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nmtOIX1Clf I011 

'th• aoluUon ot the beam equaUon II = -U :) d.epen4a upon tlw 

loading con41\1on, \he lencth, and the bol1JMlal7 condi'1on1 for the 

••ber 1D queaUon. In the deaign of a aontinuoua true ooapo1ed of 

prtuatlo •mber1, the loads and length• an general.)¥ pre1ortbed b7 

conalderation1 ot plan, clearanoea, and ftnlah matertala. 'fhe Tari-

able• a\ the dhpoaal ot the structural deslgner are, then., the 

bounda17 condition•. 

1or elaetic deelgn, the enda of the beams and beam-oolU11Da are 

uwall7 neither completel7 fixed nor ehpl7 pinned, but their ln-b•-

twen. condition can be repre1ented b7 a aprlnc of relatl•e 1tiftne1a 

II relatlTe, that la, to the remainder of the Join,. It 11 •he 4e-

aigner1 • taeJc to 10 apportion '11.e atlftne•••• of all the M1lber1 of 

the frame that the ben41n« moment will be d.tstribu.ted in the beat 

11&ZlD81', thua achleTing a mnbrma-.. t&ht de1lp. Du.e to the inter-

relatlonahlp of all the member• of a gtwn frame, this le neoeHarl)T 

a prooee• of .uoceaa1Te approxlm&tion1. 

In plastic design the 1Dherent dlftlcult7 of •artable bounda17 

oondltione h obviated by eeeentlall.7 aHumtng htngea at the encl• ot 

the membera, thua reducing the problem to a atatlcall.J' detel'llinate 

frame. '1'he Talld1t7 for much an aHumptloa for a atno"1ral 1tHl 

fr•• 11 gt.Ten b7 the dmpl• plaaUc theo1'7, 8lld the Tarlou.a theonma 

d.e.,.loped within Ua conftne1. 

The purpose of thl1 atudT la \o d.eteJ'lline the alallarl\le1 or 

dteparl\lee of \he flnal re1Ult1 of delign b7 both method.a. 'to aoooa-

pl18h th11 purpose the lntrln1io nature of the .. tbod.1 la exudned u 



' 
related 'o a apecitio problem tnvolTing a con.timou ml.tt-a\017 frame, 

ao ohoaea aa to include the etf'eota ot 'both hortsontal and O'&'rl.'1° 1oa41. 

!he frame la a1aumed to be lateral]¥ reatraiaet ill or4er \o toou atten-

tion on the main probl•. 

117 oomparlaona of the method• of 4ellp, U 1• ooncluded tha.t to-, 

8Zf1 gi'f9n 1n4eterminate traae to be built of prt ... tlo 1teel ... ber1, 

aolutiona by ela1tlo and b7 pla1tlo dedp net yield quite 11allar 

nnl.ta. 
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DISClUPltOB QJI Pl!PBLDI 

A a\eel trame for a \hree-1to17 bu.1ld1Dg wtll be dealpecl by both 

elaa,tc an4 plaaUo •'hod.a. !'he 4blen.alon.a to aewaed ceaterltua of 

11•ber1 are a• 8hown in Jtgu.re i. which a110 ehon wind 10&41. 

In orcler to aT014 dealing with 1econ4a.J7 etteat1 auch a• \he re-

4'1ot1on in allowable bending etreH 4ue to lateral 1n1ta'b11Uy, both 

beams and column1 wlll be oon.1ldered to be laterally braoe4, perbap• 

b7 the floor deck or bJ' 1ntel"lled1ate atrut1, aa the O&H mq be. The 

frame will be oon.d4ered to be tull.T oontizmoue wt th plzmed column ba•• 

ea and wtll be treated a1 an leolated plane frame, negleoH.nc 'he 

etrenctheninc effect of member1 and 1labe perpen4lcular to U. !he 

aHwae4 load• are 1 

Dead load, root o.6 ktp1/f,, 

Dead Load, noor 1.3 klpe/t,, 

LlTe load. root o.6 klpe/tt, 

Lift load, center beu 3.0 klp1/tt, 

Llw 10&41 114a beau 2.0 k1p8/tt. 

The tncllca\ed load1 are taken of the order ot macnl tude \o be expeotecl 

tn an actual 'bulldlq, although the7 are no\ clarlwd. from an an\J&l 

lnl1141ng clrC'Wlatanoe. 'fhere are no arch! tea"1ral reetrlo•S.on.1 on 

1tsee of aembere. 

The ul.tt-.te goal le to achlen \he great••' onrall ecoDOl'ir, whlab 

11 not neceHarll.T qDODJIDOU• with the lead wel&)lt. Jor \hla na1oa 

the oolwm1 ot the aeoond 1to17 will be oa.rrled to the root, the &441-

tlonal welpt co1Ung l••• than 8J>llce1. 
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ILASTIC ll'!St(JI 

Matho4 

The 4111en•lon1 aJid loading behlg glftn, the frame 11\18\ be well 

proportioned 10 as to proTide an ettloien\ and economlo solu\lon. The 

most economical etnia'\ural design la undoubtedl.7 the one which 11 the 

moat eft1c1ent, that la, 1t produces ma:dnmm atrese thrcmpout each 

member. To determine these propor proportions, a simple rigid frame 

will flrat be studied. and this anal.7•h \hen extended. to a mu.1.\1• 

etory mul\1•bfl1' bent. 

•M 

J'lcv• 2 
R1g14 J'na• 

Referring to J'lpre 2, it the beam alone 

governed the cost ot the etructure, ~/24 

ehould equal -tV./20. based on AISO (1)• 

allowable etreeeee. e1nce the beam woulcl 

then be 1tre1••d to the eame leTel at both 

enda and the center, elnce the allowable 

1tre1• tor poalt~n ben41ng te 20,000 pit, whereaa tll1• 1tre1s 181' be 

increased. 20 percent tor nept1n bendhc. J.a•Wld.ng constant oro.a-

eecUon, the required aect1on ao41llua ta "ben4.1y .... , , wUh the 
allo•ble 1treaa 

aboft renlt•. t'heaa allowable 1tre11ea would haft to be moctlt1ed to 

aome leHer Taluea if the frame were not laterall.7 braoed, negaU.q 

the ratio 24/20. (lfhrcn1.gbout this •tv.47 all .. ber• w111 be asnaed 

to haTe adequate late;-al tJUpJ>Ort). '1'he ratio• of aoment 

-ll • (24/20)(+K) occur it the stitfn•H ot each of the col'111ma le abn' 

twloe that tor the beam tor a pin-ended frame, or lt the et1tfne81 ot 

•Parenthetio nuaber1 refer to BibllograJ>hT. 
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each ot the columns h about ll that of the beam for a traae with fix-

ed fer.t. If theae ratioa were used they would produce a large moment 

in the columns e.nt\ reuul t in an excesa 1 V&ly hca17 11e:::iber. '!'he compro-

m1 $e called tor is to reeuce the relative at1ft:ness of the colwnn, thua 

reducing its end mo~ent while proTidlng a solller,hat inefficient deaign 

for the bee.J'! due to its relatively large pos1t1Ye bending moz:i.ent. The 

final reault h to he.Te. tor E. 1'1Y.ed-andc<1 fru-e, for a. bei.m atif:f'nesa 

somewhat greater thc.n unity a column stttfne2• reduced below ll• 
Coneid~ring the multi-story frame aa a aet of eupertmpoaed bente, 

the bottom• of the column• in the individual benta become aubject to 

rotatione oppoaite to thoae 1dl1ch oocv.r in one-atory pin-ended tr~••· 

It ia now necee•arT to f\lrther increaae the relative atiftneaa of the 

beam while reducing age.in that of the colum:i. 

Since moat traaea are not of a single aiel• in width, when com-

bining tra.mea laterall)r the problem of variable aolwnn epacinc muat 

be conddered. '?he et!ect of unequal 1paA1 h dependent upon the re-

lative lengths between eupport1 and the lo.'1.ding pattern. lor the uaual 

loada of buildings, a loaded long epan will tend to rot&te a Joint. 

whereas, even tf it is loaded, the end ot an adJacent ahort-apan beam 

will tend to be rotated. !he former might be con11dered as moment-

productn&, whereaa the latter will be moment-recetvi:ng, 78' contr1bu'-

1ng to the total ati!:tneaa of the joint. In illustration ot thia 1D&D1' 

reatonable deaigna could be shown which exhibit negative moment through-

out the length of the short apana. even when the7 are t'ul.17 loaded. If 

it 1a to do lta Ml ahare ot work, a moment-reoe1Ting beam ehoul.4 there-

tore have its eUf'tnese increaaed abOTe the prelimin&17 eat1mate1 ba1e4 
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solely on length and load.. This incni_'.se 1'111 reduce the otherwise re• 

quired weight of adjacent moment-producing beam• by increaeing joint 

etttrnese, thus producing more of a fixe4, rather than p1rmedend condition. 

lfhat 1a to sq, the moment-recei'rlng beam wlll reeht being rotated, and 

will tend to approach \he behavior of a moment-procluclng be&.11. The in-

creaae in weight over the short span which undoubtedl7 accompanlee the 

increase in moment ot inertia ia more than offset by the ab~-menttonecl 

reduction in weight ot the longer beam1. 

It there a.re no architectural reatriotione aa to 1t1 depth, a roup 

prel1miDar1 eat1mate of beam size ia obtained by taking K = wJ.l./16, for 

uniform load w on epan L, M being the bend.in& moment. Then the required 

eecUon modulua 1e given b7 S = >J./20, where S ie the aect1on modulu. 

Reference ie now made to •steel Conetruction" (1). Uatng the llghtea\ 

weight member tor the gh·en eectlon mod:ulue, the I ta tabulated1 and. an 

approzimat1on tor l/L computed.. 

J.a prerloual7 iruUcated, the atiftne•• ot an exterior column .up-

portinc the root ahould be about 1-1/3 that ot the adJaoent beam. A.t 

exterior tloor Joints the total etiffneaa of the column aboTe and below 

the Joint ahould be about one and one-halt times that ot the adj&oent 

beam. Beoauee interior beams pronde additional ettffne•a to their 

Jointt, the interior columns can be le11 atiff than the ex\ertor. It 

tollowe that, onoe the beam sizea have been eatlmated, the approximate 

required I ot the column• can be calculated, and a correepondlng depth 

selected. 

'l"'ne colwnne a.re now compared one to the other, the obJecH Tea being 

the eame aa tor single bent1, that 11, to create a bal.anoe4 de1ign 
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throughout the entire frame. Some column at1ttneuee ~ be 1n.ore&ee4 

to ~re.an\ undue alse 1n moment-rece1Y1ng member1. It a colWDD at one 

end of a beu 11 undul.7 sUtt 1t will prnent the column at the far end 

fl'Om reoe1Ting a good share of ben4Snc llOment, and adJultment 11 called. 

tor. Adequate moment oapao1t7' for win4 etteot1 mut al•o be prOTS.d.94. 

11nall.7, it 1 a the prbv.L.17 4u t7 of a bu1141ng true to prorlde an &de· 

quate path to U1e ground tor O"&Tit7 load forces, and the column1, as 

the eeeent1el• ot \he mo•t direct route, llU8t obnoualT be •'roac 
eDO'QCh to nataln the expecte4 az1al. load•, ta addition to lapo1ecl 

bending momenta. 

It the frame l• pinned at lta tootinga, the ttret floor ool"Cml 

at.se should 'be lnoreaaed throqhout, du to the abao~ etten of 

wind on pin-ended oolwme, and to a d.edre to malntain a total ettec-

tiTe column etlttneas at each aeoond floor Jolnt oonelatent with the 

floors abo .... 

!be tentatlw deetgn ta now checked by e1Umattng pot.ate of ooa-

tratlemre and detel'lllntng bending momenta. 'l'he •••enoe of tha anal.T• 

ate le to compare the tentaUYe 1tlffn•H nluea with the tollowtnc 

relattonlhipa between bending ao .. nta aD4 certatn elmpl• attttllea• 

raUoa, a .. udng uniform loadlng1 

Where Ka• Ka• • column atlttn.aa 

KG' I "'· I ) ~c· ~ 1: 'beu atttt.911 tml .:, CLL • ,~Lj mL, DL = regloa ot neptln llOllR\ l 
qL = ngton of poalUw a011ea\ 

rtcure 3 - Moment 'Y9.8tltt».e1• 
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It KB la ••' equal to unU7, the tollowlnc pl'rt'alll 

lo Kai Jll D ' 
0 0 0 0 1.00 

CD CD 0.21 0.21 0.51 

0 Q) 0 0.25 0.7, 
2 2 0.1, 0.15 0.70 

Obvioul.7 etraight line iAterpolation oauot lie applied. 'l'ru •the-

matical interpolation le aleo not poealble within the four ct.,.. nt• 

ot ....iua, DOI' ta U dee1rable, aince thl• 11 a •th.o4 of llWMrioal 

oon'ftrpnoe applied 'o atandard rollecl.1teel Hotlona which ton oalF 

a relatl'ftl.7 -11 th1'• Ht ot Tal.1111• of I. Approdaatloaa an 

therefor• emplo7ecl. 

Som• Jdgemeat nat be aeroieecl when oomputlnc the oppodq 

atlffn••• at UT glnn Joiat. It tu oontt1n1&tioa (on tu tar ala. 

ot th• ool'Gllll) of the beu in que1tton. la mGJUllt-reoet'Ylac, 1' will 

get etltter when U la loa4ed, ao Uaat for tmae JNl'POH• 1'a appana.' 

atiff'lleaa ~ be 1norea1e4 in lieu ot eet1-\lnc the etteo' ot lta 

load.• 

After tu polnta ot contrafl•nr• of eaah end. ot th• beam haw been 

cleolclecl upon, they lhou.14 be a4Jute4 4u to the con,laul\7 ot the beu 

which pJ"OTldea 'hat the nde do not ao' tndepell4entl.T. !hat 11 to aq, 

the atteot on one end S.1 oarrl•cl O'ftl' to tln othar ao that the 'b_. ao'• 

aa an entit7. 

Since the &D&l.7•1• 10 tar ta for graTl\7 loacla oa17, the oolume 

wU.1 abeorb aomata t:roa th• beame. AelUld.DC the mo•nt to be appllecl 

to the miclhetght ot '1l8 'ol.wm, th.s following rel&Uonehlp• an obtalu41 
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K• 26 K:: 19 JA-------r;------, 
I IB le 

_Y=9.1kl K•l9 I Kwl5 11-(:4 
(TOTAL SH1Ap,) 

P=5.~k1Pt 
-...i--~~~~~~+-~~~~~ 

D E F 

a 

\ 

H 

J 
Figure 4 - Example Frame 

rA-------re;-------,c 
I I I 

9.7t<IP!t I K= 19 K:(\5)~1.73) I K-=(4)(.73) 
~ =Z =3 

K=21 

G 

K" {24 (1.73) 
11 42 

J 
Figure 5 - Example J'rama 

K"(5)(13) 

K 
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4M or 4M 
and 4M 

rtel.41 ~4~ 
4M/f' 

7leld• .,.v~ 
where M aooruea from a beam lnter190Ung the aol1J11D.. Jf \he aUffneH-

•• of the column• abow and below the Join\ differ, the momenta aut be 

modified accordingly. 

'l'he momenta on the beams are now computed by aHwning hlngea at 

the polnta of contratlezure. lf e:d the moaenh ln the columns are de-

tendned. With a knowledge ot probable moment• and load1, all the •-

bera can be 1elected.. In. tact, tor the beams Hwral oholoe1 will 

ueuall7 be po11tble. Thus a second approxtaatioa le obtalned. 

At th1a polnt the entire detign. la rnlewd, and the frame 11 con-

atdered aa an entU7. Certain aeemlng owratre11e1 (due to appU'ell\17 

un4erdadgned membera) will disappear, wherea1 aou member1 will be-

oome 0T8ratree1ed when the probable effects of atlffllea••• and loadln.19 

of member1 abon and below the one 111 quedton are conaldered. Thia 

anal7•i• will help decide which of the 1eT8ral poaaible aholce1 to ••-

leot. 

!'1- de1lgr.L being f alrl7 aeoure. the wind 1tre11e1 are determined.. 

The relatlft column shear atiffuasea are dehrmined by eaployl.ac the 

reetra1nt offered by the beams. A hn>othettcal mmerloal example tol-

lon, a1 1hown in J'igure 4. A•aume the bade ot atUfuaa to be colwm 

ADG. 'l'hen colUll!l BJ: 1e lncrea1ed in 1tU'tne1a 4u.e to the beam DU 

1n the ra\io ~26 + 19) = l. 73. 
26 
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!hie Talue holde tor column :&T. Column C!' will be reduced ln 1ttffn.e91 

b7 19/26 = o. 73; an4 the eame holds for column J'IC. !he relatlw 

atU'tneasea are now as shown in Figure 5. 'fie distribution of shear la 

aeaumed. proportional to these ne" sUftnasees. tt'hwl: 

'AD = 9.7 [ 19 + 1k + j1 = 3.8 ll:ip1 and 

H1 = VDG -= (9. 7 + 5.4) [ 27 J = 5.6 ldp1. 
27 + 42 + 4j 

If the height of AD 1e ten feet. and height of DG 11 11 feet, the 

column momenta are, for example, 

Mm = (10/2)(3.8) = 19 foot k1p1, and 

Moo = (11)(5.6) = 61.6 toot klpa. 

'l'he IUll ot the column momenta ie applied to the beams, and the en.Ure 

deelgn 11 reTiewed on the basit ot allowable 1tree1e1 tor wind action. 

Rededgn me.y be neceeu.17 if wind ie a atgnificant fac'4>r. When 

thle 11 ccmpleted the frame ia in a better atate of approximation. and 

ie read3r tor a more precise anal)r1l1. 

Cometa.tion1 

Aloor beams, left sidel 

right side: 

center spans 

Root beam, left 114•• 

l!f. .:.. 120 :to s = 72 ~ 16 1'J' 45 
-~..:. 85 .,,.., ...:. 51-=+16 "' 36 n;-
Moment-rece1Tin«. t17 12 "1 for adeqaate 

1tlffnea1 aa per previoue di1cu1eton on 

moment-rece1Ting beams. 

~r .:. 45 ~ s .:.. 27 ~ 12 "' 27 

t1• ea.me d91>ih on right tide, aaller b 

center 
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Col'UllD. A.Pa A' lower etor1ee we han T rather than L. t.e. '• colUlldla 

per 'beam rather than one. For X (beam) = 2. total X (column) 

ehould be aiout 3. and therefore ee.ch X (column) :_ 1.50. Uainc 

& 16 1F 45 beam 71elda I: = l/L = 533/24 =::.: 24. 'l'he11 I (colVdl):: 

(24)(3/4) = lS. l'or cent~r eto17, I (column) .:.. (18)(12) = 216. 

lfor 'bottoJD dory. l'. (colWDll) ~ (18) (18) = 324. I: (root beam)• 

for 12 W1 27 = 204/24 .:.. 9. I'. ( colwan) lhou.ld 1>e about 

(l-1/J)(X b841D) .:.. 12. For top ·~~ry. l (ooluml) = (12)(12) = 144. 

The moat economical eeotion tor the bottom 1to17 colUllll eeema to 

be a 14 Wl. Both a 10 wr and a 12 Tl will produce the l requlnd 

in the second 8'017. but U 1a perhape queat 1onable to C!bs.D&tt 

the depth of the oolwma in ao low a buildiJl&. Anl'thin& ahallo ... r 

than a 14 n ueed tor the firat etoJ7 would. greatl7 1ncrea.ae \he 

total weight of the atructure, ao we will here aaaume 'ha\ the 

dif!icul t7 1A to ming the apl1ce ia not aa ooatl.7 aa the addition-

al night. To reduce spl1oin& 41.fflcultlea ae muoh at poaaible, 

select a 12 Yl1 tor the upper portion. 

Column DSs l3y a similar an.al,yaia. use the eame aet of valuee, 14 U 

for firet story, 12 W1 aooYe that. 

Interior colwnnaa Because the interior beama provide additional. atitt-

neae to the joints, tle interior column.a can be leaa at1ff thaa 

the exterior. :But column DS requires tlw lighteat of tbe 12 11 

eectione, eo tor column OR chooae a 10 Wll' for the upper two atorl• .. 

and a 12 WF below them. Column JQ. will be ot the 1ame aeriea ta 

eaoh etor,r aa column AP, but not quit• at atitt. 

!he total aelect1ona a.re shown 1n J'igure 6. In accord with the previoue 

di1CR1Hlon on pin ends t:ta bottom ator:r colwans should be et1tter, an.4 
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are now inoreased aa ahown 1n Figure 7. The eeleet101us tor EP, LQ.. 

and NS were. tn t&ct. controlled by limitixl«~ to 120. 

The colUl'.na bra now checked to determine whether they are laJ"ge 

eno\l&h to sustain full axit.l l~&d in addition to the estimated bend-

1l'l4r moment which e:dah at thie at-.ge. Lq, and 'MR are found to han 

1naut'f1c1ent atrencth, and ao muat be increased. ::S7 the preTioua 

diaouaa1on on columna, 8UCh an increase r.eoe11it&tea making KP and 

ltS stiffer. 'l'he atl.ftn•ea ot the coluan.1 hae bHD increased at bo\h 

end.a of aq ou beam. thua increasing the negative momenta in the 

respectin beama and negating the original obJect1v. of balanced. end 

and center momenta. !he design ae 1t atands 11 made indefensible, 

and requiree an increase in :atiffne11 of beams XL and 1am. At Joint 

1. for example, the stiffmse of beam MN should be about (2/3)(17+27)=29, 

which brpl1ea a 16 'lli' 45. The results a.re shown. in ftcure S. 

Points cf contratlexure are now estimated, 1ncreaain.: the appar-

ent stittnesa ot moment-rece1Ting baa.ma, dnce full uniform load 1a 

asaumed throui;hout. For beam GH, tor tDr?ple. " have the followbgs 

End Stitfneaa latlo m• n.• • ll q 

(Modified) G.d,Juat inter-

polation for unity 

OB 22 
22 + 2(26) ... l~ ... 14 -i!r 1/5 .19 .16 .20 .1, .65 

m 22 - - -- - 2/5 
Now hinges are aHumed at poinh ot contratleXlll'e. and the en.4 

and center moments are obtained. Mr, la ob\alud. 'by aaBWlling mt at a 

oantlleTer wt th uniform load plu• a concentrated. load P (the nactloa 
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ot qL) at 1ts end. Thu.a, for GH, 
IP IP L • 20 feet, w • J.JO ldpa/foot: ~ 

mL = (20)(.20): 4 0 ft .. ,1 ..., l .... ,.;':' ......... t w !) 
• I IV\Ly"llll!l"ll'~ :""""'rt 

nL = (20)(.15) ~ J.O ft, t ml .j. .. L •I• nl M• 

qL = (20)(.65) : 13.0 f\. _ L :1 
'l'hen P = (3.30)(13/2) = 21.5 klpt. 

!he maxiaum poe1t1ve moment 1• 2(qL)~ c. 69.S kip feet. 
8 

"I.. Jl(JIL) t w(mL) 2 • 112.4 lc1p feet. 
! 

Ma • :P(nL) + w{nt)2 • 79,4 kip feet. 
2 

'rhe reqU1red eeot1on modulus la (112.~4(12) • 56.2 W, and the eeo-

tton modulus provided. b7 a 16 wr 36 1a 56.3 W. 
Proceeding in thh ta1hion, 1t wa.1 found that all enter beama 

were apparently too strong, but they will be retained tor \heir eUft-

nea8 values ainoe \hey are 80 ahorl. Beam CD oan be reduced to a llm 

17.2 with a X ftlue of 7,4, 11h1ch la not dgnificantl.7 different froa 

the aeaumed X ot I. All other beame 1how a good tit, 80 that the 

points of contranexure need not be renaed, and we can proceed with 

the colwnne. 

'?he anal.7•1• of the columns will be exemplified b;r coneiderinc 

column DS. At D. M:oa 11 MDC b1 1tat101. Ae to B, there appean to be 

more redstance to rotation e.t N than at D, •o more moment will go to 

the lower aection than. to the upper, since thle effect increaae• tM 

apparent 1U!tzl••• ot the lower pal'\. A8aume dittributlon 1n the 

ratio 55145. At to 1. the column le plnae4 at lta baae, but •IDOJ'e tbaa 

ttnd• at R, ao the at1tf'n.e11es are adJut•d acoor41JlC17. 'l'alce \he 

etitfness of the pinned end column ae a baals. !hen the column with 
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owr-tbed end ta about twice u at1ft1 17 x 2 • 34. !he moma\e 

are dlatrllRlte4 according to these apparent 1tiftu1sea. 11Dal.17, 

w have& 

MD!t • ll])C = 30.S tt. Jd.p1 1 

»e - (0.45)(79.4) • 35.7 n. ldp1, 

llsl • (0.55)(79,4) - 43.7 "· Jd.p1, 

Mila • (34/61) (84.5) = 47 .o ft. kipa, an.4 

.._. , (27/61)(84.5) • 37.5 n. kip1. 

ProceecUnc 1n thb manner, and aolTlng for the coablucl etteo• 

ot axlal loading plua bending moment, the anticipated strength ot ••' 

of the Col'WllD8 aeema to be inllUfftaient. <II, for e2a.11ple, le appareat-

11 O'Yeratreeaed °b7 2l percent, 10 it will be UCJ"e&Hd to A 10 U 45, 
h.t thle will cauee an tncnaae 1n the negatln momnt at the let\ ell4 

of beam GB which le al.re~ ltn1aed ney olo1e to capaalt7 at that 

polat. Th91'8fore thb beam will be lnoreaHCl to a 16 YI 45. 1'1\h thi• 

increase in etlttneH, which wlll tend to reduce the end llOMJlt, oolUllll 

OM need not be lncrea1ed quite ao greatlJ, and the comprold. 1e le to un 

a 10 U 39. How HN 1eea1 to be onretreHed b7 11 Jwcent, 10 1' will 

be 1ncrea1ed to a 12 "' )1, etnae the tncreaae in beam OB will ao' re-

aow thla OYeretreae oompletel.7. 

MR will not be changed 1n ahe, ewn thouch it ehon an oftl'atr••• 

of nine percent; the increased. atlftneH of both <II an4 Bl aboul.4 alleri-

ate thl1 condltlon. 

Column IS, whlch 1• nidectl.7 atreaaed to onl.7 SJ pel'Cent eapaa1'7, 

oan be reduced in •lse 1mce HN ia to be 8'1tfer. Select a 14 11 43. 
!1- left it.de of the frame 11 treated in a abd.lar faahion, an4 the total 

nnlt• a• 4i1plqed in rtgu.re 9. 
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The frame wae a&ail'l an&l.ysed by eatlmatlnc polnta of eontrafle».. 

11.re. lt was fowt.d that columns IP, ~. and 115 a.re seem1nc1Y onrd_.. 

1lped, but if the,- are reduced tn atttfneH \heir aecond-ato17 con-

tinuatione will be overatre11ed 10 the7 w1ll be retained. Sin.ce 

m lwama Bl!f and. OM have some reeeM'e atrength, beams GR and MW, which are 

apparentl7 onrdeaigned. will each be reduoed to a 16 w:r 4o. Wtt.h thl H 

two alight mod1f1cat1ona the frame ia subjected to wind a:nal.J'•il. 

The re8Ulta ot this anal7ds indicated that column.a I.Q and. MR were 

o•eratreaeed, a• nre beam1 l:L and LV. All theee member1 are, therefore, 

increased to \he next weight ot the same depth. ao aa to maintain about 

the eame et1ftne1ee1. 

The 1ncreaaea in etU'f'neaa throuchout the coter and left bqa of 

the first eto1'7 are fairl,- proportional, and thus a.re acceptable tor 

cravit7 load conditiona, requirinc no turther mod1f1cat1ona on that 

account. SubJected to wind load anal.7•18 the frame of Figure 10 prond 

adeqU&te 1n all reapecta. 

The tentative freme ie now ready for a more precise anal.Tale. 

Moment d1etr1but1on 1e emplo7ed with apotted ll•e loads <••• 11.&ure 11), 

and tull dead load (eee J'1gu.re 12). 'l'he wind 1tresaea mq be computed 

in other 11'81'•• but they are hero determined b7 the method ot auoceealft 

oorreotiona (aee 11gurea 13 and 14), in the manner suggested by Dr. 

Grinter (14), wherein the initial tiled end momenta are 1.ncreaaad by ~. 

'fhe ttnal tabulation. of etree•ee indicated. tha' column COM and beam• BO. 

1G, and GB were too 1trong, wherea1 beam LM 1• overatreeeed br abou\ a~. 

A.ti pre•ioudy diacu&1ed. FG and BC will be retained tor their etittne1a 

ftluee. It GH 1e :reduced to a 16 W1 36, the moment in colU11111 mm will 
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inoreaee due to the change of relat1Ye etiftnea•••• However, there 

it suttlclent reaerve strength in the aolumn to permit e.n 1.narea• 

1n the bending moment at H, elnce the ma:dmwa JIOllent at prHent l1 

a\ I where the column ia etreeee4 to 98., percent. Beam GB will 

therefore be reduced. Oolumn COM appe&J'1 to be etresaed. to onl.7 84., 

peroent, and, oona1der1.ng the change ln beam OB, U w111 be reduoed 

one weigh\ llltlnc, that is, to a 10 I!' 33. Since the 1DaXlna llO!lft' 
1n beam DI le at L, this change wlll not help that beam, and it will 

be lncreaaed to a 12 WF 36. All other members an either stressed 

close to 100 peroent, or elae are each the beat a'ft.Uable choice. '1'be 

frame la now designed, and the final renlte are ahown ill 11«aH 15. 

!ample Computational 

Beam Mlfs 

Maximum gravity load moment 98.6 foot ldpa 

Maximum wind load moment 61.3 foot kip• 

s required = (98.6 + 61.,~j12) =- 6o.o w. a provided I; 64,4 w 
(24)(f. 

Column wsa 
Ma:dmma gravit7 load moment 28,l foot ldp1 

lkrlma wind. load moment 64.4 toot kip• 

Axial load 78.0 kips 

lor a 14 1'J' 43, 

L+Lc zs,o . + 
Ji.fa Sfb (12.65)(10.70)(1.)3) 

•• 431 + .552 

• .9s3. or 9s.3~ •tr•••· 

(28.l + 64.4)(12) 
(62.7)(24.0)(1.33) 
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L + L . zs.o , + us.1)(12) 
~. stb (12.65)(10.70) (62.7)(24.o) 

::s .575 T .22J 

= • 79S, or 79 .s~ atr•••· 
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PLAS'l'tO DESIGN 

Although there are eeTeral method• ot anal.7•1• within the frame-

work of the dmpl• pla•tio theory, there haTe been onl.7 two method• 

deTieecl tor de d.gn., a work-enera procedure and a method of moment 

dh\ribution. '!'he former 1e baaed on the propo•Uion (3) 11 In a 

atructure at oollapee, \he rate at which work 1• done b7 the erlernal 

load• le equal to the work abeorbed in deformation at the plaaUo 

hlnge111 , which, together w1 th the uee of aeTeral theor•1, will lead 

to a minimum weight aolution. Howenr, the •truo~e which contain• 

the least weight ot 1teel h not al"81'• tbl moat econoaical eince de-

eign and. fabrtoatinc coats must be conetdered, at timee at the espenee 

ot eteel econo117, a• has preTloual7 been 1tated. A m1n1JIUDI weight de-

•ign would nonethele1• proTide an excellent point ot departure. 

Although Boulton (5) baa extended the method of mltt-atoey frame1, 

it will not be used here •inc• moment-dlatrlbutton 11 a •impler and 

more familiar concept. 

The method ued herein 11 that deT11ed b;y Horne (3). E1Hnt1all.7 

U oondets ln distributing the momenta arhtng from the load aDd. apa.n 

ot each Mmber of a frame in 81JY •tatlcall7 a.c!miallble JMUmer wbateo-

ewr, with only the lengths and load• being preaarlbed. 'fbe upper and 

lower bound•, 1.e. the max1awa and minimwl momen' Ula\ each aember 

could be required to euataln, are determined. ••})61"at•lJ', and then a 

ahmltaneoua 4i1tribution 1• deTiaecl, eatbtyinc at lea1\ the lower 

bound for the full pla•Ua moment "P· 'l'heoretlcallf, an WW'- num-

ber ot eoluttone 11 po1slble. BoW8"f'er, ln practice due regard la paid 
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to the aftllable eectiona. and wherever poHible a aember ie gi:nn Ua 

tull plaatlc JDOllent. Some adJustment to this criterion is often necea-

sarr in order to minimite adjacent aectlona. 

'rhe ete.rtlng moments a.re determined on tbe baah ot local mechan-

lcma, 10 tbs.t tor a uniform load on a beam the end moment. equl the 

center moment, wJJ/16. 'rbe wind moment tn the colU11D.e h aetumed \o 

be equally diatrlbu.ted among all the columns, '!'be load w used in the 

starting moments le determined b7 multiplying the tru.e load by a load 

factor ot l.8S when wind is not operating. th1a factor le ob\alned 

by considering the ratio of yield etress to working atresa, 1.e. 

33120, and that ot the plastic section modulu1 to the elaatlc aectlon 

mocbllua, which ratio tor ride flange section• ia 1.14 on the &ft1"&&°9• 

The plastic section modulus 11 obtained by dividing the dlatance troa 

centroid to outermost t1ber into the atatio, or t1rst moment ot the 

aection,.[TdJ., aince the ctreaa in plasticity la aasumed oonatant 

through.cut the crosa•aect1on. So we ha•e the load. tactor of 8&1•'7 

ae ll (l.14) = 1.88. When wind i• open.tine n get (3/4)(1.88) = 1.41 
20 

aa the load factor. 

The most economical dedgn will obtain when eTeey member ha• a 

plutio moment at ••eey potential hinge, eo that aa llaJcy' potnta aa 

poaeible will be stressed to the maximum allowable. Thie 1Drpl1ee a 

masimum loading condition tor ever)' member. and a large number of local 

mecha.Almne. Evidentl7 we mu.!l!t have 11>.ll U:ve load throughout each 

member. Since tor the theoey of plaat1o design the principle of euper-

podtlon. la inadmisaable, we conclude that we mu.at appl7 the lull U.n 

and dead loads almultaneouel.7 to eve17 beam. In thie manner the following 
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b.Uial momenta are obtained: 

Mp• ft-kip• WITH WIND WI'l'HOU'? wnm 
wiJ/16 zl.41 zl.88 

il2~242~242 m 36.0 
16 

50.s 67.7 

~ 4 ·~2!82~ 82 = 17.2 24.J 32.3 
16 

'l·J2,202~202 ~ 82 ' 116.J 155.1 
16 • 

etc, the total gravity loads being aa before, one kip per toot tor root 

beams, 3 .30 lcipe per foot tor floor beams 1n the side baJ•• and 4.30 

kip• per foot tor noor beams in the center bay. 

Ad.equate lateral eu.pport 1e still assumed. 

Observing the prlfV1ously mentioned a•aumption regarding wind moJDent 

in the m lumne, since we have tau.r column• on each etol'J, the column 

momenta at the Joint1 will be PL(l.412. Then tor the top etorr, B 
v_ - c,.4)(12)(1.41) = l.!501 tor the middle ato17 -p 8 

lip = (12.62(12)(1.41) = 26.8: and tor the bottom ato17 
8 

»p ~ (21.6)(lg)(l.41) = l44.7, aince \here ta no moment at pinned ends. 
4 

The atgn convention uaed h positin momenta correspo~d to llOMD.ta 

aotlnc olockw11• on the member at the Joint, an! po11U,.,. momenta oorr••-

pond to tendon in the bottom fiber at the centers of beua. 

The method of dlatri"b!lltion of momen'• on a beam will be that ae 

etated by Borne (3). "Consider &1Q' beam AOB (Jlgure 17) 

to a eet of loade which would, if "".( j 1 (') j • 
jA Lh C the beam were dmpl.J npported, _: •1 L 

produce a bending moment M at the 11&\!l'e 17 - :S.adly Momente 
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center O. Then 1f the bending momenta at A. .B and 0 are denoted b1 

"•• Wit• and Mo respectinl.y. poli\iw aooord.in& to the accepted aip 

convention, then the condition of equilibrium b t.hat 

2M r -:.A+ ~ + 2W0 • It now MA• Mil• &Ad Ma are changed b7 the 

finite amout. 6MA• AM]s, and AMc reapect1Tel7, the applied load• re-

maSntng un.chanpd, • l1MA + A "B + 2 AM0 = o. 1ll plae\io moment di.-

tri lllUon 1 t. 1e conwnien.t t.o change 01117 t:wo bend.in& moment.• 111 a beu 

at the aame time. 'lhe permiesible changea are theretoret 

AMC • 1A"J W"dEN AM.t .. o, 
AMo ... + jAMA Wiii:Y AM): 0, and 

AMA = A MJ3 WREN AMc: o." 
The method of d1etribut1on of moments amonc the columna ie that 

uq arbitrar7 dietribution 10i4.tsoenr 1a permUt-4 that doea not Tto-

late the lawa of etatica concerning eummation ot bending momenta at 

ADI' Joint. and 11W11D&tion of horison.tal force• through azq ato17. 

To eatablish a mn.imum weight design, it ii first neceaaary to 

determine the minimum bending momenta that each member will be refl'1lre4 

to eusta1n. In the diatributlon of momenta throughout the entire frame, 

each member will be 1ubJeoted to at l•aat thla min.1.Jma. '!bua the ftn.al 

obJeottw will be to haye all momenta approach theae minlmal. Tal:a.ea 

from aboTe, thia being posaible by the utilisation of moment re41atr1-

but1on. 

lint. the minimwn momenta in the oolumna la established, allowing 

the beam• to tak• on such moinent value• at satiaf7 the lan of atatto1. 

without regard to liat\. Next.the minimum momenta ln the beam• are 

determined br requiring the momente in the oolumn.1 to eatablbh equ1U.-

br1ma, a&ain without regard to upper limit. There 1• now a minbram an4 



a N-Ztmnm for the bending moment on nery member. J'1nall.T, a com'bb.e4 

diatribution i• •de• with the objeotlw etated aboft. 

The first oomputat1on waa made to obtain aial.mwrl column• and 

maximum beama (11CUJ'• 18). Startin& with full wind momenta through-

out, all Jolntt were balanced into the tide beame. the momeat la 

theae beaJH wa1 'h•n reduced to the max1mwll without wind. and the cen-

tral Joint1 now balanced in.to the center beam. 

Next the minimum momenta in the be&JDa were eatablithed b7 per-

mi ttinc the columns to attain maximum moment (11gun 19). StariiDC 

with tull beam load.a without wind. the Joints were 'balanced t.nto the 

columne, due ooneid.eration being given to minilmm column momenta 

eetabl11he4 prrrioual7. In this 'lf8¥, the momenta ln JP, XQ, D, and 

NS were increased to at least 144.5 toot ld.p1. 

1lnallJ; a 1lmul.taneoue diltrlbntlon wa.e undertaken. (Jigwoe 20). 

fhe true maximwn 11 aaggin.g" momenta do not ocCUJ" at the center of thl 

beaa, but 1omewhere near U. 'fhe7 were detennine4 in the manner wg-

gested 'b7 Borne trom charts prepare4 b7 him (3), and are ahowa i1l 

parentheaia 1n 11gure 20. An ideal aolutton would ha"fe the ma:dlma 

•uggtn.g" Mment exactl.7 numeJ'lcall;r equal to an end moment at each 

beam; the rewlte ehown are eatiefactoey for engineering pvpot••· !he 

endeaTOr to aatiefy the two preceding criteria on upper alld lower ftl.u.ee 

tor bending moment failed 1n t"WO places, beam• JI. and LM. If an attempt 

la made to reduce theee momenta, it can onl.7 be done by lncrea11ng thoff 

of some column eectiona. and. poaeib17 certa.ln ot.her beam eectiona, la a 

manner eimllar to the reduction ot atittneea tor a gi"fen beam in. th• 

elastic detip.. 
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lt waa now noted that, tor \he 18 toot colma1. the oen\er two 

showed l••• than SO percent utilisation, 1l1 aoooZ'daDce wi\h the cle-

11gn prooedve 4eae.ribe4 below. !he moaent la theee oolane •• re-

41atr1bated to obtatn a more efflciet eolutloll, an4 a reduction la 

bnding ao•nt l• ob1ened 1n aeTeral other aember1 aa 41~ f.a 

Fi«V• 21. 

Once the moment la preaoribed, the required aeotton mo4ul.u on 

an e1aatlo baal1 le determined b7 the oonTeralon (negleottn« conaicl-

eratlon of uial load and shear) S = Mp(illOh pO!D4•) where Mp l• 
'ttyp 

the plaa\lo ao•n\, 1 ta the 1hape factor, and fn 11 the Ttelcl 

1tre1a. !!me S = (llp) (12) • ror example, member JG ha1 an Ms> of 
(1.14)(33) 

175.2 toot klpa, requiring a aectton aodulua of 56.0 tn3 1 10 that a 

16 v'36 ii Hleated with an I ot 56.3 w. h41catlnc that lt 11 

99.5 percent fl.ll.17 utlllse4. '!he required 1eotton aodulu• of the 

oolun.s 11 reThed to include the eftecta of the u1&l loacl acoort.-

lng to the reaommen4atlona of Beedle, Thul'U.-.u., and l:e"er (4). 

J'or example, oolWllll RN haa a plaetlo moment of 76.6 toot klpa u4 aa 

.u:tal. loa4 ot 43.0 kt.pa, lndlcatlnc a required I ot at lu.a\ 24.5 t.3. 

Tr71n& a 12 11'.r 27 • !.. = ?__ = 0.163, where P la the axial 10&4, A la 
P7 Alyp 

\be area of the Hctlon, tn la \be 7tel4 atre••• an4 f = 100, where 

L 11 the lencth ta inche• and I' lt the lea•' ra41u of oration. With 

these muabera, u• 11 ma48 ot 11pre 9.12 of Plaat1o Dellp ta Stru-

tural Steel (4) • and. !:!! • o. 72• !he tn.e Hotloa modulua nqv.trecl 11 
Mp 



thn !(bending) = .24.5 ::: 34.o 1n.3. '!'he section modulue proTided ts 
,,..,~ 0.72 

34.1, 10 a 12 lf'I' 27, with a ut111sat1on of 99.8 percent 11 accepted. 

All 1eotion1 were 1electe4 from the fifth edition of Steel Qo~struo-

.!.!2 (1). 

In 1ome ln.8'ance1 the full pla1t10 moment 11111t again be reduced. 

due to oona1derat10111 of lhea.r 1tre11, 111 a mnner 11m1lar to the pro-

ced.ure iim>l•in« axial load. Actually there lhould be some 1light re-

duot1on for all beam1, but within accepted limUe ot engineering ac-

curacy, ehear effect nee4 b• inTeatigated only for hea•117 loaded, 

abort, deep beama where length from !,UP'DOrt to intleotion point ~ 3. 
depth of beaa 

Sil1ce th1a criterion does not apJ>l.7 to arq beam of tiMt frame, and 

11.noe adeq'Gate lateral support baa been aeamaed, no ta.rther chack1 

are nece11&17. 



TABLE 1 

Pla8'lo De1ip 

Ml!MBD "it S(REQP) SICC'l'IOI S(PROYIDD) ' U'l'llalZID 

AB 67.7 21.6 12 B 22 25.3 86.2 

JO 48.J 15.4 12 I 16.5 17.5 u.o 
CD 47.0 15.0 12 B 16.5 17.5 s5.1 
u 223.5 71.3 16., 45 72.4 9s.1 

:ro i75.2 56.0 16 .,, 36 56.3 99.5 
GB 155.1 49.5 16 "36 56.3 ss.o 
n 293.7 93.6 18 WJ 55 98~2 95.3 
DI 227.0 72.4 16 'IJ 45 72.4 100.0 

Ml 155.1 49.5 16 WJ' 36 56.3 a.o 



Table 1 - Pla•tic De•tsn (Cont 14) 

MDCBD "P AXIAL LOAD S(:BENDINO) SECTIOJf S(P + "P) S(PROVIDID) ~UTILIZED 

il 122.0 12.0 J9.0 14 "' 34 
'&1 101.5 51.6 33.4 14 ,,, 34 45.6 48.5 94.2 
JP 95.0 91.2 JO.J 14 WJ' 43 46.o 62.7 73.4• 

is:r 94.6 16.o 30.2 

n 97.0 72.8 30.9 14 "' 38 1'9.1 54.6 90.0 

~ 183.0 129.6 58.4 14 " 61 92.s 92.2 100.6 
~ 

CG 39.5 14.o 12.6 

OM 85.4 64.2 27.2 14 u 34 43.9 118.5 90.7 
KR 187.0 114.4 59.7 14 .,,, 61 87.9 92.2 9,.4 

Ill 7s.5 10.0 25.0 

D 76.6 43.0 24.5 12 n 27 34.o J4.l 99.s 
•s llJ.O 76.0 36.1 14 w:r 43 6o.2 62.7 96.1 

... n lighter aectlon ha• J./r > 120, which b lnac!a1ea1ble. 
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lHISICAI. OOMPARISOK OJ' UIUL!f 

'!he final nnl. t1 ot both method• of 4edgn are dieplqed. 1n fl.g-

un 22. n l1 noted that talrl.7 oloa• apeement 1a ebown tn ml'.11' ot 

the be&ll8, the •Jor 41tterence1 occuring ln the llhol't center 'beaa8. 

Had theee 1&11e bea11111 been gi.Ten additional 1tittn.11 in the el&atlo 4e-

1lp1 the column •h•• would ha Te been remarkabl.7 1l•llar ln both oa1e1. 

It la apparent that the limit dedgn columns are alm1t all conliclerabl.7 

1tlfter than their oountel'p&J't1, IO that additional ttUtm11 h pro-

nde4 tbrou&hout the frame. 

An attempt was made to obtain a plaatlc 1olutlon identical to the 

elaatic. lhlle tucce11M ln edablilhlng bum 11aea, the cle11cn ahowed 

colwm dse1 fa%' ln uceea ot tha elutlo, and eo was 4hcarc!ad. 

Obvioull7 an almoe\ intlnlte Tal'let)' ot 10lution1 la po11lbl1 bJ' 

both methoc11. '!'here 11 a region of minimm weight tor ea.ah, and a good 

1olutlon will obtain approxtmatel7 a certaln toimace tor ali7 part1cnlar 

fraM. '?achau (28) ual.,.aed a two-1to17. 1iJl&).1-bq frame ot con1tant 

CJ'OH•1ection by both metboct•• and thowed \hat a reaJ'kable 1bd.lal'lt1' 

of bending moment pattern obtaiAed. ln our oa1e, the total weight ot the 

fraM 4eliped. b7 elastic •thod1 ii 6.~5 tons, while the pla1tlo d.ealp 

wl&btl 6.21 ton1, a dittereace ot l•H than 4 peroent. 
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ANALYTJC COWPAllISOB OJ' llESUL!S 

!he Mechaniu of Dealp, Theorz of 11.aatioitf 

Accol'd.lag to Van den Broek (31), there are onl.7 two theoriea tor 

the anal7de of 1n4etenlinate •tructuJ'••• the elaatic aurn and the 

elaatio enera theori••· All otbere are 4e:r1nd. troa theae, ln Uf7 

analyaia on the baste of a limiting atreaa withill the elaatto ranee. 

41me3a1ona are aa8Wlled tor the membera and the strea••• are compu.ted, 

being careM not to allow the atreH in &BT member to exceed the u.fe 

working 11tre11e. FuJ'thermore, the 4ea1gner mu.et also male• certain that 

the computed atre11ee generall.7 are not unrea1onabl.7 low. If one or 

the other of these conditions cannot be eat1et1ed, aome member (or 

membera) of the structure la changed and the anal7de repeated. 

'1'he 4edp preceding the anal.7aia h empll'loal, 1n~lnn,: a ca-

priciout1 choice of commercially aT&llable aectiona. 'l'he deeicner'• 

goal le to obtain a balance of etlttneeaea ln the network under oon-

aideratlon noh that the aboTe orlterla will prna11 under aome com-

bination of loading. The etitt:lleea of 8111' one member la not indepen-

dent ot 'he remainder of the atructure, at.nee. in !ta unal clefb.itioa. 

it 1e a measure of \he relatlTe moment which will be 4iatribute4 lato 

\hat member. !he atiffuaa 11U.at be conaidered, aot onl7 on a pometrio 

baaia, but alto ill light of the loa4 and the adJacent aembera (tor ex-

ample, the ehort center ~eaaa ot the aolTed problem). 

The minimal beam 11sea are approximated ft.rat b:y eftluatlng «J"&Tlt7 

load requ1J'eme11t1, and the col'UllD• a.re titted to them. Probable inter-

action then rellUlta ln adJuetmenta. Laatl7, the eftecta ot lateral 



force• produce min1"'*1 column shes. requiring turther rmsiona. We 

ha••• then, a procedure of empirical suoce1e1Te approrlaation1 which 

ha• been gnided by estimating points ot contraflemre. 1lnally, a tuta-

tiTe trame is selected. Thie being done, the relatiTe stitfnaa••• are 

eatabllahed, and the trame can be subjected to a rlgoroua ual7ah. 'l'he 

resulting pattern ot bendin« momenta 1s unique, aenea a• a check on 'h• 

4ea1gn, and, in tact, JD&1' require further rrrhiona. · If theae rendona 

are quite large, the entire deaign and analyeh process should be r-

peated.. 

!he Mechanism ot Dede, Simple Plastic 'l'heorz 

The aaeumptiona made tor dedgn under the dmple plaatio theory are 

quUe alllUar to '1M>ae o! the elaatic theory. !1mo9henko (29) phn.aea 

them aa • ••• durlDc pla1tlc1t7, •• n aHume (l) that oroaa section• ot the 

beam cbll'in& bending remain plane and normal to the denection cum, an4 

(2) that the lon«Uudinal tlbera ot the beam an ln '1le oondUion of ab-

ple ten•ion or compreesion and do not pr••• on one another laterall.7.• 

Baaed- on these aanmptlona, the Tariou1 theonma of plasUc deaign wre 

toned (He, tor example, (J), (4) and (12)). 'fheee poa\ula'•• renl'ed 

ln the weakeat-11nk concept dbcu•••d b;y J'reudenthal (lo) and John.eon 

(16). We conclude that the beat deeign 1• the one which exhibit. no 

one weakeat link or local mecha.J1iaa, but one which will oollapH b7 fail-

ure of all 1 t• component pa.rte a 1mul taneoual.7. 

'l'o th11 end it 1a necessary to establish a design wherein 9'99J'7 •m-
ber la Just capable ot w1th1tanding a marlnm load. 'l'h11 cannot be ao-

compl11hed with complete disregard ot the atrength of ad.Jacent member1, 
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aince the laws of statics are inviolate. 

Bending momenta are arb1traril7 ae1ign.ed ln the manner preT1oualJ' 

diecuesed, tixinc upper a.n.d lower limits on both the beams and tu 
columns. The two diatribut1ona are then made compatible, with a t1nal 

design which contains, it possible, at least one hin&e in every meaber. 

The validity ot the procedure h demonatrated by J'rewlenthal (10), who 

proves that it in a redunda.nt atructure a eet ot redundante can be H-

lected eo as to define a cond.1 tion ot the etNoture that would repneent 

the mobilisation by plaatlcit7 ot the poea1ble maximum of self-help, the 

etruotu.re rill actually tend to attain that condition. 

The final distribution ot momenta ia made compatible with member 

ahet, ao aelected a1 to have an "i> within the preacribed bo1m41. 

Column Design, Both Oaeea 

In both elastic and plastic analysis axial torcea are omitted t'J'om 

conaideration until after moment'• are dtetriwted. '!'hen the colwme are 

checked tor the effect of thehe foroea, and the cleelgn ia d.one ~in, it 

need be. Under the ela8'ic tht01'7. the strestH due to axial loada are 

measured by 'buckling atandard1, but •till haTe \he effect of reducinc 

the moment-car1'7ing capacit7 ot the colmm. In other words, 1n.tea4 

of coneidering the moment a1 reducing the crUica.l wcltl1:ng load, we 

could Juet a1 nll atate that •.n arlal force reduce• the aoment capao1t7 

ot a member (23). Simllaril.J', design atandarde under the plaetlo theol'J' 

provide that the plastic moment capac1t7 ahall be reduced un4er an 

axial load according to the fol"llllla glTen b7 Baker et al (J). 



Allowable Str••••• 

In the Uni'ed State• the method of dealgn in the plaatto theo17 

baa been find up eo ae to produce an allo•ble 1treat of 20 ka1. 

Thu.a {form taotor)(rteld atreaa) = (l.14)(33) r 20. Since tor ab ... 
load ~actor 1.88 

with uniform load tix8d at both enda the plastic moment h Mp= wl1-/16. 

the required eectlon modulus becomea Ip = wl,2(12) • 
(16)(20) 

ror deligna predicated on elaatic behanor, while the allowable 

atrea• tor poaU1Te bending remain• at 20 kti, tor necatin bending 1' 

it 24 kd. 'l'hen,tor an ancaatre beam with uniform load the negative 

and moment h »1 "' wL2/12, and the :required HCUon modulus la 

S. = wt2(12) • 
(12)(24) 

Comparteon reTeala that the ratio Bp/8s-= 0.90, indioatinc '1lat 

the required .. cuon moclulua for the former h ten percent leH Ulan 

that of the latter. Since there la a Tariation of approzimatel7 teu 

percent between UT two night l18'1nga in bold-taoe print in the 

Section li:cono~ Table (1), there ehould be •err lUUe difference 1D 

the final deelgna b;y the two method.a. In tact, if 1n the eladio deaip 

the at1ffnel8ea han been proportioned to achien the result 1l = + M, 

. the required eecUon modulus will be ~ = wt2(12) , which 1e 14ellt1cal 

to Sp• • (16)(20) 

In all ot the abo•e pure bendin« 11 aa8Wlled, w1 th adequate lateral 

ISUppol't. 
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Co!IJ)!l'laon ot Mechaniua of Deate 

A cona1dera,1on of rotatlona and deneottona would lead to, per-

hap1, a work-energ aolutlon. laohanow (lS) prond that regardl••• 

of whether the material i• perf ectl7 elaattc, perf ectl.7 plaetlo, or 

atraln hardening, for deformation• 11\lch a• 181' ocC\lJ' 1n bodiea of \h11 

kln4, we aq &HWle that the increase ln lntenal energy equal.a the 

work of deformation. Such an anal.7•la ta thu.a Tal.14 in both oaae1. 

In elaatlcity we would ha.Ye aome aol"\ ot tn11111&t1on of tuactlona 

t.nvolrlng loa41, lngtha, and II (13), wherea1 in pla1t1c1t1' the 111-

ternal energy le dependent on the static moment due to the con1tant 

etreea over the croa• aectton. But the ditterence between the flret 

and second moment• integrated oYer the croas sectional area hae been 

accounted tor 1.n the modus operandi tor determinlzag required at.see 

once the bending momenta are preecribed. 'rhua a&atn we 1hou14 get 

identical retnll.ta. 

!he method of aacertaininc momenta ez:iplo794 in the problem pre-

aented herein 1• badcally similar in both caaea. In the 11m1t dedp 

the moment waa 41etr1buted aocord.ing to plaetic bebaYior. A aafet7 

factor was then employed, reducing the plastic momenta ao as to enwre 

elastic beha'Yior. An empirical d1atr1b\\t1on ot momenta is perml••lble, 

tor, according to N. C. lht (18), every assumption of etat1cal11' ln-

determinate valuea 11 correct if the d.1mendona ot the •tl'Uctul'e are 

de aiped accordin&l.7. U 1 a o brlous that the aboYe proceae b rever-

•1ble, and we can go from a giYen moment of inertia 'o an elastic 

bending moment, to a plastic moment. The concludon iB that caprlcioua 



choice ot atlftneeaee for a given frame le identical to arb1tra17 

dlatribution of plaatio momenta, provided that, tor the· latter, the 

lawa of etatic1 are not violated. 

By Ua nature and mathematical baaia, the min1mwn-we1ght dedgn 

procedure ot the e1mple plastic theo?'J' IJU8 t lead to an economical 

eolution. That wch a eolution h aleo evolTed from Horne• 1 method 

ta apparent when coneideration 1e given to the basic theorems of llmit 

delign prev1omly cited. The upper and lower bound theorems lead to 

the uniqueneH theorem, thue defining the collapee load. Since the 

dea1gn load it given ae a marlmum oond.1Uon 1n1Uall)t, n are in th1e 

ftB¥ defining the platUc moment b;y Horne•• method, and therefore, b7 

uee of appropriate factors, the minimwn aeotions required to 8U8t&1n 

the g1Ten load. Should ~ member exceed the minilnul Hotton 4eter-

a1necl by the bOWLda, ae tor example, member JI., or it a member be 

purpoaely overdeat&ned for architectural or other reason1, there la 

no need tor renew because of the corollary to the upper bound theorem 

which state• that extra 8'rength cannot weaken a structure (aee, for 

e:rample, (3), (10), and (17)). 

Freudenthal (8). Neal (20), and others have pointed out that th1 • 

corolla17 ie not applicable under Hooke1 e law. since increasing the 

atiffneea of some one member ot a redundant frame might increase the 

etrea• in another member which ia alreac!7 atrea1ed. to the proportional 

(or allowable) 11.ait, thus theoretically precipitating ta1lure and 

violating the J"Ul.ea ot design under the governing criteria of elaati-

city. 'l'h11 i1 undoubtedly one of the difficulties encountered lD 

elaetio design, but the greatest etumbling block 18 the de11gner11 



lack ot perspicacity, intelli&ence, experlace, or. perhap• U lligh\ 

be termed.1ntuit1'ftt inelght. 

The rapidity of the con-vergence of &Ill' method of succe1el"Ye ap-

prorlmatione depends upon intelligent cu.ee•work, both for the initial 

•aluea and for their refinements. The method UHd herein proclucea an 

excellent tirat trial, with sizes ulUal.17 quite cloee to the final 

eelectlone. ObTioualy, 1 t h poedble to produce e%&Ctl.y th9 ultimate 

dedgn at the tint attempt, but euch a fortu1tou1 oircuutance h 

not co11UDOnplace, mainly being the result of chance. It 1• equa.117 

apparent that the elastic interaction of all ot the member1 of a 

frame h quite complex, and 10, perhaps, 1\ la be70nd the aoope of 

the huMn mind to predict abaolutely and exac\17 the retl\ll Ung 

1trease1 tor a gi•en selection of member1 without re10r\ing to 

laborious compntaUona. Therefore the deeigner la not quite 8111'9 

of hta prelimina.?'7 eaU.matea, and ae pre"Tioual.7 atated, mat Terlf)' 

the true atate of atresa dbtribu\ion, which proceae MT rem.lt h 

reTiaiona of the deeign. 



OONOLUSION 

For 8.ff¥ given indeterminate frame to be built of prismatic eteel 

membere, eolutions b1 elastic and by plastic design muat yield qu.lte 

dmilar resul.te. 

In ela1ttc design we are dealin& with the probabiltt7 of cauaa1 

relat1onah1pe eYOlved from eelecttone of valuee within a relat1vel7 

large finite set of available sections, 1.e •• momenta of inertia. 

The perfect balance of stittnee1e1 which resulte in the greatest 

etfloien07 and econoJ!G' ta well-nl&h brpo1aible to achien on the 

first attempt, but tt ls the ultimate goal. In plastic de1ign ,,. 

note what bendin« moments would result if it were a fait accomplt. 

!heae bending momenta are susceptible to direct computation, as 

demonstrated in the problem, and lead immediatel.7 to an economic 

1olution. 

J'rom te1t retnllh (2) we can only conclude, howeTer, that Hooke•• 

law and the theory ot limit delign are both a1mpllflcat1one of a wry 

intricate reality. 
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The author is deepl7 indebted to Professor John J'. Poulton 

of the Vi?'g1n1a Polytechnic Institute, whose patience and eriti• 

e18JD made po1alble what worth there i• 1n thi• theeie. 
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