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Syzygy Decompositions and Projective Resolutions

Nathan A. Smith

(ABSTRACT)

We give a projective resolution of a finite dimensional K-algebra Λ over its enveloping
algebra Λe = Λop⊗K Λ. The description of this resolution is related to decompositions of the
first syzygy module of Λ as a Λe module, denoted Ω1

Λe(Λ). Resolutions of right Λ modules
MΛ may be obtained by tensoring M over Λ with this bimodule resoution. We describe how
to obtain such a resolution when M is simple or when M is given in the form of a projective
presentation. Computations of ExtnΛ(Sv, Sw) for certain classes of algebras Λ are made using
these resolutions, and applied to obtain results on global dimension.
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Chapter 1

Introduction

The central result of this thesis is the construction of a projective resolution of a finite

dimensional k-algebra Λ over its enveloping algebra Λe = Λop⊗kΛ. Throughout it is assumed

that Λ is a quotient of a path algebra, that is, that Λ = kΓ/I where Γ is a finite directed

graph and I is an ideal contained in J , the ideal generated by the set of all arrows in Γ. Recall

that the path algebra kΓ is defined to be the algebra with k-basis the set of all finite directed

paths in Γ, (where we consider a vertex to be a path of length zero), and multiplication is

defined by concatenation of paths, if possible, or zero if the concatenation would not be a

directed path in Γ. Any finite dimensional algebra over an algebraically closed field is Morita

equivalent to such a quotient of a path algebra.

The resolution mentioned above is constructed by repeatedly tensoring a canonical

short exact sequence with the first syzygy module of the algebra over its enveloping algebra,

denoted Ω1
Λe(Λ). Decompositions of this syzygy module play an important role in the de-

scription of the modules in this projective resolution. These decompositions are determined

by the structure of the reduced Gröbner basis for the ideal used in forming the quotient

of the path algebra. Certain rewriting rules influenced by the structure of this reduced

Gröbner basis are central to the structure of the maps between the projective modules in
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the resolution. As such the reader must be familiar with the basic results and terminology

of non-commutative Gröbner basis theory.

Projective resolutions of modules have played a central role in ring and module theory

since the introduction of homological techniques to algebra in the 1950s. One may view an

algebra as a module over its enveloping algebra, and compute a projective resolution of the

algebra in this sense. This resolution is intimately tied to the representation theory of the

algebra and to the homological properties of the module category over the algebra. We will

attempt to partially illustrate this with two examples of applications of such an enveloping

algebra resolution. The first is in computing the Hochschild cohomology groups HHn(Λ)

of the algebra, which are defined to be HHn(Λ) = ExtnΛe(Λ,Λ). Happel [11] gives a nice

treatment of Hochschild cohomology and the use of enveloping algebra resolutions in its

computation. These invariants are not only important to ring theory (global dimension of

the ring), but have applications in other areas of mathematics, such as algebraic topology

(simplicial homology), and algebraic geometry (infinitessimal automorphisms and deforma-

tions). The second application of enveloping algebra resolutions is that they provide a means

of constructing functorial projective resolutions of one sided Λ-modules, which can be used

to investigate homological properties of the category mod(Λ), which is the category of finite

dimensional modules over the ring Λ. (Among other things one is interested in the projective

dimensions of Λ-modules MΛ - the length of the minimal Λ resolution of M - and in the

derived functors ExtnΛ(MΛ, ) and TorΛ
n (MΛ, ).) It is in this second area of application that

this thesis will examine implications of the bimodule resolution given in the central result.

There are several known projective resolutions of Λ as a Λe-module. One of the earliest

such examples given was the bar resolution (see for example [6]). Since we are dealing with

artin algebras, one can define the minimal resolution, where minimal here means that the

image of each of the maps Pn → P n−1 is contained in the radical of Pn−1. This resolution,
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which in a precise sense is the ‘smallest’ possible resolution, should be the easiest for com-

putations, and moreover the minimal resolution is unique and is an obviously interesting

invariant of Λ. However as one might imagine, it is rather difficult to compute. Happel gives

a description of the projective modules in this resolution in [11], but not a description of

the maps. Bardzell [4] described the maps in the minimal resolution in the case that Λ is a

monomial algebra, that is, Λ = kΓ/I where I is generated by a set of paths in Γ. In the case

that Λ is not monomial, a resolution, not necessarily minimal, is given in [5]. Concerning

resolutions of modules, techniques are given in [1] [9], and [8]. With the exception of the

bar resolution, all of these examples are directed toward finding a minimal, or at least as

small as possible, resolution. The resolution given in this thesis makes a departure from this

track in that the resolution here is clearly nowhere near the minimal resolution. Rather than

strive for minimality, the resolution here arises in a natural way, and the modules and maps

can be described somewhat naturally from the structure of a minimal Gröbner basis for the

ideal I .

We will use the enveloping algebra resolution to compute a one-sided resolution (i.e.. a

Λ-resolution) of simple modules Sv. This resolution can be used to compute ExtnΛ(Sv,M) for

Λ-modules M . See [13] for example, for a thorough treatment of Ext. In the case that M =

Sw, another simple module, descriptions of these Ext groups are crucial to understanding

the cohomology algebra of Λ. This is the algebra
∐

iExt
i
Λ(Λ/r,Λ/r) - r is the Jacobson

radical of Λ - endowed with the vector space addition and the Yoneda product [10]. It is

known that the dimension of the top of the nth projective module in the minimal enveloping

algebra resolution of Λ is the sum of the dimensions of the modules ExtnΛ(Sv, Sw), as v and w

range over all vertices in Γ [11]. From this it follows that the non-existence of an N such that

ExtnΛ(Sv, Sw) = 0 for all n ≥ N will guarantee infinite right global dimension of Λ [11]. The

right global dimension of an algebra Λ is the supremum of the projective dimensions of all
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right Λ-modules. In the case that Λ is monomial it is known how to compute ExtnΛ(Sv, Sw),

and thus how to determine infinite global dimension or finite global dimension [10]. We

will give some computations of these Ext groups for some non-monomial algebras, assuring

infinite global dimension in these cases.

If we desire a projective resolution of a right Λ-module MΛ which is given in terms of

a projective presentation, it is necessary to use other techniques to obtain the resolution,

since it is not clear how one tensors M with the bimodule resolution when one doesn’t know

an explicit k-basis for M . We give a method which may be used to calculate the resolution

one would obtain by tensoring M with our bimodule resolution of Λ in the case that M is

given in terms of a presentation. It turns out that this is an iterative process, starting with

P 1 → P 0, and computing first P 2 → P 1, then P 3 → P 2, and so on, rather than finding the

resolution in one step as one can do in the simple case (or any other case in which one has

an explicit k-basis for M). But if one is running through an iterative process it is possible

to minimize the resolution at each step and compute the minimal projective resolution of M

instead of the much larger resolution which would have been obtained had we tensored M

with the bimodule resolution. It is possible, however, to start the iteration at any step, and

so starting with M given as a presentation P 1 → P 0 one could compute P n+1 → P n → P n−1

without first computing each step less than n − 1, and this information might be used in

computing ExtnΛ(M,N) and TorΛ
n (M,N). It is perhaps this application that is of most

interest, in that other iterative processes for computing projective resolutions exist (see for

example [9]).



Chapter 2

Background and Notation

We begin with the necessary background material which will be used in this thesis. Let Γ

be a finite directed graph (quiver). The vertex set of Γ will be denoted Γ0, and the arrow

set Γ1. We let B be the set of all finite directed paths in Γ. (Here a vertex will denote a

path of length 0). The path algebra KΓ is the K-algebra with basis B and multiplication

given by b1 · b2 = b1b2 if b1b2 is a path in Γ, or b1 · b2 = 0 otherwise. We will be studying

quotients Λ = KΓ/I of path algebras, where I is assumed to be contained in J2 - where J

is the ideal in kΓ generated by the arrows. It is also assumed that Jn ⊂ I for some n, which

of course guarantees us that Λ will be finite dimensional. An ideal I in KΓ which satisfies

the property Jn ⊂ I ⊂ J2 is called admissible. See [3] for a more detailed discussion of path

algebras.

The Jacobson radical of Λ (denoted r) is the two sided ideal J/I . The top of a module

Top(M) is defined to be M/Mr. Thus we have that the top of Λ (as either a left or right

module over itself) is equal to
∐

v∈Γ0
Sv, that is, there are | Γ0 | non-isomorphic simple

modules, one corresponding to each vertex. Each simple Sv is one dimensional with basis

element ev, and the module structure is given by ev · v = ev and ev · b = 0 for all b ∈ B with

b 6= v. It is also clear that v is an idempotent in Λ (where for simplicity of notation we are
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now considering elements b of B to be representatives of their equivalence class in KΓ/I), so

vΛ will be a projective right Λ-module, since vΛ⊕ (1− v)Λ = Λ. The map vΛ→ Sv given

by v 7→ ev is easily seen to be the projective cover of Sv. The set {vΛ : v ∈ Γ0} is a complete

set of non-isomorphic indecomposable finitely generated projective right Λ-modules. See [3]

for a discussion. Thus all finitely generated projective Λ-modules are direct sums of the vΛ.

We will use the notation and theory of non-commutative Gröbner Bases to study quo-

tients of path algebras. The theory hinges on the existence of an admissible order < on

the basis B. By admissible we mean that < is a well order, if b = b1b2 then b > b1, b2,

and if b1 < b2 then xb1y < xb2y whenever both products are non-zero. An example of such

an order is the length-lexicographic order. Here we say that the length of a basis element

b (denoted len(b)) is the number of arrows in b as a path in Γ, and we define b1 < b2 if

len(b1) < len(b2). We order the vertices arbitrarily, and the arrows arbitrarily, and then say

b1 < b2 if len(b1) = len(b2) and b1 comes before b2 in the “dictionary,” considering a path to

be a word in the arrows and using the order on the arrows. We now fix an admissible order

on B. For an arbitrary element x of kΓ, x =
∑
kibi we say the largest bi in this sum with

non-zero coefficient is the tip of x, denoted tip(x). A subset G of I is a minimal Gröbner

basis for I if for each i ∈ I , there is g ∈ G such that tip(g) is a subpath of tip(i), and if tip(g)

is not a subpath of tip(g′) for g′ 6= g in G. It is clear that we can divide B into two disjoint

subsets, those paths b which are divisible by tip(i) for some i ∈ I , denoted T ip(I), and those

that do not, denoted Nontip(I). It is well known that kΓ ∼= I ⊕ spanK(Nontip(I)), so we

may identify Nontip(I) with a K-basis for Λ = KΓ/I .

We denote by Λe the K-algebra Λop ⊗K Λ. Λ-Λ-bimodules ΛMΛ correspond to right

Λe-modules, where the multiplication is given by M · a ⊗K b = aMb. The non-isomorphic

indecomposable projective Λe-modules are the modules v ⊗K wΛe. Recall that if {vi} is a

basis for the vector space V and if {wi} is a basis for the vector space W , then a basis for
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V ⊗K W is the set {vi ⊗K wj}(i,j). Thus we see that m⊗K n with m,n ∈ Nontip(I) forms

a K-basis for Λe.

We end this section with some notational conventions that will be followed throughout

the rest of this paper. Without a subscript, the symbol ⊗ will always refer to a tensor over

the field K, ⊗K . The length of a path will be denoted len(p). The subset of Nontip(I)

consisting of those paths n with len(n) ≥ 1 will be denoted N≥1. We will often need to

consider the first and last arrows of a path (of positive length) separately from the rest,

so we let αp denote the first arrow of a path p and βp denote the last arrow. As long as

we restrict ourselves to paths of positive length αp and βp will always be nontrivial. The

remaining portions of the path, which may be only vertices if len(p) = 1, will be denoted p−

and p+ respectively, so we have that

p = αp · p− = p+ · βp.

We will also need to speak specifically of subpaths which are either the first or last part of

a path p. We say that a path q is a prefix of the path p if there is r in Γ with p = q · r. If

len(r) ≥ 1 we say that q is a proper prefix of p. Similarly we say that a path q is a suffix of

the path p if there is r in Γ with p = r · q. If len(r) ≥ 1 we say that q is a proper suffix of p.

If one views paths as words with the arrows in Γ1 serving as the letters this terminology is

obvious.



Chapter 3

Syzygy Decompositions

We begin with the minimal projective cover of Λ = kΓ/I as a right Λe-module, given by the

projective bimodule P 0 =
∐

v∈Γ0
v ⊗ vΛe, with the map d0 : P 0 → Λ given by v ⊗ v 7→ v. It

is a well known fact that the first syzygy module Ω1
Λe(Λ), which is the kernel of this map, is

generated as a bimodule by {ga = a⊗ t(a)−o(a)⊗a : a ∈ Γ1}. For the sake of completeness,

we indicate a proof of this result here:

Lemma 3.1 As a Λe-module Ω1
Λe(Λ) is generated (minimally) by {ga = a⊗ t(a)− o(a)⊗ a :

a ∈ Γ1}.

Proof. It is clear that each of the ga lies in the kernel of the map P 0 → Λ. If w =
∑
pi⊗ qi

(each pi and qi a path) is an element of Ω1
Λe(Λ) = ker(d0), we show w is in the sub-bimodule

of P 0 spanned by the ga. Write pi = ai,1ai,2 · · · ai,mi, with each ai,j ∈ Γ1. Then

w − a1,1 · · · a1,m1−1(a1,m1 ⊗ t(a1,m1)− o(a1,m1)⊗ a1,m1)q1

yields

8
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w1 = a1,1 · · · a1,m1−1 ⊗ a1,m1q1 +
∑
i6=1

pi ⊗ qi

where we may need to write a1,m1q1 as a sum of Nontips if it is not in Nontip(I). The thing

to notice is that the path on the left hand side of the tensor in the i = 1 term (and in any

rewritings) is shorter by one arrow. Again we subtract:

w2 = w1 − a1,1 · · · a1,m1−2(a1,m1−1 ⊗ t(a1,m1−1)− o(a1,m1−1)⊗ a1,m1−1)a1,m1q1

yielding

w2 = a1,1 · · · a1,m1−2 ⊗ a1,m1−1a1,m1q1 +
∑
i6=1

pi ⊗ qi

where we may again need to rewrite, but again the first term has a path on the left hand

side of the tensor which is shorter by one arrow. We continue this process, first along the

first term until it has the form v ⊗ p′1 where v is a vertex and p′1 is a path, and then repeat

this along each of the subsequent terms.

Note that each time we are subtracting an element of the kernel, so the difference remains

in the kernel of d0. We note that we now have something of the form w′ =
∑
vj ⊗ pj , which

is mapped to
∑

j pj in Λ. However, since w′ ∈ ker(d0) we know
∑

j pj = 0. It follows then

that w′ = 0. We then have the equation:

w − g = w′ = 0

where g is in the submodule spanned by the ga elements, and hence we have w = g. It is

now established that {ga}a∈Γ1 is a generating set for Ω1
Λe(Λ). It remains to show that this
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generating set is minimal.

We suppose that for some arrow b, gb =
∑

a 6=b pgaq. Then we have:

∑
p(a⊗ t(a)− o(a)⊗ a)q = b⊗ t(b)− o(b) ⊗ b

.

Then we have
∑

(pa⊗ t(a)q− p⊗ aq)− b⊗ t(b) = −o(b)⊗ b. This is impossible, since x⊗ y

forms a K-basis for P 0, where x and y are nontips, and no term on the left hand side is of

the form vertex ⊗ path. The minimality of our generating set is now established.2

It is clear then that P 1, the projective cover of Ω1
Λe(Λ) must have the form

∐
a∈Γ1

o(a)⊗

t(a)Λe, with o(a)⊗ t(a) mapping to ga.

BIMODULE DECOMPOSITIONS

We use the above minimal generating set to give a bimodule direct decompositition of

the first syzygy into submodules that may not necessarily be an indecomposable decom-

position. Then we give conditions on I and Γ which guarantee that the decompostion is

indecomposable.

Let Λ = KΓ/I , where I =< ρ1, ρ2, . . . , ρm >. We describe an algorithm for obtaining

a direct decompostion of Ω1
Λe(Λ) as a Λ-Λ-bimodule. Define the graph GΓ,I with one vertex

va for each a ∈ Γ1 and a directed edge va
ab−→ vb if ab is a path in Γ. We also include a

vertex vρi in G for each relation ρi. If ρi =
∑

j kjpj , where each pj is a path in Γ, then we

include an arrow vρi
pj−→ vαpj . Let C1, · · ·Cm be the connected components of GΓ,I when we

forget about the orientation of the edges, and let Bk be the submodule of Ω1
Λe(Λ) generated

by {ga = a⊗ t(a)− o(a)⊗ a : va ∈ Ck} for each k. We will show that ⊕Bk is a direct sum

decomposition of Ω1
Λe(Λ).
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We will first make a few remarks about this decomposition, or more precisely, about

the graph GΓ,I . If I is monomial, then one may omit the vertices and arrows in GΓ,I which

correspond to relations and still obtain the same decomposition. Also we have that whenever

va ∈ Ci (ga = a⊗t(a)−o(a)⊗a is an element of Ai), then vb ∈ Ci (gb = b⊗t(b)−o(b)⊗b ∈ Ai)

whenever there is a sequence of paths (pi)ni=1 with a ∈ p1, and b ∈ pn and pi ∪ pi+1 equal to

a path of length at least one. Furthermore, if there is some relation ρ` =
∑
p`j with a ∈ p`s

and b ∈ p`t . then it should be clear that va and vb are in the same Ci (ga and gb are in the

same Bi).

Proposition 3.2 As a Λ−Λ bimodule, and hence a Λe-module, Ω1
Λe(Λ) =

∐
Bi.

Proof. While it is clear that
∑
Bi = Ω1

Λe(Λ) we must show that Bi

⋂
∪j 6=iBj = ∅. We note

again that the components of G, the Ci’s are determined by the existence of a sequence of

paths overlapping in at least an arrow. That is, two G vertices va and vb are in the same Ci

if and only if there are paths p1, p2, . . . pn in Γ with a in p1, b ∈ pn, and with pi overlapping

with pi+1 in at least an arrow. Now Bi is generated by elements of the form a⊗t(a)−o(a)⊗a

with va ∈ Ci and we note that any nonzero mulitplication (a ⊗ t(a) − o(a) ⊗ a) · (po ⊗ p)

will necessitate that poap be a path in Γ, hence none of the G vertices associated with any

arrow in poap will be in any component of G other than Ci, the same component as va.

A complication arises if poa or ap is equal to tip(ρ`) for some relation ρ`. In this case the

elements of Λ corresponding to rewriting poa or ap respectively as sums of nontips are merely

nontip terms in ρ`. However each of the paths occuring as nontip terms in ρ` are by definition

also in Bi. (Here again we mean a path p in Γ is “in” Bi if the generator ga associated with

each arrow a in p is in Bi.) Thus no multiplication of a generator of Bi by an element of the

enveloping algebra Λe will produce a result outside of Bi itself, and we have our result that

⊕Bi is a decomposition of Ω1
Λe(Λ).2
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While we have given a direct bimodule decomposition of the first syzygy, we cannot say

whether it is an indecomposable decomposition. In fact we note that if Λ is hereditary (that

is, if submodules of projective modules are projective) it follows that Ω1
Λe(Λ) is projective as

a Λ-Λ-bimodule. From this it follows that ga generates a Λe-projective inside of P 0, which

must be isomorphic to o(a)⊗ t(a)Λe. There must be no intersection between this submodule

of Ω1
Λe(Λ) and the projective submodule generated by gb for b with o(b) 6= o(a) and t(b) 6= t(a)

(such arrows are termed parallell). So there are at least as many indecomposable submodules

in the indecomposable decomposition of Ω1
Λe(Λ) as there are non-parallell arrows in Γ.

To guarantee indecomposability we need to impose certain conditions on both the graph

Γ and the ideal I . While this indecomposability result is included here for completeness at

this time, it is not necessary for any subsequent results. We start with the following definition:

Definition I =< ρ1, ρ2, · · · , ρn > saturates Γ if I is monomial and if each arrow a ∈ Γ1 with

the property that a is contained in some path of length 2 also has the property that a ∈ ρi

for some i, and if whenever ρi = x1x2 · · ·xj is contained in some path aρib then the paths

ax1 and xjb are contained in some relations ρp and ρq respectively.

Example: Jn saturates any Γ for n ≥ 2.

Example: 1→a 2→b 3→c 4→d 5→e 6←f 7 with I =< abcd, de >, I saturates Γ.

Example: Same quiver, let I =< abc, de >, I does not saturate Γ.

Proposition 3.3 Let Λ = KΓ/I where I saturates Γ and Γ has neither oriented cycles nor

multiple arrows between the same pair of vertices. Define the graph G as above with one

vertex va for each a ∈ Γ1 and an edge ~eab if ab is a path in Γ. Again let Ci be the connected

components of G, and define the Bi’s again to be the submodules of Ω1
Λe(Λ) generated by
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{ga = a⊗ t(a)− o(a)⊗ a : va ∈ Ci} for each i respectively. Then
∐
Bi is an indecomposable

decomposition of Ω1
Λe(Λ).

Proof. That the first syzygy is a direct sum of the Bi’s is already proven above 3.2. Bi)

what is new in this result is that the decomposition is indecomposable. We show that

Bi is indecomposable. We consider EndΛe(Bi) and prove that it is isomorphic to K. Let

φ ∈ EndΛe(Bi). We first show that if Bi is generated by {ga = a⊗ t(a)− o(a)⊗ a : va ∈ Ci}

then φ(ga) = kaga where ka ∈ K. Indeed ga ∈ Bi(o(a)⊗ t(a)), so φ(ga) = φ(ga(o(a)⊗ t(a)))

= φ(ga) · (o(a)⊗ t(a)), so φ(ga) ∈ Bi(o(a)⊗ t(a)). But

φ(ga) =
∑
vb∈Ci

gb · (λob ⊗ λb)

=
∑
vb∈Ci

λobb⊗ t(b)λb − λobo(b)⊗ bλb

=
∑
vb∈Ci

o(a)λobb⊗ t(b)λbt(a)− o(a)λobo(b)⊗ bλbt(a)

= o(a)λoaa⊗ t(a)λat(a)− o(a)λoao(a)⊗ aλat(a)

+
∑
b6=a

o(a)λobb⊗ t(b)λbt(a)− o(a)λobo(b)⊗ bλbt(a)

Now if λob and λb 6= 0, λob ∈ o(a)Bio(b), and there is a path in Γ from a to b, but λb ∈

t(b)Bit(a), and as above there must be a path in Γ from b to a, so then Γ has an oriented cycle,

a contradiction, thus λob ⊗ λb = 0 and φ(ga) = o(a)λoaa⊗ t(a)λat(a)− o(a)λoao(a)⊗ aλat(a),

so λoa = ko(a) and λa = k′t(a), and we have φ(ga) = kaga.

Now that we have that the image of any generator of Bi under φ is a scalar multiple

of that generator, we show that all generators are sent to the same scalar multiple. Let

aa1a2 . . . as = ρi be a relation in I and let φ(ga) = kaga. We note that
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ga · o(a)⊗ a1a2 . . . as = a⊗ a1a2 . . . as − o(a)⊗ ri = a⊗ a1a2 . . . as. Also

ga1 · a⊗ a2a3 . . . as = aa1 ⊗ a2a3 . . . as − a⊗ a1a2 . . . as. Furthermore,

gaj · aa1a2 . . . aj−1 ⊗ aj+1 . . . as =

aa1a2 . . . aj ⊗ aj+1 . . . as − aa1a2 . . . aj−1 ⊗ aj . . . as.

Now φ(aa1a2 . . . as−1 ⊗ as − a⊗ a1a2 . . . as)=

− φ(gas) · aa1a2 . . . as−1 ⊗ t(as)− φ(ga) · o(a)⊗ a1a2 . . . as =

kas gasaa1a2 . . . as−1 ⊗ t(as)− ka gao(a)⊗ a1a2 . . . as =

kas (aa1a2 . . . as−1 ⊗ as)− ka (a⊗ a1a2 . . . as). (3.1)

But we also have
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φ(aa1a2 . . . as−1 ⊗ as − a⊗ a1a2 . . . as) =

φ(aa1a2 . . . as−1 ⊗ as − aa1a2 . . . as−2 ⊗ as−1as +

aa1a2 . . . as−2 ⊗ as−1as − aa1a2 . . . as−3 ⊗ as−2as−1as +

aa1a2 . . . as−3 ⊗ as−2as−1as − aa1a2 . . . as−4 ⊗ as−3as−2as−1as +

. . .+

aa1 ⊗ a2a3 . . . as − a⊗ a1a2 . . . as) =

φ(gas−1aa1a2 . . . as−2 ⊗ as +

gas−2aa1a2 . . . as−3 ⊗ as−1as +

gas−3aa1a2 . . . as−4 ⊗ as−2as−1as +

. . .+

ga1a⊗ a2a3 . . . as) =

kas−1 gas−1aa1a2 . . . as−2 ⊗ as +

kas−2 gas−2aa1a2 . . . as−3 ⊗ as− 1as +

kas−3 gas−3aa1a2 . . . as−4 ⊗ as−2as−1as +

. . .+

ka1 ga1a⊗ a1a2 . . . as =
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kas−1 aa1a2 . . . as−1 ⊗ as − kas−1 aa1a2 . . . as−2 ⊗ as−1as +

kas−2 aa1a2 . . . as−2 ⊗ as−1as − kas−2 aa1a2 . . . as−3 ⊗ as−2as−1as +

kas−3 aa1a2 . . . as−3 ⊗ as−2as−1as − kas−3 aa1a2 . . . as−4 ⊗ as−3 . . . as +

. . . +

ka1 aa1 ⊗ a2a3 . . . as − ka1 a⊗ a1a2 . . . as). (3.2)

Now equating the above (3.1) and (3.2) we get:

[kas−1 − kas ] (aa1a2 . . . as−1 ⊗ as) +

[kas−2 − kas−1] (aa1a2 . . . as−2 ⊗ as−1as) +

[kas−3 − kas−2] (aa1a2 . . . as−3 ⊗ as−2as− 1as) +

. . .+

[ka − ka1] (a⊗ a1a2 . . . as) = 0,

whence kas−1 = kas , kas−2 = kas−1, kas−3 = kas−2, . . . , ka2 = ka1, and ka = ka1. We therefore

have the result that for any two arrows x and y in some relation, kx = ky.

Now we use the fact that I saturates Γ to link any two generators via a sequence of

relations, and obtain an isomorphism between EndΛe(Bi) and K for each Bi in the bimodule

decomposition of Ω1
Λe(Λ). Let ga and gb be generators of Bi, and let φ ∈ EndΛe(Λ). Since

va and vb are in the same component Ci of G, a is contained in some path p in Γ and b is

contained in some path q in Γ where p and q overlap on some arrow x. Now since I saturates

Γ there is a relation ρa in I such that a occurs in ρa and a relation ρx in I such that x occurs

in ρx. Furthermore we are guaranteed, since I saturates Γ, a ’sequence’ of relations from

ρa to ρx, or vice versa, since each arrow in Γ contained in a path of length at least two lies
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in some relation, and each of the relations in this sequence must overlap in an arrow with

the next. Using the above result that each generator of Bi associated with an arrow in a

particular relation is sent by φ to the same K multiple of itself, we see that if φ(ga) = kaga

and φ(gx) = kxgx, we have that ka = kx. In a similar manner we will have kb = kx from

which it follows that ka = kb. This proves that for any generator g associated with a vertex

in G we will have φ(g) = ka · g , and hence for any b ∈ Bi, φ(b) = ka · b. So we see now that

φ is completely determined by ka, and we have an obvious isomorphism between EndΛe(Bi)

and K. Thus we have that Bi is indecomposable for all I , and that the decomposition given

in the first proposition,

Ω1
Λe(Λ) =

∐
Bi

is an indecomposable decomposition when I and Γ satisfy the conditions that I saturates Γ

and Γ has neither oriented cycles nor multiple arrows between vertices.2

In a later chapter we will be describing projective resolutions which involve tensoring

Ω1
Λe(Λ) with itself. We would like to have an understanding of how the bimodules Bi in the

decomposition of Ω1
Λe(Λ) behave when tensoring Ω1

Λe(Λ) with itself. A description of this lies

in the following proposition.

Proposition 3.4 Let Ω1
Λe(Λ) ∼=

∐
Bi be the direct sum decomposition of Ω1

Λe(Λ) given by

computing the graph GΓ,I as above. If i 6= j then Bi ⊗Λ Bj = 0.

Proof. Recall that when tensoring over Λ we may pull elements of Λ across the tensor as if

they were scalars. Thus p ⊗Λ q will be zero unless t(p) = o(q). Let pgaq be in Bi and rgbs

be in Bj with i 6= j and p, q, r, and s paths in Γ. The assumption i 6= j guarantees that

in the graph GΓ,I the vertices va and vb lie in different connected components. This meant

that there is no path including both a and b in Γ, and therefore we are guaranteed that qr
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is not a path in Γ, that is, q · r = 0. Therefore if pa, aq, rb, and bs are all in N≥1 we see that

pgaq ⊗Λ rgbs = 0.

We are now left with the case that some of the four terms above must be rewritten.

Recall that pgaq = pa⊗q−p⊗aq. At worst we might have both pa and aq not in Nontip(I),

and we would need to rewrite pgaq =
∑
km(pmam ⊗ q)−

∑
kn(p⊗ anqn). [Here pm and qn

are paths, not equal to p or q, and am and an are arrows which may or may not be equal

to a]. If we need to rewrite one of rb or bs we do so, but we notice that when tensoring

pgaq⊗Λ rgbs we still are looking at sums of things of the form σ1⊗ σ2⊗Λ σ3⊗σ4 where σi is

a path in N≥1. This tensor will be zero unless t(σ2) = o(σ3). If this were the case then the

last arrow of σ2, βσ2, and the first arrow of σ3, ασ3 would be such that vβσ2
and vασ3

are in

the same component of GΓ,I . Because of the definition of GΓ,I we know that vβσ2
and va are

in the same component of GΓ,I , and that vασ3
and vb are in the same component of GΓ,I , and

hence va and vb are in the same component of GΓ,I . This is impossible, since by assumption

va and vb must be in different components of GΓ,I since ga is a generator of Bi and gb is a

generator of Bj with i 6= j.

We are therefore left with the result that if i 6= j then Bi ⊗Λ Bj = 0.2

ONE SIDED DECOMPOSITIONS

We desire a decomposition of Ω1
Λe(Λ) as a left or right Λ-module. We begin with the

following obvious lemma:

Lemma 3.5 If we consider the set of all elements of Ω1
Λe(Λ) with the form ai⊗p−o(ai)⊗aip,

that is, gai · 1⊗ p, where p is a Nontip(I) path with appropriate origin, we have a generating

set for Ω1
Λe(Λ) as a left Λ-module.

Proof. Indeed, any element of Ω1
Λe(Λ) may be realized as a bimodule sum
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∑
(qai ⊗ p− q ⊗ aip),

which is easily seen to be a sum of the form

∑
q · (ai ⊗ p− o(ai)⊗ aip).2

Since this will be a left generating set, we refer to the left generator a⊗ p− o(a)⊗ p as

`ap. While this set is a generating set, we desire a smaller set. In particular we note that if I

is generated by a set of relations {ρ1, ρ2, . . . , ρt} which constitute a minimal Gröbner basis

for I , whenever tip(ρi) | ap the corresponding left generator `ap is superfluous. This result

is contained in the following lemma:

Lemma 3.6 If tip(ρ) | ap for some ρ then `ap is in the left Λ submodule of Ω1
Λe(Λ) generated

by the set of all elements of the form ak ⊗ p− o(ak)⊗ akp where akp ∈ Nontip(i).

Proof. We prove the case that ap = tip(ρ), with the other cases being obvious extensions

of this one. So we let (ρ) = ab1 · · · bm +
∑

i ki(bi,1 · · · bi,mi), where tip(ρ) = ab1 · · · bm and

p = b1 · · · bm. We begin with the following observation:

ab1 · · · bm ⊗ t(bm)− o(a)⊗ab1 · · · bm =

ab1 · · · bm−1 · (bm ⊗ t(bm)− o(bm)⊗ bm) +

ab1 · · · bm−2 · (bm−1 ⊗ bm − o(bm−1)⊗ bm−1bm) +

...

a · (b1 ⊗ b2 · · · bm − o(b1)⊗ b1 · · · bm) +

(a⊗ b1 · · · bm − o(a)⊗ ab1 · · · bm)
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which we rewrite as follows:

m−1∑
j=0

ab1 · · · bj · (`bj+1···bm) + `ap.

Similarly we observe that for each of the nontip summands of ρ:

bi,1 · · · bi,mi ⊗ t(bi,mi)− o(bi,1)⊗ bi,1 · · · bi,mi) = ∑mi−1
j=1 bi,1 · · · bi,j · (`bi,j+1 ···bi,mi ).

So we see that:

∑m−1
j=0 ab1 · · · bj · (`bj+1···bm) + `ap =

−
∑

i ki
∑m−1

j=0 bi,1 · · · bi,j · (`bi,j+1 ···bi,mi ).

Solving for `ap gives the following formula:

`ap = −
m−1∑
j=0

ab1 · · · bj · (`bj+1···bm)−
∑
i

ki

m−1∑
j=0

bi,1 · · · bi,j · (`bi,j+1···bi,mi )

where every term on the right hand side is a left multiple of an element `bq where bq ∈

Nontip(I).2

This result has the following immediate corollary:

Proposition 3.7 As a left Λ-module Ω1
Λe(Λ) is generated by {`ap : ap ∈ Nontip(I)} when

we have fixed a minimal Gröbner basis for I.2

This leads us to the following decomposition of Ω1
Λe(Λ) as a left Λ-module:
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Proposition 3.8 As a left Λ-module Ω1
Λe(Λ) is isomorphic to:

∐
a∈Γ1

∐
dimK (aΛ)

Λo(a).

Proof. We note that anything of the form σ · `ap is in rΩ1
Λe(Λ) for σ any path in Γ with

positive length. So the only possible elements of Top(Ω1
Λe(Λ)) are the `aps. We claim that

these elements do indeed comprise the Top, since if

∑
ki`api =

∑
kjσj`bqj

where the σj are paths of positive length, then we have that

∑
kiai ⊗ pi − kio(ai)⊗ aipi =

∑
kjσjbj ⊗ qj − kjσj ⊗ bjqj

and hence

∑
kio(ai)⊗ aipi =

∑
kiai ⊗ pi −

∑
kjσjbj ⊗ qj − kjσj ⊗ bjqj

where the elements on the right hand side of the equation all have a path of length at least

one on the left hand side of the tensor, and as such are distinct from the elements on the

right hand side of the equation. This of course is impossible, since nontip⊗ nontip forms

a k-basis for P 0. It is evident therefore that Top(Ω1
Λe(Λ)) is in one to one correspondence

with the set of all `ap, and the result follows.2

We remark that the obvious analogues to the preceding two propositions and the two

lemmas before them also hold, that is:
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Lemma 3.9 If we consider the set of all elements of the form pa⊗t(a)−p⊗a where p is any

path with appropriate terminus, we have a generating set for Ω1
Λe(Λ) as a right Λ-module.2

In an analogous manner, the generating elements pa⊗ t(a)− p⊗ a of Ω1
Λe(Λ) as a right

module are denoted by rpa.

Lemma 3.10 If tip(ρ) | pa for some ρ in a minimal Gröbner basis for I then rpa is in the

right submodule of Ω1
Λe(Λ) generated by the set of all elements of the form qb⊗ t(b)− q ⊗ b

where qb ∈ Nontip(I).2

Proposition 3.11 As a right Λ-module, Ω1
Λe(Λ) is generated by {rpa : pa ∈ Nontip(I)} for

some fixed minimal Gröbner basis for I.2

Proposition 3.12 As a right Λ-module Ω1
Λe(Λ) is isomorphic to:

∐
a∈Γ1

∐
dimk(Λa)

t(a)Λ

2

We also remark here that the left and right decompositions of Ω1
Λe(Λ) can be recast as follows:

∐
n∈N≥1

Λo(n)
∐

n∈N≥1

t(n)Λ

where we recall N≥1 denotes the subset of Nontip(I) consisting of all elements of length

greater than or equal to one. This description will prove useful in the future.
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We also record here for future use the rewriting rules obtained in the proof of the second

lemma for writing `ap where ap is not in Nontip(I) in terms of the minimal generators. Let

ρ denote the relation a1 · · · am +
∑

i kibi,1 · · · bi,mi with tip(ρ) = a1 · · · am. Then we have the

following:

`a1···am =

−
m−1∑
j=1

a1 · · · aj · `aj+1···am

−
∑
i

ki

mi−1∑
j=1

bi,1 · · · bi,j−1 · `bi,j ···bi,mi

`x1···xta1···am =

−
∑
i

ki`x1···xtbi,1···bi,mi

`a1···amx1···xt =

−
m−1∑
j=1

a1 · · · aj · `aj+1···amx1···xt

−
∑
i

ki

mi−1∑
j=1

bi,1 · · · bi,j−1 · `bi,j ···bi,mix1···xt



Chapter 4

Enveloping Algebra Resolution

Now we will give an application of the previous decompositions in describing a projective

resolution of Λ as a right module over its enveloping algebra Λe = Λop⊗Λ. Recall that we have

Top(Ω1
Λe(Λ)) generated as a left Λ-module by {`ap = a⊗ p− o(a)⊗ ap : ap ∈ N≥1} for some

fixed minimal Gröbner basis for I . Our object will be to describe a Λe projective resolution

of Λ by repeatedly tensoring (over Λ) a canonical short exact sequence with Ω1
Λe(Λ). This

description will be in the form of a description of the projective Λe-modules as a direct sum

of modules of the form (v⊗w)Λe, with v and w vertices in Γ, and a description of the maps

between the projectives in terms of where each (v⊗w) is to be sent. We will begin with the

following proposition:

Proposition 4.1 Let ΛMΛ be a Λ-Λ-bimodule, which is projective as a left Λ-module. Then

M ⊗Λ (Λv ⊗K wΛ) is a projective Λe-module.

Proof We note that M ⊗Λ (Λv ⊗K wΛ) is clearly isomorphic to Mv ⊗K wΛ. Since M is

projective as a left Λ-module, there is ΛN so that M ⊕ N is free as a left Λ-module. We

note that since v is an idempotent, Mv ⊕M(1− v) ∼= M , whence Mv ⊕ (M(1− v)⊕N) is

free, and Mv is still projective as a left Λ-module. Thus Mv ∼=
∐

Λu where u is a vertex

24
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in Λ and hence M ⊗Λ (Λv ⊗K wΛ) ∼= Mv ⊗K wΛ ∼=
∐

(Λu ⊗K wΛ), which is clearly a Λe

projective module.2

We now have the following immediate corollary:

Corollary 4.2 If P is a finitely generated projective Λe-module, and M is a Λ−Λ bimodule

which is left projective, then M ⊗Λ P is a projective Λe-module.2

We now note that we have the following short exact sequence:

0→ Ω1
Λe(Λ)→ P 0 → Λ→ 0

with P 0 ∼=
∐

v∈Γ0
(v ⊗ v)Λe, and the map from P 0 to Λ given by v ⊗ v 7→ v. We can tensor

this over Λ with Ω1
Λe(Λ), and obtain the following short exact sequence (exactness follows

from the fact that Ω1
Λe(Λ) is projective in mod(Λ))

0→ Ω1
Λe(Λ)⊗Λ Ω1

Λe(Λ)→ Ω1
Λe(Λ)⊗Λ P

0 → Ω1
Λe(Λ)⊗Λ Λ→ 0

which we can tensor again with Ω1
Λe(Λ) to obtain:

0→ ⊗3
ΛΩ1

Λe(Λ)→ ⊗2
ΛΩ1

Λe(Λ)⊗Λ P
0 →⊗2

ΛΩ1
Λe(Λ)⊗Λ Λ→ 0

and continue in this manner to obtain:

0→ ⊗n+1
Λ Ω1

Λe(Λ)→ ⊗nΛΩ1
Λe(Λ)⊗Λ P

0 → ⊗nΛΩ1
Λe(Λ)⊗Λ Λ→ 0.
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Note that in each case we see that the middle module is projective as a Λe-module by

the previous proposition, and that the modules ⊗nΛΩ1
Λe(Λ) ⊗Λ Λ and ⊗nΛΩ1

Λe(Λ) are clearly

isomorphic. Thus we can assemble these short exact sequences in the following manner:

0 → Ω1
Λe(Λ) → P 0 → Λ → 0

0 → ⊗2
ΛΩ1

Λe(Λ) → Ω1
Λe(Λ)⊗Λ P

0 → Ω1
Λe(Λ)⊗Λ Λ → 0

0 → ⊗3
ΛΩ1

Λe(Λ) → ⊗2
ΛΩ1

Λe(Λ)⊗Λ P 0 → ⊗2
ΛΩ1

Λe(Λ)⊗Λ Λ → 0

. . .

0 → ⊗n+1
Λ Ω1

Λe(Λ) → ⊗nΛΩ1
Λe(Λ)⊗Λ P 0 → ⊗nΛΩ1

Λe(Λ)⊗Λ Λ → 0

6� �

6� �

6� �

and we see that if we define Pn to be the middle term in the nth sequence, ⊗nΛΩ1
Λe(Λ)⊗ΛP 0,

by following the series of the next three maps we have a projective resolution of Λ as a

Λe-module. We are now ready to describe the projective modules in this resolution as direct

sums of indecomposable projective Λe-modules (v ⊗ w)Λe. We need the following result:

Proposition 4.3

Ω1
Λe(Λ)⊗Λ (v ⊗w)Λe ∼=

∐
{p∈N≥1:t(p)=v}

o(p) ⊗ w Λe.

Proof. We know from the previous proposition that Ω1
Λe(Λ)⊗Λ(v⊗w)Λe will be a projective

Λe modlule, so we look for its top. A generic element of the tensor module will be a sum of

elements of the form λa1gaλa2 ⊗Λ λa3(v ⊗ w)λa4. Clearly this will be in the top if and only

if λa1 = o(a) and λa4 = w. So we are left with the top of Ω1
Λe(Λ)⊗Λ (v ⊗w)Λe consisting of
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elements of the form gaλa2⊗Λλa3(v⊗w) = gaλa2λa3⊗Λ(v⊗w) = `aλa2λa3⊗Λ(v⊗w). We recall

that if aλa2λa3 is not a nontip, we may rewrite it in some form `aλa2λa3 =
∑
`bq where each bq

is a nontip, and that otherwise there is no interdependence among the `aps with ap a non-tip

(except via right multiplication, which will never happen here), and so we have a description

of the top of Ω1
Λe(Λ)⊗Λ (v ⊗ w)Λe as one o(a)⊗ w for each minimal `ap with t(p) = v. The

isomorphism now immediately follows since there are exactly | {p ∈ N≥1 : t(p) = v} | such

`aps.2

As an immediate corollary to this we have that

Ω1
Λe(Λ)⊗Λ P

0 ∼=
∐
p∈N≥1

o(p) ⊗ t(p) Λe.

and we remark that it is evident from the proof of Proposition 4.3 above that the element

o(p)⊗ t(p) of the top of Ω1
Λe(Λ)⊗Λ P 0 arises from the minimal left generator `αpp− of Ω1

Λe(Λ)

tensored with the element t(p)⊗ t(p) of top(P 0).

We also see that ⊗2
ΛΩ1

Λe(Λ)⊗Λ P 0 ∼= Ω1
Λe(Λ)⊗Λ

∐
p∈N≥1

o(p) ⊗ t(p) Λe, which gives us

that

⊗2
ΛΩ1

Λe(Λ)⊗Λ P
0 ∼=

∐
{p1,p2∈N≥1:t(p1)=o(p2)}

o(p1)⊗ t(p2) Λe.

where the element of the top o(p1)⊗ t(p2) corresponds to `αp1p−1 ⊗Λ `αp2p−2 ⊗Λ t(p2)⊗ t(p2).

We see then that inductively we have the following:

Proposition 4.4 As a projective Λe-module,

⊗nΛΩ1
Λe(Λ)⊗Λ P

0 ∼=
∐

{p1,... ,pn∈N≥1:t(pi)=o(pi+1)}

o(p1)⊗ t(pn) Λe.2
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where o(p1)⊗ t(pn) corresponds to:

`αp1p
−
1
⊗Λ `αp2p

−
2
⊗Λ . . .⊗Λ `αpnp−n ⊗Λ t(pn)⊗ t(pn).

In order to simplify notation we make the following definition:

Seq(n) = {(p1, . . . , pn) ∈ (N≥1)n : t(pi) = o(pi+1)}.

We see that this enables us to recast our isomorphisms above to obtain:

⊗nΛΩ1
Λe(Λ)⊗Λ P

0 ∼=
∐

(p1,... ,pn)∈Seq(n)

o(p1)⊗ t(pn),

where we point out again that o(p1)⊗ t(pn) corresponds to:

`αp1p
−
1
⊗Λ `αp2p

−
2
⊗Λ . . .⊗Λ `αpnp−n ⊗Λ t(pn)⊗ t(pn).

Now we turn our attention to the maps in the resolution. Recall that we have P 0 ∼=∐
Γ0
v ⊗ v and P n ∼= ⊗nΛΩ1

Λe(Λ) ⊗Λ P 0. If one refers back to the diagram of short exact

sequences given above it is clear that the maps in the resolution arise from the following

commutative diagram:

⊗nΛΩ1
Λe(Λ)⊗Λ P 0 dn→ ⊗n−1

Λ Ω1
Λe(Λ)⊗Λ P 0

↓ ↑
⊗nΛΩ1

Λe(Λ)⊗Λ Λ → ⊗nΛΩ1
Λe(Λ)

where the map dn will result from following the left, bottom, and right edges of the square.

Thus the map will be the identity on n−1 copies of Ω1
Λe(Λ) and arise from the composition of

the maps between P 0 and Λ and the inclusion from Ω1
Λe(Λ) into P 0 (ignoring the isomorphism
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on the bottom). We wish to compute this map when we think of Pn as
∐

Seq(n) o(p1) ⊗

t(pn). In terms of the generators of the top, (p1, . . . , pn) in Seq(n) corresponds to `αp1p
−
1
⊗Λ

. . . `αpnp−n ⊗Λ t(pn)⊗t(pn), so the map down the left hand side of the square takes o(p1)⊗t(pn)

to `αp1p
−
1
⊗Λ . . . `αpnp−n ⊗Λ t(pn). The isomorphism on the bottom of the square effectively

drops the t(pn), so we are left with following `αp1p
−
1
⊗Λ . . . `αpnp−n up the right hand side of

the square. This amounts to viewing `αpnp−n = αpn ⊗ p−n − o(pn) ⊗ αpnp−n as a sum of two

basic tensors in P0. We note furthermore that in our description of ⊗n−1
Λ Ω1

Λe(Λ) ⊗Λ P 0 we

pull all paths to the left of the last ⊗Λ leaving only something of the form v⊗ v on the right,

so our element `αp1p
−
1
⊗Λ . . . `αpnp−n maps to

`αp1p
−
1
⊗Λ. . . `αpn−1p

−
n−1αpn

⊗Λt(αpn)⊗t(αpn)·p−n−`αp1p−1 ⊗Λ. . . `αpn−1p
−
n−1
⊗Λt(pn−1)⊗t(pn−1)·pn.

In this case we have that o(p1) ⊗ t(pn) associated with (p1, . . . , pn) ∈ Seq(n) maps

to o(p1) ⊗ t(αpn) · p−n − o(p1) ⊗ t(pn−1) · pn, where the corresponding elements of Seq(n)

are (p1, . . . , pn−2, pn−1αpn) and (p1, . . . , pn−2, pn−1). One problem is the fact that Seq(n)

is defined to be sequences of Nontip(I) paths, and it is quite possible that pn−1αpn is no

longer a nontip. In this case we must employ the rewriting rules given at the end of the

section on one sided decompositions of Ω1
Λe(Λ) to rewrite `pn−1αpn as a sum

∑
i λi · `biqi of left

multiples of minimal left generators of Ω1
Λe(Λ), `biqi where biqi ∈ Nontip(I). Following our

convention we move each of the λi to the left hand side of the tensor ⊗Λ, and have now that

dn(o(p1) ⊗ t(pn) maps to
∑

i o(p1) ⊗ t(biqi)p−n − o(p1) ⊗ t(pn−1) · pn, where the idempotent

o(p1) ⊗ t(biqi) corresponds to (p1, . . . , pn−2λi, biqi) in Seq(n − 1). Naturally it may be the

case that some of the pn−2λi are not nontip paths in N≥1, and so these will also necessarily

be rewritten in computing dno(p1) ⊗ t(pn), and this process will continue until either there

need be no more rewritings, or until we have rewritten in the first position `p1σ =
∑
λj`bjqj ,

and the image of o(p1)⊗ t(pn) will contain summands of the form λjo(bjqj)⊗ t(pn−1)p−n , and
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no more rewritings are possible.

The above discussion is recorded in the following theorem:

Theorem 4.5 A projective resolution of Λ as a right Λe-module is given by

· · ·P n dn→ P n−1 dn−1→ · · · → P 1 d1→ P 0 → Λ→ 0

where

P 0 ∼=
∐
v∈Γ0

v ⊗ v Λe P n ∼=
∐

(p1,... ,pn)∈Seq(n)

o(p1)⊗ t(pn) Λe

for n > 0, v ⊗ v d07→ v and for n > 0, dn is given by:

o(p1)⊗ t(pn) 7→ o(p1)⊗ t(pn−1αpn) · p−n −o(p1)⊗ t(pn−1) · pn
(p1, . . . , pn) (p1, . . . , pn−1αpn) (p1, . . . , pn−1)

unless pn−1αpn /∈ Nontip(I), in which case we rewrite:

`αpn−1p
−
n−1αpn

=

mn−1∑
i=1

λn−1,i`
n−1
aiqi

to obtain:

o(p1)⊗ t(pn) 7→
∑m

i=1 o(p1)⊗ t(qi) · p−n −o(p1)⊗ t(pn−1) · pn
(p1, . . . , pn) (p1, . . . , pn−2λn−1,i, aiqi) (p1, . . . , pn−1)

unless pn−2λn−1,i /∈ Nontip(I), in which case we rewrite again:

`pn−2λn−1,i =

mn−2∑
j=1

λn−2,j`
n−2
ajqj
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to obtain:

o(p1)⊗ t(pn) 7→
∑

i,j o(p1)⊗ t(qi) · p−n −o(p1)⊗ t(pn−1) · pn
(p1, . . . , pn) (p1, . . . , pn−3λn−2,j , ajqj, aiqi) (p1, . . . , pn−1)

and so on, until we need rewrite no further.2

From this it should be clear that if Γ contains no oriented cycles then kΓ/I is of finite

global dimension, since at some point one runs out of possible sequences of paths of lengths

at least one, and hence the Λe resolution of Λ stops. (This is a well known fact). It should be

pointed out that it is also well known that the converse is not true, that is, there are algebras

of finite global dimension whose quiver does contain an oriented cycle. An example is given

by any algebra Λ whose quiver is an oriented cycle of length n and whose one relation for

the ideal I is a path of length n. Such an algebra is clearly monomial, and results of [10]

guarantee finite global dimension.



Chapter 5

Resolutions of Simple Modules and
ExtnΛ(Sv, Sw)

As a first application of this bimodule resolution, we will compute projective resolutions of

simple Λ-modules Sv and use them to obtain information about ExtnΛ(Sv, Sw). We remark

that by using one point extension quivers, the ability to construct projective resolutions of

simple modules makes it possible to compute projective resolutions of an arbitrary Λ-module

M (see [9]).

The resolution of the simple Λ-module Sv associated with the vertex v in Γ0 will be

obtained by by tensoring Sv over Λ with the above bimodule resolution. We note that the

tensor Sv ⊗Λ λ1w1 ⊗ w2λ2 will be zero unless λ1 = w1 = v, and hence the projectives in our

resolution of Sv will arise from precisely those (p1, . . . , pn) in Seq(n) such that o(p1) = v. We

define Seq(n, v) to be the subset of Seq(n) such that o(p1) = v and arrive at the conclusion

that the projective resolution will be given by the following:

Proposition 5.1 The projective resolution of Sv obtained by tensoring Sv over Λ with our

bimodule projective resolution of Λ is given by:

32
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Q0 = vΛ Qn =
∐

(p1,... ,pn)∈Seq(n,v) t(pn)Λ

with the maps given as before, d0 being the usual projective cover of Sv and dn : Qn → Qn−1

given by

t(pn) 7→ t(pn−1αpn) · p−n − t(pn−1) · pn
(p1, . . . , pn) (p1, . . . , pn−1αpn) (p1, . . . , pn−1)

unless pn−1αpn is not a nontip, in which case we rewrite

`αpn−1p
−
n−1αpn

=
m∑
i=1

λi`aipi

and obtain:

t(pn) 7→
∑m

i=1 t(aipi) · p−n − t(pn−1) · pn
(p1, . . . , pn) (p1, . . . , pn−2λi, aipi) (p1, . . . , pn−1)

unless pn−2λi /∈ Nontip(I) and we rewrite another step back, continuing as far as necessary

to obtain an element of Seq(n− 1, v).2

We will now make the convention that when we are referring to the element t(pn) of

Top(Qn) associated with (p1, . . . , pn) in Seq(n, v) we will simply write (p1, . . . , pn). We

now wish to consider ExtnΛ(Sv, Sw), and so we will need to apply the functor HomΛ( , Sw)

to the above projective resolution. We make the following observations. First, if uΛ

is an indecomposable projective Λ-module, HomΛ(uΛ, Sw) = 0 unless u = w, in which

case HomΛ(uΛ, Sw) ∼= K, that is w 7→ kew, where ew is the basis element of the one-

dimensional vector space Sw. Second, since we are dealing with finite sums, Hom(Qn, Sw) ∼=∐
Seq(n,v) Hom(t(pn), Sw). We say a sequence (p1, . . . , pn) ∈ Seq(n, v) fits vertex w if t(pn) =
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w, and we define F it(n, v, w) to be the subset of Seq(n, v) consisting of all sequences that

fit vertex w. Using this notation we obtain the following:

Proposition 5.2 If Qn is the nth projective in the above projective resolution of the simple

Sv,

Hom(Qn, Sw) ∼=
∐

Fit(n,v,w)

K2

We will again identify the basis element (0, 0, . . . , 0, 1, 0, . . . , 0) of Hom(Qn, Sv) with the

1 in the position corresponding to (p1, . . . , pn) in F it(n, v, w) with the element (p1, . . . , pn)

itself. Hence we are now identifying Seq(n, v) with Top(Qn), and F it(n, v, w) with a canon-

ical basis for Hom(Qn, Sw).

Of course we now know a projective resolution of Λ/r ∼=
∐

v∈Γ0
Sv, we merely take the

direct sum of all the resolutions of the simples. Here we have that the tops of the projectives

have basis Seq(n), and if we apply Hom( ,Λ/r) to this resolution we have a basis for the Hom

set also equal to Seq(n). In what follows we will be considering Extn(Sv, Sw). One can either

pretend that we are computing this directly by resolving Sv and applying Hom( , Sw) or that

we have really resolved Λ/r and are applying Hom( , Sw) or Hom( ,Λ/r) and picking out

the appropriate elements. That is, we can consider Extn(Sv, Sw) directly or we may consider

Extn(Λ/r,Λ/r), of which Extn(Sv, Sw) is a direct summand.

For the moment we will assume that we have resolved Sv and will be computing in-

formation about Extn(Sv, Sw) directly. We note that by applying the Hom functor to our

projective resolution, we obtain the following complex:

. . . Hom(Qn+1, Sw)
d∗n+1← Hom(Qn, Sw)

d∗n← Hom(Qn−1, Sw)← . . .
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and if we wish to compute ExtnΛ(Sv, Sw) we must take the homology of this complex, com-

puting both Ker(d∗n+1) and Im(d∗n). To do this we must figure out what the maps d∗i

do to elements of F it(n, v, w). Recall that if f ∈ Hom(Qn−1, Sw), then d∗n(f) = f ◦ dn.

So we take an element of Hom(Qn−1, Sw), (p1, . . . , pn−1), and apply it, (it is a map now,

taking t(pn−1) to 1 · ew and all other elements of Top(Qn−1) to zero), to dn((q1, . . . , qn))

for (q1, . . . , qn) in Seq(n, v). Hence if we really want to understand d∗n we will need a

thorough understanding of how dn acts on elements of Seq(n, v). We begin with the ob-

servation that if (q1, . . . , qn) ∈ Seq(n, v) with len(qn) ≥ 2, then q−n is a path of positive

length, and hence dn takes it to (q1, . . . , qn−1αqn) · q−n − (q1, . . . , qn−1) · qn, both terms of

which will result in zero when mapped into Sw, as any element of Sw times a non-zero

length path will be zero. Thus we may restrict ourselves to considering those elements of

Seq(n, v) such that the length of the last path is one. We also note that if (q1, . . . , qn) is

an element of Seq(n, v) but t(qn) 6= w then no matter what dn(q1, . . . , qn) is in Qn−1, all

elements of F it(n− 1, v, w) will take it to zero, since t(dn(q1, . . . , qn)) = t(qn). So we re-

ally need to analyze the behavior of dn only on elements of F it(n, v, w) ⊂ Seq(n, v) with

len(qn) = 1, as d∗n(F it(n− 1, v)) will be contained in the subspace of Hom(Qn, Sw) spanned

by these elements. Finally we note that if (q1, . . . , qn) ∈ F it(n, v, w) with len(qn) = 1 we

have dn((q1, . . . , qn)) = (q1, . . . , qn−1qn) − (q1, . . . , qn−1) · qn. When we apply any element

of Hom(Qn−1, Sw) we see that (q1, . . . , qn−1) · qn is mapped to zero. Therefore we really

need only consider the first summand of the image of any element of F it(n, v, w), since the

second is always maped to zero by any element of Hom(Qn−1, Sw). We define the map

d̃n : Qn → Qn−1 to pick out only this first summand (and any elements of Qn−1 which arise

from rewriting it), and note that it is enough to consider d̃n when computing Ext(Sv, Sw).

Suppose that we list all basis elements of F it(n, v, w) with len(qn) = 1, calling them

x1, x2, . . . , xs. We list all basis elements of F it(n− 1, v, w), regardless of the length of the
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last path, calling them y1, y2, . . . , yt. We will construct a matrix for d̃n. So we apply d̃n to

each of the xj, noting that the result will now be merely a K-linear combination of the yis,

d̃n(xj) =
∑t

i=1 kijyi, and obtain an s by t matrix Dn, where the ij entry is kij . So the image

of xj under the abbreviated chain map d̃n will be recorded in the jth column of Dn. Recall

that {y1, . . . , yt} is a K-basis for Hom(Qn−1, Sw), and if we wish to compute d̃∗n(yi)(xj) we

compute yi ◦ d̃n(xj). But this is yi(
∑t

`=1 k`jy`) = kijew, where ew again is the basis element

of Sw. We note that if we now consider xj to be the basis element of Hom(Qn, Sw) taking

the element t(xj) of Qn to ew and all other elements of Qn not K-multiples of this element to

zero, we have the image of yi under d̃∗n recorded in the ith row of Dn in terms of the partial

basis {x1, . . . , xs} for Hom(Qn, Sw). We note now that if we row reduce the matrix Dn, we

will obtain, via the non-zero rows, a basis for Im(d̃∗n), (and the zero rows will correspond

to a basis for Ker(d̃∗n)). It will be in precisely this manner that we will obtain information

about Im(d̃∗n) in Extn(Sv, Sw) = Ker(d̃∗n+1)/Im(d̃∗n).

Before we begin though, we need to know something about Ker(d̃∗n+1), and the manner

in which we obtain this information will not be in the form of the matrix Dn+1 but rather

in terms of “liftings” of elements of Hom(Qn, Sw) to Hom(Qn+1, Sw). We make this notion

more precise with the following definition.

Definition. We say a basis element yi in F it(n, v, w) lifts to a basis element (p1, . . . , pn, pn+1)

of F it(n+ 1, v, w) if d̃∗n+1(yi)(p1, . . . , pn) 6= 0 in Sw. Clearly this is equivalent to yi occurring

as a term of d̃n+1((p1, . . . , pn+1)).

As we have already noted, if yi = (p1, . . . , pn) with len(pn) ≥ 2, we write pn = p+
n ·βpn where

len(βpn) = 1 and we see that (p1, . . . , pn) will lift to (p1, . . . , pn−1, p+
n , βpn) in F it(n+1, v, w).

We are guaranteed here that len(p+
n ) ≥ 1, so this is indeed an element of F it(n+1, v, w). This

lifting is easily seen by considering d̃n+1((p1, . . . , pn−1, p+
n , βpn)) = (p1, . . . , pn−1, p+

n · βpn) =

(p1, . . . , pn−1, pn), and hence d̃∗n+1(yi) will act in a non-zero way on (p1, . . . , pn−1, p+
n , βpn).
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(This of course implies that d∗n+1(yi) will act in a non-zero manner as well.) Of course

we see that if (p1, . . . , pn) ∈ F it(n, v, w) with len(pn) = 1 we will not be able to lift in

this manner. However, there is another way in which elements of F it(n, v, w) may lift.

Let ρ be a relation in a Gröbner basis for I , with tip(ρ) = a1 · · · am, and ρ = tip(ρ) +∑r
i=1 ki

∑mi
j=1 bi,1 · · · bi,mi, where the ai and bi,j are arrows in Γ. We consider the action of

d̃n+1 on an element of the form (p1, . . . , pn−1, a1 · · · am−1, am) in F it(n+ 1, v, w). d̃n+1 takes

this element to (p1, . . . , pn−1, tip(ρ)), which of course must be rewritten. The reader is asked

to recall the rewriting formulas for the `ap elements for which ap /∈ Nontip(I) given at the

end of the chapter on left and right syzygy decompositions. From these rules we see that

our rewriting takes the form:

(p1, . . . , pn−1,a1 · · · am) =

−
m−1∑
j=1

(p1, . . . , pn−1a1 · · · aj, aj+1 · · · am)

−
r∑
i=1

ki

mi−1∑
j=0

(p1, . . . , pn−1bi,1 · · · bi,j, bi,j+1 · · · bi,mi).

Of course it is entirely possible that one or more of the terms now in the n − 1 position

is no longer in Nontip(I), and will then necessarily be rewritten again. The point of this

example is that we are able to obtain a lifting of an element (p1, . . . , pn) of F it(n, v) when

pn−1pn contains a term of ρ as a proper suffix. It is also quite possible that if pn−1a1 · · · aj

or pn−1bi,1 · · · bi,j were not in Nontip(I) and the element in the n− 1 position was rewritten,

that (p1, . . . , pn) might occur as a term of that rewriting, with there necessarily now being

a pair of relations overlapping.

In order to get a complete understanding of the possible liftings we will require a con-

sideration of the rewritings which can arise under the map d̃n+1. In the example above, the

path pn−1pn contained a term of ρ as a proper suffix. We now consider the case that there
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are two relations ρ1 = a1 · · · am +
∑r1

i=1 kibi,1 · · · bi,mi and ρ2 c1 · · · cm′ +
∑r2

i=1 k
′
idi,1 · · · di,m′i,

such that tip(ρ2) = c1 · · · cm′ overlaps with a term of ρ1, that is either we have:

c1 · · · cj cj+1 · · · cm′
a1 · · · am′−j am′−j+1 · · · am

or

c1 · · · cj cj+1 · · · cm′
bi,1 · · · bi,m′−j bi,m′−j+1 · · · bi,mi.

If we now consider the action of d̃n+1 on (p1, . . . , pn−2, c1 · · · cj, a1 · · · am−1, am) we have this

element being mapped to (p1, . . . , pn−2, c1 · · · cj, tip(ρ1)), which we rewrite as follows:

−
∑m−1

i=1 (p1, . . . , pn−2, c1 · · · cja1 · · · ai, ai+1 · · · am)

−
∑r1

i=1−ki
∑mi−1

h=0 (p1, . . . , pn−2, c1cdotscjbi,1 · · · bi,h, bi,h+1 · · · bi,mi)

and in the case that the overlapping relations have overlapping tips (the first case in the

diagram), we will have a term (p1, . . . , pn−2, tip(ρ2), am′−j+1 · · · am), or in the case that tip(ρ2)

overlapps with a nontip summand of ρ1 (the second case in the diagram), we will have a

term (p1, . . . , pn−2, tip(ρ2), bi,m′−j+1 · · · bi,mi). In both of these cases we rewrite and end up

splitting terms of ρ2 between the n − 2 and n− 1 position.

We see then that when we are dealing with rewriting twice (that is, there are two

overlapping relations), the path in the pn position must be the part of ρ1 which ‘hangs off’

of the end of tip(ρ2). Also the path pn−2pn−1 must contain a term of ρ2 as a proper suffix.

To consider one further case before stating the general result, we suppose that there are

three relations with tips overlapping, ρ1 = a1a2 . . . am +
∑

i kibi,1 . . . bi,mi, ρ2 = c1c2 . . . c
′
m +∑

i k
′
idi,1 . . . di,m′i , and ρ3 = e1e2 . . . e′′m +

∑
i k
′′
i fi,1 . . . fi,m′′i . There are several possibilities for

the way in which the tips of these relations overlap with the other relations, we will list each
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of these ways and then list the liftings possible under such configurations, all of which may

be checked by routine calculation:

To begin with we could have the following configuration:

a1 · · · aj aj+1 · · · am
c1 · · · cm−j cm−j+1 · · · cm

and

c1 · · · cj′ cj′+1 · · · cm′
e1 · · · em′−j′ em′−j′+1 · · · em′′.

This is the case where the tip of the middle relation overlaps with the tip of the other two.

In this case we have the following:

(p1, . . . , pn−4, Xa1 · · · as, as+1 · · · am, cm−j+1 · · · cm, em′−j+1 · · · em′′)

and

(p1, . . . , pn−4, Xbi,1 · · · bi,s, bi,s+1 · · · bi,mi, cm−j+1 · · · cm, em′−j+1 · · · em′′)

lifting to (p1, . . . , pn−4, X, a1 · · · aj, c1 · · · cj′ , e1 · · · em′′−1, em′′).

We might have the tip of the first relation overlapping with a nontip summand of the

second, and the tip of the second overlapping with the tip of the third:

a1 · · · aj aj+1 · · · am
di,1 · · · di,m−j di,m−j+1 · · · di,m′i

and

c1 · · · cj′ cj′+1 · · · cm′
e1 · · · em′−j′ em′−j′+1 · · · em′′.

Here we have the following liftings:
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(p1, . . . , pn−4, Xa1 · · · as, as+1 · · · am, di,m−j+1 · · · di,m′i , em′−j′+1 · · · em′′)

and

(p1, . . . , pn−4, Xbi,1 · · · bi,s, bi,s+1 · · · bi,mi, di,m−j+1 · · · di,m′i , em′−j′+1 · · · em′′)

lifting to (p1, . . . , pn−4, X, a1 · · · aj, c1 · · · cj′ , e1 · · · em′′−1, em′′).

A third possible configuration of tip overlaps is when the tip of ρ1 overlaps with tip(ρ2),

and tip(ρ2) overlaps with a nontip summand of ρ3:

a1 · · · aj aj+1 · · · am
c1 · · · cm−j cm−j+1 · · · cm′

and

c1 · · · cj′ cj′+1 · · · cm′
fi,1 · · · fi,m′−j′ fi,m′−j′+1 · · · fi,m′′i .

In this case we have the following elements:

(p1, . . . , pn−4, Xa1 · · · as, as+1 · · · am, cm−j+1 · · · cm′, fi,m′−j′+1 · · · fi,m′′i )

and

(p1, . . . , pn−4, Xbi,1 · · · bi,s, bi,s+1 · · · bi,mi, cm−j+1 · · · cm′ , fi,m′−j′+1 · · · fi,m′′i )

lifting to (p1, · · · , pn−4, X, a1 · · · aj, c1 · · · cj′ , e1 · · · em′′−1, em′′).

Finally we could have tip(ρ1) overlapping with a nontip summand of ρ2, and tip(ρ2)

overlapping with a nontip summand of ρ3:
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a1 · · · aj aj+1 · · · am
di,1 · · · di,m−j di,m−j+1 · · · di,m′i

and

c1 · · · cj′ cj′+1 · · · cm′
fi,1 · · · fi,m′−j′ fi,m′−j′+1 · · · fi,m′′i .

In this last case we have the following liftings:

(p1, · · · , pn−4, Xa1 · · · as, as+1 · · · am, di,m−j+1 · · · di,m′i, fi,m′−j+1 · · · fi,m′′i )

and

(p1, · · · , pn−4, Xbi,1 · · · bi,s, bi,s+1 · · · bi,mi, di,m−j+1 · · · di,m′i , fi,m′−j+1 · · · fi,m′′i )

lifting to (p1, · · · , pn−4, X, a1 · · · aj, c1 · · · cj′ , e1 · · · em′′−1, em′′).

After computing all of the previous examples, it should be clear the the following lemmas

describe how elements of Seq(n, v) lift using the relations. Before stating them we will need

the following definition:

Definition. If a1 · · · an is the tip of some relation ρ in a reduced Gröbner Basis for I , and

if p = b1 · · · bm is a path in Γ, where tip(ρ) and p overlap as follows:

a1a2 · · · aj aj+1 · · · an
b1 · · · bn−j bn−j+1 · · · bm

we say the path bn−j+1 · · · bm is the tail of the tip overlap of ρ and p, and the path a1 · · · aj

is the head of the tip overlap of ρ and p. We do allow the case that bn−j+1 · · · bm is merely a

vertex, that is, p is a suffix of tip(ρ). In this case we define the tail of the tip overlap to be

the vertex t(ρ). Clearly it is also possible for tip(ρ) to overlap with any other (not a suffix)

sub-path of itself, however these cases will be of no interest to us and we do not consider
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them.

We can now state the lemmas describing liftings:

Lemma 5.3 If there are t relations ρ1, . . . ρt such that tip(ρi) overlaps with a term of ρi+1,

and σi+1 is the tail of the tip overlap of ρi and the term of ρi+1 with which it overlaps, then

(. . . , p1, p2, σ2, σ3, σ4, . . . , σt)

where a term of ρ1 is a proper suffix of p1p2, lifts to

(. . . , p, τ1, τ2, . . . , τt−1, tip(ρt)
+, βtip(ρt)),

where τi is the head of the tip overlap of ρi and the term of ρi+1 with which it overlaps, and

p is the prefix of the term of ρ1 in the path p1p2. In this lemma we assume all of the overlaps

are non-trivial, that is, the tail of each overlap is a path of positive length.

Proof. Merely a computation. Notice that under the abbreviated mapping d̃n+1 we have

(. . . , p1, τ1, τ2, . . . , τt−1, tip(ρt)+, βtip(ρt)) mapping to (. . . , p1, τ1, τ2, . . . , τt−1, tip(ρt)), which

will rewrite to (. . . , p1, τ1, τ2, . . . , τt−2, tip(ρt−1), σt), which in turn rewrites to

(. . . , p1, τ1, τ2, . . . , τt−3, tip(ρt−2), σt−1, σt), and so on until we obtain:

(. . . , p1, tip(ρ1), σ2, σ3, . . . , σt), which will then rewrite to:

(. . . , p1, tip(ρ1), σ2, σ3, . . . , σt) which will leave us with a term of ρ1 being split between the

positions now occupied by p1 and tip(ρ1), or the special case of a nontip term of ρ1 remaining

entirely in the position now ocupied by tip(ρ1). In either case we now have rewritten to an

element of the form (. . . , p1, p2, σ2, σ3, . . . , σt) where a term of ρ1 is a proper suffix of p1p2.2
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It is not clear from the above lemma what happens if tip(ρi) contains a nontip term of

ρi+1 as a (necessarily proper) suffix. In this case σi will be a vertex, and hence (. . . , σi, . . . )

will not be an element of Seq(n) since we required that each path have positive length. In

essence, σi does not appear in the element to be lifted, and one concatenates τi and τi+1 in

the element to which is is lifted, as the next lemma describes:

Lemma 5.4 Again we consider t relations ρ1, . . . , ρt such that tip(ρi) overlaps with a term

of ρi+1. We again denote the tail of the tip overlap of ρi and the term of ρi+1 by σi+1, and

we denote the head of the tip overlap of ρi and the term of ρi+1 by τi. We assume here that

for some j, 1 < j < t we have len(σj) = 0. Again, if p1p2 contains a term of ρ1 as a proper

tail then:

(. . . , p1, p2, σ2, . . . , σj−1, σj+1, . . . , σt)

lifts to:

(. . . , p, τ1, τ2, . . . , τj−1τj , τj+1, . . . , τt−1, tip(ρt)
+, βtip(ρt)).

Proof. Again just a computation. Applying the map d̃n+1 to the lifting above we obtain:

(. . . , p, τ1, τ2, . . . , τj−1τj , τj+1, . . . , τt−1, tip(ρt))

which rewrites to:

(. . . , p, τ1, τ2, . . . , τj−1τj, τj+1, . . . , tip(ρt−1), σt))
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and we continue this process as before until we reach the step:

(. . . , p, τ1, τ2, . . . , τj−1tip(ρj), σj+1, . . . , σt−1), σt)).

At this point we are rewriting the element `τj−1tip(ρj) of Ω1
Λe(Λ), and rewritings take the

form
∑

i ki`τj−1ni where ni are nontip terms of ρj . One of these nontip terms will complete

tip(ρj−1) when concatenated with τj−1, so we now have:

(. . . , p, τ1, τ2, . . . , tip(ρj−1), σj+1, . . . , σt−1), σt))

and the rewriting continues in the same manner as in the previous lemma.2

It should be a straightforward extension of the above lemma to describe lifitings where there

are two or more σi with length equal to zero, and where one of these length zero tails occurs

in the tth position. So far we have described certain elements of Seq(n) and how they lift

to Seq(n+ 1), but we do not know that we have a complete description of all the possible

liftings. The next lemma will guarantee this.

Lemma 5.5 If (p1, . . . , pn) ∈ F it(n, v, w) with len(pn) ≥ 2, then (p1, . . . , pn) lifts to the

element (p1, . . . , pn−1, p+
n , βpn) in F it(n + 1, v, w). Furthermore, aside from this case, lift-

ings like those given in the above lemmas (with t overlapping relations, pn = σt, pn−1 =

σt−1, . . . pn−t+2 = σ2, and pn−tpn−t+1 has a proper suffix a term of ρ1), are the only pos-

sible liftings , if we also include the exceptional cases that t ≥ n and we lift the element

(p2, σ2, . . . , σt) where p2 is a nontip term of ρ1 to (τ1, τ2, . . . , τt−1, tip(ρt)+, βtip(ρt)) and the

cases where len(σi) = 0 and we adjust the F it(n, v, w) elements and the liftings accordingly.

Proof. The first lifting is obvious. All of the rewritings in the proof of the above lemmas
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do give possible liftings, and the exceptional case when t ≥ n which is mentioned in the

statement of this lemma and should be an obvious extension of the proof of the preceding

lemmas. It now remains to show that these are the only possible liftings. So we consider an

element (p1, . . . , pn) of F it(n, v, w). Let (q1, . . . , qn+1) ∈ F it(n+ 1, v, w) with len(qn+1) = 1

be a lifting. We will show that (p1, . . . , pn) has the form pn = σt, pn−1 = σt−1, etc., and that

(q1, . . . qn+1) has the form qn+1 = βρt, qn = ρ+
t , qn−1 = τt−1, etc. We begin with (q1, . . . , qn+1).

d̃n+1 maps this to (q1, . . . , qn−1, qnqn+1). If len(pn) ≥ 2 then it is possible that qnqn+1 = pn,

and we must have pi = qi for i ranging from 1 to n − 1. This is the obvious lifting of an

element of F it(n, v) with len(pn) ≥ 2. If it is not the case that qnqn+1 = pn, then we must

have qnqn+1 not an element of N≥1, and we must rewrite. Since qn ∈ N≥1 we conclude that

by adding the last arrow qn+1 we have introduced a tip. There are two possibilities as to how

this might happen. We have that qnqn+1 = X · tip(ρ), and the two cases are that len(X) = 0

or len(X) ≥ 1. If len(X) ≥ 1 we rewrite

`Xtip(ρ) =
∑
i

ki`Xmi

where ρ = tip(ρ)−
∑

i kimi, and we now have

(q1, . . . , qn−1, Xmi)

or if len(X) = 0 we rewrite to obtain

(q1, . . . , qn−1a, b)

and we now compare to see if Xmi or b is equal to pn and qn−1 or qn−1a is equal to pn−1,

in which case we have a lifting. Otherwise, we need another rewriting. In the first case we
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have σt equal to a vertex, and continue rewriting in the nth position, or in the second case

we necessarily have qn−1a not in N≥1, and so b, which must be pn, is a tail of a tip overlap.

The rewritings, if necessary, continue in this manner, but we point out that each rewriting

requires a tip overlap and leaves either (p1, . . . , pn), or a tail of a tip overlap and another

rewriting. The result of the lemma follows from these observations.2

At this point what we really have described is all basis elements of Hom(Qn, Sw), ie.

elements of F it(n, v, w) which lie in Ker(d∗n+1).

Proposition 5.6 η = (p1, . . . , pn) ∈ F it(n, v, w) is an element of Ker(d∗n+1) if and only if

η is not of the form of the elements above which lift to elements of F it(n+ 1, v, w).

Proof It is clear that if η does not lift, then η ∈ Ker(d∗n+1) since for each basis element x of

Top(Qn+1) we have that η does not occur as a term of dn+1(x) (if it did η would have lifted

to x), and so d∗n+1(η) is zero on all of Top(Qn+1) (and hence all of Qn+1.) The above lemma

describes completely the basis elements which lift, and the result now follows.2

In order to make some homological computations we will now make some assumptions

about the quiver Γ and the ideal I . Let ρ1, ρ2, . . . , ρn−1 be overlapping monomial relations

(not necessarily distinct) in a reduced Gröbner basis G for I . We assume that ρi does not

overlap with ρi+2. We denote the head of the tip overlap of ρi and ρi+1 by τi, and we denote

the tail of the tip overlap of ρi and ρi+1 by σi+1. Define the operation ∗ on paths p and q to

be

p ∗ q = (p \ q) · (p ∩ q) · (q \ p),

which in essence removes the overlap, and let P denote the path ρ1 ∗ ρ2 ∗ ρ3 . . . ∗ ρn−1.

We assume that ρi ∗ ρi+1 does not contains as a subpath any term of any relation in G
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except ρi and ρi+1. Among other things this avoids the complications which arise from tip

overlaps with tails being vertices. Note that we are not assuming a monomial ideal I , merely

monomial relations along P and no nontip terms of other relations being subpaths of ρi∗ρi+1.

Proposition 5.7 Under the above assumptions we have that

ExtnΛ(o(P ), t(P )) 6= 0

if len(σn−1) ≥ 2 or if σi = ρ−i for all i, that is, if ρi−1 and ρi overlap in only an arrow.

Proof. It will be clear from the previous discussion on liftings that the assumptions guar-

antee us that the element

η = (τ1, τ2, . . . , τn−2, ρ
+
n−1, βρn−1)

is in Ker(d∗n+1). To see this we note that len(βρn−1) = 1 and ρ+
n−1 · βρn−1 does not contain a

term of any relation as a proper tail by assumption. If βρn−1 is indeed the tail of a tip overlap

(which must happen for η to lift, then we must have either ρ+
n−1 the tail of a tip overlap

or τn−2ρ
+
n−1 containing a term of some relation as a proper tail. The second case cannot

happen since τn−2ρ
+
n−1 is a prefix of ρn−2 ∗ρn−1, which by assumption does not contain terms

of other relations. So if η were to lift we would need ρ+
n−1 to be the tail of a tip overlap as

well as βρn−1 being a tail of a tip overlap. At this point the lifting of η will require either

τiτi+1 containing a term of some relation as a proper tail, which our assumptions rule out,

or τ1 being a nontip term in some relation, which our assumptions again rule out.

We now compute d̃n(η). This takes the form:



48

(τ1, τ2, . . . , τn−2, ρn−1)

which must be rewritten to give elements of the form

(τ1, τ2, . . . , τn−2subn−1, sub
′
n−1)

where subn−1sub
′
n−1 is equal to ρn−1. At some point we will rewrite to an element of the

form:

(τ1, τ2, . . . , ρn−2, σn−1)

which rewrites to elements of the form

(τ1, τ2, . . . , τn−3subn−2, sub
′
n−2, σn−1)

until we reach

(τ1, τ2, . . . , ρn−3, σn−2, σn−1)

and so on until we are rewriting ρ1, all rewritings of which go to zero, and we have the final

elements of the form

(τ1sub2, sub
′
2, σ3, . . . , σn−2, σn−1).

We note that sub′i is always a longer path than σi.
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It is evident that if ρi and ρi+1 overlap in only one arrow for all i, that is, there are no

subi in the sense of the above computations of d̃n(η), we have d̃n(η) = 0, in which case it is

clear that η considered as an element of Hom(Qn, Sw) is not in Im(d∗n−1), and hence is a non-

zero element of ExtnΛ(So(ρ1), St(ρn−1
). It is however, as we see from the above computations,

too much to expect that dn(η) = 0 most of the time. This does not necessarily imply that

η ∈ Im(d∗n). We recall our matrix Dn and note that we have the following:

η
x1 k1

x2 k2

...

xt kt

where ki is nonzero in k and each xi is one of the elements

(τ1, τ2, . . . , τjsubj+1, sub
′
j+1, σj+1, . . . σn−1).

If len(σn−1) ≥ 2 each of the xi lifts in the obvious way to yi which equals

(τ1, τ2, . . . , τjsubj+1, sub
′
j+1, σj+2, . . . σ

+
n−1, βσn−1).

We claim that except for this and the lifting of xi to η, there are no other liftings of xi. We

are assured that σiσi+1 does not contain a term of any relation as a proper suffix since σiσi+1

is a subpath of ρi ∗ ρi+1. sub′j+1σj+2 is a subpath of ρj+1 ∗ ρj+2, and as such contains no

term of any relation as a proper suffix. τjsubj+1sub′j+1 contains ρj as a proper suffix, which

gives us the lifting to η in the first place, but no other terms of any other relations as proper

suffixes since τjsubj+1sub′j+1 is equal to ρj ∗ ρj+1. τj−1τjsubj+1 is a subpath of ρj−1 ∗ ρj, and
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so contains no terms of any other relations as proper suffixes. Also τiτi+1 is a subpath of

ρi ∗ρi+1 and as such contains no terms of any relations as a proper suffix, and it is clear that

τ1 cannot be a term in any relation. This establishes that the xi elements lift to nothing

other than η and yi (assuming len(σn−1) ≥ 2). Our matrix Dn then contains a block of the

following form:

y1 y2 . . . yt η
x1 1 0 . . . 0 k1

x2 0 1 . . . 0 k2
...
xt 0 0 . . . 1 kt

from which we deduce that η is a non-zero element of ExtnΛ(o(P ), t(P )), since it canot lie in

Im(d∗n).2

An immediate corollary to this is the infinite global dimension of algebras for which there

are overlapping monomial relations ρ1, . . . ρt along some cycle such that ρt overlaps with ρ1

and the relations in G satisfy the assumptions of the above proposition. Again we point out

that we do not require that I be monomial, merely that the relations ρi are monomial, and

that no terms of the other relations occur as subpaths of ρi ∗ ρi+1. An example of this is

given by the following:
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We let the relations be: bcd − fgh, igj, jkl, lmn, and nio, along with anything at all on

the outside of the . . . . Letting ρi be successive relations around the octagon, we will have

P being powers of the path around the octagon. The overlap of these monomial relations is

one arrow, so this falls into the easy case of proving η not in Im(d∗n). The relations clearly

satisfy the assumptions we made to prove the non-vanishing of Ext. Notice that we even

have a non-monomial relation intersecting the monomial relations around P , we just don’t

have a term of the relation contained in ρi ∗ ρi+1.

Another example of an algebra which exhibits this type of behavior is:
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where the ideal I is generated by the relations {adf, dfhi, hijk, ceg − bdf, gh}. A Gröbner

basis for I under the length lexicographic order is given by G = {adf, dfhi, hijk, ceg −

bdf, gh, bdfh}. Our results guarantee us, via the overlapping relations adf, dfhi, and hijk that

Ext4Λ(Sv, Sw) 6= 0. They do not guarantee the case of the overlapping relations bdfh, dfhi,

and hijk, since bdf , a term in ceg − bdf , is a sub-path of bdfh ∗ dfhi. So our techniques do

not guarantee the non-vanishing of Ext4Λ(Su, Sw). It should be pointed out that by using

minimal resolutions it is possible to compute dimKExt4Λ(Su, Sw) = 1 in this case. This

algebra is clearly of finite global dimension.

We also note that the vanishing of ExtnΛ(Sv, Sw) is of interest. It is known that the

number of times the indecomposable projective v ⊗ wΛe occurs in the nth projective in the

minimal Λe resolution of Λ is equal to the k-dimension of ExtnΛ(Sv, Sw). It is clear from the

description of the modules in the resolution of Sv that if there is no oriented path from v to

w in Γ then wΛ will never occur as a summand of Qn. Furthermore if there are no paths of

length greater than m between v and w we see that wΛ cannot occur as a summand of Qi

for i > m in the projective resolution of Sv.



Chapter 6

Comparison With Minimal
Resolutions

BIMODULE RESOLUTION

We described a projective resolution of Λ as a right module over its enveloping algebra Λe

by repeatedly tensoring the short exact sequence:

0→ Ω1
Λe(Λ)→ P 0 → Λ→ 0

with the bimodule Ω1
Λe(Λ). An interesting invariant of Λ is the minimal projective resolution

of Λ as a Λe-module. We would like to know how our resolution differs from the minimal

resolution.

We will denote by Qn the nth projective in the minimal resolution of Λ. Pn will denote

⊗nΛΩ1
Λe(Λ) ⊗Λ P 0, the nth projective in the resolution of Λ given in this thesis. The nth

syzygy of Λ, denoted Ωn
Λe(Λ) is the image of the map Qn → Qn−1. Recall that ⊗nΛΩ1

Λe(Λ) is

the image of the map P n → P n−1.

To begin our comparison let us consider the following diagram:

53
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0 → Ω1
Λe(Λ)⊗Λ Ω1

Λe(Λ) → Ω1
Λe(Λ)⊗Λ P 0 → Ω1

Λe(Λ)⊗Λ Λ → 0
↓ ↓ ↓

0 → Ω2
Λe(Λ) → Q1 → Ω1

Λe(Λ) → 0

where the rightmost vertical map is clearly an isomorphism, and the middle vertical map

must be onto since Q1 is the minimal projective cover of Ω1
Λe(Λ). The snake lemma (see [13]

for example) will force the leftmost vertical map to be surjective, and the kernels of the left

and middle vertical maps to be identical according to the following diagram:

K2 K2 0
↓ ↓ ↓

0 → Ω1
Λe(Λ)⊗Λ Ω1

Λe(Λ) → P 1 → Ω1
Λe(Λ)⊗Λ Λ → 0

↓ ↓ ↓
0 → Ω2

Λe(Λ) → Q1 → Ω1
Λe(Λ) → 0

↓ ↓ ↓
0 0 0

The middle column is clearly split, and hence we have that P 1 ∼= Q1 ⊕ K2, or to say it a

different way, we have K2 ∼= P 1/Q1. A diagram chase guarantees that the left column is

split, so

⊗2
ΛΩ1

Λe(Λ) ∼= Ω2
Λe(Λ)⊕ P 1/Q1.

Similarly, we can now consider the following commutative exact diagram:

0 → K3 → K3 → 0
↓ ↓ ↓

0 → ⊗3
ΛΩ1

Λe(Λ) → P 2 →
⊗2

ΛΩ1
Λe(Λ)
||

Ω2
Λe(Λ)⊕K2

→ 0

↓ ↓ ↓
0 → Ω3

Λe(Λ) → Q2 ⊕K2 → Ω2
Λe(Λ)⊕K2 → 0

↓ ↓ ↓
0 → 0 → 0
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and in a manner similar to the last time we find ⊗3
ΛΩ1

Λe(Λ) ∼= Ω3
Λe(Λ) ⊕ K3 and K3 ∼=

P 2/(Q2 ⊕K2). Inductively we have the following diagram:

0 → Kn → Kn → 0
↓ ↓ ↓

0 → ⊗nΛΩ1
Λe(Λ) → P n−1 →

⊗n−1
Λ Ω1

Λe(Λ)
||

Ωn−1
Λe (Λ)⊕Kn−1

→ 0

↓ ↓ ↓
0 → Ωn

Λe(Λ) → Qn−1 ⊕Kn−1 → Ωn−1
Λe (Λ)⊕Kn−1 → 0

↓ ↓ ↓
0 → 0 → 0

and we’ll have that

⊗nΛΩ1
Λe(Λ) ∼= Ωn

Λe(Λ)⊕Kn

Now we will describe the modules Kn. We saw that

K2 ∼= P 1/Q1.

The next diagram gave us that

K3 ∼= P 2/(Q2 ⊕K2)

which, if we substitute for K2 gives us

K3 ∼=
P 2

Q2 ⊕
P 1

Q1
.

Inductively we will have:
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Kn ∼=
P n

Qn ⊕
P n−1

Qn−1 ⊕
...

· · · ⊕
P 2

Q2 ⊕
P 1

Q1
.

ONE SIDED MODULE RESOLUTIONS

In the last section we obtained projective resolutions of simple right Λ-modules Sv

by tensoring Sv with our Λe resolution of Λ. These resolutions were used to investigate

homological properties of simple modules. It is evident however that these resolutions were

not the minimal resolutions of the simple modules. It should be clear that the minimal

resolution of a right Λ-module MΛ is an interesting invariant of its own right. We note

that the process used in the last section of tensoring (over Λ) a right Λ-module M with a

Λe projective resolution of Λ to obtain a Λ projective resolution of M had nothing to do

with the fact that we were considering the case that M was simple. It is clearly possible

to obtain a Λ projective resolution of any right Λ-module MΛ by tensoring M over Λ with

the bimodule resolution. While these resolutions can also be used to investigate homological

properties of general right modules, we will be interested in this section in comparing the

projective resolution of a Λ-module MΛ obtained in this way with the minimal Λ projective

resolution of M . These results will parallel the above computations in the bimodule case.

We are assured of a minimal projective resolution of M :

· · ·Qn → Qn−1 · · ·Q1 → Q0 →M.

The minimal ith syzygy of M will be denoted W i. Following the notation of previous

sections, we assume that we have a bimodule projective resolution of Λ as follows:
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· · ·P n → P n−1 · · ·P 1 → P 0 → Λ

where P 0 =
∐

v∈Γ0
v ⊗ vΛe and P n ∼= ⊗nΛΩ1

Λe(Λ) ⊗Λ P0. The nth kernel in this resolution

was ⊗nΛΩ1
Λe(Λ). We recall that each of the bimodule projectives P 0, and each of the kernels

⊗nΛΩ1
Λe(Λ) are projective as right Λ-modules.

A short exact sequence δ = 0 → A → B → C → 0 is called pure exact if M ⊗Λ δ

remains exact for all right Λ-modules M . Clearly if C is projective in mod(Λ) then δ will be

pure exact, since applying the functor M ⊗Λ to δ will result in the following:

Tor1
Λ(M,C)→M ⊗Λ A→M ⊗Λ B →M ⊗Λ C → 0

and Tor1
Λ(M,C) is zero since C is projective. We have therefore established the following

lemma.

Lemma 6.1 The short exact sequences

0→⊗n+1
Λ Ω1

Λe(Λ)→ ⊗nΛΩ1
Λe(Λ)⊗Λ P

0 → ⊗nΛΩ1
Λe(Λ)→ 0

arising from our bimodule resolution of Λ are all pure exact.2

We note now that we have the following commutative exact diagram:

0 → M ⊗Λ Ω1
Λe(Λ) → M ⊗Λ P 0 → M ⊗Λ Λ → 0
↓ ↓ ↓

0 → W 1 → Q0 → M → 0
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where the rightmost vertical map is an isomorphism and the middle vertical map is surjective

since Q0 is the projective cover of M . The snake lemma now assures us that we have the

following commutative exact diagram:

0 → K1 → K1 → 0
↓ ↓ ↓

0 → M ⊗Λ Ω1
Λe(Λ) → M ⊗Λ P 0 → M ⊗Λ Λ → 0
↓ ↓ ↓

0 → W 1 → Q0 → M → 0
↓ ↓ ↓
0 → 0 → 0

and it is evident that the kernels of the first two vertical maps will be isomorphic, and we

denote this module by K1. It is clear, since Q0 is projective, that M ⊗Λ P 0 ∼= Q0⊕K1, and

hence we see that K1 ∼= (M ⊗Λ P 0/Q0). It is a simple diagram chase to determine that K1,

when viewed as a submodule of M⊗ΛP 0, is in the kernel of the map fromM⊗ΛP 0 →M⊗ΛΛ,

and hence K1 is in the image of M ⊗Λ Ω1
Λe(Λ)→M ⊗Λ P 0. It is obvious therefore that the

sequence

0→ K1 →M ⊗Λ Ω1
Λe(Λ)→ W 1 → 0

is split exact, since we have a ‘back’ map from the middle term to the first term. It is

therefore clear that M ⊗Λ Ω1
Λe(Λ) ∼= W 1⊕K1, and we have described the first syzygy of our

resolution obtained by tensoring M with the bimodule resolution as the minimal first syzygy

of M plus a projective module.

We extend this process by considering the following diagram:
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0 → K2 → K2 → 0
↓ ↓ ↓

0 → M ⊗Λ ⊗2
ΛΩ1

Λe(Λ) → M ⊗Λ P 1 →
M ⊗Λ Ω1

Λe(Λ)
||

W 1 ⊕K1
→ 0

↓ ↓ ↓
0 → W 2 → Q1 ⊕K1 → W 1 ⊕K1 → 0

↓ ↓ ↓
0 → 0 → 0

which arises in the same manner as the first diagram. It is easy to see that we have the

analogous result here that W 2 ⊕ K2 ∼= M ⊗Λ ⊗2
ΛΩ1

Λe(Λ). Inductively we see that we will

have the following diagram:

0 → Kn → Kn → 0
↓ ↓ ↓

0 → M ⊗Λ ⊗nΛΩ1
Λe(Λ) → M ⊗Λ P n−1 →

M ⊗Λ ⊗n−1
Λ Ω1

Λe(Λ)
||

W n−1 ⊕Kn−1

→ 0

↓ ↓ ↓
0 → W n → Qn−1 ⊕Kn−1 → W n−1 ⊕Kn−1 → 0

↓ ↓ ↓
0 → 0 → 0

which will give us that W n ⊕Kn ∼= M ⊗Λ ⊗nΛΩ1
Λe(Λ).

It will now be our goal to determine what the Kn modules look like. We recall that we

have K1 ∼= (M ⊗Λ P 0/Q0). From the above diagram we see that

K2 ∼= (M ⊗Λ P
1)/(Q1 ⊕K1)

which is isomorphic to
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K2 ∼=
M ⊗Λ P 1

Q1 ⊕
M ⊗Λ P 0

Q0
.

With n = 3 in the above diagram we would have that

K3 ∼=
M ⊗Λ P 2

Q2 ⊕
M ⊗Λ P 1

Q1 ⊕
M ⊗Λ P 0

Q0
.

Inductively then we have:

Kn ∼=
M ⊗Λ P n−1

Qn−1 ⊕
M ⊗Λ P n−2

Qn−2 ⊕
...

· · · ⊕
M ⊗Λ P 1

Q1 ⊕
M ⊗Λ P 0

Q0
.

A few words now about some decompositions. Recall that we gave a decomposition

Ω1
Λe(Λ) ∼=

∐
Bi in Proposition 3.2 and that we established that Bi ⊗Λ Bj = 0 for i 6= j

(Proposition 3.4.) As a result of this we see that ⊗nΛΩ1
Λe(Λ) is isomorphic to

∐
⊗nΛBi.

Suppose that Bi is such that ⊗mΛBi = 0. Then for any module with M ⊗Λ Bj = 0 for j 6= i

we will have that pdΛ(M) ≤ m where pdΛ(M) is the projective dimension of M . Furthermore

for any module M we have that M ⊗Λ Ω1
Λe(Λ) is isomorphic to

∐
M ⊗Λ Bi. The resolution

of M in this sense ‘spreads out’ into the direct sum of the resolutions of M ⊗Λ Bi. That is,

M ⊗Λ ⊗2
ΛBi, M ⊗Λ ⊗3

ΛBi, etc. become the syzygies of the Bi summand of the resolution.

Any Bi with the nilpotency property described above will then guarantee that the ‘part’ of

M which has infinite global dimension must come from M ⊗Λ Bj for j 6= i. In fact any Bi
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which has the property that ⊗mΛBi is projective in mod(Λe) will likewise contribute nothing

to the infinite projective dimension of M since we have already shown M ⊗Λ P is projective

in mod(Λ) when P is projective as a Λ-Λ-bimodule. It is easy to see that the existence of

an oriented cycle in GΓ,I is sufficient to guarantee ⊗mΛBi does not vanish when Bi is the

bimodule associated to the component of GΓ,I containing the cycle. However the eventual

projectivity of ⊗mΛBi is obviously more subtle. Conditions which either guarantee or prohibit

such behavior would be very interesting to see.



Chapter 7

Resolutions of Modules Given by
Presentations

In this section we use the decompositions of Ω1
Λe(Λ) to give a new method of computing

a projective resolution of an arbitrary Λ-module M given in the form of a projective pre-

sentation. Unlike other methods of computing resolutions, this one does not require the

computation of a Gröbner basis at each step in the resolution, but rather relies solely on the

Gröbner basis for the ideal I in the path algebra KΓ. As was mentioned in the introduction,

this is an iterative process, and hence is subject to minimization at each step, hence allowing

the construction of the minimal projective resolution of M . It may be interesting, if not in

any way useful, to note that if one does not bother to minimize at each step the resolution

of M obtained by this process would be exactly the resolution obtained by tensoring M over

Λ with the enveloping algebra resolution of Λ given previously. It is certainly interesting

to note that it is possible to begin this resolution at any step, that is, to begin by comput-

ing Qn+1 → Qn → Qn−1 without computing any prior projectives or maps (although one

cannot compute the minimal resolution at these steps without first computing all previous

projectives and the maps.)

We begin by considering a right Λ-module M , which is given to us in the form of a

62
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projective presentation

Q1
f→ Q0 →M → 0.

The data we assume we know is a matrix for f in the following form: let Q1
∼=
∐

J wjΛ and

let Q0
∼=
∐

I viΛ, then the matrix for f will be of dimension | I | × | J | and each entry fij

will be an element of viΛwj. In the case that one knows Γ and (fij) one can easily determine

the indecomposable projective summands of Q1 and Q0. We will construct the first three

terms of a deleted projective resolution for M , the first term of which will be Q0, that is, we

will construct the following:

Q′′2
f2→ Q′1

f1→ Q0

where M is the cokernel of f1. One might then take Q′′2 → Q′1 as a presentation of Ω1
Λ(M)

and use this as the input to repeat this process, obtaining a three term deleted projective

resolution Q′′3 → Q′2 → Q′1 → Ω1
Λ(M) of Ω1

Λ(M), the first term of which is Q′1, and continue

in this manner to produce a resolution of M as follows:

Q′′3 Q′′2 Q1

↓ ↓ ↓
. . . → Q′2 → Q′1 → Q0

↓ ↓ ↓
Ω2

Λ(M)⊕ proj. Ω1
Λ(M) M

↓ ↓ ↓
0 0 0

where the middle row . . .→ Q′2 → Q′1 → Q0 is the desired resolution of M .

In order to do this we will need to consider the minimal projective presentation of Λ as

a right Λe-module, which is given below:
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P1
∼=
∐
a∈Γ1

o(a)⊗ t(a)Λe δ→ P0
∼=
∐
v∈Γ0

v ⊗ vΛe → Λ→ 0

where δ(o(a)⊗ t(a)) = a⊗ t(a)− o(a)⊗ a. We will need the following well known result, a

proof of which we will indicate here for the sake of completeness:

Proposition 7.1 Let M be a finitely generated projective right Λ-module, and let P be a

finitely generated projective Λe-module. Then M ⊗Λ P is projective as a right Λ-module.

Proof. Since M ⊗Λ (
∐
Ai) ∼=

∐
(M ⊗Λ Ai) it suffices to show that M ⊗Λ Λe is projective

as a right Λ-module. M ⊗Λ Λe = M ⊗Λ Λop ⊗ Λ ∼= M ⊗ Λ ∼= ΛdimK(M), which is clearly

projective. 2

Since the functors ⊗Λ P1 and ⊗Λ P0 are right exact, we may apply them to the

projective presentation of M , obtaining the following:

Q1 ⊗Λ P1
f⊗id1→ Q0 ⊗Λ P1 →M ⊗Λ P1 → 0

Q1 ⊗Λ P0
f⊗id0→ Q0 ⊗Λ P0 →M ⊗Λ P0 → 0

where by the previous proposition, M ⊗Λ P1 and M ⊗Λ P0 are projective. Therefore the

epimorphisms Q0 ⊗Λ P1 → M ⊗Λ P1 and Q0 ⊗Λ P0 → M ⊗Λ P0 split, and we have the

following split exact sequences:

0→ Im(f ⊗ id1)→ Q0 ⊗Λ P1 →M ⊗Λ P1 → 0 (7.1)

0→ Im(f ⊗ id0)→ Q0 ⊗Λ P0 →M ⊗Λ P0 → 0 (7.2)
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We note that since we know f as a matrix (fij), with each fij ∈ viΛwj, it is easy to determine

the indecomposable direct summands of Q1 and Q0, and then one may compute the following

modules: Q1 ⊗Λ P1, Q1 ⊗Λ P0, Q0 ⊗Λ P1, and Q0 ⊗Λ P0. In fact we have the following:

Proposition 7.2 If Q =
∐

I viΛ, P1 =
∐

Γ1
o(a) ⊗ t(a)Λe, and P0 =

∐
Γ0
v ⊗ vΛe, then as

right Λ-modules,

Q⊗Λ P1
∼=
∐
I

∐
a∈Γ1

∐
dimKviΛo(a)

t(a)Λ

Q⊗Λ P0
∼=
∐
I

∐
v∈Γ0

∐
dimKviΛv

vΛ.

Proof. Note that the previous proposition guarantees thatQ⊗ΛP1 andQ⊗ΛP0 are projective

as right Λ-modules. We describe an isomorphism from the top of the modules on the right

hand side of the ∼= to the top of the modules on the left. First we describe the top of the

modules on the left. It is clear that viΛ ⊗Λ Λo(a)⊗ t(a)Λ is isomorphic to viΛo(a) ⊗ t(a)Λ

and that viΛ⊗Λ Λv ⊗ vΛ is isomorphic to viΛv ⊗ vΛ. As we are now tensoring over K, we

may obtain any element of viΛo(a) or of viΛv from basis elements of viΛo(a) and viΛv. Thus

for each i, there will be dimK(viΛo(a)) copies of t(a)Λ for the summand viΛ⊗Λ Λo(a)⊗ t(a)

of Q ⊗Λ P1, and dimK(viΛv) copies of vΛ for the summand viΛ ⊗Λ Λv ⊗ vΛ of Q ⊗Λ P0.

The isomorphisms between the tops of the projective modules are now clear, and the result

immediately follows.2

Now we are prepared to compute Im(f ⊗ id) in both of the above split exact sequences

(1) and (2). From now on, we will represent an element of the form v1λ ⊗Λ v2 ⊗ v3 by

v1λ v2 ⊗ v3. Let wj λ o(a) ⊗ t(a) be an element of Top(Q1 ⊗Λ P1). We wish to find the

image of this element under f ⊗ id1. If we consider how this element is labeled, we see

that it arises from wj λ ⊗Λ o(a) ⊗ t(a), and now applying f ⊗ id, keeping in mind that

f(wj) =
∑

I fij, we find that f ⊗ id1(wj λ o(a) ⊗ t(a)) =
∑

I fijλ o(a) ⊗ t(a). Similarly, if
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wjλv⊗v is in Top(Q1⊗ΛP0), we find that f⊗id0(wjλv⊗v) =
∑

I fijλv⊗v. We see then that

f ⊗ id1(Top(Q1⊗Λ P1)) ∈ Top(Q0⊗Λ P1) and that f ⊗ id0(Top(Q1⊗Λ P0)) ∈ Top(Q0⊗ΛP0).

First we will compute f ⊗ id0(Top(Q1 ⊗Λ P0)), and to do this we consider a matrix of

dimesion dimK(Top(Q1 ⊗Λ P0)) × dimK(Top(Q0 ⊗Λ P0)), where the column corresponding

to wjλv ⊗ v will have entries equal to zero in every row except those corresponding to a

term of fijλv ⊗ v for some i, and in these rows we have the coefficient of that term in fij.

Note that what we have defined here is a matrix corresponding to the vector space map

between Top(Q1 ⊗Λ P0) and Top(Q0 ⊗Λ P0) induced by f ⊗ id0. We column reduce this

matrix, and the columns now correspond to a new K-basis for Top(Q0 ⊗Λ P0) such that

those basis elements corresponding to non-zero columns will map one to one onto a K-basis

for f ⊗ id0(Q1 ⊗Λ P0). The K-basis for the image is of course obtained by reading down

each column, and we obtain a basis {x1, x2, . . . , xs} for f ⊗ id0 (Q1⊗Λ P0) where each xi is

a linear combination of elements of our previous basis {viλv ⊗ v} for Top(Q0⊗Λ P0). Thus

the inclusion f ⊗ id0 (Q1 ⊗Λ P0)→ Top(Q0 ⊗Λ P0) is obvious.

The construction of f ⊗ id1(Q1 ⊗Λ P1) inside of Q0 ⊗Λ P1 takes exactly the same form,

first we construct a matrix of dimension dimK(Top(Q1⊗ΛP1))×dimK(Top(Q0⊗ΛP1)) with

each column corresponding to the image of a basis element wjλo(a) ⊗ t(a) of Q1 ⊗Λ P1 in

terms of the basis {viλo(a) ⊗ t(a)} of Q0 ⊗Λ P1. Column reducing this matrix we obtain a

basis {y1, y2, . . . yt} of the non-zero columns for Im(f⊗id1), with each yi a linear combination

of the viλo(a) ⊗ t(a)s. Again the inclusion f ⊗ id1(Q1 ⊗Λ P1)→ Q0 ⊗Λ P1 is obvious.

At this point we should mention something about the split exact sequences (7.1) and

(7.2). We note that there is a natural short exact sequence 0 → Ω1
Λ(M) → Q0 → M → 0

in mod(Λ). If we apply the functors ⊗Λ P1 and ⊗Λ P0 to this short exact sequence, the

image will remain exact, and we will have the following:
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0→ Ω1
Λ(M)⊗Λ P1 → Q0 ⊗Λ P1 →M ⊗Λ P1 → 0 (7.3)

0→ Ω1
Λ(M)⊗Λ P0 → Q0 ⊗Λ P0 →M ⊗Λ P0 → 0 (7.4)

which split since M⊗ΛP1 and M⊗ΛP0 are projective. Since the last two modules of the split

exact sequences (7.1) and (7.3) are the same, and the last two modules of (7.2) and (7.4)

are the same, we see that Im(f ⊗Λ id1) ∼= Ω1
Λ(M)⊗Λ P1 and Im(f ⊗Λ id0) ∼= Ω1

Λ(M)⊗Λ P0.

Putting all of this together we see that we have the following commutative exact diagram,

with the first and the second column split:

0 0 0
↓ ↓ ↓

Ω1
Λ(M)⊗Λ P1 → Ω1

Λ(M)⊗Λ P0 → Ω1
Λ(M)⊗Λ Λ → 0

↓ ↓ ↓
Q0 ⊗Λ P1

idQ0
⊗δ
→ Q0 ⊗Λ P0 → Q0 ⊗Λ Λ → 0

↓ ↓ ↓
M ⊗Λ P1 → M ⊗Λ P0 → M ⊗Λ Λ → 0
↓ ↓ ↓
0 0 0

We note that by Proposition 7.1 Ω1
Λ(M)⊗Λ P1 and Ω1

Λ(M)⊗Λ P0 are projective in mod(Λ),

and hence the top row is a projective presentaion of Ω1
Λ(M). Furthermore, if we consider

Ω1
Λ(M) ⊗Λ P1 and Ω1

Λ(M) ⊗Λ P0 as submodules of Q0 ⊗Λ P1 and Q0 ⊗Λ P0 respectively, we

see that we really have Ω1
Λ(M) ⊗Λ P1 → Ω1

Λ(M) ⊗Λ P0 → Q0 → M → 0, the first three

projectives in a projective resolution of M . We have already described Ω1
Λ(M) ⊗Λ P1 and

Ω1
Λ(M)⊗ΛP0 as Im(f⊗ id1) and Im(f⊗ id0) respectively, and we have a description of their

tops. We now wish to describe the map between them induced by the map idQ0 ⊗ δ. Recall

that δ(o(a) ⊗ t(a)) = a ⊗ t(a) − o(a) ⊗ a. Recall also that {viλo(a) ⊗ t(a)} forms a basis

for Top(Q0 ⊗Λ P1), and that {viλv ⊗ v} forms a basis for Top(Q0 ⊗Λ P0). We now see that

idQ0 ⊗ δ(viλo(a) ⊗ t(a)) = viλat(a)⊗ t(a)− viλo(a) ⊗ o(a) · a. If we identify Ω1
Λ(M) ⊗Λ P1
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and Ω1
Λ(M) ⊗Λ P0, with Im(f ⊗ id0) and Im(f ⊗ id1) respectively, we can now construct

the map Ω1
Λ(M)⊗Λ P1 → Q0⊗Λ P0 in the commutative diagram above. Recall that we have

previously included Im(f⊗ id0) ∼= Ω1
Λ(M)⊗ΛP0 into Q0⊗ΛP0, and we know that restricting

idQ0 ⊗ δ to Ω1
Λ(M) ⊗Λ P1 will result in an image inside Ω1

Λ(M) ⊗Λ P0, but the image is in

terms of our basis for Q0 ⊗Λ P0, and not in terms of our basis for Ω1
Λ(M)⊗Λ P0.

We must observe that idQ0 ⊗ δ takes an element of Top(Ω1
Λ(M) ⊗ P1) to an element of

Top(Ω1
Λ(M)⊗P0)·(Γ0∪Γ1). A basis for this subspace of Ω1

Λ(M)⊗P0 is just {x1, x2, . . . , xs}∪

{xi · a : a ∈ Γ1, xi · a 6= 0}si=1. Recall that we have a basis {viλv ⊗ v} for Top(Q0 ⊗Λ P0),

and that the xi may all be written in terms of this basis. Furthermore we note that idQ0 ⊗ δ

takes an element of Top(Ω1
Λ(M) ⊗ P1) to an element of Top(Q0 ⊗Λ P0) · (Γ0 ∪ Γ1). We see

that {viλv ⊗ v} ∪ {viλv ⊗ v · a : a ∈ Γ1, v · a 6= 0} is a basis of this subspace, and note that

any element of {x1, x2, . . . , xs} ∪ {xi · a : a ∈ Γ1, xi · a 6= 0}si=1 may be written as a linear

combination of elements of {viλv ⊗ v} ∪ {viλv ⊗ v · a : a ∈ Γ1, v · a 6= 0} if we know how to

write each xi in terms of the viλv ⊗ v, which we do know how to do.

Thus we are left with the following problem, given an element z of Top(Ω1
Λ(M)⊗Λ P0) ·

(Γ0 ∪ Γ1) written in terms of our basis {viλv ⊗ v} ∪ {viλv ⊗ v · a : a ∈ Γ1, v · a 6= 0} for

Top(Q0⊗ΛP0)·(Γ0∪Γ1), how do we write this element in terms of the basis {x1, x2, . . . , xs}∪

{xi · a : a ∈ Γ1, xi · a 6= 0}si=1 for Top(Ω1
Λ(M)⊗Λ P0) · (Γ0 ∪ Γ1).

For ease of notation we will recast our problem in the following way: Given a K vector

space V with basis {v1, v2, . . . vn} and a subspace W with basis {w1, w2, . . . wm} where we

know how to write wj =
∑n

i=1 vikij , and given an element z of W which is written z =∑n
i=1 vi`i, how do we write z =

∑m
j=1 wjk

′
j? We see that this is the same problem we have

above, with V = Top(Q0 ⊗Λ P0) · (Γ0 ∪ Γ1), W = Top(Ω1
Λ(M) ⊗Λ P0) · (Γ0 ∪ Γ1), the bases

for V and W corresponding as above, and our element z is idQ0 ⊗ δ ◦ incl of an element of

Top(Ω1
Λ(M) ⊗Λ P1). We now give the solution to our problem in the simplified notation.
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Since we know that z ∈ W , we know that there is some way to write it z =
∑m

j=1 wjk
′
j,

and we have, since wj =
∑n

i=1 vikij, that z =
∑m

j=1(
∑n

i=1 vikij)k
′
j . We switch the order

of the sums, obtaining z =
∑n

i=1 vi
∑m

j=1 kijk
′
j. But we know that z =

∑n
i=1 vi`i, and so

we see that for each i, `i =
∑m

j=1 kijk
′
j , and treating the k′j as indeterminants, we have a

system of n equations in m unknowns, which we may hopefully solve for the k′j . Of course,

if there are too many dependencies among the equations, we will not be able to do so, but

we note that if there were two solutions for the system, {k′j}mj=1 and {k′′j }mj=1, we have that

z =
∑m

j=1wjk
′
j =

∑m
j=1 wjk

′′
j , and since the wj are a basis for W , we have for all j that

k′j = k′′j . Thus there really will only be one solution for our system, and we may obtain the

k′j algorithmically.

Recall that we are working toward the following resolution of M :

Ω1
Λ(M)⊗Λ P1 → Ω1

Λ(M)⊗Λ P0 → Q0 →M → 0.

At this point we know Ω1
Λ(M)⊗ΛP1 as a right Λ-module, Ω1

Λ(M)⊗ΛP0 as a right Λ-module,

and the map Top(Ω1
Λ(M) ⊗Λ P1) → Ω1

Λ(M) ⊗Λ P0. We now wish to find the map from

Top(Ω1
Λ(M) ⊗Λ P0) to Q0. But this is easy, recalling that we have a basis {x1, . . . xs} for

Top(Ω1
Λ(M)⊗ΛP0) with the additional information of how to write xi as a linear combination

of basis elements {viλv ⊗ v} for Top(Q0⊗Λ P0), and hence the inclusion map is obvious, we

need only compute the image of viλv ⊗ v in Q0 ⊗Λ Λ and use the obvious isomorphism to

Q0. But this is viλ⊗Λ v which maps to viλ under the isomorphism. Finally composing, we

see how to construct the map Ω1
Λ(M)⊗Λ P0 → Q0, which completes the resolution. We will

illustrate with two examples:

Example 1

Consider the following graph:



70

(2)
�
�
��b

@
@
@R

a
(1)Γ :

(3)
@
@
@R

d

(5)
�
�
��f

�
�
��c

(4)
@
@
@R

e

(6)

Let I be the ideal < ac, bd, df − ce >. If we use length lex ordering we have that the set

{ac, bce, bd, df−ce} is a Gröbner basis for I . We will resolve S2, the simple module associated

with the vertex (2). A presentation for this module is given by: (3)Λ
F→ (2)Λ with F given

by the matrix (b). We will now give bases for Top(Qi ⊗Λ Pi):

Q1 ⊗Λ P1

(3)⊗Λ (3)
c
⊗ (4), (3) ⊗Λ (3)

d
⊗ (4), (3)c⊗Λ (4)

e
⊗ (6), (3)d⊗Λ (5)

f
⊗ (6)

Q0 ⊗Λ P1

(2)⊗Λ (2)
b
⊗ (3), (2)b⊗Λ (3)

c
⊗ (4), (2)b⊗Λ (3)

d
⊗ (5), (2)bc⊗Λ (4)

e
⊗ (6)

Q1 ⊗Λ P0

(3)⊗Λ (3)⊗ (3), (3)c ⊗Λ (4)⊗ (4), (3)d⊗Λ (5) ⊗ (5), (3)ce⊗Λ (6) ⊗ (6)

Q0 ⊗Λ P0

(2)⊗Λ (2) ⊗ (2), (2)b⊗Λ (3) ⊗ (3), (2)bc ⊗Λ (4) ⊗ (4)

where for ease in keeping track, any tensor of the form o(a)⊗t(a) will be denoted o(a)
a
⊗ t(a).

We will now denote anything of the form vλ⊗Λw⊗u by vλw⊗u. We now wish to calculate

the image of F ⊗ id1 : Q1 ⊗Λ P1 → Q0 ⊗Λ P1. To do this we have the following matrix:
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(3)(3)
c
⊗ (4) (3)(3)

d
⊗ (4) (3)c(4)

e
⊗ (6) (3)d(5)

f
⊗ (6)

(2)(2)
b
⊗ (3) 0 0 0 0

(2)b(3)
c
⊗ (4) 1 0 0 0

(2)b(3)
d
⊗ (5) 0 1 0 0

(2)bc(4)
e
⊗ (6) 0 0 1 0

where again for the sake of clarity we have included the basis elements as headings for the

rows and columns corresponding to them. We see that this matrix is already column redued

for us, and hence a basis for F ⊗ id1(Top(Q1 ⊗Λ P1)) ∼= Top(Ω1
Λ(S2) ⊗ P1) is given by

{(2)b(3)
c
⊗ (4), (2)b(3)

d
⊗ (5), (2)bc(4)

e
⊗ (6)}.

In order to calculate the image of F ⊗ id0 : Q1 ⊗Λ P0 → Q0 ⊗Λ P0 we have the following

matrix:

(3)(3)⊗ (3) (3)c(4) ⊗ (4) (3)d(5) ⊗ (5) (3)ce(6)⊗ (6)
(2)(2)⊗ (2) 0 0 0 0
(2)b(3)⊗ (3) 1 0 0 0
(2)bc(4)⊗ (4) 0 1 0 0

where we have again included the basis elements for clarity. We see again that this matrix

too is alreay column reduced, so a basis for Top(Im(F ⊗ id0)) ∼= Top(Ω1
Λ(S2)⊗Λ P0) will be:

{(2)b(3)⊗ (3), (2)bc(4) ⊗ (4)}.

The map idQ0 ⊗ δ : Q1 ⊗Λ P0 → Q0 ⊗Λ P0 is given by the following matrix:

(2)(2)
b
⊗ (3) (2)b(3)

c
⊗ (4) (2)b(3)

d
⊗ (5) (2)bc(4)

e
⊗ (6)

(2)(2) ⊗ (2) −b 0 0 0
(2)b(3)⊗ (3) 1 −c −d 0
(2)bc(4)⊗ (4) 0 1 0 −e

and now we may write the map from Ω1
Λ(S2)⊗Λ P1 to Ω1

Λ(S2) ⊗Λ P0 as follows:
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(2)b(3)
c
⊗ (4) (2)b(3)

d
⊗ (5) (2)bc(4)

e
⊗ (6)

(2)b(3) ⊗ (3) −c −d 0
(2)bc(4) ⊗ (4) 1 0 −e

.

Finally we have that the map from Top(Ω1
Λ(S2)) ⊗ P0 to Q0 is given by (2)b(3) ⊗ (3) 7→ b

and (2)bc(4)⊗ (4) 7→ bc. We put this all together to produce the following resolution:

(4)Λ
∐

(5)Λ
∐

(6)Λ → (3)Λ
∐

(4)Λ → (2)Λ → S2 → 0
((4) , 0 , 0 ) → (−c , (4))
( 0 , (5) , 0 ) → (−d , 0 )
( 0 , 0 , (6)) → ( 0 , −e)

((3) , 0 ) → (b)
( 0 , (4)) → (bc)

Example 2

Consider the following graph Γ:

(1) -
a

�
b

(2) -
c

(3)
���� d

and let I be the ideal generated by all paths of length four. Let Λ = KΓ/I and we will

resolve the right Λ-module M given by the following matrix:(
ba cd− c
0 dd

)

We see that in this case Q1 and Q0 are both isomorphic to (2)Λ
∐

(3)Λ. We give bases for

the tops of the modules Qi ⊗Λ P1 and Qi ⊗Λ P0. Again for brevity we abbreviate elements
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of the form vλ⊗Λ w ⊗ u by vλw ⊗ u.

Top(Qi ⊗Λ P1) :

(2) (2)
b
⊗ (1) = x1 (2) (2)

c
⊗ (3) = x2

(2)b(1)
a
⊗ (2) = x3 (2)c(3)

d
⊗ (3) = x4

(2)ba(2)
b
⊗ (1) = x5 (2)ba(2)

c
⊗ (3) = x6

(2)cd(3)
d
⊗ (3) = x7 (2)bab(1)

a
⊗ (2) = x8

(2)bac(3)
d
⊗ (3) = x9 (2)cdd(3)

d
⊗ (3) = x10

(3) (3)
d
⊗ (3) = x11 (3)d(3)

d
⊗ (3) = x12

(3)dd(3)
d
⊗ (3) = x13 (3)ddd(3)

d
⊗ (3) = x14

Top(Qi ⊗Λ P0) :

(2)(2)⊗ (2) = v1 (2)b(1)⊗ (1) = v2 (2)c(3) ⊗ (3) = v3

(2)ba(2)⊗ (2) = v4 (2)cd(3) ⊗ (3) = v5 (2)bab(1)⊗ (1) = v6

(2)bac(3)⊗ (3) = v7 (2)cdd(3) ⊗ (3) = v8 (3)(3) ⊗ (3) = v9

(3)d(3) ⊗ (3) = v10 (3)dd(3) ⊗ (3) = v11 (3)ddd(3) ⊗ (3) = v12
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Now we compute a basis for f ⊗ id1Top(Q1 ⊗Λ P1). We obtain the following matrix:

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13 x14

x1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x4 0 0 0 0 0 0 0 0 0 0 −1 0 0 0
x5 1 0 0 0 0 0 0 0 0 0 0 0 0 0
x6 0 1 0 0 0 0 0 0 0 0 0 0 0 0
x7 0 0 0 0 0 0 0 0 0 0 1 −1 0 0
x8 0 0 1 0 0 0 0 0 0 0 0 0 0 0
x9 0 0 0 1 0 0 0 0 0 0 0 0 0 0
x10 0 0 0 0 0 0 0 0 0 0 0 1 −1 0
x11 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x12 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x13 0 0 0 0 0 0 0 0 0 0 1 0 0 0
x14 0 0 0 0 0 0 0 0 0 0 0 1 0 0

representing the map on the above bases, which column reduces to the following:

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10

x11+
x12+
x13

x12+
x13

x13 x14

x1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x4 0 0 0 0 0 0 0 0 0 0 −1 0 0 0
x5 1 0 0 0 0 0 0 0 0 0 0 0 0 0
x6 0 1 0 0 0 0 0 0 0 0 0 0 0 0
x7 0 0 0 0 0 0 0 0 0 0 0 −1 0 0
x8 0 0 1 0 0 0 0 0 0 0 0 0 0 0
x9 0 0 0 1 0 0 0 0 0 0 0 0 0 0
x10 0 0 0 0 0 0 0 0 0 0 0 0 −1 0
x11 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x12 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x13 0 0 0 0 0 0 0 0 0 0 1 0 0 0
x14 0 0 0 0 0 0 0 0 0 0 1 1 0 0

which gives us the following basis for f ⊗ id1(Top(Q1 ⊗Λ P1)) ∼= Top(Ω1
Λ(M)⊗ P1):

{x5, x6, x8, x9, x4 − x13 − x14, x7 − x14, x10},
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which is {(2)ba(2)
b
⊗ (1), (2)ba(2)

c
⊗ (3), (2)bab(1)

a
⊗ (2), (2)bac(3)

d
⊗ (3), (2)c(3)

d
⊗ (3)−

(3)dd(3)
d
⊗ (3)−(3)ddd(3)

d
⊗ (3), (2)cd(3)

d
⊗ (3)−(3)ddd(3)

d
⊗ (3), (2)cdd(3)

d
⊗ (3) = x10}.

We compute the basis for Top(Ω1
Λ(M)⊗P0 in the same way, first obtaining this matrix:

v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12

v1 0 0 0 0 0 0 0 0 0 0 0 0
v2 0 0 0 0 0 0 0 0 0 0 0 0
v3 0 0 0 0 0 0 0 0 −1 0 0 0
v4 1 0 0 0 0 0 0 0 0 0 0 0
v5 0 0 0 0 0 0 0 0 1 −1 0 0
v6 0 1 0 0 0 0 0 0 0 0 0 0
v7 0 0 1 0 0 0 0 0 0 0 0 0
v8 0 0 0 0 0 0 0 0 0 1 −1 0
v9 0 0 0 0 0 0 0 0 0 0 0 0
v10 0 0 0 0 0 0 0 0 0 0 0 0
v11 0 0 0 0 0 0 0 0 1 0 0 0
v12 0 0 0 0 0 0 0 0 0 1 0 0

which column reduces to:

v1 v2 v3 v4 v5 v6 v7 v8 −
v9+
v10+
v11

− v10+
v11

v11 v12

v1 0 0 0 0 0 0 0 0 0 0 0 0
v2 0 0 0 0 0 0 0 0 0 0 0 0
v3 0 0 0 0 0 0 0 0 1 0 0 0
v4 1 0 0 0 0 0 0 0 0 0 0 0
v5 0 0 0 0 0 0 0 0 0 1 0 0
v6 0 1 0 0 0 0 0 0 0 0 0 0
v7 0 0 1 0 0 0 0 0 0 0 0 0
v8 0 0 0 0 0 0 0 0 0 0 1 0
v9 0 0 0 0 0 0 0 0 0 0 0 0
v10 0 0 0 0 0 0 0 0 0 0 0 0
v11 0 0 0 0 0 0 0 0 −1 0 0 0
v12 0 0 0 0 0 0 0 0 −1 −1 0 0

which gives us the following basis for Top(Ω1
Λ(M)⊗ΛP0: {v4, v6, v7, v3−v11−v12, v5−v12, v8}

= {(2)ba(2)⊗ (2), (2)bab(2)⊗ (2), (2)bac(3)⊗ (3), (2)c(3)⊗ (3)− (3)dd(3)⊗ (3)− (3)ddd(3)⊗

(3), (2)cd(3) ⊗ (3) − (3)ddd(3) ⊗ (3), (2)cdd(3) ⊗ (3) = v8}. We can now construct the map
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from Top(Ω1
Λ(M)⊗Λ P1)TopQ0 ⊗Λ P0. It is given by the following matrix:

x5 x6 x8 x9 x4 − x13 − x14 x7 − x14 x10

v1 0 0 0 0 0 0 0
v2 0 0 0 0 0 0 0
v3 0 0 0 0 −d 0 0
v4 −b −c 0 0 0 0 0
v5 0 0 0 0 (3) −d 0
v6 (1) 0 −a 0 0 0 0
v7 0 (3) 0 −d 0 0 0
v8 0 0 0 0 0 (3) −d
v9 0 0 0 0 0 0 0
v10 0 0 0 0 0 0 0
v11 0 0 0 0 d 0 0
v12 0 0 0 0 −(3) + d d 0

Now we are ready to compute these elements in terms of our basis for Ω1
Λ(M) ⊗Λ P0. We

recall that the following is a basis for Top(Ω1
Λ(M)⊗ΛP0): {v4, v6, v7, v3−v11−v12, v5−v12, v8}.

It is then obvious that the image of x5 will be v6 − v4 · b, the image of x6 will be v7 − v4 · c,

the image of x8 will be v6 · −a, the image of x9 will be v7 · −d, and the image of x10 will

be v8 · −d. However the images of the remaining two basis elements in the domain are less

clear. For this we will need to use the method explained in the discussion above. So we take

the following obvious bases of Top(Q0 ⊗Λ P0) · (Γ0 ∪ Γ1) and Top(Ω1
Λ(M)⊗Λ P0) · (Γ0 ∪ Γ1),

{v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11, v12, v1b, v1c, v2a, v3d, v4b, v4c, v5d, v6a,

v7d, v8d, v9d, v10d, v11d, v12d} and {v4, v6, v7, v3 − v11 − v12, v5 − v12, v8, v4b, v4c,

v6a, v7d, (v3 − v11 − v12)d, (v5 − v12)d, v8d} respectively. We see how to write the image of

x4−x13−x14 in terms of the vi and vi ·αs, we have it equal to v3d ·−1+v5 ·1+v11d ·1+v12 ·

−1 + v12d · 1. If we also consider this image as a linear combination of elements in the other

basis, we have it equal to v4 ·k′1+v6 ·k′2+v7 ·k′3 +(v3−v11−v12)·k′4 +(v5−v12)·k′5+v8 ·k′6+v4b ·

k′1b+v4c ·k′1c+v6a ·k′2a+v7d ·k′3d+(v3−v11−v12)d ·k′4d+(v5−v12)d ·k′5d+v8d ·k′6d, we reorder

the sum to obtain v3 ·k′4+v4 ·k′1+v5 ·k′5+v6 ·k′2+v7 ·k′3+v8 ·k′6+v11 ·−k′4+v12 ·(−k′4−k′5)+v3d·

k′4d+v4b ·k′1b+v4c ·k′1c+v5d ·k′5d+v6a ·k′2a+v7d ·k′3d+v8d ·k′6d+v11d ·−k′4d+v12d ·(−k′4d−k′5d)
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and we obtain the following equations:

k′4 = 0 k′1 = 0k′5 = 0

k′2 = 0 k′3 = 0k′6 = 0

− k′4 = 0 −k′4 − k′5 = −1k′5 = 1

k′4d = −1 k′1b = 0k′1c = 0

k′5d = 0 k′2a = 0k′3d = 0

k′6d = 0 −k′4d = 1− k′4d − k′5d = 1

so we see that k′5 = 1, k′4 = 0, k′4d = −1, andk′5d = 0, so we have the image of x4 − x13 − x14

will be equal to (v5 − v12) · 1 + (v3 − v11 − v12) · d which is (2)cd(3) ⊗ (3) + ((2)c(3)⊗ (3)−

(3)dd(3) ⊗ (3) − (3)ddd(3) ⊗ (3)) · −d. Similarly one computes that the image of x7 − x14

is (v5 − v12) · −d + v8. Thus we have computed the following matrix for the map between

Top(Ω1
Λ(M) ⊗Λ P1) and Ω1

Λ(M) ⊗Λ P0 to be:

x5 x6 x8 x9

x4−
x13−
x14

x7−
x14

x10

v4 −b −c 0 0 0 0 0
v6 (2) 0 −a 0 0 0 0
v7 0 (3) 0 −d 0 0 0
v3 − v11 − v12 0 0 0 0 −d 0 0
v5 − v12 0 0 0 0 (3) −d 0
v8 0 0 0 0 0 (3) −d

Now we must compute the map between Top(Omega1
Λ(M) ⊗Λ P0) and Q0. The map
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between Top(Q0 ⊗Λ P0) and Q0 is given by:

v1 7→ (2) v2 7→ (2)b v3 7→ (2)c

v4 7→ (2)ba v5 7→ (2)cd v6 7→ (2)bab

v7 7→ (2)bac v8 7→ (3) v10 7→ (3)d

v11 7→ (3)dd v12 7→ (3)ddd

so we have the following map between Top(Ω1
Λ(M) ⊗Λ P0) and Q0:

v4 7→ (2)ba v6 7→ (2)bab v7 7→ (2)bac

(v3 − v11 − v12) 7→ (2)c− (3)dd− (3)ddd (v5 − v12) 7→ (2)cd− (3)ddd

v8 7→ (3)

and we put all of this together to obtain the following resolution:

(1)Λ
∐

(2)Λ
∐∐

5

(3)Λ
d2→ (1)Λ

∐
(2)Λ

∐∐
4

(3)Λ
d1→ (2)Λ

∐
(3)Λ→M → 0

where the matrices d2 and d1 are given below:

x5 x8 x6 x9

x4

−x13

−x14

x7

−x14
x10

v6 (1) −a 0 0 0 0 0
v4 −b 0 −c 0 0 0 0
v7 0 0 (3) −d 0 0 0

v3 − v11 − v12 0 0 0 0 −d 0 0
v5 − v12 0 0 0 0 (3) −d 0

v8 0 0 0 0 0 (3) −d

v6 v4 v7 v3 − v11 − v12 v5 − v12 v8

(2) bab ba bac c cd 0
(3) 0 0 0 −dd− ddd −ddd (3)
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Now we point out how one could begin this process at any step in the resolution. We

again begin with M given in the form of a presentation

Q1 f→ Q0

where M ∼= Coker(f). Suppose one is interested in computing the n + 1st, nth and n− 1st

projectives in a resolution of M , along with the necessary maps between them. If we had

a projective presentation of Ωn−1
Λ (M) (or Ωn−1

Λ (M) ⊕ P for some projective module P ) we

could use the above techniques to compute the desired part of the projective resolution.

To do this, we compute Q1 ⊗Λ ⊗n−1
Λ Ω1

Λe(Λ) ⊗Λ P0, Q1 ⊗Λ ⊗n−2
Λ Ω1

Λe(Λ) ⊗Λ P 0, Q0 ⊗Λ

⊗n−1
Λ Ω1

Λe(Λ) ⊗Λ P 0, and Q0 ⊗Λ ⊗n−2
Λ Ω1

Λe(Λ) ⊗Λ P 0. We note that we have the following

picture:

Q1 ⊗Λ ⊗n−1
Λ Ω1

Λe(Λ)⊗Λ P
0 → Q1 ⊗Λ ⊗n−2

Λ Ω1
Λe(Λ)⊗Λ P

0

↓ ↓
Q0 ⊗Λ ⊗n−1

Λ Ω1
Λe(Λ)⊗Λ P 0 → Q0 ⊗Λ ⊗n−2

Λ Ω1
Λe(Λ)⊗Λ P 0

↓ ↓
M ⊗Λ ⊗n−1

Λ Ω1
Λe(Λ)⊗Λ P 0 → M ⊗Λ ⊗n−2

Λ Ω1
Λe(Λ)⊗Λ P 0

↓ ↓
0 0 0.

The modules in the bottom row are projective, and hence the epimorphisms split, with the

kernels of the bottom vertical maps being equal to the images of the top vertical maps,

Ω1
Λ(M)⊗Λ ⊗n−1

Λ Ω1
Λe(Λ)⊗Λ P 0 and Ω1

Λ(M) ⊗Λ ⊗n−2
Λ Ω1

Λe(Λ)⊗Λ P 0 respectively.

If we recall that ⊗jΛΩ1
Λe(Λ)⊗Λ P 0 ∼=

∐
(p1,... ,pj)∈Seq(j) o(p1)⊗ t(pj) it is an easy extension

of previous results to obtain the following:

Lemma 7.3 If Q =
∐

I viΛ is a projective Λ-module, and P j = ⊗jΛΩ1
Λe(Λ)⊗Λ P 0 then
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Q⊗Λ P
j ∼=

∐
I

∐
(p1,... ,pj)∈Seq(j)

∐
viΛo(p1)

t(pj)Λ2

In this way we can compute the modules Q1⊗Λ⊗n−1
Λ Ω1

Λe(Λ)⊗ΛP
0, Q1⊗Λ⊗n−2

Λ Ω1
Λe(Λ)⊗Λ

P 0, Q0⊗Λ ⊗n−1
Λ Ω1

Λe(Λ)⊗Λ P 0, and Q0 ⊗Λ⊗n−2
Λ Ω1

Λe(Λ)⊗Λ P 0. Computing the vertical maps

between them is done in exactly the same manner as was done in the previous resolution

example. One takes a basis element of Top(Q1 ⊗Λ −) and applies f ⊗Λ id to it, to obtain

an element of Top(Q0 ⊗Λ −). A matrix is obtained, column reduced to produce a basis for

the image, and we obtain bases for Ω1
Λ(M) ⊗Λ −. One computes the map between these

two modules in the same way as in the above resolution example, and in this way obtains a

projective presentation:

Ω1
Λ(M)⊗Λ ⊗n−1

Λ Ω1
Λe(Λ)⊗Λ P 0

↓
Ω1

Λ(M)⊗Λ ⊗n−2
Λ Ω1

Λe(Λ)⊗Λ P 0

↓
Ω1

Λ(M)⊗Λ ⊗n−2
Λ Ω1

Λe(Λ)⊗Λ Λ
↓
0

of a module which is isomorphic to Ωn−1
Λ (M) ⊕ P where P is projective. This presentation

is then input into the method of computing a projective resolution of a module given in the

form of a presentation to obtain a projective resolution.
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