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(ABSTRACT) 

Radar altimeters were originally designed to study ocean geodynamics, where the 

scattering processes are governed entirely by the surface features. These same altimeters 

have recorded data from over the polar ice sheets, where the scattering processes cannot 

in general be limited to surface properties. Radar pulse penetration, which gives rise to 

volume scattering, must also be accounted for in these return waveforms. This pulse 

penetration affects the altimeter range measurements as well as other information that is 

derived from the altimeter waveform data. 

To aid in the study of pulse penetration effects, a waveform model for combining 

surface and volume scattering effects in the estimation of the radar altimeter returns 

recorded over continental ice and snow is developed and discussed. The surface scattered 

waveform model is based on the well-known impulse response method which is capable 

of accounting for arbitrary altitude, beamwidth, pulsewidth and pointing angle. The 

newly formulated volume scattered waveform model is also an impulse response based 

method which differs from previous versions in that it can also be applied to a general 

altimeter configuration. The two models are time registered and then added together in 

an arbitrary ratio representing the relative contributions of surface and volume scattering 

to the overall return power waveform. The combined model can be used to study actual 

altimeter waveforms by varying the important parameters, including surface roughness 

and effective extinction coefficient. The capabilities and limitations of this new 

combined model are also discussed and guidelines for its use are detailed. 

The combined model is tested by comparing it to the Multimode Aircraft Radar 

Altimeter (MARA) data which were recorded over and around the Greenland ice sheet in



September 1991. Evaluation of this averaged waveform data identified problems that 

were encountered with the MARA design. A number of techniques are developed in an 

effort to account for and correct these problems, but none of these attempts were 

completely successful. The 1991 MARA data are considered usable for waveform 

analysis, but with the understanding that some error may be present in the final results. 

The MARA data obtained from the Greenland ice sheet are analyzed for estimates of 

surface roughness, effective extinction coefficient and ratio of surface to volume 

scattering strengths. A simple optimization method is employed which achieves a least- 

squares fit of the combined model to the altimeter data. The result is an estimate of these 

parameters as a function of location on the ice shelf. To the author's knowledge, this is 

the first time both surface- and volume-related parameters have been estimated 

simultaneously from Ka-band radar data.
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Chapter 1 

Introduction 

Spaceborne radar altimeters have been used for many years to map a variety of the 

earth's features. A radar altimeter, as used in remote sensing applications, is capable of 

measuring the range to the surface, the peak power and the backscattered power 

waveform as a function of delay time. The first altimeter experiment that was performed 

from space was Skylab [23] in 1973, a 13.9 GHz system that served as proof that 

satellite-based altimeters could provide important oceanographic and _ geodetic 

information. In the late 1970's the 13.9 GHz Geos-3 altimeter [33] provided the global 

coverage needed for large-scale oceanographic and geodetic studies. The 13.5 GHz 

Seasat altimeter [2,36] operated for only a few months before it failed in 1978, but it 

demonstrated the most accurate satellite measurements to that time and served as a 

precursor for the 13.5 GHz Geosat altimeter [19]. Although originally designed to aid in 

the study of ocean geodynamics, these altimeters have been shown to be useful for 

studying a number of other global features, including the elevations of the continents and 

ice masses in the arctic regions. Since their orbits covered up to + 72° in latitude, they 

were able to observe a significant portion the Greenland and Antarctic ice sheets. 

The surface elevation measurements of the ice sheets are important because they aid 

in the understanding of how mankind's actions affect the global environment. A change 

in the earth's ice masses has obvious effects on the sea level. Recently [31] it was shown 

that what were thought to be good measurements of the ice sheet topography were 

significantly affected by the penetration of radar pulses into the snow medium below. 

This phenomenon causes the elevation measurements to be slightly erroneous and this 

may lead to false conclusions about the rate of growth or decay of these ice masses and 

their overall influence on the global temperature balance. Since the altimeters also 

measured elevation as they passed over the continents, those measurements may be 

similarly affected by snow cover, vegetative cover or forest canopy. Errors in these 

measurements may lead to false conclusions about erosion or may infer incorrect 

assessment of the amount and type of these media. 
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Elevation measurements are but one of the pieces of information available directly 

from altimeters. If the pulse penetration can be reasonably quantified, it may be possible 

to derive certain characteristics about the media being penetrated. In the case of ice 

sheets, these characteristics might include the density, age, or possible layering in the 

medium. In the forest case, penetration behavior may be an indication of canopy type or 

foliage density. The common feature among these measurement examples is pulse 

penetration into a medium. Recent work [31,13,22] has demonstrated the importance of 

this phenomenon, indicating that a more thorough understanding of penetration is needed, 

particularly in the polar regions [35]. To accomplish this, a general-purpose waveform 

scattering model that could be used to analyze a wide variety of satellite and aircraft- 

based altimeter configurations would be a most useful tool. Previous researchers 

[31,13,22] have developed waveform models that account for volume scattering, but they 

were limited to certain ranges in pointing angle or altimeter height because certain 

simplifying assumptions were used in their derivations. While these simplifications 

enable somewhat easier and faster waveform modeling and data analysis, they preclude 

these models from being applicable to a general altimeter system. 

The research reported herein attempts to formulate a model that can be used to predict 

and analyze altimeter data from any altimeter system. In this development, the 

concentration is on the ice and snow medium that is typical to the polar regions and in 

particular that found on Greenland. With somewhat minor modifications, it may be 

extended to modeling those waveforms expected from other areas such as vegetative 

terrain or forest canopies. 

There are several scattering sources present over Greenland that can be placed into the 

categories of surface and volume scatterers; some of these are more dominant than others 

depending on the region, physical conditions, time of year and/or day and radar 

parameters. Benson [4] provided a summary of several years' effort in studying the 

topography of Greenland, by classifying the ice sheet into four facies or regions that have 

certain distinguishing properties. These regions, shown in Figure 1.1, are known as the 

ablation, soaked, percolation and dry snow regions, and are delineated by the /irn, 

saturation and dry snow lines, respectively. 

In the lowest elevations, in regions where the air temperature is often above freezing 

(0°C) during the summer, the surface of the ice sheet is wet and electromagnetic 
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Figure 1.1. Diagram of the four general regions of the Greenland ice sheet. From [4]. 

SUMMER SURFACE OF 

THE PREVIOUS YEAR 

CHAPTER | - INTRODUCTION



penetration into the medium is extremely limited. This situation is common to the 

ablation and soaked regions of Greenland. The ablation region is separated from the 

soaked region by the firn line and is identified as the area where the snow cover is 

stripped away to reveal the bare glacier ice. The soaked region is the area from the firn 

line to the saturation line, where complete soaking of the ice sheet is noticed. The 

saturation line separates the soaked and percolation regions. Since the surface is typically 

wet in these lower two regions the scattering is dominated by the surface features, usually 

the surface roughness; however, melt ponds can exist in these regions. They act like 

wind-roughened specular scatterers, which contribute their strongest scattered power to a 

nadir oriented altimeter. In these two regions very little electromagnetic penetration is 

seen, so surface scattering dominates the total scattering process. 

In the region above the dry snow line, where the air temperature never rises above 

freezing even in the summer, the scattering is dominated by the ice particles that make up 

the ice sheet. This dry snow region covers the upper altitudes of Greenland (from about 2 

km at 81°N to about 3 km at 69°N), where there is no moisture either in the medium or 

on the surface, so the dominant scattering is due to the particles. Many authors consider 

an ice sphere to be an acceptable approximation to the particle shape [37,20], in part 

because the scattering problem is significantly easier for a sphere than for other more 

complicated geometries [17,5]. When the snow is packed or very dense such that the 

volume fraction of ice particles is greater than 50%, the medium may just as easily be 

modeled as voids or air particles distributed throughout an ice background. In either 

case, a random distribution of small particles in a background medium provides a good 

description of most areas of the ice sheet. Another possible scattering source in this and 

all regions is the ground beneath the ice sheet. This may be of little concern for 

millimeter-wave frequencies over the polar ice sheets, since the electromagnetic depth of 

penetration is not enough to reach the ground. Low frequency radars have been used to 

observe the underlying bedrock [38], so attention must be given to the frequency of the 

probing instrument. Thus, volume scattering dominates in this region, except for very 

high frequency (above Ka-band) altimeters, which have smaller penetration depths. In 

the optical limit there is essentially no penetration, so in this case the scattering would be 

due to the surface. 

In the area between the saturation line and the dry snow line, the percolation region 

contains a mixture of the surface sources mentioned above along with a particular class of 
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volume features. In this region, localized melting creates melt ponds, as well as ice 

glands, lenses and layers, which Benson defines as [4]: 

“a) Ice layers extend over large areas parallel to the strata with only minor 

interruptions. 

b) Ice lenses are lens-shaped layers which pinch out laterally. They are 

parallel to the firn strata. 

c) Ice glands are pipe-like vertically extending masses which occasionally 

spread laterally to form lenses and layers. They are the frozen percolation 

channels which feed lenses and layers." 

These structures are present beneath the surface of the ice sheet and are formed when 

rising air temperatures result in surface melting and seepage of water into percolation 

channels. These channels transport the water down to some colder depth where the water 

distributes laterally and refreezes to form the randomly distributed glands, lenses and 

layers. Some researchers, e.g., Swift, et al. [34], have modeled these features (to first 

order) by spheres and cylinders in the scattering problem. They are obviously larger and 

more complex than the ice or air particles discussed above, so this approach may be 

somewhat over-simplified. There can also be moisture within the medium which acts 

like discrete volume scatterers in the same manner as ice particles. Depending on the 

temperature within the ice sheet this moisture can take the form of inclusions between the 

particles, ice glands and lenses. In this region, there can be contributions from each of 

the above sources, including moistened surface roughness. Thus, both surface and 

volume scattering contribute to the overall scattered waveform, with the relative strengths 

of each varying spatially and/or temporally. 

Benson [4] notes that the extent and presence of these four regions have a temporal 

dependence which is both long and short term. At a given location during the winter, for 

example, the environment and near-surface features of the entire Greenland ice sheet 

varies little from edge to center, while during the summer months the different regions 

discussed above are present. Also, the temperatures in some of these regions can vary 

from above to below freezing on a daily basis, so the surface may appear wet during the 

day while it may be refrozen during the night. Thus, the time of year and even time of 

day will affect the amount of scattering from any of these sources. Benson provides the 

locations of these regions [4] which are approximated in Figure 1.2. 

In order to study the effects of the scattering in each of these different regions, a 

waveform model must be developed that can account for the variable features discussed 
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Figure 1.2. A rough estimate of the four regions of Southern Greenland, as given by 

Benson [4]: (A) dry snow, (B) percolation and (C) soaked and ablation regions. 
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above. To accomplish such a development, the following course of action has been 

followed. First, previous research in waveform scattering is investigated, pointing out the 

reasons that they cannot be used for this problem. Other scattering theories, including 

radiative transfer and other field-based methods are not included in this discussion 

because they are typically used to model the scattering intensities or cross-sections for 

surfaces and random media for a particular frequency [17]. For the problem at hand, the 

o° behavior is assumed in order to obtain the desired scattered waveform shape. As such, 

these other methods are not applicable. Following the background study is an 

introduction of the approach used to provide the model necessary to quantify the 

penetration effects. The derived model must be tested, so an outline of this procedure is 

given. Finally, a method for using this model to extract a measurement of these effects is 

then briefly discussed, with the following chapters used to provide the details of this 

research. 

1.1 Survey of Past Work in Scattered Waveform Modeling 

The discipline of radar altimetry has been an active research area for more than three 

decades. In 1957, Moore and Williams [25] put forth the concept that a pulse 

backscattered from a rough surface could be represented by a convolutional expression, 

which was supported by their observations of radar data scattered from terrain. Many 

other researchers have furthered this model, providing simplifications and/or 

generalizations of this concept. In 1977, Brown [8] provided a set of expressions that 

simplified the Moore and Williams model for application to spaceborne systems. Further 

simplifications were developed for off-nadir pointing angles [9]. A number of 

researchers [16,32,34,31,13] relied on these expressions (which they all refer to as the 

Brown model) for their studies of scattering from oceans, as well as ice and snow. 

Newkirk and Brown [26] provided further generalizations of this work to accommodate 

special antenna configurations as well as arbitrary altitude, making this the most versatile 

model available for waveform scattering from rough surfaces. 

In all of this previous work, the particular versions of the convolutional model 

assumed that the return waveforms were scattered from an impenetrable rough surface. 

Since these applications were developed primarily for ocean surface scattering, this 

assumption was valid. As discussed previously, certain other surfaces cannot be 
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described as impenetrable. Examples of such penetrable media include the ice shelves 

that are present in the arctic regions and vegetation over land. For these media types, 

modifications to the waveform scattering model are clearly necessary. 

A number of individuals have been active in volume scattering waveform modeling, 

including Ridley and Partington [31], LeVine, ef al. [22], and Davis and Moore [13]. 

Each of these researchers provided a specialized model for waveform scattering from 

penetrable media, but with certain restrictions on their use. For example, the models 

developed by Ridley and Partington [31] and Davis and Moore [13] are only capable of 

modeling high altitude, normal incidence scattered waveforms. The application of these 

models was to satellite-recorded data, so such restrictions were acceptable. In addition, 

the Ridley and Partington model could not account for the more realistic non-rectangular 

transmitted pulse shapes. The vegetation model provided by LeVine, et al. [22] uses the 

distorted Born approximation to derive an impulse response for both “thick” and “thin” 

layers over a ground plane, but it is restricted to far off-normal incidence. The limitations 

placed on these models are acceptable for their intended applications, but too restrictive 

for analyzing general near normal-incidence radar returns from penetrable media. 

Davis and Zwally [14] demonstrated the importance of accounting for the volume 

penetration of radar altimeter pulses into the polar ice sheets. Through the application of 

a combined surface and volume scattering model [13], they were able to identify areas of 

Greenland that exhibit significant volume penetration of 5-7 meters at a microwave 

frequency of 13.5 GHz. They also reported that the penetration depth was highly 

correlated with latitude, elevation and (for Greenland) the number of days per year that an 

area experiences melting temperatures. Recently, Ferraro [15] used the 13.9 GHz AAFE 

altimeter waveforms to identify ice layers in the percolation zone that were roughly one 

meter below the surface and extended over large lateral distances. Thus, altimeter 

measurements of the polar ice sheets are affected non-uniformly over the full extent of 

the ice sheet. 

Up until now, the models used by these authors provided the necessary means for 

analysis of their particular needs; however, for the cases of radar altimetry where the 

pointing angle and/or radar altitude do not fit their criteria, a more general waveform 

scattering model is necessary. 
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1.2 Outline of Research 

One of the major goals of this research is to provide a general scattered waveform 

model for penetrable media such as ice and snow. This means providing a model that can 

be applied to both nadir (normal incidence) and off-nadir antenna orientations, 

unrestricted platform altitude, general antenna power pattern beamwidth, and arbitrary 

transmitted pulse shape. The model must also account for the contributions of the surface 

and volume components of the total scattering process. In addition, the desired model is 

to be capable of accounting for an antenna pattern that is not necessarily azimuthally 

symmetric, i.e. one having different E- and H-plane beamwidths. 

A suitably general waveform model for the surface scattering portion of the total 

scattered waveform was mentioned in the previous section. This model [26] is comprised 

of a convolution of three functions - the flat surface impulse response, the radar system 

point target response and a probability density function for the height of the rough 

surface. The impulse response is general enough to account for the various system 

parameters such as pointing angle, radar altitude and antenna beamwidth. Certain 

simplifications that depend on pointing angle are shown for the impulse response which 

serve to speed up calculations [26]. The point target response represents the transmitted 

pulsewidth and receiver effects while the height pdf accounts for the degree of surface 

roughness. 

The first step in deriving a combined surface and volume scattering waveform model 

is then to formulate an appropriate waveform model for volume scattering. This is also 

an impulse response based method, similar in form to the surface scattering model. As 

was done for the surface model, simplifications can be made to the volume model's 

impulse response which allow more rapid calculations for specific pointing angle ranges. 

The two scattering models are then combined to provide a waveform model that accounts 

for the surface and volume scattering, with the relative strengths of each determined by a 

single parameter. 

As a means for testing the combined waveform model derived in this work, it is 

compared to actual altimeter data from over water. The comparison to water data is 

logical as scattering from bodies of water such as oceans are better understood than 

scattering from ice sheets. As a consequence of this comparison, a number of problems 

specific to the chosen altimeter system are identified and the methods used to deal with 
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these problems are discussed. The altimeter data was obtained by the Multimode Aircraft 

Radar Altimeter (MARA), which was designed and flown by NASA / Goddard Space 

Flight Center - Wallops Flight Facility [28]. The MARA system is unique in that it is 

capable of simultaneously recording high-resolution data from five antenna beams, 

nominally pointed toward nadir and off-nadir in four azimuthal directions: forward, right, 

left and aft. The other distinguishing feature of the Ka-band MARA system is that with 

its extremely narrow antenna beamwidth of 0.6° and short pulsewidth of 6.5 ns, it 

produces beamwidth-limited data. This instrument was used during a 1991 joint 

experiment to observe the Greenland ice sheet as well as some of the surrounding waters. 

It is these data that are used to test the MARA system, as well as analyze the ice sheet for 

its medium parameters. 

An appendix provides the necessary formulas to determine whether an altimeter 

operates in a beamwidth- or pulsewidth-limited state. Conventional satellite-based 

altimeters such as the Ku-band Seasat and Geosat are pulsewidth-limited systems by 

virtue of their altitudes, even though they have relatively narrow beamwidths of 1.6° and 

2.0°, respectively, and short pulsewidths of 3.2 ns each. The MARA system that is used 

to qualify the model derived in this work is a vastly different altimeter than the satellite- 

based systems. This is primarily due to the relatively low altitude ( < 1 km), but also 

because of its extremely narrow beamwidth (0.6°). MARA's unique operating 

characteristics will be shown to be particularly useful in determining the penetrable 

medium effects on altimeter data. 

This leads into the other major goal of this work - to provide a method by which a set 

of parameters that describes a penetrable medium can be obtained. These parameters 

include the roughness of the interface between the medium and free space, a parameter 

that describes the content of the medium and another that indicates the relative 

contributions of the scattering from an interface and its underlying medium to the overall 

scattered waveform. A test case for this method, in which a waveform model is fit to 

itself, is used to verify its capabilities. Examples of how this parameter estimation 

technique is used to extract information from altimeter data will be given. The data that 

will be used is taken from an archive of the 1991 MARA Greenland mission. 

Finally, a summary of the work is presented. The achievements of this research will 

be presented along with suggestions for future research ideas. This work only begins to 
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examine the problem of media penetration, but it serves as a stepping stone to the end 

goal of understanding the total waveform scattering phenomenon. 
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Chapter 2 

Scattered Waveform Model Development 

To parameterize the effects of the volume penetration of altimeter pulses, a suitable 

scattering model must be developed. This model should be able to account for a number 

of effects including the incidence angle of the radar pulses, the antenna power pattern 

beamwidth and gain characteristics, the radar system's altitude above the medium and the 

composition of the medium itself. Simplifications are sought to minimize the amount of 

computer resources (CPU time) needed to calculate these waveforms. These 

simplifications are necessary to make the study of extended areas feasible. 

The approach taken in the derivation of this model consists of two steps. The overall 

scattering model is the summation of the individual surface scattering and volume 

scattering models. The first step is to either derive new versions or employ existing 

versions of individual surface scattering and volume scattering models. For this step, a 

suitable surface scattering waveform model already exists; however, the necessary 

volume scattering waveform model does not. The second step is to then combine these 

two models in some fashion to obtain the combined surface and volume scattering 

waveform model. The purpose of this chapter is then to derive a suitable volume 

scattering waveform model that can be combined with the appropriate surface model and 

then provide a means by which the two can be combined. Section 2.1 briefly outlines the 

surface scattering model that will be used; section 2.2 details the volume scattering 

model. Finally, the combination of the two models is discussed in section 2.3 and 

examples of such model waveforms are shown, along with an example of a fit of the 

combined model to real altimeter data. Finally, section 2.4 provides an overview of the 

capabilities and limitations of this model. 

2.1 The Surface Scattered Waveform Model 

The first step in the process of constructing the combined model is to find an 

appropriate waveform model for surface scattering. The impulse response based surface 
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�a�n�o�t�h�e�r� �G�a�u�s�s�i�a�n� �f�u�n�c�t�i�o�n�.� 
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�A�p�p�e�n�d�i�x� �A� �d�i�s�c�u�s�s�e�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�n�d� �b�e�a�m�w�i�d�t�h�-� 

�l�i�m�i�t�e�d� �a�l�t�i�m�e�t�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �T�h�i�s� �d�i�f�f�e�r�e�n�c�e� �i�s� �i�m�p�o�r�t�a�n�t� �b�e�c�a�u�s�e� �t�h�e� �a�l�t�i�m�e�t�e�r�'�s� 

�r�e�t�u�r�n� �w�a�v�e�f�o�r�m� �s�h�a�p�e�s� �f�o�r� �e�a�c�h� �t�y�p�e� �a�r�e� �m�a�r�k�e�d�l�y� �d�i�f�f�e�r�e�n�t�,� �a�s� �w�i�l�l� �b�e� �s�e�e�n� �i�n� �t�h�e� 

�e�x�a�m�p�l�e�s� �b�e�l�o�w�.� �A� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �s�y�s�t�e�m� �h�a�s� �i�t�s� �r�e�t�u�r�n� �w�a�v�e�f�o�r�m� �g�o�v�e�r�n�e�d� �b�y� �i�t�s� 

�a�n�t�e�n�n�a� �b�e�a�m�'�s� �i�l�l�u�m�i�n�a�t�e�d� �a�r�e�a� �o�r� �f�o�o�t�p�r�i�n�t� �o�n� �t�h�e� �s�u�r�f�a�c�e�,� �w�h�i�l�e� �a� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� 

�s�y�s�t�e�m�'�s� �r�e�t�u�r�n� �w�a�v�e�f�o�r�m� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �p�r�o�j�e�c�t�i�o�n� �o�f� �t�h�e� �p�u�l�s�e�w�i�d�t�h� �o�n� �t�h�e� 

�s�u�r�f�a�c�e�.� 

�E�x�a�m�p�l�e�s� �o�f� �s�u�r�f�a�c�e� �s�c�a�t�t�e�r�e�d� �w�a�v�e�f�o�r�m�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �2�.�2� �a�n�d� �2�.�3� �f�o�r� �a�n� 

�a�l�t�i�t�u�d�e� �o�f� �5�0�0� �m�e�t�e�r�s�.� �F�i�g�u�r�e� �2�.�2� �s�h�o�w�s� �s�a�m�p�l�e� �w�a�v�e�f�o�r�m�s� �f�o�r� �t�h�e� �M�u�l�t�i�m�o�d�e� �A�i�r�c�r�a�f�t� 

�R�a�d�a�r� �A�l�t�i�m�e�t�e�r� �(�M�A�R�A�)� �s�y�s�t�e�m� �p�a�r�a�m�e�t�e�r�s�:� �0�.�6�°� �b�e�a�m�w�i�d�t�h�,� �6�.�5� �n�s� �p�u�l�s�e�w�i�d�t�h� �a�n�d� �3�6� 

�G�H�z� �f�r�e�q�u�e�n�c�y�.� �U�s�i�n�g� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �a�n�d� �a�n� �a�l�t�i�t�u�d�e� �o�f� �5�0�0� �m�e�t�e�r�s� �i�n� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� 

�g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� �A� �s�h�o�w�s� �t�h�a�t� �t�h�e� �s�y�s�t�e�m� �i�s� �c�o�n�s�i�d�e�r�e�d� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �b�o�t�h� �a�t� 

�n�a�d�i�r� �a�n�d� �1�2�°�.� �T�h�e� �w�a�v�e�f�o�r�m�s� �i�n� �F�i�g�u�r�e� �2�.�3� �a�r�e� �e�x�a�m�p�l�e�s� �o�f� �t�h�o�s�e� �t�h�a�t� �w�o�u�l�d� �b�e� 

�o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �M�A�R�A� �s�y�s�t�e�m� �i�f� �i�t�s� �p�a�r�a�m�e�t�e�r�s� �w�e�r�e� �a�l�t�e�r�e�d� �t�o� �a� �6�°� �b�e�a�m�w�i�d�t�h� �a�n�d� �2� 

�n�s� �p�u�l�s�e�w�i�d�t�h�.� �A�c�c�o�r�d�i�n�g� �t�o� �A�p�p�e�n�d�i�x� �A�,� �t�h�i�s� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �f�o�r� �a�n� 

�a�l�t�i�t�u�d�e� �o�f� �5�0�0� �m�e�t�e�r�s�.� 

�F�i�g�u�r�e� �2�.�2� �s�h�o�w�s� �t�h�e� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�v�e�r�a�g�e� �w�a�v�e�f�o�r�m�s� �f�o�r� �b�o�t�h� �n�a�d�i�r� �a�n�d� �o�f�f�-� 

�n�a�d�i�r� �(�1�2�°�)� �p�o�i�n�t�i�n�g� �a�n�g�l�e�s� �a�n�d� �t�w�o� �v�a�l�u�e�s� �o�f� �r�m�s� �s�u�r�f�a�c�e� �h�e�i�g�h�t�,� �o�,�.� �N�o�t�e� �h�o�w� �t�h�e� 

�w�a�v�e�f�o�r�m�s� �a�r�e� �v�e�r�y� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �p�o�i�n�t�i�n�g� �a�n�g�l�e�,� �r�e�t�a�i�n�i�n�g� �t�h�e� �s�a�m�e� �b�a�s�i�c� �s�h�a�p�e� �a�s� �£� 

�c�h�a�n�g�e�s�.� �T�h�e� �w�a�v�e�f�o�r�m�s� �w�i�d�e�n� �a�s� �o�p�,� �i�n�c�r�e�a�s�e�s�,� �w�h�i�c�h� �m�e�a�n�s� �t�h�a�t� �a� �l�a�r�g�e�r� �d�e�v�i�a�t�i�o�n� �i�n� 

�t�h�e� �s�u�r�f�a�c�e� �h�e�i�g�h�t� �c�a�u�s�e�s� �a� �b�r�o�a�d�e�n�i�n�g� �o�f� �t�h�e� �s�c�a�t�t�e�r�e�d� �w�a�v�e�f�o�r�m�s�.� �T�h�i�s� �p�r�i�n�c�i�p�l�e� �p�e�r�m�i�t�s� 

�m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �s�u�r�f�a�c�e� �h�e�i�g�h�t�s� �o�f� �t�h�e� �o�c�e�a�n� �f�r�o�m� �a�l�t�i�m�e�t�e�r� �d�a�t�a�.� �F�i�g�u�r�e� �2�.�3� �s�h�o�w�s� 

�s�o�m�e� �e�x�a�m�p�l�e�s� �o�f� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �w�a�v�e�f�o�r�m�s� �f�o�r� �t�h�e� �s�a�m�e� �p�o�i�n�t�i�n�g� �a�n�g�l�e�s� �a�n�d� �o�,� 

�v�a�l�u�e�s�.� �N�o�t�i�c�e� �t�h�a�t� �t�h�e� �p�o�i�n�t�i�n�g� �a�n�g�l�e� �d�e�p�e�n�d�e�n�c�e� �i�s� �n�o�w� �r�a�t�h�e�r� �d�r�a�s�t�i�c�.� �A�l�s�o�,� �t�h�e� �s�u�r�f�a�c�e� 

�r�o�u�g�h�n�e�s�s� �s�e�n�s�i�t�i�v�i�t�y� �i�s�  ��l�o�s�t �� �i�n� �t�h�e� �1�2�°� �w�a�v�e�f�o�r�m�.� �T�h�e�s�e� �f�e�a�t�u�r�e�s� �w�i�l�l� �e�n�a�b�l�e� �a� 

�b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �s�y�s�t�e�m� �t�o� �d�i�s�t�i�n�g�u�i�s�h� �s�u�r�f�a�c�e� �r�o�u�g�h�n�e�s�s� �c�h�a�n�g�e�s� �f�r�o�m� �p�o�i�n�t�i�n�g� �a�n�g�l�e� 

�e�r�r�o�r�s� �m�o�r�e� �r�e�a�d�i�l�y� �t�h�a�n� �t�h�e� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �s�y�s�t�e�m�.� 

�T�h�e� �e�x�a�m�p�l�e� �w�a�v�e�f�o�r�m�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �2�.�2� �a�n�d� �2�.�3� �a�r�e� �c�o�m�p�u�t�e�d� �f�o�r� �t�h�e� �l�o�w� 

�a�l�t�i�t�u�d�e� �o�f� �5�0�0� �m�.� �T�h�i�s� �h�e�i�g�h�t� �w�a�s� �c�h�o�s�e�n� �b�e�c�a�u�s�e� �i�t� �i�s� �r�o�u�g�h�l�y� �t�h�e� �a�l�t�i�t�u�d�e� �a�t� �w�h�i�c�h� �t�h�e� 

�a�l�t�i�m�e�t�e�r� �d�a�t�a� �t�h�a�t� �w�i�l�l� �b�e� �e�x�a�m�i�n�e�d� �l�a�t�e�r� �w�e�r�e� �r�e�c�o�r�d�e�d�.� �T�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �a�f�f�e�c�t� �t�h�a�t� 

�a�l�t�i�t�u�d�e� �h�a�s� �o�n� �w�a�v�e�f�o�r�m� �b�e�h�a�v�i�o�r�,� �F�i�g�u�r�e�s� �2�.�4� �a�n�d� �2�.�5� �c�o�m�p�a�r�e� �t�h�e� �b�e�a�m�w�i�d�t�h�-� �a�n�d� 

�p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �w�a�v�e�f�o�r�m�s� �e�x�p�e�c�t�e�d� �f�r�o�m� �a�n� �a�l�t�i�t�u�d�e� �o�f� �5�0� �k�m� �f�o�r� �a�n� �r�m�s� �s�u�r�f�a�c�e� 
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�F�i�g�u�r�e� �2�.�2�.� �M�o�d�e�l�e�d� �s�u�r�f�a�c�e� �s�c�a�t�t�e�r�e�d� �w�a�v�e�f�o�r�m�s� �f�o�r� �a� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�l�t�i�m�e�t�e�r�.� 
�T�h�e� �a�l�t�i�t�u�d�e� �i�s� �5�0�0� �m�,� �b�e�a�m�w�i�d�t�h� �i�s� �0�.�6�°� �a�n�d� �p�u�l�s�e�w�i�d�t�h� �i�s� �6�.�5� �n�s�.� �S�h�o�w�n� �a�r�e� �t�w�o� �v�a�l�u�e�s� 
�o�f� �r�m�s� �s�u�r�f�a�c�e� �h�e�i�g�h�t�,� �2�0� �c�m� �(�s�o�l�i�d�)� �a�n�d� �5�0� �c�m� �(�d�a�s�h�e�d�)�,� �a�n�d� �a�n�t�e�n�n�a� �p�o�i�n�t�i�n�g� �a�n�g�l�e�s� �o�f� 

�O�°� �a�n�d� �1�2�°�.� �N�o�t�e� �t�h�e� �s�i�m�i�l�a�r� �s�h�a�p�e�s� �o�f� �t�h�e� �w�a�v�e�f�o�r�m�s� �f�o�r� �e�a�c�h� �p�o�i�n�t�i�n�g� �a�n�g�l�e�.� 
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�F�i�g�u�r�e� �2�.�3�.� �M�o�d�e�l�e�d� �s�u�r�f�a�c�e� �s�c�a�t�t�e�r�e�d� �w�a�v�e�f�o�r�m�s� �f�o�r� �a� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�l�t�i�m�e�t�e�r�.� 
�T�h�e� �a�l�t�i�t�u�d�e� �i�s� �5�0�0� �m�,� �b�e�a�m�w�i�d�t�h� �i�s� �6�°� �a�n�d� �p�u�l�s�e�w�i�d�t�h� �i�s� �2� �n�s�.� �S�h�o�w�n� �a�r�e� �t�w�o� �v�a�l�u�e�s� �o�f� 
�r�m�s� �s�u�r�f�a�c�e� �h�e�i�g�h�t�,� �2�0� �c�m� �(�s�o�l�i�d�)� �a�n�d� �5�0� �c�m� �(�d�a�s�h�e�d�)�,� �a�n�d� �a�n�t�e�n�n�a� �p�o�i�n�t�i�n�g� �a�n�g�l�e�s� �o�f� �0�°� 
�a�n�d� �1�2�°�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �w�a�v�e�f�o�r�m�s� �a�r�e� �m�a�r�k�e�d�l�y� �d�i�f�f�e�r�e�n�t� �f�o�r� �c�h�a�n�g�i�n�g� �p�o�i�n�t�i�n�g� �a�n�g�l�e�.� 
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�0� �8�0� �1�6�0� �2�4�0� �3�2�0� �4�0�0� 

�T�i�m�e�,� �n�s� 

�F�i�g�u�r�e� �2�.�4�.� �E�x�a�m�p�l�e� �s�u�r�f�a�c�e� �s�c�a�t�t�e�r�e�d� �w�a�v�e�f�o�r�m�s� �f�o�r� �n�a�d�i�r� �o�r�i�e�n�t�e�d� �b�e�a�m�w�i�d�t�h�-� �a�n�d� 
�p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�l�t�i�m�e�t�e�r�s� �a�t� �5�0� �k�m� �a�n�d� �o�,� �=� �2�0� �c�m�.� �F�o�r� �t�h�e� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �c�a�s�e�,� 

�t�h�e� �b�e�a�m�w�i�d�t�h� �i�s� �0�.�6�°� �a�n�d� �p�u�l�s�e�w�i�d�t�h� �i�s� �6�.�5� �n�s�.� �F�o�r� �t�h�e� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �c�a�s�e�,� �t�h�e� 
�b�e�a�m�w�i�d�t�h� �i�s� �6�°� �a�n�d� �p�u�l�s�e�w�i�d�t�h� �i�s� �2� �n�s�.� 
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�0� �3�0�0�0� �6�0�0�0� �9�0�0�0� �1�2�0�0�0� �1�5�0�0�0� 
�T�i�m�e�,� �n�s� 

�F�i�g�u�r�e� �2�.�5�.� �E�x�a�m�p�l�e� �s�u�r�f�a�c�e� �s�c�a�t�t�e�r�e�d� �w�a�v�e�f�o�r�m�s� �f�o�r� �1�2�°� �o�f�f�-�n�a�d�i�r� �o�r�i�e�n�t�e�d� �b�e�a�m�w�i�d�t�h�-� 
�a�n�d� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�l�t�i�m�e�t�e�r�s� �a�t� �5�0� �k�m� �a�n�d� �o�;�,� �=� �2�0� �c�m�.� �F�o�r� �t�h�e� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� 
�c�a�s�e�,� �t�h�e� �b�e�a�m�w�i�d�t�h� �i�s� �0�.�6�°� �a�n�d� �p�u�l�s�e�w�i�d�t�h� �i�s� �6�.�5� �n�s�.� �F�o�r� �t�h�e� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �c�a�s�e�,� �t�h�e� 

�b�e�a�m�w�i�d�t�h� �i�s� �6�°� �a�n�d� �p�u�l�s�e�w�i�d�t�h� �i�s� �2� �n�s�.� 

�C�H�A�P�T�E�R� �2� �-� �S�C�A�T�T�E�R�E�D� �W�A�V�E�F�O�R�M� �M�O�D�E�L� �D�E�V�E�L�O�P�M�E�N�T� �2�1



�r�o�u�g�h�n�e�s�s� �o�f� �o�,� �=� �2�0� �c�m�.� �T�h�e� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �w�a�v�e�f�o�r�m�s� �a�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �a� 

�b�e�a�m�w�i�d�t�h� �o�f� �0�.�6�°� �a�n�d� �p�u�l�s�e�w�i�d�t�h� �o�f� �6�.�5� �n�s� �a�n�d� �t�h�e� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �w�a�v�e�f�o�r�m�s� �a�r�e� �f�o�r� 

�a� �b�e�a�m�w�i�d�t�h� �o�f� �6�°� �a�n�d� �p�u�l�s�e�w�i�d�t�h� �o�f� �2� �n�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �v�a�l�u�e�s� �u�s�e�d� �t�o� 

�o�b�t�a�i�n� �t�h�e� �w�a�v�e�f�o�r�m�s� �i�n� �F�i�g�u�r�e�s� �2�.�2� �a�n�d� �2�.�3�.� �F�i�g�u�r�e� �2�.�4� �s�h�o�w�s� �t�h�e�s�e� �w�a�v�e�f�o�r�m�s� �f�o�r� 

�n�a�d�i�r�,� �w�h�i�l�e� �F�i�g�u�r�e� �2�.�5� �s�h�o�w�s� �t�h�e�s�e� �f�o�r� �b�o�t�h� �n�a�d�i�r� �a�n�d� �1�2�°� �o�f�f�-�n�a�d�i�r�.� 

�A�t� �t�h�i�s� �h�i�g�h� �a�l�t�i�t�u�d�e�,� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �b�e�a�m�w�i�d�t�h�-� �a�n�d� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� 

�w�a�v�e�f�o�r�m�s� �b�e�c�o�m�e�s� �e�v�e�n� �m�o�r�e� �n�o�t�i�c�e�a�b�l�e� �t�h�a�n� �a�t� �l�o�w�e�r� �a�l�t�i�t�u�d�e�s�.� �C�o�m�p�a�r�i�n�g� �t�h�e� 

�p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �r�e�t�u�r�n�s� �f�o�r� �n�a�d�i�r� �a�t� �t�h�e�s�e� �t�w�o� �a�l�t�i�t�u�d�e�s� �(�c�o�m�p�a�r�e� �F�i�g�u�r�e�s� �2�.�3� �a�n�d� �2�.�4�)� 

�s�h�o�w�s� �t�h�e� �g�r�e�a�t�e�s�t� �c�h�a�n�g�e�.� �T�h�e� �n�a�d�i�r� �w�a�v�e�f�o�r�m�s� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �F�i�g�u�r�e� �2�.�5� �t�o� 

�d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �t�r�e�m�e�n�d�o�u�s� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �a�l�t�i�m�e�t�e�r� �t�y�p�e�s�.� �N�o�t�i�c�e� �t�h�e� �t�i�m�e� 

�s�c�a�l�e� �i�n� �F�i�g�u�r�e� �2�.�5�;� �t�h�e�s�e� �w�a�v�e�f�o�r�m� �w�i�d�t�h�s� �a�r�e� �m�o�r�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�o�s�e� �e�n�c�o�u�n�t�e�r�e�d� 

�i�n� �s�a�t�e�l�l�i�t�e�-�b�a�s�e�d� �a�l�t�i�m�e�t�e�r�s� 

�2�.�2� �T�h�e� �V�o�l�u�m�e� �S�c�a�t�t�e�r�e�d� �W�a�v�e�f�o�r�m� �M�o�d�e�l� 

�T�h�e� �a�v�e�r�a�g�e� �r�e�t�u�r�n� �p�o�w�e�r� �w�a�v�e�f�o�r�m� �d�u�e� �t�o� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �f�r�o�m� �a� �h�a�l�f� �s�p�a�c�e� �o�f� 

�d�i�s�c�r�e�t�e� �r�a�n�d�o�m� �m�e�d�i�a� �i�s� �c�o�m�p�o�s�e�d� �o�f� �t�w�o� �p�a�r�t�s� �-� �t�h�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�e�d� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e�,� 

�o�r� �V�S�I�R�,� �a�n�d� �t�h�e� �r�a�d�a�r� �s�y�s�t�e�m� �p�o�i�n�t� �t�a�r�g�e�t� �r�e�s�p�o�n�s�e�,� �o�r� �P�T�R�.� �T�h�e� �c�o�n�v�o�l�u�t�i�o�n� �o�f� �t�h�e� 

�V�S�I�R� �a�n�d� �P�T�R� �r�e�s�u�l�t�s� �i�n� �t�h�e� �a�v�e�r�a�g�e� �r�e�t�u�r�n� �p�o�w�e�r� �w�a�v�e�f�o�r�m� �o�r� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �p�u�l�s�e� 

�r�e�s�p�o�n�s�e�.� �T�h�i�s� �i�s� �t�h�e� �s�a�m�e� �b�a�s�i�c� �a�p�p�r�o�a�c�h� �t�a�k�e�n� �b�y� �N�e�w�k�i�r�k� �a�n�d� �B�r�o�w�n� �[�2�6�]� �a�n�d� 

�o�u�t�l�i�n�e�d� �i�n� �§�2�.�1� �t�o� �o�b�t�a�i�n� �t�h�e� �a�v�e�r�a�g�e� �r�e�t�u�r�n� �p�o�w�e�r� �w�a�v�e�f�o�r�m� �d�u�e� �t�o� �s�u�r�f�a�c�e� �s�c�a�t�t�e�r�i�n�g�.� 

�T�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �d�e�l�i�b�e�r�a�t�e�l�y� �t�a�k�e�n� �t�o� �m�a�k�e� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �s�u�r�f�a�c�e� �a�n�d� �v�o�l�u�m�e� 

�s�c�a�t�t�e�r�i�n�g� �m�o�d�e�l�s� �e�a�s�i�e�r�.� 

�T�h�e�r�e� �i�s� �a� �f�u�n�d�a�m�e�n�t�a�l� �d�i�f�f�e�r�e�n�c�e� �i�n� �h�o�w� �t�h�e� �s�u�r�f�a�c�e� �a�n�d� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �a�r�e� 

�m�o�d�e�l�e�d�.� �T�h�i�s� �d�i�f�f�e�r�e�n�c�e� �l�i�e�s� �i�n� �w�h�a�t� �i�s� �a�c�t�u�a�l�l�y� �b�e�i�n�g� �m�e�a�s�u�r�e�d� �w�h�e�n� �a� �r�a�d�a�r� �i�s� �p�o�i�n�t�e�d� 

�a�t� �a� �d�i�s�c�r�e�t�e� �r�a�n�d�o�m� �m�e�d�i�u�m�.� �I�n� �s�u�r�f�a�c�e� �s�c�a�t�t�e�r�i�n�g�,� �t�h�e� �q�u�a�n�t�i�t�y� �u�s�u�a�l�l�y� �b�e�i�n�g� �m�e�a�s�u�r�e�d� 

�i�s� �t�h�e� �b�a�c�k�s�c�a�t�t�e�r�e�d� �p�o�w�e�r� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e�.� �K�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �p�o�i�n�t�i�n�g� �a�n�g�l�e� 

�p�e�r�m�i�t�s� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �o�°�(�£�)� �b�y� �i�n�v�e�r�t�i�n�g� �t�h�e� �r�a�d�a�r� �e�q�u�a�t�i�o�n�,� �p�r�o�v�i�d�e�d� �t�h�a�t� �t�h�e� 

�a�n�t�e�n�n�a� �b�e�a�m�w�i�d�t�h� �i�s� �n�o�t� �t�o�o� �l�a�r�g�e�.� �I�f� �t�h�e� �b�e�a�m�w�i�d�t�h� �i�s� �t�o�o� �l�a�r�g�e�,� �t�h�e� �r�e�s�u�l�t� �i�s� �l�o�s�s� �o�f� 

�a�n�g�u�l�a�r� �r�e�s�o�l�u�t�i�o�n� �f�o�r� �0�°�.� 

�F�o�r� �t�h�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �m�o�d�e�l�,� �t�h�e� �p�r�i�n�c�i�p�l�e� �i�s� �t�h�e� �s�a�m�e� �i�n� �t�h�a�t� �t�h�e� �d�e�s�i�r�e�d� �q�u�a�n�t�i�t�y� 

�f�r�o�m� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �i�s� �t�h�e� �b�a�c�k�s�c�a�t�t�e�r�i�n�g� �c�r�o�s�s� �s�e�c�t�i�o�n� �N�y�o�,� �o�f� �t�h�e� �d�i�s�c�r�e�t�e� �s�c�a�t�t�e�r�e�r�s� 

�C�H�A�P�T�E�R� �2� �-� �S�C�A�T�T�E�R�E�D� �W�A�V�E�F�O�R�M� �M�O�D�E�L� �D�E�V�E�L�O�P�M�E�N�1� �2�2



�c�o�n�t�a�i�n�e�d� �w�i�t�h�i�n� �t�h�e� �t�h�i�n� �v�o�l�u�m�e�t�r�i�c� �s�h�e�l�l� �a�s� �i�t� �p�r�o�p�a�g�a�t�e�s� �t�h�r�o�u�g�h� �t�h�e� �m�e�d�i�u�m�.� �T�h�e� 

�p�r�o�b�l�e�m� �i�s� �t�h�a�t� �a�s� �t�h�e� �p�u�l�s�e� �p�a�s�s�e�s� �t�h�r�o�u�g�h� �t�h�e� �m�e�d�i�u�m�,� �a� �p�o�r�t�i�o�n� �o�f� �i�t�s� �e�n�e�r�g�y� �i�s� �b�o�t�h� 

�s�c�a�t�t�e�r�e�d� �i�n� �a�l�l� �d�i�r�e�c�t�i�o�n�s� �a�n�d� �a�b�s�o�r�b�e�d� �b�y� �t�h�e� �p�a�r�t�i�c�l�e�s� �t�h�a�t� �m�a�k�e� �u�p� �t�h�e� �m�e�d�i�u�m�.� �T�h�i�s� 

�c�o�m�b�i�n�e�d� �s�c�a�t�t�e�r�i�n�g� �a�n�d� �a�b�s�o�r�p�t�i�o�n� �i�s� �c�a�l�l�e�d� �e�x�t�i�n�c�t�i�o�n� �[�1�7�]�.� �T�h�e� �p�o�r�t�i�o�n� �t�h�a�t� �i�s� �s�c�a�t�t�e�r�e�d� 

�b�a�c�k� �t�o�w�a�r�d� �t�h�e� �r�a�d�a�r� �m�u�s�t� �u�n�d�e�r�g�o� �t�h�i�s� �e�x�t�i�n�c�t�i�o�n� �a�g�a�i�n� �a�s� �i�t� �p�r�o�p�a�g�a�t�e�s� �b�a�c�k� �o�u�t� �o�f� �t�h�e� 

�m�e�d�i�u�m�.� �T�h�e� �n�e�t� �e�f�f�e�c�t� �i�s� �t�h�a�t� �t�h�e� �r�e�t�u�r�n� �p�u�l�s�e� �u�n�d�e�r�g�o�e�s� �t�w�i�c�e� �t�h�e� �e�x�t�i�n�c�t�i�o�n� �p�e�r� �u�n�i�t� 

�d�i�s�t�a�n�c�e� �t�r�a�v�e�l�e�d� �t�h�r�o�u�g�h� �t�h�e� �m�e�d�i�u�m� �t�o� �t�h�e� �s�c�a�t�t�e�r�e�r�s�.� �T�h�u�s�,� �a� �d�i�r�e�c�t� �m�e�a�s�u�r�e� �o�f� �N�y�o�,� 

�i�s� �n�o�t� �p�o�s�s�i�b�l�e�;� �i�n�s�t�e�a�d� �s�o�m�e� �a�t�t�e�n�u�a�t�e�d� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �i�s� �o�b�t�a�i�n�e�d�.� 

�T�o� �r�e�m�e�d�y� �t�h�i�s� �p�r�o�b�l�e�m�,� �t�h�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �m�o�d�e�l� �i�n�c�o�r�p�o�r�a�t�e�s� �t�h�i�s� �t�w�o�-�w�a�y� 

�a�t�t�e�n�u�a�t�i�o�n� �t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� �a�n� �e�x�p�o�n�e�n�t�i�a�l� �d�e�c�a�y� �t�e�r�m� �i�n� �t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e�,� �a�s� 

�d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�.� �T�h�e� �r�a�t�e� �o�f� �d�e�c�a�y� �i�s� �c�o�n�t�r�o�l�l�e�d� �b�y� �a�n� �a�t�t�e�n�u�a�t�i�o�n� �o�r� 

�e�f�f�e�c�t�i�v�e� �e�x�t�i�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �k�.�,� �o�f� �t�h�e� �m�e�d�i�u�m�.� �M�a�t�h�e�m�a�t�i�c�a�l�l�y�,� �i�t� �i�s� �g�i�v�e�n� �b�y� 

�e�x�p�{�  �� �2�k�.�x�}�,� �w�h�e�r�e� �x� �i�s� �t�h�e� �o�n�e�-�w�a�y� �d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �i�n�t�e�r�f�a�c�e� �t�h�r�o�u�g�h� �t�h�e� �m�e�d�i�u�m� �t�o� 

�t�h�e� �s�h�e�l�l� �o�f� �d�i�s�c�r�e�t�e� �s�c�a�t�t�e�r�e�r�s�.� �T�h�i�s� �c�o�n�c�e�p�t� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �u�s�e�d� �i�n� �p�r�e�v�i�o�u�s� �v�o�l�u�m�e� 

�s�c�a�t�t�e�r�i�n�g� �m�o�d�e�l�s� �[�3�1�,�1�3�]�.� �I�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �p�o�i�n�t� �o�u�t� �t�h�a�t� �k�,� �m�a�y� �b�e� �f�r�e�q�u�e�n�c�y�-� 

�d�e�p�e�n�d�e�n�t� �[�3�7�]�.� �A�l�t�i�m�e�t�e�r�s� �o�p�e�r�a�t�i�n�g� �a�t� �d�i�f�f�e�r�e�n�t� �f�r�e�q�u�e�n�c�i�e�s� �w�i�l�l� �e�x�p�e�r�i�e�n�c�e� �d�i�f�f�e�r�e�n�t� 

�e�x�t�i�n�c�t�i�o�n� �r�a�t�e�s�.� �U�l�a�b�y�,� �e�t� �a�l�.� �[�3�7�]� �p�r�o�v�i�d�e�s� �e�s�t�i�m�a�t�e�s� �o�f� �e�x�t�i�n�c�t�i�o�n� �v�s�.� �f�r�e�q�u�e�n�c�y� 

�b�e�h�a�v�i�o�r�,� �s�o� �t�r�a�n�s�l�a�t�i�o�n� �o�f� �e�x�t�i�n�c�t�i�o�n� �m�e�a�s�u�r�e�m�e�n�t�s� �b�e�t�w�e�e�n� �f�r�e�q�u�e�n�c�i�e�s� �m�a�y� �b�e� 

�e�s�t�i�m�a�t�e�d�,� �b�u�t� �n�o�t� �k�n�o�w�n� �f�o�r� �s�u�r�e�.� 

�T�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �t�a�k�e�s� �i�n�t�o� �a�c�c�o�u�n�t� �t�h�e� �o�p�e�r�a�t�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �a�l�t�i�m�e�t�e�r�,� 

�i�n� �p�a�r�t�i�c�u�l�a�r� �t�h�e� �r�a�d�a�r� �h�e�i�g�h�t�,� �a�n�t�e�n�n�a� �b�e�a�m�w�i�d�t�h� �a�n�d� �p�o�i�n�t�i�n�g� �a�n�g�l�e�,� �a�s� �w�e�l�l� �a�s� �t�h�e� 

�d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �r�a�n�d�o�m� �m�e�d�i�u�m� �b�y� �t�h�e� �e�f�f�e�c�t�i�v�e� �e�x�t�i�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �a�n�d� �d�e�n�s�i�t�y� �o�f� 

�p�a�r�t�i�c�l�e�s� �t�h�a�t� �m�a�k�e� �u�p� �t�h�e� �m�e�d�i�u�m�.� �T�h�e� �m�e�d�i�u�m� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �c�o�m�p�o�s�e�d� �o�f� �s�m�a�l�l� 

�p�a�r�t�i�c�l�e�s� �s�u�s�p�e�n�d�e�d� �i�n� �a� �b�a�c�k�g�r�o�u�n�d� �m�e�d�i�u�m� �o�f� �a�i�r�.� �T�h�e� �p�o�i�n�t� �t�a�r�g�e�t� �r�e�s�p�o�n�s�e� �i�s� 

�e�s�s�e�n�t�i�a�l�l�y� �t�h�e� �r�a�d�a�r� �a�l�t�i�m�e�t�e�r�'�s� �t�r�a�n�s�m�i�t�t�e�d� �p�u�l�s�e� �a�s� �m�o�d�i�f�i�e�d� �b�y� �t�h�e� �r�e�c�e�i�v�e�r� �e�f�f�e�c�t�s�.� �A�n� 

�a�d�v�a�n�t�a�g�e� �t�o� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �t�h�e� �p�o�i�n�t� �t�a�r�g�e�t� �r�e�s�p�o�n�s�e� �i�s� �a� �f�i�x�e�d�,� �k�n�o�w�n� �w�a�v�e�f�o�r�m� �-� �i�t� 

�c�a�n� �b�e� �m�e�a�s�u�r�e�d�;� �i�t� �i�s� �a�l�s�o� �t�h�e� �s�a�m�e� �w�a�v�e�f�o�r�m� �u�s�e�d� �f�o�r� �b�o�t�h� �t�h�e� �s�u�r�f�a�c�e� �a�n�d� �v�o�l�u�m�e� 

�s�c�a�t�t�e�r�e�d� �w�a�v�e�f�o�r�m� �m�o�d�e�l�s�.� 

�2�.�2�.�1� �T�h�e� �I�m�p�u�l�s�e� �R�e�s�p�o�n�s�e� 

�T�h�e� �V�S�I�R� �f�u�n�c�t�i�o�n� �s�e�r�v�e�s� �t�h�e� �s�a�m�e� �p�u�r�p�o�s�e� �a�s� �t�h�e� �f�l�a�t� �s�u�r�f�a�c�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �i�n� 

�§�2�.�1�.� �B�y� �d�e�f�i�n�i�t�i�o�n�,� �i�t� �i�s� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �a� �h�a�l�f�-�s�p�a�c�e� �c�o�n�t�a�i�n�i�n�g� �i�n�d�e�p�e�n�d�e�n�t�,� �r�a�n�d�o�m�l�y� 

�d�i�s�t�r�i�b�u�t�e�d� �d�i�s�c�r�e�t�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�e�r�s� �t�h�a�t� �c�a�n� �b�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �a�n� �e�f�f�e�c�t�i�v�e� �e�x�t�i�n�c�t�i�o�n� 

�C�H�A�P�T�E�R� �2� �-� �S�C�A�T�T�E�R�E�D� �W�A�V�E�F�O�R�M� �M�O�D�E�L� �D�E�V�E�L�O�P�M�E�N�T� �2�3



�c�o�e�f�f�i�c�i�e�n�t�,� �k�.�,� �t�o� �a�n� �i�m�p�u�l�s�e� �o�f� �e�n�e�r�g�y� �f�r�o�m� �a� �r�a�d�a�r� �h�a�v�i�n�g� �a�l�t�i�t�u�d�e� �h�,� �3�-�d�B� �a�n�t�e�n�n�a� 

�b�e�a�m�w�i�d�t�h� �@�;�,� �a�n�d� �p�o�i�n�t�i�n�g� �a�n�g�l�e�  ¬�.� �I�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �n�o�t�e� �t�h�a�t� �a�n�y� �s�c�a�t�t�e�r�i�n�g� �f�r�o�m� �t�h�e� 

�i�n�t�e�r�f�a�c�e� �i�s� �c�o�m�p�l�e�t�e�l�y� �a�c�c�o�u�n�t�e�d� �f�o�r� �b�y� �t�h�e� �s�u�r�f�a�c�e� �s�c�a�t�t�e�r�i�n�g� �m�o�d�e�l�,� �d�i�s�c�u�s�s�e�d� �i�n� 

�S�e�c�t�i�o�n� �2�.�1�.� 

�F�i�g�u�r�e� �2�.�6� �s�h�o�w�s� �t�h�e� �g�e�o�m�e�t�r�y� �u�s�e�d� �t�o� �c�o�n�s�t�r�u�c�t� �t�h�e� �V�S�I�R�.� �T�h�e� �r�a�d�a�r� �a�n�t�e�n�n�a� �i�s� 

�l�o�c�a�t�e�d� �a�t� �p�o�i�n�t� �A� �a�n�d� �a�l�t�i�t�u�d�e� �h� �a�b�o�v�e� �t�h�e� �s�u�r�f�a�c�e� �(�x�y�-�p�l�a�n�e�)�.� �T�h�e� �a�n�t�e�n�n�a� �i�s� �p�o�i�n�t�e�d� 

�a�w�a�y� �f�r�o�m� �n�a�d�i�r� �b�y� �t�h�e� �a�n�g�l�e�  ¬� �a�n�d� �i�t�s� �b�o�r�e�s�i�g�h�t� �a�x�i�s� �i�s� �r�,�.� �T�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �v�o�l�u�m�e� �d�V� �i�s� 

�l�o�c�a�t�e�d� �a�t� �a�n�g�l�e�s� �@� �a�n�d� �¢�,� �a� �d�i�s�t�a�n�c�e� �r� �f�r�o�m� �t�h�e� �a�l�t�i�m�e�t�e�r�.� �N�o�t�e� �t�h�a�t� �d�V� �i�s� �a�l�w�a�y�s� �l�o�c�a�t�e�d� 

�b�e�l�o�w� �t�h�e� �s�u�r�f�a�c�e�.� �T�h�e� �g�e�n�e�r�a�l� �V�S�I�R� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�i�s� �g�e�o�m�e�t�r�y� �i�s� �[�2�6�]� 

�P�r�p�(�t�)� �=� �a� �[�T�E�B�E� �o�[�t�-�2�(�2� �+� �=� �2�)�]� �o�p� �a�v� �(�2�-�9�)� � � � � 

�4� �(�4�7�)�8� �r� �C�o� �C�s� 
�V� 

�w�h�e�r�e� 

�D�N� �r�a�d�a�r� �c�a�r�r�i�e�r� �w�a�v�e�l�e�n�g�t�h� 
�T�;� �(�9�)� �F�r�e�s�n�e�l� �p�o�w�e�r� �t�r�a�n�s�m�i�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �b�a�c�k�g�r�o�u�n�d� �m�e�d�i�u�m� 
�G�(�y�,�w�)� �r�a�d�a�r� �a�n�t�e�n�n�a� �g�a�i�n� �p�a�t�t�e�r�n� 
�5�(�s�)� �i�m�p�u�l�s�e� �f�u�n�c�t�i�o�n�,� �a�p�p�r�o�p�r�i�a�t�e�l�y� �d�e�l�a�y�e�d� �i�n� �a�b�s�o�l�u�t�e� �t�i�m�e� 
�r� �r�a�n�g�e� �t�o� �d�i�f�f�e�r�e�n�t�i�a�l� �v�o�l�u�m�e� 

�T�o� �a�n�t�e�n�n�a� �b�o�r�e�s�i�g�h�t� �r�a�n�g�e� �t�o� �f�r�e�e� �s�p�a�c�e� �/� �m�e�d�i�u�m� �i�n�t�e�r�f�a�c�e� 
�r�T�;� �r�a�n�g�e� �t�o� �f�r�e�e� �s�p�a�c�e� �/� �m�e�d�i�u�m� �i�n�t�e�r�f�a�c�e� 
�C� �s�p�e�e�d� �o�f� �l�i�g�h�t� �=� �c�,� �i�n� �f�r�e�e� �s�p�a�c�e�,� �=� �c�,� �i�n� �s�n�o�w� �m�e�d�i�u�m� 
�o�y� �s�c�a�t�t�e�r�i�n�g� �f�a�c�t�o�r� 
�d�V� �=� �r �� �s�i�n�d� �d�r� �d�O� �d�d�;� �d�i�f�f�e�r�e�n�t�i�a�l� �v�o�l�u�m�e� �w�i�t�h�i�n� �m�e�d�i�u�m�.� 

�T�h�e� �a�r�g�u�m�e�n�t� �o�f� �t�h�e� �i�m�p�u�l�s�e� �f�u�n�c�t�i�o�n� �a�l�l�o�w�s� �f�o�r� �t�h�e� �i�m�p�u�l�s�e� �t�r�a�v�e�l�i�n�g� �t�h�r�o�u�g�h� �f�r�e�e� �s�p�a�c�e� 

�f�o�r� �a� �p�o�r�t�i�o�n� �o�f� �t�h�e� �t�i�m�e� �a�n�d� �w�i�t�h�i�n� �t�h�e� �m�e�d�i�u�m� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �t�i�m�e�.� �I�f� �t�h�e� �p�e�n�e�t�r�a�b�l�e� 

�m�e�d�i�u�m� �w�e�r�e� �r�e�p�l�a�c�e�d� �b�y� �f�r�e�e� �s�p�a�c�e�,� �c�,� �w�o�u�l�d� �b�e� �r�e�p�l�a�c�e�d� �b�y� �c�,� �a�n�d� �t�h�e� �i�m�p�u�l�s�e� �f�u�n�c�t�i�o�n� 

�w�o�u�l�d� �r�e�d�u�c�e� �t�o� �t�h�e� �m�o�r�e� �f�a�m�i�l�i�a�r� �f�o�r�m� �o�f� �6�(�t�  �� �2�r�/�c�)�.� 

�T�h�e� �s�c�a�t�t�e�r�i�n�g� �f�a�c�t�o�r� �o�f�,� �i�n� �(�2�-�9�)� �i�s� �g�i�v�e�n� �b�y� 

�0� �_� �N�.� �)� �p�a� �2�k�e�(�r ��1�)� �o�y� �=� �N�y�o�g�u�(�r ��r�)�e� �;� �(�2�-�1�0�)� 

�w�h�e�r�e� �N�y� �i�s� �t�h�e� �e�f�f�e�c�t�i�v�e� �n�u�m�b�e�r� �d�e�n�s�i�t�y� �o�f� �s�c�a�t�t�e�r�e�r�s�,� �a�,� �i�s� �t�h�e� �s�c�a�t�t�e�r�i�n�g� �c�r�o�s�s� �s�e�c�t�i�o�n� 

�o�f� �a�n� �a�v�e�r�a�g�e� �s�c�a�t�t�e�r�e�r� �a�n�d� �k�,� �i�s� �t�h�e� �e�f�f�e�c�t�i�v�e� �e�x�t�i�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e� �m�e�d�i�u�m� �w�i�t�h� 

�u�n�i�t�s� �N�p�/�m�.� �F�r�o�m� �F�i�g�u�r�e� �2�.�7�,� �r�;� �=� �h� �s�e�c�é� �i�s� �t�h�e� �d�i�s�t�a�n�c�e� �a�l�o�n�g� �t�h�e� �r�-�c�o�o�r�d�i�n�a�t�e� �f�r�o�m� �t�h�e� 

�a�n�t�e�n�n�a� �(�A�)� �t�o� �t�h�e� �m�e�d�i�u�m� �i�n�t�e�r�f�a�c�e� �(�C�)�.� �T�h�u�s� �u�(�r�  ��1�;�)� �i�s� �t�h�e� �u�n�i�t� �s�t�e�p� �f�u�n�c�t�i�o�n� �t�h�a�t� 
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� � � � � � 
�d�V� 

�F�i�g�u�r�e� �2�.�6�.� �G�e�o�m�e�t�r�y� �u�s�e�d� �t�o� �d�e�r�i�v�e� �t�h�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�e�d� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e�.�  ��A�"� �i�s� �t�h�e� 
�a�l�t�i�m�e�t�e�r� �l�o�c�a�t�i�o�n� �a�n�d� �r�,� �i�s� �t�h�e� �a�n�t�e�n�n�a� �b�o�r�e�s�i�g�h�t� �a�x�i�s�.� �d�V� �i�s� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �v�o�l�u�m�e�,� 

�w�h�i�c�h� �i�s� �a�l�w�a�y�s� �l�o�c�a�t�e�d� �b�e�l�o�w� �t�h�e� �s�u�r�f�a�c�e� �(�x�r�y�-�p�l�a�n�e�)�.� 
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�F�i�g�u�r�e� �2�.�7�.� �T�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �i�l�l�u�s�t�r�a�t�i�o�n� �o�f� �t�h�e� �l�i�m�i�t�s� �o�f� �t�h�e� �0�-�i�n�t�e�g�r�a�t�i�o�n� �f�o�r� �t�h�e� �V�S�I�R�.� 
�T�h�e� �a�l�t�i�m�e�t�e�r� �i�s� �a�t� �p�o�i�n�t� �A�.� �A� �s�p�h�e�r�i�c�a�l�l�y� �e�x�p�a�n�d�i�n�g� �i�m�p�u�l�s�e� �o�f� �e�n�e�r�g�y� �i�s� �p�r�o�p�a�g�a�t�i�n�g� 

�i�n�t�o� �a�n�d� �t�h�r�o�u�g�h� �t�h�e� �r�a�n�d�o�m� �m�e�d�i�u�m� �a�n�d� �i�n�t�e�r�s�e�c�t�s� �t�h�e� �s�u�r�f�a�c�e� �(�x�y�-�p�l�a�n�e�)� �a�s� �a� �c�i�r�c�l�e� �o�f� 
�r�a�d�i�u�s� �p�,�,� �a�t� �p�o�i�n�t�s� �B� �a�n�d� �B ��.� �T�h�e� �d�i�s�t�a�n�c�e� �i�n� �t�h�e� �m�e�d�i�u�m� �f�r�o�m� �t�h�e� �i�n�t�e�r�f�a�c�e� �t�o� �t�h�e� 

�i�m�p�u�l�s�e� �i�s� �x� �=� �r �� �1�7�;� �=� �r�  �� �h�s�e�c�é�.� 
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 ��t�u�r�n�s� �o�n �� �w�h�e�n� �r� �>� �h�s�e�c�@�é� �a�n�d�  ��t�u�r�n�s� �o�f�f �� �w�h�e�n� �r� �<� �h�s�e�c�é�;� �t�h�i�s� �l�i�m�i�t�s� �t�h�e� �v�o�l�u�m�e� 

�i�n�t�e�g�r�a�t�i�o�n� �i�n� �(�2�-�9�)� �t�o� �t�h�e� �r�a�n�d�o�m� �m�e�d�i�u�m� �h�a�l�f�-�s�p�a�c�e�,� �a�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �2�.�7�.� �A�t� �a�n� 

�i�n�s�t�a�n�t� �i�n� �t�i�m�e�,� �t�h�e� �s�p�h�e�r�i�c�a�l�l�y� �e�x�p�a�n�d�i�n�g� �i�m�p�u�l�s�e� �h�a�s� �t�r�a�v�e�l�e�d� �a� �d�i�s�t�a�n�c�e� �r�,� �f�r�o�m� �t�h�e� 

�n�a�d�i�r�-�o�r�i�e�n�t�e�d� �a�l�t�i�m�e�t�e�r� �l�o�c�a�t�e�d� �a�t� �p�o�i�n�t� �A�,� �a�n�d� �i�n�t�e�r�s�e�c�t�s� �t�h�e� �m�e�a�n� �s�u�r�f�a�c�e� �(�t�h�e� �r�y�-�p�l�a�n�e�)� 

�a�t� �p�o�i�n�t�s� �B� �a�n�d� �B ��.� �T�h�u�s�,� �t�h�e� �u�p�p�e�r� �l�i�m�i�t� �o�f� �t�h�e� �t�h�e�t�a� �i�n�t�e�g�r�a�t�i�o�n� �f�o�r� �t�h�i�s� �t�i�m�e� �i�n�s�t�a�n�t� �a�n�d� 

�i�s� �g�i�v�e�n� �b�y� �6�,� �=� �c�o�s�-�!�(�h�/�r�)�.� �T�h�i�s� �i�n�t�e�r�s�e�c�t�i�o�n� �a�t� �B� �a�n�d� �B �� �i�s� �a�c�t�u�a�l�l�y� �a� �c�i�r�c�l�e� �o�f� �r�a�d�i�u�s� 

�P�u� �=� �h�t�a�n�é�,� �i�n� �t�h�e� �r�y�-�p�l�a�n�e�,� �b�u�t� �i�n� �t�h�i�s� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �v�i�e�w� �i�t� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �a�s� �t�w�o� 

�p�o�i�n�t�s� �o�n� �t�h�e� �m�e�a�n� �s�u�r�f�a�c�e�,� �t�h�e�  ��x�y�-�l�i�n�e ��.� �W�h�e�n� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �v�a�r�i�a�b�l�e� �r� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� 

�h�s�e�c�@� �a�n�d� �6� �<� �@�,�,� �a�s� �s�h�o�w�n� �i�n� �t�h�e� �f�i�g�u�r�e�,� �t�h�e� �u�n�i�t� �s�t�e�p� �i�s�  ��o�n �� �a�n�d� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �i�s� 

�p�e�r�f�o�r�m�e�d�.� �I�f� �r� �i�s� �l�e�s�s� �t�h�a�n� �h�s�e�c�@� �o�r� �0� �>� �6�,�,� �i�t� �i�s� �n�o�t� �p�e�r�f�o�r�m�e�d�.� �A�s� �t�h�e� �i�m�p�u�l�s�e� 

�p�r�o�g�r�e�s�s�e�s� �i�n� �t�i�m�e�,� �t�h�e� �u�p�p�e�r� �l�i�m�i�t� �0�,� �c�h�a�n�g�e�s� �a�n�d� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �s�p�a�c�e� �e�x�p�a�n�d�s�.� �T�h�e� 

�e�x�p�o�n�e�n�t�i�a�l� �f�a�c�t�o�r� �i�n� �(�2�-�1�0�)� �t�h�u�s� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �e�x�p�o�n�e�n�t�i�a�l� �a�t�t�e�n�u�a�t�i�o�n� �o�f� �t�h�e� �i�m�p�u�l�s�e� 

�a�s� �i�t� �t�r�a�v�e�l�s� �a� �d�i�s�t�a�n�c�e� �y�=�r�- ��r�;� �f�r�o�m� �t�h�e� �i�n�t�e�r�f�a�c�e� �t�h�r�o�u�g�h� �t�h�e� �m�e�d�i�u�m� �t�o� �t�h�e� 

�d�i�f�f�e�r�e�n�t�i�a�l� �v�o�l�u�m�e� �d�V� �a�n�d� �b�a�c�k�,� �a� �t�o�t�a�l�  ��r�o�u�n�d�-�t�r�i�p �� �d�i�s�t�a�n�c�e� �o�f� �2�(�r�  �� �h� �s�e�c�@�)�.� 

�F�o�r� �t�h�e� �m�a�i�n� �b�e�a�m� �o�f� �t�h�e� �a�n�t�e�n�n�a� �p�a�t�t�e�r�n�,� �t�h�e� �r�a�d�a�r� �a�n�t�e�n�n�a� �g�a�i�n� �i�s� �a�d�e�q�u�a�t�e�l�y� 

�r�e�p�r�e�s�e�n�t�e�d�,� �b�y� �a�n� �e�l�l�i�p�t�i�c�a�l� �G�a�u�s�s�i�a�n� �b�e�a�m� �[�2�6�]� �g�i�v�e�n� �b�y� 

�2� 
�G�(�w�,�w�)� �=� �G�,� �e�x�p�  �� �5� �(�1�+� �B�s�i�n ��w�)� �s�i�n�t�y� �(�2�-�1�1�)� 

�w�h�e�r�e� �(�3� �i�s� �a� �d�i�m�e�n�s�i�o�n�l�e�s�s� �p�a�r�a�m�e�t�e�r� �t�h�a�t� �d�e�s�c�r�i�b�e�s� �t�h�e� �d�e�g�r�e�e� �o�f� �p�a�t�t�e�r�n� �a�s�y�m�m�e�t�r�y�.� �I�f� 

�(�G� �=� �0�,� �(�2�-�1�1�)� �b�e�c�o�m�e�s� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �a� �s�y�m�m�e�t�r�i�c� �G�a�u�s�s�i�a�n� �b�e�a�m�.� �M�a�n�y� �a�u�t�h�o�r�s� 

�[�1�6�,�3�1�,�2�6�,�1�3�]� �h�a�v�e� �u�s�e�d� �t�h�e� �s�y�m�m�e�t�r�i�c� �G�a�u�s�s�i�a�n� �i�n� �t�h�e�i�r� �v�e�r�s�i�o�n�s� �o�f� �t�h�e� �B�r�o�w�n� �s�u�r�f�a�c�e� 

�m�o�d�e�l�,� �a�n�d� �i�t� �w�i�l�l� �b�e� �u�s�e�d� �h�e�r�e� �a�l�s�o�.� �A�s� �s�e�e�n� �i�s� �F�i�g�u�r�e� �2�.�6�,� �y�w� �i�s� �m�e�a�s�u�r�e�d� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� 

�b�o�r�e�s�i�g�h�t� �a�x�i�s� �a�n�d� �w� �r�e�p�r�e�s�e�n�t�s� �a� �r�o�t�a�t�i�o�n� �a�b�o�u�t� �b�o�r�e�s�i�g�h�t�.� �+� �a�n�d� �(� �a�r�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� 

�a�n�t�e�n�n�a�'�s� �-� �a�n�d� �H�-�p�l�a�n�e� �b�e�a�m�w�i�d�t�h�s� �a�s� �g�i�v�e�n� �i�n� �(�2�-�2�)� �a�n�d� �(�2�-�3�)�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �a�r�e� 

�u�s�e�d� �t�o� �m�a�p� �t�h�e�s�e� �b�e�a�m�w�i�d�t�h�s� �i�n�t�o� �a� �f�o�r�m� �t�h�a�t� �c�a�n� �b�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �o�f� 

�(�2�-�9�)� �u�s�i�n�g� �(�2�-�1�1�)�.� 

�N�o�t�e� �t�h�a�t� �t�h�e� �a�n�g�l�e�s� �~� �a�n�d� �w� �i�n� �(�2�-�1�1�)� �a�r�e� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �v�a�r�i�a�b�l�e�s� 

�e�x�p�r�e�s�s�e�d� �i�n� �(�2�-�1�0�)�.� �T�h�i�s� �i�s� �b�e�c�a�u�s�e� �t�h�e� �a�n�t�e�n�n�a� �m�a�y� �b�e� �p�o�i�n�t�e�d� �o�f�f�-�n�a�d�i�r� �b�y� �t�h�e� �a�n�g�l�e�  ¬� 

�(�s�e�e� �F�i�g�u�r�e� �2�.�6�)�,� �w�h�i�c�h� �i�s� �a� �m�a�j�o�r� �d�i�f�f�e�r�e�n�c�e� �f�r�o�m� �p�r�e�v�i�o�u�s� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �m�o�d�e�l�s� 

�[�3�1�,�1�3�]�.� �I�n� �o�r�d�e�r� �t�o� �p�e�r�f�o�r�m� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n�,� �t�h�e�s�e� �a�n�t�e�n�n�a� �c�o�o�r�d�i�n�a�t�e� �a�n�g�l�e�s� �m�u�s�t� �b�e� 

�t�r�a�n�s�f�o�r�m�e�d� �t�o� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �a�n�g�l�e�s�;� �t�h�i�s� �i�s� �d�o�n�e� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �l�a�w�s� �o�f� �s�i�n�e�s� �a�n�d� 

�c�o�s�i�n�e�s� �a�n�d� �a� �f�e�w� �t�r�i�g�o�n�o�m�e�t�r�i�c� �i�d�e�n�t�i�t�i�e�s� �t�o� �o�b�t�a�i�n� 
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�9� �t�a�n �� �s�i�n�?�(�¢�  �� �¢�,�)� 
�m�e�s� �t�a�n�?�é�  �� �2� �t�a�n� �t�a�n�d� �c�o�s�(�¢�  �� �¢�,�)� �+� �t�a�n�?� �(�2�-�1�2�)� 

�s�i�n�?�y�)� �=� �1�  �� �c�o�s�*�£� �c�o�s�?� �[�1� �+� �t�a�n�é� �t�a�n�?� �c�o�s�(�¢�  �� �$�o�)�]�°�.� 

� � 

�T�h�e� �a�n�t�e�n�n�a� �a�z�i�m�u�t�h� �a�n�g�l�e� �¢�,� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �a�r�b�i�t�r�a�r�y�,� �s�o� �i�t� �c�a�n� �b�e� �s�e�t� �t�o� �z�e�r�o� �t�o� 

�s�i�m�p�l�i�f�y� �(�2�-�1�2�)� �w�i�t�h�o�u�t� �a�f�f�e�c�t�i�n�g� �t�h�e� �e�n�d� �r�e�s�u�l�t�.� 

�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �s�c�a�t�t�e�r�i�n�g� �f�a�c�t�o�r� �e�x�p�r�e�s�s�i�o�n� �i�n� �(�2�-�1�0�)� �a�n�d� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� 

�a�n�t�e�n�n�a� �p�a�t�t�e�r�n� �i�n� �(�2�-�1�1�)� �i�n�t�o� �t�h�e� �V�S�I�R� �i�n�t�e�g�r�a�l� �o�f� �(�2�-�9�)� �y�i�e�l�d�s� 

�P�r�r�(�t�)� �=� �c�e�n�a� �f�f� �(�L�M� �e�(�T�  �� �T�i�)� �9�+� �P�o�n�t�e�s� �u�h� 

�a�f�i�-�a�(� �4� �£�2�2�0�)� �1�0� �s�n�a�r�e�,� �o�n�y� 
�C�o� �s� 

�N�o�t�e� �t�h�a�t� �t�h�e� �u�n�i�t� �s�t�e�p� �f�u�n�c�t�i�o�n� �h�a�s� �d�e�t�e�r�m�i�n�e�d� �t�h�e� �u�p�p�e�r� �l�i�m�i�t� �o�f� �t�h�e� �9�-�i�n�t�e�g�r�a�l�,� �a�s� 

�d�i�s�c�u�s�s�e�d� �a�b�o�v�e�.� �T�h�e� �r�-�i�n�t�e�g�r�a�t�i�o�n� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �e�a�s�i�l�y� �d�u�e� �t�o� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �a� �d�e�l�t�a� 

�f�u�n�c�t�i�o�n� �i�n� �t�h�e� �i�n�t�e�g�r�a�n�d�.� �T�h�i�s� �s�i�f�t�i�n�g� �p�r�o�p�e�r�t�y� �s�i�m�p�l�y� �c�o�n�v�e�r�t�s� �a�l�l� �r�e�f�e�r�e�n�c�e�s� �t�o� �r� �i�n�t�o� �a� 

�t�i�m�e�-�d�e�p�e�n�d�e�n�t� �f�a�c�t�o�r� �a�n�d� �A�p�p�e�n�d�i�x� �B� �p�r�o�v�i�d�e�s� �t�h�e� �d�e�t�a�i�l�s� �o�f� �t�h�i�s� �i�n�t�e�g�r�a�t�i�o�n�.� �T�h�u�s�,� 
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�c�o�n�s�e�r�v�a�t�i�v�e� �v�a�l�u�e� �o�f� �6�,�,� �a�s�s�u�r�e�s� �t�h�a�t� �t�h�e� �9�-�i�n�t�e�g�r�a�t�i�o�n� �w�i�l�l� �b�e� �a�c�c�u�r�a�t�e� �t�o� �l�e�s�s� �t�h�a�n� �2�%� 

�e�r�r�o�r�.� 

�2�.�2�.�5� �T�h�e� �P�u�l�s�e� �R�e�s�p�o�n�s�e� 

�W�i�t�h� �t�h�e� �a�b�o�v�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e�,� �a�l�l� �t�h�a�t� 

�r�e�m�a�i�n�s� �t�o� �b�e� �d�o�n�e� �t�o� �o�b�t�a�i�n� �t�h�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �p�u�l�s�e� �r�e�s�p�o�n�s�e� �i�s� �t�o� �c�o�n�v�o�l�v�e� �t�h�e� 

�a�p�p�r�o�p�r�i�a�t�e� �f�o�r�m� �o�f� �t�h�e� �V�S�I�R� �i�n� �e�i�t�h�e�r� �(�2�-�1�6�)�,� �(�2�-�2�0�)� �o�r� �(�2�-�2�3�)� �w�i�t�h� �t�h�e� �p�o�i�n�t� �t�a�r�g�e�t� 

�r�e�s�p�o�n�s�e�,� �e ¬�.�g�.�,� 

�V�(�r�)� �=� �P�r�r�(�r�)� �&� �P�p�r�(�r�)�,� �(�2�-�3�0�)� 

�w�h�e�r�e� �®� �i�s� �t�h�e� �c�o�n�v�o�l�u�t�i�o�n� �o�p�e�r�a�t�o�r�.� �T�h�e� �P�T�R� �c�a�n� �b�e� �m�e�a�s�u�r�e�d� �f�o�r� �a� �g�i�v�e�n� �a�l�t�i�m�e�t�e�r�,� 

�b�u�t� �f�o�r� �s�h�o�r�t� �p�u�l�s�e� �s�y�s�t�e�m�s� �a� �G�a�u�s�s�i�a�n� �p�u�l�s�e� �i�s� �u�s�u�a�l�l�y� �a�n� �a�d�e�q�u�a�t�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �[�8�]� �a�s� 

�n�o�t�e�d� �p�r�e�v�i�o�u�s�l�y�.� �T�h�e� �c�o�n�v�o�l�u�t�i�o�n� �i�s� �e�a�s�i�l�y� �p�e�r�f�o�r�m�e�d� �b�y� �a�n� �F�F�T� �m�e�t�h�o�d� �[�7�]�,� �w�h�e�t�h�e�r� 

�t�h�e� �P�T�R� �i�s� �m�e�a�s�u�r�e�d� �o�r� �c�l�o�s�e�d�-�f�o�r�m� �G�a�u�s�s�i�a�n�.� 

�E�x�a�m�p�l�e�s� �o�f� �t�h�e� �m�o�d�e�l�e�d� �p�u�l�s�e� �r�e�s�p�o�n�s�e�s� �a�r�e� �g�i�v�e�n� �i�n� �F�i�g�u�r�e�s� �2�.�9� �a�n�d� �2�.�1�0� �f�o�r� 

�p�o�i�n�t�i�n�g� �a�n�g�l�e�s� �o�f� �0�°� �a�n�d� �1�2�°�.� �F�i�g�u�r�e� �2�.�9� �s�h�o�w�s� �s�a�m�p�l�e� �w�a�v�e�f�o�r�m�s� �f�o�r� �t�h�e� �s�a�m�e� �M�A�R�A� 

�s�y�s�t�e�m� �p�a�r�a�m�e�t�e�r�s� �a�s� �f�o�r� �F�i�g�u�r�e� �2�.�2�.� �T�h�e� �w�a�v�e�f�o�r�m�s� �i�n� �F�i�g�u�r�e� �2�.�1�0� �a�r�e� �e�x�a�m�p�l�e�s� �t�h�a�t� 
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�F�i�g�u�r�e� �2�.�9�.� �M�o�d�e�l�e�d� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �w�a�v�e�f�o�r�m�s� �f�o�r� �a� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�l�t�i�m�e�t�e�r�.� 
�T�h�e� �a�l�t�i�t�u�d�e� �i�s� �5�0�0� �m�,� �b�e�a�m�w�i�d�t�h� �i�s� �0�.�6�°� �a�n�d� �p�u�l�s�e�w�i�d�t�h� �i�s� �6�.�5� �n�s�.� �S�h�o�w�n� �a�r�e� �t�w�o� �v�a�l�u�e�s� 

�o�f� �e�x�t�i�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �0�.�5� �N�p�/�m� �(�s�o�l�i�d�)� �a�n�d� �2�.�0� �N�p�/�m� �(�d�a�s�h�e�d�)�,� �a�n�d� �a�n�t�e�n�n�a� �p�o�i�n�t�i�n�g� 
�a�n�g�l�e�s� �o�f� �0�°� �a�n�d� �1�2�°�.� �T�h�e� �w�a�v�e�f�o�r�m� �s�h�a�p�e�s� �a�r�e� �v�e�r�y� �s�i�m�i�l�a�r� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�t� �p�o�i�n�t�i�n�g� 

�a�n�g�l�e�s�.� 
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�0� �4�0� �B�O�.� �1�2�0� �4�1�6�0� �°�#�2�0�0� 
�T�i�m�e�,� �n�s� 

�F�i�g�u�r�e� �2�.�1�0�.� �M�o�d�e�l�e�d� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �w�a�v�e�f�o�r�m�s� �f�o�r� �a� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�l�t�i�m�e�t�e�r�.� 
�T�h�e� �a�l�t�i�t�u�d�e� �i�s� �5�0�0� �m�,� �b�e�a�m�w�i�d�t�h� �i�s� �6�°� �a�n�d� �p�u�l�s�e�w�i�d�t�h� �i�s� �2� �n�s�.� �S�h�o�w�n� �a�r�e� �t�w�o� �v�a�l�u�e�s� �o�f� 

�e�x�t�i�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �0�.�5� �N�p�/�m� �(�s�o�l�i�d�)� �a�n�d� �2�.�0� �N�p�/�m� �(�d�a�s�h�e�d�)�,� �a�n�d� �a�n�t�e�n�n�a� �p�o�i�n�t�i�n�g� 
�a�n�g�l�e�s� �o�f� �0�°� �a�n�d� �1�2�°�.� �T�h�e� �w�a�v�e�f�o�r�m�s� �a�r�e� �v�e�r�y� �d�i�s�s�i�m�i�l�a�r� �f�o�r� �d�i�f�f�e�r�e�n�t� �p�o�i�n�t�i�n�g� �a�n�g�l�e�s� �i�n� 

�t�h�i�s� �c�a�s�e�.� 
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�c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �s�a�m�e� �m�o�d�i�f�i�e�d� �M�A�R�A� �s�y�s�t�e�m� �c�o�n�f�i�g�u�r�a�t�i�o�n� �u�s�e�d� �i�n� �F�i�g�u�r�e� �2�.�3�.� �I�n� 

�b�o�t�h� �c�u�r�v�e�s�,� �t�h�e� �e�x�t�i�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �d�e�p�e�n�d�e�n�c�e� �i�s� �d�e�m�o�n�s�t�r�a�t�e�d� �a�s� �k�,� �i�s� �e�i�t�h�e�r� �0�.�5� �o�r� 

�2�.�0� �N�p�/�m�.� �S�i�n�c�e� �t�h�e� �e�x�t�i�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �i�s� �t�h�e� �r�e�c�i�p�r�o�c�a�l� �o�f� �t�h�e� �p�e�n�e�t�r�a�t�i�o�n� �d�e�p�t�h� �[�1�1�]�,� 

�t�h�e�s�e� �v�a�l�u�e�s� �c�o�r�r�e�s�p�o�n�d� �t�o� �d�e�p�t�h�s� �o�f� �2�.�0� �a�n�d� �0�.�5� �m�e�t�e�r�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �e�x�t�i�n�c�t�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t� �h�a�s� �t�h�e� �g�r�e�a�t�e�s�t� �e�f�f�e�c�t� �o�n� �t�h�e� �t�r�a�i�l�i�n�g� �e�d�g�e� �r�e�g�i�o�n� �o�f� �t�h�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� 

�w�a�v�e�f�o�r�m�s�,� �p�a�r�t�i�c�u�l�a�r�l�y� �f�o�r� �t�h�e� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �r�e�t�u�r�n�s�.� 

�T�h�e� �e�x�a�m�p�l�e� �w�a�v�e�f�o�r�m�s� �i�n� �t�h�e�s�e� �f�i�g�u�r�e�s� �i�n�d�i�c�a�t�e� �t�h�e� �r�a�d�i�c�a�l� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� 

�b�e�h�a�v�i�o�r� �o�f� �b�e�a�m�w�i�d�t�h�-� �a�n�d� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �s�y�s�t�e�m�s�.� �A�s� �f�o�r� �t�h�e� �s�u�r�f�a�c�e� �m�o�d�e�l� 

�e�x�a�m�p�l�e�,� �t�h�e� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �s�y�s�t�e�m� �i�s� �m�u�c�h� �l�e�s�s� �s�e�n�s�i�t�i�v�e� �t�o� �p�o�i�n�t�i�n�g� �a�n�g�l�e� �a�t� �t�h�i�s� 

�l�o�w� �a�l�t�i�t�u�d�e�,� �a�s� �i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� �v�e�r�y� �s�i�m�i�l�a�r� �s�h�a�p�e�s� �o�f� �t�h�e� �w�a�v�e�f�o�r�m�s� �i�n� �F�i�g�u�r�e� �2�.�9�.� �A�t� 

�t�h�e� �s�a�m�e� �t�i�m�e�,� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�h�e� �e�x�t�i�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �a�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f�  ¬�.� �I�n� �F�i�g�u�r�e� 

�2�.�1�0�,� �t�h�e� �s�h�a�p�e�s� �a�r�e� �m�a�r�k�e�d�l�y� �d�i�f�f�e�r�e�n�t� �a�s� �t�h�e� �p�o�i�n�t�i�n�g� �a�n�g�l�e� �c�h�a�n�g�e�s�,� �a�n�d� �t�h�e� �e�x�t�i�n�c�t�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t� �d�e�p�e�n�d�e�n�c�e� �d�o�e�s� �n�o�t� �a�p�p�e�a�r� �t�o� �b�e� �s�i�m�i�l�a�r�.� �I�n� �f�a�c�t�,� �t�h�e� �t�w�o� �w�a�v�e�f�o�r�m�s� �f�o�r� 

 ¬� �=� �1�2�°� �l�o�o�k� �v�e�r�y� �s�i�m�i�l�a�r� �e�x�c�e�p�t� �f�o�r� �a� �t�i�m�e� �s�h�i�f�t� �w�h�i�c�h� �c�o�u�l�d� �e�a�s�i�l�y� �b�e� �a�t�t�r�i�b�u�t�e�d� �t�o� �a� 

�d�i�f�f�e�r�e�n�t� �p�o�i�n�t�i�n�g� �a�n�g�l�e�.� �A�l�s�o� �n�o�t�i�c�e� �t�h�a�t� �t�h�e� �1�2�°� �v�o�l�u�m�e� �r�e�t�u�r�n�s� �a�r�e� �v�e�r�y� �s�i�m�i�l�a�r� �t�o� �t�h�e� 

�1�2�°� �s�u�r�f�a�c�e� �r�e�t�u�r�n�s� �i�n� �F�i�g�u�r�e� �2�.�3�,� �a� �f�u�r�t�h�e�r� �c�o�m�p�l�i�c�a�t�i�o�n� �t�o� �t�r�y�i�n�g� �t�o� �i�s�o�l�a�t�e� �t�h�e� 

�p�e�n�e�t�r�a�t�i�o�n� �e�f�f�e�c�t�s� �o�n� �t�h�e� �w�a�v�e�f�o�r�m�s�.� �T�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e�s�e� �d�i�f�f�e�r�e�n�c�e�s�,� �T�a�b�l�e� �2�.�1� 

�s�u�m�m�a�r�i�z�e�s� �t�h�e� �h�a�l�f�-�p�o�w�e�r� �w�i�d�t�h�s� �o�f� �t�h�e� �v�o�l�u�m�e� �w�a�v�e�f�o�r�m�s� �i�n� �F�i�g�u�r�e�s� �2�.�9� �a�n�d� �2�.�1�0�.� 

�N�o�t�e� �t�h�a�t� �t�h�e� �r�a�t�i�o� �o�f� �w�i�d�t�h�s�,� �g�i�v�e�n� �i�n� �t�h�e� �l�a�s�t� �c�o�l�u�m�n�,� �s�h�o�w�s� �t�h�a�t� �t�h�e� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� 

�r�e�t�u�r�n�s� �a�r�e� �m�u�c�h� �m�o�r�e� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �p�o�i�n�t�i�n�g� �a�n�g�l�e� �t�h�a�n� �t�h�e� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� 

�c�o�u�n�t�e�r�p�a�r�t�s�.� �A� �l�a�r�g�e�r� �r�a�t�i�o� �i�n�d�i�c�a�t�e�s� �a� �g�r�e�a�t�e�r� �d�i�f�f�e�r�e�n�c�e�,� �w�h�i�l�e� �a� �r�a�t�i�o� �n�e�a�r� �u�n�i�t�y� 

�i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �t�w�o� �w�a�v�e�f�o�r�m�s� �a�r�e� �v�e�r�y� �s�i�m�i�l�a�r�.� �A�l�s�o� �n�o�t�e� �t�h�a�t� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� 

�h�a�l�f�-�p�o�w�e�r� �w�i�d�t�h� �r�a�t�i�o�s� �b�e�t�w�e�e�n� �0�°� �a�n�d� �1�2�°� �f�o�r� �t�h�e� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �w�a�v�e�f�o�r�m�s� �a�r�e� 

�v�e�r�y� �s�i�m�i�l�a�r�,� �a�s� �o�p�p�o�s�e�d� �t�o� �t�h�o�s�e� �f�o�r� �t�h�e� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �w�a�v�e�f�o�r�m�s�.� �T�h�i�s� �i�n�d�i�c�a�t�e�s� 

�t�h�a�t� �t�h�e� �e�x�t�i�n�c�t�i�o�n� �e�f�f�e�c�t�s� �a�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �&� �f�o�r� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d�,� �b�u�t� �n�o�t� 

�p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �s�y�s�t�e�m�s�.� �T�h�e�s�e� �d�e�s�i�r�a�b�l�e� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �s�y�s�t�e�m� 

�c�a�n� �b�e� �e�x�p�l�o�i�t�e�d� �t�o� �h�e�l�p� �d�e�t�e�r�m�i�n�e� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �o�b�s�e�r�v�e�d� �m�e�d�i�u�m�,� �s�i�n�c�e� �t�h�e� 

�w�a�v�e�f�o�r�m� �b�e�h�a�v�i�o�r� �i�s� �r�e�l�a�t�i�v�e�l�y� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �p�o�i�n�t�i�n�g� �a�n�g�l�e� �e�r�r�o�r�s�.� 

�A�s� �w�a�s� �d�o�n�e� �f�o�r� �t�h�e� �s�u�r�f�a�c�e� �m�o�d�e�l� �i�n� �F�i�g�u�r�e�s� �2�.�4� �a�n�d� �2�.�4�,� �e�x�a�m�p�l�e� �a�v�e�r�a�g�e� 

�w�a�v�e�f�o�r�m�s� �f�o�r� �a�n� �a�l�t�i�t�u�d�e� �o�f� �5�0� �k�m� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �2�.�1�1� �a�n�d� �2�.�1�2�.� �F�i�g�u�r�e� �2�.�1�1� 

�c�o�m�p�a�r�e�s� �t�h�e� �b�e�a�m�w�i�d�t�h�-� �a�n�d� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �n�a�d�i�r� �r�e�t�u�r�n�s� �f�o�r� �a�n� �e�x�t�i�n�c�t�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t� �o�f� �0�.�5� �N�p�/�m�.� �C�o�m�p�a�r�e� �t�h�e�s�e� �t�o� �t�h�e� �n�a�d�i�r� �r�e�t�u�r�n�s� �i�n� �F�i�g�u�r�e�s� �2�.�9� �a�n�d� �2�.�1�0� �a�n�d� 

�t�h�e� �s�i�g�n�i�f�i�c�a�n�t� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �w�a�v�e�f�o�r�m� �s�h�a�p�e�s� �b�e�c�o�m�e� �a�p�p�a�r�e�n�t�.� �A�s� �t�h�e� �a�l�t�i�t�u�d�e� 

�C�H�A�P�T�E�R� �2� �-� �S�C�A�T�T�E�R�E�D� �W�A�V�E�F�O�R�M� �M�O�D�E�L� �D�E�V�E�L�O�P�M�E�N�T� �3�9



�T�a�b�l�e� �2�.�1�.� �W�a�v�e�f�o�r�m� �w�i�d�t�h� �c�o�m�p�a�r�i�s�o�n� �f�o�r� �F�i�g�u�r�e�s� �2�.�9� �a�n�d� �2�.�1�0�.� 
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�F�i�g�u�r�e� �2�.�1�1�.� �E�x�a�m�p�l�e� �o�f� �t�h�e� �b�e�a�m�w�i�d�t�h�-� �a�n�d� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �v�o�l�u�m�e� �s�c�a�t�t�e�r�e�d� 
�w�a�v�e�f�o�r�m�s� �f�o�r� �a�n� �a�l�t�i�t�u�d�e� �o�f� �5�0� �k�m�.� �T�h�e� �p�o�i�n�t�i�n�g� �a�n�g�l�e� �i�s� �n�a�d�i�r� �a�n�d� �t�h�e� �e�x�t�i�n�c�t�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t�,� �k�,�,� �i�s� �0�.�5� �N�p�/�m�.� 
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�F�i�g�u�r�e� �2�.�1�2�.� �E�x�a�m�p�l�e� �o�f� �t�h�e� �b�e�a�m�w�i�d�t�h�-� �a�n�d� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �v�o�l�u�m�e� �s�c�a�t�t�e�r�e�d� 
�w�a�v�e�f�o�r�m�s� �a�t� �a�n� �a�l�t�i�t�u�d�e� �o�f� �5�0� �k�m� �f�o�r� �b�o�t�h� �n�a�d�i�r� �a�n�d� �1�2�°� �p�o�i�n�t�i�n�g� �a�n�g�l�e�s�.� �T�h�e� �e�x�t�i�n�c�t�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t�,� �k�.�,� �i�s� �0�.�5� �N�p�/�m�.� 

�C�H�A�P�T�E�R� �2� �-� �S�C�A�T�T�E�R�E�D� �W�A�V�E�F�O�R�M� �M�O�D�E�L� �D�E�V�E�L�O�P�M�E�N�T� �4�2



�i�n�c�r�e�a�s�e�s�,� �t�h�e� �w�a�v�e�f�o�r�m� �w�i�d�t�h� �f�o�r� �t�h�e� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �r�e�t�u�r�n�s� �i�n�c�r�e�a�s�e�s� �m�u�c�h� �m�o�r�e� 

�t�h�a�n� �t�h�e� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �r�e�t�u�r�n�s�.� �T�h�i�s� �m�a�k�e�s� �e�x�t�i�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �d�e�t�e�r�m�i�n�a�t�i�o�n� 

�m�o�r�e� �d�i�f�f�i�c�u�l�t� �f�o�r� �a� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�l�t�i�m�e�t�e�r� �b�e�c�a�u�s�e� �a� �s�m�a�l�l� �c�h�a�n�g�e� �i�n� �k�,� �m�a�k�e�s� �a� 

�l�e�s�s� �a�p�p�a�r�e�n�t� �c�h�a�n�g�e� �i�n� �w�a�v�e�f�o�r�m� �s�h�a�p�e�.� 

�F�i�g�u�r�e� �2�.�1�2� �s�h�o�w�s� �t�h�e� �s�a�m�e� �n�a�d�i�r� �r�e�t�u�r�n�s� �i�n� �F�i�g�u�r�e� �2�.�1�1� �a�l�o�n�g� �w�i�t�h� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�r�e�t�u�r�n�s� �f�o�r� �a� �1�2�°� �p�o�i�n�t�i�n�g� �a�n�g�l�e�.� �N�o�t�i�c�e� �t�h�a�t� �t�h�e� �t�i�m�e� �s�c�a�l�e� �h�a�s� �c�h�a�n�g�e�d� �d�r�a�m�a�t�i�c�a�l�l�y� 

�w�h�e�n� �c�o�m�p�a�r�e�d� �t�o� �p�r�e�v�i�o�u�s� �f�i�g�u�r�e�s�.� �T�h�i�s� �m�a�k�e�s� �t�h�e� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �n�a�d�i�r� �r�e�t�u�r�n� 

�a�p�p�e�a�r� �n�e�a�r� �7� �=� �0� �a�s� �s�o�m�e�t�h�i�n�g� �l�i�k�e� �a� �d�e�l�t�a� �f�u�n�c�t�i�o�n� �b�y� �c�o�m�p�a�r�i�s�o�n�.� �T�h�e�s�e� �w�i�d�e�r� 

�w�a�v�e�f�o�r�m�s� �a�r�e� �m�o�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �u�s�e� �i�n� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �c�h�a�n�g�e� �i�n� �e�x�t�i�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�.� 

�A� �b�e�a�m�w�i�d�t�h� �l�i�m�i�t�e�d� �s�y�s�t�e�m�,� �e�s�p�e�c�i�a�l�l�y� �a�t� �l�o�w�e�r� �a�l�t�i�t�u�d�e�s�,� �i�s� �m�o�r�e� �e�f�f�e�c�t�i�v�e� �a�t� 

�d�i�s�c�r�i�m�i�n�a�t�i�n�g� �e�x�t�i�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �c�h�a�n�g�e�s�.� �T�h�i�s� �f�e�a�t�u�r�e� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �w�a�y� �i�t� �c�a�n� 

�d�i�s�c�r�i�m�i�n�a�t�e� �b�e�t�w�e�e�n� �s�u�r�f�a�c�e� �r�o�u�g�h�n�e�s�s� �c�h�a�n�g�e�s�,� �a�s� �w�a�s� �d�e�m�o�n�s�t�r�a�t�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� 

�s�e�c�t�i�o�n�.� 

�2�.�3�.� �T�h�e� �C�o�m�b�i�n�e�d� �S�u�r�f�a�c�e� �a�n�d� �V�o�l�u�m�e� �S�c�a�t�t�e�r�e�d� �W�a�v�e�f�o�r�m� 

�M�o�d�e�l� 

�T�h�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�e�d� �p�u�l�s�e� �r�e�s�p�o�n�s�e� �c�a�n� �n�o�w� �b�e� �c�o�m�b�i�n�e�d� �w�i�t�h� �t�h�e� �s�u�r�f�a�c�e� �s�c�a�t�t�e�r�e�d� 

�p�u�l�s�e� �r�e�s�p�o�n�s�e� �t�o� �m�o�d�e�l� �t�h�e� �a�c�t�u�a�l� �r�e�t�u�r�n�s� �f�r�o�m� �a� �r�a�n�d�o�m� �m�e�d�i�u�m� �s�u�c�h� �a�s� �i�c�e� �o�r� �s�n�o�w�.� 

�T�h�e� �t�w�o� �m�o�d�e�l�s� �a�r�e� �c�o�m�b�i�n�e�d� �b�y� �a�d�d�i�n�g� �t�h�e� �w�a�v�e�f�o�r�m�s� �t�o�g�e�t�h�e�r�,� �p�a�y�i�n�g� �p�a�r�t�i�c�u�l�a�r� 

�a�t�t�e�n�t�i�o�n� �t�o� �t�h�e� �t�i�m�i�n�g� �o�f� �t�h�e� �w�a�v�e�f�o�r�m�s�.� �T�h�i�s� �i�s� �e�s�p�e�c�i�a�l�l�y� �i�m�p�o�r�t�a�n�t� �w�h�e�n� �m�o�d�e�l�i�n�g� 

�w�a�v�e�f�o�r�m�s� �f�o�r� �b�e�a�m�w�i�d�t�h� �l�i�m�i�t�e�d�,� �l�o�w� �a�l�t�i�t�u�d�e� �s�y�s�t�e�m�s� �s�u�c�h� �a�s� �M�A�R�A� �[�2�8�]�.� �T�h�e� �r�e�t�u�r�n� 

�w�a�v�e�f�o�r�m�s� �f�o�r� �t�h�i�s� �s�y�s�t�e�m� �a�r�e� �v�e�r�y� �n�a�r�r�o�w�,� �u�n�l�i�k�e� �c�o�n�v�e�n�t�i�o�n�a�l� �p�u�l�s�e�w�i�d�t�h� �l�i�m�i�t�e�d� 

�s�a�t�e�l�l�i�t�e� �a�l�t�i�m�e�t�e�r� �w�a�v�e�f�o�r�m�s� �(�c�f�.� �F�i�g�u�r�e�s� �2�.�2� �a�n�d� �2�.�9� �t�o� �F�i�g�u�r�e�s� �2�.�3� �a�n�d� �2�.�1�0�)�.� 

�W�h�e�n� �a�d�d�i�n�g� �t�h�e� �s�u�r�f�a�c�e� �a�n�d� �v�o�l�u�m�e� �m�o�d�e�l�s� �t�o�g�e�t�h�e�r�,� �t�h�e�y� �c�a�n�n�o�t� �s�i�m�p�l�y� �b�e� �a�d�d�e�d� 

�w�i�t�h� �e�q�u�a�l� �w�e�i�g�h�t�i�n�g� �b�e�c�a�u�s�e� �t�h�e�r�e� �a�r�e� �v�a�r�y�i�n�g� �p�h�y�s�i�c�a�l� �c�o�n�d�i�t�i�o�n�s� �w�h�e�r�e� �a�t� �t�i�m�e�s� �t�h�e� 

�s�u�r�f�a�c�e� �s�c�a�t�t�e�r�i�n�g� �m�a�y� �d�o�m�i�n�a�t�e� �t�h�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �o�r� �v�i�c�e� �v�e�r�s�a�.� �A�n� �e�x�a�m�p�l�e� �o�f� �t�h�i�s� 

�o�c�c�u�r�s� �i�n� �G�r�e�e�n�l�a�n�d�.� �T�h�e� �d�r�y� �s�n�o�w� �r�e�g�i�o�n� �o�f� �G�r�e�e�n�l�a�n�d� �[�4�]�,� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �h�i�g�h�e�r� 

�e�l�e�v�a�t�i�o�n�s� �a�n�d� �l�a�t�i�t�u�d�e�s�,� �e�x�h�i�b�i�t�s� �n�e�g�l�i�g�i�b�l�e� �s�u�r�f�a�c�e� �s�c�a�t�t�e�r�i�n�g� �a�t� �m�i�c�r�o�w�a�v�e� �f�r�e�q�u�e�n�c�i�e�s�.� 

�C�o�n�v�e�r�s�e�l�y�,� �t�h�e� �s�o�a�k�e�d� �r�e�g�i�o�n� �[�4�]�,� �l�o�c�a�t�e�d� �i�n� �t�h�e� �c�o�a�s�t�a�l� �z�o�n�e�s� �o�f� �G�r�e�e�n�l�a�n�d�,� �e�x�p�e�r�i�e�n�c�e�s� 

�s�i�g�n�i�f�i�c�a�n�t� �s�u�r�f�a�c�e� �m�e�l�t�i�n�g� �i�n� �t�h�e� �s�u�m�m�e�r�,� �t�h�u�s� �g�i�v�i�n�g� �r�i�s�e� �t�o� �s�u�r�f�a�c�e� �s�c�a�t�t�e�r�i�n�g� �o�n�l�y�.� �S�o� 

�w�h�e�n� �d�e�s�i�g�n�i�n�g� �a�n� �a�l�g�o�r�i�t�h�m� �f�o�r� �f�i�t�t�i�n�g� �a�l�t�i�m�e�t�e�r� �w�a�v�e�f�o�r�m�s� �w�i�t�h� �t�h�e� �m�o�d�e�l�,� �a� �p�a�r�a�m�e�t�e�r� 

�t�h�a�t� �w�i�l�l� �v�a�r�y� �i�s� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n� �r�a�t�i�o�,� �n�,� �w�h�i�c�h� �i�s� �u�s�e�d� �i�n� 
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�=� �$�[�S�(�r�)� �+� �V�(�r�)�,� �(�2�-�3�1�)� 

� � 

�w�h�e�r�e� �C ��'�(�7�)� �i�s� �t�h�e� �c�o�m�b�i�n�e�d� �s�c�a�t�t�e�r�e�d� �w�a�v�e�f�o�r�m� �a�n�d� �(�7�)� �i�s� �t�h�e� �s�u�r�f�a�c�e� �s�c�a�t�t�e�r�e�d� �m�o�d�e�l� 

�g�i�v�e�n� �b�y� �(�2�-�7�)� �a�n�d� �V�(�r�)� �i�s� �t�h�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�e�d� �m�o�d�e�l� �i�n� �(�2�-�3�0�)�.� �T�h�e� �q�u�a�n�t�i�t�i�e�s� �S� �a�n�d� �V� 

�a�r�e� �t�h�e� �p�e�a�k� �v�a�l�u�e�s� �o�f� �t�h�e� �s�u�r�f�a�c�e� �a�n�d� �v�o�l�u�m�e� �s�c�a�t�t�e�r�e�d� �w�a�v�e�f�o�r�m�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�;� �S�(�T�)� 

�a�n�d� �V�(�r�)� �a�r�e� �t�h�e�n� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �s�c�a�t�t�e�r�e�d� �w�a�v�e�f�o�r�m�s�.� �7� �c�a�n� �v�a�r�y� �f�r�o�m� �z�e�r�o� �(�a�l�l� �s�u�r�f�a�c�e� 

�s�c�a�t�t�e�r�i�n�g�)� �t�o� �i�n�f�i�n�i�t�y� �(�a�l�l� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g�)�.� �I�n� �t�h�e� �d�a�t�a� �f�i�t�t�i�n�g� �p�o�r�t�i�o�n� �o�f� �t�h�i�s� �r�e�s�e�a�r�c�h�,� �a� 

�p�r�a�c�t�i�c�a�l� �l�i�m�i�t� �i�s� �p�l�a�c�e�d� �o�n� �7� �t�o� �c�o�n�f�i�n�e� �t�h�e� �p�a�r�a�m�e�t�e�r� �s�e�a�r�c�h� �t�o� �a� �f�i�n�i�t�e� �r�a�n�g�e�.� �E�x�a�m�p�l�e�s� 

�o�f� �t�h�e� �c�o�m�b�i�n�e�d� �s�u�r�f�a�c�e� �a�n�d� �v�o�l�u�m�e� �s�c�a�t�t�e�r�e�d� �w�a�v�e�f�o�r�m�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �2�.�1�3� �a�n�d� 

�2�.�1�4�.� 

�T�h�e� �s�u�r�f�a�c�e� �s�c�a�t�t�e�r�e�d� �w�a�v�e�f�o�r�m�s� �u�s�e�d� �i�n� �F�i�g�u�r�e�s� �2�.�1�3� �a�n�d� �2�.�1�4� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �t�h�e� 

�s�u�r�f�a�c�e� �e�x�a�m�p�l�e�s� �i�n� �F�i�g�u�r�e�s� �2�.�2� �a�n�d� �2�.�3� �f�o�r� �o�,� �=� �0�.�2� �m�e�t�e�r�s�.� �T�h�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�e�d� 

�w�a�v�e�f�o�r�m�s� �u�s�e�d� �i�n� �t�h�e�s�e� �f�i�g�u�r�e�s� �a�r�e� �t�h�o�s�e� �f�r�o�m� �F�i�g�u�r�e�s� �2�.�9� �a�n�d� �2�.�1�0� �f�o�r� �k�,� �=� �0�.�5� �N�p�/�m�.� 

�F�i�g�u�r�e� �2�.�1�3� �s�h�o�w�s� �t�h�e�s�e� �m�o�d�e�l�e�d� �w�a�v�e�f�o�r�m�s� �f�o�r� �(�a�)� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�n�d� �(�b�)� 

�p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�l�t�i�m�e�t�e�r�s�,� �v�a�r�y�i�n�g� �c�o�m�b�i�n�a�t�i�o�n� �r�a�t�i�o�,� �7�,� �a�n�d� �n�a�d�i�r� �o�r�i�e�n�t�a�t�i�o�n�.� 

�C�o�m�p�a�r�e�d� �t�o� �p�r�e�v�i�o�u�s� �f�i�g�u�r�e�s�,� �t�h�e� �t�i�m�e� �s�c�a�l�e� �h�a�s� �b�e�e�n� �h�a�l�v�e�d� �t�o� �p�e�r�m�i�t� �a� �m�o�r�e� �d�e�t�a�i�l�e�d� 

�v�i�e�w�.� �T�h�e� �v�a�l�u�e� �7� �=� �1� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �c�a�s�e� �w�h�e�r�e� �t�h�e� �s�u�r�f�a�c�e� �a�n�d� �v�o�l�u�m�e� �w�a�v�e�f�o�r�m� �p�e�a�k� 

�v�a�l�u�e�s� �a�r�e� �e�q�u�a�l�.� �W�h�i�l�e� �t�h�i�s� �s�i�t�u�a�t�i�o�n� �i�s� �p�o�s�s�i�b�l�e�,� �i�n� �p�r�a�c�t�i�c�e� �i�t� �i�s� �q�u�i�t�e� �u�n�l�i�k�e�l�y� �t�h�a�t� �f�o�r� �a� 

�g�i�v�e�n� �s�p�a�n� �o�f� �a�l�t�i�m�e�t�e�r� �d�a�t�a� �t�h�e� �r�e�l�a�t�i�v�e� �c�o�n�t�r�i�b�u�t�i�o�n�s� �f�r�o�m� �s�u�r�f�a�c�e� �a�n�d� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� 

�a�r�e� �i�d�e�n�t�i�c�a�l�.� �I�n� �f�a�c�t�,� �i�t� �m�a�y� �b�e� �m�o�r�e� �l�i�k�e�l�y� �t�h�a�t� �t�h�e� �m�e�a�s�u�r�e�d� �a�v�e�r�a�g�e� �a�l�t�i�m�e�t�e�r� 

�w�a�v�e�f�o�r�m�s� �w�i�l�l� �l�o�o�k� �m�o�r�e� �l�i�k�e� �e�i�t�h�e�r� �t�h�e� �c�a�s�e� �o�f� �7� �=� �0�.�3�3� �o�r� �7� �=� �3�.� �T�h�e�s�e� �t�w�o� �v�a�l�u�e�s� 

�c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �s�i�t�u�a�t�i�o�n� �o�f� �7�5�%� �s�u�r�f�a�c�e� �t�o� �2�5�%� �v�o�l�u�m�e� �c�o�n�t�r�i�b�u�t�i�o�n� �a�n�d� �v�i�c�e�-�v�e�r�s�a�.� 

�F�o�r� �e�i�t�h�e�r� �c�a�s�e� �o�f� �b�e�a�m�w�i�d�t�h�-� �o�r� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �n�a�d�i�r� �w�a�v�e�f�o�r�m�s�,� �t�h�e� �w�a�v�e�f�o�r�m� 

�s�h�a�p�e�s� �a�r�e� �q�u�i�t�e� �d�i�f�f�e�r�e�n�t� �a�s� �7� �c�h�a�n�g�e�s�.� 

�F�i�g�u�r�e� �2�.�1�4� �s�h�o�w�s� �t�h�e� �c�o�m�b�i�n�e�d� �w�a�v�e�f�o�r�m�s� �f�o�r� �t�h�e� �s�a�m�e� �e�x�t�i�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �k�e�,� 

�a�n�d� �r�m�s� �s�u�r�f�a�c�e� �h�e�i�g�h�t�,� �o�;�,� �a�s� �i�n� �F�i�g�u�r�e� �2�.�1�3�,� �b�u�t� �f�o�r� �a�n� �o�f�f�-�n�a�d�i�r� �p�o�i�n�t�i�n�g� �a�n�g�l�e� �o�f� �1�2�°�.� 

�T�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �F�i�g�u�r�e�s� �2�.�1�4�(�a�)� �a�n�d� �(�b�)� �i�s� �s�i�g�n�i�f�i�c�a�n�t�.� �N�o�t�i�c�e� �t�h�a�t� �a�s� �7� �c�h�a�n�g�e�s�,� 

�t�h�e� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �w�a�v�e�f�o�r�m�s� �i�n� �F�i�g�u�r�e� �2�.�1�4�(�a�)� �c�h�a�n�g�e� �s�h�a�p�e� �c�o�n�s�i�d�e�r�a�b�l�y� �i�n� �t�h�e� �t�a�i�l� 

�r�e�g�i�o�n�,� �w�h�i�l�e� �t�h�e� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �w�a�v�e�f�o�r�m�s� �i�n� �F�i�g�u�r�e� �2�.�1�4�(�b�)� �r�e�t�a�i�n� �t�h�e� �s�a�m�e� �b�a�s�i�c� 

�s�h�a�p�e� �b�u�t� �a�r�e� �s�h�i�f�t�e�d� �i�n� �t�i�m�e�.� �I�n� �f�a�c�t�,� �t�h�e� �e�f�f�e�c�t� �o�f� �v�a�r�y�i�n�g� �7� �t�o� �o�b�t�a�i�n� �t�h�e� �p�u�l�s�e�w�i�d�t�h�-� 
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 ��- �� �n�=�0�.�3�3� 
�7� �=�1�.�0� 

 ��-�- �� �7�=�3�.�0� �:� 

�|� 

�B�8�0�.� �1�0�0� 
�T�i�m�e�,� �n�s� 

�(�a�)� 

�]� �q�  �� �T� �*� �T� �v�r� �t� �r� �T� �]� 

 ��- �� �n�=�0�.�3�3� 

 ��-�- �� �n�=�3�0� �|� 

�|� �!� 

�B�8�0� �1�0�0� 
�T�i�m�e�,� �n�s� 

�(�b�)� 
�F�i�g�u�r�e� �2�.�1�3�.� �E�x�a�m�p�l�e�s� �o�f� �t�h�e� �c�o�m�b�i�n�e�d� �s�c�a�t�t�e�r�e�d� �w�a�v�e�f�o�r�m�s� �f�o�r� �(�a�)� �b�e�a�m�w�i�d�t�h�-� �a�n�d� �(�b�)� 
�p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�l�t�i�m�e�t�e�r�s� �a�t� �n�a�d�i�r� �o�r�i�e�n�t�a�t�i�o�n�.� �T�h�e� �c�o�m�b�i�n�a�t�i�o�n� �r�a�t�i�o�,� �7�,� �v�a�r�i�e�s� �f�r�o�m� 

�0�.�3�3� �t�o� �3�.� 
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�(�a�)� 

�1�.�0� 

�0�.�8� �+� 
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�a�D� 
�{�W�O� 

�0�.�4�+� 

�0�.�2� 

�0�.�0� �p�o� �d�e�e�s� �d�e� �i� �b�e�s� �1� �|� �1� �|� �i� 

�0� �4�0� �8�0� �1�2�0� �1�6�0� �2�0�0� 

�T�i�m�e�,� �n�s� 

�(�b�)� 
�F�i�g�u�r�e� �2�.�1�4�.� �E�x�a�m�p�l�e�s� �o�f� �c�o�m�b�i�n�e�d� �s�c�a�t�t�e�r�e�d� �w�a�v�e�f�o�r�m�s� �f�o�r� �(�a�)� �b�e�a�m�w�i�d�t�h�-� �a�n�d� �(�b�)� 

�p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�l�t�i�m�e�t�e�r�s� �a�t� �1�2�°� �o�f�f�-�n�a�d�i�r� �p�o�i�n�t�i�n�g� �a�n�g�l�e�.� �T�h�e� �c�o�m�b�i�n�a�t�i�o�n� �r�a�t�i�o�,� �7�,� 
�v�a�r�i�e�s� �f�r�o�m� �0�.�3�3� �t�o� �3�.� �N�o�t�i�c�e� �t�h�e� �s�i�g�n�i�f�i�c�a�n�t� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� 

�w�a�v�e�f�o�r�m� �b�e�h�a�v�i�o�r� �w�h�i�l�e� �t�h�e� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �w�a�v�e�f�o�r�m� �s�e�e�m�s� �t�o� �o�n�l�y� �s�h�i�f�t� �i�n� �t�i�m�e� �a�s� 
�7� �v�a�r�i�e�s�.� 
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�l�i�m�i�t�e�d� �w�a�v�e�f�o�r�m�s� �i�n� �F�i�g�u�r�e� �2�.�1�4�(�b�)� �i�s� �n�o� �d�i�f�f�e�r�e�n�t� �t�h�a�n� �c�h�a�n�g�i�n�g� �t�h�e� �a�n�t�e�n�n�a� �p�o�i�n�t�i�n�g� 

�a�n�g�l�e� �s�l�i�g�h�t�l�y�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n�,� �t�h�e� �p�u�l�s�e�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�l�t�i�m�e�t�e�r� �c�a�n�n�o�t� �d�i�s�t�i�n�g�u�i�s�h� �t�h�e� 

�d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �p�o�i�n�t�i�n�g� �e�r�r�o�r�s� �a�n�d� �s�u�r�f�a�c�e�/�v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �c�o�n�t�r�i�b�u�t�i�o�n�s�.� �T�h�e� 

�b�e�a�m�w�i�d�t�h�-�l�i�m�i�t�e�d� �a�l�t�i�m�e�t�e�r� �i�s� �r�e�l�a�t�i�v�e�l�y� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �p�o�i�n�t�i�n�g� �a�n�g�l�e�,� �e�v�e�n� �t�o� �m�a�n�y� 

�b�e�a�m�w�i�d�t�h�s� �o�f�f�-�n�a�d�i�r�,� �s�o� �i�t� �i�s� �m�o�r�e� �s�u�i�t�a�b�l�e� �t�o� �d�e�t�e�c�t�i�n�g� �p�e�n�e�t�r�a�t�i�o�n� �e�f�f�e�c�t�s�.� 

�A�s� �a�n� �e�x�a�m�p�l�e� �o�f� �h�o�w� �w�e�l�l� �t�h�i�s� �a�p�p�r�o�a�c�h� �m�o�d�e�l�s� �t�h�e� �r�e�t�u�r�n�s� �f�r�o�m� �t�h�e� �i�c�e� �s�h�e�e�t�,� �t�h�e� 

�c�o�m�b�i�n�e�d� �s�u�r�f�a�c�e� �a�n�d� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �m�o�d�e�l� �w�i�l�l� �b�e� �c�o�m�p�a�r�e�d� �t�o� �r�e�a�l� �d�a�t�a�a� �M�A�R�A� 

�d�a�t�a� �f�r�o�m� �t�h�e� �S�e�p�t�e�m�b�e�r� �1�9�9�1� �m�i�s�s�i�o�n� �t�o� �G�r�e�e�n�l�a�n�d� �i�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �c�o�m�b�i�n�e�d� �m�o�d�e�l� 

�i�n� �F�i�g�u�r�e� �2�.�1�5�.� �I�n� �t�h�i�s� �e�x�a�m�p�l�e�,� �t�h�e� �p�u�l�s�e� �r�e�s�p�o�n�s�e�s� �f�r�o�m� �n�e�a�r� �n�a�d�i�r� �a�r�e� �e�x�a�m�i�n�e�d�.� �T�h�e� 

�t�h�r�e�e� �u�n�k�n�o�w�n� �m�o�d�e�l� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �c�r�u�d�e�l�y� �v�a�r�i�e�d� �b�y� �h�a�n�d� �t�o� �o�b�t�a�i�n� �t�h�e�  ��b�e�s�t� �f�i�t �� �s�e�e�n� 

�i�n� �F�i�g�u�r�e� �2�.�1�5� 

�T�h�e�s�e� �d�a�t�a� �w�e�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �u�p�p�e�r� �e�l�e�v�a�t�i�o�n�s� �o�f� �t�h�e� �i�c�e� �s�h�e�e�t�,� �w�e�l�l� �i�n�t�o� �t�h�e� �d�r�y� 

�s�n�o�w� �r�e�g�i�o�n� �w�h�e�r�e� �p�e�n�e�t�r�a�t�i�o�n� �i�s� �m�o�s�t� �l�i�k�e�l�y� �t�o� �o�c�c�u�r�.� �F�o�r� �t�h�e� �s�u�r�f�a�c�e� �m�o�d�e�l�,� �t�h�e� �r�m�s� 

�r�o�u�g�h�n�e�s�s� �o�;� �i�s� �v�a�r�i�e�d� �t�o� �p�r�o�v�i�d�e� �t�h�e� �b�e�s�t� �f�i�t� �t�o� �t�h�e� �l�e�a�d�i�n�g� �e�d�g�e� �r�e�g�i�o�n� �o�f� �t�h�e� �r�e�t�u�r�n� 

�w�a�v�e�f�o�r�m�;� �f�o�r� �t�h�i�s� �e�x�a�m�p�l�e� �t�h�e� �b�e�s�t� �f�i�t� �i�s� �f�o�r� �o�,� �=� �0�.�2�5� �m�e�t�e�r�s�.� �T�h�e� �e�x�t�i�n�c�t�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t� �i�s� �v�a�r�i�e�d� �i�n� �t�h�e� �v�o�l�u�m�e� �m�o�d�e�l� �t�o� �p�r�o�v�i�d�e� �t�h�e� �b�e�s�t� �f�i�t� �i�n� �t�h�e� �t�a�i�l� �r�e�g�i�o�n� �o�f� �t�h�e� 

�w�a�v�e�f�o�r�m�s�.� �T�h�e� �m�o�d�e�l�s� �a�r�e� �t�h�e�n� �c�o�m�b�i�n�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �m�i�x�i�n�g� �r�a�t�i�o� �7�.� �F�i�g�u�r�e�s� 

�2�.�1�5�(�b�-�d�)� �s�h�o�w� �v�a�r�i�o�u�s� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �k�,� �a�n�d� �c�o�m�b�i�n�a�t�i�o�n� �r�a�t�i�o� �7�.� �A�n�y� �o�f� �t�h�e�s�e� 

�p�r�o�v�i�d�e�s� �a� �g�o�o�d� �f�i�t�,� �b�u�t� �n�o�t�e� �t�h�a�t� �t�h�e� �m�i�x�i�n�g� �r�a�t�i�o� �v�a�r�i�e�s� �f�r�o�m� �o�n�l�y� �0�.�4�3� �(�7�0�%� �s�u�r�f�a�c�e�,� 

�3�0�%� �v�o�l�u�m�e� �c�o�n�t�r�i�b�u�t�i�o�n�s�)� �a�l�l� �t�h�e� �w�a�y� �u�p� �t�o� �c�o� �(�1�0�0�%� �v�o�l�u�m�e� �c�o�n�t�r�i�b�u�t�i�o�n�)� �a�n�d� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �p�e�n�e�t�r�a�t�i�o�n� �d�e�p�t�h� �v�a�r�i�e�s� �f�r�o�m� �2�0�0� �t�o� �8�3� �c�m�.� �W�h�i�l�e� �t�h�i�s� �e�x�a�m�p�l�e� 

�d�e�m�o�n�s�t�r�a�t�e�s� �h�o�w� �t�h�e� �c�o�m�b�i�n�e�d� �m�o�d�e�l� �c�a�n� �b�e� �u�s�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �v�o�l�u�m�e� �p�e�n�e�t�r�a�t�i�o�n� 

�e�f�f�e�c�t�s� �o�n� �t�h�e� �a�l�t�i�m�e�t�e�r� �w�a�v�e�f�o�r�m�s�,� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �a� �m�o�r�e� �a�u�t�o�m�a�t�e�d� �p�r�o�c�e�d�u�r�e� �i�s� �n�e�e�d�e�d� 

�t�o� �f�i�n�d� �t�h�e� �b�e�s�t� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �p�a�r�a�m�e�t�e�r�s� �t�o� �a�c�h�i�e�v�e� �a� �b�e�s�t� �f�i�t�.� �T�h�i�s� �i�s� �t�h�e� �s�u�b�j�e�c�t� �o�f� �t�h�e� 

�n�e�x�t� �c�h�a�p�t�e�r�.� 

�T�h�i�s� �e�x�a�m�p�l�e� �s�h�o�w�s� �h�o�w� �i�m�p�o�r�t�a�n�t� �i�t� �i�s� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �e�x�t�i�n�c�t�i�o�n� �c�a�u�s�e�d� �b�y� �t�h�e� 

�m�e�d�i�u�m� �a�s� �w�e� �a�t�t�e�m�p�t� �t�o� �m�e�a�s�u�r�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �s�c�a�t�t�e�r�i�n�g� �f�r�o�m� �t�h�e� �i�c�e� �s�h�e�e�t�.� �T�h�i�s� 

�e�x�a�m�p�l�e� �s�h�o�w�e�d� �t�h�a�t� �t�h�e�r�e� �i�s� �s�o�m�e� �p�e�n�e�t�r�a�t�i�o�n� �i�n�t�o� �t�h�e� �i�c�e� �s�h�e�e�t� �a�t� �3�6� �G�H�z�,� �s�o� �t�h�e�r�e� �m�u�s�t� 

�a�l�s�o� �b�e� �s�o�m�e� �f�o�r� �l�o�w�e�r� �f�r�e�q�u�e�n�c�i�e�s� �[�3�7�]�.� �S�i�n�c�e� �t�h�e�r�e� �a�r�e� �o�p�e�r�a�t�i�o�n�a�l� �a�l�t�i�m�e�t�e�r�s� �a�t� �t�h�e�s�e� 

�l�o�w�e�r� �f�r�e�q�u�e�n�c�i�e�s�,� �a�c�c�o�u�n�t�i�n�g� �f�o�r� �w�a�v�e�f�o�r�m� �p�e�n�e�t�r�a�t�i�o�n� �i�n� �t�h�e� �m�o�d�e�l�i�n�g� �o�f� �t�h�e� �a�l�t�i�m�e�t�e�r� 

�r�e�t�u�r�n�s� �i�s� �o�b�v�i�o�u�s�l�y� �i�m�p�o�r�t�a�n�t�.� 
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�1�.�0� 
�1�.�0� �F� 

�O�n� �=�e� �m� �x� �D�a�t�e� �o�,�~�0�.�2�5�m� �x� �M�A�R�A� �D�a�t�a� 
�f�=� �0�.� �S�p�l�i�n�e ��F�i�t� �D�a�t�e� �o�a�t� �K�e�,�"� �9�-�5� �N�p�/�m� �S�p�l�i�n�e�-�F�i�t�D�a�t�a� �|� �|� 

�0�8� �h�=�4�9�0�m�  �� �f�f� �|� �w�n�e�n�c�e�e� �S�u�r�f�a�c�e� �M�o�d�e�l� �q� �.� �S�W�V�=�7�0�/�3�0� �f�F� �J�f� �|� �a�c�r�e�s� �C�o�m�b�i�n�e�d� �M�o�d�e�}�!� 

�s� �5� �;� �F� �o�m� �a� �L� 
 �� �0�.�8� �J� �5� �%�8� 
�o� �a� 
�&� �B� 

�E� �F� 
�5� �0�.�4� �5� �0�.�4�-� 

�z� �=� 

�0�.�2� �0�.�2�7� 

�|� �,� �i� �|� �a� �S�R� 
�°�°�5� �1�5� �3�0� �4�5� �6�0� �7�5� �0�.�0� �.�  �� �{�$�e� 

�0� �1�5� �3�0� �4�5� �6�0� �7�5� 
�T�i�m�e�,� �n�s� �T�i�m�e�,� �n�s� 

�(�a�)� �(�b�)� 

�1�.�0� �1�.�0� 

�a�=� �0�.�2�6� �m� �x� �M�A�R�A� �D�a�t�a� �a�,� �=� �0�.�2�5� �m� �x� �M�A�R�A� �D�a�t�a� 
�o�a�k� �k�,� �=� �0�.�9� �N�p�/�m� �S�p�l�i�n�e�-�F�i�t�D�a�t�a� �|� �|� �o�a�k� �k�e� �«� �1�.�2�N�p�/�m� �S�p�l�i�n�e�~�F�i�t� �D�a�t�a� �|� �|� 

�.� �S�N�V�=�3�0�f�7�0� �f�f� �w�a�v�e� �C�o�m�b�i�n�e�d� �M�o�d�e�l� �.� �S�W�V�=�0�/�1�0�0� �f�F� �f�o� �|� �c�v�c�e�e�e� �C�o�m�b�i�n�e�d� �M�o�d�e�l� �s� �5� �E� �E� 
�a� �o�e� �o�&� �0�.�6� �F� 
�3� �g� 
�a� �a� 

�g� �5� 
�3� �3� 
�E� �o�a�t� �E� �o�4�}� �8� �8� �z� �z� 

�0�.�2�5� �0�.�2�5� 

�0�.�0� �a�c�d�t�a�a�d�t� �a� �n�e� �0�.�0� �b�e� �n�s� �o�m�o�t� 
�1�5� �3�0� �4�5� �6�0� �7�5� �1�5� �3�0� �4�5� �6�0� �7�5� 

�T�i�m�e�,� �n�s� �T�i�m�e�,� �n�s� 

�(�c�)� �(�d�)� 

�F�i�g�u�r�e� �2�.�1�5�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �m�e�a�s�u�r�e�d� �a�l�t�i�m�e�t�e�r� �d�a�t�a� �t�o� �t�h�e� �c�o�m�b�i�n�e�d� �s�u�r�f�a�c�e� �a�n�d� 
�v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �m�o�d�e�l�.� �F�o�r� �t�h�e� �d�a�t�a�,� �9�5�0� �w�a�v�e�f�o�r�m�s� �a�r�e� �a�v�e�r�a�g�e�d� �(�1�0� �s�e�c�o�n�d� 

�a�v�e�r�a�g�i�n�g� �t�i�m�e�)�,� �t�h�e� �p�o�i�n�t�i�n�g� �a�n�g�l�e� �i�s� �0�.�4�°� �a�n�d� �t�h�e� �a�l�t�i�t�u�d�e� �i�s� �4�3�0� �m�e�t�e�r�s�.� �I�n� �(�a�)�,� �t�h�e� �d�a�t�a� 
�a�r�e� �f�i�t� �t�o� �o�n�l�y� �t�h�e� �s�u�r�f�a�c�e� �m�o�d�e�l� �w�i�t�h� �o�;�,� �=� �0�.�2�5� �m�e�t�e�r�s�,� �r�e�v�e�a�l�i�n�g� �t�h�a�t� �m�e�d�i�u�m� 

�p�e�n�e�t�r�a�t�i�o�n� �i�s� �o�c�c�u�r�r�i�n�g�.� �T�h�e� �r�e�m�a�i�n�i�n�g� �f�i�g�u�r�e�s� �s�h�o�w� �t�h�e� �c�o�m�b�i�n�e�d� �m�o�d�e�l� �f�i�t� �t�o� �t�h�e� �d�a�t�a� 
�f�o�r� �0�,� �=� �0�.�2�5� �m�e�t�e�r�s� �w�i�t�h� �r�e�s�p�e�c�t�i�v�e� �k�,� �a�n�d� �7� �v�a�l�u�e�s� �o�f� �(�b�)� �0�.�5� �N�p�/�m�,� �0�.�4�3�;� 

�(�c�)� �0�.�7� �N�p�/�m�,� �2�.�3�3�;� �a�n�d� �(�d�)� �1�.�2� �N�p�/�m�,� �o�o�.� 
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�2�.�4� �C�a�p�a�b�i�l�i�t�i�e�s� �a�n�d� �L�i�m�i�t�a�t�i�o�n�s� �o�f� �t�h�e� �M�o�d�e�l� 

�A�s� �i�n� �a�n�y� �c�a�s�e� �w�h�e�r�e� �a� �m�o�d�e�l� �i�s� �u�s�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �s�o�m�e� �p�h�y�s�i�c�a�l� �p�r�o�c�e�s�s�,� �i�t� �i�s� 

�i�m�p�o�r�t�a�n�t� �t�o� �r�e�a�l�i�z�e� �t�h�a�t� �t�h�e�r�e� �a�r�e� �c�e�r�t�a�i�n� �c�a�p�a�b�i�l�i�t�i�e�s� �a�n�d� �l�i�m�i�t�a�t�i�o�n�s� �t�h�a�t� �m�u�s�t� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �b�e�f�o�r�e� �i�t� �c�a�n� �b�e� �u�s�e�d� �t�o� �a�n�a�l�y�z�e� �a�l�t�i�m�e�t�e�r� �d�a�t�a�.� �F�o�r� �t�h�e� �c�o�m�b�i�n�e�d� �m�o�d�e�l�,� �a�n� 

�i�m�p�o�r�t�a�n�t� �c�o�n�c�e�p�t� �i�s� �t�h�a�t� �a�l�l� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�h�e� �r�o�u�g�h� �i�n�t�e�r�f�a�c�e� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �s�u�r�f�a�c�e� 

�m�o�d�e�l� �o�n�l�y�.� �W�h�e�t�h�e�r� �o�r� �n�o�t� �t�h�i�s� �i�s� �a� �p�o�s�i�t�i�v�e� �f�e�a�t�u�r�e�,� �i�t� �s�e�r�v�e�s� �t�o� �s�i�m�p�l�i�f�y� �t�h�e� �v�o�l�u�m�e� 

�m�o�d�e�l� �c�o�n�s�i�d�e�r�a�b�l�y�.� 

�I�f� �t�h�e� �i�n�t�e�r�f�a�c�e� �r�o�u�g�h�n�e�s�s� �w�e�r�e� �a�c�c�o�u�n�t�e�d� �f�o�r� �i�n� �t�h�e� �v�o�l�u�m�e� �m�o�d�e�l�,� �i�t� �w�o�u�l�d� �h�a�v�e� �t�o� 

�b�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �a�r�g�u�m�e�n�t� �o�f� �t�h�e� �e�x�p�o�n�e�n�t�i�a�l� �f�a�c�t�o�r� �f�o�r� �e�x�t�i�n�c�t�i�o�n� �a�s� �a� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e� 

�i�n� �t�h�e� �r�  �� �h�s�e�c�O� �e�x�p�r�e�s�s�i�o�n�.� �T�h�e� �u�p�p�e�r� �l�i�m�i�t� �o�f� �t�h�e� �9�-�i�n�t�e�g�r�a�l� �w�o�u�l�d� �a�l�s�o� �h�a�v�e� �t�o� �i�n�c�l�u�d�e� 

�t�h�e� �r�a�n�d�o�m� �n�a�t�u�r�e� �o�f� �w�h�e�r�e� �t�h�e� �i�m�p�u�l�s�e� �i�n�t�e�r�s�e�c�t�s� �t�h�e� �r�o�u�g�h� �s�u�r�f�a�c�e�.� �T�h�u�s�,� �i�n�c�l�u�d�i�n�g� �a� 

�r�a�n�d�o�m�l�y� �r�o�u�g�h� �i�n�t�e�r�f�a�c�e� �i�n� �t�h�e� �v�o�l�u�m�e� �m�o�d�e�l� �i�s� �m�u�c�h� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �t�h�a�n� �f�o�r� �t�h�e� 

�s�u�r�f�a�c�e� �m�o�d�e�l�,� �w�h�i�c�h� �w�a�s� �a� �s�i�m�p�l�e� �c�o�n�v�o�l�u�t�i�o�n� �w�i�t�h� �t�h�e� �s�u�r�f�a�c�e� �h�e�i�g�h�t� �p�d�f�.� �A�s� �u�s�e�d� �i�n� 

�t�h�i�s� �w�o�r�k�,� �t�h�e� �c�o�m�b�i�n�e�d� �m�o�d�e�l� �c�a�n� �b�e� �a�p�p�l�i�e�d� �w�i�t�h� �t�h�e� �m�o�s�t� �c�o�n�f�i�d�e�n�c�e� �t�o� �a� �r�a�n�d�o�m�l�y� 

�r�o�u�g�h� �s�u�r�f�a�c�e� �o�v�e�r� �a� �p�e�n�e�t�r�a�b�l�e� �m�e�d�i�a� �i�n� �c�a�s�e�s� �w�h�e�r�e� �t�h�e� �r�o�u�g�h�n�e�s�s� �i�s� �n�o�t� �t�o�o� �l�a�r�g�e� �i�n� 

�t�e�r�m�s� �o�f� �e�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �w�a�v�e�l�e�n�g�t�h�s�.� �S�u�c�h� �i�s� �t�h�e� �s�i�t�u�a�t�i�o�n� �i�n� �t�h�e� �h�i�g�h�e�r� �e�l�e�v�a�t�i�o�n�s� �o�f� 

�t�h�e� �i�c�e� �s�h�e�e�t�s�.� 

�A�n�o�t�h�e�r� �l�i�m�i�t�a�t�i�o�n� �o�f� �t�h�e� �c�o�m�b�i�n�e�d� �m�o�d�e�l� �i�s� �i�n� �t�h�e� �u�s�e� �o�f� �7� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �r�e�l�a�t�i�v�e� 

�c�o�n�t�r�i�b�u�t�i�o�n�s� �o�f� �s�u�r�f�a�c�e� �a�n�d� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g�.� �T�h�e� �l�i�m�i�t�s� �o�n� �7�7� �a�r�e� �[�0�,� �o�o�)�,� �b�u�t� �i�n� �p�r�a�c�t�i�c�e� 

�t�h�e� �u�p�p�e�r� �l�i�m�i�t� �i�s� �u�n�r�e�a�s�o�n�a�b�l�e�.� �U�s�i�n�g� �t�h�i�s� �l�i�m�i�t� �i�n� �t�h�e� �c�o�m�b�i�n�e�d� �m�o�d�e�l� �w�o�u�l�d� �c�a�u�s�e� �a� 

�n�u�m�e�r�i�c�a�l� �o�v�e�r�f�l�o�w� �i�n� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�,� �s�o� �p�r�a�c�t�i�c�a�l� �l�i�m�i�t�s� �o�n� �7� �m�u�s�t� �b�e� �s�e�t�.� �A� �b�r�i�e�f� �s�t�u�d�y� 

�o�f� �t�h�e� �d�e�p�e�n�d�e�n�c�e� �o�f� �f�e�a�t�u�r�e�s� �l�i�k�e� �t�h�e� �h�a�l�f�-�p�o�w�e�r� �w�i�d�t�h�,� �a�r�e�a�,� �c�e�n�t�r�o�i�d� �a�n�d� �l�e�a�d�i�n�g�-� �a�n�d� 

�t�r�a�i�l�i�n�g�-�e�d�g�e� �s�l�o�p�e�s� �o�f� �a� �c�o�m�b�i�n�e�d� �m�o�d�e�l� �w�a�v�e�f�o�r�m� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �7� �c�o�u�l�d� �b�e� �l�i�m�i�t�e�d� �t�o� 

�a� �r�a�n�g�e� �o�f� �[�0�.�1�,� �1�0�]�.� �A�n�y� �v�a�l�u�e�s� �o�f� �7� �b�e�y�o�n�d� �t�h�e�s�e� �l�i�m�i�t�s� �c�a�u�s�e�s� �n�o� �s�i�g�n�i�f�i�c�a�n�t� �c�h�a�n�g�e� �t�o� 

�t�h�e� �w�a�v�e�f�o�r�m�s�.� 

�T�h�e�s�e� �l�i�m�i�t�s� �c�o�r�r�e�s�p�o�n�d� �t�o� �c�a�s�e�s� �w�h�e�r�e� �t�h�e� �v�o�l�u�m�e�-�t�o�-�s�u�r�f�a�c�e� �s�t�r�e�n�g�t�h� �i�s� �1�/�1�0� �a�n�d� �1�0�.� 

�I�n�c�r�e�m�e�n�t�s� �o�v�e�r� �t�h�i�s� �r�a�n�g�e� �a�r�e� �b�e�s�t� �p�e�r�f�o�r�m�e�d� �i�n� �l�o�g�a�r�i�t�h�m�i�c�-�s�p�a�c�e�,� �i�.�e�.� �o�v�e�r� �t�h�e� �r�a�n�g�e� �o�f� 

�l�o�g� �a� �=�  ��1� �t�o� �l�o�g�1�0�=�1�.� �I�n� �l�o�g� �s�p�a�c�e�,� �a�n� �i�n�c�r�e�m�e�n�t� �o�f� �0�.�1� �o�r� �0�.�0�5� �w�i�l�l� �p�r�o�v�i�d�e� �a� 

�u�n�i�f�o�r�m� �s�a�m�p�l�i�n�g� �o�f� �7�)� �o�v�e�r� �t�h�i�s� �r�a�n�g�e� 

�T�h�e� �r�e�m�a�i�n�i�n�g� �c�a�p�a�b�i�l�i�t�i�e�s� �a�n�d� �l�i�m�i�t�a�t�i�o�n�s� �o�f� �t�h�e� �c�o�m�b�i�n�e�d� �m�o�d�e�l� �a�r�e� �d�i�s�c�u�s�s�e�d� �i�n� 

�t�e�r�m�s� �o�f� �i�t�s� �c�o�m�p�o�n�e�n�t�s�,� �t�h�e� �s�u�r�f�a�c�e� �a�n�d� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �m�o�d�e�l�s�.� 

�C�H�A�P�T�E�R� �2� �-� �S�C�A�T�T�E�R�E�D� �W�A�V�E�F�O�R�M� �M�O�D�E�L� �D�E�V�E�L�O�P�M�E�N�T� �4�9



�2�.�4�.�1� �T�h�e� �S�u�r�f�a�c�e� �M�o�d�e�l� 

�T�h�e� �s�u�r�f�a�c�e� �m�o�d�e�l� �c�a�n� �b�e� �u�s�e�d� �u�p� �t�o� �m�a�n�y� �b�e�a�m�w�i�d�t�h�s� �o�f�f�-�n�a�d�i�r� �w�i�t�h� �e�x�c�e�l�l�e�n�t� 

�r�e�s�u�l�t�s� �[�2�6�]�.� �W�h�i�l�e� �t�h�e� �G�a�u�s�s�i�a�n� �h�e�i�g�h�t� �p�d�f� �i�s� �c�o�m�m�o�n�l�y� �u�s�e�d�,� �a�n�y� �p�d�f� �f�o�r�m� �t�h�a�t� �m�a�y� 

�p�r�o�v�i�d�e� �a� �m�o�r�e� �a�c�c�u�r�a�t�e� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �s�u�r�f�a�c�e� �s�t�a�t�i�s�t�i�c�s� �c�a�n� �e�a�s�i�l�y� �b�e� �u�s�e�d� �i�n� �t�h�e� 

�m�o�d�e�l�.� �T�h�e� �p�o�i�n�t� �t�a�r�g�e�t� �r�e�s�p�o�n�s�e� �i�s� �a� �f�u�n�c�t�i�o�n� �t�h�a�t� �c�a�n� �b�e� �e�a�s�i�l�y� �m�e�a�s�u�r�e�d� �o�n�c�e� �f�o�r� �a�n� 

�a�l�t�i�m�e�t�e�r� �s�y�s�t�e�m� �a�n�d� �u�s�e�d� �i�n� �t�h�e� �m�o�d�e�l� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �t�r�a�n�s�m�i�t�t�e�r�/�r�e�c�e�i�v�e�r� �e�f�f�e�c�t�s� �o�n� 

�t�h�e� �w�a�v�e�f�o�r�m�s�.� �F�i�n�a�l�l�y�,� �s�i�n�c�e� �t�w�o� �o�f� �t�h�e� �t�h�r�e�e� �e�x�p�r�e�s�s�i�o�n�s� �g�i�v�e�n� �f�o�r� �t�h�e� �f�l�a�t� �s�u�r�f�a�c�e� 

�i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �a�r�e� �c�l�o�s�e�d� �f�o�r�m�,� �t�h�e� �m�o�d�e�l� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �v�e�r�y� �r�a�p�i�d�l�y� �w�i�t�h� �t�h�e� �a�i�d� �o�f� 

�F�F�T�s� �[�7�]� �t�o� �m�a�k�e� �p�a�r�a�m�e�t�e�r� �v�a�r�i�a�t�i�o�n� �f�o�r� �m�o�d�e�l� �f�i�t�t�i�n�g� �f�e�a�s�i�b�l�e�.� 

�T�h�e� �l�i�m�i�t�a�t�i�o�n�s� �o�f� �t�h�i�s� �m�o�d�e�l� �i�n�c�l�u�d�e� �t�h�o�s�e� �g�i�v�e�n� �b�y� �B�r�o�w�n� �[�8�]�.� �T�h�e� �m�o�d�e�l� �a�s�s�u�m�e�s� 

�t�h�a�t� �t�h�e� �i�l�l�u�m�i�n�a�t�e�d� �s�u�r�f�a�c�e� �i�s� �c�o�m�p�r�i�s�e�d� �o�f� �a� �s�u�f�f�i�c�i�e�n�t�l�y� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �r�a�n�d�o�m� 

�i�n�d�e�p�e�n�d�e�n�t� �s�c�a�t�t�e�r�e�r�s�,� �w�h�i�c�h� �m�a�y� �o�r� �m�a�y� �n�o�t� �b�e� �a� �c�o�n�c�e�r�n� �f�o�r� �l�o�w� �a�l�t�i�t�u�d�e�,� �n�a�r�r�o�w� 

�b�e�a�m�w�i�d�t�h� �a�l�t�i�m�e�t�e�r�s�.� �A� �q�u�i�c�k� �c�h�e�c�k� �t�o� �s�e�e� �i�f� �t�h�i�s� �c�o�n�d�i�t�i�o�n� �i�s� �m�e�t� �i�s� �t�o� �c�o�m�p�u�t�e� �t�h�e� �s�i�z�e� 

�o�f� �t�h�e� �a�l�t�i�m�e�t�e�r�'�s� �f�o�o�t�p�r�i�n�t� �(�i�l�l�u�m�i�n�a�t�e�d� �a�r�e�a�)�.� �I�f� �t�h�e� �d�i�a�m�e�t�e�r� �i�s� �v�e�r�y� �l�a�r�g�e� �i�n� �t�e�r�m�s� �o�f� �t�h�e� 

�s�u�r�f�a�c�e� �h�e�i�g�h�t� �d�e�c�o�r�r�e�l�a�t�i�o�n� �l�e�n�g�t�h�,� �t�h�e�n� �t�h�i�s� �c�o�n�d�i�t�i�o�n� �i�s� �m�o�s�t� �l�i�k�e�l�y� �m�e�t�.� �I�t� �i�s� �c�o�n�f�i�n�e�d� 

�t�o� �u�s�e� �n�e�a�r�-�n�a�d�i�r� �b�e�c�a�u�s�e� �a� �s�m�a�l�l� �o�f�f�-�n�a�d�i�r� �a�n�g�l�e� �a�s�s�u�m�p�t�i�o�n� �w�a�s� �m�a�d�e� �t�o� �a�l�l�o�w� �t�h�e� 

�r�a�n�d�o�m� �s�u�r�f�a�c�e� �h�e�i�g�h�t� �v�a�r�i�a�t�i�o�n� �t�o� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �c�o�n�v�o�l�u�t�i�o�n� �w�i�t�h� �t�h�e� �h�e�i�g�h�t� �p�d�f� 

�r�a�t�h�e�r� �t�h�a�n� �w�i�t�h�i�n� �t�h�e� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �i�t�s�e�l�f� �[�1�0�]�.� �T�h�u�s�,� �i�t� �c�a�n�n�o�t� �b�e� �u�s�e�d� �f�o�r� �n�e�a�r� 

�g�r�a�z�i�n�g� �i�n�c�i�d�e�n�c�e�,� �b�u�t� �f�o�r�t�u�n�a�t�e�l�y� �t�h�i�s� �i�s� �n�o�t� �a� �p�r�o�b�l�e�m� �i�n� �c�o�n�v�e�n�t�i�o�n�a�l� �a�l�t�i�m�e�t�r�y�.� �T�h�e� 

�m�o�d�e�l� �o�n�l�y� �d�e�s�c�r�i�b�e�s� �i�n�c�o�h�e�r�e�n�t� �s�c�a�t�t�e�r�i�n�g� �i�n� �t�h�e� �m�e�a�n�,� �a�s�s�u�m�e�s� �n�o� �p�o�l�a�r�i�z�a�t�i�o�n� �e�f�f�e�c�t�s� 

�a�n�d� �t�h�e� �s�u�r�f�a�c�e� �h�e�i�g�h�t� �s�t�a�t�i�s�t�i�c�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �c�o�n�s�t�a�n�t� �o�v�e�r� �t�h�e� �t�o�t�a�l� �i�l�l�u�m�i�n�a�t�e�d� �a�r�e�a�.� 

�I�t� �a�l�s�o� �r�e�q�u�i�r�e�s� �t�h�a�t� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �s�c�a�t�t�e�r�i�n�g� �p�r�o�c�e�s�s� �w�i�t�h� �i�n�c�i�d�e�n�c�e� �a�n�g�l�e� �i�s� 

�m�a�n�i�f�e�s�t�e�d� �i�n� �o�°� �a�n�d� �t�h�e� �a�n�t�e�n�n�a� �g�a�i�n� �p�a�t�t�e�r�n�.� �F�u�r�t�h�e�r�,� �0�°� �i�s� �a�s�s�u�m�e�d� �t�o� �v�a�r�y� �s�l�o�w�l�y� �o�v�e�r� 

�t�h�e� �a�n�g�u�l�a�r� �e�x�t�e�n�t� �o�f� �t�h�e� �m�e�a�n� �r�e�t�u�r�n�.� �F�i�n�a�l�l�y�,� �t�h�e� �t�o�t�a�l� �D�o�p�p�l�e�r� �f�r�e�q�u�e�n�c�y� �s�p�r�e�a�d� �d�u�e� �t�o� 

�t�h�e� �r�a�d�i�a�l� �v�e�l�o�c�i�t�y� �b�e�t�w�e�e�n� �t�h�e� �r�a�d�a�r� �a�n�d� �t�h�e� �s�u�r�f�a�c�e� �i�s� �a�s�s�u�m�e�d� �s�m�a�l�l� �w�h�e�n� �c�o�m�p�a�r�e�d� �t�o� 

�t�h�e� �b�a�n�d�w�i�d�t�h� �o�f� �t�h�e� �t�r�a�n�s�m�i�t�t�e�d� �p�u�l�s�e�.� 

�2�.�4�.�2� �T�h�e� �V�o�l�u�m�e� �M�o�d�e�l� 

�T�h�e� �c�a�p�a�b�i�l�i�t�i�e�s� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�n�c�l�u�d�e� �t�h�e� �a�b�i�l�i�t�y� �t�o� �m�o�d�e�l� �t�h�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�e�d� 

�r�e�t�u�r�n� �w�a�v�e�f�o�r�m�s� �f�o�r� �a� �g�e�n�e�r�a�l� �c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� �a�n�t�e�n�n�a� �b�e�a�m�w�i�d�t�h�,� �t�r�a�n�s�m�i�t�t�e�d� 

�p�u�l�s�e�w�i�d�t�h�,� �r�a�d�a�r� �a�l�t�i�t�u�d�e� �a�n�d� �p�o�i�n�t�i�n�g� �a�n�g�l�e�.� �T�h�e� �p�o�i�n�t� �t�a�r�g�e�t� �r�e�s�p�o�n�s�e� �i�s� �t�h�e� �s�a�m�e� �a�s� 

�t�h�a�t� �u�s�e�d� �f�o�r� �t�h�e� �s�u�r�f�a�c�e� �m�o�d�e�l�,� �s�o� �i�t� �i�s� �a�l�r�e�a�d�y� �a�v�a�i�l�a�b�l�e� �w�i�t�h�o�u�t� �f�u�r�t�h�e�r� �c�o�m�p�u�t�a�t�i�o�n� �o�r� 

�m�e�a�s�u�r�e�m�e�n�t�.� �T�h�i�s� �m�o�d�e�l� �a�l�s�o� �h�a�s� �a�n� �a�d�v�a�n�t�a�g�e� �i�n� �t�h�a�t�,� �a�s� �i�n� �p�r�e�v�i�o�u�s� �w�o�r�k� �[�3�1�,�1�3�]�,� �i�t� �i�s� 
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�a� �s�i�m�p�l�e�  ��f�i�r�s�t� �o�r�d�e�r�"� �a�p�p�r�o�a�c�h� �t�o� �m�o�d�e�l�i�n�g� �t�h�e� �s�c�a�t�t�e�r�i�n�g� �p�r�o�c�e�s�s�.� �I�t� �d�o�e�s� �n�o�t� �a�t�t�e�m�p�t� �t�o� 

�i�d�e�n�t�i�f�y� �t�h�e� �p�a�r�t�i�c�u�l�a�r� �m�e�c�h�a�n�i�s�m�s� �s�u�c�h� �a�s� �m�u�l�t�i�p�l�e� �s�c�a�t�t�e�r�i�n�g� �[�1�7�]�;� �r�a�t�h�e�r�,� �i�t� �o�n�l�y� 

�a�t�t�e�m�p�t�s� �t�o� �i�d�e�n�t�i�f�y� �a� �s�i�m�p�l�e� �e�f�f�e�c�t�i�v�e� �p�a�r�a�m�e�t�e�r� �(�o�r� �s�e�t� �o�f� �p�a�r�a�m�e�t�e�r�s�)� �t�h�a�t� �c�a�n� �b�e� �u�s�e�d� 

�t�o� �i�d�e�n�t�i�f�y� �w�h�e�n� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �i�s� �p�r�e�s�e�n�t�.� 

�O�n�e� �o�f� �t�h�e� �l�i�m�i�t�a�t�i�o�n�s� �o�f� �t�h�i�s� �m�o�d�e�l� �i�s� �t�h�a�t� �i�t� �a�s�s�u�m�e�s� �t�h�e� �m�e�d�i�u�m� �i�s� �c�o�m�p�r�i�s�e�d� �o�f� �a� 

�l�a�r�g�e� �n�u�m�b�e�r� �o�f� �i�n�d�e�p�e�n�d�e�n�t�l�y� �d�i�s�t�r�i�b�u�t�e�d� �s�c�a�t�t�e�r�e�r�s�,� �w�h�i�c�h� �i�g�n�o�r�e�s� �m�u�l�t�i�p�l�e� �s�c�a�t�t�e�r�i�n�g� 

�e�f�f�e�c�t�s�.� �T�h�i�s� �m�a�y� �b�e� �a� �c�r�u�c�i�a�l� �p�o�i�n�t� �f�o�r� �t�h�e� �i�c�e� �s�h�e�e�t� �o�f� �G�r�e�e�n�l�a�n�d� �i�f� �t�h�e� �v�o�l�u�m�e� �f�r�a�c�t�i�o�n� 

�o�f� �s�c�a�t�t�e�r�e�r�s� �i�n� �n�a�t�u�r�a�l� �s�n�o�w� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �i�n� �t�h�e� �r�a�n�g�e� �o�f� �2�0�-�5�5�%� �[�3�7�]�.� �F�o�r� �a� �h�i�g�h� 

�v�o�l�u�m�e� �f�r�a�c�t�i�o�n�,� �t�h�e� �p�a�r�t�i�c�l�e�s� �m�a�y� �b�e� �p�a�c�k�e�d� �t�o�o� �c�l�o�s�e� �t�o�g�e�t�h�e�r� �t�o� �i�g�n�o�r�e� �m�u�l�t�i�p�l�e� 

�s�c�a�t�t�e�r�i�n�g�.� �T�h�e� �m�o�d�e�l� �i�s� �a�l�s�o� �r�e�s�t�r�i�c�t�e�d� �t�o� �n�e�a�r�-�n�a�d�i�r� �u�s�e�,� �b�e�c�a�u�s�e� �o�f� �t�h�e� �s�i�m�p�l�i�f�y�i�n�g� 

�a�s�s�u�m�p�t�i�o�n� �m�a�d�e� �t�o� �o�b�t�a�i�n� �(�2�-�1�6�)�.� �T�h�i�s� �c�a�n� �b�e� �s�o�m�e�w�h�a�t� �r�e�l�a�x�e�d� �i�f� �t�h�e� �V�S�I�R� �f�o�r�m� �i�n� �(�2�-� 

�1�5�)� �i�s� �u�s�e�d� �i�n�s�t�e�a�d�.� �A�n�o�t�h�e�r� �l�i�m�i�t�a�t�i�o�n� �t�h�a�t� �m�a�y� �b�e� �i�m�p�o�r�t�a�n�t� �i�s� �t�h�a�t� �t�h�e� �m�o�d�e�l� �a�s� 

�d�e�s�c�r�i�b�e�d� �a�b�o�v�e� �d�o�e�s� �n�o�t� �a�c�c�o�u�n�t� �f�o�r� �p�o�s�s�i�b�l�e� �l�a�y�e�r�i�n�g� �i�n� �t�h�e� �m�e�d�i�u�m�.� �T�h�i�s� �m�a�y� �b�e� 

�c�i�r�c�u�m�v�e�n�t�e�d� �b�y� �m�o�d�i�f�y�i�n�g� �t�h�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �i�m�p�u�l�s�e� �r�e�s�p�o�n�s�e� �f�o�r�m�u�l�a�t�i�o�n� �t�o� 

�a�c�c�o�u�n�t� �f�o�r� �l�a�y�e�r�i�n�g�,� �w�h�i�c�h� �w�i�l�l� �i�n�e�v�i�t�a�b�l�y� �l�e�a�d� �t�o� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �f�u�n�c�t�i�o�n�s� �a�n�d� 

�i�n�c�r�e�a�s�e�d� �e�v�a�l�u�a�t�i�o�n� �t�i�m�e�s�.� �T�h�i�s� �m�o�d�e�l� �c�o�l�l�e�c�t�i�v�e�l�y� �t�r�e�a�t�s� �t�h�e� �s�c�a�t�t�e�r�i�n�g� �m�e�c�h�a�n�i�s�m�s� �i�n� 

�t�h�e� �m�e�d�i�u�m� �b�e�t�w�e�e�n� �t�h�e� �a�i�r�/�i�c�e� �s�h�e�e�t� �i�n�t�e�r�f�a�c�e� �a�n�d� �v�o�l�u�m�e�t�r�i�c� �s�h�e�l�l� �b�y� �t�h�e� �u�s�e� �o�f� �a�n� 

�e�f�f�e�c�t�i�v�e� �e�x�t�i�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �a�n�d� �n�u�m�b�e�r� �d�e�n�s�i�t�y� �o�f� �p�a�r�t�i�c�l�e�s�.� �A�s� �p�r�e�v�i�o�u�s�l�y� �s�t�a�t�e�d�,� 

�h�o�w�e�v�e�r�,� �t�h�i�s� �m�o�d�e�l� �d�o�e�s� �n�o�t� �a�t�t�e�m�p�t� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �s�c�a�t�t�e�r�i�n�g� 

�m�e�c�h�a�n�i�s�m�s�.� �S�i�n�c�e� �t�h�e� �e�x�t�i�n�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �i�s� �a�l�s�o� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t�,� �d�i�r�e�c�t� 

�c�o�m�p�a�r�i�s�o�n� �o�f� �d�e�r�i�v�e�d� �v�a�l�u�e�s� �f�o�r� �e�x�t�i�n�c�t�i�o�n� �c�a�n�n�o�t� �b�e� �d�i�r�e�c�t�l�y� �c�o�m�p�a�r�e�d� �b�e�t�w�e�e�n� 

�a�l�t�i�m�e�t�e�r�s� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �f�r�e�q�u�e�n�c�i�e�s�.� �S�o�m�e� �o�f� �t�h�e�s�e� �l�i�m�i�t�a�t�i�o�n�s�,� �s�u�c�h� �a�s� �i�g�n�o�r�i�n�g� 

�m�u�l�t�i�p�l�e� �s�c�a�t�t�e�r�i�n�g� �o�r� �p�o�s�s�i�b�l�e� �l�a�y�e�r�i�n�g�,� �m�a�y� �n�e�e�d� �t�o� �b�e� �e�x�a�m�i�n�e�d� �f�u�r�t�h�e�r� �a�s� �t�h�e� �m�o�d�e�l� �i�s� 

�u�s�e�d� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �v�o�l�u�m�e� �s�c�a�t�t�e�r�i�n�g� �c�o�n�t�r�i�b�u�t�i�o�n� �t�o� �t�h�e� �r�e�t�u�r�n� �w�a�v�e�f�o�r�m�s� �f�o�r� �v�a�r�i�o�u�s� 

�r�a�n�d�o�m� �m�e�d�i�a� �t�y�p�e�s�.� 
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�C�h�a�p�t�e�r� �3� 
�A�l�t�i�m�e�t�e�r� �S�y�s�t�e�m� �A�n�a�l�y�s�i�s� 

�T�h�i�s� �c�h�a�p�t�e�r� �d�e�a�l�s� �w�i�t�h� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �a�n�d� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �M�u�l�t�i�m�o�d�e� �A�i�r�c�r�a�f�t� �R�a�d�a�r� 

�A�l�t�i�m�e�t�e�r� �(�M�A�R�A�)� �[�2�8�]� �w�h�i�c�h� �w�a�s� �u�s�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �1�9�9�1� �w�a�v�e�f�o�r�m� �d�a�t�a� �o�v�e�r� �t�h�e� 

�G�r�e�e�n�l�a�n�d� �i�c�e� �s�h�e�e�t� �t�h�a�t� �1�s� �a�n�a�l�y�z�e�d� �i�n� �t�h�i�s� �a�n�d� �t�h�e� �n�e�x�t� �c�h�a�p�t�e�r�.� �T�h�e� �M�A�R�A� �s�y�s�t�e�m� �i�s� 

�b�a�s�e�d� �a�t� �N�A�S�A� �G�o�d�d�a�r�d� �S�p�a�c�e� �F�l�i�g�h�t� �C�e�n�t�e�r� �-� �W�a�l�l�o�p�s� �F�l�i�g�h�t� �F�a�c�i�l�i�t�y�.� �T�a�b�l�e� �3�.�1� 

�p�r�o�v�i�d�e�s� �a� �s�u�m�m�a�r�y� �o�f� �t�h�e� �s�y�s�t�e�m� �p�a�r�a�m�e�t�e�r�s� �f�o�r� �M�A�R�A�.� 

�T�h�e� �M�A�R�A� �s�y�s�t�e�m� �g�e�n�e�r�a�t�e�s� �f�i�v�e� �v�e�r�y� �n�a�r�r�o�w�-�b�e�a�m�w�i�d�t�h�,� �h�i�g�h� �g�a�i�n�,� �i�n�d�e�p�e�n�d�e�n�t� 

�b�e�a�m�s� �p�o�i�n�t�e�d� �a�t� �n�a�d�i�r� �a�n�d� �a�t� �f�o�u�r� �o�f�f�-�n�a�d�i�r� �a�n�g�l�e�s� �(�f�o�r�w�a�r�d�,� �p�o�r�t�,� �a�f�t�,� �s�t�a�r�b�o�a�r�d�)�.� �F�i�g�u�r�e� 

�3�.�1� �s�h�o�w�s� �h�o�w� �t�h�i�s� �i�s� �a�c�h�i�e�v�e�d�.� �T�h�e� �o�f�f�-�n�a�d�i�r� �b�e�a�m�s� �c�a�n� �b�e� �c�o�n�f�i�g�u�r�e�d� �t�o� �p�o�i�n�t� �u�p� �t�o� �1�5�°� 

�o�f�f�-�n�a�d�i�r�,� �b�u�t� �w�e�r�e� �a�l�l� �s�e�t� �t�o� �1�2�.�5�°� �f�o�r� �t�h�e� �d�a�t�a� �u�s�e�d� �i�n� �t�h�i�s� �t�h�e�s�i�s�.� �T�h�e� �b�e�a�m�w�i�d�t�h�s� �a�r�e� 

�d�i�f�f�e�r�e�n�t� �f�o�r� �t�h�e� �n�a�d�i�r� �a�n�d� �o�f�f�-�n�a�d�i�r� �b�e�a�m�s� �b�e�c�a�u�s�e� �o�f� �a�n� �a�s�t�i�g�m�a�t�i�s�m� �t�h�a�t� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� 

�u�s�e� �o�f� �m�u�l�t�i�p�l�e� �p�y�r�a�m�i�d�a�l� �h�o�r�n�s� �a�n�d� �a� �s�i�n�g�l�e� �l�e�n�s� �t�o� �c�r�e�a�t�e� �m�u�l�t�i�p�l�e� �o�f�f�-�n�a�d�i�r� �b�e�a�m�s�.� 

�T�h�i�s� �b�e�a�m�w�i�d�t�h� �v�a�r�i�a�t�i�o�n� �o�n�l�y� �o�c�c�u�r�s� �i�n� �t�h�e� �E�-�p�l�a�n�e� �o�f� �t�h�e� �a�n�t�e�n�n�a� �w�h�i�l�e� �t�h�e� �H�-�p�l�a�n�e� 

�h�a�s� �a� �n�e�a�r�l�y� �c�o�n�s�t�a�n�t� �0�.�6�°� �b�e�a�m�w�i�d�t�h� �f�o�r� �a�l�l� �p�o�i�n�t�i�n�g� �a�n�g�l�e�s� �f�r�o�m� �n�a�d�i�r� �t�o� �a�b�o�u�t� �1�3�°� �o�f�f�-� 

�n�a�d�i�r�.� �B�e�c�a�u�s�e� �o�f� �t�h�e� �v�e�r�y� �s�h�o�r�t� �t�i�m�e� �e�x�p�a�n�s�e� �o�f� �t�h�e� �r�e�t�u�r�n� �w�a�v�e�f�o�r�m�s� �t�h�a�t� �r�e�s�u�l�t� �f�r�o�m� 

�s�u�c�h� �a� �n�a�r�r�o�w� �b�e�a�m�w�i�d�t�h�,� �t�h�e� �M�A�R�A� �s�y�s�t�e�m� �o�n�l�y� �n�e�e�d�s� �t�o� �r�e�c�o�r�d� �4�8� �s�a�m�p�l�e�s� �p�e�r� 

�w�a�v�e�f�o�r�m� �w�i�t�h� �2�.�2�2�6� �n�s� �s�p�a�c�i�n�g� �b�e�t�w�e�e�n� �s�a�m�p�l�e�s�,� �r�e�s�u�l�t�i�n�g� �i�n� �a� �1�0�6� �n�s� �(�o�r� �3�2� �m�e�t�e�r�)� 

�t�i�m�e� �(�r�a�n�g�e�)� �w�i�n�d�o�w�.� �T�h�e� �p�u�l�s�e�w�i�d�t�h� �i�s� �s�o�m�e�w�h�a�t� �a�d�j�u�s�t�a�b�l�e�,� �b�u�t� �i�s� �u�s�u�a�l�l�y� �n�o� �s�h�o�r�t�e�r� 

�t�h�a�n� �6�.�5� �n�s�.� �T�h�e� �s�i�g�n�a�l�-�t�o�-�n�o�i�s�e� �r�a�t�i�o�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �3�.�1� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �b�o�t�h� �t�h�e� 

�n�a�d�i�r� �a�n�d� �o�f�f�-�n�a�d�i�r� �b�e�a�m�s� �f�o�r� �a�n� �e�x�p�e�c�t�e�d� �w�o�r�s�t�-�c�a�s�e� �(�m�i�n�i�m�u�m�)� �o�°� �v�a�l�u�e� �o�f�  �� �2�3�d�B� 

�[�2�8�]�.� �S�i�n�c�e� �t�h�e�r�e� �i�s� �n�o� �d�e�t�a�i�l�e�d� �r�e�f�e�r�e�n�c�e� �t�h�a�t� �d�i�s�c�u�s�s�e�s� �t�h�e� �n�e�c�e�s�s�a�r�y� �p�o�s�t�-�p�r�o�c�e�s�s�i�n�g� �o�f� 

�t�h�e� �M�A�R�A� �d�a�t�a�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s� �a�r�e� �p�r�o�v�i�d�e�d� �t�o� �s�u�m�m�a�r�i�z�e� �t�h�o�s�e� �t�o�p�i�c�s�.� 

�3�.�1� �M�A�R�A� �D�a�t�a� �S�y�s�t�e�m� 

�T�h�e� �M�A�R�A� �s�y�s�t�e�m� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �t�r�a�n�s�m�i�t�s� �a� �s�i�n�g�l�e� �p�u�l�s�e� �t�h�r�o�u�g�h� �f�i�v�e� �a�n�t�e�n�n�a�s� 

�w�h�i�c�h� �a�r�e� �n�o�m�i�n�a�l�l�y� �p�o�i�n�t�e�d� �a�t� �n�a�d�i�r� �a�n�d� �1�2�.�5�°� �o�f�f�-�n�a�d�i�r� �i�n� �t�h�e� �f�o�r�w�a�r�d�,� �p�o�r�t�,� �a�f�t� �a�n�d� 

�C�H�A�P�T�E�R� �3� �-� �A�L�T�I�M�E�T�E�R� �S�Y�S�T�E�M� �A�N�A�L�Y�S�I�S� �5�2



�T�a�b�l�e� �3�.�1�.� �S�u�m�m�a�r�y� �o�f� �t�h�e� �M�A�R�A� �s�y�s�t�e�m� �p�a�r�a�m�e�t�e�r�s�.� �V�a�l�u�e�s� �a�r�e� �t�a�k�e�n� �f�r�o�m� �[�2�8�]�.� �T�h�e� 
�S�/�N� �r�a�t�i�o�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �a� �o�°� �v�a�l�u�e� �o�f�  �� �2�3� �d�B�.� 
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�P�a�r�a�m�e�t�e�r� �_� �V�a�l�u�e� 

�f�r�e�q�u�e�n�c�y� �(�G�H�z�)� �3�6�.�0� 

�i�n�t�e�r�m�e�d�i�a�t�e� �(�I�F�)� �f�r�e�q�u�e�n�c�y� �(�M�H�z�)� �6�0�0� 

�w�a�v�e�l�e�n�g�t�h� �(�m�m�)� �8�.�3�3� 

�p�e�a�k� �p�o�w�e�r� �p�e�r� �c�h�a�n�n�e�l� �(�W�)� �2�0�0� 

�n�o�m�i�n�a�l� �p�u�l�s�e�w�i�d�t�h� �(�n�s�)� �6�.�5� 

�b�a�n�d�w�i�d�t�h� �(�M�H�z�)� �2�2�0� 

�p�r�f� �(�H�z�)� �1�0�0� 

�£�-�p�l�a�n�e� �b�e�a�m�w�i�d�t�h� �-� �n�a�d�i�r� �(�°�)� �0�.�6� 
�-� �o�f�f�-�n�a�d�i�r� �(�°�)� �0�.�9� 

�H�-�p�l�a�n�e� �b�e�a�m�w�i�d�t�h� �(�°�)� �0�.�6� 

�n�u�m�b�e�r� �o�f� �b�e�a�m�s� �5� 
�a�n�t�e�n�n�a� �g�a�i�n� �(�d�B�)� �4�6�.�0� 

�n�u�m�b�e�r� �o�f� �s�a�m�p�l�e�s�/�w�a�v�e�f�o�r�m� �4�8� 
�s�a�m�p�l�e� �i�n�c�r�e�m�e�n�t� �(�n�s�)� �2�.�2�2�6� 

�r�e�c�e�i�v�e�r� �n�o�i�s�e� �f�i�g�u�r�e� �(�d�B�)� �1�0� 
�S�/�N� �(�a�t� �1� �k�m� �a�l�t�i�t�u�d�e�)� �-� �n�a�d�i�r� �(�d�B�)� �2�5� 

�-� �o�f�f�-�n�a�d�i�r� �(�d�B�)� �1�7�.�5� � � � � � � � � 
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� � � � �A� 

�F�i�g�u�r�e� �3�.�1�.� �T�h�e� �M�A�R�A� �a�n�t�e�n�n�a� �s�y�s�t�e�m� �g�e�o�m�e�t�r�y� �[�2�8�]�.� �T�h�e� �p�y�r�a�m�i�d�a�l� �h�o�r�n� �a�n�t�e�n�n�a�s� 
�a�r�e� �l�o�c�a�t�e�d� �a�b�o�v�e� �t�h�e� �l�e�n�s� �o�n� �t�h�e� �o�r�t�h�o�g�o�n�a�l� �a�r�m�s� �a�t� �t�h�e� �n�u�m�b�e�r�e�d� �l�o�c�a�t�i�o�n�s�.� �T�h�e� �n�a�d�i�r� 
�h�o�r�n� �i�s� �l�o�c�a�t�e�d� �a�t�  ��1 ��,� �t�h�e� �l�e�f�t� �h�o�r�n� �a�t�  ��2 ��,� �t�h�e� �f�o�r�e� �h�o�r�n� �a�t�  ��3 ��,� �e�t�c�.� �A�i�r�c�r�a�f�t� �m�o�t�i�o�n� �i�s� 

�f�r�o�m� �l�e�f�t� �t�o� �r�i�g�h�t�.� 

�C�H�A�P�T�E�R� �3� �-� �A�L�T�I�M�E�T�E�R� �S�Y�S�T�E�M� �A�N�A�L�Y�S�I�S� �5�4



�s�t�a�r�b�o�a�r�d� �d�i�r�e�c�t�i�o�n�s�.� �W�h�i�l�e� �t�h�e�r�e� �i�s� �o�n�l�y� �o�n�e� �t�r�a�n�s�m�i�t�t�e�r� �w�h�o�s�e� �p�o�w�e�r� �i�s� �s�p�l�i�t� �a�m�o�n�g� 

�e�a�c�h� �o�f� �t�h�e�s�e� �b�e�a�m�s�,� �t�h�e�r�e� �a�r�e� �f�i�v�e� �i�n�d�i�v�i�d�u�a�l� �r�e�c�e�i�v�e�r�s� �t�h�a�t� �d�i�g�i�t�i�z�e� �t�h�e� �f�i�v�e� �r�e�t�u�r�n� �p�u�l�s�e�s� 

�a�t� �a� �s�a�m�p�l�e� �s�p�a�c�i�n�g� �o�f� �7�4�2� �p�i�c�o�s�e�c�o�n�d�s�.� �T�h�e�s�e� �s�a�m�p�l�e�s� �a�r�e� �t�h�e�n� �c�l�u�s�t�e�r�e�d� �i�n� �g�r�o�u�p�s� �o�f� 

�t�h�r�e�e� �a�n�d� �a�v�e�r�a�g�e�d� �t�o� �o�b�t�a�i�n� �e�a�c�h� �s�a�m�p�l�e� �p�o�i�n�t�.� �T�h�i�s� �r�e�s�u�l�t�s� �i�n� �a�n� �e�f�f�e�c�t�i�v�e� �s�a�m�p�l�e� 

�s�p�a�c�i�n�g� �o�f� �2�.�2�2�6� �n�s� �f�o�r� �4�8� �s�a�m�p�l�e�s� �p�e�r� �w�a�v�e�f�o�r�m� �f�o�r� �e�a�c�h� �b�e�a�m�,� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� 

�t�h�e� �v�a�l�u�e�s� �q�u�o�t�e�d� �i�n� �T�a�b�l�e� �3�.�1�.� �A� �c�o�m�p�u�t�e�r�-�c�o�n�t�r�o�l�l�e�d� �A�G�C� �l�o�o�p� �i�s� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n� �e�a�c�h� 

�r�e�c�e�i�v�e�r� �t�o� �e�n�s�u�r�e� �t�h�a�t� �t�h�e� �s�i�g�n�a�l� �l�e�v�e�l� �o�f� �t�h�e� �r�e�t�u�r�n� �w�a�v�e�f�o�r�m�s� �a�r�e� �k�e�p�t� �w�i�t�h�i�n� �t�h�e� 

�d�y�n�a�m�i�c� �r�a�n�g�e� �o�f� �e�a�c�h� �r�e�c�e�i�v�e�r�.� �T�h�e� �A�G�C� �v�a�l�u�e�,� �a�l�o�n�g� �w�i�t�h� �t�h�e� �t�h�r�e�s�h�o�l�d� �r�a�n�g�e�,� �a�i�r�c�r�a�f�t� 

�p�i�t�c�h� �a�n�d� �r�o�l�l� �a�n�d� �t�i�m�e� �o�f� �d�a�y� �a�r�e� �r�e�c�o�r�d�e�d� �w�i�t�h� �t�h�e� �w�a�v�e�f�o�r�m�s� �o�n� �t�h�e� �d�a�t�a� �t�a�p�e�s�.� 

�T�h�e� �d�a�t�a� �f�r�o�m� �t�h�i�s� �s�y�s�t�e�m� �m�u�s�t� �b�e� �p�r�o�c�e�s�s�e�d� �b�e�f�o�r�e� �i�t� �c�a�n� �b�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �m�o�d�e�l� 

�w�a�v�e�f�o�r�m�s�.� �T�h�e� �p�r�o�c�e�s�s�i�n�g� �i�n�c�l�u�d�e�s� �A�G�C� �r�e�m�o�v�a�l�,� �d�e�t�e�c�t�o�r� �c�o�r�r�e�c�t�i�o�n�,� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� 

�t�r�u�e� �p�o�i�n�t�i�n�g� �a�n�g�l�e�s�,� �w�a�v�e�f�o�r�m� �r�e�t�r�a�c�k�i�n�g� �a�n�d� �w�a�v�e�f�o�r�m� �s�p�l�i�n�i�n�g�.� 

�3�.�1�.�1� �N�o�n�l�i�n�e�a�r� �M�A�R�A� �D�e�t�e�c�t�o�r� �C�o�r�r�e�c�t�i�o�n� 

�A�f�t�e�r� �t�h�e� �1�9�9�1� �G�r�e�e�n�l�a�n�d� �e�x�p�e�r�i�m�e�n�t�,� �i�t� �w�a�s� �f�o�u�n�d� �t�h�a�t� �t�h�e� �M�A�R�A� �d�e�t�e�c�t�o�r�s� �i�n� �t�h�e� 

�r�e�c�e�i�v�e�r� �s�u�b�s�y�s�t�e�m� �d�o� �n�o�t� �o�p�e�r�a�t�e� �a�s� �l�i�n�e�a�r�l�y� �a�s� �d�e�s�i�g�n�e�d�.� �T�h�e� �w�a�v�e�f�o�r�m� �d�a�t�a� �m�u�s�t� �b�e� 

�c�o�r�r�e�c�t�e�d� �f�o�r� �t�h�i�s� �n�o�n�-�l�i�n�e�a�r� �a�m�p�l�i�t�u�d�e� �c�o�n�v�e�r�s�i�o�n�.� �T�h�e� �w�a�v�e�f�o�r�m� �d�a�t�a� �a�r�e� �d�i�g�i�t�i�z�e�d� �i�n�t�o� 

�o�n�e� �o�f� �2�5�6� �a�m�p�l�i�t�u�d�e� �l�e�v�e�l�s� �a�f�t�e�r� �t�h�e� �A�G�C� �l�o�o�p� �c�e�n�t�e�r�s� �t�h�e� �w�a�v�e�f�o�r�m� �w�i�t�h�i�n� �t�h�e� �d�y�n�a�m�i�c� 

�r�a�n�g�e� �o�f� �t�h�e� �r�e�c�e�i�v�e�r�.� �T�o� �p�e�r�f�o�r�m� �t�h�e� �a�m�p�l�i�t�u�d�e� �c�o�r�r�e�c�t�i�o�n�,� �t�h�e� �w�a�v�e�f�o�r�m� �d�a�t�a� �i�s� �f�i�r�s�t� 

�m�u�l�t�i�p�l�i�e�d� �b�y� �a�n� �A�G�C�-�d�e�p�e�n�d�e�n�t� �f�a�c�t�o�r� �t�o� �r�e�t�u�r�n� �t�h�e� �w�a�v�e�f�o�r�m� �a�m�p�l�i�t�u�d�e� �t�o� �i�t�s� �p�r�e�-�A�G�C� 

�l�e�v�e�l�.� 

�T�h�e� �A�G�C� �v�a�l�u�e� �h�a�s� �u�n�i�t�s� �o�f� �1�/�4� �d�B� �s�t�e�p�s� �o�f� �p�o�w�e�r� �a�t�t�e�n�u�a�t�i�o�n�,� �s�o� �t�h�e� �A�G�C� �f�a�c�t�o�r� �c�a�n� 

�b�e� �w�r�i�t�t�e�n� �a�s� 

�p�F� �=�1�9�i�o�[�*�]�}�.� �(�3�-�1�)� 

�A�s� �a�n� �e�x�a�m�p�l�e�,� �a�n� �A�G�C� �v�a�l�u�e� �o�f� �1�4�0� �m�e�a�n�s� �t�h�a�t� �1�4�0�/�4� �=� �3�5� �d�B� �a�t�t�e�n�u�a�t�i�o�n� �w�a�s� �u�s�e�d� �t�o� 

�k�e�e�p� �t�h�e� �r�e�t�u�r�n� �w�a�v�e�f�o�r�m� �w�i�t�h�i�n� �t�h�e� �d�y�n�a�m�i�c� �r�a�n�g�e� �o�f� �t�h�e� �d�i�g�i�t�i�z�e�r�.� �T�h�e� �A�G�C� �f�a�c�t�o�r�,� 

�f�r�o�m� �(�3�-�1�)�,� �i�s� �t�h�e�n� �3�.�1�6� �x� �1�0�°�.� �L�a�r�g�e�r� �A�G�C� �v�a�l�u�e�s� �t�r�a�n�s�l�a�t�e� �i�n�t�o� �a� �l�a�r�g�e�r� �A�G�C� �f�a�c�t�o�r� �F�,� 

�w�h�i�c�h� �r�e�s�u�l�t�s� �i�n� �a� �l�a�r�g�e�r� �w�a�v�e�f�o�r�m� �a�m�p�l�i�t�u�d�e�.� �E�a�c�h� �s�a�m�p�l�e� �P�,�(�7�;�)� �o�f� �a� �p�a�r�t�i�c�u�l�a�r� 

�w�a�v�e�f�o�r�m� �i�s� �t�h�e�n� �m�u�l�t�i�p�l�i�e�d� �b�y� �t�h�e� �f�a�c�t�o�r� �F �� �f�o�r� �t�h�a�t� �w�a�v�e�f�o�r�m�'�s� �A�G�C� �v�a�l�u�e�.� �T�h�i�s� �r�e�s�u�l�t�s� 

�i�n� �a� �p�r�e�-�c�o�r�r�e�c�t�e�d� �w�a�v�e�f�o�r�m� �g�i�v�e�n� �b�y� 
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�P�o�r�e�(�T�i�)� �=� �F�'� �P�s�(�7�:�)� �(�3�-�2�)� 

�w�h�e�r�e� �7� �=� �1�,�2�,�.�.�.�,� �4�8�.� 

�T�h�e� �t�u�n�n�e�l� �d�i�o�d�e� �d�e�t�e�c�t�o�r�s� �u�s�e�d� �i�n� �t�h�e� �M�A�R�A� �r�e�c�e�i�v�e�r�s� �a�r�e� �d�e�s�i�g�n�e�d� �t�o� �b�e� �s�q�u�a�r�e�-�l�a�w� 

�d�e�v�i�c�e�s�,� �s�o� �i�n� �t�e�r�m�s� �o�f� �p�o�w�e�r� �t�h�e�y� �s�h�o�u�l�d� �b�e� �l�i�n�e�a�r� �d�e�v�i�c�e�s�.� �A� �b�e�n�c�h� �t�e�s�t� �p�e�r�f�o�r�m�e�d� �a�t� 

�N�A�S�A� �-� �W�a�l�l�o�p�s� �F�l�i�g�h�t� �F�a�c�i�l�i�t�y� �r�e�v�e�a�l�e�d� �t�h�a�t� �f�o�r� �p�o�w�e�r� �l�e�v�e�l�s� �o�f� �0�.�8� �W� �a�n�d� �h�i�g�h�e�r� �t�h�e� 

�d�e�t�e�c�t�o�r�s� �a�r�e� �n�o�t� �l�i�n�e�a�r� �[�3�8�]�.� �T�h�a�t� �t�e�s�t� �u�s�e�d� �a� �6�0�0� �M�H�z� �c�o�n�t�i�n�u�o�u�s�-�w�a�v�e� �(�C�W�)� �s�i�g�n�a�l� �t�o� 

�p�r�o�v�i�d�e� �a�n� �i�n�p�u�t�-�t�o�-�o�u�t�p�u�t� �p�o�w�e�r� �r�e�l�a�t�i�o�n�s�h�i�p�.� �T�h�i�s� �f�r�e�q�u�e�n�c�y� �w�a�s� �u�s�e�d� �b�e�c�a�u�s�e� �i�t� �i�s� �t�h�e� 

�s�a�m�e� �a�s� �t�h�e� �I�F� �f�r�e�q�u�e�n�c�y� �o�f� �e�a�c�h� �r�e�c�e�i�v�e�r�.� �F�i�g�u�r�e� �3�.�2� �s�h�o�w�s� �a� �p�l�o�t� �o�f� �t�h�e� �d�a�t�a� �f�r�o�m� �t�h�i�s� 

�t�e�s�t� �a�n�d� �t�h�e� �n�o�n�l�i�n�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �M�A�R�A� �d�e�t�e�c�t�o�r� �i�s� �c�l�e�a�r�l�y� �o�b�v�i�o�u�s�.� �T�h�e�s�e� �d�a�t�a� 

�p�o�i�n�t�s� �a�r�e� �f�i�t� �w�i�t�h� �a� �c�u�b�i�c� �f�u�n�c�t�i�o�n�,� �w�h�i�c�h� �i�s� �s�h�o�w�n� �a�s� �t�h�e� �s�o�l�i�d� �l�i�n�e� �i�n� �t�h�e� �f�i�g�u�r�e�.� �U�s�i�n�g� 

�t�h�i�s� �f�i�t� �r�e�s�u�l�t�s� �i�n� �a� �p�o�s�t�-�c�o�r�r�e�c�t�e�d� �w�a�v�e�f�o�r�m� �a�m�p�l�i�t�u�d�e� �t�h�a�t� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� 

�P�o�o�s�t�(�T�)� �=� �1�0�{�e� �+�  ¬�9� �(�c�3� �+� �e�4�z� �+� �c�s�r�?� �+� �c�e�r ��)� �|� �,� �(�3�-�3�)� 

�w�h�e�r�e� �x� �=� �7�5� �P�o�r�e�(�T�i�)�,� �x� �>� �8� �a�n�d� 

�c�y� �=�  �� �0�.�0�1�4�8�4�,� �C�o� �=� �2�4�2�.�9�4�4�,� 

�c�z� �=�  �� �0�.�0�1�1�8�,� �c�4� �=� �0�.�0�0�5�7�2�1�,� 

�c�s� �=�  �� �3�.�8�5�3�(�1�0�)�-�°�,� �c�g� �=� �1�.�0�4�2�(�1�0�)�~�*�.� 

�T�h�i�s� �c�o�r�r�e�c�t�i�o�n� �i�s� �u�s�e�d� �o�n� �a�l�l� �o�f� �t�h�e� �M�A�R�A� �d�a�t�a� �t�h�a�t� �i�s� �a�n�a�l�y�z�e�d� �i�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n�.� 

�T�h�i�s� �c�o�r�r�e�c�t�i�o�n� �m�e�t�h�o�d� �i�s� �r�a�t�h�e�r� �c�r�u�d�e� �s�i�n�c�e� �i�t� �w�a�s� �p�e�r�f�o�r�m�e�d� �o�n�l�y� �f�o�r� �o�n�e� �f�r�e�q�u�e�n�c�y�,� 

�1�.�e�.� �t�h�e� �i�n�t�e�r�m�e�d�i�a�t�e� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �M�A�R�A� �r�e�c�e�i�v�e�r�s�.� �T�h�e� �b�e�s�t� �p�o�s�s�i�b�l�e� �c�o�r�r�e�c�t�i�o�n� 

�m�e�t�h�o�d� �w�o�u�l�d� �b�e� �b�a�s�e�d� �o�n� �t�h�e� �s�y�s�t�e�m� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �d�e�t�e�c�t�o�r� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �2�0�0� 

�M�H�z� �r�e�c�e�i�v�e�r� �b�a�n�d�w�i�d�t�h�.� �A�s� �o�f� �t�h�i�s� �w�r�i�t�i�n�g�,� �s�u�c�h� �a� �t�e�s�t� �h�a�s� �n�o�t� �b�e�e�n� �p�e�r�f�o�r�m�e�d� �b�e�c�a�u�s�e� 

�t�h�e� �M�A�R�A� �r�e�c�o�r�d�i�n�g� �s�y�s�t�e�m� �w�a�s� �s�h�a�r�e�d� �w�i�t�h� �t�h�e� �S�u�r�f�a�c�e� �C�o�n�t�o�u�r� �R�a�d�a�r� �(�S�C�R�)� �[�2�8�]�.� 

�T�h�e� �S�C�R� �r�e�n�d�e�r�e�d� �t�h�e� �s�y�s�t�e�m� �i�n�a�c�c�e�s�s�i�b�l�e� �u�n�t�i�l� �i�t� �w�a�s� �d�a�m�a�g�e�d� �w�h�e�n� �t�h�e� �t�r�a�n�s�m�i�t�t�e�r� 

�o�v�e�r�h�e�a�t�e�d� �a�n�d� �f�a�i�l�e�d� �d�u�r�i�n�g� �o�p�e�r�a�t�i�o�n�;� �i�t� �h�a�s� �n�o�t� �y�e�t� �b�e�e�n� �r�e�p�a�i�r�e�d�.� 

�I�t� �i�s� �a�l�s�o� �t�h�o�u�g�h�t� �(�b�u�t� �n�o�t� �c�o�n�f�i�r�m�e�d�)� �[�3�8�]� �t�h�a�t� �a�n� �e�x�t�r�e�m�e�l�y� �h�i�g�h� �A�G�C� �v�a�l�u�e�,� �e�.�g�.� 

�a�n�y�t�h�i�n�g� �g�r�e�a�t�e�r� �t�h�a�n� �1�6�0� �A�G�C� �u�n�i�t�s� �(�o�r� �4�0� �d�B� �a�t�t�e�n�u�a�t�i�o�n�)�,� �c�a�u�s�e�s� �u�n�k�n�o�w�n� �d�i�s�t�o�r�t�i�o�n� 

�o�f� �t�h�e� �r�e�c�o�r�d�e�d� �w�a�v�e�f�o�r�m�s� �t�h�a�t� �c�a�n�n�o�t� �b�e� �c�o�r�r�e�c�t�e�d� �b�y� �(�3�-�3�)�.� �T�h�u�s�,� �t�h�e� �A�G�C� �l�e�v�e�l� �m�u�s�t� 

�b�e� �c�l�o�s�e�l�y� �m�o�n�i�t�o�r�e�d� �w�h�e�n� �d�a�t�a� �a�n�a�l�y�s�i�s� �i�s� �p�e�r�f�o�r�m�e�d�.� �F�o�r� �n�o�w�,� �a�n�y� �w�a�v�e�f�o�r�m� �d�a�t�a� �t�h�a�t� 

�h�a�s� �a�n� �A�G�C� �v�a�l�u�e� �o�f� �m�o�r�e� �t�h�a�n� �1�6�0� �i�s� �s�u�b�j�e�c�t� �t�o� �u�n�k�n�o�w�n� �e�r�r�o�r�.� 
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