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(ABSTRACT)

We study the problem of classifying all Poisson-Lie structures on the group G
of local diffeomorphisms of the real line R!' which leave the origin fixed, as well as
the extended group of diffeomorphisms Gowwe O Go whose action on R! does not
necessarily fix the origin.

A complete classification of all Poisson-Lie structures on the group G, is given.
All Poisson-Lie structures of coboundary type on the group Goe, are classified. This
includes a classification of all Lie-bialgebra structures on the Lie algebra G, of G,
which we prove to be all of coboundary type, and a classification of all Lie-bialgebra
strucutures of coboundary type on the Lie algebra Gpo, of Goo which is the Witt
algebra.

A large class of Poisson structures on the space V), of A-densities on the real line
is found such that V) becomes a homogeneous Poisson space under the action of the
Poisson-Lie group G ..

We construct a series of finite-dimensional quantum groups whose quasiclassical
limits are finite-dimensional Poisson-Lie factor groups of G, and Gouo.
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INTRODUCTION

Quantum groups have been introduced by Drinfel’d [D2] as deformations of uni-
versal enveloping algebras of Lie groups and of the algebra of functions on Poisson-Lie
groups. The latter are Lie groups equipped with Poisson structures compatible with
the group structure (from where the term Poisson-Lie group originates). In this
approach of constructing quantum groups the first step is to analyze existence of
Poisson-Lie structures on the corresponding Lie group. The question of classifying
all Poisson-Lie structures on a given Lie group (if they exist) is very difficult. To give
an idea of how difficult it is we present a list of groups for which the solution of the
classification problem is known:

(a) Finite dimensional complex simple Lie groups [BD],

(b) The groups GL(N), SL(2), GL(1|1) [Ku3,4,5],

(c) The 3-dimensional Heisenberg group [Ku6],

(d) The group of affine transformations of the line Aff(1).

Note that all the groups mentioned above are finite-dimensional.

In the work presented here we study the problem of classifying all the Poisson-Lie
structures on the group G of local diffeomorphisms of the real line R! which leave
the origin fixed, as well as the extended group of diffeomorphisms Gy O G, Whose
action on R! does not necessarily fix the origin.

The original problem was to decide whether such structures exist on the above
described group Go. Surprisingly, there exist many Poisson-Lie structures on the
groups G, and Go.,. Moreover a complete classification of all Poisson-Lie structures
on the group G, is possible. For the group Goe the classification remains incomplete;
a list of all Poisson-Lie structures of coboundary type on the group Gy, is given.

The Lie algebras of the groups Goe and G are the Witt algebra Goo, and its
principal subalgebra G, C Gpoo- We prove that there is a one-to-one correspondence
between the Poisson-Lie structures on G, and the Lie-bialgebra structures on Ge.

1
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The latter are shown to be all of coboundary type. All Lie-bialgebra structures of
coboundary type on Gy, are classified, and there is a one-to-one correspondence be-
tween them and an explicitly listed family of the Poisson-Lie structures on Goo. Thus
a complete classification of all Lie-bialgebra structures on the principal subalgebra
Goo of the Witt algebra Goo, is given and all Lie-bialgebra structures of coboundary
type on the Witt algebra G, are classified.

The group G acts naturally on the space V) of A-densities on R!. For each
Poisson-Lie structure on the group G, we determine a Poisson structure on V) such
that V) becomes a homogeneous Poisson G-space under the action of the Poisson-Lie
group Goo.

Finally, the quantization problem is addressed. We construct a series of finite-
dimensional quantum groups whose quasi-classical limits are finite-dimensional Poisson-
Lie factor groups of G, and Gos. The Poisson-Lie structures on these finite-dimensional

groups are restrictions of the Poisson-Lie structures on Go.
We give now a brief guide to the organization of the text.

In Ch.I we introduce the basic concepts related to the Poisson-Lie theory and
formulate the fundamental theorem of Drinfel’d relating Poisson-Lie groups and Lie-
bialgebras.

In Ch.IT we introduce the infinite-dimensional group G and a smooth structure
on it.

In Ch.III we find all bialgebra structures on the Lie algebra G., of Go.
In Ch.IV we find a class of Poisson-Lie structures on G.

In Ch.V we show that there is a one-to-one correspondence between the Lie-
bialgebra structures on G., and the Poisson-Lie structures found on G, and prove

that the latter give a complete list of all Poisson-Lie structures on G.

In Ch.VI we study Poisson-Lie structures on Ggo which correspond to all Lie-
bialgebra structures on G of coboundary type.

Chapter VII is devoted to elements of representation theory for the Poisson-Lie
group G on the homogeneous spaces Vj.
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In Ch.VIII we describe a series of quantum finite-dimensional groups.

Lastly, we discuss some open problems.

The bibliography does not pretend to give a complete list of works related to
the subject. This is partly because the amount of literature devoted to Quantum
and Poisson-Lie groups is so large that a complete list of references would have far
exceeded the volume of this work, and partly because the subject is so quickly growing
that a comprehensive bibliography is not a well-defined object. Therefore we give only
a list of the works that served as guidelines to the author in trying to learn the subject
and to begin being able to appreciate its beauty.



CHAPTER 1

POISSON-LIE THEORY

In this chapter we introduce the basic objects to be studied: Poisson manifolds, Poisson-Lie

groups, and Lie bialgebras, and prove basic results about them.

Let M be a finite-dimensional smooth manifold. A Poisson structure (bracket)
on M is defined as amap {, }: C°(M)xC®(M) — C*(M), which makes C*(M)
into a Lie algebra, and is a derivation with respect to each argument. That is, there
exists a section w € ATy, where T is the tangent bundle of M, such that for any
fyg,h € C®(M) we have

(f:9) = {£,9} = (w,df A dg),

and

(1) {{f, g}, 2} + {{g, R}, f} + {{A, f},9} = 0 (Jacobi identity);
(ii) {f,gh} = {f,9}h + {f, h}g (derivation property);

(ii) {f,9} = —{9, f} (antisymmetry).

In local coordinates,
{f,9}(z)= W:J(f’?)a—x:a—%j,

where w, = w;;(z)z= A 52 - € AT, is a bi-vector field at the point £ € M, and {Bz }
is a basis of the tangent space T, at * € M in the local coordinates (z;).

Here and throughout this text a summation is understood over repeated nonfixed
indices unless stated otherwise.

The Jacobi identity (i) is equivalent to the following system of equations for the
components w;;(z) = —w;i(z):

8wk, aUJ{j + w, 8w,~k

1.1 i ¢ i = 0.
( ) wJ BIII; +wkax5 WIa:E.'
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Definition 1.1 (Poisson Manifold)[L]. A Poisson manifold is a smooth manifold
with a Poisson structure.

A smooth map F: M; — M,, of two Poisson manifolds M; and M, is said to
be Poisson if

F*({g,k}m,) = {F™(9), F*(R)}pm, for any g,h € C*(M,),
where (F*(g))(z) f g(F(z)), and {, }m,, { , }m, are the Poisson brackets on

M, and M, respectively. Thus the above condition is equivalent to {g,h}a, o F =
{go F,ho F}u,.

If M, and M, are two Poisson manifolds with Poisson structures defined by
wy € A*Tn, and w; € A?Twp,, respectively, we define the direct product Poisson
structure on M, x M, as

(12) wh X Wwo d-i—f 1 x wy +wy X 1,

which is a map : ATy, & A’ Tp, — A Ta,xm,. Here the space C°(M; x M)
is identified with the space C*°(M,;) ® C*°(M;)(the reason being that a Poisson
structure on C°(M; x My) is uniquely defined by the one on C*(M;) ® C°(M,)).
In more detail, for any function f € C*®(M; x M,), and for each z € M, and
y € M, let us define the functions f* on M, and fY on M, as follows:

fy) = f(z,y) and f(z) = f(z,y).
Then (1.2) means

(13) {f17 fZ}MlxMQ(x’y) = {ffs f;}Mz(y) + {fly’f2y}M1 (:13)

Definition 1.2 (Poisson-Lie group)[D1]. Let G be a Lie group. Let w be a
Poisson structure on G. The pair (G,w) is said to be a Poisson-Lie group if the
multiplication map G x G — G is Poisson, where the manifold G x G is equipped
with the direct product Poisson structure w x w.

Let L,: G — G and R,: G — G be the left and right actions of G on itself defined

by y — zy and y — yz respectively, where z,y € G. Then for any two functions
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f1, f2 € C®(G) the compatibility between the product Poisson structure on G x G
introduced by (1.2) and the Poisson structure on G can be witten as

{fi, fa}a(zy) = {f1, f2}exa(zy)
(1.4) = {fl, fi}lc(y) +{fl, f2}a()
= {fl o Lzaf2 o Lz}G(y) + {fl o Ry» f2 o Ry}G(x)a

where a function in C*°(G) evaluated at zy is considered once as a function on G,
and once as a function on G X GG. In other words, we have

(wmrdufs Ny fo) = (w00 dy(fr 0 L) A dy(fa0 L)) + (r delfr 0 B) A do(f2 0 Ry))
= <wyvdryf1 0 (Lz)uy A dgyfa0 (Lx)*y> + <“"m dzyfi 0 (Ry)w A dryfz o (Ry)*1:>

= ((L)ey @ (L)eys dey i Ay f2) + ((Ry)ox © (Ry)astoys duy i A ey )

where we used the relations dy(fo Ly) = dyy f 0(Ly)uy and dp(fo Ry) = dyy f 0o (Ry)us-
Here (L;)., and (R,)., are the tangent maps to L, and R, evaluated at the points y
and z respectively. Therefore we deduce

(1.5) wey = [(Lo)sy ® (La)sylwy + [(By)se ® (Ry)sc|ws-

In local coordinates

06 08 06 0k

(1.6) wi;(€) = “”"(w)a—xkaml + “”"(y)ayk Dur’

where { = zy.

If e € G is the identity of G, then (1.5) yields 2w, = w,. Therefore w, = 0. This
implies that w is not a symplectic structure since the rank of w at the identity of G

is zero, and we are dealing with more general Poisson manifolds.

Thus, equations (1.1) and (1.6) are the defining equations for a Poisson-Lie group.
Many examples are known. The question of the classification of the Poisson-Lie struc-
tures is very difficult. Presently there is no general method of classifying all Poisson-
Lie structures on a given Lie group. Some results are known for finite dimensional
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Lie groups. The most general is the classification of all Poisson-Lie structures for
complex simple Lie groups, due to Belavin and Drinfel’d [BD]. Up to now there is no

known classification for an infinite-dimensional Lie group.

Remark. In the definitions above all manifolds were finite-dimensional (M, re-
spectively the group G). To extend these into the infinite-dimensional case, one
needs two things: Ty and C*®(M). Since we will study infinite-dimensional groups
in this text, the infinite-dimensional aspects will be addressed at the moment they

are introduced.

We now proceed with the definition of a Lie-bialgebra and formulate a theorem
(again due to Drinfel’d) relating the concept of a Lie-bialgebra to the concept of a

Poisson-Lie group.

Definition 1.3. A Lie-bialgebra G is a Lie algebra G equipped with a coalgebra
map a: G — G A G such that « is a 1-cocycle of G with values in the G-module
A?G, where G acts on A?G by means of the adjoint representation, and « satisfies the
co-Jacobi identity. Thus, (G, «) is a Lie bialgebra iff

(2) ToOa = —«

(27) o([X,Y]) = adxa(Y) —adva(X), X, Y €4,

(e) [1I@11+(r)(1n+(17)(7eD|(l®a)oa=0,

where the transposition map 7: G® G — G QG is defined by 7(a ® b) = b® a for any
a,beg.

Equation (iii) above has the following meaning. The coalgebra map a: G — GAG
satisfies (iii) if and only if its dual e*: G* A G* — G* makes the dual space G* into a
Lie algebra. Let us see how this comes about. Let [;,13,l3 € G* be elements of the
the dual space to G. The the map a*: G* A G* — G* is defined by

ok Y (Leh)oa.
That is, for any z € G we have (o*({;®0))(z) = (L ®;)(a(z)). Let also 7*: G*RG* —
G* ® G* be the dual of the transposition map 7 defined by the formula

T*(ll & 12) d—i-f (l] K 12) oT.
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That is, for any @y € G ® G we have (T*(L @ L))z Qy) = (L@ L) y®z) =
Ii(y)lz(z). We see that the above definition is equivalent to the following definition:
™l ® L) = I ® l;. Then the Jacobi identity for o reads

(L@ (LAL)+a (L®a (L))t (b®a™(h®)) =0,

which is equivalent to
o (1 ®OI*)[(11 RLEAL)+(LERLIL)+ (R4 ®lz)] = 0.
The above equation is then equivalent to
a*o(1®a™) [1®1®1+(1®T*)(r*®1)+(r*®1)(1®r*)](ll®lz®l3) = 0,for any l;,1,,13 € G".
Therefore we have
a*o(l@a*)[l@l@l+(1@r*)(r*®1)+(r*®1)(1®r*) = 0.
Taking the dual of this we obtain (iii).

In order to clarify the meaning of (ii) in the definition of a Lie bialgebra we recall
here basic facts about the Chevalley-Eilenberg cohomology theory for Lie algebras.

Let {C,, 6}

n€Zy be the complex

5 5 5 5 s
Co—Ci—...>C, = Chyy —....

Here C, = Hom(A"G,V) is the space of n-cochains, where V is a G-module, i.e. a
representation space for G, and Cy = V. The coboundary operator é6: C, — C,, is

defined by the rule
(*)
n+1 -
(6a™)(X1,... , Xnt1) =Z(—1)"+1X,-.a”(X1,. oy X1, Xigts e ooy Xng1)

=1 .
-|— Z(—I)H-jan([Xi, XJ] ,Xl, e ,X,', e ,X]’, e aXn+1)a

i<J

where a™: A" G — V is an n-cochain. The hat over an argument means that it is
being omitted, and the dot after X; stands for the action of G on V. If we choose
V = G A G, then in the above formula the dot stands for the action induced by the
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adjoint action of G on itself. Let a: G — G A G be a 1-cochain. Then a is a 1-cocycle
if and only if (6a)(X;, X;) = 0 for any X;, X; € G. From the definition of § we obtain

(**) (60)(X1,X2) = Xl.a(Xg) - Xg.a(Xl) - a([Xl,Xz]) = 0.

This is exactly equation (ii) in the definition of a Lie bialgebra. Therefore we will
refer to (ii) as the l-cocycle condition in the sequel. In the case when a = 6a° is
a l-coboundary, equation (**) is automatically satisfied, since 6> = 0. In this case

a(X) =adxr, wherer e GAG = Co(G,G AG).

Let {e;} be a basis of G and let us write « in this basis as a(e,) = alie; Ae;. Let
C# be the structure constants of G defining the Lie structure on G by [e;, ¢;] = Cie,.
Property (i) in the definition of « implies that of; = —a7;. Then the equation (iii)
written in terms of af; becomes

n .7 n _j n_J __
(1.7) alal, + ap.al + ajon, = 0.

Similarly, equation (i) expressed in terms of af; and the structure constants C of G
becomes

g Ny ; . )
Claper N e = ayleex] Aer+ al e Alei, er] — ajle;, ex] A er — ajex Afej, el
i ik i il ; ik il
=0y, Clep Ner+ o, Cher Aep, — aCilep Nep — aCllex A e,

. 1 P o R
=ao Cilex Ner+ i, CiMer Nep — i Cl e A ep — 0, C{ " ex A ey

This is equivalent to
(18) Crlagy = O + a4 O™ = G = €l G

Thus, these two systems of equations, (1.7) and (1.8), plus the Jacobi identity for the

structure constants of the Lie algebra G
Cf,{C,Tk + C,{L"C,Ti + C,’:C,Tj =0,
define a Lie-bialgebra structure on G. Then we have the following result.
Theorem 1.4 (Drinfel’d). The category of connected, simply connected finite

dimensional Poisson-Lie groups is equivalent to the category of finite dimensional

Lie-bialgebras.
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Proof. (= ) Let G be a Poisson-Lie group with a Poisson-Lie structure defined
locally by

0f Og

(1.9) {£,9}(z) = wijlz) 55 = oz’
for any f,g € C®(G).
The differential of (1.9) is
Ow;;(z) Of Og 0*f 0y of 0%

WY@ = | 50 = 5280, T D 0m 80; T 45 % 070w

dz,.
Evaluating at the identity e of G and using the previously derived fact w, = 0 in the
form w;;(e) = 0, we obtain

duwij(e) Of
83:" 8xi

dg

. 0z;

d{f,g}(e) =

dz, € T*G = G~

(4

i.e. an element of the dual space G* of G.

Let G be the Lie algebra of G and G* its dual. Let us define a Lie algebra
strucuture on G* as follows. Let a € G*, o = ¢;dz; and {dz;} be a basis for G* = T G.
Then there is a function f € C*®(G) such that a; = a%% l,, i.e. df(e) = a. Let A
be the class of all functions f € C°(G) with the property df(e) = a. Then A is an
equivalence class:

(i) f~ f,

(i) if fi ~ fo, ie. 38 | =32 |, then f, ~ fi,

(iii)if fy ~ foand fo ~ f3 then fi ~ f3. This follows from: f; ~ f; = afl .= ij |
and fo ~ f3 = 8f2 .= ‘:' |- Therefore, —L |.= gﬁ_ .= fi~fa

Let o, € G*. Let f,g € C*(G) be such that df(e) = a and dg(e) = 3, and let
A and B be the corresponding equivalence classes of functions of C*°(G) such that if
feA = df(e)=caand g € B = dg(e) = 3. Define [, Jg«: G* @ G* — G* by

dwij(e) 8f | Og

[a’ ](j‘ - d{fvg}( ) axn axz 532

dz, € T*G = G*.

Let f' € A and ¢’ € B are another two elements of the equivalence classes A and B
such that df'(e) = a and dg’(e) = . Then

8w,~j(e) Ql:

(e, Blg» = d{f',g'}(e) = oz Oz: %

dz, € T*G = G*.
eaxje-TEeG g
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: ! / ) _ 84! 3 _ 9g'
Since f ~ f' and g ~ ¢’ we have 5& .= 5& |, and - .= 52 |.- Therefore the

definition of [, g+ is independent of the choice of f € A and g € B.

Let L,: G — G be a left translation by z € G. Let wi(z) = (Ly-1).w(z), i.e., we
translate w back to the identity. Let also £ = z71y. If {%} is a basis of T,G then
the action of the tangent map (L,-1). on a basis element of the tangent space T,G is

a\ _ o
(@f‘”*a—ykl =

where {3%} is a basis of T;G. Therefore the action on the bi-vector w(y) is

described by the formula

9
, &

oy | | 2,0
[(Lz_’)* ® (Lr—l)‘]w(y) - w“(y)ayk y ayl y a& 66]
After evaluating at y = z we obtain
o) (| %
(wl)”(it) - (.Ok[(x ayk v=c 3?,’1 y=c

Therefore wi(z) = (wi)ij(z)e; Ae; is amap w;: G — G A G, where {e;} is a basis for
G at the identity. Define

n _ Ow)ij | _ [ Own 9E 0¢; _oan kol
9T 0z, |, \ Oz, Oyk vez OY1 |y o Biixi X
where 5 o
n _ OWgl k 7
= — and P =
ﬁkl al_n . Xi 6yk v o

Differentiating w;(z) at the identity we obtain a map a¢: ¢ — G A G. The map «a
endows G with a Lie-bialgebra structure. Indeed,

ooy + afap; + o, =
= B XiXEByXiXT + B, XiXiBor XiXG + BapXixXi By XXk =
= (B384 + BayBrp + B Br) X X5 XX -
But
B, + By Bl =0,
which follows from
awkl &.ulj aij

Wi +wika + wi

B =0
Z; 8:@
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after differentiating and evaluating at the identity of G, and using again w;;(e) = 0.
Thus «a satisfies the co-Jacobi identity (1.7). That « is a 1-cocycle can be seen from
the following argument. From (1.5) we have

w(zy) = [(La)« ® (Lo)uJw(y) + [(Ry). @ (Ry)u]w(z)

where w(z) = w,-j(x)gf;: A aix,-' Pulling back the left hand side to the identity element
by a left translation, we obtain

[(L(zy)=1)x ® (Liay)-1 )x]w(@y) = [(Lizy)-1)s(La)x @ (Lzy)=1)u(Lz)x|w(y)+
[(Lizg)=1)x(Ry)e @ (Lizy)-1)a(Ry)ulw(z).

From this we have

wi(zy) = wi(y) + Ady-1wi(z),

and this shows that w;(z) = (wi)ij(z)e; Ae; is a 1-cocycle wi: G — G A G on the group
G. To this 1-cocycle on G corresponds exactly one 1-cocycle on the Lie algebra G of

G as we now show.

Let X € G and let px(t) = e* be the flow that X generates on G. Then the
map a: G — G A G is defined by a(X) = d%(w;(etx)) |;=o- From this we deduce

_4 [w,(e‘”‘) + Ade""“"(etx)]

d
0= _(wl(e—tXCtX)) — =

dt

t=0 t=0

= a(—X) + a(X).

Let Y € G and ¢y (s) = e*¥ be the flow it generates on G. Since

d[d
o([X,Y]) = p Ewl(etxesye_tx) ]
L s=0 t=0
d

== :a(etXYe_tX)]

t=0

’
t=0

—_——-a(Y-I-t[X,Y]-i-...)]




o[ X, Y]) = 4 iL«.Jl(etxesye'tx)

13
dt _dS s:O]
d[d

L —tX . tX sY
= 3| [wl(e )+ Adeexwi(e” e )] s=0]
d[d

= E{ .J_ [wl(e_tx) + Ade:xw,(e"y) + AdctX Ade_,yw,(etx)]
| a8

_4
B dt t=0
= adxa(Y) — Adcadya(X) — adxadyw(e)

= aan(Y) - adya(X).

t=0

t=0

)

t=0

Adexa(Y) + Ad.x ad(_y)wz(etx )]

Therefore
(1.10) a([X,Y]) = adxa(Y) — adya(X).

This proves the first part of the theorem.
(<=) Assume now that a: G — G A G is a l-cocycle that satisfies
IR11+(1)(1R7N)+(17)(t®1)])(lQ®a)oa =0.

Since G is connected and simply connected a can be integrated to get a 1-cocycle
We: G — G AGon G. That is, w, satisfies

(1.11) wa(zy) = wa(y) + Ady-1wa(z).
Let us define w(z) = [(Lz)« ®(L;).Jws(z). Then from (1.11) we obtain that w satisfies
(1.12) w(zy) = [(Lo)x ® (La)u]w(y) + [(Ry)« @ (Ry)sJw(z).
Therefore w(e) = 0. In local coordinates w(z) = w,-]-(:v)g‘z—‘_ A -52—1_, where {8%.-} is a
basis of T,.G.

Define a map { , }: C®(G) x C®(G) — C*=(G) by

{f,9}(z) = w,-j(x)g;;%, for any f,g € C*(G).

Then for any f,g,h € C*(G) we have



14

af dg Oh

(1.13) {{f,9},h}+ {{9,h}, F}+ {{~, f}, 9} = ’“(9:1:] 9z, Oz’
where
o ..Bwkz awi_; awjk
Qchl = Wij dz; Tw 33; +wi 3.’.8,

To show this we compute the Lh.s. of (1.13):

(1.14) {{f,9},h} + {{g,h}, F} + {{~, f}, 9} =

0 (. 0F
- wi]ax ( axk 8-’131)6 + C}’Cl(f,g, h)
_w_'awk, af iq_ah + e 0% f @_Bh
T Y 8z; Ozy 0z 0z, 7 " Oz:0z) Oz O;
of 0%g Oh
+ Wi Wi

al'k 0z; BIL'[ axj + Cyd(f,g, h)

_ | Owk Ouwy; 8wy 8f g ok

= l:wzg ami + Wik —7— 3.13, + wyy ami 6$k axl ax]
O*f 9g ok

ait,'a.’l,'k axl 6:1:]-

+ (wijwr + waw;ji) + cycl(f,g,h).

But
2 52
[wijwkz + wilek] 2.0, [wkjwa + wklei:’ 92.02%
o f
— Wik + WiWki 9z:025
Therefore
o f

(1.15) [wijWk[ + wilek] m =0,

and the same is true for the remainig two terms of the same form in (1.14) obtained
after cyclic permutation of f,g,h.

Next we show that ;i is a 1-cocycle on the group G. Let £ = a2y, for z,y € G.
Then

&uk,

Qi) =wij(§)-£ + wir(§) =
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_ 0&: O; 06 9€; | Oww
= [“"‘"(“”)maxn Tem@)z, ayn] o,
o¢;

0 ot; 0 i
=wmn(x)%ia—z—wu(xy) + wmn(y)gg—’—a—y—wu(wy) + cycl(j, k, 1)

+ cycl(j, k,1)

g¢; 0 0¢ 0 06 0
:wmn(x)—gf;—’na——[w (z )afk ai + wep(y )agk a&]-f-
0 0 :
e R e PR TENN)
9¢; 9k 06 9¢; 0&. 06

:Qnsp( )

Fa, 5,92, T WGy Ty ay, T

0¢; 0%, 06 | 0& 0¢; 0% .
T @mn(2)wsp(2) [3xn G0z, 0z, | 9z, Oz, Dznde, T YAGRD |+
[0¢;, 0%, 0& 06 O 0% .
H om0 | 3y By By, By By, By, T YOO
[0¢; 0% 06 | 06 0f; 0% .
+ Wi (T)wsp(y) | B2, 9@y, Dy Ozn Dys Dzmdy, +cyc(g, k, D+

[0¢;, 0%&  0& | 06 9§ 9 ,
1(5, k, 1) |-
| By Bymdz, Bz, T Byn 9z, Bymdz, T YAGED
The terms proportional t0 Wpy,(Z)wsy(z) and wy,(y)wsy(y) are all zero due to the
identity (1.15). The terms proportional to wms(z)wsp(y) and Wy (y)wsy(z) also add

up to zero due to identities as, for example, the one shown below

+ W (y)wsp(2)

9; 06 %
wmn(x)wsp(y) + wsp(y)w‘mn(m) axn ayp 6$m8y3 - 0
As a result we obtain that Qj;; satisfies
9¢; & 06 9€; 08 96
] = \Qns 2 ns !
kal(a"y) P( )axn al_s aa:p + Q P( )ayn ays aup
Writing this in an invariant notation we have that Q(z) = ijl(x)gz—J A 8—2: A 5%

satisfies

(1.16)  Qzy) = [(Lo)s @ (L) ® (La):]Uy) + [(By)x ® (RBy)x ® (Ry).]z).

From (1.16) it follows that Q(e) = 0. Pulling Q back to the identity by a left trans-
lation we have

Y(2) = [(La=1)« ® (Lz-1)s @ (Lz-1).]Q(2),

and from (1.16) we obtain that Q;(z) satisfies the cocycle condition

(1.17) U(zy) = Qly) + Ady-1 Qu(z).
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Thus ©;: G = GAG is a l-cocycle on G. In coordinates

% | 9| 9%
ay] Y=z ayk y=z ayl

(z) = Qju(z)

e, Neg Aeg,

Yy=x

where £ = £ 'y and {e;} is a basis of G. For the derivative of {; we have

d 0 . .9
5 Qz) | = 5:1:_-ij1($) xixé‘x'sep AesAe,, where xj = a—g’; ,
n e n e y=zlz=e
which gives rise to a 1-cocycle 8: G — G AG A G, defined by S(e,) = %i—l: , for each

basis element e, € G. But

0k
0z,

Bw,- 7

oz,

—_— n S n 8 n 3 n o __
() = of o + af,af; + af,aj;, where af; =

€

By assumption the map « satisfies the co-Jacobi identity. Therefore we conclude

that ZE :'(e) = 0, and from here it follows that 3 = 0. Since there is a one-to-one
correspondence between the 1-cocycles on the Lie algebra and 1-cocycles on the group
we conclude that 2 = 0 because its infinitesimal part is zero. Hence, to every Lie-
bialgebra structure on the Lie algebra G defined by the map a: G — GAG corresponds

a unique Poisson-Lie structure on the group G.l

Theorem 1.5. Let G be a Poisson-Lie group. Then the map p: G — G defined
by p(z) = =71 is an anti-Poisson map.

Proof. We prove the statement in a neighbourhood of the identity element of
G. Let & = &i(z,y), for ¢ = 1,... ,n, be the coordinate functions of £ = zy. The
multiplicativity condition reads

06 0 0606

(1.18) wis(§) = “’“(”’)%Zax, wkl(y)ayk Oy’

After solving &; = &;(z,y) with respect to the coordinates of y we have y; = y;(=,§).
We differentiate the identities

vi = yi(z,é(z,y)), for i=1,...,n,

with respect to y; for each £k = 1,... ,n to obtain
Jy; g

(1.19) T/ T N
061 |(ze) Ok lzy)
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Let ¢: G — G be the map defined by (z) = ™!, which is given in coordinates
by the functions ¢; = ¢;(z). The we have

(1.20) 0 =¢i(z,0(2)), for e=1,...,n.

We differentiate (1.20) with respect to zx to obtain

(1.21) 0= % g—fi g_"’i.
Tk @) 99 () 9Tk
After multiplying both sides of (1.18) by TseL l( oe) 3& o) and summing over i, we
get
8ym ayn 6ym ayn 66: af]
122)  — e ¢ TN w(T) 5 =52 + wWma(y),
( 0 lwey 9 lng) “il8) = 3 e % o Oz Oz,
where we used (1.19).
We now set { = e = zp(z) in (1.22), and obtain
aym ayn afl af]
(1.23) 0= wii(T) 73— Fwmn(p(2)).
B ey O e Ok |z gty O |(ooten
Using (1.21) the above equality is equivalent to
ym Oyn 9¢ dpp 0&; 9,
= —_— wk;(:r)—— = + wmn(@(a"))'
%i o) % lze) Wy |(agte) Ok s |y O
Now using again (1.19) as
gk = Oui o
081 l(ze) OVk |(zp(2))
we finally conclude that
0pm Opn
wmn(p(x)) = “"‘)kl(z)?};’: 9z, -

In the following chapters we will adapt the above given definitions for the case
where G will stand for particular infinite-dimensional groups, and address the clas-
sification problem. We will show that theorems analogous to Theorems 1.4 and 1.5
above also hold in this case.



CHAPTER 1II

THE GROUP OF INFINITE-JETS G, AND ITS LIE ALGEBRA

In this chapter we recall the necessary background on infinite-dimensional manifolds needed to
Justify the resulls oblained in the subsequent chaplers. This includes the definitions of projective and
inductive limits of families of topological vector spaces. We illustrale this definttions on the ezample
of the space R®. Then we introduce a group G, as an infinile-dimensional manifold modeled on the
space R and also iniroduce a smooth siructure on it. We also define a concept of a tangent manifold
TG which allows us to carry out the Poisson-Lie theory, discussed in the previous chapier, o this

particular infinite-dimensional group. Finally we derive the Lie algebra of this group.

The group G, of infinite-jets.

Let us consider the space of formal power series in the variable u

We think of each X’ as representing a point z = (zy, Z2, .. . ) on the infinite-dimensional

subspace G, of R®: G, = {z € R*® | z; # 0}, where z;’s are the coordinate functions

of the point.

Define a multiplication map mq,: Goo X G — G on G, induced by the sub-
stitution of formal power series. For any two X'(u), Y(u) define

(XV)(u) = X(Y(u))
to be the product of X'(u) and Y(u).

Obviously the induced multiplication makes G, a group with an identity e = (1,0,0,...).
In local coordinates

k
(2.1) &= T > YpeYi
=D de)=k
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The first several formulae are given below

L=

€2 = T1Y2 + Ta2y;

€3 = T1y3 + T22y1y2 + T3y}

€4 = z1ya + 72(y5 + 2y193) + T33y3y2 + T4y}

€n = T1Yn + Tn¥} + Yno12y122 + Tuoa(n — Dy 2y + O(<n—1), n >3

where ¢ = zy.

The group G, can be made into a smooth manifold modeled on the complete
locally convex topological vector space R in the following way.

The space R™® and smooth structures on it.

We will begin with two definitions. Namely, the definitions of inverse (projective)
and direct (inductive) limits of topological vector spaces, which will establish the
background for our discussion of infinite-dimensional groups and Poisson-Lie struc-
tures on them.

Definition 2.1. (see, e.g. [Sa]) Let (V,,, fus1.)nen be a family of topological
vector spaces and maps, where f,11.: Vo311 — V, are continuous. Then the pair
(Voo (foo,n)nen) is called an inverse (projective) limit of (V,,, frt1,n)nen if
(i) Vo is a topological vector space; each fyn: Voo — V, is a continuous map, and
frt1m © foom+1 = foon fOr each n € N.

(ii) If W is a topological vector space and g,: W — V, are continuous maps satisfying
fatin © gng1 = gn for every n € N, then there exists a unique continuous map
g: W — V,, which satisfies g, = foonog,Vn €N

Part (ii) of the above definition simply asserts that V,, is unique up to an isomor-
phism. Next, we give an example, which is the main space we will work with.

Consider the family (R", Tn41.1)nen, where the projections 7,41 ,: R**! — R" are
defined by

7rn+1,n(xla- . axn,$n+1) = (:cla oo 9xn)a
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and {z;},_, are the standard coordinates on R*. Then the above family has an inverse
limit (R*, %eo ) Where 7y 0 R — R™ are defined by

7'('00'"(1:1,... s Tny Tngly - ) = (a:l,. .. ,Sl,‘n).

Clearly the maps 7,41, are continuous in the (e.g. Euclidean) topology on R*. The
inverse limit topology on R™ is defined by declaring subsets of the form 72} (O,),
for open O, € R", to be open in R*® and to form a basis for the topology on R*.
We also have T, 1, 0 Toont1 = Teon for every n € N. If W is another candidate
for a projective limit and ¢g,: W — R*, V n € N, then we define g: W — R* by
(9(2))n = (gn(2))n, where (g(z)), is the n-th component of g(z) € R®, and z € W.

The dual concept is the concept of a direct (inductive) limit of a family of topo-

logical vector spaces.

Definition 2.2. (see, e.g. [Sa]) Let (V,, fun+1)nen be a family of topological
vector spaces and continuous maps f, n41: Vu — Vig1. Then the pair (Vo (fn.00 Jnen)
is called a direct (inductive) limit of (V3 fan+1)nen if
(i) Vs is a topological vector space, each f,: V, — V., is a continuous map, and
fat1,00 © famt+1 = fnoo for every n € N;

(ii) if W is a topological vector space and g,: V, — W are continuous maps for
every n € N, satisfying g, = gn41 © fan+1, V7 € N, then there exists a unique map
g: Voo — W which satisfies g, = g o f, -

Going back to our example, let us consider the family (R™, ¢, n41)nen, Where
tnnt1: B* — R™*1 is defined by

tnnt+1(ZT1y .oy Zn) = (21, -+ ,Zn,0).

This family has a direct limit (R§®,¢n,00), Where RS is a vector subspace of R*
consisting of all sequences containing only finite number of non-zero terms, and
tnoo: R™ — RS is defined by

trool( 1y v s Tn) = (Z15--. ,Zn, 0,0,...).

The direct (inductive) limit topology on RS is defined by declaring a subset O C R
to be open if and only if ¢ L (O) is open in R” for every n € N. Then ¢, o is continuous
and tp oo = lnt1,00 O bnnt1s ¥V 1 € No If W is another topological vector space and
gn: R* — W, let us define g: R — W as follows







































































































































































































































































































































