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(ABSTRACT) 

Experimental modal analysis (EMA) techniques have become a popular method of studying the 

dynamic characteristics of structures. A survey of literature available reveals that experimental 

modal models resulting from EMA may suffer from inaccuracy due to a host of reasons. Every 

stage of EMA could be a potential source of errors - from suspension of the test structures, trans- 

duction to parameter estimation phase. Though time-domain methods are actively being investi- 

gated by many researchers and are in use, fast Fourier transform (FFT) methods, due to their speed 

and ease of implementation, are the most widely used in experimental modal analysis work. 

This work attempts to quantify errors that result from a typical modal test. Using a simple beam 

with free-free boundary conditions simulated, three different modal tests are performed. Each test 

differs from the other chiefly in the excitation method and FRF estimator used. Using finite ele- 

ment models as the reference, correlation between finite element and experimental models are per- 

formed. The ability of the EMA process to accurately estimate the modal parameters is established 

on the basis of level of correlation obtained for natural frequencies and mode shapes. Linear re- 

gression models are used to correlate test and analysis natural frequencies. The modal assurance 

criterion (MAC) is used to establish the accuracy of mode vectors from the modal tests. The errors 

are further quantified spatially (on a location-by-location basis) for natural frequencies and mode 

shapes resulting from the EMA process. Finally, conclusions are made regarding the accuracy of 

modal parameters obtained via FFT-based EMA techniques.
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Chapter 1 

Introduction 

Historically, the experimental modal analysis technique is a fairly recent development. The past 

two decades have seen a rapid growth in the area of experimental modal analysis. Though the late 

50’s and the early 60’s used the concept of resonance testing, it was not until 1965 when Cooley 

and Tukey [1]! came up with the fast Fourier transform (FFT)? that the experimental modal anal- 

ysis became an attractive tool. In a similar fashion the finite element method also had its birth in 

the 60’s [2-4]. But, it was not until the mid 70’s that the finite element technique became an at- 

tractive tool for dynamic analysis, though it was already a very popular analysis method for solving 

static problems. This was mainly due to the non-availability of suitable solution algorithms and 

the required computing power. But when both became available, the finite element technique, due 

to its versatility, soon became a very powerful and indispensable analysis tool. Since then the 

technique has been exploited extensively making even nonlinear analysis possible, both static and 

dynamic. The enormous growth in computing power along with advancements made in computer 

graphics and related technology, have been instrumental to the growth of finite element technology. 

! Numbers in brackets denote references at the end of this thesis 

2 the abbreviated form FFT will be used to denote fast Fourier transform 

Introduction I



Analytical dynamic modeling of structures is invariably carried out by the finite element technique. 

There are many advantages in building an analytical model as opposed to an experimental model. 

Some of the important ones are that an analytical model can be made at the design stage and 

modifications can be made and evaluated very easily. Also, several optimization schemes can be 

carried out with very little cost. However, there are inherent uncertainties in building an analytical 

model. Approximation of distributed physical properties, boundary conditions, inaccurate material 

property values, damping representation, modeling of joints, etc. are some of the more obvious 

problems. This makes experimental validation useful. Since the finite element method discretizes 

a structure’s stiffness, mass and sometimes damping, experimental techniques which provide infor- 

mation on the above physical parameters of the structure would be the most useful. Unfortunately, 

experimental determination of physical properties is equally fraught with uncertainty and difficulties 

found in analytical modeling. Consequently, the experimental approach in which the modal pa- 

rameters, viz., natural frequencies, mode shapes and damping ratios, are estimated, has gained 

prominence. Since these modal parameters describe the dynamics of a linear system completely, 

and since they can be estimated with sufficient accuracy, they can be used to obtain an experimental 

dynamic model. Also, the analytical model can be solved mathematically to yield these modal pa- 

rameters. Since the modal parameters are directly related to the physical properties of a structure, 

comparison and correlation of modal parameters from analytical and experimental models has been 

the most popular method of validating one with reference to the other. 

I.1l Problem Statement 

Experimental modal analysis (EMA)? has become a very valuable tool in studying a structure’s 

dynamic characteristics. Its popularity could be attributed, in part, to its complementary nature to 

3. The abbreviation EMA will be used most of the time instead of experimental modal analysis 
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other analytical tools available today to study the dynamic behavior of structures. Also, the tech- 

nique deals with the structure directly, unlike the abstract world of analytical modeling. Therefore, 

experimental modal analysis, like most other experimental techniques, is capable of predicting the 

true behavior of a structure. 

In recent years a major effort has been made to correlate and combine analytical techniques to ex- 

perimental methods in the area of structural modeling. Almost invariably, the finite element 

method is used in analytical modeling of structures. Due to the reliability of its results, experimental 

modal models are used to update finite element models. Extensive work has been done to identify 

errors and inadequacies in the finite element model that yield inaccurate results. An assumption 

associated with finite element model updating from experimental models is that the experimental 

is the reference to which the analytical model is to be matched. This assumption is corrupted by 

a number of factors identified by several authors [5,6]. Due to the diverse and inexact nature of 

some of the processes involved, the final experimental model may deviate from accuracy. Every 

stage of the experimental modal analysis process is a potential source of errors that finally contrib- 

ute to an inaccurate model. Some of the more obvious and critical problems are stated below, 

e The transduction methods are capable of introducing undetectable errors. Typical problems 

with force transducers are their sensitivity to bending and shear loads and measurement errors 

they introduce at resonances. Similarly, transverse sensitivity of accelerometers is a critical 

problem. Both force and response transduction result in inertia-loading (mass-loading)* of the 

structure, the effect of which has several ramifications. Further, the transducers may vary in 

response as a function of frequency. 

e Several techniques are used to support and excite test structures. These may alter the implied 

boundary conditions and hence the dynamic properties of the structure. Also, there is a stag- 

4 Since both translational and rotational inertias of transducers contribute to this effect, the term inertia- 

loading is preferred to mass-loading 
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5 

gering variety of excitation techniques available, each with specific advantages and limitations. 

Thus, the use of an inappropriate excitation method can result in an inaccurate model. 

Several signal processing techniques employed are inexact in nature, and have the effect of al- 

tering the data if used improperly. Principally, leakage of frequency-domain data introduces 

bias errors which are very hard to quantify. 

The accurate estimation of frequency response functions (FRFs)* is central and crucial to re- 

alizing accurate experimental dynamic models, since it forms the basis of experimental modal 

analysis. Inspite of tremendous research activity which this area has attracted, practical and 

efficient methods for unbiased estimation of FRFs are yet to be realized. Problems of meas- 

urement noise, frequency resolution, leakage and nonlinearities are the key contributors to in- 

accurate FRE estimation. 

The estimation of modal parameters by curve-fitting the experimentally acquired FRFs is the 

goal of the modal parameter extraction process. A wide variety of methods are used, both in 

the time- and frequency-domain. Some use a single-degree-of-freedom (SDOF) assumption 

while others use a multiple-degree-of-freedom (MDOF) assumption. The problem is essen- 

tially nonlinear, though several linearized methods are in use. While nonlinear methods yield 

unbiased results with minimum variance, linearized methods yield estimates which have vari- 

ance and bias errors. Several factors affect the accuracy of these modal parameter estimation 

algorithms. Typically, these are high damping, high modal densities, closely spaced modes, 

measurement noise and insufficient frequency resolution. Usually, a higher model order is used 

for accurate estimation of the modal parameters. This results in the creation of extraneous 

(computational) modes which could cause serious problems if the system has closely spaced 

modes. To date, there is no quantitative method to evaluate the accuracy of the curve-fit. 

The terms frequency response function will be denoted by FRF, and FRFs when plural 

Introduction 4



The combination of these errors detract from the confidence and reliability of the experimental 

modal analysis results. Often, this lack of confidence has precluded attempts to perform detailed 

updating of the analytical model. Observing the nature and subtleties of the various processes in- 

volved, it is apparent that quantifying errors in them is a rather difficult task. Nevertheless, it 1s 

necessary if accurate models are to be realized. Even otherwise, the practitioner has to “understand” 

the degree of accuracy his or her model possesses. 

This research effort has been aimed at determining the accuracy of the experimental model from a 

quantitative perspective. A simple structure, a free-free beam, is chosen as the structure (system) 

to be modeled, so that all the above errors which are typically found in an analytical model are re- 

duced to a minimum. Thus, using the analytical model as the reference, attempts are made to study 

the errors arising from deriving an experimental model. The sources of error typically associated 

with experimentation, ie., calibration and linearity of the transduction method, are not the focus 

of this work. Correlation of natural frequencies and mode shapes to an analytical model are per- 

formed, to identify the contribution of the measurement and modal parameter estimation process 

to the inaccuracy of the final modal model. 

1.2 Brief Description of Tasks 

The errors typically found in an EMA process are those due to transduction, signal processing, 

frequency response function (FRF) estimation and modal parameter estimation. The quality of the 

modal model obtained directly depends on the accuracy of the above processes. To study how 

these impact the quality of the modal model, several modal tests are designed. A beam, with sim- 

ulated free-free boundary conditions, is used as the structure whose modal parameters are to esti- 

mated. A finite element model of the beam is used to provide results which are to be used as the 
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reference. All the errors which are typically associated with a finite element model are kept to a 

minimum by using a simple structure such as this beam with free-free boundary conditions. 

Modal Tests 

Two different uniform steel beams are used as test structures to be modeled. All the tests are per- 

formed using base-band analysis. All the tests use a test configuration in which the beam is sus- 

pended vertically. The first test (TEST 1) © is performed using an electrodynamic shaker as the 

excitation source, using burst random excitation. Response measurements are made using an 

accelerometer capable of making simultaneous translational and rotational measurements. Twenty 

three translational and rotational measurements are acquired using the H*’ FRF estimator [7,8], in 

the frequency range 0-1000 Hz. The second test (TEST 2), performed in the range 0-500 Hz, uses 

the impulse excitation technique. Unlike the first test, the excitation location is varied along the 

beam while the response location is fixed. A total of 61 FRFs are acquired using the H, [9] esti- 

mator. The third test (TEST 3) is designed to investigate the influence of exciter location on the 

resulting modal parameters. The test is repeated twice, once with shaker located at the top and then 

with the shaker located at the bottom of the beam. Twenty one FRFs are obtained using the H, 

[9] estimator. A global frequency-domain parameter estimation algorithm, using Forsythe 

orthogonal polynomials [10], is used to extract the modal parameters. The curve-fitting is per- 

formed on individual FRFs in all the tests. In case of global parameters (natural frequencies and 

damping ratios) the mean of all the individual estimates is used along with a statement of variance. 

The details of signal processing, FRF estimation, modal parameter extraction, etc. are elaborated 

in Chapter 5. 

Analytical Modeling 

Two popular beam theories, the Euler-Bernoulli and the Timoshenko beam theory, are used in the 

analytical modeling of the beam. The equations of motion of beams using these two beam theories 

6 Subsequently, the three modal tests will be identified as TEST 1, TEST 2 and TEST 3 

7 Refer to Appendix A for the nomenclature used in this thesis 
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are presented in detail in Chapter 3. The influence of shear deformation and rotatory inertia on the 

natural frequencies of a simply supported beam are shown with the aid of plots available in the 

literature. The free vibration problem of a uniform beam according the Euler-Bernoulli theory 1s 

stated. Also, the frequency and mode shape equations for a beam with free-free boundary condi- 

tions are stated. This is followed by a short discussion of several aspects regarding the analytical 

modeling of the test structure. Equations of rigid-body motion of a beam suspended vertically, by 

means of a string, is derived using a two-degree-of-freedom model. The model is then used to cal- 

culate the rigid-body modes of the test structure 

The choice of finite element method for analytical modeling of the test structure is justified. The 

finite element equations based on the Euler-Bernoulli and the Timoshenko beam theories are de- 

veloped using the Ritz variational approach. The finite element matrices that result from the above 

formulation are stated for both the beam elements. The finite element technique, using these two 

element types, is implemented through a FORTRAN code. The modeling techniques used to 

simulate inertia-loading by transducers, gravity force and boundary conditions that exist in the ac- 

tual testing environment are discussed. The solutions from finite element models are validated by 

comparing them with exact solutions, if they are available. This is done by comparison of natural 

frequencies obtained by both methods. 

Correlations of Experimental and Analytical Models 

The experimental modal model comprises of natural frequencies, damping ratios and translational 

mode vectors (rotational mode vectors are included in TEST 1). Though the parameter estimation 

method used accounts for complex modes, if they exist, normal mode assumptions are used for the 

test structure. Thus, only the imaginary part of the residue is used in establishing the mode vectors. 

The finite element models, on the other hand, comprise of only the natural frequencies and mode 

vectors. Correlation between experimental and analytical natural frequencies are made using linear 

regression models along with tabulations. The mode vectors are correlated using the Modal As- 

surance Criterion (MAC) [11]. The accuracy and hence the levels of errors in the EMA process 

are determined by the degree of correlation obtained with the results from FE model. Subse- 

Introduction 7



quently, the errors in the experimental modal model (natural frequencies and mode shapes) from 

TEST 1 and TEST 2 are quantified. 

1.3 Organization of Thesis 

The current Chapter ends with a summary of results from this work. Chapter 2 reviews pertinent 

work in the literature that identifies errors in the EMA process. Errors associated with transduction, 

test structure support, signal processing, FRF estimation and modal parameter estimation are re- 

viewed via literature that exists. 

Chapter 3 is devoted to the analytical development of the equations of motion of beams. The 

governing equations of motion of a beam using the Euler-Bernoulli and Timoshenko theories are 

presented. The assumptions and limitations of the above theories are stated. Also, frequency and 

mode shape equations from the Euler-Bernoulli beam theory are presented. The Euler-Bernoulli 

and the Timoshenko theories are compared on the basis of significance of shear deformation and 

rotatory inertia effects. The influence of these effects on the natural frequencies of a uniform beam 

with simply supported boundary conditions are illustrated. Further, several aspects of analytical 

modeling of the test structure are discussed. Finally, a section which exclusively discusses corre- 

lation methods, used for correlating experimental and analytical results, is included. 

Derivation of the finite element equations of motion, modeling techniques used and validation of 

finite element models through sample results form the contents of Chapter 4. First, choosing the 

finite element method for analytical modeling of the test structure is justified. The finite element 

equations of motion, based on the Euler-Bernoulli and Timoshenko beam theory, are derived using 

the Ritz variational approach. The element matrices that result from the above variational ap- 
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proach are stated for both the beam elements. The details of computer implementation of the 

method are given. The modeling procedures used to construct the analytical model of the test 

structure, to simulate experimental test conditions, are discussed. These include inertia-loading by 

transducers and gravity force acting on the vertically suspended beam with the associated boundary 

conditions. Also, two different approaches to model the gravity force are discussed. Finally, the 

solutions from finite element models are validated by comparing them with the corresponding exact 

solutions. Such comparison and validation are restricted to Euler-Bernoulli beam elements, since 

exact solutions are available. Furthermore, only natural frequencies are used for comparison and 

validation purposes. 

Chapter 5 is concerned with the experimental modal analysis technique and the modal tests per- 

formed. Some theoretical concepts that form the basis of experimental modal analysis will be 

outlined. These include the assumptions and simplifications that are used in arriving at theoretical 

models (equations) for the FRF. Alternative methods for deriving the FRF, methods in which 

transient and random excitations are used, are stated. The sources and nature of errors that arise 

in the EMA process are mentioned. This includes a detail discussion of the errors that may be 

encountered during transduction, signal processing, FRF estimation and modal parameter ex- 

traction. Next, a detail description of the experimental set-up used and the specifics of each modal 

test performed are presented. The procedures used and their details - transduction (excitation and 

response measurements), signal processing, FRF estimation and modal parameter estimation, are 

presented. This is done for each test performed (TEST 1, TEST 2 and TEST 3). This is done by 

using a chart which provides easy and efficient access to details and information about each test. 

Chapter 6 begins with the presentation of results from finite element analyses of analytical models 

that correspond to TEST 1, TEST 2 and TEST 3. The analytical (FE) model that corresponds to 

each test and its modeling details are given. The results for natural frequencies from each of these 

models are presented. Next, results for natural frequencies and damping ratios from each modal 

test are tabulated, along with the corresponding FEA natural frequencies. This is followed by a 

Section in which the results from EMA and FEA are compared and discussed. This is done on a 
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test-by-test basis, starting from TEST 1. First, the natural frequencies are compared, visually, and 

discussed. Then, a correlation study between experimental and analytical natural frequencies is 

done by using linear regression models. This is followed by a Section in which errors in estimating 

natural frequencies by EMA are quantified. Next, the mode shapes from EMA are correlated with 

those obtained from the corresponding FE models using the modal assurance criterion (MAC). 

The quality of the mode vectors from EMA are assessed based on the degree of correlation, estab- 

lished through MAC, observed. Errors in estimating the modal displacements by EMA are then 

quantified by using mode vectors from FEA as the reference. A discussion of results from EMA 

in which poor correlation is observed is included in the final Sections of the Chapter. The Chapter 

concludes with a summary of results from the study. 

A_note on conventions that will be followed 

Through-out this thesis the SI units will be used. Without exception, only the cyclic frequency, 

expressed in Hertz (Hz), will be used to express frequencies. Several phrases, e.g., experimental 

modal analysis (EMA), finite element analysis (FEA), occur too often and too many times in this 

thesis. It is preferred, therefore, to make use of their abbreviated form whenever necessary. Any 

convention, when used for the first time, will be explained in a footnote. Symbols, both Latin and 

Greek, used are defined at the end of this thesis, in Appendix A. However, certain symbols are used 

on an ad hoc basis in certain portions of this thesis. Under such circumstances, the symbols will 

be defined locally within the text. References will be cited using brackets, and will be numbered 

sequentially in the order that they are made. Equation numbers will be denoted in parenthesis. 

Several references that may not have a direct bearing on this thesis will be referenced through 

footnotes. 
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1.4 Summary of Results and Conclusions 

The goal of this thesis was to identify and quantify errors in modal models derived experimentally 

using FFT-based procedures. The interest was on errors incurred in estimating natural frequencies 

and mode shapes. Specifically, the contribution of the transduction (measurement) and modal 

identification process to the inaccuracy of the final modal model was the focus of the effort. A 

simple uniform steel beam was used as the test structure whose modal properties were to be deter- 

mined. Three modal tests, each differing principally in the excitation method and FRF estimator 

used, were designed and performed on the beam. The experimentally derived modal models were 

compared with corresponding analytical models that were used as the reference, and therefore as- 

sumed to be accurate. The finite element method was used in analytical modeling of the test 

structure. 

The quality of the experimentally derived modal models were assessed based on the degree of cor- 

relation realized with the corresponding analytical models. Linear regression models were used for 

correlating experimental and analytical natural frequencies. Since the FRFs were curve-fitted indi- 

vidually, statistical variation of the estimates of global parameters was available in each case. This 

enabled a quantitative assessment of the degree of variability in estimating global parameters. The 

errors in estimating natural frequencies were also quantified spatially, ie., for each spatial 

location/measurement. The errors in identifying mode shapes were quantified, with reference to 

analytical mode vectors, using the modal assurance criterion (MAC). As was done with natural 

frequencies, the errors in experimental mode vectors were quantified, with reference to analytical 

mode vectors, spatially. 

TEST 1 

The test was done in a base-band of 0-1000 Hz. Both translational and rotational response 

measurements were made at 23 locations along the length of the beam. Burst random excitation, 
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with an exponential window on both excitation and response measurements, was used. The 1° 

estimator with 20 ensemble averages was used for FRF estimation. A total of 10 beam bending 

modes were identified. Based on the results obtained, the following conclusions are made: 

e From linear regression analysis, the natural frequencies from EMA show a high degree of 

correlation with those obtained from FEA. However, there are slight differences between an- 

alytical and experimental values, owing to the fact that accurate material property values were 

not known. The accuracy of the variation (shifts) of natural frequencies from EMA, due to 

inertia-loading, were strongly influenced by the frequency resolution (in the FRF) used in the 

FFT process. This was corroborated by the correlations observed for variation of natural fre- 

quencies due to inertia-loading effect. The inertia-loading affect also accounts for the high 

variances observed in estimating the natural frequencies. The errors in estimating natural fre- 

quencies, from individual FRF measurements, were significant only at locations near nodal 

points of modes. This was due to poor signal-to-noise ratios at these locations, the errors being 

generally less than 2%. 

¢ The quality of the mode vectors from translational measurement are excellent. This is sug- 

gested by the high MAC values (in excess of 0.99) obtained for translational mode vectors. 

Also the EMA process was found to be sensitive enough to measure changes in modal dis- 

placement due to inertia-loading effect. This was shown consistently for all the 10 modes. 

The rotational mode vectors were poor compared to translational mode vectors due to very 

poor signal-to-noise ratios, as was suggested by poor values of coherence function estimates. 

The errors in estimating modal displacements were generally less than 5%, except near nodal 

points of modes. 

The frequency resolution used for FFT computation and poor signal-to-noise ratios seem to be the 

singular factor that has affected the accuracy of modal parameter estimates from individual meas- 

urements. The contribution of the transduction process (inertia-loading) comes second in impor- 

tance, though these are not as significant. The modal parameter estimation phase does not seem 
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to have injected errors that could be recognized as significant, except near nodes, where estimates 

of all three parameters were oftentimes poor. Finally, the choice of test configuration has not in- 

fluenced the modal model significantly. 

TEST 2 

This test was performed in a base-band of 0-500 Hz. Fixed accelerometer location and use of im- 

pact excitation were the main features of this test. Force window for excitation measurements and 

an exponential window for response measurements was used. The H, estimator with 10 ensemble 

averages was used for FRF estimation. A total of 61 FRFs were acquired from translational 

measurements. The following observations were made from the correlations made with analytical 

models: 

e Using linear regression models a high degree of correlation was observed between test and 

analysis natural frequencies. Also, the variability in estimating the natural frequencies were 

much smaller than those observed in TEST 1, where the inertia-loading effect shifted natural 

frequencies. This proved conclusively that the high variances in estimating natural frequencies 

in TEST | were neither due to measurement nor parameter estimation processes, but due to 

inertia-loading. The variances observed from TEST 2 results show the combined (total) errors 

in estimating natural frequencies that are inherent to the EMA processes. Also, with respect 

to the frequency resolution used, the variability observed for natural frequency estimates is not 

significant. The errors in estimating natural frequencies, from individual FRF measurements, 

were significant only at location near nodal points of modes. 

¢ Estimates of mode shapes were considered to be excellent, except for the first mode, on the 

basis of the MAC values obtained. Modes 2 through 8 have MAC values above 0.99. Also, 

the MAC values consistently increased for all the modes when the accelerometer inertias were 

included in the FE model. This showed the sensitivity of the EMA process to detect small 

deviations, such as the one introduced by the accelerometer inertia. The quality of the first 

mode, presumably, was affected by several factors discussed in Chapter 6. The errors in esti- 
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mating modal displacements were all within 5%, except for the first mode, which showed a 

systematic deviation. Also, as was seen for TEST 1, the estimates near nodal points were 

generally poor. 

TEST 3 

This test was performed in the frequency range 0-125 Hz. The main purpose was to assess the in- 

fluence of shaker location on the resulting modal model. The H; estimator with 10 ensemble av- 

erages was used for FRF estimation, and the accelerometer used had very little mass. This was to 

minimize the effect of inertia-loading. The test was performed twice, once with the shaker located 

at the top (Model 1) and then with the shaker located at the bottom of the beam (Model 2). For 

each model 21 response locations were used for acquiring translational measurements. Three 

bending modes were identified in the frequency range. The results are summarized below: 

¢ The natural frequencies from both models differed slightly, but the differences were insignif- 

icant. 

¢ The mode vectors from Model 1 had reasonably good correlation, comparable to the one from 

TEST 2. However, mode vectors from Model 2 had poor correlation, compared to mode 

vectors from Model 1. The first mode in particular had very low MAC value (0.93). This was 

reconciled as being due to the identification (by the parameter estimation algorithm) of a spu- 

rious mode in the range 0-10 Hz, which contaminated the estimates of the first mode. 

In general, results from TEST 3 were poorer, compared to TEST 1 and TEST 2 results. For Model 

2, though the frequency resolution used was high, and only three modes were involved, the quality 

of the experimental model was far from good. A discussion of probable reasons for this was pre- 

sented in Chapter 6. The modal model realized through Model 2 showed the importance of proper 

test structure suspension and exciter location. 

CONCLUSIONS 

Introduction 14



Based on the results obtained from TEST 1, TEST 2 and TEST 3, the following conclusions were 

drawn, 

The contribution of the transduction processes to the inaccuracy was very small. Quality 

transducers and careful measurements can hold this error to negligible levels. 

The errors due to the parameter estimation process were significant only at locations near 

nodal points of modes. 

Both natural frequency and residue estimates were very poor at locations close to nodal points 

of modes. All the four modal parameters were in substantial error at these locations. The 

natural frequency estimates were the poorest of all modal parameters, the error being around 

2 to 3%. 

Poor signal-to-noise ratios and insufficient frequency resolution were the singular limiting fac- 

tors, apparently, to the accuracy of modal parameter estimates from individual FRF measure- 

ments. 

The choice of test structure support has to be carefully made. An erroneous choice may imply 

wrong boundary conditions that may alter the model substantially. 

Finally, in conclusion, a carefully planned and performed modal test that takes into account 

all the sources of error can yield very accurate models. 
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Chapter 2 

Literature Review 

The material presented in this chapter covers pertinent literature that has the scope of identifying 

errors in the EMA process. For the most part it reviews literature that identifies errors and short- 

comings of the experimental modal analysis process. Fast Fourier transform methods, due to their 

speed and versatility, have become very popular in EMA work. Though time-domain techniques, 

methods which use input and output time-domain data as well as those using the impulse response 

function, are being investigated by researchers, a vast majority of modal testing is done using 

FFT-based methods. Therefore, the scope of this thesis, and hence this literature review, is re- 

stricted to FFT-based techniques. 

A typical modal test and analysis begins by making force and response measurements at a number 

of locations on the structure. These force and response signals are processed suitably (signal proc- 

essing) and an FFT is performed to transform the time-domain signals to frequency-domain data. 

Then, using an appropriate estimator the FRF is estimated. This is followed by curve-fitting the 

FRF data using an appropriate modal parameter estimation algorithm. Thus, the modal parame- 

ters, viz., natural frequencies, mode shapes and damping ratios present in the frequency band tested 

are estimated. These modal parameters are then compared to those obtained from an analytical 
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�[�1�3�]� �s�h�o�w� �h�o�w� �t�r�a�n�s�d�u�c�e�r� �i�n�e�r�t�i�a�-�l�o�a�d�i�n�g� �c�a�n� �r�e�s�u�l�t� �i�n� �m�o�d�e� �v�e�c�t�o�r�s� �w�h�i�c�h� �a�r�e� �c�o�m�p�l�e�x�,� �e�v�e�n� �f�o�r� �a� 
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�p�r�o�p�o�r�t�i�o�n�a�l�l�y� �d�a�m�p�e�d� �s�y�s�t�e�m�.� �T�h�e�y� �s�t�a�t�e� �[�1�3�]� �t�h�a�t� �t�h�e� �p�r�o�b�l�e�m� �i�s� �e�s�s�e�n�t�i�a�l�l�y� �d�u�e� �t�o� �f�r�e�q�u�e�n�c�y� 

�s�h�i�f�t�s�,� �w�h�i�c�h� �m�a�k�e�s� �t�h�e� �p�r�o�b�l�e�m� �o�f� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �p�o�l�e�s� �i�n� �a� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �d�i�f�f�i�c�u�l�t�.� 

�A� �m�e�t�h�o�d� �o�f� �p�r�e�d�i�c�t�i�n�g� �i�n�e�r�t�i�a�-�l�o�a�d�i�n�g� �e�f�f�e�c�t�s� �d�u�e� �t�o� �t�r�a�n�s�d�u�c�e�r�s� �i�s� �p�r�e�s�e�n�t�e�d� �b�y� �O�l�e� �D�o�s�s�i�n�g� �[�1�4�]�.� 

�D�o�s�s�i�n�g� �u�s�e�s� �t�h�e� �t�h�e�o�r�y� �o�f� �s�t�r�u�c�t�u�r�a�l� �d�y�n�a�m�i�c�s� �m�o�d�i�f�i�c�a�t�i�o�n�,� �a�n�d� �a�r�r�i�v�e�s� �a�t� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n� 

�f�o�r� �p�r�e�d�i�c�t�i�n�g� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �s�h�i�f�t�s� �d�u�e� �t�o� �i�n�e�r�t�i�a�-�l�o�a�d�i�n�g� �[�1�4�]�,� 

�2� 

�w�o�,� �=� �u�a� �(�2�.�1�)� 
�1� �+ ��* ��_� �b�m�;� 

�j�i�r�a� 

�w�h�e�r�e�,� �w�o�i�g� �d�e�n�o�t�e�s� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �s�t�r�u�c�t�u�r�e�,� �w�,�¢� �a�n�d� �R�;�,�@� �a�r�e� �t�h�e� �d�a�m�p�e�d� 

�n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �a�n�d� �t�h�e� �d�r�i�v�i�n�g�-�p�o�i�n�t� �r�e�s�i�d�u�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �f�r�o�m� �a�c�c�e�l�e�r�a�n�c�e� �m�e�a�s�u�r�e�m�e�n�t�s�.� �T�h�e� 

�q�u�a�n�t�i�t�y� �6�m�;� �d�e�n�o�t�e�s� �t�h�e� �a�m�o�u�n�t� �o�f� �m�a�s�s� �a�d�d�e�d� �o�r� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �o�f� �i�n�t�e�r�e�s�t�.� 

�M�c�C�o�n�n�e�l�l� �[�1�5�]� �s�t�u�d�i�e�s� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �a�n�d� �m�e�a�s�u�r�e�m�e�n�t� �e�r�r�o�r�s� �o�f� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r�s�,� �d�e�m�o�n�s�t�r�a�t�i�n�g� 

�t�h�a�t� �t�h�e� �m�a�x�i�m�u�m� �e�r�r�o�r� �o�c�c�u�r�s� �a�t� �r�e�s�o�n�a�n�c�e�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �b�e�i�n�g� �t�e�s�t�e�d�.� �T�h�e� �t�y�p�i�c�a�l� �c�a�s�e� �o�f� �f�o�r�c�e� 

�t�r�a�n�s�d�u�c�e�r�-�s�t�i�n�g�e�r�-�e�x�c�i�t�e�r� �c�o�m�b�i�n�a�t�i�o�n� �i�s� �e�x�p�l�o�r�e�d�.� �A�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� 

�f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r� �i�s� �t�e�n� �t�i�m�e�s� �t�h�a�t� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e ��s� �r�e�s�o�n�a�n�c�e�,� �t�h�e� �m�a�x�i�m�u�m� �a�n�d� �m�i�n�i�m�u�m� �e�r�r�o�r�s� 

�t�h�a�t� �a�r�e� �e�n�c�o�u�n�t�e�r�e�d� �a�r�e� �s�h�o�w�n� �[�1�5�]� �f�o�r� �m�a�s�s�-�r�a�t�i�o�s� �(�r�a�t�i�o� �o�f� �m�a�s�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �t�o� �t�h�a�t� �o�f� �t�h�e� 

�t�r�a�n�s�d�u�c�e�r�-�e�x�c�i�t�e�r� �a�s�s�e�m�b�l�y�)� �r�a�n�g�i�n�g� �f�r�o�m� �0�.�0�0�1� �t�o� �1�.� �F�o�r� �a� �m�a�s�s�-�r�a�t�i�o� �o�f� �0�.�0�1�,� �h�e� �s�h�o�w�s� �[�1�5�]� �t�h�a�t� 

�a�m�p�l�i�t�u�d�e� �e�r�r�o�r�s� �c�a�n� �b�e� �a�s� �h�i�g�h� �a�s� �2�7� �%� �a�n�d� �p�h�a�s�e� �e�r�r�o�r�s� �c�a�n� �b�e� �u�p� �t�o� �2�6� �d�e�g�r�e�e�s�,� �a�t� �t�h�e� �s�t�r�u�c�t�u�r�e ��s� 

�r�e�s�o�n�a�n�c�e�s�.� �M�c�C�o�n�n�e�l�l� �[�1�5�]� �a�l�s�o� �i�n�v�e�s�t�i�g�a�t�e�s� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r� �t�o� �b�e�n�d�i�n�g� 

�m�o�m�e�n�t� �a�n�d� �s�h�e�a�r� �l�o�a�d�s�.� �T�h�r�o�u�g�h� �a�n� �e�x�p�e�r�i�m�e�n�t� �h�e� �s�h�o�w�s� �[�1�5�]� �t�h�a�t� �t�h�e� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r� �r�e�s�p�o�n�s�e� 

�c�a�n� �c�h�a�n�g�e� �s�u�b�s�t�a�n�t�i�a�l�l�y�,� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �b�e�n�d�i�n�g� �a�n�d� �s�h�e�a�r� �l�o�a�d�s�.� �H�e� �a�l�s�o� �r�e�p�o�r�t�s� �[�1�5�]� �c�o�n�-� 

�c�o�m�i�t�a�n�t� �c�h�a�n�g�e�s� �i�n� �t�h�e� �v�o�l�t�a�g�e�-�t�o�-�f�o�r�c�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r�.� �A�l�s�o�,� �h�e� �[�1�5�]� �e�x�p�l�o�r�e�s� 

�t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �m�a�s�s� �o�f� �i�m�p�a�c�t� �h�a�m�m�e�r� �a�n�d� �t�i�p� �o�n� �t�h�e� �t�r�a�n�s�d�u�c�e�r ��s� �s�e�n�s�i�t�i�v�i�t�y�,� �w�h�e�n� �u�s�e�d� �f�o�r� �i�m�-� 

�p�a�c�t� �t�e�s�t�i�n�g�.� �W�a�l�t�e�r� �[�1�6�]� �p�r�o�v�i�d�e�s� �s�o�m�e� �b�a�s�i�c� �f�a�c�t�o�r�s� �a�n�d� �i�n�s�i�g�h�t�s� �i�n�t�o� �a�c�c�e�l�e�r�o�m�e�t�e�r� �t�r�a�n�s�d�u�c�t�i�o�n�,� 

�s�p�e�c�i�f�i�c�a�t�i�o�n�s� �a�n�d� �c�a�l�i�b�r�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�.�  ��T�r�a�n�s�d�u�c�e�r� �c�r�o�s�s�-�a�x�i�s� �s�e�n�s�i�t�i�v�i�t�y� �i�s� �a�n�o�t�h�e�r� �i�m�p�o�r�t�a�n�t� 

�f�a�c�t�o�r�.� �H�a�n� �a�n�d� �M�c�C�o�n�n�e�l�l� �[�1�7�]� �d�i�s�c�u�s�s� �t�h�e� �e�f�f�e�c�t� �o�f� �t�r�a�n�s�d�u�c�e�r� �c�r�o�s�s�-�a�x�i�s� �s�e�n�s�i�t�i�v�i�t�y� �i�n� �e�x�p�e�r�-� 
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�i�m�e�n�t�a�l� �m�o�d�a�l� �a�n�a�l�y�s�i�s�.� �T�h�e�y� �d�e�v�e�l�o�p� �[�1�8�]� �a� �t�h�e�o�r�e�t�i�c�a�l� �t�r�i�-�a�x�i�a�l� �a�c�c�e�l�e�r�o�m�e�t�e�r� �m�o�d�e�l� �t�o� �e�x�p�l�a�i�n� �t�h�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �c�r�o�s�s�-�a�x�i�s� �s�e�n�s�i�t�i�v�i�t�y�.� �U�s�i�n�g� �t�h�i�s� �m�o�d�e�l� �t�h�e�y� �[�1�8�]� �s�h�o�w� �t�h�a�t� �a� �t�r�i�-�a�x�i�a�l� 

�a�c�c�e�l�e�r�o�m�e�t�e�r� �i�s� �r�e�q�u�i�r�e�d� �t�o� �m�e�a�s�u�r�e� �t�h�e� �t�r�u�e� �a�c�c�e�l�e�r�a�t�i�o�n� �c�o�m�p�o�n�e�n�t�s�,� �w�h�e�r�e� �t�h�e� �c�r�o�s�s�-�a�x�i�s� �s�e�n�s�i�-� 

�t�i�v�i�t�y� �o�f� �e�a�c�h� �a�c�c�e�l�e�r�o�m�e�t�e�r� �i�s� �k�n�o�w�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �o�t�h�e�r� �t�w�o� �d�i�r�e�c�t�i�o�n�s�.� �T�h�e� �a�u�t�h�o�r�s� �[�1�8�]� 

�d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �m�o�d�e�l� �b�y� �r�e�m�o�v�i�n�g� �t�h�e� �c�r�o�s�s�-�a�x�i�s� �c�o�n�t�a�m�i�n�a�t�i�o�n� �f�r�o�m� �m�e�a�s�u�r�e�d� 

�F�R�F� �d�a�t�a�,� �u�s�i�n�g� �t�h�e� �p�r�o�p�o�s�e�d� �c�o�r�r�e�c�t�i�o�n� �m�o�d�e�l�,� �a�n�d� �c�o�m�p�a�r�i�n�g� �i�t� �w�i�t�h� �d�a�t�a� �f�r�o�m� �a� �k�n�o�w�n� �s�t�r�u�c�-� 

�t�u�r�e�.� 

�T�h�e� �e�x�c�i�t�a�t�i�o�n� �m�e�t�h�o�d�s� �u�s�e�d� �i�n� �m�o�d�a�l� �t�e�s�t�i�n�g� �a�r�e� �n�u�m�e�r�o�u�s� �a�n�d� �t�h�e�y� �h�a�v�e� �a� �d�i�r�e�c�t� �i�m�p�a�c�t� �o�n� �t�h�e� 

�q�u�a�l�i�t�y� �o�f� �t�h�e� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s�.� �E�a�c�h� �e�x�c�i�t�a�t�i�o�n� �m�e�t�h�o�d� �h�a�s� �i�t�s� �o�w�n� �a�d�v�a�n�t�a�g�e�s� �a�n�d� �d�i�s�a�d�v�a�n�t�a�g�e�s� 

�a�n�d� �a� �j�u�d�i�c�i�o�u�s� �c�h�o�i�c�e� �h�a�s� �t�o� �b�e� �m�a�d�e� �i�n� �u�s�i�n�g� �t�h�e� �b�e�s�t� �e�x�c�i�t�a�t�i�o�n� �m�e�t�h�o�d� �i�n� �a� �g�i�v�e�n� �s�i�t�u�a�t�i�o�n�.� 

�T�h�e� �c�h�o�i�c�e� �o�f� �a�n� �e�x�c�i�t�a�t�i�o�n� �m�e�t�h�o�d� �d�e�p�e�n�d�s� �o�n� �s�e�v�e�r�a�l�,� �i�f� �n�o�t� �m�a�n�y� �f�a�c�t�o�r�s�.� �A� �v�e�r�y� �d�e�f�i�n�i�t�i�v�e� 

�s�u�r�v�e�y� �o�f� �e�x�c�i�t�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �t�h�a�t� �w�e�r�e� �a�v�a�i�l�a�b�l�e� �i�n� �t�h�e� �l�a�t�e� �s�e�v�e�n�t�i�e�s� �i�s� �m�a�d�e� �b�y� �B�r�o�w�n�,� �C�a�r�b�o�n� 

�a�n�d� �R�a�m�s�e�y� �[�1�9�]�.� �T�h�e�y� �[�1�9�]� �r�e�c�o�m�m�e�n�d� �i�m�p�a�c�t�,� �p�u�r�e� �r�a�n�d�o�m� �a�n�d� �p�e�r�i�o�d�i�c� �r�a�n�d�o�m� �e�x�c�i�t�a�t�i�o�n�s�.� 

�T�h�e�y� �s�t�a�t�e� �[�1�8�]� �t�h�a�t� �i�m�p�a�c�t� �t�e�s�t�i�n�g�,� �d�u�e� �t�o� �i�t�s� �s�i�m�p�l�i�c�i�t�y� �a�n�d� �s�p�e�e�d�,� �i�s� �a�t�t�r�a�c�t�i�v�e� �i�f� �a� �q�u�i�c�k� �e�v�a�l�u�a�t�i�o�n� 

�i�s� �d�e�s�i�r�e�d�.� �T�h�e� �p�u�r�e� �r�a�n�d�o�m� �e�x�c�i�t�a�t�i�o�n�,� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �a�u�t�h�o�r�s� �{�1�8�]�,� �p�r�o�v�i�d�e�s� �t�h�e� �b�e�s�t� �l�i�n�e�a�r� �a�p�-� 

�p�r�o�x�i�m�a�t�i�o�n� �t�o� �a� �s�y�s�t�e�m� �w�i�t�h� �n�o�n�l�i�n�e�a�r�i�t�i�e�s�,� �t�h�o�u�g�h� �f�r�e�q�u�e�n�c�y� �r�e�s�o�l�u�t�i�o�n� �a�n�d� �l�e�a�k�a�g�e� �a�r�e� �a�s�s�o�c�i�a�t�e�d� 

�p�r�o�b�l�e�m�s�.� �T�h�e� �p�e�r�i�o�d�i�c� �r�a�n�d�o�m� �e�x�c�i�t�a�t�i�o�n�,� �a�l�t�h�o�u�g�h� �a�l�l�e�v�i�a�t�i�n�g� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�o�l�u�t�i�o�n� �a�n�d� 

�l�e�a�k�a�g�e� �p�r�o�b�l�e�m�,� �i�s� �m�u�c�h� �s�l�o�w�e�r� �t�h�a�n� �c�o�n�t�i�n�u�o�u�s� �r�a�n�d�o�m� �a�n�d� �i�m�p�a�c�t� �e�x�c�i�t�a�t�i�o�n� �m�e�t�h�o�d�s� �[�1�9�]�.� 

�B�u�r�s�t� �r�a�n�d�o�m� �e�x�c�i�t�a�t�i�o�n� �s�u�g�g�e�s�t�e�d� �b�y� �O�l�s�e�n� �[�2�0�]�,� �s�e�e�k�s� �t�o� �c�o�m�b�i�n�e� �t�h�e� �f�a�v�o�u�r�a�b�l�e� �f�e�a�t�u�r�e�s� �o�f� �t�r�u�e� 

�r�a�n�d�o�m� �a�n�d� �i�m�p�a�c�t� �e�x�c�i�t�a�t�i�o�n�s�.� �A� �d�e�t�a�i�l�e�d� �c�o�m�p�a�r�i�s�o�n� �o�f� �e�x�c�i�t�a�t�i�o�n� �f�u�n�c�t�i�o�n�s� �f�o�r� �s�t�r�u�c�t�u�r�a�l� �F�R�F� 

�m�e�a�s�u�r�e�m�e�n�t�s� �i�s� �m�a�d�e� �b�y� �O�l�s�e�n� �[�2�1�]�.� �O�l�s�e�n� �c�o�m�p�a�r�e�s� �[�2�1�]� �t�h�e� �m�e�r�i�t�s� �a�n�d� �d�e�m�e�r�i�t�s� �o�f� �r�a�n�d�o�m�,� 

�p�e�r�i�o�d�i�c�,� �t�r�a�n�s�i�e�n�t�,� �s�t�e�a�d�y�-�s�t�a�t�e� �s�i�n�e� �a�n�d� �o�p�e�r�a�t�i�n�g� �e�x�c�i�t�a�t�i�o�n�s�,� �b�a�s�e�d� �o�n� �l�e�a�k�a�g�e�/�w�i�n�d�o�w�i�n�g�,� �m�e�a�s�-� 

�u�r�e�m�e�n�t� �s�p�e�e�d�,� �l�i�n�e�a�r�/�n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m�s�,� �s�i�g�n�a�l�-�t�o�-�n�o�i�s�e� �r�a�t�i�o�s�,� �e�t�c�.� �M�o�s�t� �o�f� �t�h�e� �p�o�p�u�l�a�r� �e�x�c�i�t�a�t�i�o�n� 

�m�e�t�h�o�d�s�,� �w�i�t�h� �t�h�e� �e�x�c�e�p�t�i�o�n� �o�f� �i�m�p�a�c�t� �e�x�c�i�t�a�t�i�o�n�,� �r�e�q�u�i�r�e� �t�h�e� �u�s�e� �o�f� �a�n� �e�l�e�c�t�r�o�d�y�n�a�m�i�c� �s�h�a�k�e�r�.� 

�F�u�r�t�h�e�r�,� �a� �f�e�w� �t�o� �a� �m�a�n�y� �s�h�a�k�e�r�s� �a�r�e� �u�s�e�d� �i�f� �m�u�l�t�i�p�l�e� �i�n�p�u�t�/�o�u�t�p�u�t� �p�r�o�c�e�d�u�r�e�s� �a�r�e� �u�s�e�d� �f�o�r� �F�R�F� 

�m�e�a�s�u�r�e�m�e�n�t�s�.� �T�h�o�u�g�h� �u�s�i�n�g� �a� �s�h�a�k�e�r� �i�s� �a�n� �a�t�t�r�a�c�t�i�v�e� �p�r�o�p�o�s�i�t�i�o�n�,� �t�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l�  ��m�e�a�s�u�r�i�n�g� 

�s�y�s�t�e�m�/�p�r�o�c�e�s�s� �i�n�t�e�r�a�c�t�i�o�n �� �p�r�o�b�l�e�m�s� �t�h�e�y� �i�n�t�r�o�d�u�c�e�.� �T�h�e� �e�l�e�c�t�r�o�d�y�n�a�m�i�c� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� 

�L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �1�9



�s�h�a�k�e�r� �a�n�d� �s�t�r�u�c�t�u�r�e� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� �g�r�e�a�t� �d�e�t�a�i�l� �b�y� �R�a�o� �[�2�2�]�.� �F�r�o�m� �h�i�s� �i�n�v�e�s�t�i�g�a�t�i�o�n�s� �R�a�o� �[�2�2�|� 

�c�o�n�c�l�u�d�e�s� �t�h�a�t� �g�r�o�u�n�d�e�d� �s�t�r�u�c�t�u�r�e�s� �n�e�e�d� �l�i�g�h�t�e�r� �a�r�m�a�t�u�r�e�s� �w�h�i�l�e� �h�e�a�v�i�e�r� �a�r�m�a�t�u�r�e�s� �a�r�e� �r�e�q�u�i�r�e�d� �f�o�r� 

�f�r�e�e� �s�t�r�u�c�t�u�r�e�s�.� �O�l�s�e�n� �[�2�3�]� �i�d�e�n�t�i�f�i�e�s� �a�n�d� �d�i�s�c�u�s�s�e�s� �s�o�m�e� �i�m�p�o�r�t�a�n�t� �p�r�o�b�l�e�m�s� �i�n� �u�s�i�n�g� 

�e�l�e�c�t�r�o�d�y�n�a�m�i�c� �s�h�a�k�e�r�s� �a�n�d� �s�u�g�g�e�s�t�s� �m�e�a�n�s� �t�o� �o�v�e�r�c�o�m�e� �t�h�e�m�.� �O�n�e� �o�f� �t�h�e� �m�a�i�n� �p�r�o�b�l�e�m�s� �i�n� �u�s�i�n�g� 

�e�l�e�c�t�r�o�d�y�n�a�m�i�c� �s�h�a�k�e�r�s� �i�s� �t�h�e� �d�r�o�p�-�o�f�f� �i�n� �f�o�r�c�e� �o�u�t�p�u�t� �b�y� �t�h�e� �s�h�a�k�e�r� �a�t� �s�t�r�u�c�t�u�r�a�l� �r�e�s�o�n�a�n�c�e�s�.� �B�a�s�e�d� 

�o�n� �h�i�s� �a�n�a�l�y�s�i�s� �O�l�s�e�n� �[�2�3�]� �c�o�n�c�l�u�d�e�s� �t�h�a�t� �t�h�e� �d�o�m�i�n�a�n�t� �a�n�d� �c�o�n�t�r�o�l�l�a�b�l�e� �p�a�r�a�m�e�t�e�r� �w�h�i�c�h� �c�o�n�t�r�i�b�-� 

�u�t�e�s� �t�o� �t�h�e� �f�o�r�c�e� �d�r�o�p�-�o�f�f� �i�s� �t�h�e� �a�r�m�a�t�u�r�e� �m�a�s�s� �o�f� �t�h�e� �s�h�a�k�e�r�.� �H�e� �[�2�3�]� �s�u�g�g�e�s�t�s� �t�h�a�t� �m�i�n�i�m�i�z�i�n�g� �a�r�-� 

�m�a�t�u�r�e� �m�a�s�s� �w�o�u�l�d� �s�i�g�n�i�f�i�c�a�n�t�l�y� �r�e�d�u�c�e� �t�h�e� �f�o�r�c�e� �d�r�o�p�-�o�f�f� �e�n�c�o�u�n�t�e�r�e�d� �a�t� �s�t�r�u�c�t�u�r�a�l� �r�e�s�o�n�a�n�c�e�s�.� 

�T�h�e� �p�r�o�b�l�e�m� �o�f� �f�o�r�c�e� �d�r�o�p�-�o�f�f� �i�s� �a�l�s�o� �r�e�v�i�e�w�e�d� �b�y� �P�e�t�e�r�s�o�n� �a�n�d� �M�o�u�c�h� �[�2�4�]�.� �T�h�e�y� �[�2�4�]� �s�h�o�w� �h�o�w� 

�t�h�e� �a�m�o�u�n�t� �o�f� �f�o�r�c�e� �d�r�o�p�-�o�f�f� �c�o�u�l�d� �b�e� �r�e�d�u�c�e�d� �a�n�d� �s�u�g�g�e�s�t� �p�r�a�c�t�i�c�a�l� �m�e�t�h�o�d�s� �t�o� �g�e�t� �a�r�o�u�n�d� �t�h�e� 

�p�r�o�b�l�e�m�.� �P�e�t�e�r�s�o�n� �[�2�5�]� �c�o�m�p�a�r�e�s� �t�h�e� �p�r�o�s� �a�n�d� �c�o�n�s� �o�f� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �m�o�d�a�l� �e�x�c�i�t�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�,� 

�V�i�z�.�,� �i�m�p�a�c�t�,� �r�a�n�d�o�m� �a�n�d� �b�u�r�s�t� �r�a�n�d�o�m�.� �H�e� �[�2�5�]� �p�o�i�n�t�s� �o�u�t� �t�h�a�t� �b�u�r�s�t� �r�a�n�d�o�m� �y�i�e�l�d�s� �b�e�t�t�e�r� �F�R�F�s� 

�t�h�a�n� �c�o�n�t�i�n�u�o�u�s� �r�a�n�d�o�m� �e�x�c�i�t�a�t�i�o�n�,� �a�n�d� �c�o�n�t�i�n�u�o�u�s� �r�a�n�d�o�m� �p�r�o�d�u�c�e�s� �s�u�p�e�r�i�o�r� �F�R�F�s� �t�h�a�n� �t�h�o�s�e� 

�o�b�t�a�i�n�e�d� �t�h�r�o�u�g�h� �i�m�p�a�c�t� �e�x�c�i�t�a�t�i�o�n�.� �T�h�e� �p�r�o�b�l�e�m�s� �a�n�d� �e�r�r�o�r�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �i�m�p�a�c�t� �t�e�s�t�i�n�g� �a�n�d� 

�t�h�e�i�r� �r�e�c�o�n�c�i�l�i�a�t�i�o�n� �i�s� �d�i�s�c�u�s�s�e�d� �b�y� �C�o�r�e�l�l�i� �a�n�d� �B�r�o�w�n� �[�2�6�]�.� �S�o�h�a�n�e�y� �a�n�d� �N�i�e�t�e�r�s� �[�2�7�]� �r�e�v�i�e�w� �p�r�o�p�e�r� 

�u�s�e� �o�f� �w�e�i�g�h�t�i�n�g� �f�u�n�c�t�i�o�n�s� �t�o� �b�e� �u�s�e�d� �w�i�t�h� �i�m�p�a�c�t� �t�e�s�t�i�n�g�.� �M�a�n�y� �a�s�p�e�c�t�s� �o�f� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �i�n�-� 

�f�l�u�e�n�c�e� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�e�l�.� �T�h�e� �p�h�e�n�o�m�e�n�o�n� �o�f� �a�l�i�a�s�i�n�g�,� �l�e�a�k�a�g�e�,� �e�t�c�.� �c�a�n� �c�o�r�-� 

�r�u�p�t� �t�h�e� �f�r�e�q�u�e�n�c�y�-�d�o�m�a�i�n� �d�a�t�a�.� �A�l�s�o�,� �w�i�n�d�o�w�i�n�g� �a�n�d� �i�t�s� �e�f�f�e�c�t� �o�n� �d�a�t�a� �h�a�v�e� �t�o� �b�e� �u�n�d�e�r�s�t�o�o�d�.� 

�A� �v�e�r�y� �c�o�m�p�r�e�h�e�n�s�i�v�e� �r�e�v�i�e�w� �o�f� �t�h�e� �v�a�r�i�o�u�s� �w�i�n�d�o�w� �f�u�n�c�t�i�o�n�s� �u�s�e�d� �f�o�r� �h�a�r�m�o�n�i�c� �a�n�a�l�y�s�i�s� �w�i�t�h� �t�h�e� 

�d�i�s�c�r�e�t�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �i�s� �m�a�d�e� �b�y� �H�a�r�r�i�s� �[�2�8�]�.� 

�T�h�e� �t�e�s�t�-�c�o�n�f�i�g�u�r�a�t�i�o�n�,� �i�n� �o�t�h�e�r� �w�o�r�d�s�,� �p�h�y�s�i�c�a�l� �s�u�p�p�o�r�t�i�n�g� �o�f� �t�h�e� �t�e�s�t� �s�t�r�u�c�t�u�r�e�,� �e�l�e�c�t�r�o�d�y�n�a�m�i�c� 

�s�h�a�k�e�r�s�,� �t�r�a�n�s�d�u�c�e�r�s�,� �e�t�c�.� �i�s� �a�l�s�o� �a�n� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t� �o�f� �e�v�e�r�y� �m�o�d�a�l� �t�e�s�t�.� �A�n� �i�d�e�a�l� �c�o�n�f�i�g�u�r�a�t�i�o�n� 

�w�o�u�l�d� �b�e� �o�n�e� �t�h�a�t� �i�s�o�l�a�t�e�s� �t�h�e� �s�t�r�u�c�t�u�r�e� �c�o�m�p�l�e�t�e�l�y� �a�n�d� �i�s� �s�u�c�h� �t�h�a�t� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �c�o�u�l�d� 

�b�e� �s�i�m�u�l�a�t�e�d� �a�c�c�u�r�a�t�e�l�y� �i�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�.� �S�o�u�c�y� �a�n�d� �D�e�e�r�i�n�g� �[�2�9�]� �s�h�o�w� �h�o�w� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� 

�c�o�n�d�i�t�i�o�n�s� �c�a�n� �a�f�f�e�c�t� �t�h�e� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s� �e�s�t�i�m�a�t�e�d�.� �B�y� �u�s�i�n�g� �a� �l�i�g�h�t�-�w�e�i�g�h�t� �b�e�a�m� �t�h�e�y� �[�2�9�]� �i�n�-� 

�v�e�s�t�i�g�a�t�e� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �e�x�c�i�t�e�r� �l�o�c�a�t�i�o�n�,� �e�x�c�i�t�e�r� �s�u�s�p�e�n�s�i�o�n� �a�n�d� �c�a�b�l�e� �a�t�t�a�c�h�m�e�n�t�,� �a�m�o�n�g� �o�t�h�e�r� 

�p�a�r�a�m�e�t�e�r�s�,� �o�n� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e�y� �[�2�9�]� �r�e�p�o�r�t� �t�h�a�t� �t�h�e� �d�a�m�p�i�n�g� �e�s�t�i�m�a�t�e�s� �a�r�e� 

�L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �2�0



�a�f�f�e�c�t�e�d� �t�h�e� �m�o�s�t�,� �w�h�i�l�e� �t�h�e� �r�e�s�i�d�u�e� �e�s�t�i�m�a�t�e�s� �a�r�e� �r�e�l�a�t�i�v�e�l�y� �s�t�a�b�l�e�.� �W�a�n�g�,� �W�e�i� �a�n�d� �W�e�i� �[�3�0�]�,� �u�s�i�n�g� 

�a� �T�-�p�l�a�t�e�,� �d�e�m�o�n�s�t�r�a�t�e� �t�h�a�t� �s�i�m�p�l�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �l�i�k�e� �c�l�a�m�p�e�d�,� �f�r�e�e�,� �e�t�c�.� �d�o� �n�o�t� �e�x�i�s�t� �i�n� 

�p�r�a�c�t�i�c�e�.� �A�l�s�o�,� �w�h�e�n� �s�u�b�s�t�r�u�c�t�u�r�e� �s�y�n�t�h�e�s�i�s� �i�s� �i�m�p�l�e�m�e�n�t�e�d� �v�i�a� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�a�l� �a�n�a�l�y�s�i�s�,� �r�i�g�i�d�-� 

�b�o�d�y� �m�o�d�e�s� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �s�u�b�s�t�r�u�c�t�u�r�e�s� �h�a�v�e� �t�o� �b�e� �d�e�t�e�r�m�i�n�e�d�.� �I�n� �s�u�c�h� �c�a�s�e�s� �t�h�e� �w�a�y� �a� �s�u�b�-� 

�s�t�r�u�c�t�u�r�e� �i�s� �s�u�p�p�o�r�t�e�d� �a�n�d� �e�x�c�i�t�e�d� �i�n�f�l�u�e�n�c�e�s� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� �r�i�g�i�d�-�b�o�d�y� �m�o�d�e�s�.� 

�L�a�m�o�n�t�i�a� �[�3�1�]�,� �u�s�i�n�g� �t�h�e� �q�u�a�n�t�i�t�i�e�s� �r�e�s�i�d�u�a�l� �f�l�e�x�i�b�i�l�i�t�y� �a�n�d� �i�n�e�r�t�i�a� �r�e�s�t�r�a�i�n�t� �i�n� �t�h�e� �r�e�c�e�p�t�a�n�c�e� �f�o�r�m� 

�o�f� �F�R�E� �e�q�u�a�t�i�o�n�,� 

� � �G�e� �S� �A�i�k� 
�7� �2� �2�;� �r�o�7� �@�,�  ��@� �+� �i�(�2�C�,�0�,�w�)� 

�+� �L�i�g� �(�2�.�2�)� 

�p�r�e�s�e�n�t�s� �p�r�o�c�e�d�u�r�e�s� �f�o�r� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �i�n�e�r�t�i�a� �r�e�s�t�r�a�i�n�t� �Y�;�,� �t�h�r�o�u�g�h� �a�n�a�l�y�t�i�c�a�l� �a�n�d� 

�a�n�a�l�y�t�i�c�a�l�/�e�x�p�e�r�i�m�e�n�t�a�l� �a�p�p�r�o�a�c�h�e�s�.� �A�l�s�o�,� �t�h�e� �e�f�f�e�c�t�s� �o�f� �n�o�t� �i�n�c�l�u�d�i�n�g� �i�n�e�r�t�i�a� �r�e�s�t�r�a�i�n�t�s� �f�o�r� �s�t�r�u�c�t�u�r�e�s� 

�t�e�s�t�e�d� �i�n� �f�r�e�e�-�f�r�e�e� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �s�h�o�w�n� �[�3�1�]� �t�h�r�o�u�g�h� �a�n� �e�x�a�m�p�l�e�.� �O�k�u�b�o� �a�n�d� �F�u�r�u�k�a�w�a� �[�3�2�]� �e�s�-� 

�t�a�b�l�i�s�h� �a� �c�r�i�t�e�r�i�o�n� �f�o�r� �r�e�a�l�i�z�i�n�g� �a� �f�r�e�e�-�f�r�e�e� �s�t�a�t�e� �i�n� �t�e�s�t�i�n�g�,� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �s�u�p�p�o�r�t�i�n�g� �a�n�d� �e�x�c�i�t�i�n�g� 

�o�f� �s�t�r�u�c�t�u�r�e�s�.� �T�h�e� �c�r�i�t�e�r�i�a� �[�3�2�]� �s�t�a�t�e�s� �t�h�a�t� �t�h�e� �d�e�g�r�e�e� �o�f� �f�r�e�e�-�f�r�e�e� �c�o�n�d�i�t�i�o�n�s� �r�e�a�l�i�z�e�d� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� 

�t�o� �t�h�e� �a�m�o�u�n�t� �o�f� �r�e�s�p�o�n�s�e�,� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �f�r�o�m� �0� �t�o� �t�h�e� �f�i�r�s�t� �a�n�t�i�-�r�e�s�o�n�a�n�c�e�.� �F�u�r�t�h�e�r�,� �t�h�e� 

�r�e�s�p�o�n�s�e� �i�n� �t�h�i�s� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �i�s� �r�e�q�u�i�r�e�d� �t�o� �b�e� �u�n�i�f�o�r�m� �(�f�l�a�t�)� �i�n� �a�c�c�e�l�e�r�a�n�c�e� �m�e�a�s�u�r�e�m�e�n�t�s�.� �T�h�e�y� 

�[�3�2�]� �a�l�s�o� �d�i�s�c�u�s�s� �v�a�r�i�o�u�s� �s�u�p�p�o�r�t�/�e�x�c�i�t�a�t�i�o�n� �m�e�t�h�o�d�s� �t�o� �a�c�h�i�e�v�e� �f�r�e�e�-�f�r�e�e� �t�e�s�t�i�n�g� �c�o�n�d�i�t�i�o�n�s�.� 

�T�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �(�F�R�F�)� �i�s� �a� �v�e�r�y� �i�m�p�o�r�t�a�n�t� �a�n�d� �c�r�u�c�i�a�l� �s�t�a�g�e� �o�f� �t�h�e� 

�E�M�A� �p�r�o�c�e�s�s�.� �O�v�e�r� �t�h�e� �l�a�s�t� �d�e�c�a�d�e� �a� �n�u�m�b�e�r� �o�f� �r�e�s�e�a�r�c�h�e�r�s� �w�e�r�e� �c�o�n�c�e�r�n�e�d� �w�i�t�h� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� 

�o�f� �a�n� �e�s�t�i�m�a�t�o�r� �w�h�i�c�h� �y�i�e�l�d�s� �t�h�e� �t�r�u�e� �F�R�F�,� �w�h�i�c�h� �c�o�u�l�d� �b�e� �e�q�u�a�t�i�o�n�a�l�l�y� �s�t�a�t�e�d� �a�s� 

�G�u�y� 

�G�y�y� 

� � �H�y�(�w�)� �=� �(�2�.�3�)� 

�L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �2�1



�S�i�n�c�e� �t�h�e� �m�e�a�s�u�r�e�d� �s�i�g�n�a�l�s� �a�r�e� �c�o�n�t�a�m�i�n�a�t�e�d� �w�i�t�h� �n�o�i�s�e�,� �s�e�v�e�r�a�l� �e�s�t�i�m�a�t�o�r�s�,� �e�a�c�h� �d�i�f�f�e�r�i�n�g� �t�h�e� �o�t�h�e�r� 

�i�n� �i�t�s� �t�r�e�a�t�m�e�n�t� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �w�e�r�e� �d�e�v�e�l�o�p�e�d�.� �B�e�n�d�a�t� �[�9�]� �s�t�a�t�e�d� �t�h�a�t� �t�h�e� �o�p�t�i�m�a�l� �F�R�F� 

�e�s�t�i�m�a�t�o�r� �c�o�u�l�d� �b�e� �o�b�t�a�i�n�e�d� �a�s�,� 

�G� 
�H�,�(�w�)� �=� �a� �(�2�.�4�)� � � 

�T�h�e� �a�b�o�v�e� �m�o�d�e�l�,� �w�h�i�c�h� �i�s� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �o�u�t�p�u�t� �n�o�i�s�e�,� �i�s� �s�u�s�c�e�p�t�i�b�l�e� �t�o� �n�o�i�s�e� �a�t� �t�h�e� �i�n�p�u�t�.� �M�i�t�c�h�e�l�l� 

�[�3�3�]� �p�o�i�n�t�e�d� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �i�n� �s�t�r�u�c�t�u�r�a�l� �a�p�p�l�i�c�a�t�i�o�n�s� �i�n�t�e�r�e�s�t� �d�w�e�l�l�s� �a�r�o�u�n�d� �t�h�e� �r�e�s�o�n�a�n�c�e� �r�e�g�i�o�n�s� 

�o�f� �t�h�e� �F�R�F�.� �H�e� �s�h�o�w�e�d� �[�3�3�,�3�4�]� �t�h�a�t� �t�h�e� �H�,� �e�s�t�i�m�a�t�o�r� �i�s� �h�i�g�h�l�y� �b�i�a�s�e�d� �a�t� �r�e�s�o�n�a�n�c�e�s�,� �w�h�e�r�e� �t�h�e� �f�o�r�c�e� 

�d�e�l�i�v�e�r�e�d� �b�y� �a�n� �e�l�e�c�t�r�o�d�y�n�a�m�i�c� �s�h�a�k�e�r� �d�r�o�p�s� �t�o� �n�o�i�s�e� �l�e�v�e�l�s� �d�u�e� �t�o� �s�h�a�k�e�r�-�s�t�r�u�c�t�u�r�e� �i�m�p�e�d�a�n�c�e� 

�m�i�s�m�a�t�c�h�.� �H�e� �p�r�o�p�o�s�e�d� �a�n� �e�s�t�i�m�a�t�o�r� �[�3�3�,�3�4�]� �w�h�i�c�h� �w�a�s� �f�o�r�m�u�l�a�t�e�d� �b�y� �m�i�n�i�m�i�z�i�n�g� �t�h�e� �n�o�i�s�e� �a�t� �t�h�e� 

�i�n�p�u�t�.� �T�h�e� �e�s�t�i�m�a�t�o�r�,� �a�n�d� �i�t�s� �r�e�l�a�t�i�o�n�s�h�i�p� �t�o� �t�h�e� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n� �a�n�d� �t�h�e� �H�,� �e�s�t�i�m�a�t�o�r� �a�r�e� �g�i�v�e�n� 

�a�s�,� 

�G� �H� �y�y� �2� �1� �v�y� �=� �a�t� �(�2�.�5�)� �G�y� �x�y� �H�H� 
� � �H�w�)� �=� 

�F�o�r� �t�h�e� �g�e�n�e�r�a�l� �c�a�s�e� �i�n� �w�h�i�c�h� �n�o�i�s�e� �i�s� �p�r�e�s�e�n�t� �i�n� �b�o�t�h� �t�h�e� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �m�e�a�s�u�r�e�m�e�n�t�s�,� �M�i�t�c�h�e�l�l� 

�s�h�o�w�e�d� �[�3�3�,�3�4�]� �t�h�a�t� �H�2� �w�a�s� �a� �b�e�t�t�e�r� �e�s�t�i�m�a�t�o�r� �a�t� �r�e�s�o�n�a�n�c�e�s� �a�n�d� �a� �p�o�o�r�e�r� �e�s�t�i�m�a�t�o�r� �a�t� �a�n�t�i�-� 

�r�e�s�o�n�a�n�c�e�s�,� �t�h�e� �o�p�p�o�s�i�t�e� �b�e�i�n�g� �t�r�u�e� �f�o�r� �t�h�e� �H�,� �e�s�t�i�m�a�t�o�r�.� �T�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �F�R�F� �r�e�q�u�i�r�e�d� �a�r�o�u�n�d� 

�r�e�g�i�o�n�s� �o�f� �r�e�s�o�n�a�n�c�e� �a�n�d� �t�h�e� �f�o�r�c�e� �d�r�o�p�-�o�f�f� �e�n�c�o�u�n�t�e�r�e�d� �t�h�e�r�e�-�i�n�,� �i�n�d�e�e�d�,� �s�e�e�m�s� �t�o� �b�e� �a�n� �i�r�o�n�i�c� 

�s�i�t�u�a�t�i�o�n�.� �I�n� �t�h�i�s� �c�o�n�t�e�x�t� �t�h�e� �H�,� �h�a�s� �b�e�e�n� �w�i�d�e�l�y� �a�c�c�e�p�t�e�d� �t�o� �b�e� �a� �b�e�t�t�e�r� �e�s�t�i�m�a�t�o�r�.� �F�u�r�t�h�e�r�,� 

�M�i�t�c�h�e�l�l� �[�3�4�]� �p�r�e�s�e�n�t�s� �a�n�o�t�h�e�r� �e�s�t�i�m�a�t�o�r�,� �t�h�e� �H�3� �e�s�t�i�m�a�t�o�r�,� �w�h�i�c�h� �i�s� �o�b�t�a�i�n�e�d� �a�s� �a�n� �a�r�i�t�h�m�e�t�i�c� �m�e�a�n� 

�o�f� �H�,� �a�n�d� �H�,�2� �e�s�t�i�m�a�t�o�r�s�.� �T�h�i�s� �e�s�t�i�m�a�t�o�r� �i�s� �s�h�o�w�n� �[�3�4�]� �t�o� �y�i�e�l�d� �l�e�s�s�e�r� �b�i�a�s�e�d� �e�s�t�i�m�a�t�e�s� �t�h�a�n� �t�h�o�s�e� 

�p�r�o�v�i�d�e�d� �b�y� �H�,� �o�r� �H�2�,� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �l�a�t�t�e�r� �y�i�e�l�d� �p�o�s�i�t�i�v�e�l�y� �a�n�d� �n�e�g�a�t�i�v�e�l�y� �b�i�a�s�e�d� �e�s�t�i�m�a�t�e�s� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �H�,� �a�n�d� �H�,� �e�s�t�i�m�a�t�o�r�s� �h�a�v�e� �b�e�e�n� �i�n�v�e�s�t�i�g�a�t�e�d� �b�y� �s�e�v�e�r�a�l� �a�u�-� 

�t�h�o�r�s� �[�3�5�-�3�7�]�.� �S�e�v�e�r�a�l� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t�s� �o�f� �t�h�e� �F�F�T�-�b�a�s�e�d� �a�p�p�r�o�a�c�h�,� �v�i�z�.�,� �f�r�e�q�u�e�n�c�y� �r�e�s�o�l�u�t�i�o�n�,� 

�l�e�a�k�a�g�e�/�w�i�n�d�o�w�i�n�g�,� �e�t�c�.�,� �a�s� �i�t� �i�m�p�a�c�t�s� �t�h�e� �F�R�F� �e�s�t�i�m�a�t�e�d� �b�y� �H�,� �a�n�d� �H�,� �e�s�t�i�m�a�t�o�r�s�,� �a�r�e� �i�n�v�e�s�t�i�g�a�t�e�d� 

�b�y� �C�a�w�l�e�y� �[�3�5�]�.� �H�e� �[�3�5�]� �s�h�o�w�s� �t�h�a�t� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �F�R�F� �e�s�t�i�m�a�t�e�s� �o�b�t�a�i�n�e�d� �b�y� �F�F�T�-�b�a�s�e�d� 

�L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �2�2



�m�e�t�h�o�d�s� �d�e�p�e�n�d� �o�n� �t�h�e� �p�r�o�d�u�c�t� �o�f� �f�r�e�q�u�e�n�c�y�,� �f�,� �a�n�d� �t�h�e� �d�a�m�p�i�n�g� �f�a�c�t�o�r�,� �4�,� �d�i�v�i�d�e�d� �b�y� �t�h�e� �f�r�e�-� 

�q�u�e�n�c�y� �r�e�s�o�l�u�t�i�o�n�,� �A�f�.� �I�f� �a� �s�h�a�k�e�r� �i�s� �u�s�e�d� �t�o� �e�x�c�i�t�e� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �t�h�e� �a�c�c�u�r�a�c�y� �o�b�t�a�i�n�e�d� �1�s� �a�l�s�o� 

�s�h�o�w�n� �[�3�5�]� �t�o� �b�e� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �r�a�t�i�o� �+� �w�h�e�r�e� �5� �i�s� �t�h�e� �r�a�t�i�o� �o�f� �e�f�f�e�c�t�i�v�e� �s�h�a�k�e�r� �p�l�u�s� �f�o�r�c�e� �g�a�u�g�e� 

�m�a�s�s� �t�o� �t�h�e� �m�o�d�a�l� �m�a�s�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�e� �e�r�r�o�r� �i�n� �t�h�e� �F�R�F� �e�s�t�i�m�a�t�e� �i�s� �s�h�o�w�n� �[�3�5�]� �t�o� �i�n�c�r�e�a�s�e� 

�w�i�t�h� �t�h�e� �r�a�t�i�o� �.� �a�n�d� �t�h�r�o�u�g�h�-�o�u�t� �H�,� �b�e�i�n�g� �t�h�e� �m�o�r�e� �a�c�c�u�r�a�t�e� �o�f� �t�h�e� �t�w�o� �e�s�t�i�m�a�t�o�r�s�.� �A�l�s�o�,� �a�c�-� 

�c�o�r�d�i�n�g� �t�o� �C�a�w�l�e�y� �[�3�5�]�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�o�l�u�t�i�o�n� �(�a�n�d� �h�e�n�c�e� �t�h�e� �t�e�s�t�i�n�g� �t�i�m�e�)� �f�o�r� �a� �g�i�v�e�n� �a�c�c�u�r�a�c�y� 

�i�s� �r�e�d�u�c�e�d� �b�y� �5�0�%� �i�f� �t�h�e� �H�,� �e�s�t�i�m�a�t�o�r� �i�s� �u�s�e�d�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �r�e�s�o�n�a�n�c�e� �a�m�p�l�i�t�u�d�e�s� 

�a�r�e� �u�n�d�e�r�-�e�s�t�i�m�a�t�e�d� �d�u�e� �t�o� �f�i�n�i�t�e� �f�r�e�q�u�e�n�c�y� �r�e�s�o�l�u�t�i�o�n� �u�s�e�d�,� �a�n�d� �s�i�n�c�e� �H�,�>� �H�,� �f�o�r� �a� �n�o�n�-�u�n�i�t�y� �c�o�-� 

�h�e�r�e�n�c�e� �c�o�n�d�i�t�i�o�n�,� �t�h�e� �H�,� �e�s�t�i�m�a�t�o�r� �y�i�e�l�d�s� �b�e�t�t�e�r� �e�s�t�i�m�a�t�e�s� �[�3�5�]�.� 

�T�h�e� �H�,� �a�n�d� �t�h�e� �H�,� �a�r�e� �u�n�i�v�a�r�i�a�t�e� �e�s�t�i�m�a�t�o�r�s� �i�n� �t�h�a�t� �t�h�e�y� �m�i�n�i�m�i�z�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �n�o�i�s�e� �a�t� �e�i�t�h�e�r� �t�h�e� 

�i�n�p�u�t� �o�r� �t�h�e� �o�u�t�p�u�t�.� �S�e�v�e�r�a�l� �e�s�t�i�m�a�t�o�r�s� �t�h�a�t� �s�e�e�k� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �n�o�i�s�e� �a�t� �b�o�t�h� �t�h�e� �i�n�p�u�t� 

�a�n�d� �o�u�t�p�u�t� �w�e�r�e� �d�e�v�e�l�o�p�e�d� �b�y� �s�e�v�e�r�a�l� �r�e�s�e�a�r�c�h�e�r�s� �[�3�4�,�3�6�,�3�8�,�3�9�]�.� �S�u�c�h� �a� �b�i�v�a�r�i�a�t�e� �e�s�t�i�m�a�t�i�o�n� �i�s� �i�m�-� 

�p�l�i�c�i�t� �i�n� �t�h�e� �H�;� �e�s�t�i�m�a�t�o�r� �p�r�o�p�o�s�e�d� �b�y� �M�i�t�c�h�e�l�l� �[�3�4�]�.� �R�o�c�k�l�i�n�,� �C�r�o�w�l�e�y� �a�n�d� �V�o�l�d� �[�3�6�]� �p�r�e�s�e�n�t� �a�n� 

�e�s�t�i�m�a�t�o�r�,� �c�a�l�l�e�d� �t�h�e� �H�,� �e�s�t�i�m�a�t�o�r�,� �t�h�a�t� �i�s� �a� �g�e�o�m�e�t�r�i�c� �m�e�a�n� �o�f� �t�h�e� �[�;� �a�n�d� �H�,� �e�s�t�i�m�a�t�o�r�s�,� 

�G�y�x� �G�y�y� 

�|� �G�y�x� �|� �G�x� 

� � �H�w�)� �=� �(�2�.�6�)� 

�T�h�o�u�g�h� �t�h�i�s� �e�s�t�i�m�a�t�o�r� �y�i�e�l�d�s� �s�u�b�s�t�a�n�t�i�a�l�l�y� �l�e�s�s� �b�i�a�s�e�d� �e�s�t�i�m�a�t�e�s�,� �i�n� �t�h�e� �a�v�e�r�a�g�e� �s�e�n�s�e�,� �i�t� �i�s� �s�t�i�l�l� �b�i�a�s�e�d� 

�a�t� �r�e�s�o�n�a�n�c�e�s�.� �T�h�e�s�e� �a�u�t�h�o�r�s� �c�o�m�p�a�r�e� �[�3�6�]� �t�h�e� �H�,�,� �H�2� �a�n�d� �H�,� �e�s�t�i�m�a�t�o�r�s� �o�n� �t�h�e� �b�a�s�i�s� �o�f� �p�a�r�a�m�e�t�e�r�s� 

�l�i�k�e� �e�x�c�i�t�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�,� �s�t�r�u�c�t�u�r�e� �t�y�p�e� �a�n�d� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r� �e�x�t�r�a�c�t�i�o�n� �m�e�t�h�o�d�s� �(�c�i�r�c�l�e�-�f�i�t�s�,� 

�p�e�a�k�-�p�i�c�k�i�n�g� �a�n�d� �p�o�l�y�r�e�f�e�r�e�n�c�e�)�.� �T�h�e�y� �c�o�n�c�l�u�d�e� �{�3�6�]� �t�h�a�t� �t�h�e� �H�,� �e�s�t�i�m�a�t�o�r� �w�o�u�l�d� �y�i�e�l�d� �b�e�t�t�e�r� �r�e�s�u�l�t�s� 

�w�h�e�n� �l�e�a�k�a�g�e� �a�n�d� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �a�r�e� �p�r�e�s�e�n�t�,� �a�n�d� �a�r�e� �t�h�e� �c�a�u�s�e�s� �o�f� �p�o�o�r� �c�o�h�e�r�e�n�c�e�,� �a�n�d� �w�h�e�n� 

�w�i�d�e�-�b�a�n�d� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �m�e�t�h�o�d�s� �a�r�e� �u�s�e�d�.� �A� �v�e�r�y� �d�e�t�a�i�l�e�d� �w�o�r�k� �i�n�v�o�l�v�i�n�g� �t�h�e� �e�s�t�i�m�a�t�i�o�n� 

�o�f� �F�R�F� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �u�n�c�o�r�r�e�l�a�t�e�d� �s�i�g�n�a�l�s� �h�a�s� �b�e�e�n� �c�a�r�r�i�e�d� �o�u�t� �b�y� �W�i�c�k�s� �[�3�8�]�.� �A�n� �e�s�t�i�m�a�t�o�r� 

�d�e�v�e�l�o�p�e�d� �t�h�r�o�u�g�h� �t�h�i�s� �w�o�r�k� �i�s� �p�r�e�s�e�n�t�e�d� �b�y� �W�i�c�k�s� �a�n�d� �V�o�l�d� �[�3�9�]�,� �a�n�d� �i�s� �g�i�v�e�n� �b�y� 
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�I�n� �t�h�e� �a�b�o�v�e� �e�s�t�i�m�a�t�o�r� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �a�u�t�o�s�p�e�c�t�r�a� �o�f� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �n�o�i�s�e�,� �s�?�,� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

�k�n�o�w�n� �a� �p�r�i�o�r�i�.� �T�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�i�s� �r�a�t�i�o� �s�?� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �F�R�F� �e�s�t�i�m�a�t�e�.� �A�n� 

�u�n�b�i�a�s�e�d� �e�s�t�i�m�a�t�o�r� �i�n�t�r�o�d�u�c�e�d� �b�y� �G�o�y�d�e�r� �[�7�]� �s�o�u�g�h�t� �t�o� �e�l�i�m�i�n�a�t�e� �t�h�e� �p�r�o�b�l�e�m�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �u�n�-� 

�c�o�r�r�e�l�a�t�e�d� �c�o�n�t�e�n�t� �(�n�o�i�s�e�)� �i�n� �t�h�e� �m�e�a�s�u�r�e�d� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �s�i�g�n�a�l�s�.� �I�n� �h�i�s� �a�p�p�r�o�a�c�h� �[�7�]�,� �G�o�y�d�e�r� 

�u�s�e�d� �a� �t�h�i�r�d� �m�e�a�s�u�r�e�m�e�n�t� �c�h�a�n�n�e�l� �t�h�a�t� �w�o�u�l�d� �s�e�r�v�e� �a�s� �a� �r�e�f�e�r�e�n�c�e�,� �f�r�o�m� �t�h�e� �s�t�a�n�d�p�o�i�n�t� �o�f� �r�e�c�o�g�-� 

�n�i�z�i�n�g� �n�o�i�s�e� �i�n� �t�h�e� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �m�e�a�s�u�r�e�m�e�n�t�s�.� �G�o�y�d�e�r� �u�s�e�d� �[�7�]� �t�h�e� �r�a�n�d�o�m� �s�i�g�n�a�l� �s�u�p�p�l�i�e�d� 

�b�y� �t�h�e� �s�i�g�n�a�l� �g�e�n�e�r�a�t�o�r� �t�o� �t�h�e� �s�h�a�k�e�r�,� �i�n� �r�a�n�d�o�m� �e�x�c�i�t�a�t�i�o�n� �t�e�s�t�s�,� �a�s� �t�h�e� �r�e�f�e�r�e�n�c�e� �s�i�g�n�a�l� �s�(�t�)�.� �H�e� 

�o�b�t�a�i�n�e�d� �[�7�]� �t�h�e� �e�s�t�i�m�a�t�o�r� �b�y� �f�o�r�m�i�n�g� �c�r�o�s�s�-�s�p�e�c�t�r�a� �o�f� �t�h�e� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �w�i�t�h� �t�h�i�s� �r�e�f�e�r�e�n�c�e� �s�i�g�-� 

�n�a�l�.� �T�h�e� �e�s�t�i�m�a�t�o�r�,� �c�a�l�l�e�d� �t�h�e� �H�*� �e�s�t�i�m�a�t�o�r�,� �i�s� �g�i�v�e�n� �b�y� �[�7�]� 

�G� �s�y� 
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�T�h�e� �i�d�e�a� �b�e�h�i�n�d� �t�h�i�s� �e�s�t�i�m�a�t�o�r� �i�s� �t�h�a�t� �a�n�y� �u�n�c�o�r�r�e�l�a�t�e�d� �c�o�n�t�e�n�t� �w�i�t�h� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �m�e�a�s�u�r�e�-� 

�m�e�n�t�s� �i�s� �e�l�i�m�i�n�a�t�e�d� �w�h�i�l�e� �a�v�e�r�a�g�i�n�g� �t�h�e� �c�r�o�s�s�-�s�p�e�c�t�r�a�l� �d�a�t�a�.� �A� �d�e�t�a�i�l�e�d� �i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �t�h�e� �p�e�r�-� 

�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �7�°� �e�s�t�i�m�a�t�o�r� �w�a�s� �c�a�r�r�i�e�d� �o�u�t� �b�y� �M�i�t�c�h�e�l�l�,� �C�o�b�b�,� �D�e�e�l� �a�n�d� �L�u�k� �[�8�]�.� �T�h�e� �a�u�t�h�o�r�s� 

�s�h�o�w� �[�8�]� �t�h�a�t� �t�h�i�s� �e�s�t�i�m�a�t�o�r� �p�r�o�v�i�d�e�s� �a�n� �u�n�b�i�a�s�e�d� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �t�r�u�e� �F�R�F� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �u�n�-� 

�c�o�r�r�e�l�a�t�e�d� �n�o�i�s�e� �c�o�n�t�e�n�t� �i�n� �b�o�t�h� �t�h�e� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �m�e�a�s�u�r�e�m�e�n�t�.� �T�h�e� �a�u�t�h�o�r�s� �p�o�i�n�t� �o�u�t� �[�8�]� �t�h�a�t� 

�t�h�i�s� �e�s�t�i�m�a�t�o�r�,� �h�o�w�e�v�e�r�,� �p�o�s�s�e�s�e�s� �a� �b�i�a�s� �e�r�r�o�r� �d�u�e� �t�o� �f�i�n�i�t�e� �s�a�m�p�l�e� �s�i�z�e�.� 

�T�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e�s�e� �v�a�r�i�o�u�s� �F�R�F� �e�s�t�i�m�a�t�o�r�s� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �r�e�s�u�l�t�i�n�g� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s� �o�f� �a� 

�s�y�s�t�e�m�,� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �t�r�u�e� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s�,� �h�a�s� �n�o�t� �b�e�e�n� �c�l�e�a�r�l�y� �u�n�d�e�r�s�t�o�o�d�.� �H�o�w�e�v�e�r�,� �W�i�c�k�s� 

�a�n�d� �H�a�n� �[�3�7�]� �p�r�e�s�e�n�t� �a�n� �i�n�t�e�r�e�s�t�i�n�g� �s�t�u�d�y� �o�n� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �F�R�F� �e�s�t�i�m�a�t�i�o�n� �m�e�t�h�o�d� �o�n� �m�o�d�a�l� 

�p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�o�r�s�.� �T�h�e�y� �f�o�r�m�u�l�a�t�e� �[�3�7�]� �a�n� �F�R�F� �f�o�r� �a�n� �a�r�b�i�t�r�a�r�y� �d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �s�y�s�t�e�m� �a�n�d� 

�p�e�r�f�o�r�m� �M�o�n�t�e�-�C�a�r�l�o� �s�i�m�u�l�a�t�i�o�n� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y�-�d�o�m�a�i�n�.� �I�n� �t�h�e�i�r� �s�t�u�d�y� �[�3�7�]� �t�h�e�y� �u�s�e� �a� �r�a�n�d�o�m� 

�f�o�r�c�i�n�g� �f�u�n�c�t�i�o�n� �w�i�t�h� �a� �k�n�o�w�n� �a�m�o�u�n�t� �o�f� �n�o�i�s�e� �a�t� �b�o�t�h� �t�h�e� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t�.� �T�h�e� �f�o�r�c�e� �d�r�o�p�-�o�f�f� 

�a�t� �r�e�s�o�n�a�n�c�e�s� �i�s� �s�i�m�u�l�a�t�e�d� �b�y� �w�e�i�g�h�t�i�n�g� �t�h�e� �f�o�r�c�i�n�g� �f�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �i�m�a�g�i�n�a�r�y� �p�a�r�t� �o�f� �t�h�e� �F�R�F�.� 

�T�h�e�y� �c�o�m�p�a�r�e� �[�3�7�]� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �H�;�,� �M�2�,� �H�,� �a�n�d� �H�®�*� �e�s�t�i�m�a�t�o�r�s� �o�n� �t�h�e� �b�a�s�i�s� �o�f� �a�c�c�u�r�a�c�y� �o�f� 

�t�h�e� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s� �e�s�t�i�m�a�t�e�d�,� �u�s�i�n�g� �a� �g�l�o�b�a�l� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �m�e�t�h�o�d� �[�1�0�]� 
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�w�h�i�c�h� �u�s�e�s� �F�o�r�s�y�t�h�e� �o�r�t�h�o�g�o�n�a�l� �p�o�l�y�n�o�m�i�a�l�s�.� �F�r�o�m� �t�h�e�i�r� �s�t�u�d�y� �[�3�7�]� �t�h�e�y� �c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� �H�,� �e�s�-� 

�t�i�m�a�t�o�r� �y�i�e�l�d�s� �b�i�a�s�e�d� �r�e�s�u�l�t�s� �f�o�r� �d�a�m�p�i�n�g� �a�n�d� �r�e�s�i�d�u�e�,� �i�d�e�n�t�i�f�i�e�d� �a�s� �b�e�i�n�g� �d�u�e� �t�o� �t�h�e� �s�h�a�k�e�r�-�s�t�r�u�c�t�u�r�e� 

�i�m�p�e�d�a�n�c�e� �m�i�s�m�a�t�c�h� �a�t� �r�e�s�o�n�a�n�c�e�s�.� �T�h�e�y� �a�l�s�o� �c�o�n�c�l�u�d�e� �[�3�7�]� �t�h�a�t� �t�h�e� �H�,� �a�n�d� �H�*� �a�r�e� �g�o�o�d� �e�s�t�i�m�a�-� 

�t�o�r�s�,� �i�f� �a� �t�r�u�l�y� �i�n�d�e�p�e�n�d�e�n�t� �s�o�u�r�c�e� �s�i�g�n�a�l� �i�s� �p�r�e�s�e�n�t� �f�o�r� �t�h�e� �l�a�t�t�e�r� �a�n�d� �t�h�e� �r�a�t�i�o� �s�?� �i�s� �k�n�o�w�n� �f�o�r� �t�h�e� 

�f�o�r�m�e�r�.� 

�A� �n�u�m�b�e�r� �o�f� �f�a�c�t�o�r�s� �c�o�n�t�r�i�b�u�t�e� �t�o� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �F�R�F� �d�a�t�a�.� �T�h�e� �F�R�F� �e�s�t�i�m�a�t�o�r�s� �d�e�v�e�l�o�p�e�d� 

�t�y�p�i�c�a�l�l�y� �c�o�n�s�i�d�e�r� �o�n�l�y� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�n� �a�r�r�i�v�i�n�g� �a�t� �a� �m�o�d�e�l�.� �E�r�r�o�r�s� �d�u�e� �t�o� �l�e�a�k�a�g�e�,� �f�r�e�q�u�e�n�c�y� 

�r�e�s�o�l�u�t�i�o�n�,� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �a�n�d� �e�x�c�i�t�a�t�i�o�n� �t�y�p�e� �a�r�e� �o�f�t�e�n� �v�e�r�y� �h�a�r�d� �t�o� �q�u�a�n�t�i�f�y� �i�n� �t�e�r�m�s� �o�f� �F�R�F� �d�a�t�a�.� 

�H�e�n�c�e�,� �t�h�e� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n� �h�a�s� �b�e�e�n� �u�s�e�d� �u�n�i�v�e�r�s�a�l�l�y� �t�o� �v�a�l�i�d�a�t�e� �F�R�F� �d�a�t�a�.� �T�h�e� �s�h�o�r�t�c�o�m�i�n�g�s� 

�o�f� �t�h�e� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n� �a�s� �a�n� �F�R�F� �d�a�t�a� �q�u�a�l�i�t�y� �i�n�d�i�c�a�t�o�r� �h�a�s� �b�e�e�n� �p�o�i�n�t�e�d� �o�u�t� �b�y� �S�m�i�l�e�y�,� �P�a�t�r�i�c�k� 

�a�n�d� �S�o�h�a�n�e�y� �[�4�0�]�.� �T�h�e�y� �p�r�o�p�o�s�e�d� �a� �n�e�w� �i�n�d�e�x�,� �a� �q�u�a�l�i�t�y� �f�u�n�c�t�i�o�n� �Q�,� 

� � 

�2� 

�l� �I� �g�=�| ��_�_�|� �|�  ��_�_�!�_�_�_� �(�2�.�9�)� 
�1�4� �d�H�)� 

�f� �a�f�"� 

�H�(�f�)� 

�i�n� �t�h�e� �r�a�n�g�e� �0� �t�o� �1�,� �w�h�i�c�h� �a�c�c�o�u�n�t�s� �f�o�r� �n�o�i�s�e� �a�n�d� �i�n�s�u�f�f�i�c�i�e�n�t� �f�r�e�q�u�e�n�c�y� �r�e�s�o�l�u�t�i�o�n� �i�n� �t�h�e� �F�R�F� �e�s�-� 

�t�i�m�a�t�i�o�n�.� �T�h�e� �a�u�t�h�o�r�s� �d�e�m�o�n�s�t�r�a�t�e� �[�4�0�]� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �q�u�a�l�i�t�y� �f�u�n�c�t�i�o�n�,� �i�n� �c�o�m�p�a�r�i�s�o�n� �t�o� 

�t�h�e� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n�,� �f�o�r� �a� �p�r�a�c�t�i�c�a�l� �m�e�a�s�u�r�e�m�e�n�t�.� �C�o�b�b� �[�4�1�]� �d�e�v�e�l�o�p�e�d� �m�e�t�h�o�d�s�,� �b�a�s�e�d� �o�n� �t�h�e� 

�t�h�r�e�e�-�c�h�a�n�n�e�l� �m�e�a�s�u�r�e�m�e�n�t�s� �u�s�e�d� �f�o�r� �H�*� �t�y�p�e� �e�s�t�i�m�a�t�o�r�,� �t�h�a�t� �c�o�u�l�d� �b�e� �u�s�e�d� �t�o� �q�u�a�n�t�i�t�a�t�i�v�e�l�y� �e�s�t�i�-� 

�m�a�t�e� �t�h�e� �u�n�c�o�r�r�e�l�a�t�e�d� �c�o�n�t�e�n�t� �i�n� �t�h�e� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �m�e�a�s�u�r�e�m�e�n�t�s�.� �T�h�e�s�e� �e�s�t�i�m�a�t�i�o�n� �m�e�t�h�o�d�s� 

�a�r�e� �s�h�o�w�n� �t�o� �b�e� �u�s�e�f�u�l� �i�n� �d�e�t�e�c�t�i�n�g� �l�e�a�k�a�g�e�,� �e�x�t�r�a�n�e�o�u�s� �n�o�i�s�e� �[�4�1�]� �a�n�d� �n�o�n�l�i�n�e�a�r� �b�e�h�a�v�i�o�r�,� �a�l�o�n�g� 

�w�i�t�h� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e�i�r� �s�o�u�r�c�e�s�.� 

�D�e�t�e�c�t�i�o�n� �a�n�d� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �i�n� �a� �s�y�s�t�e� �d�u�r�i�n�g� �t�h�e� �c�o�u�r�s�e� �o�f� �a� �m�o�d�a�l� �t�e�s�t� �h�a�s� �b�e�e�n� 

�a�d�d�r�e�s�s�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �b�y� �s�e�v�e�r�a�l� �a�u�t�h�o�r�s� �[�4�2�-�4�4�]�.� �K�i�r�s�h�e�n�b�o�i�m� �a�n�d� �E�w�i�n�s� �[�4�2�]� �h�a�v�e� �p�r�o�p�o�s�e�d� 

�a� �J� �f�a�c�t�o�r� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �e�x�t�e�n�t� �o�f� �s�y�s�t�e�m� �n�o�n�l�i�n�e�a�r�i�t�y�,� �o�n� �a� �0� �t�o� �1� �s�c�a�l�e�.� �H�e� �a�n�d� �E�w�i�n�s� �[�4�3�]� 

�u�s�e� �a� �m�e�t�h�o�d� �b�a�s�e�d� �o�n� �F�R�F� �a�c�q�u�i�r�e�d� �u�s�i�n�g� �s�i�n�e� �e�x�c�i�t�a�t�i�o�n� �a�n�d� �a� �s�i�n�g�l�e�-�d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �a�s�-� 
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�s�u�m�p�t�i�o�n�.� �B�y� �s�e�p�a�r�a�t�i�n�g� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t� �o�f� �t�h�e� �i�n�v�e�r�s�e� �F�R�F�,� �t�h�e�y� �i�d�e�n�t�i�f�y� �[�4�3�]� �t�h�e� �t�y�p�e� 

�o�f� �n�o�n�l�i�n�e�a�r� �e�l�e�m�e�n�t� �i�n�v�o�l�v�e�d� �(�s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g�)�.� �N�o�n�l�i�n�e�a�r� �s�y�s�t�e�m�s� �e�x�h�i�b�i�t� �a� �v�a�r�i�e�t�y� �o�f� 

�p�h�e�n�o�m�e�n�o�n� �w�h�i�c�h� �a�r�e� �u�n�i�q�u�e� �t�o� �t�h�e� �t�y�p�e� �o�f� �n�o�n�l�i�n�e�a�r�i�t�y� �p�r�e�s�e�n�t�.� �G�e�n�e�r�a�l�l�y� �s�p�e�a�k�i�n�g�,� �a�l�l� �a�s�p�e�c�t�s� 

�o�f� �m�o�d�a�l� �t�e�s�t�i�n�g� �c�a�n� �c�o�n�t�r�i�b�u�t�e� �t�o� �i�n�a�c�c�u�r�a�t�e� �d�e�t�e�c�t�i�o�n� �a�n�d� �i�d�e�n�t�i�f�i�c�a�t�i�o�n�,� �i�f� �t�h�e� �s�y�s�t�e�m� �h�a�p�p�e�n�s� �t�o� 

�b�e� �n�o�n�l�i�n�e�a�r�.� �Z�a�v�o�d�n�e�y� �[�4�4�]� �e�x�p�l�o�r�e�s� �s�o�m�e� �o�f� �t�h�e�s�e� �p�o�s�s�i�b�i�l�i�t�i�e�s�.� 

�A� �n�u�m�b�e�r� �o�f� �f�r�e�q�u�e�n�c�y�-�d�o�m�a�i�n� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �i�n� �u�s�e� �t�o�d�a�y�.� �O�v�e�r� �t�h�e� �l�a�s�t� 

�d�e�c�a�d�e� �s�e�v�e�r�a�l� �i�n�n�o�v�a�t�i�v�e� �a�p�p�r�o�a�c�h�e�s� �w�e�r�e� �s�u�g�g�e�s�t�e�d� �b�y� �r�e�s�e�a�r�c�h�e�r�s� �f�o�r� �i�d�e�n�t�i�f�y�i�n�g� �m�o�d�a�l� �p�a�r�a�m�e�-� 

�t�e�r�s� �d�i�r�e�c�t�l�y� �f�r�o�m� �e�s�t�i�m�a�t�e�d� �F�R�F�s�.� �I�b�r�a�h�i�m� �[�4�5�]� �r�e�v�i�e�w�s� �a�n�d� �a�s�s�e�s�s�e�s� �m�a�n�y� �o�f� �t�h�e�s�e� �m�e�t�h�o�d�s�.� �T�h�e� 

�M�D�O�F� �a�p�p�r�o�a�c�h�e�s� �w�e�r�e� �a� �l�o�g�i�c�a�l� �a�n�d� �n�a�t�u�r�a�l� �e�x�t�e�n�s�i�o�n� �o�f� �S�D�O�F� �m�e�t�h�o�d�s�,� �w�h�i�c�h� �w�e�r�e� �i�n�a�d�e�q�u�a�t�e� 

�f�o�r� �i�d�e�n�t�i�f�y�i�n�g� �p�a�r�a�m�e�t�e�r�s� �o�f� �s�y�s�t�e�m�s� �w�i�t�h� �s�u�b�s�t�a�n�t�i�a�l�l�y� �c�o�u�p�l�e�d� �m�o�d�e�s�.� �O�n�e� �o�f� �t�h�e� �f�i�r�s�t� �d�e�m�o�n�-� 

�s�t�r�a�t�i�o�n�s� �o�f� �a� �M�D�O�F� �c�a�p�a�b�i�l�i�t�y� �w�a�s� �m�a�d�e� �b�y� �R�i�c�h�a�r�d�s�o�n� �a�n�d� �P�o�t�t�e�r� �[�4�6�]�,� �i�n� �w�h�i�c�h� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�f�o�r�m� �o�f� �t�h�e� �F�R�F� �(�p�a�r�t�i�a�l� �f�r�a�c�t�i�o�n� �f�o�r�m�)� �w�a�s� �u�s�e�d�,� 

� � 
�N� �A�n�e� �A�n�e� 

�H�y�{�o�)� �=� �a� �+� �(�2�.�1�0�)� 
�/� �2� �(�i�m�  �� �5�,�)� �(�i�o�  �� �5� �,�)� 

�T�h�e� �a�u�t�h�o�r�s� �[�4�6�]� �u�s�e�d� �a� �l�e�a�s�t�-�s�q�u�a�r�e�s� �m�i�n�i�m�i�z�a�t�i�o�n� �s�c�h�e�m�e� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s�.� 

�B�r�o�w�n�,� �A�l�l�e�m�a�n�g�,� �Z�i�m�m�e�r�m�a�n� �a�n�d� �M�e�r�g�e�a�y� �[�4�7�]� �o�u�t�l�i�n�e� �a�n�d� �d�i�s�c�u�s�s� �s�e�v�e�r�a�l� �t�e�c�h�n�i�q�u�e�s�,� �b�o�t�h� 

�S�D�O�F� �a�n�d� �M�D�O�F�,� �f�o�r� �i�d�e�n�t�i�f�y�i�n�g� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s� �f�r�o�m� �m�e�a�s�u�r�e�d� �d�a�t�a�.� �T�h�e� �t�h�e�o�r�y� �b�e�h�i�n�d� 

�S�D�O�F� �m�e�t�h�o�d�s� �l�i�k�e� �p�e�a�k�-�p�i�c�k�i�n�g�,� �c�i�r�c�l�e�-�f�i�t�,� �e�t�c�.� �a�r�e� �d�i�s�c�u�s�s�e�d� �[�4�7�]�.� �T�h�e� �M�D�O�F� �m�e�t�h�o�d�s� �d�i�s�c�u�s�s�e�d� 

�[�4�7�]� �a�r�e� �b�a�s�e�d� �o�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�,� 

�r� �r�®� 
�A�j�,� �A�i�r� 

�(�i�w�  �� �;�)� 
� � 

�N� 
�H�y�f�o�)� �=� �L�i�z� �+� �»� 

�r�=�]� 

�+� �L�i�k� �(�2�.�1� �1�)� 

�(�i�o�  �� �s�,�)� 

�w�h�i�c�h� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �r�e�s�i�d�u�a�l� �e�f�f�e�c�t�s� �d�u�e� �t�o� �o�u�t�-�o�f�-�b�a�n�d� �m�o�d�e�s�.� �T�h�e�y� �p�r�e�s�e�n�t� �[�4�7�]� �a� �l�i�n�e�a�r� �l�e�a�s�t�-� 

�s�q�u�a�r�e�s� �a�l�g�o�r�i�t�h�m� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �r�e�s�i�d�u�e�s�,� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �d�a�m�p�i�n�g� �r�a�t�i�o�s� �h�a�v�i�n�g� �b�e�e�n� 
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�d�e�t�e�r�m�i�n�e�d� �e�a�r�l�i�e�r� �b�y� �s�o�m�e� �o�t�h�e�r� �m�e�t�h�o�d�.� �T�h�e� �a�u�t�h�o�r�s� �a�l�s�o� �d�i�s�c�u�s�s� �[�4�7�]� �a� �l�i�n�e�a�r�i�z�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� 

�a�l�g�o�r�i�t�h�m� �f�o�r� �a�l�l� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s�.� 

�M�e�t�h�o�d�s� �d�e�v�e�l�o�p�e�d� �o�v�e�r� �t�h�e� �l�a�s�t� �d�e�c�a�d�e� �p�e�r�f�o�r�m� �a� �n�o�n�l�i�n�e�a�r� �l�e�a�s�t�-�s�q�u�a�r�e�s� �e�s�t�i�m�a�t�i�o�n� �w�i�t�h� �a�p�p�r�o�-� 

�p�r�i�a�t�e� �w�e�i�g�h�t�i�n�g�.� �S�i�n�c�e� �n�o�n�l�i�n�e�a�r� �l�e�a�s�t�-�s�q�u�a�r�e�s� �e�s�t�i�m�a�t�i�o�n� �i�s� �a�t�t�e�m�p�t�e�d�,� �n�u�m�e�r�i�c�a�l� �s�t�a�b�i�l�i�t�y� �a�n�d� 

�s�e�n�s�i�t�i�v�i�t�y�,� �t�y�p�i�c�a�l�l�y�,� �h�a�s� �b�e�e�n� �a� �p�r�o�b�l�e�m� �w�i�t�h� �t�h�e�s�e� �m�o�d�e�r�n� �t�e�c�h�n�i�q�u�e�s� �[�4�8�]�.� �T�h�e� �m�e�t�h�o�d� �p�r�o�p�o�s�e�d� 

�b�y� �R�i�c�h�a�r�d�s�o�n� �a�n�d� �F�o�r�m�e�n�t�i� �[�4�8�]�,� �w�h�i�c�h� �d�r�a�w�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �f�r�o�m� �t�h�e� �c�o�m�p�l�e�x� �e�x�p�o�n�e�n�t�i�a�l� �a�l�g�o�-� 

�r�i�t�h�m� �i�n� �t�h�e� �t�i�m�e�-�d�o�m�a�i�n�,� �s�e�e�k�s� �t�o� �o�v�e�r�c�o�m�e� �s�e�v�e�r�a�l� �o�f� �t�h�e�s�e� �p�r�o�b�l�e�m�s�.� �T�h�e�y� �u�s�e� �[�4�8�]� �t�h�e� �r�a�t�i�o�n�a�l� 

�f�r�a�c�t�i�o�n� �f�o�r�m� �o�f� �t�h�e� �F�R�F�,� 

�H�(�w�)� �=� �4�=�°�-�  �� �(�2�.�1�2�)� 

�a�n�d� �m�a�k�e� �u�s�e� �o�f� �o�r�t�h�o�g�o�n�a�l� �p�o�l�y�n�o�m�i�a�l�s� �t�o� �c�u�r�v�e�-�f�i�t� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� �T�h�e� �a�u�t�h�o�r�s� �d�e�m�o�n�-� 

�s�t�r�a�t�e� �[�4�8�]� �t�h�a�t� �t�h�e� �u�s�e� �o�f� �o�r�t�h�o�g�o�n�a�l� �p�o�l�y�n�o�m�i�a�l�s�,� �i�n�s�t�e�a�d� �o�f� �o�r�d�i�n�a�r�y� �p�o�l�y�n�o�m�i�a�l�s�,� �a�l�l�e�v�i�a�t�e�s� �t�h�e� 

�i�l�l�-�c�o�n�d�i�t�i�o�n�i�n�g� �p�r�o�b�l�e�m� �i�n� �a�d�d�i�t�i�o�n� �t�o� �r�e�d�u�c�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �e�q�u�a�t�i�o�n�s� �t�o� �b�e� �s�o�l�v�e�d�.� �I�n� �a� �s�u�b�-� 

�s�e�q�u�e�n�t� �p�a�p�e�r� �[�4�9�]�,� �t�h�e� �a�u�t�h�o�r�s� �s�h�o�w� �t�h�a�t� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �d�a�m�p�i�n�g� �r�a�t�i�o�s� �f�i�r�s�t� 

�a�n�d� �u�s�i�n�g� �t�h�e�s�e� �e�s�t�i�m�a�t�e�s� �i�n� �a� �s�e�c�o�n�d� �c�u�r�v�e�-�f�i�t�t�i�n�g� �p�r�o�c�e�s�s� �y�i�e�l�d�s� �b�e�t�t�e�r� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s�.� 

�T�h�e� �m�e�t�h�o�d�,� �c�a�l�l�e�d� �t�h�e� �g�l�o�b�a�l� �m�e�t�h�o�d�,� �i�s� �s�h�o�w�n� �[�4�9�]� �t�o� �y�i�e�l�d� �m�u�c�h� �b�e�t�t�e�r� �r�e�s�u�l�t�s� �f�o�r� �s�i�t�u�a�t�i�o�n�s� �i�n� 

�w�h�i�c�h� �s�u�b�s�t�a�n�t�i�a�l� �m�o�d�a�l� �c�o�u�p�l�i�n�g� �a�n�d� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �a�r�e� �p�r�e�s�e�n�t�.� �H�o�w�e�v�e�r�,� �t�h�e�y� �p�o�i�n�t� �o�u�t� 

�[�4�9�]� �t�h�a�t� �t�h�e� �g�l�o�b�a�l� �m�e�t�h�o�d� �w�o�u�l�d� �y�i�e�l�d� �e�r�r�o�n�e�o�u�s� �r�e�s�u�l�t�s� �i�f� �t�h�e� �g�l�o�b�a�l� �p�r�o�p�e�r�t�i�e�s� �(�n�a�t�u�r�a�l� �f�r�e�q�u�e�n�-� 

�c�i�e�s� �a�n�d� �d�a�m�p�i�n�g� �r�a�t�i�o�s�)� �v�a�r�y� �s�u�b�s�t�a�n�t�i�a�l�l�y� �f�r�o�m� �o�n�e� �l�o�c�a�t�i�o�n� �(�m�e�a�s�u�r�e�m�e�n�t�)� �t�o� �a�n�o�t�h�e�r�.� �C�u�r�v�e�-� 

�f�i�t�t�i�n�g� �m�e�t�h�o�d�s� �a�r�e� �t�y�p�i�c�a�l�l�y� �j�u�d�g�e�d� �o�n� �t�h�e� �b�a�s�i�s� �o�f� �t�h�e�i�r� �c�a�p�a�b�i�l�i�t�y� �o�f� �h�a�n�d�l�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�s�i�t�u�a�t�i�o�n�s�,� 

�¢� �S�y�s�t�e�m�s� �w�i�t�h� �l�o�w�/�h�i�g�h� �d�a�m�p�i�n�g� 

�¢� �S�y�s�t�e�m�s� �w�i�t�h� �c�l�o�s�e�l�y� �c�o�u�p�l�e�d� �m�o�d�e�s� 
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�e� �S�y�s�t�e�m�s� �w�i�t�h� �h�i�g�h� �m�o�d�a�l� �d�e�n�s�i�t�i�e�s� 

�e� �M�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�/�i�n�a�d�e�q�u�a�t�e� �f�r�e�q�u�e�n�c�y� �r�e�s�o�l�u�t�i�o�n� �i�n� �t�h�e� �e�s�t�i�m�a�t�e�d� �F�R�F�s�.� 

�T�u�r�u�n�e�n� �[�5�0�]� �u�s�e�s� �m�a�t�h�e�m�a�t�i�c�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �t�h�e�o�r�y� �t�o� �d�e�v�e�l�o�p� �s�t�a�t�i�s�t�i�c�a�l� �l�i�m�i�t�s� �t�o� �t�h�e� �a�c�-� 

�c�u�r�a�c�y� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s�.� �S�p�e�c�i�f�i�c�a�l�l�y�,� �t�h�e� �i�m�p�a�c�t� �o�f� �s�i�g�n�a�l�/�n�o�i�s�e� �r�a�t�i�o�s�,� �m�o�d�e�l� 

�o�r�d�e�r� �u�s�e�d� �a�n�d� �t�h�e� �a�l�g�o�r�i�t�h�m� �(�l�i�n�e�a�r�,� �n�o�n�l�i�n�e�a�r�,� �e�t�c�.�)� �a�r�e� �s�t�u�d�i�e�d� �[�5�0�]�.� �T�w�o� �s�y�n�t�h�e�s�i�z�e�d� �m�o�d�e�l�s�,� �o�n�e� 

�w�i�t�h� �f�o�u�r� �w�e�l�l�-�s�e�p�a�r�a�t�e�d� �p�o�l�e�s� �a�n�d� �t�h�e� �o�t�h�e�r� �w�i�t�h� �f�o�u�r� �c�l�o�s�e�l�y� �c�o�u�p�l�e�d� �m�o�d�e�s�,� �w�i�t�h� �s�y�n�t�h�e�s�i�z�e�d� 

�w�h�i�t�e� �n�o�i�s�e� �t�o� �s�i�m�u�l�a�t�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �a�r�e� �u�s�e�d� �i�n� �t�h�e� �i�n�v�e�s�t�i�g�a�t�i�o�n� �[�5�0�]�.� �T�h�e� �a�u�t�h�o�r� �s�h�o�w�s� 

�[�5�0�]� �t�h�a�t� �l�i�n�e�a�r� �a�l�g�o�r�i�t�h�m�s� �p�r�o�d�u�c�e� �e�s�t�i�m�a�t�e�s� �w�h�i�c�h� �a�r�e� �o�f�t�e�n� �h�i�g�h�l�y� �b�i�a�s�e�d� �a�n�d� �h�a�v�e� �a� �v�a�r�i�a�n�c�e� 

�w�h�i�c�h� �e�x�c�e�e�d�s� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �m�i�n�i�m�u�m�.� �A�l�s�o�,� �n�e�a�r� �s�i�g�n�a�l�-�t�o�-�n�o�i�s�e� �r�a�t�i�o� �t�h�r�e�s�h�o�l�d�,� �l�i�n�e�a�r� �a�l�g�o�-� 

�r�i�t�h�m�s� �p�r�o�d�u�c�e� �e�s�t�i�m�a�t�e�s� �w�i�t�h� �l�a�r�g�e�r� �b�i�a�s� �t�h�a�n� �v�a�r�i�a�n�c�e� �[�5�0�]�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �h�e� �s�t�a�t�e�s� �t�h�a�t� �t�h�e� �r�e�-� 

�s�u�l�t�s� �a�r�e� �r�e�p�e�a�t�a�b�l�e� �b�u�t� �n�o�t� �a�c�c�u�r�a�t�e�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�t� �i�s� �a�l�s�o� �s�h�o�w�n� �[�5�0�]� �t�h�a�t� �f�o�r� �s�y�s�t�e�m�s� �w�i�t�h� 

�c�l�o�s�e�l�y� �s�p�a�c�e�d� �m�o�d�e�s� �w�i�t�h� �l�o�w� �s�i�g�n�a�l�-�t�o�-�n�o�i�s�e� �r�a�t�i�o�s�,� �v�e�r�y� �l�a�r�g�e� �m�o�d�e�l� �o�r�d�e�r�s� �a�r�e� �r�e�q�u�i�r�e�d� �f�o�r� �o�b�-� 

�t�a�i�n�i�n�g� �r�e�a�s�o�n�a�b�l�e� �r�e�s�u�l�t�s�.� �T�h�i�s� �c�a�n� �b�e� �p�a�r�t�i�c�u�l�a�r�l�y� �t�r�o�u�b�l�e�s�o�m�e�,� �s�i�n�c�e� �t�h�i�s� �m�a�y� �g�i�v�e� �n�s�e� �t�o� �c�o�m�-� 

�p�u�t�a�t�i�o�n�a�l� �m�o�d�e�s� �t�o�o� �c�l�o�s�e� �t�o� �t�h�e� �c�l�o�s�e�l�y� �c�o�u�p�l�e�d� �m�o�d�e�s� �i�n� �q�u�e�s�t�i�o�n�.� �N�o�n�l�i�n�e�a�r� �a�l�g�o�r�i�t�h�m�s�,� 

�h�o�w�e�v�e�r�,� �a�r�e� �s�h�o�w�n� �b�y� �T�u�r�u�n�e�n� �[�5�0�]� �t�o� �y�i�e�l�d� �o�p�t�i�m�a�l� �r�e�s�u�l�t�s�.� �L�e�e� �a�n�d� �R�i�c�h�a�r�d�s�o�n� �[�5�1�]� �r�e�c�e�n�t�l�y� 

�s�t�u�d�i�e�d� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �f�r�e�q�u�e�n�c�y�-�d�o�m�a�i�n� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�.� �I�n� �t�h�e�i�r� �s�t�u�d�y� 

�[�5�1�]�,� �t�h�e� �a�u�t�h�o�r�s� �u�s�e� �s�y�n�t�h�e�s�i�z�e�d� �F�R�F� �d�a�t�a� �w�i�t�h� �t�h�r�e�e� �m�o�d�e�s� �a�n�d� �a� �f�r�e�q�u�e�n�c�y� �r�e�s�o�l�u�t�i�o�n� �o�f� �0�.�0�6�2�5� 

�H�z�.� �T�h�e�y� �g�e�n�e�r�a�t�e� �v�a�r�i�o�u�s� �c�o�m�b�i�n�a�t�i�o�n�s� �[�5�1�]� �o�f� �F�R�F� �d�a�t�a� �-� �f�r�o�m� �l�i�g�h�t� �m�o�d�a�l� �c�o�u�p�l�i�n�g� �t�o� �h�i�g�h� 

�m�o�d�a�l� �c�o�u�p�l�i�n�g�,� �b�y� �v�a�r�y�i�n�g� �t�h�e� �f�r�e�q�u�e�n�c�y� �s�p�a�c�i�n�g� �b�e�t�w�e�e�n� �m�o�d�e�s� �a�n�d� �m�o�d�a�l� �d�a�m�p�i�n�g� �v�a�l�u�e�s�.� �T�o� 

�s�t�u�d�y� �t�h�e� �i�m�p�a�c�t� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �t�h�e� �a�u�t�h�o�r�s� �[�5�1�]� �u�s�e� �2�.�5�%� �r�a�n�d�o�m� �n�o�i�s�e� �i�n� �t�h�e� �F�R�F�s�,� �f�o�r� 

�c�a�s�e�s� �i�n� �w�h�i�c�h� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�s� �a� �p�a�r�a�m�e�t�e�r�.� �T�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �a�n� �S�D�O�F� �a�n�d� �M�D�O�F� 

�(�u�s�i�n�g� �r�a�t�i�o�n�a�l� �f�r�a�c�t�i�o�n� �p�o�l�y�n�o�m�i�a�l�s� �[�4�8�]�)� �c�u�r�v�e�-�f�i�t�t�i�n�g� �r�o�u�t�i�n�e� �i�s� �e�v�a�l�u�a�t�e�d� �[�5�1�]� �i�n� �t�h�e� �s�t�u�d�y�.� �T�h�e� 

�a�u�t�h�o�r�s� �[�5�1�]� �r�e�p�o�r�t� �l�e�v�e�l�s� �o�f� �e�r�r�o�r�s� �t�h�a�t� �m�a�y� �b�e� �i�n�c�u�r�r�e�d� �i�n� �e�s�t�i�m�a�t�i�n�g� �a�l�l� �t�h�e� �f�o�u�r� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s�,� 

�f�o�r� �t�h�e� �v�a�r�i�o�u�s� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �m�o�d�a�l� �c�o�u�p�l�i�n�g�,� �n�o�i�s�e� �a�n�d� �d�a�m�p�i�n�g�.� 

�T�h�e� �l�i�t�e�r�a�t�u�r�e� �s�u�r�v�e�y�e�d� �a�b�o�v�e� �c�l�e�a�r�l�y� �s�h�o�w�s� �t�h�e� �n�o�n�-�u�n�i�q�u�e� �n�a�t�u�r�e� �o�f� �e�a�c�h� �s�t�a�g�e� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� 

�m�o�d�a�l� �a�n�a�l�y�s�i�s� �p�r�o�c�e�s�s�,� �i�n� �t�h�a�t� �t�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �o�p�t�i�o�n�s� �a�v�a�i�l�a�b�l�e� �t�o� �e�x�e�c�u�t�e� �e�a�c�h� �s�t�a�g�e�.� �F�u�r�t�h�e�r�,� 

�L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �2�8



�i�t� �i�s� �n�o�t�e�d� �t�h�a�t� �e�a�c�h� �s�t�a�g�e� �i�s� �a� �p�o�t�e�n�t�i�a�l� �s�o�u�r�c�e� �o�f� �e�r�r�o�r�s� �w�h�i�c�h� �f�i�n�a�l�l�y� �r�e�s�u�l�t� �i�n� �a�n� �i�n�a�c�c�u�r�a�t�e� �m�o�d�a�l� 

�m�o�d�e�l�.� �H�e�n�c�e�,� �t�h�e�r�e� �i�s� �a� �n�e�e�d� �f�o�r� �q�u�a�n�t�i�t�a�t�i�v�e� �a�p�p�r�a�i�s�a�l� �o�f� �t�h�e� �q�u�a�l�i�t�y� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�a�l� 

�m�o�d�e�l�s�,� �a�s� �p�o�i�n�t�e�d� �o�u�t� �r�e�c�e�n�t�l�y� �b�y� �s�e�v�e�r�a�l� �a�u�t�h�o�r�s� �[�6�,�5�2�]�.� �I�t� �i�s� �t�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �t�h�e�s�i�s� �t�o� �a�t�t�e�m�p�t� 

�a�t� �q�u�a�n�t�i�f�y�i�n�g� �t�h�e� �e�r�r�o�r�s� �e�n�c�o�u�n�t�e�r�e�d� �i�n� �d�e�r�i�v�i�n�g� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�a�l� �m�o�d�e�l�.� 

�L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �2�9



�C�h�a�p�t�e�r� �3� 

�A�n�a�l�y�t�i�c�a�l� �T�e�c�h�n�i�q�u�e�s� 

�T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�i�s� �w�o�r�k� �i�s� �t�o� �q�u�a�n�t�i�f�y� �e�r�r�o�r�s� �i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�a�l� �a�n�a�l�y�s�i�s� �p�r�o�c�e�s�s�.� �T�h�e� 

�c�h�o�i�c�e� �o�f� �a� �t�e�s�t� �s�t�r�u�c�t�u�r�e� �i�s� �d�i�c�t�a�t�e�d� �b�y� �t�w�o� �r�e�q�u�i�r�e�m�e�n�t�s�.� �F�i�r�s�t�l�y�,� �t�h�e� �s�t�r�u�c�t�u�r�e� �s�h�o�u�l�d� �b�e� �f�a�i�r�l�y� 

�r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �a� �g�e�n�e�r�a�l� �a�r�b�i�t�r�a�r�y� �s�t�r�u�c�t�u�r�e�,� �i�n� �s�o� �f�a�r� �a�s� �t�h�e� �E�M�A� �p�r�o�c�e�s�s� �i�s� �c�o�n�c�e�r�n�e�d�.� �S�e�c�o�n�d�l�y�,� 

�t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �r�e�q�u�i�r�e�d� �t�o� �b�e� �a�s� �s�i�m�p�l�e� �a�s� �p�o�s�s�i�b�l�e� �f�r�o�m� �t�h�e� �s�t�a�n�d�p�o�i�n�t� �o�f� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�i�n�g�.� 

�T�h�i�s� �e�n�a�b�l�e�s� �o�n�e� �t�o� �b�u�i�l�d� �a�c�c�u�r�a�t�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�s�,� �w�h�i�c�h� �a�r�e� �t�o� �b�e� �u�s�e�d� �a�s� �t�h�e� �r�e�f�e�r�e�n�c�e�.� �A� 

�u�n�i�f�o�r�m� �b�e�a�m� �s�a�t�i�s�f�i�e�s� �t�h�e�s�e� �r�e�q�u�i�r�e�m�e�n�t�s� �a�d�e�q�u�a�t�e�l�y�.� �A�l�s�o�,� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �a� �u�n�i�f�o�r�m� �b�e�a�m�,� �w�i�t�h� 

�a�s�s�o�c�i�a�t�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �a�r�e� �b�e�t�t�e�r� �u�n�d�e�r�s�t�o�o�d� �t�h�a�n� �t�h�o�s�e� �o�f� �m�a�n�y� �o�t�h�e�r� �s�t�r�u�c�t�u�r�a�l� �e�l�e�-� 

�m�e�n�t�s�.� 

�I�n� �t�h�e� �e�n�s�u�i�n�g� �S�e�c�t�i�o�n�s� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �o�f� �s�t�r�a�i�g�h�t� �b�e�a�m�s�,� �e�m�p�l�o�y�i�n�g� �t�h�e� �t�w�o� �m�o�s�t� �p�o�p�u�l�a�r� 

�t�h�e�o�r�i�e�s�,� �v�i�z�.�,� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �a�n�d� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �t�h�e�o�r�y�,� �a�r�e� �p�r�e�s�e�n�t�e�d� �e�m�p�l�o�y�i�n�g� �a� 

�c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�i�c�s� �a�p�p�r�o�a�c�h�.� �S�u�b�s�e�q�u�e�n�t�l�y� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �s�i�m�p�l�i�f�i�e�d� �f�o�r� �s�p�e�c�i�f�i�c� �c�a�s�e�s�.� 

�T�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �a�n�d� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�i�e�s� �a�r�e� �c�o�m�p�a�r�e�d� �o�n� �t�h�e� �b�a�s�i�s� �o�f� �t�h�e� �i�n�f�l�u�e�n�c�e� 

�o�f� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� �o�n� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �a� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �b�e�a�m�.� 

�T�h�e� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �p�r�o�b�l�e�m� �b�a�s�e�d� �o�n� �t�h�e� �e�q�u�a�t�i�o�n�s� �f�r�o�m� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �t�h�e�o�r�y� �i�s� �s�t�a�t�e�d�.� �T�h�e� �a�n�-� 

�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �f�o�r� �a� �b�e�a�m� �w�i�t�h� �f�r�e�e�-�f�r�e�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �s�a�m�p�l�e� �r�e�s�u�l�t�s� �f�o�r� �n�a�t�u�r�a�l� �f�r�e�-� 

�A�n�a�l�y�t�i�c�a�l� �T�e�c�h�n�i�q�u�e�s� �3�0



�q�u�e�n�c�i�e�s� �a�n�d� �m�o�d�e� �s�h�a�p�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d�.� �A� �b�r�i�e�f� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�i�n�g� �o�f� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �t�e�s�t� �s�t�r�u�c�t�u�r�e� �i�s� �i�n�c�l�u�d�e�d�.� �F�i�n�a�l�l�y�,� �a� �s�e�p�a�r�a�t�e� �S�e�c�t�i�o�n� �i�s� �d�e�v�o�t�e�d� �t�o� �c�o�r�r�e�l�a�t�i�o�n� �t�e�c�h�-� 

�n�i�q�u�e�s� �e�m�p�l�o�y�e�d� �t�o� �c�o�r�r�e�l�a�t�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�s�.� 

�3�.�1� �B�e�n�d�i�n�g� �o�f� �S�t�r�a�i�g�h�t� �B�e�a�m�s� 

�B�e�a�m�s� �a�r�e� �m�e�m�b�e�r�s� �w�h�i�c�h� �u�n�d�e�r�g�o� �b�e�n�d�i�n�g� �d�e�f�o�r�m�a�t�i�o�n� �d�u�e� �t�o� �t�r�a�n�s�v�e�r�s�e� �f�o�r�c�e�s�.� �A�l�s�o�,� �t�h�e�y� �a�r�e� 

�s�u�b�j�e�c�t�e�d� �t�o� �s�t�r�e�t�c�h�i�n�g� �a�s� �i�n� �t�h�e� �c�a�s�e� �o�f� �b�a�r�s�.� �G�e�n�e�r�a�l�l�y�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �a�s�s�u�m�p�t�i�o�n�s� �a�r�e� �u�s�e�d� �t�o� �a�r�-� 

�r�i�v�e� �a�t� �a� �m�o�d�e�l� �o�f� �b�e�h�a�v�i�o�u�r�:� 

�1�.� �T�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n� �o�f� �t�h�e� �b�e�a�m� �h�a�s� �a� �l�o�n�g�i�t�u�d�i�n�a�l� �p�l�a�n�e� �o�f� �s�y�m�m�e�t�r�y�.� 

�2�.� �T�h�e� �t�r�a�n�s�v�e�r�s�e�l�y� �a�p�p�l�i�e�d� �l�o�a�d�s� �l�i�e� �i�n� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �p�l�a�n�e� �o�f� �s�y�m�m�e�t�r�y�.� 

�3�.� �S�e�c�t�i�o�n�s�,� �i�n�i�t�i�a�l�l�y� �p�l�a�n�e� �a�n�d� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �a�x�i�s�,� �r�e�m�a�i�n� �p�l�a�n�e� �a�f�t�e�r� �b�e�n�d�i�n�g�.� 

�4�.� �P�l�a�n�e�s� �o�f� �t�r�a�n�s�v�e�r�s�e� �c�r�o�s�s�-�s�e�c�t�i�o�n� �d�o� �n�o�t� �d�e�f�o�r�m�,� �b�u�t� �m�a�y� �r�o�t�a�t�e� �a�s� �p�l�a�n�e�s�.� 

�A�s�s�u�m�p�t�i�o�n�s� �|� �a�n�d� �2� �a�r�e� �u�s�e�d� �t�o� �e�x�c�l�u�d�e� �a�n�y� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �t�w�i�s�t�i�n�g� �o�f� �t�h�e� �m�e�m�b�e�r�.� �H�o�w�e�v�e�r�,� �f�o�r� 

�s�m�a�l�l� �d�e�f�o�r�m�a�t�i�o�n�s�,� �t�h�e� �t�w�i�s�t�i�n�g� �a�n�d� �b�e�n�d�i�n�g� �d�e�f�o�r�m�a�t�i�o�n�s� �c�a�n� �b�e� �s�u�p�e�r�p�o�s�e�d�.� �T�h�i�s� �i�s� �b�e�c�a�u�s�e� �o�f� 

�t�h�e� �l�i�n�e�a�r�i�t�y� �t�h�a�t� �c�o�u�l�d� �b�e� �a�s�s�u�m�e�d� �f�o�r� �s�m�a�l�l� �d�e�f�o�r�m�a�t�i�o�n�s�.� �I�m�p�l�i�c�a�t�i�o�n�s� �o�f� �a�s�s�u�m�p�t�i�o�n�s� �3� �a�n�d� �4� 

�a�r�e� �t�h�a�t� �t�h�e� �n�o�r�m�a�l� �s�t�r�a�i�n�s� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n�s� �a�r�e� �z�e�r�o�.� �T�h�e� �e�q�u�a�t�i�o�n�s� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �S�e�c�t�i�o�n�s� �a�r�e� �v�a�l�i�d� �o�n�l�y� �w�h�e�n� �t�h�e� �a�b�o�v�e�-�s�t�a�t�e�d� �a�s�s�u�m�p�t�i�o�n�s� �a�r�e� �m�e�t�.� �H�o�w�e�v�e�r�,� �b�e�a�m�s� 

�w�i�t�h� �u�n�s�y�m�m�e�t�r�i�c� �c�r�o�s�s�-�s�e�c�t�i�o�n�s� �a�n�d� �b�e�a�m�s� �s�u�b�j�e�c�t�e�d� �t�o� �c�o�m�b�i�n�e�d� �b�e�n�d�i�n�g� �a�n�d� �t�o�r�s�i�o�n� �a�r�e� �n�o�t� 

�u�n�c�o�m�m�o�n�.� �T�h�e�o�r�i�e�s� �w�h�i�c�h� �t�a�k�e� �i�n�t�o� �a�c�c�o�u�n�t� �s�u�c�h� �f�a�c�t�o�r�s� �c�o�u�l�d� �b�e� �f�o�u�n�d� �e�l�s�e�w�h�e�r�e� �i�n� �m�o�s�t� �t�e�x�t�s� 

�o�n� �a�d�v�a�n�c�e�d� �m�e�c�h�a�n�i�c�s� �o�f� �m�a�t�e�r�i�a�l�s�.� 

�A�n�a�l�y�t�i�c�a�l� �T�e�c�h�n�i�q�u�e�s� �3�1



�3�.�1�.�1� �T�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �B�e�a�m� �T�h�e�o�r�y� 

�T�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m� �t�h�e�o�r�y�,� �t�h�e� �s�o�-�c�a�l�l�e�d� �c�l�a�s�s�i�c�a�l� �b�e�a�m� �t�h�e�o�r�y�,� �i�s� �t�h�e� �s�i�m�p�l�e�s�t� �a�n�d� �m�o�s�t�l�y� 

�u�s�e�d� �t�h�e�o�r�y� �o�f� �b�e�a�m� �b�e�h�a�v�i�o�u�r�.� �I�t� �r�e�s�u�l�t�s� �i�n� �a� �s�i�n�g�l�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �t�h�a�t� �r�e�l�a�t�e�s� �t�r�a�n�s�v�e�r�s�e� 

�d�e�f�o�r�m�a�t�i�o�n�s� �t�o� �a�p�p�l�i�e�d� �l�o�a�d�s�.� �A� �b�a�s�i�c� �a�s�s�u�m�p�t�i�o�n� �o�f� �t�h�e� �t�h�e�o�r�y� �i�s� �t�h�a�t� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �p�l�a�n�e�s� �n�o�t� 

�o�n�l�y� �r�e�m�a�i�n� �p�l�a�n�e� �a�f�t�e�r� �b�e�n�d�i�n�g� �b�u�t� �r�e�m�a�i�n� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �a�x�i�s� �o�f� �t�h�e� �b�e�a�m�.� 

�T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �a�l�l� �t�h�e� �s�h�e�a�r� �s�t�r�a�i�n�s� �a�r�e� �z�e�r�o�.� �T�h�e� �p�o�p�u�l�a�r�i�t�y� �o�f� �t�h�e� �t�h�e�o�r�y� �s�t�e�m�s� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� 

�f�o�r� �s�i�m�p�l�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �e�x�a�c�t� �s�o�l�u�t�i�o�n�s� �a�r�e� �r�e�a�d�i�l�y� �a�v�a�i�l�a�b�l�e�.� �I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�a�r�a�g�r�a�p�h�s�,� 

�t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m� �t�h�e�o�r�y� �w�i�l�l� �b�e� �b�e� �u�s�e�d� �t�o� �a�r�r�i�v�e� �a�t� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �o�f� 

�a� �b�e�a�m�®�.� �A�t� �t�h�i�s� �t�i�m�e� �n�o� �a�s�s�u�m�p�t�i�o�n� �i�s� �m�a�d�e� �a�s� �t�o� �t�h�e� �a�m�o�u�n�t� �o�f� �d�e�f�o�r�m�a�t�i�o�n�,� �s�m�a�l�l� �o�r� �l�a�r�g�e�,� �t�h�a�t� 

�t�h�e� �b�e�a�m� �i�s� �s�u�b�j�e�c�t�e�d� �t�o�.� �A�l�s�o�,� �a�x�i�a�l� �l�o�a�d�s� �a�r�e� �a�l�l�o�w�e�d� �t�o� �a�c�t� �o�n� �t�h�e� �b�e�a�m�.� �R�e�f�e�r�r�i�n�g� �t�o� �F�i�g�.� �3�.�l�a� 

�w�e� �c�a�n� �w�r�i�t�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �k�i�n�e�m�a�t�i�c�a�l� �r�e�l�a�t�i�o�n�s� �f�o�r� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �c�o�m�p�o�n�e�n�t�s� �w�%� �,� �u�w� �a�n�d� �w� 

�a�l�o�n�g� �t�h�e� �x� �,� �y� �a�n�d� �z� �c�o�o�r�d�i�n�a�t�e� �d�i�r�e�c�t�i�o�n�s�.� 
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�T�h�e� �f�i�r�s�t� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s� �u�s�e�s� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �s�t�r�a�i�g�h�t� �l�i�n�e�s� �n�o�r�m�a�l� �t�o� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� 

�a�x�i�s�,� �X�,� �r�e�m�a�i�n� �n�o�r�m�a�l�.� �T�h�e� �s�e�c�o�n�d� �e�q�u�a�t�i�o�n� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e�s�e� �l�i�n�e�s� �a�r�e� �i�n�e�x�t�e�n�s�i�b�l�e� �(�P�o�i�s�s�o�n� �e�f�-� 

�f�e�c�t�s� �a�r�e� �i�g�n�o�r�e�d�)�.� �T�h�e� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �t�o� �b�e� �u�s�e�d� �t�a�k�e� �i�n�t�o� �a�c�c�o�u�n�t� �s�e�c�o�n�d�-�o�r�d�e�r� �e�f�f�e�c�t�s�.� �U�s�i�n�g� 

�G�r�e�e�n�'�s� �s�t�r�a�i�n� �d�e�f�i�n�i�t�i�o�n�?� 

�8� �T�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �f�o�l�l�o�w�s� �t�h�e� �p�r�o�c�e�d�u�r�e� �o�u�t�l�i�n�e�d� �i�n� �R�e�f�.� �[�5�3�]� 

�9� �S�e�e� �F�r�e�d�e�r�i�c�k�,� �D�.�,� �a�n�d� �C�h�a�n�g�,� �T�.�S�.�,� �C�o�n�t�i�n�u�u�m� �M�e�c�h�a�n�i�c�s�,� �S�c�i�e�n�t�i�f�i�c� �P�u�b�l�i�s�h�e�r�s�,� �I�n�c�.�,� �1�9�7�2�,� �C�a�m�b�r�i�d�g�e�,� 
�M�a�s�s�a�c�h�u�s�e�t�t�s� 
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�t�h�e�o�r�y� 
�F�i�g�u�r�e� �3�.�1�.� �K�i�n�e�m�a�t�i�c�s� �o�f� �d�e�f�o�r�m�a�t�i�o�n� �i�n� �t�h�e� �(�a�)� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m� �t�h�e�o�r�y� �(�b�)� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� 
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�r� �(�3�.�2�)� �{�e�}� �=� �L�e�x�,� �e�y�,� �&�2�,� �E�x�y�,� �E�y�x�,� �x�x� 

�w�h�e�r�e�,� 

�_� �O�u�,� �l� �O�u�,� �O�u�,� �z� �O�u�;� �2� �3�2� 

�x� �"�a�x� �a�y� �O�x� �+� �O�x� �+� �O�x� �(�3�.�2�a�)� 

� � �g�r�t� �a�t� �G�y� �t�e� �a� �t�a� �a�)� �2�H� 
�T�h�e� �s�t�r�a�i�n�s�,� �f�o�r� �t�h�e� �a�b�o�v�e� �a�s�s�u�m�e�d� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �i�n� �E�q�.� �(�3�.�1�)�,� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�,� 

�o�t� �{� �S�e�a�t� �(�Q�e�)� �(�3�.�3�4�)� 

�t�y� �=�£�,�=�0� �(�3�.�3�5�)� 

�e�x�y� �=� �b�y� �=� �b�z� �=� �0� �(�3�.�3�¢�)� 

�I�n� �d�e�r�i�v�i�n�g� �t�h�e� �a�b�o�v�e� �s�t�r�a�i�n�s�,� �P�o�i�s�s�o�n� �e�f�f�e�c�t�s� �a�r�e� �i�g�n�o�r�e�d�.� �I�f� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� �i�s�o�t�r�o�p�i�c� �a�n�d� �l�i�n�e�a�r�l�y� 

�e�l�a�s�t�i�c�,� �w�e� �c�o�u�l�d� �w�r�i�t�e�,� 

�o�,�=�E�e�,� 

�_� �a�u� �a�w� �l�f� �a�w�\� �¢�,�=� �{�|� �3�2�-�4� �a�e� �)�e�c�e�y�t� �(�3�.�4�)� 

�T�h�e� �i�n�t�e�r�n�a�l� �s�t�r�e�s�s�e�s� �d�e�v�e�l�o�p�e�d� �i�n� �t�h�e� �b�e�a�m� �h�a�v�e� �t�o� �b�e� �i�n� �e�q�u�i�l�i�b�r�i�u�m� �w�i�t�h� �t�h�e� �r�e�s�u�l�t�a�n�t� �f�o�r�c�e�s� �a�n�d� 
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�m�o�m�e�n�t�s� �a�t� �a�n�y� �p�o�i�n�t�.� �T�h�i�s� �c�o�n�d�i�t�i�o�n� �y�i�e�l�d�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�s� �o�f� �e�q�u�i�l�i�b�r�i�u�m�,� 
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�|� �e�.�2�d�4 ��M�=�0� �(�3�.�6�)� 
�A� 

�U�s�i�n�g� �E�q�.� �(�3�.�4�)� �i�n� �E�q�s�.� �(�3�.�5� �a�n�d� �3�.�6�)�,� �w�e� �c�a�n� �w�r�i�t�e� 

�2� 
�O�u� �1� �o�w� 

�p�a� �e�a�l� �M�4�1� �(�2�0�)� �(�3�.�7�)� 

�2� 
�w�a� �-�e�1�(� �2�2�)� �(�3�.�8�)� 

�O�x� 

�w�h�e�r�e� �4� �d�e�n�o�t�e�s� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �a�n�d� �/� �t�h�e� �s�e�c�o�n�d� �m�o�m�e�n�t�-�o�f�-�a�r�e�a� �o�f� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n� 

�a�b�o�u�t� �t�h�e� �y�-�a�x�i�s�.� �F�i�g�u�r�e� �3�.�2�a� �s�h�o�w�s� �a� �c�a�n�t�i�l�e�v�e�r� �b�e�a�m� �w�i�t�h� �d�i�s�t�r�i�b�u�t�e�d� �t�r�a�n�s�v�e�r�s�e� �a�n�d� �a�x�i�a�l� �f�o�r�c�e�s� 

�a�c�t�i�n�g� �o�n� �i�t�.� �I�n� �F�i�g�.� �3�.�2�b� �t�h�e� �f�o�r�c�e�s� �a�n�d� �m�o�m�e�n�t�s� �a�c�t�i�n�g� �o�n� �a�n� �e�l�e�m�e�n�t�a�l� �l�e�n�g�t�h� �o�f� �t�h�e� �b�e�a�m� �(�s�h�o�w�n� 

�i�n� �F�i�g�.� �3�.�2�a�)� �a�r�e� �s�h�o�w�n�.� �C�o�n�s�i�d�e�r�i�n�g� �t�h�e� �d�y�n�a�m�i�c� �e�q�u�i�l�i�b�r�i�u�m� �o�f� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �f�o�r�c�e�s� �a�n�d� �t�h�e� 

�m�o�m�e�n�t�s� �a�b�o�u�t� �t�h�e� �y�-�a�x�i�s� �o�f� �a�n� �i�n�f�i�n�i�t�e�s�i�m�a�l� �e�l�e�m�e�n�t� �o�f� �t�h�e� �b�e�a�m�,� �w�e� �a�r�r�i�v�e� �a�t� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�e�q�u�a�t�i�o�n�s� �(�s�e�e� �F�i�g�.� �3�.�2�b�)� 
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 ��P�+�(�P�+� �A�P�)� �+� �p�l�)� �x�=� �9� �A�(� �2� �)� �a�s� �(�3�.�9�)� 
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�2� 
�+� �M� �=� �(�+� �A�M�)� �V�s� �+� �f�o�)� �A� �c�=� �p� �A� �(�2�)� �a� �c�t� �M�y�x� �(�3�.�1�1�)� 

�t� 

�w�h�e�r�e� �x� �<� �x�%�)�<� �A�x� �+�x� �a�n�d� �0�<�c�<� �1�,� �w�h�i�c�h� �a�r�e� �i�n�t�r�o�d�u�c�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �n�o�n�-�u�n�i�f�o�r�m� �f�o�r�c�e� 

�f�.� �T�h�e� �q�u�a�n�t�i�t�y� �N�,� �d�e�n�o�t�e�s� �t�h�e� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �a�x�i�a�l� �f�o�r�c�e� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�r�e�c�t�i�o�n� �(�z�-�a�x�i�s�)�,� 

�w�h�e�n� �t�h�e� �b�e�a�m� �i�s� �i�n� �t�h�e� �d�e�f�o�r�m�e�d� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �I�t� �1�s� �g�i�v�e�n� �b�y� �t�h�e� �r�e�l�a�t�i�o�n�,� 

�a�u�,� �1� �(�d�w� �\ ��l� �a�w� �N�=� �6�a�)� �4�4� �(�O�u�)� �B�e� �(�3�.�1�0�)� 
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�u�s�i�n�g� �E�q�.� �(�3�.�7�)� �t�h�i�s� �c�o�u�l�d� �b�e� �s�i�m�p�l�i�f�i�e�d� �t�o�,� 

�N�,�=�P�(� �2�)� �(�3�.�1�0�)� 

�T�h�e� �q�u�a�n�t�i�t�y� �M�M�,� �d�e�n�o�t�e�s� �t�h�e� �m�o�m�e�n�t� �o�f� �t�h�e� �a�x�i�a�l� �i�n�e�r�t�i�a�l� �f�o�r�c�e� �p�e�r� �u�n�i�t� �l�e�n�g�t�h� �o�f� �t�h�e� �b�e�a�m�,� �w�h�i�c�h� 
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�p�l� �a�n�d� �t�h�e� �a�n�g�u�l�a�r� �a�c�c�e�l�e�r�a�t�i�o�n� �a� �(�2� �)�.� �D�i�v�i�d�i�n�g� �E�q�s�.� �(�3�.�9� �t�h�r�o�u�g�h� �3�.�1�1�)�,� �b�y� �A�x� �a�n�d� �t�a�k�i�n�g� 

�t�h�e� �l�i�m�i�t� �A�x� �-� �0� �,� �w�e� �o�b�t�a�i�n� 

�O�P� �j�g� �o�u� �3�.�1�3�)� 

�a�v�,� �O�N�,� �a�w� �A�x� �+� �O�x� �+�f�=�p�a�A�  ��5�2� �(�3�.�1�4�)� 

�O�M� �_� �y�e�  �� �a�e� �V�=�M�,� �(�3�.�1�5�)� 

�E�q�u�a�t�i�o�n�s� �(�3�.�1�3�)� �t�h�r�o�u�g�h� �(�3�.�1�5�)� �c�a�n� �n�o�w� �b�e� �r�e�d�u�c�e�d� �t�o� �t�w�o� �e�q�u�a�t�i�o�n�s�,� �i�n� �w�h�i�c�h� �t�r�a�n�s�v�e�r�s�e� �d�e�-� 

�f�l�e�c�t�i�o�n� �w� �a�n�d� �t�h�e� �a�x�i�a�l� �d�e�f�l�e�c�t�i�o�n� �w�u� �a�r�e� �t�h�e� �p�r�i�m�a�r�y� �u�n�k�n�o�w�n�s�.� �T�h�a�t� �i�s�,� 

�2� �2� �0� �O�u� �O�w� �O�u� �_� �-� �e�a�}� �a�x� �t� �1�/�2�(� �a�x� �)� �|�]� �+�0�4� �2� �=� �p�(�x�,�t�)� �(�3�.�1�6�)� � � 
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 ��»� �X� 

�(�a�)� 

�Z�z� �f�(�x�,�t�)� 

�A� �<� 
�p�(�x�,�t�)� 

�w�r�?� �g�x� 

�v�f�\�\�_�_�_� �\�-� 
�=� �F�t� 

�s�N� 

�N�*� �w�(�x�,�t�)� 
�N� �r�e� 

�|� �x� � � � � 
�(�b�)� 

�F�i�g�u�r�e� �3�.�2�.� �(�a�)� �B�e�a�m� �i�n� �l�o�a�d�e�d� �c�o�n�f�i�g�u�r�a�t�i�o�n� �(�b�)� �F�o�r�c�e�s� �a�n�d� �m�o�m�e�n�t�s� �a�c�t�i�n�g� �o�n� �a�n� �e�l�e�m�e�n�t�a�l� �l�e�n�g�t�h� 
�o�f� �t�h�e� �b�e�a�m� 
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�2� �2� �2� 
�+� �p�A� �B�e� �+� �o�t� �2� �(�2�)� �=�f� �(�3�.�1�7�)� 

�O�t� �a�t� �O�x� 

�T�h�e� �a�b�o�v�e� �a�r�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �g�o�v�e�r�n�i�n�g� �t�h�e� �m�o�t�i�o�n� �o�f� �a�n� �i�s�o�t�r�o�p�i�c� �e�l�a�s�t�i�c� �b�e�a�m�,� �w�i�t�h� �a�x�i�a�l� �f�o�r�c�e�s� 

�a�n�d� �s�e�c�o�n�d�-�o�r�d�e�r� �e�f�f�e�c�t�s� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t�,� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �t�h�e�o�r�y�.� 

�3�.�1�.�2� �T�h�e� �T�i�m�o�s�h�e�n�k�o� �B�e�a�m� �T�h�e�o�r�y� 

�T�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y�,� �a�s� �o�p�p�o�s�e�d� �t�o� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �t�h�e�o�r�y�,� �t�a�k�e�s� �i�n�t�o� �a�c�c�o�u�n�t� �t�h�e� 

�t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �s�t�r�a�i�n�s�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �p�l�a�n�e�s� �n�o�r�m�a�l� �t�o� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �a�x�i�s� �r�e�-� 

�m�a�i�n� �n�o�r�m�a�l� �a�f�t�e�r� �d�e�f�o�r�m�a�t�i�o�n� �c�a�n�n�o�t� �b�e� �u�s�e�d� �a�n�y�m�o�r�e�.� �T�h�i�s� �i�s� �b�e�c�a�u�s�e� �o�f� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e�s�e� 

�p�l�a�n�e�s� �u�n�d�e�r�g�o� �a�n� �a�d�d�i�t�i�o�n�a�l� �r�o�t�a�t�i�o�n� �x�(�x�,�#�)� �d�u�e� �t�o� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n�.� �T�h�i�s� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �t�h�e� 

�g�e�o�m�e�t�r�y� �o�f� �d�e�f�o�r�m�a�t�i�o�n� �i�n� �F�i�g�.� �3�.�1�b�.� �T�h�u�s�,� �t�h�e� �t�o�t�a�l� �s�l�o�p�e� �i�s� �c�o�m�p�o�s�e�d� �o�f� �t�w�o� �p�a�r�t�s�,� �t�h�e� �s�l�o�p�e� 

�O�w�.� 
�O�x� 

�s�l�o�p�e�,� �t�h�e�r�e�f�o�r�e�,� �i�s� �d�e�n�o�t�e�d� �b�y� 

�d�u�e� �t�o� �b�e�n�d�i�n�g� �o�f� �t�h�e� �b�e�a�m� �a�n�d� �t�h�e� �s�l�o�p�e� �x� �d�u�e� �t�o� �s�h�e�a�r�i�n�g� �o�f� �t�h�e� �b�e�a�m�.� �T�h�e� �t�o�t�a�l� �(�t�r�u�c�)� 

�O�w�(�x�,�t�)� 
�W�(�x�,� �=� �3�x� �+� �K�(�x�,�0� �(�3�.�1�8�4�)� 

�F�i�g�u�r�e� �3�.�1�b� �s�h�o�w�s� �t�h�e� �k�i�n�e�m�a�t�i�c�s� �o�f� �d�e�f�o�r�m�a�t�i�o�n� �a�s�s�u�m�e�d� �i�n� �t�h�e� �t�h�e�o�r�y�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �a�r�e� �t�h�e� 

�k�i�n�e�m�a�t�i�c�a�l� �r�e�l�a�t�i�o�n�s�?� 

�u�y�=�u�t�+�z�y� �(�3�.�1�8�5�)� 

�u�y� �=� �0� �(�3�.�1�8�c�)� 

�1�0� �T�h�e�s�e� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �d�e�v�e�l�o�p�e�d� �i�n� �R�e�f�.� �[�5�3�]� 
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�u�z� �=� �W�(�x�,�d�)� �(�3�.�1�8�d�)� 

�T�h�e� �s�t�r�a�i�n�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �a�b�o�v�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �a�r�e�,� 

�_� �a�u�,� �(�\� �1� �(�a�w�)� �b�x� �=�a� �+�2�(� �A�x� �)�+� �5� �(� �O�x� �)� �(�3�.�1�9�4�)� 

�>� �o�w� 
�e�x�2�=�W� �t�a� �(�3�.�1�9�0�)� 

�A�g�a�i�n�,� �P�o�i�s�s�o�n� �e�f�f�e�c�t�s� �a�r�e� �n�e�g�l�e�c�t�e�d�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �a�l�l� �o�t�h�e�r� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� 

�z�e�r�o�.� �U�s�i�n�g� �t�h�e� �c�o�n�d�i�t�i�o�n�s� �o�f� �e�q�u�i�l�i�b�r�i�u�m� �o�f� �i�n�t�e�r�n�a�l� �m�o�m�e�n�t�s� �a�n�d� �e�q�u�i�l�i�b�r�i�u�m� �o�f� �i�n�t�e�r�n�a�l� �a�x�i�a�l� 

�a�n�d� �t�r�a�n�s�v�e�r�s�e� �f�o�r�c�e�s� �(�s�i�n�c�e� �t�r�a�n�s�v�e�r�s�e� �s�t�r�a�i�n�s� �a�r�e� �a�c�c�o�u�n�t�e�d� �f�o�r�)�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�s� �a�r�e� �o�b�-� 

�t�a�i�n�e�d� 

�|� �o�,�d�d�~�P�=�0� �(�3�.�2�0�)� 
�A� 

�|� �e�x�2�d�4 ��M�=�0� �(�3�.�2�1�)� 
�A� 

�|� �K�o�,�,�d�A�-�V�=�0� �(�3�.�2�2�)� 
�A� 

�w�h�e�r�e� �K� �d�e�n�o�t�e�s� �t�h�e� �s�h�e�a�r� �c�o�r�r�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �i�n�t�r�o�d�u�c�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� 

�c�o�n�s�t�a�n�t� �s�t�a�t�e� �o�f� �s�h�e�a�r� �s�t�r�e�s�s� �i�n� �t�h�e� �t�h�e�o�r�y� �a�n�d� �t�h�e� �p�a�r�a�b�o�l�i�c� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �a�c�t�u�a�l� �s�h�e�a�r� �s�t�r�e�s�s�.� 

�S�o�l�v�i�n�g� �E�q�s�.� �(�3�.�2�0� �t�h�r�o�u�g�h� �3�.�2�2�)�,� �t�h�e� �q�u�a�n�t�i�t�i�e�s� �P�,� �M�@� �a�n�d� �V� �a�r�e� �o�b�t�a�i�n�e�d�.� �T�h�u�s�,� 

�d�u�,� �1� �f� �a�w�\� 
�p�a�e�a�|� �s�t� �(�a�2�)� �(�3�.�2�0�4�)� 
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�o�w� 
�M�=�E�T�I� �a�x� �(�3�.�2�1�4�)� 

�V�=�K�G�A�(�d� �+�o� �)� �(�3�.�2�2�a�)� 

�T�h�e� �m�o�m�e�n�t� �o�f� �t�h�e� �a�x�i�a�l� �i�n�e�r�t�i�a�l� �f�o�r�c�e� �p�e�r� �u�n�i�t� �l�e�n�g�t�h� �o�f� �t�h�e� �b�e�a�m�,� �M�/�;�,� �i�n� �t�h�i�s� �c�a�s�e� �w�o�u�l�d� �b�e� 

� � 
�a� �a �� �M�;�=�|�(�p�z� �¥� �z�d�d� �=� �p�r�e� �(�3�.�2�3�)� 
�O�t� �a�l� 

�A� 

�S�u�b�s�t�i�t�u�t�i�n�g� �E�q�s�.� �(�3�.�2�0�a� �t�h�r�o�u�g�h� �3�.�2�2�a�)� �i�n�t�o� �E�q�s�.� �(�3�.�1�3� �t�h�r�o�u�g�h� �3�.�1�5�)�,� �w�e� �o�b�t�a�i�n� 

�3� �d�u�,� �1�f�o�w�y� �e�u� �B�y� �c�a�}� �S�4�4� �4� �(�2�8�)� �+� �p�A�W� �=�P�)� �(�3�.�2�4�)� 

�a�y� 

�a�r� �7� 
�8� �|� �p�y� �O�b� �(�2� �)� �-�2�[�e�1� �|� �+� �K�G�a� �a�e� �t�v�)� �+�l� � � �0� �(�3�.�2�5�)� 

�2� �2� 
�_�O�-� �G�u�,� �l�f� �o�w�\� �{� �d�w�]� �a�.� �O�w� �O�w� �-�s� �e�a�}� �a�x� �T�D� �(� �a�x� �)� �a�y� �|� �i� �|� �x�o�a�(� �A�x� �+�¥�)�|� �+�4� �5�7� �=� �f�\�x�,�0�)� �(�3�.�2�6�)� 

�T�h�u�s� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �t�h�e�o�r�y�,� �i�n� �w�h�i�c�h� �a�x�i�a�l� �f�o�r�c�e�s� �a�n�d� �s�e�c�o�n�d�-�o�r�d�e�r� �s�t�r�a�i�n�s� �a�r�e� �i�n�c�l�u�d�e�d�,� �r�e�s�u�l�t�s� 

�i�n� �t�h�r�e�e� �e�q�u�a�t�i�o�n�s�.� 

�3�.�1�.�3� �W�o�r�k�i�n�g� �F�o�r�m�s� �o�f� �t�h�e� �E�q�u�a�t�i�o�n�s� �o�f� �M�o�t�i�o�n� �o�f� �a� �B�e�a�m� 

�T�h�e� �e�q�u�a�t�i�o�n�s� �p�r�e�s�e�n�t�e�d� �a�b�o�v�e� �a�r�e� �q�u�i�t�e� �g�e�n�e�r�a�l� �i�n� �t�h�a�t� �t�h�e�y� �c�a�n� �b�e� �u�s�e�d� �f�o�r� �c�a�s�e�s� �i�n� �w�h�i�c�h� �a�x�i�a�l� 

�f�o�r�c�e�s� �a�n�d� �l�a�r�g�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �p�r�e�s�e�n�t�.� �H�o�w�e�v�e�r�,� �i�n� �m�o�s�t� �s�i�t�u�a�t�i�o�n�s� �t�h�e� �v�i�b�r�a�t�i�o�n� �p�r�o�b�l�e�m� �i�s� 
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�l�i�n�e�a�r� �a�n�d� �a�x�i�a�l� �f�o�r�c�e�s� �m�a�y� �n�o�t� �b�e� �p�r�e�s�e�n�t�.� �I�n� �s�u�c�h� �s�i�t�u�a�t�i�o�n�s�,� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �p�r�e�s�e�n�t�e�d� 

�a�b�o�v�e� �c�o�u�l�d� �b�e� �s�i�m�p�l�i�f�i�e�d� �f�u�r�t�h�e�r�.� �I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�a�r�a�g�r�a�p�h�s�,� �t�h�e� �f�o�r�m�s� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s� 

�u�s�e�d� �f�o�r� �s�p�e�c�i�f�i�c� �c�a�s�e�s� �a�r�e� �s�t�a�t�e�d�.� 

�3�.�1�.�3�.�a� �S�m�a�l�l� �m�o�t�i�o�n�s� �w�i�t�h� �a�x�i�a�l� �f�o�r�c�e�s� 

�W�h�e�n� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �s�m�a�l�l�,� �s�e�c�o�n�d�-�o�r�d�e�r� �e�f�f�e�c�t�s� �c�o�u�l�d� �b�e� �i�g�n�o�r�e�d�.� �T�h�i�s� �r�e�s�u�l�t�s� �i�n� �s�i�m�p�l�e� 

�s�t�r�a�i�n�-�d�i�s�p�l�a�c�e�m�e�n�t� �r�e�l�a�t�i�o�n�s�,� �r�e�l�a�t�i�o�n�s� �i�n� �w�h�i�c�h� �t�h�e� �s�q�u�a�r�e� �o�f� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� 
�2� 

�a�r�e� �n�e�g�l�i�g�i�b�l�e�.� �T�h�u�s� �t�h�e� �t�e�r�m�s� �i�n�v�o�l�v�i�n�g� �(�)� �i�n� �t�h�e� �e�q�u�a�t�i�o�n�s� �p�r�e�s�e�n�t�e�d� �u�n�t�i�l� �n�o�w� �v�a�n�i�s�h�.� 

�T�h�i�s� �r�e�s�u�l�t�s� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �a�n�d� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �t�h�e�o�r�i�e�s�,� 
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�A�n�a�l�y�t�i�c�a�l� �T�e�c�h�n�i�q�u�e�s



�f�r�e�q�u�e�n�c�i�e�s� �o�f� �a� �b�e�a�m� �w�i�t�h� �b�o�t�h� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� �e�f�f�e�c�t�s� �i�n�c�l�u�d�e�d�.� �N�o�t�e� �t�h�a�t� 

�(�2�,�7�)� 
�(�Q�U�?� �)�o�t�a�s�s� 

�F�i�g�u�r�e� �3�.�3�a� �s�h�o�w�s� �t�h�e� �e�f�f�e�c�t� �o�f� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� �o�n� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� 

�t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�t�i�o�s�,� �e�g�.�,� �,� �a�n�d� �t�h�e� �s�l�e�n�d�e�r�n�e�s�s� �r�a�t�i�o�s�,� �4�,� �a�r�e� �d�i�m�e�n�s�i�o�n�l�e�s�s� �q�u�a�n�t�i�t�i�e�s�.� 

�s�l�e�n�d�e�r�n�e�s�s� �r�a�t�i�o� �L� �w�i�t�h� �t�h�e� �m�o�d�e� �n�u�m�b�e�r� �7� �a�s� �a� �p�a�r�a�m�e�t�e�r�.� �F�i�g�u�r�e� �3�.�3�b� �s�h�o�w�s� �t�h�e� �e�f�f�e�c�t� �o�f� �s�h�e�a�r� �r�?� 

�d�e�f�o�r�m�a�t�i�o�n� �o�n� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s�,� �f�o�r� �t�h�e� �s�a�m�e� �s�e�t� �o�f� �v�a�r�i�a�b�l�e�s�.� �F�r�o�m� �F�i�g�.� �3�.�3�,� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� 

�s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� �e�f�f�e�c�t�s� �a�r�e� �s�i�g�n�i�f�i�c�a�n�t� �f�o�r� �s�t�u�b�b�y� �b�e�a�m�s�,� �e�v�e�n� �f�o�r� �t�h�e� �f�i�r�s�t� 

�m�o�d�e� �o�f� �v�i�b�r�a�t�i�o�n�,� �e�.�g�.�,� �f�o�r� �a�n� �+� �r�a�t�i�o� �o�f� �1�0� �t�h�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �e�f�f�e�c�t�s� �a�r�e� �7�%� �a�n�d� �4�2�%� �r�e�-� 

�s�p�e�c�t�i�v�e�l�y� �f�o�r� �t�h�e� �f�i�r�s�t� �a�n�d� �t�h�e� �t�h�i�r�d� �m�o�d�e� �(�s�e�e� �F�i�g�.� �3�.�3�b�)�,� �w�h�e�r�e�a�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� 

�e�f�f�e�c�t�s� �a�r�e� �3�%� �a�n�d� �2�0�%� �r�e�s�p�e�c�t�i�v�e�l�y� �(�s�e�e� �F�i�g�.� �3�.�3�a�)�.� �F�u�r�t�h�e�r�,� �u�s�i�n�g� �a�n� �£� �r�a�t�i�o� �o�f� �6�0� �t�o� �r�e�p�r�e�s�e�n�t� 

�a� �l�e�s�s� �s�t�u�b�b�i�e�r� �b�e�a�m�,� �t�h�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �e�f�f�e�c�t�s� �f�o�r� �t�h�e� �f�i�r�s�t� �a�n�d� �t�h�e� �t�h�i�r�d� �m�o�d�e� �a�r�e� �1�%� �a�n�d� �1�0�%� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �w�h�e�r�e�a�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� �e�f�f�e�c�t�s� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �0�%� �a�n�d� �2�%� �t�r�e�-� 

�s�p�e�c�t�i�v�e�l�y�.� �A�s� �c�a�n� �b�e� �s�e�e�n�,� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �e�f�f�e�c�t�s� �a�r�e� �m�o�r�e� �s�i�g�n�i�f�i�c�a�n�t� �t�h�a�n� �t�h�o�s�e� �d�u�e� �t�o� �r�o�t�a�t�o�r�y� 

�i�n�e�r�t�i�a�,� �f�o�r� �p�r�i�s�m�a�t�i�c� �s�t�r�u�c�t�u�r�e�s� �s�u�c�h� �a�s� �t�h�i�s� �u�n�i�f�o�r�m� �b�e�a�m�.� �F�i�g�u�r�e� �3�.�4� �s�h�o�w�s� �t�h�e� �c�o�m�b�i�n�e�d� �e�f�f�e�c�t� 

�o�f� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� �o�n� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �a� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �b�e�a�m�,� 

�f�o�r� �v�a�r�i�o�u�s� �s�l�e�n�d�e�r�n�e�s�s� �r�a�t�i�o�s�.� 

�3�.�2� �T�h�e� �F�r�e�e� �V�i�b�r�a�t�i�o�n� �P�r�o�b�l�e�m� 

�I�n� �t�h�i�s� �S�e�c�t�i�o�n� �t�h�e� �s�t�a�n�d�a�r�d� �p�r�o�c�e�d�u�r�e� �u�s�e�d� �t�o� �o�b�t�a�i�n� �e�x�a�c�t� �c�l�o�s�e�d�-�f�o�r�m� �s�o�l�u�t�i�o�n�s� �f�o�r� �d�i�f�f�e�r�e�n�t�i�a�l� 

�e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m�s� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �o�f� �a� �b�e�a�m� �w�i�l�l� �b�e� �s�h�o�w�n�.� �T�h�i�s� �i�s� �d�o�n�e� 

�m�e�r�e�l�y� �t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �o�v�e�r�s�i�m�p�l�i�f�i�c�a�t�i�o�n�s� �t�h�a�t� �a�r�e� �n�e�c�e�s�s�a�r�y� �t�o� �m�a�k�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� 

�a�m�e�n�a�b�l�e� �t�o� �a�n� �e�x�a�c�t� �c�l�o�s�e�d�-�f�o�r�m� �s�o�l�u�t�i�o�n�.� �N�o� �a�t�t�e�m�p�t� �i�s� �b�e�i�n�g� �m�a�d�e� �h�e�r�e� �t�o� �o�b�t�a�i�n� �e�x�a�c�t� �s�o�l�-� 

�u�t�i�o�n�s� �t�o� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �t�h�a�t� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�,� �w�h�i�c�h� 

�w�e�r�e� �q�u�i�t�e� �g�e�n�e�r�a�l� �i�n� �n�a�t�u�r�e�,� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �e�a�r�l�i�e�r� �S�e�c�t�i�o�n�s�.� 
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�3�.�2�.�1� �T�h�e� �E�i�g�e�n�v�a�l�u�e� �P�r�o�b�l�e�m� 

�C�o�n�s�i�d�e�r� �t�h�e� �E�q�.� �(�3�.�1�7�b�)� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �o�f� �a� �b�e�a�m� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� 

�E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �t�h�e�o�r�y�.� �I�g�n�o�r�i�n�g� �t�h�e� �e�f�f�e�c�t�s� �o�f� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a�,� �w�e� �c�a�n� �w�r�i�t�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� 

�i�f� �t�h�e�r�e� �a�r�e� �n�o� �e�x�t�e�r�n�a�l� �f�o�r�c�e�s� �a�c�t�i�n�g� �o�n� �t�h�e� �b�e�a�m�,� �(�S�e�e� �R�e�f�.� �[�5�4�]�)� 

� � 

�2� �2� �2� 

�L�o� �e�1�(� �2�s�)� �=�  �� �m�x�)� �2�4� �(�3�.�2�7�)� 
�O�x� �O�x� �a�t� 

�w�h�e�r�e�,� �w�e� �h�a�v�e� �r�e�p�l�a�c�e�d� �p�A� �b�y� �m�(�x�)� �t�o� �d�e�n�o�t�e� �t�h�e� �m�a�s�s� �p�e�r� �u�n�i�t� �l�e�n�g�t�h� �o�f� �t�h�e� �b�e�a�m�.� �T�h�e� �a�b�o�v�e� 

�i�s� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �f�o�r� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �o�f� �a� �b�e�a�m�,� �i�g�n�o�r�i�n�g� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�t�o�r�y� 

�i�n�e�r�t�i�a� �e�f�f�e�c�t�s�.� �A�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n� �i�s� �s�e�p�a�r�a�b�l�e� �i�n� �s�p�a�c�e� �a�n�d� �t�i�m�e�,� �w�e� �c�o�u�l�d� �w�n�i�t�e�,� 

�w�(�x�,� �=� �W�(�x�)� �g�O� �(�3�.�2�8�)� 

�U�s�i�n�g� �E�q�.� �(�3�.�2�8�)� �i�n� �E�q�.� �(�3�.�2�7�)� �a�n�d� �d�i�v�i�d�i�n�g� �t�h�r�o�u�g�h�-�o�u�t� �b�y� �m�(�x�)� �W�(�x�)� �q�(�d�)�,� �w�e� �g�e�t� 

� � 

�2� �2� �2� 
�d� �[�a� �T�W�)� �|� �-� �1� �4� �(�3�.�2�9�)� 

�m�x�)� �W�(�x�)� �d�x�?� �d�x�?� �-� �r�o� �d�t �� 

�U�s�i�n�g� �t�h�e� �s�t�a�n�d�a�r�d� �p�r�o�c�e�d�u�r�e�,� �w�h�e�n� �s�p�a�t�i�a�l� �a�n�d� �t�e�m�p�o�r�a�l� �i�n�d�e�p�e�n�d�e�n�c�e� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �i�s� �a�s�s�u�m�e�d�,� 

�w�e� �w�r�i�t�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�s�,� 

�4� �2� 

�f�e� �|�e� �S�E� �|�  �� �a�m�e�s� �W�(�x�)� �=� �0� �(�3�.�3�0�a�)� 
�d�x� �d�x� 

�2� 

�2�H�)� �g�y� �=� �0� �(�3�.�3�0�8�)� 
�d�t� 
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�E�q�u�a�t�i�o�n� �(�3�.�3�0�b�)� �i�s� �t�h�a�t� �o�f� �a� �h�a�r�m�o�n�i�c� �o�s�c�i�l�l�a�t�o�r�,� �s�i�g�n�i�f�y�i�n�g� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �e�q�u�a�t�i�o�n�s� �d�e�v�e�l�o�p�e�d� 

�r�e�p�r�e�s�e�n�t� �a� �c�o�n�s�e�r�v�a�t�i�v�e� �s�y�s�t�e�m�.� �T�h�i�s� �i�s� �t�o� �b�e� �e�x�p�e�c�t�e�d� �s�i�n�c�e� �w�e� �d�i�d� �n�o�t� �a�c�c�o�u�n�t� �f�o�r� �f�o�r�c�e�s� �w�h�i�c�h� 

�d�i�s�s�i�p�a�t�e� �e�n�e�r�g�y� �(�n�o�n�c�o�n�s�e�r�v�a�t�i�v�e�)�.� �A�l�s�o�,� �E�q�.� �(�3�.�3�0�a�)� �i�s� �a� �f�o�u�r�t�h�-�o�r�d�e�r� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�,� �r�e�-� 

�q�u�i�r�i�n�g� �f�o�u�r� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �t�o� �o�b�t�a�i�n� �a� �s�o�l�u�t�i�o�n�.� �T�h�e� �p�r�o�b�l�e�m� �o�f� �o�b�t�a�i�n�i�n�g� �t�h�e� �v�a�l�u�e�s� �f�o�r� �t�h�e� 

�p�a�r�a�m�e�t�e�r� �w�?� �,� �f�o�r� �w�h�i�c�h� �t�h�e� �h�o�m�o�g�e�n�e�o�u�s� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�,� �E�q�.� �(�3�.�3�0�a�)�,� �h�a�s� �a� �n�o�n�-�t�r�i�v�i�a�l� �s�o�l�-� 

�u�t�i�o�n�,� �s�a�t�i�s�f�y�i�n�g� �t�h�e� �h�o�m�o�g�e�n�e�o�u�s� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �i�s� �c�a�l�l�e�d� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�r� �e�i�g�e�n�v�a�l�u�e� 

�p�r�o�b�l�e�m�.� �T�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�u�n�c�t�i�o�n�s� �W�(�x�)� �a�r�e� �c�a�l�l�e�d� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�r� �e�i�g�e�n�f�u�n�c�t�i�o�n�s�.� 

�3�.�2�.�2� �N�a�t�u�r�a�l� �F�r�e�q�u�e�n�c�i�e�s� �a�n�d� �M�o�d�e� �S�h�a�p�e�s� 

�I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�a�r�a�g�r�a�p�h�s�,� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �f�r�e�e�-�v�i�b�r�a�t�i�o�n� �p�r�o�b�l�e�m� �o�f� �a� �b�e�a�m� �w�i�t�h� �f�r�e�e�-�f�r�e�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�s� �p�r�e�s�e�n�t�e�d�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �b�e�a�m� �i�s� �u�n�i�f�o�r�m�,� �i�n� �w�h�i�c�h� �c�a�s�e� �E�q�.� �(�3�.�3�0�a�)� 

�r�e�d�u�c�e�s� �t�o� 

�a�w� 
�a�)� �B�W�(�x�)� �=� �0� �(�3�.�3�1�)� 

�d�x� 

�w�h�e�r�e�,� 

�2� 
�4� �_� �a�w� �n�i�x�)� 
�i� �(�3�.�3�1�a�)� 

�S�i�n�c�e� �t�h�e� �b�e�a�m� �i�s� �n�o�t� �g�e�o�m�e�t�r�i�c�a�l�l�y� �r�e�s�t�r�a�i�n�e�d�,� �g�e�o�m�e�t�r�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �c�a�n�n�o�t� �b�e� �s�p�e�c�i�f�i�e�d�.� 

�H�o�w�e�v�e�r� �t�h�e� �n�a�t�u�r�a�l� �o�r� �f�o�r�c�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �e�i�t�h�e�r� �e�n�d� �c�o�u�l�d� �b�e� �w�r�i�t�t�e�n� �a�s�,� 

�a�w� �a�w� 
�d� �2� �P�a� �=� �0� �d� �©�)� �l�a�o� �=� �0� �(�3�.�3�2�a�)� 

�x� �x� 

�@� �W�x�)� �B�W�(�x�)� 
�d� �2� �l�e�e�k� �=� �0� �d� �3� �l�e�e�r� �=� �0� �(�3�.�3�2�5�)� 

�x� �X�x� 
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�T�h�e� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �E�q�.� �(�3�.�3�1�)� �i�s� �g�i�v�e�n� �b�y�,� 

�W�(�x�)� �=� �C�,� �s�i�n� �B�x� �+� �C�,� �c�o�s� �B�x� �+� �C�;� �s�i�n�h� �B�x� �+� �C�y� �c�o�s�h� �p�x� �(�3�.�3�3�)� 

�U�s�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�f� �E�q�.� �(�3�.�3�2�)�,� �w�e� �a�r�r�i�v�e� �a�t� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�r�e�q�u�e�n�c�y� �e�q�u�a�t�i�o�n�,� 

�c�o�s�B�L� �c�o�s�h�B�L� �=� �1� �(�3�.�3�4�)� 

�w�h�i�c�h� �i�s� �a� �t�r�a�n�s�c�e�n�d�e�n�t�a�l� �e�q�u�a�t�i�o�n� �a�n�d� �c�o�u�l�d� �b�e� �s�o�l�v�e�d� �n�u�m�e�r�i�c�a�l�l�y� �t�o� �o�b�t�a�i�n� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �B�.� 

�T�h�e� �a�b�o�v�e� �f�r�e�q�u�e�n�c�y� �e�q�u�a�t�i�o�n� �y�i�e�l�d�s� �a� �d�o�u�b�l�e� �r�o�o�t�,� �B�p� �=� �B�j� �=� �0�.� �F�o�r� �6�B� �=�0� �,� �E�q�.� �(�3�.�3�1�)� �r�e�d�u�c�e�s� �t�o� 

�d�w� 
�a�t� �=� �0� �(�3�.�3�5�)� 

�a�x� 

�T�h�e� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�s�,� 

�W�(�x�)� �=� �D�,� �+� �D�)�x� �+� �D�3�x�?� �+� �D�y�x�?� �(�3�.�3�6�)� 

�U�s�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n� �E�q�s�.� �(�3�.�3�2�a� �a�n�d� �3�.�3�2�b�)�,� �t�h�e� �m�o�d�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �d�o�u�b�l�e� 

�r�o�o�t� �a�r�e� �o�b�t�a�i�n�e�d� �a�s�,� 

�W�o�(�x�)� �=� �A�p� �(�3�.�3�7�)� 

�W�(�x�)� �=� �4�,�(�x ��- �� �)� �(�3�.�3�8�)� 

�T�h�e� �a�b�o�v�e� �t�w�o� �m�o�d�e�s� �r�e�p�r�e�s�e�n�t� �c�o�r�r�e�s�p�o�n�d�i�n�g�l�y� �t�h�e� �r�i�g�i�d�-�b�o�d�y� �t�r�a�n�s�l�a�t�i�o�n� �a�n�d� �r�o�t�a�t�i�o�n� �a�b�o�u�t� �t�h�e� 

�c�e�n�t�e�r� �o�f� �m�a�s�s� �o�f� �t�h�e� �b�e�a�m�.� �S�i�n�c�e� �f�p� �i�s� �a� �d�o�u�b�l�e� �r�o�o�t�,� �a�n�y� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �W�i�(�x�)� �a�n�d� �W�(�x�)� 

�i�s� �a�l�s�o� �a� �n�a�t�u�r�a�l� �m�o�d�e�.� �E�q�u�a�t�i�o�n� �(�3�.�3�4�)� �f�u�r�t�h�e�r� �y�i�e�l�d�s� �a�n� �i�n�f�i�n�i�t�e� �s�e�q�u�e�n�c�e� �o�f� �e�i�g�e�n�v�a�l�u�e�s� �8�,�.� �T�h�e� 

�f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �f�i�r�s�t� �f�o�u�r� �f�l�e�x�i�b�l�e� �m�o�d�e�s� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �v�a�l�u�e�s� �f�o�r� �t�h�e� 

�q�u�a�n�t�i�t�y� �p�,�L�,� 

�B�o�L� �=� �4�.�7�3�0�0�4�1� �(�3�.�3�4�a�)� 
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�B�3�L� �=� �7�.�8�5�3�2�0�5� 

�I�l� �B�a�l� �=� �1�0�.�9�9�5�6�]� 

�B�s�l� �=� �1�4�.�1�3�7�1�7� 

�U�s�u�a�l�l�y�,� �t�h�e� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �h�i�g�h�e�r� �m�o�d�e�s� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�,� 

�B�L� �=� �O�r�t� 

�T�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �b�y�,� 

�W�x�)� �=� �A�,�[�(�c�o�s� �B�,� �£�L�  ��c�o�s�h� �8�,� �L�)� �(�s�i�n� �8�.�x� �+� �s�i�n�h� �B�.�x�)�]�  �� 

�A�,�[�(� �s�i�n� �B�L�  �� �s�i�n�h� �B�,�L�)� �(�c�o�s� �B�x� �+� �c�o�s�h� �B�,�)�]� 

�(�3�.�3�4�0�)� 

�(�3�.�3�4�c�)� 

�(�3�.�3�4�d�)� 

�(�3�.�3�4�e�)� 

�(�3�.�3�9�)� 

�T�h�e� �t�w�o� �r�i�g�i�d�-�b�o�d�y� �m�o�d�e�s� �a�n�d� �t�h�e� �f�i�r�s�t� �t�w�o� �f�l�e�x�i�b�l�e� �m�o�d�e�s� �f�o�r� �t�h�e� �b�a�r� �i�n� �f�r�e�e�-�f�r�e�e� �v�i�b�r�a�t�i�o�n� �a�r�e� 

�s�h�o�w�n� �i�n� �F�i�g�.� �3�.�5�.� �I�n� �F�i�g�.� �3�.�5�,� �Y�(�x�)� �d�e�n�o�t�e�s� �t�h�e� �e�i�g�e�n�f�u�n�c�t�i�o�n� �f�o�r� �t�h�e� �7�t�h� �m�o�d�e� �a�n�d� �w� �d�e�n�o�t�e�s� 

�c�i�r�c�u�l�a�r� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �e�x�p�r�e�s�s�e�d� �i�n� �r�a�d�i�a�n�s� �p�e�r� �s�e�c�o�n�d�.� �T�h�e� �d�a�t�a� �f�o�r� �t�h�e� �b�e�a�m� �u�s�e�d� �i�n� �s�a�m�p�l�e� 

�r�e�s�u�l�t�s� �i�n� �t�h�i�s� �C�h�a�p�t�e�r� �i�s� �g�i�v�e�n� �i�n� �T�a�b�l�e� �3�.�1�.� �S�a�m�p�l�e� �r�e�s�u�l�t�s� �f�o�r� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �a� �b�a�r� �w�i�t�h� 

�f�r�e�e�-�f�r�e�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �3�.�2�.� 
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�L�E �� �~� 
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�T�a�b�l�e� �3�.�1�.� �M�a�t�e�r�i�a�l� �a�n�d� �g�e�o�m�e�t�r�i�c� �p�r�o�p�e�r�t�y� �v�a�l�u�e�s� �o�f� �t�h�e� �b�e�a�m� �u�s�e�d� �i�n� �s�a�m�p�l�e� �r�e�s�u�l�t�s� 
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�T�a�b�l�e� �3�.�2�.� �N�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �f�i�r�s�t� �1�0� �f�l�e�x�i�b�l�e� �m�o�d�e�s� �f�o�r� �a� �b�e�a�m� �w�i�t�h� �f�r�e�e�-�f�r�e�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�-� 
�t�i�o�n�s� �u�s�i�n�g� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �t�h�e�o�r�y� 
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�3� �9�3�.�8�0�7� 

�4� �1�5�5�.�0�6�7� 
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�3�.�2�.�4� �A�n�a�l�y�t�i�c�a�l� �M�o�d�e�l�i�n�g� �o�f� �t�h�e� �T�e�s�t� �S�t�r�u�c�t�u�r�e� 

�T�h�e� �b�e�a�m�s� �u�s�e�d� �i�n� �t�h�i�s� �w�o�r�k� �a�r�e� �t�e�s�t�e�d� �i�n� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�6�a� �(�s�c�h�e�m�a�t�i�c�)�.� �F�i�g�u�r�e� 

�3�.�6�b� �s�h�o�w�s� �s�e�v�e�r�a�l� �a�s�p�e�c�t�s� �t�h�a�t� �h�a�v�e� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�i�n�g� �p�r�o�c�e�s�s� �t�o� �r�e�a�l�i�z�e� 

�a�n� �a�c�c�u�r�a�t�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�.� �A�p�a�r�t� �f�r�o�m� �t�h�e�s�e�,� �f�a�c�t�o�r�s� �l�i�k�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� 

�h�a�v�e� �t�o� �b�e� �i�n�c�l�u�d�e�d�,� �i�f� �h�i�g�h�e�r� �m�o�d�e�s� �a�n�d� �f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� 

�A�s� �d�i�s�c�u�s�s�e�d� �e�a�r�l�i�e�r� �i�n� �t�h�e� �C�h�a�p�t�e�r� �o�n� �l�i�t�e�r�a�t�u�r�e� �r�e�v�i�e�w�,� �t�h�e� �w�a�y� �a� �s�t�r�u�c�t�u�r�e� �i�s� �s�u�p�p�o�r�t�e�d� �a�n�d� �e�x�c�i�t�e�d� 

�i�n�f�l�u�e�n�c�e�s� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s� �o�b�t�a�i�n�e�d�.� �T�h�e� �t�e�s�t� �s�t�r�u�c�t�u�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�6�a�,� 

�s�t�r�i�c�t�l�y� �s�p�e�a�k�i�n�g�,� �i�s� �n�o�t� �s�u�i�t�a�b�l�y� �s�u�p�p�o�r�t�e�d� �t�o� �s�i�m�u�l�a�t�e� �f�r�e�e�-�f�r�e�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �A�l�s�o�,� �t�h�i�s� �w�a�y� 

�o�f� �s�u�p�p�o�r�t�i�n�g� �l�o�a�d�s� �t�h�e� �s�t�r�u�c�t�u�r�e� �d�u�e� �t�o� �t�h�e� �g�r�a�v�i�t�y� �f�o�r�c�e�.� �A� �s�i�m�p�l�e� �a�n�a�l�y�t�i�c�a�l� �c�a�l�c�u�l�a�t�i�o�n� �c�a�n� �b�e� 

�m�a�d�e� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �r�i�g�i�d�-�b�o�d�y� �m�o�d�e�s�,� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �m�o�d�e� �s�h�a�p�e�s�.� 

�A�s�s�u�m�e� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�n� �F�i�g�.� �3�.�6�a� �i�s� �t�e�s�t�e�d� �w�i�t�h� �a�n� �i�m�p�a�c�t� �h�a�m�m�e�r�.� �R�e�f�e�r�r�i�n�g� �t�o� �F�i�g�.� �3�.�7�,� �u�s�i�n�g� �t�h�e� 

�s�m�a�l�l�-�m�o�t�i�o�n�s� �a�s�s�u�m�p�t�i�o�n�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �l�i�n�e�a�r�i�z�e�d� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �a�r�e� �d�e�r�i�v�e�d�,� 

�m�L�,�2� �E�t� �m�L�y�L�,�|�(�6�,�)� �|� �m�e�l�,� �0� �|�(�0�,�)� �(�F�L�,� �c�o�s�6�,� 
�2�  �� �1� �1� �5� �.�T�t� �1� �=� �(�3�.�4�0�)� 

�>� �m�L�,�L�,� �>� �m�L�y� �A�,� �0� �>� �m�g�L�,� �|� �(�8�,� �F�L�,� �c�o�s� �@�4� 

�w�h�e�r�e� �L�,� �a�n�d� �L�,� �d�e�n�o�t�e� �t�h�e� �l�e�n�g�t�h�s� �o�f� �t�h�e� �s�t�r�i�n�g� �a�n�d� �b�e�a�m� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �q�u�a�n�t�i�t�i�e�s� �m� �a�n�d� �g� 

�r�e�p�r�e�s�e�n�t� �t�h�e� �m�a�s�s� �o�f� �t�h�e� �b�e�a�m� �a�n�d� �t�h�e� �a�c�c�e�l�e�r�a�t�i�o�n� �d�u�e� �t�o� �g�r�a�v�i�t�y� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �v�e�c�t�o�r� �o�n� �t�h�e� 

�r�i�g�h�t� �h�a�n�d� �s�i�d�e� �o�f� �E�q�.� �(�3�.�4�0�)� �c�o�n�t�a�i�n�s� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �f�o�r�c�e�s�,� �w�h�e�r�e� �F� �d�e�n�o�t�e�s� �t�h�e� �f�o�r�c�e� �a�p�p�l�i�e�d� �i�n� 

�t�h�e� �h�o�r�i�z�o�n�t�a�l� �d�i�r�e�c�t�i�o�n�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�7�.� �U�s�i�n�g� �E�q�.� �(�3�.�4�0�)� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�r�e�e� �v�i�b�r�a�t�i�o�n� 

�a�n�d� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �c�o�u�l�d� �b�e� �s�t�a�t�e�d� �a�s�,� 

�[�M�1�{�6�}� �+� �L�K�1�{�0�}� �=� �(�0�}� �(�3�.�4�0�a�)� 

�D�e�t�\�[�K�]�  �� �w� �[�M�]�}� �=� �0� �(�3�.�4�1�)� 
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�A�n�a�l�y�t�i�c�a�l� �T�e�c�h�n�i�q�u�e�s� 

�S�h�a�k�e�r� �m�a�s�s� 
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�F�o�r� �t�h�e� �d�a�t�a�,� �m�=� �7�8�3�2�.�3� �k�g�/�m�}� �,� �L�;� �=� �1�.�3�2�0�8� �m�,� �L�p� �=� �1�.�5�2�4�0� �m� �a�n�d� �g� �=� �9�.�8�1� �m�/� �s�e�c�?�,� �w�e� �h�a�v�e� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s�,� 

�0�.�8�8�3�7� 
�f�,� �=� �9�.�3�3�7�5� �H�z� �{�?�}�,�;� �=� �(�3�.�4�2�a�)� 

�1�.�0� 

 ��0�.�6�5�2�9� 
�f�y� �=� �1�.�2�7�1�9� �H�z� �i�g�}�,� �=� �(�3�.�4�2�5�)� 

�1�.�0� 

�A�s� �c�a�n� �b�e� �n�o�t�i�c�e�d�,� �t�h�e� �r�i�g�i�d�-�b�o�d�y� �m�o�d�e�s� �f�o�r� �a� �b�e�a�m� �w�i�t�h� �f�r�e�e�-�f�r�e�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �g�i�v�e�n� �b�y� 

�E�g�s�.� �(�3�.�3�7� �a�n�d� �3�.�3�8�)� �h�a�v�e� �n�o�t� �b�e�e�n� �r�e�a�l�i�z�e�d�.� 

�N�e�x�t�,� �s�u�s�p�e�n�d�i�n�g� �t�h�e� �b�e�a�m� �v�e�r�t�i�c�a�l�l�y� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�6�a� �i�n�d�u�c�e�s� �a� �b�o�d�y� �f�o�r�c�e�,� �d�u�e� �t�o� �g�r�a�v�i�t�y�,� 

�w�h�i�c�h� �v�a�r�i�e�s� �a�x�i�a�l�l�y� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�6�b�.� �T�h�i�s� �g�i�v�e�s� �r�i�s�e� �t�o� �a� �v�a�r�i�a�b�l�e� �c�o�e�f�f�i�c�i�e�n�t�,� �P�(�x�)�,� �i�n� �t�h�e� 

�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�.� �A�l�s�o�,� �i�f� �t�h�e� �g�r�a�v�i�t�y� �f�o�r�c�e� �i�s� �m�o�d�e�l�e�d�,� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �f�o�r�c�e� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �h�a�v�e� �t�o� �b�e� �a�p�p�l�i�e�d�.� �T�h�i�s� �m�a�y� �i�n�t�r�o�d�u�c�e� �n�o�n�-�c�l�a�s�s�i�c�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �A�n�o�t�h�e�r� 

�f�a�c�t�o�r� �t�h�a�t� �n�e�e�d�s� �t�o� �b�e� �a�c�c�o�u�n�t�e�d� �f�o�r� �i�s� �t�h�e� �i�n�e�r�t�i�a�s� �o�f� �t�r�a�n�s�d�u�c�e�r� �m�a�s�s�e�s�,� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�6�b�.� �T�h�e�s�e� 

�i�n�t�r�o�d�u�c�e� �a� �m�a�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �t�h�a�t� �i�s� �n�o�n�-�u�n�i�f�o�r�m�.� �T�h�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e�s�e� �p�r�o�b�l�e�m�s� �c�o�m�p�l�i�c�a�t�e�s� 

�t�h�e� �s�o�l�u�t�i�o�n� �p�r�o�c�e�s�s�.� �T�h�e�r�e�f�o�r�e�,� �a�n� �e�x�a�c�t� �c�l�o�s�e�d�-�f�o�r�m� �s�o�l�u�t�i�o�n� �m�a�y� �n�o�t� �b�e� �p�o�s�s�i�b�l�e�.� �H�e�n�c�e�,� �o�n�l�y� 

�a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d�s� �h�a�v�e� �t�o� �b�e� �i�n�v�e�s�t�i�g�a�t�e�d�.� 
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�F�i�g�u�r�e� �3�.�7�.� �A� �t�w�o�-�d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �m�o�d�e�l� �f�o�r� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �r�i�g�i�d�-�b�o�d�y� �m�o�d�e�s� �o�f� �t�h�e� �t�e�s�t� �s�t�r�u�c�t�u�r�e� 
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�3�.�3� �T�e�c�h�n�i�q�u�e�s� �f�o�r� �C�o�r�r�e�l�a�t�i�o�n� �o�f� �E�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� 

�A�n�a�l�y�t�i�c�a�l� �S�t�r�u�c�t�u�r�a�l� �D�y�n�a�m�i�c� �M�o�d�e�l�s� 

�I�n� �s�t�r�u�c�t�u�r�a�l� �d�y�n�a�m�i�c�s� �m�o�d�e�l�i�n�g� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �m�e�t�h�o�d�s� �a�r�e� �c�o�m�p�l�e�m�e�n�t�a�r�y� �i�n� 

�n�a�t�u�r�e�.� �T�h�i�s� �h�a�s� �n�u�m�e�r�o�u�s� �a�d�v�a�n�t�a�g�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �p�r�i�m�a�r�y� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �t�h�e�i�r� �c�o�m�p�l�e�m�e�n�t�a�r�y� 

�n�a�t�u�r�e� �i�s� �t�h�a�t� �t�h�e�y� �d�o� �n�o�t� �h�a�v�e� �s�o� �m�u�c�h� �i�n� �c�o�m�m�o�n� �t�h�a�t� �c�a�n� �b�e� �o�b�s�e�r�v�e�d� �o�r� �u�n�d�e�r�s�t�o�o�d� �p�h�y�s�i�c�a�l�l�y�.� 

�T�h�i�s� �r�e�s�u�l�t�s� �i�n� �a� �s�i�t�u�a�t�i�o�n� �w�h�e�r�e� �o�n�e� �c�a�n�n�o�t� �c�o�n�f�i�d�e�n�t�l�y� �a�r�g�u�e� �a�b�o�u�t� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �e�i�t�h�e�r� �m�o�d�e�l�,� 

�b�e�c�a�u�s�e� �c�r�o�s�s�-�c�h�e�c�k�i�n�g� �o�f� �t�h�e� �p�h�y�s�i�c�a�l� �p�a�r�a�m�e�t�e�r�s� �i�n�v�o�l�v�e�d�,� �v�i�z�.�,� �m�a�s�s�,� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g�,� �i�s� �n�o�t� 

�p�o�s�s�i�b�l�e�.� �T�h�e� �s�t�r�e�n�g�t�h�s� �o�f� �o�n�e� �a�r�e� �t�h�e� �w�e�a�k�n�e�s�s�e�s� �o�f� �t�h�e� �o�t�h�e�r�.� �T�h�e�r�e�f�o�r�e�,� �c�o�r�r�e�l�a�t�i�o�n� �m�e�t�h�o�d�s� �t�h�a�t� 

�c�a�n� �g�i�v�e� �v�a�l�u�a�b�l�e� �i�n�s�i�g�h�t�s� �i�n�t�o� �t�h�e� �d�e�f�e�c�t�s� �i�n� �e�i�t�h�e�r� �m�o�d�e�l� �a�r�e� �o�f� �p�a�r�a�m�o�u�n�t� �i�m�p�o�r�t�a�n�c�e� �i�f� �b�e�n�e�f�i�t�s� 

�a�r�e� �t�o� �b�e� �r�e�a�l�i�z�e�d�.� 

�T�h�e� �t�w�o� �m�o�s�t� �c�o�m�m�o�n�l�y� �a�v�a�i�l�a�b�l�e� �m�o�d�e�l�s� �a�r�e� �t�h�o�s�e� �f�r�o�m� �a� �m�o�d�a�l� �t�e�s�t�i�n�g� �a�n�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�-� 

�y�s�i�s�.� �A�p�a�r�t� �f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �o�n�e� �i�s� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �t�h�e� �o�t�h�e�r� �i�s� �a�n�a�l�y�t�i�c�a�l�,� �a� �p�r�i�m�a�r�y� �d�i�f�f�e�r�e�n�c�e� 

�i�s� �t�h�a�t� �t�h�e�y� �t�a�k�e� �d�i�f�f�e�r�e�n�t� �a�p�p�r�o�a�c�h�e�s� �t�o� �a�r�r�i�v�e� �a�t� �t�h�e� �m�o�d�e�l�s�.� �A�c�c�o�r�d�i�n�g� �t�o� �E�w�i�n�s� �[�5�5�]�,� �t�h�r�e�e� �d�i�f�-� 

�f�e�r�e�n�t� �m�o�d�e�l�s� �a�r�e� �p�o�s�s�i�b�l�e� �a�n�d� �m�e�a�n�i�n�g�f�u�l� �f�o�r� �c�o�m�p�a�r�i�s�o�n�.� �T�h�e�y� �a�r�e�:� 

�1�.� �S�p�a�t�i�a�l� �m�o�d�e�l� 

�2�.� �M�o�d�a�l� �m�o�d�e�l� 

�3�.� �R�e�s�p�o�n�s�e� �m�o�d�e�l� 

�A�s� �m�e�n�t�i�o�n�e�d� �a�b�o�v�e�,� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�e�t�h�o�d�s� �s�t�a�r�t� �w�i�t�h� �t�h�e� �s�p�a�t�i�a�l� �m�o�d�e�l� �a�n�d� �a�r�r�i�v�e� �a�t� �t�h�e� �m�o�d�a�l� 

�m�o�d�e�l�,� �w�i�t�h� �w�h�i�c�h� �a� �r�e�s�p�o�n�s�e� �m�o�d�e�l� �c�a�n� �b�e� �b�u�i�l�t� �i�f� �r�e�q�u�i�r�e�d�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� 

�m�e�t�h�o�d�s� �s�t�a�r�t� �w�i�t�h� �a� �r�e�s�p�o�n�s�e� �m�o�d�e�l� �a�n�d� �a�r�r�i�v�e� �a�t� �a� �m�o�d�a�l� �m�o�d�e�l�,� �f�r�o�m� �w�h�i�c�h� �a� �g�e�n�e�r�a�l�i�z�e�d� �s�p�a�t�i�a�l� 

�m�o�d�e�l� �c�a�n� �b�e� �b�u�i�l�t�,� �i�.�e�.�,� �a� �s�p�a�t�i�a�l� �m�o�d�e�l� �i�n� �t�h�e� �m�o�d�a�l� �d�o�m�a�i�n�.� �T�h�o�u�g�h� �d�i�r�e�c�t� �c�o�m�p�a�r�i�s�o�n�s� �b�e�t�w�e�e�n� 

�A�n�a�l�y�t�i�c�a�l� �T�e�c�h�n�i�q�u�e�s� �3�7



�e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �m�o�d�a�l� �a�s� �w�e�l�l� �a�s� �r�e�s�p�o�n�s�e� �m�o�d�e�l�s� �a�r�e� �p�o�s�s�i�b�l�e�,� �s�p�a�t�i�a�l� �m�o�d�e�l�s� �c�a�n� �b�e� 

�c�o�m�p�a�r�e�d� �o�n�l�y� �i�n� �t�h�e� �m�o�d�a�l� �d�o�m�a�i�n�.� �T�h�i�s� �i�s� �p�a�r�t�i�c�u�l�a�r�l�y� �d�i�s�a�d�v�a�n�t�a�g�e�o�u�s� �i�n� �t�h�a�t� �t�h�e� �s�p�a�t�i�a�l� �m�o�d�e�l�s� 

�i�n� �t�h�e� �m�o�d�a�l� �d�o�m�a�i�n� �r�e�p�r�e�s�e�n�t� �g�e�n�e�r�a�l�i�z�e�d� �s�t�i�f�f�n�e�s�s�e�s� �a�n�d� �m�a�s�s�e�s�,� �i�.�e�.�,� �s�t�i�f�f�n�e�s�s� �a�n�d� �m�a�s�s�e�s� �i�n� �m�o�d�a�l� 

�c�o�o�r�d�i�n�a�t�e�s�,� �w�h�i�c�h� �h�a�v�e� �n�o� �p�h�y�s�i�c�a�l� �m�e�a�n�i�n�g�.� �T�h�e�r�e�f�o�r�e�,� �m�o�s�t� �c�o�m�p�a�r�i�s�o�n�s� �a�r�e� �r�e�s�t�r�i�c�t�e�d� �t�o� �t�h�e� 

�m�o�d�a�l� �a�n�d� �r�e�s�p�o�n�s�e� �m�o�d�e�l�s�,� �t�h�e� �f�o�r�m�e�r� �b�e�i�n�g� �t�h�e� �m�o�s�t� �p�o�p�u�l�a�r�.� �A� �d�e�t�a�i�l�e�d� �t�r�e�a�t�m�e�n�t� �o�f� �c�o�r�r�e�l�a�t�i�o�n� 

�o�f� �s�t�r�u�c�t�u�r�a�l� �d�y�n�a�m�i�c� �m�o�d�e�l�s� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �a�n� �a�r�t�i�c�l�e� �b�y� �P�a�k�s�t�y�s� �[�5�6�]�.� �A�n�o�t�h�e�r� �e�x�c�e�l�l�e�n�t� �r�e�v�i�e�w� 

�i�s� �m�a�d�e� �b�y� �I�b�r�a�h�i�m� �[�5�7�]�.� �I�n� �t�h�i�s� �w�o�r�k� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�s� �i�s� 

�m�a�d�e� �u�s�i�n�g� �m�o�d�a�l� �m�o�d�e�l�s�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �S�e�c�t�i�o�n�s� �d�e�t�a�i�l� �s�o�m�e� �o�f� �t�h�e� �t�e�c�h�n�i�q�u�e�s� �u�s�e�d� �f�o�r� �p�e�r�-� 

�f�o�r�m�i�n�g� �c�o�r�r�e�l�a�t�i�o�n� �o�f� �m�o�d�a�l� �m�o�d�e�l�s�.� 

�3�.�3�.�1� �C�o�r�r�e�l�a�t�i�o�n� �o�f� �M�o�d�a�l� �M�o�d�e�l�s� 

�B�y� �a�n�d� �l�a�r�g�e�,� �t�h�i�s� �i�s� �t�h�e� �m�o�s�t� �p�o�p�u�l�a�r� �a�n�d� �a�d�v�a�n�c�e�d� �m�e�t�h�o�d� �u�s�e�d� �t�o� �c�o�r�r�e�l�a�t�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� 

�a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�s�.� �S�i�n�c�e� �d�a�m�p�i�n�g� �i�s� �t�y�p�i�c�a�l�l�y� �n�o�t� �m�o�d�e�l�e�d� �i�n� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�,� �t�h�e� �o�n�l�y� �m�o�d�a�l� 

�p�a�r�a�m�e�t�e�r�s� �t�h�a�t� �a�r�e� �c�o�r�r�e�l�a�t�e�d� �a�r�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �(�a� �g�l�o�b�a�l� �p�r�o�p�e�r�t�y�)� �a�n�d� �m�o�d�e� �s�h�a�p�e�s� �(�a� �l�o�c�a�l� 

�p�r�o�p�e�r�t�y�)� �o�f� �a� �s�t�r�u�c�t�u�r�e�.� 

�3�.�3�.�l�.�a� �N�a�t�u�r�a�l� �F�r�e�q�u�e�n�c�i�e�s� 

�T�h�i�s� �i�s� �t�h�e� �f�i�r�s�t� �c�o�m�p�a�r�i�s�o�n� �m�a�d�e� �b�e�t�w�e�e�n� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �t�e�s�t� �r�e�s�u�l�t�s�.� �A� �s�i�m�p�l�e� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� 

�t�a�b�u�l�a�t�e�d� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �i�s� �t�h�e� �f�i�r�s�t� �s�t�e�p�.� �T�o� �g�a�i�n� �m�o�r�e� �i�n�s�i�g�h�t�,� �a� �l�i�n�e�a�r� �p�l�o�t� �i�s� �m�a�d�e� �b�e�t�w�e�e�n� 

�a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s�.� �A� �g�o�o�d� �c�o�r�r�e�l�a�t�i�o�n� �i�s� �i�n�d�i�c�a�t�e�d� �b�y� �a� �s�t�r�a�i�g�h�t� �l�i�n�e� 

�w�h�o�s�e� �s�l�o�p�e� �a�p�p�r�o�a�c�h�e�s� �a� �v�a�l�u�e� �o�f� �|�.� �I�f� �t�h�e� �s�l�o�p�e� �i�s� �m�o�r�e� �o�r� �l�e�s�s� �t�h�a�n� �o�n�e�,� �t�h�e�n� �i�n�c�o�r�r�e�c�t� �m�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�y� �v�a�l�u�e�s� �c�o�u�l�d� �b�e� �t�h�e� �p�r�o�b�l�e�m� �(�a�s�s�u�m�i�n�g� �a� �c�o�n�v�e�r�g�e�d� �F�E� �s�o�l�u�t�i�o�n� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e�)�.� 

�I�f� �t�h�e�r�e� �a�r�e� �s�m�a�l�l� �r�a�n�d�o�m� �d�e�v�i�a�t�i�o�n�s� �f�r�o�m� �t�h�e� �s�t�r�a�i�g�h�t� �l�i�n�e�,� �t�h�e�n� �s�u�c�h� �e�r�r�o�r�s� �c�o�u�l�d� �b�e� �e�x�p�e�r�i�m�e�n�t�a�l�.� 

�A�n�a�l�y�t�i�c�a�l� �T�e�c�h�n�i�q�u�e�s� �5�8



�T�h�u�s�,� �i�f� �e�r�r�o�r�s� �e�x�i�s�t�,� �i�n�s�i�g�h�t�s� �a�s� �t�o� �w�h�e�t�h�e�r� �t�h�e�y� �a�r�e� �s�y�s�t�e�m�a�t�i�c� �o�r� �r�a�n�d�o�m� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� 

�s�u�c�h� �a� �p�l�o�t� �[�5�5�]�.� 

�3�.�3�.�1�.�5� �M�o�d�e� �S�h�a�p�e�s� 

�T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �m�e�t�h�o�d�s� �u�s�e�d� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �e�a�c�h� �o�t�h�e�r� �t�o� �c�o�r�r�e�l�a�t�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �a�n�a�-� 

�l�y�t�i�c�a�l� �m�o�d�e� �v�e�c�t�o�r�s�.� �A�l�s�o�,� �t�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �a�s�p�e�c�t�s� �r�e�l�a�t�i�n�g� �t�o� �m�o�d�e� �v�e�c�t�o�r�s� �o�b�t�a�i�n�e�d� �e�x�p�e�r�-� 

�i�m�e�n�t�a�l�l�y� �a�n�d� �a�n�a�l�y�t�i�c�a�l�l�y� �w�h�i�c�h� �n�e�e�d� �t�o� �b�e� �m�e�n�t�i�o�n�e�d� �b�e�f�o�r�e� �d�i�s�c�u�s�s�i�n�g� �v�a�r�i�o�u�s� �t�e�c�h�n�i�q�u�e�s� �u�s�e�d� 

�f�o�r� �m�o�d�e� �s�h�a�p�e� �c�o�r�r�e�l�a�t�i�o�n�.� �T�h�e� �f�i�r�s�t� �p�r�o�b�l�e�m� �e�n�c�o�u�n�t�e�r�e�d� �i�n� �c�o�r�r�e�l�a�t�i�n�g� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �a�n�a�l�y�t�-� 

�i�c�a�l� �m�o�d�e� �v�e�c�t�o�r�s� �i�s� �t�h�a�t� �d�u�e� �t�o� �u�n�e�q�u�a�l� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�.� �F�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�s� �u�s�u�a�l�l�y� �h�a�v�e� 

�d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �w�h�i�c�h� �a�r�e� �1� �o�r� �2� �o�r�d�e�r�s� �o�f� �m�a�g�n�i�t�u�d�e� �m�o�r�e� �t�h�a�n� �t�h�a�t� �w�h�i�c�h� �t�e�s�t�i�n�g� �c�a�n� �p�r�o�v�i�d�e�.� 

�O�f� �c�o�u�r�s�e�,� �c�o�r�r�e�l�a�t�i�o�n� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �b�y� �u�s�i�n�g� �t�h�o�s�e� �p�o�i�n�t�s� �i�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �w�h�e�r�e� �i�n�f�o�r�-� 

�m�a�t�i�o�n� �i�s� �a�v�a�i�l�a�b�l�e� �f�r�o�m� �t�e�s�t�i�n�g�.� �H�o�w�e�v�e�r�,� �i�f� �u�p�d�a�t�i�n�g� �o�f� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�s� �i�s� �t�o� �b�e� �p�e�r�f�o�r�m�e�d�,� 

�t�h�e� �t�e�s�t� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �s�h�o�u�l�d� �b�e� �i�d�e�n�t�i�c�a�l�.� 

�T�h�e� �a�b�o�v�e� �p�r�o�b�l�e�m� �i�s� �o�v�e�r�c�o�m�e� �b�y� �r�e�d�u�c�i�n�g� �t�h�e� �F�E� �m�o�d�e�l� �t�o� �t�h�e� �s�a�m�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �a�s� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �c�o�o�r�d�i�n�a�t�e�s�.� �F�u�r�t�h�e�r�,� �r�o�t�a�t�i�o�n�a�l� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �a�r�e� �n�o�t� �m�e�a�s�u�r�e�d� �i�n� �a� �m�o�d�a�l� �t�e�s�t�.� 

�A�s� �a� �r�e�s�u�l�t� �c�o�r�r�e�l�a�t�i�o�n� �i�s� �p�e�r�f�o�r�m�e�d� �o�n�l�y� �f�o�r� �t�r�a�n�s�l�a�t�i�o�n�a�l� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�.� �S�e�v�e�r�a�l� �t�e�c�h�n�i�q�u�e�s� 

�t�h�a�t� �p�e�r�f�o�r�m� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �r�e�d�u�c�t�i�o�n� �a�r�e� �i�n� �u�s�e�.� �T�h�e� �m�o�s�t� �c�o�m�m�o�n�l�y� �u�s�e�d� �m�e�t�h�o�d� �i�s� �t�h�e� 

�G�u�y�a�n� �r�e�d�u�c�t�i�o�n� �[�5�8�]�.� �T�h�o�u�g�h� �t�h�e�s�e� �m�e�t�h�o�d�s� �a�r�e� �h�i�g�h�l�y� �e�f�f�e�c�t�i�v�e�,� �t�h�e� �c�o�n�d�e�n�s�e�d� �s�y�s�t�e�m� �o�f� �p�h�y�s�i�c�a�l� 

�m�a�t�r�i�c�e�s� �i�n�v�o�l�v�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �(�m�a�s�s� �m�a�t�r�i�x� �i�n� �t�h�e� �c�a�s�e� �o�f� �G�u�y�a�n� �r�e�d�u�c�t�i�o�n�)�.� 

�A�n�a�l�y�t�i�c�a�l� �T�e�c�h�n�i�q�u�e�s� �5�9



�3�.�3�.�2� �M�e�t�h�o�d�s� �f�o�r� �C�o�r�r�e�l�a�t�i�n�g� �M�o�d�e� �S�h�a�p�e�s� 

�3�.�3�.�2�.�a� �V�i�s�u�a�l� �I�n�s�p�e�c�t�i�o�n� 

�T�h�i�s� �i�s� �t�h�e� �s�i�m�p�l�e�s�t� �m�e�t�h�o�d� �u�s�e�d� �t�o� �c�o�m�p�a�r�e� �m�o�d�e� �s�h�a�p�e�s� �f�r�o�m� �t�e�s�t� �a�n�d� �a�n�a�l�y�s�i�s�.� �I�t� �c�o�u�l�d� �b�e� �v�e�r�y� 

�u�s�e�f�u�l� �i�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �s�i�m�p�l�e� �a�n�d� �s�y�m�m�e�t�r�i�c�.� �I�n� �t�h�i�s� �c�a�s�e� �i�t� �c�a�n� �r�e�v�e�a�l� �l�o�c�a�t�i�o�n�s� �w�h�e�r�e� �a�n�a�l�y�t�i�c�a�l� 

�o�r� �t�e�s�t� �m�o�d�e� �v�e�c�t�o�r�s� �a�r�e� �i�n� �e�r�r�o�r�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �a�l�s�o� �u�s�e�d� �i�f� �o�t�h�e�r� �m�e�t�h�o�d�s� �f�o�r� �c�o�r�r�e�l�a�t�i�n�g� �m�o�d�e� 

�v�e�c�t�o�r�s� �y�i�e�l�d� �r�e�s�u�l�t�s� �w�h�i�c�h� �c�a�n�n�o�t� �b�e� �r�e�c�o�n�c�i�l�e�d� �w�i�t�h�.� 

�3�.�3�.�2�.� �O�r�t�h�o�g�o�n�a�l�i�t�y� �C�h�e�c�k� �M�e�t�h�o�d� 

�I�f� �a� �s�t�r�u�c�t�u�r�a�l� �d�y�n�a�m�i�c� �s�y�s�t�e�m� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l�l�y� �d�a�m�p�e�d�,� �e�a�c�h� �m�o�d�e� �v�e�c�t�o�r� �i�s� �o�r�t�h�o�g�o�n�a�l� �t�o� �a�l�l� 

�o�t�h�e�r� �m�o�d�e� �v�e�c�t�o�r�s� �o�f� �t�h�e� �s�y�s�t�e�m� �w�h�e�n� �w�e�i�g�h�t�e�d� �w�i�t�h� �t�h�e� �p�h�y�s�i�c�a�l� �m�a�t�r�i�c�e�s�,� �v�i�z�.�,� �m�a�s�s�,� �s�t�i�f�f�n�e�s�s� �o�r� 

�d�a�m�p�i�n�g� �m�a�t�r�i�x� �t�h�a�t� �i�s� �a� �l�i�n�e�a�r� �s�u�m� �o�f� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s�.� �T�h�i�s� �f�a�c�t� �i�s� �u�s�e�d� �t�o� �c�h�e�c�k� �t�h�e� 

�o�r�t�h�o�g�o�n�a�l�i�t�y� �o�f� �t�h�e� �m�e�a�s�u�r�e�d� �m�o�d�e� �v�e�c�t�o�r�s�.� �S�i�n�c�e� �t�h�e� �p�h�y�s�i�c�a�l� �m�a�t�r�i�c�e�s� �a�r�e� �n�o�t� �o�b�t�a�i�n�a�b�l�e� �f�r�o�m� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�,� �r�e�c�o�u�r�s�e� �i�s� �m�a�d�e� �t�o� �m�a�t�r�i�c�e�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s�.� �T�h�e� �m�o�s�t� 

�r�e�l�i�a�b�l�e� �p�h�y�s�i�c�a�l� �m�a�t�r�i�x� �t�h�a�t� �a�n� �F�E� �m�o�d�e�l� �c�o�u�l�d� �p�r�o�v�i�d�e� �i�s� �t�h�e� �m�a�s�s� �m�a�t�r�i�x�,� �w�h�i�c�h� �w�e� �s�h�a�l�l� �d�e�n�o�t�e� 

�a�s� �[�M�r�z�]�.� �T�h�e�r�e�f�o�r�e�,� �o�r�t�h�o�g�o�n�a�l�i�t�y� �c�h�e�c�k�s� �a�r�e� �u�s�u�a�l�l�y� �m�a�d�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �m�a�s�s� �m�a�t�r�i�x�.� �T�h�e� 

�f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�s� �h�o�l�d� �i�n� �a�n� �i�d�e�a�l� �s�i�t�u�a�t�i�o�n�,� 

�{�U�}�"� �[�M�p�g�]� �{�U�j�}� �=� �5�y�M�,� �(�3�.�4�3�)� 

�w�h�e�r�e� �U�;� �d�e�n�o�t�e�s� �t�h�e� �j�t�h� �m�o�d�e�,� �M�,� �t�h�e� �g�e�n�e�r�a�l�i�z�e�d� �m�a�s�s� �o�f� �m�o�d�e� �i�,� �a�n�d� �6�,� �t�h�e� �K�r�o�n�e�c�k�e�r� �d�e�l�t�a� 

�f�u�n�c�t�i�o�n�.� �A�l�t�e�r�n�a�t�i�v�e�l�y�,� �w�e� �c�a�n� �d�e�f�i�n�e� �t�h�e� �m�a�s�s�-�n�o�r�m�a�l�i�z�e�d� �m�o�d�e� �v�e�c�t�o�r�s�,� �{�¢�,�}�,� �a�s� �f�o�l�l�o�w�s�,� 

�{�U�i�}� �+� �_�_� �3�.�4�4� 
�{�U�}�"� �[�M�p�g� �{�U�3� �o�e�)� 

�{�o�}� �=� 

�A�n�a�l�y�t�i�c�a�l� �T�e�c�h�n�i�q�u�e�s� �6�0



�E�q�u�a�t�i�o�n�s� �(�3�.�4�3� �a�n�d� �3�.�4�4�)� �c�a�n� �b�e� �r�e�-�a�r�r�a�n�g�e�d� �t�o� �y�i�e�l�d� 

�(�¢�)�"� �[�M�p�c�]� �(�¢�)� �=� �b�y� �(�3�.�4�3�4�)� 

�N�o�w� �w�e� �c�a�n� �d�e�f�i�n�e� �t�h�e� �o�r�t�h�o�g�o�n�a�l�i�t�y� �c�h�e�c�k� �m�a�t�r�i�x� �a�s�,� 

�[�®�]� �(�[�M�r�e�p�]� �[�®�]� �=� �[�O�,�]� �(�3�.�4�5�)� 

�w�h�e�r�e� �[�®�]� �i�s� �t�h�e� �m�o�d�a�l� �m�a�t�r�i�x� �w�h�i�c�h� �h�a�s� �m�a�s�s�-�n�o�r�m�a�l�i�z�e�d� �m�o�d�e� �v�e�c�t�o�r�s� �a�s� �i�t�s� �c�o�l�u�m�n�s� �a�n�d� �[�O�,�]� 

�i�s� �t�h�e� �o�r�t�h�o�g�o�n�a�l�i�t�y� �c�h�e�c�k� �m�a�t�r�i�x�.� 

�I�d�e�a�l�l�y� �t�h�e� �o�f�f�-�d�i�a�g�o�n�a�l� �t�e�r�m�s� �a�r�e� �s�u�p�p�o�s�e�d� �t�o� �b�e�  ��0 ��.� �H�o�w�e�v�e�r�,� �s�u�c�h� �v�a�l�u�e�s� �c�a�n�n�o�t� �b�e� �r�e�a�l�i�z�e�d� �i�n� 

�p�r�a�c�t�i�c�e�.� �V�a�l�u�e�s� �o�f� �0�.�1� �o�r� �l�e�s�s� �a�r�e� �g�e�n�e�r�a�l�l�y� �a�c�c�e�p�t�a�b�l�e�.� �T�h�e� �s�h�o�r�t�c�o�m�i�n�g� �o�f� �t�h�e� �m�e�t�h�o�d� �i�s� �t�h�a�t� �t�h�e� 

�m�a�s�s� �m�a�t�r�i�x� �i�s� �f�r�o�m� �t�h�e� �F�E� �m�o�d�e�l�,� �w�h�i�c�h� �w�e� �a�r�e� �t�r�y�i�n�g� �t�o� �v�a�l�i�d�a�t�e�.� �A�l�s�o�,� �d�u�e� �t�o� �t�h�e� �s�m�a�l�l�e�r� �n�u�m�b�e�r� 

�o�f� �e�x�p�e�r�i�m�e�n�t�a�l� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�,� �t�h�e� �m�a�s�s� �m�a�t�r�i�x� �h�a�s� �t�o� �b�e� �r�e�d�u�c�e�d� �b�y� �c�o�n�d�e�n�s�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�.� 

�I�f� �t�h�e� �r�e�d�u�c�t�i�o�n� �m�e�t�h�o�d� �i�s� �G�u�y�a�n� �[�5�8�]�,� �t�h�e�n� �t�h�e� �c�o�n�d�e�n�s�e�d� �m�a�s�s� �m�a�t�r�i�x� �i�s� �i�n�a�c�c�u�r�a�t�e� �T�h�i�s� �c�a�n� �c�a�u�s�e� 

�s�e�v�e�r�e� �e�r�r�o�r�s�.� �T�h�u�s�,� �o�n�e� �c�a�n�n�o�t� �i�d�e�n�t�i�f�y� �w�h�e�r�e� �t�h�e� �p�r�o�b�l�e�m� �l�i�e�s�,� �i�n� �c�a�s�e� �o�f� �p�o�o�r� �o�r�t�h�o�g�o�n�a�l�i�t�y� �r�e�-� 

�s�u�l�t�s�.� �I�t� �c�o�u�l�d� �b�e� �e�i�t�h�e�r� �d�u�e� �t�o� �t�h�e� �m�e�a�s�u�r�e�d� �m�o�d�e� �v�e�c�t�o�r�s� �t�h�e�m�s�e�l�v�e�s� �o�r� �d�u�e� �t�o� �t�h�e� �F�E� �m�a�s�s� �m�a�t�r�i�x� 

�o�r� �d�u�e� �t�o� �b�o�t�h�.� �T�h�e�r�e�f�o�r�e�,� �a� �m�o�r�e� �r�e�l�i�a�b�l�e� �w�a�y� �o�f� �e�s�t�a�b�l�i�s�h�i�n�g� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �m�e�a�s�u�r�e�d� �m�o�d�e�s� �1�s� 

�r�e�q�u�i�r�e�d�.� 

�3�.�3�.�2�.�c� �M�o�d�a�l� �A�s�s�u�r�a�n�c�e� �C�r�i�t�e�r�i�o�n� �(�M�A�C�)� 

�T�h�e� �c�o�n�c�e�p�t� �o�f� �M�o�d�a�l� �A�s�s�u�r�a�n�c�e� �C�r�i�t�e�r�i�o�n� �(�M�A�C�)� �a�n�d� �M�o�d�a�l� �S�c�a�l�e� �F�a�c�t�o�r� �(�M�S�F�)� �p�a�r�a�l�l�e�l�s� �t�h�e� 

�i�d�e�a� �o�f� �C�o�h�e�r�e�n�c�e� �F�u�n�c�t�i�o�n� �a�n�d� �F�r�e�q�u�e�n�c�y� �R�e�s�p�o�n�s�e� �F�u�n�c�t�i�o�n� �r�e�s�p�e�c�t�i�v�e�l�y� �[�1�1�]�.� �T�h�u�s�,� �t�h�r�o�u�g�h� 

�t�h�e� �m�o�d�a�l� �a�s�s�u�r�a�n�c�e� �c�r�i�t�e�r�i�o�n�,� �a� �c�a�u�s�a�l�i�t�y� �r�e�l�a�t�i�o�n�s�h�i�p� �i�s� �e�s�t�a�b�l�i�s�h�e�d� �b�e�t�w�e�e�n� �t�w�o� �v�e�c�t�o�r�s�.� �T�h�e� �r�e�f�-� 

�e�r�e�n�c�e� �o�r� �i�n�p�u�t� �v�e�c�t�o�r� �{�f�}�,� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �c�o�m�p�o�s�e�d� �o�f� �t�w�o� �p�a�r�t�s�,� �o�n�e� �p�a�r�t� �b�e�i�n�g� �c�o�m�p�l�e�t�e�l�y� 

�c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �t�h�e� �o�u�t�p�u�t� �v�e�c�t�o�r� �{�¢�}�,� �(�t�h�e� �v�e�c�t�o�r� �t�o� �b�e� �c�o�r�r�e�l�a�t�e�d� �w�i�t�h�)� �a�n�d� �t�h�e� �o�t�h�e�r� �c�o�m�p�l�e�t�e�l�y� 

�A�n�a�l�y�t�i�c�a�l� �T�e�c�h�n�i�q�u�e�s� �6�1



�u�n�c�o�r�r�e�l�a�t�e�d�.� �I�n� �t�h�i�s� �m�a�n�n�e�r� �t�h�e� �m�o�d�a�l� �a�s�s�u�r�a�n�c�e� �c�r�i�t�e�r�i�o�n� �i�s� �d�e�f�i�n�e�d� �i�n� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �w�a�y� �a�s� 

�t�h�e� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n� �[�1�1�]�.� �T�h�u�s�,� 

�2� 

�(� �S� �P� �m�i� �i�n �� 

�m�=�]� 
� � 

�M�A�C� �L�{�4�}�;� �{�}�)�]� �=� �n� �n� �(�3�.�4�6�)� 

�(� �»�.� �P� �m�i� �i�n�i�}� �»� �P� �m�j� �i�n �� 

�m�=�)� �m�=� �1� 

�{�¢�}�;�'� �{�$�}�/� �M�S�F� �[�{�$�}�.�{�6�}�,�]� �=�  ��> ��>� �(�3�.�4�7�)� 
�{�o�h�}�;� �{�$�}�,� 

�T�h�u�s�,� �i�f� �t�h�e� �M�A�C� �v�a�l�u�e� �a�p�p�r�o�a�c�h�e�s� �u�n�i�t�y�,� �t�h�e� �m�o�d�a�l� �s�c�a�l�e� �f�a�c�t�o�r� �c�o�m�p�u�t�e�d� �i�s� �c�o�r�r�e�c�t�.� �I�t� �h�a�s� �t�o� 

�b�e� �n�o�t�e�d� �t�h�a�t� �a�l�l� �t�h�e� �e�r�r�o�r� �h�a�s� �b�e�e�n� �l�u�m�p�e�d� �o�n� �o�n�e� �v�e�c�t�o�r�,� �a�n�d� �t�h�e� �r�e�f�e�r�e�n�c�e� �v�e�c�t�o�r� �i�s� �a�s�s�u�m�e�d� �t�o� 

�b�e� �e�r�r�o�r�-�f�r�e�e�.� �T�h�e� �m�o�d�a�l� �a�s�s�u�r�a�n�c�e� �c�r�i�t�e�r�i�o�n� �i�s� �a� �s�c�a�l�a�r� �c�o�n�s�t�a�n�t� �r�e�l�a�t�i�n�g� �t�w�o� �v�e�c�t�o�r�s� �a�n�d� �t�h�e� �m�o�d�a�l� 

�s�c�a�l�e� �f�a�c�t�o�r� �i�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �l�i�n�e�a�r� �s�c�a�l�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �v�e�c�t�o�r�s�.� �T�h�e� �p�r�o�p�e�r�t�i�e�s�,� �a�d�v�a�n�t�a�g�e�s� 

�a�n�d� �l�i�m�i�t�a�t�i�o�n�s� �o�f� �t�h�e� �m�o�d�a�l� �a�s�s�u�r�a�n�c�e� �c�r�i�t�e�r�i�o�n� �a�r�e� �d�i�s�c�u�s�s�e�d� �e�l�a�b�o�r�a�t�e�l�y� �i�n� �R�e�f�.� �[�1�1�]�.� 

�S�o�m�e� �a�p�p�l�i�c�a�t�i�o�n�s� �o�f� �t�h�e� �M�o�d�a�l� �A�s�s�u�r�a�n�c�e� �C�r�i�t�e�r�i�o�n� �(�M�A�C�)� 

�1�.� �E�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�e� �v�e�c�t�o�r�s� �o�r�i�g�i�n�a�t�i�n�g� �f�r�o�m� �a�n� �u�n�d�a�m�p�e�d� �o�r� �p�r�o�p�o�r�t�i�o�n�a�l�l�y� �d�a�m�p�e�d� �s�y�s�t�e�m� 

�c�a�n� �b�e� �e�v�a�l�u�a�t�e�d� �b�a�s�e�d� �o�n� �t�h�e�i�r� �o�r�t�h�o�g�o�n�a�l� �r�e�l�a�t�i�o�n�s�h�i�p�.� �D�e�v�i�a�t�i�o�n�s� �f�r�o�m� �o�r�t�h�o�g�o�n�a�l�i�t�y� �g�i�v�e� 

�c�l�u�e�s� �a�s� �t�o� �t�h�e� �m�o�d�e� �v�e�c�t�o�r�s� �t�h�a�t� �a�r�e� �i�n� �e�r�r�o�r�.� 

�2�.� �C�o�m�p�a�r�i�s�o�n�s� �w�i�t�h� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e� �v�e�c�t�o�r�s� �c�a�n� �b�e� �m�a�d�e�.� �I�f� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�e� �v�e�c�t�o�r�s� �a�r�e� 

�a�s�s�u�m�e�d� �t�o� �b�e� �e�r�r�o�r�-�f�r�e�e�,� �t�h�e�n� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e� �v�e�c�t�o�r�s� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d�,� 

�o�r� �v�i�c�e� �v�e�r�s�a�.� �C�u�r�r�e�n�t�l�y�,� �t�h�e� �m�o�d�a�l� �a�s�s�u�r�a�n�c�e� �c�r�i�t�e�r�i�o�n� �i�s� �u�s�e�d� �a�l�m�o�s�t� �u�n�i�v�e�r�s�a�l�l�y� �f�o�r� �t�h�i�s� �p�u�r�-� 

�p�o�s�e�.� 

�A�n�a�l�y�t�i�c�a�l� �T�e�c�h�n�i�q�u�e�s� �6�2



�T�h�e� �m�o�d�a�l� �a�s�s�u�r�a�n�c�e� �c�r�i�t�e�r�i�o�n� �h�a�s� �f�o�u�n�d� �s�e�v�e�r�a�l� �o�t�h�e�r� �u�s�e�s� �a�p�a�r�t� �f�r�o�m� �t�h�o�s�e� �m�e�n�t�i�o�n�e�d� �a�b�o�v�e�.� �I�t� 

�i�s� �n�e�c�e�s�s�a�r�y� �h�e�r�e� �t�o� �p�o�i�n�t� �o�u�t� �t�h�a�t� �t�h�e� �t�h�e�o�r�y� �b�e�h�i�n�d� �m�o�d�a�l� �a�s�s�u�r�a�n�c�e� �c�r�i�t�e�r�i�o�n� �a�n�d� �m�o�d�a�l� �s�c�a�l�e� 

�f�a�c�t�o�r� �(�a�s� �i�s� �t�h�e� �t�h�e�o�r�y� �b�e�h�i�n�d� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n� �a�n�d� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n�)� �a�s�s�u�m�e�s� �l�i�n�e�a�r� 

�a�n�d� �s�t�a�t�i�o�n�a�r�y� �s�y�s�t�e�m�s�.� 

�A�n�a�l�y�t�i�c�a�l� �T�e�c�h�n�i�q�u�e�s� �6�3



�C�h�a�p�t�e�r� �4� 

�T�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l� 

�A�n� �a�c�c�u�r�a�t�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �i�s� �t�h�e� �g�o�a�l� �o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�i�n�g� �p�r�o�c�e�s�s�.� �T�h�e� �p�u�r�p�o�s�e� �h�e�r�e� �i�s� 

�t�o� �q�u�a�n�t�i�f�y� �e�r�r�o�r�s� �i�n� �d�e�r�i�v�i�n�g� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�a�l� �m�o�d�e�l�,� �a� �m�o�d�e�l� �t�h�a�t� �c�o�m�p�r�i�s�e�s� �o�f� �n�a�t�u�r�a�l� �f�r�e�-� 

�q�u�e�n�c�i�e�s�,� �d�a�m�p�i�n�g� �r�a�t�i�o�s� �a�n�d� �m�o�d�e� �s�h�a�p�e� �o�f� �a� �l�i�n�e�a�r� �s�y�s�t�e�m�.� �T�h�e� �r�e�a�s�o�n�s� �f�o�r� �c�h�o�o�s�i�n�g� �a� �s�i�m�p�l�e� 

�b�e�a�m� �a�s� �t�h�e� �s�y�s�t�e�m� �w�e�r�e� �o�u�t�l�i�n�e�d� �i�n� �C�h�a�p�t�e�r� �3�.� �T�h�e�r�e�,� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �f�o�r� 

�s�u�m�p�l�e� �b�e�a�m�s� �w�e�r�e� �d�e�v�e�l�o�p�e�d�.� �T�w�o� �c�o�m�m�o�n� �b�e�a�m� �t�h�e�o�r�i�e�s�,� �t�h�e� �B�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �a�n�d� �t�h�e� 

�T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y�,� �w�e�r�e� �e�m�p�l�o�y�e�d� �t�o� �d�e�v�e�l�o�p� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�.� �T�o� �e�s�t�a�b�l�i�s�h� �t�h�e� 

�m�o�d�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �a� �b�e�a�m�,� �t�h�e�r�e�f�o�r�e�,� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �h�a�s� �t�o� �b�e� �s�o�l�v�e�d�.� �T�h�e� 

�e�x�a�c�t� �s�o�l�u�t�i�o�n�s� �t�o� �s�u�c�h� �d�i�f�f�e�r�e�n�t�i�a�l� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m�s� �a�r�e� �a�v�a�i�l�a�b�l�e� �f�o�r� �s�i�m�p�l�e� �(�c�l�a�s�s�i�c�a�l�)� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s�,� �w�h�e�n� �e�q�u�a�t�i�o�n�s� �f�r�o�m� �e�i�t�h�e�r� �b�e�a�m� �t�h�e�o�r�y� �a�r�e� �u�s�e�d�.� �H�o�w�e�v�e�r�,� �s�u�c�h� �e�x�a�c�t� �s�o�l�u�t�i�o�n�s� �m�a�y� 

�n�o�t� �b�e� �p�o�s�s�i�b�l�e� �i�f� 

�e� �n�o�n�-�c�l�a�s�s�i�c�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �e�x�i�s�t� 

�¢� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �c�o�n�t�a�i�n� �v�a�r�i�a�b�l�e� �c�o�e�f�f�i�c�i�e�n�t�s� 

�T�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l� �6�4



�I�n� �s�u�c�h� �s�i�t�u�a�t�i�o�n�s�,� �o�n�l�y� �a�p�p�r�o�x�i�m�a�t�e� �m�e�t�h�o�d�s� �o�f� �s�o�l�u�t�i�o�n� �[�5�4�]� �c�a�n� �b�e� �e�m�p�l�o�y�e�d�.� �A�g�a�i�n�,� �t�h�e�s�e� �a�p�-� 

�p�r�o�x�i�m�a�t�e� �m�e�t�h�o�d�s� �m�a�y� �b�e� �d�i�f�f�i�c�u�l�t� �t�o� �i�m�p�l�e�m�e�n�t�,� �b�e�c�a�u�s�e� �o�f� �f�i�n�d�i�n�g� �s�u�i�t�a�b�l�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� 

�f�u�n�c�t�i�o�n�s� �t�h�a�t� �s�a�t�i�s�f�y� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t�s� �d�e�m�a�n�d�e�d� �b�y� �t�h�e�s�e� �a�p�p�r�o�x�i�m�a�t�e� �m�e�t�h�o�d�s�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�-� 

�m�e�n�t� �m�e�t�h�o�d�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �i�s� �v�e�r�y� �v�e�r�s�a�t�i�l�e� �i�n� �h�a�n�d�l�i�n�g� �s�i�t�u�a�t�i�o�n�s� �w�h�i�c�h� �a�r�e� �i�n�t�r�a�c�t�a�b�l�e� �b�y� 

�o�t�h�e�r� �m�e�t�h�o�d�s�.� �H�e�r�e�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �i�s� �c�h�o�s�e�n� �b�e�c�a�u�s�e� �o�f� �i�t�s� �c�a�p�a�b�i�l�i�t�y� �t�o� �m�o�d�e�l� �a�n�d� 

�s�i�m�u�l�a�t�e� �v�a�r�i�o�u�s� �e�x�p�e�r�i�m�e�n�t�a�l� �t�e�s�t� �c�o�n�d�i�t�i�o�n�s�,� �w�i�t�h�o�u�t� �u�n�d�u�l�y� �c�o�m�p�l�i�c�a�t�i�n�g� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�i�n�g� 

�p�r�o�c�e�s�s�.� �T�h�i�s� �c�h�a�p�t�e�r�,� �t�h�e�r�e�f�o�r�e�,� �d�e�a�l�s� �e�x�c�l�u�s�i�v�e�l�y� �w�i�t�h� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �p�r�o�c�e�d�u�r�e�s� �u�s�e�d� �i�n� �t�h�e� �a�n�a�-� 

�l�y�t�i�c�a�l� �m�o�d�e�l�i�n�g� �o�f� �t�h�e� �t�e�s�t� �s�t�r�u�c�t�u�r�e�.� 

�F�i�r�s�t�,� �t�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�,� �f�r�o�m� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �a�n�d� �t�h�e� �T�i�m�o�s�h�e�n�k�o� 

�t�h�e�o�r�y�,� �t�h�a�t� �w�i�l�l� �b�e� �u�s�e�d� �i�n� �t�h�e� �F�E� �f�o�r�m�u�l�a�t�i�o�n� �a�r�e� �s�t�a�t�e�d�.� �N�e�x�t�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �e�q�u�a�t�i�o�n�s� �o�f� 

�m�o�t�i�o�n� �a�r�e� �d�e�r�i�v�e�d� �u�s�i�n�g� �t�h�e� �v�a�r�i�a�t�i�o�n�a�l� �f�o�r�m�,� �e�m�p�l�o�y�i�n�g� �t�h�e� �R�i�t�z� �a�p�p�r�o�a�c�h�.� �T�h�i�s� �i�s� �p�e�r�f�o�r�m�e�d� �f�o�r� 

�a� �t�y�p�i�c�a�l� �e�l�e�m�e�n�t�,� �e�m�p�l�o�y�i�n�g� �b�o�t�h� �t�h�e� �b�e�a�m� �t�h�e�o�r�i�e�s�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�s� �b�a�s�e�d� �o�n� �t�h�e�s�e� �t�w�o� 

�e�l�e�m�e�n�t� �t�y�p�e�s� �a�r�e� �i�m�p�l�e�m�e�n�t�e�d� �t�h�r�o�u�g�h� �a� �F�O�R�T�R�A�N� �c�o�d�e�,� �w�r�i�t�t�e�n� �a�n�d� �e�x�e�c�u�t�e�d� �o�n� �t�h�e� �I�B�M� �3�0�9�0� 

�m�a�i�n�f�r�a�m�e� �c�o�m�p�u�t�e�r� �s�y�s�t�e�m�.� �W�r�i�t�i�n�g� �a� �c�o�d�e�,� �r�a�t�h�e�r� �t�h�a�n� �u�s�i�n�g� �a� �g�e�n�e�r�a�l� �p�u�r�p�o�s�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�c�o�d�e�,� �i�s� �p�r�e�f�e�r�r�e�d� �f�o�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�a�s�o�n�s�:� 

�¢� �T�o� �a�v�o�i�d� �u�s�i�n�g� �t�h�e� �g�e�n�e�r�a�l� �p�u�r�p�o�s�e� �c�o�d�e� �a�s� �a�  ��B�l�a�c�k�-�b�o�x ��,� �s�i�n�c�e� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �e�l�e�m�e�n�t� 

�e�q�u�a�t�i�o�n�s� �a�n�d� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �a�s�s�u�m�p�t�i�o�n�s� �a�r�e� �u�s�u�a�l�l�y� �n�o�t� �a�v�a�i�l�a�b�l�e�.� 

�¢� �T�o� �h�a�v�e� �m�o�r�e� �f�l�e�x�i�b�i�l�i�t�y� �i�n� �m�o�d�e�l�i�n�g�,� �a�n�d� �t�o� �h�a�v�e� �b�e�t�t�e�r� �c�o�n�t�r�o�l� �o�v�e�r� �t�h�e� �s�o�l�u�t�i�o�n� �p�r�o�c�e�s�s�.� 

�T�h�e� �c�o�n�v�e�r�g�e�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e�s�e� �t�w�o� �b�e�a�m� �e�l�e�m�e�n�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �a� �f�r�e�e�-�f�r�e�e� 

�b�e�a�m� �i�n� �b�e�n�d�i�n�g� �v�i�b�r�a�t�i�o�n�.� �A�l�s�o�,� �t�h�e� �m�o�d�e�l�i�n�g� �t�e�c�h�n�i�q�u�e�s� �u�s�e�d� �t�o� �s�i�m�u�l�a�t�e� �e�x�p�e�r�i�m�e�n�t�a�l� �t�e�s�t� 

�c�o�n�d�i�t�i�o�n�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d�.� �S�u�b�s�e�q�u�e�n�t�l�y�,� �s�a�m�p�l�e�s� �o�f� �t�y�p�i�c�a�l� �a�n�a�l�y�s�e�s� �r�e�s�u�l�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d�.� 

�T�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l� �6�5



�4�.�1� �T�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �E�q�u�a�t�i�o�n�s� 

�I�n� �C�h�a�p�t�e�r� �3�,� �e�q�u�a�t�i�o�n�s� �g�o�v�e�r�n�i�n�g� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �m�o�t�i�o�n� �o�f� �b�e�a�m�s� �w�e�r�e� �o�u�t�l�i�n�e�d�.� �T�h�e�i�r� �d�e�v�e�l�o�p�-� 

�m�e�n�t� �a�s�s�u�m�e�d� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �d�i�s�t�r�i�b�u�t�e�d� �a�x�i�a�l� �f�o�r�c�e� �a�n�d� �w�e�r�e� �n�o�t� �r�e�s�t�r�i�c�t�e�d� �t�o� �s�m�a�l�l� �m�o�t�i�o�n�s�.� �A�l�s�o�,� 

�t�h�e� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �s�p�e�c�i�a�l�i�z�e�d� �t�o� �c�a�s�e�s� �w�e�r�e� �t�h�e� �m�o�t�i�o�n�s� �w�e�r�e� �s�m�a�l�l�.� �T�h�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �c�a�s�e� �i�n� 

�w�h�i�c�h� �t�h�e� �m�o�t�i�o�n�s� �a�r�e� �s�m�a�l�l� �a�n�d� �i�n� �w�h�i�c�h� �a�x�i�a�l� �f�o�r�c�e�s� �a�r�e� �p�r�e�s�e�n�t� �a�r�e� �r�e�s�t�a�t�e�d� �h�e�r�e� �f�o�r� �c�o�n�t�i�n�u�i�t�y�.� 
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�T�h�e� �b�e�a�m�s� �u�s�e�d� �i�n� �t�h�e� �m�o�d�a�l� �t�e�s�t�s� �i�n� �t�h�i�s� �w�o�r�k� �a�r�e� �v�e�r�y� �s�i�m�p�l�e� �a�n�d� �t�h�e�r�e�f�o�r�e� �c�a�n� �b�e� �e�a�s�i�l�y� �m�o�d�e�l�e�d� 

�u�s�i�n�g� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �t�e�c�h�n�i�q�u�e�.� �S�i�n�c�e� �t�h�e� �b�e�a�m�s� �a�r�e� �p�r�i�s�m�a�t�i�c� �a�n�d� �u�n�i�f�o�r�m�,� �t�h�e�r�e� �w�i�l�l� �b�e� �n�o� 

�T�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l� �8�1



�e�r�r�o�r�s� �d�u�e� �t�o� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �g�e�o�m�e�t�r�y�.� �H�o�w�e�v�e�r�,� �e�s�t�a�b�l�i�s�h�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �e�x�i�s�t�-� 

�i�n�g� �i�n� �t�h�e� �a�c�t�u�a�l� �t�e�s�t�i�n�g� �e�n�v�i�r�o�n�m�e�n�t� �i�s� �n�o�t� �a� �s�i�m�p�l�e� �t�a�s�k�.� �D�e�t�a�i�l�s� �o�f� �t�h�e� �m�o�d�e�l�i�n�g� �p�r�o�c�e�d�u�r�e�s� �u�s�e�d� 

�w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �s�u�b�s�e�q�u�e�n�t�l�y� �i�n� �a� �s�e�p�a�r�a�t�e� �S�e�c�t�i�o�n�.� �A�l�l� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�s� �u�s�e�d� �i�n� �t�h�i�s� �w�o�r�k� 

�a�r�e� �g�e�n�e�r�a�t�e�d� �b�y� �a� �c�o�m�p�u�t�e�r� �c�o�d�e� �w�r�i�t�t�e�n� �i�n� �F�O�R�T�R�A�N�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�s� �a�r�e� �g�e�n�e�r�a�t�e�d� 

�a�n�d� �s�o�l�v�e�d� �o�n� �t�h�e� �I�B�M� �3�0�9�0� �m�a�i�n�f�r�a�m�e� �c�o�m�p�u�t�e�r� �s�y�s�t�e�m�.� �I�n� �t�h�e� �n�e�x�t� �s�e�v�e�r�a�l� �p�a�r�a�g�r�a�p�h�s�,� �t�h�e� �d�e�-� 

�t�a�i�l�s� �o�f� �t�h�e� �c�o�m�p�u�t�e�r� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�b�l�e�m� �a�r�e� �d�i�s�c�u�s�s�e�d�.� 

�I�n�p�u�t� �d�a�t�a� �t�o� �t�h�e� �p�r�o�g�r�a�m� 

�T�h�e� �i�n�p�u�t� �d�a�t�a� �t�o� �t�h�e� �p�r�o�g�r�a�m� �a�r�e� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�,� �g�e�o�m�e�t�r�i�c� �p�r�o�p�e�r�t�i�e�s�,� �n�e�r�t�i�a� �p�r�o�p�e�r�t�i�e�s� 

�o�f� �t�h�e� �t�r�a�n�s�d�u�c�e�r�s� �(�w�h�e�n� �u�s�e�d� �i�n� �t�h�e� �m�o�d�e�l�)�,� �a� �v�a�l�u�e� �f�o�r� �t�h�e� �g�r�a�v�i�t�y� �l�o�a�d� �(�w�h�e�n� �u�s�e�d� �i�n� �t�h�e� �m�o�d�e�l�)�,� 

�n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� �i�n� �t�h�e� �m�e�s�h�,� �c�o�o�r�d�i�n�a�t�e�s� �o�f� �t�h�e� �n�o�d�e�s�,� �c�o�n�n�e�c�t�i�v�i�t�y� �m�a�t�r�i�x�,� �n�o�d�e�s� �i�n� �w�h�i�c�h� �t�h�e� 

�t�r�a�n�s�d�u�c�e�r�s� �a�r�e� �l�o�c�a�t�e�d� �a�n�d� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n�f�o�r�m�a�t�i�o�n�.� 

�E�v�a�l�u�a�t�i�o�n� �o�f� �e�l�e�m�e�n�t� �m�a�t�r�i�c�e�s� 

�A�l�l� �c�o�m�p�u�t�a�t�i�o�n�s� �a�r�e� �d�o�n�e� �u�s�i�n�g� �d�o�u�b�l�e� �p�r�e�c�i�s�i�o�n� �a�r�i�t�h�m�e�t�i�c�.� �T�h�e� �e�l�e�m�e�n�t� �m�a�t�r�i�c�e�s� �a�r�e� �e�v�a�l�u�a�t�e�d� 

�n�u�m�e�r�i�c�a�l�l�y� �u�s�i�n�g� �t�h�e� �G�a�u�s�s�-�L�e�g�e�n�d�r�e� �q�u�a�d�r�a�t�u�r�e�.� �T�h�e� �n�u�m�b�e�r� �o�f� �p�o�i�n�t�s� �(�w�e�i�g�h�t�s�)� �u�s�e�d� �a�r�e� �s�e�-� 

�l�e�c�t�e�d� �t�o� �b�e� �m�o�r�e� �t�h�a�n� �s�u�f�f�i�c�i�e�n�t�,� �t�o� �e�x�a�c�t�l�y� �e�v�a�l�u�a�t�e� �t�h�e� �i�n�t�e�g�r�a�l�s�.� �I�n� �c�a�s�e� �o�f� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� 

�e�l�e�m�e�n�t�,� �r�e�d�u�c�e�d� �i�n�t�e�g�r�a�t�i�o�n� �4� �i�s� �p�e�r�f�o�r�m�e�d� �o�n� �t�e�r�m�s� �i�n�v�o�l�v�i�n�g� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �G�.� �T�h�i�s� �i�s� �d�o�n�e� 

�t�o� �m�a�i�n�t�a�i�n� �c�o�n�s�i�s�t�e�n�c�y� �i�n� �i�n�t�e�r�p�o�l�a�t�i�o�n�.� �R�e�f�e�r�e�n�c�e� �[�4�]� �d�e�t�a�i�l�s� �t�h�e� �t�h�e�o�r�y� �b�e�h�i�n�d� �r�e�d�u�c�e�d� �i�n�t�e�-� 

�g�r�a�t�i�o�n�.� �A�l�s�o� �t�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �(�s�h�a�p�e�)� �f�u�n�c�t�i�o�n�s� �a�r�e� �t�r�a�n�s�f�o�r�m�e�d� �t�o� �n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e�s� �t�o� �f�a�c�i�l�i�t�a�t�e� 

�n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n�.� �T�h�e� �m�a�s�s� �m�a�t�r�i�c�e�s� �u�s�e�d� �a�r�e� �c�o�n�s�i�s�t�e�n�t� �m�a�s�s� �m�a�t�r�i�c�e�s�,� �s�t�a�t�e�d� �b�y� �E�q�s�.� �(�4�.�1�8� 

�a�n�d� �4�.�3�9�)�,� �f�o�r� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �a�n�d� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �e�l�e�m�e�n�t�s� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�A�s�s�e�m�b�l�y� �o�f� �e�l�e�m�e�n�t� �m�a�t�r�i�c�e�s� �a�n�d� �i�m�p�o�s�i�t�i�o�n� �o�f� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� 

�1�S� �S�i�n�c�e� �t�h�e� �s�a�m�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �i�s� �u�s�e�d� �f�o�r� �b�o�t�h� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �s�l�o�p�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�,� �r�e�d�u�c�e�d� 
�i�n�t�e�g�r�a�t�i�o�n� �b�e�c�o�m�e�s� �n�e�c�e�s�s�a�r�y�.� �S�e�e� �R�e�f�.� �[�4�]�.� 

�T�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l� �$�2



�T�h�e� �g�l�o�b�a�l� �m�a�t�r�i�c�e�s� �a�r�e� �s�t�o�r�e�d� �i�n� �f�u�l�l� �m�o�d�e�.� �T�h�a�t� �i�s�,� �t�h�e� �g�l�o�b�a�l� �m�a�t�r�i�c�e�s� �a�r�e� �n�o�t� �s�t�o�r�e�d� �i�n� �t�h�e� 

�b�a�n�d�-�s�y�m�m�e�t�r�i�c� �s�t�o�r�a�g�e� �m�o�d�e�.� �T�h�e� �p�r�o�b�l�e�m�s� �s�o�l�v�e�d� �h�e�r�e� �a�r�e� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �f�r�e�e�-�f�r�e�e� �v�i�b�r�a�t�i�o�n�s� 

�o�f� �a� �b�e�a�m� �,� �a�n�d� �t�h�e�r�e�f�o�r�e� �d�i�s�p�l�a�c�e�m�e�n�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �n�e�e�d� �n�o�t� �b�e� �s�p�e�c�i�f�i�e�d�.� �S�i�n�c�e� �m�o�d�e�l�i�n�g� 

�t�h�e� �g�r�a�v�i�t�y� �f�o�r�c�e� �a�n�d� �t�r�a�n�s�d�u�c�e�r� �i�n�e�r�t�i�a�s� �r�e�s�u�l�t� �i�n� �d�i�s�p�l�a�c�e�m�e�n�t�-� �a�n�d� �a�c�c�e�l�e�r�a�t�i�o�n�-�d�e�p�e�n�d�e�n�t� �f�o�r�c�e�s� 

�(�s�e�e� �t�h�e� �S�e�c�t�i�o�n� �o�n� �m�o�d�e�l�i�n�g�)�,� �t�h�e�s�e� �h�a�v�e� �t�o� �b�e� �s�p�e�c�i�f�i�e�d� �w�h�e�n� �n�e�c�e�s�s�a�r�y�.� �H�o�w�e�v�e�r�,� �i�m�p�o�s�i�t�i�o�n� 

�o�f� �t�h�e�s�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �r�e�s�u�l�t� �i�n� �t�h�e� �m�e�r�e� �a�d�d�i�t�i�o�n� �o�f� �c�e�r�t�a�i�n� �i�n�e�r�t�i�a� �a�n�d� �s�t�i�f�f�n�e�s�s� �t�e�r�m�s� �t�o� 

�c�e�r�t�a�i�n� �e�n�t�r�i�e�s� �o�f� �t�h�e� �g�l�o�b�a�l� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s�,� �a�n�d� �c�a�n� �b�e� �a�c�c�o�m�p�l�i�s�h�e�d� �e�a�s�i�l�y�.� 

�S�o�l�u�t�i�o�n� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�s� 

�A�l�l� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�s� �a�r�e� �s�o�l�v�e�d� �o�n� �t�h�e� �I�B�M� �3�0�9�0� �m�a�i�n�f�r�a�m�e� �c�o�m�p�u�t�e�r�.� �T�h�e� �I�n�t�e�r�n�a�t�i�o�n�a�l� 

�M�a�t�h�e�m�a�t�i�c�a�l� �S�u�b�r�o�u�t�i�n�e�s� �L�i�b�r�a�r�y ��s� �(�I�M�S�L�)� �E�i�g�e�n�s�y�s�t�e�m� �s�u�b�r�o�u�t�i�n�e� �D�G�V�C�S�P� �i�s� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� 

�f�i�n�a�l� �m�a�t�r�i�x� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m�.� �T�h�e� �D�G�V�C�S�P� �s�u�b�r�o�u�t�i�n�e� �t�a�k�e�s� �a�s� �i�n�p�u�t� �t�h�e� �m�a�t�r�i�c�e�s� �[�K�]� �a�n�d� 

�[�M�]�,� �a�l�o�n�g� �w�i�t�h� �t�h�e�i�r� �d�i�m�e�n�s�i�o�n�s�,� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �t�h�e� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �[�K�]�{�¢�}� �=� �A�L�M� �]�{�¢�}�.� 

�A�l�s�o�,� �t�h�e� �m�a�t�r�i�c�e�s� �[�K�]� �a�n�d� �[�M�]� �h�a�v�e� �t�o� �b�e� �r�e�a�l� �a�n�d� �s�y�m�m�e�t�r�i�c� �a�n�d� �h�a�v�e� �t�o� �b�e� �s�t�o�r�e�d� �i�n� �f�u�l�l� �m�o�d�e�.� 

�F�u�r�t�h�e�r�,� �t�h�e� �m�a�t�r�i�x� �[�M�]� �i�s� �r�e�q�u�i�r�e�d� �t�o� �b�e� �p�o�s�i�t�i�v�e� �d�e�f�i�n�i�t�e�.� 

�4�.�3� �M�o�d�e�l�i�n�g� 

�T�w�o� �i�m�p�o�r�t�a�n�t� �f�a�c�t�o�r�s� �w�h�i�c�h� �n�e�e�d� �t�o� �b�e� �m�o�d�e�l�e�d� �a�r�e�,� 

�1�.� �T�h�e� �i�n�e�r�t�i�a�s� �o�f� �t�h�e� �f�o�r�c�e� �a�n�d� �r�e�s�p�o�n�s�e� �t�r�a�n�s�d�u�c�e�r�s�.� 

�2�.� �T�h�e� �g�r�a�v�i�t�y� �f�o�r�c�e� �w�h�i�c�h� �i�n�d�u�c�e�s� �a� �b�o�d�y� �f�o�r�c�e� �a�x�i�a�l�l�y� �a�l�o�n�g� �t�h�e� �b�e�a�m�,� �a�s� �a� �r�e�s�u�l�t� �o�f� �s�u�s�p�e�n�d�i�n�g� 

�t�h�e� �b�e�a�m� �v�e�r�t�i�c�a�l�l�y�.� 

�V�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l� �8�3



�G�e�n�e�r�a�l�l�y�,� �t�h�e�s�e� �f�a�c�t�o�r�s� �a�r�e� �i�g�n�o�r�e�d� �i�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�i�n�g� �p�r�o�c�e�s�s�,� �b�e�c�a�u�s�e� �o�f� �t�h�e�i�r� �a�s�s�u�m�e�d� 

�n�e�g�l�i�g�i�b�l�e� �i�n�f�l�u�e�n�c�e� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e ��s� �d�y�n�a�m�i�c� �b�e�h�a�v�i�o�r�.� 

�4�.�3�.�1� �I�n�e�r�t�i�a�s� �o�f� �T�r�a�n�s�d�u�c�e�r�s� 

�T�h�e� �i�n�e�r�t�i�a�l� �e�f�f�e�c�t�s�,� �b�o�t�h� �t�r�a�n�s�l�a�t�i�o�n�a�l� �a�n�d� �r�o�t�a�t�i�o�n�a�l�,� �o�f� �t�h�e� �t�r�a�n�s�d�u�c�e�r�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �a�c�t� �a�t� �a� 

�p�o�i�n�t�.� �D�u�e� �t�o� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �b�e�a�m� �t�h�e� �p�o�i�n�t�s� �o�f� �t�r�a�n�s�d�u�c�t�i�o�n� �e�x�p�e�r�i�e�n�c�e� �a� �f�o�r�c�e� �a�n�d� �a� �m�o�-� 

�m�e�n�t�.� �T�h�e� �a�m�o�u�n�t� �o�f� �f�o�r�c�e� �e�q�u�a�l�s� �t�h�e� �t�r�a�n�s�l�a�t�i�o�n�a�l� �i�n�e�r�t�i�a� �t�i�m�e�s� �t�h�e� �a�c�c�e�l�e�r�a�t�i�o�n� �o�f� �t�h�e� �p�o�i�n�t�.� 

�S�i�m�i�l�a�r�l�y� �t�h�e� �a�m�o�u�n�t� �o�f� �m�o�m�e�n�t� �e�q�u�a�l�s� �t�h�e� �r�o�t�a�t�i�o�n�a�l� �i�n�e�r�t�i�a� �t�i�m�e�s� �t�h�e� �a�n�g�u�l�a�r� �a�c�c�e�l�e�r�a�t�i�o�n� �(�o�f� �t�h�e� 

�b�e�a�m�)� �a�t� �t�h�e� �p�o�i�n�t�.� �D�e�n�o�t�i�n�g� �t�h�e� �n�o�d�e� �n�u�m�b�e�r� �i�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �b�y� �i�,� �t�h�e� �e�x�t�e�r�n�a�l� �f�o�r�c�e� 

�a�n�d� �m�o�m�e�n�t� �d�u�e� �t�o� �i�n�e�r�t�i�a�-�l�o�a�d�i�n�g� �a�t� �t�h�e� �p�o�i�n�t� �i�n� �q�u�e�s�t�i�o�n� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�,� 

�F�f�;� �=� �m�m�;� 

�M�;� �=� �1�8�;� 

�w�h�e�r�e�,� �F�;� �a�n�d� �M�,� �a�r�e� �t�h�e� �f�o�r�c�e� �a�n�d� �m�o�m�e�n�t� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �w�;� �a�n�d� �6�;� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �a�c�c�e�l�e�r�-� 

�a�t�i�o�n�s� �a�t� �n�o�d�e� �i�.� �T�h�e� �q�u�a�n�t�i�t�i�e�s� !"�,� �a�n�d� �/�,� �d�e�n�o�t�e� �t�h�e� �t�r�a�n�s�l�a�t�i�o�n�a�l� �a�n�d� �r�o�t�a�t�i�o�n�a�l� �i�n�e�r�t�i�a�s� �r�e�s�p�e�c�t�i�v�e�l�y�,� 

�o�f� �t�h�e� �t�r�a�n�s�d�u�c�e�r�.� �T�h�u�s�,� �t�h�e� �e�x�t�e�r�n�a�l� �l�o�a�d�s� �F�;� �a�n�d� �M�;� �a�r�e� �a�p�p�l�i�e�d� �a�t� �t�h�e� �p�o�i�n�t�s� �o�f� �t�r�a�n�s�d�u�c�t�i�o�n�,� �a�l�o�n�g� 

�w�i�t�h� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �S�i�n�c�e� �t�h�e�s�e� �i�n�e�r�t�i�a�l� �l�o�a�d�s� �c�o�n�t�a�i�n� �t�h�e� �n�o�d�a�l� �a�c�c�e�l�e�r�a�t�i�o�n�s� �a�s� �v�a�r�i�-� 

�a�b�l�e�s�,� �t�h�e�y� �c�a�n� �b�e� �r�e�a�r�r�a�n�g�e�d� �i�n� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �b�y� �g�r�o�u�p�i�n�g� �t�h�e�m� �w�i�t�h� �o�t�h�e�r� �i�n�e�r�t�i�a� �f�o�r�c�e� 

�t�e�r�m�s�.� �I�n� �f�a�c�t�,� �t�h�e� �q�u�a�n�t�i�t�i�e�s� �m�,� �a�n�d� �/�,� �s�i�m�p�l�y� �a�d�d� �t�o� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �d�i�a�g�o�n�a�l� �t�e�r�m�s� �o�f� �t�h�e� �g�l�o�b�a�l� 

�m�a�s�s� �m�a�t�r�i�x�.� 

�T�h�e� �m�a�s�s�e�s� �o�f� �t�h�e� �b�o�t�h� �f�o�r�c�e� �a�n�d� �r�e�s�p�o�n�s�e� �t�r�a�n�s�d�u�c�e�r�s� �a�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �t�e�c�h�n�i�c�a�l� �m�a�n�u�a�l�s� 

�s�u�p�p�l�i�e�d� �b�y� �t�h�e� �m�a�n�u�f�a�c�t�u�r�e�r�s�.� �S�i�n�c�e� �t�h�e� �t�r�a�n�s�d�u�c�e�r�s� �h�a�v�e� �w�e�l�l�-�d�e�f�i�n�e�d� �g�e�o�m�e�t�r�y�,� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� 

�m�a�s�s� �m�o�m�e�n�t�-�o�f�-�i�n�e�r�t�i�a�s� �i�s� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�.� �T�h�e� �m�a�s�s� �m�o�m�e�n�t�-�o�f�-�i�n�e�r�t�i�a�s� �o�f� �t�h�e� �t�r�a�n�s�d�u�c�e�r�s� �a�r�e� 

�c�a�l�c�u�l�a�t�e�d� �a�b�o�u�t� �t�h�e� �n�e�u�t�r�a�l� �a�x�i�s� �o�f� �t�h�e� �b�e�a�m�.� �T�h�o�u�g�h� �t�h�e� �t�r�a�n�s�d�u�c�e�r�s� �d�o� �n�o�t� �p�o�s�s�e�s� �u�n�i�f�o�r�m� 

�T�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l� �8�4



�d�e�n�s�i�t�y�,� �a� �u�n�i�f�o�r�m� �d�e�n�s�i�t�y� �a�s�s�u�m�p�t�i�o�n� �i�s� �m�a�d�e�.� �T�h�e� �u�n�i�f�o�r�m� �d�e�n�s�i�t�y� �i�s� �c�o�m�p�u�t�e�d� �b�y� �d�i�v�i�d�i�n�g� �t�h�e� 

�t�o�t�a�l� �m�a�s�s� �b�y� �t�h�e� �t�o�t�a�l� �v�o�l�u�m�e�,� �f�o�r� �e�a�c�h� �t�r�a�n�s�d�u�c�e�r�.� �F�o�r� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r�,� �o�n�l�y� �h�a�l�f� 

�t�h�e� �t�r�a�n�s�l�a�t�i�o�n�a�l� �i�n�e�r�t�i�a� �i�s� �u�s�e�d�,� �w�h�i�l�e� �m�o�d�e�l�i�n�g�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �d�y�n�a�m�i�c� �f�o�r�c�e� �b�e�i�n�g� 

�m�e�a�s�u�r�e�d� �i�s� �a�t� �a� �p�o�i�n�t� �a�p�p�r�o�x�i�m�a�t�e�l�y� �a�t� �t�h�e� �c�e�n�t�r�e� �o�f� �t�h�e� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r�.� �H�o�w�e�v�e�r�,� �t�h�e� �e�n�t�i�r�e� 

�g�e�o�m�e�t�r�y� �a�n�d� �m�a�s�s� �o�f� �t�h�e� �t�r�a�n�s�d�u�c�e�r� �i�s� �u�s�e�d� �f�o�r� �r�o�t�a�t�i�o�n�a�l� �i�n�e�r�t�i�a� �c�a�l�c�u�l�a�t�i�o�n�s�.� 

�4�.�3�.�2� �B�o�d�y� �F�o�r�c�e� �D�u�e� �t�o� �G�r�a�v�i�t�y� �L�o�a�d� 

�I�n� �a�l�l� �t�h�e� �m�o�d�a�l� �t�e�s�t�s� �p�e�r�f�o�r�m�e�d�,� �t�h�e� �b�e�a�m� �i�s� �s�u�s�p�e�n�d�e�d� �v�e�r�t�i�c�a�l�l�y� �b�y� �m�e�a�n�s� �o�f� �a� �t�h�i�n� �s�t�r�a�n�d� �o�f� 

�n�y�l�o�n� �c�o�r�d�s�,� �w�h�i�c�h� �i�s� �a�t�t�a�c�h�e�d� �t�o� �a�n� �e�l�a�s�t�i�c� �b�u�n�g�e�e� �c�o�r�d� �a�t� �t�h�e� �o�t�h�e�r� �e�n�d�.� �T�h�i�s� �i�n�d�u�c�e�s� �a� �b�o�d�y� 

�f�o�r�c�e�,� �d�u�e� �t�o� �g�r�a�v�i�t�y�,� �t�h�a�t� �v�a�r�i�e�s� �a�x�i�a�l�l�y� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�3�.� �T�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�i�s� �l�o�a�d� �c�a�n� �b�e� �d�e�-� 

�n�o�t�e�d� �b�y�,� 

�P�(�x�)� �=� �p�A�L�(�1� �-� �=�.�)� �(�4�.�4�9�)� 

�o�r�,� �u�s�i�n�g� �t�h�e� �n�o�t�a�t�i�o�n� �P�y�)� �=� �p�A�L�,� 

�P�(�x�)� �=� �P�o�(�1� �~� �=�)� �(�4�.�4�9�2�)� 

�E�x�a�m�i�n�i�n�g� �t�h�e� �s�t�i�f�f�n�e�s�s� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �E�q�.� �(�4�.�1�7�)�,� �w�e� �c�o�u�l�d� �c�o�n�c�l�u�d�e� �t�h�a�t� �a�n� �a�x�i�a�l� �t�e�n�s�i�l�e� �l�o�a�d� �w�o�u�l�d� 

�i�n�c�r�e�a�s�e� �t�h�e� �s�y�s�t�e�m� �s�t�i�f�f�n�e�s�s�,� �a�n�d� �h�e�n�c�e� �i�t�s� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �i�m�p�a�c�t� �o�n� �m�o�d�e� 

�s�h�a�p�e�s� �c�a�n�n�o�t� �b�e� �e�a�s�i�l�y� �(�i�n�t�u�i�t�i�v�e�l�y�)� �a�s�s�e�s�s�e�d�.� 

�I�n�c�l�u�s�i�o�n� �o�f� �t�h�e� �b�o�d�y� �f�o�r�c�e� �(�a�x�i�a�l� �f�o�r�c�e�)� �i�n� �t�h�e� �m�o�d�e�l�i�n�g� �p�r�o�c�e�s�s� �r�e�q�u�i�r�e�s� �t�h�e� �e�s�t�a�b�l�i�s�h�m�e�n�t� �o�f� �t�h�e� 

�a�s�s�o�c�i�a�t�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �P�a�r�t�i�c�u�l�a�r�l�y� �t�h�e� �f�o�r�c�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �s�i�n�c�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �r�e�m�a�i�n� �u�n�a�l�t�e�r�e�d�.� �R�e�-�e�x�a�m�i�n�i�n�g� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� 

�o�f� �t�h�e� �b�e�a�m� �(�C�h�a�p�t�e�r� �3�)�,� �w�e� �s�e�e� �t�h�a�t� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �a�x�i�a�l� �f�o�r�c�e� �i�s� �t�o� �a�d�d� �t�o� �t�h�e� �s�h�e�a�r� �f�o�r�c�e� �a�t� �a�n�y� 

�c�r�o�s�s�-�s�e�c�t�i�o�n� �o�f� �t�h�e� �b�e�a�m�.� �F�u�r�t�h�e�r�,� �r�e�f�e�r�r�i�n�g� �t�o� �t�h�e� �w�e�a�k� �f�o�r�m� �o�f� �t�h�e� �v�a�r�i�a�t�i�o�n�a�l� �s�t�a�t�e�m�e�n�t� �i�n� �t�h�e� 

�T�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l� �8�5



�f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m� �e�l�e�m�e�n�t�,� �E�q�.� �(�4�.�4�)�,� �w�e� �o�b�t�a�i�n� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� 

�A� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e�s�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �a�l�t�e�r�n�a�t�i�v�e� �m�o�d�e�l�i�n�g� �p�r�o�c�e�d�u�r�e�s� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� 

�b�o�d�y� �f�o�r�c�e� �a�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �S�e�c�t�i�o�n�.� 

�B�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� 

�R�e�f�e�r�r�i�n�g� �t�o� �F�i�g�.� �4�.�3�,� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �t�h�a�t� �e�x�i�s�t� �a�t� �t�h�e� �t�o�p� �e�n�d� �o�f� �t�h�e� �v�e�r�t�i�c�a�l�l�y� �s�u�s�p�e�n�d�e�d� 

�b�e�a�m� �a�r�e� �n�o�t� �t�h�o�s�e� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�a�t� �o�f� �a� �f�r�e�e�-�f�r�e�e� �b�e�a�m�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �e�s�-� 

�t�a�b�l�i�s�h� �t�h�e�m� �t�o� �s�i�m�u�l�a�t�e� �t�h�e� �a�c�t�u�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �F�i�g�u�r�e� �4�.�3� �i�l�l�u�s�t�r�a�t�e�s� �t�w�o� �m�a�t�h�e�m�a�t�i�c�a�l� 

�m�o�d�e�l�s� �t�h�a�t� �c�o�u�l�d� �b�e� �u�s�e�d� �t�o� �s�i�m�u�l�a�t�e� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �I�f� �E�q�.� �(�4�.�1�)� �i�s� �u�s�e�d�,� �t�h�e�n� �t�h�e� �a�s�-� 

�s�o�c�i�a�t�e�d� �f�o�r�c�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e�,� 

�A�t� �x�=� �0�,� 

�2� �p�y� �F�w�  �� �P�o�(� �2�)� �=�0� �e�r�{� �2� �)�=�9� �(�4�.�5�0�)� �a�x� �a�x� �C�1� �a�x� �a�x� �J� �"� 

�a�n�d� �a�t�x�=�L�.� 

�2� �2� 

�2� �(� �p�,� �2�¥� �\� �9� �E�r�{� �2�%� �\ ��o� �(�4�.�5�1�)� 
�o�x� �a�x� �a�x� 

�T�h�e� �s�e�c�o�n�d� �o�f� �e�q�u�a�t�i�o�n� �(�4�.�5�0�)� �i�m�p�l�i�e�s� �a� �f�o�r�c�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�,� 

�O�f�,� �e�w� �\� �_� �(�2�)� �a� �(�e�r� �F�e� �=� �P�o�l� �3� �(�4�.�5�0�a�)� 

�I�n�c�l�u�s�i�o�n� �o�f� �t�h�e� �f�o�r�c�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �w�i�l�l� �r�e�s�u�l�t� �i�n� �a�n� �u�n�s�y�m�m�e�t�r�i�c�a�l� �[�K�]� �m�a�t�r�i�x�,� �a�n�d� �h�e�n�c�e� 

�a�n� �u�n�s�y�m�m�e�t�r�i�c�a�l� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m�.� �F�i�g�u�r�e� �4�.�3�c� �s�h�o�w�s� �a�n�o�t�h�e�r� �m�o�d�e�l�,� �i�n� �w�h�i�c�h� �t�h�e� �s�t�r�i�n�g� �a�n�d� 

�t�h�e� �b�e�a�m� �a�r�e� �m�o�d�e�l�e�d� �a�s� �s�h�o�w�n� �t�h�e�r�e�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� �i�s� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �s�t�r�i�n�g� �w�i�t�h� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t�s�.� 
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�2� 

�Z�|� �1�9�%� �|� �=� �e�c�o� �(�4�.�5�2�)� 

�w�h�e�r�e� �7�(�x�)� �i�s� �t�h�e� �t�e�n�s�i�o�n� �i�n� �t�h�e� �s�t�r�i�n�g� �(�a�s�s�u�m�e�d� �t�o� �b�e� �c�o�n�s�t�a�n�t�)� �a�n�d� �p�,�(�x�)� �i�s� �t�h�e� �m�a�s�s� �o�f� �t�h�e� �s�t�r�i�n�g� 

�p�e�r� �u�n�i�t� �l�e�n�g�t�h�.� �F�o�r� �a� �b�e�a�m� �o�f� �w�e�i�g�h�t� �P�o�,� �s�u�s�p�e�n�d�e�d� �v�e�r�t�i�c�a�l�l�y�,� �t�h�e� �t�e�n�s�i�o�n� �7�(�x�)� �i�n� �t�h�e� �s�t�r�i�n�g� �i�s� �g�i�v�e�n� 

�b�y�,� 

�T�(�x�)� �=� �P�|�,� �9� �=� �P�o� �(�4�.�5�3�)� 

�B�y� �u�s�i�n�g� �t�h�i�s� �m�o�d�e�l�,� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �x� �=� �0� �a�r�e� �a�c�c�o�u�n�t�e�d� �f�o�r�,� �b�e�c�a�u�s�e� �o�f� �t�h�e� �f�o�r�c�e� 

�e�q�u�i�l�i�b�r�i�u�m� �a�n�d� �d�i�s�p�l�a�c�e�m�e�n�t� �c�o�m�p�a�t�i�b�i�l�i�t�y� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e�,� �b�e�t�w�e�e�n� �t�h�e� �s�t�r�i�n�g� �a�n�d�-�t�h�e� �b�e�a�m� �e�l�e�-� 

�m�e�n�t�.� �A�l�s�o�,� �t�h�i�s� �m�o�d�e�l� �w�o�u�l�d� �b�e� �a�b�l�e� �t�o� �p�r�e�d�i�c�t� �t�h�e� �r�i�g�i�d� �b�o�d�y� �m�o�d�e�s� �o�f� �t�h�e� �s�u�s�p�e�n�d�e�d� �s�t�r�u�c�t�u�r�e�,� 

�i�n� �a�d�d�i�t�i�o�n� �t�o� �b�e�i�n�g� �a� �m�o�r�e� �a�c�c�u�r�a�t�e� �m�o�d�e�l�.� 

�4�.�3�.�3� �S�a�m�p�l�e� �R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�T�h�e� �R�i�t�z� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �f�o�r� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �a�n�d� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�i�e�s� �w�e�r�e� �p�r�e�-� 

�s�e�n�t�e�d�.� �T�h�e� �e�s�s�e�n�t�i�a�l� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �a�n�d� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �t�h�e�o�r�i�e�s� �i�s� �t�h�a�t� 

�t�h�e� �l�a�t�t�e�r� �a�c�c�o�u�n�t�s� �f�o�r� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� �e�f�f�e�c�t�s�.� �T�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �s�h�e�a�r� �d�e�-� 

�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� �a�r�e� �s�i�g�n�i�f�i�c�a�n�t� �f�o�r� �b�e�a�m�s� �w�i�t�h� �s�m�a�l�l�e�r� �l�e�n�g�t�h�-�t�o�-�d�e�p�t�h� �r�a�t�i�o�s�.� �H�o�w�-� 

�e�v�e�r�,� �e�v�e�n� �f�o�r� �b�e�a�m�s� �w�i�t�h� �l�a�r�g�e�r� �l�e�n�g�t�h�-�t�o�-�d�e�p�t�h� �r�a�t�i�o�s�,� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �b�e�c�o�m�e�s� �s�i�g�n�i�f�i�c�a�n�t� �f�o�r� 

�h�i�g�h�e�r� �m�o�d�e�s� �a�n�d� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� �b�e�c�o�m�e�s� �s�i�g�n�i�f�i�c�a�n�t� �a�t� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�i�e�s�.� �A�n�o�t�h�e�r� �i�m�p�o�r�t�a�n�t� 

�a�s�p�e�c�t� �w�a�s� �t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �u�n�i�f�o�r�m�l�y� �d�i�s�t�r�i�b�u�t�e�d� �a�x�i�a�l� �f�o�r�c�e�s� �i�n� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �o�f� �a� �b�e�a�m�.� 

�T�h�i�s� �r�e�s�u�l�t�s� �i�n� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �w�i�t�h� �a� �v�a�r�i�a�b�l�e� �c�o�e�f�f�i�c�i�e�n�t�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �h�e�r�e� �i�s� �t�o� �h�a�v�e� �a�n� 

�a�c�c�u�r�a�t�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �f�o�r� �v�a�l�i�d�a�t�i�n�g� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� 

�T�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l� �8�7



�T�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m� �e�l�e�m�e�n�t� �u�s�e�s� �a� �c�u�b�i�c� �H�e�r�m�i�t�e� �i�n�t�e�r�p�o�l�a�t�i�o�n�.� �T�h�u�s� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� 

�f�u�n�c�t�i�o�n� �i�s� �a� �c�u�b�i�c� �f�u�n�c�t�i�o�n�,� �a�s� �i�s� �t�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n�,� �f�o�r� �s�t�a�t�i�c� �p�r�o�b�l�e�m�s�,� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �E�u�l�e�r�-� 

�B�e�r�n�o�u�l�l�i� �t�h�e�o�r�y�.� �T�h�e�r�e�f�o�r�e�,� �f�o�r� �t�h�e� �c�a�s�e� �w�h�e�r�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� 

�e�q�u�a�t�i�o�n� �a�r�e� �c�o�n�s�t�a�n�t�,� �t�h�e� �e�l�e�m�e�n�t� �g�i�v�e�s� �t�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �f�o�r� �s�t�a�t�i�c� �p�r�o�b�l�e�m�s� �(�a�t� �n�o�d�e�s�)�.� �T�h�e� 

�T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �e�l�e�m�e�n�t� �u�s�e�s� �t�h�e� �q�u�a�d�r�a�t�i�c� �L�a�g�r�a�n�g�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�.� �R�e�d�u�c�e�d� �q�u�a�d�r�a�t�u�r�e� 

�i�s� �u�s�e�d� �o�n� �s�h�e�a�r� �t�e�r�m�s� �t�o� �m�a�i�n�t�a�i�n� �c�o�n�s�i�s�t�e�n�c�y� �o�f� �i�n�t�e�r�p�o�l�a�t�i�o�n�.� 

�T�h�e� �m�a�t�e�r�i�a�l� �a�n�d� �g�e�o�m�e�t�r�i�c� �p�r�o�p�e�r�t�y� �v�a�l�u�e�s� �o�f� �t�h�e� �b�e�a�m� �t�h�a�t� �w�i�l�l� �b�e� �u�s�e�d� �f�o�r� �s�a�m�p�l�e� �a�n�a�l�y�s�e�s� �i�s� 

�g�i�v�e�n� �i�n� �T�a�b�l�e� �4�.�1�.� �T�a�b�l�e� �4�.�2� �s�h�o�w�s� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m� 

�e�l�e�m�e�n�t� �f�o�r� �a� �b�a�r� �i�n� �b�e�n�d�i�n�g� �v�i�b�r�a�t�i�o�n� �w�i�t�h� �f�r�e�e�-�f�r�e�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �f�o�r� 

�t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �f�i�r�s�t� �t�e�n� �f�l�e�x�i�b�l�e� �m�o�d�e�s� �a�r�e� �s�h�o�w�n�,� �a�l�o�n�g� �w�i�t�h� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� 

�u�s�i�n�g� �5�,� �1�0�,� �2�0�,� �4�0� �a�n�d� �8�0� �e�l�e�m�e�n�t�s�.� �A�s� �c�a�n� �b�e� �o�b�s�e�r�v�e�d� �8� �e�l�e�m�e�n�t�s� �p�e�r� �m�o�d�e� �g�i�v�e�s� �a� �f�a�i�r�l�y� �a�c�c�u�r�a�t�e� 

�s�o�l�u�t�i�o�n�.� �T�a�b�l�e� �4�.�3� �s�h�o�w�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �e�l�e�m�e�n�t�.� �C�r�o�s�s� �c�o�m�-� 

�p�a�r�i�s�o�n� �w�i�t�h� �r�e�s�u�l�t�s� �f�r�o�m� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �e�l�e�m�e�n�t� �(�T�a�b�l�e� �4�.�2�)� �s�h�o�w�s� �t�h�a�t� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� 

�e�l�e�m�e�n�t� �c�o�n�v�e�r�g�e�s� �a�t� �a� �s�l�o�w�e�r� �r�a�t�e�.� �T�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� �c�a�n� �b�e� 

�s�e�e�n� �f�o�r� �h�i�g�h�e�r� �m�o�d�e�s�.� 

�A� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �b�e�a�m� �w�i�t�h� �a�n� �a�x�i�a�l� �c�o�m�p�r�e�s�s�i�v�e� �e�n�d�-�l�o�a�d� �i�s� �m�o�d�e�l�e�d�,� �t�o� �v�a�l�i�d�a�t�e� �t�h�e� �f�o�r�m�u�-� 

�l�a�t�i�o�n�s� �f�o�r� �t�h�e� �c�a�s�e� �i�n� �w�h�i�c�h� �a�x�i�a�l� �l�o�a�d�s� �a�r�e� �p�r�e�s�e�n�t�.� �A� �m�e�s�h� �o�f� �8�0� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m� �e�l�e�m�e�n�t�s� 

�i�s� �u�s�e�d� �w�i�t�h� �a�n� �a�x�i�a�l� �l�o�a�d� �o�f� �2�2�2�.�4� �N�.� �T�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n�!�*� �f�r�o�m� �t�h�e� �l�i�n�e�a�r� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �t�h�e�o�r�y� 

�i�s� �g�i�v�e�n� �b�e�l�o�w�,� 

�2� �2� �n�r� �E�I� �L� �P� 
�o�n�=�(�E�)� �J�o�a� �V�+� �G�e�)� �a�e� �(�4�9�4�)� 

�$�,�(�x�)� �=�A� �s�i�n�(� �4�)� �x� �(�4�.�5�5�)� 

�1�6� �S�e�e� �T�i�m�o�s�h�e�n�k�o�,� �S�.�P�.�,� �Y�o�u�n�g�,� �D�.�H�.�,� �W�e�a�v�e�r�,� �W�.�,� �J�r�.�,� �V�i�b�r�a�t�i�o�n� �P�r�o�b�l�e�m�s� �i�n� �E�n�g�i�n�e�e�r�i�n�g�,� �W�i�l�e�y�,� �N�e�w� 
�Y�o�r�k�,� �1�9�7�4�,� �4�t�h� �E�d�.� 
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�C�h�a�p�t�e�r� �5� 

�T�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� 

�E�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�a�l� �a�n�a�l�y�s�i�s�,� �t�o�d�a�y�,� �h�a�s� �e�m�e�r�g�e�d� �a�s� �a� �v�e�r�y� �r�e�l�i�a�b�l�e� �t�o�o�l� �i�n� �s�t�u�d�y�i�n�g� �a� �s�t�r�u�c�t�u�r�e ��s� 

�d�y�n�a�m�i�c�s�.� �T�h�e� �t�e�c�h�n�o�l�o�g�y� �h�a�s� �e�v�o�l�v�e�d� �a�n�d� �m�a�t�u�r�e�d� �s�i�g�n�i�f�i�c�a�n�t�l�y�.� �H�o�w�e�v�e�r�,� �o�w�i�n�g� �t�o� �t�h�e� �d�i�v�e�r�s�e� 

�n�a�t�u�r�e� �o�f� �t�h�e� �p�r�o�c�e�s�s�e�s� �i�n�v�o�l�v�e�d� �a�n�d� �d�u�e� �t�o� �t�h�e� �i�n�e�x�a�c�t� �n�a�t�u�r�e� �o�f� �s�o�m�e� �t�e�c�h�n�i�q�u�e�s� �u�s�e�d�,� �t�h�e� �r�e�-� 

�s�u�l�t�i�n�g� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�a�l� �m�o�d�e�l� �m�a�y� �b�e� �i�n�a�c�c�u�r�a�t�e�.� �H�o�w� �a�c�c�u�r�a�t�e� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�e�l� �i�s� �r�e�-� 

�q�u�i�r�e�d� �d�e�p�e�n�d�s� �o�n� �w�h�a�t� �t�h�e� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r�s� �w�i�l�l� �b�e� �u�s�e�d� �f�o�r� �s�u�b�s�e�q�u�e�n�t�l�y�.� �I�n� �a�n�y� �c�a�s�e� �t�h�e�r�e� �i�s� 

�a� �n�e�e�d� �t�o� �q�u�a�n�t�i�f�y� �e�r�r�o�r�s� �i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�a�l� �a�n�a�l�y�s�i�s� �p�r�o�c�e�s�s�.� 

�E�r�r�o�r�s� �i�n� �t�h�e� �f�i�n�a�l� �m�o�d�e�l� �c�a�n� �r�e�s�u�l�t� �f�r�o�m� �v�a�r�i�o�u�s� �s�o�u�r�c�e�s� �d�u�r�i�n�g� �t�h�e� �E�M�A� �p�r�o�c�e�s�s�,� �v�i�z�.�,� �t�r�a�n�s�-� 

�d�u�c�t�i�o�n�,� �s�u�p�p�o�r�t�i�n�g� �a�n�d� �e�x�c�i�t�i�n�g� �o�f� �t�e�s�t� �s�t�r�u�c�t�u�r�e�,� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g�,� �F�R�F� �e�s�t�i�m�a�t�i�o�n� �a�n�d� �m�o�d�a�l� 

�p�a�r�a�m�e�t�e�r� �e�x�t�r�a�c�t�i�o�n�.� �C�h�o�o�s�i�n�g� �t�h�e� �r�i�g�h�t� �t�e�c�h�n�i�q�u�e� �i�n� �e�a�c�h� �o�f� �t�h�e� �a�b�o�v�e� �p�r�o�c�e�s�s�e�s� �i�s� �v�e�r�y� �v�i�t�a�l� �t�o� 

�o�b�t�a�i�n�i�n�g� �a� �r�e�a�l�i�s�t�i�c� �a�n�d� �a�c�c�u�r�a�t�e� �m�o�d�e�l�.� �A�l�s�o�,� �t�h�e� �l�e�v�e�l�s� �o�f� �e�r�r�o�r� �t�h�a�t� �c�o�u�l�d� �c�r�e�e�p� �i�n� �a�n�d� �t�h�e�i�r� 

�q�u�a�n�t�i�f�i�c�a�t�i�o�n� �i�s� �e�s�s�e�n�t�i�a�l�,� �i�f� �m�e�a�n�i�n�g�f�u�l� �r�e�c�o�n�c�i�l�i�a�t�i�o�n� �a�n�d� �v�a�l�i�d�a�t�i�o�n� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�e�l� �i�s� 

�t�o� �b�e� �m�a�d�e�.� �I�n� �t�h�i�s� �C�h�a�p�t�e�r�,� �s�o�m�e� �t�h�e�o�r�e�t�i�c�a�l� �c�o�n�c�e�p�t�s� �u�s�e�d� �i�n� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�a�l� �a�n�a�l�y�s�i�s� �w�o�r�k� 

�w�i�l�l� �b�e� �o�u�t�l�i�n�e�d� �f�i�r�s�t�.� �T�h�e�n�,� �t�h�e� �s�o�u�r�c�e�s� �a�n�d� �n�a�t�u�r�e� �o�f� �e�r�r�o�r�s� �t�h�a�t� �r�e�s�u�l�t� �f�r�o�m� �t�h�e� �E�M�A� �p�r�o�c�e�s�s� �w�i�l�l� 

�b�e� �r�e�v�i�e�w�e�d�.� �F�i�n�a�l�l�y�,� �t�h�e� �m�o�d�a�l� �t�e�s�t�s� �p�e�r�f�o�r�m�e�d� �i�n� �t�h�i�s� �w�o�r�k� �w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d� �i�n� �d�e�t�a�i�l�.� 

�T�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� �9�6



�5�.�1� �T�h�e�o�r�e�t�i�c�a�l� �C�o�n�c�e�p�t�s� �i�n� �M�o�d�a�l� �A�n�a�l�y�s�i�s� 

�A�s� �w�i�t�h� �a�n�y� �a�c�t�i�v�i�t�y� �i�n� �e�x�p�e�r�i�m�e�n�t�a�l� �m�e�c�h�a�n�i�c�s�,� �s�t�r�o�n�g� �t�h�e�o�r�e�t�i�c�a�l� �f�o�u�n�d�a�t�i�o�n�s� �f�o�r�m� �a� �r�a�t�i�o�n�a�l� �b�a�s�i�s� 

�f�o�r� �i�n�v�e�s�t�i�g�a�t�i�n�g� �p�h�y�s�i�c�a�l�l�y� �o�b�s�e�r�v�a�b�l�e� �p�h�e�n�o�m�e�n�a�.� �T�o� �s�t�a�r�t� �w�i�t�h�,� �s�o�m�e� �s�a�l�i�e�n�t� �f�e�a�t�u�r�e�s� �o�f� �s�i�n�g�l�e�-� 

�d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �(�S�D�O�F�)� �s�y�s�t�e�m�s� �a�r�e� �o�u�t�l�i�n�e�d�.� �I�n�s�i�g�h�t�s� �g�a�i�n�e�d� �f�r�o�m� �s�t�u�d�y�i�n�g� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� 

�S�D�O�F� �s�y�s�t�e�m�s� �a�r�e� �o�f� �f�u�n�d�a�m�e�n�t�a�l� �i�m�p�o�r�t�a�n�c�e� �i�n� �s�t�u�d�y�i�n�g� �m�u�l�t�i�-�d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �(�M�D�O�F�)� �s�y�s�-� 

�t�e�m�s�.� �T�h�o�u�g�h� �t�h�e� �c�o�n�c�e�p�t�s� �a�r�e� �q�u�i�t�e� �g�e�n�e�r�a�l� �i�n� �n�a�t�u�r�e�,� �d�i�s�c�u�s�s�i�o�n�s� �a�r�e� �r�e�s�t�r�i�c�t�e�d� �t�o� �m�e�c�h�a�n�i�c�a�l� �a�n�d� 

�s�t�r�u�c�t�u�r�a�l� �s�y�s�t�e�m�s�.� �F�u�r�t�h�e�r�,� �t�h�e� �s�y�s�t�e�m�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �l�i�n�e�a�r� �a�n�d� �t�i�m�e�-�i�n�v�a�r�i�a�n�t�.� 

�5�.�1�.�1� �S�i�n�g�l�e�-�D�e�g�r�e�e�-�o�f�-�F�r�e�e�d�o�m� �S�y�s�t�e�m�s� 

�I�n� �g�e�n�e�r�a�l�,� �S�D�O�F� �s�y�s�t�e�m�s� �a�r�e� �t�h�o�s�e� �w�h�i�c�h� �c�o�u�l�d� �b�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �a� �s�i�n�g�l�e� �s�e�c�o�n�d�-�o�r�d�e�r� �d�i�f�f�e�r�-� 

�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�.� �T�h�e� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �o�f� �a� �s�i�m�p�l�e� �m�e�c�h�a�n�i�c�a�l� �s�y�s�t�e�m� �w�i�t�h� �s�p�r�i�n�g�,� �m�a�s�s� �a�n�d� �a� 

�v�i�s�c�o�u�s�-�d�a�m�p�e�r� �i�s� �g�i�v�e�n� �b�y�,� 

�m�x�(�t�)� �+� �c�x�(�O� �+� �k�x�(�Q�)� �=� �0� �(�5�.�1�)� 

�w�h�e�r�e�,� �t�h�e� �v�a�r�i�a�b�l�e�s� �h�a�v�e� �t�h�e�i�r� �u�s�u�a�l� �m�e�a�n�i�n�g� �(�s�e�e� �A�p�p�e�n�d�i�x� �A�)�.� �U�s�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �n�o�t�a�t�i�o�n�,� 

�o�,�=�.�/� �¢�= ��£� �(�5�.�1�a�)� � � 

�w�e� �h�a�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�o�l�u�t�i�o�n�,� 

�x�(�t�)� �=� �X�e� �e�r�t� �p�l�r�r�n�/�A ��e�)� �t� �(�5�.�2�)� 

�A�s� �c�a�n� �b�e� �s�e�e�n�,� �t�h�e� �s�o�l�u�t�i�o�n� �h�a�s� �a� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t� �t�o� �i�t�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �f�e�a�t�u�r�e�s� �a�r�e� 

�w�o�r�t�h� �n�o�t�i�n�g� 

�T�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� �9�7



�1�.� �I�n� �t�h�e� �a�b�s�e�n�c�e� �o�f� �a�n�y� �d�a�m�p�i�n�g� �t�h�e� �s�y�s�t�e�m� �b�e�h�a�v�e�s� �l�i�k�e� �a� �h�a�r�m�o�n�i�c� �o�s�c�i�l�l�a�t�o�r�,� �v�i�b�r�a�t�i�n�g� �w�i�t�h� �a� 

�f�r�e�q�u�e�n�c�y� �w�,� �c�a�l�l�e�d� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y�.� �T�h�e� �t�o�t�a�l� �e�n�e�r�g�y�,� �t�h�e� �s�u�m� �o�f� �p�o�t�e�n�t�i�a�l� �a�n�d� �k�i�n�e�t�i�c� 

�e�n�e�r�g�y�,� �i�s� �c�o�n�s�e�r�v�e�d�.� �H�e�n�c�e�,� �t�h�e� �s�y�s�t�e�m� �i�s� �c�a�l�l�e�d� �a� �c�o�n�s�e�r�v�a�t�i�v�e� �s�y�s�t�e�m�.� 

�2�.� �D�a�m�p�i�n�g� �r�e�n�d�e�r�s� �t�h�e� �s�y�s�t�e�m� �n�o�n�-�c�o�n�s�e�r�v�a�t�i�v�e�,� �s�i�n�c�e� �e�n�e�r�g�y� �i�s� �d�i�s�s�i�p�a�t�e�d� �f�r�o�m� �t�h�e� �s�y�s�t�e�m� 

�t�h�r�o�u�g�h� �t�h�e� �d�a�m�p�i�n�g� �e�l�e�m�e�n�t�.� �A�l�s�o�,� �f�o�r� �t�h�e� �f�o�r�c�e�-�f�r�e�e� �s�i�t�u�a�t�i�o�n�,� �t�h�e� �s�y�s�t�e�m� �o�s�c�i�l�l�a�t�e�s� �w�i�t�h� �t�h�e� 

�d�a�m�p�e�d� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �w�,�4�,� �g�i�v�e�n� �b�y� 

�O�r�g� �=� �O�f� �(�1�-�0�)� �(�5�.�2�a�)� 

�N�e�x�t�,� �t�h�e� �f�o�r�c�e�d�-�r�e�s�p�o�n�s�e� �p�r�o�b�l�e�m�,� �a�s�s�u�m�i�n�g� �h�a�r�m�o�n�i�c� �e�x�c�i�t�a�t�i�o�n� �a�n�d� �r�e�s�p�o�n�s�e� �c�o�u�l�d� �b�e� �s�t�a�t�e�d� �a�s�,� 

�m�(�t�)� �+� �c�x�(�t�)� �+� �k�x�(�t�)� �=� �f�e�!� �(�5�.�3�)� 

�w�h�i�c�h� �h�a�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�o�l�u�t�i�o�n�,� 

�u�e�)� 
�*�)� �=� �(�k�  �� �w�?� �m�)� �+� �(�c�w�)� 

�(�5�.�4�)� 

�o�r�,� �u�s�i�n�g� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �w�,� �a�n�d�  ¬� �a�n�d� �n�o�r�m�a�l�i�z�i�n�g� �/�( ��)� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �k�,� �t�h�e� �s�y�s�t�e�m� �s�t�i�f�f�n�e�s�s�,� �E�q�.� 

�(�5�.�4�)� �i�s� �w�r�i�t�t�e�n� �a�s�,� 

�x�)� 
�A�d� 

�l� 

�a� �[�1�-�2�]� �+�i�e�e� �2�)� 
� � �(�5�.�5�)� 

�t�h�e� �q�u�a�n�t�i�t�y� �H�(�w�)� �i�s� �c�a�l�l�e�d� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �(�F�R�F�)� �o�r� �t�h�e� �r�e�c�e�p�t�a�n�c�e� �o�f� �t�h�e� �s�y�s�t�e�m�.� 

�T�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �p�r�o�p�e�r�t�y� �o�f� �t�h�e� �F�R�F� �i�s� 

�e� �I�t� �d�e�p�e�n�d�s� �o�n�l�y� �o�n� �t�h�e� �p�h�y�s�i�c�a�l� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �s�y�s�t�e�m� �a�n�d� �f�r�e�q�u�e�n�c�y�.� 

�I�t� �i�s� �a�n� �i�n�h�e�r�e�n�t� �p�r�o�p�e�r�t�y� �o�f� �t�h�e� �s�y�s�t�e�m� �a�n�d� �t�h�e�r�e�f�o�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �(�a�s�s�u�m�i�n�g� �a� 

�l�i�n�e�a�r� �s�y�s�t�e�m�)�.� �T�h�e� �a�b�o�v�e� �s�t�a�t�e�m�e�n�t� �i�m�p�l�i�e�s� �t�h�a�t� �a�n�y� �t�y�p�e� �o�f� �e�x�c�i�t�a�t�i�o�n� �c�o�u�l�d� �b�e� �u�s�e�d� �t�o� �c�h�a�r�a�c�-� 

�T�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� �9�8



�t�e�r�i�z�e� �t�h�e� �F�R�F� �o�f� �a� �s�y�s�t�e�m�.� �T�h�e� �c�h�o�i�c�e� �o�f� �a� �p�u�r�e� �h�a�r�m�o�n�i�c� �e�x�c�i�t�a�t�i�o�n� �u�s�e�d� �a�b�o�v�e� �i�s� �m�e�r�e�l�y� �a� 

�m�a�t�h�e�m�a�t�i�c�a�l� �c�o�n�v�e�n�i�e�n�c�e�.� �I�n� �E�q�.� �(�5�.�5�)�,� �t�h�e� �r�e�c�e�p�t�a�n�c�e� �o�r� �F�R�F� �i�s� �a� �c�o�m�p�l�e�x� �q�u�a�n�t�i�t�y�.� �T�h�e� �m�a�g�-� 

�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �o�f� �t�h�e� �a�b�o�v�e� �F�R�F� �c�o�u�l�d� �b�e� �w�r�i�t�t�e�n� �a�s�,� 

� � � � �|� �H�(�w�)� �|� �=� �(�5�.�5�a�)� 
�@� �2�7� �w�o� �7� �f�e�c�e�s�]� �+� �[�2�-�2�]� 

�_�|� �2�a�)� 
�p�(�w�)� �=� �t�a�n�7�'�|�  � ��+ �� �(�5�.�5�b�)� 

�1�-�(�3�)� 

�I�n� �E�q�.� �(�5�.�5�)� �t�h�e� �F�R�F� �h�a�s� �b�e�e�n� �d�e�s�c�r�i�b�e�d� �u�s�i�n�g� �t�h�e� �r�a�t�i�o� �o�f� �d�i�s�p�l�a�c�e�m�e�n�t� �t�o� �f�o�r�c�e�.� �A�l�t�e�r�n�a�t�i�v�e�l�y�,� 

�e�i�t�h�e�r� �v�e�l�o�c�i�t�y� �o�r� �a�c�c�e�l�e�r�a�t�i�o�n� �c�o�u�l�d� �b�e� �u�s�e�d�,� �i�n�s�t�e�a�d� �o�f� �d�i�s�p�l�a�c�e�m�e�n�t�.� �T�h�u�s�,� �n�o�t�i�n�g� 

�W�(�t�)� �=� �x�(�t�)� �=� �i�w�X�e� �(�5�.�6�)� 

�a�t�)� �=� �X�(�t�)� �=�  ��a�w�'�X�e�l� �(�5�.�7�)� 

�t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �o�f� �t�h�e� �F�R�F� �c�o�u�l�d� �a�l�s�o� �b�e� �m�a�d�e�,� 

�V�w�)� �=� �7�)� �=� �i�w�H�(�o�)� �(�5�.�8�)� 

�A�(�w�)� �=� �i� �=�  ��w�H�(�w�)� �(�5�.�9�)� 

�T�h�e� �q�u�a�n�t�i�t�y� �V�(�w�)� �i�s� �c�a�l�l�e�d� �t�h�e� �m�o�b�i�l�i�t�y� �a�n�d� �A�(�w�)� �i�n�e�r�t�a�n�c�e� �o�r� �a�c�c�e�l�e�r�a�n�c�e� 

�T�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� �9�9



�5�.�1�.�2� �M�u�l�t�i�p�l�e�-�D�e�g�r�e�e�-�o�f�-�F�r�e�e�d�o�m� �S�y�s�t�e�m�s� 

�T�h�e� �t�h�e�o�r�y� �b�e�h�i�n�d� �v�i�b�r�a�t�i�o�n� �o�f� �S�D�O�F� �s�y�s�t�e�m�s� �s�e�r�v�e�s� �a�s� �a� �v�e�r�y� �g�o�o�d� �f�o�u�n�d�a�t�i�o�n� �i�n� �t�h�e� �s�t�u�d�y� �o�f� 

�M�D�O�F� �s�y�s�t�e�m� �b�e�h�a�v�i�o�r�.� �H�o�w�e�v�e�r�,� �i�n� �r�e�t�r�o�s�p�e�c�t�i�o�n�,� �i�t� �w�i�l�l� �b�e� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �S�D�O�F� �s�i�t�u�a�t�i�o�n� 

�i�s� �o�n�l�y� �a� �s�p�e�c�i�a�l� �c�a�s�e� �o�f� �M�D�O�F� �s�y�s�t�e�m�s�.� �I�n� �g�e�n�e�r�a�l�,� �M�D�O�F� �s�y�s�t�e�m�s� �a�r�e� �t�h�o�s�e� �w�h�i�c�h� �c�a�n�n�o�t� �b�e� 

�d�e�s�c�r�i�b�e�d� �b�y� �a� �s�i�n�g�l�e� �s�e�c�o�n�d�-�o�r�d�e�r� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�.� �S�i�n�c�e� �t�h�e� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �M�D�O�F� �s�y�s�t�e�m�s� 

�r�e�s�u�l�t�s� �i�n� �t�w�o� �o�r� �m�o�r�e� �s�i�m�u�l�t�a�n�e�o�u�s� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �u�s�e� �o�f� �m�a�t�r�i�x� �a�l�g�e�b�r�a� �i�s� �i�n�e�v�i�t�a�b�l�e�.� 

�R�a�t�h�e�r� �t�h�a�n� �o�u�t�l�i�n�i�n�g� �t�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �a�s�p�e�c�t�s� �o�f� �M�D�O�F� �s�y�s�t�e�m�s�,� �f�e�a�t�u�r�e�s� �w�i�l�l� �b�e� �o�u�t�l�i�n�e�d� �s�e�-� 

�q�u�e�n�t�i�a�l�l�y� �o�n� �a� �c�a�s�e�-�b�y�-�c�a�s�e� �b�a�s�i�s�,� �s�t�a�r�t�i�n�g� �f�r�o�m� �t�h�e� �s�i�m�p�l�e�s�t� �m�o�d�e�l� �[�5�5�}�" ��.� 

�5�.�1�.�2�.�a� �U�n�d�a�m�p�e�d� �m�u�l�t�i�p�l�e�-�d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �s�y�s�t�e�m�s� 

�F�o�r� �a�n� �u�n�d�a�m�p�e�d� �s�y�s�t�e�m� �w�i�t�h� �N� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�,� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �c�o�u�l�d� �b�e� 

�w�r�i�t�t�e�n� �a�s�,� 

�C�M�]�{�x�}� �+� �[�L�K�]� �{�x�}� �=� �}� �(�5�.�1�0�)� 

�I�n� �o�r�d�e�r� �t�o� �e�s�t�a�b�l�i�s�h� �t�h�e� �n�a�t�u�r�a�l� �v�i�b�r�a�t�i�o�n� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �s�y�s�t�e�m� �t�h�e� �f�o�r�c�e�-�f�r�e�e� �v�i�b�r�a�t�i�o�n� �p�r�o�b�l�e�m� 

�i�s� �s�o�l�v�e�d� �f�i�r�s�t�.� �A�s� �w�i�t�h� �t�h�e� �S�D�O�F� �p�r�o�b�l�e�m�,� �a� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�y�p�e�,� 

�{�x�(�)�}� �=� �(�X�j� �(�5�.�1�1�)� 

�w�h�e�r�e�,� �{�X�}� �i�s� �a� �v�e�c�t�o�r� �o�f� �c�o�n�s�t�a�n�t�s�,� �i�s� �a�s�s�u�m�e�d�.� �T�h�e� �i�m�p�l�i�c�a�t�i�o�n�s� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �t�y�p�e� �a�b�o�v�e� 

�a�r�e�,� 

�1�.� �t�h�e� �e�n�t�i�r�e� �s�y�s�t�e�m� �i�s� �c�a�p�a�b�l�e� �o�f� �v�i�b�r�a�t�i�n�g� �a�t� �t�h�e� �s�a�m�e� �f�r�e�q�u�e�n�c�y�.� 

�1�7� �M�o�s�t� �p�a�r�t� �o�f� �S�e�c�t�i�o�n� �5�.�1�.�2� �i�s� �t�a�k�e�n� �f�r�o�m� �R�e�f�.� �[�5�5�]� 

�T�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� �1�0�0



�2�.� �S�i�n�c�e� �{�X�}� �i�s� �a� �v�e�c�t�o�r� �o�f� �c�o�n�s�t�a�n�t� �a�m�p�l�i�t�u�d�e�s�,� �t�h�e� �r�a�t�i�o� �b�e�t�w�e�e�n� �a�n�y� �t�w�o� �a�m�p�l�i�t�u�d�e�s� �r�e�m�a�i�n� 

�c�o�n�s�t�a�n�t� �a�t� �a�l�l� �t�r�m�e�s�.� �S�u�c�h� �a� �m�o�t�i�o�n� �i�s� �t�e�r�m�e�d� �s�y�n�c�h�r�o�n�o�u�s� �[�6�0�]�.� 

�U�s�i�n�g� �s�o�l�u�t�i�o�n� �d�e�n�o�t�e�d� �b�y� �E�q�.� �(�5�.�1�1�)� �i�n� �E�q�.� �(�5�.�1�0�)� �r�e�s�u�l�t�s� �i�n�,� 

�(�L�K�]�  �� �w�o �� �L�M�)� �X�e�"� �=� �{�0�}� �(�5�.�1�2�)� 

�S�e�e�k�i�n�g� �a� �n�o�n�-�t�r�i�v�i�a�l� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �r�e�s�u�l�t�s� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �a�l�g�e�b�r�a�i�c� �e�i�g�e�n�v�a�l�u�e� 

�p�r�o�b�l�e�m�,� 

�[�K�I�{�X�}� �=� �A�L�M�I�L�X�}� �(�5�.�1�3�)� 

�w�h�e�r�e�,� �1� �=� �w�?�.� �T�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �a�b�o�v�e� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �y�i�e�l�d�s� �a� �s�e�t� �o�f� �N� �e�i�g�e�n�v�a�l�u�e�s� �A�,� �a�n�d� 

�t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �e�i�g�e�n�v�e�c�t�o�r�s� �{�X�}�,� �(�r�=� �1�,�2�,�.�.�.�,�N�)�.� �T�h�u�s�,� �w�e� �h�a�v�e� 

�[�K�1�{�X�}�,� �=� �o�/� �L�M�1�{�X�}�,� �r�=� �1�,�2�y�0�,�N� �(�5�.�1�4�)� 

�T�h�e� �s�q�u�a�r�e� �r�o�o�t� �o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �y�i�e�l�d� �t�h�e� �s�y�s�t�e�m� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s�.� �T�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�e�i�g�e�n�v�e�c�t�o�r�s� �a�r�e� �c�a�l�l�e�d� �t�h�e� �m�o�d�e� �s�h�a�p�e�s� �o�r� �n�a�t�u�r�a�l� �m�o�d�e�s� �o�f� �t�h�e� �s�y�s�t�e�m�.� �R�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� 

�s�y�s�t�e�m� �i�n� �t�e�r�m�s� �o�f� �i�t�s� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s�,� �d�a�m�p�i�n�g� �r�a�t�i�o�s� �a�n�d� �m�o�d�e� �v�e�c�t�o�r�s� �i�s� �c�a�l�l�e�d� �a� �m�o�d�a�l� �r�e�p�-� 

�r�e�s�e�n�t�a�t�i�o�n� �o�r� �a� �m�o�d�a�l� �m�o�d�e�l�.� 

�S�o�m�e� �i�m�p�o�r�t�a�n�t� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�o�d�a�l� �m�o�d�e�l� 

�1�.� �T�h�e� �i�n�d�i�v�i�d�u�a�l� �m�o�d�e� �v�e�c�t�o�r�s� �a�r�e� �n�o�t� �u�n�i�q�u�e� �i�n� �t�h�a�t� �{�X�}�,� �a�n�d� �a�{�X�}�,�,� �w�h�e�r�e� �«� �i�s� �a�n� �a�r�b�i�t�r�a�r�y� 

�c�o�n�s�t�a�n�t�,� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�a�m�e� �m�o�d�e� �v�e�c�t�o�r�.� �O�n�l�y� �t�h�e� �r�a�t�i�o�s� �b�e�t�w�e�e�n� �i�n�d�i�v�i�d�u�a�l� �e�l�e�m�e�n�t�s� �o�f� �a� 

�m�o�d�e� �v�e�c�t�o�r� �a�r�e� �u�n�i�q�u�e�.� �F�u�r�t�h�e�r�,� �i�f� �t�h�e� �m�o�d�e� �v�e�c�t�o�r�s� �a�r�e� �n�o�r�m�a�l�i�z�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �a� �s�p�e�c�i�f�i�c� 

�r�u�l�e� �t�h�e�n� �t�h�e� �r�e�s�u�l�t�i�n�g� �m�o�d�e�s� �a�r�e� �c�a�l�l�e�d� �n�o�r�m�a�l� �m�o�d�e�s�.� �I�n� �t�h�e� �a�b�o�v�e� �s�e�n�s�e� �m�a�s�s�-�n�o�r�m�a�l�i�z�e�d� 
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�T�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �a�b�o�v�e� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �i�s� �a� �s�e�t� �o�f� �N� �c�o�m�p�l�e�x� �e�i�g�e�n�v�a�l�u�e�s� �a�n�d� �e�i�g�e�n�v�e�c�t�o�r�s� 
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�w�h�e�r�e�,� �,� �i�s� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �a�n�d� �y�,� �i�s� �t�h�e� �d�a�m�p�i�n�g� �l�o�s�s�-�f�a�c�t�o�r� �f�o�r� �t�h�e� �7�t�h� �m�o�d�e�.� �F�u�r�t�h�e�r�,� �t�h�e� 

�m�o�d�e� �v�e�c�t�o�r�s� �p�o�s�s�e�s�s� �o�r�t�h�o�g�o�n�a�l� �p�r�o�p�e�r�t�i�e�s� �e�x�h�i�b�i�t�e�d� �b�y� �u�n�d�a�m�p�e�d� �a�n�d� �p�r�o�p�o�r�t�i�o�n�a�l�l�y� �d�a�m�p�e�d� 

�s�y�s�t�e�m�s�.� �M�a�s�s�-�n�o�r�m�a�l�i�z�i�n�g� �t�h�e� �m�o�d�e� �v�e�c�t�o�r�s� �a�n�d� �d�e�f�i�n�i�n�g� �t�h�e� �m�o�d�a�l� �m�a�t�r�i�x� �t�o� �b�e� �[ ��¥�]�,� �t�h�e� 
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�T�h�e� �F�R�F� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �o�n�e� �g�i�v�e�n� �b�y� �E�q�.� �(�5�.�2�5�)�.� �H�o�w�e�v�e�r�,� �t�h�e� �m�o�d�e� �v�e�c�t�o�r�s� �f�o�r� �t�h�e� �g�e�n�e�r�a�l� 
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�T�h�e� �c�a�s�e� �o�f� �v�i�s�c�o�u�s� �d�a�m�p�i�n�g� �i�s� �m�o�r�e� �i�n�v�o�l�v�e�d�.� �U�s�i�n�g� �s�t�a�t�e�-�s�p�a�c�e� �m�e�t�h�o�d�s�,� �t�h�e� �s�e�t� �o�f� �N� �s�e�c�o�n�d�-� 
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�c�o�m�p�l�e�x�,� �i�n� �g�e�n�e�r�a�l�.� �F�u�r�t�h�e�r�,� �s�i�n�c�e� �t�h�e�y� �a�r�e� �r�e�a�l�,� �t�h�e� �r�e�s�u�l�t�i�n�g� �e�i�g�e�n�v�a�l�u�e�s� �a�n�d� �e�i�g�e�n�v�e�c�t�o�r�s� �o�c�c�u�r� 

�a�s� �c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�e�s�,� �a�n�d� �a�r�e� �w�r�i�t�t�e�n� �a�s�,� 

�(�s�,� �,� �{�%�}�,�)� �(�r�y� �=� �1�,�2�,�.�.�.�.�)� �(�5�.�4�2�a�)� 

�(�s�,� �,� �{�w�}�,�)� �(�r� �=� �1�,�2�,�.�.�.�.�N�)� �(�5�.�4�2�6�)� 

�A�l�s�o�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �o�r�t�h�o�g�o�n�a�l� �p�r�o�p�e�r�t�i�e�s� �h�o�l�d�,� 

�(�¥�Y�V�C�A�I�L�Y�]� �=� �D�i�a�g�l�a�,�)� �(�5�.�4�3�)� 

�(�v�y� �C�B�I�L�Y�I� �D�i�a�g� �b�,�]� �(�5�.�4�4�)� 

�A� �t�y�p�i�c�a�l� �e�l�e�m�e�n�t� �i�n� �t�h�e� �F�R�F� �m�a�t�r�i�x� �i�s� �g�i�v�e�n� �b�y�,� 

� � 

�N� �*� �*� 
�H�i�y�(�o�)� �_� �y� �V�i�r� �W� �k�r� �4� �y� �i�t� �v� �k�r� �(�5�.�4�5�a�)� 

�;� �*� �*� 

�r�=�1� �a�l�i�a�  �� �5�;�)� �a� �{�i�w�  ��S� �,�)� 

�w�h�e�r�e�,� 

�=� �o�,�(�  ��¢�,�4�i�f�/�1 ��¢�,� �)� �(�5�.�4�6�)� 
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�5�.�1�.�3� �A�l�t�e�r�n�a�t�i�v�e� �A�p�p�r�o�a�c�h�e�s� �t�o� �D�e�r�i�v�e� �t�h�e� �F�R�F� 

�I�n� �a�l�l� �p�r�e�v�i�o�u�s� �c�a�s�e�s� �t�h�e� �F�R�F� �w�a�s� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �a�s�s�u�m�i�n�g� �h�a�r�m�o�n�i�c� 

�e�x�c�i�t�a�t�i�o�n� �a�n�d� �r�e�s�p�o�n�s�e�.� �I�t� �w�a�s� �a�l�s�o� �n�o�t�e�d� �t�h�a�t� �t�h�e� �F�R�F� �i�s� �a�n� �i�n�h�e�r�e�n�t� �p�r�o�p�e�r�t�y� �o�f� �t�h�e� �s�y�s�t�e�m�,� �a�n�d� 

�t�h�e�r�e�f�o�r�e� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �e�x�c�i�t�a�t�i�o�n�.� �I�t� �s�h�o�u�l�d� �b�e� �o�b�s�e�r�v�e�d� �h�e�r�e�,� �h�o�w�e�v�e�r�,� �t�h�a�t� �t�h�e� �F�R�F� �d�o�e�s� �n�o�t� 

�h�a�v�e� �a�n�y� �t�i�m�e� �v�a�r�i�a�b�l�e� �i�n� �i�t�.� �M�o�r�e� �i�m�p�o�r�t�a�n�t�l�y�,� �i�t� �s�h�o�u�l�d� �b�e� �r�e�c�o�g�n�i�z�e�d� �t�h�a�t� �t�h�e� �F�R�F� �i�s� �d�e�f�i�n�e�d� �i�n� 

�t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n�.� �T�h�u�s�,� �o�t�h�e�r� �n�o�n�-�h�a�r�m�o�n�i�c� �e�x�c�i�t�a�t�i�o�n�s� �s�h�o�u�l�d� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� 

�d�o�m�a�i�n�,� �i�n� �o�r�d�e�r� �t�o� �f�a�c�i�l�i�t�a�t�e� �u�s�a�g�e� �o�f� �t�h�e� �F�R�F� �d�e�r�i�v�e�d� �f�r�o�m� �h�a�r�m�o�n�i�c� �e�x�c�i�t�a�t�i�o�n�/�r�e�s�p�o�n�s�e�.� 

�I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s�,� �a� �m�o�r�e� �g�e�n�e�r�a�l� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �i�s� �m�a�d�e� �u�s�i�n�g� 

�t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �(�I�R�F�)�.� �A�l�s�o� �d�e�r�i�v�a�t�i�o�n� �o�f� �F�R�F� �f�r�o�m� �r�a�n�d�o�m� �v�i�b�r�a�t�i�o�n�s� �a�r�e� �o�u�t�l�i�n�e�d� 

�b�r�i�e�f�l�y�.� 
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�T�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �H�(�w�)� �o�f� �a� �c�o�n�s�t�a�n�t�-�p�a�r�a�m�e�t�e�r� �l�i�n�e�a�r� �s�y�s�t�e�m� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �F�o�u�r�i�e�r� 

�t�r�a�n�s�f�o�r�m� �o�f� �t�h�e� �u�n�i�t� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �A�(�2�)� �o�f� �t�h�e� �s�y�s�t�e�m� �[�9�]� �'�,� 
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�F�o�r� �a� �p�h�y�s�i�c�a�l�l�y� �r�e�a�l�i�z�a�b�l�e� �l�i�n�e�a�r� �t�i�m�e�-�i�n�v�a�r�i�a�n�t� �s�y�s�t�e�m�,� �t�h�e� �o�u�t�p�u�t� �t�o� �a�n�y� �a�r�b�i�t�r�a�r�y� �i�n�p�u�t� �i�s� �g�i�v�e�n� 

�b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�n�v�o�l�u�t�i�o�n� �i�n�t�e�g�r�a�l�,� 
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�(�=� �i� �A�(�t�)� �x�(�t�  �� �t�)�d�z� �(�5�.�4�8�)� 

�T�a�k�i�n�g� �t�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �o�f� �b�o�t�h� �s�i�d�e�s� �o�f� �E�q�.� �(�5�.�4�8�)�,� �c�o�n�v�o�l�u�t�i�o�n� �i�n� �t�h�e� �t�i�m�e�-�d�o�m�a�i�n� �r�e�d�u�c�e�s� 

�t�o� �s�i�m�p�l�e� �a�l�g�e�b�r�a�i�c� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y�-�d�o�m�a�i�n�.� �T�h�u�s�,� �w�e� �h�a�v�e� 

�Y�(�o�)� �=� �H�o�)� �X�o�)� �(�5�.�4�9�a�)� 

�w�h�e�r�e�,� �X�(�w�)� �a�n�d� �Y�(�w�)� �a�r�e� �t�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m�s� �o�f� �t�h�e� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�r�o�m� �t�h�e� 

�e�x�p�r�e�s�s�i�o�n� �i�n� �E�q�.� �(�5�.�4�9�a�)�,� �w�e� �c�a�n� �d�e�d�u�c�e� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �t�o� �b�e� �t�h�e� �s�i�m�p�l�e� �r�a�t�i�o� �o�f� 

�F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �o�f� �t�h�e� �o�u�t�p�u�t� �t�o� �t�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �o�f� �t�h�e� �i�n�p�u�t�.� �-� 

�H�(�o�)� �=� �i�o� �(�5�.�4�9�)� 

�I�n� �g�e�n�e�r�a�l�,� �t�h�e� �F�R�F� �i�s� �a� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� �f�u�n�c�t�i�o�n�,� �w�i�t�h� �b�o�t�h� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� 

�i�t�.� �I�f� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �i�s� �p�e�r�i�o�d�i�c�,� �t�h�e� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �a�p�p�r�o�a�c�h� �c�o�u�l�d� �b�e� �u�s�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� �F�R�F� �a�t� 

�t�h�e� �d�i�s�c�r�e�t�e� �f�r�e�q�u�e�n�c�i�e�s�,� �u�s�i�n�g� �E�q�.� �(�5�.�4�9�b�)�.� �I�f� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �i�s� �t�r�a�n�s�i�e�n�t�,� �t�h�e�n�,� �a�g�a�i�n� �E�q�.� �(�5�.�4�9�b�)� �c�a�n� 

�b�e� �u�s�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� �F�R�F�.� �T�h�i�s� �c�a�n� �b�e� �a�c�h�i�e�v�e�d� �b�y� �c�o�m�p�u�t�i�n�g� �t�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �o�f� �t�h�e� 

�t�r�a�n�s�i�e�n�t� �i�n�p�u�t� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�e�s�p�o�n�s�e�.� �T�h�i�s� �i�s� �p�o�s�s�i�b�l�e� �b�e�c�a�u�s�e� �t�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� 

�a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �f�u�n�c�t�i�o�n�s� �t�r�a�n�s�f�o�r�m�e�d� �h�a�v�e� �a�n� �i�n�f�i�n�i�t�e� �p�e�r�i�o�d�.� �I�n� �p�r�a�c�t�i�c�e�,� �h�o�w�e�v�e�r�,� �t�h�e� �d�i�s�c�r�e�t�e� 

�F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �(�D�F�T�)�,� �w�h�i�c�h� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e�s�e� �t�r�a�n�s�i�e�n�t� �s�i�g�n�a�l�s� �a�r�e� �p�e�r�i�o�d�i�c� �i�n� �t�h�e� �o�b�s�e�r�v�e�d� 

�t�i�m�e� �w�i�n�d�o�w�,� �i�s� �u�s�e�d�.� 

�5�.�1�.�3�.�a� �F�R�F� �f�r�o�m� �r�a�n�d�o�m� �e�x�c�i�t�a�t�i�o�n� 

�I�f� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �i�s� �a� �r�a�n�d�o�m� �p�r�o�c�e�s�s� �t�h�e�n� �t�h�e� �a�b�o�v�e� �a�p�p�r�o�a�c�h� �c�a�n�n�o�t� �b�e� �u�s�e�d�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� 

�f�a�c�t� �t�h�a�t� �a� �r�a�n�d�o�m� �p�r�o�c�e�s�s� �i�s� �n�o�t� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m�a�b�l�e�,� �b�e�c�a�u�s�e� �i�t� �v�i�o�l�a�t�e�s� �D�i�r�i�c�h�e�l�e�t ��s� �c�o�n�d�i�t�i�o�n�s� 

�[�9�]�.� �H�o�w�e�v�e�r�,� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �a�p�p�r�o�a�c�h� �i�s� �a�f�f�o�r�d�e�d�.� �U�s�i�n�g� �c�o�n�c�e�p�t�s� �f�r�o�m� �r�a�n�d�o�m� �p�r�o�c�e�s�s� �t�h�e�o�r�y�,� 
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�t�h�e� �f�o�l�l�o�w�i�n�g� �f�u�n�c�t�i�o�n�s� �c�o�u�l�d� �b�e� �d�e�f�i�n�e�d�.� �A�n� �a�u�t�o�-�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �o�f� �a� �c�e�r�t�a�i�n� �r�a�n�d�o�m� �p�r�o�c�e�s�s� 

�J�(�é� �1�s� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s� �[�9�]�,� 

�R�A�t�)� �=� �E�L�D� �A�t�+�7�)�]� �(�5�.�5�0�)� 

�w�h�e�r�e�,� �E� �d�e�n�o�t�e�s� �t�h�e� �e�x�p�e�c�t�a�t�i�o�n� �o�p�e�r�a�t�i�o�n�.� �U�n�l�i�k�e� �f�(�#�,� �t�h�e� �q�u�a�n�t�i�t�y� �A�(�t�)� �i�s� �F�o�u�r�i�e�r� 

�t�r�a�n�s�f�o�r�m�a�b�l�e�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �q�u�a�n�t�i�t�y� �i�s� �c�a�l�l�e�d� �t�h�e� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �o�r� �a�u�t�o�s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n� 

�a�n�d� �i�s� �g�i�v�e�n� �b�y�,� 

�G�o� 

�S�o�)� �=� �=� �|� �P�e� �e�l�t� �a�,� �(�5�.�5�1�)� 

�T�h�u�s� �R�t�)� �a�n�d� �S�,�{�w�)� �c�o�n�s�t�i�t�u�t�e� �a� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �p�a�i�r�.� �E�x�t�e�n�d�i�n�g� �t�h�e� �a�b�o�v�e� �a�p�p�r�o�a�c�h� �t�o� �t�w�o� 

�d�i�f�f�e�r�e�n�t� �r�a�n�d�o�m� �p�r�o�c�e�s�s�e�s� �x�(�é�)� �a�n�d� �/�(�2�)�,� �t�h�e� �c�r�o�s�s�-�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �a�n�d� �c�r�o�s�s�-�s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �a�r�e� 

�d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�,� 

�R�y� �f�t�)� �=� �E�l�x�(�)� �(�t�+� �7�)�]� �(�5�.�5�2�)� 

�S� �_� �2� �[�-� �l�o�t� �x�f�@�)� �=� �a�n� �R�t�)� �e�d�t� �(�5�.�5�3�)� 

�U�n�l�i�k�e� �t�h�e� �p�o�w�e�r� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n�,� �t�h�e� �c�r�o�s�s� �s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n� �i�s� �c�o�m�p�l�e�x�-�v�a�l�u�e�d�.� 

�A�l�s�o�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�n�j�u�g�a�t�e� �p�r�o�p�e�r�t�y� �i�s� �s�a�t�i�s�f�i�e�d� �b�y� �t�h�e� �c�r�o�s�s�-�s�p�e�c�t�r�a�l� �d�e�n�s�i�t�y� �f�u�n�c�t�i�o�n�,� 

�S�o�)� �=� �S�p� �(�a�)� �(�5�.�5�4�)� 

�U�s�i�n�g� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e�,� 

�[�o�@�)� 

�x�(�t�)� �=� �|� �h�i�a�)� �f�t�  �� �a�)�d�a� �(�5�.�5�5�)� 
�0� 

�a�n�d� �u�s�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�s� �[�9�]�,� 
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�f�o�f�t�t�t�+�r�)� �=� �i� �j� �A�(�a�)�A�(�B�)�x�(�t�  �� �B�)�x�(�t� �+� �+�  �� �a�)�d�a�d�B� �(�5�.�5�6�)� 

�x�(�O�f�t�+�r�t�)� �=� �[�m�a�r�a�c�a�s� �+�7�  �� �«�a�)�d�a� �(�5�.�5�7�)� 

�T�a�k�i�n�g� �e�x�p�e�c�t�e�d� �v�a�l�u�e�s� �o�n� �b�o�t�h� �s�i�d�e�s� �o�f� �E�q�s�.� �(�5�.�5�6� �a�n�d� �5�.�5�7�)�,� �r�e�s�u�l�t� �i�n�,� 

�R�t�)� �=� �I� �i� �A�(�@�A�(�B�)�R�,�(�t� �+� �B�  �� �«�)�d�a�d�B� �(�5�.�5�8�)� 

�R�x�f�t�)� �=� �j� �h�(�a�)�R�,�,�(�t�  �� �a�)�d�a� �(�5�.�5�9�)� 

�T�h�e� �e�q�u�a�t�i�o�n�s� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m�i�n�g� �E�q�s�.� �(�5�.�5�8� �a�n�d� �5�.�5�9�)� �c�o�u�l�d� �b�e� �s�i�m�p�l�i�f�i�e�d� �t�o� �y�i�e�l�d� 

�t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�s�,� 

�S�p�l�)� �=� �|�H�(�@�)�|�"�S�,�.�(�e�)� �(�5�.�6�0�)� 

�S�,�f�o�)� �=� �H�(�e�)�S�,�(�0�)� �(�5�.�6�1�)� 

�I�n� �a� �s�i�m�i�l�a�r� �f�a�s�h�i�o�n�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n� �c�o�u�l�d� �a�l�s�o� �b�e� �e�s�t�a�b�l�i�s�h�e�d� �[�9�]�,� 

�S�i�w�)� �=� �H�(�w�)�S�p�,�(�@�)� �(�5�.�6�2�)� 

�T�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� �a�e



�5�.�2� �T�h�e� �S�o�u�r�c�e�s� �a�n�d� �N�a�t�u�r�e� �o�f� �E�r�r�o�r�s� �i�n� �t�h�e� �E�M�A� �P�r�o�c�e�s�s� 

�I�n� �t�h�e� �p�r�e�c�e�d�i�n�g� �S�e�c�t�i�o�n�s� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�p�p�r�o�a�c�h� �t�o� �m�o�d�a�l� �a�n�a�l�y�s�i�s� �w�a�s� �o�u�t�l�i�n�e�d�.� �T�h�i�s� �w�a�s� �d�o�n�e� 

�b�y� �i�d�e�n�t�i�f�y�i�n�g� �t�h�e� �p�h�y�s�i�c�a�l� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �s�y�s�t�e�m� �a�n�d� �w�r�i�t�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�,� �u�s�i�n�g� �t�h�e� 

�a�s�s�u�m�p�t�i�o�n� �o�f� �s�m�a�l�l� �m�o�t�i�o�n�s� �a�b�o�u�t� �a�n� �e�q�u�i�l�i�b�r�i�u�m� �p�o�s�i�t�i�o�n�.� �T�h�i�s� �r�e�s�u�l�t�e�d� �i�n� �a� �l�i�n�e�a�r� �d�e�s�c�r�i�p�t�i�o�n� 

�o�f� �t�h�e� �s�y�s�t�e�m� �i�n� �t�e�r�m�s� �o�f� �a�n� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m�.� �T�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �p�r�o�b�l�e�m� �y�i�e�l�d�e�d� �t�h�e� �m�o�d�a�l� 

�p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �s�y�s�t�e�m�.� �S�u�b�s�e�q�u�e�n�t�l�y�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�y�s�t�e�m� �w�a�s� �d�e�f�i�n�e�d� �i�n� �t�e�r�m�s� 

�o�f� �i�t�s� �m�o�d�a�l� �p�r�o�p�e�r�t�i�e�s�.� �T�h�i�s� �i�s� �t�h�e� �s�t�a�n�d�a�r�d� �a�n�a�l�y�t�i�c�a�l� �a�p�p�r�o�a�c�h�.� 

�T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�p�p�r�o�a�c�h� �r�e�c�o�g�n�i�z�e�s� �t�h�e� �f�a�c�t� �t�h�a�t� �i�f� �t�h�e� �F�R�F� �b�e� �e�s�t�a�b�l�i�s�h�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�,� �t�h�e�n�,� 

�u�s�i�n�g� �a�n� �a�p�p�r�o�p�r�i�a�t�e� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l� �(�F�R�F� �e�q�u�a�t�i�o�n�)� �t�h�e� �m�o�d�a�l� �p�r�o�p�e�r�t�i�e�s� �c�o�u�l�d� �b�e� �e�x�t�r�a�c�t�e�d� 

�b�y� �c�u�r�v�e�-�f�i�t�t�i�n�g� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �t�o� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �F�R�F� �e�q�u�a�t�i�o�n�.� �I�n�d�e�e�d�,� �t�h�i�s� �h�a�s� �b�e�e�n� �t�h�e� 

�s�t�a�n�d�a�r�d� �e�x�p�e�r�i�m�e�n�t�a�l� �a�p�p�r�o�a�c�h� �u�s�e�d� �m�o�s�t� �o�f� �t�h�e� �t�i�m�e� �[�5�5�]�.� 

�A� �t�y�p�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�a�l� �t�e�s�t� �a�n�d� �a�n�a�l�y�s�i�s� �i�s� �b�e�g�u�n� �b�y� �m�a�k�i�n�g� �w�h�a�t� �i�s� �c�a�l�l�e�d� �a� �m�o�d�a�l� �s�u�r�v�e�y�.� 

�T�h�i�s� �i�s� �t�o� �e�s�t�a�b�l�i�s�h� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �m�e�a�s�u�r�e�m�e�n�t�s� �(�f�o�r�c�e� �a�n�d� �r�e�s�p�o�n�s�e�)� �w�h�i�c�h� �a�r�e� �m�o�s�t� �l�i�k�e�l�y� �t�o� 

�y�i�e�l�d� �t�h�e� �b�e�s�t� �m�o�d�a�l� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�o�s�e� �l�o�c�a�t�i�o�n�s� �o�n� 

�t�h�e� �s�t�r�u�c�t�u�r�e� �w�h�i�c�h� �a�r�e� �n�e�c�e�s�s�a�r�y� �t�o� �c�o�m�p�l�e�t�e�l�y� �i�d�e�n�t�i�f�y� �a�l�l� �t�h�e� �m�o�d�e�s� �i�n� �t�h�e� �d�e�s�i�r�e�d� �f�r�e�q�u�e�n�c�y� 

�r�a�n�g�e�.� �U�s�u�a�l�l�y� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �p�r�o�v�i�d�e�s� �t�h�i�s� �i�n�f�o�r�m�a�t�i�o�n�.� �N�e�x�t�,� �a� �m�e�t�h�o�d� �o�f� �e�x�c�i�t�i�n�g� �t�h�e� 

�s�t�r�u�c�t�u�r�e� �i�s� �c�h�o�s�e�n� �(�e�x�c�i�t�a�t�i�o�n� �t�y�p�e�,� �s�i�n�g�l�e� �o�r� �m�u�l�t�i�-�i�n�p�u�t�/�o�u�t�p�u�t�,� �e�t�c�.�)�.� �T�h�e�n�,� �t�h�e� �f�o�r�c�e� �a�n�d� �r�e�-� 

�s�p�o�n�s�e� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �p�r�o�c�e�s�s�e�d� �s�u�i�t�a�b�l�y� �u�s�i�n�g� �d�i�g�i�t�a�l� �s�i�g�n�a�l�-�p�r�o�c�e�s�s�i�n�g� �t�e�c�h�n�i�q�u�e�s�.� �T�h�e�n�,� �u�s�i�n�g� 

�f�a�s�t� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �(�F�F�T�)� �t�e�c�h�n�i�q�u�e�s�,� �t�h�e� �t�i�m�e�-�d�o�m�a�i�n� �s�i�g�n�a�l�s� �a�r�e� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �f�r�e�q�u�e�n�c�y�-� 

�d�o�m�a�i�n� �d�a�t�a�.� �T�h�e�s�e� �f�r�e�q�u�e�n�c�y�-�d�o�m�a�i�n� �d�a�t�a� �a�r�e� �t�h�e�n� �u�s�e�d� �t�o� �c�o�m�p�u�t�e� �t�h�e� �F�R�F� �u�s�i�n�g� �a�n� �a�p�p�r�o�-� 

�p�r�i�a�t�e� �e�s�t�i�m�a�t�o�r�.� �T�h�i�s� �i�s� �f�o�l�l�o�w�e�d� �b�y� �c�u�r�v�e�-�f�i�t�t�i�n�g� �t�h�e� �F�R�F� �d�a�t�a� �u�s�i�n�g� �a� �s�u�i�t�a�b�l�e� �m�o�d�a�l� �p�a�r�a�m�e�t�e�r� 

�e�s�t�i�m�a�t�i�o�n� �a�l�g�o�r�i�t�h�m�,� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �m�o�d�a�l� �p�r�o�p�e�r�t�i�e�s� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �t�e�s�t�e�d� �[�5�5�]�.� 

�T�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� �1�1�2



�5�.�2�.�1� �T�r�a�n�s�d�u�c�t�i�o�n� �M�e�t�h�o�d�s� �a�n�d� �T�e�s�t� �C�o�n�f�i�g�u�r�a�t�i�o�n�s� 

�T�h�e� �t�e�s�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�,� �i�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� �r�i�g�h�t� �p�h�y�s�i�c�a�l� �s�u�p�p�o�r�t�i�n�g� �o�f� �t�h�e� �t�e�s�t� �s�t�r�u�c�t�u�r�e� �i�s� �v�e�r�y� 

�i�m�p�o�r�t�a�n�t� �i�n� �a� �m�o�d�a�l� �t�e�s�t�.� �T�r�a�n�s�d�u�c�e�r�s�,� �s�h�a�k�e�r�s�,� �e�t�c�.�,� �i�n�t�e�r�a�c�t� �w�i�t�h� �t�h�e� �s�t�r�u�c�t�u�r�e� �b�e�i�n�g� �t�e�s�t�e�d� �a�n�d� 

�i�n�f�l�u�e�n�c�e� �t�h�e�i�r� �b�e�h�a�v�i�o�r�.� �F�o�r� �s�u�b�s�t�r�u�c�t�u�r�e� �a�n�a�l�y�s�i�s� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �s�u�p�e�r�s�t�r�u�c�t�u�r�e� 

�a�r�e� �t�e�s�t�e�d� �w�i�t�h� �f�r�e�e�-�f�r�e�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �s�i�m�u�l�a�t�e�d�.� �I�n� �s�u�c�h� �s�i�t�u�a�t�i�o�n�s� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� 

�r�i�g�i�d�-�b�o�d�y� �m�o�d�e�s� �a�r�e� �s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �s�u�s�p�e�n�s�i�o�n� �s�y�s�t�e�m� �u�s�e�d�,� �l�o�c�a�t�i�o�n� �o�f� �s�h�a�k�e�r�s�,� �e�t�c�.� �I�f� �n�o�t� 

�p�l�a�n�n�e�d� �o�u�t� �c�a�r�e�f�u�l�l�y�,� �t�h�i�s� �c�o�u�l�d� �l�e�a�d� �t�o� �s�i�g�n�i�f�i�c�a�n�t� �e�r�r�o�r�s� �i�n� �t�h�e� �f�i�n�a�l� �m�o�d�e�l� �[�3�1�]�.� 

�T�r�a�n�s�d�u�c�e�r� �c�a�l�i�b�r�a�t�i�o�n� �a�n�d� �v�a�l�i�d�a�t�i�o�n� �i�s� �e�s�s�e�n�t�i�a�l� �b�e�f�o�r�e� �u�s�i�n�g� �t�h�e�m�.� �T�r�a�n�s�v�e�r�s�e� �s�e�n�s�i�t�i�v�i�t�y� �o�f� 

�t�r�a�n�s�d�u�c�e�r�s� �i�s� �a�n�o�t�h�e�r� �i�m�p�o�r�t�a�n�t� �c�o�n�c�e�r�n� �[�1�7�]�.� �P�r�o�p�e�r� �a�l�i�g�n�m�e�n�t� �o�f� �t�r�a�n�s�d�u�c�e�r�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� 

�d�i�r�e�c�t�i�o�n� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �w�i�l�l� �m�i�n�i�m�i�z�e� �s�u�c�h� �e�r�r�o�r�s�.� �M�e�a�s�u�r�e�m�e�n�t�s� �f�r�o�m� �f�o�r�c�e� �t�r�a�n�s�d�u�c�e�r�s� �a�r�e� 

�t�y�p�i�c�a�l�l�y� �c�o�n�t�a�m�i�n�a�t�e�d� �w�i�t�h� �s�i�g�n�i�f�i�c�a�n�t� �e�r�r�o�r� �i�n� �t�h�e� �r�e�g�i�o�n�s� �o�f� �r�e�s�o�n�a�n�c�e� �[�1�5�]�.� �I�n�e�r�t�i�a�-�l�o�a�d�i�n�g� �o�f� �t�h�e� 

�s�t�r�u�c�t�u�r�e� �b�y� �t�r�a�n�s�d�u�c�e�r� �m�a�s�s�e�s� �i�n�t�r�o�d�u�c�e� �s�e�v�e�r�a�l� �t�y�p�e� �o�f� �e�r�r�o�r�s� �[�1�3�]�.� �T�h�e�y� �s�h�i�f�t� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s�,� 

�a�n�d� �r�e�n�d�e�r� �r�e�a�l� �m�o�d�e�s� �o�f� �a� �s�t�r�u�c�t�u�r�e� �c�o�m�p�l�e�x� �[�1�3�]�.� �T�y�p�i�c�a�l�l�y� �o�n�l�y� �r�u�l�e�-�o�f�-�t�h�u�m�b� �a�p�p�r�o�a�c�h�e�s� �a�r�e� 

�u�s�e�d� �i�n� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �i�m�p�a�c�t� �o�f� �t�h�e� �a�b�o�v�e�-�m�e�n�t�i�o�n�e�d� �f�a�c�t�o�r�s� �o�n� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� 

�m�o�d�e�l�.� 

�5�.�2�.�2� �S�i�g�n�a�l� �P�r�o�c�e�s�s�i�n�g� �o�f� �E�x�c�i�t�a�t�i�o�n� �a�n�d� �R�e�s�p�o�n�s�e� �M�e�a�s�u�r�e�m�e�n�t�s� 

�M�a�n�y� �a�s�p�e�c�t�s� �o�f� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �i�n�e�x�a�c�t� �i�n� �n�a�t�u�r�e�.� �T�h�e�y� �i�n�v�o�l�v�e� �a� �l�o�t� �o�f� �a�s�s�u�m�p�-� 

�t�i�o�n�s� �a�n�d� �a�p�p�r�o�x�i�m�a�t�i�o�n�s�,� �a�n�d� �d�e�v�i�a�t�i�o�n�s� �f�r�o�m� �t�h�e�s�e� �a�s�s�u�m�p�t�i�o�n�s� �r�e�s�u�l�t� �i�n� �s�y�s�t�e�m�a�t�i�c� �e�r�r�o�r�s�.� �T�h�e� 

�s�o�u�r�c�e�s� �a�n�d� �n�a�t�u�r�e� �o�f� �s�u�c�h� �e�r�r�o�r�s� �m�u�s�t� �b�e� �p�r�o�p�e�r�l�y� �u�n�d�e�r�s�t�o�o�d� �i�n� �o�r�d�e�r� �t�o� �q�u�a�n�t�i�f�y� �a�n�d� �r�e�d�u�c�e� �t�h�e�m� 

�[�5�]�.� 

�T�h�e� �r�o�o�t� �o�f� �t�h�e� �p�r�o�b�l�e�m� �l�i�e�s� �i�n� �t�h�e� �f�a�c�t� �t�h�a�t� �c�o�n�t�i�n�u�o�u�s� �s�i�g�n�a�l�s� �h�a�v�e� �t�o� �b�e� �c�o�n�v�e�r�t�e�d� �t�o� �d�i�g�i�t�a�l� 

�s�i�g�n�a�l�s� �i�n� �o�r�d�e�r� �t�o� �b�e� �p�r�o�c�e�s�s�e�d�.� �T�h�i�s� �r�e�s�u�l�t�s� �i�n� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�,� �b�o�t�h� �i�n� �t�h�e� �t�i�m�e�-�d�o�m�a�i�n� �a�n�d� �t�h�e� 

�T�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� �1�1�3



�f�r�e�q�u�e�n�c�y�-�d�o�m�a�i�n�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �p�r�o�b�l�e�m�s� �a�r�e� �q�u�a�n�t�i�z�a�t�i�o�n� �e�r�r�o�r�s� �a�n�d� �a�l�i�a�s�i�n�g� �e�r�r�o�r�s� �i�n� �t�h�e� 

�f�r�e�q�u�e�n�c�y�-�d�o�m�a�i�n�.� �T�h�e� �s�t�a�t�e�-�o�f�-�t�h�e�-�a�r�t� �o�f� �p�r�e�s�e�n�t�-�d�a�y� �t�e�c�h�n�o�l�o�g�y� �i�s� �c�a�p�a�b�l�e� �o�f� �r�e�d�u�c�i�n�g� �t�h�e�s�e� �e�r�-� 

�r�o�r�s� �t�o� �a� �v�e�r�y� �l�o�w� �l�e�v�e�l�.� �Q�u�a�n�t�i�z�a�t�i�o�n� �e�r�r�o�r�s� �a�r�e� �r�e�d�u�c�e�d� �b�y� �u�s�i�n�g� �a� �v�e�r�y� �g�o�o�d� �d�y�n�a�m�i�c� �r�a�n�g�e� �o�f� �t�h�e� 

�A�/�D�*� �c�o�n�v�e�r�t�e�r� �a�n�d� �a�l�i�a�s�i�n�g� �e�r�r�o�r�s� �a�r�e� �r�e�d�u�c�e�d� �b�y� �u�s�i�n�g� �h�i�g�h�-�q�u�a�l�i�t�y� �a�n�t�i�-�a�l�i�a�s�i�n�g� �f�i�l�t�e�r�s�,� �a�n�d� �b�y� 

�u�s�i�n�g� �o�n�l�y� �t�h�o�s�e� �s�p�e�c�t�r�a�l� �d�a�t�a� �t�h�a�t� �i�s� �g�u�a�r�a�n�t�e�e�d� �t�o� �b�e�  ��a�l�i�a�s�-�f�r�e�e ��.� 

�T�h�e� �c�r�u�x� �o�f� �t�h�e� �s�i�g�n�a�l� �p�r�o�c�e�s�s�i�n�g� �p�r�o�b�l�e�m� �i�s� �t�h�e� �l�i�m�i�t�a�t�i�o�n� �o�f� �t�h�e� �l�e�n�g�t�h� �o�f� �t�i�m�e� �r�e�c�o�r�d� �t�h�a�t� �c�a�n� �b�e� 

�s�a�m�p�l�e�d�.� �F�o�r� �a� �g�i�v�e�n� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �o�f� �a�n�a�l�y�s�i�s�,� �t�h�i�s� �l�e�a�d�s� �t�o� �t�w�o� �p�r�o�b�l�e�m�s� 

�¢� �T�h�e� �r�e�s�o�l�u�t�i�o�n� �o�f� �s�p�e�c�t�r�a�l� �d�a�t�a� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �o�f� �a�n�a�l�y�s�i�s�,� �s�i�n�c�e� �t�h�e� �s�a�m�p�l�e� �i�n�t�e�r�v�a�l� �T� 

�l�i�m�i�t�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �s�p�a�c�i�n�g� �b�e�t�w�e�e�n� �s�p�e�c�t�r�a�l� �l�i�n�e�s�.� �I�n�s�u�f�f�i�c�i�e�n�t� �r�e�s�o�l�u�t�i�o�n� �o�f� �s�p�e�c�t�r�a�l� �d�a�t�a� �r�e�-� 

�s�u�l�t�s� �i�n� �b�i�a�s� �e�r�r�o�r�s�,� �a�n�d� �s�u�c�h� �e�r�r�o�r�s� �c�o�u�l�d� �b�e� �s�i�g�n�i�f�i�c�a�n�t� �a�t� �t�h�e� �l�o�w�e�r� �e�n�d� �o�f� �t�h�e� �s�p�e�c�t�r�u�m� �w�h�e�n� 

�p�e�r�f�o�r�m�i�n�g� �a� �b�a�s�e�-�b�a�n�d� �a�n�a�l�y�s�i�s� �(�9�]�.� 

�e� �T�h�e� �d�i�s�c�r�e�t�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �(�D�F�T�)� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �t�i�m�e� �r�e�c�o�r�d� �i�s� �p�e�r�i�o�d�i�c� �i�n� �t�h�e� �t�i�m�e� 

�w�i�n�d�o�w� �i�n� �w�h�i�c�h� �t�h�e� �i�t� �i�s� �r�e�c�o�r�d�e�d�.� �V�i�o�l�a�t�i�o�n� �o�f� �s�u�c�h� �a�n� �a�s�s�u�m�p�t�i�o�n� �l�e�a�d�s� �t�o� �a� �p�h�e�n�o�m�e�n�o�n� 

�c�a�l�l�e�d� �l�e�a�k�a�g�e�,� �i�n� �w�h�i�c�h� �t�h�e� �s�p�e�c�t�r�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�i�m�e� �r�e�c�o�r�d� �r�e�f�l�e�c�t�s� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �o�b�s�e�r�v�e�d� �s�i�g�n�a�l� �(�a�s�s�u�m�e�d� �p�e�r�i�o�d�i�c�)�,� �r�a�t�h�e�r� �t�h�a�n� �t�h�e� 

�a�c�t�u�a�l� �s�i�g�n�a�l�.� 

�T�y�p�i�c�a�l�l�y�,� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �r�e�s�o�l�u�t�i�o�n� �p�r�o�b�l�e�m�,� �i�f� �c�r�i�t�i�c�a�l�,� �i�s� �t�o� �u�s�e� �a� �b�a�n�d�-�s�e�l�e�c�t�a�b�l�e� �(�z�o�o�m�)� 

�a�n�a�l�y�s�i�s�.� �U�s�u�a�l�l�y� �a� �t�r�a�d�e�-�o�f�f� �i�s� �m�a�d�e� �b�e�t�w�e�e�n� �t�h�e� �r�e�s�u�l�t�i�n�g� �a�c�c�u�r�a�c�y� �a�n�d� �a�d�d�i�t�i�o�n�a�l� �t�i�m�e� �i�n�v�o�l�v�e�d�.� 

�O�n�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �l�e�a�k�a�g�e� �p�r�o�b�l�e�m� �i�s� �t�o� �u�s�e� �s�u�f�f�i�c�i�e�n�t� �t�i�m�e� �r�e�c�o�r�d� �l�e�n�g�t�h�s� �i�n� �w�h�i�c�h� �t�h�e� �e�x�c�i�t�a�t�i�o�n� 

�a�n�d� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l�s� �r�e�d�u�c�e� �t�o� �A�/�D� �c�o�n�v�e�r�t�e�r� �n�o�i�s�e�-�l�e�v�e�l�s�,� �a�s� �t�h�i�s� �w�o�u�l�d� �e�n�s�u�r�e� �t�h�a�t� �t�h�e� �s�i�g�n�a�l�s� �a�r�e� 

�p�e�r�i�o�d�i�c� �i�n� �t�h�e� �t�i�m�e� �w�i�n�d�o�w�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �w�o�u�l�d� �m�e�a�n� �i�n�o�r�d�i�n�a�t�e� �a�m�o�u�n�t� �o�f� �t�i�m�e� �r�e�q�u�i�r�e�d�,� �e�s�-� 

�p�e�c�i�a�l�l�y� �f�o�r� �l�i�g�h�t�l�y� �d�a�m�p�e�d� �s�y�s�t�e�m�s�.� �S�u�c�h� �a�n� �a�p�p�r�o�a�c�h� �h�a�s� �b�e�e�n� �p�r�a�c�t�i�c�a�l�l�y� �i�n�f�e�a�s�i�b�l�e�.� �A�n�o�t�h�e�r� 

�s�o�l�u�t�i�o�n� �t�o� �t�h�e� �l�e�a�k�a�g�e� �p�r�o�b�l�e�m� �i�s� �t�o�  ��w�i�n�d�o�w �� �t�h�e� �t�i�m�e� �r�e�c�o�r�d�,� �i�e�.�,� �w�e�i�g�h�t�i�n�g� �c�e�r�t�a�i�n� �t�i�m�e�-� 

�2�0� �A�n�a�l�o�g�-�t�o�-�D�i�g�i�t�a�l� 

�T�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� �1�1�4



�f�u�n�c�t�i�o�n�s�,� �d�e�f�i�n�e�d� �i�n� �t�h�e� �i�n�t�e�r�v�a�l� �o�f� �t�h�e� �t�i�m�e� �r�e�c�o�r�d�,� �t�o� �t�h�e� �t�i�m�e� �r�e�c�o�r�d�,� �s�o� �a�s� �t�o� �e�n�f�o�r�c�e� �p�e�r�i�o�d�i�c�i�t�y� 

�o�f� �t�h�e� �s�a�m�p�l�e� �i�n� �t�h�e� �t�i�m�e� �w�i�n�d�o�w�.� �W�i�n�d�o�w�i�n�g� �d�o�e�s� �n�o�t� �e�l�i�m�i�n�a�t�e� �t�h�e� �l�e�a�k�a�g�e� �p�r�o�b�l�e�m� �b�u�t� �o�n�l�y� 

�a�l�l�e�v�i�a�t�e�s� �i�t�.� �T�h�e� �d�e�g�r�e�e� �t�o� �w�h�i�c�h� �i�t� �r�e�d�u�c�e�s� �l�e�a�k�a�g�e� �e�r�r�o�r� �d�e�p�e�n�d�s� �o�n� �b�o�t�h� �t�h�e� �t�i�m�e� �r�e�c�o�r�d� �a�n�d� �t�h�e� 

�w�i�n�d�o�w�-�f�u�n�c�t�i�o�n� �u�s�e�d� �[�2�8�]�.� 

�5�.�2�.�2�.�a� �I�m�p�l�i�c�a�t�i�o�n�s� �o�f� �l�e�a�k�a�g�e� �a�n�d� �w�i�n�d�o�w�i�n�g� �o�n� �t�h�e� �q�u�a�l�i�t�y� �o�f� �m�o�d�a�l� �m�o�d�e�l� 

�T�h�e� �m�o�s�t� �w�i�d�e�l�y� �u�s�e�d� �w�i�n�d�o�w� �i�s� �t�h�e� �H�a�n�n�i�n�g� �w�i�n�d�o�w� �o�r� �t�h�e� �c�o�s�i�n�e�-�s�q�u�a�r�e�d� �w�i�n�d�o�w�,� �w�h�i�c�h� �h�a�s� 

�a� �v�a�l�u�e� �o�f� �z�e�r�o� �a�t� �t�h�e� �b�e�g�i�n�i�n�g� �a�n�d� �e�n�d� �o�f� �t�h�e� �t�i�m�e� �r�e�c�o�r�d�.� �O�t�h�e�r� �w�i�n�d�o�w�s� �i�n� �u�s�e� �a�r�e� �t�h�e� �f�l�a�t�-�t�o�p�,� 

�u�n�i�f�o�r�m� �a�n�d� �e�x�p�o�n�e�n�t�i�a�l� �w�i�n�d�o�w�s�.� �T�h�e� �c�h�o�i�c�e� �o�f� �a� �w�i�n�d�o�w�-�f�u�n�c�t�i�o�n� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �c�h�a�r�-� 

�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �t�i�m�e� �r�e�c�o�r�d�,� �f�r�o�m� �p�e�r�i�o�d�i�c�i�t�y� �p�o�i�n�t� �o�f� �v�i�e�w�,� �i�n� �t�h�e� �s�a�m�p�l�e� �i�n�t�e�r�v�a�l�.� �T�h�e� �f�o�l�l�o�w�i�n�g� 

�i�m�p�l�i�c�a�t�i�o�n�s� �a�r�e� �w�o�r�t�h� �n�o�t�i�n�g�,� 

�1�.� �W�i�n�d�o�w�i�n�g�,� �t�h�o�u�g�h� �r�e�d�u�c�i�n�g� �l�e�a�k�a�g�e�,� �s�t�i�l�l� �y�i�e�l�d�s� �a� �b�i�a�s�e�d� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �s�p�e�c�t�r�a�.� �T�h�e�y� �s�h�i�f�t� 

�a�n�d� �d�i�s�t�o�r�t� �t�h�e� �s�p�e�c�t�r�a�.� 

�2�.� �I�n� �s�i�t�u�a�t�i�o�n�s� �w�h�e�r�e� �m�o�d�e�s� �a�r�e� �c�l�o�s�e�l�y� �s�p�a�c�e�d�,� �t�h�e� �s�p�e�c�i�f�i�c� �w�i�n�d�o�w� �f�u�n�c�t�i�o�n� �u�s�e�d� �o�n� �e�x�c�i�t�a�t�i�o�n� 

�a�n�d� �r�e�s�p�o�n�s�e� �m�e�a�s�u�r�e�m�e�n�t�s� �s�h�o�u�l�d� �b�e� �a�b�l�e� �t�o� �r�e�s�o�l�v�e� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �r�e�s�o�n�a�n�c�e�s� �i�n� �t�h�e� �F�R�F�.� 

�3�.� �T�h�e� �m�o�d�a�l� �p�r�o�p�e�r�t�y� �m�o�s�t� �v�u�l�n�e�r�a�b�l�e� �t�o� �i�n�e�f�f�e�c�t�i�v�e� �l�e�a�k�a�g�e� �r�e�d�u�c�t�i�o�n� �i�s� �t�h�e� �s�y�s�t�e�m� �d�a�m�p�i�n�g�.� 

�F�i�n�a�l�l�y�,� �e�a�c�h� �w�i�n�d�o�w� �f�u�n�c�t�i�o�n� �h�a�s� �i�t�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�h�i�c�h� �h�a�v�e� �t�o� �b�e� �p�r�o�p�e�r�l�y� �u�n�d�e�r�s�t�o�o�d� �b�e�f�o�r�e� 

�u�s�i�n�g� �t�h�e�m�,� �e�.�g�.�,� �t�h�e� �H�a�n�n�i�n�g� �w�i�n�d�o�w� �h�a�s� �a� �s�m�o�o�t�h�i�n�g� �e�f�f�e�c�t� �i�n� �t�h�a�t� �i�t� �r�e�d�u�c�e�s� �a�m�p�l�i�t�u�d�e�s� �a�t� �r�e�s�-� 

�o�n�a�n�c�e�s� �a�n�d� �i�n�c�r�e�a�s�e�s� �t�h�e�m� �a�t� �a�n�t�i�-�r�e�s�o�n�a�n�c�e�s�.� �T�h�e� �e�x�p�o�n�e�n�t�i�a�l� �w�i�n�d�o�w� �a�d�d�s� �a�r�t�i�f�i�c�i�a�l� �d�a�m�p�i�n�g� 

�t�o� �t�h�e� �d�a�t�a� �[�6�1�]�.� 

�T�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� �L�i�s



�5�.�2�.�3� �F�R�F� �E�s�t�i�m�a�t�i�o�n� 

�-� 

�I�n� �S�e�c�t�i�o�n� �5�.�1� �t�h�e� �c�o�n�c�e�p�t� �o�f� �F�R�F� �o�f� �l�i�n�e�a�r� �t�i�m�e�-�i�n�v�a�r�i�a�n�t� �s�y�s�t�e�m�s� �w�a�s� �o�u�t�l�i�n�e�d�.� �V�a�r�i�o�u�s� �m�e�t�h�o�d�s� 

�o�f� �d�e�r�i�v�i�n�g� �F�R�F�s� �w�e�r�e� �s�t�a�t�e�d�,� �u�s�i�n�g� �h�a�r�m�o�n�i�c�,� �p�e�r�i�o�d�i�c�,� �t�r�a�n�s�i�e�n�t� �a�n�d� �r�a�n�d�o�m� �e�x�c�i�t�a�t�i�o�n�s�.� �T�h�e� �f�o�-� 

�c�u�s� �w�a�s� �o�n� �m�e�c�h�a�n�i�c�a�l� �a�n�d� �s�t�r�u�c�t�u�r�a�l� �s�y�s�t�e�m�s�.� �I�n� �p�r�a�c�t�i�c�e�,� �h�o�w�e�v�e�r�,� �t�h�e� �i�d�e�a�l� �s�i�t�u�a�t�i�o�n� �o�f� �m�e�a�s�-� 

�u�r�i�n�g� �t�h�e�  ��t�r�u�e �� �e�x�c�i�t�a�t�i�o�n� �a�n�d� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l�s� �d�o�e�s� �n�o�t� �e�x�i�s�t�.� �F�u�r�t�h�e�r�m�o�r�e�,� �n�o�n�-�i�d�e�a�l� �b�e�h�a�v�i�o�r� 

�o�f� �s�y�s�t�e�m�s� �(�n�o�n�l�i�n�e�a�r� �a�s� �o�p�p�o�s�e�d� �l�i�n�e�a�r�)�,� �i�n�c�o�m�p�l�e�t�e� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �i�n�p�u�t�s� �a�n�d� �o�u�t�p�u�t�s� �o�f� �t�h�e� 

�s�y�s�t�e�m�,� �w�h�e�n� �p�r�e�s�e�n�t� �i�n� �i�n�c�o�m�m�e�n�s�u�r�a�t�e� �a�m�o�u�n�t�s�,� �g�i�v�e� �r�i�s�e� �t�o� �w�h�a�t� �i�s� �c�o�l�l�e�c�t�i�v�e�l�y� �c�a�l�l�e�d� �n�o�i�s�e�.� 

�H�e�n�c�e�,� �o�n�e� �c�a�n� �o�b�t�a�i�n� �o�n�l�y� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �F�R�F�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n� �b�r�i�e�f�l�y� �r�e�v�i�e�w�s� �s�o�m�e� �o�f� 

�t�h�e� �m�o�r�e� �p�o�p�u�l�a�r� �m�o�d�e�l�s� �(�e�s�t�i�m�a�t�o�r�s�)� �u�s�e�d� �i�n� �p�r�a�c�t�i�c�e�.� �T�h�e�s�e� �e�s�t�i�m�a�t�o�r�s� �w�e�r�e� �d�e�v�e�l�o�p�e�d� �o�n� �t�h�e� 

�a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �a�n�d� �r�e�s�p�o�n�s�e� �s�i�g�n�a�l�s� �a�r�e� �r�a�n�d�o�m�.� �H�o�w�e�v�e�r�,� �t�h�e�s�e� �e�s�t�i�m�a�t�o�r�s� �a�r�e� 

�u�s�e�d� �w�i�t�h� �t�r�a�n�s�i�e�n�t� �(�d�e�t�e�r�m�i�n�i�s�t�i�c�)� �d�a�t�a� �a�s� �w�e�l�l�,� �t�h�o�u�g�h� �t�h�e� �q�u�a�n�t�i�t�y� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n�,� �t�o� �b�e� �d�e�-� 

�f�i�n�e�d� �i�n� �t�h�e� �s�e�q�u�e�l�,� �b�e�a�r�s� �a� �d�i�f�f�e�r�e�n�t� �m�e�a�n�i�n�g� �w�h�e�n� �u�s�e�d� �w�i�t�h� �d�e�t�e�r�m�i�n�i�s�t�i�c� �d�a�t�a� �[�5�5�]�.� 

�5�.�2�.�3�.�a� �A� �G�e�n�e�r�a�l� �I�n�p�u�t�/�O�u�t�p�u�t� �M�o�d�e�l� �o�f� �a� �L�i�n�e�a�r� �S�y�s�t�e�m� 

�A� �g�e�n�e�r�a�l� �i�n�p�u�t�/�o�u�t�p�u�t� �m�o�d�e�l� �o�f� �a� �l�i�n�e�a�r� �s�y�s�t�e�m� �w�i�t�h� �n�o�i�s�e� �a�t� �b�o�t�h� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �m�e�a�s�u�r�e�m�e�n�t�s� 

�i�s� �s�h�o�w�n� �s�c�h�e�m�a�t�i�c�a�l�l�y� �i�n� �F�i�g�.� �5�.�1�.� �T�h�e� �q�u�a�n�t�i�t�i�e�s� �f�(�¢�)� �a�n�d� �x�(�¢�)� �a�r�e� �t�h�e� �t�r�u�e� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �o�f� �t�h�e� 

�s�y�s�t�e�m�,� �(�i�)� �a�n�d� �n�(�?�)� �a�r�e� �t�h�e� �n�o�i�s�e� �s�i�g�n�a�l�s� �w�h�i�c�h� �d�o� �n�o�t� �p�a�s�s� �t�h�r�o�u�g�h� �t�h�e� �s�y�s�t�e�m� �a�n�d� �a�r�e� �u�n�c�o�r�r�e�-� 

�l�a�t�e�d� �t�o� �e�a�c�h� �o�t�h�e�r� �a�n�d� �t�o� �t�h�e� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �s�i�g�n�a�l�s�.� �T�h�e� �q�u�a�n�t�i�t�i�e�s� �f� �(�t�)� �a�n�d� �x�(�2�)� �a�r�e� �t�h�e� �m�e�a�s�-� 

�u�r�e�d� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �s�i�g�n�a�l�s�.� �T�h�u�s�,� 

�f�(�)� �=� �A�)� �+� �m�l�s�)� �(�5�.�6�3�)� 

�x�(�)� �=� �x�(�)� �+� �n�(�0� �(�5�.�6�4�)� 

�T�h�e� �q�u�a�n�t�i�t�i�e�s� �S�,�,� �a�n�d� �S�,�,�;�i�n� �E�q�s�.� �(�5�.�6�0� �a�n�d� �5�.�6�1�)� �a�r�e� �c�a�l�l�e�d� �t�h�e� �t�w�o�-�s�i�d�e�d� �a�u�t�o�-� �a�n�d� �c�r�o�s�s�-�s�p�e�c�t�r�a� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �o�f� �t�h�e� �t�i�m�e� �r�e�c�o�r�d�s� �x�(�t�)� �a�n�d� �f�(�t�)�.� �T�h�i�s� �i�s� �b�e�c�a�u�s�e� �t�h�e�y� �a�r�e� �t�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m�s� �o�f� �t�h�e� 

�T�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� �1�1�6



�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�i�m�e� �r�e�c�o�r�d�s� �d�e�f�i�n�e�d� �i�n� �t�h�e� �r�a�n�g�e�  �� �c�o� �t�o� �+� �o�o�.� �S�i�n�c�e�,� �i�n� �p�r�a�c�t�i�c�e�,� �w�e� �u�s�e� �t�i�m�e� �r�e�-� 

�c�o�r�d�s� �s�t�a�r�t�i�n�g� �a�t� �t�=� �0�,� �t�h�e� �a�u�t�o�-� �a�n�d� �c�r�o�s�s�-�s�p�e�c�t�r�a� �f�o�r� �r�e�c�o�r�d�s� �d�e�f�i�n�e�d� �i�n� �t�h�e� �r�a�n�g�e� �0� �t�o� �+� �c�o� �a�r�e� 

�c�a�l�l�e�d� �o�n�e�-�s�i�d�e�d� �s�p�e�c�t�r�a�.� �T�h�e�s�e� �o�n�e�-�s�i�d�e�d� �s�p�e�c�t�r�a� �w�i�l�l� �b�e� �d�e�n�o�t�e�d� �h�e�r�e� �b�y� �G�y� �a�n�d� �G�,�,� �[�9�]�.� 

�T�h�e� �H�,� �E�s�t�i�m�a�t�o�r� 

�U�s�i�n�g� �E�q�s�.� �(�5�.�6�3� �a�n�d� �5�.�6�4�)�,� �u�s�i�n�g� �t�h�e� �F�R�F� �d�e�r�i�v�e�d� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �r�a�n�d�o�m� �v�i�b�r�a�t�i�o�n�s� �a�n�d� �E�q�s�.� �(�5�.�6�0� 

�a�n�d� �5�.�6�1�)�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n� �f�o�r� �t�h�e� �F�R�F� �c�o�u�l�d� �b�e� �r�e�a�l�i�z�e�d� �[�9�]�,� 

�O�F� �H�o�)� �=� �>�>� �(�5�.�6�5�)� 
�S�f� 

�G� �O�f� �H�i�(�w�)� �=� �G�+� �G�o�n� �(�5�.�6�5�a�)� 

�T�h�u�s�,� �i�f� �n�o�i�s�e� �i�n� �t�h�e� �i�n�p�u�t� �m�e�a�s�u�r�e�m�e�n�t� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �z�e�r�o� �(�G�a�m� �=� �0�)�?�!�,� �t�h�e� �H�,� �e�s�t�i�m�a�t�o�r� �y�i�e�l�d�s� 

�a�n� �u�n�b�i�a�s�e�d� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �F�R�F�.� 

�T�h�e� �2� �E�s�t�i�m�a�t�o�r� 

�U�s�i�n�g� �E�q�.� �(�5�.�6�3�)� �a�n�d� �E�q�s�.� �(�5�.�6�4� �a�n�d� �5�.�6�2�)�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n� �f�o�r� �F�R�F� �d�e�r�i�v�e�d� �f�r�o�m� �r�a�n�d�o�m� 

�v�i�b�r�a�t�i�o�n� �c�o�u�l�d� �b�e� �s�t�a�t�e�d� �[�3�4�]� 

� � 
�G�~�~� 

�H�,�(�)� �=� �a� �(�5�.�6�6�)� 
�x�f� 

�G�z�z� �+� �G�e�~� 
�H�w�)� �=� �<�a� �(�5�.�6�6�2�)� 

�X�X� 

�2�1� �G�m�m� �d�e�n�o�t�e�s� �t�h�e� �a�u�t�o�s�p�e�c�t�r�a� �o�f� �t�h�e� �n�o�i�s�e� �i�n� �t�h�e� �i�n�p�u�t� �m�e�a�s�u�r�e�m�e�n�t� 

�T�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�!� �1�1�7


