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ABSTRACT 

IRE , or in its primitive form, Wheel, an important invention for the transportation sector, 

has evolved from a circular block of hard and durable material to one of the most complex 

and influential components of an automobile. It is the only means of contact between the vehicle 

and the road and is responsible for generating forces and moments that impact vehicle 

performance, stability, and control. Tire tribology is the study of interacting surfaces in relative 

motion which includes friction and wear. Tire friction is an essential concept for estimating the 

tractive effort/ traction at the tire-road interface that further helps to determine the control and 

stability of the vehicle. In contrary, it also results in rolling resistance and wear. Tire and vehicle 

engineers are henceforth interested in a robust and efficient approach towards estimation of friction 

and wear. 

Past experimental observations [1]ï[4] using tread compound samples have revealed the different 

factors influencing the friction at the contacting interface. In addition, different mechanisms or 

components resulting in frictional losses, being Hysteretic, Adhesive and Viscous, and wear being 

abrasive, fatigue, adhesive and corrosive were also observed. Although experimental and empirical 

observations have provided us with an accurate estimation of friction and wear parameters, it is 

very tedious and expensive approach. Recent developments in the computational power 

encouraged researchers and engineers towards evolution of analytical and numerical models 

considering the underlying physical mechanisms at the contact interface.  

Past research studies developed multiscale techniques for estimation of friction coefficient due to 

hysteretic losses from internal damping of the rubber material because of oscillation from surface 

undulations. Later, contact mechanics models developed using Hertzian technique or stochastic 

approach were considered in conjunction with frictional losses to obtain the hysteretic component 

of friction to consider the effect of surface roughness. Previous studies @ CenTiRe focused on 

surface characterization techniques and estimation of friction for dry surfaces using Persson and 
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Klüppelôs approach. Comparative studies unveiled the importance of considering pressure/ normal 

load towards friction estimation. In addition, it was found that effect of adhesion for estimation of 

contact mechanics parameters must be considered.  

The present research focuses on obtaining a comprehensive friction and contact mechanics model 

considering the effect of surface roughness at different length scales, surface condition (dry/ wet) 

and asperity interaction. In addition, the developed model in conjunction with brush model is 

considered for estimating the tire traction characteristics such as the forces and moments. A finite 

element simulation of rubber block sliding on a rough substrate is performed using a multiscale 

technique for estimation of friction, contact mechanics and abrasion parameters under dry 

condition. The results thus obtained are compared with the analytical model that is developed for 

wet condition. Experimental validation of the friction estimated using the analytical and numerical 

methods will be performed using a linear sliding friction tester developed in collaboration with 

other members of the group.
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GENERAL AUDIENCE ABSTRACT 

RIBOLOGY , a recent terminology for an age-old concept of friction, wear, and 

lubrication. the study of interacting surfaces in relative motion which includes friction and 

wear. Friction is the resisting force at the contact interface leading to heat build-up and material 

loss at the contact interface which is known as flash temperature and wear respectively. Tire is one 

of the most complex and influential components of a vehicle that helps in optimizing its 

performance for better stability and control. Knowledge of tire friction and wear is important for 

tire engineering and vehicle dynamics engineers as it helps in characterizing the handling 

characteristics of the vehicle, characterizing the tire material compounds to understand the tire 

durability. 

Rubber is a viscoelastic material, the friction and wear in rubber is intricate as opposed to other 

elastic materials. Based on experimental observations in the past, friction and wear are influenced 

by factors like material properties, normal load/ pressure, sliding velocity, temperature, surface 

characteristics, and environmental conditions. In addition, the frictional losses at the contact 

interface are considered to compose of adhesion, hysteresis and viscous components and wear is 

categorized as ï adhesive, abrasive, fatigue, corrosive and erosive. Recent developments in 

computational power encouraged researchers and engineers in developing analytical and 

computational models that consider the physical mechanisms occurring at the contact interface.  

The present research focuses on obtaining a comprehensive friction and contact mechanics model 

considering the effect of surface roughness at different length scales, surface condition (dry/ wet) 

and asperity interaction. In addition, the developed model in conjunction with a brush model is 

considered for estimating the tire traction characteristics such as the forces and moments. A finite 

element simulation of rubber block sliding on a rough substrate is performed using a multiscale 

technique for estimation of friction, contact mechanics and abrasion parameters under dry 

condition. The results thus obtained are compared with the analytical model that is developed for 
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wet conditions. Experimental validation of the friction estimated using the analytical and 

numerical methods will be performed using a linear sliding friction tester developed in 

collaboration with other members of the group. 
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1 INTRODUCTION  
 

RIBOLOGY  is the study of interfacial interaction of contacting bodies that are in relative 

motion. It mainly involves three parameters: friction, lubrication and wear. Friction is the 

resisting force due to the energy losses at the contact interface. It is responsible for successful 

application of the contact by providing traction and grip; nevertheless, it is also the prime reason 

for wear, a gradual material removal process at the contact. It is a complex and inevitable 

phenomenon of any contacting application such as human walking, holding an object, burning of 

a match stick, piston moving inside a cylinder, bearings, tire moving on the road, etc., and hence 

is very important to understand and predict friction/wear for contact performance optimization. 

Tribological studies can be dated to late 1400ôs when Leonardo Da Vinci (1493) quantified friction 

by using a pulley block system that is still being used in the name of Leonardo Da Vinci experiment 

as shown in Figure 1.1. Based on this experiment, he devised the two basic laws of friction, 

ñcontact area has no effect on frictionò and ñfriction is proportional to the compressive force or 

normal loadò. Amontonôs (1699) and Columb (1785) extended his work and were the first to come 

up with an empirical relation for friction, 

Ⱨ
╕█

╕╝
 

 

FIGURE 1.1: LEONARDO DA VINCI EXPERIMENT - PULLEY MASS SYSTEM  [5] 

T 
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Developments in microscale observations, noticed surfaces that appeared to be smooth had 

roughness at higher magnifications. Based on this, Bowden and Tabor (1950) obtained the 

influence of contact area on friction and stated that the real or actual contact area is only a very 

small percentage of the apparent contact area. 

 MOTIVATION  

Tire is one of the most complex and influential components of a vehicle that helps in optimizing 

its performance for better stability and control. Based on IRTAD, International Traffic Safety Data 

and Analysis Group, every year worldwide around 1.3 billion are killed and 50 billion are injured 

due to road accidents [6]. In that, approximately 15% of the crashes were due to wet pavement, 

4% due to icy conditions and 3% due to snow/ sleet. Tire failure and loss of traction are found to 

be the two main causes leading to crash under different road conditions. Recent advancements in 

electronic vehicle stability control (ESC), antiïlock braking systems (ABS) and tire health 

monitoring systems, have helped in partially mitigating the issue by avoiding the vehicle from 

skidding and predicting the failure probability of the tires.  

Force and moment characteristics of the tire plays a major role for achieving the desired metrics 

to meet the intended performance of the vehicle. Simulation tools are widely used in order to 

predict and optimize the performance of the vehicle. Tire models are used in conjunction with 

vehicle models to understand these aspects. Tire friction is an important parameter for predicting 

the handling characteristics of the tire by providing traction, stability and control, but at the same 

time, it results in rolling resistance and wear. It is influenced by tread material properties (low and 

high frequencies), contact surface characteristics, flash temperature, operational, and atmospheric 

conditions [7]ï[9]. In the past, experimental or empirical models were used to define the friction 

coefficient at the contact interface in tire dynamic models. Though the approach is valid, it is not 

susceptible to changes in operational conditions and has to be redone for new conditions, making 

the process tedious and economically expensive. Hence, tire and vehicle engineers are interested 

in developing a robust and efficient friction and contact mechanics model that is based on the 

underlying physics at the contact interface. 

Past research at CenTiRe focused on developing physics based models for efficient prediction of 

contact mechanics parameters, friction coefficient and wear for the case of a sliding rubber block 

(of the size of a tread element) [10]ï[13]. Persson and Klüppel [14], [15] obtained the friction 
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model by considering the hysteresis losses as the sum over different length scales. Later, semi-

empirical models were considered to include the effect of adhesion [16]. A comparative study on 

the models revealed Perssonôs model inability to predict the influence of pressure/ normal load on 

friction coefficient. But experimental observations using a Dynamic Friction Tester has shown 

variations of friction with varying normal load. In addition, at lower velocities, it is important to 

consider the effect of adhesion while obtaining the actual contact area, as it influences the 

deformation at the contact interface [17].  

Hence, the present work focusses on enhancing the developed hysteretic friction model to consider 

the influence of normal load/ pressure to the friction coefficient by considering the deformations 

at the contact interface and including the interaction between the asperities and adhesion effects. 

In addition, the present friction model can predict the frictional parameters under dry condition; 

hence a comprehensive friction model that can estimate friction under different surface conditions 

is also considered. 

The models also lack proper validation of the actual contact area because of the complexity to 

measure the real contact area on a rough surface using experimental techniques. An FE (Finite 

Element) tool is developed to obtain the contact mechanics parameters and the approach is 

validated using Nano-indentation results. The FE model is extended to obtain the hysteretic friction 

component and abrasion characteristics of the tread material.  

Additionally, automotive and tire industries are interested in estimating the performance of the 

vehicle that is highly dependent on the tire handling characteristics. The tire handling 

characteristics is further influenced by the tire-road interactions. A tool that integrates the 

developed friction model with a physics-based tire model (Brush model) will help us in studying 

the effect of tire-road interactions on the tire handling characteristics. 

 RESEARCH OBJECTIVES 

¶ Study the effect of normal load on friction characteristics of a rubber block sliding on a 

rough substrate using physics-based models 

¶ Develop a finite element framework to estimate the contact mechanics of a rubber block 

sliding on a rough substrate 
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¶ Develop a multiscale framework for estimation of friction characteristics of tread block 

sliding on a rough surface 

¶ Develop a Finite element model based on continuum damage mechanics to estimate the 

wear characteristics of a rubber compound sliding over a rough substrate under dry 

condition 

 RESEARCH CONTRIBUTION  

¶ Understanding the effect of normal load on friction estimation and single asperity model 

to include the effect of normal load to the friction coefficient considering adhesion losses  

¶ Hysteresis friction estimation using FE models and comparison of the results with 

experimental techniques using hyper-viscoelastic material model 

¶ A multi ï length scale finite element model for estimating the dynamic contact mechanics 

parameters, friction coefficient and obtaining the abrasion of rubber sample using a damage 

parameter 

 OUTLINE OF THE DOCUMENT  

Section 1 starts with an introduction and a short history on tribology followed by the motivations 

in choosing the topic leading to the objectives and contributions of this research.  

Section 2 provides a short background on the topic of friction, wear or abrasion and contact 

mechanics with a thorough literature review on experimental observations describing the 

influential factors and the mechanisms resulting in wear and friction. This is followed by 

mathematical modeling of contact mechanics and theoretical frictional studies and surface 

characterization techniques.  

Section 3 provides a comparative study on two theoretical friction models; Persson and Klüppel. 

Influence of normal load/ nominal pressure at the contact on friction estimation is looked into and 

the conclusion on each model is discussed based on comparison with experimental observations 

from dynamic friction tester. 

Section 4 provides an approach towards validating the contact mechanics parameters of physics-

based models. A combination of experiments with finite element framework is considered for this 

purpose. Nano indentation tests are performed to measure the force vs penetration depth relation 



5 

 

 

ñInvention of wheel the greatest evolution to transportationò 

using a υ‘ά spherical indenter. A finite element model is developed for a rubber block sliding 

over a rigid rough contact surface. The material model to define the constitutive law is discussed 

and the results of the model is compared with experimental and theoretical results. 

Section 5 provides a simplified approach towards considering the adhesion mechanism, viscous 

losses under wet conditions and interaction effects from neighboring asperities. The effect of 

adhesion on contact mechanics parameters is also discussed to understand its importance in 

estimating the real contact area. 

Section 6 provides a multi length scale framework to the finite element model discussed in section 

4 for estimation of hysteresis component of friction. The estimated friction coefficient is further 

used to simulate wear by considering a damage parameter which depends on the frictional energy 

generated at the contact interface. Discuss on how to decompose the rough surface into macro and 

micro regimes for the respective simulations are also discussed.  

Section 7 provides a finite element framework for estimation of wear characteristics of the rubber 

block sliding over a rough substrate. A continuum damage mechanics-based approach is developed 

to estimate the damage evolution of the contact interface based on failure analysis of the rubber 

compound. The wear profile at the contact interface is simulated based on damage variable and an 

element updating algorithm. Three cases are considered, (1) Wear of rubber block using Archardôs 

wear law approach (2) Indenter sliding simulation (Scratch Test) using damage mechanics 

approach and (3) Wear of rubber block using damage mechanics approach. 

Section 8 provides the conclusions of the work to this point and discusses the future work.  
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2 BACKGROUND 

TRIBOLOGY, a greek word derived from Tribo meaning ñrubbingò and logy meaning ñstudy ofò. 

Though the term is a recent depiction of previous concepts related to friction, lubrication and wear 

thatôs been around from the advent of mankind ï from chipping of stones for tools, to generating 

fire by rubbing wood or striking of flint stones from about 400,000 years ago. Many paintings 

from Egyptian and Sumerians civilizations around 1400 BC have shown the usage of original 

lubricants for reducing friction while moving heavy objects or transporting large stone statues as 

shown in Figure 2.1. 

 

FIGURE 2.1: TRANSPORTING THE STAT UE OF TI - FIRST RECORDED TRIBOLOGIS T [18] 

 FRICTION  

The first concept of tribology, Friction, is an important aspect of the contact interface, it is the 

resisting force at the contacting interface obtained when two bodies in contact are in relative 

motion ï Initial studies on friction was experimental using a pulley mass system by Leonardo Da 

Vinci (1495) and obtained the relation between friction and normal load and stated ñfriction is 

proportional to weight and is independent of contact area and sliding speedò.  200 years later, after 
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the advent of Newtonôs principals of force, Amontonôs and Columb confirmed the laws of Da 

Vinci on friction and also obtained the effect of surface area and the amount of rest time on friction.  

 

FIGURE 2.2: FRICTIONAL FORCE AT THE CONTACT INTERFACE  

Bowden & Tabor [19] investigated the microscopic behavior of the contact where they found that 

the effective contact area is only a part of the nominal area and observed the deformation and 

relaxation of interlocking asperities that later was referred to as the stick slip oscillations due to 

the instabilities during steady sliding velocities. They classified the friction in the contact into 

static ‘  and dynamic friction coefficient ‘ . Static friction often occurs at very low sliding 

velocities and up until the pull force causes no movement of the bodies in contact. It can also be 

referred to as the friction during the stick portion of the body. In addition, the more the body is at 

rest, the higher is the static friction coefficient. Kinetic or dynamic friction depends on the steady 

sliding velocity. There is no universal behavior and we can observe a decrease or increase in 

friction with change in velocity referred to as the velocity weakening and velocity strengthening 

effect. 

Rubber, mainly because of its viscous nature is a widely used material for most contact 

applications such as, seals, tires, footwear, wiper blades, etc. The material possesses the property 

of both a liquid (viscous) and a solid (elastic). Hence, the material response is time ὸ or frequency 

‫  dependent and belongs to the complex domain Ὁᶰᴇ as given by Eq. (2.1). The real part is 

called the storage modulus Ὁ  and the imaginary part is called the loss modulus Ὁͼ. The 

material response can be represented using a series of linear elastic springs (elastic response) and 

dampers (viscous response) as shown in Figure 2.3. 

 Ὁᶻ Ὁ Ὥ Ὁͼ  (2.1) 

 ÔÁÎ‏ Ὁͼ‫ȾὉᴂ‫  (2.2) 
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FIGURE 2.3: STANDARD L INEAR VISCOELASTIC MODEL  

2.1.1 Friction in Rubber  

Due to the dynamic nature of rubber and its temperature dependence, the frictional characteristics 

of rubber fails to obey the classic laws of friction. Experimental observations on rubber friction 

started from early 1940ôs focusing on observing the various factors effecting rubber friction.  Roth, 

Driscoll and Hold and Thirion [1] observed the dependence of velocity and normal load on friction 

coefficient. Schallamach [1], [3] later extended it for a rubber compound on a ground glass to 

observe the variation of friction with respect to load, real area of contact and velocity. Grosch [4] 

observed the influence of the viscoelastic nature of the rubber on the friction coefficient. Based on 

his experiment under different temperature and sliding velocity, he related the temperature and 

velocity dependency of friction to the velocity and temperature dependent viscoelastic behavior.  

 

FIGURE 2.4: DIFFERENT MECHANISMS OF FRICTION  

Depending on the operating and contact condition, the mechanism by which the frictional losses 

occur at the contact interface is classified into three components as shown in Figure 2.4: 
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1. Hysteresis  Ⱨ▐◐▼ï Energy dissipated due to internal damping caused by undulation in the 

surface. It is dominant on very rough surfaces at high velocities and is highly dependent on 

the time dependent properties of the material. 

2. Adhesion Ⱨ╪▀▐ ï Due to intermolecular or Vander Waals attraction at the contact 

interface. It is dominant on smooth surfaces at low velocities and high loads. It vanishes in 

the presence of contaminants or lubricants on the surface 

3. Viscous Ⱨ○░▼╬ ï Due to hydrodynamic resistance caused by the fluid in the contact 

interface. It mainly occurs under the presence of lubricant or fluid in between the contact 

interface. 

 ‘ ‘ ‘ ‘  (2.3) 

 WEAR 

First law of thermodynamics states that ñEnergy is neither created nor destroyed, it is transformed 

from one form to anotherò. Based on this, the energy generated due to the frictional losses at the 

contact interface is either dissipated in the form of heat or gradual removal of material from the 

softer compounds. This gradual material removal process from the contact interface is termed as 

Wear. It is a complex process and is classified depending on the mechanism causing material 

removal, 

¶ Adhesive ï It is a mechanical wear process and depends on the interaction between the 

asperities and the rubber. It is a material removal process by transient adhesion of 

asperities. Figure 2.5 (A) 

¶ Abrasive ï It is similar to the adhesive wear except that it happens when the surface has 

sharp projections and at high loads so that the contact stresses easily reaches the tearing 

strength of rubber. It is a micro cutting or scratching process. Figure 2.5 (B) 

¶ Fatigue ï It is wear due to repeated elastic deformations of the rubber. It happens with 

blunt projections or smooth surfaces and when rubber undergoes elastic deformations. It is 

a very slow to moderate wear mainly due to the initiation and propagation of crack. It 

mainly happens due to the cyclic deformations caused by a blunt asperity or smooth surface 

of the tire. Figure 2.5 (C) 
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¶ Corrosive ï It mainly referred to the wear due to chemical degradation.  It is due to the 

breakage of the polymer chains and oxidation of the rubber material due to high 

temperature experienced at the contact interface mainly in oxygen atmosphere. It is part of 

the aging process.  

¶ Erosive ï It is a gradual abrasion process. It mainly happens in extremely short sliding 

motion at short time intervals.  

 

FIGURE 2.5: DIFFERENT WEAR MECHANISMS : (A) ADHESIVE , (B) ABRASIVE AND (C) FATIGUE  

 CONTACT MECHANICS  

Contact mechanics is the study of deformation and stresses at the contact interface under such 

conditions. Theoretical studies on the subject began in early 1880ôs by Hertz (1882) based on point 

contact on elastic half space for a single asperity case [20]. A contact condition given by Eq. (2.4) 

is considered in order to ensure no penetration between the contacting points. 

 ό ό ‏ Ὤ◑ (2.4) 

where, ό  and ό  are normal deformation at the contact, and ‏ is the penetration depth at the 

center of the contact and Ὤὼ is the height profile of the elastic half space. The contact mechanics 

parameters are thus obtained by considering a parabolic pressure distribution at the surface. 
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FIGURE 2.6: HERTZ CONTACT MECHANICS THEORY  

An advancement to Hertz theory came at around 1970ôs by Johnson, Kendall and Robert (JKR) 

[21], that includes the influence of adhesion for estimating the contact mechanics parameters by 

considering the interatomic attraction using the surface energy at the contact zone. He also 

observed the contact edges to have a concave nature rather than a tangential one in case of Hertz 

as shown in Figure 2.7.  

 

FIGURE 2.7: JOHNSONS ADHESION MODEL [20] 

Based on the Hertzian contact mechanics theories and in order to consider the surface roughness, 

Greenwood Williamson [22] considered the surface to be made of asperities of same radius of 

curvature with a height distribution. Using the stochastic processes, the contact mechanics 
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parameters like the contact area, normal load, and mean penetration depth are obtained. Later, 

Bush et al [23], in order to consider the distribution of asperity curvature and gradients for an 

elastic contact on a rough surface apart from the height distribution, they developed a joint 

distribution model to obtain the contact mechanics parameters. In this case, the surface is 

considered as a distribution of ellipsoidal asperities and using the random process theory technique 

by Nayak [24] the surface is characterized. Greenwood [25] later simplified the approach by 

considering the curvature distribution as a geometric mean and assuming a single curvature 

distribution for the asperities in 2D. All these theories are based of the basic assumption of the 

general Hertzian contact theory of small local deformations and neglecting the interaction between 

neighboring asperities. 

 

FIGURE 2.8: (A) GW THEORY (B) VARIATION IN ASPERITY CURVATURES 

Hertzian contact theories were the most commonly used contact mechanics theory up until the 

2000ôs with the advent of the Perssonôs contact mechanics theory [14] where he characterized the 

surface roughness using power spectral density and obtained the area ratio using stochastic process 

of the pressure distribution at different length scales. This is considered the first multi length scale 

contact mechanics theory. Hertzian theory still remains the widely accepted contact theory because 

of its ability to consider the deformation at the contacts to obtain the contact mechanics parameters 

rather than assuming the contact to conform with the profile of the asperity as is in the case of 

Perssonôs theory. 

 MATERIAL BEHAVIOR   

Rubber is an elastomeric material comprising a combination of elastic and polymer-based 

properties. It is often obtained by the process of vulcanizing or polymerizing of thermoset resin 

using a set of cross-links or additives to alter its mechanical and thermal properties depending on 

the application. The material possesses unique chemical and physical aspects. It is highly resilient, 

with elastic and viscous properties and can withstand large deformations in a reversible manner. 
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Depending on the type of filler that is used, it can have hardening or softening behavior often 

called the Payne effect (Cyclic hardening) or Mullins effect (Cyclic Softening). The material 

behavior of such material is characterized using hyperelastic and viscoelastic materials models. 

Hyperelastic Behavior:  

A material constitutive behavior often used to characterize materials has the ability to withstand 

large stretch ratios or strains up to 500% and possess special properties like flexibility, resilience, 

extensibility and durability. Such properties are generally impossible to model using the simple 

isotropic constitutive model and are often characterized using strain energy density given by Eq. 

(2.5) as a function of the stress invariants ὍȟὍȟὍ  or principal stretch ratios ‗‗ȟ‗ . 

 Ὗ ὪὍȟὍȟὍ Ὢ‗‗ȟ‗  (2.5)  

Most hyperelastic models developed based on phenomenological and empirical models whose 

coefficients are determined from experimental data from uniaxial, biaxial, shear and volumetric 

compression tests. A good hyperelastic model is one that can have the following four properties 

[26]: 

¶ Replicate the S curve (non-linear stress strain curve) 

¶ All deformation modes can properly be estimated 

¶ Has fewer fitting parameters 

¶ Should be a simple mathematical model, a polynomial equation 

Stretch-based and invariant-based are the mainly used to describe the hyperelastic behavior by 

defining the strain energy density [26]ï[28]. The commonly used models are as given in table 

TABLE 2.1: HYPERELASTIC MATERIAL MODELS 

Model Strain energy density Function Notes 

Reduced 

Polynomial 

Model 

Ὗ ὅ Ὅ σ
ρ

Ὀ
ὐ ρ  

Requires data from at 

least 1 deformation 

modes. Neo-Hookean 

and Yeoh is commonly 

used model 

Polynomial 

Model 
Ὗ ὅ Ὅ σ Ὅ σ

ρ

Ὀ
ὐ ρ  

Requires data from at 

least 2 deformation 
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modes. Mooney Rivlin is 

commonly used model 

Ogden 

Model 

Ὗ
ς‘

‌
 ‗ ‗ ‗ σ 

ρ

Ὀ
ὐ ρ  

3 deformation models. 

Accurately accounts for 

upturn stiffening 

Arruda 

Boyce 

Ὗ ‘
ὅ

‗
 Ὅ σ

ρ

Ὀ

ὐ ρ

ς
ÌÎὐ  

Based on molecular 

chain network. For small 

and large strains 

Gent Strain 

Energy 
Ὗ

Ὃὐ

ς
 ὰὲρ

Ὅ σ

ὐ

ρ

Ὀ
ὐ ρ  

Accounts for polymer 

chain extension limit 

 

where, ὍȟὍȟὥὲὨ Ὅ are the strain invariants related to the principal stretches ‗ȟ‗ὥὲὨ ‗ 

 

Ὅ ‗ ‗ ‗ 

Ὅ ‗‗ ‗‗ ‗‗ 

Ὅ ‗‗‗ 

(2.6) 

ὐ ï elastic volume ratio, ‌ ὥὲὨ ‘ are the empirical coefficient for the shear behavior and Ὀ is 

for compressibility which are obtained by fitting the equation to the experimental data. 

Viscoelastic behavior 

Viscoelastic materials have a combination of elastic and viscous parts and the response of the 

material is always time dependent. These materials are represented using a combination of linear 

elastic springs, for its elastic response and linear dashpots, for the viscous part. It has a complex 

modulus that is dependent on time rate or frequency as shown in Figure 2.11 and given by Eq. 

(2.2), the real part of the modulus is called the storage modulus and the imaginary part is the loss 

modulus mainly due to molecular rearrangements. An application of sinusoidal stress on a 

viscoelastic material will result in a sinusoidal strain but will be out of phase with the strain lagging 

the stress. This phase difference between stress and strain is referred to as the loss factor (ÔÁÎ‏) 

and is often given by the ratio of the loss and storage modulus as shown in Eq. (2.3). 

 Ὁᶻ Ὁ ὭὉͼ (2.7) 
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 ÔÁÎ‏
Ὁͼ‫

Ὁᴂ‫
 (2.8) 

where Ὁ is the storage modulus, Ὁͼ is the loss modulus 

The complex dynamic moduli of the viscoelastic material is obtained either by using linear 

constitutive models [29]  or by experimental methods like dynamic mechanical analysis [30]. 

Some of the linear constitutive models, which are used for rubber, are the Kelvin Voigt model, 

Zener slider or Standard linear model (Voigt form). The mechanics of materials and constitutive 

relations are used to obtain the modulus from the linear models. 

Kelvin-Voigt Model: This is the simplest case of viscoelastic solid that is represented using a 

linear pair of spring and dashpot as shown in Figure 2.9. Using stress balance and constitutive 

relation the effective complex modulus of the material is given by, 

 Ὁ‫ Ὁ Ὥ(2.9) –‫ 

 

FIGURE 2.9: KELVIN -VOIGT MODEL  

Zener slider: This is also called the standard linear viscoelastic solid. It is represented with a single 

spring and a Maxwell element in parallel to represent the viscoelastic behavior of rubber as shown 

in Figure 2.10(A). The mathematical relation for complex moduli is given by Eq. (2.5), 

 Ὁ‫
ὉὉ Ὁ Ὁ –‫

Ὁ –‫
Ὥ

–‫

Ὁ –‫
Ὁ  (2.10) 

Standard linear model (Voigt form): In this case, the spring is in series with a Kelvin Voigt 

model as shown in Figure 2.10(B). This closely resembles the behavior of the viscoelastic solid 

that has an instantaneous response or rapid response. For example, rubber. The mathematical 

relation for complex moduli is given by Eq. (2.6), 

 Ὁ‫
Ὁ ρ Ὥ†‫

ρ ὥ Ὥ†‫
Ƞ    †

ρ

–
Ƞ   ὥ

Ὁ

Ὁ
 (2.11) 
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FIGURE 2.10: ZENER SLIDER (LEFT), STANDARD L INEAR MODEL (VOIGT FORM) (RIGHT ) 

Experimental testing using Dynamic Mechanical Analysis can also be done in order to obtain the 

complex modulus of the viscoelastic materials. In the case of rubber, it is very important to obtain 

the modulus in a very wide range of frequencies to notice all three regions (rubbery, transition and 

glassy) as shown in Figure 2.11. However, it is not feasible to do testing at very low and very high 

frequencies because of instrument capabilities. Hence in order to obtain the elastic modulus at 

these wide frequency ranges Time-Temperature Superposition [31], [32] is applied.  

The complex moduli are dependent on the temperature and composition of the material. 

Experiments has shown that the complex material moduli curve shifts to higher or lower 

frequencies with change in temperature in horizontal and vertical direction. Based on the 

experimental observations William Landel Ferry [33] developed empirical formulation for 

horizontal shift factor depending on the reference or glass transition temperature. It seemed to hold 

well for temperatures in the range of ρππὅ above the glass transition temperature. Later, 

Arrhenius [31] developed a relationship to obtain the shift factor for temperature below the glass 

transition temperature. 

Prony Series Model: 

Another commonly used analytical representation for viscoelastic behavior is the prony series [34] 

model to describe the wide frequency or time dependent material properties. The prony model 

coefficients Ὣ ὥὲὨ † are obtained either creep ïrelaxation data or by using frequency dependent 

material data from DMA analysis. The prony model is represented using the below model: 

 

Ὃ Ὃ ρ ὫӶ Ὃ
ὫӶ†‫

ρ †‫
 

Ὃ Ὃ 
ὫӶ†‫

ρ †‫
 

(2.12) 
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FIGURE 2.11: VISCOELASTIC DYNAMIC MODULUS 

 SURFACE ROUGHNESS 

Advancements in surface measurement techniques revealed that surfaces which appear smooth to 

the naked eyes have some level of roughness at higher magnifications. The roughness in the surface 

causes variations in the contact mechanics properties such as the real area of contact, pressure 

distribution or stresses at the contact interface and deformations. Hence it is very important for 

characterizing the surface based on the surface profile measurements. 

 

FIGURE 2.12: ROUGHNESS AT DIFFERENT MAGNIFICATIONS  

Profilometer is the instrument for measuring the profile of any surface. Based on the type of 

measurement technique it is classified as; Contact and Non-contact methods.  Contact methods are 

mainly using a stylus instrument where the resolution, depending on the size of the tip, can range 

from ςπὲά to υπ‘ά. In case of non-contact measurement, optical methods such as laser scanning, 
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confocal microscopy, interferometry or holography are available. The main advantage of the non-

contact method is its ability to measure an area profile rather than just a line profile, as in the case 

of contact methods.  

In order to be able to use the surface profile for tribology measurement techniques it is very 

important to characterize the surface roughness [35]. Depending on the type of data (line or area 

scan) the common roughness parameters that are used are:  

Arithmetic Mean ╡╪  - Also known as the Center Line Average (CLA), it is the statistical mean 

of the measured line profile. 

 Ὑ
ρ

ὲ
ȿᾀȿ (2.13) 

Root Mean Square (RMA) roughness ╡►□▼ ï Represents the standard deviation of the surface 

height distribution. 

 Ὑ
ρ

ὲ
 ȿᾀȿ (2.14) 

In addition, there are other parameters such as the maximum height of the profile, skewness and 

kurtosis of the surface.  

2.5.1 Height Distribution  

The height distribution of the surface is obtained either by considering the distribution as Gaussian 

and obtaining the probability density using Eq. (2.15) or using the experimental data. 

 ‰ᾀ
ρ

Ѝς“„
 Ὡ  (2.15) 

where ‘ is the mean and „  is the variance of the random variable. 
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The summit distribution is related to the height distribution by an affine transformation parameter 

that is obtained by a combination of analytical and numerical procedures. The transformed height 

is given by Eq. (2.16) 

 ᾀ
ᾀ ᾀ

ί
ᾀ  (2.16) 

And the new variance and mean is given by Eq. (2.17), 

 

„
„

ί
 

ộᾀỚ ᾀ ρ
ρ

ί
 

(2.17) 

The summit height distribution can be given by, ‰ ᾀ Ὢ‰ᾀ . It is obtained from the height 

distribution data by considering the values above the mean plane.  

2.5.2 Height Difference Correlation Function (HDCF) 

The height-difference correlation function predicts the mean surface height fluctuations with 

respect to the length scales. It is given by Eq. (2.18), 

 ὅ ‗ ộᾀὼ ‗ ộᾀὼỚỚ (2.18) 

where, ᾀὼ is the height profile of the surface. The correlation function as a function of the length 

scale can be obtained for a surface as shown in Figure 2.13. 

  

FIGURE 2.13: HEIGHT PROFILE OF THE SURFACE WITH HEIGHT DIFFERENCE CORRELATION 

FUNCTION  



20 

 

 

ñInvention of wheel the greatest evolution to transportationò 

The slope of the correlation function will be used to predict the fractal dimension of the surface. 

The correlation length scales can be obtained either from the height data or by fitting the correlation 

function data to the Eq. (2.19) for self-affine case. 

 ὅ ‗
‗

‚᷆
‚ (2.19) 

where, ‚᷆ is the correlation length parallel to the surface or the maximum wavelength of the 

surface, ‚ is the correlation length normal to the surface or the RMS roughness amplitude of the 

surface, this can also be obtained from the variance of the height profile data given by the equation, 

 ‚ ς„ ς ộᾀὼ ộᾀỚỚ (2.20) 

‚᷆ ÉÓ the maximum length scale below which the self-affinity of the surface is fulfilled. 

2.5.3 Power Spectral Density (PSD) 

This is an alternate approach to estimate the surface roughness power spectrum. It is obtained from 

the Fourier Transform of the auto-correlation function of height-height correlation function that is 

given by Equation (2.21), 

 ὅ▲
ρ

ς“
 ᷿Ὠὼ ộὬ●Ὤ ỚὩ ▲Ȣ● (2.21) 

 

FIGURE 2.14: POWER SPECTRAL DENSITY OF THE HEIGHT PROFILE  
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where Ὤ● is the height profile and ● ὼȟώ, ộȣỚ represents the ensemble averaging over 

different realizations, ▲ ήȟή  is the wave vector, but since we are considering the surface to 

be isotropic, it only depends on ȿ▲ȿ. The surface parameters for the case of the self-affine surface 

is obtained by considering the Eq. (2.22), 

 ὅή Ὧ
ή

ή
 (2.22) 

where Ὧ  , ή is the low cut off wave vector above which the surface is self-affine. It is 

the inverse of the maximum wavelength given by ή ς“Ⱦ‗. Ὤ is the rms roughness amplitude 

of the surface that is obtained using Eq. (3.17), 

 Ὤ ộὬỚȾ Ὠ᷿ήὅή (2.23) 

The fractal dimension of the surface Ὀ σ Ὄ is obtained from the slope of the curve shown in 

Figure 2.14 using the relation, 

 Ὀ
χ ὴ

ς
 (2.24) 

where ὴ is the slope of the curve in Figure 2.14. 

Material Models 

 FRICTION THEORIES 

Based on the experimental observation, the various factors influencing the friction coefficient are, 

normal load or real area of contact, sliding velocity, temperature, viscoelastic properties, nature of 

surface and presence of contamination layer or lubricant on the surface. In addition, it also noticed 

the different mechanisms of friction. Developments in computational simulations motivated the 

requirement for a friction model in order to successfully depict the stresses and deformations at 

the contact. Uncertainties in measuring and characterizing the exactness of the surface 

irregularities makes it an intricate work to develop a friction model considering the distinct 

mechanisms arising at the contact interface [20], [36], [37].  
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2.6.1 Empirical Friction Model  

A simpler methodology was the development of empirical models depending on the experimental 

observation of friction under different conditions [1], [3], [4], [38], [39]. These models are 

extensively used for ranking of compounds [40], [41], Finite element analysis of tire [9], [42]ï[44] 

and vehicle dynamic simulations because of its accuracy and efficiency for a specific condition. 

The various empirical models are as shown in Table 2.2. Though efficient in obtaining the results, 

it is restricted to the condition at which the experimental data was obtained and fitting performed 

which has to be repeated if a condition changes.  

TABLE 2.2: SEMI EMPIRICAL FRICTION EQUATION  

Empirical 

Model 
Equation Significance 

Schallamach [1] ‘ ‘
ὴ

ὴ

Ⱦ

 

Obtains the friction 

coefficient as a function of 

normal load 

Savkoor [39] ‘ὺ ‘ ‘ ‘ ÅØÐὬÌÏÇ
ὺ

ὠ
 

Obtains the friction 

coefficient as a function of 

sliding speed and also 

includes the adhesion and 

hysteretic component 

Lugre [45] 

Ὂ ὠȟὤ „ὤ „ὠ

„

ở

Ở
ờ
ὠ

„ȿὠȿ

Ὂ Ὂ ὊὩ
Ợ

ỡ
Ỡ

 

Considers the frictional 

interface as spring/damper 

model and obtains the 

frictional force as a 

function of deflection and 

sliding speed. 
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Huemer [44] 
‘

‌ȿὴȿ ‍

ὥ
ὦ

ȿὺȿ

ὧ

ȿὺȿ

 

Considers the dependence 

of frictional surface, 

rubber compound and 

shape of block. 

Rado [45] 

‘ ‘ȢὩ

 

 

Obtains the friction 

coefficient as a function of 

slip speed for transient 

condition. 

B. Lorenz [16] 
‘

†

„
ÅØÐὧ ÌÏÇ

ὺ

ὺ
 ὖή 

Semi empirical model to 

estimate the adhesion 

friction as a function of 

sliding velocity and length 

scale. 

2.6.2 Theory of Rubber Friction 

Though empirical models are easier and simpler, they are not susceptible to change in the 

conditions at the contact interface. Through the advent of the mathematical preliminaries and an 

increase in the ability to computationally handle complex analysis, researchers and physical 

analyst are inclined to obtain a more robust and efficient friction model depending on the different 

influential factors and different mechanisms occurring at the contact interface. 

Based on our earlier discussion, for viscoelastic materials, friction at the contact interface is a result 

of energy losses due to three mechanisms, (i) because of the inherent hysteresis effect of 

viscoelastic materials, internal damping from undulations of the surface results in energy loss at 

the contact interface , (ii) intermolecular attraction between the contact interface causes a stick-

slip oscillation from bonding and debonding of molecular chains and (iii) under wet or lubricated 

condition, presence of fluid at the contact interface results in viscous resistance resulting in 

frictional energy losses. Initial work by Grosch and Schallamach [3], [4] focused on differentiating 

the different mechanisms of friction based on the operational conditions of the contact interface 
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using experimental observations. Grosch while correlating between the temperature dependent 

material properties and velocity dependent friction, inferred a similarity between the velocity 

dependent friction property and thermally activated bond breaking process. Schallamach [38] in 

his later work drew a relation, depending on this similarity, to explain the adhesive mechanism at 

the contact interface given by Eq. (2.25) 

 ὠ ὠÅØÐ
Ὁ ‎Ὂ

ὯὝ
 (2.25) 

where, ὠ is the sliding velocity, Ὂ is the frictional force, Ὁ  is the activation energy, Ὕ is the 

temperature and ὠȟ‎ are material constants. This in conjunction with stochastic process is used to 

obtain the frictional losses due to the stretching breaking re-attaching and re-stretching process. 

The theory fails to follow experimental observations at higher velocities and to predict the static 

friction coefficient. 

 

FIGURE 2.15: STICK -SLIP PHENOMENON DEPICTING ADHESION 

Savkoor [39] considers the frictional losses due to adhesive mechanism at the contact interface 

using a rudimentary theory where the interaction is considered as a series of processes from growth 

of contact area in the initial stage to initiation and propagation of crack in the final stage as show 

in Figure 2.16. 



25 

 

 

ñInvention of wheel the greatest evolution to transportationò 

 

FIGURE 2.16: INTERACTION OF PAIR O F ASPERITIES AT DIFFERENT STAGES OF THE CONTACT  

[39] 

The total tangential interaction at the contact interface is obtained by summing the forces in the 

pre-stagnation, initiation of fracture and finally the propagation stage at the trailing edge given by 

Eq. (2.26). The speed dependent frictional property showed a qualitative agreement with the 

experimental observation considering the variation of different material factors. 

 Ὂ
ρ

ςὸ
 Ὂὸ Ὠὸ Ὂὸ Ὠὸ (2.26) 

On the other hand, Heinrich [46] developed a physical model to estimate the hysteretic component 

of friction by considering the energy losses at the contact interface due to internal damping from 

the undulations of the surface. The energy loss thus obtained is related to the frictional shear stress 

by the energy relation given by Eq. (2.28) 

 ɝὉ Ὠ᷿ὼ Ὠὸ ◊ Ȣ „  (2.27) 

 „
ɝὉ

ὃὺ ὸ
 (2.28) 

Later, Persson [47] extended the theory to estimate the friction coefficient due to the hysteretic 

losses for a general case as given by Eq. (2.29), where C is the roughness spectrum parameter and 

the friction coefficient was considered to depend on the loss modulus of the material and the 

surface roughness. 

 ‘ ὅ Ὅά
Ὁ‫

ȿὉ‫ȿ
 (2.29) 
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For the case of rough surfaces, Persson and Klüppel obtained the frictional losses by considering 

the surface to be self-affine and the total energy loss being the sum over the different length scales. 

Klüppel considers the GW theory to estimate the contact mechanics theory where Persson 

developed a new contact mechanics theory based on the stochastic process between the pressure 

distribution and magnification of length scales. 

Persson [48], [49] considers a spring block system to consider the effect of a block sliding over a 

lubricant. The sliding behavior in this case is attributed to the creep relaxation behavior at the 

contact interface. Depending on the sliding speed, the contact is considered to be in either 

fluidization zone or a solid pinning zone. When the contact is in solid pinned state, there is buildup 

of stress and increase in the contact area until the stress reaches a critical limit, „ when fluidization 

begins and the blocks starts to slide. He divides the block contact interface into n segments and 

each segment is connected to the bulk by a pair of springs as shown in Figure 2.17. Considering 

the equation of equilibrium, the frictional force is related to the deflections and spring constants of 

the interface as given by Eq. (2.30). Damping is considered from the model itself and also from 

the frictional force. Velocity dependence of the friction coefficient is studied with and without the 

influence of thermal process 

 Ὧή Ὧ ςή ή ή Ὂ‏  (2.30) 

A.) B.)     

FIGURE 2.17: (A) MASS SPRING SYSTEM DEPICTING CONTACT . (B) STRUCTURES OF 

ADSORBATE LAYER [49] 

The stiction force seems to increase with an increase in the rest time. At lower velocities, a stick 

slip behavior is more observed where we observe  bonding ï debonding - rebonding of the contact 

interface. 



27 

 

 

ñInvention of wheel the greatest evolution to transportationò 

 PREVIOUS RESEARCH AT CENTIRE 

2.7.1 Surface Roughness Measurement and Characterization 

Recent studies observed most surfaces in nature to have a fractal or self-affine nature up to micro 

scale level. Self-affine surfaces are statistically invariant surfaces and are isotropic in nature, i.e., 

the morphology of the surface is unchanged under a scale change which is given by, 

ὼO ‒ὼȠ    ώᴼ‒ώȠ    ᾀO ‒ᾀ 

where, ‒ is magnification and Ὄ is the Hurst exponent, which is obtained from the fractal 

dimension, Ὀ. Fractal dimension, is a scaling convention that explains the change in detailing of 

the surface pattern with variation in the measuring scale. Initial studies in CenTiRe focused on 

obtaining the surface characteristics from the surface profile measured using the Nanovea 

Profilometer as shown in Figure 2.18.  

Nanovea Jr25 is a Non-Contact Profilometer used to obtain the height profile of the surface to 

predict the surface characteristics as shown in Figure 2.18. The measurement is based on 

Chromatic Confocal optical technology and utilizes the concept of raster scan. A white light 

emitted with high degree of chromatic aberration through a series of lenses from the optical pen. 

The light is reflected back into the optical pen through a pin hole filter which allows only the 

measurement range frequency which is set based on the surface. The light then passes through a 

spectrometer at which based on the set calibration the wavelength will correspond to a specific 

distance at that point. The instrument can measure a maximum surface area of υπυπ άά and 

has a resolution of χ ‘ά in ὼ and ώ direction 

   

FIGURE 2.18: NANOVEA PROFILOMETER WITH 3D HEIGHT PROFILE OF ASPHALT TRACK  
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The measured surface profile using Nanovea Profilometer is corrected to remove any slope and 

offset to the profile [10]. The profile thus obtained is passed through a Split Cosine Bell Window 

to remove the jumps at the edges of the signal that will affect the power spectrum.  

 

ὦ
ρςВ Ὥ ᾀ φὔ ρВ ᾀ

ὔὔ ρ ὔ ρ
 

ὤ ᾀ ὦὭ 

(2.31) 

Two different surface characterization techniques were considered by considering the surface to 

be fractal in nature as explained in Sec 2.5.2. For the case of a 120 grit surface profile the surface 

characterization is as shown in 28. The characteristic parameters of the surface thus calculated is 

as shown in Table 2.3: Surface parameters for 120-grit surface  

 

FIGURE 2.19: SURFACE PROFILE OF 120 GRIT  
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FIGURE 2.20: ROUGHNESS POWER SPECTRUM OF 120 GRIT  

 

FIGURE 2.21: HEIGHT DIFFERENCE CORRELATION FUNCTION OF 120 GRIT  

TABLE 2.3: SURFACE PARAMETERS FOR 120-GRIT SURFACE 

Surface Property 120 grit 
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RMS height, Ὤ ά  χȢφυχσ Ὡ  

Fractal dimension,Ὀ  ςȢσ 

Small Wave vector, ή ρȾά  ρπȢ 

Large wave vector, ή ρȾά  ρπ 

‚ άά  πȢπψρ 

‚᷆ άά  πȢςυω 

Ὀ ςȢχωω 

Ὀ  ςȢυπς 

‗ άά  πȢπςρ 

2.7.2 Theoretical Analysis of Perssonôs and Klüppelôs Models 

In a previous study [13], [50], [51], a comparison of the two friction models; Persson and Klüppelôs 

was discussed. Both models focused on obtaining the hysteresis component of friction based on 

energy dissipated due to internal damping of rubber block from oscillating forces exerted by 

surface asperities [8], [14], [38].  Frictional shear stress at the contact interface is obtained from 

the energy dissipated using Eq. (2.32)-(2.33),  

 ɝὉ ὨὼὨὸ „ ‐ (2.32) 

  ɝὉ „ὃὺὸ (2.33) 

KLÜPPEL  developed the friction model based on the hysteresis dissipation at the contact 

interface as given by Eq. (2.32) and assuming a uniaxial deformation in order to obtain a 

constitutive relation. The friction coefficient is given by Eq. (2.34). In order to obtain the contact 

mechanics parameters, Greenwood Williamson theory [22] is extended to account for the effect of 
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asperities at different length scales by considering an elastic contact energy condition to obtain the 

minimum wavelength given by Eq. (2.35). 

 ‘ ḳ
Ὂ

Ὂ

ρ

ς

ᾀ

„ὺ
 ὨὉͼ ‫‫‫  Ὓ‫   (2.34) 

 „‗ ‗ ḙὉ ‗ Ὤ ‗  (2.35) 

Based on the elastic energy condition, the minimum length scale obtained as a function of sliding 

velocity and load is given by Eq. (2.36), 

 ‗ ‚᷆
πȢπω“ί‚ ςὈ τȿὉ‗ ȿὊ

Ὠ
„

‚᷆ςὈ ςὉ‚᷆ Ὂϳ
Ὠ
„

 (2.36) 

where, Ὠ is the separation distance obtained by GW theory and is given by Ὠ ‚
ȿ ȿ

 

and the real area of contact considering the surface to be self-affine thus given by, 

 ὃ ‗ ὃȟ
‗

‚᷆
 (2.37) 

PERSSON also considered a similar energy based approach for the case of a viscoelastic solid in 

contact with an elastic half space. Constitutive relation was obtained by considering a linear elastic 

isotropic medium in the frequency domain under plain strain condition. Further, the rubber block 

is assumed to follow the surface asperities and thus be represented by the surface roughness power 

spectrum given by Eq. (2.38). The friction coefficient thus obtained is given by Eq. (2.39) 

 ὅή
ρ

ς“
 Ὠὼ ộὬὼὬπỚ Ὡ Ȣ (2.38) 

 ‘
ρ

ς
Ὠή ή ὖή ὅή Ὠ‰ ÃÏÓ‰Ὅά

Ὁήὺ ὧέί ‰

ρ ’ „
 (2.39) 
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In the above equation, ὖή is the area ratio as a function of different length scales. Persson 

developed a contact mechanics theory by considering the stress probability function and obtaining 

a diffusion relation between the stress probability distribution ὴ„ȟ‒, magnification ‒ and contact 

stress „ given by Eq. (2.40).  

 
‬ὴ

‬‒
Ὢ‒

‬ὴ

‬„
 (2.40) 

Solving the boundary value problem using the boundary and initial conditions, the area ratio is 

obtained and given by Eq. (2.41) 

 ὖή ρ “Ὃή  
Ⱦ

 (2.41) 

 Ὃή
ρ

ψ
Ὠή ήὅή Ὠ‰  

Ὁήὺὧέί ‰

ρ ’ „
 (2.42) 

2.7.2.1 Temperature Rise due to Frictional Heat: 

Energy dissipated at the contact interface due to frictional shear stress causes an increase in 

temperature also known as flash temperature, as shown in Figure 2.22. The increase in temperature 

is estimated by solving 

 
‬Ὕ

‬ὸ
Ὀ​Ὕ

ὗᾀȟὸ

”ὅ
 (2.43) 
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FIGURE 2.22:  ENERGY DISSIPATION AT  MULTIPLE LENGTH SCA LES 

the heat diffusion relation and assuming no heat loss to the surface, temperature tends to ambient 

as it goes to the bulk of rubber, 

 

Ὕᾀȟπ Ὕ  ὍὲὭὸὭὥὰ ὅέὲὨὭὸὭέὲ 

Ὕὒȟὸ ὝȠ  
‬Ὕ

‬ᾀ
ᾀ π π  ὄέόὲὨὥὶώ ὧέὲὨὭὸὭέὲ 

(2.44) 

The temperature as a function of length scale is given by, 

 Ὕ Ὕ ὨήὫήȟήὪή  (2.45) 

where, 

Ὢή
ὺή

”ὅ
ὅή

ὖή

ὖή
 ᷿ Ὠ‰ÃÏÓ‰ Ὅά

Ὁήὺὧέί ‰ȟὝ

ρ ’
 

Ὣήȟή
ρ

“
ὨὯ
ρ

ὈὯ
 ρ Ὡ

τή

Ὧ τή

τή

Ὧ τή
 

where Ὀ ‗Ⱦ”ὅ is the heat diffusivity and ὗ is the amount of energy generated per unit volume 

per unit time due to the average frictional shear stress at a macro asperity contact. ” is the mass 
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density, ‗ is the thermal conductivity and ὅ is the specific heat. The flash temperature thus 

generated at the contact interface effects the modulus of rubber considered using a shift factor, 

 

ÌÏÇὥ
ὅ Ὕ Ὕ

ὅ Ὕ Ὕ
 

Ὁ‫ȟὝ Ὁὥ‫ȟὝ  

(2.46) 

where, ὅ and ὅ are empirical constants determined from DMA experiments. After estimating the 

temperature at different length scales, the corresponding friction coefficient for a self-affine 

surface is determined using Eq. (2.47) and considering the temperature dependent material 

properties.  

 

‘ ὺȟήȟὝ
ρ

ς
Ὠή ή ὅήὖή  Ὠ‰ ÃÏÓ‰Ὅά

Ὁήὺ ὧέί ‰ȟὝ

ρ ’ „
 

ὖήȟὝ ρ
“

ψ
 Ὠή ήὅή Ὠ‰

Ὁήὺ ὧέί‰ȟ   Ὕ

ρ ’ „

Ⱦ Ⱦ

 

(2.47) 

2.7.3 Comparison of the Models 

Both friction models estimate the hysteresis component of friction by considering the variation in 

the internal damping of the rubber sample. Two major differences between the models are the way 

they consider the constitutive relation and contact mechanics theory considered for obtaining the 

contact parameters. Klüppel considers a uniaxial deformation at the contact interface whereas 

Persson considers the continuum theory to obtain the 3D stress state for a uniform pressure 

distribution at the contact interface. On the contact mechanics side, Klüppel considers an extension 

of Greenwood Williamson theory where he includes the coupling of the length scales and estimates 

the minimum wavelength to which we have an elastic limit and as well as the penetration depth at 

the contact interface. On the other hand, Persson develops a contact theory by considering a 

stochastic process and pressure distribution and magnification scale as the random variable. The 

diffusion relation as shown by Eq. (2.40) is solved to obtain the area ratio. However, he assumes 

the deformation of rubber to follow the profile of the asperity and a uniform pressure distribution 
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at the contact interface. The uniqueness between the two theories is the way they consider the 

contact mechanics approach.  

The results from the friction models are compared with friction coefficient measured at πȢτ ὓὖὥ 

as shown in Figure 2.23. For comparison purposes, an empirical adhesion model [16], as shown in 

Eq. (2.49), is added to Perssonôs friction model where the empirical constants are considered from 

literature [16]. 

 ‘
†

„
 ὖ‒ȟὺȟὝ (2.48) 

 † † ÅØÐὧ ÌÏÇ
ὺ

ὺ
 (2.49) 

Perssonôs friction model shows good agreement with the experimental results after including the 

adhesion model that is a dominant component at low sliding velocities. Whereas, Klüppelôs friction 

model does not consider the effect of adhesion and hence there is some discrepancies between the 

experimental data and this model. This can also be due to the assumption of spherical asperities 

with identical radius of curvature as a function of load. It confirms the importance of adhesion at 

lower velocities and consideration of partial contact instead of complete contact [52]. 

 

FIGURE 2.23: COMPARISON OF KLÜPPEL 'S AND PERSSON'S WITH EXPERIMENTAL 

OBSERVATION  [52] 



36 

 

 

ñInvention of wheel the greatest evolution to transportationò 

 MATHEMATICAL MODELLING  OF PHYSICAL SYSTEMS 

Most physics based models follow the approach as shown in Figure 2.24. A physical system 

considered is subjected to a set of inputs and forcing system resulting in a set of output variables. 

In most studies, the rubber block is considered to be a semi infinite elastic half space and the 

substrate is a rigid surface. Depending on the experimental observations, the inputs to the model 

are the operational and boundary conditions. And the outputs are the friction coefficient and the 

frictional energy losses at the contact interface. 

 

FIGURE 2.24: CAUSE EFFECT DIAGRAM OF THE PHYSICAL SYSTEM  
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3 PRESSURE DEPENDENCY OF FRICTION MODELS 
 INTRODUCTION  

Initial work of this research is focused on observing the variation of the normal load/ nominal 

pressure at the contact interface on friction estimation using the models discussed previously. In 

addition, validation of such models is a key towards development of more robust and efficient 

approach. The models are compared for a Compound A specimen provided by Bridgestone on a 

120-grit surface whose surface profile is measured using the Nanovea Profilometer. 

 MATERIAL PROPERTIES 

The frequency dependent material property of compound A is obtained by performing DMA 

testing on the compound sample. The frequency range depends on the equipment capability. In  

 

FIGURE 3.1: MASTER CURVE FOR THE RUBBER COMPOUND 

this case, the frequency range of 1 Hz to 35 Hz and temperature range υπὅ ὸέ ρςπὅ were 

considered. Time temperature superposition [31] is performed on the DMA test data to obtain the 

master curve [32] that provides the material property for a wide range of frequency. WLF equation 

[33] given by Eq. (3.1) is considered to obtain the temperature shift factor parameters for 

estimating the material properties at different temperatures when necessary.  

 
ὡὒὊ ὉήόὥὸὭέὲȡ ÌÏÇὥ

ὅ Ὕ Ὕ

ὅ Ὕ Ὕ
 

(3.1) 
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FIGURE 3.2: WLF  SHIFT FACTOR AS A FUNCTION OF TEMPERATURE  

TABLE 3.1: THERMAL PROPERTIES OF A RUBBER COMPOUND AND SURFACE PROPERTIES  OF 

ASPHALT [53] 

Parameter Value 

” ὯὫȾά  ρπ 

ὅ ὐ ὯὫ ὑ  ρπ 

‗ ὡ ά ὑ  πȢρ 

Ὀ ςȢς 

ή ρȾά  ρυππ 

 SURFACE PROPERTIES 

Surface profile of 120 grit sand paper is obtained using the Nanovea Profilometer, as shown in 

Figure 2.19. The measure profile is then characterized using the characterization techniques 

explained in Sections 2.5.2 and 2.5.3. The roughness power spectrum and the HDCF is then used 

to obtain the surface characteristic parameters as given in Table 3.2 (used as input to the models).  
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TABLE 3.2: SURFACE ROUGHNESS PARAMETERS OF 120 - GRIT  SURFACE 

Surface Property Value Surface Property Value 

Ὤ ά  χȢφυχσ Ὡ  ‚ άά  πȢπψρ 

Ὀ  ςȢσ ‚᷆ άά  πȢςυω 

ή ρȾά  ρπȢ Ὀ  ςȢυπς 

ή ρȾά  ρπ ‗ άά  πȢπςρ 

 

The height distribution of the measured surface profile is obtained (refer to Section 2.5.1) as shown 

in Figure 3.3. Depending upon the height distribution the GW function given by Eq. (3.2) is 

obtained as shown in Figure 3.4. This will further be used to estimate the contact mechanics 

parameters for Klüppelôs case.  

 Ὂ Ὠ ᾀ Ὠ  ‰ ᾀ Ὠᾀ (3.2) 

 

FIGURE 3.3: HEIGHT DISTRIBUTION FOR 120-GRIT SURFACE 
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FIGURE 3.4: GREENWOOD WILLIAMSON FUNCTION . EQ. (3.2) 

 EFFECT OF NORMAL LOAD  ON FRICTION ESTIMAT ION  

3.4.1 Perssonôs Case 

The models reviewed in Section 2.7.2 are solved by considering the inputs as defined above to 

estimate the friction coefficient for different loads and sliding velocities. Figure 3.5 shows the 

results of the Perssonôs friction model at three different pressures as a function of sliding velocity 

and Figure 3.6 at different velocities as a function of operating pressure range πȢπρ

πȢφ ὓὖὥȢ Note that, in the operating pressure range, the friction coefficient remains constant with 

respect to pressure. At very high pressures, the area ratio asymptotically approaches to 1 as shown 

in Figure 3.7 due to which there is a slight variation in the friction coefficient at loads approaching 

yield limit. This variation may be due to the assumption made where the area ratio found using the 

stresses acting at the contact interface is less as compared to the yield stress of rubber „ὼḺ

„ . Additionally, temperature rise due to frictional heating is not considered that effects the 

material properties at the contact interface. The temperature rise at the contact interface might be 

effected by the variation in pressure which will in turn influence the frictional losses.  
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FIGURE 3.5: FRICTION COEFFICIENT AS A FUNCTION OF SLI DING VELOCITY AT THR EE 

DIFFERENT LOADS (0.1, 1 &  10 MPA) 

 

FIGURE 3.6: FRICTION COEFFICIENT AS A FUNCTION OF PRESSURE AT DIFFERENT VELOCITIES 

WITHOUT CONSIDERING THE FLASH TEMPERATUR E EFFECT 
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FIGURE 3.7: AREA RATIO AS A FUNCT ION OF PRESSURE USING EQ. (2.47) AT DIFFERENT 

VELOCITIES  

In order to consider frictional heating, heat generation due to frictional losses at the contact 

interface is solved to obtain the temperature rise (refer to 2.7.2.1). The temperature for a sliding 

velocity is obtained by guessing upper and lower limits of the temperature and solving Eq. (2.45) 

iteratively. False Position Method given by Eq. (3.3) is considered to predict the actual temperature 

at the contact interface. 

 
Ὕȟ Ὕ

ὪὝ Ὕ Ὕ

ὪὝ ὪὝ
ȟ         ὪὝ Ὕ Ὕ 

(3.3) 

This is repeated until the maximum tolerance for a specific velocity is less than πȢπρ. The 

temperature thus obtained is used to estimate the friction coefficient and area ratio as a function of 

magnification factor and velocity. The thermal diffusivity of Ὀ ρπ ά ί  and the 

magnification of macro asperity of ‒ ς υ were used. 
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FIGURE 3.8: (A) FLASH TEMPERATURE AS A FUNCTION OF MAGNIF ICATION (B) FRICTION 

COEFFICIENT AS A FUN CTION OF MAGNIFICATI ON WITH (RED) AND WITHOUT (GREEN AND 

BLUE) FLASH TEMPERATURE A T A SLIDING VELOCITY  □Ⱦ▼ȟⱭ   Ȣ ╜╟╪ AND 

BACKGROUND TEMPERATU RE ╣  ╚ 

Figure 3.8(A) shows the results of the temperature increase at different length scales due to sliding 

on sand paper at a sliding velocity ὺ ρ άȾί. Figure 3.8(B) shows the results of the friction 

coefficient at different length scales before and after considering the flash temperature effect. Note 

that there is a considerable decrease in the friction coefficient when considering the effect of flash 

temperature. This is mainly because as the temperature increases there is a shift in the peak 

modulus to higher frequencies and hence a shift in the friction peak to higher velocities. The 

temperature rise and friction coefficient are obtained for different velocities by considering the 

energy loss at all length scales as shown in Figure 3.9 and Figure 3.10, respectively. 

a. b. 
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FIGURE 3.9: FRICTION OF COMPOUND A ON 120-GRIT SURFACE WITH AN D WITHOUT FLASH 

TEMPERATURE  

 

FIGURE 3.10: TEMPERATURE RISE AS A FUNCTION OF MAGNIFI CATION AND VELOCITY  

In Figure 3.11, we show the effect of the frictional heating due to the change in the load or pressure 

at the contact. Figure 3.11(A) shows the temperature rise of rubber as a function of nominal 

pressure at the contact at two different length scales, ‒ ρ ὥὲὨ τππ and at different velocities. In 

the right, Figure 3.11(B), the friction coefficient variation as a function of nominal pressure at 

various sliding velocities is shown. Note that there is little to no change in the temperature rise 

with respect to an increase in the pressure and very small variation in the friction coefficient (

πȢυ ρϷ).  



45 

 

 

ñInvention of wheel the greatest evolution to transportationò 

 

FIGURE 3.11: (A) TEMPERATURE RISE AND (B) FRICTION COEFFICIEN T AS A FUNCTION OF 

PRESSURE AT DIFFERENT SLIDING VELOCITIES  

3.4.2 Klüppelôs Case 

Considering the GW function and the height distribution, Klüppelôs model is solved to obtain the 

contact mechanics and friction values under different conditions. The variation in the minimum 

length scale is obtained using the implicit equation given by Eq. (2.36) that is solved using the 

False Position Method considering the range as the minimum and maximum lengths scales, ‗ȟ‚᷆   

obtained from the surface characterization technique. The predicted values are as shown in Figure 

3.12. The obtained minimum length scale is then used to calculate the area ratio, surface distance 

and the friction coefficient of the contact interface. 

 

FIGURE 3.12: (LEFT) VARYING MINIMUM WAVELENGTH (RIGHT ) SEPARATION DISTANCE  

a. b. 
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Figure 3.13(A) shows the area ratio as a function of load using Klüppelôs model. The area ratio 

does show a linear relation with load at very small loads, but asymptotically approaches 1 at higher 

loads. Figure 3.13(B) shows the variation of the friction coefficient as a function of load, the 

friction coefficient thus shows a decreasing trend with respect to load compared to the friction 

values from Perssonôs model. 

 

FIGURE 3.13: (A) REAL AREA OF CONTACT ; (B) FRICTION COEFFICIENT AS A FUNCTION OF 

LOAD AT DIFFERENT VE LOCITIES USING KLÜPPEL 'S APPROACH 

 EXPERIMENTAL OBSERVATION S 

Dynamic friction tester is a small-scale friction/ wear tester capable of measuring friction and wear 

of a round tread rubber sample under different normal loads and slip velocities as shown in Figure 

3.14. The desired slip velocity is obtained by controlling the speed of the rubber sample and road 

surface. The frictional force is measured using a FUTEK load cell connected in the longitudinal 

direction; the equipment is also capable of measuring the dynamic normal load and contact 

temperature using a non-contact infrared sensor.  
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FIGURE 3.14: DYNAMIC FRICTION TESTER 

Experimental testing, using the DFT is performed on Compound A specimen sliding on 120 grit 

surface. A round sample of diameter χω άά with a thickness of 13 mm is used for the experiment. 

Experiments were conducted at five different velocities and loads as given in Table 3.3 and friction 

coefficient is calculated based on the measured longitudinal force. Figure 3.15(A) shows the 

variation of the friction coefficient for different velocities ranging from πȢπρ άȾί ὸέ πȢρ άȾί at 

πȢτ ὓὖὥ. Figure 3.15(B) shows the variation of the friction coefficient with respect to the nominal 

pressure at the contact interface. The experimental results show a variation of about 10-20 % in 

friction coefficient as the nominal pressure increases [54], [55].  The experimental observations 

qualitatively agree with Klüppelôs model where in case of Perssonôs model, no variation of friction 

with nominal pressure was observed. 

TABLE 3.3: EXPERIMENTAL CONDITIONS  

Load πȢς ὓὖὥȟπȢσ ὓὖὥȟπȢτ ὓὖὥȟπȢυ ὓὖὥ ὥὲὨ πȢφ ὓὖὥ 

Velocity πȢπρȟπȢπςυȟπȢπυȟπȢπχυ ὥὲὨ πȢρ άȾί 

Surface 120 ï grit 
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FIGURE 3.15: FRICTION DATA FROM DYNAMIC FRICTION TESTER. (A) AT NORMAL PRESSURE 

Ȣ ╜╟╪, (B) AT DIFFERENT NORMAL PRESSURES 

 DISCUSSIONS 

Perssonôs friction model shows an invariance in friction values as a function of nominal pressure 

at the contact interface. It also fails to obtain a temperature change at the contact interface due to 

change in the normal load. Whereas experimental observation and Klüppelôs model show a 

decrease in friction values with variation in the normal load. One of the main reasons for this is 

due to the consideration of complete contact of the rubber in the case of Persson while obtaining 

the elastic energy at the contact interface instead of partial contact in which case the elastic energy 

is much smaller. In case of Klüppel, we consider the deformations at the contact interface and 

hence consider the partial contact which Persson fails to capture. Additionally, the minimum 

wavelength, ‗  is an important parameters that varies with pressure, because with increase in 

pressure the rubber tends to explore the lower length scale asperities, that is taken into account by 

Klüppel. Another important contribution to consider is the adhesion losses at the contact interface, 

because as the temperature of the contact increases, the friction peaks shift to higher velocities and 

adhesion stick-slip becomes important. 
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4 FINITE ELEMENT APPROACH TOWARDS 

VALIDATION OF CONTACT MECHANICS 

THEORIES 

For the past two decades, research has focused on developing physics based analytical models [8], 

[14], [15], [37], [46], [49] for estimating contact mechanics and friction parameters of the contact 

interface. Estimation of the contact mechanics [20]ï[23] parameters is a complex phenomenon 

and higher is the complexity of experimental validation of the developed analytical models. It is a 

strenuous task for experimental measurement of the real or actual contact area at the contact 

interface for the case of rough surfaces at different magnification or length scales. This is mainly 

the inability to obtain a visual representation of the contact for the case of a rough surface. 

Molecular dynamics or brute force approximations [56]ï[59] are considered for a comparison of 

the contact mechanics parameters and is considered a good approximation as it takes into account 

the molecular forces. However, such simulation is computationally complex and expensive. 

An easier method to estimate the real or actual contact area is the optical technique [60] where 

either the contact or the component is transparent for visualizing the contact. However, for this 

case, it is a tedious task to measure the contact on rough surface as reflections from a rough surface 

disrupts the images. Our attempt is to develop a finite element model to measure the contact 

mechanics and friction parameters of the surface using a multiscale phenomenon. For validation 

of the approach, a Nano indentation contact model is developed and the results from the FE 

simulation is validated with experimental results obtained using a Nano indenter. 

 NANO ï INDENTATION TESTING  

Nano Indentation is a type of depth-sensing indentation measurement technique used for 

measurement of penetration of a rigid indenter tip into a softer material at constant loading or 

displacement rate [61]. It is mainly used for measuring mechanical properties of indented material 

such as hardness/ stiffness or bulk material properties from creep/ relaxation data [62]. NanoTest 

system, a flexible Nano-mechanical property measurement system from Micro Materials, available 

in BEAM Department at Virginia Tech, is used for Nano indentation measurements of Compound 
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A rubber sample (provided by Bridgestone- shown in Figure 4.1). A rigid spherical indenter of 

size υ ‘ά is used for the experiment and the rubber sample of size ρυ άά ρυ άά is mounted 

on the sample holder using an adhesive. A gradually increased loading at a constant rate up to a 

desired value is applied followed by creep loading for a certain time to obtain the penetration 

measurement.  

As the experiments are performed in micro scale, different factors are to be considered to ensure 

validity of the results obtained. Creep test is performed to obtain an optimum creep time and a 

repeatability at a constant load is performed to ensure that sample surface roughness does not affect 

the data measured.   

 

FIGURE 4.1: NANO INDENTATION EQUIPMENT  

A creep test is performed on the rubber sample by applying a step load of ςάὔ and then holding 

it constant for a certain period. The penetration depth vs time readings are as shown in Figure 4.2. 

The deformation increases rapidly initially and then reaches a constant value after a certain period, 

which in this case is considered 60 sec because the deformation tends to reach a constant value 

(approx. σϷ at 120 sec). 
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FIGURE 4.2: CREEP TEST OF COMPOUND A SAMPLE WITH A MAXIMU M LOAD OF 2MN 

In order to make sure there is no influence of the surface roughness on the measurement data [63], 

repeatability of the experiment is also performed under a maximum load of ςάὔ at a constant 

loading rate while maintaining the load for 60 sec (based on the creep test results) at 8 different 

locations on the rubber sample. The peak penetration depth was observed to be equivalent between 

the tests (with a maximum error of τϷ) as shown in Figure 4.3. 

 

FIGURE 4.3: REPEATABILITY OF LOAD ING STEP UP TO 2MN AT 8 DIFFERENT SPOTS IN THE RUBBER SAMPLE  

After obtaining an optimum creep time and ensuring the repeatability of the experiment, the 

indentation experiment is performed for 9 different loads and penetration depths are obtained. The 

results are shown in Figure 4.4. The peak penetration and the contact area (Eq. (4.1)) under 
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different loading conditions are shown in Figure 4.4 - Figure 4.5. Next, the experimental test data 

will be compared with simple numerical and analytical models. 

 ὃ ς“Ὑ Ὤ (4.1) 

 

FIGURE 4.4: INDENTATION DEPTH VS LOAD FOR 9 DIFFERENT LOADS FRO M 0.5MN TO 2MN 

 

FIGURE 4.5: (A) M AXIMUM LOAD VS PENETRATION DEPTH; (B) CONTACT AREA AT MAXIM UM LOAD  

 NANO INDENTATION FINITE  ELEMENT SIMULATION  

The simulation model for the Nano indentation is shown in Figure 4.6. An axisymmetric model is 

considered for both the indenter and the rubber sample. The indenter is modeled as a discrete rigid 

sphere with the diameter equivalent to the radius of curvature of the indenter used for experimental 

testing, υ‘ά.The rubber sample is modeled as a deformable body with the rubber material 
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properties as described in Table 4.1. The rubber sample is discretized with a minimum element 

size of ρ‘ά near to the contact region and a maximum element size of υ‘ά to the end. A bilinear 

axis symmetric quadrilateral element (CAX4RH) with reduced integration and hourglass 

constraint is assigned to the rubber sample.  

A surface-to-surface contact is assigned between the indenter and the rubber sample with a penalty 

contact algorithm and friction coefficient of zero value. The rubber block is fixed at the bottom 

and a displacement type of loading is applied to the indenter center as shown in Figure 4.6. The 

reaction force thus measured is used for comparison with analytical and experimental results. 

 

FIGURE 4.6: NANO INDENTATION SIMULATION MODEL 

 MATERIAL MODEL  

4.3.1 Hyperelastic Model 

In order to perform numerical simulations, material properties for the rubber sample has to be 

determined. A hyperelastic material model obtained based on the uniaxial tensile test data of the 

rubber sample was considered. Based on the material evaluation tool available in ABAQUS and 

considering the uniaxial test data, Mooney Rivlin model was found to agree well with the test data.  

The strain energy equation of the Mooney Rivlin model is given by Eq. (4.2), where 

ὅ ȟὅ  ὥὲὨ Ὀ are material parameters obtained using experimental test data (material evaluation 

tool in ABAQUS) and Ὅ and Ὅ are first and second deviatoric invariants and ὐ  is the elastic 
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volume ratio. In this case, rubber being an incompressible material, the elastic volume ratio term 

will vanish. The result of the material evaluation is shown in Figure 4.7 

 ὡ ὅ Ὅ σ ὅ Ὅ σ
ρ

Ὀ
 ὐ ρ  (4.2) 

 

FIGURE 4.7: MATERIAL MODEL COMPARISON USING ABAQUS EVALUATION TOOL  

4.3.2 Viscoelastic Model (Prony Series Coefficients) 

For this study, the Prony (Dirichlet) series was used for analytical representation of viscoelastic 

materials. This method is beneficial for describing the broadband behavior of the viscoelastic 

materials regarding their exponential components, as well as their computational efficiency [34], 

[64]. In fact, this method deals with broadband behavior by mapping each series of the test data 

into the Laplace domain and converting it to frequency domain. In this work, a comprehensive 

study was done to fit a Prony series to the data by having the minimum number of components. 

To do that, the Prony series was fitted to the data with different number of Prony coefficients 

starting from 2 to 15. The Mean Square Error (MSE) was used as an indicator for selecting the 

best fit with minimum possible number of Prony coefficients. 

As mentioned earlier, the main goal of this section is to calculate the Prony series coefficients (Ὣ 

and †) by fitting the real and complex modulus of the material (Ὃ  and Ὃ) obtained using 

experiments, to Prony equation given by Eq. (4.3). 
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Ὃ Ὃ ρ ὫӶ Ὃ
ὫӶ†‫

ρ †‫
 

Ὃ Ὃ 
ὫӶ†‫

ρ †‫
 

(4.3) 

where, Ὃ is the instantaneous modulus at high frequencies and Ὃ  is the long-term modulus at 

low frequencies.  The following formula (Eq. (4.4)) was used to calculate the loss function 

considering the experimental and estimated storage and loss modulus that is minimized to obtain 

an optimum fit. 

 …
ρ

Ὃ
 Ὃ  Ὃ Ὃ Ὃ  (4.4) 

However, based on the literature, there are some constraints applied to the selection of each of the 

values. Eq. (4.5) gives the summary of applied constraints. In addition, data used for the fit was 

limited between ρπ and ρπ Hz. (Fig 4). 

 

† πȠ  ὫӶ π 

† † 

ὫӶ ρ 

(4.5) 

The LMFIT [65] package in python was used for doing the least square fit on the value for different 

length of components. Figure 4.8 shows the summary of MSE for each fit with different numbers 

of Prony coefficients. It should be noted that for each coefficient, the best initial conditions were 

used. 

 

FIGURE 4.8: RAW MATERIAL MODULUS DATA USED FOR OBTAINI NG THE PRONY SERIES 
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FIGURE 4.9: MEAN SQUARE ERROR (MSE) FOR BOTH REAL AND IMAGINARY COMPONENTS 

As the results show, the best fit was achieved by using 11 coefficients.  Figure 4.9 illustrates the 

final results of the estimated modulus using the model. 

 

FIGURE 4.10: FINAL RESULTS AFTER FITTING  USING THE PRONY EQUATION  
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TABLE 4.1: MATERIAL PROPERTY INFORMATION FOR BRIDGESTONE COMPOUND A 

Mooney Rivlin parameters for 

hyperelastic properties 

ὅ  ρȢφςχ Ὡ  

ὅ χȢππτὩ  

Prony series constants for 

Viscoelastic properties 

Ὃ ρσππ ὖὥ 

Ὣ πȢσυψ    † ρὩ ρυ 

Ὣ πȢςψω    † ρὩ ρπ 

Ὣ πȢςψ    † ρὩ ω 

Ὣ πȢπσωσ    † ρὩ χ 

Ὣ πȢπρσψ    † ρὩ υ 

Ὣ πȢππχπφ    † ρὩ ς 

Ὣ πȢππτχσ    † ρὩ ρ 

Ὣ πȢππςψτ    † ρὩς 

Ὣ πȢππρψψ    † ρὩσ 

Ὣ πȢππσφφ    † ρὩρσ 

Ὣ υȢτρχὩ φ    † ρὩρυ 

 

 RESULTS 

In order to test the numerical and the analytical models, a simplified model is considered for both 

cases. For obtaining the analytical results, the hertz contact theory between a flat surface and a 

spherical indenter is used and the radius of curvature is considered similar to the one used for 

experimental testing. The numerical model of the Nano-indentation, as was shown in Figure 4.6, 

is solved under different displacement conditions and the results are shown in Figure 4.11.  
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FIGURE 4.11: AXISYMMETRIC INDENTATION SIMULATIO N OF A SPHERICAL SPHERE ON A FLAT 

RUBBER SAMPLE 

The reaction force under each displacement loading obtained from experiments are compared with 

the simple Hertz model and are shown in Figure 4.12. There is a maximum error of 8% when 

comparing the experimental data with the numerical model. 

 

FIGURE 4.12: COMPARISON OF ANALYTI CAL (HERTZ THEORY), NUMERICAL ANALYSIS USING 

FINITE ELEMENTS AN D EXPERIMENTAL TESTING 

 RUBBER BLOCK SLIDING ON A PLANE SURFACE 

A simple rectangular cross section of a tread block is considered to be sliding on a rigid plane 

surface as shown in Figure 4.13. Abaqus Explicit analysis is performed for the sliding simulation. 

The surface considered is modeled as discrete and rigid and the rubber sample is considered as a 

deformable body with the material properties shown in Table 4.1. Hourglass constraint (CPE4R) 

is considered and the rectangular sample is discretized using a bilinear quadrilateral element with 

reduced integration. In order to consider the model similar to the analytical problem, it is assumed 
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to have large displacements in the lateral direction with respect to sliding direction so as to simplify 

the problem to plain strain. A finer element discretization is considered towards the leading edge 

of the rubber block. 

 

FIGURE 4.13: RUBBER BLOCK SLIDING ON A RIGID PLANE SURFACE 

A surface-to-surface penalty contact algorithm with a contact friction of zero is considered 

between the rubber sample and the rigid surface. All nodes in the top surface of the block, where 

the loading is applied, are coupled to have the same displacements in the loading direction. A two-

step analysis is considered for the simulation. The rigid surface is fixed in all directions and a 

pressure loading condition is applied to the top surface of the rubber block as part of step one. In 

the second step, keeping the load fixed, a sliding velocity is applied to the top surface of the block. 

 

FIGURE 4.14: COMPARISON OF RUBBER BLOCK WITH SHARP EDGES (TOP) VS ROUNDED EDGES 

(BOTTOM ) 
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Results of the simulation performed using the present configuration (flat bottom surface) are as 

shown in Figure 4.14 (top). It shows a buckling phenomenon [44] occurring at the leading edge of 

the rubber block, which is mainly due to the sharp edges at the leading edge of the contact 

generating an uneven distribution of pressure at the contact interface. Hence, in order to eliminate 

this buckling phenomenon, the edges are rounded as shown in Figure 4.14 (bottom). 

 RUBBER BLOCK SLIDING ON ROUGH SURFACE 

Based on the similar criterion of the indentation simulation, the numerical analysis of a rubber 

block sliding on a rough substrate is performed using Abaqus explicit. The measured surface 

profile of the 120-grit sandpaper is imported to Abaqus as a discrete rigid surface (shown in Figure 

4.15 (A)). Simulation of a rubber block sliding on the rough substrate is performed with similar 

boundary conditions as described in Sec. 4.5 for different loads and velocities. The stress profile 

of the sliding profile under different loading conditions is shown in Figure 4.16.  In order to obtain 

the mean separation distance, the deformation of the rubber block contact interface is measured 

and the difference calculated with respect to mean surface profile.  

 

FIGURE 4.15:(A)  SURFACE PROFILE IN ABAQUS; (B) MODEL OF THE RUBBER BLOCK SLIDING 

ON A ROUGH SUBSTRATE 

The deformation of the rubber block at the contact interface measured for different conditions is 

plotted against the road profile. As shown in Figure 4.17, with increase in the load, there is an 

increase in the penetration depth of the rubber block. The deformation of the contact interface is 

also obtained for different velocities as shown in Figure 4.18 which has a decreasing trend with 

increasing velocity because of a small lift in the rubber sample. 
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FIGURE 4.16: STRESS PROFILE OF RUBBER BLOCK FOR DIFFERENT LOADS AND VELOCITIES  

The mean separation distance for different operation conditions is obtained by considering the 

mean deformations of the contact interface and mean height of the surface profile and is shown in 

Figure 4.19(A).  Under different operating conditions, the deformation of the contact interface for 

the numerical case is calculated after the rubber block has traversed the same distance. Based on 

the results, the mean separation distance is observed to be constant as a function of the sliding 

velocity with a slight variation at lower velocities and a decrease in the separation distance as the 

normal load or pressure increases.  

 

FIGURE 4.17: DEFORMATION OF THE CO NTACT INTERFACE UNDE R DIFFERENT LOADING 

CONDITION  



62 

 

 

ñInvention of wheel the greatest evolution to transportationò 

 

FIGURE 4.18: DEFORMATION OF THE CONTACT INTERFACE UNDER DIFFERENT VELOCITY 

CONDITION  

The mean separation distance for Klüppel model (refer to Sec. 2.7.2) is then calculated for different 

sliding velocities and normal loads. This is accomplished by using the GW theory to estimate the 

nominal contact pressure at the contact interface as given by Eq. (4.6). The results obtained are 

compared with numerical simulation as shown in Figure 4.19(B). 

 „
ρφ

ω
Ὁ ‫ Ὑ  ὔ„Ὂ

Ὠ

„
 (4.6) 

 

FIGURE 4.19: COMPARISON OF SEPARATION DISTANCE USING (A) NUMERICAL ANALYSIS AND 

(B) ANALYTICAL MODEL  

In case of analytical simulation, there is small variation of the mean separation distance with 

respect to sliding velocity that tends to a constant value at higher velocities. When comparing the 

influence of mean separation distance to normal load or pressure, the distance reduces as the 

pressure decreases due to increased deformation of the contact interface. Hence, there is a 

qualitative agreement between the numerical analysis and the analytical simulation with the results 
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being in the same order of magnitude. The variations between the results can be attributed to 

dynamic and viscous nature of the numerical analysis, whereas in the developed analytical model, 

linear elasticity assumption was used. In addition, for the analytical model, interactions between 

neighboring asperities are neglected. This is of importance at higher loads for the overall 

deformation of the rubber block [66], [67]. 

 CONCLUSION AND FUTURE WORKS 

The numerical analysis approach is compared with the experimental results for the indentation 

analysis of a spherical indenter on a rubber block. The results show a maximum error of 8% 

between the experimental and numerical results. The analysis of a rubber block in contact with a 

rough surface is then considered to obtain the contact mechanics parameters and compare it with 

the analytical model.  Based on the results, a qualitative agreement is obtained between the 

analytical model (Klüppel) and the numerical simulation. Going forward, the numerical model will 

be extended to obtain the friction coefficient at the contact interface due to the hysteretic effect. 

We would also like to include the effect of interaction of neighboring asperities to the analytical 

model to better correlate with the numerical model.  
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5 SIMPLIFIED ASPERITY FRICTION AND CONTACT 

MODEL 
Experimental observations and numerical analysis have shown the influence of normal load/ 

pressure at the contact interface on the estimation of the contact interface. Studies based on 

Perssonôs and Klüppelôs models showed the importance of considering partial contact or 

penetration depth for calculation of energy loss at the contact interface. In addition, comparison of 

the model with experimental results, showed the importance of adhesion on friction estimation 

especially at lower velocities and higher loads.  

5.1 FRICTIONAL LOSSES DUE TO ADHESION 

Based on past observations, adhesion losses at the contact interface can be related in multiple ways 

as shown in Figure 5.1. The intermolecular interactions between the molecular chains referred to 

as stick-slip at the contact interface is obtained based on the creep ïrelaxation behavior by 

assuming it as a combination of spring-block system. Another measure is to obtain the surface 

energy at the contact interface from the LJ potentials of the intermolecular forces. Another way is 

to consider the mechanism at the contact interface of a single asperity as closing and opening of 

the crack at the leading and trailing edges of the contact, respectively, and relate the variations in 

the energy release rate to the frictional losses due to adhesion [68].  

 

FIGURE 5.1: ADHESION MECHANISMS (A) STICK ï SLIP ; (B) LEONARDO JONES POTENTIAL ; 

(C) VARIATION OF CRACK PROPAGATION ENERGY 

Here, considering a continuum approach, the frictional losses considering asymmetry contact at 

the interface and estimating the variation in the energy release rate at the leading and trailing edges 
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of the contact. The frictional losses due to the variation in energy release rate at contact interface 

is obtained assuming asymmetric contact and considering a continuum approach. Initially, the 

material is considered to be linearly elastic assuming the contact time, ‗Ⱦὺ where ‗ is the 

wavelength of the asperity and v is the sliding velocity of the block, is longer than relaxation time 

of bulk material and shorter than the relaxation time of surface viscoelastic behavior. 

5.1.1 Single Asperity Adhesion loss model 

A simplified model of an elastic half space sliding over a rigid single asperity is considered [68]. 

The contact interface is considered to undergo a mode I type of crack propagation with crack 

opening at the leading edge of the contact and crack closing at the trailing edge. The frictional loss 

due to adhesion at the contact interface is estimated by obtaining the variation in the strain energy 

release rate between the leading and trailing edges as given by Eq. (5.1).  

 
„

Ὃ Ὃ

‗
 

(5.1) 

Three assumptions are considered: (a) the velocity of the block is smaller than the sound velocity 

of the block to neglect the elastic wave propagation; (b) characteristic time to travel one substrate 

is longer than the relaxation time of bulk material but shorter than the relaxation time of the small 

scale material so that we can consider a linear elastic material and (c) from experimental 

observations, the contact is assume to be asymmetrical with an offset of Ὡ. 

Based on the above assumptions, a linear elastic problem for a plain strain as given by Eq. (5.2) is 

solved by considering the boundary conditions given by Eq. (5.3) and periodic behavior of the 

solution. 

 
◊

ρ

ρ ς’
 ɳ Ȣɳ◊ πȠ   ὼȟώᶰὈ πȟЊ  

(5.2) 

 

„ πȠ  ὼɴ Ὀ 

„ ὼȟπ πȠ  ὼɴ Ὀ ɱ 

ό ὼȟπ Ὤ ὧέίὯὼ Ὡ Ƞ  ὼɴ ɱ 

(5.3) 
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FIGURE 5.2: SINGLE ASPERITY MODEL FOR ADHESION MECHANISM  

where, ɱ ὥȟὥ and Ὀ ὥȟ‗ ὥ. In addition, 
◊
ᴼ╫ for ᾀO Њ where ╫ ὦ░ ὦ▒, 

where ὦ and ὦ are the initial slopes of the block away from the contact interface. Assuming a 

periodic behavior at the contact interface with a period ‗, hence the solution is considered to be of 

the form given by Eq. (5.4) 

 ◊ὼȟᾀ ◊ ᾀ ○ ᾀÃÏÓάὯὼ◌ ᾀÓÉÎάὯὼ (5.4) 

Substituting this in the differential equation given by Eq. (5.2) will lead to orthogonal series 

equations given by Eq. (5.5) & (5.6), 

 ‬ό

‬ᾀ
πȠ 
‬ό

‬ᾀ
π 

(5.5) 

 

ςά Ὧ ρ ’

ρ ς’
 ὺ

‬ὺ

‬ᾀ

άὯ

ρ ς’

‬ύ

‬ᾀ
π 

ςά Ὧ ρ ’

ρ ς’
 ύ

‬ύ

‬ᾀ

άὯ

ρ ς’

‬ὺ

‬ᾀ
π 

ά Ὧὺ
ς ρ ’

ρ ς’

‬ὺ

‬ᾀ

άὯ

ρ ς’

‬ύ

‬ᾀ
π 

ά Ὧύ
ς ρ ’

ρ ς’

‬ύ

‬ᾀ

άὯ

ρ ς’

‬ὺ

‬ᾀ
π 

(5.6) 

Eq. (5.5) can be solved directly to obtain the rigid body motion of the body as given by Eq. (5.6). 

The remaining equation can be solved by considering it as a 2DOF coupled differential equation 
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and decoupling the equations using the eigenvalue approach. The solution is given by Eq. (5.7) & 

(5.8). 

 ό ᾀ ὠὸὦᾀ 

ό ᾀ ί ὦᾀ 

(5.7) 

 

ὺ ᾀ ‌ άὯ‌ ᾀὩ  

ὺ ᾀ ‍ τ’ σ‍ άὯ‍ ᾀὩ  

ύ ᾀ ‍ άὯ‍ ᾀὩ  

ύ ᾀ ‌ τ’ σ‌ άὯ‌ ᾀὩ  

(5.8) 

where, ‌ ȟ‌ ȟ‍  ὥὲὨ ‍  are constants obtained by considering the boundary condition 

given by Eq. (5.3). The pressure applied at the top surface of the block ᾀO Њ 

 
„ „

ρ ’Ὁ

ρ ’ ρ ς’
 ὦȠ ᾀO Њ 

(5.9) 

 
ὦ πȠ     ‍ ςρ ’‍ πȠ    ‌ ςρ ’ ‌ π 

(5.10) 

 ί ‌ ÃÏÓάὯὼ‍ ÓÉÎάὯὼὬÃÏÓὯὼ Ὡ Ƞ     ὼɴ ɱ 
(5.11) 

 ς
ρ ’

Ὁ
 „ άὯ‌ ÃÏÓάὯὼάὯ‍ ÓÉÎ άὯὼπȠ    ὼɴ Ὀ ɱ 

(5.12) 

Eq. (5.11) & (5.12) can be solved by splitting the equation into a symmetric and asymmetric parts 

and solving each equation separately. In this case, he has assumed a linearity principle and applied 

the superposition.  

The asymmetric part is solved using Fredholm equation of first kind with a logarithmic kernel 

[69], similar to the process discussed by Srivastav and Sneddon [70]. A combination of dual series 

of trigonometric and Legendre polynomials are used to solve for the asymmetric part of stress and 

deformation. 

 „ ὼȟπ
ὉὯὬÓÉÎὯὩ

τρ ’
ÓÉÎὯὼʔØ ὫὯὼȟὯὥ

ρ

ὫὯὼȟὯὥ
 

(5.13) 

 ό ὼȟπ ὬÓÉÎὯὩÓÉÎὯὼ ρ ρ …ὼ  ὪὯὼȟὯὥ (5.14) 
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where, …ὼ is a kernel which determines the domain of existence. ὫὯὼȟὯὥ ρ  and 

ὪὯὼȟὯὥ ρ . The symmetric part of the Eq. (5.11) & (5.12) is again considered to 

be sum of a non-adhesive and adhesive parts. The non-adhesive part is obtained by considering 

the Westergaard solution [71] and the adhesive part is obtained by considering an infinite row of 

collinear cracks [72]. Hence,  

 

„ ὼȟπ „ ὼȟπ „ ὼȟπ

ς„ …ὼ
ÃÏÓ
Ὧὼ
ς

ÓÉÎ
Ὧὥ
ς

 ὫὯὼȟὯὥ „  …ὼ
ρ

ὫὯὼȟὯὥ
 

(5.15) 

 ό ὼȟπ ό ὼȟπ ό ὼȟπ 
(5.16) 

ό ὼȟπ ὬÃÏÓὯὩÃÏÓὯὼ

 ςὬÃÏÓὯὩρ …ὼ

ÓÉÎ
Ὧὼ

ς
 ὪὯὼȟὯὥ ÓÉÎ

Ὧὥ

ς
ÌÏÇ

ÓÉÎ
Ὧὼ
ς

ÓÉÎ
Ὧὥ
ς

 ρ ὪὯὼȟὯὥ  

ό ὼȟπ
ς„

Ὧ
 ρ …ὼ

ςρ ’

Ὁ
ÌÏÇ

ÓÉÎ
Ὧὼ
ς

ÓÉÎ
Ὧὥ
ς

 ρ ὪὯὼȟὯὥ  

where, „ „ „  and „  ὯὬÃÏÓὯὩÓÉÎ  

Based on deformation and stresses obtained from above, the penetration depth that is defined as 

ɝ Ὤ ί is obtained by determining ί in terms of „  given by Eq. (5.17). 

 
ɝ ρ ÃÏÓὯὩÃÏÓ

Ὧὥ

ς
ς „ ÌÏÇÓÉÎ

Ὧὥ

ς
 

(5.17) 

where ɝ  and „  are the normalized penetration depth and nominal pressure 

acting on the rubber block. 
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For the case of the adhesion energy loss using the crack propagation approach, the constant sliding 

velocity results in an asymmetry at the contact causing a variation in the crack propagation energy 

in the leading and trailing edges. Note the fact that when e=0, there will be no hysteresis Ὃ

Ὃ  at the contact and hence no frictional losses. The crack propagation energy will depend on the 

constant sliding motion of the rubber block. The crack propagation energy of the closing crack 

will be similar to Dupreôs energy of adhesion or the surface energy, whereas the opening crack 

will have a higher energy by approximately one or two orders of magnitude, depending on the 

sliding velocity [73]. Based on this, the crack propagation energy is related to the respective stress 

intensity factors by Eq. (5.18) & (5.19) 

 
Ὃ

ρ ’

ςὉ
ὑ 

(5.18) 

 
Ὃ

ρ ’

ςὉ
ὑ 

(5.19) 

The stress intensity factor [74] can be related to stress considering, „
Ѝ

, where a is the crack 

tip radius and „ is the applied normal stress. Based on this, the stress intensity factor can be found 

to be,  

 
ὑ

ὉὯὬ

ςρ ’
 
“

ςὯ
 ὑὯὥȟὯὩȟ„  

(5.20) 

 
ὑ

ὉὯὬ

ςρ ’
 
“

ςὯ
 ὑὯὥȟὯὩȟ„  

(5.21) 

where, ὑὯὥȟὯὩȟ„ ÃÏÔ  ÃÏÓὯὩ ÃÏÓὯὥ ὯὩ ς„ . In addition, considering 

Gibbs energy condition, a relation of the energy release rate with respect to Dupreôs energy of 

adhesion can be obtained by Eq. (5.22) - (5.23),  

 
Ὃ ‎ ρ ὬὯÓÉÎὯὥ ὯὩ  

(5.22) 

 
Ὃ ‎ ρ ὬὯÓÉÎὯὥ ὯὩ  

(5.23) 

The obtained friction coefficient agrees with the theoretical and experimental verifications of 

Persson, where ‘ᴼЊ Ὢέὶ ὴ π and ‘O π for symmetrical contact. This is in terms of 

hysteresis friction only. 
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5.1.1.1 Numerical Analysis 

A standard incompressible elastic material is considered for solving the above equations. The input 

parameters are as shown in Table 5.1. Two cases are considered, one where we have a symmetrical 

contact or when there is no sliding velocity acting on the rubber block. Second, the effect of sliding 

velocity, which results in the asymmetric contact, is considered.  

TABLE 5.1: INPUT PARAMETERS FOR ADHESION LOSS [68] 

Property Value 

Youngôs Modulus, Ὁ ρπ ὓὖὥ 

Poissonôs Ratio, ’ πȢυ 

Surface energy, ‎ υ ρπ  ὐȾά  

‗ ρ ‘ά 

 

Case 1: Symmetric contact ▄  

In this case, there is no variation in the crack propagation energy Ὃ Ὃ  and hence there is no 

frictional losses at the contact interface. In this condition, the crack propagation energy can be 

considered to be Ὃ ‎ and the pressure acting in the rubber block is related to the contact radius 

based on Eq. (5.24) 

 
„

ρ

ς
 

ụ
Ụ
Ụ
Ụ
ợ

ὧέίὯὥ ρ
Ὃ

“
ρφ

Ὁ
ρ ’

 ὯὬ

ίὭὲ
Ὧὥ
ς

ὧέί
Ὧὥ
ς Ứ

ủ
ủ
ủ
Ủ

 
(5.24) 

The contact radius can be obtained by inverse solution of Eq. (5.24). Based on the input parameters, 

the contact radius with respect to pressure is shown in Figure 5.3(A). The contact radius is seen to 

increase as the pressure increase until it reaches a maximum. Two regions are observed, a stable 

region between the minimum and maximum pressure and the unstable regions. As noticed, due to 

adhesion the contact does not vanish at zero pressure and a require a magnitude of negative 

pressure to detach the contact. Also, beyond the maximum pressure the rubber snaps into complete 

contact.  
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FIGURE 5.3: (A) NORMALIZED CONTACT RADIUS AND (B) PENETRATION DEPTH AS A 

FUNCTION OF NORMALIZED LOAD 

The normalized penetration depth can hence be obtained by solving Eq. (5.17) for the respective 

pressure load and contact radius. Figure 5.3 (B) shows the penetration depth as a function of the 

pressure load acting on the rubber block. Similar to the contact radius, complete contact occurs 

close to the yield limit of the block and a negative pressure or a tensile load is required to remove 

the contact.  

 

FIGURE 5.4: NOMINAL PRESSURE TO SNAP INTO FULL CONTACT (A) AND TO SNAP OUT OF 

CONTACT AS A FUNCTION  OF SURFACE ENERGY 

Figure 5.4 shows the pull-off pressure and the pressure at which complete contact occurs as a 

function of surface energy of the contact interface. 

Case 2: Assymetric contact ▄ : 

This can be considered as a case of sliding at a contant steady state velocity of ὺ. The contact then 

is assymetric, leading to variation in the crack propagation energy which depends on the sliding 

velocity. Eq. (5.25) & (5.26) are then solved for the respective input parameters as given in Table 

5.1 and variation in crack propagation energy Ὃ Ὃ . For the case of asymmetrical contact, 

the energy release rate at the opening crack is considered to be an order of magnitude more than 
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at the region of closing crack, Ὃ ρπ ‎. Due to this, the pressure distribution is skewed with a 

distance Ὡ leading to asymmetric contact. 

 
Ὃ

“

ρφ

Ὁ

ρ ’

ὯÈÃÏÓ
Ὧὥ
ς

ÓÉÎ
Ὧὥ
ς

 ÃÏÓὯὩ ÃÏÓὯὥ ὯὩ ς „ ‎ 
(5.25) 

 
Ὃ

“

ρφ

Ὁ

ρ ’

ὯÈÃÏÓ
Ὧὥ
ς

ÓÉÎ
Ὧὥ
ς

 ÃÏÓὯὩ ÃÏÓὯὥ ὯὩ ς „ ρπ ‎ 
(5.26) 

The above equation is solved for the applied pressure loading on the rubber block to obtain the 

normalized contact area and the normalized offset distance of the pressure distribution as shown 

in Figure 5.5. The offset distance is largely affected by the change in the amplitude of the surface 

but is not much influences by the pressure load. 

 

FIGURE 5.5: ASYMMETRIC OFFSET DISTANCE AS A FUNCTION OF NORMALIZED PRESSURE 

The frictional energy loss and the friction coefficient are obtained based on the variation in the 

crack propagation energy at the contact interface as shown in Figure 5.6. Friction coefficient 

decreases with increase in the normal load similar to the trend observed in the experiments.  
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FIGURE 5.6: (A) FRICTION COEFFICIENT  AND (B) FRICTIONAL SHEAR STRESS AS A FUNCTION 

OF NORMALIZED PRESSURE 

5.2 CONTACT MECHANICS : CONTRIBUTION FROM ADH ESION 

Under rough surface conditions, even though the elastic energy stored due to the deformation of 

rubber is sufficient to overcome the adhesive forces at the contact interface, nevertheless, it still 

influences the contact mechanics parameters mainly the contact area, pressure distribution and the 

deformations at the contact interface [75]. We will discuss the Hertzian based contact theory for a 

single asperity with and without considering the adhesion effects.  

5.2.1 Hertz Contact Theory 

Hertz contact theory predicts the contact mechanics of two perfectly smooth non-confirming 

elastic half spaces [20]. The deformations are obtained by assuming point contact on an elastic 

half space with no tangential motion and considering Boussinesq-Cerrutti potential function as 

shown in Figure 2.6. A boundary condition for no penetration of the surface for point in contact 

given by Eq. (2.4) is considered. 

In the case of a plane surface in contact with a spherical body, the contact mechanics parameters 

for Hertzian pressure distribution is given by, 

Contact radius,  

 ὥ “ὴὙȾςὉᶻ  (5.27) 

Approach distance of a distant point in the center of the contact is, 

‏ 
“ὴὥ

ςὉz
 (5.28) 

Total load on the solids is given by, 
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 ὖ
ς

σ
ὴ“ὥ (5.29) 

where ὴthe maximum amplitude of pressure, R is the radius of the spherical elastic half space and 

Ὁᶻ is the relative modulus of both bodies given by 

 
ρ

Ὁz

ρ ’

Ὁ

ρ ’

Ὁ
 (5.30) 

If one material is considered rigid, then the relative modulus of contact is represented by a plane 

stress equation given by, 

 
ρ

Ὁz

ρ ’

Ὁ
 (5.31) 

5.2.2 Johnsons Adhesion Model 

Hertz theory is extended to account for adhesion at the contact interface. Johnson [21] includes the 

adhesion energy at the contact interface and obtains the contact radius at zero load. Under the 

influence of adhesion, the contact radius is also influenced by the surface energy or the interatomic 

attraction at the contact interface. Because of the presence of this, the contact is not tangential. 

Instead, it has a concave shape at the contact edges as shown in Figure 5.7. Also, there are tensile 

forces acting at the contact edges apart from the compressive forces at the center of the contact. 

 

FIGURE 5.7: ADHESIVE CONTACT BETWEEN TWO SPHERICAL BODIES 

Johnson, hence, uses surface energy to obtain the load required under zero load. The actual load 

at the contact is obtained by considering the equilibrium energy condition as given by Eq. (5.32). 



75 

 

 

ñInvention of wheel the greatest evolution to transportationò 

An energy approach is used to obtain the actual normal load and the contact radius including the 

adhesion or the surface energy part. To have equilibrium, the total energy at the contact interface, 

Ὗ  given by Eq. (5.33) is minimized, 

 
ὨὟ

Ὠὥ
π (5.32) 

 

 Ὗ Ὗ Ὗ Ὗ (5.33) 

Ὗ  is the elastic energy stored at the contact interface with loading as high as ὖ ὖ and then 

unloading to ὖ. Hence, the total elastic energy is given by Eq. (5.34), 

 Ὗ Ὗ Ὗ (5.34) 

 Ὗ ὖȢὨ(5.35) ‏ 

where Ὗ is the energy stored for loading the sample up to ὖ and Ὗ is the energy release for 

unloading it to ὖ. Based on Hertz theory the penetration depth for no adhesion is given by, 

‏ 
ὥ

Ὑ

ὖ

ὑȾὙȾ
 (5.36) 

Differentiating the above equation, 

 Ὠ‏
ς

σ

ὖ

ὑȾὙȾ
 Ὠὖ (5.37) 

Hence, we get, 

 Ὗ
ς

σ
 
ὖ

ὑȾὙȾ
 Ὠὖ

ς

υ
 
ὖ

ὑȾὙȾ
 (5.38) 

Based on the penetration depth differential and substituting ὥ  in the equation and then 

integrating, it will give, 
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‏
ς

σ

ὖ

ὑὥ
 

Hence the elastic energy required for reducing the pressure from ὖ ὸέ ὖis: 

 Ὗ
ς

σ

ὖ

ὑὥ
 Ὠὖ

ρ

σὑȾὙȾ
ρ

ρυ
 ὖ

ρ

σ
ὖὖ  (5.39) 

The surface energy due to adhesion at the contact interface is given by Eq. (5.40), 

 Ὗ “ὥ‎ (5.40) 

And the potential or the mechanical energy is given by Eq. (5.41), 

 Ὗ ὖ‏ ὖ ‏ ‏
ὖ

ὑὙ

ρ

σ
ὖ

ς

σ
ὖὖ  (5.41) 

Hence, we can obtain the total energy and then based on the minimum energy criteria we can 

obtain the adhesive load at the contact interface that is given by Eq. (5.42), 

 ὖ ὖ σ‎“Ὑ φ‎“Ὑὖ σ‎“Ὑ (5.42) 

The adhesion energy is more significant in optically smooth surfaces, at very low sliding velocities, 

high pressure and high temperature and with increase in time of stationary contact. The results of 

the model are obtained for the case of two elastic spheres which are in contact with each other. 

The two spheres are considered to have same  radius of curvature, Ὑ ςπ άά. The contact load, 

penetration depth and contact radius are obtained as a function of the normal load and are as shown 

in Figure 5.8 & Figure 5.9. The material properties for obtaining the results are as shown in Table 

5.1. Due to adhesive forces at the contact interface, there is an increase in the contact pressure 

load, contact radius and overall deformation of the contact. 
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FIGURE 5.8: (A) CONTACT RADIUS AND (B) CONTACT LOAD AS A FUNCTION OF NORMA L 

PRESSURE 

 

FIGURE 5.9 PENETRATION DEPTH AS A FUNCTION OF NORMAL PRESSURE 

5.3 FRICTIONAL LOSSES UNDER WET CONDITION S 

Under dry conditions, the hysteresis and adhesive friction components are dominant. In the 

presence of wetness or a layer of fluid in the contact interface, the hysteresis friction still persists 

due to the undulation of the surface, but the adhesive component vanishes due to the inability to 

form the molecular chains with the surface. Under wet conditions, the fluid occupies the voids or 

valleys of the asperities influencing the roughness of the asperities. A preliminary analysis was 

performed, where the wetness of the surface was assumed to influence the roughness 

characteristics of the surface [76] and the roughness power spectrum of the surface was 

recalculated due to the presence of fluid in the contact interface. 

An asphalt surface was considered where the surface profile was measured using the Profilometer 

and roughness power spectrum (refer to Section 2.5.3) of the profile was obtained for dry 

condition. The friction and area ratio were also estimated by considering Perssonôs friction model. 

The surface was then considered to be filled with a layer of water of a certain depth as shown in 
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Table. The profile under wet condition is as shown in Figure 5.10. The roughness power spectrum 

is obtained for the updated profile of the surface and is compared with the dry case as shown in 

Figure 5.11. 

 

FIGURE 5.10: SURFACE LEVEL WITH A CERTAIN DEPTH OF WATER  

 

FIGURE 5.11: SURFACE ROUGHNESS POWER SPECTRUM OF DRY AND WET SURFACE 

The roughness characteristics are recalculated and the results are as shown in Table 5.2. The 

hysteresis component of friction coefficient for the wet and dry surfaces are obtained using 

Perssonôs model (refer to Section 2.7.2) and the results are shown in Figure 5.12. 
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TABLE 5.2: SURFACE CHARACTERISTICS UNDER  DRY AND WET CONDITION  

Asphalt Mean water depth 

(mm) 

╓█ ▐  □□  ▲ Ⱦ□□  

Dry  π ςȢρψυυ σȢχτὉ πρ ρπππ 

Wet1 πȢςστ ςȢςπσσ ςȢρυὉ πρ ρπππ 

Wet2 πȢρστ ςȢρωψψ ςȢςψὉ πρ ρπππ 

 

FIGURE 5.12: FRICTION COEFFICIENT AND AREA RATIO AS A FUNCTION OF SLIDING 

VELOCITY FOR DRY AND WET CONDITION  

There is a decrease in the friction coefficient and the area ratio under wet condition when compared 

with the dry condition. This is mainly because the presence of water or wetness smoothens the 

surface profile which further effects the viscous energy losses at the contact interface.  

Apart from effecting the hysteresis component of friction, wetness at the contact interface also 

result in hydrodynamic forces and viscous resistance [60], [76], [77] as shown in Figure 5.13. 

These lead to frictional losses at the contact interface predicted based on change in interfacial 

separation and fluid flow rate. Apart from its influence on frictional losses at the contact, it also 

influences the deformations or the contact mechanics parameters due to liquid squeezing out of 

the valleys of the asperities [36], [60], [78], [79].  
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FIGURE 5.13: VISCOUS FRICTION  

A base approach is considered for obtaining the fluid squeeze out rate as well as the frictional 

resistance offered by the fluid. The shear resistance and the flow rate can be obtained by solving 

the Naiver stokes equation, Eq. (5.43), and the pressure gradient at the contact interface can be 

obtained from the mass conservation equation, Eq.  (5.45) 

Navier Stokes equation, 

 
⸗◊

⸗◄
◊Ȣ♩◊

▬
♩▬ ⱨ ♩  ◊ (5.43) 

Continuity Equation, 

 Ȣɳ◊ π (5.44) 

Conservation of Mass, 

 
‬”

‬ὸ
Ȣɳ”◊ π (5.45) 

For a simple case of a Newtonian fluid flow under steady state condition between two parallel 

plates [80], where top plate is moving at a velocity Ὗὼȟὸ and the bottom plate is stationary (See 

Figure 5.14), the boundary condition can be given by: 

ͽ ᾀ π            O           ◊●ȟὸ π 

ͽ ᾀ Ὤ●ȟὸ     ᴼ      ◊●ȟὸ Ὗ ὸ 
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FIGURE 5.14: FLUID FLOW BETWEEN PARALLE L PLATES  

Solving the boundary value problem based on the boundary conditions shown above, the 

deformation as given by Eq. (5.46) can be obtained. 

 ό●ȟὸ  
Ὤ ●ȟὸ

ς‘

‬ὴ

‬ὼ

ᾀ

Ὤ●ȟὸ
 ρ

ᾀ

Ὤ●ȟὸ
Ὗ ὸ

ᾀ

Ὤ●ȟὸ
 (5.46) 

Depending on the deformations, the flow rate and the shear resistance can be obtained at the 

contact interface given by Eq. (5.47) & (5.48), 

 Ὂὰέύ ὶὥὸὩȟ ὗ ◊ Ὠᾀ (5.47) 

 „ ‘ᴂ
‬ό

‬ᾀ
 (5.48) 

where, ‘ᴂ is the kinematic viscosity of the fluid at the contact interface. The frictional losses due 

to viscous resistance is thus related to the friction coefficient at the contact interface and further 

will be considered to obtain the viscous friction component for the case of rough surfaces. 

5.4 INTERACTIONS OF NEIGH BORING ASPERITIES  

In addition to adhesion, the contact mechanics parameters are also influenced due to the interaction 

effects from neighboring asperities on a multi-asperity model [66], [67], [81], [82]. There is an 

increase in the contact deformation by consideration of the interaction effects which further will 

influence the contact pressure distribution. Initially, a line contact model [20] is considered to see 

the deformations outside the loading region following which a single asperity model is considered 

based on Hertzian contact mechanics. An ideal asperity model is considered to obtain the contact 

parameters for a single scale multi asperity model [83]. The model will further be explored for the 

case of a self-affine surface considering it as an ideal asperity model in different length scales or 

magnifications.  
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5.4.1 Line Contact 

Consider a line load acting over a narrow strip of an elastic half space as shown in Figure 5.15. 

Assuming a linear elastic material and considering Hookeôs law to represent the constitutive 

relation. A bi-harmonic stress function is used to represent the stresses at the contact. A uniform 

distribution of normal traction is applied over a strip of length 2a and assuming no shear at the 

contact, the deformation at the surface of the elastic half space is given by Eq. (5.49) 

 

FIGURE 5.15: L INE CONTACT OF AN ELASTIC HALF -SPACE 

 ό
ρ ’ ὴ

“Ὁ
 ὼ ὥÌÏÇ

ὼ ὥ

ὥ
ὼ ὥÌÏÇ

ὼ ὥ

ὥ
 (5.49) 

C is obtained by considering the displacement ό π when ȿὼȿ ὧ. Considering the material 

properties as given in Table 5.1, the deformations at the contact obtained for a uniform pressure of 

πȢτὓὖὥ acting over a length of ς άά is as shown in Figure 5.16. 

 

FIGURE 5.16: DEFORMATION DUE TO L INE LOADING OF AN ELASTIC HALF -SPACE 
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5.4.2 Hertz contact model: Including interaction effects 

Section 5.2.1 explain the Hertzian contact of flat elastic half space over a rigid single asperity, the 

displacement thus obtained for the case of Hertzian pressure distribution over a length ςὥ in the 

contact is given by Eq. (5.50) 

 ό ὶ
ρ ’

Ὁ

“ὴ

τὥ
 ςὥ ὶ        ὶ ὥ (5.50) 

Considering interaction of the loading region outside of the contact, deformation outside the 

loading region is given by Eq. (5.51)  

 ό
ρ ’

Ὁ

ὴ

ςὥ
ςὥ ὶ ÓÉÎ

ὥ

ὶ
ὶ
ὥ

ὶ
ρ
ὥ

ὶ

Ⱦ

ȟ   ὶ ὥ (5.51) 

Considering the same boundary condition as given for the line contact and the material property 

as provided in Table 5.1, the deformations with and without considering the interaction is as shown 

in Figure 5.17.  

 

FIGURE 5.17: HERTZIAN CONTACT WITH AND WITH OUT INTERACTION EFFE CTS 

5.4.3 Ideal single length scale asperity contact model 

Previous cases considered deformation of a single asperity over a contact region. For a case, where 

an elastic half space is in contact with a rigid rough surface containing identical asperities of similar 



84 

 

 

ñInvention of wheel the greatest evolution to transportationò 

wavelength, the same case as above can be extended. The height profile of the rough surface can 

be represented by a single sinusoidal equation as given by Eq. ((5.52).  

 ᾀὼ ὬÃÏÓ
ς“ὼ

‗
 (5.52) 

 

 

FIGURE 5.18: L INEAR ELASTIC CONTACT WITH AN IDEAL RIGID SURFACE  

where Ὤ is the root mean square roughness of the surface and ‗ is the wavelength of the asperity. 

Considering the Hertzian contact condition given by Eq. (5.53) 

 ό ό ‏ Ὤὼ (5.53) 

The separation distance, Ὤὼ for the case of contact with „ π is given by, 

 Ὤὼ ɝρ ÃÏÓ
ς“ὼ

‗
 (5.54) 

For the case of complete contact, the mean pressure at the contact, „ „ᶻ, where „ᶻ represent 

the pressure loading for complete contact given by  

 „ᶻ
“ὉὬ

ρ ’ ‗
 (5.55) 

Under this condition, the pressure distribution at the contact is considered to be of the form, 

 „ ὼ „ „ᶻÃÏÓ
ς“ὼ

‗
 (5.56) 

The bounds of ὼ is given by, ‗ ὼ ‗, with ὼ π being the center of the contact at which the 

contact pressure is maximum and hence the penetration depth, 

‏ Ὤ 



85 

 

 

ñInvention of wheel the greatest evolution to transportationò 

„ „ „ᶻȠ   „ „ „ᶻ 

For the case of partial contact at the contact interface, the pressure condition satisfies „ „ᶻ 

under which case we will not have continuous contact. The pressure distribution at the contact 

interface in this case is given by the Westergaardôs solution of bearing pressure of a wavy surface 

[71] and is given by Eq. (5.57), 

 „ ὼ
ς„ÃÏÓ

ς“ὼ
‗

ÓÉÎ
“ὥ
‗

 ÓÉÎ
“ὥ

‗
ÓÉÎ
“ὼ

‗
Ƞ    ὥ ὼ ὥ (5.57) 

The deformation inside and outside the contact is given by Eq. (5.58), 

 ό ὼ
ρ ’ „‗

“ὉÓÉÎ‪
ÃÏÓς‪ȟ    π ȿὼȿ ὥ (5.58) 

 

ό ὼ
ρ ’ „‗

“ὉÓÉÎ‪
 ÃÏÓς‪ ςÓÉÎ‪ ÓÉÎ‪ ÓÉÎ‪

ςÓÉÎ‪ ÌÏÇ
ÓÉÎ‪ ÓÉÎ‪ ÓÉÎ‪

ÓÉÎ‪
ȟ    ὥ ȿὼȿ ‗Ⱦς 

(5.59) 

 

‪ Ƞ  ‪  In this case the half length a is obtained from the contact and boundary 

condition as,  

 ὥ
‗

“
ÁÒÃÓÉÎ

„

„z
 (5.60) 

If the pressure loading at the contact is far less than the pressure required for full contact, „Ḻ„ᶻ, 

the contact can be considered as a series of Hertzian contacts and the deformations and penetration 

depths as given in Section 5.2.1 by Eq. (5.27), (5.28), (5.50) & (5.51). The acceptable range of 

pressure is said to be for z πȢς. The peak pressure is observed at ὼ π which is nothing but, 

 „ „ „ᶻȟ for the case of complete contact (5.61) 

 „ ς„„z, for partial contact (5.62) 

Probability distribution is used to obtain the portion of the asperity of wavelength ‗ exceeding a 

given pressure ὴ, 
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ὗ„ȟ„ȟ„ᶻ ρȟ   ὥὦέὺὩ ὸὬὩ ὰέύὩίὸ ὺὥὰὰὩώ 

                     πȟ   ὥὦέὺὩ ὸὬὩ ὬὭὫὬὩίὸ ὴὩὥὯ 
(5.63) 

The cumulative distribution is obtained for the cases of complete contact and as well for partial 

contact using the Westergaardôs solution. 

 ὗ„ȟ„ȟ„ᶻ
‗

“
ÃÏÓ

„ „

„z
ȟ    „ „ᶻ „ „ „ᶻ (5.64) 

Contact pressure distribution is given by, 

 
ή„ȟ„ȟ„ᶻ

‬ὗ

‬„

ρ

“ „z „ „
ȟ    „ „ᶻ „ „ „ᶻ 

                                          πȟ „ „ᶻ „ έὶ „ „ „ᶻ 

(5.65) 

 

ὗ„ȟ„ȟ„ᶻ
ς

“
ÓÉÎ

ρ

ς

„

„z
ρ ρ

„

„z

„

„z
ȟ    π „

ς „z„ 

                         πȟ „ ς „z„ 

(5.66) 

And hence 

 

ή„ȟ„ȟ„ᶻ
‬ὗ

‬„

„

“ „z „ „ ς„ „z „ „z „ „ „

ȟ

π „ ς „z„ 

πȟ „ ς „z„ 

(5.67) 

5.4.3.1 Numerical Results 

A single length scale sinusoidal rough surface is considered whose amplitude Ὤ πȢπσ άά and 

wavelength, ‗ ω άά. The surface with the peaks and valleys is as shown in Figure 5.19. An 

elastic half space is considered to be loaded onto this sinusoidal surface with a nominal pressure 

of ρππππ ὖὥ. The material properties of the half space are considered to be as given in Table 5.1.  
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FIGURE 5.19: SINUSOIDAL SURFACE PROFILE WITH SLOPE AN D POINTS OF PEAKS AND 

VALLEYS  

The pressure distribution for the given conditions is obtained based on Westergaardôs solution as 

well as with Hertzian based solution as shown in Figure 5.20. Considering the applied pressure 

condition to be lower than the complete contact condition. The penetration depth is represented by 

Eq. (5.68). 

‏ 
ρ ’ ὴӶ‗

“ὉÓÉÎ
“ὥ
‗

 (5.68) 

The deformations for the present case is obtained under different cases with and without 

considering the interactions due to neighboring asperities, and are as shown in Figure 5.21. The 

separation is obtained based on the deformations and the height profile of the surface and is as 

shown in Figure 5.22. 
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FIGURE 5.20: PRESSURE DISTRIBUTION OVER A SINUSOIDAL SURFACE USING WESTERGAARD'S 

AND HERTZIAN SOLUTION  

 

FIGURE 5.21: DEFORMATION OF A SINGLE ASPERITY CONTACT MODEL  

Based on these conditions, the penetration depth and the contact radius are obtained by considering 

Eq. (5.68) & (5.60) and are as shown in Figure 5.23. 

Different cases of pressure loading are considered and the deformations are recorded based on 

complete contact or partial contact at the contact interface as shown in Figure 5.24, Figure 5.25 & 

Figure 5.26. 
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FIGURE 5.22: DEFORMATION AND SEPARATION FOR THE CA SE OF CONTACT WITH IDENTICAL 

ASPERITY 

 

FIGURE 5.23: PENETRATION DEPTH AND  CONTACT RADIUS AS A FUNCTION OF NORMALIZED 

PRESSURE 
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Case 1 ï Complete Contact: ὴ τπππππ ὖὥ 

 

FIGURE 5.24: COMPLETE CONTACT OF THE IDENTICAL ASPERITY AT Ɑ  ╟╪ 

Case 2 ï Partial Contact: „ ςππππ ὖὥ 

 

FIGURE 5.25: PARTIAL CONTACT OF THE SURFAC E AT Ɑ  ╟╪ 
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Case 3 - Ɑ ḺⱭᶻ: „ ςπππ ὖὥ 

 

FIGURE 5.26: DEFORMATION OF IDENTICAL ASPERITY AT Ɑ  ╟╪ 

The study was extended for the case of Weierstress profile, a mathematical representation of a 

multiscale surface given by Eq. (5.69). The initial amplitude and wavelength of the surface at scale 

ὲ ρ is considered to be Ὤ πȢπυ άά and ‗ ςπ άά. The ‎ value and Ὀ, representing the 

fractality of the surface are chosen to be ρπ and ρȢπυ, respectively. The surface considering ὲ τ 

scales are represented by Figure 5.27. The overall pressure distribution is obtained using Eq. (5.70) 

considering the same material properties as considered before. The pressure distribution is 

obtained by sum over the pressure at individual length scales. The results are shown in Figure 5.28 

 ᾀὼ Ὤ ‎ ÃÏÓ
ς“‎ὼ

‗
 (5.69) 

 „ ὼ „ „ᶻÃÏÓ
ς“‎ὼ

‗
  (5.70) 

The limit of pressure for full contact is given by, „ᶻ . Considering this, the pressure 

distribution at two different length scales are obtained by solving Eq. (5.70) and is as shown in 

Figure 5.28. 
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FIGURE 5.27: WEIERSTRASS PROFILE FOR ▪  

 

FIGURE 5.28: PRESSURE DISTRIBUTION FOR THE CASE OF WEIERSTRASS PROFILE  

The deformations at the contact for the multiscale rough surface is obtained based on the pressure 

distribution in order to estimate the contact mechanics parameters including the interaction effects 

from neighboring asperities. Finally, the contact mechanics parameters will be compared with their 

Finite element counterparts, which will also be used for estimation of frictional losses at the contact 

interface.  
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5.5 CONCLUSIONS AND FUTURE WORK  
A single asperity contact model is developed to consider the effect of adhesion losses on friction 

from the variation in the energy release rate at the contact interface. Fredholm integration of first 

kind is used to obtain the results for the asymmetric part of the solution and Westergaardôs solution 

for the symmetric part. In addition, adhesion seems to also effect the contact mechanics 

parameters, especially the real area of contact. A minimum energy principle is considered at the 

contact interface in order to obtain the real area of contact. 

A preliminary analysis on estimating the friction coefficient under wet condition is obtained by 

considering a constant depth of water at the contact interface. The wetness on the surface will 

influence the roughness power spectrum of the height profile that in turn effects the real area of 

contact. A base approach to obtain the fluid flow rate and a viscous resistance at the contact 

interface is modeled. The formulation is yet to be expanded for the case of a rubber block in contact 

with the surface. 

Interactions of the neighboring asperities on the deformations at the contact interface is obtained 

for the case of a single asperity model as well as for the ideal asperity case. This influenced the 

deformations at the contact interface and will become dominant in the case when the asperities are 

close to each other as in the case of a rough surface.  
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6 MULTI-LENGTH SCALE APPROACH TO 

FRICTION ESTIMATION 

A closed form approximation to most design processes is a stepping-stone to obtain the 

performance metrics for successful application of the process. It involves analytic math functions 

and simplified assumptions of the physical process.  The simplified assumptions include linearity 

and small deformations, in the range of linear elasticity. With the advent of modern computational 

technologies, field of computational mechanics have grown to solve complex physical processes 

numerically considering both small and large deformations in elastic and inelastic regions.  

Though a wide range of contact application are analyzed and solved using computational 

mechanics or numerical methods, the challenge still stays for obtaining an efficient and robust 

contact formulation model for defining the contact interface or a friction estimation module. Most 

finite element-based contact formulations use Columbôs law to describe the friction at the contact 

interface. But, under certain conditions, Columbôs law is insufficient, as the friction depends on 

sliding velocity, pressure and real area of contact. This branch of study is often called the 

Computational Contact Mechanics (CCM) [84] where contact algorithms are formulated. 

Empirical relations for friction coefficient [9], [39] is widely used to define the friction for different 

contact applications [42]ï[44] for simulating the wear performance of tire and tread block, 

respectively.  

The developed finite element model of a rubber block sliding over a rough rigid surface (Section 

4.6), is capable of obtaining a realistic determination of contact mechanics parameters, estimating 

the hysteretic component of friction [85]ï[88] and simulate wear using frictional energy approach 

[44]. Previous studies focused on using a multiscale framework in developing a model simulating 

a rubber block sliding over a rough surface (whose height profile is obtained using Nanovea 

measurements) for estimation of hysteretic friction coefficient and area ratio of the contact. In 

Section 4.6, we have demonstrated the capability of finite element simulation for a tread block 

sliding over a rough surface to obtain the contact deformations and pressure distribution of contact 

[50]. The present section is an extension to that, where a finite element approach to simulate the 

friction characteristics of a rubber block under actual surface conditions is defined.  
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 SURFACE DECOMPOSITION  

Surface description is an important act in the finite element framework. The roughness of the 

surface extends to multiple different length scales and a multiscale approach is important for 

estimation of the frictional characteristics based on the mechanisms at the contact interface. Hence, 

it is important to decompose the surface to multiple length scales depending on the surface 

characteristics [85]. 

The surface profile of 120-grit sand paper, as shown in Figure 6.1, is measured using the Nanovea 

Profilometer (refer to Section 2.7.1). The data is filtered to remove the offset and slope also in 

order to avoid discontinuity at the edges. The roughness power spectrum (Section 2.5.3) of the 

measured surface profile is obtained. Based on the roughness power spectrum, the surface is 

decomposed into the micro and macro regimes with the wave vector range determined based on 

how wide the roughness power spectrum expands as shown in Figure 6.2. The minimum wave 

vector obtained based on the PSD is ρπ and the maximum wave vector is ρπȢ. Hence based on 

this the surface is decomposed with the wave vector range Macro ï ρπȟ  ρπ and Micro ï 

ρπȟ ρπȢ .  

 

FIGURE 6.1: SURFACE PROFILE OF 120-GRIT SURFACE 
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FIGURE 6.2: SURFACE ROUGHNESS POWER SPECTRUM AND SURFACE DECOMPOSITION  

6.1.1 Filtering Technique 

The filter used is a finite impulse response digital filter. The transfer function for the case of a band 

pass filter is given by Eq. (5.1). In order to filter based on the wave vector range, a 4th order 

Butterworth filter is considered, as shown in Figure 6.3 using the two ranges of the surface 

decomposition frequency. Butterworth filters have the advantage of being as flat as possible in the 

pass band. For a 4th order filter, the roll off slope beyond the pass band is -80 dB per decade  

 
Ὄᾀ

ὦᾀ

ὥᾀ

ὦ ὦᾀ Ễ ὦᾀ

ὥ ὥᾀ Ễ ὥᾀ
 

(6.1) 

 

FIGURE 6.3: BUTTERWORTH FILTER FOR MACROSCALE REGIME  
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The butter worth filter obtained in the macro and micro frequency ranges is passed over the height 

profile using a zero-phase distortion digital filter to obtain the surface profile in the macro and 

micro surface regimes as shown in Figure 6.4.  

 

FIGURE 6.4: SURFACE PROFILE AFTER FILTERI NG 

 MATERIAL MODEL PARAMETERS  

In order to, define the constitutive behavior in the numerical simulation, material properties of the 

rubber sample are to be obtained. Two tire tread rubber compounds based on Styrene Butadiene 

Rubber (SBR) is considered, Bridgestone Compound A and SRI (Sumitomo) Compound A. For 

the material Bridgestone Compound B we already computed the viscoelastic coefficients in 

Section 4.3. For the present section we have considered the Neo Hookean material model for the 

hyperelastic behavior. 
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Hyperelastic behavior is characterized using uniaxial data obtained from tensile test on a dumbbell 

specimen. An experimental setup, as shown in Figure 6.5 was designed over the traditional MTS 

fatigue testing machine to obtain the planar test data. The tests were conducted on a pure shear or 

a planar tension specimen as shown in Figure 6.6. 

                 

FIGURE 6.5: EXPERIMENTAL SETUP FOR PLANAR TEST 

 

FIGURE 6.6: PLANAR SHEAR SPECIMEN GEOMETRY  

The material data thus obtained is used to obtain the hyperelastic material coefficients by using 

the ABAQUS material evaluation tool similar to that described in Section 4.3.1 to obtain the 

hyperelastic material coefficient for SRI Compound A material as shown in Figure 6.7 ï Figure 

6.8. Table 6.1 shows the material coefficient for a simple Neo-Hookean material model and for 

Yeoh Model. 
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TABLE 6.1: MATERIAL COEFFICIENTS FOR SRI COMPOUND A &  BRIDGESTONE COMPOUND A 

Material 

Compound 
Material Model  Coefficients 

SRI Compound A 

Neo-Hookean 

Model 
ὅ πȢυρψσσυ ὓὖὥ 

Yeoh Model 
ὅ πȢτςςς ὓὖὥ      ὅ πȢπρτυ ὓὖὥ         

ὅ ψρχȢωχ Ὡ  ὓὖὥ 

Prony series 

coefficients 

Ὃ σσς ὓὖὥ 

Ὣ φȢπψωρὩ πωȠ † ρȢρρπςὩ ρυ 
Ὣ πȢχφωψφσχυȠ † ρȢχφψςὩ πχ 
Ὣ πȢςρψωφωστȠ † ρȢτςφψὩ πυ 
Ὣ πȢππφωσχτπȠ † πȢπςχπσφχς 
Ὣ πȢππςπσψψπȠ† ρφȢφψσφπψρ 

Bridgestone 

Compound A 

Neo-Hookean 

Model 
ὅ ςȢςρφφχ ὓὖὥ 

 

FIGURE 6.7: HYPERELASTIC DATA FITTING FOR SRI COMPOUND A:  UNIAXIAL DATA  
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FIGURE 6.8: HYPERELASTIC DATA FITTING FOR SRI COMPOUND A:  PLANAR DATA  

The viscoelastic properties are obtained by using the frequency dependent material data obtained 

using Dynamic Mechanical Analysis (DMA) or using creep/relaxation data. In this case, the 

viscoelastic master curve for the material (SRI Compound A) is obtained using experimental 

measurements from a DMA. The master curve for that SRI Compound A along with the estimated 

data based on the prony coefficients is as shown in Figure 6.9. In order to obtain the Viscoelastic 

prony series coefficients, the approach outlined in Section 4.3.2 is used from the DMA analysis 

data to obtain the prony series coefficient. The prony coefficients for Bridgestone Compound A is 

given in Table 4.1 and for SRI Compound A is given in Table 6.1 
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FIGURE 6.9: PRONY SERIES FITTING F OF SRI COMPOUND A 

 MODEL DECOMPOSITION  

A multiscale finite element approach is considered in order to model the effect of surface 

roughness in all length scales as shown in Figure 6.10. A tread block sliding on a rough surface is 

considered. The material model parameters are similar to that provided in Section 4.3. The block 

is modeled as a deformable body with 4-noded reduced integration. The macro surface profile, 

Figure 6.4 obtained from the surface decomposition is imported as a discrete rigid body. A surface 

to surface contact formulation is given between the block and the surface. The rigid road surface 

is fixed in all directions and the pressure loading is applied on the top surface of the rubber block. 

As a second step, a velocity type boundary condition is used for the side of the block for the sliding 

simulation. The top surface nodes are constraint to have the same deformation in the loading 

direction. A frictionless contact formulation is defined for the contact interface. 
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FIGURE 6.10: MULTISCALE APPROACH TO FRICTION ESTIMATION  

In order to estimate the friction coefficient, a multiscale approach is considered. Based on the 

pressure distribution of the contact based on the frictionless simulation of the macro scale 

simulation, the micro scale analysis is performed by considering a block (a section of the macro 

block contact interface as shown in Figure 6.10.). A similar simulation is performed in the micro 

scale by applying the average pressure distribution of the contact interface of the macro simulation. 

For the microscale simulation, the microscale block is slid over the micro surface roughness 

obtained from the height profile. The only difference is the multi-point or a simple equation 

constraint provided between the left and right nodes of the micro block in order to ensure proper 

transfer of boundary condition from the macro profile given by Eq. (6.2). 

 
ό ό  

(6.2) 

This indicates that the displacement of Ὧ  degree of freedom of the left node is equal the 

displacement of Ὧ  degree of freedom of the right node. The simulation is carried out under 

frictionless condition at the contact interface. The material properties are similar to those discussed 

in Section 4.3. Based on the sliding simulation of the microscale block, the friction coefficient is 

estimated from the reaction force at the road contact, area ratio of the contact interface, contact 

pressure distribution, and viscous dissipation of the model. In order to obtain the friction 
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coefficient and area ratio under different operating condition, the simulation is repeated for 

different operating conditions.  

The friction coefficient from the microscale is given as an input to the macroscale and the 

simulation is repeated in order to estimate the friction coefficient, area ratio and contact pressure 

distribution for the overall model. The friction coefficient thus obtained is validated using the 

linear sliding friction tester. In the microscale simulation, the block size and mesh density are two 

important parameters which effect the results of the simulation. A convergence study for micro 

scale case is performed in order to obtain the optimal block size and mesh density. 

 M ICROSCALE RESULTS AND COMPARISON UNDER DIFFE RENT 

CONSIDERATION S 

A macro scale simulation is performed on a frictionless macro surface regime of 120-grit surface. 

The material properties are the same as those provided in Section 4.3. The pressure distribution of 

the surface was obtained for a pressure loading simulation of πȢτὓὖὥ and a sliding velocity of 

ρππ άάȾί. The mean pressure from the pressure distribution is obtained and given as input to the 

micro scale model. The mesh size and the block size is obtained by performing mesh convergence 

study. 

6.4.1 Mesh Convergence 

For the microscale case, the element size of the block is varied from 0.1 mm to 0.0075 mm near 

the contact interface and the results are compared for the loading simulation where a pressure of 

πȢτ ὓὖὥ is applied on the top surface of the block for a simulation time of πȢπρ ί. The area ratio, 

contact pressure distribution, von-mises stress, and reaction force are compared, as shown in Table 

6.2.  
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FIGURE 6.11: MESH CONVERGENCE STUDY  

The relative error was obtained for different element sizes and also the contact pressure distribution 

of the contact interface for different mesh size is as shown in Figure 6.12. The stress contour for 

different mesh sizes is also obtained and is shown in Figure 6.11.  

TABLE 6.2: RESULTS FOR MESH CONVERGENCE 

Contact 

mesh size 

(mm) 

S Mises 

(MPa) 

Error  

(%)  

Area 

ratio  

Error  RF2(N/mm) Error  

(%)  

CPRESS 

(MPa) 

Error  

(%)  

0.1 0.653 
 

0.2 
 

0.325643 
 

1.378719 
 

0.075 0.8364 28 0.45 125 0.317226 2.5 1.88262 36 

0.05 1.074 28 0.2 56 0.319161 0.6 2.568933 36 

0.025 1.612 50 0.125 37.5 0.318362 0.25 3.25308 26 

0.01 2.171 34 0.13 4 0.320023 0.52 3.887054 19. 

0.0075 2.316 7 0.1275 2 0.317969 0.64 3.973138 2 

The contact pressure distribution seems to converge for the element size of 0.01mm as shown in 

Figure 6.12. The stress values and the area ratio also seem to converge for the same element size. 






















































































































