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U
I. Introduction

The vortex-lattice method has been known for a long time. The

method consists of approximating the continuous distribution of vor-

ticity on the lifting surface by a finite number of vortex segments

and representing the wake by a finite number of vortex lines which

extend downstream. One of the earliest uses of the method was by

Bollay (1937). He modeled rectangular wings with low aspect ratios

by the method. However his method cannot predict distributed loads

or the shape of the trailing edge vortices. It also cannot be

extended to other planforms. Other investigators using the method .

have been Falkner (1949), Garner (1961), Hedman (1966), Rubbert

(1952). However only recently the nonlinear effect of the wake and

leading-edge reparation has been adequately modeled.

The firs· successful modeling of a wing-tip wake was done by

Belotserkovskii (1968). He made each free vortex line modeling the

wake consist if a finite number of vortex segments and one semi-

infinite segment. with an iterative procedure he aligned each fin-

ite segment with the velocity at its midpoint. This procedure is

very similar to the one we present.

Mook and Maddox (1974) considered leading-edge separation for

highly swept delta wings using the vortex-lattice method and deter-

mined the shape of the vortex lines from the leading edge. However,

they did not attempt to treat the wing-tip wakes of other planforms

nor did they render the trailing—edge wake force-free.

1
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Kandil et al (1975) extended this method to treat wing tip and

trailing edge wakes of wings and leading edge and trailing edge wakes

of highly swept delta wings with leading-edge separation. They used

an iterative procedure to align each finite vortex segment and rendered

the entire wake force—free. Figure l.l shows a comparison between the

lattice they used and the lattice used in this thesis for a delta wing

of aspect ratio one. we see that the elements in their lattice are

all uniform rectangles except along the leading edge while the ones in

the present lattice are not as uniform.

Their numerical results compare very favorably with the experi- .

mental results of Peckham (1958) and others. They also showed con-

vergence of the solution as the number of elements on the lattice in-

creased. The effect of their work was to put the vortex-lattice

method on a firm numerical foundation, and hence, their work is the

basis for this thesis.

These recent developments indicate that the vortex-lattice tech-

nique has tremendous potential toward the solution of the nonlinear

lifting-surface problem with leading-edge seprration. However, many

questions associated with the method remain unanswered. These include

at what point on each free vortex segment should the velocity be cal-

culated to align the segment. Belotserkovskii used the midpoint of

the segment, Mook and Maddox and Kandil et al used the upstream end,

but we examine other points to determine which point is best. Another

point that needs examination is what effect do the vortex segments

near the leading edge have on the solution and whether these segments
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(a) (b)

Figure 1.1. Comparison of the present 1attice with
the 1attice of Kandi1 (1974)
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should be extended past the leading edge of the wing. As the vortex-

lattice method is based on an inviscid model, the Biot-Savart law

may lead to near signularities when applied. This has been previously

investigated by Sadler (l97l) who used a rigid—body core and by Bloom

(l974) and Summa (l977) who introduced an artificial viscosity coeffi-

cient. Hence, a viscous modification to damp out the singularities

may be useful. There are also many other questions to be considered.

The major purpose of this thesis is to examine these questions

and others by applying the vortex-lattice method to wings with leading-

edge separation. we use the method developed by Kandil to solve the

problem. However, we modify Kandil's solution procedure in an attempt

to answer these questions. we also note that for all wings considered

a lattice similar to that shown in Figure l.lb is used. There are

several questions that we consider that apply only to lattices of this

type. These questions may be answered trivially for the lattice

shown in Figure l.la.

Chapter II presents a statement of the problem. we pay particular

attention to the numerical aspects of the solution procedure and the

methods by which we attempt to answer these questions.

Chapter III presents numerical examples. That is, we apply the

vortex-lattice method to several wings and compare the resulting

values of the normal-force coefficient.

Chapter IV presents conclusions and recommendations for the

procedure.
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To summarize, in this thesis, we consider some questions raised

by the work of Kandil et al and we use a lattice similar to the one

V
in Figure l.lb to examine the effect of the following on the effi-

ciency and accuracy of the vortex-lattice method when applied to

nonlinear lifting-surface problems with leading—edge separation.

l. Arrangement of the lattice. -

2. The extension of the bound vortex segments adjoining the

leading edge off the leading edge.

3. The length of the free vortex segments modeling the wake.

4. The placement of the control points on the surface of the

wing.

5. Modifications to the Biot-Savart law to include viscous

effects to damp out near singularities.

6. Methods of applying the no-penetration boundary con-

dition and spatial conservation of circulation.

7. The point on each free vortex segment at which the

velocity should be calculated when aligning the wake.

8. The mechanics of the iterative procedure used to align

the wake.

9. Methods of force and pressure calculations.



II.A. Statement of Problem

we consider a wing in an incompressible, inviscid flow-field. we

model the wing and its wake by a thin region containing a continuous
—>

vortex field. Q denotes the vorticity distribution in this region

with the coordinate system shown in Figure 2.l. The coordinates

(x,y,z) represent the position, F, of a point anywhere in the flow

field, while the coordinates (§,n,;) represent a point, Ä, in the

thin region (see Figure 2.l). The velocity at the point (x,y,z) may

be written as
-

v=curlfff——;Sl—;—dt (l) °
4n|r - s|1

The integration is carried out over the volume of the vortex field

and the curl is taken with respect to the (x,y,z) coordinates.

For a thin wing we may integrate over the thickness immediately

to arrive at
+ +

1 Qxi +§2Zk
V

S+W
dädc (2)

where t—> _ TE
Q = 2·1m•/*Q(€snsC•)dTl

0
t->0
z
Q->oo

and |r - s| has been replaced by

I? —?| = [(>< — EV +y2 + (2 — c)2l*ä

The integration in (2) is now carried out over the lifting surface, s,

6
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_ Z

Y x

Figure 2.1. The coordinate system
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and the wake, w.

Interchanging the differentiation and integration in (2), we

see that

lf ¤X(z - 6) - nZ<>< — 6)
W

ZSimilarequations may be written for ux and vz.

we see that (3) presents no problem except when the field point,

(x,y,z), coincides with a source point (E,n,;). At such a point

the integrand is singular. However, the singularity is integrable.

The vortex-lattice method provides an alternative representation,

though there is no rigorous justification that the vortex lattice is

a legitimate approximation of the continuous vortex sheet in a three-

dimensional flow (For a two—dimensional flow we can show complete

proof). Using the vortex-lattice method, we divide the wing into a

finite number of elements. Thus, the lifting surface is represented

by a network, or lattice, of vortex lines. The wake is modeled by a

series of free vortex lines adjoining the sharp edges of the wing.

Each free vortex line consists of a series of short straight vortex

segments and one final semi-infinite segment. The free vortex lines

do not intersect.

Figure 2.2 shows a representative element on the surface of the

wing. To establish a connection between the continuous vortex sheet

and the vortex lattice, we write the average vorticity, 5, times the

area, AA, as



9 .

Area = AA

Ä
Vortex Segment, i *

Figure 2.2. A representative element
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'
+ .). + '* + ·+

E56/4 = (0,1 + 0Z)<)A/4 = M. mg + 1*.0. (4)

where Fi is the circulation around the ith vortex segment and E)
is given by

·+ _ +

$1 ‘ $1°1

where Ri is the length of the ith vortex segment and Zi is a unit

vector in the direction of the
ith vortex segment. The effect of

(4) is to concentrate the vorticity along the border of the element.

we note that the elements bordering the element shown in Figure 2.2

will also contribute to the values of the circulations around the .

vortex segments. The velocity field generated by the vorticity of

this element is now calculated according to the Biot-Savart law,

instead of (3). That is,

4 T (cosö + cosö )
V =E .i....ii......ii. (5)y [hihi

i=l

. where 915, Gzi and hi are identified in Figure 2.3.

we see from (4) that the effect of the vortex-lattice approxi-

mation is to transfer the unknown vorticity in (3) to unknown circula-

tions around the vortex segments. Hence, the problem is to deter-

mine this circulation distribution.

Several boundary conditions are used to determine the circula-

tion distribution on the surface of the wing. The first of these

is the no-penetration condition:
·

T) · E = 0 (6)
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Vortex Segment,
in

/I'.,° l
i •

+

—>
«

->·.‘=‘1

_ Figure 2.3. Notation in the Biot-Savart law
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on s and Ü is the total velocity given by

v=üw+VI (7)

where Üm is the free—stream velocity, ÜI is the induced velocity

due to the vorticity distribution on the wing, and Ü is a unit vector

normal to the surface of the wing. Due to the discretization used

in the vortex—lattice method, (6) may only be applied at a finite

number of points on the wing. The points where (6) is applied are

known as control points. There is one control point in every element

on the wing. ‘

The second condition that must be satisfied is the Kutta condition.

The Kutta condition states that the circulation adjusts itself so that

the flow comes off smoothly at the sharp edges of the wing. An attempt

is made to satisfy the Kutta condition by making the vortex segments

at the sharp edges perpendicular to these edges and by placing no

vortex segments along the sharp edges of the wing. The latter con-

dition is an extension of the Kutta condition for the two—dimensional

flow in a local manner.

Another boundary condition that must be satisfied is that vorticity

is convected with the particle velocity. In a steady flow, this means

that the vortex lines are also stream lines:

Vx?é=(5 (6)

on w. An iterative process is required to satisfy (6) and (8) simultane·

ously.

Finally, we must require the spatial conservation of circulation.
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This arises from the kinematic constraint that the vorticity is a

divergenceless field. that is,

„.+,

div Q = 0 (9)

For the discrete vortex lattice, (9) translates into the fact that,

at any instant around any vortex segment, the circulation does not

change with position. Section II.C.3 shows how this is used in the

solution of the problem.
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II.B. Generation of the Lattices

After the vortex-lattice approximation has been made, a lattice

must be generated to model the lifting surface and its wake. the

method of generation should be general enough so that it may be

applied to a wide variety of wings.

The first thing we consider in the generation of the lattice is

the shape of the elements and their effect on the solution procedure.

From (II.A.5) we see that we do not wish to generate a lattice which

will produce small values of h and lead to near singularities when

the Biot-Savart law is applied. A rule of thumb that we use is that ·

the ratio h/Z, where h is the parameter in the Biot-Savart law and

Z is the length of a vortex segment, should not be much less than

0.2 for a successful solution. This consideration rejects, for

example, the use of long slender elements. This was the primary

consideration in the generation of the present lattice.

The coordinate system used in the generation of the lattice is

shown in Figure 2.4 along with an arbitrary planform. The positive

y-coordinate axis is into the paper.

In the following discussion we consider a flat wing. However

the method of generation is easily extended to cambered wings by

specifying the y-coordinate of each point on the surface of the

wing from a specified camber function instead of setting it equal

to zero. .

l4
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Figure 2.4; An arbitrary planform
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The parameters needed to generate the bound lattice are the

number of rows of elements desired and the aspect ratio of the wing

as well as the shape of the wing. The number of columns of elements.

may be determined from the number of rows and the aspect ratio. For

delta wings we use

NCOLS = (NROWS) AR (l)

where the quantity on the right hand side is rounded off to the

nearest integer. we note that all quantities are non-dimensional.
I

Hence we may choose the coordinates in any way we want, constrained

by the aspect ratio, and then determine the non-dimensional chord ·

and span.

The x-coordinate for every element in the first column must

first be specified. These are dependent upon the shape of the wing.

The consideration in choosing these coordinates is not to generate

grossly irregular elements. For a delta wing lines are then drawn

from the first point in each row to the tip of the wing. All bound

lattice points will fall on these lines. For quadrilateral wings the

lines are drawn from the first point in each row so that the spacing

along the wing tip is proportional to tie spacing along the mid-

chord: V

x(i,l)/c = Lp/L

where 6 is the length of the mid—chord and L is the total length of

the wing tip.
-

The next step is to decide where the columns should be placed.
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A column of lattice points consists of a series of points with the

same z-coordinate. For a delta wing we determine the z-coordinate,

zi, of the ith column by

zi = zp,i_i for i = l,2,3,...,NCOLS
A

where is the z—coordinate of the intersection of a line drawn

from the point (x(1,i-1), z(1,i-1)) normal to the leading edge of

the wing with the leading edge. After this has been completed the

bound vortex lattice has been generated.

The next step is to generate the free-vortex lines adjoining the

sharp edges of the wing. At this point parameters are introduced

toanswersome of the questions posed in Chapter I. The first parameter

introduced is FACl which describes how far the lines from the bound

vortex extend past the sharp edges before a point in the wake is intro-

duced. For any line in a wake adjoining a sharp edge, the distance

from the first row of bound vortex segments to the first point in the

wake is given by

d = (l + FACl) da (2)

where da is the distance from the lattice point on the bound vortex

to the leading edge. we note that FACl = 0 corresponds to putting the

first point in every free vortex line on the leading edge.

we note that (2) corresponds to nonuniform extensions. The free

vortex lines will have uneven extensions from the edge as da is

different for every line. To examine the effect of the uneven exten-

sions, we modify (2) to include uniform extensions by replacing da by

dé where



l8

da, „ if IEXT = 0
dg = (3)

dn, if IEXT # 0

where dn is the last value of da and IEXT is another parameter in the

code.

The original arrangement of the free vortex segments was such that

every free vortex segment in a given free vortex line is d. To examine

the effect of varying the length of the free vortex segments from d,

we use a parameter FAC2 according to

E, = FAc2 a

where Ei is the length of every segment in the ith free vortex line.

Finally, we consider the effect of varying the lengths of the

vortex segments in a given free vortex line. To accomplish this,

we introduce the parameter FAC3 defined by

zij = FAC3 (4)

where ßij is the length of the jth segment in the ith free vortex

line and

*11 ‘ li (5)

Initially, the position of the wake is not known. Hence an

initial guess must be made such that (2), (3), (4), and (5) are

satisfied. The iteration process must also preserve these relations.

After this is done the entire lattice has been generated and the

solution may begin.
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II.C. Numerical Considerations
A

II.C.l. Placement of Control Points

we recall from Section II.A. that the control points are the

points where the no-penetration condition is satisfied on the surface

of the wing. There is one control point for every element on the

wing. A question arises as to where the control points should be

placed. For most wings there are no rules as to where to place the

control points such as the three-quarter chord-length rule for

rectangular wings. _

we consider two methods for the placement of the control points.
I

The first is to place the control points at the geometric center of

each element. with this method we try to satisfy the no-penetration

condition in an average sense on the element.

The second method is to place the control point for each element

at the point within the element that has a minimum normal velocity

component induced from the vortex segments bordering the element as

calculated for a unit circulation on each vortex segment from (II.A.5).

with this method we are satisfying the no-penetration condition at a

point where the induced velocity has already been minimized with

respect to the vortex segments bordering the element. Using such a

point may yield better results and cause the iteration procedure to

converge more rapidly. A simple optimization algorithm, such as the

one-at-a-time method (ref. Ketter-Prawel), is used to find such.a point

for each element. we note that a problem arises for elements along

the edges and centerline of the wing where only three vortex segments

*9
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A
border the element. Numerical experimentation has shown, however, that

it is best, for control point placement purposes, to consider the

element to be bordered by four vortex segments.

In Table 2.l, we compare the two methods of control-point place-

ment; The first column is the control point number for a delta wing

of aspect ratio one with four rows. The next three columns represent

the x and z coordinates of the control point as placed at the geometric

center and the normal component of the induced velocity from the vortex

segments bordering the element based on unit circulations. The final

three columns show the same three numbers as calculated when minimizing

the normal component of the induced velocity.

We note that in the execution of a computer code the calculations

involved need only to be performed once and stored. For a delta wing

of AR = l represented by four rows of elements the computations

involved in calculation of the optimal control points take less than

2 CPU seconds. Depending on the parameters involved the execution

time of the entire computer code varies between 4 and l0 minutes.

Hence, 2 seconds is only a small fraction of the time involved and

the calculation of optimal control points are cortainly worthwhile

if they increase the accuracy of the method.

we also note that for a rectangular wing both methods reduce to

the three-quarter chord length rule and these calculations need not

be performed. we also note that for the lattice used by Kandil et al

shown in Figure l.la, both methods yield the same point. Hence, it

appears that such a lattice has an advantage over the present one in
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‘
Table 2.l. Comparison of the two methods of control point placement

1 Geometric Center Optimal Control Points

E]€m€nt· X1 Z1 V1 X2 Z2 V2
No.

] 5.276 0.353 l2.004 5.409 0.353 ll.962
2 7.424 0.353 l2.525 7.490 0.352 l2.496
3 9.]4] 0.353 l2.297 9.]65 0.352 l2.295
4 6.5]0 0.959 l6.728 6.706 0.959 l6.688
5 8.l5l 0.959 l7.453 0.958 l7.4l3
6 9.384 0.959 ]7.]36 9.40] 0.958 l7.l32
7 7.567 l.394 23.309 7.636 l.394 23.226
8 8.573 l.394 24.320 8.707 l.393 24.264
9 9.558 l.394 23.877 9.57] l.394 23.873

]0 8.254 l.706 32.480 8.303 l.706 32.364
ll 9.048 l.706 33.888 9.073 l.706 33.8]]
]2 9.683 l.706 33.272 9.692 ].706 33.263
]3 3.9l2 0.656 l3.390 3.582 0.558 ]3.034
l4 5.63] l.l77 l8.658 5.394 ].l06 l8.l62
l5 6.865 l.550 25.999 6.695 l.499 25.307
l6 7.750 l.8l8 36.229 7.629 l.782 35.265
]7 8.506 l.977 29.867 8.627 l.994 28.35]
]8 9.]50 2.055 23.725 9.]60 2.058 23.70]
]9 9.704 2.l27 l9.207 9.7]] 2.l34 l9.l94
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the sense that the question of control point placement does not arise.

The effect of the placement of control points is considered in

Chapter III.
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II.C.2. Modifications of the Biot-Savart Law

From (II.A.5), we see that as h approaches zero the velocity

becomes singular. This is not actually the case as viscous effects

damp out the singularity. However as the vortex-lattice method pro-

vides an inviscid model, it appears that we need to modify the Biot-

Savart law in order to damp out the singularity. We require the

modification to be such that

Zim vy = 0 (l)

h->0 ,

we propose three methods of modification of the Biot—Savart

law.Firstwe let

vy = vBSu(h — ho) (2)

where vBS is the velocity calculated from the Biot-Savart law for
one vortex segment and u(h -

h„) is the unit step function given by

u(h _ ho) = 0 h < ho
l h_Z ho

where h„ is a given parameter. The problem with (2) is that the

velocity will be a discontinuous function of h at h = ho. Also, hg

seems to be an arbitrary parameter.

The second modification we suggest is

2VB = VBS (1 -
eF^°4“

) (6)
where FAC4 is a given parameter less than zero. A simple application

of L'HSpital's rule on (3) yields the result that (l) is satisfied.
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Hence, (3) shows promise in the respect that it is infinitely smooth

and has the desired properties of such a modification. The drawback

to this method, as in all methods suggested, is to find a suitable

value of FAC4 which will work for all cases.

The final modification we suggest is

vy = BS h h 0

where ho is a given parameter and vBS0 is the value calculated from

the Biot-Savart law for h = ho.

Plots are presented in Figures 2.5 - 2.8 to show how the three

modifications compare. In all diagrams a vortex segment is placed

along the y-axis from y = - 1 to y = 1. The velocity field is then

plotted as a function of h, the distance from the vortex segment,

at various values of y.
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Figure 2.6. ·Equation (II.C.2) with hg = .05 as
described in II.C.2
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· Figure 2.7. Equation (11.6.4) with hg = 0.1 as
described in II.C.2
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Figure 2;8; Equation (IIQC.3) with FAC4 = - 20
as described in II.C.2
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II.C.3. Application of the No-Penetration Condition and Spatial

Conservation of Circulation

we note that application of (II.A.6) using (II.A.5) at every

control point on the wing yields NC linear equations for the unknown

circulations around the vortex segments where NC is the number of

control points on the wing. At each control point onf the wing we

may compute the velocity per unit circulation from any vortex segment

on the surface or in the wake by application of the Biot—Savart law.

we denote this quantity at the ith control point from the jth vortex

segments as vij. The vij's are called influence coefficients. However,

there are more unknown circulations than equations. Spatial conser-

vation of circulation provides the remaining equations necessary for a

unique solution of the circulation distribution (and the Kutta condition

which was used to set the circulation zero along the edges).

we consider three methods of applying spatial conservation of

circulation. we note that, for the discrete vortex-lattice approxi-

mation, spatial conservation of circulation is equivalent to saying

that the circulation has to be constant around any closed loop. A

closed loop is a series of connected vortex segments that closes.
I

Two free vortex lines may come together at infinity. when a vortex

segment is part of two loops the circulation around the segment will

be given by the algebraic sum of the circulations associated with the

two loops. In the following discussion, we assume positive circulations

to be in the direction of the positive coordinate axis as shown in

Figure 2.4.
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with this approach we may reduce the number of unknowns to the
V

number of loop circulations. From these, the circulations around

each vortex segment may be calculated.

we consider first the loop shown in Figure 2.9. The loop is

considered to start at infinity with a free vortex line, include

elements on both sides of the wing, continue down the free vortex

line on the opposite side of the wing and close at infinity. we

show two types of loops for this method. we note that all loops

include free vortex segments.

For each control point we may use the influence coefficients

and the no—penetration condition to write an equation of the form

·s —> ->§waijFi - - vw • nj (5)

for j = 1,1,...,NC where zw is the unit normal vector at the jth

control point, Fi is the circulation in the ith loop on the wing.

·The aij s are given by

where the summation in (6) is carried out over all vortex segments in

the ith vortex loop and the summation in (5) is carried out over all

loops on the wing. we may rewrite (5) as a matrix equation of the

„ form

AF = F · (7)

where A is a matrix formed by the coefficients defined in (6), F

is a vector of unknown loop circulations, and F is the vector of the

negative of the free—stream normal-velocity components. Equation
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Figure 2.91 I11ustration of Method 1 of addition
of inf1uence coefficients
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u
(7) may now be solved for the loop circulations. Then these values

are used to determine the segment circulations.

Figures 2.l0 and 2.ll show two other types of loops that may

be formed on the wing. Figure 2.lO shows the horseshoe loop method

with the loops closing at infinity. In Figure 2.ll the loops involve

simply the vortex segments bordering an element to form the loop °

except for the elements which border the edges of the wing. Equations

of the form (7) may also be written for the unknown loop circulations

for Figures 2.lO and 2.ll.

we note that all of the loops in Figures 2.9 and 2.lO involve

vortex segments from the wakes. However only the elements bordering

the edges of the wing in Figure 2.ll include suci segments. Hence,

for the method shown in Figure 2.ll most of the elements in the A

matrix will remain the same as the position of tie wake changes

while all of the elements in the A matrix as calculated from Figures

2.9 and 2.l0 will change with the wake position.

we also note that as the loops in Figures 2.9 and 2.lO involve

more vortex segments, more calculations are needed to calculate the

elements in the A matrix then the method shown in Figure 2.ll. we

also note that the matrix from Figure 2.ll will be strongly diagonal

while the matrices from Figures 2.9 and 2.lO will not be. In the

next section we see that this can be a valuable property.
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Figure 2ll0. Illustration of Method 2 of addition
of influence coefficients ·
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Figure Zllll Illustration of Method 3 of addition
of influence coefficients ·
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II.C.4. Solution of Equations

In this section, we examine methods of solving the system of

equations of the form (7). In II.C.3 we proposed three alternative

methods for adding influence coefficients to form the elements of

the A matrix. In this section we compare the three matrices as to

numerical stability and efficiency in the solution of the system,

(7)-

Techniques for the solution of systems of linear equations of

the form (7) may be divided into two categories; direct methods and

iterative methods.

' we first consider a direct method, the Gauss-elimination tech-

nique. Gauss elimination involves factoring the original matrix, A,

into

A = LU (8)

where U is an upper triangular matrix and L is a lower triangular

matrix with ones on the main diagonal. with (8) we may write (7)

as

LUI‘ = F

or —

ur = L-IF (9)

we factor
L°1 into

-1
L - LnLn_1....L1 . (10)

where n is the number of equations to be solved and Lj is a lower
triangular matrix with ones on the diagonal whose remaining elements
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are given by

(Lj)k£ = 0 if ß # j

and
(A) J_ _ kß . . =lf J E

where (Lj)kl denotes the element in the kth row and Ath column of the

matrix Lj and denotes the element in the kth row and ßth column
of the matrix A. Hence, multiplying (7) by

L-1,
using (10) and

comparing the result with (9), we see that

U = LnLn_1Ln_2....LIA (ll)

From the discussion above the algorithm for Gauss elimination is

obvious. However, for the maximum efficiency in a ccmputer code

it is desirable to destroy the matrix A at each step. At step

j of the solution procedure we have

/·\. = L.A.
J J J·1

and replace Aj_1 in storage by Aj as LJ is a lower triangular matrix.

This is fine for the first two methods discussed in II.C.3 as all

elements in the A matrix need to be recalculated at each iteration

step. However, for the third method, most of the elements in the

A matrix remain the same. Hence, it is not desirable to destroy the

matrix. The alternative to destroying the matrix would be to store

it twice. As we saw Wn II.C.3, due to the simplicity of the algor-

ithm for calculating the elements in the A matrix and the fact that

all elements need not be calculated at each iteration step the third

method appears to be the more desirable method. However, using
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the Gauss-elimination method causes some of the advantage in the

method to be obscured. Hence, we are motivated to examine other

techniques for solving (7) as alternatives to the Gauss-elimination

procedure.

we now turn our attention to iterative techniques for the solution

of linear equations. The simplest of these methods is Jacobi iteration.

Given an initial guess for the circulation vector, say
T(0),

Jacobi

iteration predicts the value for the ith element in F on the nth

iteration step to be

1—i(") =
1—i("°‘) +ci(") (12) H

where

n _ l _ n-1 ,()
NF

( )C1 ‘ (A)ü Fik=l
However, Jacobi iteration is not the most efficient iterative pro-

cedure available.

The next method we consider is the Gauss-Siedel procedure. Gauss-

Siedel iteration is a variation of Jacobi iteration, but values of F

are used as soon as they are calculated. The value of Fi on the nth

iteration is given by equation of the form, (l2), but for Gauss-Siedel

( ) i-1 (
N(‘

n = l _ n)
2

(n-1)C1 WT Fi Z(^)1k(k ‘ «(^)1kFk ((4)
ll _ _.k—l k-1

Hence, the Gauss-Siedel procedure does not require that the coefficient

matrix be stored twice.
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In order for the Gauss-Siedel procedure to converge, the A matrix

must have sufficient properties. It can be shown that (ref. Franklin)

if A is non—singular and all elements on the main diagonal of A are

non-zero then a necessary and sufficient condition for the convergence

of T_to the solution

V = A-IF

for all
F(0) is that the roots of the equation

Äöl1 ala ala ....ain

Aql ga ga ....%n °

Aal; aaa aaa ....aan

I
Aan 1 Aanz Aana ...Aann

lie within the unit circle

IM < I (is)

where |A| denotes the magnitude of a complex value of A.

‘
we now consider (l5) in relation to the third method of adding

influence coefficients. Due to the nature of the method the A

matrix may look similar to
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4
-1 L L L L L

2 3 4 2 3
‘‘’°

L -1 L L L L„ 2 2 3 4 2 °°°°

L L -1 L L L
3 2 2 3 4 °"' „

where all elements have been normalized with respect to the largest

value. Hence, we wish to examine the solutions to an equation of the

form
A

g
-A L. L. L. L. L.

2 2 3 4 2 3 °°°°

L -)„ L L L L
2 2 3 4 2 °°°°

4 4- -A L. L. .L3 2 2 3 4 = 0 (16)

we first look at the solution for n 2x2 matrix. we solve

-A L
2 :: X2

-
gf: 0

4 -A2

- Lor Ä - 0, 4

Hence, (l5) is satisfied. For the case of a 3x3 matrix, we solve

l l ·‘^ 2 6
A 1 _
ä -A ä - 0 (17)

4 L6 2 ‘^
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The so1utions to (17) are

Ä = 0, 25 1 /1057
72

and hence, (15) is satisfied.

we have not been ab1e to genera1ize this resu1t for any matrix

of dimension n of the form (16). However, when we app1y the Gauss-

Siede1 technique to the system obtained by using the third method of

adding inf1uence coefficients, the method converges in every case.

But when we app1y the Gauss-Siede1 method to the matrix obtained

from the first method of adding inf1uence coefficients, it diverges .

in every case.

Another advantage to the Gauss-Siede1 iteration is that after

each positioning of the wake the previous set of circu1ations may be

used as an initia1 guess for the Gauss-Siede1 procedure when the

system is so1ved to determine new circu1ations. As the so1ution for

the wake position approaches convergence the circu1ation distribution

wi11 not change much. Hence, by choosing the initia1 guess in such a

manner, the number of iterations for the Gauss-Siede1 procedure to

converge may be great1y reduced as the wake position approaches con-

vergence. .

One fina1 iterative method examined is the successive-over-

re1axation technique. This is a variation of the Gauss-Siede1

technique and ca1cu1ates
Pi(”)

by the formu1a _

(n) - (n-1) (n)
Fi ' + wci
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where w is a given parameter and is as given in (14). The use

of the parameter m may speed up convergence of the so1ution. Tab1e

2.2 shows how the number of iterations varies with w for the matrix

for a de1ta wing of aspect ratio one.

The convergence criterion is

F_(n) _ Fi(¤-1) _
max |—l————TEjq7———-1 < 1 x 10 5 (18)

1; i ;NC i

If (18) is satisfied on the
nth iteration step then the so1ution is

said to have converged. ·
‘
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4
TabTe 2.2. The effect of the successive over-reTaxation parameter,

w, on the number of iterations necessary for the procedure

to converge to F =
A-IF

with the matrix A and vector F

as ca1cuTated for a wing with AR = T, o = T5°, FACT = 0.5,
FAC2 = 1.5, FAC3 = 1.0, FAC4 = - w, and NROWS = 4

°

Number of Iterationsw for Convergence

_ 0.90 45

0.95 41

1.00 . 37

1.05 33 °

‘
1.10 30

1.15 26

1.20 23

1.25 20

1.30 18

1.35 17

1.40 19

1.45 28

. 1.50 37

1.55 · 57

1.60 125
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II.C.5. The Iteration Shceme

In order to satisfy (II.A.6) and (II.A.8) simultaneously an itera-

tive procedure is needed. An initial guess is made for the position

of the free vortex lines and circulations are calculated using these

positions. However, to satisfy (II.A.8) we must make the direction of

each free vortex segment parallel to the velocity vector calculated

at some point on the segment. Several questions arise when this pro-

cedure is carried out. This section attempts to answer these questions.

The first question we address is when should the iterations be

stopped or how should convergence be defined. Let
;k(”) denote

the position vector of the kth free vortex segment on the nth iteration.

The position vector of any free vortex segment is given by

+ +

where (xu,yu,zu) are the coordinates of the upstream end of the segment

and (xd,yd,zd) are the coordinates of the dovnstream end of the segment.

we consider convergence to be achieved on the (n+1)St iteration if

+

k -> (nl E
Irk I

where k is taken over all free vortex segments and 6 is a given para-

meter. we note that even if (l9) is satisfied the circulations may

still change if they are recalculated. However, for small changes in

the position vector of all free vortex segments it is not worthwhile

to iterate further until the circulations are arbitrarily small. This
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will possibly increase the number of iterations unnecessarily.
(

The next question we consider is at what point on the free vortex

segments should the velocity be calculated. we note that to be con-

sistent the vortex segment should be positioned in such a manner that

the point at which the velocity is calculated remains in the same

place. If this point were moved the velocity at that point will no

longer be parallel to the position vector of the vortex segment.

Hence, the only feasible point is the upstream end of the vortex seg-

ment. If another point were used, then the positioning of the vortex

segment would be very awkward as the upstream point would be disconnected

from the segment upstream of it. However, we introduce a parameter, Q

which tells where to calculate the velocity of any point on a free vortex

segment. If (xu,yu,zu) and (xd,yd,zd) are the coordinates of the ·

upstream and downstream end of the vortex segment respectively, then

the point where the velocity is calculated is

[xu + 0(xd - xu). yu + 0(yd — yu), zu + 0(zd - zu)l (20)

However, we still position the vortex segment with respect to the

upstream points and we examine the effect of Q on the solution.

we now consider the mechanics of positioning the free vortex

segments. Numerical experimentation has shown that any reasonable

scheme seems to work for delta wings. However, for the arrowhead

and cropped delta wings the method of iteration appears to be of

vital importance for convergence.
”
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n
we first examine the number of times the free vortex segments are

repositioned before new circulations are calculated. Repositioning

the wake twice before new circulations are calculated seems to work

well. we have found that positioning the wake more times than this

causes trouble in the convergence of the position of the free vortex

lines. A possible explanation is that if the circulations used are

far away from the actual values then repositioning the wake several

times could cause the wake to reach a position where it takes a long

time to converge to the actual solution. One scheme that we use for

the arrowhead and cropped delta wings involves repositioning the

wake as many times as necessary until
2

max I·;k(¤,J) _ „k(¤„J—¤)| |—;_<(n„1) _ —;k(¤-1„2>|
k

iwherek is taken over all the free vortex segments, 2 is the number

of repositionings needed with the previous set of circulations, and

;@(”’j)
refers to the position vector for the kth free vortex segment

on the jth repositioning for the nth iteration. Me note that when

rz = 1, 2 = 1.

For maximum efficiency in the computer code we use the new position

of each vortex segment as soon as it is calculated. However, the order

in which the vortex segments are repositioned becomes important if

this is done. we also note that if this is done the length of the

_ vortex segment downstream from the one repositioned will be distorted

until it is repositioned. If this segment is repositioned next, this

apparently will not make much difference. However, if it is not
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i
repositioned next, the vortex segments downstream from the one previously

repositioned should be translated the same as the end of the last vortex

segment to be repositioned.

we now address the question of in what order the vortex segments

should be repositioned. The simplest method is to adjust all free

vortex segments in one free vortex line before proceeding to the next

one. This procedure works well for delta wings but not for other plan-

form shapes. For these types of wings we adjust all segments less than

a given value of the x-coordinate before positioning the segment down-

stream.
4



II.D. Force and Pressure Calculations

In this section we consider two methods of force and pressure

calculations. However, as the pressure is known only at discrete

points on the wing, we also consider an interpolation procedure

for calculating the pressure at any point on the wing given the

pressures at these discrete points.

47
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II.D.I. Use of Bernoulli's Equation

For steady, incompressible flow Bernoulli's equation becomes

E-+ %-v* · v* = constant (l)

where p is the pressure, p is the density and $* is the total

velocity vector. Hence from (l) we can write

P2 1+ ,+ :1 1+ ,+
D + 2 v* v* D + 2 um um (2)

where the left-hand side of (2) is evaluated at any point in the

flow field and the right—hand side is evaluated in the free-stream

far from the wing and its wake. Manipulation of (2) yields

2(¤-p)
Cp·——;*l=.l•-\7•_\7¤|¤,„,|2

where C? is the pressure coefficient. In (3) Ü* has been non-

dimensionalized by using the free-stream speed, läglz

'§~A·

For any element on the wing, we may define the pressure coeffi-

cient on the upper surface of the wing as

_ -+ ·—>
Cpu — l vu vu (4)

where gu is the velocity on the upper surface. we may also define

—> ·+Cpß — l — vg · vl (5)

where 5, is the velocity on the lower surface and Ubi is the pressure

coefficient on the lower surface. The net pressure coefficient for

the element is given by

= -CACP CPU
P2

(6)
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I
If we assume that the velocity is constant across an element, then

we may write

V, = V + AV _ (7)

and

Vu = V - AV (6)

where Ü is the total velocity evaluated at a point on the element and

A; is given by (refer to Section II.A)

A';
=

Tl-E1 +
F2-EQ

+ Fgig + Puzo X;
~4ÄA

where AA is the area of the element, Pi is the non-dimensional
circulation around the ith vortex segment and E1 is given by

E sz +
1 - 1e1 (l0)

where 21 is the length of the ith vortex segment and E1 is a unit

vector in the direction of the ith vortex segment. In writing (9),

we assume that the circulation around each vortex segment receives an

equal contribution from the two elements which it borders.

Combining (4) - (8), we see that

ACp=4v>• AV (ii)

Using (9) in (ll) we write

AC (-12)
p ÄA

we now use (ll) to calculate AC?. ·

we should also note that, for best results, it appears that Ü
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should be evaluated at the control point for each element. At such

points, the velocity is probably more accurate, as the no-penetration

condition has been satisfied at these points.
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II.D.2. The Kutta-Joukowski Pressure Calculations

The use of the Kutta-Joukowski theorem provides an alternative

to the use of the Bernoulli equation for pressure calculations. The

Kutta-Joukowski theorem states that the force per unit length at any

point on a vortex segment, Pi, is given by

—>

Fi - pqxtq y (13)

where p is the density, Ü; is the total velocity on the vortex segment

and P; is given by

*
*+

‘
.li, - tie,

where F; is the circulation around the ith vortex segment and Zi is a

unit vector in the direction of that vortex segment.

Equation (l3) may be used to calculate the force per unit length

on a vortex segment. we consider the force per unit length to be con-

stant on each segment and choose the midpoint of the bound vortex seg-

ment for the calculations. (we note that the iterative procedure to

position the wake renders the free vortex segments force—free). The

normal component of the force per unit length at each of these points

is given by

—>Fm ‘ E ° "
where Ä is a unit vector for the element of area AA. we note that for

a cambered wing the normal vector will be different for every element.

Ne assume that the circulation around a vortex segment receives an

equal contribution from the two elements which it borders. Hence,
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for a vortex segment bordering two elements with unit normal vectors

Ä; and gz we would write

- l 7
Fn, — 5F, · (111+ V2) (14)

The pressure difference on an element of area, AA, is given by

4
_ 1¤ - mi 1.111 <15>

i=l

where the summation is carried out over the bound vortex segments

bordering the element, and Qi is the length of the ith vortex segment.

we may define a pressure coefficient for any element as
’

AC = -2R- (16)
P ‘* 2¤|¤„I

Using (13) - (15) in (16) yields

where Vi is given in (10) and

-6*
Vi = —§;·—|¤„,|

and
rt_ 1Pi ‘ TF
l¤„„I

are non—dimensiona1 values of the velocity and circulation, respectively.

Using the properties of the scalar triple product, we may write (17) as

°I —> ·Acp V, + 1—,p1,xH) - V, + 1—,(i,xE) J,

+ l"».(V«.><V) · V-1] (18)
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·
We note the simi1arity in (12) and (18). In comparing these equations,

we note that the on1y difference between the two methods of pressure

ca1cu1ati0n is the points where the ve1ocity is ca1cu1ated. Bernou11i's

equation makes use of the ve1ocity at on1y one point on each e1ement,

the contro1 point, whi1e the Kutta-Joukowski theorem uses the ve1ocity

at four points for each e1ement, However, Bernou11is' equation has the

capabi1ity of so1ving for the upper and 1ower pressure distributions

whi1e the Kutta-Joukowski theorem does not have this capabi1ity. Hence,

we expect good agreement between the two methods when the e1ements are

sma11. The 1argest difference occurs for e1ements where the ve1ocity

is rapid1y changing. These are the e1ements a1ong the Ieading edge
I

and the wing tip. For both methods, we may define a tota1 pressure

coefficient, or norma1-force coefficient, Cn, by

cn = }\-Izjacpkmik
k

where the summation is taken over a11 e1ements on the wing and A is

the tota1 area of the wing.
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I
II.D.3. Interpolation of the Pressure Surface

In this section, we consider an algorithm for representing the

pressure distribution as a continuous function of the x and z co-

ordinates. The analyses in II.D.I and II.D.2 yield the pressure

at only a finite number of points on the wing. Thus, to compare with

other results and experimental data, we desire an algorithm that

predicts the pressure at any point on the wing from the unknown pres-

sures. Such an algorithm should make use of the fact that the pres-

sure difference must be zero at the sharp edges of the wing and that

it must be symmetric with respect to the mid-chord of the wing. .
T

we have tried many algorithms for such an interpolation scheme.

we have considered representations of the form

n
p(x„z) =Z c,¢1(><„z) (T9)

i=l

where n is a given parameter, the ci's are the unknown coefficients,

and the ¢i's are the given functions, known as basis functions. It

is required that the ¢i's be linearly independent. However, due to

the fact that the points at which the pressure is known are few and

scattered over the surface of the wing, it is very hard to achieve a

useful representation of the form (l9). we have found that for large

values of n the function p oscillates wildly between the control points.

For small values of n, the shape of the resulting surface is reasonable,

but numerical stability is not present as small changes in the value of

n cause large changes in the numerical values of the interpolated pres-

sure coefficients. However, we have found one set of basis functions°
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U
that work well. we describe these below.

To use the basis functions we have selected for presentation, we

must first triangularize the wing. That is, we divide the surface of

the wing into a series of triangles. The vertices of the triangles

are either points where the pressure coefficient is known or points

along the centerline and edges of the wing. The triangularization

must be proper in the sense that any two triangles on the wing surface

must intersect at one vertex of each triangle, or along one complete

side of each triangle, or not at all. A proper triangularization

of a delta wing of AR = l is shown in Figure 2.l2. The vertices of

the triangles are points where the pressure coefficient is known

from the numerical solution.

we now choose the basis functions to be piecewise linear poly-

nomials in x and z. we choose one basis function for each point where

the pressure is known on the interior of the wing plus one basis

function for each vertex of a triangle that lies on the mid-chord of

the wing. we write (l9) as

NC k
(20)

i=l i=l

where NC is the number of points where non-zero values of the pressure

coefficient are known, k is the number of vertices along the mid-chord,

oi (m,z) for i = 1,...,NC, and wj for j = 1,...k are the basis functions

described below, and the Ci's and ßi's are unknown coefficients.

Ne denote the region of the wing by D. Given any point which is

a vertex, say (xß,zß), then we denote the region of the triangles for
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which (x2,z£) is a vertex by R. we choose ol so that

<1>£(><„z) ie 0

only if (x,z) is in R. Consider the region R shown in Figure 2.13. On

the kth triangle in R,¢£(x,z) is defined as the unique linear inter-

polate of the form

¢ß(x,z) = akx + bkz + ck (2l)

to the problem

¢9V(><9_.2£) = 1 · .

wk. #1..1 = 0
and

¢2.(xk2’Zk2) = 0

where (xk1,zk1) and (xk2,zk2)are the other two vertices of the kth

triangle in R.

we next consider the special case where R contains a portion of

the centerline as shown in Figure 2.14. we have not yet imposed the

condition of symmetry with respect to the mid-chord. In order to do

this, we require that

bz = 0

in (2l) on triangle 2 as shown in Figure 2.14. we note that as this

is the case we can no longer solve the interpolation problem presented

before to define ¢2(x,z) on this triangle. we may now impose only two

conditions. we choose ¢2 (x,z) on triangle 2 to be the unique linear

function of the form
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6 5 _

. 1 4

2 3

Figure 2.13. An arbitrary region R contained in D
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h.

{

”
Figure 2.14. A region R in D containing a portion

of the center1ine
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wk, =ax+c

that interpolates

¢k(><k,zk) =l

and _

¢2(Xk1’Zk1) = 0

where (xk1,zk1) is the vertex that has the smallest x—coordinate.

l we now consider the region R corresponding to a point on the

mid—chord of the wing as shown in Figure 2.15. Ne define wk(x,z) # 0

only if (x,z) is in R. we also define wk(x,z) = 0 on triangles 1 and °

3 as shown in Figure 2.15. On triangle 2 we choose wk to solve the

three-point interpolation problem as discussed above. _

we wish to impose the conditions on (20) that ·

.,. = P.¤(xJ 2J) J (22)

for j = 1,...NC where (xj,zj) is the coord nate pair of the jth

point where the pressure is known and Pj is the known pressure

coefficients at that point. From (20), (22) and the definitions of

the basis functions we see that we must choose

.=P., '=l,...,CJ
J

for 3 NC (23)

we see from (23) that it is possible to write on the nth triangle

3
p(><,z) =Z Pk ¢k (><„z) _ (24)

m=l m m

where kl, kl, and kg are the numbers of the vertices of the triangle.
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Q

Figure 2.15. A region R in D for a vertex along
I

the centerline '
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A
we see that writing (24) for every triangle on the wing yields a

continuous pressure distribution at every point on the wing except

the centerline. But, we have not yet chosen the Bs. They must

be chosen in such a way as to make the pressure distribution continuous

at every point on the centerline. However it is not possible to make

gg-= 0 at the vertices of triangles along the mid-chord.

we see that between any two points where the pressure is known

the function (x,z) will be a linear function interpolating the pres-

sures at the two points. Hence, the pressure distribution cannot

oscillate wildly between the points. As we do not know the true ·

representation of the pressure surface, we cannot present a rigorous

error analysis of the problem. It is obvious that, the more control

points taken on the surface of the wing, the better the interpolated

pressure is. we, however, may get a qualitative idea of where the

error is largest. Prenter (l975) has shown that the error for a

technique such as this is largest in the regions where the derivatives

of the function being interpolated are largest.

we note that once a wing and the elements on the wing are fixed

the triangularization procedure need only be carried out once and

the basis functions tabulated. The basis functions corresponding to

the triangularization shown in Figure 2.l2 are given in Table 2.3. °

In the next chapter we present plots of the interpolated pressure

surface. l
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III. Numerical Examples

III.A. Delta wing, AR = l

we consider as a first example a delta wing with AR = T. The

lattice for such a wing with NROWS = 4, NROWS = 5, and NROWS = 6

are shown in Figures 3.l, 3.2, and 3.3, respectively. we consider

the wing with respect to the parameters introduced in Chapter II.

For all numerical results presented in this section the value of

6 in (II.C.l9) is taken to be 5

xwefirst consider this example using the geometric centers of the

elements as the control points and no modification of the Biot—Savart °

law, FAC4 = - w. Table 3.l shows the normal—force coefficient, Ch,

as calculated by the Kutta-Joukowski theorem, for various values of

FACT with varying angles of attack with FAC2 = T.5 and FAC3 = l.0

and IEXT = l. In this and all tables presented, NC means that con-

vergence was not achieved in sixteen iterations with the value of

6 = 6 X 10*.

we see from Table 3.l that the normal—force coefficient tends to

converge as the number of rows increases for the smaller angles of

attack. However, for o = l5° and o = 20° the trend is not as apparent,

but it is suspected that convergence will be achieved. we also note

that with increasing FACT, the normal-force coefficient tends to reach

a minimum at some value of FACT but it increases again thereafter.

Table 3.2 shows the variation of Cn at an angle of attack of

l5° with varying FACT and NROWS and keeping IEXT = 0 and all other

parameters the same as in Table 3.l.

67
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13

1 \
~10 l

Figure 3.1. The 1attice for a de1ta wing of
AR f 1 with FAC1 = 0.5 and NROWS = 4
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Figure 3.2. The Tattice for a deTta wing of
AR = T with FACT = 0.5 and NROWS = 5
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Figure 3.3. The lattice for a delta wing of
AR = l with FACl = 0.5 and NROWS = 6 _
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C
Table 3.l. Convergence of Cn for various angles of attack and values

of FACl with non-optimal control points, IEXT = l, FAC2 = l.5,

FAC3 = l.0, AR = l.0, and FAC4 = - w.

o = 5°

FACl NROWS
u

. 4 5 6

0.5 0.l44 0.l38 0.l36

l.0 0.l42 0.l36 0.l34

2.0 0.l55 0.l40 0.l32

a = l0° _

FACl NROWS ·

4 5 6

0.5 0.348 0.325 0.325

l.0 0.338 0.3l6 0.3l4

2.0 0.339 0.3l6 0.3l2

o = l5°

FACl NRONS

4 5 6

0.4 0.632 NC NC

l.0 0.599 0.585 0.582

2.0 0.587 0.568 0.556

3.0 0.62l 0.58l 0.56l
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n
Tab1e 3.1. Continued

0c=20°

FAC1 NROHS

4 5 6

0.5 0.954 NC NC

1.0 0.920 0.851 NC

2.0 0.874 0.848 0.861
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U
Table 3.2. Convergence of Cn for d = l5° with various values

of FACl with non-optimal control points, IEXT = 0,

FAC2 = l.5, FAC3 = l.0, and FAC4 = - w.

NROWS
FACT 4 4 6

_ 0.0 0.666 NC 0.623

0.5 0.526 0.558 0.574

l.0 0.476 0.509 0.525

l.5 0.434 0.468 0.482

2.0 0.400 0.427 0.447
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·
we note a significant difference between Tables 3.l and 3.2. For

a given FACl, cn, in Table 3.l decreases as the number of rows increases

while in Table 3.2, Cu, increases as the number of rows increases.

Comparable values of Cn for o = l5° in the two tables are vastly

different.

The remaining tables are computed using optimal control points

and IEXT = 0. These tables show the variation of Ch with the para-

neters in the problem.

Table 3.3 shows the effect of FACl on Ch at varying angles of

attack with the parameters indicated. Tables 3.4 and 3.5 show the -

effect of increasing the number of segments in the free vortex lines

on Cn. In these tables, NWKSL, NWKST, and NWKS0 refer to the number

of finite segments in the free vortex lines adjoining the leading

edge, trailing edge, and outboard edge, respectively. we note Ch

does not vary greatly in these tables. This indicates that as long as

the free vortex lines extend beyond the trailing edge the number of

vortex segments in the free vortex lines do not make much difference.

That is, only the shape of the near wake is important.

Table 3.8 and 3.9 show the effect of the e>ponential modification

of the Biot-Savart law as in (II.C.3). FAC4 is the exponential damping

coefficient. we see that this parameter signif cantly alters ck.

However, it should be noted that care should be taken in using this

parameter as a value such as -l0 may cause too much damping and greatly

alter the force coefficient. we note that for smaller values of

FACl the variation of Ch with FAC4 is much greater.
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Table 3.3. The effect of FACT on the normal force coefficient, Cn,
at various angles of attack with AR = T.0, NROwS = 4,

optimal control points, IEXT = 0, FAC2 = T.5, FAC3 = T.0,
° and FAC4 = - w.

u FACT

0.0 0.5 l.0

5.0° 0.T360 O.l346 · 0.T2T4

7.5° 0.2l86 0.2l50 0.20T0
I

-

T0.0° 0.3T27 0.3000 0.2839

l2.5° 0.4358 0.4027 0.3754

l5.0° 0.563T 0.5T03 0.4660

l7.5° 0.7239 0.6259 0.577l
V

20.0° 0.8770 0.749T 0.6869
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Table 3.4. The effect of the number of vortex segments in the
free vortex lines on the normal force coefficient, Cn,

for a wing with AR = T, at a = l5°, with NROWS = 4,

U FACT = 0.5, FAC2 = T.5, FAC3 = T.0, and FAC4 = — w

NWKSL NWKST NWKS0 Cn

9 2 6 0.5l03

T2 3 9 °0.5T34

T5 4 T2 0.5l36

T8 5 T5 0.5T27

2T 6 T8 0.5TT9
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Table 3.5. The effect of the number of vortex segments in the free

vortex lines on the normal force coefficient, Cn, for a

wing with AR = T, at a = 5°, with NROWS = 4, FACT = 0.5,

FAC2 = l.5, FAC3 = l.0, and FAC4 = - ¤¤.

NWKSL NWKST NNKS0 Cn

9 2 6 0.l346

T2 3 9 0.l347

T5 4 T2 .0.l346
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u
Table 3.6. Effect of FAC2 on the normal force coefficient, Cn,

‘
with varying FACl for a delta wing of AR = l at o = l5°
with NROWS = 4, FAC3 = l.0, and FAC4 = - w

FACl FAC2
u

l.O l.5

0.0 0.563l 0.5389

0.5 0.5l03 0.49l9

l.O 0.4799 0.4660

l.5 0.4538 0.4296
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4
Table 3.7. The effect of FAC3 on the normal force coefficient, Cn,

with varying FACT at various angles of attack with AR = l,

NROWS = 4, FAC2 = l.5, and FAC4 = - w

FACT = 0.0

o FAC3 '
4

l.O l.2

5.0° O.l360 0.l366

0.308l

l5.0° P.563l 0.5388

20.0° 6.8770 0.8744

G FACT = 0.5 FAC3
l.0 l.2

uu

5.0° 0.l346 0.l453

l0.0° 0.3000 0.298T

l5.0° 0.5l03 0.5023

20.0° 0.749l NC

FACl = T.0 '

o FAC3

l.0 l.2

5.0° 0.l2l4 0.l279

l0.0° 0.2839 0.2859

l5.0° 0.4660 0.47l6

20.0° 0.6869 NC
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0
Table 3.8. The effect of the exponential damping coefficient, FAC4,

on the normal force coefficient, Cn, for a delta wing

of AR = l at a = l5° with NROWS = 4, FAC2 = l.0, and
FAC3 = l.0

— FACl FAC4

—l0 -20 -50 -w

0.0 0.6496 0.6087 0.5648 0.5389

0.5 0.5505 0.5303 0.5095 0.49l9

l.0 0.4827 0.4750 0.47l9 0.4660

l.5 0.43ll 0.4268 0.4293 0.4296 _
0
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I
Table 3.9. The effect of the exponential damping coefficient, FAC4,

on the normal force coefficient, Cn, for a delta wing

of AR = l.0, at a = 5°, with NROWS = 4, FAC2 = l.0, and

FAC3 = l.0

_ FACl FAC4

-l0 -20 -50 -¤
A

0.5 0.ll67 0.l2l0 0.l224 0.l328

l.0 0.l030 0.l08l 0.ll26 0.l2l7
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I U
Table 3.l0 shows the effect of the placement of the control points

on the normal-force coefficient. As can be seen from the table there

is not a great difference in the value of Ch for the two methods of

control point placement except for FACT = 0.0. However the previous

tables indicate that setting FACT = 0.0 causes greater variations in

cn with other parameters than larger values of FACT. From Table 2.l

we see that this could be expected as the coordinates of the control

points are not very different. The largest differences occur at the

leading edge which could account for the difference between the two

values of 0% for FACT = 0.0.
‘

Table 3.ll shows how the parameter, 0, as defined in (II.C.20)

affects the solution with respect to both the number of iterations

required for convergence with 6 = 5 x
l0”2

and the normal-force

coefficient. It should be noted that for Q = 0.75 and Q = l.0 the

solution procedure does not converge in l0 iterations and that the

trend after l0 iterations is not towards convergence. For all values

of 9 different from zero, vortex segments in the wake near each

other and produced values of h =
0(T0”l6)

in the Biot—Savart law.

Hence, for these cases it is necessary to use some form of damping

to prevent near singularities from arising.

In addition to looking at the values of the normal-force coeffi-

cient we also look at the shape of the wake during the iteration pro-

cedure. Figures 3.4 - 3.9 show the development of the wake position

during the iteration procedure for a delta wing of AR = l with d = l5°,

NROWS = 4, FACT = 0.l, FAC2 = l.5, FAC3 = l.0, and FAC4 = - w. Figure

3.l0 shows the position of the wake after 9 iterations for the case of
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Figure 3.4. The initia1 guess of the wake position‘ For a de1ta wing of AR = 1 at o = 15°
with FAC1 = 0.5, FAC2 = 1.5, FAC3 = 1.0,
FAC4 = - w, and Q = 0.0
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Figure 2.6. The shape of the wake after the first
iteration for a de1ta wing of AR = 1
at d = 15° with FAC1 = 0.5, FAC2 = 1.5,

· FAC3 = 1.0, FAC4 = — w, and Q = 0,0
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Figure 3.6. The shape of the wake after the second
iteration for a de1ta wing of AR = 10 = 16¤ with FAC1 = 0.6, 6Acz = 1.5,
FAC3 = 1.0, FAC4 = — w, and Q = 0.0
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,,.

inFigure3.7. The shape of the wake after the third
iteration for a delta wing of AR = l
at 6 = 15° with FAC1 = 0.5, FAC2 = 1.5,
FAC3 = l.0, FAC4 = - w, and Q = 0.0
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Figure 3.8. The shape of the wake after the fourth
iteration for a de1ta wing of AR = 1’
at u = 15° with FAC1 = 0.5, FAC2 = 1.5,
FAC3 = 1.0, FAC4 = - w, and Q = 0.0
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„,;:I;.. ,~’

Figure 3.9. The converged wake shape after five
iterations for a de1ta wing of AR = 1
at a = 15° with FAC1 = 0.5, FAC2 = 1.5,
FAC3 = 1.0, FAC4 = · w, and Q = 0.0 °
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Figure 3.10. The shape of the wake after the ninth
iteration for a de1ta wing of AR = 1‘ at u = 15° with FAC1 = 0.5, FAC2 = 1.5,
FAC3 = 1.0, FAC4 = — w, and Q = 0.75



90

T
Table 3.TO. Effect of control point placement on the normal force

coefficient, Cn, with varying FACT for a delta wing

with AR = l, o = l5°, NROWS = 4, FAC2 = l.5, FAC3 = l.0,
and FAC4 = - w

_ Type of Control Point
FACT Optimal Geometric Center

0.0 0.563 0.666

0.5 0.5lO 0.526

l.0 0.466 0.476

l.5 0.437 0.434



9]

u
Table 3.ll. The effect of Q, as in (II.C.20), on the number of itera-

tions for convergence, and the normal force coefficient, Cn,

for a delta wing with AR = T, o = l5°, FACT = .5,

FAC2 = ].5, FAC3 = ].0, and NROWS = 4

Sl

- 0.0 0.2 0.4 0.5 0.75 ].0

No. of iterations
attempted 5 6 6 8 TO TO

Convergence yes yes yes yes no no

. Cn 0.5]03 «0.5455 0.5337 0.5426 --
~—
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¥?= 0.75 with the other parameters as indicated in Table 3.ll.

From Figures 3.4 - 3.9 the roll up of the vortex core is apparent.

In Figure 3.l0 however, we see that the vortex lines do not seem to be

converging to a reasonable shape.

·From this example we also present plots of the interpolated pres-

sure distribution as discussed in II.D.3. Figures 3.ll — 3.l3 apply

to the case of a delta wing of AR = l at d = l5° with NROWS = 4,

FACl = 0.5, FAC2 = l.5, FAC3 = l.0, and FAC4 = — w. Figure 3.l2 and

3.l3 show the variation of the pressure coefficient in the chordwise

direction at constant spanwise stations. The pressure distribution is

plotted as a function of the root chord length in Figure 3.l2, while

in Figure 3.l3 it is plotted as a function of the local chord length.

Figures 3.l4 and 3.l5 apply to the case of a delta wing of AR = l

at a = l5.33° with NROWS = 4, FACl = 0.5, FAC2 = l.5, FAC3 = l.0, and

FAC4 = - w. Both figures show the variation of the pressure coefficient

in the spanwise direction at constant chordwise stations. Figure 3.l4

is with respect to the root chord while Figure 3.l5 uses the local chord

length. Figure 3.l5 only shows plots for values of x/cr = 0.5, x/cr = 0.6,

and x/cr = 0.7 by the present method and a plot for x/cr = 0.5 from the

experimental results of Peckham (l958). we have connected Peckham's data

points by straight lines to be consistent with our linear interpolation

theory. we note the numerical disagreemrnt between the present method

and Peckham's results, although the general trend is the same. This

is easily explained by the crudeness of the piecewise linear
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Figure 3.11. Spanwise distribution of the pressure
coefficient at constant chordwise
stations for a de1ta wing of AR = 1 .
at 0 = 5° with NROVS = 4, FAC1 = 0.5,
FAC2 = 1.5, FAC3 = 1.0, and FAC4 = - w
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U
interpolation. The numerical differences are greater between the two

sets of results where the slopes of the linear fits are greater. This

is consistent with the error analysis for the linear interpolation theory

presented by Prenter. That is the error is directly proportional to

the derivative of the function being interpolated. we also expect the

accuracy of the pressure coefficient to improve as the number of elements

on the wing is increased.

we next present Figure 3.16 which shows the data from Table 3.3

as well as the numerical results obtained by Kandil (1974). we note

that the lattice used by Kandil did not allow for variation of the

extension from the leading edge or the other parameters presented and

that the shape of the elements used by Kandil are vastly different.

Hence, some numerical disagreement is to be expected. Kandil shows how

his results have very good agreement with other numerical results and

some experimental results. Hence, the results presented in this section

compare favorably with those of previous investigators.

Finally for this example we compare the use of Bernoulli's equation

with the use of the Kutta-Joukowski theorem for pressure calculations as

discussed in II.D. Table 3.12 shows the total pressure coefficient for

each element as calculated by both methods in Table 2.12 for a delta

wing of AR = l at o = l5° with FACl = 1.0, FAC2 = 1.0, FAC3 = 1.0,

FAC4 = - w and NROWS = 4. we see that the two methods agree very well

for most elements. The only exceptions are elements 17 and 18. These

are the elements near the wing tip where we expect a large variation

in the velocity across the surface of an element. These differences

are consistent with the analyses in II.D.I and II.D.2. Hence, for
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n
Tab1e 3.12. Comparison of the two methods of pressure ca1cu1ations for

a de1ta wing of AR = 1, o = 15°, FAC1 = 1.0, FAC2 = 1.0,

FAC3 = 1.0, FAC4 = — w, and NROwS = 4

AC
E1ement Bernou11i p Kutta-Joukowski

No. Equation Theorem

1 ‘ 0.159 0.174

2 0.149 0.154

3 0.059 0.060

4 0.170 0.170

5 0.168 0.169

6 0.077 0.076

7 0.287 0.266

8 0.254 0.240

9 0.150 0.136

10 0.309 0.302

11 0.369 0.351

12 0.337 0.291

13 0.482 0.503

14 0.391 0.403

15 0.343 0.342

16 0.315 0.311

17 0.166 0.312

18 0.207 0.350

19 0.128 0.128

T0ta1 force
Coefficient 0.410 0.466
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these elements we expect the Kutta-Joukowski theorem to yield better

results as it uses values of the velocity calculated at four points

for these elements where Bernoulli's equation only uses the velocity

evaluated at only one point on the element.

He also note the difference in the value of the normal-force

coefficient between the two methods as shown at the bottom of Table

3.ll. For this and all cases run, the normal-force coefficient cal-

culated by Bernoulli's equation is significantly lower than the normal-

force coefficient calculated by the Kutta-Joukowski theorem. However,

as the Kutta-Joukowski theorem compares favorably to other results we -

consider this answer more reliable. we, reiterate, that the major

advantage to the use of Bernoullis‘ equation is that the pressures on

the upper and lower surface of the wing may becalculated.Hence,

from the tables presented in this section we see that all

of the parameters considered affect the solution and the normal force

coefficient. The most predominant factor is FACl, the factor that

dictates the amount of extension past the leading edge that the bound

vortex segments adjoining the edge will have. Other factors affecting

the normal force coefficient, Cu, are FAC2, FAC3, FAC4, the placement

of the control points, the value of Q for the free vortex segments

and the number of elements on the wing.

Next we examine the delta wing of AR = 2. From the tables pre-

sented in the present section and the next sections we make conclusions

and recommendations about what values of the parameters should be used

for the most efficient and accurate solution using a lattice of the

type shown in Figure 3.l.
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III.B. Delta wing, AR = 2

we next consider a delta wing with AR = 2. Figure 3.l7 shows a

drawing of a lattice with four rows of elements on the wing. In

comparing the shape of these elements with those in Figure 3.l for the

delta wing of AR = l, we see that the elements on the AR = 2 wing are

more regular. The elements are not as distroted and more nearly rect-

angular. Hence, we would expect that this lattice is better.

Table 3.l3 shows the effect of FACT on the normal-force coeffi-

cient, CH, at various angles of attack for the delta wing with AR = 2

and the other parameters as indicated in the table. Ne see that FACT

has a large effect on the force coefficient for AR = 2, also.

Table 3.l4 shows the Variation of CH with the number of rows for a

delta wing of AR = 2 with the parameters indicated in the table. Also

shown are the number of elements for each value of NROWS and the number

of iterations required for convergence with 6 = 5 x lD”2.

we note that due to the number of columns being doubled for a wing

of AR = 2 over that of AR = l there are more free vortex lines to repo-

sition. For a wing of AR = l with NROWS = 4 we have 5 lines off the

leading edge, 2 off the outboard edge, and 4 off the trailing edge, or

ll free vortex lines to reposition. For a wing of AR = 2 with NROWS = 4

we have 9 lines off the leading edge, 2 off the outboard edge and 8 off

the trailing edge, or T9 free vortex lines to reposition. For both

wings the number of iterations required for convergence of the wake

average between 4 and 7. However, we have almost twice as many free

vortex segments to reposition for the delta wing of AR = 2. This causes

l02
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Figure 3.171 Lattice for a de1ta wing of AR = 2
with NRONS = 4
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n
Table 3.13. Effect of FACT on the normal force coefficient, Cn,

at various angles of attack for a delta wing of

AR = 2.0 with NROWS = 4, FAC2 = 1.0, FAC3 = 1.0,

and FAC4 = - w

· o FAC1

0.0 0.5 1.0

5.0° 0.2025 0.1926 0.1675

7.5° " 0.3093 0.2793

10.0° 0.4959 0.4400 0.3930

12.5° ‘* 0.5901 0.5013~

15.0° 0.8766 0.7343 0.6412

A
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Tab1e 3.14. The effect of increasing the number of rows on the norma1

force coefficient, Cn, for a de1ta wing of AR = 2 at

o = 10° with FAC1 = .5, FAC2 = 1.5, FAC3 = 1.0, and
FAC4 = — 20.

NROWS
4 5 6 7

No. of e1ements 35 54 77 104

No. of iterations
for convergence 5 6 6 7

Cn 0.4778 0.5133 0.5355 0.4997
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a significant increase in computation time for a convergent solution for a

delta wing of AR = 2. Hence, we do not present as many tables for this

wing.

However, before we leave this discussion we compare the two methods

of pressure calculation for a delta wing of AR = 2. Table 3.15 gives

the comparison between the Kutta-Joukowski technique and the use of

Bernoulli's equation for the calculation of ACP for a delta wing of

AR = 2 at a = l5° with the parameters as indicated in the table. we

see that, as in the case for AR = 1, the comparison between the two

methods is very good. However, the percentage difference between the .

two methods is larger for the AR = 2 wing. we note that, as in the

case for AR = 1, the elements which have the largest discrepancy are

again along the outboard edge.
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·Tab1e 3.15. Comparison of the two methods of pressure ca1cu1ati0ns

for a de1ta wing, AR = 2, o = 15°, FAC1 = 0.5, FAC2 = 1.0,

FAC3 = 1.0, FAC4 = - w, and NROWS = 4

ACP
E1ement” Bern0u11i's Kutta-Joukowski

No. Equation Theorem

1 0.247 0.276

2 0.198 0.208

3 0.070 0.074

4 0.303 ”0.283

5 0.247 0.295
I

6 0.094 0.113

7 0.467 0.460

8 0.512 0.471

9 0.413 0.422

10 0.417 0.414

11 0.504 0.515

12 0.772 0.797

13 0.373 0.369

14 0.435 0.433

15 0.381 0.392

16 0.338 0.332

17 0.380 0.373

18 0.254 0.250

19 0.308 0.302
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Tab1e 3.15 Continued

ACp
E1ement Bernou11i's Kutta-Joukowski

No. Equation Theorem

20 0.337 0.330

21
l

0.206 0.200

22 0.263 0.257

23 0.309 0.301

24
C

0.202 0.195

25 0.809 '0.815

26 0.765 0.751

27 0.689 0.657

28 0.556 0.558

29 0.484 0.487

30 0.435 0.438

31 0.398 0.401

32 0.395 0.397

33 0.165 0.322

34 0.245 0.373

35 0.099 0.094

. Tota1 force
coefficient 0.716 0.791



U
III.C. Other Planform Shapes

In this section we examine planform shapes, other than delta wings,

to which we apply the method described in Chapter II. The first of

these is the cropped arrowhead wing. This wing with a lattice of six

rows of elements is shown in Figure 3.l8. we see that additional rows of

elements are needed to model this wing as it is essentially a delta wing

with another part attached at the trailing edge. However, we note that

this added area should tend to increase the number of iterations needed

for convergence. we note that also due to the increased number of rows

we have more free vortex lines to position. Also, more free vortex seg-

ments will be needed in each free vortex line in order for these lines to

extend beyond the trailing edge.

we have found that convergence is very hard to achieve for the cropped

arrowhead wing. we have tried several methods other than those which work

well for delta wings to try to speed up the convergence. we have been able

to achieve convergence within one hour of computing time on the IBM 370/l58

at VPI & SU by using the following iterative technique. The repositioning

porcess for the first iteration continues until (II.C.20) is satisfied.

For successive iterations the wake is only repositioned once before a

new set of circulations is calculated. we also reposition at constant

values of the m-coordinate almost simultaneously instead of proceeding

along each free vortex line.

Due to the amount of computer time required to run this wing we _

only present two cases that converge. The first case applied to the

lattice shown in Figure 3.l5 with o = l5°, FACl = 0.5, FAC2 = l.0,

709
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Figure 3.18. Lattice for a cropped arrowhead wing
with NROWS = 6 and FAC1 = 0.0
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I
FAC3 = 1.0, and FAC4 = - 20. The number of iterations required for

convergence with a value of 6 = 5 x
10-2

is 37. The normal force

coefficient, Cn, is 0.7267. This translates into a lift coefficient

of 0.70 which compares favorably to an experimental value of 0.64

obtained by Lamar (1974). A pitching moment coefficient, CM, obtained

by taking the moment of the force on each vortex segment about the z-

axis and non-dimensionalizing as described in II.D.2 is 0.034. This

also compares favorably to Lamar's value of approximately 0.04.

As we encountered much trouble in the iterative procedure to

position the wake, we consider how the iteration converges with respect

to the error between successive iteration steps. Let di denote the

left hand side of (II.C.9) on the ith iteration. Table 3.16 shows how

di varies as the number of iterations increases and Figure 3.19 presents

these results graphically. we note that for the first 15 iterations

there is no trend toward convergence as di varies greatly between

successive iterations. A convergence trend starts on the 16th iteration.

However, after this point di still oscillates, but these oscillations

are slight. Convergence finally occurs on the 37th iteration. This is

much slower than a delta wing of AR = 1 at o = l5° which takes, depending

on the parameters used, between 4 and 6 iterations.

The second case we consider for the cropped arrowhead wing is that

of o = 10°, FACl - 0.5, FAC2 = 1.0, FAC3 = 1.0, and FAC4 = - 20. The

normal force coefficient for this case is 0.446 which translates into

a lift coefficient of 0.44. The experimental value for CZ at o = l0°

from Lamar (1974) is 0.38. we again have a favorable comparison. Con-
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u
Tab1e 3.16. Error between iteration steps for an arrowhead wing at

o = 15°, FAC1 = 0.5, FAC2 = 1.0, FAC3 = 1.0, and FAC4 =

- 20.0

Iteration No.,i di
Ä

1 2.81

2 2.30

3 · 3.72

4 2.48

5 2.21

6 1.61
2

7 1.64

8 1.87

9 1.21

10 1.73

11 1.90

12 1.93

13 3.03

14 2.39

15 0.63

16 0.45

17 0.46

18 0.35

19 0.36

20 0.17

21 0.35
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·
Tab1e 3.16. Continued

Iteration N0.,i di

22 0.28

· 23 0.17

24 0.23

25 0.16

26 0.18

27 0.14

28 0.14

29 0.14

30 0.08

31 0.12

32 0.09

— 33 0.08

34 0.06

35 —0.06

36 0.06

37 0.03



ll5

vergence for this case is achieved using an iteration procedure similar

to the one described above for the first case. The only difference is

that we do not calculate new circulations until (II.C.20) is satisfied

at every iteration step. Fourteen iterations are required using this

procedure.

As a final example we consider a cropped delta wing. we are not

able to achieve convergence in one hour of computer time on the VPI &

SU IBM 370/l58, using the lattice shown in Figure 3.20. Table 3.l7

shows the value of di with increasing iterations for this wing with

o = l5°, FACl = 0.5, FAC2 = l.0, FAC3 = l.0, and FAC4 = - 20.0. The

iteration procedure used for this case is identical to the one for the

second case considered for the cropped arrowhead wing. The procedure ·

was discontinued after one hour of computing time. we see that there was

no trend toward convergence at this point. Hence, the use of the vortex-

lattice method with the type of lattice considered for this type of wing

is not very feasible due to the large amount of computation time required

and the non-convergence of the iterative procedure to align the wake.

However, a uniform lattice similar to that used by Kandil et al (l976)

for delta wings may work well for these types of wings.
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Figure 3.20. Lattice for a cropped de1ta wing
with NROWS = 6 and FAC1 = 0.0
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· Table 3.l7. Error in the wake position between successive
iteration steps for a cropped delta wing at

d = l5°, FACl = 0.5, FAC2 = l.0, FAC3 = l.0,
and FAC4 = — 20.0

llteration No, i di

l 2.357

2 3.l85

3 3.366

4 2.949

5 3.895·

6 3.4l5

7 3.285

8 2.523

9 0.979

l0 l.593

ll l.478

l2 0.9l3

l3 2.l55

l4 l.747

l5 2.004

l6 l.698



IV. Conclusions

we have found that the vortex lattice method is very sensitive

to the parameters presented. The primary parameter affecting the

results for a given wing at a given angle of attack is FACT, the

parameter that measures the extensions of the bound vortex segments

off of the leading edge. Other factors which influence the efficiency

and accuracy of the solution include the length of the free vortex

segments in the free vortex lines representing the wake, the modifi-

cation to the Biot-Savart law to include viscous effects, the place-

ment of the control points within each element, and the point at which

the velocity is calculated on the free vortex segment to align the

wake. we have also found that variations in the scheme may greatly

increase the efficiency of the technique. An example of this is the

method of adding influence coefficients and the use of the successive-

over-relaxation procedure for the solution of a system of linear equations.

A drawback to the method is the discretization of the continuous

vorticity distribution. This causes the pressure coefficient to be

known at only a finite number of points on the wing. However, an

interpolation scheme such as the one presented in II.D.3 may be used

to approximate the pressure at any point on the wing.

We have applied the vortex-lattice method to delta and delta-like

wings using a lattice of non-rectangular quadrilateral elements. The

results obtained are in agreement with the numerical results of Kandil

et al (l976) and the experimental results of Peckham (l958) and Lamar

(l974), depending upon the parameters used. However, the lattice of

ll8
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Kandi1 et a1 (1976) appears to be much better for hand1ing such prob1ems

and obtaining accurate resu1ts. The present 1attice is an a1ternative

which does not appear to work as we11 as the 1attice of Kandi1 et a1, but

is usefu1 for studying the parameters invo1ved in the prob1em.

wa note that the aspect ratio of the e1ements for the uniform-

e1ement 1attice decreases as the aspect ratio of the wing increases.

For a wing of aspect ratio one, the aspect ratio of the e1ements for

the uniform-e1ement 1attice is 0.25, whi1e for a wing of AR = 0.5 the

aspect ratio of the e1ements is 0.125. At first g1ance, this may seem

to be a bad characteristic of this 1attice. However, in the 1imit as

the aspect ratio approaches zero, we may approximate the wing as a

s1ender body and use s1ender—body theory (ref. Karamchetti) for its

ana1ysis. For s1ender bodies, the variation of the f1ow quantities

in the x-direction is sma11 compared with the changes occurring in

the z-direction. Hence, it is desirab1e to decrease the aspect ratio

of the e1ements as the aspect ratio of the wing decreases. The present

1attice does not have this feature. Hence, when the aspect ratio of

the wing is Tess than one, for the present 1attice to be as effective

as the uniform-e1ement 1attice it seems that more e1ements on the wing

are needed than for the uniform-e1ement 1attice.

Based on the tab1es presented in III.A - III.C we are ab1e to

make the fo11owing conc1usions and recommendations for the use of the

vortex-1attice method when app1ied to non-1inear 1ifting surface
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problems with leading—edge separation:

1. A value of FACl near 0.5, but sufficiently far from 0.0

should be used.

2. The values of FAC2 and FAC3 should be near 1.0.

3. Each free vortex segment should be aligned with the velocity

calculated at its upstream end, or Q = 0.

4. The use of optimal control points is feasible, but not
I

essential.

5. A modification fo the Biot—Savart law of the form (II-C 3)

seems to encourage convergence and yield accurate results.

Acceptable values of FAC4 range from - 20 to - 50.

6. The third method of addition of influence coefficients as

described in II.C.3 is easy to apply and always leads to a

converged solution when using an iterative technique for

solving the system of linear equations for an unknown

circulation distribution.

7. The use of the successive-over—relaxation parameter between

1.3 and 1.4 is desirable for the solution of the circulation

distribution when the third method of addition of influence

coefficients is used.

8. The method of wake adjustment does not play a crucial role

for the convergence for delta wings. However, for other

planform shapes the method of adjusting the wake appears

to be quite significant.
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9. The entire difference between the two methods for ca1cu1ating

the pressure coefficient distribution appears to come from the

e1ements near the wing tip.

10. The interpo1ation a1gorithm presented in II.D.3 appears to

· be the best method for representing the distribution of

the pressure coefficient as a continuous function on the

surface of the wing from the known pressure coefficients

at the contro1 points.

In conc1usion we rea1ize that the vortex Iattice method does have

tremendous potentia1 for the so1ution of non1inear 1ifting surface

prob1ems with 1eading edge separation. However, care must be taken

in choosing the Tattice and the parameters used in the so1ution

process and in the use of the resu1ts after they are obtained. It

shou1d a1so be remembered that the vortex-1attice method is on1y an

approximate technique.
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A SYSTEMATIC INVESTIGATION OF THE

PARAMETERS AFFECTING THE ACCURACY

OF THE VORTEX-LATTICE METHOD

by

Samuel G. Kelly, III

ABSTRACT

A procedure is developed to examine the parameters affecting

the accuracy of the vortex-lattice method when applied to a non-

linear lifting surface problem with leading edge separation. Among

the factors investigated are the extensions of the bound vortex

segments off the sharp edges of the wing, modifications of the Biot-

Savart law to damp out near singularities, the length of the free-

vortex segments, the placement of the control points on the surface

of the wing, and methods of applying the no-penetration boundary

condition and spatial conservation of circulation.

Two methods of force and pressure calculations are considered

and an interpolation procedure is introduced to represent the pressure

distribtuion as a continuous function over the surface of the wing.

Delta, arrowhead, and cropped delta wings are presented as num-

erical examples. Parametric studies are made for the delta wing of .

aspect ratio one. It is found that the parameter which has the

greatest influence on the solution is the extension of the bound

vortex segments adjoining the leading edge off the leading edge.


