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i INTRODUCTION
The general problem in fluid mechanics involves finding an
expression which is a solution to certain mathematical equations
and which satisfies certain boundary conditions. These mathe-
matical equations are the equations expressing the physical laws
of conservation of mass and conservation of momentum. The

equations expressing conservation of momentum, general y ra-
ferved to as the eguations of motion are, however, non~linear,
and as yet no method of obtaining solutions to these equations is
known, For this reason certain simplifyi
generally wade, namely, that the fluld is perfect and incompress-
ible and that the fluid motion is irvotational. By making these
assumptions and by introducing the velocity potential, ¥, the pro-
blem is reduced to that of finding & solution to Laplace'’ s equation
which saticfies the bouwndary condition for the particular problerm.
The fires of these gssumptions, that of a perfect fluld, is in
sffect sn assuxoption that the fuld is nonviscous. It was Prandtl
who in 1904 first advanced the theory that the effects of viscosity,
in fluide of small viscosity, are limited to & small layer of fluid
sext to the boundary, and therefore the fluid outeide of this bounde
ary layer may be treated as a perfect fluid. This theory is borne
out by experiment; thus reasons ,
obtained for many problems by szmsiﬁarmgim as nonviscous.

ng assumptions ave

bly accurate solutions may be

The second of these assumptions, that of m%amm&&ih& fluid



renders accurate solutions for Hguids and for gases at low veloce
ities where the effects of comprassibility are negligible,

The sclutions to fluid mechanics problems in which the fluid
is assumed to be perfect (nonviscous), incompressible and irrota-
tional comprise the Classical Hydro and Aerodynamic Theory.

In problems in which gases attain high velocities, classical
theory fails to predict the physical flow wwwﬂy since the effects
of comy ressibility are no longer negligible. If the fiuid is not con~
sidered incornpressible, however, the sguations of motion are

gain non-linear and again no method of obtaining solutions to
these equations is known. Molembroeck in 1908 and Chaplygin (1)
in 1902 discovered that these exact non-linear equaticns of motion
could be transformed into exact linear egquations by a mathem
transformation. This transformation is known s the hodograph
transformation. Chaplygin (1) made an important simplifying
~ assumption in the hedograph methods and applied these methods to
problems of gaseous jete in 2 paper which appeared :
1902,

Several investigators applied Chaplygin’ & methods to problems
in g% éym.mim in the sarly Thirties. The hodogra
general _
of approxirnstion which was suggested by Theodo
10} and worked out by H. 8. Tsien (8) in 1939. The method of

maneTaion has boen apglied to several probloms of fuid mechans
ics, the most notable being the flow about certain aisfoils.
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Itis imgam % note 'm;t amtmgh the wggmgh trang-

on transforms the amﬁimw equations of motion into
ﬁ&m agmw, Mm isa ammt difficulty which gte&%hi&&
its use in w%.wiag more than a few mmzmawi&ia flow wﬁmm
This difficulty arises from the fact that the physical Wwﬁaﬂw
are éiiﬁimﬁt w mi%afyu This difficulty is basicslly dee ‘ﬁﬁ the
fact w ﬁm Wmﬁmy ﬁmﬁt&m are given in terms of ﬁz«a phye-
ical coordinates, x and y, while the equations of motion in the
Mﬁgx‘m g&m mmw not the Wﬁiﬂﬁ a@wmw but &ﬁ

itude of the velocity, q. and && welocity direction, @, a8
i&ﬁﬁgmmt variables. ' ‘
" 1t is the purpose ﬁi this thesis to mmgm mm& Pro-

blems in the ﬁﬁw ofa emwmiﬁa flaid hy the wﬁgm@h
W These problems wiﬁ be of the gmt&i class in which
m " free' amwmsma are involved.



IV. THE HODOGRAPH METHOD

A. The Equations of Motion

steady, two-dimensional, irrotational motion of a com-
pressible fluid is governed by the equations expressing conservation

of ixx&am conservation of momen and irrotationality. The equa~

tion of amawm&im of mass, or the continuity equation, may be
few w5££ &0 S

where p is the mass density of the fluid and u and v are the Mmzity
onents in the x and y directions respectively. The equation of
rvation of momentum or the equation of motion of the fluid in
the form commonly known as the Beraculli #gmtiw is '
adq , %ﬂ 20 | {2)

Here g is the magnitude of the veloeity vector and p is the static
pressure in the fluid. The sssumption that the fuid motion is irre.
tational gives rise to an equation relating the partial derivatives of

oy - A1} . g
3% "5y 70 (3)

If the flow is also assumed to be isentropic, there éaixtsﬁ &
fourth equation |
p o constantp’ (4
which relates the pressure, p, and the density, p, of the fluid by
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the ratic of specific heats, Y. The velocity of sound, &, in & gas
undergoing an isentropic process is defined by

Z ﬁ% . . - { 5

ﬁg&ﬁm& {1} through {4) comprise a aystem of four equa«
Hons in four unknowns, U, v, p» ond p. The general wmmh is
%ﬁ&ﬁ inate three of the wnknowns and to obtain onc equation in one
anknown which is to be solved. To this end an additional variable
and two additional equations are added to the four above, This addi-
tionsl variable, the velociiy potential B, is defined by the eguations

| | %gwm %‘*w | | 6
it is obvious that the velocity potenti
tational motion {3). ,

ducing the velocity potential o the
into equations (1} ﬁm;mh {3) and reducing a«g%ﬁim {1) through iéi
foa m@m equation, the expression

[*g;] Fr A =

dx Oy oxoy
2.2 3% s
[ gg } -—;% a0 (7
is obtained. This is the ;mmm egquation imr 2 steady, two-dimen-
sional, irvotational motion of @ compressible fluid and is ohviously
& non-lineasr partial differential mﬁaﬁmﬁ
At present there are two main methods of mﬁg solutions

Vt@ this equation: |

| %. Approxzimate sclutions to the potential squatios

al satisfies the equation of izzo~




wdln

obtained by m&kﬁ:&g cevtain sasumptions by which the potentisl
- sguation is linearized. Pevhaps the most notable of these methods
of linearizing the potential equation is the method of small
perturbations. |

L B %m ﬁmuﬁmw potential eguation iz tranaformed into
differential equations by a mathematical
must

2 set of linear partial
transformation. This is the hodograph transformation. It
‘&w noted, however, that not all ymmms jnvolving aw Wmﬁa;
squation can be solved by hodograph methods. This is due to the
fact that the physical boundavies ave difficult to satisly in the
Bodogragh plane. I

The following equations, obtained from equations (1), {2},
{4) nad (5} are insoried hove for future veference, .

AT g8

{10}

an

 In these equations M is the Mach number or the ratio of the
local velozity to the local velocity of sound, and the subseript zers
éigimﬁ

refevy to stagnation co



w il

B. The E«%w@g{m@h Transformation

; In addition o @gﬁaﬁm@ {1 %&*@ﬂ@kv{é} which represent twe-
ﬁilmmaimah ,yﬁiﬁﬁﬁaﬁ motion and @%ﬁ&ﬁ%&ﬁﬁ gé};wmﬁk define the
velocity potential, a second function, the stream functiom, v, may

be introduced. The streacm function is &@i‘m@ﬁ by the equations

p e o
% ggj* o=y gz | ua

oe

and akwwusiy mtasﬁaﬁ the mﬁtimiﬁy eguation. ; _

Introducing the magnitude of the velocity vector, g, and the

angia of iﬁﬁizmmm aﬁ the velocity %zs&w with the axis, 8, as mw‘.
vwi&mwﬁ the equations is:m the %&emty @@ﬁ@mﬁm and stwam fmm»

tion may be wmﬁw

d%wwﬁ ﬁw%u-ﬁ dy&qm@ ﬁé&%gsmﬁﬂy

dVm wSte aW AR & oo aw ﬁfﬁw-&@wgﬁm@ﬁ&%@‘&qgﬁﬁ %ﬁy

{13
3 &zmmg these @a}%&im& for dx and éy yields -
cos O sin 9 Po
| dx = S ap - 5 9 VJ |
.@ywmﬁm%ﬁ + 202 @%ﬁ av | (14}

| ﬁm img a8 ﬁw m@ww@mﬁmm between g@m @hysi&ai ami
o a@ﬁ@gm@k g%amaa is one to one, x and y can be wgawmm& a8 ﬁme»

tions of g and 8 &mi # and QJ as functions of q and . Thus

{15y
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Introducing equations (15) into equations (14} yields

cos 8 2f . sino Po OV
9 o4 & P aa)é‘i

o(c088 o sine Po 0V
*(‘a '5'5”’“ a P S) 40

ax = (

ay = <aixi&“_§*¢w@ Y aLP)ﬂq

q 9q g p 949

(ﬁi&ﬁﬁ«g*fm&%?%)% ) (18

Since the left-hand side of squations (16) are exact éiﬁetm.ta,
m reciprocity wmm can be wg&ie& Therefore

> (g08 8 _@gina% alb) aa% ma%aw)
."S’é*(mq““aq' a F o4 “ae&( q o0 g P o8

| sin ¢ o, cos 5P oV sin @ con 8 Pg 2V
_f’%’é('@'é"%*ﬁ#aq) ‘a'( ‘%*«iﬁa)
(an

Carrying out the indicated ﬁﬁﬁfmﬁaﬁm* equations {17) reduce to

v sln &-—ﬁ gﬁu ﬁ:’ jg ., W'a,'* ans, ﬁ(i& a%)

%13¥
Multiplying the first of equations {18} by cos 8 and the second by
gin 0 and adding yields

‘_ﬁ Po 00 gL w%% 9
con § msg X Sl ¢ (ny

, g o
_g 43 Po a‘l’ | (19

Multiplying the first of equations gmy by sin 0 and the second by



wide
cos § and subtracting yields

ookd s o

From equations (2} and {5}, however

z , | "
% 2 M | @y

Equation {21) defines M the Mach number of the fuid. Introducing t
equation {21} iuto equation {20} readers

28, *f;? (1~ m?) ﬁs‘g (22)

hedograph plane elocity magni
velocity direction, ¢, These sguations are linear since the coeffi-
ciente of the derivatives ave functions of the ia&wmm a&aa ‘_
q and ¢ slose, |

It is convenien
order to put &em equations in sy

to iﬁﬂ'm at ﬁ&ia point & new wﬁa&% i& :
metric form, Intmaming

A23)

{24




o i%uﬁ

28 .. %ﬁ VAR %g (25)
These are the equations of motion in the so-called "distorted"
hodograph plane where the independent variables are w and 8. Inte-
gration of equation {23) gives the relation between the variable w and
the velocity magnitude, g, to be

: gg@j

Here C is the constant of integration.

D. Chaplygin®s Approximation
Chaplygin (1) noticed that the factor —2 V1« M” in equa~
tions {24) and {25) differs little from unity for values of M nok too
close to one. Noticiag that o
L | 1 1
O (T N (RO n
2

by virtue of equation {10}, and developing this in powers of M

yields : o . - .
Py o . s M% . M2 wsp
Py (”5’?? ¢(zaf) Mpe e )12 20 n)

SRV — an

g : .
Thus ﬁ Vi - M2 differs {rom unity by terms of m* snd higher.

With this approximatio * ¥ 1, the hodograph



equations peduce o

Thus the hodograph equations are reduced to the Cauchy-Riemann
relations by the Chaplygin condition |

Pe r ) :
=2 Vi-m2% g (36}

This condition may be interpreted in a diffevent way. In
eguation {27) the Chaplygin condition, {30), is satiefled i ¥ is
taken to be Y =« 1 for M less than cne. Naturally no gas with
this property, V =« 1, exists; however, the true mmiﬂg of the
assumption V=« 1 can be £mﬁ &y considering the isentropic
relation for an & gas with this property. For a perfect
gas, the isentropic miatiw is given by "

 ~B. = constant {31y

' ,
For the “immimry“ gas, this relation becomes

pp = constant ~€3E}
Hence the condition ¥ = » 1 defines a straight line isentrope in the
P versus % m@a In other words, by making the Chaplygin |
" approximation the true isentrope of a perfect gas has been approxi-
mnated by a s&ﬂig&g# line tangent to the txue isentrope. Chaplygin {1},
in his original wm@g% wsﬁ as the point of tangens
ponding to stagnation conditions, p, and p_. An essential refine-
meaa% to the method of Chaplygin was made in 1939 by Theodore ven
Karman (9) {10) and H. 5. Tsicn (8) who used a straight line isentrope

y the point corves.
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which was tangent to the true isentrope 2t & point corresponding o
the undisturbed stream con o

ditions poand p,, .

Simee eguations {29} ave equations of the Cavchy-Riemann
type they ave satisfled by the real and imaginary parts of any com-
plex analytic fmémm Fla+iw)=P+17¥., Now the problem is to
find the analytic function, F, which satisfies the given boundary
conditions ia the y&y@im plane. It is, therefors, neceasary to
gonsider the %m#ﬁi@m%m from the physical plane to m hodo-
graph plane, In the physical plane the relation between the coordin-
ates is givea by | |

ds = dx + idy
| Introduction of equations (14), which express
terms of g, 8, B and U, into equation (33) yislds the expression

io
dg a% {ap +1aV ) {34}
This equation may be written in terms of the snalytic function
F =28 417V which is & sclution to equations {29). Therefore
ds= 2 [é@@ﬂﬁ’ -8 ga?#w;] {35)
since F = P +iVand dF = df + 34V, Here the bar vefers to the
conjugate function. Equation {26} may now be solved fw% to give



Also by considering equations (10), (11) and (36), the following

T

. Introducing equations (36) and {37) into equation (35) yields
the velation between the physical plane, 2 = x ¢ iy, and the
“distorted” hedograph plane, v = % ¢ iw. This relationis

 de zﬁi [ﬁ:&“ aF (o) - o™ ar tw&} (38)



It has been shown that the eguations of motion in the
“distorted” hodograph plane are reduced to the Cauchy-Riemann rela-
tions by the Chaplygin approzimation. It is well known that the
Cauchy-Riemann velations are satisfied by my analytic function,

Fadei ‘P » and therefore the problem becomes one of finding an
analytic function which satisfice the given ndary conditions,

In the several problems considered in this theeis, the analyfic
function, F{o), which satisfies the boundary conditions, is found by
rolating the "distorted” hodograph plane to the potential, F, plane
through one or more intermediate planes, & procedure which is well
own in the treatment of clasaical theory., This simple procedure is
possible gince the problems considered hervein ave wsmma in which
the bounding streamlines ave made up partially of straight boundar
and partially of "free® streamlines. Therefore, in these problems
the velecity divection is known along the straight boundaries, and the
veloeity magnitude is known along the free streamlines. The velocity
. magnitude along the straight boundary and the velocity direction along
the free streamline are, however, not known until the problem is
. solved., BSince the velocity direction along the straight boundary and
the velocity magnitude along the free 5%@&&2&@& ave known, itis
pogsible to transform the bounding streamlines from the physical
plane into 2 boundary of definite slope in the distorted hodograph
plane. It is therafove possible to formulate the problems considered
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as direct boundary value problema. |
i€, hﬁmwm this were not the case, that is if the velocity
direction or the velocity magnitude were not known on gome portion
~ of the bounding streamline, the problem would be considerably move
It will be shown that the boundavies of the flow problems
considered here form polygons in both the "distorted” hodograph
plage and in the potential plane &? =@+ iV). Since this is true buth
planes can be transformed inte an intermediate plane by the theorem
' of Schwarz-Christoffel. # |
The theovem of Schwarz-Christoffel states that the boundary
of & regular polygon, in say the seplane, is teansformed into the
veal asis of some new plane, say the € -plane, by the transformation
: e B, g |
%%*iﬁg *afﬁ#” g_{ Ew %«fg* ' {g~¢c }?‘ asos {39}
Moveover, if the polygen is simple the iaterior of the polygon is
mapped onto the upper half of the £ -plane by this transformation.

In the transformation, K is a constant which may be complex; a, b,
€s..:.87e the locations on the veal axis of the £ ~plane represent-
ing the vertices of the polygon, and o, £, &.... ave the interior
angles of the pasiygm% correspoading to the vertices, a, By Couane

F"FOF & comprebensive treatment of the Schwarz-Christoffel
Transformation, see THEORETICAL HYDRODYNAMICE by
L. M. Milne~Thomson '
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The Schwarz-Christoffel transformation has an importar
property which will be used in this thesis: V’wﬁew which le a2t
infinity do not enter into the transformati

of this properiy is not shown heve, however, this proof can be
found in several texts which treat the Schwarz-Christoffel
Transiormation.,
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VI, APPLICATIONS OF THE HODOGRAPH
METHOD

A, Fres Streamlines

“When & fluid is required to turn a shavp corner, radius of
curvature sero, the acceleration of the fluid particle becomes
infinite. This vequires an infinite force. In idesl fluid flow this
infinite force is obtained by sssuming an infinite velocity at the
zormer. Since this type of fow is not physically possible, the

umption is geacrally made that the {luid separates from the

body and does not negotiate the corner. This leads to a class of
problems involving “free” streamlines, a free streamline being
sne which emana
sidered in this thesis the fluid is assumed to separate at points oo
 the body where the body form makes

ion of stagna

tes from a shar

p zorner. In the problems cons

Hon points.

‘The fluid which iz in contact with the bedy downstream [rom
the body and which is separated from the main fluid motion by the
free streamlines is known as the wake. In steady flow the fluid in
ably in error for actual fluide. However, il the wake contains fluid
- of maz:h lese density ﬁmn the flaid in the main flow, the theory

vake iz assumed to be 2t vest. This sssumption is consider-

should give results which compare favorably with experiment,
Meglecting the effect of gravily, the condition that the wake

be at maﬁ indicates that the pressure intensity ia the wake is con~

stant, and therefore the pressure intensity a&mg ;ﬁs free streamiine



i B

is constant. By virtue of this fact and Bernoulli’ s equation, the
velocity magnitude must be constant along a free streamline.

B, Two-Dimensional Orifice

In %ha flow ﬁ#@m a two-dimensional orvifice, 'Ié‘igwa i{a), a
large tank iz assumed to bave a rectangular slot of great length out
‘of which the fluid flows., The poiats B, B' and I' are assumed to be
& great distance from %h@ slot, and therefore bave zaro velocity.
The flow along the wall BA has 2 direction ¢ = 0 and the flow along
the wall B*A' has the direction 8 = -7 . Toaveidan infinite veloc~
ﬁﬁy at & gud A', the flow is assumed to separats and mwm 2
tangential divection. If the velocity at 1 , is taken to be U, then the
w&zxeﬁy along s&a free streamilines Al , and A'L , is also U. The
velocity direction along the free streamline Al , varies from 6 = @
athto @ =» % atl  , 2ad the velocity direction éamg Al o, varies
from « r at A o - % atl . . The velocity along the streamline

I vavies feomzevontl' toUaptlo and has the constant direction
@ - azr

sime the velocity divection is koown along the boundaries BA
and B' A" and since the velocity magnitude is known mgsag the free

nes may be
hodograph plane. If the constant € in




o il

then at A, &' and I  , where the W&mﬁy magnitude s g = U,

w = log -

AU :
w i 2 4 et

Also at B, B' and I' where the velocity magnitude is zervo

. Thus the mgﬂm may be plotted as shown in Figure Hb).

The bounding streamlines BAL ., and B' A'l ., form a rects
sngle in the v-plane and therefore may be travsiormed into the veal
axis of the £ ~plane, Figure l{c), by the Schwars-Christoffel trans«
formation. Taking Aatf =+1 and A' at € = - 1, and noting that
the interior angles at A and A' are o = f %7 , the transformation
besorses

1
ITTITE

Integration of this expression yields
| | o= Kcosh ™! E +L
where L is the constant of integration. |
| The constants K and L may be evaluated by considering the

iﬁi&é‘wiﬁg conditions: AtA e =0, § =l st Al o e T, § == 1.
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(d) F-Plane

Figure 1.

)1
!
.
Bo A | Al B'w
|
I
N
l
l w
j 9N
A' I |A
(a) Z-Plane ‘
|
I n
-7 1"z
x |
| |
| f
| |
-1 | +1 |
Bl A I A Bo |
Bl I B,
(c) £-Plane : :
(b) o-Plane
B'ﬂ: A|
' - — - ——— — m—m— e m —— = — e T Ty
Bw A

Planes Used in the Solution of Flow
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Therefore
0=Kaosh™! (1) +L

-7 = K cosh™ ! («1) + L
for which
E=i
z,. = %

The twmmrmﬂm then %ﬁw@
| . | v=1icosh” g
which, when solved for £, yields
£ =cosw . ey
| Now if the point A in the real plane is taken at the point of
zeve potential, thea at point A’ the potential is aleo zero, and if i: .
the bounding streamline BAI ., is taken as the zero streamline,
the potential plane, F =@ + 1 U, is shown by Figure {d). A
t%zes bounding streamlines form a polygon in the potential plane and
e, Figure He), by
‘the Schwarz-Christoffel transformation. Agsintaking At £ =%1,
A'at £ =~ 1andl, at £ = 0 and noting that the interior angles at
Aand A' in the Feplane avea = P = rand the angle atl isc=20,

the transiormation becomes

therefore can be transfommed into the £ »plan

%i"% s®{g~b) “1
!a&mgmm&i@ espreossion ﬁﬁé&# ' ' |
F=Klog § +1L {41)
where L is ag&m the émamt of intagration,







































