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INTRODUCT ION

The solution of the beam equation M = -zx‘%ég depends upon the
loading condition, the length, and the boundary conditions for the
menber in question., In the design of a continuous frame composed of
prismatic members, the loads and lengthe are generally prescribed dy
considerations of plan, clearances, and finish materials., The vari-
ables at the disposal of the structural designer are, then, the
boundary conditions.

Yor elastic design, the ende of the bdeams and beam-columns are
usually neither completely fixed nor simply pinned, but their in-be-
tween condition can be represented by a spring of relative stiffness
K; relative, that is, to the remainder of the joint, It 4ie the de-
signer's task to so apportion the stiffnesses of all the members of
the frame that the bending moment will be distributed in the best
manner, thus achieving a minimum-weight design. Due to the inter-
relationship of all the members of a given frame, this is necessarily
a process of successive approximations.

In plastic design the inherent difficulty of variable boundary
conditions is obviated by essentially assuming hinges at the ends of
the members, thus reducing the problem to a statically determinate
frame. The validity for such an assumption for a structural steel
frame is given by the simple plastic theory, and the various theorems
developed within its confines.

The purpose of this study is to determine the similarities or
disparities of the final results of design by both methods. To accom-

plish this purpose the intrinsic nature of the methods is examined as
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related to a specific prodlem involving a contimuous mmlti-story frame,
80 chosen as to include the effects of both horizontal and gravity loads.
The frame is assumed to de laterally restrained in order to focus atten-
tion on the main probdlem.

By comparlions of the methods of design,it 1s concluded that for
any given indeterminate frame to be built of prismatic steel members,
solutione by elastic and by plastic design must yield quite similar

results,



DESCRIPTION OF PROBLEM

A steel frame for a three-story building will be designed dy both
elastic and plastic methods. The dimensions to assumed centerlines of
members are as shown in Figure 1, which also shows wind loads.

In order to avoid dealing with secondary effects such as the re-
duction in allowable bending stress due to lateral instability, both
beans and columns will be considered to be laterally draced, perhaps
by the floor deck or by intermediate struts, as the case may bde. The
frame will be considered to be fully continuous with pinned column base-
es and will bde treated as an isolated plane frame, neglecting the
strengthening effect of members and slabs perpendicular to it, The

assumed loade are:

Dead load, roof 0.6 kips/fs,
Dead Load, floor 1.3 kips/ft,
Live load, roof 0.6 kips/f$,

Live load, center beam 3.0 kips/f$,

Live load, side beams 2.0 kips/ft.
The indicated loads are taken of the order of magnitude to be expected
in an actual bdbuilding, although they are not derived from an actual
building circumstance, There are no architectural restrictions on
sizes of members.

The ultimate goal is to achieve the greatest overall economy, which
is not necessarily synonymous with the least weight. For this reason
the columns of the second story will be carried to the roof, the eddi-
tional weight costing less than splices.
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ELASTIC DESIGR

Mathod

The dimensions and loading deing given, the frams must be well
proportioned so as to provids an efficient and sconomic solution. The
most economical strunctural design is undoudtedly the one which 1s the
most efficient, that is, it produces maximum siress throughout each
member, To determins these proper provortions, a simple rigid frame
will firat be studied, and this analysis then extended to a multi=
story multi-bay dent.

Referring to Figure 2, if the beam alone

M
< /I'\ governed the cost of the structure, -M/2U
- should equal +M/20, based on AISC (1)®
allowadble stresses, since the beam would

then te stressed to the same level at both

Figure 2
Rigid Frame ends and the center, since the allowable

stress for poeitive dbending 1s 20,000 psi, whereas this stress may de

increased 20 percent for negsative dending., Assuming constant cross-

gection, the required section modulus ig Dending woment = with the
allowable stress

above results. Those allowadle stresses would have to be modified to

sone lesser values if the frame were not laterally draced, negating

the ratio 24/20. (Throughout this study all members will be assumed

to have adequate lateral support). The ratios of moment

M = (24/20)(+M) occur if the stiffness of each of the columns is about

twice that for the beam for a pin-ended frama, or if the stiffness of

*Parenthetic numbers refer to Bidbliography.



each of the columns is about 14 that of the beam for a frame with fix-
ed fert, If these ratios were used they would produce a large moment
in the columns end result in zn excessively hecavy mexter., The couproe
mise celled for is to reduce the reletive stiffnees of the column, thus
reducing its end morent while providing a somevhat inefficient design
for the Vewrm due to its relatively large positive dending moment. The
fins] result is to have, for : fired-ended¢ frure, for & beam stiffnecss
gomewhet grester then unity & column stiffnees reduced below 11,

Considering the mlti-story frame as a set of superimposed bents,
the bottoms of the columns in the individual bente become subject to
rotations opposite to those mhich occcur in cne-story pineended fraces.
It is now necessary to further increase the relative stiffness of the
beam while reducing agein thet of the columa,

Since most frames are not of a single aisle in width, when com-
bining frames laterally the problem of variable column spacing must
be considered. The effect of unequal spans is dependent upon the re-
lative lengths between supports and the loading pattern. For ths usual
loads of buildings, a loaded long span will tend to rotate a joint,
whercas, even 1f it is loaded, the end of an adjacent short-gpan beam
will tend to be rotated, The former might be considered as momente
producing, whereas the latter will be moment-receiving, yet coatribut-
ing to the total stiffness of the joint. In illustration of this many
reasonable designs could be shown which exhibit negative moment throughe
out the length of the short spans, even when they are fully loaded. 1If
it 1s to do its full share of work, a moment-receiving beam should there-

fore have its stiffness increased above the preliminary estimates based
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golely on length and load. This ircre:se will reduce the otherwise re-
quired weight of adjacent moment-producing beams by increasing joint
stiffness, thus producing more of & fixed, rather than pimed end condition.
That 4s to say, the moment-receiving deam will resist being rotated, and
will tend to approach the behavior of a moment-producing bdeam, The in-
crease in weight over the short span which unéoubdbtedly accompanies the
increase in noment of inertia is more than offset dy the above-mentioned
reduction in weight of the longer beanms.

| 1f there are no architectural restrictions as to its depth, a rough
preliminary estimate of beam size is obtained dy taking K = wilZ/16, for
uniform load w on span L, M being the bending moment. Thea the required
section modulus is given by S = /20, where 8 is the section modulus.
Reference 1s now made to “Steel Construction” (1). Using the lightest
weight member for the given section modulusg, the I is tabulated, and an
approximation for I/L computed.

As previously indicated, the stiffness of an exterior columan sup-
porting the roof should be about 1-1/3 that of the adjacent deam. At
exterior floor Jjoints the total stiffness of the column above and below
the Joint should be about one and one-half times that of the adjacent
bean. Because interior beams provide additional stiffness to thelr
Jointe, the interior columns can bde less stiff than the exterior. It
follows that, once the beam sizes have bdeen estimated, the approximate
required I of the columns san be calculated, and a corresponding depth
selected.

The columne are now compared one to the other, the objectives bVeing

the same as for single bents, that is, to create a dalanced design
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throughout the entire frame., Some column stiffnesses may be increased
to prevent undue size in moment-receiving members. If a column at one
end of a beam is unduly stiff it will prevent the column at the far end
from receiving a good share of bending moment, and adjustment is called
for. Adequate moment capacity for wind effects must also be provided.
Finally, it is the primary duty of a dullding frame to provide an ade-
quate path to the ground for gravity load forces, and the columns, as
the essentisls of the most direct route, must obviously be strong
enough to sustain the expected axial loads, in addition to imposed
bending moments.

If the frame is pinned at its footings, the first floor column
size should be increased throughout, due to the abnormal effect of
wind on pin-ended columns, and to a desire to maintain a total effec-
tive column stiffness at each second floor joint consistent with the
floors above.

The tentative design is now checked dy estimating points of con-
traflexure and determining bending moments, The essence of the analy-
sis is to compare the tentative stiffness values with the following
relationships between bending moments and certain simple stiffness
ratios, assuming uniform loadings

Where K,, K, = column stiffness

K‘C.A Ke - K- Ky = beam stiffness
mlL | al |nlL
+ L nL, aL = region of negative moment

qL region of positive moment

Figure 3 - Moment vs.Stiffness
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1f Xp 1s set equal to unity, the following prevails

xc xcl o n q

0 0 o o 1,00

® ® 02 021 0.8

0 © 0 0.25 0.75

2 2 0.15 0,15 0.7
Obviously straight line interpolation cannot de applied. True mathe-
matical interpolation is also not possible within the four given gets
of wvalues, nop is it desirable, since this is a method of numerical
convergence applied to standard rolled.steel sections which form only
a relatively small finite set of values of I. Approximations are
therefore employed.

Some judgement must be exercised when computing the opposing
stiffness at any given joint. If the continuation (on the far side
of the column) of the beam in question is moment-receiving, it will
get stiffer when it is loaded, so tha? for these purposes its apparent
stiffness may be increased in lieu of estimuting the effect of its
load.

After the points of contraflexure of each end of the beam have been
decided upon, they should be adjusted due to the continuity of the deam
which provides that the ends do nct ast independently. That is to say,
the affect on one end is carried over to the other so that the beam acts
as an entity.

Since the analysis so far is for gravity loads only, the columns
will absorb moments from the beams. Assuming the moment to be applied

to the midheight of the column, tkhe following relationships are odtained:
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where M accrues from a beam intersecting the column. If the stiffness-

es of the columns adbove and below the joint differ, the moments must de
modified accordingly.

The moments on the beams are now computed by assuming hinges at
the points of contraflexure. Next the moments in the columns are de-
termined. With a knowledge of probadble moments and loads, all the men-
bers can be selected. In fact, for the beams several choices will
usually be possidle., Thus a second approximation is odtained.

At this point the entire design is reviewed, and the frame is con-
sidered as an entity. Certain seeming overstresses (due to apparently
underdesigned members) will disappear, whereas some members will be-
come overstressed when the prodable effects of stiffnesses and loadings
of members above and below the one in question are considered. This
analysis will help decide which of the several possible choices to se-~
lect.

The design being fairly secure, the wind stresses are determined.
The relative column shear stiffnesses are determined dy employiang the
restraint offered by the beams. A hypothetical mumerical example fol-
lows, as shown in Figure 4. Assume the bdasis of stiffness to be column

ADG., Then column BE is increased in stiffness due to the beam DEF

in the ratio (26 + 19) = 1.73.
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This value holds for column EJ. Column CF will be reduced in stiffness
by 19/26 = 0.73; and the same holds for column FK. The relative
stiffnesses are now as shown in Flgure 5, Tre distribution of shear is

assumed proportional to these new stiffnesses. Thus:

= 1! =
Vup = 9.7 [IF’%'T_}] 3.8 kips and

= = . 3 = .6 [}
B = Vpg (97+5h)[3.7_:££2_ﬁ] 5.6 kips

If the height of AD is ten feet, and height of DG 1s 11 feet, the
column moments are, for example,
Myp = (10/2)(3.8) = 19 foot kips, and
Mpg = (11)(5.6) = 61.6 foot kips.
The sum of the column moments is applied to the beams, and the entire
design is reviewed on the basis of allowadble stresses for wind action.
Redesign may bde necessary if wind is a significant factor. When
this i1s completed the frame is in a better state of approximation and
is ready for a more precise analysis.
Computations
7loor beams, left gides {%’-2- = 1208 = 7216 WP U5
right sides ;gé 85 =8 = 51=b16 WF 36
center span: Moment-receiving, try 12 WF for adequate
stiffness as per previous discussion on
noment-receiving beams.
Roof beam, left sides .1%‘3 =45 >8= 2712 WF 27
Use same depth on right side, smaller in

center
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Column AP: At lower stories we have T rather than L, i.e. two columns
per beam rather than ons. For K (beam) = 2, total X (coluam)
should be atout 3, and therefore sech X (columm) = 1.50. Using
a 16 WF 45 beam ylelds K = I/L = 583/24 =24, Then K (column) =
(24)(3/4) = 18, For center story, I (column) = (18)(12) = 216,
For bottom story, I (column) = (18)(18) = 324, X (roof beam),
for 12 WF 27 = 204/24 =9, K (column) should de about
(1-1/3)(K beam) = 12, TFor top story, I (columa) = (12)(12) = 1uk,
The most economical seotion for the bottom story column seems to
be a 14 WP, Both a 10 ¥F and a 12 WP »ill produce the I required
in the second story, dbut it is perhaps questionable to change
the depth of the columns in so low a building. Anything shallower
than a 14 WP used for the first story would greatly increass the
total weight of the structure, so we will here assume that the
difficulty in forming the splice is not as costly as the addition-
al weight. To reduce splicing difficulties as much as possidle,
select a 12 WF for the upper portion.

Column DS: By a similar analysis, use the same set of values, 14 WF
for first story, 12 WF above that.

Interior columnss Because the interior beams provide additional stiff-
ness to the joints, the interior columns can be less stiff than
the exterior. But column DS requires the lightest of the 12 WP
sections, so for column CR choose a 10 WF for the upper two stories,
and a 12 WF below them., Column BQ will be of the same series in
each story as column AP, but not quite as stiff,

The total selections are shown in Figure 6. Ia accord with the previous

discussion on pin ends tke bottom story columns should be stiffer, and
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are now incrsased as shown in Figure 7. The selections for KP, IQ,
and NS were, in fsct, controlled by umiting% to 120.

The cclumns are now checked to determine whether they are large
enough to sustein full axiel load in sddition to the estimated bend-
ing moment which exists at this stage. I1Q and MR are found to have
insufficient strength, and so must be increased. 3y the previous
discussion on columns, such an increase recessitates making KP and
NS stiffer, The stiffness of the columns has deen increased at both
ends of any one bVeam, thus increasing the negative moments in the
respective beams and negating the original objective of balanced end
and center momente. The deslgn as it stands ie made indefensible,
and requires an increase in atiffness of beams XL and MN. At joint
N, for example, the stiffnese of beam MN should be about (2/3)(17+27)=29,
which implies a 16 WF 45, The results are shown in Figure 8,

Points cf contraeflexure are now estimated, incressing the appar-
ent stiffness of moment-receiving beams, since full uniform load is
assuned throughout., For beam GH, for example, we have the followings
End Stiffness Ratio m! n! n n q

(Modified) adjust inter-
polation for unity

22
22+ 2(%) + W+ 1k - 23 A3 .26 .20 25 .65

22 )
BV L

Now hinges are assumed at points of contraflexure, and the end
and center moments are obtained. My is obtained dy assuming al as a

cantilever with uniform load plus a concentrated load P (the reaction
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of qL) at its end. Thus, for GH,

L =20 feet, w = 3.30 kips/foot: P |P

ol = (20)(.20) = 4,0 ft, Mt(jlw w‘..wg)
nL = (20)(.15) = 3.0 f¢, T mL ok | M
qL = (20){65) = 13.0 f%. _ L - .

Then P = (3.30)(13/2) = 21.5 kips.

The maximum positive moment is .2_%5‘.25 e 69.8 kip fest.

My« P(al) + MELZ « 12,1 Kip feet.

Mp = P(nL) + ;sgx-;_z_z_ = 79.4 kip feet.

The required section modulus 1s Lue.hzgmz = 56.2 1nJ, and the seo-
‘tion modulus provided by a 16 WP 36 1§ 56.3 in3,

Proceeding in this fashion, it was found that all center beams
were apparently too strong, but they will be retained for their stiff-
ness values since they are so short. Beam CD can be reduced to a liB
17.2 with a X valus of 7.4, ihich is not significantly different from
the assumed X of 8. All other beams show a good fit, so that the
points of contraflexure need not be revised, and we can proceed with
the columns,

The analysis of the columns will be exemplified by considering
colunn DS. A% D, Mpg = Mps by statics. As to H, there appears to de
more resistance to rotation a2t N than at D, so more moment will go to

the lower section than to the upper, since this effect increases the

apparent stiffness of the lower part. Assume distridution in the

ratio 55i145. As to N, the column is pinned at its base, dut "more than

fixed" at H, s0 the stiffnesses are adjusted accordingly. Take the

stiffness of the pinned end column as a basis., Then the column with
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over-fixed end is about twice as stiff: 17 x 2 = 34, The moments
are distriduted according to these apparent stiffnesses. Finally,
we havet

Mpy = Mpe = 30.8 ft. kips,

Myp = (0.45)(79.4) = 35.7 £t. kips,

Mgy = (0.55)(79.%) = 3.7 fv. Xips,

Myg = (34/61)(84.5) = 47.0 ft. kips, and

Myg 5 (27/61)(84.5) = 37.5 f%. kips.

Proceeding in this manner, and solving for the combined effect
of axial loading plus bending moment, the anticipated strength of most
of the columns seems to be insufficient. G4, for example, is apparent-
1y overstressed by 21 percent, so it will be increased to a 10 WF L5,
But this will cause an increase in the negative moment at the left end
of beam GH which is already stressed very close to capacity at that
point, Therefore this beam will be increased to a 16 WF 45, With this
increase in stiffness, which will tend to reduce the end moment, column
@ need not be increased quite so greatly, and the compromise 1is to use
a 10 WF 39. Now HN seems to be overstressed dy 1l percent, so it will
be increased to a 12 WF 31, since the increase in bYeam GH will not re-
move this overstress completely.

MR will not be changed in size, even though it shows an overstress
of nine percent; the increased stiffness of both GM and HN should allevid
ate this condition.

Column NS, which is evidently stressed to only 83 percent capacity,
can be reduced in size since HN 1is to be stiffer. Select a 14 WP U3,
The left side of the frame is treated in a similar fashion, and the total

results are displayed in Figure 9.
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The frame was agaln anzlysed by estimating points of contraflex-
ure. It was found that columns KP, 1Q, and KS are seemingly overde-
signed, but 4f they are reduced in stiffness their second-story cone
tinuations will be overstressed so they will be retained. 8Since
o lumns HY and GX have some reserve strength, beams GH and MN, which are
apparently overdesigned, will each be reduced to a 16 WF 40. With these
two slight modifications the frame is subjected to wind analysis.

The results of this analysis indicated that columns LQ and MR were
overstressed, as were beams KL and IM, All these members are, therefore,
increased to the next weight of the same depth, so as to maintain about
the same stiffnesses.

The increases in stiffness throughout the center and left bays of
the first story are fairly proportional, and thus are acceptable for
gravity load conditions, requiring no further modifications on that
account. BSubjected to wind load analysis the frame of Figure 10 proved
adequate in all respects.

The tentative frame is now ready for a more precise analysis.
Moment distribution is employed with spotted live loads (see Figure 11),
and full dead load (see Figure 12). The wind stresses may be computed
in other ways, but they are here determined by the method of successive
corrections (see Figures 13 and 1), in the manner suggested by Dr,
Grinter (14), wherein the initlal fixed end moments are increased by 50%.
The final tabulation of stresses indicated that column CGM and beams BC,
¥G, and GH were too strong, whereas beam LM 1s overstressed by about 8%.
As previously discussed, FG and BC will bde retained for their stiffness
values. If GH ig reduced to a 16 WP 36, the moment in column DHN will
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Figure 13 - Wind Load Analysis
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inorease due to the change of relative stiffnesses. However, there
is sufficient reserve strength in the column to permit an increase
in the bending moment at H, since the maximum moment at present is
at N vhere the column is stressed to 98.5 percent. Beam GH will
therefore be reduced, Golumn COM appears to be stressed to only 84.5
percent, and, considering the change in Yeam GH, it will be reduced
one weight listing, that is, to a 10 WF 33, Since the maximum moment
in beam LM is at L, this change will not help that bdeam, and it will
be increased to a 12 WF 36, All other members are either stressed
close to 100 percent, or else are each the beet availadle choice. The
frame is now designed, and the final results are shown in Figure 15.

Sample Commutations:

Beam MN¢
Maximum gravity loed moment 98,6 foot Iips
Maximum wind load moment 61.3 foot kips

8 required = (98.6 + 61.;;;12) = 60.0 1nJ, 8 provided = 64.% a3

Columm NS83
Maxisum gravity load moment 26.1 foot kips
Maximum wind load moment 64,4 foot kips
Axtal load 78.0 kips
Tor a 14 wr 43,

E_ A, ]8.0 » £28.1 + 64.1)Q2)
Af, sfy (12,65)(10.70)(2.33)  (62.7)(24.0)(1.33)
= 43+ 552

= 983, or 98.3% stress.

Using the same member, with gra.vtty loads only, we get:



n

P (38.1)(12)
Af .
-+ & . 78,0
» (
2.65)(10.70) ¥ (6 oTER
2.7)(24
.0)

= 575 + .223
=,798,
or 79.8% stress
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PLASTIC DESIGN

Although there are several methods of analysis within the frame-
work of the simple plastic theory, there have been only two methods
devised for design, a work-energy procedure and a method of moment
distridution. The former is dased on the proposition (3) “In a
structure at collapse, the rate at which work is done by the external
loads is equal to the work absorbed in deformation at the plastic
hinges", which, together with the use of several theorems, will lead
t0 a ninimum weight solution. However, the structure which contains
the least weight of steel 1s not always ths most economical since de-
sign and fadbricating costs must be considered, at times at the expense
of steel economy, as has previocusly been stated. A minimum weight de-
sign would nonetheless provide an excellent point of departure.

Although Boulton (5) has extended the method of multi-story frames,
1t will not de used here since moment-distribution is a simpler and
more familiar concept.

The method used herein is that devised dy Horne (3). Essentially
1% consists in distriduting the moments arising from the load and span
of each memder of a frame in any statically admissidle manner whatso~-
ever, with only the lengths and loads being prescribed. The upper and
lower bdounds, i.e. the maxisum and minimum moment that each member
could be required to sustain, are determined separately, and then a
simul taneous distribution is devised, satisfying at least the lower
bound for the full plastic moment i, Theoretically, an infinite num-

ber of solutions is possible, However, in practice due regard is paid
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to the avallable sections, and wherever possidble a member ies given its
full plastic moment., Some adjustment to this criterion is often neces-
sary in order to minimize adjecent sections.

The starting cmoments are determined on the basies of local mechan-
igms, so thet for e uniform load on a beam the end moments equal the
center moment, wlZ2/16. The wind moment in the columns is assumed to
be equally distributed among all the columns, The load w used in the
starting moments is determined by multiplying the true load by a load
factor of 1.88 ihen wind is not operating. This factor is obtained
by considering the ratio of yleld stress to working stress, i.e,

33320, and that of the plastic section modulus to the elastic section
modulus, which ratio for wide flange sections is 1.14 on the average.
The plastic section modulus is obtained by dividing the distance from
centroid to outermost fider into the static, or first moment of the
uection..f}dA. since the ctress in plasticity is assumed constant
throughcut the cross-section. So we have the load factor of safety
as 220. (1.14) = 1.88. When wind is operating we get (3/4)(1.88) = 1.1
as the load factor.

The most economical design will obtain when every member has a
plastic moment at every potential hinge, so that as many points as
possidle will be stressed to the maximum allowable, This implies a
maximum loading condition for every member, and a large number of local
mechanisms. Evidently we muet have f1ll live lcad throughout each
member, S8ince for the theory of plastic design the principle of super-
position is inadmissable, we conclude that we must apply the full live

and dead loads simultaneously to every beam. In thie manner the following
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initial moments are odtained:

MEMBER Mo, ft-kips WITH WIND  WITHOUT WIND
wi2 /16 x1.41 x1.88
AB Q)WY _ 36,0 50.8 67.7
16
Fo, Wi (4.3)(8)(8) . 17.2 24,3 32.3
16
GH, MN  (3.3)(20)(20) _ £2.5 116.3 155.1
16 *

etc, the total gravity loads being as before, one kip per foot for roof
beams, 3.30 kips per foot for floor dbeams in the side days, and 4.30
kips per foot for floor beams in the center day.

Adequate lateral support is still assumed.

Observing the préviously mentiored assumption regarding wind moment
in the ®lumns, since we have four columns on each story, the column

moments at the joints will be PL(1.U1). Then for the top story,

¥y = 0 (12) (1.41) _ 1,503 for the middle story

- QZ.G)(I%HI.M) = 26.8; and for the bottom story

w, = (21.6)(18)(1.41) _ 1447, ®ince there is no moment at pinned ends.
L ’

The sign convention used is positive moments correspond to moments

acting clockwise on the member at the joint, ani positive moments corres-
pond to tension in the bottom fider at the centers of beanms.
The method of distribution of moments on a deam will be that as

stated by Horne (3). “Consider any beam AQB (Figure 17) subjected

to a set of loads which would, if M.(' M ‘)Ms
: A L/, C ®
the beam were simply supported, ™, J

produce a dending moment M at the Figure 1] - Bending Moments
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center C, Then if the bending moments at A, B and C are denoted by
Mp, My, and Mg respectively, positive according to the accepted sign
convention, then the condition of equilibrium is that
U= Uy + My + Alg. I now My, Mp, and Mg are changed by the
finite amount, AM,, AMp, and AMp respectively, the applied loads re-
maining unchanged, =AMy, + A lﬁ + 2M(° = 0. In plastic moment dis-
tritution it is convenient to change only two bending moments 4n a beam
at the pame time. The permissidle changes are thereforet

AMg = 3 AMp VWHEN AM, = O,

OAMg = +%4M, VHEN AMp = O, and

AM, = AMg VHEN AMg = 0."

The method of distribution of moments among the columns is that
any arbitrary distribution vietsoever is permitted that does mot vio-
late the laws of statics concerning summation of bending moments at
any Jjoint, and summation of horizontal forces through any story.

To establish a minimum weight design, it is first necessary to
determine the minimum bending moments that each member will be required
to sustain., In the distridution of moments throughout the entire frane,
each member will be sudjected to at least this minimum, Thus the final
objective will be to have all moments approach these minimal values
from above, this being possible dy the utilization of moment redistri-
bution,

First, the minimum moments in the columns is established, allowing
the beams to take on such moment values as satisfy the laws of staties,
without regard to limit. Next,the minimum moments in the beams are
determined dy requiring the moments in the columns to establish equili-

brium, again without regard to upper limit. There is now a minimm and
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a maximmm for the bending moment on every memder. Tinally, a combined
distridution is made, with the objective stated above,

The first computation was made to obtain minimum columns and
maximum beams (Figure 18). Starting with full wind moments throughe
out, all joints were balanced into the side beams. The moment in
these beams was then reduced to the maximum without wind, and the cen-
tral Jjoints now dalanced into the center dean,

Next the minimum moments in the beams were estadlished by per-
mitting the columns to attain maximum moment (Figure 19). Starting
with full beam loads without wind, the joints were balanced into the
columns, due consideration being given to minimum column moments
established previously. In this way, the moments in JP, KQ, MR, and
NS were increased to at least 144.5 foot kips.

Finally, a simultanecus distridution was undertaken (Figure 20).
The true maximum "sagging" moments do not occur at the center of the
beam, but somewhere near it. They were determined in the manner sug-
gested by Horne from charts prepared by him (3), and are shown in
parenthesis in Figure 20. An ideal solution would have the maximum
"sagging” moment exactly numerically equal to an end moment at each
bean; the results shown are satisfactory for enginsering purposes., The
endeavor to satisfy the two preceding criteria on upper and lower wvalues
for bending moment failed in two places, beams KL and I, If an attempt
is made to reduce these moments, it can only dbe done by increasing those
of some column sections, and possibly certzain other beam sections, in a
manner similar to the reduction of stiffness for a given bdeam in the

elastic design.
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Figure 21 - Second Simultaneous Plastic Distribution
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It was now noted that, for the 18 foot columns, the center two
showed less than 80 percent utilization, in accordance with the de-
sign procedure descrided bYelow. The moment in these columns was re-
distributed to odtain a more efficient solution, and a reduction in
bending moment is observed in several other members as displayed im
Figure 21,

Once the moment is prescrided, the required section modulus on
an elastic basis is determined by the conversion (neglecting consid-

eration of axial load and shear) § = Mp{inch de) where i, is
e

yp
the plastic moment, ¥ is the shape factor, and fyp is the yleld

stress., Thus 8 = (up)(la) . For example, member ¥G has an np of

(110 (33)

175.2 foot kips, requiring a section modulus of 56.0 in3, so that a
16 WF 36 1s selected with an 8 of 56.3 in3, indicating that it is
99.5 percent fully utilized. The required section modulus of the
columns is revised to include the effects of the axial load accorde-
ing to the recommendations of Beedle, Thurlimann, and Ketter (&),
For example, column HN has a plastic moment of 76.6 foot kips and aa
axial load of 43.0 xips, indicating a required S of at least 24.5 inJ,
Trylnga 2 W27, B - B __ _ 0.163 “here P is the axial load, A is
Fy My
the area of the section, fy; is the yield stress, and%. = 100, where
L is the length in inches and r is the least radius of gyration. With
these numbers, use is made of Figure 9.12 of Plastic Design in Struc-

tural Steel (U), and _"_: = 0,72+ The true section modulus required is
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then S(vending) _ 24,5 _ 34,0 4n3, The section modulus provided is
/M,  0.72

34,1, s0 a 12 WF 27, with a utilization of 99.8 percent is accepted.
All sections were selected from the fifth edition of Steel Coystruc~
tion (1),

In some instances the full plastic moment must again be reduced
due to considerations of shear stress, in a manner similar to the pro-
cedure involving axial load. Actually theres should be some slight re-
duction for all beams, dbut within accepted limits of engineering ac-
curacy, shear effect need be investigated only for heavily loaded,

short, deep beams where 1ength from eupport to inflection point ( 3,
depth of beam

Since this criterion does not apply to any beam of the frame, and
since adequate lateral support has been assumed, no further checks

are necessary.
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TABLE 1

Plastic Design

R | M S(REQD) | SKCTION | S(PROVIDED) | % UTILIZED|
AB 67.7 2.6 ! 1238 22 25.3 86.2
BC 48.3 15.4 | 12 B 16.5 17.5 8.0
€D 47.0 15.0 | 12 B 16.5 17.5 85.8
I | 223.5 1.3 | 16 WP U5 T2.4 98.1
e | 1715.2 56.0 | 16 wr 36 56.3 99.5
aa |155.1 49.5 | 16 wr 36 56.3 88.0
JE | 293.7 93.6 | 18 Wr 55 98.2 95.3
K | 227.0 72.% | 16 WF U5 72.4 100.0
M| 155.1 k9.5 | 16 wF 36 56.3 88.0




Table 1 - Plastic Design (Cont'd)

MIMBER L AXIAL LOAD S(BENDING) SECTIOR S(P + up) S(PROVIDED) 4 UTILIZED
AE 122.0 12,0 39.0 14 wr 34
) A 101.5 51.6 334 14 wp 34 45.6 us.5 94,2
JP 95.0 91.2 30.3 14 wr 43 46.0 62.7 73.Le
BY 94.6 16.0 30.2
x 97.0 72.8 30.9 14 wr 38 9.1 54,6 90.0
xQ 183.0 129.6 58.4 1t wp 61 92.8 92,2 100.6
ce 39.5 14,0 12.6
oM 85.4 64,2 21.2 14 wr 34 43.9 4g.5 90.7
MR 187.0 1144 59.7 14 wp 61 87.9 92,2 95,4
o 18.5 10.0 25.0
N 76.6 43.0 24,5 12 wr 27 4.0 341 | 99.8
NS 113.0 76.0 36.1 14 wr U3 60.2 62.7 96.1

*Next lighter section has L/r > 120, which is inadmissidle.
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PHYSICAL COMPARISON OF RESULTS

The final results of both methods of design are displayed in PFig-
ure 22, It is noted that fairly close agreement is shown in many of
the bdeams, the major differences occuring in the short center beams,

Had these same beams been given additional stiffness in the elastic de-
sign, the column gizes would have been remarkadly similar in doth cases.
It is apparent that the limit design columns are almost all consideradly
stiffer than their counterparts, so that additional stiffness is pro-
vided throughout the frame,

An attempt was made to obtzin a plastic solution 4dentical to the
elastic, VWhile successful in establishing beam sizes, the design showed
column sises far in excees of the elastic, and so was discarded,

Obviously an almost infinite variety of solutions is possible by
both methods. There is a region of minirum weight for each, and a good
solution will odtain approximately a certain tonnage for any particular
frame. Tachau (28) analyzed a two-story, single-bay frame of constant
cross—gection by both methods, and showed that a remarkabdle similarity
of bending moment pattern obtained. In owr case, the total weight of the
frame designed by elastic methods is 6.45 tons, while the plastic design

weighs 6.21 tons, a difference of less than 4 percent.
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ANALYTIC COMPARISON OF RESULTS

The Mechanism of Design, Theory of Elasticity

According to Van den Broek (31), there are only two theories for
the analysis of indeterminete structures, the elastic curve and the
elastic energy theories. All others are derived from these, In any
analysis on the basis of a 1imiting stress within the elastic range,
dinensions are assumed for the membere and the stresses are computed,
being careful not to allow the stress in any member to exceed the safe
working stress, Fuarthermore, the designer must also make certain that
the computed stresses generally are not unreasonably low. If one or
the other of these conditions cannot bde satisfied, some member (or
members) of the structure is changed and the analysis repeated,

The design preceding the analysis is empirical, inwlving a ca-
pricious choice of commercially available sections. The designer’s
€oal 1s to odtain a bdalance of stiffnesses in the network under con-
sideration such that the above criteria will prevail under some com-
bination of loading. The stiffness of any one memder is not indepen-
dent of the remainder of the structure, since,in its usual definition,
it is a measure of the relative moment which will bde distributed into
that member. The stiffness must be considered, not only on a geometric
basis, but also in 1light of the load and the adjacent memders (for ex-
ample, the short center beams of the solved prodlem).

The minimal beam sizes are approximated first dy evaluating gravity
load requirements, and the columns are fitted to them. Probable inter-

action then results in adjustments. Lastly, the effects of lateral
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forces produce minimal column sizes, requiring further revisions. We
have, then, a procedure of empirical successive approximations which
has been guided dy estimating points of contraflexure. Finally, a tenta-
tive frame 1s selected, This being done, the relative stiffnesses are
established, and the frame can be subjected to a rigorous analysis. The
resulting pattern of bending moments is unique, serves as a check on the
design, and, in fact, may require further revisions. If %these revisions
are quite large, the entire design and analysis process should be re-

peated.

The Mechanism of Design, Simple Plastic Theogz

The assumptions made for design under the simple plastic theory are
quite similar to those of the elastic theory. Timoshenko (29) phrases
them as "...during plasticity...we assume (1) that cross sections of the
beam during bending remain plane and normal to the deflection curve, and
(2) that the longitudinal fibers of the beam are in the condition of sim-
ple tension or compression and do not prees on one another laterally."
Based on these assumptions, the wvarious theorems of plastic design were
formed (see, for example, (3), (4) and (12)). These postulates resulted
in the weakest-link concept discussed by Freudenthal (10) and Johnson
(16). We conclude that the best design 1% the one which exhibits no
one weakest link or local mechanism, dbut one which will collapse dy faill-
ure of all its component parts simultanecusly.

To this end it is necessary to establich a design wherein every mem-
ber is just capadle of withstanding a maximum load. This cannot de ac-

complished with complete disregard of the strength of adjacent memders,
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since the laws of statice are inviolate,

Bending moments are arbitrarily assigned in the manner previously
discussed, fixing upper and lower limits on both the beams and the
columns. The two distridbutions are then made compatidle, with a final
design which contains, if possible, at least one hinge in every membder,
The validity of the procedure is demonstrated by Freudenthal (10), who
proves that if in a redundant structure a set of redundants can be se-
lected g0 as to define a condition of the structure that would represent
the mobiligation by plasticity of the possidble maximum of self-help, the
structure will actuslly tend to attain that condition,

The final distribution of moments is made compatidle with member

sizes, 80 selected as to have an M, within the prescribed bounds.

Column Design, Both Cases

In both elastic and plastic analysis axial forces are omitted from
consideration until after moments are distridbuted. Then the columns are
checked for the effect of thebe forces, and the design is done again, if
need be. Under the elastic theory, the stresses due to axial loads are
measured by buckling standards, but still have the effect of reducing
the moment-carrying capacity of the column. In other words, instead
of considering the moment as reducing the critical bduckling load, we
could Jjust as well state that sn axial force reduces the moment capacity
of a member (23). Similarily, design standards under the plastic theory
provide that the plastic moment capacity shall be reduced under an

axial load according to the formula given by Baker et al (3).



Allowadble Stresses

In the United States the method of design in the plastic theory

has been fixed up so as to produce an allowadle stress of 20 kei,

Thus (form factor)(yleld stress) _ (1.14)(33) = 20. Since for a beam

load factor 1,88
with uniform load fixed at both ends the plastic moment is M= vi2/16,

the required section modulus becomes 8 - ngZ[ .
(16)(20)

For designe predicated on elastic dbehavior, while the allowable
stress for positive bending remains at 20 kei, for negative dending it
1s 24 xsi, Then, for an encastre beam with uniform load the negative

end moment 1s Mg = wL2/12, and the required section modulus is

s‘ = '12‘122 .
(12)(24)

Comparison reveals that the ratio sp/sx = 0.90, indicating that
the required section modulus for the former is ten percent less than
that of the latter. G6ince there is a wvariation of approximately ten
percent between any two weight listings in bold-face print in the
Section Economy Tadble (1), there should be very little difference in
the final designs by the two methods. In fact, if in the elastic design
the stiffnesses have bdeen proportioned to achieve the result =M = + M,
‘the required section modulus will be Sp - wL2(12) , which is identical
to 8. , (16)(20)

In all of the above pure bdending is assumed, with adequate lateral

lupport .
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Comparison of Mechanisms of Design

A consideration of rotations and deflections would lead to, per-
haps, a work-energzy solution. Kachanow (18) proved that regardless
of whether the material is perfectly elastic, perfectly plastic, or
strain hardening, for deformations such as may occur 4in dodies of this
kind, we may assume that the increase in internal energy equals the
work of deformation. Such an analysis is thus valid in both cases.

In elasticity we would have some sort of summation of functions
involving loads, lengths, and EI (13), whereas in plasticity the in-
ternal energy is dependent on the static moment due to the constant
stress over the cross section. But the difference between the first
and second moments integrated over the cross sectional area has been
accounted for in the modus operandi for determining required sises
once the bending moments are prescrided. Thus again we should get
identical results.

The method of ascertaining moments employed in the problem pre-
sented herein is basically similar in both cases. In the limit design
the noment was distridbuted according to plastic behavior. A safety
factor was then employed, reducing the plastic moments so as to ensure
elastlc bdehavior, An empirical distribution of moments 1s permissidle,
for, according to N. C. Kist (18), every assumption of statically in=
determinate values is correct if the dimensions of the structure are
designed accordingly. It 1s obvious that the above process is rever-
sidble, and we can go from a given moment of inertia to an elastic

bending moment, to a plastic moment. The conclusion is that capricious
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choice of stiffnesses for a given frame is identical to arbitrary
distridution of plastic momente, provided that, for the latter, the
laws of statics are not violated.

By its nature and mathematical bdasis, the minimm-weight design
procedure of the simple plastic theory must lead to an economical
solution. That such a solution is also evolved from Horne'e method
is apparent when consideration is given to the basic theorems of limit
design previously cited. The upper and lower bound theorems lead to
the uniqueness theorem, thus defining the collapse load. Since the
design load is given as a maximum condition initially, we are in this
way defining the plastic moment by Horne's method, and therefore, by
use of appropriate factors, the minimum gections required to sustain
the given load. Should any member exceed the minimum section deter-
mined by the dounds, as for example, member JK, or if a member de
purposely overdesigned for architectural or other reasons, there is
no need for review because of the corollary to the upper bound theoren
vhich states that extra strength cannot weaken a structure (see, for
example, (3), (10), and (17)).

Freudenthal (8), Neal (20), and others have pointed out that this
corollary is not applicable under Hooke's law, since increasing the
stiffness of some one member of a redundant frame might increase the
stress in another member which is already stressed to the proportional
(or allomable) limit, thus theoretically precipitating failure and
violating the rules of desizn under the governing criteria of elasti-
city. This is undoudtedly one of the difficulties encountered in

elastic design, but the greatest stumbling dlock is the designer's
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lack of perspicacity, intelligence, experience, or, perhaps it might
be termed, intuitive insight.

The rapidity of the convergence of any method of successive ap-
proximations depends upon intelligent guesswork, bdoth for the initial
values and for their refinements. The method used herein produces an
excellent first trial, with sizes usually quite close to the final
selections., Obviously, it is possible to produce exactly the ultimate
deeign at the first attempt, but such a fortuitous cirénmstaneo is
not commonplace, mainly being the result of chance. It is equslly
apparent that the elastic interaction of all of the members of a
frame 13 quite complex, and so, perhaps, it is beyond the scope of
the human mind to predict adbsolutely and exactly the resulting
stresses for a given selection of members without resorting to
laborious oompntatiqnn. Therefore the designer is not quite sure
of his preliminary estimates, and as previously stated, must verify
the true state of stress distribution, which process may result in

revisions of the design.
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CONCLUSION

For eny given indeterminate frame to te built of prismatic steel
members, solutions by elastic and by plastic design must yield quite
similar results.

In elastic design we are dealing with the probability of causal
relationships evolved from selections of values within a relatively
large finite set of available sections, i.e., moments of inertia.

The perfect balance of stiffnesses which results in the greatest
efficiency and economy is well-nigh impossidle to achieve on the
first attempt, dut it is the ultimate goal. In plastic design we
note what bending moments would result if it were a fait accompld.
These bending moments are susceptible to direct computation, ae
demonstrated in the problem, and lead immediately to an economic
solution.

From test results (2) we can only conclude, however, that Hooke's
law and the theory of limit design are both simplifications of a very

intricate reality.
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