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Adaptive Torque Control of a Novel 3D-Printed Humanoid Leg

Philip J. Hancock

(ABSTRACT)

In order to function safely in a dynamic environment with humans and obstacles, robots
require active compliance control with force feedback. In these applications the control
law typically includes full dynamics compensation to decouple the joints and cancel out
nonlinearities, for which a high-fidelity model of the robot is required. In the case of a
3D-printed robot, components cannot be easily modeled due non-uniform densities, incon-
sistencies among the 3D printers used in manufacturing, and the use of different plastics
with mechanical properties that are not widely known. To address this issue, this thesis
presents an adaptive control framework which modifies the model parameters online in or-
der to achieve satisfactory tracking performance. The inertial properties are estimated by
adapting with respect to functions of the unknown parameters. This is achieved by rewriting
the robot dynamics equations as the product of a matrix of known nonlinear functions of the
joint states and a vector of constant unknowns. The result is a nonlinear system linearly pa-
rameterized in terms of the of the unknowns, which can be estimated using adaptation laws
derived from Lyapunov stability theory. The proposed control system consists of an outer-
loop impedance controller to regulate deviations from the nominal trajectory in the presence
of disturbances, and an inner loop force controller to track the joint torques commanded
by the outer-loop. The proposed system is evaluated on an early prototype consisting of a

3DOF leg, and two actuator test setups for the low-level controller.



Adaptive Torque Control of a Novel 3D-Printed Humanoid Leg

Philip J. Hancock

(GENERAL AUDIENCE ABSTRACT)

In order to function safely in a dynamic environment with humans and obstacles, a robot
must be able to actively control its interaction forces with the outside environment. In
these applications a high-fidelity model of the robot is required. In the case of a 3D-printed
robot, the components in the robot cannot be easily modeled due non-uniform densities,
inconsistencies among the 3D printers used in manufacturing, and the use of different plastics
with mechanical properties that are not widely known. To address this issue, this thesis
presents an adaptive control framework which actively modifies the model parameters in
order to achieve satisfactory tracking performance. In this work, the equations of motion of
the robot are manipulated in such a way that the unknown quantities are separated from
the known quantities. The unknowns are updated in real time using adaptive laws derived
from Lyapunov stability theory. The proposed control system consists of a high-level torque
controller to regulate deviations from the nominal trajectory, and a low-level force controller
to track the joint torques commanded at the high-level. The proposed system is evaluated
on an early prototype of the robot consisting of a 3 degree of freedom leg, and two actuator

test setups for the low-level controller.
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M/ +?B2p2/ bvKTiQiB+ +QMp2 ;2M+2 Q7 i?2i +FBM; 2 "Q b iQ x2
TH2K2MiBM; "272°2M+2 i D2+iQ v i? i +QMbi° BM2/ i?2 i° +FBM;
rBi? bi #H2 7B bi Q' /2  /vM KB+b- i?2M /2bB;MBM; i?2 +QMi"QHH2"
i?72 bvbi2Ki® D2+iQ°B2b iQ i?2 bHB/BM; bm 7 +2X aBKmH iBQMb r2°
TH M K MBTmH iQ rBi? FMQrM T QT2 'iB2b M/ M mMFMQrM T vH
"2bmHibX a /2;? M/ >Q QrBix T'2b2Mi2/ MBKT Qp2K2Mj)Qp®" i?2B"
reB+?2 irQ / TiBp2 +QMi"QH H;Q Bi?Kb- 1t +i *QKT2Mb iBQM [/ Ti i
.2bB"2/*QKT2Mb iBQM / Ti iBQM G rU.* GV r2'2/Bb+mbb2/X :HQ#
rbT Qp2M 7Q i?2 ;2M2° HBx2/ /vM KB+b Q7 "Q#Qi K MBTmH iQ -
p HB/ i2/ rBi? bBKmH iBQMb Q7 k.P6 a* _ "Q#QiX AM KQ'2 2+2M
RB T 2b2Mi2/ KQJ/2H “272'2M+2 / TiBp2 +QKTHB M+2 +QMi QHH:
"1_hAA?mK MQB/ "Q#QiX h?Bb BKTH2K2Mi iBQM #vT bb2/i?2 M22.
MQMHBM2 > 7mM+iBQMb BM i?2 "Q#Qi /vM KB+b #v QMHvV +QMbB/2
K bb@BM2 iB K i Bt-*Q BQHBb M/ +2Mi BT2i Hi2 Kb- M/ ;" pBivi
Hrb 7Q  i?2b2 T ° K2i2°'br2°2 bBKTH2 HBM2 " /B772 ' 2MiB H 2[m iB
i?72 7BHi2 2/ i +FBM; 2°"Q X h?2 H;Q Bi?Kr b 7m’'i?2  bBKTHB7B2
Hrb /B 2+iHv BM i?2 i bF bT +2X 1 +? Q7 i?2 / TiBp2 +QMi'QH b+
b2+iBQM rBi? i?72 2t+2TiBQM Q7 >QRRMBIBHB KRR GBXTMFM Qpob /B 2 +i
(RYBM i?2 M HvbBb Q7 bi #BHBiv rBi? i?2 +QMi"QH M/ / Ti iBQM
TMmMQpdb /B 2+i K2i?Q/ rBHH #2 ?22 pBHv mb2/BM i?2/2°Bp iBQMb Q
T 2b2Mi2/X



RXKX " +F:"QmM/ 8

RXKkX& 2pBQmb Ai2° iBQMb Q7 h>P_

a 66A - T'2/2+2bbQ iQ h>P_ - miBHBX2/ 7Q +2@+QMi QHH #H2 +r
im iQ°b BM T > HH2H +QM7B;m’ iBQMbX AM a 66A -iQ [m2 +QMi Q
"Q#Qi6b H2;bX AMbi2 /- ?v# B/ TQbBiBQM +QMi"QH M/ 7Q +2 +QM
BMr?B+?i?27Q +2 +QMi"QHH2/ MFH2DQBMir bmb2/iQiQ ;mB/2 i
i2° Q7 ;" pBiv M/i?2 FM22 M/ ?BT DQBMib RBX FT2bBQB OM+QWM | Q-
MFH2 HbQ miBHBx2/ 722/# +F7°QK e@ tBb7Q +2iQ [m2i  Mb/m-
i?72 +2Mi2° Q7 T 2bbm 2 U*PSV BMbB/2i?2 bmTTQ i TQHV:QM- r?B+7
+QMi BMBM; HH Q7 TQBMib i? i " 2kidQ $® B\ 2i?2bme mBMV; (+QMi QF
i2K 2KTHQV2/ +QK#BM iBQM Q7 irQ TQTmH " #BT2/ HHQ+QKQiBQlI
r HFBM; r?B+? 2M7Q +2b i° +FBM; Q7 T 2/2i2 KBM2/ bi #H2 HBKBI
i +FBM; b+?2K2 r?B+? "2;:mH i2b i?2 HQ+ iBQM Q7 i?2 +2Mi2" Q7 ;
# H M+2 /m"BM; r HFBM:X h?2 mb2 Q7 TQbBiBQM +QMi'QH BM a 66
HBKBiIBM; i?2 Q#Qi6b #BHBiviQ 2t?B#Bi +QKTHB Mi #2? pBQ r?2]
i?727Q +2QmiTmiBM 2 +? +im iQ r b MQi /B 2+iHv "2;mH i2/X b rk
+QMi"QH "Q#Qib-i?2 #BHBiviQ BMi2  +ib 72Hv rBi? 2mK Mb M/ i?
Mi22/- b BMDm'v Q 2p2M /2 i? + MQ++m 7" QK +QHHBbBQM rBi?
rb BMiQ/m+2/rBi? bT2+B H 2KT? bBb QM +QKTHB Mi HQ+QKQiBQI
+QMi"QH " i?2°i? M TQbBIiBQM +QMi QHX

h?2 Q'B;BM H h>P_TH i7Q K Bb RX3 K-ey F; iQ [m2@+QMi QHH?2
iQi H/2;°22b Q7 7 °22/QK-rBi? RP6 BM2 cHPHI2;b( HbQ miBHBxX2/ +mb
b2 'B2b 2H biB+ +im iQ'bBMT > HH2H +QM7B;m  iBQMbiQ +QMi QF
M/ mb2//2/B+ i2/ KB+ Q+QMi'QHH2 b 7Q 2 +? kK.P6 K2+? MBbK iQ 2
*QKTHB Mii> +FBM;r b +?B2p2/rBi? + b+ /2/ DQBMi BKT2/ M+2 +



e *2 Ti2° RX AMi"Q/m+iBQ

HQQT 7Q +2 +QMi"QHH2 X h?2BMM2 @HQQT 7Q +2 +QMi"QHH2 b 1
+QMi QH M/ SA. +QMi " QH rBi? /Bbim # M+2 Q#b2 p2"  # b2/ QM |
QT2M@HQQT TH MiX .vM KB+ HQ+QKQiBQM r b +?B2p2/ #v i’ +FB
Q7 i?2 /IBp2 ;2Mi +QKTQM2Mi Q7 KQiBQM- r?B+? Bb i° Mb7Q K iE
K bb/vM KB+bX h?Bb i’ Mb7Q K iBQM /2¥MQXT B b/2tMi KBm M BiM#@ 2r Q
7B bi Q'/2° bvbi2Kb- Q7 r?B+? QM2 Bb i?2 bi #H2 +2Mi2° Q7 K bb /
i?72 mMbi #H2 /Bp2 ;2Mi +QKTQM2Mi Ry X KQVMBQM2/vMI KB +F (?2 .*J
i D2+iQ ' B2b- QTiBKBx2/ DQBMi iQ ' [m2b "2 + H+mH i2/ mbBM; i?2
mb2b HBM2 "Hv+QMbi BM2/[m /" iB++Qbi7mM+iBQMiQ KBMBKB x
IVM KB+ +QMBRYyXBMib (

gBi? "2; /b iQ i?2 7mim 2 BKTH2K2Mi iBQM Q7 i?2 M2r j.@T BMi2
+QMi'QH b+?2K2 BM i?Bb i?2bBb Bb /2bB:M2/ rBi? +QKTHB Mi DQB
iQ #2 +QKT iB#H2 rBi? i?2 HQ+QKQIiBQM bi’ i2:B2b Q7 i?2 Q'B:BM }



*? Ti2 K

2b+ BTiBQM Q7 S QiQivT2

KXRj.@S BMi2/ >mK MQB/

h?2 Q' B;BM H h>P_ TH i7Q K r b 7QmM/ iQ ? p2 /IB77B+mHiv bmTT
MTT2 #Q/vr?2M /[/BiBQM H? “/r "2r b KQmMi2/ BMi?2iQ bQX h?E
Q7 la*>1_- M2r ?mK MQB/ rBi? /IQm#H2 +im iQ b BMi?2 FM22 DQE
QmiTmREX h?2 j.@T BMi2/ ?mK MQB/ /Bb+mbb2/ BM i?Bb rQ ' F Bb

h>P TH i7Q K- r?2'2 i?2 BMi2MiBQM Bb iQ BKT ' Qp2 T2 ' 7Q K M+2
Ti?27i? MBM+'2 bBM; i?72 MmK#2® @XBR?Qubi QbBX26B#m@0B/2 +QKT
Q7 i?2j.@T BMi2/ 2mK MQB/ M/ i?2 Q B;BMKE?IQIB i?2M2FR 2D Q7

7°22/QK BM i?2 H2;bX aBM+2 i?2 iQ'bQ@KQmMi2/ 2 “/r "2 bm+? b
bBMFb- M/ //IBiBQM Hb2MbQ b ? p2 MQi #22M 7TmHHv bT2+B7B2/ |
i?72 7BM H r2B;?i Q7 i?2 j. T'BMi2/ "Q#Qi Bb MQi FMQrMX >Qr2p2"-
+? bbBb HQM2b?2Qr 2/m+iBQM Q7 r2B:?i Q7 iH2 bi8yW 7 QK i?2
7BM Hr2B:?2iQ7i?2 'Q#QiBbbiBHH iQ #2 /2i2 ' KBM2/-i?2 mb2 Q7 /
BMi2M/2/iQ 2Mbm™2 /2[m i2i° +FBM; T2 7Q K M+2 2; "/H2bb Q7 i?
"Q#QiX M //BiBQM H KQiBp iBQM 7Q i?2j.@T BMi2/ "Q#Qi /2bB;M
+QKTQM2Mib "2[mB 2/ BM i?2 "Q#Qi +? bbBbX h?2 Q'B;BM H h>P_ +
Q7 bK HH HMKBMmMK T 'ib T°Q/m+2/BM ?2Qmb2 QM j@ tBb *L* KBHH
j-@T BMi2/ /2bB;M "2/m+2b i?Bb iQ 72r2  i? M QM2 ?mM/ 2/ j. T°'BM



3 *2 Ti2 kX .2b+ BTiBQM Q7 S Qi

rBi? bQK2 //BiBQM H ? “/r "2 bm+? b #2 "BM:b- Mmib- #QHib- M/
i?Bb "2/m+2 +QKTH2tBivQ7i?2/2bB;M M/BKT Qp22 b2 Q7 bb2K#t
#°2 FBM; /m BM; i2biBM;- Bi + M #2 2 bBHv "2THB+ i2/ QM H ;2 21
i?2 T'BMi2/ T "iBbbim /v2MQm;?iQ rBi?bi M/i?2HQ /b TTHB2//m"
b?QmH/ biBHH 7mM+iBQM 2p2M B7 +? * +i2 BbiB+b Q7 i?2 M2r T i
BM7BHH "2 /B772°2Mi/m2iQi?2 / TiBp2 +QMi'QHH2 6b "Q#mbiM2

6B;m 2 KXR, * . "2M/2°BM;b b?QrBM; bB/2@#v@bB/2 +QKT 'BbQM -
M/i?2j.@T BMi2/ p2 bBQMX



kXkX j.P6 G2; h2bi "2M+? N

6B:m 2 kXk, .B ;" KQ7i?2 e /2:°22b Q7 7°22/QK Q7 2 +? H2; BM i?2
M2rj.@T BMi2/ ?2mK MQB/X

kXkj.P6 G2; h2bi "2M+?

1tT2 ' BK2Mi Hi2biBM; M/p HB/ iBQM Q7 i?2 +QMi'QHH2 b /2p2HQT
MbBM; M2 "Hv T QiQivI2Q7i?2j.@T BMi2/ Q#QiX h?Bb T QiQivT:
MFH2 TBi+?- MFH2 "QHH- M/ FM22 TBi+?2/2;°22b Q7 7°22/QKX h?:
b?BM- M/ i?B;? HBMFbX h?2 7QQi Bb #QHi2/ /QrM iQ bi22H TH iZ
"QmM/- M/i?2i?B;? HBMFE Bb 7Bii2/ rBi? bi22H "Q/i? ' Qm;?i?2 ?B
"Q#Qi iQ + v /B772°2Mi T VHQ /bX h?2 j.@T BMi2/ +QKTQM2Mib

"a TH biB+bX h?2j.P6 T'QiQivI2 mb2/ BM i?2 2tT2 ¥ 2Mib Bb b?Qr



Ry *?2 Ti2 kX .2b+'BTiBQM Q7 S Qi

6B:m 2 kXj, AK :2 Q7 i?2 j.P6 H2; T2 7Q KBM; b[m i- b?QrBM; i?2 7
i?72 FM22 DQBMi 7Q  i?Bb T "iB+mH > T QiQivT2X

KXKkX&2MbBM;

1 +? DQBMi QM i?2 "Q#QiBb 2[mBTT2/rBi? MQTiB+ H2M+Q/2  iQ K
2M+Q/2 b mb2/ "2 i?2 :m H2v S'2+BbBQM RN #bQHmi2 Qi v 2M+
R8@#BiQmiTmi 2bQHmMIiBQM7Q° bBM;H2im"MrBi? avMNX QMQm]
h?Bb Bb 2[mBp H2Mi iQ "2bQHMXIBGK DM +®QiBIXYRR2 2/ #v 80 bm
/B 2+iHV 7°QK i?2 KB+ ' Q+QMi'QHH2 X h?2 mb2 Q7 #bQHmi2 2M+
QT2 iBOM b FMQrH2/;2 Q7 i?2 DQBMi TQbBiBQM Bb MQi HQbi r?
?Qr2p2° M BMBiIiB H+ HB# iBQM Kmbi #2 T2 7Q K2/ r?2M i?2 2M+C(
"Q#QiX

1 +? +im iQ Bb 7Bii2/ rBi? 6mi2F G*Jkyy HQ / +2HH 7Q  7Q +2 bz
MiBHBXx2 K2i H7QBH bi* BM; m;2i2+?MQHQ;v M/ "2 i2/7Q i2Mb
mTiQ 8yy3H#ba:RRy bi° BM; m;2 KTHB7B2'b 7 QK 6mi2F ‘2 mb2/ BN



kXkX j.P6 G2; h2bi "2M+? RR

M HQ; pQHIi ;2 QmiTmi 7°7QK i?2 HQ / +2HHb #27Q 2 i?2v "2 b2Mi iC
X aBM+2 i?2 QmiTmi Q7 P2 -*a//BRE@BW H +QM/BiBQMBM; Bb “2[mE
i?72 QmiTmi /@& iQ #2 mb2/ BM i?2 KB+ Q+QMi"QHH2" .*X h?Bb r
MbBM; +mbiQK S*"i? i #2 bi +F2/ QM iQT Q7 i?2 KB+ Q+QMi ' QHH?2

6B:m 2 kX9, 6mMi2F G*JKPYXHQ / +2HH (

kXkXk+im iBQM

1 +? +mbiQK HBM2 °~ +im iQ mb2b J tQM 1*@9SQH2 kyyq- 930 #°
bmTTHv iQ [m2 iQ # HHb+RAXKR?2 WBIKKH 2 2 +? /' Bp2M #v M C
b?2H7 w".*Rk 3SqJ b2 pQ /'Bp2 7°QK /p M+2RXQHBD M2*Q® i/ " Bigh (
"2+2Bp2b kyF>x SgqJbB;M H7 QK i?2 KB+ Q+QMi QHH2 M/ "2;mt
#2 T°QTQ iBQM H iQ i?2 /miv +v+H2X /B 2+iBQM BMTmi QM i?2 b
?2B;? Q  HQr 7°QK i?2 KB+ ' Q+QMi"QHH2  iQ +QMi"QH i?2 /B 2+iBQM
bmTTHB2b 930 .*iQ TQr2 i?2/ Bp2X



Rk *?2 Ti2 kX .2b+'BTiBQM Q7 S Qi

6B;m 2 kX8, J* w".*Rk 3 b2RpXQ / Bp2 (

kKXkXJB+ Q+QMi"QHH2 b

h?2 FM22 DQBMi M/ k.P6 MFH2 DQBMi 22 +?22[mBTT2/rBi? /2/B+
BMi2 7 +BM; rBi? i?2 b2MbQ b-+ H+mH iBM:i?2 +QMi'QH BMTmib-
i " QHH2 mb2/r bi?2 hBp *a2 B2b hJ9*Rkj: G mM+?S /7" QK h2t b A
iQ 7°QK ?2°2QM bi?2hBp H mM+2T /X h?2 hBp H mM+2T / 2Qmb?2
*Qi2tJ9 T Q+2bbQ -? b/m HRk@#Bi .*b- M/ ? bl _h- Ak*-aSA- |
#mBHKBXI (?2 irQ hBp H mM+?T /b "2 +QMM2+i2/iQ ?Qbi +QKTm
r?B+? b2M/b +QKK M/b bBKmHi M2QmbHV iQ 2 +? Q7 i?2 #Q /b Qp2
i?72 +QMi'QHH2 X h?2 ?2Qbi +QKTmi2" HbQ '2+2Bp2b DQBMi bi i2b-
"2 /IBM;b 7Q /i HQ;;BM;X *QKKmMB+ iBQM #2ir22M i?2 irQ hBp |
i2°Qm;?J iH #, TQbBiBQM 722/# +F Bb b2MiiQJ iH # Qp2 1 _h M/ |
TQbBIBQM /i iQ2 +?2 Q7 i?2 Qi?2 hBp b- HbQ i?'Qm;? | _hX



*2 Ti2" ]

/ TiBp2 hQ'[m2 *QMi'QH H:Q B

i XR.2b+ BTiBQM Q7 a ;Bii HSH M2 JQ/2H

AM Q'/2 iQ bBKTHB7vi?2 M HvbBb M/ +QMi"QHH2  /2bB;M- QMHV
#2 +QMbB/2° 2/ BM i?Bb +? Ti2 X h?2 KQ/2H /2p2HQT2/ BM i?Bb b2+
bbmKTiBQM i? i i?72 MFH2 "QHH iQ'[m2 Bb x2°Q i HH iBK2bX AM
+im iQ brBHH Hr vbbmTTHvVi?2b K27Q +2- 2bmHIBM; BM x2 Q M
tBbX S +iB+ H Bbbm2b rBi? i?Bb bbmKTiBQM rBHH #2 // 2bb2/ }
b BM *? BiR?72M i?2 2tT2 BK2Mi H BKTH2K2Mi iBQM Bb BMi Q/m+2/
H2; BMi?2b ;Bii HTH M2 rBi? QMHv FM22 TBi+? M/ MFH2 TBi+? /2
6B;mM@R h?2 M;H2 Q7 i?2ub?BiVKRBIMFE 2/ +QmMi2° +HQ@FtBbX7 QK
i?22 rQ ' H/ 7" K2- M/i?2 M:H2 Q@ PR K2BhmHBMB-mMi2' +HQ+FrBb2
b?BM HBMF tBbX h?2 Q'B;BM Q7 i?2rQ ' H/ 7 K2 Bb +QMbB/2°2/iQ
DQBMiXHSBBWMI2 HQ+ iBQM Q7 i?2 ?BT TBi+? tBb- r?B+? Bb r?2°2
+QMM2+i iQ i?2 T2HpBb B7 i?Bb r2°2 i?2 7mHH ?mK MQB/ "Q#QiX h
K bbthp M/, "2bT2+iBp2Hv- M/ i?2 +2Mi2° Q7 K bb IHQ#.kBQMb "2
MIikx-loy X h?22 b?BM M/ i?B;? HBMFb ? p2JKQKIZMiD Q7B R 2MiBH 2
M/ FM22 DQBMib "2bT2+iBp2HvX .m2 iQ i?2 H +F Q7 ++m’ i2 KQ/2}
Q7i?2|].@T BMi2/ T "ibBMi?2 "Q#Qi-i?2BM2'iB HT QT2 iB2b Q7 i
+2Mi2° Q7 K bb HQ+ iBQMb 2 +QMbB/2'2/ MMFMQrMX

Rj



RO *2 Ti2 jX / TiBp2 hQ [m2 *QMi QH H:C

6B:m 2 jXR, a+?2K iB+ Q7 i?2 H2: BM i?2 b ;:Bii HTH M2 b?QrBM; :2
M/ :2QK2i'B+ T°QT2 iB2b U B;?iVX

i XRXR TTBM: GBM2 ° +im iQ  6Q°+2 iQ CQBMi hQ [m?2

m2iQi?2mb2 Q7 HBM2 ° +im iQ b-BiBbM2+2bb 'viQ/2i2 ' KBM2 +
T Q/m+2/ #v i?2 +im iQ'b M/ i?2 "2bmHiBM; iQ [m2b +iBM; QM 2 -
+QMi BMb bBM;H2 HBM2 ° +im iQ  +QMM2+iBM; i?2 i?B;? M/ b?B
+QMi BMb irQ HBM2 ° +im iQ b i? i "2 bvKK2i'B+ + Qbb i?2 7 QMi
Q7i?2 Q#QiX avKK2i"vBM i?2 +QM7B;m  iBQM Q7 i?2 MFH2 +im iQ
i?72 M HvbBbi? ' Qm;?i?2 bbmKTiBQM Q7 i?2irQ 7Q +2b #2BM; B/2M



jXRX .2b+ 'BTiBQM Q7 a ;Bii HSH M2 JQ/2H RS

X2 Q "QHH iQ [M2X h?2 "2H iBQMb?BT #2ir22M i?2 +im iQ  7Q +2 I
PB i?2 S'BM+BTH2 Q7kdB 1B H?2qQ@Fm(Hib BM i?2 7QHHQrBM:; 2[m iB

= J"(gF; UjXRV

r?2°2 7Q° bBM;H2 /2;°22 Q7 7 22/QK K2+? MBbK BM BQ @/BK2Mb
DQBMi iQ(dn22R?2 Bb i?2 K2+? MBbKCBHQ2B MOBMi ™ 2HR* BN/

i?72 +im iQ  7Q +2 p2+iQXRLRHIMNK2bU?2 bvbi2K Bb BM bi iB+ 2[mB#+
+QMb2[m2MiHV i?2 /vM KB+b Q7 i?2 +im iQ b rBHH #2 M2;H2+i2/
iQ mb2 i?Bb "2H iBQMb?BT BM i?2 +QMi"QH H;Q Bi?K-r2 Kmbi /2i2
7Q i?72 K2+? MBbK C +Q#B M M/ i?2 /IB'2+iBQM Q7 i?2 +im iQ  7Q
K2+? MBbK DQBMi M;H2bX *QMbB/2 BM; i?2 FM22xp-9.BMi- r2 /27B
M, BM ++Q°/ M+2 rBjXI@B mQRAp2 i?2 7Q'r '/ FBM2K iB+b Q7 i?2 K
LmK2 B+ Hp Hm2b "2 /2i2°’KBM2/7°QK * . KQ/2H Q7 i?72 "Q#QiX h~

i?72 FM22 DQBMiiQi?2 +im iQ " ii +?K2MBRQ VBi?2M #&;? HBMF -
2 3
X1 .
r =R(q2)9 g; UjXkVv
Y1
2 3
. I : +8bbB§/|
r?2 R(qp) 2 R2 Bb Qi iBQM K i Bt QG)IQ£7 K X h?2 +im iQ
bBM +Qb
KQK2Mi "KBbi?2 p2+iQ  7'QK i?2 FM22 DQBMiiQi?2 +im iQ " ii +~
HBMF-Bp2M #v 2 3
X
ro=9 %L UjXjV
y2
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6B:m 2 jXk, EM22 DQBMi b+?2K iB+ b?QrBM; :2QK2i'B+ T QT2 iB2
7Q0°r "/ FBM2K iB+bX

h?2 p2+iQ° "2T 2b2MiBM; i?2 H2M:i7BQ 7i M2 mHm 20Q b

I = ro: Ujxov

h?2 +im iQ FRQ¥+M-#2 r'Bii2M b T ' Q/m+i Q7 i?2 7Q +2 K ;MBim/2

pP2+iQ  TQBMIiBM; BM i?2 /B 2+iBQM Q7 i?2 +im iQ b 7QHHQrb-

F =f I—, Ujxsv
-



jXRX .2b+ 'BTiBQM Q7 a ;Bii HSH M2 JQ/2H Rd

r?2f2 Bbi?2 K ;MBim/2 Q7 i?2 +im iQ 7Q +2X /B r K.bBl?QrBM; i?:
MFf Bb ;Bp2M BNIXgBQmM+H "BivX IbBM; i?Bb MQi iBQM-i?2 FM22 iQ"

6B:m 2 jXj, EM22 DQBMi b+?2K iB+ b?QrBM: p2+iQ b mb2/ BM i?2 F
K iB+bX HH TQbBiBQM p2+iQ b b?QrM 2 2tT 2bb2/ BM i?2 b?BM H

FMZ'_ZJh(qZ)F ; UjXeV

r?2°2 1?2 K2+? MBbK Q(@Q#B8.@ BH2X AM Q'/2" iQ KBMBKBxX2 i?2 M:
T2 ' 7Q Kp2+iQ QT2 iBQMb BM i?[X¥¢¥@Mi DQYHBH2® Bi?K+WH ~ 7mM+i
7QHHOQTrb-

vz T f i €d); Ujxdv



R3 *2 Ti2 jX / TiBp2 hQ [m2 *QMi QH H:C

r?2 2« fxp) = Jh(qz)jj:—jj Bb MQMHBM2 " 7TmM+iBQM K TTBM; i?2 +im iQ

bmHiBM; DQBMi iQ [m2 7Q° :Bp2M DQBMi M:H2Xa) b M HViB+ H 2

(X2y1  XaY2) + @bt (X1X2 + y1y2) b ByM

: UjX3V
(X2 X1 + Q@b+ y, bR+ (ys + @by, + X1 b B

f k)= P

LQi2 i? i BM i?2 2p2Mi Q7 i?2 +im iQ KQK2Mi KX 2BNM;HZ [k Qi Q
#2 2[m H iQ x2 QX h?Bb Bb 2[mBp H2Mi iQ DbBM;mH  Biv BM i?2
"Q#Qir b bT2+B7B+ HHv /2bB;M2/iQ pQB/bBM;mH "BiB2b BM i?2

" M:2 Q7 KQiBQM- M/ i?2°27Q°2 ;Bp2M i?2 ;2QK2i'B+ T°QT2 iB2b Q
UX® M/ i?2 M HQ:Qmb 7mM+iBQM 7Q  i?2 MFH2 DQBMi 2 Hr vb
i72 ?B;?HvV MQMHBNI®XE- T2 RMMUBQM Bb MQi + H+mH i2/ /B 2+iHV
BKTH2K2Mi iBQMX AMDbi2 /- MmMK2 B+ H p HXE2b-iDRbbim2biBlixaiQ/7
KQiBQM Q7 i? 2 D/@QBNREEMi2 p BbOM/2° TQHVMQKB H +m p2 7Bir b
iQi?2/ i X h?2 MmMK2 Bf(t) BBimH@MH i2/ QMHBM2 BM "2 H iBK2 pB
Q7 i?2+m p2 7BiX h?Bb "2bmHib BM bB;MB7B+ MiHv 7 bi2  + H+mH
BM/m+2/- bi?2 +Q277B+B2Mi Q7 /2i2 ' KBM iBREMI?NQ i?2 7Bir b 7Q1

q?2M +QMbB/2 BM; i?2 b ;Bii H TH M2 /vM KB+Db- i?2 KQK2Mi K 7Q
TBi+? + M #2 /2 Bp2/ BM i?2 b K2 2t +i K MM2" b i?2 FM22 TBi+? /n
+QM7B;m" iBQM Q7 i?2 MFH2 +im iQ bX 6Q  i?2 + b2 Q7 i?2 MFH!
"2bT2+iiQiQ [m2 #Qmii?2 MFH2 TBi+? tBb-i?22[m iBQM K BMi B
b X8 #mi i?2 ;2QK2i B+xTyQK2ViB2B i F2M 7 QK i?2 b?BM HBMF- b
6B;mj»@9 M/ i?2 MFH2 TBG+Bb M2 BM@pi® h®Z/Bbi M+2 p Hm2b 7Q°
FM22 M/ MFH2 +im iQ 7Q'r '/ FBM2K iB+pXR2 i #mH i2/ BM h #H2

q?BH2 i?2 bbmKTiBQM Q7 x2°Q MFH2 "QHH iQ [m2 /m2iQ i?2 irQ
2[m HBbp HB/7Q° M HvbBb Q7 i?2b ;Bii HTH M2 /vM KB+b- Bi Bb
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