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Direct Sensitivity Analysis of Spatial Multibody Systems with Joint
Friction

Adwait D. Verulkar

(ABSTRACT)

Sensitivity analysis is one of the most prominent gradient based optimization techniques for

mechanical systems. Model sensitivities are the derivatives of the generalized coordinates

defining the motion of the system in time with respect to the system design parameters.

These sensitivities can be calculated using finite differences, but the accuracy and compu-

tational inefficiency of this method limits its use. Hence, the methodologies of direct and

adjoint sensitivity analysis have gained prominence. Recent research has presented compu-

tationally efficient methodologies for both direct and adjoint sensitivity analysis of complex

multibody dynamic systems. Multibody formulations with joint friction were developed in

the recent years and these systems have to be modeled by highly non-linear differential

algebraic equations (DAEs) that are difficult to solve using numerical methods. The sen-

sitivity analysis of such systems and the subsequent design optimization is a novel area of

research that has been explored in this work. The contribution of this work is in the devel-

opment of the analytical methods for computation of sensitivities for the most commonly

used multibody formulations incorporated with joint friction. Two different friction models

have been studied, capable of emulating behaviors of stiction (static friction), sliding friction

and viscous drag. A case study has been conducted on a spatial slider-crank mechanism to

illustrate the application of this methodology to real-world systems. The Brown and McPhee

friction model has been implemented using an index-1 formulation for computation of the

dynamics and sensitivities in this case study. The effect of friction on the dynamics and



model sensitivities has been analyzed by comparing the sensitivities of slider velocity with

respect to the design parameters of crank length, rod length, and the parameters defining

the friction model. Due to the highly non-linear nature of friction, it can be concluded

that the model dynamics are more sensitive during the transition phases, where the friction

coefficient changes from static to dynamic and vice versa.



Direct Sensitivity Analysis of Spatial Multibody Systems with Joint
Friction

Adwait D. Verulkar

(GENERAL AUDIENCE ABSTRACT)

Mechanisms have been in existence since the earliest days of technology and are more relevant

than ever in this age of robotics, artificial intelligence and space exploration. Innovations like

myoelectric and neural prosthetics, legged robotics, robotic surgeries, advanced manufactur-

ing, extra-terrestrial vehicles and so on are the modern day manifestations of the traditional

mechanisms that formed the backbone of the industrial revolution. All of these innovations

implement precision controlled multibody dynamic systems as part of their function. This

thesis explores the modelling of such dynamic systems using different mathematical formu-

lations. The contribution of this work is the incorporation of friction in the formulation of

such systems. The performance of any dynamical system depends on certain parameters,

which can be optimized to meet a certain objective criteria. This is achieved by performing

a sensitivity analysis with respect to those parameters on the mathematical formulation of

the mechanism. The derivation of this approach has been explored in this thesis. For the

benefit of the reader, the application of this method has been discussed using a case study

of a simple 3-dimensional slider crank mechanism.
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Chapter 1

Introduction

1.1 Background

There was a profound contribution to the field of dynamics by Sir Isaac Newton in the 17th

century when he laid down the very foundations of modern Physics in his book ’Philosophiae

Naturalis Principia Mathematica’ [70]. Several paradigms of engineering and mathematics

would not have existed, had it not been for his invention of calculus. Over centuries, mathe-

maticians like Jean d’Alembert [28], Leonhard Euler [33] and Joseph-Louis Lagrange [58, 59]

created the analytical foundation for the field of mechanical system dynamics that is rele-

vant even today. Although, the mathematical foundation for multibody dynamics had been

around since late 17th century, most mechanisms were relatively simple up until the turn

of the 20th century. This was largely attributed to the fact that synthesis of mechanisms

was done primarily through engineering graphics and manual calculations, and since the

equations were highly nonlinear in nature, this was an extraordinary challenge. The solution

techniques for these systems were developed mostly at the end of the 20th century, thanks

to the rise of digital computers. Multibody dynamics has since grown into a standalone

engineering discipline with an evergrowing community of active researchers.

From the onset of 21st century, the research in multibody dynamics shifted to modeling

of real systems. Real multibody systems are characterized by several non-linearities, like

joint friction, lubricated joints, joints with clearances and systems which have discontinuous

1
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velocity trajectories (hybrid dynamical systems). This research essentially addresses the

sensitivity analysis of a subset of such real multibody systems. Before going into the details

of this work, some fundamentals related to multibody dynamic systems will be discussed.

A multibody system has been defined as a collection of physical bodies that allow relative

motion subject to kinematic and dynamic constraints. A wide variety of mechanical systems

fall in this definition, ranging from agricultural and construction equipments, robots and

manipulators, vehicle systems, machine tools and so on. The motion of these systems, as

stated earlier, is governed by equations that depend on the kinematic constraints and exter-

nally applied forces and torques. The equations are highly nonlinear in nature and have been

traditionally expressed using differential-algebraic formulations (DAEs) involving Lagrange

multipliers. However, recently the ordinary differential formulations (ODEs) have become

more popular, owing to their computational efficiency, although at the cost of modeling

complexity.

A typical mechanical system comprises of links, that may be rigid or compliant. These links

are connected with joints, such as revolute, spherical, translational and so on, to constrain

the unwanted degrees of freedom of the links and create a useful transformation of the input

motion to the desired output motion. These joint constraints are classified as holonomic if

they constrain the relative positions of links. Any constraint other than these are deemed as

non-holonomic constraints. Non-holonomic constraints include, but are not limited to, veloc-

ity constraints and constraints with inequalities. Time-independent holonomic constraints

are called scleronomic constraints and those which include time are called rheonomic con-

straints. These mechanical systems are typically acted on by external forces, such as control

effort in the form of electronic and hydraulic actuators, or other external forces such as

friction, elastic forces through coil springs, leaf springs and tires, damping forces through

dashpots, lubrication and shock absorbers and almost universally by gravitational forces.
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Computational kinematics and dynamics is a subset of the field of multibody dynamics that

involves solution of the governing equations of a given mechanical system through numerical

algorithms and consequently generating a time history of the system under consideration.

Typical multibody dynamics software packages, such as MSC Adams, Siemens, Hyperworks

and MBSVT to name a few, handle various tasks such as data manipulation, data validation,

model creation and assembly, numerical integration and also sensitivity analysis. Compu-

tational kinematics and dynamics is often compared with finite element analysis (FEA),

however, there are several fundamental differences. If the links of the multibody system

being considered are rigid, the simulation ignores the strains caused in the links due to this

motion since their magnitude is insignificant in comparison. It is only the case for flexible

multibody systems that the strains in the links have a substantial impact on the dynamics.

In both cases, however, the magnitude of overall system motion is large in comparison to the

strains in the links. The main objective of such a simulation, is to determine if the system is

performing the required motion under the action of input forces. A finite element simulation

on the other hand, involves displacements that are small compared to the overall dimensions

of the body and the primary concern of the engineer is failure analysis. Exceptional cases of

FEA, where the deformations involved are large, such as those in non-linear explicit dynamics

simulations like crash tests, can in theory, be used to simulate multibody dynamics. How-

ever, this would be an enormous waste of computational resources since the time required

for such simulations is usually quite high as compared to the time history being computed.

Since the sizes of matrices involved in multibody dynamics is smaller than those in FEA by

several orders of magnitude, the computational time is required is lesser. Moreover, it is not

just a question of nonlinear large deformations. Special FEA formulations are required to

simulate multibody dynamics because the problem is to have a formulation consistent with

the joint motion. For example, a rigid body rotation should not induce any strains in the

flexible bodies of the system which does not happen with the usual FEA formulations.
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1.2 Motivation and Research Objective

In recent years, multibody dynamics has evolved into a crucial tool of synthesis and design of

mechanical systems, having applications in a myriad of fields such as automotive, aerospace,

robotics and industrial automation, control and parameter estimation. The current state-

of-art research in the field of multibody dynamics is focused on topics like modeling and

simulation of hybrid dynamic systems, flexible multibody systems, bio-mechanical systems

and rehabilitation, modeling of systems with non-ideal joints such as those with clearances

and friction, and optimization of dynamic perfomance with respect to the design parameters .

Sensitivity analysis has been one of the most popular gradient-based methodology for design

optimization since quite some time. The techniques deployed most frequently are the direct

sensitivity approach and the adjoint sensitivity approach. The adjoint sensitivity approach

was first presented by Haug and Arora [49] in 1978 and this approach was extended towards

constrained dynamic systems in 1984 by Haug et. al. [43]. The direct sensitivity approach

for constrained dynamic systems was developed by Krishnaswami and Bhatti [56].

The objective of this thesis is the incorporation of joint friction in the dynamic formulations

of multibody systems and the development of analytical methods for computation of model

sensitivities through direct differentiation. In the following sections a brief history of multi-

body dynamics is provided. This helps one understand the reasoning behind the development

of the various mathematical formulations for multibody dynamics in the late 20th century.

Multibody formulations with joint friction were developed very recently. These systems have

to be modeled by highly non-linear differential algebraic equations (DAEs) that are difficult

to solve using explicit methods. The sensitivity analysis of such systems and the subsequent

design optimization is a novel area of research that has been explored in this work. The an-

alytical methods for computation of sensitivities have been derived for the most commonly
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used multibody formulations incorporated with joint friction. Thereafter, a review of the

various friction models applicable for multibody dynamic studies is presented. Two different

friction models have been studied, capable of emulating behaviors of stiction (static friction),

sliding friction and viscous drag. Finally, the current state-of-the-art research in sensitivity

analysis of multibody systems is given.

1.3 A Review of Multibody System Formulations

The pivotal literary contributions to the field of multibody dynamics were written in the

1970s and 1980s. The l977 IUTAM Symposium on Dynamics of Multibody Systems is consid-

ered the first major gathering of researchers working in this domain [65]. In the subsequent

years, several other gatherings took place, most of notable of which were gathering that

took place in 1983 hosted by NATO Advanced Study Institute [45], the 1985 Symposium on

“Dynamics of Multibody Systems” [10], and another in Dordrecht in 1992 [83] . A series of

workshops were also hosted by the German Aerospace Establishment at Oberphaffenhofen in

the late 1980s and early 1990s. These events brought about a monumental transformation in

the field of multibody dynamics. Until this points, the researchers in this field were working

independently and their knowledge was not being shared throughout the community. Devel-

opments in numerical simulations and the subsequent improvements in the computational

efficiencies were fundamental to furthering the progress of multibody dynamics. Many tech-

niques used today, such as relative and absolute coordinate frames, symbolic computation,

sparse matrix computation and the variety of numerical integration methods were developed

in this last quarter of the 20th century [81]. By the turn of the century, the first conference

on multibody dynamics in the eastern part of the globe took place in 2002.

A brief history of the multibody formulations and the derivations of the classical formulations
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has been summarized by Schiehlen [82, 84]. The simplest and most common formulation is

given in the generalized coordinate system by using the Lagrange’s equations which results

in a set of differential algebraic equations given by Equation (1.1).

Mq̈ +ΦT
qλ = Q (1.1a)

Φ = 0 (1.1b)

Generalized coordinates are also called as dependent or global Cartesian coordinates in

literature. The formulation resulting from these coordinates is known as Index-3, since the

system of equations need to be differentiated thrice in order to reach an ordinary differential

equation formulation. This concept of index of a DAE system is better explained by Lötstedt

and Petzold [62, 79]. The number of generalized coordinates is typically denoted by n and

the number of constraint equations is denoted by m. For a spatial system modeled using

point coordinates with Euler parameters or quaternions for rotation, n = 7nb, where nb

denotes the number of individual bodies of a system. Index-3 formulation can be converted

to Index-2 and more importantly Index-1 formulation for numerical solution. Multibody

systems modeled by Lagrange’s equations are known as redundant formulations as there are

more states than the number of equations of motion. The remaining states, which arise

from the Lagrange multiplier theorem, are the result of the constraint equations. Solution

of Index-3 systems is possible through ”divide and conquer” techniques [23] but it cannot be

solved using a simple matrix inversion. Index-1 formulation can be solved by matrix inversion

which is an improvement over the recursive techniques. However, index-1 formulations of

multibody systems have a double zero eigenvalue due to differentiation of the constraints

and hence are numerically unstable [84]. If explicit integration methods are used to obtain

the velocities and the generalized coordinates from the accelerations in index-1 formulations,

then the constant numerical errors generated in the acceleration constraints creates an error
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in the constraint equations which grows quadratically in time. Baumgarte [5] provided

stabilization techniques to curb the error propogation and subsequent constraint violation.

Nikravesh presents the application of Baumgarte stabilization to index-1 formulation [72].

Although numerical techniques were being discussed to address the disadvantages of La-

grange based multibody formulations, new approaches targeting the elimination of the La-

grange multipliers altogether were also developed. Index-1 formulation can be represented as

a second-order ODE if the Lagrange multipliers are precomputed using the constraint Jaco-

bian. Equation (1.2) computes the Lagrange multipliers as a function of external generalized

forces Fext, inertia matrix M and the constraint Jacobian.

λ = −
(
ΦqM−1ΦT

q
)−1 (c −ΦqM−1Fext

)
(1.2)

Substituting Equation (1.2) in the index-1 formulation gives a second-order ODE form of

the index-1 formulation. This equation can be solved if and only if M is non-singular and

Φq has full row rank. These equations have been presented several times in the literature

[40, 51, 61, 62]. It is also possible to convert index-1 formulation to a system of ODEs

by pre-multiplying both sides of Equation (3.6) by a matrix ΓT which spans null space of

the constraint Jacobian matrix Φq. In other words Γ ∈ Rn×n−m is the orthonormal basis

of Φq and ΦqΓ = 0. This eliminates the Lagrange multipliers and yields a formulation

which is aptly known as the null-space formulation. This formulation is equivalent to Kane’s

equations [52, 53] and have been derived by de Jalón et al. [38]. The review paper on

constrained dynamical system by Unda is also a great read on this topic [91].

Multibody systems are constrained dynamical systems, which means that they have cer-

tain predetermined degrees of freedom. These degrees of freedoms can be represented by

something known as independent coordinates. These formulations were known as minimal
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coordinate formulations, since they resulted in ordinary differential equations where the

number of states were exactly equal to the number of equations being solved. Most of these

formulations were based on Maggi’s equations [63, 64]. The equations were originally pub-

lished at end of the 19th century and were translated in English by Neimark and Fufaev [69].

The elimination of Lagrange multipliers in the equations of motion for constrained dynami-

cal systems by using Maggi’s equations was shown by Kurdila et. al. [57]. Since constraint

forces depend on Lagrange multipliers, a means to calculate the constraint forces in Maggi’s

formulation for multibody dynamics was presented by Papastavridis [76]. In Maggi’s formu-

lation, the appropriate choice of the independent coordinate for the dynamic system is the

responsibility of the engineer. However, this is not a trivial task. There are three primary

reasons as pointed out by Laulusa and Bauchau. Jalon et al. tried to address this issue in

their relatively recent paper on the solution of the Maggi’s equations [39].

There is a debate in the multibody dynamics community on which formulation should be used

for modeling the system at hand. Lagrange’s equations are easy to derive and understand,

but give rise to redundant states. However, the matrices involved in Lagrange’s equation

can utilize sparse matrix optimizations. Maggi’s equations are difficult to derive and the

matrices involved, viz. the null space Γ and the right inverse of the constraint Jacobian, are

expensive to compute. The main advantage of Maggi’s equations is not in the reduction of

the states, but in the change of the nature of equations from differential algebraic equations

to ordinary differntial equations. All formulations in minimal coordinates are variants of

the Maggi’s formulation and differ in the way in which the null space Γ is computed. These

include singular value decomposition, LU factorization and so on. A more detailed discussion

on the comparative study of ODE versus DAE formulations has been presented in [60].

Another formulation that is relatively popular is the modified Lagrangian formulation pre-

sented in 1988 by Bayo et al. [8]. This formulation is an n-state ODE formulation in
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generalized Cartesian coordinates. The authors present a means to accommodate the con-

straint equations directly in the equations of motion using a penalty formulation, instead of

appending them using Lagrange multipliers. The proposed method is very versatile, with

capabilities to model both holonomic and non-holonomic constraints. Additionally, this

formulation performs well even for redundant constraints and systems exhibiting kinematic

bifurcations or singularities. The price for this versatility is paid in the fact that it is an

approximate formulation. It does not satisfy any of the constraint conditions in their ana-

lytical form, however decent accuracy can be achieved numerically if the penalty factors α

have a proportionately large magnitude and appropriate values for damping ξ and natural

frequency ω are chosen. This formulation will be discussed in detail in Chapters 3 and 4.

Despite the several advantages of penalty formulations, in practice it is rarely used in its

standard form. In the same paper [8], where Bayo et al. present the penalty formulation,

a numerical conditioning method is applied to get better accuracy in the satisfaction of the

constraints without the need to choose large penalty factors. While large penalty factors

yield good accuracy, this benefit is offset by the numerical errors generated due to large

number computations, such as loss-of-significance and round-off errors. Bayo proposed the

augmented Lagrangian technique used in optimization studies to converge the Lagrange

multipliers to a certain tolerance. This is leads to an iterative formulation penalty formula-

tion, where the convergence loop is interlaced within the integration loop for the dynamics.

This method is known as the penalty-augmented Lagrangian formulation. A few years later,

in 1996, Bayo and Ledesma proposed the augmented Lagrangian index-3 formulation with

mass-orthogonal projection of states, velocities and accelerations. This formulation is based

on the penalty-augmented formulation. The satisfaction of the constraint equations and its

first and second order derivatives in time is difficult to achieve in the penalty-augmented

formulation as it tries to satisfy the function Φ̈ + 2ξωΦ̇ + ω2Φ = 0. However, Bayo and
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Ledesma used mass-orthogonal projections to obtain better estimates of the states, veloci-

ties and accelerations from the approximate solutions of the penalty-augmented formulation.

This formulation is known as the Augmented Lagrangian Index-3 formulation with orthog-

onal Projections (ALI3-P). This formulation has been discussed in Chapters 3 and 4 with a

more general form of the projections.

The most important formulations were discussed. For other formulations the reader is di-

rected to the literature by Laulusa and Bauchau [60], and Nikravesh [71]. A summary of the

various multibody formulations has been provided in Fig. 1.1.

Multibody Formulations

Minimal (ODEs)

Maggi

Hybrid/Mixed (ODEs)

UKF [90]Null SpaceIndex-1Penalty

Redundant (DAEs)

Index-1Index-2Index-3

Figure 1.1: Classification of multibody formulations.

In addition to the development of the various multibody formulations, there has been research

in other aspects of multibody systems, such as those with discontinuities in their velocity and

acceleration trajectories, flexible multibody systems and systems with imperfect joints. The

first two aspects of multibody dynamics are out of the scope of this work, however systems

with imperfect joints is the main focus. For the discussion on hybrid dynamical multibody

systems, the reader is referred to the references [20, 21, 22, 67]. The review paper by

Shabana is an overview of flexible multibody systems and presents the various methodologies

developed for such systems [85]. Coming back to imperfect joints in multibody systems, there

might be a variety of reasons that lead to the deviation of the joint performance from the ideal

behavior. These imperfections may include things such as joint clearances [34, 74], which
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may be unintentional due to wear or intentional due to backlash or to provide clearance for

hydrodynamic lubrication. In fact, lubrication in general deviates the performance of a joint

from the ideal due to viscous drag [35]. The imperfection that is the focus of this work is

joint friction. There has been some work on this topic in the late 1980s in the form a series

of papers where the theory of constraint addition and deletion was presented [50, 95, 96].

Over the years, there was progress made on this topic [36, 88] but efficient and generalized

formulations for joint friction were not described. The recent developments by Pennestri et

al. [77] which presents the formulation for multibody dynamics of planar systems with Dahl

friction and Blumentals et al. [15] have shown a lot of promise. Other recent works include

the papers by Wojtyra and Harleck [42, 94]. This work is primarily based on the formulation

presented by Haug [48] where he uses the Brown-McPhee friction model to simulate joint

friction in multibody dynamic systems.

1.4 A Review of Friction Models for Multibody Sys-

tems

Substantial work has been done on the development of friction models over the last 5 centuries

[66], yet not a single mathematical model has been developed that can conclusively model this

phenomenon [9]. This can be attributed to its dependence on a large number and variety

of parameters. The most significant of these being the relative roughness and stickiness

of the surfaces in contact and the magnitude of the normal force acting between those

surfaces. This surface roughness is not to be confused with the coefficient of friction, since

the coefficient of friction is a cumulative measure of the amount of friction force that can

be generated with a certain amount of normal force for two surfaces in contact. The other

parameters such as sliding speed, surface temperature, humidity and materials also play key
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roles. Surface temperature, for example, plays a huge role in automotive braking systems,

and is the dominant factor contributing to the brake fading phenomenon commonly seen in

auto racing. Not only does friction depend on the physical parameters of the system, it also

depends on the nature of the contact itself. Friction for sliding contacts is very different than

friction for rolling contacts. Lubrication also plays a key role, as it fundamentally alters the

nature of friction between two surfaces.

Berger points out very acutely in his review paper [9] that the friction model being used

should be appropriate for the dynamic model of the system. These two models cannot be

chosen independent of each other. For example, a system that has been modeled with a

highly accurate representation of the surface interaction, such as normal force variations,

sliding velocities and so on, will fail to predict the behavior of the system if the friction

model being used is too simplistic. Same is the case the other way around. A highly complex

friction model capable of modeling microscopic asperities and time dependent characteristics,

requires an equally complex system model. In other words, if the sensitivity of the system

dynamics to the friction parameters is small, a simpler friction model can be chosen.

Broadly, friction is modeled either as a continuous time phenomenon which is used in me-

chanics related problems or as a discrete time phenomenon which is used in control related

problems. For effective control of mechanical systems, it becomes necessary to estimate

friction in the system model. Hence, it is required that the friction models used for control

applications be easy to implement within the system dynamics. Ideally, it is preferred if the

friction model is continuous across the friction regimes (sticking and sliding) and the model

is non-stiff, differentiable and integrable. Moreover, the parameters used in the model should

have physical significance and be easy to measure/estimate. If the friction model is contin-

uous in time and has Lipschitz continuity in the systems states, it is possible to implement

it within the system dynamics using the theory of hybrid systems [23].
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For nearly 2 centuries, friction was modeled using the formulation proposed by Coulumb

in 1785. The model gave a range of values for zero relative velocity and a constant value

for non-zero relative velocities. The sign of the friction was decided based on the fact that

friction always acts in a direction so as to resist relative motion. In 1968, P. Dahl [26],

observed that small amplitude input forces also faced a reaction by elastic restoring forces.

He theorized that the macroscopic friction we observe in real life is just a manifestation if

the microscopic interactions and bonds formed between two contact surfaces. Unlike the

Coulumb friction model, Dahl thought of friction as a stress-strain like behavior in material

deformation tests. This idea was conveyed by Dahl by proposing a model that assumes

two bodies making contact through bristles, similar to a brush. The transition from static

to kinetic friction is similar to the transition from elastic to plastic deformation in ductile

materials. This analogy works perfectly, as explained below:

1. The static friction regime can be related to elastic deformation of the bonds and hence

upon removal of the applied force, the bonds return to their original state.

2. The transition regime from static to dynamic friction can be thought of as a plastic

deformation, where there is some hysteresis and the bonds do not return exactly to

their original states.

3. Finally the dynamic friction regime is analogous to fracture of the material, since the

bonds that are responsible for friction have eventually broken as the applied load is

higher than the amount which can be supported by the bonds. This regime is when

there is a constant shearing of the friction bonds.

There are multibody formulations which have incorporated the Dahl friction model [77].

Later, improvements were made to this model by Wit et al. [18] in 1995 as several models

started to emphasize the importance of velocity effects, which are extremely important in
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systems involving lubricated surfaces. There were two prominent limitations to the Dahl

model namely, it was a purely displacement based model and it did not account for the

fact the the load required to cause initial displacement of a body is always higher than that

required to sustain motion. Wit et al. model, which was created within a research collabora-

tion between the Lund Institute of Technology (Sweden) and the Laboratoire d’Automatique

de Grenoble (France), incorporated many behaviors of friction observed in experiments. The

friction model, that is more commonly known as LuGre model is a very versatile model ca-

pable of simulating the velocity and acceleration dependence of sliding friction, hysterisis

effects and pre-slip displacements. LuGre model also reproduces the Stribeck effect, which

is a non-linear dependence of friction on the relative velocity of the sliding surfaces. For a

finite velocity regime, the surface friction decreases with an increase in the sliding velocity.

Beyond a certain threshold however, friction starts increasing if the sliding velocity keeps

growing larger. This accuracy of the LuGre model however, comes at the cost of the model

complexity, as this is a 6 parameter model. Despite this drawback, the LuGre model for

friction is widely accepted in the controls community as it is very suitable for applications

requiring accurate macroscopic friction behavior but are not concerned with the finer de-

tails of interface response. Other models suitable for control of dynamical systems are the

Armstrong-Hélouvry model [2]. This model is a predecessor of the LuGre model and it in-

troduced temporal dependency of friction and the Stribeck effect. However, the pre-sliding

displacement phenomenon is described by a separate equation. Thus, it is required to intro-

duce a mechanism in the simulation to switch between the two equations, one for sliding and

one for stiction. The model is 7 parameter model, but due to the switching requirement an

8th parameter might be required. The Bliman-Sorine model [14, 73], which is also based on

the Dahl friction model. There are subtle differences in this model when compared to the

LuGre model. The Stribeck effect in Bliman-Sorine model is not the same as that observed

in experimentation. Moreover, the model has an oscillatory response in the stiction regime.
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Gonthier et al. [41] made further modifications to the LuGre model and presented a new

model in 2004. The authors added a dwell-time dependency to the LuGre to account for

the difference when the bodies transition from static friction to dynamic versus when the

transition is from dynamic to static. They also made changes to the bristle state to make

the dynamical model non-stiff at low relative velocities which was another drawback of the

LuGre model. Currently, this model shows promise as the results predicted by this model

match well with the literature. For further review of friction model, the reader is referred to

the paper by Marques on the topic [66].

Recent modeling approaches of hybrid dynamical systems may provide major breakthoughs

in friction modeling, which is a just a specific case of a hybrid dynamical event. Taylor

presents a MATLAB® based software package for hybrid dynamical systems and includes

the example of stiction as a hybrid system [89].

The models discussed above fall in the category of dynamic friction models and are very ver-

satile and capture the friction behavior really well, however, they are relatively difficult to

implement. Simpler models have been proposed each having their advantages and disadvan-

tages. Some prominent ones are the smooth Coulumb model [55] which is a continuous and

differentiable variant of the Coulumb friction model. However, it is incapable of modeling

stiction. Karnopp model [54] is capable of modeling stiction to some extent and the sliding

velocity within a certain dead band |v| ≤ vd is as considered to be zero. Pennestrí et al. have

provided a comparative study of some of these models using a simulation of the Rabinowicz

test [80].

A simple velocity-based friction model, primarily suited for control and real time applications

was provided by Brown and McPhee [16]. This model is a continuous function of velocity and

captures the Stribeck effect and viscous drag accurately. However, for the sake of simplicity,

the micro-asperities and time dependence of friction have been omitted. This is expected, as
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inclusion of these phenomenon would lead to reduced performance of the model for real-time

applications. The model has first order continuity and is differentiable which is important for

sensitivity analysis. The authors also compare this model with other other friction models

like Andersson model [1] and Specker et al. [86]. Brown and McPhee concluded that the

Andersson model agrees with friction behavior with a smooth transition from rest velocity

but the parameters used in the model are not very intuitive to understand and it is not

entirely clear how they would affect the shape of the friction force-velocity curve. Moreover,

both Specker and Andersson friction model predict viscous friction purely as a function of

velocity and do not include the normal force in their formalism.

In conclusion of this review, it can be said that the Gonthier et al. friction model and

the Brown and McPhee friction model are really well suited for multibody dynamic simula-

tions. The detailed friction modeling and a comparative study of these two models has been

presented in Chapter 2.

1.5 Current Research in Sensitivity Analysis

Over the years, several sensitivity analysis methodologies have been developed. Haug [46] de-

veloped the methodology using index-3 and index-1 formulations. Chang and Nikravesh [19]

added Baumgarte stabilization [5] to dynamic systems to prevent constraint violation. Pa-

galday and Avello [75] performed sensitivity analysis using Augmented Lagrangian Penalty

Formulation. While modeling spatial mechanisms, redundant constraints are a common

problem. In such cases, it is advisable to use penalty formulations. Direct and adjoint sen-

sitivity analysis using Ordinary Differential Equation (ODE) formulation was presented by

Dopico et. al. [31]. This formulation enables the use of standard well-established integration

schemes, like 4th-order Runge-Kutta, to be used for the solution of dynamics and sensitivi-
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ties. Zhang and Sandu [97] have developed a library for computationally efficient integration

of ODEs.

The direct sensitivity analysis approach is preferred only if the number of parameters is

relatively small [17]. As the number of parameters grows, this methodology becomes compu-

tationally expensive. On the other hand, adjoint sensitivity approach poses some numerical

difficulties during computations that need to be addressed by using proper multibody dy-

namic formulations. These drawbacks were addressed by Zhu et. al. [100] by using penalty

formulation for adjoint sensitivities. Zhu et. al. [101] benchmarked this methodology against

other popular approaches to sensitivity analysis and found that the total CPU runtime for

adjoint sensitivity analysis of a complex vehicle model was significantly less than the other

approaches.

In the past few years sensitivity analysis approach has been developed for hybrid systems, or

systems that have piece-wise continuous velocity trajectories. Corner et. al. [21] developed

the direct sensitivity analysis approach for such systems. These discontinuities might be

caused by events such as impacts which results in a sudden change of constraints. Most

recently, Corner [22] extended his work on hybrid systems and presented a methodology for

adjoint sensitivity analysis of hybrid systems.

Among other applications, sensitivity analysis can also be employed for parameter estima-

tion. Blanchard et. al. presented his work on parameter estimation for mechanical systems

with uncertain parameters using polynomial chaos representation of uncertainty [11, 12, 13].
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1.6 Conclusions

In this chapter, a brief history of multibody dynamics was provided. Various DAE and ODE

formulations were discussed in generalized cartesian coordinates and minimal coordinates.

A brief overview of complex multibody formulations such as hybrid-dynamical systems mod-

eled using event functions and flexible multibody systems was also put forward. Over the

years, several models for friction have been developed, but not all are suitable for inclusion

in the formulation of dynamic systems. The Dahl friction model and its variants LuGre and

Gonthier et al. friction model were the key milestones in this domain since they fundamen-

tally changed the way friction was being implemented. Their versatility enables them for

application is several areas of engineering, especially in dynamics and controls. Some simpler

velocity-based friction models were also discussed. The most prominent of which is of course

the Brown and McPhee friction model. Its capability of modeling the stiction phenomenon,

viscous drag and Stribeck effects in a relatively simple formulation with physically meaning

model parameters is commendable. This makes the model really suitable for applications in

real-time systems, such as those responsible for friction compensation. Finally, the current

research in sensitivity analysis was presented and how the techniques developed are appli-

cation to systems with friction was demonstrated. In the subsequent chapters, the theory

for modeling friction in multibody dynamics and the methodologies for direct sensitivity

analysis will be discussed.



Chapter 2

Modeling of Multibody Systems with

Friction

In this chapter, the process of modeling friction in dynamical systems will be discussed.

The chapter starts with a brief overview of friction and its nature. The importance of

friction modeling its relevance to the current research has been explained. After a brief

discussion using a simple block system, the chapter details the steps for incorporation of

friction in multibody dynamical systems. This process has been split into two parts, viz. the

computation of normal force at the joint interface and the characterization of friction at the

joint interface using two different friction models. The chapter ends with a benchmarking

study of the two friction models to assess their individual suitability for use in multibody

system models.

2.1 Overview of Friction in Dynamic Systems

Friction is simply the resistance to relative motion. As a result, friction is a very common

occurrence in dynamic systems, as almost all mechanisms involve some or the other form

of sliding or rolling contact elements such as ball joints, roller and thrust bearings, screw

joints and gears. Despite this ubiquity, friction in mechanical systems is an understated

phenomenon. Although the existence of friction is clearly acknowledged, it is often ignored

19
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during the modeling process. This greatly simplifies the equations and the exclusion of fric-

tion is justified by providing some means to mitigate friction such as lubrication, or smooth

surfaces. Friction being a dissipative force, often times it is accounted for in the overarch-

ing term efficiency of the system. However friction is one of the primary causes of wear

in mechanical systems due to generation of contact stresses. Friction along with Newton’s

third law of motion enables motion in all of the terrestrial vehicles and is responsible for

acceleration, braking and maneuvering. In precision controlled systems, it is very important

to compensate friction to achieve the required motion or output forces/torques. Olsson et

al. illustrates these intricacies of friction really well in their paper on friction and its com-

pensation [73]. All in all, it can be stated that for some systems, inclusion of friction in the

system dynamics is essential and needs to be modeled using mathematical formulations that

are appropriate for the application.

Speaking of the process of modeling friction, even the inclusion of simple Coulumb friction

in the dynamics of the system is a complicated task. This can be attributed to two things in

particular. Firstly, friction is a vectorial quantity and it always acts in a direction so as to

oppose relative motion. Secondly, friction in dynamic systems almost always depends on the

states of the system, and this dependency might be non-linear in nature. Consider a simple

system as shown in Fig. 2.1. For the moment, assume only the system at the top is being

analyzed, i.e., the system is 1-dimensional. The block is moving in the positive x direction

with a velocity v on a surface that has a coefficient of friction µ. The block is being acted

on by a constant applied force Fa at an angle θ. The equations of motion of this system can
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Figure 2.1: A simple dynamic system with friction.

be computed relatively easily, as shown below

N = Fa cos θ +mg (2.1a)

Ff = µN (2.1b)

mẍ = Ff + Fa sin θ (2.1c)

Say, it is required to compute the velocity of the block after a time ∆t. Given the acceleration
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calculated in Equation (2.1c), we have v′ = v + ẍ∆t. In fact, since all of the quantities

determining acceleration a are constant, the interval ∆t can be taken arbitrarily large so

long as the quantities v′ and v have the same directions/signs.

However, the equations of motion change substantially if an additional spatial dimension is

added. Now consider the plan view of the same system. The vectorial nature of friction

quickly becomes apparent. Friction force will always oppose relative motion and hence it

always acts in a direction opposite to that of relative velocity. In this simple case, vrel = v

as the surface is at rest, but friction acting between two bodies in motion is not uncommon

and the associated relative velocity might be in an arbitrary direction. Let the combined

external force on the system Fext = Ff + Fa, change the velocity v to v′ after the interval

∆t. This change in velocity is shown by a red arrow, which acts in the same direction as

Fext. This change in velocity at time t + ∆t results in a change in the friction force from

Ff to F ′
f , since friction will now act in a direction so as the oppose the new velocity v′. As

a consequence the net external force on the block will also change, both in direction and

magnitude, even though there was no change in the applied force Fa. Moreover, the point

of application of friction force is at the center of pressure, which might not be exactly below

the center of mass of the block. One might propose that such a system, with friction being

a dynamic vectorial quantity, is still solvable using vector algebra and numerical methods.

However, if the applied force Fa is a function of the system states, say the position x and

velocity v, the normal force N and consequently the friction force Ff , all depend on the

system states. Extracting these states to formulate a linear time-invariant system might not

always be possible. This is the reason why modeling friction in dynamic systems is a non-

trivial task. In other words, the inclusion of friction to the dynamic model of a system adds

non-linearity. This complexity arises even for a simple case of dynamic Coulomb friction

without giving consideration to stiction or any other friction phenomenon for that matter.
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Spatial multibody systems are highly non-linear systems due to the constraint equations

and velocity couplings. The reaction forces at the joints are non-linear equations of the

coordinates and Lagrange multipliers. In the subsequent sections, the modeling of joint

friction in multibody systems will be discussed. This process has been broken down into two

independent tasks:

1. the derivation of the normal force of contact between the joints

2. the selection of a suitable model for the frictional force acting between the contacting

surfaces.

2.2 Normal Force of Contact

In any dynamical system there exist constraint forces and torques acting between two bodies

at the joint interface.

These constraint forces depend on the type of joint and the number of degrees of freedom the

respective joint permits. Figure 2.2 shows these forces acting in the joint reference frame.

Consider that the body i shown in Figure 2.2 is connected to another body j (not shown

in the figure) at point P . This means that there is a joint at point P . Point P can be

located on the body i through vector s in the body-fixed reference frame x′ − y′ − z′. The

body-fixed reference frame x′ − y′ − z′ can be located globally using the position vector r.

A joint reference frame x′′ − y′′ − z′′ is defined at point P . The rotational transformation

matrix from the reference frame x′′− y′′− z′′ to the reference frame x′− y′− z′ is denoted by

C and that between x′− y′− z′ and the global frame x− y− z is given by A. The constraint

equations for the joint at point P are arranged in a vector Φ. Given this setup, Equation

(2.2) gives the expression of these forces as derived by Haug [48].
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Figure 2.2: Internal joint forces. Adapted from Haug [48].
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These forces and torques are in arbitrary directions, as seen in Figure 2.3, and they need

to be resolved along the joint reference axes in order to compute the normal force. Also,

the reaction torque manifests itself as a couple acting along a moment arm, since moments

applied at a point do not exist in real mechanisms. These forces acting as a couple constrain

the bodies in rotational degrees of freedom. It is important to note, however, that the these

forces acting as a couple do not contribute to the normal force between the joints, since they

are equal in magnitude and act in opposite directions.

Haug [48] has provided the resolution of joint forces and torques for cylindrical, translational,
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Figure 2.3: Forces in a cylindrical joint. Adapted from Haug [48].

and revolute joints. These joints can be modeled using a single joint type with different

degrees of freedom as shown in Fig. 2.3. Consequently, one model is sufficient to simulate

the behavior for all three types of joints, the only difference being in their constraint forces.

The main components of such a joint are the sleeve and the rod which guides it along a linear

path. This joint is defined by points P and Q. The distance between these points is denoted

by ak. Similarly the width of the joint is denoted by bk. These distances must be understood

as a generic distance along which the constraint forces would act to restraint the degrees

of freedom of the bodies, and must not be confused with the geometrical dimension of the

joint. The torque Ti
′′k and force Fi

′′k from Equation (2.2) has been represented graphically

in the figure. u′
x, u′

y and u′
z are unit vectors in the joint reference frame of body i. The main

objective of this analysis is to get the components of the torque Ti
′′k and force Fi

′′k along



26 CHAPTER 2. MODELING OF MULTIBODY SYSTEMS WITH FRICTION

the joint reference axes. The force components have been expressed in Equation (2.3).
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The components f ′′1k
z and f ′′3k

x will exist only for revolute and translational joints respec-

tively. As mentioned previously, f ′′3k
x does not contribute towards the normal force acting at

the joint interface. Taking the vector summation of these components results in the normal

force vector. However, since friction is only concerned with the magnitude of the normal

force, we have

Fn =

√
(f ′′1k

x + f ′′2k
x )2 +

(
f ′′1k
y + f ′′2k

y

)2
+ (f ′′1k

z )2 (2.4)

As it can be observed from Equation (2.3), the terms associated with torque cancel out after

addition and the normal force can be directly taken as the magnitude of F′′k
i from Equation

(2.2).

Now that the normal force acting at the joint interface has been computed, an appropri-

ate friction model must be chosen for the dynamics. The subsequent sections present two

different friction models, each having their advantages and drawbacks.
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2.3 Friction Models

The following subsections detail the modeling processes for the friction models used in this

research. Two friction models have been chosen, one being a static velocity-based model

(Brown and McPhee model) while the other is a dynamic state-space model (modified LuGre

a.k.a. Gonthier et al. model). The static Brown McPhee model is a recent friction model

and it seems very promising for use in multibody systems, due to its simplicity and ability to

model the friction effects which have the most significant impact on dynamics viz. stiction,

static-dynamic friction transitions and viscous effects. Moreover, this model has already

been implemented by Haug for Lagrange-based multibody formulations [48]. The dynamical

friction model developed by Gonthier et al. [41], was an improvement on the LuGre friction

model [18]. It is a more realistic friction model that has shown significant accuracy when

compared with the experimental friction behavior and hence it will be used as a benchmark

to evaluate the performance of the simpler Brown and McPhee model.

2.3.1 Joint Friction Model: Brown and McPhee

Haug [48] applied the Brown and McPhee [16] as an approximation to Coulomb friction

acting at the joint interface between two bodies. Under the assumption that most mechanical

systems are at least partially lubricated, the friction acting between such surfaces deviates

from the dry Coulomb friction model. Coulomb friction being a discontinuous function of the

sliding velocity during impending motion, or when the relative velocity is zero, Brown and

McPhee friction model [16] characterized this region with a gradual increase in magnitude.

This ensures that the friction model is differentiable, and it is represented by physically

meaningful parameters. Furthermore, this model includes the effects of static, dynamic, and

viscous friction. Most multibody systems may exhibit a viscous friction behavior, but for the
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sake of simplicity, the effect of viscous friction has been omitted in this work. Mathematically,

such a friction model (without viscous friction) can be represented by Equation (2.5).

Ff (v,µ) = Fnµd tanh
(
4
v

vt

)
+ Fn(µs − µd)

(
v
vt

)
((

1
4

v
vt

)2
+ 3

4

)2 (2.5)

This function has been visualized in Figure 2.4 for two different values of vt, µd, and µs each

and a normal force Fn = 100 N. From the graph it can be observed that, as the value of vt

reduces, the model tends to mimic the dry Coulomb friction model.

Figure 2.4: Brown and McPhee friction model. Fn = 100 N.

Since the expression for Fn(q, q̇,λ) was derived in Equation (2.4), the friction model can

now be implemented in any of the multibody dynamics formulations. In Chapter 5, a cased

study will be presented, where this friction model has been implemented using an index-1

formulation.
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2.3.2 Joint Friction Model: Gonthier et al.

A one-dimensional ODE formulation for friction was developed Wit et al. [18]. This model

is an extension of the Dahl model combined stiction with Stribeck effects. This model can be

considered as a combination of two models, namely a brush model for low relative velocities

and the dynamic Coulomb friction for high relative velocities. The model has become popular

in the research community as the LuGre model. Since it has been assumed in this model,

that two rigid bodies interact with each other through elastic bristles, the friction force can

be represented as a function of the bristle deformation z and the deformation rate ż. The

generated friction force from these bristles can be represented as

fbr = σ0 z + σ1 ż (2.6)

Here σ0 is the stiffness of the bristles and σ1 is a ”damping” coefficient for the bristle

deformation rate. It is important to note that the ODEs given by this formulation are very

stiff at low relative velocities, i.e. in the stiction regime, and need implicit ODE solvers. The

time constant for the bristle dynamics is inversely proportional to the relative velocity, but

the time constant for the overall system dynamics are small and constant during the stiction

phase. Hence, a reformulation for the bristle state was done by Gonthier et al. [41].

Gonthier et al. developed this friction model primarily for contact dynamics, where the

bodies are compliant in the normal directions. However, the governing physics are identical

for friction in contact dynamics and that in the dynamics of multibody systems. This

frictional model also incorporates the dwell-time dependency during the static friction phase.

The bristle state ż used in friction model Wit et al. was modified by Gonthier et al. into two

distinct sub-models, viz. żst during the static friction regime and żsl for the sliding friction

regime. A state variable s is responsible for the transitions from stick to slip phases and vice
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versa. The revised bristle deformation can now be written as

ż = s żst + (1− s) żsl (2.7)

Suppose this friction acts between bodies i and j, relative velocity can be represented by

uij = ṙj − ṙi and the unit vector along this velocity is given by ûij =
ṙj−ṙi
|ṙj−ṙi| . In Equation

2.7, s = e−(uij ·uij)/v
2
s and vs is equivalent to the transition velocity defined in the Brown

and McPhee friction model. As it is evident from Equation 2.7. as uij → 0, s → 1 and

(1− s) → 0. Thus, when the relative velocity is low, ż = żst. Similarly, as uij >> vs, s→ 0

and (1− s) → 1. Consequently, when the relative velocity is high, ż = żsl.

When the bodies are sticking to each other, the bristle deformation rate should exactly match

the relative velocity, or mathematically

żst = uij (2.8)

Similarly the bristle deformation rate in sliding can be defined in terms of the Coulomb

friction force, which acts opposite to the relative velocity with a magnitude proportional to

the normal force acting between the bodies. This can be expressed as

fC = µd Fn dirϵ (uij, vϵ) (2.9)

dirϵ (uij, vϵ) is a binary function that evaluates a unit vector along the direction of uij. It is

defined as

dirϵ (uij, vϵ) =


ûij; |uij| ≥ vϵ

uij

vϵ

(
3
2
· |uij |

vϵ
− 1

2

(
|uij |
vϵ

)3)
; |uij| < vϵ

(2.10)

For very small velocities (|uij| < vϵ), the dirϵ (uij, vϵ) uses a continuous function as shown
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in Figure 2.5.

Figure 2.5: Direction function for low relative velocities

The friction force applied by the bristles should match the Coulomb friction force when the

bodies are sliding. Setting Equation 2.6 equal to Equation 2.9 and solving for żsl (ż ≈ żsl),

we have

żsl =
1

σ1
fC − σ0

σ1
z (2.11)

This ODE has a time constant τbr = σ1/σ0, which represents how quickly the bristles read a

steady state deformation when the relative velocity is constant.

The final state equation for bristle deformation is

ż = suij + (1− s)

(
1

σ1
fC − σ0

σ1
z
)

(2.12)

When two bodies in contact start moving relative to each other, the bonds responsible for

friction shatter at once, and the friction dynamics is dominated by the bristle time constant
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τbr. However, when the bodies are coming to a rest from relative motion, the friction forces

do not develop at once. This phenomenon is known as the dwell-time dependency. As the

bodies slow down relative to each other, the microscopic asperities to settle and molecular

bonding to take place. Gonthier et al. considered this phenomenon in this model. The way

it is incorporated in the model is by introducing a new state sdw. The dynamics for this

state are defined as follows

ṡdw =


1

τdw
(s− sdw) ; s− sdw ≥ 0

1
τbr

(s− sdw) ; s− sdw < 0

(2.13)

Here τdw is the dwell-time dynamics time constant, and it is one of the parameters of the

model. As the maximum force during the stiction phase cannot exceed the static Coulomb

friction force given by fmax = Fn (µd + (µs − µd) sdw), a saturation function is introduced in

the model, to ensure that the force given by the model is the minimum of the bristle force

and the maximum Coulomb friction force. This function is given by

sat (fbr, fmax) =


fbr; |fbr ≤ fmax|,

ûij fmax; |fbr > fmax|.
(2.14)

The final consideration of this model is the incorporation of the viscous friction effect between

the sliding bodies, to account of any lubrication. A parameter σ2, which is the viscous

damping coefficient of the fluid, is introduced in the model. The final tangential friction

force is given by

Ff = − (sat (fbr, fmax) + σ2 uij) (2.15)

As it can be observed, this model is a seven parameter model. These parameters are: µs,

µd, σ0, σ1, σ2, vs, and τdw. The numerical tolerance vϵ should be taken as at most 1/10th of
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the Stribeck velocity vs.

2.4 Rabinowicz Stiction Experiment

In the previous sections, two different friction models were discussed. In order to compare

these models, with their relative advantages and drawbacks, a simple test case is presented

in the following sections.

2.4.1 Description

An experiment was proposed in 1938 by Bowden and Leben to study the stick-and-slip nature

of friction. In 1961, Rabinowicz [80] gave a more formal treatment to this experiment. Fig.

2.6 shows a schematic of the apparatus that is used for this experiment. It consists of a

block connected to a rigid support by means of spring. The block rests on a surface that

can move forward relative to the block at a constant rate, such as a conveyor system. Since

the surface has friction, the block sticks to the conveyor and moves forward with it and

consequently elongating the spring. As the block moves forward, the spring force builds up

to a point where the friction at the block-conveyor interface can no longer hold the block.

Figure 2.6: Bowden-Leben stick-slip experiment.
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At this moment, the block starts sliding in the direction of the spring and the spring starts

returning to its natural length. When the spring force has sufficiently reduced, the block

sticks to the surface once again and the whole process starts over.

This experiment can be modeled numerically to test out different friction models, as it can be

seen in literature [66, 78]. A simulation was created in MATLAB® for benchmarking Brown

and McPhee friction model against Gonthier friction model. The simumation parameters

have been listed in Table 2.1

Table 2.1: Bowden-Leben experiment parameters.

Parameter Symbol Value
Mass m 1 kg
Acceleration due to gravity g 10 m/s2
Spring constant k 2 N/m
Ramp velocity v 0.1 m/s
Coefficient of static friction µs 0.15
Coefficient of dynamic friction µd 0.1
Bristle stiffness σ0 105 N/m
Bristle damping σ1

√
105 N-s/m

Dwell time-constant τdw 2 s
Numerical tolerance ve = vt vs/100 = 10−5 m/s
Stribeck effect / Transition velocity vs 0.001 m/s

Viscous drag due to lubrication has been neglected in both models (σ2 = 0).

2.4.2 Results

The experiment was simulated for a total of 20 seconds. Figure 2.7 plots the friction force

computed by Brown and McPhee model versus that computed by Gonthier et al. model.

There are a few things that can be observed from the plot. First of all, the peak force as

predicted by Gonthier et al. model is slightly higher for the first time the block starts sliding,
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Figure 2.7: Friction force versus time.

than it is for the second time. This is in conformance with the experimental observations

of Rabinowicz. However, no such change in the friction peak magnitude is observed in the

Brown and McPhee model. The reason behind this difference in peak force is due to the

fact that Gonthier et al. is a dynamic friction model, while Brown and McPhee is a simpler

velocity-based model. The dwell-time dynamics discussed in Section 2.3.2 plays a key role

in this phenomenon. Since the model is initialized in the stiction state, the model state sdw

will not achieve equilibrium until the block starts sliding for the first time. For subsequent

peaks, of sdw ̸= 0 and hence there is less time before the block transitions from static to

dynamic friction, thereby limiting the peak friction force.

Another observation that can be made, is that Gonthier et al. model accounts for the dif-

ference in the transitions from static-to-dynamic and dynamic-to-static regimes.The abrupt

peaks that occur at time t = 10 s and t = 18 s in the Brown and McPhee model are not

observed experimentally or in the Gonthier et al. model. As Brown McPhee model only

considers the relative velocity for changing the coefficient of friction, it applies the peak

friction force for a very brief amount of time, since the relative velocity of the block with
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respect to the ramp is very low during that period. This is incorrect, since friction force

is always dissipative, i.e., it will never add energy to the system. However, the Brown and

McPhee model seems to ”push” the block forward when it is transitioning from a sliding to

sticking phase. However, this inaccuracy by the Brown and McPhee friction model does not

create a large error, since the magnitude of this force is very low and it occurs only over a

short time.

Finally, the transition is instantaneous in Brown and McPhee model, while in Gonthier et

al. model there is a time constant for the bristle dynamics. Hence, at t = 10 s and t = 18 s

there is a momentary drop in the friction force in the Gonthier et al. model, since the bristle

state has not stabilized and the required friction force cannot be provided instantaneously.

Figure 2.8: Absolute position and velocity of the block.

Figure 2.8 plots the position and velocity of the block for both the friction models. As it can

be observed, the position and velocity plots are very similar. Just like it was observed in the

friction plots for Gonthier et al. model, the first peak in the block position is slightly taller

than the second peak. As a result, the block also achieves greater velocity during the sliding

phase for the first time. This behavior is completely ignored by the Brown and McPhee
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model, and all the peaks have the same magnitude, both in position and velocity.

2.5 Conclusion

As per the numerical simulation of the Bowden Leben experiment, the Brown and McPhee

model is found to be capable of simulating reasonably accurate friction behavior despite its

modeling simplicity. Hence, it proves to be a good starting point for performing sensitivity

analysis of multibody systems with friction. In the upcoming chapter, various formulations

of multibody dynamic systems will be summarized. The changes in the formulation, due to

addition of the friction force computed in this chapter will also be discussed.



Chapter 3

Mathematical Formulations for

Multibody Systems

In the previous chapter, the computation of the normal force at the joint interface and the

resulting friction force at the joint was computed analytically. This chapter dives into the

following multibody formulations:

1. Lagrange formulations (Index-3, Index-2 and Index-1)

2. Stabilized Index-1 formulation

3. Penalty formulation (Mixed ODE formulation)

4. Augmented Lagrangian formulation

5. Matrix-R formulation (Minimal formulation).

These formulations are the most commonly used multibody formulations. A means to in-

corporate joint friction in the system dynamics will also be discussed in this chapter.

3.1 Lagrangian Formulations

The time history of multibody systems forms the basis for sensitivity analysis and dynamical

optimization. As mentioned previously, the two prominent approaches for multibody dynam-

38
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ics are the DAE formulations and ODE formulations. DAE formulations are distinguished

based on their indices, which is a measure of how many times the equations need to be

differentiated to convert them to an ODE. Joseph-Louis Lagrange developed the Lagrange’s

equations, which can be written for a constrained system as follows

d
dt

(
∂L

∂q̇

)
− ∂L

∂q +ΦT
qλ = Qext (3.1)

where L = T −V is the Lagrangian function, T and V being the kinetic and potential energy

of the system. The derivation of this equation from first principles can be found in various

literature [8, 58, 59]. Φq is the Jacobian of the constraint equations Φ with respect to the

dependent generalized coordinates q ∈ Rn. q contains the coordinates of the body-fixed

reference frames which define the positions and orientations of all the links of the systems

in a particular configuration and λ is the vector of Lagrange multipliers which represent the

constraint reaction forces. All of the external forces are represented by Qext. The kinetic

energy of the system can be further written as

T =
1

2
q̇T M q̇ (3.2)

In Equation (3.2) M is the inertia matrix of the system. Substituting Equation (3.2) into

Equation (3.1) we get the well known form of the equation of motion as follows

Mq̈ +ΦTλ = Qtotal (3.3)

where Qtotal = Qext − Ṁq̇ + Tq − Vq, and Qext represents all the external forces including

friction and velocity dependent inertia forces. All terms other than Qext in Qtotal are known

as the velocity coupling terms and are cumulatively represented by S. The formulas for

computing all of the terms required for multibody formulation is given in Appendix A.
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Equation (3.3) can also be obtained by d’Alembert’s principles of virtual work and the

application of Lagrange multiplier theorem [44, 47]. Equation (3.3) needs to be satisfied in

addition to the constraint equations

Φ(q, t) = 0 (3.4)

The combined system of Equation (3.3) and Equation (3.4) constitutes the index-3 formu-

lation for multibody systems.

The constraint equations can be differentiated with respect to time, to obtain the velocity

and acceleration constraint equations as follows

Φ̇(q, t) = Φqq̇ +Φt = 0 (3.5a)

Φ̈(q, t) = Φqq̈ + Φ̇qq̇ + Φ̇t = 0 (3.5b)

Equation (3.3) along with Equation (3.5a) form an index-2 DAE formulation. Since, high

index DAEs are difficult to solve, these formulations are not particularly popular. Equation

(3.3) along with Equation (3.5b) form the first practical formulation for multibody dynamics,

also known as the index-1 formulation. It is often represented in an augmented matrix form

 M ΦT
q

Φq 0


 q̈

λ

 =

 Q

c

 (3.6)

where c = −Φ̇qq̇−Φ̇t. For reasons that will become clear later on, it is advisable to represent

the friction forces separately. The index-1 constrained equations of motion for scleronomic
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multibody systems with joint friction can be written as

R = M(q)q̈ +ΦT
q (q)λ− QAf (q, q̇,λ)− Q(q, q̇, t) = 0 (3.7a)

Φqq̈ + (Φq · q̇)q · q̇ = 0 (3.7b)

Here QAf (q, q̇,λ) ∈ Rn is the combined vector of friction forces for all the joints. The

expression for the magnitude of the friction force Ff using the Brown and McPhee model

was expressed in Equation (2.5) and using Gonthier et al. model was given in Equation

(2.15). Suppose this friction acts between bodies i and j, the frictional force on these bodies

can be represented as

QAf
i (q, q̇,λ) = Ff · ûij (3.8a)

QAf
j (q, q̇,λ) = −Ff · ûij (3.8b)

where ûij =
ṙj−ṙi
|ṙj−ṙi| . Consequently the vector QAf can be written as an assembly of the

individual friction force or torque vectors for all of the bodies as seen in Equation (3.9).

QAf =

[
QAf

1 . . . QAf
i . . . QAf

nb

]T

(3.9)

Equation (3.7) can be written in a matrix notation as follows

 M ΦT
q

Φq 0


 q̈

λ

 =

 Q + QAf

c

 (3.10)
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3.2 Index-1 Formulation with Baumgarte Stabilization

Index-1 formulation is great for simple multibody dynamics studies, but for more complex

systems this formulation struggles with a few numerical difficulties. The direct numerical

solution of Equation (3.7) tends to drift off, since any error in the acceleration constraint

equation grows quadratically with time. This can be seen by assuming a constant error for

the acceleration constraints. Φ̈ = ϵ1 =⇒ Φ̇ = ϵ1 t + ϵ2 =⇒ Φ = 1/2 ϵ1 t
2 + ϵ2 t + ϵ3.

This problem can be overcome by replacing the acceleration constraint equations with a

self-stabilizing 2nd order differential equation as follows

Φ̈+ 2α Φ̇+ β2Φ = 0 (3.11)

This process was first presented by Baumgarte in 1972 [5]. In Equation (3.11) α and β are

positive constants, which is why this equation has stable poles. Assuming that α/β < 1, Φ

has an exponential form of solution as follows,

Φ = a1 e
λ1 t + a2 e

λ2 t (3.12)

where a1 and a2 are constant vectors which depend on the initial configuration of the system

while λ1 and λ2 are Eigen values of Equation (3.11) which have the form

λ1, λ2 = −α± i
√
α2 + β2 (3.13)

Since Equation (3.13) has a strictly negative real part, Φ is bound to converge to 0 as t→ ∞,

thereby stabilizing the solution. Even for α ≥ β, the system is stable, with the solution to

Equation (3.11) being of a different form. A parallel to these conditions may be found in

the critically damped and over damped 2nd order systems.
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The index-1 formulation can be re-written using Baumgarte stabilization as follows

 M ΦT
q

Φq 0


 q̈

λ

 =

 Q + QAf

c − 2αΦ̇− β2Φ

 (3.14)

3.3 Penalty Formulation

Bayo et al. modified the Lagrangian formulation [8] based on the Hamiltonian description

of dynamics in Equation (3.3), but instead of appending the constraint Equations (3.4)

to the formulation, the authors incorporated them in the formulation itself using penalty

factors. This approach leads to a system of ordinary differential equations as opposed to the

classical Lagrange’s DAE formulation. Penalty formulation consists of a system of n ordinary

differential equations (ODEs) as opposed to the differential algebraic equations (DAEs) of

the index-3 and index-1 formulations. The equation of motion for systems with friction can

be written as

Mq̈ +ΦT
qα
(
Φ̈+ 2 ξωΦ̇+ ω2Φ

)
= Q + QAf∗ (3.15)

where α is the penalty matrix and ξ and ω are damping and natural frequencies correspond-

ing to the Baumgarte’s stabilization method. The formulation is can expressed in a more

compact ODE form as follows

M̄ q̈ = Q̄ (3.16)

where

M̄ = M +ΦT
qαΦq (3.17)

Q̄ = Q + QAf∗ −ΦT
qα
(
Φ̇qq̇ + Φ̇t + 2 ξωΦ̇+ ω2Φ

)
(3.18)
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The following kinematic identities hold

Φ̇(q, t) = Φqq̇ +Φt ≈ 0 (3.19)

Φ̈(q, t) = Φqq̈ + Φ̇qq̇ + Φ̇t ≈ 0 (3.20)

In penalty formulation, the Lagrange multipliers are approximated with the following term

λ∗ = α
(
Φ̈+ 2 ξωΦ̇+ ω2Φ

)
(3.21)

Since, the exact Lagrange multipliers do not exist in penalty formulation, the friction force

vector QAf∗ is calculated based on the approximate Lagrange multipliers given in Equation

(3.21). The term that depends on the Lagrange multipliers in QAf∗ is actually the joint

reaction force Fn. The modified equation for the joint reaction force in the joint fixed

reference frame for a body i using approximate Lagrange multipliers is given by

F′′k
i = −CkT

i AT
i ΦkT

ri λ
∗k (3.22)

and the associated normal for in this joint is given by
∣∣F′′k

i

∣∣. In penalty equations, α is

usually chosen to be a diagonal matrix with large numbers, which creates the problem of

choosing the right penalty factors, natural frequencies and damping ratios. Usually ξ = 1

creating a critically damped system with a natural frequency ω = 10 rad. This works to some

extent for numerical simulations since it has been shown that the solution of Equation (3.15)

exactly matches with that of Equation (3.3) for infinite penalty factors [87]. However, very

large penalty factors lead to loss-of-significance errors. Moreover, penalty formulation does

not satisfy any of the constraint equations or its derivatives exactly, as seen from Equation

(3.20).
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Bayo et al. also recommended an augmented Lagrangian solution technique to avoid large

penalty factors and still achieve results within a sufficiently good tolerance [92]. Since not

choosing large enough penalty factors results in constraint violation errors, the approximate

Lagrange multipliers λ∗ need to be corrected during the solution. This iteration is set up as

follows

λ∗
i+1 = λ

∗
i −α

(
Φ̈+ 2 ξωΦ̇+ ω2Φ

)
(3.23)

with λ∗
i = 0. This iterative process can be incorporated in the integration of the equation

of motion itself, which leads to the augmented Lagrangian form of the penalty formulation.

Penalty formulations have also been shown to work well for kinematic bifurcations and

redundant constraints [6].

3.4 Augmented Lagrangian Formulation with Projec-

tions

The augmented Lagrangian formulation is an extension of the penalty formulation [8] and

was first introduced in 1996 by Bayo and Ledesma [7]. This formulation uses mass-orthogonal

projections for the solution to satisfy the kinematic constraints. This method is very well

suited for dynamic systems with redundant constraints, singular configurations or topology

changes. The major advantage of this formulation is that a high degree of accuracy is achieved

in satisfying the constraint equation and its derivatives during the numerical integration

process unlike the penalty formulation where only the weighted term
(
Φ̈+ 2 ξωΦ̇+ ω2Φ

)
is converged. This process is called constraint cleaning. There is no need for coordinate

partitioning or reduction of the states to achieve this accuracy, since it is achieved by means

of the mass-orthogonal projection.
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In penalty formulation, during the time integration process, a set of coordinates q∗ is ob-

tained, which do not satisfy the constraints Φ = 0. In order to satify these contraints, a

mass-orthogonal projection is performed onto the constraint manifold which yeilds a new set

of states q that satisfy Φ = 0. This is enforced by means of a constraint minimization cost

function V . The problem is formulated as

min
q
V =

1

2
(q − q∗)TM(q − q∗) subject to Φ(q,ρ, t) = 0 (3.24)

The addition of the mass matrix M to this cost function ensures the same leading matrix as

that in the dynamic equations of motion in Penalty formulation Equations (3.16). To ensure

satisfaction of the constraints, Equation (3.24) is modified to include terms dependent on

the constraint vector.

V ∗ =
1

2
(q − q∗)TM(q − q∗) +

1

2
ΦTαΦ+ΦTλ = 0 (3.25)

Bayo and Ledesma recommend a value of 107 for the penalty factors. The Jacobian of

Equation (3.25) is given by

H(q, t) = ∂V ∗

∂q = M(q − q∗) +ΦT
qαΦ+ΦT

qλ = 0 (3.26)

A Newton-Raphson iteration can be set up by a first-order expansion of Equation (3.26).

q{i+1} = q{i} − (M +ΦT
qαΦq)

−1(M(q{i} − q∗) +ΦT
qλ

{i}) (3.27a)

λ{i+1} = λ{i} +αΦ{i+1} (3.27b)

In Equation (3.27), the tangent matrix need not be updated for every iteration since q ≈ q∗.

i = 0, 1, 2, ... is the iteration index of the for the Newton-Raphson iteration. These converge
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for i → ∞ to the exact states and Lagrange multiplier values resulting from the solution of

the classical DAE system given by Equation (3.7).

Just like the projection of the states, the integration of the penalty equations of motion yields

a velocities q∗ that do not completely satisfy the constraint conditions Φ̇ = 0. To obtain

the mass-orthogonal projections to Φ̇ = 0, the following constraint minimization problem is

formulated.

V̇ ∗ =
1

2
(q̇ − q̇∗)TM(q̇ − q̇∗) +

1

2
Φ̇

T
αΦ̇+ Φ̇

T
σ = 0 (3.28)

where σ are the Lagrange multipliers for the projected velocities. The Jacobian of this cost

function is given by

H(q, q̇, t) = ∂V ∗

∂q = M(q̇ − q̇∗) +ΦT
qαΦ̇+ΦT

qσ = 0 (3.29)

The identitites Φq = Φ̇q̇ and Φq = Φ̈q̈. The iterations for the velocities and the associated

Lagrange multipliers can be set up as follows

(M +ΦT
qαΦq)q̇{i+1} = Mq̇{i} −ΦT

qαΦt (3.30a)

σ{i+1} = σ{i} +αΦ̇{i+1} (3.30b)

These iterations can be started by assuming q̇0 = q̇∗ and σ{0} = αΦ̇
{0}.

Finally, the cost function for the projections of the acceleration is given by

V̈ ∗ =
1

2
(q̈ − q̈∗)TM(q̈ − q̈∗) +

1

2
Φ̈

T
αΦ̈+ Φ̈

T
κ = 0 (3.31)

where κ are the Lagrange multipliers for the projected velocities. The Jacobian of this cost
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function is given by

H(q, q̇, q̈, t) = ∂V̈ ∗

∂q = M(q̈ − q̈∗) +ΦT
qαΦ̈+ΦT

qκ = 0 (3.32)

The iterations for the accelerations and the associated Lagrange multipliers can be set up

as follows

(M +ΦT
qαΦq)q̈{i+1} = Mq̈{i} −ΦT

qα(Φ̇qq̇ +Φt) (3.33a)

κ{i+1} = κ{i} +αΦ̈{i+1} (3.33b)

These recursions can be started by assuming q̈0 = q̈∗ and κ{0} = αΦ̈
{0}.

The Augmented Lagrangian Index-3 formulation with orthogonal Projections of velocities

and accelerations (ALI3-P) is given by

[
Mq̈∗ +ΦT

q

(
λ∗ +αΦ

)]{i}
n+1

= Q{i}
n+1 + QAf{i}

n+1 (3.34)

The algorithm in is often combined with a numerical integration scheme to solve the dynamics

equations alongside the Newton-Raphson iterative approach. The integration scheme for the

Newmark approach was presented by Dopico et al. [25].

q̇∗{i}
n+1 =

γ

βh
q{i}
n+1 + ̂̇qn ; where ̂̇qn = − γ

βh
−
(
γ

β
− 1

)
q̇n −

(
γ

2β
− 1

)
hq̈n (3.35a)

q̈∗{i}
n+1 =

1

βh2
q{i}
n+1 + ̂̈qn ; where ̂̈qn = − 1

βh2
qn −

1

βh
q̇n −

(
1

2β
− 1

)
q̈n (3.35b)

where β and γ are scalar parameters of the integrator, and h is the integration step-size.

If β = 0.25 and γ = 0.5, the above equations are implementations of the the well-known

implicit trapezoidal rule.
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Scaling by a factor of βh2 and replacing the unknown velocities and accelerations (q̇∗
n+1

and q̈∗
n+1) by their time discretized expressions, the dynamic equilibrium at time tn+1 is

established, resulting in the following system of non-linear equations with qn+1 and λ∗
n+1 as

the only unknowns.

g
(

q{i}
n+1, ̂̇qn, ̂̈qn, λ

∗{i}
n+1, ρ

)
= β h2

[
Mq̈∗ +ΦT

q

(
λ∗ +αΦ

)
−
(

Q + QAf
)]{i}

n+1

=
[
Mq̈ + β h2ΦT

q

(
λ∗ +αΦ

)
− βh2

(
Q + QAf

)]{i}
n+1

+ β h2
[
M̂̈q]

n

= 0

(3.36)

In each iteration of the Newton-Raphson process, an increment of the Lagrange multipliers,

λ∗
n+1 and an increment of the generalized coordinates, qn+1, q̇∗

n+1 and q̈∗
n+1 are taken by

means of the following expressions:

q̇∗{i−1}
n+1 =

γ

β h
q{i−1}
n+1 + ̂̇qn, (3.37a)

q̈∗{i−1}
n+1 =

1

β h2
q{i−1}
n+1 + ̂̈qn (3.37b)

Equation (3.37) are the integrator or time-stepping equations, where the states proceed

forward in time. This is followed by an update step similar to the ones derived in Equation

(3.27), but using the function g
(

q{i}
n+1, ̂̇qn, ̂̈qn, λ

∗{i}
n+1, ρ

)
. This iteration step is shown in

Equation (3.38).

[
∂g

∂qn+1

]{i−1} (
q{i}
n+1 − q{i−1}

n+1

)
= −g

(
q{i−1}
n+1 , ̂̇qn, ̂̈qn, λ

∗{i}
n+1, ρ

)
(3.38a)

λ
∗{i}
n+1 = λ

∗{i−1}
n+1 +αΦ

{i−1}
n+1 (3.38b)
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Combining Equations (3.35) and Equations (3.36), the Jacobian of the residual g can be

evaluated as follows:

[ ∂g
∂qn+1

]{i−1}
=

∂g
∂q̈n+1

· ∂q̈n+1

∂qn+1

+
∂g

∂q̇n+1

· ∂q̇n+1

∂qn+1

+
∂g

∂qn+1

= M{i−1}
n+1 + γ h

(
C{i−1}

n+1 + C{i−1}
n+1

Af
)

+ β h2
[
ΦT

qq

(
αΦ+ λ∗

)
+ ΦT

q αΦq + K + KAf
]{i−1}

n+1

(3.39)

≈ M{i−1}
n+1 + γ h

(
C{i−1}

n+1 + C{i−1}
n+1

Af
)
+ β h2

[
ΦT

q αΦq + K + KAf
]{i−1}

n+1

(3.40)

The first identity in the equation above is the exact tangent matrix, while the final form is the

approximate tangent matrix for the Newton-Raphson iteration, which is the recommended

one for the dynamics equation. Two matrices, K = −Qq = ∂Q/∂q, KAf = −QAf
q =

∂QAf/∂q, C = −Qq̇ = ∂Q/∂q̇ and CAf = −QAf
q̇ = ∂Q/∂q̇ have been defined.

Finally we have the initialization values of the states (both positions and Lagrange multipli-

ers) for the current time step, which are basic predictions of the final expected values after

convergence.

q{0}
n+1 = qn + hq̇n +

1

2
h2q̈n (3.41a)

λ
∗{0}
n+1 = λ∗

n (3.41b)

Upon convergence of the iterative process at time-step tn, the sets of positions, qn, velocities,

q̇∗
n and accelerations q̈∗

n, are obtained. The positions q exactly full the constraint equations

Φ = 0, within the convergence tolerance of the algorithm; on the contrary, the satisfaction of

Φ̇ = 0 and Φ̈ = 0 is not as good and the sets of velocities and accelerations, q̇∗
n+1 and q̈∗

n+1
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have to be projected onto their corresponding manifolds to obtain their clean counterparts,

q̇n+1 and q̈n+1. The Newton-Raphson iterations to obtain were discussed in Equation (3.30)

and Equation (3.33). However, the mass matrix in the mass-orthogonal formulation can

also be replaced by a generic weight matrix P̄ and a scalar ς is multiplied to the penalty

matrix so that the same penalty factors can be used during the projection iterations. The

Penalty scheme to solving the projections optimization problem, the following simplified,

non-iterative projects are obtained for velocities and accelerations

(
P̄ + ς ΦT

q αΦq
)
n+1

q̇n+1 =
[
P̄ q̇∗ −ΦT

q ς αΦt

]
n+1

(3.42a)(
P̄ + ς ΦT

q αΦq
)
n+1

q̈n+1 =
[
P̄ q̈∗ −ΦT

q ς α
(
Φ̇q q̇ + Φ̇t

)]
n+1

(3.42b)

The mass-orthogonal projections of Bayo and Ledesma [8] can be obtained by assuming

P̄ = M and ς = 1. The mass-stiffness-damping orthogonal projections of Cuadrado et al.

[24] are given by P̄ = M + γhC + βh2
[
ΦT

qq

(
αΦ+ λ∗

)
+ K

]
and ς = βh2.

3.5 Matrix R Formulation

Matrix R is different from the other formulations discussed above. It is one of the minimal

state-space multibody formulations based on Maggi’s equations, unlike the redundant DAE

formulations in dependent coordinates discussed previously. This formulation was described

by de Jalon and Bayo in 1994 [37]. It is based on a velocity projection matrix ‘R’ and it is

one of the popular formulations in independent coordinates. It is based on the d’Alembert’s

principle in dependent coordinates

δqT
(

M(q,ρ)q̈ − Qext(q, q̇, t,ρ)
)
= 0 (3.43)
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Equation (3.43) is applicable to all dynamic systems in general. In case of multibody dynamic

systems, all configurations of the system also need to satisfy the constraint Equations (3.4)

and their derivatives. Rearranging Equations (3.5a) and 3.5b) we have

Φ(q, t) = 0 (3.44a)

Φ̇(q, t,ρ) = 0 =⇒ Φqq̇ = −Φt = b (3.44b)

Φ̈(q, t) = 0 =⇒ Φqq̈ = −Φ̇qq̇ − Φ̇t = c (3.44c)

Some of the system states (n − m) can be deemed as independent states z ∈ Rd, where

d = n − m are the number of degrees of freedom of the system. Two matrices R ∈ Rn×d

and S ∈ Rn×m are defined to express the velocities q̇ and accelerations q̈ in terms of the

independent coordinates z.

Matrix R formulation, also known as Maggi and Kane’s formulation, is a second order state-

space ODE. The Jacobians in Equations (4.12) have a nullity equal to the degrees of freedom

d. Hence d additional constraints are required to obtain the matrices R and S. A matrix B

is assumed that is composed of zeros and ones that imposes a set of additional constraints

over a subset of independent coordinates z, which are selected by the user as the degrees of

freedom from q. We have

 Φq

B

 δq =

 0

δz

 (3.45a)

 Φq

B

 q̇ =

 b

ż

 (3.45b)

 Φq

B

 q̈ =

 c

z̈

 (3.45c)
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If proper degrees of freedom are chosen then Equation (3.45) always has a solution. Given

this, the matrices R ∈ Rn×m and S ∈ Rn×d can now be computed as follows

[
S R

]
=

 Φq

B


−1

(3.46)

In case of redundant constraints, the lead matrices might not be square. In such a case, the

matrices S and R can be computed by means of a least-squares problem.

[
ΦT

qΦq + BTB
] [

S R
]
=

[
ΦT

q BT

]
(3.47)

The relation between the dependent and independent coordinates is given by the following

equation.

q̇ = Rż + Sb (3.48a)

q̈ = Rz̈ + Sc (3.48b)

δq = Rδz (3.48c)

Substituting Equation (3.48) in Equation (3.43) we obtain the Equations on motion in

independent coordinates

(RTMR)z̈ = RT(Qext − MSc) (3.49)

Equation (3.49) can also be written in a state-space form

M̄(z,ρ)z̈ = Q̄(z, ż,λ, t,ρ) (3.50)



54 CHAPTER 3. MATHEMATICAL FORMULATIONS FOR MULTIBODY SYSTEMS

where

M̄(z,ρ) = RTMR (3.51a)

Q̄(z, ż,λ, t,ρ) = RT(Q + QAf − MSc) (3.51b)

It is also worth noting, that since this formulation is a minimal state-space formulation it

makes more sense to use the Gonthier et al. friction model over the Brown and McPhee

model. An augmented state space representation of the combined non-linear time varying

system can be created.

3.6 Convergence of Lagrange Multipliers

Notice the presence of Lagrange multipliers in Q̄ in Equation (3.51b) in the form of QAf .

Such is the case for all multibody formulations involving joint friction. This is an implicit

dependency since Q̄ really depends on the normal force (which a function of λ) and not λ

itself. Typically, Lagrange multipliers are obtained directly along with system acceleration

and are not required to solve the dynamics if there is no joint friction in the model. How-

ever, if joint friction force exists in the system at the very first time step (for example, if the

mechanism is already in motion), then the Lagrange multipliers need to be calculated for the

very first time step. Hence, the Lagrange multipliers need be computed as part of the inte-

gration process using any of the previously discussed Lagrangian formulations. Rearranging

Equation (3.7) we have

ΦT
qλ = −

[
Mq̈ − Q − QAf

]
(3.52)
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For the matrix-R formulation, we can combine Equation (3.52) with Equation (3.46) and

Equation (3.48b) we have

ΦT
qλ = −

[
M (Rz̈ + Sc)− Q − QAf

]
(3.53a)

=⇒ λ = −ST [M (Rz̈ + Sc)− Q − QAf
]
= f(ẑ, ̂̇z, ̂̈z,λ,ρ) (say) (3.53b)

Equations (3.52) and (3.53) represents the Lagrange multipliers as a function of the system

dynamics. It can be interpreted from Equation (3.46) that matrix S is nothing but the

right inverse of the constraint Jacobian Φq. The Jacobian of the constraint vector needs to

have full row rank in order for this equation to be satisfied. Equations (3.52) and (3.53)

are non-linear implicit equations in λ. The hats over z and its derivatives represent that

these quantities are held constant for that time step. These equations can be solved using

a fixed point iteration such as the Steffensen’s method [27]. This fixed point iteration may

not be required if the constraint equations and dynamics are being satisfied to the required

tolerance. For the matrix-R formulation, Equation (3.53) can be distilled to an iterable form

as shown in Equation (3.54)

M̄(z,ρ)z̈{i} = Q̄(z, ż,λ{i}, t,ρ) (3.54a)

λ{i+1} = λ{i} − f(λ{i}) ◦ g(λ{i}) (3.54b)

where g(λ{i}) =
f(λ{i})

f
(
λ{i} + f(λ{i})

)
− f(λ{i})

(3.54c)

The operator ◦ represents the Hadamard product, or element-wise multiplication, of vector

functions f(λ{i}) and g(λ{i}). In formulations not involving friction, the matrix S is not as

important for calculation of the forward dynamics, but it does play an important role in

sensitivity analysis. However, the addition of friction complicates the system dynamics and

the matrix S contributes significantly to the dynamics.
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3.7 Conclusion

This concludes the review of various multibody formulations. The methodology to compute

the dynamics of multibody systems with joint friction was derived. The theory and back-

ground behind each of the formulation was presented along with the relative advantages

and drawbacks. The challenges presented by the incorporation of joint friction were also

discussed, specifically the requirement to converge the Lagrange multipliers using a fixed

point iteration. In the upcoming chapter, the analytical methodology for sensitivity analysis

of all of the formulations presented here will be derived.



Chapter 4

Computation of Sensitivities using

Direct Differentiation

4.1 Introduction

In the previous chapter, various mathematical formulations for multibody systems with fric-

tion were developed. In this chapter, the equations of motions will be differentiated with

respect to the system design parameters, in order to obtain the equations for the design

sensitivities. The sensitivity of the friction force gives rise to various terms that need to

be evaluated in order to compute the dynamical sensitivities. Also, for non-Lagrangian for-

mulations, the sensitivity analysis of multibody systems with joint frictions becomes quite

complicated. Since friction force is inherently dependent on Lagrange multipliers, it gives

rise to terms related to sensitivities of the Lagrange multipliers. However, different tech-

niques need to be implemented in order to represent these quantities in terms of the other

sensitivities relevant to the formulation.

57
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4.2 Direct Sensitivity for Index-1 Formulation

The direct differentiation method for sensitivity analsysis using index-3 formulation was

developed by Prof. Ed Haug in 1987 [68]. The direct differentiation method can be applied

to the index-1 formulation that was discussed in the previous section. Dopico et. al. [30]

consider the objective function of the form

ψ = w (qf , q̇f , q̈f ,λf ,ρf ) +

∫ tf

to

g (q, q̇, q̈,λ,ρ) dt (4.1)

Here ψ ∈ Ro, is a vector of ‘o’ objective functions, whereas w ∈ Ro and g ∈ Ro are the

pointwise term at the final time (hence the subscript ‘f ’) and the integrand for each one of

the objective functions respectively. The gradient of the objective function is given by

∇ρψ
T = (wqqρ + wq̇q̇ρ + wq̈q̈ρ + wλλρ + wρ)f

+

∫ tf

to

(gqqρ + gq̇q̇ρ + gq̈q̈ρ + gλλρ + gρ) dt
(4.2)

In this equation, since w and g are chosen as per the optimization objective, the derivatives

of functions w and g can be computed. It is important to note that in Equation (4.10),

the terms qρ, q̇ρ, q̈ρ and λρ are total derivatives with respect to the parameters, unlike

the other terms which are partial derivatives. These are the sensitivities of the dynamical

system with respect to the system parameters. To calculate these sensitivities, Equation (3.7)

is differentiated with respect to each one of the parameters. This step has been represented
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in Equation (4.3).

dR
dρk

=
dM(q)q̈

dρk
+

dΦT
q (q)λ
dρk

− d(QAf (q, q̇,λ) + Q(q, q̇, t))
dρk

(4.3a)

dΦ̈
dρk

= 0, k = 1, 2, ..., p (4.3b)

Assuming all of the terms depend on ρ, the total derivatives can be expanded and rearranged

to give a set of ‘p’ Tangent Linear Models (TLMs).

Mq̈ρk + (C + CAf )q̇ρk +
[
Mqq̈ +Φqq

Tλ+ (K + KAf )
]

qρk + (Φq
T + LAf )λρk

= Qρk + Qρk
Af − Mρk q̈ −Φqρk

Tλ

(4.4a)

Φqq̈ρk − cq̇q̇ρk + (Φqqq̈ − cq)qρk = cρk −Φqρk q̈ (4.4b)

where

K = −Qq C = −Qq̇

KAf = −Qq
Af CAf = −Qq̇

Af

LAf = −Qλ
Af cq = −Φ̇qqq̇

cq̇ = −Φ̇q_qq̇ − Φ̇q and, cρk = −Φ̇qρk q̇

In the Equation (4.4), frictional force vector QAf , and the corresponding stiffness and damp-

ing matrices KAf , CAf and LAf are all dependent on Lagrange multipliers, and hence they

form a set of 7nb +m implicit non-linear equations. It has been assumed that Φ does not

contain any time-dependent constraints. It is noteworthy that the terms Mqq̈ and ΦT
qqλ
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are tensor-vector products. Essentially, Mq and Φqq are three-dimensional matrices where

the nth layer along the depth is a two-dimensional matrix formed by the partial derivatives

of the original matrix elements with respect to the nth element in the differentiating vec-

tor. During the tensor-vector product, each of these layers multiplies with a vector as a

matrix-vector multiplication, and the resultant vectors can be arranged sequentially to form

a two-dimensional matrix.

For the solution of Equation (4.4), a set of 2np initial conditions is required.

qρk

∣∣
t0
= qρk0 (4.5a)

q̇ρk

∣∣
t0
= q̇ρk0 (4.5b)

Since the initial conditions have to satisfy the constraints at the initial time, they can be

computed by solving Equation(4.6).

dΦ
dρk

∣∣∣∣∣
t0

= 0 =⇒ Φq
∣∣
t0

qρk0 = −Φρk

∣∣
t0

(4.6a)

dΦ̇
dρk

∣∣∣∣∣
t0

= 0 =⇒ Φq
∣∣
t0

q̇ρk0 = − (Φqqqρk0 +Φqρk) q̇
∣∣
t0

(4.6b)

It is important to note that Equation (4.6) cannot be solved by matrix inversion as Φq is

typically a rectangular matrix (m×n). In order get the initial sensitivities, n−m independent

position sensitivities have to be chosen for the Equation (4.6a) and n − m independent

velocity sensitivities have to be chosen for the Equation (4.6b). One approach towards

choosing these independent sensitivities, is to simply add n − m temporary constraints to

the Φ vector which specify the initial positions of the independent coordinates. This makes

the Jacobian Φq an n × n square matrix which can be inverted. Then the values of initial
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sensitivities can be computed by numerical solution techniques such as Newton-Raphson’s

method. Interestingly, this means that initial configuration of the system affects the solution

for the sensitivities.

The sensitivities qρk , q̇ρk , q̈ρk are not independent of each other. Using a low-order discrete-

time Taylor’s series expansion for the terms qρk and q̇ρk , we have

qi+1
ρk

= qi
ρk

+ h · q̇i
ρk

+
h2

2
· q̈i

ρk
(4.7a)

q̇i+1
ρk

= q̇i
ρk

+ h · q̈i
ρk

(4.7b)

where the superindex i represents the ith time step. Equation (4.4) can be solved for q̈i
ρk

and λi
ρk

as follows

 M ΦT
q + LAf

Φq 0


 q̈ρk

λρk

 =

 A

B

 (4.8)

where

A = Qρk + Qρk
Af − Mρk q̈ −Φqρk

Tλ− (C + CAf )q̇ρk

−
[
Mqq̈ +Φqq

Tλ+ (K + KAf )
]

qρk

and, B = cρk −Φqρk q̈ + cq̇q̇ρk − (Φqqq̈ − cq)qρk

The solutions of Equation (4.8) can substituted in Equation (4.7) to get the position and

velocity sensitivities at every time step. This method is the traditional explicit forward

Euler integration scheme. However, explicit methods are not at all recommended for index-1

formulations due to numerical stiffness issues. This topic will be discussed in more detail

in Chapter 5. It can be observed from Equation (4.8) that the solution for Equation (3.7)
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forms the basis for the solution for the sensitivities.

4.3 Direct Sensitivity for Penalty Formulation

The direct differentiation method for the sensitivity analysis using the Penalty formulation

was first presented by Pagalday [75]. Since penalty formulation for multibody systems uses

the approximate Lagrange multipliers λ∗, the objective function needs to be modified to

include these variables.

ψ = w
(
qf , q̇f , q̈f ,λ

∗
f ,ρf

)
+

∫ tf

to

g (q, q̇, q̈,λ∗,ρ) dt (4.9)

The gradient of this objective function is given by substituting Equation (3.21) in Equation

(4.9).

∇ρψ
T =

[
wqqρ + wq̇q̇ρ + wq̈q̈ρ + wλ∗α

(
dΦ̈
dρ + 2 ξω

dΦ̇
dρ + ω2 dΦ

dρ

)
+ wρ

]
f

+

∫ tf

to

[
gqqρ + gq̇q̇ρ + gq̈q̈ρ + gλ∗α

(
dΦ̈
dρ + 2 ξω

dΦ̇
dρ + ω2 dΦ

dρ

)
+ gρ

]
dt

(4.10)

where

dΦ̇
dρ = Φqq̇ρ +

(
Φqqq̇ + Φ̇tq

)
qρ +Φqρq̇ +Φtρ (4.11a)

dΦ̈
dρ = Φqq̈ρ +

(
Φqqq̈ + Φ̇qq q̇ + Φ̇tq

)
q̇ρ +

(
Φqρq̈ + Φ̇qρq̇ + Φ̇tρ

)
qρ

+Φqρq̈ + Φ̇qρq̇ + Φ̇tρ

(4.11b)

dΦ
dρ = Φqqρ +Φρ (4.11c)
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Here we define two new terms for convenience

bρ : =
(
Φqqq̇ + Φ̇tq

)
qρ +Φqρq̇ +Φtρ

= Φ̇qqρ + Φ̇ρ

(4.12a)

cρ :=
(
Φqqq̈ + Φ̇qq q̇ + Φ̇tq

)
q̇ρ +

(
Φqρq̈ + Φ̇qρq̇ + Φ̇tρ

)
qρ

+Φqρq̈ + Φ̇qρq̇ + Φ̇tρ = 2Φ̇qq̇ρ + Φ̈qqρ + Φ̈ρ

(4.12b)

Thus we get Φqq̇′ = −bρ and Φqq̈′ = −cρ. The following simplications were used to obtain

the expressions in Equation (4.12).

Φ̈q = Φqqq̈ − cq (4.13)

Φ̈ρ = Φqρq̈ − cρ (4.14)

cq = −Φ̇qqq̇ − Φ̇tq (4.15)

cq̇ = −
(
Φ̇q

)
q̇
q̇ − Φ̇q −

(
Φ̇t

)
q̇

= −Φqqq̇ − Φ̇q −Φtq = −2Φ̇q

(4.16)

cρ = −Φ̇qρq̇ − Φ̇tρ (4.17)

To obtain the expression for the model sensitivities, Equation (3.16) is differentiated with

respect to the model parameters.

dM̄
dρk

q̈ + M̄ dq̈
dρk

=
dQ̄
dρk

, k = 1, ..., p (4.18)

The derivatives can be expanded and rearranged into p Tangent Linear Models (TLMs)

M̄q̈ρ + C̄q̇ρ + (K̄ + M̄qq̈)qρ + LAf∗λ∗
ρ = Q̄ρ − M̄ρq̈ (4.19)
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The term LAf∗ is the partial derivative of the friction force QAf with respect to the approx-

imate Lagrange multipliers λ∗. This term can be computed by temporarily assuming the

existence of the Lagrange multipliers in the dynamic equation of motion to calculate the

Jacobian. Thereafter, the Lagrange multipliers can be replaced with Equation (3.21).

The term λ∗
ρ represents the sensitivities of the approximate Lagrange multipliers with respect

to the design parameters ρ. These can be expressed in terms of the sensitivities of the

generalized coordinates and their dervatives as follows

λ∗
ρ =

dλ∗
ρ

dρ

= α
[
(Φ̈q + 2ξωΦ̇q + ω2Φq)qρ + (Φ̈q̇ + 2ξωΦq)q̇ρ +Φqq̈ρ

+ (Φ̈ρ + 2ξωΦ̇q + ω2Φρ)
] (4.20)

Substituting Equation (4.20) in Equation (4.19) we have

(M̄ +αLAf∗Φq)q̈ρ + (C̄ +αLAf∗(Φ̈q̇ + 2ξωΦq))q̇ρ

+ (K̄ + �Mqq̈ +αLAf∗(Φ̈q + 2ξωΦ̇q + ω2Φq))qρ

= Q̄ρ − M̄ρq̈ −αL∗Af (Φ̈ρ + 2ξωΦ̇ρ + ω2Φρ)

(4.21)

The advantage of penalty formulation is that each TLM is just a system of n equations,

compared to the n+m equations of the index-3 and index-1 tangent linear DAEs. Equations

(4.5) also apply here, which are essentially the initial conditions for the 2nd order integration.
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The terms used in Equation (4.21) have been explained below

K̄ = −∂Q̄
∂q = K + KAf∗ +ΦT

qqα(Φ̇qq̇ + Φ̇t + 2ξωΦ̇+ ω2Φ)

+ΦT
qα((Φ̇qq̇)q + Φ̇tq + 2ξω(Φqqq̇ +Φtq) + ω2Φq)

(4.22a)

C̄ = −∂Q̄
∂q̇ = C + CAf∗ +ΦT

qα(Φqqq̇ + Φ̇q +Φtq + 2ξωΦq) (4.22b)

Q̄ρ =
∂Q̄
∂ρ

= Qρ + QAf∗
ρ −ΦT

qρα(Φ̇qq̇ + Φ̇t + 2ξωΦ̇+ ω2Φ)

−ΦT
qα((Φ̇qq̇)ρ + Φ̇tρ + 2ξωΦ̇ρ + ω2Φρ)

(4.22c)

M̄qq̈ = Mqq̈ +ΦT
qq(αΦqq̈) +ΦT

qα(Φqqq̈) (4.22d)

M̄ρq̈ = Mρq̈ +ΦT
qρ(αΦqq̈) +ΦT

qα(Φqρq̈) (4.22e)

where the terms KAf∗ and CAf∗ are the partial derivatives of QAf∗ with respect to q and q̇

respectively. The identity Φq = Φ̇q̇ = Φ̈q̈ has been used for simplifying Equation (4.21).

4.4 Direct Sensitivity for ALI3-P Formulation

The direct sensitivities of the ALI3-P formulation were derived by Dopico et al. in 2018 [32].

In the Augmented Lagrangian formulation, the cost function should depend on the states q

and their derivatives q̇, q̈, the approximate Lagrange multipliers λ∗ as well as the Lagrange

multipliers of the projections σ and κ. Thus we have

ψ = w
(
qf , q̇f , q̈f ,λ

∗
f ,σf ,κf ,ρf

)
+

∫ tf

to

g (q, q̇, q̈,λ∗,σ,κ,ρ) dt (4.23)
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The inclusion of σ and κ was justified by Dopico et al. in 2014. [29]. The gradient of this

cost function with respect to the parameters is given by

ψ′ = (wqq′ + wq̇q̇′ + wq̈q̈′ + wλ∗λ∗′ + wσσ
′ + wκκ

′ + wρ)f

+

∫ tf

to

(gqq′ + gq̇q̇′ + gq̈q̈′ + gλ∗λ∗′ + gσσ
′ + gκκ

′ + gρ) dt
(4.24)

The terms q′, q̇′, q̈′ and λ∗′ are the solutions of the p Tangent Linear Models, while σ′

and κ′ are the solutions of the p velocity sensitivity projects and p acceleration sensitivity

projections. The TLMs are obtained by differentiating Equation (3.34) with respect to each

one of the parameters.

[
dM
dρk

{{i}}
q̈∗ + Mdq̈∗

dρk

{{i}}
+

dΦT
q

dρk

{{i}}

(λ∗ +αΦ)

+ΦT
q

(
dλ∗

dρk

{{i}}
+α

dΦ
dρk

{{i}}
)]

n+1

=

[
dQ
dρk

]{{i}}
+

[
dQAf

dρk

]{{i}} (4.25a)

[
dλ∗

dρk

]{{i}}
n+1

=

[
dλ∗

dρk

]{{i−1}}

n+1

+α

[
dΦ
dρk

]{{i}}
n+1

(4.25b)[
dλ∗

dρk

]{{0}}
n+1

=

[
dλ∗

dρk

]
n

(4.25c)

where {·}{{i−1}} represents the ith iteration index for the convergence of the Lagrange mul-

tiplier and state sensitivities. The quantities q̈∗ and λ∗ represent the converged solutions of

the Equation (3.34). All other terms such as M and Φ and its derivatives, are all calculated

based on these converged quantities. Similarly the sensitivities of the velocity projections is
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obtained by differentiating Equations (3.42).

[
dP̄
dρk

+ ς

(
dΦT

q

dρk
αΦq +ΦT

qα
dΦq

dρk

)]
n+1

q̇n+1 + (P̄ + ςΦT
qαΦq)n+1

[
dq̇
dρk

]{{i}}
n+1

=

[
dP̄
dρk

q̇∗ + P̄dq̇∗

dρk
−

dΦT
q

dρk
(σ + ςαΦt)−ΦT

q

(
dσ
dρk

{{i}}
+ ςα

dΦt

dρk

)]
n+1

(4.26a)

[
dσ
dρk

]{{i}}
n+1

=

[
dσ
dρk

]{{i−1}}

n+1

+ ςα

[
dΦ̇
dρk

]{{i}}
n+1

(4.26b)

[
dσ
dρk

]{{0}}
n+1

=

[
dσ
dρk

]
n

(4.26c)

Just like the sensitivities calculated in Equation (4.25), the sensitivites of the projections

of velocities σ′ are computed in Equation (4.27) after the convergence of the projections is

achieved in Equation (3.42). The only terms which are non-constant, are the ones marked by

the iteration index i, i.e., dσ
dρk and dq̇

dρk Similarly, the sensitivities of the acceleration projections

can be found by

[
dP̄
dρk

+ ς

(
dΦT

q

dρk
αΦq +ΦT

qα
dΦq

dρk

)]
n+1

q̈n+1 + (P̄ + ςΦT
qαΦq)n+1

[
dq̈
dρk

]{{i}}
n+1

=

[
dP̄
dρk

q̈∗

+ P̄dq̈∗

dρk
−

dΦT
q

dρk
(κ+ ςα(Φ̇qq̇ + Φ̇t))−ΦT

q

(
dκ
dρk

{{i}}
+ ςα

(
dΦ̇qq̇
dρk

+
dΦ̇t

dρk

))]
n+1

(4.27a)[
dκ
dρk

]{{i}}
n+1

=

[
dκ
dρk

]{{i−1}}

n+1

+ ςα

[
dΦ̈
dρk

]{{i}}
n+1

(4.27b)

[
dκ
dρk

]{{0}}
n+1

=

[
dκ
dρk

]
n

(4.27c)
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The total derivatives can be expanded in Equation (4.25) and represented as the following

Tangent linear model.

[
Mq̈′{{i}} + C̄q̇∗′{{i}} + K̄q′{{i}} + (ΦT

q + LAf )λ∗′{{i}}

]
n+1

= Q̄ρ
n+1 (4.28a)

λ
∗′{{i}}
n+1 = λ

∗′{{i−1}}
n+1 +α

(
Φqq′{{i}} +Φρ

)
n+1

(4.28b)

λ
∗′{{0}}
n+1 = λ∗′

n (4.28c)

K̄ = Mqq̈∗ +ΦT
qq(λ

∗ +αΦ) +ΦT
qαΦq + K + KAf (4.28d)

C̄ = C + CAf (4.28e)

Q̄ρ = Qρ + QAf
ρ − Mρq̈∗ −ΦT

qρ(λ
∗ +αΦ)−ΦT

qαΦρ (4.28f)

Similarly, the expanded form of the equation for sensitivities of velocity projections is given

by

(P̄ + ςΦT
qαΦq)n+1q̇′{{i}}

n+1 =
[
P̄q̇∗′ + P̄′(q̇∗ − q̇)−ΦT

qq(σ + ςαΦ̇)q′

−ΦT
qρ(σ + ςαΦ̇)−ΦT

q (σ
′{{i}} + ςαbρ)

]
n+1

(4.29a)

σ
∗′{{i}}
n+1 = σ

∗′{{i−1}}
n+1 + ςαΦ̇

′{{i}}
n+1 (4.29b)

σ
∗′{{0}}
n+1 = σ∗′

n (4.29c)

and the sensitivities of the projected accelerations

(P̄ + ςΦT
qαΦq)n+1q̈′{{i}}

n+1 =
[
P̄q̈∗′ + P̄′(q̈∗ − q̈)−ΦT

qq(κ+ ςαΦ̈)q′

−ΦT
qρ(κ+ ςαΦ̈)−ΦT

q (κ
′{{i}} + ςαcρ)

]
n+1

(4.30a)

κ
∗′{{i}}
n+1 = κ

∗′{{i−1}}
n+1 + ςαΦ̈

′{{i}}
n+1 (4.30b)

κ
∗′{{0}}
n+1 = κ∗′

n (4.30c)
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For the projections of the velocities and accelerations, the non-iterative approach for the

penalty projections can be implemented. This simplifies the expression as the Lagrange

multipliers for the projections can be omitted.

[(P̄ + ςΦT
qαΦq)q̇′]n+1 = [P̄q̇∗′ + P̄′(q̇∗ − q̇)− (ΦT

qqςαΦ̇)q′ −ΦT
qρςαΦ̇−ΦT

q ςαbρ] (4.31)

[(P̄ + ςΦT
qαΦq)q̈′]n+1 = [P̄q̈∗′ + P̄′(q̈∗ − q̈)− (ΦT

qqςαΦ̈)q′ −ΦT
qρςαΦ̈−ΦT

q ςαcρ] (4.32)

4.5 Direct Sensitivity for Matrix R Formulation

Similar to the sensitivity computation in the penalty formulation, the cost function defined

in terms of states and design parameters need to be modified to include the independent

coordinates of the matrix R formulation. The direct and adjoint sensitivity analysis for

multibody systems was developed by Dopico et al. [31]. The proposed cost function was a

scalar function of the form given in Equation (4.33)

ψ =

∫ tf

to

g(q,_q, ρ) (4.33)

A more general cost function can be assumed, with dependencies on both the dependent

q and independent coordinates z. Explicit dependency on the independent coordinates is

preferred since it ensures efficient computations as the gradient function becomes much more

simplified due to lack of implicit dependencies.

ψ′ =

∫ tf

to

((
∂g

∂q
∂q
∂z +

∂g

∂q̇
∂q̇
∂z

)
dz
dρ +

∂g

∂q̇
∂q̇
∂ż

dż
dρ +

∂g

∂ρ

)
dt

=

∫ tf

to

((
∂g

∂q
∂q
∂z +

∂g

∂q̇
∂q̇
∂z

)
z′ +

∂g

∂q̇
∂q̇
∂ż ż′ +

∂g

∂ρ

)
dt

(4.34)
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A slight change of notation is adopted here so that partial derivatives can be differentiated

from sensitivities. (·)′ is the notation adopted by Dopico et al. for denoting dynamic sensi-

tivities. Equations (3.45) can be differentiated with respect to the parameters to obtain the

relations between sensitivities of dependent coordinates and independent coordinates.

 Φq

B

q′ =

 −Φρ

z′

 =⇒ q′ = Rz′ − SΦρ (4.35a)

 Φq

B

 q̇′ =

 bρ

ż′

 =⇒ q̇′ = Rż′ − Sbρ (4.35b)

 Φq

B

 q̈′ =

 cρ

z̈′

 =⇒ q̈′ = Rz̈′ − Scρ (4.35c)

Combining Equation (3.46) and Equation (4.35a), we have

[ Φq

B

]∂q̇
∂q +

[ Φqq

0

]
q̇ =

[ bq

0

]

=⇒ ∂q̇
∂q =

[ Φq

B

]−1[ −Φtq −Φqqq̇

0

]
=⇒ ∂q̇

∂q = −S (Φqqq̇ +Φtq)

(4.36)

Since we have ∂q
∂z = ∂q̇

∂ż = R, and ∂q̇
∂z = ∂q̇

∂q
∂q
∂z we can conclude

∂q̇
∂z = −S (Φqqq̇ +Φtq)R (4.37)
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Using Equations (4.36), Equation (4.34) can be reformulated as shown in Equation (4.38).

ψ′ =

∫ tf

t0

((
gq − gq̇SΦ̇q

)
Rz′ + gq̇Rż′ + gρ

)
dt (4.38)

For computing the sensitivities, Equation (3.50) is differentiated with respect to the param-

eters
dM
dρ z̈ + M̄ dz̈

dρ =
dQ̄
dρ =⇒ M̄ρz̈ + M̄z̈′ = Q̄ρ (4.39)

where

Q̄ρ = Q̄zz′ + Q̄żż′ + Q̄ρ + Q̄λλ
′ = −K̄z′ − C̄ż′ − ¯̄LAfλ′ + Q̄ρ (4.40a)

M̄ρz̈ = (M̄zz′ + M̄ρ)z̈ (4.40b)

K̄ = −∂Q̄
∂z = −

(∂Q̄
∂q

∂q
∂z +

∂Q̄
q̇
∂q̇
∂z

)
= −

(
Q̄q − Q̄q̇SΦ̇q

)
R

(4.40c)

C̄ = −∂Q̄
∂ż = −∂Q̄

∂q̇
∂q̇
∂ż = −Q̄q̇R (4.40d)

¯̄LAf = RTLAf (4.40e)

M̄zz̈ = RT
z MRz + RTMzRz̈ + RTMRzz̈ (4.40f)

M̄ρz̈ = RTMρRz̈ (4.40g)

Q̄q = RT
q (Q + QAf − MSc)− RT

(
K + KAf + MqSc + M∂Sc

∂q

)
(4.40h)

Q̄q̇ = −RT (C + CAf + MScq
)

(4.40i)
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In Equation (4.40), the following simplifications have been used.

∂q
∂ż =

∂q
∂z̈ =

∂q̇
∂z̈ = 0 (4.41a)

∂λ

∂z =
∂λ

∂ż =
∂λ

∂z̈ = 0 (4.41b)

It is evident that the sensitivities with respect to the Lagrange multipliers λ′ are not ap-

plicable to this formulation, since it is a minimal coordinate formulation. Hence, these

sensitivities need to be represented in terms of the independent coordinates. Differentiating

Equation (3.53) with respect to the design parameters ρ we have

λ′ =
dλ
dρ = fzz′ + fżż′ + fz̈z̈′ + fλλ′ + fρ (4.42)

Combining Equation (4.39), Equation (4.40) and Equation (4.42), the final expression of the

Tangent Linear Model can be written as

(M̄ + L̄Af fz̈)z̈′ + (C̄ + L̄Af fż)ż′ + (K̄ + M̄zz̈ + L̄Af fz)z′ = Q̄ρ − M̄ρz̈ − L̄Af fρ (4.43)

where

L̄Af = ¯̄LAf (I − fλ)−1 = RTLAf (I − fλ)−1 (4.44a)

fz =
∂f
∂z =

( ∂f
∂q

∂q
∂z +

∂f
q̇
∂q̇
∂z

)
=
(

fq − fq̇SΦ̇q

)
R

(4.44b)

fż =
∂f
∂ż =

∂f
∂q̇

∂q̇
∂ż = fq̇R (4.44c)

fz̈ =
∂f
∂z̈ =

∂f
∂q̈

∂q̈
∂z̈ = fq̈R (4.44d)
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Equation (4.43) is subject to the following initial conditions

zρ

∣∣
t0
= zρ0 (4.45a)

|żρ

∣∣
t0
= żρ0 (4.45b)

These initial sensitivities in Equation (4.45) are assigned based on the physical interpretation

of the independent states as chosen by the user.

4.6 Conclusion

This chapter covered the derivation of the direct sensitivity analysis methodologies for

1. Index-1 formulation

2. Penalty formulation

3. Augmented Lagrangian formulation

4. Matrix-R formulation

The real application of the sensitivities calculated using any of the above formulations is

gradient based design optimization. However, such an optimization study is out of the scope

of this work. In the next chapter, the dynamics and sensitivities of a spatial mechanism will

be computed using Index-1 formulation.



Chapter 5

Case Study : Spatial Slider Crank

Mechanism

In the previous two chapters, the theory of modeling friction in multibody dynamic systems

and the subsequent sensitivity analysis of such systems was developed using different math-

ematical formulations. In this chapter, this theory has been applied to obtain the design

sensitivities of a spatial slider crank mechanism. The objective of this study is to analyze

the effect of friction on the dynamics and model sensitivities.

5.1 Problem Description

The model has been adapted from Haug (1989) [47] where the kinematic analysis of the

mechanism has been presented. However, for the purpose of dynamic analysis, the body-

fixed reference frame on the crank has been relocated to its center of gravity. Also, the joint

between the connecting rod and slider has been modeled as a single universal joint, unlike

the two separate constraints used in Haug (1989) [47]. Two models of this mechanism were

created in MATLAB® using the Symbolic Math ToolboxTM. The first model is frictionless

(Model 1), while the other (Model 2) has been implemented with friction at the slider-

ground interface. The Brown and McPhee friction model has been used for this study. The

parameters of the model can be seen in the table below. The dynamics and sensitivities have

74
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Table 5.1: Brown and McPhee friction parameters

Parameter Symbol Value
Coefficient of static friction µs 0.5
Coefficient of dynamic friction µd 0.3
Transition velocity vt = 10 h 0.01 m/s

been computed for both models moving under the action of gravity. The model schematic

can be seen in Figure 5.1. The dimensions represent the configuration of the model at the

moment of its initialization in the numerical simulation.

Figure 5.1: Slider-crank mechanism schematic.

5.2 Model Description

Models 1 and 2 both have identical kinematic constraints. The four bodies, in order, are:

crank, connecting rod, slider, and ground (base-link). These bodies have been assembled
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Table 5.2: Kinematic constraints

Joints Bodies # Constraints
Revolute joint Crank-Ground 5
Spherical joint Crank-Connecting rod 3
Universal joint Connecting rod-Slider 4
Translational joint Slider-Ground 5
Ground constraints 6
Euler normalization constraints 4
DOF = 28 - 27 = 1 nh = m = 27

with 4 joints, yielding a total of 17 kinematic constraints. The absolute constraints for

ground position and orientation and the Euler parameter normalization constraints form the

remaining 10 constraints. These constraints have been summarized in Table 5.2. ‘nh’ is the

symbol used for the number of holonomic constraints in the model. This model was chosen

for its simplicity, despite being a spatial mechanism.

The mechanism is deliberately initialized in an unstable configuration, so that it would move

under the action of gravity (g = 9.81 m/s2). A Rotational Spring Damper Actuator (RSDA)

has been added at the crank-ground joint. For, this study however, this RSDA element is

acting as a pure viscous damper with a coefficient of 0.01 N-m-s, to dissipate the energy

in the system. For further studies, a time-dependent actuator constraint can be applied

through this RSDA. As mentioned previously, Model 2 also has friction at the slider-ground

interface. For simulation purposes, approximate mass and inertia of the linkages have been

assumed. These parameters of the models have been summarized in Table 5.3.
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Table 5.3: Dynamic parameters

Link Mass (kg) Inertia (g-m2)
Crank 0.0771 [0.1644, 0.01644, 0.164]T

Connecting Rod 0.2663 [0.19976, 1.997, 1.997]T

Slider 0.2 [1.5, 1.5, 1.5]T

Ground 20 [10, 10, 10]T

5.3 Numerical Solution and Results

As discussed in Chapters 1 and 2, Index-1 formulations tend to be very stiff due to the pres-

ence of second derivatives of the constraint equations. Hence, explicit integration schemes

do not work well with these formulations. To demonstrate this behavior, let us consider a

simple forward Euler integration scheme for the dynamics solution. The derivatives obtained

using Equation (3.10) can be integrated using Taylor’s expansion as follows.

qi+1 = qi + h · q̇i +
h2

2
· q̈i (5.1a)

q̇i+1 = q̇i + h · q̈i (5.1b)

The initial conditions for Equation (5.1) are given by

q
∣∣
t0
= q0 (5.2a)

q̇
∣∣
t0
= q̇0 (5.2b)
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Since the initial conditions (i = 0) in Equation (5.2) have to satisfy the constraints at the

initial time, they can be computed by solving the following equations

Φ
∣∣
t0
= 0 =⇒ Φq

∣∣
t0

q = −Φ
∣∣
t0

(5.3a)

Φ̇
∣∣
t0
= 0 =⇒ Φq

∣∣
t0

q̇ = − (Φqqq +Φq) q̇
∣∣
t0

(5.3b)

The generalized coordinates obtained for a particular iteration i using Equation (5.1) can

be used to compute the Lagrange multipliers for iteration i+ 1.

Although, this integration scheme seems plausible, it is almost certain that the constraint

Jacobian matrix will become rank deficient at some point during the integration process.

This occurs as index-1 formulation only attempts to satisfy the second derivative of the

constraint equation in time. A small numerical error in the acceleration constraints Φ̈, even

if it is constant, can amplify to such an extent in time that the position constraint equations

Φ can no longer be satisfied. This error amplification in time can be better explained using

Equation (5.4).

Φ̈ = ϵ (5.4a)

=⇒ Φ = ϵt2 + c1t+ c2 (5.4b)

where c1 and c2 are constants of integration. From Equation (5.4) it can be inferred that if

no corrective action is taken, then the error grows linearly in time for the velocity constraint

equations and quadratically in time for the position constraint equations. This can be

observed very clearly in the simulation results. Fig. 5.2, is a plot of the root mean squared

error in the acceleration constraint equations. As it can be seen in the plot, the error is
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periodic in nature, but the range is more or less constant. Also worth noting, is this error

has an order of magnitude of 10−14.

Figure 5.2: RMS error in acceleration constraint equations (Φ̈rms)

Despite the error in acceleration constraints being numerically insignificant, the error in

velocity and position constraints is very pronounced as it can be seen in Figs. 5.3 and 5.4

respectively.

Figure 5.3: RMS error in velocity constraint equations (Φ̇rms)

The linearly and quadratic nature of the constrain error is clearly visible in the plots for

velocity and acceleration constraints. These plots were obtained by simulating Model 1 with



80 CHAPTER 5. CASE STUDY : SPATIAL SLIDER CRANK MECHANISM

Figure 5.4: RMS error in position constraint equations (Φrms)

no viscous damping at the crank joint. Effectively such a system should give an oscillatory

response lasting indefinitely as there are no energy leaks from the system. However, due to

the error in the constraints the system response diverges from this behavior. Fig. 5.5 shows

the crank position as a function of time.

Figure 5.5: Drift in crank location due to error dynamics.

In order to fix this, an implicit integration scheme has to be implemented. For this case
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study, an implicit trapezoidal integration scheme has been used. Given a system governed

by Equation (5.5)

y′ = f(t,y) (5.5)

the integration can be expressed as in Equation (5.6)

yi+1 = yi +
1

2
h
(
f(ti yi) + f(ti+1 yi+1)

)
(5.6)

The appearance of the term yi+1 on both sides of the equations is what makes this algorithm

an implicit one. The implementation of this scheme to compute the time history for a

multibody system modeled using index-1 formulation is given in Algorithm 1.

Algorithm 1: Implicit trapezoidal integration.
for t < tf do[

q̈; λ
]
= f(t,q, q̇,λ);

save q, q̇, q̈ and λ against current time t;
qpred = q + h q̇ + 0.25h2 q̈;
q̇pred = q̇ + 0.5h q̈;
i = 0, error = 1;
while error > tolerance and i < imax do

q = qpred + 0.25h2 q̈;
q̇ = q̇pred + 0.5h q̈;
q̈∗ = q̈;[
q̈; λ

]
= f(t,q, q̇,λ);

error = 0.25h2 norm(q̈ − q̈∗);
i = i+1;

end
end

Multibody systems are inherently second-order systems. However, integration schemes are

defined for first order systems, and higher order systems first need to be converted to a first-



82 CHAPTER 5. CASE STUDY : SPATIAL SLIDER CRANK MECHANISM

order system in order to be solved. This conversion has been performed within Algorithm 1

itself. Also, since index-1 formulation is a DAE and not an ODE, the Lagrange multipliers

also need to be separated before integration.

Figs. 5.6, 5.7 and 5.8 show the RMS error in acceleration, velocity and position constraints

respectively using implicit trapezoidal integration scheme.

Figure 5.6: RMS error in acceleration constraint equations (Φ̈rms)

Figure 5.7: RMS error in velocity constraint equations (Φ̇rms)

As it can be inferred from the plots, the error stays bounded if an implicit trapezoidal

integration scheme is used. For comparison with forward Euler integration scheme, the
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Figure 5.8: RMS error in position constraint equations (Φrms)

crank position has be re-plotted using the implicit trapezoidal scheme in Fig. 5.9.

Figure 5.9: Crank position history using implicit trapezoidal integration scheme.
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5.4 Results: Dynamic Analysis

This section discusses the results of the dynamic analysis. Models 1 and 2 were simulated

till an equilibrium configuration is reached. Since Model 2 implements friction, it reaches

equilibrium relatively faster than Model 1.

As it can be seen in Figure 5.10, both models start in the same initial configuration and

Figure 5.10: Slider position time history.

hence they achieve the same minimum position. As expected, Model 2 lags Model 1 by about

0.3 seconds in reaching this configuration, since friction is dissipating the potential energy of

the mechanism. From the slider velocity history in Figure 5.11, it can be observed that the

peak slider velocity in Model 2 is about 36 % less than that in Model 1. This overall sluggish

behavior of Model 2 continues in the acceleration plots in Figure 5.12. The acceleration

peaks, in forward and reverse directions, have a smaller magnitude than in Model 1.

Figure 5.13 plots the normal force between the slider and the ground. This graph highlights

a very peculiar detail about Model 2. Since friction always acts opposite to the direction of

motion, during the initial 0.4 seconds, the direction of frictional force is along the positive
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Figure 5.11: Slider velocity time history.

X direction. This creates a tension in the connecting rod, which in turn tries to pull the

slider up above the ground link. Hence, during this phase, the normal force seen in Model

2 is lower than that in Model 1. However, at t = 0.4 seconds, the slider direction of motion

reverses. After this point the friction force acts along the negative X direction, as seen in

Figure 5.14, which in turn compresses the connecting rod. Hence, the rod pushes down

on the slider, subsequently increasing the friction and thereby leading to an exponential

increase in the normal force. As the slider gains velocity, a sudden drop in the friction force

and consequently in the normal force is observed, which is attributed to the transition from

the static coefficient of friction to the dynamic coefficient. Further gradual decrease in the

normal force is due to the change of orientation of the connecting rod link as the slider moves

forward, thereby leading to a reduced component of the rod compression being transferred

to the slider. The final jump in the friction force and normal force is due to the slider coming

to rest. Hence, the coefficient of friction shifts back from dynamic to the static phase.
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Figure 5.12: Slider acceleration time history.

5.5 Results: Sensitivity Analysis

For sensitivity analysis of the spatial slider-crank mechanism, a few physically meaningful

parameters must be chosen. Additionally, these parameters must be such that they can be

engineered to meet a certain performance criteria. Naturally, the choice of these parameters

depends on the objective function ψ chosen in Equation (4.1). For the scope of this study

the parameters included in Table 5.4 were chosen. From Table 5.4, Model 1 uses only the

Table 5.4: Sensitivity parameters

Parameter Symbol
Crank length ρ1
Connecting rod length ρ2
Coefficient of dynamic friction µd ρ3
Coefficient of static friction µs ρ4
Transition velocity vt ρ5

first 2 parameters. Since it has no dependence on dynamic and static friction coefficients,

nor on the transition velocity, it has zero sensitivities with respect to those parameters. Also,
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Figure 5.13: Slider-ground joint normal force time history

it can be observed that the masses of linkages will depend on these parameters and hence

the inertia matrix ‘M’ will be a function of these parameters. For this study however, the

masses and inertia of the links have been assumed to be constant.

Regarding model sensitivities, it is noteworthy that these time-dependent quantities are

difficult to interpret on their own. The magnitudes of sensitivities give some insight into

which parameters have the most impact on the model dynamics of interest. However, the

most practical use of the computed sensitivities is in the evaluation of the gradient function

∇ρψ in Equation (4.10).

In this study, the dynamic quantity that has been considered for the purpose of sensitivity

analysis is the slider velocity as it is a critical design parameter for many applications.

Consequently, the sensitivities of the slider velocity with respect to the design parameters

has a significant importance. The slider velocity sensitivity has been plotted with respect to

the crank length (ρ1) in Figure 5.15. From Figure 5.15, it can be concluded that Model 2 is

more sensitive to the crank length as compared to Model 1. Interestingly, the sensitivities

peak for both models when the slider tends to reverse its direction of motion. While the
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Figure 5.14: Friction at slider-ground joint interface

exact values of the sensitivities are not relevant for this analysis, the order of magnitudes

is worth noting. This will be useful for comparing sensitivities with respect to different

parameters. In Figure 5.16, the sensitivity of slider velocity with respect to the connecting

rod length has been plotted for both models. As it can be seen, the sensitivity of slider

velocity with respect to rod length is significantly lower than that with respect to crank

length at all times. This implies that slider velocity is much more sensitive to crank length

than it is to rod length. This is exactly as one might expect. The slider velocity depends on

the stroke length, which in turn depends on the crank length. In case of a two-dimensional

slider-crank mechanism, the stroke length is completely independent of the connecting rod
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Figure 5.15: Slider velocity sensitivities w.r.t. crank length

length. However, this being a spatial mechanism, the stroke length is dependent on the

connecting rod length to some extent, and hence those sensitivities can be observed. In

conformance with the crank length sensitivities, the connecting rod sensitivities also peak

when the slider changes direction.

Since Model 1 does not depend on friction parameters, sensitivities with respect to them

can be observed only in Model 2. Figure 5.17 shows the sensitivities of the slider velocity

with respect to the friction model parameters for Model 2. It can be observed that the

slider velocity is more or less equally sensitive to all of the friction parameters, with high

sensitivities being observed when the slider changes direction of motion similar to other

sensitivities. It is worth noting however, that the slider velocity is marginally more sensitive

to the chosen transition velocity vt than to the coefficients of friction µd and µs. Thus, it can

be concluded that the slider velocity is most sensitive to the crank length, given the current
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Figure 5.16: Slider velocity sensitivities w.r.t. rod length

mechanism geometry and dynamic parameters.
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Figure 5.17: Slider velocity sensitivities w.r.t. friction



Chapter 6

Conclusions and Future Scope

6.1 Summary of Key Contributions

This concludes the work for direct sensitivity analysis of multibody systems with joint fric-

tion. As a future scope for this work, sensitivity methodologies can be developed using

more robust and computationally efficient multibody formulations. Also, since direct sen-

sitivity approach is practical only for a small number of parameters, the adjoint sensitivity

approach can be developed for systems with joint friction. Brown and McPhee model for

friction is excellent when it comes to representation of friction in joints of dynamic systems,

and it works well with numerical simulations due to its continuously differentiable attribute.

However, other simpler friction models can be explored, if the application demands faster

computations such as real-time control.

6.2 Future Scope

6.2.1 Adjoint Sensitivity Analysis

The direct sensitivity methodology presented in this thesis is just one of the many different

approaches for design optimization. This method is particularly useful for sensitivity analysis

of a high-dimensional problem or complex systems with several bodies which consequently

92
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have a high number of states with respect to a small number of parameters. However, the

problem statement might be the other way around. There are cases when the number of

parameters is relatively large, and this makes the direct sensitivity approach inefficient.

It makes more sense to handle such cases of sensitivity analysis using the adjoint method.

Errico has published a great article on the topic, citing the origins of the adjoint method in

meteorological weather prediction studies. Cao et al. have presented the adjoint sensitivity

method for differential algebraic equations . The optimization problem for a general DAE

system can be defined as

min
p
G(x,p) =

∫ T

0

g(x, t,p)dt (6.1a)

subject to: F (x, ẋ, t,p) = 0 (6.1b)

x(0) = x0(p) (6.1c)

Since the residual of the system F (x, ẋ, t, p) is zero, a new objective function can be defined

using the adjoint (conjugate transpose) of a new set of Lagrange multipliers.

I(x,p) = G(x,p)−
∫ T

0

λ∗F (x, ẋ, t,p)dt (6.2)

Differentiating with respect to the parameters p, we have

dG
dp =

dI
dp =

∫ T

0

(gp + gxxp)dt−
∫ T

0

λ∗(Fp + Fxxp + Fẋxp + Fẋẋp)dt (6.3)

using integration by parts we have

dG
dp =

∫ T

0

(gp − λ∗Fp)dt−
∫ T

0

[−gx + λ∗Fx − (λ∗Fẋ)
′]xpdt− (λ∗Fẋxp)|T0 (6.4)
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It is generally difficult to evaluate the sensitivities xp. Also, it is easier to evaluate the initial

condition (xp at t = 0), rather than evaluating xp at a future point in time (xp at t = T ).

This is where the main performance improvement comes for the adjoint sensitivity method.

We avoid calculating these values by choosing the appropriate value of the the Lagrange

multipliers though the adjoint equation.

We can set the coefficient of xp to zero and also λ∗ at t = T as zero. Thus we have

(λ∗Fẋ)
′ − λ∗Fx = −gx (6.5)

This equation is known as the adjoint equation, and is used to compute the appropriate

value of λ. Finally the sensitivity simplifies to

dG
dt =

∫ T

0

(gp − λ∗Fp)dt+ (λ∗Fẋxp)|0 (6.6)

Thus in order to compute the sensitivity, the system F (x, ẋ, t,p) has to be solved forward in

time to obtain the trajectories of x, and then the adjoint model needs to be solved backwards

in time from the user defined initial condition λ∗ at t = T is zero to obtain the trajectory of

λ.

The equations discussed are applicable for a simple case of index-1 or index-0 DAE systems

and the assumptions made do not hold of index-2 and up DAE systems.

As one can see from the equations, the model can be solved for arbitrarily large number

of parameters without a significant loss in computational efficiency as there is no need to

compute the state sensitivities xp as in direct sensitivity analysis.

As a future scope, the adjoint sensitivity analysis methodology can be developed for all the
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formulations discussed in the thesis.

6.2.2 Design Optimization

No design optimization case study was included in this work. However, in order to truly

appreciate the concept of sensitivity analysis, it is important to discuss its application to de-

sign optimization. Zhu et al. presented optimization studies for the Iltis Bombardier vehicle

[98, 99, 101] where performance criteria such as ride as measured by vertical acceleration,

and handling as measured by roll rate were optimized. However, all of these models were

implemented using frictionless suspension systems. It would be interesting to see the effect of

friction, especially its impact on the damping coefficients since friction would aid the energy

dissipation in the suspension system.

6.2.3 Control and Friction Compensation

Substantial work has gone into control of dynamical systems with friction [2, 3, 4]. In the

spatial slider crank case study that was discussed in this thesis, the terms on the right

side of Equation (3.10) only comprised of the gravitational and damping forces. However,

one of the primary reasons of modeling dynamical systems is in order to control them and

achieve the required dynamic trajectory through control forces. For this reason, the terms on

the right side will most likely be some form of full-state feedback or output control efforts.

The control forces are governed by parameters, such as controller gains. The sensitivity

analysis and optimization of the system with respect to these control parameters needs to be

addressed in the future scope of this work. The reader may refer to the book by Wierzbicki

[93] for these studies.
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Appendix A

Key Formulas

A.1 Vector Algebra

• Tilde operator

ã =


0 −az ay

az 0 −ax

−ay ax 0

 (A.1)

• Coordinate transforms

s = As′ (A.2)

s′ = ATs (A.3)

rP = r + As′ (A.4)

• Euler parameter matrices

E =
[
− e ẽ + e0I

]
∈ R3×4 (A.5)

G =
[
− e − ẽ + e0I

]
∈ R3×4 (A.6)

A = EGT (A.7)
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A.2 Vectors and Matrices for Dynamics

For the following equations, the body fixed reference frame x′ − y′ − z′ should be located at

the center of mass of the body. The external forces have to be applied in the global frame of

reference x− y − z while the torques should be applied about the body-fixed reference axes

x′ − y′ − z′.

• Generalized coordinates

q =
[
rT
1 . . . rT

nb pT
1 . . . pT

nb

]T (A.8)

• Constraint vector

Φ =


Φkinematic

Φabsolute

Φ Euler

 (A.9)

• Inertia matrices

J′
i = diag

(
J ′
x′x′ , J ′

y′y′ , J
′
z′z′

)
(A.10)

M =

 diag
(
m1I3, . . . ,mnbI3

)
0

0 diag
(
4GT

1 J
′
1G1, . . . , 4GT

nbJ
′
nbGnb

)
 (A.11)

• External forces and torques

FA
i =

[
FA
x FA

y FA
z

]T (A.12)

FA =
[
FAT

1 . . . FAT
nb

]T (A.13)

TA
i =

[
2GT

i n′A
i + 8ĠT

i J′
iĠipi

]
where n′A

i =
[
nA
x′−x′ nA

y′−y′ nA
z′−z′

]T (A.14)
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TA =
[
TAT

1 . . . TAT
nb

]T (A.15)

Q =
[
FAT TAT]T (A.16)

A.3 Kinematic Holonomic Constraints

• Orthogonal contraint of the first form

Φd1(ai, aj) = aT
i aj = 0 = a′T

i AT
i Aja′

j ∈ R (A.17)

• Orthogonal constraint of the second form

Φd2(ai,dij) = aT
i dij = 0 ∈ R where dij = rj + Ajs′j − ri + Ais′i (A.18)

• Spherical constraint

Φs(Pi, Pj) = rj + Ajs′Pj − ri − Ais′Pi = 0 ∈ R3 (A.19)

• Distance constraint (for non-zero distances only)

Φss(Pi, Pj, C) = dT
ijdij − C2 = 0 ∈ R (A.20)

• Parallelism constraint of first form

Φp1(hi,hj) =

 Φd1(fi,hj)

Φd1(gi,hj)

 = 0 ∈ R2 (A.21)
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• Parallelism constraint of second form

Φp2(hi,dij) =

 Φd2(fi,dij)

Φd2(gi,dij)

 = 0 ∈ R2 (A.22)

• Universal joint

Φ =

 Φs(Pi, Pj)

Φd1(hi,hj)

 = 0 ∈ R4 (A.23)

• Revolute joint

Φ =

 Φs(Pi, Pj)

Φp1(hi,hj)

 = 0 ∈ R5 (A.24)

• Cylindrical joint

Φ =

 Φp1(hi,hj)

Φp2(hj,dij)

 = 0 ∈ R4 (A.25)

• Translational joint

Φ =


Φp1(hi,hj)

Φp2(hj,dij)

Φd1(fi, fj)

 = 0 ∈ R5 (A.26)
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Vectors used in Case Study

• Constraint vector

Φ =



σ13

σ14

σ15

σ16

σ3 σ8 − σ11 σ1 − σ12 σ2

x1 − x2 + σ4 − ρ1 σ11
2

y1 − y2 + ρ1 σ8
2

+ σ6

z1 − z2 + ρ1 σ12
2

− σ5

x2 − x3 + σ4

y2 − y3 + σ6

z2 − z3 − σ5

σ3 σ7 − σ9 σ1 − σ10 σ2

σ17

y4 − y3 + 2 e40 e43
5

+ 2 e41 e42
5

z4 − z3 − 2 e40 e42
5

+ 2 e41 e43
5

σ18

σ19

x4

y4

z4

e41

e42

e43

e102 + e112 + e122 + e132 − 1

e202 + e212 + e222 + e232 − 1

e302 + e312 + e322 + e332 − 1

e402 + e412 + e422 + e432 − 1



(B.1)
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where

σ1 = e402 + e412 − e422 − e432

σ2 = 2 e40 e42 − 2 e41 e43

σ3 = 2 e40 e43 + 2 e41 e42

σ4 =
ρ2 (e202+e21

2−e22
2−e23

2)
2

σ5 =
ρ2 (2 e20 e22−2 e21 e23)

2

σ6 =
ρ2 (2 e20 e23+2 e21 e22)

2

σ7 = e302 − e312 + e322 − e332

σ8 = e102 − e112 + e122 − e132

σ9 = 2 e30 e33 − 2 e31 e32

σ10 = 2 e30 e31 + 2 e32 e33

σ11 = 2 e10 e13 − 2 e11 e12

σ12 = 2 e10 e11 + 2 e12 e13

σ13 = x1 − x4 − 6 e40 e42
25

+ e40 e43
5

− e41 e42
5

− 6 e41 e43
25

+ ρ1 σ11
2

σ14 = − e40
2

10
+ 6 e40 e41

25
+ e41

2

10
− e42

2

10
− 6 e42 e43

25
+ e43

2

10
+ y1 − y4 − ρ1 σ8

2

σ15 = − 3 e40
2

25
− e40 e41

5
+ 3 e41

2

25
+ 3 e42

2

25
− e42 e43

5
− 3 e43

2

25
+ z1 − z4 − ρ1 σ12

2

σ16 = (2 e10 e12 + 2 e11 e13)σ1 − σ2

(
e102 − e112 − e122 + e132

)
− (2 e10 e11 − 2 e12 e13)σ3

σ17 = (2 e30 e32 + 2 e31 e33)σ1 − σ2

(
e302 − e312 − e322 + e332

)
− (2 e30 e31 − 2 e32 e33)σ3

σ18 = σ10

(
e402 − e412 − e422 + e432

)
− (2 e40 e41 − 2 e42 e43)σ7 − σ9 (2 e40 e42 + 2 e41 e43)

σ19 = (2 e30 e33 + 2 e31 e32) (e202 − e212 + e222 − e232)− (2 e20 e23

−2 e21 e22) (e302 + e312 − e322 − e332)− (2 e20 e21 + 2 e22 e23) (2 e30 e32 − 2 e31 e33)
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• Generalized force vector

Q + QAf =



0

0

−gm1

0

0

−gm2

−σ1

0

−gm3

σ1

0

−gm4

e10
(
8 J1,1 ė211 + 8 J1,2 ė212 + 8 J1,3 ė213

)
− e11 σ21 − e12 σ22 − e13 σ23 + 4 c e11 σ2

e11
(
8 J1,1 ė210 + 8 J1,3 ė212 + 8 J1,2 ė213

)
− e10 σ21 − e12 σ24 − e13 σ25 − 4 c e10 σ2

e12
(
8 J1,2 ė210 + 8 J1,3 ė211 + 8 J1,1 ė213

)
− e10 σ22 − e11 σ24 − e13 σ26 − 4 c e13 σ2

e13
(
8 J1,3 ė210 + 8 J1,2 ė211 + 8 J1,1 ė212

)
− e10 σ23 − e11 σ25 − e12 σ26 + 4 c e12 σ2

e20
(
8 J2,1 ė221 + 8 J2,2 ė222 + 8 J2,3 ė223

)
− e21 σ15 − e22 σ16 − e23 σ17

e21
(
8 J2,1 ė220 + 8 J2,3 ė222 + 8 J2,2 ė223

)
− e20 σ15 − e22 σ18 − e23 σ19

e22
(
8 J2,2 ė220 + 8 J2,3 ė221 + 8 J2,1 ė223

)
− e20 σ16 − e21 σ18 − e23 σ20

e23
(
8 J2,3 ė220 + 8 J2,2 ė221 + 8 J2,1 ė222

)
− e20 σ17 − e21 σ19 − e22 σ20

e30
(
8 J3,1 ė231 + 8 J3,2 ė232 + 8 J3,3 ė233

)
− e31 σ9 − e32 σ10 − e33 σ11

e31
(
8 J3,1 ė230 + 8 J3,3 ė232 + 8 J3,2 ė233

)
− e30 σ9 − e32 σ12 − e33 σ13

e32
(
8 J3,2 ė230 + 8 J3,3 ė231 + 8 J3,1 ė233

)
− e30 σ10 − e31 σ12 − e33 σ14

e33
(
8 J3,3 ė230 + 8 J3,2 ė231 + 8 J3,1 ė232

)
− e30 σ11 − e31 σ13 − e32 σ14

e40
(
8 J4,1 ė241 + 8 J4,2 ė242 + 8 J4,3 ė243

)
− e41 σ3 − e42 σ4 − e43 σ5 − 4 c e41 σ2

e41
(
8 J4,1 ė240 + 8 J4,3 ė242 + 8 J4,2 ė243

)
− e40 σ3 − e42 σ6 − e43 σ7 + 4 c e40 σ2

e42
(
8 J4,2 ė240 + 8 J4,3 ė241 + 8 J4,1 ė243

)
− e40 σ4 − e41 σ6 − e43 σ8 + 4 c e43 σ2

e43
(
8 J4,3 ė240 + 8 J4,2 ė241 + 8 J4,1 ė242

)
− e40 σ5 − e41 σ7 − e42 σ8 − 4 c e42 σ2



(B.2)
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where

σ1 =

ρ4 tanh
(

4 ẋ3
ρ6

)
− ẋ3 (ρ4−ρ5)

ρ6

(
ẋ2
3

4 ρ6
2 + 3

4

)2

√
λ14

2 + λ15
2

σ2 = e10 ė11 − e11 ė10

σ3 = 8 J4,1 ė40 ė41 − 8 J4,2 ė42 ė43 + 8 J4,3 ė42 ė43

σ4 = 8 J4,2 ė40 ė42 + 8 J4,1 ė41 ė43 − 8 J4,3 ė41 ė43

σ5 = 8 J4,2 ė41 ė42 − 8 J4,1 ė41 ė42 + 8 J4,3 ė40 ė43

σ6 = 8 J4,2 ė40 ė43 − 8 J4,1 ė40 ė43 + 8 J4,3 ė41 ė42

σ7 = 8 J4,1 ė40 ė42 − 8 J4,3 ė40 ė42 + 8 J4,2 ė41 ė43

σ8 = 8 J4,3 ė40 ė41 − 8 J4,2 ė40 ė41 + 8 J4,1 ė42 ė43

σ9 = 8 J3,1 ė30 ė31 − 8 J3,2 ė32 ė33 + 8 J3,3 ė32 ė33

σ10 = 8 J3,2 ė30 ė32 + 8 J3,1 ė31 ė33 − 8 J3,3 ė31 ė33

σ11 = 8 J3,2 ė31 ė32 − 8 J3,1 ė31 ė32 + 8 J3,3 ė30 ė33

σ12 = 8 J3,2 ė30 ė33 − 8 J3,1 ė30 ė33 + 8 J3,3 ė31 ė32

σ13 = 8 J3,1 ė30 ė32 − 8 J3,3 ė30 ė32 + 8 J3,2 ė31 ė33

σ14 = 8 J3,3 ė30 ė31 − 8 J3,2 ė30 ė31 + 8 J3,1 ė32 ė33

σ15 = 8 J2,1 ė20 ė21 − 8 J2,2 ė22 ė23 + 8 J2,3 ė22 ė23

σ16 = 8 J2,2 ė20 ė22 + 8 J2,1 ė21 ė23 − 8 J2,3 ė21 ė23
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σ17 = 8 J2,2 ė21 ė22 − 8 J2,1 ė21 ė22 + 8 J2,3 ė20 ė23

σ18 = 8 J2,2 ė20 ė23 − 8 J2,1 ė20 ė23 + 8 J2,3 ė21 ė22

σ19 = 8 J2,1 ė20 ė22 − 8 J2,3 ė20 ė22 + 8 J2,2 ė21 ė23

σ20 = 8 J2,3 ė20 ė21 − 8 J2,2 ė20 ė21 + 8 J2,1 ė22 ė23

σ21 = 8 J1,1 ė10 ė11 − 8 J1,2 ė12 ė13 + 8 J1,3 ė12 ė13

σ22 = 8 J1,2 ė10 ė12 + 8 J1,1 ė11 ė13 − 8 J1,3 ė11 ė13

σ23 = 8 J1,2 ė11 ė12 − 8 J1,1 ė11 ė12 + 8 J1,3 ė10 ė13

σ24 = 8 J1,2 ė10 ė13 − 8 J1,1 ė10 ė13 + 8 J1,3 ė11 ė12

σ25 = 8 J1,1 ė10 ė12 − 8 J1,3 ė10 ė12 + 8 J1,2 ė11 ė13

σ26 = 8 J1,3 ė10 ė11 − 8 J1,2 ė10 ė11 + 8 J1,1 ė12 ė13

• Frictional force

QAf =



O6×1

−σ1

O2×1

σ1

O18×1


(B.3)

where

σ1 =

ρ4 tanh
(

4 ẋ3
ρ6

)
− ẋ3 (ρ4−ρ5)

ρ6

(
ẋ2
3

4 ρ6
2 + 3

4

)2

√
λ14

2 + λ15
2
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