �x� �a�n� �[�f�a�(�u�)�g�a�(�v�)�  �� �f�a�(�v�)�g�a�(�u�)�}�,� 
�a�n�d� �t�h�e�r�e�f�o�r�e� �i�s� �a� �s�o�l�u�t�i�o�n� �o�f� �(�4�.�4�)�,� �a�c�c�o�r�d�i�n�g� �t�o� �L�e�m�m�a� �4�.�6�.� �T�h�i�s� �w�e� �w�i�l�l� �s�h�o�w� �b�y� 
�p�r�o�v�i�n�g� �t�h�a�t� �f�o�r� �e�a�c�h� �d�  ¬� �N� �w�e� �h�a�v�e� 

� � �(�4�.�8�)� �l�i�m� �=�  ��  �� �X� �A�i�n�A�d�+�i�,�m�  �� �A�i�m�A�d�+�1�n� �3� �V� �n�y�m� �2� �1�.� 
�1�,�d�+�1� 

�L�e�m�m�a� �4�.�7�.� �F�o�r� �a�n�y� �f�i�z�e�d� �d�  ¬� �N� �s�u�c�h� �t�h�a�t� �\�4�,� �=� �0� �f�o�r�l� �<�n�<�d�,� �d�r�i� �4�4�1� �£�0�,� 
�i�t� �f�o�l�l�o�w�s� �t�h�a�t� �X�,�,� �=�0� �f�o�r�l�<�s�<�d ��-�l�,�l�<�n�<�d�.� 

�P�r�o�o�f�.� �S�i�n�c�e� �1� �<�n� �<� �d�,� �i�t� �f�o�l�l�o�w�s� �f�r�o�m� �(�4�.�7�)� �t�h�a�t� �(�t�h�e� �]�.�h�.�s�.� �i�s� �z�e�r�o�)� 

�r ��d� 

�(�4�.�9�)� �S� �(�r�n� �=� �2�8� �+�1�)�A�i�p�-�a�t�i�A�e�n� �=� �0�.� 
�s�=�1� 

�S�i�n�c�e� �n� �<�r�,� �i�f� 

�(�G�Q�)� �r�=�d�+�1�,� �t�h�e�n� �d�A�y�4�4�1�A�i�n� �=� �0�,� �w�h�i�c�h� �i�s� �a�n� �i�d�e�n�t�i�t�y�;� 

�(�i�i�)� �r�=� �d�+� �2�,� �t�h�e�n� �(�d�+� �l�)�A�r�a�p�o�A�i�n� �+� �(�d� �- �� �L�)�A�r�a�g�i�A�2�n� �=� �0� �=� �>� �(�d�-�1�)�A�r�a�p�i�r�A�2�n� �=� 

�0� �=� �A�n� �=� �0�.� 

�A�s�s�u�m�e� �n�o�w� �t�h�a�t� �A�,�,� �=� �0� �f�o�r� �1� �<�s�<�m�<�d ��- ��1�,�1�<�n�<�d�.� �W�e� �w�o�u�l�d� �l�i�k�e� �t�o� �s�h�o�w� 

�t�h�a�t� �t�h�i�s� �i�m�p�l�i�e�s� �A�,�.�4�1�,�.�,� �=� �0�.� �B�u�t� �f�r�o�m� �(�4�.�9�)� �w�i�t�h� �r�=�d�+�m�-�+�1� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� 

�(�d�  ��_� �m�)�A�i� �d�4�1�A�m�+�i�,�n� �=�)� �=�>� �A�m�+�i�,�n� �=� �0�.� 

�T�h�e�r�e�f�o�r�e�,� �l�e�t�t�i�n�g� �r� �r�u�n� �i�n� �t�h�e� �i�n�t�e�r�v�a�l� �d�+� �1� �<�r� �<� �2�d�  ��1� �f�i�n�i�s�h�e�s� �t�h�e� �p�r�o�o�f�.� 

�R�e�m�a�r�k�.� �F�o�r� �r� �=� �2�d� �a�n�d� �r� �=� �2�d�+�1� �w�e� �o�b�t�a�i�n� �i�d�e�n�t�i�t�i�e�s�.� �F�o�r� �r� �>� �2�d�+�1� �w�e� �o�b�t�a�i�n� 

�r�e�l�a�t�i�o�n�s� �w�h�i�c�h� �a�r�e� �p�a�r�t�i�c�u�l�a�r� �c�a�s�e�s� �o�f� �(�4�.�8�)�.� �F�o�r� �e�x�a�m�p�l�e�,� �w�h�e�n� �r� �=� �2�d� �+� �2� �w�e� �h�a�v�e� 

�A�i�d� �+�2� 
�A� �d�+�2�A�d�4�1�,�n� �_� �A�q� �a�+�1�A�d�+�2�,�n� �=�0� �=� �A�n�a� �=� �7�X� 

� � 

�A�n�d�+�1�  �� 
�1�,�d�+�1



�6�0� 

�L�e�m�m�a� �4�.�8�.� �F�o�r� �e�a�c�h� �f�i�x�e�d� �d� �E�N�,� �s�u�c�h� �t�h�a�t� �A�y�m� �=�0� �f�o�r� �1� �<�m�<�d�,� �A�r� �a�4�1� �£�0�,� 

�i�t� �f�o�l�l�o�w�s� �t�h�a�t� �X�g�4�1�n� �1�s� �a� �r�a�t�i�o�n�a�l� �f�u�n�c�t�i�o�n� �o�f� �A�y�a�4�1�,�-�-�-� �A�d�i�n�,� �V�n� �=� �1�.� 

�P�r�o�o�f�.� �L�e�t� �u�s� �c�o�n�s�i�d�e�r� �(�4�.�7�)� �w�i�t�h� �r�=�n�+�d� 
�d�+�1� �n� 

�(�4�.�1�0�)� �S�(�d�  �� �2�s� �+� �L�)�A�y� �d�+�2�-�s�A�s�.�n�e�d� �=� �(�n� �+� �d�  �� �2�s� �+� �V�)�A�a�n�t�d ��s�4�1�A�s�,�d�4�1� �(�n� �>� �1�)�,� 

�s�=�1� �s�=�1� 

�w�h�i�c�h� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�n�-�1� 

�d�y� �4�1�1� �n�t�+�d� �=� �S�o� �(�n� �+�d ��2�5�4�1�)�\�r�n�g�d ��s�p�i�A�s�a�t�i� �+� �(�d ��2�4�+�1�)�A�q� �a�4�1�A�n� �4�1� 
�s�=�1� 

�s�i�n�c�e� �o�n�l�y� �t�h�e� �f�i�r�s�t� �t�e�r�m� �o�n� �t�h�e� �I�|�.�h�.�s� �i�s� �n�o�n�-�z�e�r�o�.� �T�h�e�r�e�f�o�r�e�,� �s�o�l�v�i�n�g� �f�o�r� �A�g�y�i�n� �w�e� 

�o�b�t�a�i�n� 

�(�4�.�1�1�)� 
�n�-�1� 

�A�d�+�i�n� �=� �_�~ ��_�_�_�+�_�_�_�_� �d�X� �d�4�1�A�1�n�4�d�  �� �S�o� �(�n� �+�d ��2�8�4�+�1�)�A�i�n�4�a ��s�t�i�r�s�a�+�i� 
�(�d ��n�t�+�1�)�A�p�a�s�1�  ��  �� �,� 

�T�h�e� �a�b�o�v�e� �f�o�r�m�u�l�a� �g�i�v�e�s� �a� �r�e�c�u�r�s�i�v�e� �r�e�l�a�t�i�o�n� �f�o�r� �A�n�,�g�4�1�'�s�,� �w�h�e�n�e�v�e�r� �n� �£� �d�+�1�.� �T�o� 

�f�i�n�i�s�h� �t�h�e� �p�r�o�o�f� �o�f� �t�h�e� �l�e�m�m�a� �w�e� �w�r�i�t�e� �t�h�e� �f�i�r�s�t� �t�h�r�e�e� �r�e�l�a�t�i�o�n�s�.� �F�o�r� �n� �=� �1� �(�4�.�1�0�)� �i�s� 
�a�n� �i�d�e�n�t�i�t�y�.� �F�o�r� �n� �=� �2� �w�e� �h�a�v�e� 

�d�d�1� �a�4� �A�r�z�g�a� �=� �(�d�+� �1�)�A�y�o�¢�a�A�1�a�4�1� �+� �(�d�  �� �1�)�A�r�a�4�¢�1�A�2�,�¢�4�1�5� 

�f�r�o�m� �w�h�i�c�h� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� 

�1� 
�(�4�.�1�2�)� �A�2�,�d�+�1� �=� �a� �_� �7� �A�n�a�t�a�:� � � 

�F�o�r� �n� �=� �3� �w�e� �h�a�v�e� 

�d� 
�=�  ��d�=� �D�y�a�n� �[ ��2�h�s�a�s�s� �r�a�r�e� �+� �q�a� �e�t�e�)� �;� 

�w�h�e�r�e� �w�e� �h�a�v�e� �u�s�e�d� �(�4�.�1�1�)�.� �F�i�n�a�l�l�y� �f�o�r� �n� �=� �4� �w�e� �h�a�v�e� 

�1� 
�r�a�e�d� �=� �|� �a�p� �A�t� �a�p�a�  �� �(�2�d� �+�3�)�A�1� �a�p� �4�A�1�,�0�4�1�  �� �(�d� �+� �1�)�A�1� �0� �4�3�A�2�,�0�4�1 �� 

�(�d�  �� �3�)�A�1�a�4�1� 

�~�~� �(�d� �~�~� �L�)�A�n�e�r�a� �a�s� 

�(�3�d�  �� �5�)�d� �d� �S�a�s� �|� �1� 
�7�a� 

�=�  ��_�_�_�_�_�_�_�-�|�/�_� �3�)� �A� �T�O� �~� �1�,�4�4�1�A�1�d�+�4� �+� �(�d ��1�)�(�d �� �2�)� �1�.�d�+�2�A�1�a�+�3� �d ��-�2� �A�y�a�s�i� �(�d �� �3�)�A�1�a�4�1



�6�1� 

�T�h�e�r�e�f�o�r�e�,� �r�e�p�e�a�t�i�n�g� �t�h�i�s� �p�r�o�c�e�s�s� �n� �t�i�m�e�s� �w�e� �o�b�t�a�i�n� �t�h�a�t� �A�g�i�i�,� �i�s� �a� �r�a�t�i�o�n�a�l� �f�u�n�c�t�i�o�n� 

�o�f� �t�h�e� �t�y�p�e� �a�s� �s�t�a�t�e�d�,� �s�i�n�c�e� �a�l�l� �\�g�4�1�,�,� �w�i�t�h� �1� �<� �s� �<�n�  ��1� �a�r�e� �r�a�t�i�o�n�a�l� �f�u�n�c�t�i�o�n�s�.� �T�h�i�s� 

�c�o�m�p�l�e�t�e�s� �t�h�e� �p�r�o�o�f� �o�f� �t�h�e� �l�e�m�m�a�.!"� 

�R�e�m�a�r�k�.� �L�e�m�m�a� �4�.�8� �s�h�o�w�s� �t�h�a�t� �f�o�r� �e�a�c�h� �d�  ¬� �N� �t�h�e� �f�u�n�c�t�i�o�n�s� �f�z� �a�n�d� �g�g� �a�r�e� �d�e�f�i�n�e�d� 

�o�n�l�y� �i�n� �t�e�r�m�s� �o�f� �{�A�i�n�}�n�>�a�4�1�-� �T�h�a�t� �i�s�,� �f�o�r� �e�a�c�h� �d�  ¬� �N� �w�e� �w�i�l�l� �h�a�v�e� �a� �s�o�l�u�t�i�o�n� �o�f� �(�4�.�4�)� 

�d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�i�s� �i�n�f�i�n�i�t�e� �s�e�t� �o�f� �p�a�r�a�m�e�t�e�r�s�.� �I�t� �t�u�r�n�s� �o�u�t� �t�h�a�t� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� 

�n�o�t� �c�o�m�p�l�e�t�e�l�y� �i�n�d�e�p�e�n�d�e�n�t�.� 

�N�a�m�e�l�y�,� �w�e� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �l�e�m�m�a�.� 

�L�e�m�m�a� �4�.�9�.� �F�o�r� �e�a�c�h� �d�  ¬� �N� �t�h�e�r�e� �e�x�i�s�t�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�i�n�g�l�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� 

�A�i�n ��s� �(�w�i�t�h�d�+�1�<�n�<�2�d�+�1�)� 

� � 

�d� 
�1� 

�A�i�d�t�.� �=�  �� �M�a�e� �X� �2�(�d� �+�1 �� �8�)�A�1�,�2�d�4�2�~�s�A�s�,�d�4�1�-� 

�H�e�r�e� �X�s�,�d�4�1� �=� �A�s�d�t�i�(�A�i�d�t�i�y�-�-�-� �»�A�t�d�t�s�)�)� �2� �<� �8� �<� �d�,� �a�r�e� �r�a�t�i�o�n�a�l� �f�u�n�c�t�i�o�n�s� �a�c�c�o�r�d�i�n�g� 

�t�o� �t�h�e� �p�r�e�v�i�o�u�s� �l�e�m�m�a�.� 

�P�r�o�o�f�.� �F�r�o�m� �(�4�.�1�1�)� �w�e� �h�a�v�e� 

�n�-�1� 

 ��(�d ��n�+� �1�)�A�q�a�q�i�A�d�t�i�n� �=� �A�1�a�4�1�A�i� �n�g�a�  �� �S�o� �(�n� �+�d�  ��2�8� �4�+� �1�)�A�i�n�i�a ��s�t�i�r�A�s�.�d�e�i�-� 
�s�=�1� 

�I�f�n� �=�d�+�1� �t�h�e� �l�.�h�s�.� �i�s� �z�e�r�o�,� �a�n�d� �w�e� �o�b�t�a�i�n� 

�d� 

�d�X�y� �a�4�1�A�1�,�2�d�4�1� �=� �S�  ��(�2�d� �+�2�  ��2�s�)�A�q� �2�¢�4�2�-�s�A�s�d�+�1� 
�s�=�1� 

�d� 

�=� �2�4�d�)� �o�¢�4�1�A�1�,�a�4�1� �+� �S�-� �2�(�d� �+�1�  �� �8�)�A�q� �2�d�¢�2�-�s�A�s�,�d�4�1�-� 
�s�=�2� 

�F�r�o�m� �t�h�i�s�,� �t�h�e� �s�t�a�t�e�m�e�n�t� �f�o�l�l�o�w�s�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �f�o�r� �e�a�c�h� �d�  ¬� �N� �w�e� �c�a�n� �s�o�l�v�e� �f�o�r� 

�A�z�a�+�1� �i�n� �t�e�r�m�s� �o�f� �A�1�a�4�1�,�-�-�-� �,�A�1�,�2�¢�,� �a�n�d� �4�1�,�2�4�4�1� �i�s� �a� �r�a�t�i�o�n�a�l� �f�u�n�c�t�i�o�n� �o�f� �t�h�e�s�e� �v�a�r�i�a�b�l�e�s�.� 

�T�h�i�s� �i�s� �t�h�e� �o�n�l�y� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �,�,�, ��s�.� �T�h�i�s� �i�s� �e�a�s�i�l�y� �s�e�e�n� �f�r�o�m� �(�4�.�1�1�)�.� �M�u�l�t�i�p�l�y�i�n�g� 

�b�o�t�h� �s�i�d�e�s� �o�f� �(�4�.�1�0�)� �b�y� �(�d�+� �1 �� �1�)� �w�e� �s�e�e� �t�h�a�t� �t�h�e� �l�.�h�.�s�.� �o�f� �t�h�e� �e�q�u�a�l�i�t�y� �s�o� �o�b�t�a�i�n�e�d� 
�v�a�n�i�s�h�e�s� �i�f� �a�n�d� �o�n�l�y� �i�f�n� �=� �d�+�1�.� �F�r�o�m� �t�h�i�s� �w�e� �o�b�t�a�i�n� �e�x�a�c�t�l�y� �o�n�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� 

�A�i�n ��s� �f�o�r� �d�+� �1� �<�n� �<� �2�d�+�1�.� �T�h�u�s� �f�o�r� �d� �=� �1� �w�e� �o�b�t�a�i�n� �4�,�3� �=� �0�,� �f�o�r� �d� �=� �2� �w�e� �h�a�v�e
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�A�i�7� �=� �2� 

�a�n�d� �s�o� �o�n�.�@� 

�S�u�m�m�a�r�i�z�i�n�g�,� �e�a�c�h� �d�  ¬� �N� �s�p�e�c�i�f�i�e�s� �a� �b�r�a�n�c�h� �i�n� �t�h�e� �s�p�a�c�e� �o�f� �s�o�l�u�t�i�o�n�s� �o�f� �(�4�.�6�)� �f�o�r� 
�w�h�i�c�h� �t�h�e� �s�e�t� �o�f� �p�a�r�a�m�e�t�e�r�s� �{�A�i�n� �}�n�>�a�4�+�1�,�.�n�4�2�d�+�1� �f�o�r�m�s� �a� �b�a�s�i�s�.� �H�e�r�e� �1�.�2�4�4�1� �i�s� �a� �r�a�t�i�o�n�a�l� 

�f�u�n�c�t�i�o�n� �o�f� �A�1�¢�@�4�1�,�-�-�-� �,�A�1�,�2�4�-� 

�L�e�m�m�a� �4�.�1�0�.� �F�o�r� �e�a�c�h� �f�i�z�e�d� �d�  ¬� �N� �a�n�d� �e�v�e�r�y� �n�,�m� �>� �1� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m�u�l�a� �i�s� 

�v�a�l�i�d� 
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�r�r� �d�4�1� 

� � �(�4�.�1�3�)� �A�m�n� �A�i�m�A�d�+�i�,�n�  �� �X�i�n�A�d�t�i�y�m� �:� 

�P�r�o�o�f�.� �T�h�e� �p�l�a�n� �o�f� �t�h�e� �p�r�o�o�f� �i�s� �a�s� �f�o�l�l�o�w�s� 

�(�i�)� �F�i�r�s�t� �w�e� �p�r�o�v�e� �(�4�.�1�3�)� �f�o�r�l� �<�m�<�d�a�n�d�n�>�d�+�1�.� �F�o�r�n� �<� �d�+�1� �t�h�e�r�e� �i�s� �n�o�t�h�i�n�g� 

�t�o� �p�r�o�v�e�,� �b�e�c�a�u�s�e� �a�l�l� �A�,�,�» ��s� �a�r�e� �z�e�r�o� �a�c�c�o�r�d�i�n�g� �t�o� �L�e�m�m�a� �4�.�7�;� 

�(�i�i�)� �S�e�c�o�n�d�,� �w�e� �p�r�o�v�e� �(�4�.�1�3�)� �f�o�r� �m� �<� �2�d� �a�n�d� �n� �>� �m�,� �u�s�i�n�g� �(�i�)�.� �H�e�r�e�,� �w�e� �p�r�o�v�e� �i�t� �f�i�r�s�t� 
�f�o�r� �4�4�2�,�4�4�3� �(�f�o�r� �A�g�y�i�1�a�¢�2� �t�h�e� �s�t�a�t�e�m�e�n�t� �i�s� �t�r�i�v�i�a�l�)�.� �T�h�e�n�,� �w�e� �p�r�o�v�e� �i�t� �f�o�r� �\�g�4�2�n�,� �a�n�d� 

�e�v�e�r�y� �n� �>� �d�+� �3�,� �u�s�i�n�g� �a�n� �i�n�d�u�c�t�i�v�e� �a�r�g�u�m�e�n�t�.� �N�e�x�t�,� �w�e� �p�r�o�v�e� �t�h�a�t� �i�f� �t�h�e� �s�t�a�t�e�m�e�n�t� 
�i�s� �t�r�u�e� �f�o�r� �A�y�, ��1�,�m�,� �t�h�e�n� �i�t� �i�s� �t�r�u�e� �f�o�r� �A�m�m�4�1�,� �f�o�r� �s�o�m�e� �m� �<� �2�d�.� �L�a�s�t�,� �w�e� �f�i�x� �m� �<� �2�d�,� 

�a�n�d� �u�s�e� �a�g�a�i�n� �a�n� �i�n�d�u�c�t�i�v�e� �a�r�g�u�m�e�n�t� �t�o� �p�r�o�v�e� �i�t� �f�o�r� �A�,�,�,�,� �a�n�d� �e�v�e�r�y� �n� �>� !"�;� 

�(�i�i�i�)� �O�u�r� �t�h�i�r�d� �s�t�e�p� �i�s� �t�o� �a�p�p�l�y� �i�n�d�u�c�t�i�o�n� �t�o� �t�h�e� �a�r�g�u�m�e�n�t� �m�.� �N�a�m�e�l�y�,� �a�s�s�u�m�i�n�g� �t�h�a�t� 

�t�h�e� �s�t�a�t�e�m�e�n�t� �i�s� �t�r�u�e� �f�o�r� �A�m�n�,� �w�h�e�r�e� �m� �<� �(�k�  �� �1�)�d�,� �a�n�d� �e�v�e�r�y� �n� �>� �m�,� �w�e� �p�r�o�v�e� �i�t� �f�o�r� 

�m� �<� �k�d�,� �a�n�d� �e�v�e�r�y� �n� �>� �m�.� 

�T�h�e� �p�r�o�o�f� �i�s� �t�e�c�h�n�i�c�a�l�,� �b�u�t� �n�o�t� �d�i�f�f�i�c�u�l�t�,� �a�n�d� �u�s�e�s� �e�x�t�e�n�s�i�v�e�l�y� �f�o�r�m�u�l�a� �(�4�.�1�1�)�,� �w�h�i�c�h� 

�w�e� �n�o�w� �w�r�i�t�e� �a�s� 
�n�~�1� 

�(�4�.�1�4�)� �S�o�(�n� �+�d ��2�8�+�1�)�\�n�t�a ��s�p�i�A�s�d�g�i� �=� �( ¬�d ��2�4�+� �1�)�A�r�a�p�r�A�d�g�i�n� �+� �O�A�r�,�a�4�1�A�i� �n�g�a�:� 
�s�=�1� 

�(�i�)� �L�e�t� �1� �<�<� �m�<�d�,�a�n�d� �N� �>�d�+�1�.� �F�i�x� �m�,� �a�n�d� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �s�t�a�t�e�m�e�n�t� �i�s� �t�r�u�e� �f�o�r� 

�a�l�l�d�+�1�<�n�<� �N ��1�.� �W�e� �w�a�n�t� �t�o� �p�r�o�v�e� �i�t� �f�o�r� �A�,�,�n�.� �B�u�t� �f�r�o�m� �(�4�.�7�)� �w�e� �h�a�v�e� 

�m�= ��1� �N� 

�S�Y� �o�(�m�  �� �2�8�4� �1�)�A�i�m ��s�+�i�A�s�,�N�+�d� �=�  �� �>� �(�N� �+�d �� �2�5�+� �1�)�A�i�n�t�a�-�s�t�i�A�m�s�-� 
�s�=�l� �s�=�d�+�1
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�B�u�t� �t�h�e� �|�.�h�.�s�.� �o�f� �t�h�i�s� �e�q�u�a�t�i�o�n� �i�s� �z�e�r�o�,� �s�i�n�c�e� �m� �<� �d�.� �T�h�e�r�e�f�o�r�e� 

� � 

�N�-�1� 

�O�=� �$�0� �(�N�+�d ��2�8� �+� �1�)�A�w�4�a�-�s�¢�i�A�m�e� �+� �(�d�  �� �N� �+� �1�)�A�i�a�4�1�A�m�n� 
�s�=�d�+�l�1� 

�1� �N�-�1� 

�~�\� �>� �(�N� �+� �d�  �� �2�s� �+� �1�)�A�1�,�N�4�d ��0�4�1� �[�A�i�m�A�d�+�1�,�8�  �� �A�1�s�A�d�+�1�,�m�]� �+� 
�d�+�)� �a�y� 

�+�(�d�-�~�N�+�1�)�d�\�y� �a�4�1�A�m�n� 
�X� �N�-�1� 

�=�  �� �t�h�m� �(�N� �+�d�  ��2�5�4�+�1�)�A�y� �n�e�a�-�s�t�i�r�i�s� �+� �(�d�  ��N� �+�1�)�A�t�e�4�1�A�m�n� 
�A�i�d�t� �4�,� 

�=�(�d�-� �N�+�1�)�\�a�t�i�m�A�i�n� �+� �(�d� �-�N� �+�4�1�)�d�r�a�p�1�A�m�n�;� 

�a�n�d� �w�e� �o�b�t�a�i�n� 
�A�i�n� 
� � �A�m�N� �=�  �� �A�L� �d�+�1�-� 
�A�d�+�i�,�m� 

�T�h�i�s� �i�s� �e�x�a�c�t�l�y� �(�4�.�1�3�)� �w�i�t�h� �A�i�m� �=� �0�,� �w�h�i�c�h� �i�s� �a� �c�o�n�s�e�q�u�e�n�c�e� �o�f� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�n� �m�.� 

�(�i�i�.�a�)� �T�h�e� �s�t�a�t�e�m�e�n�t� �i�s� �t�r�u�e� �f�o�r� �A�g�4�1�,�4�4�2�-� �L�e�t� �u�s� �n�o�w� �a�s�s�u�m�e� �t�h�a�t� �m� �=� �d�+�2�,�n� �=� �d�+�3�.� 

�T�h�e�n� �f�r�o�m� �(�4�.�7�)� �w�e� �h�a�v�e� 

�d�+�1� �d�+�1� 

�W�C�  �� �2�8� �+� �3�)�A�1�¢�-�s�4�3�A�s�,�2�d�4�3� �=� �S�  ��(�2�d�  �� �2�8� �+�3�)�A�1� �2�0�-�s�4�3�A�s�,�d�4�2�  �� �2�A�1�0�-�4�1�A�d�4�3�,�d�4�2�:� 
�s�=�1� �s�=�1� 

�N�o�w�,� �w�e� �u�s�e� �(�i�)� �i�n� �b�o�t�h� �s�i�d�e�s� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �t�o� �o�b�t�a�i�n� 

�d�+� 
�]� 

� � 

� � 

�7�X� �S�(�d�  �� �2�8� �+� �3�)�A�1�a ��s�4�3� �(�A�r�s�A�d�4�1�,�2�¢�4�3�  �� �A�1�2�d�4�3�A�d�4�1�,�5�]� �=� 
�I�d�+�1� �4�2�y� 

�1� �d�+�1� 

�=�~� �1� �S�  ��(�2�d�  �� �2�8� �+� �3�)�A�q� �2�¢�-�5�4�3� �r�s�A�d�g�i�d�e�2�  �� �A�r�a�t�o�A�d�s�i�,�s�]�  �� �2�A�1�,�¢�4�1�A�0�4�3�,�d�4�2�5� 
�a�+� �s�=�1� 

�w�h�i�c�h� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�d�+�1� �d�+�1� 
�A� �d�+�1�,�2�d�+�3� �X�1�,�2�4�+�3� 
 �� �d�  �� �9� �5� �A� �s ��  �� �_� �_�s� �Y� �:� �_ �� 

�M�a�t� �y�d� �8�+�3�)�\�d ��s�4�3�4�1� �M�i�a�n� �S�s� �(�d� �2�s� �+� �3�)�A�j� �4�~�5�4�3�¢�4�1�,� � � 

�s�=�1� �s�=�l� 

�d�+�1� 

�=�  ��2�A�1� �d�4�1�A�d�4�3�,�d�4�2� �+� �S�  ��(�2�d�  �� �2�8� �+� �4�)�A�i�2�q ��s�4�4�A�1�5�-� 
�1�,�d�é�+�1� 

� � 

�s�=�1� 

�d�+�1� 
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�T�h�e� �f�i�r�s�t� �t�e�r�m� �o�n� �t�h�e� �l�.�h�.�s�.� �i�s� �z�e�r�o�,� �a�n�d� �t�h�e� �s�e�c�o�n�d� �t�e�r�m� �o�n� �t�h�e� �r�.�h�.�s�.� �c�o�n�t�a�i�n�s� �o�n�l�y� 
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 ��_�  � � �� �d ��2� �A�y� �d ��s�+�3�A�d�+�1�.�8� �=� �V�g� �d�T� �$�+� �3�)�A�i�¢�d ��s�4�3�A�d�4�1�,� 

�d�+�1� 
�=�  ��2�)�y� �a�4�1�A�d�¢�a�,�d�4�2� �+� �2�A�1� �¢�4�2�A�d�4�1�,�4�4�2�  �� �L�e� �S�  ��(�2�d�  �� �2�8�s� �+� �3�)�A�j� �2�¢�-�5�4�3�A�d�+�1�,�8�-� 
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�T�h�e� �t�e�r�m� �o�n� �t�h�e� �|�.�h�.�s�.� �h�a�s� �o�n�l�y� �t�w�o� �s�u�m�m�a�n�d�s�.� �T�h�e� �t�h�i�r�d� �t�e�r�m� �o�n� �t�h�e� �r�.�h�.�s�.� �w�e� 

�t�r�a�n�s�f�o�r�m� �u�s�i�n�g� �(�4�.�1�4�)�.� �T�h�u�s�,� 
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�a�l�g�e�b�r�a� �G�,�.�,� �o�n�e� �s�h�o�w�s� �t�h�a�t� �A�i�4�1�,�3�4�1� �=� �r�i�j�,� �V�i�j�>�0�-� �T�h�i�s� �w�e� �w�i�l�l� �p�r�o�v�e� �b�y� �d�e�m�o�n�s�t�r�a�t�i�n�g� 

�t�h�a�t� �t�h�e� �\�,�; ��s� �a�n�d� �t�h�e� �r�;�; ��s� �s�a�t�i�s�f�y� �t�h�e� �s�a�m�e� �i�n�f�i�n�i�t�e� �s�y�s�t�e�m� �o�f� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s�.� �I�n� 

�w�h�a�t� �f�o�l�l�o�w�s�,� �{�z�;�}�;�>�1� �w�i�l�l� �b�e� �a�g�a�i�n� �a� �s�e�t� �o�f� �l�o�c�a�l� �c�o�o�r�d�i�n�a�t�e�s� �o�f� �a� �p�o�i�n�t� �o�f� �t�h�e� �g�r�o�u�p� 
�G�o�o�.� �W�e� �r�e�c�a�l�l� �a�l�s�o� �t�h�a�t� �a� �1�-�c�o�c�h�a�i�n� �a�:� �G�o�o� �4� �G�o�o� �A� �G�o�o� �a�c�t�i�n�g� �o�n� �a� �b�a�s�i�s� �e�l�e�m�e�n�t� 

 ¬�n� �E� �G�o�o� �i�S� �w�r�i�t�t�e�n� �a�s� �a�(�e�,�)� �=� �a�j�,�e�;� �A� �e�;�,� �w�h�e�r�e� �s�u�m�m�a�t�i�o�n� �i�s� �u�n�d�e�r�s�t�o�o�d� �o�v�e�r� �t�h�e� 

�r�e�p�e�a�t�e�d� �i�n�d�i�c�e�s�.� �I�f� �a� �i�s� �1�-�c�o�c�y�c�l�e�,� �t�h�e�n� 

�(�5�.�2�)� �(�d�a�)�(�e�1�,� �C�m�)� �=�  ¬�1�-�0�( ¬�m�)�  �� �C�m�-�a�(�e�;�)�  �� �a�(�[�e�r�,� �m�|�)� �=� �9�.� 

�w�h�e�r�e� �6� �i�s� �t�h�e� �c�o�b�o�u�n�d�a�r�y� �o�p�e�r�a�t�o�r� �i�n� �t�h�e� �C�h�e�v�a�l�l�e�y�-�E�i�l�e�n�b�e�r�g� �c�o�h�o�m�o�l�o�g�y� �o�f� �L�i�e� 

�a�l�g�e�b�r�a�s� �(�s�e�e� �f�o�r�m�u�l�a� �(�*�)� �i�n� �C�h�.�I�)�.� 

�L�e�t� �u�s� �a�s�s�u�m�e� �f�o�r� �a� �m�o�m�m�e�n�t� �t�h�a�t� �G� �i�s� �a� �f�i�n�i�t�e�-�d�i�m�e�n�s�i�o�n�a�l� �L�i�e� �a�l�g�e�b�r�a�.� �L�e�t� 
�r�=�7�r�j�j�e�;� �A�e�;�  ¬� �A�*�G� �b�e� �a� �0�-�c�o�c�h�a�i�n�,� �a�n�d� �l�e�t� �a�:� �G� �+� �G�A�G� �b�e� �d�e�f�i�n�e�d� �a�s� �a� �=� �d�r�.� �L�e�t� 

�u�s� �a�l�s�o� �d�e�f�i�n�e� �<� �r�,�r� �> ¬� �@�°�G� �a�s� 

�(�6�.�3�)� �<�r� �o�s� �[�r�r�]� �+� �[�r�t�e�]� �+� �f�e�o� 
�w�h�e�r�e� �w�e� �h�a�v�e� 

�[�r�?�?� �r�t�]� �=� �P�i�l� �k�l� �[�e�;�,� �e�;�,�|� �A�  ¬�;� �A� �e�j� �=� �r�i�j�P� �R�I�C� �e�n� �A�  ¬�;� �A�  ¬�1�,� 

�7�1



�7�2� 

�1�2� �2�3�)�  �� �k� 

�[�r� �P�r� �=� �T�r�i�l�k�i�e�n� �A� �l�e�i�,� �e�x�]� �A�e�g�=� �T�r�i�T�k�i�C�;�  ¬�n� �A�e�;� �A� �e�t�,� 

�1�3�°� �2�3�]� �t�k� �[�r� �,�T� �|� �=� �P�T�n�i�l�T�j�k�e�n� �A�  ¬�;� �A� �[�e�;�,� �e�x�]� �=� �T�a�i�l� �s�k�C�]�  ¬�n� �A�e�;� �A�e�}�.� 

�I�n� �t�h�e� �a�b�o�v�e� �e�x�p�r�e�s�s�i�o�n�s� �w�e� �u�s�e�d� �[�e�;�,�e�,�]� �=� �C�i�*�e�,�,� �w�h�e�r�e� �C�*� �a�r�e� �t�h�e� �s�t�r�u�c�t�u�r�e� �c�o�n�-� 
�s�t�a�n�t�s� �o�f� �t�h�e� �L�i�e� �a�l�g�e�b�r�a� �G�.� �N�o�w�,� �w�e� �c�a�n� �r�e�w�r�i�t�e� �(�5�.�3�)� �i�n� �t�e�n�s�o�r� �n�o�t�a�t�i�o�n� �a�s� 

�(�5�.�4�)� �<�r�r�>�=� �[�C�e� �r�i�s�e� �+� �C�H� �r�i�r�k�n� �+� �C�F� �r�i�a�l� �k�j� �l�e�n� �A�e�;� �A�e�.� 

�W�e� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g�:� 

�L�e�m�m�a� �5�.�1� �[�D�r�i�n�f�e�l ��d�]�.� �T�h�e� �c�o�b�o�u�n�d�a�r�y� �a� �s�a�t�i�s�f�i�e�s� �t�h�e� �c�o�-�J�a�c�o�b�i� �i�d�e�n�t�i�t�y�,� �i�.�e�.� 
�a� �d�e�f�i�n�e�s� �a� �L�i�e�-�b�i�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e� �o�n� �G�,� �i�f� �a�n�d� �o�n�l�y� �i�f� �<� �r�,�r� �>� �i�s� �G�-�i�n�v�a�r�i�a�n�t� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �t�h�e� �a�d�j�o�i�n�t� �a�c�t�i�o�n� �o�f� �G� �o�n� �i�t�s�e�l�f�.� 

�P�r�o�o�f�.� �L�e�t� �a�(�é�n�)� �=� �a�t�e�;� �A�e�;�.� �T�h�e�n� �a� �s�a�t�i�s�f�i�e�s� �t�h�e� �c�o�-�J�a�c�o�b�i� �i�d�e�n�t�i�t�y� �i�f� �a�n�d� �o�n�l�y� 

�i�f� 

�(�5�.�5�)� �a�n�a ��,� �+� �a�t�a ��,� �+� �a�?� �a�d�,� �=� �0�.� 

�U�s�i�n�g� �t�h�e� �f�a�c�t� �t�h�a�t� �a� �i�s� �a� �c�o�b�o�u�n�d�a�r�y� �a�(�e�n�)� �=� �6�r�(�e�n�)� �=� �(�r�i�s�C�?�*� �+� �r�5�j�;�C�P�*� �)�e�;� �A� �e�j� �w�e� 
�r�e�w�r�i�t�e� �(�5�.�5�)� �a�s� �.� �.� 

�(�r�i�s�C�P�?� �+� �1�s�j�3�C�P� �\�(�r�e�p�C�7�?� �+� �r�p� �C�y� �)�+� 

�+� �(�r�e�s�C�P�*� �+� �r�o�j�3�C�E�)�(�r�i�p�C�]�?� �+� �r�p�i�C�]�?�)�+� 
�+� �(�r�i�s�C�F�*� �+� �r�o�j�C�)� �r�i�p� �C�R� �+� �r�p�x�O�W ��)� �=� �0�.� 

�T�h�i�s� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�r�i�s�e� �r�e�p�C�] �� �+� �r�a�g� �C�P� �r�e�p�? �� �+� �r�i�s�C�e� �r�p�i�C�e� �+� �r�a�j�O�P� �r�p� �C�7�?� 

�+� �P�e�s�C�r� �r�i�p�C�2�?� �+� �r�j� �O�n� �r�i�p�C�?�?� �+� �P�k�s�C�n�*�r�p�i� �C�7 �� �+� �r�s�j�C� �e�r� �y�i�C�}�?� 

�4� �g�O� �r�i�p� �C�P�?� �+� �r�e�j�C�P� �r�i�p ��?� �+� �r�i�s�C�e� �r�p� �C�2�?� �+� �r�e�j�C�P� �r�p� �C�?�?� �=� �0�.� 
�N�e�x�t� �w�e� �p�e�r�f�o�r�m� �s�o�m�e� �a�l�g�e�b�r�a�i�c� �m�a�n�i�p�u�l�a�t�i�o�n�s� �u�s�i�n�g� �t�h�e� �J�a�c�o�b�i� �i�d�e�n�t�i�t�y� �f�o�r� �t�h�e� �L�i�e� 

�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e� �c�o�n�s�t�a�n�t�s� �o�f� �G� 

�c�u�c�m!"� �4� �C�i�k�o�m� �4� �C�h�C�m!"�m�  �� �0�,� 

�W�e� �o�b�s�e�r�v�e� �t�h�a�t� 

�r�i�s�e�r� �e�p�C�p�?� �+� �r�e�s�C�e� �r�p� �C�i�?� �=� �r�i�s�C�P� �r�e�p�l�i �� �+� �r�e�p�e�r� �i�C�}� 
�=� �T�i�s�k�p�(�C�T�C�}�?�  �� �C�?�?�C�}�*�)� 
�=�  ��P�i�s�l�k�p�(�C�2�"�C�}�?� �+� �C�P�?�C�}�*�)� 
�_� �8� �V�I�N



�7�3� 

�S�i�m�i�l�a�r�l�y� �w�e� �h�a�v�e� 

�P�i�g�O�P� �r�p� �C�e�?� �+� �r�i�g�C� �r�i�p�]�?� �=� �r�i�s�t�p�i� �C�P� �C�R ��,� 

�a�n�d� 

�r�e�s� �C�P� �r�i�p�e�?� �+� �r�i�s�C�n� �r�p� �C�P�?� �=� �r�e�a�r�i�p�C�E� �C�e�.� 
�T�h�e�r�e�f�o�r�e� �t�h�e� �c�o�-�J�a�c�o�b�i� �i�d�e�n�t�i�t�y� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�p�s�v�j�n� �J�P� �n�s� �I�P� 

�J�P� �J�P� �p�s�e�y�j�n� �(�5�.�6�)� �H�C�E� �i�p�C�P�?� �+� �r�g� �C�E� �r�p�i�C�y �� �+� �r�i�s�t�p�i�C�}� �C�y� 

�H�T� �g�s�T�i�p�C�P �� �C�y�"� �+� �r�j� �C�l� �r�i�p�e� �+� �5� �C�T�T� �p�C�}� �=� �0�.� 

�L�e�t� �u�s� �n�o�w� �c�o�n�s�i�d�e�r� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �e�,�,�.� �<� �r�,�r� �>�=� �0� �f�o�r� �e�v�e�r�y� �m� �>� �0�.� 

�T�h�a�t� �i�s�,� 

�(�5�.�7�)� �[�C�M� �r�e�r�e� �+� �C�o� �r�a�i�l� �K�t� �+� �C�h� �r�a�a�t� �j�k�] ¬�m�-�( ¬�n� �A�e�;� �A�e�r�)� �=�0� 

�C�a�l�c�u�l�a�t�i�n�g� 

�E�m�-�( ¬�n� �A�e�;� �A� �e�r�)� �=� �[�e�m�s� �e�n�]� �A� �e�j�;� �A�e�r� �+�  ¬�n� �A� �[�E�m�s� �e�j�]� �A� �e�r� �+� �e�n� �A�  ¬�;� �A� �[�e�m�,� �e�r�]� 

�=� �C!"�e�,� �N�e�;� �N�e� �t�+� �O�m�e�n� �N�e�,� �N� �e�r� �t�+� �O�m�e�n� �N�e�;� �A� �e�s�,� 

�a�n�d� �r�e�n�a�m�i�n�g� �i�n�d�i�c�e�s� �w�h�e�n� �n�e�c�e�s�s�a�r�y� �w�e� �o�b�t�a�i�n� �t�h�a�t� �(�5�.�7�)� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�r�i�t�e� �C�m� �+� �T�i�s�C�n� �T�E�C� �+� �r�i�j� �r�e� �s�C�h� 

�t�h� �t�h� �t�k� 
�(�5�.�8�)� �t�r�s�i�r�p�i�C�t� �c�m�s� �+� �T�i�C�,� �r�e�r� �+� �T�i�C�}� �T�r�s�C�r�?� 

�t�k�o�a�m�s� �t�k� �m�s� �i�k� �m�s� 
�+�r� �s�i�r� �j�C�;� �C�?� �+� �P�r�i�C�}� �T�C�}� �+� �T�i�C�,� �r�i�R�C�]� �=� �0�.� 

�A�g�a�i�n� �a�f�t�e�r� �r�e�n�a�m�i�n�g� �i�n�d�i�c�e�s� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� �a�b�o�v�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �i�s� �i�d�e�n�-� 

�t�i�c�a�l� �t�o� �(�5�.�6�)�.� �T�h�i�s� �c�o�n�c�l�u�d�e�s� �t�h�e� �p�r�o�o�f�.�m� 

�A� �s�u�b�c�l�a�s�s� �o�f� �c�o�b�o�u�n�d�a�r�y� �L�i�e�-�b�i�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e�s� �i�s� �o�b�t�a�i�n�e�d� �w�h�e�n� �<� �r�,�r� �>�=� �0�;� 
�w�r�i�t�t�e�n� �e�x�p�l�i�c�i�t�l�y�,� �t�h�i�s� �c�o�n�d�i�t�i�o�n� �h�a�s� �t�h�e� �f�o�r�m� 

�(�5�.�9�)� �C�r� �r�n�g� �+� �C�H� �r�i�r�k�n� �+� �C�h� �i�n�t� �k�j� �=� �Q�.� 

�T�h�i�s� �i�s� �t�h�e� �s�o�-�c�a�l�l�e�d� �C�l�a�s�s�i�c�a�l� �Y�a�n�g�-�B�a�x�t�e�r� �E�q�u�a�t�i�o�n� �(�C�Y�B�E�)�.� 

�F�o�r� �t�h�e� �L�i�e� �a�l�g�e�b�r�a� �G�,�.� �t�h�e� �s�t�r�u�c�t�u�r�e� �c�o�n�s�t�a�n�t�s� �a�r�e� �C�?� �=� �(�i�  �� �j�)�é�i�* ��,� �w�h�e�r�e� 
�t�,�j�,�k� �>� �1�.� �O�n�e� �e�a�s�i�l�y� �s�e�e�s� �t�h�a�t� �t�h�e� �a�r�g�u�m�e�n�t�s� �g�i�v�e�n� �a�b�o�v�e� �a�p�p�l�y� �i�n� �t�h�i�s� �c�a�s�e�,� �s�i�n�c�e



�7�4� 

�t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �K�r�o�n�e�c�k�e�r� �s�y�m�b�o�l� �i�n� �t�h�e� �f�o�r�m�u�l�a� �f�o�r� �t�h�e� �s�t�r�u�c�t�u�r�e� �c�o�n�s�t�a�n�t�s� �a�s� 

�w�e�l�l� �a�s� �t�h�e� �f�a�c�t� �t�h�a�t� �r�,�;� �=� �0� �w�h�e�n�e�v�e�r� �i� �<� �0�,� �7� �<� �0� �m�a�k�e� �a�l�l� �s�u�m�s� �f�i�n�i�t�e�.� �T�h�e�r�e�f�o�r�e� 
�(�5�.�9�)� �b�e�c�o�m�e�s� 

�(�1�  �� �R�O� �r�s�s�r�e�y� �+� �(�6�  �� �R�O�M� �a�r�e�n� �+� �(�i�  �� �B�G�T� �T�i�n�t�s� �=� �0�,� 

�o�r� 

�m�a�x� �(�n�,�j�,�t�)� 

�(�5�.�1�0�)� �>� �[�(�n�  �� �2�k�)�r�n ��k�j�P�k�i� �+� �Q�G� �_� �2�k�)�r�j ��k� �i�T� �k�n� �+� �(�  �� �2�k� �)�r�i�-�k�n�?� �k�j�]� �=� �0�.� 
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�D�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �(�5�.�1�3�)� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �x�,� �w�e� �o�b�t�a�i�n� 

�O�w�;� �;�(�x�)� �n� �=� �=� �S�T� �P�6�5� �Y�L� �q�A�i ��p�4�1�,�j ��g�t�1� �+� �P�L�p�S�,� �Q�A�i ��p�4�1�,�j�-�q�+�1�)� 
�p�=�1� �q�=�1� 

�t� �o�j� 
�-�y�S�s� �p� �S�-� �E�p�p� �e�e�e� �L�e�y� �2� �L�y�,� �+�-�-�+� �L�5�,�|� �A�n�g� 

�p�=�1� �q�=�1� �:� �(� �r�o� �r�,� �)�=�i�-�n� �o�r�a�?� �=�1�°� �)�=�i� 

�j� 
�-�y�S� �q�d� �>� �L�r�,� �s�o�e� �D�p�,� �S�>� �L� �1� �2�0�+� �L�g�e�)� �o�q� 

�P�=�l�g�=�1� �|� �(�5�7�?� �r�g�)� �=�i� �(�S�o�2� �7� �s�k�)�=�s�-�n� � � 
�F�r�o�m� �t�h�e� �a�b�o�v�e� �f�o�r�m�u�l�a� �w�e� �h�a�v�e� �(�k�e�e�p�i�n�g� �i�n� �m�i�n�d� �t�h�a�t� �z�,�|�.� �=� �6�5�)� 

� � 

� � 

�n� �_� �O�w�i�;�(�x�)� �=�a� �-� �6� �N�i�n�p�t�1�,�j� �r�o�e� �A�i�j�-�g�t�  �� �S�2�3�7� �A�p�e� �[�8� �P�o�n�t�i� �6�2� �+� �G�6�5� �n�a�s�]� 
�e� �q�=�i� �p�=�1� �q�=�1� 

�=� �S�7�(�p�s� �A�i�-�p�t�i�,�j� �~� �P�O�r�n�g�i�r�p�i�)� �+� �S�T�(�G�6�°� �A�j�a�  �� �9�6�3� �-�n�4�1�A�i�q�)� 
�p�=�1� �q�=�1� 

�=� �M�A�n�g�i�g�  �� �(�@ �� �2�+� �1�)�A�i�m�n�g�i�g� �+� �P�A�L�j ��n�t�  �� �G�J�  �� �F�t� �L�)�A�i�j�-�n�t�i� 

�=� �(�2�n� �-�t�-� �1�)�A�i�e�n�t�i�g� �+� �(�2�n�  ��]� �_� �L�)�A�i�j ��n�4�1�-� 

�T�h�u�s�,� �w�e� �f�i�n�a�l�l�y� �o�b�t�a�i�n� �t�h�a�t� 

�(�5�.�1�4�)� �n�=� �(�2�n�  ��i�-� �L�)� �A�i�n�a� �j� �+� �(�2�n�  ��j�-� �L�)�A�i�j ��n�4�i�s� �y� 

�w�h�i�c�h� �i�s� �t�h�e� �s�a�m�e� �a�s� �(�5�.�1�2�)� �a�f�t�e�r� �w�e� �m�a�k�e� �t�h�e� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �r�;�;�_�1� �=� �A�i�g�a�j� �V�i� �=� �0�,�7� �=� 

�1�,� �w�h�i�c�h� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �r�i�j� �=� �A�i�4�1�,�;�4�1� �V�t�,�7� �>� �0�,� �s�i�n�c�e� �r�;�;� �a�n�d� �4�;�;� �a�r�e� �a�n�t�i�s�y�m�m�e�t�r�i�c�.� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �(�5�.�1�1�)� �i�s� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �s�y�s�t�e�m� 

�o�f� �e�q�u�a�t�i�o�n�s� �(�4�.�6�)� �w�h�i�c�h� �A�;�;� �s�a�t�i�s�f�y�.� �T�h�i�s� �a�l�l�o�w�s� �u�s� �t�o� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� 

�t�h�e� �r�-�m�a�t�r�i�x� �a�r�e� �g�i�v�e�n� �b�y� �A�;�;�,� �s�i�n�c�e� �A�;�;� �a�n�d� �r�,�;�;� �s�a�t�i�s�f�y� �t�h�e� �s�a�m�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �m�a�d�e� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �m�a�y� �b�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �t�h�e� 

�f�o�l�l�o�w�i�n�g�.� 

�T�h�e�o�r�e�m� �5�.�3�.� �T�h�e�r�e� �i�s� �a� �o�n�e�-�t�o�-�o�n�e� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �c�o�b�o�u�n�d�a�r�y� 

�L�i�e� �b�i�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e�s� �o�n� �G�,�,� �g�i�v�e�n� �b�y� �r� �a�n�d� �t�h�e� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e�s� �o�f� �t�h�e� �t�y�p�e� 

�(�5�.�1�)� �o�n� �G�o�o�.� �S�i�n�c�e� �a�l�l� �L�i�e� �b�i�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e�s� �o�n� �G�.�.� �a�r�e� �g�i�v�e�n� �b�y� �r� �(�c�f�.� �T�h�e�o�r�e�m
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�3�.�1�)�,� �T�h�e�o�r�e�m� �4�.�5� �g�i�v�e�s� �a� �c�l�a�s�s�i�f�i�c�a�t�i�o�n� �o�f� �a�l�l� �s�o�l�u�t�i�o�n�s� �o�f� �t�h�e� �c�l�a�s�s�i�c�a�l� �Y�a�n�g�-�B�a�r�t�e�r� 

�e�q�u�a�t�i�o�n� �f�o�r� �G�o�o�.� 

�P�r�o�o�f�.� �W�e� �g�i�v�e� �h�e�r�e� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �p�r�o�o�f�.� �R�e�c�a�l�l� �t�h�a�t� �w�,�,�,� �s�a�t�i�s�f�y� �t�h�e� �i�n�f�i�n�i�t�e� 

�s�y�s�t�e�m� �o�f� �f�u�n�c�t�i�o�n�a�l� �e�q�u�a�t�i�o�n�s� �(�1�.�6�)� 

�B�m� �E�n� �_� �O�m� �8�m� �O�b�n� 
�(�5�.�1�5�)� �W�m�n�( ¬�)� �=� �w�e�i� �(�r� �a�x�,� �O�L�}� �w�i� �(�y�)� �y�s� �O�y�, �� 

� � �w�h�e�r�e� �x�,�y�  ¬� �G�o�,� 

�a�n�d�  ¬�,� �=�  ¬�,�(�x�,�y�)� �i�s� �g�i�v�e�n� �b�y� �f�o�r�m�u�l�a� �(�2�.�1�)� 

�(�5�.�1�6�)� �f�=� �t�i� �U�i� �W�i�e� 
�i�=�1� �,� 

�F�r�o�m� �(�5�.�1�6�)� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� 

�a�e�;� 
�O�y�k� 

�O�E�;� �_� �g�k� �O�n�,� �=� �6�°�.� �(�5�.�1�7�)� �=�(�t�-�k�+�1�)�a�;�-�4�4�,� �a�n�d� 
�=�e� 

� � 

� � � � �y�=�e� 

�L�e�t� �u�s� �f�i�x� �n�  ¬� �N� �a�n�d� �c�o�n�s�i�d�e�r� �a� �s�u�b�s�y�s�t�e�m� �o�f� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �(�5�.�1�5�)� �f�o�r� 
�a�l�l� �w�;�;� �w�i�t�h� �1� �<�i�<� �j�y� �<�n�.� �A�f�t�e�r� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �(�5�.�1�5�)� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �y�;�,� �f�o�r� �e�a�c�h� 
�7� �s�u�c�h� �t�h�a�t� �1� �<�7� �<�n�,� �a�n�d� �s�e�t�t�i�n�g� �y� �=� �e� �w�e� �d�e�d�u�c�e� �t�h�a�t� �w�m�n� �s�a�t�i�s�f�y� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�i�n�h�o�m�o�g�e�n�e�o�u�s� �s�y�s�t�e�m� �o�f� �l�i�n�e�a�r� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� 

�(�5�.�1�8�)� 

�,� �,� �O�W�m�n� �,� 
�D�G� �+�L� �=� �A�t�i� �i�F� �=� �W�m�t�1 ��j�n�(�e�)�(�m� �+�1� �j�)� �+� �O�m�n�s�i ��j�(�a�)�(�m� �+�1�  �� �§�)�+� 
�i�=�j� �,� 

�+�S� �0�S� �¢� �B�a�l�m� �+�1�  �� �k�(�n� �t�+� �1� �=� �D�a�t�m�y�1 ��e�t�n�g�1 ��t� 
�k�=�1� �(�=�1� 

�f�o�r� �1� �<�j� �<�n�,� �a�n�d� �w�h�e�r�e� �B�i�,� �=� �P�a�n�i�)� 
�2� � � �y�=�e� 

�T�h�e� �i�d�e�a� �o�f� �t�h�e� �p�r�o�o�f� �i�s� �a�s� �f�o�l�l�o�w�s�.� �L�e�t� �B�i�,� �b�e� �g�i�v�e�n� �b�y� �(�5�.�1�4�)�.� �F�o�r� �e�a�c�h� �n�  ¬� �N� 
�t�h�e� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �o�f� �(�5�.�1�8�)� �i�s� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� 

�h�o�m�o�g�e�n�e�o�u�s� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� 

�n�r� 

�,� �O�W�m�n� �,� �;� 
�(�5�.�1�9�)� �S�o�G� �+�1� �-�j�)�t�i�n� �i� �=� �W�m�4�1 ��j�n�(�t�)�(�m�+� �1�  ��7�j�)� �+� �w�m�n�z�i�-�j�(�z�)�(�n� �+� �1�-�3�7�)� 
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�a�n�d� �a� �p�a�r�t�i�c�u�l�a�r� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �i�n�h�o�m�o�g�e�n�e�o�u�s� �s�y�s�t�e�m� �(�5�.�1�8�)�.� �W�e� �n�o�w� �s�h�o�w� �t�h�a�t� �f�o�r� 

�e�a�c�h� �n�  ¬� �N�a�n�d� �1� �<�m�<�_�7�n� �t�h�e� �s�y�s�t�e�m� �(�5�.�1�8�)� �h�a�s� �a� �u�n�i�q�u�e� �s�o�l�u�t�i�o�n� �b�y� �d�e�m�o�n�s�t�r�a�t�i�n�g� 
�t�h�a�t� �t�h�e� �o�n�l�y� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �h�o�m�o�g�e�n�e�o�u�s� �s�y�s�t�e�m� �i�s� �t�h�e� �z�e�r�o� �s�o�l�u�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� 

�s�i�n�c�e� �e�v�e�r�y� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m� �o�f� �f�u�n�c�t�i�o�n�a�l� �e�q�u�a�t�i�o�n�s� �(�5�.�1�5�)� �i�s� �a� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� 
�s�y�s�t�e�m� �o�f� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �(�5�.�1�8�)� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �t�h�e� �c�l�a�s�s� �o�f� �s�o�l�u�t�i�o�n�s� �o�f� 
�(�5�.�1�5�)� �f�o�u�n�d� �i�n� �C�h�a�p�t�e�r� �I�V� �e�x�h�a�u�s�t�s� �a�l�l� �p�o�s�s�i�b�l�e� �s�o�l�u�t�i�o�n�s� �o�f� �(�5�.�1�5�)�.� �W�e� �w�i�l�l� �p�r�o�v�e� 
�t�h�a�t� �t�h�e� �o�n�l�y� �s�o�l�u�t�i�o�n� �o�f� �(�5�.�1�9�)� �i�s� �t�h�e� �z�e�r�o� �s�o�l�u�t�i�o�n� �b�y� �i�n�d�u�c�t�i�o�n� �a�p�p�l�i�e�d� �i�n� �s�e�v�e�r�a�l� 

�s�t�e�p�s�.� �R�e�c�a�l�l� �t�h�a�t� 

�(�5�.�2�0�)� �W�m�n�(�e�)�=�0�,� �f�o�r� �e�v�e�r�y� �n�,�m�e�E�N�.� 

�I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �a�r�g�u�m�e�n�t�s� �w�e� �i�m�p�l�i�c�i�t�l�y� �a�s�s�u�m�e� �t�h�a�t� �w�n�,� �=� �0� �w�h�e�n�e�v�e�r� �n� �<� �1� �o�r� 

�m�<�l�.� 

�(�i�)� �I�f� �n� �=� �1� �t�h�e�r�e� �i�s� �n�o�t�h�i�n�g� �t�o� �p�r�o�v�e�.� �L�e�t� �n� �=� �2�.� �T�h�e�n� �f�r�o�m� �(�5�.�1�9�)� �w�e� �o�b�t�a�i�n� 

�O�w�4�9� 
�(�5�.�2�1�)� �T�1� �A�z�,� 

� � 

�=� �3�W�1�2�.� 

�T�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �o�f� �t�h�i�s� �e�q�u�a�t�i�o�n� �i�s� 

�W�4�2�(�r�)� �=� �C�r�}�,� 

�w�h�e�r�e� �C �� �i�s� �a�n� �a�r�b�i�t�r�a�r�y� �c�o�n�s�t�a�n�t�.� �F�r�o�m� �(�5�.�2�0�)� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �C� �=� �0�.� �T�h�e�r�e�f�o�r�e� 
�w�4�2�(�z�)� �=� �0� �i�s� �t�h�e� �o�n�l�y� �s�o�l�u�t�i�o�n� �o�f� �(�5�.�2�1�)�.� �L�e�t� �n� �=� �3�.� �T�h�e�n� �f�r�o�m� �(�5�.�1�9�)� �w�e� �o�b�t�a�i�n� 

�O�w� �4�3� �9� �0�w�1�3� 
� � � � 

� � 

�(�5�.�2�2�)� �1� �a�z�,� �2�2�9� �a�r�,� �=� �4�0�4�3� 

�O�w� �3�3� 
�5�.�2�3� �=� �0�.� 

�(� �)� �"�1� �O�x� 

�F�r�o�m� �(�5�.�2�3�)� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �w�,�3�(�r�)� �=� �w�1�3�(�2�,�)�.� �F�r�o�m� �(�5�.�2�2�)� �w�e� �d�e�d�u�c�e� �t�h�a�t� �w�4�3�(�2�;�)� 
�s�a�t�i�s�f�i�e�s� �t�h�e� �e�q�u�a�t�i�o�n� 

�0�w�W�4�3� 

�"�1� �O�2�1� 

�T�h�e�r�e�f�o�r�e� �w�,�3�(�r�)� �=� �C�x�°�,� �a�n�d� �f�r�o�m� �(�5�.�2�0�)� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �C� �=� �0�,� �a�n�d� �w�4�3�(�z�)� �=� �0�.� �L�e�t� �1� 
�u�s� �a�s�s�u�m�e� �n�o�w� �t�h�a�t� �w�4�,�(�¢�)� �=� �0� �f�o�r�2�<�k�<�n�- ��1�.� �F�r�o�m� �(�5�.�1�9�)� �w�e� �h�a�v�e� 

�(�5�.�2�5�)� 

� � �(�5�.�2�4�)� �=� �4�4�3�.� 

�O�w�i�n� �;� �,� �,�;� 
�a� �+�1 ��7�)�2�i�4�1�-�;� �> �� �O�n�,� �a� �=� �w�W�e�-�j�n�(�2�)�(�2 ��-�j�J�)�+�u�r�n�g�i�-�j�(�e�)�(�n�+�1 ��j�)�,� �f�o�r� �l�<�j�<�n�,



�8�2� 

�w�h�i�c�h� �i�m�p�l�i�e�s� 

�n�n� 

� � �(�5�.�2�6�)� �Y�o� �i�s� �S�E� �=� �(�n�+� �e�l�e�)�,� 
�t�=�1� 

 �� �.� �O�w�i�n� �,� 
�(�5�.�2�7�)� �d�t� �+�1� �~� �D�r�i� �=�0�,� �f�o�r� �2�<�j�<�n�.� 

�W�e� �u�s�e�d� �a�b�o�v�e� �t�h�e� �i�n�d�u�c�t�i�o�n� �h�y�p�o�t�h�e�s�i�s�:� �w�,�,�(�2�)� �=� �0� �f�o�r� �2� �<� �k� �<� �n�  ��1� �f�r�o�m� �w�h�i�c�h� 
�f�o�l�l�o�w�s� �t�h�a�t� �t�h�e� �r�.�h�.�s� �o�f� �(�5�.�2�7�)� �i�s� �z�e�r�o�.� �F�r�o�m� �(�5�.�2�7�)� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �w�i�,�(�x�)� �=� �w�i�n�(�2�1�)�.� 
�T�h�e�n� �f�r�o�m� �(�5�.�2�6�)� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �w�,�,�,�(�x�1�)� �s�a�t�i�s�f�i�e�s� 

�O�W�i�n� 
�(�5�.�2�8�)� �L�y� �O�z�,� � � �=� �(�n�+� �l�o�i�n�.� 

�F�r�o�m� �(�5�.�2�8�)� �w�e� �h�a�v�e� �t�h�a�t� �w�,�,�(�z�)� �=� �C�a�t�*�!� �f�o�r� �a�n� �a�r�b�i�t�r�a�r�y� �c�o�n�s�t�a�n�t� �C�.� �A�p�p�l�y�i�n�g� 
�a�g�a�i�n� �(�5�.�2�0�)� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �w�,�,�(�2�)� �=� �0�.� �T�h�e�r�e�f�o�r�e� �w�,�,�(�x�)� �=� �0� �f�o�r� �e�v�e�r�y� �n� �E�N�.� 

�G�i�)� �L�e�t� �m� �=� �2� �a�n�d� �n� �=� �3�.� �T�h�e�n� �f�r�o�m� �(�5�.�1�9�)� �w�e� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �h�o�m�o�g�e�n�e�o�u�s� 
�s�y�s�t�e�m� �o�f� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �f�o�r� �w�3�:� 

� � 

� � 

� � 

� � � � 

�O�w�3� �O�w�3� �O�w�3� 
�2�f�9 � �� �+� �3� �=� �$�5� 

�7�1� �O�r�,� �+� �2� �O�r� �+� �*�3� �O�x�;�  ��2�3� 

�O� �O� 
�L�y�  �� �+� �2�2�2�  �� �=� �W�3�1�3� �=� �0� 

�2� �3� 

�O�w�W�3� �w� �0� 
�x� �= �� �=� �0�.� �1� �a�r�;� �1�2� 

�A�r�g�u�i�n�g� �i�n� �a� �s�i�m�i�l�a�r� �m�a�n�n�e�r� �a�s� �a�b�o�v�e� �w�e� �o�b�t�a�i�n� �t�h�a�t� �w�2�3�(�z�)� �=� �0�.� �L�e�t� �u�s� �a�s�s�u�m�e� �t�h�a�t� 

�w�o�r�(�r�)� �=� �0� �f�o�r� �a�l�l� �k� �s�u�c�h� �t�h�a�t� �3� �<�<� �k� �<�n�  ��1�.� �W�e� �n�o�w� �p�r�o�v�e� �t�h�a�t� �w�2�,�(�z�)� �=� �0�.� �F�r�o�m� 
�(�5�.�1�9�)� �w�e� �h�a�v�e� 
�(�5�.�2�9�)� 

�O�w�e�n� 
�(�¢�+�1 ��j�)�2�i�g�1�-�; �� �=� �w�W�3�~�j�n�(�2�)�(�3�  �� �7�)� �+� �W�a�n�g�i�-�j�(�v�)�(�n�+�1 ��9�)�,� �f�o�r� �l�<�y�j�<�n�.� 

�O�z�;� 
�t�J� 

�A�f�t�e�r� �u�s�i�n�g� �t�h�e� �i�n�d�u�c�t�i�o�n� �h�y�p�o�t�h�e�s�i�s� �a�n�d� �t�h�e� �a�l�r�e�a�d�y� �p�r�o�v�e�d� �f�a�c�t� �t�h�a�t� �w�,�,� �=� �0�,� �V�n�  ¬� 

�N�,� �(�5�.�2�9�)� �y�i�e�l�d�s� 

�n� 

�(�5�.�3�1�)� �S�-�(�i� �+�1� �~� �f�r�i� �-�j� �=�0�,� �f�o�r� �2�<�y�j�<�n�.� 
�i�=�j
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�T�h�e�r�e�f�o�r�e� �f�r�o�m� �(�5�.�3�1�)� �a�n�d� �(�5�.�3�0�)� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �w�e�n�(�r�)� �=� �w�e�p�(�r�1�)� �=� �C�x�f�t�?�,� �a�n�d� 
�i�m�p�o�s�i�n�g� �(�5�.�2�0�)� �a�g�a�i�n� �w�e� �o�b�t�a�i�n� �t�h�a�t� �w�2�,�(�r�1�)� �=� �0�.� �T�h�u�s� �w�2�,�(�x�z�)� �=� �0� �f�o�r� �e�v�e�r�y� �n� �E�N�.� 

�(�i�i�i�)� �L�e�t� �u�s� �a�s�s�u�m�e� �t�h�a�t� �w�,�,� �=� �0� �f�o�r� �a�l�l� �s� �s�u�c�h� �t�h�a�t� �1� �<� �s� �<� �m ��1�,� �f�o�r� �s�o�m�e� �m� �>� �2� 

�a�n�d� �a�l�l�n� �>� �s�.� �W�e� �w�i�l�l� �p�r�o�v�e� �t�h�a�t� �w�,�,�,� �=� �0� �f�o�r� �a�l�l�n� �>� �m�.� �L�e�t�n� �=� �m�+�1�.� �F�r�o�m� �(�5�.�1�9�)� 

�w�e� �h�a�v�e� 

�(�5�.�3�2�)� 
�m�+�1� 

�,� �,� �O�W�m�m� 
�S�o� �(�i�+�1�-� �j�)�t�i�g�1�-�§� �=� �W�m�4�i ��j�n�(�£�)�(�m� �+� �1� �~� �7�)� �+� �w�m�m�+�2�-�j�(�)�(�m� �+� �2�  �� �9�)�,� 
�t�=�]� 

�f�o�r� �1�<�y�7�<�m�+�l�.� 

�W�e� �a�p�p�l�y� �n�o�w� �t�h�e� �i�n�d�u�c�t�i�o�n� �h�y�p�o�t�h�e�s�i�s� �a�n�d� �d�e�d�u�c�e� �f�r�o�m� �(�5�.�3�2�)� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�y�s�t�e�m� 
�o�f� �e�q�u�a�t�i�o�n�s� 

�m�+�l� 
�.� �O�W� �m� �(�5�.�3�3�)� �D�o� �i� �F�A�M� �=� �(�2�m� �+� �L�m� �m�a�r� �(�2�)�;� 

�i�=�1� �¢� 

�m�+�1� �a�w� 

�(�5�.�3�4�)� �Y�G� �+�1� �~� �t�i�i� �=� �0�,� �f�o�r� �2�<�j�<�m�+�4�l�.� �=� �;� 

�F�r�o�m� �(�5�.�3�4�)� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �w�m�m�+�1�(�2�)� �=� �W�m�m�+�1�(�2�1�)�,� �a�n�d� �f�r�o�m� �(�5�.�3�3�)� �w�e� �d�e�d�u�c�e� �t�h�a�t� 
�W�m�m�+�i�(�r�)� �m�u�s�t� �s�a�t�i�s�f�y� 

�O�W� �m�+�1� 

�O�x� 
�(�5�.�3�5�)� �L�y� �=� �(�2�m� �+� �L�)�w�m�m�4�1�-� 

�T�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�s� �W�m�m�4�i�(�x�)� �=� �C�a�j ��*�'�,� �w�h�e�r�e� �C� �i�s� �a�n� �a�r�b�i�t�r�a�r�y� 
�c�o�n�s�t�a�n�t�.� �T�h�e�n� �f�r�o�m� �w�y�m�4�i�f�e�)� �=� �C� �=� �0� �w�e� �o�b�t�a�i�n� �t�h�a�t� �w�a�m�+�i�(�z�)� �=� �0�.� �F�i�n�a�l�l�y�,� �w�e� 

�a�s�s�u�m�e� �t�h�a�t� �w�,�,� �=� �0� �f�o�r� �a�l�l� �&� �s�u�c�h� �t�h�a�t� �m�+�1� �<�k� �<�n�- ��1�,� �a�n�d� �w�e� �p�r�o�v�e� �i�t� �f�o�r� �k� �=�n�.� 

�I�n�d�e�e�d�,� �f�r�o�m� �(�5�.�1�9�)�,� �a�f�t�e�r� �a�p�p�l�y�i�n�g� �t�h�e� �i�n�d�u�c�t�i�o�n� �h�y�p�o�t�h�e�s�i�s�,� �w�e� �o�b�t�a�i�n� 

�n�m� 

� � 

�(�5�.�3�6�)� �d�X� �i�s� �o�m�e� �=� �(�m�+� �N�)�W�m�n�(�Z�)�,� 

�(�5�.�3�7�)� �s�i� �+�1�  ��j�)�x�i�g�i�-� �O�e�m�n� �=�0�,� �f�o�r� �2�<�j�<�n�.� 
�J� �O�r�;� �,� �~� 

�i�=�j� 

�A�g�a�i�n�,� �f�r�o�m� �(�5�.�3�7�)� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �W�m�y�(�2�)� �=� �W�m�n�(�z�1�)�,� �a�n�d� �t�h�a�t� �w�r�n�(�x�)� �m�u�s�t� �s�a�t�i�s�f�y� 

�O�W�i�m�n�n� 
�(�5�.�3�8�)� �L�y� �a�z�,� 

� � 

�=�(�m�+�n�)�w�m�n�-
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�F�r�o�m� �h�e�r�e� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �w�m�n�(�z�)� �=� �C�z�j�'�t �� �f�o�r� �a�n� �a�r�b�i�t�r�a�r�y� �c�o�n�s�t�a�n�t� �C�.� �B�u�t� �t�h�e� 

�r�e�q�u�i�r�e�m�e�n�t� �W�m�n�(�e�)� �=� �0� �f�i�x�e�s� �t�h�e� �v�a�l�u�e� �o�f� �t�h�i�s� �c�o�n�s�t�a�n�t� �t�o� �b�e� �C� �=� �0�.� �T�h�e�r�e�f�o�r�e� 
�W�m�n�(�x�r�)� �=� �0�.� 

�T�h�u�s�,� �w�e� �s�h�o�w�e�d� �t�h�a�t� �f�o�r� �e�v�e�r�y� �m�,�n�  ¬� �N� �t�h�e� �o�n�l�y� �s�o�l�u�t�i�o�n� �o�f� �(�5�.�1�9�)� �i�s� �t�h�e� �z�e�r�o� 
�s�o�l�u�t�i�o�n�.� �T�h�e�r�e�f�o�r�e� �t�h�e� �s�y�s�t�e�m� �o�f� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �(�5�.�1�8�)� �h�a�s� �a� �u�n�i�q�u�e� 
�s�o�l�u�t�i�o�n�.� �T�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �f�o�l�l�o�w�s� �f�r�o�m� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� 
�t�h�e� �s�y�s�t�e�m� �o�f� �f�u�n�c�t�i�o�n�a�l� �e�q�u�a�t�i�o�n�s� �(�5�.�1�5�)� �o�f� �w�h�i�c�h� �(�5�.�1�8�)� �i�s� �a� �c�o�n�s�e�q�u�e�n�c�e�.� �T�h�u�s�,� 
�t�h�e� �s�t�r�u�c�t�u�r�e� �c�o�n�s�t�a�n�t�s� �(�2�,� �o�f� �t�h�e� �L�i�e�-�b�i�a�l�g�e�b�r�a� �G�,�.�,� �a�s� �g�i�v�e�n� �b�y� �(�5�.�1�4�)�,� �d�e�t�e�r�m�i�n�e� 
�u�n�i�q�u�e�l�y� �a�l�l� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e�s� �o�n� �t�h�e� �g�r�o�u�p� �G�,�.�.� �T�h�e� �p�r�o�o�f� �o�f� �T�h�e�o�r�e�m� �5�.�3� �i�s� 
�c�o�m�p�l�e�t�e�d�.� 
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�o�o� 

 ��A�d�t�i�a� �D�>� �(�Q�n ��F� �-�1�)�A�r�j�-�n�g�r�e�r� �A� �i�}� 
�j�=�d�+�n� 

�=� �{�2� �s� �a� �2�n ��-�i�1 ��1� �y�a�y� �i�n�n�g�1�A�d�e�1�j�e�i� �A� �e�j�+� 

�A�i� �d�4�+�1� �t�=�d�+�n� �j�=�2� 

� � 

�c�o� �d�+�n�-�1� 

�+�2� �S�|� �>� �(�2�n�  �� �7�  �� �1�L�)�A�i�i�A�d�g�i�j ��-�n�4�1�6�i� �A�  ¬�;� 
�i�=�d�+�1� �j�=�n�+�1� 

�o�O� �o�O�o� 

�+� �2�\�1�.�¢�4�1� �S�-� �(�2�n�  �� �1�  ��1�)�A�r�j�e�n�g�i�e�r� �A�e�:�  �� �2�4�1�,�0�4�1� �S�-� �(�n�  �� �1�)�A�q�j�e�;� �A� �c�a�}� 
�t�x�d�i�n� �t�=�d�+�1� 

� � �v�e�e� �>�>� �5� �(�Q�n�  ��i�  �� �1�)�A�F�I�H� �M�H�D�:� �A� �5�4� 
�t�=�d�+�n� �j�=�2� 

�c�o�o� �)�6�d�+�n ��1� 

�T�a� �S�-� �(� �(�Q�n� �-�j�-�1�)� �\�i�t�i�-�(�n�t�d�+�D� �6� �a� �e�;� 

�|� �h�n� �j�=�n�t�l� 

�+�2� �y� �(�2�n�  ��i ��1�)�A� �M�e�,� �A�e�;�  ��2� �s�(�n� �L�A�T� �V�e� �A�e� �o�f� 
�t�x�d�-�+�n� �t�=�d�+�1� 

�w�h�e�r�e� �w�e� �u�s�e�d� �f�o�r�m�u�l�a�e� �(�5�.�4�1�)� �t�o� �o�b�t�a�i�n� �t�h�e� �l�a�s�t� �e�q�u�a�l�i�t�y�.� �H�e�n�c�e�,� �a�f�t�e�r� �n�o�r�m�a�l�i�z�i�n�g� 

�b�y� �t�h�e� �f�a�c�t�o�r� �A�1�,�4�4�1� �4� �0� �a�n�d� �s�h�i�f�t�i�n�g� �i�n�d�i�c�e�s� �b�y� �1� �w�e� �o�b�t�a�i�n� �(�5�.�4�0�)�.�m� 

�R�e�m�a�r�k�.� �O�n�e� �c�o�u�l�d� �s�h�o�w� �d�i�r�e�c�t�l�y� �t�h�a�t� �a�g� �s�a�t�i�s�f�i�e�s� �t�h�e� �c�o�-�J�a�c�o�b�i� �i�d�e�n�t�i�t�y�.� �T�h�e� 

�r�.�h�.�s�.� �o�f� �(�5�.�4�0�)� �i�s� �u�n�d�e�r�s�t�o�o�d� �a�s� �a�n� �e�l�e�m�e�n�t� �o�f� �t�h�e� �c�o�m�p�l�e�t�e�d� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �G�.�,�®�G�o�o� 

�[�D�i�,�Z�S�]�.



�C�H�A�P�T�E�R� �V�I� 

�T�H�E� �G�R�O�U�P� �G�o�.� �A�N�D� �P�O�I�S�S�O�N�-�L�I�E� �S�T�R�U�C�T�U�R�E�S� �O�N� �I�T� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e� �s�t�u�d�y� �t�h�e� �g�r�o�u�p� �G�o�o�.� �o�f� �w�h�i�c�h� �G�o�.� �i�s� �a� �s�u�b�g�r�o�u�p�.� �W�e� �c�l�a�s�s�i�f�y� �a�l�l� �P�o�i�s�s�o�n�-�L�i�e� 

�s�t�r�u�c�t�u�r�e�s� �o�n� �G�o�g�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �c�o�b�o�u�n�d�a�r�y� �L�i�e�-�b�t�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e�s� �o�n� �t�h�e� �L�i�e� �a�l�g�e�b�r�a� �G�o�g�,� �o�f� 

�G�o�o�o�-� 

�L�e�t� �X� �=� �{�x�;�}�i�e�z�,� �b�e� �a� �c�o�u�n�t�a�b�l�e� �s�e�t� �o�f� �i�n�d�e�t�e�r�m�i�n�a�t�e�s�.� �L�e�t� �k�[�[�X�]�]� �b�e� �t�h�e� �r�i�n�g� �o�f� 
�f�o�r�m�a�l� �p�o�w�e�r� �s�e�r�i�e�s� �o�v�e�r� �X� �w�h�i�t�o�u�t� �c�o�n�s�t�a�n�t� �t�e�r�m� �w�i�t�h� �t�h�e� �s�t�a�n�d�a�r�d� �m�u�l�t�i�p�l�i�c�a�t�i�o�n�.� 

�H�e�r�e� �k� �i�s� �a� �c�o�m�m�u�t�a�t�i�v�e� �f�i�e�l�d� �a�s�s�u�m�e�d� �t�o� �b�e� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �z�e�r�o�.� �L�e�t� �Y� �=� �{�y�;�}�i�e�z�,� 
�b�e� �a� �s�e�c�o�n�d� �s�e�t� �o�f� �i�n�d�e�t�e�r�m�i�n�a�t�e�s�,� �a�n�d� �k�[�[�Y�]�]� �b�e� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�i�n�g� �o�f� �f�o�r�m�a�l� 
�p�o�w�e�r� �s�e�r�i�e�s� �o�v�e�r� �Y�.� �C�o�n�s�i�d�e�r� �t�h�e� �f�o�r�m�a�l� �g�r�o�u�p� �G�o�.�.� �d�e�f�i�n�e�d� �b�y� �a� �f�o�r�m�a�l� �g�r�o�u�p� �l�a�w� 
�F� �=� �(�F�;�)�i�e�z�,� �[�S�e�,�D�i�]� �i�n� �i�n�f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �v�a�r�i�a�b�l�e�s�,� �w�h�e�r�e� �F�;�  ¬� �k�[�[�X�,�Y�]�]� �f�o�r� �e�v�e�r�y� 
�t�  ¬� �Z�,�,� �i�n�d�u�c�e�d� �b�y� �a� �s�u�b�s�t�i�t�u�t�i�o�n� �o�f� �f�o�r�m�a�l� �p�o�w�e�r� �s�e�r�i�e�s� �i�n� �o�n�e� �v�a�r�i�a�b�l�e�.� �L�e�t� �V�(�u�)�  ¬� 
�k�{�[�X�]�}�[�[�u�]�]� �a�n�d� �Y�(�u�)�  ¬� �&�[�[�Y�]�]�[�[�u�]�]� �b�e� �e�l�e�m�e�n�t�s� �i�n� �t�h�e� �r�i�n�g�s� �o�f� �f�o�r�m�a�l� �p�o�w�e�r� �s�e�r�i�e�s� 
�w�i�t�h� �a� �c�o�n�s�t�a�n�t� �t�e�r�m� �i�n� �t�h�e� �v�a�r�i�a�b�l�e� �u� �o�v�e�r� �t�h�e� �r�i�n�g�s� �k�|�[�X�]�]� �a�n�d� �k�[�[�Y�]�]� �r�e�s�p�e�c�t�i�v�e�l�y�.� 
�T�h�e� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �o�f� �f�o�r�m�a�l� �p�o�w�e�r� �s�e�r�i�e�s� �i�n� �t�h�e� �v�a�r�i�a�b�l�e� �u� �i�s� �d�e�f�i�n�e�d� �a�g�a�i�n� �a�s� �t�h�e� 
�s�u�b�s�t�i�t�u�t�i�o�n�:� 

�(�4�D�)�(�u�)� �=�  ¬�(�Y�(�u�)�)� �=�D� �a�(�W�u�)�) �� 

�=� �s�>� �T�y� �Y�o� �+� �S�-�(� �S�-� �Y�s�;� �Y�s�;� �)�u�?� 
�2�=�0� �j�=�l� �(�x� �s�a�)�=�3� 

�(�6�.�1�)� �2�0� �o�o� 

�8�9



�9�0� 

�T�h�e�r�e�f�o�r�e� �f�r�o�m� �(�6�.�1�)� �w�e� �o�b�t�a�i�n� 
�o�o� 

�F�o�(�X�,� �Y�)� �=� �S�-� �i�y�)�,� 

�t�=�0� 

�F�i�(�X�,�Y�)� �=� �y�s� �S�>� �Y�s�-�-�-�Y�s�,�,� �f�o�r�e�v�e�r�y� �7� �>� �1�.� 

�(�S�o�i� �2�)� �=�i� 
�T�h�i�s� �i�s� �a� �m�o�d�e�l� �o�f� �t�h�e� �g�r�o�u�p� �o�f� �d�i�f�f�e�o�m�o�r�p�h�i�s�m�s� �o�f� �R�!� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �l�e�a�v�i�n�g� �t�h�e� 

�p�o�i�n�t� �u� �=� �0� �f�i�x�e�d�.� �T�h�e� �i�d�e�n�t�i�t�y� �h�e�r�e� �i�s� �e� �=� �(�0�,�1�,�0�,�0�,�.�.�.�)�.� �C�l�e�a�r�l�y� �G�.�.�,� �i�f� �v�i�e�w�e�d� �a�s� 
�a� �f�o�r�m�a�l� �g�r�o�u�p�,� �w�i�l�l� �b�e� �a� �s�u�b�g�r�o�u�p� �o�f� �G�o�.� �W�e� �d�e�f�i�n�e� �a� �P�o�i�s�s�o�n� �s�t�r�u�c�t�u�r�e� �w�(�r�)� �=� 
�w�i�j�(�z�)� �s�o� �A� �B�e�y� �o�n� �t�h�e� �g�r�o�u�p� �G�o�g�o� �a�s� �a� �d�e�r�i�v�a�t�i�o�n� �w�(�x�)�:� �k�{�[�X�]�]�@�k�[�[�X�]�]�  �� �&�[�[�X�]�]�,� �w�h�e�r�e� 
�w�;�;� �(�x�)� �E� �k�[�[�X�]�]�,� �s�a�t�i�s�f�y�i�n�g� �t�h�e� �J�a�c�o�b�i� �i�d�e�n�t�i�t�y�.� �T�h�e� �m�e�t�h�o�d�s� �d�e�v�e�l�o�p�e�d� �i�n� �a�n�a�l�y�z�i�n�g� 
�t�h�e� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e�s� �o�n� �G�,�,� �a�p�p�l�y� �w�i�t�h�o�u�t� �m�a�j�o�r� �c�h�a�n�g�e�s� �t�o� �t�h�e� �c�a�s�e� �o�f� �G�o�g�o�,� 

�b�u�t� �w�i�t�h� �t�w�o� �i�m�p�o�r�t�a�n�t� �d�i�f�f�e�r�e�n�c�e�s�.� �N�a�m�e�l�y�,� �T�h�e�o�r�e�m� �4�.�1� �s�t�i�l�l� �h�o�l�d�s� �w�i�t�h� �Q�(�u�,� �v�;� �¥�)� 

�d�e�f�i�n�e�d� �a�s� 

�(�u�,�v�;� �¥�)� �=�>� �w�;�;�(�r�)�u�'� �y�y�?� 

�1�,�j�=�0� 

�b�u�t� �i�n� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �c�o�c�y�c�l�e� �e�q�u�a�t�i�o�n� 

�(�6�.�2�)� �u�,�v�;� �X�)� �=� �y�u�,� �v�)�¥�"�(�u�)�A�"�(�v�)�  �� �o�(�¥�X�(�u�)�,� �X�(�v�)�)� 
�y�(�u�,�v�)� �d�o�e�s� �n�o�t� �h�a�v�e� �t�o� �b�e� �d�i�v�i�s�i�b�l�e� �b�y� �u�v�.� �T�h�u�s�,� �t�h�i�s� �c�o�n�d�i�t�i�o�n� �i�s� �d�r�o�p�p�e�d�.� �T�h�i�s� 
�c�h�a�n�g�e� �a�f�f�e�c�t�s� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �e�q�u�a�t�i�o�n� 

�(�6�.�3�)� �p�l�u�,� �v�)� �[�Q�u�p�(�w�,�u�)� �+� �p�(�w�,� �v�)�]� �+� �c�p�.� �=� �0�,� 

�a�s� �w�e�l�l� �a�s� �t�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �i�t�s� �s�o�l�u�t�i�o�n�s�.� 

�S�t�i�l�l�,� �w�e� �w�i�l�l� �s�h�o�w� �t�h�a�t� �t�h�e� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e�s� �o�n� �G�o�,�.� �f�a�l�l� �i�n� �t�w�o� �m�a�i�n� �c�l�a�s�s�e�s�.� 

�A�l�s�o�,� �a�s� �w�e� �f�o�u�n�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�,� �t�h�e� �s�o�l�u�t�i�o�n� �(�6�.�2�)� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �c�o�c�y�c�l�e� 
�t�h�a�t� �i�s� �a� �c�o�b�o�u�n�d�a�r�y� �i�n� �t�h�e� �L�i�e� �a�l�g�e�b�r�a� �G�,�,�.� �T�h�i�s� �r�e�s�u�l�t� �c�a�r�r�i�e�s� �o�v�e�r� �t�o� �t�h�e� �c�a�s�e� �o�f� �G�o�g�,� 

�w�i�t�h�o�u�t� �c�h�a�n�g�e�.� �W�e� �s�h�o�w�e�d� �t�h�a�t� �a�l�l� �c�o�c�y�c�l�e�s� �o�n� �G�.�.� �a�r�e� �c�o�b�o�u�n�d�a�r�i�e�s�.� �T�h�i�s� �a�l�l�o�w�e�d� 

�u�s� �t�o� �c�o�m�p�l�e�t�e�l�y� �c�l�a�s�s�i�f�y� �t�h�e�m�.� �W�e� �d�o� �n�o�t� �k�n�o�w� �w�h�e�t�h�e�r� �t�h�e� �s�a�m�e� �f�a�c�t� �i�s� �t�r�u�e� �f�o�r� 

�G�o�o�o�:� �W�e� �h�a�v�e� �n�o�t� �b�e�e�n� �a�b�l�e� �t�o� �p�r�o�v�e� �t�h�a�t� �a�l�l� �1�-�c�o�c�y�c�l�e�s� �o�n� �G�o�.� �a�r�e� �c�o�b�o�u�n�d�a�r�i�e�s�.� 

�T�h�u�s�,� �t�h�e� �c�l�a�s�s� �o�f� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e�s� �o�n� �G�o�,�,� �t�h�a�t� �w�e� �w�i�l�l� �d�e�s�c�r�i�b�e� �i�s� �t�h�e� �o�n�e� 

�t�h�a�t� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �c�o�b�o�u�n�d�a�r�i�e�s� �o�n� �G�o�g�.� �T�h�a�t� �i�s�,� �w�e� �w�i�l�l� �g�i�v�e� �a� �c�l�a�s�s�i�f�i�c�a�t�i�o�n� �o�f� �a�l�l� 

�r�-�m�a�t�r�i�c�e�s� �o�n� �G�o�o�.� 

�W�e� �s�t�a�r�t� �w�i�t�h� �t�w�o�,� �i�n� �s�o�m�e� �s�e�n�s�e� �e�x�c�e�p�t�i�o�n�a�l�,� �s�o�l�u�t�i�o�n�s� �o�f� �(�6�.�3�)�.� �E�x�c�e�p�t�i�o�n�a�l� 
�h�e�r�e� �m�e�a�n�s� �t�h�a�t� �t�h�e�s�e� �t�w�o� �s�o�l�u�t�i�o�n�s� �a�r�e� �o�n�l�y� �t�w�o�  ��p�o�i�n�t�s �� �i�n� �t�h�e� �o�t�h�e�r�w�i�s�e� �i�n�f�i�n�i�t�e�-� 
�p�a�r�a�m�e�t�e�r� �s�p�a�c�e� �o�f� �s�o�l�u�t�i�o�n�s� �o�f� �(�6�.�3�)�.



�9�1� 

�T�h�e�o�r�e�m� �6�.�1�.� �T�h�e� �f�u�n�c�t�i�o�n�s� 

�(�i�)� �p�(�u�,�v�)� �=�u ��v�,� �a�n�d� 
�(�i�i�t�)� �p�(�u�,�v�)� �=� �e�®�*�  �� �e�* ��,� �w�h�e�r�e� �X� �i�s� �a�n� �a�r�b�i�t�r�a�r�y� �p�a�r�a�m�e�t�e�r�,� 
�a�r�e� �s�o�l�u�t�o�n�s� �o�f� �(�6�.�3�)�,� �t�h�u�s� �g�i�v�i�n�g� �r�i�s�e� �t�o� �t�w�o� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e�s� �o�n� �G�o�o�.� 

�R�e�m�a�r�k�.� �T�h�e�s�e� �a�r�e� �t�h�e� �o�n�l�y� �s�o�l�u�t�i�o�n�s� �o�f� �(�6�.�3�)� �o�f� �t�h�e� �f�o�r�m� �y�(�u�,� �v�)� �=� �a�(�u�)�  �� �a�(�v�)�.� 

�T�h�e� �f�o�r�m�a�l� �p�r�o�o�f�,� �f�o�l�l�o�w�i�n�g� �f�r�o�m� �m�o�r�e� �g�e�n�e�r�a�l� �c�o�n�s�i�d�e�r�a�t�i�o�n�s�,� �w�i�l�l� �b�e� �p�o�s�t�p�o�n�e�d� 

�u�n�t�i�l� �l�a�t�e�r�,� �e�v�e�n� �t�h�o�u�g�h� �o�n�e� �c�o�u�l�d� �c�h�e�c�k� �t�h�e� �c�l�a�i�m� �b�y� �d�i�r�e�c�t�l�y� �s�u�b�s�t�i�t�u�t�i�n�g� �(�i�)� �o�r� �(�i�i�)� 
�i�n�t�o� �(�6�.�3�)�.� �H�e�r�e�,� �w�e� �o�n�l�y� �w�r�i�t�e� �t�h�e� �P�o�i�s�s�o�n� �b�r�a�c�k�e�t�s� �i�n� �c�o�o�r�d�i�n�a�t�e�s�.� 

�F�o�r� �t�h�e� �c�a�s�e� �(�i�)� �w�e� �h�a�v�e� 

�w�i�j�(�z�)� �=� �(�7� �+� �l�)�a�p�r�j�g�a�  �� �(�0�4�+� �1�)� �g�e�i�g�i�z�;�  �� �x�6�;� �+�2�;�6�°�,� �t�,�9�  ¬� �Z�y�.� 

�N�o�t�i�c�e�,� �t�h�a�t� �t�h�e�r�e� �a�r�e� �n�o� �t�e�r�m�s� �h�i�g�h�e�r� �t�h�a�n� �q�u�a�d�r�a�t�i�c� �i�n� �t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e�.� �F�o�r� �t�h�e� 
�c�a�s�e� �(�i�i�)� �w�e� �o�b�t�a�i�n� 

�+�1� �j�+�1� 
�.� �P�L� �p� �.� �q�@�q� �w�i�s�(�t�)� �=�F� �+� �a�i�n� �D�T� �(�i�t� �D�t� �D�y� �o�g� �(�@� �P�p� �+�1�)�!� �3� �G�-�4�t�1�)�!� 

�i� �j� 

�-�8� �5� �S�s�,� �P�r�y� �o�o�t� �E�S�S� �>� �T�y�p� �o�e� �L�y�,� 
�p�=�0�  ��°� �r�y�t�.�.�$�r�p�=�t� �q�=�0� �T�i�t�.�.�$�T�q�=�J� 

�N�o�w�,� �w�e� �p�r�o�c�e�e�d� �w�i�t�h� �t�h�e� �m�a�i�n� �r�e�s�u�l�t� �o�f� �t�h�i�s� �c�h�a�p�t�e�r�.� 

�T�h�e�o�r�e�m� �6�.�2�.� �A�l�l� �s�o�l�u�t�i�o�n�s� �o�f� �(�6�.�3�)� �f�a�l�l� �i�n�t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�w�o� �c�l�a�s�s�e�s� 
�(�a�)� �T�h�e� �f�i�r�s�t� �c�l�a�s�s� �i�s� �g�i�v�e�n� �b�y� �T�h�e�o�r�e�m� �4�.�4�.� 
�(�b�)� �T�h�e� �s�e�c�o�n�d� �c�l�a�s�s� �i�s� �g�i�v�e�n� �b�y� 

�p�(�u�,�v�)� �=�  �� �f�l�u�)�g�(�v�)�  �� �f�(�v�)�g�(�u�)� 

�w�h�e�r�e� �\�o�,� �#� �0�,� �a�n�d� �f�(�u�)� �a�n�d� �g�(�u�)� �a�r�e� �a�r�b�i�t�r�a�r�y� �f�u�n�c�t�i�o�n�s� �s�a�t�i�s�f�y�i�n�g� �t�h�e� �r�e�l�a�t�i�o�n� 

�f�i�(�u�)�g�(�u�)�  �� �f�(�u�)�g�'�(�u�)� �=� �A�o�r�g�(�u�)�  �� �2�A�o�2�f�(�u�)�.� 

�H�e�r�e�,� �A�o�,� �a�n�d� �A�o�2� �a�r�e� �a�r�b�i�t�r�a�r�y� �p�a�r�a�m�e�t�e�r�s� �w�i�t�h� �X�o�,� �b�e�i�n�g� �s�u�b�j�e�c�t� �t�o� �t�h�e� �a�b�o�v�e� �r�e�s�t�r�i�c�-� 
�t�i�o�n�:� �A�o�1� �#� �Q�.
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�P�r�o�o�f�.� �W�e� �l�o�o�k� �a�g�a�i�n� �f�o�r� �a� �s�o�l�u�t�i�o�n� �o�f� �(�6�.�3�)� �i�n� �a� �f�o�r�m� �o�f� �a� �f�o�r�m�a�l� �p�o�w�e�r� �s�e�r�i�e�s� 
�y�p�(�u�,�v�)� �=� �Y�o�m�,� �n�=�0� �A�m�n�u!"�v!"�,� �w�h�e�r�e� �A�m�n� �=�  ��A�n�m�-� �S�u�b�s�t�i�t�u�t�i�n�g� �i�n�t�o� �(�6�.�3�)� �w�e� �o�b�t�a�i�n� 

�(�i�n� �a� �s�i�m�i�l�a�r� �w�a�y� �a�s� �i�n� �t�h�e� �p�r�o�o�f� �o�f� �T�h�e�o�r�e�m� �4�.�5�)� 
�(�6�.�4�)� 
�k�+�1� �n�+�1� �r�+�1� 

�S�o�k�  ��2�s�+�1� �)�A�n�k�-�s�+�1� �A�r�s�  �� �S�o�(�n�  ��2�s�+� �L�)�A�k�n ��s�t�i�A�r�r�s� �~� �K�G�  ��2�s� �+� �1�)�X�n�r ��s�t�i�A�k�s� �=�0� 

�s�=�0� �s�=�0� �s�=�0� 

�w�h�e�r�e�k� �<�n�<�r�.� 

�L�e�t� �k� �=� �0�.� �T�h�e�n� �(�6�.�4�)� �b�e�c�o�m�e�s� 

�n�+�1� �r�+�l�1� 

�(�6�.�4�*�)� �A�n�t� �A�r�o�  �� �A�n�o�A�r�i�  ��~� �S�o�(�n�  ��2�s� �+� �1�)�A�o�n ��s�t�i�A�r�s�  �� �i�G�  ��2�s� �+� �L�)�A�n�j�p ��s�4�1� �A�o�s� �=� �0�.� 

�3�2�-�0� �s�=�0� 

�N�o�t�i�c�e� �t�h�a�t� �t�h�e� �s�u�m�m�a�t�i�o�n� �i�n� �t�h�e� �s�u�m�s� �a�b�o�v�e� �i�s� �t�o� �n� �a�n�d� �r� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�f� �w�e� �n�o�w� 

�l�e�t� �n� �=� �1�,� �w�e� �f�i�n�a�l�l�y� �o�b�t�a�i�n� 
�r� 

 ��A�o�i�A�i�y� �+� �2�A�g�2�A�G�r� �=� �S�i�r�  �� �2�3�+� �1�)�A�r�s ��s�¢�i�r�0�s� 
�s�=�0� 

�=�  �� �(�r�=� �2�8� �+� �l�)�d�o�r ��a�p� �A�t�e� 
�s�=�0� 

�T�h�e�r�e�f�o�r�e�,� 
�r� 

�(�6�.�5�)� �S�o�(�r�  ��s�+� �1�)�X�o�p ��s�4�1� �A�t�e� �_� �S�>� �S�A�o�,�r ��s�+�1�A�1�s� �=� �A�o�1�A�I�1�r�  �� �2�A�0�2�A�o�r�-� 
�s�=�0� �s�=�0� 

�L�e�t� �u�s� �d�e�f�i�n�e� �t�h�e� �f�u�n�c�t�i�o�n�s� �f�(�u�)� �=� �0�7�2�9� �A�o�n�u �!"� �a�n�d� �g�(�u�)� �=� �>�,� �A�n�u ��.� �T�h�e�n�,� �a�f�t�e�r� 
�m�u�l�t�i�p�l�y�i�n�g� �b�o�t�h� �s�i�d�e�s� �o�f� �(�6�.�5�)� �b�y� �u ��,� �a�n�d� �s�u�m�m�i�n�g� �o�v�e�r� �r� �w�e� �o�b�t�a�i�n� 

�S�-� �I�G�  ��s�+� �L�)�A�g�r ��s�4�1�A�1�s�U�"� �_� �s� �S� �S�r�o�r ��s�4�1� �A�i�s �� �=� �A�o�i�g�(�u�)�  �� �2�r�o�2�f�(�u�)�,� 
�r�=�0� �s�=�0� �r�=�0� �s�=�0� 

�w�h�i�c�h�,� �a�f�t�e�r� �t�h�e� �c�h�a�n�g�e� �o�f� �v�a�r�i�a�b�l�e�s� �r� �=� �g� �+� �s�  �� �1�,� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�S�s�"� �S�s �� �Q�r�o�g�A�i�s�u�7�t�? ��*�  �� �S�-� �S�-� �S�N�r�o�g�A�r�g�u�t�t�?�!� �=� �A�o�r�g�(�u�)�  �� �2�o�2�f�(�u�)�.� 
�s�=�0� �q�=�0� �s�=�0� �q�=�0� 

�T�h�u�s�,� �t�h�e� �f�u�n�c�t�i�o�n�s� �f�(�u�)�,� �a�n�d� �g�(�u�)� �s�a�t�i�s�f�y� 

�f�'�(�u�)�g�(�u�)�  �� �f�l�u�)�g�'�(�u�)� �=� �A�o�r�g�(�u�)�  �� �2�r�o�2�f�(�u�)�.� 

�N�e�x�t�,� �w�e� �s�p�l�i�t� �t�h�e� �r�e�m�a�i�n�i�n�g� �p�a�r�t� �o�f� �t�h�e� �p�r�o�o�f� �i�n�t�o� �f�i�v�e� �l�e�m�m�a�s�.
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�L�e�m�m�a� �6�.�3�.� �F�o�r� �e�v�e�r�y� �n� �>� �1� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �1�,� �a�r�e� �r�a�t�i�o�n�a�l� �f�u�n�c�t�i�o�n�s� �o�f� �X�o�n�,� 

�p�r�o�v�i�d�e�d� �t�h�a�t� �X�o�,� �#� �0�.� 

�R�e�m�a�r�k�.� �T�h�e� �c�a�s�e� �o�f� �A�j�;� �=� �0� �w�i�l�l� �b�e� �t�r�e�a�t�e�d� �i�n� �L�e�m�m�a�s� �6�.�5�,� �6�.�6�,� �a�n�d� �6�.�7�.� 

�P�r�o�o�f�.� �F�r�o�m� �(�6�.�5�)� �w�e� �h�a�v�e� 

�r ��l� 

� � 

� � 

�R�G�  �� �2�s� �+� �1�)�A�o�r ��s�4�1�A�1�s�  �� �(�7�  �� �L�)�A�o�r� �A�i�r� �=� �A�o�i� �A�r�e�  �� �2�A�0�2�A�0�r�;� 
�s�=�0� 

�t�h�u�s� 
�1� �r ��-�l� 

�M�r� �=� �r�o�l� �S�e�  ��2�s�+� �1�)�X�o�r ��s�t�4� �A�i�s� �+� �D�e�n�e�,� �.� 

�T�h�i�s� �g�i�v�e�s� �u�s� �a� �r�e�c�u�r�s�i�v�e� �r�e�l�a�t�i�o�n� �f�o�r� �4�;�,�.� �H�e�r�e� �a�r�e� �t�h�e� �f�i�r�s�t� �s�e�v�e�r�a�l� �A�j�, ��s� 

�1� �l� �X�o�o�) �� 
�A�y� �=�<� �r�o�a�d�s� �+� �2�0�)� �=�>� �v�e�r�  �� �H�o�a� 

�A�o�i� �2� �A�o�1� 
�1� �|� �A�g�e�d� 

�A�1�3� �=� �3� �2� �o�a�  �� �o�y� 

�1� �(�A�o�2�)�?�A�0�3� �(�A�o�)�?� �A�o�2�A�o�4� �|� �A�w� �=� �=� �|�2�- � � �� �_ �� �9�- � �� �+� �2�0�  � � ��_�  �� �3�0� �a� �2�4� �|� �(�o�r�)�?� �o�r� �A�o�r� �°� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �c�l�a�i�m� �i�s� �p�r�o�v�e�d� �b�y� �i�n�d�u�c�t�i�o�n�.!"� 

�L�e�m�m�a� �6�.�4�.� �I�[�f� �\�o�,� �#�0�,� �t�h�e�n� �w�e� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m�u�l�a�:� 

�A�n�r� �=� �J� �o�n�d� �_� �a�n�d�o�r� �3� �V� �n�,�r� �>� �0�.� 
�X�o�1� 

�P�r�o�o�f�.� �F�r�o�m� �(�6�.�4�*�)� �w�i�t�h� �n� �=� �2� �w�e� �o�b�t�a�i�n� 

�r�+�1� 

�(�6�.�6�)� �A�i�2�A�o�r�  �� �A�o�t�A�2�r� �+� �3�A�0�3�A�0�r�  �� �S�o�(�r�  �� �2�s� �+�1�)�A�g�r ��s�4�1�A�0�3� �=� �0�.� 
�s�=�0� 

�I�f� �w�e� �n�o�w� �l�e�t� �r� �=� �3�,� �w�e� �o�b�t�a�i�n� �a� �f�o�r�m�u�l�a� �f�o�r� �A�.�3�:� 

�\�1�2�A�0�3�  �� �A�o�1�A�2�3� �+� �3�(�A�o�3�)�?�  �� �2�4�2�3�4�0�1�  �� �2�4�1�2�0�3�  �� �4�A�0�2�A�0�4� �=� �0�,



�9�4� 

�f�r�o�m� �w�h�i�c�h� 

� � 

� � 

�A�2�3� �=� �Y�o�r� �-�5� �N�o�t� �A�o�s� �+� �3� �(�A�c�s�)� �_ �� �3� �A�o�2�A�o�4� 

�_� �1� �f�.� �A�o�2�A�0�3� �1� �(�,� �(�A�o�2�)�?� �=� �3� �(�2� �Y�o�r� �o�s�)� �A�o�2� �9� �(�2� �Y�o�r�  �� �3�X�0�3� �A�o�s� 

�N�o�w�,� �l�e�t� �u�s� �a�s�s�u�m�e� �t�h�a�t� �A�,� �=� �W�w� �[�A�o�z�A�1�k�  �� �A�r�2�A�o�x�]� �f�o�r� �1� �<� �k� �<� �r ��1�.� �W�e� �n�e�e�d� 

�t�o� �p�r�o�v�e� �t�h�a�t� �i�t� �i�s� �t�r�u�e� �f�o�r� �k� �=� �r�.� �F�r�o�m� �(�6�.�6�)� �w�e� �h�a�v�e� 

�r ��l� 

�A�1�2�A�o�r�  �� �A�o�r�A�e�e� �+� �3�A�0�3�A�0�r� �+� �(�1�  �� �7�)� �A�o�r� �A�g�e� �+� �S�o�l�r�  �� �2�5� �+� �1�)�A�o�r ��s�4�1�4�2�5� �=� �0�.� 
�s�=�0� 

�U�s�i�n�g� �t�h�e� �i�n�d�u�c�t�i�o�n� �h�y�p�o�t�h�e�s�i�s� �w�e� �t�r�a�n�s�f�o�r�m� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�n�t�o� 

�r ��1� 
�1� 

�A�y�o�X�o�r� �+� �3�A�0�3�A�0�r� �+� �1�.� �S�o�(�r�  �� �2�8� �+� �1�)�X�o�r ��s�4�1� �[�A�o�2�A�1�e�  �� �A�1�2�A�0�8�]� �=� �T�A�o�1�A�2�-� 
�0�1� �.�-�o� 
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�f�o�r�m�u�l�a�e�.� �F�i�r�s�t� �w�e� �w�r�i�t�e� �t�h�e� �L�i�e� �b�i�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e�s� �o�n� �G�o�.� �t�h�a�t� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� 
�P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e�s� �(�i�)� �a�n�d� �(�i�i�)� �o�f� �T�h�e�o�r�e�m� �6�.�1�.� �N�a�m�e�l�y�,� �i�f� �e�,�  ¬� �G�o�o�o� �i�s� �a� �b�a�s�i�s� 
�e�l�e�m�e�n�t� �w�e� �h�a�v�e� 

�a�(�e�n�)� �=� �a�j�e�;� �A� �e�;� 

�=� �(�S�i�n�g� �8�5�4�1� �_� �5�o� �4�1�5�5�4�1�)� �(�2�2�  ��1�)�+� �(�6�5�4�1�6�5�;�  ��n�4�1� �_�~� �5�2�4�1�5�;�  ��-�n�4�i�)�(�2�n�  �� �j�)�|� �e�;� �A�e�;�.� 

�=�  ��2�n�e�_�;� �A� �e�y�,� �+� �2�(�n� �+� �1�)�e�p� �A� �e�n�-�1



�9�8� 

�T�h�u�s�,� �f�o�r� �t�h�e� �c�a�s�e� �(�i�)� �w�e� �o�b�t�a�i�n� 

�(�6�.�1�0�)� �a�(�é�,�)� �=�  ��2�n�e�_�1� �A� �e�g� �+� �2�(�n� �+� �L�)�e�g�A� �e�n�-�1�.� 

�S�i�m�i�l�a�r�l�y�,� �f�o�r� �t�h�e� �c�a�s�e� �(�i�i�)� 

�1� �1� 
�a�l�e�n�)� �=� �s�a�i�n� �n�+� �p�r�e�t� �~� �G� �4� �G�a�i� �a�s�s�]� �(�2�n�  �� �t�e�;� �A� �e�j� 

�1� �1� 
�+� �l�e�g�a�t�e� �G ��n�+�)�)�!� �3� �(�2�n�  �� �g�)�e�;� �A�e�;� 

�2�n�  �� �j�)�  �� �|�  ��2� �y� �a�o�e� �A� �2� �1� �)�  � � � ��e�;� �1�:� �a�,� �G ��n�+�1�)�!� �e ¬�-�j� �e�;� �+� �(�n�+� �)� �2� �~� �G�+� �1� 

�T�h�e� �c�o�m�m�u�t�a�t�o�r� �f�o�r� �G�o�.� �h�a�s� �t�h�e� �s�t�a�n�d�a�r�d� �f�o�r�m� 

�[�e�n�s�  ¬�m�|� �=� �(�n�N�  ��M�)�e�n�t�m�,� �(�n�,�m� �>�- ��1�)�.� 

�T�h�a�t� �i�s�,� �G�o�o�.� �i�s� �t�h�e� �W�i�t�t� �a�l�g�e�b�r�a�,� �W�.� 

�I�t� �i�s� �w�e�l�l� �k�n�o�w�n� �t�h�a�t� �W� �c�o�n�t�a�i�n�s� �s�l�,� �a�s� �a� �L�i�e� �s�u�b�a�l�g�e�b�r�a�.� �I�n� �o�u�r� �n�o�t�a�t�i�o�n� �t�h�e� 
�d�e�f�i�n�i�n�g� �r�e�l�a�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �b�y� 

�[�e�1�,� �e�-�1�|� �=� �2 ¬�9� 

�[�e�r�,� �e�o�]� �=� �e�1� 

�(�e�o�,� �e�-�1�]� �=� �e�-�4�.� 

�I�f� �w�e� �n�o�w� �t�u�r�n� �t�o� �t�h�e� �f�o�r�m�u�l�a� �(�6�.�1�0�)� 

�a�( ¬�,�)� �=�  ��2�n�e�_�,� �A�e�n� �+� �2�(�n� �+� �L�)�e�g� �A� �e�n�-�1�,� 

�i�t� �g�i�v�e�s� �u�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �L�i�e� �b�i�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e� �o�n� �s�l�:� 

�a�(�e�_�,�)� �=�0� 

�a�(�e�o�)� �=� �2�e ¬�9� �A� �e�_�4� 

�a�(�e�;�)� �=�  ��2�e�_� �A�  ¬�1�.� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d� �i�f� �w�e� �t�a�k�e� �f�o�r�m�u�l�a� �(�5�.�1�5�)� 

�a�(�e�,�)� �=�  ��2�n�e�g� �A� �e�n� �+� �2�(�n�  �� �d�)�e�g� �A� �E�d�i�n�,� 

�a�n�d� �c�o�n�s�i�d�e�r� �i�t� �f�o�r� �d� �=� �1�,� �t�h�a�t� �i�s� 

�a�( ¬�n�)� �=�  ��2�n�e�,� �A� �e�n� �+� �2�(�n�  �� �1�)�e�o� �A� �e�n�g�i�,



�9�9� 

�i�t� �g�i�v�e�s� �a� �s�e�c�o�n�d� �L�i�e� �b�i�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e� �o�n� �s�l�2�,� �n�a�m�e�l�y� 

�a�(�e�_�1�)� �=� �2�e�;� �A�e�-�1� 

�a�(�e ¬�g�)� �=�  ��2�e�9� �A� �e�y� 

�a�(�e�,�)� �=� �0�.� 

�T�h�e�s�e� �t�w�o� �L�i�e� �b�i�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e�s� �l�e�a�d� �t�o� �a�l�l� �(�u�p� �t�o� �i�s�o�m�o�r�p�h�i�s�m�)� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�-� 

�t�u�r�e�s� �o�n� �t�h�e� �g�r�o�u�p� �S�L� �[�K�u�4�]�.



�C�H�A�P�T�E�R� �V�I�I� 

�E�L�E�M�E�N�T�S� �O�F� �R�E�P�R�E�S�E�N�T�A�T�I�O�N� �T�H�E�O�R�Y� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e� �s�t�u�d�y� �t�h�e� �P�o�i�s�s�o�n� �a�c�t�i�o�n� �o�f� �t�h�e� �P�o�i�s�s�o�n�-�L�i�e� �g�r�o�u�p� �G�o�o� �o�n� �t�h�e� �s�p�a�c�e� �o�f� �i�-� 

�d�e�n�s�i�t�i�e�s� �V�)�.� 

�L�e�t� �G� �b�e� �a� �P�o�i�s�s�o�n�-�L�i�e� �g�r�o�u�p� �a�n�d� �®� �b�e� �a� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e� �o�n� �G�.� �L�e�t� �V� �b�e� 

�a� �s�p�a�c�e� �o�n� �w�h�i�c�h� �G� �a�c�t�s�,� �i�.�e�.� �t�h�e�r�e� �i�s� �a� �m�a�p� �G� �x� �V�  �� �V�.� �S�u�c�h� �a� �s�p�a�c�e� �i�s� �c�a�l�l�e�d� �a� 

�G�-�s�p�a�c�e�.� �A�s�s�u�m�e� �t�h�a�t� �V� �i�s� �e�q�u�i�p�p�e�d� �w�i�t�h� �a� �P�o�i�s�s�o�n� �s�t�r�u�c�t�u�r�e� �w�.� �R�e�c�a�l�l� �t�h�e� �f�o�l�l�o�w�i�n�g� 
�d�e�f�i�n�i�t�i�o�n�.� 

�D�e�f�i�n�i�t�i�o�n� �7�.�1�.� �T�h�e� �a�c�t�i�o�n� �o�f� �G� �o�n� �V� �i�s� �c�a�l�l�e�d� �P�o�i�s�s�o�n� �i�f� �t�h�e� �m�a�p�G�x�V ��V� 

�i�s� �P�o�i�s�s�o�n�.� �H�e�r�e� �G� �x� �V� �i�s� �e�q�u�i�p�p�e�d� �w�i�t�h� �t�h�e� �p�r�o�d�u�c�t� �P�o�i�s�s�o�n� �s�t�r�u�c�t�u�r�e�.� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e� �s�t�u�d�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�r�o�b�l�e�m�.� �S�u�p�p�o�s�e� �t�h�a�t� �w�e� �a�r�e� �g�i�v�e�n� �t�h�e� 
�P�o�i�s�s�o�n�-�L�i�e� �g�r�o�u�p� �G�.�.�.� �C�o�n�s�i�d�e�r� �t�h�e� �s�p�a�c�e� �V�i� �=� �{�¥�(�u�)�(�d�u�)�*� �|� �¥�(�u�)� �=� �2�,� �z�i�u�'�}�,� 
�X� �E�R�.� �T�h�e� �s�p�a�c�e� �V�\� �i�s� �s�o�m�e�t�i�m�e�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �s�p�a�c�e� �o�f� �A�-�d�e�n�s�i�t�i�e�s� �(�J�a�c�o�b�i�a�n�s�)� 

�o�v�e�r� �t�h�e� �r�e�a�l� �l�i�n�e�.� �T�h�e� �g�r�o�u�p� �G�,�.� �a�c�t�s� �n�a�t�u�r�a�l�l�y� �o�n� �V�i�.� �L�e�t� �Y�  ¬� �G�,�.� �a�n�d� �4�(�u�)�(�d�u�)�*�  ¬� 

�V�,�.� �T�h�e�n� �t�h�e� �a�c�t�i�o�n� �o�f� �G�,�,� �o�n� �V� �i�s� �d�e�f�i�n�e�d� �b�y� 

�X�(�u�)�(�d�u�y�*� �H�+� �¥� �(�Y�(�u�)�)� �(�Y�(�u�)�)�"� �(�d�u�) ��,� 
�w�h�e�r�e� �)�(�u�)� �=� �D�o�o�2�,� �y�i�u�' ��,� �a�n�d� 

�(�w�)�)�*� �=� �(�3�;� �w�w�)� 
�i�=�1� 

�1�0�0



�1�0�1� 

�W�e� �c�o�n�s�i�d�e�r� �t�h�e� �p�r�o�b�l�e�m�:� �a�r�e� �t�h�e�r�e� �P�o�i�s�s�o�n� �s�t�r�u�c�t�u�r�e�s� �o�n� �t�h�e� �s�p�a�c�e� �V�)� �s�u�c�h� �t�h�a�t� 
�t�h�e� �a�b�o�v�e� �a�c�t�i�o�n� �o�f� �G�,�,� �o�n� �V�\� �i�s� �a� �P�o�i�s�s�o�n� �a�c�t�i�o�n�?� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �i�s� �t�h�e�r�e� �a� �P�o�i�s�s�o�n� 

�s�t�r�u�c�u�t�u�r�e� �w� �o�n� �V�,� �s�u�c�h� �t�h�a�t� �t�h�e� �m�a�p� �G�,�.�.� �x� �V�,�  �� �V�y� �i�s� �a� �P�o�i�s�s�o�n� �m�a�p�?� �H�e�r�e� �a�g�a�i�n� 

�G�o�.� �X� �V�y�,� �i�s� �e�q�u�i�p�p�e�d� �w�i�t�h� �t�h�e� �p�r�o�d�u�c�t� �P�o�i�s�s�o�n� �s�t�r�u�c�t�u�r�e�:� 

�W�x�X�x�w�=�1�x�w�+�o�x�l�.� 

�L�e�t� �Y�(�u�)� �=� �0�%�,� �y�i�u ��  ¬� �G�o�o�,� �a�n�d� �X�(�u�)�(�d�u�)�*�  ¬� �V�y�.� �L�e�t� �u�s� �d�e�f�i�n�e� 

�Z�y�(�u�)� �=� �X�u�)� �W�P� �=� �S�o� �e�u�,� 
�+�=�0� 

�w�h�e�r�e�  ¬�;� �=� �&�;�(�z�,�y�;�A�)� �a�r�e� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �f�u�n�c�t�i�o�n�s� �o�f� �Z�,�.� �I�f� �w�e� �a�l�s�o� �i�n�t�r�o�d�u�c�e� �t�h�e� 
�n�o�t�a�t�i�o�n� �J�(�u�)� �=� �Y ��(�u�)� �=� �o�e�,� �z�y�i�u ��|�,� �w�e� �h�a�v�e� 

�X�(�u�)�(�d�u�)�*� �+� �X�(�Y�(�u�)�)�(�Y�(�u�)�)�*�(�d�u�)�*� �=� �&�(�Y�(�u�)�)�(�J�(�u�)�)�*�(�d�u�)�*� 
�=� �Z�)�(�u�)�(�d�u�)�*� 

�o�o� �o�O� �r� 

�=� �>� �t�i�(�Y�(�u�)�)�'� �(�>� �i�)� �(�d�u�)�.� 
�i�=�1� 

�D�e�f�i�n�i�n�g� �Z�(�u�)� �=� �¥�(�Y�(�u�)�)� �a�n�d� �u�s�i�n�g� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �Z�)�(�u�)� �=� �X�(�Y�(�u�)�)�[�J�(�w�)�?� �w�e� 
�d�e�d�u�c�e� �t�h�a�t� 

�Z�y�(�u�)� �=� �Z�"�(�u�)�(�J�(�u�)�)�*� �+� �Z�(�u�)� �[�w�y�]�,� 
�w�h�e�r�e� �/� �s�t�a�n�d�s� �f�o�r� �t�h�e� �d�e�r�i�v�a�t�i�v�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �u�.� 

�A�n� �a�r�g�u�m�e�n�t� �a�n�a�l�o�g�o�u�s� �t�o� �t�h�e� �a�r�g�u�m�e�n�t� �g�i�v�e�n� �i�n� �C�h�a�p�t�e�r� �I� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �m�a�p� 

�G�e�o� �X� �V�x�  �� �V�y� �i�s� �P�o�i�s�s�o�n� �i�f� �a�n�d� �o�n�l�y� �i�f� 

�A�t�:� �O�E�;� �a�6� �a�E� �a�;� 
�O�x�,� �O�x�,� 

�(�7�.�2�)� �w�i�g� �( ¬�)� �=� �w�e�i�l�)� �D�u�c� �O�u�r� �+� �D�r�i�l�y�)� 

�H�e�r�e� �w�,�;�(�z�)� �=� �{�2�;�,�2�;�}� �a�n�d� �&�,�;�(�y�)� �=� �{�y�:�,�y�;�}� �w�h�e�r�e� �{�z�;�}�i�e�z�,� �a�n�d� �{�y�;�}�i�e�z�,� �a�r�e� �t�h�e� 
�c�o�o�r�d�i�n�a�t�e� �f�u�n�c�t�i�o�n�s� �o�n� �V�,� �a�n�d� �G�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �A�l�s�o�,� �l�e�t� �u�s� �i�n�t�r�o�d�u�c�e� �i�n� �a� �m�a�n�n�e�r� 

�s�i�m�i�l�a�r� �t�o� �t�h�e� �o�n�e� �u�s�e�d� �i�n� �C�a�p�t�e�r� �I�V� �a� �g�e�n�e�r�a�t�i�n�g� �s�e�r�i�e�s� �f�o�r� �t�h�e� �P�o�i�s�s�o�n� �s�t�r�u�c�u�t�u�r�e�s� 

�o�n� �V�\� �a�s� 

�O�Q�(�u�,�v�;� �¥�)� �=� �>� �w�;�(�z�)�u�i�v ��.� 
�#�,�j�=�0



�1�0�2� 

�L�e�m�m�a� �7�.�2�.� �T�h�e� �m�u�l�t�i�p�l�i�c�a�t�i�v�i�t�y� �c�o�n�d�i�t�i�o�n� �(�7�.�2�)� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�f�u�n�c�t�i�o�n�a�l� �e�q�u�a�t�i�o�n� 

�(�7�.�3�)� 
�A�(�u�,� �¥�;� �Z�)� �=�A�V�(�u�)�,� �V�(�v�)�;� �¥�)�(�T�(�u�)�)�\�(�J�(�v�)�)�*� �+� �Q�(�u�,� �v�;� �Y�)�Z�"�(�u�)�(�T�(�u�)� �4� �Z�"�(�w�)�(�T�(�v�)� �4�+� 
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�U�s�i�n�g� �t�h�e� �i�d�e�n�t�i�t�i�e�s� �f ��(�u�)�g�(�u�)�  �� �f�(�u�)�g�'�(�u�)� �=� �a�f�'�(�u�)� �+� �B�g�'�(�u�)� �(� �=�>� �f�"�(�u�)�g�(�u�)� �-� 

�f�(�u�j�g�"�(�u�)� �=� �a�f�"�(�u�)� �+� �B�g�"�(�u�)�)� �o�n�e� �e�a�s�i�l�y� �s�h�o�w�s� �t�h�a�t� �b�o�t�h� �t�e�r�m�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �°� 

�a�n�d� �\�4� �r�e�s�p�e�c�t�i�v�e�l�y� �a�r�e� �i�d�e�n�t�i�c�a�l�l�y� �z�e�r�o�.� 

�(�E�)� �T�e�r�m�s� �o�f� �t�h�e� �f�o�r�m� �X�4�1�"� �g�i�v�e� 

�d�?� �(�u�,�v�)�,� �2� �p�(�w�,� �u�)� �+� �9�(�v�,� �W�O�E� �y�a�p�(�u�,� �w�)�+� 

�+� �d�.�p�(�u�,� �v�)�2�,�,�(�w�,� �v�)� �+� �d�u�v�e�l�w�,� �u�)�d�2�e�(�v�,� �w�u�)� 
�+� �B�u�i�p�(�w�,�u�)�O�2�p�(�v�,�w�)� �+� �A�u�i�p�(�v�,� �w�)�G�2�,�,�o�(�u�,�v�)�|� �X�(�w�)�¥�(�u�)�A�"�(�v�)� �+� �e�p�.� 

�T�h�e� �e�x�p�r�e�s�s�i�o�n� �i�n� �t�h�e� �s�q�u�a�r�e� �b�r�a�c�k�e�t�s� �b�e�c�o�m�e�s� �i�d�e�n�t�i�c�a�l�l�y� �z�e�r�o� �a�f�t�e�r� �u�s�i�n�g� �(�7�.�7�)� �i�n� �a� 

�s�i�m�i�l�a�r� �w�a�y� �a�s� �i�n� �(�D�)�.� �A�l�s�o� �w�e� �h�a�v�e� �a� �t�e�r�m� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �°� �w�h�i�c�h� �r�e�a�d�s� 

�N�?� �|� �u�p�(�u�,� �v�2� �,�e�(�w�,� �u�)� �+� �A�y�e�(�u�,� �v�)�O�%� �,�e�(�w�,� �v�)�+� 

�+� �O�w�i�p�(�v�,� �w�)�O�2� �p�(�u�,� �v�)� �+� �d�u�y�l�v�,� �w�)� �O�F� �e�(�u�,� �w�)�+� 
�+� �O�u�i�e�(�v�,� �w�)�O�%�,� �p�(�w�,� �U�)� �+� �O�u�p�(�u�,� �v�)�O�z�,�,�,�.�p�(�v�,� �w�)�+� 

�+� �O�u�p�(�w�,� �v�)�F� �(�u�,�v�)� �+� �O�u�e�(�v�,� �u�e� �u�e�(�w�,� �u�)�|� �&�(�w�)�¥�(�u�)�a�A�(�v�)� �+� �e�p�.�,� 

�w�h�i�c�h� �i�s� �i�d�e�n�t�i�c�a�l�l�y� �z�e�r�o�.� 

�(�F�)� �T�e�r�m�s� �o�f� �t�h�e� �f�o�r�m� �V�A�'�X �� �g�i�v�e� 

�A�l� �o�(�u�,� �v�)� �8�%�,� �,�9�(�w�,� �u�)� �+� �p�(�w�,� �u�)�O�Z�p�(�v�,� �w�)�+� 

�+� �9�(�u�,� �v�O� �p�(�w�,� �v�)� �+� �p�v�,� �w�)�O�z�p�(�u�,� �w�)�+� 

�+� �A�y�e�(�w�,� �u�O�u�i�p�(�v�,� �U�)� �+� �B�w�i�p�(�v�,� �w�)�O�v�i�p�(�u�,� �v�)� �|� �V�(�w�)�A�"�(�u�j�A�"�(�v�)� �+� �e�p�.



�1�1�1� 

�T�h�e� �e�x�p�r�e�s�s�i�o�n� �i�n� �t�h�e� �s�q�u�a�r�e� �b�r�a�c�k�e�t�s� �c�a�n� �b�e� �s�h�o�w�n� �t�o� �b�e� �i�d�e�n�t�i�c�a�l�l�y� �z�e�r�o� �a�f�t�e�r� �u�s�i�n�g� 

�(�7�.�7�)� �i�n� �a� �s�i�m�i�l�a�r� �w�a�y� �a�s� �i�n� �(�D�)� �a�n�d� �(�E�)�.� 

�T�h�e� �o�t�h�e�r� �t�w�o� �t�e�r�m�s� �o�f� �t�h�e� �s�a�m�e� �f�o�r�m� �a�r�e� 

�1�]� �u�s� �0�8�%� �u�e�l� �1�)� �+� �(�0�8� �o�l� �0�)�4� 
�+� �9�(�0�,� �1�)� �P�l�u�)� �+� �p�l�u� �0�)� �6�8�,� �5�0�(�0�,� �1�0�)� �|� �A�(�w�)�A�"�(�u�)�A�"�(�v�)� �+� �e�p�,� 

�w�h�i�c�h� �i�s� �i�d�e�n�t�i�c�a�l�l�y� �z�e�r�o�,� �a�n�d� 

�1�8�|� �a�s�o�(�w�,� �u�)�B�u�p�(�u�r�v�)� �+� �B�u�e�l�,� �w�)�B�u�e�l�0�,�w�)�+� 
�+� �w�i�e�(�w�,� �u�u�p�(�v�,� �u�)� �+� �O�u�e�l�v�,� �w�)�p�(�u�,� �v�)�+� 

�+� �A�y�u�,� �v�)�O�,�p�(�w�,� �v�)� �+� �A�y�y�e�(�v�,� �w�W�)�A�,�y�(�u�,� �«�)�|� �X�(�w�)�X� �(�w�W�A�(�v�)� �+� �e�p�.�,� 

�w�h�i�c�h� �i�s� �a�g�a�i�n� �i�d�e�n�t�i�c�a�l�l�y� �z�e�r�o�.� 

�(�F�)� �T�e�r�m�s� �o�f� �t�h�e� �f�o�r�m� �V ��7�4�"�X ��'� �c�a�n�c�e�l� �e�a�c�h� �o�t�h�e�r�.� 

�T�h�u�s� �a�l�l� �t�e�r�m�s� �h�a�v�e� �b�e�e�n� �c�o�v�e�r�e�d� �a�n�d� �t�h�e� �p�r�o�o�f� �o�f� �T�h�e�o�r�e�m� �7�.�4� �i�s� �c�o�m�p�l�e�t�e�d�.!"� 

�T�h�e� �c�o�n�s�e�q�u�e�n�c�e� �o�f� �T�h�e�o�r�e�m� �7�.�3� �a�n�d� �T�h�e�o�r�e�m� �7�.�4� �i�s� �t�h�a�t� �f�o�r� �e�a�c�h� �P�o�i�s�s�o�n�-�L�i�e� 

�s�t�r�u�c�t�u�r�e� �o�n� �G�,�.� �d�e�f�i�n�e�d� �b�y� �a� �f�u�n�c�t�i�o�n� �»� �s�a�t�i�s�f�y�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n� �(�7�.�6�)� �t�h�e�r�e� �e�x�i�s�t�s� �a� 

�P�o�i�s�s�o�n� �s�t�r�u�c�t�u�r�e� �o�n� �V�y� �f�o�r� �w�h�i�c�h� �t�h�e� �a�c�t�i�o�n� �o�f� �G�,�,� �i�s� �P�o�i�s�s�o�n�.� �T�h�u�s� �w�e� �o�b�t�a�i�n� �a� 

�s�e�r�i�e�s� �o�f� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �V�,�,� �o�f� �G�o� �o�n� �V�y�.



�C�H�A�P�T�E�R� �V�I�I�I� 

�Q�U�A�N�T�I�Z�A�T�I�O�N� 

�T�h�i�s� �c�h�a�p�t�e�r� �t�s� �d�e�v�o�t�e�d� �t�o� �t�h�e� �q�u�a�n�t�i�z�a�t�i�o�n� �o�f� �s�o�m�e� �o�f� �t�h�e� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e�s� �o�n� �t�h�e� �g�r�o�u�p� 

�G�o�o� �r�e�s�t�r�i�c�t�e�d� �t�o� �t�h�e� �f�i�n�t�t�e� �d�i�m�e�n�s�i�o�n�s�i�o�n�a�l� �f�a�c�t�o�r�-�g�r�o�u�p�s� �G�n�.� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e� �s�h�a�l�l� �c�o�n�s�t�r�u�c�t� �e�x�p�l�i�c�i�t�l�y� �f�a�m�i�l�i�e�s� �o�f� �f�i�n�i�t�e� �d�i�m�e�n�s�i�o�n�a�l� �q�u�a�n�-� 

�t�u�m� �(�s�e�m�i�)�g�r�o�u�p�s�.� �T�h�e�i�r� �q�u�a�s�i�-�c�l�a�s�s�i�c�a�l� �l�i�m�i�t�s� �a�r�e� �t�h�e� �f�i�n�i�t�e�-�d�i�m�e�n�s�i�o�n�a�l� �P�o�i�s�s�o�n�-�L�i�e� 

�g�r�o�u�p�s� �e�n�d�o�w�e�d� �w�i�t�h� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e�s� �w�h�i�c�h� �a�r�e� �r�e�s�t�r�i�c�t�i�o�n�s� �o�f� �t�h�e� �P�o�i�s�s�o�n�-�L�i�e� 
�s�t�r�u�c�t�u�r�e�s� �o�n� �t�h�e� �g�r�o�u�p� �G�.� �b�e�l�o�n�g�i�n�g� �t�o� �t�h�e� �c�o�u�n�t�a�b�l�e� �f�a�m�i�l�y� �o�b�t�a�i�n�e�d� �i�n� �T�h�e�o�r�e�m� 

�4�.�4�,� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �w�e� �s�h�a�l�l� �c�o�n�s�i�d�e�r� �f�a�c�t�o�r�-�g�r�o�u�p�s� �G�,� �=� �G�,�.�m�o�d�{�u�"�*�'�}�,� �f�o�r� �n� �>� �5� 
�(�c�f�.� �C�h�a�p�t�e�r� �I�I�)�.� �I�n� �o�u�r� �a�p�r�o�a�c�h� �t�o� �q�u�a�n�t�i�z�a�t�i�o�n� �w�e� �s�h�a�l�l� �s�t�a�r�t� �f�r�o�m� �t�h�e� �q�u�a�s�i�-�c�l�a�s�s�i�c�a�l� 

�l�i�m�i�t�s�,� �i�.�e�.� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �P�o�i�s�s�o�n�-�L�i�e� �g�r�o�u�p�s�,� �a�n�d� �r�e�c�o�n�s�t�r�u�c�t� �f�r�o�m� �t�h�i�s� �d�a�t�a� �t�h�e�i�r� 

�q�u�a�n�t�u�m� �c�o�u�n�t�e�r�p�a�r�t�s�.� �O�u�r� �q�u�a�n�t�i�z�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �i�s� �a� �p�r�o�c�e�d�u�r�e� �o�f� �d�e�f�o�r�m�a�t�i�o�n� �o�f� 

�t�h�e� �P�o�i�s�s�o�n� �a�l�g�e�b�r�a� �o�f� �C ��~� �f�u�n�c�t�i�o�n�s� �o�n� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�i�n�i�t�e�-�d�i�m�e�n�s�i�o�n�a�l� �P�o�i�s�s�o�n�-� 

�L�i�e� �g�r�o�u�p�s� �t�u�r�n�i�n�g� �i�t� �i�n�t�o� �a�  ��q�u�a�n�t�i�z�e�d� �a�l�g�e�b�r�a �� �o�f� �f�u�n�c�t�i�o�n�s�.� �W�e� �s�h�a�l�l� �d�e�s�c�r�i�b�e� �t�h�i�s� 

�a�l�g�e�b�r�a� �o�n� �t�h�e� �s�e�t� �o�f� �g�e�n�e�r�a�t�o�r�s� �o�f� �C!"�(�G�.�)�,� �i�.�e�.� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �f�u�n�c�t�i�o�n�s� �o�n� �t�h�e� 
�c�o�r�r�e�s�p�o�n�d�i�n�g� �(�n�o�n�-�c�o�m�m�u�t�a�t�i�v�e�)� �q�u�a�n�t�u�m� �g�r�o�u�p� �s�p�a�c�e�.� 

�(�i�)� �L�e�t� �X� �=� �{�z�;�}�i�e�n� �b�e� �t�h�e� �s�e�t� �o�f� �c�o�o�r�d�i�n�a�t�e� �f�u�n�c�t�i�o�n�s� �o�n� �G�,�.�.� �L�e�t� �u�s� �i�n�t�r�o�d�u�c�e� 
�a� �g�r�a�d�i�n�g� �o�n� �t�h�e� �s�p�a�c�e� �k�[�X�]�,� �w�h�e�r�e� �k� �d�e�n�o�t�e�s� �t�h�e� �g�r�o�u�n�d� �f�i�e�l�d� �(�a�s�s�u�m�e�d� �t�o� �b�e� �o�f� 
�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �z�e�r�o�)�,� �b�y� �a�s�s�i�g�n�i�n�g� �a� �d�e�g�r�e�e� �(�d�e�n�o�t�e�d� �|� �|�)� �t�o� �e�a�c�h� �o�f� �t�h�e� �g�e�n�e�r�a�t�o�r�s� �2�;� 
�o�f� �k�[�X�]� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�e�f�i�n�i�t�i�o�n�:� 

�(�8�.�1�)� �l�c�}� �=�2�-�1�,� �f�o�r�e�v�e�r�y�i� �E�N�,� 

�a�n�d� 

�|�A�B�|� �=� �|�{�A�|�+� �|�B�,� �f�o�r� �e�v�e�r�y� �t�w�o� �m�o�n�o�m�i�a�l�s� �A�,� �B�.� 

�A�s� �w�e� �h�a�v�e� �m�e�n�t�i�o�n�e�d� �a�b�o�v�e�,� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e� �s�h�a�l�l� �a�d�d�r�e�s�s� �t�h�e� �q�u�a�n�t�i�z�a�t�i�o�n� 

�p�r�o�b�l�e�m� �f�o�r� �t�h�e� �c�o�u�n�t�a�b�l�e� �f�a�m�i�l�y� �o�f� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e�s� �o�n� �t�h�e� �g�r�o�u�p� �G�o�,� �t�h�e� 

�1�1�2



�1�1�3� 

�f�o�r�m�u�l�a�e� �f�o�r� �w�h�i�c�h� �w�e� �n�o�w� �r�e�c�a�l�l�:� 

�(�8�.�2�)� 
�{�x�;�,�x�;�}� �=�(�2� �_� �d�)�j�2�X�;�L�i�-�¢� �_� �«�J� �_� �d�)�x�;�X�j�;�~�¢� 

�+� �2�;� �S�-� �L�o�y� �+�+�+�2�g�q�,�,�  �� �F�j� �S�-� �T�e�-�+�+�T�s�,�,�,� �W�E�N�.� 

�o�i�l�s� �c�o�t�s� 
�I�t� �i�s� �c�l�e�a�r� �f�r�o�m� �t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e� �o�f� �(�8�.�2�)� �t�h�a�t� �f�o�r� �e�a�c�h� �d�  ¬� �N� �t�h�e� �d�e�g�r�e�e� �o�f� �t�h�e� 
�b�r�a�c�k�e�t� �{�z�,�,�2�z�;�}� �i�s� �g�i�v�e�n� �b�y� 

�(�8�.�3�)� �\�{�z�i�,�0�5�}�|� �=� �|�e�]� �+� �|�2�j�]�-�d�=�1�+�j ��d ��-�2�.� 

�(�i�i�)� �L�e�t� �X� �=� �{�z�;�}�;�e�n� �b�e� �a� �s�e�t� �o�f� �g�e�n�e�r�a�t�o�r�s� �a�n�d� �l�e�t� �(�X�)� �b�e� �a� �f�r�e�e� �a�s�s�o�c�i�a�t�i�v�e� 
�s�e�m�i�g�r�o�u�p� �w�i�t�h� �i�d�e�n�t�i�t�y� �o�n� �X�.� �C�o�n�s�i�d�e�r� �t�h�e� �s�e�t� �o�f� �r�e�l�a�t�i�o�n�s� 

�(�8�.�4�)� �R�i�,� �=� �{�x�;�2�;� �7� �L�i�L�,� �F�i�j�n�(�2�)� �|� �2�,�7� �E� �N�}� 

�w�h�i�c�h� �d�e�p�e�n�d� �c�o�n�t�i�n�u�o�u�s�l�y� �o�n� �t�h�e� �p�a�r�a�m�e�t�e�r� �h� �a�n�d� �f�j�;�)�,�(�2�)� �a�r�e� �p�o�l�y�n�o�m�i�a�l�s� �i�n� �,�,� 

�w�h�e�r�e� �2� �E�N�,� �s�u�c�h� �t�h�a�t� �f�j�;�1�9� �=� �0�.� 

�O�n�e� �o�f� �o�u�r� �p�o�s�t�u�l�a�t�e�s� �o�f� �q�u�a�n�t�i�z�a�t�i�o�n� �i�s� �t�h�e� �f�o�l�l�o�w�i�n�g�.� �A�s� �e�x�p�l�a�i�n�e�d� �e�a�r�l�i�e�r� �w�e� 

�r�e�q�u�i�r�e� �t�h�a�t� 

�(�8�.�5�)� �[�z�;�,�2�;�]� �=� �h�{�2�z�;�,�x�;�}� �+� �O�(�h ��)�.� 

�H�e�r�e� �[�z�;�,�2�;�|� �=� �z�z�;�  �� �2�;�2�;�.� �I�n� �o�t�h�e�r� �w�o�r�d�s� �w�e� �w�o�u�l�d� �l�i�k�e� �t�o� �r�e�c�o�v�e�r� �t�h�e� �P�o�i�s�s�o�n�-�L�i�e� 
�b�r�a�c�k�e�t� �o�n� �G�,� �(�o�r� �t�h�e� �f�a�c�t�o�r� �g�r�o�u�p�s� �G�,�,� �=� �G�,�,�.�m�o�d� �u�t�!�)� �i�n� �t�h�e� �q�u�a�s�i�-�c�l�a�s�s�i�c�a�l� �l�i�m�i�t� 
�h�  �� �0�.� �T�h�i�s� �a�l�s�o� �m�e�a�n�s� �t�h�a�t� �f�o�r� �h� �>� �0� �w�e� �s�h�o�u�l�d� �h�a�v�e� �f�j�,�;�,�(�2�)� �=� �h�{�2�;�,�2�;�}� �+� �O�(�h�?�)� 
�o�r� 

�(�8�.�6�)� �a�j�t�;�  �� �£�3�0�;� �=� �h�{�x�,�;�,�2�;�}� �+� �O�(�h�?�)�.� 

�A�f�t�e�r� �c�o�m�p�u�t�i�n�g� �t�h�e� �d�e�g�r�e�e� �o�f� �t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�l�i�t�y� 

�|�h�{�x�i�,�x�;�}�|� �=� �|�h�|� �+� �[�{�z�:�,�2�;�}�|� �=� �[�k�A�]� �+�¢�+�7�- ��d ��2�,� 

�w�e� �d�e�d�u�c�e� �t�h�a�t� �f�o�r� �e�a�c�h� �d�  ¬� �N� �t�h�e� �p�a�r�a�m�e�t�e�r� �h� �m�u�s�t� �h�a�v�e� �d�e�g�r�e�e� �|�h�|� �=� �d�,� �s�i�n�c�e� 

�[�z�i�,�a�j�]�]� �=�2�+�y�7� �-�2�.



�1�1�4� 

�(�i�i�i�)� �C�o�n�s�i�d�e�r� �t�h�e� �s�e�m�i�g�r�o�u�p� �a�l�g�e�b�r�a� �k�[�[�h�]�]�(�X�)� �o�f� �(�X�)� �o�v�e�r� �t�h�e� �f�i�e�l�d� �k�[�[�h�]�]� �o�f� �f�o�r�m�a�l� 
�p�o�w�e�r� �s�e�r�i�e�s� �i�n� �t�h�e� �p�a�r�a�m�e�t�e�r� �h�.� �H�e�r�e� �k� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �a� �f�i�e�l�d� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �z�e�r�o�.� 
�F�o�r� �e�a�c�h� �d�  ¬� �N� �c�o�n�s�i�d�e�r� �t�h�e� �s�e�t� �o�f� �r�e�l�a�t�i�o�n�s� 

�(�8�.�7�)� �R�e� �=� �{�x�j�2�j�;� �=� �2�j�;�4�;� �+� �F�e�e�(�2�)� �|�¢�<�J�j� �f�o�r� �1�,�7� �E�N�}� 

�n�y� �i�,� �s�u�c�h� 

�t�h�a�t� �7�1� �>�.�.�.� �>� �%� �a�n�d� �n�d�+� �y�o� �n�t�s�;� �-�1�)� �=�t�+�j ��d ��2�.� �W�e� �w�i�l�l� �c�a�l�l� �t�h�e�s�e� 
�m�o�n�o�m�i�a�l�s� �i�n� �c�a�n�o�n�i�c�a�l� �f�o�r�m�.� �T�h�u�s� �f�e�n� �(�2�)� �a�r�e� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �m�o�n�o�m�i�a�l�s� �i�n� 

�w�h�e�r�e� �S�a�(�2�)�  ¬� �k�{�[�h�]�]�(�X�)� �a�r�e� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �m�o�n�o�m�i�a�l�s� �h�z�"�.�.�.� 

�c�a�n�o�n�i�c�a�l� �f�o�r�m�.� �R�e�c�a�l�l� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�e�f�i�n�i�t�i�o�n�.� 

�D�e�f�i�n�i�t�i�o�n� �8�.�1�.� �T�h�e� �s�e�m�i�g�r�o�u�p� �a�l�g�e�b�r�a� �&�[�[�h�]�|�(�X�)� �h�a�s� �t�h�e� �P�o�i�n�c�a�r�é�-�B�i�r�k�h�o�f�f�-� 
�W�i�t�t� �(�P�B�W�)� �p�r�o�p�e�r�t�y� �i�f� �e�v�e�r�y� �m�o�n�o�m�i�a�l� �A�  ¬� �(�X�)� �c�a�n� �b�e� �r�e�d�u�c�e�d� �t�o� �a� �u�n�i�q�u�e� �e�x�p�r�e�s�-� 
�s�i�o�n� �a�s� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �m�o�n�o�m�i�a�l�s� �i�n� �c�a�n�o�n�i�c�a�l� �f�o�r�m� �u�s�i�n�g� �t�h�e� �s�e�t� �o�f� �r�e�l�a�t�i�o�n�s� 

�(�8�.�7�)� �i�n�d�e�p�e�n�d�e�n�t�l�y� �o�f� �t�h�e� �c�h�o�i�c�e� �o�f� �a� �r�e�d�u�c�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� 

�F�o�r� �e�x�a�m�p�l�e�,� �i�f� �w�e� �a�r�e� �g�i�v�e�n� �t�h�e� �m�o�n�o�m�i�a�l� �z�;�z�;�z�,� �t�h�e�n� �t�h�e� �t�w�o� �r�e�d�u�c�t�i�o�n� �p�r�o�c�e�-� 

�d�u�r�e�s� �s�t�a�r�t�i�n�g� �w�i�t�h� 

�T�i�l� �j�L�_ �� �(�2�j�T�i�E�+� �F�o�u�(�2�)�)�a�e� �e�e�e�,� 

�a�n�d� 

�L�i�L� �j�L�_� �>� �2�j�(�L�j�T�p�_�+� �F�o�a�n�(�2�)�)� �>�.�.�.� 

�s�h�o�u�l�d� �l�e�a�d� �t�o� �t�h�e� �s�a�m�e� �u�n�i�q�u�e� �c�a�n�o�n�i�c�a�l� �e�x�p�r�e�s�s�i�o�n�.� �T�h�e� �a�b�o�v�e� �d�e�f�i�n�i�t�i�o�n� �i�s� �e�q�u�i�v�-� 

�a�l�e�n�t� �t�o� �t�h�e� �a�s�s�e�r�t�i�o�n� �t�h�a�t� �t�h�e� �m�o�n�o�m�i�a�l�s� �i�n� �c�a�n�o�n�i�c�a�l� �f�o�r�m� �c�o�m�p�r�i�s�e� �a� �b�a�s�i�s� �f�o�r� 

�k�[�[�A�]�|�{�X�)� �a�s� �a� �v�e�c�t�o�r� �s�p�a�c�e� �o�v�e�r� �&�{�[�h�]�]�.� �W�e� �s�h�a�l�l� �u�s�e� �a� �r�e�s�u�l�t� �k�n�o�w�n� �a�s� �t�h�e� �D�i�a�m�o�n�d� 
�L�e�m�m�a� �[�B�e�]�.� �L�e�t� �u�s� �d�e�f�i�n�e� �a� �t�o�t�a�l� �o�r�d�e�r� �<� �o�n� �t�h�e� �s�e�t� �X� �b�y� �x�1� �<� �4�2� �<�.�.�.�<� �a�n� �<�.�.�.�.� 

�D�e�f�i�n�e� �a� �m�i�s�o�r�d�e�r�i�n�g� �i�n�d�e�x� �[�B�e�]� �o�f� �a�n� �e�l�e�m�e�n�t� �z�;�,� �.�.�.�z�;�,�  ¬� �(�X�)�}� �a�s� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�i�r�s� 
�(�p�,�q�)� �s�u�c�h� �t�h�a�t� �p� �<� �q� �b�u�t� �z�;�,� �>� �z�;�,�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� �z�;�,� �<� �7�,� �<� �.�.�.� �<� �2�;�,� �t�h�e� 

�m�i�s�o�r�d�e�r�i�n�g� �i�n�d�e�x� �i�s� �0�,� �i�f� �x�;�,� �>� �x�i�,� �>�.�.�.� �>� �2�;� �t�h�e�n� �t�h�e� �m�i�s�o�r�d�e�r�i�n�g� �i�n�d�e�x� �i�s� �m�n� 

�O�n�e� �d�e�f�i�n�e�s� �a� �p�a�r�t�i�a�l� �o�r�d�e�r� �<� �o�n� �(�X�)� �b�y� �s�e�t�t�i�n�g� �A� �<� �B� �i�f� �A� �h�a�s� �a� �s�m�a�l�l�e�r� �l�e�n�g�t�h� �t�h�a�n� 
�B�,� �o�r� �i�f� �A� �i�s� �a� �p�e�r�m�u�t�a�t�i�o�n� �o�f� �t�h�e� �t�e�r�m�s� �o�f� �B� �b�u�t� �h�a�s� �a� �s�m�a�l�l�e�r� �m�i�s�o�r�d�e�r�i�n�g� �i�n�d�e�x�.� 

�T�h�e�n� �t�h�e� �l�.�h�.�s�.� �o�f� �e�a�c�h� �o�f� �t�h�e� �r�e�l�a�t�i�o�n�s� �f�r�o�m� �t�h�e� �s�e�t� �R�?� �i�s� �s�m�a�l�l�e�r� �t�h�a�n� �e�v�e�r�y� �m�o�n�o�m�i�a�l� 
�o�n� �t�h�e� �r�.�h�.�s�.� �A�l�s�o� �i�t� �i�s� �e�a�s�y� �t�o� �v�e�r�i�f�y� �t�h�a�t� �e�v�e�r�y� �r�e�d�u�c�t�i�o�n� �p�r�o�c�e�d�u�r�e� �u�s�i�n�g� �t�h�e� �s�e�t� �o�f� 

�r�e�l�a�t�i�o�n�s� �R�¢� �t�e�r�m�i�n�a�t�e�s�.� �U�n�d�e�r� �t�h�e�s�e� �c�o�n�d�i�t�i�o�n�s� �t�h�e� �D�i�a�m�o�n�d� �L�e�m�m�a� �a�s�s�e�r�t�s� �t�h�a�t� 
�t�h�e� �s�e�m�i�g�r�o�u�p� �a�l�g�e�b�r�a� �k�|�[�h�]�]�(�X�)� �h�a�s� �t�h�e� �P�B�W� �p�r�o�p�e�r�t�y�.� 

�D�e�f�i�n�i�t�i�o�n� �8�.�2�.� �F�o�r� �e�a�c�h� �d�  ¬� �N�a� �q�u�a�n�t�u�m� �s�e�m�i�g�r�o�u�p� �G�o�t�h� �i�s� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�.� 
�A�s� �a� �q�u�a�n�t�u�m� �s�p�a�c�e� �G�e�o�i�h� �i�s� �d�e�f�i�n�e�d� �b�y� �i�t�s� �f�a�c�t�o�r� �s�e�m�i�g�r�o�u�p� �a�l�g�e�b�r�a� �o�f� �c�o�o�r�d�i�n�a�t�e



�1�1�5� 

�f�u�n�c�t�i�o�n�s� �k�[�[�A�]�]�(�X�)�/�Z�?� �=� �F�u�n�(�G�3�1�,�)�;� �w�h�e�r�e� �T�f� �C� �&�[�[�h�]�]�(�X�)� �i�s� �t�h�e� �i�d�e�a�l� �g�e�n�e�r�a�t�e�d� �b�y� 
�t�h�e� �s�e�t� �o�f� �r�e�l�a�t�i�o�n�s� �(�8�.�7�)�,� �a�n�d� �w�e� �r�e�q�u�i�r�e� �t�h�a�t� �i�n� �t�h�e� �q�u�a�s�i�-�c�l�a�s�s�i�c�a�l� �l�i�m�i�t� 

�[�z�;�,�2�;�]� �=� �h�{�z�x�;�,�2�;�}� �+� �O�(�h�?�)� 

�o�n�e� �o�b�t�a�i�n�s� �t�h�e� �P�o�i�s�s�o�n� �a�l�g�e�b�r�a� �o�f� �f�u�n�c�t�i�o�n�s� �o�n� �t�h�e� �P�o�i�s�s�o�n�-�L�i�e� �g�r�o�u�p� �G�%�,� �d�e�f�i�n�e�d� �b�y� 

�(�8�.�2�)�.� �T�h�e� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �o�f� �f�o�r�m�a�l� �p�o�w�e�r� �s�e�r�i�e�s� �i�n� �o�n�e� �v�a�r�i�a�b�l�e� �u�n�d�e�r� �t�h�e� �o�p�e�r�a�t�i�o�n� 

�o�f� �s�u�b�s�t�i�t�u�t�i�o�n� 

�(�V�Y�)� �(�u�)� �=� �¥� �(�Y�(�u�)�)�,� 
�w�h�e�r�e� �¥�(�u�)� �=� �5�°�2�2�,� �c�i�u�'�,� �a�n�d� �V�(�u�)� �=� �5�2�,� �y�i�u�'�,� �g�i�v�e�s� �r�i�s�e� �t�o� �a� �c�o�m�u�l�t�i�p�l�i�c�a�t�i�o�n� �m�a�p� 

�A�:� �F�u�n�(�G�o�j�n�)�  �� �F�u�n�(�G�@�3�i�n�)� �@� �F�u�n�(�G�@�o�o�i�n�)�;� 

�w�h�i�c�h� �i�s� �d�e�f�i�n�e�d� �o�n� �t�h�e� �g�e�n�e�r�a�t�o�r�s� �b�y� 

�A�(�z�x�)� �=� �>� �2�:� �®� �S�-� �L�j�,� �+� �L�5�;� �K�E�N�.� 

�A�l�s�o� �o�n�e� �d�e�f�i�n�e�s� �a� �c�o�u�n�i�t� �m�a�p� �c�:� �F�u�n�(�G�s�j�n�)�  �� �k�[�[�A�]�]� �b�y� 

�c�(�z�j�)�=� �6�}�,� �1�E�N�.� 

�T�h�i�s� �e�n�d�o�w�s� �F�u�n�(�G�e�i�n�)� �w�i�t�h� �a� �s�t�r�u�c�t�u�r�e� �o�f� �a� �b�i�a�l�g�e�b�r�a� �a�n�d� �t�h�e� �q�u�a�n�t�u�m� �s�e�m�i�g�r�o�u�p� 
�G�e�o�i�h� �i�s� �d�e�f�i�n�e�d� �t�o� �b�e� �t�h�e� �b�i�a�l�g�e�b�r�a� �F�u�n�(�G�,�)�,�)�-� �I�n� �o�r�d�e�r� �t�o� �d�o� �c�o�m�p�u�t�a�t�i�o�n�s� �w�e� 
�w�i�l�l� �i�n�t�r�o�d�u�c�e� �t�h�e� �n�o�t�i�o�n� �o�f� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �o�f� �c�o�m�m�u�t�i�n�g� �p�o�i�n�t�s� �o�f� �G�o�o�n�:� �L�e�t� �A� �b�e� 

�a� �n�o�n�-�c�o�m�m�u�t�a�t�i�v�e� �a�l�g�e�b�r�a� �o�v�e�r� �k�[�[�h�]�]�.� �D�e�f�i�n�e� �t�h�e� �s�e�t� �H�o�m�g�r�t�a�y ��a�t�g�(�F�u�n�(�G�,�,�)�;� �A�)� 
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�g�e�n�e�r�a�t�o�r�s� �o�f� �F�u�n�(�G�3�.�)�,�)�:� �T�h�e�n� �w�e� �o�b�t�a�i�n� �t�h�a�t� 
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�w�h�e�r�e� �Z� �i�s� �t�h�e� �s�e�t� �Z� �=� �{�z�y�}�x�e�n� �w�i�t�h� �z�, ��s� �g�i�v�e�n� �b�y� 

�(�8�.�8�)� �e�k� �=� �3� �x�;� �>� �Y�j� �Y�i� �k�e� �N�,� 

�a�n�d� �w�h�e�r�e� �J�(�X�,�Y ��)� �i�s� �t�h�e� �i�d�e�a�l� �i�n� �k�[�{�h�]�]�(�X�,�Y�)� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �s�e�t� �o�f� �r�e�l�a�t�i�o�n�s� 
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�M�o�r�e�o�v�e�r� �t�h�e� �s�e�m�i�g�r�o�u�p� �a�l�g�e�b�r�a� �k�{�[�h�]�}�(�X�)� �h�a�s� �t�h�e� �P�o�i�n�c�a�r�é�-�B�i�r�k�h�o�f�f�-� �W�i�t�t� �p�r�o�p�e�r�t�y�.� 

�P�r�o�o�f�.� �T�h�e� �p�r�o�o�f� �i�s� �c�o�n�s�t�r�u�c�t�i�v�e�.� �W�e� �l�o�o�k� �f�o�r� �a� �s�e�t� �o�f� �r�e�l�a�t�i�o�n�s� �R�?� �i�n� �&�l�[�h�]�]�(�X�)� 
�i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m� 

�y�l� �=� �L�7�2�1� 

�1�1�2�3� �=� �2�3�2�,� �+� �h�( ��x�?� �+� �x�t�)� 

�1�2�3� �=� �@�3�L�q� �+� �h�( ��2�r�p�x�,� �+� �1�2�2�3�)� 

�2�y�L�q� �=� �1�4�X�,� �+� �h�( ��2�r�Q�2�,� �+� �3�2�2�7�9�)� 

�L�o�L�4� �=� �L�4�T�_� �+� �h�( ��4�2�3� �+� �3�2�3�2�7�)� �+� �h�?� �f�y� �(�2�1�)� 

�3�2�4� �=� �¢�4�r�3� �+� �h�(�4�r�q�x�,�  �� �L�a�r�y�  �� �6�7�3�2�2� �+� �3�2�3�2�9�2�7�)� 

�+� �2�h�?�2�x�9� �f�o�(�2�1�)� 

�D�1�2�5� �=� �F�5�2�1� �+� �h�( ��3�x�3�2�,� �+� �3�2�3�2�7� �+� �3�2�3�2�3�)� 

�+� �h�?� �f�(�2�1�)� 

�©�o�L�5� �=� �L�5�l�q� �+� �h�( ��G�r�g�x�q� �+� �3�2�5�4�2�)� �+� �3�2�3�2�2�2�7�)� 

�+� �h�?�x�2�f�a�(�x�1�)� 

�1�3�2�5� �=� �L�5�7�3� �+� �A�(�S�z�r�5�2�1� �_� �9�x�3� �+� �3�a�3�r�3�2�1� �+� �3�x�2�2�}�  �� �I�5�r�%�)� 

�+� �h�?� �(�x�3� �f�s�(�2�1�)� �+� �x�2� �f�e�(�z�1�)�]� 

�+� �h�°� �f�r�(�2�1�)



�1�2�0� 

�L�q�l�s� �=� �L�5�r�q� �+� �h�(�l�O�x�s�r�2�  �� �1�2�r�4�x�3� �4�+� �3�2�4�x�2�2�1� �+� �3�x�q�x�3�x�7�  �� �3�2�5�2�2�2�7�)� 

�+� �h�?� �(�x�4� �f�a�(�t�1�)� �+� �t�3�t�2�f�o�(�t�1�)� �+� �2�3� �f�1�0�(�2�1�)�]� 

�(�8�.�1�4�)� �+� �h�e�r�o� �f�i�r�(�a�1�)�,� 

�w�h�e�r�e� �{�f�i� �}�1�<�i�c�i�1� �i�s� �a� �s�e�t� �o�f� �a�r�b�i�t�r�a�r�y� �f�u�n�c�t�i�o�n�s�.� �S�i�n�c�e� �t�h�e� �d�e�g�r�e�e� �o�f� �A� �i�s� �|�A�|� �=� �2� �a�n�d� 

�t�h�e� �d�e�g�r�e�e� �o�f� �z�;� �i�s� �|�r�;�|� �=� �0� �t�h�i�s� �i�s� �t�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �f�o�r�m� �o�f� �t�h�e� �s�e�t� �o�f� �r�e�l�a�t�i�o�n�s� �t�h�a�t� 
�o�n�e� �c�a�n� �h�a�v�e� �s�u�c�h� �t�h�a�t� �t�h�e�i�r� �q�u�a�s�i�-�c�l�a�s�s�i�c�a�l� �l�i�m�i�t� �g�i�v�e�s� �t�h�e� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e� �o�n� 
�G�2�.� 

�I�f�z�=� �a�y�e� �G�o�i�n� �i�s� �t�h�e� �p�r�o�d�u�c�t� �o�f� �t�w�o� �c�o�m�m�u�t�i�n�g� �p�o�i�n�t�s� �r�,�y�  ¬� �G�e�i�n� �t�h�e�n� �i�t�s� 

�c�o�o�r�d�i�n�a�t�e� �f�u�n�c�t�i�o�n�s� �z�;�,� �1� �<�7� �<� �5� �s�h�o�u�l�d� �s�a�t�i�s�f�y� �t�h�e� �s�e�t� �o�f� �r�e�l�a�t�i�o�n�s� �(�8�.�1�4�)�.� �T�h�i�s� �l�e�a�d�s� 
�t�o� �s�o�m�e� �r�e�s�t�r�i�c�t�i�o�n�s� �o�n� �t�h�e� �f�u�n�c�t�i�o�n�s� �f�;�(�z�)�.� �U�s�i�n�g� �t�h�e� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �f�o�r�m�u�l�a�e� �(�8�.�1�3�)� 
�o�n�e� �c�a�n� �s�e�e� �t�h�a�t� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �f�u�n�c�t�i�o�n�s� �o�f� �z� �s�a�t�i�s�f�y� �t�h�e� �f�i�r�s�t� �f�o�u�r� �r�e�l�a�t�i�o�n�s� �o�f� �(�8�.�1�4�)� 
�i�d�e�n�t�i�c�a�l�l�y�.� �T�h�i�s� �i�s� �d�o�n�e� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �f�o�r�m�u�l�a�e� �f�o�r� �t�h�e� �f�u�n�c�t�i�o�n�s� �z�;� �i�n�t�o� �t�h�e� 

�r�e�l�a�t�i�o�n�s� �a�n�d� �r�e�d�u�c�i�n�g� �b�o�t�h� �s�i�d�e�s� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�e�l�a�t�i�o�n� �t�o� �a� �c�a�n�o�n�i�c�a�l� �f�o�r�m� 

�w�h�i�c�h� �y�i�e�l�d�s� �a�n� �i�d�e�n�t�i�t�y�.� �I�n� �a� �s�i�m�i�l�a�r� �w�a�y� �o�n�e� �o�b�t�a�i�n�s� �f�u�n�c�t�i�o�n�a�l� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� 

�f�u�n�c�t�i�o�n�s� �f�;�(�z�)� �f�r�o�m� �t�h�e� �r�e�m�a�i�n�i�n�g� �s�i�x� �r�e�l�a�t�i�o�n�s�.� 

�W�e� �w�i�l�l� �a�n�a�l�y�s�e� �f�i�r�s�t� �t�h�e� �e�q�u�a�t�i�o�n�s� �t�h�a�t� �a�r�i�s�e� �f�r�o�m� �t�e�r�m�s� �o�f� �o�r�d�e�r� �h�?�.� 

�(�a�)� �A�f�t�e�r� �r�e�d�u�c�i�n�g� �b�o�t�h� �s�i�d�e�s� �o�f� �t�h�e� �r�e�l�a�t�i�o�n� 

�2�9�2�4� �=� �2�4�2�q� �+� �h�( ��4�2�2� �+� �3�2�2�2�?�)� �+� �h�?� �f�,� �(�2�1�)� 

�t�o� �a� �c�a�n�o�n�i�c�a�l� �f�o�r�m� �u�s�i�n�g� �t�h�e� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �f�o�r�m�u�l�a�e� �(�8�.�1�3�)� �w�e� �o�b�t�a�i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� 
�l�i�n�e�a�r� �f�u�n�c�t�i�o�n�a�l� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �f�u�n�c�t�i�o�n� �f�i�(�z�)�:� 

 ��f�i�(�z�i�y�i�)� �+� �7� �f�i�(�y�)� �+� �y�f� �f�i�l�e�r�)� �=� �0�.� 

�F�r�o�m� �n�o�w� �o�n� �s�i�n�c�e� �a�l�l� �t�h�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �f�u�n�c�t�i�o�n�s� �f�;� �w�i�l�l� �d�e�p�e�n�d� �o�n�l�y� �o�n� �t�h�e� 

�v�a�r�i�a�b�l�e�s� �x�1�,� �y�;� �w�e� �w�i�l�l� �u�s�e� �t�h�e� �n�o�t�a�t�i�o�n� �z� �=� �2�;� �a�n�d� �y� �=� �y�,�;�.� �T�h�e�r�e�f�o�r�e� �w�e� �h�a�v�e� 

�(�8�.�1�5�)�  ��f�i�l�z�y�)� �+� �x�"� �f�i�l�y�)� �+� �y ��f�a�(�z�)� �=� �0�.� 

�T�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�s� 

�(�8�.�1�6�)� �f�(�z�)� �=� �C�\�(�a�®�  �� �2�°�)�,� 

�w�h�e�r�e� �C�)�  ¬� �&� �i�s� �a�n� �a�r�b�i�t�r�a�r�y� �c�o�n�s�t�a�n�t�.� �T�h�e�r�e� �a�r�e� �n�o� �t�e�r�m�s� �o�f� �h�i�g�h�e�r� �o�r�d�e�r� �i�n� �A� �t�h�a�t� 
�a�r�i�s�e� �i�n� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�i�s� �r�e�l�a�t�i�o�n�.� �W�e� �m�o�v�e� �o�n� �t�o� �t�h�e� �n�e�x�t�.



�1�2�1� 

�(�b�)� �A�g�a�i�n� �a�f�t�e�r� �r�e�d�u�c�i�n�g� �t�o� �a� �c�a�n�o�n�i�c�a�l� �f�o�r�m� �b�o�t�h� �s�i�d�e�s� �o�f� 

�z�g�Z�4� �=� �2�4�2�3� �+� �A�(�4�z�q�z�,�  �� �2�4�2�2�  �� �6�2�3�2�2� �+� �3�2�3�2�9�2�7�)� �+� �2�h�?� �2�2� �f�o�(�z�2�1�)� 

�w�e� �o�b�t�a�i�n� �t�w�o� �e�q�u�a�t�i�o�n�s�.� �O�n�e� �o�f� �t�h�e�m� �a�r�i�s�e�s� �f�r�o�m� �a� �t�e�r�m� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �2�,� �i�.�e�.� �w�e� 

�h�a�v�e� �a� �t�e�r�m� �o�f� �t�h�e� �f�o�r�m� 

�x�2�[ ��y�i� �f�o�(�z�i�y�n�)� �+� �(�2�  �� �2�C�i�)� �i�y�;� �+� �y�j� �f�o�(�a�1�)� �+� �( ��2� �+� �2�C�1�)�z�i�y�j�]�.� 

�I�t� �l�e�a�d�s� �t�o� �t�h�e� �e�q�u�a�t�i�o�n� 

�(�8�.�1�7�)�  ��y�?� �f�o�(�z�y�)� �+� �(�2�  ��2�C�,�)� �z�y�?� �+� �y�"� �f�o�(�x�)� �+� �(�-�2� �+� �2�C�,�)� �z�y�"� �=� �0�.� 

�T�h�e� �t�e�r�m� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �y�2� �l�e�a�d�s� �t�o� 

�(�8�.�1�8�)�  ��x�f�o�(�c�y�)� �+� �x�?� �f�o�(�y�)�  �� �2�C�,�2�7�y�*� �+� �2�C�,�2�%�y�?� �=� �0�.� 

�S�o�l�v�i�n�g� �(�8�.�1�7�)� �a�n�d� �(�8�.�1�8�)� �t�o�g�e�t�h�e�r� �w�e� �o�b�t�a�i�n� 

�(�8�.�1�9�)� �f�o�(�x�)� �=� �(�2�  ��2�C�,�)�z� �+� �2�C�i�z�°�.� 

�T�h�e�r�e� �a�r�e� �n�o� �t�e�r�m�s� �o�f� �h�i�g�h�e�r� �o�r�d�e�r� �i�n� �/� �a�r�i�s�i�n�g� �f�r�o�m� �t�h�i�s� �r�e�l�a�t�i�o�n�.� 

�A�t� �t�h�i�s� �s�t�a�g�e� �o�f� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �w�e� �c�h�e�c�k� �w�h�e�t�h�e�r� �t�h�e� �P�B�W� �p�r�o�p�e�r�t�y� �i�s� �s�a�t�i�s�f�i�e�d� 

�i�n� �t�h�e� �s�u�b�a�l�g�e�b�r�a� �o�f� �k�[�[�h�]�|�(�X�)� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �s�e�t� �{�x�,�,�2�2�,�2�3�,�2�4�}� �a�n�d� �s�u�b�j�e�c�t� �t�o� 
�t�h�e� �f�i�r�s�t� �s�i�x� �r�e�l�a�t�i�o�n�s� �o�f� �(�8�.�1�4�)�.� �B�y� �d�i�r�e�c�t� �c�a�l�c�u�l�a�t�i�o�n�,� �u�s�i�n�g� �t�h�e� �D�i�a�m�o�n�d� �L�e�m�m�a�,� 
�o�n�e� �s�h�o�w�s� �t�h�a�t� �t�h�e� �m�o�n�o�m�i�a�l� �z�2�7�3�2�r�4� �c�a�n� �b�e� �r�e�d�u�c�e�d� �t�o� �a� �u�n�i�q�u�e� �c�a�n�o�n�i�c�a�l� �f�o�r�m� �i�f� 

�a�n�d� �o�n�l�y� �i�f� �C�,� �=� �0�.� �T�h�e� �o�t�h�e�r� �p�o�s�s�i�b�l�e� �m�o�n�o�m�i�a�l�s� �o�f� �t�h�r�e�e� �v�a�r�i�a�b�l�e�s� �h�a�v�e� �a� �u�n�i�q�u�e� 

�c�a�n�o�n�i�c�a�l� �f�o�r�m�.� �T�h�e�r�e�f�o�r�e� �w�e� �o�b�t�a�i�n� �t�h�a�t� 

�(�8�.�2�0�)� �f�i�(�z�)�=�0� �a�n�d� �=� �f�o�(�x�)� �=� �2�c�.� 

�(�c�)� �T�h�e�n� �t�h�e� �n�e�x�t� �r�e�l�a�t�i�o�n� 

�2�1�2�5� �=� �2�5�2�1� �+� �h�( ��3�z�3�2�,� �+� �3�2�3�2�?� �+� �3�z�3�2�z�7�)� �+� �h�?� �f�a�(�z�,�)�,� 

�a�f�t�e�r� �a� �r�e�d�u�c�t�i�o�n� �t�o� �a� �c�a�n�o�n�i�c�a�l� �f�o�r�m� �l�e�a�d�s� �t�o� �t�h�e� �e�q�u�a�t�i�o�n� 

�(�8�.�2�1�)�  ��f�s�(�r�y�)� �+� �2 �� �f�a�(�y�)� �+� �6�2�7�y�*� �+� �y�°� �f�a�(�x�)�  �� �6�x�*�y�*�  �� �6�x�*�y�®� �+� �B�r�y�?� �=� �0�.� 
�T�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�s� �g�i�v�e�n� �b�y� 

�(�8�.�2�2�)� �f�a�(�x�)� �=� �6�2�?�  �� �6�x�*� �+� �C�2�(�2�°�  �� �2 ��)�,



�1�2�2� 

�w�h�e�r�e� �C�2�  ¬� �k� �i�s� �a�n� �a�r�b�i�t�r�a�r�y� �c�o�n�s�t�a�n�t�.� �T�h�e�r�e� �a�r�e� �n�o� �t�e�r�m�s� �o�f� �o�r�d�e�r� �h�?� �o�r� �h�i�g�h�e�r� �t�h�a�t� 

�a�r�i�s�e� �a�f�t�e�r� �t�h�e� �r�e�d�u�c�t�i�o�n� �t�o� �a� �c�a�n�o�n�i�c�a�l� �f�o�r�m� �o�f� �t�h�e� �a�b�o�v�e� �r�e�l�a�t�i�o�n�.� 

�(�d�)� �T�h�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �n�e�x�t� �r�e�l�a�t�i�o�n� 

�2�9�2�5� �=� �2�5�2�2� �+� �h�( ��6�z�3�2�2� �+� �3�2�3�2�,� �+� �3�2�3�2�9�2�7�)� �+� �h�?� �2�0� �f�4�(�2�1�)� 

�l�e�a�d�s� �t�o� �t�w�o� �e�q�u�a�t�i�o�n�s�.� �O�n�e� �o�f� �t�h�e�m� �a�r�i�s�e�s� �f�r�o�m� �a� �t�e�r�m� �o�f� �t�h�e� �f�o�r�m� 

�h�?�a�o�[ ��y�t� �f�a�(�t�i�y�r�)� �+� �(�1�5�  �� �2�C�2�)�a�r�y�?� �+� �y�p� �f�a�l�a�r�)�  �� �9�e�q�y�p� �+� �(�-�1�5� �+� �2�C�a�)�a�r�y�z� �+� �9�e�t�y�l�]�.� 

�S�e�t�t�i�n�g� �i�t� �t�o� �z�e�r�o� �g�i�v�e�s� 

�(�8�.�2�3�)�  ��y�?� �f�a�(�x�y�)� �+� �(�1�5�  �� �2�C�2�)�z�y�®� �+� �y� �f�a�(�x�)�  �� �9�a�°�y�®� �+� �( ��1�5� �+� �2�C�2�)� �z�y �� �+� �9�x�?� �y�"� �=� �0�.� 

�T�h�e� �s�e�c�o�n�d� �e�q�u�a�t�i�o�n� �c�o�m�e�s� �f�r�o�m� �a� �t�e�r�m� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �h�?�y�2� �a�n�d� �r�e�a�d�s� 

�(�8�.�2�4�)�  ��a�x�f�x�(�x�y�)� �+� �2�?� �f�a�(�y�)� �+� �9�2�?� �y�?�  �� �9�x�4�y�?�  �� �C�o�x�*�y�?� �+� �C�o�x�®�y�®� �=� �0�.� 

�S�o�l�v�i�n�g� �t�o�g�e�t�h�e�r� �(�8�.�2�3�)� �a�n�d� �(�8�.�2�4�)� �o�n�e� �o�b�t�a�i�n�s� 

�(�8�.�2�5�)� �f�a�(�z�)� �=� �(�1�5�  �� �2�C�2�)�2�  �� �9�2�°� �+� �C�p�2�°�.� 

�T�h�e�r�e� �a�r�e� �n�o� �t�e�r�m�s� �o�f� �h�i�g�h�e�r� �o�r�d�e�r� �i�n� �A� �t�h�a�t� �d�o� �n�o�t� �c�a�n�c�e�l� �a�f�t�e�r� �t�h�e� �r�e�d�u�c�t�i�o�n� �t�o� �a� 

�c�a�n�o�n�i�c�a�l� �f�o�r�m�.� 

�(�e�)� �W�e� �m�o�v�e� �o�n� �t�o� �t�h�e� �n�e�x�t� �r�e�l�a�t�i�o�n� �w�h�i�c�h� �g�i�v�e�s� 

�2�3�2�5� �=� �2�5�2�3� �+� �h�(�5�z�5�2�1�  �� �9�2�3� �+� �3�z�3�z�3�2�,� �+� �3�2�9�2�?�  �� �2�5�2�?�)� 

�+�h�?� �[�a�s� �f�o�(�z�x�)� �+� �f�o�(�z�r�)�|� �+� �A�?� �f�r�(�z�1�)�.� 
�T�e�r�m�s� �o�f� �o�r�d�e�r� �A�?� �g�i�v�e� �r�i�s�e� �t�o� �f�i�v�e� �f�u�n�c�t�i�o�n�a�l� �e�q�u�a�t�i�o�n�s� �w�h�i�c�h� �w�e� �n�o�w� �d�e�s�c�r�i�b�e�.� 
�(�i�)� �A� �t�e�r�m� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �z�3� �g�i�v�e�s� �r�i�s�e� �t�o� 

�(�8�.�2�6�)�  ��y� �f�s�(�x�y�)� �+� �(�6�  �� �3�C�2�)�z�y�*� �+� �y�®� �f�s�(�x�)� �+� �6�°� �y�®�  �� �6�x�7� �y�®� �+� �( ��6� �+� �3�C�,�)�z�y�®� �=� �0�,� 

�a�n�d� �a� �t�e�r�m� �p�r�o�r�t�i�o�n�a�l� �t�o� �y�3� �g�i�v�e�s� �r�i�s�e� �t�o� �t�h�e� �e�q�u�a�t�i�o�n� 

�(�8�.�2�7�)�  ��a�x�f�s�(�x�y�)� �+�2�7� �f�s�(�y�)�  �� �6�x�7�y�?� �+� �6�r�t�y�®� �+� �(�3�  �� �C�z�)�x�?�y�®� �+� �(�-�3� �+� �C�2�)� �2�®�y�*�®� �=� �0�.� 

�S�o�l�v�i�n�g� �(�8�.�2�6�)� �a�n�d� �(�8�.�2�7�)� �t�o�g�e�t�h�e�r� �w�e� �o�b�t�a�i�n� �f�o�r� �f�s� 

�(�8�.�2�8�)� �f�s�(�x�)� �=� �(�6�  ��3�C�2�)�z� �+� �6�2�°� �+� �( ��3� �+� �C�2�)�2�°�.



�1�2�3� 

�(�i�i�)� �T�e�r�m�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �2�2� �a�n�d� �y�?� �g�i�v�e� �r�i�s�e� �t�o� �a�n�o�t�h�e�r� �t�w�o� �f�u�n�c�t�i�o�n�a�l� �e�q�u�a�t�i�o�n�s�:� 

�(�8�.�2�9�)�  ��y�"�f�o�l�z�y�)� �+� �y�°� �f�o�(�x�)� �=� �0�,� 

�a�n�d� 

�(�8�.�3�0�)�  ��x �� �f�e�(�x�y�)� �+� �x�*� �f�e�y�)� �=� �0� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �o�n�l�y� �s�o�l�u�t�i�o�n� �t�h�a�t� �s�a�t�i�s�f�i�e�s� �b�o�t�h� �(�8�.�2�8�)� �a�n�d� �(�8�.�2�9�)� �i�s� 

�(�8�.�3�1�)� �f�e�(�x�)� �=� �0�.� 

�(�i�i�i�)� �T�h�e� �l�a�s�t� �t�e�r�m� �f�r�o�m� �t�h�e� �t�e�r�m�s� �o�f� �o�r�d�e�r� �h�?� �i�s� �a� �t�e�r�m� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �z�2�y�2� �w�h�i�c�h� 

�g�i�v�e�s� �r�i�s�e� �t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� �f�o�r� �f�;� �a�n�d� �f�e�:� 

�(�8�.�3�2�)� �~�2�y�f�s�(�r�y�)� �+� �(�1�2�  ��6�C�2�)�z�y�?�  �� �2�z�y�?� �f�e�(�x�y�)� �+� �1�2�x�%�y�*� �+� �(�-�6� �+� �2�C�2�)�x�°�y�®� �=� �0�.� 

�A�f�t�e�r� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n�s� �(�8�.�2�5�)� �a�n�d� �(�8�.�3�1�)� �i�n�t�o� �(�8�.�3�2�)� �w�e� �o�b�t�a�i�n� �t�h�a�t� �i�t� �i�s� 
�s�a�t�i�s�f�i�e�d� �i�d�e�n�t�i�c�a�l�l�y�.� �T�h�e�r�e� �i�s� �o�n�e� �t�e�r�m� �o�f� �o�r�d�e�r� �h�®� �t�h�a�t� �a�r�i�s�e�s� �w�h�i�c�h� �g�i�v�e�s� �r�i�s�e� �t�o� 

�(�8�.�3�3�)� �x �� �f�o�(�y�)� �+� �y�°� �f�o�l�)�  �� �f�r�(�a�y�)� �=� �0�.� 

�T�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �o�f� �(�8�.�3�3�)� �i�s� �g�i�v�e�n� �b�y� 

�(�8�.�3�4�)� �f�r�(�x�)� �=� �C�3�(�2�*�  �� �2�°�)�,� 

�w�h�e�r�e� �C�3�  ¬� �k� �i�s� �a�n� �a�r�b�i�t�r�a�r�y� �c�o�n�s�t�a�n�t�.� �N�o� �t�e�r�m�s� �o�f� �h�i�g�h�e�r� �o�r�d�e�r� �i�n� �h� �a�r�i�s�e�.� 

�(�f�)� �T�h�e� �l�a�s�t� �r�e�l�a�t�i�o�n� �t�o� �b�e� �a�n�a�l�y�z�e�d� �i�s� 

�2�2�5� �=� �2�5�2�4� �+� �A�(�1�O�Z�5�z�q�  �� �1�2�2�4�2�3� �+� �3�2�4�2�3�2�,� �+� �3�2�4�2�3�2�7�  �� �3�2�5�2�2�2�4�)� 

�+� �h�?� �z�a� �f�a�(� �2�1�)� �+� �2�3�2�0� �f�o�(�2�1�)� �+� �2�3� �f�i�o�(�2�1� �|� �+� �h�z� �f�i�i� �(�2�1�)�.� 

�A�f�t�e�r� �r�e�d�u�c�i�n�g� �t�o� �a� �c�a�n�o�n�i�c�a�l� �f�o�r�m� �b�o�t�h� �s�i�d�e�s� �o�f� �t�h�e� �a�b�o�v�e� �r�e�l�a�t�i�o�n� �w�e� �o�b�t�a�i�n� �t�e�n� 
�t�e�r�m�s� �o�f� �o�r�d�e�r� �h�?� �t�h�a�t� �d�o� �n�o�t� �c�a�n�c�e�l� �a�n�d� �t�w�o� �t�e�r�m�s� �o�f� �o�r�d�e�r� �h�?�.� �W�e� �a�n�a�l�y�z�e� �f�i�r�s�t� �t�h�e� 

�t�e�r�m�s� �o�f� �o�r�d�e�r� �h�?�.� 
�(�i�)� �T�w�o� �t�e�r�m�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �2�4� �a�n�d� �y�4� �g�i�v�e� �r�i�s�e� �t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�w�o� �e�q�u�a�t�i�o�n�s� 

�(�8�.�3�5�)�  ��y�*� �f�(�x�y�)� �+� �( ��6�  �� �4�C�2�)�z�y�®� �+� �y�?� �f�e�(�z�)� �+� �9�a�°�y �� �+� �(�6�+� �4�C�,�)�z�r�y�?�  �� �9�2� �y�°� �=� �0�,� 

�a�n�d� 

�(�8�.�3�6�)�  ��a�f�e�(�z�y�)� �+� �2�°� �f�e�(�y�)�  �� �9�x�?�y�®� �+� �9�r�t�y�?� �+� �(�3�  �� �C�o�)�2 ��y�*� �+� �( ��3� �+� �C�2�)�2�°�y�*� �=� �0



�1�2�4� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �o�f� �(�8�.�3�5�)� �a�n�d� �(�8�.�3�6�)� �i�s� 

�(�8�.�3�7�)� �f�a�(�x�)� �=� �(�-�6�  �� �4�C�)�z�x� �+� �9�2�°� �+� �(�-�3� �+� �C�2�)�2�°�.� 

�(�i�i�)� �T�e�r�m�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �r�3�r�q� �a�n�d� �y�s�y�2� �g�i�v�e� �r�i�s�e� �t�o� �t�h�e� �e�q�u�a�t�i�o�n�s� 

�(�8�.�3�8�)� �6�y�°�  �� �y �� �f�o�(�z�y�)�  �� �6�y�?� �+� �y�?� �f�o�(�z�)� �=� �0�,� 

�a�n�d� 

�(�8�.�3�9�)�  ��x�"� �f�o�(�z�y�)� �+� �x�?� �f�o�(�y�)� �=� �0�.� 

�T�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m� �(�8�.�3�8�)� �a�n�d� �(�8�.�3�9�)� �i�s� 

�(�8�.�4�0�)� �f�o�(�x�)� �=� �6�.� 

�(�i�i�i�)� �A� �t�e�r�m� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �r�3�y�2� �g�i�v�e�s� �r�i�s�e� �t�o� 

�(�8�.�4�1�)�  ��3�y�?� �f�e�(�x�y�)� �+� �( ��1�2�  �� �1�2�C�2�)�r�y�®�  �� �z�y�®� �f�o�(�x�y�)� �+� �2�7�2�°�y�*� �+� �( ��9� �+� �3�C�2�)�x�°�y �� �=� �0�.� 

�A�f�t�e�r� �s�u�b�s�t�i�t�u�t�i�n�g� �(�8�.�3�7�)� �a�n�d� �(�8�.�4�0�)� �i�n�t�o� �(�8�.�4�1�)� �i�t� �y�i�e�l�d�s� �a�n� �i�d�e�n�t�i�t�y�.� �S�i�m�i�l�a�r�l�y� �t�h�e� 
�t�e�r�m� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �r�2�y�3� �l�e�a�d�s� �t�o� �a�n� �i�d�e�n�t�i�t�y�.� 

�(�i�v�)� �T�w�o� �t�e�r�m�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �x�3� �a�n�d� �y�3� �l�e�a�d� �t�o� �t�h�e� �e�q�u�a�t�i�o�n�s� 

�(�8�.�4�2�)�  ��y�*� �f�i�o�(�x�y�)� �+� �y�*� �f�i�o�(�z�)� �=� �0�,� 

�a�n�d� 

�(�8�.�4�3�)� �z�*� �f�i�o�(�y�)�  �� �2�°� �f�i�o�(�r�y�)� �=� �0�.� 

�T�h�e� �o�n�l�y� �s�o�l�u�t�i�o�n� �o�f� �(�8�.�4�2�)� �a�n�d� �(�8�.�4�3�)� �s�o�l�v�e�d� �t�o�g�e�t�h�e�r� �i�s� 

�(�8�.�4�4�)� �f�i�o� �=� �0�.� 

�(�v�)� �T�h�e� �t�e�r�m�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �r�a�y�}� �a�n�d� �r�3�y�2� �g�i�v�e� �r�i�s�e� �t�o� 

�(�8�.�4�5�)�  ��f�e�(�r�y�)�+�(�6 ��-�4�C�2�)�r�y ��2�2�y� �f�o�(�z�y�)�  ��3�2�"�y�"� �f�r�o�(�z�y�)�+�9�a�°�y�?� �+�( ��3�+�C�2�)�a�°�y�°� �=� �0�,� 

�a�n�d� 

�(�8�.�4�6�)� �1�2�y�°�  �� �2�y�*�f�o�(�z�y�)�  �� �3�z�y�*�f�i�o�(�z�y�)� �=� �0



�1�2�5� 

�w�h�i�c�h� �a�r�e� �i�d�e�n�t�i�c�a�l�l�y� �s�a�t�i�s�f�i�e�d�.� �T�h�i�s� �b�e�c�o�m�e�s� �o�b�v�i�o�u�s� �a�f�t�e�r� �s�u�b�s�t�i�t�u�t�i�n�g� �(�8�.�3�7�)�,� �(�8�.�4�0�)� 
�a�n�d� �(�8�.�4�4�)� �i�n�t�o� �(�8�.�4�5�)� �a�n�d� �(�8�.�4�6�)�.� 
�T�h�e� �t�w�o� �t�e�r�m�s� �o�f� �o�r�d�e�r� �h�®� �a�r�e� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �z�2� �a�n�d� �y�2� �a�n�d� �g�i�v�e� �r�i�s�e� �t�o� 

�(�8�.�4�7�)�  ��y�?� �f�i�r�(�z�y�)� �+� �(�3�  �� �2�C�2�  �� �2�C�3�)�a�y�®� �+� �y�*� �f�u�r�(�z�)� �+� �( ��3� �+� �2�C�2� �+� �2�C�3�)�a�y�®� �=� �0�,� 

�a�n�d� 

�(�8�.�4�8�)�  ��z�f�i�s�(�z�y�)� �+� �2�?� �f�i�r�(�y�)�  �� �3�C�3�2�7�y �� �+� �3�C�3�2�%�y �� �=� �0� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �o�f� �(�8�.�4�7�)� �a�n�d� �(�8�.�4�8�)� �i�s� 

�(�8�.�4�9�)� �f�i�u�r�(�z�)� �=� �(�3� �_� �2�C� �2� �_� �2�C ��3�)�x� �+� �8�0�3�2�"�.� 

�W�e� �n�e�e�d� �o�n�e� �l�a�s�t� �s�t�e�p� �i�n� �o�r�d�e�r� �t�o� �c�o�m�p�l�e�t�e� �t�h�e� �c�o�n�s�t�r�u�c�t�i�o�n�.� �W�e� �w�o�u�l�d� �l�i�k�e� �t�o� 

�f�i�n�d� �w�h�e�t�h�e�r� �t�h�e� �s�o� �o�b�t�a�i�n�e�d� �s�e�t� �o�f� �r�e�l�a�t�i�o�n�s� �d�e�f�i�n�e� �a�n� �a�l�g�e�b�r�a� �w�i�t�h� �t�h�e� �P�B�W� �p�r�o�p�-� 
�e�r�t�y�.� �A�f�t�e�r� �l�e�n�g�t�h�y� �a�n�d� �t�e�d�i�o�u�s� �c�a�l�c�u�l�a�t�i�o�n� �o�n�e� �s�h�o�w�s� �t�h�a�t� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t� �t�h�a�t� �t�h�e� 

�m�o�n�o�m�i�a�l�s� �1�1�7�3�2�5�,� �£�1�2�4�2�5�,� �£�2�U�4�2�5�,� �a�n�d� �1�3�2�4�2�5� �c�a�n� �b�e� �r�e�d�u�c�e�d� �t�o� �a� �u�n�i�q�u�e� �c�a�n�o�n�i�c�a�l� 

�f�o�r�m� �i�m�p�o�s�e�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�i�n�g�l�e� �e�q�u�a�t�i�o�n� �o�n� �t�h�e� �a�r�b�i�t�r�a�r�y� �c�o�n�s�t�a�n�t� �C�2�:� 

�(�8�.�5�0�)�  ��9� �+� �2�C�2�,� �=� �0�.� 

�T�h�e� �m�o�n�o�m�i�a�l� �2�1�,�2�9�7�5� �1�s� �r�e�d�u�c�i�b�l�e� �t�o� �a� �c�a�n�o�n�i�c�a�l� �f�o�r�m� �w�i�t�h�o�u�t� �i�m�p�o�s�i�n�g� �a�n�y� �c�o�n�d�i�-� 

�t�i�o�n�s�.� �T�h�u�s� �C�2� �=� �2�.� �I�f� �w�e� �i�n�t�r�o�d�u�c�e� �C �� �=� �C�3� �w�e� �o�b�t�a�i�n� �t�h�e� �s�t�a�t�e�m�e�n�t� �o�f� �t�h�e� �T�h�e�o�r�e�m�.� 

�T�h�i�s� �c�o�n�c�l�u�d�e�s� �t�h�e� �p�r�o�o�f�.�m� 

�R�e�m�a�r�k�.� �N�o�t�i�c�e� �t�h�a�t� �o�u�r� �c�o�n�s�t�r�u�c�t�i�o�n� �y�i�e�l�d�s� �a� �o�n�e�-�p�a�r�a�m�e�t�e�r� �f�a�m�i�l�y� �o�f� �q�u�a�n�t�u�m� 

�s�e�m�i�g�r�o�u�p�s� �G�u�n� �p�a�r�a�m�e�t�r�i�z�e�d� �b�y� �t�h�e� �p�a�r�a�m�e�t�e�r� �C�!� �T�h�e� �f�o�l�l�o�w�i�n�g� �t�h�e�o�r�e�m� �w�i�l�l� �d�e�-� 
�s�c�r�i�b�e� �a� �f�a�m�i�l�y� �o�f� �q�u�a�n�t�u�m� �s�e�m�i�g�r�o�u�p�s� �p�a�r�a�m�e�t�r�i�z�e�d� �b�y� �e�v�e�n� �m�o�r�e� �p�a�r�a�m�e�t�e�r�s�.� �T�h�i�s� 

�p�h�e�n�o�m�e�n�o�n� �s�e�e�m�s� �q�u�i�t�e� �i�n�t�r�i�g�u�i�n�g�.� 

�L�e�t� �G�i� �=� �G�l�y�m�o�d�{�u�"�t�!�}�,� �f�o�r� �n� �>� �4�,� �b�e� �t�h�e� �f�i�n�i�t�e� �d�i�m�e�n�s�i�o�n�a�l� �(�d�i�m�=�4�,� �d� �=� �1�)� 
�P�o�i�s�s�o�n�-�L�i�e� �g�r�o�u�p� �w�i�t�h� �a� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e� �d�e�f�i�n�e�d� �b�y� 

�{�r�i�,� �2�5�}� �=�(�t�  �� �1�)� �j�a�j�a�j�.�  �� �(�7�  �� �M�)�a�i�r�j�-�1� 

�(�8�.�5�1�)



�1�2�6� 

�T�h�e� �a�b�o�v�e� �f�o�r�m�u�l�a�e� �a�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �(�8�.�2�)� �w�i�t�h� �d� �=� �1�.� �W�r�i�t�i�n�g� �t�h�e�m� �e�x�p�l�i�c�i�t�l�y� �w�e� 
�h�a�v�e� 

�{�1�,�0�2�}� �=�a�}�  �� �2�}� 

�{�2�1�,�2�3�}� �=�2�2�(�x�?�  �� �2�1�)� 

�{�x�2�,�¢�3�}� �=�(�3�2�,�  �� �2�2�)�z�3� �+� �2�3� �(�2�2�,�  �� �4�)� 

�(�8�.�5�2�)� �{�2�1�,�2�4�}� �=�2�3�(�2�7�?�  �� �3�2�,�)� �+� �r�3�2�y� 

�{�2�2�,�2�4�}� �=�x�4�(�4�x�,�  �� �2�?�)� �+� �2�3�2�2�(�2�2�,�  �� �6�)� 

�{�x�3�,� �x�4�}� �=�£�4�2�2�(�8� �_� �2�2�1�)� �+� �1�3�2�4� �_ �� �9�x�3� �+� �2�2�2�7�.� 

�T�h�e�o�r�e�m� �8�.�4�.� �L�e�t� �X� �=� �{�z�;�}�:�<�i�c�a� �b�e� �a� �s�e�t� �a�n�d� �l�e�t� �(�X�)� �b�e� �t�h�e� �a�s�s�o�c�i�a�t�i�v�e� �s�e�m�i�-� 
�g�r�o�u�p� �w�i�t�h� �i�d�e�n�t�i�t�y� �g�e�n�e�r�a�t�e�d� �b�y� �X�.� �C�o�n�s�i�d�e�r� �a�n� �i�d�e�a�l� �Z�T�}� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �s�e�t� �o�f� 

�r�e�l�a�t�i�o�n�s� �R�}� �i�n� �k�{�[�h�}�|�(�X�)� 

�L�1�2�2� �=� �t�o�2�,�+�h�(�z�}�  �� �x�3�)� 

�t�4�2�3� �=� �£�3�%�,�+�h�(�Q�r� �2�x�?�  �� �2�2�2�2�1�)� 

�+�h�?� �(�2�x�4�  �� �3�2�3� �+� �2�7�)� 

�L�e�l�y� �=� �@�3�F�o�+�-�h�(�3�r�3�2�,�  �� �3�2�7� �+� �2�2�2�2�,�  �� �4�2�3�)� 

�+�h�?� �(�3�2�,�2�?�  �� �3�2�2�2�4�)� 

�+�h�°�(�2�  �� �2�C�3�)�(�2�°�  �� �x�?�)� 

�£�y�4�%�4� �=� �L�4�0�,�+�h�( ��3�2�3�7�,� �+� �2�r�3�2�?� �+� �2�2�2�1�)� 

�+�h�?�x�2�(�3�2�,�  �� �8�x�?� �+� �5�2�3�)� 

�(�8�.�5�3�)� �+�h� �(�5�2�3� �~� �1�2�2�4� �+� �7�x�3�)� �+� �C�3�(�2�°�  �� �2�3�)�|



�1�2�7� 

�L�o�L�4� �=� �L�4�k�q�+�h�(�4�a�4�x�,�  �� �2�4�x�?� �+� �2�z�3�2�2�2�1�  �� �6�2�3�2�2� �+� �2�3�)� 

�+�h�?� �(�3�2�3�2�?�  �� �1�0�x�3�2�,� �+� �1�2�2�?� �+� �1�2�2�3�2�?�  �� �2�2�3�2�2�  �� �1�5�2�3�2�1�)� 

�+�h�°�a�r�9�[�(�9� �+� �2�C�s�)�z�1�  �� �1�7�2�?� �+� �G�a�}� �+� �(�5�  �� �5�C�s�)�a�r�4�|� 
�+�h�!� �(�2�2�  �� �2�2�C�3�)�x�?� �+� �( ��4� �+� �4�C�3�)�a�°� �+� �( ��1�8� �+� �1�8�C�3�)�a�®� �+� �C�4�(�2�8�  �� �|� 

�2� �2� �2� �£�3�0�4� �=� �L�a�t�g�t�+�h�(�8�r�4�q�r�q�  �� �2�x�4�r�2�7�1� �+� �L�3�r�_�q�  �� �9�2�3� �+� �2�7�3�2�1�)� 

�+�h�?� �|�r�g�e�y�( ��2�?� �+� �1�6�2�,�  �� �2�4�)� �+� �r�4�( ��T�a�?� �+� �1�6�2�1�)�|� 

�+�h� �(�1�0�  �� �1�0�C�3�)�z�2�2�7� �+� �(�-�9� �+� �8�C�s�)�2�3�]� 

�+�h�?� �( ��5� �+� �5�C�3�)�2�3�2�}� �+� �1�6�2�3�2�7� �-� �(�6� �+� �9�C�s�)�z�3�2�|� 

�+�h�4� �(�8�  ��_� �9�C�3� �_�-� �2�0�4�)� �2�2�2�1� �+� �( ��8�C�3� �+� �9�)�z�o�z�7� �+� �(�1�0� �_� �1�0�C�5�)�z�2�2�4�|� 

�+�h�4�(�2�C�,�4�  ��1�8� �+� �1�8�C�3�)�z�o�2�?� 

�+�h�°�|�(�C�a� �+� �2�C�  �� �2�)�0�?� �+� �(�4�  ��4�C�y� �-� �C�4�)� �|� � � �+�h�°� �(�2�C�s�  �� �2�a� �+� �C�5�(�2�7�  �� �z�3�)�|� �.� 
�w�h�e�r�e� �C�3�,�C�4�,�C�s�  ¬� �k� �a�r�e� �a�r�b�i�t�r�a�r�y� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e�n� �t�h�e� �s�e�m�i�g�r�o�u�p� �f�a�c�t�o�r� �a�l�g�e�-� 

�b�r�a� �k�(�[�A�]�]�(�X�)�/�Z�,� �d�e�f�i�n�e�s� �a� �q�u�a�n�t�u�m� �s�e�m�i�g�r�o�u�p� �G�4�)�,� �i�n� �t�h�e� �s�e�n�s�e� �o�f� �D�e�f�i�n�i�t�i�o�n� �8�.�2� 
�w�i�t�h� �a� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �d�e�f�i�n�e�d� �b�y� �(�8�.�1�3�)�.� �A�l�s�o� �t�h�e� �s�e�m�i�g�r�o�u�p� �a�l�g�e�b�r�a� �k�{�[�h�]�]�(�X�)� �h�a�s� �t�h�e� 
�P�o�i�n�c�a�r�é�-� �B�i�r�k�h�o�f�f�-� �W�i�t�t� �p�r�o�p�e�r�t�y�.� 

�R�e�m�a�r�k�.� �T�h�e� �p�r�o�o�f� �o�f� �T�h�e�o�r�e�m� �8�.�4� �g�o�e�s� �a�l�o�n�g� �t�h�e� �s�a�m�e� �l�i�n�e�s� �a�s� �t�h�e� �p�r�o�o�f� �o�f� 
�T�h�e�o�r�e�m� �8�.�3�,� �i�.�e�.� �i�t� �i�s� �c�o�n�s�t�r�u�c�t�i�v�e�.� �I�n� �t�h�e� �c�o�u�r�s�e� �o�f� �t�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� �f�i�v�e� �a�r�b�i�t�r�a�r�y� 

�c�o�n�s�t�a�n�t�s� �C�,�,� �C�2�,� �C�3�,� �C�4�,� �C�s�,� �a�p�p�e�a�r� �i�n� �s�o�l�v�i�n�g� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�u�n�c�t�i�o�n�a�l� �e�q�u�a�t�i�o�n�s�.� 

�T�h�e� �r�e�q�u�i�r�e�m�e�n�t� �t�h�a�t� �t�h�e� �P�B�W� �p�r�o�p�e�r�t�y� �b�e� �s�a�t�i�s�f�i�e�d� �f�i�x�e�s� �t�w�o� �o�f� �t�h�e�m�.� �N�a�m�e�l�y�,� �C�,� �=� 

�1� �a�n�d� �C�y� �=� �2�  �� �2�C�3�.� �T�h�u�s� �w�e� �o�b�t�a�i�n� �a� �3�-�p�a�r�a�m�e�t�e�r� �f�a�m�i�l�y� �o�f� �q�u�a�n�t�u�m� �s�e�m�i�g�r�o�u�p�s� 
�G�i� �|�C�3� �C�4� �C�5� �.� 

�a�|�h� 

�F�i�n�a�l�l�y� �w�e� �d�e�s�c�r�i�b�e� �a� �t�h�i�r�d� �q�u�a�n�t�u�m� �s�e�m�i�g�r�o�u�p� �a�r�i�s�i�n�g� �a�f�t�e�r� �t�h�e� �q�u�a�n�t�i�z�a�t�i�o�n� �o�f� 
�t�h�e� �P�o�i�s�s�o�n� �a�l�g�e�b�r�a� �o�f� �f�u�n�c�t�i�o�n�s� �o�n� �t�h�e� �f�i�n�i�t�e� �d�i�m�e�n�s�i�o�n�a�l� �(�d�i�m�=�5�,� �d� �=� �3�)� �P�o�i�s�s�o�n�-�L�i�e� 
�g�r�o�u�p� �G�3�.� �T�h�e� �P�o�i�s�s�o�n�-�L�i�e� �s�t�r�u�c�t�u�r�e� �o�n� �G�3� �i�s� �g�i�v�e�n� �b�y� 

�{�x�j�,� �r�j�}� �=�(�2�  �� �3�)�j�x�j�a�i�~�-�3�  �� �1�9�  �� �3�)�a�i�a�j�~�3� 

�(�8�.�5�4�)� 
�+� �2�X�;� �)� �L� �5�,�X�L�5�,�X�L�g�,�X�l�5�,�  �� �L�j� �)� �L�5�,�V�L�5�,�2� �5�,�2�5�4�.� 

�8�1�4�+�5�8�2�+�3�3�+�5�4�=�)� �$�1� �+�8�2� �+�5�3�+�3�4�=�2




