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(ABSTRACT)

The method of singular perturbations is applied to the
determination of the optimal range-fuel-time trajectory for
an air-breathing missile. This method is shown to lead to
the reduced-order "cruise-dash" model, and this model is used
in the optimization study. Earlier work in this area is ex-
tended by the inclusion of two not heretofore considered
limits on the dynamical system.

The results of the earlier work are shown to hold
throughout much of the velocity regime in which the missile
operates, but operation in the very high and very low veloc-
ity ranges is shown to be sharply curtailed, with the optimal
operating points being changed drastically in some cases.
Also, the effect of the non-zero minimum admissible throttle
setting and the resultant throttle-chattering on the solution

of the control problem is examined in some detail.
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NOMENCLATURE

ENGLISH SYMBOLS

CN ............ Normal force coefficient
CX ............ Axial force coefficient
D ... .. ... Drag

E ... ... . ... Energy-height

L S Acceleration due to gravity
H ... .. Hamiltonian

h .. L. Altitude

J e Performance index

Lift

) Mach number

Q i Fuel-flow rate

R ... Range

T (i Thrust

t oL Time

V oo, Velocity

W oo Weight
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GREEK SYMBOLS

.......

...........

SUPERSCRIPTS

.............

.............

SUBSCRIPTS

............

Angle-of-attack

Inequality constraint
Flight-path angle
Interpolation parameters
Throttle-setting

Costate variable

Weight in performance index

End condition

Time derivative
Optimal

Specified

Chattering, circular orbit
Equilibrium

Engine-out

terrain
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CHAPTER 1: INTRODUCTION

Advanced missile technology, featuring throttleable air-
breathing engines, offers the possibility of long-range in-
tercept of incoming threats. The task of making efficient
use of the throttle capability presents a challenging problem
to both the flight control designer and the combat-systems
analyst. The additional flexibility provided by the throttle
allows for a trade-off of range against velocity. In gen-
eral, one expects that reducing the velocity will result in
an increase in the achievablevrange.

This flexibility naturally leads to the idea of tailoring
the flight speed to the actual situation in the combat scene.
The fire-control logic should take into account the missile's
range/velocity capability and balance it against the current
target information in selecting the appropriate average speed
for the mission. The selection would then be supplied to the
missile, perhaps as part of the pre-launch initialization.

In principle, of course, the information could be trans-
mitted to the missile in flight. Indeed, the fire-control
system may wish to update the choice of velocity as further
target information becomes available. Whatever the details
of the fire-control procedure, it is clear that a basic re-

quirement is a good estimate of the range/speed capability



of the missile, along with a missile controller capable of
implementing any of the range/speed combinations selected.

Given these requirements 1t seems natural to seek the
maximum range for a given average speed. If this can be de-
termined, and the the flight-control to achieve it charac-
terized, the missile can be employed in an optimal fashion.
A system with these capabilities would be able to achieve
intercepts beyond the abilities of other systems.

This thesis summarizes the results of a preliminary study
of optimal time-fuel-range flight for an airbreathing mis-
sile. The next chapter presents the problem formulation. The
dynamical model is presented, as are the constraints upon the
system. The concept of reduced-order modeling is introduced
and applied to the problem at hand.

Chapter Three presents the solution procedure and de-
scribes the construction of the numerical procedure used in
the study. Results are discussed gqualitatively in Chapter
Four. In particular, the effects of limits on the throt-
tle-setting and on the flight envelope are treated. Also
discussed are the results of the non-zero minimum throttle-
setting, which leads to the phenomenon of "chattering" to
achieve effective settings below this minimum. Finally, the
conclusions of the study are presented in Chapter Five, along

with some recommendations for further work.



CHAPTER 2: PROBLEM FORMULATION AND ORDER REDUCTION

In this chapter the cruise-dash problem is defined in the
form of standard optimization practice [1, 2]. First a per-
formance index is chosen. The dynamical system is then de-
scribed, along with the constraints on it. Finally, the

- order-reduction technique is introduced and applied.

PERFORMANCE INDEX

As mentioned in the preceding chapter, the purpose of this
study is to characterize the trade-off of velocity and range
that is possible with a variable throttle. This in itself
does not well define the performance index to be considered.
There are in general several ways in which the cost function
might be specified [3].

One approach might be to attempt the minimization of a
weighted sum of time and fuel required to achieve a specified
range. In this case the cost function would be written

J = Wo(t

Hpte * Mg £)

where Hep and Wp are specified (positive) weights, t_. is the

£

final time, and WF is fuel consumed. The end conditions

would include

b = R(t



where ﬁf is the desired range at tf. By varying the values
of Hep and Hp one could alter the relative importance of time
and fuel economy. With uT/uF large, the final time is the
dominant factor and the average speed will (presumably) be
large. With uT/uF small, the fuel economy will be stressed
and the velocity would be expected to be somewhat lower.
Alternatively, one could define a cost function
J = upte - WRR(%y)
with one of the end conditions being
v o= Wp(te) = Wge =0
Here, the weights Hep and Mg define a trade-off between time
and range for a specified amount of fuel used.
Finally, the cost function could be defined
J = -R(tf)
with end-conditions including
vy = Wp(tg) = Wge =0
- (Vxtg) =0

Il

v, = R(t

£)
Using this formulation the objective 1is to maximize range
while using a specified amount of fuel (WFf) and attaining a
specified average speed (V).

Intuitively, it would be expected that these formulations
are identical. That is to say, that combinations of weights
could be found in each case that would duplicate the results

found by using each of the other cost functions. This is in

fact not the case. It is shown in Ref. 3 that the problems



are similar but not identical. For a more complete dis-
cussion, the reader is referred to [3].
For this study, the cost function chosen is of the second
type. Thus, the problem is to minimize the quantity
J = ugte - MRR(%y)

while using a specified amount of fuel.

SYSTEM DYNAMICS

To study the best-range problem one needs a dynamical mo-
del of the missile. For the purposes of trajectory opti-
mization, a point-mass model is sufficient [4]. The
full-order model (prior to the order-reduction discussed be-
low) used in this study is such a model, based on Newtonian
mechanics. Rigid-body motions are ignored, as are any
structural vibrations.

The model used allows only for planar flight, without
crossrange components of velocity or acceleration. The
three-dimensional model results in a more complex problem,

and has not been considered here. The basic equations of the

model used are

h

= Vsin¥
. 2
¥ = g E - 11 - (—V—> cos¥
VIW VC (1)
E= (T - D)V/W
R = Vcos¥
W = Q 5



where the state variables are the altitude h, the flight-path
angle ¥, the specific energy E (discussed in the Order Re-
duction section below), the distance covered R, and the
weight of fuel consumed WF' Here V is the vehicle velocity,
L and D are the standard aerodynamic forces lift and drag,
respectively, T 1is thrust, and Q denotes fuel-flow rate.
Also included is the centrifugal-relief term (V/VC), where
Vc is the (constant) circular orbit speed at one Earth ra-
dius. The constant g is the acceleration due to gravity.

To complete the description it is necessary to specify the
functional dependence of the aerodynamic forces L and D and
the propulsive characteristics T and Q. While full details
are left to Appendix A, it 1is noted that the model assumes
that L and D are functions of V, h, and the vehicle angle-
of-attack a, while T and Q are functions of V, h, and the
throttle-setting 7.

In addition to the missile dynamical equations, the system
is subject to a set of inequality constraints. These might
typically include limits due to terrain, dynamic pressure,
propulsive limits, structural load limitations, and/or aero-
dynamic limitations. For this problem, there were four such

limits considered:



Bl = (h - hT) > 0 (terrain limit)
82 = (amax -a) 20 (aerodynamic limit)
(2)
By = (h - h(M)) 2 O (Mach-altitude limit)
54 = (nmax(h,M) - n) 20 (propulsive limit)

The aerodynamic limit in this problem is expressed as a
maximum allowable angle-of-attack, constant over Mach number
and altitude. This limit prevents choosing an optimal tra-
jectory that is beyond the capabilities of the vehicle. In
numerical simulation, it has the added wvirtue of preventing
the data tables based upon angle-of-attack from being ex-
ceeded. In many cases, the aerodynamic limit is expressed
as an upper limit on the value of lift coefficient [5]. This
has the same result.

The Mach-altitude limit may reflect any or all of the se-
veral considerations which can be expressed as a function of
h and M. For example, a limit on the maximum allowable dy-
namic pressure can be written in this way. Also, limits on
the maximum stagnation pressure and stagnation temperature
may be expressed by such a function. In this problem, the
Mach-altitude 1limit 1is expressed as a specified tabular
function, which may include any number of these.

The last constraint is due to the limit on heat addition
to an airstream. As heat is added to a supersonic flow, such
as in the combustion chamber of the engine, the Mach number
goes down. After a certain amount of heat has been added,

the flow has reached a Mach number of one, and further heat



addition will result in unsteady flow, with internal shocks
generated [12]. Such a flow is referred to as choked, and
for this reason 54 is referred to as a thermal-choke limit.

In this case, the airflow involved is the flow in the en-
gine combustion chamber, and the heat is added through the
burning of fuel. The prediction of the amount of fuel that
could be added before choking the flow would involve the en-
gine geometry, the external conditions (Mach number, temper-
ature, etc.), the combustion efficiency, and several other
factors. This was not done in the present study; rather, a
table of maximum throttle-setting (nmax) values as a function
of h and M was used. This table was interpolated using a
cubic spline-lattice approximation.

In this study, two casés were considered. In the first,
referred to as the unconstrainéd case, the Mach-altitude and
thermal-choke 1limits were not taken into account. These
limits were considered in the constrained case. The terrain
limit and the maximum angle-of-attack limit were always con-
sidered. The methods used to calculate these four limits are

described in Appendix A.

ORDER REDUCTION

The classical approach at this point in the solution pro-
cess would be to construct the pseudo-Hamiltonian, with its

Lagrange multipliers [1]. From this the Euler equations



would be derived, and the resulting tenth-order system solved
as a two-point boundary-value problem. This approach is
conceptually straight-forward, but in the application en-
counters certain difficulties. Foremost among these is the
computational instability of the system [4, S].

To overcome this difficulty, the concept of reduced-order
modeling is often introduced. 1In this approach the original
problem is broken down into two or more lower-order problems
on different time-scales. This is based on the observation
[6] that certain variables in the equations of motion change
much faster than others.

Reduced-order models ignore the dynamics of the changes
of these "fast" variables, making them much simpler and com-
putationally much more tractable. The results obtained by
such a model are, of course, approximate, and are called re-
duced-order solutions. If the fast dynamics of the system
have only a minor effect on the behavior, the reduced-order
solution will closely follow the exact solution, except in
the neighborhood of the end-points [5, 8, 9], or at "turning
points" in the trajectory [11].

It is for this reason that the energy-height E is used as
a state variable rather than the more familiar velocity V.
This method of modeling the system in trajectory analysis has
been in use for some time [3 - 9]. The major reason for using
E in these applications is the time scale in which it moves.

One may think of it as an "intermediate" variable, while h



and ¥ are "fast" and R and W, are "slow". That is to say that

h and ¥ change much faster than E, while R and WF change much
more slowly.

This observation leads to the use of singular-perturbation
theory in trajectory analysis [3, 5, 8, 9]. This approach
was first used by Kelley [8], and this analysis will closely
follow his methodology.

The first step in the reduction method is the recasting
of the dynamical system, adding interpolation parameters.

The system (1) so recast is

£?h Vsin¥

. 2
£2% s _._L_._ -11 - <-Y-> cos¥
Y (WO - eWF)

c

g = (T - D)V (3)

(wO - st)
R = Vcos¥
wF =Q
Note that weight has been defined by W = wo - sWF, where

wo is the initial weight of the missile. Here ¢ is an in-
terpolation parameter as mentioned above. When ¢ = 1, the
equation becomes the standard W = WO - WF. However, as & -

0O, the influence of WF decreases, and in the limit the weight
becomes constant.

This is precisely the manner in which ¢! and £? are used.
These are interpolation parameters, with the defined property
that ¢? approaches zero much faster than does el This re-
flects the time-scale classification of the state variables.

10



The altitude h and flight-path angle ¥ occupy the fastest
scale, the specific energy the next-fastest, and range and
WF the slowest.

In the application of the singular perturbation technique,
these interpolation parameters are allowed to approach zero.
As t£? approaches zero the first two equations in (3) become
equality constraints, requiring that ¥ equal zero and 1lift
equal weight. This is known as the energy-state approxi-
mation [5]. As &! also becomes zero, the third equation also
forms an equality constraint, requiring that thrust equal
drag in level flight. This form of the model is known as the
cruise-dash approximation, and this is the formulation used
in this study. [Note: The statement that lift equal weight
is not c9mpletely accurate. The constraint is actually that
lift equal the weight as modified by the centrifugal-relief
term. This modification is very small, and may generally be
ignored. For the remainder of this discussion, it will be
understood that the vehicle weight includes this small term. ]

Note that in this formulation, the velocity V is thought
of as a quantity defined in terms of the altitude and ener-
gy-height as

V = [2g(E - h)]Y/2,
This establishes h, E, and V as a trio of interdependent
variables, with the third defined by the other two.

Though the order-reduction technique takes the derivatives

of the altitude and specific energy as negligible, this 1is

11



not to imply that they are constants. Rather, they are con-
sidered as "control-like", which is to say that they are
chosen by the analyst and can change instantaneously in the
reduced-order model. (Note that while ¥ is in the "fast"
time-scale, it is zero in the reduced-order model.)
To summarize, the problem being attacked, after order-re-
duction to the cruise-dash model, has taken the form:
Minimize the weighted sum of time-of-flight minus dis-
tance covered
J = upte - ugR(ty) (4)
while using a specified amount of fuel WFf’ for the system
R=vV
(3)
W =0
subject to the constraints
L =W

(6)
T =D

while remaining within the boundaries defined by the ine-

quality constraints (2).

12



CHAPTER 3: SOLUTION PROCEDURE

In this chapter the problem as formulated in Chapter 2 is
approached from a variational standpoint. The necessary
conditions for an optimal solution are considered, and the

computational approach is discussed.

NECESSARY CONDITIONS

In the cruise-dash formulation, the problem is to find the
controls to take the system from an initial point to an un-
specified final point at an unspecified final time in such a
mannner as to minimize the performance index (4). Recall
that of the trio of variables h, E, and V, any two can be
thought of as the control wvariables, with the third specified
by the values of those two. In this discussion, the vari-
ables h and V will be used.

To solve the problem as stated, one first forms the vari-
ational Hamiltonian:

H = XRV + XFQ
Since the state variables R and W_ do not appear in the Ham-

F

iltonian, the Euler-Lagrange equations imply that X, and XF

R
are constant in time. Also, as time does not appear explic-
itly in the Hamiltonian, it is constant in time [1].

The terminal transversality condition [1] requires that

13



_ 3J
LT e T R
jli £
for all x. unspecified at t

3J B
(at * H>t=tf = 0.

In this problem, the range R is unspecified at tf, while the

final weight of fuel consumed is specified. Therefore the

£ and that

transversality condition becomes
‘r T THR
and
H = -uT
From these conditions, a bit of algebra shows that the (con-

stant) multiplier XF can be solved for:

Ap = [ugV(te) - upl/Q(te) -

The Minimum Principle [1] requires that the optimal sol-
ution minimize the Hamiltonian. Thus the control problem can
be thought of as seeking the point on the h, V plane which
minimizes H.

It should bé noted that a mathematically rigorous deriva-
tion of these conditions would involve the Hamiltonian of the
original system with interpolation parameters. That the ap-

proach used here is equivalent is shown in Kelley [8].
COMPUTATIONAL PROCEDURE

Inserting the functional dependence of Q into the results
of the preceding section, one can define the quantity

H = A Q(n,h,V) + V.

14



The objective now becomes to find a point within the flight
envelope as defined by the constraints (2) which minimizes
this quantity, subject to the constraints of steady, level
flight (6).

As stated, this is apparently not a particularly
straight-forward problem. However, recalling the functional
dependencies of the various aerodynamic and propulsive quan-
tities as stated in Chapter 2 and utilizing the restrictions
(6), a more workable problem can be constructed.

For a given h,V pair, the angle-of-attack is found for
which L(h,V,a) = W, in keeping with the lift-equal-weight
constraint. This then defines the drag D(h,V,a). From this
information, one proceeds to solve T(h,V,n) = D for the
throttle-setting 1. This is all the info?mation needed to
define Q(n,h,V). In this way, the fuel flow Q may be thought
of as a function of h and V, and so in turn may H.

To continue with the analysis, note that the second term
in H depends only upon V. Since

ET? H(h,V) = mén[m;n

this leads to the idea of minimizing the fuel-flow over ad-

H(V,h)]

missible altitudes for fixed V. Thus, define

*
Q (V)

"I [9(n,h, V)]

and
* *
H (V) = XFQ (V) + XRV.

Now, the problem can be restated as seeking the velocity V

*
that minimizes H

15



*
NUMERICAL EVALUATION OF Q (V)

The function Q*(V) is evaluated by performing a one-di-
mensional minimization over altitude for given velocity. The
velocity is held fixed for each individual minimization. The
computation of Q* for the particular velocity is a conceptu-
ally straight-forward procedure, although the actual process
is somewhat intricate.

The procedure used assumes that there is a single interval
of altitudes to be examined in the minimization for each
fixed velocity. To ensure this, it is necessary to show that
the inequality constraints (2) define such an interval for
each velocity in the range of interest. One way to do this
is to show that each constraint results in a single semi-in-
finite interval, bounded either above or below but not both.

In the case of Bl, the terrain limit, this property is
obvious, as hT is constant for all V. In the case of the
maximum angle-of-attack limit (52), it is assumed that the
angle-of-attack required to maintain straight and level
flight at a fixed velocity increases with altitude. Under
this assumption, BZ also has the requisite property. These
two limits give the lower and upper bounds on the interval
to be examined when the Mach-altitude 1limit (53) and the

thermal-choke limit (54) are not considered.

16



When these two further limits are considered, the first
two are still taken into account. However, the interval they
define may be further reduced by 63 and 64.

The Mach-altitude limit provides some difficulty because
it is expressed as minimum altitude with Mach number as the
independent variable. M is not one of the state variables,
and 1is dependent upon altitude. Thus there is no certainty
that the limit is indeed a well-defined function in terms of
velocity.

Since M is a function only of h and V, any point (h,M)
satisfying h = H(M) can be expressed as a point (h,V).
However, due to the variation of speed of sound over alti-
tude, a function h(M) may in fact not define an "equivalent"
function‘EYV). For some values of V, there may be multiple
values of h for which the (h,V) point corresponds to an (h,M)
point satisfying h = K(M). This possibility must be taken
into account in the computational procedure, either by show-
ing that there is a unique solution (h,V) for all V in the
range of 1interest, or by checking for multiple solutions
during the computations.

As mentioned above, the Mach-altitude limit in this prob-
lem is expressed as a tabular function. The function was fit
by a cubic spline, and a continuous representation achieved.
This representation was then mapped into the h,V plane and
shown to be a well-defined function. Thus it was possible

to express the limit as a simple function of airspeed. Had

17



this not been the case, it would have been necessary to allow
for multiple subintervals within the interval defined by Bl
and Bz.

As with the Mach-altitude limit, the thermal-choke limit
is supplied as a function of altitude and Mach number. In
this case, both of these are independent variables, however,
and as every point (h,M) has a unique representation in the
h,V plane, the function nmax(h,M) is also a well-defined
function in h and V, and can be used in this formulation
without trouble.

The range of altitudes to be examined having been deter-
mined, the procedure performs the minimization using a grid-
search algorithm. The altitude range is scanned using a
specified step size and the value of Q at each point calcu-
lated. The region surrounding the point producing the lowest
such value found is then examined, using a reduced step size.
When the interval containing the minimum has been so reduced
a specified number of times, an IMSL routine [13] is used to
find the precise minimum within that interval.

As mentioned in the preceding section, for a fixed V,
specifying h is enough to define the angle-of-attack, uti-
lizing the requirement that 1lift equals (the known) weight.
The upper limit on altitude guarantees that such an angle-
of-attack can be found that satisfies the aerodynamic limit.
From this angle-of-attack and the values of h énd V the drag

is calculated as described in Appendix A.
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The knowledge of the drag value, coupled with the know-
ledge of h and V, is sufficient to allow "solving" for the
fuel-flow rate at that h,V point. For brevity, the actual
equations are left to Appendix A. Only the method will be
described here.

The stoichiometric fuel-flow rate Qs is defined fully by
the values of h and V, and the actual fuel-flow rate Q(h,V)
is the product of this value and the throttle-setting n. The
value of n 1is then either an equilibrium setting (denoted
ne), at which T(h,V,n) = D, or it is a chattering setting
(denoted nc), which will be discussed below. As QS is fixed
by the h,V point, and the objective is to minimize Q, the
lowest possible value of n is desired.

At a specified h,V point, the thrust is modeled as a cubic
function of n. As the drag has no dependence on n, this al-
lows the the equilibrium throttle-setting to be solved ‘for
by solving the "T - D cubic," the equation T(n) - D = 0. If
a setting can be found to satisfy this equation, this value
is assigned to N+ Because the thrust is modeled as a cubic,
it is theoretically possible that as many as three values may
be found to satisfy the equation. In such a case, the lowest
value would be used as Ng-

The candidate values for Mg must lie within the admissible
range, which is constrained on both the lower and upper ends.
The upper limit is the lowest of the nominal limit unity, the

limit due to the maximum fuel-flow rate (described in Appen-
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dix A), and the thermal-choke limit in the constrained case.
The lower limit is a non-zero minimum value n°, below which
the engine will not function. This value is constant for all
h and V. This does not enter into the system of inequality
constraints (2) because the calculated throttle-setting may
be a chattering setting below this wvalue.

"Chattering" comes from the idea of time-sharing between
two settings to achieve an average performance between the
two [10]. In the case of throttle-setting, this refers to
flying for some time at a setting for which thrust exceeds
drag, and for some time at a lower value. There is nothing
in the model to prevent the shifting between the two settings
from being instantaneous, and therefore it is mathematically
possible to achieve a constant average setting between the
two points by "chattering;" i.e., switching at infinite rate
between them. It is this constant average setting which is
referred to as the chattering setting.

Consider the situation as shown in Figure 1. The figure
shows the T - D curve plotted against n. The curve 1is en-
tirely above the n axis, meaning that there is no equilibrium
throttle-setting. However, it is possible to calculate a
chattering setting Ne that will have the effect of an equi-
librium setting.

As the entirety of the T - D curve is above the n axis,
any point on the curve could be used as the upper chatter

point. The average setting 1is found simply by drawing the

20



line from the upper point to the point (O, -Deo), where Deo

is the engine-out drag. Where this line crosses the n axis
is the .-

As the desire is to find the minimum fuel-flow, it is ne-
cessary to find the minimum e It is clear from the figure
that the point of intersection of the line and the n axis will
move to the left as the angle 8 on the figure increases. As
8 is always less than 90 degrees, its tangent increases as
it does. Thus the mathematical approach to minimizing N is
‘identical to maximizing tanf over admissible values of 1.

Since the upper end of the chatter line must be on the T
- D curve, and the T - D curve is described by a cubic in n,
the tangent of 6 can be expressed as a guartic in n. The de-
rivative of this is then a cubic, which is solved for possi-
ble maxima. These maxima are candidate wvalues of n at the
upper chatter point. To these possibilities 1is added the
value 1°, should T(n®) be greater than drag. All of the
possibilities that lie within the admissible region are ex-
amined for the values of the e they generate, and the lowest
of these is used as Ne in the minimization procedure.

Once the candidates Ne and n. are calculated (if they ex-
ist), the lowest of them is taken to be the throttle-setting
for the h,V point under consideration. This wvalue is then
multiplied by Qs, and the product is the wvalue Q(h,V) for
that point. Should no admissible value of n be found, Q 1is

set to a very large number. The grid-search routine then
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goes on to the next h for the fixed V under consideration,
and the process is repeated until the minimum value of Q(h,V)

*
is found. This minimum value is Q at that V.
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CHAPTER 4: RESULTS OF NUMERICAL ANALYSIS

This chapter presents the results of the numerical study.
In the first section, the results for the constrained and
unconstrained cases are compared, and the effects of the
Mach-altitude and thermal-choke limits are discussed. The
second section presents a method of characterizing the re-
sults in terms of the multipliers in the Hamiltonian, and
demonstrates that for certain values of these multipliers the
solution to the optimization problem is not unique. The
third section then discusses the effect of the non-zero mi-
numum admissible throttle-setting on the solution, and the

attendant throttle-chattering.

COMPARISON OF RESULTS FOR CONSTRAINED AND UNCONSTRAINED CASE

The most obvious effect of the additional limits consid-
ered in the constrained case is the reduction in the flight
envelope. This is shown in Figure 2, in which the lightly
shaded region represents the constrained flight envelope.
The dashed curves represent the limits due to propulsive
considerations, and the solid curves show the limits due to
the Mach-altitude limit and the aerodynamic limitations. The
cross-hatched area is the chattering region, in which the

imposition of the thrust-equal-drag constraint requires a
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chattering throttle-setting, as discussed in the preceding
chapter.

The unconstrained flight envelope effectively has no
right-hand limitation, as the propulsive data tables are ex-
ceeded long before the two dashed lines near each other. It
is worthy of mention that, in this region, the thermal-choke
limit has no effect; it is felt only at low Mach numbers.

The constrained flight envelope not only has a sharply
limited right-hand boundary, but the low-velocity region to
the left is also reduced, although not as drastically. The
dashed curves in Figure 2 are the 1limiting altitudes for
flight with the thermal-choke limit in effect. The finely-
shaded region represents the additional h,V area attainable
if the thermal-choke 1limit could be ignored. This region
extends only the low-velocity boundaries of the envelope
since, as mentioned above, the thermal-choke limit has no
effect at higher velocities.

With the flight envelope in mind, consider Figures 3 - 6.
These show Q*(V), the corresponding optimal throttle-setting,
the fuel economy (in distance covered per unit mass of fuel
consumed), and the altitude for optimal flight, respectively,
for both the constrained and unconstrained cases. In each
case, the constrained curve (represented by the solid line)
follows the unconstrained through most of the velocity range,
with variations in the low-velocity and high-velocity re-

gions.
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The variations at the high-velocity portion of the curve
are easily understood in terms of the reduced flight envel-
ope. In Figure 6, note that the constrained curve takes a
sharp upturn in altitude away from the unconstrained curve,
but almost immediately ends. This corner is the result of
the curve encountering the Mach-altitude limit as velocity
is increased. The point of intersection is very near the
right-most 1limit of the flight envelope, and the altitude
soon reaches the absolute limit. The unconstrained curve
simply runs on until the highest velocity desired has been
examined. |

At the low velocity end of the curve, the result of the
thermal-choke limit is most easily seen in Figure 4. In this
case, the unconstrained function runs in a smooth curve from
a high value at the lowest velocity to a local minimum, and
then runs with a general upward trend throughout the rest of
the velocity range. The constrained curve, on the other
hand, runs along the upper boundary of the chattering region
for a short distance, then jumps to another function, defined
by the thermal-choke limit, and follows that until the un-
constrained curve is joined.

The portion of the curve defined by the thermal-choke
limit is against the upper edge of the constrained flight
envelope. This is a result of the thermal-choke limit de-
creasing with altitude for fixed V, while the throttle-set-

ting required for steady flight increases with altitude.
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The effect of the throttle constraint on the other param-
eters is easily seen from the other figures. From Figure 3
it is seen that the result is a large increase in fuel-flow,
and the other figures show that it also means flight at a much
lower altitude (Figure 6) and with much less fuel economy
(Figure 5).

Among the most interesting points to consider from these
graphs is that in no circumstance was a chattering throt-
tle-setting found to be the optimal, despite the minimum
setting being followed at the lowest velocities. The reasons
for this are examined in detail below. First, however, the

generic nature of the optimal solutions is discussed.

GENERAL RESULTS

Recall that the objective of the procedure is to find the
value of velocity for which
*_ *
H = XFQ (v) - XRV
*
is minimized. Recall also that Q (V) is the minimum value
of Q@ for that V. Flight can also be maintained at values of
*
Q greater than Q , for some range of Q limited by the system
equations. Flight can not be maintained, however, at values
*
of Q below Q (V).
*
Figure 7 shows the Q (V) curve for the constrained case

from Figure 3. Also shown in the figure are lines of constant

*
H , for constant XF and XR' The slope of these lines 1is
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XR/XF. The value of H* decreases with increasing velocity
(recall that XR is non-positive), and with decreasing Q.
Were the values of the multipliers changed to reflect greater
emphasis on minimizing Q than on maintaining a high average
speed (XR/XF approaching zero), the lines of constant H*
would be more nearly horizontal (Figure 8). Were they
changed to place more weight on high speed, the lines would
rotate toward the vertical (Figure 9). Note that with the
lines horizontal the optimal point is at the global minimum,
and as XR/XF increases, it moves to the right. As the slope
cannot be negative, the optimal operating point will never
be to the left of the global minimum.

For any admissible combination of XF and XR' such a family
of lines of constant H* will exist. In general, flight at
any particular value of H* for that combination will be pos-
sible at the point or points on the Q, V plane at which the
line corresponding to that value of H* intersects the Q*(V)
curve, and at points along at least some segments of the line
above the curve, should portions of the line be above the
curve.

As it is desired to minimize H*, the actual range of
achievable fuel-flow rate above Q* is not of interest, since
H* decreases as Q decreases. Therefore, the optimal operat-

ing point for any specified pair X, and XR will be on the

F
Q*(V) curve.
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As H* decreases as Q decreases, there will be no points
on the Q*(V) curve below the line of minimum attainable H*
Thus the line of constant H* with this value will separate
the portion of the plane with achievable operating points
from the portion which contains no such points. Such a sur-
face is referred to as a "supporting hyperplane" in opti-
mization theory [3].

If the supporting hyperplane has only one point of contact
with the Q*(V) curve, this point is the unique solution to
the control problem. This is the case in Figures 7-9. How-
ever, should the supporting hyperplane have multiple points
of contact, there is an equally optimal solution at each of
these points. This is the case in Figure 10, in which the
supporting hyperplane has two points of contact, each of them
equally optimal. (Note that this is true also for the un-
constrained solution, as the interesting portion of the curve
falls in the range in which the solutions are identical.)

To further demonstrate the implications of the nonconvex-
ity of the Q*(V) curve, consider the case in which A, is in-

R

creased in relation to XE' This causes the lines of constant
H* to rotate in a counter-clockwise direction on the Q*(V) -
V plane. (This might correspond to the case of a rapidly
approaching target, in which as the firing of the missile is

delayed the speed of the missile becomes much more desireable

than its range, as the distance it must cover decreases.)

28



If the slope begins at a low enough value, the optimal
operating point is on the low-velocity portion of the curve
(Figure 8). As the value of XR/XF passes that at which there
are two points of contact, the optimal point jumps to the
high-velocity portion of the curve (Figure 9). The optimal
point never occupies the central portion of the curve.

A related consequence of this non-convexity is illustrated
when the problem of minimum-fuel operation at a specified
average velocity is considered (recall that this was one
possible formulation of the performance index for this prob-
lem). The obvious solution approach would be to simply cal-
culate the altitude for which fuel-flow is a minimum at that
velocity. ©Note that this is precisely Q*(V).

Referring to Figure 10, it is seen that quite a large
range of velocities is included in the area of non-convexity.
Should the desired average speed fall in this range, it is
obvious that the "optimal" solution given by the classical
approach would give poorer performance than the point on the
hyperplane at that velocity.

The velocity V1 on Figure 10 corresponds to the lower
point of tangency; V2 the higher. Note that the wvalue of

*
Q (V) at the specified velocity (called V., henceforth) can

0]

be achieved by flying for some time at V1 and some time at

V2, with the time apportioned so as to average VO' This

simple time-sharing operation will give an average velocity

of V0 for the overall trajectory. Since V in the cruise-dash
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model can change instantaneously, it is mathematically pos-
sible to achieve constant average speed Vo by "chattering"
1 and VZ'

Referring back to Figure 3, one can see that the results

between V

of the control problem will be identical for both the con-
strained and unconstrained cases when the value XR/XF is low,
and the optimal solution is on the low-velocity portion of
the curve. This is because the absolute minimum of Q*(V) is
on the section of the curve that is the same for the two
cases. The thermal-choke limit is not active at these Q* -
V points.

The case is quite different at the high-velocity end of
the curve. As has been noted, as XR/XF increases, the opti-
mal operating point moves to the right along the curve. Once
this point reaches the maximum velocity, however, it can no
longer move, and the solution remains constant as the slope
of the lines of constant H* increase.

It is to be expected that this would also occur at some
limiting velocity for the unconstrained case. Numerically,
however, there is no such limiting velocity, and the data
tables in the model may be extrapolated almost without end
(results were found at velocities as much as 1.5 times the
limiting velocity in the constrained case). These extrapo-
lated results must be considered physically meaningless, of
course, yet there is nothing in the model to prevent points

in these ranges from being chosen by the procedure.
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CHATTERING THROTTLE

The concept of chattering throttle has particular signif-
icance in this problem due to the non-zero minimum throttle
setting for sustained engine operation (n°). As described
in Chapter Three, a setting lower than this value may be
achieved through throttle-chattering.

Referring back to Figure 4, the optimal throttle setting
for the constrained case is equal to n° between the points
marked A and B on the curve. This form of the curve was found
to be the result for all constrained cases run, with the only
difference being that the velocity at B (Vb) is dependent
upon the vehicle weight. For velocities less that Vb, the
minimization of Q over h for fixed V (as described in Chapter
Three) always finds the minimum at n°.

The explanation for this avoidance of the chattering
throttle settings 1is based upon the standard mathematical
requirements for the minimum of a continuous function. That
is to say, the derivative of the function to the left of the
minimum must be negative, and to the right it must be posi-
tive. (It is assumed here that the minimum is at an interior
point on the curve.) For a function with continuous first
derivative, this leads to the requirement that the derivative
at the minimum be zero. In the present case, (the function
Q(h) for fixed V), the function is continuous but not neces-

sarily smooth, and the minimum is at an interior point.
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Recall that Q is the product of the stoichiometric fuel-
flow rate Qs and the throttle setting. To avoid confusion
with the notation in Chapter Three, n* will be used here to
denote the minimum throttle-setting, be it an equilibrium or
a chattering setting, for a specified h (keep in mind that,
throughout this discussion, V is fixed). In principle, the
variation of Q over altitude can be expressed through the
variation of QS and n* over h. This in turn is theoretically
possible, as for fixed V both of these are functions only of
h.

The derivative of Q(h) will depend upon the derivatives
of Qs and n*. From basic calculus, the derivative can be
expanded as

3Q _ an*

2= SlxQ_ 4 n*xsm(Q). (7)
As the only factor of importance about the derivative is its
sign, one would expect that enough information could be gar-
nered to make some fairly conclusive statements.

As the values of QS and n* are calculated in the main from
tabular functions, it is not possible to characterize them
or their derivatives mathematically. They are instead com-
puted and shown graphically.

Some fairly solid observations about aQs/ah can be made,
if only for the particular missile examined, due to the rel-
atively simple dependence of Qs upon altitude. As it depends

directly upon air density, which decreases rapidly with al-

titude for the relatively low altitudes under consideration,
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it is to be expected that the derivative will be negative.
This is indeed the case, as is shown in Figure 11, which
displays the wvariation of Qs over altitude. Note that this
is only to say that the derivative is in general negative;
the additional dependence upon M (through the capture ratio
function) prevents any conclusive statements about its char-
acter. Further, it is conceivable that the capture ratio as
a function of M for other missiles would vary so sharply that
aQs/ah could be positive for some altitudes.

Figure 12 shows the T - D curves for four altitudes at a
fixed velocity, and n* for each curve. (While Deo varies
with altitude, it is effectively constant over such small
ranges as are considered here.) Note that the curves are
quite similar. It is especially to be noted that, in the case
of the two curves for which T(n°) is greater than D, the slope
of the line from (O, —Deo) to the point on the curve at 1°
is greater than the slope of the curve itself. This means
that n’ is the upper chatter point for n*.

As altitude increases, the curves move downward on the
graph. At some particular point, the thrust at n° equals
drag, and thus n° becomes the optimal setting. This is true
only because of the previously noted fact that the tangent
line is of greater slope than the T - D cubic.

A further result of this variation in slopes becomes ap-
parent as the altitude increases still further. Since T(n°)

is now less than drag, Ne will be n*. And this value will
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increase more rapidly with altitude than did the chattering
n*. This means that the derivative of n* with respect to h
is not continuous, and thus aQS/ah is not continuous.

Referring back to equation (7), one observes that the
second term will be always negative, as aQs/ah is always ne-
gative, and n* is by definition positive. The first term
will be positive when 3n*/3h is positive, and negative oth-
erwise. The actual magnitude of a positive 3n*/3h will de-
termine the sign of 3Q/3h itself.

A graph of 3Q/3h vs. altitude is shown in Figure 13. Note
that there are two discontinuities; the first occurs at a
very low altitude and corresponds to n* going from a value
greater than n° to a value less than n?. The second is the
point at which n* once again becomes greater than n°. These
points are shown on Figure 14 as the intersections of the
line n° and the n* curve on the n - h axes. The portion of
the curve below the line consists of chattering settings, and
will therefore be referred to as the chattering arc.

It is of particular interest in this case that the deriv-
ative of Q at the altitude corresponding to the upper end of
the chattering arc is negative, while after the discontinuity
it is positive. This means that Q at this altitude is a local
minimum, and in fact this value turns out to be the actual
minimum for this velocity. The graph of Q vs. h is displayed
in Figure 15. The minimum point is obvious, although the

discontinuity in its slope is not.
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The discontinuity in slope is also not obvious at the
point corresponding to the lower end of the chattering arc.
This is due to the fact that, at each of these points, the
slope of the tangent line in the chattering throttle calcu-
lation is not greatly different from that of the T - D curve
itself near n°. Thus the jump in 3n*/3h is not large.

In this study, the jump at the upper end of the chattering
arc 1s large enough to bracket zero, and thus the value of
Q* for low velocities is found at the corresponding altitude.
Further, this bracketing gives some robustness to this wvalue
of n*. For at least some neighborhood of the flight condi-
tions (velocity and vehicle weight) that generate this re-
sult, the value of n* will not change. It is this robustness
that accounts for it being the result for all velocities be-
low Vb.

It should be emphasized that this explanation for the co-
incidence of n* and n° is based upon strictly local effects.
That is to say, the similarity of the curves in Figure 12 is
used, but this similarity is a result of the relatively nar-
row band of altitudes for which these curves were generated.
It is not to be assumed that the curves retain their simi-
larity as the altitude band widens, nor for that matter even
that they continue to move downwards with increasing alti-
tude. In fact, the lower end of the chattering arc is a re-
sult of their moving upward with ihcreasing h, for very low

altitudes.
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CONCLUSION

DISCUSSION OF RESULTS

The addition of the the Mach-altitude limit to the ine-
quality constraints (2) on the system had a marked effect on
the results, in that it provides a sharp constraint upon the
maximum velocity achievable. The thermal-choke limit had a
great deal of effect on the performance of the missile at
very low velocities. As these velocities are below that at
which the absolute minimum of the Q*(V) curve occurs, how-
ever, they are not of interest in the optimal control prob-
lem.

In both the constrained and the unconstrained cases, the
curve of minimum fuel-flow rate vs. velocity was found to be
non-convex. This leads to the existence of non-unique sol-
utions to the control problem, should the multipliers in the
Hamiltonian (which depend upon those in the performance in-
dex) have a certain ratio. More importantly, it leads to the
concept of time-sharing between two operating points, to
achieve an average velocity between these points.

It has been shown that the non-zero minimum throttle set-
ting, with the accompanying possibility for chattering set-
tings, produces a discontinuity in the slope of the fuel-flow

rate vs. altitude curve for a fixed velocity. For the mis-
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sile modeled in this study, this discontinuity bracketed
zero, and the corner was the minimum fuel-flow rate for that
velocity. This is not felt to be a generic result; other
missiles may not demonstrate this behavior.

Chattering throttle-settings allow for steady-state oper-
ation in a large portion of the flight envelope that is not
accessible using constant-operation throttle-settings. Note
that throttle-chattering is necessary in this region only due
to the requirement that thrust equal drag; this has no effect
in the climb phase of a trajectory. The limitations on the
flight envelope due to the Mach-altitude and thermal-choke
limits must be taken into account in all phases of the tra-

jectory, however.

SUGGESTIONS FOR FURTHER WORK

The existence of a non-convex function of minimum fuel-
flow rate versus velocity leads to the possibility of time-
sharing between differing altitude-velocity points to achieve
optimal performance. It is felt that further study is needed
to determine the actual improvement over steady-state flight
that is possible through such time-sharing. While some cur-
rent results [14] indicate that only minimal improvement is
to be expected, no work known to the author has been per-
formed in this area using an aircraft of the type studied

here.
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The model used in this study contained the assumption of
constant vehicle-weight, while in actual flight the weight
varies appreciably during the trajectory. Different vehicle
weights produce different optimal points of operation, and
the dynamics of transition from one such point to the next
are not included in the reduced-order model. Thus the next
step in trajectory optimization for the vehicle in this study
would be to study such transition, using a higher-order mo-
del. Work has been done in this direction [3, 15], but the

inclusion of varying vehicle weight has yet to be performed.
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APPENDIX A. AERODYNAMIC/PROPULSIVE MODELING

ATMOSPHERE

Air density (slugs/ft3) and sonic velocity (ft/sec) are
supplied in tabular form as functions of altitude (ft). The
sonic velocity and the natural logarithm of the atmospheric
density are interpolated as cubic-spline functions of alti-
tude.

Resulting graphs of atmospheric density and sonic velocity
versus altitude are shown in Figures 16 and 17, respectively.
The acceleration due to gravity (ft/secz) is a specified

constant.
AERODYNAMICS

The principal aerodynamic data are specified in terms of
normal and axial force coefficients, CN and CX' The normal
force coefficient is specified as a tabular function of Mach
and angle-of-attack. This data is interpolated by a spline-
lattice procedure. Figures 18-20 display typical results.
The axial force coefficient is specified in tabular form
as a function of Mach, altitude, and angle-of-attack. Rather

than construct a three-dimensional spline-lattice the proce-

dure was to use a two-dimensional spline-lattice to interpo-

41



late the Mach-altitude dependence of C, at each value of «a

X
for which data were supplied. These values are then fit, in
a least-squares manner, to a quadratic of the form

2

C, = ar + a,a

0 2
so that the slope Cx(a) is zero at alpha equal to zero. The
axial coefficient is then evaluated form the quadratic ex-

pression. Typical plots of C,, dependence are displayed in

X
Figures 21 and 22.

PROPULSION

Air-flow for the ramjet is calculated from
Wy T opox V x Se x AOAI
whére Se is the (constant) engine inlet area and AOAI is a
Mach-depéndent capture ratio. The function AOCAI (M) 1is sup-
plied as a data table and interpolated using the spline pro-
cedure previously mentioned. The graph of AOAI vs. M is
shown in Figure 23.
Fuel-flow is computed by
Q =n x Q (A.1)
where Qs’ the stoichiometric fuel-flow, is computed from
QS =W, X FAS/e.
Here, FAS is the (constant) fuel-to-air ratio for stochiome-

tric combustion, and e 1is the (constant) propulsive effi-

ciency.

42



The throttle-setting n is subject to several limitations.
The engine will not operate should n be less than a specified
(positive non-zero) minimum value; thus values less than this
are 1inadmissible. The maximum value for n 1is nominally
unity; this is subject to two further limitations.

The first of these is due to the limit of maximum fuel-
flow, WFMAX. This is a specified limit, in pounds per sec-
ond, on the amount of fuel that the delivery apparatus can
supply. From the equation for fuel-flow (equation A.1l), it
is seen that

n < WFMAX/QS.

The second limitation is a thermal-choke limit. This 1is
provided as a tabular function of Mach number and altitude,
and is evaluated by a cubic spline-lattice fit to the table
values. Descriptive curves of this limit are displayed in
Figure 24.

Thrust is computed from fuel-flow as

T = Q x Isp x e. (A.2)
The specific impulse Isp is supplied as a tabular function
of Mach, altitude, and throttle setting, n. The Isp is re-
presented by spline-lattice interpolation as a function of
Mach and altitude for each tabulated throttle-setting. These
values are fit in a least-squares sense by a quadratic func-
tion of throttle-setting
= Wy towqn + w2n2 (A.3)

I
Sp
A typical graph of ISp is shown in Figure 25.
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When the equation for Isp (A.3) is plugged into equation
A.2, the result is a cubic equation in n for thrust (h and V
fixed). As drag is a constant for fixed h and V, this leads
to the creation of the "T - D cubic", which can be solved to
give the value of n for which thrust equals drag at a speci-
fied altitude and velocity.

The engine inlet is responsible for an axial drag compo-
nent CXi‘ These values are given in tabular form as a func-

tion of Mach, and these data are interpolated by a cubic

spline. The graph of CXi vs. Mach is displayed in Figure 26.
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Figure 12. Variation of T-D and n* with altitude (fixed
V).
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Figure 14. n* vs. h (fixed V).
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Figure 15. Fuel-flow rate vs. altitude (fixed V).
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CN VS. ALPHA (LOW M)
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Figure 18. Normal Force Coefficient vs. Alpha (low M).
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Figure 19. Normal Force Coefficient vs. Alpha (high M).
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CN VS. MACH (ALPHA CONSTANT)
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Figure 20. Normal Force Coefficient vs. M (alpha
fixed).
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Figure 21. Axial Force Coefficient vs. Alpha (M fixed).




Figure 22.

MACH

Axial Force Coefficient vs.

M

(alpha fixed).
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Figure 23. Capture Ratio vs. Mach number.
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Figure 24. Thermal Choke Limits on Throttle-Setting.
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Figure 25. Thrust Specific Impulse (fixed M, h)
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