Noncommutative Kernels

Gregory Marx

Dissertation submitted to the Faculty of the
Virginia Polytechnic Institute and State University
in partial fulfillment of the requirements for the degree of

Doctor of Philosophy
n
Mathematics

Joseph A. Ball, Chair
Alexander Elgart
William J. Floyd

John F. Rossi

June 13, 2017
Blacksburg, Virginia

Keywords: Noncommutative kernels, noncommutative functions, uniformly bounded
kernels, completely positive kernels, completely positive maps, completely bounded maps,
Hilbert C*-modules, Hilbert W*-modules
Copyright 2017, Gregory Marx



Noncommutative Kernels

Gregory Marx

(ABSTRACT)

Positive kernels and their associated reproducing kernel Hilbert spaces have played a key
role in the development of complex analysis and Hilbert-space operator theory, and they
have recently been extended to the setting of free noncommutative function theory. In this
paper, we develop the subject further in a number of directions. We give a characterization
of completely positive noncommutative kernels in the setting of Hilbert C*-modules and
Hilbert W*-modules. We prove an Arveson-type extension theorem for completely positive
noncommutative kernels, and we show that a uniformly bounded noncommutative kernel can
be decomposed into a linear combination of completely positive noncommutative kernels.



Noncommutative Kernels

Gregory Marx

(GENERAL AUDIENCE ABSTRACT)

Over the last several decades, positive kernels and their associated reproducing kernel
Hilbert spaces have played a key role in the development of complex analysis and Hilbert-
space operator theory. Recently, they have been extended to the setting of free noncommuta-
tive function theory which is an active area of research with motivation from several different
sources including free probability and noncommutative real semialgebraic geometry. In this
paper, we develop further the theory of positive kernels in the noncommutative setting.
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Chapter 1

Introduction

The goal of the present paper is to expand on the theory of noncommutative kernels and
noncommutative reproducing kernel Hilbert spaces as presented in [9]. The main result of [9]
says that a completely positive noncommutative kernel has an associated noncommutative
reproducing kernel Hilbert space. In Chapters 3 and 4, we extend this result to the setting
of Hilbert C*-modules and Hilbert W*-modules. In Chapter 5, we develop an Arveson-type
extension theorem for completely positive noncommutative kernels. In Chapter 6, we intro-
duce uniformly bounded noncommutative kernels and prove extension and decomposition
theorems in this setting.

One can view free noncommutative function theory as an extension of the theory of
holomorphic functions of several complex variables z = (z1, .. ., z4) to a theory of functions on
matrix tuples Z = (Zy,...,Z,) where Z consists of freely noncommutating n x n matrices
such that n € N is allowed to vary with Z. A noncommutative function is a mapping
on these matrix tuples Z which is graded, respects direct sums, and respects similarities
(see Section 2.1 for details). This characterization of free noncommutative function theory
originates in research by Taylor into developing a functional calculus for functions of several
noncommuting variables [34, 35]. The recent monograph by Kaliuzhnyi-Verbovetskyi and
Vinnikov [17] adds completeness and insight to the work of Taylor. There the authors develop
the theory of free noncommutative functions from first principles and find that a weak local
boundedness condition implies analyticity for noncommutative functions.

Motivation for the study of free noncommutative function theory comes from several
different sources. We point to the work of Voiculescu [36, 37] in free probability, the work of
Helton-Klep-McCullough [15, 16] in noncommutative real semialgebraic geometry, and the
work of Muhley-Solel [22] and Popescu [26] in generalized Hardy algebras. Furthermore,
there is an active industry in which classical results in Analysis are generalized to the setting
of free noncommutative function theory, e.g., Banach fixed point theorem [2], Oka-Weil
theorem [4], implicit and inverse function theorems [1]. The author’s work with Ball and
Vinnikov on reproducing kernel Hilbert spaces [9] and interpolation problems [10] are more
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examples of this trend.

Hilbert C*-modules can be thought of as a generalization of Hilbert spaces where the
inner product has values in a C*-algebra rather than complex numbers. There are several
excellent sources on this subject, e.g., [19, 20, 27, 14]. As noted in [19], applications of the
theory include induced representations and Morita equivalence [28, 29], KK-theory [18], and
C*-algebraic quantum group theory [40]. There has also been work on completely positive
maps and positive kernels in this setting [18, 23, 33], and the content of Chapter 3 builds
on these results. We also take up the development of noncommutative kernels in the setting
of Hilbert W*-modules which are a subclass of Hilbert C*-modules which act more like
Hilbert spaces. Much of the development of the theory of Hilbert W*-modules is due to
Paschke [24] and Rieffel [28, 29] and applications include the work of Muhly and Solel on
interpolation and Hardy algebras [22] and the work of Skeide on von Neumann modules [31]

To set the stage for our discussion of kernels, we first present a classical result due to
Aronszajn [7] and Moore [21] which characterizes positive kernels.

Theorem 1.1. Consider the function K : Q x Q — L(Y) (i.e., a kernel) where Q2 is a set
and L(Y) denotes bounded operators on the Hilbert space Y. The following are equivalent:

(1) K is a positive kernel:
N

D (K (wi,w;)y;, 4i)y > 0 (1.1)

ij=1
forallwy,...,wny €Q, y1,...,yn €Y, N €N

(2) There exists a Hilbert space H(K) (called a reproducing kernel Hilbert space)
consisting of functions f : Q0 — Y with the following properties:

(a) For any w € Q and y € Y, the function K,, gwen by K, ,(v') = KW, w)y
belongs to H(K)

(b) for all f € H(K) and y € Y, the reproducing property
(fs Koy)na) = (f(w),y)y (1.2)
holds.

(8) There exists a Hilbert space X and a function H: Q — L(X,)) so that the Kol-
mogorov decomposition holds:

K(W,w)=HW)H(w)" (1.3)

In the past 25 years, Theorem 1.1 has been extended by several authors. The work of
Murphy [23] and Szafraniec [33] generalizes Theorem 1.1 to the setting where £()) is re-
placed by the set of adjointable operators on a Hilbert C*-module and recent work from
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Barreto-Bhat-Liebscher-Skeide [11] establishes the analogue of (1) < (3) for the setting
where £()) is replaced by L(A, B) where A and B are C*-algebras.

In [9], we extend the theory of reproducing kernel Hilbert spaces to the setting of free
noncommutative function theory. Let © be a nc set, A a C*-algebra, and £())) bounded
operators on the Hilbert space ). Recall that a nc function is graded, respects direct sums,
and respects similarities. We say that K : Q x Q — L(A, L(}))nc is a noncommutative
kernel if it satisfies the appropriate 2-variable version of these properties. The main theorem
of [9] is obtained by considering the following modifications of parts (1), (2), and (3) of
Theorem 1.1:

(1) = (1) K is a completely positive noncommutative kernel, i.c.,
Ze€Q,, P=0in A" = K(Z,Z)(P) = 0in L(Y)"" (1.4)
for any n € N.

(2) = (2’) There exists a reproducing kernel Hilbert space H(K) consisting of noncommutative
functions f : Q@ — L(A,)Y)n. with more elaborate versions of properties (a) and
(b). Furthermore, H(K) is equipped with a unital #-representation ¢ mapping A
to L(H(K)).

(3) = (3’) Kolmogorov decomposition: There is a Hilbert space X equipped with a unital *-
representation o: A — L(X') together with a nc function H: Q — L(X,Y)ne so that

K(Z,W)(P) = H(Z)(idenxm @ o) (P)H(W)* (1.5)

forall Z € Q,, W€ Q,,, P& A",

The result above contains Theorem 1.1 and the Barreto-Bhat-Liebsher-Skeida results [11]
as special cases. Furthermore, the well-known Stinespring dilation theorem for completely
positive maps is a special case of (1') < (3’). However, the result does not generalize the
work of Murphy [23] or the Hilbert C*-module version of the Stinespring dilation theorem
due to Kasparov [18]. There are two principle motivations for extending the result above to
the setting of Hilbert C*-modules. Firstly, we would like to have a general theorem which
contains the mentioned cases. Secondly, the generalization of statements (1), (2), (3’) to
the Hilbert C*-module setting proves to be very natural. This fact is readily seen in the
proof of Theorem 3.6.

To motivate the theory of completely positive noncommutative kernels in the setting of
Hilbert W*-modules, we quote another theorem from the classical theory of reproducing
kernel Hilbert spaces due to Aronszajn [7] and Moore [21].
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Theorem 1.2. Let H be a Hilbert space whose elements are functions f : 2 — Y where 2
is a set and Y is a Hilbert space. If the evaluation maps ev, : f — f(x) are bounded linear
functionals, then there exists a positive kernel K such that H = H(K) (as in Theorem 1.1,

(2).

Theorem 1.2 tells us when a Hilbert space of functions comes from a completely positive
kernel. In [9], we see that this result has a natural generalization to the setting of noncom-
mutative reproducing kernel Hilbert spaces. However, in the setting of Hilbert C*-modules
taken up in Chapter 3, the analogue of this result does not hold. In particular, the proof of
Theorem 1.2 relies on the Riesz-Frechet theorem for Hilbert spaces which does not extend
to the setting of Hilbert C*-modules. This deficiency motivates the development of non-
commutative kernels in the setting of Hilbert W*-modules. We see that the proofs in this
setting are more cumbersome as the natural topology in this setting is the w*-topology in
contrast to the norm topology used in Hilbert C*-module setting. The payoff is that Hilbert
W*-modules are similar enough to Hilbert spaces to prove an analogue of Theorem 1.2.

In Chapter 5, we generalize Arveson’s extension theorem [8] to the setting of noncom-
mutative kernels. We quote the original result below.

Theorem 1.3. (Arveson’s extension theorem) Let D be an operator system contained in a
C*-algebra A with Ip = 14 and let ¢ : D — L(Y) be a completely positive map. Then there
exists a completely positive map ® : A — L()) which extends ¢.

We prove that a completely positive noncommutative kernel K : Q x Q — L(D, L(Y))nc
extends to a completely positive noncommutative kernel K : Q x Q — £(A, £()))ne which
extends K. The proof of our result is broken down into two cases. For the first case, we
assume ) is a finite set. In this way, we can reduce our extension problem to one that can
be solved with Arveson’s extension theorem. A key part of the argument is that for finite
) a completely positive noncommutative kernel can be identified with a completely positive
map with a special bimodule structure and that this structure is maintained after applying
Arveson’s extension theorem. In the second case, we consider general 2 and use a theorem
due to Kurosh (see [6]) to reduce the general case to the finite case.

In Chapter 6, we introduce uniformly bounded noncommutative kernels. We see that
completely bounded maps are a special case, and we generalize several important results
from completely bounded maps to our setting. In particular, Wittstock’s decomposition
theorem [38] says that a completely bounded map ¢ can be decomposed as completely pos-
itive maps, i.e., ¢ = & — & + i(§3 — &) where the &;’s are completely positive maps (see
[25]). We show that a uniformly bounded noncommutative kernel can be similarly decom-
posed by uniformly bounded completely positive kernels. This work is inspired by the work
of Bhattacharyya-Dritschel-Todd [12] where the authors prove an analogue of Wittstock’s
decompostion theorem for a subclass of noncommutative kernels under a weaker assumption
than uniform boundedness.



Chapter 2

Preliminaries

In this chapter, we present noncommutative functions and completely positive noncommu-
tative kernels. Our treatment of free noncommutative function theory and noncommutative
functions in particular is based on the monograph [17]. Our presentation of noncommutative
kernels is based on [9] where noncommutative kernels are first introduced.

2.1 Noncommutative spaces and functions

Let V be a vector space over C. We define a noncommutative space V,. to be the disjoint
union of n X n matrices over V, i.e., V,. = 72, V""" We will often refer to the n-th level
subset of V,. which we denote by V,, i.e., V,, = Vo, N V**". We say that a subset 2 of V.
is a noncommutative set if it is closed under direct sums, i.e. ,

ZeQ,WeQ,=[29]€Qim. (2.1)

We define multiplication between matrices over V and matrices over C by the standard
matrix product. Thus for « € CH*" Z € Y™ 3 € C™*¢, we have that aZj3 € V***.

Example 2.1. Consider the case where ¥V = C¢ and (C%),. = 1152, (C%)™*". We identify
matrices over C? with d-tuples of matrices over C, i.e., (C4)"*" ~ (C**")?. Thus for every
7Z € (C9),,, we have

Z = (21,25, ...,24)

where Z; € C™™ for i = 1,2,...,d. Note that under this identification multiplication by
matrices over C (as described above) is given by

QZB - (Q{Z157a22ﬂ7 s ,OZZdB)

where o € C**" and g € C*.
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Suppose that V and V) are vector spaces over C and € is a subset of V,.. Given a function
[ = Vone, we say that f is a noncommutative (nc) function if

e fisgraded,ie., f: Q, = Von,

and
e f respects intertwinings:

Z €W, Z €Wy, a € C™" with oZ = Za = af(Z) = f(Z)a. (2.2)

As noted in [17], this definition of nc function is analogous to the following: The map f
is a nc function if

e fis graded,
e f respects direct sums, i.e.,
ZW, 501 e=F50D =" 0] (2.3)
and

e f respects similarities, i.e., for invertible a € C"*",

Z,aZa ' € Q, = flaZa ) = af(Z)a. (2.4)

We note that the definitions above are not identical to those presented in [17]. There the
sets () are assumed to be nc sets (2.1). Here we place no such restriction on €.

Example 2.2. Given a polynomial with freely noncommuting indeterminates and complex
coefficients, e.g.,
p(21, 20, 23) = 212023 + 22120 — 32221,

we may define a nc function from Q = (C3),. (see Example 2.1) to C,. by
P(Z) = p(Zy, Zy, Z3) = Z1ZaZs 4 221 Zy — 3227,

where Z = (Zy, Zy, Z3) € (C"™™)3. We check that p is a nc function. Clearly, the function is
graded as d-tuples of n x n matrices are mapped to a single n x n matrix. To check that p
respects intertwinings (2.2), we consider Z € Q,,, Z € Q,, a € C™*" such that aZ = Za (or
equivalently aZ; = Za for i = 1,2,3). We have

ap(Z) = aZ1Zy 2y + 027, Zy — 32271 = Zy Lo Zsow + 221 Zoor — 3Zy 2o = p(Z)x

which establishes that p respects intertwinings.
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2.2 Noncommutative kernels

As before, let V be a vector space and let €2 be a subset of V... Consider two additional
vector spaces Vy and V; and the function K : Q x Q — L(V1,Vy)ne Where

L’(Vb Vo)nc = Hoo

n,m=1

LV V),

We say that K is a noncommutative kernel if

e K is graded, i.e.,
ZeQ, WeQ,=K(ZW)e LV Vm), (2.5)
and
e K respects intertwinings in the following sense:
Z €W, Z € O, a € C™" such that aZ = Za,

W € Qn, W € Q. 8 € C™™ such that SIW = W3, (2.6)
P eV = o K(Z,W)(P)B* = K(Z,W)(aPg).

As in the case of nc functions, we have an equivalent definition for nc kernels:

e K is graded,

e K respects direct sums, i.e.,

K230 1% &) (L fe]) =[£G e ], (27)

and
e K respects similarities:
Z, 7€ Q,, a € C™" invertible such that 7 = aZa ™,
W, W € Q,,, B € C™™ invertible such that W = W31, (2.8)
Pe V™™ = K(Z W)P) = aK(Z,W)(a ' P3~*)s*

Example 2.3. Consider the nc functions f, g : Q C Ve = Cyc and let K : QxQ — L(C,C),e
be given by K(Z,W)(P) = f(Z)Pg(W)* where Z € Q,, W € §,,, and P € C"™. Then
K is clearly graded (2.5). To show that K respects intertwinings, we assume the setup from
(2.6) and calculate

aK(Z,W)(P)B" = af(Z)Pg(W) B = f(Z)(aPB")g(W)" = K(Z,W)(aPB").
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Example 2.4. Let ¢ : V; — V), be a linear map and consider the inflation maps ¢, ,, :
VI — Vg™ given by ¢ m([vii]) = [@(vij)] for [v;] € V7™, We show that such maps
define a nc kernel. Let {2 be the nc subset of the nc space C,. consisting of the n x n
matrix identities, i.e., 2, = {Icnxn}. We construct a map K : Q x Q — L(V1, Vo)ne via
the identification K (Icnxn, Igmxm)([Vij]) = Pnm([vi;]) where in particular K(1,1) = ¢. We
proceed by verifying that our map K is an nc kernel. By construction, the map is graded
(2.5). To show that K respects intertwinings, we assume the setup from (2.6) and calculate

0K (Z,W)(P)B" = abum(P)B* = ¢um(aPB*) = K(Z,W)(aPB"). (2.9)

Example 2.5. Let X be a set. We show that kernels of the form k : X x X — L(V}, V)
define a nc kernel. We construct a vector space V such that the elements of its basis are
given by the elements of X. Let 2 be the nc subset of the nc space V,. consisting of those
diagonal matrices containing only basis elements, i.e., any Z € 2, is given by

Z1 0 0
Z=10 . 0
0 0 =z,

for some z1,...,2, € X. We define a map K : Q x Q@ — L(V1,Vo)nc by K(Z,W)(P) =
K(Z,W)([pij]) = [K(zi,w;)(pij)] for Z € Q,, W € Q,,, and P = [p;;] € V[""™. We note
that K and k agree over X, ie., K(z,w) = k(z,w) for any z,w € X. We proceed by
checking that K is a nc kernel. As the map is graded (2.5) and respects direct sums (2.7)
by construction, it remains to check that K respects similarities (2.8). Consider Z, Z €O
and invertible o € C™" such that Z = aZa~'. We observe that the equality only holds if «
is a permutation matrix, so we have a = > e; i€ ) where eq, ..., e, denote the standard
basis elements of C" and 7 : {1,...,n} — {1,. n} denotes a permutation on {1,...,n}.
We assume the setup of (2.8) with a =", eie;(i) and § =37 eje;; and calculate

OéK(Z,W <Zee ®]v0> (Z eke£®K(zk,wg pkg ) (Zeme ®Iy0>

k=1

= Z eier ) exe;€x(j)e; ® K (zi, we)([pr.e))
ikl j=1

=) ei€] ® K (zn(s), way)) ([Pr(iy 7))

ij=1
= K(Z,W)(aPB").
We conclude that oK (Z, W)(a 'PB~1*)8* = K(Z,W)(P).

We now recall some preliminary results on C*-algebras. A C*-algebra A is a norm-
closed, x-closed subalgebra of bounded operators on a Hilbert space )). In the sequel, we



Gregory Marx Chapter 2. Preliminaries 9

assume that all C*-algebras are unital, i.e., a C*-algebra containing the identity. An element
a € A is said to be positive if it has the form a = b*b for some b € A, and equivalently,
an element a € A is positive if (y,ay) > 0 for any y € ). A subspace M of a C*-algebra
is called an operator space. A subspace S of a unital C*-algebra which is self-adjoint (i.e.
a €S = a*€S8) and contains the identity is called an operator system.

We note that we have presented the concrete definitions of a C*-algebra, operator space,
and operator system. For the abstract constructions and more details, see [25].

We now consider nc kernels of the form K : Q x Q — £(S1,Sp)ne where S; and Sy are
operator systems. We say that such a K is completely positive if

[Py] = 0= [K(29,Z29)(Py)] = 0 (2.10)
for any Z0) € Q,,., P; € S;"™, and i = 1,2,...,n.

Proposition 2.6. Let Q2 be a nc subset of Vye. Then a nc kernel K : Q x Q — L(S1,S0)ne
18 completely positive if and only if

P=0= K(Z Z)(P) =0 (2.11)

where P € SN, Z € Qy, and N € N

Proof. If K is a cp nc kernel, then the implication (2.11) follows by definition. Assume now
that (2.11) holds and consider any finite set Z(), Z®?) .. Z(W € Q. As Q is assumed to be
a nc set, we can construct a single element Z € ) given by

A consequence of the fact that a nc kernel respects direct sums (2.7) is that condition (2.11)
with this choice of Z € ) is equivalent to (2.10). O

Example 2.7. Let 2 be a nc set. Given a nc function f : 2 — C,., we consider the map
K :QxQ— L(C,C), given by K(Z,W)(P) = f(Z)Pf(W)* where Z € Q,,, W € Q,,, and
P e C"™. Recall from Example 2.3 that such a map is a nc kernel. We now establish that
this special case is a cp nc kernel. Consider Z € §2,, and positive P € C"*", then we have

K(2,2)(P) = K(Z,2)(QQ") = [(2)QQ" [(2)" = (/(2)Q)(f(2)Q)*
which shows that K(Z, Z)(P) is positive and by Proposition 2.6 K is completely positive.

Example 2.8. Let §; and Sy be operator spaces and let ¢ : S — Sy be a linear map. We
say that ¢ is a completely positive map if the inflation maps ¢,,,, are positive maps for
each n € N; i.e.

[pij] = 0= dnnllpis]) = [0(pi)] = 0.
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for [p;;] € S"™. From Example 2.4, we see that ¢ and induces a nc kernel K, and it follows
from (2.10) and the discussion in Example 2.4 that ¢ is a completely positive map if and
only if the induced nc kernel K is completely positive.

Again, considering a nc kernel of the form K : Q x Q — L£(S1,Sp)ne. We define the kernel
adjoint K* by K*(Z,W)(P) = K(W, Z)(P*)*, and we say that a nc kernel is hermitian if

K*(Z,W)(P) = K(W, Z)(P*)" = K(Z,W)(P). (2.12)

A positive element of a C*-algebra is self-adjoint, and we can prove an analogous result holds
for cp nc kernels. To this end, we need the following lemma from [25].

Lemma 2.9. Let § be an operator system. For P € 8™ the matrix

P* g
is positive in STTMXEM) yf and only if ||P|| < 1.

Proof. We note that ||P|| < 1 if and only if Igmxm — P*P = 0. The result then follows from
the following equality:

ISan P o IS"’IX”I 0 IS”IX” O Isnxn P
P* Igmxnm| | P Igmem| | 0 Ismxm — PP | 0 Igmxm|

Proposition 2.10. A ¢p nc kernel K : Q x Q — L(S1,S0)nc is hermitian.

Without loss of generality, we consider P € S with ||P|| = 1. By Lemma 2.9, we

have
K(2,2)I) K(ZW)(P
0= K (501150 (A7) = [ &EAm K]

for Z € Q, and W € Q,,. We conclude that K(Z,W)(P) = K(W,Z)(P*)* and so K is

hermitian.

2.3 Noncommutative envelopes

The following extensions of subsets €2 of V. are first considered in [17, 10]:

1. We say that [Q],. is the noncommutative envelope of ) if it is the smallest subset
of V,e which is closed under direct sums, i.e.,

Ze€Q, WeQ,=[23%] € Quim. (2.13)
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2. We say that [Q]gn, is the similarity envelope of € if it is the smallest subset of V.
which is closed under direct sums (2.13) and under similarity transforms, i.e.,

7 € Qy, a € CY™ invertible = aZa ™' € Q,. (2.14)

3. We say that [Q]gy is the full noncommutative envelope of  if it is the smallest
subset of V. which is closed under direct sums and left injective intertwinings, i.e.,

Z € Q,, 7 € Viem such that T7 = ZT for an injective Z € C"*"™ = Z €O, (2.15)

Alternatively, we can characterize these extensions of {2 more constructively as noted in the
following result from [10].

Proposition 2.11. Let € be a subset of Vy.. Then

1. The nc envelope [Q,e consists of those elements of V. which are constructed by taking
the direct sums of elements of ), i.e. every Z € [Q]n. has the form

7()
7 =

where ZW, 7@ ZN) € Q.

2. The nc similarity envelope [Qsm consists of those elements of Vy. which are of the
form aZa™! where « is an invertible matriz over C and Z € [Qye.

3. The full nc envelope [Q)g consists of those Z € V. which satisfy the intertwining
relation ZZ = ZT for a left injective intertwiner T and Z € [Qpe.

Furthermore, we observe the following chain of containments:

Q C [Une € [Wsim < [ (2.16)

2.4 Extensions of noncommutative functions and ker-
nels

In some cases, we can uniquely extend a nc function, nc kernel, or cp nc kernel to be defined
on a larger domain. The following results are from [17, 10].

Proposition 2.12. Suppose that Q) is a subset (not necessarily a nc subset) of V.
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1. Any nc function f: Q — Vo extends uniquely to a nc function f on the nc enve-
lope [Qne and on the nc similarity envelope [Qpesim but not necessarily on the full nc
envelope [Q)p-

2. Any nc kernel K: Q — L(V1,Vo)ue extends uniquely to a nc kernel K on the nc envelope
[Q]ne and on the ne similarity envelope [Qnesim, but not necessarily on the full envelope

[ funt-

3. Any cp nc kernel K: Q x Q — L(V1,Vo)ne extends uniquely to a cp nc kernel on the
nc envelope [Qne and on the nc similarity envelope [Qnesim, but not necessarily on the
full nc envelope [

2.5 Tests for complete positivity of nc kernels

An interesting fact is that, at least in some special cases, there is finite test for complete
positivity of a nc kernel with domain equal to a finitely generated nc set. The following
results first appear in [10].

Proposition 2.13. Let Q be the full nc envelope [Qp]wn of the finite subset Qp = {ZW ... Z(N)1,

Suppose that K: Q x Q@ — L(A, L(Y))nc is a nc kernel. Then K is a cp nc kernel if and

only if
N N
K (@ Z(i),@Z(i)>
i=1 i=1
1s a completely positive map.

Proof. Necessity follows from the definition of a cp nc kernel.

For sufficiency, proceed as follows. Let n; denote the size of Z(®) (so Z®) € Y™, For
1 < iy < N, let E(©) be the (Zf\il n;) X n;, matrix of column-block structure with i-th block
column having size n; X n;, such that the ip-block is equal to the iy X 7y identity matrix I;,
and all other blocks are equal to 0:
0

i) — | 1,
0

6
From the intertwining relation <@fi 7 (i)) Elio) = o) 7Go) and the respects intertwinings
property (2.6), we see that

N N
BeK (@ 2P Z“") ([Py]) B® = K (2%, 20)(Pyy,).
i=1 i=1
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We conclude that the map K (@f\il Z(i),@ij\il Z(i)> being positive implies that the map
K(ZzU0) 7)) is a positive map for each ip, 1 < 49 < N. A similar argument gives that
K (@f\il Z0 @Y, Z(i)> being completely positive implies that K (Z), Z(0)) is completely

positive. More generally, K (@f\il ACR @f\il Z (i)> being completely positive implies that

K (@iw (@Z]\il Z(i)> ,@iw (@f\;l Z(i)>> is completely positive for any M € N. Invoking a
variant of the intertwining argument once again, we see that K (@le ACIS @le ZU)) is a
completely positive map, where here {Z%, ... Zit} is any subcollection of the set of points

{ZW ..., ZM) with each allowed to be repeated any number of times up to M times. We
conclude that K(Z, Z) is completely positive for any Z in the nc envelope (Q2p )y of Qp.

It remains to check that K (2 , Z ) is positive for any A= [QF]|qn. Suppose that such a 7
is in Q,,,. By definition there is an injective matrix Z € C"*™ and a Z € [Qp|,c of size n X n
so that TZ = ZZ. We use the respects intertwinings property (2.6) of the nc kernel K to
see that o
IK(Z,Z)(P)IT* = K(Z,Z)(ZPZ") = 0
for any P = 0 in A™*™. As 7 is injective, we conclude that K(Z, Z)(P) = 0 and K(Z, Z)
is a positive map.

]

Corollary 2.14. Let Q) and K be as in Proposition 2.13 and consider the special case where
A=C. Then K is a cp nc kernel if and only if

N N N’ N
K <@@Z<i>,@@z<i>> (Cn) (2.17)
j=1 i=1 j=1 i=1

is positive where N' is set equal to the level of Q) containing @f\;l Z9 (i.e., @Z]\Ll ZW € Qu)
and where €y (the Chot matriz at level N') is the (N')? x (N')? matriz written out as a
block N' x N' matriz with N' x N’ matriz entries given by

Ty = [Ei]};]i,jzl ..... N’
where EZ]\;/ is the N' x N' matriz with (i, j)-entry equal to 1 and all other entries equal to 0.
Proof. Necessity follows from the definition of a cp nc kernel and the fact that €y is a
positive map.

For sufficiency, we assume that (2.17) is positive. Since an nc kernel respects direct sums,
we have that

(@D DD e - i (Do) (e1)

j=1 i=1 =1 i=1

i1 gl
v
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where the right-hand side is a block N’ x N’ matrix (1 < 4,5° < N’). By [25, Theorem
3.14], the map K <@5V:1 AQH @f\il Z (i)> is completely positive, and the result follows from
Proposition 2.13. O]



Chapter 3

Noncommutative reproducing kernel
C*-correspondences

3.1 Hilbert C*-modules and correspondences

The content of this section has its roots in the seminal papers of Rieffel [28, 29] and Paschke
[24]. All of the results can be found in any of the many references on the subject [19, 20, 27,
14].

Let A and B be unital C*-algebras. We say that £ is an inner product B-module if £
is a right module over B with a B-valued inner product (e, ¢e’) : £ x € — B such that
(1) (e, e'b) = (e, e)b (3.1)
(2) {e,€')" = (¢, ¢)
(3) (e,e) = 0 and (e,e) =0 if and only if e = 0
for e,/ € £ and b € B. If £ satisfies all of the conditions above except the second part of

(3.3), we say that £ is a semi-inner product B-module.

In this setting, we have the following version of the Cauchy-Schwarz inequality (see [27,
Lemma 2.5] for details).

Proposition 3.1. If £ is a semi-inner product B-module and e, e’ € €, then

(e e)le, ) 2 Ke, e}l (e, €). (3.4)
For a semi-inner product B-module &, we define the map || - ||¢ : £ — C by
lelle = II¢e, e)1™ (3.5)

15
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We see that (3.4) gives ||{(e,€)||s < |le]|le]|€'||e, and with this fact, it is straightforward to
check that (3.5) defines a semi-norm on a semi-inner product B-module and a norm on an
inner product B-module by the usual arguments from the Hilbert-space case. We call an

inner product B-module which is complete in this norm a Hilbert C*-module over B or
a Hilbert B-module.

Let £ and F be Hilbert B-modules. We let £(&,F) denote the set of bounded linear
operators from £ to F. We say that 7' € L(€,F) is a B-module map if T'(eb) = T'(e)b
for e € £ and b € B. An adjointable map from £ to F is a linear map T : £ — F with
corresponding linear map S : F — & such that

(Te, fr = (e, Sf)e.

Proposition 3.2. Let £ and F be Hilbert B-modules. Every adjointable map T : € — F 1is
a bounded B-module map.

We denote the space of adjointable maps from € to F by L£,(€, F) and make the abbre-
viation L£,(E) := L,(E,E).

Proposition 3.3. Let € be a Hilbert B-module. The set of adjointable maps L,(E) is a
C*-algebra.

We say that € is a C*-correspondence from A to B (or £ is an (A, B)-correspondence) if
£ is a Hilbert B-module with a left module action from A given by a unital x-homomorphism

o: A— L,(E).

Example 3.4. We consider the special case where £ = B where the B-valued inner product
is given by

(b)) = by

for b, € B. Properties (3.1), (3.2), and (3.3) follow directly from fact that B is a C*-algebra.
We note that || - ||¢ is equal to the norm on the C*-algebra B, i.e.,

1blle = 118, 0)[14° = 116°0]1,4* = [1b]]

Since C*-algebras are complete in their norm, it follows that & = B is a Hilbert B-module.

In this case, we have a characterization of all adjointable maps £,(B). For t € B, consider
the map L; : b +— th. We see that

(Le(V), b) = (£, b) = V*t*b = b* Ly (b) = (I, Ly (b))
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We conclude that L; is adjointable with L = L. For any T' € L,(B), we have

and we conclude that every adjointable map in £,(B) is given by a left multiplication map
L, for some t € B.

We may now construct an example of a bounded linear map on a Hilbert B-module
which is not adjointable. We consider the same setting as before in the special case where
B = C?*2, Consider the map R : C**? — C?*2 given by right multiplication by the matrix
[9¢]. From the discussion above, we observe that to be adjointable the map must be given
by left multiplication by a matrix, i.e., for all b € C*?, R(b) = b[3§] = [ai! a22]b for some
(ot a12] € C?*2. We see that this is impossible by setting b= [} 9] as

[60][60] # [a @21 [66]-

We note that our characterization of L,(B) is false if B is not unital. Let B be the
C*-algebra of compact operators on an infinite dimensional Hilbert space ). Clearly, the
map L; is an element of £,(B). For any B € B, we have that I # B as the identity
operator is not compact. Thus, we can find y € Y such that I(y) = y # B(y). If we let
P be the compact operator which projects onto the subspace spanned by y, we have that
L;P =P # BP = LgP since P(y) =y # B(y) = BP(y). We conclude that there exist
elements of £,(B) which are not given by Lg for B € B.

Example 3.5. Let ) be a Hilbert space with inner product (y/,y) which is linear in the
second argument. Then ) is a Hilbert C*-module over C where we make the following
identification:
W'\ y) =y"y.

We view y € ) as an operator y € L(C,)). Then y*: Y — C is the adjoint of the operator
y': C — Y given by

Yy YTy =y y).
Note that the expression y*y is suggestive of the order used for a Hilbert C*-module inner
product (', y) (linear in the second rather in the first argument).
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3.2 Main theorem

In this section, we state and prove the main result of the chapter. The proof is similar to
that seen in [9] where we consider the special case L,(E) = L()).

Theorem 3.6. Suppose that €2 is a nc subset of V,,. for some vector space V, & is a Hilbert
B-module, A is a unital C*-algebra, and K: Q x Q — L(A, L(E))ne is a given function.
Then the following are equivalent.

1. K is a cp nc kernel.

2. There is a (A, B)-correspondence H(K) whose elements are nc functions f: Q —
L(A, E)pe such that:

(a) For each W € Q,,, v € A¥™ and e € E™, the function
Kwpe: Qp = LA E)" = L(A",E")

defined by
Kwaue(Z)u= K(Z,W)(uv)e (3.6)

for Z € Q,, uw e A" belongs to H(K).

(b) The kernel elements Ky, . as in (3.6) have the reproducing property: For f €
H(K), W e Q,,, ve AX™ ecc&m,

(e, W)™ ))em = (Kww.es [)ar)- (3.7)

(c) H(K) is equipped with a unital x-representation o mapping A to L,(H(K)) such
that
(o(a)f) W) (") = f(W)(v"a) (3.8)

forae A, W € Q,,, v e A™™ with action on kernel elements Ky, . given by
O-(UJ): KW,v,e = KW,av,e- (39)

3. K has a Kolmogorov decomposition: There is an (A, B)-correspondence X together
with a nc function H: Q — L,(X,E)ne so that

K(Z,W)(P) = H(Z)(idenem ® 0)(P)H(W)* (3.10)
forall Z € Q,, W € Q,,, Pe A™™,

Proof of (1) = (2). We assume that K is a cp nc kernel and build the (A, B)-correspondence
H(K) from kernel elements Ky, .
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Kernel elements are nc functions. Assume the setup as stated in part (2) of the
theorem. We have

[ Ewp,e(Z)ullen = | K(Z, W) (uv)el|en
< [[K(Z, W) (uv)||z,em emllellem
SNK(Z, W)l cianxm caem enylluv]] anom[|e]|em
< (1K (Z, W)l earsm coememy 0]l arxm

which shows that Ky, .(Z) is a bounded operator from A" to £" for Z € Q,. Thus, the
kernel elements Ky, . are graded functions mapping Q to L£(A, E)pe. It remains to check

ellen) llullan

that the kernel elements respect intertwinings. To this end, suppose that a«Z = Za where
Z€Qy, Z € Qp,and a € C™*", By (3.6) and the fact that K is a nc kernel, we have
aKw,(Z2)(u) = aK(Z,W)(uv)e
= K(Z,W)(auv)e

= Kw.e(Z)(ou)
which confirms that kernel elements respect intertwinings.

Construction of H(K). Let H°(K) be the vector space given by the linear span of
the kernel elements:

HO(K) = span{ Ky W € Qv € A e € ™ m=1,2,...}.

The following lemma shows that the kernel elements are closed under addition and scalar
multiplication. Thus, the vector space H°(K) is really just the set of kernel elements.

Lemma 3.7. Consider the nc functions Ky, . given by (3.6) for a nc kernel K. For W) €
O, W € Qs v e A 9@ ¢ A7 () e gm o) € €™ and a,b € C, we have the
identity

K{W(l) 0 }[ ) o, ae® = aKy ) 0 o) + bK @) 4@ e (3.11)
0 W<2) LU v ’ b€(2)

Proof. The equality (3.11) follows from the fact that nc kernels respect direct sums (2.7). In
detail for Z € Q,, and u € A",

Kl o 1 o [a0] @@ =K (2% 8 ]) (b v0]) ([56])
0 W@ |t VT e

= [K(ZWO) @) K(2W®)w®)] [g:(‘;}

=K (Z, WD) (wvM)(aeW) + K (2, W®) (wv®)(be?)
= aK (Z,WW) (M) (eM) + bK (Z, W) (uv®)(®))
= a/Kw(l)’,U(l)ﬁ(l)(Z) (u) + bKW(2),U(2),€(2)(Z)(u)’

O
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As H°(K) consists of functions, the zero element of the space is the zero function, i.e.,
f € H°(K) such that f(Z) =0 for all Z € Q2. We define a B-valued inner product on kernel

elements by

(Kw,u,e, KW’,v’,e’>H°(K) = <€,K(W W’)(U*U/)€,>5m = <67KW/,U’,€/(W)<U*)>EW' (3-12)
Thus, we have by construction that the kernel elements satisfy the reproducing property
(3.7) with this inner product.

We proceed by establishing that the inner product above gives an inner product B-
module. We define a right module action on H°(K) by K. -b = Kw, e and check (3.1)
for kernel elements:

KW,v,e; KW’,U’,e’b>’H°(K)

e, KW, W")(v*v")e'b)em
e, K(W,W")(v*v")e")gmb
KW,v,e; KW’,v’,e’>’H°(K)b-

<KW,U,67 KW’,U’,e’ : >’H° (K) —

{
=
= {
=

Likewise, we check that (3.2) holds:

(Kwwer Kwr eV ) = (e, K(W, W (0" 0)e)em
= (K(W,W")(v*v")e', €)gm
= (¢, K(W,W")(v*v')*€)em
= (!, K(W W)(v’*v) Yem
=

KW’v e KWU e>H°( K)-

It remains to check (3.3). Since K is a cp kernel, the inner product is positive semidef-
inite, i.e., (f,f) = 0 for all f € H°(K). To check the second part of (3.3), we use the
Cauchy-Schwarz inequality (Proposition 3.1). For any kernel element Ky, . such that
(Kwa.es Kwae) =0, we have

(€, Kwpe(Z) (W) en (Kwve(Z)(u), €)en
:<KZ,u*,e’a KVV,U,@)H"(K) <KW,v,ea KZ,u*,e’)’HO(K)
'_< ’ |KW’U’,3, KW,v,e> | | <KZ,U*,e’7 KZ’u*’e/>HO (K) (by Proposition 31)
=0.

for all Z € Q,, u € A", and €' € £" which establishes that Ky, . is the zero function. We
conclude that (3.12) is an inner product B-module.

We define a norm on H°(K) given by || f||zex) = |[(f, f>||1/2 By [27, Lemma 2.16], we
can extend H°(K) to a Hilbert B-module H(K) such that H°(K) is dense in H(K), i.e., we
take the completion of H°(K') such that the space remains an inner product B-module.
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We show that H(K) consists of nc functions on Q. We let evy : H°(K) — L(A",E™) be
the linear map given by evaluating a kernel element at Z € €2,,. We can extend the map to
all of H(K) by continuity provided evy is a bounded operator which in turn is a consequence
of the following calculation:

llevz(NII = IlF(Z)]]
= sup [[f(Z)ul|

ul =1
et e, F(Z)u)]
= sup  |[{Kzure, )l

[l [=lle|=1
= i ezl

ull=llel|=1
- I Hsjipl\*l H<KZ:U*767KZ,u*,e>H1/2 Hf”
= o e KZ Z))e) |72 1]
= S—up—lueHl/Q”K(Z’ Z)(wu*)el| /2| £1]
< s (K21 el lull 1]

= [|K(Z, 2)II'2IIf1I.

(3.13)

Thus, we can extend evy to a continuous map on all of H(K'). We define point evaluations
on f € H(K) by f(Z) = evz(f). To check that the elements of H(K') are nc functions, it
remains to check intertwinings. Let (f,) be a sequence of kernel elements which converges
in norm to f € H(K). For aZ = Za where Z € Q,,, Z € Q,,,, and a € C™"_ we have

of(2) = aevz ()
= oevz{ i, f2)
= o i, F(2)
= Ji, (2o
= evz(Jim fu)a

= f(Z)a.

We can verify in a similar manner that the reproducing property (3.7) holds and that the
zero element is equal to the zero function in H(K). The following calculation shows the
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right B-module action on the functions f € H(K) is given by (fb)(W)(v*) = f(W)(v*)b:

(e, (SOYW)(0"))e = (Kw.e, [O)nx)
= (Kwv.er [)n)b
= (e, fW)(v"))eb
= (e, f(W)(v")be-

We show that H(K) is an (A, B)-correspondence. For a € A, we define a left module
action on kernel elements Ky, . by

U(CL) : KW,v,e — KW,av,e-
We check that o is additive o(a; + a2) = o(a1) + o(as):

o(ar + a2) Kwe(2) (1) = Kwayvtras.e(Z) (1)
= K(Z,W)(uajv + uazv)
= K(Z,W)(uav) + K(Z, W)(uagv)
= Kw,ayv.e(Z)(t) + Kw,agv.e(Z)(u)
= 0(a1) Kw.e(Z)(u) + 0(a2) Kw,.e(Z)(u)

multiplicative o(ajas) = o(ay) o o(az):

U(a1a2)KW,v,e = KW,a1a2v,e
- U(CLl)KW,azv,e
= U(a1>0(a2)KW,v,e

unital U(IA) = [’H(K):
U(IA)KWv,e = KVV,v,e

and respects adjoints o(a*) = o(a)*:

<KW/,U',€’7 U(a’)KW7U7€> <KW’ v’ e’ 7KW,av,e>H(K)

= (e, K (W’ W) (W™ av)e) g

= (e/, KW', W)((a™') v)e)gm
<K "a*v’ e’ aKVV,v,e>’H(K)

=

U( )KW’ v’,ely KI/V,v,e>H(K)-

We may extend the map to all of H(K) by continuity provided o(a) is a bounded operator.
As ||a]|*I4—a*a is a positive element of A, we have that o(||a||>I4—a*a) is a positive element
of H(K) and so ||a||*Iz ) = o(a)*o(a). We conclude that ||o(a)|| < ||a|| and o extends to a
unital *-representation o : A — L,(H(K)).
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Finally, we check formula (3.8)

(e, (a(a) Y W) (0 ))em = (Kww.e,0(a) faux)
= <KW,a*v,e7 f>”H(K)
= (e, f(W)(v"a))em
and that concludes (1) = (2).
[l

Proof of (2) = (3). Let the (A, B)-correspondence H(K) be X. We proceed by defining a
nc function H : Q — L,(H(K), E)ne so that

K(Z,W)(P) = H(Z)(idcnxm @ o) (P)H(W)* (3.15)
forall Z € Q,, W € Q,,, P& A",
J1
Let Z € Q,, and f = ff € H(K)™. We define the map H(W) : H(K)™ — E™ by
fm
HW)(f) =Y Hi(W)(ef" @ 1) (3.16)

=1

where e, el ..., ey are the standard basis vectors in C™.

Y ¥m

We check that the map is bounded:

IHW)Dlle < IV @ 10
=[Gl

<D Mevwl[[Ifill - (see (3.13))
i=1
= vml|f|[[levw|]

and a B-module map:

m

HW)(fb) = Z(fib)(eim ® 1a)

- Z filef” @1a)b  (see (3.14))

= HW)(/)b.
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We define extended kernel elements to be the elements of H(K)™ given by Ky, =

KW,ul,e ul
KW,u2,e u
forec&mand U = | . ] ,u; € A We have
KW,;Lm,e um
(e, HW)(f))em = (e, f:(W)(e]* @ 14))em
i=1
= Z<KVV,eim*®lA,e> fi>H(K)
<KW1Am><m737 f>H(K)m
and so

HW)™(e) = KWt yume = [ (3.17)

K
W,elP* @1 4 e ]
KW,e%*@lA,e

With H (W) and H(W)* worked out, we proceed by constructing an analogue of o from
(3.8) for the current setting and check that the Kolmogorov decomposition (3.10) holds. For
P = [P;] € A, we define (idgnxm @ 0) : A — Lo (H(K))"*™ by (idgrxm @ 0)([Py]) =
[0(P;;)] and note its action on the extended kernel elements of H(K)™:

KW,ul,e
KW,:um,e
= coli[z o (Pyj) Kwu, ]

J

= coli[z Kw.pju;.el

J

(id(cnxm ® U)(P)KW,U,E = [U(Plj]

= Kw,pue-

p1

: } e A" we have
Pn

ForZEQn,WEQm,andP:{

H(Z)(idgnxm @ 0)(P)H(W)*e = H(Z)(idcnxm @ 0)(P)KW,1 4 e

KWpl e
K »P2,€
— H(Z)Kwpe=H(Z)| " Z Kwp,.o(Z)(€™ @ 14)

Kan e
n

=Y K(ZW)(e@p)e=K(Z,W)(P)e

=1
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which provides the required Kolmogorov decomposition.

We check that H is a nc function. To this end, we suppose that Z € €, Z € Q,, and
- bil
a € C™*™ are such that aZ = Za, and that f = [ :

] € H(K)™. The following computation
In

aH _CX(Z]C] n®1A> Zf] ®1A)
fi(Z) (Z aijef™ ® 1A> Z Z F(Z) (ae™ @ 14)

i=1 j=1

HMS TEM

(Z aii f;(Z)(e™ & 1A)> = H(Z)(af). (3.18)

verifies the desired result. This completes the proof of (2) = (3) in Theorem 3.6. O

Proof of (3) = (1). We assume that K has a Kolmogorov decomposition
K(Z,W)(P) = H(Z)(idgnxm @ o)(P)H(W)*.
For any Z € Q, and 0 < P € A™*", we factor P as R*R and write out the decomposition
K(Z,Z)(P) = H(Z)(idcnxn @ 0)(P)H(Z)*
— H(Z)(idewn © 0)(R*R)H(Z)"
— H(Z)((idewn ® 0)(R)) (e © 0)(R)) H(Z)"
We conclude that the kernel K is positive.

We check that K respects intertwining. Suppose that we are given Z € ,, Z € Oz,
a € C™™ such that aZ = Za and W € Q,,, W € Qg, € C™*™ with W = W5. We
express the kernel K by its Kolmogorov decomposition and utilize the fact that H respects
intertwinings as a nc function:

aK(Z,W)(P) "

aH (Z)(idgnxm @ o)(P)H(W)*5*
H(Z)a (idenem @ 0)(P)) 3 H(W)*
H(Z)(iderxm ® 0)(aPB*)H(W)'
K(Z,W)(aPs).

We conclude that K is a nc kernel. O
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3.3 Special cases and examples

In this section, we identify some special cases of Theorem 3.6 appearing in the literature.

In [9], completely positive nc kernels are first introduced, and we realize the main result
there by considering those nc kernels of the form K : QxQ — L(A, L()))nc. Other examples
come from kernels without any special noncommutative structure. In Example 2.5, we see
how to identify a kernel k : X x X — L(V;,V,) with a nc kernel K : Q x Q = L(V1, Vo)ne-
Under this identification, the characterization of classical kernels given in Theorem 1.1 is the
special case of Theorem 3.6 where V; = C and V, = L()). Likewise, we obtain the more
general results of Barreto-Bhat-Liebscher-Skeide [11] by letting V; and V, be C*-algebras, and
we obtain the results of Murphy [23] and Szafraniec [33] by letting V; = C and V, = L,(E).

Other examples from the theory of completely positive maps. We recall the well-known
Stinespring dilation theorem [32] below.

Theorem 3.8. Consider a linear map ¢ : A — L(Y). Then the following are equivalent.

1. ¢ is a completely positive map.

2. There is a Hilbert space X equipped with a unital x-representation o : A — L(X) along
with a bounded operator H : X — Y such that

¢(a) = Ho(a)H™. (3.19)

Following the discussion in Examples 2.4 and 2.8, we may identify a completely positive
map ¢ : A — L()) with a completely positive kernel K : Q x Q — L(A, L(Y))ne such that
K(1,1) = ¢. We see that Theorem 3.8 follows from the equivalence (1) < (3) in Theorem
3.6. In particular, the representation of ¢ given by (3.19) is the same as the Kolmogorov
decomposition (3.10) when restricted to level 1:

¢(a) = K(1,1)(a) = H(1)¢(a)H(1)".

There is an analogous result for completely positive maps of the form ¢ : A — L£,(€) due to
Kasparov [18], and this result follows from Theorem 3.6 similarly.



Chapter 4

Noncommutative reproducing kernel
IW*-correspondences

4.1 Hilbert W*-modules and correspondences

As in the previous chapter, most of the content of this section can be attributed to the work
of Rieffel [28, 29] and Paschke [24]. For more recent references, see [20, 14].

We begin by listing off the definitions that we need for this section. Most of the terms
have analogues already described in Section 3.1. The main difference is that in this section
our objects of study should be self-dual in the appropriate sense.

Recall that a C*-algebra (concrete) is a norm-closed, *-closed subalgebra of £()) where
Y is a Hilbert space. A W*-algebra (concrete) is a C*-algebra which is closed in the weak-x
topology of £()). Throughout this chapter, A and B are W*-algebras. For an inner product
B-module £, we denote by &£’ the collection of all bounded module maps from £ to B . We
note that every e € &€ induces such a map é € & given by é : ¢ — (e,¢’). We say that £
is self-dual if for every element f € &’ there is a corresponding element e € £ such that

f(e) = (e, €).
A Hilbert W*-module over B is a Hilbert C*-module over B which is self-dual. We
say that a Hilbert W*-module over B is a W*-correspondence from A to B (or an (A, B)

W*-correspondence) if it has a left module action from A given by a normal (i.e. weak-x
continuous) unital *-homomorphism o : A — L£,(£).

Remark 4.1. We note that a unital x-homomorphism ¢ : A — £,(£) need not be normal.
For instance, we can construct a non-normal representation of A by implementing the GNS
construction with a non-normal state. For an example of a non-normal state, consider the
special case A = L£()) where Y is a Hilbert space. Let ¢ be a state on £()) which annihilates
the compacts and let (py) be a net of finite rank projections which is weak-* convergent to the

27
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identity on £()). We see that li/{n d(px) = 0+# 1 = ¢(I) and conclude that ¢ is non-normal.

For more on this topic, see [13].

Hilbert W*-modules have much in common with Hilbert spaces. In particular, bounded
module maps on Hilbert W*-modules are adjointable, and as subspaces, they are orthogonally
complementable. We make these facts precise in the following proposition.

Proposition 4.2. Let £ and F be Hilbert W*-modules over B.

1. Every bounded module map T : & — F has an adjoint. Moreover, the result holds
under the weaker assumption that F is an inner product B-module.

2. ([20], Proposition 2.5.4) Let € C F. Then F =€ & EL.

Hilbert W*-modules have w*-topologies. Below, we present several important results
which we use when working with this topology.

Proposition 4.3. Let £ and F be Hilbert W*-modules over B.

1. € has a unique Banach space predual such that the inner product on £ is separately
w*-continuous. A net (ey) converges to e in the w*-topology of £ if and only if for each
e € &, the net (¢/,ex)e converges to (€', e)s in the w*-topology of B.

2. L,(E,F) has a Banach space predual. A net (Ty) is w*-convergent to T' € L,(E,F) if
and only if for every e € € and f € F, the net (f,The)s converges to (f,Te)e in the
w*-topology of B.

3. ([14], Theorem A.2.5) If T € L(E,F), then T is weak-x continuous if and only if for

every convergent bounded net ey “> e in €, we have T(ey) LR T(e). Moreover, the
result holds with £, F being arbitrary dual Banach spaces.

4. ([14], Corollary 8.5.8) If T € L(E,F), then T is w*-continuous.

The final preliminary result is a very impressive extension theorem due to W.L. Paschke
[24].

Theorem 4.4. An inner product B-module £ extends to a Hilbert W*-module F such that

1. The elements of F coincide with E'.
2. € 1s w*-dense in F.

3. For f € F, the norm on f as an element of F agrees with the norm on f as an operator
e (f,e)r on &, e, |[fllz=Ilfllzen-
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4.2 Main theorems

The following theorem is analogous to Theorem 3.6. The theorem statements are more or
less identical aside from the fact that we have traded Hilbert C*-modules for Hilbert W*-
modules. Some parts of the proof here are identical to Theorem 3.6 as well, but many aspects
of the proof are more technical as we work with w*-topologies in place of the norm topologies
used in the previous result. The payoff is that the pleasant properties of Hilbert W*-modules
laid out in the previous section allow us to prove an analogue of Theorem 1.2.

Theorem 4.5. Let A and B be W*-algebras. Suppose that 2 is a nc subset of V., € is a
Hilbert W*-module over B, and K: Q x Q — L(A, L,(E))ne is a given function. Then the

following are equivalent.

1. K is a cp nc kernel such that the maps K(Z,W) € LA™ L, (E)"™) are weak-*
continuous.

2. There is an (A, B) W*-correspondence H(K) whose elements are nc functions f: Q0 —
L(A,E)ne such that:

(a) For each W € Q,,, v € AY™ and e € E™, the function
KW,U,E: Qn — L(A7g>n><n = E(An7gn)

defined by
Kwpe(Z)u = K(Z,W)(uv)e (4.1)

for Z € Q,, uw € A" belongs to H(K).

(b) The kernel elements Ky, . as in (4.1) have the reproducing property: For f €
H(K), WeQ,, ve AXm cec&m,

(e, f W) (W"))em = (Kww.e, fu)- (4.2)

(¢c) H(K) is equipped with a normal unital x-representation o mapping A to L,(H(K))
such that

(0(a)f) (W)(v") = F(W)(v a) (4.3)

forae A, W € Q,,, v e A ™ with action on kernel elements Ky, . given by
O-(CL): KWﬂ},e = KW,av,e- (44)

3. K has a Kolmogorov decomposition: There is an (A, B) W*-correspondence X together
with a nc function H: Q — L,(X,E)ne so that

K(Z,W)(P) = H(Z)(idenxm @ o) (P)H(W)* (4.5)

forall Z € Q,, W € Q,,, P& A"™,
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Proof. (1) = (2):
In the proof of Theorem 3.6, we introduced H°(K) which we define again
HO(K) = span{Kyo: W € Qv € A e € ™ m=1,2,...},

and as before, we see by Lemma 3.7 that H°(K) is really just the set of kernel elements.
The space is equipped with a B-valued inner product defined by

<KVV,U767 KW’,U’,@’>H°(K) = <6, K(W, W’)(U*U,)d)gm = <6, KW/’UQEI(W)(U*))gm. (46)

We show in the proof of Theorem 3.6 that H°(K) is an inner product B-module. We quote
Theorem 4.4 to extend H°(K) to a self-dual Hilbert B-module H(K) which equals H°(K)'.

We show that H(K') consists of nc functions which have the reproducing property (4.2).
For W € Q,,, v € A" and m € N, we define a B-module map Ty, : £™ — H(K) given
by Tw.,(e) = Ky, We see that this map is bounded

| Tw,o(e)llFere) = (1 Ewwel Buey
= H<KW,U,€7KW,U,6> K)Hsm
= |[{e, KW, W) (v*v)(€))em|[em
< lleflem [ K (W, W) (v v)(e)]]em
< [lell2n [ K (W, W) (v™0)|| £uem)
and conclude that
1Tl | catem auey < KW, W) (@ 0[50 (4.7)

By Proposition 4.2, it has an adjoint 7*. We make the 1dent1ﬁcat10n fWV)(v*) = Ty, (f)
and show that with this identification f is a nc function. We check that f(WV) is a linear
map. For a,b € C, we have

(e, fW)(av™ + bu™))em = (e, Ty 5, (f))em
= (Tw,avssu® flu)

= (Kw,avtbu,er [ )H(K)
= (aKw.e +bKWue7f>
= (e,a

e, af(W) (") +bf(W )( )>H(K)'
We make use of (4.7) to check that f(W) is bounded

I[Lf W) (W) lem = [Ty, (f)llem
< Tl l o), em | f 1)
= |Twol|caem 1 | f1 12

< KW, W) 0 [ Z el Fll0c0)
<K (W, W om0 L [ F ey
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We see that f is graded by inspection, so it remains to show that f respects intertwinings.
To do so, we first present a helpful lemma.

Lemma 4.6. Given a nc kernel K as in Theorem 4.5, consider the nc functions Ky, . given
by (4.1). For W € Q,, , W € Qg, and o € C™™ such that aW = Wa, we have the identity

KVV,U,O/‘@ = Kw,va*,e'

Proof. For any Z € Q,, u € A", and n € N, the identity follows from the fact that the nc
kernel K respects intertwinings (2.6):

With Lemma 4.6, we continue by showing that f respects intertwinings (2.2):
(e, af(W)(0")em = (@€, Ty f)em

KWv a*er >’H(K)

=
(K v e,f>

= (e, T3y ppe flem

= (e, [ ( )(Ow ))em-
We conclude that f is a nc function.

Proposition 4.7. An element f € H(K) is the zero function if and only if || f||nx) = 0.

Proof. Assume that ||f||3(x) = 0. For any W € Q,,, v € A™™ e € EM we have
e, fV) (W N eml| = (B ww.es [hao |l < I wwel b || f 1) = 0 (4.8)
which implies that f is the zero function.

Assume now that f is the zero function. We use the characterization of the H(K') norm
presented in Theorem 4.4 to show that || f]||xx) = 0:

ey = sap (1 (Kwwe)lls
1 Kw,v,ell=1
= sup |[{f, Kwwe)lls
HKW,U,EHZI (49)
= sup [|{(f(W)(v"),€)lls
1 Kw,v,ell=1
=0.
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Corollary 4.8. For f € H(K), the element f = 0 if and only if f(Kw.e) = (f, Kwoe)nx) =
0 for all Kw, . € H°(K).

The final element of (1) = (2) is the construction of a unital *-representation ¢ mapping
A to L,(H(K)) which satisfies (4.3) and (4.4).
For f € H(K), consider the linear map o(a)f : H°(K) — B given by

(0(a)f)(Bww.e) = (f, Kwaroe)n) = (f(W)(v a), e)em. (4.10)
We show that o(a)f is an element of H°(K)’. Indeed, it is a module map:
(0(a) ) (Kwwe)b = (f, Kwav.e) )b
<f KWa veb> H(K)
=
= (

o(a)f)(Kw.ue)
o(a)f)(Kw,u,eb)

and bounded:
(o (a) ) (Kwwe)lls = [{fs Kwarve)um) |
< Hf“?—t K)||KWa*veHH (K)
— |l | (B warv.er Kwiaeve) |1
— |1 £l (e, K (W, W) (v*aa v) 1S
= || Fllacro || (e, K (W, W) (v* Ta ||A e llall.4

< |1l llfes KOV, W) (0 0)e)l 1 lal |

1/2
= || £l || (B s Kiwrwe) |11l
= |l || Eww,elln) |al] 4-

(4.11)

We conclude that o(a)f is an element of H°(K)" and therefore an element of H(K).
Furthermore, the function o(a)f satisfies the identity (4.3). We calculate the action of o(a)
on kernel elements

(o(a)Kwr o (W)*, e)em = (Kwr e (W)(v7a)
= (KW' W)(v*av")
- <KW’,av’,e’(W)U*a €
and observe that (4.4) holds as well.

Next, we prove that o(a) is an element of L,(H(K)). It follows from (4.11) and the
characterization of the H(K) norm presented in Theorem 4.4 that o(a) is bounded and
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llo(a)|] < ||a||. To prove that o(a) is a module map, we show that (o(a)f)b — o(a)(fb) is
the zero function in H(K) for any f:

(((a(a) )b —a(a)(f))(W)(v),e)em = ((a(a)f)b — a(a)(fb), Kwu.e)n(x)

((a(a)f)b, KVV,v,e>7-{.(K) — (o(a)(fb), KW,”U,6>'H(K)
b*(o(a)f, Kwu.e)nr) — (f0, Kwarv.e)m(x)

O (f, Kwarv,e)mx) — 0 (f, Kwiarv,e) n(k)

0.

The existence of the adjoint comes for free by Proposition 4.2.
It remains to show that o is a normal unital x-representation. We check that the map is
additive o(a + b) = o(a) + o(b):
((a(a=+b) /) WW™, e)em = (f(W)(v"a + v"b), €)em
= (fW) (W a) + F(W)(v'b), €)em
= ((o(a) +a(0))f)(W)v", e)em

multiplicative o(ab) = o(a)o(b):
{(o(ab) fYW)v*, €)em = (f(W)(v*ab),e)em

unital O’([A) = IH(K)3
((0(La) )YW)0", e)em = (fF(W)v", €)em

and respects adjoints o(a)* = o(a*):

((o(a)” = a(a®) f(W)(v"), e)em = ((a(a)” — a(a”)) [, Kww.e)nr)
a(a) /5 KWUe> (K)_< ( *)f Ker>’H(K)
7 ()KW'Ue>’H(K <f KWave> H(K)

7 KWav e> <f> KW,av,e>’H(K)

/\/\/\/\

We prove that ¢ is normal (i.e. w*-continuous). In the following arguments, we make fre-
quent use of the w*-convergence and w*-continuity results presented in Proposition 4.3. Let
(ay) be a bounded net which converges to a in the weak-* topology of A. As a consequence
of K(Z,W) being w*-continuous, we have

w*- li{ﬂ(KW,aw,e, Kz o) u(r) = w'- li§n<e, K(Z,W)(uayv)e'yem
= (e, K(Z,W)(uav)e')em
— <KW,[1’U,67 KZ,u*,e’>’H(K)
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from which we conclude that (Kw,ve — Kwaves ) Y0 for g € H°(K). As (ay) is a
bounded net, the net Ky = (Kw,a,v.e — Kwave) in H(K) is bounded as well. Consider any
subnet of (K) denoted by (Ky/). By the Banach-Alaoglu theorem, there is a w*-convergent
subnet (Ky) of (K,/) converging to some K € H(K). Thus for f € H(K), we have

w*—li/r\n(K ny Py = (K g

From the preceding discussion, we know that this limit is zero when f € H(K)° and from
Corollary 4.8, we see that K = 0. Since any subnet of (K,) has a subnet converging to 0,

we conclude that Ky g,q . v Kw ave. Thus, we have that o is weak-* continuous over the
kernel elements H°(K).

It remains to show that o is normal over all of H(K). Again, we let (ay) be a bounded
net which converges to a in the weak-x topology of A. From the previous discussion, we
have

w*—li/r\n( o(ax)f, Kwpe)nx) = w -lun( o (a}) Kww,e)m(

= <f ( )Ker>H(K
:< ( )f?KW,v,e> H(K)

from which we conclude that (o(ay)f — o(a)f, g) 2% 0 for g € H°(K). By repeating the

arguments made in the previous paragraph, we see that o(a,)f AN o(a)f and conclude that
o is weak-* continuous over all of H(K).

(2) = (3): The proof is identical to the proof of (2) = (3) presented in Theorem 3.6.

(3) = (1): Again, the proof is the same as the proof (3) = (1) presented in Theorem
3.6 except in this case we must establish that the maps K(Z, W) € L(A™™ L, (E)™) are
weak-* continuous. The fact that idcaxm ® o(P) is w*-continuous follows from the fact that
o is normal, and by Proposition 4.3 item (4), we see that H(Z) is w*-continuous as well.
Thus for a bounded net Py € A" which is w*-convergent to P, we have

w*- liin(K(Z, W)(Py)e, ') = w*- li/{n(H(Z)(ianXm ® o) (Py)H(W)*e, ')
= (H(Z)w —hm(ld((jnxm ® o) (P\)H(W)*e, )
= (H(Z)(idgmen @ 0)(P)H(W)"e, €)
= (K(Z,W)(P)e,€).

)
)

[]

Theorem 4.9. Let A and B be W*-algebras. Suppose that € is a nc subset of Vi, € is a
Hilbert W*-module over B, and H is a W*-correspondence from A to B whose elements are

ne functions f: Q — L(A, E)ye such that
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1. For each W € Q,,, the map evy given by f +— f(W) is bounded as an operator from
H to L(A,E)™™ = LA™, E™),
2. The right module action of B is given by
(fO)W)(u) = f(W)(u)b (4.12)
for feH, WeQ,, ueA™, and
3. The left module action of A on H is given by

(0(a) [)W)(u) = fF(W)(ua). (4.13)

Then there is a cp nc kernel K which is weak-x continuous such that H is isometrically equal
to H(K) defined in statement (2) of Theorem 4.5.

Proof. For W € Q,,, v € A™™ and e € €™, we define the map [?VV»U,@ :H — B by

Kwoe(f) = (e, FW) (")) gm.

We see that it is a B-module map:

and bounded:

[ Kw,we(f)lls = 1|{e, fFW)(0))em||s
< lellem||f (W)l ccam emyl[v*]| .am
< lellem|levw || caury,ceam emy | f |2 0" | am.

Thus, Ky.e € H(K) and as H(K) is self-dual, we may view Ky, as an element of H(K)
such that R
(K Fru) = (e, f(W)(07))em. (4.14)

We call these functions the kernel elements of H.
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For kernel elements, we have that a(a)[? Woe = I?W,(w,e by the following calculation: For
Z €, ue A", and ¢ € £,

)

Zu*.els U(a>[/€Wﬂ),e>'H
U(G*)kz,u*,e/, fA(W,v,e)H
(0(a") K e o (W)(0%), €)gm
— (K g o (W) (v a*), €)gm

= (K7, e,KW,av,e>H

e KVV’G’U’@(Z)U»gn.

(€, (0(a) Kwe)(Z)u)en =

(4.15)

We also establish that I?I/V,v,e + IA(W,Uge = IA{W,U%/@:

ueaKer“—KWv e>
Zu ( )U €>gm <szu*7e/(W)1}/*, €>gm
e (W)™ + "), e)em (4.16)

Zu* e’ 7KWU+U e>’H
e KWU+U e(Z)U)gn.

(€, (Kwe + Kwa o) (Z)u)en

N> N> N> N>

=
=
= (Kz
= (Kz
= (¢

fi
We proceed as in the proof of (i) = (iii) of Theorem 3.6. For W € §,,, and f = [ : ] €
Jm
H™, we define the map H(W) : H™ — £™ by

m

HW)(f) = fi(W)(e @ 14)

i=1

where e*, e, ..., el are the standard basis vectors in C™. As in the proof of Theorem 3.6,
we see that H is a nc function H : Q — L,(H, E)ne such that the adjoint of H(Z) is given
by

RW,efln*@;lA,e

H(W)"(e) =

KW,e{E*@lA,e

We define a function K : Q x Q — L(A,Lo(E))nc by K(Z, W) = H(Z)(idgnxm ®
o(P)H(W)*. By Theorem 4.5, we see that K is a cp nc kernel such that the maps K (Z, W) €
LA™ L,(E)™) are weak-+ continuous.

It remains to show that # is isometrically equal to the (A, B) W*-correspondence H(K)
described in Theorem 4.5. To this end, we show that the kernel elements of H and the kernel
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elements of H(K) are identical as nc functions from Q to L£(A, £),. and that they agree with
respect to their B-valued inner products:

(€, Kwe(Z)u)en = (Kzur e, Kwwe) (k)

= (e/, K(Z,W)(uv)e)en

= (e, H(Z )(1d® o)(uv)H(W)*e)en
= (

€,

H(Z)*e, (id @ o) (uv) H(W)"e)yn
o(u1)
2y, | ] [oto) = otom) ] HW) )
o(un)
= (o) o] H(Z)'e! o) otom | H(W )}
I?Z,e‘i’*,e’ [?W,e‘in*,e
= (lo(uy) - - o(uy)] : fo(v) - o(vm)] S DLV
RZ,eE*,e’ I?W,em*,e

= (Kgueers Kwoe)n  (see (4.15) and (4.16))
= (¢, Ko (Z)(u))en.

Thus, the kernel elements of H and H(K) are isometrically identical, and the set of all kernel
elements which we denote by H°(K) is a submodule of both H and H(K). As both # and

H(K) are w*-closed, we see that H°(K )w — H(K) (see Theorem 4.4) and H°(K) C H and
so H(K) C H. By (4.14), we see that H°(K)* = 0 (as a subspace of H) which implies that
H(K)*+ = 0 (again as a subspace of H). We conclude by Proposition 4.2 that H = H(K)®0
and so H = H(K). O

Remark 4.10. We see that Theorem 4.9 fails under the weaker assumption that H is a
C*-correspondence from A to B where A and B are C*-algebras, i.e., the setting of Chapter
3. Let A be a unital C*-subalgebra of a strictly larger unital C*-algebra B such that 17 = 15.
We set A = B = .»zl\, £E=8 (as in Example 3.4), and Q = Bue. We identify A with the
space of nc functions H as follows: For f € .,Zl\, we define a nc function f: Q — L(A, E)ye by
f(Z)u = Zuf for Z € Q,, and u € A". The nc function space H is an (A, B)-correspondence
with right and left module action given by left and right multiplication within the C*-algebra
A and B-valued inner product given by (f, f') = f*f’ . With this setup, it is easily checked
that the functions in H satisfy conditions (1),(2), and (3) in Theorem 4.9.

We now show that the function space H cannot come from a kernel K as described in
Theorem 3.6. Assume the opposite. By (3.7), we have

<Kera >

= (&, fF(W)(v"))gm
— <67WU f>5m
=e"Wo* f.

*
KW,U e
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By setting f = 1z = 1z, we conclude that the kernel elements have the form Ky, . = vV "e.
Since W € Q = gnc, we can construct kernel elements equal to any element of B. By
assumption, the kernel elements are contained in H, but this results in a contradiction as
‘H = A which is strictly smaller than B.



Chapter 5

Arveson’s extension theorem for
completely positive kernels

We begin this chapter by introducing Arveson’s extension theorem [8]:

Theorem 5.1. (Arveson’s extension theorem) Let D be an operator system contained in a
C*-algebra A with 14 = 1p and let ¢ : D — L(Y) be a completely positive map. Then there
exists a completely positive map ® : A — L()) which extends ¢.

The main result of this chapter is Theorem 5.2 which generalizes Arveson’s extension
theorem to the setting of c¢p nc kernels.

Theorem 5.2. Let D be an operator system contained in a C*-algebra A with 14 = 1p
and let K : Q x Q — L(D,L(Y))nc be a completely positive nc kernel. Then there exists a

completely positive nc kernel K : Q x Q — L(A, L(Y))ne which extends K.

Remark 5.3. We say that a unital C*-algebra M is injective if Arveson’s extension theorem
holds with £()) replaced by M. We note that the proof of Theorem 5.2 remains the same
with £()) replaced by an injective C*-algebra.

Before proceeding with the proof of Theorem 5.2, we introduce some results about com-
pletely positive maps. Let B,C be subalgebras of C"*" containing the identity Icnx» and
consider the linear map ¢ : D" — L(Y)"*". We say that ¢ is a left B-module map if
for all P € D"*" and o € B

ad(P) = ¢(aP).
where we identify B as a unital subalgebra of both D™*™ and L£())"*". A right C-module
map is defined analogously. If the map ¢ is both a left B-module map and a right C-module
map, we say that ¢ is a (B,C)-bimodule map.

Lemma 5.4. Let ¢ : D" — L(Y)™*" be a completely positive map. Then the following are
equivalent.
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1. ¢ is a (B, B*)-bimodule map.
2. ¢ s a left B-module map.

3. @ is a right B*-module map.

Proof. 1t suffices to show that (2) < (3). Assume (2). It is a well-known fact that if ¢ is
positive, then ¢ is self-adjoint, i.e., ¢(P)* = ¢(P*) (see [25]). For all o € B, we have

¢(P)a” = (ag(P"))" = ¢p(aP")" = ¢(Pa”)
which gives (3). The reverse direction follows similarly. O

Lemma 5.5. Let ¢ : D™ C A" — L(Y)™™ be a completely positive map and B be a
subalgebra of C™*™ containing the identity Icnxn . Then the following are equivalent:

1. agp(I)p* = ¢p(af*) for all a, p € B.
2. ¢ is a (B, B*)-bimodule map.

Proof. (1) = (2). Let P € D" «,5 € B, and y € Y". We extend ¢ to a completely
positive map ® : A" — L£())"*" by Theorem 5.1, and we consider the cp nc kernel
induced by ® (see Examples 2.4, 2.8). In particular, we have that

¢(P) = ®(P) = K(1,1)(P) = H(1)o(P)H(1)"

where the last equality is given by the Kolmogorov decomposition (3.10).
As a first step, we prove that K 4+, = Kj 14+, as elements of H(K):

||Kl7a*,y - Kl,fva*y |2 :<K1,a*7y7 Kl,aﬂy) - <K1,Oc*7yv K1,1704*y>
— (K1 ravy: Kiany) + (Kiravy, Kirary)
=(y, K(1,1)(aa")y) — (y, K(1, 1)(a)a"y)
— (@"y, K(L, 1)(a")y) + (a*y, K(1,1)(1)a"y)
=(y, aK(1,1)(I)a"y) — (y,aK(1,1)(I)a"y)
— (y,aK (1L, 1)(I)a"y) + (y, oK (1,1)(I)a"y)
= 0.

Without loss of generality, we define H(1)* by (3.17). We see that o(a*)H(1)* = H(1)*a™

o(@)H(1)y = o0(a)Kiry = Kiay = Kipary = H(1)"a"y.
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and H(1)o(a) = aH (1) follows by taking the adjoint. The final result now follows:

plaPf” ) K(1, 1)(aPpT)
H(1)o(aPB*)H(1)"
H(1)o(a)o(P)o( *)H(l)*
—OéH(l)U(P) (1)°6

= aK(1,1)(P)pB"
= ap(P)5".

(2) = (1). The result follows directly from the definition of a (B, B*)-bimodule map.
[l

Lemma 5.6. Let ¢ : D™ — L(Y)"*" be a completely positive (B, B*)-bimodule map and let
O AV — L(Y)™™ be a completely positive extension of ¢. Then ® is a (B, B*)-bimodule
map.

Proof. Let «, 8 € B. The result follows from Lemma 5.5 and the following calculation

a®(I)B" = ag(I)f* = ¢(af’) = ®(af”).

Proof of Theorem 5.2. We subdivide the proof into two cases.

Case 1: Q is finite. Let Q = {ZW 2@ . Z(M} where Z®) € Q,.. Consider the
direct sum Z = @i’ilZ(i) € ), where n = Zl’il . For 1 <ig < m, let E be the n x n;,
matrix over C with block-column structure such that the i-th block in the column (where
i =1,...,m) has size n; X n;,, the iy block is equal to the ig x iy identity matrix, and all
other blocks are equal to 0, i.e.,

We define a linear map ¢ = K(Z,Z) : D" — L(Y)™*". Since K is a completely positive
nc kernel, it follows that ¢ is a completely positive map. We see that K(Z® ZUW)(P) =
Er¢(E:PE?)E; for P € Dm*ms:

K(Z",Z9\(P) = E;K(Z, Z)(E;PE})E; = E{¢(E;PE})E; (5.1)
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where the first equality follows from the fact that K respects direct sums.

For 2@, Z0) € Q and o € C%*™ such that aZ® = ZWa, we have
(E;aENZ = E;aZYE; = E;ZYaE; = Z(E;aEy).

As K is a nc kernel, we see that (E;aEf)K(Z,Z)(P) = K(Z,Z)((E;aE;)P). By Lemma
5.4, the completely positive map ¢ = K(Z, Z) is a (B, B*)-bimodule map where B contains
all matrices of the form (E;aE}) which are derived by an intertwining relation.

By Theorem 5.1, there exists a completely positive map & : A™*" — L£(Y)™*™ which
extends ¢. We use @ to construct a completely positive kernel K : 2 x  — L(A, L(Y))ne
which extends K. We define K by

K(ZW,Z9)(P) = E;®(E;PE})E; (5.2)
where P € A™*". By Lemma 5.6, the completely positive map ® is a (B, B*)-bimodule
map.

We now show that K defined above is a nc kernel which extends K. By (5. 1) and (5.2),
we see that K(Z0, 20\ (P) = K(Z®, 7 )(P) for P € D"*"_ We check that K respects
intertwinings. Let aZ® = Z)q and 82 = ZU") 3 where a € C**™ and 8 € C"'*™ . For
P e A"*™  we have

aK (2", 29)(P)5* = aE;®(E,PE;)E,; '
— E5(EvaB!)®(E,PE)(E;8°E})E;
- EZ-*,(I)((Ei/aE;‘)EiPEJ’.‘(Ejﬁ*Ej,))E]
= E,®(E -raPﬁ*Eik)
_ Rz, 2/ )
which is the desired property. Note that the third equality follows from the fact that ® is a
(B, B*)-bimodule map.

To establish that K is a completely positive kernel, we first show that K (Z,7) = ®: For

P = [P;;] € D"*" where P;; € D™*" we have
K(2,2)(P) = [K(Z2", Z9)(Py)]

= Z E[K(Z9,29)(Py)]E;
= Z E,E;®(E,P;E})E;E;

_Zcp E;P;E})

- <I>(P).
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As ® is a completely positive map, we see by Theorem 2.13 that Kisa completely positive
kernel.

Case 2: The general case. The general case can be reduced to the special situation of
Case 1 through an application of a theorem of Kurosh which says that the limit of an inverse
spectrum of nonempty compacta is a nonempty compactum (see [[3], Theorem 2.56]). In the
following, we go through the proof presented in [[6], pages 73-75] adapted to the special case
here.

The directed set 21 Let 2 be the set of all i where p identifies a finite subset of €2
which we denote €2,,. We define a partial order on 2l as follows: Given two elements p and v
of 2, we say that p < v if Q, C Q, (as finite subsets of ). Then < satisfies reflexivity and
transitivity.

We establish that 2l is a directed set, i.e., given any u, v € 2, one can always find a v €
such that both ¢ = v and v <X . Let 2, = Q, UQ,, then (2, is a finite subset of €2 such
that v has the property that both p <~ and v < ~.

The compact set K, for p € 2.

Let X, be the linear space of all kernels I' : Q, x Q, — L(A,L(Y))n.. For Z €
Qung, W e Qun, and I' € X, we have that I'(Z, W) is an element of the Banach space
L(AMzxmw L£(Y)"2*"w ). Thus, we have

%,u — @ £(Anzxnw’£(y)nzxnw).

Z,We,
If we endow X, with the supremum norm

IT]] = sup |[I'(Z, W), (5:3)

ZWeQ,

then X,, becomes a Banach space.

Remark 5.7. Banach spaces of the form £(A™™, L(Y)"*™) have a predual L(A™™, L(Y)"*™).
such that on bounded sets the weak-* topology on L(A™*™ L())"*™) is the same as the
pointwise weak-x topology, i.e., for a net ¢, € L(A™™, L(Y)"*™), we have that ¢, — ¢

in the weak-* topology on L£(A™™ L(Y)"*™) if and only if for each T € A™"™, we have
oA(T) — ¢(T) in the weak-x topology on L(Y)"*™. As the weak and weak-* topologies
agree on bounded sets, this topology is sometimes called the bounded-weak topology or
BW-topology (see [25] for more details).

Since the direct summands of X, have a predual L(A™™, L(Y)"*™),, we have a predual
on X,:

(Xu)e= D LAz Ly,

ZWe,
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with pairing
(Lr)y= Y (D(ZW),7(ZW)
ZWeQ,
for I' = @, weq, ['(Z,W) € X, and 7 = D, ycq, T(Z, W) € (X,,).. Thus, the space X,
has a weak-* topology given by (X,).

For each p € A, we define the cp nc kernel K, : Q, x Q, — L(D, L(Y))nc by
K.(2,W)(P) = K(Z,W)(P) (5:4)

forall Z€Q,,, WeQ,,,, and P € D", We let K, be the subset of X, consisting of all
cp nc kernels I' : Q,, x Q, = L(A, L(Y))nc which extend K, (5.4). The accomplishment of
Case 1 of the proof is to show that K, is nonempty for all p € 2.

Our aim now is to show that K, is compact in the weak-* topology described above. By
the Banach-Alaogli Theorem, norm closed and bounded sets are pre-compact in the weak-*
topology. Thus, we show that K, is compact by demonstrating that the set is weak-* closed
(which implies norm closed) and bounded.

For boundedness, it suffices to show that ||['(Z, W)|| is uniformly bounded for Z, W € Q,,
and T' € K,. Let Q, = {ZW, 23 . ZM} where ZO € Q,,. Consider the direct sum
Z=ar,Z% € Q, where n = Y n;. We have

N z® 01 [2z9 o0
(@) 7()
IT(Z 7ZJ)H§HF({ 0 Z(j):|7|: o 70| )l

<[Pz, 2)|]
= [0z, 2)(D)l|
= [[K(Z, 2)(1)]|

where the first two inequalities follow from the fact that I" respects direct sums and the third
line is a consequence of I'(Z, Z) being a completely positive map.

We recall that K, is the subset of X, whose elements (i) extend K over €2, and (ii) satisfy
the properties of a nc cp kernel over ,,. Let (I'y) be a net in K, which is weak-* convergent
toI' € X,. To establish the weak-* closure of K,, we must show that I' satisfies properties
(i) and (ii) noted above. By Remark 5.7, it suffices to work with the weak topology on
L(Y), ie. Kx(Z,W) », K(Z,W) if and only if (y, Kx(Z,W)(P)y") — (y, K(Z,W)(P)y")
for every P € A", y € Y", and y' € Y™.

(i) We have that I'x(Z, W)(P) = K.(Z,W)(P) for every Z € Qpn, W € Q,n, and
P € D™ and so I'(Z, W)(P) = K,(Z,W)(P) which establishes property (i).

(ii) I is graded by construction, so it remains to check that I' respects intertwinings and

is completely positive. Let Z € Q,, ,,, 7 € Qui, W e Qum, WeQ LTV such that aZ = Za
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and BW = W3 where a € C" and 8 € C™*™. For P € A™™, y € Y7 ¢ € Y™ , we have
(v, (@T\(Z,W)(P)B")Y) = (y, 'A(Z, W)(aPB")y).

Taking the limit, we see that ol'(Z, W)(P)B* = I'(Z, W)(aPB*) which establishes that I
respects intertwinings.
To show that I' is completely positive, we consider Z € [Q]ncn. For 0 <X P € A" and
y € V", we have
(y,I'\(Z, Z)(P)y) =2 0
Again by taking the limit, we see that I'(Z, Z)(P) is positive and conclude that I' is a

completely positive kernel.

The restriction maps 7. Let 1 and v be elements of 2L such that u < v. We define a
map 7, : K, — K, as follows: For I' € K, define 7;,T" € K, by

(M I)(Z,W)(P) = T(Z,W)(P) (5.5)
forall Z € Q,pn, W € Q,, and P € A" It is straightforward to check that the restriction
maps are continuous.

We observe that the collection of maps {7};} has the following properties:
7TZ = 1dKH

VI p RS Tom, =

The set K. We let K be the Cartesian-product space
K =1I,ca K,.

We denote an element of K by I' = {I', } ,ca where each I', € K,. We endow K with the
standard Cartesian-product topology. Since each fiber K, is nonempty and compact by the
preceding discussion, it is a consequence of Tikhonov’s Theorem that K is nonempty and
compact.

The set K*. Consider u,v € 2 such that u < v. We define K" to be the subset of K
consisting of those I' = {I', } ey such that 7/ T', =T,

We show that the sets K* are nonempty and compact. To this end, we construct a
continuous surjective map P,, : K — K" as follows: For any element I' = {I', }..cq, let
Pu(T) = {I" },ex such that

o= Jmly) ity =p
I, otherwise.
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The map P, is continuous since 77, is continuous. As K is compact and P, (K) = K", we
see that K* is compact as well. Furthermore, we can use the map P, to establish that K*”
is nonempty.

The set K”. For v € 2, we define K by

K = (] K" (5.8)

peA:p=v

We first show that the set K is nonempty. To this end, pick any I', € K, and let T' = {I'; },ea
be defined by

ro— FZ(FZ,> if vy <v
T any element of K, otherwise.

We observe that I' € K” and conclude that the set is nonempty.

We now show that the set N,coqK” is nonempty. A consequence of K being compact is
that any collection of closed subsets of K with the Finite Intersection Property has nonempty
intersection. We have already established that K is compact and therefore closed. By (5.8),
K" is closed as well. Therefore, it remains to show that the collection of sets {K" : v € 2} has
the Finite Intersection Property, i.e., given v, ..., vV € 2, we have that K0 g™
is nonempty. As 2 is a directed set, there exists a v € 2 such that v < v fori=1,...,N.
We check that K ¢ K" for each i = 1,..., N. To this end, we consider p € 2 such that
p = v®. Then for T' = {T,},rca € K, we have

() NOR v
m, U'yo=m, 7 ul,=mT, =T,
and conclude that T' € K*"” and K ¢ K" for i = 1,...,N. As K" is nonempty and

K C ﬂfilK”(i), we have established that N,cqK” has the Finite Intersection Property, and
we conclude that the set is nonempty.

Construction of the extension K. We wish to define a nc kernel K : © x Q —
L(A, L(Y)) such that

K(Z,W)(P) = K(Z,W)(P)
for all Z € Q,, W € Q,,, and P € D™ ™.

From the previous discussion, we have established the existence of T' = {[',/},cq €
N,eaK”, i.e., we have I' € K such that

p3v=ml,=T, (5.9)

Given Z € €, and W € Q,,, choose p € A such that Z, W € ,,. We define the extension
K by

K(Z,W)=Tu(Z,W).
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By construction the maps agree on D™ and the right-hand side is independent of the
choice of p1. Indeed, let i/ € 2 be another index such that Z, W € €,,. Then there exists
v € A such that p < v and ¢/ < v. By (5.9), we have

T (Z,W)=T,(Z,W)=T,(Z,W).

As the properties of cp nc kernels involve only finitely many points Z, W in {2 and each I',,
is a c¢p nc kernel on ,,, it is straightforward to show that K is a nc cp kernel.

]



Chapter 6

Uniformly bounded kernels

We begin our discussion of completely bounded kernels by first introducing completely
bounded maps. An operator space M is a subspace of a C*-algebra A. We consider
linear maps of the form ¢ : M — B where B is a C*-algebra. We say that ¢ is completely
bounded if ||}||c, := sup,, ||¢nn|| is finite where ¢,,,, are the inflation maps ¢, ,, : M™*™ —
B"*" (see Example 2.4 for more on inflation maps). As suggested by the notation, completely
bounded maps form a normed space with norm || - ||cp.

The following well-known theorems due to Wittstock [39, 38| are core results in operator
space theory.

Theorem 6.1. (Wittstock’s extension theorem) Let M be an operator space contained in the
C*-algebra A and let B be an injective C*-algebra. A completely bounded map ¢ : M — B
has a bound-preserving extension to a completely bounded map ® : A — B.

Theorem 6.2. (Wittstock’s decomposition theorem) Let A be a C*-algebra and ¢ : A —
L(Y) be a completely bounded map. Then there exist completely positive maps ¢, i =
1,2,3,4 such that

=M — @ 4 i(gb(?’) — ¢(4)).

The purpose of this chapter is to establish the analogue of these theorems for the noncom-
mutative kernel setting. All of the results below have analogues in the setting of completely
bounded maps which can be found in Chapter 8 of [25].

In this section, we assume that €2 is closed under direct sums and similarities, i.e., ) =
[Qsim (see (2.14)). We consider noncommutative kernels of the form K : QxQ — L(M, B),..
We say that such a kernel is uniformly bounded if

1K (2, W) < Mgk (6.1)

for a fixed Mg where Z, W € (). We say that K is uniformly contractive if My = 1.

48
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Lemma 6.3. A nc kernel K : Q x Q — L(M, B)y is uniformly bounded by M if and only
if K(Z,7) is a bounded map with ||K(Z,Z)|| < M for every Z € ).

Proof. Assume that K is a uniformly bounded nc kernel. By definition, ||K(Z, Z)|| < M for
any Z € ().

For the reverse direction, let Z , W € Q. Since [g ’V%} € (), we have

IKZ WP =K Z 8], |28 snl < mip)
which establishes that K is a uniformly bounded kernel with bound M. O

For an operator space M in a C*-algebra A, we let F C A**? denote the operator system
defined by

F= {[?fﬁﬂ] .d,d € M and )\,MGC}.
An element of F' € F™™ has the block structure ' = [F; ;| where
_ |igla di
fi = [ di's Nz‘,j[«J '

We perform the canonical shuffle to make the identification (A2*2)"*™ ~ (A"*™)2%2 and in
this way, we identify F' € F™*™ as

C|A® 14 P
efren 7] o

where A = [\;;] € C™™, B = [u;;] € C™™, P = [dy] € M™™ and Q = [d};] € M™". We
note that the canonical shuffle preserves positivity and norm.

Lemma 6.4. Assume the set up above and let B be a C*-algebra. Let K : QxQ — L(M, B)ne
be a uniformly contractive nc kernel, and let T : Q x Q — L(C ® 14, B)ye be the completely
positive nc kernel given by

P(ZW)A® L) = A® I
for Z € Q,, W € Q, and A € C™™. Then the map K : Q x Q — L(F,B*?),. given by

wzm (16" s2n)) = ([ iiar remimer))
_ Aoy K(ZW)(P)
(xvzior “Gon’))

1s a uniformly contractive completely positive nc kernel.
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Proof. We first establish that K is a nc kernel. To this end, we check that K respects
intertwinings: Let Z € €, 7 € Qn, W e Qp, W e (%53 such that aZ = Za and BW =Wp
where aw € C™™ and 8 € C™ ™. For F € F™™_ we have

KW, 2)(Q)  B®Ip
_ [ aAf @ ls  aK(Z, W)(P)B*}

aK(Z,W)(F)8* =

aK(W,Z)(Q)'B*  aBB*® Ig
aAB®ls  K(Z,W)(aPp)

K(W,Z)(pQa*)* aBf* ® Ig

= K(Z,W)(aFpg¥)

which establishes that & is a nc kernel.

We now check that K is completely positive. In the following, we omit the tensors and
identities 14, Iz which clutter the calculations. Consider F' = [é“ g} € F™" such that
F > 0. A consequence of F' > 0 is that A and B are positive matrices and ) = P, i.e.,

A P
po]an)
Without loss of generality, we assume that A and B are positive and invertible, i.e. for € > 0,

identify A with A + € and B with B + € in the following and conclude the proof by taking
the limit as € — 0. Thus, we have

I A-12ppB-1/2 A2 A Pl[AY2 0
B1/2pr A1 I ]:[ 0 B‘lﬂ} [P* BH 0 B‘W]’

and from Lemma 2.9 and the fact that F' > 0, we have that |[A~'/2PB~1/2|| < 1.

To establish that K is completely positive, we show that K (Z, Z)(F) = 0 for Z € €,,. Let
2= A"V2ZAY? and Zg = B~Y2ZBY? which we rewrite as the intertwinings A=1/27 =
ZAA Y2 and B~Y2Z = ZzB~Y/2 to facilitate the following calculation:

= T A K(Z,Z)(P)
A2 0 I ATV2K(Z,Z)(P)B~Y?] [AY?2 0
~ | 0 BY2||BV!K(Z,Z)(P)*ATY? I 0 BY/?
~[Aavz oo I K(Za, Zp)(A7V2PB~1/2)] [AYVZ2 0
| 0 BY2| |K(Za, Zp)(A7V2PB71/2)* I 0 BY2|"

As K is a completely contractive kernel, we have that

|K(Za, Z5) (A 2PB2)|| < ATV PBTY2 < 1L



Gregory Marx Chapter 6. Completely bounded kernels 51

Thus, the last line of the string of equalities above is positive by Lemma 2.9. We conclude
that K(Z, Z)(F) is positive which implies that K is completely positive.

The final step is to show that K is uniformly contractive. We observe that K (Z,Z)1)=1
for any Z € Q). As K is a cp nc kernel, it follows that

IK(2,2)|| = IK(2,2)(D)]| = 1 (6.3)

for any Z € ). By Lemma 6.3, we conclude that K is completely contractive. O

We now prove the analogue of Theorem 6.1 for the noncommutative kernel setting.

Theorem 6.5. Let M be an operator space contained in the C*-algebra A and let B be
an injective C*-algebra. A uniformly bounded nc kernel K : Q x Q — L(M,B)ye has a

bound-preserving extension to a uniformly bounded nc kernel K:QxQ— L(A, B)ye

Proof. Without loss of generality, we assume that K is uniformly contractive. From Lemma
6.4, we obtain a uniformly contractive completely positive nc kernel K, 0: QxQ — L(F,B*?)
where F is an operator system contained in A42*2

We apply Theorem 5.2 to extend [?0 to a completely positive nc kernel K:QxQ—
L(A**?,B%*?). We note that this extension is also uniformly contractive in light of (6.3) and
the fact that Ko and K agree when acting on the identity.

For Z € Q,, W € Q,,, and P € A™™, we define K via the identification

R(ZwW)(§5]) = [+ Keme]

Clearly, K is an extension of K under this identification, and it is straightforward to check
that it remains an nc kernel. Let Z € ,, 7 e Oz, W € Q, W e Q7 such that aZ = Za
and W = Wﬁ where aw € C™™ and 8 € C™ ™. Then

[I aK(Z,VL/)(P)B*} =« [: K(Z ZV)(P)} G
=aK(Z,W)([§5])5"
= K(Z,W)(al§5]8)
= K(Z,W)([§°%7"])

which establishes that K is an nc kernel.

It remains to show that K is uniformly contractive. For Z € Q,, W € Q,,, and P € A™™,
we have

IK(Z,W)(P)|| < IK(Z.W)(3EDI < 1K(Z W)l [|1PI < |1P|

where the last inequality follows from the fact that K is uniformly contractive. m
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The following lemma is necessary to establish our decomposition theorem for uniformly
bounded kernels.

Lemma 6.6. Let K : Q x Q — L(A,B)y. be a uniformly bounded nc kernel where A is a
C*-algebra and B 1is an injective C*-algebra. Then there exist completely positive nc kernels
Li:QxQ— L(A By, i = 1,2 such that the nc kernel K : Q x Q — L(A**% B>*?),. given
by

D(Z,W)(Pr)  K(Z,W)(Pr)

KZWIR 2D = | k2.0 () Tolz W)(Pa) o4

15 completely positive. Moreover, IA(, I'y, and 'y are uniformly bounded by Mg, the uniform

bound of K.

Proof. Without loss of generality, we assume that K is uniformly contractive. We proceed
as in the proof of Theorem 6.5. We apply Lemma 6.4 to obtain a uniformly contractive
completely positive nc kernel Ky : QxQ — £L(F, B**?) and apply Theorem 5.2 to extend this
kernel to a uniformly contractive completely positive nc kernel K:QxQ— L(A?*2 3272,

We cannot be sure that the structure given in Lemma 6.4 holds after applying Theorem
5.2, so we must check that K has the form (6.4). We note that P = [Pgl Fir] e (Amxm)»<2

is an element of F"*™ so the action of KonP agrees with that of Ko Thus for Z € ),
and W € €,,, we have

R(ZW)([2 he]) = 0 K(Z, W)(Pu)} _ [K*( 0 K(Z,W)(P)

KW, 2)(Fs,) 0 Z,W)(Pa) 0

We establish an analogous result for the diagonal blocks. Let P = [Pél 8] € (Anxm)2x2
where 0 < P;; < I. For Z € Q,,, We have

[§8] = K(Z,2)(["3]) 2 K(Z. 2)([§8)) = Ko(Z, 2)((§8]) = [§ 8] (6.5)

As 0 = K(Z, Z)([ 2 0]), we have that K(Z,Z)([Pélg = [4& §] where A,C,D € A™"
and A, D are positive. A consequence of (6.5) is that C'= 0 and D = 0. Thus, we conclude
that

Kz 2)([7%8]) =158

We observe that the equality above holds for any P;; € A™*™ as an element of A™*" is
contained in the span of its positive elements.

We can now show that K (Z, VV)([P11 8}) =[§0] for Z € Q,, W € Q,,, and P;; € A,
By the intertwining relations [10][Z %] = Z[10] and [01][Z )] = W [0 1], we have
Rew( )=z oLl an (|50 B4 m
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We define 'y (Z, W)(Py1) by
Ry ) = [Pesnns).

We check that I'y respects intertwinings: Let Z € €, A= Qn, W € Q,, We (% such that
aZ = Za and BW = W where a € C™™ and 3 € C™*™. Then for P;; € A™X™

[aFl(Z,W)(PH)B* 0}

) 0 =« |:F1(Z,W)(P11) O:| 5*

0 0
=aK(Z,W) ([T 9])8"
= K(Z,W)([*"yP"5])
_ [Fl(Z,W)(aPllﬁ*) o] .

0 0

We construct a nc kernel I's in the same way and conclude that K has the desired form:

7 Pu oy _ | FU(Z W) (Pu)  K(Z,W)(Pr2)
K(Za W)([Pm Pzz]) - |:K*(Z, W)(P21) FQ(Z, W)(PQQ):| .

As noted at the outset, K is uniformly contractive which guarantees that I'y and I'y are as
well. O

We can now give our version of Wittstock’s decomposition theorem. The proof is analo-
gous to that given in [12].

Theorem 6.7. Let K : Q x Q — L(A, B)y be a uniformly bounded nc kernel where A is a
C*-algebra and B is an injective C*-algebra. Then there exist completely positive nc kernels

K;:QxQ— LA B)y, i =1,2,3,4 such that

K =Ky — Ky +i(Ks — Ky).

Proof. We apply Lemma 6.6 to form the uniformly bounded nc kernel

I'(Z,W)(Pu) K(Z, W)(Pm)}
K*(Z,W)(Pa1) To(Z,W)(Px)|"

~ ~

R(Z.W)(P) = R(z,wW)([ 5 B2]) = [

We now consider only P of the form P = [5 5], and for the following calculations, we

suppress the arguments of the kernels and assume the notation convenience: For a,b,c,d € C,

a b . id(CnXm ® a/IB id(CnXm ® b][)’
C d o ld(Cnxm ® CIB ld(CnXm ® d[B ’

We consider the following positivity preserving conjugations:

1 1] K[t 1] [T+ +K+K* Ty —Ty— (K- K
1 —1| |K* T |1 =1 = [Ty =T+ (K - K*) Ty+Ts— (K +K*)
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and

A P P B e i S et

We note that 0 < P’ implies 0 < [1;: 1;: ] As K is a completely positive map, we conclude

that the kernels given along the diagonals of the equalities above are completely positive
kernels. We define K; for i = 1,2,3,4 by

(1/4)(
Ky = (1/4)(I'1 + T2 — (K + K7))
K;=(1/4)(I'y + Ty —i(K — K7))
Ky=(1/4)(T1+ T+ i(K — K7)),
and the decomposition follows. O

Remark 6.8. Much of the inspiration for this section comes from the work of Bhattacharyya-
Dritschel-Todd in [12]. There the authors consider the special class of nc kernels described
in Example 2.5. They show that those kernels which are appropriately bounded under a
given regularization scheme are identical to the span of completely positive kernels. That is,
they prove an “if and only if” version of Theorem 6.7 for their setting. At the moment, it
is unclear how to generalize this stronger result as the regularization scheme used does not
readily extend to the setting of uniformly bounded noncommutative kernels.
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