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I. Introduction 

The detemination of th(t natural frequenoies of later'Ql vibrations 

of beams htis been the subject of numerouspaperss and· books It ~he mJ&thad 

most frequently used In engine&rlng applioations 1e known &$ the energy 

method, or the m.ethod ot P.ayleigh and l~itz. H.eve;, for beams vri.th 

variable aroas sections, tile !BaSS aM the rigidity proper'b;i$s are 

unusually complicated t\lnQt1oM mald.~~the Integrals to be evaluated very 

ccmpl~x.. The method lJndef' lnv~8tlr~a.tlon. nmt $Uggested by Dr,. Jf. 

Ma~cus_ deal$ solely 'nth uncoupledbendi~r; vlbrat10nsaM utilizes only 

elementary principles of engil:leerlng mechanios. 

the beams maY' be of variable oroas seotion and luay have anynu:mber 

of spans. 'he basic sbape--tunctlon equation is developed by using the 

principle of virtual dlsplace.tttea1H~$nd th$ equations ntis£Y1~~ different 

boundar,y oonait1oft$ have also OG$n d~veloped. 



the 

,!;,.("t:::;,,'I..LJ. . .!.J'. (3) 

equation. 



o 

1 .. 

expre$slon 

••• , •••••••.•••• (1-1) 

we 
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q ••••••••••••••• 
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where 
~ = -fA ~2w •••••••••• (:1 .. 7) 

, d t i 

bearn (lb.lin~S) 

(in.2) 

g. P!fttVi;~att101nal Qo('eJ.~~rg"G1()n (in./8$c.2) 

get 



-.. 

ttl$ 

.,r ) S 
. n, 

yield 

~t'. 

FI> F, F.l. ,1=,,-/ 

1 s I .s ! s J .s I :s 
0 l ,. .. , n 

2 .... 1tith 

n segtt~ent$ .. 

at a 

1S]A1m
s· • 

m~J Loo..... .,.' .Jm 11'\"" 



.. x • • •• -e 

~J l,,; . m .1,..,.,., . L.J 
1--. " I x· ....... f 

1. 4. 1:(1 

\veessume m-l, m.l 



.. 

2( 

(e) 
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.. ~ (Sm_I"t_1 .. :em_., + "m(t;rn~}'~ -lm"",;, ... , ) 

.. 'rn ('b.!n .. ~rn +1 )+at
mT1 (lmtz. arm.,",",,) -= 0 

or 

a~ 'm-I",""'I+ ePm( l,"+lb:" -lmlJt'm ... l) + a.'", + \ 'm+2.-m ... , 
.. ail 1J .. V (lit ., ,U ).. a 1 V 

ft1 ", .. , m rn m.J "'+1 "'t'l 

values 

••• 

••• 

m can be 

81' 2.( aft . I • X. .... (I ,. .. i .1Jtt. ) 6) X .. at 1 • I } . 1 "'" "'-1 In-, . m-l m .. ' ""'rn m-t. W1 t'n """'.m+z hHi ",+' 

= 6E I<fa'*,.,., (X .2l .. I) .. (,t .. ~ . )( X -ax .. , ) 
, 3.). tn .. 2. m-t rn . m m+J fJI-J ..." "'1-, 

+ a' (I.QI • I ) 
mt-I m m.,., m"Z 



Mol,. 2_1(1,+ '2.) .. M
2
'2. iII.v, 

then yield 

12. H2. • 12. a ( ','" 2'0 ) 

we 

Fo ~, F2. F,.-, 
Ja 131 s 1 sls 
o ~ ,.., ,., 

5 ~ Beat"'ft 111li th 
n ·,seg'J1letr(;s II' 

'2Mz· .", •• ,( ',+ 12.). -', .. leo « 1," i z) 

and 

ii;~ll2.ftl X, .. 2 O"X" (t., .. -2)) .. Xo"'., ... Xz 
or 

_I Ii· .2(11+ i. j) .. 13M3 ., ... '2. 
HI(13~Z) '-2. (' 12.+ .3 ) ..•.•• Pzi, + Vz 

th$ expression 

atz(~:+ al3)=·'~( 13-1,' ~ -21j"-V2. 



* __ ('+31' ) I , .. 0 

••• 

• + •• 6E1 .. (. .. W ) 
ft·' "S a. n f)-J 

am ~E----

M + ... ~(v "'n.-I) ... f)-I· 0·..1·" 
.. " S 

• -2... -.er tl-2. n-J n n-I 



a4n_.(2\.,+ 1\" ). Mn( ,t,..-i"_t).tn_'~_I· '0" .. \ ••• 

w~ 

C.' t· (1 ." JJ ') .. c. 6!'tV' ., v"-1) ft-'· n-f n"'l "-1 " .. , s2. n 

a. 3. _ ,.. .3. X .. (1 '..." 0- .) 
. "... n-l n-2. •• n-J ..,-1 n'" I n"l """' . ...~ 

.... ft (I ., 21 ')+X ) .. (b' -.' )(1 .. " .. I .' n-J n-3' n-~ ..,-) . . 1"-1 n-I r\-2. l'J-1 Yl 

+ .ct!.. . (It .. X ) .. 0 
,., .. , t1 n-, 

or 

form 



I ., .,. U .~'_m, (1 til, -I ) 
m-l m-f m-J', / mi' tTl rn 

m , 

K .a-CS; '.fIt, -.. 11' ) '+b' ( i rII .. ) 
m, ' m ' "'-1 "''"'' "" ... ' mini.' , f7\ "1 

.. b!.) 

Va:Md.Ll'oW m 

1m'! -af",-tl('.;...~"m .. r~"a,). :btfm .. ~ 'm) 
(11-19) itcompa1l1bla with (ii-20) ._unL.''','','Lt,,'''''~l< 
, ': '. " 

ft._, Iaaa with 
a !WilliG .... 

••• 



1m tsp"\( t",ilAn- "'_1m' + .... ,C -Ir\'" a~~," 2 ~'I H 
+1 {.Jl. f a" I. ).. ~('I.' + aat • bit) 

ft\+1 '., mtt mtJ m+z' . . .' '" m+l m+1 ,. 
+1 ~C<t..' ... ,l.-O m+ll . a:L . m J 

t+ . 

$ 

I .... -l( at- ... bl "'. aU, .' ).,' tr1-1 m tn-' ,., 11'\+1", Wt ""., .... 

+.' Xf .. - ... a l +. C,' -b')" (1 b' .. 1 bit ) m ' tn mtl- . WI"'I ,.IYI,' " .' "' ... n....., "'+. 
-1 .. ( .I+~-bt+ at ill a: ) 

!'hi-I. . tl\1" • -.it m m"1 "'t.iM&it~ 
+- . ( ..•• \ • 0 

m M+f .' 

I .. -.1· (ta- .. ~. _hl .... tt I a \'1\-1 m . M-I .. ..., . "HI '. mm "'_, 

.X (fA- +bIt· ..... a t .. 
"'1'1 "'.Z . m+1 r,,"'t) "'1 

.1 a' til 0 
"'+2, hi .. J 
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• 

• •• 



3( II .. 'OX ... ~\ :r.. !II-I ""I . .. '" .,' "'" ~.f 

•• 0 

.\ :: 



,. 1. 5 
p, •. fIi: ............. ·.·.8 ... ·.· ... · 

. y .. c. 
.rite.. 

= 

.. • 

• 

-­.. 

we have 

• 
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e. Squatlon For Fbed i. 
,.,. bwnc1al*l' eof1dl"lona for thf) rig141Y"n,por1lad end .enion Jnl 

6n .all1,. tomulated tw considering thebe. a, prolonged Ipm.tn_ll" 

with "8,.01; tto tM pola'tl n. 8M Flg. t 

Fn-.2.. Fn-t F", Fhfl /--"'f'l.. 

J J l J .£ 
11-2.. /1-1 n h tl n+ 1-

I. \11\01 

.. I 

.'f,l " a(~ • 11a-1) 

1M to1;.l !'e,trat. at. b'tplt... thai; 

lfn .. 0 

trom wb.leh 
u ,NIh'" J G.'..r.~ • I 
~n " .. 2 -~ WIJ-/ 

66Ic..vltJ 3M",., 

··~-s 
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or 

.z. . ' 
-&;.~ Wn-1-, &""-1. 

I, " 
Substittit~ these values the iDl"!!'t'!Il!t'f'!l 

III .-.:.( '''-1'' i 
.' (. 

we tlnally 

XU.S • Xn.a (~.1» .Xn-l (7.1:+) == 0 

", .. , s .s s 
-4 ~ • "'.1 ""% ""+J ,.".,...,. 

• 

Subtraoting the above two eQlla't;10JQ;, .... have 

= -(tim" $Fa> 

Fig. 10 .. Beam w1tb a 
hinged eDi • 
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or 

Substittltblg these values equation (11i-10), we have 

.. * (I" ,. t (si •• l -i): 

S3 .. .&. ..a) 
-( 4- JI_~' .... '1 .. 6 El'c ..,.. .... "'..... ,. ... , 

•• a(I.II.I) 
..-\ '" ."' .... 

( 

-.. 
The Mxt eque.tlon betw.en lm • Xm.l- lla.2,lm .. , has the torm given by 

equation (111-5) 

lIig. 11 .. vdth an lntemedlai;e 
support. 
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1. Applications. 

a. Be~s With Va.riable Croal Sections 

lnorde~ to be able to compare the relults round by using 

other method., the author ohooses the example ot a cantilever beam (6) 

whiah n.., already be. solved by using the Stodola.Via:nnello method. In 

of the original problem. is -'$ ehown1n 

/0 9 8 J I o 

Fig_ 12 • Cantl1evet- beam. with 
variable 01'0'. 
sec\10ns. 



equation (11-.11). 

fa + HZ.~ 1 • }+ I .. 0 
". BX l I 2.. c: 

Subatitu:td.ngall theneO&'UH'i17 ecetfi olents trQm Table 1 lllto above 

equation, w get 

(1- 0.115 X 10'·,t) '.', ( 2 .. 0.144 X 10 .. 
b 

,1..) 

... '2.=0 

$.:1, from eq\Ultlon (11-12)_ 

••• (1 .. 1) 

Substituting all the ooefficients from fable 1 into tbe above equation, 

we get 

~o.a68 alCr',2 1
0

• (1 ',., 0.66 x l(i& .~) II 
, " 

• ( a. 1.U1a 1''-'''') "2 .. 1 3 ". 
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Substt:buting all coeffioients into above equation. then 

t (0.°1:136 .'t O.OOOlM :at lO·Sp2) Xl 

.. (0.00128 .. 0.00102 x lO-'S-p2) 

:0 

.0 

••• (1-&) 

••• (1liii4) 
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{z.: '" ~ .a~ ij'31~£: b: J 

t \ a: ... a~ + a~ • i1) .(£ .. ,~ ... * ... ~ )f+lz,f., ! 
{ra. ... tJIl· .. ,. ... a'l. .:.&3, .1 

.' 'S S 4 5" 6.5 ill J 
.C 

- 0.001 .12 

., (0.0116 • 0.000119 x lO.$-p I) 

.. (0.00818 .. O.OO011~ x 10.6 p2) X, 

... (0.0069&. 0·.000010' x 10-Sp2) X5 

For m.e. llling equation (il-10). then 

ltgaltS .. 1.4 { Ia"s ." bitS. bID" "-6 i 4 9 4 ~~~} 

.. IS { aft6" a'e .. 2(b"e- 'b'S).(lsbte - 161)"6)e5 .,,:z.s31 
, . 6EkS 



and substituting all coeff1oients" .. get 

• (0.01284 .. 0.000119 x 10 .. 6 p2) %, 

.. (0.00803 .. 0.000945 4t 10.6 1'2) X5 

9' (0.00582 • 0 .• 0000197 x 10-6 pI) X8 

x, = 0 

X" aUe 

-XS J 28:'6 .. bn, .. btl" a.fta 1666 1'2.5
3 1 

I 6E1c:: j 
". """","'s3 • Xe {a!'e ... '1 • a(bn, .. bte).(11btS .. iebU,,)eG J:....::. l 1 , '. , " 6E:1c J 

.. 'It" ~ 2a', .. bU
, .. \)te .... ,10 6 7 1,:'"53 1 

\6£ Ie J 

.0 

aDd substituting all coefficients, we get 

• 0.0012 X. 

t' (0.01324 • 0.000211 x 10-6 ." 2) Xs 

... (0.00166 .. 0.000945 " 10.6 p2) %6 

.(0.00558 ., 0.0000212 x 10·a p2) 1.1 

.. (0.00154) Xs 

.0 

••• 



8 + 

- .0 

.. 16 (0.01330 ., 0.000406 x 10w6p2) 

.. (0.00942 .. 0.000173 ~ 10-6 p2) 

.. (0.00654 • 0.0000273 11: 10-6 'P 2) 

.. (0.,00147) 

.x, t 2a1\~ .. btt, .. b'S .. tv e7 :gi~ f 
• Xa faCts., 9" 2(b"e- 'bfa) -

.. 19 { 2&'9 ~ bUg - b t e • 

,. :llO = 0 



:: 0, W$ 

.. 

.0 

t 28."9" 9" 

note that 

• •• (1-9) 

use equation (11-11), then 

and $ubstitut1~ ~ll theQoettlo1eni;s e\nd note that' X.O. we Ie" 

.. X7 (0.00114) 

... • 0.00022 =< 10-6 P 2) 

.. (0.00875 .. 0.00185 ~ 10" pi) 

., 0 ••• (1-10) 



The m.ethod 

.. 12S 

... 52.8 

equations yield 

, ••• (I •• ., .. ,. •• , • ., ... 

• .0.... If • • • • 

.. B1.8 

.- 80.3 

(1-1') 

(l.2 i ) 



=A .. 0 

) 

) 

,) , 

) 

0 11 



Substitute 

), we 

~ 10·a t'! .. 1332 

'h:J. /332 6 r II -)(10 
0.356 

18 .. with tOUl' 
lep_t •• 
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2-2 FO$ulation Equation. 

For mllZ. (11-22) 

1- P -lC ~ 11. .~. i2.)+ 111<"-( lfz -.~ .. ~) j 

... {II p~l't.~ '" '~c( '2 + a.~ - "'3 >} 

•• .0 
'~ 

2 into 

X2 { I.aoam pJ.)t tl • e. U,,;.,., 3 } 

I· ~ 

.. {e. ... .. 1,1 ... O.OOUM 'til 

.. :14 ( .e.OOO)'1OI9 y f 

~o ••• (2 ... 1) 

yields 

• 
'
fa; .. t "It .. 61~c.( aa~ .. '! .. '~.,) f l.1..JI_ .;;J-,-

... 1sl""'· 2.(. 'If-"3 ... '3 b~)+ ~ (&1 ... 2b~ ... a!,. + all'! >} 

= 0 



:0 

all 

t 0.00011361 

{ .0.005615 

l 

••• (~"2) 

"* 0" then equation (11 .... 22) yields 

x. ! .. ;\(l~ "1-'" ~ ~) .. 6~'t(_1f"'~ ... ~ ,} 

., Xs i ., .... ~e,~ 12. ... '.IIA" ... 2al'" bi' ... )} 

.. Xl! l ... '~~a~} ~ 0 

I iioO.013177 ..... " ! ,"' ... 0.0l139." I 
.. X3 t 0.00001311 .kfl~+ 0.011'194" I 
"z:a {-o.OOO&'102!1. ,a,J.1 



(O.001914S) .., 

(.0.006494) ;: 

yields 

0.003372 

eO.26oo .0.8197 -0,6494 

.0.03?0 1.2028 -4.8286 

.: 0.7000 
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~ xlOO .. 

1.196 

... curve of' the determinant V$ tr.e 

values or p2 as in ~"\1g\. 14. Tbe inter­

cept at tbep2 axis gives the value as 

NOlM we can oheelt 1 t by the last try .. 

Lat p2. • 2 jjjS5" then tb.$ determinant is 

;; 0.01 

0.6898 

.0.6670 

1,1900 

0·7 
0.6 

O,j ..... 

o.~ 

0.2 

-0.' 
-0,2 

-oj 



It quite 

th$Rayleigh 



• {o.t'JO$91 .>'tt f + O.ClO1OS'1 "i f 
• Xf. \- o.~ll!. 0 

=: 0, then 



f J _~f (O.llOClOaSes) .(>'001521 11~3 t 

{ 
1.i.1!J('~.2- (-0.001011) • U ( 

I lLJ 
j .;.l...··f~ .. 1...ll ..•. 3 t t Ilgl. 1: J 

.. Xs { !>.00005$ \f 1* 0 

{'!~a!} 

.. ~ri ,.>.~ ~.~ ""l}~(2a: .. :b~+ ".:- >} 

.. ].4, { .;~.".( ''t ~-.. .. S "If ) ... '1ft II ~ ... a ~... 2(bI} .. 'It\.)} 

J .4 .'R''1' •.. t t-
l·-rr~· $"1 

{ ·~f 
j .l,.'."'.~ ., ·3 

I ·0.0000J'l69 Ill~ ,~ ... 0.0004U.~ f 

t 
· 0.0001814.2. .. +O.000I119ll!d { 

" FJ 



.. 

.0 

{. it\<- a"s! 
{ ap~o ... - +6D" ( 211._ .. bt .. b'!) ( 

.. tor s . s :)... s s I 

{ epJ... (l·t,;t.· ~:l l). ) .. U.·.······ s-" st ... -. Ib'. )} 
. S l' 6 (;.5 .. ·s..i S' b b S 

t" 0"7-; .. il~"-( 2a~ ... b! '" ~ ) r 

and lubst1tutlng all theooeffioients 

.3 

X8 f O.0Cl004U2 If;, f 
• x.; { l.J.k:~· (0.0001963) ... 0.0001361 "I 
• 1°;,'"(..0.001693) .. 0.0001632 ~f 

.0 

{-", .·sl 
., i .,.l.'s·l ~- i.~l<-( " '" 2a~ .. ~ )} 

"XI) 1",201o( Vk' 'b!-16 ) ... t,,1! (-6'" .. ~ ... abj. >J 



{ 0.00002645 li'l 
{ 1{ItIl~(o.OO01581) .. 0.0002961 

I 

{ 1~")'I."(..o<i013f$lfJ) .. G~OOO7249 

3 

I'f 

Pr 

let p2 = 2.5" the equat1·one (2-1 t) will yield 

(2-3 t ), ~"'j.t'lft!"""i 

0.002430 .0 

0.000058 .0 

.0 



then from 

eqUt (2-1 t ) X4 == 9.S42A 

equ. (2-2') X& • 369.OA 

equ. (8-S') Xe • 28$4OA 

let 

:&2 :: 13 := 

then from 

eq:*. ('2-1') 14 • -4.183:8 

equ. (2-2') • -118.1! 

&qu. (2-a t ) ., .961413 

equation (2 ... 4 ~ ) # we 

3.05M- 13 == 0 

equation (2.,)1). we get 

S.Q24A .. D = 0 

let 

0 



1#:1 

.0 

-0.002160 Q·,.000058 .0 

0.000111 .0.0005116 .0.001682 -0.002304 0.00002646 1& 0 

0.00004.562 -0.0006857 -0.004307 -0.002015 
== 

0 

-0,000026·45 0.0012401 -0.01941 .. 0 .. 

then 



5.GSleA .. B • 0 

0&1'1 plot thE) ourve 

p2, and the value ot 

42 

A. 

!. 
of 1', we 

13, we find tlledeteminant 
!JX(02.. 

2.0 

/.0 

o i-----'------t---'--....... ?~ 
I 

-/.0 

-.2.0 

-:}.o 



us 

equations yield 

Xs 1.5 

0.0025281 -0.0002469 

0.000118 .0.0005126 

0.00004362 

Let 

18" 0 

~ • 10.22 

Xs • 893.0 

• B XS= 0 

14 .. -3.69B 

.0.002080 

-0.001500 

.0.0006601 

·0.00002645 

.. 0.002209 

.... 0.004100 

0.0007200 

=0 

0.00002645 • 0 

... 0.001982 = 0 

.0.0376136 •• 0 



Substitute 

or 

.as.OlA .. 18.11811 • 0 

-1260.SA. 316,131 #I () 

a.fllA- B '. e 

l.faA .. B " 0 

dete1'ltlinam. i$ 

~ It 0 

ADd tor p2 • 2.e, (ra4ian/eec)2 11 S.~ lCVIsr than tht answer found by 
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1. Applications 

b. With Oonstant Cross Seotlcll$ 

the pilp$r by Bleich (Y). 

fhe wriable malaes· have beell,h01lfll 1n the ......... "'_. 11 aocording to the 

I ..:l- ,3 H- s- G Z tJ • • . . II • 

.r \ 

lJ x ;zzl.j"£:. I q.2.. " t 
ern OJt'1 '5',,9 (),"tJ ~.s-7 OJ"r 0,47 0.""1-/ 

'1g. 17 .. beam with variable In.$se •• 

equation (111 .. 13) 

(¥it .... .3 .1. .. ,-' ) + Xl' 1 .. 3ie~+ 4 )- I at 0 
E I II J c::.. Co. 

••• 

Fo~ m.l~ maS, m_; mel. me6. using equation (t11-6) and note 

'that X • 0, ana Ii fit 0, then 

.1.1 (4+S.018xlo-Gp2) .. 

..-x, (4-8.018xJlJ-6pl) ". :: 0 



..l. .3 ' .. '. ..:t.. " . . ~3 
( 4+ II.J! ..........• ) + '3( 6 .. ~.' s.' 8:t) -I( 4 +.J!I ...• ) +1 • 0 

6EI<!,. ..2. ."~I<:. J 1- 8Ie ., S" 

Xl .. X2 (4+S2.58s10-Sp2). (6-l2.SOxl0-Sp2) 

-X4 (4+a8.V~10 2).. • 0 

.l. :3,)_ I (4" 
" . .If S 

c.. 

Xa • (4+S.016xl0-6p2) ., (6-114.Sltlo-GpI) 

(4-'$ .016xl0-6p1).. .. 0 

- ('.IS.fOlda-BpI) .. X, (B.12.3~lo-e:p2) 

-Xs (bl.07~()<iIi6p2). &'I {) 

.. X6 (4.3.018Jt.1PSp2) ., X (S-12.30alo-6 ) 

.x, (4~.016:xlO·5p2) .. (.) 

.,).;.3. ) .. ('~.3 ) (Ali.·' ... ·.· ...• + 4 .. 1 1 ..... j2 ps 0 .. $ .... 0 
iKIc..

b 'EI~ 1 
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is mu.eh snalleJ'" than the constant term 

For illustration" we t~ flrst 

p2. 3000 (radion/s.ee)2 

p less tltan 100 

.0 

.0 

XI .. .. (5.66).. (4.01).. Ii 0 

XI" (4.086). .. (4.01)... 11 0 

.. 
(4.01) 4-

(4.01) • 

from equation (1-1' 1 

• 4.09'1 A 

trcm equation (1-2 J ) 

X. .. 10.Sa 

t~ $quat1au (1-3') 

tram equation (1-4') 

Xs .SO A 

from equation (1 .. 5 t .) 

1, #& S8.1? A 

, .. 
••• 

' ... 
••• 

••• 

••• 

• •• 

(l-], .) 

(1-2') 

(1_3') 

(1-4') 

(1_5 t ) 

(l-EP) 

(1-7') 



8iJtll1arly let XI • () end Xl .. J 

trea equatlOll (1-1') 

X$I .4."8 I 

from "uatloa(l-.a t ) 

1:.. -16 •• 1 

from equa,tlon (1-1-) 

XI II -18.48 I , 

tl'0121 equation (1-'-) 

Xe .. -1&.91 

t,... equat!_ (1_lif) 

X,. -148.141 

ettbetttutlng 'he valu.. ot X ill "... 01 A ... B into .,uatlol). (1_a t ) 

-180.41l • 2'1.491 • 0 

aM tnt •• ,uati. (1-") 

1 

1 

.1.&098 

.1.60'5 

Secon4 try tw pi' " 1100 (ra4/aeo)i a.a4 tollow the ... ,J'ooeduN, we get 

••• n .quat! .. are 

Xl (-4.964) • Xa (4.0IS) !ill X, It 0 

Xl .. Xs (4.0'4) .. XI (6.9') .. 1, (4,081) .X, == 0 

X2 .. la (4.009) .. X4 (i.61) .. l.e(4.00I) .; J.e .. 0 
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X8 .. 14(4.081) .. X, (1.91) .. 16 ( •• 009) .. X,. " 
1, • (4.009). Xe (I.S') .. X" (4.009) == 0 

.li- (4.009). X, < ...... 9') 11 0 

alldtorXl=OandXa=A 

IS • 4.-09$ 

It • 10.?8 A 

16 ,. IS.BU A 

16 == .S2.'1 i 

:Is II. -84,.$8 B 

X,. -120.9 

Su'b,t11Nt1ng 1».110 the 1&.' two .~ua'lo_ -and .... t1n4 the 4e1Jemt1:nan'be 

.1.018 .1 



17 th ••• two _lue., we -n plot the curve of A ?$ pl. 

From the 1n1un"'.pte,1l the 1/- allie. the :'00' Qt P ~ rill be 

'II • IQOl (:fad./I.o)l. 

tt 11 O. higher trom the reault. tOUl'ld by Bt'Qdolata _thod in 

fjxlO.2. 

-So 

-/00 
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ieeults 

1. Applie&t1ons 

b. Beame With Con,totCro •• Sections 

2" With Constant 11a8s8s 

Following same prooedure 8.S tot!' the preno. example. we !Jaw 

the seven ,equat! •• 

m:l 

_2 

.:&1(+-" • Xa (.~ .. Xa (4.;> .. ): ... 0 

Xl .. 1a (+-st) • Xa (6~ ,. X4 (4-st> .. Xi .. 0 

ad 

lta .. XI (~ji) • %4 (6-";1 .. x, (-Ii) .. :Ke • 0 

•• 5 

XI ... At: (~ • 1& (6-4)1) ... It (4.;> .. l.f • 0 

m=6 

14 .. %6 (~ .. Xe (i .. 4Ji) .. X,C .. ;t>. 0 



Flr$t 't!'f for,' .400 rad/see , the seven equations yield 

1:'1( ... 9882) • (4.0029). = 0 

..xl (4.0029) • XI (S .. 9881) • 1$(4.0029) •• 0 

11 .. Xa (4.0021)- IS (6.9882) .. 1-4 (4.0029) .. XI • 0 

11 .. XI (4,0029) .. X. (6.9882) .. 1:5 (4.0029) ... 0 

:1 ... X. (4.00al) • 1.6 (a.9IS2) .. X, (4.0029) • X, • 0 

1.4 .. X, (4.00lt) • :It (6.91821 .. X, (4,OOS9) 1: 0 

-X5 .. 16 (4.0089) • X, (-4.9882) • 0 

and 1et1l_ 0 a~X2 .-A. then let XI II 0 au Xl • B. we find the 

d~ermJna:aiJ, u$lng the last two &qua1d.ons, 1s 

.. 0.00184 
-1 1.81608 

Second tr, 8ft ,2 == 600, "-dB / •• 02• ati;er the 88m. :-01tiiine work" we ,et 

the d.etermlna_ 

11. -11.841. 

-1 1.8418 

an4 plot theeurve ot ... deteminani: up... W. lind the 'II .. 676 tor 

0. .. o. fhi. tNtuenc1 18 3.4$ higber 'IdIot the ttequtuo, tOUl'lti by the 

Classic Method. 





Result. 

11. Applications 

Vibration and flu.tterW by $oal&n and Roa.nbaum. (6)ThEl oan1d.lewr beam 

te div1d$d $.nto 10 •• gments shown in li'!g. 20. 

I ....2... .3 H-
I t I I 

s- 6 
! . 

~ 

Plg. 20 .. 0$1'lt11.vep beam. 

~o . .3.¥(O b )( I ( .J .70 

33/776 



I •• utta 

tl. 

_quatten (i-8)._ he_ 
£( IX~) • .. :fA Ur. 
'a1-~ d--'.2. ~ cl-t.,... 

i.lei!¥: 4etletrJtlonGot ~. wbile .1f1bra1wlltg, t. the tona 

.X._pi:; 

v. 1.,[ix (U ... ~.·")~4a 
2 0 .. xl. 

WheN V 18 the maximum .. potential •• ro 

and 

I
t ~.. 

t • . It Ail ax 
28° 

where if 11 the ma~:1mum' ~iB $uerw* 

Using _y-leigh·. theOl'1, tUD 

v.! 

pi .. 'r .~~~~ ... 
,~ f)Ur pro\)l_. 

A. ~ 3: 
1 

ltd <f x t 

(1) (. 0 

(8) (I) *' 0 
'il.l 



then 

firat cond! tiona will be always satisfied because 

It' ~v "lL , Il" 34 3' ~ 
X ( a.A,' ) dx .. ,1.JtJr fA.2.·~ siD a,' ,111 ax 

o 'dx;oL 0 12 1 ~ 13 1 

(l .). 
L A I ax 
,0 

,).. 

",01 
4 
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With (7) ••• 
dlY1ded into 8 .eS~0jll:ts ~ in i'ig.Zl. 

" I .tj. s 7 , 
I 

, , 

l'JI'a .,. tJ,X 24"" 192. 'I 

All the calcul.tlollf are in the fable 6. 'l"aJ1 the equat10n in 

.Bleioht , pa.»-r 

( 2.4) a 
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2. 

11~. -tAa 
~Kt g at.:L. 

Lei; W •• X (A OOS pi; .. B pt) 

where aJ." Us and 
AO' 

_re hinged, tMI" boundary condltloJ1l are. 

(1) ( I) '* 0 (2) ( ~) ~ 0 
}(=-o ax'" 11;:0 

X.01 ( 00$ kx + eo.it b ) + 0oL( cos lot .. oo8hkx) 

'" Os ( lin kx. + ,·1M + OJ (sift .. 81M tx ) 
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.theequatione and tbe e~plEJ8 111u8tra1$9«4bo"., _find 

tbat the lifa!*OUs .thad oan be a.p,11ed to beams of both ".rlable C~OI8 

a.otton and constant ero.. ..otton. It can be applied tor dltterelrli 

boundary eondi:tions ~ tree support", hinged supported., r1g1d supporte«. 

and lntenned1ataly eupper'teti.fhe beam. may be ot urd.to$ aeotic>D. With 

ditf&rent masaes aoting on It. The a4vantag$$ of' this m$th04 18 ltat 

81mI'll oi..and that the prinelpl. of virtual dlaplao.ent i. known to 

evert etudent1n Pgineering.Al.l the $quations a" ea., to tomulate 

and the 'I'fi"","r;.;¥J rl" 

the utu.-al frequency. three trial$ are enough to give you a. good anner. 

fhe ahape tunet,olla CMl be obtained :immediatel, art.,. you g.t the 

()or!"1,\utpondlng frequenoy. fhe .ore accurate the re8u1t8 you want, the 

:m.oreMgmsnta lOU should take. 

In thf ._8 of forced vlbra,ticM. this method can aleo be appl1.ed. 

the only d1fterence from the tree vlbration 18 t .. t w& add the effect of 

the .xtemal tranai$nir. lo-.d~hi let 

then the total fot'oe acting at the point m. is 



Vfe oo.n forced rlbratlon in the 

sWle.r "",;tc·~·'"", ..... "", of will not 

'b. dieous$e4 

re 

delioate theconvfu1geno. to the ftu1damen\al frequency it ht thls 

d1ladvan'bage disappears ill ftn41ngthe second frequency -.nd the 

other trequenc1HtllthOl!Ih thf atle'.lracy will be reduoeu. It muat 

'}j$,lloted be~ th~t this 11 not a good method solving problemsw1th 

oO!l$tant crose 8&01;10n. 

In bri.1', bel:tlgeasy to foll. ,Qild to understand UbS 1t 

.ap"Qi~111 t\ttl'actt1vG to o!'V11 enm1nee~. Fun!!er ,tudies of _Y8 or 



fhll theli. prea."san _.10t1on of a new method tlrlt sugge.ted 

'by tor the natura,l frequenoies ot la.beral 

Vibration. elastic be~1 ot ~riable croas s.oti~. fhe baeie 

theo~f ia the principle vlrtua.l ii.ple.o.entJa. this theory and 

the :tel.tiona hetween Inertia tor" tatd dl8'pl~'U'_.l1tl. one can derive all 

conditione. 



f'be author wi",., to expre •• hi, 4\,ppreoiatlon to Dr. G. L. :SogeH 

or the Civil Il.'lgineenng Dtpa!'tment tor IUII.sting th. }~e.rou. methodot 

eQlutlQll and tor hi_valuable advice dunngthe preparation or this 

the.Ut 
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a It,borioueoperatlon41 whiGh oan 

tng procedure., 

6'1 

the roots are 

Suppose 'bhe sab_e for the group of equ.ation for a beam. wi,tb 8 eeg-

(a) Xc Xl X2 

Xo ;Xl %8 

:Xo Xa 

Xl X8 X, " 1 • 
X2 Aa ~ 

Is %, 
It, X 6 

x. 
Let us firt' 8$Sum8 that Xo • A 

of value8 

• •• (.1) 
ltJ 

%6 '%, 

Xf1 X, Ie 

IS Xf 

the tom 
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.0 

'Z .3 
We atl\rii with e.na.rbltrar, 'Value' cp ~ ~l:f~c ' and determine the 

oorrolPQnding valuegX'l' X"l_ &1* bat a,_ ))2- It t1 {o ,we repea.t 

the Game opentt1o~ With .. ..,ond, a tld.rd. .. fourth... ftlue or r 
and plot tor 

shGWn 'bel_ 



o 

1 

2 

3 

4 

6 

9 

-

1 

1m 

o 

2 

i", 
Ie 

= 1m 

s 4 

-(i -i )1 i,' ,-tl' i 
.......... 1 ,'" """;-1 

.~ .. "' ....... """ 1 

5 G 

lot 2 i 14)({,*,)1l(S) 1(3) JI'(3) I (1)", 1" ("J,." 
m "' .. I ... ml "' iw1tf1 

l
In 

Co ': 1000; C.9:r o.o7/f C.9': 0.00389 

1 

d~ a;:., 
( 3).""1 : ................ 
(8)"., 

11 

b;" 

12 

b:' 
2.(S)1'f) 

:. (8)m 

e~ Sta­
tion 

o 

1 

2 

s 

4 

5 

s 

7 

9 

9 

1 



Table 2 Calcrule,:tiona of forammple 2' with 

,1 ., .fI'. Ii: $:!'I_ ~ 

~ _______ "''':'''''''~''\l j. .. . •• 'g 

Station I I Io ~I a' m m 'hIm ~m 

., I· AI.... I ..... I •• , ........ - .. I ......, 

'actor I b I~ 12 6 

1 

lix~3 I -Ie 
brl 
t; 

a t 1 1 1';1" ~ \ -"* T is t r ~ \' tl 
$. . a 1 I 8 I .' .. I· 19 124 .' 20, 1 iiii· iiii 26ii i6[i' 1i 

4 I .!."' .....•..•.•.... 1. . .2 .. 7 1 21, 1." .. 19. 51,_. ' 3~O I 4: '27263 2116327263 Z1263 

I 1 64 1 



Table 3 Calculatlona of coeffioients 'Eor exsm.ple 2 six sej~lu:#n;t~8 

Station l11eptb I I 10 i Dm at m an. b"l m 0. Sim 

1r&ot&1' I b 1...J.~5 1 15 btl --.6 W2161fJ 
b 

I 1. .1 1 1· f 
6 15 
~~. ...-

• 8 1 8 1 T 19 • J. ,- - -2613 2613 2615 18 

, 1 . I 

~ l.~"_~ 
1 

6 6 125 1 91 - -6 42664$ 

1. 216 1 
1 '" _ 1 I· 



1 2 

Stqtion I 

factor ...... 

10 0 

9 48 

8 96 

7 144 

8 192 

5 240 

4- 288 

5 336 

2 384 

1 432 

0 480 

10 

S-tq . ~~ 

Factor A'f..1f 
--b F-

lO 0.008886 

9 0.007614 

8 0.006369 

7 0.005143 

6 0.003990 

5 0.002925 

4 0.001973 

S 0.001168 
. 

2 0.000545 

1 0.000143 

0 0 

ta.ble 4. Caloulation of ooeffioients for example ii-a-1 

3 4 6 6 " 8 -
"'n"\ ~I "m ~, 5 M Mj I· 

( AX)~ 
.l.. 

, Ax (Ax) 

0.0013 3a,Q 0.0013 0 0 
0.0008 

0.0026 0.8 0.0021 0.0008 0.000017 
0.0029 

0.0041 0.6 0.0026 0.0031 0.000059 
0.0064 

0.0048 0.5 0.0024 0.0091 0.000063 
0.0078 

0.0060 0.4 0.0024 . 0.0169 0.000088 
0.0102 

0.008S 0.3 0.0050 0.0271 0.000113 
0.0152 

0.0189 0.2 0.0038 0.0423 0.000147 
0.0190 

0.0304 0.15 0.0046 0.0613 0.000182 
0.0236 

0.0360 0.1 0.0036 0.0849 0.000221 
0.0272 

0.0384 0.05 0.0019 0.1121 0.000259 
0.0291 

___ ~~C!~.~Q. ____ ___ , a !QQ ___ 0 0.1421 .. .a __ QQQ_~~~" _ 

11 12 13 14 15 16 

~L. W\ 'j 2- S M JV1/z Slop€. 
( nQrm.) 

, 

1.000 0.<;>013 0 0 
0.0008 0.001246 

0.857 0.0022 0.0008 0.000017 
0.0030 0.001279 

0.716 0.0029 0.0038 0.000040 
0.0059 0.001239 

0.579 0.0028 0.00'97 0.000067 
0.0087 0.001172 

0.449 0.0021 0.0184 0.00009a 
0.0114 0.001016 

0.329 0.0029 0.0298 0.000124 
0.0143 0.000952 

0.222 0.0042 0.0441 0.000153 
.' 0.0186 0.000799 

0.131 0.0040 ' 0.0626, 0.000186 
0.0225 " 0.000615 

0.061 0.0022 0.0851 .. 0.000222 
0.0247 0.000391 

0.016 0.0006 0.1098 . 0.000254 
0.0263 . 0.000151 

0 0 O.13~l~ __ _ ._Q~QQ9_g81 
, -

9 

£Iop~ 

(~ . 
"E 

0.001272 

0.001255 

0.001216 

0.001153 

-0.001065 

0.000752 

0.000805 

0.000623 

0.000402 

0.010143 

17 

ZJ3 

0.008954 

0.007658 

0.008319 

0.005140 

0.003968 

0.002892 

0.001940 

0.001141 

0.000628 

0.000131 

0 

Ave. 113.% 

I 

18 

J-YJ.3 

111.613" 

111.91 

112.29 

112.65 

113.16 

113.76 

114.43 

114.81 

115.68 

116.79 

....:i 
N 



table S. calculation of ooetf'iclents for exampl. 0.1 

lneriiiaLoad Elastic \'leigh' 

Pi. I :J <11 I Mass MJ< 
\-J 

S~~ar rv1ot'n~t'lt E I }' SheQr-' MOYl1~t'lt M (~I)J. ~ (.l..) SecoYlcl rhircJ M~ 1a ~ 
M (,~.tJL V )21 d A 

U" £ I Y (:I.) 
ct" 

S~e.p 
d. d"'" d j ;.. (::t I~) ~ si<e p 

(llJtstJ (5): 

0 0 10 •. 25 I 01 c 1 I 1.00 0 
6.998 11 .• 412 

1 IOd'6 IO .. 49Io .. i6Io"~ I-- 5:.96 !It.t' 135.41. I · . '615· I: O.40t 0.196 10.S98 
6.,1'18 2e.·452 

e 

I~~.a~ 
11.08 t3ma 10 .• ,132 I 0.721 10.72'1 

11.572 

1:3.52 r: 1839>236 3:;.' I 0.93 I o.9~'nIO~9H 3 
1· • .118 5,.061 

I o.$ii·I~ .. 5'l 14,,;u 14'; I- aJ " 4 14.'642 13,.82 1 0.994 10.998 I (i..99S 
-$,.202 8.168 

5 10.41 IOd8 10." I bl 

.,. 
11.28 

JiIi " \'9.520 3109 0.89 '. 10.8t6 10.896 
-3.572 -.20.048 

e I a.WI 0 .. 491 G~~ I ~.2; I' 1.168 1.13 "I' 59.472 1';; - f O.&1'"l"O*672 10.672 
-S~2 -27.718 

'1 lo.as 10 .. 03 10.; 1 3.948 . 3 •• I 31.694 492 0.36 10.398 10.'158 
-3 .. 942 -31.898 

8 0 10.a6'-·0 ,. ~*'''IF ! ... 0.004 0.66 .... \ .. 0.006 0 0 0 I (} 

9 I 18.43 IIMM I I 68493 
I 
1

64
_
1 54.6 54.6 




