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Civil Engineering

(ABSTRACT)

A pressurized arch-shell structural component made of flexible material is
considered. The component is inflated with high internal pressure. The behavior of
similar types of structures, such as a pair of leaning pressurized arches and pressurized
arch-supported membrane shelters, has been investigated in the past. More recently,
several types of pressurized structures have been incorporated as part of the framework
for avariety of structural systems. Particularly, the U.S. Army has been investigating the
use of large lightweight and transportable pressurized arch-shell structures to be used as

maintenance shelters for vehicles, helicopters, and airplanes.

The formulated equations using thin shell theory are applied to a pressurized arch-
shell component. A numerical investigation based on the Rayleigh-Ritz method is utilized
to determine the behavior of arch-shells under various types of loading. The types of
loading include a uniformly distributed vertical load representing snow, a wind load, and
a horizontal side load distributed along the arc length. Deflections, stress resultants, and
moments at various locations are computed for two types of shapes. circular and non-

circular arch-shells.
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CHAPTER 1 INTRODUCTION

1.1 Overview

The U. S. Army has a science and technology objective to develop Large Area
Night Maintenance Shelters (LANMaS). These large tent-like structures will provide
maintenance capability for expensive vehicles, such as tanks and aircraft, under extreme
environmental conditions like arctic and desert-like weather. The ideal properties of
LANMaS include the following: low cost, lightweight, durable, and short setup and
disassembly times. One of the possible support structures for LANMaS being considered
is a single inflatable toroidal arch tube made of specially woven fabric. The fabric will
most likely be made of non-homogeneous and orthotropic material to alow the desired

arch shape to be achieved through inflation pressure.

1.2 Scope

This thesis investigates an arch-shell component in the form of a pressurized
curved shell subjected to a variety of loading conditions. Formulated equations using thin
shell theory from Kigudde (1996) are applied on the component to model the behavior
under several types of service loads. A numerical investigation using the program
Mathematica is applied to the formulated equations to find the displacements, moments,
and stresses along the arch. The purpose is to compare the results using these formulated

eguations to other methods of analysis.

Two shapes of arch-shell are being considered, a circular arch-shell and a non-
circular arch-shell. This allows the behavior of two forms of the structure to be analyzed
and compared with each other under the various loadings. Four types of service loads are
investigated: full and half snow load, wind load, and a uniform side load applied along
the central half of the arc length between the bases. The properties of the arch-shell are
similar to those used in the LANMaS.



This thesis is organized in the following manner. First, the formulated equations
to analyze the arch-shell are described as well as the assumptions made for the analysis
and the method of analysis. Next, the two different arch-shell shapes are considered. The
results for the two general shapes are compared. Finally, conclusions and
recommendations for further work are presented.



CHAPTER 2 LITERATURE REVIEW

2.1 Overview

The structure under investigation is a pressurized arch-shell structure. There have
been a number of studies on the behavior of this type of structure using the finite element
method. In this thesis, the Rayleigh-Ritz method is applied to the arch-shell to study its
behavior under various types of loading. Presented here are some descriptions of previous
investigations conducted on inflatable structures and fundamental theories related to this
type of structure.

2.2 Pressurized-Arch Supported Membrane Structures

Some air-supported structures consist of a membrane connected to a stiff
framework inflated by high-pressure air. The framework may consist of several inflated
arch-shaped tubes. These tubes are made of fabric or some other flexible material, with
an airtight liner, and they are lightweight, durable, and easy to transport and deploy.
Severa studies have been conducted on this type of structure to study their behavior

under various types of service loads.

Carradine (1998) experimented with different scale models of arch-supported
membrane shelters to investigate their behavior under wind and snow loading. Two scale
models were tested, 1:100 and 1:50. Each model consisted of severa arches placed
vertically and severa at the ends leaning away from the vertical at angles of 30°, 45°, and
60°. The difference between the two scale models was primarily the arch tubes; the larger

scale model used a more flexible arch than the smaller scale model.

Carradine (1998) observed that the 1:100 scale model had a faillure mode of
tearing of the membrane under full snow load. The larger scale model of 1:50 failed when
the vertical arches had a critical snap-through of the centers of the arches. This response



suggested that the failure mode for this type of structure depends largely on the strength

of the supporting arches.

Kim et al. (1998) investigated a similar type of pressurized arch structure
numerically through the finite element method. The arches and skin of the structure were
modeled as thin shells, using the finite element computer software ABAQUS. The
frameworks consisted of six vertical arches, and two at each end leaning at angles of 20°
and 40°. The arch-shells had a parabolic shape and a circular cross section. At the
supports, the arches were assumed to be fixed and each tube had an internal pressure of
500 kN. The structure was modeled with $AR rectangular shell elements for both the
arches and the skin. Each arch was represented by 400 elements and the skin between

adjacent arches was represented by 100 elements.

Kim et al. (1998) observed that the displacement under a symmetrical full snow
load tends to increase as one moves away from the center of the structure in both vertical
and horizontal displacement parallel to the longitudinal axis of the structure. For a snow
load on one side only, the vertical displacements are much smaller than for the full snow
load since the total load is less. The sideways displacements become more significant
because of the asymmetrical loading. They also obtained vibration modes for the first few
modes of the entire structure. These vibration modes can be used to model the response
of the structure to dynamic loads, such as wind gusts or earthquakes. For the first mode,
the structure sways back and forth to the side. The second mode depicts the structure
twisting about a vertical axis through its center. In the third mode, the structure shows a
vertical motion, up and down about the equilibrium configuration. When the top moves
downward, the cross sections bulge outward at the sides, with the largest bulge occurring
at the ends.

2.3 Flat Triangular Shell Element

Mohan and Kapania (1998a) investigated the large deformation of a shell element
under deformation-dependent pressure loads. Deformation-dependent pressure loads



assume that the pressure load vectors are functions of the displacements and the changing
directions affect the tangent stiffness matrix in a geometrically non-linear analysis. They
applied athree-node flat triangular shell element in this analysis. This flat shell element is
obtained by combining the Discrete Kirchhoff Theory (DKT) plate bending element and
amembrane element similar to the Allman element.

They derived the pressure stiffness matrix and the deformation dependent
pressure load vector in a Cartesian coordinate system using the principle of virtual work.
They applied this new formulation to several types of large inflatable structures to
determine the accuracy of the formulation in predicting the non-linearity of the structures.
They investigated a cantilever arch-tube under uniform external pressure and compared
the deformation results to those using the four-node curved shell element S4R from the
finite element software ABAQUS. The results obtained were in good agreement. They
also found that excluding the pressure stiffness matrix in the analysis significantly slowed
down the rate of convergence of the solution, particularly for large deformations and
rotations.

A thin circular arch under non-uniform pressure was also investigated. Under this
analysis, the magnitude of the pressure distribution along the arch is treated as a function
of the deformed configuration. They compared their formulation results with S4R and
STRI3 elements of ABAQUS. STRI3 element refers to a flat triangular shell element in
ABAQUS. From the results obtained, the formulation results are in good agreement with
those of 4R, but not with the results obtained using STRI3. They believed that their
formulation was more reliable due to the use of a better membrane representation than
that used in STRI3.

Mohan and Kapania (1998b) also conducted a nonlinear analysis of a three node
flat triangular element for thin laminated shells for three types of responses. large-
rotation static response, dynamic response, and thermal post-buckling. Their objective
was to find an inexpensive and simple thin shell element that has a good membrane
representation. The element will be used for nonlinear analysis of large inflatable
structures made of woven fabric composite. In their analysis, the rigid-body modes are
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not removed and all nonlinear terms in the strain-displacement relations are considered
for computing the stresses and the tangent stiffness matrix. They compared their results
obtained from the nonlinear analysis with those obtained from $4R, STRI3, and S4R5
elements of ABAQUS. They found that, in general, their results agreed well with those
from ABAQUS. In problems involving large rotations, their element requires more steps
to obtain the convergence of the solution than the SAR element. However, their flat
triangular element does not suffer from in-plane rotational singularity, shear-locking, etc.
This indicates that the flat triangular element is very reliable for non-linear analysis of

large flexible structures.

2.4 Leaning Arch-Shells

Molloy (1998) examined the behavior of a pair of pressurized leaning arch-shells
under snow and wind loads. The finite element method was applied to a three-
dimensional structure using shell elements. These elements allow the fabric and bladder
to be modeled as a unit. A numerical investigation was conducted using the finite element
analysis software ABAQUS. Four-node $4R shell elements with six degrees of freedom
per node were utilized. Each arch was represented by 24 elements around the
circumference of the cross section, 200 elements along the arc length, and 2 rings of
elements for the disks at the bases. Geometric non-linearity was taken into account
because of the large deflection expected for this type of structure.

He considered arch-shells of parabolic shape with a circular cross section. He
assumed the material to be linear elastic, isotropic, and homogeneous. However, most
woven or braided fabrics have different properties in various directions, which may
significantly impact the behavior of the structure.

Two types of boundary conditions were considered: pinned and fixed bases. The
leaning arches in Molloy’'s analysis had tilt angles of 15° and 30°. For each angle, three
types of loads were applied: full snow load, half snow load, and wind load. The results of
the analysis showed that buckling occurred for both full and half snow loads on arches
with pinned bases tilted at both 15° and 30°; however, buckling only occurred for full



snow load on leaning arches with fixed bases tilted at 15°. The boundary conditions of
the leaning arches played a significant impact on the behavior of the leaning arches.
Fixed bases caused the structure to be much stiffer, stronger, and more stable, and to have

higher vibration frequencies compared with the case of pinned bases.

Molloy (1998) found that the first vibration mode was often a twisting mode for
pinned arches and a side-sway mode for fixed arches. This suggested that the lower
restraint at the pinned bases causes the pinned arches to be much weaker in twisting than
the fixed arches. His analysis also found that leaning arches were a more efficient
structure than a single arch. In one comparison, a single arch with fixed bases buckled at
atotal load of 45 kN, whereas a pair of leaning arches tilted at 15° buckled at 253 kN.
The addition of a second arch increased the load carrying capacity of the structure by five
and a half times in this example.

2.5 Sanders Linear Elastic Thin Shell Theory

Linear theories of thin shells are primarily based on Love's first approximation
and second approximation of thin shells or dight modifications of them. The main
difference between Love's approximation theories is that the first approximation neglects
the effects of transverse shear and normal strain. These assumptions lead to an
inconsistency as not all strains vanish for small rigid-body rotations of the shell. Sanders
(1959) derived an improved first approximation theory for thin shells, which removed the
inconsistency without complicating the system of equilibrium equations.

His modified first approximation theory is almost entirely developed as a two-
dimensional one with the use of the principle of virtual work in the derivation. It is not
based on three-dimensional equations of elasticity or on a variational principle. The
numerical results obtained for displacements, stresses, and moments are based on the use
of lines of curvature as coordinate curves in the middle surface. The compatibility
eguations for the strain quantities involve the stress resultants and couples in terms of a



set of stress functions. These expressions for stress quantities satisfy the equilibrium

equations for thin shells identically.

Zhang and Redekop (1992b and 1992c) published several papers in which they
investigated the behavior of a toroidal shell using Sanders’ thin shell theory. They
investigated local loads on a toroidal shell and surface loading of a thin-walled toroidal
shell. In both cases, they developed equations based on toroidal coordinates and solved
the case of a pad load of uniform normal pressure. Numerical results were obtained from
Sanders equilibrium equations and were compared with results from the finite element
method. All results assumed linear elastic, small displacement behavior. They found that
results from Sanders equilibrium equations agreed very closely with results from the
finite element method.

Zhang and Redekop (1992a) also compared elastic solutions for three-point
bending of curved pipes based on two theories, Mushtari-Vlasov-Donnell (MVD) theory
and Sanders' thin shell theory, to solutions from the finite element method. For all cases,
a pad load of uniform normal pressure was applied. They concluded that Sanders theory
is superior to MVD theory, as the results obtained for curved pipes based on Sanders
theory agreed well with results from the finite element method.



CHAPTER 3 METHOD OF ANALYSIS

3.1 Material

In the general formulation, the arch-shell material is assumed to be a non-
homogeneous, linearly elastic, and orthotropic material. In the numerical examples, the

special case of a homogeneous, isotropic material will be considered.
3.2 Geometry of the Mid-surface

The equations in this section are taken from Kigudde (1996). The geometry of the
mid-surface of the arch-shell is defined by two independent coordinates, f and s. The
coordinate f is the angle between the axis of the cross section lying in the x-y plane and a
line drawn from the center of the cross section to a point on the mid-surface, and is
measured positive as shown in Fig. 3.1. The coordinate s is the arc length from the global
y-axis along the locus of the center of the cross sections with the top of the arch being the
origin. The arch-shell in this study will consist of two types of shapes. a half circle and a
shape with curvature assumed to be a quadratic function of arc length. Both shapes will
have a circular cross section (r = constant) in the numerical examples as shown in Fig.
3.2. The arch-shell is geometrically symmetric about the x-y and y-z planes.

The locus of the center of the cross sections in the global x-y plane is shown as
the dashed line in Fig. 3.1. It is defined by a function f (x) in the global x-y plane:

y=f(X) (3.2.1)

The dlope in the x-y plane at any position s on the locusiis:

yC= Y (3.2.2
dx
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Figure 3.1 Mid-surface Profile of Arch

Section A - A

Figure 3.2 Cross Section of Arch
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The angle g between the global y-axis and the normal to the locus in the x-y plane
satisfies:

sng = — Y (32.3)

C0Sg = —— (3.2.4)

The arc length is:

s= QVL1+ (y9® o (3.2.5)

Differentiating (3.2.5) with respect to x gives:
% = 1+ (y9? (3.2.6)
X

The radius of the cross section is assumed to be a function of the angle f but not a

function of s
r=r() (3.2.7)

The position vector © of any point on the mid-surface relative to the origin can be
expressed in terms of the two independent coordinates f and s, and unit vectors i, i,|2

parallel to the global x, y, and z axes, respectively:

F = (x+rsingcosf)i +(y+rcosgcosf)] + (rsinf)k (3.2.8)

11



3.2.1 Lamé Parameters A; and As

The Lamé parameter A; is defined by:

(3.2.9)

A=ﬂf

‘Hr“

wherejﬂT—fr is the tangent to the principal curve of constant coordinate s. Using (3.2.8):

r_ (r¢cosf - rsinf)singi + (récosf - rsinf)cosg j
i (3.2.10)

+ (r¢%inf + r cosf )12

where r¢= g_fr Is the variation of the radius of the cross section with respect to f . From

(3.2.9) and (3.2.10), one obtains:

A =) +(r¢? (3.2.11)

For acircular cross section of radiusr, A =r.

The Lamé parameter Asis defined by:

i

s (3.2.12)

As:

r. — . .
where 2—5 the tangent to the principal curve of constant coordinate f. It can be written
<

<=

as:
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I _ I fix (3.2.13)
s X s

Differentiating (3.2.3), (3.2.4) and (3.2.8) with respect to x yields the following:

L sngy=k, 2 (cosg) =y, (3:2.14)

dx dx

% = (L+ rk cosf )i + y&L+ rk cosf )] (3.2.15)
X

where k, the negative of the curvature of the locus, is

From (3.2.6):

K=Y (3.2.16)
[1+(y9%]°
d_ 1 (3.2.17)

ds V1+(y9?

Using (3.2.12), (3.2.13), (3.2.15), and (3.2.17), the following is obtained:

A, =1+ rk cosf (3.2.18)

According to Dym (1990), F = M = 0 are the necessary conditions for f and sto

be principal coordinates. F and M are the vector dot products:

:EE M:_ﬁ.
T Ts qf 9s

(3.2.19)
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Following Kigudde (1996), using (3.2.10), (3.2.13), (3.2.15), and (3.2.17), F

becomes

_ (L + rk cosf )(r¢cosf - rsnf)(sng + y(cosg)

E (3.2.20)
V1+(y9®
Using (3.2.14), thisgives F = 0.
For the vector dot product in M,
2. - _ . o ) R ~
Tr _ 1(ﬂ) _ k (r@osf - rsinf)i + y<k(2r¢cosf rsinf)j (3.2.21)
fes 9t s J1=(y9
A=Y (3.2.22)
gl
where
) i k
(r¢cosf - rsinf)sing (r¢cosf - rsinf)cosg (résinf + r cosf)
I (A | & (@ + rk cosf) y&1 + rk cosf) 0
g=— —= (3.2.23)
" 9s J1+ (y92
(3.2.23) can be simplified as
1+ rk cosf}:'_ y&rdsinf ;Cr c;)sf )i + (fr¢smf +l2r cosf ) ju
, - (r@cosf - rsinf)(secq) (32.24)

g =
v1+(y9?

With the use of (3.2.11), (3.2.18), and (3.2.24),

g = (1 + rk cosf )y/(r)® +(r9* = AA (3.2.25)
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Thus,

9 3.2.26
A A ( )

=)
1

Thisleadsto

- yqrésinf +r cosf)i + (r¢sinf + rcosf)j - (récosf - rsinf)(secg)k

A1+ (y9?

A = (3.2.27)

where n isthe unit normal vector to the mid-surface (positive if outward). From (3.2.19),
(3.2.21), and (3.2.27), it follows that M = 0.

SinceF =M =0, f and s are principal coordinates. This allows the maximum and
minimum curvatures for any given point on the mid-surface of the arch to be located
along thef and s coordinate lines. Therefore, the Lamé parameters derived in this section
and the principal curvatures to be derived in section 3.2.2 are applicable to the
equilibrium and strain-displacement relations, which are based on lines of principal
curvature. The strain-displacement and equilibrium relations will be discussed in sections
3.3 and 3.4, respectively.

3.2.2 Principal Radii of Curvature

Having established f and s as principal coordinates, formulae given by Dym
(1990) are used to calculate the principal curvatures that appear in the strain-displacement
and equilibrium expressions. The principal radii of curvature Ry and Rs in the f and s

directions, respectively, are expressed as follows (Kigudde, 1996):

R E R, G
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where E, G, L, and N are vector dot products given by

E=Jr I g=0 .
T (A) e TS (A)
. ﬂzr A ﬂzr
L=-n- W N=-n- @ (3229)

According to Kigudde (1996), the second partial derivatives of the position vector (with
respect tof and s) used inL and N in (3.2.29) are given in the following:

2_
% = (r@cosf - 2r¢sinf - r cosf )(sing)i
s
+ (r@cosf - 2rdsinf - r cosf )(cosg) ] (3.2.30)
+(r¥sinf + 2rdcosf - rsinf)k
where
2
r¢= i , r¢= ﬂ
df f 2
and
2_ — 4.
Al 18@9% (3.2.31)
S X efsgds

Applying (3.2.13), (3.2.14), (3.2.15), and (3.2.17) into (3.2.31), one obtains

ﬂzr - 1 | [y (1 + rk cosf )41+ (ytI)2 + rk ¢cosf ]f P
2 2l 2 > Y (3.2.32)
s 1+ (yg T+ [(yq k(l + rk cosf )ﬂl + (y(g + y(II(]_ + rk COSf) + y¢k ¢cosf ]Jb
where
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ylis defined in (3.2.2)
k isdefined in (3.2.16)

ye= &
df
k¢:%
dx

If the radiusr of the cross section is constant, r( = Oandr« = 0, and from (3.2.3),

(3.2.4), (3.2.16), (3.2.22), and (3.2.24):

E=r? , G = (1+rkcosf)? |
L=r : N = (1 + rk cosf )k cosf
Then, from (3.2.28),
=r , =r+
R R k cosf

whenr isindependent of sand f, and k may be a function of s.

3.3 Strain-Displacement Relationships

(3.2.33)

(3.2.34)

The strain-displacement relations of Sanders (1959) are applied. According to

Kirchhoff’'s assumptions for non-deformable normals and transverse shears, normal

strains are neglected (Jones, 1975). These assumptions allow us to express the changes in

curvatures and torsion strains directly in terms of the mid-surface trandational

displacements u, us, and w. The strain-displacement relations are as follows (Gould,

1988):

1y 1 A w
ATt AA TS ° R

e =

(3.3.1)



where

€ -1 U +— (3.3.2)
ATs AATE Ry
1 Tu, T TA A
Ors = A AS(As = + A s s Uy " ug) , (3.3.3)
(o= 1T U Lw, 1 A U 1w (3:34)
ATTR AT AA TSR ATs
o= LT w1 A U 1w (335)
ATs Ry AT AATT R AT
=t oA s L Aw T L

2AA IR A TS ISR A

LA B ST ) D e ke S T L (3.36)

& and e; are the extensional strainsinthef and s directions, respectively

O s isthe in-plane shearing strain

ki and ks are the changes in curvature in the f and s directions, respectively

ki, and k 4 arethetwisting strains of the arch-shell

Kis =3(Kis+kg)

As As, Ry, and Rsare defined in sections 3.2.1 and 3.2.2

U and us are mid-surface displacements in the local f and s directions,
respectively

w is the displacement normal to the mid-surface (w is positive on a surface of

positive Gaussian curvature if it points away from the two centers of principal

curvature)
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3.4 Equilibrium Equations

The shell equilibrium equations are applied to determine the stresses in the arch-
shell due to the applied loads. The contribution of the bending stiffness to the overal
stiffness of the material is considered to be significant under the external loading. The
load acting on the surface, at any point on the arch-shell, can be decomposed into three
traction forces, ¢, gs, and g, acting in the f, s and normal direction, respectively. The
traction forces can either be functions of coordinates f and s, or constant, depending on
the loading under consideration. Figure 3.3 shows a differential shell element on the mid-
surface, with in-plane stress resultants and surface traction forces acting on it. Figure 3.4
depicts the same differential shell element with the resultant moments acting on it. Both
the summations of al forces and moments in any direction must equal zero in order for
the element to be in equilibrium.

The following equations are the Sanders equilibrium equations (Sanders, 1959)

without any prestressing terms:

1w A LA

)l PN
ﬂ_f(Ang)+ﬂ_S(A Nfs)+ENfs ﬂf s Q‘
(3.4.1)
_A_[(E-E) Ml = - A AG
1 T oanaTAg T L AA
ﬂS(A Ns)+ ﬂf (A%Nfs)+ ﬂf Nfs ﬂS Nf + RS Qs
(3.4.2)
1
+_ WL —
A [(RS R) Ml = - A Ag,
1 il Ne N _
ﬂ_f(A%Qf)+ﬂ_S(A\‘QS)' (EﬁLE)AAS =-AAQ, (3.4.3)
g T, A A _
ﬂ_f(A%Mf)+ﬂ_S(A‘ Mfs)+EMfs' P M- AAQ =0 (3.4.4)
1(Ar'\/l) —(ASM )+ ASM BM - AAQ =0 (34.5)
ﬂS S fs fs ~ ﬂS f S s
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where
N; and Nsare the normal stress resultantsin the f and s directions, respectively

N;, and Ny arethein-plane shear stress resultants
Nfs :%(Nfs + st )
M; and Ms are the resultant bending moments, per unit length

M =2 (M; + Mg ) where Mssand M are the stress couples, per unit length

Or, Os, and g, are surface traction forces, per unit area, acting on the element in
thef, sand normal directions, respectively

Qr and Qs are the transverse shear stress resultants

N (f , s+ dg)

Ng (f , s+ ds)

Ns(f,9)

Figure 3.3 Differential element with tractions and stressresultants
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Mg (f , S+ dS)

S /
/47 Ms(f , s+ ds)

M (f +df , 9

Mf (f ,S)
'\I\/Ifs(f+df 9
o
/ Me(f .9
Msf (f ,S)

Figure 3.4 Differential element with resultant moments

Solving for Qr and Qs in (3.4.4) and (3.4.5), we obtain the following equations:

_ 1A
Q = amy s Lamg o - Ty @ag
_ 1 1L TA S TA
Q = m[‘ﬂ_sm M) + it (AMg,) + i M 0 Ml (34.7)

Substituting these expressions for Q¢ and Qs into (3.4.1) - (3.4.3), we obtain the

following three differential equations:
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A - TA 11

_ 1
ﬂlf(ﬂngHﬂls(A Nig) + 2t Nig = 0 Ne oo (AM)

™ ° R

19, — 1 9A — 1 YA
+ —— (AM )+ ——M,_ - ——=M
Rf ﬂS(A fs) Rf ﬂS fs Rf ﬂf S

1, 9,1 1. .
+§AY ﬂ_s[(E-E)MfS]_ A AG

i Tany+Tog WA 2T
75 (A NS+ o (AN )+ 5 Nig = 2 oNy + - (A M)

fis R fis

19, . 17A- 1A
+€ﬂ_f(ASMfS)+Eﬂ_foS - EEM

f

1, 1,1 1. ._
+§Asﬂ_f[(€'E)Mfs]_ A A,

LAV VR

1{i[1(ASMf)+ﬂ15(A i) + et M =

A A

1,19 Toaviy+ By 1A
+‘|]_S{E['H_S(A M) +ﬂ_f(Asts) +.”—fo 7s M 1}

S+ Noaa = Ag
R R ”

(3.4.8)

(3.4.9)

(3.4.10)

Sanders’ equilibrium equations with prestressing require additional terms in

(3.4.8) - (3.4.10) due to the stress resultants T¢, Ts, and T¢s from internal pressure. As a

result (Plaut, 1998),

- by

are added to the left side of (3.4.8),

ST e bsTs

22

(3.4.11)

(3.4.12)



are added to the left side of (3.4.9), and
1l 1l
- — T)- — T,
1t (AbT;) ﬂS(A b,T)

are added to the left side of (3.4.10), where

3.5 Prestressdueto Internal Pressure

(3.4.13)

(3.4.14)

The arch-shell is subjected to internal pressure p. It is assumed that the bending

stresses under this initial pressure are negligible. Therefore, the membrane stress

resultants Ts, Ts, and Tss form the initial stress state.

To determine these prestresses, (3.4.8) — (3.4.10) are used with

N; =T Ng =T Nis =Tis
M, =0 : M, =0 : M, =0
qT:O , qS:O , g, = p

Also, withr constant, A = r isconstant. Then (3.4.8) — (3.4.10) become:

1 T 9A.
g AT #r e (BT, =0
AL A -
et g (AT + 2 T =0
T_f+L:p
R R
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(3.5.3)
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With the use of (3.2.18) and (3.2.26), where r is constant and k can depend on s,
the solution to (3.5.2) — (3.5.4) is (Plaut, 1997):

_ pr(2+rk cosf)
T =

, .= T.=0 (35.5)
2(1+rk cosf ) 2

3.6 Constitutive Laws

The material properties are orthotropic and change continuoudly from point to
point on the mid-surface of the arch-shell. The loads are conservative and the resulting
slopes and deflections are small.

By applying the general orthotropic equations for laminated plates in Jones (1975)
to the coordinates used for this analysis, the following stress and moment equations are
obtained:

E h
Ny = Ay(e +nee : = : 3.6.1
f All( f s s) A11 1- nfns ( )
N, = A,(es tNn;e) A, = E.h (3.6.2
S 2\~s f~f ) 2 1- nfns ) .0.
Nis = AscOrs : Ags = Gysh , (36.3)
M, = Dy (k, +nk.) D Eh° (3.6.4)
= n ' =, .6.
f 12\ f s'ts 11 12(1_ nfns)
M. = D,,(k. +nk,) D, = BN (3.6.5)
s 22\ s I f ) 22 12(1_ nfns) ) -0,
__ Gfsh3
Mfs = 2D66k_fs ’ Dsg = 12 (366)

where
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Gss isthe in-plane shear modulus

h is the material thickness

Er and Esare the moduli of elasticity inthe f and s directions, respectively
ns and ns are the Poisson’sratiosin the f and s directions, respectively

Aj; and Djj are the stiffness coefficients

3.7 Boundary Conditions

The arc length from the center of the arch-shell to each base is 5. At each base, it
is assumed that the displacement us along the arc length is zero, the circumferential
displacement ur is not constrained, and the radial displacement w is restrained by line
springs with a high stiffness C per unit length (i.e., C has units of force per length
squared). Figure 3.5 depicts the boundary conditions of the arch-shell in the circular case
with o = 50. It is assumed that fw/9s is zero at the bases.

Us

Figure 3.5 Boundary condition with line springs
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3.8 Energy

The elastic strain energy stored in the arch-shell is:

Ue % (\9 (N; & +Neeg + N gy, + Mk
(3.8.1)
+M Kk +2M, K, )A Adf ds
With the use of (3.6.1) — (3.6.6) and (Jones 1975; Reddy, 1984)
A, = Ang = Ay , Dy, = Dyng = Doy (3.8.2)
we can write (3.8.1) as
ls & 2 2 2
E O Q (Allef + 2A12ef es+ A22es + Aﬁsgfs )A‘ A%df ds
(3.8.3)
%(\) @ (D1iKs °+ 2Dk kg + Dk Sz + 4D66k_f52)A‘ Adf ds

The potential energy due to the initial stress resultants Ty, and Ts acting on the
additional displacements due to the external loadsis:

1 s 1 Tw,, 1 fw,,
—_— = —= - df d 3.84
U =20, [Tf(Rf At (RS A qe) 1A A ds (38.4)

The energy stored in the springs at the bases is:

Up = CQ W50 )+ wh(sy.f)dt (385

Finally, the potential of the external loadsis:
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2P

U =-§, Q (@ *+dus +aw)A Adf ds (38.6)

Therefore the total potential energy U is given by:
U=U.+U, +Ug+U, (3.8.7)

where the strains and changes in curvature are defined in section 3.3 and the stiffness
coefficients (Aj's and Dj’'s) are defined in section 3.6. From (3.8.7), the total potential
energy can be expressed in terms of the mid-surface displacements (ur, us, and w), the

material stiffness, and the external loads.

3.9 Loads

There are two phases in which the loads are applied on the structure. The first
phase involves the internal pressure. For most analyses in this thesis, an internal pressure
of 500 kPa (72.5 psi) is applied. The second phase involves application of the external
loads. Several different types are studied.

The first type of external load is a “full” snow load. This load is a symmetrical
vertical load applied on top of the arch-shell for slopes between -30° and 30° with the
horizontal in the longitudinal direction (global x direction). In this study, it is assumed
that for slopes greater than 30° along the arch, the snow will fall off from the structure.
Around the cross section, the loads are distributed vertically downward between the
dopes -30° and 30° as well. The distribution of loads along the arch-shell and around the

cross section is shown in Fig. 3.6.

The second type of external load is a “half” snow load. Essentidly, this is the
same as the full snow load with the exception that the loads are only applied on slopes
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between 0° and 30° in the longitudinal direction as shown in Fig. 3.7. The application of
load to the cross section is the same as for the full snow load. This loading models an
asymmetric load on the structure.

The third type of externa load is a “side” load. It is a uniform load J applied
aong the central half of the arc length between the bases. The loading on the cross

section acts normally and, on the side portion of the cross section, acts between the sopes
of 45° and -45° with the horizontal (global z direction).

YIVIYYY

-30° 30°

a) Meridian Profile

b) Cross Section Profile

Figure 3.6 Full snow load distribution
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a

Figure 3.7 “ Half * snow load distribution

The fourth type of external loading is a wind pressure Q. This pressure is a non-
uniform pressure acting normal to the surface of the arch-shell. The pressure is applied

around the cross section from -45° to 45° and all along the entire length of the arch-shell.

The self-weight of the structure is treated as one type of external load instead of
being an initial load. The reason is to allow the use of (3.4.1) — (3.4.5) which simplifies
the computation. If the self-weight were treated as an initial loading, additional terms
would be required for (3.4.1) — (3.4.5) due to this loading. With these additional terms,
the exact solutions for T;, Ts, and T;s would not be available. The self-weight of the

structure is applied at all points of the structure.

All external loads on the surface of the arch-shell are decomposed into three

traction forces, ¢, Qs, and g, acting in the f, s, and outward normal direction,
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respectively. The projection of the load F onto the line parallel to vector § (traction

forces) is:.

(3.9.1)

It can be expressed in terms of two independent coordinates, f and g (defined in section
3.2.1), and unit vectors i, ],k paralle to the global x, y, and z-axes. The position vectors

for the traction forces are as follows:

Atf =0
G, = Gy(singi + cosg ) (3.9.2)
q, = gs(cosg i - sing J) (3.9.3)
G =gk (3.9.4)
Atf =P
2
G, = 0.k (3.9.5)
q, = gs(cosgi - sing ) (3.9.6)
o =q (-cosgj- sngi) (3.9.7)
Ats=0
G, = g, (cosf | +sinf k) (3.9.8)
e = ql (3.9.9)
G =g (- snf ]+ cosf k) (3.9.10)

The projections of adownward vertical load F =- F | are:
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Atf =0:

n: - F jx(singi + cosg j) = - F cosg (3.9.11)

s - F ] x(cosgi - sing j) = Fsing (3.9.12)

f: -Fjxk=0 (3.9.13)
Atf =P

n: -Fjxk=0 (3.9.14)

s - F ] x(cosgi - sing j) = Fsing (3.9.15)

f: - Fjx(- cosg |- singi) = Fcosg (3.9.16)
Ats=0:

n: - F ] x(cosf ] +sinf K) = - F cosf (3.9.17)

s -Fjx =0 (3.9.18)

f: - F ] x(- §nf | + cosf k) = Fdnf (3.9.19)

By combining all the cases, the general projectionsof - F | become:

Qn - - F cosg cosf (3.9.20)
0 : Fsing (3.9.21)
G F cosg sinf (3.9.22)

The snow load Fo has units of force per unit horizontal area. Decomposing the
snow load Fo into the three traction forces gr, gs, and gn, the units then become force per

surface area and the following equations are obtained:

q, = - F, cos® g cos® f (3.9.24)

s = Fosing cosg cosf (3.9.25)
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q = F,cos’gsinf cosf (3.9.26)

where the loads are applied between the arc length of s=-16.67 to 16.67 for the full snow
load and s = 0 to 16.67 for the half snow load (for a circular arch with 55 = 50) with
circumferential angle f =- p/6 to p/6 for both cases.

For the side load, the uniform load J is applied on the side between the limits of f
= p/4to 3p/4 and arc length s = -25 to 25. The following are the traction forces:

q, =-J (3.9.27)
q. =0 (3.9.28)
q =0 (3.9.29)

The wind pressure distribution presented in this thesis is taken from Soare (1967).
The wind pressure and suction are given by:

r,=kg, :%kr V2 (3.9.30)

where
Ow IS the basic dynamic pressure
r isthe density of air
v isthe wind velocity

k is a shape factor written as a trigonometric expression in terms of q

q-= @ , the angle from the horizontal to any point on the arc length (if 55 = 50)

The rough wind pressure distribution is being used as the pressure distribution on the
arch-shell:
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k() =-0.258+0.488cosq +0.476cos2g +0.328cos3y + 0.100cos4g  (3.9.31)

For (3.9.31), positive values of k signify inward pressure, while negative values of
k signify suction. A wind pressure of magnitude Q (with respect to internal pressure) is
applied to the structure between the limits of f = -p/4 to p/4 and arc length s = -5 to .

The following are the traction forces:

d, = - Qk(q) cosf (3.9.32)
ds =0 (3.9.33)
o =0 (3.9.34)

3.10 Computer Analysis

This thesis utilizes the commercial progran Mathematica for the numerical
integration of the potential energy (3.8.7). The material properties, strain-displacement
equations, and energy functions are discussed in the following sections. A sample
Mathematica program is included in Appendix A.

3.10.1 Materia Properties

All material properties related to the potential energy (3.8.7) are non-
dimensionalized with respect to combinations of internal pressure p and cross-sectional
radius r. This allows the stiffness matrices in (3.8.7) to be computed without any units.

The following are the non-dimensional parameters:

A A ~ - A E
K = rk §=2 =1 g =" g=5
r r p p

) . A . D c Y
Sozi Aj:—J DIJ _13 c=— U:_3

r pr pr p pr
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A—AT:1 A, =1+K cosf FA\’f:Rszl R, =

- K cosf
6. = s N=N g=4 M= M
® p pr p pr2
'I:f _ 2+kAcosf 'ICS:E 'I:fS:O

2 + & cosf 2
A~ U . Ug ~ _ W
Uf—_ US—T W—?

r

3.10.2 Strain-Displacement Relations

The Rayleigh-Ritz method is used, assuming the following displacement

eguations:

(Vi + Vi COSNf + v, Sin nf ) cosmpx (3.10.1)

0

<

1
Qo=
7 Qo=

=}
1
=

(U, + Uy, cosnf + u,.., sin nf)sin mpx (3.10.2)

1

c
(7]
I
Qo=
T Qo=

=}
1
=

(W, +w,,, cosnf + w,.,, sin nf ) cosmpx (3.10.3)

0

=

I
Qo=
7 Qo=

=}
1
=

where (if 5 = 50)
_s+50
X =
100

The strain-displacement relations of Sanders (1959) can be fully expressed in

terms of the displacement coefficients (Vm, Vim, €tC.). In Chapters 4 and 5, the
displacements u¢, Us, and w (displacements in local X, y, and z directions) are expanded

using atotal of forty terms and expressed as follows:



15
u =g dp(@,s (3.10.4)

i=1

25

u, =g dp(,s (3.10.5)
i=16
&

w=adp(,s) (3.10.6)

i=26

where

d, represent the displacement coefficients (Vim, Vamn, €tc.) for (3.10.1) - (3.10.3)
p; represent the functions (cosnf ,sinnf , etc.) in (3.10.1) — ( 3.10.3), listed in

Appendix A

Substituting the above equations into the strain-displacement relations (3.3.1) -
(3.3.6) of Sanders, the strain and curvature terms in the total potential energy (3.8.7) can

be written as follows (where ¥, =1/Tf and 7, =1/%s, andwhere A =1and R =1

have been used):
&0
e =adr(,s) (3.10.7)
i=1
where
i =1to15: =9 p
i =16to 25: =
I =26to40: =P
&
e;=adt(,s) (3.10.8)
i=1
where
i =1t015: = ksnf
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where

where

where

i =16t0 25;

i =261t040:

i =1to15:

i =16t0 25;

i =261t040:

i =1to15:

i =16t0 25;
i =261t0 40:

i =1to15:

i =16to0 25;

i =261t040:

t, :"iﬂspi
A
1
L ==n
R,
&
Os =a diF(,s)
i=1
F :"iﬂspi
A
K sinf
Fi :ﬂf P; AS P;
F =0
&
ki =a diG(f,s)
i=1
G =1p
G =0
G =-% (T p)
&
ks:adiHi(fis)
i=1
q oo Ksnf
A
H, = g2
A R
.. 1
Hi = K Anf ﬂf P - A_ﬂs(
A A
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ki = dL,9 (3.10.12)

i=1

where
. 1 .1 1
=1to 15: L =—[=3- — -
I | 2A%[Z( RS)ﬂle.]
. 1 - p. K sinf 1,1 A
=16to 25: L =—= )+t ——p +t=(=—-1 ’
I i ZAS[Ag,ﬂf(RS) ) P; 2(RS )T: (Asp)]
i =26 to 40: L = 1 [- AT, (ﬂip‘)- (T py) - ksl—nf‘ﬂspi]
2A, A A
Also,
i =1to15: ki =p, : 0 =0
i =16to 25: k. =0 , o} :Ai p, : (3.10.13)
R,
i =26 to 40: ki =-1; p, 0-=-iﬂ Pi
i f Mi ' i AS s Mi

3.10.3 Energy Functions

The total potential energy (3.8.7) is expressed in terms of displacements, material
stiffness, and external loads. For equilibrium, the total potential energy is stationary with
respect to kinematic variations in displacements us, us, and w. Applying (3.10.7) —

(3.10.12) in (3.8.7), the total energy becomes (in non-dimensional terms):
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aao O [Tikik; +T.00,]Adf dsd, d,
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+288 G P8P &I d d

i=1 j=1

+

@Zp [P (5.f) p;(5,f)]df d; d;

Qog
Qog

c
2

.I_I‘
1l

j=1

(3.10.14)

where

A

A; and [3ij are defined in Sections 3.5 and 3.10.1
r's t's F's, G's, H's, and L’'s are defined in Section 3.10.2
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CHAPTER 4 CIRCULAR ARCH-SHELL

4.1 Introduction

This chapter considers a single pressurized arch tube of circular shape in a vertical
plane. The single arch has been considered as a possible support structure for the
LANMaS. Another arch-shell whose profile in the x-y plane is non-circular and the
curvature is assumed to be a quadratic function of arc length will be discussed in Chapter
5. The purpose of this analysis is to gain an understanding of the behavior of pressurized
arches of different shapes.

The arch studied in this chapter has the following properties:

Base span: 25 .465m (83.546 ft)

Height: 12.732 m (41.773 ft)

Shape: Semi-circular

Cross sectional radius: 0.4 m(1.31ft)

Shell thickness: 2.5mm (0.098 in.)

Modulus of elasticity: 7 GPa (1015 ksi)

Poisson’ srétio: 0.3

Boundary conditions: Clamped in the vertical direction with

horizontal rollers and radial line springs with
high stiffness

Four types of loads are investigated first: full snow, half snow, wind, and uniform

side loads as discussed in Section 3.9. In this Chapter, the self-weight of the structure also
will be treated as one type of external load.
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4.2 Full Snow L oad

The full snow load is applied as described in section 3.9. The deflection of the
apex will be monitored in the vertical plane (global x-y plane) and the cross section plane

(global y-z plane).

A snow load Fy, which is non-dimensionalized with respect to internal pressure, is
applied to the structure. Figure 4.1 shows the downward deflection of the top meridian (at
f = 0) with the solid curve representing the original curve under no external load and the
dotted curve corresponding to Fo = 1. The deflection will increase when the load
magnitude is increased. The non-dimensional arc length x is zero at the left support and 1
at the right support in figure 4.1. Figure 4.2 depicts the deformed cross section profile
under the same load magnitude but at s = 0 with the undeformed profile represented by
the solid curve. The following displacement equations showing only the dominant terms
were obtained from (3.8.7) and utilized to plot figure 4.1 and figure 4.2:

u, ={1.5528inf - 1.555c0s2px sinf } F, (4.3.2)
u, ={-0.9569sin 2px + 0.06219sin 2px cosf } F, (4.3.2
w ={- 1.553cosf +1.553cos2px cosf } F, (4.3.3)

The following are the stresses and moment (only the dominant terms):

Ats=0,
1 1
N; =1.508+ m (- 89.61cosf - 3.579cos2f ) + > oot (17.34)
+ -
P 10 (4.3.4)
___PSNT o9g.8sinf +6.0225n %)
100 +p cosf
Atf =0,
N, =-4.498 - 0.8238cos2px (4.3.5)
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M, =-1.753*10 > + 0.0001862 cos2px (4.3.6)

Figure 4.1 Deflection of thetop meridian under full snow load at f =0

] ]
.......

Figure 4.2 Deformation of the cross section under full snow load at s=0
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Figures 4.3 (@) — (f) show the plots of the three displacements versus the arc length s and

anglef.

NI}

a) u versusf for full snow load

b) us versussfor full snow load

Figure4.3
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Figure4.3
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e)wversusf for full snow load

f) wversus s for full snow load

Figure 4.3 Displacements for full snow load



4.3 Half Snow Load

The half snow load is applied as described in section 3.9. The half snow load is
only symmetric about the global y-z plane. The deflections in the x-y directions are
monitored and plotted.

Figure 4.4 shows the downward deflection of the top meridian under a half snow
load distribution Fo = 1 with the solid curve representing the equilibrium configuration.
Figure 4.5 depicts the deformed behavior of the cross section profile for Fo=1at s= 0.
The displacement results show that there is some non-symmetry in displacements us and
w. Figure 4.6 shows the non-symmetry in displacement us plotted versus arc length s at f
= 0. The asymmetrical terms for the displacement equations are very small compared to
the symmetric terms. This indicates that the symmetric terms will dictate the behavior of
the curve if the applied load magnitude is small compared to the internal pressure,
particularly for displacement w. The following are the dominant terms for displacements,

stresses, and moment:

u; ={0.5284sinf - 0.5294cosZpx sinf }F, (4.4.2)
u, ={0.1321sinpx - 0.2725sin 2px}F, (4.4.2)
w ={-0.5288cosf +0.5288cos2px cosf } F, (4.4.3)
Ats=0,
N; =0.5726 +% (- 30.51cosf - 1.342cos2f )
1+ 100
P (4.4.4)
___PSNT 01.7sinf +2.258sin 2t )
100 +p cosf
Atf =0
N, = - 1.527 + 0.4023cospx (4.4.5)
M, =-6.567*10° +6.968* 10"° cos2px (4.4.6)
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Figure 4.4 Deflection of thetop meridian under half snow load at f =0

{x. 1)

Figure 4.5 Deformation of the cross section under half snow load at s=0
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Figure 4.6 usversus sfor half snow load at various f

4.4 SideLoad

The uniform side load J is applied as described in section 3.9. Figure 4.7 shows
how the deformation of the cross section of the arch-shell varies along the arch from arc
length s = 0 at the center to s = 50 at the base of the arch-shell for J = 0.001. From the
displacement results obtained, they indicate that there is little deformation at the ends due
to the high spring stiffness that resists the radial displacement. The deformation is largest
at the top of the arch at s= 0. Figure 4.8 depicts the deformation of the top meridian at f
=0 for J = 0.001 with the solid line representing the undeformed curve. The following

are the dominant terms for displacement, stresses, and moment:

u; ={-214.9cosf +215.2cosZpx}J (4.5.0
u, ={13.38sin Zpx sinf }J (4.5.2)
w ={- 214.9sinf +214.9cos2px sinf}J (4.5.3)

a7



Ats=0,

N, =21.80sinf - 1.335sin +1+1%(- 12402sinf )
P (4.5.4)
X (oa26snf)- — PSS 1208c0sf)
140 100(1+ P&
Atf =0
N, =0.1473- 0.1913c0S2px (4.5.5)
M, =2116%10"° - 2.125*10"° cos2px (4.5.6)

Figure 4.7 Deformation of the cross section of the arch-shell
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Figure 4.8 Deflection of thetop meridian under sideload at f =0

Figures 4.9 (@) — (f) show the plots of the three displacements versus the arc length s and
anglef for J=0.01.

a) U versusf for uniform side load

Figure4.9
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c) usversusf for uniform side load

Figure4.9
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e) wversusf for uniform side load

Figure4.9
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f) wversus s for uniform side load

Figure 4.9 Displacements for side load

45 Wind Load

The rough wind distribution as described in (3.9.31) is used as the pressure
distribution on the circular arch-shell. The distribution is applied to the arch-shell as
described in section 3.9.

Figures 4.10 and 4.11 show the deformed cross section and the top meridian
(global x-y plane) profile under this type of loading for Q = 0.01. The following are the
dominant terms for displacements, stresses, and moment:

us ={-1.157sinf +1.159cos2px sinf }Q (4.6.3
u; ={0.5483sin 2px - 0.05486sin 2px cosf }Q (4.6.9)
w ={1.158cosf - 1.158cos2px cosf }Q (4.6.5)
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Ats=0,

1

p 100

1

+ f
100(1+ 2

(0.6681sinf )

Atf =0
N, = 0.03327 - 0.003820cos2px

M, =-1247*10"" +3.127* 10 °® cos2px

{x. 1)

(- 0.03313)
(4.6.6)

(4.6.7)

(4.6.8)

Figure 4.10 Defor mation of the cross section under wind load at s=0
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Figure 4.11 Deflection of the top meridian under wind load at f =0

Figures 4.12 (a) — (f) show the plots of the three displacements versus the arc length s and
anglef.

Uy

-0.01 RN -7

-0.02

a) u versusf for wind load

Figure4.12
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f) wversus s for wind load

Figure 4.12 Displacements for the wind load

46 Sdf-Weight

The self-weight of the arch-shell is treated as part of the external load and applied
al aong the structure, as mentioned in section 3.8. The self-weight of the structure is
decomposed into three components. ¢, Qs, and ¢, acting in the f, s, and normal
directions, respectively. The following are the load formulas to represent the self-weight
al along the structure:

g, = - SWcosg cosf (7.5)
ds = SWsing (7.6)
g = SWcosgsinf (7.7

where
SW represents the self-weight magnitude, which is relative to the internal

pressure.
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The magnitude of the self-weight is taken much less than the internal pressure p,
as the material of the structure is lightweight and thin. The displacement resulting from
the self-weight is first obtained and then could be superimposed onto the results obtained
from the specific type of loading to find the actual behavior of the arch-shell under the
different external loads. In this thesis, the self-weight contribution was not included in
any of the displacement results obtained for the specific types of external loading. The
reason is that the contribution from the self-weight of the structure is very small. The
weight of the structure is more than 100 times smaller than the internal pressure applied
on the structure and plays little significance in the behavior of the structure. The plots of
the displacements versus the arc length s and angle f are similar to those for full snow

load except for the magnitude. The following are the dominant terms for displacements:

u; ={11.66sinf - 11.68cos2px sinf } SW (7.8)
ug ={-7.775sin 2px + 0.4833sin 2px cosf } SW (7.9)
w ={- 11.67cosf +11.67cos2px cosf } SW (7.10
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CHAPTER 5 NON-CIRCULAR ARCH-SHELL

5.1 Introduction

This chapter considers a pressurized arch-shell whose profile is non-circular in the
x-y plane and whose curvature is a quadratic function of arc length. The arch-shell has
the same properties as the circular arch-shell discussed in section 4.1 except for its
profile.

The behavior of the arch-shell is investigated under four types of loading
conditions: full and half snow loads, wind load, and uniform side load. In this chapter, as
before, all vertical deflections are measured from the pressurized equilibrium position
with positive normal deflection being outward.

5.2 Quadratic Curvature
The non-dimensional curvature in this chapter is assumed to be:

K(s)=a - bs? (5.2.1)

where

500,000

sisthe non-dimensionalized arc length

From (5.2.1), g the angle between the global y axis and the normal to the locus in

the x-y plane, becomes:
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g= (5I€(s)ds = (S(a - bs’)ds=as-ibs’ (5.2.2)

The vertical distance h and the horizontal distance x from the apex for positive s

are defined as the following, respectively:

h= (59”9 ds = CjSi”(a s- b s’)ds (0<s<50) (5.2.3)
X = (50039 ds= (f;;("os(a s- b s’)ds (0<s<50) (5.2.4)

Figure 5.1 shows the centerline profile and the positive direction of each axis. At s
= 50, the values of h and x are h = 30.63 and x = 34.78, whereas for the circular arch-

shell in Chapter 4 they are h = x = 100/p = 31.83. Therefore, this non-circular profile is
shorter and wider than the circular profile.

£(s)

Figure 5.1 Geometry of non-circular arch-shell
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5.3 Full Snow Load

The full snow load is applied to the arch-shell as described in section 3.9. The
vertical deflection of the top meridian and the cross section of the arch-shell are

monitored.

A snow load Fp with magnitude relative to internal pressure, is applied on the
structure. Figure 5.2 shows the vertical deflection of the top meridian (at f = 0) with Fo
=1, and the largest deflection occurs at the center of the arch-shell. Figure 5.3 depicts the
deformed cross section profile under the same load magnitude but at s = 0. The following

are the dominant terms for the displacements, stresses, and moment:

u, ={2.368sinf - 2.370cosZpx sinf } (5.3.1)

u, ={0.1462sin 2px cosf } (5.3.2

w ={-2.369cosf +2.369cos2px cosf } (5.3.3
Ats=0

1 p sinf .

N, =4.016+————(-136.7cosf ) - ——— (136.7snf 534

! 1+ 1°°§e°f ( ) 100 +p cosf ( ) (534
Atf =0

N, = 0.5461- 0.6185cosZpx + . (- 225.8 + 225.8cos2px) (5.3.5)

500000
5000p - p S°

1
M =
(5000p - ps?)(1+ o 2%0.)

5000p - p 2

~ (146.4sin 2px)

(5.3.6)
1 +(2.902*10° ® cos2px)

1-P (- 5000+s?
500000

From the results obtained under the same load magnitude Fo =1, the non-circular
arch-shell has larger deflections for al displacements (uf, us, and w) compared to the

circular arch-shell. The plot us versus s for the non-circular shape for Fo =1 is opposite of
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that for the circular shape as shown in Figure 5.4 (d). Figures 5.4 (a) — (f) show the plots

of the three displacements versus the arc length sand the angle f, for Fo =1.

Figure 5.2 Deflection of thetop meridian under full snow load at f =0

{x. 1]

Figure 5.3 Deformation of the cross section under full snow load at s=0
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Figure5.4
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e) wversusf for full snow load

f) wversus s for full snow load

Figure 5.4 Displacements for full snow load
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5.4 Half Snow Load

The half snow load is applied to the non-circular arch-shell as described in section

3.9. Both vertical and longitudinal deflections are monitored as the load is only

symmetric about the y-z plane.

Figure 5.5 shows the downward deflection of the top meridian (at f = 0) with the

half snow load distribution of Fy =1. Figure 5.6 depicts the deformed shape of the cross

section profile s = 0 under the same load magnitude. The displacement results indicate

that there is some non-symmetry in the displacement us with the largest occurring at the

top of the arch-shell. Figure 5.7 depicts the non-symmetric displacement us plotted versus

the arc length s at various f under Fo =1. The following are the dominant terms for

displacements, stresses, and moment for Fo =1

u, =1.182sinf - 1.183cosZpx sinf

u, = 0.1315sn 2x + 0.07299sin Zpx cosf
w =-1.183cosf +1.183cos2px cosf

Ats=0

%(- 227.5cosf ) - __psnf
1+ ;eC 100 +p cosf

N; =2.005+ (68.22sinf )

Atf =0

N, =-0.3088cosZpx + - (-112.7 +112.7 cos2px)

500000
5000p - p s°

1
M =
(5000p - ps?)(1+ o 2%0.)

5000p - p 2

~(133.9sin 2px)

+ ; (1.449* 10" ° cos2px)
1- p (- 5000+s°)
500000
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Figure 5.5 Deflection of thetop meridian under half snow load at f =0

Figure 5.6 Deformation of the cross section under half snow load at s=0
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Figure 5.7 usversus sfor half snow load at various f

5.5 Side L oad

The uniform side load is applied on the non-circular arch-shell as described in

section 3.9. The vertical deflection of the apex and the cross section shape are monitored.

Figure 5.8 shows the deformation of the cross section of the arch-shell at s =0
under auniform side load of J = 0.01. The deflection islargest at the top of thearch at s=
0. From the displacement results obtained, there is little deformation at the ends due to
the boundary conditions as described in section 3.7. Figure 5.9 depicts the deflection of
the top meridianat f = 0 and J = 0.01. Figures 5.10 (@) —(f) show the plots of the three
displacements versus the arc length s and angle f. The following are the dominant terms

for displacements, stresses, and moment:

u; =-10.90cosf +10.90cosZpx cosf (5.5.1)
u, = 0.6771sin 2px sinf +0.01299sin 2px sin 2f (5.5.2
w=-10.89sinf +10.89cos2px sinf (5.5.3
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Ats=0

1 . p sinf
N: =0.7136 + ———— (- 628.3sinf ) - ——— (- 628.6cosf 554
! 1+1°°§e°f( ) 100 +p cosf ( ) (554
Atf =0
_ 1
N, = m(ZS?Z- 2.372c0s2px) (5.5.5)
5000p - p 2
M, =(6.212*10° +1.151*10"° cospx) (5.5.6)

Figure 5.8 Deformation of the cross section under sideload at s=0
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Figure 5.9 Deflection of thetop meridian under sideload at f =0

a) U versusf for uniform side load

Figure5.10

70



Uy

b) us versus sfor uniform side load

uS
1
0.5
¢
s {3 3 2
2 2
-0.5
s=25
-1t

c) usversusf for uniform side load

Figure5.10
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f) wversus s for uniform side load

Figure 5.10 Displacementsfor sideload

5.6 Wind Load

The rough wind distribution described in (3.9.31) is used as the pressure
distribution on the non-circular arch-shell. The distribution is applied to the arch-shell as

described in section 3.9.

Figure 5.11 shows the deformed cross section and meridian profile under a wind
pressure of Q = 0.01. The plot us versus s for the non-circular shape for Q = 0.01 as
shown in Figure 5.12 (d) is opposite to that of the circular shape. Figures 5.12 (a) —(f)
show the plots of the three displacements versus the arc length s and angle f. The
following are the dominant terms for displacements, stresses, and moment under a wind

pressure of Q = 0.01:

u; =0.02696sinf +0.02699cosZpx sinf (5.6.1)

u, = 0.001675cosf sin 2px - 0.00002738sin Zpx cos2f (5.6.2

73



Ats=0

Atf =0

w = 0.02698cosf - 0.02698 cos2px cosf

N, =-0.04554+ = (1557cosf )- PS4 sgsin)
1+ 100 +p cosf
1
5000p - p 2

M, = (1.004*10° +1.599* 10"° cospx)

a) Deflection of the top meridian under wind load at f =0

Figure5.11
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b) Deformation of the cross section under wind load at s=0

Figure 5.11 Deformed meridian and cross section profiles
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f) wversus s for wind load

Figure 5.12 Displacements for wind load
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CHAPTER 6 FORMULATION USING SYMMETRY

6.1 Introduction

In Chapters 4 and 5, the Rayleigh-Ritz method is used by assuming the
displacement equations (3.10.1) — (3.10.3) and incorporating them into the strain-
displacement relations of Sanders. The strains and curvatures alow the total potential
energy to be fully expressed in terms of displacements, the materia properties, and the
loads. The displacement equations in (3.10.1) — (3.10.3) are for a general loading. They
include forty terms. Within these forty terms, both symmetric and non-symmetric
functions are contained to model the behavior of the arch-shells under various types of
loading as discussed in section 3.9.

However, from further analysis of the full snow loading which is symmetric in
both coordinatesf and s, the general displacement equations used in Chapters 4 and 5 are
not sufficient to model the behavior of arch-shells under this type of loading. The reason
is that the general equations used in (3.8.7) do not have enough symmetric terms to
model the deformation of the arch-shell accurately. In order to obtain a better result,
additional symmetric termsin f and s for the displacement equations are required. In this
chapter, newly formulated displacement functions p; in (3.10.4) — (3.10.6) are used for a
circular arch-shell under various types of loading. The non-symmetric terms, which give
zero values for the displacements, are replaced with additional displacement functions.

There are four types of loads being investigated in the following sections. All
cases have the same material properties and dimensions unless specified otherwise. In all
cases, a circular arch-shell with circular cross section of radius 0.15m is considered. An

internal pressure of 400kPais applied on the structure.
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6.2 Full Show L oad

There are two cases of full snow load being investigated, using 26 and 33
displacement functions. The new functions eliminate the need for the springs at the
support and for (3.8.5). These new functions model the supports as clamped bases and
will give radial displacement w = 0 at the bases.

6.2.1 Formulation using 26 Displacement Functions

The full snow load with magnitude Fy is applied on the circular arch-shell as
described in section 3.9. The displacement functions are expanded to twenty-six terms by

adding more symmetric functionsin f and s. Below are the displacement equations:

8 5 &
U =a dp ; us=a dp ) w=ga dp (6.1)
i=1 i=9 i-18

where

d; is defined in section 3.10.2

p, =sinf p, =sinf cos2px

p; =sinf cos4px p, =sn2f

Ps =sin2f cosZpx P = SN 2f cos4px

p, =sinf cos6px pg =Sin X cos6px

Py = SN 2px Py, = cosf sin 2px

P, =sin4px p,, = cosf sin4px

p;; =cos2f sin 2px P, = cos2f sin4px (6.2)
Pis = SN 6pX P, = cosf sin 6px

p,; = cos2f sin Gpx Pe =1- cos2px
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P,y =1- cosdpx P,, = cosf (1- cosZpx)
p,, =cosf (1- cos4px) p,, =cosZf (1- cos2px)
P, = cosZf (1- cosdpx) p,, =1- cos6px

p,s = cosf (1- cos6px) p,s = Cos2Zf (1- cos6px)

The following are the displacement results:

dy = 2.119 d =-129.9
ds = 112.7 d, = 0.03820

ds = 0.03792 de = -0.07367

d; = 15.12 de = -0.003076

de = -65.05 dyo = 2.921

dy = 28.24 d = -4.951

dy3 = -0.0005101 ds = 0.001761 (6.3)
dis = 2.518 0 = -1.026

dy7 = 0.00001215 dis = 0.001540

dho = 0.002573 tho = -129.9

oy = 112.7 dpe = 0.07543

Ops = -0.1458 dps = 0.002059

tps = 15.10 tps = -0.005780

From the displacement results shown in (6.3), certain values are small,
particularly those with displacement functions (6.2) that contain sn2f and cos2f . This
indicates that those terms are negligible. Figures 6.1 (@) — (f) show the three
displacements plotted versus arc length s and angle f under a full snow load Fo = 1 using
the 26 displacement functions. In this case, s = 133.33 and —133.33 at the supports
(nondimensionally). Figure 6.2 depicts the plot of displacement w versus arc length s
under a full snow load Fo = 1 without the prestress. Comparing figures 6.1 (f) and 6.2,
both plots have the same shape except the latter has a larger magnitude. From the
displacement results obtained, the initial prestress on the arch-shell has a significant
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impact on the behavior of the structure. The apex deflection is increased by two times
when excluding the initial prestress. Figure 6.3 shows the deformation of the cross
section at s= 0 for Fy = 0.001. Figure 6.4 depicts the deflection of the top meridian (at f
= 0) for Fo = 0.01 with the solid line representing the undeformed shape.

Results for the stresses and moment under a full snow load of Fp = 1 also are
presented. Figure 6.5 shows the plot of stress N¢ versus the angle f at s = 0. Figure 6.6
depicts the stress Ns versus the arc length sat f = 0. Figure 6.7 shows the plot of moment
Ms versus the arc length s a f = 0. The following are the results for the stresses and

moment for Fg = 1:

At s= 0 (only the dominant terms),

N; =20.34cosf + (- 22072cosf ) + (259.3- 21.57cosf )

1+ 800secf 3p cosf
3 800
- P (g279st)

800

Atf =0,

N, =-7.659- 14.34cos2px - 65.99cos4px + 21.11cos6px
M =-0.0005086 + 0.0001423cos2px - 0.0005930 cos4px
+ 0.0004523 cos6px
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Figure 6.1 Displacement plotsfor full snow load using 26 displacement terms
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Figure 6.2 w versus arc length swithout prestress

{X Y}

Figure 6.3 Deformation of the cross section at s=0for Fo = 0.001
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Figure 6.4 Deflection of thetop meridian at f =0for Fp=0.01
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Figure6.5 Ns versusanglef at s=0and Fp=1
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6.2.2 Formulation using 33 Displacement Functions

In this case, the displacement functions are expanded to thirty-three terms by
adding more symmetric functions in f and s. The purpose is to determine whether the
displacement results change significantly from the formulation using 26 displacement
functions. Below are the seven additional displacement functions:

Py = sinf cos8px Pog = sin 2f cos8px
P, = cosf sin8ox P, =COSs2f sin8px (6.4)
Ps; =1- cos8px p,, = cosf (1- cos8px)

ps; =cos2f (1- cos8px)

The functions p,, and p,; areadded to ur, p,, and p,, are added to us, and py; t0 Pgy

are added to w. The resulting coefficients are:

d,, =1.065 d,, =0.02178
d,, = - 0.09798 d,, =-0.001013 (6.5)
d, =-0.001188 d,, =1.063

d,, =0.04348

From the displacement results obtained, the new values affect the overall
displacement very little. The displacement plots are identical to the plots using the
formulation of 26 displacement functions except the magnitudes increase a little. This

suggeststhat the solutions are converging.

Figure 6.8 shows the plot of stress N versus the angle f a s = 0. Figure 6.9
depicts the stress Ns versus the arc length s at f = 0. Figure 6.10 shows the plot of
moment Ms versus the arc length sat f = 0. The following are the results for the stresses

and moment for Fo = 1:
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At s= 0 (only the dominant terms),

N; =21.21cosf + (- 22262cosf ) + (259.3- 21.57cosf )

800sect 3p cosf
1+ 50
i ﬁjpnczsf (83.51sinf)

800

Atf =0,

N, =-7.545- 14.49cos2px - 65.90cos4px + 21.06 cos6px - 6.701cosGox
M, =-0.0004663 + 0.00005973cos2px - 0.0005083cos4px
+ 0.0003674 cos6px - 0.0003562cos8px

Figure6.8 N versusanglef at s=0and Fp=1
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Figure6.9 Nsversusarclength satf =0and Fo=1
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Figure6.10 Msversusarclength satf =0and Fp=1
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6.3 Half Snhow Load

The half snow load with magnitude Fo is applied on the circular arch-shell as
described in section 3.9. The displacement functions are expanded to thirty-three terms
by adding more symmetric functions in f . Displacements that are not symmetric in f are
not included. The displacement functions used require restriction in displacement w at the

base on one side, thus a spring is added to that side (x = 1). Below are the displacement

eguations:
3 3 P
U =a dip Us=a dp , w=a dp (6.6)
i=1 i=10 i=26
where
p, =snf p, =sinf cospx

p; =sinf cosZpx
ps =sinf cosdpx

p, =sinf cos6px

p, =sinf cos3px
ps =Sinf cosSpx

pg =sinf cos7px

py =sinf cos8ox P = SINpX
Py = SN 2px P, =Sin3px
Pz = Sin4px p,, = cosf sinpx

p,s = cosf sin 2px
p,; = cosf sin 4px
Py = SN 6pXx
p,, =cosf sin6px
P,; = SiN8px

P, = cosf sin8px

Py = cosf sin 3px
Pg = SiN5px
p,, = cosf sin 5px
p,, =Sn7px

p,, = cosf sin 7px

(6.7)

P, = cosf (1- cospx)

p,, =cosf (1- cosZpx) p,g = cosf (1- cos3px)

P, = cosf (1- cosdpx) Ps, = cosf (1- cos5px)
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Py, =cosf (1- cos6px) ps, = cosf (1- cos7px)

Pa; = cosf (1- cos8px)

Figure 6.11 shows the downward deflection of the top meridian (at f = 0) with
the half snow load distribution of Fo = 0.5. The displacement results indicate that there is
non-symmetry in the displacement us with the largest occurring at the top of the arch-
shell. From figure 6.11, it can be seen that the right side of the arch-shell near the top
deflects downward under the load, and on the left side it bulges outward. Figure 6.12
depicts the deformed shape of the cross section profile at s = 0 under a snow load
distribution of F, = 0.001. Figure 6.13 (&) — (i) depicts the plots of the three
displacements versus the arc length s and angle f under Fo = 1. The following are the

dominant terms for displacements, stresses, and moment for Fo = 1:

U, =-55.07sinf cospx - 66.77sinf cos2px +66.22sinf cos3px
+56.00sinf cos4px - 14.45sinf cos5px

u, = - 54.79sinpx - 33.45sin 2px + 22.07sin 3px +14.02sin 4px

w =-55.07cosf (1- cospx)- 66.77cosf (1- cos2px) + 66.20cosf (1- cos3px)
+55.97 cosf (1- cosdpx) - 14.44cosf (1- cos5px)

Ats=0,
+
3p 800
i ﬁssmsf (42.75sinf )

800

Atf =0,
N, =-3.664- 7.498cos2px - 32.97cos4px +10.48cos6px - 21.09sin 3px
- 13.67sin 5px
M =-0.0001852cosZpx + 0.0007776cos4px - 0.0002436cos6px
- 0.0004903sin 3px - 0.0003212sin 5px
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Figure 6.14 shows the plot of stress N; versus the angle f at s = 0. Figure 6.15
depicts the stress Ns versus the arc length s at f = 0. Figure 6.16 shows the plot of
moment Ms versus the arc length sat f = 0. All the stresses and moment are under a load
of Fop=1

T -50 -25

Figure 6.11 Deflection of thetop meridianat f =0for Fo=0.5

Figure 6.12 Deformation of the cross section at s=0for Fo = 0.001
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Figure 6.13 Displacement plots for half snow load
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6.4 Wind Load

The rough wind distribution as described in (3.9.31) is used as the pressure
distribution on the circular arch-shell. The distribution is applied to the arch-shell as
described in section 3.9. In this case, the same displacement functions are utilized as in
section 6.3 for the half snow load, since the wind pressure is also symmetric inf  but not

S.

Figures 6.17 shows the deflection of the top meridian (at f = 0) with the wind
pressure of Q = 0.05. From figure 6.17, it can be seen that the left side of the arch-shell
deflects inwards due to the wind pressure and bulges outward on the right side due to the
suction. Figure 6.18 depicts the deformation of the cross section at s = 0 under a wind
pressure distribution of Q = 0.001. Figure 6.19 (a) — (f) depicts the plots of the three
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displacements versus the arc length s and angle f under Q = 0.01. The following are the

dominant terms for displacements, stresses, and moment under Q = 1:

U, =-132.2sinf cospx +89.44sinf cosZpx - 77.67sinf cos3px
- 61.04sinf cos4px - 41.98sinf cos5px
u, = -132.2sinpx +44.74sin 2px - 25.90sin 3px - 15.26sin 4px
w=-132.2cosf (1- cospx) +89.43cosf (1- cosZpx)- 77.64cosf (1- cosFpx)
- 61.00cosf (1- cosdpx)- 41.94cosf (1- cos5ox)

Ats=0,
N; =12.12cosf +18%(- 13462cosf ) + 3% — (156.2- 12.35cosf )
+
3p 800
- PN (50.49sinf)

800
Atf =0,
N, =8.246 +10.50cosZpx + 36.20c0s4px - 26.82cos6px +16.79cos8px
+24.53sn 3px - 39.79sn 5px + 23.758Nn 7px
M =0.0002483cos2px + 0.0008476 cosdpx - 0.0006308cos6px
+0.0003982cos8px - 0.0005751sin 3px - 0.0009331sin 5px
+0.0005608sin 7px

Figure 6.20 shows the plot of stress N¢ versus the angle f at s = 0. Figure 6.21
depicts the stress Ns versus the arc length s at f = 0. Figure 6.22 shows the plot of
moment Ms versusthe arc lengthsat f = 0. All the stresses and moment are under a wind

pressure of Q = 1.
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Figure 6.17 Deflection of thetop meridianat f =0for Q = 0.05

Figure 6.18 Defor mation of the cross section at s=0for Q = 0.001
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e) wversusf for wind load
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f) wversus s for wind load

Figure 6.19 Displacement plots for wind load
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6.5 Side Load

The uniform side load J is applied as described in section 3.9. The displacement functions
are expanded to thirty terms by adding more symmetric functions in s. Terms that are not
symmetric in s are not included. The new functions, like the case for full snow load
eliminate the need for the springs at the support and for (3.8.5). They model the supports
as clamped bases and will give radial displacement w = O at the bases. Below are the

displacement equations:

1 2 20
U =a dp ; Uus=a dip ) w=ga dp (6.8)
i=1 i=13 i=22
where
p,=1 p, =snf
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p; = cosf

ps =sinf cosZpx

P, = COS4pX

py = cosf cos4px

p,; =sinf cos6px

Pz = SN 2px

pis =Sinf sin Zpx

p,; = cosf sin 2px

P = SN 6pX

p,, = cosf sinGpx

P,; =1- cosdpx

p,s =sinf (1- cos4px)
p,, =cosf (1- cos4dpx)

P, =Sinf (1- cos6px)

p, = COSZ2pX

P = cosf cosZpx

pg =sinf cosdpx

Po = COSBPX

p,, = cosf cosepx

P, =Sin4px

P, =Sinf sin 4px (6.9)
p,g = cosf sin4px

Py, =Sinf sinGpx

p,, =1- cosZpx

p,, =sinf (1- cos2px)
P, = cosf (1- cosZpx)
P, =1- cosEpx

Ps, = cosf (1- cos6px)

Figure 6.23 shows the deformation of the cross section of the arch-shell at arc
length s = 0 at the center for J = 0.0001. From figure 6.23, it can be seen the deformed
cross section moves sideways. Figure 6.24 (a) — (f) depicts the plots of the three

displacements versus the arc length s and angle f under J = 0.1. The following are the

dominant terms for displacements, stresses, and moment:

U, =2156cosf +1942cosf cosZpx +177.3cosf cosdpx

+37.08cosf cos6px

u, =45.67sinf sin 2px +8.309sinf sin4px +2.588sinf sin 6px

w =-1942g8inf (1- cosZpx)- 177.2sinf (1- cos4px) - 37.03sinf (1- cos6px)

Ats=0,
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1 1

N, =8.022sinf + (-38053sinf ) + ———(8.346sinf )
1+ 3p cos

800sect
1+ 3?)ec 800
- PN (42.758inf)

800

Atf =0,
N, =-0.003662 - 0.004351cosZpx - 0.01597 cos4px + 0.01256 cos6px

M, =-9.682* 108 cos2px - 3.740* 10" cosdpx + 2.942* 10"’ cos6px

Figure 6.25 shows the plot of stress N; versus the angle f at s = 0. Figure 6.26

depicts the stress Ns versus the arc length s at f = 0. Figure 6.27 shows the plot of

moment Ms versus the arc length s at f = 0. All the stresses and moment are under a

uniform sideload of J =0.1.

{X, Y}

Figure 6.23 Deformation of the cross section at s=0for J = 0.0001
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Figure 6.24 Displacement plots for side load
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CHAPTER 7 CONCLUSIONS AND RECOMMENDATIONS

7.1 Conclusions

The behavior of two general arch-shell shapes was investigated under full and half
snow loads, a wind load, and uniform side load. In addition, modified symmetric
displacement formulations for the circular arch-shell under the loads mentioned above
were investigated. The conclusions drawn from these investigations will be summarized
below, along with recommendations for future research.

For both shapes, a circular and non-circular arch-shell, the results obtained
indicate that the general displacement equations used in (3.10.1) — (3.10.3) are not
sufficient to accurately model their behavior under the load types discussed in section
3.9. The reason is that the general equations do not have enough symmetric and non-
symmetric terms in f and s, which restricts the displacements of the structure. The
displacement us for both shapes shows some non-symmetry under half snow loading but
the values are very small compared to those from the symmetric terms. This indicates that
there might be a lack of important non-symmetric terms in the general displacement
eguations used in Chapters 4 and 5.

In order to improve the results, modified displacement formulations were
investigated for a circular arch-shell under several types of loading. In these new
formulations, all the terms in the previous formulations which gave zero values were
taken out and replaced by additiona terms symmetric in f or s, depending on the
loading. In Chapter 6, the behavior of a circular arch-shell was investigated under full and
half snow loads, a wind load, and uniform side load. The arch-shell with cross section

radiusr = 0.15m and an internal pressure p = 400 kPa was considered.

Two cases of full snow load were investigated, using 26 and 33 displacement
functions. For the case using 26 displacement functions, the results obtained show a
significant improvement in modeling the behavior of the arch-shell under the same
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loading magnitude compared to using the general displacement equations in Chapters 4
and 5. Figure 6.4 shows that the arch-shell deflects downward at the apex and bulges
outward on the sides, whereas the arch-shell only deflected downward for the general
case as shown in figure 4.1. The contribution of initial prestress to the overall deflection
is also excluded to investigate its impact on the arch-shell. The results indicate that the
initial prestress from the internal pressure has a significant impact on the overall
deflection, as the apex displacement increased by two times when excluding the initial
prestress. For the case using 33 displacement functions by adding additional symmetric
termsin f and s, the results obtained show the same behavior as the previous case using
26 terms under the same loading except for the magnitude which changes a little. This
indicates that the solution should be converging.

For the half snow load, using new formulated displacement functions, the results
obtained show good behavior of the arch-shell under this type of loading as compared to
results from Chapter 4. Figure 6.11 depicts the arch-shell deflecting downward on one
side under the loading and bulging outward on the other side, as expected under this type
of loading.

The results obtained for the wind pressure show a significant improvement in
modeling the arch-shell under this type of load compared to results from Chapter 4.
Figure 6.17 shows the arch-shell deflected inward on one side due to the wind pressure
compressing the structure and bulging outward on another side due to suction by the

wind.

In the case of uniform side load, making use of the symmetric properties, the
results obtained were also good in modeling the behavior of the arch-shell under this type
of load. Figure 6.23 shows the cross section of the structure moving sideways due to the

load.

Overall, if enough symmetric and non-symmetric terms are taken when using the
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formulated equations, good results can be obtained in modeling the behavior of the arch-

shell under the various loadings mentioned above.

Throughout the analysis in this research, the program Mathematica was applied to
the formulated equations to find the displacements, stresses, and moments along the arch-
shell. Some conclusions can be drawn from the application of this program. Mathematica
is essentialy a very useful, powerful, and user-friendly program. It can handle complex
derivatives, integration, and differential equations. Plots are easy to generate and to
import and export to other software programs. It is compatible with many other software
programs such as all of the Microsoft software, which allow data and plots to be
transferred. However, Mathematica also has its drawbacks: it requires a great amount of
RAM to do any large complex mathematical analysis. Thus, it is suggested that any large
complex analysis be done on a processor with very large memory space.

7.2 Recommendations

There are severa areas open for future research. These areas which deserve
further research should address are discussed below.

The material used during the numerical investigation of this research was
assumed to be homogeneous, isotropic, and linearly elastic. However, woven or braided
fabrics for pressurized structures may have different properties in various directions and
locations, which may significantly impact the behavior of the structure.

Only four types of loads have been considered in this thesis. Other load types,

such as a combination of wind and snow loading or loads acting at an oblique angle,
should be investigated as well.
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For the general displacement functions discussed in section 3.10.2, more
symmetric and non-symmetric terms should be included in order to better understand the

behavior of the pressurized arch-shell under various loading conditions.
The boundary conditions for the general loading used clamped bases with radia

line springs to restrict movement. A pinned base should be investigated to see how it
impacts the behavior of the structure.
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APPENDIX A: SAMPLE MATHEMATICA INPUT FILE

Parameters (Non-dimensional terms)

e Snow load:

h = 0. 0025

p = 500000

r=04

E, = Es = 7000000000

V¢=V5=0.3

7T

100
2=50

K =

S+2
22

Ro=1

R =1/ Qs[¢]) +1
A=1

A =1+ % s[é]
Ts=1/2

Tes=0

(2+ % Q0s[¢])
(2+ 2x Qos[¢])

f:

6=

B 1
Q’S'Z(lwd,) p

Py CoG. B 1
S R SRR
h=hy/r
P2=Pi1=G vs=Gvg
Ass=Ges = Gsh

3

Dy-D-Dp-0- L

12 (1—V¢V5) pl’3
Di2=Dp1 = Dsz= [%Vqs

_Gs® 1

Do 12 r3
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The Displacements (without using symmetry)

2
2

Usld, S] = ZZ (Vm+ V1, mn @S[N@] +V2,mn S NNe]) Qs [Mr £]

T m0
dy=2vo, O =Vio1, d3=Vo01, Os=Vip, Os= Vo, dg=2Vy, d7 =V, dg=Vou, dg=Vir,
dio = V212, d11=2V2, di12=V121, 013 = V221, dus = Vizp, di5 = Vo

2.2
Us[#, S] = ZZ(Um+Ul,mnCOS[n¢] +U mnSinNel) SN [Mr €]

n=1 m:

dig = 2U1, di7=U11, dig=Up11, Oig = U112, Opp = Upo Oh1= 2Up, O = Uz, O3 = Ui,
dog = Upop, dos=Uxxn

2 )
W$, S] = ZZ (Win+ W, mn QSN ] + V6, m n S N[N 1) DS [Mr €]

n=1 m:0

dog =2 Wy, o7 =Wo1, Oxg=Wo1, Oxg=Wop, O30=Wop O31=2W, 032 = W11, O3 =W,
O34 = W12, Ogs= W12, O3s=2W, O37= Wi, Ozg= W1, O3g= W, Ui =W

Pr=px=1

p2 = p27 = CoS[¢]

P3 = P2g = S N[4]

Pa = po = (OS[2 ¢]

Ps = P30 = S N[2 ¢]

Pe = P31 = QOS[x §]

p7 = px2 = Qos[¢] QoS[x €]

Ps = P33 = S N[¢] QOS[x €]

Po = P = (OS[2¢] DS [ €]
P10=p3s=Sn[2¢] Qs &]
P11 = P3s = QS[2 7 §]

P12 = P37 = Qos[¢] QOS[2 = €]
P13 = P3g= S N[¢] OS[2 n €]
P14 = P39 = S[2¢] QOS[2 = €]
P15 = Pag = S N[2¢] OS[2 = €]

P16=S N[ €]
P17 = Qs[¢]1 S N[ €]
P18 =S N[¢] S N[ €]
P1o=CQ0S[2¢] S N[ €]
P20=S N[2¢] S N[ €]
P21=S N[2 x €]
P22 = Q0S[¢]1 S N2 7 €]
P23 =S N[¢]1 S N2 7 €]
P24 = QS[2¢] S N[2 7 €]
P25 =S N[2¢] S N[2x&]
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Strain Displacement of Sanders

e The stiffness matrix for A1 term

W[, S]

o

~ 1
€pld, S] = — Op Uy, S] +

Tabl e[r; =64 pi, {i, 1, 15}]

Tabl e[ri = 0, {i, 16, 25}]

Table[ri = pi, {i, 26, 40}]

NL = Tabl e [k; j = Conpl exapmd[Re[j:ZLZR(Agl&ri ri)asas]], {i, 1, 40}, {j, 1, 40}]
e The stiffness matrix for Ao term

és[o, S] =1/AsosUs[o, S]+1 (A As) Uslo, S] (-%Sin(e]) +We, S]/Rs
_x9n[¢]
A

Tabl et; =é ds pi, {i, 16, 25}]

Tabl eft; = pi, (i, 1 15)]

Tabl e[t; ;S Bi, (0, 26, 40}]

N2 = Tabl e[ki,j = Gonpl ex&pmd[%[ﬁZZLz"(AQ&ti tj)asas]], ¢, 1, 40}, {j, 1, 40}]
e The stiffness matrix for A term
N3 = Tabl e[ki,j = Gonpl ex&pmd[Re[ﬁZZLz"(Agz&ri tj)asas]], ¢, 1, 40}, {j, 1, 40}]
N4 = Tabl e[ki,j = Gonpl ex&pmd[Re[ﬁZZLz"(Agz&ti rj)aeas]], ¢, 1, 40y, {j, i, 40}]
e The stiffness nmatrix for Ag term

~

(As 95 Us[d, S]+A; 05 Ugle, S] ~Us[d, S] (-2Sn[e]))

Yosldr S] =

A As
Tabl e[fi =+ o5 pi, (i, 1, 15}]
A
xS n[¢]
A
Tabl e[f; =0, {i, 26, 40}]

Tabl e[fi =a, pi + pi, {i, 16, 25}]

NG = Tabl e[k j = Conpl exapmd[ﬂe[j:ﬁf"(p%ﬁsfi fj)asas]], ¢, 1, 403, ¢, 1, 403]
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e Thestiffness matricestorestrict outward novenent at t he ends
s=-50

P26 =1

P27 = Qos[¢]

P2g = S N[¢]

P29 = C0S[2 ¢]

P30 =S N[2¢]

P31 =C0S[x €]
P32 = Qos[¢] QOS[ 7 €]
P33 =S N[¢] CoS[ €]
P34 = C0s[2¢] QoS[ 7 €]
P35 =S N[2¢] QOS[x £]
P36 = QS[2 7 €]

p37 = Qos[¢] COS[2 7 €]
P3g =S n[¢] QS[2 7 €]
P3g = Qos[2¢] QOS[2 7 £]
Pag=S n[2¢] QS[2 7 €]

Tabl e[N =0, {i, 1, 15}]
Tabl e[N =0, {i, 16, 25}]
Tabl e[N =pi, {i, 26, 40}]

NG = Tabl e[k j = Conpl exExpand[Re[cJ.h(N Ny as]], i, 1, 40}, ¢, 1, 40]
0

s=50

P26 =1

p27 = Qs [¢1]

P2g = S N[¢]

P29 = QoS[2 ¢]

P30 =S N[2¢]
p31=Qos[x €]

P32 = Cos[¢] QOS[7 €]
P33 =S n[¢] QS[x €]
P34 = Cos[2¢] QOS[7 £]
P35 =S N[2¢] Qs[x €]
P3s = QOS[2 7 €]

p37 = Cos[¢] QOS[2 7 €]
P3g =S N[¢] QS[2 = £]
P39 = Qs[2¢] QS[2 7 €]
Pao =S N[2¢] QOS[2 7 €]
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Tabl e[N =0, {i, 1, 15}]

Tabl e[N =0, {i, 16, 25}]

Tabl e[N =p;, {i, 26, 40}]

N7 = Tabl e[k j = Conpl exExpand[Re[cJ:"(N Ny as]], d, 1, 405, ¢, 1, 40]

e The stiffness matrix for T, term

Table[ta = pi, {i, 1, 15}]

Tabl e[ta = 0, {i, 16, 25}]

Tabl e[tg = -94 pi, {i, 26, 40}]

N8 = Tabl e[ki,j = Gonpl exExpand[Re[J._ZZJ;z"(T(,&ta tg)deas]], {i, 1, 403, g, 1, 40}]
e The stiffness natrix for Ts term

Tabl e[th =0, {i, 1, 15}]

Tabl e[th = = pi, (i, 16, 25}]
R
Tabl e[t b =-éas b, (i, 26, 40}]

NO = Tabl e [ki j = Conpl exExpand[Re[% jSOJZ"(&th th)asas]], {i, 1, 40}, {j, 1, 40}]
-50Jo
e The stiffness natrix for Djp term

. 1 [Uy[o, S 1
Kold, S1 = — 9 L“M - =
A R A
Tabl e[G =064 pi, {i, 1, 15}]

)
W[o, S]|
)

Tabl e[G = O, {i, 16, 25}]
Tabl e[G =-84 (84 Pi), {i, 26, 40}]

NLO- Tabl e[k = Conpl exapmd[ﬂe[f_:ZLZ"(mﬁsG G)asas]], €i, 1 403, {j, 1, 40}]

e The stiffness matrix for D2 term

. ( ) . ( : )
Ks[®, S] :%GS\M——} Os W¢, S| + AlA (-x3nie]) \M——} oW[¢, S|

AL K ) Ahs LR A J
Tabl e[H “T P, {i, 1, 15}]

1 0] .
Table[H = — a5 [ P |, i, 16, 25
M- o[ g ) @ 1029

Tabl e[H =Snp|ify['egg[¢] 9% P _;Sas i"z")], {26, 40)]

122



NI1 = Tabl e[ki j = Conpl exapmd[ﬂe[jz"jm([bﬁm H)asas]], i, 1, 40}, 4, 1, 40}]
0 J-m0
e The stiffness matrix for D2 term

NI2 = Tabl e[ki j = Conpl exapmd[Fe[j:Z 02"([32/33@ H)dsas]], i, 1 40}, ¢, 1, 40}]

NI3 = Tabl e[k = Conpl exapmd[Fe[j:Z 02"(Q2ASH G)asas]], ¢, 1, 403, {j, 1, 40}]
e The stiffness matrix for Osg term

xisle, 81 =1 (2A,As) (As oy (usle, S1/Rs-1/As 0s Wig, S) +
Asos (uslo, 81 /R -1/A0,Wio, S]) - (-2Sn(¢]) (Us[d, S]/Rs-1/As0s W[, S]) +
1/2 (1/R-1/Ry) (86 (Asusle, s1) -0s (A Usle, s1)))

Tabl e[ L =Snp|ify[2;s ;(3_;5)% pi)], i, 1, 15]

: 1 i <9 Nn[¢] 1(1 \ )
Tabl e[L; =G nplif TP+ = |— -1 1 , , 16, 25
el =Sy [ A (F;) R " 2(@ )a"’(&p)!] ¢ 2

o1 (0s pi ) RSN .
Tabl e[ L =smn||fy[ﬁ A0, ls;&:"J_asa¢ pi_K/SSWaS pi)], {i, 26, 40}]

NL4 - Tabl e[ki j = Gonpl exBxpand [Re 4f5° (DAL L) asas]], i, 1, 403, {j, i, 40]
e Thel oadterns under full snow! oad
SA
)’:J.Kdls
0
Us[6, S = Fo (S[¥])29 n[¢] Qs[4]

Tabl e[m j j (ds[¢, S1 pi )d1¢d15, {i, 1, 15}]

Os[¢, S]1 =F (Sn[y]) (Qs[y]) s[¢]

Tabl e[m f f (aste, s1pi A)aeas, {i, 16, 25)]

Onlé, S] = -Fo (s[¥1)* (s [41)°

Tabl e[m flﬁ 67f (anle, s1pi A) agas, {i, 26, 40}]

B=Tabl efm, {i, 1, 40}]
e S0l utions

S)I 1= '\[].+ '\Q+ '\B+ M-+ '\5+ |\B+ '\V+ '\B+ '\9+ N].0+ N].2+ N].3+ N].4
Sol n= Li near Sol ve [Sol 1, Bj

Tabl erdi =Sl n[ri11, {i, 1, 403
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e The nonent M and stresses N, and Ns under full snow | oad

15
Us [, SI =Zdi P
| =
25
Us[¢, S] = Zédi P
i=

40
W[¢, S] = Z d pi
i=6

Eold, S1 = — 0, Ugl, S+ 218 51
A

éslé, sS1=1/A0osusl¢, s1+1 (A A)Usle, SI (-%xSin[g]) +Wie, S1/R

A 1 (Ug[, S] 1 \
Keld, S1=— 0y | ——— - — 94 W[4, S]
A Y )
R 1 Us[e, ST 1 )
Ks[d, S] = — 05 | ———= -— 05 W[4, S]|+
A R
. Us [0, S
1 (-x Sin[el) (M]—l dp W9, 51)
A A Re A
G BN 1 .
M— 1—V¢ vs pr (€¢[¢, S] Vs GS[¢1 S])
Esh 1 . R
K= ————— = (&6, S]+vs€sld, SI1)
1—V¢VS r
N Es h3 1 .
= , S] + , S
M 12 (1-vevs) Pre (ks[@, S] +vgxysld, S])
Sl: Np+T¢
SZ: &*’TS
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