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Discrete Element Modeling of Railway Ballast for Studying
Railroad Tamping Operation

Nilesh M. Dama

(ABSTRACT)

The behavior of the ballast particles during their interaction with tamping tines in tamping

operation is studied by developing a simulation model using the Discrete Element Model

(DEM), with the aim of optimizing the railroad tamping operation. A comprehensive lit-

erature review is presented showcasing the applicability of DEM techniques in modeling

ballast behavior and its feasibility in studying the fundamental mechanisms that influence

the outcome of railroad tamping process is analyzed. The analysis shows that DEM is an

excellent tool to study tamping operation as its important and unprecedented insights into

the process, help not only to optimize the current tamping practices but also in the devel-

opment of novel methods for achieving sustainable improvements in the track stability after

tamping. The simulation model is developed using a commercially available DEM software

called (Particle Flow Code 3D).

A detailed explanation is provided about how to set up the DEM model of railway ballast

considering important parameters like selection and calibration of particle shapes, ballast

mechanical properties, contact model, and parameters governing the contact force models.

Tamping operation is incorporated into the simulation model using a half-track layout with

a highly modular code that enables a high degree of adjustability to allow control of all

process parameters for achieving optimized output. A parametric study is performed to find

the best values of tine motion parameters to optimize the linear tamping efficiency and a

performance comparison has been made between linear and elliptical tamping. It is found

that squeeze and release velocity of the tines should be lesser for better compaction of the

particles and linear tamping is better compared to elliptical tamping.



Discrete Element Modeling of Railway Ballast for Studying
Railroad Tamping Operation

Nilesh M. Dama

(GENERAL AUDIENCE ABSTRACT)

Railway track stability is the resistance of the tracks to deformation and is affected by

the rail traffic, ballast fouling (contamination of ballast) and the changing environmental

conditions. The track stability depends on the normal and frictional support provided by the

ballast to the sleepers. Non-uniform ballast consolidation below the railway sleeper results in

erratic wheel-rail contact forces, low traffic speeds, poor ride quality, and derailments. Thus,

tamping is a railway track maintenance method done periodically on the railway tracks to

ensure track stability. Tamping process involves compacting the railroad ballast underneath

the sleeper. The sleeper is lifted by a desired height and then vibrating tamping tools called

tines are inserted into the ballast below the sleeper to fill the void created by lifting of the

sleeper and the sleeper is dropped back on to the ballast. So, it is important to understand

the ballast mechanics, dynamics and ballast’s behavioral response to the tamping operation.

Since large scale experiments such as this are difficult, this operation has been simulated in

a commercially available software called using a Discrete Element Model (DEM) to

represent the railway ballast.

It is shown through a simulation that though spherical particles provide better computational

efficiency, they cannot capture the exact ballast behavior like clumps (a collection of spherical

pebbles). So using clumps to represent ballast, efforts are made to optimize the linear

tamping efficiency. This is done by changing the values of parameters like tine amplitude,

tine frequency, insertion velocity and squeeze velocity and finding their optimum values.

Linear tamping results are compared with elliptical tamping. Thus, an optimum tamping

cycle would help save money spent on the track maintenance activities.
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Railroads all over the world spend around several billion dollars on the maintenance of their

existing infrastructure and assets (roughly 20% of their budget). Almost 58% of this amount

is spent on maintaining tracks and substructure [1]. In 1945, mechanized railway track

maintenance was implemented so that the track stability can be enhanced and the precision

of the track geometry can be improved. The running speeds of trains have increased over

the years and for them, the precision of transitions and curves has also increased. Thus, the

track should be accurately maintained to its designed geometry with the help of equipment

and processes. Wear of the rolling stock is reduced because of the smoother, reliable and

accurate track geometry thereby being an important economical factor and hence is a major

aim for the railway industry [2]. Tamping is a track maintenance activity that is used for

the elimination of defects in the track geometry and to correct the spatial alignment of the

rail tracks. This is one of the very important track maintenance activities that influence the

overall track maintenance costs for the railroads and can potentially help in saving about

$9,500 per mile annually.

The optimal tamping procedure is often a point of debate among the leading rail engineers

and railroad companies [3]. Many researchers have worked and tried to study the effects

of various parameters of the tamping process like vibration frequency, amplitude, depth of
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2 Chapter 1. Introduction

insertion, etc. on the resulting ballast compaction, but there is still a lack of agreement

on the ideal tamping cycle routine and the value of the tine motion parameters for the

ideal tamping cycle. One of the reasons for this is the development of the tamping process

being predominantly based on physical experimentation with less theoretical formulation.

American railroad companies rely on the tamping equipment manufacturers for aggrandizing

tamping technology and these manufacturers often claim their own values and practices as

favorable. This makes it difficult to follow one standard practice while performing a tamping

cycle. For example, three different manufacturers claim three different vibrating frequencies

as an optimum value - 35 Hz, 42 Hz and 50 Hz. Of course, the tamping machines aren’t the

same and differ in terms of the design of tamping tools (tines) and the nature of vibration

used while inserting these tines into the ballast. Since tamping is such an important railway

activity, the advancement of tamping techniques is an area of active research for the railway

(railroad) companies.

Railway ballast is a complex system that is difficult to model as a dynamic problem using

theoretical models to estimate their response behavior to any kind of disturbance. Mostly,

empirical and semi-empirical methods of scientific development have paved the way for the

advancement of tamping technology. Several experimentalists such as Audley, Andrews

[4], Koc et al. [5], Soleimanmeigouni et al. [6], etc. have set up experiments using full-

scale model and have collected track alignment data over long periods of time to develop

mathematical models for prediction of the track settlement. No matter how good a full-scale

model experiment may sound, such research methods have long incubation periods, need high

capital investments and take lots and lots of time (possibly years in some cases). Another

issue with such tests is the measurement of ballast compaction that cannot be practically

measured in realistic conditions.

The advent of computers and an increase in computational prowess have paved the way



1.2. Objective 3

for techniques like Distinct Element Modeling (also called Discrete Element Modeling) to be

used as a powerful technique to solve and understand complex granular systems. DEM allows

mathematical modeling of the dynamic behavior of ballast for different tamping parameters

by resolving each inter-particle contact individually. Forces at each contact point amongst

ballast particles are calculated based on pre-determined force-laws and the resulting kinemat-

ics of all ballast particles are determined. Consequently, the collective behavior of railroad

ballast can not only be studied for different physical and forcing conditions but accurately

predicted as well. The entire tamping process can be simulated in a virtual environment and

its effect on track stability can be studied, obviating the requirement of extensive physical

testing. Therefore, numerical simulation of the tamping process is an invaluable tool for

railroad engineers for validating their current tamping practices and radically accelerating

the development of the process and the equipment in the future.

The work presented in this thesis highlights the efforts taken by Virginia Tech Railway

Technologies Laboratory (VT RTL) in developing a simulation model to study the complex

dynamics of railway ballast. The simulation model has been extended further to study the

tamping process and can be modified for performing several other advanced studies involving

the railroad ballast.

The goal of this project is to develop a simulation model to understand the tamping process

and eventually study track alignment, track stability, ballast gradations and ballast degra-

dation. The following steps were taken to achieve this goal:

1. Find the best way to model tamping dynamics trying to include all the necessary relevant

parameters as practiced by the railway industry professionals.
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2. Evaluate the modeling means that would accurately and adequately represent tamping

dynamics.

3. Determine the limitations of the simulation model, e.g. simulation runtime, errors, com-

plexity, etc.

4. Run test cases and parametric studies to understand the tamping operation.

5. Evaluate results from parametric studies to suggest better practices to be adopted to

increase the tamping efficiency.

The approach adopted to achieve the required objective involved a series of smaller steps as

explained below:

1. Determine the applicability of DEM techniques in studying the railway ballast dynamics.

2. Perform a literature survey to identify the most recent and practical DEM practices,

suited for the railway ballast simulation.

3. Compare DEM software packages and select a suitable package and hardware as per the

software requirements.

4. Calibrate the model parameters for the accuracy of the model and to reduce the simulation

runtime.

5. Establish a simulation model to generate and study ballast motion.

6. Extend this ballast model to a fully-developed model capable of studying the tamping

operation.

DEM helps in the determination of certain physical properties of granular systems that

cannot be measured directly experimentally or is very difficult to do it experimentally in

practice. DEM also helps in the study of the effects of unquantifiable variables like particle
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shape and angularity. A literature survey conducted helped VT RTL researchers understand

the different types of modeling methodologies available to simulate railway ballast. These

methods were different in terms of the parameters being studied, e.g. particle velocities,

frequency of inter-particle collisions, solid fraction and compaction of particles inside the

assembly, etc. The modeling methodologies not useful for the general objective of this

research are out of the scope of this document and thus have not been discussed here. The

important information required to study and perform this research, that was obtained from

various other sources (journal papers, books, discussions, conference proceedings, etc.) have

been cited and referenced in this document with thorough careful consideration.

The software selection for this project was done after comparing various available soft-

ware packages and analyzing their costs, functionality, features, usability, versatility, user-

friendliness, customer support, etc. by the ITASCA Consulting Group was chosen

for the project after trying some open source codes (YADE, ESyS-Particle and LIGGGHTS)

available online. Careful selection of parameters like material properties, contact physics,

particle shapes, etc. was done to represent the real world conditions and a model to generate

ballast was created. The properties were then calibrated by changing the parameter values

(increase and decrease) by a power of ten to see if there occurs a significant change in the

output results and simulation runtime. The precision and accuracy of the model are also

other important factors carefully given consideration while setting up the model. By adding

tines and a railway sleeper (railroad tie), the tamping model is completed and parametric

studies are performed by changing the values of essential tine motion parameters.
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The work presented in this report is an extension to the work done previously by Mr. Ashish

Jain, who was a researcher at the Railway Technologies Laboratory at Virginia Tech. His

work included performing tests to determine what particle shape should be used to represent

ballast. The tests done to identify these and the results obtained are explained in more detail

in Section 5.1.

The focus of this project is to advance the previous work done by Mr. Ashish and study

the effect of the tamping process on the ballast. For this, a tamping model is set up using

clumps where a single clump is made by a combination of 2 spheres. The simulation model

is modified enough so that the results obtained can be trusted completely. This research

also considers different tine motions during tamping, such as linear and elliptical tamping.

Parametric studies were performed to identify the best values of tine motion parameters to

get the best tamping performance. Thus, the results obtained from this work advance our

knowledge in the field of tamping by helping us understand the effect of particle shape, tine

motion, etc. and various other factors involved in the tamping process.

Thus, the previous research done by Mr. Ashish focused on the particle shape selection. The

work done in this research extends that research and focuses more on studying the tamping

process, the effect of tine motion on the ballast and identifying the best set of values of tine

motion parameters required to obtain the best tamping performance.

Following are some of the contributions from this research:

1. Provide a better understanding of DEM application techniques to model the railway

ballast.

2. Determining important elements of DEM methodology like contact force laws, material

properties selection, particle gradations, etc. for modeling the ballast behavior.
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3. Selection of particle shape to accurately depict the ballast dynamic behavior.

4. Developing a routine to replicate a complex arbitrarily shaped ballast particle using 3D

scanning techniques.

5. Establishment of a complete simulation model to study the tamping operation and the

interaction of sleeper and tamping tines with the ballast.

6. Parametric studies to identify the best set of values of tine motion parameters for linear

tamping.

7. Finding out that linear tamping is better than elliptical tamping.

Such virtual environment simulations reduce the capital investment and time required to

study such processes. Thus, DEM has a lot of potential in accelerating the progress of

designing of track designs and maintenance activities. An improvement in the tamping

efficiency would save rail companies a lot of money due to longer maintenance cycles.

Chapter 2 (Background) of this document talks about an extensive literature review on track

stability, tamping and DEM. The resultant track stability after tamping is a function of the

ballast state. Thus, due to this reason, the applicability and feasibility of DEM techniques

in simulating ballast behavior to study tamping have been discussed.

Chapter 3 (Model Development) gives a general introduction of the software followed

by important features related to the software and the model generated inside the

environment. Modeling methodology, general solution procedure and general commands and

terminologies related to the model have been discussed.

Chapter 4 (Model Components) reveals in detail about the working of the software as

discussed in Section 4.1. This chapter basically helps the reader understand what happens
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behind the code. Important available particle shapes like balls, clumps and walls are dis-

cussed along with their features, specialties, etc. The most important part of this chapter is

about the modeling of contact physics which forms the very basis of how the ballast particles

would behave when they come in contact with each other. The most relevant contact mod-

els along with the mathematical formulas used by them to establish and represent accurate

contact physics between the particles have been discussed. Configuration of the physical

parameters involved in the mathematical formulation of these discussed contact models has

also been explained.

Chapter 5 (Simulation Model) discusses the effect of ballast particle shape and size distribu-

tion called gradation on track stability. The results of DEM simulation have been provided

to support the stated claims. Spherical and irregularly shaped ballast particles performance

is compared and their results have been analyzed. The initial and boundary conditions, as

well as input and output parameters have been encapsulated. The final simulation model

created in , consisting of 5 stages has been explained in-depth with the underlying as-

sumptions as per the information flow of the model. At last, the parametric studies and the

type of studies that have been performed have been presented.

Chapter 6 (Results and Discussion) analyzes and summarizes the results obtained after

performing parametric studies. Chapter 7 (Conclusions) discusses the potential applications

of the developed simulation model beyond the tamping operation.



A representation of a cross-section of railway track structure with its various components is

shown below in Figure 2.1:

Figure 2.1: Structure of a ballasted railway track

This top component comprises of the rails, fasteners and sleepers. Fasteners and sleepers are

used to maintain rail position and alignment. Train wheels only come in contact with the

two rails.

9
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This bottom component comprises of the ballast, sub-ballast and subsoil. This component

transfers traffic loads from the superstructure (via sleepers) to the ground (via ballast). This

component is also responsible for maintaining the alignment of the superstructure and to

provide drainage for water. Ballast and sub-ballast are granular aggregates of randomly

crushed stones and are usually made of materials like basalt, granite, limestone, gravel, etc.

Due to repeated loading imposed by the traffic, the ballast is non-uniformly consolidated

below the sleepers. As a result, a number of long-wavelength defects are introduced in the

track geometry [7] and the vertical alignment of the track is disturbed. This is called track

settlement. Figure 2.2 shows defects in the track geometry cased due to settlement of the

ballast.

Figure 2.2: Defects in railway track geometry [8]

Track stability can be defined as the resistance offered by the tracks to misalignment in the

1. vertical and

2. lateral direction.



2.1. Railway Tracks and Tamping 11

Thermal stresses, drainage, etc. are some of the factors affecting track stability. It is primar-

ily influenced by sleeper displacement resistance. Track stability in the vertical direction is

directly dependent on the ballast compaction directly below the sleeper [1]. The higher is the

compaction, the lower the settlement of track below its initial level. The ballast compaction

below the sleepers cannot be found out directly by experiments. So, vertical track settlement

is measured as an amount of settlement over time or cumulative loading or by manipulating

compaction levels in the lab. Traffic speed, axle loads and traffic density are other factors

influencing the ballast resistance and thus the vertical track settlement.

Buckling could occur due to high thermal stresses or due to the presence of the uneven forces

in the lateral direction. Figure 2.3 shows the buckling of tracks in the lateral direction due

to thermal stresses. Lateral track stability as the name suggests is the resistance of the

railway track to displacement in the lateral direction. Friction between the ballast particles

and sleepers, and normal resistance to the lateral displacement of the sleepers by the ballast

influence the lateral track stability [1]. The friction generated between the ballast and

sleepers is influenced by the value of the normal load on the track, compaction of ballast

around sleepers, and the number of ballast particles directly in contact with the sleepers.

Figure 2.3: Buckling of tracks in lateral direction [9]
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Defects in track geometry, both in vertical and in lateral directions, arising due to insuffi-

cient support from railway ballast are undesirable because they lead to low traffic speeds,

fluctuating wheel-rail contact forces, deterioration of ride quality for passengers, and in ex-

treme cases, derailment. Hence, it is utmost important to correct such defects as a part of

track maintenance activity, as soon as possible or prevent them from happening altogether.

Tamping is the track maintenance process used to restore the track settlement by lifting the

track and sleeper at a location where they settled. This is done by mechanically lifting the

track and sleeper and then squeezing the surrounding ballast below the raised sleepers. The

goal of the tamping process is to achieve the maximum possible ballast compaction below

the sleepers while also taking care of the damage caused or particle breakage of the ballast

particles that may occur due to the high squeezing forces that may be generated during the

squeezing phase of the tamping process. Tamping machines, or tampers, traverse on rails

and perform tamping of ballast below every sleeper in a repetitive manner. Figure 2.4 shows

a tamper in operation.

Figure 2.4: Tamping machine in operation [10]
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A single tamping cycle consists of the following 5 steps:

Tamper lifts the track and sleeper by a certain height which is decided based on the track

settlement. A small amount of compensation must always be included in the calculation to

account for the initial track settlement after the sleeper and then rail is dropped back onto

the ballast after the tamping cycle. The usual gain achieved in track height ranges from

20-70 mm. A minimum lift of 20 mm is often recommended to ensure that enough space is

created below lifted sleepers to squeeze ballast particles below them [1]. While lifting the

tracks, the tamper can also correct the lateral track position.

Tines are the tamping tools that get inserted into the ballast. Usually, for each sleeper there

are eight tines, four on each rail (two on each side of each rail). So, a single rail would have

two tines inserted to the left of it and two to the right of it. However, tines with a higher

or lesser number are also developed by some manufacturers. The tines follow a vibratory

motion throughout the tamping cycle since this helps to reduce the resistance to their motion

by the ballast.

Perhaps the most striking characteristic of a granular material is its dual nature of behaving

as a solid or fluid . Even though the individual particles are solid, the tendency of the ballast

aggregate to flow readily is a fluidic property. This is actually in contrast with the fixed

geometric form property that solids possess as explained by Deresiewicz [11].

It is said that ballast liquefies locally when subjected to vibrating tines and with a higher

vibrating frequency of tines, higher liquefaction of the ballast occurs. At lower vibrating

frequencies, tines cannot effectively mobilize the ballast particles and power required for

the operation increases thereby increasing the total cost of the operation. Also, a stable

consolidation of particles cannot happen at higher frequencies due to the high mobility of
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ballast particles. Tine motion parameters like frequency, amplitude, nature of oscillation

vary from manufacturer to manufacturer. While the effect of different vibration behaviors

of tines on ballast is well researched, an appropriate set of values of vibration parameters

required for minimizing track settlement after tamping is considered ambiguous.

The depth of the insertion of tines is another important parameter widely discussed about.

This depth depends on the shape of tines as well, but usually the tines are inserted until

their top edge or face is 10-20 mm below the bottom face of the sleepers [1].

Figure 2.5 shows the squeezing of the ballast below the sleeper. Tines squeeze ballast with

constant pressure, irrespective of the amount of travel required to attain that particular

pressure.

Figure 2.5: Squeezing of ballast below the sleeper [12]
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There are two types of squeezing possible:

1. Asynchronous (Non-synchronous):

Here, the tines don’t travel the same amount. This has two major advantages. First, voids

below the sleepers may be of varying sizes and using constant pressure to squeeze the ballast

ensures a certain level of ballast compaction irrespective of the void size. The value of

pressure used by various manufacturers, normally lies between 100 to 150 bar. Since the

tamper moves along the rail in one direction, this means that at any given instant, the one

side of the new sleeper is tamped due to the tamping done on the adjacent sleeper in the

previous cycle. Thus, the condition of ballast below sleeper is not symmetric and the non-

synchronous action of tines helps mitigate the difference by adjusting the required travel to

squeeze the ballast to the same pressure on either side.

2. Synchronous:

Both the tines, i.e, tines on the left and right travel the same amount. The problem here

may arise if the ballast is not equal or one side is fouled and the other is not. This means

one side of the sleeper would offer more resistance to the tine motion while other would not

and thus equal pressure even though it would be applied to the tines, it won’t reflect the

same way on the ballast.

The ballast particles take a finite amount of time to rearrange themselves while being

squeezed and after the squeezing phase. Thus, the squeezing velocity (related to squeez-

ing pressure) and the amount of time for which the tines hold their position after desired

squeeze pressure is applied, influences the compaction level of the ballast after tamping.

After the squeezing phase, tines are moved horizontally outwards to a point where they

can be lifted up. They are moved out horizontally till the same point where the tines were

positioned after the insertion stage.
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This is the last step following the Release stage where the tines are lifted vertically upwards

and then these tines move on to tamp the next sleeper. The velocity of release and withdrawal

of tines affect the loss of compaction that occur after the withdrawal. There is a compromise

here as well. If the withdrawal velocity is less, it minimizes the disturbance to the squeezed

ballast and results in better compaction, however, it increases the overall time required to

tamp a single sleeper and thus it considerably adds up to the total time required to tamp a

particular section of a track.

Tamping is also done to improve the quality of the rail track to reduce its rate of settlement

in the future. However, the improvement achieved after tamping majorly depends on the

initial quality before tamping [1]. No doubt that tamping is an excellent way of improving

track settlement rates, but it is also responsible for reducing the lateral track stability by up

to 60% [13]. So tamping operation is usually followed by other track stabilizing operations

such as stone blowing, dynamic track stabilization, etc.

Granular systems are disordered aggregates of a large number of particles, characterized

by abrupt changes in mass density, anisotropy, non-conservative internal forces and irre-

versible deformations of constituent bodies. Traditionally, granular assembly behavior has

been modeled using the assumptions of continuous mass density and homogeneity. But such

approaches are only suitable for predicting specifically targeted macroscopic parameters of

the subject granular assembly for a small range of input conditions. Parameters and con-

stants used in such models don’t correspond to any actual physical properties in most cases.

DEM, on the other hand, considers the discontinuous nature of granular systems and allows
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�� �K�Q�/�2�H ���M���H�v�b�B�b �`�2�[�m�B�`�2�b �� �p���`�B�2�i�v �Q�7 �/���i���X �6�Q�` �;�2�Q�K�2�+�?���M�B�+�b�- �i�?�2�b�2 �B�M�+�H�m�/�2 �(�R�N�)�,

�;�2�Q�K�2�i�`�v �/�2�i���B�H�b �U�2�X�;�X�- �T�`�Q�7�B�H�2 �Q�7 �m�M�/�2�`�;�`�Q�m�M�/ �Q�T�2�M�B�M�;�b�- �b�m�`�7���+�2 �i�Q�T�Q�;�`���T�?�v�- �/���K �T�`�Q�7�B�H�2�-

�`�Q�+�F�f�b�Q�B�H �b�i�`�m�+�i�m�`�2�V�c

�K���i�2�`�B���H �#�2�?���p�B�Q�` �U�2�X�;�X�- �T�Q�b�i�@�7���B�H�m�`�2 �#�2�?���p�B�Q�`�- �2�H���b�i�B�+�f�T�H���b�i�B�+ �T�`�Q�T�2�`�i�B�2�b�V�c

�;�2�Q�H�Q�;�B�+ �b�i�`�m�+�i�m�`�2 �H�Q�+���i�B�Q�M�b �U�2�X�;�X�- �D�Q�B�M�i �b�2�i�b�- �7���m�H�i�b�- �#�2�/�/�B�M�; �T�H���M�2�b�V�c

�B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �U�2�X�;�X�- �T�Q�`�2 �T�`�2�b�b�m�`�2�b�- �B�M�@�b�B�i�m �b�i���i�2 �Q�7 �b�i�`�2�b�b�- �b���i�m�`���i�B�Q�M�V�c ���M�/

�2�t�i�2�`�M���H �H�Q���/�B�M�; �U�2�X�;�X�- �T�`�2�b�b�m�`�B�x�2�/ �+���p�2�`�M�- �2�t�T�H�Q�b�B�p�2 �H�Q���/�B�M�;�V�X �� �`�2���b�Q�M���#�H�2 �`���M�;�2 �Q�7 �T���`���K�@

�2�i�2�`�b �K�m�b�i �#�2 �i�?�m�b �b�2�H�2�+�i�2�/ �7�Q�` �i�?�2 �B�M�p�2�b�i�B�;���i�B�Q�M �Q�7 �T���`���K�2�i�2�`�b �B�M�p�Q�H�p�B�M�; �H���`�;�2 �m�M�+�2�`�i���B�M�i�B�2�b�X

�a�i�2�T �8�, �S�`�2�T���`�2 �� �b�2�`�B�2�b �Q�7 �/�2�i���B�H�2�/ �K�Q�/�2�H �`�m�M�b

�q�?�B�H�2 �T�`�2�T���`�B�M�; �� �b�2�i �Q�7 �K�Q�/�2�H �`�m�M�b �7�Q�` �+���H�+�m�H���i�B�Q�M�- �b�2�p�2�`���H ���b�T�2�+�i�b �b�?�Q�m�H�/ �#�2 �+�Q�M�b�B�/�2�`�2�/�X

�>�Q�r �K�m�+�? �i�B�K�2 �r�Q�m�H�/ �#�2 �`�2�[�m�B�`�2�/ �7�Q�` �2���+�? �K�Q�/�2�H �+���H�+�m�H���i�B�Q�M�\ �J�Q�/�2�H �`�m�M�i�B�K�2�b �b�?�Q�m�H�/�M�ö�i

�#�2 �2�t�+�2�b�b�B�p�2�X �S���`���K�2�i�2�`�b �b�?�Q�m�H�/ �#�2 �p���`�B�2�/ �Q�M �K�m�H�i�B�T�H�2 �+�Q�K�T�m�i�2�`�b �i�Q �b�?�Q�`�i�2�M �i�?�2 �i�Q�i���H �+�Q�K�@

�T�m�i���i�B�Q�M���H �i�B�K�2�X �h�?�2 �b�i���i�2 �Q�7 �i�?�2 �K�Q�/�2�H �b�?�Q�m�H�/ �#�2 �b���p�2�/ ���i �b�2�p�2�`���H �B�M�i�2�`�K�2�/�B���i�2 �b�i���;�2�b �b�Q



�j�X�k�X �J�Q�/�2�H�B�M�; �J�2�i�?�Q�/�Q�H�Q�;�v �j�j

�i�?���i �M�Q �B�M�7�Q�`�K���i�B�Q�M �B�b �H�Q�b�i �B�M �+���b�2 �Q�7 ���M�v ���+�+�B�/�2�M�i���H �b�?�m�i�/�Q�r�M �Q�` �B�7 �v�Q�m �M�2�2�/ �i�Q �`�2�@�`�m�M �i�?�2

�b�B�K�m�H���i�B�Q�M �7�`�Q�K �� �T���`�i�B�+�m�H���` �T�Q�B�M�i �r�B�i�? �� �M�2�r �p���`�B�2�/ �T���`���K�2�i�2�` �i�?�B�b �i�B�K�2�X ���H�b�Q�- �i�?�B�b �b���p�2�b

�i�B�K�2 �b�B�M�+�2 �v�Q�m �/�Q�M�ö�i �?���p�2 �i�Q �`�m�M �2�p�2�`�v�i�?�B�M�; �7�`�Q�K �i�?�2 �b�i���`�i ���;���B�M�X �h�?�2 �m�M�#���H���M�+�2�/ �7�Q�`�+�2 �B�M

�i�?�2 �b�v�b�i�2�K �b�?�Q�m�H�/ ���H�r���v�b �#�2 �K�Q�M�B�i�Q�`�2�/ �i�Q �+�?�2�+�F �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �Q�` �;�`���M�m�H���`�@�7�H�Q�r �b�i���i�2 ���i

�2���+�? �b�i���;�2 �Q�7 �i�?�2 ���M���H�v�b�B�b�X

�a�i�2�T �e�, �S�2�`�7�Q�`�K �i�?�2 �K�Q�/�2�H �+���H�+�m�H���i�B�Q�M�b

�A�i �B�b ���H�r���v�b �� �;�Q�Q�/ �B�/�2�� �i�Q �`�m�M �i�?�2 �b�K���H�H�2�` �#�H�Q�+�F�b �Q�7 �+�Q�/�2 ���M�/ �2�M�b�m�`�2 �2�p�2�`�v �H�B�M�2 �Q�7 �+�Q�/�2 �B�b

�r�Q�`�F�B�M�; �+�Q�`�`�2�+�i�H�v�X �h�?�2�M�- �Q�M�2 �b�?�Q�m�H�/ �/�Q �Q�M�2 �Q�` �i�r�Q �/�2�i���B�H�2�/ �K�Q�/�2�H �`�m�M�b �#�2�7�Q�`�2 �H���m�M�+�?�B�M�; ��

�b�2�`�B�2�b �Q�7 �`�m�M�b�X �P�M�+�2 �B�i �?���b �#�2�2�M �2�M�b�m�`�2�/ �i�?���i �`�2�b�T�Q�M�b�2 �B�b ���b �2�t�T�2�+�i�2�/�- �b�2�p�2�`���H �K�Q�/�2�H �/���i��

�7�B�H�2�b �+���M �#�2 �H�B�M�F�2�/ �i�Q�;�2�i�?�2�` �i�Q �`�m�M �� �M�m�K�#�2�` �Q�7 �b�B�K�m�H���i�B�Q�M�b �B�M �b�2�[�m�2�M�+�2�X

�a�i�2�T �d�, �S�`�2�b�2�M�i �`�2�b�m�H�i�b �7�Q�` �B�M�i�2�`�T�`�2�i���i�B�Q�M

�� �;�`���T�?�B�+���H �Q�m�i�T�m�i �Q�7 �Q�#�i���B�M�2�/ �`�2�b�m�H�i�b �b�?�Q�m�H�/ �#�2 �+�`�2���i�2�/ �7�Q�` �2�7�7�B�+�B�2�M�i ���M���H�v�b�B�b�X �S�H�Q�i�b �b�?�Q�m�H�/

�+�H�2���`�H�v �`�2�7�H�2�+�i �i�?�2 �`�2�;�B�Q�M�b �Q�7 �B�M�i�2�`�2�b�i �7�`�Q�K �i�?�2 ���M���H�v�b�B�b �b�m�+�? ���b �H�Q�+���i�B�Q�M�b �Q�7 �+���H�+�m�H���i�2�/ �H�Q���/

�+�Q�M�+�2�M�i�`���i�B�Q�M�b �Q�` ���`�2���b �Q�7 �b�i���#�H�2 �K�Q�p�2�K�2�M�i �p�2�`�b�m�b �m�M�b�i���#�H�2 �K�Q�p�2�K�2�M�i �B�M �i�?�2 �K�Q�/�2�H�X ���H�b�Q�-

�i�?�2 �m�b�2�` �b�?�Q�m�H�/ �b�2�i �m�T �i�?�2 �K�Q�/�2�H �B�M �� �r���v �i�?���i �?�2 �?���b �i�?�2 �M�m�K�2�`�B�+ �p���H�m�2�b �Q�7 �i�?�2 �T���`���K�2�i�2�`�b

�?�2 �B�b �K�Q�M�B�i�Q�`�B�M�; ���i ���M�v �T�Q�B�M�i �7�Q�` �/�2�i���B�H�2�/ �m�M�/�2�`�b�i���M�/�B�M�; ���M�/ �B�M�i�2�`�T�`�2�i���i�B�Q�M�X

�E�2�2�T�B�M�; ���H�H �i�?�2 ���#�Q�p�2 �d �b�i�2�T�b �B�M �K�B�M�/�- �i�?�2�S�6�* �K�Q�/�2�H �7�Q�` �i�?�2 �i���K�T�B�M�; �T�`�Q�+�2�b�b �B�b �+�`�2���i�2�/

���M�/ �B�b �2�t�T�H���B�M�2�/ �B�M �;�`�2���i�2�` �/�2�i���B�H �B�M �*�?���T�i�2�`�8�X

�j�X�k�X�k �A�K�T�Q�`�i���M�i �*�Q�M�b�B�/�2�`���i�B�Q�M�b

�k�. �p�2�`�b�m�b �j�. �K�Q�/�2�H�b

�_�m�M�i�B�K�2�b �7�Q�` �k�. �K�Q�/�2�H�b ���`�2 �H�2�b�b �+�Q�K�T���`�2�/ �i�Q �i�?�2�B�` �j�. �+�Q�m�M�i�2�`�T���`�i�b �b�B�M�+�2 �i�?�2�v �?���p�2 �H�2�b�b�2�`

�/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K �U�B�X�2�X�- �Q�M�H�v �i�r�Q �7�Q�`�+�2 �+�Q�K�T�Q�M�2�M�i�b ���M�/ �Q�M�2 �K�Q�K�2�M�i �+�Q�K�T�Q�M�2�M�i �2�t�B�b�i �B�M ��

�S�6�*�k�.�K�Q�/�2�H�- ���b �Q�T�T�Q�b�2�/ �i�Q �i�?�2 �i�?�`�2�2 �7�Q�`�+�2 �+�Q�K�T�Q�M�2�M�i�b ���M�/ �i�?�`�2�2 �K�Q�K�2�M�i �+�Q�K�T�Q�M�2�M�i�b



�j�9 �*�?���T�i�2�` �j�X �J�Q�/�2�H �.�2�p�2�H�Q�T�K�2�M�i

�i�?���i �2�t�B�b�i �B�M �� �i�?�`�2�2�@�/�B�K�2�M�b�B�Q�M���H �T���`�i�B�+�H�2 ���b�b�2�K�#�H�v�V�X �a�Q �B�M �2���`�H�B�2�` �b�i���;�2�b�- �i�Q �+�Q�M�+�2�T�i�m���H�B�x�2

�i�?�2 �T�`�Q�#�H�2�K ���M�/ �m�M�/�2�`�b�i���M�/ �i�?�2 �b�v�b�i�2�K �`�2�b�T�Q�M�b�2�- �B�i �B�b ���/�p�B�b���#�H�2 �i�Q �`�m�M �k�. �b�B�K�m�H���i�B�Q�M�b�X

�S�Q�`�Q�b�B�i�v �B�b �/�2�7�B�M�2�/ �B�M �;�2�M�2�`���H ���b �� �`���i�B�Q �Q�7 �p�Q�B�/ �/�B�K�2�M�b�B�Q�M �i�Q �i�Q�i���H �/�B�K�2�M�b�B�Q�M�X �A�M�S�6�*�k�.�-

�B�i �B�b �/�2�7�B�M�2�/ ���b �i�?�2 �`���i�B�Q �Q�7 �i�Q�i���H �p�Q�B�/ ���`�2�� �i�Q �i�?�2 �i�Q�i���H ���`�2�� ���M�/ �B�M�S�6�*�j�.�- �B�i �B�b �/�2�7�B�M�2�/ ���b

�i�?�2 �`���i�B�Q �Q�7 �i�Q�i���H �p�Q�B�/ �p�Q�H�m�K�2 �i�Q �i�?�2 �i�Q�i���H �p�Q�H�m�K�2�X �h�?�2�`�2 �B�b �M�Q �/�B�`�2�+�i �`�2�H���i�B�Q�M �#�2�i�r�2�2�M �k�.

�T�Q�`�Q�b�B�i�v ���M�/ �j�. �T�Q�`�Q�b�B�i�v �p���H�m�2 �7�Q�` ���`�#�B�i�`���`�v ���b�b�2�K�#�H�B�2�b �Q�7 �b�T�?�2�`�B�+���H �T���`�i�B�+�H�2�b�X �A�i �B�b �b�?�Q�r�M

�#�v �.�2�`�2�b�B�2�r�B�+�x �(�R�R�) �i�?���i �i�?�2 �+�H�Q�b�2�b�i �Q�7 ���H�H �`�2�;�m�H���` �T���+�F�B�M�; �Q�7 �m�M�B�7�Q�`�K �b�T�?�2�`�2�b �B�M �j�. �?���b

�� �T�Q�`�Q�b�B�i�v �Q�7 �y�X�k�8�N�8�- �r�?�B�H�2 �i�?�2 �+�H�Q�b�2�b�i �Q�7 ���H�H �`�2�;�m�H���` �T���+�F�B�M�; �Q�7 �m�M�B�7�Q�`�K �+�B�`�+�H�2�b �B�M �k�. �?���b

�� �T�Q�`�Q�b�B�i�v �Q�7 �y�X�y�N�j�R�X �h�?�2�b�2 �T�`�2�b�2�M�i�2�/ �p���H�m�2�b ���`�2 �i�?�2 �i�?�2�Q�`�2�i�B�+���H �H�Q�r�2�b�i �p���H�m�2�b �Q�7 �T�Q�`�Q�b�B�i�v

�T�Q�b�b�B�#�H�2 �B�M �i�?�2 ���#�b�2�M�+�2 �Q�7 ���M�v �2�t�i�2�`�M���H �+�Q�K�T�`�2�b�b�B�p�2 �7�Q�`�+�2�b ���+�i�B�M�; �Q�M �i�?�2 �b�v�b�i�2�K ���M�/ �r�B�i�? �M�Q

�T���`�i�B�+�H�2 �B�M�i�2�`�T�2�M�2�i�`���i�B�Q�M�X �h�?�B�b �b�?�Q�r�b �i�?���i �B�M �;�2�M�2�`���H�- �i�?�2 �p�Q�B�/ �b�T���+�2 �B�M �� �j�. ���b�b�2�K�#�H�v �r�Q�m�H�/

�#�2 �K�Q�`�2 �i�?���M �i�?���i �B�M �� �k�.�X �h�?�2 �T���`�i�B�+�H�2�b �m�b�m���H�H�v �õ�H�Q�+�F�@�m�T�ö �#�2�7�Q�`�2 �`�2���+�?�B�M�; �i�?�B�b �B�/�2���H �Q�T�i�B�K���H

�T���+�F�B�M�; �+�Q�M�/�B�i�B�Q�M ���M�/ �i�?�m�b �B�M �i�?�2 �`�2���H �K���i�2�`�B���H�- �T�Q�`�Q�b�B�i�B�2�b ���`�2 �?�B�;�?�2�`�X

�h�?�2 �*�Q�Q�`�/�B�M���i�B�Q�M �M�m�K�#�2�` �/�2�7�B�M�2�/ ���b �i�?�2 ���p�2�`���;�2 �M�m�K�#�2�` �Q�7 �+�Q�M�i���+�i�b �T�2�` �T���`�i�B�+�H�2 �B�b ���M�Q�i�?�2�`

�B�K�T�Q�`�i���M�i �+�?���`���+�i�2�`�B�b�i�B�+ �`�2�H���i�2�/ �i�Q �T���+�F�B�M�;�X �A�M �i�?�2 �T���T�2�` �T�`�2�b�2�M�i�2�/ �#�v ���;�M�Q�H�B�M�- �_�Q�m�t �(�8�8�)�-

�i�?�2 ���m�i�?�Q�`�b �b�?�Q�r �i�?���i �i�?�2 �+�Q�Q�`�/�B�M���i�B�Q�M �M�m�K�#�2�`�- �`���i�?�2�` �i�?���M �i�?�2 �T�Q�`�Q�b�B�i�v�- �/�B�+�i���i�2�b �i�?�2 �b�K���H�H�@

�b�i�`���B�M �K�2�+�?���M�B�+���H �`�2�b�T�Q�M�b�2 �Q�7 �/�2�M�b�2�- �B�b�Q�i�`�Q�T�B�+�- �7�`�B�+�i�B�Q�M���H ���b�b�2�K�#�H�B�2�b �B�M �i�?�2 �`�B�;�B�/ �;�`���B�M �H�B�K�B�i�X

���M �m�T�T�2�` �#�Q�m�M�/ �H�B�K�B�i �Q�M �i�?�2 �+�Q�Q�`�/�B�M���i�B�Q�M �M�m�K�#�2�` �Q�7 �/�2�M�b�2 ���b�b�2�K�#�H�B�2�b �Q�7 �`�B�;�B�/ �7�`�B�+�i�B�Q�M���H
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�P�M�H�v �7�Q�`�+�2 �B�b �i�`���M�b�K�B�i�i�2�/ �i�?�`�Q�m�;�? �i�?�2 �+�Q�K�T�Q�M�2�M�i�b�X �h�?�2 �B�K�T�Q�`�i���M�i �2�[�m���i�B�Q�M�b �T�2�`�i���B�M�B�M�; �i�Q

�i�?�2 �?�2�`�i�x �K�Q�/�2�H ���`�2 �/�2�7�B�M�2�/ �#�2�H�Q�r�,

�L�Q�`�K���H �?�2�`�i�x �b�T�`�B�M�; �7�Q�`�+�2�-Fn
h

Fn
h =

(
� hn jgcj � ; gc < 0

0; otherwise
�U�9�X�N�V

hn =
2 �G

p
2 �R

3(1 � �� )
�U�9�X�R�y�V

�G =
G1 + G2

2
�U�9�X�R�R�V

�� =
� 1 + � 2

2
�U�9�X�R�k�V

1
�R

=
1
2

�
1

R1
+

1
R2

�
�U�9�X�R�j�V

�r�?�2�`�2� �, �K�Q�/�2�H �2�t�T�Q�M�2�M�i�-hn �, �M�Q�`�K���H �>�2�`�i�x�B���M �+�Q�M�i���+�i �b�i�B�7�7�M�2�b�b�-
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� 1 ���M�/� 2�, �S�Q�B�b�b�Q�M�ö�b �`���i�B�Q�b �Q�7 �i�?�2 �i�r�Q �#�Q�/�B�2�b �B�M �+�Q�M�i���+�i�- ���M�/

R1 ���M�/R2�, �_���/�B�B �Q�7 �i�?�2 �i�r�Q �T���`�i�B�+�H�2�b �B�M �+�Q�M�i���+�i�X �6�Q�` �� �r���H�H�-R2�4�y�X
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h �B�b �+�Q�K�T�m�i�2�/ �B�M ���M �B�M�+�`�2�K�2�M�i���H �K���M�M�2�` �#�v �� �K�m�H�i�B�b�i�2�T �T�`�Q�+�2�/�m�`�2�X �6�B�`�b�i�- �� �i�`�B���H �b�?�2���`

�7�Q�`�+�2Fs
� �B�b �+���H�+�m�H���i�2�/ ���b

Fs
� = Fs

h j0 + hs� � s �U�9�X�R�9�V

hs =
2(1 � � )

2 � �
�h n (Fn

h)
� � 1

� �U�9�X�R�8�V

�r�?�2�`�2Fs
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� �B�b �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �H�B�K�B�i �Q�7 �+�Q�m�H�Q�K�#�ö�b �7�`�B�+�i�B�Q�M�X

Fs
� = � �F n

h �U�9�X�R�e�V

���i �H���b�i�- �i�?�2 �b�?�2���` �+�Q�M�i���+�i �7�Q�`�+�2Fs
l �B�b �+���H�+�m�H���i�2�/ ���b

Fs
h =

( Fs
� ; jjFs

� � Fs
� jj

Fs
�
� Fs

�

jjFs
� jj

�
; otherwise
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s =

(
true(sliding ); jjFs

h jj = Fs
�

false(not sliding ); otherwise
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kn = �h n � � � 1
n �U�9�X�k�y�V
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