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I. INTRODUCTION

then a known probability function is found to apply to a parti-
cular problenm in stat istics, one of the concermns of the statistician
is to estimate the paramsters involved. Estimation procedures when
the distxibution is complete are well kaowne However, when some popi=
lation values ave completely excluded from observation, the distribution
is said to be truncated and new estimators must be foundo

Many authors have investigated this problem and come up with
solutions ciploying the method of moments, maximmm likelihoed, and
other simpler procedurss. An Important addition to work in this field
was nade by Tu Ley“ ). He proved that if a family of distributions
adriits a st of sufficient stabistlcs, then the family obiained by
truncation to a £ixed sebl also admits the same set of sufficient
statisticse

X

Estination of paramsters from a restricted sample arisss in such

<

aroas as life teasting of drugs and target problems. In sctuzl prectice
the muwber of restwicted or exclwied observations may be known. In this
case, the szuple is gaid to bs censored. This distinction is not made

by all authors, but in this thesis the restrichtions assumed in each
czse Will be dlesxly defined.

It s the purpose of this theslis to review the developments in the
area of estimation for a few of the truncatsd distexibubions winich have
been rosh thoroughly investigated. The procedures most often used will
bs given aud in some instences, methods will be compa ‘m,d from the point

of view of the cfficlency of the estimators. In each of the probleus
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discussed, the points of truncation are assumed to be knovme. The
notation of the oxiginal avthors is often adopted, bub in somo cases
it has been changed in an attempt to achieve uniformity and to 2llow

the comparisons of procedurese



II. ESTIMATION PROCEDURES FOR TRUNCATED POXSSOHN

The problem of estimstion of the parameter A in the trancated
Poisson distribution has been more thoroughly inwvestigsied than that
of any other parameter in any other trmcated distribution. Ths fact
that the distribution is discrete and has a single pafame‘ber sibnplifies
the celeulations necessary to obtain an estimator and may accomat for
the extensive examination given it by weny rescarcherse

The vestriction on the range of the populetion which may ocour
is of four moin types. The estimatlion procedurss which will be given
are for cases in which truncation permits no obsexvations for

1. x<e¢

20 X <¢ emd x >4

3e X w»d

Le ¢ <« x ¢d where ¢ and d ave constantse.

Type le occurs when only obsgexvations equal to or greater than ¢
of some event ave reported, and estimation is simplest when the missing
observation is X = 0o Ao Co Cahcm(z) gives a st:s‘a:‘c.g;’n'it.z‘;’o;ﬂ'?azﬂ procadare
for obtaining o maxivum likelihoed estimator when this is the casee
Beginning with the truncsted distribution of the forn

oA (X

P_t(}:') =@ X 1,23, ¢°¢° (26101)

The Likelibeod function is given by

“Aen B WA X,
L(lexzﬁooc ? -'X'n; 7\) = (l = € ) -.lz Q )\ - (20102)

. TR RO S TR
d=l ol
s
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Differentiating the log of the likelihood function Weret. A and

setting equal to zero yields

A n
dlog L _ =ne -1+ Y X, =
dA T (Lee=A) "")‘\‘3“" °
n
- -ne")\ -n+ne-> + 7% =0
(1-e"") Y
n
= «n + Z »Xi =0
Teo=A ) 3=l "3\"
and thus
X = )/(1 - e") ) (2.1.3)

A

The required estimate, A , mist be a positive resl root of equation
(2¢103) and a table of selected values for X and A is provided by
Cohen to obtain the es‘timate(B). :

The asyrptotic variance of the estimetion is given by Cohen by the

exprossion

- [E 2% 100 1) ]"’1
2

~22(N) (h/n)

vhere

XN = @y

[1»()\-:-1) e"‘)‘]

The function X (M) is continuous monotonic decreasing with

Lim X (W) =2 and 1im X(N) = 1o Terefore, the asymptotic variance
)) -0 —p 0O

A .
has the bounds given in A/n $ Y(A) < 2A/n.
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For the same situabion, i.e., no observations when x = 0,

Plack ebu( )

has developed another procedurs. The probability function
is given by equation (201el) and with a saxple of size N, there are
Nx obssrvations equal to Xo He begins by estimeting an arbitrary

function of A, denoted by B (N), using the quentity

Lo
L z v. N
%5

and evaluating the m‘motm ¥y such that B % is wibissed for B (A).

o

Thus

A
XEL e G m)\) = ,6 (A) (Re1okt)
xi (o

oxr

=4 () (o 1)

MMy

i

1T

i

oy

X
with y the coefficient of A when (e 1) {3 () is expanded in
X aTrxD

x4
powers of Ao
The relationship
x N o o
%=l FT X222 (Keek) §

holds when ¥y= 0, Y, = 2 axdy =% for i>1e
i

Plackett¥s estinstor 3Is then obtained fron

)\ Z . W) N @m)\ P
e l:' (‘{“, )s (meeca ] )
o
2. X e
= 2 x Aoe
by,

b (le::;m ™)



The expression

KR

va.r(?i*) =| A

Azl(e" -2.)
N

is given as en exact result as opposed tc the asymptobic variance
given for the maximum likelihood egtimetor. In comparing his estimabtor
with that oblained by the maxiaum likelibood procedure, Flackett gives
the efficlency of 2 as tending to 1L as A tends to zero or infinilty
and never falling below 0.9536;, the value obitained when A = lo355

As Co Cohen encouatered e situation in nature To which he
applied the maxirnu likelihood procedure. In this situation, ravndonm
muwbers of orgevising are deposited ab rendonly selected sl
ars distinct, esch with equal probobllity of belng selected. There is
o migration of orgonlisns between gites, avd, once a sits is selechbed,
one o xwre organisns are deposited there.

Selecting & sibe et random, naking & count of the organilsus present,
and denoting » and € as the randon wvarliable end probabildty that any

particular site is selected, respectively, the probebility function of

X is
Plx: O3 A) =1 « 0 x=0 :
(201.5)
= .giw\mz‘;,m X w L,2,3; ¢oe

For N obsgerwvaticns, with n belng the wrber of observations Lor
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X =0 oand n* = Ne n,, the likelihcod function is

n, n* ?*"‘ W X
1 ,,,..._.,,..;A olo
(Lee™ ") x, !

The estimabting equations which result are

Llogl = my . Yo =

e® e =8)
and

n%

ologl = =% 4 Y Xy =0

OA (1w e- A ) =1 (";“

Then ,  n*

€= N

5 . b (20107)

(=" ")

whexrs n

.

x = é.
.
=l

Equation

from trwmeation of the zoro class and

n¥

(2c167) for ectimating A is the same as that resuliing

(3)

the sawe table can bo used,

enteing X* in the place of X.

To cbtain

1BT0rS, second,

2

-
ne I, =
PRt S-S M

e

2
0 log I,

ararel i e

BERPA

the asymptoblc variance end covardauces of the esti-

oxvder dexivatives ave tsken, yieldiog

«N¥ e N

saz 0w e orTESwA 2

e< (-6

0 = E}zlog L

P S

A0
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-
32105 L = -n¥ Eﬁ - =)
b)\z 7\2 (l-e- A )

As the result, ths asymptotic properties are given by

A 2 -1
= wE log L
var (8) [5 3: ]

o(L - ©

~ N

A 2 -l
var (A) = <& [a alc;\gL]

N
= wb [ en¥ | - O
A (- )
var %~[ 2 ] % ()
EZn*S

vhere E(n*) = KO

ad X (A) = (=e"")?

[1-(x+1) e~)\]
The inequality

A < V(A) ¢ 22

N© Rz

holds since X ( A) is continuous and monotonic decreasing where

Tim = (M) =2 and Lim X(A) =L
A0 A=

Cohen(é)

also found in a pracilcal situation that not only may
the zexo class be missing, bul some of the ones as welle He gives as
an exXarple the case in vhich menufactured items are examined for

defects, the nuuber of defects following a Folsson distributione
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The nean fnmber of defects was estimated from a sarple selected from
items rejected during inspection. Here the number of acceptable items
was not knowm, a.nd because of faulty inspection some with one defect
may have been included with those with none. Ietting A be the
Poisson parameter and @ be the proportion of ones eliminated by

fanlty inspection, the probability function is givea as

P(X) = 0 x=0
t A
= (1o A x=1
fi%éﬂl @+p A )] (241.8)
_ e-A >x )
- i : X = 2,3, °°°
1 1A ) x
[ e 7 (1+p J 0k b1

When ¢ = 0, this is reduced to the truncated Poisson for which
the zero class is rrissing and when § = 1, both the zero and one
classes are nissinge

Using the maxiimm likelihood approach, the likelihood fimction is

(26109)

Lixs A, §) = {(],Q)) e"')‘;? } _W«z
L= A1)
RCoTEENDY < [1.,6. ooy

o
where nl is the nuber of ones in the sample and T " 48 over x» Lo

The estimalting equaitions obtzined by this procedure are

- N
n = (=0) Ae (241010)
T l-eemh(l-:a@ A)
and ,l::.,}: = E:,:.ZM_Q (201911)
1y 1 - @)
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Solving for § yields

¢=N§~nle)

pooe (2.1.12)
n! - %!
- N *
where X = Z 3
1

and-. wnX
X-‘—'Z X

x=2
T

& &

x=2

Substituting equation (2.1.12) into (2.1.11) gives

=t _ l-e-}‘
Tme™? (1+A)

which does not depend upon the ones in the sanple.

Cohen has published tables of values for x!' and A to obtain
A

N, M

the estimate
Expressions for the asymptotic variance and covarlance are as

follows:

) §20
g (fy 922 = Py

i

ver

vaxr 75 = ¢ll ‘
H (¢11 ®22 = ¢122)




whexro
¢) = - -3’ E ( bzilo' L)

o/
N

>‘f'

)

E ( 3,2.3&@ )

Y
N4
B [b 105‘5»—.%

-
i
g

)
N
=i =2

o)

» 6°

var (a) = A > (A)
[E(n’)] of

| SS——

%22

ad Be') = N [1-p@)] =w [pae™ (Grn)]
[ =& (fa)]

- 2
vhere xo( A) = lee (1t 7\)m2 "
[0 =)o X 6]

. N
For N sufficiently large, V(N) can be sppuexinated with parameters

replaced by thelr sstimates. Then

and

The varignce fuaction ‘)(( (A) is contimwus monotonle decreasing
k]

and Llin ’)(O () =3 and 1im ¥, (A) =216
o

>‘=>o A o0

ne

The esyrpiotic variance then satisfies the lueguality

A

e 2 V(A) ¢ 32
B(n') E(')

N
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(8)

For trumcation with no observations for X <«c, Rider gives
an estimator which is recommended for simplicity and dirsctnesse

The following notation is used:

. -3 s 3
T = £ T = x £ T = x £
N C':l
T =N % P(x) + T
(] 0 : o
e
T° = N9 =xPx)+T
1 0 1
e n § P rmer
T =N S x Px)+T
;T % :
. X wh
with £ the frequency of the obsexrved x's and P(x) = XA e
* xi
1
The osgtimato of the mean is given as Tl and a similaw
m‘.‘;im,
2 o !
estinate of the second moment,; A + N is 2 o Setting
o ! .
Yo
t
'I'l = T 'A and. neking the proper substibubions
o
N Y oxe X 4+ % xp o= 7\(&1 PSP S 3 f] (2:1.13)
0 x4 ¢ X .0 x1 c X :
Siuplifying ege (261c13) leads to

LTSI

o M&
24
£
N P

pct thj‘l A T Ces2 DAY
mk}éfx zNA[f}_,,g A - ¥ A ]

§

‘ @A Qesll,
m " . T
Y A T, = KAl e mmziﬂm, ]
( C,l:.—..«j L ) (-
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T : (2elelh)
1 ° ( C=l 7 $

. 2 1
By substitutions like those made in eqe (2¢lel3), T 5 = (A+ N) To

becones

2 -
T2 - (A ) To =Ne A N (c +2) (2.1.15)

(c=L)1

Vhen the left side of equation (2.1.1%) is substituted into eq.
(201015), Qne obtains
T o AT <X T = (c4A) (T, = 3T
" .Lo - L= (e T, = AT
2

=CI = CATo + AT, = AT
(]

A
upon solution of this ege for A , N = T, - CT,

Tl = (c=l) To
Pe Go I'Eoore(” gives a different typs of estimator irhicll is
admitted to have a larger standaxd erwor than the maxiyrmm likelihood
estimator. It iz, however, suggested as ussiful when an estimate mmst
be obtained quickly.

For a Poisson distribution truncated on the left at x = ¢,

7. xe A = >\z e X
x=c-l xi b 3

-from vwhich loors uses as an estimator of A the expressiocn



2 :m/Zn

0 Z=ctl X

The expression for the asymptotic variance of this estimator is

A = - 2
Var (X)) = Z 2 Px) - (2 x P(x) )
X=c+l x=c+1

N (2 P(x))

X=c

Truncation of type (2) with truncation on the left at x = ¢
and on the right at x = d gives the probability function

P(x) =0
t -l e) X
= [Fe) - ra+1)]™ 22 ctx¢d
x!
=0 xX>d

o n% x
vhere F(c) = 2 e A is the probability that ¢ or more
x=c b4

occurrences will. be observede The likelihcod function in thls case
is

= A in ~ =1
L(xl, xz, oo X 3 A) = [F(c) - F(a+1) ] e A [‘Txi! ]

Talcing the logarithm, we have

log L= -nnln [r(c) - F(dk-l)] SAA X A = B.n(Tr l]

and differentlation yields

1 dlogl =X ulmpcmv)mpg = 0 (2:1616)
n da A 3) e BlQk

With the aid of Poisson probebility tables, equation (2e1.16) can be
N
solved for the estimator A .



Equation (2.1.16) can be altered to £it the case in which trune

cetion is on the left at X = co By setling d =<« , we have

X =1epPesl)=0
\ “Fe)

Vhen truncated only on the xight at X = &, the estimating
equation becones

1) =0

X =14+ P(d
b

T=F(aHE)
Yoore's esbimator hag alvesdy been dewived for twuncation of
type (L)e The expression which follows for the second type(lo) is
'7\'\ d
Z:%:«._;LAI& ce<sx<d

n
= X
(1)
ard for type (3)
d
A -
=% xn
A3 zs%s*mm“: x<d
n
o =

(‘1 2)
For type (4) with no observation for ¢ ¢ x ¢ d

~ o8 o
7\ I = i’m X :ﬂ}" + 2: X n{]' Gl :3
wo o o wmdal F J. on + z:,, n,
ST x=3

o

Pe. G. IFoore encountered a physical problem which avose Trom
the counting of radicactive particles being emitted. The counter stuck

at cerbain mrbers causing tyumeation at the right end of the distri-
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bution or truncation of type 3.
With n, denoting the frequency with which i ewmissions per

interval of time were recorded, the following is true

00 &~ 4 1o Ao P20 N2 b eee 4o Ae
11 21 rl

A G CRRY TR Wl
24 el )f

j'::c mfﬁmm
Yol bY

XL <o
z cé:m‘: FLABICUAVILO
i=o i

Moore suggests the following for the estimator of A

A r ,
A= ?‘; in,

ENCU T ATAITART D

X‘:‘l

7. n,

i=0 *

The mean of this estinmator is
..,fq'i
A Xl R Yl i e R &= 4 ,,)\
BE(A)= A-|S ane o8 XN ) GiN e
10 3.4 e 3 - il
rel 1 oA
N(E 2e )
i=0 it

This shous it to be biased, but if N is large, the bias term is then
A
M egtimator of the variance of A is given by Foore as

selle
3 5 031
2 _|& .2 R N I s
S 5 A N (2; 3 ni) (.g,‘, ., )
=0 im0 imp
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The usefulness of this quick method as oppossd to the maximm likeli-
hood method depends upon how small you require the standard erwor of

the estiuvator to be in a given sibuation.

Estimation of the mesn and standard deviation in the tyrumeated

novmal distribution begen as early as 1908 when Karl Pearson and

()

Aice lee erployed the method of moments and provided tables

for estimating the perameters vhen truncation was at a knf»m point
cn the lefte The next notable work was done by Re A. Fis h@r( 5) in
1931 using the meothod of maximum Likelihood. He chowed that when the
distribublon ls singly truncated, the method of maximum likelihood
glves the seme estimations as the method of romentse

Most of the e:'nlana’b‘i.ons which follow ave resulis of papers by

(16)

A, Co Cohen though the notalticn differs in some instonces,

In the case of slngle truncation, resulis are shown only fox the
lelt with % denoting the point of truncaticn. Thns, thore are obsere
vations for x & :a:o onlye Corrssponding resulis for truncation on the
right can be cbtained by usiag £(=x) twuncated at «x due to the

o
syrmetyy of the normal distrivutione

Tetting Q 1 =2 (:.\,%’.,r?; A ) be the point of truncation in Stavdewd
o
ults, and
E | tZ /
F(§)= O() at waere Q{t) = V2T o %

-t

F (%) is the probshility thet a pavticuilsr value of the random
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variable will be included in the restricted sample.
The likelihood fimction in the singly truncated case is

n 2
-] -} -z Lo -
! > T
If the distribution is truncated both on the left and on the right

with n observations for X, X< xo + R, then

n 2
- - (L~
L= [®) - 56)] T @V Y e 1 20_2)  (2e2:2)

vhere Ez= (x, + R =)
—_—
1 2/
F( £ >=~-f o=ty at
To £ind the maxirmm likelihood estinmating equations for the first
case(l7) 2 ﬁl (26203)

v
» We use the equation E -

and the eguations obtained when one differemtiates the log of the
likelihood function (2¢2.1). Upon simplifiying, the derivatives becone

2 2 2
3;1)1.09'L= S+GEapm) - [2+82]=0 (202.4)
g
Plog L = Xeop =GZ =0 (2¢205)
o
vhere X = in
-lnm
n —.2
=% (B33
X n

and
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2(1)=_9(§)
-F(E,)

Squaring both sides of equation (2.2.5) and combining with

(2:244),
& = 0‘2[1 -2 (2-8)]

2
or . @ =S2'+“’22(Z-€1)

Then adding (2.2¢3) and (2¢2.5) we obtain

':':'-xo=U(Z -el)

T = Xwx
o
Z ..El
Corbining (22.7) and (2.2.8) gives

2 2 2
T = S + Z (;E-x)
2~ °

Letting
e (§)= _z (&)
2(§) - §

2 2 2
then @ =8 + eGE-xo)

Fron (20207) and (2@208)
2
z2=0" . Sz

ex
°

and from (202@11) and (202012)

TZ2=6 (X =x,)

Since TZ =X wpm from eqe 20205, ,M-':x-e(x-axo)

(2+246)

(2.247)

(2. 2.8)

(2¢2¢9)

(2.2.10)

(2.2411)

(242.12)
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With 51 denoting the estima.tor of §1 and d.ei‘.ming 8 = o ﬁ )s
the final estimators become 3~ S + 0 (' x, )

and /’):E-’e\(i-xo)

13)
Cohm( provides a table of values for © which correspond

to the value _S° 5
& -x)

~N

A A A
51 follows as 51 =X =p after the estimates of /3 and T
.”VA“
have been obtained.
For doubly truncated sa.mples(l7) consisting of n observations

restricted to the interval xo ¢ x & xo 4+ R with xo and :x:o + R

known, fixed points, the likelihood function is given by equation
(20242) »

The estimating equations in this case are

(% -7, -6)- v, =0 (202.13)
4 (18 @ -7 -f )T rR]=v =0 (202418
n “'121'2"1'2]"2" nee
(v
where
- (b 7 = 0 (£
Y] [F (& )-r (£ )]
axd v

i

n - X
Kk = & i =)
i=1 n

A
A
Cohen then suggests that ¥ and 6 4 oan be found by solwing

equations (202013) and (2.2.1%) sirmltaneously and employing a
rodified Newton-Rephson method with the aid of normal probability



A

tablese He also gives first spproximetions as

A
T=5 ed £ = vi
bd coteniraces
Sx
2
where S‘x = vz o Vl °

Max Helpe:ein(lg) also suggests a method of estimating the
paranecters of the truncated noxmal distributicn which begins with
the Likelihood function but arxives at results to these eguations
in a nomer whlch is simpler than Cohen's method. With truncation

on the right at x  and E = X e pA

s
n 2
K
. -G ,,::;,;:f;,)
1, = [F(é ) T\ZT e 1 gl
‘ 1"} 2. e 2
LOlog L «a+n (%« %) £ +1 T (LeTo) =0 (2:2.15)
0% 2 &0 4
A A .
LRlog L =@ ex ) mf +ng (§)=0 (202016)
Y g2

'S
vhere g (F) mwi m/,gm

gemQ /Zdz A

Solving (202015) and (2:2016) for  and sinplifying gives

A A A ST
g(f)=€+2 (-6 —:«\{ £ 24y ) (2.2417)
72
LY
with D 2
v = [ n A= (1 e %) ]
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2
V can be calculated from sample data and using this value,
A
Halperin provides a chart (20) vhich then will give a value of E in
N
the range 4.15 ¢ Vz € 7.7 o Avalue for g(€ ) con then be obtained

and found from the egquation

:G‘E"xo),

WLEIG AT TS

[g(f)wf]

With all these values known, an estimate of s is

A

G
A
\\

A P
/(Azxo.e/f‘.



IIT. TRUNCATTION OF THE BIWOMIAL AND
NEGATIVE BIUOMIAYL, DISTRIBUTION

Included among the trimcated discrete distributions which have
been given some abtention ave the truncated binomial and negetive

binorial distributionse The probability funciions for the complete

diqtmoa.o,toas are
P(x) = (n ) p nmx x=0,12, 2, ccey n

for the binomisl and

PGr) = Gz I o
%1 ﬁn»»lTi '(l-}»p )

fox the negative binomial, In both cases N will denote the unknovn

total of observationg in the comblese distribution.

Blnomial, Disoribution

Examining the problem of the twumcated binomial under the condition
that k classes are truncated fvom the lower end, the probsbility

funetion is

P () = ) (ap)

'*k;““l- n pid
L5 ()F @ )
S50
To estimate the parameier p and the totel I a simpls procedure
-, h R - THerse ko) ° (2’1’>
has bean doveloped by Paul Re Rider.
The followdng definitions are nezdeds
n ; Kel.
Ev £z R =N Z:' P(x) + T,
=34 (4] 70

o 23 -
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Rlzxzz_‘xxfx RlzN xZz::‘:,:a:P(x)-!-Rl
R=% 22 = R'=1N 1:{:1 % P(x) + R
2 =K 2 =0 2

vhere £x denotes the frequency of the observed x!s.

t
Vith Bl as an estimate of np, the first roment of the complete
R
° t
distribution, and i%_ as an estimate of (Q + np), the second moment
1 .

&y

divided by the first, these quantities are equated to their estimates.
'
R! = npR
1 o
t l
and Rz = (Q + np) Rl

Simltaneous solution of these equations yields

p=l2.if1 (3.1.1)
(n-1) Rl ~ (K=l) nRo

An estimate of N should it be needed can be found from the equation
K=l

HeR =0 & ()3 @)l
° X=0

The waximm likelihood estimator of p is found from the likelihood
equation

r N(n-x)

N s
LeTT (o) p 7% (1up)
o

Ked — n=x | ¥
[1-“ Z ()p (1)
X=0
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To continue the procedure
log L = zlog (?:i) +N§logp+N (n-;f) log (l"P)

-Nlog[l = ()p (1-p) x]
X’-‘%

and dii‘ferentiating

- (-1
. "y
K1
1 Z &) 5 (1p)
=0

Solving for X

_ k=1 n-x

x=np- & R)xp (@-p) (3.1.2)

X=0

Kl
1- & &5 @)
X=0

The maxirmm likelihood estimator was not worked out by Rider,

but it was given as showm in eqe (3e1e2) where x was denoted by
k
YV l( ) with k being the number of classes truncatede In particular
7@
1-(lep )

1/1(2) = mp - o (1p)

1= )t - mp(Lep)*>

In studying the precision of his estimator, an illustrative
case was given by Ridere From 53,680 families each having eight
children, the frequency of the number of boys per family is contained
in Table I. The actual value of p is found to be p = 514677,
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TABLE X

Nuwber of Boys Per Femily In
Fardldes Having Bight Children

Yoo of Bovs Noo of Families

0 215
1,485
5,331

10,649

14,959

11,929
6,678
2,092

32

© N o0 W & oW oN e
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If k =1 and the zero class is truncated, by using eqe (3¢1lel)
P = o517 and for k = 2, p = .518.

The maxirmm likelihood estimators found from eqe (3e1e2)
are p = o515 for k =1 and p = <515 for k = 2 which are slightly
better than Rider!s result but are more difficult to obtain.

The example given results in an estimate close to the actual p
and not too far from the estimate given by the maximm Likelihood
procedure. It does not seem safe, however, to judge the precision of
the estimator on the basis of one sample alone especially in view of

the fact that nothing is knowm about the variance of {5.

Negative Binomial Distribution

Rider's(?'l) sane method, already shown to apply to the Poisson
and binorrial distxdibutions, can be used to estinate both parameters
of the negative binomial distributions Because of the complexity of
the problém, only truncation of the class X = o has been considered,
The resuliing probability function is

P(x) = (mtx = 1)t 5 x =1,2, soo

xl (m-l)l  (Qip) 2% fl G EY S (3.2.1)

The procedure nakes use of the quantities defined as

K =8 (o)™ + X,

o
oQ
K = £
o = &
aﬂd ] & 4
Ky =K, = £ x fx for 1% o.
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:
Vith K, as an estimate of 42 , and K_ as an estimate
——— -T

g I

1
of .43 the procedure equates moments to their corresponding esti-
U
1

mates as befores Since

M=
#, =m0 (ip + )

and /“3l = mp (1-'r3p+2p2+m+3mpz+m2p2)
then

Kz = Kl (l+p-’rmp) (302.2)

2y

and K3 = K1 (1+3p +2p2 + 3mp + 3mp2 + m2 D (3e243)

then equations (3.202) and (302.3) are solved, the following
estimators result:

P = Kk ~Kpiy 4K -k
£ (-5
~ 2

Ky Ry - i5)
A .2
andm=2kz —ﬁzKlmKBKl

v » » 72 v

2

I estimats of N,‘ the total number of observalbions before

-1
{runeation-can be-obtained fron the equation U - Ko = N P(0) = N(1+p)
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'ﬁhe method of moments has been applied to this problenm by

Me Ro Samfordo(zz)

Considering again that the zero class has been
trmeated, the probability funmction is given by equation (3.2.1),

but to simplify the notation the following are substituted:

w =1 n=1la-
1+p
Therefore,
P(x)= &7 (m)l 0 | (3e2.8)

l1- ™ (m=1)! x!

This method requires that Smnple nean and variance be equated to
corresponding population mean and variancse This gives the equatiouns

_m = (342.5)

W (ewm)

2

S =m (l4zn) e wPn? (34246)
W (@1.mm) w2 @1 -o™?

In order to arrive at solutions to equations (302.5) and (3¢2.5),

they are put in another form arrived at in the following way:
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+8 & «1=0 (30207)

It

2 2 o=y
s+ S m+nn (1 =w)
w o

(lew ™)

2 2 o
=rn n-+ I en nwmmw’%*wxm
6

W (1w

= (1 - 1n (‘Q) (1) + e m
Wt (1 -&)

m (1 ww) (l) + e rm

2 (1L W@

Hi

V(L =) () +
w

2
A o

oS els Qe ()

rA w
A 2 o
il o= (g +8 -~ 1) W (302.8)
~~ QLe-gz)

Obtaining estimates is a matter of solving eguations (3.2.7) and
(362:8), but there iz no sirple method available. Stamford outlines
a sinmple iterative procedure which may be usede

(15)

Stanford points ouh that Fighew as chown that the method of
moments nay bo dnefficlent for estimation of these paraneters. He,

therefore, prrepared a table to show the percentags efficiency of the
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moment mefhod for a few values of n and the mean of the cormplete
distribution. Table II shows a loss of efficliency for low values

of ne



TABLE JI

Efficiency of the Method of loments for the Negative Binomial Disbe

n
\ 5 1 2 3 L 5
mea:a‘

Oe5 8204’ 9006 9507 9?05 9803 9808
loo 7’4’06 &c? 920’4‘ 9501‘:‘ 9609 9708
260 6601 7705 87e5 92,0 ok o4 959

5.0 5569 6743 79.2 8545 89,2 91.6
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THE GAMMA DISTRIBUITON
. b
The garma distribution, f£(x) = &

o Pt otx g
[1()
when truncated on the right at x = T has the form
- 2% b
i‘t(x)mKle % L for oS x =T (4:1.)
T lax bl
with X = J’ e x T dx
o]

The nethod of estimalion of the parameters a
given by Douglas G. Chapman,

and b as
begins by grouping the n observas
tions by classes (é w h, L: .+ h_ ) vhere & -h =0
1 it i 1
and E

E +h =

= T
r r
4 +h, « In each class i there are ¥, obsere
G +h,

= 1:“’:'/ e P
g,

i
bl |
ox
- h
1 i
3
. . . bl
- K [ SO ) “ypte o2 ¢ 143
vhich is epproxinstely p =K e g, (Zhi)
i i
He also defines
Qi = L.  vhich will be vsed as an estimate of Py o
n
Then
2 . 3
Iop = In po,q = all, o =B ) + (b=1) In ond 4+ In o2 (4e2)
5 ikl XN L h,
S ok
Fron equation (%.2) Chapman uses the least squares method to
estimate a and b and gives vesuwlls which show this is an approxinate
rrocedurae
Least sgusres estimators of a

and b

L3

LY

are found by wmirdmizing

3 e



the quadratic form

(z-2 @] 7 [z - =2@)]

where
yithi-]nq'i+1 vhich has mean a(fi-i-l -Ei).;-(b.l)
Inf, +1nh .
2 2 and covariance matrix
(¥R} by
P~ ' 4
-3-2(1'.+.3.,'.)-_1;(3-.) Q0 eee 0
I N R
M=
-1, Lel+ly=-2(l) 0 ° O
noOP,S B Py Py B Py
()@ +1)
0 «n p3np3 PL,. 0 e« O
| © 1(1 +1)
n Pr_'l Pr ]

Solution for a and b requires that the unknown pibe replaced

in M by Q, to obtain }i, . Defining Zi =y, ~Inh -Inh,

0, =8 -8y

Vj_“ln E,-lnf
i

i+l

and denoting the elements of Mc-l by Moij, equations for a and b' = bel
are |

S . ' . o _ i-.
a(ii Hu vy +n (EE W V)= E MY w,

and
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a(ZZMoijn u)+b (ZEuMy v)= ZEuMy v,
i i J 13 doag e 1

The solutions are

I S P el 1o, =1 PRI
a=Zz [(V M, V) (U M W) = (U M v) (! M, w)]
S N [P K B | L L |

b =% [(U M ) (VK TTW) = (U M Ly u M, W)

where

tul

§ 2
A= (U 2 @'ty
(o] (o]

Tae gamma distrdbution has alse boen given investigation in the
form of a Pearson Type III distribution with parameters e ; & , and

(25)

, . ° © -
Sz ¢ Ae Co Cohen (2%) and Deg Raj obtain essentially the same
results, Cohen considerfing tiuncation of a single tall and Dss Raj

dealing with the trimecation of both xight end lefl tsils. DBecause of

2

the greater generality, Des Rajls procedure and wesuwlis will be glves
hereo

Dss Raj beging with the trumcated popwlation £, (x¥) dx® where
T

.. bowl e2(zlalt)
£(x?) = 0[1 + “sl2 (xt 4 ﬁﬁ?]rgz 3  0&XP 2R (he2ol)

with ¢ a constant,

v
Rop, = §lmxt, xb e =58, ard x M ey o= BV

ETCIDISRRTC LD
N ERCTRTETTILSUAID NIRRT T IR N
o o

The first and sscond vonents shoub X o are necded and ave given as

s BV w8 (2 = 2,) = “3/2 Rl z?

<

-



- @{1+és 56 (K3/28) (3 - 2) - W 7,
[1+0<3/2(“)/2‘“R/m )]}
£,
r

-l
vhere Zl = £(€ ’) £(t) dt]

-=l

t"

- B
==i‘('€”) £(t) dt

{

-2%

" ,
(&) =c [1 +ef 3{2 t ] ';z-vl o 5

The method of estimation then invelves equating population

monents to saigle momentsge

The egua i: : are
no [
Xs X LN e ca olo
% 4:;;WMQ,) [ E' + 0 (% = Z,) = X 3/2 Rl ZZ:I (Ho202)
A=l R )
b, i
(I v 2 2 12
ad X (Bolo) =00 fLrE 40 (43208 - L) -
R St G kN 2
=1 n
A2 AJ+R
r/gj;‘s ZZ [1 + 2 ( 2 o ) (Ll,’02630)

Wwith n  the rurher of neasured observationde
)

Des Red suggests the Newton-Rzphson nethed to solve egualions

Al
. n L . ;
(Be2:2) and (Be203) For € and on with Z, and %, colculated fro:

2
Selvesals tebles o The estimate /‘% ie fowed fyon the eguation

‘ ”
o wh )= T

'.z.m_n B Y )

N

;3

o
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The moethod of maximum likellhood will also yield a set of
equations to be solved for estim’c.eso From the Melihood function

n . w2 Z (X o+ )7”}“
11=x/¢n°7”f(t) at| Tgor, 1 ¢
f“l
X f L
[1-»% & 4.5:)];2.91
"3

vihero X = X w xot and k is a constanb, the likelihood eguations

are oblalined. They avre

b,
LGy )% 8- Bt (naT) =
n, 3 2
> b
and . L‘L/MB ’ .{‘ QBZ wl ) 8 S v 2 rjfg:g ' .}:ﬁ &2 = 0

° r ol el
vhere S *z% [l 4+ ot 3f2 (-;: + & ’)]

8 -
and cmn be written as on [.‘,13 + 6 (zl - Zz) w e 3/2 Rion zz] »y*fL = Q

n
wl.
(2/0\ g = X 3/2) ? 6 +eX3/2 yﬁ/‘,ﬂ] 2/5»‘3 + 2 = ZL,=0

u b d o

These eguations can not bs golved sinply, but the Newbon-Raphson

nethod is suggested as o nmezns of soluticie



V. SUSLRY

It has been the purpose of this thesis to examine the literature
for the methods of estimation of paraueters for truncated distributions.
To estimate the Polgson parsmeter, A, tho maximum likelihood pro=
cedure as developed by Cohem was showm for several. different modes of
truncatione Plackett arrived at an estimator by using an unbigsed
estinator of & ﬂ‘inc'bioz; of No Rider worked with the frequency of the
obsexrvations and loore gave a giple method of estimation.

For the normal. distribuition only two writers were included both
taking the masciyam 1ikelihood approach but reaching solutions by
different meange VWhen the distzibution ls singly truncated, Cohen
provides tables which give values necegsacy for solution of raxivim
Iikelihood equaticns and when doubly truncated, an itinative proccdure
is suggesteld. Halperin sryives al a solubtion from a chox®t which he
provides.

Tae binomisl and nagative binonlal were considered with Riderts
frequency method, and Samford®s mothod of moments, The 'gs I8 Was

DR

nvestigabed by Chapran vho grouped observations and founmd a least

e

syuares estimabor and by Des Raj using the method of momentso

3£

Bstimating equations wers given in each case, but when solubion

was complicated,; o method of solution was suggested ond the actusl

-

estimetors not given. Expresgions for asynptotic varlaneces wers

included in some cases. A few of the procedures included comuent

conceyning the quality of the estinzators.

Although this thesls does not include all the work on estimation

m%m
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in the truncated case, it becomes apparent that only a swall number
of distributions has been considered. In actugl practice, it is
likely that other distribulions would be reguired,

Also lacking investigation are &1l multivariate distributions
other than the nomsl. Very 1little has been done on izm:o‘bhesis
testing for tywicated and cemsored ssuples, and this remalins an
open fielde

Even when eztinators axe found, the variances are asyrplotic

3

it is not known how the estimator is affected by small sawmple

)

izese Another point to be cousidered is how to proceed when the

&)

.

peints of trunceation are not clearly defined, The solution of esble
mating egustions often proves difficult and more extensive; and
accurate tables ave neededo

With these and other obvicus gaps, this problem of esbimation

yemains an open Dleld for research and lnvestigallone
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ESTIMATION IN TRUNCATED DISTRIBUTIONS

by

Linda Joyce Furrow

ABSTRACT

When sorie population values are completely from observation,
the distribution from which the observations came is said to be trun-
cated. Estimation of the parameters from truncated distributions
has been an open field for researche

This thesis examines the developments which have taken place
in thls area, giving the major writers and the methods used by
then to obtain estimators. Ae. C. Cohen is responsible for rmch
work involving the maxirmm likelihood procedure. Using the method
of moments and ssveral methods which they have developed, Rider,
Plackett, Samford, loore, Des Raj, and Halperin have made significant
contributions.

The Poisson, Normal, Binomial, Negative Binomial, and Garma
distributions are included in the investigation and along with the
estimators, in some cases, asymploiic variances are given.

Though rmuch work has been donie, there are many things left to
be investizeteds Only a small numbsr of distributiocns have been
dealt with, with «ll mltivariate distributions other than the normal
lacking any investigation.

It is not known how the esitimators are affected by small sample

sizes, and wiith the a2id of the computer varionces can be examined.



A new problem arises when the points of truncation are not clearly
defined and complicated eguations often make estimators difficult
to fine.
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