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1. Introduction. In this paper we consider the nonlinear equations
(1.1) F(z) =y,

arising from nonlinear inverse problems, where F' : D(F) C X + Y is a nonlinear
Fréchet differentiable operator between two Hilbert spaces X and Y whose norms and
inner products are denoted as || - || and (-, ), respectively. We use F'(z) to denote
the Fréchet derivative of F' at x € D(F), and F'(z)* to denote the adjoint of F'(x).
We assume that (1.1) has a solution x' in the domain D(F) of F, i.e., F(z') =y. A
characteristic property of such problems is their ill-posedness in the sense that their
solutions do not depend continuously on the data. Since the right-hand side y is
usually obtained by measurement, the only available data is a noise y° satisfying

(1.2) ly® —yll <6

with a given small noise level § > 0. Due to the ill-posedness, it is challenging to
produce from y? a stable approximate solution to 2, and the regularization techniques
must be taken into account.

Many regularization methods have been considered for solving (1.1) in the last
two decades. Due to the straightforward implementation, iterative methods are at-
tractive for solving nonlinear inverse problems. In this paper we will consider a class
of Newton-type methods. To motivate the methods, we let 22 be a current iterate.
We may approximate F(z) by its linearization F(x%) + F’(2?)(x — 2?) around z°.
Thus, instead of (1.1) we have the approximate equation
(1.3) Fl(@d)(z —ad) = y° — F(29).

n n

If F'(2%) has bounded inverse, the usual Newton method defines the next iterate
by solving (1.3) for . For nonlinear ill-posed inverse problems, however, F’(x3) in
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general is not invertible, and (1.3) usually is ill-posed. Therefore, one should use the
regularization methods to solve (1.3) approximately. Let {g.} be a family of spectral
filter functions. We can apply the linear regularization method defined by {g,} to
(1.3) to produce the next iterate. This leads to the Newton-type methods

(1.4) Tt = 0 — o, (F' (@) F'(23)) F'(23)" (F(x7) — o),

where z := 29 € D(F) is an initial guess of 2f and {a,} is a sequence of positive
numbers. By taking g, to be various functions, (1.4) then produces the nonlinear
Landweber iteration [5], the Levenberg—Marquardt method [3, 7], the exponential
Euler iteration [6], and the first-stage Runge-Kutta-type regularization [11].

In this paper we will consider the Newton-type methods (1.4) in a unified way by
assuming that {a;,} is an a priori given sequence of positive numbers with suitable
properties. We will terminate the iteration by the discrepancy principle

(1.5) 1F () =y <76 < [|F(a7) = y°ll, 0<n<ns,

with a given number 7 > 1 and consider the approximation property of xi , to Pl
as § — 0. For a large class of spectral filter functions {g,} we will establish the
convergence of 22 s to z as § — 0 and derive the order optimal convergence rates for
the methods defined by (1.4) and (1.5). Our work not only reproduces those known
results in [5, 7, 6, 11] but also presents new convergence results and new methods.

In the definition of the Newton-type methods (1.4), one may determine the se-
quence {a, } adaptively during computation. Motivated by the inexact Newton meth-
ods in [2] for well-posed problems, the Levenberg-Marquardt scheme was considered
in [3] for solving nonlinear inverse problems with {«a,} chosen adaptively so that

(1.6) 1F(25) = ° + F'(23) (@541 — ap)| < pal| F ) = 9|

at each step, with the forcing terms u, € (0,1) being uniformly bounded below
1, and the discrepancy principle was used to terminate the iteration. The order
optimal convergence rates were derived recently in [4]. The general methods (1.4)
with {a,} chosen adaptively to satisfy (1.6) were considered later in [12, 10], but only
suboptimal convergence rates were derived in [13], and the convergence analysis is
far from complete. The method of the present paper is essentially different in that
the sequence {ay,} is given in an a priori way, which has the advantage of saving
computational work.

There is another class of Newton-type regularization methods, i.e., the general it-
eratively regularized Gauss—Newton methods (see [1]) in which the iterates are defined
successively by
(L7)  ahyy = @0 — ga, (F'(a7,) F' (a,)) F' (20)" (F(a7,) —y° — F'(2),) (2}, — 20)) -
Such methods, coupled with the discrepancy principle (1.5), have been studied ex-
tensively in [8]. The methods (1.4) are significantly different from (1.7) in that the
methods (1.4) produce the next iterate near the current %, while the methods (1.7)
define the iterates near the initial guess xg.

This paper is organized as follows. In section 2 we first formulate the conditions
on {an}, {ga}, and F and state the main results on the convergence and rates of con-
vergence for the methods defined by (1.4) and (1.5). We then give several examples
of iterative methods that fit into the framework (1.4). In section 3 we prove some
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crucial inequalities which are used in the convergence analysis. In section 4 we derive
the order optimal convergence rate result when zy — 2! satisfies certain source con-
ditions. In section 5 we show the convergence property without assuming any source
conditions on zg — 2. Finally in section 6 we present numerical examples to test the
theoretical results.

2. Main results. In order to carry out the convergence analysis on the methods
defined by (1.4) and (1.5), we need to impose suitable conditions on {ay,}, {ga}, and
F. For the sequence {a,} of positive numbers, we set

1
(2.1) s_1=0, Sn ::Zf, n=0,1,....

We will assume that there are constants cg > 1 and ¢; > 0 such that

(2.2) nhﬁn;c) Sp =00, Spi+1<CoSn, and O0<a, <c¢, n=0,1,....

For the spectral filter functions {g,}, we will assume the following two conditions,
where C denotes the complex plane.
Assumption 2.1. For each a > 0, the function

1
a+ A

Pa(N) = ga(A)

extends to a complex analytic function defined on a simply connected domain D, C C
such that [0,1] C Dy, and there is a contour I'y, C D,, enclosing [0, 1] such that

1 A
(2.3) |z| > e and :z|_+/\| < by Vz €Ty, a>0; and X € [0, 1];

moreover, for all 0 < a < ¢; there holds

(2.4) / (9al(2)]d2] < by,

o

where by and by are two positive constants independent of o > 0.
Assumption 2.2. There is a constant by > 0 such that for any sequence {«,} of
positive numbers with {s,} defined by (2.1), there hold

n

(2.5) 0N ] ran(N) < (sn—s5-1)7",
k=j
L 1
(2.6) 0<Nga,(A) J[ rar(N) <ba—(sn—s;-1)7"
p aj
k=j+1

for0<v<1,0<A<1,and j =0,...,n, where ro(A\) := 1 — Agn(A) is the residual
function.

By using the spectral integrals for self-adjoint operators, it follows easily from
(2.3) in Assumption 2.1 that for any bounded linear operator A with ||A|| < 1 there
holds

(2.7) (2 — A" 4)H (A" 4| < 22

|Z|l—l/
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for z € Ty, and 0 < v < 1. Moreover, since Assumption 2.1 implies that p,(z) is
analytic in D, for each o > 0, there holds the Riesz-Dunford formula (see [1])

(2.8) Pa(A”A) = L/F pa(2) (2] — A*A) "\ dz

T 2mi

for any linear operator A satisfying ||A] < 1.
As a simple consequence of (2.5) in Assumption 2.2, we have for 0 < v < 1 and
a > 0 that

(2.9) 0< M (a+A)7! ﬁ rar(A) <2077 (14 als, —s5)) "
k=j+1

forall0 < A<1landj=0,...,n;see [9, Lemma 1].

For the nonlinear operator F', we need the following condition, which has been
verified in [5] for several nonlinear inverse problems.

Assumption 2.3. (a) There exists Ky > 0 such that

(2.10) F'(z) = R(z,z)F'(z) and |I— R(x,7)| < Koz — z||

for all z,z € B,(2") C D(F).

(b) F is properly scaled so that ||F'(z)|| < min{l, /ag} for all z € B,(z1).

The condition (a) in Assumption 2.3 clearly implies that ||F’(x)|| is uniformly
bounded over B,(x"). Thus, by multiplying (1.1) by a sufficiently small number, we
may assume that F' is properly scaled so that condition (b) in Assumption 2.3 is
satisfied. A direct consequence of Assumption 2.3 is the inequality

(2.11) IF(2) = F(a) — F'(a") (@ - 2h)|| < %Kol\w = 2! [|F" (") (z — 2P|

for all x € Bp(xT), which will be frequently used in the convergence analysis.
Now we are ready to state the first main result concerning the rate of convergence
of 25 to ' as § — 0 when ey := 29 — 2 satisfies the source condition

(2.12) zo— ! = (F'(z")*F'(z"))w

for some 0 < v < 1/2 and w € N(F'(z"))+ C X, where n; is the integer determined
by the discrepancy principle (1.5) with 7 > 1.

THEOREM 2.1. Let F satisfy Assumption 2.3, let {go} satisfy Assumptions 2.1
and 2.2, and let {a,} be a sequence of positive numbers satisfying (2.2). If xo — o
satisfies the source condition (2.12) for some 0 < v < 1/2 and w € N(F'(z"))*t C X,
and if Kollw|| is suitably small, then the methods given by (1.4) and (1.5) with T > 1
are well defined and

”xfm _ {ET” < CVHw”1/(1+2V)52u/(1+2u)
for the integer ns determined by (1.5), where C, > 0 is a constant independent of ¢
and ||w]|.

Theorem 2.1 shows that the methods (1.4), together with the discrepancy prin-
ciple (1.5), define order optimal regularization methods for each 0 < v < 1/2. This
result in particular reproduces the corresponding ones in [5, 6, 7, 11] for various iter-
ative methods even with an improvement by relaxing 7 > 2 to 7 > 1.
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Nevertheless, Theorem 2.1 does not provide the convergence of 22 , to ziasd — 0

if there is no source condition imposed on zy — z. In the next main result we will

show the convergence of 5 to xf as § — 0 if {a,} is a sequence of positive numbers
satisfying

(2.13) dor" < ap, < dir", n=0,1,...,

for some constants 0 < dy < d; < oo and 0 < r < 1, which is one of the most
important cases in applications.

THEOREM 2.2. Let F satisfy Assumption 2.3, let {g.} satisfy Assumptions 2.1
and 2.2, and let {a,} be a sequence of positive numbers satisfying (2.13). If xg — 2t €
N(F'(zM)*, and Ko||wg — x| is suitably small, then the methods given by (1.4) and
(1.5) with 7 > 1 are well defined, and

jmat, =
for the integer ns determined by (1.5).

Theorem 2.2 extends the corresponding result in [7] for the Levenberg-Marquardt
method to the general class of methods given by (1.4). We emphasize that the conver-
gence result in Theorem 2.2 requires {«,, } to satisfy (2.13). It would be interesting if
such a convergence result could be proved for a general sequence {, } satisfying (2.2)
only. This, however, remains open; a new technique needs to be explored. We em-
phasize also that Theorem 2.2 requires F' to satisfy Assumption 2.3. For some specific
methods, however, it is possible to prove the convergence under weaker conditions on
the nonlinear operator F. For instance, the convergence of the nonlinear Landweber
iteration was proved in [5] under the condition

|F(z) — F(a) = F'(2)(z — 2)|| < 0l|F(z) = F(2)||, #,z € By(ah),
with a small number n < 1/2. It is not yet clear if the convergence of the general
methods (1.4) can be derived under this weaker condition.

2.1. Examples. We conclude this section with several examples of the methods
(1.4) in which the spectral filter functions {g,} have been shown (see [9]) to satisfy
Assumptions 2.1 and 2.2.

(a) We first consider for « > 0 the function g, given by

(a+ AN —al

A_lN 1 )\—l_
9ol )—a;a(OH' ) = T Mat NN

where N > 1 is a fixed integer. This function arises from the iterated Tikhonov
regularization of order N for linear ill-posed problems. The corresponding method
(1.4) becomes

)
Un,0 = Ty,

tn i1 = ttng — (oD + F'(@8) F/(28)) " F/(28)" (F(23) = 4° — F'(a3)(2, — un,1)),

n

o
Lpt1 = Un,N-

When N = 1, this is the Levenberg—Marquardt method (see [3, 7]).
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(b) We consider the methods (1.4) with g, given by
1
ga(V) = 5 (1=e),
which arises from the asymptotic regularization for linear ill-posed problems. In this

method, the iterative sequence {23} is equivalently defined as 2 | := z(1/a,), where
z(t) is the unique solution of the initial value problem

Salt) = P (o — (@) + F @) —a(1), 150,
z(0) = a?.

This is the so-called exponential Euler iteration considered in [6]. The initial value
problems can be solved by efficient ODE solvers such as the Runge-Kutta-type meth-
ods.

(¢) For 0 < a < 1 we consider the function

[1/a]-1 1-(1— /\)[1/04
(2.14) = 3 (1-x =TT

=0

which arises from the linear Landweber iteration, where [1/a] denotes the largest
integer not greater than 1/a. The method (1.4) then becomes

Un,0 = xfw
e = i — F'(@8)" (F(a8) =y — F@)(@ — un ), 0 <1< [1an] — 1,

n
5 _
Tnt1 = Un,[1/an]-

When a,, =1 for all n, this method reduces to the nonlinear Landweber iteration in
[5]. Tt is known that the nonlinear Landweber iteration exhibits slow convergence and
requires us to compute a huge number of outer iterations which are rather expensive.
By choosing {«a,, } to satisfy (2.13) in the above method, the computational work could
be significantly reduced by computing more cheap steps in each inner iteration.

(d) For 0 < o < 1 we consider the function

[1/a] -
L 1= (14 )"/
ga(N) =D (1+A) 3

=1

arising from the Lardy method for linear inverse problems. Then the method (1.4)
becomes

Un,0 = xiv
Unyip1 = ung — (I + F'(ffi)*F'(fCi))fl Fl(@) (F(xd) —y° — F'(22) (23 — uny)),
1=0,...,[1/an] -1,
Tpi1 = Un.[1/a,]-

When «,, =1 for all n, this is the so-called first-stage Runge-Kutta-type regulariza-
tion in [11] which again is a slow convergent method. The method can be accelerated
with the choice of {a,,} to satisfy (2.13).
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3. Some crucial inequalities. The following consequence of the above assump-
tions on F' and {g,} plays a crucial role in the convergence analysis.

LEMMA 3.1. Let {go} satisfy Assumptions 2.1 and 2.2, let F satisfy Assump-
tion 2.3, and let {a,} be a sequence of positive numbers. Let T = F'(x1), and for any
x € By(a") let T, = F'(z). Let 0 < a <1/2. Then for 0 <b<1/2+ a there holds

@1 ] ren (T [go, (T T)T* — g, (TIT)TE] = (T°T)"S(2)
k=j+1
for some bounded linear operator S;(z) : Y — X satisfying*
1
195 @)l S — (50 = sj-1) V2T K|l — 2,
j
where 5 =0,1,...,n.
Proof. Let 1o (A) = (a4 A) 7! and ¢4 (A) = ga(A) — (@ + A)~L. We can write

(T*T) ] 7o (T*T) [ga, (T*T)T* = oy, (T3 Te)T3] = J1 + Jo + Js,
k=j+1

where

Jyo= (1) ] 7 (TT)ga, (T*T) [T — T3],
k=j+1

Jo = (T"T)" ] 700 (T7T) [0, (T7T) = 1o, (T3 T2)] T,
k=j+1

Ty o= (TT)" [ 1 (T°T) [pa, (T°T) — o, (T T2)] T
k=j+1

It suffices to show that for each J; there holds J; = (T*T)"S; for some bounded
linear operator S; : ¥ — X satisfying the desired estimate. We will use the polar
decomposition for linear operators, which implies that T* = (T*T)Y2U for some
partial isometry U : Y — X.

By using Assumption 2.3 we have T* — T = T*(I — R,)*, where R, := R(z,z").
This, together with the polar decomposition on T, gives
(3.1) T —TF = (T*T)Y2U(I — R,)".

Consequently we can write J; = (T*T)S; with
Sy = (T*T) /47 g, (T*T) [[ rar(T*T)UUI — R.)".
k=j+1

Since 0 < 1/2+a—b < 1, it follows from Assumption 2.2 that

110 < sup (A2 g0,(0) [T ran (V) | I = Ral
0<A<1 keji1

1 —1/2—
S (50— 85-1) PTG |z — 2.
Qj

IThroughout this paper we will always use C to denote a generic constant independent of § and
n. We will also use the convention ® < ¥ to mean that & < CV for some generic constant C.
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This shows the desired conclusion on Jj.
Next we consider J;. Note that
Na, (T*T) = o, (T3 Ty) = (o] + T*T) ' T*(T, — T) (oI + TiTy)
+ (i I +T*T) NTF — T*) (oI + TrT,) ™

Plugging this formula into the expression of Js, and using the polar decomposition
on T* and the identity (3.1), we have Jo = (T*T)*Ss, where

H To (T*T) (o I +TT)~Y(T*T)/ > U(Ty, — T) (oI + TiTy) " T
k=j+1

+ H Top (T*T) (e I+ T*T) "N (T*T)V* = PU(R, — 1) T, T (oI + T, 1) 7!
k=j+1
With the help of Assumption 2.3 we have

(To — T)(a;I + T;T,) Ty < Kollz — 2.

Therefore, it follows from (2.9) that

[Sall < sup [ AVZFP(a; + )™ H Tar N | (T = T) (T + T Ty) 1T
0=<A<1 k=j+1

+ sup [ AVt 4 A)” H o A) | |(Re — DT T (o T + TXTy) 7Y
0<A<1 ki1

<otV (U4 (s, — 5)) O K|l — 2|

~ 7
= _(Sn — Sj,1)71/27a+bK0||x - I'TH
Qj

It remains to consider J3. Since Assumption 2.1 implies that ¢, (2) is analytic
in Dy, we have from the Riesz-Dunford formula (2.8) that

1
2 - o (2)L;(2)dz,
(3.2) J3 2 Jo Yo, (2)Lj(z)dz

where

Li(z) = (T"T)" [] ran(T*T) [(zI = T*T)™ = (I = T;T:) '] T;.
k=j+1

Using the decomposition

(2l =T*T) "t — (2 =TiT,) ' = (2 = T*T) ' T(T — Tp) (2] — T T,)t
+ (20 = T*T) "N T* — T T (21 — T3T,)
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together with the polar decomposition on T* and the identity (3.1), we obtain L;(z) =
(T*T)°L;(2), where
Li(z) = [ re,(T*T)(zI = T*T)"1(T*T)/*T*"PU(T — T,))(2] — T;T,) ' T

k=j+1

+ H oy (T*T)(2I — T*T) Y T*T)/2+9=U (I — R )* T, T (21 — T, 1)~

k=j+1
Combining with (3.2) gives J3 = (T*T)"S3, where
1 -
Sg = % - ()Oaj (Z)LJ(Z)CZZ
J

We need to estimate || Sz||. We first estimate L;(z) for z € I'y,. With the help of
Assumption 2.3 and (2.7), we have

(T = To) (21 = T, To) ' T || S Kol — .
Since |z| > a;/2 and |z — N[t < bo(|z| + A) 7! for z € T'y,, we have from (2.9) that

IS sup (A2 A T ) | Kollo — ot
0<A<1 h=j+1

< sup | AYEFOTR(g] 4 )7 H rar () | Kollz — 2T
0<A<1 k=j+1
S 2P Y2 (L (50— s)|2)) T2 Kol — 2|
—b—1/2 —1/2—a+b
<ol (14 (50— 85)) P Kol — 2|

1 _1/9—
— (sn = 85-1) P K|l — 2.
Qj

Therefore, it follows from Assumption 2.1 that

8115 (s = s5-0) 2 Kallo = ol [ [pn, ()]
Qg Faj
S on = 5y0) VI Ko — o).
Q;
The proof is therefore complete. O
In the proof of Theorem 2.2 we will also need the following inequality, which can
be obtained by essentially the same argument used in the proof of Lemma 3.1.
LEMMA 3.2. Let {go} satisfy Assumptions 2.1 and 2.2, let F satisfy Assump-
tion 2.3, and let {a,} be a sequence of positive numbers. Let T = F'(x1), and for any
x € By(a") let T, = F'(z). Then for 0 < p < 1/2 there holds

n

(T T T] ran(T*T) [ga, (T3 T) Ty = go, (T3 T2) T ]

k=j+1
1

< E(S” —sj-1) "2 (14 Kol — 2'||) Kol|z — 2|
J

forallz,T € Bp(xT), where j =0,1,...,n
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4. Rates of convergence: Proof of Theorem 2.1. We begin with the fol-
lowing inequality which will be used frequently in the convergence analysis.

LEMMA 4.1. Let {a,} be a sequence of positive numbers satisfying a,, < ¢1, and
let sy, be defined by (2.1). Let p > 0 and g > 0 be two numbers. Then we have

. 1 1, max{p,q} <1,
Z a— — ijl)ipsjiq < Cosilipiq 1Og(1 + Sn)v max{p, Q} =1,
— Qi
j=0 SglaX{nq}*l’ max{p, q} > 1,

where Cy is a constant depending only on c1, p, and q.

The proof of Lemma 4.1 is essentially contained in [4, Lemma 4.3 and its proof];
a simplified argument can be found in [9]. Taking p = 1/2 and ¢ = 0 in the above
inequality gives

"1
(4.1) > —(sn —s5-1) 72 < a5/

o
j=0 "7

for some constant co depending only on ¢;.
In this section we will give the proof of Theorem 2.1. For simplicity of presenta-
tion, we will use the notation

S =gl —at, T:=F(zN), and T, :=F'(z2).

e’l’L n

It follows from (1.4) that

€1 =€ = Ga, (TT) Tr(F(2d) — o).

Let
Uy = F(20) —y — T(2® — z7).
Then we can write
€1 =€) = o, (T*T)T*(F(z0) — y°)
- [gan (T*Tn)T* — Yo, (T*T)T*] (F($i) - yé)
=70, (T*T)€}, = g, (T*T)T*(y — y° + un)

(4.2) — (90 (TET) T = oo, (T*T)T™] (F () — ¢°).

n

By induction on (4.2) we can obtain

n+l Hroz] T T 80 - Z H TOtk T T)ga (T T)T*(y Y +u])

Jj=0 j=0 k=j+1
(4.3) 1T (T (90, (T THT] = g, (TT)T] (F(25) — ).
j=0 k=j+1

By multiplying (4.3) by T and noting that

(4.4) I— Z H T (TT*)go, (TT*)TT* = Hra] TT*)
7=0 k=j+1
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we can obtain
(4.5)

Tei+1 —y’ +y
= T ey T+ [[ 7y TT)w = ) = 3" T 7o (7T )i, (TTTT
i=0 =0 =0 k=j+1
3T I1 e T*T) (90, (Ty THT; = 9o, (T*T)T*] (F(25) - ¢°).
j=0  k=j+1

We will employ (4.3) and (4.5) to prove Theorem 2.1 concerning the order optimal
convergence rate of 23 to 2T when eg := zo — «' satisfies the source condition (2.12)
for some 0 < v < 1/2 and w € N(F'(z"))* C X. We will first derive the crucial
estimates on ||ed || and ||Te’||. To this end, we introduce the integer 75 satisfying

(tr—1)6

—v—1/2 —v—1/2 ~
(4.6) Sis < 2eol@l] <s, , 0 <n < ng,
where ¢ > 1 is the constant appearing in (2.2). Such an ns is well defined since
Sp — 00 as n — 0.

PROPOSITION 4.2. Let F satisfy Assumption 2.3, let {ga} satisfy Assumptions 2.1
and 2.2, and let {c,} be a sequence of positive numbers satisfying (2.2). If o — xf
satisfies (2.12) for some 0<v<1/2andw e N(F'(zh)t € X, and if Ko|lw||
is suitably small, then 5 € B (xT) for all 0 < n < fs, and there exists a generic
constant Cy, > 0 such that

(4.7) o)l < Cusp¥llwll  and  ||Ted]| < Cusy” 1 |w
and
(4.8) ITed —y° +yll < (co+ Cukollw])sy” "/ ?||wl| + 6

for all0 < n < ns.

Proof. We will show (4.7) by induction. By using (2.12) and ||T'|| < /ap it is
easy to see that (4.7) for n = 0 holds if C\. > 1. Next we assume that (4.7) holds for
all 0 < n <1 for some [ < n5 and show that (4.7) holds for n =1+ 1.

With the help of (2.12) we can derive from (4.3) that

l l l

et l < H (T TNTT) @) + |1 T ran (T T)ga, (T°T)T*(y — y° + uy)
7=0 7=0 k=j+1

1o
+ 3 T 7@ (90, (T;THT] = 9o, (TD)T7] (F(2f) = o)
J=0 k=j+1
Thus we may use Assumption 2.2 and Lemma 3.1 with a = b = 0 to conclude

l
—y 1 -
lefall < sy llell 02y S — (s = 55-1) 726 + [l )
j=0 "
l
1 -
(4.9) +C D — (s —s5-1) Kol 1 F (25) — ]

o0
j=0 "7
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Moreover, by using (2.12), Assumption 2.2, and Lemma 3.1 with ¢« = 1/2 and b = 0,
we have from (4.5) that

l
e 1 _
ITefyr = o +ul < s Plloll+8 402y~ — (st = s5-1) " lu|
j=0 "
L1
(4.10) +C0D o= s Kl S) — o)
3=0

With the help of Assumption 2.3 and the induction hypotheses, it follows for all
0 <j <1 that

8 8 —2v—1/2
(4.11) sl < Kolle3 [ TeSl| S Kollew]|s; > 2.

By using the fact that

2 o .
(1.12) 5< 20 s 0<j<t,
T—1 J

and the induction hypotheses, we have

—v—1/2
b .

(4.13) 1F(25) = 9°ll < 8+ ITejll + Ilusl| < wlls
In view of (4.1), (4.11), (4.13), and the induction hypothesis on ||e;||, we have from
(4.9) and (4.10) that

l
1 —oy—
F) —v 1/2 — 2v—1/2
lefall < lewlls + bacasy” 5+CK0|IWI\ZZa—j(sz—Sj—1) V2
7=0

and

!
—v-1/2 1 1 —2u—1/2
Ty~ + ol < ol 4 6+ CRolll* 3 (o1 — s5) 5,22
j

j=0
With the help of Lemma 4.1, 0 < v < 1/2, (4.12), and (2.2) with ¢o > 1, we have
lefiall < (1+ 2bacoca/(r = 1) + CKollw]) eols; *
< (e + 2022/ (7 = 1) + CKollel) llwllsiy

and

—v—1/2
ITed oy —y° +yll <8+ (1+ CKollwl) llwlls, "

—v—1/2
(4.14) <6+ (o + CEollwl) lwllsiyy 2.

Consequently [l ]| < C.llwl|s; )y if C. > 2¢/? + 258 % ¢y /(1 — 1) and Kollw]| is

suitably small. Moreover, from (4.14), (4.12), and (2.2) we also have

|Tef, || < 26+ (co + CEollw]) llwl sy

< (4¢2/(r —1) + co + CEKo|w])) lw]l sy

I+1
—v—1/2
SC*Hw”Sz:l /
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if O\ > 2co +4c2/(t — 1) and Ko|w|| is suitably small. We therefore complete the
proof of (4.7). In the meantime, (4.14) gives the proof of (4.8). O

From the proof of Proposition 4.2, we have in fact obtained, under the conditions
in Proposition 4.2, that

(4.15) IF(a5) —y — Ted|| S Kollwl?s,, > /2
and
(4.16) IF@)) =yl < llwllsy” 2

for 0 < n < fg; see (4.11) and (4.13).

LeEMMA 4.3. Let all the conditions in Proposition 4.2 hold. Let 7 > 1 be a given
number. If xo — a1 satisfies (2.12) for some 0 < v < 1/2 and w € N (F'(z"))* C X,
and if Kol|w|| is suitably small, then the discrepancy principle (1.5) defines a finite
integer ns satisfying ns < ns.

Proof. From Proposition 4.2, (4.15), and v > 0, it follows for 0 < n < 715 that

1F(25) = °ll < |F () —y = Tep || + | Tep, — y° +y
< CKollwlPs,® 712 + (co + CKo||wl) 55" |lw]| + 6
< (co + CKollwl) 55" ~Y/2|wl| + .

By setting n = ns in the above inequality and using the definition of ns we obtain
E) S T—1
[ F(z5,) —y°| < 1+T+C’K0Hw|| d< 18

if Ko||w|| is suitably small. According to the definition of ns we have ns < ns. a

4.1. Completion of the proof of Theorem 2.1. From Proposition 4.2 and
Lemma 4.3 it follows that the methods given by (1.4) and (1.5) with 7 > 1 are well
defined.

In the following we will derive the order optimal convergence rate. From (4.3),
the source condition (2.12) with 0 < v < 1/2, the polar decomposition on 7%, and
Lemma 3.1 with a = 0 and b = v, it follows that

(4.17) e 1= (T"T)" wy,

where

HTQJTT iSJ =)
7=0

> I 70 (@) g, (T*TNT*T) > Uy — 4 + uy).
=0 k=j+1

With the help of Assumption 2.2 and Lemma 3.1 we have

n 1 - ,
lwn | < Hw||+za_j(3n_5j—l) VKo e F () — o

"1
Z— —55-1) (0 4 [yl -
—0 J

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/27/14 to 128.173.125.76. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

562 QINIAN JIN

In view of (4.15), (4.16), Proposition 4.2, Lemma 4.1, and (4.6), for 0 < n < s we
have

n 1 B ,
lwall Sl +6 " —(sn = 55-1) 7/
j=0 "

n
1 _ —op—
+K0Hw||225($n—5j—1) 1/2+1/Sj 2v-1/2
j=0 "7

Sllwll + s1/2776 < o]l
Since Lemma 4.3 implies that ns < 5, we have ||wp;—1]| < |lw||. On the other hand,
it follows from (4.17), Assumption 2.3, and the definition of ns that

IT(T*T) wny—1 || = | Tens || S I1F(a7,) = yll 6.

Therefore, by using (4.17) and the above two estimates, we have from the interpolation
inequality that

len, | < lwng—r [ EF2 T (T T) i o |27 2

< OVHWH1/(1+2V)52V/(1+2V)-

This gives the desired estimate.

5. Convergence: Proof of Theorem 2.2. In this section we will show The-
orem 2.2 concerning the convergence of a:fm to 2 as § — 0 without assuming any
source conditions on ey := zg — x'. The sequence {,} is now assumed to satisfy
(2.13). It is easy to see that
1 —1.—n -
—(sn —§j-1) s; 1 < Cys, "

(5.1) -

n
Jj=0

for each 0 < p < 1, where C is a constant depending only on dy, dq, r, and u. We
remark that (5.1) may not be true for a general sequence {«,} satisfying (2.2).

We first show that the method given by (1.4) and (1.5) is well defined. To this
end, we introduce the integer ns satisfying

,1/2 (T— 1)5 71/2 R

(5.2) hs < 2eolo] < s, 0 <n < ng.
Since s, — 00 as n — 00, such an 75 is well defined. Since {«,,} satisfies (2.13), it is
easy to see that s, ~ r~™, and consequently s = O(1 + |log d]).

LEMMA 5.1. Let F satisfy Assumption 2.3, let {go} satisfy Assumptions 2.1
and 2.2, and let {ca,} be a sequence of positive numbers satisfying (2.13). Let 7 > 1
be a given number. If Ko|leoll is suitably small, then there is a constant C such that

(5.3) lep ]l < Culleoll  and | Tep|| < Culleolls,
for 0 < n < g, and the discrepancy principle (1.5) defines a finite integer ns satisfying
ns < g = O(1 + | logd).

Proof. We prove (5.3) by induction. By using ||T|| < /ag, it is easy to see that
(5.3) is true for n = 0 if C, > 1. Next we assume that (5.3) holds for all 0 < n <
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for some ! < s and show that it is also true for n =1+ 1. By a similar argument in
the proof of Proposition 4.2 we obtain

l
1/2 1 _ —1/2
(5.4) led 1|l < lleoll + bacas;” a+cz<0|\eo||2za_j<sl_sj,l> y2got/
j=0
and
L1
—1/2 -1 _—1/2
(5.5 |ITedis —y° +yll < lleolls; ™ +5+OK0|\€0||QZa—j(Sl—Sj—1) s 1/2,
§=0

By using (5.2) and Lemma 4.1 we obtain from (5.4) that

2b2€002
lefal < (14 2222 1 CHallea)) el < C.eo
if Cy > 24 2bacpca /(7 —1) and Kyl|eg]| is suitably small. On the other hand, by using
(5.1) with g = 1/2 and (2.2) we obtain from (5.5) that

|Tef,y —y° +yll <6+ (1+ CEKolleol)leolls;
(5.6) < 6+ (co + CKolleo|)lleollsp -

Consequently, we have from (5.2) that

4ct ~1/2

—-1/2
;+aot Ol ) leollsif? < C.leolsif

ITefal < (2
if Ci > 2co +4c3/(7 — 1) and Ko|eg|| is suitably small. We thus complete the proof
of (5.3).

Note that the above argument in fact shows also that

|Tes, —y° +yll <6+ (co + CEKolleol)lleolls;,/*, 0 <n <y

Thus, by an argument similar to that in the proof of Lemma 4.3 we can derive
[|F(22,) — ¢°ll < 76 if Kolleo| is suitably small. According to the definition of ng
we obtain ng < ng. a

In the remaining part of this section we will show 20 — zf as § — 0. We will
achieve this by first considering the noise-free iterative sequence {z,} defined by (1.4)
with y° replaced by y, i.e.,

(5.7) Tn+1 = Tn — o, (F/(xn)*Fl(xn)) Fl(xn)*(F(xn) —y)

and showing that z,, — 2' as n — co. We then derive the stability estimate on
|28 — @, || for 0 < n < ns together with other related estimates. With the help of the

definition of ns, we will be able to show the convergence of xfm to xT as § — 0.

5.1. Convergence of the noise-free iteration. In this subsection we will show
the convergence of x, to = as n — co. We first show that if zo — 2 € R(F'(2")*),
then z, — z' as n — co. We then perturb the initial guess zo to be %y such that
&0 —2f € R(F'(z")*) and define {#,} by

(5:8) Bni1 = En = Go, (F' (&) F'(&0)) F' (2n)" (F(Zn) = y)-
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Since zo — " € N(F'(2))t = R(F’(z1)*), such an ¢ can be chosen as close to xq as
we want. We then show that {z,,} is stable relative to the change of xy. This allows
us to derive the convergence of {x,,}.

We start with several lemmas. We first show that z,, is well defined for all n and
satisfies certain estimates.

LEMMA 5.2. Let F satisfy Assumption 2.3, let {go} satisfy Assumptions 2.1
and 2.2, and let {a,} be a sequence of positive numbers satisfying (2.13). If Kolleol|
is suitably small, then

(5.9) lenll < 2lleoll and || Ten|l < 2colleo]ls, /2

forn=0,1,..., where e, == x, — x'.

Proof. This result can be obtained by the same argument as in the proof of Lemma
5.1. 0

LEMMA 5.3. Let F satisfy Assumption 2.3, let {go} satisfy Assumptions 2.1
and 2.2, and let {a,} be a sequence of positive numbers satisfying (2.13). If eqg =
(T*T)*w for some w € X and Ko|leol| is suitably small, then

(5.10) llenll < 2¢ollwlls,™*  and ||Teal| < 2¢oflwl|s,>*

form=0,1,....

Proof. We prove (5.10) by induction. By using ||T|| < /a0 and eg = (T*T)"/ 4w,
it is easy to see that (5.10) is true for n = 0. Next we assume that (5.10) holds for all
0 <n < and show that it also holds for n = + 1. By an argument similar to that
in the proof of Proposition 4.2 we obtain

l
—1/4 1 _
lereall < syl +b2 3-— (st = 5;-) V2 F () =y = Tej
j=0 "

l

1
(5.11) +C D — (51— 55-1) "2 Ko leg || F ;) — v
j=0 "/
and
L1
—3/4 —
| Tera|l < s; /||w|\+bQZJ(Sl—3j—l) HIF () —y = Tey
j=0 "/
S|
(5.12) +C D — (st = s5-1) " Kolle; 1 F(x5) — |
j=0 "/

With the help of Assumption 2.3, Lemma 5.2, and the induction hypotheses, we have
for 0 < j < that
—3/4
1P () =y = Te,|| < Kolle; [|Tes]| < CKolleolllwlls; **,
—3/4
1F ;) = yll < ITesll + [ F(25) —y = Tesl| S Jleolls; >,
Therefore, by using Lemma 4.1, we obtain from (5.11) that

l
_ 1 _
1/4 — 3/4
levsall < s el + CRalleallfloll 3 o= (51 = 55-0)7 25
3=0

—1/4
< (1+ CKolleo||) lwllsy 4,
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while by using (5.1) with u = 3/4 we obtain

l
—3/4 1 1 —3/4
| Teral < s ||w|\+CK0||6’0||||wH§:a—j(sl—sy‘—l) ts
j=0
-3 4
< (1+ CKolleo|) llwlls;

Thus, by using s;11 < cps;, we obtain for suitably small Kolleo|| that |le;11] <

2col|wl|s; Y4 and || Tepyq| < 260||w|\s;+31/4. The proof is therefore complete. a

We remark that the crucial point in Lemma 5.1 is that it requires only the small-
ness of Kyllegl|, which is different from Proposition 4.2, where the smallness of Kol|w||
is needed. This will allow us to carry out the following approximation argument with
perturbation on the initial guess.

We now derive a perturbation result on ||z, — &, and ||T(z, — Z,)|| relative to
the change of the initial guess. For simplicity of the presentation we set

bn i=dp —al,  Ty=F(x,), Tn=F(in).
It follows from (5.7) and (5.8) that

Tny1 — Byl = Tp — &n — gan(TT)T*( (@) = Y) + G, (T 1) Tt (F(&n) — y)
= To, (T"T)(@n — Tn) = o, (T*T)T* (F(2n) — F(2n) — T(xn — 20))
— 90, (T3 T0) T — ga, (T T)T | (F(2n) — F(in))

— |90 (T TT; = g, (BT T | (F(n) ).

By induction on this identity we obtain
n
Tpt1 — Tyl = H Tay, (T*T) (w0 — Z0)

k=0
> I 7o (T D) go, (T*T)T* (F(25) — F(&;) — T(x; — )

§=0 k=j+1
=3 T raTT) (90, (T THTS = ga, (T*T)T] (F(x5) = F(d5))
=0 k=j+1
(5.13) 3 T 7T [0, (T LT — o, (F7T)E7 ] (F25) — ).
=0 k=j+1

LEMMA 5.4. Let F satisfy Assumption 2.3, let {go} satisfy Assumptions 2.1
and 2.2, and let {ay,} be a sequence of positive numbers satisfying (2.13). If Kolleol|
and Kyl|éo|| are suitably small, then

(5.14) o — 2l < 2z — G0l and |T(@n — da)l| < 20087220 — ol
form=0,1,....
Proof. We will show (5.14) by induction. Since |T|| < /o, (5.14) holds for

n = 0. In the following we will assume that (5.14) holds for 0 < n < and show that
it is also true for n =1+ 1.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/27/14 to 128.173.125.76. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

566 QINIAN JIN

In view of Assumption 2.2, Lemma 3.1 with a = b = 0, and Lemma 3.2 with
w =0, it follows from (5.13) that

lzig1 — Tiga |l < ||330 — Zol|

+C’Z Sz—sj 1) 1/2HF(’IJ‘)—F@J‘)—T(%—’i’j)H

+CZ sz—sJ )72 Kolle; | F(x5) = F(2))]

(5.15) +CZ (st = 55-1) )2 Kol — 251 F (&) — yl-

Next we multiply (5.13) by 7. By using Assumption 2.2, Lemma 3.1 with a = 1/2
and b =0, and Lemma 3.2 with g = 1/2, we obtain

IT (211 — @) < 572 w0 — 2ol
l
1 - L A
+Cy —(s1—55-1) Y F(x;) — F(&) — T(z; — 2;)|

+OY st = syo0) Kolles N Flay) - F@y)

(5.16) + CZ (51— 8j-1) " Kollzj — ;[ F (&) — yl-

From Lemma 5.2 and Assumption 2.3 it follows that

71/2|

(5.17) 1E(25) —yll S 1Te; 1 + Kollé; I Te;ll < s; "l éoll-

Moreover, by using Assumption 2.3 we have
1
F(x;) — F(&;) = T(x; — &5) = /O [F'(&5 + t(x; — 25)) = T) (2; — &;)dt
1
= / [R(C%] + t(xj — f%j),xT) - I] T(ftj - :ﬁj)dt.
0
Consequently
1
1F(z5) = F(2;) = T(x; — ;) < /0 IR (s + t(wj — &5),2") — I|[|T(aj — &)t
1 R .
< 5o (llegll + l1& 1) 1T (2 — 25)ll-
With the help of Lemma 5.2 we obtain
(5.18) | F () = F(#;) = T(xj — ;)| < Ko (leol + [léol) T (z5 — ;).

This in particular implies

(5.19) 1 (z5) = F (@) < 2T (x5 — ;)]
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By virtue of (5.17), (5.18), (5.19), and the induction hypotheses, we have from (5.15)
and (5.16) that

lzi41 — 211l < llwo — 2o
!

5 N 1 Z1/9 —
(5.20) + CKo([leoll + €0l o — 2ol Y — (s — sj-1) 72/
j=0 "

and
~ —1/2 ~
1T (@11 = @g0) ]| < s [l — ol

l

R . 1 1 —1/2
(521) + CRallleall + o)l ol Y- o1 = 5-0) 75
=0

With the help of Lemma 4.1 and (5.1) we can derive

@141 = &[] < (1 + CKo(lleol| + [[€o])) [|zo — 2ol
< 2f|zo — o

and
IT (211 — 242)ll < (1+ CKollleoll + [éol) s 2 o — o]
< 2cosp{ [l — 2o
if Kolleo|| and Kpl|éo|| are suitably small. The proof is thus complete. O

THEOREM 5.5. Let F satisfy Assumption 2.3, let {g.} satisfy Assumptions 2.1

and 2.2, and let {a,} be a sequence of positive numbers satisfying (2.13). If eg €
N(T)* and Kolleol| is suitably small, then

(5.22) lim ||z, —2'| =0 and lim sY2|T(z, — 2" =0
n— 00 n—oo

for the sequence {x,} defined by (5.7).

Proof. Let 0 < £ < ||eo|| be an arbitrarily small number. Since eq € N(T)+ =
R(T*), there is an 29 € X such that ég := $¢ — 2 € R(T*) and ||zg — #| < &. Note
that Kol|éo]| < 2Ko|leo||. Thus, if Ko|leg|| is suitably small, then for the sequence
{Z,} defined by (5.8), it follows from Lemma 5.4 that

[0 = &nll < 2llz0 — Zol| < 2¢
and
sY2 T (2 — &0)|| < 2¢0]|o — 2ol < 2c0e

for all n > 0. On the other hand, since &y € R(T*) = R((T*T)"/?) C R((T*T)"/*),
from Lemma 5.3 we have ||é,]| — 0 and s,ll/2||Tén|| — 0 as n — oo. Thus, there is an

ng such that ||é,]| < ¢ and 371/2||Tén|\ < ¢pe for all n > ng. Consequently

lenll < llen = Znll + llénll < 3e

and
532 Tenll < 532 1T (@n — )|l + 5% Tn]| < 3coe
for all n > ng. Since € > 0 is arbitrarily small, we therefore obtain (5.22). O
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5.2. Stability estimates. In this subsection we will derive the stability esti-
mates on [|22 — z,|| for 0 < n < 75, where s is defined by (5.2). We will use the
notation

A=F () F ("), A, =F(z,) F(zn), A :=F(a2)*F'(z?).

The main result is as follows.

PROPOSITION 5.6. Let F satisfy Assumption 2.3, let {ga} satisfy Assumptions 2.1
and 2.2, and let {ay,} be a sequence of positive numbers satisfying (2.13). If Kolleol|
is suitably small, then

(5.23) g, — 2| < s3/%0
and
(5.24) [F () — F(xa) —y° +yll < (14 CKolleol|)

for 0 <n <ng.
Proof. We first show (5.23) by establishing

(5.25) 22 — || < 2bycasl/?6 and T (28 — 2,)|| <30

for 0 < n < Ay, where by and ¢y are the constants appearing in (2.6) and (4.1),
respectively. It is clear that (5.25) is true for n = 0. Now we assume that (5.25) is
true for all 0 < n <[ for some [ < ng and show that it is also true for n =1+ 1. We
set

<
3
|
=
&
3 >
~—
I
|
—~
8
3
~
[
~
—~
8
(=2}
I
8
3
~

It then follows from the definition of {22} and {z,} that

Tpy1 — Tnsl = Ty — Tn — g, (AD)F'(25)" (F(23) — y°)
+gan(v4n) "(wn)"(F(2n) — y)
= 70, (A)(@), = 2n) = ga, (A)F' (@) (vn —y° +)
= [9a, (An) F'(20)" = ga,, (A)F' (21) ] wn
~ [9a, (A E'(20)" = ga, (An) F'(2n)"] (F(5) —y°) -

By induction on the above equation and noting that 2} = xo we obtain

xl+1 — i1 = Z H Tay (A)Ga, ( )FI(CCT)* (y5 —Yy- 'Uj)

Jj= Ok—]Jrl
—Z H Tai (A) [ga; (ADF'(@5)" — ga, (A F' (25)"] (F(25) —3°)
J= Ok_g—i-l
(5.26) —Z H Par (A) [ga, (A F' (@5)" = ga, (D F' (") ] w;.
7=0 k=j+1
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In view of Assumption 2.1, Lemma 3.1, and Lemma 3.2 it follows that

!
1 _
2y — zigall < bzz E(Sl —s55-1) "2 (6 + [lvyll)
jfo /

+CZ 81—83 1) 1/2K0||x — 4| ||F )_y5||

(5.27) +CZ SZ_SJ 1) V2 Kollejl]lwj]l

By multiplying (5.26) by 7" and using (4.4), we obtain with B := T7T"* that

T(xl&—i-l —Ti41) — ¥ +y

1
:Hra] Z H Tay (B)ga,; (B)Bv;

0 7=0 k=j+1

l
T JT rau(A) [ga,(ADF' (@) = ga, (A)F'(25)"] (F(2}) = y°)

> T TI ren(A) [ga; (A)F'(25)" = ga, (A F' (27)*] w;.

It follows from Assumption 2.1, Lemma 3.1, and Lemma 3.2 that

1T (274 — wm) —y’ +yll

<6+CZ s;—sjl ||vg|\+CZ Sl_sjl )~ Kolle; | lws

(5.28) +C’Z 81—83 1) 1K0||$§-%HHF(’I§)—y6|\-

With the help of Assumption 2.3, Lemma 5.1, Lemma 5.2, and the induction hypothe-
ses we have

il < Ko (llesll + llegll) 1T (@5 — 25)I| S Kolleolls
and
s
Jwjll <6+ T (2§ — ;)| + llvsll < 0.
Moreover, by using Assumption 2.3, Lemma 5.1, and (5.2) we have for 0 < j <1
—1/2 —1/2
I1F (@) = ol <6+ ITef| + KolleS eS| <6+ s lleoll S 57 leoll-

Combining the above three inequalities with (5.27) and (5.28) and using the induction
hypothesis ||a:§ -z S s;/25 for 0 < j <, it follows that

l
1
(5.29) 241 = 2l < (b2 + CKolleol )5 > oo (51— 8i-1) e
j=0 "7
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and
(5.30) IT (241 — ig1) —° +yll <6+ Ko \60H5Z (s1—s5-1)""
j= 0
By Lemma 4.1 and the fact s; < s;41 we obtain for small Kylleg|| that
||:El+1 — xl+1H < (5202 + CK(J”eoH) 1/2 6 < 2b2028l/ 0.
Moreover, with the help of (5.1) we can derive
IT (241 — 2131) — ¥° +yll < (1+ CKolleol|)s.

Thus |T(x{,, — z1+1)|| < 36 if Kolleol| is suitably small. We therefore complete the
proof of (5.25).
Next we will prove (5.24). From the above proof we in fact obtain

IT(25, = xa) = ° +yll < (1+ CKolleol)d, 0 <n < ns.
Therefore, it follows from Assumption 2.3, Lemma 5.1, and Lemma 5.2 that

IF(5) = F(za) —y° +yll
<N F(x)) = F(xn) = T2l — zn)[| + |1 T(2, — 2n) — y° + |
< Ko(lled]l + llenDIT (5, — )| + (1 4+ CKolleo)
< (14 CKolleol])d.

The proof is thus complete. O

5.3. Completion of the proof of Theorem 2.2. We have shown in Lemma 5.1
that ng < ns. Thus we may use the definition of ns and Proposition 5.6 to obtain

(5.31) 1F(xn;) = yll < 1F(2,) — vl + |1 F(2,) — Fzng) —y° +yll S 6,
and for 0 < n < ng,

70 < ||F(ap) = 9’|l < |1 F(23) = Fan) = y° +yll + | F(zn) -yl
< (1+ CKolleol)) 0 + [| F(zn) — yll-

Since T > 1, if Kylleg|| is suitably small, then
(5.32) 6 SNF(xn) —yll S I Tenll,  0<n<ns.

We now prove the convergence of xfm to zf as § — 0. Assume first that there
is a sequence Jd \ 0 such that ny := ns, — n as k — oo for some finite integer n.
Without loss of generality, we can assume that ny = n for all k. It then follows from
(5.31) that F'(z,,) = y. Thus, from (5.7) we can conclude that z; = z,, for all j > n.
Since Theorem 5.5 implies x; — 2T as j — oo, we must have x,, = 2, which together
with Proposition 5.6 implies xf{; -zt as k — co.

Assume next that there is a sequence d; \, 0 such that n; = n;, — oo as
k — oo. Then Theorem 5.5 and (5.32) imply that ||e,, || = 0 and s,ll{fé;~C — 0 as
k — oo. Consequently, by Proposition 5.6 we again obtain xi’i —zt as k — oco.
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6. Numerical results. In this section we present some numerical results to test
the theoretical conclusions given in Theorems 2.1 and 2.2. We consider the estimation
of the coefficient ¢ in the two-point boundary value problem

{ —u"+eu=f in (0,1),

(6.1 w(0) = go,  ull)=gn

from the L? measurement u’ of the state variable u, where go, g1, and f € L?[0,1]
are given. This inverse problem reduces to solving (1.1) with the nonlinear operator
F: D(F) C L?[0,1] ~ L?[0,1] defined as the parameter-to-solution mapping F(c) :=
u(c), where u(c) denotes the unique solution of (6.1). It is well known that F is well
defined on

D(F):={ce€ L*[0,1] : || — ¢ 12 < v for some ¢ > 0 a.e.}

with some v > 0. Moreover, F' is Fréchet differentiable, and the Fréchet derivative
and its adjoint are given by

where A(c) : H> N H} — L? is defined by A(c)u = —u” + cu. It has been shown in
[5] that if, for the sought solution cf, |u(cf)| > & > 0 on [0, 1], then Assumption 2.3 is
satisfied in a neighborhood of ¢f.

In the following we report some numerical results on the methods given by (1.4)
and (1.5) with g, defined by (2.14), which, in the current context, defines the iterative
solutions {c3} by

5
Un,0 = Cp,

Unia1 = Uny — F' ()" (F() —u® — F/ () (e —uny)), 0<1< (L] —1,

Cpi1 = Un,[1/a]
and determines the stopping index ns by
(6.2) HF(Cié)—u‘sH <7< HF(Ci)—u‘sH, 0 <n<ns.

During the computation, all differential equations are solved approximately by a finite
difference method by dividing the interval [0, 1] into m + 1 subintervals with equal
length h = 1/(m + 1); we take m = 100 in our actual computation.

Ezample 1. We estimate ¢ in (6.1) by assuming f(t) = (1+1¢)(1+¢—0.8sin(27t)),
go = 1land g; = 2. If u(c’) = 1+¢, then ¢! = 1+¢—0.8sin(27t) is the sought solution.
When applying the above method, we take a,, = 2™ and use random noise data u’
satisfying ||u® — u(c?)||p2(0,1] = 6 with noise level § > 0. As an initial guess we choose
co = 1 +t. One can show that ¢y — ¢ € R(F'(cf)*). Thus, according to Theorem 2.1,
the expected rate of convergence should be O(§1/?).

The numerical result is reported in Table 6.1. In order to see the effect of 7 in the
discrepancy principle (6.2), we consider the three distinct values 7 = 1.1, 2, and 4. In
order to indicate the dependence of the convergence rates on the noise level, different
values of d are selected. The rates in Table 6.1 coincide with Theorem 2.1 very well.
Table 6.1 indicates also that the absolute error increases with respect to 7. Thus, in
numerical computation, one should use smaller 7 if possible.
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TABLE 6.1
Numerical results for Example 1 with an = 27" and three distinct values of T, where ng is
determined by (6.2), error := ||ch5 —ct|| 12, and ratio := error/51/2.
T=11 T=20 T=4.0

4 ks Error Ratio | ks Error Ratio | ks Error Ratio
10~2 12 | 4.67¢ —2 0.47 9 2.90e — 1 2.90 1 5.65e — 1 5.65
1073 | 14 | 1.47e —2 0.47 12 | 3.89e —2 1.23 12 | 3.89e —2 1.23
104 | 16 | 4.30e —3 0.43 15 | 5.30e —3 | 0.53 14 | 8.70e — 3 0.87
1075 | 18 | 1.30e — 3 0.40 17 | 1.80e—3 | 0.56 16 | 2.80e —3 0.87
10=6 | 21 | 4.45¢ — 4 0.44 19 | 6.41le — 4 0.64 18 | 1.00e — 3 1.03

6=0.01 and n5=12 6=0.001 and n5=14
3 3
= — N
7
2 / 2
1 \/ 1 \/
0 0
0 0.5 1 0 0.5 1
6=0.0001 and n8=16 4=1e-005 and ns=18
3 3
2 2
1 1
0 0
0 0.5 1 0 0.5 1

F1c. 6.1. Comparison on the computed and exact solution for Example 1 with = 1.1.

In order to visualize the computed solutions, we plot in Figure 6.1 the results
obtained for 7 = 1.1 and various values of the noise level §, where the solid, dashed,
and dash-dotted curves denote the exact solution ¢!, the initial guess cg, and the
computed solution cfl , respectively. It clearly indicates the fast convergence as 6 — 0
as reported in Table 6.1.

Example 2. We repeat Example 1 but with 7 = 1.1 and the initial guess ¢y = 2—t¢.
Now ¢y — ¢t & R(F'(c")*), and in fact ¢y — ¢ has no sourcewise representation
co—cl € R((F'(c")*F'(c))¥) with a good v > 0 since ¢o(0) # ¢'(0) and ¢y (1) # c(1).
However, Theorem 2.2 asserts that ||, — cf||r20,1) = 0 as 6 — 0. Figure 6.2 clearly
indicates such a convergence, although the convergence speed could be quite slow

which is typical for inverse problems.
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6=0.01 and n8=12 6=0.001 and n6=16

6=0.0001 and n8=21 d=1e-005 and n6=26
3 3
2 2
|
\ [
1 1
o
0 0
0 0.5 1 0 0.5 1

Fic. 6.2. Comparison on the computed and exact solutions for Example 2 with 7 = 1.1.

A.

M.

M.

M.

M.

> O O O
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