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A Guidance Algorithm for an Unmanned Surface Vehicle Exhibiting

Sternward Motion

Shu Du

(ABSTRACT)

We propose a new dynamically feasible trajectory generation algorithm that incorporates

sternward motion for unmanned surface vehicles. This work is motivated by riverine appli-

cations where the operating environment is large and poorly known. We extend a navigation

approach for forward path planning into a more versatile framework that includes safe and

dynamically feasible backward trajectories. We pose the backward trajectory generation

problem as a finite-horizon optimal control problem and transform it into a nonlinear pro-

gramming problem by utilizing the direct shooting method. The nonlinear programming

problem is solved using the Hooke-Jeeves numerical algorithm. We provide successful sim-

ulation and field-trial results that demonstrate the performance of backward path planning

algorithm.
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Chapter 1

Introduction

1.1 Motivation and Contribution

It is a significant challenge to develop guidance algorithms for driving unmanned surface

vehicles (USVs) to accomplish missions autonomously in dynamic and unstructured riverine

environments. We assume that any a-priori environmental information is incomplete or in-

accurate. Waterways may be narrow, non-uniform in depth, and even blocked. Occasionally

this can lead to situations that USV may not be able to find a safe and dynamically feasible

trajectory that consists of only forward motion. Thus the capability to plan safe backward

motion is necessary for autonomous operations.

The main contribution of this work is the development of a fast and reliable backward plan-

ning algorithm that generates dynamically feasible trajectories in real time. The proposed

algorithm extends the path planning approach that currently solves the forward planning

problem [1]. We approach the backward planning problem as a finite horizon optimal con-

trol problem (OCP). We utilize direct shooting method to transform the OCP to a nonlinear

programming problem which is then numerically solved by Hooke-Jeeves algorithm. Addi-

tionally, we introduce a straightforward switch scheme to switch the path planner between

1
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forward and backward planning. The backward planning mode is activated whenever there

does not exist a safe forward vehicle path. The path planner will continue generating back-

ward paths until the USV reaches a vehicle state along the backward trajectory from which

a dynamically feasible and safe forward path can be computed. The proposed backward

planning algorithm has been successfully deployed on the VT USV.

1.2 Background

Over the past decade, USVs have drawn widespread attentions from academic labs, corpo-

rations and government. USVs have been increasingly deployed due to their unique charac-

teristics. Currently, people can find USVs active in hydrological and environmental surveys,

exploration in riverine and oceanic environments, and defense missions. An autonomous

surface craft (ASC) was developed to collect bathymetry data in late 1990s at the MIT. It

successfully accomplished a hydrographic survey in Boston Harbor after completing several

field tests [2]. A USV named Owl MK II was developed based on a jet ski chassis equipped

with a low-profile hull for stealth and payload capability. Its advanced version has been used

for port security [3].

Riverine waterways can be inaccurate due to a variety of reasons, including shifting bathymetry,

other vessels and floating debris, variable water levels and flow-rates. Such lack of precise

knowledge of the operating environments poses demanding requirements for developing an

autonomy framework combining sensing, guidance and control strategies. With respect to

guidance algorithms specifically, it should consistently provide USVs with safe and dynam-

ically feasible paths that lead to a desired location. Not only should vehicle paths satisfy

dynamic constraints of the vehicle, they also need to be produced rapidly and within the

real-time computational limits.

We choose to partition path planning algorithms into two classes, local planning and global

planning. Local planning computes dynamically feasible paths within a very short planning
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horizon in real-time [4][5][6], whereas global planning generates kinematic plans that can

be exceptionally long. Concerning global planning, some approaches perform a sequential

search of a graph whose edges consists of line segments, arcs, clothoids [7][8]. Recently [9] and

[10] innovatively exploit the solution of level-set methods to compute an optimal global path

which can be updated in the real-time manner. Combinations of these two categories takes

advantage of the efficiently fast obstacle avoidance solution from the local planning, as well

as optimal performance guarantees from the global planning. Zhang, et al. , in [11] present a

path planning strategy that uses a combination of global planning and local planning. The

global path planner provides a sequence of sub-goal-points used to guide the local planning.

A similar approach is proposed in [12], where a robot navigates using precise local metric

maps while a global plan is computed using a topological graph.

1.3 Related Work

The pioneering work to compute optimal paths including reverse motion was done by Reeds

and Shepp [13]. They investigated the variant of Dubin’s car with a minimum turning radius,

which can move forward and backward in the absence of obstacles.

However, the literature for path planning involving backward motion, which is closely related

to our application, is very limited. Most prior work is focused on unmanned ground vehicle

platforms and addresses autonomous parking problems. In [14], a ground vehicle maneuvered

using time-optimal trajectories that possessed both forward and backward segments. The

algorithm uses different maneuvers to handle paths that may require both forward and

reverse motions. The OTG (Optimal Trajectory Generation) solver is used to produce

multi-maneuver trajectories by solving optimal control problems [14]. Similarly, the parking

problem is considered as specialization of general optimal control problem in [15]. The initial

computation of potential field allows collision avoidance, which introduces the possibility to

compute minimum-time solutions for various complex parking configurations [15]. A parking
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assistance system is developed by searching a database for the elementary movements that

will make the complete parking maneuver in [16]. These approaches described in this section

either suffer from relatively long computation time, or are only suitable for kinematic model

which is not sufficient to model motions of an unmanned surface vehicle.

1.4 Organization

This thesis is organized as follows. We introduce a search algorithm and an optimization

algorithm which we will apply to our proposed approach in Chapter 2. Chapter 3 presents

the backward path planning for USV in detail after a brief introduction of currently used

forward path planning method. We choose a cove on Claytor Lake in Virginia as the testbed,

and we demonstrate that the results from both simulation and field trials validate the pro-

posed backward path planning algorithm in Chapter 4. Finally, we present conclusions and

potential research topics in Chapter 5.



Chapter 2

Preliminaries

In this chapter, a few algorithms and approaches involved in our proposed backward planning

algorithm are presented briefly for the sake of clarification in the following chapters. We first

introduce the search algorithm, hybrid-state A∗, which is used to compute vehicle paths.

Then a short survey on optimization algorithms is presented. Finally, the Hooke-Jeeves

algorithm, a numerical solver to nonlinear programming problems, is discussed.

2.1 Search Algorithms

A∗ is a well-known search algorithm that finds a minimum cost path through a map dis-

cretized to uniform-sized cells. The optimality of A∗ in the sense that it expands the smallest

number of nodes(cells) necessary to guarantee finding an minimum cost solution is shown in

[8]. However, A∗ is only limited to piecewise-linear paths that are not executable by vehicles

in practice. [17] proposes a variant of conventional A∗ algorithm that is named hybrid-state

A∗. It is essentially a heuristic search in continuous vehicle coordinates. Instead of only con-

sidering the centers of grid cells in traditional A∗, hybrid-state A∗ associates with each grid

cell a continuous vehicle state. During the expansion of a node, several control actions are

5
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applied on the vehicle model to generate children states. The children states will be assigned

to cells into which they will fall. The result of this expansion is that there exists an actual

control action, hence a vehicle path, between each node on final path. Even though it is not

assured to find the minimum cost solution using hybrid-state A∗, it always finds a solution

that lies in the neighborhood of the global minimum [18]. In our proposed backward path

planning approach, we seek to minimize the length of forward paths, which are produced by

using hybrid-state A∗, starting anywhere along the backward path.

2.2 Trajectory Optimizations

Trajectory optimization problems can be partitioned into two classes, indirect and direct

methods [19]. Indirect methods require an analytic expression for the optimal necessary

conditions that involve the adjoint differential equations, the maximum principle, and as-

sociated boundary conditions. Indirect methods for optimizing a function with multiple

variables often require an analytic expression for the gradient of the function that can be

used to locate a set of variables using a root-finding algorithm. However, it is difficult to

develop analytic expressions of the necessary conditions for complex nonlinear dynamics.

The region of convergence for a root-finding algorithm may be small when dealing with ad-

joint variables that have no obvious physical interpretations. In contrast, direct methods

directly adjust the state and control variables without requiring an analytic expression for

the necessary conditions and initial guesses for the adjoint variables.

Two discretization schemes are often used in direct methods: the direct shooting method

that only parameterizes the control functions, and the direct collocation method that pa-

rameterizes both control and state variables. The most common approach (direct shooting

method) for converting an optimal control problem to a nonlinear programming problem is

to choose an appropriate structure with finitely many parameters to approximate the control

variables. This reduces the dimension of the control variables space, and the state variables



Shu Du Chapter 2. Preliminaries 7

are obtained by solving the initial value problem.

We apply a direct shooting method in order to transform the optimal control problem, which

formulates the backward path planning problem, into a nonlinear programming problem.

Nonlinear programming is the name of an approach to solve an optimization problem defined

by a collection of constraints and an objective function. Some of the constraints or the

objective function are nonlinear [20]. We use piecewise constant functions rather than a

piecewise Hermite approximation [21] to approximate the control variable. This reduces

the computational load and improves performance of the proposed algorithm in real-time

applications.

2.3 Numerical Solution to Trajectory Optimizations

Pattern search is a widely-used class of direct search methods for nonlinear optimization. The

development of pattern search can be traced back to around 1960. Several features make it

useful even today among a variety of numerical optimization algorithms. It has been proved

in practice that pattern search provides faster solutions for some problems that classical

methods can solve, and even some problems classical methods cannot solve. It does not

require explicit computation or estimate of derivatives. So it is reasonably straightforward

to implement and very useful for problems where derivatives or finite-difference derivatives

are not available [22][23].

The Hooke-Jeeves algorithm is a pattern search methods that utilizes a series of exploratory

moves accessing the behaviors of the objective function [24]. Suppose we seek argument

x = (x1, x2, . . . , xn) ∈ Rn that minimizes a function f(x) : Rn → R. The Hooke-Jeeves

algorithm utilizes two types of adjustments on x. The first one is called the exploratory

move for acquiring knowledge about the behavior of f(x). Components of the variable are

changed individually, i.e. xi ± ∆, in every iteration. The second type is a pattern move in

which the objective function is minimized by using the information (pattern) obtained in
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exploratory moves. In each iteration, a pattern move follows a successful exploratory move.

If an exploratory move fails to establish a pattern, the step size ∆ is reduced, and then a new

exploratory move will be tried in order to search new patterns. The algorithm will finally

terminate when the step size is sufficiently small.

Due to the complicated objective function and nonlinear dynamics of the USV system,

we choose the Hooke-Jeeves algorithm for computing a numerical solution of the nonlinear

programming problem that was transformed from the original optimal control problem.



Chapter 3

Backward Path Planning for USV

In this chapter, we present our backward path planning algorithm in detail. This proposed

guidance algorithm extends the forward path planning approach shown in [1] to address both

forward and backward motion. A novel switch scheme is proposed to switch between forward

and backward path planning. We first briefly introduce important details of the approach

in [1] for the sake of clarity.

3.1 Forward Path Planning

The problem of planning forward vehicle trajectories over very large riverine areas that are

potentially poorly known a priori was addressed using a receding horizon control strategy in

[1]. We assume that the vehicle operates in an environment Ω ⊂ R2, and the large size of Ω

prohibits the use of occupancy grid maps for representing global information. In [25], a hybrid

map structure for autonomous vehicle navigation is proposed. The map structure utilizes

a topological map that is extracted from a binary map offline. The vehicle continuously

maintains and updates a small local area around itself within the map which is represented

by an occupancy grid map.

9
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Presume that the vehicle dynamics are

ẋ(t) = f(x(t), u(t)), x(ti) = x0, t ⩾ ti (3.1)

where x(t) ∈ Rn is the vehicle state, u(t) ∈ Rm is the control signal in the set of all feasible

control actions U. For the interval t ∈ [ti, ti + T ], we compute a sequence of control signals

that minimizes the objective function

JT (ti, x0) = min
u∈U

∫ ti+T

ti

q(τ, x(τ), u(τ))dτ +W (x(ti + T )) (3.2)

subject to the vehicle dynamics in (3.1). The integrand q(t, x(t), u(t)) is the integral cost

calculated using traversal cost assigned to grid cells in local occupancy map. The terminal

costW (x(ti+T )) is computed based on the global topological roadmap as in [25]. We denote

u∗i (t) with the support [ti, ti + T ] to be a control signal that minimizes (3.2) and x∗i (t) to be

the corresponding state trajectory. Using a standard receding horizon control strategy, u∗i (t)

is implemented within [ti, ti + δ], where δ < T . The optimal control problem (3.2) is solved

again at ti + δ.

The convergence of the forward trajectory generation algorithm within the receding horizon

control framework is guaranteed if a formal test, called the matching condition, is satisfied

[1]. The matching condition

W (x(ti + T ))−W (x(ti + T − δ)) ⩽ −
∫ ti+T

ti+T−δ

q(τ, x(τ), u(τ))dτ (3.3)

is used to indicate if there is a mismatch between the global roadmap and the computed

local trajectory. The global roadmap is repaired when (3.3) fails.

The optimal control problem (3.2) is transformed into a nonlinear programming problem

by applying a direct shooting method. We employ the Hooke-Jeeves algorithm to solve the

nonlinear programming problem. It has been verified that significant performance gains can

be achieved by seeding the Hooke-Jeeves algorithm with good initial guess. In [26], hybrid-

state A∗ computes an initial guess of control signals whose corresponding state trajectory

satisfies vehicle dynamics.
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3.2 Backward Path Planning

In this section, we discuss the details of our proposed guidance algorithm for backward path

planning. We consider backward path planning as a distinct problem, and solve it as a single

optimal control problem. We presume that simply driving the USV straight-backward is too

risky. Therefore it is essential to develop an intelligent way to guide USV backward as little

as possible so that it can resume the mission with regular forward motions as quickly as

possible.

The goal of developing backward path planning is to compute a dynamically feasible back-

ward trajectory that will move the USV to a state from which a safe forward path can be

generated. Thus, we formulate the problem as an optimal control problem

JTb
(ti, x(ti)) = min

u∈U

{
minimum
t∈[ti,ti+Tb]

lA∗

}
(3.4)

considering vehicle dynamics for backward motion

ẋ(t) = fb(x(t), u(t)) (3.5)

where Tb is the backward path planning horizon and lA∗ is the length of the hybrid-state

A∗ path computed at x(t). We seek to minimize the length of the forward path computed

using the hybrid-state A∗ algorithm, starting anywhere along the backward trajectory. In

practice, the hybrid-state A∗ algorithm renders a safe and feasible forward path, and this

path stays in a small neighborhood of the optimal path. Note that we utilize it as an initial

guess for the forward trajectory optimization. The reason we choose to minimize the length

of hybrid-state A∗ paths in backward path planning is that we intent to generate an optimal

backward path by taking into account forward path planning information. Fig. 3.1 shows an

illustration on computation of hybrid A∗ paths from different vehicle states along backward

path.

We begin transforming the optimal control problem (3.4) into a nonlinear programming

problem by applying the direct shooting method. This conversion is accomplished by param-
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Figure 3.1: Computation of hybrid A∗ paths along backward path

eterization of the control signal u(t). We discretize the backward planning horizon [ti, ti+Tb]

into N − 1 subintervals,

ti = t1 < t2 < · · · < tN−1 < tN = ti + Tb (3.6)

Instead of interpolating the control signal in the intervals by cubic splines, we approximate it

to be piecewise constant in each subintervals in order to improve the computational perfor-

mance. Thus the parameter vector Y of the nonlinear program consists of values of control

variables at the discrete time instances tk, k = 1, . . . , N in (3.6)

Y = [u(t1), u(t2), . . . , u(tN)] (3.7)
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for which the corresponding state trajectory is

X = [x(t1), x(t2), . . . , x(tN+1)] (3.8)

Given a parameter vector Y , we can compute the state trajectory vector X by solving the

initial value problem within [ti, ti + Tb], which enables us to re-formulate (3.4) and (3.5) in

the form of nonlinear programming problem

g(Y ) (3.9)

subject to the constraints

c(Y ) (3.10)

and bounds

Y ∈ U (3.11)

Here we use Y ∈ U to indicate each u(ti) ∈ U. The nonlinear programming problem is to find

the n-dimensional vector Y to minimize (3.9) subject to (3.10) and (3.11). Also note that

the constraint in (3.5) is fully satisfied by solving the initial value problem, which ensures

the feasibility of the control signal and the backward state trajectory.

Rather than using a nonlinear programming problem solver, we employ the Hooke-Jeeves

algorithm to solve the nonlinear programming problem. Pattern search technique employed

by the Hooke-Jeeves algorithm does not require the gradient of the objective function (3.9)

and thus does not impose any smoothness conditions on it. It works by perturbing parameter

vector Y and comparing the evaluations of the objective function for different values of Y

to determine the pattern of reduction. With respect to calculating the objective function,

it computes the lengths of the hybrid-state A∗ paths starting from x(t1), x(t2), . . . , x(tN+1)

and picks the shortest one. In each iteration, the exploratory moves are implemented by

sequential modifications on each coordinate of Y . It keeps the modifications which cause

decrease in (3.9), denoted as ∆ = [∆(t1), ∆(t2), . . . , ∆(tN)], and passes ∆ to the pattern

move where the algorithm makes real changes on Y , i.e. Y = Y + 2∆. The algorithm

continues to modify parameter vector Y until it no longer can find a pattern that results in
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a decrease of (3.9). The final parameter vector is the optimal solution given the best effort

that Hooke-Jeeves algorithm makes,

Y ∗ = [u∗(t1), u
∗(t2), . . . , u

∗(tN)] (3.12)

Because we consider and solve forward and backward path planning separately, we utilize

a simple switching scheme to switch between them. In every iteration, the path planner

first tries to compute a hybrid-state A∗ path initiating from the current vehicle state. If

the hybrid-state A∗ algorithm fails to generate a path, which indicates the potential forward

path passes over or too close to shoreline or obstacles, then the path planner switches to

backward path planning mode. The USV moves astern along the generated backward path.

The path planner switches back to forward path planning as soon as a hybrid-state A∗ path

can be computed from the current vehicle state. Figure. 3.2 illustrates the integrated path

planning framework.
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Figure 3.2: Integrated path planning framework



Chapter 4

Results

In this chapter, we present simulation results of the proposed backward path planning algo-

rithm in a narrow cove. To demonstrate the capability of the backward path planning, the

initial pose of the USV is such that the path planner cannot generate a safe and dynamically

feasible forward path. We then present the result of a field trial performed in a cove in

Claytor Lake in Dublin, VA. The result depicts that forward and backward path planning

works seamlessly within the path planning framework.

4.1 Simulation Result

Fig. 4.1 shows an occupancy map of a cove where the USV operates autonomously. The grid

cells are size of 1m × 1m and we assume that the map is static and accurate. The white

area represents traversable waterway. The vehicle dynamics for sternward motions used in

(3.5) is 
ė

ṅ

ψ̇

ṙ

 =


v cosψ

v sinψ

r

− 1
τr
r + Kr

τr
δ

 (4.1)

16
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where e and n are the Cartesian coordinates of the vehicle position, representing easting and

northing positions respectively, ψ is the heading, r is the turn rate, v is the vehicle speed,

δ is the rudder angle as well as the control input. The time-invariant parameters Kr and τr

take values from the results in system identification [27]. We limit backward path planning

to low vehicle speed for safety, i.e. v = 1m/s. The backward path planning horizon is set to

Tb = 20s.

Fig. 4.2 shows a close-up image of the backward path planning. Note that the triangles

representing the USV are to scale. The USV starts very close to a shoreline and is required

to reach the goal (red circle). Being too close to the shore, the path planner fails to find

a feasible forward path (red triangle), and then computes a backward path (red line) by

switching to backward path planning. A safe and dynamically feasible forward path (blue

dot line) is generated at the end of backward trajectory (green triangle).

4.2 Field Trial Result

Field experiments involving environment mapping, trajectory planning, and control strate-

gies calls for an autonomous vessel platform. The vehicle needs to be equipped with capabil-

ities of sensing and navigation, as well as software-enabled steering and propulsion control.

The Autonomous Systems and Controls Laboratory’s USV was built based on a rigid hull

inflatable Ribcraft 4.8. The vehicle has a 50 hp four-stroke Honda outboard engine which

drives the vessel up to 22 knots.

Vehicle speed is controlled by throttle commands coming from an electronic throttle lever

for manual control or an analog control interface that receives an analog voltage from 0 to

5V for computer control. A Glendinning Smart Actuator accepts throttle commands and

responds by actuating the two metal cables connecting the gear and throttle levers of the

outboard engine.

The steering system is achieved by installing a M81120 Raymarine hydraulic pump with a
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Figure 4.1: Occupancy map of a cove

RoboteQ AX500 motor controller that receives control signals from on-board computer. A

Raymarine position sensor provides rudder position feedback allowing closed loop outboard

orientation using the motor controller’s built-in PID controller.

An Ibeo Alasca laser scanner is used to detect obstacles and the shorelines. It has a 150◦

angular field of view and uses four infrared lasers with 3.2◦ vertical separation. The laser scan-

ner is pitched and rolled by a DirectedPerception PTU-D100 gimbal work with an attitude

heading reference system (AHRS) unit. Closed loop control using orientation measurements

from the AHRS can improve shoreline scans by compensating for vehicle motion in pitch

and roll.

The localization of vehicle is estimated by a ComNav Vector G2 DGPS compass mounted
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Figure 4.2: Close-up

on aluminum bars at the stern of the vehicle. It generates enhanced position information

corrected by satellite. This device also outputs true heading and turn rate information by

utilizing two internal GPS receivers.

Fig. 4.3 demonstrates the field results of backward path planning in a narrow cove in Claytor

Lake in Dublin, VA. The position of the USV is shown by the red circles and the arrows

indicate its heading. It clearly shows that the path planner continues to generate backward

paths until it can compute a safe and feasible forward trajectory.
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Figure 4.3: Field Trial Result



Chapter 5

Conclusions

In this work, we propose a backward path planning algorithm for unmanned surface vehi-

cles. The principal contribution of this work is the real-time application of this algorithm

and integration of forward and backward path planning. It operates in real-time and is inte-

grated with a forward planning algorithm that was developed previously. Our new backward

path planning algorithm solves the backward path planning problem as an optimal control

problem, and we utilizes an adapted direct shooting method that makes real-time computa-

tion possible. The switching scheme links forward and backward path planning together to

offer USV greater autonomous capabilities when it encounters more sophisticated riverine

operating environments. The algorithm can also be deployed in other autonomous vehicle

platforms since the system dynamics are implicitly incorporated in the generation of vehicle

trajectories.

In future work, the path planner needs to generate both forward and backward paths that

minimize potential probability of hitting obstacles. In another word, the USV should be able

to find a path with lowest possibility of crashing into obstacles.

21
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