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(ABSTRACT) 

An attempt is made to understand the phenomenon of aeroelasticity as applied 

to the helicopter rotors, specifically laminated composite rotor blades. Realizing 

the immense complexity of the problem, a beginning has been made by 

developing a structural model for a rotating composite beam. Present work has 

three objectives; 1) To carry out an extensive survey of research related to the 

aeroelastic analysis of rotor blades, 2) To expand an existing finite element model 

by introducing new degrees of freedom and validate the changes, 3) and, finally 

using this model to carry out a linear static and dynamic analysis for a rotating 

composite beam. It was found that the rotation and fiber orientations have a 

pronounced effect on the static deflections and the natural frequencies of 

vibration of the laminated beam.
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Introduction 

Aeroelasticity is a branch of science which is concerned with the motion of 

deformable bodies through fluids. It is often also defined as, a science which 

studies the mutual interaction between aerodynamic, inertial and elastic forces 

and its influence on airplane design and performance. One more and a rather 

graphic way of defining it could be “as an interface between solid and fluid 

mechanics, with dynamics serving as the adhesive ” [ 1 }. Regardless of the choice 

of simile, however, engineers in the field of aircraft and missiles are well aware 

of its existence and influence on the success of their designs. 

Aeroelastic problems would not exist if airplane structures were perfectly rigid. 

Modern airplane structures are flexible, and this flexibility is fundamentally 

responsible for various aeroelastic phenomena. On its own structural flexibility 

may not be objectionable. But when the deformations in a flexible structure 

Introduction 6



induce additional aerodynamic forces, which in turn lead to higher deformations 

and so on, they are singled out as the culprit. Problems in the realm of 

aeroelasticity are diverse and they are a fast multiplying species. Their 

classification; however, quite ingeniously done by Collar [ 2 ] back in 1946, still 

remains widely accepted. The triangle of forces, with aerodynamic, elastic and 

inertia forces at the three vertices show how these forces interact to pose a wide 

variety of problems for an aeroelastician. Duncan [ 3 J, in 1968, suggested 

another way of classifying the aeroelastic problems. They may be classified in the 

first place as oscillatory or non-oscillatory, further depending on the role 

flexibility plays in the phenomena. 

Group A Phenomena in which structural flexibility plays an important 

part. 

A.1 Non-oscillatory phenomena 

A.2 Oscillatory phenomena 

Group B Phenomena in which structural flexibility does not play an 

essential part. 

B.1 Non-oscillatory phenomena. 

B.2 Oscillatory phenomena. 
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The phenomena of Group A would not occur if the structure could be made rigid. 

Those in Group B are significantly influenced by structural flexibility but could 

still occur in its absence. The content of various categories are as follows; 

A.l Structural divergence of surfaces 

Reversal of control. 

A.2. Flutter 

B.1 Non-oscillatory behaviour of the aircraft as a whole ( in relation to 

stability, control and response ) 

B.2 Snaking and longitudinal snaking 

Oscillatory behavoiur of the aircraft as a whole. 

Buffeting. 

The growth of aeroelasticity in its early years was not in any way very general 

or abstract. It had been developed with the immediate aim of application to 

aeronautics. Hence it grew under the stress imposed by the urgent practical 

demands and new techniques had to be developed in an ad hoc fashion. In fact 

the problem of aeroelasticity did not attain the prominent role it plays now until 

the early stages of WW-II. Prior to that time, airplane speeds were relatively low 
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and the load requirements placed on the aircraft structures by design criteria 

specifications produced a structure sufficiently rigid to preclude any aeroelastic 

phenomena. As speeds increased, however, with little or no increase in load 

requirements, and in absence of a rational stiffness criteria for design, aircraft 

designers encountered a wide variety of problems in aeroelasticity, the ones 

classified above. 

Although aeroelastic problems have occupied their prominent position for a 

relatively short period, they have had some influence on airplane design since the 

beginning of the powered flight. Perhaps the first designer to be effected was 

Professor Samuel P. Langley of the Smithsonian Institution. It seems likely that 

the unfortunate wing failure which wrecked Langley’s machine on the Potomac 

river houseboat in 1903, could be described as a wing torsional divergence. 

Perhaps the success of the Wright biplane and the failure of Langley’s monoplane 

was the original reason for the dominance of the biplanes till the mid-thirties. The 

most widespread early aeroelastic problem in the days when military aircraft were 

almost exclusively biplanes was the tail flutter problem. One of the first 

documented cases of the flutter occured on the horizontal tail of the twin-engined 

Handley Page 0/400 bomber in the beginning of the WW-I. A second epidemic 

of tail flutter was experienced by DH-9 airplanes in 1917, and a number of lives 

were lost before it could be cured. The Fokker D-8 played havoc on the German 

Air Corps in WW-I. Since the aircraft was high-tech for its time, only the cream 

of the airforce got to handle it. Unfortunately the aircraft had a number of 

crashes and many ace pilots were lost. The cause was collapse of wing in torsion 
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due to very high loads at the tips under the strains of combat manoevers. After 

the war the D-8 also demonstrated a non-destructive kind of bending-aileron 

flutter. 

The period of developement of the cantilever monoplane seems to have been the 

period in which serious research in aeroelasticity commenced. Today the subject 

is quite well developed and boasts of contributions to fields other than 

aeronautics. Aerothermoelasticity, for example, deals with the effect of 

temperature, Aeromagnetoelasticity similarly studies the effect of the strong 

magnetic field, like that of earth, on the airplane design. Another of the often 

repeated terms is Aeroservoelasticity, which takes into account the effect of 

dynamics of guidance and control on aeroelasticity. 

Although the technological cutting edge of the field of aeroelasticity has centered 

in the past on the aeronautical applications, applications are found at an 

increasing rate in Civil Engineering; e.g. flows about bridges and tall buildings; 

Mechanical Engineering; e.g. flows around turbomachinery blades and fluid flows 

in flexible pipes; Nuclear Engineering; e.g. flows about fuel elements and the heat 

exchanger vanes. It may well be that such applications will increase in both 

absolute and relative number as technology in these areas demands light weight 

structures under severe flow conditions. 

Coming back to the aeronautical applications we have overlooked an important 

group of flight vehicles influenced rather strongly by the aeroelastic phenomena, 
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namely those of Rotary-Wing airplanes or Helicopters, as they are popularly 

called ( Autogyros, have become history after an unimpressive Start). 

Notwithstanding the developement of the conventional airplane, we have been 

aware that helicopters are the only means to achieve complete mastery of the air; 

namely, the ability to stay aloft without maintaining forward speed (what is 

technically hovering ) and to ascend and land vertically in restricted areas. A 

basic introduction to aerodynamics and mechanics of helicopters may be found 

in References [ 4] and[ 5 J. 

It will be in order to mention the V/STOL aircraft configurations which make use 

of rotors or propellers for the necessary lift or thrust. Even these otherwise 

conventional aircrafts often have a design criterion based on rotor or propeller 

Stability. 

Dynamic stability and response problems associated with rotary-wing aircrafts 

represent some of the most complex problems in the area of aeroelasticity. There 

are two basic sources of this complexity. “ One is the unusual flexibility of the 

prop-rotor blades (even in the case of so-called rigid rotors), and the other is the 

complexity due to rotation. Flexibility manifests itself both by adding degrees of 

freedom which can be important and by allowing initial deflections to be large 

enough to add coupling terms between degrees of freedom. Rotation, of course, 

leads to 1) much more complicated inertia forces (e.g., centrifugal, Coriolis, 

gyroscopic) which must always be regarded as potential sources of stiffness or 

coupling between the degrees of freedom, and 2) an aerodynamic situation of 

Introduction 11



exquisite intractability ” [ 6 ]. The stability problems in helicopters is dealt in two 

steps, first by considering an isolated blade and a fixed hub, and secondly by 

carrying out a coupled aeroelastic analysis of rotor and fuselage by assuming a 

movable hub. Types of motion exhibited by the blade and fuselage of a typical 

helicopter are shown in Figure 1. 

Due to the complicated nature of the aeroelastic problems, rotary- wing 

aeroelasticity had been considerably less developed than its fixed-wing 

counterpart. This field has seen intense activity in the last three decades. Still 

since the classical books in aeroelasticity date back to 50s or 60s, one does not 

even find a mention of this field of comparable importance. 

Over the years a number of configurations of the rotor blades have been 

developed, each with a specific purpose in mind. The ones in extensive use can 

be divided into four types , as shown in Figure 2 [ 7 ], ; These are (i ) 

semi-articulated or see-saw, ( il ) articulated, ( ili ) hingeless and lastly ( iv ) 

bearingless rotors. The see-saw rotor ( Bell ) is typically a two-bladed rotor with 

the blades connected together and attached to the shaft by a pin which allows the 

two-blade assembly to rotate such that tips of the blades may freely move up and 

down with respect to the plane of rotation (flapping motion). In the fully 

articulated rotor, each blade is individually attached to the hub through two 

perpendicular hinges allowing rigid motion of the blade in the two directions, out 

of the plane of rotation (flapping) and in the plane of rotation ( lead-lag ) as 

typified by Sikorsky, Boeing-Vertol and Hughes helicopters.The third type is the 
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hingeless rotor in which the rotor blade is a cantilever beam. Being a long thin 

member, elastic deformations of the hingeless blade are significant in the analysis 

of the dynamics of the vehicle. Both hingeless and bearingless rotors were built 

with an eye on mechanical simplicity and increased maintainability. A bearingless 

design eliminates the hinges and the pitch bearing found in an articulated rotor. 

Some bearingless designs employ lag dampers. The bearingless blade has an 

elastic flexure consisting of flexbeams and a torque tube to facilitate pitch 

changes. 

Other recent developements in the rotor configuration are the Tilt rotor [ 8,9 ], 

ABC rotor [ 10,11 ] and the circulation rotor [ 12,13 ]. 

Present day rotor blades are often made up of composite materials, which have 

found increasing use in the field of structural design. Composites unlike the 

metallic counterpart have direction dependent properties. And the fact that they 

have very high strength to weight or stiffness to weight ratio is of essence. A wise 

manipulation of these properties can lead to cheaper and much lighter designs. 

For the laminated composites, the stacking sequence of the plies is of primary 

importance, which divide them into symmetric and asymmetric categories. The 

elastic couplings exhibited by both these categories are often used in, what is now 

popularly termed as Aeroelastic tailoring. As the name suggests, fiber composites 

are cut and pasted in a particular fashion so as to yield desirable results. This has 

been possible owing to highly directional behaviour of the these materials. Some 

of these couplings in the elastic stiffness matrix are, 
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e Bending-Extension 

e Shear-Extension 

e Twist-Bending couplings. 

The first of these is exhibited only by the unsymmetrically laminated 

plates/beams, which basically means that the in-plane and the out-of-plane 

problems are coupled. Much more, in terms of strength, weight and life is 

expected of today’s structures, which has what led to the increasing research in 

the field of composite structures which provide much more flexibility than their 

isotropic counterpart. 

Castel and Kapania [ 14 ] have presented a one dimensional model of a composite 

laminated beam amenable to linear aeroelastic analysis. They developed a 24 

degree of freedom finite element which is capable of analysing a beam/plate of 

arbitrary cross-section, planform, taper and sweep. The special features of the 

analysis are the inclusion of shear deformation, warping correction factor, and its 

capability to study the effect of various elastic stiffness couplings. The element 

degrees of freedom include transverse, lateral, axial deflections, torsion, and 

inplane shear. This element was successfully used for aeroelastic analysis of 

laminated wings. Hence it can be considered quite appropriate for the proposed 

coupled flap-lag-torsional stability analysis of laminated beams. In the past a 

major chunk of the literature in composite research has been devoted to the 
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analysis of symmetrical laminates. But as the requirements get more and more 

stringent emphasis is fast shifting to the unsymmetrical counterpart which offer 

many more couplings which mean much more freedom in manipulating elastic 

properties. 

The objective of the present work is three-fold, 

1. To understand various aspects of the problem and solution of aeroelastic 

stability analysis of rotor blades. To this end an extensive literature survey is 

conducted. 

2. To expand the code developed by Castel and Kapania to its maximum 

potential and validate the changes. The analysis in Reference [14] is carried 

out using only w,, w,,7t and their derivatives. Deformations like u, B and v 

are not accounted for. 

3. and thirdly, to carry out static and free vibration analyses using a simple 

structural model for the rotating composite beam. 

For the aeroelastic analysis in [ 14 ], modified strip theory aerodynamics was 

employed and these results will be used in validating the changes in the code. 

Rotary-wing aerodynamics, as discussed later, has very different characteristics 

as compared to the fixed wings. In addition to the modified strip theory or 

quasi-steady approximations for the unsteady airloads, induced flow through the 
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rotor disk also needs to be modeled. Present work does not deal with the 

aeroelastic analysis of rotating blades. 
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Literature Survey 

Introduction 

The following survey is towards an effort to appreciate the approach taken by the 

researchers in the field of rotor blade aeroelasticity as far as structural and 

aerodynamic modeling of the problem is concerned. Since this study is 

preliminary in nature, this survey has been restricted to discussion of the 

formulations. There has been no attempt made to analyse the nature of the 

results obtained. 
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Structural Modeling 

Reviews 

One of the first significant reviews of the rotary-wing V/STOL dynamic and 

aeroelastic problems was undertaken by Lowey [ 6 ] covering a wide range of 

topics : static and dynamic classical coupled flap-pitch problems, flap-lag flutter, 

mechanical instability ( ground resonance ), coupled airframe/rotor instabilities 

in flight ( air resonance ), problems associated with forward flight and periodic 

coefficients like prop-rotor whirl flutter ( where both blade and hub motions are 

involved ). With increased flexibility and use of anisotropic materials for the rotor 

blades flap-lag-torsional problem have gained an increased significance for both 

vertical ( hover ) and forward flight. A more restricted survey emphasizing the 

role of unsteady aerodynamics and vibration problems in the forward flight was 

presented by Dat [ 15 ]. Flight dynamics problems of hingeless rotors including 

experimental results were treated by Hohenemser [ 16 ]. Blade stability was also 

discussed in [ 16 ], since it is considerd to be a part of the broader flight dynamics 

problem. Another detailed survey by Ormiston [ 17 ] discussed the aeroelasticity 

of hingeless and bearingless rotors in hover, from an experimental and theoretical 

point of view. 

Friedmann presented three comprehensive reviews [ 18 - 20 ] between 1977 - 87. 

In Reference [ 18 ] a detailed chronological discussion of flap-lag and coupled 
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flap-lag-torsion problems in hover and forward flight was presented emphasizing 

the inherently non-linear nature of the hingeless blade aeroelastic problem. The 

nonlinearities considered were geometrical due to moderate deflections. In [ 19 ] 

the role of unsteady aerodynamics, including dynamic stall, was examined 

together with the treatment of nonlinear aeroelastic problem in forward flight. 

Finite element solutions to the rotary-wing aeroelastic problems were also 

considered together with the treatment of coupled rotor/fuselage problems. In 

Reference [ 20 ] more than hundred papers published between 1981-86 were 

reviewed. To simplify the review, papers were classified based on the subjects 

they dealt with. Categories were ( 1 ) structural modelling, ( 2 ) aerodynamic 

modelling, ( 3 ) aeroelastic problem formulation using automated or computerized 

methods, ( 4 ) aeroelastic analyses in forward flight, ( 5 ) coupled rotor/ fuselage 

analyses, ( 6 ) active control and their application to aeroelastic response and 

Stability, ( 7 ) applications of structural optimization to vibration reduction, and 

(8 ) aeroelastic analysis and testing of special configurations. 

Among the reviews emphasizing aeroelastic stability, two other surveys [ 21, 22 ] 

dealt exclusively with the vibration problem and its active and passive control in 

rotorcraft. Johnson [ 23, 24 ] published a comprehensive review paper which 

described both the aeroelastic stability and rotor vibration problems in the 

context of dynamics of advanced rotor system. A review emphasising some 

practical design aspects capable of alleviating aeromechanical problems was 

presented by Miao [ 25 ]. Recently a very comprehensive research report [ 26 ] 

has been published which contains a detailed review of research carried out by 
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NASA / Army sponsorship, between 1967 and 1987. Finally recently Friedmann 

[ 27 } presented a paper providing a detailed discussion of what he called four 

important current topics in the helicopter rotor dynamics and aeroelasticity, 

namely, ( 1 ) the role of geometric nonlinearities in rotary-wing aeroelasticity, ( 2 

) Structural modeling, free vibration and aeroelastic analysis of composite rotor 

blades, ( 3 ) modelling of coupled rotor/fuselage aeromechanical problems and 

their active control, and ( 4 ) use of higher harmonic control ( HHC ) for 

vibration reduction in helicopter rotors in forward flight ( In this approach the 

vibratory aerodynamic loads on the blades are modified at their source as against 

control after their generation, often done in conventional methods). 

In the discussion that will follow, we will concentrate on the first two from the 

above mentioned list of problems. Attempt will be made to understand the basic 

approaches taken and some significant achievements. 

Isotropic Blades 

The rotor blade has been traditionally and quite justifiably modeled as a beam, 

thus reducing a three - dimensional problem to a one - dimensional one along the 

axis of the beam. A very significant developement in the blade modeling has been 

recognizing the inherent non - linearity of the problem. Thus correct treatment of 

a wide class of problems in this area need consistent mathematical modelling 

which will lead to a set of non-linear equations of motion. Nonlinearity due to the 

Literature Survey 20



�g�e�o�m�e�t�r�y� �i�s� �m�o�s�t� �d�o�m�i�n�a�n�t� �a�m�o�n�g�s�t� �t�h�e� �v�a�r�i�o�u�s� �t�y�p�e�s�.� �T�h�e� �e�f�f�e�c�t� �o�f� �t�h�i�s� 

�n�o�n�l�i�n�e�a�r�i�t�y� �s�e�e�m�s� �t�o� �b�e� �i�m�p�o�r�t�a�n�t� �f�o�r� �t�h�e� �h�i�n�g�e�l�e�s�s� �a�n�d� �b�e�a�r�i�n�g�l�e�s�s� �r�o�t�o�r� �b�l�a�d�e�s� 

�[� �2�1� �-� �2�3� �]�,� �w�h�i�l�e� �n�o�t� �s�o� �i�m�p�o�r�t�a�n�t� �f�o�r� �t�h�e� �a�r�t�i�c�u�l�a�t�e�d� �b�l�a�d�e�s� �(� �a�l�t�h�o�u�g�h� �b�o�t�h� 

�a�r�t�i�c�u�l�a�t�e�d� �a�n�d� �t�h�e� �b�e�a�r�i�n�g�l�e�s�s� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �f�a�l�l� �i�n� �t�h�e� �c�a�t�e�g�o�r�y� �o�f� �c�a�n�t�i�l�e�v�e�r� 

�b�l�a�d�e�s� �)� �[� �2�4� �]�.� �I�n� �t�h�e� �d�a�y�s� �o�f� �a�r�t�i�c�u�l�a�t�e�d� �r�o�t�o�r�s�,� �r�o�t�o�r� �s�p�e�e�d�s� �i�n�v�o�l�v�e�d� �w�e�r�e� �l�o�w� 

�a�n�d� �b�l�a�d�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �w�a�s� �n�o�t� �o�f� �a�n�y� �c�r�u�c�i�a�l� �i�m�p�o�r�t�a�n�c�e�.� �I�n� �f�a�c�t� 

�a�e�r�o�e�l�a�s�t�i�c�i�a�n�s� �w�e�n�t� �o�n�l�y� �a�s� �f�a�r� �a�s� �t�o� �c�a�r�r�y� �o�u�t� �a� �c�l�a�s�s�i�c�a�l� �b�e�n�d�i�n�g� �-� �t�o�r�s�i�o�n�,� �a� �t�w�o� 

�d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m� �f�l�u�t�t�e�r� �a�n�a�l�y�s�i�s� �a�s�s�u�m�i�n�g� �l�i�n�e�a�r� �s�t�r�a�i�n�-�d�i�s�p�l�a�c�e�m�e�n�t� �r�e�l�a�t�i�o�n�s�.� 

�O�f�t�e�n� �a� �f�i�x�e�d�-�w�i�n�g� �a�e�r�o�d�y�n�a�m�i�c� �t�h�e�o�r�y� �w�a�s� �u�s�e�d� �a�n�d� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �c�o�m�p�a�r�e�d� 

�w�i�t�h� �R�e�f�e�r�e�n�c�e� �[� �2�8� �]� �w�h�i�c�h� �w�a�s� �b�y� �f�a�r� �t�h�e� �m�o�s�t� �c�o�m�p�l�e�t�e�.� 

�F�r�o�m� �t�h�e� �p�o�i�n�t� �o�f� �v�i�e�w� �o�f� �g�e�o�m�e�t�r�i�c�a�l� �n�o�n�l�i�n�e�a�r�i�t�i�e�s�,� �t�h�e� �b�e�a�m� �e�q�u�a�t�i�o�n�s� 

�p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �c�a�n� �b�e� �p�u�t� �u�n�d�e�r� �t�w�o� �c�a�t�e�g�o�r�i�e�s�,� �(� �1� �)� �o�n�e�s� �a�s�s�u�m�i�n�g� 

�m�o�d�e�r�a�t�e� �d�e�f�l�e�c�t�i�o�n�s� �a�n�d� �r�o�t�a�t�i�o�n�s� �a�n�d� �(�2� �)� �a�n�d� �t�h�e� �o�t�h�e�r� �f�o�r� �l�a�r�g�e� �d�e�f�l�e�c�t�i�o�n�s� 

�a�n�d� �r�o�t�a�t�i�o�n�s� �.� �A�s�s�u�m�p�t�i�o�n� �o�f� �s�m�a�l�l� �s�t�r�a�i�n�s� �i�s� �c�o�m�m�o�n� �t�o� �b�o�t�h� �t�h�e� �t�h�e�o�r�i�e�s�.� �W�o�r�k� 

�u�n�d�e�r� �t�h�e� �f�i�r�s�t� �c�a�t�e�g�o�r�y� �w�a�s� �d�o�n�e� �m�a�i�n�l�y� �i�n� �t�h�e� �7�0�s� �w�i�t�h� �a� �l�o�t� �o�f� �e�f�f�o�r�t� �p�u�t� �i�n� 

�t�r�y�i�n�g� �t�o� �f�i�n�d� �a� �c�o�n�s�i�s�t�e�n�t� �o�r�d�e�r�i�n�g� �s�c�h�e�m�e� �u�s�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� 

�m�o�t�i�o�n�.� �I�t� �w�i�l�l� �b�e� �i�n� �o�r�d�e�r� �h�e�r�e� �t�o� �m�e�n�t�i�o�n� �t�h�e� �w�o�r�k� �o�f� �H�o�u�b�o�l�t� �a�n�d� �B�r�o�o�k�s� �[� �2�8� 

�]� �w�h�o� �p�r�e�s�e�n�t�e�d� �a� �s�y�s�t�e�m�a�t�i�c� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �l�i�n�e�a�r� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� 

�o�f� �m�o�t�i�o�n� �f�o�r� �c�o�u�p�l�e�d� �b�e�n�d�i�n�g� �a�n�d� �t�o�r�s�i�o�n� �o�f� �t�w�i�s�t�e�d� �n�o�n� �-� �u�n�i�f�o�r�m� �b�e�a�m�s� �w�h�i�c�h� 

�l�a�t�e�r� �b�e�c�a�m�e� �a� �c�h�e�c�k� �c�a�s�e�,� �c�o�m�m�o�n� �f�o�r� �a�l�l� �t�h�e� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �d�e�r�i�v�e�d� �f�r�o�m� 

�d�i�f�f�e�r�e�n�t� �s�t�a�r�t�i�n�g� �p�o�i�n�t�s�.� 

�L�i�t�e�r�a�t�u�r�e� �S�u�r�v�e�y� �2�1



�R�e�f�e�r�e�n�c�e�s� �[� �2�9� �-� �3�1� �]� �r�e�p�r�e�s�e�n�t� �s�o�m�e� �o�f� �t�h�e� �m�a�j�o�r� �w�o�r�k�s� �i�n� �t�h�e� �m�o�d�e�r�a�t�e� 

�d�e�f�l�e�c�t�i�o�n� �t�h�e�o�r�y�.� �R�e�f�e�r�e�n�c�e� �[� �2�9� �]� �u�s�e�d� �H�a�m�i�l�t�o�n ��s� �p�r�i�n�c�i�p�l�e� �t�o� �d�e�r�i�v�e� �t�h�e� 

�n�o�n�-�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�,� �t�o�r�s�i�o�n� �i�n� �t�h�e� �b�l�a�d�e� �w�a�s� �t�o�t�a�l�l�y� �b�o�r�n�e� �b�y� �a� �r�o�o�t� 

�t�o�r�s�i�o�n�a�l� �s�p�r�i�n�g�.� �M�o�s�t� �o�f� �t�h�e� �n�o�n�-�l�i�n�e�a�r� �t�e�r�m�s� �w�e�r�e� �p�r�e�s�e�n�t� �b�u�t� �a�n� �i�n�c�o�n�s�i�s�t�e�n�t� 

�o�r�d�e�r�i�n�g� �s�c�h�e�m�e� �l�e�d� �t�o� �u�n�s�y�m�m�e�t�r�i�c� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s� �a�n�d� �t�h�e� 

�g�y�r�o�s�c�o�p�i�c� �m�a�t�r�i�x� �w�a�s� �a�l�s�o� �n�o�t� �a�n�t�i�-�s�y�m�m�e�t�r�i�c�.� �A� �r�e�f�i�n�e�d� �v�e�r�s�i�o�n� �o�f� �t�h�i�s� �w�o�r�k� 

�w�a�s� �l�a�t�e�r� �p�r�e�s�e�n�t�e�d� �i�n� �[� �3�2� �]�.� �A� �m�o�r�e� �c�o�m�p�l�e�t�e� �s�e�t� �o�f� �n�o�n�-�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �w�e�r�e� 

�p�r�e�s�e�n�t�e�d� �i�n� �[� �3�0� �]�,� �w�h�e�r�e� �b�e�n�d�i�n�g� �a�n�d� �t�o�r�s�i�o�n� �a�n�d� �r�o�t�a�t�i�o�n�s� �a�b�o�u�t� �f�l�a�p� �a�n�d� 

�l�e�a�d�-�l�a�g� �h�i�n�g�e�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d�.� �H�o�w�e�v�e�r�,� �c�e�r�t�a�i�n� �n�o�n�-�l�i�n�e�a�r� �t�e�r�m�s� �p�r�e�s�e�n�t� �d�u�e� 

�t�o� �e�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n�s� �w�e�r�e� �d�i�s�c�a�r�d�e�d� �a�n�d� �l�a�t�e�r� �f�o�u�n�d� �t�o� �b�e� �i�m�p�o�r�t�a�n�t� �f�o�r� 

�s�t�a�b�i�l�i�t�y� �o�f� �c�a�n�t�i�l�e�v�e�r� �b�l�a�d�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �P�e�r�h�a�p�s� �t�h�e� �m�o�s�t� �c�o�m�p�l�e�t�e� �o�f� �a�l�l� �t�h�e� 

�m�o�d�e�r�a�t�e� �d�e�f�l�e�c�t�i�o�n�s� �w�o�r�k� �h�a�s� �b�e�e�n� �d�u�e� �t�o� �H�o�d�g�e�s� �a�n�d� �D�o�w�e�l�l� �[� �3�1� �]�.� �C�o�m�p�l�e�t�e� 

�a�n�d� �c�o�n�s�i�s�t�e�n�t� �n�o�n�-�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �f�o�r� �t�h�e� �e�l�a�s�t�i�c� �b�e�n�d�i�n�g� �a�n�d� �t�o�r�s�i�o�n� 

�o�f� �t�w�i�s�t�e�d� �a�n�d� �n�o�n�-�u�n�i�f�o�r�m� �r�o�t�o�r� �b�l�a�d�e�s� �w�e�r�e� �d�e�r�i�v�e�d� �u�s�i�n�g� �b�o�t�h�,� �t�h�e� �N�e�w�t�o�n�i�a�n� 

�m�e�t�h�o�d� �a�n�d� �t�h�e� �H�a�m�i�l�t�o�n ��s� �p�r�i�n�c�i�p�l�e�.� �O�n� �l�i�n�e�a�r�i�z�i�n�g�,� �t�h�e� �e�q�u�a�t�i�o�n�s� �r�e�d�u�c�e�d� �t�o� �t�h�e� 

�o�n�e�s� �p�r�e�s�e�n�t�e�d� �i�n� �[� �2�8� �]�.� �T�h�i�s� �p�a�p�e�r� �a�l�s�o� �d�e�s�c�r�i�b�e�s� �t�h�e� �v�a�r�i�o�u�s� �o�r�d�e�r�i�n�g� �s�c�h�e�m�e�s� 

�a�n�d� �c�o�o�r�d�i�n�a�t�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�e� �d�e�f�o�r�m�e�d� �a�n�d� �u�n�d�e�f�o�r�m�e�d� 

�c�o�n�f�i�g�u�r�a�t�i�o�n�.� �A�t�t�e�m�p�t�s� �h�a�v�e� �b�e�e�n� �m�a�d�e� �t�o� �v�a�l�i�d�a�t�e� �t�h�e� �t�h�e�o�r�y� �o�f� �m�o�d�e�r�a�t�e� 

�d�e�f�l�e�c�t�i�o�n�s� �t�h�r�o�u�g�h� �e�x�p�e�r�i�m�e�n�t�s� �c�o�n�s�i�s�t�i�n�g� �o�f� �s�t�a�t�i�c� �t�e�s�t�s� �[� �3�3� �]�.� 

�O�r�d�e�r�i�n�g� �s�c�h�e�m�e�s� �a�r�e� �b�a�s�i�c�a�l�l�y� �u�s�e�d� �t�o� �p�r�e�v�e�n�t� �o�v�e�r�c�o�m�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� 

�n�o�n�-�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s�.� �T�e�r�m�s� �a�r�e� �n�e�g�l�e�c�t�e�d� �i�f� �t�h�e�y� �a�r�e� �h�i�g�h�e�r� �t�h�a�n� �a� �c�e�r�t�a�i�n� �o�r�d�e�r� 

�(� �w�h�i�c�h� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �o�r�d�e�r� �o�f� �n�o�n�-�l�i�n�e�a�r�i�t�y� �c�o�n�s�i�d�e�r�e�d� �)�.� �G�r�o�u�n�d�s� �o�f� �o�r�d�e�r�i�n�g� 

�s�c�h�e�m�e� �a�r�e� �c�o�m�p�l�i�c�a�t�e�d� �a�n�d� �q�u�i�t�e� �a� �f�e�w� �p�a�p�e�r�s� �m�a�y� �h�a�v�e� �p�r�e�s�e�n�t�e�d� �i�n�c�o�n�s�i�s�t�e�n�t� 

�L�i�t�e�r�a�t�u�r�e� �S�u�r�v�e�y� �2�2



�r�e�s�u�l�t�s� �b�y� �d�i�s�c�a�r�d�i�n�g� �w�r�o�n�g� �t�e�r�m�s�.�  ��W�h�e�n� �n�e�g�l�e�c�t�i�n�g� �t�e�r�m�s� �i�n� �a� �l�a�r�g�e� �s�y�s�t�e�m� �o�f� 

�e�q�u�a�t�i�o�n�s�,� �c�a�r�e� �m�u�s�t� �b�e� �e�x�e�r�c�i�s�e�d� �t�o� �e�n�s�u�r�e� �t�h�a�t� �t�h�e� �t�e�r�m�s� �r�e�t�a�i�n�e�d� �c�o�n�s�t�i�t�u�t�e� 

�s�e�l�f�-�a�d�j�o�i�n�t� �s�t�r�u�c�t�u�r�a�l� �a�n�d� �i�n�e�r�t�i�a�l� �o�p�e�r�a�t�o�r�s�.� �T�h�e�s�e� �s�e�l�f�-�a�d�j�o�i�n�t� �o�p�e�r�a�t�o�r�s� �l�e�a�d� �t�o� 

�a� �s�y�m�m�e�t�r�i�c� �s�t�i�f�f�n�e�s�s� �a�n�d� �m�a�s�s� �m�a�t�r�i�c�e�s� �a�n�d� �a�n� �a�n�t�i�-�s�y�m�m�e�t�r�i�c� �g�y�r�o�s�c�o�p�i�c� �m�a�t�r�i�x� 

�i�n� �t�h�e� �m�o�d�a�l� �e�q�u�a�t�i�o�n�s�  �� �[� �3�1� �]�.� 

�T�h�e� �p�r�o�c�e�d�u�r�e� �i�n� �d�e�r�i�v�i�n�g� �t�h�e� �n�o�n�-�l�i�n�e�a�r� �b�l�a�d�e� �e�q�u�a�t�i�o�n�s� �u�s�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� 

�m�a�t�r�i�c�e�s� �r�e�l�a�t�i�n�g� �t�h�e� �d�e�f�o�r�m�e�d� �w�i�t�h� �t�h�e� �u�n�d�e�f�o�r�m�e�d� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �I�t� �h�a�s� �b�e�e�n� 

�c�u�s�t�o�m�a�r�y� �t�o� �t�r�e�a�t� �t�h�e� �b�l�a�d�e� �a�s� �a� �l�o�n�g� �s�l�e�n�d�e�r� �b�e�a�m� �u�n�d�e�r�g�o�i�n�g� �c�o�m�b�i�n�e�d� 

�b�e�n�d�i�n�g� �a�n�d� �t�o�r�s�i�o�n� �f�o�r� �w�h�i�c�h� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �i�s� �d�e�r�i�v�e�d� �u�s�i�n�g� �E�u�l�e�r� 

�a�n�g�l�e�s� �o�r� �o�t�h�e�r� �p�a�r�a�m�e�t�e�r�s�.� �W�h�e�n� �u�s�i�n�g� �t�h�e� �E�u�l�e�r� �a�n�g�l�e�s�,� �t�h�e� �q�u�e�s�t�i�o�n� �o�f� �w�h�i�c�h� 

�r�o�t�a�t�i�o�n�a�l� �s�e�q�u�e�n�c�e� �t�o� �u�s�e� �i�s� �l�e�f�t� �t�o� �c�h�o�i�c�e�.� �R�e�f�e�r�e�n�c�e� �[� �3�4� �]� �m�a�k�e�s� �a� �g�o�o�d� �r�e�a�d�i�n�g� 

�i�n� �t�h�i�s� �r�e�s�p�e�c�t�.� �A�l�k�i�r�e� �[� �3�5� �]� �e�x�t�e�n�d�e�d� �t�h�e� �a�n�a�l�y�s�i�s� �p�r�e�s�e�n�t�e�d� �i�n� �[� �3�4� �]� �t�o� �o�b�t�a�i�n� �a� 

�b�e�t�t�e�r� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�e� �r�o�l�e� �o�f� �b�u�i�l�t�-�i�n� �p�r�e�t�w�i�s�t� �a�n�d� �t�h�e� �e�l�a�s�t�i�c� �t�w�i�s�t� �i�n� �t�h�e� 

�d�e�r�i�v�a�t�i�o�n� �o�f� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�c�e�s� �w�h�i�c�h� �r�e�l�a�t�e� �t�h�e� �p�o�s�i�t�i�o�n� �v�e�c�t�o�r�s� �o�f� �t�h�e� 

�u�n�d�e�f�o�r�m�e�d� �a�n�d� �t�h�e� �d�e�f�o�r�m�e�d� �s�t�a�t�e�s� �o�f� �t�h�e� �b�l�a�d�e�.� 

�A�s� �s�t�a�t�e�d� �e�a�r�l�i�e�r�,� �a� �l�o�t� �o�f� �e�x�p�e�r�i�e�n�c�e� �w�a�s� �n�e�e�d�e�d� �i�n� �d�e�r�i�v�i�n�g� �t�h�e�s�e� �n�o�n�-�l�i�n�e�a�r� 

�e�q�u�a�t�i�o�n�s� �u�s�i�n�g� �E�u�l�e�r� �a�n�g�l�e�s� �a�n�d� �a� �c�o�n�s�i�s�t�e�n�t� �o�r�d�e�r�i�n�g� �s�c�h�e�m�e�.� �T�o� �c�i�t�e� �a�n� 

�e�x�a�m�p�l�e� �o�f� �s�u�c�h� �a� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �p�r�o�c�e�s�s�,� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �s�h�o�w�n� 

�b�e�l�o�w� �h�a�s� �b�e�e�n� �t�a�k�e�n� �f�r�o�m� �[� �3�6� �]�.� �T�h�e� �t�h�e�o�r�y� �i�s� �s�e�c�o�n�d� �o�r�d�e�r� �a�c�c�u�r�a�t�e� �(� �g�o�v�e�r�n�e�d� 

�b�y� �t�h�e� �o�r�d�e�r�i�n�g� �s�c�h�e�m�e� �)� �a�n�d� �u�s�e�s� �a� �t�y�p�i�c�a�l� �h�i�n�g�e�l�e�s�s� �r�o�t�o�r� �b�l�a�d�e� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �3� �i�n� �t�h�e� �u�n�d�e�f�o�r�m�e�d� �a�n�d� �t�h�e� �d�e�f�o�r�m�e�d� �s�t�a�t�e�s�.� �S�u�c�h� �a� �t�r�a�n�f�o�r�m�a�t�i�o�n� �b�a�s�e�d� 
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�o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n�s� �o�f� �f�i�n�i�t�e� �d�e�f�l�e�c�t�i�o�n�s� �a�n�d� �r�o�t�a�t�i�o�n�s�,� �s�m�a�l�l� �s�t�r�a�i�n�s� �f�o�r� �a� �b�l�a�d�e� 

�u�n�d�e�r�g�o�i�n�g� �f�l�a�p�,� �l�a�g� �a�n�d� �t�o�r�s�i�o�n�a�l� �m�o�t�i�o�n� �h�a�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�a�t�h�e�m�a�t�i�c�a�l� �f�o�r�m�,� 

�i �� �1� �V�x� �W�y� �i� �i� 

�[�a�f�r� �]�r� �e�e�t� �t�e� �H�a� �f�e� �c�e�n� �i�s� �|� 
�k�!� �a� �(�w� �~� �p�v�,� �)� �~� �C� �+� �V�W�)� �]� �k� �k�e� 

�a�n�d�,� 

�[�s�y �� �=� �[�s�] �� 

�w�h�e�r�e� �u�,� �v�,� �w� �a�r�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�n� �t�h�e� �x�,� �y�,� �a�n�d� �z� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�s� �s�h�o�w�n� �i�n� �t�h�e� 

�f�i�g�u�r�e�.� �@� �i�s� �t�h�e� �t�o�r�s�i�o�n�a�l� �v�a�r�i�a�b�l�e� �a�b�o�u�t� �t�h�e� �e�l�a�s�t�i�c� �a�x�i�s� �o�f� �t�h�e� �b�e�a�m�.� 

�T�h�i�s� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �i�s� �o�f� �t�h�e� �s�e�c�o�n�d� �o�r�d�e�r�.� �O�r�d�e�r�s� �o�f� �m�a�g�n�i�t�u�d�e� �a�r�e� 

�a�s�s�i�g�n�e�d� �t�o� �t�h�e� �v�a�r�i�o�u�s� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �p�r�o�b�l�e�m�s� �i�n� �t�e�r�m�s� �o�f� �e�l�a�s�t�i�c� �b�l�a�d�e� �s�l�o�p�e�s� 

�w�h�i�c�h� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �m�o�d�e�r�a�t�e� �i�.� �s�l�o�p�e�s� �a�r�e� �o�f� �o�r�d�e�r�  ¬� �,� �w�i�t�h� 

�0�.�1� �<� �e� �<� �0�.�2�,� �a�n�d� �u�s�i�n�g� �t�h�e� �r�e�l�a�t�i�o�n� 

�O�(�1�)� �+� �O�(�e�?�)� �=� �O�(�1�)� 

�e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �a�r�e� �d�e�r�i�v�e�d�.� 
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�T�h�i�s� �t�e�c�h�n�i�q�u�e� �i�s� �u�s�e�d� �w�h�i�l�e� �d�e�r�i�v�i�n�g� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �e�x�p�l�i�c�i�t�l�y�,� �i�e�.� �w�h�e�n� 

�e�q�u�a�t�i�o�n� �i�s� �w�r�i�t�t�e�n� �e�x�p�l�i�c�i�t�l�y� �a�n�d� �e�a�c�h� �e�x�p�r�e�s�s�i�o�n� �c�a�n� �b�e� �s�t�u�d�i�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y�.� 

�H�e�n�c�e� �t�h�i�s� �m�e�t�h�o�d� �h�a�s� �a�n� �a�d�v�a�n�t�a�g�e� �o�f� �p�r�o�v�i�d�i�n�g� �a� �g�o�o�d� �p�h�y�s�i�c�a�l� �i�n�s�i�g�h�t� �t�o� �t�h�e� 

�p�r�o�b�l�e�m�.� �O�f�t�e�n�,� �a�n�d� �a�s� �i�s� �p�a�r�t�i�c�u�l�a�r�l�y� �t�r�u�e� �f�o�r� �h�e�l�i�c�o�p�t�e�r� �b�l�a�d�e� �e�q�u�a�t�i�o�n�s�,� �t�h�e� 

�p�r�o�c�e�d�u�r�e� �f�o�r� �d�e�r�i�v�i�n�g� �t�h�e�m� �i�s� �v�a�r�i�e�d�.� �T�e�r�m�s� �o�f� �e�x�p�l�i�c�i�t�l�y� �d�e�r�i�v�e�d� �e�q�u�a�t�i�o�n�s� �c�a�n� 

�b�e� �e�a�s�i�l�y� �c�o�m�p�a�r�e�d�,� �o�n�e� �a�t� �a� �t�i�m�e�,� �t�h�u�s� �b�r�i�n�g�i�n�g� �o�u�t� �t�h�e� �s�p�e�c�i�f�i�c� �d�i�f�f�e�r�e�n�c�e�s�.� 

�I�m�p�l�i�c�i�t� �m�e�t�h�o�d�s� �l�i�k�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �t�e�c�h�n�i�q�u�e�s� �[� �3�7� �]�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �g�e�n�e�r�a�t�e� 

�e�a�c�h� �t�e�r�m� �o�f� �t�h�e� �e�q�u�a�t�i�o�n� �n�u�m�e�r�i�c�a�l�l�y�.� �H�e�n�c�e� �t�h�e�r�e� �i�s� �a� �l�o�s�s� �o�f� �p�h�y�s�i�c�a�l� 

�u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�e� �p�r�o�b�l�e�m�.� 

�I�n� �t�h�e� �8�0�s� �t�h�e� �t�r�e�n�d� �c�h�a�n�g�e�d� �t�o� �t�h�a�t� �o�f� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �l�a�r�g�e� 

�d�e�f�l�e�c�t�i�o�n�s� �a�n�d� �r�o�t�a�t�i�o�n�s� �b�u�t� �s�m�a�l�l� �s�t�r�a�i�n�s�.� �T�h�i�s� �t�h�e�o�r�y� �d�i�s�p�e�n�s�e�d� �w�i�t�h� �t�h�e� 

�o�r�d�e�r�i�n�g� �s�c�h�e�m�e�s� �a�n�d� �i�s� �a�m�e�n�a�b�l�e� �t�o� �e�x�p�l�i�c�i�t� �(� �u�s�e�d� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �E�u�l�e�r� 

�a�n�g�l�e�s� �[� �3�8� �]� �)� �a�s� �w�e�l�l� �a�s� �i�m�p�l�i�c�i�t� �t�e�c�h�n�n�i�q�u�e�s�.� �R�e�f�e�r�e�n�c�e�s� �[� �3�8� �-�4�0� �]� �d�e�a�l�t� �w�i�t�h� 

�l�a�r�g�e� �r�o�t�a�t�i�o�n�s� �u�s�i�n�g� �R�o�d�r�i�g�u�e ��s� �p�a�r�a�m�e�t�e�r� �i�n�s�t�e�a�d� �o�f� �E�u�l�e�r� �a�n�g�l�e�s� �f�o�r� �f�i�n�i�t�e� 

�r�o�t�a�t�i�o�n�s�.� �R�o�d�r�i�g�u�e ��s� �p�a�r�a�m�e�t�e�r� �i�s� �a�n�o�t�h�e�r� �f�o�r�m� �o�f� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �d�i�r�e�c�t�i�o�n� 

�c�o�s�i�n�e� �t�e�n�s�o�r�.� �T�h�e�y� �a�r�e� �t�h�r�e�e� �i�n� �n�u�m�b�e�r� �a�n�d� �c�a�n� �t�o�t�a�l�l�y� �d�e�s�c�r�i�b�e� �t�h�e� �r�o�t�a�t�i�o�n�a�l� 

�m�o�t�i�o�n� �o�f� �a� �v�e�c�t�o�r� �r�e�l�a�t�i�v�e� �t�o� �a�n�o�t�h�e�r�.� �O�n�e� �o�f� �t�h�e�i�r� �d�i�s�a�d�v�a�n�t�a�g�e�s� �i�s�,� �t�h�a�t� �t�h�e�y� 

�t�e�n�d� �t�o� �b�e�c�o�m�e� �i�n�f�i�n�i�t�e� �f�o�r� �c�e�r�t�a�i�n� �v�a�l�u�e�s� �o�f� �r�o�t�a�t�i�o�n�.� �A� �g�o�o�d� �d�i�s�c�u�s�s�i�o�n� �o�n� �t�h�e�s�e� 

�p�a�r�a�m�e�t�e�r�s� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �t�h�e� �R�e�f�e�r�e�n�c�e� �[� �4�1� �]�.� �E�u�l�e�r� �a�n�g�l�e�s� �h�a�v�e� �b�e�e�n� 

�s�u�c�c�e�s�s�f�u�l�l�y� �u�s�e�d� �w�i�t�h� �a�n� �i�m�p�l�i�c�i�t� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� �l�a�r�g�e� �d�e�f�l�e�c�t�i�o�n�s� �o�f� �i�s�o�t�r�o�p�i�c� 

�a�n�d� �c�o�m�p�o�s�i�t�e� �b�e�a�m�s� �[� �4�2� �]�.� �T�h�e� �o�n�l�y� �f�u�n�c�t�i�o�n�a�l� �c�o�d�e�,� �h�o�w�e�v�e�r�,� �f�o�r� �a�e�r�o�e�l�a�s�t�i�c� 

�a�n�a�l�y�s�i�s� �u�s�i�n�g� �t�h�i�s� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �G�R�A�S�P� �(� �G�e�n�e�r�a�l� �R�o�t�o�r�c�r�a�f�t� �A�e�r�o�m�e�c�h�a�n�i�c�a�l� 

�S�t�a�b�i�l�i�t�y� �P�r�o�g�r�a�m� �)� �[� �4�3� �]�.� 
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�W�h�i�l�e� �d�i�s�c�u�s�s�i�n�g� �i�m�p�l�i�c�i�t� �f�o�r�m�u�l�a�t�i�o�n�s�,� �m�e�n�t�i�o�n� �s�h�o�u�l�d� �b�e� �m�a�d�e� �o�f� �t�h�e� �e�x�t�e�n�s�i�v�e� 

�w�o�r�k� �t�h�a�t� �h�a�s� �b�e�e�n� �d�e�v�o�t�e�d� �t�o� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �t�y�p�e� �o�f� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �i�n� �s�p�a�c�e�.� 

�S�i�v�a�n�e�r�i� �a�n�d� �C�h�o�p�r�a� �d�e�v�e�l�o�p�e�d� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�o�d�e� �f�o�r� �h�i�n�g�e�l�e�s�s� �[� �4�4� �]� �a�n�d� 

�b�e�a�r�i�n�g�l�e�s�s� �[� �4�5� �]� �r�o�t�o�r� �b�l�a�d�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �F�o�r�m�e�r� �w�o�r�k� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �o�n�e� 

�c�a�r�r�i�e�d� �o�u�t� �b�y� �F�r�i�e�d�m�a�n�n� �a�n�d� �S�t�r�a�u�b� �[� �4�6� �]�.� �G�R�A�S�P� �[� �4�3� �]� �i�s� �a� �F�E�M� �(� �F�i�n�i�t�e� 

�E�l�e�m�e�n�t� �M�e�t�h�o�d� �)� �c�o�d�e� �f�o�r� �t�h�e� �b�e�a�r�i�n�g�l�e�s�s� �r�o�t�o�r�.� �I�t� �u�t�i�l�i�s�e�s� �h�i�g�h�e�r� �o�r�d�e�r� �e�l�e�m�e�n�t�s� 

�a�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� �o�n�e�s� �u�s�e�d� �i�n� �[� �4�4� �-� �4�6� �J�.� �A�n�o�t�h�e�r�,�1�6� �d�.�o�.�f�.� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �m�o�d�e�l� �[� �4�7� �]� �h�a�s� �b�e�e�n� �u�s�e�d� �t�o� �s�t�u�d�y� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �c�o�m�p�r�e�s�s�i�b�l�e� �l�i�f�t�i�n�g� 

�t�h�e�o�r�y� �o�n� �t�h�e� �c�o�u�p�l�e�d� �f�l�a�p�-�l�a�g�-�t�o�r�s�i�o�n�a�l� �a�e�r�o�e�l�a�s�t�i�c� �s�t�a�b�i�l�i�t�y� �o�f� �h�i�n�g�e�l�e�s�s� �b�l�a�d�e�s� �i�n� 

�h�o�v�e�r�.� �M�o�r�e� �r�e�c�e�n�t�l�y� �C�e�l�i� �a�n�d� �F�r�i�e�d�m�a�n�n� �[� �3�7� �]� �p�r�e�s�e�n�t�e�d� �a� �F�E�M� �m�o�d�e�l� �w�i�t�h� 

�i�m�p�l�i�c�i�t� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� �r�o�t�o�r� �b�l�a�d�e� �a�e�r�o�e�l�a�s�t�i�c�i�t�y�.� 

�C�o�m�p�o�s�i�t�e� �R�o�t�o�r� �B�l�a�d�e�s� 

�A�l�l� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �m�o�d�e�l�s� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e� �w�e�r�e� �r�e�s�t�r�i�c�t�e�d� �t�o� �i�s�o�t�r�o�p�i�c� �b�l�a�d�e�s�.� �O�n�e� 

�o�f� �t�h�e� �m�o�r�e� �i�m�p�o�r�t�a�n�t� �r�e�c�e�n�t� �d�e�v�e�l�o�p�e�m�e�n�t�s� �h�a�s� �b�e�e�n� �t�h�e� �e�m�e�r�g�e�n�c�e� �o�f� �s�t�r�u�c�t�u�r�a�l� 

�m�o�d�e�l�s� �s�u�i�t�a�b�l�e� �f�o�r� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �c�o�m�p�o�s�i�t�e� �r�o�t�o�r� �b�l�a�d�e�s�,� �w�h�i�c�h� �a�r�e� �w�i�d�e�l�y� �u�s�e�d� 

�i�n� �m�o�d�e�r�n� �h�e�l�i�c�o�p�t�e�r�s�.� �T�h�e� �r�e�a�s�o�n�s� �f�o�r� �s�w�i�t�c�h�i�n�g� �o�v�e�r� �t�o� �c�o�m�p�o�s�i�t�e� �c�o�n�s�t�r�u�c�t�i�o�n�s� 

�a�r�e�,� 

�1�.� �S�i�g�n�i�f�i�c�a�n�t� �i�m�p�r�o�v�e�m�e�n�t�s� �i�n� �f�a�t�i�g�u�e� �l�i�f�e� �a�n�d� �d�a�m�a�g�e� �t�o�l�e�r�a�n�c�e� �o�f� �t�h�e� �b�l�a�d�e�.� 
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�2�.� �A�b�i�l�i�t�y� �t�o� �m�a�n�u�f�a�c�t�u�r�e� �m�o�r�e� �r�e�f�i�n�e�d� �a�e�r�o�d�y�n�a�m�i�c� �d�e�s�i�g�n�s� �f�o�r� �p�l�a�n�f�o�r�m� �a�n�d� 

�a�i�r�f�o�i�l� �g�e�o�m�e�t�r�i�e�s�.� 

�3�.� �A�e�r�o�e�l�a�s�t�i�c� �t�a�i�l�o�r�i�n�g�.� 

�A�l�l� �t�h�e� �n�o�n�-�l�i�n�e�a�r� �k�i�n�e�m�a�t�i�c�s� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �m�o�d�e�l�s�,� �d�i�s�c�u�s�s�e�d� �s�o� �f�a�r�,� �w�e�r�e� 

�c�o�m�p�l�e�x� �s�i�n�c�e� �b�o�t�h� �d�e�f�o�r�m�e�d� �a�n�d� �u�n�d�e�f�o�r�m�e�d� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �o�f� �t�h�e� �b�e�a�m� �a�r�e� 

�t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l�.� �W�i�t�h� �t�h�e� �u�s�e� �o�f� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e� �m�a�t�e�r�i�a�l�s� �(� �a�n�i�s�o�t�r�o�p�i�c� 

�n�a�t�u�r�e� �)� �a�n�d� �t�h�i�s� �c�o�m�p�l�e�x�i�t�y� �i�n�c�r�e�a�s�e�s� �m�a�n�y�-�f�o�l�d�s� �a�s� �t�h�e� �n�o�n� �c�l�a�s�s�i�c�a�l� �e�f�f�e�c�t�s� �o�f� 

�b�e�a�m� �t�h�e�o�r�y� �s�u�c�h� �a�s� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r�i�n�g� �d�e�f�o�r�m�a�t�i�o�n�s�,� �t�o�r�s�i�o�n� �r�e�l�a�t�e�d� �w�a�r�p�i�n�g�s� 

�a�n�d� �v�a�r�i�o�u�s� �e�l�a�s�t�i�c� �c�o�u�p�l�i�n�g�s� �b�e�c�o�m�e� �m�o�r�e� �p�r�o�n�o�u�n�c�e�d�.� �C�r�o�s�s�-�s�e�c�t�i�o�n�s� �n�o� �l�o�n�g�e�r� 

�r�e�m�a�i�n� �p�l�a�n�e� �a�f�t�e�r� �d�e�f�o�r�m�a�t�i�o�n�.� �W�h�i�l�e� �d�e�a�l�i�n�g� �w�i�t�h� �a�n�i�s�o�t�r�o�p�i�c� �m�a�t�e�r�i�a�l�s�,� �t�h�e� �o�u�t� 

�o�f� �p�l�a�n�e� �w�a�r�p�i�n�g� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �t�h�e� �a�n�a�l�y�s�i�s�.� �L�o�w� �s�t�r�a�i�n� �l�e�v�e�l�s�,� �h�o�w�e�v�e�r�,� �s�t�i�l�l� 

�r�e�m�a�i�n� �v�a�l�i�d� �k�e�e�p�i�n�g� �b�l�a�d�e� �f�a�t�i�g�u�e� �l�i�f�e� �i�n� �m�i�n�d�.� 

�T�h�i�s� �f�i�e�l�d� �o�f� �r�e�s�e�a�r�c�h� �i�s� �a� �f�a�i�r�l�y� �n�e�w� �o�n�e� �a�n�d� �p�r�o�b�a�b�l�y� �m�o�s�t� �o�f� �t�h�e� �i�m�p�o�r�t�a�n�t� 

�c�o�n�c�e�p�t�s� �d�e�v�e�l�o�p�e�d� �o�n�l�y� �i�n� �t�h�e� �l�a�s�t� �f�i�v�e� �y�e�a�r�s� �a�r�e� �w�e�l�l� �c�o�v�e�r�e�d� �i�n� �R�e�f�e�r�e�n�c�e�s� �[� 

�4�8�,�2�7� �}�.� �T�h�e� �l�i�m�i�t�e�d� �r�e�s�e�a�r�c�h� �i�n� �t�h�i�s� �f�i�e�l�d� �c�a�n� �b�e� �s�a�i�d� �t�o� �h�a�v�e� �f�o�l�l�o�w�e�d� �o�n�e� �o�f� �t�h�e� 

�t�w�o� �d�i�r�e�c�t�i�o�n�s� �n�a�m�e�l�y�,� 

�1�.� �U�s�e� �o�f� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �k�i�n�e�m�a�t�i�c�s� �a�m�e�n�a�b�l�e� �f�o�r� �a�n�a�l�y�s�i�n�g� �t�h�e� �c�o�m�p�o�s�i�t�e� 

�r�o�t�o�r� �b�l�a�d�e�s�.� 
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�2�.� �D�e�v�e�l�o�p�i�n�g� �a�p�p�r�o�a�c�h�e�s� �t�o� �r�e�d�u�c�e� �t�h�e� �g�e�n�e�r�a�l� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �c�o�n�s�t�i�t�u�t�i�v�e� 

�l�a�w�s� �o�f� �a�n� �a�n�i�s�o�t�r�o�p�i�c� �m�a�t�e�r�i�a�l� �i�n�t�o� �a� �s�i�m�p�l�e� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �f�o�r�m� �o�f� �t�h�e� 

�b�e�a�m� �p�r�o�b�l�e�m�.� 

�I�n� �t�h�e� �f�i�r�s�t� �c�a�t�e�g�o�r�y�,� �a�n�a�l�o�g�o�u�s� �t�o� �i�t�s� �i�s�o�t�r�o�p�i�c� �c�o�u�n�t�e�r�p�a�r�t�,� �t�w�o� �a�p�p�r�o�a�c�h�e�s� �h�a�v�e� 

�b�e�e�n� �t�a�k�e�n�,� �o�n�e� �o�f� �a�s�s�u�m�i�n�g� �m�o�d�e�r�a�t�e� �d�e�f�l�e�c�t�i�o�n�s� �a�n�d� �t�h�e� �o�t�h�e�r� �l�a�r�g�e� �d�e�f�l�e�c�t�i�o�n�s�,� 

�b�o�t�h� �w�o�r�k�i�n�g� �w�i�t�h� �s�m�a�l�l� �s�t�r�a�i�n�s�.� �A� �c�o�m�p�r�e�h�e�n�s�i�v�e� �s�t�u�d�y� �u�s�i�n�g� �t�h�e� �f�o�r�m�e�r� �w�a�s� 

�d�o�n�e� �b�y� �H�o�n�g� �a�n�d� �C�h�o�p�r�a� �[� �4�9� �]�.� �T�h�e� �b�l�a�d�e� �w�a�s� �t�r�e�a�t�e�d� �a� �s�i�n�g�l�e� �c�e�l�l� �b�o�x�-�b�e�a�m� 

�w�i�t�h� �a�r�b�i�t�r�a�r�y� �l�a�y�-�u�p� �o�f� �c�o�m�p�o�s�i�t�e� �p�l�i�e�s� �o�n� �a�l�l� �t�h�e� �f�o�u�r� �w�a�l�l�s� �o�f� �t�h�e� �u�n�d�e�f�o�r�m�e�d� 

�r�e�c�t�a�n�g�u�l�a�r� �c�r�o�s�s�-�s�e�c�t�i�o�n�.� �S�t�r�a�i�n�-�d�i�s�p�l�a�c�e�m�e�n�t� �r�e�l�a�t�i�o�n�s� �a�r�e� �t�a�k�e�n� �f�r�o�m� �[� �3�1� �]� �a�n�d� 

�H�a�m�i�l�t�o�n ��s� �p�r�i�n�c�i�p�l�e� �i�s� �u�s�e�d� �t�o� �d�e�r�i�v�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �f�o�r� �t�h�e� �p�r�o�b�l�e�m� �o�f� 

�c�o�u�p�l�e�d� �f�l�a�p�-�l�a�g�-�t�o�r�s�i�o�n� �s�t�a�b�i�l�i�t�y�.� �T�h�i�s� �c�o�u�p�l�i�n�g� �i�s� �s�h�o�w�n� �t�o� �b�e� �s�t�r�o�n�g� �a�n�d� 

�i�n�f�l�u�e�n�c�i�n�g� �t�h�e� �i�n�s�t�a�b�i�l�i�t�y� �b�o�u�n�d�a�r�i�e�s� �i�n� �h�o�v�e�r�.� �T�h�e� �a�n�a�l�y�s�i�s� �w�a�s� �e�x�t�e�n�d�e�d� �t�o� 

�b�e�a�r�i�n�g�l�e�s�s� �r�o�t�o�r�s� �i�n� �h�o�v�e�r� �[� �5�0� �]� �a�n�d� �l�a�t�e�r� �i�n� �f�o�r�w�a�r�d� �f�l�i�g�h�t� �[� �5�1� �]�.� �I�t� �w�a�s� �f�o�u�n�d� 

�t�h�a�t� �p�l�y� �o�r�i�e�n�t�a�t�i�o�n� �i�s� �e�f�f�e�c�t�i�v�e� �i�n� �r�e�d�u�c�i�n�g� �b�o�t�h� �b�l�a�d�e� �r�e�s�p�o�n�s�e� �a�n�d� �h�u�b� �s�h�e�a�r�s�.� 

�B�a�u�c�h�a�u� �a�n�d� �H�o�n�g� �[� �5�2�,�4�2�,�5�3� �]� �p�r�e�s�e�n�t�e�d� �a� �l�a�r�g�e� �d�e�f�l�e�c�t�i�o�n� �t�h�e�o�r�y� �a�c�c�o�u�n�t�i�n�g� �f�o�r� 

�t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n�,� �t�o�r�s�i�o�n�a�l� �w�a�r�p�i�n�g� �e�f�f�e�c�t�s� �a�n�d� �e�l�a�s�t�i�c� �c�o�u�p�l�i�n�g�s�.� �I�n� 

�t�h�e� �f�i�n�a�l� �v�e�r�s�i�o�n� �o�f� �t�h�i�s� �t�h�e�o�r�y� �n�a�t�u�r�a�l�l�y� �c�u�r�v�e�d� �a�n�d� �t�w�i�s�t�e�d� �b�e�a�m�s� �u�n�d�e�r�g�o�i�n�g� 

�l�a�r�g�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�n�d� �r�o�t�a�t�i�o�n�s� �a�n�d� �s�m�a�l�l� �s�t�r�a�i�n�s� �w�e�r�e� �a�n�a�l�y�s�e�d�.� 

�M�i�n�g�u�e�t� �a�n�d� �D�u�g�u�n�d�j�i� �[� �5�4�,�5�5� �]� �u�s�e�d� �E�u�l�e�r� �a�n�g�l�e�s� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �l�a�r�g�e� 

�d�e�f�l�e�c�t�i�o�n� �m�o�d�e�l� �f�o�r� �s�t�a�t�i�c� �a�n�d� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �a�n�a�l�y�s�i�s�.� �H�o�w�e�v�e�r� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� 

�d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �c�r�o�s�s� �-� �s�e�c�t�i�o�n�a�l� �w�a�r�p�i�n�g� �w�e�r�e� �i�g�n�o�r�e�d�.� 
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�U�n�d�e�r� �t�h�e� �s�e�c�o�n�d� �c�a�t�e�g�o�r�y�,� �r�e�s�e�a�r�c�h� �i�s� �f�o�c�u�s�s�e�d� �o�n� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �w�a�r�p� 

�f�u�n�c�t�i�o�n�(�s�)� �,� �s�h�e�a�r� �c�e�n�t�e�r� �l�o�c�a�t�i�o�n� �a�n�d� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �s�t�i�f�f�n�e�s�s� �v�a�l�u�e�s�,� �i�n� �t�h�a�t� 

�o�r�d�e�r�.� �T�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�n�a�l�y�s�i�s� �i�s� �u�s�u�a�l�l�y� �l�i�n�e�a�r� �a�n�d� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l�,� �d�o�n�e� 

�o�n�c�e� �f�o�r� �e�a�c�h� �c�r�o�s�s�-�s�e�c�t�i�o�n� �(� �i�f� �t�h�e� �b�e�a�m� �i�s� �n�o�n� �u�n�i�f�o�r�m� �)� �a�n�d� �d�e�c�o�u�p�l�e�d� �f�r�o�m� �t�h�e� 

�o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �n�o�n�-�l�i�n�e�a�r� �g�l�o�b�a�l� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �b�e�a�m�.� �T�h�e�r�e� �h�a�v�e� �b�e�e�n� �t�w�o� 

�d�i�s�t�i�n�c�t� �a�p�p�r�o�a�c�h�e�s� �u�s�e�d� �i�n� �t�a�c�k�l�i�n�g� �t�h�i�s� �p�r�o�b�l�e�m�.� �O�n�e� �i�s� �t�h�e� �p�u�r�e�l�y� �a�n�a�l�y�t�i�c�a�l� �o�n�e� 

�i�n� �w�h�i�c�h� �a� �c�l�o�s�e�d� �f�o�r�m� �s�o�l�u�t�i�o�n� �i�s� �a�t�t�e�m�p�t�e�d� �f�o�r� �t�h�e� �w�a�r�p� �f�u�n�c�t�i�o�n�s�,� �s�h�e�a�r� �c�e�n�t�e�r� 

�l�o�c�a�t�i�o�n� �a�n�d� �t�h�e� �s�t�i�f�f�n�e�s�s� �p�r�o�p�e�r�t�i�e�s�.� �H�e�g�m�i�e�r� �a�n�d� �N�a�i�r� �[� �5�6� �]� �i�n� �1�9�7�7� �d�e�v�e�l�o�p�e�d� 

�a� �t�e�c�h�n�i�q�u�e� �t�o� �a�n�a�l�y�s�e� �h�e�t�e�r�o�g�e�n�o�u�s� �a�n�d� �t�r�a�n�s�v�e�r�s�l�y� �i�s�o�t�r�o�p�i�c� �e�l�a�s�t�i�c� �b�e�a�m� �w�i�t�h� 

�b�u�i�l�t�-�i�n� �t�w�i�s�t�.� �M�a�n�s�f�i�e�l�d� �a�n�d� �S�o�b�e�y� �[� �5�7� �]� �d�e�r�i�v�e�d� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �c�o�u�p�l�e�d� 

�t�o�r�s�i�o�n�a�l�,� �e�x�t�e�n�s�i�o�n�a�l� �a�n�d� �f�l�e�x�u�r�a�l� �s�t�i�f�f�n�e�s�s�e�s� �o�f� �a� �s�i�m�p�l�i�f�i�e�d� �r�o�t�o�r� �b�l�a�d�e� �m�o�d�e�l�e�d� 

�a�s� �a� �h�o�l�l�o�w� �c�o�m�p�o�s�i�t�e� �t�u�b�e�.� �M�a�n�s�f�i�e�l�d� �[� �5�8� �]� �e�x�t�e�n�d�e�d� �t�h�e� �t�h�e�o�r�y� �t�o� �t�w�o�-�c�e�l�l�e�d� 

�b�e�a�m�s�.� �T�h�e� �t�h�e�o�r�y� �h�o�w�e�v�e�r�,� �d�i�d� �n�o�t� �r�e�c�i�e�v�e� �a� �f�o�l�l�o�w� �u�p�.� �F�u�r�t�h�e�r� �i�t� �d�i�d� �n�o�t� 

�a�c�c�o�u�n�t� �f�o�r� �t�r�a�n�v�e�r�s�e� �s�h�e�a�r� �a�n�d� �w�a�r�p�i�n�g� �o�f� �t�h�e� �b�e�a�m� �c�r�o�s�s�-�s�e�c�t�i�o�n�.� �I�t� �d�i�d� �s�e�r�v�e� 

�t�h�e� �p�u�r�p�o�s�e� �o�f� �g�i�v�i�n�g� �a�n� �i�d�e�a� �a�b�o�u�t� �t�h�e� �c�o�n�t�r�o�l� �a� �d�e�s�i�g�n�e�r� �c�a�n� �w�i�e�l�d� �w�h�i�l�e� �d�e�a�l�i�n�g� 

�w�i�t�h� �c�o�m�p�o�s�i�t�e�s�,� �b�a�s�i�c�a�l�l�y� �h�i�n�t�i�n�g� �a�t� �a�e�r�o�e�l�a�s�t�i�c� �t�a�i�l�o�r�i�n�g�.� �A� �s�i�m�i�l�a�r� �a�p�p�r�o�a�c�h� �w�a�s� 

�t�a�k�e�n� �b�y� �R�e�h�f�i�e�l�d� �[� �5�9� �]� �b�u�t� �i�n�c�o�r�p�o�r�a�t�i�n�g� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �a�n�d� 

�w�a�r�p�i�n�g� �(� �o�n�l�y� �t�o�r�s�i�o�n�a�l� �i�n� �n�a�t�u�r�e� �)�.� �T�h�e� �t�h�e�o�r�y� �w�a�s� �v�e�r�i�f�i�e�d� �b�y� �N�i�x�o�n� �[� �6�0� �]�.� �H�e� 

�w�o�r�k�e�d� �w�i�t�h� �t�h�i�s� �t�h�e�o�r�y� �a�n�d� �f�o�u�n�d� �a� �g�o�o�d� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �c�o�u�p�l�e�d� �b�e�a�m� 

�a�n�a�l�y�s�i�s� �b�a�s�e�d� �o�n� �t�h�e� �t�h�e�o�r�y� �a�n�d� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �c�a�r�r�y�i�n�g� �o�n� �a� �s�e�r�i�e�s� �o�f� 

�a�x�i�a�l� �a�n�d� �t�o�r�s�i�o�n� �t�e�s�t�s�.� �H�o�d�g�e�s�,� �N�i�x�o�n�,� �a�n�d� �R�e�h�f�i�e�l�d� �[� �6�1� �J�,� �f�o�u�n�d� �a� �g�o�o�d� 

�c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�i�s� �t�h�e�o�r�y� �a�n�d� �a� �N�A�S�T�R�A�N� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �f�o�r� �a� 

�s�i�n�g�l�e� �c�l�o�s�e�d� �c�e�l�l�e�d� �b�e�a�m�.� 
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�T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h� �h�a�s� �b�e�e�n� �v�e�r�y� �p�o�p�u�l�a�r� �a�p�p�r�o�a�c�h� �i�n� �c�o�n�t�r�a�s�t� �t�o� �t�h�e� 

�a�n�a�l�y�t�i�c�a�l� �o�n�e� �o�w�i�n�g� �t�o� �i�t�s� �v�e�r�s�t�a�l�i�t�y� �a�n�d� �f�l�e�x�i�b�i�l�i�t�y�.� �A�l�t�h�o�u�g�h� �i�t� �i�s� �o�f�t�e�n� �a�r�g�u�e�d� 

�t�h�a�t� �o�n�e� �l�o�o�s�e�s� �p�h�y�s�i�c�a�l� �i�n�s�i�g�h�t� �i�n� �s�u�c�h� �n�u�m�e�r�i�c�a�l� �t�e�c�h�n�i�q�u�e�s�.� �W�o�r�n�d�l�e� �[� �6�2� �]�,� 

�p�r�o�b�a�b�l�y� �t�h�e� �f�i�r�s�t� �p�e�r�s�o�n� �t�o� �w�o�r�k� �w�i�t�h� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�,� �c�a�l�c�u�l�a�t�e�d� 

�c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �w�a�r�p�i�n�g� �f�u�n�c�t�i�o�n�s� �u�s�i�n�g� �a� �l�i�n�e�a�r� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l� �u�n�d�e�r� 

�t�o�r�s�i�o�n�a�l� �a�n�d� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r�.� �T�h�e� �a�n�a�l�y�s�i�s� �w�a�s� �h�o�w�e�v�e�r� �r�e�s�t�r�i�c�t�e�d� �t�o� �t�r�a�n�s�v�e�r�s�l�y� 

�i�s�o�t�r�o�p�i�c� �t�h�u�s� �p�r�e�c�l�u�d�i�n�g� �a�n�y� �d�e�m�o�n�s�t�r�a�t�i�o�n� �o�f� �a�e�r�o�e�l�a�s�t�i�c� �t�a�i�l�o�r�i�n�g�.� �K�o�s�m�a�t�k�a� �[� 

�6�3� �]� �r�e�v�i�v�e�d� �t�h�i�s� �t�h�e�o�r�y� �b�y� �a�p�p�l�y�i�n�g� �i�t� �t�o� �g�e�n�e�r�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �m�a�t�e�r�i�a�l�s� �(� 

�a�r�b�i�t�r�a�r�y� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �i�t�s� �m�a�t�e�r�i�a�l� �p�r�i�n�c�i�p�l�e� �a�x�e�s� �)�.� �T�h�e� �g�l�o�b�a�l� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� 

�a�n�l�y�s�i�s� �a�s�s�u�m�e�d� �m�o�d�e�r�a�t�e� �d�e�f�l�e�c�t�i�o�n�s� �a�n�d� �s�m�a�l�l� �s�t�r�a�i�n�s�.� 

�G�i�a�v�o�t�t�o�,� �e�t� �a�l�.� �[� �6�4� �]� �p�r�e�s�e�n�t�e�d� �t�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �a�n�a�l�y�s�e�s� �i�n� �t�h�e� �s�e�n�s�e� �t�h�a�t� �i�t� 

�a�c�c�o�u�n�t�s� �f�o�r� �b�o�t�h� �i�n�p�l�a�n�e� �a�n�d� �o�u�t� �o�f� �p�l�a�n�e� �w�a�r�p�i�n�g�.� �I�t� �t�a�l�k�s� �a�b�o�u�t� �a�n� �e�x�t�r�e�m�i�t�y� 

�a�n�d� �a� �c�e�n�t�r�a�l� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �w�a�r�p�i�n�g� �p�r�o�b�l�e�m�.� �T�h�e� �e�x�t�r�e�m�i�t�y� �s�o�l�u�t�i�o�n�s� 

�c�o�r�r�e�s�p�o�n�d� �t�o� �w�a�r�p�i�n�g� �s�o�l�u�t�i�o�n�s� �d�u�e� �t�o� �e�n�d� �e�f�f�e�c�t�,� �w�h�i�l�e� �t�h�e� �c�e�n�t�r�a�l� �s�o�l�u�t�i�o�n� 

�y�i�e�l�d�s� �w�a�r�p�i�n�g� �d�u�e� �t�o� �l�o�a�d� �w�i�t�h�o�u�t� �t�h�e� �e�n�d� �e�f�f�e�c�t�.� �W�o�r�k� �w�a�s� �e�x�t�e�n�d�e�d� �b�y� �B�o�r�r�i� 

�a�n�d� �M�a�n�t�e�g�a�z�z�a� �[� �6�5� �]� �a�n�d� �B�o�r�r�i� �a�n�d� �M�e�r�l�i�n�i� �[� �6�6� �]� �t�o� �i�n�c�l�u�d�e� �n�o�n�l�i�n�e�a�r� 

�d�e�f�o�r�m�a�t�i�o�n�.� �A�n� �a�n�i�s�o�t�r�o�p�i�c� �t�h�e�o�r�y� �h�a�s� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �b�y� �B�a�u�c�h�a�u� �[� �6�7� �]� �i�n� 

�w�h�i�c�h� �o�u�t� �o�f� �p�l�a�n�e� �c�r�o�s�s� �s�e�c�t�i�o�n� �w�a�r�p�i�n�g� �i�s� �e�x�p�a�n�d�e�d� �i�n� �t�e�r�m�s� �o�f� �e�i�g�e�n�w�a�r�p�i�n�g�s�.� 

�T�h�e� �c�r�o�s�s� �s�e�c�t�i�o�n� �i�s� �a�s�s�u�m�e�d� �r�i�g�i�d� �a�n�d� �t�h�e� �a�n�a�l�y�s�i�s� �i�s� �r�e�s�t�r�i�c�t�e�d� �t�o� �m�u�l�t�i�-�c�e�l�l�e�d� 

�t�h�i�n� �w�a�l�l�e�d� �b�e�a�m�s�.� �I�n�i�t�i�a�l�l�y� �t�h�e�o�r�y� �w�a�s� �r�e�s�t�r�i�c�t�e�d� �t�o� �o�n�l�y� �t�r�a�n�s�v�e�r�s�l�y� �i�s�o�t�r�o�p�i�c� 

�m�a�t�e�r�i�a�l�s� �b�u�t� �i�n� �[� �6�8� �]� �i�t� �h�a�s� �b�e�e�n� �e�x�p�a�n�d�e�d� �t�o� �i�n�c�l�u�d�e� �g�e�n�e�r�a�l� �o�r�t�h�o�t�r�o�p�y�.� �T�h�e� 

�r�e�p�o�r�t� �c�l�a�i�m�e�d� �s�u�b�s�t�a�n�t�i�a�l� �s�a�v�i�n�g�s� �i�n� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�o�r�t� �a�s� �i�t� �f�o�u�n�d� �t�h�a�t� �u�s�e� �o�f� 
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�o�n�l�y� �a� �f�e�w� �e�i�g�e�n�w�a�r�p�i�n�g�s�,� �t�h�a�t� �o�f� �t�o�r�s�i�o�n�a�l� �w�a�r�p�i�n�g� �a�n�d� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n�,� �w�a�s� 

�s�u�f�f�i�c�i�e�n�t�.� 

�A�l�l� �t�h�e� �s�t�u�d�i�e�s� �c�i�t�e�d� �t�i�l�l� �n�o�w� �h�a�d� �a� �s�e�p�a�r�a�t�e� �l�i�n�e�a�r� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s� �f�o�r� 

�t�h�e� �c�r�o�s�s� �-� �s�e�c�t�i�o�n�a�l� �p�r�o�p�e�r�t�i�e�s�.� �A� �n�e�w� �a�p�p�r�o�a�c�h� �d�u�e� �t�o� �K�i�m�,�L�e�e�,� �a�n�d� �S�t�e�m�p�l�e� �[� 

�6�9� �-�7�1� �]� �a�n�a�l�y�s�e�s� �a� �t�h�i�n� �w�a�l�l�e�d� �b�e�a�m� �o�f� �a�r�b�i�t�r�a�r�y� �c�r�o�s�s� �-� �s�e�c�t�i�o�n�,� �w�i�t�h� �t�h�e� 

�p�r�o�v�i�s�i�o�n� �f�o�r� �a�r�b�i�t�r�a�r�y� �c�r�o�s�s� �-� �s�e�c�t�i�o�n� �w�a�r�p�i�n�g�s� �a�n�d� �t�h�e� �b�e�a�m� �c�o�u�l�d� �b�e� �o�f� �a�n�y� 

�p�l�a�n�f�o�r�m� �o�r� �t�a�p�e�r�.� �T�h�e� �c�r�o�s�s� �s�e�c�t�i�o�n� �w�a�r�p�i�n�g� �i�s� �c�o�u�p�l�e�d� �w�i�t�h� �b�e�n�d�i�n�g�,� �t�o�r�s�i�o�n� �a�n�d� 

�e�x�t�e�n�s�i�o�n� �o�f� �t�h�e� �b�e�a�m�.� �S�o�m�e� �s�t�a�t�i�c� �a�n�d� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �r�e�s�u�l�t�s� �h�a�v�e� �a�l�s�o� �b�e�e�n� 

�p�r�e�s�e�n�t�e�d� �i�n� �[� �7�1� �J�]�.� �T�h�i�s� �t�h�e�o�r�y� �s�u�f�f�e�r�s� �f�r�o�m� �n�o�t� �s�o� �e�f�f�i�c�i�e�n�t� �c�o�m�p�u�t�a�t�i�o�n�a�l� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� 

�T�h�u�s� �w�e� �n�o�t�i�c�e� �a� �l�o�t� �o�f� �a�t�t�e�n�t�i�o�n� �b�e�i�n�g� �g�i�v�e�n� �t�o� �t�h�e� �d�e�v�e�l�o�p�e�m�e�n�t� �o�f� �a� �g�e�n�e�r�a�l� 

�a�n�i�s�o�t�r�o�p�i�c� �b�e�a�m� �t�h�e�o�r�y�.� �A�s� �p�o�i�n�t�e�d� �o�u�t� �i�n� �R�e�f�.� �[� �2�7� �J�,� �[� �4�9� �]� �i�s� �t�h�e� �o�n�l�y� �w�o�r�k� 

�w�h�i�c�h� �h�a�s� �r�e�s�u�l�t�e�d� �i�n�t�o� �a�e�r�o�e�l�a�s�t�i�c� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �o�f� �c�o�m�p�o�s�i�t�e� �r�o�t�o�r� �b�l�a�d�e�s�.� �I�t� 

�i�s� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �u�s�i�n�g� �t�h�e� �e�x�i�s�t�i�n�g� �m�o�d�e�r�a�t�e� �d�e�f�o�r�m�a�t�i�o�n� �t�h�e�o�r�i�e�s� �i�n� �c�o�n�j�u�n�c�t�i�o�n� 

�w�i�t�h� �l�i�n�e�a�r� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s� �l�i�k�e� �t�h�e� �o�n�e� �p�r�e�s�e�n�t�e�d� �i�n� �[� �6�4� �]�,� �m�i�g�h�t� �b�e� 

�a�d�e�q�u�a�t�e� �f�o�r� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s�.� �M�o�r�e�o�v�e�r�,� �r�e�s�e�a�r�c�h� �i�n� �t�h�i�s� �d�i�r�e�c�t�i�o�n� �m�i�g�h�t� 

�s�h�o�w� �i�f� �a� �g�e�n�e�r�a�l� �a�n�i�s�o�t�r�o�p�i�c� �b�e�a�m� �t�h�e�o�r�y� �i�s� �w�o�r�t�h� �t�h�e� �e�x�t�e�n�s�i�v�e� �a�t�t�e�n�t�i�o�n� �i�t� �h�a�s� 

�b�e�e�n� �r�e�c�e�i�v�i�n�g�.� 

�L�i�t�e�r�a�t�u�r�e� �S�u�r�v�e�y� �3�1



�A�e�r�o�d�y�n�a�m�i�c� �m�o�d�e�l�i�n�g� 

�T�h�e� �a�e�r�o�d�y�n�a�m�i�c� �e�n�v�i�r�o�n�m�e�n�t� �o�f� �t�h�e� �h�e�l�i�c�o�p�t�e�r� �r�o�t�o�r� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �m�o�r�e� 

�c�o�m�p�l�e�x� �t�h�a�n� �t�h�a�t� �o�f� �t�h�e� �l�i�f�t�i�n�g� �e�l�e�m�e�n�t�s� �o�f� �a� �f�i�x�e�d� �w�i�n�g� �a�i�r�c�r�a�f�t� �b�e�c�a�u�s�e� �t�h�e� �r�o�t�o�r� 

�b�l�a�d�e� �i�s� �f�o�r�c�e�d� �t�o� �p�a�s�s� �i�n� �p�r�o�x�i�m�i�t�y� �t�o� �i�t�s� �w�a�k�e� �o�n� �e�a�c�h� �r�e�v�o�l�u�t�i�o�n�,� �a�n�d� �t�h�e� �r�o�t�a�r�y� 

�m�o�t�i�o�n� �o�f� �t�h�e� �b�l�a�d�e� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �f�u�s�e�l�a�g�e� �i�m�p�a�r�t�s� �a� �b�a�s�i�c� �u�n�s�t�e�a�d�y� �a�s�p�e�c�t� �t�o� �t�h�e� 

�f�l�o�w�.� �U�n�l�i�k�e� �t�h�e� �f�i�x�e�d� �w�i�n�g� �c�o�u�n�t�e�r�p�a�r�t� �,� �t�h�e� �h�e�l�i�c�o�p�t�e�r� �r�o�t�o�r� �i�s� �s�u�b�j�e�c�t�e�d� �t�o� 

�o�s�c�i�l�l�a�t�o�r�y� �a�e�r�o�d�y�n�a�m�i�c� �l�o�a�d�s� �e�v�e�n� �i�n� �a� �s�t�e�a�d�y� �g�u�s�t�l�e�s�s� �f�o�r�w�a�r�d� �f�l�i�g�h�t� �s�i�n�c�e� �e�a�c�h� 

�b�l�a�d�e� �s�e�c�t�i�o�n� �e�n�c�o�u�n�t�e�r�s� �v�a�r�i�a�t�i�o�n� �i�n� �r�e�l�a�t�i�v�e� �a�i�r�s�p�e�e�d� �a�s� �t�h�e� �b�l�a�d�e� �t�r�a�v�e�l�s� �t�h�e� 

�a�z�i�m�u�t�h� �(� �l�o�o�s�e�l�y� �d�e�f�i�n�e�d� �a�s� �p�a�t�h� �a�l�o�n�g� �t�h�e� �c�i�r�c�u�m�f�e�r�e�n�c�e� �o�f� �t�h�e� �r�o�t�o�r� �d�i�s�c� �)�.� �I�n� 

�a�d�d�i�t�i�o�n�,� �t�h�e� �l�o�c�a�l� �f�l�o�w� �e�n�c�o�u�n�t�e�r�e�d� �b�y� �a� �r�o�t�o�r� �b�l�a�d�e� �c�o�n�t�a�i�n�s�,� �i�n� �t�h�e� �r�e�l�a�t�i�v�e� �n�e�a�r� 

�f�i�e�l�d�,� �d�i�s�t�u�r�b�a�n�c�e�s� �f�r�o�m� �t�h�e� �p�r�e�v�i�o�u�s� �b�l�a�d�e� �p�a�s�s�a�g�e�.� �A�l�t�h�o�u�g�h� �t�h�e�s�e� �d�i�s�t�u�r�b�a�n�c�e�s� 

�a�r�e� �c�o�n�s�t�a�n�t� �i�n� �t�i�m�e� �f�o�r� �a� �s�t�e�a�d�y� �h�o�v�e�r� �o�r� �c�l�i�m�b�,� �t�r�a�n�s�i�e�n�t� �b�l�a�d�e� �d�y�n�a�m�i�c�s� �c�a�n� 

�c�r�e�a�t�e� �u�n�s�t�e�a�d�y� �f�l�o�w� �p�h�e�n�o�m�e�n�a� �t�h�a�t� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�f�f�e�c�t� �t�h�e� �b�l�a�d�e� �d�y�n�a�m�i�c�s�.� 

�A�l�s�o� �a� �v�e�r�y� �f�l�e�x�i�b�l�e� �r�o�t�o�r� �b�l�a�d�e� �l�e�a�d�s� �t�o� �c�o�u�p�l�i�n�g� �o�f� �a�e�r�o�d�y�n�a�m�i�c�s� �w�i�t�h� �t�h�e� 

�s�t�r�u�c�t�u�r�a�l� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �b�l�a�d�e�.� �T�h�e�r�e�f�o�r�e� �w�h�i�l�e� �a�t�t�e�m�p�t�i�n�g� �t�o� �s�o�l�v�e� �t�h�e� �p�r�o�b�l�e�m� 

�o�f� �b�l�a�d�e� �d�y�n�a�m�i�c�s� �a� �c�o�m�p�a�t�i�b�l�e� �m�o�d�e�l� �f�o�r� �v�a�r�i�o�u�s� �a�s�p�e�c�t�s� �(� �l�i�f�t� �m�o�d�e�l�,� �i�n�d�u�c�e�d� 

�w�a�k�e� �m�o�d�e�l�,� �s�t�r�u�c�t�u�r�a�l� �m�o�d�e�l� �f�o�r� �t�h�e� �b�l�a�d�e� �a�n�d� �t�h�e� �f�u�s�e�l�a�g�e� �)� �o�f� �t�h�e� �f�l�o�w� �h�a�v�e� �t�o� 

�b�e� �o�b�t�a�i�n�e�d�.� 

�F�i�g�u�r�e� �4� �p�r�o�v�i�d�e�s� �a� �s�c�h�e�m�a�t�i�c� �d�i�a�g�r�a�m� �[� �7�2� �]� �o�f� �a� �g�e�n�e�r�a�l� �d�y�n�a�m�i�c� �a�n�a�l�y�s�i�s� �o�f� �a� 

�h�e�l�i�c�o�p�t�e�r�.� �T�h�e� �f�o�r�w�a�r�d� �l�o�o�p� �r�e�l�a�t�e�s� �t�h�e� �i�n�s�t�a�n�t�a�n�e�o�u�s� �b�l�a�d�e� �a�n�g�l�e� �o�f� �a�t�t�a�c�k� �t�o� 

�i�n�s�t�a�n�t�a�n�e�o�u�s� �l�i�f�t� �a�n�d� �c�i�r�c�u�l�a�t�i�o�n� �e�x�i�s�t�i�n�g� �o�n� �t�h�e� �b�l�a�d�e�.� �T�h�e� �t�i�m�e� �h�i�s�t�o�r�y� �i�s� 
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�p�r�o�v�i�d�e�d� �t�o� �a�n� �i�n�d�u�c�e�d� �f�l�o�w� �t�h�e�o�r�y� �(� �s�u�c�h� �a�s� �B�i�o�t� �-� �S�a�v�a�r�t� �l�a�w� �b�a�s�e�d� �o�n� �a� �w�a�k�e� 

�g�e�o�m�e�t�r�y� �)� �t�o� �p�r�o�v�i�d�e� �t�h�e� �i�n�f�l�o�w� �i�n�f�o�r�m�a�t�i�o�n� �t�h�a�t� �i�s� �f�e�d� �b�a�c�k� �t�o� �t�h�e� �a�n�g�l�e� �o�f� 

�a�t�t�a�c�k� �t�o� �c�r�e�a�t�e� �u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c�s�.� �T�h�e� �b�l�a�d�e� �l�i�f�t� �i�s� �p�r�o�v�i�d�e�d� �t�o� �a� �s�t�r�u�c�t�u�r�a�l� 

�d�y�n�a�m�i�c� �m�o�d�e�l� �o�f� �t�h�e� �b�l�a�d�e� �t�o� �p�r�o�v�i�d�e� �b�l�a�d�e� �m�o�t�i�o�n�s� �w�h�i�c�h�,� �i�n� �t�u�r�n�,� �a�l�t�e�r� �t�h�e� 

�a�n�g�l�e� �o�f� �a�t�t�a�c�k� �t�o� �c�o�m�p�l�e�t�e� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �l�o�o�p�.� �T�h�i�s� �d�o�u�b�l�e� �f�e�e�d�b�a�c�k� �l�o�o�p� �s�h�o�w�s� 

�t�h�a�t� �t�h�e� �i�n�f�l�o�w� �d�y�n�a�m�i�c�s� �i�s� �s�t�r�o�n�g�l�y� �c�o�u�p�l�e�d� �w�i�t�h� �t�h�e� �r�o�t�o�r� �d�y�n�a�m�i�c�s� �t�o� �f�o�r�m� �t�h�e� 

�d�y�n�a�m�i�c� �e�q�u�a�t�i�o�n�s� �o�f� �t�h�e� �r�o�t�o�r�.� �F�o�r� �a�n� �a�e�r�o�d�y�n�a�m�i�c� �l�i�f�t� �o�r� �i�n�f�l�o�w� �m�o�d�e�l� �t�o� �b�e� 

�u�s�e�f�u�l� �f�o�r� �r�o�t�o�r� �d�y�n�a�m�i�c�s�,� �i�t� �m�u�s�t� �b�e� �c�a�p�a�b�l�e� �o�f� �f�i�l�l�i�n�g� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �b�l�o�c�k�s� �w�i�t�h� 

�d�e�f�i�n�e�d� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �a�n�d� �m�u�s�t� �h�a�v�e� �a�p�p�r�o�p�r�i�a�t�e� �c�o�u�p�l�i�n�g� �c�a�p�a�b�i�l�i�t�y� �s�o� �t�h�a�t� �t�h�e� 

�l�o�o�p�s� �c�a�n� �b�e� �c�l�o�s�e�d� �w�i�t�h� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�i�c�i�e�n�c�y�.� 

�W�h�i�l�e� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n� �w�e� �e�n�c�o�u�n�t�e�r�e�d� �s�o�m�e� �v�e�r�y� �h�i�g�h�l�y� �d�e�v�e�l�o�p�e�d� 

�s�t�r�u�c�t�u�r�a�l� �m�o�d�e�l�s� �o�f� �t�h�e� �b�l�a�d�e� �i�t� �i�s� �i�n�t�e�r�e�s�t�i�n�g� �t�o� �n�o�t�e� �t�h�a�t� �t�h�e� �a�e�r�o�e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� 

�h�a�s� �o�f�t�e�n� �i�n�v�o�l�v�e�d� �c�r�u�d�e� �q�u�a�s�i� �-� �s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c�s�.� �T�h�i�s� �s�i�t�u�a�t�i�o�n� �i�s� �a� 

�c�o�n�s�e�q�u�e�n�c�e� �o�f� �t�h�e� �l�a�c�k� �o�f� �a�n� �a�p�p�r�o�p�r�i�a�t�e� �u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c� �t�h�e�o�r�y� �t�h�a�t� �c�a�n� 

�b�e� �c�o�n�s�i�s�t�e�n�t�l�y� �c�o�m�b�i�n�e�d� �w�i�t�h� �t�h�e� �p�e�r�i�o�d�i�c� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �g�o�v�e�r�n�i�n�g� �t�h�e� 

�b�l�a�d�e� �d�y�n�a�m�i�c�s� �i�n� �f�o�r�w�a�r�d� �f�l�i�g�h�t�.� 

�A�s� �S�t�a�t�e�d� �b�e�f�o�r�e� �a�n� �a�t�t�e�m�p�t� �w�i�l�l� �b�e� �m�a�d�e� �t�o� �g�i�v�e� �a�n� �o�v�e�r�a�l�l� �p�i�c�t�u�r�e� �o�f� �t�h�e� 

�d�e�v�e�l�o�p�e�m�e�n�t�a�l� �p�r�o�c�e�s�s� �i�n� �h�e�l�i�c�o�p�t�e�r� �a�e�r�o�d�y�n�a�m�i�c� �m�o�d�e�l�i�n�g�.� 

�I�t� �h�a�s� �b�e�e�n� �l�o�n�g� �k�n�o�w�n� �t�h�a�t� �t�h�e� �i�n�d�u�c�e�d� �f�l�o�w� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �h�e�l�i�c�o�p�t�e�r� �r�o�t�o�r� 

�r�e�s�p�o�n�d�s� �i�n� �a� �d�y�n�a�m�i�c� �f�a�s�h�i�o�n� �t�o� �t�h�e� �c�h�a�n�g�e�s� �i�n� �b�l�a�d�e� �a�n�g�l�e� �o�f� �a�t�t�a�c�k� �[� �7�3� �-� �7�5� �]�.� 
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�I�t� �i�s� �t�h�e�r�e�f�o�r�e�,� �t�h�e� �r�e�s�e�a�r�c�h� �w�o�r�k� �i�n� �u�n�s�t�e�a�d�y� �i�n�d�u�c�e�d� �f�l�o�w� �t�h�a�t� �w�e� �w�i�l�l� �b�e� �l�o�o�k�i�n�g� 

�i�n�t�o�.� �T�h�e�y� �c�a�n� �b�e� �c�l�a�s�s�i�f�i�e�d� �i�n�t�o� �t�h�r�e�e� �m�a�i�n� �c�a�t�e�g�o�r�i�e�s�;� 

�1�.� �C�l�a�s�s�i�c�a�l� �u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c� �t�h�e�o�r�i�e�s�.� 

�2�.� �R�o�t�o�r� �v�o�r�t�e�x� �t�h�e�o�r�i�e�s�.� 

�3�.� �D�y�n�a�m�i�c� �i�n�f�l�o�w� �t�h�e�o�r�i�e�s�.� 

�C�l�a�s�s�i�c�a�l� �U�n�s�t�e�a�d�y� �A�e�r�o�d�y�n�a�m�i�c� �T�h�e�o�r�i�e�s�.� 

�F�o�r� �m�a�n�y� �y�e�a�r�s� �f�l�u�t�t�e�r� �c�a�l�c�u�l�a�t�i�o�n�s� �w�e�r�e� �r�e�s�t�r�i�c�t�e�d� �t�o� �a� �t�h�i�n� �a�i�r�f�o�i�l� �o�s�c�i�l�l�a�t�i�n�g� �i�n� 

�a� �u�n�i�f�o�r�m� �s�t�r�e�a�m� �o�f� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�u�i�d� �[� �7�6� �]�.� �W�h�i�l�e� �G�l�a�u�e�r�t� �[� �7�7� �]� �p�a�r�t�i�a�l�l�y� 

�s�o�l�v�e�d� �t�h�e� �c�a�s�e� �o�f� �s�i�m�p�l�e� �h�a�r�m�o�n�i�c� �m�o�t�i�o�n�,� �t�h�e� �c�o�m�p�l�e�t�e� �s�o�l�u�t�i�o�n� �w�a�s� �d�u�e� �t�o� 

�T�h�e�o�d�o�r�s�e�n� �[� �7�8� �]�,� �w�h�e�r�e� �a� �t�h�i�n� �a�i�r�f�o�i�l� �m�o�d�e�l�e�d� �a�s� �a� �f�l�a�t� �p�l�a�t�e� �a�i�r�f�o�i�l� �w�i�t�h� �v�o�r�t�i�c�i�t�y� 

�d�i�s�t�r�i�b�u�t�i�o�n� �i�n� �a� �p�o�t�e�n�t�i�a�l� �f�l�o�w�.� �B�o�t�h� �v�a�r�i�a�t�i�o�n� �o�f� �b�o�u�n�d� �v�o�r�t�i�c�i�t�y� �a�n�d� �i�t�s� 

�c�o�n�t�i�n�u�o�u�s�l�y� �s�h�e�d� �v�o�r�t�e�x� �w�a�k�e� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� �f�o�r� �u�n�s�t�e�a�d�y� �f�l�o�w�.� �T�h�e�o�d�o�r�s�e�n ��s� 

�w�o�r�k� �r�e�s�u�l�t�e�d� �i�n� �t�h�e� �s�o� �-� �c�a�l�l�e�d� �T�h�e�o�d�o�r�s�e�n ��s� �l�i�f�t� �d�e�f�i�c�i�e�n�c�y� �f�u�n�c�t�i�o�n� �C�(�k�)� �w�h�i�c�h� 

�a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �i�n�d�u�c�e�d� �-� �f�l�o�w� �e�f�f�e�c�t� �o�n� �c�i�r�c�u�l�a�t�o�r�y� �l�i�f�t� �a�n�d� �h�a�s� �t�h�e� �f�o�r�m� �o�f�,� 

�J�i�(�k�)�  �� �i�V� �(�k�)� 
�C�(�k�)� �=� �¥�o�(�k�)�  �� �i� �¥�,�(�K�)� �+� �(�4� �(�K�k�)� �+� �i�J�g�(�k�)�)� 
� � 
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�w�h�e�r�e� �J�,�(�k�)� �a�n�d� �Y�,�(�k�)� �a�r�e� �B�e�s�s�e�l� �f�u�n�c�t�i�o�n�s� �o�f� �f�i�r�s�t� �a�n�d� �s�e�c�o�n�d� �k�i�n�d�,� 

�r�e�s�p�e�c�t�i�v�e�l�y� �a�n�d� �k� �=�  ��2� �i�s� �t�h�e� �r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�y�.� �T�h�i�s� �f�u�n�c�t�i�o�n� �r�e�l�a�t�e�s� �t�h�e� �n�e�t� 

�c�i�r�c�u�l�a�t�o�r�y� �l�i�f�t� �a�m�p�l�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �t�o� �t�h�e� �a�i�r�f�o�i�l� �a�n�g�l�e� �a�t�t�a�c�k� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� 

�r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�y�.� �H�o�w�e�v�e�r�,� �s�i�n�c�e� �t�h�e� �h�e�l�i�c�o�p�t�e�r� �r�o�t�o�r� �b�l�a�d�e� �i�s� �e�s�s�e�n�t�i�a�l�l�y� �a� 

�r�o�t�a�t�i�n�g� �w�i�n�g� �,� �t�h�e� �s�h�e�d� �v�o�r�t�i�c�i�t�y� �n�o� �l�o�n�g�e�r� �r�e�m�a�i�n�s� �i�n� �t�h�e� �p�l�a�n�e� �o�f� �t�h�e� �l�i�f�t�i�n�g� 

�s�u�r�f�a�c�e� �a�s� �i�t� �t�r�a�v�e�l�s� �d�o�w�n�s�t�r�e�a�m�.� �I�n�s�t�e�a�d� �i�t� �f�o�r�m�s� �a� �h�e�l�i�c�a�l� �p�a�t�t�e�r�n� �b�e�l�o�w� �t�h�e� 

�r�o�t�o�r� �d�i�s�k� �d�u�e� �t�o� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �a� �f�i�n�i�t�e� �i�n�f�l�o�w� �t�h�r�o�u�g�h� �t�h�e� �r�o�t�o�r� �d�i�s�k�.� �O�t�h�e�r� 

�r�e�a�s�o�n�s� �w�h�i�c�h� �p�r�o�h�i�b�i�t� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �T�h�e�o�d�o�r�s�e�n ��s� �r�e�s�u�l�t� �i�n� �r�o�t�a�r�y� �w�i�n�g� 

�a�n�a�l�y�s�i�s� �i�s� �t�h�e� �t�i�m�e� �v�a�r�y�i�n�g� �f�r�e�e�-�s�t�r�e�a�m� �a�n�d� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �r�e�t�u�r�n�i�n�g� �w�a�k�e�.� 

�N�e�v�e�r�t�h�e�l�e�s�s� �v�a�r�i�o�u�s� �q�u�a�s�i�-�s�t�e�a�d�y� �a�n�d� �u�n�s�t�e�a�d�y� �m�o�d�e�l�s� �f�o�r� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� 

�l�o�a�d�s� �b�a�s�e�d� �o�n� �t�h�i�s� �t�h�e�o�r�y� �h�a�v�e� �b�e�e�n� �f�r�e�q�u�e�n�t�l�y� �e�m�p�l�o�y�e�d� �i�n� �t�h�e� �r�o�t�a�r�y� �w�i�n�g� 

�a�e�r�o�e�l�a�s�t�i�c�i�t�y�.� 

�T�h�e� �e�f�f�e�c�t� �o�f� �t�i�m�e� �v�a�r�i�a�t�i�o�n� �a�n�d� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �i�n�d�u�c�e�d� �f�l�o�w� �w�a�s� �t�a�k�e�n� �c�a�r�e� �o�f� 

�i�n� �G�r�e�e�n�b�e�r�g ��s� �[� �7�9� �]� �t�h�e�o�r�y�.� �I�n� �a�p�p�l�y�i�n�g� �t�h�i�s� �t�h�e�o�r�y� �v�e�l�o�c�i�t�y� �c�o�m�p�o�n�e�n�t�s�,� �r�e�l�a�t�i�v�e� 

�t�o� �t�h�e� �d�e�f�o�r�m�e�d� �c�r�o�s�s�-�s�e�c�t�i�o�n� �o�f� �t�h�e� �b�l�a�d�e� �h�a�v�e� �t�o� �b�e� �i�d�e�n�t�i�f�i�e�d� �a�n�d� �u�s�e�d�.� 

�I�t� �i�s� �w�o�r�t�h� �n�o�t�i�n�g� �t�h�a�t� �w�e� �a�r�e� �s�t�i�l�l� �d�e�a�l�i�n�g� �w�i�t�h� �f�i�x�e�d� �w�i�n�g� �a�e�r�o�d�y�n�a�m�i�c� �t�h�e�o�r�i�e�s�.� 

�L�o�e�w�y ��s� �[� �8�0� �]� �t�h�e�o�r�y� �i�s� �t�h�e� �f�i�r�s�t� �s�i�g�n�i�f�i�c�a�n�t� �a�d�a�p�t�a�t�i�o�n� �o�f� �t�h�e� �T�h�e�o�d�o�r�s�e�n ��s� �t�h�e�o�r�y� 

�i�n� �a�p�p�r�o�x�i�m�a�t�i�n�g� �t�h�e� �u�n�s�t�e�a�d�y� �w�a�k�e� �b�e�n�e�a�t�h� �t�h�e� �r�o�t�o�r�.�I�n� �f�a�c�t� �J�o�n�e�s� �[� �8�1� �]� �a�n�d� 

�T�i�m�m�o�n� �a�n�d� �v�a�n� �d�e� �V�o�o�r�e�n� �[� �8�2� �]� �a�l�s�o� �w�o�r�k�e�d� �o�n� �t�h�e� �s�a�m�e� �l�i�n�e�s�.� �A�l�l� �o�f� �t�h�e�m� 

�c�o�n�s�i�d�e�r�e�d� �f�l�o�w� �t�o� �b�e� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �a�n�d� �t�h�e� �m�a�i�n� �r�e�s�t�r�i�c�t�i�o�n� �o�n� �t�h�e�i�r� �t�h�e�o�r�i�e�s� �i�s� 

�t�h�a�t� �h�e�l�i�c�o�p�t�e�r� �i�s� �o�p�e�r�a�t�i�n�g� �i�n� �a� �v�e�r�t�i�c�a�l� �f�l�i�g�h�t� �o�r� �h�o�v�e�r� �c�o�n�d�i�t�i�o�n�.� �L�o�w�e�y� 

�c�o�n�s�i�d�e�r�e�d� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �v�o�r�t�i�c�i�t�y� �t�h�a�t� �i�s� �s�h�e�d� �a�n�d� �b�l�o�w�n� �b�e�l�o�w� �t�h�e� �r�o�t�o�r� �d�i�s�k� 
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�a�n�d� �w�h�i�c�h� �i�s� �p�a�s�s�e�d� �o�v�e�r� �b�y� �s�u�c�c�e�s�s�i�v�e� �b�l�a�d�e�s� �i�n� �s�u�c�c�e�s�s�i�v�e� �r�e�v�o�l�u�t�i�o�n�s� �(� �b�a�s�i�s� �o�f� 

�t�h�e� �r�e�t�u�r�n�i�n�g� �w�a�k�e� �c�o�n�c�e�p�t� �)�.� �B�a�s�e�d� �o�n� �t�h�i�s� �i�n�f�l�o�w� �a�s�s�u�m�p�t�i�o�n�,�t�h�e� �a�u�t�h�o�r� �w�a�s� 

�a�b�l�e� �t�o� �f�o�r�m�u�l�a�t�e� �a� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �w�a�k�e� �m�o�d�e�l� �f�o�r� �a� �f�l�a�t� �p�l�a�t�e� �a�i�r�f�o�i�l� �b�y� 

�i�n�t�r�o�d�u�c�i�n�g� �p�a�r�a�l�l�e�l� �l�a�y�e�r�s� �o�f� �v�o�r�t�i�c�i�t�y�.� �W�i�t�h� �t�h�i�s� �w�a�k�e� �m�o�d�e�l�,� �L�o�w�e�y� �d�e�r�i�v�e�d� �h�i�s� 

�l�i�f�t� �d�e�f�i�c�i�e�n�c�y� �f�u�n�c�t�i�o�n� �(�w�h�i�c�h� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �o�s�c�i�l�l�a�t�o�r�y� �m�o�t�i�o�n� �o�n� 

�t�h�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �o�f� �t�h�e� �l�i�f�t� �v�e�c�t�o�r�)�,� �C �� �(�k� �)�f�o�r� �a� �r�o�t�o�r� �b�l�a�d�e� �i�n� �v�e�r�t�i�c�a�l� 

�f�l�i�g�h�t�,� 

�J� �(�k�)�(�1� �+� �2�W�)� �- �� �i�Y�,� �(�k�)� 
�C�C�E�)� �=� �F�e�y� �=� �a�y�,� �(�K�)� �+� �U�k�)� �+� �i�g� �(�K�C�I� �+� �2�M�)� 
� � 

�H�e�r�e� �t�h�e� �w�a�k�e� �s�p�a�c�i�n�g� �f�u�n�c�t�i�o�n� �W� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �l�a�y�e�r�s� �o�f� �v�o�r�t�i�c�i�t�y� �b�e�n�e�a�t�h� �t�h�e� 

�a�i�r�f�o�i�l�.� �L�o�w�e�y ��s� �l�i�f�t� �d�e�f�i�c�i�e�n�c�y� �f�u�n�c�t�i�o�n� �l�o�o�k�s� �s�i�m�i�l�a�r� �t�o� �T�h�e�o�d�o�r�s�e�n ��s� �f�u�n�c�t�i�o�n� �b�u�t� 

�i�s� �d�i�f�f�e�r�e�n�t� �i�n� �n�a�t�u�r�e�.� �C �� �(�k� �)� �o�s�c�i�l�l�a�t�e�s� �w�i�t�h� �t�h�e� �r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�y� �w�h�i�l�e� �C� �(� �k� �)� 

�d�o�e�s� �n�o�t�.� �L�o�w�e�y ��s� �s�t�u�d�y� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �q�u�a�s�i� �-� �s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c� �t�h�e�o�r�y� �i�s� 

�i�n�a�d�e�q�u�a�t�e� �f�o�r� �r�o�t�o�r� �d�y�n�a�m�i�c� �p�r�o�b�l�e�m�s� �s�u�c�h� �a�s� �c�a�l�c�u�l�a�t�i�n�g� �f�l�u�t�t�e�r� �s�p�e�e�d�s� �o�r� 

�d�a�m�p�e�d� �a�m�p�l�i�f�i�c�a�t�i�o�n� �f�a�c�t�o�r�.� �T�h�e�r�e� �a�r�e� �s�o�m�e� �i�n�h�e�r�e�n�t� �d�r�a�w�b�a�c�k�s� �o�f� �t�h�i�s� �t�h�e�o�r�y� 

�a�l�t�h�o�u�g�h� �i�t� �i�s� �e�x�t�e�n�s�i�v�e�l�y� �u�s�e�d� �f�o�r� �r�o�t�o�r� �a�e�r�o�e�l�a�s�t�i�c� �p�r�o�b�l�e�m�s�.� 

�1�.� �T�h�e� �u�n�s�t�e�a�d�y� �w�a�k�e� �b�e�n�e�a�t�h� �t�h�e� �r�o�t�o�r� �i�n� �f�o�r�w�a�r�d� �f�l�i�g�h�t� �i�s� �a� �s�k�e�w�e�d� �h�e�l�i�x� �w�h�i�l�e� 

�a�s�s�u�m�e�d� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �f�l�a�t� �-� �l�a�y�e�r�e�d� �i�n� �t�h�e� �t�h�e�o�r�y�.� 

�2�.� �P�o�o�r� �b�e�h�a�v�i�o�u�r� �o�f� �t�h�e� �m�o�d�e�l� �f�o�r� �l�o�w� �f�r�e�q�u�e�n�c�y� �p�r�o�b�l�e�m�s�.� 
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�3�.� �F�o�r�m�u�l�a�t�e�d� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �(� �i�.�e�.� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� 

�s�i�m�p�l�e� �h�a�r�m�o�n�i�c� �m�o�t�i�o�n� �)� �w�h�i�c�h� �i�m�p�l�i�e�s� �i�t� �i�s� �s�t�r�i�c�t�l�y� �v�a�l�i�d� �o�n�l�y� �a�t� �t�h�e� �s�t�a�b�i�l�i�t�y� 

�b�o�u�n�d�a�r�y� �a�n�d� �d�o�e�s� �n�o�t� �y�i�e�l�d� �m�e�a�n�i�n�g�f�u�l� �r�e�s�u�l�t�s� �f�o�r� �o�f�f� �-� �c�r�i�t�i�c�a�l� �a�n�a�l�y�s�e�s�.� 

�O�b�s�e�r�v�i�n�g� �t�h�a�t� �L�o�w�e�y ��s� �t�h�e�o�r�y� �i�s� �f�o�r� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�s�,� �n�o�t�a�b�l�e� �e�x�t�e�n�s�i�o�n�s� �o�r� 

�m�o�d�i�f�i�c�a�t�i�o�n�s� �t�o� �h�i�s� �t�h�e�o�r�y� �t�o� �i�n�c�o�r�p�o�r�a�t�e� �c�o�m�p�r�e�s�s�i�b�i�l�i�t�y� �h�a�s� �b�e�e�n� �d�u�e� �t�o� �J�o�n�e�s� 

�a�n�d� �R�a�o� �[� �8�3� �]� �a�n�d� �H�a�m�m�o�n�d� �a�n�d� �P�i�e�r�c�e� �[� �8�4� �]�.� 

�O�n�e� �o�f� �t�h�e� �d�r�a�w�b�a�c�k�s� �o�f� �L�o�w�e�y ��s� �m�e�t�h�o�d�,� �a�s� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e�,� �w�a�s� �i�t�s� 

�f�o�r�m�u�l�a�t�i�o�n� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n�.� �T�h�u�s� �i�t� �w�a�s� �n�o�t� �c�o�m�p�a�t�i�b�l�e� �w�i�t�h� �t�h�e� 

�s�t�r�u�c�t�u�r�a�l� �d�y�n�a�m�i�c� �e�q�u�a�t�i�o�n�s� �w�h�i�c�h� �h�a�d� �p�e�r�i�o�d�i�c� �c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �t�h�e� �f�o�r�w�a�r�d� 

�f�l�i�g�h�t�.� �F�r�i�e�d�m�a�n�n� �a�n�d� �V�e�n�k�a�t�e�s�a�n� �[� �8�5� �]� �p�r�e�s�e�n�t�e�d� �L�o�w�e�y ��s� �t�h�e�o�r�y� �i�n� �t�h�e� �t�i�m�e� 

�d�o�m�a�i�n� �(� �o�f�t�e�n� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �f�i�n�i�t�e� �s�t�a�t�e� �m�o�d�e�l�s� �)�,� �t�h�u�s� �s�o�l�v�i�n�g� �o�n�e� �o�f� �t�h�e� 

�c�l�a�s�s�i�c�a�l� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c� �p�r�o�b�l�e�m�s� �(� �w�i�t�h�i�n� �t�h�e� 

�a�p�p�r�o�x�i�m�a�t�i�o�n�s� �)� �t�o� �s�a�t�i�s�f�a�c�t�i�o�n�.� 

�T�h�r�e�e� �D�i�m�e�n�s�i�o�n�a�l� �V�o�r�t�e�x� �T�h�e�o�r�i�e�s� 

�V�o�r�t�e�x� �t�h�e�o�r�y� �h�a�s� �s�e�r�v�e�d� �a�s� �a� �f�u�n�d�a�m�e�n�t�a�l� �t�o�o�l� �t�o� �c�o�m�p�u�t�e� �i�n�d�u�c�e�d� �v�e�l�o�c�i�t�y� �f�i�e�l�d� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �l�i�f�t�i�n�g� �r�o�t�o�r�s� �b�y� �t�h�e� �B�i�o�t� �-� �S�a�v�a�r�t� �l�a�w�.� �T�h�i�s� �i�s� �a� �m�o�r�e� �d�i�r�e�c�t� 

�a�p�p�r�o�a�c�h� �t�o� �t�h�e� �m�o�d�e�l�l�i�n�g� �o�f� �u�n�s�t�e�a�d�y� �r�o�t�o�r� �w�a�k�e�.� �T�h�e� �w�a�k�e� �i�s� �f�i�r�s�t� �m�o�d�e�l�l�e�d� 

�t�h�e�o�r�e�t�i�c�a�l�l�y� �/� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �a�n�d� �t�h�e� �e�f�f�e�c�t� �o�f� �s�u�c�h� �k�n�o�w�n� �p�a�t�t�e�r�n�s� �a�r�e� �s�t�u�d�i�e�d�.� 

�L�i�t�e�r�a�t�u�r�e� �S�u�r�v�e�y� �3�7



�T�h�e� �t�h�e�o�r�i�e�s� �p�r�o�p�o�s�e�d� �u�n�d�e�r� �t�h�i�s� �c�a�t�e�g�o�r�y� �c�a�n� �b�e� �b�a�s�e�d� �o�n� �w�a�k�e� �s�p�e�c�i�f�i�c�a�t�i�o�n�;� �1� 

�)� �r�i�g�i�d� �w�a�k�e�,� �2� �)� �d�i�s�t�o�r�t�e�d� �(� �o�r� �f�r�e�e� �)� �w�a�k�e�,� �a�n�d� �3� �)� �p�r�e�s�c�r�i�b�e�d� �(� �e�x�p�e�r�i�m�e�n�t�a�l� �)� 

�w�a�k�e�.� 

�A�m�o�n�g� �t�h�e� �r�i�g�i�d� �w�a�k�e� �t�h�e�o�r�i�e�s� �i�m�p�o�r�t�a�n�t� �c�o�n�t�r�i�b�u�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �d�u�e� �t�o� �D�r�e�e�s� �[� 

�8�6� �]�,� �H�e�y�s�o�n� �[� �8�7� �]�,� �a�n�d� �W�a�n�g� �[� �8�8� �]�.� �W�h�i�l�e� �D�r�e�e ��s� �w�o�r�k� �w�a�s� �e�s�s�e�n�t�i�a�l�y� �a� �q�u�a�s�i� �-� 

�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c� �t�e�c�h�n�i�q�u�e�,� �H�e�y�s�o�n� �d�e�s�c�r�i�b�e�d� �w�a�k�e� �a�s� �a� �n�u�m�b�e�r� �o�f� �c�o�n�c�e�n�t�r�i�c� 

�v�o�r�t�e�x� �c�y�l�i�n�d�e�r�s� �a�n�d� �s�t�u�d�i�e�d� �i�t�s� �i�n�d�u�c�e�d� �f�l�o�w� �f�i�e�l�d�.� �W�a�n�g� �p�r�e�s�e�n�t�e�d� �a� �v�e�r�y� 

�c�o�m�p�l�e�x� �m�o�d�e�l� �b�u�t� �w�i�t�h� �s�o�m�e� �c�l�o�s�e�d� �f�o�r�m� �s�o�l�u�t�i�o�n�s�.� �H�o�w�e�v�e�r� �w�i�t�h� �h�i�s� 

�a�s�s�u�m�p�t�i�o�n� �o�f� �i�n�f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �b�l�a�d�e�s�,� �t�h�e�r�e� �i�s� �n�o� �w�a�y� �o�f� �c�a�l�c�u�l�a�t�i�n�g� 

�i�n�s�t�a�n�t�a�n�e�o�u�s� �v�a�l�u�e�s� �o�f� �i�n�d�u�c�e�d� �v�e�l�o�c�i�t�i�e�s� �n�e�e�d�e�d� �f�o�r� �r�o�t�o�r� �d�y�n�a�m�i�c� �s�t�u�d�i�e�s�.� 

�M�i�l�l�e�r� �[� �8�9� �]� �i�n�t�r�o�d�u�c�e�d� �t�h�e� �c�o�n�c�e�p�t� �o�f�  ��n�e�a�r� �w�a�k�e �� �a�n�d�  ��f�a�r� �w�a�k�e �� �a�n�d� �s�t�u�d�i�e�d� 

�t�h�e�s�e� �t�w�o� �v�o�r�t�e�x� �d�i�s�t�r�i�b�u�t�i�o�n�s� �u�s�i�n�g� �l�i�f�t�i�n�g� �l�i�n�e� �a�n�d� �l�i�f�t�i�n�g� �s�u�r�f�a�c�e� �t�h�e�o�r�i�e�s�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� 

�I�n� �f�r�e�e� �w�a�k�e� �a�n�a�l�y�s�i�s�,� �s�e�g�m�e�n�t� �v�o�r�t�e�x� �f�i�l�a�m�e�n�t�s� �f�r�o�m� �e�a�c�h� �r�o�t�o�r� �b�l�a�d�e� �i�s� �a�l�l�o�w�e�d� 

�t�o� �m�o�v�e� �f�r�e�e�l�y� �u�n�t�i�l� �a� �c�o�n�v�e�r�g�e�n�t� �w�a�k�e� �i�s� �d�e�v�e�l�o�p�e�d�.� �S�c�u�l�l�y ��s� �[� �9�0� �]� �a�n�d� �S�a�d�l�e�r ��s� �[� 

�9�1� �]� �m�o�d�e�l�s� �a�r�e� �t�h�o�s�e� �t�y�p�i�c�a�l�l�y� �u�s�e�d�.� �F�o�r�m�e�r� �c�o�n�s�i�d�e�r�e�d� �d�i�s�t�o�r�t�i�o�n� �o�f� �o�n�l�y� �t�i�p� 

�v�o�r�t�e�x� �w�h�i�l�e� �t�h�e� �l�a�t�t�e�r� �c�o�n�s�i�d�e�r�e�d� �d�i�s�t�o�r�t�i�o�n� �o�f� �b�o�u�n�d� �v�o�r�t�i�c�i�t�y� �t�o�o�.� �T�h�i�s� �t�h�e�o�r�y� 

�p�r�e�s�e�n�t�s� �a� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �u�n�s�t�e�a�d�y� �w�a�k�e� �m�o�d�e�l� �b�u�t� �t�h�e�r�e� �a�r�e� �s�e�r�i�o�u�s� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �p�r�o�b�l�e�m�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �i�t�.� 

�L�i�t�e�r�a�t�u�r�e� �S�u�r�v�e�y� �3�8



�G�r�a�y� �[� �9�2� �]�,� �o�n�e� �o�f� �t�h�e� �p�i�o�n�e�e�r�s� �i�n� �t�h�e� �f�i�e�l�d� �o�f� �p�r�e�s�c�r�i�b�e�d� �v�o�r�t�e�x� �t�h�e�o�r�y�,� �d�e�v�e�l�o�p�e�d� 

�a� �s�e�m�i�-�e�m�p�i�r�i�c�a�l� �m�e�t�h�o�d� �f�o�r� �t�h�e� �w�a�k�e� �o�f� �a� �s�i�n�g�l�e� �b�l�a�d�e� �r�o�t�o�r� �b�a�s�e�d� �o�n� �e�m�p�i�r�i�c�a�l� 

�w�a�k�e� �g�e�o�m�e�t�r�y� �d�a�t�a� �a�c�q�u�i�r�e�d� �f�r�o�m� �s�m�o�k�e�-�v�i�s�u�a�l�i�z�a�t�i�o�n� �t�e�s�t�s�.� 

�D�y�n�a�m�i�c� �I�n�f�l�o�w� �T�h�e�o�r�y� 

�D�y�n�a�m�i�c� �i�n�f�l�o�w� �m�o�d�e�l�l�i�n�g� �i�n� �r�o�t�o�r�c�r�a�f�t� �f�l�i�g�h�t�d�y�n�a�m�i�c�s� �i�s� �a� �m�e�a�n�s� �o�f� �a�c�c�o�u�n�t�i�n�g� 

�f�o�r� �t�h�e� �l�o�w� �-� �f�r�e�q�u�e�n�c�y� �w�a�k�e� �e�f�f�e�c�t�s� �u�n�d�e�r� �u�n�s�t�e�a�d�y� �o�r� �t�r�a�n�s�i�e�n�t� �c�o�n�d�i�t�i�o�n�s�.� �H�e�r�e� 

�u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c�s� �i�s� �d�i�v�i�d�e�d� �i�n�t�o� �t�w�o� �p�a�r�t�s�:� �(�i�)� �d�y�n�a�m�i�c� �i�n�f�l�o�w� �t�h�a�t� �i�s� 

�v�i�e�w�e�d� �g�l�o�b�a�l�l�y� �a�s� �r�o�t�o�r� �-� �d�i�s�c� �d�o�w�n�w�a�s�h� �d�y�n�a�m�i�c�s� �u�n�d�e�r� �u�n�s�t�e�a�d�y� �f�l�i�g�h�t� 

�c�o�n�d�i�t�i�o�n�s� �(� �w�a�k�e� �t�h�e�o�r�y� �o�r� �o�f�t�e�n� �t�h�e� �s�t�e�a�d�y� �i�n�f�l�o�w� �p�a�r�t� �)� �a�n�d� �(� �i�i� �)� �t�h�e� �c�l�a�s�s�i�c�a�l� 

�u�n�s�t�e�a�d�y� �r�o�t�o�r� �a�e�r�o�d�y�n�a�m�i�c�s� �t�h�a�t� �i�s� �v�i�e�w�e�d� �l�o�c�a�l�l�y� �a�s� �a�i�r�f�o�i�l� �a�e�r�o�d�y�n�a�m�i�c�s� �u�n�d�e�r� 

�s�t�e�a�d�y� �f�l�i�g�h�t� �c�o�n�d�i�t�i�o�n�s� �(�l�i�f�t� �m�o�d�e�l� �o�r� �t�h�e� �p�e�r�t�u�r�b�a�t�i�o�n� �p�a�r�t�)�.� 

�T�h�e� �w�a�k�e� �t�h�e�o�r�y� �(�o�r� �o�u�t�e�r� �p�r�o�b�l�e�m�)� �c�a�l�c�u�l�a�t�e�s� �i�n�d�u�c�e�d� �v�e�l�o�c�i�t�y� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� 

�t�h�e� �h�e�l�i�c�o�p�t�e�r� �r�o�t�o�r�.� �I�n� �s�u�c�h� �a� �f�o�r�m�u�l�a�t�i�o�n�,� �d�y�n�a�m�i�c� �i�n�f�l�o�w� �t�h�e�o�r�y� �m�o�d�e�l�s� �t�h�e� 

�w�a�k�e�,� �l�e�a�v�i�n�g� �a� �f�l�e�x�i�b�l�e� �c�h�o�i�c�e� �f�o�r� �t�h�e� �l�i�f�t� �m�o�d�e�l�.� �S�i�s�s�i�n�g�h� �[� �7�4� �]� �m�a�d�e� �t�h�e� �f�i�r�s�t� 

�s�y�s�t�e�m�a�t�i�c� �e�x�p�l�o�r�a�t�i�o�n� �t�h�a�t� �e�s�t�a�b�l�i�s�h�e�d� �a� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �i�n�s�t�a�n�t�a�n�e�o�u�s� �.� 

�p�e�r�t�u�r�b�a�t�i�o�n� �i�n� �t�h�r�u�s�t�,� �a�n�d� �p�e�r�t�u�r�b�a�t�i�o�n�s� �i�n� �t�h�e� �i�n�d�u�c�e�d� �f�l�o�w�.� �S�i�s�s�i�n�g�h ��s� �a�n�a�l�y�s�i�s� 

�w�a�s� �a� �q�u�a�s�i� �-� �s�t�e�a�d�y� �a�p�p�r�o�a�c�h� �a�n�d� �w�a�s� �m�o�t�i�v�a�t�e�d� �b�y� �A�m�e�r ��s� �o�b�s�e�r�v�a�t�i�o�n�s� �[� �7�3� �]�,� 

�t�h�a�t� �a� �p�a�r�t� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �p�r�e�d�i�c�t�e�d� �a�n�d� �m�e�a�s�u�r�e�d� �p�i�t�c�h� �a�n�d� �r�o�l�l� 

�d�a�m�p�i�n�g� �i�s� �d�u�e� �t�o� �d�y�n�a�m�i�c� �i�n�f�l�o�w� �e�f�f�e�c�t�s�.� �A�l�m�o�s�t� �t�w�e�n�t�y� �y�e�a�r�s� �l�a�t�e�r� �C�u�r�t�i�s�s� �a�n�d� 

�S�h�u�p�e� �[� �9�3�,�9�4� �]� �r�e�v�i�t�a�l�i�z�e�d� �t�h�i�s� �r�e�s�e�a�r�c�h� �b�y� �r�e�f�i�n�i�n�g� �S�i�s�s�i�n�g�h ��s� �q�u�a�s�i�-�s�t�e�a�d�y� 
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�f�o�r�m�u�l�a�t�i�o�n� �(� �n�o� �t�i�m�e� �l�a�g� �)� �t�o� �i�n�c�l�u�d�e� �i�n�d�u�c�e�d� �f�l�o�w� �p�e�r�t�u�r�b�a�t�i�o�n� �i�n� �p�i�t�c�h� �a�n�d� �r�o�l�l� 

�m�o�m�e�n�t�s�.� �D�y�n�a�m�i�c� �i�n�f�l�o�w� �r�e�s�e�a�r�c�h� �i�s� �s�a�i�d� �t�o� �h�a�v�e� �b�e�e�n� �a�l�w�a�y�s� �d�r�i�v�e�n� �b�y� �t�h�e� 

�i�m�p�e�t�u�s� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� �S�i�n�c�e� �1�9�8�0�s� �d�y�n�a�m�i�c� �i�n�f�l�o�w� �h�a�s� �b�e�e�n� �o�n�e� �o�f� �t�h�e� 

�i�n�t�e�n�s�l�y� �p�u�r�s�u�e�d� �a�r�e�a� �o�f� �r�e�s�e�a�r�c�h� �w�h�i�c�h� �i�n� �g�o�o�d� �m�e�a�s�u�r�e�,� �w�a�s� �s�p�u�r�r�e�d� �b�y� 

�B�o�u�s�m�a�n ��s� �t�e�s�t� �d�a�t�a� �[� �9�5� �]� �o�n� �a�e�r�o�m�e�c�h�a�n�i�c�a�l� �s�t�a�b�i�l�i�t�y� �i�n� �h�o�v�e�r�.� �P�r�e�s�e�n�t� �d�a�y ��s� 

�r�e�s�e�a�r�c�h� �r�e�v�o�l�v�e�s� �a�r�o�u�n�d� �w�h�a�t� �i�s� �c�a�l�l�e�d� �P�i�t�t� �a�n�d� �P�e�t�e�r ��s� �d�y�n�a�m�i�c� �i�n�f�l�o�w� �m�o�d�e�l� �[� 

�9�6�,�9�7� �]� �a�n�d� �i�t�s� �a�p�p�l�i�c�a�t�i�o�n� �t�o� �h�e�l�p� �p�r�e�d�i�c�t� �d�a�m�p�i�n�g� �a�n�d� �r�e�s�p�o�n�s�e� �i�n� �f�o�r�w�a�r�d� �f�l�i�g�h�t�.� 

�A�l�t�h�o�u�g�h� �t�h�i�s� �m�o�d�e�l� �h�a�s� �b�e�e�n� �u�s�e�d� �e�x�t�e�n�s�i�v�e�l�y� �d�u�e� �t�o� �i�t�s� �p�r�a�c�t�i�c�a�l�i�t�y�,� �i�t� �i�s� �w�o�r�t�h� 

�n�o�t�i�n�g� �t�h�a�t� �t�h�e� �m�o�d�e�l� �i�s� �o�n�l�y� �a� �l�o�w� �o�r�d�e�r� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �r�o�t�o�r� �i�n�d�u�c�e�d� �f�l�o�w� 

�f�i�e�l�d�,� �a�n�d� �c�a�n� �o�n�l�y� �a�c�c�o�u�n�t� �f�o�r� �r�o�t�o�r� �w�a�k�e� �d�y�n�a�m�i�c�s� �o�f� �l�o�w� �f�r�e�q�u�e�n�c�i�e�s�.� 

�R�e�f�e�r�e�n�c�e�s� �[� �1�5�,�1�9� �]� �a�n�d� �[� �7�2� �]� �a�r�e� �g�o�o�d� �t�r�e�a�t�m�e�n�t� �a�n�d� �p�r�o�v�i�d�e� �a� �g�o�o�d� �r�e�v�i�e�w� �o�f� 

�d�y�n�a�m�i�c� �f�l�o�w� �m�o�d�e�l�s�.� �R�e�f�e�r�e�n�c�e�s� �[� �1�5�,�1�9� �]� �a�l�s�o� �d�e�a�l� �e�x�t�e�n�s�i�v�e�l�y� �w�i�t�h� �t�h�e� �o�t�h�e�r� �t�w�o� 

�m�o�d�e�l�s�.� 
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�M�o�d�e�l�s� 

�T�h�e� �s�t�a�t�i�c� �a�n�d� �d�y�n�a�m�i�c� �a�n�a�l�y�s�i�s� �i�n� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k� �u�s�e�s� �a�n� �e�x�t�e�n�s�i�o�n� �o�f� �t�h�e� 

�S�t�r�u�c�t�u�r�a�l� �m�o�d�e�l� �o�f� �C�a�s�t�e�l� �a�n�d� �K�a�p�a�n�i�a� �[� �1�4� �]�.� �I�n� �t�h�i�s� �c�h�a�p�t�e�r� �a� �m�e�r�e� �o�u�t�l�i�n�e� �o�f� 

�t�h�e� �m�o�d�e�l�s� �w�i�l�l� �b�e� �p�r�o�v�i�d�e�d�,� �h�i�g�h�l�i�g�h�t�i�n�g� �t�h�e�i�r� �s�a�l�i�e�n�t� �f�e�a�t�u�r�e�s� �a�n�d� �s�o�m�e� 

�i�m�p�o�r�t�a�n�t� �s�t�e�p�s�.� �F�o�r� �d�e�t�a�i�l�s� �o�f� �t�h�e� �m�o�d�e�l�i�n�g� �o�n�e� �i�s� �r�e�f�e�r�r�e�d� �t�o� �[� �1�4� �]�.� 

�S�t�r�u�c�t�u�r�a�l� �M�o�d�e�l� 

�T�h�e� �b�l�a�d�e� �i�s� �m�o�d�e�l�e�d� �a�s� �a� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �o�f� �a�r�b�i�t�r�a�r�y� �c�r�o�s�s� �s�e�c�t�i�o�n� �a�n�d� �s�p�a�n�.� 

�T�o�p� �a�n�d� �b�o�t�t�o�m� �s�k�i�n�s� �a�r�e� �c�u�r�v�e�d� �a�n�d� �m�a�d�e� �u�p� �o�f� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e� �m�a�t�e�r�i�a�l�.� 

�F�o�u�r� �w�e�b�s� �a�n�d� �e�i�g�h�t� �s�t�r�i�n�g�e�r�s� �r�u�n� �a�l�o�n�g� �t�h�e� �s�p�a�n� �a�s� �s�h�o�w�n� �i�n� �t�h�e� �F�i�g�u�r�e� �5�.� �T�h�e� 

�w�e�b�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �c�a�r�r�y� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �s�t�r�e�s�s�e�s� �t�,�,� �o�n�l�y�,� �w�h�i�l�e� �t�h�e� �s�t�r�i�n�g�e�r�s� 

�c�a�r�r�y� �o�n�l�y� �a�x�i�a�l� �s�t�r�e�s�s�e�s�.� �T�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �a�n�y� �w�e�b� �o�r� �s�t�r�i�n�g�e�r� �c�a�n� �b�e� �s�e�t� �t�o� �z�e�r�o�,� 

�a�n�d� �n�o� �m�e�m�b�r�a�n�e� �t�y�p�e� �a�s�s�u�m�p�t�i�o�n� �i�s� �m�a�d�e� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �b�e�h�a�v�i�o�u�r� �o�f� �t�h�e� 
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�s�k�i�n�s�,� �s�o� �t�h�a�t� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �s�t�r�u�c�t�u�r�e�s� �c�a�n� �b�e� �a�n�a�l�y�s�e�d�,� �f�r�o�m� �b�e�a�m�-�p�l�a�t�e�s� �t�o� 

�m�o�n�o�c�o�q�u�e� �b�o�x� �b�e�a�m�s� �t�o� �f�u�l�l�y� �b�u�i�l�t�-�u�p� �s�t�r�u�c�t�u�r�e�s�.� 

�T�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �a�n�d� �t�h�e� �w�a�r�p�i�n�g� �c�o�r�r�e�c�t�i�o�n� �f�a�c�t�o�r� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �t�h�e� 

�f�o�r�m�u�l�a�t�i�o�n�.� �T�h�e� �c�h�o�r�d�,� �t�h�i�c�k�n�e�s�s�,� �a�n�d� �s�w�e�e�p� �c�a�n� �v�a�r�y� �a�l�o�n�g� �t�h�e� �s�p�a�n�.� 

�T�h�e� �2�4� �d�.� �o�.� �f�.� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6� �i�s� �u�s�e�d� �t�o� �d�i�s�c�r�e�t�i�z�e� �t�h�e� �o�n�e� 

�d�i�m�e�n�s�i�o�n�a�l� �b�e�a�m� �a�n�d� �a�l�l� �t�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �a�r�e� �a�s�s�u�m�e�d� �t�o� �v�a�r�y� �c�u�b�i�c�a�l�l�y� 

�a�l�o�n�g� �i�t�s� �l�e�n�g�t�h�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�s� �p�r�e�s�e�n�t� �t�h�e�m� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �H�e�r�m�i�t�i�a�n� 

�p�o�l�y�n�o�m�i�a�l�s�.� 

�u�(�x�)� �=� �N�u�,� �+� �N�o�u ��;� �+� �N�3�u�,� �+� �N�a�u ��,� 

�W�,�(�x�)� �=� �N�y�W�y�,� �+� �N�o�w�'�s�,� �+� �N�3�W�o�2� �+� �N�g�w�'�s�e� 
�w�(�x�)� �=� �N�w� �+� �N�o�w�e� �+� �N�3�W�e�2� �+� �N�g�w�'� �s�o� 

�T�(�x�)� �=� �N�y�t�,� �+� �N�o�t ��)� �+� �N�3�t�2� �+� �N�y�t �� 

�B�(�x�)� �=� �N�y� �B�y� �+� �N�o�b ��)� �+� �N�3�B�2� �+� �N�g�B�'�2� 
�v�(�x�)� �=� �N�y�v�y� �+� �N�o�v ��)� �+� �N�3�v�2� �+� �N�a�v ��>� 

�[�1�.�1�]� 

�w�h�e�r�e� �t�h�e� �p�r�i�m�e� �s�t�a�n�d�s� �f�o�r� �.� �T�h�e� �s�e�c�o�n�d� �o�r�d�e�r� �H�e�r�m�i�t�i�a�n� �p�o�l�y�n�o�m�i�a�l�s� �N�,� �a�r�e� 

�g�i�v�e�n� �a�s�:� 

�N�(�x�)� �=�1�-�3�(�F� �Y�P� �+� �F�P� 
�3� �2� 

�N�o�a�)� �=�x�  �� �2�°� �+�=� 

�2� 
�N�3�(�x�)� �=� �3�(�-� �-� �A�Y� �u�e� 

�2� �3� 
�N�a�e�)� �=�A� �+� 
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�w�h�e�r�e� �|� �i�s� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �e�l�e�m�e�n�t�.� 

�T�h�e� �s�t�r�a�i�n� �d�i�s�p�l�a�c�e�m�e�n�t� �r�e�l�a�t�i�o�n�s� �l�o�o�k� �l�i�k�e�,� 

�0�_� �d�u� �_� �d�u� �,� �o�x� 
� � 

� � 

�o�x� �a�y� �O�E�!� �B�E� 
�V�a�y� �=� �B� 

�*� �d�x�?� �g�g�?� �°�°� �8�8� �[�1�.�3�]� 

�v�_� �d�v� �_� �a�v� �,�,� �o�x� �n�e� �a�k� �l�a�r�)� 

�a�2� �(�O�W�)� �G�u� �H�t� �O�X� 
�K�a�y� �=� �2�G� �O�G�,� �=� �2� �2�a� �|� �B�e� 

�T�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �s�t�r�a�i�n� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�e�f�l�e�c�t�i�o�n� �d�u�e� �t�o� �s�h�e�a�r� �w�,� 

� � 

�b�y�:� 

�d�w�,� �o�w�,� �O�x� 

�R�e�w�r�i�t�i�n�g� �i�n� �t�h�e� �m�a�t�r�i�x� �f�o�r�m�,� 

�{�e�}� �=� �[�B�]�{�q�}� �[�1�.�5�]� 

�w�h�e�r�e� �{�c�}� �=� �{�e�2� �y�&�,� �K�Y� �K�y�,� �Y�e�r� �K�Y�}� �i�s� �t�h�e� �s�t�r�a�i�n� �v�e�c�t�o�r� �a�n�d� �{�q�}� �i�s� �t�h�e� �n�o�d�a�l� 

�d�i�s�p�l�a�c�e�m�e�n�t� �v�e�c�t�o�r�.� �T�h�e� �s�t�r�a�i�n�-�d�i�s�p�l�a�c�e�m�e�n�t� �m�a�t�r�i�x� �[�B�]� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �7�.� 

�T�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �a�s�,� 

�M�o�d�e�l�s� �4�3



�-� �-� �-� �-� 

� � � � � � � � 

�N�y� �A�y� �A�i�g� �B�y� �B�i�g� �Y�A�\�|� �&� �A�i�2� �B�y� 

�N�y�y� �A�i�g� �A�e�s� �B�y�e� �B�e�s� �Y�A�g�|� �v�x�y� �A�r�,� �B�r�e� �|� 

�m�r�t� �=� �B�y�,� �B�y�e� �D�y� �D�y�e� �Y�B�,� �j�e�r� �h� �+� �B�i�r� �D�2� �1� �[�1�.�6�]� 

�M�y�y� �B�i�g� �B�e�s� �P�i�o� �D�e�o� �Y�B�e�|� �K�x�y� �B�o�g� �D�o�s� �|�  �� 

�M�:� �Y�A�,� �Y�A�g� �Y�B�,� �Y�B�,� �Y�D� �|� �K�e� �Y�A�,� �Y�B�,� 

�T�h�e� �A ��s�,� �B ��s� �a�n�d� �D ��s� �a�r�e� �d�e�f�i�n�e�d� �b�y� �a�n�a�l�o�g�y� �w�i�t�h� �t�h�e� �C�l�a�s�s�i�c�a�l� �L�a�m�i�n�a�t�i�o�n� 

�T�h�e�o�r�y� �[�9�8�]� �a�s�:� 

�5�b� �n�t�l� 
�2� �=�k� 

�A�y� �=� �(�2�4�  �� �2�4�-�1�)� �O�y�4�y� �b� 
 ��3�k�=�l� 

�5�b� �;� �n�+�l� 
�2� �=� �-� �B�y�=�|�*�°� �>� �D�e� �-�%�-�V�Q�G�Y� �t�=� �1�,�.�.�.�.�6� �[�1�.�7�]� �2�2�6� 

�b� �;� �n�+�]� 
�2� �3�.� �3� �m�k� 

�D�s�=�\� �O�F� �»�~�@�  �� �2�)� �Q�g�d�y� 
�-� �>� �k�=�]� �2� 

�a�n�d� �t�h�e� �t�e�r�m�s� �p�e�r�t�a�i�n�i�n�g� �t�o� �t�h�e� �l�a�t�e�r�a�l� �b�e�n�d�i�n�g� �d�e�f�l�e�c�t�i�o�n� �a�r�e� �:� 
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�b� �n�t�l� 

�Y�A�;�=� �|�?� �y�d� �(�e�e� �-� �2�%�)� �O�i� �b� 
�-�>� �k�=�]� 

�b� �y� �n�+�1� 
�2� �2�_� �2� �y�a�k� �;� �Y�B�,� �=� �o�y� �D�e�e� �O�t�y� �j�=�1�,�.�.�.�,�6� �[�1�.�8�]� 

�-�2�°� �x�l� �2� 
�5�b� �n�t�l� 

�Y�D�=�|�?� �y�D� �e ��4�O�n�y� 
�-�2� �2� 

�w�h�e�r�e� �n� �i�s� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �p�l�i�e�s� �a�n�d� �z�,� �i�s� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �o�f� �t�h�e� �t�o�p� �s�u�r�f�a�c�e� �o�f� 

�t�h�e� �k�-�t�h� �p�l�y�,� �n�u�m�b�e�r�e�d� �f�r�o�m� �t�h�e� �t�o�p� �d�o�w�n�.� 

�T�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �i�s� �i�n�c�l�u�d�e�d� �i�n� �t�h�i�s� �f�o�r�m�u�l�a�t�i�o�n� �b�y� �s�p�l�i�t�t�i�n�g� �t�h�e� 

�t�r�a�n�s�v�e�r�s�e� �d�e�f�l�e�c�t�i�o�n� �i�n� �t�w�o� �p�a�r�t�s� �:� 

�w�=� �W�w�,� �+� �W�,� �[�1�.�9�]� 

�w�,� �i�s� �e�v�a�l�u�a�t�e�d� �f�o�l�l�o�w�i�n�g� �T�i�m�o�s�h�e�n�k�o ��s� �m�e�t�h�o�d� �i�n� �w�h�i�c�h� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� 

�f�o�r�c�e�-�s�t�r�a�i�n� �r�e�l�a�t�i�o�n� �i�s� �:� 

�N�y�x�z� �=� �K�A� �g�a�y� �x�z� �[�1�.�1�0�]� 

�A�,�,� �i�s� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �s�t�i�f�f�n�e�s�s� �:� 
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�A�g�a� �=� �(�2�4�  �� �2�1�)� �G�t�3�4�y� �[�1�.�1�1�]� 

�W�h�e�r�e� �G�j�,� �i�s� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �o�f� �t�h�e� �k�-�t�h� �l�a�m�i�n�a�.� �K� �i�s� �a� �s�h�e�a�r� 

�c�o�e�f�f�i�c�i�e�n�t� �i�n�t�r�o�d�u�c�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �d�i�s�c�r�e�p�a�n�c�y� �b�e�t�w�e�e�n� �t�h�e� �u�n�i�f�o�r�m� �s�h�e�a�r� 

�S�t�r�a�i�n� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n�h�e�r�e�n�t� �t�o� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�o�r�m�u�l�a�t�i�o�n� �a�n�d� �t�h�e� �t�r�u�e� 

�d�i�s�t�r�i�b�u�t�i�o�n�.� 

�E�q�u�a�t�i�o�n�s� �[� �1�-�6� �]� �a�n�d� �[� �1�-�1�1� �]� �a�r�e� �c�o�m�b�i�n�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �f�o�r� 

�t�h�e� �l�a�m�i�n�a�t�e�d� �c�o�v�e�r� �s�k�i�n�s�:� 

�{�N�}� �=� �L�D�L� �]�{�e�}� �[�1�.�1�2�]� 

�w�i�t�h� 

�N�y� �e�y� 
�N�y�y� �V�e�y� 

�M�y� �K�y� �w�=�}� �|� �=� �1�1�.�1�3�]� 
�M�y�y� �K�y� 

�N� �y�z� �Y�x�z� 

�M�,� �K�y� 

�N�e�x�t� �s�t�e�p� �i�s� �t�o� �d�e�r�i�v�e� �t�h�e� �e�l�e�m�e�n�t� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�.� �T�h�i�s� �i�s� �d�o�n�e� �u�s�i�n�g� �t�h�e� �s�t�r�a�i�n� 

�e�n�e�r�g�y� �e�x�p�r�e�s�s�i�o�n� �w�h�i�c�h� �f�o�r� �a� �b�e�a�m� �e�l�e�m�e�n�t� �o�f� �l�e�n�g�t�h� �|� �i�s� �g�i�v�e�n� �a�s�:� 
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�v�a�t� �{�  ��f�e�y� �(�N�}�d�x� �[�1�.�1�4�]� 
�2� �0� 

�w�h�e�r�e� �[�k�]�,� �t�h�e� �e�l�e�m�e�n�t� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�,� �i�s� �g�i�v�e�n� �b�y� �:� 

�t�k� �=� �|� �T�a�y�o� �c�e�l�a� �[�1�.�1�5�]� 

�I�n�c�r�e�m�e�n�t�a�l� �S�t�i�f�f�n�e�s�s� �M�a�t�r�i�x� 

�A�t� �t�h�i�s� �p�o�i�n�t� �w�e� �a�d�d� �t�h�e� �e�f�f�e�c�t� �o�f� �r�o�t�a�t�i�o�n� �t�o� �t�h�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�.� �O�b�s�e�r�v�e� �t�h�a�t� 

�t�h�e� �i�n�c�r�e�m�e�n�t�a�l� �m�a�t�r�i�x� �i�s� �d�e�r�i�v�e�d� �f�r�o�m� �a� �l�i�n�e�a�r� �a�n�a�l�y�s�i�s�,� �i�.�e�.� �a�s�s�u�m�p�t�i�o�n� �o�f� �s�m�a�l�l� 

�d�e�f�l�e�c�t�i�o�n�s� �a�n�d� �r�o�t�a�t�i�o�n�s� �a�n�d�,� �o�f� �c�o�u�r�s�e�,� �s�m�a�l�l� �s�t�r�a�i�n�s�.� �A�s�s�u�m�i�n�g� �a� �c�o�n�s�t�a�n�t� �f�o�r�c�e� 

�a�l�o�n�g� �t�h�e� �c�h�o�r�d� �o�f� �t�h�e� �b�e�a�m� �a�t� �a�n�y� �c�r�o�s�s�-�s�e�c�t�i�o�n�,� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �c�o�n�t�r�i�b�u�t�i�o�n� 

�d�u�e� �t�o� �t�h�e� �c�e�n�t�r�i�f�u�g�a�l� �f�o�r�c�e� �a�c�t�i�n�g� �o�n� �t�h�e� �b�e�a�m� �i�s�,� 

�b� 
 �� �2� �!� �g� �I�f ��,� �;�@� 

�U�c�e�n�t�r�i� �=� �r�i� �f�a�s� �y�)�(�S�E�Y� �d�x� �d�y� �+� �>� �|�e� �B�Y� �o�t�e�]� 
�-�+� �|� 

�w�h�e�r�e�,� 
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�w�(�x�,� �y�,� �t�)� �=� �w�,�(�x�,�t�)� �+� �w�,�(�x�,�t�)�  �� �y�t�(�x�,�t�)� �[�1�.�1�7�]� 

�O�n� �s�u�b�s�t�i�t�u�t�i�n�g� �[� �1�.�1�7� �}� �i�n� �[� �1�.�1�6� �]� �a�n�d� �a�s�s�u�m�i�n�g� �f�,� �t�o� �b�e� �a� �f�u�n�c�t�i�o�n� �o�f� �x� �o�n�l�y� �a�n�d� 

�f�o�r� �a� �u�n�i�f�o�r�m� �b�e�a�m�,� 

�O�w� �O�w� 
�f�a�w�n� �W�A� �F�,� �(�s�r� �2� �*�d�x�'� �+� �u�w� �a�x� �7� �)�>�d�x �� 

�1� �F�i� �=� �)�*�d�x �� �t� �+�5� �E�l�e� �e� �y�e� �+� �$�f� �p�r�y�)� �a�r�t�i�s�]� 
�i�t� �F�,� �(�&� �»� �d�x�"� 

�T�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �c�e�n�t�r�i�f�u�g�a�l� �f�o�r�c�e� �F�,� �a�n�d� �t�h�e� �i�n�c�r�e�m�e�n�t�a�l� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s� 

�a�r�e� �g�i�v�e�n� �i�n� �t�h�e� �A�p�p�e�n�d�i�x� �A�.� �H�e�r�e� �x �� �i�s� �a� �d�u�m�m�y� �v�a�r�i�a�b�l�e� �a�l�o�n�g� �t�h�e� �b�e�a�m� �a�x�i�s�.� 

�T�h�e� �e�f�f�e�c�t�i�v�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �o�f� �t�h�e� �e�l�e�m�e�n�t� �i�s� �o�b�t�a�i�n�e�d� �o�n� �a�d�d�i�n�g� �t�h�e� �s�t�i�f�f�e�n�i�n�g� 

�e�f�f�e�c�t� �d�u�e� �t�o� �r�o�t�a�t�i�o�n� �t�o� �t�h�e� �o�r�i�g�i�n�a�l� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �[� �1�.�1�5� �]� 

�E�l�e�m�e�n�t�a�l� �m�a�s�s� �m�a�t�r�i�x� �i�s� �o�b�t�a�i�n�e�d� �t�h�r�o�u�g�h� �t�h�e� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �e�x�p�r�e�s�s�i�o�n�.� 

�N�e�g�l�e�c�t�i�n�g� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a�,� �t�h�e� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �o�f� �t�h�e� �b�e�a�m� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�:� 

�l� 

�T�=� �|� �o�A� �a�e� �d�x� �+� �+�f� �p�a�(� �y�d� �+� �+�f� �p�a�(�-�4�-� �A� �y�r�g�y� �5�4�.�1�9�]� 
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�U�s�i�n�g� �[� �1�.�1�7� �]� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �i�s� �o�b�t�a�i�n�e�d� �a�s� �:� 

�1� �.�2� �.�2� �2� �w�t� 
�T�=� �>� �p�A�[�w�y�(�x�)� �+� �w�i�(�x�)� �+� �u�(�x�)� �+� �v�(�x�)� �]�d�x� 

 ��0� 

�i�f�?� �a�e� �1� �{�'� �2� 
�+� �>� �2�p�A�[�w�,�(�x�)�w�,�(�x�)�]�d�x� �+� �>� �|� �J�i�*�d�x� �[�1�.�2�0�]� 

 ��0� �0� 
�/� 

�+�+� �|� �a�r�p�A�(�i�y�t� �+� �w�,�t�)�d�x� 
�2� �J�o� � � 

�w�h�e�r�e� �p� �i�s� �t�h�e� �m�a�t�e�r�i�a�l� �d�e�n�s�i�t�y�,� �A�(�x�)� �i�s� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �o�f� �t�h�e� �b�e�a�m�,� �J�(�x�)� 

�i�s� �t�h�e� �p�o�l�a�r� �m�a�s�s� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �o�f� �t�h�e� �s�e�c�t�i�o�n� �a�n�d� �r�(�x�)� �i�s� �t�h�e� �o�f�f�s�e�t� �b�e�t�w�e�e�n� 

�t�h�e� �r�e�f�e�r�e�n�c�e� �l�i�n�e� �a�n�d� �t�h�e� �c�e�n�t�e�r� �o�f� �g�r�a�v�i�t�y� �p�o�s�i�t�i�o�n�.� �A� �m�o�r�e� �c�o�m�p�l�e�t�e� �e�x�p�r�e�s�s�i�o�n� 

�f�o�r� �t�h�e� �K�i�n�e�t�i�c� �E�n�e�r�g�y� �l�e�a�d�s� �t�o� �t�e�r�m�s� �d�u�e� �t�o� �C�o�r�i�o�l�i�s� �a�n�d� �g�y�r�o�s�c�o�p�i�c� �f�o�r�c�e�s�.� 

�F�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �e�l�e�m�e�n�t� �m�a�s�s� �m�a�t�r�i�x� �c�o�m�p�o�n�e�n�t�s� �o�b�t�a�i�n�e�d� �i�n� �t�e�r�m�s� 

�o�f� �t�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �p�o�l�y�n�o�m�i�a�l�s� �:� 

�f�o�r� �w�,�,�w�,�,�U� �a�n�d� �v�:� 

�m�y� �=� �f�'�p�A�(�X�)�N�)�N�(�x�)�d�x� 

�f�o�r�t�:� 

�m�y� �=� �f�I�(�X�)�N�C�)�N�(�x�)�d�x� 
�[�1�.�2�1�]� 

�c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� �w�,� �a�n�d� �w�,� �m�=� �{�'�p�A�(�x�)�N�(�x�)�N�(�x�)�d�x� 

�c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� �t� �a�n�d� �w�,�w�,�:� �m�y� �=� �f�i�r�(�x�)�p�A�(�x�)�N�(�x�)�N�(�x�)�a�d�x� 
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�S�t�a�t�i�c� �D�e�f�l�e�c�t�i�o�n� �a�n�d� �F�r�e�e� �V�i�b�r�a�t�i�o�n� �A�n�a�l�y�s�i�s� 

�A�t� �t�h�i�s� �s�t�a�g�e� �o�f� �a�n�a�l�y�s�i�s� �w�e� �h�a�v�e� �t�h�e� �t�o�t�a�l� �s�t�i�f�f�n�e�s�s� �a�n�d� �t�h�e� �m�a�s�s� �m�a�t�r�i�x�.� �H�e�n�c�e� 

�w�e� �c�a�n� �g�o� �a�h�e�a�d� �w�i�t�h� �s�t�a�t�i�c� �a�n�a�l�y�s�i�s� �o�r� �w�e� �c�a�n� �f�i�n�d� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� 

�m�o�d�e� �s�h�a�p�e�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �n�e�e�d�.� 

�T�h�e� �s�t�a�t�i�c� �d�e�f�l�e�c�t�i�o�n� �e�q�u�a�t�i�o�n� �:� 

�[�K�]�{�q�}� �=� �(�F�}� �[�1�.�2�2�]� 

�w�h�e�r�e� �[�K�]� �i�s� �t�h�e� �a�s�s�e�m�b�l�e�d� �s�t�r�u�c�t�u�r�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�,� �{�q�}� �t�h�e� �t�o�t�a�l� �n�o�d�a�l� 

�d�i�s�p�l�a�c�e�m�e�n�t� �v�e�c�t�o�r� �a�n�d� �{�F�}� �t�h�e� �t�o�t�a�l� �n�o�d�a�l� �l�o�a�d� �v�e�c�t�o�r�.� �E�q�n�.� �[� �1�.�2�2� �]� �i�s� �s�o�l�v�e�d� 

�b�y� �t�h�e� �I�M�S�L� �s�u�b�r�o�u�t�i�n�e� �D�L�S�L�R�G� �f�o�r� �t�h�e� �n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �g�i�v�e�n� �{�F�}�.� 

�T�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �L�a�g�r�a�n�g�e ��s� �e�q�u�a�t�i�o�n�s� 

�a�n�d� �f�o�r� �h�a�r�m�o�n�i�c� �o�s�c�i�l�l�a�t�i�o�n�s� �a�r�e� �:� 

�[�L�K�]�  �� �w�°�[�M�]� �]�{�q�}� �=� �{�0�}� �[�1�.�2�3�]� 

�w�h�e�r�e� �[�M�]� �i�s� �t�h�e� �a�s�s�e�m�b�l�e�d� �s�t�r�u�c�t�u�r�e� �m�a�s�s� �m�a�t�r�i�x� �a�n�d� �q�w� �i�s� �t�h�e� �o�s�c�i�l�l�a�t�i�o�n� 

�f�r�e�q�u�e�n�c�y�.� �T�h�i�s� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �i�s� �s�o�l�v�e�d� �w�i�t�h� �t�h�e� �h�e�l�p� �o�f� �t�h�e� �I�M�S�L� 

�s�u�b�r�o�u�t�i�n�e� �D�G�V�C�R�G�.� �T�h�i�s� �c�o�d�e� �u�s�i�n�g� �2�4� �d�.�o�.�f�.� �e�l�e�m�e�n�t� �f�o�r� �s�t�a�t�i�c� �a�n�d� �f�r�e�e� 

�v�i�b�r�a�t�i�o�n� �a�n�a�l�y�s�i�s� �i�s� �c�a�l�l�e�d� �A�E�2�4�.� 

�M�o�d�e�l�s� �5�0



�A�e�r�o�d�y�n�a�m�i�c� �M�o�d�e�l� 

�T�h�e� �s�t�r�i�p� �t�h�e�o�r�y� �w�a�s� �d�e�v�e�l�o�p�e�d� �w�i�t�h� �t�h�e� �s�o�l�e� �a�i�m� �t�o� �a�n�a�l�y�z�e� �a� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� 

�w�i�n�g� �w�i�t�h� �a� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �a�p�p�r�o�a�c�h�.� �M�o�d�i�f�i�e�d� �s�t�r�i�p� �t�h�e�o�r�y� �a�s� �d�e�v�e�l�o�p�e�d� �b�y� 

�Y�a�t�e�s� �[� �9�9� �-� �1�0�3� �J�,� �i�s� �b�a�s�i�c�a�l�l�y� �T�h�e�o�d�o�r�s�e�n ��s� �t�e�c�h�n�i�q�u�e� �(� �a�s� �d�i�s�c�u�s�s�e�d� �e�a�r�l�i�e�r� �)�,� 

�t�a�k�i�n�g� �i�n�t�o� �a�c�c�o�u�n�t� �f�i�n�i�t�e� �s�p�a�n� �o�f� �t�h�e� �w�i�n�g� �o�s�c�i�l�l�a�t�i�n�g� �(� �s�i�n�u�s�o�i�d�a�l�l�y� �)� �i�n� 

�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s�.� �M�a�i�n� �m�o�d�i�f�i�c�a�t�i�o�n�s� �b�e�i�n�g�,� 

�1�.� �A�r�b�i�t�r�a�r�y� �s�e�c�t�i�o�n� �l�i�f�t� �-� �c�u�r�v�e� �s�l�o�p�e� �C�,� �=� �C�,� �(�y�)� �u�s�e�d� �i�n�s�t�e�a�d� �o�f� �2� �z�.� 

�2�.� �A�r�b�i�t�r�a�r�y� �s�e�c�t�i�o�n� �a�e�r�o�d�y�n�a�m�i�c� �c�e�n�t�e�r� �a�,� �=� �a�,�(�y�)� �u�s�e�d� �i�n�s�t�e�a�d� �o�f� �q�u�a�r�t�e�r� �-� 

�c�h�o�r�d�.� 

�3�.� �T�h�e� �c�i�r�c�u�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �o�f� �T�h�e�o�d�o�r�s�e�n� �i�s� �m�o�d�i�f�i�e�d� �o�n� �t�h�e� �b�a�s�i�s� �o�f� �2�-�D� 

�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w� �t�h�e�o�r�y� �t�o� �a�c�c�o�u�n�t� �a�p�p�r�o�x�i�m�a�t�e�l�y� �f�o�r� �e�f�f�e�c�t�s� �o�f� 

�c�o�m�p�r�e�s�s�i�b�i�l�i�t�y� �o�n� �t�h�e� �m�a�g�n�i�t�u�d�e�s� �a�n�d� �p�h�a�s�e� �a�n�g�l�e�s� �o�f� �t�h�e� �s�e�c�t�i�o�n� �l�i�f�t� �a�n�d� 

�m�o�m�e�n�t� �v�e�c�t�o�r�s�.� 

�T�h�e� �r�e�s�u�l�t�i�n�g� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �l�i�f�t� �a�n�d� �m�o�m�e�n�t� �a�r�e� �g�i�v�e�n� �i�n�[� �7� �]�.� �T�h�e� �p�r�i�n�c�i�p�l�e� 

�o�f� �v�i�r�t�u�a�l� �w�o�r�k� �i�s� �u�s�e�d� �t�o� �d�e�r�i�v�e� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� �m�a�t�r�i�x�,� 

�l� �l� 

�é�W� �=� �|� �d�w�L�d�x� �+� �{� �é�t�M�d�x� �[�1�.�2�4�]� 
�0� �0� 

�M�o�d�e�l�s� �5�1



�a�w� �=� �[�[�{�d�q�}�'�N�y�L�y�N�G� �+� �L�N�G� �+� �L�A�N� �+� �L�Y�N�G�}� �[�1�.�2�5�]� 
�0� 

�+� �{�5�q�}�'�N�,�(�M�,�,�N�i�,� �+� �M�y�N�g� �+� �M�,�N�!� �+� �M�L�N�1�)�{�q�}� �l�w�7�*�d�x� 

�-� �(�5�a�)� �(�t�a�l� �+� �L�y�N�y�N�j�-�+� �L�i�N�y�N�i�+� �L�y�N�y�N�o� �[�1�.�2�6�]� 

�+� �M�,�,�N�.�N�i�,�+� �M�g�N�.�N�i� �+� �M�_�N�,�N�!� �+� �M� �N�,�N�)� �)�o�7�d�x� �]�{�q�}� 

�=� �{�5�9�}�'�w�*�L�a�]�{�q�}� �[�1�.�2�7�]� 

�N�o�d�a�l� �l�o�a�d� �v�e�c�t�o�r� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �a�e�r�o�d�y�n�a�m�i�c� �l�o�a�d�i�n�g� �i�s� 

�t�h�e�r�e�f�o�r�e�:� 

�2� 
�w�*� �[�a�]� �{�q�}� 

�w�h�e�r�e� �[�a�]� �i�s� �t�h�e� �c�o�m�p�l�e�x� �e�l�e�m�e�n�t� �a�e�r�o�d�y�n�a�m�i�c� �m�a�t�r�i�x�.� 

�S�o�l�u�t�i�o�n� �f�o�r� �A�e�r�o�e�l�a�s�t�i�c� �r�e�s�u�l�t�s�.� 

�T�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �o�f� �t�h�e� �w�i�n�g� �o�s�c�i�l�l�a�t�i�n�g� �w�i�t�h� �f�r�e�q�u�e�n�c�y� �w� �i�n� �u�n�s�t�e�a�d�y� 

�f�l�o�w� �a�r�e�:� 

�(�[�K�]�  �� �[�M�]�w�?�  �� �[�A�]�w�)�{�g�}� �=� �{�0�}� �[�1�.�2�8�]� 

�M�o�d�e�l�s� �§�2



�w�h�e�r�e� �[�A�]�,� �t�h�e� �a�s�s�e�m�b�l�e�d� �a�e�r�o�d�y�n�a�m�i�c� �m�a�t�r�i�x�,� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �f�l�o�w� �s�p�e�e�d� �V� 

�t�h�r�o�u�g�h� �t�h�e� �r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�y� �k� �=�o� �.� �T�h�e�s�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �s�o�l�v�e�d� �f�o�r� �t�h�e� 

�f�l�u�t�t�e�r� �s�p�e�e�d� �a�n�d� �f�r�e�q�u�e�n�c�y�,� �a�n�d� �f�o�r� �d�i�v�e�r�g�e�n�c�e� �s�p�e�e�d�s� �u�s�i�n�g� �t�h�e� �V� �-� �g� �m�e�t�h�o�d�.� 

�T�h�e� �p�r�o�c�e�d�u�r�e� �i�s� �e�x�p�l�a�i�n�e�d� �i�n� �[� �7� �]�.� �F�o�r� �t�h�e� �f�l�u�t�t�e�r� �b�o�u�n�d�a�r�y� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �f�i�n�d� 

�t�h�a�t� �v�a�l�u�e� �o�f� �s�t�r�u�c�t�u�r�a�l� �d�a�m�p�i�n�g� �g�,� �w�h�i�c�h� �w�h�e�n� �a�d�d�e�d� �t�o� �t�h�e� �e�x�i�s�t�i�n�g� �d�a�m�p�i�n�g�,� 

�j�u�s�t� �p�r�e�v�e�n�t�s� �t�h�e� �s�t�r�u�c�t�u�r�e� �f�r�o�m� �g�o�i�n�g� �i�n�t�o� �t�h�e� �i�n�s�t�a�b�i�l�i�t�y� �r�e�g�i�o�n�.� �W�h�i�l�e� 

�d�i�v�e�r�g�e�n�c�e� �s�p�e�e�d� �i�s� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �t�h�e� �s�p�e�e�d� �a�t� �w�h�i�c�h� �g� �g�o�e�s� �a�b�r�u�p�t�l�y� �t�o� �z�e�r�o� �(� 

�f�r�o�m� �n�e�g�a�t�i�v�e� �)�,� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �w�i�t�h� �t�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �o�s�c�i�l�l�a�t�i�o�n�.� 

�M�o�d�e�l�s� �5�3



�R�e�s�u�l�t�s� 

�R�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �p�r�e�s�e�n�t� �c�o�d�e� �f�o�r� �a� �n�u�m�b�e�r� �o�f� �p�r�o�b�l�e�m�s� �f�o�u�n�d� �i�n� �t�h�e� 

�l�i�t�e�r�a�t�u�r�e� �a�r�e� �p�r�e�s�e�n�t�e�d�.� �O�n�e� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e�s� �o�f� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k� �w�a�s� �t�o� �m�a�k�e� 

�c�h�a�n�g�e�s� �i�n� �t�h�e� �m�o�d�e�l� �d�e�v�e�l�o�p�e�d� �b�y� �C�a�s�t�e�l� �&� �K�a�p�a�n�i�a� �[� �1�4� �]�,� �a�n�d� �v�a�l�i�d�a�t�e� �t�h�e�s�e� 

�c�h�a�n�g�e�s�.� �A�E�1�2� �(�c�o�d�e� �u�s�i�n�g� �1�2� �d�.�o�.�f�.� �u�s�e�d� �i�n� �R�e�f�.� �[� �1�4� �]�)�,� �d�e�a�l�t� �w�i�t�h� �s�i�x� �d�e�g�r�e�e�s� 

�o�f� �f�r�e�e�d�o�m� �a�t� �e�a�c�h� �n�o�d�e� �w�,�,� �w�,�,� �t� �a�n�d� �t�h�e�i�r� �d�e�r�i�v�a�t�i�v�e�s�.� �P�r�e�s�e�n�t� �c�o�d�e�,� �A�E�2�4�,� �i�s� 

�b�a�s�i�c�a�l�l�y� �a�n� �e�x�p�a�n�s�i�o�n� �t�o� �u�s�e� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �i�n� �i�t�s� �f�u�l�l� �p�o�t�e�n�t�i�a�l�,� �i�.�e�.� �a�d�d�i�t�i�o�n� �o�f� 

�u�,� �B�,� �v� �a�n�d� �t�h�e�i�r� �d�e�r�i�v�a�t�i�v�e�s� �t�o� �r�e�n�d�e�r� �a� �2�4� �d�.�o�.�f�.� �f�i�n�i�t�e� �e�l�e�m�e�n�t�.� �E�a�c�h� �o�f� �t�h�e�s�e� 

�d�e�f�o�r�m�a�t�i�o�n�s� �c�a�n� �b�e�c�o�m�e� �s�i�g�n�i�f�i�c�a�n�t� �w�h�i�l�e� �d�e�a�l�i�n�g� �w�i�t�h� �a�n�i�s�o�t�r�o�p�i�c� �m�a�t�e�r�i�a�l�s�.� 

�T�o� �v�a�l�i�d�a�t�e� �t�h�i�s� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �s�o�m�e� �o�f� �t�h�e� �c�a�s�e�s� �d�e�a�l�t� �w�i�t�h� �i�n� �[� �1�4� �]� �(� �a�n�d� �s�o�m�e� 

�o�t�h�e�r�s� �)� �a�r�e� �r�e�c�o�n�s�i�d�e�r�e�d�.� �H�a�v�i�n�g� �v�e�r�i�f�i�e�d� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �a�n�d� �c�o�d�i�n�g� �f�o�r� �t�h�e� 

�s�t�i�f�f�n�e�s�s�,� �m�a�s�s� �a�n�d� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� �m�a�t�r�i�c�e�s� �t�h�r�o�u�g�h� �s�t�a�t�i�c�,� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �a�n�d� 

�a�e�r�o�e�l�a�s�t�i�c� �r�e�s�u�l�t�s� �r�e�s�p�e�c�t�i�v�e�l�y�,� �t�h�e� �e�f�f�e�c�t�s� �o�f� �c�e�n�t�r�i�f�u�g�a�l� �f�o�r�c�e� �o�n� �t�h�e� �s�t�a�t�i�c� �a�n�d� 

�d�y�n�a�m�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �i�s� �s�t�u�d�i�e�d�.� 

�R�e�s�u�l�t�s� �5�4



�T�h�e� �r�e�s�u�l�t�s� �a�r�e� �h�e�n�c�e� �d�i�v�i�d�e�d� �i�n�t�o� �t�w�o� �p�a�r�t�s�,� �t�h�e� �f�i�r�s�t� �d�e�a�l�i�n�g� �w�i�t�h� �t�h�e� �v�a�l�i�d�a�t�i�o�n� 

�o�f� �t�h�e� �n�e�w� �e�x�p�a�n�d�e�d� �c�o�d�e� �a�n�d� �t�h�e� �s�e�c�o�n�d� �w�i�t�h� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� 

�r�o�t�a�t�i�n�g� �b�e�a�m� �a�n�a�l�y�s�i�s�.� 

�R�e�s�u�l�t�s� �5�5



�V�a�l�i�d�a�t�i�o�n� 

�S�t�a�t�i�c� �d�e�f�l�e�c�t�i�o�n�s� 

�I�n� �t�h�e� �f�i�r�s�t� �c�a�s�e� �s�h�e�a�r� �d�e�f�l�e�c�t�i�o�n� �f�o�r� �a�n� �i�s�o�t�r�o�p�i�c� �b�e�a�m� �u�n�d�e�r� �t�i�p� �l�o�a�d�i�n�g� �i�s� 

�a�n�a�l�y�s�e�d�.� �M�a�t�e�r�i�a�l� �i�s� �a�l�u�m�i�n�u�m� �a�n�d� �r�e�s�u�l�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �a�n�d� �c�o�m�p�a�r�e�d� �f�o�r� �t�h�e� 

�c�a�s�e� �K� �=� �0�.�6�6�7� �a�n�d� �0�.�8�6�7�.� �C�o�m�p�a�r�i�s�o�n�s� �a�r�e� �m�a�d�e� �w�i�t�h� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �d�u�e� �t�o� 

�T�i�m�o�s�h�e�n�k�o� �[� �1�0�5� �]�,� �a�n�d� �o�t�h�e�r� �r�e�f�e�r�e�n�c�e�s� �c�i�t�e�d� �i�n� �T�a�b�l�e� �1�.� 

�A� �s�y�m�m�e�t�r�i�c�a�l�l�y� �l�a�m�i�n�a�t�e�d� �c�a�n�t�i�l�e�v�e�r� �b�e�a�m� �u�n�d�e�r� �t�h�e� �e�n�d� �l�o�a�d� �P�,� �i�s� �n�e�x�t� �s�t�u�d�i�e�d� 

�a�n�d� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�i�p� �d�e�f�l�e�c�t�i�o�n�s�,� �b�o�t�h� �d�u�e� �t�o� �b�e�n�d�i�n�g� �a�n�d� �s�h�e�a�r� 

�d�e�f�o�r�m�a�t�i�o�n�,� �a�n�d� �t�w�i�s�t� �a�r�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �o�n�e� �e�l�e�m�e�n�t�.� �T�h�e� �p�l�o�t�t�e�d� �v�a�l�u�e�s� �o�f� �t�h�e� 

�d�e�l�e�c�t�i�o�n�s� �a�r�e� �f�o�r� �t�h�e� �n�o�n� �-� �d�i�m�e�n�s�i�o�n�a�l�i�z�e�d� �p�a�r�a�m�e�t�e�r�s� 

�4�7� �3� �W�y� �W�K� �D�a�g� 
�P�P�d�,�e� �P�l�d�,� �?�P�!� 

�s�o� �t�h�a�t� �t�h�e�y� �a�r�e� �e�q�u�a�l� �t�o� �u�n�i�t�y� �a�t� �t�h�e� �t�i�p�.� �d�,�,� �a�n�d� �d�,� �a�r�e� �t�h�e� �f�l�e�x�u�r�a�l� �c�o�m�p�l�i�a�n�c�e�s�.� 

�T�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �b�e�a�m� �[�4�5�,�/�  ��4�5�,�]�,� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �g�i�v�e�n� �i�n� �t�h�e� �r�e�f�e�r�e�n�c�e� 

�[� �1�0�6� �]�.� �T�h�e� �r�e�s�u�l�t�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �9� �a�r�e� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �o�n�e�s� 

�p�r�e�s�e�n�t�e�d� �i�n� �[� �1�0�6� �]�.� 

�R�e�s�u�l�t�s� �5�6



�F�i�n�a�l�l�y� �i�n� �t�h�e� �s�t�a�t�i�c� �a�n�a�l�y�s�i�s�,� �a� �b�e�a�m� �c�o�n�s�i�s�t�i�n�g� �o�f� �t�o�p� �a�n�d� �b�o�t�t�o�m� �f�l�a�t� �l�a�m�i�n�a�t�e�d� 

�s�k�i�n�s� �r�i�g�i�d�l�y� �c�o�n�n�e�c�t�e�d� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�0� �w�i�t�h� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �l�a�y�e�r� �o�f� 

�o�r�t�h�o�t�r�o�p�i�c� �m�a�t�e�r�i�a�l� �o�r�i�e�n�t�e�d� �a�t� �a�n� �a�n�g�l�e� �@� �f�r�o�m� �t�h�e� �s�p�a�n�w�i�s�e� �a�x�i�s�,� �i�s� �c�o�n�s�i�d�e�r�e�d�.� 

�T�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �l�a�m�i�n�a�e� �a�r�e� �a�s� �f�o�l�l�o�w�s�:� �E�,� �=� �6�.�9� �x� �1�0�!� �N�/�m�?�,� 

�E�,� �=� �5�.�0� �x� �1�0�°� �N�/�m�?�,� �v�1�.� �=� �0�.�3�0�,� �G�y�.� �=� �1�.�5�.�x� �1�0�!�°� �N�/�m�?�,� �p� �=� �2�.�7�1� �x� �1�0�?� �k�g�/�m ��.� 

�F�o�u�r� �e�l�e�m�e�n�t�s� �w�e�r�e� �u�s�e�d� �t�o� �m�o�d�e�l� �a�n�d� �t�h�e� �a�n�a�l�y�s�i�s� �i�s� �d�o�n�e� �f�o�r� �t�h�e� �t�i�p� �d�e�f�l�e�c�t�i�o�n� 

�u�n�d�e�r� �a� �v�e�r�t�i�c�a�l� �t�i�p� �l�o�a�d� �P� �=� �2�0�0� �N�.� �T�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �a�g�r�e�e�d� �w�e�l�l� �w�i�t�h� �t�h�e� 

�o�n�e�s� �i�n� �[� �1�4� �]� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �r�a�n�g�e� �o�f� �v�a�l�u�e�s� �o�f� �t�h�e� �f�i�b�r�e� �a�n�g�l�e� �@� �a�s� �d�e�p�i�c�t�e�d� �i�n� 

�F�i�g�u�r�e� �1�1�.� �T�h�e� �v�a�r�i�a�t�o�n�s� �a�r�e� �d�u�e� �t�o� �t�h�e� �d�i�f�f�e�r�e�n�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �d�u�e� �t�o� 

�a�d�d�i�t�i�o�n�a�l� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�.� 

�F�r�e�e� �V�i�b�r�a�t�i�o�n�s� 

�O�n�e� �e�x�a�m�p�l�e� �e�a�c�h� �f�r�o�m� �i�s�o�t�r�o�p�i�c�,� �a�n�d� �c�o�m�p�o�s�i�t�e� �l�a�m�i�n�a�t�e�d� �s�t�r�u�c�t�u�r�e�s� �(� �o�n�e� �e�a�c�h� 

�f�o�r� �s�y�m�m�e�t�r�i�c�a�l� �a�n�d� �u�n�s�y�m�m�e�t�r�i�c�a�l� �l�a�m�i�n�a�t�i�o�n�s� �)� �w�e�r�e� �r�u�n�.� 

�A�l�u�m�i�n�u�m� �p�l�a�t�e�s� �o�f� �d�i�m�e�n�s�i�o�n� �6 �� �x� �3 �� �x� �0�.�0�4�1�6 ��,� �i�s� �u�s�e�d� �t�o� �p�e�r�f�o�r�m� �t�h�e� 

�a�n�a�l�y�s�i�s�.� �V�a�l�u�e�s� �f�o�r� �t�h�e� �b�e�n�d�i�n�g� �a�n�d� �t�o�r�s�i�o�n� �f�r�e�q�u�e�n�c�i�e�s�,� �g�i�v�e�n� �i�n� �T�a�b�l�e� �2� �m�a�t�c�h� 

�w�e�l�l� �w�i�t�h� �t�h�e� �o�n�e�s� �o�b�t�a�i�n�e�d� �i�n� �[� �1�0�9� �]� �c�o�n�f�i�r�m�i�n�g� �t�h�a�t� �p�l�a�t�e� �a�n�a�l�y�z�i�n�g� �c�a�p�a�c�i�t�y� �o�f� 

�t�h�e� �c�o�d�e�.� 

�R�e�s�u�l�t�s� �5�7



�A�b�a�r�c�a�r� �a�n�d� �C�u�n�n�i�f�f� �[� �1�1�0� �]� �p�r�e�s�e�n�t�e�d� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �f�r�e�e� �v�i�b�r�a�t�i�o�n�s� �o�f� �h�i�g�h� 

�a�s�p�e�c�t� �r�a�t�i�o� �c�a�n�t�i�l�e�v�e�r� �b�e�a�m�s� �o�f� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �f�i�b�e�r� �r�e�i�n�f�o�r�c�e�d� �c�o�m�p�o�s�i�t�e� 

�m�a�t�e�r�i�a�l�.� �T�h�e� �b�e�a�m� �l�e�n�g�t�h� �i�s� �1� �=� �7�.�5� �i�n�,� �i�t�s� �w�i�d�t�h� �i�s� �b� �=� �0�.�5� �i�n� �a�n�d� �i�t�s� �t�h�i�c�k�n�e�s�s� 

�i�s� �h� �=� �0�.�1�2�5� �i�n�.� �T�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �£�,�,� �=� �1�8�.�7�x�1�0�°� �p�s�i�,� 

�E�y�.� �=� �1�.�3�6�x� �1�0�°� �p�s�i� �v�,�.� �=� �0�.�3�,� �G�,� �=� �0�.�7�4�7�9� �x� �1�0�°� �p�s�i�,� �G�,�;� �=� �0�.�6�2�4� �x� �1�0�°� �p�s�i�,� 

�p� �=� �0�.�1�4�4�9� �x� �1�0�-�3� �l�b�  �� �s�e�c�?� �/�i�n ��.� 

�T�h�e� �f�r�e�q�u�e�n�c�i�e�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �3�,�4�,�8� �a�n�d� �9� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s� �t�o� �m�o�d�e�l� �a� �3�0� �°� �o�f�f�-�a�x�i�s� 

�b�e�a�m� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �3� �a�n�d� �a�r�e� �f�o�u�n�d� �t�o� �a�g�r�e�e� �w�e�l�l� �w�i�t�h� �t�h�o�s�e� �o�f� �R�e�f�e�r�e�n�c�e� 

�[� �1�1�0� �]�.� �W�e� �n�o�t�e� �a� �g�o�o�d� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �f�i�r�s�t� �f�o�u�r� �m�o�d�e�s�.� 

�F�o�r� �u�n�s�y�m�m�e�t�r�i�c�a�l�l�y� �l�a�m�i�n�a�t�e�d� �p�a�n�e�l�s�,� �T�h�o�r�n�t�o�n� �[� �1�1�1� �]� �e�v�a�l�u�a�t�e�d� �t�h�e� �n�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�i�e�s� �o�f� �u�n�s�y�m�m�e�t�r�i�c� �c�a�n�t�i�l�e�v�e�r�e�d� �B�o�r�o�n�/�E�p�o�x�y� �p�a�n�e�l�s�.� �T�h�e� �p�a�n�e�l�s� �w�e�r�e� 

�s�q�u�a�r�e� �(�L� �=� �b� �=� �8� �i�n�,� �h� �=� �0�.�0�4�6� �i�n�)�,� �w�i�t�h� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �:� 

�E�,� �=� �2�3�.�3�x� �1�0�°� �p�s�i�,� �£�,� �=� �1�.�8�1� �.�x�1�0�°� �p�s�i�,� �v�,�.� �=� �0�.�2�1�,� �G�,�,� �=� �0�.�9�8� �x� �1�0�°� �p�s�i�,� 

�p� �=� �0�.�1�7�4� �x� �1�0�-�3� �l�b�-�s�e�c�?�/� �i�n�*� �.� 

�E�i�g�h�t� �p�l�i�e�s� �c�o�n�s�t�i�t�u�t�e�d� �e�a�c�h� �p�a�n�e�l�,� �t�h�e� �f�o�u�r� �b�o�t�t�o�m� �p�l�i�e�s� �b�e�i�n�g� �o�r�i�e�n�t�e�d� �a�t� �0� �°� 

�w�h�i�l�e� �t�h�e� �t�o�p� �f�o�u�r� �p�l�i�e�s� �w�e�r�e� �o�r�i�e�n�t�e�d� �a�t� �a�n� �o�f�f�-�a�x�i�s� �a�n�g�l�e� �t�o� �o�b�t�a�i�n� �t�h�e� �d�e�s�i�r�e�d� 

�b�e�n�d�i�n�g�-�s�t�r�e�t�c�h�i�n�g� �c�o�u�p�l�i�n�g�.� �T�h�e� �[� �4�5�,� �/� �0�,�]�,� �p�a�n�e�l� �w�a�s� �m�o�d�e�l�e�d� �u�s�i�n�g� �4� �e�l�e�m�e�n�t�s� 

�t�o� �o�b�t�a�i�n� �t�h�e� �r�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d� �i�n� �T�a�b�l�e� �4�.� �T�h�e� �p�r�e�s�e�n�t� �f�o�r�m�u�l�a�t�i�o�n� �y�i�e�l�d�s� �b�e�t�t�e�r� 

�r�e�s�u�l�t�s� �f�o�r� �t�h�e� �f�i�r�s�t� �f�o�u�r� �m�o�d�e�s� �t�h�a�n� �t�h�e� �1�2� �d�.�o�.�f�.� �m�o�d�e�l� �f�r�o�m� �R�e�f�.� �[� �1�4� �]�,� �w�h�e�n� 

�c�o�m�p�a�r�e�d� �t�o� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d� �i�n� �r�e�f�e�r�e�n�c�e� �i�n� �[� �1�1�1� �]�.� 

�R�e�s�u�l�t�s� �5�8



�A�e�r�o�e�l�a�s�t�i�c� �r�e�s�u�l�t�s� 

�R�e�f�e�r�e�n�c�e� �[� �1�1�2� �]� �p�r�e�s�e�n�t�s� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �f�o�r� �u�n�s�w�e�p�t� 

�l�a�m�i�n�a�t�e�d� �c�a�n�t�i�l�e�v�e�r� �p�l�a�t�e�s�.� �T�w�o� �-� �d�i�m�e�n�s�i�o�n�a�l� �u�n�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c�s� �i�s� �u�s�e�d� �i�n� 

�c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �s�t�r�i�p� �t�h�e�o�r�y�.� �F�i�g�u�r�e� �1�2� �s�h�o�w�s� �t�h�a�t� �v�a�l�u�e�s� �o�b�t�a�i�n�e�d� �f�r�o�m� 

�p�r�e�s�e�n�t� �s�t�u�d�y� �m�a�t�c�h� �w�e�l�l� �w�i�t�h� �[� �1�1�2� �]�,� �a�n�d� �a�r�e� �q�u�i�t�e� �t�h�e� �s�a�m�e� �a�s� �[� �1�4� �]�.� �R�e�a�s�o�n� �f�o�r� 

�d�i�s�c�r�e�p�a�n�c�y� �c�a�n� �b�e� �a�t�t�r�i�b�u�t�e�d� �t�o� �o�n�e� �-� �d�i�m�e�n�s�i�o�n�a�l� �n�a�t�u�r�e� �o�f� �m�o�d�e�l�i�n�g� �o�f� �a� �p�l�a�t�e� 

�i�n� �t�h�e� �A�E�2�4� �a�n�d� �a�l�s�o� �s�i�n�c�e� �i�t� �d�o�e�s� �n�o�t� �a�c�c�o�u�n�t� �f�o�r� �c�a�m�b�e�r� �e�f�f�e�c�t� �u�n�l�i�k�e� �[� �1�1�2� �]�.� 

�F�o�r� �t�h�e� �b�o�x� �-� �b�e�a�m� �F�i�g�u�r�e� �1�0� �,�t�h�e� �s�t�a�b�i�l�i�t�y� �b�o�u�n�d�a�r�i�e�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �A�E�2�4� �a�r�e� 

�t�h�e� �s�a�m�e� �a�s� �p�r�e�s�e�n�t�e�d� �i�n� �r�e�f�e�r�e�n�c�e� �[� �1�4� �]�,� �a�n�d� �a�l�s�o� �m�a�t�c�h� �w�e�l�l� �w�i�t�h� �t�h�o�s�e� �p�r�e�s�e�n�t�e�d� 

�i�n� �r�e�f�e�r�e�n�c�e� �{� �1�1�3� �]� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�3�.� 

�R�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �r�o�t�a�t�i�n�g� �b�e�a�m�.� 

�W�e� �o�b�s�e�r�v�e� �t�h�a�t� �t�h�e� �a�n�a�l�y�s�i�s� �u�s�i�n�g� �A�E�2�4� �b�e�h�a�v�e�s� �m�o�r�e� �o�r� �l�e�s�s� �l�i�k�e� �t�h�e� �a�n�a�l�y�s�i�s� 

�u�s�i�n�g� �t�h�e� �c�o�d�e� �A�E�1�2� �o�f� �R�e�f�.� �[� �1�4� �]�.� �T�h�e� �i�n�c�r�e�m�e�n�t�a�l� �m�a�t�r�i�x� �i�n�t�r�o�d�u�c�e�d� �i�n� �t�h�e� 

�c�o�d�e� �f�r�o�m� �a� �l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �r�o�t�a�t�i�n�g� �c�o�m�p�o�s�i�t�e� �b�e�a�m� �i�s� �n�o�w� �v�e�r�i�f�i�e�d�.� �T�h�e� 

�p�a�t�t�e�r�n� �t�o� �b�e� �f�o�l�l�o�w�e�d� �i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�a�t� �o�f� �t�h�e� �f�i�r�s�t� �p�a�r�t� �i�.�e�.� �s�t�a�t�i�c�,� �f�r�e�e� �v�i�b�r�a�t�i�o�n� 

�a�n�d� �l�a�s�t�l�y� �a�e�r�o�e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s�,� �n�o�w� �w�i�t�h� �t�h�e� �e�f�f�e�c�t� �o�f� �r�o�t�a�t�i�o�n�.� 

�R�e�s�u�l�t�s� �5�9



�S�t�a�t�i�c� �d�e�f�l�e�c�t�i�o�n�s�.� 

�T�h�e� �e�f�f�e�c�t� �o�f� �r�o�t�a�t�i�o�n� �o�n� �a� �c�o�m�p�o�s�i�t�e� �p�l�a�t�e� �u�n�d�e�r� �a� �c�o�n�s�t�a�n�t� �t�r�a�n�s�v�e�r�s�e� �t�i�p� �l�o�a�d� 

�i�s� �s�t�u�d�i�e�d�.� �T�h�e� �p�l�a�t�e� �i�s� �a� �s�y�m�m�e�t�r�i�c�a�l� �G�r�a�p�h�i�t�e�/�E�p�o�x�y� �[� �6�,�/�0� �]�,� �c�o�n�s�i�d�e�r�e�d� �i�n� 

�r�e�f�e�r�e�n�c�e� �[� �1�1�2� �]�.� �T�h�e� �r�e�f�e�r�e�n�c�e� �w�o�r�k�,� �h�o�w�e�v�e�r�,� �d�o�e�s� �n�o�t� �d�e�a�l� �w�i�t�h� �s�t�a�t�i�c� �a�n�a�l�y�s�i�s�.� 

�P�l�a�t�e� �h�a�s� �t�h�e� �d�i�m�e�n�s�i�o�n�s� �o�f� �J�/�=� �0�.�3�0�5�m� �b� �=� �0�.�0�7�6� �m� �a�n�d� 

�h� �=� �0�.�8�0�4�x�1�0�-�?�m� �a�n�d� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �a�r�e�,� �£�,�,� �=� �9�8�.�0�x� �1�0�9� �N�/�m�?�,� 

�E�i�.� �=� �7�.�9�.�x� �1�0�9� �N�/�m�2�,� �V�i�o� �=� �0�.�2�8�,� �G�i�.� �=� �5�.�6� �x� �1�0�°� �N�/�m�?�,� 

�G�i�;� �=� �5�.�6�x�1�0�°�N�/�m�2�,� �p� �=� �1�.�5�2�x� �1�0�°�?�k�g�m�-�3�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�4�.� �A�s� �e�x�p�e�c�t�e�d� �c�e�n�t�r�i�f�u�g�a�l� �f�o�r�c�e�s� 

�i�n�c�r�e�a�s�e� �t�h�e� �s�t�i�f�f�n�e�s�s� �o�f� �t�h�e� �p�l�a�t�e� �a�n�d� �t�i�p� �d�e�f�l�e�c�t�i�o�n�s� �d�e�c�r�e�a�s�e�.� �H�i�g�h�e�r� �v�a�l�u�e�s� �o�f� �@� 

�m�e�a�n� �a� �l�o�w�e�r� �v�a�l�u�e� �o�f� �f�l�e�x�u�r�a�l� �s�t�i�f�f�n�e�s�s�,� �a� �f�a�c�t� �c�l�e�a�r�l�y� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �f�i�g�u�r�e�.� 

�W�e� �n�o�t�i�c�e� �h�i�g�h�e�r� �v�a�l�u�e�s� �o�f� �d�e�f�l�e�c�t�i�o�n� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �6�.� 

�F�r�e�e� �V�i�b�r�a�t�i�o�n�.� 

�B�e�g�i�n�n�i�n�g� �w�i�t�h� �t�h�e� �i�s�o�t�r�o�p�i�c� �c�a�s�e�,� �t�h�e� �f�i�r�s�t� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �i�s� �p�l�o�t�t�e�d� �a�g�a�i�n�s�t� �t�h�e� 

�a�n�g�u�l�a�r� �v�e�l�o�c�i�t�y� �o�f� �a�n� �a�l�u�m�i�n�u�m� �r�o�t�a�t�i�n�g� �b�e�a�m�.� �T�h�e� �v�a�l�u�e�s� �p�l�o�t�t�e�d� �a�r�e� �n�o�n� �-� 

�p�a�l�s� 
�E�T�S� 

�a�n�g�u�l�a�r� �v�e�l�o�c�i�t�y� �o�f� �r�o�t�a�t�i�o�n� �a�n�d� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �o�f� �v�i�b�r�a�t�i�o�n� �o�f� �t�h�e� �b�e�a�m� 

�A�l�t� 
�d�i�m�e�n�s�i�o�n�a�l�i�z�e�d� �p�a�r�a�m�e�t�e�r�s� �d�e�f�i�n�e�d� �a�s�,� �Q�(� �)�,� �a�n�d� �w�(�  ��)�,� �f�o�r� �t�h�e� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �C�o�m�p�a�r�i�s�o�n�s� �a�r�e� �m�a�d�e� �w�i�t�h� �s�e�v�e�r�a�l� �w�o�r�k�s� �n�a�m�e�l�y� �t�h�a�t� �o�f� �K�u�m�a�r� �[� 

�1�1�4� �]�,� �W�a�n�g� �[� �1�1�5� �]�,� �B�h�a�t� �{� �1�1�6� �]� �w�h�i�c�h� �u�s�e�d� �M�y�k�e�l�s�t�a�d�,� �G�a�l�e�r�k�i�n� �a�n�d� �R�a�l�e�i�g�h� �-� 

�R�i�t�z� �m�e�t�h�o�d�s� �r�e�s�p�e�c�t�i�v�e�l�y�.� �C�o�m�p�a�r�i�s�o�n� �a�s� �c�a�n� �b�e� �s�e�e�n� �i�n� �F�i�g�u�r�e� �1�5� �i�s� �g�o�o�d�.� 

�R�e�s�u�l�t�s� �6�0



�E�f�f�e�c�t� �o�f� �t�h�e� �r�a�d�i�u�s� �o�f� �t�h�e� �h�u�b� �o�n� �t�h�e� �v�i�b�r�a�t�i�o�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �b�l�a�d�e� �i�s� �a�l�s�o� 

�s�t�u�d�i�e�d�.� �V�a�l�u�e�s� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�o�s�e� �i�n� �r�e�f�e�r�e�n�c�e� �[� �1�0�4� �]� �(� �w�h�i�c�h� �a�l�s�o� �u�s�e�s� �a� 

�f�i�n�i�t�e� �e�l�e�m�e�n�t� �t�e�c�h�n�i�q�u�e� �)� �a�n�d� �t�h�e� �c�o�m�p�a�r�i�s�o�n� �i�s� �g�o�o�d�.� �A�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�6� 

�f�o�r� �R� �v�a�l�u�e�s� �o�f� �2�.�4� �a�n�d� �6� �(� �w�h�i�c�h� �a�r�e� �m�o�r�e� �t�r�u�e� �f�o�r� �t�u�r�b�i�n�e� �b�l�a�d�e�s� �f�o�r� �e�x�a�m�p�l�e� �)�,� 

�h�i�g�h�e�r� �h�u�b� �r�a�d�i�u�s� �t�o� �b�l�a�d�e� �l�e�n�g�t�h� �r�a�t�i�o� �s�e�e�m� �t�o� �r�e�n�d�e�r� �a� �s�t�i�f�f�e�r� �s�t�r�u�c�t�u�r�e�.� 

�A� �s�i�m�i�l�a�r� �s�t�u�d�y� �i�s� �c�a�r�r�i�e�d� �o�u�t� �f�o�r� �a� �G�r�a�p�h�i�t�e�/�E�p�o�x�y� �p�l�a�t�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �[� �1�1�0� �J�.� 

�T�h�e� �p�l�o�t� �o�f� �a�n�g�u�l�a�r� �v�e�l�o�c�i�t�y� �v�s� �f�i�r�s�t� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �o�f� �v�i�b�r�a�t�i�o�n� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� 

�F�i�g�u�r�e� �1�7� �f�o�r� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n�.� �T�h�e� �b�e�h�a�v�i�o�u�r� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� 

�i�s�o�t�r�o�p�i�c� �o�n�e� �w�i�t�h� �p�l�a�t�e� �g�e�t�t�i�n�g� �m�o�r�e� �f�l�e�x�i�b�l�e� �f�o�r� �h�i�g�h�e�r� �v�a�l�u�e�s� �o�f� �f�i�b�e�r� �a�n�g�l�e� �a�s� 

�e�v�i�d�e�n�t� �f�r�o�m� �l�o�w�e�r� �v�a�l�u�e�s� �o�f� �f�r�e�q�u�e�n�c�y� �o�f� �v�i�b�r�a�t�i�o�n�.� 

�F�i�g�u�r�e� �1�8� �s�h�o�w�s� �t�h�e� �e�f�f�e�c�t� �o�f� �R� �o�n� �t�h�e� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �b�o�x� 

�b�e�a�m�.� �T�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l�i�z�e�d� �p�a�r�a�m�e�t�e�r� �u�s�e�d� �h�e�r�e� �i�s� �o�f� �t�h�e� �f�o�r�m�,� 

�p�A�P�h�}� �p�A�P�h�}� 
�Q� �(� �D�i�f� �)�,� �a�n�d� �w� �(� �D�T� �)�.� � � � � 

�R�e�s�u�l�t�s� �6�1



�C�o�n�c�l�u�s�i�o�n�s� �a�n�d� �R�e�c�o�m�m�e�n�d�a�t�i�o�n�s� �f�o�r� �F�u�t�u�r�e� �W�o�r�k� 

�T�h�e� �c�o�d�e� �f�o�r� �2�4� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�,� �A�E�2�4�,� �w�a�s� �s�u�c�c�e�s�s�f�u�l�l�y� �r�u�n� �a�n�d� �v�a�l�i�d�a�t�e�d� 

�u�s�i�n�g� �s�e�v�e�r�a�l� �e�x�a�m�p�l�e�s�.� �I�t� �s�e�e�m�e�d� �t�o� �p�e�r�f�o�r�m� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� �c�o�d�e� �A�E�1�2�[� �1�4� �]�,� �f�o�r� 

�t�h�e� �u�n�s�y�m�m�e�t�r�i�c�a�l� �s�p�e�c�i�m�e�n�.� �L�i�n�e�a�r� �s�t�a�t�i�c� �a�n�d� �f�r�e�e� �v�i�b�r�a�t�i�o�n� �a�n�a�l�y�s�i�s� �y�i�e�l�d�e�d� 

�r�e�s�u�l�t�s� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �e�x�p�e�c�t�e�d� �o�n�e�s�.� �B�o�t�h� �r�o�t�a�t�i�o�n� �a�n�d� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n� �a�r�e� �s�e�e�n� 

�t�o� �p�l�a�y� �a� �p�r�o�m�i�n�e�n�t� �r�o�l�e� �i�n� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �s�t�a�t�i�c� �d�e�f�l�e�c�t�i�o�n�s� �a�n�d� �t�h�e� 

�n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �v�i�b�r�a�t�i�o�n�.� 

�A�s� �s�e�e�n� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �s�u�r�v�e�y�,� �t�h�e� �s�t�a�t�e� �o�f� �a�r�t� �s�t�r�u�c�t�u�r�a�l� �m�o�d�e�l� �u�s�e�d� �i�n� �t�h�e� 

�a�e�r�o�e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� �o�f� �h�e�l�i�c�o�p�t�e�r� �r�o�t�o�r�s� �i�s� �m�u�c�h� �m�o�r�e� �c�o�m�p�l�e�x� �t�h�a�n� �t�h�e� �o�n�e� �u�s�e�d� 

�i�n� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k�.� 

�C�o�n�c�l�u�s�i�o�n�s� �a�n�d� �R�e�c�o�m�m�e�n�d�a�t�i�o�n�s� �f�o�r� �F�u�t�u�r�e� �W�o�r�k� �6�2



�T�h�e�r�e� �i�s� �a� �n�e�e�d� �f�o�r� �d�e�v�e�l�o�p�i�n�g� �a� �n�o�n�-�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �t�e�c�h�n�i�q�u�e� �f�o�r� �t�h�e� �s�t�r�u�c�t�u�r�a�l� 

�m�o�d�e�l�.� �C�a�r�e� �s�h�o�u�l�d� �b�e� �t�a�k�e�n� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �C�o�r�i�o�l�i�s� �a�n�d� �g�y�r�o�s�c�o�p�i�c� �t�e�r�m�s� �i�n� 

�t�h�e� �m�a�s�s� �a�n�d� �t�h�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s�.� �W�a�r�p�i�n�g�,� �w�h�i�c�h� �i�s� �v�e�r�y� �s�i�g�n�i�f�i�c�a�n�t� �i�n� 

�a�n�i�s�o�t�r�o�p�i�c� �m�a�t�e�r�i�a�l�s� �h�a�s� �t�o� �b�e� �a�c�c�o�u�n�t�e�d� �f�o�r� �i�n� �a� �m�o�r�e� �e�f�f�i�c�i�e�n�t� �w�a�y�.� �S�t�e�m�p�l�e� 

�a�n�d� �L�e�e� �[� �7�0� �]� �h�a�v�e� �s�u�g�g�e�s�t�e�d� �a� �c�o�u�p�l�e�d� �a�n�a�l�y�s�i�s� �f�o�r� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n� �w�a�r�p�i�n�g� �a�n�d� 

�t�h�e� �b�e�n�d�i�n�g�,� �t�o�r�s�i�o�n�,� �a�n�d� �e�x�t�e�n�s�i�o�n� �o�f� �t�h�e� �b�e�a�m�.� �T�h�i�s� �c�o�u�l�d� �b�e� �i�n�t�r�o�d�u�c�e�d� �i�n� �t�h�e� 
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�R�o�t�o�r� �S�y�s�t�e�m�s� �-� �P�a�r�t� �I�, �� �V�e�r�t�i�c�a�,� �V�o�l�.� �1�0�,� �1�9�8�6�,� �p�p�.� �7�3� �-� �1�0�7�.� 

�J�o�h�n�s�o�n�,� �W�.�,�  ��R�e�c�e�n�t� �D�e�v�e�l�o�p�e�m�e�n�t�s� �i�n� �t�h�e� �D�y�n�a�m�i�c�s� �o�f� �A�d�v�a�n�c�e�d� 
�R�o�t�o�r� �S�y�s�t�e�m�s� �-� �P�a�r�t� �I�I�, �� �V�e�r�t�i�c�a�,� �V�o�l�.� �1�0�,� �1�9�8�6�,� �p�p�.� �1�0�9� �-� �1�5�0�.� 

�M�i�a�o�,� �W�.�,�  ��I�n�f�l�u�e�n�c�e� �o�f� �P�i�t�c�h� �-� �A�x�i�s� �L�o�c�a�t�i�o�n� �a�n�d� �O�r�i�e�n�t�a�t�i�o�n� �o�n� �R�o�t�o�r� 
�A�e�r�o�e�l�a�s�t�i�c� �S�t�a�b�i�l�i�t�y�, �� �V�e�r�t�i�c�a�,� �V�o�l�.� �1�1�,� �N�o�.� �1�/�2�,� �1�9�8�7�,� �p�p�.� �1�7�1� �-� �1�8�5�.� 

�O�r�m�i�s�t�o�n�,� �R�.�,�A�.�,� �W�a�r�m�b�r�o�d�t�,� �W�.�,� �G�.�,� �H�o�d�g�e�s�,� �D�.�,�H�.�,� �a�n�d� �P�e�t�e�r�s�,� �D�.�,� 
�A�.�,�  ��S�u�r�v�e�y� �o�f� �A�r�m�y� �/� �N�A�S�A� �R�o�t�o�r�c�r�a�f�t� �A�e�r�o�e�l�a�s�t�i�c� �S�t�a�b�i�l�i�t�y� 
�R�e�s�e�a�r�c�h�, �� �N�A�S�A� �T�M� �-� �1�0�1�0�2�6�,� �O�c�t�o�b�e�r�,� �1�9�8�8�.� 

�F�r�i�e�d�m�a�n�n�,� �P�.�,� �P�.�,�  �� �H�e�l�i�c�o�p�t�e�r� �R�o�t�o�r� �D�y�n�a�m�i�c�s� �a�n�d� �A�e�r�o�e�l�a�s�t�i�c�i�t�y� �-� 
�S�o�m�e� �K�e�y� �I�d�e�a�s� �a�n�d� �I�n�s�i�g�h�t�s�,�  �� �T�h�i�r�d� �W�o�r�k�s�h�o�p� �o�n� �A�e�r�o�e�l�a�s�t�i�c� �S�t�a�b�i�l�i�t�y� 
�M�o�d�e�l�l�i�n�g� �o�f� �R�o�t�o�r�c�r�a�f�t� �R�o�t�o�r� �S�y�s�t�e�m�s�,� �M�a�r�c�h� �1�2� �-� �1�4�,� �D�u�r�h�a�m�,� �N�C�,� 
�1�9�9�0�.� 

�H�o�u�b�o�l�t�,� �J�.�,� �C�.�,� �a�n�d� �B�r�o�o�k�s�,� �G�.�,� �W�.�,�  ��D�i�f�f�e�r�e�n�t�i�a�l� �E�q�u�a�t�i�o�n�s� �o�f� �M�o�t�i�o�n� 
�f�o�r� �C�o�m�b�i�n�e�d� �F�l�a�p�w�i�s�e� �B�e�n�d�i�n�g�,� �C�h�o�r�d�w�i�s�e� �B�e�n�d�i�n�g� �a�n�d� �T�o�r�s�i�o�n� �o�f� 
�T�w�i�s�t�e�d� �N�o�n� �-� �u�n�i�f�o�r�m� �R�o�t�o�r� �B�l�a�d�e�s�, �� �N�A�C�A� �R�e�p�o�r�t� �1�3�4�6�,� �1�9�5�8�.� 

�F�r�i�e�d�m�a�n�n�,� �P�.�,� �P�.�,� �a�n�d� �T�o�n�g�,� �P�.�,�  ��D�y�n�a�m�i�c� �N�o�n�l�i�n�e�a�r� �E�l�a�s�t�i�c� �S�t�a�b�i�l�i�t�y� 
�o�f� �H�e�l�i�c�o�p�t�e�r� �R�o�t�o�r� �B�l�a�d�e�s� �i�n� �H�o�v�e�r� �a�n�d� �i�n� �F�o�r�w�a�r�d� �F�l�i�g�h�t�, �� �N�A�S�A� �C�R� 
�-� �1�1�4�4�8�5�,� �M�a�y� �1�9�7�2�.� 

�A�r�c�i�d�i�a�c�o�n�o�,� �P�.�,� �J�.�,�  ��S�t�e�a�d�y� �F�l�i�g�h�t� �D�i�f�f�e�r�e�n�t�i�a�l� �E�q�u�a�t�i�o�n�s� �o�f� �M�o�t�i�o�n� �f�o�r� 
�a� �F�l�e�x�i�b�l�e� �H�e�l�i�c�o�p�t�e�r� �B�l�a�d�e�s� �w�i�t�h� �C�h�o�r�d�w�i�s�e� �M�a�s�s� �U�n�b�a�l�a�n�c�e�, �� 
�U�S�A�A�V�L�A�B�S� �T�R�6�8� �-� �1�8�A�,� �V�o�l�.� �I�,� �F�e�b�r�u�a�r�y� �1�9�6�9�.� 

�H�o�d�g�e�s�,� �D�.�,� �H�.�,� �a�n�d� �D�o�w�e�l�l�,� �E�.�,� �H�.�,�  ��N�o�n�l�i�n�e�a�r� �E�q�u�a�t�i�o�n�s� �o�f� �M�o�t�i�o�n� �f�o�r� 
�E�l�a�s�t�i�c� �B�e�n�d�i�n�g� �a�n�d� �T�o�r�s�i�o�n� �o�f� �T�w�i�s�t�e�d� �N�o�n� �-� �u�n�i�f�o�r�m� �B�l�a�d�e�s�, �� �N�A�S�A� 
�T�N� �D� �-� �7�8�1�8�,� �1�9�7�4�.� 

�F�r�i�e�d�m�a�n�n�,� �P�.�,� �P�.�,�  ��I�n�f�l�u�e�n�c�e� �o�f� �M�o�d�e�l�i�n�g� �a�n�d� �B�l�a�d�e� �P�a�r�a�m�e�t�e�r�s� �o�n� �t�h�e� 
�A�e�r�o�e�l�a�s�t�i�c� �S�t�a�b�i�l�i�t�y� �o�f� �a� �C�a�n�t�i�l�e�v�e�r�e�d� �R�o�t�o�r�, �� �A�J�A�A� �J�o�u�r�n�a�l�,� �V�o�l�.� �1�5�,� 
�F�e�b�r�u�a�r�y� �1�9�7�7�,� �p�p�.� �1�4�9� �-� �1�5�8�.� �.� 

�D�o�w�e�l�l�,� �E�.�,� �H�.�,� �T�r�a�y�b�a�r�,� �J�.�,� �a�n�d� �H�o�d�g�e�s�,� �D�.�,� �H�.�,�  ��A�n� �E�x�p�e�r�i�m�e�n�t�a�l� 
�T�h�e�o�r�e�t�i�c�a�l� �C�o�r�r�e�l�a�t�i�o�n� �S�t�u�d�y� �o�f� �N�o�n�l�i�n�e�a�r� �B�e�n�d�i�n�g� �a�n�d� �T�o�r�s�i�o�n� 
�D�e�f�o�r�m�a�t�i�o�n�s� �o�f� �a� �C�a�n�t�i�l�e�v�e�r� �B�e�a�m�, �� �J�o�u�r�n�a�l� �o�f� �S�o�u�n�d� �a�n�d� �V�i�b�r�a�t�i�o�n�,� 
�V�o�l�.� �5�0�,� �1�9�7�7�,� �p�p�.� �5�3�3� �-� �5�4�4�.� 

�H�o�d�g�e�s�,� �D�.�,� �H�.�,� �O�r�m�i�s�t�o�n�,� �R�.�,� �A�.�,� �a�n�d� �P�e�t�e�r�s�,� �D�.�,� �A�.�,�  ��O�n� �t�h�e� �N�o�n�l�i�n�e�a�r� 
�D�e�f�o�r�m�a�t�i�o�n� �G�e�o�m�e�t�r�y� �o�f� �E�u�l�e�r� �B�e�r�n�o�u�l�l�i� �B�e�a�m�s�, �� �N�A�S�A� �T�P� �-� �1�5�6�6�,� 
�1�9�8�0�.� 
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�3�5�.� 

�3�6�.� 

�3�7�.� 

�3�8�.� 

�3�9�.� 

�4�0�.� 

�4�1�.� 

�4�2�.� 

�4�3�.� 

�4�4�.� 

�4�5�.� 

�R�e�f�e�r�e�n�c�e�s� 

�A�l�k�i�r�e�,� �K�.�,�  ��A�n� �A�n�a�l�y�s�i�s� �o�f� �R�o�t�o�r� �B�l�a�d�e� �T�w�i�s�t� �V�a�r�i�a�b�l�e�s� �A�s�s�o�c�i�a�t�e�d� �w�i�t�h� 
�D�i�f�f�e�r�e�n�t� �E�u�l�e�r� �S�e�q�u�e�n�c�e�s� �a�n�d� �P�r�e�t�w�i�s�t� �T�r�e�a�t�m�e�n�t�, �� �N�A�S�A� �T�M� �-� �8�4�3�9�4�,� 
�1�9�8�4�.� 

�S�h�a�m�i�e�,� �J�.�,� �a�n�d� �F�r�i�e�d�m�a�n�n�,� �P�.�,�  ��E�f�f�e�c�t� �o�f� �M�o�d�e�r�a�t�e� �D�e�f�l�e�c�t�i�o�n�s� �o�n� �t�h�e� 
�A�e�r�o�e�l�a�s�t�i�c� �S�t�a�b�i�l�i�t�y� �o�f� �a� �R�o�t�o�r� �B�l�a�d�e� �i�n� �F�o�r�w�a�r�d� �F�l�i�g�h�t�, �� �P�r�o�c�.� �T�h�i�r�d� 
�E�u�r�o�p�e�a�n� �R�o�t�o�r�c�r�a�f�t� �a�n�d� �P�o�w�e�r�e�d� �L�i�f�t� �A�i�r�c�r�a�f�t� �F�o�r�u�m�,� �A�i�x� �-� �e�n� �-� 
�P�r�o�v�e�n�c�e�,� �p�p�.� �2�4�.�1� �-� �2�4�.�3�7�,� �1�9�7�7�.� 

�C�e�l�i�,� �R�.�,� �a�n�d� �F�r�i�e�d�m�a�n�n�,� �P�.�,�P�.�,�  ��R�o�t�o�r� �B�l�a�d�e� �A�e�r�o�e�l�a�s�t�i�c�i�t�y� �i�n� �F�o�r�w�a�r�d� 
�F�l�i�g�h�t� �w�i�t�h� �a�n� �I�m�p�l�i�c�i�t� �A�e�r�o�d�y�n�a�m�i�c� �F�o�r�m�u�l�a�t�i�o�n�, �� �A�J�A�A� �J�o�u�r�n�a�l� �,� �V�o�l�.� 
�2�6�,� �N�o�.� �1�2�,� �1�9�8�8�,� �p�p�.� �1�4�2�5� �-� �1�4�3�3�.� 

�H�o�d�g�e�s�,� �D�.�,� �H�.�,�  ��N�o�n�l�i�n�e�a�r� �E�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �D�y�n�a�m�i�c�s� �o�f� �P�r�e�t�w�i�s�t�e�d� 
�B�e�a�m�s� �U�n�d�e�r�g�o�i�n�g� �S�m�a�l�l� �S�t�r�a�i�n�s� �a�n�d� �L�a�r�g�e� �R�o�t�a�t�i�o�n�s�, �� �N�A�S�A� �T�P� �-� 
�2�4�7�0�,� �1�9�8�5�.� 

�H�o�d�g�e�s�,� �D�.�,� �H�.�,�  ��N�o�n�l�i�n�e�a�r� �B�e�a�m� �K�i�n�e�m�a�t�i�c�s� �f�o�r� �S�m�a�l�l� �S�t�r�a�i�n�s� �a�n�d� 
�F�i�n�i�t�e� �R�o�t�a�t�i�o�n�s�, �� �V�e�r�t�i�c�a�,� �V�o�l�.� �1�1�,� �N�o�.� �3�,� �1�9�8�7�,� �p�p�.� �5�7�3� �-� �5�8�9�.� 

�D�a�n�i�e�l�s�o�n�,� �D�.�,� �A�.�,� �a�n�d� �H�o�d�g�e�s�,� �D�.�,� �H�.�,�  ��A� �B�e�a�m� �T�h�e�o�r�y� �f�o�r� �L�a�r�g�e� 
�G�l�o�b�a�l� �R�o�t�a�t�i�o�n�,� �M�o�d�e�r�a�t�e� �L�o�c�a�l� �R�o�t�a�t�i�o�n� �a�n�d� �S�m�a�l�l� �S�t�r�a�i�n�, �� �J�o�u�r�n�a�l� 
�o�f� �A�p�p�l�i�e�d� �M�e�c�h�a�n�i�c�s�,� �V�o�l�.� �5�5�,� �p�p�.� �1�7�9� �-� �1�8�4�.� 

�K�a�n�e�,� �T�.�,� �R�.�,� �L�i�k�i�n�s�,� �P�.�,� �W�.�,� �a�n�d� �L�e�v�i�n�s�o�n�,� �D�.�,� �A�.�,�  ��S�p�a�c�e�c�r�a�f�t� 
�D�y�n�a�m�i�c�s�, �� �M�c�G�r�a�w�-�H�i�l�l�,� �1�9�8�3�.� 

�B�a�u�c�h�a�u�,� �O�.�,� �A�.�,� �a�n�d� �H�o�n�g�,� �C�.�,� �H�.�,�  ��L�a�r�g�e� �D�i�s�p�l�a�c�e�m�e�n�t� �A�n�a�l�y�s�i�s� �o�f� 
�N�a�t�u�r�a�l�l�y� �C�u�r�v�e�d� �a�n�d� �T�w�i�s�t�e�d� �C�o�m�p�o�s�i�t�e� �B�e�a�m�s�, �� �A�J�A�A� �J�o�u�r�n�a�l�,� �V�o�l�.� 
�2�5�,� �N�o�.� �1�1�,� �1�9�8�7�,� �p�p�.� �1�4�6�9� �-� �1�4�7�5�.� 

�H�o�d�g�e�s�,� �D�.�,� �H�.�,� �H�o�p�k�i�n�s�,� �A�.�,� �K�.�,� �K�u�n�z�,� �D�.�,� �L�.�,� �a�n�d� �H�i�n�n�a�n�t�,� �H�.�,� �E�.�,� 
 ��I�n�t�r�o�d�u�c�t�i�o�n� �t�o� �G�R�A�S�P� �-� �G�e�n�e�r�a�l� �R�o�t�o�r�c�r�a�f�t� �A�e�r�o�m�e�c�h�a�n�i�c�a�l� �S�t�a�b�i�l�i�t�y� 
�P�r�o�g�r�a�m� �-� �A� �M�o�d�e�r�n� �A�p�p�r�o�a�c�h� �t�o� �R�o�t�o�r�c�r�a�f�t� �M�o�d�e�l�i�n�g�, �� �P�r�o�c�.� �4�2�n�d� 
�A�n�n�u�a�l� �F�o�r�u�m� �o�f� �A�m�e�r�i�c�a�n� �H�e�l�i�c�o�p�t�e�r� �S�o�c�i�e�t�y�,� �W�a�s�h�i�n�g�t�o�n� �D�.� �C�.�,� �1�9�8�6�,� 
�p�p�.� �7�3�9� �-� �7�5�6�.� 

�S�i�v�a�n�e�r�i�,� �N�.� �T�.�,� �a�n�d� �C�h�o�p�r�a�,� �I�.�,�  ��D�y�n�a�m�i�c� �S�t�a�b�i�l�i�t�y� �o�f� �R�o�t�o�r� �B�l�a�d�e� 
�U�s�i�n�g� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �A�n�a�l�y�s�i�s�, �� �A�J�A�A� �J�o�u�r�n�a�l�,� �V�o�l�.� �2�0�,� �1�9�8�0�,� �p�p�.� �7�1�6� �-� 
�7�2�3�.� 

�S�i�v�a�n�e�r�i�,� �N�.� �T�.�,� �a�n�d� �C�h�o�p�r�a�,� �I�.�,�  ��F�i�n�i�t�e� �E�l�e�m�e�n�t� �A�n�a�l�y�s�i�s� �o�f� �B�e�a�r�i�n�g�l�e�s�s� 
�R�o�t�o�r� �A�e�r�o�e�l�a�s�t�i�c�i�t�y�, �� �J�o�u�r�n�a�l� �o�f� �A�m�e�r�i�c�a�n� �H�e�l�i�c�o�p�t�e�r� �S�o�c�i�e�t�y�,� �V�o�l�.� �2�9�,� 
�1�9�8�4�,� �p�p�.� �4�2� �-� �5�1�.� 
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�4�6�.� 

�4�7�.� 

�4�8�.� 

�4�9�.� 

�5�0�.� 

�5�1�.� 

�5�2�.� 

�5�3�.� 

�5�4�.� 

�5�5�.� 

�5�6�.� 

�5�7�.� 

�R�e�f�e�r�e�n�c�e�s� 

�F�r�i�e�d�m�a�n�n�,� �P�.� �P�.�,� �a�n�d� �S�t�r�a�u�b�,� �F�.�,�  ��A�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� 
�M�e�t�h�o�d� �t�o� �R�o�t�a�r�y� �-� �W�i�n�g� �A�e�r�o�e�l�a�s�t�i�c�i�t�y�, �� �J�o�u�r�n�a�l� �o�f� �A�m�e�r�i�c�a�n� 
�H�e�l�i�c�o�p�t�e�r� �S�o�c�i�e�t�y�,� �V�o�l�.� �2�5�,� �1�9�8�0�,� �p�p�.� �3�6� �-� �4�4�.� 

�F�u�,� �C�.�,� �a�n�d� �W�a�n�g�,� �S�.�,�  ��A�e�r�o�e�l�a�s�t�i�c� �S�t�a�b�i�l�i�t�y� �o�f� �a� �R�o�t�o�r� �b�y� �L�i�f�t�i�n�g� 
�S�u�r�f�a�c�e� �T�h�e�o�r�y� �a�n�d� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�e�t�h�o�d�, �� �P�r�o�c�.� �/�/�t�h�.� �E�u�r�o�p�e�a�n� 
�R�o�t�o�r�c�r�a�f�t� �F�o�r�u�m�,� �L�o�n�d�o�n�,� �P�a�p�e�r� �N�o�.� �6�8�,� �1�9�8�6�.� 

�H�o�d�g�e�s�,� �D�.�,� �H�.�, �� �R�e�v�i�e�w� �o�f� �C�o�m�p�o�s�i�t�e� �R�o�t�o�r� �B�l�a�d�e� �M�o�d�e�l�i�n�g�, �� �A�I�A�A� 
�P�a�p�e�r� �8�8� �-� �2�2�4�9�,� �P�r�o�c�.� �A�I�A�A� �/� �A�S�M�E� �/� �A�S�C�E� �/� �A�H�S� �2�9�t�h� �S�t�r�u�c�t�u�r�e�s�,� 
�S�t�r�u�c�t�u�r�a�l� �D�y�n�a�m�i�c�s�,� �a�n�d� �M�a�t�e�r�i�a�l�s� �C�o�n�f�e�r�e�n�c�e�,� �W�i�l�l�i�a�m�s�b�u�r�g�,� �V�a�,� �A�p�r�i�l� 
�1�8� �-� �2�0�,� �1�9�8�8�,� �p�p�.� �3�0�5� �-� �3�1�2�.� 

�H�o�n�g�,� �C�.� �H�.�,� �a�n�d� �C�h�o�p�r�a�,� �I�.�,�  ��A�e�r�o�e�l�a�s�t�i�c� �S�t�a�b�i�l�i�t�y� �A�n�a�l�y�s�i�s� �o�f� �a� 
�C�o�m�p�o�s�i�t�e� �R�o�t�o�r� �B�l�a�d�e�, �� �J�o�u�r�n�a�l� �o�f� �A�m�e�r�i�c�a�n� �H�e�l�i�c�o�p�t�e�r� �S�o�c�i�e�t�y�,� �V�o�l�.� 
�3�0�,� �N�o�.� �2�,� �1�9�8�5�,� �p�p�.� �5�7� �-� �6�7�.� 

�H�o�n�g�,� �C�.� �H�.�,� �a�n�d� �C�h�o�p�r�a�,� �I�.�,�  ��A�e�r�o�e�l�a�s�t�i�c� �S�t�a�b�i�l�i�t�y� �A�n�a�l�y�s�i�s� �o�f� �a� 
�C�o�m�p�o�s�i�t�e� �B�e�a�r�i�n�g�l�e�s�s� �R�o�t�o�r� �B�l�a�d�e�, �� �J�o�u�r�n�a�l� �o�f� �A�m�e�r�i�c�a�n� �H�e�l�i�c�o�p�t�e�r� 
�S�o�c�i�e�t�y�,� �V�o�l�.� �3�1�,� �N�o�.� �4�,� �1�9�8�6�,� �p�p�.� �2�9� �-� �3�5�.� 

�P�a�n�d�a�,� �B�.�,� �a�n�d� �C�h�o�p�r�a�,� �I�.�,�  ��D�y�n�a�m�i�c�s� �o�f� �C�o�m�p�o�s�i�t�e� �R�o�t�o�r� �B�l�a�d�e�s� �i�n� 
�F�o�r�w�a�r�d� �F�l�i�g�h�t�, �� �V�e�r�t�i�c�a�,� �V�o�l�.� �1�1�,� �N�o�.� �1�/�2�,� �1�9�8�7�,� �p�p�.� �1�8�7� �-� �2�0�9�.� 

�B�a�u�c�h�a�u�,� �O�.�,� �A�.�,� �a�n�d� �H�o�n�g�,� �C�.�,� �H�.�,�  ��F�i�n�i�t�e� �E�l�e�m�e�n�t� �A�p�p�r�o�o�a�c�h� �t�o� �R�o�t�o�r� 
�B�l�a�d�e� �M�o�d�e�l�i�n�g�, �� �J�o�u�r�n�a�l� �o�f� �A�m�e�r�i�c�a�n� �H�e�l�i�c�o�p�t�e�r� �S�o�c�i�e�t�y�,� �V�o�l�.� �3�2�,� �N�o�.� 
�1�,� �J�a�n�u�a�r�y� �1�9�8�7�,� �p�p�.� �6�0� �-� �6�7�.� 

�B�a�u�c�h�a�u�,� �O�.�,� �A�.�,� �a�n�d� �H�o�n�g�,� �C�.�,� �H�.�,�  ��N�o�n�l�i�n�e�a�r� �C�o�m�p�o�s�i�t�e� �B�e�a�m� 
�T�h�e�o�r�y�, �� �J�o�u�r�n�a�l� �o�f� �A�p�p�l�i�e�d� �M�e�c�h�a�n�i�c�s�,� �V�o�l�.� �5�5�,� �M�a�r�c�h� �1�9�8�8�,� �p�p�.� �1�5�6� �-� 
�1�6�3�.� 

�M�i�n�g�u�e�t�,� �P�.�,� �a�n�d� �D�u�g�u�n�d�j�i�,� �J�.�,�  ��E�x�p�e�r�i�m�e�n�t�s� �a�n�d� �A�n�a�l�y�s�i�s� �f�o�r� 
�S�t�r�u�c�t�u�r�a�l�l�y� �C�o�u�p�l�e�d� �C�o�m�p�o�s�i�t�e� �B�l�a�d�e�s� �U�n�d�e�r� �L�a�r�g�e� �D�e�f�l�e�c�t�i�o�n�s� �:� �P�a�r�t� 
�]� �-� �S�t�a�t�i�c� �B�e�h�a�v�i�o�u�r�, �� �A�I�A�A� �P�a�p�e�r� �N�o�.� �8�9� �-� �1�3�6�5� �-� �C�P�,� �1�9�8�9�.� 

�M�i�n�g�u�e�t�,� �P�.�,� �a�n�d� �D�u�g�u�n�d�j�i�,� �J�.�,�  ��E�x�p�e�r�i�m�e�n�t�s� �a�n�d� �A�n�a�l�y�s�i�s� �f�o�r� 
�S�t�r�u�c�t�u�r�a�l�l�y� �C�o�u�p�l�e�d� �C�o�m�p�o�s�i�t�e� �B�l�a�d�e�s� �U�n�d�e�r� �L�a�r�g�e� �D�e�f�l�e�c�t�i�o�n�s� �:� �P�a�r�t� 
�I�I�]� �-� �D�y�n�a�m�i�c� �B�e�h�a�v�i�o�u�r�, �� �A�I�A�A� �P�a�p�e�r� �N�o�.� �8�9� �-� �1�3�6�6� �-� �C�P�,� �1�9�8�9�.� 

�H�e�g�e�m�i�e�r�,� �G�.�,� �A�.�,� �a�n�d� �N�a�i�r�,� �S�.�,�  ��A� �N�o�n�l�i�n�e�a�r� �D�y�n�a�m�i�c�a�l� �T�h�e�o�r�y� �f�o�r� 
�H�e�t�e�r�o�g�e�n�o�u�s�,� �A�n�i�s�o�t�r�o�p�i�c�,� �E�l�a�s�t�i�c� �R�o�d�s�, �� �A�J�A�A� �J�o�u�r�n�a�l�,� �V�o�l�.� �1�5�,� �N�o�.� 
�1�,� �1�9�7�7�,� �p�p�.� �8� �-� �1�5�.� 

�M�a�n�s�f�i�e�l�d�,� �E�.� �H�.�,� �a�n�d� �S�o�b�e�y�,� �A�.� �J�.�,�  ��T�h�e� �F�i�b�r�e� �C�o�m�p�o�s�i�t�e� �H�e�l�i�c�o�p�t�e�r� 
�B�l�a�d�e� �,� �P�a�r�t� �I� �:� �S�t�i�f�f�n�e�s�s� �P�r�o�p�e�r�t�i�e�s� �(� �b�y� �E�.� �H�.� �M�a�n�s�f�i�e�l�d� �)� �;� �P�a�r�t� �I�I� �:� 
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�R�e�f�e�r�e�n�c�e�s� 

�P�r�o�s�p�e�c�t�s� �f�o�r� �A�e�r�o�e�l�a�s�t�i�c� �T�a�i�l�o�r�i�n�g� �(� �b�y� �A�.� �J�.� �S�o�b�e�y� �)�, �� �A�e�r�o�n�a�u�t�i�c�a�l� 
�Q�u�a�r�t�e�r�l�y�,� �M�a�y�,� �1�9�7�9�,� �p�p�.� �4�1�3� �-� �4�4�9�.� 

�M�a�n�s�f�i�e�l�d�,� �E�.�,� �H�.�,�  �� �T�h�e� �S�t�i�f�f�n�e�s�s� �o�f� �a� �T�w�o� �-� �C�e�l�l� �A�n�i�s�o�t�r�o�p�i�c� �T�u�b�e�, �� 
�A�e�r�o�n�a�u�t�i�c�a�l� �Q�u�a�r�t�e�r�l�y�,� �V�o�l�.� �3�2�,� �1�9�8�1�,� �p�p�.� �3�3�8� �-� �3�5�3�.� 

�R�e�h�f�i�e�l�d�,� �L�.�,� �W�.�,�  ��D�e�s�i�g�n� �A�n�a�l�y�s�i�s� �M�e�t�h�o�d�o�l�o�g�y� �f�o�r� �C�o�m�p�o�s�i�t�e� �R�o�t�o�r� 
�B�l�a�d�e�s�, �� �A�F�W�A�L� �-� �T�R� �-� �8�5� �-� �3�0�9�4�,� �1�9�8�5�.� 

�N�i�x�o�n�,� �M�.�,� �W�.�,�  ��E�x�t�e�n�s�i�o�n� �-� �T�w�i�s�t� �C�o�u�p�l�i�n�g� �o�f� �C�o�m�p�o�s�i�t�e� �C�i�r�c�u�l�a�r� 
�T�u�b�e�s� �w�i�t�h� �A�p�p�l�i�c�a�t�i�o�n�s� �t�o� �T�i�l�t� �-� �R�o�t�o�r� �B�l�a�d�e� �D�e�s�i�g�n�, �� �A�I�A�A� �P�a�p�e�r� �N�o�.� 
�8�7� �-� �0�7�7�2�,� �1�9�8�7�.� 

�H�o�d�g�e�s�,� �R�.�,� �V�.�,� �N�i�x�o�n�,� �M�.�,� �W�.�,� �a�n�d� �R�e�h�f�i�e�l�d�,� �L�.�,� �W�.�,�  ��C�o�m�p�a�r�i�s�o�n� �o�f� 
�C�o�m�p�o�s�i�t�e� �R�o�t�o�r� �B�l�a�d�e� �M�o�d�e�l�s� �:� �a� �C�o�u�p�l�e�d� �B�e�a�m� �A�n�a�l�y�s�i�s� �a�n�d� �a�n� �M�S�C� 
�/� �N�A�S�T�R�A�N� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l�, �� �N�A�S�A� �T�M� �8�9�0�2�4�,� �1�9�8�7�.� 

�W�o�r�n�d�l�e�,� �R�.�,�  ��C�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �C�r�o�s�s� �-� �S�e�c�t�i�o�n�a�l� �P�r�o�p�e�r�t�i�e�s� �a�n�d� �t�h�e� 
�S�h�e�a�r� �S�t�r�e�s�s�e�s� �o�f� �C�o�m�p�o�s�i�t�e� �R�o�t�o�r� �B�l�a�d�e�s�, �� �V�e�r�t�i�c�a�,� �V�o�l�.� �6�,� �1�9�8�2�,� �p�p�.� 
�1�1�1� �-� �1�2�9�.� 

�K�o�s�m�a�t�k�a�,� �J�.�,� �B�.�,�  ��S�t�r�u�c�t�u�r�a�l� �D�y�n�a�m�i�c� �M�o�d�e�l�i�n�g� �o�f� �A�d�v�a�n�c�e�d� 
�C�o�m�p�o�s�i�t�e� �P�r�o�p�e�l�l�e�r�s� �b�y� �t�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�e�t�h�o�d�, �� �P�h�.�D�.� 
�D�i�s�s�e�r�t�a�t�i�o�n�,� �U�n�i�v�e�r�s�i�t�y� �o�f� �C�a�l�i�f�o�r�n�i�a�,� �L�o�s� �A�n�g�e�l�e�s�,� �1�9�8�6�.� 

�G�i�a�v�o�t�t�o�,� �V�.�,� �B�o�r�r�i�,� �M�.�,� �M�a�n�t�e�g�a�z�z�a�,� �P�.�,� �G�h�i�r�i�n�g�h�e�l�l�i�,� �G�.�,� �C�a�r�m�a�s�c�h�i�,� 
�V�.�,� �M�a�f�f�l�o�l�i�,� �G�.�,� �C�.�,� �a�n�d� �M�u�s�s�i�,� �F�.�,�  ��A�n�i�s�o�t�r�o�p�i�c� �B�e�a�m� �T�h�e�o�r�y� �a�n�d� 
�A�p�p�l�i�c�a�t�i�o�n�s�, �� �C�o�m�p�u�t�e�r�s� �a�n�d� �S�t�r�u�c�t�u�r�e�s�,� �V�o�l�.� �1�6�,� �1�9�8�3�,� �p�p�.� �4�0�3� �-� �4�1�3�.� 

�B�o�r�r�i�,� �M�.�,� �a�n�d� �M�a�n�t�e�g�a�z�z�a�,� �P�.�,�  ��S�o�m�e� �C�o�n�t�r�i�b�u�t�i�o�n�s� �o�n� �S�t�r�u�c�t�u�r�a�l� �a�n�d� 
�D�y�n�a�m�i�c� �M�o�d�e�l�l�i�n�g� �o�f� �H�e�l�i�c�o�p�t�e�r� �R�o�t�o�r� �B�l�a�d�e�s�, �� �P�r�e�s�e�n�t�e�d� �a�t� �U�.� �S�.� 
�A�r�m�y� �R�e�s�e�a�r�c�h� �O�f�f�i�c�e� �W�o�r�k�s�h�o�p� �o�n� �D�y�n�a�m�i�c�s� �a�n�d� �A�e�r�o�e�l�a�s�t�i�c� �S�t�a�b�i�l�i�t�y� 
�M�o�d�e�l�i�n�g�,� �G�e�o�r�g�i�a� �I�n�s�t�i�t�u�t�e� �o�f� �T�e�c�h�n�o�l�o�g�y�,� �A�t�l�a�n�t�a�,� �G�e�o�r�g�i�a�,� �D�e�c�e�m�b�e�r� 
�4�-�5�,� �1�9�8�5�.� 

�B�o�r�r�i�,� �M�.�,� �a�n�d� �M�e�r�l�i�n�i�,� �T�.�,�  ��A� �L�a�r�g�e� �D�i�s�p�l�a�c�e�m�e�n�t� �F�o�r�m�u�l�a�t�i�o�n� �f�o�r� 
�A�n�i�s�o�t�r�o�p�i�c� �B�e�a�m� �A�n�a�l�y�s�i�s�, �� �M�e�c�c�a�n�i�c�a�,� �V�o�l�.� �2�1�,� �1�9�8�6�,� �p�p�.� �3�0�-�3�7�.� 

�B�a�u�c�h�a�u�,� �O�.�,� �A�.�,�  ��A� �B�e�a�m� �T�h�e�o�r�y� �f�o�r� �A�n�i�s�o�t�r�o�p�i�c� �M�a�t�e�r�i�a�l�s�, �� �J�o�u�r�n�a�l� 
�o�f� �A�p�p�l�i�e�d� �M�e�c�h�a�n�i�c�s�,� �V�o�l�.� �5�2�,� �1�9�8�5�,� �p�p�.� �4�1�6� �-� �4�2�2�.� 

�B�a�u�c�h�a�u�,� �O�.�,� �A�.�,� �C�o�f�f�e�n�b�e�r�r�y�,� �B�.�,� �S�.�,� �a�n�d� �R�e�h�f�i�e�l�d�,� �L�.�,� �W�.�,�  ��C�o�m�p�o�s�i�t�e� 
�b�o�x� �-�b�e�a�m� �a�n�a�l�y�s�i�s� �:� �T�h�e�o�r�y� �a�n�d� �E�x�p�e�r�i�m�e�n�t�s�, �� �J�o�u�r�n�a�l� �o�f� �A�m�e�r�i�c�a�n� 
�H�e�l�i�c�o�p�t�e�r� �S�o�c�i�e�t�y�,� �V�o�l�.� �6�,� �1�9�8�7�,� �p�p�.� �2�5� �-� �3�5�.� 
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�6�9�.� 

�7�0�.� 

�7�1�.� 

�7�2�.� 

�7�3�.� 

�7�4�,� 

�7�5�.� 

�7�6�.� 

�7�7�.� 

�7�8�.� 

�7�9�.� 

�8�0�.� 

�8�1�.� 

�R�e�f�e�r�e�n�c�e�s� 

�L�e�e�,� �S�.�,� �W�.�,� �a�n�d� �K�i�m�,� �Y�.�,� �H�.�,�  ��A� �N�e�w� �A�p�p�r�o�a�c�h� �t�o� �F�i�n�i�t�e� �E�l�e�m�e�n�t� 
�M�o�d�e�l�i�n�g� �o�f� �B�e�a�m�s�, �� �I�n�t�e�r�n�a�t�i�o�n�a�l� �J�o�u�r�n�a�l� �f�o�r� �N�u�m�e�r�i�c�a�l� �M�e�t�h�o�d�s� �f�o�r� 
�E�n�g�i�n�e�e�r�s�,� �V�o�l�.� �2�4�,� �1�9�8�7�,� �p�p�.� �2�3�2�7� �-� �2�3�4�1�.� 

�S�t�e�m�p�l�e�,� �A�.� �D�.�,� �a�n�d� �L�e�e�,� �S�.�,� �W�.�,�  ��F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�o�d�e�l� �f�o�r� �C�o�m�p�o�s�i�t�e� 
�B�e�a�m�s� �w�i�t�h� �A�r�b�i�t�r�a�r�y� �C�r�o�s�s� �-� �S�e�c�t�i�o�n�a�l� �W�a�r�p�i�n�g�, �� �A�/�A�A� �J�o�u�r�n�a�l�,� �V�o�l�.� 
�2�6�,� �N�o�.� �1�2�,� �D�e�c�e�m�b�e�r� �1�9�8�8�,� �p�p�.� �1�5�1�2� �-� �1�5�2�0�.� 

�S�t�e�m�p�l�e�,� �A�.�,� �D�.�,� �a�n�d� �L�e�e�,� �S�.�,� �W�.�,�  ��L�a�r�g�e� �D�e�f�l�e�c�t�i�o�n� �S�t�a�t�i�c� �a�n�d� �D�y�n�a�m�i�c� 
�F�i�n�i�t�e� �E�l�e�m�e�n�t� �A�n�a�l�y�s�i�s� �o�f� �C�o�m�p�o�s�i�t�e� �B�e�a�m�s� �w�i�t�h� �A�r�b�i�t�r�a�r�y� �C�r�o�s�s� �-� 
�S�e�c�t�i�o�n�a�l� �W�a�r�p�i�n�g�, �� �A�I�A�A� �P�a�p�e�r� �8�9� �-� �1�3�6�3� �-� �C�P�,� �1�9�8�9�.� 

�G�a�o�n�k�a�r�,� �G�.�,� �H�.�,� �a�n�d� �P�e�t�e�r�s�,� �D�.�,� �A�.�,�  ��R�e�v�i�e�w� �o�f� �D�y�n�a�m�i�c� �I�n�f�l�o�w� 
�M�o�d�e�l�i�n�g� �f�o�r� �R�o�t�o�r�c�r�a�f�t� �F�l�i�g�h�t� �D�y�n�a�m�i�c�s�, �� �A�I�A�A� �-� �8�6� �-� �0�8�4�5�,� �1�9�8�6�.� 

�A�m�e�r�,� �K�.�,� �B�.�,�  �� �T�h�e�o�r�y� �o�f� �H�e�l�i�c�o�p�t�e�r� �D�a�m�p�i�n�g� �i�n� �P�i�t�c�h� �a�n�d� �R�o�l�l� �a�n�d� 
�C�o�m�p�a�r�i�s�o�n� �w�i�t�h� �F�l�i�g�h�t� �M�e�a�s�u�r�e�m�e�n�t�, �� �N�A�C�A� �T�N� �2�1�3�6�,� �O�c�t�o�b�e�r� �1�9�4�8�.� 

�S�i�s�s�i�n�g�h�,� �G�.�,� �J�.�,�  �� �T�h�e� �E�f�f�e�c�t� �o�f� �I�n�d�u�c�e�d� �V�e�l�o�c�i�t�y� �V�a�r�i�a�t�i�o�n� �o�n� �H�e�l�i�c�o�p�t�e�r� 
�R�o�t�o�r� �D�a�m�p�i�n�g� �i�n� �P�i�t�c�h� �a�n�d� �R�o�l�l�,�  ��A�e�r�o�n�a�u�t�i�c�a�l� �R�e�s�e�a�r�c�h� �C�o�u�n�c�i�l� �(� 
�G�r�e�a�t� �B�r�i�t�a�i�n� �)�,� �A�.� �R�.� �C�.� �T�e�c�h�n�i�c�a�l� �R�e�p�o�r�t� �C�.� �P�.� �N�o�.� �1�0�1� �(� �1�4�,� �7�5�7� �)�,� 
�1�9�5�2�.� 

�C�a�r�p�e�n�t�e�r�,� �P�.�,� �J�.�,� �a�n�d� �F�r�i�d�o�v�i�c�h�,� �B�.�,�  ��E�f�f�e�c�t� �o�f� �a� �R�a�p�i�d� �B�l�a�d�e� �P�i�t�c�h� 
�I�n�c�r�e�a�s�e� �o�n� �t�h�e� �T�h�r�u�s�t� �a�n�d� �I�n�d�u�c�e�d� �V�e�l�o�c�i�t�y� �R�e�s�p�o�n�s�e� �o�f� �a� �F�u�l�l� �S�c�a�l�e� 
�H�e�l�i�c�o�p�t�e�r� �R�o�t�o�r�, �� �N�A�C�A� �T�N� �3�0�4�4�,� �N�o�v�,� �1�9�5�3�.� 

�B�i�s�p�l�i�n�g�h�o�f�f�,� �R�.�,� �L�.�,� �A�s�h�l�e�y�,� �H�.�,� �a�n�d� �H�a�l�f�m�a�n�,� �R�.�,� �L�.�,� �A�e�r�o�e�l�a�s�t�i�c�i�t�y�,� 
�A�d�d�i�s�o�n� �-� �W�e�s�l�e�y� �P�u�b�l�i�s�h�i�n�g� �C�o�m�p�a�n�y�,� �1�9�5�5�,� �p�p�.� �2�5�1� �-� �2�8�1�.� 

�G�l�a�u�e�r�t�,� �H�.�,�  ��T�h�e� �F�o�r�c�e� �a�n�d� �M�o�m�e�n�t� �o�n� �a�n� �O�s�c�i�l�l�a�t�i�n�g� �A�i�r�f�o�i�l�,�  �� �B�r�.� �A� 
�R�.� �C�.�,� �R�.� �a�n�d� �M�.� �1�2�4�2�,� �1�9�2�9�.� 

�T�h�e�o�d�o�r�s�e�n�,� �T�.�,�  ��G�e�n�e�r�a�l� �T�h�e�o�r�y� �o�f� �A�e�r�o�d�y�n�a�m�i�c� �I�n�s�t�a�b�i�l�i�t�y� �a�n�d� �t�h�e� 
�M�e�c�h�a�n�i�s�m� �o�f� �F�l�u�t�t�e�r�, �� �N�A�C�A� �R� �4�9�6�,� �1�9�8�5�.� 

�G�r�e�e�n�b�e�r�g�,� �J�.�,� �M�.�,�  ��A�i�r�f�o�i�l� �i�n� �S�i�n�u�s�o�i�d�a�l� �M�o�t�i�o�n� �i�n� �P�u�l�s�a�t�i�n�g� �S�t�r�e�a�m�, �� 
�N�A�C�A� �T�N� �1�3�2�6�,� �1�9�4�7�.� 

�L�o�e�w�y�,� �R�.�,� �G�.�,�  �� �A� �T�w�o� �D�i�m�e�n�s�i�o�n�a�l� �A�p�p�r�o�a�c�h� �t�o� �t�h�e� �U�n�s�t�e�a�d�y� 
�A�e�r�o�d�y�n�a�m�i�c�s� �o�f� �R�o�t�a�r�y� �W�i�n�g�s�,�  �� �J�o�u�r�n�a�l� �o�f� �A�e�r�o�s�p�a�c�e� �S�c�i�e�n�c�e�,� �V�o�l�.� �2�4�,� 
�1�9�5�7�,� �p�p�.� �8�1� �-�9�8�.� 

�J�o�n�e�s�,� �W�.�,� �P�.�,�  ��T�h�e� �O�s�c�i�l�l�a�t�i�n�g� �A�i�r�f�o�i�l� �i�n� �S�u�b�s�o�n�i�c� �F�l�o�w�, �� �B�r�i�t�i�s�h� 
�A�e�r�o�n�a�u�t�i�c�a�l� �R�e�s�e�a�r�c�h� �C�o�u�n�c�i�l�,� �R� �&� �M� �2�9�2�1�,� �1�9�5�6�.� 
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�8�2�.� 

�8�3�.� 

�8�4�,� 

�8�5�.� 

�8�6�.� 

�8�7�.� 

�8�8�.� 

�8�9�.� 

�9�0�.� 

�9�1�.� 

�9�2�.� 

�R�e�f�e�r�e�n�c�e�s� 

�T�i�m�m�a�n�,� �R�.�,� �a�n�d� �v�a�n� �d�e� �V�o�o�r�e�n�,� �A�.�,� �I�.�,�  �� �F�l�u�t�t�e�r� �o�f� �a� �H�e�l�i�c�o�p�t�e�r� �R�o�t�o�r� 
�R�o�t�a�t�i�n�g� �i�n� �i�t�s� �O�w�n� �W�a�k�e�, �� �J�o�u�r�n�a�l� �o�f� �t�h�e� �A�e�r�o�s�p�a�c�e� �S�c�i�e�n�c�e�s�,� �V�o�l�.� �2�4�,� 
�N�o�.� �9�,� �S�e�p�t�e�m�b�e�r� �1�9�5�7�,� �p�p�.� �6�9�4� �-� �7�0�2�.� 

�J�o�n�e�s�,� �W�.�,� �P�.�,� �a�n�d� �R�a�o�,� �B�.�,� �M�.�,�  ��C�o�m�p�r�e�s�s�i�b�i�l�i�t�y� �E�f�f�e�c�t�s� �o�n� �O�s�c�i�l�l�a�t�i�n�g� 
�R�o�t�o�r� �B�l�a�d�e�s� �i�n� �H�o�v�e�r�i�n�g� �F�l�i�g�h�t�, �� �P�r�e�s�e�n�t�e�d� �a�t� �t�h�e� �A�I�A�A� �S�t�r�u�c�t�u�r�a�l� 
�D�y�n�a�m�i�c�s� �a�n�d� �A�e�r�o�e�l�a�s�t�i�c�i�t�y� �S�p�e�c�i�a�l�i�s�t� �C�o�n�f�e�r�e�n�c�e�,� �N�e�w� �O�r�l�e�a�n�s�,� 
�L�o�u�i�s�i�a�n�a�,� �A�p�r�i�l� �1�6� �-� �1�7�,� �1�9�6�9�.� 

�H�a�m�m�o�n�d�,� �C�.�,� �E�.�,� �a�n�d� �P�i�e�r�c�e�,� �G�.�,� �A�.�,�  ��A� �C�o�m�p�r�e�s�s�i�b�l�e� �U�n�s�t�e�a�d�y� 
�A�e�r�o�d�y�n�a�m�i�c� �T�h�e�o�r�y� �f�o�r� �H�e�l�i�c�o�p�t�e�r� �R�o�t�o�r�s�, �� �P�r�e�s�e�n�t�e�d� �a�t� �t�h�e� �A�G�A�R�D� 
�S�p�e�c�i�a�l�i�s�t ��s� �M�e�e�t�i�n�g� �o�n�  ��T�h�e� �A�e�r�o�d�y�n�a�m�i�c�s� �o�f� �R�o�t�a�r�y� �W�i�n�g�s�, �� �M�a�r�s�e�i�l�l�e�,� 
�F�r�a�n�c�e�,� �S�e�p�t�e�m�b�e�r� �1�3� �-� �1�5�,� �1�9�7�2�.� 

�F�r�i�e�d�m�a�n�n�,� �P�.�,� �P�.�,� �a�n�d� �V�e�n�k�a�t�e�s�a�n�,� �C�.�,�  ��F�i�n�i�t�e� �S�t�a�t�e� �M�o�d�e�l�i�n�g� �o�f� 
�U�n�s�t�e�a�d�y� �A�e�r�o�d�y�n�a�m�i�c�s� �a�n�d� �i�t�s� �A�p�p�l�i�c�a�t�i�o�n� �t�o� �a� �R�o�t�o�r� �D�y�n�a�m�i�c� 
�P�r�o�b�l�e�m�, �� �P�r�e�s�e�n�t�e�d� �a�t� �E�l�e�v�e�n�t�h� �E�u�r�o�p�e�a�n� �R�o�t�o�r�c�r�a�f�t� �F�o�r�u�m�,� �P�a�p�e�r� �N�o�.� 
�7�2�,� �L�o�n�d�o�n�,� �E�n�g�l�a�n�d�,� �S�e�p�t�e�m�b�e�r� �1�0� �-� �1�3�,� �1�9�8�5�.� 

�D�r�e�e�s�,� �J�.�,�.� �M�.�,�  ��A� �T�h�e�o�r�y� �o�f� �A�i�r�f�l�o�w� �T�h�r�o�u�g�h� �R�o�t�o�r� �a�n�d� �i�t�s� �A�p�p�l�i�c�a�t�i�o�n� 
�t�o� �S�o�m�e� �H�e�l�i�c�o�p�t�e�r� �i�n� �F�o�r�w�a�r�d� �F�l�i�g�h�t�, �� �J�o�u�r�n�a�l� �o�f� �t�h�e� �H�e�l�i�c�o�p�t�e�r� �S�o�c�i�e�t�y� 
�o�f� �G�r�e�a�t� �B�r�i�t�a�i�n�,� �V�o�l�.� �3�,� �N�o�.� �2�,� �1�9�4�9�.� 

�H�e�y�s�o�n�,� �H�.�,� �H�.�,� �a�n�d� �K�o�t�z�o�f�f�,� �S�.�,�  ��I�n�d�u�c�e�d� �V�e�l�o�c�i�t�i�e�s� �N�e�a�r� �a� �L�i�f�t�i�n�g� 
�R�o�t�o�r� �w�i�t�h� �N�o�n� �-� �u�n�i�f�o�r�m� �D�i�s�k� �L�o�a�d�i�n�g�, �� �N�A�S�A� �T�R� �1�3�1�9�,� �1�9�5�7�.� 

�W�a�n�g�,� �S�h�i� �-� �C�u�n�,�  �� �G�e�n�e�r�a�l�i�z�e�d� �R�o�t�o�r� �V�o�r�t�e�x� �T�h�e�o�r�y�,� �P�r�o�b�l�e�m�s� �o�f� 
�H�e�l�i�c�o�p�t�e�r� �R�o�t�o�r� �A�e�r�o�d�y�n�a�m�i�c�s�, �� �N�A�S�A� �T�T� �F� �-� �4�9�4�,� �S�e�p�t�e�m�b�e�r� �1�9�6�7�.� 

�M�i�l�l�e�r�,� �R�.�,� �H�.�,�  ��R�o�t�o�r� �B�l�a�d�e� �H�a�r�m�o�n�i�c� �A�i�r� �L�o�a�d�i�n�g�, �� �A�J�A�A� �J�o�u�r�n�a�l�,� 
�V�o�l�.� �2�,� �N�o�.� �7�,� �J�u�l�y� �1�9�6�4�,� �p�p�.� �1�2�5�4� �-� �1�2�6�9�.� 

�S�c�u�l�l�y�,� �M�.�,� �P�.�,�  ��A� �M�e�t�h�o�d� �o�f� �C�o�m�p�u�t�i�n�g� �H�e�l�i�c�o�p�t�e�r� �V�o�r�t�e�x� �W�a�k�e� 
�D�i�s�t�o�r�t�i�o�n�, �� �M�I�T�,� �A�S�R�L� �T�R�1�3�8� �-� �1�,� �J�u�n�e� �1�9�6�7�.� 

�S�a�d�l�e�r�,� �S�.�,� �G�.�,�  ��D�e�v�e�l�o�p�e�m�e�n�t� �a�n�d� �A�p�p�l�i�c�a�t�i�o�n� �o�f� �a� �M�e�t�h�o�d� �f�o�r� 
�P�r�e�d�i�c�t�i�n�g� �R�o�t�o�r� �F�r�e�e� �W�a�k�e� �P�o�s�i�t�i�o�n�s� �a�n�d� �R�e�s�u�l�t�i�n�g� �R�o�t�o�r� �B�l�a�d�e� 
�A�i�r�l�o�a�d�s�, �� �N�A�S�A� �C�R� �-� �1�9�1�1�,� �V�o�l�.� �I� �:� �M�o�d�e�l� �a�n�d� �R�e�s�u�l�t�s�,� �N�A�S�A� �C�R� �-� 
�1�9�1�2� �P�r�o�g�r�a�m� �L�i�s�t�i�n�g�,� �1�9�7�1�.� 

�G�r�a�y�,� �R�.�,� �B�.�,�  �� �O�n� �t�h�e� �M�o�t�i�o�n� �H�e�l�i�c�a�l� �V�o�r�t�e�x� �S�h�e�d� �f�r�o�m� �a� �S�i�n�g�l�e� �-� 
�B�l�a�d�e�d� �H�o�v�e�r�i�n�g� �H�e�l�i�c�o�p�t�e�r� �R�o�t�o�r� �a�n�d� �i�t�s� �A�p�p�l�i�c�a�t�i�o�n� �t�o� �t�h�e� �C�a�l�c�u�l�a�t�i�o�n� 
�o�f� �t�h�e� �S�p�a�n�w�i�s�e� �A�e�r�o�d�y�n�a�m�i�c� �L�o�a�d�i�n�g�,�  ��P�r�i�n�c�e�t�o�n� �U�n�i�v�e�r�s�i�t�y�,� �A�e�r�o�.� 
�E�n�g�i�n�e�e�r�i�n�g� �D�e�p�t�.�,� �R�e�p�o�r�t� �N�o�.� �3�1�3�,� �S�e�p�t�e�m�b�e�r� �1�9�5�5�.� 
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�9�3�.� 

�9�4�.� 

�9�5�.� 

�9�6�.� 

�9�7�.� 

�9�8�.� 

�9�9�.� 

�1�0�0�.� 

�1�0�1�.� 

�1�0�2�.� 

�1�0�3�.� 

�1�0�4�.� 

�R�e�f�e�r�e�n�c�e�s� 

�S�h�u�p�e�,� �N�.�,� �K�.�,�  �� �A� �S�t�u�d�y� �o�f� �t�h�e� �D�y�n�a�m�i�c� �M�o�t�i�o�n�s� �o�f� �H�i�n�g�e�l�e�s�s� �R�o�t�o�r�e�d� 
�H�e�l�i�c�o�p�t�e�r�s�, �� �P�h�.�D�.� �T�h�e�s�i�s�,� �P�r�i�n�c�e�t�o�n� �U�n�i�v�e�r�s�i�t�y�,� �1�9�7�0�.� 

�C�u�r�t�i�s�s�,� �H�.�,� �C�.�,� �J�r�.�,� �a�n�d� �S�h�u�p�e�,� �N�.�,� �K�.�,�  ��A� �S�t�a�b�i�l�i�t�y� �a�n�d� �C�o�n�t�r�o�l� �T�h�e�o�r�y� 
�f�o�r� �H�i�n�g�e�l�e�s�s� �R�o�t�o�r�s�, �� �A�n�n�u�a�l� �N�a�t�i�o�n�a�l� �F�o�r�u�m� �o�f� �t�h�e� �A�m�e�r�i�c�a�n� 
�H�e�l�i�c�o�p�t�e�r� �S�o�c�i�e�t�y�,� �W�a�s�h�i�n�g�t�o�n�,� �D�.�C�.�,� �M�a�y� �1�9�7�1�.� 

�B�o�u�s�m�a�n�,� �W�.�,� �G�.�,�  ��A�n� �E�x�p�e�r�i�m�e�n�t�a�l� �I�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �t�h�e� �E�f�f�e�c�t�s� �o�n� 
�A�e�r�o�m�e�c�h�a�n�i�c�a�l� �S�t�a�b�i�l�i�t�y� �o�f� �a� �H�i�n�g�e�l�e�s�s� �R�o�t�o�r� �H�e�l�i�c�o�p�t�e�r�, �� �J�o�u�r�n�a�l� �o�f� 
�A�m�e�r�i�c�a�n� �H�e�l�i�c�o�p�t�e�r� �S�o�c�i�e�t�y�,� �V�o�l�.� �2�6�,� �N�o�.� �1�,� �J�a�n�u�a�r�y� �1�9�8�1�,� �p�p�.� �4�6� �-� �5�4�.� 

�P�i�t�t�,� �D�.�,� �M�.�,� �a�n�d� �P�e�t�e�r�s�,� �D�.�,� �A�.�,�  �� �T�h�e�o�r�e�t�i�c�a�l� �P�r�e�d�i�c�t�i�o�n� �o�f� �D�y�n�a�m�i�c� 
�I�n�f�l�o�w� �D�e�r�i�v�a�t�i�v�e�s�, �� �V�e�r�t�i�c�a� �V�o�l�.� �5�,� �N�o�.� �1�,� �M�a�r�c�h� �1�9�8�1�,� �p�p�.� �2�1� �-� �3�4�.� 

�P�e�t�e�r�s�,� �D�.�,� �A�.�,� �a�n�d� �N�i�n�h� �H�a�Q�u�a�n�g�,�  ��D�y�n�a�m�i�c� �I�n�f�l�o�w� �f�o�r� �P�r�a�c�t�i�c�a�l� 
�A�p�p�l�i�c�a�t�i�o�n�, �� �J�o�u�r�n�a�l� �o�f� �t�h�e� �A�m�e�r�i�c�a�n� �H�e�l�i�c�o�p�t�e�r� �S�o�c�i�e�t�y�,� �V�o�l�.� �3�3�,� �N�o�.� 
�4�,� �O�c�t�o�b�e�r� �1�9�8�8�.� 

�J�o�n�e�s�,� �R�.�,� �M�.�,� �M�e�c�h�a�n�i�c�s� �o�f� �C�o�m�p�o�s�i�t�e� �M�a�t�e�r�i�a�l�s�,� �M�c�G�r�a�w� �-� �H�i�l�l�,� �1�9�7�5�.� 

�Y�a�t�e�s�,� �E�.�,� �C�.�,� �J�r�.�,�  ��C�a�l�c�u�l�a�t�i�o�n� �o�f� �F�l�u�t�t�e�r� �C�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �f�o�r� �F�i�n�i�t�e� �-� 
�S�p�a�n� �S�w�e�p�t� �o�r� �U�n�s�w�e�p�t� �W�i�n�g�s� �a�t� �S�u�b�s�o�n�i�c� �a�n�d� �S�u�p�e�r�s�o�n�i�c� �S�p�e�e�d�s� �b�y� �a� 
�M�o�d�i�f�i�e�d� �S�t�r�i�p� �A�n�a�l�y�s�i�s�, �� �N�A�C�A� �R�M� �L�5�7�L�1�0�,� �1�9�5�8�.� 

�Y�a�t�e�s�,� �E�.�,� �C�.�,� �J�r�.�,�  ��U�s�e� �o�f� �E�x�p�e�r�i�m�e�n�t�a�l� �S�t�e�a�d�y� �-� �F�l�o�w� �A�e�r�o�d�y�n�a�m�i�c� 
�P�a�r�a�m�e�t�e�r�s� �i�n� �t�h�e� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �F�l�u�t�t�e�r� �C�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �f�o�r� �F�i�n�i�t�e� �S�p�a�n� 
�S�w�e�p�t� �o�r� �U�n�s�w�e�p�t� �W�i�n�g�s� �a�t� �S�u�b�s�o�n�i�c�,� �T�r�a�n�s�o�n�i�c�,� �a�n�d� �S�u�p�e�r�s�o�n�i�c� 
�S�p�e�e�d�s�, �� �N�A�S�A� �T�M� �X� �-� �1�8�3�,� �1�9�6�0�.� 

�Y�a�t�e�s�,� �E�.�,� �C�.�,� �J�r�.�,�  ��S�u�b�s�o�n�i�c� �a�n�d� �S�u�p�e�r�s�o�n�i�c� �F�l�u�t�t�e�r� �A�n�a�l�y�s�i�s� �o�f� �a� �H�i�g�h�l�y� 
�T�a�p�e�r�e�d� �S�w�e�p�t� �W�i�n�g� �P�l�a�n�f�o�r�m� �I�n�c�l�u�d�i�n�g� �E�f�f�e�c�t�s� �o�f� �D�e�n�s�i�t�y� �V�a�r�i�a�t�i�o�n� 
�a�n�d� �F�i�n�i�t�e� �W�i�n�g� �T�h�i�c�k�n�e�s�s� �a�n�d� �C�o�m�p�a�r�i�s�o�n� �w�i�t�h� �E�x�p�e�r�i�m�e�n�t�s�, �� �N�A�S�A� 
�T�N� �D� �-� �4�2�3�0�,� �1�9�6�7�.� �(� �S�u�p�e�r�c�e�d�e�s� �N�A�S�A� �T�M� �X� �-� �7�6�4�,� �1�9�8�3� �)� 

�Y�a�t�e�s�,� �E�.�,� �C�.�,� �J�r�.�,�  ��M�o�d�i�f�i�e�d� �-� �S�t�r�i�p� �A�n�a�l�y�s�i�s� �M�e�t�h�o�d� �f�o�r� �P�r�e�d�i�c�t�i�n�g� �W�i�n�g� 
�F�l�u�t�t�e�r� �a�t� �S�u�b�s�o�n�i�c� �t�o� �H�y�p�e�r�s�o�n�i�c� �S�p�e�e�d�s�, �� �J�o�u�r�n�a�l� �o�f� �A�i�r�c�r�a�f�t�,� �V�o�l�.� �3�,� 
�N�o�.� �1�,� �J�a�n�u�a�r�y� �-� �F�e�b�r�u�a�r�y� �1�9�6�6�,� �p�p�.� �2�5� �-� �2�9�.� 

�Y�a�t�e�s�,� �E�.�,� �C�.�,� �J�r�.�,�  ��F�l�u�t�t�e�r� �P�r�e�d�i�c�t�i�o�n� �a�t� �L�o�w� �M�a�s�s� �-� �D�e�n�s�i�t�y� �R�a�t�i�o�s� �w�i�t�h� 
�A�p�p�l�i�c�a�t�i�o�n� �t�o� �t�h�e� �F�i�n�i�t�e� �-� �S�p�a�n� �N�o�n�c�a�v�i�t�a�t�i�n�g� �H�y�d�r�o�f�o�i�l�, �� �A�I�A�A� �P�a�p�e�r� 
�N�o�.� �6�8� �-� �4�7�2�,� �A�p�r�i�l� �-� �M�a�y�,� �1�9�6�8�.� 

�H�o�a�,� �S�.�,� �V�.�,�  ��V�i�b�r�a�t�i�o�n� �o�f� �a� �R�o�t�a�t�i�n�g� �B�e�a�m� �W�i�t�h� �a� �T�i�p� �M�a�s�s�, �� �J�o�u�r�n�a�l� 
�o�f� �S�o�u�n�d� �a�n�d� �V�i�b�r�a�t�i�o�n�,� �V�o�l�.� �6�7�,� �N�o�.� �3�,� �1�9�7�9�,� �p�p�.� �3�6�9� �-� �3�8�1�.� 
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�1�0�5�.� 

�1�0�6�.� 

�1�0�7�.� 

�1�0�8�.� 

�1�0�9�.� 

�1�1�0�.� 

�1�1�1�.� 

�1�1�2�.� 

�1�1�3�.� 

�1�1�4�.� 

�1�1�5�.� 

�1�1�6�.� 

�R�e�f�e�r�e�n�c�e�s� 

�T�i�m�o�s�h�e�n�k�o�,� �S�.�,� �P�.�,� �G�o�o�d�i�e�r�,� �J�.�,� �N�.�,� �T�h�e�o�r�y� �o�f� �E�l�a�s�t�i�c�i�t�y�,� �3�r�d� �E�d�i�t�i�o�n�,� 
�M�c�G�r�a�w� �-� �H�i�l�l� �B�o�o�k� �C�o�m�p�a�n�y�,� �N�e�w� �Y�o�r�k�,� �1�9�7�0�.� 

�C�h�e�n�,� �A�.�,� �T�.�,� �a�n�d� �Y�a�n�g�,� �T�.�,� �Y�.�,�  ��S�t�a�t�i�c� �a�n�d� �D�y�n�a�m�i�c� �F�o�r�m�u�l�a�t�i�o�n� �o�f� �a� 
�S�y�m�m�e�t�r�i�c�a�l�l�y� �L�a�m�i�n�a�t�e�d� �B�e�a�m� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �f�o�r� �a� �M�i�c�r�o�c�o�m�p�u�t�e�r�, �� 
�J�o�u�r�n�a�l� �o�f� �C�o�m�p�o�s�i�t�e� �M�a�t�e�r�i�a�l�s�,� �V�o�l�.� �1�9�,� �S�e�p�t�e�m�b�e�r�,� �1�9�8�5�.� 

�A�r�c�h�e�r�,� �J�.�,� �S�.�,�  ��C�o�n�s�i�s�t�e�n�t� �M�a�t�r�i�x� �F�o�r�m�u�l�a�t�i�o�n�s� �f�o�r� �S�t�r�u�c�t�u�r�a�l� �A�n�a�l�y�s�i�s� 
�U�s�i�n�g� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �T�e�c�h�n�i�q�u�e�s�, �� �A�J�A�A� �J�o�u�r�n�a�l�,� �V�o�l�.� �3�,� �1�9�6�5�,� �p�p�.� �1�9�1�0� 
�-� �1�9�1�8�.� 

�P�o�p�o�v�,� �E�.�,� �P�.�,�  ��J�n�t�r�o�d�u�c�t�i�o�n� �t�o� �M�e�c�h�a�n�i�c�s� �o�f� �S�o�l�i�d�s�, �� �P�r�e�n�t�i�c�e�-�H�a�l�l�,� �I�n�c�.� 
�E�n�g�l�e�w�o�o�d� �C�l�i�f�f�s�,� �N�.�J�.�,� �1�9�6�8�,� �p�p�.� �4�8�2� �-� �4�8�7�.� 

�C�r�a�w�l�e�y�,� �E�.�,� �F�.�,�  ��T�h�e� �N�a�t�u�r�a�l� �M�o�d�e�s� �o�f� �G�r�a�p�h�i�t�e�/�E�p�o�x�y� �C�a�n�t�i�l�e�v�e�r� 
�P�l�a�t�e�s� �a�n�d� �S�h�e�l�l�s�, �� �J�o�u�r�n�a�l� �o�f� �C�o�m�p�o�s�i�t�e� �M�a�t�e�r�i�a�l�s�,� �V�o�l�.� �1�3�,� �J�u�l�y� �1�9�7�9�,� 
�p�p�.� �1�9�5� �-� �2�0�5�.� 

�A�b�a�r�c�a�r�,� �R�.�,� �B�.�,� �a�n�d� �C�u�n�n�i�f�f�,� �P�.�,� �F�.�,�  ��T�h�e� �V�i�b�r�a�t�i�o�n� �o�f� �C�a�n�t�i�l�e�v�e�r� �B�e�a�m�s� 
�o�f� �F�i�b�e�r� �R�e�i�n�f�o�r�c�e�d� �M�a�t�e�r�i�a�l�, �� �J�o�u�r�n�a�l� �o�f� �C�o�m�p�o�s�i�t�e� �M�a�t�e�r�i�a�l�,� �V�o�l�.� �6�,� 
�1�9�7�2�,� �p�p�.� �5�0�4� �-� �5�1�7�.� 

�T�h�o�r�n�t�o�n�,� �E�.�,� �A�.�,�  �� �F�r�e�e� �V�i�b�r�a�t�i�o�n�s� �o�f� �U�n�s�y�m�m�e�t�r�i�c�a�l�l�y� �C�a�n�t�i�l�e�v�e�r�e�d� 
�C�o�m�p�o�s�i�t�e� �P�a�n�e�l�s�, �� �S�h�o�c�k� �a�n�d� �V�i�b�r�a�t�i�o�n� �B�u�l�l�e�t�i�n�,� �P�a�r�t� �2�,� �1�9�7�6�,� �p�p�.� �7�9� �-� 
�8�4�.� 

�H�o�l�l�o�w�e�l�l�,� �S�.�,� �J�.�,� �a�n�d� �D�u�g�u�n�d�j�i�,� �J�.�,�  ��A�e�r�o�e�l�a�s�t�i�c� �F�l�u�t�t�e�r� �a�n�d� �D�i�v�e�r�g�e�n�c�e� 
�o�f� �S�t�i�f�f�n�e�s�s� �C�o�u�p�l�e�d�,� �G�r�a�p�h�i�t�e�/�E�p�o�x�y�,� �C�a�n�t�i�l�e�v�e�r�e�d� �P�l�a�t�e�s�, �� �A�I�A�A� �P�a�p�e�r� 
�8�2� �-� �0�7�2�2�,� �M�a�y� �1�9�8�2�.� 

�B�e�r�g�e�n�,� �F�.�,� �D�.�,�  ��S�h�a�p�e� �S�e�n�s�i�t�i�v�i�t�y� �A�n�a�l�y�s�i�s� �o�f� �W�i�n�g� �D�y�n�a�m�i�c� �A�e�r�o�e�l�a�s�t�i�c� 
�R�e�s�p�o�n�s�e�, �� �M�.� �S�.� �T�h�e�s�i�s�,� �V�i�r�g�i�n�i�a� �P�o�l�y�t�e�c�h�n�i�c� �I�n�s�t�i�t�u�t�e� �a�n�d� �S�t�a�t�e� 
�U�n�i�v�e�r�s�i�t�y�,� �J�u�l�y�,� �1�9�8�8�.� 

�K�u�m�a�r�,� �R�.�,�  ��V�i�b�r�a�t�i�o�n�s� �o�f� �S�p�a�c�e� �B�o�o�m�s� �U�n�d�e�r� �C�e�n�t�r�i�f�u�g�a�l� �F�o�r�c�e� 
�F�i�e�l�d�, �� �T�r�a�n�s�a�c�t�i�o�n�s� �o�f� �t�h�e� �C�.�A�.�S�.�1�.�,� �N�o�.� �7�,� �1�9�7�4�,� �p�p�.� �1� �-� �5�.� 

�W�a�n�g�,� �J�.�,� �T�.�,� �H�.�,� �M�a�h�r�e�n�h�o�l�t�z�,� �O�.�,� �a�n�d� �B�o�h�m�,� �J�.�,�  ��E�x�t�e�n�d�e�d� �G�a�l�e�r�k�i�n ��s� 
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�i�S�,� 
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�w�h�e�r�e� �A� �i�s� �t�h�e� �a�r�e�a� �d�i�s�t�r�i�b�u�t�i�o�n� �a�l�o�n�g� �t�h�e� �s�p�a�n�,� �w�h�i�c�h� �f�o�r� �o�u�r� �d�i�s�c�u�s�s�i�o�n� �i�s� 

�a�s�s�u�m�e�d� �t�o� �b�e� �l�i�n�e�a�r�.� �N�o�t�e� �t�h�a�t� �f�u�n�c�t�i�o�n� �A� �c�o�u�l�d� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �c�o�o�r�d�i�n�a�t�e�s� 

�o�f� �t�h�e� �s�e�c�t�i�o�n� �n�o�d�e�s� �w�h�i�c�h� �a�r�e� �i�n�p�u�t� �t�o� �A�E�2�4�.� 

�E�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �c�e�n�t�r�i�f�u�g�a�l� �f�o�r�c�e� �i�s� �o�b�t�a�i�n�e�d� �a�s�,� 
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�w�h�e�r�e� �A�(�x�)� �=� �A� �+� �b�x�,� �=� �a� �R� �=� �4�.� 
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�1�  ��  �� 
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�S�u�b�s�t�i�t�u�t�i�n�g� �i�n� �[� �1�.�1�8� �]� �y�i�e�l�d�s� �i�n�c�r�e�m�e�n�t�a�l� �m�a�t�r�i�x� �a�s� �a� �s�u�m� �o�f� �t�h�r�e�e� �m�a�t�r�i�c�e�s� �s�i�n�c�e� 

�t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �f�o�r�c�e� �i�s� �q�u�a�d�r�a�t�i�c�.� �T�h�e� �t�h�r�e�e� �m�a�t�r�i�c�e�s� �a�r�e� �t�h�e� �s�a�m�e� �f�o�r� �e�a�c�h� 

�o�f� �t�h�e� �t�e�r�m�s�,� �t�h�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �a�l�l� �t�h�e� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m�s� �b�e�i�n�g� �s�i�m�i�l�a�r�.� 

�A�p�p�e�n�d�i�x� �A�.� �T�h�e� �I�n�c�r�e�m�e�n�t�a�l� �S�t�i�f�f�n�e�s�s� �M�a�t�r�i�x� �9�9



� � � � 

� � � � 

�e�e� �e�e� 
�*� �i�o�"� �i� �|� 
�1�,� �1�p� �-�1�)�;�- ��P� 

�_� �1�0� �3�0� �1�0� �6�0� 

�[�K�G�l�]�=�}� �3�  ��1� �3� �4� 
�5� �h�a� �5� 

�0� �-�z�y�F� �0� �s�o�!� 

�m�w� �3�,� �_�1�2� �1�,� 
�°� �%� �9� �3�5� 

�1�,� �2�p� �S�y� �-�a�P� 
 ��_� �1�4� �1�0�5� �1�4� �7�0� 

�C�K�G�2�]�=� �|� �2� �o�t�,� �4�2� 
�3�9� �1�4� �3�5� �3� 

�~�-�t�i� �-�4�P� �a�g�!� �a�5�?� 

�P�F� �6� �a�,� �L�B� 
�,� �2� �|� �|� �1�,� �2�p� �-�1�,� �-�+�e� 

�_� �1�0� �1�5� �1�0� �3�0� 

�(�K�G�3�J�=� �|� �6� �(�1�,� �6�.� �L�y� 
�r�>� � �-� �>� 

�q�o�!� �~�w�?� �m�0�!� �i�s�h� � � � � 
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�A�p�p�e�n�d�i�x� �B�.� �T�h�e� �D�a�t�a� �F�i�l�e� 

�A� �s�a�m�p�l�e� �d�a�t�a� �f�i�l�e� �i�s� �p�r�e�s�e�n�t�e�d� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�i�s� �a�p�p�e�n�d�i�x�.� �T�h�e� �f�i�l�e� �i�s� �o�r�g�a�n�i�z�e�d� 

�a�s� �f�o�l�l�o�w�s�:� 

�e� �D�a�t�a� �D�e�c�k� �I� 

�T�h�i�s� �d�e�c�k� �c�o�n�t�a�i�n�s� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �b�l�a�d�e� �a�n�d� �h�u�b� �d�i�m�e�n�s�i�o�n�s� �a�n�d� �a�b�o�u�t� 

�t�h�e� �r�o�t�a�t�i�o�n�a�l� �s�p�e�e�d� �o�f� �t�h�e� �b�l�a�d�e�.� �F�i�r�s�t� �e�n�t�r�y� �i�s� �t�h�e� �a�n�g�u�l�a�r� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� 

�b�l�a�d�e� �i�n� �r�a�d�/�s�e�c�.�,� �r�a�d�i�u�s� �o�f� �t�h�e� �h�u�b�,� �a�r�e�a� �o�f� �t�h�e� �c�r�o�s�s� �-� �s�e�c�t�i�o�n� �o�f� �t�h�e� �b�l�a�d�e� 

�a�t� �t�h�e� �r�o�o�t� �a�n�d� �t�i�p�.� �L�i�n�e�a�r� �i�n�t�e�r�p�o�l�a�t�i�o�n� �i�s� �d�o�n�e� �f�o�r� �t�h�e� �v�a�l�u�e�s� �i�n� �b�e�t�w�e�e�n�.� 

�N�e�x�t� �e�n�t�r�y� �i�s� �t�h�e� �b�l�a�d�e� �m�a�t�e�r�i�a�l� �d�e�n�s�i�t�y� �a�n�d� �l�a�s�t�l�y� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �b�l�a�d�e�.� 

�e� �D�a�t�a� �D�e�c�k� �2� 

�t�h�i�s� �d�e�c�k� �c�o�n�t�a�i�n�s� �t�h�e� �n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s�,� �t�h�e� �n�u�m�b�e�r� �o�f� �l�o�w�e�s�t� �v�i�b�r�a�t�i�o�n� 

�m�o�d�e�s� �t�o� �b�e� �p�r�i�n�t�e�d� �f�o�r� �b�o�t�h� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �t�h�e� �f�l�u�t�t�e�r� �a�n�a�l�y�s�i�s�,� 

�a�n�d� �t�h�e� �v�a�l�u�e� �o�f� �N�F�L�A�G�I� �a�n�d� �N�F�L�A�G�2�.� �I�f� �N�F�L�A�G�I� �=� �1�,� �t�h�e� �a�n�a�l�y�s�i�s� �i�s� 

�l�i�n�e�a�r� �a�n�d� �n�o�n� �-� �l�i�n�e�a�r� �w�h�e�n� �e�q�u�a�l�s� �2�.� �I�f� �N�F�L�A�G�2�=� �2� �t�h�e�n� �t�h�e� �p�r�o�g�r�a�m� �s�e�t�s� 

�A�p�p�e�n�d�i�x� �B�.� �T�h�e� �D�a�t�a� �F�i�l�e� �1�0�1



�t�h�e� �s�p�a�n�w�i�s�e� �r�e�f�e�r�e�n�c�e� �a�x�i�s� �a�t� �t�h�e� �m�i�d�c�h�o�r�d� �a�n�d� �c�o�m�p�u�t�e�s� �t�h�e� �o�f�f�s�e�t� �b�e�t�w�e�e�n� 

�t�h�i�s� �a�x�i�s� �a�n�d� �t�h�e� �c�e�n�t�e�r� �o�f� �g�r�a�v�i�t�y� �p�o�s�i�t�i�o�n�.� �I�f� �N�F�L�A�G�2� �=� �1�,� �t�h�e� �o�f�f�s�e�t�s� �a�r�e� 

�s�u�p�p�l�i�e�d� �b�y� �t�h�e� �u�s�e�r� �(�s�e�e� �d�a�t�a� �d�e�c�k� �7�)�.� 

�D�a�t�a� �D�e�c�k� �3� 

�T�h�i�s� �d�a�t�a� �d�e�c�k� �c�o�n�t�a�i�n�s� �t�h�e� �g�e�o�m�e�t�r�i�c� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �a�l�l� �t�h�e� �d�e�g�r�e�e�s� 

�o�f� �f�r�e�e�d�o�m�.� �T�h�e�r�e� �i�s� �a� �l�i�n�e� �f�o�r� �e�a�c�h� �s�e�c�t�i�o�n� �(�n�u�m�b�e�r� �o�f� �s�e�c�t�i�o�n�s� �=� �n�u�m�b�e�r� 

�o�f� �e�l�e�m�e�n�t�s� �+� �1�)�,� �a�n�d� �a� �0� �o�r� �1� �f�o�r� �e�a�c�h� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m� �o�f� �t�h�e� �s�e�c�t�i�o�n�.� �A� 

�0� �i�n�d�i�c�a�t�e�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �d�i�s�p�l�a�c�e�m�e�n�t� �i�s� �c�o�n�s�t�r�a�i�n�e�d� �t�o� �z�e�r�o�,� �a� �1� 

�i�n�d�i�c�a�t�e�s� �n�o� �g�e�o�m�e�t�r�i�c� �c�o�n�s�t�r�a�i�n�t�.� 

�D�a�t�a� �D�e�c�k� �4� 

�T�h�i�s� �d�a�t�a� �d�e�c�k� �c�o�n�t�a�i�n�s� �t�h�e� �s�a�m�p�l�i�n�g� �p�o�i�n�t� �a�b�c�i�s�s�a�s� �a�n�d� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� 

�t�h�e� �G�a�u�s�s�i�a�n� �q�u�a�d�r�a�t�u�r�e�,� �a�n�d� �s�h�o�u�l�d� �n�o�t� �b�e� �m�o�d�i�f�i�e�d�.� 

�D�a�t�a� �D�e�c�k� �5� 

�T�h�i�s� �d�a�t�a� �d�e�c�k� �c�o�n�t�a�i�n�s� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �s�h�e�a�r� �c�o�e�f�f�i�c�i�e�n�t� �a�n�d� �t�h�e� �w�a�r�p�i�n�g� 

�s�t�i�f�f�n�e�s�s� �c�o�r�r�e�c�t�i�o�n� �f�a�c�t�o�r� �(�f�o�r� �d�e�f�i�n�i�t�i�o�n� �r�e�f�e�r� �[�1�4�]� �)� 

�D�a�t�a� �D�e�c�k� �6� 

�T�h�i�s� �d�a�t�a� �d�e�c�k� �c�o�n�t�a�i�n�s� �t�h�e� �a�i�r� �d�e�n�s�i�t�y�,� �a�n�d� �d�e�f�a�u�l�t� �v�a�l�u�e�s� �f�o�r� �t�h�e� �i�n�i�t�i�a�l� 

�r�e�d�u�c�e�d� �f�r�e�q�u�e�n�c�y�,� �s�t�e�p� �s�i�z�e� �a�n�d� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �u�s�e�d� �i�n� �t�h�e� �f�l�u�t�t�e�r� 

�s�e�a�r�c�h� �(�s�e�e� �A�p�p�e�n�d�i�x� �C�)�.� 

�D�a�t�a� �D�e�c�k� �7� 

�A�p�p�e�n�d�i�x� �B�.� �T�h�e� �D�a�t�a� �F�i�l�e� �1�0�2



�T�h�i�s� �d�a�t�a� �d�e�c�k� �c�o�n�t�a�i�n�s� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�f�i�n�e� �t�h�e� �e�l�e�m�e�n�t�s�.� 

�T�h�i�s� �i�n�c�l�u�d�e�s� �f�o�r� �e�a�c�h� �e�l�e�m�e�n�t� �:� 

�O�n� �t�h�e� �f�i�r�s�t� �l�i�n�e� �:� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �s�k�i�n� �p�l�i�e�s� �(�t�o�p� �+� �b�o�t�t�o�m�)�,� �t�h�e� �n�u�m�b�e�r� 

�o�f� �t�o�p� �p�l�i�e�s�,� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �o�f� �t�h�e� �w�e�b�s�,� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �e�l�e�m�e�n�t�s� �a�n�d� �t�h�e� 

�m�a�t�e�r�i�a�l� �d�e�n�s�i�t�y�.� 

�O�n� �t�h�e� �s�e�c�o�n�d� �l�i�n�e�:� 

�«� �T�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �(�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� �s�e�m�i�c�h�o�r�d�)� �o�f�f�s�e�t� 

�b�e�t�w�e�e�n� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� �c�e�n�t�e�r� �a�n�d� �t�h�e� �m�i�d�c�h�o�r�d�,� �p�o�s�i�t�i�v�e� �t�o�w�a�r�d�s� �t�h�e� 

�t�r�a�i�l�i�n�g� �e�d�g�e�,� 

�«� �T�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �(�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� �s�e�m�i�c�h�o�r�d�)� �o�f�f�s�e�t� 

�b�e�t�w�e�e�n� �t�h�e� �r�e�f�e�r�e�n�c�e� �l�i�n�e� �a�n�d� �t�h�e� �m�i�d�c�h�o�r�d�,� �p�o�s�i�t�i�v�e� �t�o�w�a�r�d�s� �t�h�e� �t�r�a�i�l�i�n�g� 

�e�d�g�e�.� �I�f� �N�F�L�A�G�2� �=� �2�,� �A�E� �i�s� �s�e�t� �t�o� �z�e�r�o�.� 

�«� �T�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �(�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �s�e�m�i�c�h�o�r�d�)� �o�f�f�s�e�t� 

�b�e�t�w�e�e�n� �t�h�e� �c�e�n�t�e�r� �o�f� �g�r�a�v�i�t�y� �a�n�d� �t�h�e� �m�i�d�c�h�o�r�d�,� �p�o�s�i�t�i�v�e� �t�o�w�a�r�d�s� �t�h�e� 

�t�r�a�i�l�i�n�g� �e�d�g�e�.� �I�f� �N�F�L�A�G�2� �=� �2�,� �t�h�e� �i�n�p�u�t� �v�a�l�u�e� �i�s� �i�g�n�o�r�e�d� �a�n�d� �c�g� �i�s� 

�c�o�m�p�u�t�e�d� �i�n�t�e�r�n�a�l�l�y�.� 
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�D�I�M�E�N�S�I�O�N� �E�I�G�(� �1�0�0�)�,� �I�T�E�M�(� �1�0�0�)� 
�X�M�I�N� �=� �0�.�0� 
�D�O� �6�2� �I� �=� �1�,�N�O�R�D� 
�X�M�A�X� �=� �1�.�0�£�+�6�0� 
�D�O� �6�3� �J� �=� �1�,�N�O�R�D� 
�T�E�I�G� �=� �E�I�G�(�J�)� 
�I�F�(�T�E�I�G�.�L�E�.�X�M�I�N�I�J�G�O�T�O� �6�3� 
�I�F�(�T�E�I�G�.�G�T�.�X�M�A�X�)�G�O�T�O� �6�3� 
�I�T�E�M�(�I� �}�=�J� 
�X�M�A�X� �=� �T�E�I�G� 

�6�3� �C�O�N�T�I�N�U�E� 
�X�M�I�N� �=� �X�M�A�X� �~� 
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�R�E�T�U�R�N� 
�E�N�D� 

�S�U�B�R�O�U�T�I�N�E� �A�E�R�O�(�K�,�M�,�N�E�L� �»�N�O�R�D� �,�G�D�O�F� �,�R�A�I�R�,�R�F�R�»�S�T�E�P�,�I�T�>�L� 
�$�,�B�E� �,�A�E� �»�>�C�G�,�S�W�,�N�M�O�D�>�A�C� �C�L�A�)� 

�I�M�P�L�I�C�I�T� �D�O�U�B�L�E� �P�R�E�C�I�S�I�O�N� �(�A�-�H�,�0�-�2�)� 
�R�E�A�L�S� �£�L�(�1�0�}�,�K�(�1�0�0�,�1�0�0�)�,�M�(�1�0�0�,�1�0�0�)�,�T�1�X�(�2�4�,�2�4�)�,� 

�1� �A�E�(�1�0�)�,�B�E�(�1�0� �)�,�R�F�R�,�»�R�W�(� �2�0�0� �)�,�S�W�(�1�0�)�,�S�T�E�P�,�R�A�I�R�,� 
�2� �C�G�(�1�0�)�,�P�I�,�R�A�(� �1�0�0�,�1�0�0�)� �,�B�E�T�A�(� �1�0�0�)�,� 
�3� �F�R�E�Q�(� �1�0�0� �)� �,�D�A�M�P�(� �1�0�0� �)�,�A�C�(�1�0�)�,�C�L�A�(�1�0�)�,�R�E�F�R�(�1�0�0�)� 
�C�O�M�P�L�E�X�*�1�6� �A�(�1�0�0�,�1�0�0�)�,�F�(� �1�0�0�,�1�0�0� �)�,�B�(� �1�0�0�,�1�0�0� �)�,�C�K�(�1�0�0�,�1�0�0�)�,�W�i�1�0�0�)�;�,� 

�1� �A�L�F�A�(�1�0�0�)�,�E�I�G�B�(�1�0�0�)� 
�I�N�T�E�G�E�R� �N�E�L� �,�N�O�R�D�,�G�D�O�F�(�1�0�,�1�2�)�,�I�T�E�M�(� �1�0�0�)� 
�P�I�=�4�.�x�*�A�T�A�N�(�1�.� �}� 
�I�F� �(�A�B�S�(�B�E�(�N�E�L�+�4�1� �)�-�B�E�(� �N�E�L� �)�)�.�L�T�.�(�B�E�(�N�E�L� �)�/�1�0�0�0�)�)� �B�E�C�N�E�L�+�1� �)�=�B�E�(�N�E�L� �)� 
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�B�D�O� �7�1�1� �J�=�1�,�N�O�R�D� 
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�7�1�1�)� �C�K�(�I�,�J�I�J�=�K�(�I�,�J�)� 
�C�A�L�L� �D�G�V�L�R�G�(� �N�O�R�D� �,�K�,�1�0�0�,�R�A�,�1�0�0�,�A�L�F�A�,�B�E�T�A�)� 
�S�U�P�=�R�E�A�L�(�B�E�T�A�(�1�)�/�A�L�F�A�(�1�)�)� 
�D�O� �4�1� �I�=�2�,�N�O�R�D� 

�E�V�=�B�E�T�A�(�I� �)�/�A�L�F�A�(�T� �)� 
�S�P�=�R�E�A�L�(�B�E�T�A�t�T�I� �)�/�A�L�F�A�(�T� �)�)� 

�I�F�(�S�P�.�G�T�.�S�U�P�)� �S�U�P�=�S�P� 
�I�F�(�S�U�P�.�L�E�.�0�.�)� �T�H�E�N� 

�W�R�I�T�E�(� �7�,�8�1�)� 
�E�L�S�E� 

�W�R�I�T�E�(� �7�,�5�1�)� �1�/�S�Q�R�T�(�S�U�P� �)� 
�E�N�D� �I�F� 

�C�5�1� �F�O�R�M�A�T�(�/�;�'� �D�I�V�E�R�G�E�N�C�E� �S�P�E�E�D�:�  ��,�F�1�0�.�2�)� 
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�C�c� �s�;�H�B�B�H�R�B�H�e�E�H�e�e�H�E� �D�I�V�E�R�G�E�N�C�E� �F�R�O�M� �T�H�E� �V�-�G� �M�E�T�H�O�D� � �s�e�s�e�2�e�2�e�2�2�G�2�6�2�0�0�0�0�6� 

�R�F�R�=�0�.�0�0�0�0�0�1� 
�C�A�L�L� �C�A�S�S�E�M�(�R�A�I�R�,�A�,�N�E�L� �»�N�O�R�D�,�3�>�L�,�A�E� �»�>�B�E� �»�R�F�R�»�S�W�,�I�D�I�V�,�G�D�O�F� �,�A�C� �,�C�L�A�)� 
�D�O� �8�7� �I�=�1�,�N�O�R�D� 

�D�O� �8�7� �J�=�1�,�N�O�R�D� 
�8�7� �B�(�I�,�J�)�=�M�(�I� �J� �)�t�A�(�I� �J�)� 

�C�A�L�L� �D�G�V�L�C�G�(�N�O�R�D�,�C�K�,�1�0�0�,�B�,�1�0�0�,�A�L�F�A�,�E�I�G�B�)� 
�D�O� �1�0�3� �I�=�1�,�N�O�R�D� 

�R�Z�=�R�E�A�L�(� �E�I�G�B�(�I� �)�/�A�L�F�A�I�T�I�)�)� 
�C�Z�=�R�E�A�L�(�(�0�.� �5�-�1�.� �X�E�I�G�B�(�I� �)�/�A�L�F�A�C�I�)�)� 
�I�F� �(�R�Z�.�L�E�.�0�O�.�)�}� �T�H�E�N� 

�F�R�E�Q�(�T�I� �)�=�-�5�5�.� 
�D�A�M�P�(�T�I� �)�=�-�5�5�.� 
�G�O�T�O� �1�0�3� 

�E�L�S�E� 
�F�R�E�Q�(�I� �J�=�1�/�S�Q�R�T�(� �R�Z�)� 
�D�A�M�P� �(�T�I� �)�=�C�Z�/�R�Z� 

�E�N�D� �I�F� 
�1�0�3� �C�O�N�T�I�N�U�E� 

�C�C� �R�E�A�R�R�A�N�G�E� �F�R�E�Q�U�E�N�C�I�E�S� �I�N� �I�N�C�R�E�A�S�I�N�G� �O�R�D�E�R� �O�F� �M�A�G�N�I�T�U�D�E� 
�C�A�L�L� �S�O�R�T�(�N�O�R�D�,�F�R�E�Q�,�I�T�E�M�)� 
�I� �=� �I�T�E�M�(�1�)� 
�F�R�E�Q�S� �=� �F�R�E�Q�(�I�)� 
�D�A�M�P�S� �=� �D�A�M�P�(�T�)� 
�S�P�E�E�D�=�F�R�E�Q�S�*�B�E�(�1�)�/�R�F�R� 

�W�R�I�T�E�(� �7�,�1�5�1�)� �S�P�E�E�D� 
�1�5�1� �F�O�R�M�A�T�(�/�,�'� �D�I�V�E�R�G�E�N�C�E� �S�P�E�E�D� �(�V�-�G�)�:� �'�,�F�1�0�.�2�)�/�)� 

�W�R�I�T�E�(� �7�5�%�)� 
�I�F�L�=�0� 

�1�1�1� �W�R�I�T�E�(�7�,�*�)� 
�W�R�I�T�E�(�7�,�%�}�?�'�°�D�O� �Y�O�U� �W�A�N�T� �A�N� �A�U�T�O�M�A�T�I�C� �S�E�A�R�C�H� �(�0�/�1�,� �2� �T�O� �Q�U�I�T�) �� 
�R�E�A�D�(�7�,�%�)� �I�S�E�R� 
�I�F� �(�I�S�E�R�.�E�Q�.�2�)� �R�E�T�U�R�N� 
�I�F� �(�I�S�E�R�.�E�Q�.�1�)� �T�H�E�N� 

�I�F� �(�I�F�L�.�E�Q�.�1�)� �T�H�E�N� 
�W�R�I�T�E�(�7�,�%�)�°� �S�A�M�E� �M�O�D�E� �(�0�/�1�)�'� 
�R�E�A�D� �(�7�,�%�)� �I�S�M�M� 
�I�F� �(�I�S�M�M�.�E�Q�.�1�)� �T�H�E�N� 

�R�F�R�=�R�F�R�+�S�T�E�P� 
�S�T�E�P�=�S�T�E�P�/�1�0�.� 
�I�T�=�1�1� 
�I�F�L�=�0� 
�G�O�T�O� �1�1�3� 

�E�L�S�E� 
�I�F�L�=�0� 
�G�O�T�O� �1�1�4� 

�E�N�D� �I�F� 
�E�N�D� �I�F� 

�1�1�4� �W�R�I�T�E�(�7�,�%�)�'� �E�N�T�E�R� �I�N�I�T�I�A�L� �R�E�D�U�C�E�D� �F�R�E�Q�U�E�N�C�Y�,� �S�T�E�P� �S�I�Z�E�,� �N�U�M�B�E�R�'� 
�W�R�I�T�E�(�7�,�%�}�'� �O�F� �I�T�E�R�A�T�I�O�N�S� �A�N�D� �M�O�D�E� �N�U�M�B�E�R�'� 
�R�E�A�D� �(�7�,�%�*�)� �R�F�R�,� �S�T�E�P�,� �I�T�,�N�M�S�C� 

�E�L�S�E� 
�I�F�L�=�0� 

�W�R�I�T�E�(�7�,�%�)�"� �E�N�T�E�R� �I�N�I�T�I�A�L� �R�E�D�U�C�E�D� �F�R�E�Q�U�E�N�C�Y�,� �S�T�E�P� �S�I�Z�E� �A�N�D� �N�U�M�B�E�R�'� 
�W�R�I�T�E�(�7�,�%�)�°� �O�F� �I�T�E�R�A�T�I�O�N�S�'� 

�R�E�A�D� �(�7�,�;�%�)� �R�F�R�,� �S�T�E�P�,� �I�T� 
�E�N�D� �I�F� 

�1�1�3�.� �D�O� �6�0� �K�I�=�1�,�I�T� 
�I�F� �(�I�S�E�R�.�N�E�.�1�)� �W�R�I�T�E�(� �7�,�5�0�)� �R�F�R� 
�C�A�L�L� �C�A�S�S�E�M�(�R�A�I�R�;�A�,�N�E�L�>�,�N�O�R�D�,�3�,�L�,�A�E�,�B�E�,�R�F�R�»�S�H�,�I�D�I�V�,�G�D�O�F� �,�A�C�,�C�L�A�)� 
�D�O� �8�0� �I�=�1�;�N�O�R�D� 

�D�O� �8�0� �J�=�1�,�N�O�R�D� 
�8�0� �B�U�I�,� �J�I�=�M�(�I�,�J�I�4�A�0�I�,�J�)� 

�C�A�L�L� �D�G�V�L�C�G�(� �N�O�R�D� �,�C�K�,�1�0�0�,�B�,�1�0�0�,�A�L�F�A�,�E�I�G�B�)� 
�D�O� �1�0�0� �I�=�1�,�N�O�R�D� 

�R�Z�=�R�E�A�L�(� �E�I�G�B�(�I� �)�/�A�L�F�A�C�T� �}�)� 
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�C�Z�=�R�E�A�L�(� �(�0�.� �»�-�1�.� �X�E�I�G�B�(�I� �D�/�A�L�F�A�C�T� �)�)� 
�I�F� �(�R�Z�.�L�E�.�O�.�)� �T�H�E�N� 

�F�R�E�Q�(�T� �)�=�-�5�5�.� 
�D�A�M�P�(�T� �)�=�-�5�5�.� 
�G�O�T�O� �1�0�0� 

�E�L�S�E� 
�F�R�E�Q�(� �T�I� �}�)�=�1�/�S�Q�R�T�(�R�Z�)� 
�D�A�M�P�(�T� �}�=�C�Z�/�R�Z� 

�E�N�D� �I�F� 
�1�0�0� �C�O�N�T�I�N�U�E� 

�C�C� �R�E�A�R�R�A�N�G�E� �F�R�E�Q�U�E�N�C�I�E�S� �I�N� �I�N�C�R�E�A�S�I�N�G� �O�R�D�E�R� �O�F� �M�A�G�N�I�T�U�D�E� 
�C�A�L�L� �S�O�R�T�(�N�O�R�D�,�F�R�E�Q�,�I�T�E�M�)� 

�I�F� �(�I�S�E�R�.�E�Q�.�1�)� �T�H�E�N� 
�I�=�I�T�E�M�(�N�M�S�C� �)� 
�I�F� �(�D�A�M�P�(�I�)�.�G�T�.�0�.�0�)� �T�H�E�N� 

�I�F�L�=�1� 
�F�R�E�Q�S� �=� �F�R�E�Q�(�T�)� 
�D�A�M�P�S� �=� �D�A�M�P�(�T�)� 
�S�P�E�E�D�=�F�R�E�Q�S�*�B�E�(�1�)�/�R�F�R� 
�W�R�I�T�E�(� �7�,�5�0�)� �R�F�R� 
�W�R�I�T�E�(� �7�,�1�1�0�)� �N�M�S�C�,�S�P�E�E�D�,�D�A�M�P�S�,�F�R�E�Q�S� 
�G�O�T�O� �1�1�1� 

�E�L�S�E� 
�G�O�T�O� �6�0� 

�E�N�D� �I�F� 
�E�L�S�E� 

�D�O� �6�4� �L�1� �=� �1�,�N�M�O�D� 
�I� �=� �I�T�E�M�(�L�1�)� 
�F�R�E�Q�S� �=� �F�R�E�Q�(�U�T�}� 
�D�A�M�P�S� �=� �D�A�M�P�(�T�)� 
�S�P�E�E�D�=�F�R�E�Q�S�*�B�E�(�1�)�/�R�F�R� 

�6�4� �W�R�I�T�E�(� �7�,�1�1�0�)� �L�1�,�S�P�E�E�D�,�D�A�M�P�S�,�F�R�E�Q�S� 
�W�R�I�T�E�(� �7� �>�)� 

�E�N�D� �I�F� 
�6�0� �R�F�R�=�R�F�R�-�S�T�E�P� 

�I�F� �(�C�I�S�E�R�.�E�Q�.�1�)�.�A�N�D�.�(�C�I�F�L�.�E�Q�.�0�)�}� �T�H�E�N� 
�R�F�R�=�R�F�R�+�S�T�E�P� 
�I� �=� �I�T�E�M�(�N�M�S�C�)� 
�F�R�E�Q�S� �=� �F�R�E�Q�(�T�)� 
�D�A�M�P�S� �=� �D�A�M�P�(�T�)� 
�S�P�E�E�D�=�F�R�E�Q�S�*�B�E�(�1�)�/�R�F�R� 
�W�R�I�T�E�(�7�,�5�0�)� �R�F�R� 
�W�R�I�T�E�(� �7�,�1�1�0�)� �N�M�S�C�,�S�P�E�E�D�,�D�A�M�P�S�,�»�F�R�E�Q�S� 

�E�N�D� �I�F� 
�G�O�T�O� �1�1�1� 

�2�0� �=� �F�O�R�M�A�T�(�/�,� �'�N�O�D�E� �V�v� �D�V�/�D�X� �T�W�I�S�T �� �5�/�)�}� 
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