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NOTATION

E; . .‘: , o Yqung;s modulus for isotropic material
‘Ex; Eyljv" : foung's‘modulus along x, y axis
‘ 1_  - - applied ﬁensile stress |

Y .H “ : ' yiela streés

a ' ,  o s+ 4 ’

2vi1,-v: o : v‘ ‘gfack half lengthr

1svv ' v"bk | i_, plastié.zoﬁe’léngth ' o .
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,bx; y v ,"v <. cartesian coordinates

z.' J- ) | ‘ cbmplex variable, x + iy

zi_v compléx ﬁariable, X +‘iBly.
. 22 »: S ' complex‘variable, x + i8,y

Bl,Bz”k o orthotropic parameters (Equétion 3.1.14)
z : - v.; ‘ : transformed ¢omp1ex variable |
 gn ‘_' o j coordinates in transforméd piane'-

0 o angular COOraiﬁéte |

0, | ébs-; 2/a

62 i,

:w,wi;wz, cqmplex‘transformation functigns for z, il, z2 .

| - (sec. 3.3)

"u?,¢(zi);¢(zz) ‘ ’ _ stréés functions in x; y plane
_¢f(zlj,¢'(2é) - ’deriva;ive)with respect to z,, z,
‘¢(zl), ¢(Zé) ‘  conjugate of stress fﬁnctionsv
.:é(g){y(C);  o ‘f' stress fdnctions in‘cbﬁformal plane-b
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Re . real part
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© 1. INTRODUCTION

1.1 General

;< Ffacture mé& be defined as the phenomenon of strucﬁural féilure‘
.bY Caféétfophic’crackvprdgégation at average stresses wéll beiow yield
'%sﬁreﬁgéh; Why a crack propagates and undef wﬁat conditions it is most
‘blikelf to~o¢cur arevthe two'mogt impértaﬁt questions engineers working
 in‘f§aé£qre mechanics have been trying to solve since Coulomb, in 1773,
'exéreésed thé vigw that fracture‘ﬁf a solid would occur if the maximum

shear étfain at some point surpassed a critical value . characterizing tﬁe
mechanical strength of the material. |
VAMbs# 6f the mpdern day crack proﬁagation théories are based on the
:Qérk ofiA; A; Griffith [7]1.#% 1In his classic paper he concluded.that an
'ekisting crack would propagate in a cataclysmic fashion, if the évailable
.‘elastic étrain energy exceeded the increase in surface energy of the
cfack;kahere haﬁe been many different reactiéns to this concept since
_tﬁe time‘of its conceptioﬁ.
v,Iﬁ WQSﬁft until the late 1940'3 that Orowan and Irwin sﬁowéd‘indee
 :pendently fhét the Griffith type energy balance must be between the
>“ s§féinveﬁergy stored in the specimen and the surface energf plué the
 ﬁork dQné in ﬁlastic deformation.r‘For ductile materials the work done
':‘agaihst surface tension is generally not»significént in comparisonvwith,

~ the work done against plastic deformation.

 *Numbers in brackets refer tdbappeﬂded references.



bugdéle [3]‘propbsed that fhe yielding associated with fracture in
,vduétile materials must océurVOVer séme zone measured directly in front of
thg créck, and this zone would be a very narrow band lying ﬁlong the line
;of tﬁe crack. Cohsidering the sheet hé was investigating to deform
 é1asti9§ily undef the action 6f the éxtérnai stfess together with a ten-
éile sfféss Y distributed over pért of the surface of a hypofheticél cut,
' WhiCh:Wéﬁld iﬁclude the_piastic region; he was able to obtain a relation
= Between the extent of blastic yielding and external load applied. -
Gbodiér énd Field'[6] Were then aBle to calculate, usiﬁé the results
of bugdé1e, the work done against plastic deformation.
Ang.andIWilli;ms [1] have investigated combined axial and bending
sfresSes in an orthotropic plate having a finite crack. Qualitatively
ﬁo &ajqr differencé iﬁ behavior due to orthotropy was found; although
' cegtaih'qﬁantitative,feétures were noted, ﬁainly‘as a function of the
chafac;éristic rigidity ratio (Ex/Ey)l/z. |

- In tﬁé following chapter these theories will be eprunded.

l.Z'Specific Objective

b"'it"is the burpose of this paper to find the stress distribution
jénd diéplécemenfs about a crack in an orﬁhotfopic infinite plate loaded
inrtension at'infinity in a direction perpendicular- to the line ofvthe
qrack. A-Dugdaie model is assﬁmed, and stfeéé functions for fherproblem

.are obtained by use of Muskhelishvili complex variable methods.



2. LITERATURE REVIEW

2;1 Classic Theofy

‘ iThg étreéses in a platé,due to‘é cfack‘were first ¢élculated sy
C. E, ipglis [9].4 Hisvmaih work consisted of determining the strésses
1in a‘platé with an ellipticai hole. ’Thé,fesults he obtained werébexact;
’vand thefefore, could be apﬁiied to the limiting casé when one diametef
‘ of the ellipse aéproaéhed zero. .The case where one diameﬁer is small
“can be interpreted as a crack,.and he noted that fracture of a material
with a crack océurs when a tensiie load is applied which is small com-
péred to the fracturing load of a méterial without a crack.

Forvthe ellipticallhole shown in Figure 2.1 when a/b = 1000, Inglis
 stated that‘the tension at A was 2001vtimes the mean tension. ' Thus,
at a small tension applied to the‘plate across the crack, there would
be set up at the end of the crack a sufficient tension to start a tear
in the material. Inglis concluded as the iength increased the situation
Became worse and the crack continued to propagate.

In 1920, A. A, Griffith [7] formulated his famdué fracture theory;"
whiéh is reaily the foundation of the structﬁre of fracture as it is
known today, Griffith was.inveétigatihg the effeét of surfacé scratches
on the mechanical strength of solids. From his work he reached éeftain
‘general conclusions on rupturevand intermolecular cohesion.

The fwo basic hypothesis in use up to Griffith's‘time were: 1) the
makimum tensile stress, or 2) the maximum extension exceeded a‘certain
critical value at fracture. Using the work of Inglis he calculate& the

. stresses and strains due to the scratches. The results he obtained



'FIGURE 2.1

 INGLIS PLATE -
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from fatigue test were in conflict withbthe.basic hybothesis. Assuﬁiﬁg
that his data was noﬁ at fault he concluded.that the basic theory was
ihcqrfect. |
‘ _From this, Griffith formulated a new view on the theory of fracture;

Tb formulate his theory he used the theorem of minimum potential energy
' which states ﬁhat the equilibrium state of an elastic body.defined by
vspecific surface forces is such that the potential énergy of the whole
. system is a minimum. ériffith then postulated that the equilibrium
- position, if equilibrium is possible, must be one in which f;acture of
‘the solid has occurred, if the system can pass from the unbroken to the
broken.condition b& a process involviﬁg a continuous decrease in poten-
fial energy. |

Account had to be taken of the iﬁcrease in potential energy due to
the creation of new surfaces along the craék in the interior of the body.
Griffith's fundamental concept was that the bounding surfaces of a solid
possess a éurface tension, just as 1iquids do, and when a crack spreads
the decrease in the strain energy is balanced by an indréase in the
pbtential energy due to surface tension (i.e., the surface tensioh’of
‘a sugstance is the work done in forming a unit area of»néw surface). va
the width of the crack is greater than the‘rad;us of molecular acfion,‘
théﬁ»the energy per unit area is a constant, namely the surface tensidn.
The total decrease in potenfial energy due to the formation of a crack
is equal to the increase in ‘strain energy less the increase in surface
energy. | |

The calculatién of the enérgy of the‘body due to the érack was

based on Inglis' solution [9] of the two dimensional equations of



~elastic equilibrium for an elliptical hole in a plate, the crack béing
- taken to be an ellipse of zero eccentxicity.
Griffith showed the crack spread when a stress R applied ﬁofmal

‘to the crack exceeded a certain critical stress. For plane stress the

B _ ’ZERJ : o N ‘. v'» |
Rc — z 'ﬂ'f- ’ ‘ : (2.1.1)

- and for plane strain the critical stress is,

~ critical stress is,.

Re =2 ﬁ‘%— , | @)
B where 2% ig the length of thebcrack; w is the surface enérgy_per unit
 ‘éurfé¢e area, Eiis Young's modulus, and u is the modulus of rigidity.v
S Gfiffith‘drew the general»éonclusion that the weakness'of isotropic
_solids, as ordiﬁarily met with,vis due ﬁo»the‘pfesence of discontinuities
éfiflaws; és'tﬁey may be more correctly called, where ruling dimensioﬁs
are large compared with molecular distances. The elimination of these
flaws could increasé thé strength of materials ten or twenty times.
Griffith reasoned the largest crack like flaw would become self-
pr§pagating_when the rate of releasé of strain energy became greatér
"tﬁan the incréase of surface energy of the extending crack.
Sack,[19] exténded Griffith's work tobthree dimensions. vHebﬁotéd‘x

‘;hat thé'length of internal cracké dq not generally exceed their width,
:‘ and,he calculated’the conditions of fractu;e for a‘sélid containing a

‘Vpenny;shaped crack ﬁhen one of the'principal stresses is acting‘nérmally

to the plane of the crack.



2.2 irwin end browan Modifioation
‘ in'the lete 1940;3 é new‘view ovariffith'S'enetgy balance Qas
: 5 independently proposed by George Irwin [10] and Egon Orowan- [17]

. Irwin tried to add some clarlty to the dynamlcs of rapid fracturing
’vin dnctlle metals. He based his work on Grlfflth s comparlson of the |

’work'tequlred to extend,avcreck with the release ofvstored.elastic,

':energyfvhien‘acconpaniesbcrack eXtension; He aéeumed a thin straight

'ﬂtotaekg'thtoogh a‘piate:so loaded that it hedvaebi—axielvtensiie stress J.

Steting_the Griffith crack relations to be,

ie_:‘iﬂziz o - a2
-dA  dL - E ’ S
w _ d ,, o . - ' .
T (482). (2.2.2)

'fwheré %ﬁdievtne*release of’strain energy and éﬁ-ie the work done ner
"Vdunit incfement.of’frecture area dA. Grlfflth said that the work dw was
5n~expended agalnst eurface tension (S), where the total work done in en--
| _larging the’crack to 1ength 22, proportlonal to the surface area 1sA482.e

 From the crack propagatlon criteria fracturing would occur whenof
e_de/dA> dW/dA. Irw1n noted that theoretically this 1nstabillty to fractur~’
ilng on straln eneroy would occur for a long enouﬁh crack since de/dA
‘".is proportlonal to 2 Practically he noted for ductlle materlals, aw
' -l‘:must 1nc1ude work done‘in plastlc deformatlon. If this ;nterpretatlon
dwefe:to:bevused,'the wo:k done against'surfaee‘tension would beﬁinsiéni—
ficént; _Ihe tetn equivalentkto 482 might’be approximetely.represented .

by two‘terns,vonevproportional to the area of fracture and one propor-

r'f}dtionai~toTthervolnme of metal éffected:By‘plestictfiow;




‘Mfﬁe‘idea of iocating:the point ofnfracturiﬁg iustasility By_eQuetf
”tAing‘de/dA to dw/dA remained,basic, vworking:with‘en exterueliy notched}'di
Specimen Irwin formed the-following‘picture of fest fracturiug; as’theb
speCimen‘bends tﬁe potched region reaches itsdlimitvof localized plastic
rfiow; Tﬁe crackbopens‘in the central portion of‘e relatiuely 1arge'
'i.‘tegién under the notch, As the crack deepens dt acts‘as‘a:sherper notch
;so-tﬁeyregionysubjectdto stress relief by plaStic,flow‘is steadrly.and:‘
}uconsiderably reduced. >In uany cases the reductionrof dW/dA leads to
'efast fracturlng. The fracture‘creeping‘effect, the sharpening of the
ﬂ’crack head_contour, and the release of stored eiestic energy as the
p01nt of 1nstab111ty is reached appear to be the maJor features in the
"development of fast fracturlng.
From‘Irw1n s experlmental.work he was able to conclude‘that inrthe‘
.e_dcésefof'initially siow fractures on_miid steel} dW/dA becomes sufficient-
ly small for instabiiity by gradual development‘of smaller'volumes under—
’g01ng plastlc flow at the head of the advan01ng crack. Tﬁe transitiou'
to fast fracturlng 1nc1udes a creeplng advance of the crack, as might
. be seen 1n exaggerated form in the fracturing of centrally notched f01ls."v
| Orowan [17] referred to X-ray work whlch showed exten51ve plastlc

deformatlon on the fracture surface of materlals whlch hed failed in a
N . ,

EE brittle‘fashion.v Orowan stated essentially the same conclusions as

dIrwin.

Orowan wes ma1ﬁly concerned with fracture whlch occurs in the

’ boundary case between duct111ty and brlttleness (1 e., notch brlttleness)
He noted three types of fractures. 1) brlttle-frecture - which occurs »

;ﬁ@‘&;va-criticelvmagnitude of-thefhighest‘tensilevStress,32) cleavage 8



" fracture ; which éécurs in a ¢rystél when the ténsile streéé iq the
jcléévagé plane reaches a‘criticéi vélue, and 3) ductile fracture —'which
‘cannot take placé unless the cbnditioh of pléstié'yielding is satisfied.

.." The comﬁleﬁe fracture c;iferionbof tﬁe &uétilevfracture was not known.

| - Réferring to.hié earlier‘X—ravaork, Orbwan observed thatvthe
brittlé fracture of ductile metals was aiways accompanied by é slight
'plésﬁic defdrmatioﬁ in a thin layer at the'éurface of>the fracture{ As
 thévcrack propagated‘tpe élaétic energy of thé épecimen had to provide

}ndt only:the surface enérgy but also the cold work required~fdr the

bcreation Qf a unit area of the éurface df fracture. If the'cold work

wefe'concentfated in a layér whose'thickhess was small coﬁpafed wifh the
length_of the initial.cfack, the plastic surface work could be treated

‘:on’the séme basis as the surface energy, and its presenée could be taken

into aééoﬁnf by the addition of the quanti&y p to w in the Griffith

formula_(Z.lQl) to give, | |

‘_——Mi - : | (2.2.3)

Re ?g' Tl .

- Orowan said that the presence of some plastic deformation even

when the fracture appeared completely brittle could be»expected. Orowan
showed for a low carbon steel the plastic surface work per unit crack
" extension, p, was 1000 times greater than the surface energy. Therefdfe,

the critical stress for fracture from the Griffith fbrmula would be,
Re =2 S R (2.2.4)

‘the plastic surface work is only this large in comparison with the sur-

~ face energy for ductile materials. A critical value R, of the applied



'e~_tensi1e stress at which a crack of depth £ starts to propagate spon-

| taneously is given by the Griffith formula modlfled (2 2.4).
| : Frpm the work of Irwin and Orowan we conclude that in the fracture
fe of;duetile materials the Griffith energy balance is primarily between

s the elaétie_energy'and the plastic work in crack propagatien, which

" overshadows the enmergy requirements for the creation of new surfaces.

2.3 Dugdale's Model

- While:investigating yielding of steel .sheets containiﬁg slits,
?fn, é; Dugdale [3] otserved the yielded region was‘shaped as a thin
,extension of‘the crack. .The threelﬁypothesis that he formulated were:
| '-i; The material in the yielded zene is under a uniform tensile
_ yield stress Y. (See Figure 2.2). |
a2.,'Tﬁe thickness of the jielded zone-is so small that the elastic
‘region outside may be fegardeétas bounded internally by a flat-
‘tened ellipse of length 2(% + s), where % is the half length of
the crack and s the length of the plastic zone. (See Figure"
i{t 3t »Tﬁe_length s is such‘that there is no stress singularity'at therA
| eﬁds'of ‘the flattened'ellipse.

-With these hypotheses and noting the problem of a stralght cut
'-leaded over part of 1Ls edge had been examined by Muskhelishvili [11},
Vf:Degdale wasraole to get a relation between the extend of plastlc yleld—

ing and the external load. Muskhelishvili's stressvfunctions were found

. to assume a simpie form when account was taken of the symmetry of the

bii_’,proylemif Introducing variables « and 62 defined by,




-*11~ ¢

L

FIGURE 2.2

' PLASTIC ZONE REPLACED BY YIELD STRESS




'FIGURE 2.3

 DUGDALE MODEL




. X'= a cos hiﬁ, v' ( ';' -,"”' w:_ﬁ : (2.3}1)
2 = a cos 8,0 I _ ; ,  (2.3.2) -
the'étress oy acting;at points ony =20 waS'detefmined in the form of

- ‘a series in ascending powers of « having a leading term,
L : ' 9v6 :

. : 2
gy = -

mee

- e (2.3.3)

- The analogous expression for stress due to the external loading was,

R

oy =~ - v . : : ,:;,.>(2;3;4); .
When thésé‘stressés were superposed, use was made ofvthebthird hypothesis
’ 3ffthatuthé stress at the point = = 0, (i.e., x = a) should not be infinite,

V;Qsp‘the coefficient of 1/= must vanish. Therefore,

- 2vs, o ’ e
T - = 0"‘ ) o . (203.5)
i ] . : i ‘ g
or.
e =TT, n B
=27 (2.3.6)

‘ ffIhié readiiyniéadé‘to‘fhe‘relatibn with T/Y very:émali;
s/% = 1.23 (/n)2. B (2.3.7)

JC ,-Usiﬁg the results of Dugdaie, Goodief and Field‘[S] wefevéble to B

‘bevéluate_tﬁe‘plastic'enefgy dissipgtion by théiméthods of‘elasticv, |
‘: peffeétly;plastic confihuum mechanics. A slole‘eitendiﬁg infefnal
slif érack under tensionvaﬁd a rapidly extending sémi—infinite craék
under tra&eling wedge-pressures wvere examinedvby'them. Assuming’that
. théiqﬁqntiﬁy ilé was édnstant they obtained the foilbwiﬁgvfofxthe plastic

ﬂf:work;of‘thebélowlyzextending crack.
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' . . : X=a ) v ) ) : e
dip = 4Ydy, J(. W(x8) g,  (2.3.8)
— "x=2 ’ azu o "

fIhe quantity, v, was obtained by the method of Muskhélishvili;

2.4 Orthotfopic Effects on the Claséical Theory'v

Ang.aﬁd WilliaméS[lj using é formulation in inﬁegral equations,
'presentédua solution.for the comﬁined exténsion-classicalibénding stréss
andadisplacemént for‘the case bf én infinite ofthotropic_flat plate con-
:taiﬁing a.finite é;aék. While this solution could‘havé-beenvexpresséd.
3 in clésed férm for the entire field, primary emphasis was‘placéd'upon
béhe;streSSes near the cf;ck point. Qualitatively no major difference in
”Béh;viagldué to'orthotrppy Qas found, although certain‘quanﬁitative

‘feafures‘ﬁeﬁe‘noted, mainly as a function of the characteristic rigidity
:ratio‘ _V(E}'{./E‘y)l/ 2, | |
rThe invérsé square-root character of the isotrbpic'bendingxand
;:'eXtEnSion sﬁresé was not changed byvthe'orthotropy, aithough amplitudes -

' and distributions were affected.



3. ANALYSIS

3.1 Development of the General Orthotropic Problem [18]
'f'" Beginning with the usual plane>stréss assumptions, 0zz = Txz = Tyz =
0, the stress-strain relations for an orthotropic‘medium are,

o v . L
. "Ex  Ex 7

ey=-Pox+Z, . @LD

R e
' nyv'—'&%

b
,whéré'bécause of symmétrybof the stress-strain matrix,
NVE vy gy
B G
 The équilibriﬁm and compatibility equations are independent of mechanical

properties and are, assuming no body forces,

éox + ITXy

X dy 0, R .
dtxy L d0y _ o o
09X oy o
2 2 .2 e T
o Sk el (G.1.4)
ax ay” y , g
’ A.étressvfuﬁCtion’can bevchosen ih'thé usual fdrm,  ,
2 ,2 2. -
S3X, gy =X | A SO
ox = —5 > ' oy = —% > Xy A%y (3.1.5)
.9y 9% _ .

fCmeining equations (3.1;1) through (3.1.5) leads to,

s



’:1‘6 o

I S : S
=+ a—% + B4 =0, (3.1.6)

A 26xy A B - Exovx St S (3fi°7)
_ The general solution of (3.1.6) depends on the roots of the

- characteristic equation,

B + 2Am2 +1=0. ‘v..7, . (3.1.8)

The roots are,

(3.1.9)

'Q-;ﬁﬁefé,   
o g A - B % o 3 N ;;(3.1;10}' ‘ 
"éﬁd;tﬁgreforé,u
A .>‘,c. o : ST “", (3f1.11)
‘  Iﬁ“the case of ungqﬁél roofs.the’solution §f (3.1.6) is,

) X(x,y) - Fl<x + mly) v+ Fé(x + rr;z?r)' :+ F3(xv+ m3y)v +

o  ;F4($-f m4Y),   R R <3flf}2);‘



>vLekhnitskii [13] has Shown that the}robts of (3.1.6) have to be
~complex. Let us assume therefore, ( N

_ml =.ql‘+ iBl, o ‘mz = az + 162, ;v‘ o
R v ’ (3.1.13)
RN my = oy - 1B, ~ my =, - iB,, S
o wherq from (3.1.9) and taking By # Bys BysBy > 0, we have,
@ =0, = 0,
_ AT 3.1,
Bl - B ) ~ (3.1-14)
 _[KE¥C .
By = B
Denoting,v
zl=x+miy=x+isly‘? | -
(3.1.15)
z, = X + m,y = X + iBzy,
Equation (3.1.12) can be written as,
x(6,y) = Fy(z)) + Fylzy) +F)(z)) + Fy(z,) (3.1.16)

where Fl and F2 are analytic functions and Fi and F2 are respectively

their conjugates. Now let,

r, dF, o \ . o
_a__z____‘ = ¢(Zl) s T = 1p(22) , o (3.1.17)
1 2 :
and from (3,1.17) we‘sée that,
dii d—é
—_ = ¢(zl), — = w(zé) (3.1.18)
—dz ‘ _ dz ‘ '

1

N



::3Inserting (3.1.16) into (3.1.5) and using (3.1.17)_we'obtain;

. ox

= 2Re [m *#(z)) + m, V" (z,)],
oy = 2Re [8'(z) + ¥ (2], (3.1.19)
Tky = —2Re [ml¢'(zi) + mzwf(zz)].

" The strain displacement relations are independent of the mechanical

 properties and they are,

du OX . VX

x . FTE TE

B N AR | |
By £X = Ty ox + Ey ’ . (3.1.20)
du v _ - Iy,

dy + x| Y Gxy

“‘Substituting (3.1,19) into (3.1.20) and integrating yields,

where,

~ » (3.1.21)
v = 2Re [gl¢(zl) + g2¢(22)],
m 2 -\ m 2 - VX
1 x b = 2 .
Ex ’ 2 Ex ? '
-2§_m 9 . 1 f2§,m 2 . 1 ‘(371.22)
Ex 1 Ev _ Ex 2 Ey
m ? g2 - m ’

1 : A 2

and where we have neglected constant terms which account for rigid

body displacements.

The stress boundary conditions are,
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Xn = ox cos.(n,x) + 1txy cos (mn,y),
Yn = 1xy cos (n,x) + oy cos (mn,y), ‘ (3.1.23)
wheré,
cos (n,x) = E%— cos (n,y) = - 5§.? (3.1.24):
‘-:.,therefore,
-4 [3x\,
RN <3y> . o
oo 4 () e B
T T A \ax) : L

~ and,

2 A -
X - ,—f Yod\ + Cg,
(o]

' (3.1.26)
X = - Xnd\ + C,.
dy o 2

, Usihg (3.1.16) and (3.1.17) the boundary condifions fof ¢(zl) and w(zz),

‘become,
: o X »
. 2Re [¢(zl) + w(zz)] = ~./. Ynd\ +'C1 ='fl,
(3.1.27)

, A : .
2Re [m1¢(zl) + mzw(zz)] =.}: XndX + C2 f f2.

Thus the solution of problems where external forces are given is
reduced to the determination of the two functions ¢(zl) and w(zz), and

the application of the boundary conditions given by'(3.1.27).



' 3;2-Stateﬁent of Prbbleﬁ

Using Dugdale s hypothe51s the stress functions for the DuOdale
V'.crack Figure 3.1, may be determlned by superp031tion of the three

’»stress states shown in Flgure 3.2. These stress functions may be

”.;jfound from the stress functions glven by Muskhellshv111 and adopted to -

-t?the orthotr0p1c case by Sav1n [18] for an infinite sheet contalnlno an
.felllptlcal hole whlch is loaded by uniform normal forces actlng.over é?
:*portionJof its surface. - ” T L |

.liSuperpesingtthe threebetress statesvianigure 3.3;‘and teking’the

ffliﬁit;as tﬁetellipse flattehs to a crack, yielde‘the stress functioﬁé
w,u_fer‘the_orthotropic'Dugdale crack..‘Ihe problem‘then reduces to the

 ?fo1leQiﬁg: Giveﬁ an'infinitely large orthetropic’elastic plate con-
taining an elliptical hole Qith‘forces acting on. the contour of the'

hole given, what are the stress functions for this particular geometry?

v~‘ 3.3 Ellipticaliﬁole Part of Which is Subjected to a Normal Preesﬁre
;RIQ getnthe stress function for states 2 andv3 Qe‘hest‘therefere,
{>kfirstyﬁeve the stress functionbfor the case of an‘ellipticel hole part
if ofewﬁiehvié subjected to normal pressﬁre; as in Figure 3.4. It is
‘aesemed that a'unifqrm pressurebp is appliedkoniy tovthe portion ABan
“thebh01e~contour and that ne exterﬁal forees are applied"tb the remaipinév{
‘-'.t)ert‘_BCA. | o o
J-vThe eoerdinate axes bx and Oy are chosen in the directions'of the
~axes of the ellipse and tﬁeisemi—axie are a;and:b, where for a creck

© along the x-axis of length 2a; b =10,
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STATE 1

o STATE 2

~ STAIE 3
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| FIGURE 3.2

- COMPONENT STRESS STATES FOR' DUGDALE CRACK
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FIGURE 3.3

* COMPONENT STRESS STATES FOR DUGDALE CRACK
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- FIGURE 3.4
- LOADING ALONG ELLIPTICAL

HOLE
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1

2

" obtained from this piane by an affine transformatibn (3.1.15) will also

."”1n-addition’to the given'plane z = x + iy, the'pléneé‘z and:z

>;’be investigéted.
. The ellipse in the 2 plane,isitrahsformed'iﬂto'eliipses in the

vzl i

‘S,‘Sl, 82 respectively énd‘the fdnctions which give a confoﬁmal repré—

and-zz'plahes;' The areasjoutsidé these ellipses will be denoted by

©  sentation of the areas on the inside of the unit circle y are to be

§ determined.
‘»T-‘Now;vl
' a-b atb 1 N AR R B
z =‘w‘(C) = fif-; + —§~fz’ o (3.3.1}'
'ZB?giVes the conformal representation of the area S on the inside of the
‘unit cir¢le; where the coordinates of the contour points of the e1lipse

- “of area S are,

X = aléoé 5, | y = f b siﬁ 9, :‘ ’v' k3,§.é)
by
oz = x + m;y = acos 6 - mib sin e} v . o ,‘(37353)
¢ theréf§re, . , _ :
17 vy (c)= - +2‘i»‘“1‘b‘»»§.+ f__:_;ﬁb_%_ ’ o NERWAE
. and>§imilar1y, B ‘ | -
R e S S

 Now our two functionsv¢(21)'and w(zé) can be‘wri;ten,in the conformal

- plane as,
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e = G (@) = 0D, E
e AT T o (3.3.6)
RIS w<wz(¢?) = ¥(g). o
 The dériyéti&és of tﬁesé_func;ions are;‘
o,y 2@
: 3¢7f21?v“y1'(g) ’ U
s (3.3.7)
v, y = 1), S
V) =
‘.fifquatioﬁ (3.i;19) becomes,
PR e [ 28 23
ox - 2Re [ml Wl'(c) + m2 wz" (’:) li i)
RPN (S IR A (9} : » o
oy = ZRe [wl"(c)+w2'(C)] ST i
@ v
IXy = .2Re[ m_l‘wl,(_;) fmz Wz'(C)] s
” Vandv(S.i.Zi) becomes,
u = 2Re [p,9(z) + p,¥(2)], " |
(3.3.9)
v = haREAN

and o, where o, =

The points A and B in the conformal plane are o 2 1 A

48, e 1

e T and 02 = e , Figure 3.5.

Assuming b = 0, the stress functions are,

0. -

@(C)‘-"—T————_———- -—-ln———+{c+-—-}1n — +
g 4n1(81‘62) [ ; él A - 07E :




97

¢z PLANE

FIGURE 3.5

CONFORMAL PLANE
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' ”.va,  : Lok vk +0B8 )v » o .
rin ‘cl—c),- Flg (§2—C) - EEETEI;EET + 1 (r—t)lnA;],, | (3.3.10)

: ""pas | » ) e T

: 1 1 2 1 2 N

Y(@) = 5o~ | = 1In— - {; +-—}'1n — = rln (0,-2) +
a Ajl(el 82) [ 9 S 9 4 I N -

Sl o (vx'+'812) . = ‘

. Jtln (0 C) + Eg—zgf;g—y 1} (r-t)1n C] )

' 2 ’ .

?],ﬁhere,t o
1
©(3.3.11)
1 L '
t=o0,+-— .

2 9y

‘3.4 Superposition of State 2 and State 3

‘For state 2 the stress functions\(3.3.10) reduce with the entire

’ o : . o] _

r=1t, In 2. 2ri, p=T
o Ul _ :

| +Ta8 o : o
q’z(g)_;: bmi(8)-8 )I: J 28,8 )c

:‘ﬁ ¢ont6ur'loaded and therefore with'ol'= 02,

to,

- (3.4.1)
ERGE = [ZWl Pl SR
2 = e ) I ICGENE
. For state 3 we héve‘Figdre 3.6,
po-Y, G
62 = cos (2/a), o 7(3.4.3)
R _ e—iez S

g, = ; 95

‘R.; 182” : Eﬁ_ .

0, =e 9o .
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FIGURE 3.6

 LOADING IN CONFORMAL PLANE :
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L —i(m-6,) o

e ; o,l e : | = _0'2’.
S —i(m48) | ORI o
oyt =k 2=y, o (3.4.4)

.~ and the stress functions (3.3.10) reduce to;‘

| - YaB 419, B Y
0,(2) = - ZniC8 38 )[; : 2, (c+ %)ln __? '_? -+
N A (cz—c)(ozﬂ;)
: { 2£.1n (qz+c)(cé‘€)‘]’ . ’ o o (3;4}5),_
“va  .,.(02—;)(52+§)‘. | - kv, -  \ s .
E . YaB 4ie. (0,-2) (o.+T)
. : Pl 2 1 2 2
¥v,.(c) = - [— +<r,+—)1n — — +
, | 3 gni(Bl_Bz) z ¢/ (52'?)(°2+C)
. f'(02+c)(55-c) ]»
== 1n .

— 1n — — .
, (02—;) (0,%2)
Superposing the stress functions fbr states 2 and 3 and changing

~ the positive direction of & from clockwise to counter-clockwise* we get,

- | YaB.® TaB : Yag ' ' § (o.~-z) (o +T)
o(z) =,[ 22 2 ] 1,2 (;—1— l) 1n —2— 2 +
i iG]l , - . - B
g OO (3.4.6)
a.- | (0,2_;) (02+C) :_ . L L }
- r Yage,  TaB, 7
1 172 ’ 1 1
- ¥(g) = [— : + » :I =
T m(B,-B,)  2(B;-B,) Z T o
_ Cvag, |,  (0,-0) (o4T)  (o,+2) (0,-7) o
e R RS (5,-2) (3,42 (6,-8) (0,+2)

The Dugdale's finiteness condition requires,

:f *Ihis is done in order to check the results with Goodiér and Field. o
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or

Gy \7 Ty TG\ 772 -
T U (3.4.8)
%3 % G

The stress functions corresponding to the Dugdale crack, (exclusive of

the uniform stress field oy = T) are -

YaB,, \ (0,-0)(0+T) (o +§)(5 -z)
- Gy ([’+ %‘) ot a2 (5.4.9)
R (0,-2) (0,+2) (02"‘;)(02+C)J '
e ©YaB \  (0,-2) (0.,+2) (0.42) (T -2) |
Ww‘”mwh)¢ﬁ%h—? 2B, 22
S T : (0,=2) (0,+2) a (0,-2) (9,+2)

3.5 Stresses and Displacements

For the stresses along the llne of the crack letting g = g, (1 e.,

oy y = 0), we substltute (3.4.9) into (3 3 8) to get

2YR B “sin 26
0x = 12 on1 ’
: b1 2
€ - cos 262
RUE , L sin 26 7 — S
- 0y=§-tan M2 %
r
€ - cos 282

:  Tékingve = 1, (the tip of the plastic zone) and recalling the uniform
stréss'&y'= T, we get,
oy = Y, ' e
(3.5.2)
Ex : o

ox = B8, (-1 = £ (-D).

At this point as well as the rest of the x-axis, 1xy vanishes by symmetry.
Displacements at the surface of the crack and the eld stic plastlc
S ‘ 16 iez
~interface on which ¢ = e” and o, = e —are derived by substituting

 (3.4.9) into (3.3.9).



e L LTV FIHLAE RIS NN e e oot e sobe i, Sl TR RL S

va@s.+6.)| 0 Fsin (6-6.)7%  [sin 6 + sin 6.2
et 21 cos 8 1n|——r—2| + cos 6, In|——n 2|
2 EYBIBZ : | : Ls.in‘»(ev+92).— ' 2 s:lt.'n_ 6_. Sin.ez e
- L e . L (3_"_5.3)' i

= ZYa('\)x‘-BIBZ) 6, co 0
- wEx 2 €08 ©.




-4, RESULTS |

4.1 Yield Criteria

Up to now the materiai in the plastic'zone has Seen'aséumed.to‘be’
*pérfecfly plastic and we have replaced it by its eqﬁivélent yield sﬁress
"  f;.'We ﬁave made no mentioﬁ of what this yield sﬁress is other than it

':is cénsfant.r The relafibn between the yield stress and the material
. -properties of the pléte will now be investigated. |
| Thg criteria for decidiﬁg which combination 6f>mu1ti—axial stfeéses
will cause yielding are calledvyield critefia. ‘Numeréus critetia have
Been.pfoposed fdr the yieiding of solids going as far back as Coulomb
lbin'1773. Many of thése were originally suggested as céitefia for fail—
.Qre of'bfittle materials and were latgr adopted as yield cfiteria for
ductilé matérialé. One of the inadequacies of these theofies is that
>  they are ﬁot.applicable for materials with different tensilé'strengths
in various directions.
| The.yieid criteria of von Mises has been éhowﬁ tb bekin excellent.
1agfeement‘withﬁexperiment for many isotropic dﬁctile‘maﬁériais; for
example copper, nickel, aiuminum, iron, cold-worked mild steel, medium
» carboh and allby steels. TFor an isotropic material thé‘vonvMises’ criter-
ion is,. | - |
ox21+fcy2 + 022 - 0X0y - 0yoz - oxdz =voyp2, o (4.1.1)

where oyp is the yield stress in simple tension.
The simplest yield criterion for orthotropié ductile materials is,

therefore, one which reduces to von Mises' law when the orthotropy is

.33



small, "If, then, the yield c:iterion is assumed to be'a'quadrétic in
‘the étress components it‘muSt be of the form,
v F(oyéqz)2'+ G(czfox)2 + H(cx—oy)2 +2Lryz2'+-2Msz2 + ZNTxy2 =1, v
‘ where'F,ic, H, L; M, N;iafe parameters characteristic of the current
state of orthotropy.:
If Tx, Ty, Tz, are the'tenéile‘yield stresses in the orthotropic" ,

- directions we have,

L= H4F . (4.1.3)

]
+
1

2F

]
+
I

‘*vzc" | 418 ‘V

]
+v
1

S Tx Tyz' T22
’ ’Ibeyz,'sz, Txy, are the yield Stresses‘in shear with respeét to the

fOrthotropic axis then,

-

2L = -
' _Tyz2
M = L

Tzx
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.. 2N = 7 o o (40105)
o Txy . o ; , h

We consider now the case of a two dimensional plate where the
_vnatﬁral axis of the material are represented by x and y. The yield

“eriterion for this case is therefore,

Cox? 1 .1 1 0'2 1;{;2_:‘ i R
ox_ - + - —=loxoy + s+ o= 1. (4.1.6)

sz' sz Ty Ty Txy

 Tﬁé yieid stresses Tx;,Ty; Tz, Txy, are_éonsidefed_tb bqvthe saﬁe'
-f.{ﬁ ﬁ§ﬁ§i6n andVCOmpression. If cx-is positive, fqr examﬁle,‘then tﬁe
‘ tén$i1e vaiue éf Tx is used; if it iS'negative the compressi?é yalué of
" ,Tk'i§ used. :

‘Ag_a load is appligd'to a structuré,xthe stresses at any point in
tﬁg méterial:iﬁcfease nqmericaily and remain proportional to one éﬁother
'ésvfhat‘they;alllcan be expressed in terms of bne of them.

Y”ConSidering theiyield criﬁerion aloﬁg the:liﬁé of the,érackywe

* have,

» -and

Sy =0, Ty
» :,”dug:tb symmetry and also,
' ' 2YB. 8., sin 26, : o
ox = —i2z tan_1 _—_’—fié—*“ A . (4.1.8)
» w 2 .
€ ~cos 20 .
2

. | © sin 20, ' PR .

oy = %g?tan-l 5 2 ) 4T, R (/0 M-
~ € -cos 262 C L

The relation betweén the ox and oy is thereforé,‘

ox = B8, (oy 77T)T" y e  it‘4’1719)
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- Sﬁbstituting this into (4.1.6)‘and solving for oy we find,

_-d Na2-se o o (4.1.11)

oy 5
' ;_where, , -
o 2.2 2, .2, 2
_—T8162 (28182—1) Ty Tz~ + Tx’(TY -Tz")
d = - _
2 2 22 2 2 2.2
(Bl 82 —BlBZ)Ty Tz +Tx Tz (1—5162)+6152Tx Ty o
" (4.1.12)
and ’ _ ‘
| [812822T2—Tx2]Iy2Tzz
e = —
22 2.2 2., 2 : 2, 2
{(Bl 82 —BlSZ)Ty Tz +Tx‘Tz (l—BlBZ)fBIBZTx Ty~]
(4.1.13)
If we‘therefore set,
y = Shtyd e (4.1.14)

“the stfess distributionlwill follow a von Mises' yield criterion for
plane stress conditions. o

Becausg 6182 ;ah vary depending on the statg of orthopropy the -
~‘von ﬁises' conditions continue to bé satisfied as long as ox<oy. If
ox becomes greatér than oy;lcx becomes the maximum principal stfess.

The material then tends to deform in a direétion normal to the crack -

R v‘linev[ZZ]. Hence the value of 6162 at which ox = oy must be the great—

o est value for which the present analysis is valid. Then from (3.5.2)

- this greatest value is determined by;
BlBZ(Y-T)Vf Y | (4.1.15)

or

B.B, =

Y :
818, = o7 (4.1.16)



Therefore our analysis

8,8,
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ié_valid only if,

X 41an

3T

(8,8,-1) T

—L i (4.1.18)
BBy S

4.2 Orthotropic Effects

Having found the stress functions, stresses along the line of the

- crack, and the displacements at the surface of the crack, we are now in

'évposition to see what effects the orthotropy of the problem produces.

All orthotropic properties will be denoted by superscripts or

subscripts o and all isotropic properties will be denoted by super-

.scripts or subscripts i.

" a. Stresses Along

the Crack Line (See Figure 4.1)

i _ 2y
ox~ = —
oyt = &

y i
o

oX

(o]

oy

b. Displacements Albng

_i sin 292
tan -
€ -cos 262 ‘ ) ,
' [4] (4.2.1)
-1 sin 262 ’
tan
ez—cos 26
. 2
- i
= 81820x o
(4.2.2)
=0_y1

Figures 4.2, 4.3)

. sin
i
v =

Xa cos 6ln ['.
mE sin

] : ' sin 8+sin 92]
————~(EI§;5] + co§ 921n [

Crack and Elastic-Plastic Interface (See

' 2 2
(6-9.) .
2 (6]

(4.2.3)

sin Q—sin 62_
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constant
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‘0 = constant
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" FIGURE 4.1
ORTHOTROPIC STRESS IN

- x DIRECTION
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. :
vl = constant

Py

V;,= cdnstant

V3, = constant

1 | | Bty
26,5,

FIGURE 4.2

ORTHOTROPIC DISPLACEMENT

IN 'y DIRECTION
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> ul = constant

constant

= constant

vx -~ BBy

vx - 1

FIGURE 4.3

- ORTHOTROPIC DISPLACEMENT

IN x DIRECTION



- where,

AL

p . PRSP
0 .22 B2 A N (S
“P172 : o
ut =‘QX§—53151 9, cos 0 ’ o (4.2.9)
. Er 27T L -
RLAMREEES S SR | S (k.2.6)
Tvx-1 o SR e

iwhere the E in (4 2. 3) is Ey, and the E and v in (4 2 5) are Ex and VX.

" e, The Plastic Work Rate (See Flgure 4. 4)

. i : . 2' : : ' : g
a6, ] E C wan
T — E = lf(ez) | | [6] ) | »(4.2,7)
v wheféf
7 :(ez) = ez'tan 62 - ln_sec'e2 ) . (4'2f8)
B e CG.2.9)
“de ZB B _ df el

 where the E in (4.2.5) is E .

d. Porman Correctlon Factor (See Flgure 4 5)

' Forman [5] has applied the Dugdale model to flndlng the straln “»
v energy release rate for a f1n1te plate with a crack. He has found a
"jcorrection factor whlch takes 1nto account not only the flnlteness of
:the plate but also the plastlc deformatlon in front of-thercraek. This
" correction factor is, | | |

SR SO ene, ]
2 _C( )2 1+ C) +—2] - (4.2.10)
2C(n) 8, (ni-1) . R

: vc(vv>,f>Tv[%n sec e2 + __,lf_p_:i 1? sin Qz-lf ii. _;Fﬁ'?f%}?,a,; E
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LET Q = dW
' TR

Qi = constant

Q;'é_constant

V.l‘, . . N i= . N
Q;_ IR & o Q3‘ constant»

FIGURE 4.4

F; ORTHOTROPIC PLASTIC WORK RATE
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2
Yo
. 2 : ‘
Y. = constant
i
1
2
Y. = constant
1 .
2
2 . .
2 Y. = constant
i, i, |
1
2
1y
9
Yiy |
. .81 .+A82
28,8,

FIGURE 4.5

ORTHOTROPIC FORMAN CORRECTION FACTOR
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Now the Forman orthotropic correction factor would be,

2 Bt

vy 2=
ov:. 2848,

Y

1

2

4 1n'm
p=]1-] 3
: sing, + 1)
In{———
L v sine2 -1
: -ﬁ=n+§}n2 —HZ ,
m = sec 62,
R _F
28
" where B is the plate width,
for o 0 < T/Y < 0.5
e ."-k’- ’ — ‘—'tan 26
oy @1 Y, (@em) " 2
C(n) T n T + n + 2n 62 1 -
- 2 N-m Vcos 26 6.4-Vcos 26 |
_ -sin 62 2 2
————— 1n A! -
. VcOSvZGZ o [ﬁ#ﬁ Ycos 262] E - Vcos 262]
for ’ - 0.5<T/Y <1,
R : —, m tan 26 |
| _m-1) Y, (@m) " 2
C(n) - mn T + n + 2n62 1-
2 s:'Lh2 8 (N-m) V-cos 26
2 -1 2
—————— tan —
‘ —§05 282' N-m cos 262

=151

42.12)

'(4.2.13):

(4.2.14)

(4.2.15)

(4.2.16)

(4.2.17)

(4.2.18)

Figures 4.1 and 4.5 show plots.of the orthotropic properties vérsUs

someborthotrOpic parameter for constant values of the isotropic properties.

.These figures may be generalizedvas in figure 4,6 where an orthotropic ‘
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0 g
Il = constagt
constant
1 13_= constant
I
I3

FIGURE 4.6

GENERAL ORTHOTROPIC - ISOTROPIC RELATIONSHIP



46 -

féroperfy O, is plotted‘versus an orthotrﬁpic parameter, B, for coﬁ#tant.
l'ivaiﬁes of the iéotropic property, I.’

!‘ Thus we seg‘tha; any orthptropic propertyvmentioﬁed may be found
‘if'tﬁe isofrépic property is known and the proper orthotropicnpérameter _

is known.

e. Plastic Zone Size

" We have shown in equation (3.4.8) that the results from the Dugdale
- finiteness condition are independent of whether or not the material is

f'.orthotrOPic;; This means that for an orthotropic material the plastic.

. zone size is given by the same relation as for the isotropic case, pro-

:vidingjfhat the inequality (4.1.17) is satisfied, that relation being,

> 2 sin <4 'Y) . | (4.2.17)

':.;Bfinson'(Z) haé found the plastic zone size for polycarbonate,
}whichris an‘ofthotrOpic material. The crack was oriented along the
stipng:direétion aqd the strong direction's modulus wasrapproximatelf
:ji;2 timés the weak direction's modulus. His results compared witﬁ
2'Dugdéle{sAEQuati§n (4.2.17) ére shown in Figure 4.7.

>: ﬁ¢ can seé that the‘experimental results afé in reasonable agree~.:
meﬁt With.tﬁe fheory ﬁp to s/a = 1/2. Above this valhé the deviation
_ can be attributed to the fact that the plate is finite and tHe finite-

ness affects the plastic zone size.
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1.07 — DUGDALE'S EQ.

- ©  EXPERIMENT [2] - |
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0 g ] ]1/2 ) ] 1
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FIGURE 4.7

* COMPARISON OF PLASTIC ZONE SIZE IN POLYCARBONATE TO DUGDALE'S EQ.




5 CO\CLUSIONS AND RECOWMEWDATIONS

5.1 Conclu51ons

“:QWe;are.ndﬁ iﬁ»e'pqsitioﬁbto analyze the effect of'orthottOpy.
iAs fat as the stresses:aiong the:crack iiﬁerare concerned, we seet
"_;tﬁat'tﬁe etresees in the‘ditectioﬁ‘of.the crack’are'tﬁe cnly oﬁes
Ht_affected ‘ ‘This effect 1s, as Ang and W1lllams p01nted‘out, conflned‘
.chto the charactetlstlc rlgldlty ratio q!%%j. Thevstresses normal to»the E
'jf llne of the crack are unaffected |
ijfheccther properties investigated were seen to:be effected by only
;e,ﬁuitipiicetiVekfactof'which'will depend oh the state’of qrthctropy..

'lThe plastic zone éize'was shownfto be, both mathematically and experiment--

"; ally, unaffected by orthotropy.

From hquatlons (4.1.17) and (4. 1 18) we see that 1f these 1n—”
l“‘ecualltles are not»satlsfled the material will tend tcvdeform in a dife
e¢£ioﬁ notmal'tc thevlineiof the crack |
vFor the- DuOdale hypothesis to be satlsfied the follow1ng must be

iﬁ»true,‘for a glven external tensile stress a materlal must satlsfy (4 l 17)

:A_mater1a1'Wh1ch is thus suff1c1eﬁtly orthotroplc will tend to deforml
'ftccrhai_to tﬁe liﬁe‘Of the‘crack. Similarily; for a given material‘the ,'
”:1eﬁterﬁal stress must be of such a magnitudevsucﬁ that (4.1.18) is sétieé

’efied; FOf emali enough external tensiie stresses the material wili tend ‘

to:deform'normal to the line of the crack.

5.2 Recommendations

The geﬁeralization of the problem to the general anisotropic case
- could be followed in ananalogous manner to the present problenm. -
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Fbriﬁﬂeborthotrdpic‘case we saw'thaf deformation did nﬁ; necés-  '

"Sériiyiproceed aléththevline of the crack. Defofmatién‘Was expectedv
‘J:i:eiﬁhé¥-51§ngvth§ crack of nofmalnto it depeﬁdihgbon the state of ortho- -

J",f;£r§p§ énd:external;stress.‘ in‘the aﬁisotrspic cése»defdrmation‘may be
"'f19X§e§téﬂ,in,any direction'depenaiﬁg on tﬁe anisdtropyﬂand:externaltétreés.v

711An_analysis; therefbfey*of the general anisotropic case might lead

J”Atd'g'clearer‘picturé of the plastic zone.
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f THE APPLICATION OF THE DUGDALE
MODEL TO AN ORTHOTROPIC PLATE
Henry Gonzalez Jr.

ABSTRACT

v'The Dugdale,medel is applied to an orthotropie plate{"Stresses

*viigalongtthe'crack line'ahd_displacements along the crack and elastic-

"plastic interface were foﬁnd. The effeet of brthotropy on seVeral

"'1sotrop1c propertles was found to be a multlpllcatlve factor Whlch is

E ”a functlon of the state of orthotropy

The yleld stress is assumed to follow a von Mises' y1e1d crlterlon

"whlch was adopted to the orthotroplc case. A limit on the severity of

e orthotropy.forAa.glven-external load was found as well as a'limit on

. 'the extetnal load for a<given state of orthotropy in order that the

E ?materlal Would still follow the Dugdale hypothesis.

- Flnally, as 1ong as the materlal satisfies the above mentioned

“vlimits,jthe plastic zone size was shown to be‘unaffected by orthOtropy.
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