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roots; one positive, real root; and one negative, real root. Hence, it 

is not possible to satisfy (5.1.5) and therefore (4.2.38) form= n = 4. 

However, it is possible form= n-1 = 3, which is shown as follows. The 

values of a1, a2 , and a3 are fixed by (5.1.5) and (5.1.6) at their previ-

ously specified values; and a4 is allowed to vary, i.e., 

4 4 3 22 2 148 
f(v) = V - 3 V + 45 V - 2835 V + a4 = o. (5.2.23) 

We take the derivative of f{v) with respect to v to get f' (v) and set 

f' { v) = 0. The roots of f' ( v) = O and other pertinent informa. tion are 

given below in Table 1. 

Table L Roots of f'(v) = 0 and Other Pertinent Data for N = 8 

g{v)=-a4 
a 

Root Sign of Type of 
f"(v) Relative Extrema (x 10-3) 

°1. = 0.0742933 + Minimum -1.696315 

= 0.2664798 - Maximum 0.617054 

(J.)3 = 0.6592269 + Minimum -15.075942 

aSee equation (5.2.7). 

We note that the conditions of Lemma 3 necessary and sufficient for the 

existence of a range of a4 which will give four real, non-negative roots 

to (5.2.23) are satisfied, i.e., 

(1) f'(v) has n-1 = 3 real roots 

(2) Maximum Relative Minimum = g{°1_)< g(~) = Minimum Relative Maximum 

(3) n = 4 is even, and Maximum Relative Minimum= g{°1.) < o. 
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Hence, the admissible range of o4 from (5.2.21) is 

0 04 l.696315 X 10•3 • (5.2.23) 

With one degree of freedom we may specify one of the four roots say 

v4 = v which must give a value to o4 which lies within the range 

specified by (5.2.23). A graph of 

4 4 3 22 2 148 
g( V) = V - 3 V + 45 V - 2835 V (5.2.24) 

versus vis given in Figure 1 on the following page. The horizontal 

lines for -o4 = g(v) = 0 and -o4 = g(v) = -1.696315 X 10·3 are also 

plotted in Figure 1. 

The exact limits for the admissible ranges of the chosen root v 

may be found by solving the two equations: 

g(v) = O, (5.2.25) 

and 
g(v) + l.696315 X 10·3 = 0 (5.2.26) 

for their roots. Equation (5.2.25) has a root at v = O, hence it is 

only necessary to solve a cubic equation for the remaining three roots. 

Equation (5.2.26) must have a double root at v = = 0.0742933, hence 

only a quadratic equation need be solved since the known double root may 

be eliminated by division. The roots of these two equations are: 

For (5.2.25) 
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and 
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V4l = 0.8085235; 

v12 = 0.0742933, 

v22 = 0.0742933, 

V 32 = 0. 3836289, 

V42 = 0.8011179• 

From the graph in Figure 1 it is readily apparent that there are three 

admissible ranges of v. These ranges are 

(5.2.27) 

( 5.2.28) 

and 
V42 = 0.8011179 V 0.8085235 = V4l" ( 5.2 .29) 

Thus we may choose one of the vi, say v4 = v, from one of the above 

three admissible ranges, and be guaranteed that the remaining three 

roots of (5.2.23) will be real and non-negative. The freedom to so 

choose one of the vi carries through to the xu in that if one of the xu 

is chosen within certain ranges, then we are guaranteed that there will 

be three more real x which, together with the one chosen, will satisfy u 
* equation (4.2.38) form= n-1 = 3. Thus 11(8) = 6 from section A of 

Chapter rv. The designs which minimize the bias, B, for 1 = 1,2, ••• , 6 
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for N = 8 are given in Table Al in Appendix A for various specified 

values of of v. 

Thus the determination of minimum bias designs, when equation 

(4.2.38) cannot be satisfied form= n but can be form= n-1, is fairly 

straightforward. Lemma 3 allows such situations to be dealt with in a 

rigorous manner. The next section will discuss the techniques necessary 

when there is no admissible range of a, and therefore when (4.2.38) n 
cannot be satisfied by a set of real x form= norm= n-1, u 

C. Solution of Polynomial Equations with Several Variable Coefficients 

If form= n, equation (5.1.7) has either complex or negative roots, 

and if form= n-1 there is no admissible range of a which will given n 
real, non-negative roots to equation (5.2.1), then it is not possible to 

satisfy (4.2.38) form= norm= n-1, We shall discuss the techniques 

used to obtain minimum bias designs form= n-2 and m = n-3, 

When the methods of sections A and B of this chapter fail to deter-

mine a minimum bias design for some fixed value of N, then the next step 

is to ascertain whether or not equation (4.2,38) can be satisfied by a 

set of symmetric x form= n-2, This allows two degrees of freedom in u 
that an and crn-l are allowed to vary, while a1 through an_2 assume values 

which are fixed by equations (5.1.5) form= n-2 and (5.1.6); i.e., we 

want to know the (a, a 1 ) region which gives n real, non-negative n n-
roots to the equation 

n-2 i * n-i n-1 )n f(v) = i~ (-1) a1 v + (-1) an_1v + (-1 an= o, for a0 = 1, (5.3.1) 
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* where ai (i = 1,2, ••• ,n-2) indicates fixed, positive constants. The 

idea of two degrees of freedom may also be interpreted as the freedom 

to choose any two of the roots of (5.3.1), within certain regions, and 

be guaranteed that the remaining n-2 roots are both real and non-negative. 

Let 

n * n-1 * n-2 n-2 * 2 g(v) = v - a1v + a2v + ••• + (-1) an_2v, (5.3.2) 

and 
h(v) = (-l)n a 1v + (-l)n+la. n- n (5.3.3) 

Then to find the set of symmetric x which satisfies (4.2.38), it is nec-u 
essary to find the set of v. which satisfies the equation g(v) - h(v) = o. 

l. 

'Ibis requires that the curve g(v) versus v be capable of being intersected 

inn points, counting points of multiple intersection where applicable, 

by a straight line of the form of h( v). We may state this in lemma form 

as follows. 

Lemma 4. 

Given a polynomial equation such as f(v) = O, where only the last 

two coefficients (a and a 1 ) are allowed to vary, then necessary and n n-
sufficient conditions for the existence of a (a, a 1 ) region which will n n-
give n real, non-negative roots to f(v) = 0 are: 

(1) that it be possible to intersect the curve g(v) given in 

(5.3.2) inn points by a straight line of the form h(v) where 

both an-land an are non-negative and real. 

(2) that all such intersections occur for non-negative values 

of v. 



Proof: 

'lhe proof is trivial since it follows directly from the well-known 

fact that the intersection of the solutions of g{v) and h(v) give the 

solution (if any) of g{v) - h(v) = o. 'lllus condition (1) is necessary 

and sufficient for the existence of n real roots to the equation f(v) = o, 
or alternately for the existence of a (a, a 1 ) region which will give n n-
n real roots to f(v) = o. 

Condition (2) merely insures that the solution (if any) of 

g(v) - h(v) = O occurs for only non-negative values of v. 

Lemma 4 allows the determination of the admissible (an, an_1 ) 

region as follows. One first determines whether or not g(v) can be 

intersected by a straight line of the form h(v) inn points of inter-

section. If this is impossible, then equation (4.2.38) cannot be 

satisfied by a set of symmetric, real x 's form= n-2. If the inter-u 
section is possible, then one determines the line, h(v), which has 

minimum admissible slope and similarly the line of maximum admissible 

slope. 'lllese two lines will be determined by their points of tangency 

(multiple intersection) with the curve g(v ). 'llle minimum and maximum 

slopes will fix the minimum and maximum values of a 1 • If their range n-
does not include a non-negative range, then (4.2.38) cannot be satisfied 

form= n-2. 

* One may then specify a value of a 1 = a 1 within the range n- n-

Max { o, Minimum Admissible Slope}< (-lf an-l Maximum Admissible Slope, 

if applicable, and compute the range of an which gives n real, non-

negative roots to f(v) = o. For a specified value of a 1, the problem n-
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reduces to one which may be solved by the techniques of Lemma 3. Of more 

practical use than the admissible (a 1,a) region are the regions within n- n 
which we may choose two of the roots of equation (5.3.1), say v1 and v2 , 

and be guaranteed that the remaining n-2 roots are real and non-negative. 

Unfortunately, the transformation from the admissible (a 1, a) region n- n 
to the admissible (v1 , v2 ) regions is neither simple nor single-valued. 

What is needed is the admissible region of choice for two of the 

roots, say v = v1 and v = v2 , of (5.3.1). Such a region may be obtained 

by eliminating the two specified roots v1 and v2 by division, and then 

determining whether or not the reduced polynomial equation of degree 

(n-2) has (n-2) real, non-negative roots. For a specified set of v1 

and v2 , the problem reduces to one which can be solved using the tech-

niques of section A of this chapter, This method allows a point by point 

determination of the admissible (v1, v2 ) region. Such a method proves 

to be laborious even when modern computing facilities are used. To 

improve the method it is possible to compute the discriminant of the 

reduced polynomial and to use the sign of this discriminant to eliminate 

some (v1 , v2 ) regions. This is the technique actually used for N = 12 

and will be fully illustrated in the next chapter. 

If through the use of Lemma 4 it is shown that no admissible 

(v1, v2 ) region exists, then it is not possible to satisfy (4.2.38) by 

a set of symmetric x form= n-2. Hence, the next step is to determine u 
whether or not m = n-3 will work. In such a situation, there must be n 

real, non-negative roots to the equation 

n-3 ( )i * n-i n i i f(v) = i~ -1 aiv + i~-2 (-1) aivn- = o, for a0= 1, (5.3.4) 
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* where the ai are known, positive constants which are fixed by equations 

(5.1.5) form= n-3 and (5.1.6); and a 2, a 1, and a are allowed to n- n- n 
vary. Then the necessary and sufficient conditions for the existence 

of an admissible (a 2, a 1, a) region are the same as those given in n- n- n 
Lermna. 4, with one exception; the words "straight line" should be changed 

to "parabola." The functions g(v) and h(v) are defined as 

n-3 i * * 
g(v) = i~ (-1) ai for a0 = 1, (5.3.5) 

and 

(5.3.6) 

The techniques necessary for the determination of an admissible 

(an_2, an-l' an) region and thus of a (v1, v2, v3) region, are extremely 

complex. Instead of attempting such a complex project, we have been 

content to determine whether or not such regions exist, and to illustrate 

the same by giving a point in the admissible region if such a region 

exists. 

Form= n-3, it should be noted that there are three degrees of 

freedom in that if an admissible a region exists (and therefore an 

admissible v region), then one could choose three of the roots of 

(5.3.4) from the admissible (v1 , v2 , v3 ) region and be guaranteed that 

the remaining n-3 roots are real and non-negative. The choice of point 

from the admissible (v1, v2, v3)-space would correspond to choosing a 

point from the admissible (a 2, a 1, a )-space. Such a situation n- n- n 
occurs for N = 16 and is fully illustrated in the next chapter. 
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The solution of a polynomial equation with more than three variable 

coefficients was not considered in this thesis. Specific solutions 

could be obtained for such situations in a manner similar to those 

discussed above. The determination of admissible regions on either the 

variable a or on the roots v, which could be specified, would be a mon-

umental undertaking using the present techniques. Such a task is thus 

left for a time when more efficient techniques become available. 
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Chapter VI. SOLUTIONS FOR MINIMUM BIAS DESIGNS 

Solutions for minimum bias designs will be obtained by applying 

the techniques developed in Chapter V to the requirements given in the 

fourth chapter. We shall give the solutions for minimum bias designs 

for each fixed sample size N, from 2 to 17. This range of sample size 

covers the range of r which most frequently occurs in physical applica-

tions, i.e., a design is given for N = 17 which will minimize bias for 

* all positive integer values of r r1(17) = 12. Furthermore, it is 

* possible to increase the maximum protection level, r (N), on r merely 

by increasing N through an extension of the techniques developed in 

Chapter V. 

N = 2. 

For N = 2 we haven= 1, and it is possible to satisfy (4.2.38) for 

m = n = 1 as follows. 1 Equation (5.1.5) gives s1 = 3, and (5.1.6) gives 
1 o1 = 3. Therefore equation (5.1.7) becomes 

1 
V - 3 = 0 1 

and the design 

~' = (~, x2 J = = [{½, -./½] = [0.57735027, -0.57735027) 

(6.1.1) 

will minimize the bias, B, for a y of degree one for r~(2) = 2. 

N = 3. 

It is possible to satisfy (4.2.38) form= n = 1 when N = 3. We 
1 1 have that s1 = 2, and therefore that o1 = 2. Hence, equation (5.1.7) 
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becomes 

1 
V - 2 = 0 1 

and the design 

!' = [xl, x2, x3l = c../½, o, --!fJ = [0.70710678, o, -0.70710678] 

(6.1.2) 

* will minimize bias for positive integer 1 11(3) = 2. 

N = 4. 

F,quation (4.2.38) can be satisfied form= n = 2 when N = 4, and 

* therefore 11(4) = 4. Let 

(6.1.3) 

( 6.1.4) 

and 
(6.1.5) 

Then for N = 4 

Then equation (5.1.7) becomes 

2 2 1 
V • 3 V + 45° = 0, 

and therefore 

v' = [0.03519094, 0.63147573]. 



* Then the minimum bias design which gives 11(4) = 4 is 

xl 0.18759247 

x2 0.79465447 
x= = = -0.18759247 . 

X3 
(6.1.6) 

X4 -0.79465447 

N = 5. 

* For N = 5 and m = n = 2 we show that 11(5) = 4. We have 

and 
a' = cg, ,k ] . 

Therefore we need the roots of 

V2 - V + 11 = 0, 

which are given in y_•to be 

y_' = [0.14028127, 0.69305207]. 

* Thus the design which minimizes B for 1 = 1,2,3, and 11(5) = 4 is 

xl 0.37454141 

x2 0.83249749 

x= X3 = 0 = 0 (6.1.7) 

X4 -0.37454141 

x5 -o. 83249749 
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N = 6. 

For N = 6, we have n = 3, and it is poss1·b1e to satisfy (4.2.38) 

for m = n == 3. From (5.1.5) and (5.1.6) we have that 

and 
1 1 

a'= [l, 5' 105]. 

Therefore (5.1.7) becomes 

3 2 1 1 
V - V + 5 V • 105 = 0' 

which has the roots 

!' = [0.07109444, 0.17852201, 0.75038355]. 

Let 

Then 

x' = [X' -X_'] - , 

(6.1.8) 

* will minimize the bias, B, for all integer values of r S r1(6) = 6, 

where for N = 6 
-0.26663540 xl 

X= x2 = = o.42251865 ( 6.1.9) 

X3 0.86624682 
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N = 7. 

* r1(7) = 6 since it is possible to satisfy (4.2.38) form= n = 3. 

We have 

and 

[7 119 149 ] 
"' = '61 360' b400° • 

Therefore (5.1.7) becomes 

v3 - t v2 + ~g6 v - = o, 

which has as its roots 

!' = (0.10491886, 0.28053630, 0.78121151]. 

The design 

x' = [~•, o, -~•] 

will minimize B for all positive integer r 6, where 

X' = [0.32391181, 0.52965678, 0.88386170). 

N = 8. 

( 6.1.10) 

The situation for N = 8 was given as an example in Chapter V, 

* where it was shown that r1(8) = 6. Since (4.2.38) cannot be satisfied 

form= n = 4 but can be form= n-1 = 3, there is one degree of freedom 

in that we may choose one of the roots of (5.2.23) from one of the three 

admissible ranges given in (5.2.27), (5.2.28), and (5.2.29), and be 
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guaranteed that the remaining three roots are real and non-negative. 

Hence, the design vector 

x'=[~•,-~•] 

will minimize B for all positive integer r 6, where 

Table Al in Appendix A gives the elements of~ which result from the 

choice of v from one of the three admissible ranges. At least one 

selection is ma.de from each range, and where possible each range is 

covered in 0.01 increments in v. 

N = 9. 

For N = 9 we haven= 4, and it is possible to satisfy (4.2.38) 

form= n = 4. From (5.1.5) and (5.1.6) we have 

[3 9 9 ~] s ' = 2' 10' "Ilf' 2 

and 

0 ' = [~, ~' ?lo, 2i(oo l · 
Equation (5.1.7) becomes 

V4 _ J v3 + v2 57 v + 53 = O, 
2 40 - 560 22400 

which has as its roots 

v' = [0.02819249, 0.27958902, 0.36122342, 0.83099507). 
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Therefore the design vector 

x' = [f', O, -f'J, 

-)E-

will minimize the bias, B, for all positive integer 1 11(9) = 8, 
where 

X' = [0.16790618, 0.52876178, 0.60101865, 0.91158931]. (6.1.11) 

N = 10. 

For N = 10, we haven= 5, and it is not possible to satisfy (4.2.38) 

form= n = 5. This may be seen as follows: 

and 

S I = [5 1 5 5 5) 3' '7' 9' 11 for m = n = 5, 

5 8 100 17 43 
a'= [3, 9' 567' 1701' 56133l form= 5• 

Then equation (5.1.7) becomes 

V5 5 4 8 3 100 2 17 4 3 _ - 3 V + 9 V - 567 V + 1701 V - 56133 - O, 

which has as its roots 

0.85073185 

0.01981531 + 0.072772371 

V = II II 

0.38815210 + 0.087356861 
11 11 



However, these roots will not give a real set of symmetric x which will u 
* satisfy (4.2.38) form= n = 5. Therefore 1 (10) < 10. 

It is possible to satisfy (4.2.38) form= n-1 = 4. The values of 

si and ai for i = 1,2,3, and 4 are fixed at the previously stated values 

by (5.1.5) and (5.1.6) form= 4. This gives (5.1.7) as 

f( ) 5 2 v4 + v3 100 2 + 17 0 V = V • 3 9 - 567 V 1701 V • <J 5 = • ( 6.1.12) 

Then 
g(v) = v5 _ 2 v4 + v3 100 v2 + 17 

3 9 - 567 1 701 V' 
(6.1.13) 

and 
4 , 20 3 8 2 200 17 

f' ( V) = 5V - 3 V + 3 V 567 V + 1701 • (6.1.14) 

Using lemma. 3 we find tha.t an admissible range of a5 exists which gives 

five real, non-negative roots to (6.1.12). The roots of f'(v) = 0 and 

other pertinent data are given below in Table 2. 

Table 2. Roots of f'(v) = 0 and Other Pertinent Data for N = 10 

Root Sign of Type of g(v) = o5 
f"(v) Relative Extrema (x 10-4) 

°1_ = 0.03848341 - Maximum 1.7050263 

(1)2 = 0.18959405 + Minimum -2.9548415 

(1)3 = 0.37530201 - Maximum 2.7800027 

= 0.72995386 + Minimum -68.9415143 
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It is obvious that the conditions of Lemma 3 are satisfied, since 

(1) all of the roots of f'(v) = 0 are real, 

(2) Maximum Relative Minimum = g(~) <g(Cll_J_) =Minimum Relative Maximum 

and 
(3) N = 10 implies n = 5 which is odd and g(Cll_J_) = Minimum Relative 

Maximum> O. 

Hence, the admissible range for o5 is 

6 -4 0 o5 1.70502 3 X 10 • (6.1.15) 

As may be seen from the graph of g( v) versus v in Figure 2 on the follow-

ing page, this range of o5 defines the admissible ranges for one of the 

roots of (6.1.12). Figure 2 also indicates the geometrical argument of 

Lemma 3, in that the admissible range of o5 is that range for which it 

is possible to intersect the curve g(v) in five points (counting points 

of multiple intersection where applicable) by a curve of the form 

o5 = K (a constant) 

where all such points of intersection must occur for non-negative v. 

Substituting the minimum and maximum admissible values of o5 into 

(6.1.12) and solving for the roots of the two resulting equations, 

g(v) = O ( 6.1.16) 

and 

g(v) - 1,7050263 X 10-4 = 0, (6.1.17) 

we obtain the limits of the ranges on one of the roots (v) of (6.1.12). 

Since (6.1.16) has a root at zero, it is necessary to solve only the 
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quartic equation 

fil!.L = 0 
V 

for the remaining four roots. Equation (6.1.17) must have a double root 

at v = °1. = 0.03848341, which may be eliminated by division, so that 

only a cubic equation need be solved for the remaining three roots. 'Ihe 

roots of (6.1.16) and (6.1.17) are: 

for (6.1.16) 

and 

for (6.1.17) 

and 

vll = O, 

v21 = 0.09327912, 

v31 = 0.28830049, 

V4l = 0.43949495, 

v51 = o.84559212; 

v12 = 0.03848341, 

v22 = 0.03848341, 

v32 = 0.32647159, 

v42 = 0.41646121, 

v52 = o.84676704. 

From Figure 2, it is easily seen that there are four admissible ranges 

of v. These ranges are : 

and 

vll =OS v 0.09327912 = v21' 

v31 = 0.28830049 S v S 0.32647159 = v 32, 

v42 = o.41646121 s vs o.43949495 = v41, 

v51 = o.84559212 v o.84676704 = v52 • 

( 6.1.18) 

(6.1.19) 

(6.1.20) 

( 6.1.21) 
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Thus we may choose one of the roots of ( 6. 1. 12) from any of the above 

ranges and be guaranteed that the remaining four roots are real and 

non-negative. Hence, the design vector 

x' = [~•, -~•] 

* will minimize the bias, B, for all positive integer r r1(10) = 8; 

where 

Table A2. in Appendix A gives the elements of~ which reailt from the 

choice of v from one of the four admissible ranges given in (6.1.18) 

through (6.1.21). At least one such selection is ma.de from each range, 

and where possible each range is covered in 0.01 increments of v. 

N = 11. 

For N = 11, we haven= 5, but it is not possible to satisfy 

(4.2.38) for m = n = 5. We have 

and 

11 11 11 11 1 
s ' = Co' 10' 14' IB'' 21, 

a, = [ 11 407 12727 lJ 6279 33889 o' 3b0' 45366' 5443200' 326592001 • 

The resulting equation, 
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has one real root at v = O. 86279127, two complex roots at v = 0. 05968656 :!: 

0. 054183031, and two complex roots at v = O. 42558446 :!: 0. 062874681. 'lhus, 

there is no real set of symmetric x which will satisfy (4.2.38) for u 
* m = 5, i.e., r (11) < 10. Form= 4, equations (5.1.5) and (5.1.6) fix 

the first four values of si and o1, so that 

) 5 11 4 407 3 12727 2 136279 
f(v = v - b v + 360 v - 45360 v + 5443200 v - o5 = O (6.1.22) 

g(v) = f(v) + o5, (6.1.23) 

and 
4 22 3 407 2 12727 136279 

f' (v) = 5v - Tv + l20 v - 22600 v + 5443200• (6.1.24) 

'lhe curve g(v) plotted versus v, given in Figure 3 on the following 

p:ige, shows that an admissible range of o5 exists. To justify this 

mathematically we show that the conditions of Lemma. 3 are satisfied. 

The roots of f'(v) = 0 and other pertinent data are given below 

in Table 3. 

Table 3. Roots of f'(v) = 0 and Other Pertinent Data for N = 11 

Root Sign of Type of g(v) = o5 
f"(v) Relative Extrema (x 10-4) 

°1. = 0.06989107 - Maximum 7.2317294 

= 0.22799992 + Minimum 1.8438144 

m3 = o.41922514 - Maximum 8.0346246 

= 0.74955053 + Minimum -48.6785301 
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Thus the conditions of Lemma. 3 are again satisfied since all of the 

roots of f'(v) = 0 are real, g(~) < g(<n_i_), and g(<n_i_) > o. The admis-

sible range for a5 is 

(6.1.25) 

Any value of a5 from this range will give five real, non-negative roots 

to (6.1.22). 

All values of v = v which give values to a5 lying in the range 

(6.1.25) are admissible. Figure 3 shows that there are in fact three 

admissible ranges for v. Hence we have one degree of freedom in that 

if we choose v from one of its admissible ranges, then we are certain 

that the equation (6.1.22) will have five real and non-negative roots. 

The numerical limits for the ranges of v are found by substituting the 

minimum and maximum admissible values of a5 into (6.1.22) and solving 

for the roots. The resulting two equations are 

g(v) • 1.8438144 X 10·4 = 0 (6.1.26) 

and 

g(v) - 7.2317294 X 10•4 = 0. (6.1.27) 

.Equation (6.1.26) must have a double root at v = = 0.22799992, while 

(6.1.27) must have a double root at v = <n_i_ = o.069E$107. These roots 

were eliminated by division and the resultant cubic equations solved 

for the remaining roots. The roots of the two equations are: 



for (6.1.26) 

and 

for (6.1.27) 

and 
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v11 = o.008o7109, 

v21 = 0.22799992, 

v31 = 0.22799992, 

v41 = 0.51356519, 

v51 = 0.85569722; 

v12 = 0.06989107, 

v22 = 0.06989107, 

v32 = 0.37793643, 

V42 = 0.45535561, 

v52 = 0.86025915. 

Thus, the admissible ranges of v a.re: 

and 

v11 = 0.00807109 V 0.37793643 = v32, 

v42 = o.45535561 v 0.51356519 = v41, 

v51 = 0.85569722 v 0.86025915 = v52 . 

The design vector 

X 1 = (~ 1 , 0, -~ 1 ] 

(6.1.28) 

(6.1.29) 

(6.1.30) 

* will minimize B for all positive integer 1 11(11) = 8. The elements 

of the vector X which result from the choice of v from the first 

(6.1.28) of the three admissible ranges are given in Table A3 in 

Appendix A. The elements of X which result from the choice of v 
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from the second (6.1.29) and third (6.1.30) admissible ranges a.re given 

in Table A4 in Appendix A. At lea.st one selection was ma.de from ea.ch 

range, and where possible each range was covered in 0.0l increments of v. 

N = l2 

For N = 12 we have 

s' [2, 6 6 2 6 6 = 5' 7' 3' 11' 131 , 
and 

a' (2, 7 44 .L 2 2161 = 5' 104' 175' 825' - 7882875l. 

Therefore equation (5.1.7) becomes 

6 5 7 4 44 3 9 2 2 2161 
V - 2v + 5 V 105 V + l 75 V - 82'5 V - 7882875 = O 0 

Since a6 is equal to the product of the six roots of the above equation 

and since a6 < 0 we know that one or more of the roots a.re negative, 

that two or more of' the roots a.re complex, or both. Hence, it is not 

possible to satisfy (4.2.38) form= n = 6. 

Trying m = n - l = 5, we have the first five values of the s1 and 

of the ai fixed at the values given above by (5.1.5) form= 5 and 

(5.1.6). Then (5.1.7) becomes 

f'(v) = v6 - 2v5 + ½ v4 - i65 v3 + v2 - e§5 v + a6 = 0, (6.1.31) 

and 

(6.1.32) 
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The roots of f'(v) = 0 are given below in Table 4. 

Table 4. Roots of f'(v) = 0 and Other Pertinent Data for N = 12 

Root Sign of Type of g(v) = -<16 
f"(v) Relative Extrema (x 10-5) 

a,_= 0.03955423 + Minimum .3.8122425 

= o. 09709769 - Maximum -2.6114H$ 

°3 = 0.29702628 + Minimum -20.0409113 

= o.45561582 - Maximum .5.4749471 

W, = 0.77737264 + Minimum -3487.7700066 

Thus it can be seen that condition (2) of Lemma 3 is violated since 

g(°1.) > g(~), and therefore no real value of a6 can give six real, non-

negative roots to equation (6.1.31). This 1s illustrated geometrically 

in Figure 4 on the following page since it is apparent that there is no 

line of the form a6 = K (a constant) which can intersect the curve g(v) 

in six points of intersection. Hence, it is not possible to satisfy 

(4.2.38) form= n - 1 = 5. 

It is possible to satisfy (4.2.38) form= n - 2 = 4. Using Lemma 4 

we know that it must be possible to intersect the curve 

( 6.1.33) 

by a straight line of the form 
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in six points. A graph of h1 ( v) versus v, given in Figure 5 on the 

following page, shows this to be possible. The straight lines, h2(v), 

of minimum and maximum admissible slope (o5) are also shown in Figure 5. 

Hence there exists an admissible (o5,o6) region which gives six real 

roots to the equation 

(6.1.34) 

Following the discussion in section C of Chapter V, we first obtain the 

line, h2(v), of minimum admissible slope, i.e., the line which has the 

minimum allowable value of a5. This line is determined by the fact 

that both a5 and a6 must be non-negative for (6.1.34) to have six real, 

non-negative roots. A glance at Figure 5 will show that the minimum 

admissible value of a5 is obtained from the line which passes through 

the origin (h1(v) = o, v = 0) and is tangent to the curve h1(v) at 

v = 0.26429042. Note that (h1(v) = 0, v = 0) corresponds to (a5 o, 
a6 = 0). Now h1(v = 0.26429042) = 4.4867083 x 10-4, and therefore the 

minimum admissible value of a5 is 

(6.1.35) 

The line of minimum admissible slope is 

(6.1.36) 

The line, h2(v), of maximum admissible slope is determined by its 

intersection with the curve h1(v) in two points of tangency at 

v 11 = 0. 03814400 and v 21 = 0. 45648217 for which hl ( v 11) = 5. 4 375657x 10-5 
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and h2 (v21 ) = 1.0518567 X 10-3• Simple calculations give the line of 

maximum admissible slope to be 

(6.1.37) 

Thus, we know that 

(6.1.38) 

* and after specifying a value of o5 = o5 it is possible to compute the 

range of 06 which gives six real, non-negative roots to the equation 

This can be done by the methods previously described, or one can use 

the geometry of the curve in Figure 5 to compute the minimum and maximum 

values of 06 for various subranges of (6.1.38). The resulting admissible 

(o5,o6) region is shown in Figure 6 on the following p:3.ge. Any point 

within the region shown in Figure 6 represents a combination of o5 and 

06 which will give six real, non-negative roots to the equation 

(6.1.39) 

Of more practical use than the admissible (o5,o6 ) region are the 

regions within which we may choose two of the roots {say v1 and v2 ) of 

(6.1.39) and be guaranteed that the remaining four roots are real and 

non-negative. Unfortunately the transformation from the (o5,o6 ) region 

to the (v1,v2 ) region is not one-to-one, i.e., for a given admissible 

combination of {o5,o6) there are several admissible (v1,v2 ) combinations. 
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Furthermore, the transformation is of such a complex nature that it is 

far easier to determine the admissible (v1,v2 ) regions through other 

methods. 

One way to determine the desired (v1,v2 ) regions is to specify two 

roots, say v5 = v1 and v6 = v2 such that v1 ,v2 O; eliminate these 

specified roots of the sextic equation (6.1.39) by division; and solve 

the resultant quartic equation to determine whether or not the roots 

are all real and non-negative. 
2 Dividing (6.1.39) by v - (vl + v2)v + vlv2, 2 or v 

where q1 = v1 + v2 and%= v1v2, gives the quartic equation 

2 2 2 2 2 
+ [a4 - qla3 + (ql - %)a2 - ql(ql - 2%)al + ql(ql - 3%) + %] = O, 

(6.1.40) 

where the values of a1 through a4 are fixed at the values previously 

given in a. The discriminant of this equation may be written as a 

function of q1 and%· The value of the discriminant and other related 

functions allow one to determine which regions of (v1,v2 ) are inadmis-

sible because of the existence of either two or four complex roots, see 

Burnside and Panton (1960). The boundary lines between regions of four 

real, non-negative roots and four real roots with one or more negative 

roots may be determined by specifying v2 to be zero and v1 to be a value 

which gives four real, non-negative roots to the depressed quartic 

equation (6.1.40). These four roots are the ordinates of the desired 
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boundary points for the specified value of v1 . The admissible (v1,v2 ) 

regions are shown in Figures 7 and 8 on the following pages. For illus-

trative purposes, the two admissible regions designated as Region land 

Region 2, are shown in separate figures. We note that the regions are 

symmetric about the line v1 = v2 , as would be expected; for this reason 

the symmetric complement of the region shown in Figure 8 is not given. 

The implication of Figures 7 and 8 is as follows: if one chooses 

a combination (v1 ,v2 ) from one of the admissible regions, then one can 

be guaranteed that the remaining four roots of the full sextic will be 

real and non-negative, i.e., we have two degrees of freedom in the choice 

of roots. To illustrate this we give an example of a choice of (v1 ,v2 ) 

from each of the two regions. 

Example 1. Choose (vl'v2 ) = (o.49, 0.09) which represents a point 

from Region l, shown in Figure 7. 'lhe depressed quartic equation (6.1.40) 

for these two roots becomes 

4 3 2 
V - 1.42 V + 0.5323 V - 0.04769162 V + 0.00029300 = 0, 

which has as its roots: 

v' = [0.00662494, 0.12043902, o.42129171, 0.87164433]. 

Therefore 

* will minimize the bias, B, for all positive integer r r1(12) = 8, where 
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or numerically 

~•= [0.08139371, 0.34704325, o.64906988, 0.93361895, 0.7, 0.3]. (6.1.41) 

For this choice of (v1,v2 ) we have 

which lies in the admissible (a5,a6) region given in Figure 6. 

Example 2. Choose (v1,v2) = (0.89, 0.04) from the second admissible 

region (Region 2) given in Figure 8. Then equation (6.1.40) becomes 

4 3 2 
V - l.09 V + 0.J733 V - 0.04141262 V + 0.00075225 = 0, 

which has as its roots: 

v' = (0.02239670, 0.17183147, 0.37623137, 0.51954046]. 

Hence!, as previously given, will minimize B for7~ 8, where 

~•= [0.14965527, o.41452560, 0.61337702, 0.72079155, 0.93273791, 0.2]. 

(6.1.42) 

which lies in the admissible (a5,a6 ) region. 
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N = 13. 

For N = 13 we have 

I= (13 13 13 13 13 !1 
s b' 10' 14' W' 22' 2 

and 

0 , (13 611 27053 510991 2166853 
= -r;, 360' 45366' 5443200' 359251200' 

239198615 
22632825660001. 

Since 06 < 0, either negative or complex roots to (5.1.7) exist. Hence, 

it is not possible to satisfy (4.2.38) form= n = 6; and therefore 

* r1(13) < 12. It is possible to satisfy (4.2.38) form= n - l = 5. 

The values of si and oi for 1 = 1,2, ••. ,5 are fixed by (5.1.5) and 

(5.1.6) at the values given above. Equation (5.1.7) becomes 

f(v) 6 13 5 611 4 _ 27053 v3 + 510991 2 
V - b V + 3bO V 1+'53bO 5443200 V 

2168853 _ 
359251200 V + 0 6 - O. 

( 6.1.43) 

The graph of g(v) = f(v) - a6 versus v, given in Figure 9 on the 

following page, shows that a range of a6 exists which will give six real, 

non-negative roots to (6.1.43). Figure 9 also shows the approximate 

ranges for the one root which we are free to choose. In satisfying the 

conditions of Lemma 3 we give the roots of f'(v) = 0 in Table 5 on page 

117. 
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Table 5. Roots of f'(v) = 0 and Other Pertinent Data for N = 13 

Roots Sign of Type of g(v) = -06 
f"(v) Relative Extrema (x 10-4) 

°1. = 0.05691200 + Minimum -1.3259793 

= 0.13882666 - Maximum -0.9795221 

0)3 = 0.32742410 + Minimum -2.6051334 

0\ = o.49105662 - Maximum -1.0242609 

= 0.79133617 + Minimum -27.6404591 

Obviously the conditions of Lemma 3 are met, since all of the roots of 

f'(v) = 0 are real, g(°1_) < g(Q\), and g(°1_) < O. The admissible range 

of 06 is 

~IV"\ -4 -4 l.0242uv,;, X 10 06 1.3259793 X 10 (6.1.44) 

Substituting these minimum and maximum admissible values of 0 6 into 

(6.1.43) and solving for the roots, gives the limits on the admissible 

ranges of one of the roots (v) of (6.1.43). F.a.ch of the two equations 

must have a double root which can be eliminated by division, requiring 

the solution of the resulting quartic equation. The roots of the two 

equations are: 

(a) for g(v) + 1.0242609 x 10-4 = O 

v11 = 0.02570521, 

v21 = 0.11772218, 

v31 = 0.15915202, 
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V4l = 0.49105662, 

v51 = o.49105662, 

(b) for g(v) + 1.3259793 X 10-4 = 0 

and 

v12 = 0.05691200, 

v22 = 0.05691200, 

v 32 = 0.19675717, 

V42 = 0.44975139, 

v52 = 0.52477907, 

v62 = 0.88155594. 

A glance at Figure 9 will indicate that the four admissible ranges of 

v6 = v are: 

and 

v11 = 0.02570521 V 0.11772218 = v21, 

v31 = 0.15915202 v 0.19675717 = v32, 

v42 = o.44975139 v 0.52477907 = v52, 

v62 = 0.88155504 v 0.88197401 = v61 . 

(6.1.45) 

(6.1.46) 

(6.1.47) 

( 6.1.48) 

Hence we have one degree of freedom in that we may choose one of the 

roots of (6.1.43) from one of the above four ranges and be guaranteed 

that the remaining five roots are real and non-negative. The design 

vector 

x' = [X' 0 -X] - , , -
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* will minimize B for all positive integer 1 11(13) = 10, where 

Table A5 in Appendix A gives the elements of~ which result from the 

choice of v from one of the four admissible ranges given by equations 

(6.1.45) through (6.1.48). At least one selection is ma.de from each 

range, and where possible each range is covered in 0.01 increments in v. 

N = 14. 

For N = 13, we haven= 7, and it is not possible to satisfy 

(4.2.38) form= n = 7. We have 

S I - [7 1 1 1 j_ .l 7] - - 3' 5' '9' 11' 13' 15' 

and 

7 91 331 959 2723 29717 314993 
a'= (3, 45' 405' b075' 200475' 117277875' 2462835375]. 

The associated seventh degree equation 

2723 2 
200475 V + 

29717 314993 _ 
+ 117277875 V - 2462835375 - O 

* has six complex roots. Hence, r1(14) < 14. 

A graph of the function 

g(v) =v7 - Iv6 + ~v5 3 <+5 
331 v4 + 959 v3 405 6075 

2723 2 29717 
200475 V + 117277875 V 



120 

versus v, given in Figure 10 on the following page, shows the curve to 

be degenerate, in that all of the roots of f'(v) = 0 are not real. 

There are in fact two complex roots. Therefore from Lemma. 3, no range 

of a7 exists which can give seven real, non-negative roots to the 

equation 

g(v) - a1 = o. 

* Hence, 11(14) < 12; and it is not possible to satisfy (4.2.38) for 

m = n - 1 = 6. 

It is possible to satisfy (4.2.38) form= n - 2 = 5. The graph of 

h (V) = v7 _ 1 v6 + v5 331 4 + gj9 3 
1 3 <+5 - 405 V b075 V 

2723 2 
200475 V 

versus vis given in Figure 11 on page 122. From Lemma 4, for the 

equation, 

(6.1.49) 

where 

to have seven real, non-negative roots, it must be possible to intersect 

the curve h1(v) in seven points of intersection by a straight line of 

the form h2(v). Figure 12, on page 123 gives an expansion of Figure 11 

and shows the lines, h2(v), of minimum and maximum slope, (-06 ). Hence, 

there is an admissible (06, a7 ) region which gives seven real, non-

negative roots to (6.1.49). It is also possible to find the admissible 

regions for two of the roots of (6.1.49) in a manner analagous to that 
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used for N = 12. The knowledge of such regions would allow one to 

choose two roots from an admissible region and be guaranteed that the 

remaining five roots of (6.1.49) would be real and non-negative. Rather 

than give the admissible (v1, v2 ) region as we did for N = 12, we shall 

give one set of admissible (06, o7) and the resulting seven roots as 

* proof that 11(14) = 10. 

Example. Choose a6 = 0.0004269 and a7 = 0.000003. Then the roots 

of equation (6.1.49) and their corresponding x values are: 

and 

If 

v1 = 0.00970029, x1 = 0.09849004; 

v2 = 0.04597165, = 0.21441000; 

v3 = 0.12314013, x3 = 0.35091328; 

V4 = 0.23197083, X4 = 0.48163350; 

v5 = o.47119189, x5 = o.68643418; 

v6 = 0.56200896, x6 = 0.74967257; 

then the design vector 

x' = [~', -~] 

* will minimize the bias, B, for all integer 1 11(14) = 10. 
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N = 15 

For N = 15, it is not possible to satisfy (4.2.38) form= n = 7. 

We have 

and therefore 

s' = 5 3 15 5 15 15 1 
[2, 2' 14' r;, 22' 2b' 2 J' 

f(v) = v7 - i v6 + f v5 365 4 671 3 54 3 2 
336 V + m V - 19712 V + 

73009 1471 _ 
+ 64576512 V - 14350336 - O. 

* The equation f(v) = O has six complex roots, and therefore 11(15) < 14. 

It is not possible to satisfy (4.2.38) form= n - 1 = 6, which 

becomes immediately apparent from the graph of the function 

g(v) = v7 __ 25 v6 + v5 365 4 671 3 543 2 73009 
0 336 V + m V - 19712 V + 64576512 V 

versus v shown in Figure 13 on the following page. A glance at Figure 

13 shows that the curve g(v), and therefore f(v), is degenerate in that 

it does not possess the maximum number of relative extrema, i.e., all of 

the roots of f'(v) = 0 are not real. Hence from Lemma 3, no range of 

o7 exists which can give seven real roots to the equation 

* Therefore 11(15) < 12. 

g(v) - o7 = O. 
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It is possible to satisfy (4.2.38) form= n - 2 = 5. From Lemma 

4, it must be possible to intersect the curve 

h (V) = v7 _ 2 v6 + v5 365 4 + 671 3 54 3 2 
l 2 O - 336 V V - 19712 V 

by a straight line of the form 

in seven points of intersection, such that all such points occur for 

v 0. Figure 14 on the following page shows a graph of h1 ( v) versus 

v. For purposes of illustration the more important part of this graph 

is enlarged and shown in Figure 15 on page 129. Figure 15 also shows 

the lines of minimum and maximum admissible slope (-a6). Thus there 

exists a (a6, a7 ) region which will give seven real, non-negative roots 

to the equation 

(6.1.50) 

As was done for N = 12, it would be possible to determine the correspond-

ing admissible region for two of the roots of (6.1.50). This would 

permit two degrees of freedom as to the choice of roots of {6.1.50). 

The following example gives a choice of an admissible (a6, a7 ) combina-

tion and the resultant design which will minimize the bias, B, for all 

* integer r r1{15) = 10. 
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Example. Choose a7 = 0.0000155. Then the roots of (6.1.50) and 

their corresponding x values are: 

v1 = o.018oo575, x1 = 0.13418550; 

v2 = 0.09256397, x2 = = 0.30424327; 

v3 = 0.12373910, x3 = = 0.35176569; 

V4 = 0.29439376, X4 = = 0.54258o65; 

v5 = o.47290369, X5 = = 0.68767993; 

v6 = 0.6o274063, x6 = 0.77636372; 

and v7 = 0.89565311, = = 0.94638951. 

If 

then the design vector 

~I = [~I J o, -~I J 

will minimize B for r = 1 through 10. 

N = 16 

For N = 16 we haven= 8, 

8 8 8 8 8 8 8 8 s' = [3, 5' 7' 9' 11' 13' 15' 111' 
and 

8 124 3992 15998 71944 17897252 a' = (3, 45' 2835' 42525' 1403325' 5746615875' 

1.3082575 X 10-4, -5,6991205 X 10-5]. 
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Since a8 < O, equation (5.1.7) must have one or more negative 

roots, two or more complex roots, or both. Hence it is not possible 

* to satisfy (4.2.38) form= n = 8, and therefore r1(16) < 16. Nor is 

it possible form= n - 1 = 7 because all of the roots of f'(v) = 0 

are not real, where 

f(v) = v8 _ v7 + v6 3992 5 15998 4 71944 3 
3 '+5 . 2835 V + 42525 V • 1403325 V 

17897252 2 -4 -5 + 57466l5875 v - (1.3082575x10 )v- (5.6991205x10 ) = o. 

Hence the conditions of Lemma 3 cannot be satisfied, and therefore 

* r1(16) < 14. 

It also is not possible to satisfy (4.2.38) form= n - 2 = 6. 

From Lemma 4 it would be necessary to intersect the curve 

8 8 7 124 6 hl ( V) = V - 3 V + 45 V 
3992 5 15998 4 
2835 V + 42525 V 

71944 3 17897252 2 
- 1403325 V + 5746615875 V 

by a straight line of the form 

in eight points of intersection. However, the values of o7 and 0 8 

must be non-negative as a necessary condition for the existence of 

eight real roots to the equation 

( 6.1.51) 
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A graph of h1 (v) versus v is shown in Figure 16 on the following page. 

The more important portion of the curve is shown on an exp:i.nded scale 

in Figure 17 on p:i.ge 134. Figure 17 also shows the lines, h2 ( v), of 

minimum and maximum slope, (a1), which give eight real roots to (6.1.51). 

Both lines give a positive intercept and therefore a negative value of 

a8 . Hence there is no admissible (a1, a8 ) region which will give eight 

* real, non-negative roots to equation (6.1.51), and 11(16) < 12. It is 

apparent from Figure 17 that one of the intersections of h1(v) and h2(v) 

must occur for negative v. 

It is possible to satisfy (4.2.38) form= n - 3 = 5. This allows 

three degrees of freedom in that one may choose three of the roots of 

the associated eighth degree equation and be guaranteed that the remain-

ing five roots will be real and non-negative. The first five s1 and ai 

are fixed at their previously given values while a6, a1, and a8 are 

allowed to vary. For there to be an admissible (a6, a1, a8) region, it 

must be possible to intersect the curve 

( ) 8 8 7 124 6 3992 5 15998 4 71944 3 
T 1 V = V • 3 V + °45'" V • 2835 V + 42525 V • 1403325 V 

by a parabola of the form 

in eight points of intersection which occur for non-negative values of v. 

If this is possible then the equation 

(6.1.52) 
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will have eight real, non-negative roots. The function T1 (v) is 

plotted versus v in Figure 18 on the following page. Figure 18 also 

shows one admissible parabola of the form T2(v) which intersects T1(v) 

in eight points. The points of intersection are indicated by small 

circles. The particular parabola, T2(v1 shown has (06, o7, a8 ) = 
(3.16 X 10-3, 6 X 10-5, 0). 

A simple method for determining some admissible (06, o7, 08) 

combinations is to note that in the situation where only o7 and a8 
were allowed to vary it was possible to obtain eight real roots but 

only for negative values of 08. When we allow a6, o7, and 08 to vary, 

the lower bound on a8 is still zero. Therefore, in going from a set of 

(a1, a8 ) which gave eight real roots (with at least one negative root) 

to a set of (a6, a7, a8) which will give eight real, non-negative roots, 

the value of a8 must pass through the zero value. This is true because 

we are dealing with a continuous set of functional relationships which 

stem from the polynomial equation. 

As verification of this line of reasoning we set 0 8 = O, thus 

reducing the eighth degree equation in (6.1.52) to a seventh degree 

equation 

(6.1.53) 

This sets one of the roots of (6.1.52) equal to zero, and the remaining 

seven roots correspond to the roots of (6.1.53). The admissible set of 

(a6, a7) which provide seven real, non-negative roots to (6.1.53) may 
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be found by using Lemma 4 to determine the straight lines of the form 

which intersect the curve 

in seven points, such that all such intersection points occur for non-

negative v. Figure 19 on the following page shows the curve h11(v) 

versus v and the lines, h12(v), of minimum and maximum admissible slope, 

(-a6). Table A6 in Appendix A gives the roots of (6.1.52) and the 

elements of the X vector for four sets of admissible (a6, a7, a8) each 

having a8 = o, where 

The design vector 

x' = [~•, -f'] 

* will minimize the bias, B, for all positive integer 1 11(16) = 10. 

N=~ 

For N = 17, it is not possible to satisfy (4.2.38) form= n = 8. 
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We have 

= (17 17 17 17 !1 17 17 11 
8 I b' 10' Ili-"' IB' 22' 2b' 30' 2 ' 

and 

0 , = (17 1139 81073 2968591 32005577 42205378049 
°7>' 3b0' 45360' 5443200' 359251200' 5884534656000' 

Since a8 < 0, the associated eighth degree equation given by 

( ) 8 i * 8-i f V = i~(-1) O'i V = 0 1 

* * where a0 = 1 and cri(i > 1) indicates the constant value specified above 

in~•, must have either one or more negative roots or two or more com-

* plex roots. Hence r1(17) < 16. 

Neither is it possible to satisfy (4.2.38) form= n - 1 = 7. The 

equation f'(v) = 0 has three real and four complex roots. From Lemma 3, 

no range of a8 exists which can give eight real roots to the equation 

7 ( )i * 8-i i~ -1 O'i V + 0'8 = 0 

* where a8 is a variable. Hence r1(17) < 14. 

It is possible to satisfy (4.2.38) form= n - 2 = 6. Using the 

methods of Lemma 4 we find the intersection of straight lines of the 

form 
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with the curve 

_ 8 17 7 1139 6 81073 5 2968591 4 
hl(v) - v - b v + 300 v - 45360 v + 5443200 v + 

32005577 3 + 42205378049 2 
- 359251200 V 5884534656000 V • 

The first six values of ai are fixed at the values given in~• while 

a7 and a8 are allowed to vary. Figure 20 on the following page shows 

the graph of h1 ( v) versus v. Figure 21 on page 142 shows the more 

important portion of Figure 20 on an expanded scale and also shows the 

lines of minimum and maximum admissible slope, (a1 ), which give eight 

real, non-negative roots to the equation 

(6.1.54) 

Hence, an admissible (a7, a8 ) region exists which will give eight real, 

* non-negative roots to (6.1.54). Therefore 11(17) = 12. As illustration 

of this we give two admissible sets of (a7, a8 ) in Table A7 in Appendix 

A, the corresponding eight roots of (6.1.54), and the corresponding 

elements of the X vector where 

'lhe design vector 

x' = [~•, o, -~'] 

* will minimize the bias, B, for all positive integer 1 11(17) = 12. 
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The preceeding sections are felt to cover the values of 1 most 

often encountered in physical problems. The methods are capable of 

being extended to higher values of N to determine designs which increase 

the maximum protection level on 1• Table 6 gives the maximum protection 

* level, 1d(N), on the parameter 1, for various combinations of d and N. 

Extension of the table to higher values of dis obvious. 

Table 6. * 1d(N) for Various Combinations of d and N 

1 2 3 

2 2 1 0 
3 2 1 0 
4 4 3 2 
5 4 3 2 
6 6 5 4 

7 6 5 4 
8 6 5 4 
9 8 7 6 

10 8 7 6 
11 8 7 6 

12 8 7 6 
13 10 9 8 
14 10 9 8 
15 10 9 8 
16 10 9 8 
17 12 11 10 
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Chapter VII. COMPARISON OF MINIMUM BIAS LEVELS FOR POLYNOMIAL 
APPROXIMATIONS OF DEGREE d 

The minimum bias, B . , can be written as a simple function of 1, min 
/3, and d. Using equation (3.2.11) ford= 1 we have 

G 3xu 1] 
-ux' A - g' = 0 - - x 

"""U ' 1+2 u ' 

B. = -min 2 

1 9x2 J { u 
-1 (1+2)2 

6x1+l 
_u __ + x21 } dx , 

1+2 u u 

and therefore 

l,_ B 
R2 . 
f-' min 

= ___ ( 1_-_1 __ )2 __ 

( 1+2 ) 2 ( 21+ 1) 

for odd values of y. For even values of 1 

and therefore 

Bmin = -
2 

_!_ B 
/32 . min 

2 = __ 1 ___ _ 
2 • 

( 7+1) (27+1) 

Ford= 2 and 1 odd we have 

x1A 
-u 

dx u 

(7.1.1) 

(7.1.2) 

(7.1.3) 

(7.1.4) 

(7.1.5) 

(7.1.6) 

(7. 1. 7) 



B . -min 

and therefore 

2 

l_ B 
A2 . 
I-' min 
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(7.1.8) 

= _ _._( Y._-_1..._) 2 __ 
2 , 

( y+2 ) ( 2 y+ 1) 
('7.1.9) 

which is precisely the same as obtained ford= 1 in equation (7.1.3). 

For even values of y we have 

~A - (,_ = t, 
B. = -min 2 

and therefore 

1 9[(y-2)2 - 10y(y-2)x2 + 25y2 x4 ] 
!J---4-(_r_+1_)_2_(_r_+3-;-2---u-+ 

= ___ r __ 2_,(..._,_-2_)._2 __ _ 

(y+1) 2 (Y+3) 2 (2y+l) 

(7 .1.10) 

(7.1.11) 

(7.1.12) 

Because of the nature of the matrix A for general d, which may be 

obtained from equations (4.3.8) and (4.3.9), it is possible to gener-

alize and write the term B. /f:32 as a function of rand d. For r a min 
positive, even integer, equations (7.1.6) and (7.1.12) generalize to 
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1 =---
(2-y+l) 

t 1( · 2 11 r-2i 
i=O ')'+2i+J 

(7 .1.13) 

where t 1 is as defined in (4.3.10), i.e., the greatest integer less 
d than or equal to 2. For 'Y odd, equations (7,1,3) and (7,1.6) generalize 

to 

'2 · )2 J:_ B 1 1·1 (')'-2i:l , 132 min= ....,.(2_-y_+_l.,..) i=l ')'+21 (7.1.14) 

where t 2 is as defined in (4,3.11), i.e., the greatest integer less 

than or equal to d;l. In equation (7.1.13) we have that the ratio 

')'-2i < l 
')'+2i+l 

for r O, while in (7.1.14) the ratio 

')'-2i+l < l 
')'+2i 

(7 .1.15) 

(7,1.16) 

for')'~ 1. Hence as d increases, t 1 and l 2 increase and the ratios in 

(7.1.15) and (7.1.16) decrease rapidly. Thus, although the maximum 

* protection level, 'Y (N), decreases as d increases, the bias decreases 

rapidly in actual value. Table 7 on the following page gives the 

numerical value of the bias coefficient, B. /132 , for 'Y = 1,2, ••• ,15. min 



Table 7, Comparison of Minimum Bias Coefficients 

1 2 3 4 

1 0 0 0 0 
2 0.088888 0 0 0 
3 0.022857 0.022857 0 0 
4 0.071111 0.005805 0.005805 0 
5 0.029685 0.029685 0.001466 0.001466 

6 0.056515 0.011163 o.01n63 0.000369 
7 0.029630 0.029630 0.003918 0.003918 
8 0.046478 0.013828 0.013828 0.001309 
9 0.027838 0.027838 0.005930 0.005930 

10 0.039355 0.014904 0.014904 0.002385 

11 0.025726 0.025726 0.007318 0.007318 
12 0.034083 0.015148 0.015148 0.003355 
13 0.023704 0.023704 0.008202 0.008202 
14 0.030038 0.014967 0.014967 0.004146 
15 0.021877 0.021877 0.008727 0.008727 

It should be noted that the bias coefficients given in both equations 
-1 (7,1.12) and (7.1.14) are of order y for large values of y. Hence 

as y increases, the bias coefficients must eventually approach zero. 
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Chapter VIII. VARIANCE AND VARIANCE PLUS BIAS CONSIDERATIONS 

Much work has been done to develop designs which minimize the 

experimental error variance. One criterion for obtaining such designs 

is to require that the x minimize V as given in (1.1.23). The designs u 

obtained in this manner do not depend on the form of the response, but 

do depend on the error structure assumed. Ford= 1 we have 

y = b + b1x , 
U O U 

and 

Var (y) = cr2x• (X'X)-l x u -u -u 

where all terms are as defined in section A of Chapter IV. From 

(4.1.12) we have that 

(X'X)-1 = 1...2 
N(c-x) 

r: , -xl lx , 1J 
and therefore 

Integration gives 

which may be rewritten as 

V = 1 + 3c 
...2 3(c - X) 

(8.1.1) 
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V = 1 -----+ 1 
...2 • 

1 + 
(8. 1.2) 

3(c - -t-) 
C 

To obtain Min V for u = 1,2, ... ,N, we consider minimization term by 
X u 

term. Let 

Vl 
l = ...2 3(c - X ) 

and 

v2 
1 = ...2 

1 X - C 

...2 where x, c > 0 because of their definitions (except in the trivial 

case where all xu == 0). M~n v1 occurs when (c-'Sf) takes on its maximum 

value, which occurs when c fs a maximum and -t- is a minimum, if both 

can occur simultaneously, i.e., for the same set of x. Now Max c = 1 
U X u 

...2 
for -1 s X s l and Min x = o. These two extreme values can occur for u X u 
the same set of X • For N even, take N/2 points at x = -1 and N/2 u u 
points at X = l; for Nodd take (N-1)/2 points at x = -1, (N-1)/2 u u 
points at x = 1, and one point at x = 0. u u 

...2 Max c and Minx. 
X X 

u u 
...2 ...2 

M~n v2 occurs for M~n;, since: > O. 
u u 

and Max c if both values may be obtained for 
X u 

Hence, M~n v1 occurs for 
u 

...2 
Min X 

X C 
u 

the same 

...2 occurs for Minx 
X u 

set of x. Hence, u 

Min v2 also occurs for Max c and Min x2. Therefore Min V occurs for 
X X X X 
u u u u 



Max c and Min -f-. 
X X u u 

and 
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The actual values of Min V are 
X 

4 Min V = -
X 3 u 

u 

for N even 

Min V = 3(N-l) for Nodd, 
u 

If no limits on the x were imposed, it would be possible to obtain u 
minimum variance designs by synnnetrically locating design levels at the 

extremities of the specific region of interest. Similar requirements 

on c and x hold in the all-variance situation when d > 1, Box and 

Draper (1959) showed that the all-variance designs obtained in the 

above manner were very much different from those obtained using variance 

and bias considerations. 

In the attempt to use variance and bias considerations to develop 

designs, it becomes necessary to know the exact value of the parameter 

~- For instance let 

J = V + B 

and attempt to minimize J with respect to the 

2 J = V(x) + B(r,x) u u 

X • u We may write, 

where V(x) indicates a function of x and B(r,x) indicates a function u u u 

of both rand x. Minimization of J cannot be effected without adopting u 
an artificial method of specifying a value for~. Hence, without 
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knowledge of~, we are limited to making the observation that for 

various contributions of variance and bias to the function J, the 

optimal designs do not differ much from those obtained in the all-bias 

situation. However, these designs are very much different from the all 

variance situation. Hence, the minimum bias designs obtained give a 

good representation of those designs which minimize J, when the contri-

bution of V to J is of moderate proportion; and only fail to give a 

good representation when the variance contribution closely approaches 

the all-variance situation, see Box and Draper (1958). The above 

observation is a direct consequence of Box and Draper's work for the 

one-term polynomial model considered. 
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Chapter IX. SUMMARY AND DISCUSSION 

The problem of fitting the exponential response 

Tl =a+ t3erZu u f'or ln a < Z < ln b b > a > O - u -

by the approximation function 

was considered. The criterion of' optimality selected was that of' 

minimizing the weighted, average bias 

B- 1 
- (b-a) 

- T) ( Z )L2 dZ • u u r u 

Transformation allowed the model 

11 = a + f3 x1 u u 

to be considered, with corresponding changes in y and B to u 

and 

1 B=-2 - Tl (x )}2 dx • u u u 
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Using the Box-Draper conditions for minimum B, the sets of x which u 
minimize B were obtained for N = 2 through 17. This range of N allowed 

a maximum protection level on the integer-valued parameter, 1, of 

* 1d(N) = 12 to be attained ford= 1. The range of 1 5 1512 is felt 

to cover the values of 1 which usually occur in physical problems. 

* However, if an increase in 1d(N), for a given d, is desired, then one 

need merely increase N. 

If one were interested only in obtaining minimum bias designs, 

then from Table 6 on page 143 it is obvious that only designs requiring 

2, 4, 6, 9, 13, 17, etc. sample points would be used. However, it may 

be that one would like to require that a design not only minimize B but 

also satisfy some other desirable criteria. Then for an approximation 

function of specified degreed, it would be possible, using the addi-

tional degrees of freedom available from designs containing 8, 10, 11, 

12, 14, 15, 16, etc. sample points, to satisfy additional design 

criteria. For example, if d = 1 and we desire to minimize B for 

* 151511(N) = 8, then by using a design containing N = 12 sample 

points we would have available two degrees of freedom in choosing the 

magnitude of the design levels of the x. These two degrees of freedom u 
might well be used to satisfy additional design criteria. If no criteria 

other than minimum bias were to be considered, then we would obviously 

* use the design given for N = 9, which also has 11(N) = 8. Furthermore, 

it is possible to obtain additional degrees of freedom to use as one 

may choose, by accepting a maximum protection level on 1 which is less 

* than 1d(N). For example, if ford= 1 we desire a design which will 

minimize B for 15158, then by using a design of N = 17 sample points, 
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it is possible to obtain four degrees of freedom for use in satisfying 

additional design criteria; on the other hand, the designs for N = 17 

which minimize B for 1 1 12 provide only two degrees of freedom. 

Hence, one may trade maximum protection level on 1 for additional 

degrees of freedom. 

'Toe minimum bias designs obtained were determined by truncating 

the protection level of 1 on the upper end, i.e., for a given N, a 

* maximum protection level for 1, 1d(N), was obtained. This procedure 

* allows protection against all integer 1 such that l 1 1d(N). Since 

small values of 1 occur more frequently in physical problems, this 

method seems the most plausible. However, we could just as easily have 

truncated the protection range of 1 on both ends and thus obtained a 

higher upper limit. From Chapter VI, it can be seen that this is 

merely a question of having n variables and m constraints. Them 

constraints may be chosen differently to give different protection 

schemes for the parameter 1• 

As was shown in Chapter r:v, the exact same designs which minimize 

* B ford= l also minimize B for general d, but with a decrease in rd(N) 

to 

Hence, for a given value of N we may use exactly the same designs for 

any approximation function of degreed and obtain minimum B. If we 

* find that the value of rd(N) is too low for large values of d, then 

* we can merely increase N which will increase 11(N) and therefore 
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increase r;(N). For example, if we wish to use a yu of degreed= 3 

* and obtain a 13(N) • 10, then we find that the design of' 13 sample 

* points which gives yd(N) • 10 ford• l will not work. Hence, we need 

merely to increase N to 17 and the desired design is obtained. As was 

* noted previously, the decrease in 1d(N), as d increases, is accompanied 

by a decrease in the actual level of' the minimum bias obtained. This 

is readily apparent from equations (7.1.13) and (7.1.14) in the preced-

ing chapter, so that in losing protection level on 1, one gains lower 

values of' bias. 

Many physical situations exist where the parameter 1 does not take 

on integer values. In such situations, the bias obtained from using 

the designs developed in this thesis will increase as the distance from 

the true value of 1 to the nearest "protected" integer value increases. 

If for instance, 1 is not exactly an integer but is numerically close; 

then the designs which minimize bias for that integer will approximatel;y" 

minimize the bias for the true value of 1• This appears to be a direct 

extension of the definition of B. It is apparent that the bias, B, may 

be thought of as a weighted, squared distance between the true response 

function and the approximation function, which is averaged over the 

specific region of interest by integration. Thus minor deviations in 

1 from an integer value will not alter the distance between~ and y u u 

greatly, and therefore the corresponding designs will approximately 

give minimum bias for near-integer values of 1• This line of reasoning 

is heuristic in nature and is not intended to be a rigorous proof. 

Some techniques for determining the nature of the roots of a 

polynomial equation which has fixed variable coefficients are given 



in Chapter V. These techniques are interesting in their import. For 

instance, the situation for which N = 16 required the solution of an 

eighth degree polynomial equation which had six known coefficients and 

three unknown coefficients. Geometrically this required that it be 

possible to pass a parabola of the form 

2 y = ax +bx+ c 

through eight points, (x, y). Such techniques may well have interest-

ing applications in other fields as well as in other areas of statistics. 

It seems apparent that a great deal of flexibility in designs may 

be obtained through the various methods discussed and still retain 

minimum bias. Thus it is anticipated that these designs will prove to 

be useful and lend themselves to the satisfaction of additional design 

criteria. 

Certain areas for future research are suggested by this thesis. 

The more obvious of these are: 

(1) Extension of the present work to the corresponding model and 

approximation functions for the case of two or more variables. The 

extension to the multivariate case adds the problem of selecting a 

i:e,rticular region of interest, for example, spherical, cubical, 

tetrahedronal, etc., each one of which would require separate investi-

gation. 

(2) Solution of the requirements for minimum bias designs for 

non-integer values of r• 
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(3) Further development of techniques for ascertaining the nature 

of the roots of polynomial equations which possess several fixed and 

several variable coefficients. 

(4) Extension of the present work to situations where the bi are 

not the usual least square estimates but are defined in some other way. 

(5) Solution for minimum bias designs where the bias, B, is 

defined differently. Several different definitions were given by 

Folks (1958). 

(6) Use of alternative criteria, such as minimizing the maximum 

value of the bias. 
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APPENDIX A 

This section contains the tables of the elements of the X vector 

for various values of N. These elements are in fact the minimum bias 

design values, since the design vector 

x = [ } J for N even 

or 

[
.~o .. 

X = ... 
-X 

* will minimize B for 1 r rd(N). 

for Nodd, 

For N = 8, 10, 11, and 13 the admissible coefficient (a) ranges n 
are covered in 0.01 increments. For N = 16 and 17 the tables give 

several designs for specified, admissible values of the variable 

coefficients. 
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* Table Al. Elements of the~ Vector for N = 8 which Give 11 (8) = 6 

V xl x2 x3 X4 

o.oo o.4437544 0.5726184 0.8991793 0.0000000 
0.01 o.4114289 0.5895359 0.8980574 0.1000000 
0.02 0.3847963 0.6003522 0.8971301 0.1414214 
0.03 0.3611369 o.6o77825 0.8963894 0.1732051 
o.o4 0.3393545 0.6129187 0.8958251 0.2000000 

0.05 0.3188700 0.6163352 0.8954251 0.2236068 
0.06 0.2993282 0.6183819 0.8951758 0.2449490 
0.07 0.2804874 0.6192924 0.8950626 0.2645751 
0.08 0.2621694 0.6192337 0.8950699 0.2828427 
0.09 0.2442325 0.6183305 0.8951822 0.3000000 

0.10 0.2265556 0.6166798 0.8953837 0.3162278 
0.11 0.2090265 0.6143584 0.8956590 0.3316625 
0.12 0.1915321 0.6114284 0.8959933 0.3464102 
0.13 0.1739475 0.6079405 0.8963727 0.3605551 
0.14 0.1561199 0.6039361 0.8967837 0.3741657 

0.15 0.1378430 0.5994492 0.8972142 0.3872983 
0.16 0.1188041 0.5945070 0.8976527 o.4000000 
0.17 0.0984596 0.5891312 0.8980888 o.4123106 
0.18 0.0756593 0.5833383 0.8985129 o.4242641 
0.19 0.0468206 0.5771399 0.8989164 o.4358899 

0.33 0.0292487 o.4406143 0.8990756 0.5744563 
0.34 0.0746518 o.4247409 0.8985297 0.5830952 
0.35 0.1078469 o.4068052 0.8978930 0.5916080 
0.36 0.1400207 0.3857798 0.8971630 0.6000000 
0.37 0.1755382 0.3593043 0.8963370 0.6082763 

0.805 0.1376840 0.3874087 0.5994088 0.8972179 
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* Table A2.. Elements of the~ Vector for N = 10 which Give r1(10) = 8 

V xl x2 x3 X4 X 5 

o.oo 0.3054163 0.5369362 0.6629442 0.9195608 0.0000000 
0.01 0.2733975 0.5532097 0.6555241 0.9198737 0.1000000 
0.02 0.2447551 0.5639442 o.6497664 0.9200718 0.1414214 
0.03 o.218o193 0.5698727 o.6462649 0.9201744 0.1732051 
o.o4 0.2019484 0.5713318 o.6453661 0.9201987 0.2000000 

0.05 0.1669384 0.5689975 o.6467970 0.9201597 0.2236068 
0.06 0.1411721 0.5638858 o.6497998 0.9200707 0.2449490 
0.07 o.113958o 0.5569433 0.6536035 0.9199439 0.2645751 
0.08 0.0831072 0.5488332 0.6576686 0.9197902 0.2828427 
0.09 0.0398828 0.5399649 0.6616755 0.9196192 0.3000000 

0.29 0.0285922 0.3026139 0.6622884 0.9195912 0.5385165 
0.30 0.0786011 0.2851197 0.6581949 0.9197688 0.5477226 
0.31 0.1133338 0.2649884 0.6536912 0.9199408 0.5567764 
0.32 0.1491613 0.2386125 o.6487627 0.9201025 0.5656854 

o.42 0.1548416 0.2339532 0.5668600 0.9201230 o.658o741 
o.43 0.0983501 0.2743810 0.5527718 0.9198654 0.6557439 

o.846 0.0815205 0.2836565 0.5484387 0.6578564 0.9197826 



Table A3. Elements of the~ Vector for Values of v from the First 
Admissible Rangea for N = 11, which Give 1~(11) = 8 

V xl x2 x3 X4 X - 5 
0.01 0.9252232 0.7146671 0.5099317 o.4433012 0.1000000 
0.02 0.9260321 0.7048152 0.5543511 0.3895231 0.1414214 
0.03 0.9266271 0.6956618 0.5779614 0.3559645 0.1732051 
0.04 0.9270441 0.6874833 0.5943016 0.3287778 0.2000000 
0.05 0.9273128 o.68o7808 0.6056971 0.3051114 0.2236068 

0.06 o.927458o 0.6763156 0.6125525 0.2837809 0.2449490 
0.07 0.9275016 0.6748006 0.6147651 0.2641633 0.2645751 
0.08 0.9274621 0.6761773 0.6127566 0.2458879 0.2828427 
0.09 0.9273565 0.6795181 0.6076892 0.2287189 0.3000000 
0.10 0.9271995 0.6837998 0.6007457 0.2125013 0.3162278 

0.11 0.9270047 0.6883514 0.5927107 0.1971347 0.3316625 
0.12 0.926781+1 0.6928129 0.5840267 0.1825585 0.3464102 
0.13 0.9265487 0.6970036 0.5749363 0.1687454 0.3605551 
0.14 0.9263084 0.7008349 0.5655743 0.1556987 0.3741657 
0.15 0.9260720 0.7042647 0.5560185 0.1434523 0.3872983 

0.16 0.9258473 0.7072749 0.5463141 0.1320734 o.4000000 
0.17 0.9256410 0.7098594 0.5364876 0.1216666 o.4123106 
0.18 0.9254589 0.7120191 0.5265540 0.1123777 o.4242641 
0.19 0.9253057 0.7137579 0.5165211 0.1043945 o.4358899 
0.20 0.9251851 0.7150815 0.5063914 0.0979390 o.4472136 

0.21 0.9250996 0.7159964 o.4961638 0.0932449 o.4582576 
0.22 0.9250510 0.7165903 o.4858344 0.0905174 o.4690416 
0.23 0.9250398 0.7166268 o.4753967 0.0898815 o.4795832 
0.24 0.9250656 0.7163556 o.4648420 0.0913424 o.4898979 
0.25 0.9251274 0.7157017 o.4541592 0.0947798 0.5000000 

0.26 0.9252229 0.7146708 o.4433342 0.0999818 0.5099020 
0.27 0.9253495 o.713268o o.4323498 0.1066965 0.5196152 
0.28 0.9255037 0.7114975 o.4211843 0.1146789 0.5291503 
0.29 0.9256816 0.7093630 o.4098104 0.1237198 0.5385165 
0.30 0.9258787 0.7068667 0.3981920 0.1336584 0.5477226 

0.31 0.9260928 0.7040099 0.3862809 0.1443858 0.5567764 
0.32 0.9263112 0.7007923 0-3740089 0.1558473 0.5656854 
0.33 0.9265363 0.6972118 0.3612740 o.168o494 0.5744563 
0.34 0.9267601 0.6932644 0.3479114 0.1810832 0.5830952 
0.35 0.9269771 0.6889437 0.3336233 0.1951893 o.591608o 

0.36 0.9271820 o.68!+2400 0.3177678 0.2109647 0.6000000 
0.37 0.9273691 0.6791406 0.2983868 0.2303327 0.6082763 

aSee equation (6.1.28) 



Table A4. Elements of the X Vector for Values of v from the Second 
- a * and Third Admissible Ranges for N = 11, which Give r1(11) = 8 

V xl x2 x3 X4 X = 5 

o.46 0.9273988 0.6096723 0.2942862 0.2344357 0.6782330 
o.47 0.9271275 0.5977160 0.3223265 0.2064199 0.6855655 
o.48 0.9267837 0.5840115 0.3464348 0.1825343 0.6928203 
o.49 0.9263629 0.5677172 0.3711220 0.1585899 0.7000000 
0.50 o.92586o3 0.5468981 o. 3992518 0.1327278 0.7071068 
0.51 0.9252710 0.5138890 o.4388709 0.1025544 0.7141428 

o.86 0.6793589 0.6079373 0.2993252 0.2372894 0.9273618 

aSee equations (6.1.29) and (6.1.30). 



* Table A5. Elements of the~ Vector for N = 13 which Give r1(13) = 10 

V xl x2 x3 X4 x5 x6 

0.03 0.3175154 o.4171222 0.6856344 0.7140822 0.9390697 0.1732051 
0.04 0.2806820 o.4355536 0.6752411 0.7215035 0.9389672 0.2000000 
0.05 0.2539919 o.4424428 0.6712908 0.7240147 o .9389198 0.2236068 
0.06 0.2322578 o.4433761 0.6707496 0.7243465 0.9389131 0.2449490 
0.07 0.2138923 o.4404233 0.6724568 0.7232901 0.9389342 0.2645751 

0.08 0.1982243 o.4347439 0.6757008 0.7212008 0.9389725 0.2828427 
0.09 0.1849590 o.4270808 0.6800191 0.7182355 0.9390188 0.3000000 
0.10 0.1739979 o.4179245 0.6851763 0.7144361 0.9390660 0.3162278 
0.11 0.1653586 o.4075937 0.6913641 0.7094237 0.9391083 0.3316625 

0.16 o.16o8515 0.3417614 0.6977820 0.7036506 0.9391319 o.4000000 
0.17 0.1689034 0.3249001 o.6884364 0.7118586 0.9390904 o.4123106 
0.18 0.1811623 0.3053435 0.6815992 0.7171118 0.9390343 o.4242641 
0.19 0.2007685 0.2797551 0.6750500 0.7216288 0.9389650 o.4358899 

o.45 0.2305553 0.2467023 o.4432541 0.7243033 0.9389140 0.6708204 
o.46 0.1898407 0.2934483 o.4302603 0.7194927 0.9390003 0.6782330 
o.47 0.1733227 0-3173232 o.4172426 0.7141356 0.9390692 0.6855655 
o.48 0.1639430 0.3346063 o.4054481 0.7081679 0.9391156 0.6928203 
o.49 0.1603627 0.3430170 0.3990098 0.7015037 0.9391345 0.7000000 

0.50 0.1629460 0.3367895 o.4038208 0.6940238 0.9391208 0.7071068 
0.51 0.1733388 0.3172969 o.4172590 0.6855561 0.9390691 0.7141428 
0.52 0.1977136 0.2834692 o.4345025 0.6758377 0.9389740 0.7211103 

o.8317 0.1931263 0.2892054 o.4321541 0.6771659 0.7202210 0.9389888 
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Table A6. Elements of the~ Vector for N = 16 and a8 = 0 

(16 3.16 X 10-3 3.22 X 10-3 3.23 X 10-3 3.24 X 10-3 

C17 6 X 10-5 7 X 10-5 7 X 10-5 7 X 10-5 

vl 0.03251240 0.04481889 0.04384947 0.04297512 
xl = .fvl o.18o31194 0.21170472 0.20940264 0.20730440 

v2 0.12008139 0.09815721 0.10509948 0.11494370 
x2 = ..[v2 0.34652761 0.31330052 0.32419049 0.33903348 

v3 0.18301527 0.17689332 0.16513525 0.15109280 
x3 = .fv3 o.4278o284 o.42058687 o.40636837 0.38870657 

V4 0.28558611 0.31765151 0.32885944 0.34009511 
X4 = ..fv4 0.53440258 0.56360581 0.57346267 0.58317674 

v5 0.54596412 0.50284773 o.49349925 o.48377702 
x5 = ..[v5 0.73889385 0.70911757 0.70249502 0.69554081 

v6 0.59624249 0.62437931 0.62858495 0.63242562 
x6 = ..[v 6 0.77216740 0.79017676 0.79283350 0.79525192 

v7 0.90326489 0.90191870 0.90163884 0.90135731 
x., = ..[v7 0.95040249 0.94969400 0.94954665 0.94939840 

V8 0 0 0 0 
x8 = ..[v8 0 0 0 0 



* Table A7. Elements of the~ Vector for N = 17 which Give 11(17) = 12 

"1 2.19 X 10•4 2.2 X 10•4 

"8 0 2 X 10•7 

vl 0.07917205 0.00093741 
xl = 0.28137529 0.03061710 

v2 0.12933526 0.07499559 
x2 = 0.35963212 0.27385323 

v3 0.20823979 0.13333540 
x3 = o.45633298 0.36515120 

V4 0.32156834 0.20858357 
X4 = 0.56706996 o.45670950 

v5 0.57673336 0.31989664 
x5 = 0.75942963 0.56559406 

v6 0.60911086 0.57987563 
x6 = 0.78045554 0.32916331 

v7 0.90917367 0.60650612 
x7 = 0.95350599 0.77878503 

V3 0 0.90920299 
x8 = 0 0.95352136 
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APPENDIX B 

As an illustration of what kind of fit is obtained by using mini-

mum bias designs, we have chosen a particular set of values for the 

parameters a,~, and r. For illustrative purposes the values chosen 

were a= -0.015, = 0.3, and r = 5. This choice gives the model to be 

5 n = -0.015 + 0.3 X • u u 

Using the values of n as the observed values, y, and using minimum u u 

bias designs for a sample size of N = 6, we shall obtain the approxi-

mation functions of degree one and three. Ford= 1 

b = (X'X)-l X'Y 

where from minimum bias considerations 

[: , J X'X = Nµ = , -1 

' 

(XX)-1 = 
, 0 

, 
1 , 2 

6 
I: y 

X'Y 
U=l u 

= 
6 
I:xy U=l u u 

The minimum bias design given in Chapter VI for N = 6 has 

.!' = (0.866247, o.422519, 0.266635, -0.266635, -o.422519, -0.866247). 
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The corresponding y are given in the vector u 

Y' = [0.131329, -0.01096o, -0.014596, -0.015404, -0.019040, -0.161329]. 

Therefore we have 

and 

Hence 

X'Y = Co.09000~, 
0.257144 

p.015ooo7 . 
l!.12857J 

y = -0.015 + 0.128572 x ford= 1. u u 

Ford= 2 it is easily shown that because of the nature of the matrix, 
-1 (X'X) , b2 = 0. 

d = 1. Ford= 3 

Hence the same y is obtained ford= 2 as was for u 

6 
uglYu -0.09 

6 
Zxy u=l u u 0.257144 

X'Y = = 
6 2 
Z X y u=l u u -0.03 

6 
Z x3y 0.190858 u=l u u 

Hence 

b' = [-0.015, -0.031429, 0, 0.266668]. 
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Ford= 4 the same bi are obtained with b4 = 0. Hence 

9 = -0.015 - 0.031429 x + 0.266668 x3 ford= 3 and 4. u u u 

The curves 71, 9 ford= 1 and 2, and 9 ford= 3 and 4 are u u u 
shown versus x in Figure Bl on the following page. From Table 7 on u 
page 147 we have that the minimum bias for the linear and quadratic 

approximation ton is u 

2 B. = (0.029685) = 0.002672. min 

Similarly for the cubic and quartic approximation to nu 

2 Bi = (0.001466) = 0.000132. mn 
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ABSTRACT 

-,z 
For the exponential response Tl = a + t3e u (u = 1,2, ••• ,N) where u 

a and~ lie on the real line (-co,~), and 1 is a positive integer; the 

designs are given which minimize the bias due to the inherent inability 
,... d jZu 

of the approximation function yu = jfubje to fit such a model. 

Transformation to Tl =a+ ~x1 and y = jlbjxj facilitates the solution u u u -v u 
for minimum bias designs. 'Ibe requirements for minimum bias designs 

follow along lines similar to those given by Box and Draper (J. Amer. 

stat. Assoc., 54, 1959, p. 622). 

The minimum bias designs are obtained for specific values of N 

* with a maximum protection level, -,d(N), for the p;i.rameter 1 and an 

approximation t'unction of degreed. These designs obtained possess 

several degrees of freedom in the choice of the design levels of the 

x or the Z, which may be used to satisfy additional design require-u u 

ments. It is shown that for a given N, the same designs which minimize 

bias for approximation functions of degree one also minimize bias for 

* general degreed, with a decrease in -,d(N) as d increases. In fact 

* * * -,d(N) = -,1(N) - d + 1, but with the decrease in -,d(N) is a compensating 

* decrease in the actual level of the minimum bias. Furthermore, -,d(N) 

increases monotonically with N, thereby allowing the maximum protection 

level on 1 to be increased as desired by increasing N. 

In the course of obtaining solutions, some interesting techniques 

are developed for determining the nature of the roots of a polynomial 

equation which has several known coefficients and several variable 

coefficients. 


