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Semi-Analytical Model to Study Vibrations of High-Speed,
Rotating Axisymmetric Bodies Coupled to Other Rotating/
Stationary Structures

Kedar S. Vaidya

(ABSTRACT)

The vibration of complex mechanical systems that include coupled rotating and
stationary bodies motivates this work. A semi-analytical model is developed for high-speed,
compliant, rotating bodies. Exploiting the axisymmetry of the rotating body, the developed
semi-analytical model only discretizes the two-dimensional radial cross-section; Fourier se-
ries are used in the circumferential direction. The corresponding formulation for thin-walled,
axisymmetric shells is given. Even though the body is axisymmetric, its deflection as well as
external forces, constraints, and supports acting on the body are allowed to be asymmetric.
These asymmetric elements can be stationary or rotating. The model includes Coriolis and
centripetal effects. The prestress (or geometric) stiffness matrix that arises from external
forces and constant centripetal acceleration has additional terms compared to the literature,
and these terms can significantly change the natural frequencies.

Discrete stiffness-damper elements, elastic foundations, and constraint equations
are used to couple the rotating body to other rotating and stationary bodies. The model is
developed in a stationary reference frame to avoid time-dependent coefficients in the equa-
tions of motion when coupled to stationary components. Surface constraints are developed

using equivalent force relations between multiple points on the surface and a reference node.



Discrete stiffness-dampers, asymmetric elastic foundation, and asymmetric constraints intro-
duce non-axisymmetry in the system. The speed-dependent natural frequencies and complex-
valued vibration modes, presence of multiple Fourier harmonics in each mode, changes to
critical speeds, divergence and flutter instability phenomena, and eigenvalue veering are in-
vestigated for spinning systems with asymmetric features.

The developed semi-analytical model is used for rotationally periodic systems, for
example, planetary gears. Rotationally periodic systems consist of multiple vibrating, ro-
tating central components and substructures. The model is developed in a reference frame
rotating with the central component that supports the substructures. Structured modal
properties of the cyclically symmetric systems and diametrically opposed systems are in-
vestigated. The modes of the spinning system are categorized into translational-tilting,
rotational-axial, and substructure modes.

Time-varying coupling elements act as parametric excitation in the system. Large
strain energy in the coupling elements lead to large parametric instability regions. The
analytical closed-form expression of the parametric instability bandwidth obtained using a

perturbation method compares well with numerical results from Floquet theory.
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Semi-Analytical Model to Study Vibrations of High-Speed,
Rotating Axisymmetric Bodies Coupled to Other Rotating/
Stationary Structures

Kedar S. Vaidya

(GENERAL AUDIENCE ABSTRACT)

Complex mechanical systems, for example, mechanical transmission, consist of cou-
pled rotating and stationary bodies. The vibrations of rotating bodies are transmitted to
the other bodies through coupling elements. To reduce weight of the system, the rotat-
ing bodies are made thin-walled resulting in increased flexibility of the body. The existing
lumped parameter/rigid body models do not account for the flexibility of these rotating
bodies. Conventional three-dimensional finite element models lead to a large number of
degrees of freedom in the system, increasing the computational cost. We aim to develop a
computationally efficient model to analyze the dynamics and vibration of complex mechani-
cal systems. Most rotating bodies can be approximated as axisymmetric. The axisymmetric
property of the rotating body is harnessed to reduce the three-dimensional model of the body
to a two-dimensional radial cross-section using Fourier series in the circumferential direction.
This reduces the system degrees of freedom. Coriolis, centripetal, and prestress effects are
included in the model. Discrete stiffness-dampers, elastic foundations, and constraint equa-
tions couple the rotating body to other rotating and stationary bodies. Non-axisymmetric
coupling elements and forces introduce asymmetry in the system. The system model for these
asymmetric systems are developed in a stationary reference frame to avoid time-dependent

coefficient equations of motion. Flexible stationary bodies alter the natural frequencies and



vibration modes of the system. Instabilities, critical speeds, effects of asymmetry on the nat-
ural frequencies and vibration modes of the system are investigated. The model is extended
for rotationally periodic systems, for examples, planetary gears and bearings. This model
is developed in the reference frame that rotates with the central component that supports
substructures. Structured modal characteristics are observed for the rotationally periodic
systems. Changing contact conditions act as a source of parametric excitation in systems.
Parametric resonances occur when natural frequencies of vibration with large strain energy
in the coupling elements sum to the excitation frequency. Parametric instability regions

obtained using an analytical equation compare well with numerical results.
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Chapter 1

Introduction

1.1 Motivation

From small rotating gears in our watches to large rotating turbines in aircraft en-
gines, rotating systems are everywhere. Complex systems such as turbomachinery, transmis-
sion systems, guided cutting saws, brake disks, and hard drives consist of flexible, rotating
bodies interacting with other rotating and stationary bodies. The vibrations due to high-
speed rotating, deformable bodies and their interactions with other structures can lead to
failures in the system that makes the study of rotating, deformable bodies important. Many
rotating systems are analyzed as rigid bodies, for examples, lumped parameter models are
used for gears and disks in transmission systems. To make systems lightweight and compact,
the rotating bodies are made thinner and more compliant. Rigid body models cannot be
used to model compliant systems. This work aims to develop a semi-analytical model for
high-speed, rotating, compliant bodies interacting with other rotating and stationary bodies
in a complex system. This model is used to study the natural frequencies and vibration
modes, static deformation, dynamics, nonlinearities, and instabilities in the system. The
model is applied to some example systems that include a rotating brake-disk in contact with
the disk pads, coaxial rotors in a turbine-compression system enclosed in a stationary casing,

and coupled rotating gears.

Rotating bodies have complex geometries. It is difficult to obtain an analytical
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equation of motion for complex systems. Thus, numerical methods, for example, the fi-
nite element method, are used to model these rotating bodies. Conventional finite element
method for rotating bodies require: (a) a highly refined mesh at the interface to model
contact between the rotating and rotating/stationary bodies, (b) remeshing with rotation
to model the changing contact surface between the bodies, (¢) a large number of degrees of
freedom, and (d) large computational expense. This makes the use of conventional finite el-
ement method inefficient. Also, gyroscopic and centripetal effects due to rotation are absent
in most conventional finite element models. Gyroscopic effects can have substantial effect

on the dynamics of structures and thus, it is important to consider the gyroscopic effects.

Rotating bodies are usually axisymmetric about their rotation axis, or can be ap-
proximated as axisymmetric. The axisymmetric property of the body coupled with the power
of the finite element method to model complex-geometry systems is used to model rotating
bodies. The axisymmetric property is harnessed to reduce the three-dimensional conven-
tional finite element structure to a two dimensional cross-sectional finite element model.
The body, its deflections, and other parameters are periodic in the circumferential direction.
Thus, Fourier series approximate the body displacements in the circumferential direction.
This reduces the number of elements and nodes in the finite element model and thereby,
reduces the number of degrees of freedom and the computational cost. This model is called
a ‘semi-analytical finite element method.” Fig. 1.1(a) shows a schematic of an example
three-dimensional axisymmetric body reduced to its two-dimensional cross-section. Thin-
walled, shell-type bodies can be further reduced to one-dimensional finite elements in the

cross-section, as shown in Fig. 1.1(b).

A rotating, axisymmetric body coupled to a non-axisymmetric body results in time-
dependent coefficient equations of motion. This occurs because the material point on the

rotating body in contact with other bodies changes as the body rotates. The time-dependent
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Figure 1.1: (a) Three-dimensional rotating, axisymmetric, deformable body with its two-
dimensional radial-axial cross-section and (b) Three-dimensional rotating axisymmetric
plate-cylinder structure with its two-dimensional cross-section and a shell model.

coefficients act as parametric excitation in the system, resulting in complicated mathematical
analysis as compared to the constant coefficient equations of motion. The axisymmetry of
the rotating body allows for the model to be developed in a stationary reference frame to

avoid time-dependent coefficient /matrices equations of motion.

The model in the stationary reference frame allows one to easily couple other non-
axisymmetric stationary bodies. The rotating bodies in mechanical systems are coupled to
other bodies through bearings, splines, couplings, and joints. Spring-damper elements are
commonly used to model these coupling elements. Coupling mechanisms such as discrete
stiffness-damper elements, continuous elements, constraint equations, and elastic foundations
are used to model the coupling elements between different bodies. These coupling elements
are usually fixed in space, resulting in easy assembly to the semi-analytical finite element

model of the bodies in the system.

Rotationally periodic systems, such as planetary/epicyclic gears are commonly used
in automobiles, helicopters, and aircraft engines for their compactness and relatively low
weights. Roller or ball bearings and harmonic drives are other rotationally periodic systems

with axisymmetric central components and substructures. These models are widely analyzed
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using lumped parameter models or elastic-discrete models. The developed semi-analytical
model is extended to model these rotationally periodic systems in a central component
rotating reference frame. This allows one to include compliance in all components and yields

better system dynamic prediction compared to the lumped parameter models.

Time-varying coupling elements model the changing contact between meshing gears,
the contact between races and rolling elements in a bearing, and other periodic components
in the system. These time-varying elements are a major source of vibration in rotating
component systems. These elements can result in large vibrations due to parametric insta-
bilities that can damage the components. In this work, parametric instability caused by
time-varying coupling components between the semi-analytical finite element model of the

rotating body and other bodies is studied.

One can assemble complex systems that include rotating bodies using the semi-
analytical finite element model and coupling element models developed in this work. The
system frequencies, vibration modes, and dynamics can be analyzed using the obtained

system equation of motion.

1.2 Literature Review

1.2.1 Modeling of rotating axisymmetric bodies

Rotating bodies are often cyclic symmetric or axisymmetric about their axis of ro-
tation. The axisymmetry of the body allows for reduction of the model to a two-dimensional
cross-section for analysis. Clough and Rashid [25] were the first to study stationary axisym-
metric solids subjected to axisymmetric loads using axisymmetric elements of triangular

cross-section. Due to the symmetry in the system and loading, displacements of the system
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were developed only in the radial and axial directions. Wilson [154] extended the model
to include stationary axisymmetric bodies subjected to non-axisymmetric loads. They used
Fourier series in the circumferential direction. The non-axisymmetric loads demanded in-
clusion of the circumferential displacement in addition to the radial and axial displacements
[25]. Finite element models for axisymmetric solids have since been discussed in books such

as [26, 159].

Rotating bodies are often analyzed in the rotating reference frame. Geradin and Kill
[46] developed a three-dimensional formalism of flexible rotors in a rotating and an inertial
reference frame. They proposed an axisymmetric finite element model. The centripetal
effects and rotational stress stiffening effects were absent in the equations of motion obtained
in the inertial reference frame. Genta and Tonoli [45] applied the semi-analytical finite
element method for the analysis of flexural, torsional, and axial rotordynamic behavior of
discs. Fayos et al. [38] developed an Eulerian coordinate-based method for rotating bodies
using vibration modes of the system as basis functions. Many rotordynamics textbooks

[43, 44, 83, 117] have analyzed rotating systems using analytical and numerical methods.

The rotation-induced centripetal acceleration and stationary external forces acting
on a rotating body lead to prestress in the body affecting its stiffness. Genta [44], Friswell
[43], and Hu et al. [57] derived the prestress effects assuming the prestress is known apriori
from a static analysis. A systematic approach to obtain the prestress stiffness from the
steady deflections of the system and linearization of the nonlinear equations of motion is

discussed in this work.

Thin-walled, rotating bodies (rotating shells of revolution) have been widely used
to reduce weight. Many shell theories have been developed over the years [3, 103, 124]. Chen
et al. [22] studied vibrations of high-speed, rotating, axisymmetric shells using Novozhilov’s

shell theory [103]. Rotating, conical shells have been studied by [24, 59, 86, 87, 129, 149].
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Different numerical methods such as the Galerkin method, finite element method, discrete
singular convolution method, and generalized differential quadrature methods were used by
the authors. Cylindrical shells are a special case of conical shells. Refs. [48, 50, 58, 80, 133,
134] studied the effect of rotation and boundary conditions on the frequencies of rotating,

cylindrical shells using the above methods.

Thin rotating disks are analyzed independent of the shell theory, but disks can be
assumed to be a particular case of general shells. Linear plate theories lead to uncoupled
out-of-plane (transverse) and in-plane vibrations. The transverse and in-plane vibrations of
the rotating disks are analyzed in [20, 32, 65, 78, 79, 82|, to name a few. In this work, a
general nonlinear shell theory [124] will be utilized to build a semi-analytical finite element
model for rotating shells of revolution that can also model classical shells like cylinders,

cones, and disks.

Rotating bodies may experience loads that are stationary in space. For example,
cutting circular saws experience a constant force at the cutting edge, rotating computer disks
experience a stationary force due to its contact with the recording pinhead, and rotating
gear pairs experience force at the contact due to the gear meshing. Renshaw and Mote
[122] performed a perturbation analysis to model a rotating disk subjected to a transverse
load and compared the results with experiments. The vibration and stability of rotating
disks subjected to in-plane edge loads was studied in [18, 19, 126]. Tian and Hutton [139]
developed a general approach to study the instabilities due to interactions between rotating
disks and a stationary constraining system. Liew et al. [89] studied dynamic stability of a
rotating cylindrical shell subjected to periodic axial loads. Spelsberg-Korspeter et al. [131]
investigated the coupling of in-plane and transverse vibration of a rotating annular disk in the
presence of a distributed friction load on the surface depicting the brake-squeal phenomenon.

Ono et al. [105] analyzed a flexible rotating disk with a pair of head and suspension systems



1.2. LITERATURE REVIEW 7

at opposing points on its two sides. The prestress stiffness effect on the natural frequencies
and vibration modes of rotating shells and bodies of revolution due to nonaxisymmetric,

stationary loads are analyzed in this work.

1.2.2 Rotating axisymmetric bodies coupled to other rotating/

stationary structures

Interaction between a rotating, axisymmetric body and other rotating or stationary
structures can result in vibration of the entire system. Examples of systems with rotor-rotor
or rotor-stator coupling include guided circular sawblades, coupled gears in a stationary
housing, washing machines, turbine-compressor coaxial rotors in an aircraft engine, a rotating
brake disk coupled to stationary pads, and others. Stationary stiffness-damper elements,

stationary loads, and other coupling elements model the coupling between the bodies.

Jacquet et al. [67] reviewed literature on rotor to stator contacts in turbomachines,
concluding that most studies on rotor-stator contact are based on simplified models, for ex-
ample, the Jeffcott type rotor and rigid bearings. Lee [88] developed a mathematical model
using vibration modes of uncoupled bodies as a basis to obtain the equations of motion.
Shen et al. [127] also used general modal coordinates to study the vibration of a rotating
disk/spindle system coupled to flexible housing/stator assembly via bearings modeled as
spring-damper systems. Tseng et al. [141] used a similar approach to study the vibrations
of rotating axisymmetric structures in contact with stationary parts. The modal coordinate
approach in [127, 141] requires a complex volume integral of the mode shapes and its deriva-
tives to obtain the rotational effects of the body. In this work, the rotational gyroscopic and
centripetal effects are obtained from the material velocity of the body without requiring any

additional complex volume integral.
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Discrete stiffness-damper elements are commonly used to couple different bodies in
the system, for example, guides in a circular sawblade, read /write pinhead in HDD drivers,
and mesh stiffness in coupled rotating gears. Tadeo and Cavalca [136] compared Kramer [84]
and Nelson and Crandall [102] flexible coupling stiffness-damper models. Iwan and Moeller
[66] studied the transverse vibration of a spinning elastic disk with a transverse mass-spring-
damper loading system. Hutton et al. [65] modeled the guides on a circular sawblade with
stationary point loads and springs. Huang and Hsu [61, 63] used the theory of receptance
to study the vibration of rotating disks with interior multi-point supports and multi-circular
guides. Refs. [10, 28, 29, 118] analyzed the vibrations of rotating rings on elastic foundations
and space-fixed stiffnesses. Huang and Hsu [62] used the receptance theory for modal analysis
of a spinning cylindrical shell with stiffness supports. Firouz-Abadi et al. [40] investigated

the whirling frequencies of a rotating cylindrical shell surrounded by an elastic foundation.

Complex systems with coupling between multiple rotating bodies and stationary
structures is analyzed with the semi-analytical finite element model developed in this work.
Rotating brake disks coupled to rigid or flexible brake pads via elastic foundations and
friction are analyzed in [51, 56, 75, 76, 106, 107]. Coaxially rotating turbine-compressor
systems coupled via intercoupling bearing stiffness and enclosed in a casing via bearings are
analyzed in [15, 151, 152, 157]. The coupling elements can model bearings, nonlinearities due

to rotor-stator rub, pedestal looseness, and time-varying intershaft bearings in the system.

1.2.3 Modeling of rotationally periodic systems

Rotationally periodic systems, such as planetary/epicyclic gears, bearings, and
strain wave gearing (harmonic drives) are compact and widely used in automobile and

aerospace applications. Roller or ball bearings are present in all mechanical systems to
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provide the required coupling between moving parts. Most of these systems are cyclically
symmetric with equally spaced substructures. Refs. [33, 104, 128] mathematically proved

the modal characteristics for general cyclically symmetric systems.

Lumped parameter models are commonly used for these rotationally periodic sys-
tems. Refs. [11, 31, 68, 90, 92] used lumped-parameter planetary gear models to study the
modal characteristics and dynamics of planetary gears. Eritenel and Parker [37] mathemat-
ically developed a three-dimensional lumped parameter model for helical planetary gears.
Kiracofe and Parker [81] extended the lumped-parameter single planetary gear model to

compound planetary gears.

The elastic vibration of gear components is important for compliant systems ro-
tating at high speeds. The importance of ring gear elastic deformation in a planetary gear
was concluded by Hidaka et al. [52, 53]. Abousleiman and Velex [1] developed a three-
dimensional lumped-parameter planetary gear model with a finite element model for the
deformable ring gear. To account for carrier vibration, Abousleiman et al. [2] extended the
model to include a finite element model of the carrier. Wu and Parker [155] established an
elastic-discrete planetary gear model with discrete planetary degrees of freedom and an elas-
tic ring to investigate the modal properties of the system. Wang and Parker [147] included

bending and shear deformations in the analytical ring model.

A finite element/contact mechanics (FE/CM) model [146] includes finite element
models for all components, thereby accounting for the system deformation. Refs. [5, 72,
112] investigated the dynamics of planetary gears using the FE/CM model. The dynamic
analysis using the FE/CM model is computationally expensive. It neglects the gyroscopic
effects that are important for compliant gears at high-speeds. The semi-analytical finite
element model for rotationally periodic systems in this work includes gyroscopic effects and

is computationally efficient for dynamic analysis.
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The modal properties of planetary gears are categorized into translational, rota-
tional, and substructure modes. The modal characteristics of planetary gears were analyti-
cally analyzed in [27, 37, 90, 148, 155] using lumped-parameter and elastic-discrete models.
The effect of gyroscopic effects on the modal properties was analytically investigated by

27, 148].

Strain wave gearing (harmonic drives) are used in applications that have space and
weight constraints. Harmonic drives are light weight, compact in size, have high reduction
ratios, zero backlash, and high accuracy. These find applications in robot joints, satellites,
and other aerospace equipment. The harmonic drive consists of an elliptical central compo-
nent called wave generator that supports the ball-bearing assembly, and this is in contact
with an axisymmetric flexspline, and enclosed in a circular spline. The flexsplines produce
elastic deformations via the wave generator and engage with the circular spline to transmit
motion and power. Tuttle and Seering [143] used experimental observations to guide the
development of a lumped-parameter model for harmonic-drives. [54, 77, 150] are some other

references that have analyzed harmonic drive systems.

1.2.4 Parametric instability and dynamics in rotating systems

Gears are an important part of mechanical transmission systems. The contact
between the meshing gears is usually fixed in space. The gear meshing teeth are modeled
as space-fixed stiffnesses. The number of teeth in the contact meshing changes between one
tooth and two teeth. This changing contact conditions due to change in the number of teeth
in contact is the primary source of vibration in gears. This change in contact conditions is
modeled by periodically varying mesh stiffnesses. The dynamic analysis of gear pairs using

lumped-parameter gear models with time-varying mesh stiffnesses were studied by [4, 7, 140].



1.2. LITERATURE REVIEW 11

Lin and Parker [92] investigated parametric instability due to the fluctuating mesh stiffness in
a two-mesh, multiple-gear system. The need for light-weight gears in aerospace applications
has made the gears more flexible. Vangipuram Canchi and Parker [12] studied the parametric
instabilities of in-plane bending vibrations of an elastic, rotating ring subjected to moving,
time-varying springs. Liu et al. [93] also studied the parametric instabilities of spinning

elastic rings excited by fluctuating time-varying stiffnesses.

Large vibrations and backlash in the gears can lead to tooth contact loss in the
meshing gear. This introduces a nonlinearity in the rotating, coupled gear system. Kahra-
man and Singh [70] investigated the nonlinear dynamics of a gear pair modeled by two
degrees of freedom using a harmonic balance method. Theodossiades and Natsiavas [138§]
investigated the dynamics of a gear pair with backlash and time-dependent mesh stiffness
using a two degrees of freedom torsional gear model. Liu and Parker [94] examined the non-
linear, parametrically excited dynamics of idler gear sets using a lumped parameter model.
Eritenel and Parker [35] developed a three-dimensional helical gear lumped parameter model
to study the nonlinear vibrations due to tooth contact loss. Light-weight, deformable gears
require a model that considers the deformations in the gears. The conventional finite ele-
ment model of rotating gear pairs requires highly refined elements at the contact region with
remeshing at every time instant. Thus, the conventional finite element method is compu-
tationally inefficient to deal with such problems. Vijayakar [146] developed a finite element
model in conjunction with a surface integral contact model that captures the effects at the
contact. The model developed includes the effects of changing tooth contact and contact
loss and thus, an external excitation or nonlinearity is not required. Parker et al. [113]
used the finite element/contact mechanics model developed by [146] to study the nonlinear
dynamic response of a spur gear pair. Cooley et al. [30] developed an efficient frequency

domain method using the finite element/ contact mechanics model to reduce the time taken
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for dynamic analysis of gears. Even though the contact model is accurate, the dynamic

analysis takes a long computation time.

1.3 Scope and organization of the work

Chapter 2 develops a semi-analytical finite element model of high-speed rotating,
flexible, axisymmetric bodies. Exploiting the axisymmetry of the body, the developed model
only discretizes the two-dimensional radial cross-section with global or local shape functions
and uses Fourier series in the circumferential direction. This formulation is further reduced
to a one-dimensional radial cross-sectional mesh for thin-walled, axisymmetric shells. Even
though the body is axisymmetric, external forces, constraints, and elastic supports acting
on the body are allowed to be asymmetric. The model is developed in the stationary refer-
ence frame to easily couple stationary components to the axisymmetric rotating body and
to avoid time-dependent coefficient equations of motion. The model includes Coriolis, cen-
tripetal effects, and prestress due to external forces and constant centripetal acceleration.
The prestress stiffness in the current formulation has additional terms as compared to meth-
ods in the literature and these terms have a significant effect on the natural frequencies.
The splitting of degenerate natural frequencies from rotation, change in critical speeds due
to rotational prestress, presence of divergence and flutter instabilities, and the effects of
rotation on the complex-valued vibration modes are investigated. Asymmetric stationary
components break the axisymmetry of the system leading to distinct stationary eigenvalues,
eigenvalue veering, and vibration modes with multiple Fourier harmonic contributions. The

semi-analytical model of rotating, axisymmetric bodies forms the basis for further chapters.

Chapter 3 develops coupling models to couple the rotating, axisymmetric body to

other rotating and stationary bodies in a complex system. Component equations of mo-
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tion for all bodies are obtained in their respective local, stationary reference frames. The
semi-analytical model from Chapter 2 is used for all rotating, axisymmetric bodies in the
system. The space-fixed formulation simplifies the inclusion of space-fixed coupling elements
resulting in constant coefficient equations of motion. Discrete stiffness-damper elements,
elastic foundations, and constraint equations are used as coupling elements in the system.
Surface constraint equations based on the transfer of equivalent loads between points on
the surface and a reference node are developed for the axisymmetric body formulation from
Chapter 2 and for conventional finite element models. The coupling models are demon-
strated for a brake disk-pad system coupled via non-axisymmetric elastic foundation and
non-conservative friction. A turbine-compressor coaxially rotating system enclosed in a cas-
ing is also developed. The rotors are coupled via a time-varying bearing stiffness. Discrete
stiffnesses, surface constraints, and elastic foundations couple the rotor to the outer casing.
Distinct stationary eigenvalues, eigenvalue veering, parametric excitation due to fluctuating

coupling elements, and other effects are observed for the system.

In Chapter 4, the models developed in the previous chapters are used to model
rotationally periodic systems, such as planetary/epicyclic gears, roller/ ball bearings, and
harmonic drives. The rotationally periodic system consists of P central components and
N substructures. The model is developed in a rotating reference frame of the central com-
ponent that supports all the substructures. Only this central component is allowed to be
non-axisymmetric. All the remaining central components and substructures are either axi-
symmetric or rigid bodies. The coupling between the central components and substructures
is space-fixed when viewed in the rotating reference frame of the central component with
the substructures. This results in a constant coefficient equation of motion. Gyroscopic
and centripetal effects due to relative velocities of the bodies are included in the model.

Cyclically symmetric systems possess structured modal properties. The developed, general
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model is used to validate the structured modal characteristics of cyclically symmetric and
diametrically opposed systems. The modes for the stationary system are categorized into
translational-tilting, rotational-axial, and substructure modes. Pure component modes are
an additional mode type observed for systems with specific couplings. The effect of gyro-

scopic effect on the mode types is verified with the literature.

Parametrically excited systems are analyzed in Chapter 5. The source of parametric
excitation is the time-varying coupling elements. The changing contact between rotating
gears and between bearing races and rolling elements lead to periodically changing coupling
elements. The governing equations are cast into a state space form and reduced using
eigenvectors of the system. A closed-form expression obtained using method of multiple
scales is used to obtain the parametric instability regions. The analytical results compare

well with numerical results from Floquet theory.



Chapter 2

Semi-analytical model to study
vibrations of high-speed, rotating
axisymmetric bodies coupled to other

rotating/stationary structures

2.1 Introduction

The vibration of rotating, axisymmetric bodies coupled to stationary structures,
for example, high-speed gear pairs with space-fixed stiffness representing the meshing tooth,
rolling wheels with ground contact, guided circular sawblades, and disk brakes, motivates this
study. Rotating structures are frequently axisymmetric about their rotation axes, or can be
approximated as axisymmetric. This feature is exploited to accomplish multiple objectives:
a) handle arbitary axisymmetric geometry, b) formulate the model in a stationary reference
frame that simplifies coupling the rotating body to space-fixed bodies, constraints, or elastic
supports, ¢) avoid time-dependent matrices that arise when a rotating body coupled to
stationary components is analyzed in a rotating reference frame, d) include Coriolis and
centripetal effects, e) include prestress (or geometric) stiffening effects, and f) reduce the

computational cost compared to full three-dimensional models.

15
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The semi-analytical formulation of a three-dimensional, rotating, axisymmetric

body allows reduction of the model to a two-dimensional radial cross-section. Clough and
Rashid [25] modeled stationary axisymmetric structures subjected to axisymmetric loads
with triangular cross-sectional finite elements. Because of the symmetry in the system and
loading, they only considered radial and axial displacements. Wilson [154] extended the
study to include stationary axisymmetric bodies subjected to non-axisymmetric loads. Fi-

nite element models for axisymmetric bodies have been discussed in books such as [9, 26, 159].

A rotating axisymmetric body coupled to non-axisymmetric, stationary structures
or supports leads to time-dependent coefficient equations of motion in the rotating reference
frame. This arises because the space-fixed component, such as the ground contact in a
rotating tire, the caliper acting on a disk brake, the fixed guide on a circular sawblade, or
the tooth contact in a spinning gear, appears as a moving component when viewed in a
rotating reference frame. These time-dependent coefficients act as parametric excitation.
Mathematical analysis of parametrically excited systems is complicated compared to more
familiar methods for constant coefficient systems. Numerical solutions for parametrically
excited systems are computationally expensive. We model rotating bodies in a stationary

reference frame to avoid time-dependent coefficients/matrices in the equations of motion.

Geradin and Kill [46] developed a finite element model of an axisymmetric rotor
in rotating and stationary reference frames. The centripetal and rotational stress stiffening
effects are absent in the stationary reference frame model. Genta and Tonoli [45] applied a
semi-analytical finite element method to analyze rotordynamic behavior of discs. Additional
methods to analyze the rotating systems are discussed in articles and books [39, 43, 44, 83,

117).

The rotation-induced constant centripetal acceleration and external forces acting

on a rotating body lead to prestress that affects the stiffness. Genta [44] derives a prestress
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(or geometric) stiffness matrix assuming the prestress is known a priori from a separate
analysis. He neglects strain energy terms that are cubic in total displacement, but such
terms contribute to the equations of motion when the displacements of the prestressed state
are moderate, as shown later. Consequently his prestress (or geometric) stiffness matrix has
missing terms compared to the current approach. Other references [43, 57| follow the same
approach as Genta [44] and thus result in prestress stiffness that differs from the current

model.

Thin-walled, rotating bodies can be modeled using shell theories [3, 103, 124].
Chen et al. [22] analyzed the vibration of high-speed, rotating, axisymmetric shells using
Novozhilov’s shell theory [103]. In [22], the rotational prestress arising from the centripetal
acceleration is obtained analytically for shells with free-free boundary conditions. Other
researchers [24, 50, 59, 86, 87| studied the vibrations of conical shells with different boundary
conditions, yet they used the rotational prestress obtained in [22] for the free-free case.
Similarly, [58, 133, 134] studied rotating cylindrical shells with different boundary conditions,
but they used the rotational prestress obtained in [22] for the free-free case. These studies
neglect the effect of boundary conditions on the rotational prestress by incorrectly using the
rotational prestress for the free-free shell obtained by Chen [22]. This problem does not arise

in the current formulation.

Penzes and Kraus [114] and Padovan [108] analyzed cylindrical shells prestressed
due to uniform loading. Sivadas [129] analyzed thick, rotating, conical shells with prestress
due to centripetal acceleration and external torque. Carrera and Filippi [13] analyzed spin-
ning cylindrical shells with prestress due to rotation-induced force using refined beam models.
Guo et al. [47] studied vibrations of rotating cylindrical shells under stationary point loads
with prestress using equations of motion in Guo et al. [48]. They obtain the dynamic re-

sponse of the system, but they do not discuss the effects of prestress. In this work, the
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prestress stiffness for rotating, axisymmetric shells with general loading is derived similar to
that obtained for axisymmetric bodies as described above. The references discussed above
have missing terms in the prestress stiffness when compared to the prestress stiffness in this

work.

The present semi-analytical formulation uses a two-dimensional finite element mesh
of the radial cross-section for general axisymmetric solid bodies. For axisymmetric shells, this
formulation reduces to one-dimensional finite elements to mesh the cross-section. Constraints
on the motion, coupling to elastic supports, and applied forces are included, and these are not
restricted to be axisymmetric. Rotational effects, rotational prestress, and prestress due to
external forces are included. The model results validate well with commercial software and
literature. The splitting of degenerate natural frequencies from rotation, stress stiffening
due to rotational prestress, and effects of rotation on the complex-valued (i.e., traveling
wave) vibration modes are investigated. Symmetry breaking effects of prestress due to non-
axisymmetric forces lead to distinct stationary frequencies, eigenvalue veering, and vibration

modes with multiple nodal diameter components.

2.2 Rotating axisymmetric body

2.2.1 Model description

Fig. 2.1 shows an axisymmetric, flexible body rotating at constant speed {2 about its
symmetry axis. The body has an arbitrary two-dimensional radial cross-section. The total
cross-sectional area is A. The geometry is uniform circumferentially (i.e., axisymmetric).
The material properties are uniform circumferentially but can vary within the cross-section.

The Young’s modulus, density, and Poisson’s ratio are E, p, and v, respectively.
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Figure 2.1: (a) Three-dimensional axisymmetric, rotor—disk with radial cross-section marked
in solid black lines, (b) front view of the rotor—disk, and (c) two-dimensional discretized
finite element cross-section (dimensions in millimeters). A circumferential elastic foundation
supports the body along the edge I';.

An elastic foundation with radial (k, ), tangential (k,), and axial (k,,) stiffnesses per
unit of surface area supports the body along any portion of its r — z plane boundary (denoted
by I'y and shown in Fig. 2.1(c)). The elastic foundation can vary circumferentially so is not
necessarily axisymmetric. External forces F with arbitrary spatial and temporal variation
act on the body. These external forces can be asymmetric and can be moving. Constraints
may restrict the motion of the rotating body. Like the external forces, these constraints can
be asymmetric, vary circumferentially, and be stationary or rotating. Boundary conditions
must be specified at points on the boundary in the » — z plane. The boundary conditions

are uniform circumferentially.

The basis {E;, Es, E3} shown in Fig. 2.1(b) is stationary. The basis {E,, Ey, E,}
is also fixed but oriented by the angle 6 as shown, where 6 defines a spatially fixed angle
relative to the stationary base vector E;. Because the body rotates while the basis {E,, Eq,
E.} is fixed, 6 does not identify a cross-section of material points on the body. Instead, the
cross-section of material points at a given 6 changes with time as the body rotates. Similarly,

the angle 6 identifying the location of a given cross-section of material points changes with
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time according to 0(t) = Qt + 6,.

The elastic deflections of a material point instantaneously at a specified  are repre-
sented by radial u(r, z, 6, t), tangential v(r, z, ,t), and axial w(r, z, 0, t) displacement degrees

of freedom aligned with the {E,, Eg, E.} basis.

The dynamic model of a three-dimensional, rotating, axisymmetric body is derived

first. Thin-walled shell structures are considered subsequently.

2.2.2 Dynamic model of a rotating axisymmetric body

Kinetic energy

The position vector of a material point on the rotating axisymmetric body instan-
taneously rotating past the angle 6 before deformation is rg = rE, + zE,. The position

vector after deformation is

r=[r+u(rz0,t)]E, +v(rz 0 )Ey+ [z +w(r z0,t)| E.. (2.1)

The velocity of a material point is obtained by the material time derivative of r that combines:
(a) convective velocity terms arising because the angle 6 associated with a material particle
changes with time according to 00/0t = Q, and (b) partial derivatives of elastic deflections

with respect to time. The material time derivatives are

du_@u oudr Oudf Oudz

a—aﬁ‘a&ﬁ‘%aﬁ-%a:%t—FQuﬁ (2.2&)
dE, B OE, OE, 00 B . dE, B . dE, B
T T R i L T B TR (2.2b)
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where (-), and (-)y are partial derivatives with respect to t and 6. The material time
derivatives of displacements v and w are similar to Eq. (2.2a). The particle velocity from

the material derivative of r in Eq. (2.1) is

F=[u;+Qug—v)|E, + v +Qwe+7r+u)|Eg+ [we + Quy| E,. (2.3)

The kinetic energy of the body is

27
T = 1// pr - rrdfddA. (2.4)
2 JaJo

Strain energy

The elastic strain energy is obtained from Green’s nonlinear strain-displacement
relations [3]. The strains are expressed as a sum of the linear (L) and nonlinear (NL) terms

as

€ = {€r, €00, €z, ’Yre,’YezKer}T ="+ N, (2.5a)
B EEICEIORIC .
L(%+u) 2 |G+ + (% -0+ (%)
D B - GRV B (O g (oY .
(3+2-2) L2 (%-v)+ & (H+v) + 2]
(2% +3) g G+ + 32 (% -0+ 2%
(%2 +22) (§e8e + 22 + 2w)
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The stresses are obtained from the constitutive relation o = De, where D is the elasticity

tensor. The elastic strain energy of the body is

1 2m
1= —/ / e ordddA. (2.6)
2JaJo

Terms up to the third order of displacement are retained in the elastic strain energy.

The strain energy in the elastic foundation is

1 2
;= 5/ / (kyu® + kyv® + kyw?) rdodr . (2.7)
I'sJO

While the elastic foundation can vary circumferentially, a circumferentially varying founda-
tion that is fixed relative to the rotating body results in time-dependent foundation stiffness

terms in the equations of motion.

External forces

Rotating bodies can experience space-fixed or rotating external forces. Examples
of space-fixed forces are the stationary contact force acting on a rotating tire in contact
with the ground, a tooth meshing force at a fixed contact location in a coupled gear pair,
and a stationary braking force on a spinning brake rotor. Whether stationary or moving,
the external forces may vary circumferentially, in which case the system response may lack

symmetry despite the rotating body being axisymmetric.

An external force distribution F = F,E, + F,Ey + F,E. per unit volume acts on
the body. The forces can arise from nonlinearity such that, in general, they are functions of

displacements and velocities as well as the spatial coordinates and time. The virtual work
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expression is

27
oW = / / (Fuou + F,0v + F,ow)rdddA, (2.8)
aJo

where du, ov, and dw are virtual displacements.

Constraints

Constraints that restrict the motion of a rotating body are admitted. Such con-
straints are, most likely, either fixed in space or moving with the rotating body, but the
formulation is not limited to these cases. The constraints can be asymmetric. Examples
include zero axial displacement at a guide location on a circular sawblade or hard disk
drive and a brake-rotor area constrained by a brake pad. A set of IN. constraints, whether

holonomic or non-holonomic, can be represented by the N.-dimensional vector expression
fu,v,w,us, v, wy, t) =0. (2.9)

The constraints are assumed to be at most linear in the velocities.

The constraints are mathematically imposed using Lagrange multipliers collected in
an N.-dimensional vector A [26, 97]. Alternatively, the penalty method [8, 26] can impose the
constraint equations. Boundary conditions can be treated as constraints and imposed using

Lagrange multipliers, which yields the forces needed to impose the boundary conditions.

Because the present method formulates the governing equations in the stationary
{E,,Ey, E,} reference frame, asymmetric constraints fixed to the rotating body lead to
time-dependent coefficients in the equations of motion. Constraints fixed in space, whether
axisymmetric or asymmetric, and axisymmetric constraints fixed to the rotating body result

in constant coefficient equations of motion.
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2.2.3 Displacement field approximation

The displacement fields required to calculate the foregoing kinetic and strain ener-
gies are spatially discretized. A key point of the formulation is that, because of axisymmetry
of the body, the discretization is carried out only on a radial cross-section of the body. The
choice of discretization method depends on whether the geometry of the cross-section has
a simple form (such as a circle or rectangle) or a more complex form. If the cross-section
has a simple form where one can identify discretization basis functions that define the entire
cross-section (e.g., polynomials or Bessel functions combined with trigonometric functions
for circular cross-sections like in a torus), then these are the most computationally efficient
and convenient. We call these global basis functions. If, however, the cross-section has a
complex shape, then a local discretization such as finite element is required (other local dis-
cretization approaches such as finite differences are also possible). We discuss both global

and local discretizations below.

For either of global or local discretization, the essential point is that, because of
axisymmetry of the body, the basis functions are the same for any value of the space-fixed
angular coordinate #; they only depend on the cross-sectional coordinates r and z. Circum-
ferential variations of the displacement fields, which are not restricted to be axisymmetric,

are captured by dependence of the basis function coefficients on 6.

Considering first the case of simple cross-sectional geometry and global discretiza-

tion, the displacement field at a given space-fixed angular location 6 is expressed as
u(rz,0.0) =y Y _elm(r, 2)U™(0,1). (2.10)
l m

The basis functions ®/™(r, z) form a complete set that satisfy, at a minimum, the geomet-

ric boundary conditions in the (r,z) plane of the cross-section. The unknown coefficients
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U'™(6,t) are to be determined. Axisymmetry of the body means that, even as the body
rotates, the undeflected shape of the cross-section (but not the displacement fields) is the
same at any angular orientation € and at any moment in time. Thus, the basis functions
dlm(r, 2) in Eq. (2.10) do not depend on either 6 or t. The dependence of the displacement

field on 6 and ¢ is captured through the basis function coefficients.

The basis functions ®™(r, 2) depend on the cross-sectional geometry. For example,
the cross-section of the outer cylindrical body of the system in Fig. 2.1 is rectangular with
length a and thickness b. For the case of simply supported boundaries on all sides, a suitable

choice of basis functions is

l
o™ (r, 2) :sin%rsin Mz lm=1,2, .. . (2.11)
a

For other boundary conditions or other cross-sectional shapes (e.g., circular), one would
choose the basis functions to be polynomials, other trigonometric functions, Bessel functions,

and the like.

Because the body and its displacement fields are continuous in 6 and 27 periodic,
so are the #-dependent coefficients U™ (6, t) in Eq. (2.10). Thus, they can be expanded using

Fourier series as

e}

U™, t) Z (UL (t) cosnb + UL (t) sinnb)] . (2.12)

The coefficients U (t), U™ (t) determine the amplitude of the n'™ Fourier harmonic of the
radial displacement, also referred to as the n!* nodal diameter component of radial displace-
ment. The displacements represented by U[™(t) correspond to circumferentially uniform 0™

harmonic axisymmetric deflections.
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Following a similar process for the tangential and axial displacements, the three

displacement fields for an axisymmetric body are

u(r, z,0,t) ZZ@M (r,2) Z U™ (t) cosnf + U™ (t)sinnd) |, (2.13a)

v(r,z,0,t) ZZCI)”" (r,2) |Vi™(t) + Z VI (t) cosnf — Vo' (t) sinnb) |, (2.13b)

(r,z,0,t) ZZ@M (r,2) Z W (t) cosnd + W™ (t) sinnb) | , (2.13c)

where ®™(r, ), ®™(r, 2), and ®'™(r, 2) are global basis functions for the radial, tangential,

and axial displacement fields, respectively.

These displacement fields admit non-axisymmetric deformations of the axisymmet-

ric body.

The negative sign in Eq. (2.13b) is used for convenience to result in identical

stiffness matrices corresponding to the symmetric and antisymmetric components [26].

We now consider complex cross-sectional geometries, like in Fig. 2.1, that require
local discretization. For an axisymmetric body with a complex cross-section, obtaining
global basis functions that span the entire cross-section is typically not possible. Thus,
the cross-section is discretized locally using the finite element method with two-dimensional
(e.g., triangular or quadrilateral) elements as shown in Fig. 2.1(c). Anticipating the use of
Fourier series to extend each cross-sectional finite element in the 6 direction, as done above

with global basis functions, one can visualize each individual finite element as defining a
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three-dimensional elemental ring. These multiple elemental rings collectively constitute the

full axisymmetric body.

The displacement field within a finite element e at any given angular location 6 is

expressed similarly to Eq. (2.10) as

ue(r, 2,0,t) = W (r, 2)U,(6, 1), (2.14)

where W¢(r,2) is a vector of local shape functions within an element e that defines the
radial displacement field. The as yet unknown U.(#,t) is a vector of the nodal deflections
of an element. The local shape functions ¥¢ (r, z) are analogous to the global basis function
dlm(r 2) in Eq. (2.13). Axisymmetry of the body allows the use of an identical cross-
sectional mesh at any angular position § and at any time ¢. Thus, ¥¢(r, z) is not a function
of # or t. The nodal deflections of each element U, (0,t) vary circumferentially such that

they are functions of 6.

The local shape functions W (r, z) are standard finite element shape functions such
as Lagrange polynomials, Legendre polynomials, or Chebyshev polynomials [9, 26, 119, 159].
To accommodate elements of general polygonal shape, an isoparametric form of shape func-
tions is used on the isoparametric space defined by coordinates (£,7). The standard finite
element approach [9, 26, 159] is used to convert between physical coordinates (r,z) and

isoparametric coordinates (&, 7).

The nodal deflections U,(6,t) are periodic and so expanded in Fourier series as

done in Eq. (2.12). Consequently, the displacement fields for an axisymmetric body with
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complex radial cross-section locally discretized into finite elements are
ue(r, 2,0,t) = W (r, 2) |UL(L) + Z (Us . (t) cosnf + Us (t) sinnb) | , (2.15a)
n=1
velr,2,0,8) = WS (r,2) [ V(1) + ) (Vi () cosnf — Vi (1) sinnd) | (2.15b)
n=1
we(r, z,0,t) = W (r, 2) |WE(H) + Z (W; (t) cosnf + Wi, (t)sinnd) | . (2.15¢)
n=1

2.2.4 Matrix form

For a simple cross-section defined using global basis functions, substitution of Eq.

(2.13) into strain-displacement Eq. (2.5) results in

1
e=€e"+ e =Bq+ ES(q),Bq. (2.16)

The matrices B, S(q), and 3 are analogous to elemental matrices discussed later and are

described in Appendix A.1. q is the vector of unknown time-dependent coefficients defined

in Eq. (2.13) for all harmonics given as

T
qz{qu ai - qf} ) (2.17)

T
qn = {Unc Uns Vns Vnc Wnc Wns} .
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Substitution of Eq. (2.16) and o = De into the strain energy Eq. (2.6) and retaining up to

cubic orders of displacement q leads to

= % [a"Kq + N(q)], (2.18a)

K = /A /O " B"DB rdfdA, (2.18Db)

N(q) = %qT { /A /0 " (P(q) +P7(q)) rdddA| q, (2.18¢)
P(q) = 37S"(q)DB. (2.18d)

The first term of Eq. (2.18a) will yield the constant linear elastic stiffness matrix K in the
equations of motion; the term IN(q) containing cubic orders of displacement will contribute

to the prestress stiffness matrix.

Similarly, substitution of Eq. (2.13) into Eqgs. (2.4), (2.7), (2.8), and (2.9), leads to

1
T = §(qTMq + Q4" Gq + Q?q" Cq + Q*r?) + Q*Flq, (2.19a)

1
Il = " K;q (2.190)
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flu,v,w,ug, v, we, t) =f(q,q,t) =0. (2.19d)

M, G, and C are the mass, gyroscopic, and centripetal matrices, respectively. Fq is a
constant, rotation-induced vector due to centripetal acceleration. Ky is the elastic foundation
stiffness matrix. All of the matrix components are analogous to the matrix components of

the elemental matrices that are discussed next and are described in Appendix A.1.

For a complex geometric cross-section divided into two-dimensional finite elements,
the matrix forms of a single elemental ring of cross-sectional area A, are obtained by substi-

tution of Eq. (2.15) into Eqgs. (2.4), (2.6), (2.7), and (2.8), leading to

T, = S(@ m.de + 047 g.q. + Oalca, + 0% + fa, (2.20a)
M= [afka +n.(a)] (2200)

Iy, = %qfkfeqe, (2.20¢)

OW. = Fe(qe, 4, 1) - 0qe, (2.20d)

where m,, g., and c, are the elemental mass, gyroscopic, and centripetal matrices, and fy, is

a constant rotation-induced vector. ky_ is the elemental elastic foundation matrix. k. and
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n.(q.) are analogous to corresponding terms in Eq. (2.18) and given as

2w
k, = / / B DB, rdddA., (2.21a)
Ae JO
1 2
ne(qe)ziqf { / /0 (Pe(ae) + P! (qc)) rdfd A, | qc, (2.21b)
pe(q.) = B, 8! (a.)DB, (2.21c)

where B, S.(q.), and B, are given in Appendix A.1. q. is the vector of time-dependent nodal
deflections for all harmonics associated with a single finite element (i.e., a single elemental

ring) given as

T
qe—{qoZ @l . an} : (2.22)

T
Ane = {Uic Uf@s mes Vch Wic mes} :

The sum of the energies of all elemental rings yields the total energy of the axisym-
metric body as T = Zi\il T¢, with similar summations for II, II;, and 0W, where N, is the
number of elements in the cross-section. The summation of elemental energies leads to the
assembly of elemental matrices into global matrices in such a way that nodal degrees of free-
dom for nodes that are common to adjacent elements are set equal. This is a standard finite
element assembly process that results in global matrices analogous in form to Eq. (2.19)
and a global time-dependent coefficient vector q analogous to Eq. (2.17). The terms “global
matrices” and “global coefficient vector” used in this context are standard finite element

terminologies and should not be confused with global discretization defined previously.



CHAPTER 2. SEMI-ANALYTICAL MODEL TO STUDY VIBRATIONS OF HIGH-SPEED,
ROTATING AXISYMMETRIC BODIES COUPLED TO OTHER ROTATING /STATIONARY
32 STRUCTURES

The constraint in Eq. (2.19d) applies to the global assembled system. This con-
straint (holonomic or non-holonomic) in terms of the nodal coefficients q in Eq. (2.17) is of

the form

Aq(a,t)a+a(q,t) = 0. (2.23)
For a holonomic constraint, A, = 0f /0q.

The generalized constraint forces F.(q,t) [97] required to impose the constraint are

obtained using Lagrange multipliers A as
F.(q,t) = Ag(a,t)A. (2.24)

No work is performed by the constraint forces in a virtual displacement (F.(q,t) - dq = 0).

2.2.5 Equation of motion

Lagrange’s equations of motion with respect to the unknown nodal coefficients q(t)

in Eq. (2.17) are

d (8T) or om ol =F(q,t) + F.(q,1). (2.25)

a\9q) " 8q " 8q " Bq
The energies from Eqgs. (2.18) and (2.19) or the global assembled energies of elemental
energies from Eq. (2.20) and constraint force F.(q,t) from Eq. (2.24) are substituted into
Eq. (2.25). Applying variation with respect to the unknown nodal coefficients, the equations

of motion with constraints are

10N
Mg + QGq + (K + Ky — Q*C)q + 588—((;1) +AIA = O°Fq + F(q, 1), (2.26a)
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Aqgq =0. (2.26b)

Prestress in a rotating axisymmetric body

The rotating body is prestressed by Fq due to the constant, rotation-induced ac-
celeration and the mean values of any external forces F. Our goal is to determine a steady
prestressed state defined by steady deflection q that can have moderate amplitude; small vi-
bratory displacements q(t) occur relative to the prestressed state. Prestress from the steady
deflection generates a prestress (or geometric) stiffness matrix in the equations of motion for

vibration relative to the steady deflected state.

First, the steady state deflection of the body is obtained by elimination of the time

derivatives from Eq. (2.26), resulting in

10N(q —
(K+K;—Q*C)q + 5% +AlA = O’Fq + F(q), (2.27a)
Aq=0, (2.27b)

where () denotes a steady term. This nonlinear algebraic problem is solved numerically for
q.
Eq. (2.27) can be linearized for small steady deflection. Assuming no constraints

in Eq. (2.27) for simplicity, the linearized steady state deflection is

q=(K+K;—Q*C)"(Q"Fq + F(q)). (2.28)

This solution is substantially easier to compute than using Eq. (2.27). Later results show it
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can yield excellent results.

Further reduction of computational expense is possible for the combination of low
to moderate speeds and negligible steady deflection arising from F(q). In such cases, F(q)

is omitted in Eq. (2.28), and Taylor series approximation in 2 gives
= O[(K + K,)'Fo] + 0(QY) ~ 0%, (2.29)

Significant computational savings arise from Eq. (2.29) because q, = (K + K;)'Fq is
independent of speed. It is calculated once, and thus calculation of q from Eq. (2.29) for
any given () is trivial. In contrast, either of Eqs. (2.27) or (2.28) involve much greater
computational expense to solve for q at each rotation speed. An example comparing the
effects of steady deflection obtained from Eqs. (2.27) and (2.29) on natural frequencies is

given later. One can readily extend Eqgs. (2.28) and (2.29) if constraints A are present.

With q determined, the equations governing the small vibrations q(¢) about the
steady deflected state are obtained by substitution of q(t) = q + q(¢) into Eq. (2.26).
Linearizing the nonlinear term alg—flq) in Eq. (2.26a) for small q(¢), the linear prestress

stiffness matrix is

K@= | " [BTS(@)B + P(a) + PT(@)] rdddA (2.30a)

67"7"13 ET‘QI?) E’I‘ZI?)
3(@) = |Gl Fool; G135 - (2.30b)

Erz]:3 60213 EzzI?)

where I3 is the 3 x 3 identity matrix and P(q) is from Eq. (2.18d). The equations S(q)3q =
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S(q)Bq and ST(q)DBq = X(q)Bq are applied in obtaining Eq. (2.30). Also, DBq =
{Grr,G09,0:2, 000,062,072} 18 used.

For the conditions where Eq. (2.29) applies, the prestress stiffness matrix is

K@ - [ [ T [87S(@)8+ P(@,) + PT(q,)] rdfdA — Ko@) (231

The matrix K, is calculated only once rather than at each speed, which substantially reduces

computational cost.

The linearized equation of motion including the effects of prestress is

Mq + QGq + [K + K; + K,(@) — Q2Clag + AZA = F(t), (2.32a)

Aqq =0. (2.32b)

Eq. (2.32) is in the standard form of a conservative, gyroscopic system where M, K, Ky,
K,(q), and C are symmetric (note the sum P(q) + P7(q) in Eq. (2.30a) is symmetric), and

G is skew-symmetric.

The prestress (or geometric) stiffness matrix derived in Eq. (2.30) has terms that are
absent in the prestress stiffness matrix in Refs. [43, 44, 57]. Only the first term (37 2(q)3)
in Eq. (2.30a) is present in the prestress stiffness matrix in the above references. The differ-
ences, discussed below, can substantially impact natural frequencies and vibration modes,

as shown later for the system in Fig. 2.3(a).

The prestressed state of the body is defined by the steady deflection q relative to

the unstressed state that results in prestrain € and corresponding prestress & = D€. These
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steady deflections are assumed to be moderate such that @ is small but not negligible (i.e.,
@’ is the same order as q(t)). The vibratory state of the body is defined by small, time-
dependent deflections q(¢) measured relative to the prestressed state. The total deflection of

the body relative to its unstressed state is q(t) = q + q(¢). The total strain and total stress

of the vibratory state relative to the unstressed state are € and o = De, respectively.

Because it captures what is done in similar references, including [43, 57], we discuss
prestress in relation to [44]. The strain energy differential from Eq. (15.53) of [44] using the

notation of the present dissertation is
1
dIl = / olde = / 67 + (' —€")D]de = 7" € + 5<-:TDe — e De. (2.33)

According to [44], the prestress & and prestrain € are determined a priori, for example from
a finite element analysis. The use of vibratory strain (€ —€) in Eq. (2.33) from [44] indicates
that € is the total strain relative to the unstressed state. One draws the same conclusion
after substitution of & = DE in the last expression of Eq. (2.33) that leaves only the classical
strain energy per unit volume %ETDE. The total strain € depends on the total deflection

q(t); thus, € is a function of both q and q(¢) rather than only q(¢). This is important below.

Substitution of the nonlinear strain-displacement relation (e = € + €"V) from Eq.

(2.5) (same as Eq. (15.55) in [44]) into Eq. (2.33) integrated over the volume results in

27 2
IT = %// "' De" rddd A + %// (¥"DeN: + NLTDeN) rdfd A +
aJo aJo

2
/ / (07e" + 7€Mt — €’ Del — € DeN) rdfd A. (2.34)
AJO

The term that is quadratic in €* has been discarded. The terms it would contribute to

the linearized (for small q(¢)) vibratory equations of motion are of the form gq, which are
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negligible when q is moderate in magnitude. The strain energy in Eq. (2.34) is identical
to Eq. (15.56) in [44] except we retain the second integral that Genta [44] neglects. The
first integral in Eq. (2.34) leads to the linear elastic stiffness matrix K in Eq. (2.26a). The
following discussion concerns the differing treatments of the second and third integrals in

Eq. (2.34) that yield the different prestress stiffness matrices.

Evidently Genta neglects the second integral in Eq. (2.34) because all terms are
cubic in displacement, when it is known that linear terms in the equations of motion on ap-
plication of Lagrange’s equations derive only from terms that are quadratic in displacement.
Because € and €N are functions of both q and ¢(t), however, the second integral generates
terms of the form qq?(¢). Being quadratic in q(¢), such terms contribute terms linear in q(t)
to the prestress stiffness matrix after application of Lagrange’s equations with q(t) as the
generalized coordinates. Thus, the second integral that Genta neglects is necessary. In fact,

it is the sole source of the prestress stiffness matrix in our formulation.

In contrast, Genta derives the prestress stiffness matrix entirely from the third
integral of Eq. (2.34). The first and third terms of this integral are linear in q(t) and only
lead to constant “right-hand side” terms in the equations of motion after application of
Lagrange’s equations. Genta [44] neglects the fourth term of this integral on the basis that
the prestrain € is small. That Genta [44] intends to neglect prestrain is indicated by his
statement that “In most cases, no prestrain € is present.” The only remaining term that, in
Genta’s formulation, contributes to prestress stiffness is the second term of the third integral
in Eq. (2.34), namely, o’ €'. This is confirmed by the expression for geometric strain
energy on p. 573 of [44]. Substitution of €N from Eq. (2.16) as a function of g and q(t) in

the o’ €N term and retaining terms quadratic in ¢(t) results in prestress strain energy in
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Genta [44] as

2T 1 27 1
I = / / o N rdadA = = ( / / &'S(q)B rd@dA) a=-q"KJ(@q, (2.35)
aJo 2\JalJo 2

KS(q) = /A /O %BTZ(Q)BrdeA, (2.35b)

where K§(q) is the prestress (or geometric) stiffness matrix in Genta [44] and 3(q) is the
same as Eq. (2.30b).

In the present model, however, the third integral in Eq. (2.34) vanishes because
o = De. The prestress stiffness derives only from the second integral. Substitution of the
strain-displacement relations of Eq. (2.16) and q(t) = q + q(¢) in the second integral of Eq.

(2.34) results in the prestress strain energy as

1. -
I, = 56" K, (@), (2.36)

where K,,(q) is the prestress stiffness matrix in Eq. (2.30a). The first term in K, (q) in Eq.
(2.30a) is same as the prestress stiffness K§(q) in Eq. (2.35b) based on [44], but the second
and third terms in K,(q) are missing in Kf (q) because of the differences in approach.

In the earlier formulation leading to Eq. (2.30a), the prestress stiffness matrix

was obtained by linearizing the nonlinear stiffness term al;—c(lq) in the equation of motion Eq.
(2.26a) for small vibrations q(t) relative to the steady deflection q, but that process yields

the identical prestress stiffness matrix as in Eq. (2.36).

Friswell et al. [43] follows a similar procedure as Genta [44] to obtain the pre-

stress/geometric stiffness, but additionally diagonalizes the stress tensor and considers dis-
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placements along the principal directions. Thus, the differences observed with Genta [44]

also occur for Friswell et al. [43].

Elimination of Lagrange multiplier

A, may not be a full rank matrix. For a rank-deficient A4, Eq. (2.32b) can have

a non-trivial solution expressed in the general form
q=RQ, (2.37)

where the columns of R form the basis of the null space of Aq. R can be obtained from
a singular value decomposition of AqT. Substitution of Eq. (2.37) into Eq. (2.32a), pre-
multiplication by R”, and use of A;qR =0 = RTAl = 0 eliminates the term involving

A in Eq. (2.32a). The result is

MQ + QGQ +L,Q = (1), (2.38)
M, = RT MR, G,=R’GR,

L, = RT(K +K; + K,(q) — Q®C)R, f(t)=RTF(1).

The free vibration eigenvalue problem from use of Q = ye* in Eq. (2.38) is
NM,x + X2G,x + Lyx = 0. (2.39)

This polynomial eigenvalue problem can be converted to a state-space form [98].
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System properties

In the absence of deviations from axisymmetry (e.g., asymmetric space-fixed ele-
ments, constraints, elastic foundation, or prestress), substitution of the displacement fields
in Egs. (2.13) or (2.15) into Egs. (2.4), (2.6), and (2.7) leads to integrals of trigonometric
products (such as fo% cos m# cosnfdf). The vanishing of such integrals for m # n leads to
block diagonal matrices M, G, C, K, and K in Eq. (2.26a) that decouple the harmonics.

For example, M is of the form

M = | , (2.40)

M,

where M,, corresponds to the n'" harmonic coefficient q, in Eq. (2.17) or Eq. (2.22).
Similarly, Fo consists of trigonometric integrals such that partitions of Fq for non-zero

harmonics (n # 0) vanish; only the 0 harmonic partition of Fq is non-zero.

Thus, in the axisymmetric case, the full ND x N D eigenvalue problem in Eq. (2.39)
decouples into N eigenvalue problems of size D x D, where D is the number of unknown
nodal coefficients in the cross-section (i.e., the size of q, in Eq. (2.17) or global assembled
Eq. (2.22)). Consequently, all vibration modes of an axisymmetric system involve a single
Fourier harmonic, that is, they occur strictly as n-nodal diameter modes for a single integer
n determined from a single reduced eigenvalue problem of order D. The system response
using Eqs. (2.38) and (2.39) also decouples into multiple reduced problems associated with
each harmonic n. Solving N reduced problems is less computational cost than solving the

full ND x ND system.
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In the evaluation of the cubically nonlinear strain energy N(q) that results in the
prestress stiffness matrix K,(q) in Eq. (2.30), the following expressions simplify evaluation

of the integrals

2m g, m+n =p;
/ cos m# cos nf cos pfdh = )
0

0  otherwise;

R n=m+p and p=m+n;
27
/ cos m#@ sin nd sin pfdf = I m=n+p : (2.41)
0
0 otherwise
\

2
/ cosmb cosnfsinpfddfd =0 m,n,pare arbitrary integers,
0

21
/ sinm# sinnf sin pfdd =0 m,n,pare arbitrary integers.
0

The presence of an asymmetric feature disrupts the block-diagonal form of one
or more system matrices and couples the Fourier harmonics in Egs. (2.38) and (2.39). For
example, asymmetric forces lead to an asymmetric stress field and coupled Fourier harmonics
in the prestress stiffness matrix K,(q). An asymmetric constraint leads to harmonic coupling
in Aq in Eq. (2.26a). This couples the matrices in Eq. (2.38) through the basis of the null
space R used to eliminate the Lagrange multipliers. An asymmetric elastic foundation results

in harmonically coupled Kj.

Coupling of the Fourier harmonics necessitates solution of the full ND x N D eigen-
value problem with all harmonics. In general, each mode contains multiple Fourier harmonics
(i.e., multiple nodal diameter components), in contrast to the single Fourier harmonic/nodal
diameter modes of axisymmetric systems. The Fourier coefficients in Eqs. (2.17) or (2.22)

give the magnitudes of the various Fourier harmonics in a mode.
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Because a full system solution is computationally expensive, one can use a Krylov-
Schur algorithm [132] to obtain a smaller number of eigensolutions. A vibration mode may
be influenced by modes with close natural frequencies, so it is recommended to obtain more
eigensolutions than only in the natural frequency range of interest. In addition, a model order
reduction using appropriate basis functions (the stationary system modes, for example) can

be performed on the full system to reduce the computational cost.

2.3 Rotating axisymmetric thin-walled body

Rotating axisymmetric bodies are often thin-walled, particularly for weight reduc-
tion, including the examples of bearing cages and races, ring gears of epicyclic/planetary gear
systems, circular saw blades, and brake rotors. Shells of revolution can model these thin-
walled, axisymmetric bodies. Extension of the formulation above to such cases allows the
cross-section of the thin-walled bodies to be modeled with one-dimensional finite elements

rather than the two-dimensional elements for a general body.

2.3.1 Model description

Fig. 2.2 shows a general shell of revolution rotating at constant speed 2. The
radial cross-section of the shell is called the meridional section. The middle line of the
meridional section is the meridian. The arbitrarily shaped meridian, when rotated about
its rotation axis, traces the middle surface of the shell. The displacements of the meridian
describe the dynamics of the shell based on the Kirchhoff-Love assumptions. The thickness
h(c) of the meridional section can vary within the cross-section, but the shell is uniform

circumferentially.
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Figure 2.2: Schematic of a rotating, general shell of revolution.

We adopt the conventional shell terminologies described in [3, 103, 145]. The curvi-
linear coordinates e and 6 define the middle surface of the shell. P is a point on the meridian
shown in Fig. 2.2. The outward normals to two neighboring points on the meridian intersect
at O,. The segment length PO, is the radius of curvature of the meridian denoted by R,. A
point on the meridian traces a circle of radius r(«) perpendicular to the rotation axis (shown
in Fig. 2.2). The outward normals to two neighboring points on the circle intersect at Oy
on the rotation axis. The segment length POy is the second radius of curvature denoted by
Ry. Lame’ parameters A, and Ay relate the change in length of an infinitesimal arc ds to
changes in the curvilinear coordinates da and df according to ds? = (A,)*da? + (Ag)2de>.
The curvilinear coordinate o depends on the type of shell. Straight-line meridian shells
(cylindrical and conical shells) can be defined by o = s, where s is the distance of a point
along the meridian. A spherical coordinate o = ¢ can define spherical shells as shown in

Fig. 2.2.

The material properties are uniform circumferentially and defined as above for
general, non-shell structures. An elastic foundation attaches to the middle surface of the

shell. External forces that can have arbitrary spatial and temporal variation and are not
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necessarily axisymmetric act on the shell.

The stationary bases {E;, Eo, E3} and {E,, Eg, E,} defined by coordinate 6 are as
described previously for non-shell structures. 6 defines a spatially fixed angular location and
not a material point on the shell. A local orthonormal basis {e,, ey, e.} is defined at a point
P on the meridian such that e, is directed along the tangent to the meridian, ey is along

Ey, and e, is along the outward normal to the meridian at P. ¢ is the angle between e, and

E..

The elastic deflections of a material point P on the meridian at time ¢ and instan-
taneously at circumferential location 6 are u(c,,t), v(«a,0,t), and w(a,0,t) along e,, ey,
and e,, respectively. The deflections at a point P, located at a distance z from P along e,

are u,(«, 0, 2,t), v.(a,0, z,t), and w,(a, 0, z, ).

2.3.2 Dynamic model of a rotating axisymmetric shell

Kinetic energy

According to the Kirchhoff-Love assumptions, the deflections of P, are related to

the deflections of P as

uy(a, 0,2, t) = u(a,0,t) — zwi (o, 0,t), v.(,0,2,t) =v(a,0,t) — zws(av, 0, 1),

w,(a, 8, 2z,t) = w(a,d,1), (2.42)

where w; and w, are the angles of rotation about tangents to the curvilinear coordinates 6

and «, respectively, described in [3, 103, 145] and given as

Q

w v 1 Jw
- w2:_

U 1
v 1 ow 9.43
R, A0’ R T A, 00 (2.43)

w1 =
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The position vector of an undeflected point P, instantaneously rotating past 6

before deformation is ro = r(a)E, + ZE,, and its deflected position is

r=[r(a) +u.(a,0,z,t)cosp+ w,(a,0,z,t)sin | E, + v, (c, 0, z, 1) Eg

+[Z —u (e, 0, z,t)sind + w,(«, 0, 2, t) cos | E.,. (2.44)

The material time derivatives of Eq. (2.44) using Eq. (2.2) result in the velocity of

the material point as

I'= [, CcOSP+ w, sing + Q(uygcosd+w,gsing —v,)| E,
+ v+ Q(vep + 7+ u,cosp + w, sin @) Ey

+ [~ 8in ¢+ w, cos P + Q (—u,psin g + w, g cos )| E,. (2.45)

The kinetic energy in terms of displacements of the meridian is obtained by substituting

Egs. (2.42) and (2.45) into

1 2r  rh/2
T=— pr - rrdzdfda. (2.46)
2 aJ0 —h/2

Strain energy

The strain energy of a shell is obtained from Sanders’ nonlinear general shell theory

[124]. The total strains €* at a distance z from the meridian are

€ = €+ 2K, (2.47a)
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€ = {anm €00, 7049}T = GL + 6NL7 K = {’{oaom Koo, KJQ’Q}T7 (24713)

where € are the strains of the middle surface and  are the changes in bending curvatures and
twisting of the middle surface. The strains (€) are decomposed into linear (L) and nonlinear

(NL) terms. The strain-displacement relationships are obtained from [124].

The stresses are o = De*, where D is the elasticity tensor for plane stress [145].

The strain energy of the shell is

1 2 rh/2
Im=_ / / / e’ ordzdfda. (2.48)
2 aJO —h/2

A circumferential elastic foundation supports the middle surface. Viewed in the ra-
dial cross-section, this foundation runs along the meridian. The elastic foundation stiffnesses
per unit area are k,(a, 0,t), k,(c,0,t), and ky(c, 0,t), and these can vary circumferentially.

The strain energy in the elastic foundation is

1 27
I = 5//0 (l{:uu2 + k0 + kww2) rdfdo. (2.49)

The external force components are F),, F,, and F,, along e,, ey, and e,, respectively.

The virtual work expression is

21 h/2
oW = / / / (F,ou + F,ov + F,éw) rdzdfdao. (2.50)
aJ0 —h/2

General constraint equations (holonomic or non-holonomic) analogous to Eq. (2.9)

model the constraints on the motion of the shell.
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2.3.3 Displacement field approximation

Q (b)

Figure 2.3: Three-dimensional, rotating, axisymmetric body reduced to two-dimensional and
one-dimensional discretized finite element cross-sections: (a) Conical-cylindrical body with
space-fixed, uniformly distributed force F g perpendicular to the conical section at a specified
angle 3, and (b) Annular plate with a space-fixed, radial point force Fj.

Because of Eqgs. (2.42) and (2.43), the shell motion is described by the motion of the
meridian. Because of axisymmetry, discretization is carried out along the one-dimensional
curve within a radial cross-section that defines the meridian. Displacements of a shell with
simple meridian geometry (for example, a plate with a single straight-line meridian as shown
in Fig. 2.3(b)) can be defined using global basis functions over the entire meridian, anal-
ogous to the general, non-shell body case with the two-dimensional global basis functions
replaced by one-dimensional basis functions. A complex meridian shape (for example, the
cylinder-cone shown in Fig. 2.3(a)) for which global basis functions cannot be identified is
approximated using local discretization (i.e., finite elements along the meridian). In this

section, only local discretization is discussed.

The meridian of the shell is divided into one-dimensional finite elements, as shown
for the two example structures in Fig. 2.3 (where two-dimensional elements are also shown
for each body). Axisymmetry of the shell means the cross-sectional discretization and the
associated local basis functions do not depend on the angular coordinate #. The nodal

deflections, however, do depend on #. The displacement field within a line element at any
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space-fixed angular location # and at time t is
ue(a, 0,t) = U1 (a)U,(6,1), (2.51)

where (analogous to Eq. (2.14) for a non-shell body) ¥¢(«) is a vector of shape func-
tions within an element e and U.(6,t) is a vector of the nodal deflections of the element.
Displacements v (a, 0,t) and we(c, 0,t) are expressed similarly with one-dimensional shape
functions ¥¢(«) and ¥¢ (). The deformation must satisfy continuity conditions between
adjacent elements. At least displacement continuity is required for displacements u.(cv, 0, t)
and v.(a, 0,t) along e, and ey, respectively, and at least displacement and slope continu-
ity are required for w,(a,,t). Thus, linear Lagrange polynomials can define ¥¢(a) and
¥ () and Hermite cubic functions can define ¥ («) [9, 26, 159]. The shape functions can
be defined using alternate sets of functions, provided they satisfy the necessary continuity

conditions.

Periodicity of the body and the displacement fields allows Fourier expansion of the
nodal deflections U.(0,t) in Eq. (2.51), and similarly for v.(«,,t) and we(a,6,t). Thus,

the local displacement fields within a cross-sectional finite element are

ue(e,0,8) = W7 () | UG(H) + Y (U (t) cosnd + Us, (1) sinnf) | (2.52a)
n=1

v, 0,t) = T () | VE(t) + Z (Ve (t) cosnf — V¢ (t)sinnh) | , (2.52Db)
n=1
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we(a,0,t) = U () | WE(t) + Z (Wy (t) cosnd + W5, (t)sinnd) | , (2.52¢)
n=1
where U¢_(t),U¢_(t),... are coefficients that associate with the n'" Fourier harmonic.

2.3.4 Matrix form

Substitution of Eq. (2.52) into Eqs. (2.46) and (2.48)—(2.50) gives the matrix form
of the kinetic and strain energies of an element. These matrix forms and the time-dependent
nodal deflections vector q. for the shell element are analogous to Egs. (2.20) and (2.22).

The constraint equations are analogous to Eq. (2.19d).

The elemental energies are summed to obtain the total energies of the axisymmetric
shell resulting in finite element global matrices obtained by the usual process of assembling

elemental matrices.

2.3.5 Equation of motion

Lagrange’s equation in Eq. (2.25) is applied with respect to the nodal coefficients
q(t) resulting in the equation of motion for a rotating axisymmetric shell analogous to Eq.

(2.26) as
10N(q)

Mg + QG+ (K + K — Q*C)q + 3 g~ @) (2.53)

where f(q,t) is the sum of the constant, rotation-induced loading Fq and external forces

F(q,t). For an axisymmetric shell element,

Fqo = (£3,0,...,0)7, (2.54a)
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fg = 2W/ph {l:[lu Cosgb 0o v, singb} T2dOé. (254b)

Constraint equations are modeled similar to the non-shell structures in Eq. (2.26a).

They are dropped in the shell formulation for simplicity.

Prestress in rotating axisymmetric shell

The constant, rotation-induced loading F and constant mean values of the exter-
nal forces F result in prestress in a thin-walled body. The steady deflection q obtained by
elimination of the time derivatives in the equation of motion Eq. (2.53) leads to equations
similar to Eq. (2.27). Geometric boundary conditions are applied to the steady state equa-
tions (Eq. (2.27)) when the steady deflection is calculated. Substitution of q(t) = q + q(t)
into Eq. (2.53) and linearization for small q(¢) results in the linear prestress stiffness matrix

K, (q) from @ a4

K@= [ [ h[7E@B + Pla) + P (@] rdbia, (2.55)
O aa Eag O
@) = |5, T 0 , (2.55b)

0 0 (Coa+0s)

where P(q) is analogous to Eq. (2.18d) with B,S(q), and 3 for an axisymmetric shell
element shown in Appendix A.2. The expression DBq = {Gaa, 009, 0as} is used to obtain

Eq. (2.55).

Chen et al. [22] included rotational prestress due to Fg in conical and cylindri-
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cal shells. They analytically solved the steady state equations for conical and cylindrical
shells with free-free boundary conditions, which yields gy = phr(a)?Q? as the only non-
zero rotational prestress. Other references [24, 50, 86, 87, 133, 134] studied the vibration
of rotating cylindrical and conical shells with other boundary conditions. These references,
however, used the above rotational prestress from [22] despite the differing boundary condi-
tions. This leads to incorrect rotational prestress. The prestress stiffness matrix/operator
is not symmetric/self-adjoint in Refs. [24, 50, 86, 87, 133, 134]. A rotating, axisymmetric
shell is a conservative system where the differential operators or their discretized matrices,
including the prestress operator, should be self-adjoint, except for the skew-self-adjoint gy-
roscopic operator. K,(q) in Eq. (2.55a) is symmetric, as expected, because P(q) + P7(q)

is symmetric.

The prestress stiffness in Guo et al. [48] consists of only the first term (3”7 2(q)3)
from Eq. (2.55a), similar to the differences in the prestress stiffness expression discussed

earlier for general, non-shell bodies.

The equation of motion for an axisymmetric shell including the prestress stiffness is
analogous to the solid body equation of motion in Eq. (2.38). The shell equation of motion

is conservative and gyroscopic, similar to the solid body model.

As for general, non-shell structures, the matrices in the shell equation of motion
are block diagonal with decoupled Fourier harmonics in the absence of asymmetric features
(giving reduced eigenvalue problems that yield only single nodal diameter modes). Asymmet-
ric features (forces, constraints, and elastic foundation) lead to Fourier harmonic coupling,

similar to general, solid bodies.
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2.4 Numerical Results

2.4.1 Validation of the solid and shell models

Table 2.1: Non-dimensional natural frequencies A = AR,\/p(1 — v2)/E of the stationary,
free-clamped conical-cylindrical body (Fig. 2.3(a)) are compared with Nastran and Refs.
[73, 125] for Fourier harmonics 0 ND to 4 ND (ND = nodal diameter). The geometric
parameters are: R./R, = 0.4226, h/R, = 0.01, L,/R, = 1, a,. = 30°.

Present Model 3D FE Nastran

ND Kang et al. [73] Sarkheil [125]
Shell ~ Solid ~ Shell  Solid
0.504 0.505 0.498 0.511 0.510 0.504
oNp U610 0.599  0.610  0.599 0.610 0.610
0.931 0931 0930 0.934 0.931 0.935
0.957 0958 0.956  0.962 0.956 0.959
0.293 0.289 0.292  0.290 0.295 0.295
1 Np 0636 0.637  0.631  0.645 0.637 0.633
0.812 0.816 0813 0.819 0.811 0.812
0.933 0934 0.930 0.938 0.932 0.931
0.100  0.099 0.100  0.100 0.101 0.105
oNp 9903 0.507 0501  0.515 0.503 0.504
0.692 0.693 0.697 0.702 0.691 0.692
0.859 0.861 0.865 0.875 0.859 0.859
0.087 0.088 0.088  0.090 0.087 0.087
gNp 0392 0395 0392 0.404 0.392 0.392
0.515 0517 0.522  0.528 0.514 0.514
0.754 0.757 0.765  0.780 0.754 0.753
0.145 0.147 0.147  0.153 0.143 0.142
4Np U330 0333 0334 0.344 0.331 0.329
0.396 0.398 0.404 0.411 0.396 0.393
0.648 0.651 0.663  0.680 0.647 0.644

The present solid (i.e., non-shell) and shell models are validated against commercial
finite element software for the stationary, conical-cylindrical body shown in Fig. 2.3(a).
The cross-sectional thickness and material properties are uniform. The conical end is free

and the cylindrical end is clamped. The natural frequencies are non-dimensionalized as
A = AR,\/p(1 —12)/E.

Because the system is axisymmetric, all vibration modes involve a single Fourier

harmonic. These are determined from reduced eigenvalue problems associated with each
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block of the block-diagonal matrices. Table 2.1 shows that natural frequencies for the first
five Fourier harmonics compare well with three-dimensional solid and shell models developed
in Nastran. Because the body is thin-walled, the natural frequencies obtained from the solid
and shell models are close. In addition, the natural frequencies agree well with the shell

models in Refs. [73, 125].

Because the Fourier harmonics are uncoupled based on axisymmetry, convergence of
the natural frequencies for a given harmonic is unaffected by the number of Fourier harmonics
in Egs. (2.15) or (2.52), and modes of each harmonic are analyzed separately with no loss of
accuracy. Convergence depends only on the cross-sectional mesh. This contrasts with three-
dimensional finite element models where accuracy of higher Fourier harmonics requires a fine
mesh in the circumferential direction. The present models do not require any mesh in the

circumferential direction, improving computational efficiency.

Fig. 2.4 compares the presented solid and shell models for an increasing ratio of
thickness to outer radius (h/R,) of the conical-cylindrical body. The plot indicates the mean
(symbols) and standard deviation (tick marks) of the percentage differences between the
natural frequencies from the solid and shell models. The first 10 natural frequencies for each
harmonic are used to obtain the mean and standard deviation. The percentage difference
between the solid and shell models increases with thickness ratio and with harmonic number.
The errors from the shell model increase much more sharply for higher Fourier harmonics

when the thickness ratio increases.
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Figure 2.4: Mean (symbols) and standard deviation (tick marks) of percentage differences

of the natural frequencies obtained from the solid and shell models. Difference (%) =
shell solid
% x 100 for varying thickness and increasing harmonics of the stationary conical-

cylindrical body. The inset shows enlarged view of the differences for harmonics 0 to 3.
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Figure 2.5: Non-dimensional natural frequencies (A = ARo+/p(1 — 12)/E) for the rotor-disk
in Fig. 2.1 obtained using the presented solid model (solid lines) and shell model (dashed

lines). The dimensions of the rotor-disk are shown in Fig. 2.1(c).

2.4.2 Solid and shell models applied to complex cross-sectional

body

The presented solid and shell models are applied to the axisymmetric rotor-disk

body with the cross-sectional geometry in Fig. 2.1. The shell cross-section is developed by

joining the middle lines of the two-dimensional cross-section in Fig. 2.1(c). The rotation

speed and natural frequencies are non-dimensionalized as Q = QR,+/p(1 — v2)/E and A =
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AR,\/p(1 —v?)/E, where R, is the outer radius.

Fig. 2.5 shows the natural frequencies obtained using the solid (solid lines) and shell
(dashed lines) models for a range of rotation speeds. Both models capture the gyroscopic
and centripetal effects that lead to eigenvalue splitting and curvature of eigenvalue loci as
rotation speed increases from zero. The solid and shell model eigenvalues do not compare
well because the outer cylindrical section of the body has a relatively large thickness to outer
radius ratio of 0.13. Differences in the eigenvalues for vibration modes dominated by the
outer cylindrical section and by the middle plate section (section parallel to the E, axis)
are within 10% and 17%, respectively. These differences drop to within 5% and 6% on
reducing the thickness ratio of the outer cylindrical section to 0.03. Other modes are much

less affected by thickness of the outer cylindrical section.

A mixed solid-shell formulation can be used for bodies that have combinations
of thick and thin portions of the cross-section. As presented above, the solid model has
only translational degrees of freedom whereas the shell model involves rotational (slope)
and translational degrees of freedom. A solid-shell transition element [135] at the solid-shell
coupling edge can account for this change in degrees of freedom. Alternatively, multipoint

constraints [130] can be used.

2.4.3 Effects of rotational prestress on natural frequencies

While a great deal of literature includes the effects of rotational prestress on the
natural frequencies of out-of-plane (transverse) circular plate vibration, we have not seen
results for in-plane vibration of circular and annular plates that include rotational prestress.
Fig. 2.6 compares the in-plane natural frequencies for a clamped-free annular plate (Fig.

2.3(b)) without rotational prestress (dashed lines), with prestress using the nonlinear steady
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deflection from Eq. (2.27) (solid lines), and with prestress from the linearized, moderate
speed steady deflection from Egs. (2.29) and (2.31) (dotted lines). Use of the linearized
steady deflection from Eq. (2.28) yields results that are indistinguishable from the solid
lines throughout the speed range. The results in Fig. 2.6 are obtained using the previously
presented shell model that, for flat plates, results in uncoupled in-plane and out-of-plane
vibration modes. The rotational prestress is axisymmetric, so the Fourier harmonics are
decoupled and all modes have only a single nodal diameter component. This allows use of

reduced eigenvalue problems instead of the full system formulation.

Although the eigenvalue loci without prestress (dashed lines) in Fig. 2.6 compare
well with Chen and Jhu [20] (comparison not shown), the eigenvalues with prestress (solid
and dotted lines) differ significantly from those without prestress. The differences between
results from the nonlinear (solid lines) versus linearized, moderate speed (dotted lines) steady
deflection are much smaller. The linearized, moderate speed steady deflection in Eq. (2.29)
(and implemented in Eq. (2.31)) works well except for especially high speeds. Prestress
stiffens the system and increases all natural frequencies. The model using nonlinear steady
deflection is slightly stiffer than the model with linearized, moderate speed steady deflection.
Eigenvalues from the linearized steady deflection from Eq. (2.28) overlay those from the

nonlinear steady deflection results (solid lines).

The rotational prestress increases the critical speeds (where an eigenvalue vanishes)
that correspond to potential instabilities [109, 123]. For example, the critical speed for the
(3,0) mode increases from QO =0.77toQ =091 and Q = 0.95, respectively, for prestress using
the linearized and nonlinear steady deflections. Some critical speeds that are present when
neglecting the prestress vanish when prestress is included, for example, the (0,0) mode as
circled in Fig. 2.6. When rotational prestress is omitted, a flutter instability (two imaginary

eigenvalues merge into complex eigenvalues with one having a positive real part) occurs for
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Figure 2.6: Non-dimensional in-plane natural frequencies of a rotating, annular, clamped-free
plate (clamping ratio R;/R, = 0.2 and h/R, = 0.01) without rotational prestress (dashed
lines), with prestress using the nonlinear steady deflection from Eq. (2.27) (solid lines), and
with prestress from the linearized, moderate speed steady deflection from Eq. (2.29) (dotted
lines). The vibration modes are labeled as (ND, NC), where ND and NC are the number of
nodal diameters and nodal circles.

the (1,0) mode at Q = 1.16 as circled in Fig. 2.6 (the real part of the unstable eigenvalue
is not shown). This instability vanishes on inclusion of the rotational prestress as shown
by following the monotonically increasing solid line for the (1,0) mode starting from 0.92 at
zero speed. Some practical systems, for example, thin, high-speed spur gears and tires, have

dominant in-plane vibrations where the large prestress from high-speed rotation is important.

The out-of-plane natural frequencies for the example plate are not shown in Fig.

2.6, but we obtained excellent agreement with results from Hutton et al. [65] for out-of-plane
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natural frequencies with and without rotational prestress.

2.4.4 Constrained rotating axisymmetric body
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—
(9]

Non-dimensional Natural Frequency
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Figure 2.7: Non-dimensional natural frequencies A\ = AR,\/p(1 —v?)/E of an annular,
clamped-free plate with clamping ratio of 0.268 and a zero axial displacement constraint
at a point on the outer edge (w(R,, h,0,t) = 0). Results using the presented solid model are
the solid lines, and the guided sawblade results from Hutton et al. [65] are the circles.

We demonstrate the treatment of constraints by considering a spinning, annular,
clamped-free plate constrained to have zero transverse displacement at a point on its outer
edge. While the spinning plate is axisymmetric the constraint is not, which is permitted by

the current approach. Hutton et al. [65] studied this system with an analytical circular plate
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model in the context of a guided circular sawblade.

The axial displacement (w(r,z,0,t)) at the space-fixed point on the outer radius
r = R,,z=h,0 = (3) is constrained to be zero. This yields a constraint equation obtaine
R h,0 i trained to b This yield traint ti btained

from the displacement approximation (Eq. (2.15¢)) as

we(Roh, B,8) = W (Ry ) | W) + Y (W (1) cosnfd + WE, (1) sinnff) | =0. (2.56)
n=1

The axial constraint is holonomic and in the form described in Eq. (2.9). This constraint

is converted to a matrix form (Aq in Eq. (2.23)), resulting in Ay = Ow.(R,, h, 8,t)/0q as

a single row vector with the Fourier harmonics (cosnf and sinnf) from Eq. (2.56) as its

entries. Aq is a full rank matrix. The constraint can be applied by reducing out one of the

Fourier coefficients using the other coefficients or by using a Lagrange multiplier (A).

The asymmetric constraint leads to Fourier harmonic coupling, where such coupling
is absent without the constraint. The Fourier harmonics at the constrained node are linearly
related through the constraint equation in Eq. (2.56) and the matrix A,. The basis of
the null space (R in Eq. (2.37)) used to eliminate the Lagrange multiplier couples the
Fourier harmonics in the matrices in Eq. (2.38). Because of this constraint, the matrices are
not block-diagonalized into individual Fourier harmonics as in Eq. (2.40). One must solve
the full system eigenvalue problem in Eq. (2.39), and each mode involves multiple Fourier

harmonics.

Fig. 2.7 shows non-dimensional natural frequencies of the constrained, rotating
annular plate obtained from the present solid model (solid lines). The natural frequencies
closely match those from Hutton et al. [65], who investigated a guided sawblade modeled an-
alytically as a thin plate-spring system with a high stiffness to approximate a rigid constraint

(circles).
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2.4.5 Effect of prestress due to stationary external force
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Figure 2.8: Non-dimensional natural frequencies A = AR,\/p(1 — 12)/E of a rotating, an-
nular plate with a clamping ratio of 0.2, h/R, = 0.01, and a space-fixed, radial point force
F; = 5.52 x 10776(7 — 1)@5(2)ET. The natural frequencies without prestress due to the
external force obtained using the solid model (dashed lines) are compared to the body with
prestress obtained using the solid model (solid lines) and shell model (dotted lines).

The formulation includes the influence of prestress on the vibration, where that
prestress may arise from rotation and/or steady components of externally applied forces.

The prestress is captured through K,(q) in Egs. (2.30) and (2.55).

We consider the example of a stationary, radial point force acting on a spinning,

clamped-free, annular plate such that the prestress field arises from both the external

force and rotation. A force per unit volume F is non-dimensionalized as F = %, where
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Tz

B The non-

B 7y The spatial coordinates are non-dimensionalized as 7,2 =

dimensionalized stationary point force Fs applied to the annular plate is Fs = Fgé(f —

1)@5(2)ET, where Fy = Fffag = 5.52 x 1077 and Fj is the amplitude of the point force.
Substitution of the force in the virtual work Eqs. (2.8) or (2.50) and use of Lagrange’s
equations gives the force vector F in the equation of motion Eq. (2.26a). Because the force

acts at a single node, only the force terms corresponding to the nodal harmonic coefficients

of the node at which the force acts are non-zero in F in Eq. (2.26a).

Fig. 2.8 shows the imaginary parts of the eigenvalues, where the non-dimensional
rotation speed is 0 = QROW. All eigenvalues in Fig. 2.8 include rotational
prestress. The eigenvalues without the external force prestress using the solid model (dashed
lines) are compared to those with prestress due to the external force using the solid (solid
lines) and shell (dotted lines) models. The solid and shell model eigenvalues including

prestress nearly overlap.

The eigenvalues for the cases with and without prestress from the stationary point
force differ substantially because the stress field from the point force is asymmetric. The
asymmetric stress field leads to Fourier harmonic coupling in the prestress stiffness matrix
K,(q) in Egs. (2.30) and (2.55). As a result, the stationary system eigenvalues are no
longer degenerate, as they are for the system where the point force prestress is neglected
(dashed lines). The asymmetric stress field from the point force introduces speed ranges
of divergence instability (purely imaginary eigenvalues become real-valued) at D1 and D2.
Divergence instability does not occur when only rotational prestress is considered. Similarly,
the asymmetric stress field generates speed regions of flutter instability at M1 and M2 that
are not present with only rotational prestress. At the left boundaries of these regions, two
imaginary eigenvalues merge and diverge off the imaginary axis as a complex conjugate pair.

At the right boundaries that terminate the flutter instability regions, the complex eigenvalues
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merge and return to stable, imaginary eigenvalues.

Whether asymmetry arises from constraints (Fig. 2.7), prestress (Fig. 2.8), or other
sources of asymmetry, it couples the various Fourier harmonics in the equation of motion
Eq. (2.38). In addition to the computational expense of analyzing the full matrix problem
in Egs. (2.38) or (2.39), rather than analyzing each Fourier harmonic independently using
the block-diagonal form of matrices, asymmetry introduces qualitative differences with the
corresponding axisymmetric system. Three of these are mentioned above, namely, modes
with multiple Fourier harmonic components, splitting of degenerate eigenvalues at zero speed,

and creation of divergence and flutter instability regions.

A fourth difference is eigenvalue veering, where two eigenvalues approach each other
as a parameter is varied but then veer away without crossing [115]. Two such veering regions
are marked as V1 and V2 in Fig. 2.8, and others are present there and in Fig. 2.7. Despite
the absence of intersection of the loci, the vibration modes are exchanged between the two
loci as the varying parameter increases or decreases across the veering region. The sharpness
of the veering depends on the extent to which the modes of the two veering eigenvalues have
common Fourier harmonics. If the modes of the two approaching eigenvalues have one or
more common Fourier harmonic coefficients with large amplitude in both modes, then the
veering region is broad without sharp changes (e.g., most of the veering regions in Fig. 2.7
and the region V1 in Fig. 2.8). If, however, all of the common Fourier harmonics that are
present in both of the two modes make small contributions to their respective modes, the
veering region is narrow and sharp like in V2 of Fig. 2.8. If the two modes have no common

Fourier harmonics, then the eigenvalues intersect each other and no veering occurs.

The prestress stiffness in Genta [44] and shown in Eq. (2.35b) consists of only the
first term (87 X(q)3) in the prestress stiffness derived in Eq. (2.30). This creates substantial

differences, which we discuss using Fig. 2.9. This figure compares the natural frequencies of
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Figure 2.9: Non-dimensional natural frequencies of a free-clamped conical-cylinder shown in
Fig. 2.3(a) with dimensions: R./R, = 0.4226, h/R, = 0.03, L,/R, = 1 and a. = 30°. A
uniformly distributed force Fy = 1.49 x 10_5@5(2—0.015)H(1.155—§)(cos aE,+sinaE,)
is acting on half the conical length at § = 0. The natural frequencies obtained using the
present solid model are shown for the cases with (solid lines) and without (dashed lines)
prestress due to the external force, where the prestress influence is captured as in Eq. (2.30).
The frequencies using the solid model and including prestress according to Ref. [44] as given
in Eq. (2.35b) are shown by dotted lines that essentially overlap with the dashed lines.

a system that includes prestress stiffness as obtained in this work (solid lines) to the prestress
stiffness in [44] (dotted lines). The system is the free-clamped conical-cylinder shown in Fig.
2.3(a). A space-fixed force is uniformly distributed over half the cone length (L./2, where L.
is the cone length). The slant cone length is denoted by s with the free cone end as s = 0 and

T,2,8

the cone-cylinder junction as s = L.. The lengths are non-dimensionalized as 7, 2,8 = ==.
o
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In this case, z is considered normal to the cone. The non-dimensional uniform force is

Fr = Fp®@6(2 - 0.015)H(1.155 — 5)(cos o E, + sina,E,), where Fyy = &2 = 1.49 x 1075,
H

Fy is the force per unit length, Fj; = %, and H(-) is a step function.

The eigenvalue loci from the present solid model with prestress (solid lines) differ
significantly from those from the present model without prestress (dashed lines). The pre-
stress generates the expected asymmetry features of splitting of the degenerate eigenvalues,
multiple Fourier harmonic contributions in each mode, and eigenvalue veering, as discussed
above. These features are absent when the prestress is ignored (dashed lines). When im-
plementing the prestress as done in [44] (dotted lines) and given in Eq. (2.35b), the results
are essentially identical to those from the present model when prestress is neglected. The
expected features from the prestress field asymmetry are not captured. Thus, the second

and third terms of the prestress stiffness matrix in Eqs. (2.30) and (2.55) are necessary.

2.5 Conclusions

High-speed, rotating, axisymmetric bodies with arbitrary radial cross-section are
modeled with a semi-analytical method that discretizes only a radial cross-section and uses
Fourier series in the circumferential direction. While the body geometry and material prop-
erties must be axisymmetric, the overall system may not be as a result of: coupling with
space-fixed, asymmetric components as well as asymmetric external forces, constraints, pre-
stress fields, and elastic foundations. The model developed in a stationary reference frame
allows straightforward inclusion of these stationary asymmetric features. The displacement
fields use global basis functions or local shape functions (finite elements) in the radial cross-
section depending on the cross-sectional geometry. Fourier series model the #-dependence

of the displacement fields. The model includes Coriolis (i.e., gyroscopic), centripetal, and
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prestress effects. Holonomic or nonholonomic constraints on the motion of the rotating body,
which are not restricted to be axisymmetric and can be space-fixed or rotating, are modeled

in a general way.

The presented solid (non-shell) model has no restrictions on the thickness of any
portions of its cross-section, while thin-walled axisymmetric bodies can be analyzed using
the presented shell model. These models that take advantage of axisymmetry are compu-
tationally more efficient than three-dimensional finite element models that require meshing

along the circumferential direction.

The derived prestress stiffness matrix due to rotation-induced centripetal acceler-
ation and steady components of the external forces has additional terms compared to the

literature. An example shows these additional terms are important.

Asymmetric space-fixed components, forces, constraints, prestress, components like
discrete stiffnesses, and the like that break the axisymmetry of the overall system result in
vibration modes with multiple Fourier harmonic contributions (i.e., multiple nodal diameter
components) and significantly changes the qualitative eigenvalue and instability behavior
of otherwise axisymmetric systems: degenerate eigenvalues split, eigenvalue veering arises,

critical speeds change, and speed ranges of divergence and flutter instability materialize.



Chapter 3

Coupling of rotating body to other
rotating/stationary bodies for

vibration study

Modeling systems comprising of flexible, rotating bodies coupled via bearings,
splines, and other mechanical elements to other rotating or stationary flexible bodies mo-
tivates this study. Examples of systems that involve interaction between rotating bodies
include gear trains, coaxial rotors, and dual rotor gas turbines. Systems with coupled ro-
tating and stationary bodies include a gear train enclosed in a housing, rotating guided
sawblades, and brake disk-pads. The mechanical elements that couple these flexible bodies
can be discrete or continuous, rigid or flexible, linear or nonlinear, and time-invariant or
time-varying. Discrete stiffness-damper elements, elastic foundations, and constraint equa-
tions can model these coupling elements. This work focuses on developing coupling models

to couple rotating and stationary bodies in a system.

A rotating body coupled to non-axisymmetric, stationary structures leads to time-
dependent coefficient equations of motion in the rotating reference frame. This occurs be-
cause the stationary body appears as a moving contact in the rotating reference frame.
These time-dependent coefficients act as parametric excitation in the system. Mathematical

analysis of parametrically excited equations of motion is complex as compared to constant

67
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coefficient equations of motion.

Rotating bodies are frequently axisymmetric about their rotation axis, or can be
approximated as axisymmetric. Because of axisymmetry, the three-dimensional, rotating,
axisymmetric body allows for the reduction of the model to a two-dimensional radial cross-
section [144, 154, 159]. The model of the axisymmetric, rotating body coupled to non-
axisymmetric, stationary bodies developed in a stationary reference frame results in con-
stant coefficient equations of motion. This arises because the cross-sectional location of the
contact remains space-fixed in the stationary reference frame. The space-fixed formulation
of axisymmetric, rotating bodies from Chapter 2 is adopted to model the rotating bodies.
Axisymmetry of the rotating body greatly simplifies coupling the rotating body to other

rotating and stationary bodies in the space-fixed formulation.

Geradin and Kill [46] proposed an axisymmetric finite element model for flexible
rotors in rotating and stationary reference frames. The centripetal and rotational stress stiff-
ening effects are absent in the stationary reference frame model because of the Lagrangian
formulation. Fayos et al. [38] developed an Eulerian coordinate-based method for rotating
bodies using the vibration modes of the body as basis functions to approximate its displace-
ments. Refs. [43, 44, 117] discuss rigid body models, beam finite element models, and other

analytical methods to analyze rotating bodies.

Jacquet et al. [67] in their review paper concluded that most rotor-stator contact
studies are based on simplified models, for example, Jeffcott type rotors and rigid bearings.
Vibration modes of the uncoupled bodies are commonly used as basis functions to approx-
imate the motion of the system. Lee [88] developed a model using the vibration modes of
individual bodies to study the dynamics of elastic structures interacting with rotating ma-
chinery. Shen et al. [127] used the vibration modes of individual stator and disks as basis

functions to approximate the motion of a rotating disk/spindle system coupled to a flexible
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housing via stiffness-damper bearing model. Tseng et al. [141] used a similar model for
axisymmetric, rotating bodies in contact with a stationary body. Because the displacements
of the body were approximated with the vibration modes, the coefficients of the gyroscopic
term [141] required a complex algorithm to obtain the volume integral of the mode shapes
and their spatial derivatives. In this work, the rotational effects obtained from the velocity

expression of the body do not require any synthesized, complex volume integrals.

Discrete stiffness-dampers and elastic foundations are commonly used as coupling
elements, for example, guides in a circular sawblade [65], read/write pinhead in HDD drives,
and contact mesh in coupled gears [29]. Tadeo and Cavalca [136] compared the flexible
stiffness-damper coupling models of Kramer [84] and Nelson and Crandall [102]. Iwan and
Moeller [66] studied the vibrations of a spinning elastic disk with a transverse mass-spring-
damper loading system. Hutton et al. [65] modeled the guides on a circular sawblade with
stationary point loads and spring elements. Huang and Hsu [62] analyzed the vibration of a
spinning cylindrical shell with point or line stiffness supports. Hmida et al. [55] studied the
effects of rigid and elastic coupling [102] on the modal characteristics of a spur gearbox with
time-varying mesh stiffness. Cooley and Parker [29] analytically investigated the vibration
of rotating ring gears coupled via space-fixed stiffnesses. Other researchers [21, 28, 61, 63,
118] have studied vibrations of rotating disks, rings, and shells in contact with stationary
mass-spring-damper supports. Refs. [40, 64] analyzed the vibrations of rotating rings and
cylindrical shells with elastic foundation supports. Discrete or continuous stiffness-dampers,
elastic foundations, and constraint models are developed in this work to couple multiple

bodies in a system.

The coupling methods in this work are used to model complex systems consisting
of a rotating, axisymmetric body coupled to other rotating or stationary bodies. The ax-

isymmetric, rotating bodies in the system can have arbitrary cross-sectional geometries. The
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space-fixed formulation [144] models the axisymmetric rotating bodies. Coriolis, centripetal,
and prestress effects due to rotation-induced constant centripetal acceleration and exter-
nal forces are included. Stiffness-damper, elastic foundation, point constraint, and surface
constraints are used to model the coupling elements between multiple bodies. We demon-
strate the simplicity and the ease of using the coupling elements in a brake disk-pad system
[51, 56, 75, 76, 106, 107] and a dual rotor-casing system [15, 151, 152, 157]. A rotating
brake disk is coupled to a rigid brake pad via an asymmetric elastic foundation and non-
conservative friction force. The asymmetric coupling results in Fourier harmonic coupling
in the vibration modes and the friction results in squeal onset. A dual rotor-casing system
consists of coaxial, flexible rotating bodies enclosed in a flexible stationary casing. Elastic
foundation, surface constraints, discrete stiffnesses, and a time-varying intershaft bearing
couple the dual rotors and the stationary casing. The effects of a flexible stationary casing
on the system frequencies, and the effects of a fluctuating coupling element on the system

dynamics are investigated.

3.1 Analytical Model

Fig. 3.1 shows an example system with two rotating bodies and a stationary body.
The rotation speeds of the rotating bodies are €2;, i« = 1,2 about their respective rotation
axis EZ. An asymmetric, elastic foundation k; couples the two rotating bodies. The rotating

body 1 couples to the stationary body with a discrete stiffness (k;) - damper (d;) element.

The cylindrical basis {EZ, Ej, E. } of the rotating bodies and Cartesian basis {E,, E,, E,}
of the stationary body in Fig. 3.1 are fixed in space. The equations of motion for each flexible
body are obtained in their respective local, stationary basis, for example, rotating, axisym-

metric bodies are defined in their local cylindrical basis {E:,E) E'} in Fig. 3.1. Using
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Rotating body 1

Figure 3.1: Schematic of a system that consists of an axisymmetric, rotating body 1 coupled
to an axisymmetric, rotating body 2 via an elastic foundation k; and coupled to a stationary
body via a discrete stiffness (ky) - damper (dg) element. The rotating bodies rotate at €2y
and €, about their rotation axes E! and E?, respectively.

space-fixed formulation for the rotating bodies [144] and the finite element method (or other
numerical methods) for the stationary body, the equations of motion for uncoupled bodies
in the system are first obtained. Coupling element models couple the degrees of freedom of

the bodies in the system equation of motion.

3.1.1 Axisymmetric, rotating body

Fig. 3.2 shows an axisymmetric, flexible body rotating at speed €2 about its sym-
metry axis. The axisymmetric body has an arbitrary two-dimensional radial cross-section,
shown by the crosshatching in Fig. 3.2. The material properties are uniform in the cir-
cumferential direction, but they are allowed to vary within the cross-section. The total

cross-sectional area, Young’s modulus, density, and Poisson’s ratio are A, E, p, and v, re-
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(a) (b)

Figure 3.2: (a) Three-dimensional axisymmetric, rotor-disk body with crosshatched radial
cross-section and (b) the front view of the rotor-disk.

spectively. External forces F act on the body.

The basis {E;, Eo, E3} shown in Fig. 3.2(b) is stationary. The basis {E,, Eq, E,}
is also fixed but oriented by a spatially fixed angle 6 relative to E;. The cross-section of
material points at a given 6 changes with time because the body rotates while the basis
{E,, Ey, E.} is fixed. Similarly, the angle 6 identifying a material point changes with time

according to 6(t) = Qt + 6.

The elastic deflections of a material point on the rotating body instantaneously at a
specified 6 along its local, fixed {E,, Ey, E,} basis are u(r, z,0,t), v(r, z,0,t), and w(r, 2,0, 1),

respectively.

The velocity of a material point is obtained from the material time derivative of
the position vector that combines (a) convective velocity terms arising because the angle
6 associated with a material particle changes with time according to 06/0t = 2, and (b)

partial derivatives of elastic deflections with respect to time. The material time derivatives
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are

du_@u 8ug oudf Ouodz

%= ot oror T a6 Tamar =t e (3.1a)
dE. OE, 0E,00 __  dE,  dE,
@ o Tap o W g T UEs =0 (3.1b)

where (), and (-) o are partial derivatives with respect to time ¢ and ¢. The material time
derivatives of displacements v and w are similar to Eq. (3.1a). The particle velocity from

the material time derivative is

F=[us+Qug—v)|E, + v +Qwe+7r+u)|Eg+ [we + Quy| E.,. (3.2)

The kinetic and strain energies of the rotating body are obtained from the particle
velocity Eq. (3.2) and nonlinear strain-displacement relations [3]. The rotating body energies

and virtual work expression due to external forces are obtained from [144].

The kinetic and strain energies depend on the displacement fields. Axisymmetry
of the rotating body allows for the discretization of the displacement fields to be carried
out only in the radial cross-section of the body. Because of axisymmetry, the basis (shape)
functions are the same for any space-fixed angular location 6 and depend only on the cross-
sectional coordinates r and z. The radial displacement field within a finite element e at any
angular location @ is

ue(r, 2,0,t) = \IlZT(r, 2)U.(0,1), (3.3)

where W¢(r,z) is a vector of shape functions within a finite element and U.(0,t) is the

time-dependent nodal coefficient vector.
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The body and its displacement fields are continuous in # and 27 periodic. Thus,
the 6-dependent nodal coefficients can be expanded in Fourier series [144]. The displacement

fields for an axisymmetric body locally discretized into finite elements are

ue(r,2,0,t) = W (r,2) |US(1) + Y (US, (1) cosnf + Us, (1) sinnd) | | (3.4a)
n=1

Ve(r, 2,0,t) = W (1, 2) | VE(L) + Z (Ve (t) cosnf — V¢ (t)sinnd) | , (3.4b)
n=1

we(r, 2,0,t) = W (r, 2) |[WE(t) + Z (We (t) cosnf + Wi, (t)sinnb) | , (3.4¢)
n=1

where W¢(r, z), Wo(r, z), and WS (1, z) are the shape functions for the radial, tangential, and
axial displacement fields. The time-dependent coefficients U¢ (t), US (t), V¢ (t), V. (1),
WE (t), WS (t) are the nth Fourier harmonics of the displacements of the element, also

referred to as n nodal diameter components of displacement.

The displacement fields in Eq. (3.4) can admit non-axisymmetric deformations for

an axisymmetric body.

Substitution of the displacement field Eq. (3.4) into the energy and work done
expressions results in energies in terms of the elemental matrices and time-dependent coef-
ficient vector. A standard finite element assembly process results in global matrices and a
global coefficient vector from the elemental components. Applying Lagrange’s equation with

respect to the time-dependent, coefficient vector (q,) results in the rotating body equations



3.1. ANALYTICAL MODEL 75

of motion as

M, 4, + QG,q, + (K, — Q*C,)q, + al\;gj” = O’Fq +F,, (3.5a)
T

qu{qo TR qn} ; (3.5Db)

%Z{q}l qQ? .. 4 }, (3.5¢)

a.={vi vi v v wh wib (3.50)

where superscript j is the node number. M,, G,, C,, and K, are the mass, gyroscopic,
centripetal, and linear elastic stiffness matrices, respectively. Fqg and F, are the rotation-
induced vector due to centripetal acceleration and external force vector, respectively. N(q,)
is the nonlinear component of the elastic stiffness that is retained to obtain the prestress

stiffness due to Fq and F,. The elemental matrix components are shown in Vaidya and

Parker [144].

3.1.2 Arbitrary-shaped, stationary body

Stationary bodies coupled to a rotating body, for example, the casing in the dual
rotor system, the stationary housing of a gear train, and the brake pads in a brake rotor
system, can have arbitrary shapes. These stationary bodies are not necessarily axisymmetric.

They can be rigid or flexible, solid or thin-walled, etc. Material properties can vary in the
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stationary body.

Depending on the shape and flexibility of the stationary body, one can use analytical
equations, rigid body models, or numerical methods (for example, finite element methods) to
model the stationary body. Analytical equations of motion can model simple (for example,
circular or rectangular) geometric bodies. Shell equations of motion or shell finite element
method can model thin-walled bodies. Numerical methods can be used to model complex-

shaped bodies.

The stationary body is defined in the local, stationary basis {E,, E,, E.} as shown
in Fig. 3.1. Depending on the geometry of the body, other bases can be used. One can use

a stationary, cylindrical basis to model an axisymmetric, stationary body.

The stationary body deflections are ((z,v, 2,t), n(x,y, z,t), and &(x,y, z,t) along

E,,E,, and E,, respectively.

Conventional three-dimensional finite elements [9, 26, 159] discretize the complex-
shaped, stationary body. Three-dimensional shape functions form the basis for the displace-
ments within an element. Time-varying nodal coefficients are the unknowns. The elemental
matrices are obtained following the standard finite element method [9, 26, 159]. Assembling
the elemental matrices using the standard finite element assembly process results in the

equations of motion of the stationary body as

. ) ON(q,
qus + Dsqs + qus + (9((1(1 ) - Fs, (36&)
T .
qs={q§ qQ ... ¢ } ; Qi:{cj 7’ 53}, (3.6b)

where ¢7, n7, and &’ are the unknown, time-dependent nodal coefficients of the jth node.
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M;, D, and K, are the mass, damping, and stiffness matrices of the body. F; is the external
force acting on the stationary body. The nonlinear elastic stiffness N(qy) is retained to obtain

the prestress stiffness matrix, following the process described in Chapter 2.

A commercial finite element software can be used to extract the mass, damping,

and stiffness finite element matrices.

Rigid body equations of motion can define rigid stationary bodies. The time-
dependent, nodal coefficients (q,) in Eq. (3.6) are replaced by the translational and rotational

degrees of freedom for rigid body equations of motion.

3.1.3 Coupling models

Discrete stiffness-damper elements (Fig. 3.3(a)), continuous elastic foundations
(Fig. 3.3(b)), and constraints (Fig. 3.4) can couple a rotating body to other rotating or
stationary bodies in the system. These elements couple the degrees of freedom (or nodal
coefficients) in Egs. (3.5) and (3.6) for the rotating and stationary bodies. We next obtain

the coupling models for different coupling elements.

Discrete stiffness-damper elements

Discrete stiffness-dampers are commonly used to couple bodies in a system. Bearing
pedestals in contact with rotating bearing races [96, 157], the contact between rotating brake
disk and stationary brake pads [51, 106], the read /write pinhead coupled to a hard-disk drive
[66] and the guides on a rotating sawblade [65] are some examples that use stiffness-dampers
to model contact with rotating bodies. Examples of stiffness-dampers between two coupled,
rotating bodies include tooth mesh stiffnesses in coupled gear pairs [29, 71] and the intershaft

bearing in a dual rotor system [15, 151].



CHAPTER 3. COUPLING OF ROTATING BODY TO OTHER ROTATING /STATIONARY BODIES
78 FOR VIBRATION STUDY

(2)

Ee)éEz

Q

Figure 3.3: (a) Discrete stiffness (ky) - damper (d;) element that couples node P on a
rotating body to node O on a stationary body, (b) elastic foundation k; that spans from
tp to O in the circumferential direction and along path I'y in the radial cross-section of the
rotating body.

~

The discrete elements can be a function of displacements and time. This allows for
the inclusion of time-varying stiffnesses between coupled gears [71] and between bearing races
and rolling elements [152]. Dependence of the coupling stiffnesses on the contact deflections
[36, 69] and an initial clearance introduces displacement-based nonlinearity in the stiffness

element.

In the space-fixed formulation, the contact location of the stationary, discrete el-
ement remains fixed in space. The material point on the rotating body at the contact
location changes as the body rotates, but the location of the cross-sectional contact point is
space-fixed. Thus, the deformation at the discrete element contact location is obtained at a

space-fixed point.
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The stiffness and damping constants of the coupling element are k; and dg, respec-
tively. The deflections at the two ends of the stiffness-damper element along the direction of
the coupling element force are d; and d2 as shown in Fig. 3.3(a). These deflections depend
on the nodal coefficients of the bodies. For example, the deflections in the stiffness-damper
element between a rotating and a stationary body are ; = R,q, and d, = R,qs, where
q, and qs are the nodal coefficients from Egs. (3.5b) and (3.6b), and R, and Ry are the

transformation matrices.

The total deflection in the coupling element is 6 = 6; + d2. The damping and

stiffness energy in the nonlinear stiffness-damper element is
1 2 1 2
Cd - Edd<q7 t)(s ) 1_[d = §kd(q> t)5 ) (37)

where the nodal coefficient vector q consists of the degrees of freedom of the two coupled
bodies. For a discrete element between a rotating and stationary body shown in Fig. 3.3(a),

T
the nodal coefficient vector q = {qq’{ qf} :

The element deflections (§) in terms of nodal coefficients are substituted into the
energy Eq. (3.7). Applying variation with respect to the nodal coefficients results in the

discrete stiffness-damper element equation as

Dd(q> t)q + Kd(q7 t)q = Fd: (38)

where Dy(q) and K,(q) are the damping and stiffness matrices and F is the force in the
discrete element. Only the components in the matrices that correspond to the degrees of

freedom of the two end points of the discrete element are non-zero.

Some bodies can deform in one direction with an applied force in another direction.
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The scalar stiffness-damper element can be converted to a general stiffness-damper matrix
element to account for these cross-couplings. Guo and Parker [49] converted rolling element
bearing to a 6 x 6-dimensional bearing stiffness matrix. The off-diagonal cross-coupling
terms couple the deflections and angular tilting of the bearing. Nonlinear relations between
the contact force and deflections are converted to bearing stiffness using K; = 88%. The
direct stiffness method [159] converts the truss and beam coupling components into stiffness
matrix elements. The matrix form of stiffness (k;) and damping (d4) constants can be used
in Eq. (3.7). In this case, the deflection d represents the displacement vector in the reference
frame that defines the coupling stiffness-damper matrix. The final equation of the coupling

stiffness-damper component obtained by applying variation to the energies with respect to

the nodal coefficients is similar to Eq. (3.8).

Elastic foundation

Elastic foundations can model distributed fluid, elastic, magnetic, or acoustic media
between two coupled bodies. The friction material between brake disk and pads [75, 76] is

an example. The foundation stiffness can be non-axisymmetric as shown in Fig. 3.3(b).

The foundation stiffness is k¢ per unit of surface area. It can be a function of
the spatial coordinates, displacements, and time. The deflection in the elastic foundation
is 0y = Ryq, where q is the vector of the nodal coefficients and R is the transformation

matrix. The elastic foundation energy is

1

=5 [ by, (39)
2 Ay

where Ay is the surface area spanned by the elastic foundation and s is the spatial coordinate.

Variation of the energy Eq. (3.9) with respect to the nodal coefficients results in
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the foundation stiffness matrix as K¢(s,q)q. Only the elements of K, that correspond to

the nodes connected to the elastic foundation are non-zero.

Trigonometric orthogonality results in decoupled Fourier harmonics of the rotating
body for an axisymmetric elastic foundation. For a non-axisymmetric foundation, the Fourier

harmonics are coupled in Kjy.

Constraint Equations

Constraints can restrict or couple the motion of different bodies in the system by
constraining two points, surfaces, or a surface and a point. A point constraint describes the
motion of a single point or relates the motion between two points. Zero axial displacement at
a guide location on a circular sawblade [144] is an example of a point constraint. A surface
constraint is a multi-point constraint that describes the motion of a surface relative to a
point or another surface. The surface area on a brake disk constrained to the flexible brake
pad surface and bearing races constrained to rotating shafts are some examples of surface

(or multi-point) constraints.

The constraints can be asymmetric. The space-fixed constraints, whether axisym-
metric or asymmetric, will result in constant coefficients in the constraint equation. This
arises because of the stationary reference frame formulation. For an asymmetric constraint
fixed to the rotating body, the points of contact with the stationary body change as the

body rotates. This result in constraint equations with time-dependent coefficients.

A set of N constraints that depend on the nodal coefficients q through the dis-
placements and velocities (at most linear) of the body are represented by the N-dimensional

vector expression

f(q,q,t) = 0. (3.10)
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Generalized constraint forces F.(q,t) are required to impose the constraint Eq.
(3.10). Lagrange multipliers are used to apply these constraint forces. The matrix form of

the constraint Eq. (3.10) and the generalized constraint forces F.(q,t) are of the form

A(I(q7 t)q+at(q7 t) = 07 (311&)

F.(q,t) = A (q,1)A, (3.11D)

respectively, where A is the N-dimensional Lagrange multiplier vector.

Constraint relations between two points on the coupled bodies is a point-to-point
constraint. For example, the axial displacement (w(R, Z,3,t)) at a point (R, Z,3) on a
rotating hard disk drive equals the axial rigid body motion (£(¢)) of the stationary pinhead

as

w(R, Z,5,t) — £(t) = 0. (3.12)

The point-to-point constraint in Eq. (3.12) is equivalent to an infinite stiffness element
between the two contacting points. The infinite stiffness rigidly constrains the motion of the

two points.

Substitution of the displacement field from Eq. (3.4) into Eq. (3.12) results in the
matrix form of the constraint equation. The matrix A, in Eq. (3.11a) is a row vector given

as

Aq:{l cosf sinff ... cosnf sinnf —1}, (3.13a)
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T
q:{WO ch Wls Wnc Wns 5} . (313b)

A single Lagrange multiplier A imposes the single constraint equation.

Coupling between two surfaces requires a surface constraint to relate the motion of
multiple points on the surface. This is performed by constraining the motion of all points
on the surface to a reference point. The weighted summation of all these point-to-point
constraints result in a surface constraint equation. The reference point can be located at the
center of mass of the body, on a symmetry line, or at an arbitrary point depending on the

coupling mechanism.

Forces and moments at the points on the surface can be converted to an equivalent
single force and moment at the reference point that is statically equivalent to the original
forces and moments. These equivalent resultant force and moment relations between the
points on the surface and the reference point are used to obtain the surface constraint

equation. The surface constraint equations obtained are in form similar to Eq. (3.11).

The surface constraint does not rigidly constrain the motion of the contact surface
points and the reference point. It does not artificially add stiffness to the system as in Eq.
(3.12). This surface constraint between finite element nodes and a reference node is similar

to the RBE3 element in Nastran [100, 120].

Fig. 3.4 shows a schematic of surface constraints between multiple stationary body
and rotating body nodes and their respective reference nodes O, and O,. A point-to-point
constraint or a discrete stiffness-damper element couples the reference nodes. A discrete

stiffness matrix element (k;) couple the reference nodes O, and O, in Fig. 3.4.

Each reference node has six rigid body degrees of freedom. The stationary body

finite element nodes have three translational degrees of freedom.
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Stationary body
elements

Rotating body
cross-sectional elements

Figure 3.4: Surface constraints (dashed lines) constrain the rotating body cross-sectional
nodes (cross-marked) and stationary body nodes (dots) to their respective reference nodes
O, and O,. The discrete bearing stiffness k; couples the reference nodes.

Fig. 3.4 shows nodes (marked as dots) on the surface of the stationary body con-
nected to the reference node O,. The surface constraint equation is obtained from the
equivalent force and moment relation between the contact surface nodes and the reference
node. The relations between the forces and moments P; at the i** contact surface node and

the equivalent force and moment P, at O, due to P; are

P,=LP; (3.14a)
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Fop Fis 100 0 L. —L
Fy, Fy 010 —Li, 0 L
Foz Ez 001 Lzy _sz 0
P, = ) P, = ) L;, = s (314b)
M,, M, 000 0 1 0
Mo M;, 000 0 0 1
\ / \ / L .
Liac = T; — Lo, Liy =Y — Yo, Lzz = Z; — %o (314C)

where {Z,, Y., 2, } and {z;, ;, z; } are the coordinates of the reference node O, and i contact
surface node. With ¢ = z,y, 2, F,, and F}, are the forces and M,, and M,, are the moments

at Oy and the i node along the {E,, E,, E.} basis.

A force at the reference node can be distributed to multiple surface contact points
using the equivalent force relation in Eq. (3.14). Weights W, can be used to define the
fraction of the force at the reference node being transferred to the i* contact surface node.

The weighted force P; due to an input force P, at the reference node is

Pz’ = WiLioAsPin = HsiPina (315&)

WZ' = diag(ll,lz,lg,l4,l5,l6>, (31513)

where [y, ..., lg are the weights for the force and moment transfer. The customized weighting
in Eq. (3.15) results in an unknown matrix A;. The matrix A, is used to satisfy the

equivalent force and moment relation between forces at multiple contact points and the
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equivalent input force P;,. H,; is a 6 x 6 - dimensional constraint matrix that relates the

forces at the i"* contact point due to a force P;,, at the reference node.

To obtain the unknown matrix A, an equivalent force at the reference node due
to forces P; in Eq. (3.15) is obtained. The equivalent force is same as the input force Py,

that gets distributed at all contact points given as

P, =Y LP;=L"WLAP;, (3.16a)
=1
L= {Llo Lo, ... Lno} , W = blkdiag(W1, Wy, ..., W,,). (3.16b)

The unknown A is obtained from Eq. (3.16a) as A, = (L”WL)™".

The constraint relations defined in Eq. (3.15) are used to constrain the displace-
ments of the surface contact nodes to the reference node. The degrees of freedom (Q;) of

the reference node are constrained to the contact surface node degrees of freedom (qs) as

Qs = H,qs, (3.17a)

Qs = {515579572’5,%5,%57%5}, Hs - {Hsl H82 ce . Hsi .. 'HSN}7 (317b)

where H, is the constraint matrix with dimension 6 x 3N. The nodal degrees of freedom
vector s is identical to Eq. (3.6b) with dimension 3N x 1. Only the components of H,
corresponding to the contact surface nodes are non-zero. The surface constraint in Eq.
(3.17) constrains the three displacement degrees of freedom of the finite element nodes on

the surface to the reference node.
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The rotating body is defined using Fourier harmonic nodal coefficients in Eq. (3.5b).
A different set of constraint equations constrain the Fourier harmonic nodal coefficients of

the rotating body to the reference node degrees of freedom.

Fig. 3.4 shows the cross-sectional nodes of the rotating body coupled to the ref-
erence node O, on the rotation axis with surface constraints. The constraint surface of the
rotating body is along a path I'; in the r — 2 cross-section and spans circumferentially from

6o to 0. The rigid body motion of the constraint surface is
Oy O
Ty =4 / (ucos@ —vsin@)rdl'ydd, vy, = Al/ / (usin @ 4+ vcosO)rdl ¢db,
"Joo Jry "Jo, Jry

0y Oy
. = A%/ / wrdlydo, e = AiR/ / wsin 87 dT;d6, (3.18)
0o Ly ) Ly

0y Oy
Yyr = _A:R/ / wcos@rdl'rdl, 7., = ﬁ/ / vrdl'ydo,
90 Ff 90 Ff

Oy
where A, = / / rdI'ydf is the contact surface area and R is the average radius of the
0o JT;

contact surface. Substitution of the displacement fields from Eq. (3.4) into Eq. (3.18) results

in

QT‘ = Hrqra (319&)

QT = {xTayera/Yxra/}/yr;’erL (319b)

where q, is the vector of the unknown nodal Fourier coefficients from Eq. (3.5b) and H, is
the constraint matrix. Only the components of H, corresponding to the nodes on the path

I'; are non-zero.

For an axisymmetric constraint surface with 6, = 0 and 6y = 27, only the compo-
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nents in H, in Eq. (3.19) that correspond to the zeroth and first Fourier harmonics of the
nodes are non-zero. A circumferentially asymmetric constraint surface couples all Fourier

harmonics.

The surface constraint for conventional finite element nodes in Eq. (3.17) can be
applied to the rotating body nodes along with the rotating body constraints in Eq. (3.18).
Eq. (3.18) for a single node without the integral over I'f results in a relation between Fourier
harmonic nodal coefficients of the cross-sectional node to the translations and rotations of
that node along the rotation axis. These translational and rotational degrees of freedom of
multiple rotating body cross-sectional nodes can be constrained to a reference node using Hy;
in Eq. (3.15). The resulting constraint equation between the rotating body cross-sectional

nodes and the reference node is

Qr = Herqra (320&)

Hr = blkdlag(Hrl, HTQ, PN 7H7’n)7 (320b)

where Hj is obtained from the 6 x 6-dimensional Hy; matrix from Eq. (3.15). The matrix

H,;, where j = 1,2,...,n, is obtained from Eq. (3.19) for each cross-sectional node.

Lagrange multipliers and constraint forces in Eq. (3.11b) are used to apply con-
straint Eqs. (3.17), (3.19), and (3.20). Each constraint equation increases the system degrees

of freedom by twelve (six reference node degrees of freedom and six Lagrange multipliers).

A point-to-point constraint or a discrete element couples the reference nodes of the
two coupled surfaces. In Fig. 3.4, a stiffness element k; connects the reference nodes O, and

O,.. The stiffness element kj, is a 6 x 6-dimensional matrix. The strain energy in the stiffness
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element is

HB - %(Qr - Qs)ka(Qr - Qs) (3'21)

Using Lagrange’s equations, the constraint and stiffness matrices for the system in

Fig. 3.4 are obtained from Egs. (3.17), (3.19), and (3.21) as

o0 0 HT o |aq

r

o o o HT||q,

S

k, -k, —-Is O Q.

(S+K)q = , (3.22)

0
0
0
0 -k ks 0 I |Q;
0
H

o & o o o o

where I is a 6 X 6 identity matrix, S is the constraint matrix, and K, is the stiffness matrix

coupling the two reference nodes.

One can couple two rotating bodies using the surface constraints in Eqs. (3.18) or

(3.20) and a stiffness-damper element.

The constraints in Eq. (3.18) can also constrain a flexible, rotating body to a rigid
body. The rigid body is defined at the reference node with the reference node degrees of

freedom.

3.2 System equation of motion

The rotating and stationary body equations of motion from Eqs. (3.5) and (3.6)

and the coupling element equations are assembled into a global system equation of motion.
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The final equation of motion is

ON(q)
dq

Mg+ (D +G)q+ (K- C)q+ (Kqs+ Ky + K +S)q + =Fq+F(q,t), (3.23a)

q= {qmqs’Qr»Q&AmAs}Ta (323b)

where M, D, G, K, C are the mass, damping, gyroscopic, elastic stiffness, and centripetal
matrices, respectively. The nonlinear elastic stiffness component is ON(q)/dq. The vectors
Fq and F(q, t) are the rotation-induced force and external forces, respectively. The matrices
K, Ky, and (K, + S) are the discrete stiffness-damper, elastic foundation, and constraint

coupling matrices from Eqs. (3.8), (3.9), and (3.22), respectively.

The matrix components in the equation of motion Eq. (3.23) are system-specific.

These matrix components are obtained for a brake disk-pad system and a dual rotor system.

3.2.1 Prestress

Rotation-induced force Fq and the mean values of external forces F(q, t) prestress
the system. The steady prestressed state defined by steady deflections q generates a linear
prestress stiffness matrix for small vibrations defined by q(t) relative to the steady deflected
state. Linearizing the nonlinear elastic stiffness term in Eq. (3.23a) about the steady de-

flected state of the system results in the linear prestress stiffness matrix.

The steady state deflection is obtained by elimination of the time derivatives from

Eq. (3.23a) as

(K-C+K;+K;+K,+S)q+ =Fqo+F(q). (3.24)

Jq
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This nonlinear algebraic problem is solved numerically for q. For small steady deflections,

the linearized steady state problem can be solved for q.

The equations governing the small vibrations q(¢) about the steady deflected state
are obtained by substitution of q(t) — q + q(¢) into Eq. (3.23). Linearizing the nonlinear

ON(a)

term =5 % in Bq. (3.23) for small q(¢) yields the linear prestress (or geometric) stiffness

matrix K,(q).

Because the nonlinear elastic stiffness term is not coupled between different bodies,
the prestress stiffness matrix components for each body are uncoupled and obtained inde-
pendently. Assembling the component prestress stiffness terms results in a global prestress
stiffness matrix K, (q). The detailed derivation and expression of K,(q) for a rotating body
is given in Vaidya and Parker [144]. Following the derivation in [144], the prestress stiffness

matrix for a conventional finite element body is obtained.

The equation of motion of the system including prestress is
Mg+ (D + G)g+ (K- C)a+ (Kq+K; + Ky +8)a + K,(@)a = F(t). (3.25)
The free vibration eigenvalue problem from use of q = xe* in Eq. (3.25) is

MMx +AD+G)x+(K-C+K;+K;+K;,+S+K,(@)x =0. (3.26)

Model reduction techniques [6, 41, 42], for example, static condensation, can be

used to eliminate the reference node degrees of freedom (Q,, Qs) and Lagrange multipliers

(A, As) in Eq. (3.25).
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(b) Pad
., T

Figure 3.5: (a) Schematic of a clamped-free brake disk rotating with speed €2 and coupled
to a stationary, rigid body brake pad with an elastic foundation. The dimensions are in
millimeters. (b) The E, — E, cross-sectional view of the system with an elastic foundation
ks per unit surface area couples the disk and the pad. (c) The elastic force in the contact
stiffness p and the friction force f acting on the brake disk and the pad.

3.3 Brake disk-pad

A brake disk coupled to stationary brake pads is an example of a system with a
rotating body coupled to a stationary body, analyzed in [51, 56, 75, 76, 106, 107]. Analytical
rotating disk equations commonly model the brake disks. A rigid body model, analytical
equations, or finite element methods model the stationary brake pads [51, 56, 75, 76, 106,

107]. An elastic foundation couples the brake disk and pads.

Fig. 3.5 shows a brake disk-pad system. The clamped-free brake disk rotates with
speed (2 about its symmetry axis E,. A stationary, rigid body with mass M models the
brake pad. The contact area between the brake disk and the pad spans radially from r; to

7, and circumferentially from —f3 to 8. An elastic foundation ks per unit of surface area
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models the contact. A non-conservative frictional force with constant friction coefficient p

acts at the contact surface.

The space-fixed formulation in Section 3.1.1 with two-dimensional, cross-sectional
finite elements and Fourier series models the rotating brake disk. The equations of motion

of the axisymmetric, rotating brake disk are identical to Eq. (3.5).

The brake pad is a two degree of freedom rigid body with tangential (v,) and axial

(w,) displacements. The brake pad equation of motion is

M,q, + K,q, = Fp, (3.27a)
M 0 k't 0 Up

M, = , K, = , q= , (3.27b)
0 M 0 kg wp

where k; and k, are pad stiffnesses along tangential and axial directions, respectively, and

F, is an external force on the brake pad.

The contact location of the stationary elastic foundation and the friction force
remain fixed in space as the disk rotates. This results in constant coefficient equations for

the coupling elements.

The elastic foundation is assumed to act perpendicular to the undeformed disk
surface (i.e., in the direction of E,). The deformation in the elastic foundation is d; =
[w, —w(r,0,Z,/2,t)|E,, where Z, is the thickness of the disk. The elastic foundation is
along path I'y = r from r; to r, and circumferentially from 6y = —3, and 0y = 8. The
displacement field Eq. (3.4) and integration limits are substituted into the foundation energy

Eq. (3.9). Applying variation with respect to the nodal coefficients results in the following
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foundation stiffness matrix:

k, k,| |W
kfqu, = ' , (3.28a)

T
Koy Kpp | | wp

To B To B
K, = k; / ST w,r dr / PP, 0, k= ky / @, dr / P,df,
T -8 i -8

kpp = kpB(r5 —17), (3.28b)

P, = {1 cosf sinf ... cosnf sinnd}, (3.28¢)

where W, are the cross-sectional shape functions of the disk from Eq. (3.4) and W is the
vector of axial Fourier harmonic nodal coefficients (W,,. and W, from Eq. (3.4)) of the

disk.

Friction force acts in the direction of the relative motion between the disk and
the pad. The friction force results in a frictional follower force and a friction coupling in
the brake-disk system. The frictional follower force has a negligible effect on the system

dynamics [51, 76]. Thus, the frictional follower force is neglected in this analysis.

The friction force f is assumed to act tangentially, given as

f = —pks(w, —w(r,0,2,/2))Ey. (3.29)
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The virtual work done by the non-conservative frictional force is

To B
W = —,ukf/ / (w, —w)(dv, — dv)rdodr. (3.30)
ri J—pB

The disk displacement field Eq. (3.4) is substituted into Eq. (3.30). Applying variation to
the virtual work expression with respect to the nodal coefficients results in the non-symmetric

friction coupling matrix as

kerp \'%

kcqc = 5 (331&)

Q

=

S
(a]

Kepp Up

To 5 To 6
Kep, = kg / I, rdr / BPZPwde, K., = pky / Ol dr / ﬁPfd@, (3.31b)

To B
kcpr = ka/ v, dr /ﬁ P,do, kcpp = Mkfﬁ(rg - T?), (331C)

where V and W are the tangential and axial Fourier harmonic nodal coefficients of the disk

from Eq. (3.4).

The elastic foundation and the friction force components in Eqgs. (3.28) and (3.31)

are non-zero only for the disk cross-sectional nodes between (r;, Z,/2) and (r,, Z,/2).

The brake disk and brake pad equations of motion Eqgs. (3.5), (3.27), elastic foun-

dation stiffness matrix Eq. (3.28), and friction coupling matrix Eq. (3.31) are assembled to
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obtain the equation of motion of the brake disk-pad system as

Mg+Gq+ (K+K.+K;—-C)q+K,q=0, (3.32a)

q= {QM Up, wp}> (332b)

M = blkdiag(M,, M, M), K = blkdiag(K,., k, ka),

G = blkdiag(G,,0,0), C = blkdiag(C,,0,0), (3.32¢)

where M,., G,, K,, and C, are the rotating disk matrices obtained from Eq. (3.5). The
elastic foundation stiffness Ky and friction coupling K, matrices are assembled from the
components in Eqgs. (3.28) and (3.31), respectively. The prestress stiffness matrix K, re-
sulting from the rotation-induced force Fq in Eq. (3.5) is obtained by linearization of the

nonlinear equation of motion about the steady deformation of the body [144].

The mass M, elastic stiffness K, centripetal C, contact stiffness Ky, and prestress
stiffness K,, matrices are symmetric whereas the gyroscopic G matrix is skew-symmetric.
The friction coupling matrix K. is non-symmetric. The coupling between the brake disk and

the pad occurs in the K; and K. matrices.

The free vibration eigenvalue problem in Eq. (3.26) is solved for the brake disk-pad

system natural frequencies and vibration modes.

Fig. 3.6 compares the non-dimensional natural frequencies A = AR,+/p(1 — 12)/E

of the brake disk-pad obtained from Eq. (3.26) and those of a clamped-free rotating disk.
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Figure 3.6: Non-dimensional natural frequencies A = ARo\/p(1 — 12)/E of the clamped-
free rotating brake disk with dimensions in Fig. 3.5 coupled to a rigid pad via an elastic
foundation and friction coupling (solid lines) is compared to the non-dimensional natural
frequencies of the clamped-free rotating disk in Fig. 3.5 without brake pad and coupling
(dashed lines). The pad and contact model parameters are in Table 3.1.
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Table 3.1: Parameters of the brake disk-pad system

Inner radius of the pad (r;) 98 mm
Outer radius of the pad (r,) 142 mm
Half-angle of the pad (5) 31°

Mass of the pad (M) 0.22 kg

Tangential stiffness of the pad (k;) 1.15 x10° N/m

Axial stiffness of the pad (k,) 4.15 x10° N/m

Elastic foundation stiffness (k;) 3.5 x10'° N/m?
Friction coefficient (u) 0.5

The brake pad parameters, elastic foundation stiffness, and the friction coefficient are given

in Table 3.1.

An asymmetric elastic foundation breaks the axisymmetry of the rotating disk. The
degenerate eigenvalues of the stationary, uniform disk split into distinct eigenvalues for the
non-axisymmetric brake disk-pad system as observed in Fig. 3.6. The asymmetric foundation
also leads to Fourier harmonic coupling in the foundation stiffness K and friction coupling
K. matrices. This Fourier harmonic coupling is absent in a uniform, axisymmetric body.
Vibration modes of the asymmetric system consist of multiple Fourier harmonic components,

whereas the axisymmetric body has pure, single, non-zero Fourier components.

Eigenvalue veering occurs when two eigenvalues approach each other as a parameter
is varied but then veer away without crossing [115]. Vibration modes are exchanged between
two veering eigenvalue loci as the parameter increases or decreases within the veering region.
If the modes of the two approaching eigenvalues have common Fourier harmonic coefficients,
then veering occurs. If no common Fourier harmonic coefficients exist between the modes of
the two approaching eigenvalues, then the eigenvalue loci cross each other. The sharpness
of the veering depends on the extent of Fourier harmonic coupling between the approaching
eigenvalues. Large amplitudes of the common Fourier harmonic coefficients lead to broad

veering regions. Most veering regions in Fig. 3.6 are broad.
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Figure 3.7: Non-dimensional, stationary natural frequencies A\ = AR,+/p(1 — v2)/E of the
clamped-free rotating brake disk-pad system with varying friction coefficient for a full eigen-
value problem in Eq. (3.32) (solid lines) and two-mode (modes 34 and 35) reduced order
model in [60, 76] (circles). The system parameters are given in Table. 3.1.

The symmetric elastic foundation stiffness matrix K influences the system frequen-
cies and the non-symmetric friction matrix K, produces dynamic instability [76]. Neglecting
K. in the eigenvalue problem in Eq. (3.26) results in eigenvalues that almost overlap with
the solid lines in Fig. 3.6. The effect of frictional coupling on the imaginary part of the

eigenvalues is negligible.

The non-conservative friction plays a key role in dynamic instability of the disk-pad
system. Disk brake squeal is one of the mode merging (flutter) instabilities that arises when
two modes merge on varying a parameter. The brake squeal occurs at low speeds, and thus,
rotational effects are ignored in brake squeal analysis [76, 107]. The point of transition of
imaginary eigenvalues into complex eigenvalues (mode-merging point) indicates squeal onset
[75, 76]. Kang et al. [75] derived an analytical relationship between frequency separation
and squeal occurrence. Huang et al. [60] obtained a reduced-order model with modes of two
closely spaced eigenvalues. Using eigenvalue perturbation theory, they estimated the critical
value of the friction coefficient that results in complex eigenvalues and squeal onset. Fig. 3.7
shows the imaginary and real parts of modes 34 and 35 of the brake disk-pad on varying the

friction coefficient. The eigenvalues obtained from a full system eigenvalue problem in Eq.
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(3.32) compares well with the analytical expression for the two-mode reduced-order friction
coupling model in [60, 76]. This indicates the present model can be used to study the squeal

onset, similar to the existing models.

In brake disk-pad systems, a velocity dependent friction is a major destabilizing
factor. The rotation speed influences the severity of the instability [76, 85, 106]. The above
developed model in Eq. (3.32) can be used to study the effects of a velocity-dependent

friction coefficient on the instability.

The friction follower force directed along the deformable surface of the disk may be
important in some applications, for example, thin hard-disk drive systems [142]. The model

in Eq. (3.32) can be modified to include the friction force as

f = —pk.(w, —w) (3.33)

Vel

where V., is the relative velocity between the two contacting surfaces. This friction force
leads to additional non-symmetric friction follower stiffness term and a symmetric radial

dissipative term in the equation of motion Eq. (3.32).

A finite element method can be used to model the brake pad. The vibration modes
of a brake pad can be used as basis functions to approximate the brake pad displacements

[74).

3.4 Coupled, dual rotors enclosed in a casing

A dual rotor-casing system includes two rotating bodies and a stationary casing.
The bodies are coupled via bearings. Refs. [15, 151, 152, 157] analyzed the dual rotor-casing

system with beam element rotors, mass-stiffness-damper supports, and nonlinear contact
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models. In this work, semi-analytical model in Section 3.1.1 models the rotating bodies
and three-dimensional finite elements model the stationary casing. The rotating bodies can
have arbitrary radial cross-sectional shape without restricting the system to be composed of

beam-type elements. Different coupling methods model the bearings in the system.

Fig. 3.8 shows a dual rotor-casing system with inner low-pressure (LP) and outer
high-pressure (HP) rotating systems. Each rotating body has a shaft (LP and HP), a com-
pressor (LPC and HPC), and a turbine disk (LPT and HPT). The LP and HP bodies rotate
with speeds €1 and Qp, respectively, about their rotation axis E,. The two bodies can

rotate in the same or opposite directions.

Two-dimensional, cross-sectional finite elements with Fourier series displacement
fields in Eq. (3.4) are used to model the axisymmetric, rotating LP and HP bodies. The
equations of motion for the LP and HP rotating bodies with Fourier harmonic nodal degrees
of freedom q;, and qg, respectively, are obtained from Eq. (3.5). The subscripts ‘L’ and ‘H’

will be used to denote ‘LP’ and ‘HP’ systems.

The rotating system is enclosed in a stationary, outer cylinder casing. The ground-
based casing is fixed at the base from z = 25 to 40mm and 560 to 575mm, as marked in
Fig. 3.8. Conventional, three-dimensional finite elements are used to model the stationary
casing. The stationary casing equation of motion is obtained from Eq. (3.6) with qg as the

nodal degrees of freedom. The subscript ‘S’ will be used to indicate the stationary casing.

Assembling the equations of motion of the three independent bodies (rotating LP

system, HP system, and a stationary casing) gives the full system equation of motion.

An elastic foundation By, surface constraints with a bearing stiffness matrix B,
intershaft time-varying stiffness B3, and discrete stiffnesses B, shown in Fig. 3.8 couple the

bodies in the dual rotor-casing system.
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Figure 3.8: (a) Schematic and (b) Cross-section of the dual rotor-casing model with dimesions
in millimeters. The low-pressure (LP) and high-pressure (HP) systems consists of a shaft,
a compressor disk (LPC, HPC), and a turbine disk (LPT, HPT). The rotation speeds of
the LP and HP systems are €2; and g, respectively. The LP shaft is supported by an
elastic foundation bearing B; and two discrete stiffnesses shown by Bs. The HP shaft is
coupled to the casing through surface constraints and a bearing stiffness model Bs. The
radial, time-varying stiffness element B3 couples the LP and HP shafts.
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A space-fixed, axisymmetric, grounded elastic foundation By with stiffnesses k1,
k.1, and k.1 per unit of surface area in the radial, tangential, and axial directions supports
the LP shaft. The elastic foundation is along the path I'y = 2 from 2y = 10mm to z; = 20mm

on the LP shaft. The deflection in the elastic foundation is

(Sf = UL(RL, Z, Q)ET + UL(RL, 2, Q)Eg + wL(RL, Z, Q)Ez (334)

Substituting the displacement fields from Eq. (3.4) into Egs. (3.34) and (3.9) with
k; = diag(ky1, ku1, kuw1) and applying variation with respect to qy, gives the stiffness matrix

component K; due to bearing B, as

kul UL
Kiq, = k.1 Vi ¢ (3.35a)
kwl WL
2f
kg = (k‘quL/ \I’:‘IF\I’Q dz> blkdiag (271, 71, 7L,, ..., 7L,), (3.35b)
20

where the subscript ¢ = u, v, w, and U,,, U,, are the radial Fourier harmonic coefficients of
the LP body nodes. The vectors V;, and W, are similar to Eq. (3.35¢). The size of the
identity matrix I, is n x n, where n is the number of LP system nodes. Only the matrix
components of the LP shaft nodes between coordinates (Ry, 29) and (R, zf) are non-zero in

K, matrix.
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Bearing 2 (Bs) in Fig. 3.8 couples the HP shaft to the inner surface of the casing us-
ing surface constraints in Egs. (3.17) and (3.18), and a bearing stiffness matrix. The axisym-
metric bearing spans axially from z; = 148mm to z, = 158mm. The constraint Eq. (3.18)
constrains the HP shaft cross-sectional nodes between z; and zj, to the reference node Oy
and Eq. (3.17) constrains the casing nodes to Ogs. The reference nodes are located on the
rotation axis. An isotropic bearing stiffness matrix ks = kpp diag(1,1,1,1072,1073,107)
couples the reference nodes Opgs and Ogo. Only the zeroth and first Fourier harmonic com-
ponents of the HP shaft are non-zero in Eq. (3.18) because of the orthogonality of the
trigonometric functions. The surface constraints and the bearing stiffness matrix gives the

bearing B, stiffness matrix component as (S + Ks)q from Eq. (3.22).

Bearing B4 couples the LP shaft to the casing via two space-fixed, discrete stiffnesses
as shown in Fig. 3.8(a). The stiffnesses are located at the same LP shaft cross-sectional node

(74, 24) = (12.5,580)mm and at different circumferential locations £, = 7, 37“ with respect
to the E, axis. The other ends of the stiffnesses are at (z4,ys, 24) = (0, £114,580)mm. The
discrete stiffnesses have radial and tangential components k,4 and k. The strain energy in

the discrete stiffnesses is

2
I, = %Z ks (ur(ra, 24, B)) = G4, ya, 2a) co8 B — nj (24, ya, z4) sin B;)° +

j=1
K4 (UL(T47 24, 5j) + Cj(x4u Y4, 24) sin ﬁj - 77j(l‘47 Ya, 24) COs Bj)z} ) (3-36)

where up(ry, z4, ) and wvp(rg, z4, 3) are the radial and tangential LP shaft displacements
from Eq. (3.4), and (x4, y4, 24) and (x4, y4, 24) are the casing finite element displacements.

Substituting the displacement fields into the strain energy Eq. (3.36) and applying variation
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with respect to the nodal degrees of freedom results in the stiffness matrix of bearing By as

T ( )

kLT 0 _krl _kr2 UL4
Kk, ki —kp Vi
Kyq = ) (3.37a)
keg O ds1
symmetric ko | | as2

2 2
ki, =k ) PLP, kp=ku ) PPy,
J J
j=1

Jj=1

krj = kr4PZquj7 ktj = kt4PtI;-ij, ij = (kr4P5quj + kt4PZjP’Uj)7 ] =1,2 (337b)

P,; ={1 cosB; sinf; ... cosnf; sinnp;},
P, ={1 —sinp; cosf; ... —sinnf; cosnp,},
P, = {cos§; sin; 0}, Py ={—sinp; cosp; 0}, (3.37¢)
Uy = {Uo Ure Ut . Upe Uns}, Via={Vo Vis Vi .. Vas Vi), as; = {¢/ 0/ €7},

(3.37d)

where Uy and V4 are the Fourier harmonics of the single LP shaft node connected to

the discrete stiffnesses. The Fourier harmonics of the LP shaft node are coupled in kj, and
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kr; in Eq. (3.37a) because of vectors in Eq. (3.37c¢). The non-diagonal terms of K, in Eq.

(3.37a) couple the rotating and stationary casing degrees of freedom.

A radial, time-varying stiffness k3(¢) models the intershaft bearing B; between the
LP and HP shafts. Time-varying stiffness captures the changing number of rolling elements
in contact with the bearing races. The space-fixed stiffness connects the LP shaft node
(Rp, B3, 23) and HP shaft node (Rpy, (3, 23), where Ry, = 12.5mm, Ry = 15mm, f5 = 37/2,

and z3 = 444mm. The deformation in the intershaft stiffness is

03 = [up(Ru, 23, B3) — ur(Rr, 23, B3) E;. (3.38)

Substituting the displacement field Eq. (3.4) into deformation d3 and strain energy
Eq. (3.7) and applying variation with respect to the Fourier nodal coefficients results in the

stiffness matrix component of bearing B3 as

K3q3 = k’g(t) s kL3 = PgPT (339)

where Uy, and Uy are the radial Fourier harmonic degrees of freedom of the LP and HP

shaft nodes, respectively. The vector P, is similar in form to P,; in Eq. (3.37c).

The stiffness matrix components of the elastic foundation bearing By, constraint
bearing Bs, intershaft, time-varying stiffness B3, and discrete stiffnesses B, from Eqgs. (3.35),
(3.22), (3.39), and (3.36) are assembled into a coupling stiffness matrix Kp(t). The constraint
bearing By results in additional reference node (Ogy and Ops) degrees of freedom and

Lagrange multipliers as described in Eq. (3.22).

Assembling the equations of motion of the rotating bodies, stationary casing, and
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the coupling matrix, the full dual rotor-casing system equation of motion is obtained as

Mg+ Gq+ (K+Kg(t) — C)g+ K,q = F(t), (3.40a)

q-= {qLaqH7q57QH27Q527AH27A—S2}7 (340b)

where M, G, K, C, and K, are the mass, gyroscopic, elastic stiffness, centripetal, and
prestress stiffness matrices, respectively. The matrices M, G, K, C, and K, are similar to

those in Eq. (3.25). F(t) are the external forces.

The matrices M, G, K, C, and K,, are decoupled between different bodies. The

mass matrix M is of the form

M = blkdiag(M;, My, Mg, 0,0,0,0), (3.41)

where M and My are the LP and HP rotating body mass matrices from Eq. (3.5), and
Mg is the stationary casing mass matrix from Eq. (3.6). The G, K, C, and K, matrices

are similar in form to Eq. (3.41).

The non-zero components in the gyroscopic G and centripetal C matrices corre-
spond only to the rotating body degrees of freedom q; and qy and are obtained from Eq.
(3.5).

The bearing stiffness term assembled from Egs. (3.35), (3.22), (3.37a), and (3.39)



CHAPTER 3. COUPLING OF ROTATING BODY TO OTHER ROTATING/STATIONARY BODIES

108 FOR VIBRATION STUDY
is
’ \
Ki+Kp+Kpn  —Kiz —Kiss 0 0 0 0 ar
Kis 0 0 0 HL, o an
-Kss O 0 0 H§2 ds
K;(t)a= kps —kp —Ig O Qm2 (>
symmetric kpo 0 —Is Qso
0 0 Ao
0 | As2
(3.42)

where kg is the bearing By stiffness matrix component, and Hys and Hgy are the surface
constraint relation matrices. The intershaft time-varying stiffness component is K;3. The
matrices K;4, where ¢ = L, S, LS, are the components of the discrete stiffnesses of bearing

B, from Eq. (3.37a). The bearing stiffness matrix Kp(t) is symmetric.

Static condensation [41, 42] eliminates the reference node degrees of freedom (Q g2,
Qs2) and the corresponding Lagrange multipliers (Age and Ags). Only the rotating and
stationary body degrees of freedom qr,, qg, and qg are retained.

Table 3.2: Parameters of the dual rotor-casing system

Elastic foundation By stiffness, ky1, kp1, kw1 (N/m?) 6.67 x 10°
Bearing B stiffness, kyz (N/m) or (Nm/rad) 2 x 107

Intershaft bearing Bs: Average stiffness, k.3 (N/m) 11.67 x 10°
Intershaft bearing Bs: Peak-to-peak stiffness, k,3 (N/m) 3 x 10°

Intershaft bearing Bs: Frequency relation fm = 309,
Discrete bearing By stiffness, k.4, kg (N/m) 2.6 x 10°
Ratio of rotation speeds, Q7 /Qy 1.5

The eigenvalue problem of the dual-rotor casing system Eq. (3.40a) obtained is
similar to Eq. (3.26).

Fig. 3.9 shows the effects of the flexible, stationary casing on the eigenvalues of
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Figure 3.9: Non-dimensional natural frequencies A = ARy+/p(1 — v2)/E of the dual rotor-
casing system (solid lines) compared to dual rotor-casing system with a non-vibrating casing
(dashed lines). Fig. 3.8 and Table 3.2 show the dimensions and stiffness parameters of the
system.
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the dual rotor system. The bearing parameters are shown in Table 3.2. The eigenvalues of
the complete dual rotor-casing system (solid lines) differ significantly to the eigenvalues of
the dual rotors with non-vibrating stationary casing (dashed lines). Degenerate eigenvalues
of the dual rotor-only system at A = 0.037 and A = 0.071 in Fig. 3.9 split into distinct

eigenvalues on inclusion of the stationary casing.

Lower eigenvalues are sensitive to the coupling between different bodies and thus
show major changes on the inclusion of casing in the system. The higher frequencies of the
system (not shown in Fig. 3.9) are associated with individual bodies and compare well with

the uncoupled body natural frequencies.

The asymmetric coupling components couple the Fourier harmonics of the rotating
bodies. Thus, vibration modes of the system consist of multiple Fourier harmonic compo-
nents. When the eigenvalue loci of two modes with common Fourier coefficients approach
each other, veering occurs. Some eigenvalue loci that cross without veering on excluding the
casing, show veering on inclusion of the casing, for example, the veering region near speed
Q) = 0.004 marked with a red circle in Fig. 3.9. A flexible, stationary body changes the

vibration modes of the system.

The time-varying intershaft bearing stiffness is k3(t) = ko3 + kps tanh (f,,t). It acts
as a parametric excitation with frequency f,, in the system. k,3 and k,3 are the average

and peak-to-peak values of the stiffness over a contact cycle. The excitation frequency is
non-dimensionalized as fr, = fmRar/p(1 — v?)/E.

The equation of motion Eq. (3.40a) is solved using the Newmark method for the
dynamics of the system. Fig. 3.10 shows the non-dimensional radial displacement at the LP
shaft node (Ry, z3) for a range of non-dimensional excitation frequencies fm. Resonance is

observed at the bearing excitation frequencies fml = 0.032, me = 0.037, and fmg = 0.042.
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Figure 3.11: Non-dimensional radial displacement amplitude at LP shaft node (Rp, 37/2, Z3)
at the intershaft bearing frequencies of (a) f,,1 = 0.032 and (b) f,,2 = 0.037, obtained from
Fig. 3.10.
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Figure 3.12: Ratio of strain energy in each component to the total strain energy in the
system for (a) mode 8 (Ag)and (b) mode 12 (A12) of the dual rotor-casing system in Fig. 3.9.

Parametric resonance occurs when the system is excited by a time varying param-
eter, for example, the intershaft bearing stiffness k3(¢). The dual rotor system is paramet-
rically excited at the intershaft bearing stiffness frequency fm A combination parametric
resonance occurs when the sum of two natural frequencies equals the excitation frequency.
Fig. 3.11 shows the system response at the two resonant frequencies fml = 0.032 and
fm2 = 0.037 in Fig. 3.10. At f,.; in Fig. 3.11(a), the amplitudes are larger at the eighth
natural frequency (Xg), where f,1 = 2X\s. Fig. 3.11(b) shows that the eighth and twelfth
natural frequencies experience parametric resonance at fmg with me = 5\8 + 5\12. The am-
plitude of resonance is larger at the two natural frequencies as compared to the amplitude

at the excitation frequency.

Vibration modes with significant intershaft bearing strain energy are more likely
to experience parametric resonance. Fig. 3.12 shows the distribution of strain energies in
all the components for the eighth and twelfth modes. The strain energy in the intershaft
bearing (Bearing 3) for modes 8 and 12 are 30% and 22%, respectively, of the total strain
energy of the system. The thirteenth mode has 20% bearing 3 strain energy. Parametric

resonance is also observed at fmg = 0.042 in Fig. 3.10 where fmg = 5\8 + 5\13.
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A rotating stiffness can be included to model a rolling element bearing [14, 17].
These rotating stiffnesses introduce time-dependence in the displacement fields with 8 varying
as 0 = 6y + Qt. A rotating intershaft bearing will result in time-varying k3 component in

Eq. (3.39).

The stiffness model can be extended to include nonlinear effects (results not shown).
For example, when relative displacement of the rolling elements exceed a specified clearance,
bearing forces are generated. This occurrence of bearing forces introduces nonlinearity in
the bearing stiffness. The nonlinear stiffness of the rolling element [14, 17] depends on the

deformation (d3) as

ks (a,t) = H(03(q))ks(fint), (3.43a)
03 = (um;(Ru, Zu,0;) — ur;(Re, Z1,0;)), (3.43b)
1, if 03 > (50;
0; = Qut + 21(;‘ —1), Q.= Ryt QHRH, H(83) = . (3.43¢)
Ny Ry, + Ry .
0, if 3 < do,

where N, is the total number of rolling elements and J, is the bearing clearance.

Blade-casing rub is a major source of vibration in the dual rotor systems [151, 156].
Nonlinear discrete stiffnesses in Eq. (3.43) can model the blade-casing rub between rotor

disks and the casing.
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3.5 Conclusions

Discrete stiffness-damper elements, elastic foundations, and constraint equations
model the bearings, splines, couplings, fluid media, rigid constraints, and other components
that couple rotating and stationary bodies to an axisymmetric, rotating body in a system.
The space-fixed formulation of the flexible, axisymmetric, rotating body allows for space-
fixed, axisymmetric or asymmetric elements to couple with the rotating body. The space-
fixed couplings result in constant coefficient equations of motion of the system that simplify
further mathematical analysis. The coupling elements can nonlinearly depend on the spatial

coordinates, displacements, and can vary in time.

An asymmetric elastic foundation and non-conservative friction force couples the
brake disk to a stationary, rigid brake pad. A change in the friction coefficient results in the

splitting of the real part of closely-spaced eigenvalues, resulting in the squeal onset.

The coupling elements model bearings in a dual rotor-casing to couple two rotating
bodies and a stationary body. The flexible, stationary casing alters the low frequencies of
the dual rotor system and increases the Fourier harmonic coupling in the modes, resulting
in higher number of broad veering regions. A parametrically excited system because of a
time-varying intershaft coupling results in parametric resonances of vibration modes with
high intershaft coupling strain energy. The models developed allow one to analyze the
dynamics of complex, linear/nonlinear, constant/parametric, coupled systems that involve
rotating bodies with fewer degrees of freedom for the bodies, as compared to conventional

three-dimensional finite element models.



Chapter 4

A semi-analytical finite element
model and modal properties of
rotationally periodic systems with

flexible, vibrating components

4.1 Introduction

Rotationally periodic systems, such as planetary /epicyclic gears, bearings, and har-
monic drives are widely used in automobiles, aircraft engines, helicopters, and other indus-
trial applications. To reduce weight, these systems are made light-weight and more flexi-
ble. The flexibility of the components increases the elastic deformations in the components.
Lumped parameter models do not capture the flexibility of the components. A finite elemen-
t/contact mechanics model [146] for planetary gears and bearings considers all components
deformable, but the dynamic analysis using this tool is computationally expensive. In this
work, we develop a semi-analytical model for rotationally periodic systems with vibrating
central components and substructures. Application of this model is exhibited for planetary

gears.

115
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Lumped-parameter models [11, 31, 68, 90, 92] were widely used to study modal
characteristics, quasi-static and dynamic behavior of planetary gears. Hidaka et al. [52, 53]
observed the ring gear elastic deformation in a planetary gear, resulting in subsequent models
for planetary gears with an elastic model of the ring. Abousleiman and Velex [1] developed
a three-dimensional lumped-parameter planetary gear with finite element model for the
deformable ring gear. Abousleiman et al. [2] extended the model to include a finite element
carrier. Wu and Parker [155] established an analytical elastic-discrete planetary gear model
with discrete sun, planet, and carrier and an elastic ring. Wang and Parker [147] developed
an analytical planetary gear model with an elastic ring that includes bending, extensional,

and shear deformations.

A finite element/contact mechanics (FE/CM) model [146] uses finite element mod-
els of gears and bearings. This model has been widely used for gear and bearing research.
Parker et al. [112] analyzed the dynamic response of planetary gears using the FE/CM
model. Kahraman et al. [72] investigated the dynamic effects of a planetary gear with thin
rims using the FE/CM model. Ambarisha and Parker [5] used a lumped parameter model
and the FE/CM model to study planetary gear systems with tooth contact loss and peri-
odically varying mesh stiffness. The FE/CM model neglects the gyroscopic effects that are
important for compliant gears at high-speeds. The model in this work includes the rotational
gyroscopic, centripetal, and prestress effects that are important for better system dynamics.

The semi-analytical developed model is computationally efficient for dynamic analysis, as

compared to the FE/CM model.

Rotationally periodic systems with equally spaced substructures (cyclic symmetric
systems) possess structured modal properties. Olson [104] described the fundamental modal
structure of cyclic symmetric bodies. Shi and Parker [128] categorized the modal properties

of planar cyclic symmetric systems into translational, rotational, and substructure modes.
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Lin and Parker [90] described the translational, rotational, and planet modes for planar
spur planetary gears using a three degree of freedom lumped model for each component.
Ericson and Parker [34] experimentally validated the modal structure for spur planetary
gears. Kiracofe and Parker [81] extended the lumped-parameter single planetary gear model
to compound planetary gears and proved that all modes can be classified into one of the
same three categories. Cooley and Parker [27] proved the modal structure is retained for
high-speed planetary gears with gyroscopic effects. Wu and Parker [155] verified the modal
structure persists for an elastic-discrete planetary gear model with elastic continuum ring
gear and lumped sun gear, planets, and carrier. In addition to the three known categories
of translational, rotational, and substructure modes, they identified pure ring modes for
the stationary system. Wang and Parker [148] investigated the modal properties of the
elastic-discrete spur planetary gear model with gyroscopic effects. They proved that the
stationary pure ring modes transition to either rotational or substructure modes on inclusion
of gyroscopic effects. All complex-valued, traveling modes of cyclic symmetric systems with
gyroscopic effects exhibit characteristics of rotational, translational, or substructure (planet)

modes.

The structured modal characteristics are preserved for three-dimensional cyclic
symmetric systems as well. Eritenel and Parker [37] mathematically proved and catego-
rized the modes of three-dimensional, lumped-parameter helical planetary gears. All modes
of the three-dimensional cyclic system exhibit characteristics of one of the three mode types:
translational-tilting modes, rotational-axial modes, and substructure modes. Dong and
Parker [33] obtained the modal characteristics of general three-dimensional cyclically sym-

metric systems with vibrating central components.

A semi-analytical finite element model for general rotationally periodic systems

is developed in this work. The central components and substructures are considered ax-
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isymmetric. The semi-analytical model by the authors in [144] models the axisymmetric
components. One of the central components that supports the substructures is allowed to
be non-axisymmetric. The model is developed in a rotating reference frame fixed to the
non-axisymmetic or cyclically symmetric central component. The substructures are at fixed
angular locations in the central component rotating reference frame. This leads to a constant
coefficient equation of motion for the configuration. All components are allowed to rotate.
Gyroscopic, centripetal, and prestress effects are included in the model. The structured
modal characteristics of a cyclically symmetric system and a diametrically opposed system

are validated with known literature.

4.2 Analytical Model

Figure 4.1: (a) A system with multiple rotating central components and substructures. The
circles represent the central components, and the ovals are substructures. The central com-
ponent shown in dashed lines supports the substructures. Solid rectangles are the couplings
between the central components and the substructures. (b) Stepped planet compound plan-
etary gear, (¢) Harmonic drive/ strain wave generator.

The class of rotationally periodic systems considered in this chapter consists of N
rotating, elastically deformable central components and P substructures. The substructures

(shown as ovals) are supported on a central component C' shown by a dashed circle in Fig.
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4.1. This central component is not necessarily axisymmetric. For example, in a planetary
gear system, the planet gears (substructures) are supported on a carrier (central component)

that is usually cyclically symmetric.

The reference frame {E;, Eo, Es} in Fig. 4.1 is attached to the central component C.
The basis E3 is oriented about the system axis of rotation. The reference frame {E;, Eo, E3}
rotates at a constant speed (2c that is also the rotation speed of the substructures. The

system model is derived in the {E;, Eo, E3} rotating reference frame.

All other central components (solid circles in Fig. 4.1) in the system are assumed
to be axisymmetric. These central components are denoted by ¢;, where ¢« = 1,.... N — 1.
The basis {E’, Ej, E'} is associated with the ¢;th central component. These bases have a
fixed angular orientation 6; relative to the {E;, Eo, E3} reference frame. The angle 6; does
not define a material point on the ¢;th central component. It defines a fixed angle relative to
the reference frame rotating at §2.. The cross-section of material points on the c¢;th central
component that passes a fixed angular location #; changes with time as the ¢;th body rotates

with respect to the basis {E., E} E'}.

The central components rotate at speeds €2.,. The speeds of different central com-
ponents are related by kinematic relations. In planetary gears, for example, the kinematic
relation between the rotation speeds of the three central components - sun gear (£2,), ring

gear (€,), and carrier (£2¢) is

Q= 00— 70— Q) = 0 — 2O (4.1)

where Z, and Z, are the number of teeth on the ring and sun gears, respectively. The
relative velocity of the ring gear with respect to the carrier-fixed reference frame that rotates

at speed Q¢ is Q,c = Q, — Qc.
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The P substructures are supported on the central component C'. These substruc-
tures are not necessarily equally spaced circumferentially. The system can have diametrically
opposed or unequally spaced substructures [91, 110]. The substructures are at an angle v
with respect to E; in the counter-clockwise direction. Without loss of generality, the first
substructure is at 1; = 0. The reference frame {e’, e}, e’} shown in Fig. 4.1 is associated
with the sth substructure and at an angular orientation ¢; with E;. The axis €’ is directed
radially along the line connecting the center of the central component to the substructure
center at angle 1;. The substructures rotate at Q, about their rotation axis e’. In planetary

gears, the planet gear rotation speed is

Zy
Q= Q0 + (@ — Q) = Qo + Zophc (4.2)

p
where Z, is the number of teeth in the planet gear.

The substructures are axisymmetric about their rotation axes. These axisymmet-
ric substructures may not necessarily be identical. In compound planetary gears [81], for
example, two sets of planet gears have distinct cross-sectional geometries. The axisymmet-
ric substructures are connected to the central component C' using rigid body constraint
equations and stiffness elements. These substructures couple to other central components
via coupling elements (solid rectangles in Fig. 4.1). The coupling elements are spatially
fixed relative to the {E;, Eo, E3} rotating reference frame. The sun-planet and ring-planet
mesh stiffnesses are examples of coupling elements in a planetary gear system that couple
the planet gears (substructures) to the sun and ring gears (central components). In the

carrier-fixed rotating frame, the locations of the mesh stiffnesses is spatially fixed.

The axisymmetric central components and substructures can have arbitrary two-

dimensional geometry in the radial cross-section. The semi-analytical finite element method
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with two-dimensional finite elements in the radial cross-section and Fourier series in the
circumferential direction [144] models the axisymmetric components. The central component
C that supports the substructures can have an arbitrary geometry. Conventional three-

dimensional finite elements model this central component.

The material properties of the axisymmetric components is uniform in the circum-
ferential direction, but they are allowed to vary in the cross-section. The density, modulus

of elasticity, and Poisson’s ratio are p;, E;, and v;, respectively for the ith component.

The elastic deflections of the central components are w;(r;, 6;, z;, t), vi(rs, 0;, 2z, t),
and w;(r;, 0;, 2;, t) in their respective local reference frame {E!, E), E!}. The elastic deflec-
tions of the substructures is (;(ry,0;, zi, t), n:(r4, 6;, z;, t), and & (r;, 0;, z;, t) in the reference
basis {e’, e}, e’ }.

Energy expressions for the central components and the substructures are obtained
in the rotating reference frame {E. Ej, E’}. Lagrange’s equations are used to obtain the

system equation of motion from the energy expressions.

4.2.1 Kinetic energy of the central components

The kinetic energy of the C'th and the ¢;th central components is obtained in their

respective reference frames that rotate at Q¢ with the reference frame {E;, Eo, E3}.

The position vector of a cross-sectional material point on the central component c;
before deformation is r, = r;E. + zE'. The deformed position vector of the point in the

component basis {E!, Ej E'} is

r, = (ri + ui(ri, 91', Z“t))E; + vi(ri, 91‘7 Zl,t)Ezg -+ wi(n, Qi, Zl,t)EZz (43)
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The velocity of a material point is obtained by the material time derivative of the position
vector r; that combines: (a) convective velocity because the angle 6; associated with a
material point changes with time, and (b) partial derivatives of elastic deflections with
respect to time. As the component rotates with a relative speed (£2., — 2¢), the material
point at a given 6, changes with time as 00;/0t = (., — Q¢) = Q. c. The material time

derivatives of the deflection and the reference bases are

dt - ot a?”i ot ael ot aZi ot = Uiy ¢;CU;0;, .4a

dE: OE. OE: 4,
=L+

i~ o T ae, o eBot (Qa Qo) = QuBy, (4.4D)
dE, OE, OE,d0; Z, . i
&~ ot T og or = B (2~ Qo)E = OB, (4.4c)
dE;
==0 4.4d
a7 (4.4d)

where (), and (-) g, are the partial derivatives with respect to time ¢ and 6,. The material

point velocity from the material time derivative of r; is

I = [wis + Qe,otip, — Qe 0] Ei + [vig + Qe,cvip + Qe (10 + uy)] Eé +

(Wi + Qe,cwsp] EL. (4.5)
The kinetic energy of the central component with cross-sectional area A; is

1 2w
2 A; JO
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The relative velocity Q.,c = 0 in Eq. (4.5) for the central component C' that
rotates with speed . The non-axisymmetric central component can be defined using
three-dimensional Cartesian coordinates. The material velocity of the undeformed point

r, = v.E; + y.Es + 2.E3 of the central component C in the Cartesian reference frame is
I.'C - [uc,t - QC(yc + Uc)] El + [Uc,t + QC (:Ec + uc)] E2 + wc,tE37 (47)

where u,, v., and w, are the deflections along the {E;, E5, E5} bases. The kinetic energy of

the central component with volume Vi is

TC = 5/ pcf‘c : deVC. (48)
Ve

4.2.2 Kinetic energy of the substructure

The undeformed position vector of a point on the jth substructure is r, = R, e +
rjel + z;el, where R, is the radial distance of the center of the substructure. In planetary
gears, the distance Ry, = R, + R, where R, and R, are the radii of the sun gear and planet
gear, respectively. The position vector of the deformed material point in the substructure

basis vectors {el, e), e} is

r; = stei -+ [’I"j + Cj(rj,éj, zj,t)]ef; + nj(rj,Qj,zj,t)eJé

+[Zj+fj<7'j,(9j,2j,t)] eg. (49)

The material time derivatives of the displacements and substructure base vectors
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are similar to Eq. (4.4). The velocity of the point at an angle 6; is

I.‘j = [Cj,t + QSjCCj,Gj - Qsj'nj} ei + [nj,t + QSanj,G + QSj (RSj + ] + CJ)} eg +

N 5;050,] €. .
[t + Qs,0850,] € (4.10)

The kinetic energy of the j* substructure with radial cross-sectional area A; obtained using
Eq. (4.10) is

1 2
,I’j = —/ / ij:j . I'.jTdejdAj. (411)
2 A; JO

4.2.3 Strain energies of the central components and substructures

Strain energies of the axisymmetric central components and substructures are ob-
tained from Green’s nonlinear strain-displacement relations in the cylindrical basis vectors.
Similarly, for a non-axisymmetric central component C', Cartesian basis vectors are used.

The strains are expressed as a sum of the linear (L) and nonlinear (NL) terms as

k. kK k k kT L NL
€k = {67’7’7 €005 €220 Vro> V025 ’yrz} =€ T €, k=ci,s (412&)
T L NL
€c = { €, €yys €22, Vays Vyzr Var ) = €C + €0 (4.12Db)

The general, nonlinear strain-displacement relations [3] are

~ Ou; | Ouy | 10ug Ouy

where u are the generalized displacements and x are the generalized coordinates. These

are not similar to the notations used before to represent displacements and coordinates
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of a particular component. The generalized displacements u for the central components

and substructures are {u,v,w} and {(,n, &}, respectively. The generalized coordinates are

x={r0,z}.

The stresses are obtained from the constitutive relation & = De, where D is the
elasticity tensor. The elastic strain energies of the axisymmetric components and the central

component C' are

1 2m 1
I, = —/ / EkTO'kadedek, Il = _/ eC’TO'CdVC- (4'14)
2 A, Jo 2 Ve

The nonlinear strain-displacement relations are necessary to obtain the prestress
effects due to rotation-induced force, mean torque, and other external forces. The prestress
effects are neglected further in the model to reduce complexity. The prestress effects are
included by following [144]. In a highly flexible component and at high rotational speeds,
the prestress effects become important and should be credited for giving more accurate

results.

4.2.4 Discretization and component equations of motion

Axisymmetry of the central components and substructures allows for the semi-
analytical finite element discretization of the components only in the radial cross-section. The
radial cross-section of a component is divided into finite elements. Because of axisymmetry,
the discretization remains same at any angular orientation #; of the component and thus,

the local shape functions within the elements depend only on r; and z;.

The displacement fields are continuous in 6; and 27 periodic. Thus, Fourier series

approximate the #-dependence of the displacement fields. The radial displacement field for
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an axisymmetric component is
(i, 25,05, 1) = W (ry, 25) | UE(t) + Z (U () cosnb; + Us (t)sinnb;) | , (4.15)
n=1

where the vector W¢(r;, ;) represents the shape functions for the radial displacement field
within an element. The time-dependent coefficients U¢_(t), U¢,(t) are the nth Fourier har-
monics of the displacements of the element, also referred to as n nodal diameter components
of displacement. The tangential and axial displacement fields are approximated similar to

Eq. (4.15).

In the present model, the displacements for all axisymmetric components are rep-
resented by Fourier series in the circumferential direction. The coefficients determine the
contribution of a particular harmonic to the vibration mode. The zeroth and first harmonics
of the displacement fields in Eq. (4.15) describe the rigid body motion of the body. The
rigid body motion of the axisymmetric body are not separately included in the displacement
fields. For an axisymmetric body, the six rigid body motions are related to the Fourier

harmonics as

T, = = [\Ilg('r, 2)Uy + WX (r, z)VlS} dA,
A
b = ax | [Pulr2)Us + B, (. 2)Vic] 44,
2, = %/A\Ilg(r, 2)WodA, e = ﬁ/A‘I’g(T, 2)W,dA, (4.16)

Yyr = ﬁ/A‘I’g(T, 2)WidA, v, = ﬁ/A\I’Z(T; z)VodA,

where {@,, Yr, 2, Yar, Yyr, Vor } are the six rigid body degrees of freedom of the body.

The displacement fields from Eq. (4.15) are substituted in the kinetic and strain en-
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ergy Egs. (4.6), (4.8), (4.11), and (4.14) of the components. Applying Lagrange’s equations

to the energy expressions, the equation of motion of the system is obtained as

Mg + Gq+ (K — C)q =T + Fo, (4.17a)

T
q:{qcl ch qC qs1 qSP} ) <417b>

M = diag(M,,, ..., M., M¢, M, , ..., Mg,), (4.17¢)

CN

where q., and q,; are the unknown Fourier nodal coefficients for the ¢;th central compo-
nent and s;th substructure. The vector q¢ are the unknown nodal coefficients of the non-
axisymmetric central component. The mass (M), gyroscopic (G), elastic stiffness (K), and
centripetal (C) matrices are block diagonal and uncoupled between different elastic bodies

in the system. The matrices G, K, and C have similar form as the mass matrix in Eq.

(4.17¢).

In systems with identical substructures, the substructure matrix components M;;
in Eq. (4.17¢c) are identical. Similarly, the substructure matrix components in G, C, and K

are also identical.

The gyroscopic matrix G, for the ¢;th central component is of the form G, =
QCZ.G; +Q,cGE, . Similarly, the other gyroscopic matrices consist of one part that multiplies
with the rotation speed of the component and the other part that multiplies with the relative
speed of the component with respect to speed ()¢ of the reference frame. Similarly, the

centripetal matrix is a combination of three components given as C,, = Q2 C. + Q2 C¢ +

0,0, CP.
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For each axisymmetric body, the Fourier harmonics are uncoupled because of or-
thogonality of the trigonometric functions. The coupling elements, discussed next, may

break the axisymmetry of these components resulting in the Fourier harmonic coupling.

4.2.5 Substructure - central components coupling

The coupling between two central components is assumed to be axisymmetric. An
asymmetric coupling between the central components that is spatially fixed with respect to
the rotating reference frame {Eq, Ey, E3} is allowed. This central component coupling results
in constant coefficient equations of motion. An asymmetric coupling that rotates relative
to the {E1, Ey, Eg} reference frame would result in time-dependent coefficient equations of

motion.

The coupling between the substructures and the central component C' can be rigid
or flexible. The flexible coupling can model the bearings that couple the planet gears (sub-
structures) to the carrier (central component) in a planetary gear model. It can also model

the coupling between the rolling elements (substructures) and the bearing cage.

Multipoint constraints and the stiffness matrix model developed in Chapter 3 mod-
els the bearings that couple the substructures to the central component C. Fig. 4.2 shows
the schematic of the constraint coupling. The cross-sectional nodes of the s;th axisymmet-
ric substructure are constrained to the reference node Oy, using constraint Egs. (3.19). A
multipoint constraint Eq. (3.17b) between multiple points on the central component surface
(shown by dots) and the reference node O¢ constrains the central component. A bearing
stiffness matrix Kpg between the two reference nodes models the bearing flexibility. These
multipoint constraints and the stiffness matrix couple the degrees of freedom of the substruc-

ture (qs;) to the degrees of freedom of the central component (qc¢).
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Finite elements of
central component C

Substructure
cross-sectional elements

Figure 4.2: Multipoint constraint (dashed lines) between the central component C, sub-
structure s; and their respective reference nodes O¢ and Os,. A bearing stiffness matrix Kp
couples the reference nodes.

The substructures are coupled to the other central components using stiffness cou-
pling elements. These coupling elements are spatially fixed in the rotating reference frame.
The stiffness coupling elements can depend on time and nonlinearly on the displacement of

the contact location.

In planetary gears, the mesh stiffness between the planet gear (substructures) and
ring/sun gears (central components) models the coupling. The strain energies in the ring-

planet (k,;(t)) and sun-planet (kg (t)) mesh stiffnesses in a helical planetary gear are

P
1 1
Ly =Y ka2, Iy= ) kyHAL, (4.182)
7j=1

A,j = (u,sin o, + v, cos a;. cos B, + w, cos ;. sin 3,) g, —y,

— (¢ sin @, 4 1 cos . cos B, — & cos a,sin B3, |g, =0 (4.18b)
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Ag; = (ussin o, + vy cos a; cos By + ws cos o sin f;) 0a=1);

— (¢j sinag + n; cos o cos By — & cos ag sin f;) |g, =, (4.18c¢)

where {u,, v, w,}, {us,vs, ws}, and {;,m;, &} are the displacements of the ring gear, sun
gear, and jth planet gear, respectively. The pressure angles and helix angles are a., as and
Br, Bs, respectively. A,; and Ay; are the deflections in the mesh stiffnesses along the line
of contact. The time-varying mesh stiffness can capture the change in the number of teeth
in contact between the gears. It can also capture mesh phasing [148] in mesh stiffnesses

between a central component (ring/sun gear) and different planet gears.

The coupling between the central components and substructures is captured in the

coupling stiffness matrix given as

c Cc C C C

K{. - Ki. oo Koo o Ko,
Cc Cc Cc c

KCNCN CNC KCN51 KCNSP
== Cc Cc C

K., Koo Koy, . Kg, |- (4.19)

c C

KS . o Ki,
Cc

L SPSP_

where the coupling matrix components K¢, -and K¢ . couples the substructures to the ¢;th
and Cth central components. The matrix components Ke., couple the central components
and Kgisj couples the substructures in the system. In compound planetary gears, a set of
planet gears can couple to another set of planet gears, leading to non-zero Kgisj matrix

components.
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4.2.6 System equation of motion

The component equations of motion in Eq. (4.17a) and the coupling matrix Eq.

(4.19) result in the system equation of motion as

M§ + Gg+ (K+ K, — C)q =T + Fy,. (4.20)

The free eigenvalue problem from use of q = e in the system equation of motion
Eq. (4.20) is

MMy + A\Gx + (K+ K, - C)x =0. (4.21)

Cyclically symmetric structures [33, 128 and rotationally periodic systems with
unequally spaced substructures [91, 128] have structured modal characteristics. The modal
characteristics of cyclically symmetric and rotationally periodic systems are validated using

the model developed in Eq. (4.21).

4.3 Modal structure of cyclically symmetric systems

Planetary gears and bearings are examples of the commonly used cyclically sym-
metric systems. These systems have identical sets of substructures. A compound planetary
gear can have multiple sets of substructures, but all substructures in a single set are identi-
cal. In planetary gears [27, 68, 90, 91, 148, 155], the identical planet gears (substructures)
are equally spaced circumferentially. A cyclically symmetric carrier supports the identical
planet gears. In roller/ ball bearings, the rollers/ balls are equally spaced circumferentially

in the rotor cage. The inner and outer races are axisymmetric rings.

Cyclic symmetric bodies possess structured modal characteristics. Shi and Parker
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[128] categorized the modal properties of general cyclically symmetric systems into trans-
lational modes, rotational modes, and substructure modes. The lumped parameter spur
planetary gears [27, 90], elastic-discrete spur planetary gears [148, 155], and compound plan-
etary gears [81] all show the structured modal characteristics of cyclic symmetric systems.
Refs. [27, 148] proved the modal structure persists for cyclically symmetric spur planetary
gears with gyroscopic effects. Three-dimensional cyclic symmetric systems [33, 37] follow the
modal properties with the modes categorized as translational-tilting, rotational-axial, and

substructure modes.

The modal characteristics of general cyclically symmetric systems [33] are preserved
for systems with all flexible bodies. The numerical model in this study considers all bodies to
be flexible. Most previous works on this problem obtained structured modal characteristics
for systems with lumped mass central components and substructures. The modes of a
cyclically symmetric system without gyroscopic effects are characterized into one of the
four mode types: translational-tilting, rotational-axial, substructure, and pure component
modes. Pure component modes are not a separate modal category in [33] because the
pure component modes transition into a rotational-axial mode or a substructure mode with
gyroscopic effects. In this case, a separate category of pure component modes is considered
for stationary systems. With gyroscopic effects, the transition of pure component modes
depends on the coupling models. For three-dimensional systems with coupling elements that
couple the displacement degrees of freedom in all three directions, pure component modes
transition into rotational-axial or substructure modes. In planar systems, for example, spur
planetary gears, pure component modes with out-of-plane vibration are observed. These
out-of-plane pure component modes remain pure component modes even with gyroscopic
effects. Other rotational effects - centripetal effects and prestress due to rotation induced

forces included in the present model change the natural frequency values but do not alter
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the mode types.

The eigenvalue problem for a stationary system consists of a self-adjoint mass ma-
trix M and stiffness matrix (K+K.). This eigenvalue problem results in real-valued vibration
modes. All degrees of freedom of the system are either in-phase or 180 degree out-of-phase
in a given mode. These modes are called as standing-wave modes. In case of a spinning
system, a skew self-adjoint gyroscopic matrix G results in complex-valued vibration modes.
The different degrees of freedom of the system vibrate out-of-phase with each other. The

complex-valued eigenmodes result in traveling-wave vibration modes.

The following paragraphs summarizes the key modal properties for each expected

mode type.

Rotational-axial modes. For this mode type, the central components have only
rotation about the symmetry axis and axial translation. The rotation and axial translation
correspond to the rigid body rotation 7,, and translation z. in Eq. (4.16). The zeroth
harmonics of tangential and axial displacements V, and W are present in the rotational-
axial modes. In addition to the rigid body components, the central component deformations
contain only N 40, where 5 = 0, &1, £2, ..., nodal diameter components. The substructures

have identical in-phase motion. The rotational-axial modes are also called type 0 modes.

Rotational-axial modes have distinct natural frequencies for stationary and rotating
systems. The properties of the mode type remain the same for stationary and rotating
systems, except that the vibration modes are real-valued standing wave modes for stationary
systems and complex-valued traveling wave modes for spinning systems with gyroscopic

effects.

A planar cyclically symmetric system, for example, a spur planetary gear [148, 155]

has negligible axial deflection. Thus, the rotational-axial modes reduce to only rotational
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modes.

Translational-tilting modes. The central components contain only in-plane
translation and out-of-plane tilting. The in-plane translations and out-of-plane tilting of
the rigid body motion of the central component corresponds to {x,, v, } and {7V, 7y} in Eq.
(4.16). The first harmonics of the in-plane displacements Uy, Uy, Vi, Vi, represent the
in-plane translations. Similarly, the first harmonics W1, and W, of the axial displacement
represents the tilting motion of the vibration mode. In addition to the rigid body motion,
the central component deformation contains jN + 1 nodal diameter components for the sta-
tionary system standing-wave modes. For a spinning system with gyroscopic effects, the
traveling-wave translational-tilting modes are classified into type 1 modes and type N — 1
modes. The modal deflections of the central components contain jN + 1 and jN — 1 nodal
diameters for the type 1 and type N — 1 traveling-wave mode natural frequencies, respec-
tively. The translational-tilting modes for the stationary system cannot be classified into

two sub-types.

The stationary natural frequencies are degenerate with a multiplicity of two for
systems for N > 3. The translational-tilting mode natural frequencies split into two distinct

natural frequencies for spinning systems with gyroscopic effects.

Substructure modes. No central components vibrate in a substructure mode.
Substructure modes exist for systems with N > 4 substructures. The substructure modes
for a stationary system with N > 5 are degenerate with multiplicity two. These degenerate
mode natural frequencies split into distinct natural frequencies for non-zero rotation speeds.
The central component deformation contains jN 4 d nodal diameter components for a d-
type standing wave mode, where d € {2, 3, ...,int((N —1)/2)}. Stationary systems with even
number of substructures have distinct substructure modes. Distinct substructure modes

are associated with an integer N/2 and the central component deformation contains jN +
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N/2 nodal diameter components. All substructure modes are distinct for rotating systems.
Substructure modes with (N —3) type associated with d € {2, 3, ..., (N —2)} exist for rotating,

gyroscopic systems.

Pure component modes. Only one component of the system vibrates in a pure
component mode. These pure component modes exist only in stationary systems. The pure
component modes are distinct. A pure ring mode [148, 155] contains elastic deflection in
the ring only. Pure central component modes are of two types: type 0 and type N/2. The
type 0 mode contains only 7N + 0 nodal diameters in the central component, whereas type
N/2 mode contains only jN + N/2 nodal diameters. The type N/2 mode exists only for
systems with even number of substructures. Spinning systems with gyroscopic effects lead
to the transition of the standing-wave type 0 mode and N/2 mode into a traveling-wave

rotational-axial mode and substructure mode, respectively.

A pure standing-wave substructure component mode has a multiplicity of N. Each
pure substructure component mode is associated with a single substructure. The pure sub-
structure component mode evolves into one of the first three mode types on including the

gyroscopic effects.

In a planar system (for example, spur planetary gear), pure out-of-plane component
modes are observed. Each mode contains a single nodal diameter component. No pattern is
observed for these modes. The pure component modes for stationary planar systems remain

pure component modes even with gyroscopic effects.

The natural frequencies, vibration modes, and observed mode types of a stationary,
three-dimensional, four-planet spur planetary gear are verified with a full three-dimensional
model in Nastran. The mode types of a rotating, three-dimensional, four-planet helical

planetary gear are then validated with the expected modal structure.
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4.3.1 Verification of the model with full three-dimensional model
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Figure 4.3: (a) Four-planet planetary gear with dimensions in millimeters for (b) ring gear,
(c) planet gear, (d) carrier, and (e) sun gear

Table 4.1: Parameters of a four-planet planetary gear.

Ring Sun Planet Carrier

Young’s modulus (GPa) 202.1 202.1 202.1 202.1

Poisson Ratio 0.3 0.3 0.3 0.3

Density (kg/m?) 7850 7850 7850 7850
Number of Teeth 96 30 33 -
Pressure Angle (deg) 22.5 22.5 22,5 -
Helix Angle (deg) 20 20 20 -
Bearing translational stiffness (N/m) 1x10° 1x10° x,y: 1x 10° -

z: 1 x 106

Bearing tilting stiffness (Nm/rad) 0 1 x 106 1 x 10 -

Ring-planet mesh stiffness (N/m) 120 x 10°
Sun-planet mesh stiffness (N/m) 90 x 106

The natural frequencies, vibration modes, and observed mode types for a stationary,

cyclic symmetric system obtained using the present model in Eq. (4.21) are validated with a
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full three-dimensional Nastran model. Fig. 4.3 shows an equally spaced four-planet system
with parameters in Table 4.1. The carrier, sun, and ring gears are the central components
and the planet gears are the substructures. The system has axisymmetric ring, sun, and
planet gears and cyclically symmetric carrier. The dimensions of the system are given in
Fig. 4.3. The validation model in this section is a spur planetary gear with 0 helix angle.
The sun-planet and ring-planet mesh stiffnesses couple the central components (sun and
ring gears) to the substructures (planets). The deflections in the mesh stiffnesses is given in
Eq. (4.18). The out-of-plane motion at the nodes on the outer radius of the ring and inner
radius of the sun gear are fixed. The validation spur planetary gear does not include the
carrier. Instead, the nodes at the planet gear inner radius are constrained using multi-point
constraints from Chapter 3 to a reference node at the center of the planet gears. A bearing
stiffness with translational stiffness of 1 x 10° N/um couples the planet reference node to

ground.

Table 4.2: Comparison of natural frequencies between present model and Nastran for the
four-planet spur planetary gear in Fig. 4.3 in the absence of the carrier with system param-
eters in Table 4.1.

Index Mode type Present Model (Hz) Nastran (Hz) Multiplicity Difference (%)
1 Pure Ring 382 394 1 3.2
2 Rotational 501 506 1 0.9
3 Translational 613 627 2 2.3
4 Substructure 1151 1082 1 5.9
5 Sun out-of-plane 1178 1230 2 4.5
6 Translational 1194 1148 2 3.9
7 Rotational 1211 1209 1 0.2
8 Planet out-of-plane 1460 1549 8 6.1
9 Pure Ring 2040 2245 1 10
10 Planet out-of-plane 2069 2121 4 2.5
11 Ring out-of-plane 2108 2130 1 1.1
12 Translational 2425 2589 2 6.8
13 Substructure 2823 2940 1 4.1
14 Ring out-of-plane 2943 3042 2 3.6
15 Rotational 3850 3995 1 3.8

The natural frequencies obtained from the eigenvalue problem in Eq. (4.21) com-

pare well with the three-dimensional Nastran model, as shown in Table 4.2. The natural
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frequency differences are large for vibration modes with higher nodal diameter components
because of a coarse Nastran mesh in the circumferential direction. A finer mesh in Nas-
tran results in the convergence of the Nastran model natural frequencies to the frequencies

obtained in the present model.

For the three-dimensional model of a stationary spur planetary gear, four mode
types exist: translational, rotational, substructure, and pure component modes. The transla-
tional, rotational, and substructure modes follow the modal properties mentioned above. The
translational modes have multiplicity 2 and central components consist of jN+1=1,3,5, ...
nodal diameter components. The rotational modes and substructure modes are distinct with
JN =0,4,... and jN £ 2 = 2,6, .. nodal diameter components in the central components.

The substructure modes for a four planet system are type 2 modes.

The pure component modes for a planar system are further subdivided into in-
plane pure component modes and out-of-plane pure component modes. The in-plane pure
ring modes are described as ‘Pure Ring’ in Table 4.2. These modes follow the properties
described for the pure component modes, i.e., the multiplicity is one. The ring consists of
a single nodal diameter (either jN = 4,8, ... or jN + N/2 = 2,6, ...) for a particular mode.
The pure ring mode with frequency index 1 is type 2 (N/2) pure component modes with two
nodal diameter in the ring, whereas the mode with frequency index 9 is a pure ring mode
of type 0 with four nodal diameter component. For the spinning system with gyroscopic
effects, the type 2 pure component mode converts to a substructure mode and the type 0
pure component mode converts to a rotational mode. The out-of-plane pure component
modes have multiplicity of 2 per component and are single nodal diameter modes. The 5th
mode in Table 4.2 is a tilting sun mode. The 11th mode is an axial rigid body ring mode
with zero nodal diameter axial Fourier component. These out-of-plane modes for a spur

planetary gear are component modes and are unaffected by the cyclic symmetry or coupling
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between different components.

4.3.2 Modal structure for a rotating, gyroscopic system
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Figure 4.4: Eigenvalue loci of a four-planet helical planetary gear shown in Fig. 4.3 with

material parameters in Table 4.1.

Fig. 4.4 shows the eigenvalue loci of the helical planetary gear in Fig. 4.3 with

stationary carrier. The parameters of the planetary gear are given in Table 4.1. The axisym-

metric ring and sun gears couple to the planets via carrier-fixed ring-planet and sun-planet

mesh stiffnesses. The deflections in the mesh stiffnesses along the line of action are given in
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Eq. (4.18). The planet gears are supported on the cyclically symmetric carrier shown in Fig.
4.3. The outer surface of the carrier pins that couple to the planet gears is constrained using
multi-point constraints in Eq. (3.17) to a reference node at the planet center. Similarly,
the surface at the inner radius of the planet is constrained to another reference node at the
planet center. The two reference nodes are coupled via a bearing stiffness. The stiffness

constants of the bearing are given under ”Planet” in Table 4.1.
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Figure 4.5: (a) Planet mode w9, and (b) Rotational-axial mode wsg for the stationary, four
planet system in Fig. 4.3. The black, red, and magenta dotted and solid lines represent the
ring gear, sun gear, and the planet gears undeformed and deformed states. The ring gear
Fourier coefficients are shown in the bar plots below the vibration modes.

The mode types for frequencies w; to was of the four planet helical planetary gear are
marked in Fig. 4.4. Four categories of stationary modes are observed: translational-tilting,
rotational-axial, substructure, and pure component modes. Translational-tilting modes have
degenerate, stationary natural frequencies and the other three types of modes have distinct
natural frequencies. The stationary modes with frequencies w; and wyg (marked with blue

circles) are pure ring out-of-plane and pure ring in-plane modes, respectively with two nodal



4.3. MODAL STRUCTURE OF CYCLICALLY SYMMETRIC SYSTEMS 141

diameter components. Fig. 4.5 shows a substructure mode w9 and a rotational-axial mode
wsg for the stationary system. The Fourier harmonic coefficients for a node on the ring
gear are shown. The ring deformation contains 2,6, ... nodal diameter components for the
substructure mode and 0,4, 8, ... nodal diameter components for the rotational-axial mode.
Other central components also contain similar nodal diameter components (not shown). The
system has coupled in-plane and out-of-plane deformation. The substructure modes (type
2) and rotational-axial modes (type 0) retain their modal characteristics for the spinning

system with gyroscopic effects.

Degenerate stationary translational-tilting modes split into distinct type 1 and type
3 modes, as seen for degenerate frequencies wig, w7 in Fig. 4.4. Fig. 4.6(a) shows the vibra-
tion mode and Fourier harmonic components of the ring gear for the stationary translational-
tilting mode. The presence of first nodal diameter components for the in-plane (radial and
tangential) and out-of-plane (axial) deformation is indicative of the translational and tilting
feature of the mode. The other harmonic components follow the jN +1,5 = 0,1, ... rule that
is expected for the translational-tilting modes. In the case of a spinning system with gyro-
scopic effects, the degenerate mode splits into a type 1 mode (Fig. 4.6(b)) and a type 3 mode
(Fig. 4.6(c)). The spinning system modes in Fig. 4.6(b) and (c) are at ring rotation speed
Q. = 2000rpm. The figure shows the real and imaginary components of the vibration mode.
The type 1 mode and type 3 mode consist of jN + 1 and jN 4+ 3, j = ..., —2,—-1,0,1,2, ...,

nodal diameter components in the central components.

In the three-dimensional four-planet helical planetary gear, the stationary, standing
pure ring mode transitions into a rotational-axial type 0 or a substructure type 2 mode with
gyroscopic effects. Fig. 4.7(a) shows a stationary pure ring mode w;g (marked with a blue
circle in Fig. 4.4). The real and imaginary parts of the same mode at ring rotation speed

2, = 2000rpm are shown in Fig. 4.7(b). The mode transitions to a planet mode with 2,6, ...
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Figure 4.6: (a) Standing-wave, degenerate translational-tilting mode wyg,wi7. (b) Type 1
and (c) Type 3 distinct translational-tilting modes at ring rotation speed 2, = 2000rpm
and stationary carrier. The carrier displacement is not shown in the vibration modes for
simplicity. The real and imaginary parts of the vibration mode for a spinning system are
shown in (b) and (c¢). The Fourier harmonic coefficients for a node on the ring gear are
shown for each vibration mode.

nodal diameter components in the central components.

Eigenvalue veering occurs when two eigenvalues approach each other as a parameter
is varied but then veer away without crossing [115], as shown by red circles and marked as V1
and V2 in Fig. 4.4. Despite the absence of intersection of the loci, the vibration modes are

exchanged between the two loci as the varying parameter increases or decreases across the
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Figure 4.7: (a) Standing wave pure ring mode wio. (b) The real and imaginary component
of the same mode that transitions into a planet mode wyy with gyroscopic effects at ring
rotation speed €2, = 2000rpm. The Fourier harmonic coefficients of the ring gear are shown
by bar plots for each vibration mode.

veering region. If the modes of the two approaching eigenvalues are of the same type with
common Fourier harmonic coefficients, then eigenvalue veering occurs. The veering region
V1 occurs between substructure modes of type 2 and veering region V2 occurs between two
traveling-wave translational modes of type 3. The eigenvalues for two translational modes
of different type intersect each other and no veering occurs. Veering cannot occur between

two eigenvalues of different mode types.

4.4 Modal structure of unequally spaced substructures

While most rotationally periodic systems have equally spaced substructures, some
have unequally spaced substructures due to special applications or assembly constraints. Ar-
bitrarily spaced substructures disrupt the symmetry of the system, resulting in a loss of struc-

tured frequency and modes observed for the equally spaced substructures. A diametrically
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opposed substructure configuration, however, retains the modal structural properties. The
diametrically opposed configuration is statically and dynamically balanced. Lin and Parker
[91] characterized the vibration modes of planetary gears with unequally spaced planets into
translational, rotational, and planet modes for a lumped-parameter model. In the case of an
elastic-discrete planetary gear model with elastic ring gear, Parker and Wu [110] categorized
all modes of the system into either translational or rotational modes. No other mode type
was identified for the system with diametrically opposed planets. For a three-dimensional
system with diametrically opposed substructures, the rotational and translational modes in
[110] are rotational-axial and translational-tilting modes, as discussed for the equally spaced

substructures.

The diametrically opposed configuration disrupts the cyclic symmetry of the equal
spaced configuration. The asymmetry causes all degenerate natural frequencies to split into
distinct frequencies resulting in distinct, stationary natural frequencies for the translational-

tilting modes of a diametrically opposed substructure system.

In rotational-axial modes for diametrically opposed substructures, the central com-
ponents have only rotation about the symmetry axis and axial translation with no in-plane
translation or out-of-plane tilting. The central components contain only even nodal diameter
components. The deflections of all substructures is no longer identical, however, diametri-

cally opposed substructures have identical motion.

The central components in the translational-tilting modes have in-plane translation
and out-of-plane tilting with no rotation and axial translation. The central components in
the diametrically opposed substructure system contain only odd nodal diameter components
in the translational-tilting modes. Only the motion of diametrically opposed substructures

are related.
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The structured modal characteristics are validated for a four-planet helical plane-
tary gear with unequally spaced planets. The geometry of the sun, planet, and ring gears
is similar to Fig. 4.3. The planet gears are constrained to ground through multi-point con-
straints and the bearing stiffness with parameters in Table 4.1. The carrier is not included in
this model. The other system parameters are identical to the four planet system parameters
in Table 4.1. The circumferential locations of the four planets are ¥ = 0°,70°,180°, and
250°.

(a) (b)

Figure 4.8: Mode comparison of a four-planet planetary gear with: (a) a pure ring mode
for equally spaced planets, and (b) corresponding rotational-axial mode for diametrically
opposed substructures. The positions of the substructures for the diametrically opposed
planets are ¥ = 0, 70°, 180°, 250°.

Fig. 4.8 shows the pure ring mode in an equally spaced planetary gear transition to
a rotational-axial mode for the diametrically opposed planetary gear. Because the pure ring
mode has even numbered (four) nodal diameter components, it transitions into a rotational
mode. Similarly, the type 2 planet modes in the four-planet equally-spaced planetary gear

that contain 2,6, .. nodal diameter components transition to rotational modes.

The developed model can analyze systems with arbitrary circumferential spacing

of the substructures. No known structured modal characteristics exist for such a system.
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4.5 Conclusions

The semi-analytical model for rotationally periodic systems include the flexibility
of all central components and substructures. The system model is developed in the rotat-
ing reference frame of the central component that supports the substructures. This leads
to a constant coefficient equation of motion. The coupling elements between the central

components and the substructures remain fixed in the rotating reference frame.

A special case of rotationally periodic systems, cyclically symmetric systems, have
structured modal characteristics. The modes are categorized into: translational-tilting,
rotational-axial, and substructure modes. An additional mode type, a pure component
mode, is observed for stationary systems. For three-dimensionally coupled systems, pure
component modes transition into substructure or rotational-axial modes with gyroscopic ef-
fects. The three-dimensional model of a planar system (spur planetary gears) retains the
out-of-plane pure component modes even with gyroscopic effects. The modal properties of

cyclically symmetric systems compare well with the analytical models in literature.

Systems with diametrically opposed substructures only possess translational-tilting
and rotational-axial mode types. The substructure modes of the equally spaced substructure
systems transition to rotational-axial or translational-tilting mode type for diametrically op-
posed system depending on the presence of even or odd numbered nodal diameters contained

in the central components.



Chapter 5

Parametric excitation from coupling

elements in coupled rotating systems

5.1 Introduction

Changing contact conditions between a rotating body and other rotating/stationary
bodies can lead to large vibration and instabilities. The change in the number of teeth in
contact in coupled gears, the change in the contact between rolling elements and bearing races
in a bearing, and rotor-stator rub in dual rotor-casing systems are some examples of changing
contact conditions. This change in contact is modeled with time-varying coupling elements.
They act as a source of parametric excitation in the system. Parametric instabilities occur

when a combination of two natural frequencies is near a harmonic of the excitation frequency.

Canchi and Parker [12] analyzed parametric instability of a rotating ring with mov-
ing, time-varying springs in a model derived in the rotating reference frame. Liu et al.
[93] investigated parametric instability in spinning rings excited by periodically fluctuating
discrete, space-fixed stiffnesses. They obtained a closed form expression for the instability
boundaries using method of multiple scales. Tai and Shen [137] analyze parametric reso-
nance of a spinning cyclic symmetric rotor coupled to a flexible housing. The instabilities
in [137] show combination resonances between a rotor mode and an elastic housing mode.

Wang et al. [153] analyzed parametric instabilities in a cracked, anisotropic rotor-bearing

147
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system with the crack modeled as a time-varying stiffness.

Investigation into parametric instabilities in planetary gears can be found in Refs.
23, 92, 111, 148, 158]. Mesh stiffness fluctuation is the main source of parametric excitation
in planetary gears. Lin and Parker [92] used a rotational degree of freedom lumped-parameter
model to investigate parametric instabilities for different mesh phasing conditions. Parker
and Wu [111] derived an instability existence rule that is based on the mesh phasing pa-
rameters and the modal properties of the planetary gear mode. Wang and Parker [14§]
extended the discrete-elastic model to study effects of gyroscopic and centripetal effects on
the parametric instability. Zhu et al. [158] analyzed parametric instabilities in a wind tur-
bine planetary gear with mesh stiffness fluctuations. In Chen and Shao [23], tooth root crack
modeled as a time-varying stiffness is the source of parametric excitation. Speed fluctuations

are the source of parametric instability in planetary gears in Qiu et al. [116].

Roller element bearings also show parametric instabilities because of changing num-
ber of rolling elements in contact with the bearing races. Liu et al. [95] show parametric
instabilities in a spur gear pair excited by bearing and tooth mesh stiffness fluctuations.
Using Hertz contact theory, Yang et al. [157] included varying contact in intershaft roller
bearings in the form of external forces. This system can be modified to include the bearing
stiffness fluctuation as a parametric excitation instead of an external force. Similarly, blade

rotor-casing rub [16, 151, 157] can also be modeled as source of parametric excitations.

This study investigates the parametric instability in coupled systems excited by
periodically fluctuating stiffness coupling elements. The general equations of motion for cou-
pled systems obtained in the previous chapters are used. The general form of the equation
of motion is similar to the spinning ring coupled to fluctuating stiffness [93] and planetary
gears with fluctuating mesh stiffnesses [148]. The closed-form expressions of the instability

boundaries are obtained using method of multiple scales [93, 153]. The closed-form expres-
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sions results are compared with numerical integration and Floquet theory. The effects of the
modal strain energy in the fluctuating coupling element are correlated with the instability

bandwidths.

5.2 Analytical Model

The general equation of motion of a system comprising of rotating and stationary

bodies coupled via time-varying coupling elements is
M + G(Q)d + (K + K (t) — C(92))q = 0, (5.1)

where M, G(92), and C(Q2?) are the mass, gyroscopic, and centripetal matrices, respectively.
The gyroscopic and centripetal matrices linearly and quadratically depend on the rotation
speeds of the bodies. The stiffness matrix K consists of elastic stiffness and prestress stiffness
of the bodies. The matrix K.(t) is the time-varying coupling stiffness matrix. The coefficient
vector q consists of the Fourier harmonic nodal coefficients of the rotating bodies and the

nodal coefficients of the stationary bodies in the system.

The mass (M), centripetal (C), and stiffness (K 4+ K.(¢)) matrices are self-adjoint,

whereas the gyroscopic (G) matrix is skew-adjoint.

A number of time-varying discrete stiffnesses couple the bodies. Each discrete

stiffness can be expanded in a Fourier series as

kei(t) = kgi + io: (k:,fL)ejLth + c.c.) : (5.2)

L=1

where kg is the average stiffness over a period, kl@) is the Lth Fourier coefficient of the
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stiffness, w, is the coupling stiffness frequency, and c.c. denotes the complex conjugate.

We define a small perturbation parameter €; = kyp;/kgi, where k,,; is the peak-to-
peak stiffness of the ith coupling stiffness. Using the perturbation parameter, the coupling
stiffness in Eq. (5.2) is

o0

kei(t) = kgi + k:giez <a§L)eiL°’”t + C.C.) ol = ka)/kppi. (5.3)

L=1

The coupling stiffness matrix separated into time-varying and time-invariant parts

using Eq. (5.3) for N, discrete stiffnesses is

Ny 00
K.(t) = Z K, + EZ <a§L)ejLw’”t + C.C.) K|, (5.4)
i=1 L=1

where K; is the average stiffness matrix.

The unperturbed (¢ — 0) eigenvalue problem obtained from Eq. (5.1) is

Ns
XMy, + \Gepy + (K + > Ky — C)p = 0. (5.5)
=1

where \; and ¢, are the eigenvalue and corresponding eigenvector of kth vibration mode of
the system. The eigenvalue is purely imaginary below the first critical speed (A\y = jwy) and

the eigenvector for the gyroscopic system is complex-valued [99].

The equation of motion Eq. (5.1) with the time-varying coupling matrix Eq. (5.4)

is cast into a state space form [99] as

Ns oo
Ap +Bp + GZZ (aEL)ejL“mt + c.c> Dip=0, p=][q, q, (5.6a)

i=1 L=1
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A = Ns , (5.6b)

N,
G K+ K, - C
B= . =1 : (5.6¢)
- |K+) K, —-C 0

=1
0 K,

D, = . (5.6d)
0 0

The eigenvalue problem of the state-space form of the equation of motion Eq. (5.6)
is

kA, +Bap, =0, Py = [iwidy, drl” - (5.7)

The eigenfunctions 1, of the state space formulation are orthogonal with respect to A and

B such that [98]
(’(/)h A¢k) = Ou, (/lplv Bwk) = _jwl(slkv (58>

where dy, is the Kronecker delta and the notation (py, p2) is the inner product of two arbitrary

functions p; and p».

The method of multiple scales [101] is used to solve state-space formulation in
Eq. (5.6) with e as the perturbation parameter. The perturbation parameter controls the
variation of the time-varying coupling component. The method of multiple scales yields

closed-form expressions for parametric instability boundaries that identify the regions in the
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parametric excitation frequency (w,,) and amplitude (¢) parameter plane where parametric

instabilities occur. The details are provided in Liu et al. [93].

A combination parametric instability occurs when a harmonic of the excitation

frequency is close to the sum of two natural frequencies, given as

Lw, =w +wy+eo, L=12,.. (5.9)

where 0 = O(1) is a real-valued detuning parameter. In this case, both modes experience
large vibrations at their natural frequencies. The difference type parametric instability

cannot occur for systems with self-adjoint mass and stiffness matrices [121].

The instability boundaries for the two modes 1, and 1); using the perturbation

approach in [93] is

2/
iR = 2 zw’“ S (5.10a)
N —

where w(XF) represents the instability region, and A; and Aj are the /th and kth modal

deflections in the discrete coupling element.

Because the eigenfunctions of the system are complex-valued, there are phase differ-
ences between modal deflections at the coupling elements for each mode. Phase differences
also exist for the time-varying coupling component. These phase differences change the

bandwidth of instability regions. The complex valued terms in Eq. (5.10b) are written as

ot = |afPle ) Ay = |Aglelr, Ay = |Aglel® (5.11)
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Substitution of Egs. (5.11) and (5.10b) in Eq. (5.10a) leads to

2/ |\ =N N
wbbk) — dl —Zwk + Z)lwke ‘Z,_l [‘k’giagL)AliAki|ej(£f_€li_€ki)} ‘ ' (5.12)

The instability bandwidth depends on the modal amplitudes, and the phases of the modal

deflections and the coupling stiffness Fourier coefficients.

5.3 Rotating body coupled to fluctuating, space-fixed

stiffnesses

We investigate the vibration of a compliant, rotating shaft-disk body coupled to
multiple space-fixed, time varying discrete stiffnesses shown in Fig. 5.1. The properties of
the body and coupling stiffness elements are given in Table 5.1. Three space-fixed stiffnesses
are connected to the rotating body at the same circumferential location. Without loss of
generality, the circumferential position of the coupling stiffnesses is f§ = 0. The radial
location of the stiffnesses on the shaft-disk is R, = 100mm and it is oriented at an angle
a, = 22.5° with respect to Ey. The average coupling stiffnesses is given in Table 5.1. The
fluctuating component of the coupling stiffnesses is the same for all discrete stiffnesses. Its

complex-valued Fourier coefficients are shown in Table 5.2.

Bearings support the shaft at inner radius R; = 20mm and axial location ranges
z = [35,45|mm and z = [130, 140jmm. The bearings are applied using surface constraints and
bearing stiffness given in Eq. (3.22). This results in additional stiffness matrices. The bearing
stiffness that couples the shaft surface to the reference node is kg, = k; diag(1,1,1,107°,107°,0)
for the first bearing and kgy = k; diag(1,1,0,107°,107°, 0) for the second bearing. The value

of ky is given in Table 5.1. In this example, the bearing stiffness matrix and the surface con-



CHAPTER 5. PARAMETRIC EXCITATION FROM COUPLING ELEMENTS IN COUPLED
154 ROTATING SYSTEMS

straints are included in the stiffness matrix K in Eq. (5.1).

(b)

0 0.5 1
Mesh cycle

Excitation stiffness (N/um)

Figure 5.1: (a) Three-dimensional schematic and (b) Two-dimensional radial cross-section
of the rotating shaft-disk coupled to space-fixed stiffnesses. The dimensions of the body are
in millimeters. (c¢) Excitation stiffnesses over one mesh cycle.

Table 5.1: Parameters of the rotor-disk system in Fig. 5.1.

Young’s modulus (MPa) 211,000
Poisson Ratio 0.3
Density (kg/m?) 7800
Excitation Relation, Z 100
Orientation Angle, «;, (deg) 22.5

Average coupling stiffness, kg (N/pm) 50
Average coupling stiffness, kg (N/pm) 60
Average coupling stiffness, kg3 (N/pm) 55
Bearing stiffness, k, (N/m) or (Nm/rad) 10°

No phase difference exists between the coupling stiffnesses. The boundaries and
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Table 5.2: Fourier coefficients of the fluctuating mesh stiffnesses shown in Fig. 5.1(c).

Harmonic, h  Fourier coefficients, k{L) (N/pm)

1 6.20 + j1.45
2 2.20 - j1.02
3 0.82 - 0.74
4 -0.97 + j1.40

bandwidths of the instability regions (L, [, k) obtained from Eq. (5.12) are

Wi+ w23/ wwg 3 D~ ~
wlkbk) — 7 + 7€ ‘Zizl [kgial( )AliAkz} ; (5.13a)
4.\ /wiwy, 3 L)~ —
Aw,(nL’l’k) = TG ‘Zizl [k’giag )Alekz:| ) (513b)
Ali = uli(Roa Zia B) sin (679 + Uli(Roa Ziv 6) COS (), (513C)

where wy;(R,, Z;, ) and v (R,, Z;, 8) are the modal radial and tangential deflections at the

connection location (R,, Z;, ) for the ith stiffness.

According to Eq. (5.13b), large deflections in the coupling stiffnesses lead to large
instability bandwidths. Large coupling stiffness deflections also corresponds to large strain
energy in the coupling stiffnesses. The modal fractional strain energy defined as the ratio of

strain energy in the coupling stiffnesses to the total modal strain energy is

L (00 22 Ky )

Vo= N ’
5 (01 Koy + 35 <¢k’ 2t Kgi(ﬁk)

(5.14)

where K and K, are the elastic stiffness and ith coupling stiffness matrices from Eq. (5.5),

and ¢, is the kth mode.
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Figure 5.2: Mode shapes, strain energy distribution, and Fourier harmonic coefficients at
point (R,,Z) = (100,70)mm for the (a) 7th mode (w; = 1544Hz) and (b) 12th mode
(w12 = 3179Hz) of the rotating shaft-disk coupled to multiple, space-fixed stiffnesses shown
in Fig. 5.1. The properties of the body are shown in Table 5.1. The body rotates at
0 = 1950rpm.

Fig. 5.2 shows two vibration modes of the rotating shaft-disk system in Fig. 5.1.
These two modes have large modal coupling stiffness energy. Mode 7 and 12 have 16% and
30% of strain energy in the coupling stiffnesses. Few other modes have significant modal
coupling energy. Mode 7 has large 3 nodal diameter axial component in the disk coupled to
Oth harmonic of the tangential component. The large tangential component increases the
modal coupling defection. Similarly, mode 12 has large radial and tangential deflections in
the Oth and 1st Fourier harmonics, contributing to large modal coupling deflection. Large

coupling stiffness deflections lead to large instability bandwidths.

Fig. 5.3 shows combination instability regions for modes 6 to 8 of the system.

The solid lines show the boundaries calculated from Eq. (5.13b) for varying peak-to-peak
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Figure 5.3: Parametric instability regions for shaft-disk system in Fig. 5.1. The body
properties are in Table 5.1. The fluctuating coupling stiffness is shown in Fig. 5.1(c) and its
Fourier coefficients are given in Table 5.2. The solid lines are perturbation predictions from
Eq. (5.13). Floquet theory predictions are shown by asterisks. (a) L =1, (b) L = 2.

amplitude of the coupling stiffnesses. The instability region boundaries divide the stable
and unstable excitation frequencies w,,. The response of the system is unbounded when w,,
is within the instability region. Nonlinearities in the system, for example, contact loss in
coupled gears, bound the response. Not all instability regions are highlighted in the figure
in the excitation frequency range. Modes with large modal coupling energy have larger
instability regions. The instability bandwidth of the primary instability region for mode 7
(Wm = 2wy) is larger than the other combination instability regions. Floquet theory is applied
to the equation of motion Eq. (5.1) to validate the analytical predictions. The results are
shown by asterisks. The numerical results compare well with the analytical expression of the

boundaries of instability regions.

Numerical results are used to observe the parametric instabilities. Numerical inte-
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Figure 5.4: Waterfall plot shows the dynamic response of the shaft-disk system with time-
varying, coupling stiffnesses in Fig. 5.1. The plot shows radial displacement response at
cross-sectional location (100,70) and angular location § = 0°. The Fourier harmonics of
excitation frequency are marked in black.

gration is performed using the unconditionally stable Newmark-3 method at a wide range
of shaft-disk rotation speeds. A modal damping of 0.5% is added to remove the transient
response. To bound the unbounded response that occurs in the linear system, nonlinear cou-
pling stiffnesses are included to depict the contact loss nonlinearity in gears. The nonlinear

coupling stiffness is

kei(q,t) = , 1=1,2.3, (5.15)

0, if Afq) <0,
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where A; is the deflection of the ith coupling stiffness, given by Eq. (5.13c). The excitation
frequency wy,, is related to the rotation speed as w,, = Z), where Z is the excitation frequency

relation given in Table 5.1.

Fig. 5.4 shows the radial response of the shaft-disk system with time-varying cou-
pling stiffnesses shown in Fig. 5.1(c). The radial amplitude in Fig. 5.4 is obtained at a
cross-sectional location (100,70) and an angular location 5 = 0°. Most resonance vibration
occurs when a natural frequency is close to the Fourier harmonics of the excitation frequency,
as shown in Fig. 5.4 along lines marked as w,, and 2w,,. Parametric instability is observed
at speeds €1,,,; = 1945rpm and €2, = 2929rpm, where resonance-like vibration occurs at two

natural frequencies that sum to the respective excitation frequency w,.

<108 (a) Q,,; = 1945 rpm ” ©10® (b) Q,,,=2929 rpm
£ 2 E ©7
é’ ol ®7 é 08"
= s
% 1t i% 04} Om
o @
® Oy B (5]
o 0 WA A \f‘h.;‘ ./v"’\nl\.m A M o 0 A'\A\
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
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Figure 5.5: Fourier transform of the dynamic response of the shaft-disk with time-varying,
space-fixed coupling stiffnesses obtained from Fig. 5.4 at rotation speeds (a) €2,,,; = 1945rpm
and (b) Q2,2 = 2929rpm.

Fig. 5.5 shows the Fourier transform of the radial displacement response at speeds
Q1 and Qe in Fig. 5.4, Fig. 5.5(a) and (b) are examples of parametric instabilities that
occur when two natural frequencies sum to the excitation frequency or harmonics of the
excitation frequency. The excitation frequency at €2,,,; = 1945rpm (w,, = 3240Hz) lies in the
parametric instability region of (w7 + wg) in Fig. 5.3(a) for e = 1. Thus, a large amplitude
response is observed at the two natural frequencies w; and wg, as compared to the excitation

frequency in Fig. 5.5(a). Mode 7 has large modal strain energy in the coupling stiffnesses as
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shown in Fig. 5.2(a). Mode 8 has 7% modal strain energy in the coupling stiffness. At €22
(Wi, = 4881Hz) in Fig. 5.4, the natural frequencies of modes 7 and 12 sum to the excitation
frequency as shown in the Fourier transform in Fig. 5.5(b). Both modes 7 and 12 have large
coupling modal strain energies, shown in Fig. 5.2. Modes with large modal strain energy in

the time-varying coupling element are susceptible to parametric resonance.

5.4 Planetary gears with time-varying mesh stiffnesses

The semi-analytical model of the rotationally periodic system derived in Chapter
4 models planetary gears. The semi-analytical finite element model from Chapter 2 is used
for axisymmetric sun, planet, and ring gears. The carrier can be cyclically symmetric.
Three-dimensional finite elements are used to model the carrier. The system equations are
developed in the carrier-fixed rotating reference frame. Gyroscopic and centripetal effects
are included. The equation of motion of the planetary gears has the general conservative,

gyroscopic system form given in Eq. (5.1).

In planetary gears, the sun-planet and ring-planet mesh stiffnesses are time-varying
because of the changing contact conditions. This stiffness variation is periodic at the mesh
frequency. The time-varying mesh stiffnesses are the source of parametric excitation in
the planetary gears. Parametric instabilities occur when the mesh frequency or a Fourier
harmonic of the mesh frequency is close to the combination of two natural frequencies of the
system. Parker and Wu [111] investigated parametric instabilities for stationary planetary
gears. Wang and Parker [148] analyzed parametric instabilities for spinning planetary gears
with gyroscopic effects. Using the method of multiple scales, they obtained closed-form
expressions for parametric instability regions. Because of system symmetry, there exists

conditions for when parametric instabilities will occur or will be suppressed.
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The sun-planet (ring-planet) mesh stiffnesses for different planets are shifted in
time. The mesh phase between the nth and the first sun-planet/ ring-planet meshes is 7,/

Yrn- The sun-planet and ring-planet mesh stiffnesses for the nth planet are

k3n<t) = ksl(t - stnTm)7 krn@) = krl(t - fanTm)a (516&)
Yon = Zsn/(2T), Yo = —Zp0n/(27), for Q. > Q, (5.16Db)
Ysn = —Zsthn[(2T), Y = Zptbn/(2m),  for Q. < Q,, (5.16¢)

where kg and k,; are sun-planet and ring-planet meshes for the first planet, T,, = 27 /w,,
is the mesh period, v, is the angular location of the nth planet, Z; and Z, are the sun
and ring gear tooth numbers, and €2, and €, are the carrier and ring rotation speeds. The
time-varying stiffnesses are similar to Eq. (5.2). The mean stiffnesses are k;, and k,,, and

kL and k5 are the Fourier coefficients for the nth planet.

The parametric instability boundaries obtained using the method of multiple scales

is identical to Eq. (5.10a) with D% for planetary gears as in [148]

Np Ny
l)l[{g = Z Z <k§i‘)zsn£l]zsn£k] + kf«fi)zrm[‘l]zrngk]) eij2ﬂ-L’Ym ) (517)
n=1 =1

where Ay, and A,, are the sun-planet and ring-planet mesh deflections, NN, is the number

of stiffnesses for a planet, and N, are the number of planets. The gear mesh deflections for
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the nth planet related to the first planet using phase index d¥ of the [th vibration mode are

Asny] = Aslq[;l]ejd[l]wna Arny} - Arlgl]ejd[l]zpn- (518)

Because of system symmetry, structured mode types exist for rotationally periodic
systems. The modes of the spinning system with gyroscopic effects fall into one of the
following categories: rotational-axial, translational-tilting, and substructure modes. The
phase index (d) for rotational-axial modes is 0, translational-tilting modes is 1 or N, — 1,

and substructure modes is d € {2,3, ..., N, — 2}, as described in Chapter 4.

The rotationally periodic (for example, planetary gear) system symmetries result
in simple rules for when a particular parametric instability might not occur. Substituting
Eq. (5.18) and mesh phase Eq. (5.16) into Eq. (5.17) leads to simple suppression rules. The
instability bandwidth Aw,, between [th and A£th modes vanish and the parametric instability

is suppressed when [148]

(d" 4 d* — L.Z,)/N, # integer, when ), > Q,, (5.19a)

(d" + d™ 4 L.7,)/N, # integer, whenQ, < Q,. (5.19Db)

We investigate the parametric instability regions for the four-planet, equally-spaced,
helical planetary gear shown in Fig. 4.3. The system properties are given in Table 4.1. Fig.
5.6 shows the fluctuating ring-planet and sun-planet mesh stiffnesses. Table 5.3 gives the

Fourier coefficients of the mesh stiflnesses.

Fig. 5.7 shows the parametric instability regions for a combinations of natural
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Figure 5.6: Sun-planet (solid line) and ring-planet (dashed line) mesh stiffnesses.

Table 5.3: Fourier coefficients of the fluctuating sun-planet and ring-planet mesh stiffnesses
for the first planet shown in Fig. 5.6.

Harmonic, L /{g) (N/pm) kﬁf) (N/pm)

1 -6.42 + j1.52 -8.51 + j3.67
2.30 - j1.03 1.68 - j1.19
0.80 - j0.76 0.76 - j2.32
-0.99 + j1.46 -0.01 + j1.19
0.07-j0.02 049 +jl.19

Ol = W N

frequencies for the four-planet system with Z,. = 100 and Z, = 40. Combination instabilities
for modes between ws4 and ws; are analyzed. Mode 34 is a rotational-axial mode, mode 35
is a substructure mode, and modes 36, 37 are translational-tilting modes. With gyroscopic
effects, the degenerate translational-tilting modes split into distinct modes with phase indices

1 and N, —1. In this case, modes 36 and 37 have phase indices d = 1 and d = 3, respectively.

In the case with Z, = 100 and Z; = 40, the system is in-phase because Z,/N,
and Z,/N, are integers. For the in-phase system, the suppression rules are independent
of the harmonic number. The suppression rule for €. < €, predicts that the parametric
instability occurs between: two rotational-axial modes, two translational-tilting modes (one
with phase index 1 and other with phase index N, — 1), and two substructure modes (with
phase indices d and N, — d, where d = 2 for four-planet system). Fig. 5.7 shows single

mode parametric instabilities occur for a rotational-axial mode (ws4) and a substructure
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Figure 5.7: Instability regions for four-planet planetary gear in Fig. 4.3 with Z, = 100, Z, =
40 and at ring rotation speed 2, = 1000rpm and stationary carrier for a range of e. The
solid lines are perturbation predictions from Eq. (5.13), and the asterisks are the Floquet
theory predictions. (a) L =1, (b) L = 2.

mode (ws35). A combination instability occurs for two split translational-tilting modes (wsg,
wsy) with different phase indices. Other combinations of natural frequencies show negligible

instability bandwidths and are neglected in Fig. 5.7 for clarity.

Fig. 5.8 shows parametric instability regions for an out-of-phase four-planet plan-
etary gear with Z, = 102 and Z; = 40. The natural frequencies (w34 to ws7) and mode
type of the planetary gear in Fig. 4.3 remain the same, as compared to the in-phase sys-
tem case. According to the suppression rule Eq. (5.19b), for the first harmonic of mesh
stiffnesses (L = 1), the parametric instabilities can occur between: a rotational-axial mode
and a substructure mode (w34, wss), two translational-tilting modes with phase index 1, and
two translational-tilting modes with phase index 3, as seen in Fig. 5.8(a). For the second
harmonic (L = 2) shown in Fig. 5.8(b), the parametric instabilities occur between: two

rotational-axial modes (ws4), two substructure modes (wss), and two translational-tilting
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Figure 5.8: Instability regions for four-planet planetary gear in Fig. 4.3 with Z, = 102, Z, =
40 and at ring rotation speed €2, = 1000rpm and a stationary carrier. The solid lines
are perturbation predictions from Eq. (5.13), and the asterisks are the Floquet theory
predictions. (a) L =1, (b) L = 2.

modes, one with phase index 1 (wss) and other with phase index 3 (ws7). The instability
regions obtained using the closed-form analytical expression compare well with numerical

integration results from Floquet theory.

Figs. 5.7 and 5.8 show different parametric instability regions even for an identical
planetary gear system with small difference in the number of gear teeth. Thus, potential
parametric instabilities with large bandwidths can be suppressed by changing the number

of gear teeth and with minimal change in the natural frequencies and vibration modes.
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5.5 Conclusions

The developed semi-analytical model for spinning, coupled systems and spinning
rotationally periodic systems can be used to predict parametric instabilities in coupled ro-

tating systems.

The time-varying coupling elements that act as a source of parametric instability
in the system are investigated. Parametric instability regions obtained for a rotating body
coupled to space-fixed, time-varying coupling stiffness using the method of multiple scales
compares well with numerical results from Floquet theory. The vibration modes with large
deflections in the time-varying, coupling element and large modal coupling strain energy lead
to large parametric instability bandwidths. These vibration modes are highly susceptible to
parametric resonance, where the system vibrates at the two natural frequencies that sum to

a Fourier harmonic of the excitation frequency.

The parametric instability regions are also investigated for a rotationally periodic
system with equally spaced substructures. The parametric instability boundaries predicted
by the analytical expression compare well with Floquet theory predictions. The system
symmetry results in suppression rules that define the combination of mode types that can

cause parametric instability, and when parametric instability can be suppressed.
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Appendix A

Chapter 1

A.1 Two-dimensional cross-section elemental matrices

The 0" and n'* harmonic nodal coefficients of an element are represented by qo, =
{U§, Vi, W5} and q,, = {U¢,., U, Ve, Ve WE W 1 respectively. The superscript ‘e’
in the local shape functions ¥¢, WS and ¥ of Eq. (2.15) are dropped in the following

equations.

The mass matrix m, of an element for all harmonics is m, = diag(m?, m!, ..., m"),

where

0 0 O)7

0 o .
m, = diag(m,,, m;, ,m,

m! = diag(m{,, m,,, m,, m,, m,, m,), (A1)

uw? uu? VU
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m = 27r/ p\Ilz\IlurdAe, m’ = Qﬂ/ p‘I’f\PvrdAe,
Ac

e

m?,, = 2n / PUTW,rdA,,
Ae

(%

m), = 7r/ p\I’f\IlurdAe, m" = W/ p‘I/f\IlvrdAe,
Ae

e

ww

m) =7r/ P rdA,.
Ae

The gyroscopic matrix of an element is g. = diag(g?, g!, ..., g"), where

0 uiu 0 g, O 0
—gr,” 0 —gI, O 0 0
0 g, O
0 T o g, 0 g, 0 0
g =|-g 0 0|.8 = . (A2)
—gr” 0 —giT 0 0 0
0 0 0
0 0 0 0 0 g
0 0 0 o g7 0

ggv = —47r/ plIIZ\IlvrdAe,
gi=2n [ pnWWdAL g =2 [ pWIRaA,
Ae A

gl = 2r [ pnWlWrdd gl =2 [ pnwlwrda,
Ae A

e
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The centripetal matrix of an element is ¢, = diag(c?, cl, ..., c”

er ey oy Le

), where

Cg = diag(cguv Cgm C?Uw),

¢, 0 ¢, 0 0 0
0O ¢, 0 ¢, 0 0

ct 0 ¢, 0 0 0

cl = , (A.3)

0 ¢,/ 0 ¢, 0 0
0O 0O O 0 ¢, O
o 0 0O 0 0 c,

v

¢, =2 / R I / ST, A,
Ae Ae

uu uv

cl = 7T/ p(1+n2)¥iw, rdA,, c = —27r/ P rdA,,

Cyy = ﬂ/ p(1+n?) IO, rdA,,  cp, = 7r/ 2Ol W rdA,.
Ae Ae

The rotation-induced constant centripetal acceleration vector of an element is Fg =

(£5,0,...,0)T, where

£ = (£2,0,0), (A4)

0= 27r/ oW, r2dA,.
Ae

The deformation matrix components B, S.(q.), and 3, for an element in Eq.
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(2.21) with ¢, = cosn# and s, = sinnd are

B, = diag(B?Y, B!, ...,B?), B? =B, + Bs,, (A.5)

B. = diag(B,, B, -, BY),

o 0 0
Lo 0 0
po_ | ° 0 = , (A.6)
0 (%) o0
0 Lo 0
%L 0 0 0 0o o]
Lu oy 0 0 o0
gre_ | O 0 0 w0
Cojo om0 (2w o o
0 0 0 6(;1'; n‘fw
e 00 0 w0
[ 0 Lu 0 0 0 0
0 0 e 0
B 0 0 0 0 0 2
N T Y R
0 o0 — 2 0 —tw
0 2 0 0 0
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Mruw foro P 00 0 0 0 0
0 0 0 Hou  Hov  How 0 0 0
0 0 0 0 0 0 fou Mo How

How  Hov  How Hru Mo Hrw 0 0 0

0 0 0 Hozw HMzo Hzw Houw Hov  How

fou Moo Mz O 0 0 fru o Hrw

_ Ou _ Ov _ Ow
Moy = Q_:a Hry = 8:’ Mrw = 3:7

pouw =7 (55 —ve) s how =1 (G5 +ue),  pow= 1%

— Que — Ove

Hzu = 5,5 Mz = B, Heaw = %7 (A.8)
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00
0 2 o0
0 0 2
o - o0
Be=|% o0 0|, (A.9)
0 0 0
v 00
0 2= 0
|00 )
e, s, 0 0 0 0
0 0 %, 2, 0 0
0 0 0 2w, Dy,
”E’“ Sn ”E’“ Cn SESp %cn 0 0
Be = %cn ‘I;“ Sp, "‘f” Cn "‘f” Sn
0 0 0 0 —Fug, uc,
e, s, 0 0 0 0
0 0 . 8(;1'; . al;p; cn
0 0 0 0 2w, g,

A.2 One-dimensional cross-section elemental stiffness

matrices

Substitution of the displacement field approximations of Eq. (2.52) into the strain-

displacement relations of an axisymmetric shell Eq. (2.47) leads to matrix forms of the
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CHAPTER

relation with ¢, = cosnf and s,, = sinnf as

€ = Beqe + %Se(qe)lgeqea

nc
B’

A. CHAPTER 1

k = B,.q., (A.10)
: 0 Rl _
B. = diag(B.,B.,...,B?), B! = B¢, + B’*s,,
. 0 1 n __ nc ns
B,. = diag(B,..B,.,....B}.), By, =B}‘c,+ B s,,
: 0 1 n n __ mQnc ns
B. = diag(B;, Be, -, B),  Br = B cn + B sn.
The deformation matrices in Eq. (A.10) are
1 9%, Yy
i 9a 0 0 0 o 0
B¢ — P, 9Ag n¥, vy Alla
€ AqAy Oa Ag 0 Ry of ( )
nW, 1 0%, W, JAy
0 Ay 0 A, 0a Aq Ay Oa 0 0
1 9%, Yy
0 1 oa 0 0 0 R
an — W, 0Ag _n‘I’v Yy Allb
€ 0 AqAy Oa 0 Ap Ro ’ ( )
n¥, _ 1 9%, W, 0Ag
Ag 0 A 0 T Ao Ay da 0 0 0
1 0 (%,
12 (%) 0 0 0.
_1 0 (1 9%y 0
Aq O \ Aq Oa
v, 0Ap _ nW¥,
| AaAyR4 Ba 0 AgRg 0...
1 0Ap 0¥, n?W,,
AZ A, Do da + A2 0
T, _n¥, (1 1 0 v, W, 04y + 1 9(ApPy)
Ra Ay 249 \ Ry Ra AoRy ~ AqAgRy Oa 24,49 Oa
L A, Ay 0a AL Ag Ay Oa

(A.1lc)
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0
0
B! =
n®, (L _ L)
2A9 Ry Ra
o,
Ry
B:=1 0
0
0
B=10
¥,
24,
1 dwe e
MU= A 90 R,

1 0 (%,
Aa%a (R_> 0
0
‘I’u 6A9 0
AaAgRa o
0 _
T, v, T, 04 1  0(Ag¥y)
Ra Ay AoRy " AnAgRy 0a 24,45 O
AaAp Ay O«
1 9%,
0 0 i oa 0
v, nWy
0 0 TR 0 i
A ow W, 84
QA: 0 2A4 Bav 2Aa1j49 O 0 0
o, 1 0%y
Ra 0 0 0 A, o
v, _n‘I’w
N 0 A, 0 )
1 89, W, 84
0 2A, Oa 2A, Ay Oa 0 0 0
pr 0 ps
Se(Qe) = 0 M2 3| »
po p1 0
L 1 ow., . y 1 0Apv. O0A U,
2= - - 3= -
Ag 00 RQ’ 2AaA9 oo 00
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0...

_1 0 (1 0%y
Aq O \ A, O
nw,

ARy """

1 9Ag OW,,
A24, da Oa

0...

n2W,,
2
A0

+

__1 0%y
A Ay Oa

(A.11d)

(A.11e)

(A.11f)

(A.11g)

) . (A.11h)
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The displacement approximations u.,v., and w, in Eq. (2.52) are substituted into Egs.

(A.11g) and (A.11h).

The linear elastic stiffness matrix obtained from the strain energy in Eq. (2.48) is

k. = diag(k% k!, ..., k"), where

2m 3
k! = / / (thTDBg + %BzeTDBZe> rdfda. (A.12)
aJ 0

The nonlinear stiffness term n.(q.) for a shell is analogous to Eq. (2.21b).
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