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Computer-Aided Design Software for Torsional Analysis

Timothy R. Griffin

(ABSTRACT)

The goal of this research has been the development of an effective design tool for
torsional analysis. In the hopes of achieving this goal the computer program, Torsion 1,
has been created. Thistorsional transfer matrix program provides the user with the
ability to easily model multi-rotor systems using a simple user-interface. The program is
capable of modeling such components or system characteristics as continuously
distributed mass, viscous and structural damping, vibration absorbers, and gear meshes
with gear tooth flexibility. The analysis capabilities of the program include forced-
response and free-vibration analyses. The forced-response analysis module is capable of
determining a system’ s response to a static or harmonic torsional load. The free-vibration
analysis module allows is capable of determining the eigenvalues and eigenvectors for
damped and undamped systems. This thesisincludes an explanation of the multi-rotor
transfer matrix technique employed in Torsion 1. The derivation of transfer matrices for
visco-€elastic vibration absorbers, pendulum absorbers, flexible gear meshes, and
planetary gear trains areincluded in thiswork. Finaly, the validity of the program
resultsis verified with a set of benchmark examples.
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Chapter 1. Introduction

1.1 Motivation: A Design Tool for Torsional Analysis

Mechanica power transmission systems are often subjected to static or periodic
torsional loading that necessitates the analysis of the torsional characteristics of the
system. For example, the drive train of atypical automobile is subjected to a periodically
varying torque. Thistorque variation occurs due to the cyclical nature of the internal
combustion engine that supplies the power™.” If the frequency of the engine's torque
variation matches one of the resonance frequencies of the engine/drive train system, large
torsional deflections and internal shear stresses can occur. Continued operation of the
machinery under such conditions can lead to early fatigue failure of system components.
Thus, an engineer designing such a system needs to able to predict its torsiona natural
frequencies and be able to easily determine what effects design changes might have on
those natural frequencies.

A design tool for predicting torsional natural frequencies of a piece of machinery
should be capable of modeling the important characteristics of the system in atimely
manner. Accurately modeling a system in the early stages of a design can reduce costs
by decreasing the number of changes needed at later stages in the design process. In the
case of modeling torsional system characteristics, it is common to find machinery with
vibration dampers, tuned absorbers, and multiple shafts connected by gear trains that can
significantly affect the system’s dynamic performance. An accurate model of the system
must be flexible enough to account for such components. However, a balance must be
maintained between the accuracy of the model being created and the amount of time and
effort needed to create the model. Therefore, avauable design tool for torsional analysis
would allow the engineer to quickly create amodel of the system that provides insight
about the system characteristics.

The transfer matrix method has certain advantages when compared to other
techniques for modeling torsional systems. For example, the scope of problems which
can be solved using commercialy available finite element packages is often very broad
(not limited specifically to torsional cases). Thus, atransfer matrix program designed
specifically for modeling torsional systems can be much easier to learn and use
effectively for torsional analysis. Of course the finite element method could be used in a
computer program customized to torsional analysisaswell. However, the transfer matrix
method has the advantage of being able to easily model such system characteristics as
continuously distributed mass and non-proportional damping. In addition transfer matrix
techniques exist for modeling multi-rotor torsional systems with ease. Thus, a computer
program using the transfer matrix method can provide valuable information about the
torsional characteristics of a piece of equipment. When coupled with a simple user
interface such a program can serve as an effective design tool.

" Superscripted numbers refer to references at the end of this thesis.
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1.2 Literature Review

A review of the literature reveals the following topics:

the origin of interest in the torsional analysis of machinery

methods for modeling torsional system components

the transfer matrix method for determining torsional natural frequencies and
the forced response of atorsional system

techniques for modeling multi-rotor systems

transfer matrix computer programs with torsional capabilities

methods for estimating the stiffness of a gear mesh

Wilson? gives a historical review of the early development of modern torsional
analysis. Itisreported that failuresin marine and aeronautical drive trains were the
original source of interest in the dynamic torsional behavior of machinery. The Holzer
method, an iterative procedure for calculating the torsional natural frequencies of multi-
mass systems, was developed in the early 1900’s.

Wilson® and Nestorides® describe methods for modeling the various elements of
torsional systems. These references include methods for determining equivalent inertias
and/or stiffnesses for a variety of machinery components including crankshafts,
flywheels, couplings, absorbers, etc. It is common for machinery systemsto consist of
multiple shafts geared together in non-branched or branched configurations as depicted in
Figure 1.1. Both references describe a method for modeling non-branched, multi-shaft
systems as an equivalent single-shaft system as well as a procedure for performing
Holzer method calculations for branched systems.

The transfer matrix method for determining natural frequencies of torsional
systems is an extension of the Holzer method in which the equations relating the
displacements and internal forces of the system are written in matrix form. Pestel and
Leckie’ provide a thorough reference for the application of the transfer matrix method to
awide variety of problems including the determination of natural frequencies and mode
shapes for undamped and damped torsional systems. In the process of determining the
eigenvalues of atorsional system or the system’s response to atorsional excitation the
boundary conditions of the model must be applied. Pilkey and Chang® present a

:

i

(a) Non-Branched System (b) Branched System
Figure 1.1: Two-Shaft Non-Branched and Branched System Examples
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generalized method for applying the boundary conditionsto atorsional transfer matrix
model that is useful in developing an agorithm to accomplish the desired analysis.

Pilkey and Chang also present a number of useful torsional transfer matrices and describe
a computer program, TWIST, capable of performing torsional analysis for branched
systems.

A transfer matrix technique for analyzing a branched-torsional systemis
described by Pestel and Leckie’ that involves reducing the branched system to an
equivalent single-shaft system. This method requires lumping the characteristics of the
branch at the point on the main system where the branch is attached. That technique
requires the elimination of the branch’s state relations from the global transfer matrix and
can result in numerical difficulties when using aroot finding routine to determine natural
frequencies. These numerical difficulties result from infinity wraps that can be observed
by plotting the characteristic determinant curve for a branched system over arange of
frequency values as demonstrated in Figure 1.2.

Sankar® presents one multi-shaft torsional transfer matrix approach that maintains
the state information for the entire model in the global transfer matrix. This method
involves building the transfer matrix for each branch separately, applying compatibility
relations at the junction where the branches join, and then using the boundary conditions
to find the characteristic determinant of the system. However, that method is
cumbersome for complicated systems with multiple branches.

Infinity Wraps

2[:] T T T T T

T
_-—FF'-'__._
I

15

)

10 .

LJ '

Characteristic Determinant (logarithmically scaled)
=

1 1 1 1 1 | 1
0 100 200 200 400 500 G500 700 200
Zircular Frequency (radfsec)

Figure 1.2: Infinity Wraps in the Plot of a Characteristic Determinant Curve,
adapted from Pestel and Leckie®
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Abhary™ advocates the use of a semi-graphical approach for modeling lumped-
parameter torsional systems. The graphical part of the technique is simply a bookkeeping
tool to aid the analyst in performing equivalence calculations for systems with several
branches. Once the equivalent model has been created, the author suggests writing the
eguations of motion for the system in matrix form and performing an eigenvalue analysis
with the aid of acommercia software package. However, for complicated systems the
necessary equivalence calculations can become time consuming and tedious. Therefore,
this technique is not optimal for use in adesign tool for torsional analysis.

Mitchell** has modified a multi-rotor transfer matrix approach for geared-
torsional systems which was originally developed by Hibner'® for shafts experiencing
lateral vibrations. This multi-rotor transfer matrix approach is a simple and effective
method for modeling multi-shaft systems. The advantages of this method include that it:

eliminates much of the equivalence calcul ation needed with some other
methods
provides a simple transfer matrix to relate the states on either side of a gear
mesh
allowsfor the insertion of a gear tooth flexibility into the model
permits the insertion of gear mesh transmission errors
carries all the state information in the global transfer matrix
model s systems that many branches with ease
The model building procedure associated with this method can be readily generalized for
application in a computer program.

Blanding™ describes a transfer matrix computer program that implements the
Hibner/Mitchell multi-rotor transfer matrix approach for analyzing the three-dimensional,
harmonically forced response of multiple-shaft systems. This three-dimensional response
includes not only torsional response but also axial and lateral responses. This model
includes coupling terms between the different degrees of freedom. The program has the
capability to represent the time-varying stiffness of a pair of meshing spur gears. In
addition gear mesh errors can also be included in the model to determine their effects on
the response. These added modeling capabilities increase the program’ s ability to model
a system accurately and as such are significant contributions to the development of the
transfer matrix method for modeling rotors. However, including such advanced
modeling capabilities comes at the expense of increasing the complexity of the program.
Tsai and Kuang™ also report of acomputer program which implements the multi-rotor
transfer technique for coupled lateral-torsional vibration analysis of geared rotors. Tsal
and Kuang present an example uncoupled torsional analysis of athree-shaft system.
However, some of the parameters used for modeling the system have inappropriate units.
Therefore, the results they obtained cannot be used as a test case for a new computer
program.

Doughty and Vafaee™ report on a transfer matrix computer program capable of
determining the damped natural frequencies and mode shapes of simple torsional
systems. Two example problems with solutions are provided to demonstrate the
technique. However, analysis using the program is limited to systems for which an
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equivalent single-shaft system can be developed. The root search method used in this
case is a Newton-Raphson algorithm that has certain drawbacks. The Newton-Raphson
technique requires an initial root estimate that can affect the success of the routinein
finding roots. In addition this root-finding method requires the calculation of derivatives
of the function being considered. For the transfer matrix problem these derivatives must
be approximated in a somewhat arbitrary fashion which can also affect the success of the
root-finding efforts. Huang and Horng™® also describe a transfer matrix computer
program that uses the Newton-Raphson technique for finding the roots of damped
torsional systems. This program implements the Pestel and L eckie branching technique
for atwo-shaft system. Because this technique keeps track of only the main system state
values and not those of the branch, calculating the complete eigenvectors for a two-shaft
system using their program requires two separate system models.

Methods for modeling the stiffness of a pair of meshing gears are abundant in the
literature. Among those techniquesis alinear, algebraic model developed by Daws" for
calculating the stiffness of asingle spur gear tooth by modeling the tooth as a tapered
beam. This model neglects the longitudinal compression and Hertzian contact
deformation modes. The assumption is also made that the gear disk isrigid. However,
because this tooth stiffness model islinear and algebraic it can be easily generalized and
implemented in a computer program. A few of the references suggesting alternate
methods for modeling gear tooth stiffness include Blanding'®, Neriya et al*®, Oswald et
a?, and Kuang and Yang™.

1.3 Goals of this Research

The primary goal of this research isto develop a user-friendly transfer matrix
program capable of modeling the torsional characteristics of common machinery systems.
The computer program, Torsion 1, iswritten in the Visual Basic 4.0 language for systems
running the Windows 95 operating system. Torsion 1 allows the user to model the
behavior of such components or system characteristics as uniformly distributed loads,
pendulum absorbers, visco-elastic dampers, shafts with continuously distributed mass,
foundations with uniformly distributed flexibility, gear meshes with a constant gear tooth
stiffness, and planetary gear trains.

The program provides the user with the ability to perform forced-response and
free-vibration analyses of multi-rotor systemswith ease. The free-vibration analysis
module is capable of automatically determining the undamped and damped natural
frequencies and mode shapes using a Muller-Method® root-search routine. The forced-
response analysis module provides the capability to determine the steady-state response
of adamped or undamped system to a harmonic excitation. Static analysis of atorsiona
system can be performed with the forced-response module by specifying an excitation
frequency of zero (astatic load). Analysisresults are displayed graphically and can be
saved to atext file or a bitmap image for easy manipulation using other programs.



Chapter 2. The Transfer Matrix Method for Single-Shaft Torsional
Systems

2.1 State Vector, Coordinate System, and Sign Convention

As mentioned previously, the transfer matrix method involves writing in matrix
form the equations which relate the displacements and internal forces at one point in a
system to the displacements and internal forces at another point in the system. Interms
of transfer matrix terminology the displacements and internal forces at a point describe
the “state” of the system at that point. A state vector is simply the combination of the
displacements and internal forces of the system in a column-vector form. In the case of
torsional analysis the displacement of concern isthe angle of twist of a shaft and the
internal force considered is an internal torque. Thus, the state vector for atorsional
system can be represented as shown in Figure 2.1.

Transfer matrix models are typically divided into a series of fields and points. A
field isapiece of the model having some non-zero length, such as a shaft segment in a
torsional system. The pointsin amodel represent characteristics which are not
distributed over alength, but rather are lumped at a single position. For example, itisa
common practice to lump the inertia of alarge disk at a point on the system model.
Figure 2.2 demonstrates the convention used in this reference for numbering fields,
points, and state vectors in single-shaft transfer matrix models. The pointsin amodel are
numbered from zero. A field is given the same number as the point to itsright. State

vectors are numbered with respect to the pointsin the system (i.e. ZL isthe state vector
to the left of point “i”).

The coordinate system used for the torsional transfer matrix model consists of the
x-axis which coincides with the axis of therotor. A positive angular displacement is
defined as one whose right-hand-rule vector pointsin the positive x-direction. The
definition of a positive torque is dependent on whether the face on which the torque acts

I ? i ’: _J-__j_______,l
T

g =angular displacement
State Vector: Z:iqu Where d . g ¥
TT% T =internal torque

Figure 2.1: State Vector for the Torsional System, adapted from Pestel and
Leckie®®
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L =R =L =R =L =R L =R L =R

ZO Vi ZO Zl - Zl ZZi ; Z2 Zi i Zi Zi+1i izi+1
11 11 11 11 11
i & K & & Note: F = Field
\ \ P = Point
\ ) Z = State Vector
F. % F % < ( % Fis1
Po P: P> P P1

Figure 2.2: Numbering Convention for Single-Shaft Torsional Systems, adapted
from Pestel and Leckie?*

isapositive or negative one. A positive face has an outwardly directed normal that
points in the direction of the positive x-axis. A negative face has an outward normal
pointing in a direction opposite that of the positive x-axis. This concept of a positive and
negative face is demonstrated in Figure 2.3. A positive torque can now be defined as one
whose right-hand-rule vector points in the positive x-direction if it acts on a positive face.
The vector for a positive torque acting on a negative face points in the negative x-
direction. Shown in Figure 2.4 are vector representations of positive angular
displacements and a positive internal torque pair for alength of shaft.

Positive Face Negative Face

.

Figure 2.3: Positive and Negative Faces of a Shaft, adapted from Pestel and Leckie

25

ToR TlL
— —
E—— -
= e
do d,

Figure 2.4: Positive Torsional States on Opposite Ends of a Shaft Section,
adapted from Pestel and Leckie?®
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2.2 Building the Global Transfer Matrix

The global transfer matrix for a system relates the state at one end of the system to
the state at the opposite end. The global transfer matrix is needed to obtain the desired
solution (forced-response results or free-vibration characteristics of atorsional systemin
thiscase). Typicaly the global transfer matrix is assembled from individual transfer
matrices that describe the characteristics of smaller elements of the system. In other
words, the system model is first broken up into smaller elements (fields and points) for
which the transfer matrices can be easily written. Then the global, or total system,
transfer matrix is obtained by multiplying the individual transfer matrices together as will
be demonstrated in the following paragraphs.

A field matrix is atransfer matrix that relates the states on either side of afield
element. For example, alength of shaft with constant cross-section is often modeled with
afield transfer matrix. The field transfer matrix for an elastic, massless shaft (as shown
in Figure 2.4) is developed by first applying the mechanics of materials relation shown in
Equation (2.1) that describes the angular displacement of alinear, elastic shaft with
length |, shear modulus G , and torsional constant J .

L R — TORI

d, -9 BETeY

Assuming no external torgques are applied to the shaft, the torque equilibrium equation is
then written as

(2.1)

TlL =T, (2.2
Equation (2.1) and Equation (2.2) are combined in matrix form resulting in
N l OUy.~R
quo 11—~ 190
Iy -¢! BTy (23)
I Py g) 1 H " Po
Note that the field transfer matrix for a massless, elastic shaft is found to be
e 1d
TM masgess, dlastic shaft :§1 JGE (2.4)
1u

A transfer matrix that relates the states on either side of amodel element having
zero length isreferred to as a point transfer matrix. A rigid disk with itsinertialumped at
apoint, which can be represented as shown in Figure 2.5, is an example of atorsional
element that can be modeled with a point transfer matrix. The point transfer matrix for
the rigid disk is developed by first reasoning that the displacements g, and g, are
equivalent because the disk has no flexibility. The equilibrium equation for the disk with
polar mass moment of inertia, | , undergoing harmonic oscillation with frequency, w,
can be written as

TlR =T1L - |W2q1L (2-5)
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q; q;
>
+ X

TlL TlR

Figure 2.5: Rigid Disk Modeled with Inertia Lumped at a Point, adapted from
Pestel and Leckie®’

The matrix equation relating the states to the left and right of therigid disk is shown in
Equation (2.6).

tqu e1 Outqu

(2.6)
TT% € w2 1Y 1T?§
The point transfer matrix for the rigid disk with lumped inertiais then
é 1 Ou
™ g 2.7
rigid disk with lumped inertia = e |W 13 ( )

Assembling atransfer matrix that relates the states on opposite ends of a series of
elements that are connected end to end involves a simple matrix multiplication of the
elemental transfer matrices. For example, the transfer matrix for the combination of an
elastic, massless shaft and arigid disk with lumped inertia, as shown in Figure 2.6, is
assembled by noting that the states to the right of the shaft and to the left of the disk are
equivalent. Therefore, Equation (2.3) can be substituted into Equation (2.6) resulting in

I u
Iqu e 1 0o IC]u
uX?l JGUY ><1 (2.8)
Tg e' lw? luT g

Therefore, the transfer matrix for the shaft-disk combl nation can be written as

é 1 Ou
™ massless, elastic shaft + rigid disk with lumped inertia = e uxgl JG U (2-9)
& Iw? 0o 14 u

Note that the transfer matrix for the shaft-disk combination is equal to the transfer matrix
for the first element (the shaft) pre-multiplied by the transfer matrix for the second
element (the disk). The global transfer matrix for alarger model can be assembled in the
same manner by simply multiplying the transfer matrices of the individual elementsin
the proper order.
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Figure 2.6: Massless Shaft and Lumped Inertia

2.3 Forced-Response Analysis of Simple Torsional Systems

Static analysis of atorsional system involves finding the shaft deflections that
correspond to some applied load. As such, static analysisis an example of aforced-
response analysis for which the applied load is steady and not cyclic. Pestel and Leckie®®
discuss a useful technique for including applied loads (both static and harmonically
varying) in atransfer matrix model that involves expanding the size of the transfer
matrix. For example, the partitioned transfer matrix for a positive torque, Tappiied, 8Pplied
at apoint on arotor isgiven as

¢ 1 0 : 0 U
é ; U

™ apicsioae=g O Ll T (2.10)
¢ 0 0T g

where the corresponding state vector must aso be expanded as shown in Equation (2.11).
qu

|

Expanded State Vector = % Ty

1

Note that all other transfer matricesin an externally loaded system model must also be
expanded and partitioned as will be demonstrated in the example to follow. Once the
expanded global transfer matrix is determined, the boundary conditions are applied and
the remaining unknowns can be solved for.

(2.11)

As an example, consider the shaft shown in Figure 2.7 which is fixed on the | eft
end and has an applied static torque on itsright end which isfree to rotate. The global
transfer matrix is assembled by expanding the transfer matrix for the shaft given in
Equation (2.4) and pre-multiplying by the transfer matrix given in Equation (2.10) as
demonstrated in Equation (2.12).
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Figure 2.7: Fixed-Free Shaft with Static Load
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Carrying out the matrix multiplication in Equation (2.12) the following expression can be
derived:

é I v,

a 1 0o
iqu g 3G qia
IlTi,/ =€ 0 1 Tapptied l;mlTi,/ (2.13)
% 1h g ................................................ H % lbo

~ 0 0 1 ¢

8 H

Since the left end of the shaft isfixed, q; =0. Itisalso knownthat T,* =0 sincethe

right end is unrestrained (free). Applying those boundary conditions, Equation (2.13) can
be reduced to the following two equations:

TS
0 =35 (2.14)
TOR = Tapplied (215)

Equation (2.14) provides the solution for the displacement of the right end of the shaft
due to the applied load. More complicated problems can be solved in the same manner.
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For the more general forced-response case where the excitation varies with some
known frequency, the analysis is performed in much the same way. However, in this
case it isknown that alinear system will oscillate at the same frequency as the excitation.
Therefore, the excitation frequency is substituted as the oscillating frequency of the
system into the transfer matrices which represent mass elements such as the transfer
matrix for alumped inertia shown in Equation (2.6). The global transfer matrix is then
assembled in the usual manner and the unknowns in the | eft-hand-state vector are solved
for as was demonstrated in the static case.

2.4 Free-Vibration Analysis of Simple Torsional Systems

In free-vibration analysis the goal isto determine system natural frequencies and
mode shapes. The transfer matrix method for determining a system’ s torsional natural
frequenciesinvolves:

building the global transfer matrix

applying the boundary conditions to eliminate unknowns in the global matrix

eguations

finding the frequencies of vibration which make a solution to the matrix

equation possible
The mode shapes corresponding to the natural frequencies can be found by making an
arbitrary assumption about the unknown values of the state at the left end of the system
and then calculating the other displacements and torques of the system relative to the
assumed values at the left end. Thisyields an arbitrarily scaled eigenvalue or mode
shape.

To demonstrate the procedures described above, consider the problem of
determining the natural frequencies and mode shapes of the system shown in Figure 2.8
which consists of a massless, elastic shaft and a lumped-inertia fixed on the left end and
unrestrained on the right end. Noting that the transfer matrix for this system will be the
same as for that shown in Figure 2.6, the global system equations can be determined by
carrying out the matrix multiplication specified in Equation (2.8).

R ? 1 | u R
N .. e — u N .
:ﬁg =€ JGaeI wq'?g (2.16)
1 & w2 1- (Iw?)E—2 71 Po
g eJG

Next, the boundary conditions can be applied to eliminate unknowns from
Equation (2.16). Sincethe left end isfixed, g5 =0, and since theright end is

unrestrained, T, = 0. Those values can be inserted into Equation (2.16) and the matrix

equation can be broken into its two component equations, Equation (2.17) and Equation
(2.18).
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| =0.03kg xm?

J =7.95x10 ®m*
G = 80x10° %2

Figure 2.8: Shaft-Disk System Fixed on the Left End

P T
=— 2.17
Q7 = 217
el o
0=T,(1- (Iw?)¢=—= 2.18
< (W) 219

In order for anon-zero solution to exist for these equations, the characteristic equation of
the system, shown in Equation (2.19), must be true.
el o

- =0 2.19
Ty (2.19)
Typicaly, the frequencies, w , which cause the expression on the left-hand-side of
Equation (2.19) to equal zero are found by plotting the function

fw) =1- (|w2)?é~%g (2.20)

1- (Iw?)

over arange of frequencies. The points where the function crosses the zero-axis can be
shown to be the natural frequencies of the system. Using the definition of the variables
shown in Figure 2.8, aplot of the characteristic determinant for the example problem is
generated as shown in Figure 2.9. By examining the plot of the function over a smaller
range than is shown in Figure 2.9 or by implementing aroot search routine it can be
determined that the natural frequency of the system is 840.63 rad/sec. The same
procedure can be used to determine the natural frequencies of more complicated systems.
For this simple system, Equation (2.19) can be rearranged as shown in Equation (2.21) to
check that the natural frequency found from the determinant plot is accurate.

Wz [16 \/(7.95x10'8m4)(80x109Pa)

= 840.63 rad 2.21
I xI (0.3 m)(0.03 kg >m?) / ec (22D
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Figure 2.9: Characteristic Determinant of Shaft-Disk System

The mode shape for the system can be determined by assigning a value of one
newton-meter to the unknown, T,X. The displacement, q,*, can then be calculated to be

4.716x10° radians using Equation (2.17). For more complicated systems determining the
mode shapesis slightly more involved. Once values have been assigned to the unknowns
of the left-hand state, the elemental transfer matrices can be used to transfer the state to
the opposite side of each element. In the process, those states can be recorded and plotted
to show the relative magnitudes of the displacements and torques along the length of the
model.
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2.5 Visco-elastic Absorber/Damper Transfer Matrix

An effective means of alleviating some torsional vibration problemsinvolves the
use of avibration absorber or damper®®. One category of such devices is composed of an
auxiliary mass, referred to here as the seismic mass, that is coupled to the main system by
some elastic and/or viscous medium as depicted in Figure 2.10(a). Such devices can
include tuned and untuned absorbers as well as viscous damping devices sometimes
referred to as Houdaille dampers. Tuned absorbers which have negligible damping are
sometimes employed to shift the system’ s natural frequencies or to provide an anti-
resonance at a particular frequency. Untuned absorbers which have a significant amount
of damping are often used to reduce amplitude levels over a wider range of frequencies
than tuned absorbers. Houdaille dampers serve as devices for dissipating vibratory
energy.

Doughty™ provides a derivation of the transfer matrix for this type of element.
The derivation is begun by first applying Newton’s second law to the main damper mass
shown on the left in Figure 2.10(b).

aTt=1.0; (2.22)

TDR - TDL + k(qs - qg) +C(qs - qg) = IDC.].IID_ (2-23)
The damper massis assumed to be arigid disk. Therefore, the deflection on the left of
the disk is equal to the deflection on the right as expressed below.

dp =0p (2.24)
The velocities on opposite sides of the rigid disk will also be equivalent.
a5 =dp (2.25)

By substituting Equations (2.24) and (2.25) into Equation (2.23) and rearranging terms
the following expression for the torque on the right side of the disk can be written.

Damper Mass  Seismic Mass

T, =k@s - 95)

I I _ -
D —Nl/(\/\/— S :
—I
q'?‘ C \'qs Jp == —=0p L
— L —n U=
vl To = = To
T, =¢(s - dp)
(a) Schematic (b) Free-Body Diagram

Figure 2.10: Torsional Visco-elastic Absorber/Damper
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To =Tp +15dp - k@ - dg) - ¢s - dp) (2.26)
By assuming that the motion of the damper is harmonic (oscillating sinusoidally with

frequency w ) the velocity and acceleration of the damper can be expressed in terms of
the damper displacement:

dp =qpe™ (227)
dp = jwage™ = jwgg (228)
ds =-wgge™ =-w; (2.29)

Similarly, by assuming the motion of the seismic mass is harmonic, the velocity and the
acceleration of the seismic mass can be written in terms of the displacement as:

s = jWOs (2.30)
qs =-Wa, (2.31)

Substituting the expressions for velocity and acceleration in terms of displacement into
Equation (2.26) resultsin the following expression:

T5 =Ty - 1,wa5 - k@ - dg) - we@s - g5) (232

To determine the relationship between g, and g Newton’s second law can be
applied to the seismic mass:

aT =14, (2.33)
- k(qs 'qg)' C(qs 'qig)zlsqhs (2-34)

Substituting Equation (2.24) and Equation (2.25) into Equation (2.34),
- k(s - qlli;)_ C(ds - qI[;) = Isq's (2.39)

Next by substituting the expressions for velocity and accel eration written in terms of
displacement and rearranging terms, the following expression is obtained:

K+ jwc
gt (2.36)

s Ck+ jwe- Tow?

By substituting Equation (2.36) into Equation (2.32) and rearranging terms the
following expression can be written:

(k+jwe)® 8,
(k+jwe- Tw?) 5"

TR =TL +§< Fjwe- 1w+ (2.37)

Finally, by writing Equation (2.24) and Equation (2.37) in matrix form the global transfer

matrix can be expressed as.

N R S 1 Ol:l\ Lo
1qp U _

é
& i 2 1 dp U

1TR¥,_gk+ we- | w2+ (k + jwe) : 13>iTLZ) (2.38)

I'eP & (k+jwe-ITw?) gl
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2.6 Pendulum Absorber Transfer Matrix

The pendulum absorber is another useful device for alleviating some torsional
vibration problems. One of the unique features of the pendulum absorber isthat its
natural frequency is directly proportional to the rotational speed of the shaft on whichitis
employed. That featureis especially useful in such systems asinternal combustion
engines where some of the periodic torsional excitations within the system occur at
specific multiples of the running speed.**

The transfer matrix for the pendulum absorber can be determined by making use
of previously developed expressions for a pendulum absorber. Equation (2.39) is adapted
from an expression given by Thomson and Dahleh® that describes the torque, T , applied
to the disk by the pendulum. Note that the symbol, n, represents the bulk rotational speed
of the shaft in radians/sec and w represents the frequency of torsional oscillation aso in
radians/sec.

émR+r)? U
T=-wWa———2— 2.39
&l- rwz/RnZH>0|P (2:39)
Applying Newton’s second law to the disk to which the pendulum absorber is attached
results in the following equation:

2e m(R+r)

TR -To-w =-lw’g, 2.40
p - Tp mu’q s (2.40)
Rearranging Equation (2.40),
€ m(R+ r)? L
= -W | 241
§ _ rWz/an U:qP ( )
The pendulum disk is assumed to be rigid such that:
dr =05 (2.42)
m
r
Je dp
T T
(a) Free-Body Diagram (b) Parameters

Figure 2.11: Pendulum Absorber
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Writing Equation (2.41) and Equation (2.42) in matrix form leads to the transfer matrix
for the pendulum absorber.

1

,2 e m(R+r)?

e L @49

R
p
R
p

_)_ZQ_/
— O

o=

~

™ cp> co> o
(@]
(@YY e Y e

2.7 Generalized Method for Applying Boundary Conditionsto a
Single-Shaft Model

As mentioned in the literature review, Pilkey and Chang™ provide a generalized
technique for applying the boundary conditions to single-shaft torsional systems. This
technique is useful for computer-program applications of the transfer matrix method, and
its extension to multi-shaft models will be demonstrated in Section 3.5. To help explain
this technique a special notation is adopted here.

|q u | z(1)u
7={Ty= z(2)
1 1i; 11),; (2.44)

Using this notation the global transfer matrix equation can be written as:

1 z(1) ML) TM@E2) | TMALI)U | z()ii
12(2)y -e.f.'.\.’.'..(.%.9......T.'.\.’.'..(.%.%.).....IM..(.%.??3".%.%.(.%2)/ (2.45)
{ 1 brightend 6 0 O 1 : { 1 bleftend

The boundary condition on the left end of the model can be defined by z(i) 4.0 =0,
wherei =1 or 2. Similarly the boundary condition on the right end of the model can be
defined by z(j) ignens =0 Wherej=1or 2. The definitionsof i and j are also shownin

Table 2.1. For the forced-response case the value of the unknown left-end state variable,
Z(3 - 1)ieft end, Must be determined. This can be done with the following equation written
intermsof i and j:

- TM (], 3)
T™M(j,3- i)
For the case of afree-vibration analysisit is necessary to apply the boundary conditions

to determine the characteristic equation for the system. This characteristic equation can
be defined by:

2(3' i)Ieftend = (246)

T™M(j, 3-i)=0 (2.47)
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Table 2.1: Definition of Variables i and j For Use in the Generalized Method of
Applying the Boundary Conditions, adapted from Pilkey and Chang**

Right End
’ Fixed: Free:
Left End i Z(l)riqht end = 0 Z(Z)riqht end = 0
Fixed: i=1 i=1
Z(1)ieftenda =0 j=1 j=2
Free: i=2 i=2
Z(2)ieftend = 0 j=1 j=2




Chapter 3. Multi-Rotor Transfer Matrix Technique

3.1 Expanded, Multi-Rotor Transfer Matrices

As mentioned in the Literature Review, an effective method for modeling
torsional systems with multiple shafts involves using a multi-rotor transfer matrix
technique developed by Mitchell®. That technique involves expanding the transfer
matrix to keep track of the states of all shafts simultaneously. The numbering

convention used here for the states of multi-shaft models involves adding the shaft
number to the subscript as shown here: ZFhfiL,ﬁfﬁ,)u?;kiﬂ%r:ﬂ) Number - 10 €xamine the concept
of keeping track of the states for multiple shafts simultaneously, consider the system
shown in Figure 3.1 which consists of two massless shafts that are not connected. The
global transfer matrix for this system can be built by assembling the individual expanded
transfer matrices. The transfer matrix equation relating the state on the right side of
Shaft 1 to the state on its left end is given by:

G20 o
e o0 g .
I ql,l u éo 1 O ol:I I qO,l u I qO,l u
Lhal _ 3 A toal _ I Toa1l
| Ry_g lflxi Ry_TMShaftlxi RY (31)
| q 0,2 | g() O 1 Ol',J | q 0’2 | | q 0,2 |
. e u e . . e
“—oﬁzb é U 1Tol,?2b “—oﬁzb
& a
0 0 0 1y
e u
R L
TO,l Tl,l
@ @
Shatt 1 —— >
@ @ + Xl
R L
qO,l CIl,l
R L
TO,Z T1,2
Shaft 2 i >
@ @ + X2
R L
q0,2 q1,2

Figure 3.1: Two-Shaft Torsional System
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The matrix equation relating the states to the left and right of Shaft 2 can be written as
follows:
€ u
: 00 0 G
ig- U 2 H‘IqLU igu
i @10 0 Gy P
T ¢ UsiT T
Plal _ a l'Jx,l 1l _ ™ xll 11l (3.2)
TLY= g el 6 0iqrY sz 4 R Y -
Gt & o 1 BLO  Uido
lef_zb é eJG Bonatt2 fToF,{zb fTo?zb
0 00 1 U
e 1]
€ u
The global transfer matrix can then be assembled by substituting Equation (3.1) into
Equation (3.2).
TMioar = TM gz XTM gy (33)

The ssimple exampl e presented above demonstrates the method of expanding the
transfer matrix and state vector to simultaneously model multiple rotors. This multi-rotor
transfer matrix technique is needed for modeling systems that have multiple shafts that
are coupled in some manner. The following sections will discuss methods for modeling
torsional systems that are gear coupled.

3.2 Transfer Matrix for a Compliant Gear Mesh Connecting Two Shafts

It is common to find multi-shaft torsional systems that are connected by a pair of
meshing spur gears as shown in Figure 3.2(a). The transfer matrix that relates the states
on either side of apair of meshed spur gears can be derived by first writing the equations
that relate the displacements and torques shown in Figure 3.2(b). Theforce, Fe..; yesh »

applied to the tooth of the driven gear acts along the pressure line which is perpendicul ar
to the base radius, r,, as shown in Figure 3.3. Therefore, the following equations can be
developed:

A1y =0y (3.4)
Th =Tin + Toua oo vesn (3.5
iy =0y (3.6)
TS =T + Toro Foear vesn (3.7)

Note that at this point the inertia of the gears is neglected because only the gear mesh
itself is being modeled. The gear inertias can be modeled with separate point matrices.
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rb1,2

(a) Front View (b) Free-Body Diagrams

Figure 3.2: Two Meshing Spur Gears, adapted from Mitchell®

Pressure Line

Pitch Circle

Figure 3.3: Spur Gear Terminology, adapted from Shigley and Mischke®’
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In this case the gear teeth on the spur gears connecting two shafts are modeled as
having a constant linear stiffness as shown in Figure 3.4. An equivalent stiffness, K, , for
the gear mesh can be calculated as the series combination of K., and K;,, asshownin
Equation (3.8).

— KTl,l ><KTl,2

I<Tl,l + I<Tl,2

K (3.8)

e

As mentioned in the Literature Review, several techniques are available for estimating
this type of stiffness value for a gear tooth. The force on the gear teeth, Fg.,, s, CaN be

defined in terms of the combined displacement of the two gear teeth, D.

I:Gear Mesh = Ke D (39)
D=y, >chl,_1 + Ty, >qll,_z (3.10)
FGear Mesh = Ke >(rbl,l >qu + r-b1,2 >chl,_2) (311)

By inserting Equation (3.11) into Equation (3.5) and Equation (3.7) and rearranging
terms the following two equations result:

Tl?. = T1L1 + (rbl,l2 xKe) >qu + (rbl,l >q’bl,2 xKe) >qr2 (312)
Tl,RZ = T1L2 + (rbl,l ><rb1,2 XKe) >qll,-l + (rbl,22 xKe) >q;|_l,-2 (313)
Equations (3.4), (3.6), (3.12), and (3.13) can be written in matrix form as:
lant €1 0 0 0 Ugq,U
L+rl € 2 u_ .|
|1T1,1i,/ _é Mon XK, 1 M1 or2 XK, 0 ull T1,1;,/ (3.14)
.I.qufz 1 g 0 0 1 0 HI. 1"-2 1
T1E2b é’bl,l xrbl,z XKe 0 rbl,z2 XKe 1 Qle}zb

Equation (3.14) defines the transfer matrix for aflexible gear mesh.

Figure 3.4: Linear Stiffness Representation of Meshing Spur Gear Teeth,
adapted from Mitchell®
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3.3 Planetary Gear Train Transfer Matrix

In order to obtain proper gear ratios in power transmission systemsiit is often
advantageous to implement the use of planetary gear trains such as the one represented in
Figure 3.5.*° Modeling the torsional vibration characteristics of a system that includes
one or more planetary gear trains can be a cumbersome task. If the modeling procedure
involves the creation of a single-shaft equivalent model of the system, a significant
amount of time must be spent performing equivalence calculations for the multiple
components spinning at different speeds. Therefore, a multi-rotor transfer matrix
technique that eliminates the need for equivalence calculations isideally suited for such a
task. Aswith the previously developed transfer matrix for a pair of meshing spur gears,
the inertias of the gears can be modeled with separate point matrices. Thus, the matrix
developed here transfers the state across the actual mesh of the gears (it doesn’t include
the gear inertias).

The development of a multi-rotor transfer matrix for a planetary gear train is
begun here by examining the free-body diagram of the sun gear shown in Figure 3.6.
Assuming the sun gear isarigid disk with respect to its shaft attachment, the torsional
displacements on either side of the sun gear will be equivalent.

ds' =05 (3.15)

Planet Gear

Figure 3.5: Planetary Gear Train
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L

+ X axis (out of page) |:le|1

Figure 3.6: Free-Body Diagram of the Sun Gear

The torgue equilibrium equation can be written as:
TS =T +1Fous (3.16)

The free-body diagram of the planet gear is shown in Figure 3.7. The planet gear
body is assumed to berigid. Thus, the displacements on either side of the gear are equal
as shown in Equation (3.17).

dp =Qp (3.17)

+X axisout of page

Figure 3.7: Free-Body Diagram of the Planet Gear
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The torque equilibrium equation for the planet gear can be written as.
TPR = TPL * lp FGMl - Tp FGMZ (3-18)

The equations that describe the relationship of the states on opposite sides of the
planet arm can be devel oped by examining the free-body diagram shown in Figure 3.8. It
is assumed that the planet arm isrigid such that,

da =0, (3.19)
The torgue equilibrium equation for the planet arm is
TAR = T/-{_ = Tam I:arm(’\) (320)

Next, the equations governing the motion of the ring gear are developed by
examining the free-body diagram shown in Figure 3.9. The assumption is made that the
displacements on either side of the ring gear are equivalent.

dr =dg (3.20)
The torgue equilibrium equation for this gear can be written as:
TRR = TRL + rbR I:GM 2 (322)
F
R + q A arm(™)
TA ’/ A Varm
- ‘{ -~ _ _ .}7 >
I:arm(axiatl) I:arm(axiatl)
|
y
\ I:arm(")
Tt Origin of X axis
A

+ X axis (out of page)

Figure 3.8: Free-Body Diagram of the Planet Arm
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+X axisout of page

Figure 3.9: Free-Body ELiagram of the Ring Gear

At this point, the equations for transferring the state across the planetary gear train
mesh have been written, but the valuesof F,,,, Fyy,,and F, ., have not yet been

defined in terms of the state on the left side of the mesh. The meshing gear teeth in the
planetary gear train will be treated as having a constant linear stiffness. Thiswill allow
the unknown forces Fgy,, Fey,, and F,, ., to be defined in terms of the torsional

arm(®

displacements of the gear train components. K., , the stiffness of the gear mesh between
the sun and planet gears, will be equivalent to the series combination of the stiffness of a

sun gear tooth, K., and the stiffness of a planet gear tooth, K, .
- KTS XKTP
el
KTS + KTP
Similarly, the stiffness of the gear mesh between the planet gear and the ring gear, K ..,

is defined as the series combination of the planet gear tooth stiffness and the stiffness of a
ring gear tooth, K .

(3.23)

_ Ky XKy

= 3.24
e2 KTp + KTR ( )
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Theforce, Fg,,, can be defined in terms of the combined linear displacement,
D, , of the sun gear tooth and the planet gear tooth.
Four = K XDy (3.25)

Assuming that the torsional displacements of the sun gear, planet gear, and planet arm are
small, D, can be defined as:

D, =hs s + M My - N Gx (3.26)
Substituting Equation (3.26) into Equation (3.25)
Fomr = Ky )<rbs >q$L T I >q; - s >q/k) (3.27)

Theforce, Fg,,,, can be defined in terms of the combined linear displacement,
D, , of the planet gear tooth and the ring gear tooth.
Fovz = Keo XD, (3.28)

Assuming that the torsional displacements of the sun gear, planet gear, and planet arm are
small, D, can be defined as:

D, =l Mg - Tp s - Fg s (3.29)
Substituting Equation (3.29) into Equation (3.28)
Fovz = Kez )<rbR g - T e - Ng >qIA5) (3.30)

The equilibrium equation for the forces on the planet gear in the direction
perpendicular to the planet arm can be written to define the equation for F

Fam
Substituting Equation (3.27) and Equation (3.30) into Equation (3.31),
Farm(’\) = [KelrbSqSL + KelerqFI’_ - KelrbSqIA_ + Kezrqufla_ - Kezrbpqpl; - Kezrqu/kJCOSf (3-32)
Simplifying Equation (3.32),
Famery = [KelrbsqsL + (Ko - Kopnets - (K + Koh s + KezrquRLJcosf (3.33)

arm(™) *

y =Fewm,cosf + Fg,,, cosf (3.31)

The expressions for the forces, Fgy,, Fey,, and F ., that couple the planetary

gear train components can now be substituted into the torque equations for each of the
components. Thisis begun by substituting Equation (3.27) into Equation (3.16).
TSR = TSL + Kel(rbS )quL + KelrbS erq}I?- - Kel(rbS )qu (334)
Substituting Equation (3.27) and Equation (3.30) into Equation (3.18) resultsin the
following expression:
TPR :TPL + KelrbS erq SL + (Kel + Kez)(er )Zqil’- (335)

L L
+ (KezrbR - KelrbS )erqA - Kezer Mrdr

Equation (3.33) is substituted into Equation (3.20).
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T/—S :TAL +[_ KelrbSqSL +(Kez - Kel)erqFI;
+ (KelrbS + KezrbR hk - KlequFle-] Farm cosf

Itisknown that r, . must equal the sum of the pitch radii of the sun gear and the planet

gear. Itisaso known that the relationship between the base radius of a gear and pitch
radiusis given as.

(3.36)

fy = Ty COSF (3.37)
Therefore, the following expression can be shown to be true:
Fam COST = Fig +1yp (3.38)

Equation (3.38) is now substituted into Equation (3.36).
TA'? :TAL +[' KelrbSqSL +(K62 - Kel)erqll-
+ (KelrbS + KezrbR h/k - Kezrqull?_]{rbS + er}

The expression for transferring the torque component of the state across the ring gear can
be written by substituting Equation (3.30) into Equation (3.22).

TRR :TRL - KlebP rquFI; - KeZ(rbR)Zq,IA; + KeZ(rbR)zq}IQ_ (340)

(3.39)

The transfer matrix equation for the planetary gear mesh can now be written by
writing Equations (3.15), (3.17), (3.19), (3.21), (3.34), (3.35), (3.36), and (3.40) in matrix
form.

igft é1 0 0 0 0O O O Ouligsl
TFE S, 1 ou, 0 u, 0 0 0T
::jq;*::j 20 O 1 0 0 0 O 08 :q;|
.:,-TP:{,/_§U4 O u 1 us 0 OlMTL,
9.1 g0 0 0 0 100 00a ey
.:.TAR : &y 0 U 0 u, 1 u; Oy :T |
idgi g0 0 0 0 0 0 1 Opijag
iTep 60 0 wu, 0 wu; 0 u, 1g [Tt IO
Where
U, = Ky Xh)? (3.42)
U, = K, Mg Xp (3.43)
- Koy M) (3.44)
u, = K, X X, (3.45)

Us = (Ko, + K, (1) (3.46)
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Ug = (Kop Mg - Koy Mg ) X0 (3.47)
u, =- K, X X5 (3.48)
Ug =- K 3 {re +1,) (3.49)
U = (K,, - K )=, {rs +1.,) (3.50)
Uy = (K, g + K, 0, )X +1,,) (3.51)
Uy =- K, a0, Xre +1,,) (3.52)
Uy, =- K, Xp X5 (3.53)
U, =- K, X1g)? (3.54)
u, =K, Xrg)? (3.55)

Equations (3.41) through (3.55) define the transfer matrix for the planetary gear mesh.
That transfer matrix enables the creation of models with any number of planetary gear
sets for static or dynamic analysis.

Care must be exercised in modeling the inertias of the planetary gear train
components. Note from Figure 3.7 that the displacements of the planet gear shaft, g,

correspond to rotations about the central axis of the planet gear. The planet gear also
revolves about the axis of the sun along with the planet arm. However, the displacements

of the planet gear shaft, g, and g, only represent the relative displacement of the planet

gear with respect to its pivot on the planet arm. Therefore, special care must be taken in
modeling the inertia of the planet gear. The inertia of the planet gear about the planet
gear shaft’s axis of rotation should be lumped on the planet gear shaft. The planet gear
shaft’saxis of rotation islabeled in Figure 3.10. However, the inertia of the planet gear
about the rotational axis of the planet arm should be algebraically added to the inertia of
the planet arm on the planet arm shaft. In other words, the inertial resistance to
acceleration about the planet arm shaft’s axis of rotation is equal to the total inertia of the
planet arm and planet gear assembly about that axis. Wilson® and Nestorides™ describe
analytical and experimental methods for cal culating these polar mass moments of inertia
for avariety of different geometries. Those discussions include techniques for
calculating the polar mass moment of inertiafor a component whose axis of rotation does
not pass through its center of gravity (i.e. the inertia of a planet gear about the axis of
rotation of the planet arm.)
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AXxis of Rotation

of the Planet
- / Gear Shaft

Planet Gear

N\ R
Planet Arm -
\ | Axis of Rotation
of the Planet
Arm Shaft

Figure 3.10: Axes of Rotation of the Planet Gear Shaft and the Planet Arm Shaft

3.4 Building the Global Transfer Matrix for a Multi-Shaft Model

A standard procedure for assembling the global transfer matrix for a multi-shaft
system is demonstrated with an example system shown in Figure 3.11. [F]; ; isan

expanded field matrix describing the properties of the i field section on shaft number j.
Likewise [P]i]j represents an expanded point matrix for the i™ point on shaft j. [GM] isa

gear mesh transfer matrix that describes the connection of the two shafts. The gear mesh

isdefined as a point in the model on both shafts and the state vector at that point is

= L (Left) or R(Right)
labeled as ZGM , Shaft Number

9,

[P] 01 [P]l,l 21 [P]S,l

[F]l,l ] [F]Z,l [F]3,1

[T T T e
@
<

[Fl.. [F]..

I ]

[P]O,Z [P]l,Z [P]Z,Z

Figure 3.11: Elemental Transfer Matrices for a Geared, Two-Shaft Torsional
System
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The global transfer matrix assembly for this system can proceed by first
transferring the state on the left end of the first shaft up to the gear mesh.

quM 1['.I iq01 U
: TGM 1_I_ [P]Zl >{F]21 >{P]ll ><[F]ll >{P]01 I TOlI (3.56)
i 9oz i i 02|
t Toz b {To,zb

The gear mesh transfer matrix should not be added to the global transfer matrix until the
state on shaft 2 has been transferred up to the same point. Thisis accomplished by the
following multiplication:

‘I qGM 1 U ‘IqGM lI['.I
| Ter | | TS I
I (EM g [P]12 ){F]lz ><[P]oz : GE ly
| GM 2| 02 |
| TGLM 2 b | TOI,?Z (357)
Next, the state is transferred across the gear mesh.
‘quM l[’.I ‘IqéMlu
| TGRM L : : TGLM L |
i o y:[GM]_i_ Mty (3.58)
TYowm, 2_|_ _I_ GM ,2_I_
fTGM 2 +TGLM,2
The state can be transferred to the end of shaft 1 with the following equation.
gz U 1qdy .U
Py =[PLyofFla s Sy (359)
| MIGM,2 | | YMIGM,2 |
} TGRM 2 % TGRM 2
The state can then be transferred to the end of shaft 2 as shown:
: qéfl G l q31 :
i TH
1 “' [P]zzx{F]nx'l “' (3.60)
I 2 2I T GM 2|
szF,sz {TGRM ,2b

Finally the global transfer matrix can be assembled by combining Equations (3.56)
through (3.60).

™ global = [P]z,z[F]z,z[P]s,l[F]s,l[GM][P]l,z[F]l,z[P]O,z[P]z,l[F]z,l[P]l,l[F]l,l[P]o,l (3-61)
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3.5 Generalized Method for Applying Boundary Conditions to a Multi-Shaft
Model

To determine the desired solution, the boundary conditions of the system must be
applied to the global transfer matrix as was already demonstrated for single-shaft models.
However, a multi-shaft system has more boundary conditions to be applied - the left and
right end of each shaft is either fixed or free. Therefore, amethod for applying these
boundary conditions will first be demonstrated with a two-shaft example. Finaly, the
generalized procedure for applying the boundary conditions to a system with an arbitrary
number of shaftswill be presented.

To demonstrate the process of applying the boundary conditions to a multi-shaft
system, consider performing a forced-response analysis for a two-shaft system having
both shafts fixed on the left end and free on the right end with some intermediate loading.
The global transfer matrix and the end state vectors for such a system can be written as

il ETMAD TMAD TMEY TMAH :TME9UT 0 0
£ 0 1 gM(2) TM(22) TM(23 TM(24) i TM(25) ; Tensy

C I
10rign 2y =€TM(3) TM(32) TM(33) TM(34) | TM(35)U>4 (3.62)
L0 M@ TM@42 TM(43) TM(44) TM (48 ..Il.e.f.t.@..
f1p & O 0 0 o i 1 Hi 1}

The second and fourth equations (the equations with a“0” in the vector on the left-hand
side of the expression) in the matrix expression above can simplified to the following two
eguations:

T™ (2,2) Ty, + TM (2,4) T, =-TM (25) (3.63)
T™M(4,2) A, +TM (4D T, =-TM (4,5) (3.64)
This set of two equations and two unknowns can be solved for the remaining unknowns
in the left-hand state vector, T, and T ,, using Cramer’s Rule.
-TM(25) TM(2,4)
-TM (4,5 TM(4,4)

left,1 — (3.65)
T TM(22) TM(2,4)
‘TM (42) TM(4,4)
‘TM (22) -TM(25)
_TM(4,2) - TM(4,5) (3.66)

2T TM(22) TM(24)
T™ (4,2) TM (4,4)
Similarly, torsional systems with x shafts will have x unknowns in the left-end state after

applying the boundary conditions. For such a system, a set of x equations and x
unknowns can be solved for the remaining unknowns using Cramer’s Rule.
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To determine the natural frequencies of the system with the global transfer matrix
shown in Equation (3.62), it is necessary to determine the characteristic determinant of
the system. The characteristic determinant can be found by first reasoning that loading
terms (the termsin the fifth column of the global transfer matrix) will all be zero since
thisisa*“free” vibration problem. The second and fourth equations from the matrix
expression in Equation (3.62) can then be written as

™ (22) T, +TM (24) T, , =0 (367)
™™ (4,2) X T TM (4,9 X =0 (3.68)

In order that this system of equations has a non-zero solution, the determinant of the
coefficients must equal zero as expressed in Equation (3.69).

T™(2,2) TM(24) _
™ (42) TM(4,4)
The determinant in Equation (3.69) is the characteristic determinant for this system, and
finding the system’s natural frequencies entails finding the roots of the characteristic

eguation formed by evaluating that determinant. For systems with more shafts, the size

of the characteristic determinant grows, but the procedure for finding the natural
frequenciesisthe same.

(3.69)

Next, the equations used for applying the boundary conditions to a system with an
arbitrary number of shafts will be defined. To help explain this generalized technique the
following notation will be adopted for the state vectors:

_I_ qleftor rightend,l_l_'I _I_ Z(l)leftor rightend,1 U
| I |

Tleftor rightend, 1§ Z(Z)Ieftor rightend, 1]

T I

T

l Tleftor rightend, 2 1, t 2(2) leftor rightend, 21,

= , (3.70)

T T

T T

y=
|
i

qleftor rightend,2.. I Z(l)leftorrlghtend 2.

|
i

_I_qleft orrightend, x I _I_ Z(l) leftor rightend, x I

T Tleftor rightend, x T T 2(2) leftor rightend, x |

t 1 b t 1 b
This notation is similar to that used in Section 2.7 with the exception that the shaft
number has been added to the subscript. Also note that here x is equal to the total number

of shaftsin the model and the 2xx +1” column of the transfer matrix would contain any
applied torques.

The left end boundary condition for each shaft in the model can be defined by
Z(im)iettend, m = O where i, =1 or 2 and m isthe number of the shaft. Similarly the
boundary condition on the right end of each shaft can be defined by z(jm)right end, m = 0
where jn, =1 or 2. For the forced-response case the values of the m unknown left-end
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state variables, z(3 - im)eftend, m» Must be determined. This can be done for each shaft, m,
by applying the following equation:

z(3- im)leftendvm = SZ—%\]

The matrix, [B] , iIsformed from the non-zero coefficients of the global matrix equations

which have a zero in the state vector for the right side of the model. In the example
presented at the beginning of this section Equations (3.63) and (3.64) are the equations
from Equation (3.62) that have a zero state term in the state vector for the right side of the
model. The transfer matrix columns for the non-zero coefficients in Equations (3.63) and
(3.64) correspond to the non-zero rows in the state vector for the left side of the model.
The zero state term in the right side state vector corresponding to shaft number p is
located in row number j, + 2*p — 2. This defines the corresponding global transfer
matrix row numbers of termsin row p of matrix [B] . The non-zero state term in the | eft

side state vector corresponding to shaft number p islocated in row number 1 + 2*p — .
This defines the corresponding global transfer matrix column numbers of termsin
column p of matrix [B] . Therefore matrix [B] can be defined as:

(3.71)

ETM (j, +24- 2,1+24- i) TM(j,+2%2- 21+22-i,) == TM(j,+24- 2,1+2>- i U
gTM(j2+2>Q- 2,1+24- 1) TM(],+2X- 21+2X2-1,) == TM (], +2X2- 2,1+ 2% - ix)g
é : a
é a
é a
é a
EIM(j, +2x- 21+2%- i) TM(j, +2x- 2,1+2X2-i,) - TM(j, +2x- 2,1+2x- i,)f
(3.72)

The matrix, [A] , Isidentical to matrix [B] except that the m™ column is replaced by:
- TM(j, +24- 2,2x+1)

- TM(j, +2X2- 2,2xx+1)

: (3.73)

-TM(j, +2xx- 2,2xx +1)
For the case of afree-vibration analysis the characteristic equation can be defined by:
det[B] = 0 (3.74)
where [B] isdefined in Equation (3.72).



Chapter 4. Torsion 1: A Transfer Matrix Computer Program for
Torsional Analysis

4.1 Introduction

An effective design tool for torsional analysis, Torsion 1, has been created using
the Visual Basic 4.0 programming language. This program is capable of performing
linear, forced-response and free-vibration analyses for atorsional system. Additional
transfer matrices that have not been derived in this text but are used by Torsion 1 are
catalogued in Appendix A. The modeling and analysis capabilities of the program allow
multi-shaft systems connected by meshing gears to be analyzed with ease. The Visud
Basic 4.0 programming environment has been chosen because it allows the programmer
to easily create an effective graphical user interface. Figure 4.1 shows the main program
window as it appears when the program isfirst run.

& Torsion 1 [_ O] x|

Model  Snaliee Hotput ks Window

O = 5 o = e o

Torsion 1

A Transfer Matrix Program for the
Torsional Analysis of Single-Shaft or
Multi-Rotor Systems

T. Griffin and L. D. Mitchell
February 1998
Departrnent of

Mechanical Enginesring

() Copyright Virginma
Polytechnic Tnstitute and State
Trversity

Figure 4.1: Torsion 1 Title Screen

36
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4.2 Organization of the Program

The bulk of the functionality for the program Torsion 1 is accessed by the user
from four basic forms. The organization and hierarchy of the forms within Torsion 1 is
depicted schematically in Figure 4.2. Note that the global interface for the programisa
parent form. The parent form is the main window for a program within which the other
program modules operate. Figure 4.3 is apicture of the global interface of Torsion 1 with
the three child forms open within the parent form. The global interface provides the
program capabilities which are common to all the child forms such as sending output to
the printer. The child forms which include the model editor, forced-response anaysis
module, and free-vibration analysis module perform the specific tasks for which they are
named. The block in Figure 4.2 labeled “ Public Code” represents the subroutinesin the
program which can be accessed by any of the program modules. The details of the parent
form and the child forms within this program will be provided in the following sections.

Global Interface

(Parent Form)
Model Editor Forced-Response Free-Vibration
(Child Form) Analysis Module Analysis Module
(Child Form) (Child Form)
Public Code

Global variable declarations, global transfer matrix assembly,
state calculation, root search, matrix operations, etc.

Figure 4.2: Schematic Diagram of Torsion 1 Organization
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parent form

& Torsion - [Model File: Torsion2 dat)
Model Analysiz Output  Units  Window

o=y = TS ER e D

M Free Vibiation Analysis

| Natarminant Dlat I Avtomatic ballar I Avtomatic blallar
M Forced Besponse Analysis = =S
Shaft State Figures | Stress Figure | Data Table |
M Model Editor [—ol=]—
Edit Element Farameters | Select Boundary Condifions | el Sess Coanecione
Shaft Element [ Shaft1, Point 0

|E Copy Point Parameters |
Farameter

| Value | Lnit
Regular

Folar Inertia 105.00 lb-in-5"2
Diarmping to Ground 0.00 Ib-in-sfrad

Gear

Plangtary GT Torgue 0.00 Ib-in

Pendulum &bs.

Houd, Lramper

Ml

rSchematic Model Representation

Add a Shatt
Delete a Shaft

Add a Section

Delete a Section ‘w WJWJWJWJWJ

L&
tove Shaft

child forms

Figure 4.3: Parent Form/Child Form Hierarchy

4.3 Global Interface

The global interface for Torsion 1 isthe parent form depicted in Figure 4.3.
Through the controls on the global interface the program user can save or load model
parameters to or from adatafile. The user can also choose to display one or more of the
child forms or send analysis results to the printer or to afile. Another function of the
controls on the global interface allows the user to change the system of units being used
to model asystem. The controlsfor the global interface include a menu and atoolbar,
and they are located at the top, left corner of the form. Figure 4.4 shows a closer view of
the menu and toolbar on the global interface.
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& Torzion 1 =] E3
____—ypr Model Analyziz Output Unitz Window

menu

ey v D E|E[HF | S S

Figure 4.4: Global Interface Menu and Toolbar

When one of the menu options is selected by way of a mouse click, a second-level
menu appears that provides the available options within the initially selected category.
Selecting one of the second-level menu options initiates one of the functions of the global
interface described in Table 4.1. The buttons in the toolbar provide the user with the
ability to access the functions of the global interface more easily. Table 4.1 also shows
the correspondence of the toolbar icons to the second-level menu options and the
functions that can be accessed through them.
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Table 4.1: Menu and Toolbar Functions

First-Level  Second-Level  Toolbar Function
Menu Menu Icon
Model
New [ Open the Model Editor for a new model
Load = Load an existing model from adatafile
Save E fsifge the current model parametersto a data
Analysis
Forced-Response §-€ Open the Forced-Response Analysis module
Free-Vibration H Open the Free-Vibration Analysis module
Output
Print % Print the image or text currently displayed
Text File E Save results or model listing to atext file
Bitmap Image ﬂ Save graphical display to a bitmap image
Units
Sl Convert to Sl system of units
English anvert to English Gravimetric system of
units
Window
List of child (none)  Bring the selected child form to the front

forms that are
currently open

within the global interface and make it
active (ready for input viathe mouse or
keyboard)
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4.4 Model Editor

The Model Editor alows the user to create or edit the system model such that
torsional analysis can be performed. Figure 4.5 shows the Model Editor open within the
global interface. The controls on thisform are grouped into three major categories:
controls used to edit the element parameters, controls used to select the appropriate
boundary conditions, and controls used to specify the nature of the gear connectionsin
the model (if any exist). These controls are displayed on separate tabs (or pages) on the
Model Editor form. Note that only one set of controlsis displayed at atime. The user
selects which set of controlsis displayed by clicking on the appropriate tab label at the
top of the Model Editor form.

El t tion control Tab labels )
| = emen _selec_o_ contr O_S_! Point parameter frame

& Torsion - [Model File: Torzion14.dat) - [Model Editor]
wl Model Analpsis Output  Units Anindow =0

DIBIEIIHIS-I%}QI/JIGIDI 4 /

Edit Element Paral re | SelectElnundarndnditions' Modif}zGearConﬁGns |

Shaft Element ,r Shaft 1. Point 0
Copy Foint Farameters |

1
1
I FParameter | “alue | IUnit
I Fegular - —
i Folar Inertia. 10.00 lb-in-s™2
I Giear Damping to Ground n.00 I-in-gfrad
________ Il Plansta GT Torgue 0.0 lb-in
Pendulurn Abs.
Houd. Damper
Hull

r———"~===°7 1 Schematic Model Representation
Add a Shaft oom
Delete a Shaft E | T
- o b
1 H_'__ H
“ind
Add a Section T

Delete a Section I
e -K —— IEWEWJ Al
\
\ | iy
\
5 *\
r— S U

| Shaft/section controls J| Model display frame

Figure 4.5: Model Editor Form, Edit Element Parameters Tab
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The tab which has controls for editing the values of the element parametersis
labeled “Edit Element Parameters’ and is the selected tab in Figure 4.5. When modeling
a system the user must edit one element at atime. The element selection controls shown
in Figure 4.5 alow the user to specify which element in the model isto be edited. When
the element selected is a point on the model the point parameter frame (aframeis a set of
controls on aform bound by a black rectangle) appears. The controls on the point
parameter frame display the pertinent values of the point parameters and allow those
values to be changed. A similar field parameter frame appears in place of the point
parameter frame whenever afield element is selected within the element selection
controls. The shaft/section controls alow the user to change the number of shafts or
field/point sections in the model. Finaly, the model display frame shows a schematic
representation of the model. Thisframe appears on al three tabs within the Model
Editor, and the element, shaft, or gear connection that is selected appears highlighted in
red. The controls on the model display frame allow the user to change the view in the
display window and the relative positions of the shafts in the display.

One of the program options available on the point parameter frame is atool
window that can estimate the stiffness of a spur gear tooth based on standard gear
dimensions provided by the user. The Gear Tooth Stiffness Estimator tool window is
shown in Figure 4.6. This model uses an adapted version of the Daws > model for
calculating a tooth stiffness. Some additional assumptions have been made in using the
equations presented by Daws such that a single, constant-stiffness estimate can be
obtained for the gear tooth from a few basic parameters used to describe the spur gear
(which can be seen in Figure 4.6). The assumptions used in conjunction with the
equations listed in the Daws reference are presented here:

The stiffness estimate is based on a model of the gear teeth in contact at
their pitch point.

The addendum and dedendum distances are assumed to match those for
standard, coarse-pitch-involute spur gears as presented by Mabie and
Reinholtz* :

addendum = 1.000 (4.1)

diametral pitch

dedendum = 1.250 (4.2

diametral pitch
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Gear Tooth Stiffness Estimator —_______________H|
Gear Dimensions:
Fitch Radius.. ... 1.000 in
Diametral Pitch................. 5 teethfin
Fressure Angle........ 20 degrees
Face Width.....ooo 0.50 in

Material Properties:

tModulus of Elasticity....... 30eb psi

Foisson's Ratio............ 0.232

Tooth Stiffness Estimate:

Store this estimate as the tooth stiffness
value for the current gear?

Yes | No |

Figure 4.6: Gear Tooth Stiffness Estimator Tool Window

The tab on the Model Editor form which allows the user to select the boundary
conditions for the model islabeled “ Select Boundary Conditions’. The Select Boundary
Conditions tab isthe active tab in Figure 4.7. The shaft selection control on thistab
allows the user to specify the shaft whose boundary conditions will be edited. The
boundary condition frame contains controls which allow the user to specify whether the
ends of the selected shaft are free or fixed.
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I Select shaft control | Boundary condition frame

| 2 Sl oo’

& Torsion - [Model File: Torsiond4.dat] - [Model Editor]
w b Model Analysiz Output Units \W’indow - |ﬁl|£|

NECERELETE |
Edit Element Parameters Se%t_Eloundaannditinns | Mudi{yGearCDnnediW#'

=== rBoundary Conditions for Shaft 1

Shaft

1 1

1

B
3 1

1 1

Fixed

rSchematic Model Representation

— I
» 5s

—

Figure 4.7: Model Editor Form, Select Boundary Conditions Tab

Finally, the Modify Gear Connections tab is shown in Figure 4.8. The controls on
this tab allow the user to edit the gear connections within the system. The select gear
mesh control allows the user to select one of the existing gear meshes as the active mesh.
A description of the active mesh is provided in the gear mesh description frame. The
add/del ete gear mesh controls can be used to change the number and type of gear mesh
connections. Whenever one of the add gear mesh controls is selected, the gear mesh
connection frame appears. The controls on this frame can be used to specify the new
gear connection to be added.
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| Select gear | Gear mesh I_Add/DeIete gear | Gear mesh
| mesncontrol || descriptionframe [, mesh controls | '] connection frame
—_ 7 —_—_———_———
| /
& Torsion - [Model File: Torsion14. dat) - [Mode! Editor]
Ll Model, Analpsiz Output Unite window I ===l
=TS REL TR /
Edit Blement Farameters | Select El¢mdary Canditions b odify Gearbonnedions |

IGear Mesh | rAdd a Standard Gear Mesh
: ; Gear Mesh 1 * Select First Gear in Mesh
[ ﬁtﬂndard Gear Mesh: |- -----=-=-=-=-=-"=-"- Shaft Point

{Point 1. Shaft 1) Connected To :‘ Add a Standard Gear Mesh

2

(ol Siciid) : Add a Flanetary Gear Mesh 3

: Delete a Gear Mesh

Continue

Cancel

“findo

WJ T

Figure 4.8: Model Editor Form, Modify Gear Connections Tab

4.5 Forced-Response Analysis Module

A static or dynamic forced-response analysis can be performed with the aid of the
Forced-Response Analysis module of Torsion 1. The Forced-Response Analysisformis
shown in Figure 4.9 with the State Figures tab active. Note that the controls on the left
side of the form appear on the main form and not on any of the tabs. Thus, the controls
on the left of the form can be accessed from any of thetabs. The shaft selection control
allows the user to choose the shaft for which the response results will be displayed (the
results are displayed for asingle shaft at atime). The increment number controls are
used to change the number of increments within each field section for which the state is
calculated. The forcing frequency control is used to select the harmonic frequency for
the loads whose magnitudes are specified on the Model Editor form. The user has the
option of performing a damped or undamped analysis. This option is selected using the
control at the bottom, left corner of the form. Note that the State Figures tab displays the
displacement and internal torque resultsin graphical form. The Stress Figure tab, shown
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in Figure 4.10, provides a graphical representation of the stress analysis results. The
displacement, torque, and stress results are all provided in tabular form on the Data Table
tab shown in Figure 4.11.

______ - —_—_—
I Shaft selection | [ Increment number | Deflection and torque
I control | I controls | response figures
/ /
/

M. Torsion - [Model File: Torsighl5.dat] - [Forced-Response Analysis]
wl Model /Analysis Output Uit Window =0
DI@#EIIHIH@I@HI@IDI /

I' “Shait .: | Stress Figure I Data Tahle | %

I I

I § 1| /000ev000

[N -2.00e-003

/ = -4.008-003
/ |Z -6.00e-003

/ | |& -8.00e-003
2 -1.008-002
/ O -1.20e-002
—————— -1.408-002
Number of | 1 BOe-002
i| -1.60e
mlomonts | 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.8 1.8 2.0
per Section

|5_ : Axial Locatian {in)

i -2.40e+002

: -2.60g+002
=== === | _ -280e+002
Forcing | |£ -3008+002
Frequency | |2 _3 3054002
l”_Hz "%\-3.409002
ON-3.B0e+002

I
_____ a4

T -NgOe+002
'((: gaipeﬂ d -4.00%002
. -4 208+0%2
0.2 0.4 0.6 0.8 1.0 1.2 1.4 16 1.8 20
\ \ Huxial Location {in)
N
N
N
I_; ______
Damping I Forcing frequency
option control I control I

Figure 4.9: Forced-Response Analysis Form, State Figures Tab
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Maximum Torsional Shear Stress Figure

Number of
Increments
per Section

F

Forcing
Frequency

ID Hz

'+ Undamped
" Damped

D= = | 2™ =S|

0.00e+000

-2.00e+002

-4.00e+002

-f.00e+002

-3.00e+002

-1.00e+003

-1.20e+003

-1.40e+003

-1.60e+003

Maximum Taorsional Shear Stress (psi)

-1.80e+003

-2.00e+003

-2.20e+003

0o 0.z 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 20
Axial Location {in)

Figure 4.10: Forced-Response Analysis Form, Stress Figures Tab
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M Torsion - [Model File: Torsion15.dat] - [Forced-Response Analysiz]
5 b Model Analysis  Output Units  window
NEEEEERECE
Shaft State Figures 1 Stress Figure
2 Axial Location Deflection Taorgue Maxirmum Shear
3 Stress
{ir) [radians) [Ik=in] [psi)
0.000000E+00 -4.060000E+02 -2.025000E+03
0.000000E+00 0.000000E+00 -4.050000E+02 -2.025000E+03
2.000000E-01 -2.025000E-03 -4.050000E+02 -2.025000E+03
4.000000E-01 -4.050000E-03 -4.050000E+02 -2.025000E+03
G.000000E-07 -6.075000E-03 -4.050000E+02 -2.025000E+03
Number of §.000000E-01 -3.100000E-03 -4.050000E+02 -2.025000E+03
Increments
per Section 1.000000E+00 -1.012500E-02 -4.050000E+02 -2.025000E+03
: 1.000000E+00 -1.012500E-02 -2 400000E+02 -9.600000E~0Z
’— 1.200000E+00 -1.108500E-02 -2 400000E+02 -9.600000E~0Z
1.400000E+00 -1 204500E-02 -2 4D0D00E +02 -8 600000E+02
1.600000E+00 -1.300500E-02 -2 400000E+02 -9.600000E~0Z
Forcing 1.800000E+00 -1.396500E-02 -2 400000E +02 -9.600000E+02
Frequency 2.000000E+00 -1.492500E-02 -2 400000E +02 -9.600000E+02
"ﬁ""‘“‘“ v 2.000000E+00 -1.492500E-02 -2 400000E +02 0.000000E+00
z
'+ Undamped
" Damped

Figure 4.11: Forced-Response Analysis Form, Data Table Tab

4.6 Free-Vibration Analysis Module

The Free-Vibration Analysis form shown in Figures 4.12 through 4.15 can be
used to determine the natural frequencies and modes shapes of atorsional system. The
root-search controls at the top of the form allow the user to select the type of root search
to be used in finding the natural frequencies. One of the options for finding the system
natural frequenciesis an automated Muller-Method root search for finding either damped
or undamped roots. A second option for finding roots involves plotting the characteristic
determinant curve for the system to visually approximate where the value of the
determinant equals zero. This root approximation can be refined using afalse position
search routine. It should be noted that this second root-search option can only be used in
finding the undamped natural frequencies.

The Eigenvalues tab of the Free-Vibration Analysis form, shown in Figure 4.12,
displays the roots that have been found using the Muller-Method or false-position root
searches. The Mode Shapes tab, which is shown in Figure 4.13, displays the arbitrarily
scaled elgenvectors which correspond to the eigenvalues that have been found. The
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mode and shaft selection controls at the top, left corner of thistab allow the user to select
the particular mode and shaft for which the eigenvector results are displayed. Aswas
described for the Forced-Response Analysis form, the increment number controls allow
the user to select the number of increments in each field section of the model for which
the state vector is calculated. The mode selection, shaft selection, and increment number
controls also appear on the Data Table tab shown in Figure 4.14 where they perform
similar functions. The Data Table tab shows the eigenvector results in tabular form.
Figure 4.15 is an image showing the Characteristic Determinant tab which can be used to
view alogarithmically scaled plot of the determinant curve. The controls on that tab are
used to set the range of frequencies displayed in the figure and allow the user to refine a
root approximation using a false-position root-search routine.

_________ : -
| Root search controls | Eigenvalue table

| 00 Search conrors

« | Model Analpzis  Output  Unitz  Wfindow =]l

O]+ | |8 o A |

Automatic Muller Automatic Muller !
Method Undamped Method Damped [

1 Determinant Plot
1 with Root Search

Muller's Method Search of Roots

Foot | Frequency (Hz) | Accuracy | Determinant
1 .nooo 5.29E-14 Z03E+07
2 10.3548 4.49E-15 4.86E+07
3 25.2801 2.28E-15 740E+08
4 41.4063 2.08E-15 1.45E+09
5 87.3606 253E-15 25BE+12
6 B27.7121 1.07E-17 -6.46E+18
7 1241.8133 2.35E-16 1.42E+23

Figure 4.12: Free-Vibration Analysis Form, Eigenvalues Tab
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[~ — T e T
I Mode selection : I Shaft selection I M ode shape
I control I control | figures
——— 7= —_— 7 _____
& Torsion - {Model File: Torsion14 dat] » [Free-Vibration Analysiz]
= L Model dnalpsis Output  Units Wiy:low _Iﬁllﬂ
Bl(=CISEE TS /
Petermmant Pll;( Automatic Muller Automaiic Muller
,with Root Segrch Method Undamped Method/Damped
_*nvalues Mude Shapes | Digta Table |
:Mude: S_ha_ﬂ-: Frequency = 1035 Hz }
1 |
! i 1.008+000
I i |
I E o~ B.00e-0M1
E] === s
is = -
o5 | _S 2.00e-001
1j7 | B -2.00e-001
L - T
S _5.00e-001
[m=—=—== -1.008+000
| Number of : 0.0 0.z 0.4 0.6 n.a 1.0 1.2 14 1.8 1.8 20
| Increments
pordion | L0
I -5,
I |5_ 1| . -1.00e+004
I HIS -1.508+004
| |[Compute | 11= 3 npe+nn4
o |2 -250e+004
5 -3.00e+004
-3.580e+004
\ -4.00e+004
-4.50e+004
\ 0.0 0z 04 0.6 0.8 1.0 1.2 14 1.6 1.8 20
Length {in)
\
\
[— L N
I ncrement |

I number controls |

Figure 4.13: Free-Vibration Analysis Form, Mode Shapes Tab
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M ode shape table
& Torsion - [Model File: Torsion14 dat] - [Free-Vibration Analpsiz]
w L Model Analyziz Output Urits  Window i =] |
EEEREELIETIE /
Determinant Plot Automatic Muller | /Autnmatic Muller
with Root Search Method Undamped Method Damped
Eigenvalues | Mode Shapes | DataTable d
Mode Shaft Frequency = 10.35 Hz
1 Length Deflection Torgue 1=l
3 % {in) (radians) {Ib=in) T
4 0.00 1.00E+00 0.00E+00
g 0.00 1.00E+00 -4.23E+04
7 0.20 7.88E-01 -4.23E+04
0.40 5.77E-01 -4.23E+04
0.60 3.65E-01 -4.23E+04
Number of 0.0 1.53E-01 -4.23E+04
:'::ES";E{:LS“ 100 5 B2E-02 -423E+04
|5_ 1.00 -5.82E-02 -1.94E+04
Compute 1.20 -1.36E-M -1.94E+04
1.40 -2.14E-M -1.94E+04
1.60 -2.92E-1 -1.94E+04
1.80 -3.69E-01 -1.94E+04
2.00 -4.47E-01 -1.94E+04
4 | _'ILI

Figure 4.14: Free-Vibration Analysis Form, Data Table Tab
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Frequency range Characteristic
frame determinant plot

& Torsion - [Model File: Torsion14 dat] - [Free-Vibration Analpsiz]

w L Model Analpziz Outpul  Units Window — |ﬁ'|5|
NEEERELIETEE \

Determinant Pldt Automatic Muller Automatic Muller

with Root Searc Method Undamped ethod Damped

i ol

r Graph Frequency Range
D— 60.00

Start Hz
End |100 Hz 5000 m

Steps 100 40.00

Characteristic Determinant

30.00

20.00
False Position Root Search — 10.00

MNote: Search for

0.on
a single root
e — -10.00
Frequency 1 Hz 20,00
Frequency 2 Hz
g e — -30.00
Accuracy Hz

Determinant (Logarthmically Scaled)

-40.00
Find Root |
-50.00 L
-60.00

-70.00

a 10 20 30 40 50 G0 7a a0 eln) 100
Freguency (Hz

AY

\

False position
root search frame

Figure 4.15: Free-Vibration Analysis Form, Characteristic Determinant Tab



Chapter 5. Verification of the Computer Program: A Set of
Benchmark Solutions

5.1 Static Response of an Imbedded Bar

The first example problem presented here is taken from Pilkey and Chang™ and
involves determining the static response of a shaft that isimbedded in an elastic
foundation as shown in Figure 5.1. The shaft is subjected to a uniformly distributed static
torque, t. The magnitudes of the shaft’ s torsional constant (J ), shear modulus (G ),
foundation stiffness modulus (k, ), section lengths (1,,1,,1;), and loading (t) are specified
in Figure 5.1. Pilkey and Chang present results from their computer program, TWIST.
The deflection results from TWIST along with the results obtained from Torsion 1 are
shownin Table 5.1. Note that the difference between the results from the two programs
isinsignificant and can be explained by the different number of decimal places reported.
The torgue results from the two programs are shown in Table 5.2. The torque results
compare favorably aswell. The deflection and torque results from the Torsion 1 program
areshown in Table 5.3 in Sl units. The same results are displayed graphically in
Figure 5.2.

J =157in* G =12x10° psi
= 6.5348x10" ' m* =8.2737x10" Pa

_ 50nlb %n

ki =200 %n xrad Ib>i
- N xm t = 201040,
= 889.64 Aq wrad in

N\ e,
N N h—.,
AN

l

I, =161n I, =8in I, =8in
=0.4064m =0.2032m  =0.2032m

Figure 5.1: Shaft Imbedded in a Torsionally Flexible Foundation, adapted from
Pilkey and Chang®
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Table 5.1: Deflection Results From TWIST and Torsion 1

Axial Location TWIST Torsion 1 Percent
(in) Deflection (rad) Deflection (rad) Difference
0.000000E+00 4.99774E-02 4.997736E-02 8.00E-05
5.333333E+00 4.99849E-02 4.998491E-02 2.00E-05
1.066667E+01 5.00075E-02 5.000755E-02 1.00E-04
1.600000E+01 5.00453E-02 5.004529E-02 2.00E-05
1.866667E+01 5.00679E-02 5.006793E-02 5.99E-05
2.133333E+01 5.00906E-02 5.009058E-02 3.99E-05
2.400000E+01 5.01132E-02 5.011323E-02 5.99E-05
2.666667E+01 5.01321E-02 5.013210E-02 0.00E+00
2.933333E+01 5.01434E-02 5.014342E-02 3.99E-05
3.200000E+01 5.01472E-02 5.014720E-02 0.00E+00

Table 5.2: Torque Results From TWIST and Torsion 1

Axial Location TWIST Torsion 1 Percent
(in) Torque (Ib-in) Torque (Ib-in) Difference
0.000000E+00 0.00000E+00 0.000000E+00 0.00E+00
5.333333E+00 5.33119E+01 5.331187E+01 5.63E-05
1.066667E+01 1.06640E+02 1.066398E+02 1.88E-04
1.600000E+01 1.60000E+02 1.600000E+02 0.00E+00
1.866667E+01 1.60000E+02 1.600000E+02 0.00E+00
2.133333E+01 1.60000E+02 1.600000E+02 0.00E+00
2.400000E+01 1.60000E+02 1.600000E+02 0.00E+00
2.666667E+01 1.06667E+02 1.066667E+02 2.81E-04
2.933333E+01 5.33333E+01 5.333333E+01 5.63E-05
3.200000E+01 -9.09494E-13 0.000000E+00 N/A
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Table 5.3: Deflection and Torgque Results From Torsion 1 in SI Units

Axial Location

(m)

Torsion 1
Deflection (rad)

Torsion 1
Torque (N-m)

0.000000E+00

4.997736E-02

0.000000E+00

1.354667E-01

4.998491E-02

6.023432E+00

2.709333E-01

5.000755E-02

1.204868E+01

4.064000E-01

5.004529E-02

1.807757E+01

4.741333E-01

5.006793E-02

1.807757E+01

5.418667E-01

5.009058E-02

1.807757E+01

6.096000E-01

5.011323E-02

1.807757E+01

6.773333E-01

5.013210E-02

1.205172E+01

7.450667E-01

5.014342E-02

6.025858E+00

8.128000E-01

5.014720E-02

0.000000E+00

Deflection (rad)

Targque (M-

5.02e-002

5.01e-002 -
5.01e-002 -
5.01e-002 -
5.01e-002 -
5.01e-002 -
5.00e-002 -
5.00e-002 -
5.00e-002 -
5.00e-002 -
5.00e-002

0.00 010

2.00e+001

0.20 0.30 0.40 0.50

Axial Laocation {m)

0.60 0.70 0.80 0.80

1.80e+001 1
1.60e+001 1
1.40e+001 1
1.20e+001 1
1.00e+001 1
8.00e+000 A
6.00e+000 A
4.00e+000 A
2.00e+000 4
0.00e+000

0.0o 010

0.20 0.30 0.40 0.50

Axial Laocation {m)

0.60 0.70 0.80 0.80

Figure 5.2: Deflection and Torque Response Results for the Imbedded Bar
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5.2 Forced-Response Analysis of aLumped-Parameter System

The second example problem consists of athree-mass system shown in Figure 5.3

which is subjected to a harmonically varying torque of magnitude, T . This problemis
taken from Wilson*® who provides forced-response solutions corresponding to two
different forcing frequencies. Wilson’s solutions were obtained from hand cal culations.
A comparison of Wilson's results with the results obtained using Torsion 1 corresponding
to forcing frequency of 6.1640 Hz is shown in Table 5.4. Note that the difference
between the resultsis less than 1%. Table 5.5 shows similar results when the torsional
load varies harmonically with afrequency of 10.6764 Hz. These results have a slightly
higher disparity which is probably due to round-off and lack of precision in the hand
calculations.

T =50,0001b %n
=564,924 N xm
T =T sin(wt)

IO Il |2

K, =K, = 4,000,000/ l, =1, = I, = 20001b %n »°
- N >xm = 225.970kg xm?
451,939 %ad g

Figure 5.3: Three-Mass System with Harmonically Varying Torsional Load

Table 5.4: Steady-State Deflection of the Three-Mass System Due to a Load Varying
Harmonically With Frequency = 6.1640 Hz

Point Wilson’s Torsion 1 Percent Difference
Deflection (rad) Deflection (rad)
0 0.0204 0.02036920 0.15
-0.0074 -0.007407479 0.10
2 -0.0297 -0.02962863 0.24




Chapter 5. Verification of the Computer 57
Program: A Set of Benchmark Solutions

Timothy R. Griffin

Table 5.5: Steady-State Deflection of the Three-Mass System Due to a Load Varying
Harmonically With Frequency = 10.6764 Hz

Point Wilson’s Torsion 1 Percent Difference
Deflection (rad) Deflection (rad)
0 -0.004 -0.004074211 1.86
-0.0074 -0.007407302 0.10
2 0.006 0.005925917 1.23

5.3 Damped and Undamped Free-Vibration Analysis of an Engine/Generator

Shown in Figure 5.4 is the schematic representation for amodel of a 16 cylinder
diesel engine coupled with an electric generator. Doughty and Vafaee*” use a transfer
matrix program to determine the eigenvalues and eigenvectors for this model
corresponding to the parameter values shown in Table 5.6. Thefirst five undamped
eigenvalues obtained by Doughty and Vafaee are compared with results from Torsion 1
in Table 5.7. Theresults obtained from Torsion 1 show good correspondence with those
provided by Doughty and Vafaee. A comparison of the eigenvector (mode shape)
corresponding to the 118.298 Hz natural frequency obtained from the two computer
programsis shown in Table 5.8.

Flywheel and
Coupling Half

Generator

Crank Throws

Figure 5.4: Lumped-Parameter Torsional Model of an Engine/Generator Set,
adapted from Doughty and Vafaee*
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Table 5.6: Parameter Values for the Engine/Generator Set, adapted from Doughty
and Vafaee®

D .
Section Kieta Ciela looint Damg?rqtg to
(Field+Point) Field Stiffness | Field Damping | Polar Inertia Ground
(N-m/rad) (N-m-s/rad) (kg-m?)
(N-m-s/rad)
0 - - 6 0
1 16 0 4.5 0
2 16 0 4.5 0
3 16 0 0
4 13 0 6 0
5 16 0 4.5 0
6 16 0 4.5 0
7 16 0 6 0
8 25 0 35 0
9 150 0 100 0
10 05 330 20 0
11 10 0 350 550

Table 5.7: Lower Natural Frequencies of the Undamped Engine/Generator Model

Doughty and Vafaee Torsion 1
Root Natural Frequency | Natural Frequency | Percent Difference
(Hz2) (Hz2)
1 0.0 0.0000 0.0000
2 10.731 10.7309 0.0009
3 59.9513 59.9513 0.0000
4 118.298 118.2980 0.0000
5 157.216 157.2164 0.0002
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Table 5.8: Undamped Mode Shape for the Engine/Generator Corresponding to
118.298 Hz Natural Frequency

Doughty and Vafaee Torsion 1
Point Deflection Deflection Percent Difference
(rad) (rad)
0 1.0000 1.000000 0.000
1 0.7928 0.7928210 0.003
2 0.4625 0.4624502 0.011
3 0.0602 0.06022183 0.036
4 -0.4502 -0.4501844 0.003
5 -0.7716 -0.7716206 0.003
6 -0.9732 -0.9731593 0.004
7 -1.0235 -1.023484 0.002
8 -0.9200 -0.9199838 0.002
9 -0.8909 -0.8908741 0.003
10 106.2796 106.2796 0.000
11 -5.7960 -5.796002 0.000

Doughty and Vafaee a so provide some of the results obtained from analyzing the
damped torsional system. For example, the damped eigenvalues for the model are shown
along with the corresponding results from Torsion 1 in Table 5.9. Once again the
agreement of most of the results provides confidence that the new program is functioning
correctly. However, thereisavery significant disagreement for the results of the two
programsin the real component of roots 9 and 10. The following paragraph provides the
intuitive reasoning used to conclude that the result provided by Doughty and Vafaee is

possibly too large.

The real component of an eigenvalue represents the rate of decay of the
oscillation experienced by a system. This decay term is representative of the
effectiveness of the damping within the system for a particular mode. Asan example,
consider roots 7 and 8 in Table 5.9. The mode corresponding to these eigenvalues has a
larger decay term than any of the other modes. The undamped mode shape
corresponding to this mode (undamped natural frequency of 118.2890 Hz) has alarge
relative deflection between points 9 and 10 as can be seen in Figure 5.5. Therefore, the
damper between points 9 and 10 would likely dissipate a significant amount of energy
from this mode, and the large decay term makes sense.
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Table 5.9: Lower Eigenvalues of the Damped Engine/Generator Model

Dough_ty and Vafaee 'I_'orS|on 1 Percent Difference
Root Eigenvalue Eigenvalue
Real Imaginary Real Imaginary Real Imaginar
(Hz) (Hz) (Hz) (Hz) gihary
1 0.0 0.0 0.0000 0.0000 0.000 0.000
2 -0.1698 0.0 -0.1698 0.0000 0.000 0.000
3 -0.2605 10.728 -0.2605 10.7277 0.000 0.003
4 -0.2605 -10.728 -0.2605 -10.7277 0.000 0.003
5 -0.0528 59.9516 -0.0529 59.9517 0.189 0.000
6 -0.0528 -59.9516 -0.0529 -59.9517 0.189 0.000
7 -1.275 118.285 -1.2747 118.2853 0.024 0.000
8 -1.275 -118.285 -1.2747 -118.2853 0.024 0.000
9 -1.051 157.216 -0.0105 157.2160 99.001 0.000
10 -1.051 -157.216 -0.0105 -157.2160 99.001 0.000
1.10e+002
1.00e+002
9.00e+001
8.00e+001
. 7.00e+001
E G.00e+001
*% 5.00e+001
£ 4.008+001
= 3.00e+001
2.00e+001
1.00e+001
0.00e+000
-1.00e+001
0 1 2 3 4 a 5} 7 a 9 10 11
Point Number

Figure 5.5: Undamped Mode Shape of Engine/Generator Corresponding to Natural
Frequency of 118.2890 Hz
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Figure 5.6: Undamped Mode Shape of Engine/Generator Corresponding to Natural
Frequency of 157.2164 Hz

The decay term reported by Doughty and Vafaee for roots 9 and 10 is only about
18 percent less than the decay term for roots 7 and 8. By looking at the undamped mode
shape corresponding to roots 9 and 10 (undamped natural frequency of 157.2164 Hz)
shown in Figure 5.6, one notices that the relative deflection between points 9 and 10 is
significantly less prominent in this mode than was observed in the previous mode shape.
Also, the deflection at point 11 (location of the damper to ground) is essentially zero. If
one assumes that these are valid mode shapes, it seemslogical that the decay term for
roots 9 and 10 presented by Doughty and Vafaeeistoo large. Although thisis certainly
not absolute proof that the results form Torsion 1 are valid, the fact that the two results
appear to be afactor of 100 off leads to the belief that the location of the decimal placein
the decay term may have been misreported by Doughty and Vafaee. Since the
eigenvaluesfor al of the other modes are in good agreement, this seems to be the most
logical explanation for the discrepancy.

5.4 Undamped Free-Vibration Anaysis of a Redundant Drive System

The system shown in Figure 5.7 is a redundant drive train for which Wilson™
provides estimates of the systems natural frequencies. The analysis of the undamped
natural frequencies of this system using Torsion 1 is provided as a demonstration of the
program’ s ability to provide valid natural frequency results for multi-rotor systems. The
values of the inertias and stiffnesses used to model the system are shown in Table 5.8.
Wilson states that Shaft 2 runs at twice the speed of Shaft 1 and assumes that the gear
teeth arerigid. For the purpose of creating a multi-rotor model of the system, the values
in Table 5.9 have been assumed for the gears in the system. The assumed radii provide
the speed ratio specified by Wilson. The gear tooth stiffness values were successively
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increased until increasing the stiffness value no longer had a significant effect on the
resulting estimates of the system’ s first two oscillatory natural frequencies.

I 01 I 21

Shaft 1

Shaft 2

I0,2 Il,2

Figure 5.7: Redundant Drive System, adapted from Wilson®!

Table 5.10: Inertia and Stiffness Parameter Values for the Redundant Drive System

Section | Polar Inertia, I | Polar Inertia, | | Field Stiffness, K | Field Stiffness, K
Number (Ib-in-s) (kg-m?) (Ib-infrad) (N-m/rad)
0,1 1970 222.58 - -
11 1000 112.99 4.0000E+6 4.5194E+5
2,1 2970 335.57 3.0000E+6 3.3895E+5
0,2 20 2.2597 - -
1,2 25 0.28246 5.0000E+5 5.6492E+4

Table 5.11: Assumed Values of the Gear Parameters for Creating a Multi-Rotor
Model of the Redundant Drive System Using Torsion 1

Section Gear Base Gear Base Gear Tooth Gear Tooth
Number Radius Radius Stiffness Stiffness
(in) (m) (Ib/in) (N/m)
0,1 2 0.0508 1.0E+11 1.751E+13
2,1 2 0.0508 1.0E+11 1.751E+13
0,2 1 0.02%4 1.0E+11 1.751E+13
1,2 1 0.02%4 1.0E+11 1.751E+13
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Table 5.12: Natural Frequency Estimates for the First Two Oscillatory Modes of the

Redundant Drive System

Wilson’s Torsion 1 Matlab Model
Root Natural Frequency Natural Frequency Natural Frequency
Estimates Estimates Estimates
(Hz2) (Hz) (Hz2)
1 8.72 8.6784 8.6784
2 14.8 14.7863 14.7863

The estimates for the natural frequencies of the first two oscillatory modes of this
system are provided in Table 5.12. Since the results from Torsion 1 and the hand
calculations performed by Wilson did not coincide exactly, athird model of the system
was created by forming the mass and stiffness matrices for an equivalent single-speed
system. Having formed the mass and stiffness matrices of the equivalent system (for
which the gear teeth were assumed to be rigid), Matlab was used to determine the system
eigenvalues. The results from this analysis are also shown in Table 5.12 and show very
good agreement with the results from the multi-rotor, Torsion 1 model.

5.5 Undamped Free-Vibration Analysis of a Petroleum Drill String Modeled
with a Continuum Element

In the following example, an undamped free-vibration analysisis performed for
the petroleum drill string model shown in Figure 5.8. Thomson and Dahleh®
demonstrate the calculation of the first two natural frequencies for this system using an
analytical technique. The estimates for the first two natural frequencies obtained from
both the analytical technique and the Torsion 1 computer program are provided in Table
5.13. The mode shapes which correspond to the first two natural frequencies are
provided in Figure 5.9 and Figure 5.10.




Timothy R. Griffin Chapter 5. Verification of the Computer 64
Program: A Set of Benchmark Solutions

y J =19.1329in*
— 4
Petroleum drill A = 7.96371m
string modeled with . .
asingle continuum X G =12x10° psi
element =8.2737x10° Pa
\ | =6.000x10* in
=1524m Radius of Gyration
=2.0892 in
Drill collar =0.053066m
modeled asarigid _
disk with its polar Mass per Unit Length
inertialumped at a . 2
iy e A =3.2137x10° 2 10>s A ,
— kg
| =348.71b>in > =22.158 A

= 33.40kg xm*
Figure 5.8: Petroleum Drill Sting Model, adapted from Thomson and Dahleh®®

Table 5.13: First Two Natural Frequencies for the Petroleum Drill String Model

Analytically Determined Torsion 1
Root Natural Frequency Natural Frequency
(H2) (Hz2)
0.384 0.3842
2 1.26 1.2616




Timothy R. Griffin Chapter 5. Verification of the Computer 65
Program: A Set of Benchmark Solutions

2.00e-003
1.80e-003 -
1.60e-003 -
1.40e-003 -
1.20e-003
1.00e-003 -
8.00e-004 -
6.00e-004 -
4.00e-004 -
2.00e-004 -
0.00e+000

Deflection (rad)

0 EIEIEI 4I£IEI EIEIEI BI5IEI 1EIIEIEI 12IEIEI 14IEIEI 1600
1.00e+000
8.00e-001 -
6.00e-001 -
4.00e-001 1
2.00e-001 1
5.55e-017
-2.00e-001 -
-4.00e-001 1
-6.00e-001 -
-8.00e-001 -

-1.00e+000

Targue (M-m)

1] 200 400 GO0 aoo 1000 1200 1400 1600
Axial Location {rm)

Figure 5.9: Petroleum Drill String Mode Shape Corresponding to a Natural
Frequency of 0.3842 Hz
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Figure 5.10: Petroleum Drill String Mode Shape Corresponding to a Natural
Frequency of 1.2616 Hz

The correspondence of the natural frequency results from Torsion 1 shown in
Table 5.13 with the results obtained from Thomson and Dahleh’ s analytical expression
helpsto verify the proper operation of the routinesin the Torsion 1 computer program.
However, examining the mode shape for the third root reported by the Muller method
algorithm of Torsion 1 reveals aproblem. The mode shape for this third root (natural
frequency of 3.2814 Hz) isshown in Figure 5.11. Note that the first vibration mode,
shown in the deflection diagram of Figure 5.9, has only asingle node at the left end. As
would be expected, the second mode in Figure 5.10 has two nodes. Similarly, it would be
expected that the third mode would have three nodes. However, the mode shape for the
“third” root shown in Figure 5.11 has four nodes. The “third” root reported by the Muller
method algorithm actually corresponds to the fourth vibratory mode of the system. The
root-search algorithm failed to report the third natural frequency of the system. Thus, the
program user must be certain that the results obtained make sense. When the
characteristic determinant curveis plotted, as shown in Figure 5.12, it can be seen that
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natural frequency of 3.2814 Hz is actually the fourth root of this system. Thefalse
position root search routine can be used to determine the system’ s third natural frequency
as 2.2507 Hz. The deflection and torque diagrams for the third mode of the system are
shown in Figure 5.13.
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Figure 5.11: Petroleum Drill String Mode Shape Corresponding to a Natural
Frequency of 3.2814 Hz
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Figure 5.12: Plot of the Characteristic Determinant for the Petroleum Drill String
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Figure 5.13: Petroleum Drill String Mode Shape Corresponding to a Natural
Frequency of 2.2507 Hz

5.6 Undamped Free-Vibration Analysis of an Automatic Vehicle
Transmission

The Torsion 1 computer program can be used to effectively model the torsional
free-vibration characteristics of a compound planetary gear train. This capability is
demonstrated in the following example problem taken from Mandal, et al.>* Shownin
Figure 5.14 is a schematic representation of the lumped-parameter model used with
Torsion 1 to determine the torsional natural frequencies of an automatic transmission.
Included in Appendix B isalisting of the model parameter values for this automatic
transmission. This transmission was designed by CVRDE (Combat V ehicles Research
and Development Establishment) for Indian Buses and Trucks.
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Figure 5.14: Schematic Model Representation for the Automatic Vehicle
Transmission in Forward, First-Gear Configuration

Mandal, et al. describe the free-vibration analysis of a single-shaft equivalent
torsional model of the transmission using a finite element program to perform the
analysis. This method entails the creation of a separate model for each speed setting of
the transmission, requires a significant number of equivalence calculations, and assumes
the gear teeth in the system arerigid. In order to demonstrate that a Torsion 1 multi-rotor
model could be used to find results similar to those found using the equivalence
technique, a series of analyses were performed on models of the system with different
tooth stiffness values. The resulting values of the first oscillatory natural frequency from
thisanalysis are shown in Figure 5.15. Similarly, the values obtained for the second
oscillatory natural frequency of the system are plotted in Figure 5.16. Note that in each
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case the natural frequency estimate from the Torsion 1 model approaches that of the
equivalence model as the gear tooth stiffnessis increased.
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Figure 5.15: Variation of the Transmission’s First Oscillatory Natural Frequency

for a Range of Linear Gear Tooth Stiffness Values
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From Figures 5.15 and 5.16 it becomes apparent the magnitude of the gear
stiffness values within a system can affect the system’ s natural frequencies. The
significance of that effect is dependent on the actual gear tooth flexibility. Whether the
significanceislarge or small, Torsion 1 allows the user to easily include atooth
flexibility in the system model. Therefore, the multi-rotor models created using
Torsion 1 have the potential to more accurately represent a geared-torsional system.

This example demonstrates the capabilities of Torsion 1 not only to model a
system accurately but also to do so with ease. Creating the system model shown in
Figure 5.14 requires no equivalence calculations, and the user-interface of the program
makes the model building process a straightforward one. It should also be noted that in
order to model the second and third gear configurations of this system, only the boundary
conditions on the model shown in Figure 5.14 need be atered. For example, to put the
system in its second gear configuration the right end of the ring gear in gear set 3 should
be “free” and the ring gear in gear set 2 should be “fixed”. In the actua vehicle
transmission this process of making the gears “fixed” or “free” is accomplished with a
series of clutches.



Chapter 6. Conclusions and Recommendations

6.1 Conclusions

A computer-aided design tool for torsional analysis of multi-rotor systems has
been developed. This computer program, Torsion 1, makes use of an extended transfer
matrix technique that allows the user to create an accurate system model with relative
ease. Torsion 1 can be used to obtain forced-response results for torsional models with a
static or harmonically varying excitation. The program also has the capability to
determine the eigenvalues and eigenvectors of systems with or without damping. The
system eigenvalues can be found using a Muller-Method automatic root-search routine or
auser-guided false-position root-search algorithm. Results are displayed in a graphical
format that is easy to interpret and can be exported to files for use with other programs.
The benchmark solutions in Chapter 5 verify that the program provides valid results that
can be compared with previous solutions.

The Torsion 1 program has the capability to model systems with awide variety of
components or characteristics which include: lumped inertias, massless shafts, viscous
dampers, structural damping, uniformly distributed loads, pendulum absorbers, visco-
elastic dampers, shafts with continuously distributed mass, foundations with uniformly
distributed flexibility, gear meshes with a constant gear tooth stiffness, and planetary gear
trains. These modeling capabilities allow the program user to create a system model that
is representative of the machinery or component being analyzed.

6.2 Recommendations for Future Work

Thefollowing isalist of suggestions for improving the computer program,
Torsion 1:
- The Model Editor form could be modified to aid the user in calculating such
model parameters as polar inertias or torsional constants based on the
geometry and dimensions of the system components.
A material database could be included on the Model Editor form which could
store material properties such as the shear modulus and density for common
materials.
The schematic model representation on the Model Editor form could be made
to recognize the selection of amodel element by way of amouse click. This
would allow the user to interact more directly with the system model.
Rather than modeling a visco-elastic damper with a point matrix asis
demonstrated in Section 2.5, Torsion 1 could be modified to model the
seismic mass as a separate rotor. This technique would allow the program to
keep track of the response of the seismic mass as well as the main system.

73
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The pendulum absorber transfer matrix could be modified to include the
effects of distributed pendulum mass using the relations developed for this
type of system by Mitchiner and Leonard®.

The analysis capabilities of the program could be expanded to include a
frequency-response analysis module that would alow the user to determine
the forced response of a system over arange of excitation frequencies.

The Muller-Method root-search routine could be modified to alow the user to
guide it in searching a particular range of frequencies for the roots of the
characteristic determinant.

The forced-response capabilities of the program could be improved by
allowing the user to model a series of torques with different phase values.
Currently the speed ratios of compound planetary gear trains can be
determined by making the output shaft “fixed” and applying a known torque
valueto the input. The speed ratio can then be determined as the inverse of
the torque ratio. This could be accomplished more directly if the program
allowed the user to prescribe a displacement for the input shaft. The speed
ratio could then be calculated as the ratio of the displacement of any
component to the displacement of the input. This method would not require
applying the artificial “fixed” boundary condition to the output, and the speed
ratios could be calculated simultaneously for all of the components rather than
just the output. In fact, thistype of analysis could be easily automated.

The gear mesh forces for standard and planetary gear trains could be an
additional output of the program that would useful to a design engineer.

A power flow analysis for complex gear trains could be another ssmple
adaptation of this transfer matrix technique. Once aforce analysis and a speed
ratio analysis have been performed, calculating power flows becomes asimple
matter. Other techniques for performing this type of analysis have been
reported in the literature by Freudenstein and Y ang®®, Pennestri and
Freudenstein®, Saggere and Olson®®, Sanger™®, and Wojnarowski .

The planetary gear mesh transfer matrix could be developed for systems with
multiple planets.

Axia and lateral vibration modeling capabilities could be coupled with the
torsional modeling capabilities demonstrated here to create a universal multi-
rotor transfer matrix program.

A different programming platform could be used to improve the execution
speed of the program’ s operations. Visual Basic 4.0 is an interpreted language
such that an executable file is not processed by a computer as efficiently asis
possible with other languages. Visual Basic 5.0 has eliminated this problem
and may be the logical solution.

The process of assembling the global transfer matrix could be made more
efficient by atechnique used to store and manipulate only the non-zero
guantities in the matrices. For multi-rotor models with many shafts, alarge
number of the transfer matrix elements can be equal to zero. In such acase,
carrying those zero elements of the matrices along as the global matrix is
assembled can expend alot of processing time unnecessarily. Thiswould be
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even more critical if the program’ s capabilities were expanded to model axial
and lateral responses in addition to the torsional response.



Appendix A. Catalogue of Additional Transfer Matrices for
Torsional Systems

A.l State Vector

Thetorsional state vector corresponding to the transfer matrices listed in this
appendix is given as follows:

iqi
7= }__T__ﬂ', (A.1)

11p

A.2 Massless, Elastic Shaft with Uniformly Distributed Torque

Pilkey and Chang®* provide the transfer matrix shown in Equation (A.2).

LI
= JG i2JGy
€. 1“ U (A.2)
€@ 0 i 140
S H

t uniformly distributed

torque
(force* length/length)
[ L L L L [ [ J torsional constant
T e
YYYY VY YY G shear modulus
(force/length®)
L
| length

Figure A.1: Massless, Elastic Shaft with Uniformly Distributed Torque
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A.3 Massless, Elastic Shaft on Elastic Foundation with Uniformly
Distributed Torque

Pilkey and Chang® provide the transfer matrix shown in Equation (A.3).

€ i - t(- 1+ cosh(bl))u
@& cosh(bl) sinh(bl) < > ( )>u
& GJb 0
2GJb sinh(bl) cosh(bl) t%(bl) ﬂ (A.3)
é ........................................................................................................ l'J
é 0 0 1 y
e ¢!
Where:
K
Y] (a9

K: elastic foundation modulus
(force* length/length)

\\\\\\(\ 3 trsond costn

t uniformly distributed (length?)
torque
(force*length/length) \\\\R\ '\'ﬁ G shear modulus
N (force/length®)

| length

Figure A.2: Massless, Elastic Shaft on Elastic Foundation with Uniformly
Distributed Torque

A .4 Elastic Shaft with Continuously Distributed Mass and Uniformly
Distributed Torque

The following transfer matrix for an elastic shaft with continuously distributed
mass can be found in Pestel and Leckie® without the extension column for loading. The
same transfer matrix can be found in Pilkey and Chang® with the additional loading
terms. However, the reader should be aware that this transfer matrix isincorrectly
labeled in Pilkey and Chang as the transfer matrix for a“Rigid Bar”.
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Figure A.3: Elastic Shaft with Continuously Distributed Mass and Uniformly
Distributed Torque
A.5 Field Stiffness and Viscous Damping
The transfer matrix for a spring and viscous damper in parallel as shownin
Figure A .4 is given by Pestel and Leckie® and is presented here in Equation (A.7).
1 U
s ——— 0
~ kt+jow i -
g 1 ioY
QL % A7)
© o0 ;i
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k torsiona stiffness
(force* length/
angular displacement)

A~

¢ viscous damping
(force* length* time/
angular displacement)

Figure A.4: Torsional Spring and Viscous Damper in Parallel

A.6 Viscous Point Damping to Ground

Pestel and Leckie® provide the transfer matrix used for modeling viscous
damping at a point as shown in Figure A.5.

é1 0io0u
€. LU
elew 1 9% (A8)
60 0i1f

¢ viscous damping
(force* length*time/
angular displacement)

w oscillatory frequency

(angular displacement/
time)

Figure A.5: Viscous Point Damping to Ground



Appendix B. Listing of the Model Parameter Valuesfor an
Automatic Vehicle Transmission

A listing of the model parameter values for the automatic vehicle transmission
discussed in Section 5.6 is presented on the following pages. Figure B.1 shows the point
and shaft numbers of the transmission components that correspond to those in the model
listing.

(0.1)
(1.1)

(0.7)

(Point Number, Shaft Number) 0,8)

Figure B.1: Automatic Vehicle Transmission Schematic with Point Numbers
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Model Listing:

Shaft 1:
Boundary Conditions: Free - Free

For point # O:

Type of point...... ... .. .. . .. . .. Regul ar
Polar Ilnertia......... ... .. ... . ... = 1. 607E+00 kg- m2
For field # 1:
Type of field...... ... .. .. . . . . . . . Spri ng- Danper
Length of this section..................... = 1. O00E+00 m
Inline Stiffness.......... . ... ... ... ..... = 1. 2263E+05 Nt rad
For point # 1:
Type of point...... ... .. .. . .. . .. Regul ar
Polar lnertia......... ... ... .. ... = 3.30182E-01 kg- m2
For field # 2:
Type of field........ ... . ... .. . . . . . . . . . Spri ng- Danper
Length of this section..................... = 1. 000E+00 m
Inline Stiffness........ ... ... .. .. ... ... .... = 1. 605E+05 N-m rad
For point # 2:
Type of point....... ... .. . . . . . . . Sun Gear
Polar lnertia......... ... ... .. ... = 6. 027E- 04 kg- m2
Gear Base Radius........... .. ... ... ... ..... = 3. 700E- 02 m
Gear Tooth Stiffness....................... = 1. 000E+09 N m

For field # 3:

Type of field....... ... . .. . . . . . . . Spri ng- Danper
Length of this section..................... = 1. O00E+00 m
Inline Stiffness.......... . ... ... . ... ..... = 8. 936E+05 Nt rad

For point # 3:

Type of point...... ... .. .. . .. .. . Sun Gear
Polar lnertia......... ... ... .. ... = 2.186E-04 kg- m2
Gear Base Radius.............. ... ... ...... = 2. 700E- 02 m
Gear Tooth Stiffness....................... = 1. 000E+09 N m

For field # 4:

Type of field...... ... .. .. . . . . . . . Spri ng- Danper
Length of this section..................... = 1. 000E+00 m
Inline Stiffness........... ... . ... ... ..... = 1. 5864E+06 Nt rad

For point # 4:

Type of point...... ... .. .. . .. . .. Sun Gear
Polar Ilnertia......... ... .. ... . ... = 3. 462E- 04 kg- m2
Gear Base Radius.............. ... ... ...... = 2. 700E- 02 m
Gear Tooth Stiffness....................... = 1. 000E+09 N m



Timothy R. Griffin ~ Appendix B. Listing of the Model Parameter 82
Values for an Automatic Vehicle Transmission

Shaft 2:
Boundary Conditions: Free - Free

For point # O :

Type of point...... ... ... . . . . . . . Pl anet Cear
Polar Ilnertia......... ... .. ... ... = 9. 360E- 05 kg- m2
CGear Base Radius........................... = 1. 600E-02 m
Cear Tooth Stiffness....................... = 1. 000E+09 N m
Shaft 3:

Boundary Conditions: Free - Free

For point # O:

Type of point....... ... .. . . . . . . . Pl anet Cear
Polar Inertia............ .. ... ... = 2.828E-04 kg- m2
Gear Base Radius........... .. ... ... ... ..... = 2.100E-02 m
Gear Tooth Stiffness....................... = 1. O00E+09 N m

Shaft 4:
Boundary Conditions: Free - Free

For point # O:

Type of point....... ... ... . . . . . . Pl anet GCear
Polar Ilnertia......... ... .. ... ... = 6. 580E- 04 kg- m2
Gear Base Radius........... .. ... ... ... ..... = 2.100E-02 m
Gear Tooth Stiffness............ ... ... ...... = 1. O00E+09 N m

Shaft b5:
Boundary Conditions: Free - Free

For point # O:

Type of point....... ... ... . . . . . . . Ri ng Gear
Polar Inertia............ .. ... ... = 3. 64134E- 02 kg- m2
Gear Base Radius........... .. ... ... ... ..... = 7.100E- 02 m
Gear Tooth Stiffness....................... = 1. O00E+09 N m

Shaft 6:
Boundary Conditions: Free - Free

For point # O:

Type of point....... ... .. . . . . . . . Pl anet Arm
Polar Ilnertia............ .. ... ... = 4. 7759E- 03 kg- m2

For field # 1:

Type of field....... ... . ... .. . . . . . . .. ... Spri ng- Danper
Length of this section..................... = 1. 000E+00 m
Inline Stiffness.......... . ... ... ... ..... = 1. 000E+10 Nt rad

For point # 1:

Type of point...... ... ... . . . . . . . Ri ng Gear
Polar Ilnertia......... ... .. ... . ... = 4.63192E-02 kg- m2
Gear Base Radius.............. ... ... ...... = 7. 100E- 02 m
Gear Tooth Stiffness....................... = 1. O00E+09 N m
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Shaft 7:
Boundary Conditions: Free - Fixed

For point # O:
Type of point..... ... ... . .. . .. .
Polar lnertia......... ... ... .. ... =

For field # 1:
Type of field....... ... .. .. . .. . . . . . . .. ...
Length of this section.....................
Inline Stiffness........ ... ... ... ... ... ...

For point # 1:
Type of point....... ... .. . . . . . . .
Polar Inertia.......... . ... . @ ..
Cear Base Radius.......... ... . ... ..
CGear Tooth Stiffness.......................

Shaft 8:
Boundary Conditions: Free - Free

For point # O:
Type of point....... ... .. . . . . . . .
Polar lnertia............. .. ... . ... ... ..... =

CGear Connecti ons:
Pl anetary Gear Mesh 1:

Sun Gear...... (Point 2, Shaft 1)
Pl anet Cear...(Point 0 , Shaft 2)
Planet Arm...(Point 0 , Shaft 6 )
Ring Gear..... (Point 0, Shaft 5)
Pl anetary Gear Mesh 2:
Sun Gear...... (Point 3, Shaft 1)
Pl anet Cear...(Point 0 , Shaft 3)
Planet Arm...(Point 0 , Shaft 7))
Ring Gear..... (Point 1, Shaft 6)
Pl anetary Gear Mesh 3:
Sun Gear...... (Point 4, Shaft 1)
Pl anet CGear...(Point 0 , Shaft 4)
Planet Arm...(Point 0 , Shaft 8)
Ring Gear..... (Point 1, Shaft 7))

*** END OF LI STING ***

Pl anet Arm
6. 0934E-03

83

kg- m2

Spri ng- Danper

1. O0OOE+00
1. O00E+10

Ri ng Gear
6. 16455E- 02
7. 100E-02
1. 000E+09

Pl anet Arm
4. 00545E- 02

m
N-nfrad

kg- m2
m
N m

kg- m2
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