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Syzygy Decompositions and Projective Resolutions

Nathan A. Smith

(ABSTRACT)

We give a projective resolution of a finite dimensional K-algebra A over its enveloping
algebra A° = A? @k A. The description of this resolution is related to decompositions of the
first syzygy module of A as a A® module, denoted Q24.(A). Resolutions of right A modules
M), may be obtained by tensoring M over A with this bimodule resoution. We describe how
to obtain such a resolution when M is simple or when M is given in the form of a projective
presentation. Computations of Ezt}(S,, S, ) for certain classes of algebras A are made using
these resolutions, and applied to obtain results on global dimension.
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Chapter 1

Introduction

The central result of this thesis is the construction of a projective resolution of a finite
dimensional k-algebra A over its enveloping algebra A® = A? ®; A. Throughout it is assumed
that A is a quotient of a path algebra, that is, that A = kI'/I where T is a finite directed
graph and [ is an ideal contained in J, the ideal generated by the set of all arrows in I". Recall
that the path algebra kI' is defined to be the algebra with k-basis the set of all finite directed
paths in I'; (where we consider a vertex to be a path of length zero), and multiplication is
defined by concatenation of paths, if possible, or zero if the concatenation would not be a
directed path in I". Any finite dimensional algebra over an algebraically closed field is Morita

equivalent to such a quotient of a path algebra.

The resolution mentioned above is constructed by repeatedly tensoring a canonical
short exact sequence with the first syzygy module of the algebra over its enveloping algebra,
denoted Q}.(A). Decompositions of this syzygy module play an important role in the de-
scription of the modules in this projective resolution. These decompositions are determined
by the structure of the reduced Grobner basis for the ideal used in forming the quotient
of the path algebra. Certain rewriting rules influenced by the structure of this reduced

Grobner basis are central to the structure of the maps between the projective modules in



the resolution. As such the reader must be familiar with the basic results and terminology

of non-commutative Grobner basis theory.

Projective resolutions of modules have played a central role in ring and module theory
since the introduction of homological techniques to algebra in the 1950s. One may view an
algebra as a module over its enveloping algebra, and compute a projective resolution of the
algebra in this sense. This resolution is intimately tied to the representation theory of the
algebra and to the homological properties of the module category over the algebra. We will
attempt to partially illustrate this with two examples of applications of such an enveloping
algebra resolution. The first is in computing the Hochschild cohomology groups HH™(A)
of the algebra, which are defined to be HH™(A) = Ext}.(A,A). Happel [11] gives a nice
treatment of Hochschild cohomology and the use of enveloping algebra resolutions in its
computation. These invariants are not only important to ring theory (global dimension of
the ring), but have applications in other areas of mathematics, such as algebraic topology
(simplicial homology), and algebraic geometry (infinitessimal automorphisms and deforma-
tions). The second application of enveloping algebra resolutions is that they provide a means
of constructing functorial projective resolutions of one sided A-modules, which can be used
to investigate homological properties of the category mod(A), which is the category of finite
dimensional modules over the ring A. (Among other things one is interested in the projective
dimensions of A-modules M, - the length of the minimal A resolution of M - and in the
derived functors Exth(My, ) and Tor(My, ).) Tt is in this second area of application that

this thesis will examine implications of the bimodule resolution given in the central result.

There are several known projective resolutions of A as a A°~-module. One of the earliest
such examples given was the bar resolution (see for example [6]). Since we are dealing with
artin algebras, one can define the minimal resolution, where minimal here means that the

image of each of the maps P* — P" ! is contained in the radical of P"~!. This resolution,



which in a precise sense is the ‘smallest’ possible resolution, should be the easiest for com-
putations, and moreover the minimal resolution is unique and is an obviously interesting
invariant of A. However as one might imagine, it is rather difficult to compute. Happel gives
a description of the projective modules in this resolution in [11], but not a description of
the maps. Bardzell [4] described the maps in the minimal resolution in the case that A is a
monomial algebra, that is, A = kI'/I where I is generated by a set of paths in I". In the case
that A is not monomial, a resolution, not necessarily minimal, is given in [5]. Concerning
resolutions of modules, techniques are given in [1] [9], and [8]. With the exception of the
bar resolution, all of these examples are directed toward finding a minimal, or at least as
small as possible, resolution. The resolution given in this thesis makes a departure from this
track in that the resolution here is clearly nowhere near the minimal resolution. Rather than
strive for minimality, the resolution here arises in a natural way, and the modules and maps
can be described somewhat naturally from the structure of a minimal Grobner basis for the

ideal 1.

We will use the enveloping algebra resolution to compute a one-sided resolution (i.e.. a
A-resolution) of simple modules S,. This resolution can be used to compute Ext}(S,, M) for
A-modules M. See [13] for example, for a thorough treatment of Ext. In the case that M =
Sw, another simple module, descriptions of these Ext groups are crucial to understanding
the cohomology algebra of A. This is the algebra [[, Fat}(A/r,A/r) - r is the Jacobson
radical of A - endowed with the vector space addition and the Yoneda product [10]. It is
known that the dimension of the top of the nth projective module in the minimal enveloping
algebra resolution of A is the sum of the dimensions of the modules Ezt}(S,, Sy), as v and w
range over all vertices in I' [11]. From this it follows that the non-existence of an N such that
Ext}(S,, Sw) = 0 for all n > N will guarantee infinite right global dimension of A [11]. The

right global dimension of an algebra A is the supremum of the projective dimensions of all



right A-modules. In the case that A is monomial it is known how to compute Ext}(S,, Sy),
and thus how to determine infinite global dimension or finite global dimension [10]. We
will give some computations of these Ext groups for some non-monomial algebras, assuring

infinite global dimension in these cases.

If we desire a projective resolution of a right A-module M, which is given in terms of
a projective presentation, it is necessary to use other techniques to obtain the resolution,
since it is not clear how one tensors M with the bimodule resolution when one doesn’t know
an explicit k-basis for M. We give a method which may be used to calculate the resolution
one would obtain by tensoring M with our bimodule resolution of A in the case that M is
given in terms of a presentation. It turns out that this is an iterative process, starting with
P! — PY and computing first P? — P!, then P3 — P2, and so on, rather than finding the
resolution in one step as one can do in the simple case (or any other case in which one has
an explicit k-basis for M). But if one is running through an iterative process it is possible
to minimize the resolution at each step and compute the minimal projective resolution of M
instead of the much larger resolution which would have been obtained had we tensored M
with the bimodule resolution. It is possible, however, to start the iteration at any step, and
so starting with M given as a presentation P! — P one could compute P**! — pP* — pn-1
without first computing each step less than n — 1, and this information might be used in
computing Ezt}(M, N) and Tor’(M, N). Tt is perhaps this application that is of most
interest, in that other iterative processes for computing projective resolutions exist (see for

example [9]).



Chapter 2

Background and Notation

We begin with the necessary background material which will be used in this thesis. Let I’
be a finite directed graph (quiver). The vertex set of I' will be denoted I'y, and the arrow
set I'1. We let B be the set of all finite directed paths in I'. (Here a vertex will denote a
path of length 0). The path algebra KT is the K-algebra with basis B and multiplication
given by by - by = b1by if b1by is a path in I', or by - by = 0 otherwise. We will be studying
quotients A = KT'/I of path algebras, where I is assumed to be contained in J? - where J
is the ideal in kI" generated by the arrows. It is also assumed that J™ C I for some n, which
of course guarantees us that A will be finite dimensional. An ideal I in KT which satisfies
the property J* C I C J? is called admissible. See [3] for a more detailed discussion of path

algebras.

The Jacobson radical of A (denoted r) is the two sided ideal J/I. The top of a module
Top(M) is defined to be M/Mr. Thus we have that the top of A (as either a left or right
module over itself) is equal to [],cp Sy, that is, there are | I'g | non-isomorphic simple
modules, one corresponding to each vertex. Each simple S, is one dimensional with basis
element e,, and the module structure is given by e, -v =€, and e, - b =0 for all b € B with

b # v. It is also clear that v is an idempotent in A (where for simplicity of notation we are



now considering elements b of B to be representatives of their equivalence class in KT'/T), so
vA will be a projective right A-module, since vA & (1 — v)A = A. The map vA — S, given
by v + e, is easily seen to be the projective cover of S,. The set {vA : v € 'y} is a complete
set of non-isomorphic indecomposable finitely generated projective right A-modules. See [3]

for a discussion. Thus all finitely generated projective A-modules are direct sums of the vA.

We will use the notation and theory of non-commutative Grobner Bases to study quo-
tients of path algebras. The theory hinges on the existence of an admissible order < on
the basis B. By admissible we mean that < is a well order, if b = bibs then b > by, s,
and if b; < by then xb;y < xbey whenever both products are non-zero. An example of such
an order is the length-lexicographic order. Here we say that the length of a basis element
b (denoted len(b)) is the number of arrows in b as a path in I', and we define b; < by if
len(by) < len(be). We order the vertices arbitrarily, and the arrows arbitrarily, and then say
by < by if len(by) = len(by) and by comes before by in the “dictionary,” considering a path to
be a word in the arrows and using the order on the arrows. We now fix an admissible order
on B. For an arbitrary element x of kI, = Y k;b; we say the largest b; in this sum with
non-zero coefficient is the tip of x, denoted tip(z). A subset G of I is a minimal Grébner
basis for [ if for each i € I, there is g € G such that tip(g) is a subpath of tip(i), and if tip(g)
is not a subpath of tip(¢’') for ¢’ # g in G. It is clear that we can divide B into two disjoint
subsets, those paths b which are divisible by tip(i) for some i € I, denoted Tip(I), and those
that do not, denoted Nontip(I). It is well known that kI' = I & span(Nontip(I)), so we

may identify Nontip(I) with a K-basis for A = KT'/I.

We denote by A° the K-algebra A? Q@ A. A-A-bimodules M, correspond to right
A¢-modules, where the multiplication is given by M - a ®x b = aMb. The non-isomorphic
indecomposable projective A°-modules are the modules v @ x wA®. Recall that if {v;} is a

basis for the vector space V' and if {w;} is a basis for the vector space W, then a basis for



V @k W is the set {v; ®x w;}(;,;)- Thus we see that m ®x n with m,n € Nontip(I) forms

a K-basis for A°.

We end this section with some notational conventions that will be followed throughout
the rest of this paper. Without a subscript, the symbol ® will always refer to a tensor over
the field K, ®k. The length of a path will be denoted len(p). The subset of Nontip(l)
consisting of those paths n with len(n) > 1 will be denoted N>;. We will often need to
consider the first and last arrows of a path (of positive length) separately from the rest,
so we let o, denote the first arrow of a path p and (3, denote the last arrow. As long as
we restrict ourselves to paths of positive length «a, and (3, will always be nontrivial. The
remaining portions of the path, which may be only vertices if len(p) = 1, will be denoted p~

and p* respectively, so we have that

p:ap.p_:p"’.ﬁp.

We will also need to speak specifically of subpaths which are either the first or last part of
a path p. We say that a path q is a prefiz of the path p if there is r in I’ with p = ¢ -r. If
len(r) > 1 we say that g is a proper prefiz of p. Similarly we say that a path ¢ is a suffiz of
the path p if there is 7 in I with p = r - q. If len(r) > 1 we say that q is a proper suffiz of p.
If one views paths as words with the arrows in I'y serving as the letters this terminology is

obvious.



Chapter 3

Syzygy Decompositions

We begin with the minimal projective cover of A = kI'/I as a right A®-module, given by the
projective bimodule P° =[] . v ® vA®, with the map dp : P* — A given by v @ v+ v. Tt
is a well known fact that the first syzygy module Q4. (A), which is the kernel of this map, is
generated as a bimodule by {g, = a®t(a) —o(a)®a : a € I'1 }. For the sake of completeness,

we indicate a proof of this result here:

Lemma 3.1 As a A®-module Q}.(A) is generated (minimally) by {g, = a®t(a) —o(a) @ a:
a € Fl}

Proof. It is clear that each of the g, lies in the kernel of the map P° — A. Ifw =>_p; Q¢
(each p; and ¢; a path) is an element of Q}.(A) = ker(dy), we show w is in the sub-bimodule

of PY spanned by the g,. Write p; = @i 1Q;2 " - - Qim,;, With each a; ; € I'1. Then

W—a11" " 01my—1(01,m; @(a1m,) — 0(A1,m,) @ a1,m, )1

yields



W1 = a1 A1m—1 @ A1m,q1 + Zpi X q;
i#1

where we may need to write aj m,q1 as a sum of Nontips if it is not in Nontip(I). The thing
to notice is that the path on the left hand side of the tensor in the ¢ = 1 term (and in any

rewritings) is shorter by one arrow. Again we subtract:

Wy = W1 —a11°* A1my—2(01my—1 @ (@1 my—1) — 0(A1 my—1) @ A1my—1)01,m, @1

yielding

We = A1,1° " A1my—2 @ Q1 m;—101,m; Q1 + E pi ® q;
i#1

where we may again need to rewrite, but again the first term has a path on the left hand
side of the tensor which is shorter by one arrow. We continue this process, first along the
first term until it has the form v ® p| where v is a vertex and p| is a path, and then repeat

this along each of the subsequent terms.

Note that each time we are subtracting an element of the kernel, so the difference remains
in the kernel of dy. We note that we now have something of the form v’ =) v; ® p;, which
is mapped to »_; p; in A. However, since w’ € ker(dp) we know »_;p; = 0. It follows then

that w’ = 0. We then have the equation:

w—g=w =0

where ¢ is in the submodule spanned by the g, elements, and hence we have w = g. It is

now established that {g,}ser, is a generating set for Q4. (A). It remains to show that this
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generating set is minimal.

We suppose that for some arrow b, g = . 45 P9aq- Then we have:

Zp(a ®t(a) —o(a) ®a)g=b®t(b) — o(b) @b

Then we have ) (pa ®@t(a)g—p®aq) —b®t(b) = —o(b) ® b. This is impossible, since z ® y
forms a K-basis for P°, where z and y are nontips, and no term on the left hand side is of

the form vertex ® path. The minimality of our generating set is now established.O

It is clear then that P, the projective cover of Qj.(A) must have the form [, o(a)®

t(a)A¢, with o(a) ® t(a) mapping to g,.
BIMODULE DECOMPOSITIONS

We use the above minimal generating set to give a bimodule direct decompositition of
the first syzygy into submodules that may not necessarily be an indecomposable decom-
position. Then we give conditions on [ and I' which guarantee that the decompostion is

indecomposable.

Let A = KT'/I, where I =< p1,p2,...,pm >. We describe an algorithm for obtaining
a direct decompostion of Q}.(A) as a A-A-bimodule. Define the graph Gr; with one vertex
v, for each a € I'; and a directed edge v, ab, v, if ab is a path in I'. We also include a
vertex v,, in G for each relation p;. If p; = > ;i kjpj, where each p; is a path in I, then we
include an arrow v,, LN Ve, - Let C, - - - C,, be the connected components of Gr ; when we
forget about the orientation of the edges, and let By, be the submodule of Q}.(A) generated
by {9, = a®t(a) —o(a) ®a : v, € Ci} for each k. We will show that ® By, is a direct sum

decomposition of Q}.(A).
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We will first make a few remarks about this decomposition, or more precisely, about
the graph Gr ;. If I is monomial, then one may omit the vertices and arrows in G ; which
correspond to relations and still obtain the same decomposition. Also we have that whenever
Ve € C; (9o = a®t(a)—o(a)®ais an element of A;), then v, € C; (g = bRt(b)—0(b)Rb € A;)
whenever there is a sequence of paths (p;)!, with a € p, and b € p, and p; U p;41 equal to
a path of length at least one. Furthermore, if there is some relation p; = ) py, with a € py,
and b € py,. then it should be clear that v, and v, are in the same C; (g, and g, are in the

same B;).

Proposition 3.2 As a A — A bimodule, and hence a A°-module, Q}.(A) =] B;.

Proof. While it is clear that Y B; = Q}.(A) we must show that B; (U4 B; = 0. We note
again that the components of GG, the C;’s are determined by the existence of a sequence of
paths overlapping in at least an arrow. That is, two G vertices v, and v, are in the same C;
if and only if there are paths pi,ps,...p, in I with a in p1, b € p,, and with p; overlapping
with p; 41 in at least an arrow. Now B; is generated by elements of the form a®t(a)—o(a)®a
with v, € C; and we note that any nonzero mulitplication (a ® t(a) — o(a) ® a) - (p° ® p)
will necessitate that p°ap be a path in I', hence none of the G vertices associated with any
arrow in p°ap will be in any component of G other than Cj, the same component as v,.
A complication arises if p°a or ap is equal to tip(p,) for some relation py. In this case the
elements of A corresponding to rewriting p°a or ap respectively as sums of nontips are merely
nontip terms in p,. However each of the paths occuring as nontip terms in py are by definition
also in B;. (Here again we mean a path p in I' is “in” B; if the generator g, associated with
each arrow a in p is in B;.) Thus no multiplication of a generator of B; by an element of the
enveloping algebra A® will produce a result outside of B; itself, and we have our result that

®B; is a decomposition of Q}.(A).O
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While we have given a direct bimodule decomposition of the first syzygy, we cannot say
whether it is an indecomposable decomposition. In fact we note that if A is hereditary (that
is, if submodules of projective modules are projective) it follows that Q4. (A) is projective as
a A-A-bimodule. From this it follows that g, generates a A°-projective inside of P°, which
must be isomorphic to o(a) ® t(a)A°. There must be no intersection between this submodule
of Q4. (A) and the projective submodule generated by g, for b with o(b) # o(a) and ¢(b) # t(a)
(such arrows are termed parallell). So there are at least as many indecomposable submodules

in the indecomposable decomposition of Q4. (A) as there are non-parallell arrows in T

To guarantee indecomposability we need to impose certain conditions on both the graph
I' and the ideal I. While this indecomposability result is included here for completeness at

this time, it is not necessary for any subsequent results. We start with the following definition:

Definition I =< p1, p2,- -+ , pn > saturates I' if I is monomial and if each arrow a € I'y with
the property that a is contained in some path of length 2 also has the property that a € p;
for some ¢, and if whenever p; = 122 ---x; is contained in some path ap;b then the paths

azry, and z;b are contained in some relations p, and p, respectively.
Example: J" saturates any I' for n > 2.
Example: 1 —»%2 =03 ¢4 —95 ¢ 6« 7 with I =< abcd, de >, I saturates I'.

Example: Same quiver, let I =< abc, de >, I does not saturate I'.

Proposition 3.3 Let A = KT'/I where I saturates I' and I' has neither oriented cycles nor
multiple arrows between the same pair of vertices. Define the graph G as above with one
verter v, for each a € I'y and an edge eqgy if ab is a path in T'. Again let C; be the connected

components of G, and define the B;’s again to be the submodules of Qh.(A) generated by
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{9 =a®t(a) —o(a) ®a: v, € C;} for each i respectively. Then [] B; is an indecomposable

decomposition of Q. (A).

Proof. That the first syzygy is a direct sum of the B;’s is already proven above 3.2. B;)
what is new in this result is that the decomposition is indecomposable. We show that
B; is indecomposable. We consider Endy.(B;) and prove that it is isomorphic to K. Let
¢ € Endye(B;). We first show that if B; is generated by {g, = a ®t(a) —o(a) ®a : v, € C;}
then ¢(ga) = kago where k, € K. Indeed g, € B;(o(a) @ t(a)), so ¢(g.) = ¢(ga(0(a) @t(a)))
= ¢(9a) - (0o(a) @ t(a)), s0 P(ga) € Bi(o(a) @ t(a)). But

= Zgb'()‘z@))\b)

vp€C;

=) Mb@t(b)A — Ao(b) ® bA,
vp€C;

=) o(a)Xh @ t(b)Aut(a) — o(a) Ago(b) @ bt (a)
vp€C;

= o(a)Noa ® t(a)At(a) —o(a)rio(a) ® ad.t(a)

+ " o(a)xgh ® t(b) Mt (a) — o(a)Ago(b) @ bAst(a)
b#a
Now if A\j and A, # 0, Ay € o(a)B;o(b), and there is a path in I from a to b, but A, €
t(b)Bit(a), and as above there must be a path in I" from b to a, so then I has an oriented cycle,
a contradiction, thus Ay ® Ay = 0 and ¢(g,) = 0(a)Aoa & t(a)A.t(a) — o(a)A20(a) ® a.t(a),
so A2 = ko(a) and A\, = k't(a), and we have ¢(ga) = kaGa-

Now that we have that the image of any generator of B; under ¢ is a scalar multiple
of that generator, we show that all generators are sent to the same scalar multiple. Let

aaias . ..as = p; be a relation in I and let ¢(g,) = kaga- We note that



ga-0(a) ®aras...as =a®ajay...as —o(a) ®r; =a ® ajas .. .as. Also
Jay - @@ Q203 ...05s = aa; @ 4203 ...0s —a Q a0z . . .as. Furthermore,
Ja, -aa10g ... 051 Q Ajy1 ... 05 =

aa1az . ..0; @ jy1...05s — a0 ... 051 Q Aj ... 0.

Now ¢(aaias...as-1 ® as —a @ aray. ..as)=

— &(Ga,) - @103 . .. a5 R t(as) — P(ga) - 0(a) ® aras . . .as =
ka, Ga,001052 . ..as—1 @ t(as) — kq go0(a) @ aras...as =

ko, (aaias...as-1 ® as) — kg (a ® arasy. . .as).

But we also have

14

(3.1)



¢laaras...as-1 ®as —a® aras...as) =
¢laaray ... a1 ® a5 — aa1as . .. G593 @ Gs_105 +
aa1as...0s_2 @ As_10s — AA1A2 . ..0s_ 3 X As_90s_10g +
aa1as . ..0s_ 3 Q Ug_ 205 105 — AA1G2 ...0s_ 4 Q As_305_205_105 +
.+

aay ® asas...as —a @ aasy. .. as) =

&(Ga,_ 00105 ... a5-2 @ as +

Ja,_,00102 . ..05_3 X As_10s +

Ja, 300102 . .. Qs—4 Q) Q5205105 +
.+

Ga, 0 ® a2as . ..as) =

ka, | Ga, ;00102 ...05-2 @ a5+

ka, 5 Ga. ,00102...05—3 @ as — las +

Kay 5 Gay 300102 ... Q54 ® Q5205105 +
.+

kay ga,0 @ aias...as =
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ko, , aaiag...as—1 @ as —kq, , aa1az...as_2 @ as_105 +
ko, , aaias...as—2 @ as_105 — Kq, , Q102 . ..0s—3 @ Gs_205_105 +

ko, 5 aaiag...as—3 @ as_205_105 — kq, 5 aQ102...05—4 @ Qs_3...05 +

.+
ko, a01 @ asas...as — kqy a @ ajas. .. as). (3.2)

Now equating the above (3.1) and (3.2) we get:
[ka, , — ko] (aaras...a5-1 ® ag) +
ko, — ka. ] (aaraz...a5-9 ® as_1as) +
(ka, s — ka,_,] (aaraz...as-3 ® as_sas — las) +

L+
(ko — ko, (a ® araz...as) =0,
whence ko, , = ka,, ko, 5 = Kay 15 kay 5 = Kao o, -+ 5 Kay = Koy, and k, = kq,. We therefore

have the result that for any two arrows = and y in some relation, k, = k.

Now we use the fact that I saturates I' to link any two generators via a sequence of
relations, and obtain an isomorphism between Endae(B;) and K for each B; in the bimodule
decomposition of Q4. (A). Let g, and g, be generators of B;, and let ¢ € Endae(A). Since
v, and v, are in the same component C; of GG, a is contained in some path p in I' and b is
contained in some path ¢ in I" where p and g overlap on some arrow x. Now since [ saturates
I there is a relation p, in I such that a occurs in p, and a relation p, in I such that x occurs
in p,. Furthermore we are guaranteed, since [ saturates I', a ’sequence’ of relations from

Pa tO p, or vice versa, since each arrow in I' contained in a path of length at least two lies
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in some relation, and each of the relations in this sequence must overlap in an arrow with
the next. Using the above result that each generator of B; associated with an arrow in a
particular relation is sent by ¢ to the same K multiple of itself, we see that if ¢(g,) = kaga
and ¢(g.) = kyg., we have that k, = k,. In a similar manner we will have k, = k, from
which it follows that k, = ky. This proves that for any generator g associated with a vertex
in G we will have ¢(g) = k, - g , and hence for any b € B;, ¢(b) = k, - b. So we see now that
¢ is completely determined by k,, and we have an obvious isomorphism between Ende(B;)
and K. Thus we have that B; is indecomposable for all I, and that the decomposition given

in the first proposition,
O (A) =[] B:
is an indecomposable decomposition when [ and I" satisfy the conditions that [ saturates I

and I' has neither oriented cycles nor multiple arrows between vertices.O

In a later chapter we will be describing projective resolutions which involve tensoring
Q. (A) with itself. We would like to have an understanding of how the bimodules B; in the
decomposition of Q24.(A) behave when tensoring Q). (A) with itself. A description of this lies

in the following proposition.

Proposition 3.4 Let Q}.(A) = [[ B; be the direct sum decomposition of Q}.(A) given by

computing the graph Gr 1 as above. If i # j then B; ® Bj = 0.

Proof. Recall that when tensoring over A we may pull elements of A across the tensor as if
they were scalars. Thus p ®4 ¢ will be zero unless ¢(p) = o(q). Let pg.q be in B; and rgys
be in B; with ¢ # j and p,q,r, and s paths in I'. The assumption ¢ # j guarantees that
in the graph Gr the vertices v, and vy lie in different connected components. This meant

that there is no path including both a and b in I', and therefore we are guaranteed that g¢r



18

is not a path in T, that is, ¢ -7 = 0. Therefore if pa, aq, rb, and bs are all in N> we see that

DPgaq R Tgps = 0.

We are now left with the case that some of the four terms above must be rewritten.
Recall that pg,q = pa ® ¢ —p® aq. At worst we might have both pa and ag not in Nontip(I),
and we would need to rewrite pg,q = > ki (Dmam ® q) — > kn(p ® angn). [Here p,, and g,
are paths, not equal to p or ¢, and a,, and a, are arrows which may or may not be equal
to a]. If we need to rewrite one of b or bs we do so, but we notice that when tensoring
Pgaq R4 Tgps we still are looking at sums of things of the form o1 ® 0 ®5 03 ® 04 where o; is
a path in A>;. This tensor will be zero unless ¢(02) = o(03). If this were the case then the
last arrow of 02, B,,, and the first arrow of o3, a,; would be such that vg,, and v,,, are in
the same component of Gr ;. Because of the definition of Gr; we know that vg,, and v, are
in the same component of Gr s, and that v,,, and vy are in the same component of Gr 7, and
hence v, and v, are in the same component of Gr ;. This is impossible, since by assumption
v, and v, must be in different components of Gr ; since g, is a generator of B; and g, is a

generator of B; with ¢ # j.

We are therefore left with the result that if ¢ # j then B; ®5 B; = 0.0

ONE SIDED DECOMPOSITIONS

We desire a decomposition of Q}.(A) as a left or right A-module. We begin with the

following obvious lemma:

Lemma 3.5 If we consider the set of all elements of Q. (A) with the form a;@p—o(a;)@a;p,

that is, ga, - 1 ® p, where p is a Nontip(I) path with appropriate origin, we have a generating
set for QL.(A) as a left A-module.

Proof. Indeed, any element of Q4. (A) may be realized as a bimodule sum
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> (qa:i @ p— q® aip),

which is easily seen to be a sum of the form

S - (4@ p - o(a:) ® ap).0

Since this will be a left generating set, we refer to the left generator a ® p — o(a) ® p as
lqp. While this set is a generating set, we desire a smaller set. In particular we note that if /
is generated by a set of relations {p1, p2, ..., p+} which constitute a minimal Grdébner basis
for I, whenever tip(p;) | ap the corresponding left generator ¢, is superfluous. This result

is contained in the following lemma:

Lemma 3.6 Iftip(p) | ap for some p then Ly, is in the left A submodule of Q4. (A) generated

by the set of all elements of the form ap ® p — o(ay) ® arp where agp € Nontip(i).

Proof. We prove the case that ap = tip(p), with the other cases being obvious extensions
of this one. So we let (p) = aby-- by + >, ki(bia- - bim,), where tip(p) = aby - -- by, and

p ="0by---b,. We begin with the following observation:

aby -+ - by, @ t(by) — o(a)@aby - - - by, =
aby b1 (b @ (b)) — 0(bym) @ by) +

aby - bm—a (by—1 @ by — 0(bp—1) @ byy—1bm) +

a-(b1®bg"~bm—0(b1)®b1~~~bm)+

(@®by-- by —o(a) ®aby -+ by)
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which we rewrite as follows:

m—1

S aby by (b et) + Lap.

J=0

Similarly we observe that for each of the nontip summands of p:

bt bim; @ t(bim;) — 0(bi1) @bix-+bim;) =
m;—1
Zj:l bi,l to bi,j ' (gbi,j+1"'bi,mi )

So we see that:

m—1

"L aby by - (lay i) + Lap =
m—1
- Zz ki Zj:o b',l to bi,j ' (gbi,j+1"'bi,mi )

Solving for /,, gives the following formula:

m—1 m—1
gap = — Z aby - - bj . (gbj-',-l"'bm) — Z kl Z bi,l ce bi’j . (gbi,j+1"'bi,mi)
j=0 i j=0

where every term on the right hand side is a left multiple of an element ¢,, where bq €

Nontip(1).0

This result has the following immediate corollary:

Proposition 3.7 As a left A-module Q}.(A) is generated by {{,, : ap € Nontip(I)} when

we have fized a minimal Grobner basis for 1.0

This leads us to the following decomposition of Q4. (A) as a left A-module:
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Proposition 3.8 As a left A-module Q4. (A) is isomorphic to:
H H Ao(a).
a€l1 dimg (ah)

Proof. We note that anything of the form o - £,, is in rQ}.(A) for o any path in T' with
positive length. So the only possible elements of Top(2}.(A)) are the £,,s. We claim that

these elements do indeed comprise the Top, since if

D kil = ) ko,

where the o; are paths of positive length, then we have that

D ki ® pi — kio(ai) @ aipi = Y kjoib; @ g5 — kjo; ® big

and hence

Z kio(a;) ® a;p; = Z kia; ® p; — Z kjo;b; ® qj — kjo; ® bjq;

where the elements on the right hand side of the equation all have a path of length at least
one on the left hand side of the tensor, and as such are distinct from the elements on the
right hand side of the equation. This of course is impossible, since nontip ® nontip forms
a k-basis for P°. Tt is evident therefore that Top(€2i.(A)) is in one to one correspondence

with the set of all ,,, and the result follows.O

We remark that the obvious analogues to the preceding two propositions and the two

lemmas before them also hold, that is:



22

Lemma 3.9 If we consider the set of all elements of the form pa®t(a) —p®a where p is any

path with appropriate terminus, we have a generating set for Q4. (A) as a right A-module.0

In an analogous manner, the generating elements pa ® t(a) — p ® a of Q4. (A) as a right

module are denoted by 7.

Lemma 3.10 If tip(p) | pa for some p in a minimal Grébner basis for I then rp, is in the
right submodule of Q. (A) generated by the set of all elements of the form gb ® t(b) — q® b

where qb € Nontip(l).O

Proposition 3.11 As a right A-module, Q}.(A) is generated by {rp, : pa € Nontip(I)} for

some fized minimal Grébner basis for 1.0

Proposition 3.12 As a right A-module Q4. (A) is isomorphic to:

H H t(a)A

a€l'y dimy(Aa)

We also remark here that the left and right decompositions of Q}.(A) can be recast as follows:

IT Ao(n) IT A

nEN21 nEN21

where we recall N>; denotes the subset of Nontip(I) consisting of all elements of length

greater than or equal to one. This description will prove useful in the future.
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We also record here for future use the rewriting rules obtained in the proof of the second
lemma for writing ¢,, where ap is not in Nontip(l) in terms of the minimal generators. Let
p denote the relation ay - - - ap + >, kibi1 - - - bim, with tip(p) = a1 - - - ap. Then we have the

following:

loyooay, =

m—1
— E ai:-- CLj . gaj+1~~~am
Jj=1
m;—1

— E kl E bi,l s bi,j—l . gbi,]’"'bi,mi
- =

(2

Coomrayay, =

— E kigfﬁl"'fﬁtbi,l“'bi,mi
i

I

m—1
— E ay- i Loy amey e
j=1

m;—1

— E kl E bi’1 s bi,j—l . gbi,]’"'bi,miwl"'wt
i j=1



Chapter 4

Enveloping Algebra Resolution

Now we will give an application of the previous decompositions in describing a projective
resolution of A as a right module over its enveloping algebra A® = A’®A. Recall that we have
Top(e(A)) generated as a left A-module by {l,, = a®p—o(a) ® ap : ap € N>, } for some
fixed minimal Grobner basis for 1. Our object will be to describe a A® projective resolution
of A by repeatedly tensoring (over A) a canonical short exact sequence with Q4. (A). This
description will be in the form of a description of the projective A®~-modules as a direct sum
of modules of the form (v ® w)A®, with v and w vertices in I', and a description of the maps
between the projectives in terms of where each (v ® w) is to be sent. We will begin with the

following proposition:

Proposition 4.1 Let y My be a A-A-bimodule, which is projective as a left A-module. Then

M @, (Av @k wA) is a projective A®-module.

Proof We note that M ®, (Av @ wA) is clearly isomorphic to Mv ®x wA. Since M is
projective as a left A-module, there is y/N so that M & N is free as a left A-module. We
note that since v is an idempotent, Mv & M (1 —v) = M, whence Mv @& (M(1 —v) & N) is

free, and Mw is still projective as a left A-module. Thus Mv = [[ Au where u is a vertex

24
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in A and hence M ®j (Av @k wA) = Mv @k wA = [[(Au ®x wA), which is clearly a A®

projective module.O

We now have the following immediate corollary:

Corollary 4.2 If P is a finitely generated projective A°-module, and M is a A — A bimodule

which is left projective, then M @, P is a projective A®-module.C

We now note that we have the following short exact sequence:

0— Qe(A) - P° - A—0

with P [,er, (v ® v)A°, and the map from PY to A given by v @ v — v. We can tensor
this over A with Q}.(A), and obtain the following short exact sequence (exactness follows

from the fact that Q4. (A) is projective in mod(A))

0 — Qe(A) @p Qe (A) — Qe (A) @4 P — Qe (A) @4 A — 0

which we can tensor again with Q}.(A) to obtain:

0 — Q% (A) = @30 (A) @ P° — @305 (A) @4 A — 0

and continue in this manner to obtain:

0 — @THOL(A) = @O (A) @4 P° — @10 (A) @4 A — 0.
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Note that in each case we see that the middle module is projective as a A°-module by
the previous proposition, and that the modules ®} Q. (A) @5 A and @} Q. (A) are clearly

isomorphic. Thus we can assemble these short exact sequences in the following manner:

0 — QL (A) — P — A — 0
0 - @2%AN) — QAP — QA A — 0
0 — @3N — A0 (A) @A P° — 30 (A) @A — 0

L
)

0 — @MU (A) — @FU(A) @4 PY — @FU(A) @A A — 0

and we see that if we define P" to be the middle term in the nth sequence, @7 Q. (A) @4 PP,
by following the series of the next three maps we have a projective resolution of A as a
A¢-module. We are now ready to describe the projective modules in this resolution as direct

sums of indecomposable projective A®-modules (v ® w)A°. We need the following result:

Proposition 4.3

DM @r(vewhr = [  opow A
{pPEN>1:t(p)=0}

Proof. We know from the previous proposition that Q4. (A)®4 (v®@w)A® will be a projective
A° modlule, so we look for its top. A generic element of the tensor module will be a sum of
elements of the form Ay1gaAa2 @A Aa3(v @ w)Aaq. Clearly this will be in the top if and only

if Ay1 = o(a) and Aoy = w. So we are left with the top of Q%.(A) ®4 (v ® w)A® consisting of
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elements of the form g, A2 ®@a Aa3(VOW) = garaz a3z @A (VW) = Lar,on,: R4 (VR w). We recall
that if aAs2\.3 s not a nontip, we may rewrite it in some form l,,,x,, = Y fb; Where each bq
is a nontip, and that otherwise there is no interdependence among the ¢,,s with ap a non-tip
(except via right multiplication, which will never happen here), and so we have a description
of the top of Q}.(A) ®4 (v ® w)A® as one o(a) ® w for each minimal ¢,, with ¢(p) = v. The
isomorphism now immediately follows since there are exactly | {p € N>1 : t(p) = v} | such

lops.O

As an immediate corollary to this we have that

() @ P T o) @) A%

PEN>1
and we remark that it is evident from the proof of Proposition 4.3 above that the element
o(p) @t(p) of the top of Q. (A) ®a P arises from the minimal left generator £, ,- of Q. (A)

tensored with the element ¢(p) ® t(p) of top(PP).

We also see that @3Q. (A) ®a P° = Q5. (A) @4 [[epe, o(p) @ t(p) A°, which gives us

that

D3 Qe (A) @y P° = 11 o(pr) ® t(ps) A“.

{p1,p2EN>1:t(p1)=0(p2)}

where the element of the top o(p1) ® t(pz) corresponds to £, - ®a L, - @ t(p2) ® t(p2).

We see then that inductively we have the following:

Proposition 4.4 As a projective A°-module,

QRO (A) @y PO = 1T o(p) ®t(p,) A0

{p1,- PnE€EN>1:t(ps)=0(pit1)}
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where o(p1) ® t(py,) corresponds to:

gaplpl_ ®A gap2p2_ ®A e ®A gapnp; ®A t(pn) ® t(pn)

In order to simplify notation we make the following definition:

Seq(n) = {(p1, .. ,pn) € N=1)" : t(pi) = o(pisa) }-

We see that this enables us to recast our isomorphisms above to obtain:

DU M) @n PP I olp) @tpa),

(pla"' aPn)ESeq(n)

where we point out again that o(p;) ® t(p,) corresponds to:

gamh— O g‘lpgpg_ QA - @A gapnp; XA t(pn) ® t(pn)

Now we turn our attention to the maps in the resolution. Recall that we have P° =
[Ir,v®v and P* = @RQ}.(A) ®x P°. If one refers back to the diagram of short exact
sequences given above it is clear that the maps in the resolution arise from the following
commutative diagram:

QL (A) @y P B @7 QL (A) @y P

l T
DR U(A) @a A — @FQ(A)
where the map d,, will result from following the left, bottom, and right edges of the square.

Thus the map will be the identity on n—1 copies of }.(A) and arise from the composition of

the maps between P? and A and the inclusion from Qj.(A) into P° (ignoring the isomorphism
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on the bottom). We wish to compute this map when we think of P* as []g.,(,) o(p1) ®
t(pn). In terms of the generators of the top, (p1,...,ps) in Seq(n) corresponds to lo, pr ®A
Ay, o @nt(pn) @E(pn), so the map down the left hand side of the square takes o(p1) ®t(py)

to £ A ...Eapnp; ®a t(pn). The isomorphism on the bottom of the square effectively

Ap1 Py

drops the t(p,), so we are left with following Eapl o7 ®A - .£___ up the right hand side of

QAppPn

the square. This amounts to viewing ¢ = ap, @ p, — 0(pn) ® ap, P, as a sum of two

OppPn
basic tensors in Py. We note furthermore that in our description of @} QL. (A) ®a P° we
pull all paths to the left of the last ®, leaving only something of the form v ® v on the right,

so our element Eaplpl— R .. .Eap - maps to

nPn

T4 T4

“Yoap, 1P, _10pn

®At(apn)®t(apn)pr_z_g ®At(pn—l)®t(pn—l)pn

Qp1 Py Qpy Py App—1Pn—1

In this case we have that o(p;) ® t(p,) associated with (pi,...,p,) € Seq(n) maps
to o(p1) ® t(ay,) - p, — o(p1) @ t(pn-1) - Pn, Where the corresponding elements of Seq(n)
are (P1,...,Pn—2,Pn-10p,) and (p1,...,Pn—2,Pn—1). One problem is the fact that Seq(n)
is defined to be sequences of Nontip(I) paths, and it is quite possible that p,_jq,, is no
longer a nontip. In this case we must employ the rewriting rules given at the end of the
section on one sided decompositions of Q. (A) to rewrite £, o, asasum Y, \;-lyq, of left
multiples of minimal left generators of Q}.(A), £, where b;g; € Nontip(I). Following our
convention we move each of the \; to the left hand side of the tensor ®,, and have now that
dn(0(p1) ® t(pn) maps to Y. o(p1) ® t(bigi)p;, — o(p1) ® t(Pn—1) - Pn, Where the idempotent
o(p1) ® t(biq;) corresponds to (p1, ... ,Pn—2Xi, big;) in Seq(n — 1). Naturally it may be the
case that some of the p,_o\; are not nontip paths in N1, and so these will also necessarily
be rewritten in computing d,o(p1) ® t(p,), and this process will continue until either there

need be no more rewritings, or until we have rewritten in the first position £, = > Ajfy,q;,

and the image of o(p;) ® t(p,) will contain summands of the form A;o(b;q;) ® t(p,—1)p,, , and



30

no more rewritings are possible.

The above discussion is recorded in the following theorem:

Theorem 4.5 A projective resolution of A as a right A°-module is given by

d _q1 dn— d
Lprmprl st P PY A0

where

PO~ H v@uv A Pt H o(p1) ® t(p,) A°

vely (p1,..- ,pn)ESeq(n)

forn>0,v®v %y and for n >0, d, is given by:

o(p1) ®t(pn) — o(p1) ® t(pn—10p,) P, —0(p1) @ t(Pn-1) - Pn
(p1>"' >pn) (p17"' >pn—1apn) (p17"' >pn—1)

unless pn—_10y, &€ Nontip(l), in which case we rewrite:

Mnp—1

— n—1
gapn—lpr_b—lapn - Z )\n—l Zgaz‘h
=1

to obtain:

o(p1) ®t(pn) — Yoimiolp) @t(q) - p,  —o(p1) ® t(pn1) - P
(Ph--- >Pn) (Pl;--- >pn—2)\n—1,i>ai%') (Ph--- >Pn—1)

unless pn—ain—1,; ¢ Nontip(I), in which case we rewrite again:

Mmnp—2

Pn—2An—1,i § : )\n 2aJ a]q]
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to obtain:

o(p1) @ t(pn) > i 0m) ®t(a) - p, —0(p1) @ t(Pn-1) - Pn
(Pb--- >Pn) (pb--- >pn—3)\n—2,j>anj>aiQi) (ph--- ,pn—1)

and so on, until we need rewrite no further.0

From this it should be clear that if I' contains no oriented cycles then kI'/I is of finite
global dimension, since at some point one runs out of possible sequences of paths of lengths
at least one, and hence the A° resolution of A stops. (This is a well known fact). It should be
pointed out that it is also well known that the converse is not true, that is, there are algebras
of finite global dimension whose quiver does contain an oriented cycle. An example is given
by any algebra A whose quiver is an oriented cycle of length n and whose one relation for
the ideal I is a path of length n. Such an algebra is clearly monomial, and results of [10]

guarantee finite global dimension.



Chapter 5

Resolutions of Simple Modules and
Ext’ (Sy, Sw)

As a first application of this bimodule resolution, we will compute projective resolutions of
simple A-modules S, and use them to obtain information about Ezt}(S,, S,). We remark
that by using one point extension quivers, the ability to construct projective resolutions of
simple modules makes it possible to compute projective resolutions of an arbitrary A-module

M (see [9]).

The resolution of the simple A-module S, associated with the vertex v in I'y will be
obtained by by tensoring S, over A with the above bimodule resolution. We note that the
tensor S, ®a Ajw; ® weAy will be zero unless \; = w; = v, and hence the projectives in our
resolution of S, will arise from precisely those (p1,. .. ,p,) in Seq(n) such that o(p;) = v. We
define Seq(n,v) to be the subset of Seq(n) such that o(p;) = v and arrive at the conclusion

that the projective resolution will be given by the following:

Proposition 5.1 The projective resolution of S, obtained by tensoring S, over A with our

bimodule projective resolution of A is given by:

32
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0 _ n _
Q =vA Q - H(P1,...,pn)€5'eq(n,v) t(pn)A
with the maps given as before, dy being the usual projective cover of S, and d,, : Q™ — Q™!

given by

t(pn) = t(pn—lapn) pr_z - t(pn—l) *Dn
(p1>"' >pn) (p1>"' >pn—1apn) (p1>"' >pn—1)

unless pn—10y, 15 not a nontip, in which case we rewrite

m
gapn_lp;_lapn = Z )\igaipi

=1
and obtain:
(p1>"' >pn) (p1>"' >pn—2)‘i>aipi) (p17"' >pn—1)

unless pn—aXi ¢ Nontip(I) and we rewrite another step back, continuing as far as necessary

to obtain an element of Seq(n — 1,v).0

We will now make the convention that when we are referring to the element ¢(p,) of
Top(Q™) associated with (p1,...,pn) in Seq(n,v) we will simply write (p1,...,p,). We
now wish to consider Ezt}(S,, Sy), and so we will need to apply the functor Homa (-, Sy)
to the above projective resolution. We make the following observations. First, if uA
is an indecomposable projective A-module, Homy(uA,S,) = 0 unless u = w, in which

case Homy(ul,S,) = K, that is w — ke,, where e, is the basis element of the one-

12

dimensional vector space S,,. Second, since we are dealing with finite sums, Hom(Q", S,,)

HSeq(n,v) Hom(t(py), Sw). We say a sequence (p1, ... ,pn) € Seq(n,v) fits vertex w if t(p,)
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w, and we define Fit(n,v,w) to be the subset of Seq(n,v) consisting of all sequences that

fit vertex w. Using this notation we obtain the following:

Proposition 5.2 If Q™ is the nth projective in the above projective resolution of the simple
S’U}
Hom(Q", Sy) = H KO

Fit(n,v,w)

We will again identify the basis element (0,0,...,0,1,0,...,0) of Hom(Q™, S,) with the
1 in the position corresponding to (pi,...,pn) in Fit(n,v,w) with the element (p1,... ,pn)
itself. Hence we are now identifying Seq(n, v) with Top(Q"), and F'it(n,v,w) with a canon-

ical basis for Hom(Q™, Sy).

Of course we now know a projective resolution of A/r =[] Sy, we merely take the

veTy
direct sum of all the resolutions of the simples. Here we have that the tops of the projectives
have basis Seq(n), and if we apply Hom(_, A/r) to this resolution we have a basis for the Hom
set also equal to Seq(n). In what follows we will be considering Ezt™(S,, Sy). One can either
pretend that we are computing this directly by resolving S, and applying Hom(_, S,,) or that
we have really resolved A/r and are applying Hom(_, S,,) or Hom(-, A/r) and picking out

the appropriate elements. That is, we can consider Ext™(S,, Sy, ) directly or we may consider

Ext™(A/r,A/r), of which Ext"(S,,S,) is a direct summand.

For the moment we will assume that we have resolved S, and will be computing in-
formation about Ext™(S,,S,) directly. We note that by applying the Hom functor to our

projective resolution, we obtain the following complex:

... Hom(Q", S,,) d<:i1 Hom(Q", Sw) & Hom(Q" ', Sy) « ...



35

and if we wish to compute Ext}(S,,S,) we must take the homology of this complex, com-
puting both Ker(d;,,) and Im(d}). To do this we must figure out what the maps d;
do to elements of Fit(n,v,w). Recall that if f € Hom(Q"*,S,), then d:(f) = f o d,.
So we take an element of Hom(Q"™',S,), (p1,---,pn_1), and apply it, (it is a map now,
taking t(p,_1) to 1 - e, and all other elements of Top(Q™™!) to zero), to d.((q1,--- ,qn))
for (q1,...,qn) in Seq(n,v). Hence if we really want to understand d; we will need a
thorough understanding of how d,, acts on elements of Seq(n,v). We begin with the ob-
servation that if (qi1,...,qn) € Seq(n,v) with len(g,) > 2, then ¢, is a path of positive
length, and hence d, takes it to (q1,... ,qn-1g,) - 4, — (¢1,--- s@n—1) - @n, both terms of
which will result in zero when mapped into S,, as any element of S, times a non-zero
length path will be zero. Thus we may restrict ourselves to considering those elements of
Seq(n,v) such that the length of the last path is one. We also note that if (qi,...,qn) is
an element of Seq(n,v) but t(g,) # w then no matter what d,(q1,...,g,) is in Q"', all
elements of Fit(n — 1,v,w) will take it to zero, since t(d,(q1,... ,qn)) = t(gn). So we re-
ally need to analyze the behavior of d,, only on elements of Fit(n,v,w) C Seq(n,v) with
len(gqn) = 1, as d(F'it(n — 1,v)) will be contained in the subspace of Hom(Q", S,,) spanned
by these elements. Finally we note that if (q1,...,¢,) € Fit(n,v,w) with len(g,) = 1 we
have d,,((q1,---,qn)) = (@1, , @n-1Gn) — (15 - ,@n-1) - ¢o. When we apply any element
of Hom(Q"1,S,) we see that (qi,...,qn_1) - gn is mapped to zero. Therefore we really
need only consider the first summand of the image of any element of Fit(n,v,w), since the
second is always maped to zero by any element of Hom(Q"!,S,). We define the map
d,, : Q" — Q™! to pick out only this first summand (and any elements of Q™! which arise

from rewriting it), and note that it is enough to consider d,, when computing Ext(S,, Sy).

Suppose that we list all basis elements of Fit(n,v,w) with len(g,) = 1, calling them

x1,%2,...,Ts. We list all basis elements of Fit(n — 1,v,w), regardless of the length of the
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last path, calling them y1, s, ... , 4. We will construct a matrix for d,. So we apply d,, to
each of the z;, noting that the result will now be merely a K-linear combination of the y;s,
cin(xj) = 22:1 kijyi, and obtain an s by ¢t matrix D,,, where the ij entry is k;;. So the image
of z; under the abbreviated chain map d,, will be recorded in the jth column of D,. Recall
that {y1,...,u} is a K-basis for Hom(Q"', S,,), and if we wish to compute d* (;)(z;) we
compute y; o azn(xj) But this is yi(zzzl kejye) = kijew, where e, again is the basis element
of S,,. We note that if we now consider z; to be the basis element of Hom(Q", S,,) taking
the element ¢(x;) of Q™ to e,, and all other elements of Q™ not K-multiples of this element to
zero, we have the image of y; under a?;; recorded in the ¢th row of D,, in terms of the partial
basis {x1,... ,xs} for Hom(Q", S,). We note now that if we row reduce the matrix D,,, we
will obtain, via the non-zero rows, a basis for m(dﬁ), (and the zero rows will correspond
to a basis for Ker(d*)). It will be in precisely this manner that we will obtain information
about I'm(d:) in Ext™(S,, Sw) = Ker(d:,,)/Im(dz).

Before we begin though, we need to know something about Ker(d} ), and the manner
in which we obtain this information will not be in the form of the matrix D,,; but rather
in terms of “liftings” of elements of Hom(Q", S,,) to Hom(Q"™,S,,). We make this notion

more precise with the following definition.

Definition. We say a basis element y; in F'it(n, v, w) lifts to a basis element (p1, ... , Pn, Pnt1)
of Fit(n+1,v,w) if J;‘Hl(yi)(pl, .oy Pn) # 01in S,,. Clearly this is equivalent to y; occurring

as a term of a~ln+1((p1, ey Png1))-

As we have already noted, if y; = (p1, ... ,pn) with len(p,) > 2, we write p, = p;’ - ,, where
len(B,,) = 1 and we see that (pi, ... ,p,) willlift to (p1,... ,Pa-1,D, Bp,) In Fit(n+1,v,w).
We are guaranteed here that len(p;7) > 1, so this is indeed an element of Fit(n+1,v,w). This

lifting is easily seen by considering dpi1((p1, ... »Pa-1,05 Bpn)) = (D15 -+ s D1, D - Bp,) =

(p1y--- ,Pn-1,Pn), and hence a?flﬂ(yz) will act in a non-zero way on (p1, ..., Pn—1,0), Bpn)-
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(This of course implies that d,,(y;) will act in a non-zero manner as well.) Of course
we see that if (p1,...,pn) € Fit(n,v,w) with len(p,) = 1 we will not be able to lift in
this manner. However, there is another way in which elements of F'it(n,v,w) may lift.

Let p be a relation in a Grébner basis for I, with tip(p) = ai---am, and p = tip(p) +

Sk Zm’ bi1 - bim;, where the a; and b; ; are arrows in I'. We consider the action of
dp41 on an element of the form (P1y- e yDne1,01 " A1, Q) 0 Fit(n+ 1,0, w). dpi1 takes
this element to (p1, ..., Pn-1,tip(p)), which of course must be rewritten. The reader is asked

to recall the rewriting formulas for the ¢,, elements for which ap ¢ Nontip(I) given at the
end of the chapter on left and right syzygy decompositions. From these rules we see that

our rewriting takes the form:

(p17 cevyPn—1,a1 " 'am) -

— g (p17...7pn_1a/1...a/j7a/j+1...a/m)

T m;—1

- Z k; Z (Pb .. >pn—lbi,1 s bi,j> bi,j—l—l s bi,mi)-
i=1 j=0

Of course it is entirely possible that one or more of the terms now in the n — 1 position
is no longer in Nontip(I), and will then necessarily be rewritten again. The point of this
example is that we are able to obtain a lifting of an element (p1,... ,p,) of Fit(n,v) when
Dn—1Pn contains a term of p as a proper suffix. It is also quite possible that if p,_1a1---a;
Or Pp_1b;1 - - - b;; were not in Nontip(l) and the element in the n — 1 position was rewritten,
that (pi1,...,p,) might occur as a term of that rewriting, with there necessarily now being

a pair of relations overlapping.

In order to get a complete understanding of the possible liftings we will require a con-
sideration of the rewritings which can arise under the map cin+1. In the example above, the

path p,_1p, contained a term of p as a proper suffix. We now consider the case that there



are two relations p; = a;---

such that tip(p2) =

am + D> ity kibig - bim, and pa ¢ -

Cm+zzl z

1y Overlaps with a term of pp, that is either we have:
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: di,mé?

Cl...cj Cj—l—l“'cm/
ai--- am/_j am/_j+1 c Qg
or

Cl...cj Cj—f—l"'cm/
bia - bigw—j  bigw—js1 - bigm,.

If we now consider the action of Jn+1 on (pi,... Am—1, ) We have this

7pn_27cl...cj7a/1...

element being mapped to (pi, ... ,pa—2,c1--- ¢, tip(p1)), which we rewrite as follows:

m—1
- Zizl (p1,- -
r m;—1
- 21;1 —k; tho (p1,- -

and in the case that the overlapping relations have overlapping tips (the first case in the

y Dn—2,C1 "+ CjQ1 - - Qjy Qi1 * ** Q)

y Pn—2, ClchtSCjbi,l ce bi,lu bi,h—f—l ce bi,mi)

y Dn—2, tip(p2), m/—j11 - - - A ), O in the case that tip(ps)

diagram), we will have a term (py, . . .
overlapps with a nontip summand of p; (the second case in the diagram), we will have a
bim;). In both of these cases we rewrite and end up

term (pl; cee yPn—2, tzp(pg), bi,m/—j—I—l ce

splitting terms of ps between the n — 2 and n — 1 position.

We see then that when we are dealing with rewriting twice (that is, there are two
overlapping relations), the path in the p, position must be the part of p; which ‘hangs off’

of the end of tip(p2). Also the path p,_sp,—1 must contain a term of py as a proper suffix.

To consider one further case before stating the general result, we suppose that there are

A, + Zz kibi,l ..

- fimy. There are several possibilities for

three relations with tips overlapping, p1 = aias . .. .+

Z k/ 'Ll 6// +Z k//

the way in which the tips of these relations overlap with the other relations, we will list each

. bi,m,-; P2 = C1C2 ..

zm ) and pP3 = €1€2.
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of these ways and then list the liftings possible under such configurations, all of which may

be checked by routine calculation:

To begin with we could have the following configuration:

al...aj aj+1...am
Cl...cm_j Cm_j+1...cm

and

Cl...cj/ Cj/+1...cm/
[ em/—j/ em/—j/—l—l et

This is the case where the tip of the middle relation overlaps with the tip of the other two.

In this case we have the following:

(pl; - 3y Pn—4, Xal cr sy As41 " Ay C—j+1 °* * Cmy €/ —j41 * * em”)
and
(pl, o s Pndy X031 bisy i1 Dy Cm g1 0 oy €1 v €m”)
lifting to (p1,... ,Pn—a, X, Q1 - Qj,C1 - Cjry €1~ Emr_1, Emn ).

We might have the tip of the first relation overlapping with a nontip summand of the

second, and the tip of the second overlapping with the tip of the third:
al...aj aj+1...am
din- digm—j dim—js1 - dim
and

Cl...cj/ Cj/+1...cm/
(S em/—j/ em/—j/—f—l Gt

Here we have the following liftings:
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(pl; «ee yPn—a, Xa1 st Qg, as+1 c A, di,m—j+1 s di,m;; em/—j/—f—l e em//)

and
(P1y - s Pa—ay Xbix o+ bis, bisi1 - bimys dim—j1 - - di,m;> emi—ji41° " Cmir)
lifting to (p1,... ,Pn—a, X, Q1 - Qj,C1 - Cjry €1~ Emr_1, Emn).

A third possible configuration of tip overlaps is when the tip of p; overlaps with tip(p2),

and tip(p2) overlaps with a nontip summand of ps:

al...aj aj+1...am
Cl"'cm—j Cm—j+1 ce e Cpy

Cl"'Cj/ Cj/—f—l"'cm/
fi,l e fi,m/—j/ fi,m/—j/—f—l e fi,m;/-

In this case we have the following elements:

(D1, P, X1 Ay Qg1+ Gy Gt *+* Coty fir—jryn =+ fime)

and
(P, Py Xbix -+ bis, bisr1 e bimyy Cmjir =+ Conty fiomr—jrgn =+ fi,m;/)
lifting to (p1,- -« s Pn—a, X, Q1+ Qj,C1 -~ Cjr, €1 - €1, Emr ).

Finally we could have tip(p;) overlapping with a nontip summand of py, and tip(ps)

overlapping with a nontip summand of ps:
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al...aj aj+1...am
dig-dim—j  dim—jy1 - dipm

and

Cl...cj/ Cj/—f—l"'cm/
fi,l e fi,m/—j/ fi,m/—j/—f—l o fi,m;/-

In this last case we have the following liftings:

(P15 s Pty Xar - Gs, Qsp1 - Gy digm—jir * Ayt fimr—je1 -+ fimy)

and
(P15 s Py XDt - bisy bisin -+ by, dim—jt = Dty fim—jr =+ fimy?)
lifting to (p1,- -+ s Pn—a, X, Q1+ Qj,C1- - Cjr, €1 €1, Emy ).

After computing all of the previous examples, it should be clear the the following lemmas
describe how elements of Seq(n,v) lift using the relations. Before stating them we will need

the following definition:

Definition. If a; - --a, is the tip of some relation p in a reduced Grébner Basis for I, and

if p="5y---by, is a path in I', where tip(p) and p overlap as follows:

102+ Gj QAjp1-: - Qp
by by bpji1-bm
we say the path b,_ji1 - - by, is the tail of the tip overlap of p and p, and the path a; ---a;
is the head of the tip overlap of p and p. We do allow the case that b,_ji1 - - - by, is merely a
vertex, that is, p is a suffix of tip(p). In this case we define the tail of the tip overlap to be
the vertex t(p). Clearly it is also possible for tip(p) to overlap with any other (not a suffix)

sub-path of itself, however these cases will be of no interest to us and we do not consider
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We can now state the lemmas describing liftings:

Lemma 5.3 If there are t relations ps, ... ps such that tip(p;) overlaps with a term of pii1,

and ;1 1S the tail of the tip overlap of p; and the term of p;11 with which it overlaps, then

(. .. yP1,P2,02,03,04, ... ,O't)

where a term of p1 is a proper suffix of p1ps, lifts to

(' ey Py T, T2y e T, th(Pt)+> Btip(pt))7

where T; is the head of the tip overlap of p; and the term of p;+1 with which it overlaps, and
p 1s the prefix of the term of p1 in the path pips. In this lemma we assume all of the overlaps

are non-trivial, that is, the tail of each overlap is a path of positive length.

Proof. Merely a computation. Notice that under the abbreviated mapping Jn+1 we have

(' ey P, T, T2y e e Te—1, t/lp(pt)+, Btip(pt)) mapplng to ( <y P1, T, T2, e 5 T, tzp(pt))7 which

will rewrite to (... ,p1, 71, T2, ... , Te—2, tip(pi—1), 0¢), which in turn rewrites to

(«ovyp1,T1, T2y oy Te—3, tip(pi—2), 041, 0¢), and so on until we obtain:

(...,p1,tip(p1), 02,08, ... ,01), which will then rewrite to:

(...,p1,tip(p1), 02,03, . .. ,0+) which will leave us with a term of p; being split between the

positions now occupied by p; and tip(p;), or the special case of a nontip term of p; remaining
entirely in the position now ocupied by tip(p;). In either case we now have rewritten to an

element of the form (..., p1,p2,09,03,... ,01) where a term of p; is a proper suffix of pip..0
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It is not clear from the above lemma what happens if ¢ip(p;) contains a nontip term of
pit+1 as a (necessarily proper) suffix. In this case o; will be a vertex, and hence (... ,0;,...)
will not be an element of Seq(n) since we required that each path have positive length. In
essence, g; does not appear in the element to be lifted, and one concatenates 7; and 7;11 in

the element to which is is lifted, as the next lemma describes:

Lemma 5.4 Again we consider t relations py, ..., ps such that tip(p;) overlaps with a term
of piv1.- We again denote the tail of the tip overlap of p; and the term of p;y1 by 0;41, and
we denote the head of the tip overlap of p; and the term of p;11 by 7. We assume here that
for some j, 1 < j <t we have len(c;) = 0. Again, if pip2 contains a term of p1 as a proper

tail then:

( yP1,P2,02,. .. ,05-1,0541,- .- ,O't)

lifts to:

(.o sp, T, Toy y Tj—1T55 Tj4+1, - - - >Tt—1>tip(ﬂt)+>5tip(pt))-

Proof. Again just a computation. Applying the map d}wl to the lifting above we obtain:

( sy Py T1y T2y« oo 5 Tj—1Tjy Tj41y - - - ,Tt_l,tip(pt))

which rewrites to:

( s Dy T1y T2y o oo 3 Tj—1Tj5y Tjgly e - ,tip(pt_l),at))
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and we continue this process as before until we reach the step:

(oo s T, Ty oo Tiatip(p)), Oty - -+ 5 Otm1), ).

At this point we are rewriting the element £, tip(,,) of QL. (A), and rewritings take the
form ). kil n, where n; are nontip terms of p;. One of these nontip terms will complete

tip(pj—1) when concatenated with 7;_1, so we now have:

(o1, T2y oy tip(pj21), 041y - - 5 0121), 01))
and the rewriting continues in the same manner as in the previous lemma.O

It should be a straightforward extension of the above lemma to describe lifitings where there
are two or more o; with length equal to zero, and where one of these length zero tails occurs
in the tth position. So far we have described certain elements of Seq(n) and how they lift
to Seq(n + 1), but we do not know that we have a complete description of all the possible

liftings. The next lemma will guarantee this.

Lemma 5.5 If (p1,...,pn) € Fit(n,v,w) with len(p,) > 2, then (p1,...,pn) lifts to the
element (p1,... ,Pn-1,01,0p,) in Fit(n + 1,v,w). Furthermore, aside from this case, lift-
ings like those given in the above lemmas (with t overlapping relations, p, = 0t Dn-1 =
Ot—1y. Pn-tsa = 02, and Pn_tPn—t+1 has a proper sufficx a term of p1), are the only pos-
sible liftings , if we also include the exceptional cases that t > n and we lift the element
(p2, 02, ... ,0¢) where py is a nontip term of p1 to (11,7, ..., Te—1, tip(pe)t, Brip(o,)) and the

cases where len(o;) = 0 and we adjust the Fit(n,v,w) elements and the liftings accordingly.

Proof. The first lifting is obvious. All of the rewritings in the proof of the above lemmas
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do give possible liftings, and the exceptional case when ¢ > n which is mentioned in the
statement of this lemma and should be an obvious extension of the proof of the preceding
lemmas. It now remains to show that these are the only possible liftings. So we consider an
element (py,...,pn) of Fit(n,v,w). Let (q1,...,qn+1) € Fit(n+ 1,v,w) with len(g,+1) = 1
be a lifting. We will show that (pi1, ..., py) has the form p, = o4, p,—1 = 04_1, etc., and that
(q1, - - - Gny1) has the form g, 11 = B,,,qn = pi, gn—1 = Ti—1, etc. We begin with (q1,... , gni1)-
dp.1 maps this to (1, -+ yGn-1,Gnqn+1). If len(p,) > 2 then it is possible that ¢,gn11 = pn,
and we must have p; = ¢; for ¢ ranging from 1 to n — 1. This is the obvious lifting of an
element of Fit(n,v) with len(p,) > 2. If it is not the case that ¢,gn+1 = pn, then we must
have ¢,¢,+1 not an element of N>, and we must rewrite. Since ¢, € N>; we conclude that
by adding the last arrow g,+1 we have introduced a tip. There are two possibilities as to how

this might happen. We have that ¢,g,+1 = X -tip(p), and the two cases are that len(X) =0

or len(X) > 1. If [en(X) > 1 we rewrite

gXtip(p) = Z king,-

where p = tip(p) — . kim;, and we now have

(q17 R >qn—1>Xmi)

or if len(X) = 0 we rewrite to obtain

(q17 <o 5 Qn—1Q, b)

and we now compare to see if Xm; or b is equal to p, and ¢, 1 or ¢,_1a is equal to p,_1,

in which case we have a lifting. Otherwise, we need another rewriting. In the first case we
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have o; equal to a vertex, and continue rewriting in the nth position, or in the second case
we necessarily have ¢,_1a not in N1, and so b, which must be p,, is a tail of a tip overlap.
The rewritings, if necessary, continue in this manner, but we point out that each rewriting
requires a tip overlap and leaves either (pi,...,pn), or a tail of a tip overlap and another

rewriting. The result of the lemma follows from these observations.O

At this point what we really have described is all basis elements of Hom(Q", S,,), ie.

elements of F'it(n,v, w) which lie in Ker(d;_ ).

Proposition 5.6 7 = (p1,... ,ps) € Fit(n,v,w) is an element of Ker(dy ) if and only if

n is not of the form of the elements above which lift to elements of Fit(n+ 1,v,w).

Proof It is clear that if  does not lift, then n € Ker(d; ) since for each basis element « of
Top(Q™) we have that 7 does not occur as a term of d,,1(x) (if it did n would have lifted
to z), and so df_;(n) is zero on all of Top(Q"**) (and hence all of @™**'.) The above lemma

describes completely the basis elements which lift, and the result now follows.O

In order to make some homological computations we will now make some assumptions
about the quiver I' and the ideal I. Let py1, p2, ..., pn—1 be overlapping monomial relations
(not necessarily distinct) in a reduced Grébner basis G for I. We assume that p; does not
overlap with p;12. We denote the head of the tip overlap of p; and p; 11 by 7, and we denote
the tail of the tip overlap of p; and p;11 by 0;11. Define the operation * on paths p and ¢ to
be

pxq=(p\q) (pNgq) (q\p),

which in essence removes the overlap, and let P denote the path p; * p2 * p3... * pp_;.

We assume that p; % p;y1 does not contains as a subpath any term of any relation in G
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except p; and p;11. Among other things this avoids the complications which arise from tip
overlaps with tails being vertices. Note that we are not assuming a monomial ideal 7, merely

monomial relations along P and no nontip terms of other relations being subpaths of p; *p;;1.

Proposition 5.7 Under the above assumptions we have that

Exti(o(P), t(P)) # 0

if len(op—1) > 2 orif o, = p; for all i, that is, if pi_1 and p; overlap in only an arrow.

Proof. It will be clear from the previous discussion on liftings that the assumptions guar-

antee us that the element

77 — (T17T27 o >Tn—27pr—’z——17ﬁpn—1)

is in Ker(d}

*.1)- To see this we note that len(8,, ,) =1 and p,|_; - 8,,_, does not contain a

term of any relation as a proper tail by assumption. If 3, | is indeed the tail of a tip overlap
(which must happen for 7 to lift, then we must have either p} | the tail of a tip overlap
or T,_op, ; containing a term of some relation as a proper tail. The second case cannot
happen since 7,_2p, ; is a prefix of p, s * p,_1, which by assumption does not contain terms
of other relations. So if n were to lift we would need p! ; to be the tail of a tip overlap as
well as 3, , being a tail of a tip overlap. At this point the lifting of n will require either
T;Ti+1 containing a term of some relation as a proper tail, which our assumptions rule out,

or 71 being a nontip term in some relation, which our assumptions again rule out.

We now compute d,(n). This takes the form:
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(T1, T2y« o+ s T2,y Pr—1)

which must be rewritten to give elements of the form

/
(T1, T2y« « s Tn—2SUbp_1, SUD],_{)

/

where sub,_;sub),_; is equal to p,—1. At some point we will rewrite to an element of the

form:

(T1, T2y« -+ Pr—2, On—1)

which rewrites to elements of the form

/
(Tl, T2y ... ,Tn_gSubn_g, Subn_Q, Un—l)

until we reach

(7'1, T2y, Pn—3,0n-2, Un—l)

and so on until we are rewriting p;, all rewritings of which go to zero, and we have the final

elements of the form

/
(T15ubg, sUbY, 03, ..., Op_9,0n-1).

We note that sub) is always a longer path than o;.
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It is evident that if p; and p; 1 overlap in only one arrow for all ¢, that is, there are no
sub; in the sense of the above computations of d, (1), we have d,(n) = 0, in which case it is
clear that 7 considered as an element of Hom(Q", S,,) is not in I'm(d},_,), and hence is a non-
zero element of Ext}(So(p,), St(p,_,). It is however, as we see from the above computations,
too much to expect that d,(n) = 0 most of the time. This does not necessarily imply that

n € Im(d}). We recall our matrix D,, and note that we have the following:

n
X1 kl
i) kg
Tt kt

where k; is nonzero in k and each z; is one of the elements

/
(7'1,7'2, R ,Tjsubj+1, subj+1,0'j+1, .. -Un—l)-

If len(o,-1) > 2 each of the z; lifts in the obvious way to y; which equals

/ +
(Tl,TQ, e ,TjSubj+1, subj+1,0'j+2, .. .O'n_l,ﬁgn_l).

We claim that except for this and the lifting of x; to 7, there are no other liftings of x;. We
are assured that 0;0,11 does not contain a term of any relation as a proper suffix since 0,011
is a subpath of p; x piy1. sub 0512 is a subpath of pji1 * pji2, and as such contains no
term of any relation as a proper suffix. 7;subj 1sub},; contains p; as a proper suffix, which
gives us the lifting to 7 in the first place, but no other terms of any other relations as proper

suffixes since 7;subj1subj,; is equal to p; * pj11. 7j_17;5ubji1 is a subpath of p;_; * p;, and
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so contains no terms of any other relations as proper suffixes. Also 7,741 is a subpath of
pi * pi+1 and as such contains no terms of any relations as a proper suffix, and it is clear that
71 cannot be a term in any relation. This establishes that the x; elements lift to nothing
other than 7 and y; (assuming len(o,—1) > 2). Our matrix D,, then contains a block of the

following form:

Y1 Y2 . Y+ M
X1 1 0 0 kl
i) 0 1 0 kg
z 0 0 ... 1 Kk

from which we deduce that 7 is a non-zero element of Ext}y(o(P),t(P)), since it canot lie in

Im(d;).0

An immediate corollary to this is the infinite global dimension of algebras for which there
are overlapping monomial relations ps, ... p; along some cycle such that p; overlaps with p;
and the relations in G satisfy the assumptions of the above proposition. Again we point out
that we do not require that I be monomial, merely that the relations p; are monomial, and
that no terms of the other relations occur as subpaths of p; * p;1;. An example of this is

given by the following:
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m
We let the relations be: bed — fgh, igj, jkl, Imn, and nio, along with anything at all on
the outside of the .... Letting p; be successive relations around the octagon, we will have
P being powers of the path around the octagon. The overlap of these monomial relations is
one arrow, so this falls into the easy case of proving n not in Im(d}). The relations clearly
satisfy the assumptions we made to prove the non-vanishing of Fxt. Notice that we even
have a non-monomial relation intersecting the monomial relations around P, we just don’t

have a term of the relation contained in p; * p;41.

Another example of an algebra which exhibits this type of behavior is:
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where the ideal I is generated by the relations {adf,dfhi, hijk,ceg — bdf,gh}. A Grébner
basis for I under the length lexicographic order is given by G = {adf,dfhi, hijk,ceg —
bdf, gh,bdfh}. Our results guarantee us, via the overlapping relations adf, df hi, and hijk that
Ext}(Sy, Sw) # 0. They do not guarantee the case of the overlapping relations bdfh, df hi,
and hijk, since bdf, a term in ceg — bdf, is a sub-path of bdfh x df hi. So our techniques do
not guarantee the non-vanishing of Ext}(S,,S,). It should be pointed out that by using
minimal resolutions it is possible to compute dimy Ext}(Sy.,S,) = 1 in this case. This

algebra is clearly of finite global dimension.

We also note that the vanishing of Ext}(S,,S,) is of interest. It is known that the
number of times the indecomposable projective v ® wA® occurs in the nth projective in the
minimal A€ resolution of A is equal to the k-dimension of Ext}(S,,Sy,). It is clear from the
description of the modules in the resolution of S, that if there is no oriented path from v to
w in I' then wA will never occur as a summand of Q. Furthermore if there are no paths of
length greater than m between v and w we see that wA cannot occur as a summand of Q°

for ¢ > m in the projective resolution of S,.



Chapter 6

Comparison With Minimal
Resolutions

BIMODULE RESOLUTION

We described a projective resolution of A as a right module over its enveloping algebra A¢

by repeatedly tensoring the short exact sequence:

0— Qe(A) —-P° = A—0

with the bimodule Q). (A). An interesting invariant of A is the minimal projective resolution
of A as a A°-module. We would like to know how our resolution differs from the minimal

resolution.

We will denote by Q™ the nth projective in the minimal resolution of A. P™ will denote
QR (A) @5 P, the nth projective in the resolution of A given in this thesis. The nth
syzygy of A, denoted Q7. (A) is the image of the map Q™ — Q™. Recall that @} Q). (A) is

the image of the map P* — P" 1.

To begin our comparison let us consider the following diagram:

53
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0 — Q}\e(/\)@,\ﬂle(/\) — Q}\e(/\)@APO — Q}\e(/\)@AA — 0

l l l
0 — Q%(A) — Q' — Qle(A) — 0

where the rightmost vertical map is clearly an isomorphism, and the middle vertical map
must be onto since @' is the minimal projective cover of Q}.(A). The snake lemma (see [13]
for example) will force the leftmost vertical map to be surjective, and the kernels of the left

and middle vertical maps to be identical according to the following diagram:

K? K? 0
! ! !

0 — Q}\e(/\)@,\ﬂle(/\) - Pl = Q}\e(/\)@AA — 0
! ! !

0 — 3. (A) — Q' — QL (A) — 0
! ! !
0 0 0

The middle column is clearly split, and hence we have that P! =2 Q' ® K2, or to say it a
different way, we have K? = P!'/Q'. A diagram chase guarantees that the left column is

split, so

RAN(A) = Q3. (A) @ P/Q

Similarly, we can now consider the following commutative exact diagram:

0 — K3 — K3 — 0
! ! !
R (A)
0 — 3NN — P? — I — 0
Q3. (A) @ K2
! !
K? — 0

l l

0 — 0 —

|
0 - Q3.(N) — @Q*BK? - M(Ne

|

0
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and in a manner similar to the last time we find ®3Q}.(A) =2 Q3. (A) & K? and K3 =~

P?/(Q?* ® K?). Inductively we have the following diagram:

0 — K" — K" — 0
! ! ll
®% Qe (A)
0 — IU.(A) — prt — I — 0
QA e K
! ! !
0 — Q) — Q'aK" — QUM@K — 0
! ! !
0 — 0 — 0

and we’ll have that

@p Qe (A) = QR (A) & K™

Now we will describe the modules K™. We saw that

K2 ~ Pl/Ql.

The next diagram gave us that

K= PY(Q* & )

which, if we substitute for K? gives us

P2
2 Pl
Qoo

Inductively we will have:
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Pn—l

Qn_l ©® P2

P I

@.
ONE SIDED MODULE RESOLUTIONS

Q*®

In the last section we obtained projective resolutions of simple right A-modules S,
by tensoring S, with our A€ resolution of A. These resolutions were used to investigate
homological properties of simple modules. It is evident however that these resolutions were
not the minimal resolutions of the simple modules. It should be clear that the minimal
resolution of a right A-module M, is an interesting invariant of its own right. We note
that the process used in the last section of tensoring (over A) a right A-module M with a
A° projective resolution of A to obtain a A projective resolution of M had nothing to do
with the fact that we were considering the case that M was simple. It is clearly possible
to obtain a A projective resolution of any right A-module M, by tensoring M over A with
the bimodule resolution. While these resolutions can also be used to investigate homological
properties of general right modules, we will be interested in this section in comparing the
projective resolution of a A-module M), obtained in this way with the minimal A projective

resolution of M. These results will parallel the above computations in the bimodule case.

We are assured of a minimal projective resolution of M:

--Q”—)Q”_l---QlﬂQOHM.

The minimal ith syzygy of M will be denoted W* Following the notation of previous

sections, we assume that we have a bimodule projective resolution of A as follows:
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--Pn—>Pn_1~~~P1—>PO—>A

where PO = [],cp, v ® vA® and P" = @RQ}.(A) ®4 Fy. The nth kernel in this resolution
was @7 Q% (A). We recall that each of the bimodule projectives P°, and each of the kernels

R%Q. (M) are projective as right A-modules.

A short exact sequence 6 = 0 - A — B — C — 0 is called pure exact it M ®, ¢
remains exact for all right A-modules M. Clearly if C' is projective in mod(A) then ¢ will be
pure exact, since applying the functor M ®, _ to 6 will result in the following:

Tory(M,C) = M®)yA— M®yB— M@yC —0

and Tor} (M, C) is zero since C is projective. We have therefore established the following

lemma.

Lemma 6.1 The short exact sequences

0 — @R (A) — @R (A) ®4 P° — @R (A) — 0

arising from our bimodule resolution of A are all pure exact.O

We note now that we have the following commutative exact diagram:

0 — M®AQ}X€(A) — M@)yP" - M@)yA — 0

! ! !
0 — wi — QO — M — 0
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where the rightmost vertical map is an isomorphism and the middle vertical map is surjective
since Q° is the projective cover of M. The snake lemma now assures us that we have the

following commutative exact diagram:

0 — K! — K! — 0
! ! !

0 — M®AQ}X€(A) — M@)yP" - M@)yA — 0
! ! !

0 — wt — Q° — M — 0
! ! !
0 — 0 — 0

and it is evident that the kernels of the first two vertical maps will be isomorphic, and we
denote this module by K. It is clear, since QU is projective, that M @, P° = Q° ® K, and
hence we see that K' = (M ®, P°/Q°). Tt is a simple diagram chase to determine that K*,
when viewed as a submodule of M ®, P?, is in the kernel of the map from M &, P° — M®\A,
and hence K! is in the image of M ®, Q4. (A) — M ®, P°. Tt is obvious therefore that the

sequence

0— K'— M@y Q. (A) — W —0

is split exact, since we have a ‘back’ map from the middle term to the first term. It is
therefore clear that M @4 QL. (A) 2 W' @ K, and we have described the first syzygy of our
resolution obtained by tensoring M with the bimodule resolution as the minimal first syzygy

of M plus a projective module.

We extend this process by considering the following diagram:
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0 — K? — K? — 0
| | |
M @p Qe (A)
0 - Moy@3QL(A) — M@yP' — | — 0
We K!
| | |
0 — w2 — QoK' — Wle K! — 0
| | |
0 — 0 — 0

which arises in the same manner as the first diagram. It is easy to see that we have the
analogous result here that W? @ K? = M ®, @304 (A). Inductively we see that we will

have the following diagram:

0 — K" — K" — 0
! ! !
M @ @) Qe (M)
0 — M®Xag ®Xﬂle(/\) — M@\ Pr! - H — 0
W’n—l @ K’n—l
! ! !
0 — wn — Qn—l o) Kn—l — Wn—l o) Kn—l — 0
! ! !
0 - 0 — 0

which will give us that W™ @ K™ = M @, @3Q}. (A).

It will now be our goal to determine what the K™ modules look like. We recall that we

have K' = (M ®, P°/Q"). From the above diagram we see that

K*=(M®,P)/(Q &K

which is isomorphic to



60

M ®, P!
M @4 P°
1

With n = 3 in the above diagram we would have that

K3 M ®p P?
= Q2 B M Q4 Pl
M ®Qp P°
Qe ———
Q-
Inductively then we have:
o M®A pn—l
- M ®x pr—2
Qn—l
n—2 ’
Qo o Mo P!
1 M ®p P°
CETo

A few words now about some decompositions. Recall that we gave a decomposition
Q. (A) = [ B; in Proposition 3.2 and that we established that B; ®x B; = 0 for i # j
(Proposition 3.4.) As a result of this we see that ®3Q}.(A) is isomorphic to [[®%B;.
Suppose that B; is such that ®}{'B; = 0. Then for any module with M ®, B; = 0 for j # i
we will have that pdy (M) < m where pdy (M) is the projective dimension of M. Furthermore
for any module M we have that M @, Q}.(A) is isomorphic to [[ M ®, B;. The resolution
of M in this sense ‘spreads out’ into the direct sum of the resolutions of M ®, B;. That is,
M @5 ®3%B;, M @4 ®3B;, etc. become the syzygies of the B; summand of the resolution.
Any B; with the nilpotency property described above will then guarantee that the ‘part’ of

M which has infinite global dimension must come from M ®x B; for j # i. In fact any B;
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which has the property that @} B; is projective in mod(A¢) will likewise contribute nothing
to the infinite projective dimension of M since we have already shown M ®, P is projective
in mod(A) when P is projective as a A-A-bimodule. It is easy to see that the existence of
an oriented cycle in Gr is sufficient to guarantee ®'B; does not vanish when B; is the
bimodule associated to the component of G ; containing the cycle. However the eventual
projectivity of @' B; is obviously more subtle. Conditions which either guarantee or prohibit

such behavior would be very interesting to see.



Chapter 7

Resolutions of Modules (Given by
Presentations

In this section we use the decompositions of Q4.(A) to give a new method of computing
a projective resolution of an arbitrary A-module M given in the form of a projective pre-
sentation. Unlike other methods of computing resolutions, this one does not require the
computation of a Grobner basis at each step in the resolution, but rather relies solely on the
Grobner basis for the ideal I in the path algebra KT'. As was mentioned in the introduction,
this is an iterative process, and hence is subject to minimization at each step, hence allowing
the construction of the minimal projective resolution of M. It may be interesting, if not in
any way useful, to note that if one does not bother to minimize at each step the resolution
of M obtained by this process would be exactly the resolution obtained by tensoring M over
A with the enveloping algebra resolution of A given previously. It is certainly interesting
to note that it is possible to begin this resolution at any step, that is, to begin by comput-
ing Q"™ — Q" — Q™! without computing any prior projectives or maps (although one
cannot compute the minimal resolution at these steps without first computing all previous

projectives and the maps.)
We begin by considering a right A-module M, which is given to us in the form of a
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projective presentation

QILQOHM_)()

The data we assume we know is a matrix for f in the following form: let @1 = [, w;A and
let Qo = [[; viA, then the matrix for f will be of dimension | I | x | J | and each entry f;;
will be an element of v;Aw;. In the case that one knows I" and (f;;) one can easily determine
the indecomposable projective summands of @); and Q)g. We will construct the first three
terms of a deleted projective resolution for M, the first term of which will be )y, that is, we

will construct the following:

n foo ~r f1
5 — Q1 = Qo

where M is the cokernel of f;. One might then take Qj — @) as a presentation of Q) (M)
and use this as the input to repeat this process, obtaining a three term deleted projective
resolution Qj — Q) — Q) — QL(M) of Q} (M), the first term of which is @}, and continue

in this manner to produce a resolution of M as follows:

5 @ @
! ! !
! ! !
O3 (M) & proj. QL (M) M
! ! !
0 0 0

where the middle row ... — Q) — Q| — Qo is the desired resolution of M.

In order to do this we will need to consider the minimal projective presentation of A as

a right A°-module, which is given below:
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P1NH0 Ae—>P0 HU®0A6—>A—>O

aEFl ’UEFO

where §(0(a) ® t(a)) = a ® t(a) — o(a) ® a. We will need the following well known result, a

proof of which we will indicate here for the sake of completeness:

Proposition 7.1 Let M be a finitely generated projective right A-module, and let P be a

finitely generated projective A°-module. Then M ®p P is projective as a right A-module.

Proof. Since M ®, (][] A:) = [[(M ®4 A;) it suffices to show that M ®, A° is projective
as a right A-module. M @4 A° = M @, AP @ A =2 M @ A = A¥x(M) which is clearly

projective. O

Since the functors _ ®, P, and _ ®, Fy are right exact, we may apply them to the

projective presentation of M, obtaining the following:

®1d1

Qi ANPL "= QoA P, — M®y P, —0

f®’Ld0

Q1R Py = Qo®pFPy— MRy FPh—0

where by the previous proposition, M ®, P, and M ®, Py are projective. Therefore the
epimorphisms Qo @y P — M ®x P, and Qg @7 Py — M ®5 Py split, and we have the

following split exact sequences:

0— Im(f ®idy) — Qo ®x PL — M @y P, — 0 (7.1)

0 — Im(f ® idy) — Qo ®r Py — M @ Py — 0 (7.2)
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We note that since we know f as a matrix (f;;), with each f;; € v;Awj, it is easy to determine
the indecomposable direct summands of ); and @)y, and then one may compute the following

modules: Q1 ®p P1, Q1 ®p Py, Qo @A P1, and Qo ®p Fy. In fact we have the following:

Proposition 7.2 If Q = [[; viA, Pi =[], o(a) ® t(a)A°, and Py = [, v ® vA®, then as
right A-modules,

QanP=[[]] I taa

I a€l'1 dimgviAo(a)

Qanh=[TI] II »A

I velgdimgv;Av

Proof. Note that the previous proposition guarantees that Q®, P, and Q®y F, are projective
as right A-modules. We describe an isomorphism from the top of the modules on the right
hand side of the = to the top of the modules on the left. First we describe the top of the
modules on the left. It is clear that v;A ®4 Ao(a) ® t(a)A is isomorphic to v;Ao(a) ® t(a)A
and that v;A ®, Av ® vA is isomorphic to v;Av ® vA. As we are now tensoring over K, we
may obtain any element of v;Ao(a) or of v;Av from basis elements of v;Ao(a) and v;Av. Thus
for each i, there will be dimg (v;Ao(a)) copies of t(a)A for the summand v;A ®, Ao(a) ® t(a)
of Q ®x P, and dimg(v;Av) copies of vA for the summand v;A @y Av ® vA of Q ®a F.
The isomorphisms between the tops of the projective modules are now clear, and the result

immediately follows.O

Now we are prepared to compute I'm(f ® id) in both of the above split exact sequences
(1) and (2). From now on, we will represent an element of the form v\ ®, v2 ® vs by
viA v2 ® vs. Let w; A o(a) ® t(a) be an element of Top(Q1 ®a P1). We wish to find the
image of this element under f ® id;. If we consider how this element is labeled, we see
that it arises from w; A\ ®a o(a) ® t(a), and now applying f ® id, keeping in mind that
fw;) =>2; fij, we find that f®idi(w; A o(a) @t(a)) =D, fijAo(a) ® t(a). Similarly, if
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wjAv®w is in Top(Q1 ®a Fy), we find that f®idy(wjlv@v) =, fijAv®v. We see then that
f ®@idi(Top(Q1®a 1)) € Top(Qo®a F1) and that f®ido(Top(Q1®a F)) € Top(Qo®a Fy).
First we will compute f ® idy(Top(Q1 ®a F)), and to do this we consider a matrix of
dimesion dimg (Top(Q1 @a Fy)) x dimg(Top(Qo ®a F)), where the column corresponding
to wjAv ® v will have entries equal to zero in every row except those corresponding to a
term of f;jAv ® v for some ¢, and in these rows we have the coefficient of that term in f;;.
Note that what we have defined here is a matrix corresponding to the vector space map
between Top(Q1 ®a Fy) and Top(Qo ®a %) induced by f ® idy. We column reduce this
matrix, and the columns now correspond to a new K-basis for Top(Qy ®a P,) such that
those basis elements corresponding to non-zero columns will map one to one onto a K-basis
for f® ido(Q1 ®a FPo). The K-basis for the image is of course obtained by reading down
each column, and we obtain a basis {x1, xs,... ,zs} for f®idy (Q1 ®x Fy) where each z; is
a linear combination of elements of our previous basis {v;Av @ v} for Top(Qo ®a Fy). Thus

the inclusion f ® idy (Q1 ®a Py) — Top(Qo ®a F) is obvious.

The construction of f ® id;(Q1 ®4 P1) inside of Qo ®a P, takes exactly the same form,
first we construct a matrix of dimension dimg (Top(Q1 ®a P1)) % dim g (Top(Qo @ P1)) with
each column corresponding to the image of a basis element w; o(a) ® t(a) of ()1 ®, P in
terms of the basis {v; o(a) ® t(a)} of Qo @4 Pi. Column reducing this matrix we obtain a
basis {y1, Y2, . . . Y+ } of the non-zero columns for I'm(f®id;), with each y; a linear combination

of the v;Ao(a) ® t(a)s. Again the inclusion f ® id(Q1 ®a P1) — Qo ®a Py is obvious.

At this point we should mention something about the split exact sequences (7.1) and
(7.2). We note that there is a natural short exact sequence 0 — Q) (M) — Qo — M — 0
in mod(A). If we apply the functors _®, P, and _®a Py to this short exact sequence, the

image will remain exact, and we will have the following:
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0— QM) ®@s P — Qo &y PL » M@y P — 0 (7.3)

0 — Q{(M) ®@x Py — Qo ®x Py — M @y Py — 0 (7.4)

which split since M ®, P, and M ®, Py are projective. Since the last two modules of the split
exact sequences (7.1) and (7.3) are the same, and the last two modules of (7.2) and (7.4)
are the same, we see that I'm(f ®, idy) = QL (M) @a Py and Im(f @4 idy) = QL (M) @4 .
Putting all of this together we see that we have the following commutative exact diagram,

with the first and the second column split:

0 0 0
! ! !
QM)A P — QUM @aPy — QUM)R4A — 0
! ! !
’LdQ0®6
Qo ®a P — Qo @4 Py — Qo A — 0
! ! !
M @p P — M ®p Fy — M @p A — 0
! ! !
0 0 0

We note that by Proposition 7.1 QL (M) @, Py and Q} (M) @4 Py are projective in mod(A),
and hence the top row is a projective presentaion of Q}(M). Furthermore, if we consider
QL (M) ®a P, and Q} (M) @4 Py as submodules of Qo ®4 Py and Qo ®4 Py respectively, we
see that we really have Q) (M) ®@x P, — QL(M) ®x Py — Qo — M — 0, the first three
projectives in a projective resolution of M. We have already described Q} (M) ®4 P; and
QL (M) @4 Py as Im(f ®idy) and Im(f ®1dy) respectively, and we have a description of their
tops. We now wish to describe the map between them induced by the map idg, ® 6. Recall
that 6(o(a) ® t(a)) = a ® t(a) — o(a) ® a. Recall also that {v; o(a) ® t(a)} forms a basis
for Top(Qo ®a P1), and that {v; v ® v} forms a basis for Top(Qo @ Py). We now see that
idg, ® 6(vido(a) ® t(a)) = v;hat(a) ® t(a) — v;do(a) @ o(a) - a. If we identify Q) (M) @4 P
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and Q4 (M) ®4 Py, with Im(f ® idy) and I'm(f ® id;) respectively, we can now construct
the map Q} (M) ®x P — Qo ® Py in the commutative diagram above. Recall that we have
previously included Im(f ®idy) = Q% (M) @4 Py into Qo @4 Py, and we know that restricting
idg, ® 6§ to Q) (M) ®4 Pi will result in an image inside Q) (M) ®, Py, but the image is in

terms of our basis for Qy @, Py, and not in terms of our basis for Q} (M) @, .

We must observe that idg, ® ¢ takes an element of Top(Q} (M) ® Py) to an element of
Top(Q4(M)® Py)-(ToUT). A basis for this subspace of Q} (M)® Py is just {x1,z2,... , 2 }U
{z;-a:a€T,x;-a # 0};_,. Recall that we have a basis {v; v ® v} for Top(Qo @ F),
and that the x; may all be written in terms of this basis. Furthermore we note that idg, ® 6
takes an element of Top(Q} (M) ® P) to an element of Top(Qo @ Pp) - (o UT;). We see
that {v, Ao @ v} U{vAv ®v-a:a €T,v-a+# 0} is a basis of this subspace, and note that
any element of {x1,xs,... , 2} U{z;-a:a € I'1,z;-a # 0};_, may be written as a linear
combination of elements of {v;\v @ v} U{v;,Av @v-a:aeTl,v-a # 0} if we know how to

write each z; in terms of the v; v ® v, which we do know how to do.

Thus we are left with the following problem, given an element z of Top(Q} (M) @, P) -
(o UT:) written in terms of our basis {v;\v ® v} U{v;,dv ®v-a :a € T',v-a # 0} for
Top(Qo®a Py)- (IoUT'1), how do we write this element in terms of the basis {z1, za,... ,zs}U

{xi-a:a€T,z;-a# 0} for Top(Qh (M) @a Py) - (To UTy).

For ease of notation we will recast our problem in the following way: Given a K vector
space V' with basis {v1,vs,...v,} and a subspace W with basis {wy, ws,...w,} where we
know how to write w; = >, v;k;;, and given an element z of W which is written z =
Y iy vil;, how do we write z = Z;nzl wjk;? We see that this is the same problem we have
above, with V' = Top(Qo ®a ) - (o UTy), W = Top(Q} (M) @ Fy) - (Tg UT;), the bases
for V' and W corresponding as above, and our element z is idg, ® 6 o incl of an element of

Top(Q4 (M) ®4 P1). We now give the solution to our problem in the simplified notation.
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Since we know that z € W, we know that there is some way to write it z = > 7", w;k],
and we have, since w; = Y1 viky;, that 2 = 377 (371, vikij)kj. We switch the order
of the sums, obtaining z = Y\ v; > kijk}. But we know that z = Y1, vif;, and so
we see that for each i, ¢; = Z 1 Kij kj, and treating the k; as indeterminants, we have a
system of n equations in m unknowns, which we may hopefully solve for the £7. Of course,
if there are too many dependencies among the equations, we will not be able to do so, but
we note that if there were two solutions for the system, {k7}72, and {k7}7.,, we have that
z = ) L wik; = 370 wik], and since the w; are a basis for W, we have for all j that

k) = k. Thus there really will only be one solution for our system, and we may obtain the

K} algorithmically.
Recall that we are working toward the following resolution of M:

At this point we know Q} (M) ®x P, as a right A-module, Q} (M) ®4 Py as a right A-module,
and the map Top(Q} (M) @ P1) — QL(M) @5 By. We now wish to find the map from
Top(Q4 (M) @4 Py) to Q. But this is easy, recalling that we have a basis {z1,...x} for
Top(Q (M) ®4 Py) with the additional information of how to write z; as a linear combination
of basis elements {v; \v @ v} for Top(Qo ®a ), and hence the inclusion map is obvious, we
need only compute the image of v; v ® v in Qp ®x A and use the obvious isomorphism to
(o. But this is v;A ® v which maps to v;A under the isomorphism. Finally composing, we
see how to construct the map Q} (M) ®x Py — Qo, which completes the resolution. We will

illustrate with two examples:

Example 1

Consider the following graph:
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AN

y (6)

Let I be the ideal < ac,bd,df — ce >. If we use length lex ordering we have that the set

o P
\g) /
b d
(2) / \ (5)

{ac, bee, bd, df —ce} is a Grobner basis for I. We will resolve Ss, the simple module associated
with the vertex (2). A presentation for this module is given by: (3)A 5 (2)A with F given

by the matrix (b). We will now give bases for Top(Q; ®a P;):

Q1 @4 P,
(3) @ (3) & (4), (3) @4 (3) & (4), (3)e @4 (4) & (6), (3)d @4 (5) & (6)

Qo @ P,
(2) @1 (2) ® (3), (2)b®a (3) & (4), (2)b @4 (3) @ (5), (2)be @4 (4) & (6)

Q1 ©a P
(3) @ (3) ® (3), (3)c @1 (4) ® (4), (3)d @4 (5) ® (5), (3)ce ®4 (6) @ (6)

Qo ® P

(2) ®@a (2) ® (2), (2)b®4a (3) ®(3), (2)bc @4 (4) ® (4)

where for ease in keeping track, any tensor of the form o(a) ®t(a) will be denoted o(a) ® t(a).
We will now denote anything of the form vA ®j w ® u by vAw ® u. We now wish to calculate

the image of F' ® id; : Q1 ®p P — Qo ®a P;. To do this we have the following matrix:
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(B)3) & (1) B)B) & @) B & ©6) (3)d(5) @ (6)
(2)(2) ® (3) 0 0 0 0
(2)b(3) ® (4) 1 0 0 0
(2)b(3) & (5) 0 1 0 0
(2)be(4) @ (6) 0 0 1 0

where again for the sake of clarity we have included the basis elements as headings for the
rows and columns corresponding to them. We see that this matrix is already column redued
for us, and hence a basis for F' ® id;(Top(Q1 ®a P1)) = Top(Q}4(S2) ® P) is given by

{(2)6(3) & (4), (2)b(3) & (5), (2)be(4) & (6)}.

In order to calculate the image of F' ® idy : Q1 ®p Py — Qo @a Py we have the following

matrix:

3)3)@@B) B)e(4) ®(4) (3)d(5

) ®(5) (3)ce(6) ® (6)
(2)(2)  (2) 0
3 1
0

)
0 0 0
0 0 0
1 0 0
where we have again included the basis elements for clarity. We see again that this matrix

too is alreay column reduced, so a basis for Top(Im(F ® idy)) = Top(24 (S2) @4 Py) will be:
{(2)b(3) @ (3), (2)be(4) @ (4)}-

The map idg, ® 6 : Q1 ®r Po — Qo @a Fo is given by the following matrix:

(2)(2) @ (2) —b 0 0 0
(2)b(3) ® (3) 1 —c —d 0
(2)bc(4) @ (4) 1 0 —e

and now we may write the map from QJ} (S2) ®a P; to Q4 (S2) @4 Py as follows:
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Finally we have that the map from Top(Q4(S2)) ® Py to Qq is given by (2)b(3) ® (3) — b

and (2)bc(4) ® (4) — be. We put this all together to produce the following resolution:

I A

Example 2

Consider the following graph I™:

and let I be the ideal generated by all paths of length four. Let A = KT'/I and we will

resolve the right A-module M given by the following matrix:

ba cd—c
0 dd
We see that in this case @1 and Qo are both isomorphic to (2)AJ](3)A. We give bases for

the tops of the modules Q; ® P, and Q; ®5 Fy. Again for brevity we abbreviate elements
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of the form v\ ®y w ® u by vAw ® w.
TOp(Qz ®A Pl) .

~ <t © o0 =) o~ =
& 8 & & Z I g
— — — — —
2 ® % 8 5 8 &
= =
® B ® @ g g ~®
— — — \L/ . g —
a £ 8 Z2 &6 &
Q 3 -~ N N =
ORG-SR~ ~
~ ~— (&N —~ Q (ap)] s]
~— [a\] —~ ~— >
~— [a\] (3]
N2 =

o 5 & 2
— gl & & H 8
8 8 I 8
I I I
I l —~
—~ —~ o™ \Oﬂu/
) L T o5 =
~— ~ ~—
o® =® ® SR
~® =& S = = = =
—~ / ™ ~—~ —~
— ~— ~ Q ~—
o = 3 ] 3 * =
= = Q = =

—_— o~~~ =~~~

~—_— ~— Y~ Y~ Y~ ~—

Ve
= V12

(3)ddd(3) ® (3)

V11

(2)b(1) ® (1) = vz (2)c(3) © (3) = v3

(2)ed(3) @ (3) = vs (2)bab(1) ® (1)
(2)edd(3) @ (3) =vs (3)(3) ® (3) = v

(3)dd(3) © (3)

2)2)©(2) =u
(2)ba(2) ® (2) = v4
(2)bac(3) ® (3) = vr

Top(Qi ®a ) :
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Now we compute a basis for f ® id; Top(Q1 ®a P1). We obtain the following matrix:

13 T14

T12

Teg Ty Tg Tg9 Tio T11

0

T2 X3 T4 T
0

Z1

0O 0 0 0

0

0 O

0

0

0

0

0

Z1

Z2

X3

Tyq

T5

Te

X7

xg

To9

Z10

Z11

T12

Z13

T14

representing the map on the above bases, which column reduces to the following:

13 T14

T12+
Z13

T11+
T12+

Te Ty Tg T9g 10

Tr3 T4 Iy

T2

T

Z13

Z1

Z2

X3

Tyq

Ts

Te

X7

xg

To9

Z10

Z11

T12

Z13
T14

Top(Q24 (M) ® P1):

~

which gives us the following basis for f ® id;(Top(Q1 ®@a P1))

{565, X6, T8y, L9, Ta — T13 — L14, T7 — T14, xlo},



I0)

=

(3), (2)bab(1) ® (2), (2)bac(3)
(3)—(3)ddd(3)

®

(3), (2)cd(3)

which is {(2)ba(2) & (1), (2)ba(2)

(3)dd(3) ® (3)—(3)ddd(3)

.%'10}.

(3)

~®

(3), (2)cdd(3)

~®

=

=

We compute the basis for Top(Q} (M) ® Py in the same way, first obtaining this matrix:

V11 V12
0

V10

Vg

Vg U7 U

V3 V4 Vs

V2

U1

0

0
0
0

0
0
-1
0
1
0
0
0
0
0
1
0

0o 0 00 0 0 0 O
0O 0 00 0 0 0 O
0o 0 00 0 0 0 O
1

(%1

V2

U3

0O 0 0 0 0 0 O

Vg

-1

0o 0 00 0 0 0 O

Us

0O 0 0 0 0 O
1
0o 0 00 0 0 0 O
0o 0 00 0 0 0 O
0o 0 00 0 0 0 O
0o 0 00 0 0 0 O
0o 0 00 0 0 0 O

1
0

0
0

Ve

0O 0 0 0 O

U7

Ug

0
0
0

(%)

V10

V11
V12

which column reduces to:

V12

V11

V10+
V11

Ug+
— V10t

Vg Ut U

V3 V4 Vs

V2

U1

V11
0
0
1
0
0
0
0
0
0
0
—1
—1

0O 0 000 0 0 O
0O 0 0o 00 0 0 O
0O 0 0o 00 0 0 O
1

(%1

V2

U3

0O 0 0 0 0 0 O

Vg

0O 0 0o 00 0 0 O

Us

0O 0 0 0 0 O
1
0O 0 0o 00 0 0 O
0O 0 0o 00 0 0 O
0O 0 0o 00 0 0 O
0O 0 000 0 0 O
0O 0 0o 00 0 0 O

1
0

0
0

Ve

0O 0 0 0 O

U7

Ug

(%)

V10
V11
V12

= {(2)ba(2) ® (2), (2)bab(2) ® (2), (2)bac(3) @ (3), (2)c(3) @ (3) — (3)dd(3) ® (3) — (3)ddd(3) ®

which gives us the following basis for Top (4 (M) ®4 Py: {va, ve, v7, 3 —v11 — V12, Vs — V12, Vs }
(3),(2)ed(3) @ (3) — (3)ddd(3) @ (3), (2)edd(3) ® (3)

vg}. We can now construct the map
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from Top(Q2} (M) ®4 P1)TopQo ®a Pp. It is given by the following matrix:

Ts T Tg T9 T4 —T13 — T4 T7 — T14 10
U1 0 0 0 0 0 0 0
Vo 0 0 0 0 0 0 0
VU3 0 0 0 0 —d 0 0
vy —-b —c 0 0 0 0 0
Vs 0 0 0 0 (3) —d 0
Vg (1) 0 —a O 0 0 0
U7 0 (3) 0 —d 0 0 0
Vg 0 0 0 0 0 (3) —d
Vg 0 0 0 0 0 0 0
vig O 0 0 0 0 0 0
vi1 0 0 0 0 d 0 0
V12 0 0 0 0 —(3) + d d 0

Now we are ready to compute these elements in terms of our basis for Q) (M) @5 Py. We
recall that the following is a basis for Top(24 (M) @4 Py): {v4, ve, V7, V3—v11— V12, Us— V12, Ug } -
It is then obvious that the image of x5 will be vg — vy - b, the image of x¢ will be v; — vy - ¢,
the image of zg will be vg - —a, the image of zg will be v; - —d, and the image of x19 will
be vg - —d. However the images of the remaining two basis elements in the domain are less
clear. For this we will need to use the method explained in the discussion above. So we take
the following obvious bases of Top(Qo ®a ) - (Fo UT4) and Top (2} (M) ®4 Py) - (Lo UTY),
{v1, v2, v3, V4, V5, Vs, U7, Vs, Vg, V10, V11, V12, V1D, V1€, V2a, V3d, v4b, v4c, v5d, vga,

vrd, vsd, vod, v10d, v11d, v12d} and {vy, ve, V7, V3 — V11 — V12, Us — V12, Us, Vb, V4c,

vea, v7d, (v3 — v11 — v12)d, (V5 — v12)d, vsd} respectively. We see how to write the image of
T4 — x13 — T14 in terms of the v; and v; - as, we have it equal to vsd- —14wv5-1+v11d- 14+ vy2-
—1+ viad - 1. If we also consider this image as a linear combination of elements in the other
basis, we have it equal to vy -k} +ve-ky+v7- ki + (v3—v11 —v12) - ki + (v5 —v12) - kL +vs - kg +v4b-
Ky, +vac- ki +vea - kb, +vrd- Ky, + (v3—v11 —v12)d - Ky + (vs — vi2)d - kL, +vsd - kf,;, we reorder
the sum to obtain vs-kj+v4- ki +vs- ki +ve- ky+v7- ks +vs- kg +v11- —ky+v12- (—ky— kf) +vsd-

kfld—i-?)zlb' kib+U4C' kic+1}5d' kéd—i-?)(;a' kéa+1}7d' kéd—i-?)gd' kéd +Und' —kfld—l-?)lgd' (_kz/ld — kéd)



7

and we obtain the following equations:

kK, =0 ki =0k; =0
ky =0 ky = 0kg =0
—ky=0 —ky— kL =—-1ki=1
kg = —1 1 = 0kj. =0
ksq =0 kyq = Ok =0
kea = 0 —kig = 1=k — kg =1
so we see that kf = 1,k = 0,ky,; = —1,andkl, = 0, so we have the image of x4 — z13 — 214

will be equal to (vs — v12) - 1 4 (vs — v11 — v12) - d which is (2)cd(3) ® (3) + ((2)c(3) ® (3) —
(3)dd(3) ® (3) — (3)ddd(3) ® (3)) - —d. Similarly one computes that the image of z7 — 14
is (vs — 112) - —d + vs. Thus we have computed the following matrix for the map between

Top(Q4 (M) @4 Pr) and Q} (M) @4 Py to be:

T7—
Ts Tg Ty g 13— Z10
T14
T14
Uy -b —¢c 0 0 0 0 0
Vg 2) 0 —a O 0 0 0
v 0 3 0 —d 0 0 0
V3 — V11 — V12 0 0 0 0 — 0 0
Vg — V12 0 0 0 0 (3) —d 0
Vg 0 0 0 0 0 3) —d

Now we must compute the map between Top(Omegak (M) @4 By) and Qp. The map



between Top(Qo ®a Fy) and Q) is given by:

v (2) vy — (2)b vs — (2)c
Vs — (2)ba vs — (2)cd vs — (2)bab
vr — (2)bac vs — (3) vio > (3)d
i — (3)dd vip > (3)ddd

so we have the following map between Top(Q} (M) ®x Fy) and Qo:

vy — (2)ba ve — (2)bab v — (2)bac
(Ug — V11 — 1112) —> (2)6 — (3)dd — (3)ddd (U5 — 1112) —> (Q)Cd — (3)ddd
vg > (3)

and we put all of this together to obtain the following resolution:

WATT@ATTTIGA S OATT@ATTTIGA = @ATB)A — M —0

where the matrices do and d; are given below:

T
s Ty Tg g —T13 Z10

—T14

—T14

vs (1) —a 0 0 0 0 0
vy —=b 0 —c¢ 0 0 0 0
vy 0 0 (3 —d 0 0 0
V3 — V11 — V12 0 0 0 0 — 0 0
Vg — V12 0 0 0 0 (3) —d 0
vs 0 0 0 0 0 3) —d

V¢ V4 U7 V3 — V11 —Vi2 Us —Vi2 Vs
(2) bab ba bac c cd 0
3 0 0 0 —dd—ddd —ddd (3)
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Now we point out how one could begin this process at any step in the resolution. We

again begin with M given in the form of a presentation

Q'L

where M = Coker(f). Suppose one is interested in computing the n + 1st, nth and n — 1st
projectives in a resolution of M, along with the necessary maps between them. If we had
a projective presentation of Q) (M) (or Q3 (M) @ P for some projective module P) we

could use the above techniques to compute the desired part of the projective resolution.

To do this, we compute Q' ®5 @1 QL. (A) ®x Py, Q' @4 @3 2Q4(A) @4 P, Q° @4
QL (A) ®4 PO, and Q° ®4 ®7 Q4. (A) ®4 P°. We note that we have the following

picture:

Q' @) ATIOL(A) @p P° — Q' @4 @720 (A) @4 PP

| |

Q@n @ U (A) @4 P° — Q@4 @) QL (A) @4 PO
| |

M @5 @Y 'L (A) @4 PO — M ®) @3 Q% (A) @4 P°
| |
0 0 0.

The modules in the bottom row are projective, and hence the epimorphisms split, with the
kernels of the bottom vertical maps being equal to the images of the top vertical maps,

QM) @4 @7 U (A) @4 P and QL (M) @4 @ 2Q. (A) @4 P° respectively.

If we recall that @, QL. (A) @4 PO = Ip,.... py)eseqts) ©(P1) @ t(p;) it is an easy extension

of previous results to obtain the following:

Lemma 7.3 If Q = [[, wiA is a projective A-module, and P¥ = @\ QL. (A) @ P° then
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Qan P =] IT [T ty)AC

I (p1,...,pj)€Seq(5) vido(p1)

In this way we can compute the modules Q'®,®% Q4. (A) @4 P°, Q' @4 R ?QL (A) @2
P° Q" ®p @7 (A) @4 PP, and Q° @4 @320 (A) ®4 P°. Computing the vertical maps
between them is done in exactly the same manner as was done in the previous resolution
example. One takes a basis element of T'op(Q' ®, —) and applies f ®, id to it, to obtain
an element of Top(Q° ®, —). A matrix is obtained, column reduced to produce a basis for
the image, and we obtain bases for Q% (M) ®5 —. One computes the map between these
two modules in the same way as in the above resolution example, and in this way obtains a

projective presentation:

QM) @4 @1 (A) @y PP
l

QL(M) @4 @720 (A) @4 P°
l

QM) @4 @2 (A) @4 A
l
0

of a module which is isomorphic to Q4! (M) @ P where P is projective. This presentation
is then input into the method of computing a projective resolution of a module given in the

form of a presentation to obtain a projective resolution.
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