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le INTRODUCTION ~..--~.~•r..>·• 

When a lmo1m probability .function is found to apply to a parti-

cular p1"0blem in statistics 11 on0 of the conce~.as of the statistician 

is to estimate the para.:m.eters involvedc Estimation procecl.1.1.res when 

the clistl ... lbution is cot1plete are well knoWil.e Ho-c-:re-rert when some popu-

lat:.:i.on -v-aJ.ues are cornplet.ely excluded .frora obsex'vation, the distribution 

is said to be truncated 8:nd new estimators nri.1st be foundo 

Mmy aut.hors have investigated this pl'Oblem and come up with 

solutim.1s employing the method of ri10me:nts, ma:ximu.m likelihood 9 and 

othez- s:trr:ple:r. p1"0cedu:r.eso Axi :i.1n1x,rta.nt edd:ttion to work in this field 

we.s made b~r 'l\,key( 1). He p:rove,el tha·~ if a family of d.i.stribut:.tons 

ad.mit-s a s0t. of snffic:i.Ei::->.t statistics~ then the family obtained by 

tr-unc:at:i.on to e. fS....xro. set also ad11lits t.he same set of su:tficient 

statist:i.csc-

areas as Ji.-E'e testing of d~cugs and ta.'t'get pl~oblemso In. act1.1.cl. p:r·e.ct .. i.ce 

the nu.wbe:i:· of rost.:i:·icrt.ed or ex.clxidecl ohse1"Vat.1.ons may be knm·m.o In th:ls 

case, the sar,1ple :ts said t.0 be censoredo This d.:i.st.:i11ction is not :made 

It :i.n the pu.x-roso of t.his thesis to :i:·eview the dev01opi.n€'i1ts in the 

of V:i.Eft-f of tJ-1e offic:i.<:-ncy of tho est.:bn.e:Lorso In each of t.he pn")blems 



disoussedp the po:ints of tru.ncation are ass,in1ed t.o be known. '.Iha 

notation of t..lie 01:iginal authors is often ad.opted., but in so111e cases 

it has been changed in an attempt to achieve un.i.fol".ality and to aJ.J.ow 

the c.orapa.rlsons of p:rooe.:'l.m:'eso 



II. 

The p:roblec.,n of estd.:m9.tion of the paJ:>amete1• A -in tho tru.ncatetl 

Poisson disb.•ibution has been 1r.o:i:-e thoroughly ir.nrestigat,e<l than that 

of any other pa:t'a'l11et,er in ru1y other tr·i:mcatro. d:tst1~.bu.t:.to110 Tb.a fact 

that the dis't:db-u.t.io:n is discrete and has a single parmneter s:iJ.npli.fies 

the c2.l01.il.ations neo0sSi1:c·y to obtain en est.imat-o:r and rr1r.1.y acoount. for 

the e:-ctensive exarn:1.nation g:i.ven it by :many :resE:archerse 

T'ne l'eBtr:i.otion on the r·.?.nge of the population which may occur 

is or i'oltt· m,sJin typeso The est.ima.tlon proc(-x:ltU'0s which lr.i.JJ. be given 

a.r0 fol-;, cases :in whic..11 t:rtm.cat:i.on pe1m ts no obse1"'.ra:!:,ions i'or 

L, X <. C 

Type le occ.YUJ.'S 1-1hal1 only observa,tions eqtlB.1 to o:r g:,:,eater than c 

of some event a1."o 1•epo1··cc:lD cmcl est.:i..l'.i1at:i.on is s:i·,.:.,p1est when the nd.Gs:i.ng 

obse:t:'f_,1,tio:n :i.s x == 00 A., Co C'-0hc-r.(1 (Z) g:bres a st.:(.'a:lgb:t,:t':o:':\'T£1.:ttl p:?oc0elu.i•e 

'fu.0 l:tkeD.hood fu:o.cd:,ion is 

x ~- lp2;.3~ 
}\>O 

i; (,(> 



Wi'erentiating the log ot the likelihood function w.r.t. and 

setting equaJ. to zero yields 

log L = oA 

and thus 

X = li/(l - e..,)\ ) 

= 0 

= 0 

A 

The required estimate,>., mu.st be a positive real root of equation 

(2.le3) and a. table of selected values .for x s.nd. A is provided by 

Ck>hen to obta:in the estimate(J). · 

The aeylllptotic var:uuice of the estim2,tion is given by Cohen by the 

expression 

- [ E(£f~) ]-l 
-.r X ( A ) ( ). /n) 

where 
, -A 2 

( I\ ) = 1~ "'~i:..:.:l. ). 
[1 00 (A +l) e u, ] 

The 1'\tnction X ( I\ ) is continuous rr.onotonic decreasing ·wit.h 

lim X ( A ) = 2 and l:l.r1 X (). ) = lo 'lb.e:reforet t11e asyr,iptotic var:l.ance 
>. ?\-? °'° 

I\ 

has the bounds g:i.Ve:(1 i.11 A /n i V( A ) 2 /n~ 
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Fbr the same s:i.tuat:tonp ir-ee, no obse1~at.ions when x = O, 

PJ..),cket.t, (J.i.) has developed another procedu.rao The probability i'unction 

is giver.1. by eqttation (2elel) &"1d t-iith a. sample of size N, there are 

N observ-atio:ns equ..aJ. to Xe He begins by eDtimating a11 a.rbitrax-y 
X 

:function of A , denoted by (5 ( ),)P using the quantity 

00 

= L Y;~Nx 
Xr=l -- N 

end e\raluating the un.'lm.own Yx s.:i.ch that /3 * is unb:ta,sed foi· /3 ( ;>,) .. 

Tnus 

or 
.0 X 
E V A vx 
.x=l xr" 

pone:t·s of. A o 

The rolationsh:i.p 

J!.lackott ts est:l.m2,for :ts then obtained i':tom 

"'"' 
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i'.b.e expression 

vm, p,*J = G?\ 
is given as ~.n e..,:a.ct re::,'ul;t as opposed. to t.h.e asJn:nptotic var-lance 

g:tven f'or t.h.e r.i.-.'1.X:bm.1111 likel:il1ood est:i.111a:'core In comparlng his est,imatoi• 

.-rit..1-i that ob·ta:ined by the r.wxi11ru.m 1.iJ<:elihood proced:n.r.e, Flaa.~ett, gives 

the e.ff:i.cif'..ncy of >.~t as tending to 1 as )\ tends t.o ze:m OX' in:finit,y 

a11d neve1~ fa1.ling below 0c-9536, the value ob·ta..i.1100 1-ihen )\ ~:: 1 .. 35.50 

A,, Co C'.ohe11 (S) encoui:rte:;.•ed s. sit.ua-t:i.on :.tn n.2:i;.m•e to ·,m:i.ch h0 

applied. the nw.x:b111.rn1 like.l.ihood p:rocedu.l'eo :Cn this s-itu.a:t.:i.on, rru::i.dom 

nm1fue1"s of' orge.tJ.isms are deposita:1. e.t rarlo:mly selected sites t.f.aich 

ai•e dist.inc·t 0 ee,ch lr.:i.:ch equ...'=t.1 p:t\1bnb:Uity of be::1.ng selected.o '..U.10:r·e is 

and clenot:'Lug .:r.:. and e a,s the 1°a.ndom va.:ria.ble end proba.b:iJj.-1:,y that any 

Xis 

X = 1~2,3:i GCH> 

OS.0Sl 
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x = 0 and n,:: = N- n0 , the l:i.kel:ihood fl.met.ion is 

llie est:i.1.na.ting eq1:1a.M.ons which result ru. ... e 

= 0 

and 

= 0 

Then I\ e = 

(20107) 

Equ.ation (2'-'lo 7) fo:t• esti111ating )\ :i.s the sm,10 as that re::c.·uJJ:.:ing 

f:t'Ol?l t.l"lmca,tion of t..he zero class a.ud the Sfl.)'Jle te,ble (J) cex1 be use:lti 

ente:r·::tng X'~ in the plE,Ce of Xo 
To obta,:l.n t.he asyqptot:'Lc va,'.1:-itrcice e.n:l covar.:laucea of t.he esti-

2 
2.2&t .. 
;} e oi\ 

0 



As the resuJ.t, the as;ymptotio properties a.re given by 

var ( 8) = -E o log L " t2 ]-l 
0 e'- WWW 

var _.,[ >. J 
E(n*) 

where E(n,:c) = N0 

and. 
' _,.. 2 

'X ( >. ) = J..,1-e ) )\ 
(l-()\ +l) e- J 

Tho inequality 

holds since ( '°') is continuous and rronotonic decreas:ing w"h.ere 

Cohan (6) also fom1d in a pl'aotical situation t,hat not only '!r.ay 

the zero class be llliss:ing, but some of the ones as welle He gives as 

an example the case i.t'"l 1-mich manu.factured items are Q'&ninei tor 

defects, the number of de.facts foll.ot·T.mg a Poisson d.istri.butiono 
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'lhe mea."l nw.her of defects was estimated .from a sample selected from 

items rejected during inspection. Here the nUlllber of acceptable items 

1-ms not kno1'Jl'l, and because of .faulty inspection some with one defect 

ms.y have been include.d 1dth those with none. ~tting A be the 

tbisson parameter and ¢ be the proportion o:f' ones eliminated. by 

faulty inspection, the probability :function is given as 

P(x) = 0 
t 

x=O 

X = 2,3, ••• 

(2.1.8) 

l,;'hen = o, this is reduced to the t:t'l.L.1cated Poisson for lmich 

the zero class is miss:ing e.nd ·when ¢ = 1, both the zero and one 

classes are ndssing. 

Using the m.a.x:lrn.1.lm lilrnlihood approach, the likel:U.1ood function is 

'7.P,!: ·whe:i."e 21:i. is t..h.e nU11be:(' of ones :i.n the sample and 11 ,. is over x lo 

'.Ihe est:iJ.11.ating e--q1.1.ations obt~-i ned. by this procechu.•e are 

(2.1.,10) 

and (2olell) 



Solving for ¢ yields 

¢=Ni - n1 e~ 

n 1 - x1 

- 10 -

N 
where X = r 

and 

j=l N · 

n' = N - n l 
0d 

i• L n X = :t 
.x=2 
I><> 

L n 
X 

x=2 

Subst:i.tuting equation (2.1.12) into (2.1.11) gives 

-, 
X 

1-e -A 

which does not depend upon the ones in the sample. 

(2.1.12) 

Ciohon has published te.bles of values for i• and A to obta:i.n 

the estimate X • (?) 

follows: 
A 

var A = _jz.2~,c---=~,--,--
1-J (~ll (P22 - 1\;; 

var 

cov 

i i,, 
;(~~:~f 1-;t;~· 



whel°e 

~12 
l 2 - ... - E UJ~,g=1) N c,A o e 

~22 
l .2 -- - E N 

b e2 
A 

var. (~) ::: [......Ll :XO( A) 
E(n 1 )J 

whe:ce X ( X) 
0 

- ll -

,.... 
For N sufficiently l.e,1'ger V( /\) can be &pp:1x;,x:ix.mted. ldth pa1·amete:r.s 

replacoo. by their est:.i.ra.srt,0so Then 

E( r) • ., n = .r~ 

and 

" 
-~·~- V( /\) .2~~-
E(n r ) E(:n t ) 
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R>r truncation wi t.h no obsei"Vations for x <. c, Bid~r (B) gives 

an estimator which is recommended :tor simplicity and directnesso 

!lhe folJ...oiring notation is used: 

oO -T- = f T = !. xf 
0 X l X C C 

TI c-l 
= N l: P(x) + T 

0 0 0 

c-1 
TI = N'i:. x P(x) + T 
l 0 l 

r c ... 1 2 T . = N i:. X P(x) T 
2 0 2 

"t-rlth f the freque:o.oy of the observed. x 1 s 
X 

oO 2 
T = 2. X f 
2 C X 

1 
'lb.e 0st:b11a:c-o o:t the 1neex1 is g1.ven e.s T:t s.nd a si.inila:t· 

__,,,'i ... 
To 

2 
estit1ate of tho second 111ome1.1.t11 A + , is 

T 1 /I encl r.wJ.d.ng the p:roper S'1-1bstit,..1.tio11s 
0 

SilnpJ.if.'-,r.i:o.g eqo (2e1o1'.3) le-ads to 



and finally to 

By substit\1.tions like those r:Jade in eq. (2.l.13), T1 = (~+ 'h2) T 1 

2 0 

becomes 

(2.1.1.5) 

l'Jhen the left side 0£ equation (2.l.14) is substituted into eq. 

(2.1.15), one obtains 

2 
T - ~T - X T = (c + ~) (T.1 - )\T ) 2 0 0 0 

upon solution of this eq. £or )\ , 
I\, 

')\ = T2 .. C\ 

T .. (a-l) T 
1 0 

(9) 
P. G. Moore gives a different type of estima.to1' ·which is 

adr.ti.tted to have a larger stenda.ro error than the ma.xit'1Uil1 likelihood 

est:i.Jnator. It ::ts, however, suggested as useful when an estimate w.:1.st 

be obtai.."i'led quic..'ltl.y. 

For a Poisson distribution truncated 011 the lei"t at .:x: = c, 

00 I: Xe-/\ 'Jt = -x=a+l .:x:1 

· !rOI:1-l'1hich Hoo1•e uses as an estilnator of A the express:1.on 
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A .o i,o 

X =2- xn/L.n 
c x=c+ l :x: x=c x 

'lhe e..,:pression for the asynrptotic variance of this estimator is 

A. 
Var (>. ) = 

C 

00 2 00 2 
-Z: x P(x) - c 1 x P(x) > 
x=c+ l :ic=c+ l 

ob 2 
N ( L P(x) ) 

x=c 

Truncation of type (2) -with trtmcation on the le.ft at x = c 

and on the right at x = d gives the probability function 

P(x) = 0 
t [ ]-1 -)\ X = F( c) - F(d + l) e )'. 

xl 

= 0 x>d 

e->. '\x where F(c) = t:- I\ is the probability that c or :more 
JC=C X1 

occui"re.."lces ~r.UJ. be observro. The J.ikeJ.jhcod function in this case 

is 

Taldng the logarithm, we have 

log L = -21 1n [ F(c) - F(cl.+1)] 

and diff 01"'entiat,io11. yields 

-nA +nx 111X - 1n[Tf':::: 1] 
i 

t . L) Wi h the a.id ot Pois;:;on pl"Obability tables, equation (2.1 .. lo can be 

" solved. fo1~ the est:L7lill.tor A • 
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Equ.ation (2ol,,16) cen be altered to fit the case in which trun-

cation is on the left at. x = Co By setting d = o0 , we have 

\'lhen tru.ncated .only on the :dg)1t e,t x = d, the estimating 

equatio11 becomes 

Hooi-0 ts est:l.mi:d:.01· hs,s all"'e;;.dy be0n de:r::tved for -t.x-v.ncat:ton of 

ty-p-::, (1) o Tha e::~:ression whioh fc.lJJ.ows i'o:r the second t;/'Pe (lO) is 

(1J.) 
and f.o:i.~ ty1::0 (3) 

X<d 

tJ.10 coun-t::'mg o:C' rad.ioc1,ct:"lv0 pm:·,ticlos being e.mitt.ed" The co·!.1.nter stuck 



bution or trunca.tio11 of type Jo 

With n. denot:ing the f'requa.YJ.cy ·with which i e:missions pel" 1 . . 

inte:i:-va.1 of time wei•e reco:t-de::l, the :roll.crwing is tr-Ile 

..,). 
Qo e + •o• 

Then 

Moore sttggests ·r.he follol'ti.ng f.01: t.he est:'L."nator of 

'iltls s..1'10i>rs ;Lt -to be bia.sed.9 but. if N is la1•ge, the bias torra is then 

" s:wllc An estil11at-o:r· of. the var:i.a:nce of A is given by Hoor·e e.s 
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'lhe usefulness of this quick method as opposoo. to the max:i.rm'l.m likeli-

hood method depends up~n how Sil!a1.1 you. reqtdre the standru:tl errol' of 

the estittator to be jl1 a. g;:i.ven situ.a.ti.0110 

The Norm.al Distr:i.but:i.on 
.... ~~~.-so-~~ 

Est:i.!lk'l.tion of the moon a..-rid standard deviation i.'11 the t1vt1cated 

nor-.mai distribution bega.i"'l as early as l.908 when Ka.1--l Pearson and 
~) -

.Alice !£e employed. the :method of moments and provided tables 

fol' estima:li:i.ng the pc1J.•8Jl1ete1·s 1-fue:t1 trn ... 'lcat:ton W8.s at a knoim po:tnt 

o::o. t.h.e left@ 'lhe ne,"{.t notable 1-mrk was done by R. A~ F.i.she:r (lS) in 

1931 us.i..ng the method of rorod .. mum likelihoodo He showed th~.t when t.he 

distribution is singly truncated, tho method of max-llm.m1 JjJcelihood 

g:bres t.b.e BB.ne estinia.tions as the rr1::,thod of l1Y.>ruents. 

Nost of the e.:,:plana-tions wh:lch .folloi;-r are :.t•esl,J.ts of papeJ?S by 

A.. C.. (1.6 ) though ~he no-'c.~.t:i.on di.f":f e:rs i'D. S..')me inst.ances,. 

le.ft 't·r.i.th x cler.i.0-ti1~ng the point, of tr·ri.nca;t,ione Th.i.:t.s9 the:r.·e are obsej_....., 
0 

vatio1rn .f.0:1:> x x onlyo Co~•eSJ.x,:nding results fo1· tr-r:.ncai:,ion on tJ1e 
0 

right cc:1.n be obt.a:i:(1ro by using i'(=.%:) t:riJ.ncc);t,ad. at .... x cb.te:\ tu the 
0 

Let.ting be the point of t:rl'.Y.J.ce.t.ion :'Ln st~i:or.l~~:ixl 

u.:nits~ and 

J (JJ(t) dt ,ohoo,e 
-co 

1 .... F ( ) :i.s the probr1.b=U:l:t.y t.h£,t a, pa:~•t.icu.l~r vaJ.ne of the ;:c(ador.i 
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variable tdll be :1ncl.1Jded :1n the restricted. sa.mpl.e. 

The likelihood .function :1n the singly tr'l.lncated case is 
n 2 

L = [1 - F( ) ] -n ( a-i2ir )-n e - i (Xj_ • ) 
I 2q"' 

If the distribution: is tI'llllea.ted both on the left and on the right 

'With n observations for x0 < x < :x:0 + R, then 
n X 2 

[ ] -n -n -J:(-j, -..M-) 
L = F(~z ) - F(~l) (c:r"2lf ) e l 2 a-2 

w.ere ( 2 = (x0 + R - ,µ. ) 

To .f:md the :ma.x:i.mu.m likelihood estimating equations for the first 

ease (l?) 1 t-re use the equation x0 - /A = 1 (2.2.3) 

and the equ..ations obta.i11ed 1-fnen one differentiates the log of the 

likelihood function (2.2.l). Upon simplify:ing, the derivatives become 

·where i = L x. 
-2:... 

n 

.. o-z =O (2.2 • .5) 
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Squaring both sides of equation (2.2.5) and combining w.i.th 

(2.2.4), 

or 

then 

1ben adcung (2.2.3) and (2.2.5) we obtain 

x - XO = '1" ( Z - (1> 

= X • X 
0 

z -(1 
Combining (2.2.7) and (2o2.8) gives 

2 2 2 
c:r = s + [ z (x - :x: ) 

Z-~ o 

Letting 
e C ( ) = J..lll__ 

Z( \ ) .,, e 
2 2 2 

tr = s + e (i - x0 ) 

Fl'Om (2e2o7) a't'ld (2.208) 

z = tr 2 - s2 
-e: il .......... 

X~x 
0 

cy' Z = 0 (i - X 0 ) 

Since tr' Z ::: x "'}'- i'l'Om eq. 2o2o5, f" == x - e (x ... XO) 

(2.2.ll) 
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A II, " 

With ~l denoting the est:m.a.tor 0£ 1 and defining e = 0( ), 
2 . 2 

the 1'inal estilnators become ~ 2 = S + 0 (x - x ) 
0 

I\ - "I'::: and p = X - 8 \X - X ) 
0 

(18) 
Cohen provides a table of vaJ.ues for e which correspond 

to the· vaJ.ue s2 2 
(x • X ) 

0 
,.. ,. 
( 1 follows as 1 

. ,,.. ,._ 
after the estimates of and 

have been obtained. 

For doubly truncated samples (l?) consist:illg 0£ n observations 

restricted to the interval. X t, X X + R rTi th X and X + R 
0 0 0 0 

know.n, fixed points, the llkeliliood function is given by equation 

y The estir.Jating equations in this case are 

tf ( °7. - Z - ~J ) - V = 0 J. 2 · l 

and 

'Where 

~2 [1 - E i <"; - z2 - i i > - :_] 

V 
k 

n 
= I: 

i=l 
(~ .• xol" -n 

I\ 
Cohen then suggests that and 

0-

• V = 0 
2 

(2.,2.14) 

can be found by solvmg 

equations (2o2ol3) a.'1d (2o2.J.l.~) s-'..1.11iU.ltaneous~r and employing a 

n:odifie::l Ne1-rton ... Re.phso11 met..li.od "t·rit.h the a.id of normal probability 
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tables., He also gives .first a.pp:ro:r.imations as 

I\ 

" = s X 
aud 

Sx 
2 

whe:t .. e == v 2 ""' V 1 e 

(19) 
Ma..~ EaJ..pe1~:in also su.ggest,s a method of estiluat:l.ng the 

pai~ax1eters o:r t.,he tru...'l'lca.ted norrr...-:u distribution '"hich begins 11ith 

the 1:i.keJ.:i11ood function b1.1.t arrives at results to these equations 

:i.11 a lik'U'll1er 'Nhich is siu1pler than Cohe-.a' s rc.ethod(; With t,:c-unce,t:ton 

on the right at x0 a.nd G = ""P• 
.. o 

e - f (~t,_";,.j..~. f 
l 2 r;;r"' 

"' + ng ( ) ::: 0 (2,,2016) 

" Solvi:o.g (202015) a.n.d (2o2ol6) for fZ and Ed.mplify.tng gives 
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2 

V can be calculated. from salllple data ;;m.d using this v2J.ue, 
I\ 

HaJ.perin provldes a. chart <20 ) ·which then •w:i..11 give a value of in 
2 

the range 4.1,5 V 7 e 7 • A value for g( ( ) can then be obtained 
A 

e.nd O" fotU'ld from the equation 

I\ 
tr=(i ... x) 

0 . 

[;cyr·-€J 
'\v:i.th all these vaJ.ues kno1-m, en estiuw.te o:t /A is 



II.1o TRUNCAi"ION OF THE BI:tJOHIAL AND 
NEGATIVE BJ.NO}JIAL DISTRIBUTION ~~""""~~•.-.--.a~.cz:o 

Included. among the t~mca:'c.oo. discrete d.ist:r-lbut.ions rihich have 

bee11 given some attention are t..lic trl.'lllcated bil10zniru. and negative 

bil10raial distrlbutionse The pi--obab5lity functions i'or the complete 

distribut:1.ons are 

for the bi11omieJ. a11d 

for the r1ega:cd:ve b:momial() ll1. both cases N w.5.J.J. de11o·r.0 the unknown 

totaJ. of obser.,...rat:i.ons :i.n the oomplet;e clistr:tbut:i.ono 

E;c.911rln:lng the proble,m. of tJ.1e 't.:.t'Itncated binom:tal u .. ncle:" the cori..dition 

f'ul:ict.:lon is 

1b es-1.::una-te tJ.1e pa1•ai~et0r p e.nd th0 tott>J. N a simple p:i:oced1.1.1°e 

he,s been doYeloped by Paul Ro RideX'o (2l) 

T.b.e fol.1r.n:d;ag d.0f::i,.:nitions a:r~e n.eE.tloo.: 

n 
R :: £ f'-..c 

o x::::.K 
I 

R :::: N 
0 

eso 23 .... 
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n I K-1 
Bi=£ ..,. ix \=N £ x P(x) + R 

x=K ;x;=o 1 

n 2 I K-l 2 
R =[. 1,. .fX R·· = N L X P(x) + R 
2 x=K 2 z=o 2 

11here :ex: denotes t.'lte frequency of the observed x 1 s. 
I 

With F.:i_ 

R 
0 

as 211 estimate 0£ np, the first mraant of the coLiplete 

I 

distribution• and Rz as an estimate 0£ (Q + np), the second moment ar-
divided by the first, these quantities are equated to their estimates. 

and 

I 
R1 = npR 
l o 

Sirim1taneous solution 0£ these equations yields 

.Im estinate 0£ N s.liouJ.d it be needed can be found i'rom the equation 

llie r...a.."d..nro.m 1:tkeli.liood estirr.!2.tor 0£ p is found .t"rom the likel:ihood 

equatio11 



1b continue the procedure 

log L = Llog (~) + Ni log p + N (n - i) log (l-p) 

[ K-1 n x n-xJ 
-N log l - L <x> p (l-p) 

»=O 

and differentiating 

1~ · [ K-1 n x n-x-1 IC-1 n n~J 
lf>g L = ..! - N(n-i) - !... r (n-x) <:x:> p (l-p) - L <x>XI?x-l(l-p) 

ip · p l-p· :x:=<> x=o 
K-l x n-x 

l - [ ~) p (l-p) 
x=o 

= 0 

Solving £or i 

X = np -

l-

K-l n-x L (~) X PX (l-p) 
x=o 

The maxiulllln likelihood estimator was not worked out by Rider, 

but it was given as shovm in eq. (:3.1.2) where x wa.s· denoted by 

111 (k) 1-rl th k being the number of classes truncated. In particular 

ii (1) = np 
l -1-(1-p)ll 

(2) ' n-1 
"211 = np(- n~n_(l-pJ( )n-l 

l- 1-p - np l-p 

Jll studying the precision of his estit'lator, an illustrative 

case was give11 by Rider. F.ro:m 53,680 fa.ml-i,es each having eight 

c.hildre11, the :f':t.•equency o:r the number of boys per famil.y is contained 

in Table L, The aotu.al value of p is found to be p = • 5]..4677. 



.,, 26 -

TABLE I 

li?~ Noo of F~,nrl.1ies ~~.::11=-~~ 

0 215 
l J.,ll-85 

2 5o33"l 

3 l0s649 

4 14f959 

5 ll,929 

6 611678 

7 2,092 

·8 Y1-2 



If k = l and the zero class is trw.1cated, by using eq. (:3.1.1) 

P = .5J.7 and for k = 2, p = .,518. 

~e maximum likelihood estimators found !rom eq. (:3.1.2) 

are p = • .51.5 for k = l and p = .515 for k = 2 'Which are slightly 

better. :than Rider• s result bu.t are :roore dii'ficul.t to obtain. 

1he example given results in an estimate close to the actual p 

and not too far f'rom the estimate given by the maximum likelihood 

procedure. It does not seem saf'e, ho1-1ever, to judge the precision of 

the estimator on the basis of one sample alone especially in view of' 

the fa.ct that nothing is lalo1m. about the variance of' P• 

Negative Binomial Dis~rlbutiQ,.n 

Rider• s (2l) sax.1e method, already shown to apply to the Poisson 

and b:inom:i.a1 distributions, can be used to estin'.a.te both parameters 

of the negative binomial. distribution. Because of the comple.."dty of 

the problera., only truncation of the class x = o has been considered. 

1b.e rescl:cing probability :t\l..'lction is 

The proced.UJ.1'e raakes use of the quantities def'inecl as 

0,0 

K =l_i.x 
0 

.and I .. i 
K. = K = l. x ix 

:i. i x=l 
i'or i '? o. 
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I 
'With K2 as an estimate of /A. 2 , and K~ a.s an estimate 

~lT 
t 

of the p:rocech.U"e equates :moments to their correspond.mg esti-
....u l 

mates as before. Since 
I 

/I'- =mp l 

• Pz = mp (l+p + mp) 

and ~3• = mp (l+Jp + 2p2 + )np + 3rrrp2 + m2 p2) 

then 

K = K (l+p+n.,p) 
2 l 

and K:3 = \ (1+3p +2p2 + 3mp + 3mp2 + m2 p2) 

lfuen equations (3.2.2) and (3.,2.3) are solvei, the follm·r.ing 

estimators result: 

p = 

end 

A'1 est.i1nate of N1 the t-ot,al number of observations befor·e 

-t1-:uneation er-in be-obtD.iuci fl~on the equation N .., K = H P(O) = N(l+p) 
0 

-m 
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'lhe method of mments has been applied to this problem by 

M. R. Samford. (2Z) Considering again that the zero class has been 

truncated, the probability 1\mction is given by equation (:3.2.1), 

but to simplify the notation the following a.re substituted: 

w =l 
l+p 

Therefore, 

n= l - w 

) -M ( ) X P (x = Wm+x-l t n 
t l- u:,m (m-1) l xl 

'lhis method re.quires that sample mean and variance be equated to 

corresponding population mean and variance. This gives the equations 

In order to a..'IT:i.ve at solutions to equations (3.,2.5) and (J.2c6), 

they are put :l.n mot.her form e.rri.ved at :in the i'ollm.rlng way: 



and 

m2n (1 ... w) mn + 
w (l-w m) 

2 2 _ 
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= !!1=-2L:~I.!n.~-::..1!L=n£{_-:2f~~ifl 
w (l -w m) 

= m11J~t~lml 
;;;z (1 .,. c:J1) 

-w 

a simple iterative pl"OCE.<l.u.re ·which r(my be used.e 

S-ta1i'li'o1"d po:h1ts out that Fis..½.e:.r:· (lS) has shown that. the method of 

11J0111~mts may b0 :Lnei'fioie;n-t for estil;',a.-t.ion ot these pa.1'2.meters., He, 

t..h.t=:1•efore~ pi•0pax·0:l a table to show the pei·ce:n.t.age efficiency of the 



:moment method for a few va.lues of m and the mean of the complete 

dist:dbutiono Table II shows 8, loss of efficiency for low values 
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TABLE II 

Efficiency of the lfot.hod of l-b111errt.s foJ:• tho Negative Binor:J.:ial D-lstc 
...... ·~~-~~"'"~~~~..!Ow"""~~ 

.5 1 2 J 4 5 
1 

--='10~~,._~~~....,~••rur,112•,.~~~.ao.~..,,.,..eo ,:;~ o -

Oo5 82"L!- 90c6 95.7 97o5 98oJ 9808 

loO 7406 84,,7 92c4 95eLl- 96o9 9708 

2.0 66 .. l 7'7o5 87,,5 92o0 94o4 95.,9 

5"0 .55o9 67o3 79o2 85o5 89o2 9106 



The garmua c.iist:Flbution, 
b -ax b-J. i' (:x:) ::: a e x o x o<:> 

{i(b) 

lihen t:runcated on the right. at x = T has the form 

( ) -1 -ax b.QJ. 
f't X :: K e X i'or o :5' x T 

, JT .. ax b.,.J. ..:i-: rri -c.h K = e X WI, 

0 

The ra.ethod of estimation ot the pa.rruneters a. a.nd b as 

' b 'L G Ch (2J) b ' b . 'h b given y !bug. as o • a.pm.~ ... '11, eg:i..ns y g-L"oup:mg ·c e n o serva"" 

tions by classes (~ ... h + h ) whe1"'e e -h = O, + b. = T 
l iii l l r r 

ro1d £•'..L"l ... h. 1 = ~. + h. o In eac.J.1. class i t.hei~e are ,r obser ... 
:.l."1~b J.+. J. J. i 

•l/ i + hi .. e,x b-1 
va"ii~tonso He defines pi = KJt ... h e dx 

i i 
l ~- b.,.J. 

..... t... • • ... ., p ""·v_"' e""a J. ( c~1._-1) lJll.1C',u ;Ls appl'ClX1l)JE.t..0..l.y - ~l e;,u.., 
i :i. 

He also defines 

The:n. 

F.ron equation (lh2) C!h~ip111.1m uses the least. squ.ares methocl to 

esti.li1at.e a e.utl b a;nd gives resul.ts ·which show th:1.s is fl..l'l appro:ic'..r1JE.t.e 

Least squa:c·es est=i . .mators of a, end b a.:-te form.cl by nrb:drd.z:i.ng 



the quadratic £01-m 

were 

y1 = lnqi - 1n % + l which has mean a (Ci+l -f1 ) + (b-l) 

1.nei + ln hi - - and covariance matrix 
t1+1 hi+l 

M= 

.!(!+.!)-!(!) 0 ••• 
n PJ. p2 n P2 

0 

0 • • 0 

0 0 • • 0 

0 

ful1.1tion for a and b requires that the unkno·wn p. be replaced 
J. 

-l -1 -e 
in M by Qi to obtain M0 • Defining r:, i = yi - ln hi - ln hi+l 

u = ... t: i i+l i 

V =lli~ -L"'l"f i i si+l 

and denoting the elements of M -l by M 11 equ..a:t.ions .for a w..d b 1 = b-1 
0 0 

a.re 

and 
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The solutions a~e 

f }:. M ij U. W • 
i j O l. J 

A 1 [ 1 -1 1 -l 1 .. 1 . .:.. .... 1 ] a ::: Z: (V M V) (U M W) .. , (tr M - V) (v M W) 
0 0 0 0 

1~h01•e 

= (U1 M .. i U) (V1 M •~l V) ... (U1 M -l V) 2 
0 O 0 

T.ae g,,Jr:.rna disti".:i.bu.ticm has a.ls,,~ been given irrvest:i.gation in the 

.fol'T.1 of a Pea1°son Type III d:tstribution with param~,-1:,ers /./4 8 6" 0 and. 

o-1.s ., Ae Cf, C-ohen (2.4) and Des Raj (ZS) obtain essent:i.aJJ.y the sm,10 

l'OSi.1.l.ts, C'«.;h01;1 cousido:i.v:'t . .ng t:,,"'1.1ncation of a. single tai.1 e.nd Das Raj 

deaJ.:tng with t.b.e truncation o::: both right. D.nd left t3,:lJ..so Because of 

D-0s R~j begins w~l.t.h the fa:unca:cecd lX>J?u.le:t.:lo:o. f'. (x t ) d.x: 1 whe:ce 
"(; 

- C [ l + <4.3/2 (x' + );, }lt2 - l 

XO S '1/A- @d XO ti ""/A. 
.. 'fl:r.::x::;:,."Q':':..:.r.~"lc.].,).....,.,:a ~:~....o:..-.;::~·-;'!;l ..... "'."::~-...--:7 



The method of es"l:iima.tion theJ1 im.rolves equating popu.la.t.ion 

wit.b n the :r:m.nibc1~ of measure-:1 obsel"lfat:i.onf>o 
0 

Des R&,j sttgger1l;s the 1'fo~·rton""R~phson .met.hod to f;olze eq1.udions 
"" I 

(4o2r,2) 2-11.d (4o2o3) fm~ 1; and~ with and z2 c1:1J,eu.la-ced .f:r·mr. 

ci~"i I • 1 -. (26] ri'!!.. • • J A • f " .i..1-. !. • ~1,vc,sa s -c,a.1:u.es ". .i .. ue em:.:i.rrlf.1;,;,e /A :.i,s ·01.ms.1. :c.roro. w.i.Ei 0qu.a°l,:.t.on 



Th.e method. of 1J1,-::i.xinrll.Tll l.i.kel1hood will also yield a set of 

·whel'.-e x" = x ... x I a:nd k is a c-0nsta.nt; the likelihood equations 
0 

are obta:1.:aedo The-y are 

4- (2.i W-7 Z2) l )o<1 s.., 2+ = 0 - ) 2 .,,,J. 2 o<3 no 

.., }.,L/ e,/.. 'j 2 
q. 

and + 2 -1) 8.§ + 2 11: +R z2 = 0 r--~~i -3 n o-<3 e;,-. (7' 
0 

2/ + Z "" Z ::.-: 0 c:::-.3 l. 2 

'lhese equ..ations cen not be seilvecl s:buply f bv.t the Newt-on-Raphson 



V. SUMHARY ---
It has been the purpose of this thesis to exroni.ne the litera:cu.i•e 

f'o:t• the :methods o.f' estirua:cion o:t pro.--araeters for tru.ncated. dist,ributionse 

'lb est:l.Jn.!.J.te the Poisson pa.ra.lllet.er" A • the maximu.,n likelihood pro ... 

cedu.i•e as dG"ITeloped. by Cohen was s.11.01-:111 for sSl7'e:ral dif'i'e:rent ri10des of 

tr-uncationo F.Lae.ket·t. arrived ir;ii an estimato:.t• by us:i.ng ro1 unbiased. 

estim.at-01" of a. f\'mct,ion of o R.'l..de1• ·workoo. id.th the n.~equancy of the 

observa:t.ions e1:1d Hoore gave a silnple method of es-1:.:l.nia.tiono 

Fbr the 110:i:--.aw.l di&t1~ibu:tion o:o1y fa10 t-rr:'!:ters uere :inclu.ded. both 

tcldng the rr:ll."ldrarun. likel.th.ood approach bu:'ii ree.cbing solt1.tions by 

p:rovirles tabl(-,s wll:i.ch give values neoesse.r-y for solution of Ir.l.fl.'ldl:im.m 

likelibood. equ.8.tio:n.s w . .d when doubly trm1oatcd 9 an itinat:tve procedJ;i.x-o 

p1·ov-1desc 

The b:'l.xiom:tal and negat:tva bil1omiru. we1"'e considel'ed. wit..h Rick,1~8 s 

:i.nvest:tgated. by Ch.n,pma.u who gx·ouped. obsel"\fati.011s ro1d foi.md a lea~-t 

squares est:i..r.r ... ·xtor and by Des Ra.j 11sin.g t.he r,11)'Ghod of rcor111;:,ntso 

Estimating equ.e.t:tons we:,:e g-lve11 in each case, but when soJ.ut.io:n 

1-ras co:mpJj,cat.ed, D, method of soh:rl:.:l.on 1ims suggest.ea. ao.d the actu.el 

A.1t.hoU@l tJ:tl,s does not inc:J..ude a.1.l the \-;'01"k on estit1--::,.tion 



in the tr0.ncated casei' it becomes apparant that only a s..1i18ll number 

of cl.:1.&t:d.bu.tions h::.rn been cons:ii.l.erroo In act.lte,l practice 9 it is 

:Li.ke.ly tlia.t. other dist,l'ibu.tions would be reqt1:i.:1;;edo 

Also lacking investige:t:l.011 are a..U multivariate distnbu.tions 

other tJi..2.n the 110rraril.., Vel"'Y Li..ttle has bee11 done on l1YJ?O-thesis 

testing fo:i.· t1"'lmcate.d a,.YJ,d cEJnso:red srui'.i}_Jles$ and this rema:tns an 

open field.e 

hven when estir!lf':tors a:i;•e found$) the var-iruwes are asymptotic 

a.i1.d it is not kn.olm how t,he est:hn.~tm .. • is a.i:'i'eotf . .d by c".luall s...1.mple 

siz0so P.nothe:_r; point t.o be considerGtl is how t.o proceed ·when the 

poi1'l"GS of.• t.rvx1.ce:i·,ion Hl"e not cle-J.rly do:(':lned,.. T'.o.e solu:i:,ion of est,i,., 

mating equ1.:-i,t.ions oi'te:n ]?X'oves clifficult cmd r,101~0 extansive., e21d. 

e..ccu1.•ato tables a.1~e neecloo.o 

i'J-lt,h these &.nd othe:i..' obv:1.ou.s gaps:, t.his of estimation 

rem~:dx1s t-1.11 op0:n field for l'esoa:t'ch 8.nd :Lnvestigat.:iono 
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ESTil1.A.TION IN TRUNCATED DISTRIBUTIONS 

by 

Linda Joyce furrow 

ABSTRACT 

When some population iralues are completely from observation, 

the distribution from which the obserirations came is said to be trun-

cated. Estirnation of the par8.meters from truncated distributions 

has been e.n open field for research. 

T'nis thesis exa.."l1ines the developments which have taken place 

in this area, giYing the major writers and the methods used by 

them to obt~dn esti111.ators. A. C. Cohen is responsible for mu.ch 

work involving the maximum l.i..\:el:i.hood procedure. Using the method 

of moments and ssveral methods which they have developed, Rider, 

Plackett, Samford, 1-foore, Des Raj, and Halperil1 have made significant 

contributions. 

'l'he Poisson, r!ormal, Binom..i..tl, Negative Binomia.1 1 r.ncl Gmurra 

distributions are included :i.n the investigation 2.nd along with the 

estir11ators, in some c8,ses, e,s:,T1ptotic varia11ces are given. 

T'.nough 1rtwh work has been done, there are many thi_1-1gs left to 

be :l.nvest:i.gatedo Only a s.maJJ. number cf d:i.stributicns have been 

dealt with, 't-D,th .:ill r1u.ltivn::..0 iate dj_st:L'ibutions other th.e.n the normal 

lacking a...""l.y investigat:i.on. 

It i.s not knm-m how tho estic1atcrs fire a.fi'ee:ted by srna11 sa:-:1pJ.e 

s:i.zcs, and -;;-J:1 th the aid of the computer var:i.,).nces CfE1 be examin8d. 



A new problem arises when the points of truncation are not clearly 

defined and complicated equations often make estimators difficult 

to fine. 
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