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A Comparison of Autonomous Navigation
Methods for Earth-Moon Halo Orbits

Colin M. O’Leary

(ABSTRACT)

In this study, we examine three different methods of performing autonomous lunar orbit

determination. These methods were the star occultation method, the optical navigation

method, and the lunar mirror method. We sought to compare their effectiveness to one

another for satellites in northern halo orbits at the L1 Lagrange point of the Earth-Moon

system. six sets of initial conditions were propagated for 30 days using STK. In order to study

the fundamental problem of estimation in these orbits, it was assumed that the satellites

perfectly maintain their position in the halo orbit (we also did not ”bump” them off the orbit

with process noise, and instead added random error scaled on our process noise covariance

to our estimate). True measurements were also obtained from STK for each measurement

model, and then perturbed according to noise models derived from realistic sensor values.

Random acceleration perturbations were injected to our dynamics model according to our

process noise. All results were obtained via propagation through an augmented unscented

Kalman filter (UKF). The optical navigation method outperformed the other methods for

each of our test cases, with the occultation, mirror, and optical methods achieving typical

steady-state median position accuracies of 8 ˆ 10´2 km, 1 ˆ 10´1 km, and 4 ˆ 10´3 km

respectively. It is also noted that the star occultation method performs well on the test

cases with a small perilune distance, as more measurements can be collected. The lunar

mirror method also seemed to be particularly sensitive to a high apolune distance, and it is

thought that this is due to a high dilution of precision.
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Colin M. O’Leary

(GENERAL AUDIENCE ABSTRACT)

With a renewed interest in lunar travel on the horizon, it is becoming clear that our current

methods of satellite tracking for spacecraft around the Moon are unequipped to handle this

increase in demand. Therefore, a reliable method of performing autonomous navigation in

lunar space is required to facilitate this new interest. Many methods of performing this

autonomous navigation have been devised, but little work has been done to compare these

methods to one another using standardized, relevant test conditions. In this study, we

compared three different methods of performing autonomous navigation in six different test

cases. The methods being tested were the star occultation method, the optical navigation

method, and the lunar mirror method. These six test cases were a selection of halo orbits in

the Earth-Moon system (a set of sensitive orbits dependent on Earth-Moon dynamics). We

simulated the true state information for each of these test cases for a period of 30 days. We

also simulated the true values of the measurements that would have been obtained by each

of our three methods using this same software. Then to test the methods, we propagated

the initial state of each test case using an estimator equipped with one of our measurement

methods under test. This was repeated for each method, for a total of 18 test results. It

was found that the optical navigation method was the best performing for all six of our test

cases.
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Chapter 1

Introduction

Humanity’s interest in the Moon has been renewed in a manner not seen since the Space

Race. NASA and ESA have plans to have people land on the Moon by 2025, with plans

to set up an orbiting lunar base soon afterward [19][4]. However, sustained operations in

cislunar space will not be possible without a reliable lunar autonomous navigation system.

Currently, we can perform station-keeping on objects in cislunar space using the Deep Space

Network (DSN), but this system will become overwhelmed as the volume of missions to the

Moon increases.

This begs the question, how should one perform autonomous navigation for orbits in cislunar

space? Answering this question is key to reducing our reliance on the DSN, and opens

the doorway to establishing a GNSS-like (Global Navigation Satellite System) constellation

on the Moon. GNSS constellations on Earth trivialize performing accurate positioning

estimation, and replicating such a system on the Moon would be a scalable, long-term

solution for navigation in lunar space. However, a GNSS-like constellation cannot exist on

the Moon without a reliable way to perform autonomous lunar orbit determination; our

GNSS systems on Earth rely on ground-based stations to station-keep the satellites in the

constellations, which is not currently feasible on the Moon.

Finding a way to perform autonomous lunar orbit determination is a problem that has been

worked on for over 40 years, and many methods have been devised for doing so. Some

examples include Born’s LIAISON navigation method [20], Psiaki’s star occultation method

1



2 CHAPTER 1. INTRODUCTION

[30], and the optical navigation method used for interplanetary navigation during Orion’s

missions to the Moon [17]. However, little work has been done to compare these methods to

one another in a standardized environment, and some have never been tested in halo orbits.

1.1 Lunar Space and Halo Orbits

A halo orbit is a periodic, non-planar orbit associated with a Lagrange point between two

celestial bodies. Crucially, they are orbits that cannot be described with two-body problem

dynamics, which means that many proven methods for performing orbit determination

cannot be relied upon. An artistic rendering of multiple families of halo orbits can be

seen in Fig. 1.1. Halo orbits are highly useful for scientific exploration despite their added

complexities when compared to standard orbits, and NASA even has plans for the near

future to construct a lunar base (called Gateway) in a halo orbit [4].

Halo orbits are attractive orbits for satellites that we launch for scientific exploration because

they do not revolve around a central body. By not revolving around a central body, the

satellite in the halo orbit is always visible from Earth in most cases, and has constant

viewing/communication geometry with the Moon’s surface. Some examples of research

satellites that are already in halo orbits are Queqiao (a Chinese communications relay satellite

that is in a halo orbit around the L2 Lagrange point of the Earth-Moon system such that

it can always see the dark side of the Moon as well as Earth) and the James Webb Space

Telescope (in a halo orbit around the L2 Lagrange point of the Sun-Earth system) [37][5].

For how important halo orbits are becoming to scientific discovery, it is more important

than ever to investigate how the autonomous navigation methods we rely on function in

these environments. Moreover, they will serve as a challenging but relevant unified test case

for the considered navigation methods.



1.1. LUNAR SPACE AND HALO ORBITS 3

Figure 1.1: The L1 and L2 Halo Orbit Families, as well as the Near-Rectilinear Halo Orbits
(caption and photo reproduced from [34])
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1.2 Outline

Chapter 1: In the introduction, we looked at the context that surrounds this problem. We

discussed how there has been a revitalization in the interest of travel to the Moon, and

briefly discussed how this revitalization has caused strain on the existing systems we use for

tracking spacecraft. This strain necessitates the discovery and perfection of a more reliable

long-term solution. Finally, we discussed the relevance of halo orbits as a unifying test case.

Chapter 2: In the literature review section, we will summarize what work has been done

on finding autonomous navigation methods for spacecraft in cislunar space. The methods

that will be used in this study will be introduced, and a comparison study involving one of

the methods we used that has already been done will be examined. We also will discuss in

greater depth how navigation in this region of space has been done in the past, and why

they may not be reliable going forward.

Chapter 3: In the methodology section, we will walk through how our chosen methods

function from a theoretical perspective. We will also discuss how each of these methods had

their true measurement values simulated for each of our test cases, and how realistic models

for the uncertainty of these measurements were derived as well as applied. We also will discuss

in detail the dynamics model we used, how we performed our coordinate transformations,

and how our true state information for each of our test cases was propagated. A walkthrough

of the augmented unscented Kalman filter (UKF) that was used to gather all of our results

will be provided here.

Chapter 4: In the results and discussion section, we will cover our test conditions used to

gather our results in great detail. This will include covering the initial conditions of our halo

orbits, the specifications of hardware we used to simulate the performance of real sensor

systems, and the precise values of constants we had to use to collect our data. After this, we
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will present the results of how each method performed in our test cases, and compare their

performances to one another. We will examine graphs of interesting cases, and a data table

that summarizes the method’s performance in all cases will be provided for each method.

Graphs that depict the results of every method for every test case can be found in Appendix

A.

Chapter 5: Finally, we will cover what we have learned in the conclusions section. We will

discuss our main takeaways from this study, its limitations, and ideas for how work in this

field could be continued in the future. We also will make specific recommendations about

which methods to use in a given orbit based on our data.



Chapter 2

Literature Review

Autonomous lunar orbit determination is a concept that has been around for decades, but has

only recently become a practical consideration in light of the increased interest in sustained

lunar exploration. Thus, many methods have been proposed for achieving this.

First we will outline the current methods used for navigation in lunar space, as well as

proposed future large-scale methods. Finally, we will explore some proposed autonomous

methods and what work has already been done to compare them to one another.

2.1 Using GNSS in Lunar Space

Using GNSS signals from satellites on the opposite side of the Earth to perform navigation

in high-altitude orbits is an idea explored in this paper [36]. In Fig. 2.1, we can see the

different regions of GNSS satellite coverage and how they extend past the Earth.

In Winternitz’ paper, the usage of GNSS navigation in orbits with apogee distances of 12

and 25 Earth radii is discussed (referred to as “Orbit A” and “Orbit B” respectively for the

remainder of this section) in relation to the four satellites from the Magnetospheric Multiscale

(MMS) mission. At the time of publication, data was available on the navigation system’s

performance for all four satellites in Orbit A, but not in Orbit B. Because of this, the data

from Orbit A was extrapolated to estimate the navigation system’s performance on Orbit B.

6



2.1. USING GNSS IN LUNAR SPACE 7

Figure 2.1: A graphic detailing different areas of GNSS coverage (graphic and caption from
[11])

For Orbit A, the navigation system for one of the satellites (MMS1) had a moving average

of 4m (99% confidence interval) when above 3 Earth radii in altitude, and a residual sum

of squares (RSS) of 65m; the rest of the satellites performed similarly. The extrapolation of

these results for Orbit B estimate that a moving average of 20m (99% confidence interval)

when above 3 Earth radii, and a RSS of 150m can be expected.

The accuracy values for the MMS navigation system show that using GNSS for navigation

is a valid solution for even the most highly elliptical of Earth-focused orbits, though this

will be an insufficient method for our halo orbits. The distance between the Earth and

the Moon is approximately 60 Earth radii on average, and the shadow casted by Earth’s

umbra (see Fig. 2.1) will mean that our satellites in halo orbits will receive little to no GNSS

measurements because of their immense distance from the Earth. This immense distance

also means that the geometric dilution of precision (GDOP) would be high enough that
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Figure 2.2: A graphic depicting what the difference is between good GDOP and bad GDOP
(graphic from [27])

sufficiently accurate navigation would likely be unachievable even if GNSS measurements

could be received (i.e., the GNSS satellites would be so far away that measurements from

them would not be distinct enough from one another to observe the satellite’s entire state).

In Fig. 2.2, the difference between good GDOP and bad GDOP is explained. The top

graphic represents an ideal case for GNSS navigation, the bottom-left graphic describes

how bad visibility of the satellites can lead to large navigation errors (as would be the case

if our satellites in halo orbits spent most or all of their time in Earth’s umbra), and the

bottom-right graphic shows how bad GDOP can also lead to large navigation errors even

with perfect visibility (as would be the case for our satellites in halo orbits even if the Earth

somehow did not obstruct our view of the GNSS satellites). This means it is clear that

simply using GNSS will not be feasible for orbits in this region.
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Figure 2.3: Deep Space Network, Deep Space Station 35 (DSS-35) at the Canberra Deep
Space Communications Complex near Canberra, Australia (picture and caption from [26])

2.2 Deep Space Network

The Deep Space Network (DSN) is a network of ground-based facilities that are used for

tracking and communicating with spacecraft, as well as for gathering scientific observations.

In service since 1958, the DSN was originally established to receive telemetry and plot

the orbit of the Explorer 1 (the first successful US satellite). Later that year, the Jet

Propulsion Laboratory (JPL) was transferred to the control of the newly-created NASA,

and management of the DSN was transferred alongside it. Shortly after this transfer, NASA

formally established the DSN as its own program that was aimed at accommodating all

deep space missions. Since then, it has become a vital part of countless space missions,

including both deep space missions and select Earth-orbiting missions. It even aided in

communication and tracking of Apollo spacecraft. DSN currently consists of three facilities

located in California, Spain, and southeast Australia [3]. A picture from the DSN facility in

Australia can be seen in Fig. 2.3. These locations were strategically chosen such that one
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Figure 2.4: Apollo’s IMU [32]

facility is always able to view a spacecraft, allowing for seamless tracking and communication.

However, due to the recent increase in lunar missions and decreased budgets for the DSN’s

operation, it is having a hard time keeping up with demand [18]. This problem is compounded

by DSN’s aging infrastructure. During the Artemis I mission, a particularly intensive one

for the DSN, science missions lost 1585 hours of DSN time (this includes the James Webb

telescope, which lost 185 hours alone) [18]. Such a loss could be disastrous with a crewed

mission, and with the number of lunar missions only expected to increase in both number

and complexity, it is clear that future lunar missions should not rely on the DSN.
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2.3 Inertial Measurement Navigation

It could be asked why we need to invest in autonomous navigation when one could simply

use an inertial measurement unit (IMU) to maintain your state after being given an initial

position and velocity. A star camera could also be used in conjunction with an IMU to

provide reliable and accurate data for orientation. Dating back to the Apollo missions

(Apollo’s guidance system can be seen in Fig. 2.4), IMUs have been used on space missions.

Modern IMUs that are used on Mars rovers (including the Perseverance from 2020) are

solid state, meaning they can be relied upon for upwards of 20 years [23]. The drawback

of IMUs is that they accrue error over time due to their navigation being based on dead

reckoning. This means that even the best of IMUs will eventually become unreliable after

enough time has passed. This may not be a problem with missions that aim to land on the

Moon, but will certainly be a problem for missions that aim to orbit the Moon. Another

major drawback is that IMUs cannot detect gravitational acceleration when the spacecraft is

in-flight, so they must be supported by highly accurate gravity models and external tracking

from something akin to the DSN. This means that using an IMU exclusively for navigation

is only a possibility for landing missions and when navigating on the surface of a celestial

body (like the rovers on Mars).

2.4 GNSS-like Constellation for the Moon

While using Earth-based GNSS constellations for travel to the Moon is out of the question,

as the satellites in these constellations orbit the Earth and orient their signals downward to

below the constellation’s altitude, constructing a GNSS-like constellation around the Moon

is an attractive idea. This idea is one that is attractive to the ESA and NASA, as they
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plan to construct a navigation constellation around the Moon [19]. Though, this does not

eliminate the need for a method of performing autonomous lunar orbit determination, as the

satellites in the navigation constellation cannot be corrected via ground-based stations like

they can on Earth [19].

2.5 Autonomous Lunar Orbit Determination Methods

Having identified the need for an autonomous lunar orbit determination method, we will

now outline a few proposed methods.

2.5.1 LIAISON Navigation

This paper [20] introduced an autonomous interplanetary orbit determination method that

utilizes satellite-to-satellite tracking, and is based on a 1984 paper by Markley [22]. This

method, called LIAISON navigation, uses only scalar satellite-to-satellite observations (such

as crosslink range) to estimate the orbits of all participating spacecraft. Importantly, this

method does not work in near-body orbits that would be dominated by two-body dynamics

because asymmetry in the acceleration field is essential for this method to function. This

method also does not function well when satellites do not have large separations between one

another, when the satellites are in coplanar orbits, or when satellites are separated purely

in the z-direction. Performance with this method is optimized with as many satellites in

the network as possible, and on orbits with shorter periods. This method’s efficacy was

analyzed on spacecraft in halo orbits near the L1 Lagrange point of the Earth-Moon system

utilizing the circular restricted three-body problem. Navigation accuracy varied between 5m

and 40m depending on the angle of separation between the spacecraft, but were typically
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between 5m and 10m.

2.5.2 Relative Positioning Method

This paper [31] introduced the relative positioning method for autonomous orbit determination

where reliance on GNSS signals was impossible. By using the relative position vector from

one spacecraft to another, the 6-element state vector (along with the drag parameter) of

both spacecraft can be determined. Importantly, this differs from the LIAISON method

because the relative positioning method uses relative position vectors as opposed to using

scalar measurements. This method was tested on satellites in LEO, and was found to be

more accurate when the spacecraft are further away from each other. Position accuracies on

the order of 1m RMS are obtainable under ideal circumstances.

2.5.3 Star Occultation Method

This paper [30] introduced the star occultation method for use in performing autonomous

lunar orbit determination. This method works by using a star camera to measure the time

that stars with a known direction set behind or rise above the lunar limb, then feeding these

measurements into a Kalman filter. In the near-lunar orbit tested in this paper, the system

was highly observable, and demonstrated an absolute position accuracy of 70m per axis for a

near-lunar orbit with a perilune altitude of 314.4 km and an apolune altitude of 315.6 km. In

this paper, occultations that occurred on the sunlit side of the Moon were excluded. Because

this is one of the measurement methods used in this comparison study, more information on

how this measurement method works is discussed in section 3.1.1.
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2.5.4 Optical Navigation Method

The optical navigation method is a common method for performing autonomous navigation

in beyond-near-body scenarios [17] [15]. This method involves pointing a camera at a known

body (such as Earth or the moon) and counting how many pixels it occupies within the

camera’s field of view. From the amount of pixels occupied by the known body, the distance

to that body can be measured and the spacecraft’s state estimated. This method was

analyzed for use in a lunar transfer trajectory, and it was found that the entry flight path

angle could be maintained with an error of 0.27˝ [17]. This paper [15] further investigates

different ellipse-fitting algorithms to see which performs best for this measurement method.

2.5.5 Lunar Mirror Method

This paper [38] proposes a new method of performing autonomous lunar orbit determination.

This method relies on on-board laser ranging measurements to lunar ranging retroreflectors

(LRRR) estimate the position and velocity of the spacecraft. The LRRRs used in this study

were installed on the lunar surface in the 1960s and 1970s during the United States’ Apollo

missions and the Soviet Union’s Luna missions [35], but new LRRRs were installed on the

Moon in 2023 (Chandrayaan-3 [24]) and 2025 (Blue Ghost Mission 1 [1]). Each LRRR is

designed to reflect light back to its source, and a diagram showing an LRRR is shown in

Fig. 2.5. Simulation with a subset of Lyapunov and halo orbits showed that sub-kilometer

position estimation is achievable by measuring range to only one mirror at a time. In this

study, we will use the same mirrors as Zaffram used in his study, but we will always perform

ranging to every mirror within view from our satellite. This means that our study will

present a ”best case scenario” for our conditions, but ranging to only a single mirror (as

done by Zaffram) is a more logistically feasible implementation of this method.



2.6. COMPARING DIFFERENT AUTONOMOUS
LUNAR ORBIT DETERMINATION METHODS 15

Figure 2.5: The LRRR left on the lunar surface by the Apollo 15 astronauts and a diagram
showing its components. The corner cube mirrors that reflect laser light back to its source
are clearly seen in the photograph (image and caption from [6]).

2.6 Comparing Different Autonomous

Lunar Orbit Determination Methods

This paper [13] directly compares three different methods of performing autonomous lunar

orbit determination. The three methods are the aforementioned LIAISON method, star

occultation method, and the relative positioning method. To perform this comparison,

a high-fidelity truth-model simulation was compared to Kalman filter results produced

with each of the three methods. The primary spacecraft’s trajectory in this study was

in a near-lunar polar orbit with an apolune altitude of 375 km, and a perilune altitude of

300 km. The LIAISON method, star occultation method, and relative positioning method

had a steady-state RMS position error magnitude of approximately 2.1m, 4.6m, and 4.5m

respectively.

Like this study, this paper [13] also compares three different methods of performing autonomous
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lunar orbit determination. Though, Bowman compares the relative positioning method,

LIAISON method, and star occultation method, whereas this study will compare the lunar

mirror method, optical navigation method, and star occultation method. Bowman’s study

also directly compared these methods’ performance to each other for a satellite in a near-lunar

polar orbit. Importantly, while two other satellite trajectories were simulated, including one

in a halo orbit, only the aforementioned satellite in a near-lunar polar orbit had all three

methods evaluated on it. In this study, the performance of all three methods under test

will be examined for six halo orbit trajectories. Bowman’s orbital dynamics propagator

incorporated a spherical harmonics gravity model, along with solar radiation pressure and

lunar surface albedo radiation pressure. In this study, we will use a simpler gravity model

afforded to us by the circular restricted three-body problem (though, using a spherical

harmonic gravity model is less important for our study due to halo orbits being high-altitude

by nature), and we will neglect the effects of solar radiation pressure and lunar surface albedo

radiation pressure (though we will not neglect uncertainties caused by these effects). For

Bowman’s study, a star catalog with 170 total stars was used, whereas our star catalog

contains over 9000 stars. It should be noted that our larger star catalog will be necessary

since our halo orbits are much further from the Moon, and a star catalog this large would be

excessive for orbits that are near-lunar. We also will examine the steady-state 10th, 50th,

and 90th percentile errors for both position and velocity, in contrast to steady-state RMS

position errors (as used in Bowman’s study). This choice was made because our errors have

a lot more variation than Bowman’s do, and we wanted to capture these regions of higher

error while not obscuring the regions of optimal performance of each method. This difference

between Bowman’s errors and ours is partly due to the variation in the dynamics of the halo

orbits over the course of an orbital period as well as using a 30-day testing period as opposed

to a 10-day testing period.



Chapter 3

Methodology

In this chapter, we will cover the mathematical processes used in this study. We will start by

introducing each method, how we simulated true measurements for that method, then cover

how we derived our uncertainty models for that method. Afterwards, we will cover how we

used STK to generate truth data for each of our test orbits, our dynamics model, and how we

generated quaternions for each test orbit to convert between our needed coordinate frames.

Finally, we will provide an in-depth walkthrough of the augmented unscented Kalman filter

that served as our estimator for this study.

3.1 Measurement Methods

In this section, we will introduce a measurement method, then cover how the true values for

its measurements were simulated, and finally cover how its uncertainty model was derived.

This process will be repeated for each of our three measurement methods.

3.1.1 Star Occultation Method

Here, we will introduce the star occultation method, then cover how we simulated our true

measurements for this method, then show how we derived this method’s uncertainty model.

17
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Figure 3.1: Diagram of a star occultation

Method Introduction

Suppose we have a repository of stars that we have astrometric data for. At the moment one

of these “known” stars occults, Fig. 3.1 captures the geometry of the situation. For an ideal

occultation (which means one without any error in r⃗sat2moon, r̂sat2star, or time of occultation)

behind a perfectly spherical Moon, ρ should always be equal to the radius of the Moon.



3.1. MEASUREMENT METHODS 19

From Fig. 3.1, we can derive Eqns. 3.1–3.4.

rsat2moon = ||r⃗sat2moon||2 (3.1)

r̂sat2moon =
r⃗sat2moon

rsat2moon
(3.2)

cos θ = r̂sat2moon ¨ r̂sat2star (3.3)

ρ = rsat2moon sin θ (3.4)

Where r⃗sat2moon and r̂sat2star are given. If our estimate of r⃗sat2moon is perfect at the moment of

occultation, then ρ should be equivalent to the radius of the Moon. Therefore, by measuring

the time that a known star occults and calculating ρ for this moment in time, we can compare

it to the Moon’s known radius and improve our estimate of our spacecraft’s state. We treat

ρ at the time all occultations occur as our measurement vector (z⃗) for this method. Note

that θ is the angle between r⃗sat2moon and r̂sat2star, which can be seen in Fig. 3.1.

For more information on this method or its derivation, please refer to [30].

Truth Measurement Simulation

STK’s “bright star catalog” has over 9000 stars [9]. These stars range in visual magnitude

from as bright as ´1.46, and as dim as 7.96 [9]. This catalog has complete astrometric data

for all of these stars and uses the Harvard Revised ID number to differentiate between them

[9]. Every single star in this catalog was added to our scenario to be checked for occultations

with the Moon.

STK’s “access” tool is versatile and can be used for computing many different values in

relation to two different STK objects [10]. For our purposes, we applied a “line of sight”

(LOS) constraint between our satellite and all of the stars in our scenario. With this, we
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Figure 3.2: STK Access Visualization (Figure from [10])

were able to see when one of these stars had its LOS vector broken, or gained a LOS vector

when it previously did not have one. A visual description of this can be seen in Fig. 3.2. This

allowed us to see which stars occulted over our data interval, and get accurate information

at this time of occultation.

To obtain the true measurements for the star occultation method, we first computed access

for all of the stars in STK’s bright star catalog. For more information on STK’s access tool,

please refer to Fig. 3.2.

The time that gaps in visual access from the satellite to a particular star started or stopped

were recorded as the times of occultation. The direction vector to each star was also sampled

once per day over the testing period, then interpolated to the time of occultation. Star

luminosity was also recorded, and occultations that occurred with stars that were too dim

for HAST’s default settings were excluded. (This value is recorded in Table 4.1 as Lmin.)

For more information on HAST (the star camera specifications used in this study), please

refer to section 4.1.2. Occultations were also excluded if more than one occultation occurred

in a single time step, or if the direction vector from the satellite to the star (r̂sat2star) and

the direction vector from the satellite to the Moon (r̂sat2moon) were not co-directional, which
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Figure 3.3: A plot showing how many of the occultations reported by STK had grazing point
altitudes that were different from zero for Case 4

could occur if visual access was obstructed by a body other than the Moon.

One practical note of caution: It was found that STK had slight inconsistencies when

computing occultation times for star objects due to a small issue with the way it computes

light travel time from satellites to star objects1. This caused the calculated grazing point

altitude at the reported time of occultation to be several kilometers off in some cases (see

Fig. 3.3 to see the effect of this for Case 4). To find the correct time of occultation, we first

defined grazing point altitude as a function of time, seen in Eqn. 3.5 where Rmoon is the

radius of the Moon (recorded in Table 4.1) and ρ is calculated according to Eqn. 3.4.

h(t) = ρ(t) ´ Rmoon (3.5)

At the precise time of occultation, toccult, it should be true that h(toccult) = 0. This

root-finding condition means that finding the precise time of occultation can be treated as

a classic root-finding problem. MATLAB’s fzero.m (which uses a combination of bisection,

1As of the time of writing, the small issues found within STK are being addressed under bug IDs
ANLY-873, ANLY-874, and ANLY-880.
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secant, and inverse quadratic interpolation methods [8]) was then used with STK’s reported

occultation time as an initial guess to find toccult for each occultation to machine precision.

Uncertainty Model

Once a corrected occultation time was achieved (as discussed in section 3.1.1), central

differencing was performed on this same function to determine the change in grazing point

altitude with respect to time at the moment of occultation (dh
dt

). This is illustrated in Eqn. 3.6

where h(t) is grazing point altitude as a function of time (derived in Eqn. 3.5), toccult is the

corrected occult time, and ∆t is the central differencing parameter (shown in Table 4.1).

dh

dt
=

h(toccult +∆t) ´ h(toccult ´ ∆t)

2∆t
(3.6)

To relate this sensitivity to the possible error in true radius ρ at time toccult, this was

multiplied by the inverse of our star camera’s frame rate (i.e., the time between each captured

image, tframe, which is shown in Table 4.1) to achieve the uncertainty in our calculated radius.

This is shown in Eqn. 3.7.

σR =
dh

dt
tFrame (3.7)

This was squared, and then added to our terrain radius variance (σ2
terrain) to generate an R

value for each occultation, shown in Eqn. 3.8. This terrain radius variance represents the

discrepancy between the most accurate models of the Moon’s terrain, and its actual terrain.

The value used in this study is documented in Table 4.1.

R = σ2
R + σ2

terrain (3.8)
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Figure 3.4: Diagram of measurements for use in optical navigation method

3.1.2 Optical Navigation Method

Here, we will introduce the optical navigation method, then cover how we simulated our true

measurements for this method, then show how we derived this method’s uncertainty model.

Method Introduction

Suppose that we can find α and r̂sat2moon as seen in Fig. 3.4 using a satellite-mounted star

camera. Note that while α is similar to θ as defined in section 3.1.1, its been relabeled here

due to its importance in this method.

Finding these values using images from a star camera is covered extensively in [15], but these

derivations are outside the scope of this paper. Note that the Moon’s center relative to the

background stars defines r̂sat2moon, and the apparent size of the Moon in the image defines

α. Once these values are obtained, we can find r⃗sat2moon using Eqn. 3.9.

r⃗sat2moon =

(
Rmoon

sinα

)
r̂sat2moon (3.9)

In this study, it is assumed that the Moon is a perfect sphere, therefore Rmoon is a constant
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value (Rmoon is shown in Table 4.1). [15] provides additional information on how to perform

these calculations for a non-spherical Moon, and we account for non-spherical effects when

calculating our measurement uncertainties for this method (see section 3.1.2).

True Measurement Simulation

Obtaining the true measurements for the optical navigation method was pretty straightforward.

The Moon’s position was sampled at every second, then the Moon’s position was subtracted

from the satellite’s position to simulate the measurements from the star camera for this

method. If the Moon was too close, then the entire Moon would not fit within the frame of

the star camera and no measurements would be obtainable. This was accounted for in our

simulated measurements.

Uncertainty Model

As the only measurement method tested that had non-scalar measurements, the uncertainty

model for the optical navigation method is the most complicated. Our process for deriving

this uncertainty model is heavily based on Christian’s paper [15]. The measurement noise is

assumed to be zero-mean Gaussian with the following covariance:

R = σ2
ρ[r̂r̂

T ] + σ2
u[I3x3 ´ r̂r̂T ] (3.10)

To start, we want to satisfy Eqn. 3.10 in order to calculate our measurement uncertainty

matrix for each sample time. The first term in Eqn. 3.10 is the uncertainty in the radial

direction (equivalent to ranging error), and the second term is the uncertainty in the perpendicular
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plane (equivalent to bearing estimation error). We define the following scalar variances:

σ2
ρ = ϵ2σ2

α + σ2
C (3.11)

σ2
u = σ2

θρ
2 + σ2

C (3.12)

Eqn. 3.11 and Eqn. 3.12 show how the magnitude of the uncertainty in both of the aforementioned

directions is obtained. σC is a factor that accounts for randomized error as a result of

a process to account for the difference between the visual center of the Moon and the

gravitational center of the Moon (its value for this study is notated in Table 4.1). This

is necessary because this method determines the visual center of the Moon, whereas our

dynamics model is relative to the gravitational center of the Moon. ρ is the distance between

the satellite and the Moon.

ϵ =
d

dα

[
Rmoon

sinα

]
= ´Rmoon

cosα
sin2 α

(3.13)

Eqn. 3.13 is the definition of ϵ. Rmoon is the radius of the Moon (notated in Table 4.1), and α

is the angle between the center of the Moon and edge of the Moon in the lens of the camera.

An illustration of what an ellipse representing the outline of the Moon being fitted over a

pixilated image of the Moon is shown in Fig. 3.5.

Pcc =
Bc⃗

Ba⃗
Paa

Bc⃗

Ba⃗

T

(3.14)

Pcc «

σ2
θ

σ2
θ

 (3.15)
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Figure 3.5: Illustration of an ellipse (shown in red) being fitted around a pixelated Moon

To find σθ to use in Eqn. 3.12, we first must calculate Pcc using Eqn. 3.14.

c⃗ =

xc

yc

 (3.16)

a⃗ =



A

B

C

D

F

G


=



1

0

1

´2xc

´2yc

x2
c + y2c ´ α2


(3.17)

c⃗ is the angular coordinates from the center of the photo frame to the center of the Moon.

The a⃗ are the coefficients of the ellipse of the Moon, which we assume to just be a circle
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(hence the second equality in Eqn. 3.17). It is for this reason that we can define a⃗ as we do.

Paa = σ2
di
(HT

LSHLS)
´1 (3.18)

Paa is computed according to Eqn. 3.18 for use in Eqn. 3.14.

σ2
α =

Bα

Ba⃗
Paa

Bα

Ba⃗

T

(3.19)

Using Eqn. 3.19, we can also find σα.

σ2
di
=

Bdi
By⃗i

Ryyi

Bdi
By⃗i

T

(3.20)

Ryyi = σ2
F I2x2 (3.21)

σF =
θFOV

npixels
(3.22)

Finally, we can find σdi using Eqn. 3.20 where Bdi
By⃗i

and HLS are obtained according to Eqn. 3.23

and Eqn. 3.24, respectively. Please note that θFOV and npixels are constant values notated in

Table 4.1. Note that by calculating σF to the precision of a pixel, we are able to find the

center of the Moon to a level of precision that is less than a pixel.

Bdi
By⃗i

=

[
2Axi +Byi +D Bxi + 2Cyi + F

]
(3.23)

HLS =



... ... ... ... ...

... ... ... ... ...

x2
i xiyi y2i xi yi
... ... ... ... ...
... ... ... ... ...


(3.24)
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t(x1, y1), ..., (xn, yn)u is a set of coordinates on the edge of the Moon within the frame of the

camera (i.e., they would be on the red circle shown in Fig. 3.5). We chose the number of

points used at each sample time according to Eqn. 3.25.

Nsamples = floor
(
2π

αi

σF

)
(3.25)

As a note, we also did consider the effect that light diffraction would have on this method’s

uncertainty, but its effect was negligible when compared to the uncertainty caused by

pixilation of the image. Because both of these uncertainties were operationalized in the

same way, the effect of diffraction was ignored.

3.1.3 Lunar Mirror Method

Here, we will introduce the lunar mirror method, then cover how we simulated our true

measurements for this method, then show how we derived this method’s uncertainty model.

Method Introduction

On the Moon, there are several Laser Ranging RetroReflectors (LRRRs, called ”lunar

mirrors” henceforth). Table 3.1 is a table of 5 of these LRRRs, along with the mission

that installed it, and its location [35]. These five mirrors are the ones that were used in this

study. To see a diagram of an LRRR, see Fig. 2.5.

At any time that one of these LRRR is within sight of an orbiting satellite, the geometry

can be represented by Fig. 3.6.

Importantly, we define an object as being within sight if the satellite was at a positive

elevation angle from the perspective of the object. A higher elevation angle restriction for
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Mission Installation Date Latitude Longitude
Apollo 11 July 21st, 1969 0.6734˝ N 23.4731˝ E
Luna 17 November 17th, 1970 38.3152˝ N 35.0080˝ W
Apollo 14 January 31st, 1971 3.6442˝ S 17.4786˝ W
Apollo 15 July 31st, 1971 26.1334˝ N 3.6285˝ E
Luna 21 January 15th, 1973 25.8323˝ N 30.9221˝ E

Table 3.1: Lunar Mirror Locations [35]

Figure 3.6: Lunar Mirror Measurement Diagram

the LRRRs specifically would be more realistic, but we wanted an optimistic picture of the

capability of the lunar mirror method.

Suppose that we had a laser-ranging system on our satellite, and we could find out how

far away a given LRRR is from our satellite. We could simulate that measurement with

Eqn. 3.26.

ρ = ||r⃗sat2moon + r⃗mirror||2 (3.26)

By comparing the actual measurement with our simulated measurement (i.e., comparing ρ

calculated using Eqn. 3.26 to our measurement gathered from our laser-ranging system),

we could improve our estimate of our satellite’s state. This modeling of the measurement

from the laser-ranging system is idealized and time-of-flight-based two-way ranging equations

would be a more accurate way to simulate it, but this captures the geometry of the observations

sufficiently enough for this study.
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True Measurement Simulation

For obtaining the true measurements for the lunar mirror measurement method, access was

computed from the satellite to the five mirrors identified in Table 3.1 for each of the six

orbits using STK. The vector from the satellite to each mirror at each sample time when

a line of sight vector could be established was recorded. Once these vectors were recorded,

their magnitudes were calculated and used as the measurements.

Uncertainty Model

The moment our satellite-mounted laser-ranging system (LRS) produces a range measurement

can be illustrated as in Fig. 3.6. For information on the assumed specifications for our LRS,

please refer to section 4.1.2. The travel time of the light from the LRS to produce our

measurement can be related to our measurement using Eqn. 3.27 from [16] where c is the

speed of light (notated in Table 4.1), ρ is the measured distance from the satellite to the

mirror, and tflight is the two-way travel time of the laser pulse. We also assume that the

returning light from the LRS is always observable, meaning we ignore unfavorable lighting

conditions on the surface of the Moon

tflight =
2ρ

c
(3.27)

For our idealized measurement model, any radial movement while the laser pulse from the

LRS is en route will result in measurement error. We can multiply the travel time of the

light by the magnitude of our velocity at the time of measurement to simulate a worst-case

scenario for measurement error caused by satellite movement. This uncertainty (called σm)

is calculated for every measurement, squared, then added to the squared error inherent in

the LRS (called σL, which is notated in Table 4.1). This process is recapped in Eqns. 3.28
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and 3.29

σmi
= tflight⟩}v⃗i}2 (3.28)

Ri = σ2
mi

+ σ2
L (3.29)

3.2 Propagation of the Truth Reference Orbits

In this section, we will cover how we used STK to simulate the true state information for each

of our test orbits, what dynamics model we used in this study, and how we used quaternions

to convert between the International Celestial Reference Frame (ICRF) and Earth-Moon

synodic frame.

3.2.1 STK Truth Simulation

Within STK, we first constructed a new central body to represent the Moon in a circular

orbit. We then created a new propagator that only accounted for circular restricted three-body

problem (CR3BP) dynamics between Earth and our newly-defined central body. We assume

that the Earth and Moon are point masses, that there are no other sources of gravity, and

that both the Earth and Moon are perfectly spherical. These dynamics are covered in

section 3.2.2. This relatively simplistic model was chosen because this study is more focused

on comparing our three chosen methods to one another, and less focused on simulating how

these methods would perform in reality with a very high degree of accuracy. The forces we

neglected, such as radiation pressures, tidal forces, and non-point mass gravity deviations

are not expected to change the performance of any method significantly, and would have

even less of an effect on conclusions drawn by comparing the methods’ accuracy results to
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one another.

We obtained initial conditions for our test cases from the JPL CR3BP periodic orbit database

[7]. A satellite representing each test case was then added to our STK scenario and given

our chosen initial conditions.

We used newly-defined CR3BP propagator and the ”RKF7th8th” integrator (tolerance for

the integrator was 1 ˆ 10´13 km) to propagate each of the test orbits for 30 days. The

differential corrector tool was used to adjust our initial conditions if a particular satellite

drifted off of the chosen halo orbit path before 30 days had elapsed (This was necessary to

correct for any slight modeling/integration differences between STK’s model and the original

JPL database.).

Finally, we sampled the state vector and quaternions that described the rotation between the

ICRF frame and Earth-Moon synodic every second for each satellite over the 30-day interval.

The ICRF frame is an inertial frame that is defined in [14]. The Earth-Moon synodic frame

is a rotating coordinate system that is defined with the x axis pointing from the Earth to the

Moon, and the z axis is perpendicular to the Moon’s orbital plane as well as co-direction to

the Moon’s angular momentum vector. Implementing conversions between these two frames

using these two quaternions was necessary because the dynamics model equations were only

valid in the synodic frame, whereas the measurement methods were evaluated in the ICRF

frame.

3.2.2 Circular Restricted Three-Body Problem Equations

In this study, we use the standard process for finding our acceleration in the synodic frame.

We begin with normalizing our satellite’s position and velocity within the synodic frame as

shown in Eqns. 3.30 and 3.31, as depicted in [2]. The value for dearth2moon is notated in Table
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4.1. To clarify, the normalized values have no bar above them.


x

y

z

 =
1

dearth2moon


x̄

ȳ

z̄

 (3.30)


ẋ

ẏ

ż

 =
1

b

µmoon+µearth
dearth2moon


¯̇x

¯̇y

¯̇z

 (3.31)

To simplify our equations, we calculate µ as shown in Eqn. 3.32. The values for µmoon and

µearth are notated in Table 4.1.

µ =
µmoon

µmoon + µearth
(3.32)

Before we can calculate our normalized acceleration within the synodic frame, we must

calculate ρ1 and ρ2 using Eqns. 3.33 and 3.34. This follows the process outlined in [2].

ρ1 =
a

(x+ µ)2 + y2 + z2 (3.33)

ρ2 =
a

(x+ µ ´ 1)2 + y2 + z2 (3.34)

We find our normalized synodic frame acceleration according to Eqns. 3.35–3.37 [2].

ẍ = x+ 2ẏ ´
1 ´ µ

ρ31
(x+ µ) ´

µ

ρ32
(x+ µ ´ 1) (3.35)

ÿ = y ´ 2ẋ ´

(
1 ´ µ

ρ31
+

µ

ρ32

)
y (3.36)

z̈ = ´

(
1 ´ µ

ρ31
+

µ

ρ32

)
z (3.37)
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Then, we convert our acceleration back into dimensional units as shown in Eqn. 3.38.


¯̈x

¯̈y

¯̈z

 =


ẍ

ÿ

z̈

 µ

d2earth2moon
(3.38)

Our only deviation from the standard process is shown in Eqn. 3.39. We add a perturbation

vector based on our process noise covariance as our final step (E⃗vk is defined in Eqn. 3.44):



¯̇x

¯̇y

¯̇z

¯̈x

¯̈y

¯̈z


=



¯̇x

¯̇y

¯̇z

¯̈x

¯̈y

¯̈z


+ E⃗vk (3.39)

Note that we only add this process noise vector when performing state propagation inside of

our filter, not when simulating our true state measurements with STK. This was done because

it would be unrealistic if our filter’s dynamics model perfectly matched, as in practice there

are always accelerations that cannot be predicted by even the most accurate of dynamics

models, but these perturbations would cause our satellites to depart from their respective

halo orbits if we added these perturbations to the STK’s dynamics model. Therefore, we

add noise to our filter’s state propagation to equivalently inject realistic uncertainty without

needing to implement a controller to maintain our halo orbits in the truth simulations.
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3.2.3 Coordinate Conversions via Quaternions

As covered in section 3.2.1, we collected quaternions that described the rotation between

the ICRF frame and synodic frame once per second for each test case’s entire 30-day test

interval. Our collected true state data was in the ICRF frame, and our measurement models

also operated in the ICRF frame, but our dynamics model equations (section 3.2.2) were

only applicable in the synodic frame. This is why these quaternions were necessary.

For dynamic propagation within our UKF, we would rotate our state vector at time k into the

synodic frame using the quaternions applicable at k, propagate it using MATLAB’s ode113.m

(with an absolute and relative tolerance of 1ˆ10´13 km) and our dynamics model, then rotate

them back into the ICRF frame using the applicable quaternions at time k+1. This was done

to maintain future extensibility to more general frame definitions, the elliptical-restricted

equations of motion, or other higher-fidelity analytic models while maintaining the ability

to directly incorporate inertial measurements (e.g. star positions).

It was also found that our quaternions were not numerically accurate enough to provide

smooth frame conversions to the required precision with the specified time step, so we

applied a Savitsky-Golay filter [33] via MATLAB’s sgolayfilt.m function to smooth out

our quaternions.

3.3 Unscented Kalman Filter

In this section, we will cover the implementation of the augmented unscented Kalman

filter (UKF) we used in this study. This particular implementation uses augmented sigma

points for process noise, but implicitly accounts for measurement noise through an analytical

approach. This closely follows the formulation described in [29].
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We begin by computing the Cholesky factors of the process noise covariance and state

covariance as shown in Eqns. 3.41 and 3.40 respectively:

Sxk
ST
xk

= Pk (3.40)

SvkS
T
xk

= Qk (3.41)

From these Cholesky factors, we split up their columns as shown in Eqns. 3.42 and 3.43.

Please note that nx is the number of state variables (six for this study) and nv is the number

of process noise variables (also six for this study).

Sxk
=

[
s⃗x1k s⃗x2k . . . s⃗xnxk

]
(3.42)

Svk =

[
s⃗v1k s⃗v2k . . . s⃗vnvk

]
(3.43)

We then define our random acceleration perturbation vector as shown in Eqn. 3.44.

E⃗vk = Svk

03ˆ1

νk

 , νk „ N (03ˆ1, I3ˆ3) (3.44)

We generate 1 + 2(nx + nv) sigma points at sample k in

x⃗(k)
v⃗(k)

 space. Let i be the sigma

point index that ranges from 0, ..., 2(nx + nv). The formulae for defining our sigma points
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are shown in Eqns. 3.45–3.54:

X⃗i
k|k = x⃗k|k for i = 0 (3.45)

V⃗i
k = 0nvx1 for i = 0 (3.46)

X⃗i
k|k = x⃗k|k +

a

(nx + nv + λ)s⃗xik for i = 1, ..., nx (3.47)

V⃗i
k = 0nvx1 for i = 1, ..., nx (3.48)

X⃗i
k|k = x⃗k|k ´

a

(nx + nv + λ)s⃗x(i´nx)k for i = (nx + 1), ..., (2nx) (3.49)

V⃗i
k = 0nvx1 for i = (nx + 1), ..., (2nx) (3.50)

X⃗i
k|k = x⃗k|k for i = (2nx + 1), ..., (2nx + nv) (3.51)

V⃗i
k =

a

(nx + nv + λ)s⃗v(i´2nx)k for i = (2nx + 1), ..., (2nx + nv) (3.52)

X⃗i
k|k = x⃗k|k for i = (2nx + nv + 1), ..., (2nx + 2nv) (3.53)

V⃗i
k = ´

a

(nx + nv + λ)s⃗v(i´2nx´nv)k for i = (2nx + nv + 1), ..., (2nx + 2nv) (3.54)

We also add our random acceleration perturbation vector defined in Eqn. 3.44 to our process

noise sigma points as shown in Eqn. 3.55.

V⃗i
k = V⃗i

k + E⃗vk (3.55)

λ (defined in Eqn. 3.56) is an important constant that is a function of our tuning parameter

values. The values used for αp and κp can be found in Table 4.1.

λ = α2
p(nx + nv + κp) ´ (nx + nv) (3.56)

Now we perform dynamic propagation of our sigma points. Eqn. 3.57 describes using our

dynamics model to numerically integrate to our new time step, and Eqn. 3.58 describes

using our selected measurement method to simulate our measurement at our new sample
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time a priori. Please note that p⃗k is a parameter vector for constants that are required

for propagation, which can change depending on your specific dynamics model. For the

dynamics model used in this study, refer to section 3.2.2. Note that when i is used in a

superscript, it denotes an index.

X⃗i
k+1|k = f [k, X⃗i

k|k, p⃗k, V⃗
i
k] for i = 0, ..., (2nx + 2nv) (3.57)

M⃗i
k+1 = h[k + 1, X⃗i

k+1|k, p⃗k] for i = 0, ..., (2nx + 2nv) (3.58)

With dynamic propagation complete, we can now calculate our a priori state and measurement

vectors according to Eqns. 3.59 and 3.60 respectively.

x⃗k+1|k =

2(nx+nv)
ÿ

i=0

W
(m)
i X⃗i

k+1|k (3.59)

z⃗k+1|k =

2(nx+nv)
ÿ

i=0

W
(m)
i M⃗i

k+1 (3.60)

Please note that W
(m)
i is calculated according to Eqns. 3.61 and 3.62. The superscript (m)

stands for “mean” and is not an index.

W
(m)
i =

λ

nx + nv + λ
for i = 0 (3.61)

W
(m)
i =

1

2(nx + nv + λ)
for i = 1, ..., (2nx + 2nv) (3.62)

Now we can calculate our a priori covariance matrices according to Eqns. 3.63–3.65. W
(c)
i is

calculated according to Eqns. 3.66 and 3.67. The value used for βp in this study is notated
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in Table 4.1.

Pk+1|k =

2(nx+nv)
ÿ

i=0

W
(c)
i

[
X⃗i

k+1|k ´ x⃗k+1|k

] [
X⃗i

k+1|k ´ x⃗k+1|k

]T
(3.63)

Pxz,k+1|k =

2(nx+nv)
ÿ

i=0

W
(c)
i

[
X⃗i

k+1|k ´ x⃗k+1|k

] [
M⃗i

k+1 ´ z⃗k+1|k

]T
(3.64)

Pzz,k+1|k = Rk+1

2(nx+nv)
ÿ

i=0

W
(c)
i

[
M⃗i

k+1 ´ z⃗k+1|k

] [
M⃗i

k+1 ´ z⃗k+1|k

]T
(3.65)

W
(c)
i =

λ

nx + nv + λ
+ 1 ´ α2

p + βp for i = 0 (3.66)

W
(c)
i =

1

2(nx + nv + λ)
for i = 1, ..., (2nx + 2nv) (3.67)

Now we calculate the Cholesky factor of our measurement covariance matrix according to

Eqn. 3.68. Then we calculate our measurement perturbation vector using Eqn. 3.69, before

adding it to our true measurement vector as described in Eqn. 3.70.

Szk+1
ST
zk+1

= Rk+1 (3.68)

E⃗zk+1 = Szk+1
νz, νz „ N (0nzˆ1, Inzˆnz) (3.69)

z⃗k+1 = z⃗k+1 + E⃗zk+1 (3.70)

Then we conduct a χ2 test on the measurement residuals to reject any improperly-processed

or high-noise measurements. We calculate χ2 according to Eqn. 3.71. If χ2 was greater than

eight, we rejected the measurement, we did not include any innovation or covariance update

from this measurement.

χ2 =
[
z⃗k+1 ´ z⃗k+1|k

]T
P´1
zzk+1|k

[
z⃗k+1 ´ z⃗k+1|k

]
(3.71)
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Finally, we calculate our a posteriori state vector and state covariance according to Eqns. 3.72

and 3.73 respectively.

x⃗k+1|k+1 = x⃗k+1|k + Pxzk+1|k
P´1
zzk+1|k

[
z⃗k+1 ´ z⃗k+1|k

]
(3.72)

Pk+1|k+1 = Pk+1|k ´ Pxzk+1|k
P´1
zzk+1|k

P T
xzk+1|k

(3.73)

We selected a UKF for this study to avoid the added complexity of needing to explicitly

calculate derivatives for each of our methods.
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Results and Discussion

In this chapter, we will briefly discuss our test case orbits and parameters once again before

discussing the results of our performance evaluations for these methods. We will discuss

the strengths and weaknesses of each method, as well as postulate on some effects that may

have not been captured by our testing. It should be noted that all tabulated errors were

calculated after “convergence” for each test, which means that data that occurred before the

predicted error magnitude reached its median value for the first time was not used in error

calculations. This was done to compare the methods to one another after they’ve begun

to function optimally, but the eliminated data can still be seen on graphs of the results.

It should be noted that it was possible to define that the error had converged in this way

because our error was periodic. This would no longer be true if lighting conditions were

accounted for.

4.1 Test Conditions

In this section, we will be discussing the test conditions used to collect our results. We first

will walk through the initial conditions used for each of our test case orbits, as well as discuss

how these orbits were chosen. Then we will discuss the specifications of our chosen sensors

that we used to make our uncertainty models more realistic. Finally, we will show every

mathematical constant used in this study.

41
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Figure 4.1: All test cases, shown in the synodic frame with the Moon for scale

4.1.1 Orbits Tested

In Fig. 4.1, we can see the orbits used for testing in this study; all are Earth-Moon L1

northern halo orbits. Their identifiers (Case 1, Case 2, etc.) will be used to refer to them

during the presentation of the results for each method. For all orbits, their initial conditions

were a point at the top of their trajectories (i.e., the point at where the z coordinate was

at its maximum), and they were propagated for 30 days from this initial point. We chose

to use exclusively halo orbits because they are widely used for scientific discovery. We also

chose to specifically use halo orbits in the L1 family because the LRRRs are only on the

Earth-facing side of the Moon. The initial conditions were chosen from [7].
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Figure 4.2: Ball HAST Sensor Heads (Figure reproduced from [12])

4.1.2 Hardware Used

To make our uncertainty models more realistic, we incorporated specifications from the Ball

Aerospace High Accuracy Star Tracker (HAST) when possible. The full specifications of the

HAST can be found here [25].

The HAST contains two sensor heads for added reliability and accuracy (see Fig. 4.2), but the

specifications of only one were used for our uncertainty models to make our error estimates

more conservative. Each sensor head has a field of view of 8.8 ˆ 8.8 degrees. The camera in

each sensor head is also 2048 pixels ˆ 2048 pixels.

We also assumed that the HAST was operating on default settings. This means it could

only detect stars brighter than a visual magnitude of 5.5, and took pictures at a frame rate

of 55 Hz.

Note that an LRS would be required for the lunar mirror method to function, but this system

would likely need to be bespoke, so a real product was not used for testing. For the assumed

error of our LRS, we used the value that was used in [38].

It also should be noted that other than filtering out occultations with stars that would be too

dim to be detected by the HAST, this study ignored all other lighting constraints (e.g., we
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Constant Value
σterrain 1 ˆ 10´2 km
tframe 0.0179 s
Lmin 5.5Magnitude
Rmoon 1737.4 km
∆t 1 ˆ 10´6 s
σC 0.2 km
θFOV 8.8˝

npixels 2048 pixels
c 2.9979 ˆ 105 km/s
σL 0.5996 km
dearth2moon 390 877.4158 km
µmoon 4902.8003 km3/s2
µearth 398 600.4418 km3/s2
αp 1
κp -9
βp 2

Table 4.1: Constants Table

assumed all mirrors were illuminated, all occultations occurred on the darkened side of the

Moon, and the entire Moon was illuminated for optical ranging measurements). This was

done to compare how these methods would function in ideal circumstances to one another.

4.1.3 Test Parameters

Table 4.1 contains the implemented values of all the mathematical constants used in our

study.

4.2 Navigation Accuracy Test Results

In this section, we will discuss the accuracy results for each method. Each subsection will be

dedicated to one of the methods, where we will cover its data-driven strengths and weaknesses
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Star Occultation Method Results
Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Er
ro

r
(C

en
til

e) Pos. 10% (km) 9.07 ˆ 10´3 8.48 ˆ 10´3 1.12 ˆ 10´2 1.37 ˆ 10´2 2.32 ˆ 10´2 1.48 ˆ 10´2

Pos. 50% (km) 1.30 ˆ 10´1 7.37 ˆ 10´2 5.60 ˆ 10´2 8.02 ˆ 10´2 7.64 ˆ 10´2 5.93 ˆ 10´2

Pos. 90% (km) 2.68 ˆ 10´1 2.19 ˆ 10´1 1.66 ˆ 10´1 1.56 ˆ 10´1 2.48 ˆ 10´1 3.13 ˆ 10´1

Vel. 10% (km/s) 3.20 ˆ 10´7 2.70 ˆ 10´7 2.76 ˆ 10´7 2.76 ˆ 10´7 3.29 ˆ 10´7 2.48 ˆ 10´7

Vel. 50% (km/s) 8.82 ˆ 10´7 5.82 ˆ 10´7 6.17 ˆ 10´7 5.52 ˆ 10´7 7.61 ˆ 10´7 6.07 ˆ 10´7

Vel. 90% (km/s) 1.52 ˆ 10´6 1.13 ˆ 10´6 1.13 ˆ 10´6 9.55 ˆ 10´7 1.94 ˆ 10´6 1.97 ˆ 10´6

# of Occultations 3704 909 609 366 268 217
Perilune (km) 5.58 ˆ 103 1.79 ˆ 104 2.79 ˆ 104 3.95 ˆ 104 4.56 ˆ 104 4.74 ˆ 104

Apolune (km) 8.67 ˆ 104 8.68 ˆ 104 8.75 ˆ 104 8.15 ˆ 104 7.39 ˆ 104 7.11 ˆ 104

# of Revolutions 3.72 3.09 2.69 2.44 2.42 2.43

Table 4.2: Summary of results for the star occultation method

as compared to the other methods. For clarity, we will not show the detailed results from

every conducted test, but these can be seen in Appendix A.

4.2.1 Star Occultation Method

To easily compare the performance of this method across the six test cases, Table 4.2 is

provided. Similar tables will be provided in other sections for the other methods. The

10th-percentile, 50th-percentile, and 90th-percentile errors for both the position and velocity

make up the first six rows. These values are calculated after convergence is achieved, meaning

that the filter only performed with lower error values than the 10th-percentile metrics at

ten percent of our sample times after steady-state was achieved (the 50th-percentile and

90th-percentile metrics function similarly). This means that the 10th-percentile metric

represents how well the filter operated using this method under ideal circumstances, whereas

the 90th-percentile metrics represent a sensible error bound for that method’s performance

in that test case. A low disparity between the 10th-percentile and 90th-percentile error

metrics represent stable performance for that method in that particular test case, and a high

disparity conversely represents a more erratic performance. Other metrics displayed in the

table can help us to understand why a given method may have performed better on certain
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test cases than others, such as the star occultation method tending to perform better on

cases where more occultations are observed.

As can be seen in Table 4.2, the star occultation method functioned the best on the test cases

that passed the closest to the Moon (Case 1 has the lowest perilune distance, Case 6 has the

highest perilune distance). This is hardly surprising, as more occultations occur when the

Moon occupies a larger region in the field of view of the star cameras. It was noted for all

cases that large amounts of occultations occurred when the satellite was near perilune, and

then very few occultations occurred outside of this region. Interestingly, while the lowest

10th-percentile (best case) position errors occurred on Cases 1 and 2, which were the two

cases that passed the closest to the Moon, they also had the largest variation between the

90th-percentile (worst case) position errors. This suggests that the star occultation method

is sensitive to high changes in velocity, or simply does not cope well with how sensitive the

dynamics of halo orbits can become when they pass close to the Moon. This is supported

by Case 2 having lower errors in every tested metric, despite having less than a quarter of

the number of occultations of Case 1. For reference, the results for Case 1 and 2 can be

seen in Figs. 4.3 and 4.4 respectively. In each of these figures, the first and third graphs

show the position and velocity errors respectively in the x, y, and z directions of the ICRF

frame. The second and fourth graphs show the magnitudes of the position and velocity

errors respectively. The dashed black lines represent the estimated error bound, while the

solid lines represent the true error. In all graphs, the vertical red lines show a time when

an occultation occurred, the dotted blue line shows when convergence was achieved, and the

green lines represent apolune.

As can be seen in Table 4.2, the 90th-percentile velocity error seems to be very stable from

Cases 2–4 (this ignores Case 1, as it was the most unstable), but then seems to jump rapidly

in Cases 5–6. This suggests that velocity error is less unstable in orbits with high changes in
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Figure 4.3: Star Occultation Method Results for Case 1. This case had the most observed
occultations, but its performance was unstable due to how close this case passed to the
Moon.
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Figure 4.4: Star Occultation Method Results for Case 2. This case performed better than
Case 1, despite having less than a quarter of the number of occultations as Case 1.
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Figure 4.5: Star Occultation Method Results for Case 6. This case had the fewest
occultations and the worst 90th-percentile error metrics for both position and velocity, but
its performance was not nearly as erratic as Case 1.

velocity and close lunar approaches than position error. For reference, Case 6’s results can

be seen in Fig. 4.5.

While the star occultation method did not perform better than the optical navigation method

for any of our tested cases (as will be shown in section 4.2.2), the same can not be said for

the lunar mirror method. The star occultation method had a better 90th-percentile position

error and velocity error than the lunar mirror method for Cases 1–4, suggesting overall more

reliable performance for these cases than the lunar mirror method. The lunar mirror method
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Optical Navigation Method Results
Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Er
ro

r
(C

en
til

e) Pos. 10% (km) 2.27 ˆ 10´3 1.91 ˆ 10´3 2.17 ˆ 10´3 2.05 ˆ 10´3 2.02 ˆ 10´3 2.11 ˆ 10´3

Pos. 50% (km) 4.68 ˆ 10´3 3.98 ˆ 10´3 4.56 ˆ 10´3 4.33 ˆ 10´3 4.05 ˆ 10´3 4.30 ˆ 10´3

Pos. 90% (km) 7.64 ˆ 10´3 7.68 ˆ 10´3 7.74 ˆ 10´3 7.00 ˆ 10´3 6.69 ˆ 10´3 6.85 ˆ 10´3

Vel. 10% (km/s) 1.40 ˆ 10´7 1.06 ˆ 10´7 1.30 ˆ 10´7 1.20 ˆ 10´7 1.15 ˆ 10´7 1.20 ˆ 10´7

Vel. 50% (km/s) 2.62 ˆ 10´7 2.29 ˆ 10´7 2.57 ˆ 10´7 2.42 ˆ 10´7 2.35 ˆ 10´7 2.37 ˆ 10´7

Vel. 90% (km/s) 4.43 ˆ 10´7 4.02 ˆ 10´7 4.08 ˆ 10´7 3.92 ˆ 10´7 3.86 ˆ 10´7 3.93 ˆ 10´7

Perilune (km) 5.58 ˆ 103 1.79 ˆ 104 2.79 ˆ 104 3.95 ˆ 104 4.56 ˆ 104 4.74 ˆ 104

Apolune (km) 8.67 ˆ 104 8.68 ˆ 104 8.75 ˆ 104 8.15 ˆ 104 7.39 ˆ 104 7.11 ˆ 104

Blackout per revolution
(mins/rev) 1054.97 1017.68 0.00 0.00 0.00 0.00

Total blackout period
(mins) 4219.82 3053.02 0.00 0.00 0.00 0.00

# of Revolutions 3.72 3.09 2.69 2.44 2.42 2.43

Table 4.3: Summary of results for the optical navigation method

was better for the cases with the greatest perilune distance (Cases 5 and 6), which is where

the star occultation method had the fewest occultation to work with (Table 4.2) and the

lunar mirror method had more two or more mirrors visible for the entire testing period (Table

4.4).

Issues with numerical stability were noticed with this method in particular, and a chi-squared

test was implemented to reduce this problem. This was particularly a problem with the case

that passed the closest to the Moon (Case 1), which suffered from enough instability to

cause the filter to fail. It seemed this was caused because the method was most sensitive

to measurement errors when the satellite was closest to the Moon, and because of the low

amount of measurements compared to the other methods, it was unable to correct itself.

To see the graphs of the cases that were not discussed here, please see Appendix A.1.

4.2.2 Optical Navigation Method

The optical navigation method was the least computationally intensive and most stable of all

the tested methods (Note that this was due to our simplifications. If we truly had to process
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an image and fit an ellipse each frame, this would absolutely be the most computationally

intensive method.). As seen in Table 4.3, its 90th-percentile position error grew as the

apolune distance grew, and seemed to not be as affected by the “blackout periods” as the

10th-percentile and 50th-percentile position error. For clarification, a “blackout period” is

a period of time where the satellite is too close to the Moon for the entire Moon to fit

in the field of view of our star camera (which had a FOV of 8.8 ˆ 8.8 degrees), thus no

measurements for this method can be taken. An example of what a result with blackout

periods looks like can be seen in Fig. 4.6, where the blackouts occur where a spike in data

can be seen. Note that the layout of all figures in this subsection are similar to the layout

of Fig. 4.3.

As can be seen in Table 4.3, the error values of Case 2 are lower than Case 1 for every metric

except for 90th-percentile position error. This may hint at this method being sensitive to

high changes in velocity (a low perilune distance means a high perilune velocity), however

it is more likely that Case 1’s results are higher simply because it had one more revolution’s

worth of “blackout” during our testing period than Case 2 did. This assertion is supported

by Case 2 performing so much better than Case 3 did, despite Case 3 not having a blackout

period and having a lower perilune velocity than Case 2. Case 2’s results can be seen in

Fig. 4.7 and Case 3’s result can be seen in Fig. 4.8.

It should be stated that the highest 90th-percentile position error, that being from Case 3

with the greatest apolune distance, was still lower than the lowest 10th-percentile position

error of any case from either of the other methods. This means that for every case tested that

the optical navigation performed the best by a wide margin. Its error variation across all

test cases was also very small. This, when combined with its stable error behavior, suggests

it is a very reliable method for performing autonomous lunar orbit determination when it is

an available option. Its reliability also does not seem significantly compromised even when
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Figure 4.6: Optical Navigation Method Results for Case 1. This case had the most blackout
time of any case we tested.
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Figure 4.7: Optical Navigation Method Results for Case 2. This case performed the best of
all tested cases, despite having blackout time.
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Figure 4.8: Optical Navigation Method Results for Case 3. Case 3 performed worse than
Case 2, despite having no blackout period and a lower perilune velocity than Case 2.
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Figure 4.9: Optical Navigation Method Performance with a Varied Time Between
Measurements

there is a blackout period on the orbit it is being used for, provided that it is still able to

take measurements most of the time. This is supported by real-world evidence, as it was

implemented on Artemis missions [21].

This method is the one with the largest assumptions with regard to noise independence.

Since so much of the error in optical navigation is dependent on pixelation and other discrete

sources of error, which cannot necessarily be averaged out over multiple samples, we suspect

that the implemented one-second time step may be too short for the noise to be truly

independent, due to how little change in “aim” between captured images would occur with
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such a small time step. Therefore, we aim to quantify what independent-noise sample rate

is required to achieve a level of performance comparable to the other methods.

To see if the performance of this method was significantly affected if it were to receive

measurements less often, 12.4 days1 worth (the period of Case 6) of data was collected with

10 s, 100 s, 1000 s, and 10 000 s in between measurements for Case 1 and Case 6. The results

of this testing can be seen in Fig. 4.9. Errors in finding the optical center of the Moon

over small time steps may also not be well modeled as random noise, so these results would

capture that effect more accurately. Notably, the optical navigation method still has a lower

median position error (50th-percentile position error) at Case 1 than either of the other

methods with 1000 s between collected points. The same can be said for Case 6, albeit with

only 100 s between collected points. It should be noted that the star camera we have used

in this study has a frame rate of 55 Hz, so it is not unrealistic to expect that a measurement

could be collected once per second, but its reliability even with so much space in between

measurements is noteworthy.

Due to the lack of applicable data from a real star camera, some elements of this method

could not be simulated. As some examples, [15] talks about how one could determine the

optical center of the Moon, different ellipse-fitting algorithms that could be used to more

accurately represent the shape of the Moon, and accounting for optical smearing that occurs

near the edges of the lenses of the camera. While efforts were taken to account for these

effects during testing (see section 3.1.2), it is possible that these factors could generate

inaccuracies that would not be captured by our testing.

To see the graphs of the cases that were not discussed here, please see Appendix A.2.
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Lunar Mirror Method Results
Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Er
ro

r
(C

en
til

e) Pos. 10% (km) 4.56 ˆ 10´2 3.80 ˆ 10´2 6.30 ˆ 10´2 3.76 ˆ 10´2 2.53 ˆ 10´2 4.99 ˆ 10´2

Pos. 50% (km) 1.46 ˆ 10´1 1.35 ˆ 10´1 1.37 ˆ 10´1 1.55 ˆ 10´1 8.57 ˆ 10´2 1.09 ˆ 10´1

Pos. 90% (km) 2.69 ˆ 10´1 2.76 ˆ 10´1 2.70 ˆ 10´1 2.59 ˆ 10´1 1.88 ˆ 10´1 1.86 ˆ 10´1

Vel. 10% (km/s) 3.38 ˆ 10´7 3.74 ˆ 10´7 5.32 ˆ 10´7 5.72 ˆ 10´7 3.96 ˆ 10´7 3.13 ˆ 10´7

Vel. 50% (km/s) 7.33 ˆ 10´7 8.27 ˆ 10´7 1.05 ˆ 10´6 9.45 ˆ 10´7 6.96 ˆ 10´7 7.73 ˆ 10´7

Vel. 90% (km/s) 1.74 ˆ 10´6 1.53 ˆ 10´6 1.79 ˆ 10´6 1.31 ˆ 10´6 1.12 ˆ 10´6 1.17 ˆ 10´6

Time with zero visible
mirrors (mins) 1002.27 1648.83 874.55 0.00 0.00 0.00

Time with one visible
mirror (mins) 1645.25 1259.07 2106.97 241.20 0.00 0.00

Time with two or more
visible mirrors (mins) 40 552.48 40 292.10 40 218.48 42 958.80 43 200.00 43 200.00

Perilune (km) 5.58 ˆ 103 1.79 ˆ 104 2.79 ˆ 104 3.95 ˆ 104 4.56 ˆ 104 4.74 ˆ 104

Apolune (km) 8.67 ˆ 104 8.68 ˆ 104 8.75 ˆ 104 8.15 ˆ 104 7.39 ˆ 104 7.11 ˆ 104

# of Revolutions 3.72 3.09 2.69 2.44 2.42 2.43

Table 4.4: Summary of results for the lunar mirror method

4.2.3 Lunar Mirror Method

As can be seen in Table 4.4, the lunar mirror method performed best on the cases that were

the furthest away from the Moon on average (e.g. Case 6). We hypothesize that this is

because those cases had the most time when two or more mirrors were available to perform

corrections with. It should be stated that you cannot be too far away or your laser ranging

system will be unable to reliably perform (this is unsurprising as laser power return scales

with 1
r4

, or 1
r2

for each trip), and performing ranging to the different mirrors on the Moon

will still not be enough to guarantee observability of the system. It also should be stated

that the lunar mirror method performed worse than the optical navigation method for every

test case, and was only better than the star occultation method for Cases 5 and 6. Note

that the layout of all figures in this subsection are similar to the layout of Fig. 4.3.

Fig. 4.10 shows the results of our filter with the lunar mirror method on Case 6, our case

that had the farthest perilune distance. Because of how far it was from the Moon, it was able

to see two or more mirrors for the entire testing period, and had the lowest 90th-percentile
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Figure 4.10: Lunar Mirror Method Results for Case 6. This case was the best for this method
because it had the highest perilune distance and lowest apolune distance.
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Figure 4.11: Lunar Mirror Method Results for Case 4. This case did not perform well, despite
two or more mirrors being visible for nearly the entire testing duration. This suggests this
method is sensitive to orbits with a high apolune distance.

position error of all the cases we tested. Case 5 also had access to two or more mirrors for

the entire testing period, and performed very similarly to Case 6 as a result.

Fig. 4.11 shows results for the lunar mirror method for Case 4. Despite having nearly the

entire testing duration with two or more mirrors visible, its performance was comparable

to the cases with less mirror data. This suggests that this method is sensitive to a large

apolune distance.
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Figure 4.12: Depiction of dilution of precision. By not being far enough away from the
Moon, you cannot see enough mirrors, but each mirror becomes less distinguishable from
one another if you are too far away from the Moon.
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The lunar mirror method performing worse on methods with a large apolune distance is not

unexpected. As can be seen in Fig. 4.12, while a satellite that is further away can see more

mirrors, the vectors to those mirrors gradually become less distinguishable from each other,

and therefore less useful in observing the system. This is a concept called geometric dilution

of precision, and it is frequently used in GNSS analysis (as touched on in section 2.1). For

the lunar mirror method to function optimally, the satellite using the method needs to be

able to see as many mirrors as possible for the entire testing duration, but it also cannot be

so far away that there is a high geometric dilution of precision. We hypothesize that this is

the cause of the best results in Case 6, since this case had the highest perilune distance as

well as the lowest apolune distance.

The uncertainty model used for the lunar mirror method was very conservative. This was

deliberate because the sensor system to collect measurements for this method would need to

be custom-made, unlike the other methods discussed in this paper, and thus very conservative

assumptions needed to be made in the absence of specifications about the sensor system.

Although, the lunar mirror method’s performance was not as good as both of our other

methods for most test orbits. Therefore, we wanted to see how its performance would

compare if a more generous uncertainty model was used. To achieve this, we divided

our measurement error covariance values for Cases 4 and 6 by 10, 100, 1000, and 10 000

respectively, then evaluated their performance. The results for each of these tests were then

compared to the performance yielded by the unaltered measurement error covariance values

for these cases (i.e., when the values were divided by 1). These results are shown in Fig. 4.13.

The average measurement error standard deviation corresponding to each of these tests is

shown in Table 4.5. By dividing the measurement error covariance values by 10 for Case 4,

the median position and velocity error improved such that the lunar mirror method surpassed

the star occultation method’s performance for this case. However, the lunar mirror method
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Figure 4.13: Lunar Mirror Method Performance with Smaller Measurement Error Covariance
Values
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Case
Number

Measurement
Error Covariance
Divisor

Measurement
Error Standard

Deviation
Case 4 1 0.7401 km
Case 4 10 0.2335 km
Case 4 100 0.0738 km
Case 4 1000 0.0234 km
Case 4 10 000 0.0074 km
Case 6 1 0.7070 km
Case 6 10 0.2230 km
Case 6 100 0.0705 km
Case 6 1000 0.0223 km
Case 6 10 000 0.0071 km

Table 4.5: Table of Average Measurement Error Standard Deviation with Smaller
Measurement Error Covariance Values

was still unable to outperform the optical navigation method on either case, even with the

measurement error covariance divided by 10 000.

To see the graphs of the cases that were not discussed here, please see Appendix A.3.
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Conclusion

As humanity looks toward the stars once again and seeks to establish a more permanent

presence around the Moon, a reliable autonomous lunar orbit determination method will be

necessary.

In this study, we tested three methods of autonomous lunar navigation: (1) the star occultation

method, (2) optical navigation method, and the (3) lunar mirror method on six different halo

orbits in the region around the L1 Lagrange point of the Earth-Moon system.

It was found that the optical navigation method was the most reliable and best performing

method out of the three tested, having the lowest errors in both position and velocity on

every test case. It also shows itself to be an affordable option, as it only requires a standard

(though high-capability) star camera, as opposed to the laser ranging system required by

the lunar mirror method.

Given that both the star occultation method and the optical navigation method require a

star camera as their only sensor, it does not seem feasible that one would be able to use

the optical navigation method, but unable to use the star occultation method. However, in

the case that the lunar mirror method is the only available option, it is recommended to

perform ranging to as many mirrors as possible simultaneously or in quick succession, as this

maximizes the accuracy of this method. For more data on how this method performs when

only one mirror is available, refer to [38].

64
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Case 1 Case 2 Case 3 Case 4 Case 5 Case 6
Star Occultation Method 1.30 ˆ 10´1 7.37 ˆ 10´2 5.60 ˆ 10´2 8.02 ˆ 10´2 7.64 ˆ 10´2 5.93 ˆ 10´2

Optical Navigation Method 4.68 ˆ 10´3 3.98 ˆ 10´3 4.56 ˆ 10´3 4.33 ˆ 10´3 4.05 ˆ 10´3 4.30 ˆ 10´3

Lunar Mirror Method 1.46 ˆ 10´1 1.35 ˆ 10´1 1.37 ˆ 10´1 1.55 ˆ 10´1 8.57 ˆ 10´2 1.09 ˆ 10´1

Table 5.1: The median position error (in km) for all methods in all cases

As a recap of our results, see Table 5.1. Once again, we can see that optical navigation

method is highly accurate for all of our tested orbits, with low errors for each case. Though,

it did perform the worst on Case 1, which passes the closest to the Moon. This is because

the satellite gets close enough to the Moon that it is not able to see it in its entirety,

and thus cannot perform optical ranging. As covered in section 4.2.1, the star occultation

method performs better with a higher number of occultations, but is sensitive to the unstable

dynamics and rapid changes in velocity that occur with orbits with close lunar approaches.

This means the star occultation performs best when in orbits that pass close enough to allow

large number of occultations to be observed, but not so close that the estimator becomes

numerically instable. The lunar mirror method performs best when far enough away to see

a large quantity of lunar mirrors at once, but does not have an apolune distance that is so

far away that the GDOP to these mirrors becomes too high for precise navigation. Cases 5

and 6 had the highest perilune distances of our sample orbits, but also the lowest apolune

distances, and the lunar mirror method performed the best on these two cases as a result.

5.1 Limitations

While much was learned from this study, it does leave a few unanswered questions.

Our dynamics model was simplistic, and could be made much more realistic with the

addition of a spherical harmonic gravity model, solar and lunar albedo radiation pressure

accelerations, or other acceleration perturbations. We used the CR3BP, which assumes the
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Moon is in a perfectly circular orbit, and that the Earth and Moon are point masses. We

assumed the Moon was a perfect sphere, and incorporating an accurate terrain model would

affect the performance of all of our measurement methods.

For the lunar mirror method, we also assumed that the mirrors did not move in the synodic

frame, which is inaccurate due to the Moon’s optical librations relative to Earth. It was also

assumed that ranging could be performed to a mirror if it was within sight of the satellite,

when in reality you would have to be within an angular cone over the mirror based on the

elevation restrictions and tilted normal vectors specific to each LRRR.

For the optical navigation method, we did not use realistic star camera data (i.e., we used

realistic optical properties, but not fully simulated test images), and thus could not accurately

simulate all potential sources of non-Gaussian and correlated error within this study. While

efforts were taken to account for errors that we could not simulate, we had to assume that

these errors would be Gaussian and uncorrelated, and this may not be accurate.

We also did not account for lighting conditions on the surface of the Moon, which would

drastically change the uncertainty parameters of collected measurements for each method

depending on whether parts of the Moon were illuminated when they were collected. The

star occultation method would struggle to record occultations that occur on an illuminated

lunar limb, the optical navigation method would struggle to accurately define the elliptical

outline of the Moon if significant portions of its visible side were dark, and the lunar mirror

method would struggle to gather ranging measurements to mirrors in sunlight. Notably the

star occultation method and optical navigation method require the same sensor system to

operate, which is a star camera, and have opposite lighting conditions that are considered

“favorable” to each of them.
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5.2 Future Work

To expand on what has been covered in this study, much additional work could be done.

5.2.1 Further Testing With These Measurement Methods

In the future, it would be interesting to see how accurate a measurement model that combines

the star occultation method and optical navigation method would be, as they both require a

star camera to function and have distinct lighting requirements. It is theorized that the star

occultation method could help achieve an extremely accurate solution in perilune, potentially

when operating too close to the Moon to use the optical navigation method, and then the

optical navigation method will maintain this accurate solution in apolune when occultations

are more sparse.

Because it was determined that the optical navigation method was superior to the other

methods in all of our test cases (at least for our noise assumptions), work should be done

to test this method’s effectiveness with realistic star camera data. Even though efforts were

taken to account for noise introduced by using star camera images, such as the noise in finding

the true optical center of the Moon, these perturbations were presumed to be Gaussian and

uncorrelated when this may be inaccurate.

The lunar mirror method was also only tested with the assumption that ranging could be

performed to multiple mirrors at once. Further testing should be done with ranging only

being done to a single mirror to see how this method’s accuracy is affected. Also, unlike

the other two methods that were tested using specifications from a commercially-available

star camera, the sensor system for the lunar mirror method would be a bespoke one. For

this reason, it would make sense to test it with different uncertainty parameters such that
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designers that wish to use this method can understand what performance they can expect

from the method given their sensor system’s specifications.

All three methods should also be tested when accounting for different lighting conditions

on the lunar surface, as each method’s performance would be significantly affected. In [13],

occultations that occurred on the illuminated side of the Moon were removed entirely as it

would be much harder to detect the moment when the star went behind the Moon. It would

be good to test the star occultation method with occultations on the illuminated side of the

Moon either completely removed, or with much higher uncertainty values than occultations

that occur on the dark side of the Moon. For the optical navigation method, it would be

much harder to determine the outline of the Moon within the star camera images if it was

not entirely illuminated. For the lunar mirror method, it would be much more difficult (or

impossible [28]) to detect returning photons from the LRS if the area within the detector’s

field of view was illuminated. A larger field of view for the detector would make it easier

to track mirrors, and potentially make it possible to track multiple mirrors at once, but it

would also mean there would be a greater chance that no measurements could be collected

due to excessive reflected sunlight within the field of view.

Testing in accurate light conditions will also allow us to gain a better appreciation for how

combining measurement methods could help compensate for the weaknesses displayed by

one method. For example, it is much more difficult to collect occultations when the Moon

is illuminated, but the optical navigation method can collect more accurate measurements

during this time. The inverse is also true to an extent, as it is much harder to do optical

ranging when the Moon is dark, but much easier to collect occultations. This could lead to

interesting behavior in the case where the Moon is illuminated, so occultations could not be

collected, but the satellite is also too close for the Moon to fit within the field of view of the

star camera, so optical ranging is not possible either.
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5.2.2 Simulation Improvements and Worthwhile Test Cases

This study used the CR3BP, which assumes that the Earth and Moon are point masses

when calculating the gravitational acceleration of the satellite and ignores all other sources

of acceleration. It would be more accurate to use spherical harmonic gravity models for

both the Earth and Moon. The tidal acceleration effects of the Sun should also be included,

along with solar radiation pressure and lunar albedo radiation pressure. We also should

incorporate Moon orientation data and a lunar topographical map for more accurate limb

and LRRR positions

Our test cases were also narrow in scope, and testing in other halo orbits, Lyapunov orbits,

distant retrograde orbits, and butterfly orbits would help to identify more strengths and

weaknesses of our measurement methods. This study also simulated perfect orbits with no

control, and it would be enlightening to see how the measurement methods perform with

imperfect orbits that utilize realistic station-keeping.

5.3 Final Thoughts

For performing autonomous lunar orbit determination, the optical navigation method outperformed

the other methods in our tested cases by a considerable margin. The star occultation method

proved itself to be reliably accurate on the cases with a low perilune distance, as this caused

the most occultations. It would seem that the optical navigation method and star occultation

method could easily be combined to great effect, as they both use the same sensor to take

their measurements and their respective strengths counter their respective weaknesses. It

was also noteworthy that the lunar mirror method seemed to be more sensitive than the

other methods tested to orbits with a high apolune distance.
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Appendix A

All Results

In this chapter, all of the test results from every measurement method for every test orbit

are shown. We first will cover all of the test results for the star occultation method, then

the test results from the optical navigation method, then the results from the lunar mirror

method.

A.1 Star Occultation Method Results

Here we will show all of the test results from all of the test orbits for the star occultation

method. They will be shown in ascending order for Case 1-6.

A.2 Optical Navigation Method Results

Here we will show all of the test results from all of the test orbits for the optical navigation

method. They will be shown in ascending order for Case 1-6.

71



72 APPENDIX A. ALL RESULTS

Figure A.1: Star Occultation Method Results for Case 1
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Figure A.2: Star Occultation Method Results for Case 2
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Figure A.3: Star Occultation Method Results for Case 3
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Figure A.4: Star Occultation Method Results for Case 4
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Figure A.5: Star Occultation Method Results for Case 5



A.2. OPTICAL NAVIGATION METHOD RESULTS 77

Figure A.6: Star Occultation Method Results for Case 6
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Figure A.7: Optical Navigation Method Results for Case 1
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Figure A.8: Optical Navigation Method Results for Case 2
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Figure A.9: Optical Navigation Method Results for Case 3
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Figure A.10: Optical Navigation Method Results for Case 4
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Figure A.11: Optical Navigation Method Results for Case 5
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Figure A.12: Optical Navigation Method Results for Case 6
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Figure A.13: Lunar Mirror Method Results for Case 1

A.3 Lunar Mirror Method Results

Here we will show all of the test results from all of the test orbits for the lunar mirror method.

They will be shown in ascending order for Case 1-6.
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Figure A.14: Lunar Mirror Method Results for Case 2
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Figure A.15: Lunar Mirror Method Results for Case 3
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Figure A.16: Lunar Mirror Method Results for Case 4
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Figure A.17: Lunar Mirror Method Results for Case 5
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Figure A.18: Lunar Mirror Method Results for Case 6
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