
Theoretical Review 6

2.0 Theoretical Review

In this chapter, some particular theories on data compression and reconstruction are

reviewed and developed.  These theories support the implementation of the image

compression and reconstruction approach in Chapter 3.

2.1 Representation of Signals: Introduction

A discrete signal of length N is considered to be a vector in N-dimensional Hilbert

space.  The natural basis vectors are the columns of the N-dimensional identity matrix.

Representation by the natural basis does not reveal the essential structures of the signal

visibly.  It is necessary to represent the signal in a different form, such that, hopefully, the

properties of interest show up.

Let x be a discrete N-point signal expressed in N-dimensional real Hilbert space, H,

with the norm defined by

  || x || =   (xTx)1/2. (2.1)

For a given set of N linearly independent unit norm vectors, each signal x can be uniquely

represented by a combination of these N vectors,

      x =    A xA  , (2.2)
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where A is an N×N matrix columnwise formed by these N vectors.

Generally speaking, these N vectors form a basis.  Since A is a linearly independent

matrix, the inverse matrix A-1, exists.  The representation relative to a new basis can easily

be found, by matrix multiplication of the inverse matrix of A and the original signal x.

Moreover, if A is orthonormal, the inverse of A is just its transpose.  Of course, the

orthonormality of A preserves the energy of the new representation, i.e., ||x|| = ||xA|| [Safar

1988].  Although, x and xA represent exactly the same signal, changing to an appropriate

basis can cause some hidden features to become more visible.

If L>N unit norm vectors in the same space are used to represent x, the linear

system of equations (2.2) becomes underdetermined [Brogan 1991].  The linear system of

equations can be written as

      x =  C xL  , (2.3)

where C is an N×L matrix columnwise formed by L>N vectors.  If the rank of C is not

equal to the rank of [ C | x], there is no solution for xL.  The linear system of equations is

called inconsistent.  Contrarily, if both ranks are equal, the system of linear equations results

in an infinite number of solutions.  As a consequence, L>N vectors cannot form a basis for

N dimensional space.

Conversely, if K<N vectors are chosen from L>N vectors to form a K-dimensional

subspace M, the linear system of equations can be rewritten as

       x =  B xK , (2.4)
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where B is an N×K matrix.  Brogan [Brogan 1991] points out that if the rank of B and the

rank of [B|x] are equal to K, the unique solution exist.  But if the ranks are less than K, an

infinite number of solutions exists.  If the linear system of equations is inconsistent, no

solutions xK exist in this overdetermined case.

Even though the solution does not exist in the overdeterminded case, an

approximate solution can be found, for example by using the pseudo inverse, which

minimizes || x-BxK || and produces the solution

     xK =   (BTB)-1BT x. (2.5)

Due to the minimum norm, x′ defined by BxK, is therefore PMx, the projection of x onto the

subspace M and the projection operator onto subspace M, PM, is B(BTB)-1BT.  In addition,

PM(x- x′) = 0 implies that x- x′ is the projection of x onto M⊥ , the orthogonal subspace of

M.

Since x′ is a representation of x in subspace M, and there are 
K
L





  possible

subspaces formed by combinations of picking K vectors from L vectors, the goal is to find

the subspace that produces the best fit to x.  Let us define Mean Square Error (MSE) as

          MSEM =   
(x -  x (x -  x

N
′ ′) )T

(2.6)
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where N is the dimension of x and x′.  Then K vectors are chosen such that the MSEM is

minimum.  Even though L and N are small numbers, the full search takes a lot of

computation and, of course, time.  In a special case that L vectors are basis vectors of a set

of transforms, a clever method, named the Recursive Residual Projection method [Safar

1988], can be applied to find a suboptimal approximation to the desired (optimal) subspace.

2.2 Representation of Signals: Multiple Bases Representation (MBR)

In general, a transform can efficiently represent particular signals.  The Fourier

transform, for instance, effectively reveals narrow-band signals, e.g., sinusoids.  Meanwhile,

Walsh and Haar basis functions benefit representations of wide-band signals.  Consequently,

mixed transforms can be shown to be more efficient for various signals [Mikhael 1992].

The ideal leads to invoking multiple bases to represent the signals.

2.2.1 MBR as Composite Sources

Let γk be kth basis vector of an N dimensional orthonormal transform.  A signal x can

be uniquely represented in the transform domain by

x  =  
k

N

=

−

∑
0

1

gk γk (2.7)

A compressed version of signal x is distorted, and can be achieved by removing some

relatively small coefficients from (2.7).  Let TA, TB, … , and TP be the transforms

participating in the MBR coding.  The MBR distorted signal, xmbr, then consists of a
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combination of basis vectors from those various transforms.  Consequently, xmbr can be

written as

   xmbr =  
k

Ma

=
∑

0
akαk  +  

k

Mb

=
∑

0
bkβk  +  …   +  

k

Mp

=
∑

0
pkρk (2.8)

where ak,bk,… ,pk are the coefficients and αk, βk,… ,ρk are the basis vectors from the

transforms TA, TB, … , and TP respectively.  The MBR distorted signal acts as if it is a

composite of a collection of sources.  Each source is expected to represent particular

features of the signal well.

Basically, the information needed for a single-transform coded signal consists of the

locations and the associated gains.  In addition to the information needed for the single

transform, the identification of the participant transforms is needed for an MBR coded

signal.  Consequently, it takes some extra information to recognize the participant

transforms.

2.2.2 Choice of the bases

In case of imagelike signals, the components can be classified as texture and edge.

If we are restricted to two transforms, the Discrete Cosine Transform (DCT) and the Haar

Transform are the best choices for the texture component and the edge component

respectively.  The Slant Transform is the next good choice if more transforms can be added

[Safar 1989].

Now, the total number of basis vectors L is the summation of all the transforms’

basis vectors.  For P participating N-dimensional transforms, for example, the total number
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of basis vectors L equals NP.  Although the numbers L and M are small, a full search to find

the basis that satisfies the minimum MSE, defined by (2.6), takes a lot of computation and,

as a result, is time consuming.  Instead of searching all M vectors at the same time, an

effective suboptimal algorithm called the Recursive Residual Projection algorithm seeks

basis vectors one-by-one to form an M-dimensional space.

2.3 Recursive Residual Projection (RRP)

Assuming sets of basis vectors are chosen, the idea of RRP is to first find the best

approximating vector to the original signal from the sets of basis vectors.  The best

approximating vector can be determined by projecting the original signal onto the chosen

basis vectors.  The largest projection, implying the maximum energy packing, is said to be

the best approximating vector.  The error signal or residual is obtained by subtracting the

highest energy projection from the original signal.  The residual is then treated as a new

signal.  The procedure recursively repeats until it reaches a designated threshold.  The RRP

algorithm can be simplified if the basis vectors are obtained from fast orthonormal

transforms.  The projections onto the basis vectors of each transform are just the transform

coefficients corresponding to those basis vectors.

Picking the largest projection onto the basis vectors is equivalent to choosing the

optimal representation in one dimensional space.  Since the RRP algorithm repeats taking

the current residual to find the next best approximation of the residual, this algorithm can be

viewed as a multi-stage VQ technique.



Theoretical Review 12

The basis vectors are generally chosen from different orthogonal transforms.  Any

one basis vector is then not guaranteed to be orthogonal to the vectors from the other,

different, transforms.  The set of MBR basis vectors is consequently not an orthogonal set.

2.3.1 An RRP Implementation Algorithm

If the signal represents the intensity of images, the possible values of the signal must

be positive.  Thus, such a signal contains positive DC components.  Consider the

orthonormal Discrete Cosine Transform (DCT) and the Fast Haar Transform (FHT).  Their

first basis vectors both represent the DC component and the remainder of the basis vectors

are zero mean vectors.  If both transforms participate in the multiple bases representation, it

is a good alternative to first remove the DC component from the original signal.  The

solution of the RRP algorithm then consists of the DC value, DCT coefficients, DCT

vectors, FHT coefficients, and FHT vectors.  An RRP implementation algorithm is shown in

Figure. 2.1 [Khanna 1990].

It is possible that the current basis vector repeats one of the previous basis vectors.

In such a case, the current coefficient is added to the previous coefficient whose

corresponding basis vector is the same as the current vector.  This shows that the RRP

algorithm just provides a good approximation of MBR.  The RRP signal can be written in

terms of xmbr  as

    xrrp =  xmbr + ∆r , (2.9)

where ∆r represents the noise induced by the RRP algorithm.
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Figure 2.1 The RRP implementation.
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2.3.2 RRP Stopping Criteria

There are three major criteria that can be used to stop the RRP process.  The criteria

are listed as follows:

(1) MSE:  Since the RRP algorithm implements an energy removal process, the

iteration is stopped when the energy of the residual signal falls below a designated level.

This criterion guarantees the level of energy in the MBR coded signal but does not take into

account human perception.

(2) Maximum Residual Signal Value:  This criterion comes from the fact that human

perception is sensitive to loss of high intensity.  This criterion stops the RRP when the

maximum absolute value of the residual signal is less than a desired threshold.

(3) Fixed Number:  The number of iterations of the procedure is specified.  The

number of coefficients is fixed.  Due to variations of the signals, for a given transform, some

signals might need only a few coefficients to represent most of the signal energy.  A proper-

frequency sinusoid, for instance, can be represented by one Fourier transform coefficient.

As a result, this criterion does not result in an efficient method.  However, this criterion is

useful to study the energy packing characteristics of different transforms.

2.4 RRP Outcomes and Statistics

The possible outcomes from the M-transform RRP process can be categorized into

2M+1 sets.  One is for the DC component and each transform needs two sets for the

transform basis vectors and for the corresponding gains.  As mentioned earlier, if the

participant transforms are only the DCT and the FHT, for example, the solution space is a
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collection of the DC value, DCT coefficients, DCT vectors, FHT coefficients, and FHT

vectors.  Knowing the statistics of the MBR solution space is very helpful in source coding

for storage or transmission.  Coefficient values or vectors that have higher probability of

occurrence are coded to shorter codewords.

For an 8-bit gray scale image, the DC value is known a priori to be bounded by 0

and 255.  However, the extreme value is hardly found in typical images.  Based on

experiments, Khanna [Khanna 1990] models the distribution of DC values as a gamma

distribution,

   p(x) =  /e βα
αβα

x1x
)(

1 −−

Γ
(2.10)

where x > 0, α>0, β>0, and Γ(α) is defined by

)(αΓ =  0z,dzez
0

z1 >∫
∞ −−α (2.11)

The parameters α and β shape the distribution.  The gamma distribution, with proper values

of α and β, fits the distribution of DCT and FHT positions as well.

The histograms of DCT and FHT coefficients are found to be symmetric, centered at

zero.  Furthermore, each side of the histograms fits the gamma distribution well.  As a

consequence, the double sided gamma distribution is developed to model DCT and FHT

coefficients.  The double sided gamma distribution is defined by
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  pD(x) 0,0,x
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1 /|x|1 >>
Γ

= −− βα
βα

βα
α e (2.12)

Note for p(x) and pD(x) that the functions increase from 0 and decrease back to zero when

|x| approaches infinity.  The parameter α describes how fast the distribution function rises

up initially.  Meanwhile, β determines how fast the distribution function falls off.  These two

parameters let us flexibly select values that best fit our data.


