
 
Cluster-Based Bounded Influence Regression 

 
 

by 
 
 

David E. Lawrence 
 
 
 

Dissertation submitted to the faculty of 
Virginia Polytechnic Institute and State University 

in partial fulfillment of the requirements for the degree of 
 
 
 

Doctor of Philosophy 
in 

Statistics 
 
 
 

Committee 
Dr. Jeffrey B. Birch, chair 

Dr. Christine Anderson-Cook 
Dr. Eric P. Smith 

Dr. George R. Terrell 
Dr. Keying Ye 

 
 
 

July 17, 2003 
Blacksburg, Virginia 

 
 
 
 
 

Keywords: High-breakdown, Robust, LTS, Linear, Outlier 
 
 
 

Copyright 2003, David E. Lawrence. 



 
Cluster-Based Bounded Influence Regression 

 
 

David E. Lawrence 
 
 

Abstract 
 
 

In the field of linear regression analysis, a single outlier can dramatically influence ordinary 
least squares estimation while low-breakdown procedures such as M regression and bounded 
influence regression may be unable to combat a small percentage of outliers.  A high-breakdown 
procedure such as least trimmed squares (LTS) regression can accommodate up to 50% of the 
data (in the limit) being outlying with respect to the general trend.  Two available one-step 
improvement procedures based on LTS are Mallows 1-step (M1S) regression and Schweppe 1-
step (S1S) regression (the current state-of-the-art method).  Issues with these methods include (1) 
computational approximations and sub-sampling variability, (2) dramatic coefficient sensitivity 
with respect to very slight differences in initial values, (3) internal instability when determining the 
general trend and (4) performance in low-breakdown scenarios.  A new high-breakdown 
regression procedure is introduced that addresses these issues, plus offers an insightful summary 
regarding the presence and structure of multivariate outliers.  This proposed method blends a 
cluster analysis phase with a controlled bounded influence regression phase, thereby referred to as 
cluster-based bounded influence regression, or CBI.  Representing the data space via a special 
set of anchor points, a collection of point-addition OLS regression estimators forms the basis of a 
metric used in defining the similarity between any two observations.  Cluster analysis then yields a 
main cluster �halfset� of observations, with the remaining observations becoming one or more 
minor clusters.  An initial regression estimator arises from the main cluster, with a multiple point 
addition DFFITS argument used to carefully activate the minor clusters through a bounded 
influence regression framework.  CBI achieves a 50% breakdown point, is regression equivariant, 
scale equivariant and affine equivariant and distributionally is asymptotically normal.  Case studies 
and Monte Carlo studies demonstrate the performance advantage of CBI over S1S and the other 
high breakdown methods regarding coefficient stability, scale estimation and standard errors.  A 
dendrogram of the clustering process is one graphical display available for multivariate outlier 
detection.  Overall, the proposed methodology represents advancement in the field of robust 
regression, offering a distinct philosophical viewpoint towards data analysis and the marriage of 
estimation with diagnostic summary. 
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Hat Notation 

�a  Represents an estimate of the quantity a; a general 

 

Transformed Data Notation (i.e. regression, scale or affine data transformations) 

a(  The quantity a has been computed using or relates to transformed data; a general 

 

Altered Data Notation (i.e. arbitrary movement; breakdown point discussion) 
*a  The quantity a has been computed using or relates to altered data; a general 

 

Constants 

 n  Number of observations 

 k  Number of regressor variables 

 p  Number of parameters in the 

linear model 

 h Number of observations 

defining a halfset 

 Hc  Tuning constant (Huber) 

 Bc  Tuning constant (bisquare) 

 c  1. Tuning constant (CBI) 

  2. Scale transformation scalar 

 α  1. Type I error 

  2. Mallows weight constant 

 b Mallows weight constant 

 N  Number of subsamples 

 β  1. Type II error 

  2. Tuning constant 

 m  1. The number of observations 

arbitrarily moved in breakdown 

point discussions 

  2. Subset size in the stalactite 

plot analysis 

 Im  Number of observations in set I 

 g  1. Number of minor clusters 

  2. Index of observation being 

augmented to the anchor set 

 δ  1. Convergence constant 

  2. Largest 2
IDFFITS+  for minor 

cluster activation 

 K  1. Number of observations per 

subset in K-clustering 

procedure  

  2. Number of clusters in K-

means procedure 

 ξ  Anchor set sizing constant 
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Parameters 

 µ  Mean 

 2σ  Variance (random error) 

 aµ  Mean for a; a general 

 2
aσ  Variance for a; a general 

 θ  Parameter of interest; general 

 β  Regression parameter vector 

 jβ  Element of β  relating to the jth 

regressor 

 

Data Form 

 y  The response variable of 

interest 

 iy  The ith response value 

 ix  The ith regressor variable 

 jix  The ith observation for the jth 

regressor 

 y  The response vector 

 X  The regressor matrix (including 

the intercept) 

 i′x  The ith row of X  

 Z  The regressor matrix (no 

intercept) 

 i′z  The ith row of Z  

 yX  The regressor matrix (including 

the intercept) augmented with 

the response vector 

 ,y i′x  The ith row of yX  

 yZ  The regressor matrix (no 

intercept) augmented with the 

response vector 

 ,y i′z  The ith row of yZ  

 I−X  The matrix formed by the 

removal of a set I of 

observations from X  

 ,y I−X  The matrix formed by the 

removal of a set I of 

observations from yX  

 *X  The matrix corresponding to X  

when m observations are 

arbitrarily moved 

 *
j′x  the jth row of *X  

 *
yX  The matrix corresponding to 

yX  when m observations are 

arbitrarily moved 

 *
yZ  The matrix corresponding to 

yZ  when m observations are 

arbitrarily moved 

 *y  The vector corresponding to y  

when m observations are 

arbitrarily moved 

 *
jy  the jth element of *y  
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Hat Matrices 

 H  The (ordinary) hat matrix 

 iih  The ith diagonal of H  

 ijh  The ith row, jth column element 

of H  

 yH  The altered hat matrix 

 ,y ijh  The ith row, jth column element 

of yH  

 wH  Hat matrix for WLS regression 

 ,ii wh  The ith diagonal element of wH  

  

Regression Setting 

 ( )f ⋅  Model function 

 ε  Random error vector 

 iε  The ith random error 

 �β  A vector of regression 

parameter estimates 

 b  A possible solution for �β  when 

viewing an objective function 

 ib  The element of b  relating to ix  

 �y  A vector of fitted values 

 �iy  The fitted value at i′x  

 ( )�iy ⋅  Fitted value at i′x , fit based on 

the argument 

 r  A vector of residuals 

 ir  The residual at i′x  

 ( )ir ⋅  Residual for the ith observation, 

based on the fit specified 

 [ ]ir  The ith ranked residual 

 

Regression Diagnostics 

 s  Estimate of scale, typically 

RMSE 

 ir′  Internally studentized residual 

for the ith observation 

 ,�i iy −  PRESS fitted value at i′x  (when 

ith observation is removed) 

 ,�i Iy −  Fitted value at i′x  resulting 

from the removal of a set I of 

observations 

 ,i ir −  PRESS residual at i′x  (when ith 

observation is removed) 

 iRstudent  Rstudent diagnostic statistic for 

ith observation 

 2
iDFFITS  Difference in fits influence 

diagnostic statistic when ith 

observation is removed 

 2
IDFFITS  Difference in fits influence 

diagnostic statistic when a set I 

of observations is removed 

 �
i−β  PRESS regression estimator 

when ith observation is removed 



 xiv

 �
I−β  Regression estimator resulting 

from the removal of a set I of 

observations 

 ,j iDFBETAS  Difference in Betas influence 

diagnostic for the jth coefficient 

when the ith observation is 

removed 

 is−  RMSE for OLS regression 

when the ith observation is 

removed 

 2
Is−  MSE for OLS regression when 

a set I of observations is 

removed 

 iCook sD′  Cook�s D diagnostic statistic 

for ith observation 

 ICook sD′  Cook�s D influence diagnostic 

statistic for a set I of 

observations 

 iCovRatio  CovRatio diagnostic statistic 

for ith observation 

 ICovRatio  CovRatio influence diagnostic 

statistic for a set I of 

observations 

 IR  Influence diagnostic statistic for 

a set I of observations 

 2
IQ  Influence diagnostic statistic for 

a set I of observations 

 I−B  Intermediate matrix for use in 

computing 2
IQ  

 

Regression Methods 

 0
�β  Generic representation of an 

initial regression estimator 

 �
OLSβ  OLS regression estimator 

 �
Mβ  M regression estimator 

 �
BIβ  BI regression estimator 

 �
LMSβ  LMS regression estimator 

 �
LTSβ  LTS regression estimator 

 �
M1Sβ  M1S regression estimator 

 �
S1Sβ  S1S regression estimator 

 �
CBIβ  CBI regression estimator 

 iπ  Leverage weight for the ith 

observation 

 W  Weight matrix 

 iw  Weight for the ith observation 

 �σ  General estimate of scale 

 0�σ  LMS scale estimate (see also 

CBI initial scale estimate) 

 �LTSσ  LTS scale estimate (equals 0�σ ) 

 0g  Intermediate vector used in 1-

step (M1S, S1S) derivation 



 xv

 0H  Intermediate vector used in 1-

step (M1S, S1S) derivation 

 W  Weight matrix used in 1-step 

(M1S, S1S) improvement 

 B  Leverage weight matrix used in 

1-step (M1S, S1S) 

improvement 

 0M  Intermediate matrix used in 1-

step (M1S, S1S) standard error 

derivation 

 V  Intermediate matrix used in 1-

step (M1S, S1S) estimated 

covariance matrix derivation 

 ( )�Cov β  Asymptotic covariance matrix 

for �β  

 

CBI Regression 

 0C  Main cluster (initial or final) 

 1 2, , , gC C CK  Minor clusters 

 Ω  Anchor set 

 B  Point-addition OLS regression 

coefficient matrix 

 i′b  The ith row of B  

 S  Similarity matrix 

 ijs  The similarity between the ith 

and jth observations 

 0�σ  Initial CBI scale estimate 

 1�σ  Intermediate scale estimate in 

CBI 

 �CBIσ  Final CBI scale estimate (not 
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