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ABSTRACT 

An analytic treatment of stresses and temperatures generated during grinding is 

presented from an elasticity approach. A two dimensional heat conduction model 

employs an energy partition scheme in the grinding zone to produce realistic temperature 

profiles. By using the basic equations of thermoelasticity, the temperature profiles yield 

. thermal stresses. An extension of the Hertzian contact theory yields mechanical stresses, 

which are then superimposed on the thermal stresses. Approximate plasticity corrections 

are used to approximate the deformation as the grinding wheel passes over the 

workpiece. 

Subsurface results are qualitatively consistent with those found experimentally. 

However, they still do not agree with near-surface experimental results. Possible 

explanations and areas of further research are discussed.
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Residual Stresses Due to Grinding 

1. INTRODUCTION 

"Split-second timing is essential for smooth and powerful running in a car engine. It is achieved 
by the engine's camshaft and crankshaft working in concert." "As the pistons move up and down 
in the cylinders, they drive the crankshaft which turns the flywheel and, ultimately, the wheels. 
But, through a chain linkage, the crankshaft also turns the camshaft. As the camshaft rotates, 
the cams operate the cylinder valves." - David Macauley, The Way Things Work 

This thesis continues the efforts of an already well developed research project. 

The project focuses on more reliably predicting and extending the service life of 

camshafts. Once an engineer chooses cam material, profile and valve-train 

configuration, advances in cam service-life necessarily emerge from improved 

manufacturing processes. Since the final manufacturing process is usually the most 

influential, the effect of grinding has been the central theme of this project. 

The principal investigators conceived this project with the well-founded notion 

that the residual stress state of the finished product influences cam service life. The 

investigators insightfully divided the project into logical parts. The parts included an 

initial literature review, experimental determination of residual stress profiles, prediction 

of service life given the experimental profiles, and prediction of the residual stress 

profiles as a result of manufacturing processes. The material contained herein pertains to 

the prediction of residual stress as a result of cam manufacture. The study focuses on the 

cams manufactured for Ford by Presta Someflor, but the information pertains to any 

ground cam. 

1.1 CAM TERMINOLOGY, DESIGN, AND MANUFACTURE 

Typically, the cam of an internal combustion engine is divided into four regions, 

the nose, the base circle, the opening ramp and the closing ramp (see Figure 1-1). 

1. Introduction Page 1
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Figure 1-1 Cam lobe nomenclature. The particular Presta shafts that have been the focus of 
previous, supporting studies and are the focus of this study have eight lobes, numbered 

sequentially from left to right. 
  

The simplest region of this type of cam is the base circle, which, by definition, is a circle 

with its center at the center of rotation. The base circle is a dwell period for the cam 

where either the exhaust and power strokes (intake lobe), or the intake and power strokes 

(exhaust lobe) occur. The nose is the point where the intake and exhaust ramps meet. 

Cam designers are caught between a “rock and a hard place” designing the ramps and 

nose. While it is desirable to have a period of dwell at the nose to allow gasses (fuel and 

air, or exhaust) to pass through, the dynamics usually dictate the cam shape. Therefore, 

the nose of a cam is just part of a polynomial that encompasses all three regions of the 

cam, the intake ramp, the nose, and the exhaust ramp. As a starting point, designers 

typically require that an automotive cam has a given displacement at a given angle and 

that the derivative of acceleration, known as jerk, is continuous. 

In recent years, automobile designers at Ford moved towards roller-follower type 

valve-trains (see Figure 1-2) for the reduced noise, increased fuel efficiency, and 

increased performance. 
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Figure 1-2 Overhead valve and roller-follower Figure 1-3 Overhead valve and flat-tappet 

configuration configuration [Hugnell, n.d.}     
Additionally, the roller-follower offers decreased surface wear compared to that of the 

flat-tappet follower (see Figure 1-3) by virtually eliminating the rubbing action of the flat 

tappet [See Hugnell, n.d. for a wear analysis]. However, due to the reduced contact area, 

a roller-follower increases service loads in otherwise similar configurations. Increased 

service loads translate directly to decreased service life. 

To combat the increased service loads, the dynamic mass of the valve-train can 

be reduced by using an overhead cam configuration. This reduced dynamic mass is a 

consequence of the elimination of the pushrod and tappet (compare Figure 1-2 and 

Figure 1-4). 
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Figure 1-4 Overhead cam and roller-follower configuration 
  

Through this sacrificial approach to valve-train design and further optimization 

of the remaining parts, engineers “eked” out much of the excess dynamic mass in the 

valve-train. For further increases in service life, attention has turned toward the 

manufacturing processes. 

During manufacture, the camshafts manufactured by Presta Someflor go through 

numerous processes, including induction hardening, press fitting and grinding 

[Courtney, 1993, pp. 1-13]. Since the final manufacturing process generally has the 

most significant effect on the quality of the finished part, grinding will be the focus here. 

However, it should be noted that, prior to grinding, the part is induction hardened to a 

depth of approximately 2.5 millimeters and that the assembly forces required to press fit 

the lobes on the shaft are significant; both of these processes influence the state of 

residual stress. The significance of the processes prior to grinding is not investigated 

here. The lobes are assumed to be in a stress-free state before grinding. 

1.2 WORK COMPLETED TO DATE 

The accomplishments prior to this work have been significant. Scott Courtney 

and Marc Tricard spearheaded the initial research, creating an extensive and 
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comprehensive grinding data base. Courtney continued with this momentum, focusing 

his efforts on experimentally determining the residual stress state of the finished cam 

lobes. His work culminated with a thesis, cited in the bibliography herein. As Courtney 

was conducting research, Benoit Girardin took advantage of Courtney’s seniority by 

absorbing as much information as possible from him. Girardin’s efforts predicted the 

cam life as a result of the predetermined residual stress state. Girardin’s efforts also 

produced a substantial thesis cited herein. 

1. Introduction Page 5



Residual Stresses Due to Grinding 

2. BACKGROUND 

“The sciences do not try to explain, they hardly even try to interpret, they mainly make models. 
By a model is meant a mathematical construct which, with the addition of certain verbal 

interpretations, describes observed phenomena. The justification of such a mathematical 
construct is solely and precisely that it is expected to work.” -John von Neumann’ 

The following literature review includes a description of the mathematical tools 

used to predict residual stress herein. Section 2.1 derives the governing equations from a 

continuum mechanics approach using tensor notation. Section 2.2 provides a brief 

description of what residual stress is, how it is caused, why it is of interest, and methods 

of predicting it. In addition, some works cited include in-depth analysis of measurement 

techniques [Courtney, 1993], [Vansevenant, 1987]. 

2.1 DERIVATION OF GOVERNING EQUATIONS’ 

As technology is pushed further ahead, it has become necessary for scientists and 

engineers to revisit the assumptions inherent in the governing equations they are using. 

For this reason a thorough development of the governing equations is contained herein. 

In addition, the author has found a wealth of research areas that could have impact on 

grinding research. He does his best to bring attention to these areas, so subsequent 

researchers are aware of the knowledge base available. 

It is common knowledge that coupling occurs between many processes. The 

thermal stress analysis presented in this paper is a quasi-static approach. Approximate 

plasticity corrections are implemented after the elastic stress field is calculated. This 

  

* John von Neumann (1903-1957): US mathematician born in Hungary. 

' The interested reader should refer to [Frederick, 1965] for a definition of terms and a more in-depth 

treatment. 

2. Background Page 6



Residual Stresses Due to Grinding 

section reviews the assumptions made when using this approach by deriving the 

governing equations used from basic principles 

2.1.1 LAGRANGIAN LINEAR STRAIN TENSOR 

The standard notion of strain is a scalar change in length. Typically when solids 

are analyzed a Lagrangian approach to strain (see Figure 2-1) is the method of choice, as 

opposed an Eulerian approach, which is more common in fluids (see Figure 2-2). 

  

  

  

    
¥1 

Figure 2-1 Undeformed and deformed regions 

using Lagrangian viewpoint [Frederick, 

1965, p. 74]   
¥1 

  

  

Figure 2-2 A fixed region of space through 

which the continuum flows, using the 

Eulerian viewpoint [Frederick, 1965, p. 

76] 
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Figure 2-3 Relative displacements between two neighboring points in a continuum [Frederick, 

1965, p. 80] 
  

The deformation map in Figure 2-3 places no restrictions on displacement or 

rotation magnitudes. It is the difference in the magnitudes of the vectors dy, and da, 

that is of importance. We can reduce the mathematical difficulty by choosing to speak of 

the difference of the squares of these magnitudes. 

4 =< 

(length PQ) —(length PQ) = (dy) —(da) = dy.dy, — da,da, 

At a given time, t, the vector dy; can be expressed as: 

dy, -(2| da, 
a;), 

After some manipulation, one finds the following equation for displacements valid: 
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2 2 |ou, Ou. Ou ou 
dy) —(da) =|—++—++—— lda.da, 

(dy) — (da) EB Oa, a; | sd 

It is common notation to define the strain tensor as: 

. _i du, + ou, +4 du, du, (2.1) 

” 2\)da, Oa; 0a, da, 

which is where the notorious factor of one-half comes from; it is part of the definition of 

the strain tensor. It can be seen that strain is a second order Cartesian tensor. Although 

a deformation scheme has been implemented to describe deformation, we have not yet 

limited material behavior in any way. 

At this point, the first assumption is made about the material behavior. If it can 

be assumed that the displacement gradients are small, the third term in Equation (2.1) 

can be neglected since it is of second order. This assumption yields the familiar 

Lagrangian linear strain tensor. 

1] du, ou; | 1 
L -3/ | = 5 [Mi +u,,| 

By enforcing the fact that displacements must be single-valued and continuous, 

(2.2) 

we can show that the Lagrangian linear strain tensor must also satisfy the compatibility 

equations. 

L, sate ij — lip stl jroin (2.3) 

2.1.2 REYNOLDS’ TRANSPORT THEOREM 

Applying the Gauss Theorem, which converts a surface integral to a volume 

integral, to an arbitrary material quantity, F;,., and assuming our elemental mass, 

p(y.t)dV(y,t), does not change, we can derive Reynolds’ Transport Theorem for 

Lagrangian coordinates. 
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£ f o(.Ronavte)= [olay avey= foo. ayy 
dt i,) R(0) R(t) 

From the left side of this equation, which is the control system, to the middle 

equality, it is assumed that the elemental mass p dV is constant. The comoving 

derivative using Lagrangian coordinates is expanded to get from the middle to the left 

equality. 

2.1.3 ENERGY BALANCE 

Starting with conservation of energy, we can write an energy balance: 

dQ dW _dU , dK Qs) 
dt dt dt dt 

where we have taken time rates to make it convenient to apply Reynolds’ Transport 

Theorem and: 

dQ =heat added to system. Because this term cannot be written as the comoving 

derivative of a thermodynamic variable, it is an inexact differential. 

dW =work done by surroundings on the system. This is also an inexact 

differential. 

dU =internal energy due to thermal motions of molecules, elastic energy, etc. 

This is an exact differential, since it can be written as the comoving derivative 

of thermodynamic variables. 

dK =the kinetic energy of the system. This is also an exact differential. 

Looking ahead to some equations to be discussed, it is interesting to note that the 

heat conduction equation (2.26), the elasticity equations (2.31) and thermoelasticity 

equations (2.34) all come from the energy balance used to develop the first and second 

laws of thermodynamics (2.5). In order to point out the assumptions inherent in the 

governing equations used herein, it is necessary to develop them from first principles. 
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2.1.3.1 THE HEAT TERM 

Heat can be added to the control system in two ways. It can either pass through 

the boundaries as a heat flux, or be added as a volumetric heat source (i.e. internal heat 

generation and radiation). If a vector representing heat per unit area per unit time is 

defined as q,, it can be integrated over the control surface to obtain the total heat input 

due to heat flux. 

-J qin, ds 2.6) 
5 

The negative sign is due to the unit normal, n,, being defined as outward (see 

Figure 2-2). If we let crepresent the volumetric heat transfer per unit time per unit mass, 

it can be integrated over the volume to obtain the total volumetric heat input. 

J oc dV (2.7) 
R 

Applying the Gauss’ theorem, which relates a surface integral to a volume 

integral, to Equation (2.6) and combining the result with Equation (2.7), the heat term 

becomes: 

dQ —~=-—l(g..—pc) dV (2.8) 7 J(a pc) 

2.1.3.2 THE WORK TERM 

Work can be done on the control system in two ways. A body force such as 

gravity can act on the body through some distance, or a stress can act on an area across 

the surface. Summing all of these effects, we get: 

lo" as+ | fuip dV 

Using Cauchy’s relation (co, =0, n,) and applying the Gauss’ theorem, which 

relates a surface integral to a volume integral, to the first term on the right: 
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<= flo. ov: +0F¥ ,| av (2.9) 
R 

The stress tensor, o,,, includes both the conservative (elastic) and dissipative 
ij? 

(plastic) stress fields at this point. 

2.1.3.3 THE INTERNAL ENERGY TERM 

A body can also contain energy internally in many different forms; residual stress 

and relative motion between the atoms. The relative motion between the atoms is 

generally measured as temperature. 

du _d 
puidV = aa V (2.10) 

dt ~ dt4, J P 

The tilde is used to distinguish the differential internal energy per unit mass, iZ, 

from displacement, u. 

2.1.3.4 THE KINETIC ENERGY TERM 

The net velocity of the elemental masses in the control system has an energy 

associated with it, which can be represented by: 

2 dK _dvfl toy dv=fpof% dv (2.11) 
dt dt,2 np at\ 2 

2.1.3.5 FIRST LAW OF THERMODYNAMICS 

If we combine Equations (2.5), and (2.8) to (2.11), taking into account we are 

integrating over an arbitrary region, the result is the first law of thermodynamics, also 

known as the differential energy equation. 

2 

a i+— =-(6, vi)s, +f Vv; +g +c (2.12) 
dt 2 p\ # p 
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To this point, we have used the law of conservation of energy, the Gauss’ 

theorem, and Reynolds’s transport theorem. The following sections emphasize 

assumptions made to reduce the differential energy equation to the governing equations. 

2.1.4 HEAT CONDUCTION EQUATION 

This section develops the equations used for calculating temperature distributions 

during grinding. The assumptions made are pointed out throughout this development 

and summarized at the end of the section. 

We can subtract the well known work-kinetic energy equation 

d{v 1 (work-energy equation) 
=—0 ,,,,V,+fy¥ 

dtl 2. 

from Equation (2.12) to obtain another form of the First Law of Thermodynamics. 

dt 436 y +4 4+ (2.13) 
dt 0 jiij 9 i 

This is the form of the first law of thermodynamics used to derive the equations that 

follow. 

2.1.4.1 DISSIPATIVE PROPERTIES 

The stress tensor, 6 ,,, can be separated into its conservative and dissipative parts if? 

(Equation (2.14)). 

F 52 = (O cons) j; + (F ass) j (2.14) 

Substituting (2.14) into (2.13), we can rewrite Equation (2.13) as: 

di _1 1 1 
cin —_ _— 2.15 
dt p (9 cons): Yin + 0 (9 ais) 5,%i.j p qi i +C ( ) 
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which is a combination of the first and second laws of thermodynamics. In a complete 

plasticity analysis, Equation (2.15) would be used as is. However, the computations are 

greatly simplified by neglecting the dissipative stress term. 

When the dissipative stress term is neglected, it should be noted that we change 

the nature of the heat input terms as well. This change is indicated by a subscript in 

Equation (2.16), 

di 1 1 — = _— 2.1 
dt ~ 0 (9 cons) 5 Yins p (eons); + Coons? ( 6) 

where (6 yi.) , = 0 

which is referred to as the entropic equation of state. Neglecting the dissipative terms 

possibly causes the contradiction between Fourier’s Law and the entropic equation of 

state alluded to later in Section 2.1.4.5. 

Furthermore, by neglecting the dissipative term, we are losing the term which 

accounts for plastic deformation of the material. Consequently, if no residual stress was 

present before a reversible process occurred, no residual stress will be present after the 

process occurred. This is addressed in Section 2.2.2. 

2.1.4.2 INTERNAL ENERGY TERM 

If we assume the internal energy term from (2.16) to be a function of the 

Lagrangian linear strain tensor as developed in Section 2.1.1, and temperature, we can 

write: 

Ou Ou = gy ar (2.17) 
a! aT 

if 

dii(|, ,T yj? 

~ 

_ Of 
where ¢ =—— 

oT 

If it is assumed that the material is both isotropic and homogeneous (this is 

addressed in Section 2.1.5) and the process is reversible, the first term on the right hand 
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side of Equation (2.17) the following equality holds true [Frederick, 1965, pp. 167 - 

169]: 

oz 1 — =— - 2.18 51, 7 pl Co) GA +2 08 7] a8) 

Even if the process is reversible there is a term which stems from the derivation 

of (2.18) that 1s assumed to be zero (2.19) [Frederick, 1965, p. 168, equation 5.137 to 

5.138]. This is, in fact, another research area. 

a( = (2.19) 
T 

“3h =0 (assumed) 

However, in light of our other assumptions, this term can surely be neglected in 

our analysis. 

2.1.4.3 THE STRESS AND VELOCITY GRADIENT PRODUCT 

The velocity gradient can be conveniently expressed in terms of the strain tensor 

by using the property of symmetry possessed by the strain tensor. 

(7) _ al (4, +u,)| ali, 2.20) 
  

‘i | oor or or 
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2.1.4.4 HEAT FLUX TERM 

In 1808 Fourier’ proposed a model governing the transfer of heat energy. It 

became known as Fourier law of heat conduction. The Fourier law of heat conduction 

says that the rate of heat flow through a substance is proportional to the area normal to 

the direction of flow and negative to the rate of change of temperature with distance 

along the direction of flow [Parker, 1994, p. 797]. 

q, =kT,, (2.21) 

Notice the law does not specify g for a reversible process, which could give rise to the 

“second sound” phenomenon mentioned later in Section 2.1.4.5. 

In using Fourier’s law it is assumed the material conductivity is not directional, 

i.e. the material is assumed isotropic. Fourier’s law was later generalized by Duhamel in 

1838 to include anisotropic heat conduction. Although all materials exhibit anisotropic 

properties to some extent, this is not addressed in this study. 

2.1.4.5 SECOND SOUND PHENOMENON 

Heat must propagate at a finite speed. Therefore, it is contradictory to use both 

the equation of state (2.17) and Fourier’s Law (2.21). This contradiction was first noted 

by Maxwell’ in 1867 [Maxwell, 1867], and has been a topic of research [Szekeres, 1980], 

[Farkas, 1983], [Tarkenton, 1994], [Chandrasekharaiah, 1986]. The modified equation 

of state used has been proposed in the form [Szekeres, 1980]: 

. Ou 
sd, +—dT+—~dT, where —- = CT (2.22) 
ol. oT oT oT 

yj 

du (1,.7, t) = Ou Ou ou 

An alternative formulation associating the “second sound” phenomenon with the heat 

flux vector was also proposed in the form: 

  

” Jean Baptiste Joseph Fourier (1768-1830): French mathematician and physicist. 

* James Clark Maxwell (1831-1879): Scottish physicist. 
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� � �d�e�t�e�r�m�i�n�e�d� �t�o� �b�e� �a�b�o�u�t� �3�0� �g�i�v�e�n� �a�n� �a�v�e�r�a�g�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �4�8�0�°�C� �[�V�a�n�s�e�v�e�n�a�n�t�,� 

�1�9�8�7�,� �p�.� �3�-�2�5�]�.� 

�2�.�1�.�4�.�7� �H�E�A�T� �C�O�N�D�U�C�T�I�O�N� �E�Q�U�A�T�I�O�N� 

�I�f� �E�q�u�a�t�i�o�n�s� �(�2�.�1�3�)�-�(�2�.�2�4�)� �a�r�e� �c�o�m�b�i�n�e�d�,� �t�h�e� �r�e�s�u�l�t� �i�s� �t�h�e� �c�o�u�p�l�e�d� �h�e�a�t� �c�o�n�d�u�c�t�i�o�n� 

�e�q�u�a�t�i�o�n� �o�f� �l�i�n�e�a�r� �t�h�e�r�m�o�e�l�a�s�t�i�c�i�t�y� �(�2�.�2�5�)�.� 
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�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �t�o� �G�r�i�n�d�i�n�g� 

�O�T� �0� 
�k�T�,�,�,�=� �p�e ��-� �+� �(�3�A� �+� �2�u�)�o�,�,�7� �u�e� �(�2�.�2�5�)� 

�H�o�w�e�v�e�r�,� �t�h�e� �c�o�u�p�l�i�n�g� �t�e�r�m� �w�h�i�c�h� �r�e�l�a�t�e�s� �t�h�e� �r�a�t�e� �o�f� �c�u�b�i�c�a�l� �d�i�l�a�t�a�t�i�o�n� �t�o� 

�t�e�m�p�e�r�a�t�u�r�e� �w�i�l�l� �n�o�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�.� 

�T�o� �s�u�m�m�a�r�i�z�e�,� �t�h�e� �m�a�t�e�r�i�a�l� �i�n�v�e�s�t�i�g�a�t�e�d� �i�s� �a�s�s�u�m�e�d� �t�o� �h�a�v�e� �b�o�t�h� �i�s�o�t�r�o�p�i�c� �a�n�d� 

�h�o�m�o�g�e�n�e�o�u�s� �p�r�o�p�e�r�t�i�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �s�t�r�e�s�s�-�s�t�r�a�i�n� �r�e�l�a�t�i�o�n�s�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

�i�s�o�t�r�o�p�i�c� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �h�e�a�t� �c�o�n�d�u�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�.� �T�h�e� �p�r�o�c�e�s�s� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

�r�e�v�e�r�s�i�b�l�e�.� �W�e� �a�r�e� �n�e�g�l�e�c�t�i�n�g� �t�h�e� �s�e�c�o�n�d� �s�o�u�n�d� �p�h�e�n�o�m�e�n�o�n� �a�n�d� �c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� 

�c�u�b�i�c�a�l� �d�i�l�a�t�a�t�i�o�n� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e�.� �W�e� �h�a�v�e� �n�o�w� �r�e�d�u�c�e�d� �t�h�e� �f�i�r�s�t� �l�a�w� �o�f� 

�t�h�e�r�m�o�d�y�n�a�m�i�c�s� �t�o� �t�h�e� �u�n�c�o�u�p�l�e�d� �h�e�a�t� �c�o�n�d�u�c�t�i�o�n� �e�q�u�a�t�i�o�n� �(�2�.�2�6�)�.� 

�_� �p�e� �o�F� �=� �(�2�.�2�6�)� 
�"�k�o�t� 

�I�n� �g�e�n�e�r�a�l�,� �t�h�e� �m�a�t�e�r�i�a�l� �c�o�n�s�t�a�n�t�s�,� �k�,�p�,�¢� �,� �a�r�e� �t�e�m�p�e�r�a�t�u�r�e� �d�e�p�e�n�d�e�n�t� �(�s�e�e� �F�i�g�u�r�e� �2�-�1�7�)�.� 

�2�.�1�.�5� �M�E�C�H�A�N�I�C�A�L� �S�T�R�E�S�S� �E�Q�U�A�T�I�O�N�S� 

�T�h�i�s� �s�e�c�t�i�o�n� �d�e�v�e�l�o�p�s� �t�h�e� �e�q�u�a�t�i�o�n�s� �u�s�e�d� �f�o�r� �e�l�a�s�t�i�c� �s�t�r�e�s�s� �c�a�l�c�u�l�a�t�i�o�n�s� �d�u�e� �t�o� 

�s�u�r�f�a�c�e� �t�r�a�c�t�i�o�n� �d�u�r�i�n�g� �g�r�i�n�d�i�n�g�.� �A�t�t�e�n�t�i�o�n� �i�s� �b�r�o�u�g�h�t� �t�o� �a�s�s�u�m�p�t�i�o�n�s� �m�a�d�e� �d�u�r�i�n�g� �t�h�e� 

�d�e�v�e�l�o�p�m�e�n�t�,� �w�h�i�c�h� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �s�e�c�t�i�o�n�.� �P�r�e�v�i�o�u�s� �m�o�d�e�l�s� 

�d�e�v�e�l�o�p�e�d� �b�y� �o�t�h�e�r� �s�c�i�e�n�t�i�s�t�s� �a�r�e� �u�s�e�d� �a�s� �p�a�r�t� �o�f� �o�u�r� �l�a�t�e�r� �a�n�a�l�y�s�i�s� �a�n�d� �a�r�e� �b�r�i�e�f�l�y� 

�e�x�p�l�a�i�n�e�d� �i�n� �S�e�c�t�i�o�n� �2�.�1�.�5�.�3�.� 

�2�.�1�.�5�.�1� �G�E�N�E�R�A�L�I�Z�E�D� �H�O�O�K�E ��S� �L�A�W� 

�I�f� �t�h�e� �a�s�s�u�m�p�t�i�o�n�s� �i�n�h�e�r�e�n�t� �i�n� �(�2�.�1�6�)� �a�r�e� �m�a�d�e�,� �t�h�e� �h�e�a�t� �t�r�a�n�s�f�e�r� �t�e�r�m�s� �a�r�e� 

�n�e�g�l�e�c�t�e�d�,� �a�n�d� �t�h�e� �v�e�l�o�c�i�t�y� �t�e�r�m� �i�s� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �l�i�n�e�a�r� �s�t�r�a�i�n� �t�e�n�s�o�r� �a�s� �i�n� 

�(�2�.�2�0�)�,� �w�e� �c�a�n� �w�r�i�t�e�:� 

�¥� �i�j� �i�j� 
�a�)� �=� �(�a�)� �(�2�.�2�7�)� 
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�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �t�o� �G�r�i�n�d�i�n�g� 

�I�f� �Z� �i�s� �e�x�p�a�n�d�e�d� �i�n� �a� �p�o�w�e�r� �s�e�r�i�e�s�,� �w�e� �g�e�t�:� 

�u�i� �=� �C�y� �+�E� �i�l�i�,� �+�y� �i�g�a�l�i�g�e�a�t� �t�e�n�e�s� �(�2�.�2�8�)� 

�w�h�e�r�e� �C�y� �r�e�p�r�e�s�e�n�t�s� �i�n�i�t�i�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �¢�,� �r�e�p�r�e�s�e�n�t�s� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s�.� �I�f� �t�h�e� �i�n�i�t�i�a�l� 

�d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s� �a�r�e� �z�e�r�o�,� �s�t�r�a�i�n� �e�n�e�r�g�y� �b�e�g�i�n�s� �w�i�t�h� �t�h�e� �t�h�i�r�d� �t�e�r�m�.� 

�H�i�g�h�e�r� �o�r�d�e�r� �t�e�r�m�s�,� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t� �n�o�n�-�l�i�n�e�a�r�,� �e�l�a�s�t�i�c� �s�t�r�e�s�s�-�s�t�r�a�i�n� �r�e�l�a�t�i�o�n�s�h�i�p�s�,� �a�r�e� �y�e�t� 

�a�n�o�t�h�e�r� �a�r�e�a� �o�f� �r�e�s�e�a�r�c�h�.� 

�C�o�n�s�i�d�e�r�i�n�g� �t�h�e� �s�y�m�m�e�t�r�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �s�t�r�e�s�s� �a�n�d� �s�t�r�a�i�n� �t�e�n�s�o�r�s�,� �i�t� �c�a�n� �b�e� 

�s�h�o�w�n� �t�h�a�t�:� 

�~� �1� �(�2�.�2�9�)� 
�u�=� �m�e� �w�i�e�t�"�a�j� �l�e�t� 

�a�n�d� �s�t�r�e�s�s� �i�s� �r�e�l�a�t�e�d� �t�o� �s�t�r�a�i�n� �b�y�:� 

�(�o� �c�o�n�s�)� �(�4�)� �=�¥� �v�i�e�d �� 

�T�h�e�r�e�f�o�r�e�:� 

�_� �1� �i�= ��~�(�o� �c�o�n�s� �)�i� �i�,� 

�A�l�s�o�,� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �c�o�m�p�a�t�i�b�i�l�i�t�y� �e�q�u�a�t�i�o�n�s� �f�o�r� �s�t�r�a�i�n� �(�2�.�3�)�,� �a�n�d� �t�h�e� �s�y�m�m�e�t�r�y� 

�p�r�o�p�e�r�t�y� �o�f� �b�o�t�h� �t�h�e� �s�t�r�e�s�s� �a�n�d� �s�t�r�a�i�n� �t�e�n�s�o�r�s�,� �i�t� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e�r�e� �a�r�e� �a�t� �m�o�s�t� �2�1� 

�i�n�d�e�p�e�n�d�e�n�t� �e�l�a�s�t�i�c� �c�o�n�s�t�a�n�t�s� �c�o�n�t�a�i�n�e�d� �i�n� �Y�j�4�;� �[�F�r�e�d�e�r�i�c�k�,� �1�9�6�5�,� �p�p�.� �1�4�8�,� �1�5�8�]�.� 

�I�t� �i�s� �i�n�t�e�r�e�s�t�i�n�g� �t�o� �p�o�i�n�t� �o�u�t� �t�h�a�t� �s�t�r�e�s�s� �i�s� �a� �p�h�y�s�i�c�a�l� �q�u�a�n�t�i�t�y� �t�h�a�t� �m�u�s�t� �e�x�i�s�t� �s�i�n�c�e� 

�i�t� �c�a�m�e� �f�r�o�m� �t�h�e� �t�w�o� �f�u�n�d�a�m�e�n�t�a�l� �l�a�w�s� �o�f� �n�a�t�u�r�e�.� �H�o�w�e�v�e�r�,� �n�o�t�e� �t�h�e� �m�e�t�h�o�d� �u�s�e�d� �t�o� 

�m�a�p� �d�e�f�o�r�m�a�t�i�o�n� �d�u�e� �t�o� �s�t�r�e�s�s�,� �1�.�e�.� �s�t�r�a�i�n�,� �1�s� �a�n� �a�r�b�i�t�r�a�r�y� �c�h�o�i�c�e�.� 

�2�.�1�.�5�.�2� �L�A�M�E ��S� �C�O�N�S�T�A�N�T�S� 

�I�f� �w�e� �a�s�s�u�m�e� �i�s�o�t�r�o�p�y� �a�n�d� �h�o�m�o�g�e�n�e�i�t�y� �o�f� �t�h�e� �e�l�a�s�t�i�c� �p�r�o�p�e�r�t�i�e�s� �(�2�.�3�0�)�,� �t�h�e�r�e� �a�r�e� 

�o�n�l�y� �t�w�o� �i�n�d�e�p�e�n�d�e�n�t� �e�l�a�s�t�i�c� �c�o�n�s�t�a�n�t�s� �r�e�l�a�t�i�n�g� �s�t�r�e�s�s� �a�n�d� �s�t�r�a�i�n�(�2�.�3�1�)�.� 
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�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �t�o� �G�r�i�n�d�i�n�g� 

�Y� �i�w� �=�Y� �o�r� �(�f�o�r� �i�s�o�t�r�o�p�y�)� �(�2�.�3�0�)� 

�w�h�e�r�e� �t�h�e� �p�r�i�m�e� �i�n�d�i�c�a�t�e�s� �a� �r�o�t�a�t�e�d� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� 

�Y� �i�t�m� �=�9� �(�f�o�r� �h�o�m�o�g�e�n�e�i�t�y�)� 

�(�5� �o�n�s�)� �(�4�j�)� �=� �M�i�d� �+� �2�M� �(�2�.�3�1�)� 

�w�h�e�r�e� �p�t� �a�n�d� �A� �a�r�e� �L�a�m�e ��s� �c�o�n�s�t�a�n�t�s�:� 

�1� 
�w�=� �3�h� �w�i� �1�1�2�2�)� 

�A�=�Y�u�n� 

�L�L� �i�s� �a�l�s�o� �k�n�o�w�n� �a�s� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� 

�L�a�m�e ��s� �c�o�n�s�t�a�n�t�s� �a�r�e� �r�e�l�a�t�e�d� �t�o� �Y�o�u�n�g ��s� �m�o�d�u�l�u�s� �a�n�d� �P�o�i�s�s�o�n ��s� �r�a�t�i�o� �a�s� �s�h�o�w�n� �i�n� 

�E�q�u�a�t�i�o�n� �(�2�.�3�2�)�.� 

�(�3�A� �+�2�1�)� 
�A�+� �U�L� 

�E�=� �Y�o�u�n�g ��s� �M�o�d�u�l�u�s� �(�2�.�3�2�)� 

�v� �= � � ��~� �P�o�i�s�s�o�n ��s� �R�a�t�i�o� 
�2�(�A� �+�p�)�.� 

�Y�o�u�n�g ��s� �M�o�d�u�l�u�s�,� �E�,� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �r�a�t�i�o� �o�f� �a� �s�i�m�p�l�e� �t�e�n�s�i�o�n� �s�t�r�e�s�s� �a�p�p�l�i�e�d� �t�o� �a� 

�m�a�t�e�r�i�a�l� �t�o� �t�h�e� �r�e�s�u�l�t�i�n�g� �p�a�r�a�l�l�e�l� �s�t�r�a�i�n� �t�o� �t�h�e� �t�e�n�s�i�o�n� �[�P�a�r�k�e�r�,� �1�9�9�4�]�.� �W�i�t�h�i�n� �s�m�a�l�l� 

�t�e�m�p�e�r�a�t�u�r�e� �r�a�n�g�e�s� �Y�o�u�n�g ��s� �m�o�d�u�l�u�s� �i�s� �a�s�s�u�m�e�d� �c�o�n�s�t�a�n�t�.� �H�o�w�e�v�e�r�,� �o�v�e�r� �b�r�o�a�d� 

�t�e�m�p�e�r�a�t�u�r�e� �r�a�n�g�e�s� �Y�o�u�n�g ��s� �m�o�d�u�l�u�s� �i�s� �i�n�v�e�r�s�e�l�y� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�e�m�p�e�r�a�t�u�r�e� �f�o�r� �m�o�s�t� 

�s�t�e�e�l�s� �a�s� �c�a�n� �b�e� �s�e�e�n� �f�o�r� �S�A�E� �5�2�1�0�0� �(�s�e�e� �F�i�g�u�r�e� �2�-�1�4�)�.� 

�P�o�i�s�s�o�n ��s� �r�a�t�i�o� �i�s� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �c�o�n�t�r�a�c�t�i�n�g� �s�t�r�a�i�n� �t�o� �t�h�e� �e�l�o�n�g�a�t�i�o�n� 

�s�t�r�a�i�n� �w�h�e�n� �a� �r�o�d� �i�s� �s�t�r�e�t�c�h�e�d� �b�y� �f�o�r�c�e�s� �w�h�i�c�h� �a�r�e� �a�p�p�l�i�e�d� �a�t� �i�t�s� �e�n�d�s� �a�n�d� �w�h�i�c�h� �a�r�e� 

�p�a�r�a�l�l�e�l� �t�o� �t�h�e� �r�o�d ��s� �a�x�i�s�  ��P�a�r�k�e�r�,� �1�9�9�4�]�.� �A�l�t�h�o�u�g�h� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �m�o�d�e�s�t� �c�h�a�n�g�e� �i�n� 

�2�.� �B�a�c�k�g�r�o�u�n�d� �P�a�g�e� �2�0



�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �t�o� �G�r�i�n�d�i�n�g� 

�P�o�i�s�s�o�n ��s� �r�a�t�i�o� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�e�m�p�e�r�a�t�u�r�e� �w�i�l�l� �n�o�t� �b�e� �i�n�v�e�s�t�i�g�a�t�e�d� �h�e�r�e�,� �i�t� �i�s� �p�r�o�v�i�d�e�d� �f�o�r� 

�r�e�f�e�r�e�n�c�e� �(�s�e�e� �F�i�g�u�r�e� �2�-�1�3�)�.� 

�T�o� �s�u�m�m�a�r�i�z�e�,� �t�h�e� �m�a�t�e�r�i�a�l� �i�n�v�e�s�t�i�g�a�t�e�d� �i�s� �a�s�s�u�m�e�d� �t�o� �h�a�v�e� �b�o�t�h� �i�s�o�t�r�o�p�i�c� �a�n�d� 

�h�o�m�o�g�e�n�e�o�u�s� �p�r�o�p�e�r�t�i�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �s�t�r�e�s�s�-�s�t�r�a�i�n� �r�e�l�a�t�i�o�n�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� 

�m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�e�m�p�e�r�a�t�u�r�e�.� �T�h�e� �p�r�o�c�e�s�s� �i�s� 

�a�s�s�u�m�e�d� �t�o� �b�e� �r�e�v�e�r�s�i�b�l�e�.� �W�e� �a�r�e� �n�e�g�l�e�c�t�i�n�g� �t�h�e� �s�e�c�o�n�d� �s�o�u�n�d� �p�h�e�n�o�m�e�n�o�n�,� �t�h�e� 

�t�e�m�p�e�r�a�t�u�r�e� �e�q�u�a�t�i�o�n� �a�n�d� �i�t�s� �c�o�u�p�l�i�n�g� �t�e�r�m�.� �T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �g�r�a�d�i�e�n�t�s� �a�r�e� �a�s�s�u�m�e�d� 

�s�m�a�l�l�.� �W�e� �h�a�v�e� �n�o�w� �r�e�d�u�c�e�d� �t�h�e� �f�i�r�s�t� �l�a�w� �o�f� �t�h�e�r�m�o�d�y�n�a�m�i�c�s� �t�o� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� 

�e�l�a�s�t�i�c�i�t�y� �(�2�.�3�1�)�.� 

�2�.�1�.�5�.�3� �M�E�C�H�A�N�I�C�A�L� �P�R�E�S�S�U�R�E� �M�O�D�E�L�S� 

�T�h�e� �s�t�r�e�s�s� �d�u�e� �t�o� �c�u�r�v�e�d� �b�o�d�i�e�s� �i�n� �c�o�n�t�a�c�t� �w�a�s� �f�i�r�s�t� �s�t�u�d�i�e�d� �b�y� �H�e�r�t�z �� �(�H�e�r�t�z�,� 

�1�8�8�1�]�.� �H�i�s� �t�h�e�o�r�y� �i�s� �b�a�s�e�d� �o�n� �a�n� �e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� �(�2�.�3�1�)�.� �T�h�e� �t�h�e�o�r�y� �c�o�n�s�i�d�e�r�s� �n�o�r�m�a�l� 

�p�r�e�s�s�u�r�e� �o�n�l�y�.� �A� �s�o�l�u�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �b�y� �a�s�s�u�m�i�n�g� �a� �s�h�a�p�e� �f�o�r� �t�h�e� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� 

�t�h�a�t� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �b�o�d�i�e�s �� �g�e�o�m�e�t�r�y�.� 

� � 

 �� �H�e�i�n�r�i�c�h� �R�u�d�o�l�f� �H�e�r�t�z� �(�1�8�5�7�-�1�8�9�4�)�:� �G�e�r�m�a�n� �p�h�y�s�i�c�i�s�t�.� 

�2�.� �B�a�c�k�g�r�o�u�n�d� �P�a�g�e� �2�1



�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �t�o� �G�r�i�n�d�i�n�g� 

� � 

� � 

� � 

�F�i�g�u�r�e� �2�-�4� �A�s�s�u�m�e�d� �n�o�r�m�a�l� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �b�e�t�w�e�e�n� �t�w�o� �c�u�r�v�e�d� �b�o�d�i�e�s� �i�n� �c�o�n�t�a�c�t� �[�A�d�a�p�t�e�d� 
�f�r�o�m� �J�u�v�i�n�a�l�l�,� �1�9�6�7�]� 

� � 

�H�e�r�t�z ��s� �t�h�e�o�r�y� �h�a�s� �b�e�e�n� �e�x�t�e�n�d�e�d� �t�o� �i�n�c�l�u�d�e� �b�o�t�h� �n�o�r�m�a�l� �a�n�d� �t�a�n�g�e�n�t�i�a�l� �f�o�r�c�e�s� 

�b�e�t�w�e�e�n� �t�w�o� �c�y�l�i�n�d�e�r�s� �i�n� �c�o�n�t�a�c�t� �[�S�m�i�t�h�,� �1�9�5�3�]�.� �I�t� �h�a�s� �a�l�s�o� �b�e�e�n� �u�s�e�d� �e�x�t�e�n�s�i�v�e�l�y� �i�n� 

�g�r�i�n�d�i�n�g� �l�e�n�g�t�h� �c�o�n�t�a�c�t� �m�o�d�e�l�s� �[�L�i�n�d�s�a�y�,� �n�.�d�.�]�,� �[�L�i�n�d�s�a�y�,� �1�9�6�7�]�,� �[�V�e�r�k�e�r�k�,� �1�9�7�5�]�,� 

�[�B�r�o�w�n�,� �1�9�7�1�]�.� 

�2�.�1�.�6� �T�H�E�R�M�A�L� �S�T�R�E�S�S� �E�Q�U�A�T�I�O�N�S� 

�T�h�i�s� �s�e�c�t�i�o�n� �d�e�v�e�l�o�p�s� �t�h�e� �e�q�u�a�t�i�o�n�s� �u�s�e�d� �f�o�r� �t�h�e�r�m�o�e�l�a�s�t�i�c� �s�t�r�e�s�s� �c�a�l�c�u�l�a�t�i�o�n�s� �d�u�e� 

�t�o� �t�h�e� �s�u�r�f�a�c�e� �h�e�a�t� �f�l�u�x� �d�u�r�i�n�g� �g�r�i�n�d�i�n�g�.� �A�t�t�e�n�t�i�o�n� �i�s� �b�r�o�u�g�h�t� �t�o� �a�s�s�u�m�p�t�i�o�n�s� �m�a�d�e� 

�d�u�r�i�n�g� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t�,� �w�h�i�c�h� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �s�e�c�t�i�o�n�.� �P�r�e�v�i�o�u�s� 

�m�o�d�e�l�s� �d�e�v�e�l�o�p�e�d� �b�y� �o�t�h�e�r� �s�c�i�e�n�t�i�s�t�s� �a�r�e� �a�l�l�u�d�e�d� �t�o�.� 

�S�i�n�c�e� �w�e� �h�a�v�e� �a�l�r�e�a�d�y� �m�a�d�e� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �s�m�a�l�l� �d�i�s�p�l�a�c�e�m�e�n�t� �g�r�a�d�i�e�n�t�s� �i�n� 

�u�s�i�n�g� �t�h�e� �l�i�n�e�a�r� �s�t�r�a�i�n� �t�e�n�s�o�r� �w�e� �c�a�n� �r�e�a�r�r�a�n�g�e� �(�2�.�2�7�)�,� �a�n�d� �w�r�i�t�e�:� 

�d�i�t� �_� �f�i�c� �o�n�)�;� �(�2�.�3�3�)� 
�d�i�,� �p�  �� 

�C�o�n�s�i�d�e�r�i�n�g� �(�2�.�1�8�)�,� �(�2�.�3�1�)�,� �(�2�.�3�3�)�,� �w�e� �c�a�n� �w�r�i�t�e� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �f�o�r� �l�i�n�e�a�r� 

�t�h�e�r�m�o�e�l�a�s�t�i�c�i�t�y� �(�2�.�3�4�)�.� 

�2�.� �B�a�c�k�g�r�o�u�n�d� �P�a�g�e� �2�2� 

� 



�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �t�o� �G�r�i�n�d�i�n�g� 

�(�©� �c�o�n�s�)�;� �=� �M�S� �+� �2�H�;�  �� �(�3�A� �+�2�p�1�)�o�4� �5� �(�7�  �� �T�e�r�)� �(�2�.�3�4�)� �H�Y� �i� 

�w�h�e�r�e� �T�,�,�,� �i�s� �a� �r�e�f�e�r�e�n�c�e� �t�e�m�p�e�r�a�t�u�r�e�.� 

�W�h�e�n� �u�s�i�n�g� �(�2�.�3�4�)�,� �t�h�e� �m�a�t�e�r�i�a�l� �i�s� �a�s�s�u�m�e�d� �t�o� �h�a�v�e� �b�o�t�h� �i�s�o�t�r�o�p�i�c� �a�n�d� 

�h�o�m�o�g�e�n�e�o�u�s� �p�r�o�p�e�r�t�i�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �s�t�r�e�s�s�-�s�t�r�a�i�n� �r�e�l�a�t�i�o�n�s�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

�i�s�o�t�r�o�p�i�c� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �h�e�a�t� �c�o�n�d�u�c�t�i�o�n�.� �T�h�e� �p�r�o�c�e�s�s� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� 

�r�e�v�e�r�s�i�b�l�e�.� �W�e� �a�r�e� �n�e�g�l�e�c�t�i�n�g� �t�h�e� �s�e�c�o�n�d� �s�o�u�n�d� �p�h�e�n�o�m�e�n�o�n�,� �t�e�m�p�e�r�a�t�u�r�e� �e�q�u�a�t�i�o�n� �a�n�d� 

�i�t�s� �c�o�u�p�l�i�n�g� �t�e�r�m�.� �T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �g�r�a�d�i�e�n�t�s� �a�r�e� �a�s�s�u�m�e�d� �s�m�a�l�l�.� �W�e� �h�a�v�e� �n�o�w� �r�e�d�u�c�e�d� 

�t�h�e� �f�i�r�s�t� �l�a�w� �o�f� �t�h�e�r�m�o�d�y�n�a�m�i�c�s� �t�o� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �t�h�e�r�m�o�e�l�a�s�t�i�c�i�t�y� �(�2�.�3�1�)�.� 

�2�.�1�.�6�.� �1� �T�H�E�R�M�A�L� �S�T�R�E�S�S� �M�O�D�E�L�S� 

�A�l�t�h�o�u�g�h� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �o�f� �t�h�e�r�m�o�e�l�a�s�t�i�c�i�t�y� �h�a�s� �b�e�e�n� 

�k�n�o�w�n� �f�o�r� �q�u�i�t�e� �s�o�m�e� �t�i�m�e�,� �i�t� �s�e�e�m�s� �t�h�a�t� �t�h�e� �s�p�e�c�i�f�i�c�s� �w�e�r�e� �n�o�t� �s�o�r�t�e�d� �o�u�t� �c�o�m�p�l�e�t�e�l�y�,� �o�r� 

�a�t� �l�e�a�s�t� �p�u�b�l�i�s�h�e�d� �c�o�m�p�r�e�h�e�n�s�i�v�e�l�y�,� �u�n�t�i�l� �t�h�e� �1�9�5�0 ��s� �[�T�r�u�e�s�d�e�l�l�,� �1�9�8�4�]�.� �T�h�e� �s�t�u�d�y� �o�f� 

�t�h�e�r�m�a�l� �s�t�r�e�s�s�e�s� �w�a�s� �a�c�c�e�l�e�r�a�t�e�d� �m�a�i�n�l�y� �a�s� �a� �r�e�s�u�l�t� �o�f� �r�e�s�e�a�r�c�h� �i�n� �a�e�r�o�d�y�n�a�m�i�c�s� �[�B�r�a�h�t�z�,� 

�1�9�5�5�]�,� �a�n�d� �w�a�s� �s�u�b�s�e�q�u�e�n�t�l�y� �e�x�t�e�n�d�e�d� �t�o� �g�r�i�n�d�i�n�g� �[�E�l�-�H�e�l�i�e�b�y�,� �1�9�8�0�]�,� �[�S�n�o�e�y�s�,� �1�9�7�2�]�,� 

�[�S�k�a�l�l�i�,� �1�9�8�2�]�.� 

�2�.�2� �R�E�V�I�E�W� �O�F� �R�E�S�I�D�U�A�L� �S�T�R�E�S�S� 

�S�t�r�e�s�s� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �f�o�r�c�e� �a�c�t�i�n�g� �a�c�r�o�s�s� �a� �u�n�i�t� �a�r�e�a� �i�n� �a� �s�o�l�i�d� �m�a�t�e�r�i�a�l� �r�e�s�i�s�t�i�n�g� 

�t�h�e� �s�e�p�a�r�a�t�i�o�n�,� �c�o�m�p�a�c�t�i�n�g� �o�r� �s�l�i�d�i�n�g� �[�P�a�r�k�e�r�,� �1�9�9�4�]�.� �R�e�s�i�d�u�a�l� �s�t�r�e�s�s� �i�s� �d�e�f�i�n�e�d� �a�s� �a� 

�s�t�r�e�s�s� �s�y�s�t�e�m� �w�i�t�h�i�n� �a� �s�o�l�i�d� �t�h�a�t� �i�s� �n�o�t� �d�e�p�e�n�d�e�n�t� �o�n� �e�x�t�e�r�n�a�l� �f�o�r�c�e�s� �[�P�a�r�k�e�r�,� �1�9�9�4�]�,� 

�[�D�o�w�l�i�n�g�,� �1�9�9�3�]�.� �R�e�s�i�d�u�a�l� �s�t�r�e�s�s�e�s� �o�c�c�u�r� �w�h�e�n� �a� �b�o�d�y� �i�s� �s�u�b�j�e�c�t� �t�o� �n�o�n�-�u�n�i�f�o�r�m� �p�l�a�s�t�i�c� 

�d�e�f�o�r�m�a�t�i�o�n� �o�r� �c�h�a�n�g�e�s� �i�n� �s�p�e�c�i�f�i�c� �v�o�l�u�m�e� �(�s�e�e� �F�i�g�u�r�e� �2�-�5�)�.� 

�2�.� �B�a�c�k�g�r�o�u�n�d� �P�a�g�e� �2�3



�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �t�o� �G�r�i�n�d�i�n�g� 
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�F�i�g�u�r�e� �2�-�5� �L�o�a�d�i�n�g� �o�f� �a� �r�e�c�t�a�n�g�u�l�a�r� �b�e�a�m� �b�e�y�o�n�d� �t�h�e� �p�o�i�n�t� �o�f� �y�i�e�l�d�i�n�g� �f�o�l�l�o�w�e�d� �b�y� �u�n�l�o�a�d�i�n�g�.� 
�L�o�a�d�i�n�g� �s�t�a�r�t�s� �f�r�o�m� �z�e�r�o� �m�o�m�e�n�t� �a�t� �t�i�m�e� �(�a�)� �a�n�d� �p�r�o�c�e�e�d�s� �t�o� �t�h�e� �m�a�x�i�m�u�m� �m�o�m�e�n�t� �M �� �a�t� 
�t�i�m�e� �(�b�)�.� �W�h�e�n� �u�n�l�o�a�d�i�n�g� �i�s� �c�o�m�p�l�e�t�e� �a�t� �t�i�m�e� �(�c�)�,� �r�e�s�i�d�u�a�l� �s�t�r�a�i�n�s�  ¬� �,�.�.� �h�a�v�i�n�g� �a� �l�i�n�e�a�r� 

�d�i�s�t�r�i�b�u�t�i�o�n� �r�e�m�a�i�n�,� �a�n�d� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s�e�s� �0� �_�,�,� �a�r�e� �d�i�s�t�r�i�b�u�t�e�d� �a�s� �s�h�o�w�n�.� �[�D�o�w�l�i�n�g�,� �1�9�9�3�,� �p�.� 
�5�8�5�]� 
� � 

�A� �n�e�a�r� �s�u�r�f�a�c�e� �c�o�m�p�r�e�s�s�i�v�e� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s� �i�s� �d�e�s�i�r�a�b�l�e� �a�s� �i�t� �h�a�s� �b�e�e�n� �s�h�o�w�n� �t�o� 

�i�n�c�r�e�a�s�e� �t�h�e� �s�e�r�v�i�c�e� �l�i�f�e� �o�f� �p�a�r�t�s� �s�u�b�j�e�c�t�e�d� �t�o� �c�y�c�l�i�c� �l�o�a�d�i�n�g� �[�G�i�r�a�r�d�i�n�,� �1�9�9�4�]�,� �[�E�I�-� 

�H�e�l�i�e�b�y�,� �1�9�8�0�]�,� �[�L�a�n�d�g�r�a�f�,� �1�9�8�8�]� �a�s� �l�o�n�g� �a�s� �s�u�b�s�e�q�u�e�n�t� �y�i�e�l�d�i�n�g� �d�u�r�i�n�g� �s�e�r�v�i�c�e� �l�i�f�e� �d�o�e�s� 

�n�o�t� �a�d�v�e�r�s�e�l�y� �a�f�f�e�c�t� �t�h�e� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s� �f�i�e�l�d� �[�D�o�w�l�i�n�g�,� �1�9�9�3�,� �p�.� �4�3�4�-�4�3�7�]�.� �C�o�n�v�e�r�s�e�l�y�,� 

�t�e�n�s�i�l�e� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s�e�s� �o�n� �t�h�e� �s�u�r�f�a�c�e� �h�a�v�e� �b�e�e�n� �s�h�o�w�n� �t�o� �d�e�c�r�e�a�s�e� �s�e�r�v�i�c�e� �l�i�f�e� �b�y� 

�p�r�o�m�o�t�i�n�g� �c�r�a�c�k� �g�r�o�w�t�h� �[�F�l�a�v�e�n�o�t�,� �1�9�8�6�]�.� 

�M�a�n�y� �m�e�t�h�o�d�s� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �t�o� �p�r�o�d�u�c�e� �c�o�m�p�r�e�s�s�i�v�e� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s� 

�i�n�c�l�u�d�i�n�g� �s�h�o�t� �p�e�e�n�i�n�g�,� �c�o�l�d� �r�o�l�l�i�n�g�,� �c�a�r�b�u�r�i�z�i�n�g�,� �n�i�t�r�i�d�i�n�g�,� �a�n�d� �r�a�p�i�d� �q�u�e�n�c�h�i�n�g� �t�o� �n�a�m�e� 

�a� �f�e�w�.� �T�h�e� �s�u�r�f�a�c�e� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s�e�s� �i�n�v�e�s�t�i�g�a�t�e�d� �h�e�r�e� �a�r�e� �i�m�p�a�r�t�e�d� �b�y� �y�i�e�l�d�i�n�g�.� �G�r�i�n�d�i�n�g� 

�h�a�s� �b�e�e�n� �d�e�t�e�r�m�i�n�e�d� �t�o� �i�m�p�a�r�t� �e�i�t�h�e�r� �c�o�m�p�r�e�s�s�i�v�e� �o�r� �t�e�n�s�i�l�e� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s� �d�e�p�e�n�d�i�n�g� �o�n� 

�t�h�e� �s�e�v�e�r�i�t�y� �o�f� �t�h�e� �g�r�i�n�d�i�n�g� �p�r�o�c�e�s�s� �[�C�o�u�r�t�n�e�y�,� �1�9�9�3�]� �[�V�a�n�s�e�v�e�n�a�n�t�,� �1�9�8�7�]�.� 

�2�.� �B�a�c�k�g�r�o�u�n�d� �P�a�g�e� �2�4� 

� 



�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �t�o� �G�r�i�n�d�i�n�g� 

�I�t� �i�s� �t�h�e� �g�o�a�l� �o�f� �t�h�i�s� �s�t�u�d�y� �t�o� �p�r�e�d�i�c�t� �t�h�e� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s� �i�n� �c�a�m�s�h�a�f�t�s�.� �S�i�n�c�e� �t�h�e� 

�f�i�n�a�l� �m�a�n�u�f�a�c�t�u�r�i�n�g� �p�r�o�c�e�s�s� �i�s� �g�r�i�n�d�i�n�g�,� �t�h�i�s� �p�r�o�c�e�s�s� �i�s� �t�h�e� �f�o�c�u�s� �o�f� �t�h�i�s� �s�t�u�d�y�.� �H�o�w�e�v�e�r�,� 

�i�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�i�s� �i�s� �n�o�t� �t�h�e� �o�n�l�y� �p�r�o�c�e�s�s� �i�n� �m�a�n�u�f�a�c�t�u�r�i�n�g� �o�f� �t�h�e� �c�a�m� �l�o�b�e�s� 

�s�t�u�d�i�e�d� �[�C�o�u�r�t�n�e�y�,� �1�9�9�3�,� �p�p�.� �1�-�8�]�.� �R�e�s�i�d�u�a�l� �s�t�r�e�s�s�e�s� �i�n�d�u�c�e�d� �b�y� �g�r�i�n�d�i�n�g� �a�r�e� �a� �d�i�f�f�i�c�u�l�t� 

�q�u�a�n�t�i�t�y� �t�o� �p�r�e�d�i�c�t� �d�u�e� �t�o� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �d�e�p�e�n�d�e�n�t� �n�a�t�u�r�e� �o�f� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�,� �p�h�a�s�e� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n�s� �o�f� �b�o�t�h� �t�h�e� �g�r�i�n�d�i�n�g� �f�l�u�i�d� �a�n�d� �p�o�s�s�i�b�l�y� �w�o�r�k�p�i�e�c�e� �i�t�s�e�l�f�,� �c�o�m�p�l�e�x� �s�t�r�e�s�s� 

�f�i�e�l�d�s� �(�m�e�c�h�a�n�i�c�a�l� �a�n�d� �t�h�e�r�m�a�l�)�,� �a�n�d� �t�h�e� �h�i�g�h�l�y� �p�l�a�s�t�i�c� �n�a�t�u�r�e� �o�f� �t�h�e� �w�o�r�k� �p�i�e�c�e� 

�d�e�f�o�r�m�a�t�i�o�n�.� 

�R�e�s�i�d�u�a�l� �s�t�r�e�s�s�e�s� �c�a�n� �e�x�i�s�t� �a�c�r�o�s�s� �s�e�v�e�r�a�l� �o�r�d�e�r�s� �o�f� �m�a�g�n�i�t�u�d�e� �o�f� �s�c�a�l�e�.� �T�h�e�y� �c�a�n� 

�e�n�c�o�m�p�a�s�s� �t�h�e� �e�n�t�i�r�e� �w�o�r�k�p�i�e�c�e�,� �o�r� �e�x�i�s�t� �a�t� �t�h�e� �a�t�o�m�i�c� �s�c�a�l�e�.� �R�e�s�i�d�u�a�l� �s�t�r�e�s�s� �h�a�s� �b�e�e�n� 

�g�r�o�u�p�e�d� �i�n� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �c�a�t�e�g�o�r�i�e�s� �[�V�a�n�s�e�v�e�n�a�n�t�,� �1�9�8�7�]�:� 
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� � 
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� � 

�F�i�g�u�r�e� �2�-�6� �R�e�s�i�d�u�a�l� �s�t�r�e�s�s� �t�y�p�e�s� �[�V�a�n�s�e�v�e�n�a�n�t�,� �1�9�8�7�,� �p�.� �1�-�2�]� 
� � 

�T�y�p�e� �I� �s�t�r�e�s�s�e�s� �(�6�)�,� �s�e�e� �F�i�g�u�r�e� �2�-�6�)� �a�r�e� �m�a�c�r�o�s�c�o�p�i�c� �s�t�r�e�s�s�e�s� �p�r�o�d�u�c�e�d� �o�v�e�r� �t�h�e� 

�e�n�t�i�r�e� �w�o�r�k�p�i�e�c�e�.� �T�h�e�y� �v�a�r�y� �s�m�o�o�t�h�l�y� �o�n� �s�c�a�l�e�s� �m�u�c�h� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �g�r�a�i�n� �s�i�z�e� �a�n�d� �a�r�e� 

�c�o�n�t�i�n�u�o�u�s� �a�c�r�o�s�s� �t�h�e� �e�n�t�i�r�e� �w�o�r�k�p�i�e�c�e�.� �T�h�e�y� �c�a�n� �b�e� �c�a�u�s�e�d� �w�h�e�n� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t�s� �o�r� 

�m�e�c�h�a�n�i�c�a�l� �p�r�e�s�s�u�r�e�s� �a�r�e� �s�i�g�n�i�f�i�c�a�n�t� �e�n�o�u�g�h� �t�h�a�t� �t�h�e� �s�t�r�e�s�s�e�s� �d�e�v�e�l�o�p�e�d� �e�x�c�e�e�d� �t�h�e� �y�i�e�l�d� 

�2�.� �B�a�c�k�g�r�o�u�n�d� �P�a�g�e� �2�5� 

� 



�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �t�o� �G�r�i�n�d�i�n�g� 

�s�t�r�e�n�g�t�h� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�.� �T�y�p�e� �I� �s�t�r�e�s�s�e�s� �a�r�e� �t�y�p�i�c�a�l�l�y� �t�h�e� �d�o�m�i�n�a�n�t� �s�t�r�e�s�s� �i�n� �t�h�e� 

�p�r�e�v�i�o�u�s�l�y� �d�e�s�c�r�i�b�e�d� �p�r�o�c�e�s�s�e�s�.� 

�T�y�p�e� �I�I� �s�t�r�e�s�s�e�s� �(�O�y�,� �F�i�g�u�r�e� �2�-�6�)� �a�r�e� �h�o�m�o�g�e�n�e�o�u�s� �o�v�e�r� �o�n�e� �g�r�a�i�n�.� �T�h�e�y� �v�a�r�y� 

�f�r�o�m� �o�n�e� �g�r�a�i�n� �t�o� �a�n�o�t�h�e�r�.� �S�t�r�e�s�s�e�s� �o�f� �t�h�i�s� �t�y�p�e� �a�r�e� �c�a�u�s�e�d� �b�y� �d�i�f�f�e�r�e�n�t� �t�h�e�r�m�a�l� 

�e�x�p�a�n�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �b�e�t�w�e�e�n� �g�r�a�i�n�s�.� �T�h�e� �d�i�f�f�e�r�e�n�t� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �e�x�p�a�n�s�i�o�n� �a�r�e� �a� 

�r�e�s�u�l�t� �o�f� �d�i�f�f�e�r�e�n�t� �p�h�a�s�e�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �e�x�i�s�t�i�n�g� �i�n� �t�h�e� �s�a�m�e� �r�e�g�i�o�n� �o�r� �t�h�e� �m�a�t�e�r�i�a�l� �b�e�i�n�g� 

�p�o�l�y�-�c�r�y�s�t�a�l�l�i�n�e�.� 

�T�y�p�e� �I�I�I� �s�t�r�e�s�s�e�s� �(�O�j�,� �F�i�g�u�r�e� �2�-�6�)� �a�r�e� �n�o�n�-�h�o�m�o�g�e�n�e�o�u�s� �a�t� �t�h�e� �s�m�a�l�l�e�s�t� �s�c�a�l�e�s�.� 

�T�h�e�s�e� �s�t�r�e�s�s�e�s� �a�r�e� �t�h�e� �r�e�s�u�l�t� �o�f� �d�e�f�e�c�t�s� �w�i�t�h�i�n� �t�h�e� �c�r�y�s�t�a�l� �l�a�t�t�i�c�e� �i�t�s�e�l�f�.� �T�h�e�s�e� �s�t�r�e�s�s�e�s� �a�r�e� 

�s�t�u�d�i�e�d� �b�y� �s�c�i�e�n�t�i�s�t�s� �c�o�n�c�e�r�n�e�d� �w�i�t�h� �d�i�s�l�o�c�a�t�i�o�n�s�.� �D�e�f�e�c�t�s� �a�r�e� �c�o�m�m�o�n�l�y� �c�l�a�s�s�i�f�i�e�d� �a�s� 

�p�o�i�n�t� �d�e�f�e�c�t�s�,� �o�r� �a�s� �s�c�r�e�w�,� �o�r� �e�d�g�e� �d�i�s�l�o�c�a�t�i�o�n�s� �[�F�l�i�n�n�,� �1�9�9�0�]�.� 

�A�t� �t�h�i�s� �p�o�i�n�t�,� �t�h�e� �g�o�a�l� �o�f� �t�h�i�s� �s�t�u�d�y� �c�a�n� �b�e� �f�u�r�t�h�e�r� �r�e�f�i�n�e�d�.� �T�h�e� �p�a�r�t�i�c�u�l�a�r� �s�t�r�e�s�s�e�s� 

�o�f� �i�n�t�e�r�e�s�t� �a�r�e� �t�y�p�e� �I� �s�t�r�e�s�s�e�s�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �c�a�m�s�h�a�f�t� �m�a�t�e�r�i�a�l� �w�i�l�l� �b�e� �t�r�e�a�t�e�d� �a�s� �a� 

�c�o�n�t�i�n�u�u�m�.� 

�2�.�2�.� �1� �M�A�T�E�R�I�A�L� �B�E�H�A�V�I�O�R� 

�I�n� �o�r�d�e�r� �t�o� �s�t�u�d�y� �m�a�t�e�r�i�a�l� �b�e�h�a�v�i�o�r� �p�a�s�t� �t�h�e� �p�o�i�n�t� �o�f� �y�i�e�l�d�i�n�g�,� �o�n�e� �n�e�e�d�s� �t�o� �k�n�o�w� 

�h�o�w� �i�t� �b�e�h�a�v�e�s�,� �s�i�n�c�e� �t�h�e� �l�i�n�e�a�r� �r�e�l�a�t�i�o�n�s�h�i�p� �u�s�e�d� �i�n� �e�l�a�s�t�i�c�i�t�y� �t�h�e�o�r�y� �c�a�n� �n�o� �l�o�n�g�e�r� �b�e� 

�a�p�p�l�i�e�d�.� �Y�i�e�l�d�i�n�g� �i�s� �g�e�n�e�r�a�l�l�y� �d�e�f�i�n�e�d� �a�s� �0�.�2�%� �u�n�r�e�c�o�v�e�r�a�b�l�e�,� �o�r� �p�l�a�s�t�i�c�,� �s�t�r�a�i�n�.� �T�h�e�s�e� 

�r�e�l�a�t�i�o�n�s�h�i�p�s� �c�a�n� �b�e� �f�o�u�n�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �u�s�i�n�g� �t�e�s�t�i�n�g� �e�q�u�i�p�m�e�n�t�,� �o�r� �c�a�n� �b�e� 

�a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �m�a�t�h�e�m�a�t�i�c�a�l� �f�u�n�c�t�i�o�n�s� �f�i�t�t�e�d� �t�o� �p�r�e�v�i�o�u�s�l�y� �g�a�t�h�e�r�e�d� �d�a�t�a�.� �M�o�s�t� �s�t�e�e�l�s� 

�e�x�h�i�b�i�t� �a� �y�i�e�l�d� �s�t�r�e�n�g�t�h� �t�h�a�t� �i�s� �i�n�v�e�r�s�e�l�y� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�e�m�p�e�r�a�t�u�r�e�.� �Y�i�e�l�d� �s�t�r�e�n�g�t�h� 

�v�e�r�s�u�s� �t�e�m�p�e�r�a�t�u�r�e� �f�o�r� �S�A�E� �5�2�1�0�0� �s�t�e�e�l� �c�a�n� �b�e� �s�e�e�n� �i�n� �F�i�g�u�r�e� �2�-�1�6�.� 
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�S�c�i�e�n�t�i�s�t�s� �d�e�v�e�l�o�p�e�d� �m�a�n�y� �s�c�h�e�m�e�s� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �m�a�t�e�r�i�a�l� �b�e�h�a�v�i�o�r�.� �T�h�e� 

�s�i�m�p�l�e�s�t� �m�o�d�e�l�,� �e�l�a�s�t�i�c�-�p�e�r�f�e�c�t�l�y� �p�l�a�s�t�i�c�,� �c�h�a�r�a�c�t�e�r�i�z�e�s� �l�o�a�d�i�n�g� �a�s� �b�e�i�n�g� �f�u�l�l�y� �r�e�c�o�v�e�r�a�b�l�e� 
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�a�l�l� �t�h�e� �w�a�y� �u�p� �t�o� �t�h�e� �y�i�e�l�d�.� �U�p�o�n� �y�i�e�l�d�i�n�g�,� �a�n�y� �f�u�r�t�h�e�r� �l�o�a�d�i�n�g� �w�i�l�l� �r�e�s�u�l�t� �i�n� �l�a�r�g�e� �p�l�a�s�t�i�c� 
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�H�o�w�e�v�e�r�,� �e�x�p�e�r�i�m�e�n�t�a�l� �t�e�s�t�i�n�g� �o�f� �m�o�s�t� �m�e�t�a�l�s� �s�h�o�w�s� �a� �m�o�d�e�s�t� �n�o�n�-�l�i�n�e�a�r� 

�h�a�r�d�e�n�i�n�g� �r�e�s�p�o�n�s�e� �b�e�y�o�n�d� �y�i�e�l�d�i�n�g�.� �A�s� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� �t�h�i�s� �h�a�r�d�e�n�i�n�g� �r�e�s�p�o�n�s�e� �i�s� 
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�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �t�o� �G�r�i�n�d�i�n�g� 

�T�h�e� �m�o�d�e�l�s� �m�e�n�t�i�o�n�e�d� �s�o� �f�a�r� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �o�n�s�e�t� �o�f� �y�i�e�l�d� �a�s� �a� �s�p�e�c�i�f�i�c� �e�v�e�n�t�.� 

�T�h�i�s� �i�s� �n�o�t� �s�e�e�n� �i�n� �r�e�a�l� �m�a�t�e�r�i�a�l� �b�e�h�a�v�i�o�r�.� �I�n� �a� �r�e�p�o�r�t� �p�u�b�l�i�s�h�e�d� �i�n� �1�9�4�3�,� �t�w�o� �s�c�i�e�n�t�i�s�t�s�,� 

�R�a�m�b�e�r�g� �a�n�d� �O�s�g�o�o�d�,� �p�r�o�p�o�s�e�d� �a� �r�e�l�a�t�i�o�n�s�h�i�p� �t�h�a�t� �c�o�m�b�i�n�e�d� �t�h�e� �e�l�a�s�t�i�c�,� �n�o�n�-�l�i�n�e�a�r� 
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�s�o�m�e� �p�l�a�s�t�i�c� �d�e�f�o�r�m�a�t�i�o�n� �u�p�o�n� �a�n�y� �l�o�a�d�i�n�g�.� �S�e�c�o�n�d�,� �s�t�r�a�i�n� �i�s� �p�r�o�p�o�s�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� 

�s�t�r�e�s�s�,� �r�a�t�h�e�r� �t�h�a�n� �v�i�c�e�-�v�e�r�s�a�.� �T�h�e� �m�a�t�e�r�i�a�l� �s�t�u�d�i�e�d� �h�e�r�e�i�n� �w�i�l�l� �b�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �t�h�e� 
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�U�p�o�n� �u�n�l�o�a�d�i�n�g�,� �r�e�a�l�,� �m�e�t�a�l�l�i�c� �m�a�t�e�r�i�a�l�s� �e�x�h�i�b�i�t� �a� �m�e�m�o�r�y� �e�f�f�e�c�t�.� �T�h�a�t� �i�s�,� �a� 

�m�a�t�e�r�i�a�l� �s�e�e�m�s� �t�o�  ��k�n�o�w �� �i�t� �h�a�s� �p�r�e�v�i�o�u�s�l�y� �y�i�e�l�d�e�d� �a�n�d� �y�i�e�l�d�s� �w�h�e�n� �A�o� �=� �2�0 ��,� �w�h�e�r�e� �0 �� 

�i�s� �t�h�e� �h�i�g�h�e�s�t� �s�t�r�e�s�s� �r�e�a�c�h�e�d� �p�r�i�o�r� �t�o� �u�n�l�o�a�d�i�n�g�.� �T�h�e� �u�n�l�o�a�d�i�n�g� �b�e�h�a�v�i�o�r� �c�a�n� �b�e� 

�d�e�t�e�r�m�i�n�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �[�D�o�w�l�i�n�g�,� �1�9�9�3�,� �p�p�.� �1�3�9�-�1�7�6�]�,� �o�r� �c�a�n� �b�e� �i�n�f�e�r�r�e�d� �b�y� �t�h�e� 

�b�e�h�a�v�i�o�r� �d�u�r�i�n�g� �l�o�a�d�i�n�g�.� 
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�0�.�5� �1�.�5� �2�.�5� �3�.�5� � � � � �F�i�g�u�r�e� �2�-�2�0� �C�a�l�c�u�l�a�t�e�d� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �e�l�a�s�t�i�c� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �n�e�a�r� �n�o�t�c�h�e�s� �[�G�l�i�n�k�a�,� �1�9�8�5�,� �p�.� 
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�2�.� �B�a�c�k�g�r�o�u�n�d� �P�a�g�e� �3�3



�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �t�o� �G�r�i�n�d�i�n�g� 

�G�.� �G�l�i�n�k�a� �h�a�s� �a�t�t�e�m�p�t�e�d� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �p�l�a�s�t�i�c� �z�o�n�e� �a�t� �a� �c�r�a�c�k� 

�u�s�i�n�g� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� �d�e�n�s�i�t�y� �a�p�p�r�o�a�c�h�.� �H�e� �h�a�s� �f�u�r�t�h�e�r� �e�x�t�e�n�d�e�d� �t�h�e� �s�t�r�a�i�n� �e�n�e�r�g�y� 

�d�e�n�s�i�t�y� �a�p�p�r�o�a�c�h� �t�o� �y�i�e�l�d� �s�u�r�p�r�i�s�i�n�g�l�y� �a�c�c�u�r�a�t�e� �i�n�-�d�e�p�t�h� �s�t�r�e�s�s� �p�r�o�f�i�l�e�s� �(�s�e�e� �F�i�g�u�r�e� �2�-�2�0�)� 

�[�G�l�i�n�k�a�,� �1�9�8�5�]�.� 

�A�l�t�h�o�u�g�h� �t�h�i�s� �a�n�a�l�y�s�i�s� �i�s� �d�e�f�i�n�i�t�e�l�y� �n�o�t� �o�f� �a� �c�r�a�c�k� �t�i�p�,� �o�r� �e�v�e�n� �a� �n�o�t�c�h�,� �s�o�m�e� 

�m�e�t�h�o�d� �f�o�r� �t�h�e� �r�e�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �s�t�r�e�s�s� �d�u�e� �t�o� �y�i�e�l�d�i�n�g� �m�u�s�t� �b�e� �i�m�p�l�e�m�e�n�t�e�d�.� �A�s� �a� 

�s�t�a�r�t�i�n�g� �p�o�i�n�t� �t�h�e� �m�e�t�h�o�d� �o�f� �I�r�w�i�n� �(�s�e�e� �F�i�g�u�r�e� �2�-�1�9�)� �w�i�l�l� �b�e� �u�s�e�d�.� 

�2�.� �B�a�c�k�g�r�o�u�n�d� �P�a�g�e� �3�4



�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �T�o� �G�r�i�n�d�i�n�g� 

�3�.� �A�N�A�L�Y�T�I�C� �T�E�M�P�E�R�A�T�U�R�E� �P�R�O�F�I�L�E�S� 

 ��E�n�e�r�g�y� �i�n� �n�a�t�u�r�a�l� �s�y�s�t�e�m�s� �e�x�i�s�t�s� �o�n� �t�w�o� �l�e�v�e�l�s�:� �t�h�e� �m�a�c�r�o�s�c�a�l�e�s�,� �w�h�e�r�e� �e�v�e�r�y�d�a�y� �o�b�j�e�c�t�s� �c�a�n� �b�e� 
�c�o�u�n�t�e�d� �a�n�d� �m�e�a�s�u�r�e�d�,� �a�n�d� �t�h�e� �m�i�c�r�o�s�c�a�l�e�s�,� �w�h�e�r�e� �c�o�u�n�t�l�e�s�s� �a�t�o�m�s� �s�w�i�m� �i�n� �r�a�n�d�o�m� �m�o�t�i�o�n�,� 
�u�n�m�e�a�s�u�r�e�a�b�l�e� �e�x�c�e�p�t� �f�o�r� �a�n� �a�v�e�r�a�g�e� �e�n�t�i�t�y�,� �t�e�m�p�e�r�a�t�u�r�e�. �� �-� �J�a�m�e�s� �G�l�e�i�c�k�,� �C�h�a�o�s� 

�F�o�r� �t�h�i�s� �a�n�a�l�y�s�i�s� �t�h�e� �c�o�m�p�l�i�c�a�t�e�d� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �c�a�m� �l�o�b�e� �h�a�s� �b�e�e�n� �r�e�d�u�c�e�d� �t�o� �a� 

�c�y�l�i�n�d�e�r�.� �T�h�e� �r�a�d�i�u�s� �o�f� �t�h�e� �c�y�l�i�n�d�e�r� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �l�o�c�a�l� �r�a�d�i�u�s� �o�f� �t�h�e� �c�a�m�s�h�a�f�t� �a�t� �t�h�e� 

�p�o�i�n�t� �o�f� �i�n�t�e�r�e�s�t� �(�s�e�e� �F�i�g�u�r�e� �3�-�1�)�.� 
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� � 
� � � 

�1�8�0�°� 

� � 

�F�i�g�u�r�e� �3�-�1� �D�e�p�i�c�t�i�o�n� �o�f� �c�y�l�i�n�d�e�r�s� �r�e�p�r�e�s�e�n�t�i�n�g� �l�o�c�a�l� �r�a�d�i�u�s� �o�f� �c�u�r�v�a�t�u�r�e�.� �T�h�e� �c�a�m�s�h�a�f�t� �p�r�o�f�i�l�e� �i�s� �i�n� 
�w�h�i�t�e� �a�n�d� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �c�y�l�i�n�d�e�r� �i�n� �g�r�a�y�.� �[�B�i�g�g�i�,� �1�9�9�5�]� 
� � 

�I�f� �t�h�e� �e�f�f�e�c�t� �o�f� �v�a�r�y�i�n�g� �r�a�d�i�u�s� �o�f� �c�u�r�v�a�t�u�r�e� �p�r�o�v�e�s� �t�o� �b�e� �s�m�a�l�l�,� �t�h�i�s� �m�e�t�h�o�d� �w�i�l�l� 

�h�a�v�e� �c�o�n�s�i�d�e�r�a�b�l�e� �i�m�p�a�c�t� �o�n� �a�l�l� �g�r�i�n�d�i�n�g� �p�r�o�c�e�s�s�e�s�.� �T�h�e� �d�e�s�i�g�n� �p�r�o�c�e�s�s� �o�f� �g�r�o�u�n�d� �p�a�r�t�s� 

�w�i�l�l� �b�e�c�o�m�e� �p�a�r�a�m�e�t�r�i�c� �a�s� �d�e�s�i�g�n� �e�n�g�i�n�e�e�r�s� �w�i�l�l� �b�e� �a�b�l�e� �t�o� �c�o�n�s�i�d�e�r� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�h�e� 

�m�a�n�u�f�a�c�t�u�r�i�n�g� �p�r�o�c�e�s�s�.� �F�r�o�m� �f�a�t�i�g�u�e� �m�o�d�e�l�s� �d�e�v�e�l�o�p�e�d�,� �t�h�e�y� �w�i�l�l� �b�e� �a�b�l�e� �t�o� �c�a�l�c�u�l�a�t�e� 

�s�e�r�v�i�c�e� �l�i�f�e� �a�s� �w�e�l�l� �[�G�i�r�a�r�d�i�n�,� �1�9�9�4�]�.� 

�B�y� �e�x�t�e�n�d�i�n�g� �t�h�e� �c�y�l�i�n�d�e�r� �c�o�n�c�e�p�t� �d�e�p�i�c�t�e�d� �i�n� �F�i�g�u�r�e� �3�-�1�,� �w�e� �c�a�n� �d�e�v�e�l�o�p� 

�t�e�m�p�e�r�a�t�u�r�e� �p�r�o�f�i�l�e�s� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �c�y�l�i�n�d�r�i�c�a�l� �b�o�d�y�.� �T�h�i�s� �e�x�t�e�n�s�i�o�n� �i�s� �v�a�l�i�d� �b�e�c�a�u�s�e� �w�e� 

�a�r�e� �n�o�t� �i�n�t�e�r�e�s�t�e�d� �i�n� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �f�i�e�l�d� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �w�o�r�k�p�i�e�c�e�.� �W�e� �a�r�e� �o�n�l�y� 

�3�.� �A�n�a�l�y�t�i�c� �T�e�m�p�e�r�a�t�u�r�e� �P�r�o�f�i�l�e�s� �P�a�g�e� �3�5� 

� 



�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �T�o� �G�r�i�n�d�i�n�g� 

�i�n�t�e�r�e�s�t�e�d� �i�n� �t�e�m�p�e�r�a�t�u�r�e�s� �v�e�r�y� �n�e�a�r� �t�h�e� �g�r�i�n�d�i�n�g� �z�o�n�e� �w�h�e�r�e� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�h�e� 

�s�u�r�r�o�u�n�d�i�n�g� �m�a�t�e�r�i�a�l� �i�s� �a�s�s�u�m�e�d� �n�e�g�l�i�g�i�b�l�e�.� 

�3�.�1� �T�H�E�R�M�A�L� �M�O�D�E�L� 

�R�e�s�e�a�r�c�h� �s�p�e�c�i�f�i�c� �t�o� �t�h�e� �t�h�e�r�m�a�l� �a�s�p�e�c�t�s� �o�f� �g�r�i�n�d�i�n�g� �i�s� �e�x�t�e�n�s�i�v�e�.� �S�n�o�e�y�s� �(�1�9�7�8�)� 

�a�n�d� �M�a�l�k�i�n� �(�1�9�8�4�)� �c�o�m�p�i�l�e�d� �l�i�t�e�r�a�t�u�r�e� �r�e�v�i�e�w�s�.� �A� �c�l�a�s�s�i�c� �m�o�d�e�l� �f�o�r� �m�o�v�i�n�g� �h�e�a�t� �s�o�u�r�c�e�s� 

�w�a�s� �d�e�v�e�l�o�p�e�d� �b�y� �J�a�e�g�e�r� �(�1�9�4�2�)� �a�n�d� �h�a�s� �b�e�e�n� �s�u�b�s�e�q�u�e�n�t�l�y� �e�x�t�e�n�d�e�d� �[�H�e�t�n�a�r�s�k�i�,� �1�9�6�9�]�,� 

�[�T�a�k�e�u�t�i�,� �1�9�8�0�]�,� �[�L�a�v�i�n�e�,� �1�9�9�1�]�,� �[�T�a�k�e�u�t�i�,� �1�9�8�6�]�.� �T�h�e� �s�o�l�u�t�i�o�n� �o�f� �i�n�t�e�r�e�s�t� �i�s� �t�h�a�t� �o�f� �a�n� 

�a�r�b�i�t�r�a�r�y� �h�e�a�t� �f�l�u�x� �r�o�t�a�t�i�n�g� �a�b�o�u�t� �t�h�e� �s�u�r�f�a�c�e� �o�f� �a� �c�y�l�i�n�d�e�r� �w�i�t�h� �c�o�n�v�e�c�t�i�o�n� �o�n� �t�h�e� �i�n�n�e�r� 

�a�n�d� �o�u�t�e�r� �s�u�r�f�a�c�e�s� �(�s�e�e� �F�i�g�u�r�e� �3�-�2� �a�n�d� �F�i�g�u�r�e� �3�-�3�)�.� 

� � 

� � � � �F�i�g�u�r�e� �3�-�2� �T�h�e� �g�r�i�n�d�i�n�g� �g�e�o�m�e�t�r�y� �F�i�g�u�r�e� �3�-�3� �C�y�l�i�n�d�e�r� �w�i�t�h� �m�o�v�i�n�g� �a�r�b�i�t�r�a�r�y� �h�e�a�t� 
�f�l�u�x� �o�n� �o�u�t�e�r� �s�u�r�f�a�c�e� �s�u�b�j�e�c�t�e�d� �t�o� 
�c�o�n�v�e�c�t�i�o�n� �o�n� �t�h�e� �i�n�n�e�r� �a�n�d� �o�u�t�e�r� 
�s�u�r�f�a�c�e�s� � � � � 

�3�.� �A�n�a�l�y�t�i�c� �T�e�m�p�e�r�a�t�u�r�e� �P�r�o�f�i�l�e�s� �P�a�g�e� �3�6� 

� 



�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �T�o� �G�r�i�n�d�i�n�g� 

�T�h�i�s� �m�o�d�e�l� �a�s�s�u�m�e�s� �c�o�n�s�t�a�n�t�,� �a�l�b�e�i�t� �d�i�f�f�e�r�e�n�t�,� �c�o�n�v�e�c�t�i�v�e� �h�e�a�t� �t�r�a�n�s�f�e�r� 

�c�o�e�f�f�i�c�i�e�n�t�s� �o�n� �t�h�e� �o�u�t�e�r� �a�n�d� �i�n�n�e�r� �s�u�r�f�a�c�e�s�.� �T�h�i�s� �t�y�p�e� �o�f� �a�n�a�l�y�s�i�s� �i�s� �v�e�r�y� �v�e�r�s�a�t�i�l�e� �i�n� 

 ��w�h�a�t� �i�f �� �s�i�t�u�a�t�i�o�n�s�,� �(�e�.�g�.�,� �W�h�a�t� �i�f� �t�h�e� �i�n�s�i�d�e� �o�f� �t�h�e� �c�y�l�i�n�d�e�r� �h�a�d� �a� �c�o�o�l�i�n�g� �f�l�u�i�d� �r�u�n�n�i�n�g� 

�t�h�r�o�u�g�h� �i�t�?�)�.� �H�o�w�e�v�e�r�,� �i�t� �f�a�i�l�s� �t�o� �m�o�d�e�l� �t�h�e� �i�n�c�r�e�a�s�e�d� �c�o�n�v�e�c�t�i�v�e� �h�e�a�t� �t�r�a�n�s�f�e�r� �i�n� �t�h�e� 

�g�r�i�n�d�i�n�g� �z�o�n�e�.� �T�h�i�s� �i�n�c�o�n�s�i�s�t�e�n�c�y� �c�a�n� �b�e� �e�l�i�m�i�n�a�t�e�d� �b�y� �r�e�p�l�a�c�i�n�g� �t�h�e� �r�e�a�l� �p�o�w�e�r� �i�n�p�u�t� �t�o� 

�t�h�e� �w�h�e�e�l� �(�s�u�r�f�a�c�e� �h�e�a�t� �f�l�u�x�)� �b�y� �a� �r�e�d�u�c�e�d� �p�o�w�e�r� �i�n�p�u�t� �u�s�i�n�g� �a�n� �e�n�e�r�g�y� �p�a�r�t�i�t�i�o�n�.� �T�h�e� 

�e�n�e�r�g�y� �p�a�r�t�i�t�i�o�n� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�5�.� 

�3�.�2� �G�O�V�E�R�N�I�N�G� �E�Q�U�A�T�I�O�N� �A�N�D� �B�O�U�N�D�A�R�Y� �C�O�N�D�I�T�I�O�N�S� 

�M�a�k�i�n�g� �a�l�l� �o�f� �t�h�e� �a�s�s�u�m�p�t�i�o�n�s� �n�e�e�d�e�d� �t�o� �d�e�v�e�l�o�p� �t�h�e� �u�n�c�o�u�p�l�e�d� �h�e�a�t� �c�o�n�d�u�c�t�i�o�n� 

�e�q�u�a�t�i�o�n� �(�2�.�2�6�)� �a�n�d� �i�m�p�l�e�m�e�n�t�i�n�g� �i�t� �f�o�r� �t�h�e� �s�p�e�c�i�f�i�c� �c�a�s�e� �o�f� �c�y�l�i�n�d�r�i�c�a�l� �c�o�o�r�d�i�n�a�t�e�s�,� �w�e� 

�c�a�n� �m�a�t�h�e�m�a�t�i�c�a�l�l�y� �p�o�s�e� �t�h�e� �p�r�o�b�l�e�m� �i�n� �F�i�g�u�r�e� �3�-�3� �a�s�:� 

�N�o�n�-�D�i�m�e�n�s�i�o�n�a�l�i�z�e�d� �V�a�r�i�a�b�l�e�s�:� 

�T�=� �k�T�/�Q�o�r�.� �P�o�u�t�»� �h�,�,� �=� �h�e�,� �T�o�u� �[�K�,� �P�o�n�s� �A�u�t� �N�o�u� �[�k� 

�m�o�n�e� �T�o�u�t� �»� �F�i�,� �=� �F�i�n� �[�T�o�u�t� �7� �x�i�i�.� �o�u�t� 

�O� �c�a�m�t�o�u� 
�w�h�e�r�e� �k� �i�s� �t�h�e�r�m�a�l� �c�o�n�d�u�c�t�i�v�i�t�y�,� �h� �i�s� �t�h�e� �c�o�n�v�e�c�t�i�v�e� �h�e�a�t� �t�r�a�n�s�f�e�r� �c�o�e�f�f�i�c�i�e�n�t�,� 

�k� �i�s� �t�h�e�r�m�a�l� �d�i�f�f�u�s�i�v�i�t�y�,� �t� �i�s� �t�i�m�e�,� �a�n�d� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �d�e�f�i�n�e�d� �i�n� 

�F�i�g�u�r�e� �3�-�3�.� �T�h�r�o�u�g�h�o�u�t� �t�h�i�s� �d�e�v�e�l�o�p�m�e�n�t�,� �a� �b�a�r� �d�e�n�o�t�e�s� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� 

�v�a�r�i�a�b�l�e�s�.� 

�G�o�v�e�r�n�i�n�g� �E�q�u�a�t�i�o�n�:� 

�F� �(�F�O�F�)� �o�p�t�  ��F�(�F�.�0�.�)�a�g�t� �e�T� �(�F�O� �s�o�n�g� �=� �T�(�F�.�O� �2�)� 
�r� �r� 

�B�o�u�n�d�a�r�y� �a�n�d� �I�n�i�t�i�a�l� �C�o�n�d�i�t�i�o�n�s�:� 

�T�(�1�,�0�,�f�)�,�-�+�h�,�,�T� �(�1�,�0�,�£�)� �=� �0� 
�o�u�t� 

�T�(�F�,�,�0�,�7�)�,�,�+�h�,�T�(�7�,�,�0�,�7�)� �=�0� 

�T�(�7�,�0�.�0�)� �=� �5�(�F�-�1�)�9�(�8�)� 
�r� 

�3�.� �A�n�a�l�y�t�i�c� �T�e�m�p�e�r�a�t�u�r�e� �P�r�o�f�i�l�e�s� 

�(�3�.�1�)� 

�(�3�.�2�)� 

�(�3�.�3�)� 

�(�3�.�4�)� 

�(�3�.�5�)� 

�P�a�g�e� �3�7



�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �T�o� �G�r�i�n�d�i�n�g� 

�w�h�e�r�e� �6�(� �)� �i�s� �t�h�e� �D�i�r�a�c� �d�e�l�t�a� �f�u�n�c�t�i�o�n� �a�n�d� �q�(�8�)� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �F�o�u�r�i�e�r� 

�s�e�r�i�e�s�:� 

�q�(�0�)� �=� �>�°�(�A�,� �c�o�s�n�®� �+� �B�,� �s�i�n�n�9�)� 
�n�=�0� 

�_�{�4�(�®�)� �f�o�r� �(�-�B�<�0�<�B�)� 
�«�)�=�|� �Q� �f�o�r� �o�t�h�e�r� �®� 

�T�h�e� �s�i�m�p�l�e� �c�a�s�e� �o�f� �g�(�8�)�=�1� �i�s� �u�s�e�d� �i�n� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �l�a�t�e�r� �i�n� �t�h�i�s� �t�h�e�s�i�s�.� �H�o�w�e�v�e�r�,� �i�n� 

�g�e�n�e�r�a�l� �g�(�8�)� �c�a�n� �b�e� �a�n�y� �f�u�n�c�t�i�o�n� �o�f� �8�.� 

�T�h�e� �u�n�c�o�u�p�l�e�d� �h�e�a�t� �c�o�n�d�u�c�t�i�o�n� �e�q�u�a�t�i�o�n� �h�a�s� �b�e�e�n� �r�e�d�u�c�e�d� �t�o� �a� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� 

�c�a�s�e� �b�y� �s�e�t�t�i�n�g� �t�h�e� �a�x�i�a�l� �t�e�r�m� �(�z�-�d�i�r�e�c�t�i�o�n�)� �e�q�u�a�l� �t�o� �z�e�r�o�.� �S�e�t�t�i�n�g� �t�h�e� �a�x�i�a�l� �t�e�r�m� �t�o� �z�e�r�o� �i�s� 

�s�y�n�o�n�y�m�o�u�s� �w�i�t�h� �s�a�y�i�n�g� �t�h�e� �e�n�d�s� �o�f� �t�h�e� �c�y�l�i�n�d�e�r� �a�r�e� �i�n�s�u�l�a�t�e�d� �a�n�d� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �h�e�a�t� 

�f�l�u�x� �d�o�e�s� �n�o�t� �v�a�r�y� �i�n� �t�h�e� �z�-�d�i�r�e�c�t�i�o�n�.� 

�3�.�3� �D�E�V�E�L�O�P�M�E�N�T� �O�F� �S�T�A�T�I�O�N�A�R�Y� �S�O�L�U�T�I�O�N� 

�W�e� �c�a�n� �a�s�s�u�m�e� �a� �S�o�l�u�t�i�o�n� �o�f� �t�h�e� �f�o�r�m�:� 

�S�u�b�s�t�i�t�u�t�i�n�g� �(�3�.�6�)� �i�n�t�o� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n� �(�3�.�2�)�:� 

�H�O�R �� �+� �H�O�R �� �+ �� �H ��O�R� �=� �H�R�® �� �(�3�.�7�)� 
�r� �r� 

�w�h�e�r�e� �t�h�e� �p�r�i�m�e�s� �i�n�d�i�c�a�t�e� �d�e�r�i�v�a�t�i�v�e�s�.� 

�R�e�a�r�r�a�n�g�i�n�g� �(�3�.�7�)�:� 

� �  �� �=� �a�q� �|� �R�H� �+�L� �R�H� �+� �2� �R�A�"� �|�=� �-�0�'� �(�3�.�8�)� 
�r� �r� 

�w�h�e�r�e� �&� �m�u�s�t� �b�e� �a� �c�o�n�s�t�a�n�t�,� �s�i�n�c�e� �® ��/�®� �d�e�p�e�n�d�s� �o�n�l�y� �o�n� �t�i�m�e� �a�n�d� �t�h�e� �m�i�d�d�l�e� �t�e�r�m� 

�d�e�p�e�n�d�s� �o�n� �s�p�a�c�e� �v�a�r�i�a�b�l�e�s�.� �T�h�e�r�e�f�o�r�e� �t�h�e� �s�o�l�u�t�i�o�n� �f�o�r� �®�(�7�)� �h�a�s� �t�h�e� �f�o�r�m�:� 

�3�.� �A�n�a�l�y�t�i�c� �T�e�m�p�e�r�a�t�u�r�e� �P�r�o�f�i�l�e�s� �P�a�g�e� �3�8



�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �T�o� �G�r�i�n�d�i�n�g� 

�®�(�F�)� �=� �C�y� �e�x�p�(�-�a ��7�)� �(�3�.�9�)� 

�R�e�a�r�r�a�n�g�i�n�g� �(�3�.�8�)�,� �w�e� �c�a�n� �w�r�i�t�e�:� 

� � � � 
�H� �t�=�  ��7�o�-� �3�2� �R �� �7� �=�x �� �(�3�.�1�0�)� 

�w�h�e�r�e� �x� �m�u�s�t� �b�e� �a� �c�o�n�s�t�a�n�t� �s�i�n�c�e� �H ��/�H�i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �6� �o�n�l�y� �a�n�d� �t�h�e� �m�i�d�d�l�e� �t�e�r�m� �i�s� �a� 

�f�u�n�c�t�i�o�n� �o�f� �F� �o�n�l�y�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �s�o�l�u�t�i�o�n� �f�o�r� �H�(�@�)� �h�a�s� �t�h�e� �f�o�r�m�:� 

�H�(�8�)�=�C�,� �c�o�s�x�8�+�C�,� �s�i�n� �x�6� �(�3�.�1�1�)� 

�w�h�e�r�e� �t�h�e� �r�e�q�u�i�r�e�d� �2�7� �p�e�r�i�o�d�i�c�i�t�y� �i�m�p�l�i�e�s� �x�,� �=� �1� �(�n� �=� �0�,�1�,�2�,�.�.�.�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �n� �f�o�r� �x� �i�n� �(�3�.�1�0�)� �a�n�d� �r�e�a�r�r�a�n�g�i�n�g�,� �w�e� �g�e�t�:� 

�P�R �� �+�F�R ��+�(�a�2�7�r�?�  ��n ��)�R� �=�0� �(�3�.�1�2�)� 

�w�h�i�c�h� �i�s� �B�e�s�s�e�l ��s� �e�q�u�a�t�i�o�n�,� �w�h�i�c�h� �h�a�s� �a� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �f�o�r�m�:� 

�R�a�m� �(�F�)� �=� �C�y� �q�(�O� �a�m�)� �+� �C�a�¥�,� �(�n�m�)� �(�3�.�1�3�)� 

�E�q�u�a�t�i�o�n� �(�3�.�1�3�)� �m�u�s�t� �s�a�t�i�s�f�y� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �(�3�.�3�)� �a�n�d� �(�3�.�4�)�.� �S�i�n�c�e� �t�h�e� 

�d�e�r�i�v�a�t�i�v�e� �o�f� �B�e�s�s�e�l ��s� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�(�S�u�l�t�a�n�?�)� �_� �=� �I�(�0�a�?�)�-� �J�a�t�)� �f�a� �o�r� 
�o�r� 
� � 

�n�m� 

�A�z�l�G�a�?�)�)� �_� �s�.�.� �(�c�.�,�,�7�)�-� �7�,� �(�a� �w�e� �-� 
�Q�o� 

�n�m� 

� � 

�t�h�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �R�(�F�)� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�C�a�f� �(�0�+� �F�a�e�)� �T�p� �(�O�n�e�)� �~�©� �n�e�s�t� �(�O�n�)� �|� �C�a�l� �(�1�0�+� �F�i�g�g�)�,� �(�t�m�)� �©� �n�m� �B�o�s�t� �(�O�m�)� �|� �=� �O� �(�3�.�1�4�)� 

�C�l� �[�B�R� �l�e�i�s�)� �-�t�a�d�a�a� �t�a�e�)� �H�C� �(�2� �F�e� �l�a�t�)� �a�a�)� 
�i�n� �i�n� 

�T�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �y�i�e�l�d�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�w�o� �e�x�p�r�e�s�s�i�o�n�s�:� 

�3�.� �A�n�a�l�y�t�i�c� �T�e�m�p�e�r�a�t�u�r�e� �P�r�o�f�i�l�e�s� �P�a�g�e� �3�9



�R�e�s�i�d�u�a�l� �S�t�r�e�s�s�e�s� �D�u�e� �T�o� �G�r�i�n�d�i�n�g� 

�n�m�i�n� �J�a�l� �(�a� �n�m�i�n� �)� �(�3�.�1�5�)� 
� � 

�a�n�d� �O�t�,� �m�u�s�t� �b�e� �a� �p�o�s�i�t�i�v�e� �r�o�o�t� �o�f�:� �(�3�.�1�6�)� 

�(�n� �+� �P�o�u� �)� �J�,� �(�a�,� �n�)� �a�  ��o� �a�m� �J� �r�h� �(�a�,� �I�G� �~� �h�,� �i� �(�a� �n�m�i�n� �)�  ��o� �n�m� �t�n�+�i� �(�a� �n�m�i�n� �)� 

�n�  �� 

�[�E�R� �s�l� �F�,�,�) �� �O� �n�m� �I� �n�a�t� �(�O�l� �n�a�m� �F�n� �a�)� �G� �+� �h�o�u� �)�Y�¥�,�(�0�.�,� �m�)�n�  ��Q� �n�d�a� �(�a� �o�m�)�|� 

�i�n� 

�N�o�w� �i�f� �w�e� �s�u�b�s�t�i�t�u�t�e� �(�3�.�9�)�,� �(�3�.�1�1�)�,� �(�3�.�1�3�)�,� �a�n�d� �(�3�.�1�5�)� �i�n�t�o� �(�3�.�6�)� �a�n�d� �s�u�m� �o�v�e�r� �t�h�e� �i�n�f�i�n�i�t�e� 

�s�e�r�i�e�s� �o�f� �e�i�g�e�n�v�a�l�u�e�s�:� 

� � 

�T�(�r�,�0�,�f�)� �=�>� �¥�(� �A�,� �c�o�s�n�®� �+� �B�,� �s�i�n�n�8�)�D�,�_�R�,�,�,�(�7� �r�)�e�x�p�(�-�C�.�,�,� �7�)� �(�3�.�1�7�)� 
�n�=�0� �m�=�0� 

�w�h�e�r�e� 

�R� �(�F�)� �=�|� �J� �(�a� �7�)� �7�_�h�,� �a�l�d�,� �(�©� �s�a�n� �F�,�) ��O� �s�a�t�i�n�)� �n�e�i� �(�O� �n�m� �7�.�)� �¥� �(�a� �7�)� �(�3�.�1�8�)� 

�i� �m�n� �(�2� �F�l�a� �)�¥�,� �(�C�a�n�i�n�)� �~�  ��a�i� �Y�.� �(�0�,�7�)� �"� 
�C�o�m�p�a�r�i�n�g� �(�3�.�1�8�)� �w�i�t�h� �[�T�a�k�e�u�t�i�,� �1�9�8�0�,� �e�q�u�a�t�i�o�n� �6�]� �o�n�e� �c�a�n� �s�e�e� �T�a�k�e�u�t�i ��s� �e�q�u�a�t�i�o�n� �6� 

�s�h�o�u�l�d� �r�e�a�d�:� �(�2�0�1�,� �/�n�b�)� �a� �n�e� �J�n�l� �O�4�1�)�.� 

�+� �l�y�:� �;� �c�o�s� �p�8� �_� 
�M�u�l�t�i�p�l�y�i�n�g� �b�o�t�h� �s�i�d�e�s� �o�f� �(�3�.�1�7�)� �b�y�:� �|�.� �9� �R�,� �(�7�)� �a�n�d� �r�e�a�r�r�a�n�g�i�n�g�,� �w�e� 

�s�i�n� �p� 

�c�a�n� �w�r�i�t�e�:� 

�°�*�/�c�o�s�n�@� �c�o�s� �p�O� �1� 
 �� �D�y� �|� �.� �.� �P� �a�®� �|� �R�_�A�T�)�R�,�A�(�F�)� �d�F� �(�3�.�1�9�)� 

�B�,� �>� �\� �S�i�n�n� �s�i�n� �p�O�  �� �P� 

� � �-�o�}�o�(� �i�)� �a�n�t�e� �a� 
�F�i�n� 

�B�y� �e�n�f�o�r�c�i�n�g� �o�r�t�h�o�g�o�n�a�l�i�t�y� �a�m�o�n�g� �t�h�e� �e�i�g�e�n�f�u�n�c�t�i�o�n�s� �i�n� �(�3�.�1�9�)�,� �a�n�d� �r�e�a�r�r�a�n�g�i�n�g� �w�e� �c�a�n� 

�w�r�i�t�e�:� 
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�t�h�e� �o�c�c�u�r�r�e�n�c�e� �o�f� �f�i�l�m� �b�o�i�l�i�n�g� �a�n�d� �t�h�e�r�m�a�l� �d�a�m�a�g�e� �t�o� �t�h�e� �w�o�r�k�p�i�e�c�e�.� 

�L�a�v�i�n�e ��s� �m�o�d�e�l� �s�t�a�r�t�s� �w�i�t�h� �t�h�e� �u�n�c�o�u�p�l�e�d� �h�e�a�t� �c�o�n�d�u�c�t�i�o�n� �e�q�u�a�t�i�o�n� �(�2�.�2�6�)� �a�n�d� �t�h�e� 
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�e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� �a�n�d� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �a�s�s�u�m�e�d� �c�o�n�s�t�a�n�t� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�e�m�p�e�r�a�t�u�r�e�.� 
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�T�h�e� �c�a�s�e� �o�f� �t�w�o� �p�a�r�a�l�l�e�l� �c�y�l�i�n�d�e�r�s� �i�n� �c�o�n�t�a�c�t� �a�s� �d�e�v�e�l�o�p�e�d� �b�y� �S�m�i�t�h� �a�n�d� �L�u�i� �i�s� 
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�r�a�d�i�u�s� �o�f� �c�u�r�v�a�t�u�r�e�.� �E�a�c�h� �c�y�l�i�n�d�e�r� �i�s� �g�i�v�e�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �r�a�d�i�i�,� 

�e�i�t�h�e�r� �t�h�a�t� �o�f� �t�h�e� �c�a�m� �o�r� �t�h�e� �w�h�e�e�l�.� �T�h�e� �p�r�o�b�l�e�m� �i�s� �s�e�p�a�r�a�t�e�d� �i�n�t�o� �t�w�o� �e�l�a�s�t�i�c�i�t�y� 

�p�r�o�b�l�e�m�s�;� �o�n�e� �f�o�r� �t�h�e� �n�o�r�m�a�l� �l�o�a�d� �a�n�d� �o�n�e� �f�o�r� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �l�o�a�d�.� �T�h�e�n� �t�h�e� �t�w�o� �s�o�l�u�t�i�o�n�s� 
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�4�.�3�.�1�.�1� �C�O�N�T�A�C�T� �L�E�N�G�T�H� 

�T�h�e� �n�o�r�m�a�l� �l�o�a�d� �d�i�c�t�a�t�e�s� �t�h�e� �c�o�n�t�a�c�t� �l�e�n�g�t�h�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �t�h�e� �c�o�n�t�a�c�t� �a�r�e�a�.� 

�R�e�s�e�a�r�c�h�e�r�s� �h�a�v�e� �i�n�v�e�s�t�i�g�a�t�e�d� �t�h�e� �c�o�n�t�a�c�t� �l�e�n�g�t�h� �i�n� �g�r�i�n�d�i�n�g� �e�x�t�e�n�s�i�v�e�l�y�.� �B�e�c�a�u�s�e� �w�h�e�e�l� 

�a�n�d� �w�o�r�k�p�i�e�c�e� �d�e�f�o�r�m�a�t�i�o�n� �i�n�f�l�u�e�n�c�e� �t�h�e� �g�e�o�m�e�t�r�i�c� �c�o�n�t�a�c�t� �l�e�n�g�t�h�,� �t�h�e� �r�e�a�l� �c�o�n�t�a�c�t� 

�l�e�n�g�t�h� �i�s� �q�u�i�t�e� �h�a�r�d� �t�o� �p�r�e�d�i�c�t�.� �A� �n�u�m�b�e�r� �o�f� �a�n�a�l�y�t�i�c� �m�o�d�e�l�s� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �u�s�i�n�g� 

�H�e�r�t�z�i�a�n� �t�h�e�o�r�y� �[�H�a�h�n�,� �1�9�6�7�]�,�[�L�i�n�d�s�a�y�,� �1�9�7�1�a�]�,�[�L�i�n�d�s�a�y�,� �1�9�7�1�b�]�,�[�H�a�h�n�,� 

�1�9�7�6�]�,�[�V�e�r�k�e�r�k�,� �1�9�7�5�]�,�[�B�r�o�w�n�,� �1�9�7�1�]�,�[�S�a�u�e�r�,� �1�9�7�4�]�.� �H�o�w�e�v�e�r�,� �e�v�e�n� �t�h�e� �m�o�s�t� �a�c�c�u�r�a�t�e� 

�m�o�d�e�l� �[�V�e�r�k�e�r�k�,� �1�9�7�5�]� �u�n�d�e�r�e�s�t�i�m�a�t�e�s� �t�h�e� �r�e�a�l� �c�o�n�t�a�c�t� �l�e�n�g�t�h� �b�y� �1�0�0�%� �a�t� �h�i�g�h� �s�p�e�e�d�s� �o�f� 

�g�r�i�n�d�i�n�g�.� �T�h�e�r�e�f�o�r�e�,� �e�m�p�i�r�i�c�a�l� �m�o�d�e�l�s� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �t�o� �m�o�r�e� �a�c�c�u�r�a�t�e�l�y� �p�r�e�d�i�c�t� 

�t�h�e� �c�o�n�t�a�c�t� �l�e�n�g�t�h�.� �[�A�e�r�e�n�s�,� �1�9�8�3�]�,�[�B�r�a�n�d�i�n�,� �1�9�7�8�]� �V�a�n�s�e�v�e�n�a�n�t�,� �1�9�8�7� �h�a�s� �a� �c�o�n�c�i�s�e� 

�s�u�m�m�a�r�y� �o�f� �t�h�e�s�e� �m�o�d�e�l�s�.� 
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�F�i�g�u�r�e� �4�-�8� �S�t�r�e�s�s� �p�r�o�f�i�l�e� �d�u�e� �t�o� �n�o�r�m�a�l� �l�o�a�d�.� �N�o�t�e� �t�h�a�t� �o� �~� �=� �0� �o�n� �t�h�e� �s�u�r�f�a�c�e� �f�o�r� �l�o�a�d�i�n�g� �n�o�r�m�a�l� 
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�N�o�t�e� �t�h�a�t� �n�o�r�m�a�l� �p�r�e�s�s�u�r�e� �p�r�o�d�u�c�e�s� �o�n�l�y� �c�o�m�p�r�e�s�s�i�v�e� �s�t�r�e�s�s�.� �W�e� �m�u�s�t� �h�a�v�e� 
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�p�p�.� �5�5�-�6�6�]�,� �[�V�a�n�s�e�v�e�n�a�n�t�,� �1�9�8�7�,� �p�p�.� �5�-�1� �-� �5�-�5�5�]� �n�e�a�r�-�s�u�r�f�a�c�e� �c�o�m�p�r�e�s�s�i�v�e� �r�e�s�i�d�u�a�l� �s�t�r�e�s�s�.� 

�4�.�3�.�2� �T�A�N�G�E�N�T�I�A�L� �L�O�A�D� 

�T�h�e� �t�a�n�g�e�n�t�i�a�l� �l�o�a�d� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �n�o�r�m�a�l� �l�o�a�d�.� �T�h�e� 

�c�o�n�s�t�a�n�t� �o�f� �p�r�o�p�o�r�t�i�o�n�a�l�i�t�y� �i�s� �t�h�e� �w�e�l�l�-�k�n�o�w�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �f�r�i�c�t�i�o�n�.� �H�o�w�e�v�e�r�,� �t�h�e� 

�L�i�t�t�o�n�-�L�a�n�d�i�s� �g�r�i�n�d�i�n�g�-�m�a�c�h�i�n�e� �i�n�s�t�r�u�m�e�n�t�a�t�i�o�n� �r�e�c�o�r�d�s� �b�o�t�h� �t�h�e� �n�o�r�m�a�l� �a�n�d� �t�a�n�g�e�n�t�i�a�l� 

�f�o�r�c�e�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �f�r�i�c�t�i�o�n� �n�e�e�d� �n�o�t� �b�e� �c�a�l�c�u�l�a�t�e�d�,� �b�u�t� �s�i�m�p�l�y� �a�s�s�u�m�e�d� 

�a� �c�o�n�s�t�a�n�t�.� 

�4�.�3�.�2�.�1� �S�T�R�E�S�S� �P�R�O�F�I�L�E� 

�I�f� �w�e� �a�s�s�u�m�e� �a� �c�o�n�s�t�a�n�t� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �f�r�i�c�t�i�o�n� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �c�o�n�t�a�c�t� �a�r�e�a� �t�h�e� 

�s�t�r�e�s�s� �p�r�o�f�i�l�e� �d�u�e� �t�o� �t�a�n�g�e�n�t�i�a�l� �l�o�a�d�i�n�g� �o�n�l�y� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� �(�4�.�3�1�)� �t�o� �(�4�.�3�4�)�.� 

�2�h� �(�4�.�3�1�)� 
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