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ABSTRACT 

Rotor dynamics has become an integral part in the analysis and design of industrial 

turbomachinery. Rotor dynamics deals predominantly with the evaluation of the stability 

and damped critical speeds, and the response to an unbalance excitation, of 

turbomachinery. The majority of the industries which deal with rotor dynamics use the 

conventional and proven transfer matrix methods to solve the dynamics. However, the 

recent advances in computer technology and the distinct advantages of the finite element 

method make it an attractive tool to model complex rotor bearing systems. 

This research has developed a PC-based finite element analysis program capable of 

modeling rotors supported not only on fluid film bearings, but also on Active Magnetic 

Bearings (AMB). Methods are described by which the non-synchronous bearing properties 

can be used to evaluate the stability of the rotors supported on AMB. The effect of sensor 

noncollocation on general elliptic orbit response and stability has also been studied, as 

compared to the circular response of the existing programs. A design procedure for the 

stability of rotors supported on squeeze film dampers has been outlined. The unbalance 

response of rotors supported on squeeze film dampers can be predicted using the new 

iterative solution method which accounts for the nonlinear behavior of the damper. 

Multilevel analysis, essential for systems such as aircraft jet engines and certain other



classes of turbomachinery, can be performed using this new computer program. A post- 

processor for viewing/animating the damped mode-shapes and forced response of a rotor, 

in 3-dimensions, has been developed. This ability to view the animated complex modes of 

forward, backward, and mixed forward-backward whirl of the rotor adds a new dimension 

in understanding the dynamics of rotating machinery. 

With the increasing demand for more accurately predicting the dynamic response 

and stability of high performance critical path turbomachinery, it is essential to develop 

advanced capability computer programs. The new PC-based finite element program 

developed in this research has the advanced capabilities required to model such complex 

rotating machinery.



ACKNOWLEDGMENTS 

I would sincerely like to thank Dr. R.G. Kirk for his support, assistance and 

invaluable guidance, without which this work would not have been possible. 

I would like to acknowledge the support of my parents and thank them for giving 

me all the encouragement throughout my career. 

In addition, I would also like to thank Dr. C.E. Knight, Dr. A.L. Wicks, Dr. R.H. 

Plaut and Dr. S.L. Hendricks for serving on my committee, and from whom I had the 

privilege of learning the best, during the course of the research. Thanks are due to Dr. B. 

S. Prabhu (Professor, Applied Mechanics Department, Indian Institute of Technology, 

Madras, India) for introducing me to the field of Rotor Dynamics and giving me the 

opportunity to work under his guidance for my Masters degree. 

I would also like to extend my sincere thanks to Erik Swanson for the practical 

insight into the construction and operation of real-time test rigs, Sanjay Baheti for the 

intuitive feedback, and K.V.S. Raju, Farokh Kavarana and John Wang for their respective 

support. 

Last but not the least I would like to extend my thanks to the Members of the 

Rotor Dynamics Laboratory Affiliates Group for their constant feedback. 

Acknowledgments Iv



Dedicated to my 

father, mother, sister and dear wife



TABLE OF CONTENTS 

Page 

ADStIACt ooo... cece cece ccceeseceeeesseeceseeeeeecseeeeeesaecesseeeeeeseeneteesetinneteeeseeneneiees il 

Acknowledgment ............ccccccccccccccceceeeetesssseeeeeeeeeeeeeeeseneeeeneiiaeceeaeaeaereeeeeeeeaees IV 

List Of FIQures 00... ccccceeceeeencneeeeeeeeeeeeeeeeeeeneennaaaeeeeeeeeeeeeeeeeeeeeteeeeeeeeeeees x 

List Of Tables .........0.0ccccccccccccccecesseeeeceeeeeeeeecnseeeeeseeeeeseeeeseineeesenietersenereeess xvi 

Nomenclature 2.0.0.0... .cccccccccccccccceeeccecsseeceeeeeeeceeeeeeeesencnsneeeeeeeeeeeeteeeeeeeeeeeeeeeeeees XIX 

Chapter 1 INTRODUCTION AND LITERATURE REVIEW ...............0....... 1 

LAD Introduction ccc ccccceeceeenseeeeeesseeeeenteeeecesstseeteesentneaees ] 

1.2 Literature Review 000.0... ccccec cece ccteeeeeceteseeeeceettseeeeenentieeeey 2 

1.2.1 Finite Element Modeling in Rotor Dynamics .................. 3 

1.2.2 Stability and Response 00.00.0000... cceecceceeeeeessseeeeeees 6 

1.2.3 Squeeze Film Dampers. ...............0.cccccccceseeteccetteeeeeeees 9 

1.2.4 Magnetic Bearings 0.0.0.0... cecccecccccesseceeeeceeeeeseeseeeeeeeess 1] 

1.3 Scope of the Dissertation ........0....cccccccccecsscectseecssseestseeenseeeenteeeens 13 

Chapter 2 DEVELOPMENT OF THE SYSTEM MODEL .......000..0.0...0........ 15 

2.1 UmtrOduction oo... ee ecccccecccecesesnseeeceesseeeeesseeeseeesteeeeeeeensteeeeeseees 15 

2.2 Development of the Timoshenko Beam 

Derivation of the K, M, C Matrices oo... ccecceeccccsceeeeeseeeeenans 18 

2.2.1 The Rotor Element ......000..cccccccecceceeeceseceeeetsteeeeeeennnes 18 

2.2.2 Rigid Disk ........cccceccccecescccctceceeteeecnseeeeetsseeeecsaseeseteeeees 22 

2.2.3 Bearings/Seals 0.0... ccecccecetceeetttteeeeeeeees veeteeeeeeeee 22 

2.3 Stability Analysis 0.000... ccccccccccscecccensseeeeessteeeesceeseeeeesensseeeees 24 

2.3.1 Method of Solution 22.0.0... ceeccccceccceeeeeetttseseeeeeeeees 24 

2.3.2 Damped Natural Frequencies ............0...0ccccccececeeeetseeeeees 27 

2.3.3 Damped Modes ©0000... cceecceece cee eeeeeesssseseeeeeeeeseneennas 28 

2.4 Unbalance Response Calculations 2.0.0.0... ecccccceeesseeeseeneees 29 

Table of Contents vi



2.5 Squeeze Film Damper Model and Pedestal Flexibility ................... 

2.5.1 Calculation of Displacements of Bearings/Dampers 

and Pedestals .0............ccccceeeeeeeeeeeeeeeeeeseeeeeeeeeeereeeeeseeananas 

2.6 Multilevel Rotor Systems .....00....cccccccccceeescceeeeeeseeeeeeetteeeeeenens 

2.6.1 Multilevel Modeling of Drum Rotor Supported on AMB 

for Stability Amalysis ..............ccccccccccccceccceeeeeeeceeeeteeeeeeeees 

2.6.2 Modeling Floating Seals/Bearings .........0.0....0.cccce 

Chapter 3 MODELING OF ROTORS SUPPORTED ON ACTIVE 

MAGNETIC BEARINGS 

3.1 Umtroduction o.oo... cece ccccccecsseeeetseeeeteeecsaeeeessseeeeetiseeesenseeeens 

3.2 Sensor Noncollocation ............ccccccccccccceceesceceeeeesseteeeenseneeeseees 

3.3 Forces in the Magnetic Bearing .0..........0c cece cece ccc cee eeeecceeceeen ene ed 

3.4 Modeling the Magnetic Bearing Forces in the System Equation 

Of MOtion ooo... cece cccc cen cceceeeteetesseecateesseeessesenseeeneeeeses 

3.4.1 Method 1:Table of Bearing Characteristics Known 

Apriori 

3.4.2 Method 2:The Overall Transfer Function is Known 

Apriori 

3.4.3 Method 3 : Modeling the Transfer Function Explicitly into 

Equation of Motion for Stability Analysis .............00...... 

Chapter 4 INITIAL VERIFICATION 0.00... cccecccccceeeeteteeeeeeteneeettnaaaees 

4.1 Convergence of Solutions 2.0.0.0... cece ceeecsseeeeeeeeeeetsessseees 

4.2 Modeling the Rotor Using Different Mass Matrix Formulations ..... 

4.2.1 Distributed Mass Matrix Formulation ............00000......00. 

4.2.2 Lumped Mass Formulation : Simple Splitting ................. 

42.3 Lumped Parameter Formulation : Revised Splitting ....... 

Table of Contents 

34 

38 

42 

43 

48 

50 

50 

53 

55 

57 

57 

59 

61 

64 

64 

67 

68 

68 

69 

Vii



4.3 Initial Verification of the Finite Element Program ................0...06. 

4.3.1 Evaluation of Undamped Critical Speeds : Synchronous 

Stability Evaluation ............00cccccccceeccccccececeeensesntteeeeees 

4.3.2 Evaluation of Damped Critical Speeds :NonSynchronous 

Stability Evaluation 2.0.0.0... cccccccesscecseeeeeeeeeeeseseeeeeeeenes 

4.4 Verification with DresserRand’s Finite Element Stability Program 

Chapter 5 ANALYSES AND RESULTS OF SINGLE LEVEL ROTOR 

SYSTEMS 

5.1 Analyses of Rotors Supported on Active Magnetic Bearings ........ 

5.1.1 Stability Evaluation of a Multistage Compressor : 

Importance of Sensor Position in the Stability Predictions 

5.1.2 Effect of Support Flexibility on the Stability of AMB 

Supported Rotors ...........c ccc cccccceecceeeeeeeeeetteneteteteneneees 

5.1.2.1 Initial Verification for Stability with Flexible 

Pedestals 

5.1.3 Effect of Sensor Noncollocation on Unbalance Response.. 

5.2 Analysis of Rotors Supported on Squeeze Film Dampers .............. 

5.2.1 Introduction ooo... cece cecsececeseeeeesseeeesssaeesesnsaees 

5.2.2 Stability Analysis .......0000000ccccccccccececessscecseeceesennsrnnees 

5.2.3 Damping Number (CN) ..........c:cceeccceeeeeeeeeesreeeeeneeeeeeeaes 

5.2.4 Forced Response of a Rotor System Having a Squeeze 

Film Damper ............0.000cccccccccecccceeeeeeeeteneeeeeteeeeeetntnnaes 

5.3 Analysis of MultiStage Pump with InterStage Seals ........0.000..... 

5.3.1 Stability Analysis 0.00.0... ccccccccccecccecssteseeceseesenseraaes 

5.3.2 Unbalance Response o............cecccccccceecssecceeeeeeceseceeeeeseees 

Chapter 6 ANALYSES AND RESULTS OF MULTILEVEL ROTOR 

Table of Contents 

74 

74 

77 

79 

8] 

8] 

81 

87 

87 

95 

115 

115 

116 

118 

127 

134 

134 

138 

vill



SYSTEMS 

6.1 Multilevel Modeling of Seals 000.0... cece erennee eee rennneeees 

6.2 Multilevel Modeling of Drum Rotor Supported on AMB for 

Stability Amalysis o.........cccccccccccceccecceeeeseeeeeeeeeseeeeeeseeenaaaaneees 

6.3 Multilevel Analysis of Pump-Casing Systems 20.0.0... 

6.3.1 Stability Analysis of Pump and Casing as Separate Systems 

6.3.2 Stability Analysis of Pump-Casing as 2 level System 

(With 9 InterStage Seals) 0.0... eeeeeereeeees 

6.3.3 Stability Analysis of Pump-Casing as 2 level System 

(Without InterStage Seals) ........00.00000 oc ecccceceeccceeeeees 

Chapter 7 ANALYSIS OF ACTIVE MAGNETIC BEARING TEST RIG ... 

7.1 Introduction NonSynchronous Stability Evaluation .................. 

7.2 Stability Analysis of the AMB Drum Rotor at the Virginia Tech 

Rotor Dynamics Laboratory .0.....0 cc eccccceesceceesseeeetsseeeeeseeeeees 

7.2.1 Synchronous Stability Evaluation «00.0.0... 

7.2.2 NonSynchronous Stability Evaluation ...............0......006. 

7.3 Unbalance Response Analysis of the AMB Drum Rotor .............. 

Chapter 8 Conclusions and Recommendations ................00.ccccccceccseeeeeseeees 

References 2.0... c cece ccc ecceccccccccuceccuccuceuscuceecuceuecscseucsuseuseestecucsetuesseucunsustatans 

Table of Contents 

142 

142 

151 

153 

153 

163 

169 

175 

175 

176 

180 

186 

19] 

202 

207 

215 

220 

1X



2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 

2.10 

2.11 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

4.1 

4.2 

LIST OF FIGURES 

Caption 

Typical Rotor Element Configuration 

Flow of the Stability Program 

Unbalance Mass ‘m’ at a Radius ‘e’ 

Flow Diagram of the Response Program 

Squeeze Film Damper Configuration 

Schematic Diagram of the Bearing, Damper and Pedestal 

Assembled Stiffness (Mass/Damping) Matrix for the Common Approach 

Assembled Stiffness (Mass/Damping) Matrix for the Modified Approach 

Multilevel Rotor Model of the AMB Test Rig 

Details of the Inboard and Outboard End of the Rotor 

Model of the Seal as the ‘Second Level’ 

Schematic Diagram of a Magnetic Bearing 

The Active Magnetic Bearing with the Control System 

The Active Magnetic Bearing Terminologies 

Schematic Diagram Showing the Location of the Bearing Stiffness in the 
Stiffness Matrix 

The Frequency Dependent Bearing Characteristics 

Flow Diagram of the Iterative Procedure for the Stability Evaluation 

Jeffcott Rotor Model Used For the Stability Analysis 

Simple Splitting of Inertias for 2 Sections of a Rotor Model 

List of Figures 

é 9
 oO
 

26 

30 

33 

35 

38 

44 

45 

46 

47 

48 

51 

$2 

53 

55 

58 

59 

65 

69



43 

4.4 

4.5 

5.1 

5.2 

5.3 

5.4 

5.5 

5.6 

5.7 

5.8 

5.9 

5.10 

5.11 

5.12 

5.13 

5.14 

5.15 

Caption 

Inertia Split for Rotor Section ‘i’ by the Revised Method 

Model of the 8 Stage Industrial Compressor Used for Stability Analysis 

Model of the Uniform Rotor Used for Evaluation of Undamped Critical 

Speeds 

Model of the 8 Stage Compressor Used for Stability Analysis (Importance 
of Sensor Positions) 

Stability Plot for Synchronous Bearing Properties 

Stability Plot for Nonsynchronous Bearing Properties 

Uniform Rotor Model Used for the Stability Analysis (Pedestal Flexibility) 

Plot of Stability vs. Pedestal Damping for Sensors Collocated 

Plot of Stability vs. Pedestal Damping for Sensors 3 in. Outboard 

Plot of Stability vs. Pedestal Damping for Sensors 3 in. Inboard 

Plot of Stability vs. Pedestal Damping for Sensors 7 in. Inboard 

Model of the 8 Stage Compressor Showing the Different Unbalance 
Locations Used for Response Analysis 

Plot of Response vs. Running Speed at Bearing # 1 (Lower Damping) 

Plot of Response vs. Running Speed at Midspan (Lower Damping) 

Plot of Response vs. Running Speed at Bearing # 2 (Lower Damping) 

Plot of Response vs. Running Speed at Sensor # 1 (Lower Damping) 

Plot of Response vs. Running Speed at Sensor # 2 (Lower Damping) 

Modeshapes for 4 Sensor Positions at the Respective First Critical Speeds 
(Lower Damping) 

List of Figures 

70 

71 

75 

82 

85 

86 

87 

90 

91 

92 

93 

96 

101 

102 

103 

104 

105 

106



Figure 

5.16 

5.17 

5.18 

5.19 

5.20 

5.21 

5.22 

5.23 

5.24 

5.25 

5.26 

5.27 

5.28 

5.29 

5.30 

5.31 

Caption 

Modeshapes for 4 Sensor Positions at the Respective Third Critical 
Speeds (Lower Damping) 

Plot of Response vs. Running Speed at Bearing # 1 (Higher Damping) 

Plot of Response vs. Running Speed at Midspan (Higher Damping) 

Plot of Response vs. Running Speed at Bearing # 2 (Higher Damping) 

Plot of Response vs. Running Speed at Sensor # 1 (Higher Damping) 

Plot of Response vs. Running Speed at Sensor # 2 (Higher Damping) 

Modeshapes for 4 Sensor Positions at the Respective First Critical Speeds 

(Higher Damping) 

Model of the Rotor Supported on Squeeze Film Damper 

Plot of Growth Factor vs. Retainer Stiffness for Different Values of 

Eccentricity Ratio 

Plot of Growth Factor vs. Clearance Ratio for Different Values of 

Retainer Stiffness 

Plot of Growth Factor vs. Retainer Stiffness for Different Values of 

Damper Eccentricity Ratio 

Plot of Growth Factor vs. Clearance Ratio for Different Values of 

Damper Eccentricity Ratio 

Plot of Growth Factor vs. Retainer Stiffness for Different Values of 

Clearance Ratio 

Plot of Amplitude at Bearing #1 vs. Running Speed With and Without the 

Damper 

Plot of Amplitude at Bearing #1 vs. Running Speed for the Two Damper 
Assumptions 

Plot of Amplitude at Midspan vs. Running Speed 

List of Figures 

f
e
 oe
 

a 

107 

108 

109 

110 

11] 

112 

113 

114 

122 

123 

124 

125 

126 

129 

130 

131 

xii



5.34 

5.35 

5.36 

5.37 

6.1 

6.2a 

6.2b 

6.3 

6.4a 

6.4b 

6.5 

6.6 

6.7 

6.8a 

6.8b 

6.8¢ 

6.8d 

6.9a 

Caption 

Plot of Amplitude at Bearing #2 vs. Running Speed 

Plot of Amplitude at Bearing #1 vs. Running Speed for Different Levels 
of Different Levels of Unbalance at Midspan 

Model of the MultiStage Pump 

Modeshapes for the First Four Critical Speeds of the Pump 

Response of the Pump for Unbalance at Midspan (Node # 12) 

Response of the Pump for Unbalance at the Coupling (Node # 1) 

Model of the MultiStage Pump with Bearings and Seals 

Schematic of the Seal in the Locked Configuration 

Schematic of the Seal in the Floating Configuration 

Modeshapes for the First Two Critical Speeds for Locked Seal Case 

Plot of First Mode of Rotor and Floating Seal 

Plot of Second Mode of Rotor and Floating Seal 

Model of the MultiStage Pump Used for MultiLevel Stability Analysis 

Modeshapes for the First Four Critical Speeds of the Casing 

Modeshapes for the First Four Critical Speeds of the Pump 

Modeshapes of the Casing for N., # 1 and #2 

Modeshapes of the Casing for N., #3 and # 4 

Modeshapes of the Casing for N., # 5 and # 6 

Modeshapes of the Casing for N., # 7 and # 8 

Modeshapes of the Pump for N., # 1 and #2 

List of Figures 

132 

133 

135 

136 

140 

141 

143 

144 

144 

146 

147 

147 

154 

157 

158 

159 

159 

160 

160 

161 

xiii



6.9d 

6.10a 

6.10b 

6.10c 

6.10d 

6.10e 

6.10f 

6.10g 

6.10h 

6.lla 

6.11b 

6.11l¢ 

6.11d 

6.lle 

6.11f 

Caption 

Modeshapes of the Pump for N., #3 and # 4 

Modeshapes of the Pump for N., # 5 and # 6 

Modeshapes of the Pump for N., # 7 and # 8 

Modeshapes for N., # 1 and # 2 of the Pump-Casing System (with Seals) 

Modeshapes for N., # 3 and # 4 of the Pump-Casing System (with Seals) 

Modeshapes for N., # 5 and # 6 of the Pump-Casing System (with Seals) 

Modeshapes for N., #7 and # 8 of the Pump-Casing System (with Seals) 

Modeshapes for N,, # 9 and # 10 of the Pump-Casing System (with Seals) 

Modeshapes for N., #11 and #12 of the Pump-Casing System (with Seals) 

Modeshapes for N., # 13 and # 14 of the Pump-Casing System (with 
Seals) 

Modeshapes for N., # 15 and # 16 of the Pump-Casing System (with 

Seals) 

Modeshapes for N.. # 1 and # 2 of the Pump-Casing System (without 
Seals) 

Modeshapes for N.. # 3 and # 4 of the Pump-Casing System (without 

Seals) 

Modeshapes for N., # 5 and # 6 of the Pump-Casing System (without 

Seals) 

Modeshapes for N., # 7 and # 8 of the Pump-Casing System (without 

Seals) 

Modeshapes for N,. # 9 and # 10 of the Pump-Casing System (without 

Seals) 

Modeshapes for N.. # 11 and # 12 of the Pump-Casing System (without 

Seals) 

List of Figures 

162 

165 

165 

166 

166 

167 

167 

168 

168 

171 

17] 

172 

172 

173 

173 

XIV



Figure 

6.11g 

6.11h 

7.1 

7.2 

re) 

7.4 

7.5 

7.6 

7.7 

7.8 

7.9 

7.10 

7.11 

7.12 

7.13 

7.14 

7.15 

7.16 

Caption 

Modeshapes for N,, # 13 and # 14 of the Pump-Casing System (without 
Seals) 

Modeshapes for N. # 15 and # 16 of the Pump-Casing System (without 

Seals) 

Model of the Drum Rotor Supported on Active Magnetic Bearings 

Plot of Stiffness vs. Frequency of the Magnetic Bearings 

Plot of Damping vs. Frequency of the Magnetic Bearings 

Modeshape for the First Critical Speed of the Drum Rotor 

Modeshape for the Second Critical Speed of the Drum Rotor 

Modeshape for the Third Critical Speed of the Drum Rotor 

Modeshape for the Fourth Critical Speed of the Drum Rotor 

Model of the Drum Rotor Showing the Unbalance Location 

Response of Rotor for Unbalance at Outboard Disk 

Response of Rotor for Unbalance at Inboard Disk 

Response of Rotor for Unbalance at Rotor End of Coupling 

Response of Rotor for Unbalance at Pinion End of Coupling 

Response of Drum Rotor at 2000 RPM (Unbalance at Outboard Disk) 

Response of Drum Rotor at 2500 RPM (Unbalance at Outboard Disk) 

Response of Drum Rotor at 3500 RPM (Unbalance at Outboard Disk) 

Response of Drum Rotor at 5000 RPM (Unbalance at Outboard Disk) 

List of Figures 

174 

177 

178 

179 

182 

183 

184 

185 

193 

194 

195 

196 

197 

198 

199 

200 

201



Table 

2.1 

4.la 

41b 

42a 

4 2b 

4.3 

44 

4.5 

46 

4.7 

5.1 

5.2 

5.3 

5.4a 

5.4b 

5.5 

5.6 

LIST OF TABLES 

Caption 

Expressions for Stiffness and Damping Properties of the Squeeze Film 

Damper 

Comparison of Damped Critical Speeds for different element numbers 

Comparison of Growth Factors for different element numbers 

Comparison of Damped Critical Speeds for the 3 Mass Matrix 

Formulations for the 8 Stage Compressor 

Comparison of Growth Factors for the 3 Mass Matrix Formulations for 
the 8 Stage Compressor 

Data for the Uniform Rotor Model 

Comparison of Results of Fintte Element Program and Transfer Matrix 

Program (CRTMB2) for Undamped Critical Speeds 

Comparison of Results of Finite Element Program and Transfer Matrix 

Program (ROBEST) for Damped Critical Speeds 

Comparison of Stability Analysis for Q = 1.7555 x 10° N/m 

Comparison of Stability Analysis for Q = 1.7555 x 10’ N/m 

Frequency Dependent Properties used for the Above Model 

Comparison of Results of Finite Element Program and Transfer Matrix 

Program ROBEST 

Frequency Dependent Bearing Properties 

First Critical Speeds for Different Sensor Positions (Lower Damping) 

Third Critical Speeds for Different Sensor Positions (Lower Damping) 

Third Critical Speeds for Different Sensor Positions (Higher Damping) 

Bearing Properties used for Analysis of the MultiStage Pump 

List of Tables 

fe ~ oO
 

37 

66 

66 

72 

73 

76 

76 

78 

80 

80 

83 

88 

97 

100 

100 

100 

137



Table 

5.7 

6.1 

6.2 

6.3 

6.4 

6.5 

6.6 

6.7 

6.8 

6.9 

7.1 

7.2 

73a 

7.3b 

7.4a 

7.4b 

Caption 

Damped Critical Speeds and Growth Factors for the first 8 modes 

Results of Stability Analysis for Locked Configuration of the Seal 

(ec = 0.0001) 

Results of Stability Analysis for Floating Configuration of the Seal 
(e = 0.0001) 

Results of Stability Analysis for Locked Configuration of the Seal 

(e = 0.3) 

Results of Stability Analysis for Floating Configuration of the Seal 

(e = 0.3) 

Comparison of Results of Stability Analysis for Single and Multilevel 

Model of the AMB Rotor 

Stability Analysis of Casing 

Stability Analysis of the Pump with Bearings and InterStage Seals 

Stability Analysis of Pump-Casing System (With Seals) 

Stability Analysis of Pump-Casing System (Without Seals) 

Synchronous Bearing Properties (Speed = 4000 RPM) 

Results of Synchronous Stability Analysis of the AMB Rotor 

NonSynchronous Stability Analysis Damped Critical speeds (Sensors 

Noncollocated) 

NonSynchronous Stability Analysis Growth Factors (Sensors 
Noncollocated) 

NonSynchronous Stability Analysis Damped Critical speeds (Sensors 
Collocated) 

NonSynchronous_ Stability Analysis Growth Factors (Sensors 

Collocated) 

List of Tables 

f 9
 @o 

137 

149 

149 

150 

150 

152 

155 

156 

164 

170 

180 

181 

187 

187 

188 

188 

XV1i



ro
 

Table Caption age 

oP) 7.5a NonSynchronous Stability Analysis % Deviation from the “exact 
Damped Critical speeds (Sensors Noncollocated) 189 

7.56 NonSynchronous Stability Analysis % Deviation from the “exact” 

Growth Factors (Sensors Noncollocated) 189 

7.62 NonSynchronous Stability Analysis % Deviation from the “exact” 

Damped Critical speeds (Sensors Collocated) 190 

7.66 NonSynchronous Stability Analysis % Deviation from the “exact” 

Growth Factors (Sensors Collocated) 190 

List of Tables XVIil



Nomenclature 

NOMENCLATURE 

first derivative with respect to position 

second derivative with respect to position 

first derivative with respect to time 

second derivative with respect to time 

Growth factor 

Fluid film thickness 

Steady state current 

Varying current in the Y-direction 

Varying current in the Z-direction 

Transverse shear form factor 

Bearing stiffness 

(i,j)" element of the element (rotor) stiffness matrix 

Length of the element 

mass 

Displacement vector 

axial distance along the rotor axis 

time 

displacements of node | and node 2 of the rotor element in the Y-direction 

displacements of node 1 and node 2 of the rotor element in the Z-direction 

Rotational reference frame coordinates 

Area of cross-section 

Stiffness matrix due to the axial load 

Damping matrix 

Radial clearance 

Diametrical clearance 

Damping number



{F} 

{F.} 

{F,} 

G, 

[G] 

7 
# ~
 

a 

Ay 
I 

Nomenclature 

Modulus of Elasticity 

Total force vector 

Force vector (Cosine components) 

Force vector (Sine components) 

Transfer function 

Shear Modulus 

Gyroscopic matrix 

Area moment of inertia 

Transverse mass moment of inertia 

Polar mass moment of inertia 

Stiffness matrix due to translation 

Length of the journal 

Total mass matrix 

Mass matrix due to translation 

Critical speed 

Mass matrix due to rotation 

Axial load 

Cosine and Sine components of the unbalance force in the y-direction 

Cosine and Sine components of the unbalance force in the z-direction 

Supply pressure 

Pressure generated by the oil film 

Radius of the journal 

Kinetic energy 

Unbalance force in Y-direction (mass*rotation speed*radius%2) 

Unbalance force in Z-direction (mass* rotation speed*radius*2) 

Potential energy 

displacement in Y- direction 

displacement in Z- direction



Vp, We 

Voa,Wo 

X,Y Z 

OW 

Nomenclature 

Bending components of the displacement in Y, Z - directions respectively 

Shear deformation of the displacement in Y, Z - directions respectively 

Fixed reference frame coordinates 

Eigenvalue 

Log. decrement 

Variational work done by nonconservative forces not included in the 

Potential work 

Eccentricity ratio 

Viscosity 

Rotations of node 1 and node 2 of the rotor element in the Y-direction 

Rotations of node 1 and node 2 of the rotor element in the Z-direction 

Shape functions for bending 

Shape function for bending and shear deformation 

Poisson’s ratio 

Non-dimensional quantity for element length 

Damped natural frequency 

Rotation in Y- direction 

Rotation in Z - direction 

Shear deformation factor 

Angular velocity (Rotational speed) in rad/s



CHAPTER 1 

INTRODUCTION AND LITERATURE REVIEW 

1.1 Introduction 

The goal in the modern petrochemical and aerospace industries has been towards 

higher operating speeds and higher power output. This growing trend necessitates that the 

power/weight ratio of the machinery be kept to a maximum. However this reduction in the 

weight of the machinery may result in a more flexible system which in turn, could lead to 

higher vibration amplitudes of the rotating machinery. Rotor dynamics involves in the 

calculation of response to unbalance excitation and prediction of stability of rotating 

machinery. In a broader sense, rotor dynamics also can involve the modeling of rotor- 

bearing systems for non-linear transient analysis. However, this research work involves 

only the steady-state analyses of rotor-bearing systems. The steady-state analysis results in 

: (a) the evaluation of the eigenvalues of the system and (b) the response of the system to 

an unbalance excitation. The real part of the eigenvalue gives the stability of the 

machinery, expressed as the growth factor or the logarithmic decrement, and the 

imaginary part of the eigenvalue gives the damped critical speed for each mode. 

The components of a typical rotor system, for example, a multi-stage compressor 

typical of an industrial application, are the impellers, disks, balance drum, bearings, seals 

and the shaft on which these are mounted. With the advent of modern technology, the 
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rotor system has become increasingly complex, and more powerful tools are required to 

analyze the rotor systems. For example, magnetic bearings are being used as an alternate 

means of supporting rotors. The analytical method used for modeling the rotors must be 

capable of including the characteristics of magnetic bearings -- viz., the positions of the 

sensors and the frequency dependent bearing characteristics. 

The most common model used in rotor dynamics to study the basic lateral 

vibration of a rotating shaft is the Jeffcott rotor, named after H.H. Jeffcott. This model 

consists of a massless elastic rotor supported at the ends, and has a rigid disk located at 

the midspan. Jeffcott (1) concluded that the amplitude of the lateral vibration increases till 

the critical speed and then decreases after that point. Since then this simple but effective 

model has been used to understand the behavior of simple systems. 

1.2 Literature Review 

The dynamic analysis of a rotor-bearing systems involves deriving the equations of 

motion of the system, beginning with the physical model. The two most popular analytical 

methods used in rotor dynamics are the transfer matrix method and the finite element 

method. 

The transfer matrix methods have been used quite extensively in rotor dynamics, 

well before the finite element method. In principle, the shaft is treated as a beam and the 

rotor system is divided into small beams. A relationship is obtained for the forces, 

moments, slopes and deflections of one end of the beam section in terms of the parameters 

at the other end. This set of variables forms the state variables for the rotor system. Thus, 

by progressively moving from one end of the rotor to the other, a relationship is obtained 

between the state variables at the two ends of the rotor. Appropriate boundary conditions 
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are used on the state variables and the system of equations is solved for the critical speeds 

and/or unbalance response. 

1.2.1 Finite Element Modeling in Rotor Dynamics 

The finite element method originated primarily from the analysis of structures, and 

dates back to the late 1950’s. With the advent of computers, the finite element method 

developed as a very powerful mathematical tool for design and analysis of not only 

structures, but also in the areas of fluid dynamics, heat transfer and structural dynamics. 

Huebner (2) summarizes the origin and applications of this powerful mathematical tool. 

Though this method has been in existence for quite long, its application in the area of rotor 

dynamics has been recent. In recent times, the finite element method has been used quite 

widely in rotor dynamics mainly due to the ability of the method to be able to model 

complex system relatively easily. The growth of the application of finite element method is 

partly due to the advent of computers. 

In principle, the finite element method involves discretizing (or dividing) the shaft 

element into small beams and then deriving the stiffness and mass matrices for each beam 

section. The stiffness and mass matrices for the entire system are obtained by assembling 

the individual matrices and this results in the global stiffness and mass matrices. The 

equations of motion are obtained and solved for the critical speeds and/or response. Ruhl 

(3) compared some simple finite element formulations for rotor dynamics with the transfer 

matrix methods. Ruhl and Booker (4) outlined a numerical procedure for the stability 

analysis and unbalance response calculations based on distributed inertia and elasticity 

properties. This was based on an earlier work by Archer (5) who derived the mass and 

stiffness matrices for structural analysis. Ruhl and Booker (4) compared the discrete and 

distributed rotor representations and concluded that the discrete representation model was 
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conservative in the prediction of the instability threshold. Nelson and McVaugh (6) came 

up with a finite element formulation based on Ruhl’s work. This model was based on a 

Bernoulli-Euler beam and included only the effects of translational and elastic bending 

energies. The above formulation modeled the shaft (rotor) as beam elements with 2 nodes, 

one at each end, and with 4 degrees of freedom per node. The 4 degrees of freedom were 

the two translations in the lateral directions and two respective rotations. Zorzi and 

Nelson (7,8) extended the above finite element model to include the effects of internal 

damping, and later the effect of axial torque. Two linear damping mechanisms, the internal 

viscous and hysteretic damping, were incorporated into the finite element model to study 

their effects on the stability of the rotor system. 

However, if the shaft has a low length/diameter ratio, then the effects of shear 

deformations enter the picture and have to be included in the model. Beam elements 

modeled to include the effects of shear deformation and rotatory inertia are called as 

Timoshenko beams. This leads to the development of a few different types of Timoshenko 

beam elements. Davis et al. (9) derived the stiffness and consistent mass matrices based on 

the exact differential equations of an infinitesimal element in static equilibrium. Nickel and 

Secor (10) developed two Timoshenko beams elements, one with 7 degrees of freedom 

per element and the other with the number of degrees of freedom reduced to 4 using 

constraint equations. They also studied the convergence of the newly developed 

Timoshenko elements and compared the results to the other elements that were used. 

Thomas et al. (11) gave an overview and comparison of the different Timoshenko beam 

elements and also derived a new Timoshenko beam element with 3 degrees of freedom per 

node (in one lateral plane). The nodal variables were the transverse displacement w, the 

cross-section rotation 8 and shear y. Cowper (12) had derived expressions for the shear 
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coefficient for a Timoshenko beam which is very widely used in Timoshenko beam 

formulations. 

The most widely used Timoshenko beam element consists of a beam element with 

2 nodes, one at each end of the beam, and 4 degrees of freedom per node (two lateral 

translations and two rotations). The effect of shear deformation is included in deriving the 

stiffness and mass matrices. Nelson (13) developed this Timoshenko beam to include the 

transverse shear deformation effects. This work also compared the finite element analysis 

with the classical closed form solution developed by Eshleman and Eubanks (14). 

Ozgiiven and Ozkan (15) developed a computer program which modeled the rotor-bearing 

system including the effects of rotatory inertia, gyroscopic moments, internal viscous and 

hysteretic damping and transverse shear deformations. 

All the above formulations considered the axial cross-section of the element to be 

cylindrical, which allows the area and inertia to be considered constant with respect to the 

length. The modern turbomachines have geometry which is usually far from being uniform 

as a function of the length. Usually the changes in cross-section are taken into account by 

modeling the rotor as an assemblage of stepped cylinders. However, modeling conical 

sections in the above manner may introduce error that may be quite large. Rouch and Kao 

(16) developed a linearly tapered Timoshenko beam element for use in the area of rotor 

dynamics. This was based on an earlier work by Thomas et al. (11), who had developed a 

Timoshenko beam element. Rouch and Kao extended the earlier formulation by including 

the gyroscopic effects and representing the area and inertia as second and fourth order 

polynomials as a function of the radius. To (17) developed closed form polynomial mass 

and stiffness expressions for a linearly tapered Timoshenko element using twelve degrees 

of freedom per element. Greenhill, Bickford and Nelson (18) extended the linearly tapered 

Timoshenko beam element to develop closed form polynomial expressions for element 
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matrices suitable for use in finite element based rotor dynamics programs. Nelson and 

Nataraj (19) developed an analytical procedure for modeling rotors with cracks, using the 

finite element method. The rotating assembly was modeled using finite rotating elements 

and the presence of a crack was taken into account by a rotating stiffness variation. The 

stiffness variation was a function of the rotor's bending curvature at the location of the 

crack, and was represented by a Fourier series expansion. The resulting nonlinear 

parametrically excited system was analyzed using a perturbation method along with an 

iteration procedure. Vest and Darlow (20) proposed a modified conical beam element. 

They suggested a modification in the conical beam element, to be used in rotor dynamics. 

The modification was made by altering the local value of the Young's modulus so that the 

element produces a bending flexibility corresponding to that obtained using three 

dimensional finite element models. 

1.2.2 Stability and Response 

The increase in the performance requirements of high-speed rotating machinery 

poses the problem of designing the machinery capable of smooth operation under various 

conditions of speed and load. In most of these applications the design operating speed is 

often well beyond the rotor first critical speed, and under these conditions it is difficult to 

maintain a stable low-level amplitude of the vibration of the rotor. The most common 

cause of the vibration of the rotor is the unbalance present in the system. Apart from the 

fact that it would be practically impossible to perfectly balance a rotor, it would be equally 

difficult to maintain the balance condition at the same low level during the entire operating 

life of the machine. The unbalance results in a synchronous response, proportional to the 

running speed. Under certain high-speed operating conditions, above the first critical 

speed, such influences as internal rotor friction, hydrodynamic bearing and seal forces, and 
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�t�h�e� �t�h�r�e�s�h�o�l�d� �s�p�e�e�d� �o�f� �i�n�s�t�a�b�i�l�i�t�y� �a�n�d� �t�h�e� �d�a�m�p�e�d� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �o�f� �a� �g�e�n�e�r�a�l� �f�l�e�x�i�b�l�e� �r�o�t�o�r� 

�i�n� �f�l�u�i�d�-�f�i�l�m� �j�o�u�r�n�a�l� �b�e�a�r�i�n�g�s�.� �A�g�a�i�n� �L�u�n�d� �(�3�3�)� �c�a�m�e� �u�p� �w�i�t�h� �a� �m�o�d�a�l� �m�e�t�h�o�d� �f�o�r� 

�c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �a� �f�l�e�x�i�b�l�e� �r�o�t�o�r�.� �B�a�n�s�a�l� �a�n�d� �K�i�r�k� �(�3�4�)� �c�a�m�e� �u�p� �w�i�t�h� �a�n� 

�a�n�a�l�y�t�i�c�a�l� �t�e�c�h�n�i�q�u�e�,� �b�a�s�e�d� �o�n� �t�h�e� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �a�p�p�r�o�a�c�h�,� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �d�a�m�p�e�d� 

�c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �a�n�d� �t�h�e� �i�n�s�t�a�b�i�l�i�t�y� �t�h�r�e�s�h�o�l�d� �s�p�e�e�d� �o�f� �m�u�l�t�i�m�a�s�s� �r�o�t�o�r�-�b�e�a�r�i�n�g� �s�y�s�t�e�m�s�,� 

�i�n�c�l�u�d�i�n�g� �p�e�d�e�s�t�a�l� �f�l�e�x�i�b�i�l�i�t�y�.� �C�h�o�u�d�h�u�r�y� �e�t� �a�l�.� �(�3�5�)� �s�t�u�d�i�e�d� �t�h�e� �e�f�f�e�c�t� �o�f� �f�l�u�i�d�-�f�i�l�m� �b�e�a�r�i�n�g� 

�d�a�m�p�i�n�g� �o�n� �t�h�e� �l�a�t�e�r�a�l� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �o�f� �r�o�t�o�r�-�b�e�a�r�i�n�g� �s�y�s�t�e�m�s�.� �B�a�r�r�e�t�t� �e�t� �a�l�.� �(�3�6�)� 

�p�r�e�s�e�n�t�e�d� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �m�e�t�h�o�d� �f�o�r� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �o�p�t�i�m�u�m� �b�e�a�r�i�n�g� �o�r� �s�u�p�p�o�r�t� �d�a�m�p�i�n�g� 

�f�o�r� �m�u�l�t�i�m�a�s�s� �f�l�e�x�i�b�l�e� �r�o�t�o�r�s� �t�o� �m�i�n�i�m�i�z�e� �u�n�b�a�l�a�n�c�e� �r�e�s�p�o�n�s�e� �a�n�d� �t�o� �m�a�x�i�m�i�z�e� �s�t�a�b�i�l�i�t�y� �i�n� 

�t�h�e� �v�i�c�i�n�i�t�y� �o�f� �t�h�e� �r�o�t�o�r� �f�i�r�s�t� �c�r�i�t�i�c�a�l� �s�p�e�e�d�.� �T�h�i�s� �m�e�t�h�o�d� �w�a�s� �p�a�r�t�i�c�u�l�a�r�l�y� �a�p�p�l�i�c�a�b�l�e� �t�o� 

�b�e�a�r�i�n�g�s� �t�h�a�t� �h�a�v�e� �m�i�n�i�m�a�l� �c�r�o�s�s�-�c�o�u�p�l�i�n�g� �e�f�f�e�c�t�s� �s�u�c�h� �a�s� �t�h�e� �t�i�l�t�i�n�g� �p�a�d� �b�e�a�r�i�n�g�s� �a�n�d� 

�s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s�.� �M�u�r�p�h�y� �a�n�d� �V�a�n�c�e� �(�3�7�)� �p�r�o�p�o�s�e�d� �a� �n�e�w� �m�e�t�h�o�d� �f�o�r� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� 

�c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �a�n�d� �r�o�t�o�r� �d�y�n�a�m�i�c� �s�t�a�b�i�l�i�t�y� �o�f� �t�u�r�b�o�m�a�c�h�i�n�e�r�y�.� �T�h�i�s� �w�a�s� �b�a�s�e�d� �o�n� �d�e�r�i�v�i�n�g� 

�t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �p�o�l�y�n�o�m�i�a�l� �f�o�r� �t�h�e� �g�i�v�e�n� �c�o�m�p�l�e�x� �r�o�t�o�r�-�b�e�a�r�i�n�g� �s�y�s�t�e�m� �r�a�t�h�e�r� �t�h�a�n� �t�h�e� 

�t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �a�p�p�r�o�a�c�h�.� �T�h�i�s� �p�o�l�y�n�o�m�i�a�l� �w�a�s� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �a�n�d� �t�h�e� 

�s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �r�o�t�o�r�-�b�e�a�r�i�n�g� �s�y�s�t�e�m�.� �K�i�m� �a�n�d� �D�a�v�i�d� �(�3�8�)� �p�r�o�p�o�s�e�d� �a�n� �i�m�p�r�o�v�e�d� �m�e�t�h�o�d� 

�f�o�r� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �s�t�a�b�i�l�i�t�y� �a�n�d� �d�a�m�p�e�d� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �o�f� �r�o�t�o�r�-�b�e�a�r�i�n�g� �s�y�s�t�e�m�s�.� �T�h�e� 

�m�e�t�h�o�d� �w�a�s� �b�a�s�e�d� �o�n� �t�h�e� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x�-�p�o�l�y�n�o�m�i�a�l� �m�e�t�h�o�d�.� �H�o�w�e�v�e�r�,� �t�h�e� �p�r�o�c�e�s�s� �c�o�u�l�d� 

�f�i�n�d� �o�n�l�y� �s�o�m�e� �o�f� �t�h�e� �d�o�m�i�n�a�n�t� �e�i�g�e�n�v�a�l�u�e�s�.� �W�i�t�h� �t�h�e� �d�e�c�r�e�a�s�e� �i�n� �t�h�e� �t�i�m�e� �t�a�k�e�n� �t�o� �s�o�l�v�e� �a� 

�g�i�v�e�n� �p�r�o�b�l�e�m� �u�s�i�n�g� �t�h�e� �m�o�d�e�r�n� �c�o�m�p�u�t�e�r�s�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �i�s� �i�n�c�r�e�a�s�i�n�g�l�y� �u�s�e�d� 
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�t�o� �s�o�l�v�e� �t�h�e� �h�u�g�e� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m�s� �e�i�t�h�e�r� �t�o� �o�b�t�a�i�n� �a�l�l� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�r� �t�o� �r�e�d�u�c�e� �t�h�e� 

�e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �b�y� �t�h�e� �c�o�n�d�e�n�s�a�t�i�o�n� �m�e�t�h�o�d�s�.� 

�1�.�2�.�3� �S�q�u�e�e�z�e� �F�i�l�m� �D�a�m�p�e�r�s� 

�S�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s� �w�e�r�e� �i�n�t�r�o�d�u�c�e�d� �i�n� �t�h�e� �e�a�r�l�y� �1�9�6�0�'�s� �(�3�9�)�.� �R�e�s�e�a�r�c�h� �h�a�s� �b�e�e�n� 

�c�o�n�d�u�c�t�e�d� �i�n� �t�h�i�s� �a�r�e�a� �e�v�e�r� �s�i�n�c�e�,� �e�s�p�e�c�i�a�l�l�y� �f�r�o�m� �t�h�e� �l�a�t�e� �s�e�v�e�n�t�i�e�s� �t�o� �t�h�e� �e�a�r�l�y� �e�i�g�h�t�i�e�s�.� 

�O�n�e� �o�f� �t�h�e� �e�a�r�l�i�e�s�t� �e�x�p�e�r�i�m�e�n�t�s� �o�n� �a� �r�o�t�o�r� �s�u�p�p�o�r�t�e�d� �o�n� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r� �w�a�s� 

�c�o�n�d�u�c�t�e�d� �b�y� �C�o�o�p�e�r�,� �w�h�o� �o�b�s�e�r�v�e�d� �a� �"�b�i�s�t�a�b�l�e�"� �o�p�e�r�a�t�i�o�n� �(�o�r� �t�h�e� �"�j�u�m�p�"� �p�h�e�n�o�m�e�n�o�n�)�.� 

�T�h�i�s� �w�a�s� �t�h�e� �f�i�r�s�t� �i�n�d�i�c�a�t�i�o�n� �o�f� �t�h�e� �n�o�n�-�l�i�n�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�.� �I�n� 

�1�9�7�2�,� �W�h�i�t�e� �(�4�0�)� �w�a�s� �a�b�l�e� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �f�o�r�c�e�s� �a�c�t�i�n�g� �i�n� �t�h�e� �d�a�m�p�e�r� �b�a�s�e�d� �o�n� �R�e�y�n�o�l�d�s� 

�e�q�u�a�t�i�o�n�.� �H�e� �s�t�u�d�i�e�d� �t�h�e�o�r�e�t�i�c�a�l�l�y� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �a� �r�i�g�i�d� �r�o�t�o�r� �h�a�v�i�n�g� 

�a� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�.� �T�h�o�m�s�o�n� �a�n�d� �A�n�d�e�r�s�o�n� �(�4�1�)� �m�e�a�s�u�r�e�d� �t�h�e� �f�o�r�c�e� �t�r�a�n�s�m�i�t�t�e�d� �f�o�r� �a� 

�s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r� �a�n�d� �c�o�m�p�a�r�e�d� �r�e�s�u�l�t�s� �t�o� �s�h�o�r�t�-�b�e�a�r�i�n�g� �t�h�e�o�r�y�.� �M�o�h�a�n� �a�n�d� �H�a�h�n� �(�4�2�)� 

�a�l�s�o� �s�t�u�d�i�e�d� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �a� �r�i�g�i�d� �r�o�t�o�r� �o�n� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s�.� �T�h�e�y� �o�b�t�a�i�n�e�d� �t�h�e� 

�s�t�e�a�d�y�-�s�t�a�t�e� �r�e�s�p�o�n�s�e� �b�a�s�e�d� �o�n� �s�h�o�r�t� �b�e�a�r�i�n�g� �t�h�e�o�r�y� �a�n�d� �f�o�r� �t�h�e� �c�o�n�d�i�t�i�o�n� �o�f� �s�y�n�c�h�r�o�n�o�u�s� 

�c�i�r�c�u�l�a�r� �w�h�i�r�l�.� �T�h�e�y� �a�l�s�o� �d�i�d� �a� �p�a�r�a�m�e�t�e�r�i�c� �s�t�u�d�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �d�a�m�p�e�r� �i�n�f�l�u�e�n�c�e�,� �t�h�e� 

�f�o�r�c�e� �t�r�a�n�s�m�i�t�t�e�d� �a�n�d� �t�h�e� �m�a�x�i�m�u�m� �u�n�b�a�l�a�n�c�e� �a�t� �w�h�i�c�h� �t�h�e� �d�a�m�p�e�r� �w�a�s� �e�f�f�e�c�t�i�v�e�.� �H�i�b�n�e�r� 

�(�4�4�)� �d�e�v�e�l�o�p�e�d� �a� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �m�e�t�h�o�d� �c�a�p�a�b�l�e� �o�f� �p�r�e�d�i�c�t�i�n�g� �t�h�e� �v�i�b�r�a�t�o�r�y� �r�e�s�p�o�n�s�e� �o�f� 

�c�o�m�p�l�e�x� �m�u�l�t�i�-�s�h�a�f�t� �g�a�s� �t�u�r�b�i�n�e� �e�n�g�i�n�e�s� �w�i�t�h� �n�o�n�-�l�i�n�e�a�r� �v�i�s�c�o�u�s� �d�a�m�p�e�r�s�.� �H�e� �h�a�d� �d�e�r�i�v�e�d� 

�t�h�e� �d�a�m�p�e�r� �c�o�e�f�f�i�c�i�e�n�t�s� �f�r�o�m� �t�h�e� �R�e�y�n�o�l�d�s� �e�q�u�a�t�i�o�n� �u�s�i�n�g� �t�h�e� �l�o�n�g� �b�e�a�r�i�n�g� �a�s�s�u�m�p�t�i�o�n�.� 

�V�a�n�c�e� �a�n�d� �K�i�r�k�t�o�n� �(�4�5�)� �c�o�n�d�u�c�t�e�d� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �i�n�v�e�s�t�i�g�a�t�i�o�n� �o�n� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r� 

�b�e�a�r�i�n�g�s� �a�n�d� �s�t�u�d�i�e�d� �t�h�e� �d�y�n�a�m�i�c� �f�o�r�c�e� �r�e�s�p�o�n�s�e� �f�o�r� �b�o�t�h� �c�e�n�t�e�r�e�d� �a�n�d� �n�o�n�-�c�e�n�t�e�r�e�d� �c�a�s�e�s� 

�o�f� �t�h�e� �j�o�u�r�n�a�l� �o�r�b�i�t� �i�n� �t�h�e� �a�n�n�u�l�a�r� �c�l�e�a�r�a�n�c�e�.� �T�h�e�y� �m�e�a�s�u�r�e�d� �t�h�e� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� 

�t�h�e� �a�b�o�v�e� �c�a�s�e�s� �a�n�d� �n�u�m�e�r�i�c�a�l�l�y� �i�n�t�e�g�r�a�t�e�d� �t�o� �g�e�t� �t�h�e� �f�o�r�c�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �s�q�u�e�e�z�e� 

�f�i�l�m�.� �T�h�e�s�e� �w�e�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �b�o�t�h� �t�h�e� �l�o�n�g� �b�e�a�r�i�n�g� �a�n�d� �s�h�o�r�t� �b�e�a�r�i�n�g� �s�o�l�u�t�i�o�n�s�.� 
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�C�u�n�n�i�n�g�h�a�m� �e�t� �a�l�.� �(�4�6�)� �s�t�u�d�i�e�d� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�h�e� �d�a�m�p�e�r� �s�u�p�p�o�r�t�s� �o�n� �r�o�t�o�r� �a�m�p�l�i�t�u�d�e�s� 

�a�n�d� �f�o�r�c�e�s� �t�r�a�n�s�m�i�t�t�e�d� �a�n�d� �g�a�v�e� �a� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �w�h�i�c�h� �w�a�s� �b�a�s�e�d� �o�n� �a� �s�i�n�g�l�e� �m�a�s�s� 

�f�l�e�x�i�b�l�e� �r�o�t�o�r�.� �S�i�m�a�n�d�i�r�i� �a�n�d� �H�a�h�n� �(�4�7�)� �s�t�u�d�i�e�d� �t�h�e� �e�f�f�e�c�t� �o�f� �p�r�e�s�s�u�r�i�z�a�t�i�o�n� �o�n� �t�h�e� �v�i�b�r�a�t�i�o�n� 

�i�s�o�l�a�t�i�o�n� �c�a�p�a�b�i�l�i�t�y� �o�f� �s�q�u�e�e�z�e� �f�i�l�m� �b�e�a�r�i�n�g�s� �a�n�d� �s�t�a�t�e�d� �t�h�a�t� �w�i�t�h� �i�n�c�r�e�a�s�e�d� �p�r�e�s�s�u�r�i�z�a�t�i�o�n�,� 

�t�h�e� �l�i�k�e�l�i�h�o�o�d� �o�f� �b�i�s�t�a�b�l�e� �o�p�e�r�a�t�i�o�n� �c�o�u�l�d� �b�e� �r�e�d�u�c�e�d� �c�o�n�s�i�d�e�r�a�b�l�y�.� 

�R�a�b�i�n�o�w�i�t�z� �a�n�d� �H�a�h�n� �(�4�8�,�4�9�,�5�0�,�5�1�)� �s�t�u�d�i�e�d� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �o�r�b�i�t�s� �f�o�r� �a� �f�l�e�x�i�b�l�e� 

�r�o�t�o�r� �i�n�c�o�r�p�o�r�a�t�i�n�g� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s�.� �T�h�e�y� �p�e�r�f�o�r�m�e�d� �p�a�r�a�m�e�t�r�i�c� �s�t�u�d�i�e�s� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �r�e�g�i�o�n�s� �o�f� �u�n�a�c�c�e�p�t�a�b�l�e� �b�e�h�a�v�i�o�r� �o�f� �r�o�t�o�r�s� �d�u�e� �t�o� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s�.� 

�T�h�e�y� �a�l�s�o� �d�i�d� �a� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �o�r�b�i�t�s� �t�h�e�y� �h�a�d� �o�b�t�a�i�n�e�d�.� �T�h�e�s�e� �s�t�u�d�i�e�s� 

�w�e�r�e� �c�o�n�d�u�c�t�e�d� �o�n� �b�o�t�h� �p�r�e�s�s�u�r�i�z�e�d� �a�n�d� �u�n�p�r�e�s�s�u�r�i�z�e�d� �d�a�m�p�e�r�s�.� �G�u�n�t�e�r� �e�t� �a�l�.� �(�5�2�)� 

�n�u�m�e�r�i�c�a�l�l�y� �s�t�u�d�i�e�d� �t�h�e� �n�o�n�l�i�n�e�a�r� �r�e�s�p�o�n�s�e� �o�f� �a�i�r�c�r�a�f�t� �e�n�g�i�n�e�s� �i�n�c�o�r�p�o�r�a�t�i�n�g� �s�q�u�e�e�z�e� �f�i�l�m� 

�d�a�m�p�e�r�s� �a�n�d� �w�e�r�e� �a�b�l�e� �t�o� �s�h�o�w� �t�h�a�t� �t�h�e� �r�o�t�o�r� �e�x�h�i�b�i�t�s� �t�h�e� �j�u�m�p� �p�h�e�n�o�m�e�n�o�n� �a�n�d� �u�n�d�e�r� 

�u�n�i�d�i�r�e�c�t�i�o�n�a�l� �l�o�a�d�i�n�g�,� �s�u�b�h�a�r�m�o�n�i�c� �w�h�i�r�l� �m�o�t�i�o�n� �m�a�y� �e�x�i�s�t�.� �C�o�o�k�s�o�n� �a�n�d� �K�o�s�s�a� �(�5�3�)� 

�s�t�u�d�i�e�d�,� �t�h�e�o�r�e�t�i�c�a�l�l�y� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�,� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �a� �r�o�t�o�r� �o�n� �u�n�c�e�n�t�r�a�l�i�z�e�d� �s�q�u�e�e�z�e� 

�f�i�l�m� �d�a�m�p�e�r�s�,� �a�n�d� �t�h�e� �s�a�m�e� �a�u�t�h�o�r�s� �(�5�4�)� �i�n�v�e�s�t�i�g�a�t�e�d� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �w�i�t�h� �t�h�e� 

�t�h�r�e�e� �m�o�d�e�l�s� �o�f� �t�h�e� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s�.� �S�z�e�r�i� �e�t� �a�l�.� �(�5�5�)� �d�e�r�i�v�e�d� �t�h�e� �l�i�n�e�a�r� �f�o�r�c�e� 

�c�o�e�f�f�i�c�i�e�n�t�s�,� �w�h�i�c�h� �c�o�n�s�i�d�e�r�e�d� �i�n�e�r�t�i�a� �o�f� �t�h�e� �f�l�u�i�d� �f�i�l�m�,� �f�r�o�m� �t�h�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�.� 

�T�a�y�l�o�r� �a�n�d� �K�u�m�a�r� �(�5�6�)� �d�i�d� �s�o�m�e� �i�n�v�e�s�t�i�g�a�t�i�o�n�s� �o�n� �t�h�e� �n�u�m�e�r�i�c�a�l� �t�e�c�h�n�i�q�u�e�s� �u�s�e�d� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �a� �r�i�g�i�d� �r�o�t�o�r� �o�n� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s� �a�n�d� �c�a�m�e� �u�p� �w�i�t�h� �a� 

�c�l�o�s�e�d�-�f�o�r�m� �s�t�e�a�d�y�-�s�t�a�t�e� �s�o�l�u�t�i�o�n� �f�o�r� �a� �r�i�g�i�d� �r�o�t�o�r� �i�n� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s� �b�y� �u�s�i�n�g� �a� 

�c�i�r�c�u�l�a�r� �o�r�b�i�t�.� �C�o�o�k�s�o�n� �a�n�d� �D�a�i�n�t�o�n� �(�5�7�)� �c�o�n�d�u�c�t�e�d� �i�n�v�e�s�t�i�g�a�t�i�o�n�s� �o�n� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� 

�s�i�d�e�-�p�l�a�t�e� �c�l�e�a�r�a�n�c�e� �o�f� �a�n� �u�n�c�e�n�t�r�a�l�i�z�e�d� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�.� �T�h�e�y� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� 

�i�n�f�l�u�e�n�c�e� �o�f� �t�h�e� �s�i�d�e�-�p�l�a�t�e� �c�l�e�a�r�a�n�c�e� �t�o� �r�e�d�u�c�e� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �c�e�n�t�r�a�l� �d�i�s�k� �c�o�u�l�d� �b�e� 

�c�o�n�s�i�d�e�r�a�b�l�e� �i�f� �t�h�e� �c�l�e�a�r�a�n�c�e� �i�s� �l�e�s�s� �t�h�a�n� �t�h�e� �r�a�d�i�a�l� �c�l�e�a�r�a�n�c�e�.� 

�1�.�0� �I�n�t�r�o�d�u�c�t�i�o�n� �a�n�d� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �1�0



�M�c�l�e�a�n� �a�n�d� �H�a�h�n� �(�5�8�)� �p�r�e�s�e�n�t�e�d� �a� �t�e�c�h�n�i�q�u�e� �f�o�r� �i�n�v�e�s�t�i�g�a�t�i�n�g� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�d� �t�h�e� 

�d�e�g�r�e�e� �o�f� �d�a�m�p�i�n�g� �i�n� �c�i�r�c�u�l�a�r� �s�y�n�c�h�r�o�n�o�u�s� �o�r�b�i�t� �e�q�u�i�l�i�b�r�i�u�m� �s�o�l�u�t�i�o�n�s�.� �I�t� �i�n�v�o�l�v�e�d� �t�h�e� 

�a�n�a�l�y�s�i�s� �o�f� �a�p�p�r�o�p�r�i�a�t�e� �p�e�r�t�u�r�b�a�t�i�o�n� �e�q�u�a�t�i�o�n�s� �a�b�o�u�t� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �s�o�l�u�t�i�o�n�s� �a�n�d� �i�s� 

�a�p�p�l�i�c�a�b�l�e� �t�o� �s�y�s�t�e�m�s� �w�i�t�h� �s�e�v�e�r�a�l� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s�.� �S�a�n� �A�n�d�r�e�s� �a�n�d� �V�a�n�c�e� �(�5�9�)� 

�o�b�t�a�i�n�e�d� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �r�e�s�p�o�n�s�e� �o�f� �a� �r�o�t�o�r� �i�n�c�o�r�p�o�r�a�t�i�n�g� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s�,� 

�i�n�c�l�u�d�i�n�g� �f�l�u�i�d� �i�n�e�r�t�i�a� �e�f�f�e�c�t�s� �b�y� �u�s�i�n�g� �a�n� �a�v�e�r�a�g�e�d� �m�o�m�e�n�t�u�m� �a�p�p�r�o�x�i�m�a�t�i�o�n�.� �E�l�-�S�h�a�f�e�i� 

�(�6�0�)� �o�b�t�a�i�n�e�d� �a� �r�e�l�a�t�i�v�e�l�y� �f�a�s�t�e�r� �a�l�g�o�r�i�t�h�m� �f�o�r� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �u�n�b�a�l�a�n�c�e� �r�e�s�p�o�n�s�e� �o�f� �a� 

�J�e�f�f�c�o�t�t� �r�o�t�o�r� �i�n�c�o�r�p�o�r�a�t�i�n�g� �s�h�o�r�t� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s� �a�n�d� �e�x�e�c�u�t�i�n�g� �c�i�r�c�u�l�a�r� �c�e�n�t�e�r�e�d� 

�w�h�i�r�l�.� �T�h�e� �e�f�f�e�c�t�s� �o�f� �f�l�u�i�d� �i�n�e�r�t�i�a� �w�e�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �m�o�d�e�l�.� �H�e� �s�h�o�w�e�d� �t�h�a�t� �t�h�e� �f�l�u�i�d� 

�i�n�e�r�t�i�a� �r�e�s�u�l�t�s� �i�n� �d�e�c�r�e�a�s�i�n�g� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �j�u�m�p� �r�e�s�p�o�n�s�e� �a�n�d� �a�l�s�o� �r�e�s�u�l�t�s� �i�n� �e�x�c�i�t�a�t�i�o�n� 

�o�f� �a� �s�e�c�o�n�d� �m�o�d�e� �f�o�r� �t�h�e� �J�e�f�f�c�o�t�t� �r�o�t�o�r�.� 

�M�o�s�t� �o�f� �t�h�e� �w�o�r�k� �o�n� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s� �h�a�s� �b�e�e�n� �i�n� �t�h�e� �a�r�e�a� �o�f� �r�e�s�p�o�n�s�e� �a�n�d� 

�b�i�-�s�t�a�b�l�e� �o�p�e�r�a�t�i�o�n�.� �T�h�o�u�g�h� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s� �h�a�v�e� �b�e�e�n� �u�s�e�d� �a�s� �a�n� �a�t�t�r�a�c�t�i�v�e� �m�e�a�n�s� 

�o�f� �s�u�p�p�o�r�t�i�n�g� �m�a�c�h�i�n�e�r�y�,� �s�e�v�e�r�a�l� �u�n�d�o�c�u�m�e�n�t�e�d� �c�a�s�e�s�,� �w�h�e�r�e� �t�h�e� �d�a�m�p�e�r�s� �h�a�v�e� �n�o�t� �b�e�e�n� 

�s�u�c�c�e�s�s�f�u�l�,� �s�u�g�g�e�s�t� �t�h�a�t� �a� �g�e�n�e�r�a�l� �d�e�s�i�g�n� �s�t�u�d�y� �c�o�u�l�d� �b�e� �h�e�l�p�f�u�l� �t�o� �u�n�d�e�r�s�t�a�n�d� �h�o�w� �t�h�e� 

�s�y�s�t�e�m� �s�t�a�b�i�l�i�t�y� �i�s� �i�n�f�l�u�e�n�c�e�d� �b�y� �t�h�e� �a�d�d�i�t�i�o�n� �o�f� �a� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�.� 

�1�.�2�.�4� �M�a�g�n�e�t�i�c� �B�e�a�r�i�n�g�s� 

�T�h�e� �c�o�n�c�e�p�t� �o�f� �s�u�s�p�e�n�d�i�n�g� �a� �r�o�t�a�t�i�n�g� �s�h�a�f�t� �i�n� �a� �m�a�g�n�e�t�i�c� �f�i�e�l�d� �i�s� �r�e�l�a�t�i�v�e�l�y� �a�n� �o�l�d� 

�i�d�e�a�.� �B�u�t� �w�i�t�h� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �i�n� �c�o�n�t�r�o�l� �s�y�s�t�e�m�s�,� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s� �h�a�v�e� �b�e�c�o�m�e� �a�n� 

�a�t�t�r�a�c�t�i�v�e� �m�e�a�n�s� �o�f� �s�u�p�p�o�r�t�i�n�g� �r�o�t�a�t�i�n�g� �m�a�c�h�i�n�e�r�y�.� �T�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� �f�l�u�i�d� �f�i�l�m� �b�e�a�r�i�n�g�s� 

�r�e�q�u�i�r�e� �a� �c�o�n�t�i�n�u�o�u�s� �l�u�b�r�i�c�a�t�i�o�n� �s�y�s�t�e�m� �f�o�r� �t�h�e� �s�u�p�p�l�y� �a�n�d� �c�i�r�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �o�i�l�.� �T�h�e� 

�a�b�s�e�n�c�e� �o�f� �t�h�i�s� �l�u�b�r�i�c�a�t�i�o�n� �s�y�s�t�e�m� �i�s� �o�n�e� �o�f� �t�h�e� �m�a�j�o�r� �a�d�v�a�n�t�a�g�e�s� �o�f� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s�.� 

�H�a�b�e�r�m�a�n�n� �a�n�d� �L�i�a�r�d� �(�6�1�)� �d�e�s�c�r�i�b�e� �t�h�e� �p�r�i�n�c�i�p�l�e�s� �o�f� �d�e�s�i�g�n� �a�n�d� �o�p�e�r�a�t�i�o�n� �o�f� �t�h�e� �A�c�t�i�d�y�n�e� 

�m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �s�y�s�t�e�m�.� �T�y�p�i�c�a�l�l�y�,� �a� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �c�o�n�s�i�s�t�s� �o�f� �a� �s�e�t� �o�f� �c�o�i�l�s� �w�h�i�c�h� 

�1�.�0� �I�n�t�r�o�d�u�c�t�i�o�n� �a�n�d� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �1�1



�e�l�e�c�t�r�o�m�a�g�n�e�t�i�c�a�l�l�y� �l�e�v�i�t�a�t�e� �t�h�e� �s�h�a�f�t�.� �I�n� �a�n� �A�c�t�i�v�e� �M�a�g�n�e�t�i�c� �B�e�a�r�i�n�g� �(�A�M�B�)�,� �s�e�n�s�o�r�s� �a�r�e� 

�l�o�c�a�t�e�d� �i�n� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s� �t�o� �s�e�n�s�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�,� �a�n�d� �t�h�i�s� �d�i�s�p�l�a�c�e�m�e�n�t� �i�s� �f�e�d� 

�b�a�c�k� �t�o� �a� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �w�h�i�c�h� �c�o�n�t�r�o�l�s� �t�h�e� �i�n�p�u�t� �c�u�r�r�e�n�t� �t�o� �t�h�e� �b�e�a�r�i�n�g� �t�o� �p�r�o�d�u�c�e� �a� 

�p�r�o�p�o�r�t�i�o�n�a�l� �f�o�r�c�e�.� �T�h�i�s� �c�l�o�s�e�d� �l�o�o�p� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �i�s� �u�s�e�d� �q�u�i�t�e� �e�x�t�e�n�s�i�v�e�l�y� �i�n� �m�a�g�n�e�t�i�c� 

�b�e�a�r�i�n�g� �t�e�c�h�n�o�l�o�g�y�.� �M�o�s�t� �o�f� �t�h�e� �r�e�s�e�a�r�c�h� �i�n� �t�h�e� �a�r�e�a� �o�f� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s� �h�a�s� �b�e�e�n� �i�n� �t�h�e� 

�a�r�e�a� �o�f� �c�o�n�t�r�o�l� �s�y�s�t�e�m�s�.� �F�r�o�m� �t�h�e� �r�o�t�o�r� �d�y�n�a�m�i�c� �p�o�i�n�t� �o�f� �v�i�e�w�,� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� 

�r�e�q�u�i�r�e�s� �t�h�e� �b�e�a�r�i�n�g� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�.� �O�n�e� �o�f� 

�t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s� �i�s� �t�h�a�t� �t�h�e� �s�e�n�s�o�r� �i�s� �n�o�t� �l�o�c�a�t�e�d� �i�n� �t�h�e� 

�p�l�a�n�e� �o�f� �t�h�e� �b�e�a�r�i�n�g�s�.� �A�s� �a� �r�e�s�u�l�t� �o�f� �t�h�i�s� �s�e�n�s�o�r� �n�o�n�-�c�o�l�l�o�c�a�t�i�o�n�,� �t�h�e� �f�o�r�c�e� �a�t� �t�h�e� �b�e�a�r�i�n�g� 

�l�o�c�a�t�i�o�n� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �s�e�n�s�e�d� �b�y� �t�h�e� �s�e�n�s�o�r�.� �T�h�i�s� �n�o�n�-�c�o�l�l�o�c�a�t�i�o�n� �o�f� 

�t�h�e� �s�e�n�s�o�r� �h�a�s� �t�o� �b�e� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t� �w�h�i�l�e� �p�e�r�f�o�r�m�i�n�g� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s�.� �K�i�r�k� �e�t� �a�l�.� �(�6�2�)� 

�s�t�u�d�i�e�d� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�h�e� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �c�a�l�c�u�l�a�t�e�d� �c�r�i�t�i�c�a�l� �s�p�e�e�d� �o�f� 

�t�u�r�b�o�m�a�c�h�i�n�e�r�y� �u�s�i�n�g� �t�h�e� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �m�e�t�h�o�d�.� �R�a�w�a�l� �e�t� �a�l�.� �(�6�3�)� �d�i�s�c�u�s�s�e�d� �t�h�e� �e�f�f�e�c�t� �o�f� 

�s�e�n�s�o�r� �l�o�c�a�t�i�o�n� �o�n� �t�h�e� �f�o�r�c�e�d� �r�e�s�p�o�n�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �r�o�t�o�r�s� �o�n� �A�M�B�.� �T�h�i�s� �p�a�p�e�r� 

�d�i�s�c�u�s�s�e�d� �t�h�e� �i�n�c�o�r�p�o�r�a�t�i�o�n� �o�f� �t�h�e� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n�s� �u�s�i�n�g� �t�h�e� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �m�e�t�h�o�d�,� �a�n�d� 

�i�t�s� �e�f�f�e�c�t� �o�f� �u�n�b�a�l�a�n�c�e� �r�e�s�p�o�n�s�e�.� 

�O�n�e� �o�t�h�e�r� �t�y�p�i�c�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �a� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �s�y�s�t�e�m� �i�s� �t�h�a�t� �t�h�e� �s�t�i�f�f�n�e�s�s� 

�a�n�d� �d�a�m�p�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �b�e�a�r�i�n�g� �a�r�e� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �w�h�i�r�l� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� 

�r�o�t�o�r�,� �r�a�t�h�e�r� �t�h�a�n� �t�h�e� �s�p�i�n� �f�r�e�q�u�e�n�c�y� �(�r�u�n�n�i�n�g� �s�p�e�e�d� �o�f� �t�h�e� �r�o�t�o�r�)�,� �w�h�i�c�h� �i�s� �a� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� 

�o�f� �t�h�e� �f�l�u�i�d� �f�i�l�m� �b�e�a�r�i�n�g�s�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� �p�r�o�c�e�d�u�r�e� �u�s�e�d� �f�o�r� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �m�u�s�t� �b�e� 

�a�b�l�e� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �d�a�m�p�e�d� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �a�n�d� �s�t�a�b�i�l�i�t�y� �b�a�s�e�d� �o�n� �t�h�e� �w�h�i�r�l� �f�r�e�q�u�e�n�c�y� 

�d�e�p�e�n�d�e�n�t� �b�e�a�r�i�n�g� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �u�s�e�d� �f�o�r� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s� �h�a�s� �i�t�s� 

�o�w�n� �d�y�n�a�m�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �A�g�a�i�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �p�r�o�c�e�d�u�r�e� �m�u�s�t� �b�e� �a�b�l�e� �t�o� �m�o�d�e�l� �t�h�e� 

�d�y�n�a�m�i�c�s� �o�f� �t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �a�n�d� �t�h�e� �c�o�u�p�l�e�d� �c�o�n�t�r�o�l�-�r�o�t�o�r� �s�y�s�t�e�m�.� �L�e�w�i�s� �e�t� �a�l�.� �(�6�4�)� 

�d�i�s�c�u�s�s�e�d� �a� �m�e�t�h�o�d� �o�f� �m�o�d�e�l�i�n�g� �t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �d�y�n�a�m�i�c�s� �a�n�d� �i�n�c�l�u�d�i�n�g� �i�t� �i�n� �t�h�e� �r�o�t�o�r� 

�1�.�0� �I�n�t�r�o�d�u�c�t�i�o�n� �a�n�d� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �1�2



�d�y�n�a�m�i�c� �a�n�a�l�y�s�i�s�,� �u�s�i�n�g� �t�h�e� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �m�e�t�h�o�d�.� �B�a�r�r�e�t�t� �(�6�5�)� �d�e�s�c�r�i�b�e�d� �t�h�e� �m�o�d�e�l�i�n�g� �o�f� 

�m�a�g�n�e�t�i�c� �s�u�p�p�o�r�t�s� �u�s�i�n�g� �t�h�e� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �m�e�t�h�o�d�.� �B�a�r�r�e�t�t� �e�t� �a�l�.� �(�6�6�)� �d�i�s�c�u�s�s�e�d� �t�h�e� 

�m�o�d�e�l�i�n�g� �o�f� �n�o�n�-�c�o�l�l�o�c�a�t�e�d� �s�e�n�s�o�r�s� �o�f� �A�M�B� �s�u�p�p�o�r�t�e�d� �r�o�t�o�r�s� �u�s�i�n�g� �t�h�e� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� 

�m�e�t�h�o�d�.� �B�a�r�r�e�t�t� �e�t� �a�l�.� �(�6�7�)� �e�v�a�l�u�a�t�e�d� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �r�o�t�o�r� �u�s�i�n�g� �t�h�e� �f�r�e�q�u�e�n�c�y� 

�d�e�p�e�n�d�e�n�t� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�,� �a�n�d� �c�o�m�p�a�r�e�d� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� 

�w�i�t�h� �t�h�o�s�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �c�o�n�s�t�a�n�t� �b�e�a�r�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� 

�I�n� �t�h�e� �c�u�r�r�e�n�t� �r�e�s�e�a�r�c�h�,� �t�w�o� �d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d�s� �o�f� �h�a�n�d�l�i�n�g� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t� 

�b�e�a�r�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �i�m�p�l�e�m�e�n�t�e�d� �u�s�i�n�g� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�.� �A� �m�e�t�h�o�d� �o�f� 

�i�n�c�l�u�d�i�n�g� �t�h�e� �m�o�d�e�l� �o�f� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �i�n�t�o� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� 

�r�o�t�o�r� �s�y�s�t�e�m� �i�s� �a�l�s�o� �d�e�r�i�v�e�d�.� 

�1�.�3� �S�c�o�p�e� �o�f� �t�h�e� �D�i�s�s�e�r�t�a�t�i�o�n� 

�T�h�e� �t�h�r�u�s�t� �o�f� �t�h�e� �c�u�r�r�e�n�t� �r�e�s�e�a�r�c�h� �w�a�s� �i�n� �t�h�e� �a�r�e�a� �o�f� �m�o�d�e�l�i�n�g� �c�o�m�p�l�e�x� �r�o�t�o�r� 

�s�y�s�t�e�m�s� �f�o�r� �s�t�a�b�i�l�i�t�y� �a�n�d� �r�e�s�p�o�n�s�e� �c�a�l�c�u�l�a�t�i�o�n�s�.� �T�h�e� �i�n�t�e�n�t� �o�f� �t�h�i�s� �r�e�s�e�a�r�c�h� �w�a�s� �t�o� �d�e�v�e�l�o�p� �a� 

�P�C� �b�a�s�e�d� �p�r�o�g�r�a�m� �f�o�r� �r�o�t�o�r� �d�y�n�a�m�i�c� �a�n�a�l�y�s�i�s�.� �T�w�o� �d�i�f�f�e�r�e�n�t� �m�e�t�h�o�d�s� �a�r�e� �p�r�o�p�o�s�e�d� �f�o�r� �t�h�e� 

�a�n�a�l�y�s�i�s� �o�f� �r�o�t�o�r�s� �s�u�p�p�o�r�t�e�d� �o�n� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s�.� �T�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �c�o�n�t�r�o�l� �s�y�s�t�e�m� 

�m�o�d�e�l�i�n�g� �h�a�s� �b�e�e�n� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �a�n�a�l�y�s�i�s�.� �T�h�e� �p�e�d�e�s�t�a�l� �f�l�e�x�i�b�i�l�i�t�y� �a�n�d� �i�t�s� �i�n�f�l�u�e�n�c�e� 

�o�n� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�d� �r�e�s�p�o�n�s�e� �a�r�e� �s�t�u�d�i�e�d�.� �T�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �s�e�n�s�o�r� 

�l�o�c�a�t�i�o�n�s� �i�n� �s�t�a�b�i�l�i�t�y� �a�n�d� �r�e�s�p�o�n�s�e� �a�r�e� �h�i�g�h�l�i�g�h�t�e�d�.� �A� �m�e�t�h�o�d� �f�o�r� �s�u�b�-�s�y�n�c�h�r�o�n�o�u�s� �s�t�a�b�i�l�i�t�y� 

�e�v�a�l�u�a�t�i�o�n� �i�s� �d�e�s�c�r�i�b�e�d�.� 

�S�i�n�c�e� �m�o�s�t� �o�f� �t�h�e� �w�o�r�k� �d�o�n�e� �i�n� �t�h�e� �a�r�e�a� �o�f� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s� �h�a�s� �c�o�n�s�i�d�e�r�e�d� 

�t�h�e� �r�e�d�u�c�i�n�g� �t�h�e� �v�i�b�r�a�t�i�o�n� �a�n�d� �f�o�r�c�e� �t�r�a�n�s�m�i�t�t�e�d�,� �a�n�d� �a�l�s�o� �s�i�n�c�e� �t�h�e� �i�n�c�o�r�p�o�r�a�t�i�o�n� �o�f� �t�h�e� 

�d�a�m�p�e�r�s� �h�a�s� �c�a�u�s�e�d� �t�h�e� �r�o�t�o�r�s� �t�o� �b�e�c�o�m�e� �u�n�s�t�a�b�l�e�,� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �r�o�t�o�r�s� �s�u�p�p�o�r�t�e�d� �o�n� 

�d�a�m�p�e�r�s� �w�a�s� �s�t�u�d�i�e�d�.� �A� �d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e� �i�s� �s�u�g�g�e�s�t�e�d� �f�o�r� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �o�f� 

�t�u�r�b�o�m�a�c�h�i�n�e�r�y� �s�u�p�p�o�r�t�e�d� �o�n� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s�,� �i�n�t�r�o�d�u�c�i�n�g� �t�h�e� �c�o�n�c�e�p�t� �o�f� �a� 

�1�.�0� �I�n�t�r�o�d�u�c�t�i�o�n� �a�n�d� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �1�3



�D�a�m�p�i�n�g� �N�u�m�b�e�r�.� �M�o�s�t� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �w�o�r�k� �d�o�n�e� �o�n� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �r�o�t�o�r�s� �s�u�p�p�o�r�t�e�d� 

�o�n� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s� �c�o�n�s�i�d�e�r� �c�e�n�t�e�r�e�d� �d�a�m�p�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �I�n� �t�h�i�s� �r�e�s�e�a�r�c�h�,� �t�h�e� 

�n�o�n�-�l�i�n�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r� �i�s� �c�o�n�s�i�d�e�r�e�d� �w�h�i�l�e� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �f�o�r�c�e�d� 

�r�e�s�p�o�n�s�e� �o�f� �t�h�e� �r�o�t�o�r� �s�y�s�t�e�m�.� 

�M�u�l�t�i�-�l�e�v�e�l� �r�o�t�o�r� �s�y�s�t�e�m�s� �f�i�n�d� �t�h�e�i�r� �a�p�p�l�i�c�a�t�i�o�n� �i�n� �t�h�e� �v�e�r�t�i�c�a�l� �p�u�m�p�s� �a�n�d� �a�e�r�o�-� 

�e�n�g�i�n�e�s�.� �A� �t�y�p�i�c�a�l� �m�u�l�t�i�-�l�e�v�e�l� �a�e�r�o�-�e�n�g�i�n�e� �h�a�s� �t�w�o� �c�o�n�c�e�n�t�r�i�c� �s�h�a�f�t�s� �r�o�t�a�t�i�n�g� �a�t� �d�i�f�f�e�r�e�n�t� 

�s�p�e�e�d�s� �c�o�n�n�e�c�t�e�d� �b�y� �i�n�t�e�r�-�s�h�a�f�t� �b�e�a�r�i�n�g�s� �o�r� �i�n�t�e�r�-�s�h�a�f�t� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s�.� �T�h�e� �c�u�r�r�e�n�t� 

�r�e�s�e�a�r�c�h� �a�l�s�o� �i�n�c�l�u�d�e�s� �t�h�e� �m�e�t�h�o�d�o�l�o�g�y� �f�o�r� �m�o�d�e�l�i�n�g� �m�u�l�t�i�-�l�e�v�e�l� �r�o�t�o�r� �s�y�s�t�e�m�s�,� �a�n�d� �a�l�s�o� �t�o� 

�m�o�d�e�l� �r�o�t�o�r�s� �c�o�n�n�e�c�t�e�d� �b�y� �f�l�e�x�i�b�l�e� �c�o�u�p�l�i�n�g�s�.� 

�T�h�e� �a�d�d�i�t�i�o�n�a�l� �c�a�p�a�b�i�l�i�t�i�e�s� �o�f� �t�h�e� �a�b�o�v�e� �P�C�-�b�a�s�e�d� �p�r�o�g�r�a�m� �a�r�e� �t�h�a�t� �i�t� �c�a�n� �a�c�c�o�u�n�t� 

�f�o�r� �p�e�d�e�s�t�a�l� �f�l�e�x�i�b�i�l�i�t�y�,� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s�,� �f�o�r�c�e�s� �t�r�a�n�s�m�i�t�t�e�d� �t�o� �t�h�e� �f�o�u�n�d�a�t�i�o�n�,� �a�n�d� 

�a�l�s�o� �s�e�n�s�o�r� �n�o�n�-�c�o�l�l�o�c�a�t�i�o�n� �i�n� �c�a�s�e� �o�f� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s�.� �T�h�e� �p�r�o�g�r�a�m� �c�a�n� �m�o�d�e�l� �t�h�e� 

�r�o�t�o�r� �s�y�s�t�e�m� �b�a�s�e�d� �o�n� �d�i�s�t�r�i�b�u�t�e�d� �m�a�s�s� �o�r� �l�u�m�p�e�d� �m�a�s�s� �f�o�r�m�u�l�a�t�i�o�n�s�.� 

�1�.�0� �I�n�t�r�o�d�u�c�t�i�o�n� �a�n�d� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �1�4



�C�H�A�P�T�E�R� �2� 

�D�E�V�E�L�O�P�M�E�N�T� �O�F� �T�H�E� �S�Y�S�T�E�M� �M�O�D�E�L� 

�2�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�I�n� �a�n�y� �a�n�a�l�y�s�i�s� �o�f� �a� �p�h�y�s�i�c�a�l� �s�y�s�t�e�m�,� �t�h�e� �f�i�r�s�t� �a�n�d� �p�r�i�m�a�r�y� �s�t�e�p� �i�s� �t�o� �i�d�e�n�t�i�f�y� �t�h�e� 

�s�y�s�t�e�m� �c�o�m�p�o�n�e�n�t�s� �a�n�d� �t�r�y� �t�o� �c�o�n�v�e�r�t� �t�h�e� �p�h�y�s�i�c�a�l� �s�y�s�t�e�m� �i�n�t�o� �a� �s�e�t� �o�f� �m�a�t�h�e�m�a�t�i�c�a�l� 

�e�q�u�a�t�i�o�n�s� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �s�y�s�t�e�m� �a�n�d� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �s�y�s�t�e�m� �a�s� �c�l�o�s�e�l�y� �a�s� �p�o�s�s�i�b�l�e�.� �T�h�e� 

�e�q�u�a�t�i�o�n�s� �a�r�e� �s�u�b�j�e�c�t�e�d� �t�o� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �p�h�y�s�i�c�a�l� 

�c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� �s�y�s�t�e�m� �a�n�d� �t�h�e�n� �s�o�l�v�e�d� �f�o�r� �t�h�e� �r�e�s�p�e�c�t�i�v�e� �r�e�s�u�l�t�s�.� �I�n� �r�o�t�o�r� �d�y�n�a�m�i�c�s�,� �f�o�r� 

�t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�d� �r�e�s�p�o�n�s�e� �c�a�l�c�u�l�a�t�i�o�n�s� �t�h�e� �s�t�a�n�d�a�r�d� �p�r�o�c�e�d�u�r�e� �i�s� �t�o� �d�e�r�i�v�e� �t�h�e� �s�y�s�t�e�m� 

�e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �i�n� �t�h�e� �w�e�l�l� �k�n�o�w�n� �f�o�r�m�,� 

�M�X�+�C�X�+�K�X�=�F� �(�2�.�1�)� 

�T�h�i�s� �e�q�u�a�t�i�o�n� �i�s� �t�h�e�n� �s�o�l�v�e�d� �f�o�r� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �a�n�d� �e�i�g�e�n�v�e�c�t�o�r�s� �(�s�t�a�b�i�l�i�t�y� 

�a�n�a�l�y�s�i�s�)� �w�i�t�h� �t�h�e� �f�o�r�c�i�n�g� �f�u�n�c�t�i�o�n� �t�o� �b�e� �z�e�r�o�,� �a�n�d� �t�h�e� �u�n�b�a�l�a�n�c�e� �r�e�s�p�o�n�s�e� �f�o�r� �t�h�e� �g�i�v�e�n� 

�u�n�b�a�l�a�n�c�e� �f�o�r�c�e� �v�e�c�t�o�r�.� �T�h�i�s� �i�s� �t�h�e� �e�s�s�e�n�c�e� �o�f� �r�o�t�o�r� �d�y�n�a�m�i�c�s� �i�n� �a� �n�u�t�s�h�e�l�l�.� �T�h�e� �t�w�o� 

�m�e�t�h�o�d�s� �u�s�e�d� �i�n� �r�o�t�o�r� �d�y�n�a�m�i�c�s� �a�r�e� �t�h�e� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �m�e�t�h�o�d� �a�n�d� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�m�e�t�h�o�d�.� �T�h�e� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �m�e�t�h�o�d� �h�a�s� �b�e�e�n� �i�n� �u�s�e� �s�i�n�c�e� �t�h�e� �1�9�4�0�'�s� �(�6�8�)� �a�n�d� �s�i�n�c�e� �t�h�e� 

�2�.�0� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�y�s�t�e�m� �M�o�d�e�l� �1�5



�m�i�d�-�1�9�6�0�'�s� �f�o�r� �f�o�r�c�e�d� �r�e�s�p�o�n�s�e� �t�o� �u�n�b�a�l�a�n�c�e� �(�6�9�)�.� �T�h�e� �a�d�v�e�n�t� �o�f� �c�o�m�p�u�t�e�r�s� �h�a�s� �s�e�e�n� �t�h�e� 

�i�n�c�r�e�a�s�i�n�g� �p�o�p�u�l�a�r�i�t�y� �o�f� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�s�.� �C�o�n�c�e�p�t�u�a�l�l�y� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� 

�i�n�v�o�l�v�e�s� �d�i�s�c�r�e�t�i�z�i�n�g� �t�h�e� �s�y�s�t�e�m� �i�n�t�o� �s�m�a�l�l�e�r� �p�a�r�t�s�,� �t�h�e�n� �d�e�r�i�v�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� 

�i�n�d�i�v�i�d�u�a�l� �p�a�r�t�s�,� �a�n�d� �t�h�e�n� �a�s�s�e�m�b�l�i�n�g� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �t�o� �a� �g�l�o�b�a�l� �s�e�t� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �e�n�t�i�r�e� 

�s�y�s�t�e�m�.� �|� 

�T�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �a� �r�o�t�o�r� �d�y�n�a�m�i�c� �s�y�s�t�e�m� �f�a�l�l� �i�n�t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�h�r�e�e� �b�r�o�a�d� 

�c�a�t�e�g�o�r�i�e�s�.� �(�i�)� �t�h�e� �r�o�t�o�r� �e�l�e�m�e�n�t� �(�s�h�a�f�t�)�;� �(�1�1�)� �t�h�e� �d�i�s�k�s�/�i�m�p�e�l�l�e�r�s� �a�n�d� �(�i�t�)� �t�h�e� �b�e�a�r�i�n�g�s�,� �s�e�a�l�s�,� 

�s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s�,� �e�t�c�.� �T�h�e� �s�t�a�n�d�a�r�d� �p�r�o�c�e�d�u�r�e� �u�s�e�d� �i�n� �r�o�t�o�r� �d�y�n�a�m�i�c�s� �i�s� �t�o� �m�o�d�e�l� �t�h�e� 

�r�o�t�o�r� �s�e�c�t�i�o�n�s� �a�s� �b�e�a�m� �e�l�e�m�e�n�t�s�,� �t�h�e� �d�i�s�k�s�/�i�m�p�e�l�l�e�r�s� �a�s� �d�i�s�c�r�e�t�e� �e�x�t�e�r�n�a�l� �m�a�s�s� �e�l�e�m�e�n�t�s� 

�h�a�v�i�n�g� �a� �m�a�s�s� �a�n�d� �i�n�e�r�t�i�a� �p�r�o�p�e�r�t�y�,� �a�n�d� �t�h�e� �b�e�a�r�i�n�g�s�/�s�e�a�l�s� �a�s� �d�i�s�c�r�e�t�e� �e�l�e�m�e�n�t�s� �h�a�v�i�n�g� 

�s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g�.� 

�I�n� �m�o�s�t� �o�f� �t�h�e� �b�e�a�m� �e�l�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n�s� �t�h�e� �r�o�t�o�r� �s�e�c�t�i�o�n� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� 

�b�e�a�m� �w�i�t�h� �t�w�o� �n�o�d�e�s�,� �a�n�d� �e�a�c�h� �n�o�d�e� �h�a�s� �4� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�.� �T�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� 

�a�r�e� �t�h�e� �t�w�o� �l�a�t�e�r�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�n�d� �t�h�e� �r�e�s�p�e�c�t�i�v�e� �r�o�t�a�t�i�o�n�s�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� �d�e�g�r�e�e�s� 

�o�f� �f�r�e�e�d�o�m� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �a�x�i�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �r�o�t�a�t�i�o�n� �o�f� �t�h�e� �s�h�a�f�t� �a�r�e� �n�e�g�l�e�c�t�e�d� �i�n� 

�t�h�e� �f�o�r�m�u�l�a�t�i�o�n�s�.� �R�u�h�l� �a�n�d� �B�o�o�k�e�r� �(�4�)� �d�e�v�e�l�o�p�e�d� �a� �b�e�a�m� �e�l�e�m�e�n�t� �f�o�r� �r�o�t�o�r� �d�y�n�a�m�i�c� 

�a�n�a�l�y�s�i�s�,� �b�a�s�e�d� �o�n� �A�r�c�h�e�r ��s� �(�5�)� �w�o�r�k�.� �T�h�i�s� �b�e�a�m� �m�o�d�e�l� �c�o�n�s�i�d�e�r�e�d� �o�n�l�y� �t�h�e� �t�r�a�n�s�l�a�t�i�o�n�a�l� 

�a�n�d� �r�o�t�a�t�i�o�n�a�l� �e�n�e�r�g�i�e�s� �-�-� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m�,� �a�n�d� �n�e�g�l�e�c�t�e�d� �t�h�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� 

�a�n�d� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� �e�f�f�e�c�t�s�.� �F�o�r� �m�a�n�y� �a�p�p�l�i�c�a�t�i�o�n�s� �i�t� �i�s� �s�a�t�i�s�f�a�c�t�o�r�y� �t�o� �n�e�g�l�e�c�t� �t�h�e� �s�h�e�a�r� 

�d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� �o�f� �b�e�a�m�s� �a�s� �e�x�p�l�a�i�n�e�d� �b�y� �A�r�c�h�e�r� �(�5�)�.� �F�o�r� �l�o�n�g� �t�h�i�n� �b�e�a�m�s�,� 

�a�n�d� �l�o�w�e�s�t� �m�o�d�e�s�,� �t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�t�o�r�y� �i�n�e�r�t�i�a� �d�o�e�s� �n�o�t� 
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�p�r�o�d�u�c�e� �s�i�g�n�i�f�i�c�a�n�t� �c�h�a�n�g�e�s� �i�n� �t�h�e� �r�e�s�u�l�t�s�.� �B�u�t� �w�h�e�n� �t�h�e� �b�e�a�m� �s�e�c�t�i�o�n� �g�e�t�s� �t�h�i�c�k�e�r� �i�n� 

�d�i�a�m�e�t�e�r�/�w�i�d�t�h� �a�n�d� �s�h�o�r�t�e�r� �i�n� �l�e�n�g�t�h�,� �s�i�g�n�i�f�i�c�a�n�t� �e�r�r�o�r�s� �a�r�e� �i�n�t�r�o�d�u�c�e�d� �i�f� �t�h�e�s�e� �e�f�f�e�c�t�s� �a�r�e� 

�n�e�g�l�e�c�t�e�d�.� �A�l�s�o� �t�h�e� �h�i�g�h�e�r� �m�o�d�e�s� �a�l�s�o� �d�e�v�i�a�t�e� �c�o�n�s�i�d�e�r�a�b�l�y� �i�f� �t�h�e�s�e� �e�f�f�e�c�t�s� �a�r�e� �n�e�g�l�e�c�t�e�d�.� 

�T�h�e� �b�e�a�m� �f�o�r�m�u�l�a�t�i�o�n� �t�h�a�t� �i�n�c�l�u�d�e�s� �t�h�e� �e�f�f�e�c�t� �o�f� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �a�n�d� �r�o�t�a�t�o�r�y� 

�i�n�e�r�t�i�a� �i�s� �c�a�l�l�e�d� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m�,� �a�s� �d�e�r�i�v�e�d� �b�y� �T�i�m�o�s�h�e�n�k�o� �(�7�0�)�.� �A� �n�u�m�b�e�r� �o�f� 

�T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s� �h�a�v�e� �b�e�e�n� �d�e�r�i�v�e�d� �a�s� �d�i�s�c�u�s�s�e�d� �b�y� �T�h�o�m�a�s� �e�t� �a�l�.� �(�1�1�)�.� 

�T�h�e�s�e� �d�i�f�f�e�r�e�n�t� �e�l�e�m�e�n�t�s� �c�a�n� �b�e� �d�i�v�i�d�e�d� �i�n�t�o� �t�w�o� �c�a�t�e�g�o�r�i�e�s� �:� �(�a�)� �s�i�m�p�l�e� �b�e�a�m�s� �h�a�v�i�n�g� �2� 

�n�o�d�e�s�,� �o�n�e� �a�t� �e�a�c�h� �e�n�d�,� �a�n�d� �w�i�t�h� �4� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �(�2�-�t�r�a�n�s�l�a�t�i�o�n�,� �2�-�r�o�t�a�t�i�o�n�)� �p�e�r� 

�n�o�d�e�,� �a�n�d� �(�b�)� �c�o�m�p�l�e�x� �b�e�a�m�s� �w�i�t�h� �m�o�r�e� �t�h�a�n� �4� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �p�e�r� �n�o�d�e� �a�n�d�/�o�r� �m�o�r�e� 

�t�h�a�n� �t�w�o� �n�o�d�e�s� �p�e�r� �e�l�e�m�e�n�t�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�,� �t�h�e� �s�i�z�e� �o�f� �t�h�e� 

�p�r�o�b�l�e�m� �i�n�c�r�e�a�s�e�s� �w�i�t�h� �t�h�e� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�.� �T�h�e� �m�o�s�t� �c�o�m�m�o�n�l�y� �u�s�e�d� 

�f�o�r�m�u�l�a�t�i�o�n� �i�s� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �w�i�t�h� �2� �n�o�d�e�s� �a�n�d� �4�-�d�o�f ��s� �p�e�r� �n�o�d�e�.� �T�h�e� �e�f�f�e�c�t� �o�f� 

�s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �i�s� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �m�o�d�e�l�.� �T�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �s�t�i�f�f�n�e�s�s�,� �m�a�s�s� �a�n�d� 

�g�y�r�o�s�c�o�p�i�c� �m�a�t�r�i�c�e�s� �f�o�r� �t�h�e� �r�o�t�o�r� �e�l�e�m�e�n�t�,� �m�o�d�e�l�e�d� �a�s� �a� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m�,� �a�r�e� �d�e�s�c�r�i�b�e�d� 

�i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s� �(�7�1�,�7�2�,�7�3�)�.� �T�h�e� �d�e�r�i�v�a�t�i�o�n�s� �o�f� �t�h�e� �m�a�s�s� �a�n�d� �d�a�m�p�i�n�g� �m�a�t�r�i�c�e�s� �f�o�r� 

�t�h�e� �r�i�g�i�d� �d�i�s�k�s� �a�n�d� �t�h�e� �b�e�a�r�i�n�g�s� �a�r�e� �a�l�s�o� �d�i�s�c�u�s�s�e�d�.� 

�2�.�0� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�y�s�t�e�m� �M�o�d�e�l� �1�7



�2�.�2� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �B�e�a�m� �-�-� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �K�,�M�,�C� �m�a�t�r�i�c�e�s� 

�2�.�2�.�1� �T�h�e� �R�o�t�o�r� �e�l�e�m�e�n�t� 

�A� �t�y�p�i�c�a�l� �f�i�n�i�t�e� �r�o�t�a�t�i�n�g� �s�h�a�f�t� �e�l�e�m�e�n�t� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�1� �w�i�t�h� �t�h�e� �t�w�o� �r�e�f�e�r�e�n�c�e� 

�s�y�s�t�e�m�s� �-� �t�h�e� �(�X�Y�Z�)� �t�r�i�a�d� �a�s� �t�h�e� �f�i�x�e�d� �r�e�f�e�r�e�n�c�e� �f�r�a�m�e� �w�i�t�h� �t�h�e� �X� �a�x�i�s� �c�o�i�n�c�i�d�i�n�g� �w�i�t�h� �t�h�e� 

�u�n�d�e�f�o�r�m�e�d� �r�o�t�o�r� �c�e�n�t�e�r�l�i�n�e�,� �a�n�d� �t�h�e� �(�x�y�z�)� �t�r�i�a�d� �t�h�a�t� �r�o�t�a�t�e�s� �a�t� �a� �u�n�i�f�o�r�m� �r�a�t�e� �@� �a�b�o�u�t� �t�h�e� 

�X� �a�x�i�s�.� �T�h�e� �e�l�e�m�e�n�t� �i�s� �c�o�n�s�i�d�e�r�e�d� �i�n�i�t�i�a�l�l�y� �s�t�r�a�i�g�h�t� �a�n�d� �i�s� �m�o�d�e�l�e�d� �a�s� �a� �b�e�a�m� �e�l�e�m�e�n�t� �w�i�t�h� 

�t�w�o� �n�o�d�e�s� �a�t� �e�a�c�h� �e�n�d�.� �E�a�c�h� �n�o�d�e� �h�a�s� �4� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �(�d�o�f�)� �-� �V�,�W� �t�h�e� 

�d�i�s�p�l�a�c�e�m�e�n�t�s� �i�n� �t�h�e� �Y� �a�n�d� �Z� �d�i�r�e�c�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �B�,�I� �t�h�e� �r�o�t�a�t�i�o�n�s� �a�b�o�u�t� �t�h�e� �Y� 

�a�n�d� �Z� �d�i�r�e�c�t�i�o�n�s�.� �T�h�u�s� �e�a�c�h� �e�l�e�m�e�n�t� �i�s� �m�o�d�e�l�e�d� �w�i�t�h� �a� �t�o�t�a�l� �o�f� �8� �d�o�f�s�.� �T�h�e� �s�y�m�m�e�t�r�y� �o�f� 

�t�h�e� �r�o�t�o�r� �e�l�e�m�e�n�t� �a�b�o�u�t� �t�h�e� �a�x�i�s� �o�f� �r�o�t�a�t�i�o�n� �i�s� �a�s�s�u�m�e�d�.� 
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�F�i�g�u�r�e� �2�.�1� �T�y�p�i�c�a�l� �R�o�t�o�r� �E�l�e�m�e�n�t� �C�o�n�f�i�g�u�r�a�t�i�o�n� �s�h�o�w�i�n�g� �t�h�e� �C�o�o�r�d�i�n�a�t�e� �S�y�s�t�e�m� 
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�A� �t�y�p�i�c�a�l� �c�r�o�s�s�-�s�e�c�t�i�o�n� �o�f� �t�h�e� �r�o�t�o�r� �e�l�e�m�e�n�t�,� �l�o�c�a�t�e�d� �a�t� �a� �d�i�s�t�a�n�c�e�  ��s �� �f�r�o�m� �t�h�e� �l�e�f�t� 

�e�n�d�,� �t�r�a�n�s�l�a�t�e�s� �a�n�d� �r�o�t�a�t�e�s� �d�u�r�i�n�g� �t�h�e� �g�e�n�e�r�a�l� �m�o�t�i�o�n� �o�f� �t�h�e� �e�l�e�m�e�n�t�.� �T�h�e� �t�r�a�n�s�l�a�t�i�o�n� �o�f� 

�t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n� �c�e�n�t�e�r�l�i�n�e� �n�e�g�l�e�c�t�i�n�g� �a�x�i�a�l� �m�o�t�i�o�n� �i�s� �g�i�v�e�n� �b�y� �a� �s�e�t� �o�f� �t�w�o� �d�i�s�p�l�a�c�e�m�e�n�t�s� 

�(�V�,�W�)� �w�h�i�c�h� �i�s� �m�a�d�e� �u�p� �o�f� �a� �b�e�n�d�i�n�g� �c�o�m�p�o�n�e�n�t� �(�V�5�,�W�e�)� �a�n�d� �a� �c�o�m�p�o�n�e�n�t� �d�u�e� �t�o� �s�h�e�a�r� 

�d�e�f�o�r�m�a�t�i�o�n� �(�V�,�,�W�,�)�.� �T�h�e� �r�o�t�a�t�i�o�n�s� �o�f� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n� �a�r�e� �g�i�v�e�n� �b�y� �t�h�e� �a�n�g�l�e�s�,� �d�e�f�i�n�e�d� 

�a�s� �B�=�-� �O�W�/�o�s� �a�n�d� �I�T� �=� �O�V�/�o�s�.� �T�h�e� �t�r�a�n�s�l�a�t�i�o�n� �o�f� �a� �t�y�p�i�c�a�l� �p�o�i�n�t� �i�n�t�e�r�n�a�l� �t�o� �t�h�e� �e�l�e�m�e�n�t� 

�i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �g�i�v�e�n� �b�y� �t�h�e� �r�e�l�a�t�i�o�n� �(�1�3�)�,� 

�V�(�s�,�t�)� �w�v�,� �O� �0� �0� �0� �_� �1� �Y�2� �W�3� �{�q�(�t�)�}� 

�W�(�s�,� �t�)� �O� �W�r� �-�W�2� �O� �O� �W�z� �-�W�4� �(�2�.�2�)� 
�V�(�s�,�t�)�|� �_� �w�e�e�o�t� �7� �L�O�L� �{�a�0�}� 

�w�h�e�r�e�,� 

�{�a�(�t�)�}� �=� �{�v�y� �w�y� �B�y�;� �8�2�1� �V�2� �W�2� �B�y�p� �G�2�}�!� 

�T�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �y�.�(�s�)� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�t�a�t�i�c� �d�i�s�p�l�a�c�e�m�e�n�t� �m�o�d�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �u�n�i�t� 

�d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �o�n�e� �o�f� �t�h�e� �e�n�d� �p�o�i�n�t� �c�o�o�r�d�i�n�a�t�e�s� �w�i�t�h� �t�h�e� �r�e�s�t� �c�o�n�s�t�r�a�i�n�e�d� �t�o� �z�e�r�o�.� �T�h�e� 

�s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n�,� �g�i�v�e�n� �b�y� �t�h�e� �f�a�c�t�o�r� �®� �=� �1�2�E�I�/�k�G�A�I�*�,� �i�s� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n� �t�h�e� �s�h�a�p�e� 

�f�u�n�c�t�i�o�n� �a�s� �g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x�.� �T�h�e� �f�a�c�t�o�r�  ��k �� �i�s� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �f�o�r�m� �f�a�c�t�o�r� �a�n�d� 

�d�e�p�e�n�d�s� �o�n� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�,� �g�i�v�e�n� �b�y� �C�o�w�p�e�r� �(�1�2�)�.� 
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�T�h�e� �r�o�t�a�t�i�o�n� �i�s� �g�i�v�e�n� �b�y�,� 

�B�(�s�,� �t�)� �_� �0�  ��]� �d�»� �0� �0�  ��$�3� �b�4� �0� 

�r�e�a�l� �i� �0� �0� �6� �6�3� �0� �O� �.� �{�a�(�t�)�}� 
�B�e�t� �(�2�.�3�)� 

�S�,�t�)�|� �(�r�e�n�t� �=� �[�2�0�]� �0�}� 

�T�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �9�;�(�s�)� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�t�a�t�i�c� �d�i�s�p�l�a�c�e�m�e�n�t� �m�o�d�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �u�n�i�t� 

�d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �o�n�e� �o�f� �t�h�e� �e�n�d� �p�o�i�n�t� �c�o�o�r�d�i�n�a�t�e�s� �w�i�t�h� �t�h�e� �r�e�s�t� �c�o�n�s�t�r�a�i�n�e�d� �t�o� �z�e�r�o�.� 

�T�h�e� �e�l�e�m�e�n�t� �e�q�u�a�t�i�o�n�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �u�s�i�n�g� �H�a�m�i�l�t�o�n�'�s� �p�r�i�n�c�i�p�l�e� �w�h�i�c�h� �s�t�a�t�e�s� �t�h�a�t� 

�t�h�e� �d�e�f�i�n�i�t�e� �i�n�t�e�g�r�a�l�,� 

�.� �&� 
�I� �=� �{�T�g� �-� �V�E� �+� �W�)�d�t� 

�t�y� 

�i�s� �s�t�a�t�i�o�n�a�r�y� �f�o�r� �t�h�e� �t�r�u�e� �p�a�t�h�,� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �a�n�y� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �p�a�t�h� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� 

�i�n�s�t�a�n�t�s� �t�,� �a�n�d� �t�,�,� �p�r�o�v�i�d�e�d� �t�h�a�t� �t�h�e� �p�a�t�h� �v�a�r�i�a�t�i�o�n� �v�a�n�i�s�h�e�s� �a�t� �t�h�e� �e�n�d� �p�o�i�n�t�s�.� 

�T�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y�,� 

�t� 

�[�(�T�e� �-�V�e�)� �+� �d�W�]� �d�t� �=� �0� �(�2�.�4�)� 
�t� 

�w�h�e�r�e� �T�z� �=� �K�i�n�e�t�i�c� �e�n�e�r�g�y�,� �V�e� �=� �P�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�,� �6�W� �=� �V�a�r�i�a�t�i�o�n�a�l� �w�o�r�k� �d�o�n�e� �b�y� �t�h�e� 

�n�o�n� �c�o�n�s�e�r�v�a�t�i�v�e� �f�o�r�c�e�s� �n�o�t� �a�c�c�o�u�n�t�e�d� �f�o�r� �i�n� �t�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�.� 

�2�.�0� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�y�s�t�e�m� �M�o�d�e�l� �2�0



�K�i�n�e�t�i�c� �e�n�e�r�g�y�:� �T�h�e� �e�l�e�m�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �c�o�n�s�i�s�t�s� �o�f� �b�o�t�h� �t�h�e� �e�n�e�r�g�y� �d�u�e� �t�o� �r�o�t�a�t�i�o�n� 

�a�n�d� �t�r�a�n�s�l�a�t�i�o�n�.� �T�h�e� �r�o�t�a�t�i�o�n�a�l� �e�n�e�r�g�y� �i�n�c�l�u�d�e�s� �t�e�r�m�s� �d�u�e� �t�o� �s�p�i�n�n�i�n�g� �o�f� �t�h�e� �s�h�a�f�t�.� 

�T�E� �=� 
�w�i�f�e� �i�t� �(�B�B� �1� �1� �9� �h�l� 

�m�\�,� �{�t�a�s� �t�y� �M�a� �i�r�e� �r�t�e� �a�r� �N�y� �d�s� �6�2� �-� �O�/�I�p�I�B� �d�s� �(�2�.�5�)� 

�P�o�t�e�n�t�i�a�l� �e�n�e�r�g�y�:� �T�h�e� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �o�f� �t�h�e� �e�l�e�m�e�n�t� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �e�l�a�s�t�i�c� �b�e�n�d�i�n�g� �a�n�d� 

�s�h�e�a�r� �e�n�e�r�g�y� �a�n�d� �e�n�e�r�g�y� �d�u�e� �t�o� �a�x�i�a�l� �l�o�a�d�.� 

�4�!� �V�a�l� �[�V�8� �i�!� �V�5�)�"� �(�V�E� �i�l� �¢�v�t� �r�y� 
�v�e� �$�1�E�I�\� �y�e�}�  ��w�a� �i�s� �F�T�R�A�G� �3� �i�w� �|� �d�s� �H�I�P� �w�e�s� �(�2�.�6�)� 

�0� 

�V�a�r�i�a�t�i�o�n�a�l� �w�o�r�k�:� �T�h�e� �v�a�r�i�a�t�i�o�n�a�l� �w�o�r�k�,� �a�s�s�u�m�i�n�g� �o�n�l�y� �u�n�b�a�l�a�n�c�e�,� �i�s� �d�u�e� �t�o� �t�h�e� 

�d�i�s�t�r�i�b�u�t�e�d� �u�n�b�a�l�a�n�c�e� �f�o�r�c�e�.� 

�i�p�s�v�)� �i� �(�(� �P�R�,� �P� 
�S�W� �=� �f� �[� �Y�e�}� �C�o�s� �M�t� �+� �4�_�%�8� �s�i�n� �O�t� �d�s� �(�2�.�7�)� 

�9� �(�S�W� �P�i�c� �P� �w�s� 

�S�u�b�s�t�i�t�u�t�i�n�g� �e�q�u�a�t�i�o�n�s� �(�2�.�2�)� �a�n�d� �(�2�.�3�)� �i�n�t�o� �e�q�u�a�t�i�o�n�s� �(�2�.�5�)�,�(�2�.�6�)� �a�n�d� �(�2�.�7�)�,� �t�h�e� �i�n�t�e�g�r�a�l�s� �f�o�r� 

�t�h�e� �e�n�e�r�g�i�e�s� �a�n�d� �v�a�r�i�a�t�i�o�n�a�l� �w�o�r�k� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�,� 

�T�s� �=� �4�{�a�}�"�(�M�r�]� �+�[�N�)�{�a�}� �-� �6� �{�4�}�  ��[�H�]�f�a�}� �+�4� �1�,�6�7� �(�2�.�8�)� 
�V�e� �=� �4� �{�a�}�"� �(�x�)� �-� �[�A�D� �(�2�.�9�)� 
�B�W� �=� �{�S�q�}�"� �(�{�Q�,�}� �C�o�s�M� �+� �{�Q�,�}� �S�i�n�M�t�)� �(�2�.�1�0�)� 

�2�.�0� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�y�s�t�e�m� �M�o�d�e�l� �2�1



�U�s�i�n�g� �H�a�m�i�l�t�o�n�'�s� �p�r�i�n�c�i�p�l�e�,� �a�n�d� �e�q�u�a�t�i�o�n�s� �(�2�.�8�)�,� �(�2�.�9�)� �a�n�d� �(�2�.�1�0�)�,� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� 

�f�o�r� �t�h�e� �f�i�n�i�t�e� �r�o�t�o�r� �e�l�e�m�e�n�t� �i�n� �m�a�t�r�i�x� �f�o�r�m� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�,� 

�(�M�r�]�+�[�N�]�{�a�}� �-� �o�[�G�]�{�a�}� �+� �(�(�K�]�-�[�A�]�)� �{�a�}� �=� �(�{�F�.�}� �C�o�s�t� �+� �{�F�,�}� �S�i�n�t�)� �(�2�.�1�1�)� 

�T�h�e� �m�a�t�r�i�c�e�s� �a�r�e� �g�i�v�e�n� �i�n� �t�h�e� �A�p�p�e�n�d�i�x�.� 

�2�.�2�.�2� �R�i�g�i�d� �d�i�s�k� 

�T�h�e� �r�i�g�i�d� �d�i�s�k� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �i�s� �d�e�v�e�l�o�p�e�d� �u�s�i�n�g� �a� �L�a�g�r�a�n�g�i�a�n� �f�o�r�m�u�l�a�t�i�o�n�.� 

�T�h�e� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �o�f� �a� �t�y�p�i�c�a�l� �r�i�g�i�d� �d�i�s�k� �w�i�t�h� �m�a�s�s� �c�e�n�t�e�r� �c�o�i�n�c�i�d�e�n�t� �w�i�t�h� �t�h�e� �e�l�a�s�t�i�c� �r�o�t�o�r� 

�c�e�n�t�e�r�l�i�n�e� �i�s� �g�i�v�e�n� �b�y�,� 

�T�h�e� �L�a�g�r�a�n�g�i�a�n� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �f�o�r� �t�h�e� �r�i�g�i�d� �d�i�s�k� �w�i�t�h� �c�o�n�s�t�a�n�t� �s�p�i�n� �s�p�e�e�d�,� �6� �=� �Q�,� 

�c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�,� 

�[�o�t�]� �o�t�)� �4�-�6�4�]� �6�4�}� �=� �4�}� �o�m� 
�T�h�e� �m�a�t�r�i�c�e�s� �a�r�e� �g�i�v�e�n� �i�n� �t�h�e� �A�p�p�e�n�d�i�x�.� 

�2�.�2�.�3� �B�e�a�r�i�n�g�s�/�S�e�a�l�s� 

�T�h�e� �b�e�a�r�i�n�g�s�/�s�e�a�l�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �f�o�l�l�o�w� �t�h�e� �r�e�l�a�t�i�o�n�,� 
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�[�e�*�}� �{�2�°�}� �*� �[�K�*�]� �7�°�}� �~� �F�}� �(�2�.�1�3�)� 

�w�h�e�r�e�,� 

�0�°�}� �=� �{�3�h� �b�e�d�s� �f�e�r� �e�e�]� �f�e�t�}� �[�e� �|� 
�C�o�m�b�i�n�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �f�i�n�i�t�e� �r�o�t�o�r� �e�l�e�m�e�n�t� �(�2�.�1�1�)�,� �t�h�e� �r�i�g�i�d� �d�i�s�k�s� �(�2�.�1�2�)� �a�n�d� �t�h�e� 

�b�e�a�r�i�n�g�s� �(�2�.�1�3�)�,� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �f�o�r� �t�h�e� �r�o�t�o�r�-�b�e�a�r�i�n�g� �s�y�s�t�e�m� �c�a�n� �b�e� �a�s�s�e�m�b�l�e�d� 

�i�n�t�o� �t�h�e� �f�o�r�m�,� 

�[�M�]� �{�a�}� �+� �[�C�]� �{�4�}� �+�[�K�]� �{�a�}� �=� �{�F�}� �(�2�.�1�4�)� 

�w�h�e�r�e�,� 

�[�M�]� �=� �S�y�s�t�e�m� �m�a�s�s� �m�a�t�r�i�x� 

�[�C�]� �=� �S�y�s�t�e�m� �d�a�m�p�i�n�g� �m�a�t�r�i�x� 

�(�K�]� �=� �S�y�s�t�e�m� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� 

�{�F�}� �=� �S�y�s�t�e�m� �f�o�r�c�e� �v�e�c�t�o�r�.� 

�2�.�0� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�y�s�t�e�m� �M�o�d�e�l� �2�3



�2�.�3� �S�t�a�b�i�l�i�t�y� �A�n�a�l�y�s�i�s� 

�2�.�3�.�1� �M�e�t�h�o�d� �o�f� �S�o�l�u�t�i�o�n� 

�T�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �(�2�.�1�4�)� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n�.� �T�h�i�s� 

�e�q�u�a�t�i�o�n� �c�a�n� �b�e� �u�s�e�d� �f�o�r� �p�e�r�f�o�r�m�i�n�g� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �a�n�d� �t�h�e� �u�n�b�a�l�a�n�c�e� �r�e�s�p�o�n�s�e� �o�f� 

�t�h�e� �r�o�t�o�r�-�b�e�a�r�i�n�g� �s�y�s�t�e�m�.� �F�o�r� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s�,� �t�h�e� �s�e�c�o�n�d� �o�r�d�e�r� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n� �o�f� 

�m�o�t�i�o�n� �i�s� �r�e�d�u�c�e�d� �t�o� �f�i�r�s�t� �o�r�d�e�r� �e�q�u�a�t�i�o�n�s� �a�s� �f�o�l�l�o�w�s�,� 

�o�e� �M�h� �m�e�r� 
�H�e�n�c�e�,� 

�0� �M�i�.�.�.� �-�M� �0� �w�e� �c�l�O�t�l�e� �x�e� 

�A�s�s�u�m�i�n�g� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �f�o�r�m�,� �{�r�}� �=� �{�r�o�}� �e�t� �t�h�e� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �i�s�,� 

�0� �I� �l�y� �«�l�c� �{�t�o�}� �=� �+� �{�t�y�}� �(�2�.�1�5�)� 

�F�o�r� �s�o�l�v�i�n�g� �t�h�e� �a�b�o�v�e� �E�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �(�g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n� �(�2�.�1�5�)�)�,� �t�h�e� �E�I�S�P�A�C�K� 

�r�o�u�t�i�n�e�s� �B�A�L�A�N�C�,�E�L�M�H�E�S�,�E�L�T�R�A�N� �a�n�d� �H�Q�R�2� �(�7�4�)� �a�r�e� �u�s�e�d�.� �T�h�e� �o�u�t�p�u�t� �i�s� �i�n� �t�h�e� 

�f�o�r�m� �o�f� �t�h�e� �d�a�m�p�e�d� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �a�n�d� �l�o�g�a�r�i�t�h�m�i�c� �d�e�c�r�e�m�e�n�t�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �u�s�e�d� �f�o�r� �t�h�e� 

�e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �i�s� �t�h�e� �H�Q�R� �a�l�g�o�r�i�t�h�m�.� 

�T�h�e� �f�l�o�w� �o�f� �t�h�e� �s�t�a�b�i�l�i�t�y� �p�r�o�g�r�a�m� �i�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�2�,� �T�h�e� �i�n�p�u�t� �t�o� �t�h�e� 

�p�r�o�g�r�a�m� �i�s� �i�n� �t�h�e� �f�o�r�m� �o�f� �p�h�y�s�i�c�a�l� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �r�o�t�o�r�,� �t�h�e� �b�e�a�r�i�n�g� �l�o�c�a�t�i�o�n�s� �a�n�d� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �(�a� �t�o�t�a�l� �o�f� �8�)�,� �e�x�t�e�r�n�a�l� �m�a�s�s� �a�n�d� 

�2�.�0� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�y�s�t�e�m� �M�o�d�e�l� �2�4



�i�n�e�r�t�i�a� �p�r�o�p�e�r�t�i�e�s�,� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n�s� �(�i�n� �t�h�e� �c�a�s�e� �o�f� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s�)�,� �t�h�e� �p�e�d�e�s�t�a�l� 

�p�r�o�g�r�a�m� �t�h�e�n� �e�v�a�l�u�a�t�e�s� �t�h�e� �e�l�e�m�e�n�t� �m�a�s�s�,� �d�a�m�p�i�n�g� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s� �i�n� �t�u�r�n� 

�a�s�s�e�m�b�l�i�n�g� �t�h�e�s�e� �i�n�t�o� �t�h�e� �r�e�s�p�e�c�t�i�v�e� �g�l�o�b�a�l� �m�a�t�r�i�c�e�s�.� �O�n�c�e� �t�h�e� �g�l�o�b�a�l� �m�a�t�r�i�c�e�s� �a�r�e� 

�o�b�t�a�i�n�e�d�,� �t�h�e� �p�r�o�g�r�a�m� �a�d�d�s� �t�h�e� �b�e�a�r�i�n�g� �p�r�o�p�e�r�t�i�e�s� �a�t� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �l�o�c�a�t�i�o�n�s� �(�a�c�c�o�u�n�t�i�n�g� 

�f�o�r� �t�h�e� �s�e�n�s�o�r� �p�o�s�i�t�i�o�n�s� �i�n� �t�h�e� �c�a�s�e� �o�f� �r�o�t�o�r�s� �s�u�p�p�o�r�t�e�d� �o�n� �a�c�t�i�v�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�)�.� 
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�F�i�g�u�r�e� �2�.�2� �F�l�o�w� �o�f� �t�h�e� �S�t�a�b�i�l�i�t�y� �P�r�o�g�r�a�m� 

�I�n� �c�a�s�e� �a� �p�e�d�e�s�t�a�l� �i�s� �p�r�e�s�e�n�t�,� �t�h�e� �p�e�d�e�s�t�a�l� �i�s� �m�o�d�e�l�e�d� �w�i�t�h� �a�d�d�i�t�i�o�n�a�l� �d�e�g�r�e�e�s� �o�f� 

�f�r�e�e�d�o�m�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �b�y� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�,� �t�h�e� �p�e�d�e�s�t�a�l� 

�2�.�0� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�y�s�t�e�m� �M�o�d�e�l� �2�6



�p�r�o�p�e�r�t�i�e�s� �c�a�n�n�o�t� �b�e� �r�e�d�u�c�e�d� �t�o� �a�n� �e�q�u�i�v�a�l�e�n�t� �s�e�t� �o�f� �p�r�o�p�e�r�t�i�e�s� �i�n� �s�e�r�i�e�s� �w�i�t�h� �t�h�e� �b�e�a�r�i�n�g�.� 

�H�e�n�c�e� �t�h�e� �p�e�d�e�s�t�a�l� �i�s� �m�o�d�e�l�e�d� �w�i�t�h� �a�d�d�i�t�i�o�n�a�l� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�.� �O�n�c�e� �t�h�e� �b�e�a�r�i�n�g�,� 

�p�e�d�e�s�t�a�l� �a�n�d� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r� �(�i�f� �a�n�y�)� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �a�c�c�o�u�n�t�e�d� �f�o�r� �i�n� �t�h�e� �r�e�s�p�e�c�t�i�v�e� 

�g�l�o�b�a�l� �m�a�t�r�i�c�e�s�,� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �f�o�r� �t�h�e� �t�o�t�a�l� �s�y�s�t�e�m� �i�s� �c�o�m�p�l�e�t�e�.� �T�h�i�s� �i�s� �r�e�d�u�c�e�d� �t�o� 

�a� �f�i�r�s�t� �o�r�d�e�r� �f�o�r�m� �a�s� �e�x�p�l�a�i�n�e�d� �a�b�o�v�e�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �(�e�q�u�a�t�i�o�n� �(�2�.�1�5�)�)� 

�i�s� �s�o�l�v�e�d� �u�s�i�n�g� �t�h�e� �E�I�S�P�A�C�K� �(�7�4�)� �r�o�u�t�i�n�e�s�.� �T�h�e� �o�u�t�p�u�t� �g�i�v�e�n� �b�y� �H�Q�R�2� �i�s� �i�n� �t�h�e� �f�o�r�m� �o�f� 

�e�i�g�e�n�v�a�l�u�e�s� �a�n�d� �e�i�g�e�n�v�e�c�t�o�r�s�.� �I�n� �g�e�n�e�r�a�l�,� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �a�r�e� �c�o�m�p�l�e�x� �a�n�d� �t�h�e� �r�e�a�l� �p�a�r�t� �i�s� 

�i�n�d�i�c�a�t�i�v�e� �o�f� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �s�y�s�t�e�m� �a�n�d� �t�h�e� �i�m�a�g�i�n�a�r�y� �p�a�r�t� �g�i�v�e�s� �t�h�e� �d�a�m�p�e�d� �n�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�y�.� �T�h�e� �m�o�d�e� �s�h�a�p�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �e�i�g�e�n�v�e�c�t�o�r�s� �a�n�d� �a�r�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�h�e� 

�f�o�r�m� �o�f� �a�n� �e�l�l�i�p�s�e� �a�t� �t�h�e� �s�e�c�t�i�o�n�s� �a�l�o�n�g� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �r�o�t�o�r�.� �T�h�e� �e�i�g�e�n�v�a�l�u�e�s� �a�r�e� 

�e�x�p�r�e�s�s�e�d� �i�n� �t�h�e� �f�o�r�m� �o�f� �l�o�g�a�r�i�t�h�m�i�c� �d�e�c�r�e�m�e�n�t� �a�n�d� �d�a�m�p�e�d� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s�.� 

�2�.�3�.�2� �D�a�m�p�e�d� �N�a�t�u�r�a�l� �F�r�e�q�u�e�n�c�i�e�s� 

�I�n� �t�h�e� �a�b�o�v�e� �a�n�a�l�y�s�i�s� �t�h�e� �i�n�v�e�r�s�e� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �w�a�s� �s�o�l�v�e�d�.� �T�h�i�s� �e�v�a�l�u�a�t�e�s� 

�t�h�e� �l�o�w�e�s�t� �f�r�e�q�u�e�n�c�i�e�s� �f�i�r�s�t� �a�n�d� �h�e�n�c�e� �a�n�y� �e�r�r�o�r� �p�r�o�p�a�g�a�t�i�o�n� �w�i�l�l� �a�f�f�e�c�t� �o�n�l�y� �t�h�e� �h�i�g�h�e�r� 

�m�o�d�e�s�.� �T�y�p�i�c�a�l�l�y�,� �t�h�e� �l�o�w�e�r� �f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �t�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �m�o�d�e�s� �o�f� �a�n�y� �r�o�t�o�r� 

�s�y�s�t�e�m�.� �I�n� �t�h�e� �g�e�n�e�r�a�l� �c�a�s�e� �o�f� �a� �d�a�m�p�e�d� �s�y�s�t�e�m�,� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �a�r�e� �c�o�m�p�l�e�x� �a�n�d� �a�p�p�e�a�r� �i�n� 

�c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�e� �p�a�i�r�s�.� �T�h�e� �e�i�g�e�n�v�a�l�u�e�s� �h�a�v�e� �t�h�e� �g�e�n�e�r�a�l� �f�o�r�m�,� �A�=� �a�+�i�@�,�,� �w�h�e�r�e� �a�=� 

�g�r�o�w�t�h� �f�a�c�t�o�r� �a�n�d� �@�,� �=� �t�h�e� �d�a�m�p�e�d� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �(�r�a�d�/�s�)�.� 

�T�h�e� �r�o�t�o�r�-�s�y�s�t�e�m� �i�s� �s�a�i�d� �t�o� �b�e� �s�t�a�b�l�e� �i�f� �t�h�e� �g�r�o�w�t�h� �f�a�c�t�o�r�  ��a �� �i�s� �n�e�g�a�t�i�v�e�.� �A� �p�o�s�i�t�i�v�e� 

�g�r�o�w�t�h� �f�a�c�t�o�r� �i�n�d�i�c�a�t�e�s� �a�n� �e�x�p�o�n�e�n�t�i�a�l�l�y� �i�n�c�r�e�a�s�i�n�g�l�y� �u�n�s�t�a�b�l�e� �s�y�s�t�e�m�.� �A�n�o�t�h�e�r� �c�o�m�m�o�n� 

�2�.�0� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�y�s�t�e�m� �M�o�d�e�l� �2�7



�p�a�r�a�m�e�t�e�r� �u�s�e�d� �i�n� �t�u�r�b�o�m�a�c�h�i�n�e�r�y� �i�n�d�u�s�t�r�i�e�s� �t�o� �r�e�p�o�r�t� �t�h�e� �d�e�g�r�e�e� �o�f� �s�t�a�b�i�l�i�t�y� �i�s� �t�h�e� 

�l�o�g�a�r�i�t�h�m�i�c� �d�e�c�r�e�m�e�n�t�.� �F�o�r� �a� �g�i�v�e�n� �e�i�g�e�n�v�a�l�u�e�,� �u�s�i�n�g� �t�h�e� �s�i�m�p�l�e� �s�i�n�g�l�e� �m�o�d�e� �t�h�e�o�r�y�,� �t�h�e� 

�l�o�g�a�r�i�t�h�m�i�c� �d�e�c�r�e�m�e�n�t� �i�s� �d�e�f�i�n�e�d� �a�s�,� �6� �=�-� �2� �2� �a�/� �q�,�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �s�y�s�t�e�m� �i�s� �s�a�i�d� �t�o� �b�e� 

�s�t�a�b�l�e� �i�f� �t�h�e� �l�o�g�a�r�i�t�h�m�i�c� �d�e�c�r�e�m�e�n�t� �i�s� �p�o�s�i�t�i�v�e�.� 

�2�.�3�.�3� �D�a�m�p�e�d� �M�o�d�e�s� 

�T�h�e� �m�o�d�e� �s�h�a�p�e�s� �o�f� �t�h�e� �r�o�t�o�r� �a�t� �t�h�e� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �a�r�e� �a�s� �i�m�p�o�r�t�a�n�t� �a�s� �t�h�e� 

�e�i�g�e�n�v�a�l�u�e�s� �i�n� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �a� �r�o�t�o�r�-�b�e�a�r�i�n�g� �s�y�s�t�e�m�.� �T�h�e� �e�i�g�e�n�v�e�c�t�o�r�s� �g�i�v�e� �t�h�e� �r�e�s�p�e�c�t�i�v�e� 

�m�o�d�e� �s�h�a�p�e� �o�f� �t�h�e� �d�a�m�p�e�d� �c�r�i�t�i�c�a�l� �s�p�e�e�d�.� �I�n� �g�e�n�e�r�a�l�,� �t�h�e� �c�o�m�p�l�e�x� �e�i�g�e�n�v�a�l�u�e� �h�a�s� �a� 

�c�o�m�p�l�e�x� �e�i�g�e�n�v�e�c�t�o�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �i�t�.� �T�h�i�s� �r�e�s�u�l�t�s� �i�n� �a� �3�-�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e� �s�h�a�p�e� �o�f� �t�h�e� 

�r�o�t�o�r�,� �i�.�e�.�,� �t�h�e� �r�o�t�o�r� �r�o�t�a�t�e�s� �a�b�o�u�t� �i�t�s� �u�n�d�e�f�o�r�m�e�d� �c�e�n�t�e�r�l�i�n�e� �i�n� �t�h�e� �r�e�s�u�l�t�i�n�g� �s�h�a�p�e�.� �T�h�e� 

�e�i�g�e�n�v�e�c�t�o�r�s� �c�o�n�s�i�s�t� �o�f� �c�o�m�p�l�e�x� �c�o�o�r�d�i�n�a�t�e�s� �i�n� �t�h�e� �t�w�o� �l�a�t�e�r�a�l� �d�i�r�e�c�t�i�o�n�s�,� �Y� �,� �Y�,�,� �Z�_� �a�n�d� �Z�,� 

�.� �T�h�e�s�e� �c�o�m�p�l�e�x� �c�o�o�r�d�i�n�a�t�e�s� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�h�e� �f�o�r�m� �o�f� �a�n� �e�l�l�i�p�s�e�,� �w�i�t�h� �p�h�a�s�e� �a�n�g�l�e�s�.� 

�T�h�e� �p�h�y�s�i�c�a�l� �m�e�a�n�i�n�g� �o�f� �t�h�e� �e�l�l�i�p�s�e� �i�s� �t�h�a�t� �i�t� �i�s� �t�h�e� �l�o�c�u�s� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �n�o�d�e� �a�s� �t�h�e� 

�r�o�t�o�r� �r�o�t�a�t�e�s� �a�b�o�u�t� �i�t� �c�e�n�t�e�r�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �m�o�t�i�o�n�s� �i�n� �t�h�e� �y� �a�n�d� �z� �d�i�r�e�c�t�i�o�n�s� �(�l�a�t�e�r�a�l� 

�d�i�r�e�c�t�i�o�n�s�)� �a�r�e� �g�i�v�e�n� �b�y� �(�3�2�,�8�2�)�,� 

�y� �=� �R�e�(�¥�)� �=� �R�e�f�e�@�*�#�°�a�t� �(�y�,� �+� �7� �¥�;�)�]� 
�y� �=� �R�e�f�e�®� �(�Y�,� �C�o�s�@� �g�t� �-� �Y�j� �S�i�n�@�g�t� �+� �7�Y�,� �S�i�n�@�g�t� �+� �i�Y�;� �C�o�s�@�g�t�)�]� 

�y� �=�e�"� �(�Y�,� �C�o�s�a�g�t� �-� �Y�j�;� �S�i�n�w�g�t�)� 
�S�i�m�i�l�a�r�l�y�,� 

�z�=� �e�"�(�Z�,�C�o�s�a�g�t� �-� �Z�;� �S�i�n�o�g�t�)� 

�T�h�e� �e�l�l�i�p�t�i�c�a�l� �p�a�r�a�m�e�t�e�r�s� �c�a�n� �b�e� �d�e�r�i�v�e�d� �a�s� �f�o�l�l�o�w�s� �(�6�9�)�.� 

�2�.�0� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�y�s�t�e�m� �M�o�d�e�l� �2�8



�v�a�r�l� �=� �¥�2� �+� �¥�2� �+�2�7�7� �+� �Z�?� 

�v�a�2� �=� �Y�2� �+� �Y�?� �-� �2�2� �-� �2�?� 
�v�a�r�3� �=� �Y�2� �-� �¥�?� �+�7�2�?� �-� �z�?� 
�v�a�r�4� �=� �Y�,�*�Z�,� �+� �Y�;�*�Z�;� 
�v�a�r�s� �=� �Y�,�*� �Y�¥�;� �+� �Z�,�*�Z�;� 

� � 

� � 

�s�e�m�i� �m�a�j�o�r� �a�x�i�s� �=� �o�.�s�[�v�a�r�l� �+� �(�v�a�r�2�?� �+� �4�x� �v�a�r�4�?� �)� �]� �(�2�.�1�6�)� 
� � 

� � 

�s�[�o�.�s�[�v�a�r�t� �-� �(�v�a�r�2�?� �+� �4�x� �v�a�r�4�?� �)� �]� �(�2�.�1�7�)� 

�a� �=� �0�.�5� �a�r�c�t�a�n�(�-�2� �v�a�r�5�/� �v�a�r�3�)� 

�6�B� �=� �0�.�5� �a�r�c�t�a�n�(�2� �v�a�r�4� �/� �v�a�r�2�)� 

�s�e�m�i� �_�m�i�n�o�r�_� �a�x�i�s� 

�w�h�e�r�e�,� �o� �=� �P�h�a�s�e� �a�n�g�l�e� �o�f� �t�h�e� �r�a�d�i�u�s� �v�e�c�t�o�r� �m�e�a�s�u�r�e�d� �f�r�o�m� �t�h�e� �m�a�j�o�r� �a�x�i�s�,� �a�n�d� 

�B� �=� �a�n�g�l�e� �o�f� �t�h�e� �p�o�s�i�t�i�v�e� �y�-�a�x�i�s� �t�o� �t�h�e� �m�a�j�o�r� �a�x�i�s�.� 

�T�h�e� �w�h�i�r�l� �d�i�r�e�c�t�i�o�n� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�s� �(�8�2�)�,� 

�F�o�r�w�a�r�d� �w�h�i�r�l� �:� �i�f�[�o�g� �(�Y�,� �*� �Z�j� �-� �Y�j� �*� �Z�,� �)�]� �>� �0� �(�2�.�1�8�)� 

�B�a�c�k�w�a�r�d� �w�h�i�r�l� �:� �i�f�[� �o�g� �(�Y�,�;� �*� �Z�;� �-� �Y�;� �*� �Z�,�)�]� �<�0� �(�2�.�1�9�)� 

�I�n� �g�e�n�e�r�a�l�,� �r�o�t�o�r� �s�y�s�t�e�m�s� �m�a�y� �e�x�p�e�r�i�e�n�c�e� �a� �d�a�m�p�e�d� �m�o�d�e� �w�h�i�c�h� �i�s� �t�o�t�a�l�l�y� �f�o�r�w�a�r�d� �o�r� 

�t�o�t�a�l�l�y� �b�a�c�k�w�a�r�d�,� �o�r� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �b�o�t�h� �f�o�r�w�a�r�d� �a�n�d� �b�a�c�k�w�a�r�d� �w�h�i�r�l�.� 

�2�.�4� �U�n�b�a�l�a�n�c�e� �R�e�s�p�o�n�s�e� �C�a�l�c�u�l�a�t�i�o�n�s� 

�T�h�e� �u�n�b�a�l�a�n�c�e� �f�o�r�c�e� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �r�o�t�o�r� �s�y�s�t�e�m� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�,� 

�{�r�s�}� �=� �(�{�r�s�}� �C�o�s�t� �+� �{�r�e�}� �S�i�n�d�]� �(�2�.�2�0�)� 

�2�.�0� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�y�s�t�e�m� �M�o�d�e�l� �2�9



�T�h�e� �F� �a�n�d� �F�.� �a�r�e� �t�h�e� �u�n�b�a�l�a�n�c�e� �f�o�r�c�e�s� �a�t� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �l�o�c�a�t�i�o�n�s� �(�n�o�d�e�s�)� �o�n� �t�h�e� �r�o�t�o�r�.� 

�I�n� �g�e�n�e�r�a�l�,� �t�h�e� �u�n�b�a�l�a�n�c�e� �f�o�r�c�e� �i�n� �t�h�e� �y� �a�n�d� �z� �d�i�r�e�c�t�i�o�n�s� �a�t� �a�n�y� �l�o�c�a�t�i�o�n� �(�n�o�d�e�)� �a�r�e� �g�i�v�e�n� 

�b�y�,� 

�F�y� �=� �U�y� �C�o�s� �Q�t� �-� �U�;� �S�i�n� �O�t� 
�.� �(�2�.�2�1�)� 

�F�,� �=� �U�,� �C�o�s� �Q�t� �+� �U�y� �S�i�n� �Q�t� 

�w�h�e�r�e�,� 

�U�,� �=� �U�n�b�a�l�a�n�c�e� �f�o�r�c�e� �i�n� �t�h�e� �y�-�d�i�r�e�c�t�i�o�n�,� �a�n�d� �U�,� �=� �U�n�b�a�l�a�n�c�e� �f�o�r�c�e� �i�n� �t�h�e� �z�-�d�i�r�e�c�t�i�o�n�.� 

�I�f� �a�n� �u�n�b�a�l�a�n�c�e� �m�a�s�s� �o�f� �m� �i�s� �p�l�a�c�e�d� �a�t� �a� �r�a�d�i�u�s� �e� �a�n�d� �a�t� �a�n� �a�n�g�l�e� �0� �w�i�t�h� �r�e�s�p�e�c�t� �t�o�.� �t�h�e� 

�f�i�x�e�d� �y� �a�x�i�s� �(�k�e�y�-�p�h�a�s�o�r�)� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �4�,� �t�h�e�n� �U�,� �=� �m�x�e�x�Q� �C�o�s� �6� �a�n�d� �U�,� �=� �m�e�e�x�Q� 

�S�i�n� �8� 

�w�h�e�r�e� �Q�.� �i�s� �t�h�e� �s�p�i�n� �(�r�u�n�n�i�n�g�)� �s�p�e�e�d� �o�f� �t�h�e� �r�o�t�o�r�.� 

�o�m� 
�F�i�g�u�r�e� �2�.�3�.� �U�n�b�a�l�a�n�c�e� �m�a�s�s�  ��m �� �a�t� �a� �r�a�d�i�u�s�  ��e �� 

� � 
�T�h�u�s� �t�h�e� �s�t�e�a�d�y� �s�t�a�t�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�a�m�e� �f�o�r�m� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�,� 

�i�a�}� �~� �(�{�a�é�}� �C�o�s�c�n� �+� �{�a�3�}� �S�i�n�o�]� �(�2�.�2�2�)� 

�2�.�0� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�y�s�t�e�m� �M�o�d�e�l� �3�0



�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�i�s� �i�n� �t�h�e� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n�,� �e�q�u�a�t�i�o�n� �(�2�.�1�4�)�,� �t�h�e� �r�e�s�p�o�n�s�e� �e�q�u�a�t�i�o�n� 

�c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�,� 

�(�«� �a�i�m� �n�C� �(� �=� �(�E�h� �(�2�.�2�3�)� 
�a�c�s� �(�k�s� �-� �M�i�)� �q�s� �F� 

�T�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�s� �s�o�l�v�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �u�n�b�a�l�a�n�c�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �r�o�t�o�r�-�b�e�a�r�i�n�g� 

�s�y�s�t�e�m�,� �u�s�i�n�g� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n�.� �T�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �a�b�o�v�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �r�e�s�u�l�t�s� �i�n� 

�t�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�n� �t�h�e� �t�w�o� �d�i�r�e�c�t�i�o�n�s� �g�i�v�e�n� �b�y� �Y�.�,� �Y�,�,� �Z�_� �a�n�d� �Z�,� �.� 

�T�h�i�s� �r�e�s�u�l�t�s� �i�n� �a� �3�-�d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e� �s�h�a�p�e� �o�f� �t�h�e� �r�o�t�o�r�,� �1�.�e�.�,� �t�h�e� �r�o�t�o�r� �r�o�t�a�t�e�s� �a�b�o�u�t� �i�t�s� 

�u�n�d�e�f�o�r�m�e�d� �c�e�n�t�e�r�l�i�n�e� �i�n� �t�h�e� �r�e�s�u�l�t�i�n�g� �s�h�a�p�e�.� �T�h�e�s�e� �c�o�m�p�o�n�e�n�t�s� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�h�e� 

�f�o�r�m� �o�f� �a�n� �e�l�l�i�p�s�e�,� �w�i�t�h� �t�h�e� �p�h�a�s�e� �a�n�g�l�e�s�,� �s�i�m�i�l�a�r� �t�o� �t�h�e� �e�i�g�e�n�v�e�c�t�o�r�s�,� �a�s� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e�.� 

�T�h�e� �e�l�l�i�p�t�i�c�a�l� �p�a�r�a�m�e�t�e�r�s� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�s� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �Y�_�,� �Y�.�,� 

�Z�a�n�d� �Z�,� �f�o�r� �Y�,� �Y�,�,� �Z�,� �a�n�d� �Z�,�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�n� �t�h�e� �y� �a�n�d� �z� 

�d�i�r�e�c�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �b�y�,� 

�y� �=� �Y�,� �C�o�s�Q�t� �+� �Y�,� �S�i�n� �O�t� 
�2�.�2�4� 

�Z�,� �C�o�s�O�t� �+� �Z�,� �S�i�n� �O�t� �(�2�.�2�4�)� �Z� 

�T�h�e� �f�l�o�w� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �p�r�o�g�r�a�m� �i�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�4�.� �T�h�e� �i�n�p�u�t� �t�o� �t�h�e� 

�p�r�o�g�r�a�m� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �r�o�t�o�r�,� �t�h�e� �b�e�a�r�i�n�g� �l�o�c�a�t�i�o�n�s� �a�n�d� �t�h�e� �a�s�s�o�c�i�a�t�e�d� 

�s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �(�a� �t�o�t�a�l� �o�f� �8� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�)�,� �t�h�e� �e�x�t�e�r�n�a�l� �m�a�s�s� �a�n�d� �i�n�e�r�t�i�a� 

�p�r�o�p�e�r�t�i�e�s�,� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n�s� �(�i�n� �t�h�e� �c�a�s�e� �o�f� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s�)�,� �t�h�e� �p�e�d�e�s�t�a�l� �p�r�o�p�e�r�t�i�e�s�,� �t�h�e� 

�s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s�,� �t�h�e� �p�e�d�e�s�t�a�l� �p�r�o�p�e�r�t�i�e�s�,� �a�n�d� �t�h�e� �u�n�b�a�l�a�n�c�e� �m�a�s�s� �a�n�d� �l�o�c�a�t�i�o�n�s�.� 

�2�.�0� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�y�s�t�e�m� �M�o�d�e�l� �3�1



�W�i�t�h� �t�h�e�s�e� �a�s� �i�n�p�u�t�,� �t�h�e� �p�r�o�g�r�a�m� �e�v�a�l�u�a�t�e�s� �t�h�e� �e�l�e�m�e�n�t� �m�a�s�s�,� �d�a�m�p�i�n�g� �a�n�d� �s�t�i�f�f�n�e�s�s� 

�m�a�t�r�i�c�e�s�,� �i�n� �t�u�r�n� �a�s�s�e�m�b�l�i�n�g� �t�h�e�s�e� �i�n�t�o� �t�h�e� �r�e�s�p�e�c�t�i�v�e� �g�l�o�b�a�l� �m�a�t�r�i�c�e�s�.� �T�h�i�s� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� 

�s�t�a�b�i�l�i�t�y� �p�r�o�g�r�a�m�.� �T�h�e� �b�e�a�r�i�n�g� �a�n�d� �p�e�d�e�s�t�a�l� �p�r�o�p�e�r�t�i�e�s�,� �w�h�i�c�h� �a�r�e� �i�n� �s�e�r�i�e�s�,� �a�r�e� �r�e�d�u�c�e�d� �t�o� 

�a� �s�e�t� �o�f� �e�q�u�i�v�a�l�e�n�t� �p�r�o�p�e�r�t�i�e�s�,� �a�s� �d�i�s�c�u�s�s�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�5�,� �a�n�d� �t�h�e�s�e� �a�r�e� �a�d�d�e�d� �a�t� �t�h�e� 

�a�p�p�r�o�p�r�i�a�t�e� �l�o�c�a�t�i�o�n�s� �i�n� �t�h�e� �g�l�o�b�a�l� �m�a�t�r�i�c�e�s�.� �T�h�e� �u�n�b�a�l�a�n�c�e� �f�o�r�c�e� �v�e�c�t�o�r� �i�s� �c�o�n�s�t�r�u�c�t�e�d� 

�a�n�d� �a�s�s�u�m�i�n�g� �s�y�n�c�h�r�o�n�o�u�s� �r�e�s�p�o�n�s�e�,� �t�h�e� �m�a�t�r�i�x� �f�o�r� �t�h�e� �r�e�s�p�o�n�s�e� �c�a�l�c�u�l�a�t�i�o�n� �i�s� �b�u�i�l�t�.� �T�h�e� 

�r�e�s�p�o�n�s�e�s� �a�t� �t�h�e� �n�o�d�e�s� �a�r�e� �s�o�l�v�e�d� �f�o�r� �a�n�d� �t�h�e� �o�u�t�p�u�t� �i�s� �g�i�v�e�n� �i�n� �t�h�e� �f�o�r�m� �o�f� �e�l�l�i�p�t�i�c� 

�p�a�r�a�m�e�t�e�r�s� �-�-� �m�a�j�o�r� �a�x�i�s� �a�n�d� �m�i�n�o�r� �a�x�i�s� �a�m�p�l�i�t�u�d�e�s� �w�i�t�h� �t�h�e� �p�h�a�s�e� �a�n�g�l�e�s�.� �T�h�e� �p�o�s�t�-� 

�p�r�o�c�e�s�s�i�n�g� �c�o�n�s�i�s�t�s� �o�f� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �r�e�l�a�t�i�v�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �o�f� �t�h�e� �b�e�a�r�i�n�g�,� �a�n�d� �s�q�u�e�e�z�e� 

�f�i�l�m� �d�a�m�p�e�r�s� �a�n�d� �p�e�d�e�s�t�a�l� �(�i�f� �t�h�e� �p�e�d�e�s�t�a�l�s� �a�n�d� �d�a�m�p�e�r�s� �a�r�e� �p�r�e�s�e�n�t� �i�n� �t�h�e� �m�o�d�e�l�)�,� �a�n�d� 

�t�h�e�n� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �f�o�r�c�e�s� �t�r�a�n�s�m�i�t�t�e�d� �t�o� �e�a�c�h� �o�f� �t�h�e� �a�b�o�v�e� �c�o�m�p�o�n�e�n�t�s�.� 
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�2�.�5� �S�q�u�e�e�z�e� �F�i�l�m� �D�a�m�p�e�r� �M�o�d�e�l� �a�n�d� �P�e�d�e�s�t�a�l� �F�l�e�x�i�b�i�l�i�t�y� 

�T�h�e� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s�,� �u�s�e�d� �q�u�i�t�e� �e�x�t�e�n�s�i�v�e�l�y� �i�n� �a�i�r�c�r�a�f�t� �e�n�g�i�n�e�s�,� �c�a�n� �b�e� 

�m�o�d�e�l�e�d� �b�y� �t�h�e� �p�r�o�g�r�a�m�.� �S�i�n�c�e� �t�h�e� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �o�f� �t�h�e� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s� �a�r�e� 

�n�o�n�l�i�n�e�a�r� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �e�c�c�e�n�t�r�i�c�i�t�y� �r�a�t�i�o�,� �a�n� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�d�u�r�e� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �a�r�r�i�v�e� 

�a�t� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �p�o�s�i�t�i�o�n� �f�o�r� �t�h�e� �g�i�v�e�n� �r�u�n�n�i�n�g� �s�p�e�e�d�.� �T�h�e� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r� �c�a�n� �b�e� 

�m�o�d�e�l�e�d� �u�s�i�n�g� �t�h�e� �l�o�n�g� �b�e�a�r�i�n�g� �o�r� �t�h�e� �s�h�o�r�t� �b�e�a�r�i�n�g� �a�s�s�u�m�p�t�i�o�n�,� �w�i�t�h� �o�r� �w�i�t�h�o�u�t� 

�c�a�v�i�t�a�t�i�o�n�.� �A�n� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�d�u�r�e� �b�a�s�e�d� �o�n� �t�h�e� �e�c�c�e�n�t�r�i�c�i�t�y� �r�a�t�i�o� �i�s� �c�a�r�r�i�e�d� �o�u�t�.� �T�h�i�s� �i�s� 

�d�o�n�e� �t�i�l�l� �t�h�e� �s�p�e�c�i�f�i�e�d� �t�o�l�e�r�a�n�c�e� �i�s� �a�t�t�a�i�n�e�d�,� �w�h�i�c�h� �t�h�e�n� �g�i�v�e�s� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� 

�r�o�t�o�r�.� �T�h�e� �p�r�o�g�r�a�m� �c�a�n� �e�v�a�l�u�a�t�e� �t�h�e� �e�l�l�i�p�t�i�c� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �d�a�m�p�e�r� �a�n�d� �t�h�e� �o�u�t�p�u�t� �i�s� �i�n� 

�t�h�e� �f�o�r�m� �o�f� �t�h�e� �e�c�c�e�n�t�r�i�c�i�t�y� �r�a�t�i�o� �a�n�d� �t�h�e� �f�o�r�c�e�s� �t�r�a�n�s�m�i�t�t�e�d� �t�o� �t�h�e� �b�a�s�e�.� 

�T�h�e� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r� �c�o�n�s�i�s�t�s� �e�s�s�e�n�t�i�a�l�l�y� �o�f� �a�n� �o�i�l� �f�i�l�m� �i�n� �t�h�e� �a�n�n�u�l�a�r� �s�p�a�c�e� 

�b�e�t�w�e�e�n� �t�h�e� �o�u�t�e�r� �r�a�c�e� �o�f� �a� �r�o�l�l�i�n�g� �e�l�e�m�e�n�t� �b�e�a�r�i�n�g� �(�p�r�e�v�e�n�t�e�d� �f�r�o�m� �r�o�t�a�t�i�n�g�)� �a�n�d� �t�h�e� 

�s�u�p�p�o�r�t�.� �T�h�o�u�g�h� �t�h�e� �c�o�n�c�e�p�t� �f�o�u�n�d� �i�t�s� �i�n�i�t�i�a�l� �a�p�p�l�i�c�a�t�i�o�n� �i�n� �r�o�t�o�r�s� �s�u�p�p�o�r�t�e�d� �o�n� �r�o�l�l�i�n�g� 

�e�l�e�m�e�n�t� �b�e�a�r�i�n�g�s�,� �i�t� �h�a�s� �b�e�e�n� �w�i�d�e�l�y� �u�s�e�d� �i�n� �r�o�t�o�r�s� �s�u�p�p�o�r�t�e�d� �o�n� �j�o�u�r�n�a�l� �b�e�a�r�i�n�g�s� �t�o�o�.� �T�h�e� 

�j�o�u�r�n�a�l� �r�i�n�g� �i�s� �p�r�e�v�e�n�t�e�d� �f�r�o�m� �r�o�t�a�t�i�n�g� �b�y� �u�s�i�n�g� �a�n�t�i�-�r�o�t�a�t�i�o�n� �d�e�v�i�c�e�s� �s�u�c�h� �a�s� �p�i�n�s�.� �I�n� 

�t�h�e�o�r�y�,� �t�h�e� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r� �m�a�y� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�s� �a� �s�p�e�c�i�a�l� �c�a�s�e� �o�f� �t�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� 

�j�o�u�r�n�a�l� �b�e�a�r�i�n�g�,� �w�i�t�h� �z�e�r�o� �r�o�t�a�t�i�o�n� �o�f� �t�h�e� �j�o�u�r�n�a�l�.� �T�h�e� �w�e�l�l�-�k�n�o�w�n� �R�e�y�n�o�l�d�s� �e�q�u�a�t�i�o�n�,� 

�w�i�t�h� �a�p�p�r�o�p�r�i�a�t�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �c�a�n� �b�e�s�t� �b�e� �u�s�e�d� �f�o�r� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� 

�p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n� �t�h�e� �d�a�m�p�e�r�.� �T�h�e� �f�l�u�i�d�-�f�i�l�m� �f�o�r�c�e�s� �c�a�n� �t�h�e�n� �b�e� �c�o�m�p�u�t�e�d� �b�y� 

�i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� �f�l�u�i�d�-�f�i�l�m� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�.� �A� �m�a�j�o�r� �p�r�o�b�l�e�m� �w�h�i�c�h� �a�r�i�s�e�s� �i�n� �t�h�e� 

�e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �f�i�l�m� �f�o�r�c�e�s� �i�s� �t�h�e� �c�h�o�i�c�e� �o�f� �f�i�l�m� �c�a�v�i�t�a�t�i�o�n� �m�o�d�e�l�.� �M�o�s�t� �o�f� �t�h�e� �l�i�n�e�a�r� 
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�a�n�a�l�y�s�i�s� �w�o�r�k� �c�o�n�s�i�d�e�r�s� �e�i�t�h�e�r� �a� �f�u�l�l�-�f�i�l�m� �(�2�7�)� �o�r� �h�a�l�f�-�f�i�l�m� �(�7�7�)� �m�o�d�e�l�.� �I�n� �t�h�e� �l�a�t�t�e�r� �m�o�d�e�l�,� 

�o�n�l�y� �t�h�e� �p�o�s�i�t�i�v�e� �p�r�e�s�s�u�r�e� �r�e�g�i�o�n� �c�o�n�t�r�i�b�u�t�e�s� �t�o� �t�h�e� �t�o�t�a�l� �f�l�u�i�d�-�f�i�l�m� �f�o�r�c�e�s�.� �I�n� �m�o�s�t� �o�f� �t�h�e� 

�p�r�a�c�t�i�c�a�l� �a�p�p�l�i�c�a�t�i�o�n�s� �t�h�e� �f�i�l�m� �i�s� �c�l�o�s�e� �t�o� �a� �h�a�l�f�-�f�i�l�m� �m�o�d�e�l�.� �A�n�o�t�h�e�r� �m�o�d�e�l� �w�h�i�c�h� �i�s� �u�s�e�d� 

�f�o�r� �l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �i�s� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �b�o�t�h� �t�h�e� �f�u�l�l� �a�n�d� �h�a�l�f�-�f�i�l�m�s�.� 

�A�n�o�t�h�e�r� �a�s�s�u�m�p�t�i�o�n� �m�a�d�e� �f�o�r� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �f�l�u�i�d�-�f�i�l�m� �f�o�r�c�e�s� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �L�/�D� 

�r�a�t�i�o� �o�f� �t�h�e� �d�a�m�p�e�r�,� �w�h�e�r�e� �L� �i�s� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �d�a�m�p�e�r� �a�n�d� �D� �i�s� �t�h�e� �d�i�a�m�e�t�e�r� �o�f� �t�h�e� 

�j�o�u�r�n�a�l�.� �T�h�e� �c�l�a�s�s�i�f�i�c�a�t�i�o�n�s� �b�a�s�e�d� �o�n� �t�h�e� �L�/�D� �r�a�t�i�o� �a�r�e� �t�h�e� �l�o�n�g� �b�e�a�r�i�n�g� �a�s�s�u�m�p�t�i�o�n� �a�n�d� �t�h�e� 

�s�h�o�r�t� �b�e�a�r�i�n�g� �a�s�s�u�m�p�t�i�o�n�.� �I�n� �m�o�s�t� �p�r�a�c�t�i�c�a�l� �a�p�p�l�i�c�a�t�i�o�n�s� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �d�a�m�p�e�r� �u�s�e�d� �i�s� 

�l�e�s�s� �t�h�a�n� �t�h�e� �d�i�a�m�e�t�e�r� �o�f� �t�h�e� �j�o�u�r�n�a�l�,� �a�n�d� �h�e�n�c�e� �t�h�e� �s�h�o�r�t� �b�e�a�r�i�n�g� �s�o�l�u�t�i�o�n�s� �a�r�e� �w�i�d�e�l�y� 

�u�s�e�d�.� �T�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� �a� �s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r� �i�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�5�.� 
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�a�n�d�,� �[�D�]�=�[�9�]� �;� 
�{�1�}� �=� �{�Y�i�c� �Y�i�s� �i�c� �Z�i�s�}� 

�{�T�}�=�{�Y�o�c� �Y�a�s� �Z�r� �Z�a�s�}�"� 

�{�K�}� �=� �{�¥�3�,� �Y�3�,� �2�3�,� �2�3�s� �\�r� 

�T�h�e� �a�b�o�v�e� �m�a�t�r�i�x� �e�q�u�a�t�i�o�n� �(�2�.�3�3�)� �i�s� �a�g�a�i�n� �u�s�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �d�a�m�p�e�r� 

�a�n�d� �p�e�d�e�s�t�a�l�,� �o�n�c�e� �t�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �r�o�t�o�r� �i�s� �k�n�o�w�n�.� �T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s�,� �y�.�,�z�,� �(�t�h�e� 

�d�a�m�p�e�r� �m�o�t�i�o�n�)� �a�n�d� �y�,�,�z�,� �(�t�h�e� �p�e�d�e�s�t�a�l� �m�o�t�i�o�n�)� �a�r�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �y�,� �a�n�d� �z�,� �(�t�h�e� 

�r�o�t�o�r� �m�o�t�i�o�n�)� �w�h�i�c�h� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� �p�r�o�g�r�a�m�.� �T�h�i�s� �g�i�v�e�s� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �o�f� �t�h�e� 

�d�a�m�p�e�r� �a�n�d� �p�e�d�e�s�t�a�l�.� 

�2�.�0� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�y�s�t�e�m� �M�o�d�e�l� �4�]



�2�.�6� �M�u�l�t�i�-�l�e�v�e�l� �R�o�t�o�r� �S�y�s�t�e�m�s� 

�I�n� �a�i�r�c�r�a�f�t� �e�n�g�i�n�e�s�,� �t�y�p�i�c�a�l�l�y�,� �m�u�l�t�i�-�l�e�v�e�l� �r�o�t�o�r�s� �a�r�e� �d�e�s�i�g�n�e�d� �w�i�t�h� �o�n�e� �r�o�t�o�r� �r�o�t�a�t�i�n�g� 

�i�n�s�i�d�e� �a�n�o�t�h�e�r� �h�o�l�l�o�w� �r�o�t�o�r�.� �T�h�e� �r�o�t�o�r�s� �c�a�n� �b�e� �s�u�p�p�o�r�t�e�d� �b�y� �i�n�t�e�r�-�s�h�a�f�t� �r�o�l�l�i�n�g� �e�l�e�m�e�n�t� 

�b�e�a�r�i�n�g�s� �i�n� �w�h�i�c�h� �b�o�t�h� �t�h�e� �i�n�n�e�r� �a�n�d� �o�u�t�e�r� �r�a�c�e�s� �r�o�t�a�t�e� �a�t� �d�i�f�f�e�r�e�n�t� �s�p�e�e�d�s� �o�r� �b�y� �i�n�t�e�r�-�s�h�a�f�t� 

�s�q�u�e�e�z�e� �f�i�l�m� �d�a�m�p�e�r�s�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� �p�r�o�c�e�d�u�r�e� �m�u�s�t� �b�e� �c�a�p�a�b�l�e� �o�f� �m�o�d�e�l�i�n�g� �t�h�e� �t�w�o� �r�o�t�o�r� 

�s�y�s�t�e�m�s� �a�n�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �i�n�t�e�r�-�s�h�a�f�t� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �p�r�o�p�e�r�t�i�e�s�.� �A� �p�r�o�c�e�d�u�r�e� �i�s� 

�d�e�v�e�l�o�p�e�d� �f�o�r� �p�e�r�f�o�r�m�i�n�g� �s�t�a�b�i�l�i�t�y� �a�n�d� �r�e�s�p�o�n�s�e� �a�n�a�l�y�s�i�s� �o�f� �m�u�l�t�i�-�l�e�v�e�l� �s�y�s�t�e�m�s�.� 

�A�p�p�l�i�c�a�t�i�o�n�s� �c�a�n� �a�l�s�o� �b�e� �f�o�u�n�d� �i�n� �t�h�e� �a�r�e�a�s� �o�f� �p�u�m�p�-�c�a�s�i�n�g� �s�y�s�t�e�m�s� �w�h�i�c�h� �a�r�e� �u�s�e�d� 

�t�y�p�i�c�a�l�l�y� �i�n� �s�u�b�m�e�r�g�e�d� �a�p�p�l�i�c�a�t�i�o�n�s�.� �T�h�e� �p�r�o�c�e�d�u�r�e� �a�l�s�o� �t�a�k�e�s� �c�a�r�e� �o�f� �t�h�e� �n�o�d�e�-�n�u�m�b�e�r�i�n�g� 

�s�c�h�e�m�e� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �b�a�n�d�-�w�i�d�t�h�.� �I�n�s�t�e�a�d� �o�f� �a�s�s�e�m�b�l�i�n�g� �t�h�e� �e�l�e�m�e�n�t� �e�q�u�a�t�i�o�n�s� �f�o�r� �o�n�e� 

�s�y�s�t�e�m� �a�n�d� �t�h�e�n� �a�s�s�e�m�b�l�i�n�g� �t�h�e� �s�e�c�o�n�d� �s�y�s�t�e�m� �i�n� �a� �s�e�q�u�e�n�t�i�a�l� �n�u�m�b�e�r�i�n�g� �s�c�h�e�m�e�,� �t�h�e� 

�c�u�r�r�e�n�t� �p�r�o�c�e�d�u�r�e� �a�l�t�e�r�n�a�t�e�s� �t�h�e� �n�o�d�e� �n�u�m�b�e�r�s� �s�o� �t�h�a�t� �t�h�e� �a�s�s�e�m�b�l�y� �p�r�o�d�u�c�e�s� �a� �m�i�n�i�m�a�l� 

�b�a�n�d�-�w�i�d�t�h� �m�a�t�r�i�x�.� �T�h�i�s� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �m�u�l�t�i�-�l�e�v�e�l� �s�y�s�t�e�m�s� �a�l�l�o�w�s� �t�h�e� �p�e�d�e�s�t�a�l� �t�o� �b�e� 

�m�o�d�e�l�e�d� �a�s� �a� �s�e�c�o�n�d� �l�e�v�e�l� �a�n�d� �a�l�s�o� �m�a�k�e�s� �i�t� �p�o�s�s�i�b�l�e� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �m�o�d�e�s� �o�f� �t�h�e� �p�e�d�e�s�t�a�l� 

�s�t�r�u�c�t�u�r�e�.� �S�i�m�i�l�a�r�l�y�,� �b�e�a�r�i�n�g�s� �a�n�d� �s�e�a�l�s� �c�a�n� �b�e� �m�o�d�e�l�e�d� �a�s� �d�i�f�f�e�r�e�n�t� �l�e�v�e�l�s� �a�n�d� �c�a�n� �b�e� 

�a�s�s�u�m�e�d� �t�o� �b�e� �f�l�o�a�t�i�n�g� �o�r� �f�i�x�e�d� �t�o� �t�h�e� �p�e�d�e�s�t�a�l�s�.� 

�T�h�e� �c�o�n�c�e�p�t� �o�f� �m�o�d�e�l�i�n�g� �m�u�l�t�i�-�l�e�v�e�l� �s�y�s�t�e�m�s� �u�s�e�d� �i�n� �t�h�e� �c�u�r�r�e�n�t� �p�r�o�g�r�a�m� �i�s� �a�s� 

�d�e�s�c�r�i�b�e�d� �b�e�l�o�w�.� �T�h�e� �g�e�n�e�r�a�l� �p�r�a�c�t�i�c�e� �t�o� �m�o�d�e�l� �a� �m�u�l�t�i�-�l�e�v�e�l� �s�y�s�t�e�m� �i�s� �t�o� �n�u�m�b�e�r� �a�l�l� �t�h�e� 

�n�o�d�e�s� �s�e�q�u�e�n�t�i�a�l�l�y� �f�r�o�m� �l�e�f�t� �t�o� �r�i�g�h�t� �o�n� �o�n�e� �l�e�v�e�l� �a�n�d� �t�h�e�n� �r�e�p�e�a�t� �t�h�e� �s�a�m�e� �f�o�r� �t�h�e� �o�t�h�e�r� 

�l�e�v�e�l�s�.� �T�h�i�s� �m�e�t�h�o�d� �o�f� �n�u�m�b�e�r�i�n�g� �t�h�e� �n�o�d�e�s� �r�e�s�u�l�t�s� �i�n� �a� �m�a�t�r�i�x� �w�h�e�r�e� �t�h�e� �e�l�e�m�e�n�t�s� �a�r�e� 

�p�r�e�s�e�n�t� �f�a�r� �a�w�a�y� �f�r�o�m� �t�h�e� �d�i�a�g�o�n�a�l� �a�t� �t�h�e� �p�l�a�c�e�s� �w�h�e�r�e� �t�h�e� �r�o�t�o�r�s� �a�r�e� �i�n�t�e�r�c�o�n�n�e�c�t�e�d�,� �a�s� 

�2�.�0� �D�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �S�y�s�t�e�m� �M�o�d�e�l� �4�2



�s�h�o�w�n� �i�n� �F�i�g�.� �2�.�7�.� �T�h�i�s� �m�a�y� �r�e�s�u�l�t� �i�n� �m�a�t�h�e�m�a�t�i�c�a�l� �p�r�o�b�l�e�m�s�,� �e�s�p�e�c�i�a�l�l�y� �f�o�r� �l�a�r�g�e� �r�o�t�o�r� 

�s�y�s�t�e�m�s�.� �I�n� �t�h�e� �c�u�r�r�e�n�t� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �p�r�o�g�r�a�m�,� �t�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �w�r�i�t�t�e�n� �s�u�c�h� �t�h�a�t� �t�h�e� 

�b�a�n�d�w�i�d�t�h� �i�s� �m�i�n�i�m�i�z�e�d� �w�h�i�l�e� �a�s�s�e�m�b�l�i�n�g� �t�h�e� �m�a�t�r�i�c�e�s� �a�n�d� �t�h�e� �n�o�d�e�s� �a�r�e� �a�p�p�r�o�p�r�i�a�t�e�l�y� 

�n�u�m�b�e�r�e�d�.� �T�h�e� �s�c�h�e�m�a�t�i�c� �n�u�m�b�e�r�i�n�g� �a�n�d� �a�s�s�e�m�b�l�i�n�g� �p�r�o�c�e�s�s� �i�s� �s�h�o�w�n� �i�n� �t�h�e� �F�i�g�.� �2�.�8�.� 

�2�.�6�.�1� �M�u�l�t�i�-�l�e�v�e�l� �M�o�d�e�l�i�n�g� �o�f� �D�r�u�m� �R�o�t�o�r� �S�u�p�p�o�r�t�e�d� �o�n� �A�M�B� �f�o�r� �S�t�a�b�i�l�i�t�y� �A�n�a�l�y�s�i�s� 

�T�h�e� �r�o�t�o�r� �m�o�d�e�l� �o�f� �t�h�e� �d�r�u�m� �r�o�t�o�r� �s�u�p�p�o�r�t�e�d� �o�n� �A�M�B� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �2�.�9�.� �T�h�i�s� 

�r�o�t�o�r� �w�a�s� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �s�y�s�t�e�m� �a�s� �a� �m�u�l�t�i�-�l�e�v�e�l� �r�o�t�o�r�-�b�e�a�r�i�n�g� �s�y�s�t�e�m�.� �T�h�e� �m�o�d�e�l� 

�i�n�c�l�u�d�e�s� �t�h�e� �c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �r�o�t�o�r� �a�n�d� �t�h�e� �d�r�i�v�e�r� �m�o�t�o�r� �a�s� �s�h�o�w�n� �i�n� �t�h�e� �a�b�o�v�e� �F�i�g�.� 

�2�.�9�.� �T�h�e� �r�o�t�o�r� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �t�h�e� �f�i�r�s�t� �l�e�v�e�l� �a�n�d� �t�h�e� �l�a�n�d�i�n�g� �s�l�e�e�v�e�s� �a�s� �t�h�e� �s�e�c�o�n�d� �l�e�v�e�l�.� 

�T�h�o�u�g�h� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �l�a�n�d�i�n�g� �s�l�e�e�v�e� �o�n� �t�h�e� �r�o�t�o�r� �i�s� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l� �a�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� 
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�r�o�t�a�t�i�n�g� �s�h�a�f�t� �a�n�d� �t�h�e� �b�e�a�r�i�n�g� �i�s� �r�e�d�u�c�e�d� �a�s� �c�l�o�s�e� �t�o� �z�e�r�o� �a�s� �p�o�s�s�i�b�l�e�.� �T�h�i�s� �g�i�v�e�s� �r�i�s�e� �t�o� �t�h�e� 

�i�d�e�a� �o�f� �s�u�p�p�o�r�t�i�n�g� �t�h�e� �r�o�t�a�t�i�n�g� �s�h�a�f�t� �i�n� �a�i�r�,� �i�n� �o�t�h�e�r� �w�o�r�d�s� �l�e�v�i�t�a�t�i�n�g� �t�h�e� �r�o�t�o�r�.� �T�h�e� 

�s�u�s�p�e�n�s�i�o�n� �o�f� �t�h�e� �r�o�t�a�t�i�n�g� �s�h�a�f�t� �o�f� �m�a�c�h�i�n�e�r�y�,� �i�n� �a� �m�a�g�n�e�t�i�c� �f�i�e�l�d� �w�i�t�h�o�u�t� �a�n�y� �m�e�c�h�a�n�i�c�a�l� 

�c�o�n�t�a�c�t� �a�n�d� �w�i�t�h�o�u�t� �l�u�b�r�i�c�a�t�i�o�n�,� �i�s� �a�n� �o�l�d� �i�d�e�a�.� �P�a�s�s�i�v�e� �m�a�g�n�e�t�i�c� �s�u�s�p�e�n�s�i�o�n� �w�a�s� �u�s�e�d� �a�s� 

�3�.�0� �M�o�d�e�l�i�n�g� �o�f� �R�o�t�o�r�s� �S�u�p�p�o�r�t�e�d� �o�n� �A�c�t�i�v�e� �M�a�g�n�e�t�i�c� �B�e�a�r�i�n�g�s� �5�0



�e�a�r�l�y� �a�s� �1�8�4�2�.� �T�h�i�s� �l�a�t�e�r� �d�e�v�e�l�o�p�e�d� �t�o� �a�c�t�i�v�e� �m�a�g�n�e�t�i�c� �s�u�s�p�e�n�s�i�o�n� �s�y�s�t�e�m�s� �w�h�e�r�e� �t�h�e� 

�c�o�n�t�r�o�l� �s�y�s�t�e�m� �w�a�s� �c�l�o�s�e�d� �l�o�o�p�e�d�.� 

�T�h�e� �c�o�n�c�e�p�t� �o�n� �w�h�i�c�h� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �o�p�e�r�a�t�e�s� �i�s� �m�a�g�n�e�t�i�c� �l�e�v�i�t�a�t�i�o�n�.� �T�h�e� 

�r�o�t�a�t�i�n�g� �s�h�a�f�t� �i�s� �s�u�p�p�o�r�t�e�d� �b�y� �a� �s�e�t� �o�f� �e�l�e�c�t�r�o�-�m�a�g�n�e�t�s� �(�g�e�n�e�r�a�l�l�y� �f�o�u�r� �i�n� �n�u�m�b�e�r�)�.� �A� 

�s�c�h�e�m�a�t�i�c� �d�i�a�g�r�a�m� �o�f� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�1�.� �T�h�e� �s�h�a�f�t� �(�r�o�t�o�r�)� �a�t� �t�h�e� 

�c�e�n�t�e�r� �i�s� �l�e�v�i�t�a�t�e�d� �b�y� �t�h�e� �f�o�u�r� �e�l�e�c�t�r�o�-�m�a�g�n�e�t�s� �s�u�r�r�o�u�n�d�i�n�g� �i�t�.� �T�h�e� �e�l�e�c�t�r�o�-�m�a�g�n�e�t�s� �a�r�e� 

�e�n�e�r�g�i�z�e�d� �b�y� �c�u�r�r�e�n�t�s� �s�u�p�p�l�i�e�d� �b�y� �t�h�e� �a�m�p�l�i�f�i�e�r� �o�f� �t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m�.� 

�C�u�r�r�e�n�t� �t�o� 
�t�h�e� �c�o�i�l�s� 
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�.� �S�i�g�n�a�l� �P�o�w�e�r� �i� �w�e�y� 

�R�e�f�e�r�e�n�c�e� �C�o�n�d�i�t�i�o�n�i�n�g� �A�m�p�l�i�f�i�e�r� 

�S�i�g�n�a�l� �/� �R�o�t�o�r� �+�O�)� 

�S�e�n�s�o�r� �S�i�g�n�a�l� 
�S�e�n�s�o�r� � � � � � � � � � � 

�F�i�g�u�r�e� �3�.�2�.� �T�h�e� �A�c�t�i�v�e� �M�a�g�n�e�t�i�c� �B�e�a�r�i�n�g� �w�i�t�h� �t�h�e� �C�o�n�t�r�o�l� �S�y�s�t�e�m� 

�T�h�e� �a�c�t�i�v�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �(�A�M�B�)� �c�o�n�s�i�s�t�s� �o�f� �a�n� �e�l�e�c�t�r�o�m�a�g�n�e�t� �t�h�a�t� �i�s� �e�n�e�r�g�i�z�e�d� 

�b�y� �t�h�e� �c�u�r�r�e�n�t� �s�u�p�p�l�i�e�d� �b�y� �t�h�e� �a�m�p�l�i�f�i�e�r� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�2�.� �T�h�e� �e�l�e�c�t�r�o�n�i�c� �s�y�s�t�e�m� 

�t�y�p�i�c�a�l�l�y� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �s�e�n�s�o�r�,� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �a�n�d� �t�h�e� �a�m�p�l�i�f�i�e�r�.� �T�h�e� �h�i�g�h�l�y� 

�a�c�c�u�r�a�t�e� �s�e�n�s�o�r�s� �m�o�n�i�t�o�r� �t�h�e� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �r�o�t�a�t�i�n�g� �s�h�a�f�t� �c�o�n�t�i�n�u�o�u�s�l�y�.� �T�h�e� �c�u�r�r�e�n�t� 

�s�u�p�p�l�i�e�d� �t�o� �t�h�e� �e�l�e�c�t�r�o�m�a�g�n�e�t�s� �a�r�e� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �r�o�t�o�r�,� �m�e�a�s�u�r�e�d� 

�b�y� �t�h�e� �s�e�n�s�o�r�.� �T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �d�e�t�e�c�t�e�d� �b�y� �t�h�e� �s�e�n�s�o�r� �i�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �r�e�f�e�r�e�n�c�e� �s�i�g�n�a�l� 

�a�n�d� �t�h�e� �c�h�a�n�g�e� �i�n� �c�u�r�r�e�n�t� �i�s� �c�o�n�d�i�t�i�o�n�e�d�.� �T�h�i�s� �c�o�n�d�i�t�i�o�n�e�d� �c�u�r�r�e�n�t� �d�r�i�v�e�s� �t�h�e� �p�o�w�e�r� 

�a�m�p�l�i�f�i�e�r� �w�h�i�c�h� �s�u�i�t�a�b�l�y� �a�m�p�l�i�f�i�e�s� �t�h�e� �c�u�r�r�e�n�t�.� �A�f�t�e�r� �a�m�p�l�i�f�i�c�a�t�i�o�n�,� �c�u�r�r�e�n�t�s� �a�r�e� �i�n�d�u�c�e�d� �i�n� 

�t�h�e� �w�i�n�d�i�n�g�s� �o�f� �t�h�e� �e�l�e�c�t�r�o�m�a�g�n�e�t�s� �o�f� �t�h�e� �s�t�a�t�o�r� �a�n�d� �t�h�e� �m�a�g�n�e�t�i�c� �f�o�r�c�e�s� �p�r�o�d�u�c�e�d� �s�e�r�v�e� 

�t�o� �r�e�s�t�o�r�e� �t�h�e� �r�o�t�o�r� �t�o� �t�h�e� �d�e�s�i�r�e�d� �p�o�s�i�t�i�o�n� �s�o� �t�h�a�t� �e�q�u�i�l�i�b�r�i�u�m� �i�s� �a�c�h�i�e�v�e�d�.� 
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�3�.�2� �S�e�n�s�o�r� �N�o�n�c�o�l�l�o�c�a�t�i�o�n� 

�I�n� �a�c�t�i�v�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s� �t�h�e� �s�e�n�s�o�r�s� �m�e�a�s�u�r�e� �t�h�e� �r�e�l�a�t�i�v�e� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� 

�r�o�t�o�r� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �s�u�p�p�o�r�t�,� �a�n�d� �t�h�i�s� �r�e�s�u�l�t�s� �i�n� �a� �f�e�e�d�b�a�c�k� �o�f� �a� �p�r�o�p�o�r�t�i�o�n�a�l� �c�u�r�r�e�n�t� 

�t�o� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s�.� �T�h�e� �b�e�a�r�i�n�g� �u�n�i�t� �o�f� �a� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �b�e�a�r�i�n�g� 

�a�n�d� �s�e�n�s�o�r� �b�u�i�l�t� �i�n�t�o� �t�h�e� �u�n�i�t�.� �M�a�i�n�l�y�,� �d�u�e� �t�o� �m�a�n�u�f�a�c�t�u�r�i�n�g� �c�o�n�s�t�r�a�i�n�t�s�,� �t�h�e� �c�e�n�t�e�r�l�i�n�e� �o�f� 

�t�h�e� �s�e�n�s�o�r� �d�o�e�s� �n�o�t� �c�o�i�n�c�i�d�e� �w�i�t�h� �t�h�e� �c�e�n�t�e�r�l�i�n�e� �o�f� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�.� �T�h�u�s� �t�h�e�r�e� �i�s� �a� 

�d�e�f�i�n�i�t�e� �a�x�i�a�l� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �b�e�a�r�i�n�g� �a�n�d� �s�e�n�s�o�r� �c�e�n�t�e�r�l�i�n�e�s�.� �S�u�c�h� �a� �s�e�n�s�o�r� �i�s� �s�a�i�d� �t�o� 

�b�e�  ��n�o�n�-�c�o�l�l�o�c�a�t�e�d �� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �b�e�a�r�i�n�g�s�.� �I�f� �t�h�e� �b�e�a�r�i�n�g� �a�n�d� �s�e�n�s�o�r� �p�o�s�i�t�i�o�n�s� �a�r�e� 

�t�h�e� �s�a�m�e�,� �t�h�e�n� �t�h�e� �s�e�n�s�o�r� �i�s� �s�a�i�d� �t�o� �b�e�  ��c�o�l�l�o�c�a�t�e�d ��.� �T�h�e� �s�e�n�s�o�r� �n�o�n�-�c�o�l�l�o�c�a�t�i�o�n� �i�s� 

�s�c�h�e�m�a�t�i�c�a�l�l�y� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�3�.� 
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�F�i�g�u�r�e� �3�.�3� �S�c�h�e�m�a�t�i�c� �d�i�a�g�r�a�m� �s�h�o�w�i�n�g� �t�h�e� �S�e�n�s�o�r� �p�o�s�i�t�i�o�n�s� 
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�A�l�s�o� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �t�e�r�m�i�n�o�l�o�g�y� �a�r�e� �t�h�e� �s�e�n�s�o�r� �p�o�s�i�t�i�o�n�s� 

�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �b�e�a�r�i�n�g�s�.� �W�h�e�n� �t�h�e� �s�e�n�s�o�r� �i�s� �l�o�c�a�t�e�d� �t�o�w�a�r�d�s� �t�h�e� �r�o�t�o�r� �c�e�n�t�e�r� �(�o�r� �i�n� 

�o�t�h�e�r� �w�o�r�d�s�,� �a�w�a�y� �f�r�o�m� �t�h�e� �e�n�d�s� �o�f� �t�h�e� �r�o�t�o�r�)� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �b�e�a�r�i�n�g� �c�e�n�t�e�r�l�i�n�e�,� �t�h�e�n� 

�t�h�e� �s�e�n�s�o�r� �i�s� �s�a�i�d� �t�o� �b�e� �l�o�c�a�t�e�d� �i�n�b�o�a�r�d�.� �W�h�e�n� �t�h�e� �s�e�n�s�o�r� �i�s� �l�o�c�a�t�e�d� �a�w�a�y� �f�r�o�m� �t�h�e� �r�o�t�o�r� 

�c�e�n�t�e�r� �(�o�r� �i�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�o�w�a�r�d�s� �t�h�e� �e�n�d�s� �o�f� �t�h�e� �r�o�t�o�r�)� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �b�e�a�r�i�n�g� 

�c�e�n�t�e�r�l�i�n�e�,� �t�h�e�n� �t�h�e� �s�e�n�s�o�r�s� �a�r�e� �s�a�i�d� �t�o� �b�e� �l�o�c�a�t�e�d� �o�u�t�b�o�a�r�d�.� 

�T�h�e� �n�o�n�-�c�o�l�l�o�c�a�t�e�d� �p�o�s�i�t�i�o�n�s� �o�f� �t�h�e� �s�e�n�s�o�r� �m�a�k�e� �i�t� �s�l�i�g�h�t�l�y� �c�u�m�b�e�r�s�o�m�e� �t�o� 

�i�m�p�l�e�m�e�n�t� �i�n� �t�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �m�e�t�h�o�d�.� �S�u�p�p�o�s�e� �t�h�e� �b�e�a�r�i�n�g� �c�e�n�t�e�r�l�i�n�e� �i�s� 

�l�o�c�a�t�e�d� �a�t� �t�h�e� �i� �n�o�d�e� �a�n�d� �t�h�e� �s�e�n�s�o�r� �i�s� �l�o�c�a�t�e�d� �a�t� �t�h�e� �j�*� �n�o�d�e� �(�s�a�y�,� �i�n�b�o�a�r�d�)�.� �S�i�n�c�e� �t�h�e� 

�p�r�o�p�e�r�t�i�e�s� �a�r�e� �c�a�r�r�i�e�d� �f�r�o�m� �o�n�e� �s�t�a�t�i�o�n� �(�o�r�,� �n�o�d�e�)� �t�o� �a�n�o�t�h�e�r� �t�h�r�o�u�g�h� �t�r�a�n�s�f�e�r� �m�a�t�r�i�c�e�s�,� �t�h�e� 

�t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �m�e�t�h�o�d� �r�e�q�u�i�r�e�s� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �t�o� �b�e� �k�n�o�w�n� �a�t� �t�h�e� �i�®� �n�o�d�e� �w�h�i�l�e� 

�p�e�r�f�o�r�m�i�n�g� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s�.� �B�u�t� �s�i�n�c�e� �t�h�i�s� �d�i�s�p�l�a�c�e�m�e�n�t� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� 

�a�t� �t�h�e� �j�t�h� �n�o�d�e�,� �a�n� �a�s�s�u�m�p�t�i�o�n� �i�s� �m�a�d�e� �i�n�i�t�i�a�l�l�y� �a�n�d� �t�h�i�s� �i�s� �i�t�e�r�a�t�e�d� �b�e�t�w�e�e�n� �t�h�e� �i�t�h� �a�n�d� �t�h�e� 

�j�t�h� �n�o�d�e�,� �t�i�l�l� �t�h�e� �s�o�l�u�t�i�o�n� �c�o�n�v�e�r�g�e�s�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �i�t� �i�s� �r�e�l�a�t�i�v�e�l�y� 

�e�a�s�y� �t�o� �t�a�k�e� �c�a�r�e� �o�f� �s�e�n�s�o�r� �n�o�n�c�o�l�l�o�c�a�t�i�o�n�.� �W�i�t�h� �t�h�e� �b�e�a�r�i�n�g� �a�t� �t�h�e� �i� �n�o�d�e� �a�n�d� �t�h�e� �s�e�n�s�o�r� 

�a�t� �t�h�e� �j�"� �n�o�d�e�,� �t�h�e� �b�e�a�r�i�n�g� �s�t�i�f�f�n�e�s�s� �g�e�t�s� �a�d�d�e�d� �t�o� �t�h�e� �(�i�j�)�"� �e�l�e�m�e�n�t� �o�f� �t�h�e� �s�y�s�t�e�m� �s�t�i�f�f�n�e�s�s� 

�m�a�t�r�i�x�.� �A� �s�i�m�i�l�a�r� �p�r�o�c�e�d�u�r�e� �i�s� �a�d�o�p�t�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �b�e�a�r�i�n�g� �d�a�m�p�i�n�g�,� �i�n� �t�h�e� �s�y�s�t�e�m� 

�d�a�m�p�i�n�g� �m�a�t�r�i�x�.� �I�n� �c�a�s�e� �t�h�e� �s�e�n�s�o�r� �i�s� �c�o�l�l�o�c�a�t�e�d�,� �t�h�e�n� �t�h�e� �b�e�a�r�i�n�g� �s�t�i�f�f�n�e�s�s� �g�e�t�s� �a�d�d�e�d� �t�o� 

�t�h�e� �(�i�,�i�)�"� �e�l�e�m�e�n�t�.� �T�h�i�s� �p�r�o�c�e�s�s� �o�f� �i�m�p�l�e�m�e�n�t�i�n�g� �t�h�e� �b�e�a�r�i�n�g� �s�t�i�f�f�n�e�s�s� �f�o�r� �a� �s�a�m�p�l�e� �p�r�o�b�l�e�m� 

�i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�4�.� 

�3�.�0� �M�o�d�e�l�i�n�g� �o�f� �R�o�t�o�r�s� �S�u�p�p�o�r�t�e�d� �o�n� �A�c�t�i�v�e� �M�a�g�n�e�t�i�c� �B�e�a�r�i�n�g�s� �5�4



�(�e�l�e�m�e�n�t� �n�o�d�e�s�)� 
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�;� �j� �p�e�e� 

�e�  ��@� �?� �-�@� �w�e� �K�j�.� �K�i� �+�k� 

�|� �[�K�]� �=� �|�.�.�.� �w�s� 

�B�e�a�r�i�n�g� �!� �S�e�n�s�o�r� 
�|� 

�F�i�g�u�r�e� �3�.�4� �S�c�h�e�m�a�t�i�c� �D�i�a�g�r�a�m� �S�h�o�w�i�n�g� �t�h�e� �L�o�c�a�t�i�o�n� �o�f� �T�h�e� �B�e�a�r�i�n�g� �S�t�i�f�f�n�e�s�s� �i�n� �.� 
�T�h�e� �S�t�i�f�f�n�e�s�s� �M�a�t�r�i�x� 

�3�.�3� �F�o�r�c�e�s� �i�n� �t�h�e� �M�a�g�n�e�t�i�c� �B�e�a�r�i�n�g� 

�T�h�e� �r�e�s�u�l�t�i�n�g� �c�u�r�r�e�n�t� �i�n� �t�h�e� �e�l�e�c�t�r�o�m�a�g�n�e�t� �g�i�v�e�s� �t�h�e� �n�e�c�e�s�s�a�r�y� �s�t�i�f�f�n�e�s�s� �a�n�d� 

�d�a�m�p�i�n�g� �p�r�o�p�e�r�t�i�e�s� �t�o� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�.� �F�o�r� �s�t�a�b�l�e� �o�p�e�r�a�t�i�o�n�,� �t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �i�s� 

�t�u�n�e�d� �a�p�p�r�o�p�r�i�a�t�e�l�y�.� �T�o� �a�n�a�l�y�z�e� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �r�o�t�o�r�,� �i�.�e�.�,� �t�o� �o�b�t�a�i�n� �t�h�e� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s� 

�a�n�d� �t�h�e� �m�o�d�e� �s�h�a�p�e�s�,� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m� �h�a�s� �t�o� �b�e� �s�o�l�v�e�d�.� �T�o� �w�r�i�t�e� �t�h�e� 

�g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �o�f� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�,� �t�h�e� �f�o�r�c�e�s� �d�e�v�e�l�o�p�e�d� �i�n� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� 

�a�r�e� �w�r�i�t�t�e�n� �a�s� �f�o�l�l�o�w�s�.� �T�h�e� �l�i�n�e�a�r�i�z�e�d� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �s�e�n�s�o�r� �m�e�a�s�u�r�e�m�e�n�t� �a�n�d� 

�t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �f�o�r�c�e�s� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �(�7�6�)�,� 

�F�y� �=� �-�K�p�y�y� �-� �K�i�y�l�y� �(�3�.�1�a�)� 

�F�,� �=� �-�K�p�7�Z� �-� �k�y�l�,� �(�3�.�1�b�)� 

�w�h�e�r�e�,� 

�y�,� �Z� �=� �t�h�e� �s�h�a�f�t� �d�i�s�p�l�a�c�e�m�e�n�t�s� �f�r�o�m� �e�q�u�i�l�i�b�r�i�u�m�,� �i�n� �t�h�e� �t�w�o� �l�a�t�e�r�a�l� �d�i�r�e�c�t�i�o�n�s�,� 

�i�y�,�i�z� �=� �c�o�i�l� �p�e�r�t�u�r�b�a�t�i�o�n� �c�u�r�r�e�n�t�s� �i�n� �t�h�e� �y� �a�n�d� �z� �d�i�r�e�c�t�o�n�s�,� 

�k� �p�y�,� �K�p�z� �=� �o�p�e�n� �l�o�o�p� �g�a�i�n� �i�n� �t�h�e� �y� �a�n�d� �z� �d�i�r�e�c�t�i�o�n�s�,� 

�i�Z� �k�i�y�,�k�j�z� �=� �c�u�r�r�e�n�t� �g�a�i�n� �i�n� �t�h�e� �y� �a�n�d� �z� �d�i�r�e�c�t�i�o�n�s�,� 

�-�2�1�,�A�N�7�i�?� �_� �-�2�p�,�A�N�7�i�,� �K�e� �=� �A� �=� 
�h�;� �s� 
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�w�h�e�r�e�,� 

�A� �=� �p�o�l�e� �f�a�c�e� �a�r�e�a�,� �[�.�,� �=� �p�e�r�m�e�a�b�i�l�i�t�y� �o�f� �f�r�e�e� �s�p�a�c�e�,� 

�N� �=� �n�u�m�b�e�r� �o�f� �c�o�i�l� �t�u�r�n�s�,� �1�,� �=� �s�t�e�a�d�y� �s�t�a�t�e� �c�o�i�l� �c�u�r�r�e�n�t�,� 

�h�,� �=� �n�o�m�i�n�a�l� �c�l�e�a�r�a�n�c�e�.� 

�T�h�e� �o�v�e�r�a�l�l� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �f�o�r� �a� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �c�o�n�f�i�g�u�r�a�t�i�o�n� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�t�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �s�e�n�s�o�r�,� �t�h�e� �c�o�n�t�r�o�l�l�e�r� 

�(�t�y�p�i�c�a�l�l�y� �P�I�D�)� �a�n�d� �t�h�e� �p�o�w�e�r� �e�l�e�c�t�r�o�n�i�c�s� �u�s�e�d�.� �T�h�i�s� �o�v�e�r�a�l�l� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� 

�e�x�p�r�e�s�s�e�d� �a�s� �a� �r�a�t�i�o� �o�f� �p�o�l�y�n�o�m�i�a�l�s�.� 

�G�,� �=� �G�,�.�G�,�.�G�,� 

�G�,� �=� �(�3�.�2�)� � � 

�T�h�e� �a�b�o�v�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �r�e�l�a�t�e�s� �t�h�e� �c�o�i�l� �p�e�r�t�u�r�b�a�t�i�o�n� �c�u�r�r�e�n�t� �(�i�n� �t�h�e� �f�o�r�c�e� �e�q�u�a�t�i�o�n�)� �t�o� 

�t�h�e� �s�h�a�f�t� �m�o�t�i�o�n� �a�s� �s�e�e�n� �b�y� �t�h�e� �s�e�n�s�o�r�.� 

�i�y� �=� �G�,�-�y� 

�1� �=�G�,�z� 

�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �i�n�t�o� �t�h�e� �f�o�r�c�e� �e�q�u�a�t�i�o�n�s� �(�3�.�1�a� �a�n�d� �3�.�1�b�)�,� 

�F�y� �=� �-�K�p�y�y� �-� �K�i�y�G�y�y� �(�3�.�3�a�)� 

�F�,� �=� �-�K�p�z�z� �-� �k�j�z�G�z�z� �(�3�.�3�b�)� 

�T�h�e� �a�b�o�v�e� �f�o�r�c�e� �e�q�u�a�t�i�o�n�s� �c�a�n� �n�o�w� �b�e� �u�s�e�d� �i�n� �d�e�r�i�v�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �f�o�r� �t�h�e� 

�a�c�t�i�v�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �s�y�s�t�e�m�.� 
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�3�.�4� �M�o�d�e�l�i�n�g� �t�h�e� �M�a�g�n�e�t�i�c� �B�e�a�r�i�n�g� �F�o�r�c�e�s� �i�n� �t�h�e� �S�y�s�t�e�m� �E�q�u�a�t�i�o�n� �o�f� �M�o�t�i�o�n� 

�T�h�e� �f�u�n�c�t�i�o�n�s� �G�,� �a�n�d� �G�,� �c�o�n�t�a�i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �a�n�d� �a�r�e� �h�e�n�c�e� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t� 

�p�a�r�a�m�e�t�e�r�s�.� �T�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� �f�l�u�i�d� �f�i�l�m� �j�o�u�r�n�a�l� �b�e�a�r�i�n�g�s�,� �i�.�e�.�,� �t�h�e� 

�s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g�,� �a�r�e� �p�r�e�d�o�m�i�n�a�n�t�l�y� �r�u�n�n�i�n�g� �s�p�e�e�d� �d�e�p�e�n�d�e�n�t�.� �H�o�w�e�v�e�r�,� �i�n� �m�a�g�n�e�t�i�c� 

�b�e�a�r�i�n�g�s�,� �t�h�e� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �p�r�e�d�o�m�i�n�a�n�t�l�y� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� 

�w�h�i�r�l� �f�r�e�q�u�e�n�c�y� �(�i�.�e�.�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �l�a�t�e�r�a�l� �v�i�b�r�a�t�i�o�n�)� �r�a�t�h�e�r� �t�h�a�n� �t�h�e� �r�u�n�n�i�n�g� �s�p�e�e�d�.� 

�H�e�n�c�e�,� �t�h�i�s� �t�y�p�e� �o�f� �s�t�a�b�i�l�i�t�y� �e�v�a�l�u�a�t�i�o�n� �i�s� �k�n�o�w�n� �a�s� �n�o�n�s�y�n�c�h�r�o�n�o�u�s� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s�.� 

�S�i�n�c�e�,� �i�n� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s�,� �t�h�e� �w�h�i�r�l� �f�r�e�q�u�e�n�c�y� �i�s� �n�o�t� �k�n�o�w�n� �a�p�r�i�o�r�i�,� �a�n� �i�t�e�r�a�t�i�v�e� 

�p�r�o�c�e�d�u�r�e� �i�s� �r�e�q�u�i�r�e�d� �t�o� �o�b�t�a�i�n� �t�h�e�  ��e�x�a�c�t �� �d�a�m�p�e�d� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �a�n�d� �s�t�a�b�i�l�i�t�y� 

�p�a�r�a�m�e�t�e�r�s�,� �f�o�r� �t�h�e� �g�i�v�e�n� �m�o�d�e�.� 

�T�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �r�o�t�o�r�s� �s�u�p�p�o�r�t�e�d� �o�n� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� 

�t�h�r�e�e� �m�e�t�h�o�d�s�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �a�r�e� �t�h�e� �t�h�r�e�e� �m�e�t�h�o�d�s� �i�m�p�l�e�m�e�n�t�e�d� �i�n�t�o� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�p�r�o�c�e�d�u�r�e� �w�h�i�l�e� �m�o�d�e�l�i�n�g� �r�o�t�o�r�s� �s�u�p�p�o�r�t�e�d� �o�n� �A�M�B�.� 

�3�.�4�.�1� �M�e�t�h�o�d� �1� �:� �T�a�b�l�e� �o�f� �B�e�a�r�i�n�g� �C�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �K�n�o�w�n� �A�p�r�i�o�r�i� 

�T�h�i�s� �m�e�t�h�o�d� �i�s� �a�p�p�l�i�c�a�b�l�e� �w�h�e�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t� �b�e�a�r�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� 

�k�n�o�w�n�.� �T�h�e� �b�e�a�r�i�n�g� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �a�r�e� �g�i�v�e�n� �o�v�e�r� �a� �r�a�n�g�e� �o�f� �f�r�e�q�u�e�n�c�i�e�s� �a�s� �s�h�o�w�n� 

�i�n� �F�i�g�.� �3�.�5�.� 

�3�.�0� �M�o�d�e�l�i�n�g� �o�f� �R�o�t�o�r�s� �S�u�p�p�o�r�t�e�d� �o�n� �A�c�t�i�v�e� �M�a�g�n�e�t�i�c� �B�e�a�r�i�n�g�s� �5�7
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�F�i�g�u�r�e� �3�.�5� �T�h�e� �F�r�e�q�u�e�n�c�y� �D�e�p�e�n�d�e�n�t� �B�e�a�r�i�n�g� �C�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�T�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �i�s� �p�e�r�f�o�r�m�e�d� �f�o�r� �e�a�c�h� �m�o�d�e�,� �i�.�e�.�,� �t�h�e� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�d�u�r�e� 

�d�e�s�c�r�i�b�e�d� �a�b�o�v�e� �i�s� �p�e�r�f�o�r�m�e�d� �f�o�r� �e�a�c�h� �m�o�d�e� �t�o� �o�b�t�a�i�n� �t�h�e�  ��e�x�a�c�t �� �f�r�e�q�u�e�n�c�y� �f�o�r� �t�h�e� �g�i�v�e�n� 

�m�o�d�e�.� �F�o�r� �t�h�e� �f�i�r�s�t� �s�t�a�b�i�l�i�t�y� �r�u�n�,� �t�h�e� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� 

�t�h�e� �r�u�n�n�i�n�g� �s�p�e�e�d� �a�r�e� �s�e�l�e�c�t�e�d�.� �F�o�r� �t�h�e� �s�u�c�c�e�s�s�i�v�e� �i�t�e�r�a�t�i�o�n�s�,� �t�h�e� �n�e�w�l�y� �o�b�t�a�i�n�e�d� �f�r�e�q�u�e�n�c�y� 

�(�f�o�r� �t�h�e� �g�i�v�e�n� �m�o�d�e�)� �i�s� �u�s�e�d� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �b�e�a�r�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d�.� 

�T�h�e� �L�a�g�r�a�n�g�i�a�n� �4�-�p�o�i�n�t� �i�n�t�e�r�p�o�l�a�t�i�o�n� �s�c�h�e�m�e� �i�s� �u�s�e�d� �t�o� �c�u�r�v�e� �f�i�t� �t�h�e� �g�i�v�e�n� �b�e�a�r�i�n�g� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�e� �n�e�w�l�y� �c�a�l�c�u�l�a�t�e�d� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �a�r�e� �u�s�e�d� �o�n�c�e� �a�g�a�i�n� �t�o� �p�e�r�f�o�r�m� 

�t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s�.� �T�h�e� �c�o�n�v�e�r�g�e�n�c�e� �i�s� �c�h�e�c�k�e�d� �a�t� �t�h�e� �e�n�d� �o�f� �e�a�c�h� �s�t�a�b�i�l�i�t�y� �r�u�n�,� �b�y� 

�c�o�m�p�a�r�i�n�g� �t�h�e� �p�r�e�v�i�o�u�s�l�y� �o�b�t�a�i�n�e�d� �c�r�i�t�i�c�a�l� �s�p�e�e�d� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �n�e�w�l�y� �o�b�t�a�i�n�e�d� 

�c�r�i�t�i�c�a�l� �s�p�e�e�d�.� 

� � � � 

�F�r�e�q�u�e�n�c�y� �S�t�i�f�f�n�e�s�s� �D�a�m�p�i�n�g� 
�_�(�r�p�m�)� �(�N�/�m�)� �(�N�-�s�/�m�)� 

�1�0�0�0� �2�.�l�e�7� �1�.�5�e�4� 

�1�5�0�0� �2�.�4�e�7� �1�.�5�5�e�4� 

�2�0�0�0� �2�.�6�e�7� �1�.�6�2�e�4� 

�2�5�0�0� �2�.�8�e�7� �1�.�8�4� 

�(�N�e�w�l�y� �o�b�t�a�i�n�e�d� �N�,�,� �-� �P�r�e�v�i�o�u�s�l�y� �o�b�t�a�i�n�e�d� �N�,�,�)� 
� � �%� �C�u�r�r�e�n�t� �T�o�l�e�r�a�n�c�e� �=� 

�3�.�0� �M�o�d�e�l�i�n�g� �o�f� �R�o�t�o�r�s� �S�u�p�p�o�r�t�e�d� �o�n� �A�c�t�i�v�e� �M�a�g�n�e�t�i�c� �B�e�a�r�i�n�g�s� 

�N�e�w�l�y� �o�b�t�a�i�n�e�d� �N�,�,� 

� 



�T�h�e� �c�u�r�r�e�n�t� �t�o�l�e�r�a�n�c�e� �i�s� �c�h�e�c�k�e�d� �a�g�a�i�n�s�t� �t�h�e� �t�o�l�e�r�a�n�c�e� �t�o� �b�e� �o�b�t�a�i�n�e�d�.� �I�f� �t�h�e� �c�u�r�r�e�n�t� 

�t�o�l�e�r�a�n�c�e� �i�s� �l�e�s�s� �t�h�a�n� �t�h�e� �t�o�-�b�e�-�o�b�t�a�i�n�e�d�-�t�o�l�e�r�a�n�c�e� �l�e�v�e�l�,� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �a�r�e� �s�t�o�p�p�e�d�,� �e�l�s�e� 

�t�h�e� �i�t�e�r�a�t�i�o�n�s� �c�o�n�t�i�n�u�e� �t�i�l�l� �t�h�e� �r�e�q�u�i�r�e�d� �t�o�l�e�r�a�n�c�e� �l�e�v�e�l� �i�s� �r�e�a�c�h�e�d�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �f�l�o�w� 

�d�i�a�g�r�a�m� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�6� �s�h�o�w�s� �t�h�e� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�d�u�r�e� �u�s�e�d� �i�n� �t�h�e� �n�o�n�s�y�n�c�h�r�o�n�o�u�s� 

�s�t�a�b�i�l�i�t�y� �e�v�a�l�u�a�t�i�o�n�.� 

� � 

�I�n�p�u�t� �(�R�o�t�o�r� �s�y�s�t�e�m� �d�e�t�a�i�l�s�)� 
�(�M�o�d�e� �f�o�r� �w�h�i�c�h� �i�t�e�r�a�t�i�o�n� �h�a�s� 

�t�o� �b�e� �p�e�r�f�o�r�m�e�d�)� � � � � � � 
� � � � 

� � �S�t�a�b�i�l�i�t�y� �C�a�l�c�u�l�a�t�i�o�n�s� 
� � � � � � 

� � � � 

� � �C�h�e�c�k� �f�o�r� �T�o�l�e�r�a�n�c�e� �:� �(�f�o�r� �g�i�v�e�n� �m�o�d�e�)� �;� 
�T�o�l�.� �=� �N�e�w� �N�,�,� �-� �O�l�d� �N�x� �S�e�l�e�c�t� �N�e�w� �B�e�a�r�i�n�g� �K� 

�N�e�w� �N�.� �&�C� �f�o�r� �N�e�w� �N�,�,� � � � � � � � � � � � � 

� � � � �T�o�l�.� �>� �R�e�q�u�i�r�e�d� �T�o�l�e�r�a�n�c�e� �T�r�u�e� 

�F�a�l�s�e� 

�S�T�O�P� 

�F�i�g�u�r�e� �3�.�6� �F�l�o�w� �D�i�a�g�r�a�m� �o�f� �t�h�e� �I�t�e�r�a�t�i�v�e� �P�r�o�c�e�d�u�r�e� �f�o�r� �t�h�e� �S�t�a�b�i�l�i�t�y� �E�v�a�l�u�a�t�i�o�n� 

� � 

� � � � � � 

� � 

�3�.�4�.�2� �M�e�t�h�o�d� �2� �:� �T�h�e� �O�v�e�r�a�l�l� �T�r�a�n�s�f�e�r� �F�u�n�c�t�i�o�n� �i�s� �K�n�o�w�n� �A�p�r�i�o�r�i� 

�T�h�e� �a�b�o�v�e� �M�e�t�h�o�d� �1� �i�s� �u�s�e�f�u�l� �o�n�l�y� �i�f� �t�h�e� �t�a�b�l�e� �o�f� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t� �b�e�a�r�i�n�g� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �i�s� �k�n�o�w�n� �b�e�f�o�r�e�h�a�n�d�.� �U�s�u�a�l�l�y� �t�h�e� �m�a�g�n�e�t�i�c� �v�e�n�d�o�r� �s�u�p�p�l�i�e�s� �t�h�e� �t�a�b�l�e� �o�f� 

�3�.�0� �M�o�d�e�l�i�n�g� �o�f� �R�o�t�o�r�s� �S�u�p�p�o�r�t�e�d� �o�n� �A�c�t�i�v�e� �M�a�g�n�e�t�i�c� �B�e�a�r�i�n�g�s� �5�9



�p�r�o�p�e�r�t�i�e�s� �a�f�t�e�r� �t�h�e� �t�u�n�i�n�g� �o�f� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s�.� �T�h�i�s� �m�e�t�h�o�d� �i�s� �v�e�r�y� �s�t�r�a�i�g�h�t� �f�o�r�w�a�r�d� 

�a�n�d� �c�a�n� �b�e� �a�p�p�l�i�e�d� �a�n�d� �u�s�e�d� �c�o�n�v�e�n�i�e�n�t�l�y� �f�o�r� �t�h�e� �s�t�a�b�i�l�i�t�y� �e�v�a�l�u�a�t�i�o�n�.� �A�n�o�t�h�e�r� �m�e�t�h�o�d� �t�o� 

�m�o�d�e�l� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s� �i�s� �t�o� �o�b�t�a�i�n� �t�h�e� �b�e�a�r�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �d�i�r�e�c�t�l�y� �f�r�o�m� �t�h�e� 

�t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�.� 

�T�h�e� �o�v�e�r�a�l�l� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l�l�e�r�,� �t�h�e� �s�e�n�s�o�r� �a�n�d� �t�h�e� �p�o�w�e�r� �a�m�p�l�i�f�i�e�r� 

�c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �a� �r�a�t�i�o� �o�f� �p�o�l�y�n�o�m�i�a�l�s�,� �g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n� �(�3�.�4�)�.� 

�G�=�G�,�.�G�,�.�G�,� 

�m� �-�1� �m�-�2� �n�S� �+�O�p�_� �S�S� �+�O�p�_�S� � �t�.�.�.�.�.�.� �a� �S�t�a�y� 
�G� �=� 

�f�t� �4� �B�.�S� �+� �B�o�o�s�"�?� �H�o�o�.� �B�i�s�t�+�B�o� 
� � �(�3�.�4�)� 

�T�h�e� �b�e�a�r�i�n�g� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �f�o�r� �a� �g�i�v�e�n� �f�r�e�q�u�e�n�c�y� �c�a�n� �b�e� 

�w�r�i�t�t�e�n� �f�r�o�m� �t�h�e� �c�o�m�p�l�e�x� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �a�s�,� 

�S�t�i�f�f�n�e�s�s�,� �K� �=� �R�e�(�G�)� 

�D�a�m�p�i�n�g�,� �C� �=� �I�m�a�g�.� �(�G�)�/�o� 

�w�h�e�r�e�,� 

 ��G �� �i�s� �t�h�e� �o�v�e�r�a�l�l� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�,� 

�a�n�d�  � �� �i�s� �t�h�e� �w�h�i�r�l� �f�r�e�q�u�e�n�c�y�.� 

�T�h�e� �a�b�o�v�e� �m�e�t�h�o�d� �n�e�c�e�s�s�i�t�a�t�e�s� �t�h�e� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �b�e�f�o�r�e�h�a�n�d�.� 

�T�h�i�s� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �M�e�t�h�o�d� �1�,� �b�u�t� �g�e�n�e�r�a�t�e�s� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�i�n�t�e�r�n�a�l�l�y� �w�h�i�l�e� �p�e�r�f�o�r�m�i�n�g� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s�.� �T�h�e� �i�t�e�r�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� 

�3�.�3�.�1� �i�s� �s�t�i�l�l� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e�  ��e�x�a�c�t �� �d�a�m�p�e�d� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �f�o�r� �t�h�e� �r�e�q�u�i�r�e�d� �m�o�d�e�.� 
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�3�.�4�.�3� �M�e�t�h�o�d� �3� �:� �M�o�d�e�l�i�n�g� �t�h�e� �T�r�a�n�s�f�e�r� �F�u�n�c�t�i�o�n� �e�x�p�l�i�c�i�t�l�y� �i�n�t�o� �t�h�e� �E�q�u�a�t�i�o�n� �o�f� 

�M�o�t�i�o�n� �o�f� �t�h�e� �S�y�s�t�e�m� �f�o�r� �S�t�a�b�i�l�i�t�y� �A�n�a�l�y�s�i�s� 

�T�h�e� �a�b�o�v�e� �t�w�o� �m�e�t�h�o�d�s� �d�o� �n�o�t� �m�o�d�e�l� �t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m�s� �d�y�n�a�m�i�c�s�,� �1�.�e�.�,� �t�h�e�y� �d�o� 

�n�o�t� �i�n�c�l�u�d�e� �t�h�e� �p�o�l�e�s� �a�n�d� �z�e�r�o�s� �o�f� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �e�x�p�l�i�c�i�t�l�y� �i�n�t�o� �t�h�e� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n� 

�o�f� �m�o�t�i�o�n�,� �t�h�o�u�g�h� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �z�e�r�o�s� �a�n�d� �p�o�l�e�s� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �m�o�d�e�l�.� �H�o�w�e�v�e�r�,� �i�t� 

�i�s� �p�o�s�s�i�b�l�e� �t�h�a�t� �t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �m�a�y� �h�a�v�e� �p�o�l�e�s� �t�h�a�t� �a�r�e� �u�n�s�t�a�b�l�e�.� �T�h�i�s� �m�a�k�e� �t�h�e� �r�o�t�o�r�-� 

�b�e�a�r�i�n�g� �s�y�s�t�e�m� �u�n�s�t�a�b�l�e�.� �H�e�n�c�e� �i�t� �i�s� �e�q�u�a�l�l�y� �i�m�p�o�r�t�a�n�t� �t�o� �i�n�c�l�u�d�e� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� 

�c�o�n�t�r�o�l�l�e�r� �i�n�t�o� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m�,� �a�n�d� �a�l�s�o� �t�o� �i�n�c�l�u�d�e� �t�h�e� �c�o�u�p�l�i�n�g� �o�f� 

�t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �a�n�d� �t�h�e� �r�o�t�o�r� �s�y�s�t�e�m�.� 

�T�h�e� �o�v�e�r�a�l�l� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�r�o�l�l�e�r�,� �t�h�e� �s�e�n�s�o�r� �a�n�d� �t�h�e� �p�o�w�e�r� �a�m�p�l�i�f�i�e�r� 

�c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �a� �r�a�t�i�o� �o�f� �p�o�l�y�n�o�m�i�a�l�s�,� �g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n� �(�3�.�5�)�.� 
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�O�m� � �O�m�m�e�l�,� �O�l�m�-�2�5�.�-�.�s�0�0�0�-� �,� �1�,� �&� �=� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �n�u�m�e�r�a�t�o�r� �o�f� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� 

�B�n�e�i�,� �B�r�2�,� �B�a�a�.�.�.� �,� �B�i�,� �B�o� �=� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �d�e�n�o�m�i�n�a�t�o�r� �o�f� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� 
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�I�t� �c�a�n� �b�e� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �n�u�m�b�e�r� �o�f� �p�o�l�e�s� �m�u�s�t� �b�e� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �n�u�m�b�e�r� �o�f� �z�e�r�o�s�,� �1�.�e�.�,� 
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�T�h�i�s� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �i�s� �a� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �r�o�t�o�r� �s�e�n�s�e�d� �b�y� 

�t�h�e� �s�e�n�s�o�r� �t�o� �t�h�e� �c�u�r�r�e�n�t� �f�e�d� �b�a�c�k� �t�o� �t�h�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�.� �T�h�i�s� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�,� 
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�T�h�e� �e�q�u�a�t�i�o�n� �(�3�.�8�)� �i�s� �t�h�e� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n�,� �w�h�i�c�h� �n�o�w� �i�n�c�l�u�d�e�s� �t�h�e� 

�d�y�n�a�m�i�c�s� �o�f� �t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �e�x�p�l�i�c�i�t�l�y�,� �a�n�d� �a�l�s�o� �t�h�e� �c�o�u�p�l�i�n�g� �o�f� �t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �t�o� 

�t�h�e� �r�o�t�o�r� �s�y�s�t�e�m� �i�s� �a�c�c�o�u�n�t�e�d� �f�o�r�.� �T�h�e� �e�q�u�a�t�i�o�n� �i�s� �s�o�l�v�e�d� �f�o�r� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �r�o�t�o�r�-� 
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�4�.�1� �C�o�n�v�e�r�g�e�n�c�e� �o�f� �S�o�l�u�t�i�o�n�s� 

�T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�i�n�g� �p�r�o�c�e�d�u�r�e� �i�s� �g�e�n�e�r�a�l�l�y� �c�h�e�c�k�e�d� �f�o�r� �c�o�n�v�e�r�g�e�n�c�e� �t�o� 

�v�e�r�i�f�y� �t�h�e� �p�r�o�c�e�d�u�r�e�.� �T�h�e� �m�o�s�t� �c�o�m�m�o�n� �m�e�t�h�o�d� �o�f� �v�e�r�i�f�y�i�n�g� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� 

�s�o�l�u�t�i�o�n�s� �i�s� �t�o� �d�e�c�r�e�a�s�e� �t�h�e�  ��m�e�s�h �� �s�i�z�e�,� �i�n� �e�f�f�e�c�t� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s�.� �I�n� 

�t�h�i�s� �c�a�s�e�,� �t�h�e� �e�l�e�m�e�n�t�s� �a�r�e� �1�-�D� �b�e�a�m� �e�l�e�m�e�n�t�s�.� �T�o� �v�e�r�i�f�y� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e�,� �t�h�e� �I�/�d� �r�a�t�i�o� �o�f� 

�t�h�e� �s�e�c�t�i�o�n�s� �i�s� �d�e�c�r�e�a�s�e�d� �a�n�d� �t�h�e� �p�r�o�b�l�e�m� �i�s� �s�o�l�v�e�d� �e�a�c�h� �t�i�m�e� �t�o� �m�a�k�e� �s�u�r�e� �t�h�e� �s�o�l�u�t�i�o�n�s� 

�c�o�n�v�e�r�g�e� �m�o�n�o�t�o�n�i�c�a�l�l�y�.� 

�A�s� �t�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �t�h�i�s� �t�e�s�t�,� �a� �J�e�f�f�c�o�t�t� �r�o�t�o�r�,� �v�i�z�.�,� �a� �u�n�i�f�o�r�m� �r�o�t�o�r� �w�i�t�h� �a� �m�a�s�s� �a�t� 

�m�i�d�s�p�a�n� �a�n�d� �s�u�p�p�o�r�t�e�d� �b�y� �t�w�o� �b�e�a�r�i�n�g�s� �a�t� �e�a�c�h� �e�n�d� �(�7�7�)�,� �w�a�s� �u�s�e�d� �a�s� �t�h�e� �c�a�s�e� �s�t�u�d�y�.� �T�h�e� 

�r�o�t�o�r� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�1� �c�o�n�s�i�s�t�s� �o�f� �a� �u�n�i�f�o�r�m� �d�i�a�m�e�t�e�r� �s�h�a�f�t� �o�f� �0�.�0�2�5�4� �m� �(�1�.�0� �i�n�.�)� �d�i�a�m�e�t�e�r� 

�a�n�d� �0�.�5�0�8� �m� �(�2�0�.�0� �i�n�.�)� �i�n� �l�e�n�g�t�h�,� �s�u�p�p�o�r�t�e�d� �b�y� �t�w�o� �f�l�u�i�d� �f�i�l�m� �b�e�a�r�i�n�g�s� �a�t� �b�o�t�h� �t�h�e� �e�n�d�s�.� 

�T�h�e� �n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �r�o�t�o�r� �w�a�s� �v�a�r�i�e�d� �f�r�o�m� �4� �e�l�e�m�e�n�t�s� �t�o� �4�0� 

�e�l�e�m�e�n�t�s�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s�,� �v�i�z�.�,� �t�h�e� �g�r�o�w�t�h� �f�a�c�t�o�r�s� �a�n�d� �t�h�e� �d�a�m�p�e�d� 
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�#� �E�l�e�m�e�n�t�s� �|� �E�l�e�m�e�n�t�s� �E�l�e�m�e�n�t�s� �E�l�e�m�e�n�t�s� �|� �E�l�e�m�e�n�t�s� 

�1� �f�w� �5�0�5�5�.�2� �5�0�5�5�.�2� �5�0�5�5�.�2� �5�0�5�5�.�1� �5�0�5�5�.�1� 

�1� �b�w� �5�0�5�4�.�9� �5�0�5�4�.�8� �5�0�5�4�.�8� �5�0�5�4�.�8� �5�0�5�4�.�8� 

�2� �f�w� �1�9�3�1�8�.�9� �1�9�3�0�3�.�9� �1�9�3�0�3�.�1� �1�9�3�0�2�.�2� �1�9�3�0�1�.�8� 

�2�b�w� �|� �1�9�5�1�6�.�9� �1�9�5�0�1�.�3� �1�9�5�0�0�.�4� �1�9�4�9�9�.�4� �1�9�4�9�9�.�0� 
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�3� �b�w� �|� �-�3�1�.�8�2�5�7� �|� �-�3�1�.�5�6�9�8� �-�3�1�.�5�5�3�8� �-�3�1�.�5�3�7�4� �|� �-�3�1�.�5�3�6�4� 

�3�f�w� �|� �-�3�1�.�8�2�8�5� �|� �-�3�1�.�5�7�2�9� �-�3� �1�.�5�5�7�2� �-�3�1�.�5�4�0�8� �|� �-�3�1�.�5�3�3�7� 

�4�f�w� �|� �-�2�6�.�1�1�1�8� �|� �-�2�5�.�6�8�2�7� �-�2�5�.�6�5�3�5� �-�2�5�.�6�2�3�1� �-�2�5�.�6�1�6�4� 
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�4�,�2� �M�o�d�e�l�i�n�g� �t�h�e� �R�o�t�o�r� �U�s�i�n�g� �D�i�f�f�e�r�e�n�t� �M�a�s�s� �M�a�t�r�i�x� �F�o�r�m�u�l�a�t�i�o�n�s� 

�T�h�e� �t�w�o� �m�o�s�t� �c�o�m�m�o�n� �m�e�t�h�o�d�s� �o�f� �f�o�r�m�u�l�a�t�i�n�g� �t�h�e� �e�l�e�m�e�n�t� �m�a�t�r�i�c�e�s� �(�m�a�s�s�,� 

�s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �m�a�t�r�i�c�e�s�)� �a�r�e� �t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �p�r�o�p�e�r�t�y� �m�e�t�h�o�d� �a�n�d� �t�h�e� �l�u�m�p�e�d� 

�p�a�r�a�m�e�t�e�r� �m�e�t�h�o�d� �(�7�8�,�7�9�)�.� �T�h�e� �d�i�s�t�r�i�b�u�t�e�d� �p�r�o�p�e�r�t�y� �m�e�t�h�o�d� �i�n�v�o�l�v�e�s� �i�n�t�e�g�r�a�t�i�n�g� �t�h�e� 

�p�r�o�p�e�r�t�y� �o�f� �a� �s�m�a�l�l� �e�l�e�m�e�n�t�a�l� �s�e�c�t�i�o�n� �o�v�e�r� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �b�e�a�m� �e�l�e�m�e�n�t�.� �T�h�i�s� �r�e�s�u�l�t�s� �i�n� �a� 

�m�a�t�r�i�x� �t�h�a�t� �i�s� �n�o�t� �d�i�a�g�o�n�a�l�,� �b�u�t� �c�o�n�t�a�i�n�s� �o�f�f� �d�i�a�g�o�n�a�l� �t�e�r�m�s�.� �T�h�i�s� �m�e�t�h�o�d� �g�i�v�e�s� �r�e�l�a�t�i�v�e�l�y� 

�m�o�r�e� �a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s�,� �b�u�t� �r�e�q�u�i�r�e�s� �m�o�r�e� �c�o�m�p�u�t�e�r� �s�t�o�r�a�g�e� �s�p�a�c�e�.� �F�o�r� �s�o�m�e� �s�i�m�p�l�e� 

�p�r�o�b�l�e�m�s�/�m�o�d�e�l�s�,� �t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �p�r�o�p�e�r�t�y� �m�a�t�r�i�c�e�s� �m�a�y� �n�o�t� �b�e� �r�e�q�u�i�r�e�d�.� �T�h�e� �s�i�m�p�l�e�r� 

�m�e�t�h�o�d� �o�f� �l�u�m�p�e�d� �p�a�r�a�m�e�t�e�r�s� �c�a�n� �b�e� �u�s�e�d� �i�n� �s�u�c�h� �c�a�s�e�s�.� �T�h�i�s� �m�e�t�h�o�d� �i�n�v�o�l�v�e�s� �l�u�m�p�i�n�g� 

�t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �e�l�e�m�e�n�t�s� �a�t� �t�h�e� �n�o�d�e�s�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �a� �b�e�a�m� �e�l�e�m�e�n�t� �w�i�t�h� �t�w�o� �n�o�d�e�s� 

�a�t� �e�a�c�h� �e�n�d� �o�f� �t�h�e� �e�l�e�m�e�n�t�,� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �d�i�v�i�d�e�d� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �n�o�d�e�s�.� �T�h�i�s� �r�e�s�u�l�t�s� 

�i�n� �d�i�a�g�o�n�a�l� �e�l�e�m�e�n�t� �m�a�t�r�i�c�e�s�,� �i�.�e�.�,� �t�h�e� �m�a�s�s�,� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �m�a�t�r�i�c�e�s� �a�r�e� �d�i�a�g�o�n�a�l�.� 

�T�h�e� �d�i�a�g�o�n�a�l� �m�a�t�r�i�c�e�s� �n�o�t� �o�n�l�y� �d�e�c�r�e�a�s�e� �t�h�e� �a�m�o�u�n�t� �o�f� �c�o�m�p�u�t�e�r� �s�t�o�r�a�g�e� �b�u�t� �a�l�s�o� �c�u�t� 

�d�o�w�n� �o�n� �t�h�e� �e�x�e�c�u�t�i�n�g� �t�i�m�e� �o�f� �t�h�e� �p�r�o�g�r�a�m�.� �H�o�w�e�v�e�r�,� �c�a�r�e� �m�u�s�t� �b�e� �t�a�k�e�n� �i�n� �s�e�l�e�c�t�i�n�g� �t�h�e� 

�t�y�p�e� �o�f� �f�o�r�m�u�l�a�t�i�o�n�,� �a�s� �i�t� �v�e�r�y� �m�u�c�h� �d�e�p�e�n�d�s� �o�n� �t�h�e� �t�y�p�e� �o�f� �p�r�o�b�l�e�m� �b�e�i�n�g� �a�n�a�l�y�z�e�d�.� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �s�t�u�d�y� �w�a�s� �m�a�d�e� �t�o� �c�o�m�p�a�r�e� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �t�y�p�e�s� �o�f� 

�m�a�s�s� �m�a�t�r�i�x� �f�o�r�m�u�l�a�t�i�o�n�s�.� �T�h�e� �t�h�r�e�e� �f�o�r�m�u�l�a�t�i�o�n�s� �b�e�i�n�g� �s�t�u�d�i�e�d� �f�o�r� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� 

�a�r�e� �t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �m�a�s�s� �f�o�r�m�u�l�a�t�i�o�n�,� �t�h�e� �l�u�m�p�e�d� �m�a�s�s� �f�o�r�m�u�l�a�t�i�o�n� �w�i�t�h� �s�i�m�p�l�e� �s�p�l�i�t�t�i�n�g� 

�(�e�x�p�l�a�n�a�t�i�o�n� �f�o�l�l�o�w�s�)� �a�n�d� �t�h�e� �l�u�m�p�e�d� �m�a�s�s� �f�o�r�m�u�l�a�t�i�o�n� �w�i�t�h� �r�e�v�i�s�e�d� �s�p�l�i�t�t�i�n�g� �(�e�x�p�l�a�n�a�t�i�o�n� 

�f�o�l�l�o�w�s�)�.� 
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�4�.�2�.�1� �D�i�s�t�r�i�b�u�t�e�d� �M�a�s�s� �M�a�t�r�i�x� �F�o�r�m�u�l�a�t�i�o�n� 

�T�h�e� �s�h�a�p�e� �f�u�n�c�t�i�o�n�s� �u�s�e�d� �f�o�r� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �m�a�s�s� �m�a�t�r�i�x� �a�r�e� �a�s� 

�g�i�v�e�n� �i�n� �t�h�e� �A�p�p�e�n�d�i�x�.� �W�r�i�t�i�n�g� �o�u�t� �t�h�e� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �o�f� �t�h�e� �b�e�a�m� �e�l�e�m�e�n�t� �a�s� �e�x�p�l�a�i�n�e�d� �i�n� 

�s�e�c�t�i�o�n� �2�.�2�.�1�,� �g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n�s� �(�2�.�5�)�,� �t�h�e� �m�a�s�s� �m�a�t�r�i�x� �f�o�r� �t�h�e� �r�o�t�o�r� �e�l�e�m�e�n�t� �c�a�n� �b�e� 

�w�r�i�t�t�e�n� �a�s�,� 

�O� �M�y�.� �M�y� �0� �0� �m�M� 

�0� �m�M�,� �M�m�;� �O�O� �O� �M�e� �M�7� � � � � �m�g�,� �0� �O� �m�y� �m�g� �0� �0� �M�g�e� �|� 

�4�.�2�.�2� �L�u�m�p�e�d� �M�a�s�s� �f�o�r�m�u�l�a�t�i�o�n� �:� �S�i�m�p�l�e� �s�p�l�i�t�t�i�n�g� 

�I�n� �t�h�e� �l�u�m�p�e�d� �m�a�s�s� �f�o�r�m�u�l�a�t�i�o�n�,� �a�s� �t�h�e� �n�a�m�e� �i�n�d�i�c�a�t�e�s�,� �t�h�e� �p�r�o�p�e�r�t�i�e�s�,� �i�.�e�.�,� �t�h�e� 

�m�a�s�s�,� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �a�n�d� �t�h�e� �p�o�l�a�r� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �a�r�e� �s�p�l�i�t� �b�e�t�w�e�e�n� 
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�2� �i�n�.� �S�e�c�o�n�d� �6�8�7�3�.�7� �6�8�2�0�.�0� �-�0�.�7�8�1� 
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�S�e�n�s�o�r� �l�o�c�a�t�e�d� �F�i�r�s�t� �2�7�4�2�.�5� �2�7�1�5�.�0� �-�1�.�0�0�3� 
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�4�.�3�.�2� �E�v�a�l�u�a�t�i�o�n� �o�f� �D�a�m�p�e�d� �C�r�i�t�i�c�a�l� �S�p�e�e�d�s� �:�N�o�n�-�S�y�n�c�h�r�o�n�o�u�s� �S�t�a�b�i�l�i�t�y� �E�v�a�l�u�a�t�i�o�n� 

�T�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� �c�o�m�p�l�e�x� �n�o�n�-�s�y�n�c�h�r�o�n�o�u�s� �e�i�g�e�n�v�a�l�u�e�s� �i�s� �r�e�q�u�i�r�e�d� �f�o�r� �s�t�a�b�i�l�i�t�y� 

�e�v�a�l�u�a�t�i�o�n� �o�f� �t�u�r�b�o�m�a�c�h�i�n�e�r�y�.� �A�n� �e�x�i�s�t�i�n�g� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m�,� �R�O�B�E�S�T� �(�8�2�)�,� �w�a�s� �u�s�e�d� �t�o� 

�v�e�r�i�f�y� �t�h�e� �g�y�r�o�s�c�o�p�i�c� �a�n�d� �d�a�m�p�e�d� �c�r�i�t�i�c�a�l� �s�p�e�e�d� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �n�e�w� �p�r�o�g�r�a�m�.� �T�h�i�s� 

�c�o�m�p�a�r�i�s�o�n� �c�o�n�s�i�d�e�r�s� �o�n�l�y� �s�e�n�s�o�r� �c�o�l�l�o�c�a�t�i�o�n�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �u�n�i�f�o�r�m� �r�o�t�o�r� �(�s�h�o�w�n� �i�n� 

�F�i�g�.� �4�.�5�)� �f�o�r� �a� �l�i�g�h�t�l�y� �d�a�m�p�e�d� �c�o�n�d�i�t�i�o�n� �i�s� �g�i�v�e�n� �i�n� �T�a�b�l�e� �4�.�5�,� �f�o�r� �r�o�t�o�r� �s�p�e�e�d�s� �o�f� �1�0�0�0�.�0� 

�r�p�m� �a�n�d� �2�0�0�0�0�.�0� �r�p�m�.� �T�h�e� �p�e�r�c�e�n�t� �d�e�v�i�a�t�i�o�n� �i�s� �t�y�p�i�c�a�l�l�y� �l�e�s�s� �t�h�a�n� �1�.�5�%� �w�h�i�c�h� �g�i�v�e�s� �a�d�d�e�d� 

�c�o�n�f�i�d�e�n�c�e� �i�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �p�r�o�g�r�a�m�.� 

�D�a�t�a� �u�s�e�d� �f�o�r� �t�h�e� �m�o�d�e�l� �:� 
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�A�n�a�l�y�s�i�s� 

�R�u�n�n�i�n�g� �C�r�i�t�i�c�a�l� �S�p�e�e�d�s� �%� �d�i�f�f�e�r�e�n�c�e� 
�S�p�e�e�d� �(�R�P�M�)� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� 
�(�R�P�M�)� �T�r�a�n�s�f�e�r� �M�a�t�r�i�x� �|� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �T�r�a�n�s�f�e�r� �M�a�t�r�i�x� 

�S�o�l�u�t�i�o�n� �S�o�l�u�t�i�o�n� �S�o�l�u�t�i�o�n� 
�3�4�3�2�.�4� �3�4�3�7�.�3� �0�.�1�4�3� 

�3�4�3�3�.�4� �3�4�3�8�.�3� �0�.�1�4�2� 

�2�0�1�5�1�.�0� �2�0�1�1�6�.�1� �-�0�.�1�7�3� 

�1�0�0�0�.�0� �2�0�9�5�2�.�0� �2�0�9�1�7�.�4� �-�0�.�1�6�5� 

�4�2�8�7�2�.�0� �4�3�4�9�7�.�2� �1�.�4�5�8� 

�4�2�8�8�8�.�0� �5�3�5�1�4�.�5� �1�.�4�6�1� 

�5�3�5�4�8�.�0� �5�4�3�1�8�.�9� �1�.�4�4�0� 

�5�4�4�9�2�.�0� �5�5�2�4�0�.�8� �1�.�3�7�4� 

�3�4�2�3�.�5� �3�4�2�8�.�3� �0�.�1�4�0� 

�3�4�4�2�.�3� �3�4�4�7�.�3� �0�.�1�4�7� 

�1�3�5�3�4�.�0� �1�3�5�3�0�.�9� �-�0�.�0�2�3� 

�2�0�0�0�0�.�0� �2�7�9�8�9�.�0� �2�8�0�5�3�.�7� �0�.�2�3�1� 

�4�2�7�2�1�.�0� �4�3�3�3�2�.�5� �1�.�4�3�1� 

�4�3�0�4�0�.�0� �4�3�6�7�9�.�8� �1�.�4�8�7� 

�4�7�6�2�9�.�0� �4�8�4�7�1�.�0� �1�.�7�6�8� 

�6�7�7�8�9�.�0� �6�8�1�5�8�.�5� �0�.�5�4�5� � � � � � � � � � � 
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�4�.�4� �V�e�r�i�f�i�c�a�t�i�o�n� �w�i�t�h� �D�r�e�s�s�e�r�-�R�a�n�d ��s� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �P�r�o�g�r�a�m� 

�T�h�e� �m�u�l�t�i�-�s�t�a�g�e� �c�o�m�p�r�e�s�s�o�r� �s�h�o�w�n� �i�n� �F�i�g�.� �4�.�4� �w�a�s� �m�o�d�e�l�e�d� �f�o�r� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �(�d�a�m�p�e�d� �c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �a�n�d� �g�r�o�w�t�h� �f�a�c�t�o�r�s�)� �w�e�r�e� 

�c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �P�r�o�g�r�a�m� �b�e�i�n�g� �u�s�e�d� �a�t� �D�r�e�s�s�e�r�-� 

�R�a�n�d�,� �T�u�r�b�o� �D�i�v�i�s�i�o�n�.� �T�h�i�s� �p�r�o�g�r�a�m� �h�a�s� �b�e�e�n� �i�n�d�e�p�e�n�d�e�n�t�l�y� �d�e�v�e�l�o�p�e�d� �a�n�d� �h�a�s� �b�e�e�n� �i�n� 

�u�s�e� �a�t� �D�r�e�s�s�e�r�-�R�a�n�d� �(�S�t�e�a�m� �T�u�r�b�i�n�e� �D�i�v�i�s�i�o�n�,� �W�e�l�l�s�v�i�l�l�e�,� �N�Y�)� �f�o�r� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�d� 

�r�e�s�p�o�n�s�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �t�u�r�b�o�m�a�c�h�i�n�e�r�y� �(�8�3�)�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �f�o�r� �t�w�o� 

�c�a�s�e�s� �o�f� �a�e�r�o�d�y�n�a�m�i�c� �c�r�o�s�s�-�c�o�u�p�l�i�n�g� �a�t� �m�i�d�s�p�a�n� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e�s� �4�.�6� �a�n�d� �4�.�7�.� �T�h�e� �%� 

�d�i�f�f�e�r�e�n�c�e� �f�o�r� �t�h�e� �f�i�r�s�t� �f�o�u�r� �m�o�d�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �D�r�e�s�s�e�r�-�R�a�n�d� �r�e�s�u�l�t�s� �a�r�e� �s�h�o�w�n� �i�n� 

�t�h�e� �t�a�b�l�e�s�.� 

�T�a�b�l�e� �4�.�6� �s�h�o�w�s� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �f�o�r� �a�n� �a�e�r�o�d�y�n�a�m�i�c� �c�r�o�s�s�-� 

�c�o�u�p�l�i�n�g� �Q� �=� �1�.�7�5�5�5� �x� �1�0�°� �N�/�m� �a�t� �m�i�d�s�p�a�n�.� �T�a�b�l�e� �4�.�7� �s�h�o�w�s� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �s�t�a�b�i�l�i�t�y� 

�a�n�a�l�y�s�i�s� �f�o�r� �a�n� �a�e�r�o�d�y�n�a�m�i�c� �c�r�o�s�s�-�c�o�u�p�l�i�n�g� �Q� �=� �1�.�7�5�5�5� �x� �1�0 �� �N�/�m� �a�t� �m�i�d�s�p�a�n�.� 
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�M�o�d�e� �D�a�m�p�e�d� �C�r�i�t�i�c�a�l� �S�p�e�e�d� �(�H�z�)� �G�r�o�w�t�h� �F�a�c�t�o�r�s� �(�s�e�c ��'�)� 
�#� �D�R� �F�E� �F�E� �%� �d�i�f�f�e�r�e�n�c�e� �|� �D�R� �F�E� �F�E� �%� �d�i�f�f�e�r�e�n�c�e� 
�1�b� �5�0�.�9�3� �$�0�.�9�3� �0�.�0� �-�6�0�.�2�9� �-�6�0�.�3�0� �0�.�0�1�6� 

�l�f� �5�4�.�7�8� �5�4�.�7�8� �0�.�0� �-�3�2�.�1�4� �-�3�2�.�1�3� �-�0�.�0�3�1� 

�2�b� �8�9�.�4�0� �8�9�.�4�0� �0�.�0� �-�3�1�1�.�6�8� �-�3�1�1�.�5�9� �-�0�.�0�2�9� 

�2�f� �1�1�4�.�7�0� �1�1�4�.�7�0� �0�.�0� �-�3�1�2�.�4�3� �-�3�1�2�.�4�2� �-�0�.�0�0�3� 

�3�b� �1�5�6�.�5�2� �1�5�6�.�5�7� �0�.�0�3�2� �-�5�3�9�.�7�5� �-�5�4�0�.�1�4� �0�.�0�7�2� 

�3�f� �2�0�1�.�3�3� �2�0�1�.�3�3� �0�.�0� �-�5�8�6�.�9�9� �-�5�8�6�.�9�0� �-�0�.�0�1�5� 

�4�b� �2�8�0�.�4�0� �2�8�0�.�3�8� �-�0�.�0�0�7� �-�2�8�7�.�3�1� �-�2�8�7�.�3�5� �0�.�0�1�4� 

�4�f� �2�8�9�.�5�0� �2�8�9�.�5�7� �0�.�0�2�4� �-�2�5�2�.�5�7� �-�2�5�2�.�9�2� �0�.�1�3�8� � � � � � � � � � � � � 
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�M�o�d�e� �D�a�m�p�e�d� �C�r�i�t�i�c�a�l� �S�p�e�e�d� �(�H�z�)� �G�r�o�w�t�h� �F�a�c�t�o�r�s� �(�s�e�c ��'�)� 
�#� �D�R� �F�E� �F�E�  ��%� �d�i�f�f�e�r�e�n�c�e� �|� �D�R� �F�E� �F�E� �%� �d�i�f�f�e�r�e�n�c�e� 
�1�b� �5�3�.�5�0� �5�3�.�5�0� �0�.�0� �-�1�2�5�.�0�5� �-�1�2�5�.�0�3� �-�0�.�0�1�6� 

�I�f� �$�5�.�2�1� �5�5�.�2�1� �0�.�0� �3�2�.�4�9� �3�2�.�4�7� �-�0�.�0�6�1� 

�2�b� �8�9�.�3�9� �8�9�.�4�0� �0�.�0�1�1� �-�3�1�1�.�6�3� �-�3�1�2�.�4�2� �0�.�2�5�3� 

�2�f� �1�1�4�.�7�0� �1�1�4�.�7�0� �0�.�0� �-�3�1�2�.�4�4� �-�3�1�2�.�4�2� �-�0�.�0�0�6� 

�3�b� �1�5�6�.�5�8� �1�5�6�.�6�2� �0�.�0�2�5� �-�5�4�0�.�1�0� �-�5�4�0�.�5�0� �0�.�0�7�4� 

�3�f� �2�0�1�.�2�5� �2�0�1�.�2�5� �0�.�0� �-�5�8�6�.�1�9� �-�5�8�6�.�1�0� �-�0�.�0�1�5� 

�4�b� �2�8�0�.�5�9� �2�8�0�.�5�8� �-�0�.�0�0�3� �-�2�8�7�.�5�9� �-�2�8�7�.�9�8� �0�.�1�3�6� 

�4�f� �2�8�9�.�3�1� �2�8�9�.�3�8� �0�.�0�2�4� �-�2�5�2�.�2�1� �-�2�5�2�.�5�8� �0�.�1�4�7� � � � � � � � � � � � � 
� � 

�D�R�_�F�E� �:� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �P�r�o�g�r�a�m� �u�s�e�d� �a�t� �D�r�e�s�s�e�r�-�R�a�n�d� 

�F�E� �:� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �P�r�o�g�r�a�m� �d�e�v�e�l�o�p�e�d� �i�n� �t�h�e� �c�u�r�r�e�n�t� �r�e�s�e�a�r�c�h� 

�%� �d�i�f�f�e�r�e�n�c�e� �=� �1�0�0�*�(�F�E� �-� �D�R�_�F�E�)�/�D�R�_�F�E� 

�4�.�0� �I�n�i�t�i�a�l� �V�e�r�i�f�i�c�a�t�i�o�n� 
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�C�H�A�P�T�E�R� �5� 

�A�N�A�L�Y�S�E�S� �A�N�D� �R�E�S�U�L�T�S� �O�F� �S�I�N�G�L�E� �L�E�V�E�L� �R�O�T�O�R� �S�Y�S�T�E�M�S� 

�5�.�1� �A�n�a�l�y�s�e�s� �o�f� �R�o�t�o�r�s� �S�u�p�p�o�r�t�e�d� �o�n� �A�c�t�i�v�e� �M�a�g�n�e�t�i�c� �B�e�a�r�i�n�g�s� 

�T�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �a�n�d� �u�n�b�a�l�a�n�c�e� �r�e�s�p�o�n�s�e� �c�a�l�c�u�l�a�t�i�o�n�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �f�o�r� 

�i�n�d�u�s�t�r�i�a�l� �m�u�l�t�i�-�s�t�a�g�e� �c�o�m�p�r�e�s�s�o�r�s�.� �T�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �s�e�n�s�o�r� �p�o�s�i�t�i�o�n�s�,� 

�a�l�o�n�g� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �r�o�t�o�r�,� �w�a�s� �i�n�i�t�i�a�l�l�y� �e�s�t�a�b�l�i�s�h�e�d�.� 

�5�.�1�.�1� �S�t�a�b�i�l�i�t�y� �E�v�a�l�u�a�t�i�o�n� �o�f� �a� �M�u�l�t�i�-�s�t�a�g�e� �C�o�m�p�r�e�s�s�o�r� �:� 

�I�m�p�o�r�t�a�n�c�e� �o�f� �S�e�n�s�o�r� �P�o�s�i�t�i�o�n� �i�n� �t�h�e� �S�t�a�b�i�l�i�t�y� �P�r�e�d�i�c�t�i�o�n�s� 

�T�h�e� �m�o�d�e�l� �o�f� �a�n� �e�i�g�h�t�-�s�t�a�g�e� �c�o�m�p�r�e�s�s�o�r� �(�6�2�)�,� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�1�,� �w�a�s� �u�s�e�d� �f�o�r� �t�h�e� 

�s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s�.� �T�h�e� �c�o�m�p�r�e�s�s�o�r� �w�a�s� �m�o�d�e�l�e�d� �u�s�i�n�g� �1�9� �s�t�a�t�i�o�n�s� �w�i�t�h� �l�u�m�p�e�d� �p�a�r�a�m�e�t�e�r�s� 

�(�i�.�e�,� �m�a�s�s�,� �t�r�a�n�s�v�e�r�s�e� �i�n�e�r�t�i�a� �a�n�d� �p�o�l�a�r� �i�n�e�r�t�i�a�)�.� �T�h�e� �d�e�s�i�g�n� �s�p�e�e�d� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�o�r� �w�a�s� 

�1�4�,�0�0�0� �r�p�m�.� �T�h�e� �m�o�d�e� �o�f� �c�o�n�c�e�r�n� �f�o�r� �i�n�s�t�a�b�i�l�i�t�y� �o�f� �h�i�g�h�-�s�p�e�e�d� �t�u�r�b�o�m�a�c�h�i�n�e�r�y� �i�s� �t�y�p�i�c�a�l�l�y� 

�t�h�e� �f�i�r�s�t� �o�r� �t�h�e� �l�o�w�e�s�t� �m�o�d�e�.� �T�a�b�l�e� �5�.�1� �g�i�v�e�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t� �b�e�a�r�i�n�g� �p�r�o�p�e�r�t�i�e�s� 

�u�s�e�d� �f�o�r� �t�h�e� �a�b�o�v�e� �c�o�m�p�r�e�s�s�o�r�.� 

�5�.�0� �A�n�a�l�y�s�e�s� �a�n�d� �R�e�s�u�l�t�s� �o�f� �S�i�n�g�l�e� �L�e�v�e�l� �R�o�t�o�r� �S�y�s�t�e�m�s� �8�1
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�8�2� �5�.�0� �A�n�a�l�y�s�e�s� �a�n�d� �R�e�s�u�l�t�s� �o�f� �S�i�n�g�l�e� �L�e�v�e�l� �R�o�t�o�r� �S�y�s�t�e�m�s



�T�o� �s�t�u�d�y� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �n�o�n�-�s�y�n�c�h�r�o�n�o�u�s� �b�e�a�r�i�n�g� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �a�l�s�o� �t�h�e� �s�e�n�s�o�r� 

�p�o�s�i�t�i�o�n�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �b�e�a�r�i�n�g� �c�e�n�t�e�r�l�i�n�e�,� �a�n� �a�e�r�o�d�y�n�a�m�i�c� �c�r�o�s�s�-�c�o�u�p�l�i�n�g�,� 

�r�e�p�r�e�s�e�n�t�e�d� �a�s� �c�r�o�s�s�-�c�o�u�p�l�e�d� �s�t�i�f�f�n�e�s�s� �(�K�y�.� �=� �-�K�.�,�;� �K�y�,� �=� �K�z�,� �=� �0�)� �w�a�s� �a�p�p�l�i�e�d� �a�t� �m�i�d�s�p�a�n�.� 

�T�h�e� �a�e�r�o�d�y�n�a�m�i�c� �c�r�o�s�s�-�c�o�u�p�l�i�n�g� �a�c�t�s� �a�s� �a� �d�e�s�t�a�b�i�l�i�z�i�n�g� �m�e�c�h�a�n�i�s�m� �a�n�d� �d�r�i�v�e�s� �t�h�e� �r�o�t�o�r� 

�u�n�s�t�a�b�l�e�.� 

�T�a�b�l�e� �5�.�1� �F�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t� �b�e�a�r�i�n�g� �p�r�o�p�e�r�t�i�e�s� �u�s�e�d� �f�o�r� �t�h�e� �a�b�o�v�e� �c�o�m�p�r�e�s�s�o�r� 
�m�o�d�e�l� 
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� � 

� � 
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� � 

� � 

� � 

� � 

� � 

� � 

� � � � � � � � 

�S�p�e�e�d� �(�R�P�M�)� �|� �S�t�i�f�f�n�e�s�s� �(�N�/�m�)� �|� �D�a�m�p�i�n�g� �(�N�-�s�/�m�)� 

�1�0�0�0�.�0� �1�.�9�4�9� �x� �1�0 �� �3�.�0�8�9� �x� �1�0�°� 

�2�5�5�5�.�6� �2�.�1�4�2� �x� �1�0 �� �1�.�2�2�9� �x� �1�0�°� 

�4�1�1�1�.�1� �2�.�2�2�9� �x� �1�0 �� �2�.�0�1�9� �x� �1�0�°� 

�5�6�6�6�.�7� �2�.�4�0�5� �x� �1�0 �� �2�.�4�2�3� �x� �1�0�°� 

�7�2�2�2�.�2� �2�.�7�7�4� �x� �1�0 �� �2�.�9�6�7� �x� �1�0�4� 

�8�7�7�7�.�8� �3�.�1�9�5� �x� �1�0 �� �3�.�3�8�8� �x� �1�0�°� 

�1�0�3�3�3�.�3� �3�.�6�5�2� �x� �1�0 �� �3�.�5�8�1� �x� �1�0�°� 

�1�1�8�8�8�.�9� �4�.�1�2�6� �x� �1�0 �� �3�.�4�5�8� �x� �1�0�4� 

�1�3�4�4�4�4� �4�.�5�6�4� �x� �1�0 �� �2�.�8�7�9� �x� �1�0�4� 

�1�5�0�0�0�.�0� �4�.�9�5�1� �x�1�0 �� �1�.�7�7�3� �x� �1�0�°� 
� � � � 

�I�n�i�t�i�a�l�l�y� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �w�a�s� �p�e�r�f�o�r�m�e�d� �f�o�r� �s�y�n�c�h�r�o�n�o�u�s� �b�e�a�r�i�n�g� �p�r�o�p�e�r�t�i�e�s�,� 

�1�. ¬�.�,� �p�r�o�p�e�r�t�i�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �r�u�n�n�i�n�g� �s�p�e�e�d� �o�f� �1�4�,�0�0�0� �r�p�m�.� �T�h�e� �s�e�n�s�o�r� �p�o�s�i�t�i�o�n�s� 

�w�e�r�e� �v�a�r�i�e�d� �f�r�o�m� �t�h�e� �c�o�l�l�o�c�a�t�e�d� �p�o�s�i�t�i�o�n� �t�o� �0�.�1�7�7�8� �m� �(�7� �i�n�.�)� �i�n�b�o�a�r�d�.� �F�i�g�.� �5�.�2� �s�h�o�w�s� �t�h�e� 

�p�l�o�t� �o�f� �s�t�a�b�i�l�i�t�y�,� �i�n� �t�e�r�m�s� �o�f� �l�o�g�.� �d�e�c�r�e�m�e�n�t� �v�s�.� �t�h�e� �c�r�o�s�s�-�c�o�u�p�l�i�n�g� �s�t�i�f�f�n�e�s�s� �a�t� �m�i�d�-�s�p�a�n�.� 

�5�.�0� �A�n�a�l�y�s�e�s� �a�n�d� �R�e�s�u�l�t�s� �o�f� �S�i�n�g�l�e� �L�e�v�e�l� �R�o�t�o�r� �S�y�s�t�e�m�s� �8�3



�T�y�p�i�c�a�l�l�y�,� �t�h�e� �f�i�r�s�t� �f�o�r�w�a�r�d� �m�o�d�e� �i�s� �o�f� �m�o�r�e� �c�o�n�c�e�r�n� �f�o�r� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�u�r�b�o�m�a�c�h�i�n�e�r�y�.� 

�H�e�n�c�e� �t�h�e� �l�o�g�a�r�i�t�h�m�i�c� �d�e�c�r�e�m�e�n�t� �o�f� �t�h�e� �f�i�r�s�t� �f�o�r�w�a�r�d� �m�o�d�e� �i�s� �p�l�o�t�t�e�d� �f�o�r� �s�t�a�b�i�l�i�t�y�.� �T�h�e� 

�s�t�a�b�i�l�i�t�y� �i�s� �s�h�o�w�n� �f�o�r� �f�o�u�r� �d�i�f�f�e�r�e�n�t� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n�s� �:� �c�o�l�l�o�c�a�t�e�d�,� �0�.�0�7�6�2� �m� �(�3� �i�n�.�)� 

�o�u�t�b�o�a�r�d�,� �0�.�0�7�6�2� �m� �(�3� �i�n�.�)� �i�n�b�o�a�r�d� �a�n�d� �0�.�1�7�7�8� �m� �(�7� �i�n�.�)� �i�n�b�o�a�r�d�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �a�s� �t�h�e� 

�s�e�n�s�o�r�s� �a�r�e� �p�u�l�l�e�d� �i�n�b�o�a�r�d�,� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �r�o�t�o�r� �d�r�o�p�s�.� �A�t� �0�.�1�7�7�8� �m� �(�7� �i�n�.�)� �i�n�b�o�a�r�d� 

�p�o�s�i�t�i�o�n�,� �t�h�e� �r�o�t�o�r� �i�s� �i�n�h�e�r�e�n�t�l�y� �u�n�s�t�a�b�l�e�,� �i�.�e�.�,� �u�n�s�t�a�b�l�e� �e�v�e�n� �a�t� �z�e�r�o� �c�r�o�s�s�-�c�o�u�p�l�i�n�g�.� 

�I�n�c�r�e�a�s�e� �i�n� �m�i�d�-�s�p�a�n� �c�r�o�s�s�-�c�o�u�p�l�i�n�g� �w�o�r�s�e�n�s� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�o�r�w�a�r�d� �m�o�d�e�.� �H�o�w�e�v�e�r�,� 

�t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�i�r�s�t� �b�a�c�k�w�a�r�d� �m�o�d�e� �i�m�p�r�o�v�e�s�,� �a�n�d� �e�v�e�n�t�u�a�l�l�y� �t�h�e� �r�o�t�o�r� �b�e�c�o�m�e�s� �s�t�a�b�l�e�.� 

�F�i�g�u�r�e� �5�.�3� �s�h�o�w�s� �t�h�e� �s�t�a�b�i�l�i�t�y� �p�l�o�t� �f�o�r� �n�o�n�-�s�y�n�c�h�r�o�n�o�u�s� �b�e�a�r�i�n�g� �p�r�o�p�e�r�t�i�e�s�,� �i�.�e�.�,� �t�h�e� 

�b�e�a�r�i�n�g� �p�r�o�p�e�r�t�i�e�s� �n�o�w� �u�s�e�d� �a�r�e� �t�h�o�s�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �f�i�r�s�t� �f�o�r�w�a�r�d� �m�o�d�e�.� 

�C�o�m�p�a�r�i�n�g� �t�h�e� �p�l�o�t�s� �i�n� �F�i�g�.� �5�.�2� �a�n�d� �F�i�g�.� �5�.�3�,� �i�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� �n�o�n�-�s�y�n�c�h�r�o�n�o�u�s� 

�b�e�a�r�i�n�g� �p�r�o�p�e�r�t�i�e�s� �m�a�r�k�e�d�l�y� �i�m�p�r�o�v�e� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �r�o�t�o�r� �s�y�s�t�e�m�.� �T�h�e� �s�t�a�b�i�l�i�t�y� �f�o�r� �a�l�l� 

�t�h�e� �a�b�o�v�e� �4� �s�e�n�s�o�r� �p�o�s�i�t�i�o�n�s� �h�a�v�e� �i�m�p�r�o�v�e�d� �a�n�d� �i�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �a�t� �z�e�r�o� �c�r�o�s�s�-�c�o�u�p�l�i�n�g� 

�t�h�e� �r�o�t�o�r� �i�s� �s�t�a�b�l�e�!� �I�n� �f�a�c�t�,� �w�i�t�h� �t�h�e� �s�e�n�s�o�r�s� �l�o�c�a�t�e�d� �a�t� �0�.�1�7�7�8� �m� �(�7� �i�n�.�)� �i�n�b�o�a�r�d�,� �t�h�e� �r�o�t�o�r� 

�c�a�n� �n�o�w� �w�i�t�h�s�t�a�n�d� �a� �c�r�o�s�s�-�c�o�u�p�l�i�n�g� �o�f� �a�p�p�r�o�x�i�m�a�t�e�l�y� �4�.�5� �x� �1�0�°� �N�/�m� �b�e�f�o�r�e� �t�h�e� �f�i�r�s�t� 

�f�o�r�w�a�r�d� �m�o�d�e� �g�o�e�s� �u�n�s�t�a�b�l�e�.� �T�h�e� �r�e�d�u�c�e�d� �s�t�i�f�f�n�e�s�s� �a�t� �t�h�e� �l�o�w�e�r� �w�h�i�r�l� �f�r�e�q�u�e�n�c�y� �h�a�s� 

�i�n�c�r�e�a�s�e�d� �t�h�e� �s�t�a�b�i�l�i�t�y� �s�u�c�h� �t�h�a�t� �t�h�e� �0�.�1�7�7�8� �m� �(�7� �i�n�.�)� �i�n�b�o�a�r�d� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n� �m�o�d�e� �c�h�a�n�g�e� 

�d�o�e�s� �n�o�t� �d�r�i�v�e� �t�h�e� �s�y�s�t�e�m� �u�n�s�t�a�b�l�e� �a�t� �z�e�r�o� �c�r�o�s�s�-�c�o�u�p�l�i�n�g�.� �T�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�h�e� �s�e�n�s�o�r� 

�p�o�s�i�t�i�o�n� �i�s� �s�h�o�w�n� �t�o� �b�e� �o�f� �g�r�e�a�t� �i�m�p�o�r�t�a�n�c�e� �b�y� �t�h�e�s�e� �r�e�s�u�l�t�s�.� �H�e�n�c�e� �f�o�r� �a�c�c�u�r�a�t�e� �p�r�e�d�i�c�t�i�o�n� 

�o�f� �r�o�t�o�r� �s�t�a�b�i�l�i�t�y� �f�o�r� �a�c�t�i�v�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g� �m�a�c�h�i�n�e�r�y�,� �t�h�e� �e�f�f�e�c�t�s� �o�f� �s�e�n�s�o�r� �p�o�s�i�t�i�o�n� �m�u�s�t� 
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�5�.�1�.�2�.�1� �I�n�i�t�i�a�l� �V�e�r�i�f�i�c�a�t�i�o�n� �f�o�r� �S�t�a�b�i�l�i�t�y� �w�i�t�h� �F�l�e�x�i�b�l�e� �P�e�d�e�s�t�a�l�s� 

�T�h�e� �p�e�d�e�s�t�a�l�s� �t�h�a�t� �s�u�p�p�o�r�t� �t�h�e� �r�o�t�o�r�s� �a�r�e� �g�e�n�e�r�a�l�l�y� �a�s�s�u�m�e�d� �t�o� �b�e� �r�i�g�i�d� �f�o�r� �t�h�e� 

�s�t�a�b�i�l�i�t�y� �a�n�d� �r�e�s�p�o�n�s�e� �c�a�l�c�u�l�a�t�i�o�n�s�.� �I�n� �r�e�a�l�i�t�y�,� �t�h�e�r�e� �e�x�i�s�t�s� �s�o�m�e� �a�m�o�u�n�t� �o�f� �f�l�e�x�i�b�i�l�i�t�y� �a�n�d� 

�s�t�r�u�c�t�u�r�a�l� �d�a�m�p�i�n�g� �d�u�e� �t�o� �t�h�e� �s�u�p�p�o�r�t� �s�t�r�u�c�t�u�r�e�.� �T�o� �s�t�u�d�y� �t�h�e� �e�f�f�e�c�t� �o�f� �f�l�e�x�i�b�l�e� �p�e�d�e�s�t�a�l�s� 

�o�n� �t�h�e� �s�t�a�b�i�l�i�t�y�,� �t�h�e� �8�-�s�t�a�g�e� �c�o�m�p�r�e�s�s�o�r� �s�h�o�w�n� �a�b�o�v�e� �i�n� �F�i�g�.� �5�.�1� �w�a�s� �u�s�e�d�.� �T�h�e� �p�e�d�e�s�t�a�l� 

�b�e�h�i�n�d� �b�e�a�r�i�n�g� �#�1� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �f�l�e�x�i�b�l�e�,� �i�.�e�.�,� �t�h�e� �p�e�d�e�s�t�a�l� �w�a�s� �a�s�s�u�m�e�d� �t�o� �h�a�v�e� 

�s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g�.� �B�e�f�o�r�e� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �m�u�l�t�i�-�s�t�a�g�e� �c�o�m�p�r�e�s�s�o�r�,� �a�n� 

�i�n�i�t�i�a�l� �v�e�r�i�f�i�c�a�t�i�o�n� �w�a�s� �p�e�r�f�o�r�m�e�d� �t�o� �c�o�m�p�a�r�e� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �p�r�o�g�r�a�m� �w�i�t�h� 

�t�h�a�t� �o�f� �t�h�e� �w�e�l�l� �e�s�t�a�b�l�i�s�h�e�d� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �p�r�o�g�r�a�m�,� �R�O�B�E�S�T� �(�8�2�)�.� �T�h�e� �u�n�i�f�o�r�m� �r�o�t�o�r� 

�m�o�d�e�l� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�4� �w�a�s� �u�s�e�d� �f�o�r� �t�h�e� �a�n�a�l�y�s�i�s�.� �T�a�b�l�e� �5�.�2� �s�h�o�w�s� �t�h�e� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� 
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�F�i�g�u�r�e� �5�.�8� �P�l�o�t� �o�f� �S�t�a�b�i�l�i�t�y� �v�s�.� �P�e�d�e�s�t�a�l� �D�a�m�p�i�n�g� �f�o�r� �S�e�n�s�o�r�s� �7� �i�n�.� �I�n�b�o�a�r�d� 
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�F�i�g�u�r�e� �5�.�5� �s�h�o�w�s� �t�h�e� �s�t�a�b�i�l�i�t�y� �f�o�r� �d�i�f�f�e�r�e�n�t� �p�e�d�e�s�t�a�l� �s�t�i�f�f�n�e�s�s�e�s� �f�o�r� �c�o�l�l�o�c�a�t�e�d� 

�s�e�n�s�o�r�s�,� �f�o�r� �i�n�c�r�e�a�s�i�n�g� �p�e�d�e�s�t�a�l� �d�a�m�p�i�n�g�.� �S�i�m�i�l�a�r�l�y�,� �F�i�g�s�.� �5�.�6� �a�n�d� �5�.�7� �s�h�o�w� �t�h�e� �s�t�a�b�i�l�i�t�y� �f�o�r� 

�t�h�e� �s�e�n�s�o�r�s� �l�o�c�a�t�e�d� �a�t� �0�.�0�7�6�2� �m� �(�3� �i�n�.�)� �o�u�t�b�o�a�r�d� �a�n�d� �i�n�b�o�a�r�d�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�n� �t�h�e� �p�r�e�v�i�o�u�s� 

�a�n�a�l�y�s�i�s� �(�s�e�e� �F�i�g�.� �5�.�2�)� �i�t� �w�a�s� �s�h�o�w�n� �t�h�a�t� �t�h�e� �r�o�t�o�r� �w�a�s� �s�t�a�b�l�e� �f�o�r� �a�n� �a�e�r�o�d�y�n�a�m�i�c� �c�r�o�s�s�-� 

�c�o�u�p�l�i�n�g� �o�f� �1�.�7�5�5�5� �x� �1�0�°� �N�/�m� �w�h�e�n� �t�h�e� �s�e�n�s�o�r�s� �w�e�r�e� �l�o�c�a�t�e�d� �a�t� �0�.�0�7�6�2� �m� �(�3� �i�n�.�)� �i�n�b�o�a�r�d� 

�a�n�d� �o�u�t�b�o�a�r�d�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �F�i�g�s�.� �5�.�5�,� �5�.�6� �a�n�d� �5�.�7� �t�h�a�t� �f�o�r� �a� �g�i�v�e�n� �p�e�d�e�s�t�a�l� �s�t�i�f�f�n�e�s�s�,� 

�i�n�c�r�e�a�s�i�n�g� �t�h�e� �p�e�d�e�s�t�a�l� �d�a�m�p�i�n�g� �i�n�c�r�e�a�s�e�s� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�i�r�s�t� �f�o�r�w�a�r�d� �m�o�d�e� �t�i�l�l� �a�n� 

�o�p�t�i�m�u�m� �d�a�m�p�i�n�g� �i�s� �r�e�a�c�h�e�d�.� �A�n�y� �f�u�r�t�h�e�r� �i�n�c�r�e�a�s�e� �i�n� �p�e�d�e�s�t�a�l� �d�a�m�p�i�n�g� �d�r�o�p�s� �t�h�e� �s�t�a�b�i�l�i�t�y� 

�o�f� �t�h�e� �r�o�t�o�r� �t�o� �t�h�a�t� �o�f� �a� �r�i�g�i�d� �p�e�d�e�s�t�a�l� �s�t�a�b�i�l�i�t�y� �v�a�l�u�e�.� �T�h�i�s� �s�u�g�g�e�s�t�s� �t�h�a�t� �a�n� �o�p�t�i�m�u�m� 

�p�e�d�e�s�t�a�l� �d�a�m�p�i�n�g� �e�x�i�s�t�s� �f�o�r� �a� �g�i�v�e�n� �p�e�d�e�s�t�a�l� �s�t�i�f�f�n�e�s�s�,� �s�u�c�h� �t�h�a�t� �t�h�e� �s�t�a�b�i�l�i�t�y� �i�s� �m�a�x�i�m�i�z�e�d�.� 

�A�l�s�o� �i�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �a�n� �i�n�c�r�e�a�s�e� �i�n� �p�e�d�e�s�t�a�l� �d�a�m�p�i�n�g� �i�n�c�r�e�a�s�e�s� �t�h�e� �s�t�a�b�i�l�i�t�y� �t�i�l�l� �a�n� 

�o�p�t�i�m�u�m� �p�e�d�e�s�t�a�l� �s�t�i�f�f�n�e�s�s� �i�s� �r�e�a�c�h�e�d�.� �F�u�r�t�h�e�r� �i�n�c�r�e�a�s�e� �i�n� �p�e�d�e�s�t�a�l� �s�t�i�f�f�n�e�s�s� �d�r�o�p�s� �t�h�e� 

�s�t�a�b�i�l�i�t�y�.� �T�h�i�s� �s�u�g�g�e�s�t�s� �t�h�a�t� �t�h�e�r�e� �a�l�s�o� �e�x�i�s�t�s� �a�n� �o�p�t�i�m�u�m� �p�e�d�e�s�t�a�l� �s�t�i�f�f�n�e�s�s� �f�o�r� �m�a�x�i�m�u�m� 

�s�t�a�b�i�l�i�t�y�,� �f�o�r� �a� �g�i�v�e�n� �p�e�d�e�s�t�a�l� �d�a�m�p�i�n�g�.� 

�I�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �F�i�g�.� �5�.�5� �a�n�d� �F�i�g�.� �5�.�6� �t�h�a�t� �f�o�r� �c�e�r�t�a�i�n� �v�a�l�u�e�s� �o�f� �p�e�d�e�s�t�a�l� �s�t�i�f�f�n�e�s�s� 

�a�n�d� �d�a�m�p�i�n�g�,� �t�h�e� �r�o�t�o�r� �m�i�g�h�t� �a�c�t�u�a�l�l�y� �g�o� �u�n�s�t�a�b�l�e�.� �T�h�i�s� �i�s� �i�n�d�i�c�a�t�e�d� �b�y� �a� �n�e�g�a�t�i�v�e� 

�l�o�g�a�r�i�t�h�m�i�c� �d�e�c�r�e�m�e�n�t� �o�b�t�a�i�n�e�d� �f�o�r� �v�e�r�y� �l�o�w� �v�a�l�u�e�s� �o�f� �t�h�e� �p�e�d�e�s�t�a�l� �d�a�m�p�i�n�g�.� �H�o�w�e�v�e�r�,� 

�t�h�e� �s�y�s�t�e�m� �b�e�c�o�m�e�s� �s�t�a�b�l�e� �w�i�t�h� �a�n� �i�n�c�r�e�a�s�e� �i�n� �d�a�m�p�i�n�g�.� �H�e�n�c�e�,� �c�a�r�e� �h�a�s� �t�o� �b�e� �t�a�k�e�n� �i�n� 

�i�n�t�r�o�d�u�c�i�n�g� �a� �f�l�e�x�i�b�l�e� �p�e�d�e�s�t�a�l�.� �B�o�t�h� �t�h�e� �p�e�d�e�s�t�a�l� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �h�a�v�e� �t�o� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �w�h�i�l�e� �p�e�r�f�o�r�m�i�n�g� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s�.� �I�t� �c�a�n� �b�e� �c�o�n�c�l�u�d�e�d� �f�r�o�m� �t�h�e� �a�b�o�v�e� 

�5�.�0� �A�n�a�l�y�s�e�s� �a�n�d� �R�e�s�u�l�t�s� �o�f� �S�i�n�g�l�e� �L�e�v�e�l� �R�o�t�o�r� �S�y�s�t�e�m�s� �9�4



�F�i�g�s�.� �5�.�5�,� �5�.�6� �a�n�d� �5�.�7� �t�h�a�t� �m�a�x�i�m�u�m� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �r�o�t�o�r� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �a� �s�u�i�t�a�b�l�e� 

�c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �p�e�d�e�s�t�a�l� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g�.� 

�F�i�g�u�r�e� �5�.�8� �s�h�o�w�s� �t�h�e� �p�l�o�t� �o�f� �l�o�g�a�r�i�t�h�m�i�c� �d�e�c�r�e�m�e�n�t� �v�s�.� �p�e�d�e�s�t�a�l� �d�a�m�p�i�n�g� �f�o�r� �t�h�e� 

�s�e�n�s�o�r�s� �l�o�c�a�t�e�d� �0�.�1�7�7�8� �m� �(�7� �i�n�.�)� �i�n�b�o�a�r�d�.� �I�t� �i�s� �s�e�e�n� �t�h�a�t� �f�o�r� �t�h�e� �a�b�o�v�e� �r�a�n�g�e�s� �o�f� �t�h�e� 

�p�e�d�e�s�t�a�l� �s�t�i�f�f�n�e�s�s�,� �a�n� �i�n�c�r�e�a�s�e� �i�n� �p�e�d�e�s�t�a�l� �d�a�m�p�i�n�g� �d�o�e�s� �n�o�t� �i�m�p�r�o�v�e� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� 

�r�o�t�o�r� �s�y�s�t�e�m�.� �T�h�i�s� �u�n�s�t�a�b�l�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �r�o�t�o�r� �a�t� �0�.�1�7�7�8� �m� �(�7� �i�n�.�)� �i�n�b�o�a�r�d� �p�o�s�i�t�i�o�n� �o�f� 

�t�h�e� �s�e�n�s�o�r�s� �c�a�n� �b�e� �c�o�n�f�i�r�m�e�d� �f�r�o�m� �F�i�g�.� �5�.�2�,� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �a�n�a�l�y�s�i�s�.� �T�h�i�s� �s�h�o�w�s� �t�h�a�t� �a�n� 

�i�n�h�e�r�e�n�t�l�y� �u�n�s�t�a�b�l�e� �r�o�t�o�r� �(�d�u�e� �t�o� �s�e�n�s�o�r� �n�o�n�c�o�l�l�o�c�a�t�i�o�n�)� �c�a�n�n�o�t� �b�e� �s�t�a�b�i�l�i�z�e�d� �b�y� 

�i�n�t�r�o�d�u�c�i�n�g� �a� �f�l�e�x�i�b�l�e� �s�u�p�p�o�r�t�.� 

�5�.�1�.�3� �E�f�f�e�c�t� �o�f� �S�e�n�s�o�r� �N�o�n�c�o�l�l�o�c�a�t�i�o�n� �o�n� �U�n�b�a�l�a�n�c�e� �R�e�s�p�o�n�s�e� 

�I�t� �w�a�s� �s�h�o�w�n� �i�n� �s�e�c�t�i�o�n� �5�.�1� �t�h�a�t� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �s�e�n�s�o�r�s� �o�n� �a� �r�o�t�o�r�,� �s�u�p�p�o�r�t�e�d� 

�o�n� �a�c�t�i�v�e� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s�,� �p�l�a�y�e�d� �a�n� �i�m�p�o�r�t�a�n�t� �r�o�l�e� �i�n� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �s�y�s�t�e�m�.� �T�h�i�s� 

�s�e�c�t�i�o�n� �d�e�a�l�s� �w�i�t�h� �t�h�e� �s�t�u�d�y� �o�f� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�h�e� �s�e�n�s�o�r� �p�o�s�i�t�i�o�n�s� �o�n� �t�h�e� �u�n�b�a�l�a�n�c�e� 

�r�e�s�p�o�n�s�e� �o�f� �a� �r�o�t�o�r� �s�u�p�p�o�r�t�e�d� �o�n� �A�M�B�.� �T�h�e� �8�-�s�t�a�g�e� �c�o�m�p�r�e�s�s�o�r� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�9� �w�a�s� 

�u�s�e�d� �f�o�r� �t�h�e� �c�a�s�e� �s�t�u�d�y�.� �T�h�e� �r�o�t�o�r� �i�s� �s�u�p�p�o�r�t�e�d� �o�n� �m�a�g�n�e�t�i�c� �b�e�a�r�i�n�g�s� �a�t� �l�o�c�a�t�i�o�n�s� �0�.�3�0�4�8�m� 

�(�N�o�d�e� �#�3�)� �a�n�d� �1�.�5�7�4�7�m� �(�N�o�d�e� �#�1�5�)� �f�r�o�m� �t�h�e� �l�e�f�t� �e�n�d�,� �a�s� �s�h�o�w�n� �i�n� �t�h�e� �f�i�g�u�r�e�.� �T�o� �s�t�u�d�y� 

�t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�h�e� �s�e�n�s�o�r� �p�o�s�i�t�i�o�n�s�,� �4� �d�i�f�f�e�r�e�n�t� �s�e�n�s�o�r� �p�o�s�i�t�i�o�n�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� �(�s�h�o�w�n� 

�i�n� �F�i�g�.� �5�.�9�)� �-�-� �0�.�0�7�6�2�m� �(�3�.�0� �i�n�.�)� �o�u�t�b�o�a�r�d�,� �c�o�l�l�o�c�a�t�e�d�,� �0�.�1�1�4�3�m� �(�4�.�5� �i�n�.�)� �i�n�b�o�a�r�d� �a�n�d� 

�0�.�1�7�7�8�m� �(�7�.�0� �i�n�.�)� �i�n�b�o�a�r�d�.� �A�n� �u�n�b�a�l�a�n�c�e� �m�a�s�s� �o�f� �3�.�6� �x� �1�0�%� �k�g�-�m� �(�0�.�5� �o�z�-�i�n�.�)� �w�a�s� 

�5�.�0� �A�n�a�l�y�s�e�s� �a�n�d� �R�e�s�u�l�t�s� �o�f� �S�i�n�g�l�e� �L�e�v�e�l� �R�o�t�o�r� �S�y�s�t�e�m�s� �9�5
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