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MODELING AND ANALYSIS OF A MOVING CONDUCTIVE
STRING IN A MAGNETIC FIELD

JALIL D. HASANYAN

(ABSTRACT)

A wide range of physical systems are modeled as axially moving strings; such examples are belts,
tapes, wires and fibers with applied electromagnetic fields. In this study, we propose a model that
describes the motion of a current-carrying conductive string in a lateral magnetic field, while it is
being pulled axially. This model is a generalization of past studies that have neglected one or more
properties featured in our system. It is assumed that the string is moving with a constant velocity
between two rings that are a finite distance apart. Directions of the magnetic field and the motion
of the string coincide. The problem is first considered in a static setting. Stability critical values of
the magnetic field, pulling speed, and current are shown to exist when the uniform motion (along
a string line) of the string buckles into spiral forms. In the dynamic setting, conditions for stability
of certain solutions are presented and discussed. It is shown that there is a divergence between
the critical values in the linear dynamic and static cases. Furthermore, traveling wave solutions
are examined for certain cases of our general system. We develop an approximate solution for a
nonlinear moving string when a periodic nonstationary current flows through the string. Domains of
parameters are defined when the string falls into a pre-chaotic state, i.e., the frequency of vibrations

is doubled.



MODELING AND ANALYSIS OF A MOVING CONDUCTIVE
STRING IN A MAGNETIC FIELD

JALIL D. HASANYAN

(GENERAL AUDIENCE ABSTRACT)

The modeling and analysis of elastic conductors has applications in areas ranging from manufac-
turing to particle physics. In this study, we model the motion of a conductive string being pulled
(between two rings) while a magnetic field is applied in the lateral direction. This system’s stability
is categorized through certain parameters such as the applied magnetic field, speed of pulling, and
current flowing through the string. The equilibrium states are also analyzed. When the string has
a periodic current, approximate solutions (string shape/orientation) are computed. In this case, we
find domains of parameters that give rise to chaos. Wave speeds of traveling wave solutions are also

found for certain cases.
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Chapter 1

Introduction

A wide range of physical systems are modeled as axially moving strings. Examples include
belts, tapes, wires, fibers, etc. These systems have applications in areas like chemical and textile
manufacturing. If you assume this string is conductive in an applied magnetic field, the applications
broaden. The problem we consider is the motion of a current-carrying string under the influence of

a magnetic field, while it is being pulled between two rings.

A potential application includes the space elevator. To ensure structural integrity, the elevator
cords are made of conductive carbon nanotubes. These nanotubes (analogous to the string) could
be controlled or stabilized by a magnetic field to prevent buckling or failure [5]. In our study, we
find the parameters that ensure buckling of the string. Another application is the manufacturing
of composite materials. This process involves stitching or placing metallic fibers at high speeds to

create composites that are lighter and stronger than homogeneous materials [4, 13].

This study is applicable in plasma or particle physics. Controlling the string in our system is
analogous to controlling the motion of a particle or plasma. For example, in Synchrotrons, particle
trajectories are controlled by magnetic fields to achieve high speed impacts. Fusion reactors use
electromagnetic fields to speed up particles such that they collide (forming a plasma) and release
energy. If we consider a small segment of the toroidal accelerators or reactors, individual particles
can be represented as strings between two fixed points. The high speed trajectories of particles or
plasma can be represented by material points of the string. Therefore, the stability regions and
approximate solutions derived in this study can be applied to high speed particle trajectories [10].

Additionally, in Chapter 5 we will see Schrodinger-type differential equations arise.

The analysis we conduct will also contribute to simulation software. The most modern types of soft-

ware have difficulties reproducing electromagnetic interactions with elastic (conductive) continua.
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Thus finding analytical results will be vital for developing numerical models. Although we don’t

formulate it in this study, a finite element scheme can be developed for commercial applications.

As a preliminary step towards deriving the model, we discuss the derivation and important aspects of
the wave equation in Appendix A. The wave equation is a second-order partial differential equation
(in space and time) that describes vibration through a medium. Note that presenting the wave

equation as a Sturm-Liouville problem is applicable to creating acoustic string instruments.

In general, vibrations of axially moving strings have been studied extensively. Transverse vibrations
and the stability of axially moving strings without a current have been investigated in [3, 6, 9, 16, 17].
In 1963, Swope and Ames derived and analyzed a linear model for the oscillations of a moving
(being pulled) threadline between two fixed points. This system is applicable in manufacturing; for
example, it describes the motion of a string in a sewing machine. They analyze the system in an
infinite and a finite setting. The analysis finds the effects of the ratio of winding speed (pulling
speed) to wave speed. They find in the limit as winding speed approaches wave speed, there is a

growing chance of the threadline breaking or buckling [17].

A large number of studies have also been devoted to the stability of lateral vibrations of current
carrying strings and rods. Stability of a straight form of the current carrying bars and strings are
investigated by [7, 11, 16]. The first results in this direction were obtained in 1961 by [11], where
the stability of a cord of plasma was considered. Leontovich and Shafranov studied a conductive
rod in a longitudinal magnetic field. We don’t include it in our study, but Leontovich and Shafranov
considered the magnetic field generated by deforming the conductor. Through Maxwell’s equations
and Newton’s second law they derive governing equations to caluclate the magnetic field and current
distribution of the system. Leontovich and Shafranov find critical parameters at which the system
buckles or deforms, and they conclude that the system is inherently unstable. In other words, they
find the critical value of the magnetic field in a linear setting when the straight line form of the

plasma loses stability.

Chattopadhyay and Moon examined the instability of a current carrying rod in a magnetic field.
They compute electrostatic potential inside and outside the rod, thus electric field and current

distribution is known for the whole space. In the case of nonstationary current flowing through a



string, Chattopadhyay and Moon show that for some values of parameters the string falls into a
chaotic state. Furthermore, they confirmed the results experimentally. The analogous problem for

the Duffing equation is considered by Sanchez and Nayfeh in [15].

Peter Wolfe studied the equilibrium states of an elastic conductor in a magnetic field. Wolfe used
a bifurcation parameter dependent on magnetic field and current. The eigenvalues of Wolfe’s lin-
earized problem show where bifurcation branches occur (i.e. nontrivial solutions) [18]. In Appendix
D, we present Wolfe’s derivation of the equilibrium states. In Chapter 3, we apply a similar analysis

to our system and compare it to Wolfe’s bifurcation results.

To our knowledge, there are no studies considering an axially moving current-carrying string in a

magnetic field. The model derived here is in good comparison with those in [2, 11, 17, 18].

The chapters to follow will cover the aforementioned modeling and analysis of a moving current-
carrying string in a magnetic field. Chapter 2 presents a model to describe the motion of the string.
Newton’s law and momentum balance are used to find a second order (in space and time) nonlinear
partial differential equation that governs the motion of the system. The bifurcation and stability
of the governing equation is studied in Chapter 3. We consider the static stability in the linear
and nonlinear cases, and the dynamic stability in the linear case. In Chapter 4, using Galerkin
orthogonalization, the equilibria of the string are categorized. Chapter 5 examines the system
with a periodic current. The method of multiple scales [14] is used to approximate solutions for
resonance vibrations. The stability of these solutions is also examined. In Chapter 6 traveling-wave
type solutions are shown to exist in an infinite setting. The wave speeds are computed for certain

cases. We see there is a certain case in which two traveling waves propagate in the same direction.



Chapter 2

Modeling the Equation of Motion

Consider an infinite conductive string in a homogeneous magnetic field ]§0 = Bofx, where By
is constant. The string is moving with a constant speed V = Vi, through two rings, which are
located a distance [ from each other (figure 2.1). The motion of the string is considered in a fixed
Cartesian coordinate system (x,y, 2z), with unit vectors Zm,Zy,ZZ. The center of one of the rings is
assumed to be the center of the coordinate system. The influence of gravity is neglected. The
weight of a unit length of the string is assumed to be constant. We assume the position of each
material point of the string is constant. We identify the position of each material point of the string
through its arc length s € [0,1] (s is an arc length from the beginning of the coordinate system to

the initial point). In the three dimensional Euclidean space we denote a displacement of the string

Figure 2.1: Moving current carrying string in a magnetic field By



or-  Oy-  0z- or

7(s,t) = (x(s,t),y(s,t),2(s, 1)) and assume that k = %ZI + giy + 55 = 5s is a unit vector
directed along the tangent to the deformed line of the string (|k| = \/(%)2 + (%)2 + (%)2). If

we assume a current | = Io(t)E flows through the string, then the magnetic field will influence the
system. Laplace force, a sub-case of Lorentz force, is the force that causes deflection of a current

carrying wire in a magnetic field. The force acting our string is given by
F = IBo(k x iy). (2.1)

The motion of the string is described by the system of equations

o0 - = .- oF

where Cj is the vector of internal stresses, p is the mass per unit length and the vector R has the

following projections on the coordinate axis:

0%y 82 8?/ 6y
0%z 0%z , 0%z 0z
R, = FTE +2V0@ E)t+v08 2+nat

where 7 is the coefficient of external damping (viscosity) [3, 7, 11, 12, 16, 17]. The vector R describes
inertial forces. Notice that equation (2.2) is written in a moving coordinate system, thus we apply
the change of coordinates s — s+ Vpt and T o 9 1V, g This follows the derivation by Swope and
Ames in [17]. Essentially, the inertial forces in the y and z direction, i.e. R, and R,, are described
by the threadline equation derived by Swope and Ames. Since the string is being pulled in the axial
direction, we assume inertial force in the f—direction does not have a contribution.

8 — —
From equation (2.2), the projection of 9Q + F = pR on the coordinate axes is

O0s

5’@;»

=0,

00y 50
D5 a P\ o T 2V5; aﬁvo

0Q. oy [Pz 0%z 22
gs ~lobgg =0 (ﬁ”%a aﬁvoﬁﬂat

+ IOBO

<82‘y Oy (2.4)
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the projection of the momentum balance C_j x k =0 and the arc-length are

dx Oy dxr 0z dz Oy
Qy% - Qx (987 Qz 88 - Qx 68’ Qy (98 - Qz 887 and (25)
x> dy 2 02\ 2
(50) < (50) + () -
- Ox ‘
Determining Q,,, @, and — from (2.5) and using (2.4) we get

0s
) 0 oy\?>  [02\*17Y? 0y &y , 02 )
_S{Qxa_ﬂl_ (a_z) - (ﬁ) } ol (@”V‘)a 5t g+ y) 20

B 0z oy\?  [09z\*]V? 022 2z 0% 0z
o[- () - ()] - o= il - viz ). e

Qs
=0. 2.8
B (2.8)
From equation (2.8) we have Q.(x,y,z,t) = Fy, a constant. Using the complex function

u(s,t) = y(s,t) + iz(s,t) in (2.6)-(2.8) we obtain the governing equation for lateral vibrations

of the string:

Qu(s, 1)

Du(s,t) = Ou(s,t) 0?u(s,t) 0u(s,t) 0 Fo P Ju(s,t)
: : 2V ’ Ve = | 55— | -il(Bo——, (2.9
oz Tt T gsat 9 s | T as ) PP 29
B Os
where 0 < s < [. Equation (2.9) is considered with the boundary conditions
u(0,t) = u(l, t) = 0. (2.10)

These boundary conditions specify that the string is fixed at the rings or endpoints. Initial con-
ditions will be assigned appropriately. Notice that there were no limitations imposed on [y in the
derivation of equation (2.9). This suggests we can have a time-varying current (i.e. Iy = Io(t)),
which we will revisit in Chapter 5. If we assume that the deformations are negligible in magnitude

~ 1, equation (2.9) becomes linear:

to the entire length of the string, i.e. s ~x and 1 — ‘a—u
s

p Pu(s,t) | pnou(s,t)  2pVo0%u(s,t) _ (1 B pr) Pu(s,t)  ToBodu(s,t) (2.11)

P, o P, ot Py, 0sot B ) 02 B 0s



Notice that the governing equation (2.9) is a second order nonlinear partial differential equation,
where the solution u(s,t) is described in terms of y(s,t) and z(s,t). Finding the solution to (2.9)
amounts to finding the solutions y(s,t) and z(s,t) of two coupled second order nonlinear partial
differential equations. If we replaced the string in our system with a rod, the cross-product in the
momentum equation would equate to a momentum dependent term. In this case, the system would
become a fourth order nonlinear partial differential equation, i.e. with this assumption, our system

is similar to the beam equation.

The governing equation (2.9) is a generalization of previously mentioned studies. Neglecting the

magnetic field, viscosity, and current reduces equation (2.9) to

9%u s 9%u N 68%
ot? 0sot 0s2

=0,

where & = 2V, and 3 = V2. Note that this is the threadline equation analyzed by Swope and Ames
n [17]. Similar to their study, we will find the wave-speeds of the generalized equation (2.9) in an

infinite setting.

The derivation of (2.9) and (2.11) assume that gravity and the magnetic fields generated from the
deformation are negligible compared to the applied forces. Also, the magnetic field is assumed to
be given, thus we avoid calculating the electric and magnetic fields through Maxwell’s equations.
Note that to generate the magnetic field, B%, we can surround the string with N currents. A
possible configuration is shown in figure 2.2. Suppose [ denotes the current running through the
kth current. Let (yg,2;) denote the position of the currents, with the string positioned at (0,0).

The magnetic field applied on the string surrounded by N currents is given by

N -
Z y Yk) Zy + (2 — 21)iz _ (2.12)
k= y yk 2+ (Z - Zk)2

This is obtained by applying Maxwell’s equations to the system with N distributed currents (Figure
2.2).
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Distributed Currents

Current Carrying String \I\
|
®

Figure 2.2: Currents distributed around the string to generate magnetic field Bo.
For example, the system with two currents shown in figure (2.3) has the following magnetic field

" (zF a)zl — y;y

By =21, .
VEF P+

(2.13)

The magnetic field in equation (2.12) is applied in the y- and z-directions. The orientation of the
currents can be chosen such that the magnetic field is only applied in the z-direction. For example,
currents placed perpendicular to the string (like a coil) will generate the desired magnetic field,

By = Byi,.



o
- —~
7/ - A N
/ \
/ \
/ \
L e
\ /
\ /
\ /
\ /
\ /
N Vv
N o - -~
— (0,-a)

Figure 2.3: Two currents distributed around the string to generate magnetic field éo.



Chapter 3

Stability of the String

The governing equation will be analyzed a static and dynamic setting. We assume that the string
is fixed at two points a distance ¢ apart (boundary condition (2.10)). In the static case, time is
fixed (i.e. % = O). This allows us to find equilibrium solutions, describing the possible forms
the string can take at any given time. The analysis is similar to finding buckling nodes of a load-
bearing beam. We will consider both the linear (2.11) and nonlinear (2.9) equations in the static
case. Recall in the linear case we are assuming the magnitude of perturbations are negligible to the
size of the string. In the linear static case, we follow and compare our results with Wolfe’s approach
shown in Appendix B and [18]. This will allow us to find parameters for which the string goes from
a straight trivial shape to a deformed spiral shape. Similarly, we find the parameter for which the

string buckles in the nonlinear static case. Both equations in the static case lead to Sturm-Liouville

eigenvalue problems with boundary conditions (2.10).

The dynamic case considers the string’s motion through time. We only consider the linearized
equation (2.11) in the dynamic setting. Our notion of stability is defined for this case and a

bifurcation of solutions is described.

We show that the condition on the parameters for straight trivial solutions in the linear static case
diverge from the conditions in the linear dynamic case. The conditions for each case are plotted in
section 3.2. The divergence suggests that the system is nonconservative, i.e., energy is dissipated
through time. This result is also seen in Appendix C, where we show uniqueness of solutions and

that energy is bounded for a particular case of our string.

10
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3.1 Static Linear and Nonlinear Equilibrium States

Recall equations (2.9) and (2.10):

du(s,t)
O*u(s,t) Ju(s,t) 0?u(s,t) 5, 0%u(s,t) 0 o p) , Ju(s,t)
) ) 92 ) ) _ Y S _iI.B )
or T o TP a0 TV aa 1 05\ [ oenr) 05
B Os

and

p QPuls,t)  pnu(s,t)  2pVo Pu(s,t) (1 B ,0V02> D*u(s,t) . IyBodu(s,t)

Py, 0 P, ot Py, 0s0t B ) 02 B 0s

Consider the nonlinear equation (2.9) with boundary conditions (2.10) for the equilibrium or
static states (i.e. % = O>. Physically, this is looking at the string for a fixed instance in
time. Depending on critical parameter values, the straight-line form of the string will deform and
assume a spiral configuration (buckle). Parameter regions corresponding to deformations in the
string will be defined as regions of instability. We are in essence looking at the Sturm-Liouville

eigenvalue problem

,d2u(s) d( Py 2e)
1

du(s)
ds

0 g2 ds ) +11yBy =0, where 0 <s</,
s s

. du(s) 2

ds

A possible solution of the static nonlinear equation above can have the form
u(s) = A+ Be"”, (3.1)

where A and B are constants, and the parameter ~ satisfies the condition

Pyy

= pViy + Iy Bo. (3.2)

2mk
Applying the boundary conditions above results in A = —B and v = A\, = %, k=41,4+2,....
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If the parameters of equation (2.9) satisfy condition (3.2), then equations (2.9)-(2.10) will have
nontrivial solutions, u(s). In this case, the string has a configuration (nontrivial solution) that
is a superposition of the basis functions, ¢x(z), k& = 1,2,..., corresponding to eigenvalues, .
Physically this means if parameters satisfy (3.2), then the string enters a buckling regime. Buckling
is a result of stresses caused by compression. This implies that the magnetic field, current, and
axial pulling speed can be selected such that buckling is avoided. Returning to the discussion of
particle accelerators and fusion reactors, note that parameters preserving the straight-line form of

the string will be vital for stability in these systems.

Now consider the string is in a fixed time (static) with the assumption that the magnitude of
perturbation is negligible compared to the length of the entire string (linear). The static linearized

problem is given by

- pVe \ Puls) Z_IOBO du(s)
Py ds? Py ds

=0, where 0 <s</,

u(0) = u(f) = 0.
This is a generalization of Wolfe’s linear study in [18], since we consider axial motion. We discuss
key results from [18] in Appendix B. Note that the static problem is analogous to the system (B.3),
(B.4). However, Wolfe’s boundary conditions only fixed the left endpoint but allowed the right to

be arbitrary. This leads to branches of nontrivial solutions (bifurcations).

Similar to (3.2), assuming the solution form (3.1) in the linear static case gives the buckling condition

PV | by

=1, 3.3
Py Poy (3:3)

which can also be obtained from (3.2) by assuming 1 —?|AJ*> ~ 1. Using the boundary conditions,

21k
we have v = )\, = %, for k = +1,£2,.... Equation (3.3) can be solved for the eigenvalue (or
bifurcation parameter), which gives
IyBy/ Py
= — 3.4
T ISV R (34)

Note in [18], the system was dimensionless and neglected axial motion, the eigenvalue was A = I B.

Every solution in the linear static case can be generated by basis functions corresponding to the
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eigenvalues A\x. The condition for straight, unbuckled solutions in the linear static case is

pVE  InBo
— 4+ —— < 1. 3.5
Py | Poh (3:5)

When parameters are chosen outside of the region described in (3.5), the string will undergo a defor-
mation. The shape of the string will depend on the structure of the eigenfunctions ¢y(s) correspond-
ing to the eigenvalues \;. The parametric representation of the basis functions corresponding to
these eigenvalues are shown below. In figures 3.1-3.3, let s = x4 (s), Regr(s) = 1 —cos(A\xs) = yk(s),

and Imgy(s) = —sin(A\gs) = z(s), for £k =1,2,3 . When (3.5) is satisfied, we have condition

I()BO/PO 2T

0< —— < —.
].—p‘/OZ/P() 14

Parameters satisfying this condition will result in trivial solutions, i.e., the string will remain

straight. For parameters outside this interval, the string will deform.
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Figure 3.1: ¢g(s) plotted parametrically for £ = 1 with ¢ = 1. In this case, the parameter rela-

tionship or eigenvalues satisfy 27 < % < 47. Physically this means for parameters in the
0

aforementioned interval, the string will have a kink or one spiral corresponding to ¢ (s).
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Figure 3.2: ¢y (s) plotted parametrically for £ = 2 with ¢ = 1. In this case, the parameter rela-

tionship or eigenvalues satisfy 4r < % < 67. Physically this means for parameters in the
0

aforementioned interval, the string will have two kinks or spirals corresponding to ¢o(s).
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Figure 3.3: ¢y (s) plotted parametrically for & = 3 with ¢ = 1. In this case, the parameter rela-

tionship or eigenvalues satisfy 67 < % < 8. Physically this means for parameters in the
0

aforementioned interval, the string will have three kinks or spirals corresponding to ¢3(s).
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For the linear static case, if we assume no axial motion, V;, = 0, one arrives at the case studied in [18].
As previously mentioned, the main difference is that our study assumes fixed boundary conditions
(we let b = 0 in boundary condition (B.4)). This results in a discrete number of bifurcation points
at which the string is deformed (i.e., A, = 27k /¢, k = 1,2,...). In [18], Wolfe assumes that the right
boundary point is fixed at an arbitrary point (b > 1), which leads to branches at which nontrivial
(deformed) solutions occur. Our results are compared with [18] in table 3.1, where N(b) describes

the tension at a given point. The remaining results and notation for Wolfe’s system are shown in

Appendix B.
Our System Wolfe’s System
Current carrying, axially moving string in a Dimensionless current carrying string in a
Assumptions | magnetic field in a linear static setting. magnetic field in a linear static setting.
Boundary conditions are u(0)=u(l)=0. Boundary Conditions are u(0)=0, u(l)= b.
1030/ —~
P 2ntk 2 N
Eigenvalues Y=———90 A, = — A=IB, ) = M
1-PYos, 7 T m b
Pg
y v-b

Bifurcation H—% A
A=

Y A
of solutions A =T 4n 6T 7\1\ A, \ 3 \ -
1

T h=T
Note: Wolfe’s case considers an arbitrary
right boundary point. Thus the bifurcation
diagram gives regions of bifurcation.

Note: We get discrete points of bifurcation since
we fix both boundary conditions.

Table 3.1: Comparison with Wolfe’s results in [18]

3.2 Dynamic Linear Stability

In general, it is difficult to determine a condition for dynamic stability of the nonlinear problem
(2.9)-(2.10). Dynamic instability is associated with an unbounded increase in the amplitude of
the vibrations. We derive a condition for dynamic stability of the linearized problem (2.10)—(2.11),

given by
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0s? ‘ P, 0s '

p QPuls,t) | pndu(s,t)  2pVo u(s,t) - pVs \ Puls,t)  ToBydu(s,t)
Po ot? PO ot PO 0sot N PO

u(0,t) = u(l,t) =0,
where 0 < s < £. The stability of this case is defined as follows; let E(t) be defined as in (C.12),

Definition We say that a solution u(s,t) is stable if given any C' > 0, there exists a 6 > 0 such

that if £(0) < 6, then E(t) < C for all t > 0. Otherwise, the solution u(s, t) is called unstable.

Initially bounded solutions can also be regarded as having limited energy, as discussed in Appendix

C. The energy argument amounts to having solutions satisfying boundedness in the Lo-space.

Consider solutions for (2.10)—(2.11) of the form
u(s,t) = Ae st 4 Benstivt (3.6)

IyB
where A and B are constants, a = ﬁ, b=2aVy, c=1- av02, = M, a
PO 2P0

i+ bw) £v/— (A + bw)? — dacw?
2¢ '

Y12 =

The factors €7® and €72® are limited or bounded in the interval 0 < s < £ as t — oo. This implies
that the stability of u(s,t) depends on w. In this context, w is a complex number, i.e., w = wr+iwy,
where wg and wy are real. Thus we have ¢! = e™“rte=w1t Since |e™“r!| = 1 < 0o, we conclude that
the stability must depend on w; as ¢ — oo. This suggests three distinct cases can occur. If wy > 0,
then e 1 — (0 as t — oo, and the solution will be stable. If w; < 0, then e “I* — oo as t — oo,
and the solution will be unstable. If w; = 0, then e “* = 1 as t — oo. The solution in this case
will give a limit cycle, so the solution can be stable or unstable. Determination of stability in this

case requires an additional investigation of the nonlinear terms in equation (2.9).

Using nontrivial solutions of the form (3.6) in (2.10)-(2.11), results in a linear system. The dimen-

sionless determinant of that system is given by

40% + 4B/a + 5% — (1 — a)* = 0, (3.7)

where Q = w/Qo, Qo = An/1/a, B =2\ i, \p = 27k /1, and o = aVZ. In (3.7) we assume 3 > 0
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and 0 < a < 1. Using equation (3.7), leads to the condition for the dynamic stability

Iy By ? PVo2
— 1. 3.8
(Aﬂ%) TR S (3:8)

Notice that conditions (3.5) and (3.8) for linear static and dynamic stability are different (shown
in figures 3.4 and 3.5, respectively). This divergence between the linear and nonlinear stability
regions suggests that this system is nonconservative. Consequently, the energy is not preserved.
This observation is expected since a dissipative force (viscosity) influences the system over time.
Furthermore, the magnetic field can act as a damping force. Such observations are considered in

Appendix C.

N2 4

Figure 3.4: The stability region of the static linear equation. The condition is given by equation

PVE IpBo _
(3.5), where, % = and 3¢ = 1.
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N2

Nz = (1—nq)4?

N1

Figure 3.5: Stability region of the dynamic linear equation. The condition is given by equation

PVE InBo _
(38), Where, B T and Pore 2.

Returning to the discussion of dynamic stability, notice in equation (3.7), Im(€2) is analogous to w;.

Thus Im(€2) will give an indication of the system’s stability. Equation (3.7) has two complex roots:

_—BvatyFPa-F+(1-a®

Ql,Q(a76> 2

(3.9)

If the discriminant, D(«a, 3) = B%a — 3% + (1 — a)?, is positive, the roots €2; and 2, are real
and the solution u(s,t) is periodic. As previously mentioned, stability in the periodic case can be
investigated by analyzing the nonlinear terms in equation (2.9).

To arrive at a general result for the roots of equation (3.7), we consider specific cases of (3.9).
Suppose a = 0 and f is increased from 0 to co. The solutions to equation (3.7) will be given by

(0.8 = Y= a5 = VI (3.10)

2 o 2

We can investigate the behavior of the roots as  — co. The approximate trajectories of the roots
of equation (3.7) in this case are shown in figure (3.6). For 0 < 8 < 1, the roots are real numbers,

but for 8 > 1 the roots lie on the Im(2) axis.

As an example, consider the case for « = 1/9 and 8 — oo. The approximate root trajectories
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ImQ

Q0,00 0(0,1/2)
._1/2 @7 41 75 o ;
0,00,1)=0,0,1) Qu(0,1/2) Q0,00 ReQ

Figure 3.6: Approximate trajectory of the roots given in equation (3.10) with a = 0 and § — oc.
The arrows on the trajectories indicate the direction of the roots as g is increased.

are shown in figure 3.7. In this case, the point at which the branches of solutions split is shifted.
Furthermore, after leaving the real axis, the roots do not approach the imaginary axis, as in the

previous case.

ImQ
Q;(1/9,0) —
- \ v @ 20 o5 L7 0
\ Q,,(1/9,0)
0;(1/9,4/8/9) = Q;;(1/9,1/8/9)

Figure 3.7: Approximate trajectory of the roots given in equation (3.10) with « = 1/9 and  — cc.
The arrows on the trajectories indicate the direction of the roots as ( is increased.

In figure 3.8, the approximate trajectories of the roots of equation (3.7) are shown in the complex
plane €, fora range of values where 0 < o < 0.25 and  increasing from 0 to co. When § = 0, the

motion of the roots start from points A and A;. Points B and B, correspond to 5 = fy =/a(1 — «),
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points C' and C; correspond to 3 = Bys = 1 — @, and point D corresponds to 3 = Bop =v/1 — a.
When the parameter § increases from 0 to § = fyp the roots of equation (3.7) move through the
Re(2) axis, describing stable solutions for the motion of the string. Starting from point D, where
B = Bop the roots of equation (3.7) come out to the complex plane and the vibration of the string
increases with time. As the imaginary components of the roots increase the string looses stability.
The value § = [ys corresponds to static instability, which coincides with equation (3.5). As we can
see fos < Bop, so the static and dynamic problems give different ranges for stability of the string.
Here, stability is defined in the sense that the string is in a straight-line form, or attains a straight-
line form over time. Similar behavior of roots can be observed for 0.25 < a < 0.5. In this case,
Qr(a, Bo) < (e, Boc) < Qla,0) < Qe Bop), and for 0.5 < o < 1 it is necessary to take into

account that Qr(«, 5o) < Qr(a, foc) < (e, Bop) < (e, 0).

ImQ
Qy(a,B)
B A c D c, B, A,
e 7
—e @ @ @ . 4 . 4 o
Qp(auBoc) Q1 (o,B0) Qy(a,0)  ReQ
Q(a,Bo) Q;(a,0) Q;(e,Boc) \
Q;(a,Bop) = Q1 (.Bop)
Q;(a,B)

Figure 3.8: Approximate trajectory of the roots of equation (3.7) for 0 < o < 0.25 and 0 < 5 < 0.

In summary, we have found the conditions for which the straight-line form of the string buckles in

the dynamic linear case. The condition for dynamic stability is described in (3.8).
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Investigation of Equilibrium States

The general nonlinear equation (2.9) with boundary conditions (2.10) is difficult to study di-
rectly. So we apply Galerkin Orthogonalization process to equation (2.9) and consider one mode

approximations of the solution. We represent the solution of (2.9) in the form

= Au()Pn(s), (4.1)

where @,,(s) = e X\, = 2mn/l (n = 0,1,...). From the boundary conditions (2.10) we have
i A, (t) = 0. We introduce the following scalar product (a, b) fo b(t)dt, where the function
% is the complex conjugate of b(t). Later we will keep two modes of (4.1) (the members with indices
n = 0 and n = m). Substituting Equation (4.1) into (2.9) and applying Galerkin Orthogonalization
procedure we obtain the following ordinary nonlinear differential equation for the amplitude of

vibration of the string:

d*>A,(t) dA,(t) IyBoA, A () PyA,(t)A2
— 2iVodn) ——2 — VZAL (D)2 — = = 0. 4.2
dt2 + (1 + 2iVoA,) dt o An(t)A, P p\/1—|A OI2H 0 (4.2)
R, |
After denoting t = Q_ and taking into account that = Qf equation (4.2) will take the form
0 P
d*A, n - 2iVoA, | dA, Vip  IyBy A,
L - A+ ——=0. 4.3
" (Qo T ) dr (Po " AnPo) T A IAe (43)
Equation (4.3) can be written in the non-dimensional form
. ) . 9 A, (1)
A(T) 4 (1o + ivg) Ax(T) — Q1AL (T) + ———= =0, (4.4)
1= [A ()]

23
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Q%An 2 Bol() VO_Q/) n P())\?L

R W Ny e o Q2 = —=. If we denote

21(7) = ReA,(7), 5 = ImA,(7), x5 = ReA,(7), and x4 = ImA,(7), then the differential equation

where A\, A, (7) = Au(7), v =

(4.4) will obtain the form

it'l = T3
I"Q = Xy
4.5)
. Zy (
i3 = —poTs + vors + Q3w — —
1 — (27 + x3)
. T2
Ty = —ploTs — Vox3 + 3wy — —
\ 1 — (27 +3)

The equilibrium points for the system (4.5) are as follows:
1) If Q2 — 1 < 0, there is only one equilibrium point, My(z; = 0,29 = 0,23 = 0,74 = 0).
2) If 23 — 1 > 0 the equilibrium points are

My(xy = 0,090 = 0,23 = 0,24 =0), MZF(z;=0,29 = +10, 25 = 0,74 = 0), Or

[QF —1
MZE(xy = 19,29 = 0,73 = 0,74 = 0), where ¢ = 19—111.

To investigate behavior of the solution in the vicinity of the obtained points in the general case, we
must solve and study the fourth order equation. Representing A, (7) in polar form, A,(7) = p(7)e?")

and separating the real and imaginary parts of equation (4.4), we obtain

p — O

V1=p? (4.6)

p— pb? + pop — vopd — Dp +

2pé+pé+v0p+u0p9 =0

v
In the particular case when g = 0, it is easy to see that if § = —507 + 60, (0, = constant) then the

second equation in (4.6) becomes an identity and the first equation has the form

2
,b'+p<@—§z§)+ L) (4.7)

4 /1= p2

Equation (4.7) has the following equilibrium points:
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2
1) If ng + 1 > 0 there is only one equilibrium point My(x; = 0,25 = 0), where ng = %0 — 0%
ng —1

2
g

2) If ng +1 < 0 we have M (2, = 0,29 = 0), Ma(x1 = £5/Z¢, 12 = 0), where z¢ =

The point M, is a center and M; is a saddle point. The point Ms(x1 = 45/Z¢, 22 = 0) is a center

(i.e. phase curves in this case have the form p* + ngp? — 2/1 — p? = constant).

We can investigate the behavior of the string through numerical calculations of equation (4.4).

Figures 4.1-4.4 consider the case vy = % =0, and Q; = fff% + V](;—Zp = 0.1. Figures 4.5-4.8
assume vy = % =0, and ; = i?][)g + V}‘;—ip = 1.1. Figures 4.9-4.12 consider vy = % = 0.2,

and Q =/ Bolo 4 Y2 — 0.1, Figures 4.13-4.16 assume vy = 282 = 0.3, and ©; =/ Zofa 4 Y52 —
0.1. Figures 4.17-4.20 assume vy = % = 0.3, and :\/% + Vlg—z” = 1.42. In each case we plot

the amplitude of solutions and the phase portrait. The red line represents the perturbation in the
z-direction, whereas the blue line represents the perturbation in the y-direction.

Notice the cases in shown in figures 4.1, 4.2, 4.5, and 4.6 result in periodic trajectories for all time,
since damping is neglected. When damping is applied, the string approaches a fixed orientation as
T — oo (figures 4.3, 4.4, 4.7, and 4.8). The cases shown in figures 4.9, 4.10, 4.13, 4.14, 4.17, and
4.18 have show chaotic or pre-chaotic type behavior as 7 — oco. We examine period doubling of
solutions in these cases. Applying damping to these cases negates the chaotic behavior, causing the
system to converge to a fixed orientation; these cases are shown in figures 4.11, 4.12, 4.15, 4.16,

4.19, and 4.20. The idea of chaotic motion is further discussed in Chapter 5.



26 Chapter 4. Investigation of Equilibrium States

VAN
R

Figure 4.1: Position in y, z vs time, 7, with no damping. The red line represents
the perturbation in the z-direction and the blue line represents the perturbation
in the y-direction.

Figure 4.2: y' vs y with no damping.
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Figure 4.3: Position in y, z vs time, 7, with damping, o = 0.1.The red line
represents the perturbation in the z-direction and the blue line represents the
perturbation in the y-direction.
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Figure 4.4: y' vs y with damping, uo = 0.1.
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y and z
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Figure 4.5: Position in y,z vs time, 7, with no damping. The red line represents the
perturbation in the z-direction and the blue line represents the perturbation in the y-
direction.
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Figure 4.6: y' vs y with no damping.
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Figure 4.7: Position in y,z vs time ,7, with damping o = 1.1. The red line
represents the perturbation in the z-direction and the blue line represents the
perturbation in the y-direction.
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Figure 4.8: y' vs y with damping, po = 1.1.
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Figure 4.9: Position in y, z vs time, 7, with no damping. The red line represents
the perturbation in the z-direction and the blue line represents the perturbation
in the y-direction.
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Figure 4.10: y' vs y with no damping.
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Figure 4.11: Position in y,z vs time, 7, with damping gy = 0.1. The red line
represents the perturbation in the z-direction and the blue line represents the
perturbation in the y-direction.
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Figure 4.12: y’ vs y with damping, o = 0.1.
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Figure 4.13: Position in y,z vs time, 7, with no damping. The red line represents
the perturbation in the z-direction and the blue line represents the perturbation
in the y-direction.
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Figure 4.14: y’ vs y with no damping.
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Figure 4.15: Position in y,z vs time, 7, with damping gy = 0.1. The red line
represents the perturbation in the z-direction and the blue line represents the
perturbation in the y-direction.

<

{\
((a
W)

Figure 4.16: y’ vs y with damping, po = 0.1.
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y and z
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Figure 4.17: Position in y,z vs time, 7, with no damping. The red line represents
the perturbation in the z-direction and the blue line represents the perturbation
in the y-direction.

Figure 4.18: y’ vs y with no damping.
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Figure 4.19: Position in y,z vs time, 7, with damping po = 0.1. The red line
represents the perturbation in the z-direction and the blue line represents the
perturbation in the y-direction.
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Figure 4.20: y’ vs y with damping, po = 0.1.



Chapter 5

Nonlinear Vibrations of a Parametrically

Excited String in Resonance Cases

The goal of this chapter is to develop a criteria to characterize chaotic behavior in a string. To

this end, we begin by assuming that the current flowing through the string is given by the expression
Iy = Iy + Iog cos(27), (5.1)

where o1, In2, and 2 are constants. Replacing Iy in (4.4) by (5.1), assuming motion with small

Ay
amplitudes, |A,[?\2 < 1, replacingy/1 — |A,[2A2 ~ 1+ |A,|?\2 /2, and introducing X (1) = ﬂ,
€

we obtain
X(7) + wiX (1) = —€|2(p + ) X (1) + g cos(QT) X (7) + aX (7)| X (7)|?], (5.2)
Ho Vo o Io1 By V02P Bolos )\%16
h = v=— w=1-"F—_0L 45— =M< 1.
WHere =50 V=" v NP, B Y T T

In obtaining (5.2) we were limited by the cubic approximation for the amplitude of vibration. We

will investigate (5.2) near resonance vibrations by considering the cases
I) Q ~ wp, and

IT) © ~ 2wy.
If we assume ) ~ wy, then we are investigating the first natural frequency of the linear system.

Similarly, Q ~ 2wy is the second natural frequency.

A system under resonance vibration will have increasing amplitudes over time. In general, there

36
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is no criteria to categorize chaos in an arbitrary system. However, as mentioned by Moon in [12],
period doubling is a route to chaotic behavior. Thus we develop criteria to identify period doubling

and criteria for which the solutions near 2 ~ wy and €2 ~ 2wq are stable.

5.1 Resonance Vibrations of the String Near the Base State

In the base state €2 >~ wg, and we assume
O = wi + €0y, (5.3)
where o7 is a detuning parameter. Equation (5.2) then takes the form
X 4+ QX = e[o X — 2(p +iv) X — geos(QT) X — aX|X ). (5.4)

Using the Method of Multiple Scales (MMS) from [14] to approximate the solution of equation

(5.4). We represent the solution of (5.4) as an expansion

X(T, 6) = X(](To, Tl, TQ) + EXl(To, Tl, Tg) =+ ... y (55)
where T,, = €7, n =0, 1,.... Derivatives with respect to time take the forms
d d?
% = DO —|— EDl —|— €2D2 + ceey p = Dg —|— 2€DOD1 + €2<2€D0D2 + D%) —|— ceey (56)

where D,, = 0/9T,,. Substituting (5.5), (5.6) into (5.4) and equating the coefficients of like €, we
obtain

Dgl’o + Q2l‘0 =0 (57)

Dixy + Q%) = 2000DgDixg — 2(p + i) Dozo — QZoTh — %(e‘mﬂ) 4 H0) (5.8)
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D%l’g + QQIQ =0T — 2DOD25L‘0 - D%.’L’O - 2D0D15L‘1 - Q(IU + iU)Doﬂfl (59)
—2(p + i) Dyxg — (22T + 10Tow1) — %(e_mT0 + /o)
Consider solutions of equation (5.7) of the form
zo = A(Ty, Ty)e™™ + B(Ty, Ty)e 70, (5.10)

where the coefficients A and B are functions of T} and T5 at this level of approximation. These
functions are determined by imposing the solvability conditions at the next level of approximation.

By substituting zy into equation (5.8) we obtain

O + Q% = (g A — 22'(2% —2(p +0)iQA — aA|A]* — 20A|BJ?
oT? ot
. B
4o (01B - zm% —2(p +)i)B — aB|B|* — 2aB|A|2> (5.11)
1
_9<A + B) — wA2Be3 0 B2 Ae—31 00 _ %em‘QTO _ ﬁe—%QTO'
2 2

Depending on the functions A and B the particular solutions of equation (5.11) may contain secular

terms. The conditions to eliminate these secular terms (the solvability condition) is

A
o1 A — 2@937 —2(p + )iA — aA|A]* — 20A|B|* = 0, (5.12)
1
. aB . . 2 2
o1 B — 2@(287 —2(p +10)iQB — aB|B|* — 2aB|A|* = 0. (5.13)
1

A particular solution of equation (5.11) is

AL B A2B . B2A .. A B .,
T = g( + ) + - 3zQT+a— 73297'_'_‘9_621(27'_’_ 9_672197. (514)

202 202 © 802 ¢ 602 602
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Substituting equations (5.10) and (5.14) into (5.9) and eliminating secular terms from x,, results in

0A o? g* ¢*B
2022 0 NI W A Y
o7+ {W TNt et 692] MTeE

a?A
[2|A|* + 6|AB|* + 7|B|*] = (5.15)

a 1o}
+—[ 2,u+w—ﬁ} [JA]? +2|B]*] + IVl

2iQ)

OB _ 2 g2 2 A
_2298—T2+{(M—|—w) +@+@}B+@
- ! 2 2 4 2
— |2u— —|B[|B]*+2|A 2|B AB A 1
+2m[u Q] 1B +214P) + So2 [21BI* + 6|4BP + 7]41] = (5.16)

To solve equations (5.12), (5.13), and (5.16), we combine them into one first order ordinary differ-
ential equation. This procedure is usually referred to as the method of reconstitution and involves
finding the ordinary differential equation that yields equations (5.12)—(5.16) when analyzed by the
MMS. The result is

2 2
—2iQ0A + 6{01 — 2iQ(p +iv) — OéUA’2 + 2’B|2] }A + 62{ {(,u + ZU) + @ + @:| A

2 . 2
g°B « o1 9 A 4 9
CA R ) — L A[lA? +2|B 2|A AB B 1
+4Q2+22§2[ [+ v Q} [| © 42| |] [| |* + 6|ABJ" + 7| |]} 0, (5.17)
9 2 QQA
2i08 + e{o1 + 2iQu + ) — o[|B* + 2|A]!] } B + € {[mw s+ 692:|B+ TeE
+ % fou— ] Blipp + 2jap + &8 [2|B|4 L 6|AB + 714" b = 0. (5.18)
2i€) Q 802

Substituting Equation (5.10) and (5.14) into (5.5) we find a second order approximation to the

solution of (5.4)

X(1,€) = Xy (7, €) = Ae™" 4 Be 7 (5.19)
g(A+B)  aA’B o  aB*A 0 gA o, 9B o= 2107
+e{ ~ oo T ¢ T e ¢ ettt + 0(€%).

The stationary regime, which represents a limit circle or auto-oscillation regime, is obtained from
(5.17) and (5.18) when A = B = 0. Note that the equation (5.4), describing the stationary regime,

can be solved numerically.
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5.2 Resonance Vibrations of the String Near the Main State

Now consider 2 ~ 2wy. We introduce the detuning parameter os:
0? = 4(wg + eoy), (5.20)

Similar to the solution X (¢) in the base case, we obtain

ior _ior aA’B  gA\ sier [aB?A  ¢gB\ _sior
X(71,€) = Xou(1,6) = Ae'2 +Be™ 2 —i—e{( 502 +@)e 2 —i—( 502 —i-@)e 2 }+O(62>.
(5.21)
Functions A and B are defined in the first approximation by
. B
—iQA + e{ [02 — iQ(pu+ iv) — a(|A] + 2|B]*)] A — 97} +0(#) =0 (5.22)
) B
iQB + e{ (o9 + i+ iv) — | B + 2|A])| B — 97} +O(e*) = 0. (5.23)

The stationary or stable regime is obtained from equations (5.22) and (5.23) when A = B = 0.

5.3 Stability of Solutions Near Base State and Main State

Recall the base and main states are considering €2 ~ wy and ) ~ 2wy, respectively. In sections
5.1 and 5.2, solutions X, (7, z) and Xs,, (7, z) were obtained from equation (5.2) when €2 is close to
wo and 2wy, respectively. Both solutions depend on A and B, which in turn satisfy equations (5.17)
and (5.18), or (5.22) and (5.23). Steady state periodic solutions correspond to A = B =0, the
stationary points of these equations. Note that the trivial solutions with A = B = 0 is a possible

stationary point (straight-line form of the string) for equations (5.17), (5.18) and (5.22), (5.23).

Let’s now investigate the stability of the trivial solution for equations (5.17) and (5.18). After
neglecting nonlinear terms, the equations take the form
2 e g2 B

A A . . . o
— 200A + e[oy — 2iQp + iv)| A+ € (u—i—w)2+4—§2+@ A+ ToE

— 0, (5.24)
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o . . 5 o 0 g 29’ A
— 2008 + €[o1 — 2iQ(p + iv)| B+ € | (u + iv)* + To + 2 B+ AE 0. (5.25)

Separating the real and imaginary parts in equations (5.1) and (5.2) where, A = A, +i4;, B =
B, + 1B;, results in four linear differential equations with respect to A,, A;, B, B;. Considering

solutions of the form

(AT'aAi7BT7Bi) = (aT7a‘i7bT7bi)€6)\t7 (526)

results in an algebraic equation for the parameter A:

Ao (A g, p1,7) = det@ =0, (5.27)

where Qn = —Q22 = 29)\+l1, Q13 = Q24 = Q31 = Q42 =0, Q14 = Q23 = —Q32 = —Q41 = T,

2
€
Qo =Qr=-rg—lo, Qu=0Qu=10—1ly, Q33=-Qu=20\+1, rn= ﬁ’
cof o 9,
7‘0:01+@+eg +@—ev s lo=20Q 11 =2u(Q —ev), and ly = 2u(Q) + ev).

The trivial solution is stable when Re(\) < 0. Instability starts when Re(\) > 0. The line Re(\) =0
describes a nontrivial curve in the plane (g, ) which separates the stable and unstable domains.
When v = 0 the nontrivial curve has the form

2\ 2 2 2\ 2
() _ o1 2 9 ) _402,2 =
Ly = (492> (01 + 102 + e’ + 692> 40°u° = 0. (5.28)

An analogous investigation of the stability of the trivial solution near frequency 2 = 2wy results in
the characteristic equation

AZQO ()\7 g, Qa H, 7) = detR = 07 (529)

where R\1 = — Ry = —QON — Y2, Ris = Ry = 1, Ry = R23 = R32 =Ry = _g’

R13 = R31 = R24 = R42 = O, R33 = —R44 = Q)\ + Rl + Q[LQ, R34 = R43 = RQ — QUQ,
2 2
o5 39

R0202+UQ+6<M2—02+——

02 ﬁ)? and Ry = —pu(2ev + Q). The nontrivial
”

curve is described by

Loy = (202 + 62)7 — (g)Q{z(Q%ﬂ +63) - (5)2} — 0, (5.30)
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where 6 = 01 + € ,u2—|—0—%+g—2 09y =09+ € MQ_;_J_%_g_g )
402 602 )’ 402 602

The approximate curves in the (g, {2) plane are shown in figure 5.1 The instability domain is shown
by dashed lines. The curves l,, = 0 and ly,, = 0 are bifurcation curves. The curves in figure 5.1

are for the case where 07 = 09 = = 0.1 and € = 0.01.

94
|w0:0
8
Af|.
4 |
III"""
0 . Q
1 2 3 4

Figure 5.1: Instability regions for A; near {2 ~ wg and Ay near 2 ~ 2wq,. This plot assumes
o1 =09 = =0.1and e =0.01.

The domain A; is an unstable domain near the frequency €2 = wy, whereas A, is an unstable domain
near the frequency 2 = 2wy. As previously mentioned, when the frequency of periodic vibration
doubles, a pre-chaotic state is expected, Moon [12]. Thus we conclude that the domain A, is a

region for the parameters leading a pre-chaotic state.

The pre-chaotic behavior in the sense of frequency vibrations has been analyzed. Domains of

parameters for chaotic behavior have been defined.



Chapter 6

Traveling Wave Solutions

When an infinite string is perturbed (or plucked) from an initial straight-line form, a wave
is propagated through the string by subsequent particle interactions. A crest and trough travel
through the string in both axial directions from the point of perturbation. The wave or pattern
that travels through the infinite string is called a traveling wave. In this chapter, we assume traveling
wave solutions for our system in an infinite setting. We will use the traveling wave solutions to
compute corresponding wave speeds. After linearizing equation (2.9), we consider two cases; the

first neglects viscosity and axial motion, where as the second only neglects viscosity.

6.1 Dead Interval for wavelength

To compute wave speeds, we will treat the nonlinearity in equation (2.9) and find the traveling

wave solutions. First consider the full nonlinear equation (2.9)
Ju(s,t)

D*u(s,t)  Ou(s,t) 0?u(s,t) , 0%u(s,t) o ( 1o Os , Ou(s,t)
o, LUy TS 9~ ds | _ipB .
{ N T Ca . R } HoBo 53

The nonlinearity in equation (2.9) is evaluated as follows:

P@ 2 29-3/21 4~ 42 9
2 —035 = F Ou 1 —&@{1_ a_u } {%%_}_%M} (6.1)
Is\ [1_ |%‘2 0952 1_ 3_5}2 2 Js ds J0s 0s?  0s 0s? '
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where u is the conjugate of u and |%|2 = %%. Applying Taylor series approximation to equation

(6.1) leads to

ou
2( Pos- ) azu{ 18u6u} Poau[aua% au@] {1 38u8u}
|2

0s

+28388

) 0| T20s0s| " 2 05|05 05 ' 0505

Js

=P + O(u?). (6.2)

Pu pouondt P (o)
0s2 095 9s 052 2 \0s /) 0s2

Using equation (6.2) in (2.9) and neglecting high order terms gives

2 2 2 — 02 P 202~
Pu_ o0u  (Ou Du o Pup Dududu Py Ou) P
ot Os ) 0s?

o~ pg2 Bs 9s0t 05 0s 02 2 =0 (6.3)

where ¢z = £ — V2 and \ = Lo,

P p
To compute the wave speed corresponding to traveling wave solutions. We consider the case with
no axial motion, V5 = 0, and no viscosity, n = 0. So we are considering a current carrying
string in a magnetic field (the case considered in [11]). Traveling wave solutions have the form

u(s,t) ~ uge’@ k) Neglecting n and Vj, the wave speed is given by
v=q/c2—~. (6.4)

This implies there is a cut-off region where waves do not propagate. The wave speed relationship

A
is shown in figure 6.1. Waves can only be propagated when k& > —. If the wavelength, k € [0, C%]
g 0
there are no waves produced. Physically, the magnetic field is preventing wave formation.



6.2. Double Wave Propagation

v=4co? — A/k

A/Coz

Figure 6.1: Plot of wavelength versus wave speed. For waves to propagate the condition k& > \/c2

must be satisfied. Wave speed cannot exceed ¢y =, /%.

6.2 Double Wave Propagation

Consider solutions of the form u(s,t) = ¥(§), where £ = wt — ks. This change of variables reduces

equation (2.9) to

the nonlinearity becomes
TS W T V)
dg \/TW d£2 2 d{
The governing equation is given by
W 4 ! — 2RVl + VIR = ixky + %w” " ]; (L ).

(6.5)

(6.6)
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P
Let By = w? — 2wkVy + ViZk? — ~% and consider the linear case with 1n = 0. The governing equation

becomes

Bt — iXky = 0. (6.7)

Traveling wave solutions of equation(6.7) exist and have the form
P2k (wt—ks)
P(§) = Ay + Aye Bo , (6.8)

for constants A; and A,.
Now consider solutions to equation (2.11) of the form u(s,t) = uee’“~*) with = 0. The equation
reduces to the form

P
— W+ Wowk — EV2 + 2k + Mk = 0. (6.9)
P

Computing the wave speed shows the propagation of two waves with speed

v =Vo+y /2 + 3,
(6.10)
/UQZX/O_Q/%—F%-

When V, = 0, there is one wave with speed v = /¢ + % This corresponds to the wave speed in
equation (6.4), but with traveling wave solutions given by u(s,t) ~ upe!@*=**) Figure (6.2) displays

the wave speeds as functions of the wavelength.
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vV A
V1= VO + 4/ COZ —A/k
V0+CO
< > k
Vo —co
Vo= VO —\/COZ —A/k

Figure 6.2: Plot of wavelength versus wave speed. Two waves are observed traveling in the same
direction, but at different speeds. Notice here we consider Vg < ¢g.



Chapter 7

Conclusion

Stability of lateral vibrations of a moving current-carrying conductive string in a homogeneous
magnetic field has been considered in this thesis. A nonlinear governing equation describing the
motion of the string was derived. Static and dynamic cases were investigated. A critical value for
stability of the static case has been found when uniform (along a string line) motion of a string
is unstable. This critical value depends on the speed of the motion, the applied magnetic field,
and the electrical current. The condition of dynamic instability is also obtained. The instability

conditions for the linear and dynamic static cases do not coincide.

Applying a Galerkin Orthogonalization procedure, a nonlinear ordinary differential equation has
been obtained for the amplitude of the nonlinear vibrations. The equilibrium points of this equa-
tion have been found, and the behavior of the solution in the vicinity of these points has been
investigated. Nonlinear resonance vibrations of a moving string have been investigated when a
non-stationary period current flows through the string. For an approximate solution the Method of
Multiple Scales has been applied. Resonant solutions have been derived from which the boundaries
of the unstable regions have been obtained. Domains of parameters have been defined when the

string falls into pre-chaotic motion (i.e. the frequency of vibrations is doubled).

Traveling wave solutions were used to compute the wave speeds in certain cases of the general
system. Certain cases considered were shown to produce no waves, indicating a dead-zone for
wave propagation. Another case showed double-wave propagation is produced when the string is

perturbed.
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Appendix A

The Wave Equation

As a preliminary step towards the governing equation derived in this thesis, we study the vibrations

of an elastic string fixed at two points ( a distance ¢ apart) with the following assumptions:
1. The string is homogeneous, i.e., the mass per unit length is constant,
2. The magnitude of the gravitational force is negligible to the tension force,

3. Each particle moves strictly vertically.

u(x,t)

X+AX £

Figure A.1: Vibration of a string between two fixed points.

Let u(s,t) describe the deflection at any point x at time ¢ > 0. Consider forces acting on a small
portion of the string, shown in figure A.1. T} and T, describe the tension forces acting at the two
points u(z,t) and u(z + Az, t), respectively. Since there is no horizontal motion, the tension in the

horizontal direction is constant

T =T, cos b, = T5 cos 5 = constant. (A.1)

20



o1

Using Newton’s second law, we only have forces in the vertical direction described by

. . 0%u
Ty sinfy — Ty sinfy = 'OA$@’ (A.2)
2
where pAzx is the mass, and Tl is the acceleration. Notice in this system,
0 0
tanf, = T and tan 0y = o . (A.3)
oz )|, 0 ) |, Ae

Using equations (A.1)-(A.3) and taking Az — 0, we obtain the one-dimensional wave equation

Pu 0%

W =C @, (A4)
where ¢* = %. Equation (A.4) is considered with boundary conditions
u(0,t) = u(l,t) = 0. (A.5)

Similar to our investigation in Chapter 3, we can compute the eigenvalues. Through separation of
cnm

0

variables, we can compute the general solution of (A.4)-(A.5) and eigenvalues, which are \,, =

n =1,2,.... The buckling nodes are shown in figure (A.2).

Figure A.2: Normal nodes of the string.



Appendix B

Derivation of String Equilibrium States

following P. Wolfe’s Approach

In [18], Wolfe presents the derivation and bifurcation analysis of an elastic conductor in a magnetic
field. The following is a summary of Wolfe’s approach and uses notation from [1]. These results are

contrasted with our results in Section 3.1.

Consider a nonlinearly elastic wire with natural length 1. Let s € [0,1] be the material point

of the string, and 7(s) be the deformed position in Euclidean 3-space (spanned by {7, j, k}). Let

'(s)

v(s) = |r(s)| and e(s) = o(s) ; note that é(s) is the unit tangent to the wire at s. The endpoints

of the string are fixed at 0 and bk, for b > 1 (in our system we assume b = 0). The current is given

by I, and the magnetic field is given by B = B/;‘7 for constant B. The force acting on the wire due

to the current and magnetic field (Laplace Force) is given by
f(s) = I x Bk = Ivé x Bk. (B.1)

The force exerted by the material point of (s, 1] on the material of [0, s| is denoted by n(s). Note
we assume the wire is perfectly flexible, thus n(s) = N(s)é(s), where N(s) is the tension in the
wire at s. Futhermore, we assume the wire is nonlinearly elastic so the tension at s depends on the

stretch v(s), i.e. N(s) = N(v(s),s). The equilibrium equation (force balance) is

n'(s)+ f(s) = 0. (B.2)

92



23

Wolfe’s boundary value problem is to find 7(s) such that
(N(s)e) + Tvex Bk=0, 0<s<1, (B.3)

7(0) = 0, 7(1) = bk, b> 1. (B.4)

Note that (B.3)—(B.4) is analogous to the Sturm-Liouville problem stated in the beginning of Section
3.1. The boundary condition (B.4) at the right endpoint is varied by b, whereas in section 3.1 the
conditions are fixed at zero. Wolfe first considers the case of a homogeneous wire, i.e. he assumes

the NV is independent of s. Then equation (B.3) becomes

~

(N(s)e) + N(s)e+ lv(e x k) =0 (B.5)

where

A=1IB>0. (B.6)

Wolfe shows that 7(s) = bsk is a trivial solution and derives states the following theorem

Theorem Suppose N = N (v) (homogeneous string). Let A > 0, and v > b satisfy
VA/N =2mm, form=1,2,.... (B.7)
Then (B.3) and (B.4) has solutions

7o (s) = (N /N)[sin(fy + vA/N)s — sin 6] sin i

+(N/N)[cos By — cos(fg + vA/N)s]sin1)j + v cos sk, (B.8)

where 0 < 0y < 27 and ¢ = arccos (b/v).
Next, he considers the linear (static) case for this system. Similar to our results at the end of

Section 3.1, Wolfe finds the eigenvalues

Am = 20mN (b) /b, (B.9)
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and the parametric representation of the eigenfunctions given by

(m)

xy " = c1(1 — cos2mms) + co sin(2wrms),
g™ = —c; sin2rms + (1 — cos 2mms), (B.10)
2™ = .

Note A, are bifurcation points of the equilibrium solutions. It’s assumed %(N (v)/v) > 0, so Wolfe

presents a bifurcation diagram describing the branches of nontrivial solutions. Essentially, for

2N
0<A< Wb@, (B.11)
the conductor will have a straight-line, trivial solutions. If
21N AN
Wb(b) <A< Wb(b), (B.12)

then the string will have one spiral, or buckled node in the shape of the eigenfunction corresponding
to the first eigenvalue (m = 1). These results are compared with our linear static case in Section

3.1. Figure 3.1 contrasts our studies and assumptions.



Appendix C

Uniqueness and Energy for Certain

Cases of Our System

Consider the linear governing equation (2.11) with Vj; = 0 and n = 0. Physically, we are neglecting

the axial motion and the viscosity on the string. Equation (2.11) becomes

Pu(s,t)  ,0%u(s,t) Ou(s,t)
— Lt iyv—>=0 0<s</, C.1
oz C o " Tas 0 USSS (G1)
where ¢? = %, v = ’\—50, and \ = %. Note that ¢ =, /% is the wave speed of the string. We
will show show uniqueness of solutions, and following [19] we will show the energy of this system

is bounded. This implies that the system is nonconservative, i.e. energy is dissipated over time.

Consider a change of variables s = ¢z, then equation (C.1) becomes

Pu(z,t)  ,0%u(x,t) . Ou(z,t)

52 O g + iy e 0, 0<z<, (C.2)
2
where ¢? = 2—2, and 7, = % The initial conditions are given by

u(z,0) = o(x),
(C.3)
Oou(r,0)
2~ i),
and boundary conditions
alu(()? t) + /Blux«)a t) = fl (t),
Ou(1,t) (C4)
aau(1,t) + Bo 8x7 = fa(t).
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We want to find the conditions on g(x,t), ¢(x),(x), fi(t), and fo(t) such that we have uniqueness
for solutions of (C.2) with initial conditions (C.3) and boundary conditions (C.4).
Now we make a transformation to a real valued system. Let u(z,t) = v(x,t)e ™. With this form,

the differential equation reduces to

0*v(z,t)  ,0%(x,t) N 20@(3:,15) OH (z,t) N [ 5 28H(.¢E,t)] ov(z,t)

o oa? ot ot S R
OH(x,t)\> &2H(x,t) (0H(z,t)\> ,[0*H(z,t)\ . OH(x,1) B
+ K 5 ) + 2 N\ ) "l T2 —i—wl—ax v(z,t) =0.
Letting H(x,t) = ;i;x + d(t), where 6(t) is arbitrary, we get
1
621)(937 t) 2 82U($, t) 61’(:57 t) / ! 2 " 7% _
52 O g +2 5 8 (t) + l5 (t)"+9"(t) — 4_0%} v(z,t) =0. (C.5)
Consider the two cases:
(i) &'(t) =0:
Po(x,t)  L0%(x,t) A _
= —p Oz 4—0%1}(1:,15) = 0. (C.6)
(ii) o'(t) = constant = ;—611:
Pv(z,t)  ,0%v(w,t) dv(z,t)
= o2 —C] 922 +m ot =0, (C?)

where 1, = n > 0.
C1

Note equation (C.6) is the classical wave equation with damping. To show uniqueness of u(x,t) one

would show uniqueness of v(z,t) in cases (i) and (ii). We will only consider the second case.
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C.1 Uniqueness and Bounded Energy

Consider case (ii). We want to show uniqueness for the following

(20(x,t)  ,0%(x,t) N dv(x,t)

oz g T =
U(ZE,O) - QSO(ZE): (CS)
du(z, 0

We assume —oo < = < 00. Suppose v;(z,t) and ve(x,t) satisfy (C.7), and let w(x,t) = vy(x,t) —

v1(z,t). We want to show that w(z,t) = 0 for uniqueness. The system we are now considering is

([ 02w(x, t) , 0%w(x,t) N ow(z,t)

_ —0
or o Ty ’
w(z,0) =0, (C.9)
0
w(z,0) _o
L Ot
Pw 0w ow . ,
Let L(w) = a2 g + Mgy = 0. Now we construct the following integral as in [19],
> dw
E = L(M)E dx = 0. (C.10)

Note the following

at ot f
Fowdw _l/oo 2(3_@”)2@
. Ot 022 o) at\at )"
and
vi(£00,t) = 0, a”i(jgfo’” —0, =12

The governing equation in system (C.9) becomes

19 [ [[/0w\® (0w > ow\”
=g [ _|(5) +d(5) Jw+ [ n(F) -0 .
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This is true only when w(z,t) = constant, but we need w to satisfy the initial conditions, thus

w(x,t) =0 and vy(x,t) = ve(z,t). This proves uniqueness.

Next we show that the energy is bounded. Consider equation (C.7) for 0 < z < [ with boundary

conditions v(0,t) = 0, and v(1,¢) = 0. Note that we can show the same result for —oco < z < co.

E(t) = %/Ol K%)Q + c%(%)? dz, (C.12)

B(0) = X /Ol [qsl(x)? + C?(%gy)ﬂ do < M < oo (C.13)

Define the energy as

where

for some number M.
Theorem
If ¢o(z) and ¢y (z) satisfy (C.12), then E(t) < E(0), (t — o).

Proof

B _10 [0V 00\ [ on oy o e,
at 20t ), |[\Nat) T WNoz) | ), |ar\ a2 ) T Yoz oz |
Tovd*v  ,0v 0% Lov v Lo\’

Since % <0,ast— oo, E(t) < E(0).

These results show that for certain cases, the linear governing equation (2.11) has unique solutions

and the energy of the system is dissipative.
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