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(ABSTRACT) 

Numerical schemes are developed to study the impact response of composite 

structures to rigid (spherical masses) and flexible (uniform and nonuniform bars) 

projectiles. In the first phase of this study the impact response of imperfect ]aminated 

cylindrical panels to rigid projectiles is investigated. A 48 degree-of-freedom (DOF) 

shell finite element based on the classical laminated plate theory, which is capable of 

modeling geometric imperfections is used to model the shell. Linear and geometrically 

nonlinear transient responses are obtained using reduction methods based on the use of (i) 

natural modes and (ii) the Ritz vectors (also called Lanczos’ vectors) as the basis 

functions. The results obtained from these schemes are compared with those obtained 

using direct integration schemes, the Newmark-f and the Wilson-@ methods. The effect 

of number of reduced basis on the response is also studied. The impact loads are 

obtained using a modified Hertzian contact law by Tan and Sun. Effects of geometric 

imperfections and shell radius of curvature on the response are also studied. The present 

results are compared with those obtained experimentally at the NASA Langley Research 

Center. With one notable exception, a good agreement between the theoretical predictions 

and experimental results is observed.



In the second phase, numerical schemes are developed to incorporate the effect of the 

projectile flexibility on the impact response of structures. A step by step approach, in 

which the impact responses of increasingly complex structures, namely, the axial bars, 

beams, and shear deformable plates subjected to flexible projectiles (uniform and 

nonuniform bars) are obtained, is used. The target axial bar is-:modeled using two 

degree-of-freedom axial bar elements. For the projectile, two different finite element 

models using, an axial bar element and a six-degree-of-freedom axisymmetric solid 

element with a triangular cross-section, are employed. The axisymmetric element (from 

the general purpose code MSC/NASTRAN) is used for those cases in which the target 

axial bar area is smaller than the projectile area and a two dimensional modelling of the 

projectile is needed. The impact response is obtained using an explicit algorithm based on 

the central difference scheme. In the algorithm developed, the target is assumed to be at 

rest and the projectile is assumed to be moving at a constant velocity, the impact velocity. 

At time t=0, the projectile hits the bar. At each time step, and as long as the two bars, are 

in contact, we assume that the two impacting bodies have the same velocity. For each 

time step, an iterative procedure is incorporated to predict the force that will enforce the 

velocity condition described previously. The results obtained from this approach are 

compared with other analytical and experimental results available in the literature for the 

impact response of a Hopkinson's bar. A good agreement is achieved. The algorithm 

developed here is next applied to study the impact response of beams and generally 

laminated, skew trapezoidal plates subjected to low velocity impact of a non-uniform 

linearly elastic composite projectile. The beam is modelled using two different 

approaches: a four degree-of-freedom beam element and an eight degree-of-freedom 

plane stress element. For the case of laminated plates, a Ritz method based approach 

developed by Kapania and Lovejoy is used. The present approach can be easily extended 

to study the nonlinear impact response of geometrically imperfect plates and shells.
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1. INTRODUCTION AND LITERATURE REVIEW 

Composite materials and reinforced plastics are increasingly used in automobiles, 

space vehicles and pressure vessels. With the increased use of fibre-reinforced 

composites as structural elements, studies involving the behavior of shell components 

made of composites under impact and impulsive loading are receiving considerable 

attention. For a low-velocity impact, the damage of a composite laminate may not be 

visible until catastrophic failure is about to occur. 

The response of a laminated plate subjected to low-velocity impact by a foreign 

object has been studied by several researchers. Timoshenko (1913) presented the basic 

approach for the analysis of transverse impact of a beam by a sphere. Karas (1939) 

extended Timoshenko's (1913) approach to the analysis of the central impact of a 

rectangular simply supported plate. Early studies in the area of impact loading also 

include transient and forced motion of isotropic linearly elastic plates and cylindrical 

Shells with time-dependent boundary conditions and acted upon by time-dependent 

surface tractions. Mindlin (1951) demonstrated the influence of rotatory inertia and shear 

deformation on the flexural motion of isotropic elastic plates. Similar studies were 

reported on the wave motion of thick cylindrical shells by Mirsky and Herrmann (1958). 

The transient response of isotropic and laminated plates subjected to dynamic loading 

was investigated by analytical and numerical methods. Goldsmith (1960) used the normal 

modes method to determine the dynamic response of an isotropic plate or beam to a rigid 

impactor. A comparison of shell theory with elasticity theory was made by Weingarten 

and Reismann (1973) on a finite, moderately thick isotropic elastic cylindrical shell 

subjected to an external step pressure over a limited area. Forced response of a cylindrical 

shell subjected to longitudinal tensile step forces at both ends was investigated by Huang 
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(1975). Transient response of laminated plates has been obtained by Reddy (1982), Sun 

and Chen (1985), and Bert (1985). Chao et al. (1985), and Chao and Lin (1990) 

conducted investigations regarding dynamic response of an orthotropic cylindrical shell 

under harmonic loading and dynamic buckling of orthotropic spherical shells under 

uniform step pressure. Also, Chao et al. (1986) studied the problem of impact response of 

orthotropic cylindrical shells subjected to special forms of loadings which were suddenly 

applied to the outer surface of the cylinder. These included a unit step pressure 

concentrated (1) at the top of the mid-span, (ii) distributed along the line segment in the 

axial or circumferential direction, (iii) over a small area, (iv) a concentrated unit impulse. 

Later, using the Modal Superposition Method (MSM), Chao et al. (1991) and Chao and 

Tung (1992), studied impact problems of laminated plates and shells . Ramkumar (1982) 

carried out an experimental investigation on the effects of low-velocity impact damage 

on the static strength and lifetime of laminates. Abrate (1991) conducted a comprehensive 

review of the literature concerning foreign object impact to composite materials. Abrate 

(1991) reviewed the impact of a foreign object that occurs on a beam, plate, or shell away 

from ply-drops, joints, stiffeners, and others discontinuities. Prasad et al. (1993) studied 

the transient response of simply supported, rectangular laminated composite plates 

subjected to impact loads generated by airgun-propelled or dropped-weight impactors. 

They obtained the impact response using a first-order shear deformation theory to 

represent properly any local short-wave-length transient bending response. 

In early studies, the cylindrical orthotropic laminate was assumed to be a thin 

cylindrical shell, the boundary conditions were assumed to be simple supports and the 

temporal impact loads were assumed to act over a constant area. This reduces an 

otherwise complex problem to one with tractable closed-form analytical solutions. 

Ramkumar and Chen (1983) extended an earlier study by Ramkumar (1982) to an 

anisotropic laminate including bend-twist coupling and assumed that the contact area 
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varies with time. They used Fourier integral transforms to find the response of an infinite 

anisotropic laminated plate to an experimentally determined impact load. Thangjitham et 

al. (1987) obtained low-velocity impact response of orthotropic plates using a higher- 

order theory which incorporates the transverse normal stress and rotary inertia effects and 

fulfills the shear stress condition on the bounding surfaces. Sun and Liou (1989) used a 

three-dimensional hybrid stress finite element method to investigate laminated plates 

under impact loads. Bachrach and Hansen (1989) developed a mixed variational element 

by choosing independent displacement and stress fields using the Hellinger-Reissner 

variational principle in the time domain, so that the element can better approximate pure 

bending. Cairns and Lagace (1989) obtained transient response of graphite-epoxy and 

aramid-epoxy laminates subjected to impact using a Rayleigh-Ritz method. Ramkumar 

and Thakar (1987), in their analysis of dynamic response of cylindrical laminated panels, 

used Donnell’s equations for thin shells. The impact force was assumed to vary linearly 

with time, and Dobyn's (1981) procedure was used to solve for the response. The solution 

procedure was based on solving the coupled governing equations, between the Airy stress 

function and shell deformation, using Fourier series expansions for the variables. Argyris 

and Tenek (1994) applied the Natural Mode Method and formulated an appropriate linear 

and geometrically nonlinear theory which was implemented on a model three-node 

multilayered triangular facet element which incorporates the effect of transverse shear 

deformation and is intended for the nonlinear analysis of large and complex isotropic and 

composite structures. 

Lin and Lee (1990) studied the dynamic responses of composite laminated plates and 

shells due to inelastic impact by using the finite element method. In the inelastic impact 

analysis, the structure was considered to be elastic, but the loading was idealized as 

inelastic. In order to simulate a shapeless projectile impact, such as the impact of wave or 

liquid, the inelastic impact was used to model the contact behavior between the projectile 
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and the impacted node of the finite element. The authors assumed that in the initial state, 

the structures are at rest and the projectile is moving with constant velocity. 

Subsequently, as the impact occurs, the projectile hits the plate or shell and sticks on the 

impacted node of the finite element. To solve the set of finite element equations, a 

modified isoparametric linear shell element was used. For the shell element used, the 

shear deformation and rotatory inertia were taken into account together with the theory of 

conservation of momentum. The Newmark-f method was used to obtain the transient 

analysis. 

Christoforou and Swanson (1990) performed an analysis that predicted the response 

of a simply-supported orthotropic cylindrical shell under impact loads. The impact force 

was assumed to be distributed over a small rectangular area. Swanson (1992) showed that 

under certain conditions it is convenient to use the "quasi-static" approximation, whereby 

only a static solution is required to relate the forces, stresses, and strains in the structure 

to the impact loading. However, under other conditions the dynamic effects in the 

structure become important, and thus a full dynamic solution is required. The question 

that arises from Swanson's study is whether it is possible to determine the limits of 

applicability of this solution. Swanson (1992) using known dynamic solutions for 

orthotropic plates and cylinders obtained and compared solutions with quasi-static 

approximations. Then, a dimensionless parameter consisting of the ratio of the mass of 

the impactor to the "effective" structure mass was developed which permited 

identification of the range of applicability of the quasi-static solution. Dynamic and static 

frictional problems were described by Lee and Oden (1994) using the normal compliance 

law on the contact boundary. Dynamic problems were recast into quasi-static problems 

by time discretization. An a posteriori error estimator was developed for a nonlinear 

elliptic equation of corresponding static or quasi-static problems. Also an adaptive



strategy was introduced and h-p finite element meshes were obtained through a procedure 

based on a priori and a posteriori error estimations. 

For the study of impact response of metals and composites, many researchers 

[Goldsmith (1960), Timoshenko (1913), Sun and Chattopadhyay (1975), Ramkumar and 

Chen (1983), Petersen (1985), Thangjitham et. al., (1987), Sun and Liu (1989), Cairns 

and Lagace (1989)] used the Hertzian contact law which relates impactor and plate 

motion with contact force. However, by performing statical indentation tests on 

graphite/epoxy composite laminates using spherical steel indenters of different sizes, 

Yang and Sun (1981) found that the Hertzian contact law was not adequate for impact 

studies. They found that significant permanent indentations existed. In order to account 

for the permanent indentation, Tan and Sun (1982) proposed a modified Hertzian contact 

law following Yang and Sun (1981). They compared experimental results with 

predictions of finite element analysis using the statically determined contact law. Sun and 

Chen (1985) analyzed initially stressed composite plates under impact loads using this 

modified Hertzian contact law. It is noted that Bogdanovich and Yarve (1989) proposed a 

method which combined calculation of stress-strain state in a laminated plate on the basis 

of spline-approximation of displacements with the variational approach to the calculation 

of the process of impact contact interaction between the indentor and the plate. This 

method was subsequently extended to the calculation of damage zones in laminated 

composite plates subjected to low velocity impact (Bogdanovich and Yarve, 1990). An 

impact model for the impact of a spherical indentor and a transversly isotropic half-space 

was presented by Yigit and Christoforou (1994). They used an elastic-plastic contact law 

which incorporates permanent local deformation in their dynamic analysis. Matemilola 

and Stronge (1995) presented an analysis of the dynamic response and stresses in a 

flexible carbon fiber composite strip that is struck by a rigid missile. The relative 

approach between the colliding missile and the strip is obtained in a stepwise fashion in 
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the time domain by considering the compatibility of forces and displacements at the 

interface. The stresses in the region of contact are calculated using Hertz contact theory 

modified to represent material anisotropy. Mittal and Khalili (1994) studied the problem 

of transverse impact on large orthotropic elastic plates and obtained the contact force 

through Sveklo’s contact theory for anisotropic bodies. 

Nosier, Kapania and Reddy (1994) made efforts to analytically study the impact 

problem of laminated composite plates. The contact force was determined using the 

piece-wise linear Lagrange and Hermite Cubic functions. A contact law which 

incorporates permanent identation was also taken into account. A three-dimensional 

elasticity solution for the free vibration analysis of general cross-ply laminated plates was 

carried out by combining Fourier series solution with a state space representation and the 

transfer matrix approach. The accuracy of the various single layer theories and a 

layerwise theory with the elasticity solution was confirmed. A key feature of the approach 

developed by Nosier, Kapania and Reddy (1993) was that both the impact force and the 

resulting responses were obtained simultaneously. 

Most of the impact problems have been formulated using the small deflection theory 

which is adequate if the impact load is small. However, if a plate undergoes large 

deflections (of the order of the plate thickness), it is necessary to include geometric 

nonlinearities. Chen and Sun (1985) investigated nonlinear transient response of 

composite laminates subjected to impact loads with initial stresses. Using a finite element 

approach based on the Mindlin plate theory in conjunction with an experimentally 

established contact law by Tan and Sun (1982). Kant and Mallikarjuna (1991) used a 

higher-order theory and C9 finite elements to analyze a laminated plate under impact 

loads. These authors used the modified Hertzian contact law by Tan and Sun (1982). Obst 

and Kapania (1992) developed a finite element to study the static, dynamic, linear and 

nonlinear responses of general laminated beams using Reddy's (1990) third order shear 
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deformation theory. Matsuhashi et. al., (1993) studied the nonlinear transient global 

response of shear deformable composite laminated plates subjected to impact loading 

using the Rayleigh-Ritz approach. Gong et. al. (1995) presented a set of analytic 

equations to predict the dynamic response of simply-supported, doubly curved, cross-ply 

laminated shells impacted by a rigid impactor. The solutions are based on a higher-order 

shear deformation theory (HSDT) which accounts for the parabolic distribution of 

transverse shear strain through the thickness of a shell and tangetial stress-free boundary 

conditions on the surface of the shell. 

Palazotto et. al., (1992) studied the response (including damage) of graphite/epoxy 

cylindrical panels by impacting them in the center. Time histories for load, deflection and 

strain were obtained for six symmetric lay-up configurations for energies 0.5-4.5 ft-lb. 

The internal damage consisted of both delamination and transverse cracking. A 

geometrically nonlinear finite element analysis was also performed. The analysis, which 

included the shear effects, predicted the longitudinal strain quite close to its experimental 

counterpart. However, the analysis substantially underpredicted the circumferential 

stresses. The authors attributed this to reduced transverse stiffness due to material] failure 

in the transverse layers. Combined experimental/analytical studies on impact response of 

plates and shells was also performed by Montemurro ez. al., (1993). The analysis was 

performed using a cubic isoparametric Mindlin/Reissner element that also included a 

progressive damage formulation. The effect of finite element mesh on damage was also 

studied. The experiments were conducted to study the impact of a quasi-isotropic plate. 

When the shear strength was modified to account for ply orientation, the response and 

extent of damage as obtained from analytical and experimental results agreed. The 

influence of large displacement effects of thick laminates subjected to impact-energy 

levels corresponding to damage initiation was also studied by Ambur ez. al. (1993). They 

used an analytical procedure for determining the transient response of simply supported, 
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rectangular laminated composite plates subjected to impact loads from airgun-propelled 

and dropped-weight impactors. A first-order shear-deformation theory was included in 

the analysis to represent properly any local short-wave-length transient bending response. 

They also performed experiments to validate their analytical results. Ambur et. al. (1993) 

and Matsuhasi et. al. (1993) studied the effect of membrane stiffening in clamped beams 

and plates subjected to impact. Razi and Lindsay (1987) developed an analysis method 

for predicting the response of simply supported orthotropic cylinders subjected to low- 

velocity impact . 

In the various studies on the impact response of laminated plates, the effect of 

geometric imperfections has not been included. The geometric imperfections are known 

to significantly change the free vibration and dynamic response behavior of structures. 

Watawala and Nash (1983) studied the free and forced motions (due to base excitation 

caused by seismic effects) of imperfect circular cylindrical shell. It was concluded by 

these authors that the geometric nonlinearity plays a significant role in the dynamic 

response of a cylindrical shell if the displacements are equal to, or greater than, one half 

of the shell thickness. In subsequent studies, Byun and Kapania (1992) and Kapania and 

Byun (1993) investigated the effect of geometric imperfections on geometrically 

nonlinear impact response of thin laminated plates using the finite element method. It was 

observed that geometric imperfections cause significant changes in the impact response 

of thin laminated plates. 

Current nonlinear impact models based on the finite element method [Chen and Sun 

(1985), Kant and Mallikarjuna (1991)] may take several hours of CPU time on large 

computers to analyze one impact scenario. Kapania and Byun (1992 and 1993), studied 

the effectiveness of currently available reduction methods of reducing the computer time 

required to obtain geometrically nonlinear response under impact loads. Reduction 

methods may be used to obtain the response by reducing computational time but still 
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retaining desirable accuracy of the solution. The idea of reduction methods is to reduce 

the size of the large system of governing equations and, thus, reduce the computational 

effort involved in the solution of the problem. The reduction of the problem size is 

achieved by approximating the vector of discrete fundamental unknowns by a linear 

combination of a small number of global approximation functions called basis vectors. 

Kapania and Byun (1993) were able to reduce the CPU time by only 7% for the problems 

related to nonlinear impact response studies. However, the reduction was substantial for 

other nonlinear transient problems. 

Generally, prediction of impact force is based on data for the materials and 

geometries of the impacting bodies, and the impact velocity, in conjunction with an 

impact model. Additionally, so far the studies presented, were based on the fact that the 

impactor was rigid with a spherical tip. Lundberg and Lesser (1978) presented a method 

for synthesizing non-uniform linearly elastic projectiles that generate given impact forces 

on given targets. Later, Odeen and Lundberg (1991) developed the impulse response 

method. This method predicts the impact force history from the velocity response of each 

impacting body to an impulsive force applied to its impact face, and the impact velocity. 

The impulse responses of the impacting bodies can be either measured or predicted. They 

used Fourier transforms, discrete Fourier transform, and the fast Fourier transform to 

predict the impact force. They also performed measurements to obtain impact force 

histories and compared these with those obtained analytically. Karaoglan and Springer 

(1993) developed a finite element method to calculate the behavior of an axisymmetric 

composite body of revolution impacting on an anisotropic surface. The target may be a 

semi-infinite body or a simply supported or clamped panel, while the impact velocity 

may be such that the impactor penetrates the target.



1.1 Objectives 

The purpose of this study is to investigate the effect of rigid and flexible (uniform and 

non-uniform) composite projectiles on the impact response of composite structures using 

the finite element method. The study focuses upon the nonlinear response of 

geometrically imperfect thin laminated curved panels subjected to impact from a low 

velocity foreign object. Approximate solutions are obtained using reduction methods. To 

study the effect of the projectile’s flexibility, numerical schemes based on the finite 

element analysis are developed using a step by step approach. The impact response is 

obtained using explicit algorithm based on the central difference time integration rule. 

The main objectives of this study are: 

(A) Compare the impact response of geometrically imperfect laminated panels, with 

available analytical as well as experimental results, to determine the effect of the 

thickness of panels and the shapes of geometric imperfections on the impact 

response of the panel. 

(B) Study the effect of the projectile’s flexibility on the impact response of axial bars, 

beams and shear deformable plates. 

An outline of the study follows: 

The work described in chapters 2 and 3 attempts to predict the impact response of 

imperfect cylindrical laminated panels. A 48 degree-of-freedom (DOF) finite element 

based on the classical laminated plate theory is used to model the structure. The nonlinear 

and linear impact response is obtained by using two methods: a modal superposition 

method (MSM) and a reduction method based on Ritz vectors (R-R). The effect of 

number of modes used in the analysis is also studied. The modified Hertzian law by Tan 

and Sun (1982) is incorporated to evaluate the impact loads due to a projectile. Different 

radii of curvature are used in order to study the effect of the radius of curvature on the 
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impact response of laminated cylindrical panels. The effect of geometric imperfections on 

the impact response is also studied. In chapter 3 existing analytical results will be 

compared with the experiment performed at NASA Langley Research Center in order to 

validate the finite element modeling described in chapter 2. 

Subsequently, in chapter 4, methods that are simple in logic and structure are 

developed to predict the normal force generated by the impact of a non-uniform linearly 

elastic composite projectile on a Hopkinson bar. Two methods were developed. The first 

method is a variation of the impulse response method [Odeen and Lundberg (1991)] 

using the modal superposition method to calculate the impulse responses of the projectile 

and the bar and the composite trapezoidal rule for the numerical integration required to 

obtain the impact force. Next, a method based on the finite element analysis is developed 

which permits the prediction of impact force history using an explicit algorithm that uses 

the central difference time integration rule. In the previous two analyses one-dimensional 

modelling was used. Using the first method the need for a two-dimensional modeling of 

the projectile is investigated making use of the general purpose program 

MSC/NASTRAN. 

In chapter 5 the finite element method developed in chapter 4 is extended to predict 

the response of beams and generally-laminated, skew, trapezoidal plates subjected to low- 

velocity impact of a non-uniform linearly elastic composite projectile. Unlike most of the 

methods developed so far it does not require the knowledge of contact law and the shape 

of the projectile need not be spherical but any non-uniform linear elastic composite 

projectile can be used. Using this approach the flexibility of the projectile is also taken 

into account. 
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2. GEOMETRICALLY NONLINEAR IMPACT RESPONSE OF THIN 

LAMINATED IMPERFECT CYLINDRICAL PANELS 

2.1 Overview 

The response of laminated structures to impact loads has been a problem of 

considerable interest and concern in recent years, as these composite structures are known 

to be sensitive to impact loads. It has drawn attention from many researchers in the fields 

of penetration mechanics, armor resistance, car collision and aircraft crash. For a low- 

velocity impact, the damage of a composite laminate may not be visible until catastrophic 

failure is about to occur. 

Although a large number of studies dealing with impact response of flat laminated 

panels has been conducted in the past, relatively little work seems to be available on 

impact of laminated cylindrical panels. In this work an analytical study is conducted to 

predict the nonlinear transient response of thin imperfect laminated cylindrical panels 

subjected to impact loads. The imperfect panels are modeled using a 48 degree-of- 

freedom (DOF) finite element based on the classical laminated plate theory. Linear and 

nonlinear transient responses are obtained using the modal superposition method (MSM) 

and a reduction method based on Ritz vectors (R-R), both in conjunction with direct 

integration schemes (Wilson-8 or Newmark methods). The effect of the number of modes 

used is also discussed. A modified contact law is incorporated to evaluate the impact 

loads due to a projectile. Different non-dimensional shell radii [r/h] are used in order to 

study the effect of the non-dimensional shell radii [r/h] on the impact response of 

laminated cylindrical panels. The effect of geometric imperfections on linear and 

nonlinear transient response under sudden impact loads is also analyzed. Both MSM and 
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R-R methods used in the analysis are found to have acceptable accuracy and the 

accuracy increased with the number of modes used. 

2.2 Finite Element Formulation 

A doubly-curved thin plate/shell element capable of modeling arbitrary geometric 

imperfections is used in this study. The element was previously presented by Kapania and 

Yang (1986). The element was later extended to study the large-displacement behavior of 

laminated anisotropic plates and shells (Saigal et. al., 1986) and the buckling, 

postbuckling and nonlinear vibrations of imperfect plates (Kapania and Yang, 1987). 

The element is quadrilateral in shape and has four nodes, one at each corner. Each 

node possesses 12 DOFs: ul, ou! /o€e, oul Jan, a?ul/ O€On and similar quantities for 

us and we, where ui u- and wo are the displacement components in Cartesian 

coordinates x) x? and x, respectively, and € and 77 are the curvilinear orthogonal 

coordinates on the middle surface of the shell. 

The modeling of geometric imperfections is general with respect to the geometry of 

the imperfections. The Cartesian components of the imperfections vy vy and y> of the 

middle surface of the thin shell element are described by polynomial functions of the 

local coordinates € and 7 (Kapania and Yang, 1986) as 

mj mi I N i ; v (En)= cig i= 1,2,3. (2.1) 
j=l 

In Eqn (2.1), the constants mj and nj define the powers of ¢ and 7, respectively, for 

; ; ; l ; 
the jth term. The constants Cc; are solved for the imperfections vat N selected points on 

the middle surface of the element. 
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For the response of a panel subjected to impact loads due to an impactor, the system 

of equations is composed of two sets. One is the equation of motion for an impactor, 

written as 

m +F=0 (2.2) 
sds 

where m, is the mass of the impactor and F is the contact force. The other is the set of 

discretized equations of motion for the panel. The finite element equations of motion 

without damping can be constructed in different ways. In the linearized incremental form, 

those equations can be written as 

Mq+KrAq =F -f (2.3) 

where M and KT are the mass and tangent stiffness matrices; F is the contact force 

vector; f is the nodal force vector corresponding to the element stress; and gq andq are the 

displacement and acceleration vectors of the finite element assemblage. The matrix KT is 

given by Saigal et al. (1987). Consistent formulations were used in this study to 

determine the mass matrix. The element is based on the classical laminated plate theory 

and this program will be referred to as the CLPT program from now on. 

Since the contact force, F, depends on the indentation defined as 

= qs —Ws (2.4) 

where gq, is the position of the impactor and w, is the displacement of the cylindrical 

panel at the corresponding point, and in turn, both displacements depend on the contact 

force, the two sets of equations (2.2) and (2.3) must be solved simultaneously by using 
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an iterative scheme. In addition, the contact force can be obtained using the well-known 

Hertzian law (Goldsmith, 1960) or a modified Hertzian law based on experiments (Tan 

and Sun, 1982). Details about the contact force calculation are given in the following 

section. Once the contact force is obtained, Eqn (2.3) can easily be solved to obtain the 

whole response of the plate by means of numerical integration methods (the Newmark 

method is used in this study). 

2.3 Indentation Law 

The value of the contact force depends on a contact law which correlates the contact 

force to the amount of indentation. For example if low-velocity impact is considered the 

local deformation between the impactor and the structure is regarded as elastic, the 

Hertzian law can be employed for isotropic materials. However, due to inhomogeneous 

and anisotropic nature of composites, the contact behaviour becomes much more 

complicated. The Hertzian contact law might not be adequate in the analysis of the 

contact formulation between the impactor and composite laminates. Tan and Sun (1982) 

have shown that a modified Hertzian contact law established by using the static 

indentation test is a good representation of the real contact of composite laminated panels. 

This contact law accounts for permanent identation through unloading and reloading 

cycles. 

The contact law by Tan and Sun (1982) for a 20-ply [0° / 45° /0° / -45° /0° hos 

graphite/epoxy laminate with thickness of 0.269 cm is given as 

Loading: F= Kol, 0<A< Ay 

Unloading: F = Fy(—-—"$2-)" 

Reloading: F = Fy(———--)7/? 
Am — 20 
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where the contact coefficient, K, and the exponent, r, are experimentally determined. For 

a spherical steel impactor of /.27 cm diameter, K and r were found to be /.4/3x/ 06 

N cm-£.5 and 2.5, respectively. Fy, 1s the contact force at which unloading begins,a@,, is 

the indentation corresponding to Fy, and @g denotes the permanent indentation in an 

unloading cycle. The value of a is given by 

_ [Blan —a if Om >a p 

ao ={ ( "0 P) if Am <Q@p 

where 8 and a p Were found to be 0.094 and 1.667x10-2 cm, respectively. 

2.4 A Reduction Method without Basis Updating 

The first idea, in order to generate a convenient basis vector, is to consider the 

incremental equilibrium equations of motion without damping. By assuming small 

amplitude vibrations about an equilibrium state, the frequencies and mode shapes of free 

vibration are given by 

Kr; = 07 M9; (2.5) 

In earlier works done by Horri and Kawahara (1969), Nickell (1976), Morris (1977), 

and Remseth (1979), the change of basis was performed in each time step using the mode 

shapes corresponding to time”t" to account for the nonlinearity in the governing 

equilibrium equation of motion. However, Bathe and Gracewski (1981) suggested that it 

may well be more efficient not to establish a new stiffness matrix at each time step and 
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instead iterate a few more times. In this case, neglecting damping, the dynamic 

equilibrium equations at time f+Af are: 

i-1) i 0. li 
mat, r KPAg'") = Feat - 4 (2.6) 

where Ko is the stiffness matrix corresponding to the configuration at time t=0. The 

superscript inside the parentheses denotes the iteration index at each time step. It is noted 

; oo, , 0 0 1 
that iteration index starts from i=/ and qf o = qt, rt 0 = f; and Aq’ ) = Aq. 

0 Although the constant stiffness matrix Kr is used in time integration, all nonlinearities 

are included in the evaluation of the internal load vector, pb . However, because the 

stiffness matrix is not updated at each time step, the solution generally requires a large 

number of equilibrium iterations. 

Then, the unknown displacements are approximated by using modal coordinates 

Vin at ~ Petar (2.7) 

here @ is a matrix containing the dominant M normal modes in the modal matrix and 

ZeLAt is the vector of modal participation factors at time t+At Since M << N, the 

approximately equal sign is used in Eqn (2.7). 

However, it must be noted that by selecting M sufficiently large, the error in the 

solution can be significantly reduced. Substituting Eqn (2.7) into Eqn (2.6) and 

premultiplying by ®1, the incremental equilibrium equations in the new basis are 

obtained as 

3) $Q2 Ag) =o! (F fF) (2.8) 
t+At Ar rer 
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where Q° is a diagonal matrix containing square of the eigenfrequencies. It is noted that 

the dynamic equilibrium equations in the modal coordinates are still coupled because the 

nodal force vector pop can only be evaluated once all displacements are known. This 

is in contrast to the linear theory. However, since left hand side of Eqn (2.8) is decoupled 

by keeping the stiffness matrix constant and only M equations are considered (MU << N) 

the solution of the eigenvalue problem in Eqn (2.5) plus the step-by-step solution of Eqn 

(2.8) can be significantly more cost-effective than the direct step-by-step solution of Eqn 

(2.6). In addition, since the instantaneous eigenvalues of the system are continuously 

changing during the nonlinear response and the accuracy of the predicted response 

depends entirely on the quality of the basis vectors used, the aforementioned procedure 1s 

probably best employed in the analysis of only slightly nonlinear systems or systems with 

only local nonlinearities. 

2.5 A Reduction Method based on Ritz Vectors 

In this study, the reduction method is only applied to the incremental equilibrium 

equations of motion. Eqn (2.3) can be replaced by a reduced system of equations by 

means of a Rayleigh-Ritz technique. This can be done by approximating the 

displacements g by the linear combination of M linearly independent vectors: 

q= '% (2.9) 

where ¥ is the transformation matrix formed with M (VM << N) basis vectors and z is 

the vector of reduced generalized coordinates (dimension M). Some of the possible 

candidates for basis vectors would include eigenvectors, Ritz vectors, and derivatives of 
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�T�h�e� �r�e�d�u�c�t�i�o�n� �o�f� �c�o�m�p�u�t�e�r� �c�o�s�t� �i�s� �g�r�e�a�t�e�r� �f�o�r� �a� �l�a�r�g�e� �s�t�r�u�c�t�u�r�a�l� �s�y�s�t�e�m�.� �(�2�)� �T�h�e�y� �c�a�n� 

�a�c�c�o�u�n�t� �f�o�r� �t�h�e� �s�p�a�t�i�a�l� �l�o�a�d� �d�i�s�t�r�i�b�u�t�i�o�n� �(�w�h�i�c�h� �i�s� �v�e�r�y� �i�m�p�o�r�t�a�n�t� �f�o�r� �d�i�s�c�o�n�t�i�n�u�o�u�s� �l�o�a�d�s�)�,� 

�w�h�i�c�h� �t�h�e� �e�i�g�e�n�v�e�c�t�o�r�s� �i�g�n�o�r�e�.� 

�T�h�e� �a�l�g�o�r�i�t�h�m� �f�o�r� �g�e�n�e�r�a�t�i�n�g� �M�-�o�r�t�h�o�n�o�r�m�a�l�i�z�e�d� �R�i�t�z� �v�e�c�t�o�r�s� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �f�o�l�l�o�w�s� 

�*� �.� 

�A�T�Y�,�,�,� �=�M�y�;�.� �1�2�1� 

�;� �.� �i�l� 
�W�i�t�1� �=�V�i�,�,�-� �S�C�Y�;� 

�j�-�l� 
�*� 

� � 

�w�l� �C�p� �=� �V�i� �M�Y�,� �(�2�.�1�1�)� 

�u�F� �W�i�+�l� 
�i�+�]� �1�/�2� �T� �~� 

�T�h�e� �f�i�r�s�t� �v�e�c�t�o�r� �y�,� �i�s� �s�e�l�e�c�t�e�d� �t�o� �b�e� �t�h�e� �s�t�a�t�i�c� �r�e�s�p�o�n�s�e�,� �1�.�e�.�,� 

�K�T� �W�y�]� �=�r� 

�(�2�.�1�2�)� 

�_� �W�I� 
�W�]� �=� �7�.�.�.� �2� 

�(�v�j� �M�i�}� 

�2�0



�w�h�e�r�e� �r� �i�s� �t�h�e� �v�e�c�t�o�r� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �s�p�a�t�i�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �a�p�p�l�i�e�d� �l�o�a�d�s�.� �O�n�c�e� �a�l�l� �t�h�e� 

�b�a�s�i�s� �v�e�c�t�o�r�s� �a�r�e� �g�e�n�e�r�a�t�e�d�,� �t�h�e� �r�e�d�u�c�e�d� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �b�y� 

�f�o�l�l�o�w�i�n�g� �t�h�e� �p�r�o�c�e�d�u�r�e� �e�x�p�l�a�i�n�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� 

�D�u�e� �t�o� �c�o�n�t�i�n�u�o�u�s�l�y� �c�h�a�n�g�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m�,� �t�h�e� �b�a�s�i�s� �n�e�e�d�s� 

�t�o� �b�e� �p�e�r�i�o�d�i�c�a�l�l�y� �u�p�d�a�t�e�d� �s�o� �t�h�a�t� �i�t� �c�a�n� �a�d�e�q�u�a�t�e�l�y� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�y�s�t�e�m�'�s� �r�e�s�p�o�n�s�e�.� �A� 

�w�e�i�g�h�t�e�d� �e�r�r�o�r� �n�o�r�m� �o�f� �t�h�e� �u�n�b�a�l�a�n�c�e�d� �f�o�r�c�e� �v�e�c�t�o�r� �t�h�a�t� �i�n�d�i�c�a�t�e�s� �t�h�e� �n�e�e�d� �t�o� �p�e�r�f�o�r�m� �a� 

�b�a�s�i�s� �u�p�d�a�t�i�n�g� �w�a�s� �d�e�f�i�n�e�d� �b�y� �I�d�e�l�s�o�h�n� �a�n�d� �C�a�r�d�o�n�a� �(�1�9�8�5�a�)�.� �W�h�e�n�e�v�e�r� �t�h�e� �m�e�a�s�u�r�e� 

�e�x�c�e�e�d�s� �a� �p�r�e�d�e�f�i�n�e�d� �t�o�l�e�r�a�n�c�e�,� �a� �b�a�s�i�s� �u�p�d�a�t�i�n�g� �i�s� �p�e�r�f�o�r�m�e�d�.� �F�o�r� �f�o�r�c�e�d� �v�i�b�r�a�t�i�o�n�s�,� �t�h�e� 

�g�e�n�e�r�a�t�i�o�n� �o�f� �c�u�r�r�e�n�t� �R�i�t�z� �v�e�c�t�o�r�s� �i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �g�e�n�e�r�a�t�i�o�n� �o�f� �t�h�e� �i�n�i�t�i�a�l� �s�e�t� �o�f� �R�i�t�z� 

�v�e�c�t�o�r�s�.� �F�o�r� �r�e�s�i�d�u�a�l� �v�i�b�r�a�t�i�o�n�s�,� �t�h�e� �f�i�r�s�t� �b�a�s�i�s� �v�e�c�t�o�r� �o�f� �t�h�e� �c�u�r�r�e�n�t� �s�t�a�t�e� �i�s� �g�e�n�e�r�a�t�e�d� 

�f�r�o�m� �a� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �E�g�n� �(�2�.�1�2�)� �a�s� 

�K�T� �W�]� �=�M�y�1�0� 

�(�2�.�1�3�)� 

�_� �W�]� 
�Y�W�]� �=� �t�T�.�.�.� �2� 

�(�y�}� �u�y�}� 

�w�h�e�r�e� �y�y� �¢� �i�s� �t�h�e� �f�i�r�s�t� �b�a�s�i�s� �v�e�c�t�o�r� �o�f� �t�h�e� �i�n�i�t�i�a�l� �s�t�a�t�e�.� �T�h�e� �a�d�d�i�t�i�o�n�a�l� �c�u�r�r�e�n�t� �b�a�s�i�s� �v�e�c�t�o�r�s� 

�a�r�e� �g�e�n�e�r�a�t�e�d� �i�n� �t�h�e� �s�a�m�e� �m�a�n�n�e�r� �a�s� �u�s�e�d� �i�n� �g�e�n�e�r�a�t�i�n�g� �t�h�e� �i�n�i�t�i�a�l� �b�a�s�i�s�,� �i�.�e�.� �E�q�n� �(�2�.�1�1�)�.� 

�T�h�e�n�,� �a�t� �e�a�c�h� �u�p�d�a�t�i�n�g� �t�h�e� �c�u�r�r�e�n�t� �R�i�t�z� �v�e�c�t�o�r�s� �a�r�e� �a�d�d�e�d� �t�o� �t�h�e� �b�a�s�i�s� �b�y� �t�h�e� �M�-� 

�o�r�t�h�o�n�o�r�m�a�l�i�z�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �(�K�a�p�a�n�i�a� �a�n�d� �B�y�u�n�,� �1�9�9�3�)�.� �I�n� �o�r�d�e�r� �t�o� �a�v�o�i�d� �a�n�y� 

�p�r�o�g�r�e�s�s�i�v�e� �d�e�t�e�r�i�o�r�a�t�i�o�n� �o�f� �t�h�e� �b�a�s�i�s�,� �t�h�e� �i�n�i�t�i�a�l�l�y� �c�o�m�p�u�t�e�d� �v�e�c�t�o�r�s� �a�r�e� �r�e�t�a�i�n�e�d� 

�t�h�r�o�u�g�h�o�u�t� �t�h�e� �a�n�a�l�y�s�i�s� �i�n� �t�h�e� �s�e�t� �o�f� �t�h�e� �b�a�s�i�s� �v�e�c�t�o�r�s�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �e�x�c�e�s�s�i�v�e� 

�u�p�d�a�t�i�n�g� �o�f� �b�a�s�i�s� �v�e�c�t�o�r�s� �r�e�s�u�l�t�s� �i�n� �a�n� �i�n�s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �r�e�d�u�c�e�d� �e�q�u�a�t�i�o�n�s� 

�o�f� �m�o�t�i�o�n� �[�I�d�e�l�s�o�h�n� �a�n�d� �C�a�r�d�o�n�a� �(�1�9�8�5�b�)�,� �K�a�p�a�n�i�a� �a�n�d� �B�y�u�n� �(�1�9�9�3�)�]�.



�A�f�t�e�r� �t�h�e� �b�a�s�i�s� �v�e�c�t�o�r�s� �h�a�v�e� �b�e�e�n� �u�p�d�a�t�e�d�,� �t�h�e� �r�e�d�u�c�e�d� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�,� 

�E�q�n� �(�2�.�1�0�)� �i�s� �c�o�n�s�t�r�u�c�t�e�d� �a�g�a�i�n�.� �O�n�c�e� �E�q�n� �(�2�.�1�0�)� �h�a�s� �c�h�a�n�g�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �n�e�w� �b�a�s�i�s� 

�v�e�c�t�o�r�s�,� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �o�f� �t�h�e� �r�e�d�u�c�e�d� �g�e�n�e�r�a�l�i�z�e�d� �c�o�o�r�d�i�n�a�t�e� �s�h�o�u�l�d� �b�e� �c�h�a�n�g�e�d� �a�s� 

�d�e�s�c�r�i�b�e�d� �i�n� �K�a�p�a�n�i�a� �a�n�d� �B�y�u�n� �(�1�9�9�3�)�.� �I�t� �i�s� �n�o�t�e�d� �t�h�a�t� �t�h�e� �f�i�r�s�t� �M�@� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �n�e�w� 

�i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�o�s�e� �o�f� �t�h�e� �c�u�r�r�e�n�t� �g�e�n�e�r�a�l�i�z�e�d� �c�o�o�r�d�i�n�a�t�e� �a�n�d� �t�h�e� �r�e�s�t� 

�o�f� �t�h�e� �n�e�w� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �z�e�r�o� �a�f�t�e�r� �t�h�e� �f�i�r�s�t� �u�p�d�a�t�i�n�g� �d�u�e� �t�o� �t�h�e� �M�-�o�r�t�h�o�g�o�n�a�l�i�t�y� �o�f� 

�t�h�e� �b�a�s�i�s� �v�e�c�t�o�r�s�.� 

�2�.�6� �R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�2�.�6�.�1� �V�e�r�i�f�i�c�a�t�i�o�n� 

�B�e�f�o�r�e� �p�e�r�f�o�r�m�i�n�g� �i�m�p�a�c�t� �s�t�u�d�i�e�s�,� �a�n� �e�v�a�l�u�a�t�i�v�e� �a�n�a�l�y�s�i�s� �w�a�s� �p�e�r�f�o�r�m�e�d� �t�o� �s�t�u�d�y� �t�h�e� 

�r�e�s�p�o�n�s�e� �o�f� �l�a�m�i�n�a�t�e�d� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l�s� �t�o� �d�y�n�a�m�i�c� �(�s�i�m�u�l�a�t�e�d� �i�m�p�a�c�t�)� �l�o�a�d�s� �(�R�a�m�k�u�m�a�r� 

�a�n�d� �T�h�a�k�a�r�,� �1�9�8�7�)�.� �T�h�e� �l�a�m�i�n�a�t�e� �w�a�s� �f�a�b�r�i�c�a�t�e�d� �f�r�o�m� �A�S�1�/�3�5�0�1�-�6� �g�r�a�p�h�i�t�e�/�e�p�o�x�y� 

�p�r�e�p�r�e�g�.� �T�h�e� �l�a�m�i�n�a�t�e�d� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l� �i�s� �a� �4�8�-�p�l�y� �[�(�#�4�5�°� �/�0�5�)�2� �/� �4�4�5�°� �/� �0�°� �/� �9�0�°� �]�p�g� 

�l�a�m�i�n�a�t�e� �w�i�t�h� �t�h�i�c�k�n�e�s�s� �o�f� �0�.�6�3�5� �c�m�.� �T�h�e� �d�i�m�e�n�s�i�o�n�s� �a�r�e�,� �f�o�r� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �s�i�d�e� �6�0�.�9�6� 

�c�m� �a�n�d� �f�o�r� �t�h�e� �c�u�r�v�e�d� �o�n�e� �2�0�.�3�2� �c�m�.� �T�h�e� �t�e�s�t� �c�a�s�e� �c�o�n�s�i�d�e�r�e�d� �r�e�f�e�r�s� �t�o� �a� �s�i�m�u�l�a�t�e�d� �l�o�w� 

�v�e�l�o�c�i�t�y� �i�m�p�a�c�t� �t�e�s�t� �o�n� �a� �t�h�i�c�k� �c�y�l�i�n�d�r�i�c�a�l� �l�a�m�i�n�a�t�e� �w�i�t�h� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �s�h�e�l�l� �r�a�d�i�u�s� 

�[�r�/�h�]� �o�f� �4�0�0�0�.� �I�t� �w�a�s� �i�m�p�a�c�t�e�d� �b�y� �a� �s�p�h�e�r�i�c�a�l�-�t�i�p�p�e�d� �i�m�p�a�c�t�o�r� �w�i�t�h� �t�i�p� �r�a�d�i�u�s� �o�f� �0�.�1�5�9� �c�m�.� 

�F�i�g�u�r�e� �1� �p�r�e�s�e�n�t�s� �a� �c�o�m�p�a�r�i�s�o�n� �f�o�r� �t�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �p�r�e�d�i�c�t�i�o�n� �b�y� �b�o�t�h� �t�h�e� �a�n�a�l�y�s�i�s� 

�d�e�v�e�l�o�p�e�d� �b�y� �R�a�m�k�u�m�a�r� �a�n�d� �T�h�a�k�a�r� �(�1�9�8�7�)� �a�n�d� �t�h�e� �c�u�r�r�e�n�t� �a�n�a�l�y�s�i�s� �a�n�d� �i�t� �a�l�s�o� �i�n�c�l�u�d�e�s� 

�t�h�e� �t�i�m�e� �h�i�s�t�o�r�y� �o�f� �t�h�e� �a�p�p�l�i�e�d� �f�o�r�c�e�.� �B�o�t�h� �a�n�a�l�y�s�e�s� �u�s�e�d� �5� �m�o�d�e�s� �t�o� �o�b�t�a�i�n� �t�h�e� �r�e�s�u�l�t�s� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�1�.� �A�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�1�,� �a� �v�e�r�y� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�s� �o�b�s�e�r�v�e�d� �f�o�r� 

�b�o�t�h� �m�e�t�h�o�d�s�.� �V�e�r�y� �s�m�a�l�l� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �a�n�a�l�y�s�e�s� �c�a�n� �b�e� �a�t�t�r�i�b�u�t�e�d� �t�o� �t�h�e� 

�f�a�c�t� �t�h�a�t� �t�h�e� �a�n�a�l�y�s�i�s� �d�e�v�e�l�o�p�e�d� �b�y� �R�a�m�k�u�m�a�r� �a�n�d� �T�h�a�k�a�r� �(�1�9�8�7�)� �a�s�s�u�m�e�s� �t�h�e� �c�o�n�t�a�c�t� 

�f�o�r�c�e� �h�i�s�t�o�r�y� �d�u�e� �t�o� �t�h�e� �i�m�p�a�c�t� �p�h�e�n�o�m�e�n�o�n� �t�o� �b�e� �a� �k�n�o�w�n� �i�n�p�u�t� �w�h�i�l�s�t� �t�h�e� �c�u�r�r�e�n�t� 

�a�n�a�l�y�s�i�s� �d�o�e�s� �n�o�t�.� �F�u�r�t�h�e�r�m�o�r�e� �i�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y� �t�h�e� �a�r�e�a� �o�f� �c�o�n�t�a�c�t� �b�e�t�w�e�e�n� �t�h�e� 
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�s�a�e� �E�s� �4�0�8�8�8�8�9� �N�i�s�e�e� �,� �_� 

�N�O�R� �n�n�n� �e�e�e� �t�e� �o�e� �c�e� �c�e�c�e� �e�e�e� �e�e� 
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�5�0�0� �7�5�0� 
�T�i�m�e�,� �s�e�c� 

�1�0�0�0� 

� � �L�o� 

�1�2�5�0� 

�F�i�g�.� �2�.�1�.� �V�a�r�i�a�t�i�o�n� �o�f� �d�e�f�l�e�c�t�i�o�n� �a�t� �i�m�p�a�c�t� �l�o�c�a�t�i�o�n� �w�i�t�h� �t�i�m�e�.� 
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�p�r�o�j�e�c�t�i�l�e� �a�n�d� �t�h�e� �l�a�m�i�n�a�t�e�d� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l� �i�s� �n�o�t� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t� �a�s� �w�a�s� �d�o�n�e� �b�y� 

�R�a�m�k�u�m�a�r� �a�n�d� �T�h�a�k�a�r� �(�1�9�8�7�)�.� 

�2�.�6�.�2� �I�m�p�a�c�t� �R�e�s�p�o�n�s�e� �A�n�a�l�y�s�i�s� 

�T�h�e� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l� �c�o�n�s�i�d�e�r�e�d� �i�s� �a� �2�0�-�l�a�y�e�r�e�d� 

�[�0�°� �/� �4�5�°� �0�°� �/� �-�4�5�°� �/� �0�°� �I�o�.� �l�a�m�i�n�a�t�e�.� �T�h�e� �p�a�n�e�l� �d�i�m�e�n�s�i�o�n�s� �@� �a�n�d� �B� �a�r�e� �1�5�.�2�4� �c�m� �a�n�d� 

�1�0�.�1�6� �c�m�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �p�a�n�e�l�,� �d�e�n�o�t�e�d� �b�y� �h�o�,� �i�s� �0�.�2�6�9� �c�m�.� �T�h�e� 

�c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �i�m�p�a�c�t�e�d� �a�t� �t�h�e� �c�e�n�t�e�r� �b�y� �a� �s�p�h�e�r�i�c�a�l� �s�t�e�e�l� �i�m�p�a�c�t�o�r� �o�f� 

�d�i�a�m�e�t�e�r� �/�.�2�7� �c�m� �w�i�t�h� �a�n� �i�n�i�t�i�a�l� �v�e�l�o�c�i�t�y� �v�o� �o�f� �3� �m�s�-�/� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.�2�.� �T�h�e� 

�m�o�t�i�o�n� �o�f� �t�h�e� �i�m�p�a�c�t�o�r� �i�s� �a�l�o�n�g� �t�h�e� �p�o�s�i�t�i�v�e� �z�-�d�i�r�e�c�t�i�o�n�.� �T�h�e� �m�a�s�s� �d�e�n�s�i�t�y� �o�f� �t�h�e� �i�m�p�a�c�t�o�r� 

�i�s� �7�.�9�6�x�1�0�-�2� �N�s�2�c�m�-�4�.� �T�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �a�n�d� �i�m�m�o�v�a�b�l�e� �i�n� 

�t�h�e� �p�l�a�n�e�s� �a�l�o�n�g� �t�h�e� �p�a�n�e�l�'�s� �e�d�g�e�s�.� �T�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �a� �g�r�a�p�h�i�t�e�/�e�p�o�x�y� �l�a�m�i�n�a� �a�r�e� 

�a�s�s�u�m�e�d� �t�o� �b�e�:� �E�J�=�/�2�0� �G�P�a�,� �E�2�=�7�.�9� �G�P�a�,� �v�]�2�=�0�.�3�0�,� �G�]�2�=�G�2�3�=�G�]�3�=�5�.�5� �G�P�a�,� �a�n�d� 

�p�=�1�.�5�8�x�1�0�-�N�s�2�c�m�-�4�.� 
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� � 

�B� �=�1�0�.�1�6�c�m� 

�a�o� �=�1�5�.�2�4�c�m� �>� 

�y� 

�h�_� �=�0�.�2�6�9�c�m� 
�[�0�7�/�4�5�1�0�7�-�4�5�:�0�)�,� �°� 

�S� 

�F�i�g�.� �2�.�2�.� �A� �l�a�m�i�n�a�t�e�d� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l� �s�u�b�j�e�c�t�e�d� �t�o� �i�m�p�a�c�t� �l�o�a�d� �a�t� �t�h�e� �c�e�n�t�e�r� 

�T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�s�h� �u�s�e�d� �i�n� �t�h�i�s� �a�n�a�l�y�s�i�s� �i�s� �a�n� �8�x�8� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�s�h� �(�f�o�r� �t�h�e� 
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�w�h�o�l�e� �p�a�n�e�l�)�.� �T�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �a�n�d� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n�s� �o�f� �t�h�e� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l� 

�w�e�r�e� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �b�o�t�h� �t�h�e� �m�o�d�e� �s�u�p�e�r�p�o�s�i�t�i�o�n� �(�M�S�M�)� �a�n�d� �t�h�e� �R�i�t�z� �r�e�d�u�c�t�i�o�n� �(�R�-�R�)� 

�m�e�t�h�o�d�s� �f�o�r� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �s�h�e�l�l� �r�a�d�i�i�.� �T�h�e� �n�o�n�d�i�m�e�n�s�i�o�n�a�l�i�z�e�d� �s�h�e�l�l� �r�a�d�i�u�s� �d�e�f�i�n�e�d� �a�s� 

�r�o�/�h�g� �w�a�s� �u�s�e�d�.� �T�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �a�n�d� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n�s� �o�f� �t�h�e� �c�y�l�i�n�d�r�i�c�a�l� 

�p�a�n�e�l� �w�e�r�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �a� �t�i�m�e� �s�t�e�p� �o�f� �2�s�.� 

�T�h�e� �l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �i�s� �i�n�i�t�i�a�l�l�y� �p�e�r�f�o�r�m�e�d� �u�s�i�n�g� �b�o�t�h� �r�e�d�u�c�t�i�o�n� �m�e�t�h�o�d�s�,� �w�i�t�h� �a�n�d� 

�w�i�t�h�o�u�t� �u�p�d�a�t�i�n�g� �t�h�e� �b�a�s�i�s� �v�e�c�t�o�r�s�.� �T�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �c�o�n�t�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� 

�w�e�r�e� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �4�0� �a�n�d� �6�0� �b�a�s�i�s� �v�e�c�t�o�r�s� �i�n� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �t�h�r�e�e� �c�y�l�i�n�d�r�i�c�a�l� 

�p�a�n�e�l�s�.� �T�h�e� �r�e�s�u�l�t�s�,� �F�i�g�u�r�e� �2�.�3�,� �r�e�g�a�r�d�i�n�g� �t�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �s�h�o�w�e�d� �v�e�r�y� �g�o�o�d� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �b�o�t�h� �m�e�t�h�o�d�s�.� �A�l�t�h�o�u�g�h� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �b�o�t�h� �m�e�t�h�o�d�s� �w�e�r�e� 

�v�e�r�y� �s�a�t�i�s�f�a�c�t�o�r�y�,� �t�h�e� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�d� �b�y� �t�h�e� �R�i�t�z� �r�e�d�u�c�t�i�o�n� �m�e�t�h�o�d� �w�a�s� �s�m�a�l�l�e�r� �(�o�n� 

�t�h�e� �a�v�e�r�a�g�e� �5�.�5� �t�i�m�e�s� �l�e�s�s� �w�h�e�n� �t�h�e� �n�u�m�b�e�r� �o�f� �v�e�c�t�o�r�s� �u�s�e�d� �i�s� �6�0�)� �t�h�a�n� �t�h�a�t� �r�e�q�u�i�r�e�d� �b�y� 

�t�h�e� �m�o�d�e� �s�u�p�e�r�p�o�s�i�t�i�o�n� �m�e�t�h�o�d�,� �a�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �2�.�1�.� 

�T�a�b�l�e� �2�.�1�.� �C�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �m�o�d�a�l� �s�u�p�e�r�p�o�s�i�t�i�o�n� 
�m�e�t�h�o�d� �(�M�S�M�)� �a�n�d� �R�i�t�z� �r�e�d�u�c�t�i�o�n� �m�e�t�h�o�d� �(�R�-�R�)� �(�l�i�n�e�a�r� �a�n�a�l�y�s�i�s�)�.� 
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�N�o�n�d�i�m�e�n�s�i�o�n�a�l� �s�h�e�l�l� �C�P�U� �t�i�m�e� �(�x�1�0�4� �s�e�c�o�n�d�s�)� 

�r�a�d�i�u�s� �(�7�h� �)� �N�u�m�b�e�r� �o�f� �m�o�d�e�s� �M�S�M� �R�i�t�z� �v�e�c�t�o�r�s� 

�4�0�0�0� �6� �0�.�1�0�4�1� �0�.�0�1�4�3� 

�2�0� �0�.�1�0�6�8� �0�.�0�1�6�1� 

�4�0� �0�.�1�1�0�8� �0�.�0�1�8�5� 

�6�0� �0�.�1�1�6�3� �0�.�0�2�1�0� 

�1�0�0�0� �4�0� �0�.�1�0�8�8� �0�.�0�1�8�9� 

�6�0� �0�.�1�1�7�6� �0�.�0�2�1�5� 

�2�5�0� �4�0� �0�.�1�0�6�7� �0�.�0�1�8�8� 

�6�0� �0�.�1�1�6�3� �0�.�0�2�1�4� � � � � � � � � 
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�N�e�x�t�,� �t�h�e� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �i�s� �p�e�r�f�o�r�m�e�d�.� �A�t� �f�i�r�s�t�,� �t�h�e� �r�e�d�u�c�t�i�o�n� �m�e�t�h�o�d� �w�i�t�h�o�u�t� �b�a�s�i�s� 

�u�p�d�a�t�i�n�g� �i�s� �u�s�e�d� �a�n�d� �a�l�l� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �n�o�d�a�l� �f�o�r�c�e� 

�v�e�c�t�o�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �e�l�e�m�e�n�t� �s�t�r�e�s�s�e�s�.� �T�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� 

�h�i�s�t�o�r�i�e�s� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �4�0� �a�n�d� �6�0� �v�e�c�t�o�r�s�.� �S�u�b�s�e�q�u�e�n�t�l�y�,� �t�h�e� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �i�s� 

�p�e�r�f�o�r�m�e�d� �w�i�t�h� �b�a�s�i�s� �u�p�d�a�t�i�n�g�,� �i�n� �w�h�i�c�h� �b�a�s�i�s� �v�e�c�t�o�r�s� �a�r�e� �u�p�d�a�t�e�d� �a�t� �a� �p�r�e�a�s�s�i�g�n�e�d� 

�f�r�e�q�u�e�n�c�y�.� �T�h�e� �r�e�s�u�l�t�s� �w�e�r�e� �o�b�t�a�i�n�e�d� �b�y� �u�p�d�a�t�i�n�g� �t�h�e� �b�a�s�i�s� �v�e�c�t�o�r�s� �t�h�r�e�e� �t�i�m�e�s� �a�t� �t�i�m�e� 

�t�=�1�0�0�,� �2�0�0�,� �3�0�0� �p�s� �w�i�t�h� �2�0� �c�u�r�r�e�n�t� �R�i�t�z� �v�e�c�t�o�r�s� �i�n� �a�d�d�i�t�i�o�n� �t�o� �4�0� �a�n�d� �6�0� �i�n�i�t�i�a�l� �R�i�t�z� 

�v�e�c�t�o�r�s�.� �A�l�t�h�o�u�g�h�,� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �h�i�s�t�o�r�i�e�s� �a�r�e� �i�d�e�n�t�i�c�a�l�,� �a�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �2�.�4�,� �t�h�e�r�e� �a�r�e� �s�o�m�e� �m�i�n�o�r� �d�i�f�f�e�r�e�n�c�e�s� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e�,� �a�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e�s� �2�.�5�-�2�.�7�.� �T�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� �m�o�d�e� �s�u�p�e�r�p�o�s�i�t�i�o�n� �m�e�t�h�o�d� 

�d�i�d� �n�o�t� �s�h�o�w� �a�s� �m�a�n�y� �f�l�u�c�t�u�a�t�i�o�n�s� �d�u�r�i�n�g� �t�h�e� �f�i�r�s�t� �c�o�n�t�a�c�t� �a�s� �i�n� �t�h�e� �R�i�t�z� �r�e�d�u�c�t�i�o�n� 

�m�e�t�h�o�d�.� �I�t� �i�s� �i�n�t�e�r�e�s�t�i�n�g� �t�h�a�t� �a�s� �f�o�r� �a�s� �C�P�U� �t�i�m�e� �i�s� �c�o�n�c�e�r�n�e�d�,� �t�h�e� �r�e�s�u�l�t�s� �a�r�e� �o�p�p�o�s�i�t�e� �t�o� 

�t�h�o�s�e� �f�o�r� �t�h�e� �l�i�n�e�a�r� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e�.� �A�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �2�.�2�,� �t�h�e� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�d� �b�y� �t�h�e� 

�T�a�b�l�e� �2�.�2�.� �C�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �m�o�d�a�l� �s�u�p�e�r�p�o�s�i�t�i�o�n� 
�m�e�t�h�o�d� �(�M�S�M�)� �a�n�d� �R�i�t�z� �r�e�d�u�c�t�i�o�n� �m�e�t�h�o�d� �(�R�-�R�)� �(�n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s�)�.� 
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�N�o�n�d�i�m�e�n�s�i�o�n�a�l� �s�h�e�l�l� �C�P�U� �t�i�m�e� �(�x� �1�0�4� �s�e�c�o�n�d�s�)� 

�r�a�d�i�u�s� �(�t�h� �)� �N�u�m�b�e�r� �o�f� �m�o�d�e�s� �M�S�M� �R�i�t�z� �v�e�c�t�o�r�s� 

�4�0�0�0� �4�0� �0�.�5�2�3�7� �1�.�6�1�8�5� 

�6�0� �0�.�5�2�9�7� �1�.�8�9�6�0� 

�1�0�0�0� �4�0� �0�.�5�2�4�5� �1�.�6�4�0�3� 

�6�0� �0�.�5�3�3�3� �1�.�9�0�5�8� 

�2�5�0� �4�0� �0�.�5�2�6�5� �1�.�6�3�4�3� 

�6�0� �0�.�5�2�8�5� �1�.�8�9�5�3� � � � � � � � � � � 
�2�6



�R�i�t�z� �r�e�d�u�c�t�i�o�n� �m�e�t�h�o�d� �i�s� �a�b�o�u�t� �3�0�0�%� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �m�o�d�a�l� �s�u�p�e�r�p�o�s�i�t�i�o�n� �m�e�t�h�o�d�,� �w�i�t�h� 

�b�o�t�h� �m�e�t�h�o�d�s� �r�e�q�u�i�r�i�n�g� �e�n�o�r�m�o�u�s� �C�P�U� �t�i�m�e�.� �O�n�e� �r�e�a�s�o�n� �f�o�r� �t�h�i�s� �e�n�o�r�m�o�u�s� �C�P�U� �t�i�m�e� �i�s� 

�t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �n�o�d�a�l� �f�o�r�c�e� �v�e�c�t�o�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �e�l�e�m�e�n�t� �s�t�r�e�s�s�e�s� 

�t�a�k�e�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �9�0�%� �o�f� �C�P�U� �t�i�m�e� �i�n� �e�a�c�h� �t�i�m�e� �s�t�e�p�.� �T�h�u�s�,� �o�n�l�y� �a� �s�m�a�l�l� �p�o�r�t�i�o�n� �o�f� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �t�i�m�e� �c�a�n� �b�e� �r�e�d�u�c�e�d� �u�s�i�n�g� �t�h�e� �r�e�d�u�c�t�i�o�n� �m�e�t�h�o�d�s�.� 

�T�a�b�l�e� �2�.�3� �s�h�o�w�s� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �c�h�o�i�c�e� �o�f� �n�u�m�b�e�r� �o�f� �m�o�d�e�s� �i�n� �t�h�e� �m�o�d�a�l� 

�s�u�p�e�r�p�o�s�i�t�i�o�n� �(�M�S�M�)� �a�n�d� �t�h�e� �R�i�t�z� �r�e�d�u�c�t�i�o�n� �(�R�-�R�)� �m�e�t�h�o�d�s� �o�n� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� 

�m�a�x�i�m�u�m� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �c�o�n�t�a�c�t� �f�o�r�c�e� �a�t� �t�h�e� �s�a�m�e� �t�i�m�e� �"�t ��.� �T�h�e� �r�e�s�u�l�t�s� �s�h�o�w�n� �i�n� 

�T�a�b�l�e� �2�.�3� �a�r�e� �f�o�r� �t�h�e� �l�i�n�e�a�r� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �o�f� �a� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l� �w�i�t�h� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� 

�s�h�e�l�l� �r�a�d�i�u�s� �[�7�/�h�]� �o�f� �4�0�0�0�.� �A�s� �e�x�p�e�c�t�e�d�,� �a�s� �t�h�e� �n�u�m�b�e�r� �o�f� �m�o�d�e�s� �i�n�c�r�e�a�s�e�s�,� �a�c�c�u�r�a�c�y� 

�i�n�c�r�e�a�s�e�s�,� �e�s�p�e�c�i�a�l�l�y� �i�f� �t�h�e� �n�u�m�b�e�r� �o�f� �m�o�d�e�s� �i�s� �o�v�e�r� �4�0�.� �I�n� �t�h�a�t� �c�a�s�e� �t�h�e� �m�a�x�i�m�u�m� �c�e�n�t�r�a�l� 

�d�e�f�l�e�c�t�i�o�n� �a�n�d� �c�o�n�t�a�c�t� �f�o�r�c�e� �c�o�n�v�e�r�g�e� �t�o� �t�h�e� �a�c�t�u�a�l� �v�a�l�u�e�,� �w�i�t�h� �a� �s�m�a�l�l� �i�n�c�r�e�a�s�e� �o�f� �t�h�e� 

�C�P�U� �t�i�m�e� �u�s�e�d�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �a�n�d� �t�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �h�i�s�t�o�r�i�e�s� �w�e�r�e� �o�b�t�a�i�n�e�d� �f�o�r� 

�b�o�t�h� �t�h�e� �l�i�n�e�a�r� �a�n�d� �n�o�n�l�i�n�e�a�r� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l�s� �w�i�t�h� �n�o�n�-� 

�T�a�b�l�e� �2�.�3�.� �E�f�f�e�c�t� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �m�o�d�e�s� �o�n� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n�,� �t�h�e� 
�c�o�n�t�a�c�t� �f�o�r�c�e� �a�n�d� �t�h�e� �C�P�U� �t�i�m�e� �(�l�i�n�e�a�r� �a�n�a�l�y�s�i�s�)�.� 

� � 

� � 

� � 

� � 

� � � � � � � � � � � � 

�N�u�m�b�e�r� �o�f� �C�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n�}� �C�o�n�t�a�c�t� �f�o�r�c�e� �|� �C�P�U� �t�i�m�e� �(�x�1�0�4� �s�e�c�o�n�d�s�)� 

�m�o�d�e�s� �(�c�m�)� �(�N�)� �M�S�M� �R�i�t�z� �v�e�c�t�o�r�s� 

�6� �0�.�1�3�8�5� �6�3�6�.�2�2� �0�.�1�0�4�1� �0�.�0�1�4�3� 

�2�0� �0�.�1�4�0�8� �4�3�5�.�4�0� �0�.�1�0�6�8� �0�.�0�1�6�1� 

�4�0� �0�.�1�4�2�4� �3�0�1�.�4�4� �0�.�1�1�0�8� �0�.�0�1�8�5� 

�6�0� �0�.�1�4�2�5� �2�9�5�.�8�1� �0�.�1�1�6�3� �0�.�0�2�1�0� � � 
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�d�i�m�e�n�s�i�o�n�a�l� �s�h�e�l�l� �r�a�d�i�i� �[�7�/�h�]� �b�e�i�n�g� �e�q�u�a�l� �t�o� �4�0�0�0�,� �1�0�0�0� �a�n�d� �2�5�0� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�i�g�u�r�e� �2�.�8� 

�s�h�o�w�s� �t�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �o�f� �a�l�l� �t�h�r�e�e� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l�s� �f�o�r� �b�o�t�h� �t�h�e� �l�i�n�e�a�r� �a�n�d� 

�n�o�n�l�i�n�e�a�r� �r�e�s�p�o�n�s�e�.� �B�y� �i�n�c�l�u�d�i�n�g� �g�e�o�m�e�t�r�i�c� �n�o�n�l�i�n�e�a�r�i�t�i�e�s�,� �f�o�r� �a� �u�n�i�f�o�r�m� �8�x�8� �m�e�s�h� �a�n�d� �a� 

�t�i�m�e� �s�t�e�p� �o�f� �2�u�s� �u�s�i�n�g� �t�h�e� �m�o�d�e� �s�u�p�e�r�p�o�s�i�t�i�o�n� �m�e�t�h�o�d�,� �s�l�i�g�h�t�l�y� �d�i�f�f�e�r�e�n�t� �r�e�s�u�l�t�s� �w�e�r�e� 

�p�r�e�d�i�c�t�e�d� �r�e�g�a�r�d�i�n�g� �t�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �h�i�s�t�o�r�y�.� �B�y� �c�o�m�p�a�r�i�n�g� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �f�r�o�m� 

�b�o�t�h� �a�n�a�l�y�s�e�s� �i�t� �i�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e�r�e� �i�s� �a� �l�i�t�t�l�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �c�e�n�t�r�a�l� 

�d�e�f�l�e�c�t�i�o�n� �h�i�s�t�o�r�i�e�s� �i�r�r�e�s�p�e�c�t�i�v�e� �o�f� �t�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �s�h�e�l�l� �r�a�d�i�u�s� �[�r�/�h�]� �o�f� �t�h�e� 

�c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n�.� �T�h�e� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l� �u�n�d�e�r� �t�h�e� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� 

�a�p�p�e�a�r�e�d� �t�o� �b�e� �s�t�i�f�f�e�r�.� �T�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �a�r�e� �m�o�r�e� �a�c�c�u�r�a�t�e� 

�b�e�c�a�u�s�e� �o�f� �t�h�e� �c�a�p�a�b�i�l�i�t�y� �o�f� �t�h�e� �a�n�a�l�y�s�i�s� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �n�o�n�l�i�n�e�a�r� �r�e�s�p�o�n�s�e�s� �t�h�a�t� �f�o�r� 

�w�h�i�c�h� �m�o�d�e�r�a�t�e�l�y� �l�a�r�g�e� �d�e�f�l�e�c�t�i�o�n�s� �s�h�o�u�l�d� �n�o�t� �b�e� �i�g�n�o�r�e�d�.� �T�h�e� �g�e�o�m�e�t�r�i�c� �n�o�n�l�i�n�e�a�r�i�t�y� 

�e�f�f�e�c�t�s� �w�e�r�e� �n�o�t� �m�o�r�e� �p�r�o�f�o�u�n�d� �b�e�c�a�u�s�e� �a�l�t�h�o�u�g�h� �t�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �h�a�d� �a� 

�c�o�n�s�i�d�e�r�a�b�l�e� �m�a�g�n�i�t�u�d�e�,� �i�t� �w�a�s� �n�o�t� �o�f� �t�h�e� �s�a�m�e� �o�r�d�e�r� �o�f� �t�h�e� �p�a�n�e�l� �t�h�i�c�k�n�e�s�s�.� 

�S�u�b�s�e�q�u�e�n�t�l�y�,� �t�o� �s�h�o�w� �t�h�e� �n�o�n�l�i�n�e�a�r�i�t�y� �e�f�f�e�c�t�s�,� �w�e� �r�e�d�u�c�e�d� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� 

�c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l�s� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n� �b�y� �5�0�%�.� �T�h�e� �o�b�t�a�i�n�e�d� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �c�e�n�t�r�a�l� 

�d�e�f�l�e�c�t�i�o�n� �h�i�s�t�o�r�i�e�s� �(�F�i�g�u�r�e� �2�.�9�)� �c�l�e�a�r�l�y� �s�h�o�w� �t�h�a�t� �a�s� �t�h�e� �m�a�x�i�m�u�m� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� 

�a�p�p�r�o�a�c�h�e�s� �i�n� �m�a�g�n�i�t�u�d�e� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �p�a�n�e�l� �t�h�i�c�k�n�e�s�s�,� �a� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �s�h�o�u�l�d� �b�e� 

�p�e�r�f�o�r�m�e�d� �t�o� �o�b�t�a�i�n� �a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s�.� 

�T�h�e� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �s�h�e�l�l� �r�a�d�i�i� �[�r�/�h�]� �m�e�n�t�i�o�n�e�d� �a�b�o�v�e� �w�e�r�e� �c�h�o�s�e�n� �t�o� 

�s�h�o�w� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �r�a�d�i�u�s� �o�f� �c�u�r�v�a�t�u�r�e� �t�o� �t�h�e� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l�.� 

�T�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �a�n�d� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �h�i�s�t�o�r�i�e�s� �o�b�t�a�i�n�e�d�,� �w�e�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �a�v�a�i�l�a�b�l�e� 

�r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �B�y�u�n� �a�n�d� �K�a�p�a�n�i�a� �(�1�9�9�2�)� �i�n� �t�h�e�i�r� �s�t�u�d�y� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �i�m�p�a�c�t� 

�r�e�s�p�o�n�s�e� �o�f� �a� �f�l�a�t� �l�a�m�i�n�a�t�e�d� �p�a�n�e�l�.� �A� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �a�n�d� 

�c�o�n�t�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �f�o�r� �a�l�l� �t�h�r�e�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �s�h�e�l�l� �r�a�d�i�i� �[�r�/�h�]� �i�s� �m�a�d�e� �i�n� �F�i�g�u�r�e�s� 

�2�.�1�0� �a�n�d� �2�.�1�1�.� �T�h�e� �r�e�s�u�l�t�s� �s�h�o�w�n� �w�e�r�e� �o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� �m�o�d�e� �s�u�p�e�r�p�o�s�i�t�i�o�n� �m�e�t�h�o�d�,� �f�o�r� 

�t�h�e� �n�o�n�l�i�n�e�a�r� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e�,� �u�s�i�n�g� �6�0� �e�i�g�e�n�v�e�c�t�o�r�s�.� �F�o�r� �a� �v�e�r�y� �l�a�r�g�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� 
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�s�h�e�l�l� �r�a�d�i�u�s�,� �r�o�/�h�o�=�4�0�0�0�,� �a� �b�e�h�a�v�i�o�r� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�a�t� �o�f� �a� �f�l�a�t� �p�a�n�e�l� �w�a�s� �o�b�s�e�r�v�e�d�.� 

�C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �s�h�e�l�l� �r�a�d�i�u�s� �[�r�/�h�]� �w�a�s� �r�e�d�u�c�e�d� �a�n�d� �t�h�e� �t�e�s�t� �w�a�s� 

�a�p�p�l�i�e�d� �t�o� �a� �m�o�d�e�r�a�t�e�l�y� �c�u�r�v�e�d� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l� �(�r�9�o�/�h�g�=�/�0�0�0�)�.� �T�h�e� �r�e�s�u�l�t�s� �s�h�o�w�e�d� �a� �v�e�r�y� 

�s�m�a�l�l� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�y�.� �T�h�e� �p�a�n�e�l� �a�p�p�e�a�r�e�d� 

�t�o� �b�e� �s�t�i�f�f�e�r� �w�i�t�h� �t�h�e� �r�e�d�u�c�e�d� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �s�h�e�l�l� �r�a�d�i�u�s� �[�r�/�h�]�.� �A� �f�u�r�t�h�e�r� �r�e�d�u�c�t�i�o�n� �t�o� 

�t�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �s�h�e�l�l� �r�a�d�i�u�s� �[�7�/�h�]�,� �d�o�w�n� �t�o� �r�g�/�h�g�=�2�5�0�,� �i�l�l�u�s�t�r�a�t�e�s� �t�h�a�t� �t�h�e� �c�u�r�v�a�t�u�r�e� 

�e�f�f�e�c�t�s� �a�r�e� �n�o� �l�o�n�g�e�r� �n�e�g�l�i�g�i�b�l�e� �a�n�d� �m�u�s�t� �b�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s�.� �I�t� �s�h�o�w�s� �t�h�a�t� 

�c�o�n�s�i�d�e�r�a�b�l�e� �c�h�a�n�g�e� �o�c�c�u�r�s� �t�o� �b�o�t�h� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�y� �a�n�d� �t�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n�.� 

�T�h�e�r�e�f�o�r�e�,� �f�o�r� �t�h�e� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l� �d�e�s�c�r�i�b�e�d� �p�r�e�v�i�o�u�s�l�y�,� �b�e�y�o�n�d� �r�o�/�t�p�=�/� �0�0�0� �t�h�e� �c�h�a�n�g�e� 

�i�n� �t�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �a�p�p�e�a�r�s� �t�o� �b�e� �n�e�g�l�i�g�i�b�l�e�,� �b�u�t� �u�n�d�e�r� �t�h�a�t� �v�a�l�u�e� �c�u�r�v�a�t�u�r�e� �e�f�f�e�c�t�s� 

�c�a�n�n�o�t� �b�e� �i�g�n�o�r�e�d�.� 

�2�.�6�.�3� �E�f�f�e�c�t� �o�f� �G�e�o�m�e�t�r�i�c� �I�m�p�e�r�f�e�c�t�i�o�n�s� 

�N�e�x�t�,� �t�h�e� �e�f�f�e�c�t� �o�f� �g�e�o�m�e�t�r�i�c� �i�m�p�e�r�f�e�c�t�i�o�n�s� �i�s� �s�t�u�d�i�e�d�.� �T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �g�e�o�m�e�t�r�i�c� 

�i�m�p�e�r�f�e�c�t�i�o�n�s� �o�v�e�r� �t�h�e� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �s�i�n�u�s�o�i�d�a�l�,� 

�L�L� �=� �U�g�h�s�i�n� �m�n� �s�i�n� 
�a� �8� 

� � � � 

�w�h�e�r�e� �m� �a�n�d�n� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�h�a�p�e� �o�f� �g�e�o�m�e�t�r�i�c� �i�m�p�e�r�f�e�c�t�i�o�n�s�,� �a�n�d� �m� �a�n�d� �8� �a�r�e� �t�h�e� 

�p�a�n�e�l� �d�i�m�e�n�s�i�o�n�s�.� 

�V�a�r�y�i�n�g� �t�h�e� �m�a�x�i�m�u�m� �a�m�p�l�i�t�u�d�e� �o�f� �U�h� �a�f�f�e�c�t�s� �t�h�e� �v�a�r�i�o�u�s� �r�e�s�p�o�n�s�e� �q�u�a�n�t�i�t�i�e�s�,� �a�s� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �2�.�1�2�-�2�.�1�4� �(�f�o�r� �p�a�n�e�l� �t�h�i�c�k�n�e�s�s� �o�f� �0�.�2�6�9� �c�m�)� �a�n�d� �F�i�g�u�r�e�s� �2�.�1�5�-�2�.�1�7� �(�f�o�r� 

�p�a�n�e�l� �t�h�i�c�k�n�e�s�s� �o�f� �0�.�1�3�4�5� �c�m�)�.� �T�h�e� �m� �a�n�d� �n� �a�r�e� �s�e�t� �t�o� �b�e� �u�n�i�t�y�.� �T�h�e� �p�o�s�i�t�i�v�e� �g�e�o�m�e�t�r�i�c� 

�i�m�p�e�r�f�e�c�t�i�o�n�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �o�c�c�u�r� �i�n� �t�h�e� �s�a�m�e� �d�i�r�e�c�t�i�o�n� �a�s� �t�h�a�t� �o�f� �t�h�e� �i�m�p�a�c�t�o�r� �m�o�t�i�o�n� �a�t� 

�t�h�e� �b�e�g�i�n�n�i�n�g�.� �T�h�e� �e�f�f�e�c�t� �o�f� �p�o�s�i�t�i�v�e� �g�e�o�m�e�t�r�i�c� �i�m�p�e�r�f�e�c�t�i�o�n�s� �b�e�c�o�m�e�s� �e�v�i�d�e�n�t� �a�f�t�e�r� �t�h�e� 
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�f�i�r�s�t� �c�o�n�t�a�c�t�.� �T�h�e� �p�o�s�i�t�i�v�e� �g�e�o�m�e�t�r�i�c� �i�m�p�e�r�f�e�c�t�i�o�n�s� �r�e�d�u�c�e� �t�h�e� �m�a�x�i�m�u�m� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� 

�p�a�n�e�l� �a�s� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �l�t� �i�n�c�r�e�a�s�e�s�,� �b�u�t� �a�t� �t�h�e� �s�a�m�e� �t�i�m�e�,� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� �t�o�t�a�l� �c�o�n�t�a�c�t� 

�t�i�m�e� �a�n�d� �c�h�a�n�g�e� �i�n� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �i�s� �s�m�a�l�l�.� �B�y� �c�o�m�p�a�r�i�n�g� �t�h�e� �r�e�s�u�l�t�s� 

�o�b�t�a�i�n�e�d�,� �F�i�g�u�r�e�s� �2�.�1�2�-�2�.�1�7�,� �w�e� �c�a�n� �s�e�e� �t�h�a�t� �t�h�e� �e�f�f�e�c�t� �o�f� �g�e�o�m�e�t�r�i�c� �i�m�p�e�r�f�e�c�t�i�o�n�s� �i�n� �t�h�e� 

�p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �c�e�n�t�r�a�l� �d�e�f�l�e�c�t�i�o�n� �h�i�s�t�o�r�i�e�s� �i�s� �s�i�m�i�l�a�r� �i�r�r�e�s�p�e�c�t�i�v�e� �o�f� �t�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� 

�s�h�e�l�l� �r�a�d�i�u�s� �[�7�/�h�]� �o�f� �t�h�e� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n�.� 
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�3�.� �I�M�P�A�C�T� �R�E�S�P�O�N�S�E� �O�F� �F�L�A�T� �A�N�D� �C�U�R�V�E�D� �G�R�A�P�H�I�T�E�/�E�P�O�X�Y� �P�A�N�E�L�S� 

�-�C�O�M�P�A�R�I�S�O�N� �W�I�T�H� �E�X�P�E�R�I�M�E�N�T�S� 

�3�.�1� �O�v�e�r�v�i�e�w� 

�T�h�e� �e�f�f�e�c�t� �o�f� �l�o�w�-�v�e�l�o�c�i�t�y� �i�m�p�a�c�t� �d�a�m�a�g�e� �o�n� �t�h�e� �c�o�m�p�r�e�s�s�i�o�n� �s�t�r�e�n�g�t�h� �o�f� �l�a�m�i�n�a�t�e�d� 

�c�o�m�p�o�s�i�t�e� �s�t�r�u�c�t�u�r�e�s� �h�a�s� �b�e�e�n� �s�t�u�d�i�e�d� �e�x�t�e�n�s�i�v�e�l�y� �b�y� �m�a�n�y� �r�e�s�e�a�r�c�h�e�r�s� �o�v�e�r� �t�h�e� �p�a�s�t� 

�s�e�v�e�r�a�l� �y�e�a�r�s�.� �I�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �r�e�s�u�l�t�s� �o�f� �a�n� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �s�t�u�d�y� �o�f� �t�h�e� 

�l�o�w�-�v�e�l�o�c�i�t�y� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �o�f� �f�l�a�t� �a�n�d� �c�u�r�v�e�d� �g�r�a�p�h�i�t�e�-�e�p�o�x�y� �p�a�n�e�l�s� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� 

�a�n�d� �u�s�e�d� �t�o� �v�a�l�i�d�a�t�e� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�,� �c�h�a�p�t�e�r� 

�2�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� �s�t�u�d�y� �i�s� �c�o�n�d�u�c�t�e�d� �b�y� �D�r�.� �A�m�b�u�r ��s� �g�r�o�u�p� �o�f� �t�h�e� �S�t�r�u�c�t�u�r�a�l� �M�e�c�h�a�n�i�c�s� 

�B�r�a�n�c�h� �(�S�M�B�)� �a�t� �N�A�S�A� �L�a�n�g�l�e�y� �R�e�s�e�a�r�c�h� �C�e�n�t�e�r� �(�N�A�S�A� �L�a�R�C�)�.� �D�r�.� �A�m�b�u�r� �e�t�.� �a�i�.� 

�(�1�9�9�5�)�,� �d�e�v�e�l�o�p�e�d� �a� �c�l�o�s�e�d� �f�o�r�m� �l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �m�e�t�h�o�d� �b�a�s�e�d� �o�n� �L�o�v�e ��s� �e�q�u�a�t�i�o�n�s� �o�f� 

�m�o�t�i�o�n� �w�i�t�h� �s�m�a�l�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�n�d� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �e�f�f�e�c�t�s�.� �T�h�e� �a�s�s�o�c�i�a�t�e�d� 

�t�e�s�t� �m�e�t�h�o�d� �w�a�s� �a�l�s�o� �d�e�v�e�l�o�p�e�d� �b�y� �D�r�.� �A�m�b�u�r� �e�t�.� �a�l�.� �(�1�9�9�3�)�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�t�u�d�y� �f�o�r� 

�t�h�e� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �o�f� �f�l�a�t� �a�n�d� �c�u�r�v�e�d� �g�r�a�p�h�i�t�e�-�e�p�o�x�y� �p�a�n�e�l�s� �i�s� �c�o�n�d�u�c�t�e�d� �a�t� �t�h�e� �S�M�B� 

�f�a�c�i�l�i�t�i�e�s� �o�f� �N�A�S�A� �L�a�R�C�.� �E�i�g�h�t�-� �a�n�d� �1�6�-�p�l�y�-�t�h�i�c�k� �f�l�a�t� �p�a�n�e�l�s� �a�s� �w�e�l�l� �a�s� �c�u�r�v�e�d� �p�a�n�e�l�s� 

�w�i�t�h� �/�5�-� �a�n�d� �6�0�-�i�n� �r�a�d�i�i� �a�r�e� �t�e�s�t�e�d� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�e�f�f�e�c�t�s� �o�f� �g�e�o�m�e�t�r�i�c� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �o�n� �p�a�n�e�l� �r�e�s�p�o�n�s�e�.� �L�a�r�g�e� �d�e�f�l�e�c�t�i�o�n� �e�f�f�e�c�t�s� �a�r�e� 

�s�i�g�n�i�f�i�c�a�n�t� �f�o�r� �b�o�t�h� �8�-� �a�n�d� �/�6�-�p�l�y�-�t�h�i�c�k� �f�l�a�t� �a�n�d� �c�u�r�v�e�d� �p�a�n�e�l�s�.� �A�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �a�n�d� 

�s�o�m�e� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �d�e�c�r�e�a�s�i�n�g� �t�h�e� �p�a�n�e�l� �r�a�d�i�u�s� �i�n�c�r�e�a�s�e�s� �t�h�e� 

�i�m�p�a�c�t� �c�o�n�t�a�c�t� �f�o�r�c�e� �f�o�r� �a� �g�i�v�e�n� �i�m�p�a�c�t�-�e�n�e�r�g�y� �l�e�v�e�l�.� 

�3�.�2� �T�e�s�t� �S�p�e�c�i�m�e�n�s� �a�n�d� �T�e�s�t� �M�e�t�h�o�d� 

�T�h�e� �s�p�e�c�i�m�e�n�s� �t�e�s�t�e�d� �i�n� �t�h�i�s� �s�t�u�d�y� �a�r�e� �f�a�b�r�i�c�a�t�e�d� �f�r�o�m� �H�e�r�c�u�l�e�s�,� �I�n�c�.� �A�S�4� �g�r�a�p�h�i�t�e� 

�f�i�b�e�r�s� �p�r�e�i�m�p�r�e�g�n�a�t�e�d� �w�i�t�h� �H�e�r�c�u�l�e�s�,� �I�n�c�.� �3�5�0�2� �e�p�o�x�y� �r�e�s�i�n�.� �T�y�p�i�c�a�l� �m�e�c�h�a�n�i�c�a�l� 
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�p�r�o�p�e�r�t�i�e�s� �f�o�r� �t�h�e� �A�S�4�/�3�5�0�2� �g�r�a�p�h�i�t�e�-�e�p�o�x�y� �m�a�t�e�r�i�a�l� �s�y�s�t�e�m� �a�r�e� �F�E� �]�=�2�0� �M�s�i�,� �E�2�=�1�.�3� �M�s�i�,� 

�a�n�d� �G� �1�2�?�=�0�.�8�7� �M�s�i�,� �G�2�3�=�0�.�5�1� �M�s�i�,� �G�1�3�=�0�.�8�7� �M�s�i� �a�n�d� �v�=�0�.�3�.� �F�l�a�t� �a�n�d� �c�y�l�i�n�d�r�i�c�a�l�l�y� 

�c�u�r�v�e�d� �s�p�e�c�i�m�e�n�s� �w�i�t�h� �8�-�,� �1�6�-�,� �a�n�d� �2�4�-�p�l�y�-�t�h�i�c�k� �[�4�5�°�/�0�°�/� �-�4�5�°�/�9�0�°�|�y�5� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� 

�l�a�m�i�n�a�t�e�s� �h�a�v�e� �b�e�e�n� �t�e�s�t�e�d� �b�y� �D�r�.� �A�m�b�u�r� �o�f� �t�h�e� �S�M�B� �o�f� �N�A�S�A� �L�a�R�C�.� �T�h�e� �c�u�r�v�e�d� 

�s�p�e�c�i�m�e�n�s� �h�a�v�e� �/�5� �a�n�d� �6�0� �i�n� �r�a�d�i�i�.� �T�h�e� �s�p�e�c�i�m�e�n�s� �a�r�e� �s�u�p�o�r�t�e�d� �w�i�t�h� �b�o�t�h� �s�i�m�p�l�y� 

�s�u�p�p�o�r�t�e�d� �a�n�d� �c�l�a�m�p�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �K�n�i�f�e�-�e�d�g�e� �s�u�p�p�o�r�t�s� �a�r�e� �u�s�e�d� �t�o� �p�r�o�v�i�d�e� 

�s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �t�e�s�t� �s�p�e�c�i�m�e�n�s�.� �T�h�e� �k�n�i�f�e�-�e�d�g�e� �s�u�p�p�o�r�t�s� �a�r�e� 

�a�t�t�a�c�h�e�d� �t�o� �e�a�c�h� �e�d�g�e� �o�f� �t�h�e� �s�p�e�c�i�m�e�n�s� �a�t� �l�o�c�a�t�i�o�n�s� �0�.�2�5� �i�n� �f�r�o�m� �e�a�c�h� �e�d�g�e�.� �F�o�r� �t�h�e�s�e� 

�d�r�o�p�p�e�d�-�w�e�i�g�h�t� �i�m�p�a�c�t� �t�e�s�t�s�,� �t�h�e� �d�r�o�p�p�e�d�-�w�e�i�g�h�t� �a�s�s�e�m�b�l�y� �i�s� �r�a�i�s�e�d� �t�o� �a� �d�e�s�i�r�e�d� �h�e�i�g�h�t� 

�a�n�d� �t�h�e�n� �r�e�l�e�a�s�e�d� �t�o� �i�m�p�a�c�t� �t�h�e� �s�p�e�c�i�m�e�n�.� �T�h�e� �s�p�e�c�i�m�e�n�s� �a�r�e� �i�m�p�a�c�t�e�d� �u�s�i�n�g� �a�n� 

�i�n�s�t�r�u�m�e�n�t�e�d� �2�.�5� �l�b� �d�r�o�p�p�e�d�-�w�e�i�g�h�t� �i�m�p�a�c�t�o�r� �w�i�t�h� �a� �0�.�5� �i�n� �d�i�a�m�e�t�e�r� �h�e�m�i�s�p�h�e�r�i�c�a�l� �t�i�p�.� 

�T�h�e� �d�a�m�a�g�e� �i�n�i�t�i�a�t�i�o�n� �i�m�p�a�c�t� �e�n�e�r�g�y� �l�e�v�e�l�s� �f�o�r� �t�h�e� �f�l�a�t� �p�a�n�e�l�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� 

�i�m�p�a�c�t�i�n�g� �a� �g�i�v�e�n� �s�p�e�c�i�m�e�n� �w�i�t�h� �i�m�p�a�c�t� �e�n�e�r�g�y� �l�e�v�e�l�s� �t�h�a�t� �w�e�r�e� �i�n�c�r�e�a�s�e�d� �i�n� �i�n�c�r�e�m�e�n�t�s� 

�o�f� �0�.�5� �f�t�-�l�b� �u�n�t�i�l� �d�a�m�a�g�e� �i�n�i�t�i�a�t�i�o�n� �o�c�c�u�r�e�d�.� �D�a�m�a�g�e� �i�n�i�t�i�a�t�i�o�n� �w�a�s� �e�v�a�l�u�a�t�e�d� 

�n�o�n�d�e�s�t�r�u�c�t�i�v�e�l�y� �u�s�i�n�g� �v�o�l�u�m�e�t�r�i�c� �s�c�a�n�n�i�n�g� �a�p�p�r�o�a�c�h� �[�A�m�b�u�r� �e�z�.� �a�l�.� �(�1�9�9�3�)�]�.� �T�h�e� �o�u�t� �o�f� 

�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �o�f� �t�h�e� �p�a�n�e�l�s� �w�e�r�e� �m�e�a�s�u�r�e�d� �u�s�i�n�g� �a� �f�i�b�e�r� �o�p�t�i�c� �s�e�n�s�o�r�.� �T�h�e� �c�o�n�t�a�c�t� 

�f�o�r�c�e� �a�n�d� �o�u�t� �o�f� �p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �d�a�t�a� �a�r�e� �r�e�c�o�r�d�e�d� �u�s�i�n�g� �a� �N�i�c�o�l�e�t� �d�i�g�i�t�a�l� �s�t�o�r�a�g�e� 

�o�s�c�i�l�l�i�s�c�o�p�e�.� 

�3�.�3� �C�l�o�s�e�d�-�F�o�r�m� �A�n�a�l�y�s�i�s� �M�e�t�h�o�d� 

�A� �c�l�o�s�e�d�-�f�o�r�m� �l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �m�e�t�h�o�d� �d�e�v�e�l�o�p�e�d� �b�y� �A�m�b�u�r� �e�t�.� �a�l�.� �(�1�9�9�5�)� �i�s� �u�s�e�d� �t�o� 

�v�a�l�i�d�a�t�e� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �r�e�s�u�l�t�s�.� �L�o�v�e�'�s� �t�h�e�o�r�y� �f�o�r� �t�h�i�n� �s�h�e�l�l�s� �g�e�n�e�r�a�l�i�z�e�d� �t�o� 

�i�n�c�l�u�d�e� �f�i�r�s�t� �o�r�d�e�r� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �e�f�f�e�c�t�s� �i�s� �u�s�e�d� �t�o� �d�e�v�e�l�o�p� �t�h�e� �c�l�o�s�e�d�-�f�o�r�m� �a�n�a�l�y�s�i�s� 

�m�e�t�h�o�d�.� �T�h�i�s� �s�m�a�l�l�-�d�e�f�l�e�c�t�i�o�n� �a�n�a�l�y�s�i�s� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �L�a�g�r�a�n�g�i�a�n� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� 

�a�n�d� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �m�e�t�h�o�d� �u�s�e�d� �i�n� �c�o�n�j�u�c�t�i�o�n� �w�i�t�h� �a�s�s�u�m�e�d� �m�o�d�e� �s�h�a�p�e�s�.� 
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�G�e�n�e�r�a�l�i�z�e�d� �b�e�a�m� �f�u�n�c�t�i�o�n�s� �a�r�e� �u�s�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �d�i�f�f�e�r�e�n�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �C�o�n�t�a�c�t� 

�f�o�r�c�e�s�,� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�s�,� �a�n�d� �i�n�-�p�l�a�n�e� �s�t�r�a�i�n�s� �o�f� �c�u�r�v�e�d� �p�a�n�e�l�s� �s�u�b�j�e�c�t�e�d� �t�o� 

�l�o�w�-�v�e�l�o�c�i�t�y� �i�m�p�a�c�t� �w�i�t�h� �c�l�a�m�p�e�d� �a�s� �w�e�l�l� �a�s� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �c�a�n� 

�b�e� �o�b�t�a�i�n�e�d�.� �T�h�e� �a�n�a�l�y�s�i�s� �i�s� �g�e�n�e�r�a�l� �e�n�o�u�g�h� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �r�e�s�p�o�n�s�e� �a�t� �a�n�y� �p�o�i�n�t� �o�n� �t�h�e� 

�p�l�a�t�e� �f�o�r� �a�n�y� �a�r�b�i�t�r�a�r�y� �i�m�p�a�c�t� �l�o�c�a�t�i�o�n�.� 

�3�.�4� �R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�T�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �o�f� �f�l�a�t� �a�n�d� �c�u�r�v�e�d� �p�a�n�e�l�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �a�n�d� 

�d�i�s�c�u�s�s�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n�.� �T�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� 

�t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �c�l�o�s�e�d�-�f�o�r�m� �l�i�n�e�a�r� �a�n�a�l�y�s�i�s�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �p�r�e�s�e�n�t� 

�s�t�u�d�y� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �a�n�d� �a�l�s�o� �t�h�e� �c�l�o�s�e�d�-�f�o�r�m� 

�a�n�a�l�y�s�i�s� �m�e�t�h�o�d� �t�o� �e�x�p�l�a�i�n� �r�e�s�p�o�n�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �f�l�a�t� �a�n�d� �c�u�r�v�e�d� �p�a�n�e�l�s� �s�u�b�j�e�c�t�e�d� �t�o� 

�l�o�w� �v�e�l�o�c�i�t�y� �i�m�p�a�c�t�.� 

�3�.�4�.�1� �V�e�r�i�f�i�c�a�t�i�o�n� 

�T�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �r�e�s�u�l�t�s� �f�o�r� �l�i�n�e�a�r� �a�n�d� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�e�s� �f�r�o�m� �t�h�e� �p�r�e�s�e�n�t� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �m�e�t�h�o�d� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�e�s�u�l�t�s� �f�r�o�m� �D�a�v�i�e�s� �a�n�d� �Z�h�a�n�g� 

�(�1�9�9�5�)�.� �D�a�v�i�e�s� �a�n�d� �Z�h�a�n�g� �(�1�9�9�5�)� �o�b�t�a�i�n�e�d� �e�x�p�e�r�i�m�e�n�t�a�l� �a�s� �w�e�l�l� �a�s� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� 

�u�s�i�n�g� �a� �c�l�a�m�p�e�d� �3� �i�n� �w�i�d�e� �b�y� �4� �i�n� �l�o�n�g� �f�l�a�t� �p�a�n�e�l� �w�i�t�h� �a� �t�o�t�a�l� �t�h�i�c�k�n�e�s�s� �o�f� �0�.�0�4� �i�n� �a�n�d� �a� 

�[�4�5�°�/�-�4�5�°�/� �9�0�°�/�0�?�|�;� �l�a�m�i�n�a�t�e�.� �F�i�g�u�r�e� �3�.�1� �s�h�o�w�s� �t�h�e� �v�e�r�y� �g�o�o�d� �c�o�r�r�e�l�a�t�i�o�n� �t�h�a�t� �w�a�s� 

�o�b�t�a�i�n�e�d� �f�o�r� �b�o�t�h� �t�h�e� �l�i�n�e�a�r� �a�n�d� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�e�s� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �w�i�t�h� �t�h�e� 

�a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �o�f� �D�a�v�i�e�s� �a�n�d� �Z�h�a�n�g� �(�1�9�9�5�)�.� �S�i�n�c�e� �l�a�r�g�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �w�e�r�e� �o�b�t�a�i�n�e�d� 

�d�u�r�i�n�g� �t�h�e� �l�o�w�-�v�e�l�o�c�i�t�y� �i�m�p�a�c�t� �e�x�p�e�r�i�m�e�n�t�s� �p�e�r�f�o�r�m�e�d� �b�y� �D�a�v�i�e�s� �a�n�d� �Z�h�a�n�g� �(�1�9�9�5�)� �a� 

�n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �n�e�e�d�s� �t�o� �b�e� �p�e�r�f�o�r�m�e�d�.� �A�n� �e�x�c�e�l�l�e�n�t� �c�o�r�r�e�l�a�t�i�o�n� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� 

�a�n�a�l�y�s�i�s� �u�s�i�n�g� �t�h�e� �p�r�e�s�e�n�t� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� 

�b�y� �D�a�v�i�e�s� �a�n�d� �Z�h�a�n�g� �(�1�9�9�5�)� �i�s� �e�v�i�d�e�n�t� �i�n� �F�i�g�u�r�e� �3�.�1�.� �T�h�a�t� �i�s� �a�n� �i�n�d�i�c�a�t�i�o�n� �t�h�a�t� �t�h�e� 
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�n�o�n�l�i�n�e�a�r� �e�f�f�e�c�t�s� �o�f� �t�h�e� �p�r�o�b�l�e�m� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �v�e�r�y� �w�e�l�l� �b�y� �t�h�e� �p�r�e�s�e�n�t� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�a�n�a�l�y�s�i�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �p�r�e�s�e�n�t� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s�,� �a�l�s�o�,� 

�a�g�r�e�e� �v�e�r�y� �w�e�l�l� �w�i�t�h� �t�h�e� �l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s� �o�f� �D�a�v�i�e�s� �a�n�d� �Z�h�a�n�g� �(�1�9�9�5�)�.� 

�3�.�4�.�2� �F�l�a�t� �P�a�n�e�l� �I�m�p�a�c�t� �R�e�s�p�o�n�s�e� 

�C�o�n�t�a�c�t� �f�o�r�c�e� �r�e�s�u�l�t�s� �f�o�r� �8�-� �a�n�d� �/�6�-�p�l�y�-�t�h�i�c�k� �a�n�d� �4�.�5� �i�n� �b�y� �9�.�5� �i�n� �c�l�a�m�p�e�d� �f�l�a�t� �p�a�n�e�l�s� 

�a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �3�.�2�(�a�)� �f�o�r� �i�m�p�a�c�t� �b�y� �a� �0�.�5� �f�t�-�l�b� �i�m�p�a�c�t�-�e�n�e�r�g�y� �l�e�v�e�l�.� �T�h�e� �r�e�s�u�l�t�s� 

�f�o�r� �t�h�e� �/�6�-�p�l�y�-�t�h�i�c�k� �p�a�n�e�l� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e�s� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� 

�a�n�a�l�y�t�i�c�a�l�l�y� �p�r�e�d�i�c�t�e�d� �c�o�n�t�a�c�t� �f�o�r�c�e�s� �h�a�v�e� �t�h�e� �s�a�m�e� �v�a�l�u�e�s�.� �T�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �8�-�p�l�y�-�t�h�i�c�k� 

�p�a�n�e�l�s� �a�r�e� �d�i�f�f�e�r�e�n�t� �w�h�i�c�h� �s�h�o�w�s� �t�h�a�t� �n�o�n�l�i�n�e�a�r� �e�f�f�e�c�t�s� �a�r�e� �s�i�g�n�i�f�i�c�a�n�t� �f�o�r� �t�h�i�s� �p�a�n�e�l� 

�i�m�p�a�c�t�e�d� �w�i�t�h� �a� �0�.�5� �f�t�-�l�b� �i�m�p�a�c�t�-�e�n�e�r�g�y� �l�e�v�e�l�.� �T�h�i�s� �i�m�p�a�c�t�-�e�n�e�r�g�y� �l�e�v�e�l� �c�o�r�r�e�s�p�o�n�d�s� �t�o� 

�t�h�e� �d�a�m�a�g�e� �i�n�i�t�i�a�t�i�o�n� �t�h�r�e�s�h�o�l�d� �l�e�v�e�l� �f�o�r� �t�h�i�s� �p�a�n�e�l�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �l�i�n�e�a�r� 

�a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �8�-�p�l�y�-�t�h�i�c�k� �p�a�n�e�l� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �6�0�%�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�o�r� �b�o�t�h� �8�-� �a�n�d� �/�6�-�p�l�y�-�t�h�i�c�k� �p�a�n�e�l�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e�r�e� �i�s� �a� �p�h�a�s�e� �d�i�f�f�e�r�e�n�c�e� �i�n� 

�t�h�e� �d�u�r�a�t�i�o�n� �o�f� �t�h�e� �i�m�p�a�c�t� �e�v�e�n�t� �f�o�r� �b�o�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� �W�h�e�n� 

�t�h�e� �i�m�p�a�c�t�-�e�n�e�r�g�y� �l�e�v�e�l� �f�o�r� �t�h�e� �/�6�-�p�l�y�-�t�h�i�c�k� �p�a�n�e�l� �i�s� �i�n�c�r�e�a�s�e�d� �t�o� �J�.�5� �f�t�-�l�b�,� �w�h�i�c�h� �i�s� �i�t�s� 

�d�a�m�a�g�e� �i�n�i�t�i�a�t�i�o�n� �t�h�r�e�s�h�o�l�d�,� �t�h�e� �l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s� �u�n�d�e�r� �p�r�e�d�i�c�t� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �b�y� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �3�5�%�.� �T�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �8�-� �a�n�d� �/�6�-�p�l�y�-�t�h�i�c�k� 

�p�a�n�e�l�s� �i�m�p�a�c�t�e�d� �w�i�t�h� �0�.�5� �f�t�-�l�b� �o�f� �i�m�p�a�c�t� �e�n�e�r�g�y� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�2�(�b�)�.� �T�h�e� �a�n�a�l�y�s�i�s� 

�r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �8�-�p�l�y�-�t�h�i�c�k� �p�a�n�e�l� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �3� �t�i�m�e�s� �t�h�e� 

�p�a�n�e�l� �t�h�i�c�k�n�e�s�s� �a�n�d� �t�h�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �/�6�-�p�l�y�-�t�h�i�c�k� �p�a�n�e�l� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �0�.�5� �t�i�m�e�s� 

�t�h�e� �p�a�n�e�l� �t�h�i�c�k�n�e�s�s�.� �W�h�e�n� �t�h�e� �/�6�-�p�l�y�-�t�h�i�c�k� �p�a�n�e�l� �i�s� �i�m�p�a�c�t�e�d� �w�i�t�h� �i�t�s� �d�a�m�a�g�e� �i�n�i�t�i�a�t�i�o�n� 

�t�h�r�e�s�h�o�l�d� �e�n�e�r�g�y� �l�e�v�e�l� �o�f� �/�.�5� �f�t�-�l�b�,� �t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�o�r� �t�h�i�s� �p�l�a�t�e� �i�s� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�a�l� �t�o� �t�h�e� �p�l�a�t�e� �t�h�i�c�k�n�e�s�s�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �s�u�g�g�e�s�t� �t�h�a�t� �n�o�n�l�i�n�e�a�r� �e�f�f�e�c�t�s� �a�r�e� 

�i�m�p�o�r�t�a�n�t� �f�o�r� �b�o�t�h� �t�h�e� �8�-� �a�n�d� �/�6�-�p�l�y�-�t�h�i�c�k� �p�a�n�e�l�s� �w�h�e�n� �i�m�p�a�c�t�e�d� �w�i�t�h� �t�h�e�i�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�4�9



�d�a�m�a�g�e� �i�n�i�t�i�a�t�i�o�n� �i�m�p�a�c�t�-�e�n�e�r�g�y� �l�e�v�e�l�s� �a�n�d� �t�h�e�s�e� �n�o�n�l�i�n�e�a�r� �e�f�f�e�c�t�s� �n�e�e�d� �t�o� �b�e� �i�n�c�l�u�d�e�d� �i�n� 

�t�h�e� �a�n�a�l�y�s�i�s� �f�o�r� �p�r�e�d�i�c�t�i�n�g� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �a�n�d� �d�a�m�a�g�e�.� 

�T�h�e� �n�o�n�l�i�n�e�a�r� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �t�r�a�n�s�i�e�n�t� �r�e�s�p�o�n�s�e� �r�e�s�u�l�t�s� �f�o�r� �8�-� �a�n�d� �/�6�-�p�l�y�-�t�h�i�c�k� �a�n�d�4�.�5�i�n� 

�b�y� �9�.�5� �i�n� �c�l�a�m�p�e�d� �f�l�a�t� �p�a�n�e�l�s� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �i�n� �F�i�g�u�r�e� �3�.�3� �f�o�r� 

�a� �0�.�5� �f�t�-�l�b� �i�m�p�a�c�t�-�e�n�e�r�g�y� �l�e�v�e�l�.� �T�h�e� �m�a�x�i�m�u�m� �c�o�n�t�a�c�t� �f�o�r�c�e� �f�o�r� �t�h�e� �/�6�-�p�l�y�-�t�h�i�c�k� �p�a�n�e�l� �i�s� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �2�2�%� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� 

�m�a�x�i�m�u�m� �v�a�l�u�e�s� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �3�8�%� �f�o�r� �t�h�e� 

�8�-�p�l�y�-�t�h�i�c�k� �p�a�n�e�l�.� �T�h�e� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �o�v�e�r� �p�r�e�d�i�c�t�s� �t�h�e� �r�e�s�p�o�n�s�e� �f�o�r� �b�o�t�h� �&�-�p�l�y� �a�n�d� 

�1�6�-�p�l�y� �p�a�n�e�l�s� �w�h�i�c�h� �c�o�u�l�d� �b�e� �d�u�e� �t�o� �t�h�e� �e�f�f�e�c�t�s� �o�f� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �t�h�e� �m�e�s�h� �s�i�z�e� 

�u�s�e�d� �t�o� �d�i�s�c�r�e�t�i�z�e� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �i�n� �t�h�e� �i�m�p�a�c�t� �r�e�g�i�o�n�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� 

�h�a�s� �e�i�g�h�t� �e�l�e�m�e�n�t�s� �a�l�o�n�g� �t�h�e� �l�e�n�g�t�h� �a�n�d� �f�o�u�r� �e�l�e�m�e�n�t�s� �a�l�o�n�g� �t�h�e� �w�i�d�t�h� �o�f� �t�h�e� �p�a�n�e�l�.� 

�F�u�r�t�h�e�r� �r�e�f�i�n�e�m�e�n�t� �o�f� �t�h�e� �m�e�s�h� �a�t� �t�h�e� �i�m�p�a�c�t� �r�e�g�i�o�n� �s�h�o�w�e�d� �n�o� �s�i�g�n�i�f�i�c�a�n�t� �c�h�a�n�g�e� �i�n� �t�h�e� 

�r�e�s�p�o�n�s�e� �f�o�r� �b�o�t�h� �p�a�n�e�l�s�.� 
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�p�a�n�e�l�s� �w�i�t�h� �a� �6�0� �i�n� �r�a�d�i�u�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �3�.�4�a�&�b� �f�o�r� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �a�n�d� 

�c�l�a�m�p�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �B�a�s�e�d� �o�n� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �i�n� �c�h�a�p�t�e�r� �2�,� �i�t� �m�a�y� 

�a�p�p�e�a�r� �t�h�a�t� �t�h�e� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �o�f� �a� �c�u�r�v�e�d� �p�a�n�e�l� �w�i�t�h� �a� �l�a�r�g�e� �r�a�d�i�u�s� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�f� �a� 

�f�l�a�t� �p�a�n�e�l�.� �H�o�w�e�v�e�r�,� �t�h�e� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s� �f�o�r� �t�h�e�s�e� �p�a�n�e�l�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� 

�i�m�p�a�c�t� �r�e�s�p�o�n�s�e�s� �o�f� �t�h�e� �f�l�a�t� �a�n�d� �c�u�r�v�e�d� �p�a�n�e�l�s� �a�r�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �d�i�f�f�e�r�e�n�t�.� �T�h�e� �n�o�n�l�i�n�e�a�r� 

�e�f�f�e�c�t�s� �f�o�r� �t�h�e� �6�0� �i�n� �r�a�d�i�u�s� �p�a�n�e�l� �a�r�e� �m�o�r�e� �s�i�g�n�i�f�i�c�a�n�t� �t�h�a�n� �f�o�r� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�l�a�t� �p�a�n�e�l� 

�f�o�r� �a� �0�.�5� �f�t�-�l�b� �i�m�p�a�c�t�-�e�n�e�r�g�y� �l�e�v�e�l�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �l�i�n�e�a�r� �a�n�d� �n�o�n�l�i�n�e�a�r� �r�e�s�u�l�t�s� 

�f�o�r� �t�h�e� �f�l�a�t� �p�a�n�e�l� �i�s� �3�0�%� �f�o�r� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �1�3�%� �f�o�r� �c�l�a�m�p�e�d� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �v�a�l�u�e�s� �f�o�r� �t�h�e� �/�6�-�p�l�y�-�t�h�i�c�k� �p�a�n�e�l� �w�i�t�h� �a� �6�0� �i�n� 
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�t�h�i�c�k� �p�a�n�e�l� �a�l�s�o� �s�u�g�g�e�s�t� �t�h�a�t� �a� �c�h�a�n�g�e� �i�n� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�r�o�m� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �t�o� 

�c�l�a�m�p�e�d� �r�e�s�u�l�t�s� �i�n� �a� �2�7�%� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e�.� �T�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �i�n�c�r�e�a�s�e� �i�n� 

�c�o�n�t�a�c�t� �f�o�r�c�e� �f�r�o�m� �t�h�e� �l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �i�s� �4�0�%�.� �T�h�i�s� �d�i�f�f�e�r�e�n�c�e� �i�s� �d�u�e� �t�o� �t�h�e� �i�n�c�r�e�a�s�e�d� 

�s�e�n�s�i�t�i�v�i�t�y� �o�f� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �c�o�m�p�a�r�e�d� �t�o� �r�e�s�u�l�t�s� 

�f�o�r� �c�l�a�m�p�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �A�l�t�h�o�u�g�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �a�r�e� �s�i�m�i�l�a�r� �t�o� �t�h�e� 

�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s�,� �t�h�e�y� �a�r�e� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �n�o�n�l�i�n�e�a�r� �r�e�s�u�l�t�s� �b�y� �a�p�p�r�o�x�i�m�a�t�e�l�y� 

�4�5�%�.� �T�h�i�s� �d�i�s�c�r�e�p�a�n�c�y� �c�o�u�l�d� �b�e� �c�a�u�s�e�d� �b�y� �i�m�p�r�o�p�e�r� �m�o�d�e�l�i�n�g� �o�f� �t�h�e� �t�e�s�t� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �o�r� �b�y� �a� �s�t�r�u�c�t�u�r�a�l� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �t�e�s�t� �s�p�e�c�i�m�e�n� �t�h�a�t� �i�s� �n�o�t� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� 

�a�n�a�l�y�s�i�s�.� 
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�w�i�t�h� �a� �1�5� �i�n� �r�a�d�i�u�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �3�.�5�a�&�b� �f�o�r� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �a�n�d� �c�l�a�m�p�e�d� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� 

�p�a�n�e�l� �s�t�i�f�f�n�e�s�s� �i�n�c�r�e�a�s�e�s� �a�s� �t�h�e� �p�a�n�e�l� �r�a�d�i�u�s� �d�e�c�r�e�a�s�e�s�,� �a�n�d�,� �a�s� �a� �r�e�s�u�l�t�,� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �i�s� 

�i�n�c�r�e�a�s�e�d� �a�n�d� �h�a�s� �a� �s�h�o�r�t�e�n�e�d� �i�m�p�a�c�t� �d�u�r�a�t�i�o�n�.� �T�h�e� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �n�o�n�l�i�n�e�a�r� 

�r�e�s�u�l�t�s� �d�o� �n�o�t� �c�h�a�n�g�e� �s�i�g�n�i�f�i�c�a�n�t�l�y�.� �T�h�i�s� �d�i�f�f�e�r�e�n�c�e� �i�n� �r�e�s�p�o�n�s�e� �o�c�c�u�r�s� �f�o�r� �p�a�n�e�l�s� �w�i�t�h� 

�s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �a�n�d� �c�l�a�m�p�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �B�a�s�e�d� �o�n� �t�h�e�s�e� �r�e�s�u�l�t�s�,� �i�t� �a�p�p�e�a�r�s� 

�t�h�a�t� �a� �c�u�r�v�e�d� �p�a�n�e�l� �i�s� �m�o�r�e� �l�i�k�e�l�y� �t�o� �b�e� �d�a�m�a�g�e�d� �d�u�r�i�n�g� �a�n� �i�m�p�a�c�t� �e�v�e�n�t� �t�h�a�n� �a� �f�l�a�t� �p�a�n�e�l� 

�s�i�n�c�e�,� �f�o�r� �a� �g�i�v�e�n� �i�m�p�a�c�t�-�e�n�e�r�g�y� �l�e�v�e�l�,� �a� �l�a�r�g�e�r� �c�o�n�t�a�c�t� �f�o�r�c�e� �i�s� �e�x�p�e�r�i�e�n�c�e�d� �b�y� �t�h�e� �c�u�r�v�e�d� 

�p�a�n�e�l�.� �T�h�e� �v�a�l�u�e� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �c�o�n�t�a�c�t� �f�o�r�c�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �7�5� �i�n� �r�a�d�i�u�s� �p�a�n�e�l� �a�r�e� 
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�t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�i�s� �p�a�n�e�l� �h�a�s� �a� �s�i�g�n�i�f�i�c�a�n�t� �n�o�n�l�i�n�e�a�r� �r�e�s�p�o�n�s�e� 

�c�o�m�p�a�r�e�d� �t�o� �t�h�e� �/�6�-�p�l�y�-�t�h�i�c�k� �c�u�r�v�e�d� �p�a�n�e�l� �f�o�r� �b�o�t�h� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �m�a�x�i�m�u�m� 

�v�a�l�u�e� �o�f� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �i�s� �a�l�s�o� �l�a�r�g�e�r� �f�o�r� �c�l�a�m�p�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �t�h�a�n� �f�o�r� �s�i�m�p�l�y� 

�s�u�p�p�o�r�t�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �m�a�g�n�i�t�u�d�e�s� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l�!� �r�e�s�u�l�t�s� �a�r�e� �l�e�s�s� �t�h�a�n� 

�t�h�e� �m�a�g�n�i�t�u�d�e�s� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s�.� 

�C�o�n�t�a�c�t� �f�o�r�c�e� �r�e�s�u�l�t�s� �f�o�r� �4�.�5� �i�n� �b�y� �9�.�5� �i�n� �8�-�p�l�y�-�t�h�i�c�k� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� �c�u�r�v�e�d� �p�a�n�e�l�s� 

�w�i�t�h� �a� �1�5� �i�n� �r�a�d�i�u�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �3�.�7�a�&�b� �f�o�r� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �a�n�d� �c�l�a�m�p�e�d� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �t�r�e�n�d� �o�f� �t�h�e�s�e� �r�e�s�u�l�t�s� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �d�i�f�f�e�r�e�n�t� 

�f�r�o�m� �a�n�y� �o�f� �t�h�e� �p�r�e�v�i�o�u�s�l�y� �p�r�e�s�e�n�t�e�d� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �8�-� �a�n�d� �/�6�-�p�l�y�-�t�h�i�c�k� �p�a�n�e�l�s�.� �A�l�t�h�o�u�g�h� 

�m�a�g�n�i�t�u�d�e�s� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �c�o�n�t�a�c�t� �f�o�r�c�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �c�l�a�m�p�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� 

�a�r�e� �s�l�i�g�h�t�l�y� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�o�s�e� �f�o�r� �t�h�e� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �t�h�e�i�r� 

�m�a�g�n�i�t�u�d�e�s� �a�r�e� �m�u�c�h� �l�e�s�s� �t�h�a�n� �t�h�e� �p�a�n�e�l� �w�i�t�h� �t�h�e� �6�0� �i�n� �r�a�d�i�u�s�.� �T�h�i�s� �t�r�e�n�d� �i�s� �o�p�p�o�s�i�t�e� �t�o� 

�t�h�e� �t�r�e�n�d� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s�.� �T�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �/�5� �i�n� �r�a�d�i�u�s� �8�-�p�l�y�-�t�h�i�c�k� �p�a�n�e�l� 

�r�e�s�p�o�n�s�e� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �/�5� �i�n� �r�a�d�i�u�s� �/�6�-�p�l�y�-�t�h�i�c�k� �p�a�n�e�l� �r�e�s�p�o�n�s�e� �w�h�e�r�e� 

�m�a�g�n�i�t�u�d�e�s� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �a�r�e� �l�e�s�s� �t�h�a�n� �t�h�e� �m�a�g�n�i�t�u�d�e�s� �o�f� �t�h�e� �l�i�n�e�a�r� �a�n�a�l�y�s�i�s� 

�r�e�s�u�l�t�s�.� �F�o�r� �b�o�t�h� �o�f� �t�h�e�s�e� �c�a�s�e�s�,� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �t�h�e� �p�l�a�t�e� �r�e�s�p�o�n�d�s� �a�s� �t�h�o�u�g�h� �i�t� �h�a�s� �a� �m�u�c�h� 

�l�o�w�e�r� �s�t�i�f�f�n�e�s�s� �t�h�a�n� �t�h�a�t� �a�s�s�u�m�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�e�s�.� �O�n�e� �p�o�s�s�i�b�l�e� �e�x�p�l�a�n�a�t�i�o�n� �f�o�r� �t�h�i�s� 

�b�e�h�a�v�i�o�r� �i�s� �t�h�a�t� �t�h�e� �c�u�r�v�e�d� �p�a�n�e�l�s� �c�o�u�l�d� �m�o�v�e� �s�l�i�g�h�t�l�y� �i�n� �a� �t�a�n�g�e�n�t�i�a�l� �d�i�r�e�c�t�i�o�n� �w�h�e�n� 

�i�m�p�a�c�t�e�d� �a�n�d�,� �a�s� �a� �r�e�s�u�l�t�,� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �t�o� �t�h�e� �i�m�p�a�c�t� �c�o�n�t�a�c�t� �f�o�r�c�e� �w�o�u�l�d� �b�e� �r�e�d�u�c�e�d�.� 

�A�n�o�t�h�e�r� �p�o�s�s�i�b�l�e� �e�x�p�l�a�n�a�t�i�o�n� �f�o�r� �t�h�i�s� �c�o�u�n�t�e�r�-�i�n�t�u�i�t�i�v�e� �b�e�h�a�v�i�o�r� �i�s� �t�h�a�t� �t�h�e� �c�u�r�v�e�d� �p�a�n�e�l� 

�r�e�s�p�o�n�s�e� �h�a�s� �a� �l�i�m�i�t� �p�o�i�n�t� �i�n�s�t�a�b�i�l�i�t�y� �s�i�m�i�l�a�r� �t�o� �a�n� �a�r�c�h� �o�r� �a� �p�i�n�c�h�e�d� �c�y�l�i�n�d�e�r� �w�i�t�h� �a� 

�c�o�n�c�e�n�t�r�a�t�e�d� �f�o�r�c�e� �n�o�r�m�a�l� �t�o� �i�t�s� �s�u�r�f�a�c�e�.� �D�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �a�s�p�e�c�t� �r�a�t�i�o�,� �t�h�i�c�k�n�e�s�s� �a�n�d� 

�r�a�d�i�u�s� �o�f� �t�h�e� �c�u�r�v�e�d� �p�a�n�e�l�,� �l�i�m�i�t� �p�o�i�n�t� �i�n�s�t�a�b�i�l�i�t�i�e�s� �c�a�n� �i�n�f�l�u�e�n�c�e� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �r�e�s�p�o�n�s�e�.� 
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�t�o� �r�i�g�i�d� �p�r�o�j�e�c�t�i�l�e�s� �w�i�t�h� �a� �s�p�h�e�r�i�c�a�l� �t�i�p�,� �v�e�r�y� �l�i�t�t�l�e� �r�e�s�e�a�r�c�h� �h�a�s� �f�o�c�u�s�e�d� �o�n� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� 

�c�o�m�p�o�s�i�t�e� �s�t�r�u�c�t�u�r�e�s� �t�o� �t�h�e� �i�m�p�a�c�t� �o�f� �n�o�n�-�u�n�i�f�o�r�m� �f�l�e�x�i�b�l�e� �c�o�m�p�o�s�i�t�e� �p�r�o�j�e�c�t�i�l�e�s�.� �A�n� 

�a�n�a�l�y�t�i�c�a�l� �s�t�u�d�y� �i�s� �c�o�n�d�u�c�t�e�d� �h�e�r�e� �t�o� �p�r�e�d�i�c�t� �t�h�e� �n�o�r�m�a�l� �f�o�r�c�e� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �i�m�p�a�c�t� �o�f� 

�a� �n�o�n�-�u�n�i�f�o�r�m� �l�i�n�e�a�r�l�y� �e�l�a�s�t�i�c� �c�o�m�p�o�s�i�t�e� �p�r�o�j�e�c�t�i�l�e� �o�n� �a� �H�o�p�k�i�n�s�o�n� �b�a�r�.� 

�O�n�e� �o�f� �t�h�e� �m�o�s�t� �w�i�d�e�l�y� �u�s�e�d� �e�x�p�e�r�i�m�e�n�t�a�l� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �f�o�r� �h�i�g�h� �s�t�r�a�i�n�-�r�a�t�e� �m�a�t�e�r�i�a�l� 

�m�e�a�s�u�r�e�m�e�n�t�s� �i�s� �t�h�e� �s�p�l�i�t� �H�o�p�k�i�n�s�o�n� �p�r�e�s�s�u�r�e� �b�a�r�.� �T�h�e� �c�o�n�c�e�p�t� �o�f� �t�h�e� �H�o�p�k�i�n�s�o�n� �b�a�r� 

�i�n�v�o�l�v�e�s� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �d�y�n�a�m�i�c� �s�t�r�e�s�s�e�s�,� �s�t�r�a�i�n�s�,� �o�r� �d�i�s�p�l�a�c�e�m�e�n�t�s� �o�c�c�u�r�i�n�g� �a�t� �t�h�e� 

�e�n�d� �o�f� �a� �b�a�r�.� �I�t� �u�s�e�s� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �i�m�p�a�c�t� �o�f� �a� �c�y�l�i�n�d�r�i�c�a�l� �p�r�o�j�e�c�t�i�l�e� �t�o� �g�e�n�e�r�a�t�e� �a�n� 

�i�n�c�i�d�e�n�t� �p�u�l�s�e�.� �T�h�a�t� �p�u�l�s�e� �a�l�l�o�w�s� �t�h�e� �s�p�e�c�i�m�e�n�,� �s�a�n�d�w�i�c�h�e�d� �b�e�t�w�e�e�n� �t�w�o� �H�o�p�k�i�n�s�o�n� �b�a�r�s�,� 

�t�o� �b�e� �l�o�a�d�e�d� �d�y�n�a�m�i�c�a�l�l�y�.� �I�n� �o�r�d�e�r� �t�o� �s�t�u�d�y� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�h�e� �s�t�r�a�i�n� �r�a�t�e� �o�n� �t�h�e� 

�m�e�c�h�a�n�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �s�p�e�c�i�m�e�n�,� �i�t� �i�s� �u�s�e�f�u�l� �t�o� �b�e� �a�b�l�e� �t�o� �c�h�a�n�g�e� �t�h�e� �p�r�o�f�i�l�e� �o�f� �t�h�e� 

�i�n�c�i�d�e�n�t� �w�a�v�e�.� �T�o� �t�h�a�t� �e�n�d�,� �d�i�f�f�e�r�e�n�t� �c�y�l�i�n�d�r�i�c�a�l� �a�n�d� �c�o�n�i�c�a�l� �p�r�o�j�e�c�t�i�l�e�s� �a�r�e� �u�s�e�d�.� 

�T�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �n�o�r�m�a�l� �f�o�r�c�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �H�o�p�k�i�n�s�o�n� �b�a�r� �b�y� �t�h�e� �i�m�p�a�c�t� �o�f� �t�h�e� 

�p�r�o�j�e�c�t�i�l�e�,� �d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d�s� �c�a�n� �b�e� �u�s�e�d�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y� �t�w�o� �m�e�t�h�o�d�s� �a�r�e� �u�s�e�d�:� �(�1�)� �a� 

�v�e�r�s�i�o�n� �o�f� �t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �m�e�t�h�o�d�,� �e�s�t�a�b�l�i�s�h�e�d� �b�y� �O�d�e�e�n� �a�n�d� �L�u�n�d�b�e�r�g� �(�1�9�9�1�)�,� 

�u�s�i�n�g� �t�h�e� �m�o�d�a�l� �s�u�p�e�r�p�o�s�i�t�i�o�n� �m�e�t�h�o�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e�s� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� 

�a�n�d� �t�h�e� �b�a�r�,� �a�n�d� �(�i�i�)� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �u�s�i�n�g� �a�n� �e�x�p�l�i�c�i�t� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �r�u�l�e�.� �T�h�e�s�e� 
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�m�e�t�h�o�d�s� �a�r�e� �a�p�p�l�i�e�d� �t�o� �f�o�u�r� �c�a�s�e�s� �o�f� �a�x�i�a�l� �i�m�p�a�c�t� �o�f� �a� �t�r�u�n�c�a�t�e�d� �c�o�n�e� �o�r� �a� �c�o�m�p�o�s�i�t�e� 

�c�y�l�i�n�d�e�r� �o�n� �a� �l�o�n�g� �c�y�l�i�n�d�r�i�c�a�l� �r�o�d�.� �I�n�i�t�i�a�l�l�y� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l�i�n�g� �i�s� �u�s�e�d�.� �W�h�e�n� �t�h�e� 

�a�r�e�a� �o�f� �t�h�e� �i�m�p�a�c�t� �f�a�c�e� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �i�s� �m�u�c�h� �l�a�r�g�e�r� �t�h�a�n� �t�h�a�t� �o�f� �t�h�e� �b�a�r�,� �a� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �a�l�s�o� �i�n�v�e�s�t�i�g�a�t�e�d�.� �I�n� �t�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s�,� �t�h�e� 

�i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �b�a�r� �i�s� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �m�o�d�a�l� �s�u�p�e�r�p�o�s�i�t�i�o�n� �m�e�t�h�o�d� �a�n�d� �t�h�a�t� 

�o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �u�s�i�n�g� �M�S�C�/�N�A�S�T�R�A�N�.� �C�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�d� 

�b�y� �t�h�e� �t�w�o� �m�e�t�h�o�d�s� �i�s� �p�e�r�f�o�r�m�e�d� �a�n�d� �t�h�e� �r�e�l�a�t�i�v�e� �a�d�v�a�n�t�a�g�e�s� �o�f� �t�h�e� �t�w�o� �m�e�t�h�o�d�s� �a�r�e� 

�d�i�s�c�u�s�s�e�d�.� �T�o� �a�s�s�e�s�s� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �m�e�t�h�o�d�s� �u�s�e�d�,� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �a�r�e� �c�o�m�p�a�r�e�d� 

�w�i�t�h� �a�v�a�i�l�a�b�l�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� �I�n� �a�l�l� �c�a�s�e�s� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �i�s� �o�b�t�a�i�n�e�d� �b�e�t�w�e�e�n� �t�h�e� 

�i�m�p�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �p�r�e�d�i�c�t�e�d� �a�n�d� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� 

�4�.�2� �F�I�R�S�T� �M�E�T�H�O�D�:� �I�m�p�u�l�s�e� �R�e�s�p�o�n�s�e� �M�e�t�h�o�d� 

�C�o�n�s�i�d�e�r� �i�m�p�a�c�t� �b�e�t�w�e�e�n� �t�w�o� �l�i�n�e�a�r�l�y� �e�l�a�s�t�i�c� �b�o�d�i�e�s� �a�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�.� �4�.�1�.� �I�t� �i�s� 

�a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �i�m�p�a�c�t� �i�n�t�e�r�f�a�c�e� �c�a�n� �b�e� �a�t�t�r�i�b�u�t�e�d� �a� �s�i�n�g�l�e� �v�e�l�o�c�i�t�y�,� �a�n�d� �t�h�a�t� �t�h�i�s� �v�e�l�o�c�i�t�y� 

�a�n�d� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �F� �a�r�e� �b�o�t�h� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �i�m�p�a�c�t� �v�e�l�o�c�i�t�y� �V�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�t� �i�s� 

�a�s�s�u�m�e�d� �t�h�a�t� �t�h�e�r�e� �a�r�e� �n�o� �s�i�g�n�i�f�i�c�a�n�t� �e�f�f�e�c�t�s� �o�f� �f�r�i�c�t�i�o�n� �a�n�d� �s�l�i�p�,� �t�h�a�t� �t�h�e� �c�o�n�t�a�c�t� �a�r�e�a� �i�s� 

�c�o�n�s�t�a�n�t� �a�n�d� �t�h�a�t� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n�s� �a�r�e� �s�m�a�l�l�.� �T�h�u�s�,� �t�h�e�r�e� �s�h�o�u�l�d� �b�e� �n�o� �s�i�g�n�i�f�i�c�a�n�t� 

�n�o�n�l�i�n�e�a�r� �e�f�f�e�c�t�s�.� �T�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�y� �F�(�t�)� �i�s� �t�o� �b�e� �d�e�t�e�r�m�i�n�e�d�.� 

�V�v� 
 �� 

� � 

�G�2�0� �x�c� 

�F�i�g�.� �4�.�1�.� �I�m�p�a�c�t� �b�e�t�w�e�e�n� �b�o�d�i�e�s� �w�i�t�h� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e�s� �G�(�t�)� �a�n�d� �G�>�(�t�)�.� 

�T�h�e� �i�m�p�a�c�t� �v�e�l�o�c�i�t�y� �i�s� �V� �a�n�d� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �F�(�t�)�.� 
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�T�h�e� �i�m�p�a�c�t�i�n�g� �b�o�d�i�e�s� �a�r�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �t�h�e�i�r� �v�e�l�o�c�i�t�y� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e�s� �G�]�(�t�)� �a�n�d� 

�G�2�(�t�)�.� �T�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e�s�e� �b�o�d�i�e�s� �s�u�b�j�e�c�t�e�d� �t�o� �a�p�p�l�i�e�d� �f�o�r�c�e�s� �F�'�j�(�7�)� �a�n�d� �F�2�(�7�)� �c�a�n� �b�e� 

�w�r�i�t�t�e�n� �u�s�i�n�g� �D�u�h�a�m�e�l�'�s� �i�n�t�e�g�r�a�l�s� 

�f� 
�v�(�t�)� �=� �{�G�,�(�t�-�t�)� �F�y� �(�t�)�d�t� �=� �G�]� �*� �F�y� �(�4�.�1�)� 

�0� 
�f� 

�v�2�(�t�)� �=� �[�G�2�(�t�-�t�)�F�2�(�t�)�d�t� �=� �G�2� �*� �F�o� �(�4�.�2�)� 
�0� 

�w�h�e�r�e� �F�(�t�)� �i�s� �a� �c�o�m�p�r�e�s�s�i�v�e� �f�o�r�c�e� �a�c�t�i�n�g� �o�n� �t�h�e� �i�m�p�a�c�t� �f�a�c�e� �o�f� �b�o�d�y� �"�i�"�,� �a�n�d� �v�j�(�t�)� �i�s� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �i�m�p�a�c�t� �f�a�c�e�.� �B�e�f�o�r�e� �c�o�n�t�a�c�t� �i�s� �e�s�t�a�b�l�i�s�h�e�d� �t�h�e� �f�i�r�s�t� �i�m�p�a�c�t� 

�f�a�c�e� �i�s� �m�o�v�i�n�g� �w�i�t�h� �t�h�e� �i�m�p�a�c�t� �v�e�l�o�c�i�t�y� �V� �a�n�d� �t�h�e� �s�e�c�o�n�d� �f�a�c�e� �i�s� �a�t� �r�e�s�t�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �a�t� 

�t�i�m�e� �¢� �2� �0� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �t�w�o� �i�m�p�a�c�t� �f�a�c�e�s� �s�t�i�c�k� �t�o� �e�a�c�h� �o�t�h�e�r� �w�h�e�n� �t�h�e�y� �c�o�m�e� �i�n� 

�c�o�n�t�a�c�t�,� �a�n�d� �t�h�a�t� �t�h�e�y� �i�n�t�e�r�a�c�t� �w�i�t�h� �a� �f�o�r�c�e� �F�'�s�5�(�t�)� �w�h�i�c�h� �i�s� �p�o�s�i�t�i�v�e� �i�n� �c�o�m�p�r�e�s�s�i�o�n�.� �T�h�e� 

�v�e�l�o�c�i�t�y� �o�f� �t�h�e� �f�i�r�s�t� �i�m�p�a�c�t� �f�a�c�e� �n�o�w� �i�s� �V�-�G�7�*�F�s�,� �w�h�i�l�e� �t�h�a�t� �o�f� �t�h�e� �s�e�c�o�n�d� �i�s� �G�2�*�F�'�s�.� �A�s� 

�t�h�e�s�e� �v�e�l�o�c�i�t�i�e�s� �m�u�s�t� �b�e� �t�h�e� �s�a�m�e�,� �t�h�e� �f�o�r�c�e� �F�(�t�)� �s�a�t�i�s�f�i�e�s� �t�h�e� �i�n�t�e�g�r�a�l� �e�q�u�a�t�i�o�n� 

�t� 

�V�H�(�t�)� �=� �J�[�G�j�(�t�-�1�)�+�G�2�(�t� �~� �1�)� �]�F�(�t�)�d�t� �(�4�3�)� 
�0� 

�w�h�e�r�e� �H�(�t�)� �i�s� �H�e�a�v�i�s�i�d�e�'�s� �u�n�i�t� �s�t�e�p� �f�u�n�c�t�i�o�n�.� 

�F�r�o�m� �t�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �p�r�o�b�l�e�m� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �f�o�r�c�e� �F�'�s�(�t�)� �i�s� �i�n�i�t�i�a�l�l�y� �c�o�m�p�r�e�s�s�i�v�e�,� 

�t�h�a�t� �i�s�,� �p�o�s�i�t�i�v�e�.� �I�f� �i�t� �c�e�a�s�e�s� �t�o� �b�e� �p�o�s�i�t�i�v�e� �a�t� �t�=�9� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �p�r�o�b�l�e�m� 

�i�s� 

�F�(�t�)� �=� �F�y�(�t�)�[�H�(�t�)�-�H�(�t�-�t�o�)�]� �(�4�.�4�)� 
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�a�n�d� �t�h�e� �d�u�r�a�t�i�o�n� �o�f� �i�m�p�a�c�t� �i�s� �t�0�.� 

�A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �m�e�t�h�o�d� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �i�s� �p�r�e�d�i�c�t�e�d� �u�s�i�n�g� �E�q�n�s� 

�(�4�.�1�)� �t�o� �(�4�.�3�)�.� �T�h�i�s� �c�a�n� �b�e� �d�o�n�e�,� �u�s�i�n�g� �d�i�f�f�e�r�e�n�t� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s� �i�n� �t�h�e� 

�t�i�m�e� �o�r� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n�.� �I�n� �t�h�i�s� �s�t�u�d�y� �t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e�s� �o�f� �t�h�e� �i�m�p�a�c�t�i�n�g� 

�b�o�d�i�e�s� �a�r�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �t�h�e� �m�o�d�e�-�s�u�p�e�r�p�o�s�i�t�i�o�n� �m�e�t�h�o�d�.� �T�h�e� �f�o�r�c�e� �i�s� �a�s�s�u�m�e�d� �t�o� �v�a�r�y� 

�l�i�n�e�a�r�l�y� �w�i�t�h�i�n� �e�a�c�h� �t�i�m�e� �i�n�t�e�r�v�a�l� �A�t�.� �T�h�a�t� �i�s�,� �w�e� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �b�y� �a� 

�p�i�e�c�e�w�i�s�e� �l�i�n�e�a�r� �f�u�n�c�t�i�o�n� �a�n�d� �o�b�t�a�i�n� �i�t� �f�r�o�m� �E�q�n� �(�4�.�3�)� �u�s�i�n�g� �t�h�e� �c�o�m�p�o�s�i�t�e� �t�r�a�p�e�z�o�i�d�a�l� 

�r�u�l�e�.� 

�T�h�i�s� �a�p�p�r�o�a�c�h� �p�r�o�v�e�d� �t�o� �b�e� �m�u�c�h� �m�o�r�e� �e�f�f�i�c�i�e�n�t� �a�n�d� �l�e�s�s� �c�o�m�p�l�i�c�a�t�e�d� �t�o� �u�s�e� �t�h�a�n� �t�h�e� 

�o�n�e� �u�s�e�d� �b�y� �O�d�e�e�n� �a�n�d� �L�u�n�d�b�e�r�g� �(�1�9�9�1�)�.� 

�4�.�2�.�1� �M�o�d�e�-�S�u�p�e�r�p�o�s�i�t�i�o�n� �M�e�t�h�o�d� �f�o�r� �F�r�e�e� �B�o�d�i�e�s� 

�T�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �a� �s�y�s�t�e�m� �t�o� �a� �u�n�i�t� �i�m�p�u�l�s�e� �a�p�p�l�i�e�d� 

�a�t� �t�=�0�,� �w�i�t�h� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �b�e�i�n�g� �e�q�u�a�l� �t�o� �z�e�r�o�.� 

�T�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �o�f� �a�n� �u�n�d�a�m�p�e�d� �l�i�n�e�a�r� �m�u�l�t�i�p�l�e� �d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �s�y�s�t�e�m� 

�a�r�e� �g�i�v�e�n� �b�y� 

�M�i�u� �+� �K�u� �=� �F�(�t�)� �(�4�.�5�)� 

�U�s�i�n�g� �t�h�e� �m�o�d�e�-�s�u�p�e�r�p�o�s�i�t�i�o�n� �m�e�t�h�o�d� �a� �s�e�t� �o�f� �c�o�u�p�l�e�d� �e�q�u�a�t�i�o�n�s� �c�a�n� �b�e� �t�r�a�n�s�f�o�r�m�e�d� 

�i�n�t�o� �a� �s�e�t� �o�f� �u�n�c�o�u�p�l�e�d� �e�q�u�a�t�i�o�n�s� �t�h�r�o�u�g�h� �u�s�e� �o�f� �t�h�e� �n�o�r�m�a�l� �m�o�d�e�s� �o�f� �t�h�e� �s�y�s�t�e�m�.� 

�O�b�t�a�i�n�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n� �w�i�t�h� �t�h�i�s� �m�e�t�h�o�d� �a�m�o�u�n�t�s� �t�o� �r�e�d�u�c�i�n�g� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �a�n� �n�-�d�e�g�r�e�e�-� 

�o�f�-�f�r�e�e�d�o�m� �s�y�s�t�e�m� �t�o� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �r�e�s�p�o�n�s�e�s� �o�f� �n� �i�n�d�e�p�e�n�d�e�n�t� �s�i�n�g�l�e�-�d�e�g�r�e�e�-� 

�o�f�-�f�r�e�e�d�o�m� �s�y�s�t�e�m�s�.� �W�e� �s�o�l�v�e� �f�i�r�s�t� �t�h�e� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� 
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�A�M�u�=�K�u� �A�=�0�*� �(�4�.�6�)� 

�T�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �m�o�d�a�l� �m�a�t�r�i�x� �U�=�[�u�]�,� �w�2�,�.�.�.�,� �u�n�]�,� 

�w�h�e�r�e� �u�j� �a�r�e� �t�h�e� �s�y�s�t�e�m� �e�i�g�e�n�v�e�c�t�o�r�s�,� �a�n�d� �t�h�e� �d�i�a�g�o�n�a�l� �m�a�t�r�i�x� �o�f� �t�h�e� �e�i�g�e�v�a�l�u�e�s� 

�A�=� �d�i�a�g�|� �A�j� �|� �=� �d�i�a�g�|�w�?� �|�,� �w�h�e�r�e� �@�j�,� �(�i�=�1�,�2�,�.�.�.�.�2�)� �a�r�e� �t�h�e� �s�y�s�t�e�m� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s�.� 

�B�e�c�a�u�s�e� �K� �i�s� �o�n�l�y� �p�o�s�i�t�i�v�e� �s�e�m�i�d�e�f�i�n�i�t�e� �t�h�e� �s�y�s�t�e�m� �i�s� �s�e�m�i�d�e�f�i�n�i�t�e�,� �s�o� �t�h�a�t� �s�o�m�e� �o�f� �t�h�e� 

�s�y�s�t�e�m� �e�i�g�e�n�v�e�c�t�o�r�s� �r�e�p�r�e�s�e�n�t� �r�i�g�i�d�-�b�o�d�y� �m�o�d�e�s� �w�i�t�h� �a�s�s�o�c�i�a�t�e�d� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �e�q�u�a�l�]� 

�t�o� �z�e�r�o�.� �T�h�e� �e�i�g�e�n�v�e�c�t�o�r�s� �a�r�e� �o�r�t�h�o�g�o�n�a�l� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �M� �a�n�d� �K� �a�n�d� �c�a�n� �b�e� �n�o�r�m�a�l�i�z�e�d� 

�s�o� �a�s� �t�o� �s�a�t�i�s�f�y� 

�u�T�m�u� �=�7� !"�4� �y�T�K�U� �=�A� �(�4�.�7�)� 

�I�n� �t�h�e� �s�e�q�u�e�l�,� �w�e� �s�h�a�l�l� �a�s�s�u�m�e� �t�h�a�t� �t�h�e�r�e� �a�r�e� �r� �r�i�g�i�d�-�b�o�d�y� �m�o�d�e�s� �a�n�d� �n�-�r� �e�l�a�s�t�i�c� �m�o�d�e�s�.� 

�T�h�e� �k�e�y� �s�t�e�p� �i�n� �t�h�e� �m�o�d�e�-�s�u�p�e�r�p�o�s�i�t�i�o�n� �m�e�t�h�o�d� �i�s� �t�o� �i�n�t�r�o�d�u�c�e� �t�h�e� �c�o�o�r�d�i�n�a�t�e� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�u�(�t�)� �=�U�n�(�t�)� �=� �S�u�n�j�(�t�)� �(�4�.�8�)� 
�i�=� 

�T�h�e� �c�o�o�r�d�i�n�a�t�e�s� �7�)�(�t�)� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �p�r�i�n�c�i�p�a�l� �o�r� �n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e�s�.� �E�q�u�a�t�i�o�n� �(�4�.�8�)� 

�i�s� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �E�q�n� �(�4�.�5�)� �a�n�d� �t�h�e� �r�e�s�u�l�t�i�n�g� �e�q�u�a�t�i�o�n� �i�s� �m�u�l�t�i�p�l�i�e�d� �b�y� �U�T� �t�o� �g�i�v�e� �t�h�e� 

�e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �i�n� �p�r�i�n�c�i�p�a�l� �c�o�o�r�d�i�n�a�t�e�s� 

�M� �i�j�+�K� �n�=�F� �(�t�)� �(�4�.�9�)� 

�w�h�e�r�e� 
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�M�*� �=� �U�'� �M�U�,� �m�o�d�a�l� �m�a�s�s� �m�a�t�r�i�x� 

�K�*� �=�U� �T�K�U�,� �m�o�d�a�l� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� 

�F�(�)�*� �=�U� �T�R�F� �(�1�)�,� �m�o�d�a�l� �f�o�r�c�e� �v�e�c�t�o�r� 

�T�h�e� �t�o�t�a�l� �r�e�s�p�o�n�s�e� �7�(�t�)� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �a�s� �a� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �d�u�e� �t�o� �i�n�i�t�i�a�l� 

�c�o�n�d�i�t�i�o�n�s� �a�l�o�n�e� �a�n�d� �r�e�s�p�o�n�s�e� �d�u�e� �t�o� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �a�l�o�n�e�.� �L�e�t�t�i�n�g� �t�h�e� �i�n�i�t�i�a�l� 

�d�i�s�p�l�a�c�e�m�e�n�t�s� �a�n�d� �v�e�l�o�c�i�t�i�e�s� �b�e� 

�n�i�(�t�)� �=� �n�i�p�,� �T�(�t�)� �=� �N�i�o�s� �§�=�1�2�,�.�.�.�n� �(�4�.�1�0�)� 

�t�h�e� �s�o�l�u�t�i�o�n� �c�a�n� �b�e� �s�h�o�w�n� �t�o� �b�e� 

�{�T� 
�*� �:� �.� �n�i�(�t�)� �=� �f�L�[�F�,� �(�o�)�d�o�l�d�t� �+�n�j�o� �+� �N�o�t�,� �i�=� �1�,�2�,�.�.�.�.�n� �(�4�.�1�1�)� 

�0�0� �|� 

�S�i�n�c�e� �n�j�g� �a�n�d� �j�g� �a�r�e� �z�e�r�o� �f�o�r� �t�h�e� �H�o�p�k�i�n�s�o�n� �b�a�r� �a�n�d� �t�h�e� �p�r�o�j�e�c�t�i�l�e�,� �E�q�n� �(�4�.�1�1�)� �r�e�d�u�c�e�s� 

�t�o� 

�.� �t� 

�n�i�(�t�)� �=� �=� �f�r�(�s�  ��t�)�s�i�n�(�w�@�;�t�)�d�t�,� �i�=�1�,�2�,�.�.�.�,�n� �(�4�.�1�2�)� 
�Q�O�;� �0� 

�T�h�e� �f�o�r�m�a�l� �s�o�l�u�t�i�o�n� �i�s� �c�o�m�p�l�e�t�e�d� �b�y� �i�n�s�e�r�t�i�n�g� �E�q�n� �(�4�.�1�2�)� �i�n�t�o� �E�q�n� �(�4�.�8�)� �t�o� �o�b�t�a�i�n� �t�h�e� 

�r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�y�s�t�e�m� �a�t� �a�n�y� �t�i�m�e� �f�.� 
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�4�.�3� �S�E�C�O�N�D� �M�E�T�H�O�D�:� �A� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�e�t�h�o�d� 

�A�p�p�e�n�d�i�x� �1� �g�i�v�e�s� �a� �f�l�o�w� �c�h�a�r�t� �w�h�i�c�h� �s�u�m�m�a�r�i�z�e�s� �t�h�e� �p�r�o�c�e�d�u�r�e� �o�f� �t�h�i�s� �m�e�t�h�o�d�.� 

�T�h�e� �e�x�p�l�i�c�i�t� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �r�u�l�e� �i�s� �u�s�e�d� �t�o� �p�r�e�d�i�c�t� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �a�n�d� �t�h�e� 

�b�a�r� �d�u�r�i�n�g� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �o�f� �t�h�e� �t�w�o� �b�o�d�i�e�s� �a�f�t�e�r� �i�m�p�a�c�t�.� �T�h�e� �t�i�m�e� �s�t�e�p�s� �f�o�r� �t�h�e� �p�r�o�j�e�c�t�i�l�e� 

�a�n�d� �t�h�e� �b�a�r� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �s�t�a�b�i�l�i�t�y� �c�r�i�t�e�r�i�o�n� �f�o�r� �t�h�e� �e�x�p�l�i�c�i�t� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �r�u�l�e�.� 

�F�o�r� �t�h�e� �t�e�s�t� �c�a�s�e�s� �s�t�u�d�i�e�d� �i�n� �t�h�i�s� �p�a�p�e�r� �s�t�a�b�i�l�i�t�y� �r�e�q�u�i�r�e�s� �t�h�a�t� �t�h�e� �t�i�m�e� �s�t�e�p� �f�o�r� �t�h�e� �b�a�r� 

�s�h�o�u�l�d� �b�e� �l�a�r�g�e�r� �t�h�a�n� �t�h�a�t� �u�s�e�d� �f�o�r� �t�h�e� �p�r�o�j�e�c�t�i�l�e�.� �T�h�e� �p�r�o�j�e�c�t�i�l�e� �a�n�d� �t�h�e� �b�a�r� �a�r�e� �m�o�d�e�l�e�d� 

�u�s�i�n�g� �t�w�o� �d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �b�a�r� �e�l�e�m�e�n�t�s�.� �T�h�e� �b�a�r� �i�s� �i�n�i�t�i�a�l�l�y� �a�t� �r�e�s�t� �a�n�d� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �i�s� 

�m�o�v�i�n�g� �w�i�t�h� �a� �c�o�n�s�t�a�n�t� �v�e�l�o�c�i�t�y�,� �t�h�e� �i�m�p�a�c�t� �v�e�l�o�c�i�t�y�.� �A�t� �t�i�m�e� �t�=�0� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �h�i�t�s� �t�h�e� 

�b�a�r�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �a�t� �e�a�c�h� �t�i�m�e� �s�t�e�p� �a�n�d� �a�s� �l�o�n�g� �a�s� �t�h�e� �t�w�o� �i�m�p�a�c�t�i�n�g� �b�o�d�i�e�s� �r�e�m�a�i�n� �i�n� 

�c�o�n�t�a�c�t� �t�h�e� �c�o�n�d�i�t�i�o�n� �t�h�a�t� �t�h�e� �v�e�l�o�c�i�t�i�e�s� �o�f� �t�h�e� �i�m�p�a�c�t�i�n�g� �f�a�c�e�s� �s�h�o�u�l�d� �b�e� �t�h�e� �s�a�m�e� �i�s� 

�e�n�f�o�r�c�e�d�.� �T�o� �e�n�f�o�r�c�e� �t�h�i�s� �v�e�l�o�c�i�t�y� �c�o�n�d�i�t�i�o�n� �a�t� �e�a�c�h� �t�i�m�e� �s�t�e�p� �a�n� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�d�u�r�e�,� 

�b�a�s�e�d� �o�n� �t�h�e� �b�i�s�e�c�t�i�o�n� �m�e�t�h�o�d�,� �i�s� �i�n�c�o�r�p�o�r�a�t�e�d� �t�o� �l�o�c�a�t�e� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �a�c�t�i�n�g� �o�n� �b�o�t�h� 

�i�m�p�a�c�t�i�n�g� �f�a�c�e�s�.� �T�h�i�s� �i�m�p�a�c�t� �f�o�r�c�e� �i�s� �t�h�e� �f�o�r�c�e� �w�i�t�h� �w�h�i�c�h� �t�h�e� �t�w�o� �i�m�p�a�c�t�i�n�g� �b�o�d�i�e�s� 

�i�n�t�e�r�a�c�t� �u�n�t�i�l� �c�o�n�t�a�c�t� �c�e�a�s�e�s�.� �F�r�o�m� �t�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �p�r�o�b�l�e�m� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �i�m�p�a�c�t� 

�f�o�r�c�e� �i�s� �i�n�i�t�i�a�l�l�y� �c�o�m�p�r�e�s�s�i�v�e�.� �T�h�e� �t�w�o� �i�m�p�a�c�t�i�n�g� �b�o�d�i�e�s� �i�n�t�e�r�a�c�t� �w�i�t�h� �t�h�a�t� �f�o�r�c�e� �a�s� �l�o�n�g� �a�s� 

�i�t� �r�e�m�a�i�n�s� �c�o�m�p�r�e�s�s�i�v�e�.� �I�f� �t�h�e� �f�o�r�c�e� �b�e�c�o�m�e�s� �t�e�n�s�i�l�e� �(�c�h�a�n�g�e� �s�i�g�n�)� �a�t� �t�=�t�g� �c�o�n�t�a�c�t� �c�e�a�s�e�s� 

�a�n�d� �t�h�e� �d�u�r�a�t�i�o�n� �o�f� �i�m�p�a�c�t� �i�s� �7�.� 

�4�.�3�.�1� �E�x�p�l�i�c�i�t� �T�i�m�e� �I�n�t�e�g�r�a�t�i�o�n� �R�u�l�e� 

�T�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�,� �w�h�i�c�h� �a�r�e� �o�b�t�a�i�n�e�d� �a�f�t�e�r� �a� �s�e�m�i�d�i�s�c�r�e�t�i�z�a�t�i�o�n�,� �c�a�n� �b�e� �w�r�i�t�t�e�n� 

�i�n� �t�h�e� �f�o�r�m� 

�M�a�"� �+�f�"� �=�F�"� �(�4�.�1�3�)� 
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�w�h�e�r�e� �M� �i�s� �t�h�e� �m�a�s�s� �m�a�t�r�i�x�,� �@� �i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �n�o�d�a�l� �a�c�c�e�l�e�r�a�t�i�o�n�s� �a�n�d� �f� �a�n�d� �F� �a�r�e� �t�h�e� 

�v�e�c�t�o�r�s� �o�f� �n�o�d�a�l� �i�n�t�e�r�n�a�l� �a�n�d� �e�x�t�e�r�n�a�l� �f�o�r�c�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �s�u�p�e�r�s�c�r�i�p�t� �1� �i�s� �u�s�e�d� �t�o� 

�d�e�n�o�t�e� �t�h�e� �t�i�m�e� �s�t�e�p� �s�u�c�h� �t�h�a�t� �a ��=�a�(�n�A�t�)�.� �T�h�e�r�e� �a�r�e� �m�a�n�y� �m�e�t�h�o�d�s� �f�o�r� �t�h�e� �t�i�m�e� 

�i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�.� �F�o�r� �e�x�p�l�i�c�i�t� �i�n�t�e�g�r�a�t�i�o�n�,� �t�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �t�i�m�e� 

�i�n�t�e�g�r�a�t�i�o�n� �r�u�l�e� �i�s� �m�o�s�t�l�y� �u�s�e�d� �a�n�d� �t�h�a�t� �i�s� �t�h�e� �m�e�t�h�o�d� �u�s�e�d� �i�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�.� �T�h�e� 

�c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �r�u�l�e� �i�s� �g�i�v�e�n� �b�y� 

�d�t�l�  �� �g�s� �a�n �� �+� �s�a�t�a� �(�4�.�1�4�)� 

�y�i�t�l� �_� �y�n� �+� �A�r�(�a�l� �+�a�"�)� �(�4�.�1�5�)� 

�w�h�e�r�e� �d� �i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s�,� �v� �i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s� �a�n�d� �A�t� �i�s� 

�t�h�e� �t�i�m�e� �s�t�e�p�.� �I�f� �t�h�e� �i�n�t�e�r�n�a�l� �f�o�r�c�e�s� �a�r�e� �l�i�n�e�a�r�l�y� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s�,� �t�h�e�y� �c�a�n� 

�b�e� �e�x�p�r�e�s�s�e�d� �a�s� 

�K�d� �(�4�.�1�6�)� �a
�y

� 

�i�l� 

�w�h�e�r�e� �K� �i�s� �t�h�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�.� �T�h�e� �m�a�t�r�i�c�e�s� �M� �a�n�d� �K� �a�r�e� �s�y�m�m�e�t�r�i�c� �a�n�d� �p�o�s�i�t�i�v�e� �d�e�f�i�n�i�t�e� 

�a�n�d� �s�e�m�i�d�e�f�i�n�i�t�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �E�l�i�m�i�n�a�t�i�n�g� �d� �f�r�o�m� �E�q�n�s� �(�4�.�1�3�)�-�(�4�.�1�6�)�,� �t�h�e� �u�p�d�a�t�e� 

�e�q�u�a�t�i�o�n�s� �c�a�n� �b�e� �r�e�c�a�s�t� �i�n� �t�h�e� �f�o�r�m� 

�I� �-�1�/�2�(�A�t�I�)�y�p�v�y� �n�t�l� �I� �1�/�2�(� �A�t�l�)� �y�,�n� �[�f�h� �H�a�y�e� �"�3� �-� �4�.�1�7� 
�0�  ��A�t�K� �M�-�1�/�2�(�A�t�°�K�)� �G�1�7�)� 

�w�h�e�r�e� �J� �i�s� �t�h�e� �i�d�e�n�t�i�t�y� �m�a�t�r�i�x�.� �I�t� �w�i�l�l� �b�e� �a�s�s�u�m�e�d� �h�e�r�e� �t�h�a�t� �t�h�e� �m�a�s�s� �m�a�t�r�i�x� �i�s� �d�i�a�g�o�n�a�l�,� �s�o�,� 

�t�h�e� �u�p�d�a�t�e�d� �v�a�l�u�e�s� �o�f� �v� �a�n�d� �a� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �w�i�t�h�o�u�t� �a�n�y� �e�q�u�a�t�i�o�n� �s�o�l�v�i�n�g�.� �T�h�i�s� �c�a�n� �b�e� 

�s�e�e�n� �f�r�o�m� �E�q�n� �(�4�.�1�7�)� �i�f� �a�n�t� �i�s� �c�o�m�p�u�t�e�d� �f�i�r�s�t� �a�n�d� �t�h�e�n� �u�s�e�d� �i�n� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �y�n�t�l�,� 
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�F�o�r� �t�h�i�s� �r�e�a�s�o�n� �t�h�e� �m�e�t�h�o�d� �t�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �b�e�i�n�g� �e�x�p�i�l�c�i�t�.� �T�h�e� �p�r�o�b�l�e�m� �i�s� �s�u�b�j�e�c�t� �t�o� �t�h�e� 

�i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �d�=�d�(� �t�=�0�)� �a�n�d� �y�v�9�=�v� �t�=�0�)� �a�n�d� �t�h�e� �i�n�i�t�i�a�l� �a�c�c�e�l�e�r�a�t�i�o�n� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� 

�b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e�s�e� �c�o�n�d�i�t�i�o�n�s� �i�n�t�o� �(�4�.�1�3�)� �a�n�d� �(�4�.�1�6�)�.� 

�4�.�3�.�2� �S�t�a�b�i�l�i�t�y� �C�r�i�t�e�r�i�o�n� 

�S�i�n�c�e� �t�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �i�n�t�e�g�r�a�t�i�o�n� �r�u�l�e� �i�s� �o�n�l�y� �c�o�n�d�i�t�i�o�n�a�l�l�y� �s�t�a�b�l�e�,� �t�h�e� �t�i�m�e� �s�t�e�p� 

�m�u�s�t� �b�e� �l�e�s�s� �t�h�a�n� �a� �c�r�i�t�i�c�a�l� �v�a�l�u�e� �f�o�r� �t�h�e� �r�e�s�u�l�t�s� �t�o� �b�e� �m�e�a�n�i�n�g�f�u�l�.� �A�n� �i�n�s�t�a�b�i�l�i�t�y� �i�s� �r�e�a�d�i�l�y� 

�d�e�t�e�c�t�e�d� �i�n� �l�i�n�e�a�r� �p�r�o�b�l�e�m�s� �b�u�t� �t�h�i�s� �i�s� �n�o�t� �t�h�e� �c�a�s�e� �i�n� �n�o�n�l�i�n�e�a�r� �p�r�o�b�l�e�m�s�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n� 

�t�h�e� �s�t�a�b�i�l�i�t�y� �b�e�h�a�v�i�o�r� �i�s� �a�n� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t� �o�f� �e�x�p�l�i�c�i�t� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e�s�.� �A� �s�i�m�p�l�e� 

�c�r�i�t�e�r�i�o�n� �t�h�a�t� �c�a�n� �b�e� �u�s�e�d� �f�o�r� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �t�i�m�e� �s�t�e�p� �f�o�r� �l�i�n�e�a�r� �p�r�o�b�l�e�m�s� �i�s� 

�A�t�s� � � �(�4�.�1�8�)� 
�O�m�a�x� 

�w�h�e�r�e� �@�m�a�q�x� �i�s� �t�h�e� �l�a�r�g�e�s�t� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �p�r�o�b�l�e�m� �K�X�=� �@�*�2�M�X�.� �T�h�a�t� �E�q�n� �(�4�.�1�8�)� �i�s� 

�n�e�c�e�s�s�a�r�y� �a�n�d� �s�u�f�f�i�c�i�e�n�t� �f�o�r� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �o�p�e�r�a�t�o�r� �h�a�s� �b�e�e�n� �p�r�o�v�e�n� �i�n� 

�g�e�n�e�r�a�l�i�t�y� �o�n�l�y� �f�o�r� �l�i�n�e�a�r� �s�y�s�t�e�m�s�.� �H�o�w�e�v�e�r�,� �t�h�e�r�e� �i�s� �c�o�n�s�i�d�e�r�a�b�l�e� �e�m�p�i�r�i�c�a�l� �e�v�i�d�e�n�c�e� �t�h�a�t� 

�i�t� �i�s� �a�l�s�o� �s�u�f�f�i�c�i�e�n�t� �f�o�r� �s�t�a�b�i�l�i�t�y� �i�n� �n�o�n�l�i�n�e�a�r� �p�r�o�b�l�e�m�s� �p�r�o�v�i�d�e�d� �A�t� �i�s� �r�e�d�u�c�e�d� �i�f� �t�h�e� �h�i�g�h�e�s�t� 

�f�r�e�q�u�e�n�c�y� �i�n�c�r�e�a�s�e�s� �d�u�r�i�n�g� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �[�B�e�l�y�t�s�c�h�k�o� �a�n�d� �M�u�l�l�e�n� �(�1�9�7�8�)�]�.� 

�4�.�4� �I�m�p�u�l�s�e� �R�e�s�p�o�n�s�e� �u�s�i�n�g� �M�S�C�/�N�A�S�T�R�A�N� 

�W�h�e�n� �t�h�e� �a�r�e�a� �o�f� �t�h�e� �i�m�p�a�c�t� �f�a�c�e� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �i�s� �m�u�c�h� �l�a�r�g�e�r� �t�h�a�n� �t�h�a�t� �o�f� �t�h�e� �r�o�d� 

�t�h�e� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �o�n�e�-�d�i�m�e�n�t�i�o�n�a�l� �b�e�h�a�v�i�o�r� �a�r�e� �n�o�t� �s�a�t�i�s�f�i�e�d�.� �T�h�e�r�e�f�o�r�e� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� 

�i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �n�e�e�d� �f�o�r� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l�i�n�g�.� �T�h�e� �f�i�r�s�t� �m�e�t�h�o�d� �i�s� �b�e�i�n�g� �u�s�e�d� �a�n�d� 

�t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �i�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �s�i�x� �d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� 

�a�x�i�s�y�m�m�e�t�r�i�c� �s�o�l�i�d� �e�l�e�m�e�n�t�s� �w�i�t�h� �t�r�i�a�n�g�u�l�a�r� �c�r�o�s�s� �s�e�c�t�i�o�n� �a�s� �g�i�v�e�n� �i�n� �t�h�e� �g�e�n�e�r�a�l� �p�u�r�p�o�s�e� 

�p�r�o�g�r�a�m� �M�S�C�/�N�A�S�T�R�A�N�.� 
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�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �p�r�o�b�l�e�m� �i�s� �t�o� �f�i�n�d� �t�h�e� �v�e�l�o�c�i�t�y� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �t�o� �a�n� 

�a�x�i�s�y�m�m�e�t�r�i�c� �l�o�a�d� �w�h�i�c�h� �i�s� �a� �u�n�i�t� �i�m�p�u�l�s�e� �a�p�p�l�i�e�d� �a�t� �t�h�e� �f�a�c�e� �B� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �a�n�d� �o�n� 

�t�h�e� �a�r�e�a� �o�f� �a� �c�i�r�c�l�e� �o�f� �r�a�d�i�u�s� �e�q�u�a�l� �t�o� �t�h�a�t� �o�f� �t�h�e� �b�a�r�.� �T�h�e� �p�r�o�j�e�c�t�i�l�e� �i�s� �a� �t�r�u�n�c�a�t�e�d� �c�o�n�e� 

�m�o�d�e�l�e�d� �u�s�i�n�g� �s�i�x�-�d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �a�x�i�s�y�m�m�e�t�r�i�c� �s�o�l�i�d� �e�l�e�m�e�n�t�s� �w�i�t�h� �t�r�i�a�n�g�u�l�a�r� �c�r�o�s�s� 

�s�e�c�t�i�o�n�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�2�.� �S�t�a�r�t�i�n�g� �w�i�t�h� �t�h�e� �E�x�e�c�u�t�i�v�e� �C�o�n�t�r�o�l� �S�e�c�t�i�o�n�,� �t�h�e� 

�s�t�a�t�e�m�e�n�t�s� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �s�e�l�e�c�t� �a� �s�o�l�u�t�i�o�n� �s�e�q�u�e�n�c�e� �a�n�d� �v�a�r�i�o�u�s� �d�i�a�g�n�o�s�t�i�c�s�.� �I�n� �t�h�i�s� �c�a�s�e� 

�t�h�e� �D�i�r�e�c�t� �T�r�a�n�s�i�e�n�t� �R�e�s�p�o�n�s�e� �(�S�O�L� �2�7�)� �s�t�r�u�c�t�u�r�e�d� �s�o�l�u�t�i�o�n� �s�e�q�u�e�n�c�e� �w�a�s� �u�s�e�d�.� �T�h�e� �C�a�s�e� 

�C�o�n�t�r�o�l� �S�e�c�t�i�o�n� �f�o�l�l�o�w�s� �w�h�e�r�e� �t�h�e� �l�o�a�d�s� �a�n�d� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �s�e�l�e�c�t�e�d� �a�n�d� �r�e�q�u�e�s�t�s� �f�o�r� 

�p�r�i�n�t�i�n�g� �a�n�d� �p�l�o�t�t�i�n�g� �a�r�e� �s�t�a�t�e�d�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �i�n� �t�h�e� �B�u�l�k� �D�a�t�a� �S�e�c�t�i�o�n�,� �t�h�e� �e�n�t�r�i�e�s� �t�h�a�t� 

�s�p�e�c�i�f�y� �m�o�d�e�l� �g�e�o�m�e�t�r�y�,� �e�l�e�m�e�n�t� �c�o�n�e�c�t�i�v�i�t�y�,� �e�l�e�m�e�n�t� �a�n�d� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�,� �c�o�n�s�t�r�a�i�n�t�s� 

�a�n�d� �l�o�a�d�s� �a�r�e� �p�r�e�s�e�n�t�.� �T�h�e� �D�L�O�A�D� �b�u�l�k� �d�a�t�a� �c�o�m�m�a�n�d� �w�a�s� �u�s�e�d� �t�o� �d�e�f�i�n�e� �t�h�e� �d�y�n�a�m�i�c� 

�l�o�a�d�i�n�g� �c�o�n�d�i�t�i�o�n� �f�o�r� �t�h�e� �t�r�a�n�s�i�e�n�t� �r�e�s�p�o�n�s�e� �u�s�i�n�g� �t�h�e� �T�L�O�A�D�1� �c�o�m�m�a�n�d�,� �t�h�a�t� �d�e�f�i�n�e�s� �a� 

�t�i�m�e�-�d�e�p�e�n�d�e�n�t� �l�o�a�d�,� �t�o� �e�n�t�e�r� �t�h�e� �l�o�a�d�i�n�g� �c�o�n�d�i�t�i�o�n� �a�t� �e�a�c�h� �n�o�d�e�.� �T�h�e� �e�l�e�m�e�n�t� �c�h�o�s�e�n� �f�o�r� 

�t�h�i�s� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �i�s� �t�h�e� �C�T�R�I�A�X�6� �a�x�i�s�y�m�m�e�t�r�i�c� �t�r�i�a�n�g�u�l�a�r� �c�r�o�s�s� �s�e�c�t�i�o�n� �r�i�n�g� �e�l�e�m�e�n�t�,� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�3�,� �w�i�t�h� �t�w�o� �d�e�g�r�e�e�s�-�o�f�-�f�r�e�e�d�o�m� �a�t� �e�a�c�h� �n�o�d�e�.� �I�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �n�o�t�e� 

�t�h�a�t� �c�o�n�c�e�n�t�r�a�t�e�d� �l�o�a�d�s� �o�n� �g�r�i�d� �c�i�r�c�l�e�s� �f�o�r� �t�h�i�s� �e�l�e�m�e�n�t� �m�u�s�t� �b�e� �c�o�m�p�u�t�e�d� �f�o�r� �3�6�0�°�;� �i�.�e�.�,� 

�m�u�l�t�i�p�l�y� �t�h�e� �l�o�a�d� �p�e�r� �u�n�i�t� �l�e�n�g�t�h� �b�y� �2�7�r�(�r� �i�s� �t�h�e� �g�r�i�d� �c�i�r�c�l�e� �r�a�d�i�u�s�)�.� �P�A�T�R�A�N� �w�a�s� �u�s�e�d� 

�f�o�r� �t�h�e� �m�e�s�h� �g�e�n�e�r�a�t�i�o�n� �f�o�r� �t�h�e� �t�r�u�n�c�a�t�e�d� �c�o�n�e� �a�n�d� �P�A�T�N�A�S� �t�o� �c�r�e�a�t�e� �t�h�e� �b�u�l�k� �d�a�t�a� �c�a�r�d� 

�w�i�t�h� �t�h�e� �c�o�o�r�d�i�n�a�t�e�s� �o�f� �t�h�e� �g�e�o�m�e�t�r�y�,� �t�h�e� �e�l�e�m�e�n�t� �c�o�n�n�e�c�t�i�v�i�t�y� �a�n�d� �t�h�e� �m�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�i�e�s�.� �T�w�o� �d�i�f�f�e�r�e�n�t� �m�e�s�h�e�s� �w�e�r�e� �u�s�e�d� �f�o�r� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�.� �T�h�e� �f�i�r�s�t� 

�m�e�s�h�,� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�4�,� �w�a�s� �a� �c�o�a�r�s�e� �m�e�s�h� �w�i�t�h� �6�1�6� �e�l�e�m�e�n�t�s�.� �T�h�e� �n�u�m�b�e�r� �o�f� �n�o�d�e�s� 

�f�o�r� �t�h�e� �a�r�e�a� �w�h�e�r�e� �t�h�e� �i�m�p�u�l�s�i�v�e� �l�o�a�d� �w�a�s� �a�p�p�l�i�e�d� �w�a�s� �5� �a�n�d� �t�h�e�s�e� �n�o�d�e�s� �w�h�e�r�e� �n�o�d�e� �1� 

�t�h�r�o�u�g�h� �n�o�d�e� �5�.� �T�h�e� �m�e�s�h� �w�a�s� �a�r�r�a�n�g�e�d� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t� �t�h�e� �e�l�e�m�e�n�t� �s�i�z�e� �w�a�s� �s�m�a�l�l�e�r� 

�i�n� �t�h�e� �v�i�c�i�n�i�t�y� �o�f� �t�h�e� �a�p�p�l�i�e�d� �l�o�a�d� �a�n�d� �l�a�r�g�e�r� �a�s� �m�o�v�i�n�g� �t�o�w�a�r�d�s� �t�h�e� �o�p�p�o�s�i�t�e� �e�n�d� �o�f� �t�h�e� 

�p�r�o�j�e�c�t�i�l�e�.� �I�n� �t�h�e� �s�e�c�o�n�d� �m�e�s�h� �a� �r�e�f�i�n�e�d� �m�e�s�h� �w�a�s� �u�s�e�d�.� �T�h�e� �n�u�m�b�e�r� �o�f� �t�h�e� �e�l�e�m�e�n�t�s� �w�a�s� 
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�i�n�c�r�e�a�s�e�d� �t�o� �1�3�0�5� �a�n�d� �t�h�e� �n�u�m�b�e�r� �o�f� �n�o�d�e�s� �o�n� �w�h�i�c�h� �t�h�e� �i�m�p�u�l�s�i�v�e� �f�o�r�c�e� �w�a�s� �a�p�p�l�i�e�d� 

�w�e�r�e� �d�o�u�b�l�e�d�.� 

�4�.�5� �R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�F�o�u�r� �d�i�f�f�e�r�e�n�t� �c�a�s�e�s� �o�f� �a�x�i�a�l� �i�m�p�a�c�t� �o�f� �a� �t�r�u�n�c�a�t�e�d� �c�o�n�e� �o�r� �a� �c�o�m�p�o�s�i�t�e� �c�y�l�i�n�d�e�r� �o�n� �a� 

�l�o�n�g� �c�y�l�i�n�d�r�i�c�a�l� �r�o�d� �a�r�e� �s�t�u�d�i�e�d�.� �T�h�e�s�e� �f�o�u�r� �c�a�s�e�s� �c�o�r�r�e�s�p�o�n�d� �t�o� �d�i�f�f�e�r�e�n�t� �s�h�a�p�e�s� �o�f� �t�h�e� 

�p�r�o�j�e�c�t�i�l�e�.� �I�n� �t�h�e� �f�i�r�s�t� �t�w�o� �c�a�s�e�s�,� �r�e�f�e�r�r�e�d� �t�o� �a�s� �T�C�A� �a�n�d� �T�C�B�,� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �u�s�e�d� �i�s� �a� 

�t�r�u�n�c�a�t�e�d� �c�o�n�e� �w�i�t�h� �i�m�p�a�c�t� �f�a�c�e�s� �A� �a�n�d� �B� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�n� �t�h�e� �l�a�t�t�e�r� �t�w�o� �c�a�s�e�s�,� �r�e�f�e�r�r�e�d� �t�o� 

�a�s� �C�C�A� �a�n�d� �C�C�B�,� �a� �c�o�m�p�o�s�i�t�e� �c�y�l�i�n�d�e�r� �i�s� �u�s�e�d�.� �T�h�e� �t�r�u�n�c�a�t�e�d� �c�o�n�e� �i�s� �m�a�d�e� �o�f� �N�y�l�o�n�-�6� 

�a�n�d� �h�a�s� �l�e�n�g�t�h� �4�0�0� �m�m�,� �a�n�d� �d�i�a�m�e�t�e�r�s� �3�0� �m�m� �a�t� �t�h�e� �e�n�d� �A� �a�n�d� �7�5� �m�m� �a�t� �t�h�e� �e�n�d� �B�.� �T�h�e� 

�c�o�m�p�o�s�i�t�e� �c�y�l�i�n�d�e�r� �i�s� �m�a�d�e� �o�f� �f�o�u�r� �a�l�t�e�r�n�a�t�i�n�g� �c�y�l�i�n�d�r�i�c�a�l� �s�e�c�t�i�o�n�s� �o�f� �N�y�l�o�n�-�6� �a�n�d� 

�a�l�u�m�i�n�i�u�m�.� �T�h�e�r�e� �i�s� �a� �N�y�l�o�n�-�6� �s�e�c�t�i�o�n� �a�t� �t�h�e� �e�n�d� �A� �a�n�d� �a�l�u�m�i�n�i�u�m� �s�e�c�t�i�o�n� �a�t� �t�h�e� �e�n�d� �B�.� 

�A�l�l� �s�e�c�t�i�o�n�s� �h�a�v�e� �l�e�n�g�t�h� �1�2�5� �m�m� �a�n�d� �d�i�a�m�e�t�e�r� �3�2� �m�m�.� �T�h�e� �l�o�n�g� �c�y�l�i�n�d�r�i�c�a�l� �r�o�d� �i�s� �m�a�d�e� 

�o�f� �s�t�e�e�l�.� �I�t�s� �l�e�n�g�t�h� �i�s� �6�/�5�0� �m�m� �a�n�d� �i�t�s� �d�i�a�m�e�t�e�r� �i�s� �1�0� �m�m�.� �T�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�s� 

�u�s�e�d� �w�e�r�e�,� �f�o�r� �a�l�u�m�i�n�i�u�m� �E�=�6�9� �G�P�a� �a�n�d� �p�=�2�7�0�0� �k�g�/�m�3� �,� �f�o�r� �N�y�l�o�n�-�6� �E�=�2�.�8� �G�P�a� �a�n�d� 

�p�=�1�1�5�0� �k�g�/�m� �a�n�d� �f�o�r� �s�t�e�e�l� �E�=�2�0�6� �G�P�a� �a�n�d� �p�=�7�7�8�0� �k�g�/�m�3�.� �T�h�e� �i�m�p�a�c�t� �v�e�l�o�c�i�t�i�e�s� �f�o�r� 

�t�h�e� �f�o�u�r� �c�a�s�e�s� �T�C�A�,� �T�C�B�,� �C�C�A� �a�n�d� �C�C�B� �a�r�e� �1�.�1�6�,� �0�.�9�3�,� �0�.�9�2� �a�n�d� �/�.�0�1� �m�/�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�h�e� �c�h�o�i�c�e� �o�f� �p�r�o�j�e�c�t�i�l�e� �s�h�a�p�e�s� �a�n�d� �m�a�t�e�r�i�a�l�s� �i�s� �d�i�c�t�a�t�e�d� �m�a�i�n�l�y� �b�y� �t�h�e� �a�v�a�i�l�a�b�i�l�i�t�y� �o�f� 

�e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� 

�F�i�g�u�r�e�s� �4�.�5� �t�h�r�u� �4�.�8� �s�h�o�w� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �t�w�o� �m�e�t�h�o�d�s� 

�d�e�s�c�r�i�b�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�.� �T�h�e� �p�r�e�d�i�c�t�e�d� �i�m�p�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �a�r�e� �c�o�m�p�a�r�e�d� �t�o� �a�v�a�i�l�a�b�l�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �a�n�d� �a�l�s�o� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �o�b�t�a�i�n�e�d� �b�y� �O�d�e�e�n� �a�n�d� �L�u�n�d�b�e�r�g� �(�1�9�9�1�)�.� 

�A� �v�e�r�y� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�a�s� �o�b�t�a�i�n�e�d� �b�e�t�w�e�e�n� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �f�i�r�s�t� �m�e�t�h�o�d� �a�n�d� 

�t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �[�O�d�e�e�n� �a�n�d� �L�u�n�d�b�e�r�g� �(�1�9�9�1�)�]� �f�o�r� �t�h�e� �c�a�s�e�s� �T�C�A� �(�F�i�g�.� �4�.�5�)�,� �C�C�A� 

�(�F�i�g�.� �4�.�7�)� �a�n�d� �C�C�B� �(�F�i�g�.� �4�.�8�)�.� �C�o�m�p�a�r�e�d� �t�o� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �b�y� 

�t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �m�e�t�h�o�d� �a�s� �u�s�e�d� �b�y� �O�d�e�e�n� �a�n�d� �L�u�n�d�b�e�r�g� �a�n� �i�m�p�r�o�v�e�m�e�n�t� �o�v�e�r� �t�h�e�i�r� 
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�p�r�e�d�i�c�t�i�o�n� �i�s� �o�b�v�i�o�u�s�.� �F�i�g�u�r�e� �4�.�6� �s�h�o�w�s� �t�h�a�t� �f�o�r� �t�h�e� �t�r�u�n�c�a�t�e�d� �c�o�n�e� �w�i�t�h� �i�m�p�a�c�t� �f�a�c�e� �B� �t�h�e� 

�a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �w�a�s� �n�o�t� �v�e�r�y� �g�o�o�d�.� �T�h�e� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �o�n�e�-� 

�d�i�m�e�n�s�i�o�n�a�l� �b�e�h�a�v�i�o�r� �w�e�r�e� �n�o�t� �s�a�t�i�s�f�i�e�d� �[�O�d�e�e�n� �a�n�d� �L�u�n�d�b�e�r�g� �(�1�9�9�1�)�]�.� �T�h�e�r�e�f�o�r�e�,� �a� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s� �n�e�e�d� �t�o� �b�e� �u�s�e�d� �f�o�r� �t�h�e� �t�e�s�t� �c�a�s�e� �T�C�B�.� �T�h�e� �p�r�o�j�e�c�t�i�l�e� �n�o�w� �i�s� 

�m�o�d�e�l�e�d� �u�s�i�n�g� �s�i�x� �d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �a�x�i�s�y�m�m�e�t�r�i�c� �s�o�l�i�d� �e�l�e�m�e�n�t�s� �w�i�t�h� �t�r�i�a�n�g�u�l�a�r� �c�r�o�s�s� 

�s�e�c�t�i�o�n� �a�s� �g�i�v�e�n� �i�n� �t�h�e� �g�e�n�e�r�a�l� �p�u�r�p�o�s�e� �p�r�o�g�r�a�m� �M�S�C�/�N�A�S�T�R�A�N�.� �F�i�g�u�r�e� �4�.�9� �s�h�o�w�s� �t�h�e� 

�i�m�p�a�c�t� �f�o�r�c�e� �w�i�t�h� �w�h�i�c�h� �e�a�c�h� �o�f� �t�h�e� �n�o�d�e�s� �2� �t�h�r�o�u�g�h� �5� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �i�n�t�e�r�a�c�t� �w�i�t�h� �t�h�e� 

�b�a�r�.� �T�h�e�s�e� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �a�r�e� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �a�n�a�l�y�s�i�s� �u�s�i�n�g� �t�h�e� �f�i�r�s�t� �m�e�s�h� �w�i�t�h� �t�h�e� �6�1�6� 

�e�l�e�m�e�n�t�s�.� �C�o�n�s�i�d�e�r�i�n�g� �e�a�c�h� �n�o�d�e� �s�e�p�a�r�a�t�e�l�y�,� �i�t� �i�s� �o�b�v�i�o�u�s� �t�h�a�t� �t�h�e� �a�n�a�l�y�s�i�s� �o�v�e�r�p�r�e�d�i�c�t�s� 

�t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �a�n�d� �u�n�d�e�r�p�r�e�d�i�c�t�s� �t�h�e� �d�u�r�a�t�i�o�n� �o�f� �c�o�n�t�a�c�t�.� �I�f� �t�h�e� �n�o�d�a�l� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s�,� �f�o�r� 

�t�h�e� �n�o�d�e�s� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n�,� �a�r�e� �t�o� �b�e� �c�o�m�b�i�n�e�d� �w�e� �g�e�t� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�y� �s�h�o�w�n� 

�i�n� �F�i�g�u�r�e� �4�.�1�0� �w�h�e�r�e� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �i�s� �v�e�r�y� �g�o�o�d� �r�e�g�a�r�d�i�n�g� �b�o�t�h� �p�e�a�k� 

�f�o�r�c�e� �a�n�d� �d�u�r�a�t�i�o�n�.� �C�o�m�p�a�r�e�d� �t�o� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�1�1�,� 

�t�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s� �y�i�e�l�d�s� �a�n� �i�m�p�r�o�v�e�d� �c�o�n�t�a�c�t� �f�o�r�c�e� �p�r�e�d�i�c�t�i�o�n�.� 

�A� �s�e�c�o�n�d� �a�n�a�l�y�s�i�s� �f�o�l�l�o�w�s� �u�s�i�n�g� �a� �m�e�s�h� �f�o�r� �t�h�e� �t�r�u�n�c�a�t�e�d� �c�o�n�e� �w�i�t�h� �t�w�i�c�e� �t�h�e� �n�u�m�b�e�r� 

�o�f� �e�l�e�m�e�n�t�s� �u�s�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �o�n�e�.� �W�h�e�n� �t�h�e� �m�e�s�h� �i�s� �r�e�f�i�n�e�d� �i�t� �c�a�n� �b�e� �s�e�e�n�,� �F�i�g�u�r�e� 

�4�.�1�2�,� �t�h�a�t� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �p�r�e�d�i�c�t�i�o�n� �s�h�o�w�s� �a�n� �i�m�p�r�o�v�e�m�e�n�t� �o�v�e�r� �t�h�e� �p�r�e�v�i�o�u�s� �a�v�a�i�l�a�b�l�e� 

�p�r�e�d�i�c�t�i�o�n� �a�n�d� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�e�s�.� �F�i�g�u�r�e� �4�.�1�3� �s�h�o�w�s� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� 

�p�r�e�d�i�c�t�i�o�n� �u�s�i�n�g� �t�h�e� �r�e�f�i�n�e�d� �m�e�s�h� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �a�v�a�i�l�a�b�l�e� �a�n�a�l�y�s�e�s� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� 

�r�e�s�u�l�t�s�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�y� �a�s� �w�e�l�l� �a�s� �t�h�e� �c�o�n�t�a�c�t� 

�d�u�r�a�t�i�o�n� �s�h�o�w�s� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� 

�T�h�e� �p�r�e�d�i�c�t�i�o�n�s� �o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� �s�e�c�o�n�d� �m�e�t�h�o�d� �s�h�o�w� �a� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� �A�l�t�h�o�u�g�h� �b�e�t�t�e�r� �a�g�r�e�e�m�e�n�t� �w�a�s� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �p�r�e�d�i�c�t�i�o�n�s� �u�s�i�n�g� 

�t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �m�e�t�h�o�d�,� �t�h�e� �u�s�e� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �d�e�v�e�l�o�p�e�d� �h�a�s� �s�e�v�e�r�a�l� 

�a�d�v�a�n�t�a�g�e�s� �o�v�e�r� �t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �m�e�t�h�o�d�.� �A� �b�i�g� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�a�l�g�o�r�i�t�h�m� �i�s� �t�h�a�t� �i�t� �i�s� �s�i�m�p�l�e� �i�n� �l�o�g�i�c� �a�n�d� �s�t�r�u�c�t�u�r�e�,� �a�n�d� �i�t� �c�a�n� �e�a�s�i�l�y� �h�a�n�d�l�e� �c�o�m�p�l�e�x� 
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�n�o�n�l�i�n�e�a�r�i�t�i�e�s�.� �A�l�s�o�,� �i�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �n�o�t�e� �t�h�a�t� �e�v�e�n� �f�o�r� �l�a�r�g�e� �s�y�s�t�e�m�s� �l�i�n�e�a�r� �e�x�p�l�i�c�i�t� 

�c�o�m�p�u�t�a�t�i�o�n�s� �w�i�l�l� �b�e� �s�t�a�b�l�e� �i�f� �t�h�e� �t�i�m�e� �i�n�c�r�e�m�e�n�t� �i�s� �l�e�s�s� �t�h�a�n� �a� �c�r�i�t�i�c�a�l� �v�a�l�u�e� �d�e�f�i�n�e�d� �b�y� 

�t�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �s�t�a�b�i�l�i�t�y� �c�r�i�t�e�r�i�o�n�.� 

�T�a�b�l�e� �4�.�1�.� �C�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �m�e�t�h�o�d� 
�a�n�d� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�.� 
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�T�e�s�t� �C�a�s�e� �I�m�p�u�l�s�e� �R�e�s�p�o�n�s�e� �M�e�t�h�o�d� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�e�t�h�o�d� 

�C�P�U� �T�i�m�e� �T�i�m�e� �s�t�e�p� �C�P�U� �T�i�m�e� �T�i�m�e� �s�t�e�p� 

�(�s�e�c�o�n�d�s�)� �(�m�i�c�r�o�s�e�c�o�n�d�s�)� �(�s�e�c�o�n�d�s�)� �(�m�i�c�r�o�s�e�c�o�n�d�s�)� 

�T�C�A� �2�:�4�1� �1�0� �3�:�1�8� �4�0� 

�T�C�B� �2�:�1�0� �1�0� �7�:�0�2� �2�0� 

�C�C�A� �2�:�0�5� �1�0� �2�:�4�7� �4�0� 

�C�C�B� �8�:�2�2� �7�.�5� �1�5�:�5�0� �2�0� � � � � � � � � � � 
� � 

�T�h�e� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�d� �b�y� �b�o�t�h� �m�e�t�h�o�d�s� �i�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �4�.�1�.� �A�l�t�h�o�u�g�h� �t�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �m�e�t�h�o�d� �r�e�q�u�i�r�e�s� �i�t�e�r�a�t�i�o�n�s� �t�o� �p�r�e�d�i�c�t� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s�,� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� 

�t�i�m�e� �f�o�r� �t�h�e� �t�e�s�t� �c�a�s�e�s� �T�C�A� �a�n�d� �C�C�A� �w�a�s� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�f� �t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �m�e�t�h�o�d�.� 

�M�u�c�h� �l�a�r�g�e�r� �C�P�U� �t�i�m�e� �w�a�s� �r�e�q�u�i�r�e�d� �b�y� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �i�n� �t�h�e� �t�e�s�t� �c�a�s�e�s� �T�C�B� 

�a�n�d� �C�C�B�.� �T�a�b�l�e� �4�.�1� �a�l�s�o� �s�h�o�w�s� �t�h�e� �t�i�m�e� �s�t�e�p�s� �u�s�e�d� �f�o�r� �e�a�c�h� �t�e�s�t� �c�a�s�e� �i�n� �e�a�c�h� �m�e�t�h�o�d�.� 
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�F�i�g�.� �4�.�2�.� �M�o�d�e�l�i�n�g� �o�f� �a� �c�o�n�i�c�a�l� �p�r�o�j�e�c�t�i�l�e� �w�i�t�h� �a� �s�i�x�-�d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� 

�a�x�i�s�y�m�m�e�t�r�i�c� �s�o�l�i�d� �e�l�e�m�e�n�t� �w�i�t�h� �t�r�i�a�n�g�u�l�a�r� �c�r�o�s�s� �s�e�c�t�i�o�n� 
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�F�i�g�.� �4�.�3�.� �C�T�R�I�A�X�6� �e�l�e�m�e�n�t� �i�d�e�a�l�i�z�a�t�i�o�n�.� 
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�F�i�g�.� �4�.�4�.� �M�o�d�e�l�i�n�g� �o�f� �t�h�e� �v�i�c�i�n�i�t�y� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �w�h�e�r�e� �i�m�p�a�c�t� �o�c�c�u�r�s�.� 
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�F�i�g�.� �4�.�1�3�.� �M�e�a�s�u�r�e�d� �a�n�d� �p�r�e�d�i�c�t�e�d� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �F�(�t�)� �f�o�r� �i�m�p�a�c�t� �b�e�t�w�e�e�n� 
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�5�.� �I�M�P�A�C�T� �R�E�S�P�O�N�S�E� �P�R�E�D�I�C�T�I�O�N� �O�F� �B�E�A�M�S� �A�N�D� �P�L�A�T�E�S� �S�U�B�J�E�C�T�E�D� 

�T�O� �N�O�N�-�U�N�I�F�O�R�M� �P�R�O�J�E�C�T�I�L�E�S� 

�5�.�1� �O�v�e�r�v�i�e�w� 

�I�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r� �t�h�e� �a�x�i�a�l� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �o�f� �a� �b�a�r� �h�i�t� �b�y� �a� �n�o�n�-�u�n�i�f�o�r�m� 

�p�r�o�j�e�c�t�i�l�e� �w�a�s� �s�t�u�d�i�e�d�.� �A� �m�e�t�h�o�d� �w�a�s� �d�e�v�e�l�o�p�e�d� �b�a�s�e�d� �o�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� 

�w�h�i�c�h� �p�e�r�m�i�t�s� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �i�m�p�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�y� �u�s�i�n�g� �a�n� �e�x�p�l�i�c�i�t� �a�l�g�o�r�i�t�h�m� �t�h�a�t� �u�s�e�s� 

�t�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �r�u�l�e�.� �F�i�g�u�r�e� �4�.�5� �s�h�o�w�s� �a� �f�a�i�r�l�y� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �t�h�a�t� 

�w�a�s� �o�b�t�a�i�n�e�d� �w�i�t�h� �a�v�a�i�l�a�b�l�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �o�f� �t�h�e� �a�x�i�a�l� 

�i�m�p�a�c�t� �o�f� �a� �b�a�r� �w�i�t�h� �a� �c�o�n�i�c�a�l� �p�r�o�j�e�c�t�i�l�e�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�i�s� �s�t�u�d�y� �i�s� �t�o� �e�x�t�e�n�d� �t�h�e� 

�m�e�t�h�o�d� �d�e�s�c�r�i�b�e�d� �i�n� �c�h�a�p�t�e�r� �4� �t�o� �p�r�e�d�i�c�t� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �b�e�a�m�s� �a�n�d� �g�e�n�e�r�a�l�l�y�-�l�a�m�i�n�a�t�e�d�,� 

�s�k�e�w�,� �t�r�a�p�e�z�o�i�d�a�l� �p�l�a�t�e�s� �s�u�b�j�e�c�t�e�d� �t�o� �l�o�w�-�v�e�l�o�c�i�t�y� �i�m�p�a�c�t� �o�f� �a� �n�o�n�-�u�n�i�f�o�r�m� �l�i�n�e�a�r�l�y� 

�e�l�a�s�t�i�c� �c�o�m�p�o�s�i�t�e� �p�r�o�j�e�c�t�i�l�e�.� �|� 

�T�h�e� �t�r�a�n�s�i�e�n�t� �r�e�s�p�o�n�s�e� �o�f� �i�s�o�t�r�o�p�i�c� �a�n�d� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e�s� �s�u�b�j�e�c�t�e�d� �t�o� �d�y�n�a�m�i�c� �l�o�a�d�i�n�g� 

�h�a�s� �b�e�e�n� �i�n�v�e�s�t�i�g�a�t�e�d� �b�y� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s�.� �T�i�m�o�s�h�e�n�k�o� �(�1�9�1�3�)� �p�r�e�s�e�n�t�e�d� 

�a� �b�a�s�i�c� �a�p�p�r�o�a�c�h� �f�o�r� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �t�r�a�n�s�v�e�r�s�e� �i�m�p�a�c�t� �o�f� �a� �b�e�a�m� �b�y� �a� �s�p�h�e�r�e� �a�n�d� �K�a�r�a�s� 

�(�1�9�3�9�)� �e�x�t�e�n�d�e�d� �t�h�a�t� �a�p�p�r�o�a�c�h� �t�o� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �c�e�n�t�r�a�l� �i�m�p�a�c�t� �o�f� �a� �r�e�c�t�a�n�g�u�l�a�r� �s�i�m�p�l�y� 

�s�u�p�p�o�r�t�e�d� �p�l�a�t�e�.� �S�i�n�c�e� �t�h�e�n�,� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �l�a�m�i�n�a�t�e�d� �s�t�r�u�c�t�u�r�e�s� �t�o� �i�m�p�a�c�t� �l�o�a�d�s� �h�a�s� �b�e�e�n� 

�s�t�u�d�i�e�d� �e�x�t�e�n�s�i�v�e�l�y� �b�y� �m�a�n�y� �r�e�s�e�a�r�c�h�e�r�s�.� �A� �m�e�a�n�i�n�g�f�u�l� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �a�n�a�l�y�s�i�s� �r�e�q�u�i�r�e�s� 

�a� �g�o�o�d� �e�s�t�i�m�a�t�e� �o�f� �c�o�n�t�a�c�t� �f�o�r�c�e� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �i�m�p�a�c�t� �d�u�r�a�t�i�o�n�.� �L�o�w�-�v�e�l�o�c�i�t�y� �i�m�p�a�c�t� 

�p�r�o�b�l�e�m�s�,� �w�h�i�c�h� �a�l�s�o� �t�o�o�k� �t�h�e� �l�o�c�a�l� �i�n�d�e�n�t�a�t�i�o�n� �i�n�t�o� �a�c�c�o�u�n�t�,� �h�a�v�e� �b�e�e�n� �s�o�l�v�e�d� �b�y� �s�e�v�e�r�a�l� 

�a�u�t�h�o�r�s�.� �M�o�s�t� �a�p�p�r�o�a�c�h�e�s� �r�e�q�u�i�r�e� �a� �k�n�o�w�l�e�d�g�e� �o�f� �c�o�n�t�a�c�t� �l�a�w�s� �t�h�a�t�,� �i�n� �t�h�e� �c�a�s�e� �o�f� 

�c�o�m�p�o�s�i�t�e� �l�a�m�i�n�a�t�e�s�,� �a�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �s�t�a�t�i�c� �i�n�d�e�n�t�a�t�i�o�n� �t�e�s�t�s�.� �A�l�t�h�o�u�g�h� �m�a�n�y� 

�r�e�s�e�a�r�c�h�e�r�s� �h�a�v�e� �e�x�t�e�n�s�i�v�e�l�y� �s�t�u�d�i�e�d� �t�h�e� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �t�o� �a� �s�p�h�e�r�i�c�a�l� �p�r�o�j�e�c�t�i�l�e�,� �v�e�r�y� 

�l�i�t�t�l�e� �h�a�s� �b�e�e�n� �d�o�n�e� �t�o� �p�r�e�d�i�c�t� �t�h�e� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �t�o� �a� �n�o�n�-�u�n�i�f�o�r�m� �p�r�o�j�e�c�t�i�l�e�.� 
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�T�h�e� �m�e�t�h�o�d� �d�e�v�e�l�o�p�e�d� �h�e�r�e� �i�s� �s�i�m�p�l�e� �i�n� �l�o�g�i�c� �a�n�d� �s�t�r�u�c�t�u�r�e� �a�n�d� �i�s� �a�p�p�l�i�e�d� �t�o� �s�o�m�e� 

�i�m�p�a�c�t� �p�r�o�b�l�e�m�s� �f�o�r� �w�h�i�c�h� �s�o�l�u�t�i�o�n�s� �a�r�e� �a�v�a�i�l�a�b�l�e�.� �U�n�l�i�k�e� �m�o�s�t� �o�f� �t�h�e� �m�e�t�h�o�d�s� �d�e�v�e�l�o�p�e�d� 

�s�o� �f�a�r�,� �i�t� �d�o�e�s� �n�o�t� �r�e�q�u�i�r�e� �t�h�e� �k�n�o�w�l�e�d�g�e� �o�f� �c�o�n�t�a�c�t� �l�a�w�,� �a�n�d� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� 

�n�e�e�d� �n�o�t� �b�e� �s�p�h�e�r�i�c�a�l�,� �b�u�t� �a�n�y� �n�o�n�-�u�n�i�f�o�r�m� �l�i�n�e�a�r� �e�l�a�s�t�i�c� �c�o�m�p�o�s�i�t�e� �p�r�o�j�e�c�t�i�l�e� �c�a�n� �b�e� 

�u�s�e�d�.� �U�s�i�n�g� �t�h�i�s� �a�p�p�r�o�a�c�h�,� �t�h�e� �f�l�e�x�i�b�i�l�i�t�y� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �i�s� �d�i�r�e�c�t�l�y� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t�.� 

�A�n� �o�b�v�i�o�u�s� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �i�s� �i�t�s� �p�o�t�e�n�t�i�a�l� �t�o� �h�a�n�d�l�e� 

�n�o�n�l�i�n�e�a�r�i�t�i�e�s�.� 

�5�.�2� �A� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�e�t�h�o�d� 

�T�h�e� �m�e�t�h�o�d� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �w�i�t�h� �a�n� �e�x�p�l�i�c�i�t� �a�l�g�o�r�i�t�h�m� �t�h�a�t� 

�u�s�e�s� �t�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �m�l�e�.� �T�h�e� �f�l�o�w� �c�h�a�r�t� �t�h�a�t� �s�u�m�m�a�r�i�z�e�s� �t�h�e� 

�p�r�o�c�e�d�u�r�e� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �g�i�v�e�n� �i�n� �a�p�p�e�n�d�i�x� �1�.� �A� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �e�x�p�l�i�c�i�t� �t�i�m�e� 

�i�n�t�e�g�r�a�t�i�o�n� �r�u�l�e� �i�s� �g�i�v�e�n� �i�n� �c�h�a�p�t�e�r� �4�,� �p�a�r�a�g�r�a�p�h� �4�.�3�.�1�.� �T�h�e� �p�r�o�j�e�c�t�i�l�e� �i�s� �m�o�d�e�l�e�d� �u�s�i�n�g� 

�t�w�o� �d�e�g�r�e�e�s�-�o�f�-�f�r�e�e�d�o�m� �a�x�i�a�l� �b�a�r� �e�l�e�m�e�n�t�s�.� �T�w�o� �d�i�f�f�e�r�e�n�t� �v�e�r�s�i�o�n�s� �o�f� �t�h�e� �s�a�m�e� �m�e�t�h�o�d� 

�w�e�r�e� �d�e�v�e�l�o�p�e�d� �t�o� �s�t�u�d�y� �s�e�p�a�r�a�t�e�l�y� �t�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� �o�f� �t�h�i�s� �m�e�t�h�o�d� �t�o� �p�r�e�d�i�c�t� �t�h�e� 

�t�r�a�n�s�v�e�r�s�e� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �o�f� �b�e�a�m�s� �a�n�d� �g�e�n�e�r�a�l�l�y�-�l�a�m�i�n�a�t�e�d�,� �s�k�e�w�,� �t�r�a�p�e�z�o�i�d�a�l� �p�l�a�t�e�s�.� �I�n� 

�t�h�e� �f�i�r�s�t� �c�a�s�e�,� �t�h�e� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �(�E�u�l�e�r�-�B�e�r�n�o�u�l�l�i�)� �b�e�a�m�,� �f�o�u�r� �d�e�g�r�e�e�s�-�o�f�-�f�r�e�e�d�o�m� 

�b�e�a�m� �e�l�e�m�e�n�t�s� �a�s� �w�e�l�l� �a�s� �e�i�g�h�t� �d�e�g�r�e�e�s�-�o�f�-�f�r�e�e�d�o�m� �p�l�a�n�e� �s�t�r�e�s�s� �e�l�e�m�e�n�t�s� �w�e�r�e� �u�s�e�d� �t�o� 

�m�o�d�e�l� �t�h�e� �b�e�a�m�.� �T�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �e�l�e�m�e�n�t�s� �u�s�e�d� �o�n� �t�h�e� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �p�r�e�d�i�c�t�i�o�n� �i�s� �a�l�s�o� 

�d�i�s�c�u�s�s�e�d�.� �F�o�r� �t�h�e� �s�e�c�o�n�d� �c�a�s�e�,� �a�n� �a�n�a�l�y�s�i�s� �d�e�v�e�l�o�p�e�d� �b�y� �K�a�p�a�n�i�a� �a�n�d� �L�o�v�e�j�o�y� �(�1�9�9�5�)� �i�s� 

�u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �p�l�a�t�e�.� �T�h�i�s� �m�e�t�h�o�d� �i�s� �a� �s�i�m�p�l�e�,� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �f�a�s�t� �m�e�t�h�o�d� �f�o�r� 

�d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �t�h�e� �m�o�d�e� �s�h�a�p�e�s� �o�f� �a�n�y� �q�u�a�d�r�i�l�a�t�e�r�a�l� �p�l�a�t�e� 

�c�o�m�p�o�s�e�d� �o�f� �a�n�y� �l�i�n�e�a�r�l�y� �e�l�a�s�t�i�c� �m�a�t�e�r�i�a�l� �s�y�s�t�e�m�.� �T�h�e�r�e�f�o�r�e�,� �a�s� �w�i�t�h� �t�h�e� �m�o�r�e� 

�c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �i�n�t�e�n�s�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�,� �t�h�e� �m�e�t�h�o�d� �d�e�v�e�l�o�p�e�d� �b�y� �K�a�p�a�n�i�a� �a�n�d� 

�L�o�v�e�j�o�y� �(�1�9�9�5�)� �r�e�m�o�v�e�s� �t�h�e� �r�e�s�t�r�i�c�t�i�o�n�s� �f�o�u�n�d� �i�n� �m�a�n�y� �p�r�e�v�i�o�u�s� �m�e�t�h�o�d�s� �p�e�r�t�a�i�n�i�n�g� �t�o� 

�p�l�a�t�e� �s�h�a�p�e� �o�r� �m�a�t�e�r�i�a�l�.� �T�h�e� �s�k�e�w�,� �t�r�a�p�e�z�o�i�d�a�l� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �i�s� �a�n�a�l�y�z�e�d� �u�s�i�n�g� 
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�C�h�e�b�y�c�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� �a�s� �t�r�i�a�l� �f�u�n�c�t�i�o�n�s� �i�n� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �m�e�t�h�o�d� �a�n�d� �t�h�e� �g�o�v�e�r�n�i�n�g� 

�s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �i�s� �d�e�r�i�v�e�d� �u�s�i�n�g� �L�a�n�g�r�a�n�g�e�'�s� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �c�h�o�i�c�e� �o�f� �t�h�e� �C�h�e�b�y�c�h�e�v� 

�p�o�l�y�n�o�m�i�a�l�s� �w�a�s� �m�a�d�e� �f�o�r� �s�e�v�e�r�a�l� �r�e�a�s�o�n�s�.� �F�i�r�s�t�,� �t�h�e�s�e� �p�o�l�y�n�o�m�i�a�l�s� �a�l�l�o�w� �f�o�r� �e�a�s�e� �o�f� 

�i�n�t�e�g�r�a�t�i�o�n� �t�h�r�o�u�g�h� �G�a�u�s�s� �q�u�a�d�r�a�t�u�r�e�,� �a�n�d� �c�a�n� �l�e�a�d� �t�o� �a�n�a�l�y�t�i�c�a�l� �s�e�n�s�i�t�i�v�i�t�y� �c�a�l�c�u�l�a�t�i�o�n�s� 

�o�f� �t�h�e� �s�t�i�f�f�n�e�s�s� �a�n�d� �m�a�s�s� �m�a�t�r�i�c�e�s�.� �S�e�c�o�n�d�,� �s�i�n�c�e� �t�h�e� �e�s�s�e�n�t�i�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� 

�e�n�f�o�r�c�e�d� �t�h�r�o�u�g�h� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �a�r�t�i�f�i�c�i�a�l� �s�p�r�i�n�g�s� �r�a�t�h�e�r� �t�h�a�n� �s�a�t�i�s�f�i�e�d� �e�x�p�l�i�c�i�t�l�y�,� �t�h�e� 

�s�a�m�e� �s�e�t� �o�f� �d�e�f�l�e�c�t�i�o�n� �f�u�n�c�t�i�o�n�s� �c�a�n� �b�e� �u�s�e�d� �f�o�r� �a�n�y� �t�y�p�e� �o�f� �s�u�p�p�o�r�t�e�d� �p�l�a�t�e�.� �L�a�s�t�l�y�,� �t�h�e� 

�o�r�t�h�o�g�o�n�a�l�i�t�y� �p�r�o�p�e�r�t�y� �o�f� �t�h�e� �C�h�e�b�y�c�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� �i�s� �e�x�p�e�c�t�e�d� �t�o� �a�l�l�o�w� �f�o�r� �a� �l�a�r�g�e�r� 

�n�u�m�b�e�r� �o�f� �t�e�r�m�s� �i�n� �t�h�e� �s�e�r�i�e�s� �b�e�f�o�r�e� �n�u�m�e�r�i�c�a�l� �i�l�l�-�c�o�n�d�i�t�i�o�n�i�n�g� �a�r�i�s�e�s�,� �a�s� �i�s� �t�h�e� �c�a�s�e� �w�i�t�h� 

�r�e�g�u�l�a�r� �p�o�l�y�n�o�m�i�a�l�s�.� �T�h�e� �F�i�r�s�t�-�O�r�d�e�r� �S�h�e�a�r� �D�e�f�o�r�m�a�t�i�o�n� �T�h�e�o�r�y� �(�F�S�D�T�)� �i�s� �u�t�i�l�i�z�e�d� �b�y� 

�h�a�v�i�n�g� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �r�e�l�a�t�i�o�n�s� �a�s� �l�i�n�e�a�r� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �c�o�o�r�d�i�n�a�t�e� �z�.� �T�o� 

�o�b�t�a�i�n� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �p�l�a�t�e� �t�o� �i�m�p�a�c�t� �f�o�r�c�e� �a�p�p�l�i�e�d� �a�t� �t�h�e� �c�e�n�t�e�r�,� �t�h�e� �M�o�d�e�-� 

�S�u�p�e�r�p�o�s�i�t�i�o�n� �M�e�t�h�o�d� �i�s� �u�s�e�d�.� �A� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �M�o�d�e�-�S�u�p�e�r�p�o�s�i�t�i�o�n� �M�e�t�h�o�d� �i�s� �g�i�v�e�n� 

�i�n� �c�h�a�p�t�e�r� �4�,� �p�a�r�a�g�r�a�p�h� �4�.�2�.�1�.� 

�T�o� �b�r�i�e�f�l�y� �o�u�t�l�i�n�e� �t�h�e� �p�r�o�c�e�d�u�r�e� �o�f� �t�h�i�s� �m�e�t�h�o�d�,� �t�h�e� �b�e�a�m�/�p�l�a�t�e� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

�i�n�i�t�i�a�l�l�y� �a�t� �r�e�s�t� �a�n�d� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �i�s� �m�o�v�i�n�g� �w�i�t�h� �a� �c�o�n�s�t�a�n�t� �v�e�l�o�c�i�t�y�,� �t�h�e� �i�m�p�a�c�t� �v�e�l�o�c�i�t�y�.� 

�A�t� �t�i�m�e� �t�=�0� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �h�i�t�s� �t�h�e� �b�e�a�m�/�p�l�a�t�e�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �a�t� �e�a�c�h� �t�i�m�e� �s�t�e�p� �a�n�d� �a�s� �l�o�n�g� 

�a�s� �t�h�e� �t�w�o� �i�m�p�a�c�t�i�n�g� �b�o�d�i�e�s� �r�e�m�a�i�n� �i�n� �c�o�n�t�a�c�t� �w�e� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �t�w�o� �s�u�r�f�a�c�e�s� �i�n� �c�o�n�t�a�c�t� 

�h�a�v�e� �t�h�e� �s�a�m�e� �v�e�l�o�c�i�t�y�.� �A�t� �e�a�c�h� �t�i�m�e� �s�t�e�p� �a�n� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�d�u�r�e� �i�s� �i�n�c�o�r�p�o�r�a�t�e�d� �t�o� �p�r�e�d�i�c�t� 

�t�h�e� �f�o�r�c�e� �t�h�a�t� �w�i�l�l� �e�n�f�o�r�c�e� �t�h�e� �p�r�e�v�i�o�u�s� �v�e�l�o�c�i�t�y� �c�o�n�d�i�t�i�o�n�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �c�o�n�t�a�c�t� 

�f�o�r�c�e� �i�s� �l�i�n�e�a�r� �i�n� �e�a�c�h� �t�i�m�e� �s�t�e�p�.� �T�h�i�s� �f�o�r�c�e� �i�s� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �w�i�t�h� �w�h�i�c�h� �t�h�e� �t�w�o� 

�i�m�p�a�c�t�i�n�g� �b�o�d�i�e�s� �i�n�t�e�r�a�c�t� �u�n�t�i�l� �c�o�n�t�a�c�t� �c�e�a�s�e�s�.� 

�I�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �n�o�t�e� �t�h�a�t� �t�h�e� �s�t�a�b�i�l�i�t�y� �b�e�h�a�v�i�o�r� �i�s� �a�n� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t� �o�f� �e�x�p�l�i�c�i�t� 

�i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e�s�.� �S�i�n�c�e� �t�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �i�n�t�e�g�r�a�t�i�o�n� �r�u�l�e� �i�s� �o�n�l�y� �c�o�n�d�i�t�i�o�n�a�l�l�y� 

�s�t�a�b�l�e�,� �t�h�e� �t�i�m�e� �s�t�e�p� �m�u�s�t� �b�e� �l�e�s�s� �t�h�a�n� �a� �c�r�i�t�i�c�a�l� �v�a�l�u�e� �f�o�r� �t�h�e� �r�e�s�u�l�t�s� �t�o� �b�e� �m�e�a�n�i�n�g�f�u�l�.� �F�o�r� 
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�t�h�i�s� �r�e�a�s�o�n� �a� �s�t�a�b�i�l�i�t�y� �c�r�i�t�e�r�i�o�n� �i�s� �u�s�e�d� �f�o�r� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �t�i�m�e� �s�t�e�p�.� �T�h�e� �s�t�a�b�i�l�i�t�y� 

�c�r�i�t�e�r�i�o�n� �u�s�e�d� �h�e�r�e� �i�s� �d�e�s�c�r�i�b�e�d� �i�n� �c�h�a�p�t�e�r� �4�,� �p�a�r�a�g�r�a�p�h� �4�.�3�.�2�.� 

�5�.�2�.�1� �F�r�e�e� �V�i�b�r�a�t�i�o�n� �o�f� �T�h�i�c�k� �G�e�n�e�r�a�l�l�y�-�L�a�m�i�n�a�t�e�d� �Q�u�a�d�r�i�l�a�t�e�r�a�l� �P�l�a�t�e�s� 

�K�a�p�a�n�i�a� �a�n�d� �L�o�v�e�j�o�y� �(�1�9�9�5�)� �c�h�o�s�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n�s� �l�i�n�e�a�r� �i�n� �z�,� �t�h�e�y� 

�c�o�n�s�i�d�e�r�e�d� �F�S�D�T� �w�i�t�h� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n�s�:� 

�u�=�u�°�(�x�,� �y�,�t�)�+�2�b�x�(�x�,� �y�,�t�)�,� �v�=�v�(�x�,� �y�,�t�)�+�2�y�(�x�,� �¥�,�t�)�,� �w�=�w�(�x�,�y�,�t�)� �(�5�.�1�)� 

�w�h�e�r�e� �u�,� �v�,� �a�n�d� �w� �a�r�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�n� �t�h�e� �x�,� �y�,� �a�n�d� �z� �d�i�r�e�c�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� 

�s�u�p�e�r�s�c�r�i�p�t� �"�9�"� �d�e�n�o�t�e�s� �t�h�a�t� �t�h�e� �q�u�a�n�t�i�t�y� �i�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �m�i�d�-�p�l�a�n�e�.� 

�T�h�e� �d�o�m�a�i�n� �i�s� �t�r�a�n�s�f�o�r�m�e�d� �i�n� �o�r�d�e�r� �t�o� �m�a�k�e� �t�h�e� �i�n�t�e�g�r�a�l�s� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �s�i�m�p�l�e�,� �a�n�d� 

�t�o� �f�a�c�i�l�i�t�a�t�e� �t�h�e� �u�s�e� �o�f� �C�h�e�b�y�c�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� �a�s� �t�r�i�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n�s� �w�h�e�n� 

�e�x�p�a�n�d�i�n�g� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �o�f� �E�q�n� �(�5�.�1�)�.� �T�h�e� �s�k�e�w�,� �t�r�a�p�e�z�o�i�d�a�l� �p�l�a�t�e� �i�s� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� 

�a� �s�q�u�a�r�e� �r�e�g�i�o�n� �w�i�t�h� �v�e�r�t�i�c�e�s� �h�a�v�i�n�g� �v�a�l�u�e�s� �r�a�n�g�i�n�g� �f�r�o�m� �-�1�!� �t�o� �1� �a�s� �s�e�e�n� �i�n� �F�i�g�u�r�e� �5�.�1�.� 

�T�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�i�s� �m�a�p�p�i�n�g� �a�r�e� �g�i�v�e�n� �b�y�:� 

�4� �4� 

�i�=�]� �i�=�]� 

�w�h�e�r�e�,� 
�1� �I� �N�y� �=�G�U�+�M�d�-�$�)� �.� �N�o�=�Z�U�+�m�d�+�s�)� 
�I� �l� 

�N�3�=�3�U�-�m�U�+�¢�)� �N�g�=�G�(�l�-�n�y�l�-�s�)� �(�5�.�3�)� 

�a�n�d� �x�;� �a�n�d� �y�,� �a�r�e� �t�h�e� �c�o�r�n�e�r� �c�o�o�r�d�i�n�a�t�e�s� �o�f� �t�h�e� �p�l�a�t�e� �d�e�f�i�n�e�d� �i�n� �F�i�g�u�r�e� �5�.�1�.� �T�a�k�i�n�g� �t�h�e� 

�d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �C�a�r�t�e�s�i�a�n� �c�o�o�r�d�i�n�a�t�e�s�,� �x� �a�n�d� �y�,� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �c�o�o�r�d�i�n�a�t�e�s�,� 

�n� �a�n�d�  ¬�,� �t�h�e� �J�a�c�o�b�i�a�n� �f�o�r� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �c�a�n� �e�a�s�i�l�y� �b�e� �d�e�t�e�r�m�i�n�e�d�.� 
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�(�x�4�,�y� �4�)� �>� �u�a�r�t�e�r� �C�h�o�r�d� �L�i�n�e� 
� � � 

� � 

� � � � � � � � � 

� � 
� � � � � � 

� � 

� � 

� � � � � � � � 

�d�y� �t�y� 
�r�T� �y� 

�a� �3�3� �3� 
�r�o�o�t� �|� �I�E� �(�x�3�,�y�3�)� 

�+� �4�s� �b�m�a�e� �S�w�e�e�p� �A�n�g�l�e� 

�v� �x� �t�e� �~� �4�"� �|� �t�i�p� 
�1�  ��_� �d�s� 

�(�x�L�y�}�)� �d�x� �t�r�a�i�l�i�n�g� �e�d�g�e� �d�s� �2� 
�v� �(�x�2�,�y�2�)� 

�x� �O�r�i�g�i�n�a�l� 
�C�o�o�r�d�i�n�a�t�e� 

�4� �3� 
�(�-�1�,�-�1�)� �(�-�1�,�1�)� 

�m�E� 

�(�1�,�-�1�)� �|� �(�1�,�1�)� 
�1� �v� �2� 

�n�N� 

�T�r�a�n�s�f�o�r�m�e�d� �C�o�o�r�d�i�n�a�t�e�s� 

�F�i�g�.� �5�.�1�.� �P�l�a�t�e� �d�e�f�i�n�i�t�i�o�n�s� �a�n�d� �t�r�a�n�s�f�o�r�m�e�d� �c�o�o�r�d�i�n�a�t�e�s�.� 
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�N�o�w�,� �C�h�e�b�y�s�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� �w�h�i�c�h� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �t�r�a�n�s�f�o�r�m�e�d� �c�o�o�r�d�i�n�a�t�e�s�,� �7� 

�a�n�d� �&�,� �a�r�e� �t�a�k�e�n� �t�o� �b�e� �t�h�e� �t�r�i�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �f�u�n�c�t�i�o�n�s� �f�o�r� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �m�e�t�h�o�d�.� �T�h�e� 

�C�h�e�b�y�s�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� �a�s� �w�e�l�l� �a�s� �t�h�e� �r�e�c�u�r�s�i�v�e� �f�o�r�m�u�l�a� �f�o�r� �t�h�e� �C�h�e�b�y�c�h�e�v� �p�o�l�y�n�o�m�i�a�l�s� 

�c�a�n� �b�e� �f�o�u�n�d� �i�n� �L�o�v�e�j�o�y� �a�n�d� �K�a�p�a�n�i�a� �(�1�9�9�4�)�.� 

�T�o� �f�i�n�d� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �f�o�r� �t�h�e� �p�l�a�t�e�,� �a�n� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �o�f� �t�h�e� �f�o�r�m� �w�a�s� 

�s�o�l�v�e�d�:� 

�[�K�-�A�M�]�{�q�}�=�0� �(�5�.�4�)� 

�T� 
�(�a�=� �{�R�o�g� �o�p� �R�y� �S�o�o� �S�k�y� �X�o�o� �P�Q� �Y�o�Y� �r�s� �P�o�o� �P�u�n� 

�T�h�e� �t�o�t�a�l� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �i�s� �f�o�u�n�d� �t�o� �b�e� �K�=�K� �+�K� �s�t�r�a�i�n� �s�p�r�i�n�g�s� �°� �t�h�e� �s�u�m�m�a�t�i�o�n� �o�f� �t�h�e� 

�s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �a�n�d� �b�o�u�n�d�a�r�y� �s�p�r�i�n�g� �a�p�p�r�o�x�i�m�a�t�i�o�n�s�.� 

�T�o� �c�o�n�s�t�r�u�c�t� �t�h�e� �s�t�i�f�f�n�e�s�s� �a�n�d� �m�a�s�s� �m�a�t�r�i�c�e�s�,� �K� �a�n�d� �M�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �L�a�g�r�a�n�g�e�'�s� �e�q�u�a�t�i�o�n�s� 

�a�r�e� �u�t�i�l�i�z�e�d�.� 

�C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �o�f� �t�h�e� �p�l�a�t�e� �i�s� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �d�e�f�l�e�c�t�i�o�n� 

�f�u�n�c�t�i�o�n�s� �o�f� �E�q�n� �(�5�.�1�)� �b�y� �p�e�r�f�o�r�m�i�n�g� �s�o�m�e� �m�a�t�h�e�m�a�t�i�c�a�l� �m�a�n�i�p�u�l�a�t�i�o�n�,� �a�n�d� �i�n�t�e�g�r�a�t�i�n�g� 

�t�h�r�o�u�g�h� �t�h�e� �p�l�a�t�e� �t�h�i�c�k�n�e�s�s�,� �h�.� �A�f�t�e�r� �s�u�b�s�t�i�t�u�t�i�o�n� �t�h�e� �m�a�s�s� �m�a�t�r�i�x� �c�a�n� �t�h�e�n� �b�e� �w�r�i�t�t�e�n� �a�s�:� 

�m�=�5�)� �{�{�(�z�1�"�|�o�y�,� �[�z�i�a�n�d�s� �(�5�.�5�)� 
�-�]� �-�J� 

�w�h�e�r�e� �[�Z�]� �a�n�d� �[� �p�,�,�,�]� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �L�o�v�e�j�o�y� �a�n�d� �K�a�p�a�n�i�a� �(�1�9�9�4�)�.� �I�n� �E�q�n� �(�5�.�5�)�,� �|�]� �i�s� �t�h�e� 
�y� 

�d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �J�a�c�o�b�i�a�n� �m�a�t�r�i�x�.� 
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�I�n� �a� �m�a�n�n�e�r� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �C�o�o�k�,� �M�a�l�k�u�s�,� �a�n�d� �P�l�e�s�h�a� �(�1�9�8�9�)�,� �a� �m�a�t�r�i�x� �f�o�r�m� �o�f� �t�h�e� 

�s�t�r�a�i�n� �e�n�e�r�g�y� �c�a�n� �b�e� �d�e�v�e�l�o�p�e�d� �t�h�a�t� �i�n�v�o�l�v�e�s� �t�h�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�.� �I�n� �o�r�d�e�r� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� 

�s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �i�n� �t�h�e� �p�r�e�s�e�n�t� �m�e�t�h�o�d� �[�K�a�p�a�n�i�a� �a�n�d� �L�o�v�e�j�o�y� �(�1�9�9�5�)�]�,� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� 

�r�e�l�a�t�i�o�n� �f�r�o�m� �C�e�d�e�r�b�a�u�m�,� �L�i�b�r�e�s�c�u�,� �a�n�d� �E�l�i�s�h�a�k�o�f�f� �(�1�9�8�9�)� �w�a�s� �u�t�i�l�i�z�e�d�.�  ��W�h�e�n� �t�h�e� 

�t�r�a�n�s�v�e�r�s�e� �s�t�r�e�s�s� �i�s� �z�e�r�o�,� �0�,�=�0�,� �t�h�e� �s�t�r�e�s�s�e�s� �a�r�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� �s�t�r�a�i�n�s� �o�n�l�y� �t�h�r�o�u�g�h� �t�h�e� 

�r�e�d�u�c�e�d� �s�t�i�f�f�n�e�s�s�e�s�.� �T�h�e�s�e� �r�e�d�u�c�e�d� �s�t�i�f�f�n�e�s�s�e�s� �a�r�e� �t�h�e�n� �t�r�a�n�s�f�o�r�m�e�d� �i�n� �a�c�c�o�r�d�a�n�c�e� �t�o� �t�h�e� 

�l�a�m�i�n�a� �o�r�i�e�n�t�a�t�i�o�n� �i�n� �a� �g�e�n�e�r�a�l�l�y�-�l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �a�s� �d�i�s�c�u�s�s�e�d� �b�y� �J�o�n�e�s� �(�1�9�7�5�)�,� �a�n�d� 

�V�i�n�s�o�n� �a�n�d� �S�i�e�r�a�k�o�w�s�k�i� �(�1�9�8�7�)�.� �S�u�b�s�t�i�t�u�t�i�n�g� �f�o�r� �t�h�e� �s�t�r�e�s�s� �v�e�c�t�o�r�s� �i�n� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� 

�e�q�u�a�t�i�o�n� �a�n�d� �t�h�e�n� �i�n�t�e�g�r�a�t�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �t�h�i�c�k�n�e�s�s�,� �l�e�a�d�s� �t�o� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �s�t�r�a�i�n� 

�e�n�e�r�g�y� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �s�t�r�a�i�n�s� �a�n�d� �t�h�e� �l�a�m�i�n�a�t�e� �s�t�i�f�f�n�e�s�s�e�s�,� �A�j�j�,� �B�j�j�,� �a�n�d� �D�j�j�.� 

�T�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �i�n�t�e�g�r�a�l� �i�s� �t�r�a�n�s�f�o�r�m�e�d�,� �a�s� �w�a�s� �t�h�e� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �i�n�t�e�g�r�a�l�,� �i�n� �o�r�d�e�r� 

�t�o� �u�s�e� �t�h�e� �n�a�t�u�r�a�l� �c�o�o�r�d�i�n�a�t�e�s� �7� �a�n�d� �&�.� �F�i�r�s�t�,� �t�h�e� �s�t�r�a�i�n�s� �a�r�e� �t�r�a�n�s�f�o�r�m�e�d� �b�y� �m�e�a�n�s� �o�f� �t�h�e� 

�c�h�a�i�n� �r�u�l�e�,� �a�n�d� �s�u�b�s�t�i�t�u�t�i�o�n� �w�i�t�h� �a�l�g�e�b�r�a�i�c� �m�a�n�i�p�u�l�a�t�i�o�n� �r�e�s�u�l�t�s� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r� �t�h�e� 

�s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�:� 

� � 
�L�t� �L�t�t�]� �1�?� �|� �0� �b�n� 

�K�s�r�a�i�n�=�5� �J� �I�C�V� �U�Y� �|� �a�l� �p�|� �[�r�c�l�v�i�a�n�a�s� �(�5�.�6�)� 
�-�L� �-�]� 

�w�h�e�r�e� �[�7�]� �a�n�d� �[�C�]� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �L�o�v�e�j�o�y� �a�n�d� �K�a�p�a�n�i�a� �(�1�9�9�4�)�.� �A�,� �B�,� �a�n�d� �D� �i�n� �E�q�n� �(�5�.�6�)� 

�a�r�e� �t�h�e� �C�L�T� �l�a�m�i�n�a�t�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s�,� �a�n�d� �t�h�e� �A�'� �m�a�t�r�i�x� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� 

�f�r�o�m� �i�n�c�l�u�d�i�n�g� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �a�n�d� �i�s� �g�i�v�e�n� �b�y�:� 

�2� �a�]� �k�g�A�g�q�  ��a�s� �(�5�.�7�)� 
�k�g�k�s�A�g�s� � �k�s�A�s�s�5� 
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�I�n� �t�h�e� �m�e�t�h�o�d� �b�y� �L�o�v�e�j�o�y� �a�n�d� �K�a�p�a�n�i�a� �(�1�9�9�4�)�,� �t�h�e� �v�a�l�u�e�s� �k� �4�=� �k� �5�=� �/�x�?�/�1�2� �a�r�e� �c�h�o�s�e�n� �f�o�r� 

�t�h�e� �l�a�m�i�n�a�t�e� �s�h�e�a�r� �c�o�r�r�e�c�t�i�o�n� �f�a�c�t�o�r�s� �i�n� �a�c�c�o�r�d�a�n�c�e� �w�i�t�h� �M�i�n�d�l�i�n� �(�1�9�5�1�)�,� �w�h�i�c�h� �i�s� 

�a�p�p�r�o�p�r�i�a�t�e� �f�o�r� �c�o�m�p�a�r�a�t�i�v�e� �p�u�r�p�o�s�e�s� �w�i�t�h� �t�h�e� �r�e�f�e�r�e�n�c�e�s�.� 

�U�s�i�n�g� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n�s� �f�o�r� �K� �s�t�r�a�i�n� �a�n�d� �M�,� �t�h�e� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �a�n�a�l�y�s�i�s� �o�f� �c�o�m�p�l�e�t�e�l�y� 

�f�r�e�e� �p�l�a�t�e�s� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d�.� �T�h�i�s� �w�a�s� �d�o�n�e� �i�n� �o�r�d�e�r� �t�o� �v�a�l�i�d�a�t�e� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e�s�e� 

�t�w�o� �m�a�t�r�i�c�e�s�,� �a�n�d� �a�n�a�l�y�s�i�s� �h�a�s� �b�e�e�n� �c�a�r�r�i�e�d� �o�u�t� �w�i�t�h� �c�o�m�p�a�r�i�s�o�n� �m�a�d�e� �t�o� �a� �n�u�m�b�e�r� �o�f� 

�p�u�b�l�i�s�h�e�d� �r�e�s�u�l�t�s� �[�L�o�v�e�j�o�y� �a�n�d� �K�a�p�a�n�i�a� �(�1�9�9�4�)�]�.� �T�o� �c�o�n�s�i�d�e�r� �g�e�n�e�r�a�l�l�y�-�s�u�p�p�o�r�t�e�d� �p�l�a�t�e�s�,� 

�t�h�e� �e�s�s�e�n�t�i�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �m�u�s�t� �b�e� �s�a�t�i�s�f�i�e�d�.� �T�h�e�s�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� 

�p�l�a�t�e� �a�r�e� �m�o�d�e�l�e�d� �b�y� �i�n�t�r�o�d�u�c�i�n�g� �a�p�p�r�o�p�r�i�a�t�e� �l�i�n�e�a�r� �a�n�d� �r�o�t�a�t�i�o�n�a�l� �s�p�r�i�n�g�s�,� �w�h�i�c�h� �p�r�e�v�e�n�t� 

�t�h�e� �l�i�n�e�a�r� �a�n�d� �r�o�t�a�t�i�o�n�a�l� �m�o�t�i�o�n� �a�l�o�n�g� �t�h�e� �b�o�u�n�d�a�r�y�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �s�p�r�i�n�g� �t�e�r�m�s� 

�c�o�n�t�r�i�b�u�t�e� �t�o� �t�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� �p�l�a�t�e�,� �V�,� �a�n�d� �t�h�u�s� �a�r�e� �n�e�e�d�e�d� �f�o�r� �t�h�e�i�r� 

�c�o�n�t�r�i�b�u�t�i�o�n� �t�o� �t�h�e� �L�a�g�r�a�n�g�i�a�n� �w�h�e�n� �a�p�p�l�y�i�n�g� �H�a�m�i�l�t�o�n�'�s� �P�r�i�n�c�i�p�l�e� �w�h�i�c�h� �w�i�l�l� �y�i�e�l�d� �t�h�e� 

�t�o�t�a�l� �s�t�i�f�f�n�e�s�s� �a�n�d� �m�a�s�s� �m�a�t�r�i�c�e�s�.� 

�T�w�o� �t�y�p�e�s� �o�f� �s�i�m�p�l�y�-�s�u�p�p�o�r�t�e�d� �e�d�g�e�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d�,� �n�a�m�e�l�y� �S�S�1�:� �u�?�=�v�?� �=�w�?�=�0�,� 

�a�n�d� �S�S�2�:� �u�°�=�w�°�=�g�y�=�0� �o�r� �v�°�=�w�?�=�¢�,�=�0�.� �T�h�e� �e�s�s�e�n�t�i�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �a� 

�s�i�m�p�l�y�-�s�u�p�p�o�r�t�e�d� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �u�s�i�n�g� �t�h�e� �F�S�D�T� �a�r�e� �g�i�v�e�n� �b�y� �R�e�d�d�y� �a�n�d� �C�h�a�o� �(�1�9�8�1�)� 

�a�s� �t�h�e� �S�S�2� �t�y�p�e�.� �F�o�r� �a� �c�l�a�m�p�e�d� �e�d�g�e�,� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �a�s� 

�u�?�=�y�°�=�w�l�=� �b�y�=� �@�y� �=�0�.� �T�h�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �f�o�r� �t�h�e� �s�p�r�i�n�g�s� �w�h�i�c�h� �a�r�e� 

�a�p�p�r�o�x�i�m�a�t�i�n�g� �t�h�e� �e�s�s�e�n�t�i�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�l�o�n�g� �t�h�e� �r�o�o�t� �a�r�e� �g�i�v�e�n� �b�y� �K�a�p�a�n�i�a� �a�n�d� 

�L�o�v�e�j�o�y� �(�1�9�9�5�)�.� �L�o�v�e�j�o�y� �a�n�d� �K�a�p�a�n�i�a� �(�1�9�9�4�)� �u�s�i�n�g� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� 

�f�o�r� �t�h�e� �s�p�r�i�n�g�s� �g�e�t�:� 
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�K�y�]� �0� �0� �0� �0� 

�]� �0� �K�9� �0� �0� �0� 

�K� �s�p�r�i�n�g�s� �=� �J� �0� �0� �K�3�3� �0� �0� �|�d�y� �(�5�.�8�)� 
�0� �0� �0� �K�y� �0� 
�0� �0� �0� �0� �K�o�5�5� 

�w�h�e�r�e� �K�j�j� �(�i�=�1�,� �2�,�.�.�.�,� �5�)� �i�s� �g�i�v�e�n� �b�y� �K�a�p�a�n�i�a� �a�n�d� �L�o�v�e�j�o�y� �(�1�9�9�5�)�.� 

�5�.�3� �R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n� 

�5�.�3�.�1� �I�m�p�a�c�t� �R�e�s�p�o�n�s�e� �o�f� �B�e�a�m�s� 

�V�v� 

�\� �A�x�i�a�l� �b�a�r� �e�l�e�m�e�n�t�s� 

�F�(�t�)� 
� � 

� � 

� � � � � � 

�F�i�g�.� �5�.�2�.� �T�r�a�n�s�v�e�r�s�e� �i�m�p�a�c�t� �o�f� �a� �c�o�n�i�c�a�l� �p�r�o�j�e�c�t�i�i�l�e� �o�n� �a� �b�e�a�m�.� 
�T�h�e� �i�m�p�a�c�t� �v�e�l�o�c�i�t�y� �i�s� �V� �a�n�d� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �F�(�t�)�.� 

�I�n� �o�r�d�e�r� �t�o� �v�a�l�i�d�a�t�e� �t�h�e� �d�e�v�e�l�o�p�e�d� �m�e�t�h�o�d� �s�e�v�e�r�a�l� �e�x�a�m�p�l�e�s� �a�r�e� �s�o�l�v�e�d�.� �O�n�e� �o�f� �t�h�e�m� 

�i�s� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �i�m�p�a�c�t� �p�r�o�b�l�e�m� �(�G�o�l�d�s�m�i�t�h�,� �1�9�6�0�)� �w�h�e�r�e�i�n� �a� �1� �c�m� �x� �J� �e�m�x� �1�5�.�3�5� �c�m� 

�s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �s�t�e�e�l� �b�e�a�m� �i�s� �i�m�p�a�c�t�e�d� �b�y� �a� �J� �c�m� �r�a�d�i�u�s� �s�t�e�e�l� �b�a�l�l�.� �T�h�e� �i�n�i�t�i�a�l� �v�e�l�o�c�i�t�y� 

�o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �i�s� �1� �c�m�/�s�.� �T�h�e� �s�a�m�e� �p�r�o�b�l�e�m� �w�a�s� �a�l�s�o� �s�o�l�v�e�d� �b�y� �S�u�n� �a�n�d� �H�u�a�n�g� �(�1�9�7�5�)� 

�u�s�i�n�g� �h�i�g�h� �o�r�d�e�r� �b�e�a�m� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s�.� �I�n� �t�h�i�s� �c�a�s�e� �w�e� �c�o�n�s�i�d�e�r� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �i�m�p�a�c�t� �o�f� �a� 
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�c�o�n�i�c�a�l� �p�r�o�j�e�c�t�i�l�e� �o�n� �t�h�e� �b�e�a�m� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5�.�2�.� �T�h�e� �p�r�o�j�e�c�t�i�l�e�'�s� �f�l�e�x�i�b�i�l�i�t�y� �i�s� 

�d�i�r�e�c�t�l�y� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t� �i�n� �t�h�i�s� �s�t�u�d�y�.� �B�e�c�a�u�s�e� �t�h�e�r�e� �a�r�e� �n�o� �a�v�a�i�l�a�b�l�e� �r�e�s�u�l�t�s� �f�o�r� 

�t�r�a�n�s�v�e�r�s�e� �i�m�p�a�c�t� �o�f� �n�o�n�-�u�n�i�f�o�r�m� �p�r�o�j�e�c�t�i�l�e�s� �o�n� �b�e�a�m�s� �a�n�d� �p�l�a�t�e�s�,� �t�h�e� �e�x�i�s�t�i�n�g� �r�e�s�u�l�t�s� �f�o�r� 

�t�r�a�n�s�v�e�r�s�e� �i�m�p�a�c�t� �o�f� �a� �r�i�g�i�d� �s�p�h�e�r�i�c�a�l� �p�r�o�j�e�c�t�i�l�e� �w�e�r�e� �u�s�e�d� �a�s� �a� �p�o�i�n�t� �o�f� �r�e�f�e�r�e�n�c�e�.� �I�n� �t�h�e� 

�p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s� �a� �s�t�e�e�l� �t�r�u�n�c�a�t�e�d� �c�o�n�e� �i�s� �u�s�e�d� �t�h�a�t� �h�a�s� �t�h�e� �s�a�m�e� �m�a�s�s� �a�s� �t�h�e� �s�t�e�e�l� 

�s�p�h�e�r�i�c�a�l� �p�r�o�j�e�c�t�i�l�e� �u�s�e�d� �i�n� �T�i�m�o�s�h�e�n�k�o�'�s� �p�r�o�b�l�e�m�.� �F�o�r� �t�h�e� �m�o�d�e�l�i�n�g� �o�f� �t�h�e� �b�e�a�m� �t�w�o� 

�a�p�p�r�o�a�c�h�e�s� �a�r�e� �u�s�e�d�.� �I�n� �t�h�e� �f�i�r�s�t� �o�n�e� �t�h�e� �b�e�a�m� �i�s� �m�o�d�e�l�e�d� �u�s�i�n�g� �b�e�a�m� �e�l�e�m�e�n�t�s� �a�n�d� �i�n� �t�h�e� 

�s�e�c�o�n�d� �u�s�i�n�g� �p�l�a�n�e� �s�t�r�e�s�s� �e�l�e�m�e�n�t�s�.� �T�h�e� �n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� �u�s�e�d� �f�o�r� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �w�e�r�e� 

�8�0� �a�n�d� �f�o�r� �t�h�e� �b�e�a�m� �2�6�.� �A�f�t�e�r� �s�o�m�e� �t�e�s�t�i�n�g� �w�i�t�h� �p�r�o�j�e�c�t�i�l�e�s� �o�f� �d�i�f�f�e�r�e�n�t� �p�r�o�f�i�l�e�s�,� �r�e�s�u�l�t�s� 

�s�h�o�w�e�d� �t�h�a�t� �i�n� �t�h�e� �c�u�r�r�e�n�t� �a�n�a�l�y�s�i�s� �t�h�e� �s�p�h�e�r�i�c�a�l� �p�r�o�j�e�c�t�i�l�e� �c�a�n� �b�e� �s�u�c�c�e�s�s�f�u�l�l�y� �r�e�p�l�a�c�e�d� 

�b�y� �a� �t�r�u�n�c�a�t�e�d� �c�o�n�e� �o�f� �l�a�r�g�e� �t�o� �s�m�a�l�l� �f�a�c�e� �r�a�d�i�u�s� �r�a�t�i�o� �e�q�u�a�l� �t�o� �2�0� �a�n�d� �o�f� �t�h�e� �s�a�m�e� �m�a�s�s�.� 

�F�i�g�u�r�e�s� �5�.�3� �a�&�b� �s�h�o�w� �t�h�e� �g�o�o�d� �c�o�r�r�e�l�a�t�i�o�n� �o�b�t�a�i�n�e�d� �b�e�t�w�e�e�n� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �a�n�d� �c�e�n�t�r�a�l� 

�d�e�f�l�e�c�t�i�o�n� �p�r�e�d�i�c�t�i�o�n�s� �f�o�r� �b�o�t�h� �a�p�p�r�o�a�c�h�e�s� �o�f� �t�h�e� �c�u�r�r�e�n�t� �m�e�t�h�o�d� �a�n�d� �t�h�e� �e�x�i�s�t�i�n�g� �r�e�s�u�l�t�s�.� 

�C�o�n�s�e�q�u�e�n�t�l�y�,� �a� �c�o�m�p�a�r�i�s�o�n� �o�f� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e�s� �u�s�i�n�g� �d�i�f�f�e�r�e�n�t� �p�r�o�j�e�c�t�i�l�e� �p�r�o�f�i�l�e�s� �w�a�s� 

�d�o�n�e�.� �F�i�g�u�r�e� �5�.�4� �s�h�o�w�s� �t�h�e� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�r�e�e� 

�d�i�f�f�e�r�e�n�t� �s�h�a�p�e�s� �o�f� �c�o�n�i�c�a�l� �p�r�o�j�e�c�t�i�l�e�s�.� �T�h�e�s�e� �p�r�o�j�e�c�t�i�l�e�s� �a�r�e�,� �a� �c�y�l�i�n�d�e�r�,� �a� �t�r�u�n�c�a�t�e�d� �c�o�n�e� 

�w�i�t�h� �l�a�r�g�e� �t�o� �s�m�a�l�l� �f�a�c�e� �r�a�d�i�u�s� �r�a�t�i�o� �e�q�u�a�l� �t�o� �5�,� �a�n�d� �a� �t�r�u�n�c�a�t�e�d� �c�o�n�e� �w�i�t�h� �l�a�r�g�e� �t�o� �s�m�a�l�l� 

�f�a�c�e� �r�a�d�i�u�s� �r�a�t�i�o� �e�q�u�a�l� �t�o� �1�0�.� �A�l�l� �p�r�o�j�e�c�t�i�l�e�s� �h�a�v�e� �t�h�e� �s�a�m�e� �m�a�s�s� �a�n�d� �i�m�p�a�c�t� �f�a�c�e� �a�r�e�a�.� 

�A�l�t�h�o�u�g�h� �u�n�t�i�l� �n�o�w� �w�e� �c�o�n�s�i�d�e�r�e�d� �t�h�e� �i�m�p�a�c�t� �f�a�c�e� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �t�o� �b�e� �t�h�e� �l�a�r�g�e� �a�r�e�a� 

�f�a�c�e�,� �F�i�g�u�r�e� �5�.�5� �s�h�o�w�s� �a� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �o�f� �p�r�o�j�e�c�t�i�l�e�s� 

�i�m�p�a�c�t�i�n�g� �t�h�e� �b�e�a�m� �w�i�t�h� �t�h�e� �l�a�r�g�e� �a�n�d� �t�h�e� �s�m�a�l�l� �a�r�e�a� �f�a�c�e�.� �F�u�r�t�h�e�r�m�o�r�e�,� �u�s�i�n�g� �c�y�l�i�n�d�r�i�c�a�l� 

�p�r�o�j�e�c�t�i�l�e�s� �o�f� �t�h�e� �s�a�m�e� �m�a�s�s� �b�u�t� �o�f� �d�i�f�f�e�r�e�n�t� �d�i�a�m�e�t�e�r�s� �r�e�s�u�l�t�e�d� �i�n� �d�i�f�f�e�r�e�n�t� �r�e�s�p�o�n�s�e�s�.� 

�F�i�g�u�r�e� �5�.�6� �s�h�o�w�s� �a� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �o�f� �t�w�o� �c�y�l�i�n�d�r�i�c�a�l� 

�p�r�o�j�e�c�t�i�l�e�s� �w�i�t�h� �t�h�e� �s�a�m�e� �m�a�s�s� �b�u�t� �d�i�f�f�e�r�e�n�t� �i�m�p�a�c�t� �f�a�c�e� �a�r�e�a�s�.� �I�t� �i�s� �e�v�i�d�e�n�t� �t�h�a�t� �t�h�e� �i�m�p�a�c�t� 

�f�o�r�c�e� �i�n�c�r�e�a�s�e�s� �a�n�d� �t�h�e� �i�m�p�a�c�t� �d�u�r�a�t�i�o�n� �d�e�c�r�e�a�s�e�s� �w�i�t�h� �t�h�e� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �d�i�a�m�e�t�e�r� �o�f� �t�h�e� 

�c�y�l�i�n�d�e�r�.� �T�o� �s�t�u�d�y�,� �f�i�n�a�l�l�y�,� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �u�s�e�d� �f�o�r� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �a� �s�t�u�d�y� �w�a�s� 
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�c�o�n�d�u�c�t�e�d� �u�s�i�n�g� �i�d�e�n�t�i�c�a�l� �c�y�l�i�n�d�r�i�c�a�l� �p�r�o�j�e�c�t�i�l�e�s� �m�a�d�e� �o�f� �N�Y�L�O�N�-�6� �a�n�d� �s�t�e�e�l�.� �F�i�g�u�r�e� �5�.�7� 

�s�h�o�w�s� �a� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �o�f� �i�d�e�n�t�i�c�a�l� �c�y�l�i�n�d�r�i�c�a�l� �p�r�o�j�e�c�t�i�l�e�s� 

�m�a�d�e� �o�f� �d�i�f�f�e�r�e�n�t� �m�a�t�e�r�i�a�l�s�.� 

�5�.�3�.�2� �I�m�p�a�c�t� �R�e�s�p�o�n�s�e� �o�f� �P�l�a�t�e�s� 

�F�o�r� �t�h�e� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �o�f� �p�l�a�t�e�s�,� �a� �2�0�-�l�a�y�e�r�e�d� �[�0�°�/�4�5�9�/�0�9�/�-�4�5�9�/�0�°�]�2�.� �g�r�a�p�h�i�t�e�/�e�p�o�x�y� 
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�T�i�m�e�,� �p�s�e�c� 

�F�i�g�.� �5�.�9�.� �C�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �c�o�n�t�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �f�o�r� �c�o�n�i�c�a�l� �p�r�o�j�e�c�t�i�l�e�s� 
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�6�.� �C�O�N�C�L�U�D�I�N�G� �R�E�M�A�R�K�S� 

�A�n� �a�n�a�l�y�t�i�c�a�l� �s�t�u�d�y� �w�a�s� �c�o�n�d�u�c�t�e�d� �t�o� �p�r�e�d�i�c�t� �t�h�e� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �o�f� �c�y�l�i�n�d�r�i�c�a�l� 

�l�a�m�i�n�a�t�e�d� �p�a�n�e�l�s�.� �T�h�e� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �w�a�s� �o�b�t�a�i�n�e�d� �b�y� �b�o�t�h� �t�h�e� �m�o�d�e� �s�u�p�e�r�p�o�s�i�t�i�o�n� 

�m�e�t�h�o�d� �a�n�d� �a� �r�e�d�u�c�t�i�o�n� �m�e�t�h�o�d� �b�a�s�e�d� �o�n� �R�i�t�z� �v�e�c�t�o�r�s� �f�o�r� �n�o�n�l�i�n�e�a�r� �a�n�d� �l�i�n�e�a�r� �p�r�o�b�l�e�m�s�.� 

�F�r�o�m� �t�h�e� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �m�e�t�h�o�d�s� �i�t� �w�a�s� �f�o�u�n�d� �t�h�a�t� �b�o�t�h� �s�h�o�w� �g�o�o�d� 

�a�g�r�e�e�m�e�n�t� �f�o�r� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �a�n�d� �d�i�s�p�l�a�c�e�m�e�n�t� �h�i�s�t�o�r�i�e�s� �o�f� �a� �l�a�m�i�n�a�t�e�d� �c�y�l�i�n�d�r�i�c�a�l� 

�p�a�n�e�l� �s�u�b�j�e�c�t�e�d� �t�o� �i�m�p�a�c�t� �l�o�a�d�s�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� 

�a�n�a�l�y�s�i�s�,� �t�h�e� �t�i�m�e� �i�n�c�r�e�m�e�n�t� �n�e�e�d�e�d� �t�o� �b�e� �v�e�r�y� �s�m�a�l�l� �i�n� �o�r�d�e�r� �t�o� �g�e�t� �a�c�c�u�r�a�t�e� �c�o�n�t�a�c�t� 

�f�o�r�c�e�s�.� �F�o�r� �l�i�n�e�a�r� �a�n�a�l�y�s�i�s�,� �t�h�e� �R�a�y�l�e�i�g�h�-�R�i�t�z� �r�e�d�u�c�t�i�o�n� �m�e�t�h�o�d� �b�a�s�e�d� �o�n� �R�i�t�z� �v�e�c�t�o�r�s� 

�r�e�q�u�i�r�e�d� �l�e�s�s� �C�P�U� �t�i�m�e� �t�h�a�n� �t�h�e� �m�o�d�e� �s�u�p�e�r�p�o�s�i�t�i�o�n� �m�e�t�h�o�d� �a�l�t�h�o�u�g�h� �t�h�e� �r�e�s�u�l�t�s� �w�e�r�e� 

�v�e�r�y� �s�i�m�i�l�a�r�.� �B�o�t�h� �m�e�t�h�o�d�s� �r�e�q�u�i�r�e�d� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �b�a�s�i�s� �v�e�c�t�o�r�s� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� 

�i�m�p�a�c�t� �l�o�a�d� �w�h�i�c�h� �h�a�s� �h�i�g�h�-�f�r�e�q�u�e�n�c�y� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �f�o�r� �t�h�e� �n�o�n�l�i�n�e�a�r� 

�a�n�a�l�y�s�i�s�,� �t�h�e� �m�o�d�e� �s�u�p�e�r�p�o�s�i�t�i�o�n� �m�e�t�h�o�d� �r�e�q�u�i�r�e�d� �l�e�s�s� �C�P�U� �t�i�m�e�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� 

�s�i�n�c�e� �m�o�s�t� �o�f� �t�h�e� �t�i�m�e� �i�s� �s�p�e�n�t� �o�n� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �i�n�t�e�r�n�a�l� �n�o�d�a�l� �f�o�r�c�e� �v�e�c�t�o�r� �t�h�e� �u�s�e� 

�o�f� �r�e�d�u�c�t�i�o�n� �m�e�t�h�o�d�s� �i�n� �p�e�r�f�o�r�m�i�n�g� �n�o�n�l�i�n�e�a�r� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �a�n�a�l�y�s�i�s� �m�a�y� �n�o�t� �r�e�s�u�l�t� �i�n� 

�s�i�g�n�i�f�i�c�a�n�t� �r�e�d�u�c�t�i�o�n� �i�n� �C�P�U� �t�i�m�e�.� �T�h�e� �n�e�e�d� �f�o�r� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �a�n� �e�f�f�i�c�i�e�n�t� �w�a�y� �o�f� 

�h�a�n�d�l�i�n�g� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �i�n�t�e�r�n�a�l� �l�o�a�d� �v�e�c�t�o�r� �i�s� �a�p�p�a�r�e�n�t�.� �A�l�s�o� �n�o�t�e� �t�h�a�t� �b�a�s�i�s� 

�u�p�d�a�t�i�n�g� �s�h�o�u�l�d� �b�e� �p�e�r�f�o�r�m�e�d� �p�r�o�p�e�r�l�y� �i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s� �f�o�r� �n�o�n�l�i�n�e�a�r� 

�i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �s�t�u�d�i�e�s�.� 

�W�i�t�h� �t�h�e� �r�e�d�u�c�t�i�o�n� �o�f� �t�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �s�h�e�l�l� �r�a�d�i�u�s� �[�r�/�h�]� �t�h�e� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l� 

�a�p�p�e�a�r�e�d� �t�o� �b�e� �s�t�i�f�f�e�r�.� �T�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �s�h�e�l�l� �r�a�d�i�u�s� �[�r�/�h�]� �f�o�r� �v�a�l�u�e�s� �l�e�s�s� �t�h�a�n� �/�0�0�0� 

�c�a�u�s�e�d� �s�i�g�n�i�f�i�c�a�n�t� �c�h�a�n�g�e�s� �i�n� �t�h�e� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �l�a�m�i�n�a�t�e�d� �c�y�l�i�n�d�r�i�c�a�l� �p�a�n�e�l�.� �T�h�e� 

�i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �s�i�m�p�l�e� �g�e�o�m�e�t�r�i�c� �i�m�p�e�r�f�e�c�t�i�o�n�s� �r�e�s�u�l�t�e�d� �i�n� �a� �s�t�i�f�f�e�r� �s�t�r�u�c�t�u�r�e�.� 

�T�h�e� �p�r�e�v�i�o�u�s� �a�n�a�l�y�s�i�s� �w�a�s� �v�a�l�i�d�a�t�e�d� �b�y� �c�o�m�p�a�r�i�n�g� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �a�n�a�l�y�s�i�s� �w�i�t�h� 

�r�e�s�u�l�t�s� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� �R�e�s�u�l�t�s� �w�e�r�e� �c�o�r�r�e�l�a�t�e�d� �f�o�r� �d�i�f�f�e�r�e�n�t� 
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�p�a�n�e�l� �t�h�i�c�k�n�e�s�s�e�s�,� �p�a�n�e�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �a�n�d� �p�l�a�t�e� �r�a�d�i�i�.� �F�r�o�m� �t�h�e�s�e� �r�e�s�u�l�t�s� �i�t� 

�a�p�p�e�a�r�s� �t�h�a�t� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �a�c�c�u�r�a�t�e�l�y� �p�r�e�d�i�c�t�s� �t�h�e� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �o�f� �c�u�r�v�e�d� 

�p�a�n�e�l�s�.� 

�T�h�e� �l�a�r�g�e�-�d�e�f�l�e�c�t�i�o�n� �e�f�f�e�c�t�s� �o�b�s�e�r�v�e�d� �i�n� �t�h�i�s� �s�t�u�d�y� �a�r�e� �i�n�f�l�u�e�n�c�e�d� �b�y� �t�h�e� �i�m�p�a�c�t�-� 

�e�n�e�r�g�y� �l�e�v�e�l�,� �t�h�e� �p�l�a�t�e� �t�h�i�c�k�n�e�s�s� �a�n�d� �t�h�e� �p�l�a�t�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �q�u�a�s�i�-�i�s�o�t�r�o�p�i�c� 

�l�a�m�i�n�a�t�e�s� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�.� �N�o�n�l�i�n�e�a�r� �e�f�f�e�c�t�s� �a�r�e� �i�m�p�o�r�t�a�n�t� �f�o�r� �i�m�p�a�c�t� 

�e�v�e�n�t�s� �w�i�t�h� �e�n�e�r�g�i�e�s� �a�t� �t�h�e� �d�a�m�a�g�e�-�i�n�i�t�i�a�t�i�o�n� �t�h�r�e�s�h�o�l�d� �l�e�v�e�l� �f�o�r� �8�-� �a�s� �w�e�l�l� �a�s� �1�6�-�p�l�y� �t�h�i�c�k� 

�p�a�n�e�l�s� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �s�t�u�d�y� �i�n�d�i�c�a�t�e� �t�h�a�t� �p�a�n�e�l� �c�u�r�v�a�t�u�r�e� �e�f�f�e�c�t�s� �a�l�s�o� 

�c�o�n�t�r�i�b�u�t�e� �t�o� �t�h�e� �n�o�n�l�i�n�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �i�m�p�a�c�t�e�d� �p�a�n�e�l�.� �T�h�e� �t�r�e�n�d� �o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �i�s� �s�t�r�o�n�g�l�y� 

�i�n�f�l�u�e�n�c�e�d� �b�y� �t�h�e� �p�a�n�e�l� �r�a�d�i�u�s� �a�n�d� �i�t� �i�n�c�r�e�a�s�e�s� �w�i�t�h� �d�e�c�r�e�a�s�i�n�g� �p�a�n�e�l� �r�a�d�i�u�s�.� �T�h�i�s� 

�o�b�s�e�r�v�a�t�i�o�n� �s�u�g�g�e�s�t�s� �t�h�a�t� �a� �c�u�r�v�e�d� �p�a�n�e�l� �i�s� �m�o�r�e� �l�i�k�e�l�y� �t�o� �b�e� �d�a�m�a�g�e�d� �b�y� �l�o�w�-�v�e�l�o�c�i�t�y� 

�i�m�p�a�c�t� �w�i�t�h� �a� �g�i�v�e�n� �i�m�p�a�c�t�-�e�n�e�r�g�y� �l�e�v�e�l� �t�h�a�n� �a� �f�l�a�t� �p�a�n�e�l� �w�i�t�h� �t�h�e� �s�a�m�e� �t�h�i�c�k�n�e�s�s�.� 

�S�u�b�s�e�q�u�e�n�t�l�y�,� �a�n� �a�n�a�l�y�t�i�c�a�l� �s�t�u�d�y� �w�a�s� �c�o�n�d�u�c�t�e�d� �t�o� �p�r�e�d�i�c�t� �t�h�e� �f�o�r�c�e� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� 

�i�m�p�a�c�t� �o�f� �a� �n�o�n�-�u�n�i�f�o�r�m� �l�i�n�e�a�r�l�y� �e�l�a�s�t�i�c� �c�o�m�p�o�s�i�t�e� �p�r�o�j�e�c�t�i�l�e� �o�n� �a� �H�o�p�k�i�n�s�o�n� �b�a�r�.� �T�w�o� 

�m�e�t�h�o�d�s� �w�e�r�e� �u�s�e�d�.� �A� �v�e�r�s�i�o�n� �o�f� �t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �m�e�t�h�o�d�,� �e�s�t�a�b�l�i�s�h�e�d� �b�y� �O�d�e�e�n� �a�n�d� 

�L�u�n�d�b�e�r�g� �(�1�9�9�1�)�,� �u�s�i�n�g� �t�h�e� �m�o�d�a�l� �s�u�p�e�r�p�o�s�i�t�i�o�n� �m�e�t�h�o�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �i�m�p�u�l�s�e� 

�r�e�s�p�o�n�s�e�s� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �a�n�d� �t�h�e� �b�a�r�,� �a�n�d� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �u�s�i�n�g� �a�n� �e�x�p�l�i�c�i�t� �t�i�m�e� 

�i�n�t�e�g�r�a�t�i�o�n� �r�u�l�e�.� �A� �g�o�o�d� �g�e�n�e�r�a�l� �a�g�r�e�e�m�e�n�t� �w�a�s� �o�b�t�a�i�n�e�d� �b�e�t�w�e�e�n� �b�o�t�h� �m�e�t�h�o�d�s� �a�n�d� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �i�n� �t�h�e� �c�a�s�e�s� �o�f� �i�m�p�a�c�t� �s�t�u�d�i�e�d�.� �W�h�e�n� �t�h�e� �a�r�e�a� �o�f� �t�h�e� �i�m�p�a�c�t� �f�a�c�e� �o�f� 

�t�h�e� �p�r�o�j�e�c�t�i�l�e� �i�s� �m�u�c�h� �l�a�r�g�e�r� �t�h�a�n� �t�h�a�t� �o�f� �t�h�e� �r�o�d� �t�h�e� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �o�n�e�-�d�i�m�e�n�t�i�o�n�a�l� 

�b�e�h�a�v�i�o�r� �w�e�r�e� �n�o�t� �s�a�t�i�s�f�i�e�d�.� �T�h�e� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s� �p�r�o�v�e�d� �t�o� �b�e� �e�f�f�e�c�t�i�v�e� �a�n�d� �t�h�e� 

�p�r�e�d�i�c�t�i�o�n� �f�o�r� �t�h�e� �c�o�n�t�a�c�t� �f�o�r�c�e� �h�i�s�t�o�r�i�e�s� �a�s� �w�e�l�l� �a�s� �t�h�e� �c�o�n�t�a�c�t� �d�u�r�a�t�i�o�n� �s�h�o�w�e�d� �a� 

�s�i�g�n�i�f�i�c�a�n�t� �i�m�p�r�o�v�e�m�e�n�t� �o�v�e�r� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�e�s� �a�n�d� �a� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� 

�a�v�a�i�l�a�b�l�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� 
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�C�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�d� �b�y� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� 

�m�e�t�h�o�d� �a�n�d� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �s�h�o�w�e�d� �t�h�a�t� �t�h�e� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�d�u�r�e� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� 

�s�e�c�o�n�d� �m�e�t�h�o�d� �d�o�e�s� �l�e�a�d� �t�o� �a� �h�i�g�h�e�r� �C�P�U� �t�i�m�e� �t�h�a�n� �t�h�e� �f�i�r�s�t� �m�e�t�h�o�d�.� �T�h�e� �a�p�p�r�o�a�c�h� 

�d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �f�i�r�s�t� �m�e�t�h�o�d� �p�r�o�v�e�s� �t�o� �b�e� �m�u�c�h� �m�o�r�e� �e�f�f�i�c�i�e�n�t� �a�n�d� �l�e�s�s� �c�o�m�p�l�i�c�a�t�e�d� �t�h�a�n� 

�t�h�e� �o�n�e� �u�s�e�d� �b�y� �O�d�e�e�n� �a�n�d� �L�u�n�d�b�e�r�g�.� �A� �m�a�j�o�r� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �m�e�t�h�o�d� 

�i�s� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �i�m�p�a�c�t� �f�o�r�c�e� �r�e�q�u�i�r�e�d� �n�o� �i�t�e�r�a�t�i�o�n�s�,� �s�o�m�e�t�h�i�n�g� �t�h�a�t� 

�l�a�r�g�e�l�y� �i�n�c�r�e�a�s�e�s� �t�h�e� �C�P�U� �t�i�m�e�.� �T�h�e� �s�e�c�o�n�d� �m�e�t�h�o�d�,� �b�a�s�e�d� �o�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s�,� 

�d�e�s�p�i�t�e� �i�t�s� �l�a�r�g�e�r� �C�P�U� �t�i�m�e� �r�e�q�u�i�r�e�m�e�n�t�,� �h�a�s� �s�e�v�e�r�a�l� �a�d�v�a�n�t�a�g�e�s� �o�v�e�r� �t�h�e� �i�m�p�u�l�s�e� 

�r�e�s�p�o�n�s�e� �m�e�t�h�o�d�.� �A� �v�e�r�y� �i�m�p�o�r�t�a�n�t� �o�n�e� �i�s� �t�h�a�t� �t�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �s�i�m�p�l�e� �i�n� �l�o�g�i�c� �a�n�d� 

�s�t�r�u�c�t�u�r�e�,� �a�n�d� �i�t� �c�a�n� �e�a�s�i�l�y� �h�a�n�d�l�e� �c�o�m�p�l�e�x� �n�o�n�l�i�n�e�a�r�i�t�i�e�s�.� �A�n� �a�d�v�a�n�t�a�g�e� �o�f� �l�i�n�e�a�r� �e�x�p�l�i�c�i�t� 

�c�o�m�p�u�t�a�t�i�o�n�s� �a�l�s�o� �i�s� �t�h�a�t� �e�v�e�n� �f�o�r� �l�a�r�g�e� �s�y�s�t�e�m�s�,� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �w�i�l�l� �b�e� �s�t�a�b�l�e� �i�f� �t�h�e� 

�t�i�m�e� �i�n�c�r�e�m�e�n�t� �i�s� �l�e�s�s� �t�h�a�n� �a� �c�r�i�t�i�c�a�l� �v�a�l�u�e� �d�e�f�i�n�e�d� �b�y� �t�h�e� �c�e�n�t�r�a�l� �d�i�f�f�e�r�e�n�c�e� �s�t�a�b�i�l�i�t�y� 

�c�r�i�t�e�r�i�o�n�.� 

�T�h�e� �p�r�e�v�i�o�u�s� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �w�a�s� �f�u�r�t�h�e�r� �e�x�t�e�n�d�e�d� �t�o� �p�r�e�d�i�c�t� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� 

�b�e�a�m�s� �a�n�d� �g�e�n�e�r�a�l�l�y�-�l�a�m�i�n�a�t�e�d�,� �s�k�e�w�,� �t�r�a�p�e�z�o�i�d�a�l� �p�l�a�t�e�s� �s�u�b�j�e�c�t�e�d� �t�o� �l�o�w�-�v�e�l�o�c�i�t�y� �i�m�p�a�c�t� 

�o�f� �a� �n�o�n�-�u�n�i�f�o�r�m� �l�i�n�e�a�r�l�y� �e�l�a�s�t�i�c� �p�r�o�j�e�c�t�i�l�e�.� �U�n�l�i�k�e� �m�o�s�t� �o�f� �t�h�e� �m�e�t�h�o�d�s� �d�e�v�e�l�o�p�e�d� �s�o� �f�a�r� 

�i�t� �d�o�e�s� �n�o�t� �r�e�q�u�i�r�e� �t�h�e� �k�n�o�w�l�e�d�g�e� �o�f� �c�o�n�t�a�c�t� �l�a�w� �a�n�d� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �n�e�e�d� �n�o�t� 

�t�o� �b�e� �s�p�h�e�r�i�c�a�l� �b�u�t� �a�n�y� �n�o�n�-�u�n�i�f�o�r�m� �l�i�n�e�a�r� �e�l�a�s�t�i�c� �c�o�m�p�o�s�i�t�e� �p�r�o�j�e�c�t�i�l�e� �c�a�n� �b�e� �u�s�e�d�.� �U�s�i�n�g� 

�t�h�i�s� �a�p�p�r�o�a�c�h� �t�h�e� �f�l�e�x�i�b�i�l�i�t�y� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�l�e� �i�s� �d�i�r�e�c�t�l�y� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t�.� 

�F�u�r�t�h�e�r� �r�e�s�e�a�r�c�h� �i�n� �t�h�i�s� �a�r�e�a� �s�h�o�u�l�d� �i�n�c�l�u�d�e� �a� �d�e�t�a�i�l�e�d� �e�x�p�e�r�i�m�e�n�t�a�l� �s�t�u�d�y�.� �T�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �s�t�u�d�y� �w�i�l�l� �b�e� �u�s�e�d� �t�o� �p�r�e�d�i�c�t� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �g�e�n�e�r�a�l�l�y� �l�a�m�i�n�a�t�e�d�,� �s�k�e�w� 

�t�r�a�p�e�z�o�i�d�a�l� �p�l�a�t�e�s� �u�n�d�e�r� �t�h�e� �i�m�p�a�c�t� �o�f� �r�i�g�i�d� �a�s� �w�e�l�l� �a�s� �f�l�e�x�i�b�l�e� �n�o�n�-�u�n�i�f�o�r�m� �c�o�m�p�o�s�i�t�e� 

�p�r�o�j�e�c�t�i�l�e�s�.� �I�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �n�o�t�e� �t�h�a�t� �s�u�c�h� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �s�t�u�d�y� �d�o�e�s� �n�o�t� �e�x�i�s�t�i�n� �t�h�e� 

�l�i�t�e�r�a�t�u�r�e�.� �T�h�i�s� �w�i�l�l� �b�e� �v�e�r�y� �u�s�e�f�u�l� �s�i�n�c�e� �i�t� �w�i�l�l� �e�n�a�b�l�e� �u�s� �t�o� �c�h�e�c�k� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� 

�a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d�.� �I�t� �w�o�u�l�d� �b�e� �a�l�s�o� �v�e�r�y� �u�s�e�f�u�l� �a�n�d� �i�n�t�e�r�e�s�t�i�n�g� �t�o� �e�x�t�e�n�d� �t�h�e� 
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�m�e�t�h�o�d� �d�e�v�e�l�o�p�e�d� �t�o� �s�t�u�d�y� �t�h�e� �n�o�n�l�i�n�e�a�r� �i�m�p�a�c�t� �r�e�s�p�o�n�s�e� �o�f� �g�e�n�e�r�a�l�l�y� �l�a�m�i�n�a�t�e�d�,� �s�k�e�w� 

�t�r�a�p�e�z�o�i�d�a�l� �p�l�a�t�e�s�.� 
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�R�E�F�E�R�E�N�C�E�S� 

�A�b�r�a�t�e�,� �S�.�,� �"�I�m�p�a�c�t� �o�n� �L�a�m�i�n�a�t�e�d� �C�o�m�p�o�s�i�t�e� �M�a�t�e�r�i�a�l�s�"�,� �A�p�p�l�i�e�d� �M�e�c�h�a�n�i�c�s� �R�e�v�i�e�w�,� 
�V�o�l�.� �4�4�,� �N�o�.� �4�,� �1�9�9�1�,� �p�p�.� �1�5�5�-�1�9�0�.� 

�A�m�b�u�r�,� �D�.� �R�.�,� �S�t�a�r�n�s�,� �J�.� �H�.�,� �J�r�.�,� �a�n�d� �P�r�a�s�a�d�,� �C�.� �B�.�,� �"�I�n�f�l�u�e�n�c�e� �o�f� �T�r�a�n�s�v�e�r�s�e� �S�h�e�a�r� �a�n�d� 
�L�a�r�g�e� �D�e�f�o�r�m�a�t�i�o�n� �E�f�f�e�c�t�s� �o�n� �t�h�e� �L�o�w�-�S�p�e�e�d� �I�m�p�a�c�t� �R�e�s�p�o�n�s�e� �o�f� �L�a�m�i�n�a�t�e�d� �C�o�m�p�o�s�i�t�e� 
�P�l�a�t�e�s�,�"� �N�A�S�A� �T�M�-�1�0�7�7�5�3�,� �A�p�r�i�l� �1�9�9�3�.� 

�A�m�b�u�r�,� �D�.� �R�.�,� �S�t�a�r�n�e�s� �J�r�.�,� �J�.� �H�.�,� �S�t�o�u�m�b�o�s�,� �T�.� �G�.�,� �a�n�d� �K�a�p�a�n�i�a�,� �R�.� �K�.�,� �"� �E�f�f�e�c�t�s� �o�f� �L�a�r�g�e� 
�D�e�f�o�r�m�a�t�i�o�n�s� �o�n� �t�h�e� �I�m�p�a�c�t� �R�e�s�p�o�n�s�e� �o�f� �F�l�a�t� �a�n�d� �C�u�r�v�e�d� �G�r�a�p�h�i�t�e�-�E�p�o�x�y� �P�a�n�e�l�s�,�"� 
�p�r�e�s�e�n�t�e�d� �a�t� �t�h�e� �A�I�J�A�A�/�A�S�M�E�/�A�S�C�E�/�A�H�S�/�A�S�C� �3�6�t�h� �S�t�r�u�c�t�u�r�e�s�,� �S�t�r�u�c�t�u�r�a�l� �D�y�n�a�m�i�c�s�,� �a�n�d� 
�M�a�t�e�r�i�a�l�s� �C�o�n�f�e�r�e�n�c�e�,� �N�e�w� �O�r�l�e�a�n�s�,� �L�A�,� �A�p�r�i�l� �1�0�-�1�2�,� �1�9�9�5�.� 

�A�r�g�y�r�i�s�,� �J�.�.� �a�n�d� �L�a�z�a�r�u�s� �T�.�,� �"�L�i�n�e�a�r� �a�n�d� �G�e�o�m�e�t�r�i�c�a�l�l�y� �N�o�n�l�i�n�e�a�r� �B�e�n�d�i�n�g� �o�f� �I�s�o�t�r�o�p�i�c� 
�a�n�d� �M�u�l�t�i�l�a�y�e�r�e�d� �C�o�m�p�o�s�i�t�e� �P�l�a�t�e�s� �b�y� �t�h�e� �N�a�t�u�r�a�l� �M�o�d�e� �M�e�t�h�o�d�,�"� �C�o�m�p�u�t�e�r� �M�e�t�h�o�d�s� �i�n� 
�A�p�p�l�i�e�d� �M�e�c�h�a�n�i�c�s� �a�n�d� �E�n�g�i�n�e�e�r�i�n�g�,� �V�o�l�.� �1�1�3�,� �1�9�9�4�,� �p�p�.� �2�0�7�-�2�5�1�.� 

�B�a�c�h�r�a�c�h�,� �W�.� �E�.�,� �a�n�d� �H�a�n�s�e�n�,� �R�.� �S�.�,� �"�M�i�x�e�d� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�e�t�h�o�d� �f�o�r� �C�o�m�p�o�s�i�t�e� 
�C�y�l�i�n�d�e�r� �S�u�b�j�e�c�t�e�d� �t�o� �I�m�p�a�c�t�,�"� �A�J�A�A� �J�.�,� �V�o�l�.� �2�7�,� �N�o�.� �5�,� �1�9�8�9�,� �p�p�.� �6�3�2�-�6�3�8�.� 

�B�a�t�h�e�,� �K�.� �J�.�,� �a�n�d� �G�r�a�c�e�w�s�k�i�,� �S�.�,� �"�O�n� �N�o�n�l�i�n�e�a�r� �D�y�n�a�m�i�c� �A�n�a�l�y�s�i�s� �U�s�i�n�g� �S�u�b�s�t�r�u�c�t�u�r�i�n�g� 
�a�n�d� �M�o�d�e� �S�u�p�e�r�p�o�s�i�t�i�o�n�,�"� �C�o�m�p�u�t�e�r�s� �a�n�d� �S�t�r�u�c�t�u�r�e�s�,� �V�o�l�.� �1�3�,� �1�9�8�1�,� �p�p�.� �6�9�9�-�7�0�7�.� 

�B�e�l�y�t�s�c�h�k�o�,� �T�.� �a�n�d� �M�u�l�l�e�n�,� �R�.�,� �"�S�t�a�b�i�l�i�t�y� �o�f� �I�m�p�l�i�c�i�t�-�E�x�p�l�i�c�i�t� �M�e�s�h� �P�a�r�t�i�t�i�o�n�s� �i�n� �T�i�m�e� 
�I�n�t�e�g�r�a�t�i�o�n�, �� �I�n�t�e�r�n�a�t�.� �J�.� �N�u�m�e�r�.� �M�e�t�h�o�d�s� �E�n�g�r�g�.�,� �V�o�l�.� �1�2�,� �1�9�7�8�,� �p�p�.� �1�5�7�5�-�1�5�8�6�.� 

�B�e�r�t�,� �C�.� �W�.�,� �"�R�e�s�e�a�r�c�h� �o�n� �D�y�n�a�m�i�c� �B�e�h�a�v�i�o�r� �o�f� �C�o�m�p�o�s�i�t�e� �a�n�d� �S�a�n�d�w�i�c�h� �P�l�a�t�e�s� �-�I�V�,�"� 
�S�h�o�c�k� �V�i�b�.� �D�i�g�.�,� �V�o�l�.� �1�7�,� �N�o�.� �1�1�,� �1�9�8�5�.� 

�B�o�g�d�a�n�o�v�i�c�h�,� �A�.� �E�.�,� �a�n�d� �Y�a�r�v�e�,� �E�.� �V�.�,� �"�N�u�m�e�r�i�c�a�l� �A�n�a�l�y�s�i�s� �o�f� �L�a�m�i�n�a�t�e�d� �C�o�m�p�o�s�i�t�e� 
�P�l�a�t�e�s� �S�u�b�j�e�c�t�e�d� �t�o� �I�m�p�a�c�t� �L�o�a�d�i�n�g�, �� �P�r�o�c�.� �o�f� �t�h�e� �A�m�e�r�i�c�a�n� �S�o�c�i�e�t�y� �f�o�r� �C�o�m�p�o�s�i�t�e�s�,� �4�t�h� 
�T�e�c�h�n�i�c�a�l� �C�o�n�f�e�r�e�n�c�e�,� �B�l�a�c�k�s�b�u�r�g�,� �V�i�r�g�i�n�i�a�,� �O�c�t�.� �3�-�5�,� �1�9�8�9�,� �p�p�.� �3�9�9�-�4�0�9�.� 

�B�o�g�d�a�n�o�v�i�c�h�,� �A�.� �E�.�,� �a�n�d� �Y�a�r�v�e�,� �E�.� �V�.�,� �"�C�a�l�c�u�l�a�t�i�o�n� �o�f� �D�a�m�a�g�e� �Z�o�n�e�s� �i�n� �L�a�m�i�n�a�t�e�d� 
�C�o�m�p�o�s�i�t�e� �P�l�a�t�e�s� �S�u�b�j�e�c�t�e�d� �t�o� �L�o�w� �V�e�l�o�c�i�t�y� �I�m�p�a�c�t�,�"�P�r�o�c�.� �o�f� �t�h�e� �A�m�e�r�i�c�a�n� �S�o�c�i�e�t�y� �f�o�r� 
�C�o�m�p�o�s�i�t�e�s�,� �5�t�h� �T�e�c�h�n�i�c�a�l� �C�o�n�f�e�r�e�n�c�e�,� �E�a�s�t� �L�a�n�s�i�n�g�,� �M�i�c�h�i�g�a�n�,� �J�u�n�e� �1�2�-�1�4�,� �1�9�9�0�,� 
�p�p�.� �1�-�1�1�.� 

�B�y�u�n�,� �C�.�,� �a�n�d� �K�a�p�a�n�i�a�,� �R�.� �K�.�,� �"�N�o�n�l�i�n�e�a�r� �I�m�p�a�c�t� �R�e�s�p�o�n�s�e� �o�f� �T�h�i�n� �I�m�p�e�r�f�e�c�t� �L�a�m�i�n�a�t�e�d� 
�P�l�a�t�e�s� �U�s�i�n�g� �a� �R�e�d�u�c�t�i�o�n� �M�e�t�h�o�d�,�"� �C�o�m�p�o�s�i�t�e�s� �E�n�g�i�n�e�e�r�i�n�g�,� �a�n� �I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�u�r�n�a�l�,� 
�V�o�l�.� �2�,� �N�o�s�.� �5�-�7�,� �1�9�9�2�,� �p�p�.� �3�9�1�-�4�1�0�.� 

�C�a�i�r�n�s�,� �D�.� �S�.�,� �a�n�d� �L�a�g�a�c�e�,� �P�.� �A�.�,� �"�T�r�a�n�s�i�e�n�t� �R�e�s�p�o�n�s�e� �o�f� �G�r�a�p�h�i�t�e�/�E�p�o�x�y� �a�n�d� �K�e�v�l�a�r�/� 
�E�p�o�x�y� �L�a�m�i�n�a�t�e�s� �S�u�b�j�e�c�t�e�d� �t�o� �I�m�p�a�c�t�,�"� �A�J�A�A� �J�.�,� �V�o�l�.� �2�7�,� �N�o�.� �1�1�,� �1�9�8�9�,� �p�p�.� �8�7�9�-�8�8�4�.� 

�C�e�d�e�r�b�a�u�m�,� �G�.�,� �L�i�b�r�e�s�c�u�,� �L�.�,� �a�n�d� �E�l�i�s�h�a�k�o�f�f�,� �I�.�,� �"�R�e�m�a�r�k�s� �o�n� �a� �D�y�n�a�m�i�c� �H�i�g�h�e�r�-�O�r�d�e�r� 
�T�h�e�o�r�y� �o�f� �L�a�m�i�n�a�t�e�d� �P�l�a�t�e�s� �a�n�d� �i�t�s� �A�p�p�l�i�c�a�t�i�o�n� �i�n� �R�a�n�d�o�m� �V�i�b�r�a�t�i�o�n� �R�e�s�p�o�n�s�e�.�"� 
�I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�u�r�n�a�l� �o�f� �S�o�l�i�d�s� �a�n�d� �S�t�r�u�c�t�u�r�e�s�,� �V�o�l�.� �2�5�,� �N�o�.� �5�,� �1�9�8�9�,� �p�p�.� �5�1�5�-�5�2�6�.� 
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