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(ABSTRACT) 

In this work we set up a general framework for exact computations of 

the associativity, commutativity and duality morphisms in a quite general 

class of tortile categories. The source of the categories we study is the work 

of Gelfand and WNazhdan, Eramples of tensor categories, Invent.Math. 109 

(1992), 595-617. Thev proved that, associated to the quantized enveloping 

algebra of any simple Lie group at a primitive prime root of unity, there is a 

semisimple monoidal braided category with finite number of simple objects. 

The prime p needs to be greater than the Coxeter number of the correspond- 
ing Lie algebra. We show that each of the Gelfand-Kazhdan categories has 

at least two subcategories which are tortile, and offer algorithms for com- 

puting the associativity, commutativity and duality morphisms in any of 

those categories. A careful choice of the bases of the simple objects and 
of the product of two such objects, make the exact computations possible. 

The algorithms have been implemented in Mathematica and tested for the 

categories Ao,p=5, A3,p= 7, Ay.p=7, Co,p=7, and Go,p=11. 

This work was supported by the Center for Mathematical Computations 

through NSF grant DMS-9207973. 

Keywords: Quantum groups, representations, tortile category, 6j-symbols.



To my parents



Acknowledgments 

In the first place, I would like to thank my advisor, Prof. Frank Quinn, 

whose ideas, illuminated guidance, continuous encouragement and assistance 

have been the main driving force behind this work. I had the high privilege 

to learn from Dr. Quinn mathematics, but also, from him and his wife 

Katherine Quinn, | was given the most valuable lesson in human tact, care, 

and generosity to keep and to cherish. 

I would also like to thank the organizers of the Regional Geometry Insti- 
tute in Park City, summer 1991, for giving me the opportunity to participate. 

There, I was introduced to the subject of quantum topology, and I owe my 

thanks to Prof. D. Freed, S. Garoufalidis and L. Jeffrey for patiently explain- 

ing to me many basic facts in this new field. 

Fruitful discussions with Prof. Gail Letzter, Prof. P. Haskell, and Prof. 

R. Streater are gratefully acknowledged. 

I express my gratitude to the Center for Transport Theory and Mathe- 

matical Physics for providing the students with a wonderful atmosphere for 

discussions and learning, as well as for financial support in the Summers of 
1989 and 1990 through NSF grant DMS-8922002. 

I would like also to thank my husband Lucio Demeio for carefully reading 

the manuscript and correcting numerous spelling mistakes. 

Scientific work is strenuous and tense, and the decision to carry it on is 

never a personal one, but imposes heavy sacrifices on the whole family. Next 

to me, my husband and son carried quietly this burden. To them, and to all 

close friends with whom I shared those few years in Blacksburg, and whose 
encouragement and support allowed me to go on, my thanks. 

This work was generously supported by the Center for Mathematical 

Computations through NSF grant DMS-9207973. 

1V



Contents 

Abstract 

Acknowledgments 

1 Introduction 

2 The Quantized Enveloping Algebra U 

2.1 Definitionof U 2... .. ee ee, 

2.2 The algebras ’f andf..........02..0. 0.2.20 000.4 

2.3 Integrable U-modules....................... 

2.4 Weyl Group and its applications... ...........00. 

2.5 Lakshmibai-Seshadri bases of simple integrable representations 

2.6 Some properties of the duality morphisms ........... 

2.7 The quasi R-matrix... .. 2... 2... eee ee 

2.8 The operators Q’ and Q” . 2... 2.0. .0.0.0.0.0..2.02048. 

2.9 Lusztig’s basis of AUt Le 

3 Quantum algebras at prime root of unity 

3.1 Change ofring. .. 2.2... 20.2... 0200000000 eee 

3.2 Monoidal braided structure on the category of integrable ~/U 
-modules 2. 2. 

3.3 The quantum Casimir operator ...........-..-2--4 

3.4 Monoidal braided structure on the category of small represen- 

tations . 0... ee ee ee ek ke ee 

4 Algebraic structures and link diagrams 

4.1 Labeled link diagrams with coupons... . te 

4.2 Thetwist 2... 20... 0.020. ee eee 

4.3. Quantum dimension and traces ...........2-2000- 

4.4 Some isomorphisms of spaces of homomorphisms. ....... 

5 Algorithms 
5.1 Linear algebra... 2... 2. ee ee 

5.2 Generating the necessary representation data.......... 

5.3 Finding a basis for home (a,b @c) by direct computation 
p 

5.4 Recovering bases out of minimal amount of data. ....... 

ii 

iv 

14 

18 

20 

22 

24 

26 

26 

33 

36 

37 

42 

42 

46 

49 

49 

53 

o3 

53 

57



5.5 Computing the elementary commutativity and associativity 

morphisms... 0. ee 71 

6 Numerical aspects and conclusions 76 

References 79 

A AlgSetup 83 

B RmatrixSetup 88 

C RepSetup 94 

D SummandsSetup 116 

E CategorySetup 159 

Vita 191 

Vi



List of Figures 

~
I
M
 

O
F
 

RH 
W
W
 

re 
a)

 
W-
 

¢ 
R
e
b
 

e 
S
 

 
R
Y
 
C
O
D
O
D
 

W
I
N
 m

ee
 

CO
 

1
 

OD 
Ct

 
b
o
b
 

Ww 
Fr 

bh
o 
@
 
©
 

G
m
 

O
t
h
 GW

 
2
b
 
W
W
 

bo
 

hw 
bo
 

bh 
a)
 

a
 

W
 

©
 

Labeled link diagrams with coupons. .............. 43 

Coupons for the commutativity morphisms. .......... 43 

Identities satisfied by the commutativity... .......... 44 

The hexagon identities .. 2... ee ee ee Ad 

The form \4 and \4gp. . ee 45 

Identity involving the commutativity and the form. ...... 45 

Some diagrams involving the coform. .............. 46 

The “spiral”, 2... ee ee 46 

The twists... 0 0 ee 47 

Some identities involving the twist. 2... .........0.0. 48 

The inverse of the twist. 2... 0. ee 48 

Quantum traces. 2... 49 

Some relations between traces... ......0.0.000 00000] 50 

The pairing F : hom(a,B) @hom(é,B) > RR’... 2... 50 
The isomorphism r and its inverse. .............2.. 51 

The isomorphism f.y- and its inverse... ........-02-4 51 

Proofof44.4 0... 00. 0.0.00 2 ee eee O2 

Diagram notation for the basic elements of V(a, W )and their 
duals. 2... ee 57 

Action of #,, on the ordered string. .............-. 61 

The matrices M(a@,b,c). 2... ee ee ee 65 

Bases associated with permutations of the special triple (a,b,c). 66 

Bases associated with permutations of the dual of the special 
triple (a,b,c). 2. ee 67 

Invariance of the bases under cyclic permutations. ....... 68 

Computing the form in the caaeea=4@,b=6........... 69 

Computing the form in the case b>c,a= he=G...... 70 

Computing the form in the caseea > b>c,a=4,b= be=é. 70 

Computing com[b,c,a] inthe caaeea>b>c........... 73 
Computing com[é,b,a}in the caseea>b>c........-.. 73 
Computing com[b,b,a] inthe caseea>b..........4.. 74 
Computing com|a,a,c] in the caseea>c..........-.-. 74 

vu



Chapter 1 

Introduction 

The notion of quantum groups was introduced in 1985 by Drinfeld [3] and 
Jimbo [12] as a deformation of the enveloping algebras of simple Lie alge- 

bras. These “quantum” enveloping algebras appeared in connection with 

problems in statistical mechanics, and later were shown to have interest- 

ing applications in conformal theory and topology. In particular, in 1989 

Witten [42] suggested the existence of new topological invariants of closed 
3-manifolds coming from topological quantum field theories (TQFT), defined 

on the corresponding bordism categories. An axiomatic approach to TQFT’s 

was studied in [2] and [30]. The first general scheme for constructing the new 
quantum invariants, using presentation of closed three manifolds via framed 

links, was given by Reshetikhin and Turaev [33]. They showed that the 

so-called modular Hopf algebras produce 3-manifold invariants, and in par- 

ticular. there exist a quotient of the quantized enveloping algebra of s/2(C) 

which has a modular structure. 

A (quasi) modular structure has three main components. The first one 

is that there exits a subcategory of the category of representations of the 

Hopf algebra, whose quotient, in the terminology of [10], is a semisimple 

monoidal braided category with finite number of simple objects. Here, by 

semisimple we mean that the product of any two objects is isomorphic to a 

sum of simple ones. The second component is that the duality morphisms of 

the selfdual objects should satisfy a constraint which, using the terminology 

in [37], makes the above category into a tortile one. The third component 
of the modular structure is the invertability of the so-called S5-matrix, and 

it won’t be addressed in this work. The expectation is that the quantized 

enveloping algebra of any simple Lie group at any root of unity has such 

structure, and actually this was proved in [40] for algebras of classical type. 

After the work of Reshetikhin and Turaev, few different approaches to 3- 

dimensional quantum invariants were developed. All of them start with the 

categorical data described above, but define the invariants in different ways. 

K.Walker [41] constructed the full TQFT on “extended” 3-manifolds, i.e. 
he described an algebraic construction of the state spaces associated with 

the extended surfaces, and the maps between these spaces corresponding 

to the elementary bordisms. Another approach was taken in [39] and [43],



bo
 

where “state-sum” invariants of 3-manifolds were defined on the bases of a 

triangulation of the manifold. All these invariants are supposed to be closely 

related, if not the same, since they come from the same categorical data, but 

at this point little is known about them. In particular, even the question 

if they are actually new invariants, or if they can be expressed in terms of 

classical ones as is the case for the analogous invariants coming from finite 
groups ({7]), has not been answered. One reason for this is that computing the 
exact value of the quantum invariants is highly nontrivial. For Lens spaces 

and Seifert fibered manifolds, in the case of sl2(C), some computations and 

estimates were given in [6. 9, 13, 14], and a more general approach, applicable 

to the invariants coming from rank two Lie groups, was developed in [18]. 

Any exact computation of the 3-manifold invariants in [41, 39, 43] reduces 

to the knowledge of the associativity, commutativity and duality morphisms 

in the corresponding tortile category. The goal of this work is to set up a 

general framework for computing this categorical data. The source of the 

categories we study is the work of Gelfand and Kazdan [10]. They proved 

that, associated to the quantized enveloping algebra of any simple Lie group 

at a primitive prime root of unity, there is a semisimple monoidal category 

with finite number of simple objects. The prime p needs to be greater then the 

Coxeter number of the corresponding Lie algebra. We denote this category 

with C,. From the works of Lusztig [26] and Rosso [36], it follows that this 
category is actually braided. Here we show that there are subcategories 

Cy” C C,°” C Cy which are tortile, and offer algorithms for computing the 
associativity, commutativity and duality morphisms in these categories. 

This work is organized as follows. In Chapter 2 we give the definition 
and describe the representation theory of the quantized enveloping algebra 

U of a simple Lie algebra over the ring Q(v) as developed in [26, 1]. This 

representation theory is very similar to the one of the corresponding Lie 

algebra in the sense that any integrable module is a direct sum of simple 

ones, and the simple modules have the same character formula as the ones of 

the Lie algebra of the same highest weight. The quantum modules, though, 

were shown in [15, 16, 28] to have canonical bases. Moreover, Lakshmibai 
[20] introduced monomial (L-S) bases of the simple integrable modules. With 
respect to the canonical bases, the L-S bases have a transition matrix which 

is upper triangular with ones on the diagonal. These are the bases used in 

the programs, so we describe them in detail together with the algorithm for 

their generation. By using the explicit description of the L-S basic element in



the lowest weight space, we deduce a relation between the duality morphism 

of a selfdual module and of its transpose. This relation allows us in Chapter 

2 to specify the subcategory of C, which is tortile. Also, the operators 1’ 

and 2” acting on any integrable module, are introduced. Those will later be 
related to the left and right twists. 

In Chapter 2 we summarize the main results in [23, 1] which describe the 
representation theory of the algebra /U where R' = Q(v) with v primitive 

prime root of unity. Then we describe the monoidal braided structure on the 

category C, and its tortile subcategories. In particular, it becomes clear that 

the main part of the computation of the commutativity and associativity 

morphisms in the category would consist of finding explicit bases for the 

spaces home (a,b®c), where a,b,c are any simple objects in the category. 

In Chapter 3 we introduce the diagrammatic notation for morphisms 

between tensor products of simple objects as in [37, 32], and show that the 

tortile property, in the way it has been defined here, is equivalent to the the 

equality of the left and right twists. 

Chapter 4 summarizes the algorithms on which the programs are based. 
The first step in these algorithms is the generation of the simple modules, 

in particular, the L-S bases for these modules, the action of the algebra 

generators on them, and the duality morphisms. Once computed, this data 

is stored. The second step is generating bases for the spaces home (a,b@c). 

These spaces are in general very big, and the numerical approach to them 

is nontrivial. Here we use results in [31] which describe a specific choices of 

bases for the spaces of homomorphisms in question. These choices have two 

big advantages. One, that given any set of three simple objects {a,b,c}, the 

bases need to be generated only for two permutations of the ordered triple 

(a,b,c). The bases for any other permutation can be found by applying a 

“diagonal” operator on the ones already generated (diagonal with respect 

to the decomposition into pieces described in 4.3). The other advantage of 

using these choices is that most of the commutativity morphisms and the 

associativities on the trivial module can be evaluated analytically. Actually, 

the cnly commutativity morphisms which need to be evaluated numerically 

are the ones commuting two objects which are the same. 

In Chapter 5 we discuss some numerical aspects of the calculations and 

state our conclusions.



Chapter 2 

The Quantized Enveloping Algebra U 

2.1 Definition of U 

The Hopf algebra U has been defined in general by Jimbo [12], and Drinfeld 

j3]. The particular form of the definition here has been introduced by Lusztig 
[23], and has slightly different generators (see 2.6). 

2.1.1 Let n be a positive nonzero integer, X a free abelian group of rank 

n, and Y = Homg(X,Z) the dual of X. We are given the following data: 

(a) a basis 2 = {w;}%, of X, and a linearly independent subset II = 
fa;}%, of elements in X; =] 

(b) a basis {h;}%, of Y; 

(c) a symmetric bilinear form on X wz,z’ maps to z.x’ with values in Q, 

such that the following conditions are satisfied: 

Q;.Q; = 2459 for all 

a;.a; <0 for all 

  (hj, A) = 2 - s - for all 

(hi, w;) = Oi; for all J 

LA
 n 

<nandi#j7 2, J 

~<nandiriC X 

LA
 

m 

where (, ): Y x X — Z is the dual pairing. 

Using the standard Lie algebra terminology, we call X the weight space, 

II the set of simple roots, and 2 the set of fundamental weights. The ‘.’ form 

is the Killing form on X and the n x n matrix with i,j element (h;,a;) is 
the Cartan matrix C. Let X* be the submonoid of X consisting of all linear 

combinations of the elements in II with non-negative integer coefficients. 
Then we introduce a partial order on X in the following way: A < p if and



only if «w€ A+ X*. Also for any v = D7, via; € X we set the level of v to 

be lev(v) = 02, YM. 

In order to make the expressions more compact in what follows we will 

write 2.7 instead of a;.a,;, and (2,7) instead of (hj, a;). 

2.1.2 We define U to be the associative Q(v)-algebra with generators F;, 

F;, fori <n, K, for w € Y, and relations: 

(a) Ap=1 

Ky Bw = Kyaw for all u,p’ € Y 

(b) K,E; = vb) BK, 
KF, = pM) PK for allu € Y andi<n 

K,-K_,; tee 
(c) FF; — FF; = 6;; Aine for allz,7 <n 

(d) ¥8_(-1) BME, E” = 0 
3 (1) AOR FR? =0 for? #j andc=1 — (hi, a;) 

  

Here we have used the following notations: 

tt _ i os. — a > PP __ r — — rr 

Vy =v vesuvu?, Kh, = Ky, Kai = Kea, 

  

—k k 
UT: ! 

[A]; = v. —1? [A]: = [rm], 
a t mal 

po . Fi (a) _ FS 

where for any w = 07, miai, wis © Z, fe = 7, (2.2/2) why. 

2.1.3 There is unique algebra homomorphism (comultiplication) A: U > 

U @ U, such that 

A(E;)) = E;914+ 6; @ E; 

A(F) =F,2Ki+10F  fori<n 
A(K,) = K,@K, forany pey. 

Then A has the coassociativity property, i.e. @d@A)oA = (A@id)oA. One 

can define a Hopf-algebra structure (A, S,e) on U with counit the unique 
algebra homomorphism e : U > Q(v), such that 

e(E;) =e(F;)=0 and e(K,)=1,



fori <n, up € Y, and an antipode the unique algebra anti-homomorphism 

S:U— U such that 

S(E)=-Kukj, S(F)=—-RR,  S(K,) = K,, 

fori <n, p € Y. Then if we denote by m the multiplication in U, the 

following identities hold: 

m(1@ S)A(x) = m($@ Ale) = e(z) 1, 
eS =e, 

(5 @ S)A(z) = AX(S(2)), 

for any z € U. Here A‘ denotes the composition of maps 
rey yOxr 

u + UaU —__- USU. 

2.1.4 Let ~ : Q{v) — Q(v) be the Q-algebra involution such that v™ = u7" 

for all r. Then there is a unique homomorphism of Q(v)-algebras — : U > U 

such that 

&;= £;,F;=F:, K, = K_, and ?% =F F for all r € Q(v), ce € U. 

2.1.5 Let Ut (U~) be the subalgebra of U generated by the elements £; 
(resp. F;) for i < mn, and U® be the subalgebra of U generated by K,, 

jy. € Y. Let also A be the ring Z[v,v7"], 4U*(4U_) the A-subalgebra of 

U generated by the elements EM) (resp.F')), k > 0,2 <n, and AU? the 

A-subalgebra of U generated by Ky; and 

  

Rise] _ he Riv) = Riv a) __ tt TMs 

| t | 7 II 

793 __ ay 8 
s=l VI U; 

2.1.6 Define ,U to be the A-subalgebra of U generated by EW pe and 

Ky; for any k > 0, andz <n. Then the following relations are satisfied in 

AU((25))



(a) For anyi #j,2,7 <n 

EM PO = POR fori £ j, 
¢ Jj j 

B® pO _ - Ae K;j;2t-—k-l [et 

t:0<t< min(k,!) t 

FY BO _ 3 EA) | Kyk+l-t—-1 [a 

t:0<t<min(k,l) t 

(b) For any 1,7 <n 

J J t 

Kise (k) a | Kise — ki, j) 

Note also that 

ritrlmr 

ARM = Sov" AM@ KB, 
ritr"sr 

S(E)?) = (-1)'oP 7 KE”, 
SCF?) = (-1) ur BOK 

Hence the comutiplication and the antipode leave 4U invariant, and in this 

way define a Hopf algebra structure on 4U. 

2.2 The algebras ‘f and f 

The algebras U* and U™ are actually isomorphic to each other, and it is 

useful to study them as one object. This is why the algebra f is introduced 

(isomorphic to Ut and U7) as a quotient of the free associative algebra ‘f. 
Here we will list some properties and operations on f (see [26, Chapter 1]). 
The nondegenerate form on f described in 2.2.3 is the one introduced by the 

double construction of Drinfeld ({5]).



2.2.1 Given the data in 2.1.1, we denote by ‘Tf the free associative Q(v) 
-algebra with generators 9;,1 <n. Then there is a direct sum decomposition 

'f = Dvex+'f,, such that for any v = }0"_, vja;, the monomial 6;, ...9;, is 
in ‘f, if and only if j appears v; times in the sequence 21,...,7, An element z 

in ‘f is said to be homogeneous if it belongs to ‘f, for some v. Then following 
Lusztig we set |x| = v. 

2.2.2 The tensor product ‘f 2 'f can be regarded as Q(v) -algebra with 

multiplication 

Jv P\ jai , ! (x1 @ x2)(x, @ xh) = vile e! @ xoah. 

Then there is unique algebra homomorphism r : ‘f — ‘f @ 'f such that 

r(O;)= 6; 214124; for alli <n. 

2.2.3 There is a unique bilinear inner product (, ) on ‘f with values in 

Q(v)such that (1,1) = 1, and 

(a) (8;,0;) = 6;(1 —v77)7}, for i,j <n; 

(b) (2, y'y") = (r(x), y' By"), for any z,y',y" € 'F; 

(c) (2’x",y) =(2’ Se" rly)), for any x’,x",y € ‘f, 

where the bilinear form on ’f @’f given by 2’ @ 2",y’ Qy" > (2, y’)(2", yy”) 

is denoted again by (,). 

2.2.4 The radical Z of the form (, ) is a two-sided ideal of ’f, and we define 
f = 'f/Z. Then there is a direct sum decomposition f = @,f,, where f, is 

the image of ’f, in f,, and the form (, ) is nondegenerate on each summand 

f, of f. Also, if we regard f @f as an algebra by the rule 2.2.2. Then r 

induces an algebra homomorphism f — f @f which we denote again by r. 

2.2.5 Denote by ~ : f — f the unique Q-algebra involution such that 

qO; = 70; for any i <n, and q € Q(v). 

We also define yf to be the A-subalgebra of f generated by gi”) for any 

t<n,andr> 0.



2.2.6 It can be verified that the generators 0; of f satisfy the quantum Serre 

relations: 
c 

Do (15918; = 0, 
k=0 

where c= 1— (2,7), and: # j. Then from 1.1.2 follows that there are ho- 

momorphisms f =, Ut, 0,7 = E; and f ——, U-, 6; = F; respectively. 

A stronger result of Lusztig (26, 33.1.1] shows that these are actually iso- 

morphisms. The images of f, under these isomorphisms we denote with U*. 

Furthermore. the action of r on f can be connected with the comultiplication 

on U. The exact statement is the following. For any x € X 

A(zt) = So at Kicy| @at, and 

A(z) = S023 O Kaposia, 
  

where r(x) = 02, @ x2, and r(Z) = 0273 @ x4. We set F(z) = r(Z). 

2.2.7 By induction on v one can verify the following identities for x € f, 

S(a*) = (-1)’°" ve) K_,o(z)*, and 

S(a7) = (-1°'O vo Ma(z)" Ki, 

where c(v) = v.v/2 — 0, ui(t.t/2), and o : f — f°? is the algebra homo- 
morphism which takes 6; to 6;. 

2.2.8 The following result of Lusztig describes what is called the triangular 

decomposition of U in terms of f, and U® ([24, 25]). 

(a) The Q(v)-linear map f ® UWafoU given byz @ K, ®y > 27 K,yt 

is an isomorphism. 

(b) The Q(v)-linear map f @ U° @f = U givenbyz@K, @y > zt Ky,y™ 
is an isomorphism.
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2.3 Integrable U-modules 

2.3.1 An U-module M is said to be integrable if it is finite dimensional, and 

there is a direct sum decomposition WM = O,exM* as a Q(v)-vector space 

such that for any p € Y, A € X, and me M* 

Kym = vm, 

M° are called the weight spaces of .W, and their dimensions are called mul- 

tiplicities. A homomorphism between modules is a U-linear map, and hence 

preserves the weight space decomposition. We will denote the category of 

integrable U-modules with C. 

2.3.2 Let VW ¢C. Note that from the finite dimensionality of M, and the 

fact that et W* Cc Mtl and «7 M* Cc M*- Fl, follows that there exists 

NV > 0 and for any m € M and any z € f with lev(|z|) > N, etm = 0, and 
rom=0. 

2.3.3 The simplest example of integrable U-module is the following. Let 

M = Q(v). Then for any u € U and m € M define um = e(u)m. We will 
call this module the trivial module (representation) of U. 

2.3.4 The tensor product of two U-modules MW’, and M” is naturally a 

U ®U -module with (u’ @ u”)(m' @m") = u'm’ @ u"m", for any u’,u” € U,”7 
m' € M’, and m” € M"”. We restrict this to a U-module via the comultipli- 

cation A: U => UO, ie. 

u(m' @m") = A(u)(m’ @m"). 

If W’ and .W” are in C, their tensor product is again in C, and 

(M’ Q M"\* _— s- MY @ Mo 

M+AV=HX 

The coassociativity property of A insures the associativity of the tensor prod- 

uct above, i.e. the standard map (M’® MW") @® M” > M'@(M"@ M"), 

given by (m’ © m") @m"" — m' @(m" ® m’’) is an algebra homomorphism.



ll 

2.3.5 Given a U-module M we define its dual M* to be the U-module with 
vector space M* = Hom(.M, Q(v)), and the following U-structure: for any 

u€U, yeM~,andmemM 

Since the antipode is an algebra anti-homomorphism, this is well defined. 

If W is an element in C, A/* is again in C, and 

(M*)* = Hom(M~*, Q(v)). 

To see this, note that for any hE Y, g € Hom(M~*, Q(v)), and me M~* 

(Kyug)(m) = g(S(K,)m) = g( Kym) =v g(m). 

2.3.6 Any integrable U-module is isomorphic to a direct sum of simple U- 
modules (see [26, Chapter 6] ). Let W= {A= Oh, Awie X | ATEN, 1 < 

n}. Then the set of simple U-modules corresponds to the elements in W in 

the following way. For any \ € W, set J = 0, UE; +d yey U(K,- v1). 
Then from 2.2.8 it follows that the map f —~ U/J, « >~ «7° 4+ J is an 

isomorphism of Q(v) spaces. Via this isomorphism f becomes a U-module, 

called Verma module. The Verma module is infinite dimensional, but has 

a submodule - the left ideal of f generated by 6;'***)*4 for various 7. If we 
denote this ideal with 7’, then the quotient 2, =f/7' with the U-structure 
described above, is a simple integrable U-module. Moreover, these are all of 

the simple integrable U-modules. From the definition we can see that the 
subspace L,* is equal to {x € Ly | E;(x) = 0 for any 2 < n}, and it is one- 
dimensional with basis the image of 1 in LZ, (whenever confusion is unlikely 

we will use the same notation for the elements of f and their image in Ly ) 

. Ly* is called the highest weight space, and 4 the highest weight of Ly. In 

general, for any homogeneous y in f, 

Ky{y) = very, 
ie. Ly’ is equal to fy_y-. Also, observe that for any y in f, F;(y) = 0;y, and 

therefore ZL, is contained in U71. 

Obviously the automorphism group of any quotient of the Verma module 

is isomorphic to Q(v).
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2.4 Weyl Group and its applications 

Here we list some definitions and properties of the Weyl group (see [8, 21] 

and the references therein). 

2.4.1 Given the data in 1.1.1, define the Weyl group W to be the group 

with generators s;, 2% <n, and relations: 

A(t) — (o.g.¢.\hlig 2 _ (s;s;8;)"") = (s8;8;8;)""), and s? = 1 

where 7 # j, and cos? My) = oe Then W is a finite group, and there 

are homomorphisms W — Aut(X) and W — Aut(Y), such that 

    

3i(u) = w — (p,ai)hi, for any we Yt <n, 

8i(A) =A— (Aj, A)aa, for any XE X,t <n 

1.e. 8; is a reflection of X in a plane perpendicular to the i-th simple root 

(with respect to the Killing form). 
We have A.A = s;{A).s;(A) for anyi <n andre X. 

2.4.2 If w € W, let I(w) be the smallest integer r such that w = s;, ... 8:, 

for some sequence 21,...,2,, where 2; <n. Then /(w) is called the length of 

w, and s;,...8;, a reduced expression of w. 

Given a reduced expression s;,...;, of w, define A, = {w’ € Wlw’ = 

Bij, + Sty. L< ji < jo... < je <r}. Then A,, depends only on w, and 

not on the choice of reduced expression, and we define a partial order on W 

as follows: w’ < w if and only if w’ € A,. This is called the Bruhat order 

on W. Given w’ < w, we define the canonical reduced expression of w’ with 

respect to to a given reduced expression s;, ...5;, of w to be the one which 

is lexicographically the biggest }. 

2.4.3 W has a unique element w® of largest length. Set /° = /(w®°). Then 
we have : 

(a) w < w® for any w € W; 
  

‘The lexicographical ordering on the subsequences j = {j1,jo,..-,Js} of {1,2,...,r} 

is the one where j < & if there exists at <s such that jp =kp, p<t, and j; < kt.
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(b) There exists a permutation {1,...,n} *, {1,...,n}such that w°(a;) = 

— QP, (i); 

(c) Let w° = s;,...8;, be a reduced expression for w° and 

+ 9. . 
R —_— {ai, 3 St, (a;,), | On, eee Sto _, (ai, )}- 

Then the set R* doesn’t depend on the choice of reduced expression 

for w°, and each element in R?* is a linear combination of elements in 

II with coefficients in N. We call R* the set of positive roots. (This 
definition, of course, coincides with the usual one for Lie algebra with 

the same Cartan matrix). Given an element 6 = w(a;) € Rt, set 
$3 = ws;w' to be the reflection of X in a plane perpendicular to @. 

2.4.4 The set {he € Y| 48 € R* and(hg,A) = 254} is called the set 
of coroots. Note that hy, = h;. The following statement follows from [21, 

Proposition1.4]. Let s;, ...s;, be a reduced expression for an element in W. 
Then s;, ...8i,Si,,, 1s reduced if and only if s;, ...3;,(hi4,) = oi Gihi, ai © 
N for any 2 <n (i.e. it is positive coroot). Otherwise, s;,...3:,(hi,,,) = 
yore Gih;, —a; € N for any 2 <n (negative coroot). 

2.4.5 Let A € X, and W)y be the stabilizer of \ in W. Then define W) = 

W/W) to be the group of left cosets in W. Given w € W), we define the 

length [(w) of w to be the minimum of /(w) over w € w. Since W is a 
finite group, this is well defined. Then a reduced expression for w would be 

a reduced expression for w € w of minimal length. Now, we can extend the 
definition of Bruhat order to W) as follows: Define A, to be the image of 

A, in W\, where w € w is of minimal length. Then A, doesn’t depend on 

the choice of the element of minimal length, and we define w’ < w if and 

only if w’ € Ag. 

2.4.6 Let MW be an integrable U-module. Then for any z < n there exists a 

linear operator 7; : VW — M which defines an isomorphism of the \-weight 

space of MW onto the s;(A)-weight space of M (see [26]). 

There are two observations to be made in connection with the statement 

above: 

Corolary 2.4.7 For anyi<n F.Lye™ =0. Hence Ly = UT Le),
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The first assertion follows from the fact that the multiplicities of Lyw’)- 

are zero for any 7. Then from theorem 2.2.8 and the fact that LZ, is simple, 

follows that Ly = UTLw™. 

Corolary 2.4.8 L)” is isomorphic to L_,,0(,). 

First we want to show that £,~ is simple. Let Z be an ideal in Ly", 

and y« be maximal such that ZM (L%)* is nonzero. From the maximality 

condition follows that the intersection above is in the kernel of £; for any 

2<n. By dualitv the map GE; : @L)74"% — Ly is not onto. Then from 

(i) follows that pp = —w®(A). From 2.4.6 (L,")”°™) is one dimensional. Let 

y be a nonzero vector in this weight space. Then ZT = U~y. ‘To conclude 

that J = Ly” it is enough to show that for any wp < w®(A), the map OF; : 

2(L\*)¥t™ —, (L,*)* is onto. This follows from the same argument as above. 
If it wasn’t, the intersection of the kernels of F; : £\7* — Ly7*~* would 

be nonempty. But since the module Ly is simple this is true only when 

u = w°(\) and we have a contradiction. Hence the dual representation is 

simple. Then the dual representation must be isomorphic to L_,0/,) since 

all simple object are of this form (see 2.3.6). 

2.5 Lakshmibai-Seshadri bases of simple integrable rep- 

resentations 

2.5.1 From 2.4.6 one sees that the simple modules Ly have structure very 

similar to the one of the simple modules of the corresponding Lie algebra 
with the same Cartan matrix. In particular, all the weights in the orbit 

of \ under the action of W) are of multiplicity one. Actually, it can be 

shown ({27, 35! ) that the character formula of L) is the same as the one of 
the simple modules of the Lie algebra of highest weight A. The modules of 

the quantum algebra though, are richer, in the sense that the lattices ,4L) 

were shown to have canonical bases ([28, 15, 16] ). Unfortunately, the nice 
properties of these bases doesn’t preserve after changing the ring to Q(v) 
with v — root of unity (the case we are interested in). Hence, we found more 
convenient to work with the bases introduced by Lakshmibai ([19, 20]) which, 
following [20], we call Lakshmibai-Seshadri (L-S) bases. The elements of the 
L-S bases are monomials in f, and this leads to considerable simplification 

of the computations, and speed up in finding the injections (see Chapter
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3). The transition matrix of the L-S basis of Ly, to the canonical basis 
of Kashiwara-Lusztig is upper triangular with ones on the diagonal (for a 

suitable indexing). There seems to be a difference in the basis we define here 
and the one in [20]. The difference comes from the different definition of 

canonical reduced expression in 2.4.2 (cf. [20, 5.5] ). We do this in order to 
have an inductive procedure of generating the basis. The main theorem of 

Lakshmibai though, applies to this case basically without change. 

2.5.2 For any w € W) let e, € L\¥™ be the element in the canonical basis 

( 2.5.9 together with the fact that the transition matrix from the L-5 basis to 

the canonical one is upper triangular with ones on the diagonal, will give an 

explicit expression for e,,; for now, it is enough to know that these elements 

are canonical.) Then the Ut-modules Vy, = Ute, are called Demazure 

modules. Each of them contains a lattice ALiw = AU ew: 

Proposition Let w) be the mazimal element in W, then AL yur 18 

stable under the action of AU. 

It is enough to show that AL we is invariant under the generators of the 

*e,,0 for some algebra. The statement for ES and A‘4; is trivial. Let Y = u 

u € 4f. One shows the statement for Pe using induction over lev(|u}). The 

statement is obvious for lev(|u|) = 0. Suppose it holds for lev(|u|) < 1. Now 
let y be as above with lev(|u]) = 7+ 1. Without loss of generality it can be 

assumed that y = Ey for some 2 <n and k’ € N. Then from 2.1.6 and 

the induction hypothesis it follows that FY y isin 4Ly 0. 

2.5.3 Let w:w, > wo >... > w, be a sequence of linearly ordered cosets 
in Wy, and a:0=do < a,...< a, = 1 be a sequence of rational numbers. 

Then the pair 7 = (w;a) is called L-S path of shape X if for each pair 
(wi, Wi41) there exists a sequence {k;}%_, of elements in W), such that the 

following conditions are satisfied: 

(a) ko = W; > ky = $3,Wi > kz = $3,53,Wji >... k, = $3, ++-58,Wi = Wi41, 

(b) I(k;) = I(ki_1) — 1, and dizi (hg,, ki(A)) E Z, 

where 8; € R* are positive roots, and hg, are as in 2.4.4. Let Xqg = X 7 Q. 

Then 7 describes a piecewise linear path 7 : [0,1] + Xq given by 

j-l 
a(t) = So (ai — aj-1)wi(A) + (t —aj-1)wj(A) for aj <t <a;. 

i=l
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Note that the path starts at the origin, and its end point (1) is in X. 
Following [22], we denote the set of all L-S paths of shape A by Py, the map 

Pi, oW\. rou, by ®, and the map P, — X, x > x(1) by v. 

A simple, but important example of an L-S path is the path a, = (150, 1) 

—a straight line which connects the origin with A. Here 1 denotes the image of 

the identity in Wy. As it was shown in [22], all the other L-S paths of shape 
A can be received by repeatedly applying a set of “decreasing” operators 

fi, t<nonmy,. The f;’s are designed in such a way that 

v( film) = v(m) = a. 
Now we are going to define these operators in the way they are implemented 

in the algorithm. For the proof that they have the above property see [22]. 

2.5.4 Let 7 = (wi,...,Wr3do,-..;@-) € Py, and z <n. Define a function 
gi : [0,1] — R, where g;(t) = (A;,x(t)). Let Q be the minimal integer 
attained by g;, and P = g;(1) —Q. Let also p be maximal such that g;(a,) = 

Q, and if p > 0, denote by x the minimal integer greater or equal to p such 

that g(t) > Q+1 for any t > ay. 

Now, if P < 0 set f;(7}) = 0. Otherwise let fi{a) be the following L-S 
path: 

(a) If gi(az) >Q+1, p> 0, and s;wp41 = wp 

filt) = (wy... , Wp-1, $iWp41, SiWp 42, - +) SiWe-1, SiWe, Wry -- +) Wr} 

49, 01,--+-5Ap—-1, Apt1,-++, 4-1, 4, Az,--., Gr), 

where az_1 < a < az is such that g,(a) =Q +1. 

(b) If gi(az) > Q@ +1, and either p = 0, or s;wy41 < wy 

Film) = (wi... Wp-1, Wp, SiWp 41, $i Wp 2, +++) S{We-1, SiWe, Wey ++, Wr} 

@Q,41,---,4r-1,4,4z,-.. ,a,), 

where az) < a < az is such that g(a) =Q+1. 

(c) If g{az)=Q+1, p> 0, and s;wp41 = wy 

film) = (wi,..., Wp-1, Wp = $iWp 41, SiWptey +++) SiWe, Weg, +--+ Wr} 

do, 41,..+-,Ap—1, Ap41,---, Gr)}



d) If g;(a,) = Q +1, and either p = 0, or $;w,41 < w p p 

film) = (wy... , Wp-1, Wpy $iWp41, $iWp 42) ++ SiWey Wed) +++) Wr} 

ip, @,..., Gr). 

2.5.5 For any w € Wy, let Py, = {7 € Py | (7) < wh. The following 
results are proved in [22]. 

(a) If m € Py, andz <n. Then f(x) = 0 if and only if m > g;(1) - 
ming; (t). 

(b) Let s;w > w and  € Py, be such that minsg,(t) = 0. Then if 

fit € Paws (fir, OSk < Gi(1)} C Prw. 

(c) If sw > w. Pry = { fir, where 7 € P,, such that min, g;(t) = 

0, andO<k<4q,(1)}. 

2.5.6 Let t € P\A. Then given up € W we say that m is u-dominant if the 

shifted image A + 7(t), t € [0,1] of the path is contained in W. Then ( see 
[22] ): 

(a) The multiplicity of given weight of L) is equal to the number of different 

L-S paths ending at this weight. 

(b) Ly @ Ly) ~ GrLy4n), where the sum runs over all y-dominant L-S 
paths in Py. 

2.5.7 The following result can be found in [20]. Let w = s;,...8;, € Wi 

be a reduced expression for w, and let t € Py be such that 6(7) = w. Then 
there exist unique nj; > 0,1 <j <r such that if we set 7; = fi? SET), 

my = 7, and 

(a) mini(hi,,7j-1) =0, 1 <j <r. 

(b) ®(7;) = 8;, ...8,,l <9 <r. Sing) 

Let r € Py, 1.e. O(7) < w. Then the unique expression for 7 given by 

the above proposition, using the canonical reduced expression for 6(7) with 

respect to w, is called the canonical reduced expression for + with respect to 

w.
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2.5.8 Let w € Wy, and w = 5;,...8;, be a reduced expression for w. Set 

Ws—j41 = 8i,Sij4,---S 1 SILT, and wo = 1. Let =, : PP, - AU 41 
ny be the map given by  — Q., where if t = f,’... f?*my is the canonical 

expression for x with respect to w, Q, = Fi) , EM ey, Note that by 

definition P,,,, C Pr.y,,,- Denote with By, the image of Py,,,, under =),w. 
Then we have 

(a) By wy, +) By ww, »... dD By wy » By wo 

(b) 

Bru \Brauy = {FY Qary LS my S (his (9) [4 E Pry 
with min,(A;,,7’(t)) = 0 and fi,7’ not in Py. _, }- 

(a) follows from the observation that if r < wj_1, the canonical expression 

for 7 with respect to w,; is the same as the canonical expression for rT with 

respect to w;-1. Then (b) follows from 2.5.5 and 2.5.7. 

2.5.9 To state the result of Lakshmibai in [20], note that ({17, 11] ) there 
is a subset of the canonical basis of Z, which is an A-basis of AL ww: Then 

if w = s;,...8;, 18 a reduced expression for an element in W\, By isa 

basis for the A-module AL\,w. Moreover, there is an ordering of bases such 

that the transition matrix from B)_,, to the canonical basis of AX is upper 

triangular with 1’s on the diagonal. 

2.5.10 The result above shows that choice of a presentation w) = $;, $i, .-. %, 

of the maximal element in W) fixes a choice of basis By; of Ly. Since the 

transition matrix from this basis to the canonical one is upper triangular 

with 1’s on the diagonals, for any presentation of w? as above, any nonzero 

element Fim) a pin) with m; > 0 in Ly”) such that 7; = fy A Ty 
satisfies (a) and (b) from 2.5.7, is equal to the canonical basic element e,,9 
in this weight space. We set €, = Cy? 

2.6 Some properties of the duality morphisms 

The duality morphisms in the categories which lead to three dimensional 

topological quantum field theories should satisfy a “symmetry condition”
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�t�h�a�t� �f�o�r� �a�n�y� �u�  ¬� �U�,� �a�n�d� �m�  ¬� �L�y�*�%�,� �m� �(�u�m�)� �=� �u�m� �(�m�)�.� �F�r�o�m� �2�.�2�.�8� �f�o�l�l�o�w�s� 
�t�h�a�t� �i�t� �i�s� �e�n�o�u�g�h� �t�o� �s�h�o�w� �t�h�e� �s�t�a�t�e�m�e�n�t� �f�o�r� �u�  ¬� �U�Z�,� �U�°�U�?� �f�o�r� �a�n�y� �v�,�v ��  ¬� �X�*�.� 
�G�i�v�e�n� �s�u�c�h� �u� �s�e�t� �J�u�]� �=�v�  ��v�'�  ¬� �X�.� �T�h�e�n� �i�f�m ��  ¬� �L�y�~�*�,� 

�(�x�\�u�m�)�(�m ��)� �=� �v�4�)� �(�9�,�5�7�}�(�u�)�m ��)�(�m�)� �a�n�d� 
�v�8�;� �S�(�u�)�m ��)�(�m�)�.� �l�I� �(�u�x�\�m�)�(�m�'�)� 

�H�e�n�c�e�,� �i�t� �i�s� �e�n�o�u�g�h� �t�o� �s�h�o�w� �t�h�a�t� �v�l ��l�)�$�-�1�(�u�)� �=� �S�(�u�)�.� �B�e�c�a�u�s�e� �o�f� �t�h�e� �a�d�-� 
�d�i�t�i�v�i�t�y� �o�f� �p� �i�f� �t�h�i�s� �i�s� �t�r�u�e� �f�o�r� �u�j�,� �u�2�,� �i�t� �i�s� �t�r�u�e� �f�o�r� �t�h�e�i�r� �p�r�o�d�u�c�t�.� �S�o�,� �i�t� �i�s



�2�0� 

�e�n�o�u�g�h� �t�o� �c�h�e�c�k� �i�t� �o�n� �t�h�e� �g�e�n�e�r�a�t�o�r�s�,� �w�h�e�r�e� �i�t� �f�o�l�l�o�w�s� �f�r�o�m� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� 
�S�.� 

�T�o� �s�h�o�w� �t�h�e� �s�t�a�t�e�m�e�n�t� �i�n� �(�b�)�,� �f�i�r�s�t� �n�o�t�e� �t�h�a�t� �s�i�n�c�e� �\ �� �w�°�(�A�)�  ¬� �X�t� �i�n� 
�t�h�i�s� �c�a�s�e� �2�\�  ¬� �X�*�,� �a�n�d� �( ��1�)�'�¢ ��!�?�*�)� �i�s� �w�e�l�l� �d�e�f�i�n�e�d�.� �B�e�c�a�u�s�e� �o�f� �(�a�)� �i�t� �i�s� �e�n�o�u�g�h� 
�t�o� �c�h�e�c�k� �(�b�)� �o�n� �L�y�*� �(�N�o�t�e� �t�h�a�t� �s�i�n�c�e� �L�y� �i�s� �a� �q�u�o�t�i�e�n�t� �o�f� �U�1�,� �t�h�e� �v�a�l�u�e� 
�o�f� �t�h�e� �h�o�m�o�m�o�r�p�h�i�s�m� �i�n�t�o� �t�h�e� �h�i�g�h�e�s�t� �w�e�i�g�h� �s�p�a�c�e� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �w�h�o�l�e� 
�m�a�p�)�.� �L�e�t� �1� �d�e�n�o�t�e� �t�h�e� �b�a�s�i�c� �v�e�c�t�o�r� �i�n� �L�)�*�.� �I�f� �w�?� �=� �s�;�,�8�;�,�.�.�.�8�,�,� �i�s� �a� �r�e�d�u�c�e�d� 
�e�x�p�r�e�s�s�i�o�n� �o�f� �t�h�e� �m�a�x�i�m�a�l� �e�l�e�m�e�n�t� �i�n� �W�)�,� �w�e� �h�a�v�e� �(�s�e�e� �2�.�5�.�9�)� �6�,� �=� �a�7�,� 

�w�h�e�r�e� �r�z� �=� �g�m�)� �.�.� �g�i�n�)� �E�f�.� �U�s�i�n�g� �2�.�2�.�7�,� �a�n�d� �t�h�e� �f�a�c�t� �t�h�a�t� �|�x�|� �=� �2�\�,� �w�e� �g�e�t� 

�(�7�1�)�(�e�,�)� �=� �v�°�(�B�y�e�,�)�(�1�)� 
�=� �v�O� �(�2�-�8�1�)�(�1�)� �=� �v�°�M�E�(�S�(�@�)�1�)� 
�=� �(�1�)�?� �y�e� �(�g�(�2�)�-� �K�i�a� �1�)� 

�=� �( ��1�)�'�"�-�e�X�(�o�(�z�)�7�1�)�.� 

�N�o�w� �i�t� �i�s� �e�n�o�u�g�h� �t�o� �o�b�s�e�r�v�e� �t�h�a�t� �s�i�n�c�e� �w�l� �=� �(�w�{�)�7�'�,� �3�)�,�5�;�_�,�-�-�-�$�1� �1�8� �a�l�s�o� 
�a� �r�e�d�u�c�e�d� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �w�?�.� �M�o�r�e�o�v�e�r�,� �f�r�o�m� �2�.�5�.�5� �o�n�e� �c�a�n� �d�e�d�u�c�e� �t�h�a�t� 
�f�i�t�.�.�.� �f�F�"� �w�y� �i�s� �t�h�e� �c�a�n�o�n�i�c�a�l� �r�e�d�u�c�e�d� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �p�a�t�h�.� �j� 
�T�h�e�n� �f�r�o�m� �2�.�5�.�1�0� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �o�(�r�)�7�~�1� �=�  ¬�,�.� �T�h�e� �s�t�a�t�e�m�e�n�t� �f�o�l�l�o�w�s�.� 

�2�.�6�.�4� �T�h�e� �s�e�l�f�d�u�a�l� �s�i�m�p�l�e� �m�o�d�u�l�e� �L�y� �i�s� �c�a�l�l�e�d� �s�y�m�m�e�t�r�i�c� �i�f� �t�,� �=� �V�y�.� �T�h�e� 
�p�r�o�p�o�s�i�t�i�o�n� �a�b�o�v�e� �s�t�a�t�e�s� �t�h�a�t� �L�,� �i�s� �s�y�m�m�e�t�r�i�c� �i�f� �a�n�d� �o�n�l�y� �i�f� �l�e�v�(�2�X�)�  ¬� �2�Z�.� 

�2�.�7� �T�h�e� �q�u�a�s�i� �R�-�m�a�t�r�i�x� 

�T�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �u�n�i�v�e�r�s�a�l� �R�-�m�a�t�r�i�x� �i�s� �d�u�e� �t�o� �D�r�i�n�f�e�l�d� �(�[�3�,� �4�]�)�.� �I�t�s� �m�o�d�i�f�i�e�d� 
�f�o�r�m� �-� �t�h�e� �q�u�a�s�i� �R�-�m�a�t�r�i�x�,� �w�a�s� �i�n�t�r�o�d�u�c�e�d� �b�y� �L�u�s�z�t�i�g� �(�[�2�9�]�)�,� �a�n�d� �d�i�f�f�e�r�s� �f�r�o�m� 
�t�h�e� �u�n�i�v�e�r�s�a�l� �R�-�m�a�t�r�i�x� �b�y� �a�n� �e�l�e�m�e�n�t� �i�n� �U�°�.� �H�e�r�e� �w�e� �f�o�l�l�o�w� �t�h�e� �e�x�p�o�s�i�t�i�o�n� 
�i�n� �[�2�6�]�.� 

�2�.�7�.�1� �L�e�t� �(�U�@�U�)� �b�e� �t�h�e� �c�o�m�p�l�e�t�i�o�n� �o�f� �t�h�e� �v�e�c�t�o�r� �s�p�a�c�e� �U� �@� �U� �w�i�t�h� �r�e�-� 
�s�p�e�c�t� �t�o� �t�h�e� �d�e�s�c�e�n�d�i�n�g� �s�e�q�u�e�n�c�e� �o�f� �v�e�c�t�o�r� �s�p�a�c�e�s� 

�H�y� �=� �(�U�T�U�"�'�(�L�i�e�w�)�s�n� �U�Z�)�)� �@�U� �+� �U�B� �(�U�U� �(�C�i�e�w�w�y�a�n� �U�S�)�,� 
�w�h�e�r�e� �U�~�,� �(�r�e�s�p�.� �U�*�,�)�,� �v�  ¬� �X�*� �i�s� �t�h�e� �i�m�a�g�e� �o�f� �f�,� �u�n�d�e�r� �t�h�e� �m�a�p�s� �i�n� �2�.�2�.�5�.� 
�T�h�e�n� �t�h�e� �Q�(�v�)�-�a�l�g�e�b�r�a� �s�t�r�u�c�t�u�r�e� �e�x�t�e�n�d�s� �b�y� �c�o�n�t�i�n�u�i�t�y� �o�n� �(�U� �®� �U�)



�2�1� 

�L�e�t�~� �:�U�®�@�U ��U�®�U� �b�e� �t�h�e� �Q�-�a�l�g�e�b�r�a� �a�u�t�o�m�o�r�p�h�i�s�m� �g�i�v�e�n� �b�y� �~� �®�~�.� 
�T�h�i�s� �e�x�t�e�n�d�s� �b�y� �c�o�n�t�i�n�u�i�t�y� �t�o� �a� �Q�-�a�l�g�e�b�r�a� �a�u�t�o�m�o�r�p�h�i�s�m� �~� �:� �(�U�@�U�)�  ��>� 
�(�U�2� �U�)�.� 

�L�e�t� �A�:� �U�  �� �U� �b�e� �t�h�e� �Q�(�v�)�-�a�l�g�e�b�r�a� �h�o�m�o�m�o�r�p�h�i�s�m� �g�i�v�e�n� �b�y� �A�(�z�)� �=� 
�A�(�z�)� �f�o�r� �a�l�l� �«�  ¬� �U�.� 

� � 

�2�.�7�.�2� �T�h�e� �f�o�l�l�o�w�i�n�g� �r�e�s�u�l�t� �(�s�e�e� �[�2�6�,� �2�9�]�)� �d�e�f�i�n�e�s� �a�n� �e�l�e�m�e�n�t� �O�  ¬� �(�U�®�U�)�,� 
�c�a�l�l�e�d� �t�h�e� �q�u�a�s�i� �R�-�m�a�t�r�i�x�.� 

�(�a�)� �T�h�e�r�e� �i�s� �a� �u�n�i�q�u�e� �f�a�m�i�l�y� �o�f� �e�l�e�m�e�n�t�s� �0�,�  ¬� �U�~�,� �@� �U�t�,�,� �v�  ¬� �X�T�,� �s�u�c�h� 
�t�h�a�t� �O�o� �=� �1�@�1�,� �a�n�d� �O� �=� �D�i�i�c�x� �O�,�  ¬� �(�U�®� �U�)� �s�a�t�i�s�f�i�e�s� �A�(�u�)�O� �=� 
�O�A�(�u�)� �f�o�r� �a�l�l�u�  ¬� �U�.� 

�(�b�)� �L�e�t� �B� �b�e� �a� �Q�(�v�)�-�b�a�s�i�s� �o�f� �f� �s�u�c�h� �t�h�a�t� �B�,� �=� �B�M�F�,� �i�s� �a� �b�a�s�i�s� �o�f� �f�,� �f�o�r� 
�a�n�y� �v�.� �L�e�t� �{�d�*�|�b�  ¬� �B�}� �b�e� �t�h�e� �b�a�s�i�s� �o�f� �f�,� �d�u�a�l� �t�o� �B�,� �u�n�d�e�r� �(�,�)�.� �W�e� �h�a�v�e� 

�0�,� �=�(�-�l�"�M�e�,� �S�o�b� �@� �b�t� �E�U�,� �@�U�*�,�.� 
�b�E� �B�,� 

�(�c�)� �B�O� �=� �O�O� �=�1�4�1�.� 

�2�.�7�.�3� �F�o�r� �a�n� �e�l�e�m�e�n�t� �P� �=� �2�x� �@�y�  ¬� �U�®� �U� �d�e�n�o�t�e� �t�h�e� �e�l�e�m�e�n�t�s� � �r�@�y�®� 
�1�S�1�8�7�r�8�y�,�0�z�r�Q�8�1�@�y�o�f� �U�Q�@�U�@�U� �b�y� �P ��,� �P�*�?� �a�n�d� �P�!�%� �r�e�s�p�e�c�t�i�v�e�l�y�.� 
�T�h�e�n� 

�(�a�)� �(�A�@�1�)�(�0�,�)� �=� �D�a�r�e�,� �O�F� �(�1� �@� �K�y� �@� �1�)�0�7�3�.� 

�(�b�)� �(�1�@� �A�)�O�,� �=� �V�y� �g�r�a�,� �O�F� �(�1� �@� �K�y�n� �@� �1�)�O�}�3�.� 

�2�.�7�.�4� �S�p�e�c�i�a�l�i�z�i�n�g� �t�h�e� �i�d�e�n�t�i�t�i�e�s� �A�(�E�;�)�O� �=� �O�A�(�E�;�)� �a�n�d� �A�(�F�;�)�0� �=� �O�A�(�F�;�)� 
�o�n� �U�;�_�,�,� �®� �U�F� �a�n�d� �U�Z� �®� �U�Z�_�,�,� �w�e� �d�e�d�u�c�e� 

�(�a�)� �(�E�;�1�)�0�,� �+� �(�K�j� �@� �£�;�)�@�,�-�2�,� �=� �9�.�(�E�;� �@� �1�)� �+� �O�,�-�a�,�(�K�-�i� �©� �E�;�)�,� 

�(�b�)� �(�1� �©�)� �F�;�)�O�,� �+� �(�F�;� �&� �K�_�;�)�O�,�-�0�,� �=� �O�,�(�1� �@� �F�;�)� �+� �O�,�-�a�,� �(�F�i� �©� �K�,�)�.
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�2�.�8� �T�h�e� �o�p�e�r�a�t�o�r�s� �2� �a�n�d� �(�) �� 

�T�h�e� �o�p�e�r�a�t�o�r�s� �9 �� �a�n�d� �2 �� �a�r�e� �i�n�t�r�o�d�u�c�e�d� �b�y� �a�n�a�l�o�g�y� �w�i�t�h� �L�u�s�z�t�i�g ��s� �o�p�e�r�a�t�o�r� 
�Q� �(�(�2�6�,� �6�.�1�]�)�.� �A�c�t�u�a�l�l�y�,� �9 �� �i�s� �t�h�e� �i�n�v�e�r�s�e� �o�f� �2�.� �T�h�e�s�e� �o�p�e�r�a�t�o�r�s� �a�r�e� �l�a�t�e�r� �u�s�e�d� 
�i�n� �c�o�n�s�t�r�u�c�t�i�n�g� �t�h�e� �C�a�s�i�m�i�r� �o�p�e�r�a�t�o�r� �a�n�d� �p�r�o�v�i�n�g� �t�h�e� �s�y�m�m�e�t�r�y� �c�o�n�d�i�t�i�o�n�.� 
�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �B� �d�e�n�o�t�e�s� �a� �b�a�s�i�s� �o�f� �f� �a�s� �i�n� �2�.�7�.�2�(�b�)�.� 

�P�r�o�p�o�s�i�t�i�o�n� �2�.�8�.�1� �F�o�r� �a�n�y� �o�b�j�e�c�t� �M�  ¬�C� �t�h�e�r�e� �a�r�e� �o�p�e�r�a�t�o�r�s� �2�) ��:� �M�  �� �M�,� 
�a�n�d� �Q ��:� �M�  �� �M� �s�u�c�h� �t�h�a�t� 

�(�a�)� �O�Q ��'�(�m�)� �=� �D�s�e�n�( ��1�)�*�P�l�o�_� �j�y�)� �K�_� �y�p�)� �b�-� �b�t�m�,� �f�o�r� �a�n�y�m�e� �M�,� 

�(�b�)� �A�s� �o�p�e�r�a�t�o�r�s� �o�n� �M� 

�E�Y� �=� �K�V�E�;�,� �O�F� �=� �K�y�i�,� �W�K�,� �=� �B�0�7�.� 

�(�c�)� �Q�"�(�m�)� �=� �D�r�e�p�( ��1�)�P�l�o�_� �y�p� �A� �p�j�b�*�t�b�-�m�,� �f�o�r� �a�n�y�m�e� �M�,� 

�(�d�)� �A�s� �o�p�e�r�a�t�o�r�s� �o�n� �M� 

�E�j�"� �R�o�;� �=� �O�B�;� �K�o�"� �F�;�,� �=� �F�:�0�"�,� �O�K�,� �=� �K�,�0�"�.� 

�T�h�e� �p�r�o�o�f� �i�s� �a�d�a�p�t�a�t�i�o�n� �o�f� �a�r�g�u�m�e�n�t�s� �i�n� �[�2�6�,� �6�.�1�.�1�]�.� �L�e�t� 

�e�n� �=� �S�-� �( ��1�)�*�)� �o�y� �L�i�e�s� �v�i�t�e� �S� �>� �b�o�t�,� �a�n�d� 
�v�i�l�e�u�(�v�)�<�N� �b�E�B�L� 

�y�=� �S�L� �(�1�M� �M�a�e� �E�t�h�,� �o�o�n� 
�v�i�l�e�u�(�v�)�<�N� �b�e�B�,� 

�F�r�o�m� �2�.�3�.�2� �f�o�l�l�o�w�s� �t�h�a�t� �f�o�r� �h�i�g�h� �e�n�o�u�g�h� �N�,� �Q�%�,�m� �a�n�d� �0�2�m� �a�r�e� �i�n�d�e�p�e�n�d�e�n�t� 
�o�f� �N�V� �f�o�r� �a�n�y� �m�  ¬� �M�.� �H�e�n�c�e� �t�h�e� �o�p�e�r�a�t�o�r�s� �i�n� �(�a�)� �a�n�d� �(�c�)� �a�r�e� �w�e�l�l� �d�e�f�i�n�e�d�.� 
�T�o� �s�e�e� �t�h�a�t�  �� �s�a�t�i�s�f�i�e�s� �(�b�)� �f�i�r�s�t� �n�o�t�e� �t�h�a�t� 

�!� �e�u�(�v� �G�2�)� �F�f�  ��\�L�*� 
�<�N� �>� �»� �( ��1�)�'� �(� �v�y�,� �>� �S� �(�K�_�L�b� �)�b�  ��,� 

�u�i�l�e�u�(�v�)�<�N� �b�e� �B�y� 

�w�h�e�r�e� �S�(�u�)� �=� �S�(�u�)� �f�o�r� �a�n�y� �u�  ¬� �U�.� �N�o�w� �w�e� �a�p�p�l�y� �v�i�m�(�S �� �@� �1�)�(�K�_�,� �@� �1�)� 
�o�n� �2�.�7�.�4� �(�a�)� �a�n�d� �d�e�d�u�c�e� 

 ��(�-�1�)�"� �o�y�,� �S�T� �(�v�t� �E�S� �(� �K�o�)� �O�t� �=� �w�t� �t�S� �K�b�)� �E�i�b�*�)� �=� 
�b�E�B�y� 

�( ��1�)�l�e�r�e�-�e�D� �y�g�,� �\�>� �(�v�w� �S�?� �(�K�e�v�e�n�,� �b�-�)�E�.�b�*�*� �_� �v�l�'�S ��(�K�_� �o�b �� �)�b�*�*� �K�_�»� �E�)�)�.� 

�b�E�B�y ��a�;



�2�3� 

�w�h�e�r�e� �w�e� �h�a�v�e� �u�s�e�d� �t�h�e� �i�d�e�n�t�i�t�i�e�s�:� 

�5 ��(�E�;�)� �=� �v�'� �E�y�,� �S�°�(�F�)� �=� �o�F�.� 

�N�o�w� �w�e� �s�u�m� �o�v�e�r� �v�:� �l�e�v�(�v�)� �<� �N� �+�1� �a�n�d� �g�e�t� 

�E�i�Q�e�y� �-�U�y� �K�a�k�;� �=� 

�S�o� �(�1�M� �v�o�,� �S�o� �(�B�S�?� �(�K�b� �O�t� �=� �o�S�"� �(�K�n� �B�i�b�)�.� 
�v�i�l�e�v�(�v�)�=�N�+�1� �b�e� �B�i� 

�F�r�o�m� �h�e�r�e� �a�n�d� �2�.�3�.�2� �f�o�l�l�o�w�s� �t�h�e� �f�i�r�s�t� �s�t�a�t�e�m�e�n�t� �i�n� �(�b�)�.� �T�h�e� �c�o�m�m�u�t�a�t�i�v�i�t�y� 
�r�e�l�a�t�i�o�n� �w�i�t�h� �F�;� �c�a�n� �b�e� �d�e�d�u�c�e�d� �i�n� �s�i�m�i�l�a�r� �w�a�y� �b�y� �a�p�p�l�y�i�n�g� �m�(�S �� �@�1�)�(�K�_�,�@�1�)� 
�o�n� �b�o�t�h� �s�i�d�e�s� �o�f� �2�.�7�.�4�(�b�)�,� �a�n�d� �t�h�e�n� �s�u�m�m�i�n�g� �o�v�e�r� �v�:� �l�e�v�(�v�y�)� �<� �N� �+�1�.� 

�T�h�e� �p�r�o�o�f� �t�h�a�t� �2 �� �s�a�t�i�s�f�i�e�s� �(�d�)� �i�s� �v�e�r�y� �s�i�m�i�l�a�r�.� �F�i�r�s�t� �n�o�t�e� �t�h�a�t� 

�b�y�=� �Y�O� �(�D�I�M�,� �Y�O� �S�P�A�T�E�.� 
�v�i�l�e�u�(�v�)�<�N� �b�E�B�,� 

�T�h�e�n� �w�e� �a�p�p�l�y� �m�(�S�?� �@� �1�)�3�(�1� �@� �K�,�)� �t�o� �b�o�t�h� �s�i�d�e�s� �o�f� �2�.�7�.�4�(�a�)� �,� �w�h�e�r�e� �3� �:� 
�L�O�Y� �Y�O�r� 

�U� �©� �U� �M�m�  �� �U�8� �U�.� �I�n� �t�h�i�s� �w�a�y� �w�e� �d�e�d�u�c�e� 

�(�-�1�l!"�o�,� �S�O� �(�S�A�L� �O�T�)� �E�b ��  �� �S�?�(�K�L�0�T�)�b�-� �E�B�)� 
�b�E� �B�L�,� 

�=� �(�-�1�l�e� �u�g�,� �S�o� �(�S�?�(� �B�i�a� �D�T�)� �E�b ��  �� �u�A� �E�,�S�?�(�K�,� �0�+�)� �0�7� �K�G�)�,� 
�b ¬� �B�i ��a�,� 

�w�h�e�r�e� �w�e� �h�a�v�e� �u�s�e�d� �t�h�e� �i�d�e�n�t�i�t�i�e�s�:� 

�S�E�)� �=�v� �"�E�E�;� �S�°�(� �F�B�)� �=�v�"� �F�F�.� 

�N�o�w� �w�e� �s�u�m� �o�v�e�r� �v�:� �l�e�v�(�v�)� �<� �N�+� �1� �a�n�d� �g�e�t� 

�E�i� �y� �K�y�  �� �V�y� �E�;� 
�= �� �S�D� �(�-�1� �H�y�,� �S�T� �(�5�2�K� �B�H�)� �B�b�"�  �� �5�2�K� �6�b�"� �B�i�)� 

�v�i�l�e�v�(�v�)�=�N�+�1� �b�E�B�L� 

�=�=� �(�H�M�,� �(�S�U�R�,� �a�b�)� �B�b�"�  �� �B�:�S�2�(� �K�b�)�"� �B�e�.� 
�v�i�l�e�u�(�v�)�=�N� �b�E�B�L ��a�;� 

�F�r�o�m� �h�e�r�e� �f�o�l�l�o�w�s� �t�h�e� �f�i�r�s�t� �s�t�a�t�e�m�e�n�t� �i�n� �(�d�)�.� �T�h�e� �c�o�m�m�u�t�a�t�i�v�i�t�y� �r�e�l�a�t�i�o�n� 
�w�i�t�h� �F�;� �c�a�n� �b�e� �d�e�d�u�c�e�d� �i�n� �s�i�m�i�l�a�r� �w�a�y� �b�y� �a�p�p�l�y�i�n�g� �v ��'�m�(�S�?� �@� �1�)�s�(�1� �®� �K�,�)� 
�o�n� �b�o�t�h� �s�i�d�e�s� �o�f� �2�.�7�.�4�(�b�)�,� �a�n�d� �t�h�e�n� �s�u�m�m�i�n�g� �o�v�e�r� �v�:� �l�e�v�(�v�)� �<� �N� �+�1�.



�2�4� 

�2�.�9� �L�u�s�z�t�i�g ��s� �b�a�s�i�s� �o�f� �,�U�*� 

�2�.�9�.�1� �F�o�r� �e�a�c�h� �2� �<� �n� �L�u�s�z�t�i�g� �d�e�f�i�n�e�s� �a�n� �a�l�g�e�b�r�a� �i�s�o�m�o�r�p�h�i�s�m� �T�;� �:� �U� �>� �U� 
�s�u�c�h� �t�h�a�t� 

�T�,�(�E�;�)� �=�  ��K�_�F�i�,� �T�i�(�F�i�)� �=� �-�E�:�K�i�,� 
�T�(�E�)� �=� �S�o� �(�1�)� �e�o� �T�E�M�E� �E�M� �f�o�r� �7� �#�5�,� 

�r�+�s�= ��(�2�,� �J�)� 
�T�A�R�)� �=� �Y�D� �(�1� �R�O� �R�E� �f�o�r� �7� �i�,� 

�r�t�s�= ��(�i�,�j�)� 
�T�i�(�K�,� �y�=� �B�a�i�l�a� 

�T�h�e� �i�s�o�m�o�r�p�h�i�s�m�s� �J�;� �a�r�i�s�e� �a�s� �a� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �b�r�a�i�d� �g�r�o�u�p� �i�n� �U�,� �w�h�e�r�e� 
�t�h�e� �b�r�a�i�d� �g�r�o�u�p� �i�s� �t�h�e� �g�r�o�u�p� �d�e�f�i�n�e�d� �b�y� �t�h�e� �s�a�m�e� �g�e�n�e�r�a�t�o�r�s� �a�s� �t�h�e� �W�e�y�l� 
�g�r�o�u�p�,� �a�n�d� �r�e�l�a�t�i�o�n�s� �4�.�4�.�1�(�a�)�.� �W�e� �w�o�n ��t� �u�s�e� �t�h�i�s� �f�a�c�t� �d�i�r�e�c�t�l�y�,� �s�o� �w�o�n�'�t� �e�x�p�a�n�d� 
�o�n� �i�t�.� �H�e�r�e� �i�s� �t�h�e� �r�e�s�u�l�t� �o�f� �L�u�s�z�t�i�g� �w�h�i�c�h� �e�s�t�a�b�l�i�s�h�e�s� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �a�n� 
�o�r�t�h�o�g�o�n�a�l� �b�a�s�i�s� �o�f� �f� �(�[�2�6�,� �4�1�.�1�.�4�]�)�.� 

�2�.�9�.�2� �L�e�t� �[�°� �b�e� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �m�a�x�i�m�a�l� �e�l�e�m�e�n�t� �w�®� �o�f� �W�.� �F�i�x� �i� �=� 
�(�2�1�.�2�2�,�.�.�.�,�2�)�,� �%�-� �<�n� �s�u�c�h� �t�h�a�t� �s�;�,� �.� �+�.� �S�i� �1�8� �a� �r�e�d�u�c�e�d� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �w�?�.� 
�T�h�e�n� 

�(�a�)� �T�;�,�T�;�,�.�.�.� �T�;�,�_�,� �(�E�X�?�)� �E� �A�U�*� �f�o�r� �a�n�y� �k� �<� �1�°�,� �a�n�d� �c�%� �>� �0�;� 

�(�b�)� �S�e�t� �8�,� �=� �s�;�,�.�.�.�5�:�,�_�,�(�a�x�)�,� �a�n�d� �F�i�g�,� �=� �T�;�,�.�.�.�7�;�,�_�,�(�£�:�,�)�.� �T�h�e�n� 

�{� �E�;� �(�1�)� �B�A�)� �_ �� �E�X�)�,� �c�;� �>� �0�}� �i�s� �a� �b�a�s�i�s� �f�o�r� �A�U�;� 

�(�c�)� �T�h�e� �b�a�s�i�s� �a�b�o�v�e� �i�n�d�u�c�e�s� �a�n� �o�r�t�h�o�g�o�n�a�l� �b�a�s�i�s� �B�;� �o�f� �y�f�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� 
�s�e�t� �c� �=� �{�c�}�,�.�.� �v�e�o�)�,� �a�n�d� �l�e�t� �b�j�.� �b�e� �t�h�e� �e�l�e�m�e�n�t� �i�n� �,�f�,� �w�h�i�c�h� �m�a�p�s� �t�o� 

�E�M�S�)� �B�A�)� �g�e� �2�)� �i�n� �4�U�*�.� �T�h�e�n� 

�.�_� �p� �_� �(�e�r�)� �p�l�y�)� �(�c�o�)� �p�l�o�)� �(�b�i�c�,� �B�i�e�r�)� �=� �(�O�5�7�,� �0�7�°�)�.�.�.�(�8� �6�)� �)



�2�5� 

�2�.�9�.�3� �O�b�v�i�o�u�s�l�y�,� �t�h�e� �b�a�s�i�s� �B�;� �o�f� �A�t� �s�a�t�i�s�f�i�e�s� �t�h�e� �c�o�n�d�i�t�i�o�n�s� �i�n� �2�.�7�.�2�,� �a�n�d� 

�t�h�e�r�e�f�o�r�e� �c�a�n� �b�e� �u�s�e�d� �i�n� �c�o�n�s�t�r�u�c�t�i�n�g� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �q�u�a�s�i� �R�-�m�a�t�r�i�x�,� 
�a�n�d� �t�h�e� �o�p�e�r�a�t�o�r�s� �9 �� �a�n�d� �2 ��.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �f�r�o�m� �(�c�)� �a�b�o�v�e� �f�o�l�l�o�w�s� �t�h�a�t� �N�¢�x� 
�a�n�d� �Q�%�y� �a�r�e� �i�n� �4�U�,� �a�n�d� �0�,�  ¬� �4�U� �A�U�*� �7



�C�h�a�p�t�e�r� �3� 

�Q�u�a�n�t�u�m� �a�l�g�e�b�r�a�s� �a�t� �p�r�i�m�e� �r�o�o�t� �o�f� �u�n�i�t�y� 

�3�.�1� �C�h�a�n�g�e� �o�f� �r�i�n�g�.� 

�I�n� �d�e�f�i�n�i�n�g� �t�h�e� �a�l�g�e�b�r�a�s� �p�/�U� �a�n�d� �p�u� �w�e� �f�o�l�l�o�w� �[�2�5�]�.� �T�h�e� �a�l�g�e�b�r�a� �p�/�U� �i�s� 
�o�r�i�g�i�n�a�l�l�y� �d�e�f�i�n�e�d� �a�s� �t�h�e� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �o�f� �4�U� �w�i�t�h� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�i�n�g�,� 
�a�n�d� �p�u� �i�s� �a� �s�u�b�a�l�g�e�b�r�a�s� �o�f� �~�-�U�.� �B�u�t� �s�u�c�h� �k�i�n�d� �o�f� �d�e�f�i�n�i�t�i�o�n� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� 
�w�o�r�k� �w�i�t�h�.� �S�o�,� �i�n� �[�2�5�]�,� �b�y� �p�u�t�t�i�n�g� �s�o�m�e� �c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� �o�r�d�e�r�i�n�g� �o�f� �t�h�e� 
�p�o�s�i�t�i�v�e� �r�o�o�t�s�,� �L�u�s�z�t�i�g� �w�o�r�k�s� �o�u�t� �e�q�u�i�v�a�l�e�n�t� �d�e�f�i�n�i�t�i�o�n�s� �i�n� �t�e�r�m�s� �o�f� �g�e�n�e�r�a�t�o�r�s� 
�a�n�d� �r�e�l�a�t�i�o�n�s�.� �S�i�n�c�e� �t�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� �i�s� �l�o�n�g� �a�n�d� �e�l�a�b�o�r�a�t�e�,� �a�n�d� �t�h�i�s� �i�s� �a� 
�c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �o�r�i�e�n�t�e�d� �w�o�r�k�,� �w�e� �w�i�l�l� �r�e�s�t�r�i�c�t� �o�u�r�s�e�l�v�e�s� �o�n�l�y� �t�o� �l�i�s�t�i�n�g� �t�h�e� 
�s�p�e�c�i�f�i�c� �c�h�o�i�c�e�s� �o�f� �o�r�d�e�r�i�n�g� �o�f� �t�h�e� �p�o�s�i�t�i�v�e� �r�o�o�t�s� �m�a�d�e� �h�e�r�e� �i�n� �a�g�r�e�e�m�e�n�t� �w�i�t�h� 
�t�h�e� �c�o�n�d�i�t�i�o�n� �i�n� �{�2�5�]�,� �a�n�d� �p�r�e�s�e�n�t�i�n�g� �a� �l�i�m�i�t�e�d� �n�u�m�b�e�r� �o�f� �r�e�l�a�t�i�o�n�s� �w�h�i�c�h� �w�i�l�l� 
�b�e� �u�s�e�d� �i�n� �t�h�e� �p�r�o�g�r�a�m�s�.� 

�3�.�1�.�1� �L�e�t� �p� �b�e� �a�n� �o�d�d� �p�r�i�m�e� �s�u�c�h� �t�h�a�t� �p� �>� �3� �i�f� �C� �i�s� �t�h�e� �C�a�r�t�a�n� �m�a�t�r�i�x� �o�f� 
�t�h�e� �a�l�g�e�b�r�a� �G�2�.� �L�e�t� �R� �b�e� �t�h�e� �q�u�o�t�i�e�n�t� �r�i�n�g� �o�f� �A� �b�y� �t�h�e� �i�d�e�a�l� �g�e�n�e�r�a�t�e�d� �b�y� 
�t�h�e� �p ��t�h� �c�y�c�l�o�t�o�m�i�c� �p�o�l�y�n�o�m�i�a�l�,� �a�n�d� �R �� �t�h�e� �q�u�o�t�i�e�n�t� �f�i�e�l�d� �o�f� �#�.� �D�e�n�o�t�e� �t�h�e� 
�i�m�a�g�e� �o�f� �v� �i�n� �R� �a�n�d� �R �� �w�i�t�h� �t�h�e� �s�a�m�e� �l�e�t�t�e�r�.� 

�W�e� �s�a�y� �t�h�a�t� �a�j�,�,�.�.�.�,� �a�,� �1�s� �a� �g�o�o�d� �n�u�m�b�e�r�i�n�g� �o�f� �t�h�e� �s�i�m�p�l�e� �r�o�o�t�s� �i�f� �t�h�e� 
�c�o�e�f�f�i�c�i�e�n�t� �w�i�t�h� �w�h�i�c�h� �a�;�,� �a�p�p�e�a�r�s� �i�n� �a�n�y� �e�l�e�m�e�n�t� �o�f� �R�t� �M� �(�N�a�i�,� �+�.�.�.�N�a�i�,�)� 
�i�s� �a�t� �m�o�s�t� �o�n�e�,� �e�x�c�e�p�t� �p�o�s�s�i�b�l�y� �f�o�r� �a� �s�i�n�g�l�e� �r�o�o�t� �w�h�e�r�e� �i�t� �i�s� �n�e�c�e�s�s�a�r�i�l�y� �t�w�o�.� 
�G�i�v�e�n� �a� �g�o�o�d� �o�r�d�e�r�i�n�g� �o�f� �t�h�e� �s�i�m�p�l�e� �r�o�o�t�s�,� �d�e�f�i�n�e� �a� �p�r�e�o�r�d�e�r� �o�n� �R�*� �i�n� �t�h�e� 

�m�g� �c�2� 

�f�o�l�l�o�w�i�n�g� �w�a�y�:� �£�8�,� �<� �8�,� �i�f� �m!"� �>� �m�2�,� �a�n�d� �D�i�e� �d�i�s�t� �<� �d�u�s� �f�i�s�i�t� �w�h�e�r�e� �i�,� �=� 

�m�k� �c�h�a�;�,� �k� �=� �1�,�2�,� �a�n�d� �c�e� �>� �0�.� �m�y� �C� 

�O�n�e� �c�a�n� �a�l�w�a�y�s� �c�h�o�o�s�e� �a� �p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �m�a�x�i�m�a�l� �e�l�e�m�e�n�t� �o�f� �t�h�e� 
�W�e�y�]� �g�r�o�u�p� �w�°�®� �=� �s�;�,�.�.�.�8�;�,�,� �s�u�c�h� �t�h�a�t� �t�h�e� �i�n�d�u�c�e�d� �o�r�d�e�r� �o�f� �R�*� �s�a�t�i�s�f�i�e�s� 
�t�h�e� �c�o�n�d�i�t�i�o�n� �a�b�o�v�e�.� �F�r�o�m� �n�o�w� �o�n� �w�e� �w�i�l�l� �c�o�n�s�i�d�e�r� �s�u�c�h� �c�h�o�i�c�e� �f�i�x�e�d�,� �a�n�d� 
�t�h�e� �b�a�s�i�s� �B�j� �=� �{�b�i�c�,� �c�  ¬� �N ��}� �o�f� �y�f� �(�s�e�e� �2�.�9�.�2�)� �w�i�l�l� �b�e� �d�e�n�o�t�e�d� �j�u�s�t� �a�s� 
�B� �=� �f�h�e�,� �c�E� �N ��}�.� 

�3�.�1�.�2� �I�f� �k� �i�s� �a� �r�i�n�g� �s�u�c�h� �t�h�a�t� �t�h�e�r�e� �i�s� �a� �h�o�m�o�m�o�r�p�h�i�s�m� �A�  �� �k�,� �s�e�t� �,�U� �=� 
�k�®�a� �(�4�U�)�,� �a�n�d� �,�U�*� �=� �k�@�4� �(�4�U�*�)� �w�f� �=� �k�@�y� �(�4�f�)�.� �T�h�e�n� �t�h�e�r�e� �i�s� �a� 
�d�i�r�e�c�t� �s�u�m� �d�e�c�o�m�p�o�s�i�t�i�o�n� �k�f� �=� �®�v�e�x�+�k�f�,�,� �w�h�e�r�e� �x�f�,� �=�k� �@� �4� �(�a�f�)�.� �N�o�t�e� 
�t�h�a�t� �t�h�r�o�u�g�h� �t�h�e� �q�u�o�t�i�e�n�t� �h�o�m�o�m�o�r�p�h�i�s�m� �®�:� �A�  �� �R�,� �R� �a�n�d� �F�R �� �c�a�n� �b�e� 

�2�6



�2�7� 

�r�e�g�a�r�d�e�d� �a�s� �A�-�a�l�g�e�b�r�a�s�.� �T�h�e�n� �w�e� �w�i�l�l� �d�e�n�o�t�e� �t�h�e� �e�l�e�m�e�n�t�s� �1�@� �E�S ��,� �e�R ��)� �9� �3� 

�C�c�?� 

�O�b�v�i�o�u�s�l�y�,� �B� �i�s� �a�n� �7�e�-�b�a�s�i�s� �o�f� �R�U�,� �a�n�d� �a�n� �R ��-�b�a�s�i�s� �o�f� �R�U�.� 

�D�e�f�i�n�e� �p�u�t� �(�p�u�)� �t�o� �b�e� �t�h�e� �s�u�b�a�l�g�e�b�r�a� �o�f� �2�U�*� �(�r�e�s�p�.� �R�U�)� �g�e�n�e�r�a�t�e�d� 
�b�y� �t�h�e� �e�l�e�m�e�n�t�s� �E�S �� �(�r�e�s�p�.�F�y�)� �4� �<�n�,� �0�5� �N� �<�p�- ��t�,�a�n�d� �p�u� �(�p�u�)� �t�o� 
�b�e� �t�h�e� �R�-�s�u�b�a�l�g�e�b�r�a� �(�r�e�s�p�.� �R ��-�s�u�b�a�l�g�e�b�r�a�)� �o�f� �z�U� �(�r�e�s�p�.� �/�U�)� �g�e�n�e�r�a�t�e�d� �b�y� 

�t�h�e� �e�l�e�m�e�n�t�s� �E�S�,� �F�S ��,� �a�n�d� �K�u�,� �~�<�n�,� �7� �<� �1�°�,� �0�<� �N� �<� �p ��1� �m�o�d�u�l�o� 

�t�h�e� �i�d�e�a�l� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �c�e�n�t�r�a�l� �e�l�e�m�e�n�t�s� �K�k�;�  ��~�l�i�<�n�.� 

�1�2� �b�f�,� �a�n�d� �1�@� �b�g� �i�n� �p�U� �a�g�a�i�n� �w�i�t�h� �E�S �� �,� �F�e�.� �b�t�,� �a�n�d� �b�>� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�3�.�1�.�3� �I�n� �[�2�5�]� �L�u�s�z�t�i�g� �p�r�o�v�e�s� �t�h�a�t� �t�h�e� �e�l�e�m�e�n�t�s� �b�t� �(�b�z�)�,� �w�i�t�h� �0� �<� �¢�;� �<� �p� �f�o�r�m� 
�a�n� �R�-�b�a�s�i�s� �o�f� �p�u�t� �(�r�e�s�p�.�p�u!"� �)�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �p�u� �i�s� �f�i�n�i�t�e� �d�i�m�e�n�s�i�o�n�a�l� �w�i�t�h� 
�d�i�m�(�p�u�)� �=� �p�t�r�,� 

�3�.�1�.�4� �A�U�*� �c�a�n� �b�e� �d�e�f�i�n�e�d� �a�s� �t�h�e� �A�-� �a�l�g�e�b�r�a�s� �w�i�t�h� �g�e�n�e�r�a�t�o�r�s� �B�N�,� �a�n�d� 

�F�S�)�.� �s�a�t�i�s�f�y�i�n�g� �t�h�e� �s�e�t� �o�f� �r�e�l�a�t�i�o�n�s� �d�e�s�c�r�i�b�e�d� �i�n� �[�2�5�]�.� �T�h�i�s� �l�e�a�d�s� �t�o� �c�o�r�-� 
�r�e�s�p�o�n�d�i�n�g� �d�e�f�i�n�i�t�i�o�n�s� �f�o�r� �R�U�,� �a�n�d� �p�u�.� �F�o�r� �t�h�e� �a�l�g�e�b�r�a�s� �r�a�n�k� �t�w�o� �t�h�e�s�e� 
�r�e�l�a�t�i�o�n�s� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �d�i�r�e�c�t�l�y� �f�r�o�m� �t�h�e� �d�e�f�i�n�i�t�i�o�n�s� �o�f� �E�g�.� �F�o�r� �h�i�g�h�e�r� 
�r�a�n�k� �a�l�g�e�b�r�a�s� �t�h�e�y� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �p�l�a�n�e�s� �p�a�s�s�i�n�g� �t�h�r�o�u�g�h� 
�t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�o�o�t�s�.� �W�e� �a�r�e� �g�o�i�n�g� �t�o� �u�s�e� �a� �l�i�m�i�t�e�d� �n�u�m�b�e�r� �o�f� �t�h�e�s�e� �r�e�l�a�-� 
�t�i�o�n�s� �w�h�i�c�h� �a�r�e� �l�i�s�t�e�d� �b�e�l�l�o�w� �t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� �c�h�o�i�c�e�s� �o�f� �a� �r�e�d�u�c�e�d� �e�x�p�r�e�s�s�i�o�n� 
�o�f� �t�h�e� �m�a�x�i�m�a�l� �e�l�e�m�e�n�t� �o�f� �t�h�e� �W�e�y�l� �g�r�o�u�p�,� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �o�r�d�e�r� �o�f� 
�t�h�e� �e�l�e�m�e�n�t�s� �i�n� �R�*!"�.� �I�n� �q�'�U� �t�h�e� �r�e�l�a�t�i�o�n�s�,� �l�i�s�t�e�d� �b�e�l�l�o�w�,� �d�e�f�i�n�e� �a�n� �i�n�d�u�c�t�i�v�e� 
�p�r�o�c�e�d�u�r�e� �f�o�r� �e�x�p�r�e�s�s�i�n�g� �F�g� �,�3�  ¬� �R�t� �i�n� �t�e�r�m�s� �o�f� �F�;�,�7� �<�n�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� 
�q�e�'�u� �i�s� �g�e�n�e�r�a�t�e�d� �b�y� �E�;�,� �F�i�,� �K�4�;�,� �i�<�n�.� �I�t� �c�a�n� �b�e� �s�h�o�w�n� �(�[�2�3�]� �)� �t�h�a�t� �R�'�U� �i�s� 

�g�e�n�e�r�a�t�e�d� �b�y� �E�;�,� �E�!�?�)�,� �F�;�,� �F�e�)� �K�a�i�,� �i�<�n�.� 

�(�a�)� �A�l�g�e�b�r�a� �t�y�p�e� �A�,� 

�2�  ��-�1� �0� �0� 
 ��l� �2� �0� 

�C� �=� �:� �:� �m�t� 
�0� �O� �.�.�.� �2� �-�1� 
�0� �O� �.�.�.�  ��-�1�l� �2� 

�w�l� �=� �(�S�_�8�n�-�1�-�-�-�8�1�)�(�S�n�8�n ��1�-�-�-�8�2�)�-�+�+� �(�S�n�S�n ��1�)�8�n� 

�R�t� �=� �{�Q�n�,� �A�n� �+� �O�n�-�1�,�-�-�-�,�Q�n�+�.�-�.�-�+� �1�,� �O�n�-�1�,� �O�n�-�1� �+� �Q�n ��2�,�-�-�-�,� �a�1�}



�2�8� 

�R�e�l�a�t�i�o�n�s�:� �F�o�r� �a�n�y� �k� �>�1�>� �1�,� �a�n�d� �8� �=�a�,�+�a�,�z�_�-�1�4�+�.�.�.�+�a�i�-�1�,� �w�e� �h�a�v�e� 

�E�a�t�e�n� �=� �E�g� �k�i� �_� �v�l� �E�L�E�s�.� 

�(�b�)� �A�l�g�e�b�r�a� �t�y�p�e� �B�,� 

�2� �- ��-�l� �0� �0�)� 
 ��1� �2� �0� �0� 

�C� �=� 
�0� �0� �2�  ��-�2� 
�0� �0�  ��l� �2� 

�w�o� �=� �8�4�8�2�.�.�.� �S�n�-�1�$�n�S�n ��-�1�$�n ��2� �+�+�+� �$�2�8�1� 

�$�2�8�3�.�.�.� �5�n�-�1�5�n�S�5�n�-�1�5�n�-�2�.�-�-�.�-� �5�2� 

�S�n�-�1�5�n�5�n�-�1� 

�S�n� 

�R�t� �=� �{�a�y�,� �a�1�,� �+� �@�2�,�.�.�.�,�@�,� �+�.�.�.�+� �O�n�,� 

�O�y� �+�.�.�.� �4� �A�n�y� �+� �2�a�n�,� �.�.�-�,�7� �+� �2�a�q�.�.�.�+� �2�a�n�,� 

�O�n�,� �2� �+� �0�3�,�.�.�.�,�G�2�+�.�.�.�4�+� �O�n�,� 

�A�g�+�.�.�.� �4�+� �A�n�y� �+� �2�Q�n�,� �.�.�.�,� �2� �+� �2�0�3�.�.�.� �+� �2�p�,� 

�Q�n�-�1�,� �A�n�-�1� �+� �A�n�,� �A�n�-�1� �+� �2�0�n�,� 

�a�n�}� 

�R�e�l�a�t�i�o�n�s�:� 

�C�a�s�e�l�.� �F�o�r� �a�n�y� �k� �<� �1� �<�n�- ��1�,� �a�n�d� �8� �=� �a�g� �+� �a�g�a�,� �+�.�.�.� �+� �Q�y�-�4�,� �O�F� 
�B�=�a�p� �t�+� �O�p�p� �+�t�.�.�.� �+�a�:� �+� �2�0�4�1� �+�.�.�.�2�Q�n�,� �w�e� �h�a�v�e� 

�E�p�t�o�y� �=� �E�e�k�,�  �� �v�*� �B�E�,� �E�g�.� 

�C�a�s�e�2�.� �F�o�r� �a�n�y� �k�<�n ��1�,� �a�n�d� �B�=� �a�y� �+� �p�4�1� �+�.�.�.�+� �Q�n�_�1�,� �w�e� �h�a�v�e� 

�E�B�+�a�n� �=� �L�E�,� �E�g�  ��_� �v� �7� �E�g�E�n�,� 

�E�B�+�2�a�n� �=� �E�O�)� �E�e�  �� �v� �|� �E�n�E�g�E�n� �+� �v� �E�g� �E�)�.



�2�9� 

�(�c�)� �A�l�g�e�b�r�a� �t�y�p�e� �C�,� 

�2�  ��-�)�1� �0� �0� 
 ��]� �2� �0� �0� 

�C�=� �:� 
�0�)� �0� �2� �-�l� 
�0� �0�  ��2� �2� 

�[�4�]� 
�0� �2� �w�o� �=� �(�[�I� �s�n�S�n�-�2�-�-�-� �S�n ��2�k�4�+�2�S�n ��1�3�8�n ��-�3� �+�+�+� �S�n ��2�k�4�1�)� �X� 

�k�=�1� 

�[�F�]� 
�S�n�S�n ��2� �+�+�+� �s�i�(�{�]� �S�n ��1�$�n ��3� �+�+�+� �$�2�k�S�n�8�n ��2�-�-�-�S�2�k�4�1�)�,� �i�f� �n� �i�s� �o�d�d�,� 

�k�=�1� 

�(�F�]� 
�0� 

�u�w� �=� �(�T�I� �S�n�5�n ��2� �S�n ��2�k�+�2�5�n�-�1�5�n�-�3�-�-�-� �S�n ��2�k�+�1�)� �x� 
�k�=�1� 

�[�F�]� 
�(�T�I� �S�n ��1�$�n ��3� �+�+�+� �$�2�k�S�n�$�n ��2�+�+�-�S�2�k�4�1�)�$�8�n�,� �i�f�n� �i�s� �e�v�e�n�.� 

�k�=�1� 

�R�t� �=� �{�a�n�,� 

�Q�n�-�1� �+� �A�n�,� 

�2�0�n�-�1� �+� �G�n�,� �A�n�-�2� �+� �Q�n�-�1� �+� �O�n� 

�Q�n�-�2� �+� �2�0�-�1� �+� �O�n�,� �U�n�-�3� �+� �Q�y�-�2� �+� �O�n ��1� �+� �O�n�:� 

�2�0�4� �+� �2�0�2� �+�.�.�.� �2�Q�n�-�1� �+� �O�n�,� 

�O�n ��-�1�,� �A�n ��-�2� �+� �M�y�_�-�1�,�-�-�-�,� �M�i�t�.�.�.� �A�n�-�1�,� 

�A�n ��2�,� �A�n�-�3� �+� �A�n�-�2�,�-�-�-�,� �A�Y� �+�.�.�.� �A�n�-�2�,� 

�2�,� �O�y� �+� �Q�2�,� 

�a�y�}� 

�R�e�l�a�t�i�o�n�s� 

�C�a�s�e�l�.� �F�o�r� �a�n�y� �k�<�l�<�n�- ��1�,� �a�n�d� �8� �=� �a�g�i�,� �+� �O�p�y�o� �+�.�.�.� �+� �a�1�,� �w�e� �h�a�v�e� 

�a�p� �+�8� �=� �E�g� �k�x�  �� �v�7� �E�,� �E�g�.



�3�0� 

�C�a�s�e�2�.� �F�o�r� �a�n�y�l� �<�k� �<�n�- ��1�,� �a�n�d� �8� �=� �2�a�,� �+� �2�a�p�a�y� �+�.�.�.� �4�+� �2�Q�n�-�1� �+� �O�n�,� 
�w�e� �h�a�v�e� 

�E�p�t�o�p� �e�y� �=� �E�n�g�  ��v� �7� �E�g�E�g�-�1�,� 
�_� �-� �2�)� �E�o�4�2�0�,�_�,� �=� �E�O� �E�s�  �� �v�7� �E�y� �E�g� �E�y�_�1� �+� �0� �E�g� �E�O�.� 

�(�d�)� �A�l�g�e�b�r�a� �t�y�p�e� �D�,�,� 

�2� �-�1�.�.� �0� �0� �0� 
 ��-�l� �2�.�.�.� �9� �0� �0� 

�C� �=� �:� �,� 
�0� �0� �.�.� �2� �-�1� �=�1� 
�0� �O� �.�.� �-�1� �2� �0� 
�0� �O� �.�.�.� �- ��1� �0� �2� 

�w�?� �=� �5�7�1�5�2�.�.�.� �S�n�~�1�5�n�S�n�-�2�.�.�.�5�9�8�]� 

�5�2�8�3�.�.�.� �8�y�n�~�-�1�3�8�n�S�n�-�2�.�.�.�8�2� 

�S�n ��-�2�5�n ��1�5�n�5�n�-�2� 

�S�n�-�1�5�n� 

�R�Y� �=� �f�a�y�.� �a�y� �+� �2�,�.�.�.�,�Q�,� �+�.�.�.� �+� �O�n�_�1�,� �A� �+�.�.�.� �+� �O�n�-�2� �+� �O�n�,� 

�Q�y� �+�.�.�.� �+�n�,� �A�Y� �+�.�.�.� �+� �A�n�g� �+� �2�a�y�n�-�2� �+� �A�n�-�1� �$�+� �O�n�,�-�-�-�,� 

�a�,� �+� �2�a�g� �+�.�.�.� �4�+� �2�a�n�-�2� �+� �O�n�-�1� �+� �O�n�,� 

�2�,� �A�2� �+� �A�3�,�.�.�.�,�Q�g� �+�.�.�.� �+� �A�n�-�1�,� �A�g� �t�.�.�.� �+� �Q�n�-�2�+� �a�n�,� 

�O�g� �+�.�.�.� �+� �A�n�,� �M�2� �$�.�.�.� �+� �A�n�g� �+� �2�Q�n�-�2� �+� �O�n�-�1� �+� �O�n�,� �-�-�-�,� 

�a�2� �+� �2�a�3�.�.�.�+� �2�a�n ��-�2� �+� �A�n�-�1� �+� �O�n�,� 

�O�n�-�2�,� �&�n�-�2� �+� �A�n�-�1�,� �A�n�-�2� �+� �A�n�,� �A�n�-�2� �+� �Q�n�-�1� �+�+� �X�n�,� 

�Q�n�-�1�,� 

�a�n�}� 

�R�e�l�a�t�i�o�n�s� 

�C�a�s�e�l�.� �F�o�r� �a�n�y� �k�<�l�<�n�,�a�n�d� �B�=�a�z� �4�+� �a�p�a�,� �+�.�.�.� �+� �a�j�-�1�,� �w�e� �h�a�v�e� 

�E�B�p�t�o�y� �=� �L�e�k�i� �~� �v� �B�E�,� �E�g�.



�3�1� 

�C�a�s�e�2�.� �F�o�r� �a�n�y� �k� �<�n ��2�,� �a�n�d� �B�=� �a�y� �+� �a�g�a�,� �+�.�.�.� �+� �Q�n�-�2�,� �w�e� �h�a�v�e� 

�E�B�t�a�n� �=� �E�g�k�n�  �� �v�  ��E�y�,� �E�g�.� 

�C�a�s�e�2�.� �F�o�r� �a�n�y� �k� �<�!�l ��-�1� �<�n ��2�,� �a�n�d� �@�=�a�p�+�a�g�y�y� �+�.�.�.� �+� �Q�1�-�1� �+� �2�a�;� �4�+� 
�.�.�.�2�Q�n�-�2� �+� �A�n�-�1� �+� �A�n�,� �w�e� �h�a�v�e� 

�E�s�s�o�,� �=� �E�e�k�  ��v� �E�i� �E�s�.� 

�(�f�)� �A�l�g�e�b�r�a� �t�y�p�e� �F�,� 

�2� �-�1� �0� �0� 
�-�1� �2� �- ��2� �0� 

�C�=�]� �o� �-�1� �2� �=�1� 
�.� �0� �0� �-�l� �2� 

�w�e� �=� �$�1�8�2�8�3�(�$�2�S�4�)�(�$�1�5�3�)�$�2�(�$�3�8�1�)�(�$�4�$�2�)�$�3�$�2�8�1�$�2�5�3�(�$�2�5�4�)�$�3�5�2�5�4�8�3�5�4� 

�R�t� �=� �{�a�1�,� �a� �+�2�,� �a�1� �+�0�2� �+�0�3�,� �a�1� �+� �a�2� �+� �2�0�3�,� �A�y� �+� �2� �+�0�3� �4�+� �O�4�,� 

�a�y� �+� �2�a�2� �+� �2�a�3�,� �a�1� �+� �a�g� �+� �2�0�3� �+� �a�g�,� �2�a�,� �+� �3�a�2� �+� �4�0�3� �4�+� �2�a�4�,� 

�a�y� �+� �2�a�g� �+� �2�a�3� �+� �a�4�,� �O�y� �+� �2� �+� �2�0�3� �+� �2�E�r�4�,� 

�a�y� �+� �2�a�g� �+� �3�a�3� �4�+� �a�4�,� �A�,� �+� �2�a� �+� �2�0�3� �+� �2�0�4�,� 

�a�y� �+� �2�a�2� �+� �3�a�3� �+� �2�a�4�,� �a�1� �+� �2�a�2�q� �+� �4�0�3� �+� �2�a�4�,� 

�a�y� �+� �3�a�2�q� �+� �4�a�3� �+� �2�a�4�,� 

�G�2�,� �A�2� �+� �a�3�,� �A�g� �+� �2�0�3�,� �a�2� �+� �a�3� �4�+� �4�,� 

�a�2� �+� �2�a�3� �+� �G�4�,� �A�2� �+� �2�0�3� �+� �2�Q�4�,� 

�3�,� �A�3� �+� �4�,� 
�a�y�}� 

�R�e�l�a�t�i�o�n�s�:� 

�C�a�s�e�l�.� �I�f� �@� �i�s� �o�n�e� �o�f� �t�h�e� �r�o�o�t�s� �a�y�,� �a�}� �+�a�2�+�2�a�3�,� �o�r� �a�y� �+� �2�a�2� �+�4�0�3� �+� �2�0�4�,� 
�w�e� �h�a�v�e�:� 

�E�B�+�a�>� �=� �b�i�3� �k�g� �_� �v� �E�o� �E�g�.� 

�C�a�s�e�2�.� �I�f� �8� �=� �a�y� �+� �2�a� �+� �2�a�3�,� �a�n�d� �B�P �� �=� �a�,� �+� �a�2� �+� �2�a�3� �+� �2�a�4�,� �w�e� �h�a�v�e�:� 

�E�g�4�g�0� �=� �£�3� �E�e�  �� �v� �E�g� �E�g�.



�3�2� 

�C�a�s�e�3�.� �I�f� �8� �1�s� �o�n�e� �o�f� �t�h�e� �r�o�o�t�s� �a�3�,� �o�r� �a�2� �+� �a�3�,� �a�n�d� �j� �=� �4�,� �o�r� �i�f� �B� �=� 
�Q�a�,� �+� �2�a� �+� �2�0�3� �+� �a�4�,� �a�n�d� �7� �=� �3�,� �w�e� �n�a�v�e� 

�E�s�t�a�,� �=� �b�3�k�;�  �� �u�v� �E�;� �E�g�.� 

�C�a�s�e�4�.� �I�f� �2� �i�s� �o�n�e� �o�f� �t�h�e� �r�o�o�t�s� �a�y� �+� �a�2� �+� �a�3�,� �a�,� �+� �2�a�2� �+� �2�a�3�,� �o�r� �a�2� �+� �2�0�3�,� 
�a�n�d� �7� �=� �4�,� �o�r� �i�f� �8� �1�s� �o�n�e� �o�f� �t�h�e� �r�o�o�t�s� �a�;� �+� �2�a� �+� �2�a�3� �+� �2�a�4�,� �o�r� �a�2�,� 
�a�n�d� �j� �=� �3�,� �w�e� �h�a�v�e� 

�E�t�a�,� �=� �B�g�k�;�  �� �v�7� �E�;� �E�g�,� 

�E�p�+�2�a�,� �=� �B�E�)� �E�y�  �� �v� �E�E�E�;� �+� �v�7� �E�g� �B�E�)� 

�(�z�g�)� �A�l�g�e�b�r�a� �t�y�p�e� �G�2� 

�C�=� �( ��,� �3�)� �L� 

�a�p� �>� �w� �=� �§�9�8�,�8�2�5�1�5�9� 

�R�t� �=� �{�a�g�,� �a�;� �+� �a�2�,� �3�a�;� �+� �2�a�,� �2�a�;� �+� �a�2�,� �3�0�,� �+� �a�2�,� �a�1�}� 

�R�e�l�a�t�i�o�n�s�:� 

�E�o�,�t�a�,� �=� �E�y� �E�y�  ��v�°� �E�2�E�1�,� 
�E�s�o�,�4�2�0�,� �=� �E�O� �E�O� �4�S� �B�O�E�S� �4� �y�o�?� �B�O� �R�O�E�,� �4�0� �B�E� �E�D� �E�O� �+� 

�v� �t�e� �B�o�B� �B�y� �t�u� �(�v� �+� �u�n� �y�e�g� �b�E� �B�y� �+� �0� �E�y� �E�B� �F�y� �E�y�,� 
�E�o�u�i�o�a�,� �=� �E�O� �E�y�  �� �v�B� �E�y� �E�y� �+� �v�B�,� �E�®�)�,� 
�E�s�t�a�,� �=� �~�E�P�E�,� �t�u� �B�O� �E�E�,�  �� �v�B� �E�g�k�?� �+�P� �B�E�,� 

�I�n� �p�r�i�n�c�i�p�l�e�,� �i�n� �t�h�e� �s�a�m�e� �w�a�y� �o�n�e� �c�a�n� �w�o�r�k� �o�u�t� �t�h�e� �r�e�l�a�t�i�o�n�s� �f�o�r� �t�h�e� �a�l�g�e�b�r�a� 
�t�y�p�e� �F� �(�s�e�e� �[�2�4�]�)�,� �b�u�t� �a�l�g�e�b�r�a�s� �o�f� �s�o� �h�i�g�h� �r�a�n�k� �a�r�e� �c�u�r�r�e�n�t�l�y� �o�u�t� �o�f� �t�h�e� �r�e�a�c�h� 
�o�f� �t�h�e�s�e� �a�l�g�o�r�i�t�h�m�s� �s�i�n�c�e� �t�h�e�y� �r�e�q�u�i�r�e� �t�o�o� �m�u�c�h� �t�i�m�e� �a�n�d� �m�e�m�o�r�y�.� �F�o�r� �t�h�i�s� 
�r�e�a�s�o�n� �w�e� �l�e�f�t� �t�h�e� �a�l�g�e�b�r�a� �t�y�p�e� �F� �o�u�t�.� 

�3�1�.�5� �L�\� �:� �R�i�u�  �� �R�U� �&�)� �R�I�V�,� �s� �:� �R�i�U�  ��_� �R�i�v ��,� �a�n�d� �e ¬�:� �R�U�  �� �R�!� �c�a�n� 

�b�e� �d�e�f�i�n�e�d� �a�s� �i�n� �2�.�1�.�3� �,� �a�n�d� �i�n� �t�h�i�s� �w�a�y� �a �� �U� �b�e�c�o�m�e�s� �a� �H�o�p�f� �a�l�g�e�b�r�a�.



�3�3� 

�3�.�2�.� �M�o�n�o�i�d�a�l� �b�r�a�i�d�e�d� �s�t�r�u�c�t�u�r�e� �o�n� �t�h�e� �c�a�t�e�g�o�r�y� �o�f� �i�n�-� 
�t�e�g�r�a�b�l�e� �p�i�U� �-�m�o�d�u�l�e�s� 

�M�o�s�t� �o�f� �t�h�e� �r�e�s�u�l�t�s� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �a�r�e� �p�r�o�v�e�d� �i�n� �[�2�6�]�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �t�h�e� 
�e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �c�o�m�m�u�t�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �[�2�6�,� �3�2�.�1�]� �g�i�v�e�n� �i�n� 
�t�e�r�m�s� �o�f� �t�h�e� �c�a�n�o�n�i�c�a�l� �b�a�s�i�s�.� �T�h�e� �s�a�m�e� �e�x�p�r�e�s�s�i�o�n� �g�i�v�e�n� �i�n� �t�e�r�m� �o�f� �L�u�s�z�t�i�g ��s� 
�b�a�s�i�s� �a�p�p�e�a�r�s� �i�n� �[�3�6�]�,� �b�u�t� �t�h�e�r�e� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �r�i�b�b�o�n� �e�l�e�m�e�n�t� �i�s� �n�o�t� �g�i�v�e�n� 
�e�x�p�l�i�c�i�t�l�y�.� 

�3�.�2�.�1� �A�n� �p�/�U�-�m�o�d�u�l�e� �W� �i�s� �i�n�t�e�g�r�a�b�l�e� �i�f� �M� �i�s� �a� �f�i�n�i�t�e� �d�i�m�e�n�s�i�o�n�a�l� �R ��-� 
�m�o�d�u�l�e� �a�n�d� �i�f� �t�h�e�r�e� �i�s� �a� �d�i�r�e�c�t� �s�u�m� �d�e�c�o�m�p�o�s�i�t�i�o�n� �M� �=� �®�y�e�x�M ��%� �s�u�c�h� �t�h�a�t�,� 
�f�o�r� �a�n�y�i� �<�n�a�n�d�m�e� �M�*�,� 

�K�y�m� �=� �p�i�r�i� �i�n� �a�n�d� �|� �m�0� �i�n� �=� �o�(�/� �M�e� �»�)� �|� �)�m�.� 

�A�s� �b�e�f�o�r�e� �t�h�e� �M�W� �a�r�e� �c�a�l�l�e�d� �t�h�e� �w�e�i�g�h�t� �s�p�a�c�e�s� �o�f� �M�,� �a�n�d� �t�h�e�i�r� �d�i�m�e�n�s�i�o�n�s� �a�r�e� 
�c�a�l�l�e�d� �m�u�l�t�i�p�l�i�c�i�t�i�e�s�.� �L�e�t� �C�, �� �b�e� �t�h�e� �c�a�t�e�g�o�r�y� �w�i�t�h� �i�n�t�e�g�r�a�b�l�e� �R�p �� �U�-�m�o�d�u�l�e�s� 
�a�s� �o�b�j�e�c�t�s� �a�n�d� �m�o�r�p�h�i�s�m�s� �q�g�/�U�-�l�i�n�e�a�r� �m�a�p�s�.� 

�A�n� �o�b�j�e�c�t� �M�W� �i�n� �C�, �� �i�s� �a� �h�i�g�h�e�s�t� �w�e�i�g�h�t� �m�o�d�u�l�e� �w�i�t�h� �h�i�g�h�e�s�t� �w�e�i�g�h�t� �A� �i�f� 
�t�h�e�r�e� �e�x�i�s�t�s� �a� �v�e�c�t�o�r� �m�  ¬� �M�*� �s�u�c�h� �t�h�a�t� �m� �g�e�n�e�r�a�t�e�s� �M�*� �a�s� �R ��-�m�o�d�u�l�e� �a�n�d� 

�(�a�)� �E�m� �=� �0� �f�o�r� �a�n�y�z�<�n�a�n�d�r�>�0�.� 

�(�b�)� �M�=�p�U�-�m�.� 

�3�.�2�.�2� �W�i�t�h� �t�h�e� �s�a�m�e� �a�r�g�u�m�e�n�t� �a�s� �i�n� �2�.�3�.�2�,� �w�e� �c�a�n� �s�h�o�w� �t�h�a�t� �i�f� �M�  ¬� �C�, ��,� 
�t�h�e�r�e� �e�x�i�s�t�s� �N� �>� �1� �s�u�c�h� �t�h�a�t� �f�o�r� �a�n�y� �m�  ¬� �M� �a�n�d� �a�n�y� �z�  ¬� �R �� �®� �A�L� �w�i�t�h� 
�l�e�v�(�[�z�|�)� �>� �N�,� �c�t�m�=�0�,� �a�n�d� �c�~�m� �=�0�.� 

�3�.�2�.�3� �N�o�t�e� �t�h�a�t� �i�f� �W�o�e� �C�,� �a�n�d� �4�M� �i�s� �a�n� �,�U� �i�n�v�a�r�i�a�n�t� �l�a�t�t�i�c�e� �o�f� �M�,� 
�p�i� �=� �R�'�®�(�,�4�M�)�  ¬� �C�,�'�,� �a�n�d� �s�i�n�c�e� �R �� �i�s� �a� �f�i�e�l�d�,� �d�i�f�f�e�r�e�n�t� �l�a�t�t�i�c�e�s� �y�i�e�l�d� 
�i�s�o�m�o�r�p�h�i�c� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �i�n� �C�, ��.� �M�o�r�e�o�v�e�r�,� �t�h�e� �m�o�d�u�l�e�s� �i�n� �C�, �� �s�a�t�i�s�f�y� �t�h�e� 
�f�o�l�l�o�w�i�n�g� �p�r�o�p�e�r�t�i�e�s� �(�s�e�e� �[�2�3�,� �2�6�,� �1�]� �)�:� 

�(�a�)� �E�a�c�h� �o�b�j�e�c�t� �i�n� �C�, �� �i�s� �s�u�m� �o�f� �s�u�b�o�b�j�e�c�t�s� �e�a�c�h� �i�s�o�m�o�r�p�h�i�c� �t�o� �a� �q�u�o�t�i�e�n�t� 
�o�b�j�e�c�t� �o�f� �q�i� �l�y� �©� �p�l�y�.� �f�o�r� �s�o�m�e� �4�,�1 �� �E�W�.



�3�4� 

�(�b�)� �F�o�r� �a�n�y� �\�  ¬� �W�,� �t�h�e�r�e� �e�x�i�s�t�s� �a� �s�i�m�p�l�e� �o�b�j�e�c�t� �L�y�  ¬� �C�, ��,� �u�n�i�q�u�e� �u�p� �t�o� 
�a�n� �i�s�o�m�o�r�p�h�i�s�m�,� �w�h�i�c�h� �i�s� �a� �h�i�g�h�e�s�t� �w�e�i�g�h� �m�o�d�u�l�e� �o�f� �h�i�g�h�e�s�t� �w�e�i�g�h�t� �X�.� 
�T�h�i�s� �o�b�j�e�c�t� �i�s� �q�u�o�t�i�e�n�t� �o�b�j�e�c�t� �o�f� �p�L�)�.� 

�(�c�)� �I�f� �\�#�X�'�,� �L�y� �i�s� �n�o�t� �i�s�o�m�o�r�p�h�i�c� �t�o� �L�y�)�.� 

�(�d�)� �L�e�t� �p� �=� �1�/�2� �a� �a�e�R�t� �o�O�,� �a�n�d� 

�A�=� �{�A�\�E ¬�W�|� �(�h�g�,� �A� �+�p�)� �<� �p� �f�o�r� �a�n�y� �G�B�  ¬� �R�*�}�.� 

�T�h�e�n� �i�f� �A�  ¬� �A�,� �L�y� �i�s� �i�s�o�m�o�r�p�h�i�c� �t�o� �R�i�l�.� 

�3�.�2�.�4� �D�e�f�i�n�e� �t�h�e� �a�f�f�i�n�e� �W�e�y�l� �g�r�o�u�p� �W�,� �t�o� �b�e� �t�h�e� �g�r�o�u�p� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� 
�a�f�f�i�n�e� �r�e�f�l�e�c�t�i�o�n�s�:� �7�3�:�  �� �X�,�9�¢ ¬� �R�t�,� �k�  ¬� �Z�,� �g�i�v�e�n� �b�y� 

�O�g�k�(�A�)� �=� �A�  �� �(�(�3�,� �A�)�  �� �k�p�)�p�.� 

�D�e�f�i�n�e� �a�l�s�o� �t�h�e� �d�o�t� �a�c�t�i�o�n� �w�.�A� �o�f� �W�,� �o�n� �X� �t�o� �b�e� 

�w�.�A� �=� �w�(�A�+� �p�)�  ��p�.� 

�T�h�e�n� �t�h�e� �d�i�f�f�e�r�e�n�t� �w�e�i�g�h�t�s� �i�n� �A� �l�i�e� �o�n� �d�i�f�f�e�r�e�n�t� �o�r�b�i�t�s� �o�f� �t�h�e� �d�o�t� �a�c�t�i�o�n� �o�f� 
�W�,� �o�n� �X�.� �A�l�s�o�,� �t�h�e�r�e� �i�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �o�b�j�e�c�t�s� �i�n� �C�, �� �(�s�e�e� 
�[�1�]�}�.� �L�e�t� �O� �d�e�n�o�t�e� �t�h�e� �s�e�t� �o�f� �a�l�l� �o�r�b�i�t�s� �o�f� �W�,� �i�n� �W�.� �t�h�e�n� �a�n�y� �M�  ¬� �C�, �� �i�s� 
�i�s�o�m�o�r�p�h�i�c� �t�o� �a� �d�i�r�e�c�t� �s�u�m� �O�o�e�o�M�o�,� �w�h�e�r�e� �a�l�l� �s�i�m�p�l�e� �s�u�b�q�u�o�t�i�e�n�t�s� �o�f� �M�o� 
�a�r�e� �o�f� �t�h�e� �f�o�r�m� �L�y�,� �A�E� �O�.� 

�3�.�2�.�5� �A�n� �a�s�s�o�c�i�a�t�i�v�e� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �o�f� �t�w�o� �o�b�j�e�c�t�s� �M �� �a�n�d� �M �� �i�n� �C�,�"� �i�s� 
�d�e�f�i�n�e�d� �a�s� �i�n� �2�.�3�.�4�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �m�o�d�u�l�e� �i�s� �i�n� �C�, ��,� �a�n�d� 

�(�. �� �Q� �M�"�)�  �� �>� �M�Y� �Q� �V�n� 

�M�M�A� 

�3�.�2�.�6� �G�i�v�e�n� �a�n� �~�-�U�-�m�o�d�u�l�e� �.�W� �w�e� �d�e�f�i�n�e� �i�t�s� �d�u�a�l� �M!"� �t�o� �b�e� �t�h�e� �p�/�U�-�m�o�d�u�l�e� 
�w�i�t�h� �v�e�c�t�o�r� �s�p�a�c�e� �M�*� �=� �H�o�m�(�M�,�R ��)� �a�n�d� �t�h�e� �f�o�l�l�o�w�i�n�g� �.�/�U�-�s�t�r�u�c�t�u�r�e�:� �f�o�r� 
�a�n�y�u ¬� �p�U�,� �y�e� �M�*�,�a�n�d�m�e� �M� 

�u�(�y�)�(�m�)� �=� �y�(�S�(�u�)�x�)�.� 
�S�i�n�c�e� �t�h�e� �a�n�t�i�p�o�d�e� �i�s� �a�n� �a�l�g�e�b�r�a� �a�n�t�i�-�h�o�m�o�m�o�r�p�h�i�s�m�,� �t�h�i�s� �i�s� �w�e�l�l� �d�e�f�i�n�e�d�.� 

�I�f� �M� �i�s� �a�n� �e�l�e�m�e�n�t� �i�n� �C�, ��,� �W!"� �i�s� �a�g�a�i�n� �i�n� �C�, ��,� �a�n�d� 

�(�M�*�)�\� �=� �H�o�m�(�M�~�*�,�R ��)�.



�3�9� 

�3�.�2�.�7� �F�r�o�m� �t�h�e� �i�n�v�a�r�i�a�n�c�e� �o�f� �t�h�e�  ��. ��-�f�o�r�m� �u�n�d�e�r� �t�h�e� �W�e�y�]� �g�r�o�u�p� �(�2�.�4�.�1�)� �a�n�d� 
�t�h�e� �f�a�c�t� �t�h�a�t� �W� �s�e�n�d�s� �t�h�e� �s�e�t� �o�f� �p�o�s�i�t�i�v�e� �r�o�o�t�s� �i�n�t�o� �i�t�s�e�l�f�,� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� 
�i�f�\�  ¬� �A� �t�h�e�n� �A�  ¬� �A�.� �M�o�r�e�o�v�e�r�,� �i�n� �t�h�i�s� �c�a�s�e�,� �w�e� �h�a�v�e� �t�h�a�t� �R �� �@� �4� �(�4�L�y�*�)� �=� 
�R�'�2� �4�H�o�m�(� �4�L�y�,� �A�)� �~� �H�o�m�(�R�'�S� �A�(� �A�L�y�)�,� �R�'�@� �4�A�)� �=� �H�o�m�(�L�y�,�R ��)�.� �U�s�i�n�g� 
�t�h�i�s� �i�s�o�m�o�r�p�h�i�s�m�,� �1�@� �4�)� �:� �L�,�  �� �L�;�*� �d�e�f�i�n�e�s� �a�n� �i�s�o�m�o�r�p�h�i�s�m� �o�f� �R ��-�m�o�d�u�l�e�s�.� 

�3�.�2�.�8� �L�e�t� �s�  ¬� �Z� �b�e� �s�u�c�h� �t�h�a�t� �D� �=� �d�e�t�(�C�)�s� �=� �1� �(�m�e�d� �p�)�,� �a�n�d� �l�e�t� �f� �:� 

�X� �x� �X�  �� �Z� �b�e� �g�i�v�e�n� �b�y� �f�(�A�,� �\ ��)� �=�  ��D�(�\�.�. ��)�.� �T�h�e�n� �g�i�v�e�n� �a�n�y� �t�w�o� �o�b�j�e�c�t�s� 
�M�,� �© �� �i�n� �C�, �� �d�e�f�i�n�e� �a�n� �i�n�v�e�r�t�i�b�l�e� �l�i�n�e�a�r� �o�p�e�r�a�t�o�r� �I�l�;� �:� �M�@� �M ��  �� �M�®� �M�'� 
�g�i�v�e�n� �b�y� �I�I�s�(�m� �©� �m ��)� �=� �y�v�I�Q�A�I�m� �2� �m�'�,� �f�o�r� �m�  ¬� �M�*�,� �a�n�d� �m � ¬� �M � ��.� �D�e�f�i�n�e� 
�a�l�s�o� �a�n� �R ��-�l�i�n�e�a�r� �m�a�p� �O�:� �M�W� �@� �M�'�  �� �M� �@� �M �� �g�i�v�e�n� �b�y� 

�O�(�m� �©� �m�'�)� �=� �S�s� �( ��1�)�°�"�P�D� �O�v�,� �j�h�e� �)�b�o�m� �@� �b�t�m ��.� 

�c�e�Z�"� 

�H�e�r�e� �h�e� �=� �1�8� �y� �(�b�e�,� �b�e�) ��  ¬� �R�.� �F�r�o�m� �2�.�7�.�2� �f�o�l�l�o�w�s� �t�h�a�t� �©� �i�s� �i�n�v�e�r�t�i�b�l�e� �w�i�t�h� 
�i�n�v�e�r�s�e� �t�h�e� �R ��-�l�i�n�e�a�r� �o�p�e�r�a�t�o�r� �g�i�v�e�n� �b�y�:� 

�O�(�m�a�m�'�)�=� �S�Y� �( ��1�D� �O�(�v�_�p�y�h�e�)�b�,�m� �@� �b�e�m ��,� 
�0� 

�c�e�Z�,� 

�w�h�e�r�e� �b�e� �d�e�n�o�t�e� �t�h�e� �e�l�e�m�e�n�t�s� �1� �®� �4� �b�e� �E� �R�U�,� �a�n�d� �h�e�=� �1�@� �4� �(�b�e�,� �b�e�)�!�  ¬� �R�.� 

�3�.�2�.�9� �L�e�t� �M�W�,� �M�W ��  ¬�C�, ��,� �a�n�d� �l�e�t� �R�y�r�a�y� �=� �O�l�l�y�s�:� �M� �@� �M �� �>� �M ��@� �M�.� �T�h�e�n� 

�(�a�)� �R�a�s�y� �i�s� �a�n� �i�s�o�m�o�r�p�h�i�s�m� �i�n� �C�, �� �w�i�t�h� �i�n�v�e�r�s�e� �g�i�v�e�n� �b�y� �s�~�1�(�I�I�;�)�7�'�0�.� 

�(�b�)� �R�u�v�e�w�y�a�e� �=� �(�R�u�m� �@� �i�d� �)�\�(�t�d�y� �®� �R�u�m�)� �:� �M� �@�®�M�'�®� �M�"� 
�M�"� �@�M�'�®� �M ��'�,� �a�n�d� �R�u�n� �y�m�e�m�y�)� �=� �(�t�d�y� �®� �R�u�v�m�)�(�R�u�r�o�m� �©� �t�d�y�)� �:� 
�W�M�"� �2�M�e� �M�3�M�e�E�M�'� �2�M�"�.� 

�T�h�e� �p�r�o�p�e�r�t�i�e�s� �i�n� �(�b�)� �a�r�e� �k�n�o�w�s� �a�s� �t�h�e� �h�e�x�a�g�o�n� �d�i�a�g�r�a�m�s�.� 

�3�.�2�.�1�0� �L�e�t� �M�,�M�'�,�M�,�,� �M�i�  ¬�C�,�'�,� �a�n�d� �d�6�:� �M�  �� �M�,� �a�n�d� �¢ ��:� �M �� �>� �M�j� �b�e� 
�h�o�m�o�m�o�r�p�h�i�s�m�s�.� �T�h�e�n� �f�r�o�m� �t�h�e� �e�x�p�l�i�c�i�t� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �R�a�g� �w�e� �c�o�n�c�l�u�d�e� 
�t�h�a�t� 

�R�a�g� �m�i�(�d� �®�@� �¢�)� �=� �(�6� �@� �6�)� �R�u�m�.



�3�6� 

�3�.�3�.� �T�h�e� �q�u�a�n�t�u�m� �C�a�s�i�m�i�r� �o�p�e�r�a�t�o�r� 

�F�o�r� �t�h�e� �a�l�g�e�b�r�a� �U� �t�h�e� �q�u�a�n�t�u�m� �C�a�s�i�m�i�r� �o�p�e�r�a�t�o�r� �w�a�s� �d�e�f�i�n�e�d� �b�y� �D�r�i�n�f�e�l�d� 
�(�{�5�]�)�.� �T�h�e� �e�x�p�o�s�i�t�i�o�n� �h�e�r�e� �i�s� �a�d�a�p�t�a�t�i�o�n� �o�f� �t�h�e� �o�n�e� �i�n� �L�u�s�z�t�i�g� �(�[�2�6�,� �6�.�1�]�)� �t�o� 
�t�h�e� �c�a�s�e� �w�h�e�n� �v� �i�s� �a� �r�o�o�t� �o�f� �u�n�i�t�y�.� 

�3�.�3�.�1� �G�i�v�e�n� �a�n�y� �f�u�n�c�t�i�o�n� �G� �:� �X�  �� �Z�,� �a�n�d� �a�n� �o�b�j�e�c�t� �M�  ¬� �C�, ��,� �d�e�f�i�n�e� �a� 
�l�i�n�e�a�r� �o�p�e�r�a�t�o�r� �6�°� �:� �M�  �� �M� �g�i�v�e�n� �b�y� �6�9�(�m�)� �=� �v�@!"�)� �f�o�r� �a�n�y� �m�  ¬� �M�*�.� �L�e�t� 
�D� �b�e� �a�s� �i�n� �3�.�2�.�8�.� �T�h�e�n� �t�h�e� �f�u�n�c�t�i�o�n�s� �o�n� �X� �G ��(�A�)� �=�  ��(�A�.�A�+� �O�L�,� �A�i�t�.�2�)�D� �a�n�d� 
�G�"�(�\�)� �=� �G�'�( ��X�)� �h�a�v�e� �v�a�l�u�e�s� �i�n� �Z�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �t�h�e� �o�p�e�r�a�t�o�r�s� �6�%� �a�n�d� �6�°�"� 
�a�r�e� �w�e�l�l� �d�e�f�i�n�e�d�.� 

�3�.�3�.�2� �G�i�v�e�n� �a�n�y� �o�b�j�e�c�t� �M�  ¬� �C�, ��,� �d�e�f�i�n�e� �t�h�e� �l�i�n�e�a�r� �o�p�e�r�a�t�o�r�s� �0 ��,� �2 ��:� �M�  �� 
�M�f� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�a�y�.� �F�o�r� �a�n�y� �m�  ¬� �M� 

�Q�Y�(�m�)� �=� �S�>� �(�H� �1�)� �P�P� �O�(�v�_�p� �p�h�e�)� �K ��g�[�b�e� �b�e�m�.� 
�c�e�N �� 

�Q�M� �(�m�)� �=� �D�P� �( ��L�C�P� �O�(�v�_� �p�p� �j�h�e�)� �A�p�e� �b�e�t� �b�e�m�.� 
�c�e�N �� 

�N�o�t�e� �t�h�a�t� �®�(�h�,�)� �i�s� �n�o�n�z�e�r�o� �o�n�l�y� �f�o�r� �c�  ¬� �Z�,�,� �i�.�e�.� �t�h�e� �s�u�m�s� �a�b�o�v�e� �a�r�e� �f�i�n�i�t�e�.� 

�P�r�o�p�o�s�i�t�i�o�n� �3�.�3�.�3� �L�e�t� �M�  ¬� �C�,�'�.� �A�s�s�u�m�e� �t�h�a�t� �a�l�l� �w�e�i�g�h�t�s� �o�f� �M� �a�r�e� �c�o�n�-� 
�t�a�i�n�e�d� �i�n� �t�h�e� �s�a�m�e� �c�o�s�e�t� �C� �o�f� �X� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �Z�-�l�a�t�t�i�c�e� �s�p�a�n�n�e�d� �b�y� �t�h�e� 
�v�e�c�t�o�r�s� �i�n� �I�I�.� �T�h�e�n�,� �a�s� �m�a�p�s� �o�n� �M�,� �(�6�°� �a�n�d� �Q ��6�°�"� �a�r�e� �i�s�o�m�o�r�p�h�i�s�m� �i�n� 
�C�y ��.� �M�o�r�e�o�v�e�r�,� �i�f� �M� �=� �L�y�,� �V�é�O� �=� �0�6�S�"� �a�c�t�s� �a�s� �v�o ��)� �t�i�m�e�s� �t�h�e� �i�d�e�n�t�i�t�y�.� 

�W�e� �w�i�l�l� �p�r�e�s�e�n�t� �h�e�r�e� �t�h�e� �p�r�o�o�f� �o�n�l�y� �f�o�r� �9�/�6�,� �s�i�n�c�e� �t�h�e� �a�r�g�u�m�e�n�t� �f�o�r� 
�0�6�%�"� �i�s� �a�n�a�l�o�g�o�u�s�.� �C�h�o�o�s�e� �a� �A�p�  ¬� �C ��,� �a�n�d� �s�e�t� �G�o� �:� �C�  �� �Z� �t�o� �b�e� �t�h�e� �f�u�n�c�t�i�o�n� 
�g�i�v�e�n� �b�y� �G�o�(�A�)� �=�  ��A�.�A� �+� �A�g�-�A�o�  �� �V�L�,� �A�i�t�.�2�.� �T�h�e�n� �6�%� �=� �y�~�P�r�0�0�G�S�0�,� �H�e�n�c�e� 

�i�t� �i�s� �e�n�o�u�g�h� �t�o� �p�r�o�v�e� �t�h�e� �s�t�a�t�e�m�e�n�t� �f�o�r� �t�h�e� �o�p�e�r�a�t�o�r� �0 ��6�°�.� �B�e�c�a�u�s�e� �a�n�y� 
�o�b�j�e�c�t� �i�n� �C�, �� �i�s� �i�s�o�m�o�r�p�h�i�c� �t�o� �s�u�m� �o�f� �q�u�o�t�i�e�n�t� �o�b�j�e�c�t�s� �o�f� �R�i�L�y� �@� �p�l�y�:� �t�o�r� 
�s�o�m�e� �\�,�  ��  ¬� �W�,� �i�t� �i�s� �e�n�o�u�g�h� �t�o� �p�r�o�v�e� �t�h�a�t� �f�o�r� �A�+�  ��  ¬� �C�,� �0 ��6�%� �(�d�e�f�i�n�e�d� �a�s� 
�i�n� �2�.�8�.�1�)� �a�r�e� �i�n� �t�h�e� �c�o�m�m�u�t�a�n�t� �o�f� �t�h�e� �A�U�-�m�o�d�u�l�e�s� �A�L�A� �Q� �A�L�.� �M�o�r�e�o�v�e�r�,� 

�i�t� �i�s� �e�n�o�u�g�h� �t�o� �p�r�o�v�e� �t�h�i�s� �f�o�r� �t�h�e� �U�-�m�o�d�u�l�e�s� �L�y�,� �®� �L�y�.� �L�e�t� �m� �b�e� �i�n� �t�h�e� 
�y�u� �w�e�i�g�h�t� �s�p�a�c�e� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �U�-�m�o�d�u�l�e�.� �T�h�e�n� �u�s�i�n�g� �2�.�8�.�1� �(�b�)� �w�e



�3�7� 

�d�e�d�u�c�e�:� 

�E�.�Q�3�%�m� �=� �v�y� �B�.�0�'�m� 

�=� �y�(�)� �K�O�!� �B�i�m� �=�=� �v�O�u�t� �E�m� 
�=� �1�/�6� �F�-�m�,� �a�n�d� 

�F�Q�6�%�m� �=� �v�O�H� �E�O �� �m� 

�=� �p�o�l�)� �0�!� �F�m� �m�a�z� �y�O�O�(�H�-�O�N� �O�Q�!� �P�m� 

�=� �1�/�5� �F�m� 

�T�h�i�s� �p�r�o�v�e�s� �t�h�a�t� �2 ��6�@� �d�e�f�i�n�e�s� �a�n� �a�u�t�o�m�o�r�p�h�i�s�m� �o�f� �M�W�.� �W�h�e�n� �M� �=� �L�y�,� �Y�G�5�?� 
�a�c�t�s� �o�n� �t�h�e� �A� �w�e�i�g�h�t� �s�p�a�c�e� �a�s� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �b�y� �v�@!"�)�_� �B�u�t� �M�C� �p�i�U�-� �M�*�.� 

�H�e�n�c�e� �t�h�e� �a�u�t�o�m�o�r�p�h�i�s�m� �g�r�o�u�p� �o�f� �.�M� �i�s� �i�s�o�m�o�r�p�h�i�c� �t�o� �R ��,� �a�n�d� �9�/�6�°� �a�c�t�s� �o�n� 
�M� �a�s� �v�?�)� �t�i�m�e�s� �t�h�e� �i�d�e�n�t�i�t�y�.� 

�3�.�3�.�4� �T�h�e� �o�p�e�r�a�t�o�r� �1 ��3�%� �:� �M�  �� �M� �i�s� �c�a�l�l�e�d� �t�h�e� �q�u�a�n�t�u�m� �C�a�s�i�m�i�r� �o�p�e�r�a�t�o�r�.� 

�3�.�4� �M�o�n�o�i�d�a�l� �b�r�a�i�d�e�d� �s�t�r�u�c�t�u�r�e� �o�n� �t�h�e� �c�a�t�e�g�o�r�y� �o�f� �s�m�a�l�l� 
�r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� 

�W�e� �i�n�t�r�o�d�u�c�e� �f�e�w� �d�e�f�i�n�i�t�i�o�n�s� �a�n�d� �t�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �t�h�e� �q�u�o�t�i�e�n�t� �c�a�t�e�g�o�r�y� 
�C�,� �o�f� �C�, �� �f�r�o�m� �[�1�0�]�.� 

�3�.�4�.�1� �L�e�t� �C� �b�e� �a� �c�a�t�e�g�o�r�y� �a�n�d�o�:�C�x�C�- ��C�,� �(�a�,�b�)� �+� �a�0�}�,� �b�e� �a� �f�u�n�c�t�o�r�.� 
�W�e� �s�a�y� �t�h�a�t� �C� �i�s� �m�o�n�o�i�d�a�l� �b�r�a�i�d�e�d� �c�a�t�e�g�o�r�y� �i�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�n�d�i�t�i�o�n�s� �a�r�e� 
�s�a�t�i�s�f�i�e�d�:� 

�(�a�)� �F�o�r� �a�n�y� �t�h�r�e�e� �o�b�j�e�c�t� �a�,� �b�,�c� �t�h�e�r�e� �e�x�i�s�t�s� �a� �f�u�n�c�t�o�r�i�a�l� �i�s�o�m�o�r�p�h�i�s�m� 

�b�a�p�e�:� �(�a�o�b�)�o�c�a�o�(�b�o�c�)� 

�s�u�c�h� �t�h�a�t�,� �f�o�r� �a�l�l� �o�b�j�e�c�t�s� �a�,�6�,�c�,�d� �t�h�e� �d�i�a�g�r�a�m� 

�a�o�(�b�o�(�c�o�d�)�)� �(�a�o�b�)�o�(�c�o�d�)� �(�(�a�o�b�)�o�c�j�o�d� 
�]� �i�d�e�o� �|� �b�o�i�d�y� 

�a�o�(�(�b�o�c�)�o�d�)� �e�o� �(�a�o�(�b�o�c�)�)�o�d� 

�c�o�m�m�u�t�e�s�.� �T�h�e� �@�¢ ��s� �a�r�e� �c�a�l�l�e�d� �a�s�s�o�c�i�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s� �a�n�d� �t�h�e� �d�i�a�g�r�a�m� 
�a�b�o�v�e� �i�s� �c�a�l�l�e�d� �t�h�e� �p�e�n�t�a�g�o�n� �d�i�a�g�r�a�m�.



�3�8� 

�(�b�)� �F�o�r� �a�n�y� �t�w�o� �o�b�j�e�c�t�s� �a�,�b� �t�h�e�r�e� �i�s� �a� �f�u�n�c�t�o�r�i�a�l� �i�s�o�m�o�r�p�h�i�s�m� �7�,� �c�o�m�-� 
�p�a�t�i�b�l�e� �w�i�t�h� �t�h�e� �a�s�s�o�c�i�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s�,� �i�.�e�.� �f�o�r� �a�l�l� �o�b�j�e�c�t�s� �a�,� �6�,�c� �t�h�e� 
�d�i�a�g�r�a�m� 

�a�o�(�b�o�c�)� �a� �(�a�c�o�b�)�e�o�c� �a� �c�o�(�a�o�b�)� 
�J�i�d�a�o�w� �J�e� 

 �� �@� �o�i�d�,� 
�a�o�(�{�c�o�b�)� �« �� �(�a�c�o�c�)�o�b�  �� � �(�c�o�a�)�o�b� 

�c�o�m�m�u�t�e�s�.� �T�h�e� �w ��s� �a�r�e� �c�a�l�l�e�d� �c�o�m�m�u�t�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s� �a�n�d� �t�h�e� �d�i�a�-� 
�g�r�a�m� �a�b�o�v�e� �i�s� �c�a�l�l�e�d� �t�h�e� �h�e�r�a�g�o�n� �d�i�a�g�r�a�m�.� 

�F�r�o�m� �3�.�2�.�9� �f�o�l�l�o�w�s� �t�h�a�t� �C�, �� �i�s� �a� �m�o�n�o�i�d�a�l� �b�r�a�i�d�e�d� �c�a�t�e�g�o�r�y�.� 

�3�.�4�.�2� �L�e�t� �©� �=� �{�L�,� �}�\�  ¬� �A�}� �(�s�e�e� �3�.�2�.�3� �)�.� �F�r�o�m� �t�h�e� �i�n�v�a�r�i�a�n�c�e� �o�f� �t�h�e�  ��. ��-�f�o�r�m� 
�u�n�d�e�r� �t�h�e� �W�e�y�l� �g�r�o�u�p� �(�2�.�4�.�1�)�,� �a�n�d� �t�h�e� �f�a�c�t� �t�h�a�t� �W� �s�e�n�d�s� �t�h�e� �s�e�t� �o�f� �p�o�s�i�t�i�v�e� 
�r�o�o�t�s� �i�n�t�o� �i�t�s�e�l�f� �w�e� �c�o�n�c�i�u�c�l�e� �t�h�a�t� �L�y� �E�X�.� �H�e�n�c�e�*�:� �4� �>� �&�,� �i�y� �L�s� �d�e�f�i�n�e�s� 
�a�n� �i�n�v�o�l�u�t�i�o�n� �o�n� �%�.� �T�o� �s�i�m�p�l�i�f�y� �t�h�e� �n�o�t�a�t�i�o�n� �f�r�o�m� �n�o�w� �o�n� �w�e� �w�i�l�l� �d�e�n�o�t�e� 
�t�h�e� �e�l�e�m�e�n�t�s� �o�f� �©� �w�i�t�h� �a�,� �6�,� �c�,�.�.�.�,� �a�n�d� �t�h�e�i�r� �d�u�a�l� �m�o�d�u�l�e�s� �w�i�t�h� �a�*�,� �b�*�,� �c�*�,�.�.�.�.� 
�T�h�e�n� �t�h�e� �i�n�v�o�l�u�t�i�o�n� �a�b�o�v�e� �w�i�l�l� �b�e� �d�e�n�o�t�e�d� �b�y� �a�  �� �&�,� �w�h�e�r�e� �a� �=� �L�y� �a�n�d� 
�a�=� �L�;�.� �T�h�e� �t�r�i�v�i�a�l� �m�o�d�u�l�e� �i�n� �©� �w�i�l�l� �b�e� �d�e�n�o�t�e�d� �w�i�t�h� �1�.� 

�3�.�4�.�3� �D�e�f�i�n�e� �C�,� �t�o� �b�e� �t�h�e� �f�u�l�l� �a�d�d�i�t�i�v�e� �s�u�b�c�a�t�e�g�o�r�y� �o�f� �C�, �� �g�e�n�e�r�a�t�e�d� �b�y� �©�,� 
�1�.�e�.� �t�h�e� �o�b�j�e�c�t�s� �i�n� �C�,� �a�r�e� �a�l�l� �f�i�n�i�t�e� �d�i�r�e�c�t� �s�u�m�s� �o�f� �o�b�j�e�c�t�s� �i�n� �U�,� �a�n�d� �t�h�e� 
�s�e�t� �o�f� �h�o�m�o�m�o�r�p�h�i�s�m�s� �b�e�t�w�e�e�n� �t�w�o� �s�u�c�h� �o�b�j�e�c�t�s� �i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �s�e�t� �o�f� 
�h�o�m�o�m�o�r�p�h�i�s�m�s� �b�e�t�w�e�e�n� �t�h�e�m� �i�n� �C�, ��.� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �r�e�s�u�l�t�s� �a�r�e� �d�u�e� �t�o� �G�e�l�f�a�n�d� �a�n�d� �K�a�z�h�d�a�n� �(�[�1�0�]� �)�.� 

�3�.�4�.�4� �L�e�t� �p� �b�e� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �C�o�x�e�t�e�r� �n�u�m�b�e�r� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �L�i�e�-� 
�a�l�g�e�b�r�a�.� �T�h�e�n� �t�h�e�r�e� �e�x�i�s�t�s� �a� �f�u�l�l� �a�d�d�i�t�i�v�e� �s�u�b�c�a�t�e�g�o�r�y� �C�,�*� �o�f� �C�p �� �s�u�c�h� �t�h�a�t� 

�(�a�)� �F�o�r� �a�n�y� �M�W�  ¬�C�,�~� �a�n�d� �A�,�B�  ¬�C�,�,� �a�n�y� �c�o�m�p�o�s�i�t�e� �m�o�r�p�h�i�s�m� �A� �+� �M� �=� 
�B� �i�s� �z�e�r�o�.� 

�(�b�)� �C�,�~� �i�s� �i�n�v�a�r�i�a�n�t� �u�n�d�e�r� �t�e�n�s�o�r� �p�r�o�d�u�c�t�,� �a�n�d� �i�f� �A�  ¬� �C�,� �a�n�d� �M�  ¬� �C�,�~�,� 
�A�@�M�  ¬�C�,�*�.� 

�(�c�)� �I�f�A�,�B�E�C�,�,� �A�@�B�Y�C�O�M�,� �w�h�e�r�e� �A�E�C�,� �a�n�d� �M� �E�C�,�*�.



�3�9� 

�3�.�4�.�5� �L�e�t� �C�,� �b�e� �t�h�e� �f�u�l�l� �a�d�d�i�t�i�v�e� �s�u�b�c�a�t�e�g�o�r�y� �o�f� �C�, �� �g�e�n�e�r�a�t�e�d� �b�y� �a�l�l� �t�e�n�s�o�r� 
�p�r�o�d�u�c�t�s� �o�f� �e�l�e�m�e�n�t�s� �i�n� �C�,� �a�n�d� �C�,�~�.� �T�h�e� �r�e�s�u�l�t�s� �a�b�o�v�e� �s�t�a�t�e� �t�h�a�t� �a�n�y� �o�b�j�e�c�t� 
�i�n� �C�,� �i�s� �i�s�o�m�o�r�p�h�i�c� �t�o� �a� �d�i�r�e�c�t� �s�u�m� �o�f� �o�b�j�e�c�t�s� �i�n� �C�,� �a�n�d� �C�,�+�.� �G�i�v�e�n� �a�n�y� 
�W�,�,� �W�e�  ¬� �C�y�,� �l�e�t� �h�o�m�?�(�W�1�,� �W�2�)� �=� �{�f�  ¬� �h�o�m�(�W�1�,� �W�2�)� �|�S�M�  ¬�C�,�+�,� �f�i�:� �W�i� 
�M� �a�n�d� �f�2�:� �W�M�  �� �W�,� �w�i�t�h� �f�.�0� �f�y� �=� �f�}�.� �T�h�e�n� �d�e�f�i�n�e� �t�h�e� �q�u�o�t�i�e�n�t� �c�a�t�e�g�o�r�y� 
�C�,� �o�f� �C�,� �b�y� �C�,� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�a�y�.� �T�h�e� �o�b�j�e�c�t�s� �i�n� �C�,� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �t�h�e� 
�o�b�j�e�c�t�s� �i�n� �C�y�,� �a�n�d� �h�o�m�e� �(�W�,�,�W�2�)� �=� �h�o�m�(�W�,�,� �W�2�)�/�h�o�m�®�(�W�,�,� �W�2�)�.� �S�i�n�c�e� 

�h�o�m�®�(�W�,�,� �W�2�)� �i�s� �a�n� �i�d�e�a�l� �o�f� �h�o�m�(�W�,�,� �W�2�)� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �c�o�m�p�o�s�i�t�i�o�n�,� �t�h�e� 

�c�o�m�p�o�s�i�t�i�o�n� �i�n� �C�,� �i�s� �w�e�l�l� �d�e�f�i�n�e�d�.� �N�o�t�e� �a�l�s�o� �t�h�a�t� �t�h�e� �i�d�e�n�t�i�t�y� �m�o�r�p�h�i�s�m�s� �i�n� 
�C�,� �f�o�r� �W�e� �C�y� �a�r�e� �z�e�r�o�.� 

�L�e�t� �P� �:� �C�,�  �� �C�,� �b�e� �t�h�e� �p�r�o�j�e�c�t�i�o�n�.� �T�h�e�n� �d�e�f�i�n�e� �t�h�e� �a�s�s�o�c�i�a�t�i�v�i�t�y� �a�n�d� 
�c�o�m�m�u�t�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s� �i�n� �C�,� �t�o� �b�e� �t�h�e� �i�m�a�g�e�s� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �m�o�r�-� 
�p�h�i�s�m�s� �i�n� �C�,� �u�n�d�e�r� �P�.� �B�e�c�a�u�s�e� �o�f� �p�r�o�p�e�r�t�y� �(�b�)� �a�b�o�v�e� �t�h�i�s� �i�s� �w�e�l�l� �d�e�f�i�n�e�d�,� 
�a�n�d� �t�h�u�s� �C�,� �b�e�c�o�m�e�s� �a� �m�o�n�o�i�d�a�l� �b�r�a�i�d�e�d� �c�a�t�e�g�o�r�y�.� 

�3�.�4�.�6� �G�i�v�e�n� �a�n�y� �W�  ¬�C�,�,� �w�e� �h�a�v�e� �t�h�a�t� 

�(�a�)� �I�n�C�,� �W� �i�s� �i�s�o�m�o�r�p�h�i�c� �t�o� �A�  ¬� �C�y� �i�f� �a�n�d� �o�n�l�y� �i�f� �t�h�e�r�e� �i�s� �a� �s�p�l�i�t� �i�n�j�e�c�t�i�o�n� 
�A�S�M�  ��+�W ��-�-�A�O�M�.� 

�(�b�)� �F�o�r� �a�n�y� �B�  ¬� �C�,� �a�n�d� �A� �a�s� �i�n� �(�a�)�,� �t�h�e� �m�a�p� �h�o�m�(�B�,� �A�)� �>� �h�o�m�e� �(�B�,�W�)� 
�p� 

�g�i�v�e�n� �b�y� �f�  �� �1�0� �f�,� �i�s� �a�n� �i�s�o�m�o�r�p�h�i�s�m�.� 

�L�e�t� �J� �:�C�,� �>� �C�,� �b�e� �t�h�e� �i�n�c�l�u�s�i�o�n� �m�a�p�,� �a�n�d� �l�e�t� �F� �=� �P�o�.�J�.� �T�h�e�n� �p�r�o�p�e�r�t�i�e�s� 
�(�a�)� �a�n�d� �(�b�)� �i�m�p�l�y� �t�h�a�t� �F� �i�s� �c�a�t�e�g�o�r�y� �e�q�u�i�v�a�l�e�n�c�e�.� �T�h�e�n� �(�s�e�e� �[�3�4�]�)� �t�h�e�r�e� 
�e�x�i�s�t�s� �a� �m�o�n�o�i�d�a�l� �b�r�a�i�d�e�d� �s�t�r�u�c�t�u�r�e� �o�n� �C�,�.� �W�e� �n�o�w� �p�r�o�c�e�e�d� �w�i�t�h� �t�h�e� �e�x�p�l�i�c�i�t� 
�d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�i�s� �s�t�r�u�c�t�u�r�e�.� 

�3�.�4�.�7� �G�i�v�e�n� �a�n�y� �W�  ¬� �&�,� �l�e�t� �A� �=� �D�r�a�g�,� �a�,�  ¬� �N�U�,� �b�e� �i�s�o�m�o�r�p�h�i�c� �t�o� �W� �i�n� 
�C�,�.� �T�h�e�n� �f�r�o�m� �(�a�)� �a�b�o�v�e� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t� �h�o�m�o�m�o�r�p�h�i�s�m�s� �a�,�  ��*�>�+� 
�W� �>� �a�,� �i�n� �C�,� �s�u�c�h� �t�h�a�t� �7�,� �0�7� �=� �d�y�s�i�d�,�,�.� �G�i�v�e�n� �a�n�y� �a�  ¬� �©�,� �i�t� �i�s� �e�a�s�y� �t�o� 
�s�e�e� �t�h�a�t� �{�t�,�}�.�,�=�<�a�2� �f�o�r�m� �a� �b�a�s�i�s� �f�o�r� �h�o�m�e� �(�a�,�W�)�.� �H�e�n�c�e� �t�h�e� �m�a�p�g�:�A�- �� 

�p� 
�S�r�e�s�h�o�m�a� �(�a�,�W�)� �S�R �� �a�,� �d�p� �>� �%�%� �©� �a�y� �i�s� �a�n� �i�s�o�m�o�r�p�h�i�s�m�,� �a�n�d� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�p� 
�d�i�a�g�r�a�m� 

�B�x�k�r�e� �D�o�k� �T�k� �A�  ��$� �W� �A� 
�9� �i�d� �9� 

�[�7�]� �[�a�w� �r�{�W�]� �|� �D�a�e�z�h�o�m�a� �(�a�,�W�)� �O�p�a�  �� �W� �-�>� �D�a�c�z�h�o�m�a� �(�a�,�W�)� �D�p� �a



�4�0�)� 

�c�o�m�m�u�t�e�s�.� �H�e�r�e�2�[�W�]�(�f�®�z�)� �=� �f�(�z�)�,� �f�  ¬� �h�o�m�e� �(�a�,�W�)�,� �2�  ¬�a�,�a�n�d�x�(�W�]�(�y�)� �=� �p� 
�S�(�t�,� �@�a�e�(�y�)�)�,� �y�  ¬� �W�.� �O�b�v�i�o�u�s�l�y�,� �*�[�W�]� �o�2�/�W�]� �i�s� �t�h�e� �i�d�e�n�t�i�t�y�,� �a�n�d� �t�h�e� �d�e�f�i�n�i�-� 
�t�i�o�n� �o�f� �t�h�e�s�e� �h�o�m�o�m�o�r�p�h�i�s�m�s� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �c�h�o�i�c�e� �o�f� �b�a�s�e�s�.� 

�3�.�4�.�8� �N�o�w� �d�e�f�i�n�e� �a� �p�r�o�d�u�c�t� �©� �:� �C�,� �x� �C�,�  �� �C�,� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�a�y�.� �F�o�r� 
�b�,�c�,� �b�,�c�  ¬� �N�a�n�d� �f�  ¬� �h�o�m�(�b�,�c�)�,� �f ��  ¬� �h�o�m�(�0 ��,�c ��)�,� �b�x�c� �>� �B�a�e�z�h�o�m�a� �(�a�,� �W�)�@�R� 

�D� 
�a�,�a�n�d� �f� �x� �f �� �+� �x�l� �O�c�]�o�(�f� �@� �f ��)�0�2�/�b�@�c�]�.� �W�e� �t�h�e�n� �e�x�t�e�n�d� �t�h�i�s� �p�r�o�d�u�c�t� �t�o� 
�a�n�y� �t�w�o� �o�b�j�e�c�t�s� �i�n� �C�,� �b�y� �l�i�n�e�a�r�i�t�y� �(�u�s�i�n�g� �f�i�x�e�d� �s�p�l�i�t� �i�n�j�e�c�t�i�o�n�s� �t�o� �t�h�e�i�r� �s�i�m�p�l�e� 
�c�o�m�p�o�n�e�n�t�s�)�.� 

�3�.�4�.�9� �F�o�r� �a�n�y� �b�,�c�,�d�  ¬� �©� �t�h�e� �a�s�s�o�c�i�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s� �@�)�,�.�4� �a�r�e� �d�e�f�i�n�e�d� �b�y� 
�t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�m�m�u�t�a�t�i�v�e� �d�i�a�g�r�a�m�:� 

�(�b�o�c�j�o�d�  � � ��$� �b�o�(�e�o�d�)� 
�|� �W�G�e�c�y�a�d�]� �|� �s�1�(�c�o�a�)� 

�(�b�o�c�)� �Q�d� �b�o�(�c�@�d�)�.� 
�|� �e�d�e�i�d�e� �i�t�s�o�n�t�e�o� 

�(�b�2�c�e�)�Q�@�d� �=�+� �b�@�(�c�@�d�)� 

�N�o�t�e� �t�h�a�t� �O�o�¢�4� �=� �G�a�c�e�x�a�s�o�c�(�a�,� �b�,�c�,� �d�|�@�i�d�,�,� �w�h�e�r�e� �a�s�o�c�(�a�,� �b�,�c�,� �d�]� �:� �h�o�m�e� �(�a�,� �(�b�o� 
�5�7�)� 

�c�)� �$�d�)� �>� �h�o�m�a� �(�a�,�5�®�@� �(�c�o�d�)�)�.� �F�o�r� �a�n�y� �o�t�h�e�r� �o�b�j�e�c�t�s� �B�,�C�,� �D�  ¬� �C�y�,� �é�B�,�c�.�D� 
�P� 

�i�s� �d�e�f�i�n�e�d� �b�y� �l�i�n�e�a�r�i�t�y�.� 

�C
�S

� 

�3�.�4�.�1�0� �F�o�r� �a�n�y� �b�,�c�  ¬� �©� �t�h�e� �c�o�m�m�u�t�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s� �y�,�.� �a�r�e� �d�e�f�i�n�e�d� �b�y� 
�t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�m�m�u�t�a�t�i�v�e� �d�i�a�g�r�a�m�:� 

�W�V�b�,�c� 
�b�o�c�  �� �>� �C�c� �©� 

�|� �b�e�e�)� �R�,�.� �]� �r�i�c�o� 

�b�2�Q�e�  ��5� �c�@�b� 

�N�o�t�e� �t�h�a�t� �w�p�.� �=� �G�a�e�x�c�o�m�i�a�,� �b�,�c�]� �@�i�d�,�,� �w�h�e�r�e� �c�o�n�j�a�,� �}�,� �c�]� �:� �h�o�m�e� �(�a�,�b�®�c�)� 
�p� 

�h�o�m�e� �(�4�,�0� �c�)�.� �F�o�r� �a�n�y� �o�t�h�e�r� �o�b�j�e�c�t�s� �B�,�C�,�D�  ¬� �C�,�,� �v�a�i�o� �i�s� �d�e�f�i�n�e�d� �b�y� 

�l�i�n�e�a�r�i�t�y�.� �T�h�e� �o�'�s� �a�n�d� �w ��s� �d�e�f�i�n�e� �a� �m�o�n�o�i�d�a�l� �b�r�a�i�d�e�d� �s�t�r�u�c�t�u�r�e� �o�n� �C�y�,� �1�.�e�.� �t�h�e� 
�p�e�n�t�a�g�o�n� �a�n�d� �h�e�x�a�g�o�n� �d�i�a�g�r�a�m�s� �a�s� �i�n� �3�.�4�.�1� �c�o�m�m�u�t�e�.� 

�3�.�4�.�1�1� �W�e� �c�a�l�l� �a�s�o�c�|�a�,� �5�,� �c�,�d�]� �a�n�d� �c�o�n�{�a�,� �b�,�c�]�,� �a�,�5�,�c�,�d�  ¬� �&�,� �e�l�e�m�e�n�t�a�r�y� �a�s�s�o�-� 
�c�l�a�t�i�v�i�t�y� �a�n�d� �c�o�m�m�u�t�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s�.� �T�h�e� �g�o�a�l� �o�f� �t�h�i�s� �w�o�r�k� �i�s� �t�o� �d�e�v�e�l�o�p



�4�]� 

�p�r�o�g�r�a�m�s� �w�h�i�c�h� �c�o�m�p�u�t�e� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e�s�e� �m�o�r�p�h�i�s�m�s�.� �T�h�e� �s�t�r�a�t�e�g�y� �i�s� 
�f�i�r�s�t�,� �f�o�r� �a�n�y� �a�,�b�,�c�  ¬� �E� �t�o� �f�i�n�d� �b�a�s�e�s� �{�2�,�(�a�,�b� �@� �c�)�}�,� �o�f� �h�o�m�a� �(�a�,�b� �®�c�)� �a�n�d� 

�p� 
�t�h�e�i�r� �s�p�l�i�t�t�i�n�g�s� �{�7�,�(�b� �©� �c�,�a�)�}�,� �(�s�e�e� �i�n� �3�.�4�.�7�)�;� �t�h�e�n� �t�o� �c�o�m�p�u�t�e� �t�h�e� �m�a�t�r�i�c�e�s� 
�d�e�s�c�r�i�b�i�n�g� �a�s�o�c�[�a�,� �b�,�c�,� �d�]� �a�n�d� �c�o�m�j�a�,� �b�,�c�]� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e�s�e� �b�a�s�e�s� �u�s�i�n�g� �t�h�e� 
�d�e�f�i�n�i�t�i�o�n�s� �a�b�o�v�e�.� 

�3�.�4�.�1�2� �T�h�e� �c�a�t�e�g�o�r�y� �C�,� �i�s� �c�a�l�l�e�d� �t�o�r�t�i�e�?� �i�f� �f�o�r� �a�n�y� �p�a�i�r� �(�a�,� �a�)� �i�t� �i�s� �e�q�u�i�p�p�e�d� 
�w�i�t�h� �d�u�a�l�i�t�y� �m�o�r�p�h�i�s�m�s� �J�,� �:�a�@�  �� �a�*� �a�n�d� �v�z� �:� �4�  �� �a�*� �s�u�c�h� �t�h�a�t� �J�,� �=� �V�i�o�,� �0�0�"�.� 

�H�e�r�e�,� �¢�,� �:� �a�  �� �a!"� �i�s� �t�h�e� �s�t�a�n�d�a�r�d� �R ��-�i�s�o�m�o�r�p�h�i�s�m� �a�n�d� �p� �i�s� �a�s� �i�n� �2�.�6�.�3�.� �F�r�o�m� 
�2�.�6�.�4�,� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �s�u�c�h� �m�o�r�p�h�i�s�m�s� �i�n� �C�,� �c�a�n� �b�e� �f�o�u�n�d� �i�f� �a�n�d� �o�n�l�y� �i�f� �a�l�l� 
�s�i�m�p�l�e� �s�e�l�f�d�u�a�l� �o�b�j�e�c�t�s� �i�n� �i�t� �a�r�e� �s�y�m�m�e�t�r�i�c�.� �I�n� �c�a�s�e� �C�,� �d�o�e�s�n ��t� �s�a�t�i�s�f�y� �t�h�i�s� 
�c�o�n�d�i�t�i�o�n�,� �t�h�e�r�e� �i�s� �a�t� �l�e�a�s�t� �t�w�o� �s�u�b�c�a�t�e�g�o�r�i�e�s� �C�,�°� �C� �C�,�°�°�"� �C� �C�p� �w�h�i�c�h� �d�o�.� �L�e�t� 
�N�o� �=� �{�L�y� �E�S�A� �E� �X�t�}�,� �a�n�d� �D�y�,� �=� �{�L�y�  ¬� �N�|�l�e�v�(�A�)�  ¬� �N�}�.� �T�h�e�n� �C�,�°� �(�r�e�s�p�.� 
�C�,�°�°�"�)� �i�s� �t�h�e� �f�u�l�l� �a�d�d�i�t�i�v�e� �s�u�b�c�a�t�e�g�o�r�y� �o�f� �C�,� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �o�b�j�e�c�t�s� �i�n� �N�o� 
�(�r�e�s�p�.� �N�i�t�o�r�)�.� �N�o�t�e� �t�h�a�t� �e�a�c�h� �o�f� �t�h�e�s�e� �s�u�b�c�a�t�e�g�o�r�i�e�s� �i�s� �i�n�v�a�r�i�a�n�t� �u�n�d�e�r� �t�h�e� 
�t�a�k�i�n�g� �p�r�o�d�u�c�t�s�,� �a�n�d� �h�e�n�c�e�,� �t�h�e� �m�o�n�o�i�d�a�l� �b�r�a�i�d�e�d� �s�t�r�u�c�t�u�r�e� �o�n� �C�,� �i�n�d�u�c�e�s� 
�o�n�e� �o�n� �C�, �� �a�n�d� �C�,�°�° ��.� �T�h�e�s�e� �t�w�o� �c�a�t�e�g�o�r�i�e�s� �c�a�n� �a�l�w�a�y�s� �b�e� �e�q�u�i�p�p�e�d� �w�i�t�h� 
�p�r�o�p�e�r� �d�u�a�l�i�t�y� �m�o�r�p�h�i�s�m�s� �a�n�d� �s�o� �b�e�c�o�r�n�e� �t�o�r�t�i�l�e�.� 

�I�n� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �p�a�p�e�r� �w�e� �a�s�s�u�m�e� �t�h�a�t� �w�e� �w�o�r�k� �w�i�t�h� �a� �t�o�r�t�i�l�e� �c�a�t�e�g�o�r�y�,� 
�a�n�d� �d�e�n�o�t�e� �i�t� �a�g�a�i�n� �w�i�t�h� �C�,�,� �t�h�o�u�g�h� �b�y� �n�e�c�e�s�s�i�t�y� �i�t� �m�i�g�h�t� �b�e� �i�t�s� �t�o� �C�,�'�"� �o�r� 
�C�,�°�.� 

� � 

�F�o�r� �t�h�e� �g�e�n�e�r�a�l� �d�e�f�i�n�i�t�i�o�n� �o�f� �a� �t�o�r�t�i�l�e� �c�a�t�e�g�o�r�y� �s�e�e� �[�3�7�]



�C�h�a�p�t�e�r� �4� 

�A�l�g�e�b�r�a�i�c� �s�t�r�u�c�t�u�r�e�s� �a�n�d� �l�i�n�k� �d�i�a�g�r�a�m�s� 

�W�e� �i�n�t�r�o�d�u�c�e� �s�o�m�e� �a�l�g�e�b�r�a�i�c� �s�t�r�u�c�t�u�r�e�s� �a�n�d� �i�d�e�n�t�i�t�i�e�s� �w�h�i�c�h� �a�r�e� �t�h�e� �f�o�u�n�-� 
�d�a�t�i�o�n�s� �o�f� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �b�a�s�e�s� �f�o�r� �t�h�e� �s�p�a�c�e�s� �h�o�m�e� �(�a�,�b�@�c�)�.� �E�v�e�r�y�t�h�i�n�g� 

�P�p� 

�w�i�l�l� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �l�a�b�e�l�e�d� �l�i�n�k� �d�i�a�g�r�a�m�s� �w�i�t�h� �c�o�u�p�o�n�s�.� �N�o�t�e� �t�h�a�t� 
�w�e� �u�s�e� �t�h�e�s�e� �d�i�a�g�r�a�m�s� �a�s� �a� �g�r�a�p�h�i�c� �n�o�t�a�t�i�o�n� �f�o�r� �s�o�m�e� �a�l�g�e�b�r�a�i�c� �o�p�e�r�a�t�i�o�n�s�.� 
�B�e�h�i�n�d� �t�h�o�s�e�,� �t�h�e�r�e� �i�s� �a� �m�u�c�h� �d�e�e�p�e�r� �f�a�c�t�,� �i�.�e�.� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �a� �c�a�t�e�g�o�r�y� 
�e�q�u�i�v�a�l�e�n�c�e� �b�e�t�w�e�e�n� �a� �f�r�e�e� �g�e�n�e�r�a�t�e�d� �t�o�r�t�i�l�e� �c�a�t�e�g�o�r�y�,� �a�n�d� �t�h�e� �c�a�t�e�g�o�r�y� �o�f� 
�l�a�b�e�l�e�d� �d�o�u�b�l�e� �t�a�n�g�l�e�s� �(�s�e�e� �[�3�7�,� �3�2�,� �3�3�]�)� �,� �b�u�t� �i�n�t�r�o�d�u�c�i�n�g� �i�t� �i�n� �a�l�l� �g�e�n�e�r�a�l�i�t�y� 
�w�o�u�l�d� �b�e� �o�u�t� �o�f� �t�h�e� �s�c�o�p�e� �o�f� �t�h�i�s� �w�o�r�k�.� 

�4�.�1� �L�a�b�e�l�e�d� �h�n�k� �d�i�a�g�r�a�m�s� �w�i�t�h� �c�o�u�p�o�n�s� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �w�e� �w�i�l�l� �d�e�n�o�t�e� �w�i�t�h� �c�a�p�i�t�a�l� �l�e�t�t�e�r�s� �A�,� �B�,�.�.�.� �t�e�n�s�o�r� �p�r�o�d�u�c�t�s� 
�o�f� �f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �o�b�j�e�c�t�s� �i�n�  ��.� �A�s� �b�e�f�o�r�e�,� �t�h�e� �o�b�j�e�c�t�s� �i�n� �&� �w�i�l�l� �b�e� �d�e�n�o�t�e�d� 
�w�i�t�h� �a�,�b�,�.�.�.�.� 

�4�.�1�.�1� �A� �l�a�b�e�l�e�d� �l�i�n�k� �d�i�a�g�r�a�m� �w�i�t�h� �c�o�u�p�o�n�s� �i�s� �a� �c�o�m�p�o�s�i�t�i�o�n� �o�f� �C�, ��-�m�o�r�p�h�i�s�m�s� 
�C�e�O� �Y�e�-�1�-�.�.�0�%�1�,� �w�h�e�r�e� 

�v�i�t� �A�L� �@�.�.�.�@� �A�}�,� �>� �A�t� �®�.�.�.�@� �A�t�.� 

�T�o� �e�a�c�h� �m�o�r�p�h�i�s�m� �y�;� �:� �A�j� �@�.�.�.�@� �A�;�  �� �B�,� �®�.�.�.�®� �B�y� �w�e� �c�o�r�r�e�s�p�o�n�d� �a� 
 ��c�o�u�p�o�n �� �w�i�t�h� �l�a�b�e�l�e�d�  ��l�i�n�e�s �� �c�o�m�i�n�g� �o�u�t� �o�f� �i�t� �a�n�d� �t�o� �t�h�e� �c�o�m�p�o�s�i�t�i�o�n� �o�f� 
�m�o�r�p�h�i�s�m�s� �t�h�e� �c�o�m�p�o�s�i�t�i�o�n� �o�f� �t�h�e�i�r� �c�o�u�p�o�n�s� �a�s� �s�h�o�w�n� �o�n� �F�i�g�u�r�e� �1�.� �T�h�e�n� 
�s�o�m�e� �a�l�g�e�b�r�a�i�c� �i�d�e�n�t�i�t�i�e�s� �c�a�n� �b�e� �p�a�r�a�p�h�r�a�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e�s�e� �d�i�a�g�r�a�m�s� �i�n� 
�t�h�e� �f�o�l�l�o�w�i�n�g� �w�a�y�.� �F�i�r�s�t�,� �i�f� �t�h�e� �i�d�e�n�t�i�t�y� �m�o�r�p�h�i�s�m� �a�p�p�e�a�r�s� �s�o�m�e�w�h�e�r�e�,� �i�t�s� 
�c�o�u�p�o�n� �c�a�n� �o�b�v�i�o�u�s�l�y� �b�e� �r�e�m�o�v�e�d�,� �a�n�d� �t�h�e� �t�o�p� �a�n�d� �b�o�t�t�o�m� �e�n�d�s� �c�o�n�n�e�c�t�e�d� 
�w�i�t�h� �s�t�r�a�i�g�h�t� �l�i�n�e�s�.� �A�l�s�o�,� �i�f� �»�y� �=� �y�!� �@� �y ��,� �t�h�e� �i�d�e�n�t�i�t�y�:� �p� �=� �y�'� �@�y �� �=� 
�(�2�!� �@�i�d�\�(�i�d� �B� �y�*�)� �=� �(�t�d� �@� �y�*�)�(�y�!� �i�d�)� �m�e�a�n�s� �t�h�a�t� �w�e� �c�a�n� �m�o�v�e� �t�w�o� �p�a�r�a�l�l�e�l� 
�c�o�u�p�o�n�s� �v�e�r�t�i�c�a�l�l�y� �u�p� �a�n�d� �d�o�w�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �e�a�c�h� �o�t�h�e�r�.� 

�4�.�1�.�2� �L�e�t� �R�a�p�:� �A�2�B �� �B�O�A�,� �a�n�d� �R�j�p�:�A�®�B ��-� �B�O�A� �b�e� �t�h�e� �c�o�m�-� 
�m�u�t�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m� �a�n�d� �i�t�s� �i�n�v�e�r�s�e�.� �T�h�e� �s�p�e�c�i�a�l� �n�o�t�a�t�i�o�n�s� �f�o�r� �t�h�e� �c�o�u�p�o�n�s� 
�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e�s�e� �m�o�r�p�h�i�s�m�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�.� 

�4�2



�4�3� 

� � � 
�(�a�)� �S�i�n�g�l�e� �m�o�r�p�h�i�s�m�.� �(�b�)� �C�o�m�p�o�s�i�t�i�o�n� �o�f� �m�o�r�p�h�i�s�m�s�.� 

�F�i�g�u�r�e� �1�:� �L�a�b�e�l�e�d� �l�i�n�k� �d�i�a�g�r�a�m�s� �w�i�t�h� �c�o�u�p�o�n�s�.� 

�|�|� �|�|� 
�x� �/� 

�\� �L�Z� 
�A�l� �B�l� �A�l� 

�R�a�p� �A�B� 

� � � � 

� � � � � � � � � � � � 

�F�i�g�u�r�e� �2�:� �C�o�u�p�o�n�s� �f�o�r� �t�h�e� �c�o�m�m�u�t�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s�.� 

�T�h�e� �f�r�a�m�e�s� �o�f� �t�h�e�s�e� �c�o�u�p�o�n�s� �w�i�l�l� �b�e� �o�m�i�t�t�e�d�.� �T�h�e�n� �t�h�e� �i�d�e�n�t�i�t�i�e�s�:� �R�a�p�k�3�y� �=� 
�i�d�,� �R�z ��,�R�a�p� �=� �i�d�,� �a�n�d� �t�h�e� �n�a�t�u�r�a�l�i�t�y� �o�f� �R� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �d�i�a�-� 
�g�r�a�m�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �3�.� 

�T�h�e� �h�e�x�a�g�o�n� �d�i�a�g�r�a�m�s� �(� �3�.�2�.�9�)� �t�h�e�n� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �d�i�a�g�r�a�m� �i�d�e�n�t�i�t�i�e�s� 
�i�n� �F�i�g�u�r�e� �4�.� 

�4�.�1�.�3� �G�i�v�e�n� �A�  ¬� �S�,� �d�e�n�o�t�e� �w�i�t�h� �n�4� �:�1�@�A �� �A�,� �a�n�d� �4�n�:� �A�@�1 �� �A� �t�h�e� 
�s�t�a�n�d�a�r�d� �i�s�o�m�o�r�p�h�i�s�m�s�.� �S�i�n�c�e� �p�n� �@�i�d�4� �=� �t�d�g�@�n�4�:�B�O�Q�1�O�A�  �� �B�a�,� 
�t�h�e�r�e� �i�s� �a� �s�t�a�n�d�a�r�d� �i�s�o�m�o�r�p�h�i�s�m� �7� �:� �a�1� �®�@�.�.�.�@� �a�,� �7� �a�j�,� �®�.�.�.�@�a�,�,� �s�u�c�h� �t�h�a�t� 
�e�i�t�h�e�r� �a�;�,� �#� �1�,� �o�r� �/� �=� �1� �a�n�d� �a�;�,� �=� �1�.� �T�h�e�n� �b�e�t�w�e�e�n� �a�n�y� �t�w�o� �c�o�u�p�o�n�s� �o�f� �t�h�e� 
�c�o�m�p�o�s�i�t�i�o�n� �o�f� �1� �w�e� �c�a�n� �i�n�s�e�r�t� �7�0�7�7�~�!�,� �a�n�d� �r�e�p�l�a�c�e� �y�;� �w�i�t�h� �n�~�'�o�y�;�o�7�n�.� �S�i�n�c�e� 

�A�N�O� �R�y� �=�t�d�a�o�n�a�,� �a�n�d�n�4�o� �R�y�,� �=�2�d�4�0� �a�n�,� 

�i�n� �t�h�i�s� �p�r�o�c�e�s�s� �R�4�,� �a�n�d� �R�y�,� �c�a�n� �b�e� �r�e�p�l�a�c�e�d� �w�i�t�h� �s�t�r�a�i�g�h�t� �l�i�n�e�s�.� �W�e� �a�l�s�o� 
�m�a�k�e� �t�h�e� �c�o�n�v�e�n�t�i�o�n� �t�h�a�t� �i�f� �a� �c�o�u�p�o�n� �h�a�s� �o�n�l�y� �o�n�e� �b�o�t�t�o�m� �l�i�n�e�,� �o�r� �o�n�l�y� �o�n�e� 
�t�o�p� �l�i�n�e� �l�a�b�e�l�e�d� �b�y� �t�h�e� �t�r�i�v�i�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�,� �t�h�o�s�e� �w�i�l�l� �b�e� �o�m�i�t�t�e�d�.� �I�n� �t�h�i�s� 
�w�a�y�,� �t�o� �t�h�e� �o�r�i�g�i�n�a�l� �c�o�m�p�o�s�i�t�i�o�n� �o�f� �m�o�r�p�h�i�s�m�s� �w�e� �c�o�r�r�e�s�p�o�n�d� �a� �d�i�a�g�r�a�m� �i�n� 
�w�h�i�c�h� �t�h�e� �t�r�i�v�i�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �i�s� �d�e�n�o�t�e�d� �b�y� �t�h�e� �e�m�p�t�y� �l�i�n�e�.



�4�4� 

� � 

�F�i�g�u�r�e� �3�:� �I�d�e�n�t�i�t�i�e�s� �s�a�t�i�s�f�i�e�d� �b�y� �t�h�e� �c�o�m�m�u�t�a�t�i�v�i�t�y�.� 

�L�Y� �K�S� �v�o�l�)� �l�e� �o�S� �o�S� 
�F�i�g�u�r�e� �4�:� �T�h�e� �h�e�x�a�g�o�n� �i�d�e�n�t�i�t�i�e�s� 

�4�.�1�.�4� �L�e�t� �\�.� �:� �@�@�a�  �� �1�,� �b�e� �t�h�e� �s�t�a�n�d�a�r�d� �f�o�r�m� �g�i�v�e�n� �b�y� �\�A�.�(�y�@�z�)� �=� 
�V�a�(�y�)�(�z�)�,� �w�h�e�r�e� �y�  ¬� �a�,� �a�n�d� �z�  ¬� �a�.� �L�e�t� �A� �=� �a�,� �@�a�y�.�.�.�a�y�.� �S�e�t� �A�=� �a�,� �®� 
�G�y ��1�.�.�.�G�,�.� �T�h�e�n� �d�e�f�i�n�e� �A�4� �:� �A�@� �A�  �� �1� �b�y� �i�t�e�r�a�t�i�n�g� �t�h�e� �r�u�l�e�:� 

�A�r�e�s� �(�7� �Q�Z�)� �@� �(�7� �@�y�)�)� �=� �A�l�(�Z�Q�z�r�)�A�(�Y� �@� �y�)�,� 

�w�h�e�r�e�x�r�  ¬�a�,�r�e�E�a�y�e�b�y�e� �b�.� �T�h�e� �n�o�t�a�t�i�o�n� �u�s�e�d� �f�o�r� �t�h�e� �c�o�u�p�o�n� �o�f� �t�h�e� 
�f�o�r�m� �A�4�.� �a�n�d� �t�h�e� �d�i�a�g�r�a�m� �e�q�u�i�v�a�l�e�n�t� �o�f� �t�h�e� �i�d�e�n�t�i�t�y� �a�b�o�v�e� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� 
�F�i�g�u�r�e� �5�.� 

�4�.�1�.�5� �C�o�n�s�i�d�e�r� �t�h�e� �t�w�o� �m�o�r�p�h�i�s�m�s� �o�1�,�¢�,�:� �B�Q� �A�®� �B�o�A�,� �g�i�v�e�n� �b�y� �o�)� �=� 
�n�a�(�t�d�4� �©� �r ��)�(� �R�e�a� �@�t�d�g�)�,� �o�r� �=� �(�A�g� �@�i�d�y�)�(�t�d�g� �@� �R�o�a�)�:� �U�s�i�n�g� �t�h�e� �n�a�t�u�r�a�l�i�t�y� 

�o�f� �R� �o�n�e� �c�a�n� �e�a�s�i�l�y� �s�e�e� �t�h�a�t� �o�)�(�7�d�,� �@� �R�4�5�)� �=� �0�-�(�1�d�,�®� �R�a�g�)�:� �B�Q�B�R�A�R�A�A�.� 
�H�e�n�c�e� �o�;� �=� �a�,�.� �T�h�i�s� �i�s� �i�d�e�n�t�i�t�y� �i�s� �e�x�p�r�e�s�s�e�d� �b�y� �t�h�e� �d�i�a�g�r�a�m� �i�n� �F�i�g�u�r�e� �6�.



�4�5� 

�a�D� �s�o�d� �=� �(�a�r�)� 

�F�i�g�u�r�e� �5�:� �T�h�e� �f�o�r�m� �\�4� �a�n�d� �A�g�g�s�.� 

�a�d� �a� �a� �a�C� 

�F�i�g�u�r�e� �6�:� �I�d�e�n�t�i�t�y� �i�n�v�o�l�v�i�n�g� �t�h�e� �c�o�m�m�u�t�a�t�i�v�i�t�y� �a�n�d� �t�h�e� �f�o�r�m�.� 

�4�.�1�.�6� �F�o�r� �a�n�y� �a�  ¬� �©� �l�e�t ��s� �f�i�x� �a� �b�a�s�i�s� �B�,� �c�o�m�p�a�t�i�b�l�e� �w�i�t�h� �t�h�e� �w�e�i�g�h�t�-�s�p�a�c�e� 
�d�e�c�o�m�p�o�s�i�t�i�o�n� �o�f� �a�.� �W�e� �d�e�n�o�t�e� �w�i�t�h� �B�¥� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �B�,� �w�i�t�h� �t�h�e� �p�-� 
�w�e�i�g�h�t� �s�p�a�c�e� �o�f� �a� �a�n�d� �d�u�a�l� �b�a�s�i�s� �o�f� �a�*� �w�i�t�h� �B�*�.� �T�h�e�n� �(�B�*�)�*� �=� �(�B�y�*�)�*�.� 

�T�h�e�n� �t�h�e�r�e� �i�s� �a� �u�n�i�q�u�e� �c�o�f�o�r�m� �A�,� �:� �1�  �� �a� �®�4� �s�u�c�h� �t�h�a�t� 

�a�n�(�t�d� �®� �A�q�)�(�A�a� �®� �t�d�)�n�z�*� �=� �i�d� 

�N�a�(�A�g� �®� �t�d�\�(�t�d� �®� �A�a�)�a�n �� �=� �2�d�,� 

�g�i�v�e�n� �b�y� �A�,� �=� �D�e�e�s�,�  ¬� �@� �V�z� �(�e�"�)�.� �W�e� �e�x�t�e�n�d� �A� �t�o� �t�h�e� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �o�f� �a�n�y� 
�n�u�m�b�e�r� �o�f� �s�i�m�p�l�e� �o�b�j�e�c�t�s� �b�y� �i�t�e�r�a�t�i�n�g� �t�h�e� �r�u�l�e�:� 

�A�a�a�e�s�(�1�)� �=� �S�>� �>� �e�®�e �� �®� �v�e�"� �(�e�"�)� �&�)� �0�;� �*�(�e�*�)�.� 

�e ¬�B�,� �e�/�E�B�,� 

�T�h�e� �n�o�t�a�t�i�o�n� �f�o�r� �t�h�e� �c�o�u�p�o�n� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �c�o�f�o�r�m� �a�n�d� �t�h�e� �d�i�a�g�r�a�m�s� 
�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �a�b�o�v�e� �i�d�e�n�t�i�t�i�e�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �7�.� 

�4�.�1�.�7� �B�y� �e�v�a�l�u�a�t�i�n�g� �a�n�d� �u�s�i�n�g� �t�h�e� �s�y�m�m�e�t�r�y� �o�f� �t�h�e� �c�a�t�e�g�o�r�y�,� �o�n�e� �c�a�n� �d�e�d�u�c�e� 
�t�h�e� �d�i�a�g�r�a�m� �i�d�e�n�t�i�t�y� �i�n� �F�i�g�u�r�e� �8�:



�4�6� 

�t�p�]� �U�a�e� 
�)� �T�h�e� �d�e�f�i�n�i�n�g� �i�d�e�n�t�i�t�i�e�s� �f�o�r� �A�4�.� �|� �(�b�)� �T�h�e� �c�o�u�p�o�n� �f�o�r� �A�{�c�)� �D�e�f�i�n�i�t�i�o�n� �o�f� �A�y�g�s� 

�F�i�g�u�r�e� �7�:� �S�o�m�e� �d�i�a�g�r�a�m�s� �i�n�v�o�l�v�i�n�g� �t�h�e� �c�o�f�o�r�m�.� 

� � 

�F�i�g�u�r�e� �8�:� �T�h�e�  ��s�p�i�r�a�l ��.� 

�4�.�2� �T�h�e� �t�w�i�s�t� 

�4�.�2�.�1� �S�e�t� �t�w�i�s�t�)�(�A�)� �=� �n�a�(�r�4� �@�i�d�a�)�(�i�d�;� �@� �R�a�a�)�(�A�y� �@�t�d�a�)�n�a� �:� �A�  �� �A�,� �a�n�d� 
�t�w�i�s�t�,�(�A�)� �=� �a�n�(�i�d�a� �9� �A�;�)�(�R�a�a� �@�i�d�;�)�(�i�d�4� �®� �A�a�)�a�n�7�'� �:� �A�  �� �A�.� �I�n� �t�e�r�m�s� �o�f� 
�d�i�a�g�r�a�m�s� �t�h�e�s�e� �m�o�r�p�h�i�s�m�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �9�.� 

�N�o�t�e� �t�h�a�t� �b�e�c�a�u�s�e� �o�f� �t�h�e� �i�n�t�e�g�r�a�l�i�t�y� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �c�o�m�m�u�t�a�t�i�v�i�t�y� �m�o�r�-� 
�p�h�i�s�m� �a�n�d� �t�h�e� �d�u�a�l�i�t�y� �m�o�r�p�h�i�s�m�s�,� �f�o�r� �a�  ¬� �H�,� �t�w�i�s�t�)�(�a�)� �a�n�d� �t�w�i�s�t�,�(�a�)� �a�r�e� �j�u�s�t� 
�m�u�l�t�i�p�l�i�c�a�t�i�o�n� �b�y� �a�n� �e�l�e�m�e�n�t� �i�n� �R�.� �O�u�r� �g�o�a�l� �i�s� �t�o� �c�o�m�p�u�t�e� �t�h�e�s�e� �e�l�e�m�e�n�t�s�.� 

�P�r�o�p�o�s�i�t�i�o�n� �4�.�2�.�2� �t�w�i�s�t�;�(�a�)� �a�n�d� �t�w�i�s�t�,�(�a�)� �a�r�e� �e�q�u�a�l�,� �a�n�d� �a�c�t� �o�n� �a� �a�s� �m�u�l�-� 
�t�i�p�l�i�c�a�t�i�o�n� �b�y� �y�p� �P�O�A� �D�i�e�s� �A�i�t�)� �w�h�e�r�e� �\� �i�s� �t�h�e� �h�i�g�h�e�s�t� �w�e�i�g�h�t� �o�f� �a�.



�4�7� 

�C�O�O�K� �A� 

�t�w�i�s�t�,� �t�w�i�s�t�;� 

�F�i�g�u�r�e� �9�:� �T�h�e� �t�w�i�s�t�s�.� 

�L�e�t� �z� �b�e�l�o�n�g� �t�o� �t�h�e� �u�-�w�e�i�g�h�t� �s�p�a�c�e� �o�f� �a�.� �T�h�e�n� �b�y� �d�i�r�e�c�t� �e�v�a�l�u�a�t�i�n�g� �w�e� 
�g�e�t� 

�t�w�e�s�t�,�(� �=�>� �>� �(� �e�r�a�n� �a�p� �y�o� �C�u�e�t�P�e�l� �y�g�,� �(�b�r� �x�)�(�0�z�1�e�"�)�b�r�e�.� 
�c�e�Z�!� �e ¬� �c�h�e�t�b�e�l� 

�S�i�n�c�e� �t�h�e� �c�a�t�e�g�o�r�y� �i�s� �t�o�r�t�i�l�e� �(�s�e�e� �3�.�4�.�1�2�)�,� �J�a�(�b�t�z�)�(�J�z�t�e�*�)�b�v�e� �=� �v�I�H�t�b�e�D�e�x�(�b�t� �x�)� �b�=� �e� 
�U�s�i�n�g� �t�h�i�s� �f�a�c�t� �w�e� �c�a�n� �p�e�r�f�o�r�m� �t�h�e� �s�u�m�m�a�t�i�o�n� �o�v�e�r� �e�,� �a�n�d� �w�e� �g�e�t�:� 

�t�w�i�s�t�,�(�a�)�(�z�)� �=� �S�>� �(�1�)� �D�y� �_� �i� �A�y� �o�T� �e�a�t� �b�e�l�t� �e�a�n� �m�t�)� �B�H�T� �a�,� 

�c�e�Z� 

�C�o�m�p�a�r�i�n�g� �w�i�t�h� �3�.�3�.�2� �(�a�)� �w�e� �s�e�e� �t�h�a�t� �t�h�i�s� �i�s� �e�x�a�c�t�l�y� �e�q�u�a�l� �t�o� �1�6�%� �(�z�)�.� �p� �5� �y�  ¬�q� 
�T�h�e� �c�o�m�p�u�t�a�t�i�o�n� �f�o�r� �t�w�z�s�t�;�(�a�)� �g�o�e�s� �i�n� �a� �s�i�m�i�l�a�r� �w�a�y�.� �B�y� �d�i�r�e�c�t� �e�v�a�l�u�a�t�i�o�n� 

�w�e� �g�e�t� �t�h�a�t�:� 

�t�w�i�s�t�i�(�a�)�(�z�)�=� �Y�o� �S�o� �(�-�1�)�*�P�D� �o�y� �A�p� �y�p�u� �P�M�H� �P�e� �9�5� �(�e�)�(�b�r�x�)�b�t� �v�7� �"�(�e�*�)�.� 
�c�e�Z�e� �e�e�B�y�t�t�l�e�l� 

�U�s�i�n�g� �a�g�a�i�n� �t�h�e� �t�o�r�t�i�l�e� �p�r�o�p�e�r�t�y� �o�f� �t�h�e� �c�a�t�e�g�o�r�y�,� �w�e� �d�e�d�u�c�e� �t�h�a�t� 

�D�a�(�e�)�(�b�e�x�)�b�E�V�z�*�(�e�*�)� �=� �v�e�t� �P�D� �o�T� �Y�T� �(�a�b�e� �x�)� �(�e�e�.� 
�T�h�e�n�,� �t�h�e� �s�u�m�m�a�t�i�o�n� �o�v�e�r� �e� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �a�n�d� �w�e� �g�e�t�:� 

�t�w�r�s�t�)�(�a�)�(�z�)� �=� �>� �( ��1�)�!�e�r�l�l�e�D�a�y�_� �i�y� �j�h�y�p�.�p�u� �e�e� �P�o�e�l� �w�t� �D�a� �M�E�D� �B�E�D� �a� 

�c�e�Z� 

�C�o�m�p�a�r�i�n�g� �w�i�t�h� �3�.�3�.�2� �w�e� �s�e�e� �t�h�a�t� �t�h�i�s� �i�s� �e�x�a�c�t�l�y� �e�q�u�a�l� �t�o� �Q ��6�°�"� �(�z�r�)�.� �T�h�e�n� 
�t�h�e� �s�t�a�t�e�m�e�n�t� �f�o�l�l�o�w�s� �f�r�o�m� �3�.�3�.�3�.



�4�8� 

�4�.�2�.�3� �W�e� �d�e�n�o�t�e� �t�w�i�s�t�,�(�a�)� �=� �t�w�i�s�t�;�(�a�)� �w�i�t�h� �t�,�.� �N�o�t�e� �t�h�a�t� �f�r�o�m� �t�h�e� �i�n�v�a�r�i�-� 
�a�n�c�e� �o�f� �t�h�e�  ��. ��-�f�o�r�m� �u�n�d�e�r� �t�h�e� �a�c�t�i�o�n� �o�f� �t�h�e� �W�e�y�l� �g�r�o�u�p� �(�2�.�4�.�1�)�,� �a�n�d� �2�.�4�.�3� �w�e� 
�s�e�e� �t�h�a�t� �t�,� �=� �t�g�.� 

�T�h�e� �i�d�e�n�t�i�t�i�e�s� �i�n� �F�i�g�u�r�e� �1�0�a� �a�n�d� �1�0�c� �c�a�n� �b�e� �p�r�o�v�e�d� �b�y� �a�p�p�l�y�i�n�g� �f�e�w� �t�i�m�e�s� 
�t�h�e� �n�a�t�u�r�a�l�i�t�y� �o�f� �R�,� �a�n�d� �t�h�e� �o�n�e� �i�n� �F�i�g�u�r�e� �1�0�b� �f�o�l�l�o�w�s� �f�r�o�m� �t�h�e� �n�a�t�u�r�a�l�i�t�y� �o�f� 
�R�a�n�d� �t�h�e� �i�d�e�n�t�i�t�y� �i�n� �F�i�g�u�r�e� �8�.� 

�o�S� 

 ��H�o�.� �Q�"� 
�F�i�g�u�r�e� �1�0�:� �S�o�m�e� �i�d�e�n�t�i�t�i�e�s� �i�n�v�o�l�v�i�n�g� �t�h�e� �t�w�i�s�t�.� 

� � 

�4�.�2�.�4� �B�y� �a�p�p�l�v�i�n�g� �c�o�n�s�e�c�u�t�i�v�e�l�y� �t�h�e� �n�a�t�u�r�a�l�i�t�y� �o�f� �R�,� �a�n�d� �F�i�g�u�r�e�s� �6� �a�n�d� �7�,� 
�o�n�e� �c�a�n� �p�r�o�v�e� �t�h�e� �i�d�e�n�t�i�t�y� �i�n� �F�i�g�u�r�e� �1�1�.� 

�J� �|� �4� 
�r�o�]� �e�C� 

�F�i�g�u�r�e� �1�1�:� �T�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� �t�w�i�s�t�.� 

�T�h�e�r�e�f�o�r�e�,� �w�e� �h�a�v�e� �t�h�a�t� �n�a�(�i�d�g� �@� �R�7�)�)�(�A�a� �@� �t�d�a�)�(�A�g� �@� �t�d�a�)� �=� �N�a�l�t�d�s� �®� 
�N�a�)�(�t�d�p�-�1�9�4�)�(�t�d�a� �@� �M�a�)� �=�=� �t�y�.



�4�.�3�.� �Q�u�a�n�t�u�m� �d�i�m�e�n�s�i�o�n� �a�n�d� �t�r�a�c�e�s� 

�4�.�3�.�1� �G�i�v�e�n� �a�n�y� �m�o�r�p�h�i�s�m� �f� �:� �A�  �� �A�,� �t�h�e� �t�r�a�c�e� �o�f� �f� �i�s� �d�e�f�i�n�e�d� �t�o� �b�e� �t�r�(�f�)� �=� 
�A�4�0�(�t�d�,�;�@�f�)�A� �3�.� �T�h�e�n� �t�h�e� �q�u�a�n�t�u�m� �d�i�m�e�n�s�i�o�n� �o�f� �a�  ¬� �U� �i�s� �d�i�m�,�(�a�)� �=� �t�r�(�¢�d�a�)�.� 
�B�y� �u�s�i�n�g� �t�h�e� �t�o�r�t�i�l�e� �p�r�o�p�e�r�t�y� �o�f� �t�h�e� �c�a�t�e�g�o�r�y� �w�e� �f�i�n�d�:� 

�d�i�r�m�g�(�a�)�(�1�)� �=� �D�>� �V�a�l�e�)�(�V�a�l�e�*�)�)� �=� �D�o�v�,� 
�e ¬�B�,� �e ¬�B�,� 

�w�h�e�r�e� �X�,� �i�s� �t�h�e� �w�e�i�g�h�t� �o�f� �e� �a�n�d� �p�(�w�)� �=�  �� �7�,� �p�i�t�.� �i�s� �a�s� �i�n� �2�.�6�.�3�.� 
�T�h�e� �d�i�a�g�r�a�m�s� �o�f� �d�i�m�,�(�a�)� �a�n�d� �t�r�(�f�)� �a�r�e� �p�r�e�s�e�n�t�e�d� �o�n� �F�i�g�u�r�e�s� �1�2�a� �a�n�d� �1�2�b�.� 

�Q�o� �¢�G� 
�(�a�)� �(�b�)� 

�F�i�g�u�r�e� �1�2�:� �Q�u�a�n�t�u�m� �t�r�a�c�e�s�.� 

�4�.�3�.�2� �L�e�t� �f�:�A ��-� �B�,�y�:�B ��-�A�,� �a�n�d� �w�y�:� �A�- �� �A�.� �T�h�e�n� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� 
�n�a�t�u�r�a�l�i�t�y� �o�f� �R�,� �a�n�d� �t�h�e� �i�d�e�n�t�i�t�y� �i�n� �F�i�g�u�r�e� �7� �i�t� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� 

�(�a�)� �A� �4�(�w� �&� �7�d� �3�)�A�4� �=� �t�r�(�)�.� 

�(�b�)� �t�r�(�y�o� �f�)� �=� �A�p�(�t�w�i�s�t�,�(�B�)�~�'� �®� �(�f� �o� �t�w�i�s�t�,�(�A�)� �0� �~�)�)�A�g�.� 

�T�h�e� �g�r�a�p�h�i�c� �n�o�t�a�t�i�o�n� �f�o�r� �t�h�e� �s�t�a�t�e�m�e�n�t�s� �a�b�o�v�e� �i�s� �g�i�v�e�n� �o�n� �F�i�g�u�r�e� �1�3�.� 

�4�.�4� �S�o�m�e� �i�s�o�m�o�r�p�h�i�s�m�s� �o�f� �s�p�a�c�e�s� �o�f� �h�o�m�o�m�o�r�p�h�i�s�m�s� 

�T�h�i�s� �s�e�c�t�i�o�n� �i�s� �a� �p�r�e�p�a�r�a�t�i�o�n� �f�o�r� �5�.�4� �w�h�e�r�e� �t�h�e� �c�h�o�i�c�e�s� �o�f� �b�a�s�e�s� �f�o�r� �t�h�e� �s�p�a�c�e�s� 
�h�o�m�e� �(�a�,�b� �@� �c�)� �a�r�e� �d�e�s�c�r�i�b�e�d�.� �H�e�r�e� �w�e� �w�i�l�l� �d�e�n�o�t�e� �w�i�t�h� �{�2�,�(�a�,�B�)�}� �a�n�d� 

�P� 

�{�7�,�(�B�,�a�)�}� �a� �b�a�s�i�s� �f�o�r� �h�o�m�e� �(�a�,� �B�)� �a�n�d� �i�t�s� �s�p�l�i�t�t�i�n�g�s� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �3�.�4�.�7�.� 

�O�f�t�e�n� �t�h�e� �t�e�n�s�o�r� �p�r�o�d�u�c�t� �o�f� �A� �a�n�d� �B� �w�i�l�l� �b�e� �d�e�n�o�t�e�d� �w�i�t�h� �A�B�.



�5�0� 

� � 

�F�i�g�u�r�e� �1�3�:� �S�o�m�e� �r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n� �t�r�a�c�e�s�.� 

�4�.�4�.�1� �S�i�n�c�e� �h�o�m�(�a�,�a�)� �~� �F�R �� �o�n�e� �c�a�n� �d�e�f�i�n�e� �a� �p�a�i�r�i�n�g� �F�,�.�_� �:� �h�o�m�(�a�,� �B�)� �®� 
�h�o�m�(�a�,�B�)�  �� �F�R �� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �l�4�a�.� �T�h�i�s� �d�e�f�i�n�e�s� �a� �p�a�i�r�i�n�g� �F�y� �p� �:� 
�h�o�m�a� �(�a�,�B�)� �®� �h�o�m�e� �(�4�,�B�)� �+� �R ��.� �U�s�i�n�g� �t�h�e� �i�d�e�n�t�i�t�i�e�s� �i�n� �F�i�g�u�r�e� �7� �i�s� 

�P� �P�p� 
�e�a�s�y� �t�o� �s�e�e� �t�h�a�t� �i�f� �o� �:� �h�o�m�(�B�,�a�)� �-�>� �h�o�m�(�a�,� �B�)� �a�n�d� �G�o� �:� �h�o�m�(�B�,� �a�)� �a�s� 
�h�o�m�(�a�,� �B�)� �a�r�e� �a�s� �i�n� �F�i�g�u�r�e� �1�4�b� �a�n�d� �1�4�c�,� �F�y� �p�(�a�(�a�,� �B�)�,� �o�(�7�,�(�B�,�a�)�)�)� �=� �1�,� �a�n�d� 
�F�,� �p�(�o�(�m�,�(�B�,� �a�)�)�,� �u�(� �B�,� �a�)�)� �=� �1�.� �H�e�n�c�e� �t�h�e� �p�a�i�r�i�n�g� �F�)�,� �p� �i�s� �n�o�n�d�e�g�e�n�e�r�a�t�e�,� �a�n�d� 

�i�t�s� �a�d�j�o�i�n�t� �0�:� �h�o�m�e� �(�4�,� �B�)� �=�a� �h�o�m�e� �(�a�,� �B�)�*� �i�s� �a�n� �i�s�o�m�o�r�p�h�i�s�m�.� 
�P�p� �P� 

� � 

�(�b�)� 

� � 

�F�i�g�u�r�e� �1�4�:� �T�h�e� �p�a�i�r�i�n�g� �F� �:� �h�o�m�(�a�,� �B�)� �@� �h�o�m�(�4�,� �B�)� �>� �R ��.� 

�4�.�4�.�2� �D�e�f�i�n�e� �t�h�e� �m�a�p�s� �7� �:� �h�o�m�(�a�,� �B�)�  �� �h�o�m�(�1�,�a�@�B�)�,� �a�n�d� �f�y�.� �:� �h�o�m�(�1�,� �a�®� 
�B�)� �>� �h�o�m�(�1�,� �B� �@� �a�)�,� �a�s� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e�s� �1�5�a� �a�n�d� �1�6�a�.� 

�T�h�e�s�e� �m�a�p�s� �a�r�e� �i�s�o�m�o�r�p�h�i�s�m�s�,� �a�n�d� �t�h�e�i�r� �i�n�v�e�r�s�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�-� 
�u�r�e�s� �1�5�b� �a�n�d� �1�6�b�.� �M�o�r�e�o�v�e�r� �t�h�e�y� �d�e�f�i�n�e� �i�s�o�m�o�r�p�h�i�s�m�s� �7� �:� �h�o�m�e� �(�a�,�B�)� �>� 

�p



�o�l� 

�B�l� �a�l� �B�l�y� �B� 

�a�|� 

�F�i�g�u�r�e� �1�5�:� �T�h�e� �i�s�o�m�o�r�p�h�i�s�m� �7� �a�n�d� �i�t�s� �i�n�v�e�r�s�e�.� 

�W� �f�a�s�e� �a�6� �A�L� �f�e�y� �P� �w�e� �|� �r�n� 

�(�b�)� 

�F�i�g�u�r�e� �1�6�:� �T�h�e� �i�s�o�m�o�r�p�h�i�s�m� �f�.�,�.� �a�n�d� �i�t�s� �i�n�v�e�r�s�e�.� 

�h�o�m�a� �(�1�,�4� �@� �B�)� �a�n�d� �f�u�e� �:� �h�o�m�a� �(�1�,�a�®� �B�)� �>� �h�o�m�a� �(�1�,�8� �®�a�)�.� �W�e� �w�i�l�l� 
�C� �y� �C�,� �C�y� 

�r�e�f�e�r� �t�o� �t�h�e� �m�a�p� �f�e�y�.� �a�s� �t�h�e� �c�y�c�l�i�c� �p�e�r�m�u�t�a�t�i�o�n�.� 

�P�r�o�p�o�s�i�t�i�o�n� �4�.�4�.�3� �L�e�t� �f� �:� �@�  �� �B� �b�e� �a� �m�o�r�p�h�i�s�m� �i�n� �C�,�'�,� �a�n�d� �l�e�t� �s�a�p� �:� 
�a�2�B �� �B�e�a� �b�e� �t�h�e� �R ��-�l�i�n�e�a�r� �m�a�p� �g�i�v�e�n� �b�y�r�Q�y� �>� �y�@�r�,�r�e� �a�,� �y�e�E�B�.� 

�T�h�e�n� 
�(�f� �@�t�d�a�)�A�g� �=� �(�t�d�,� �@� �O� �?� �)�S�a�p�(�t�d�s� �©� �f�)�A�a�,� 

�2�. ¬�.� �f�e�y�e� �=� �(�d�g� �®�&� �d�O ��?� �\�s�a�p�.� 

�F�i�r�s�t� �n�o�t�e� �t�h�a�t� �t�h�e� �s�e�t� �o�f� �v�e�c�t�o�r�s� �B�L� �=� �{�;�'�(�e�*�)�}�.�e�n�,� �f�o�r�m�s� �a� �b�a�s�i�s� �o�f� 
�a� �a�n�d� �(�J�z�*�(�e�*�)�)�*� �=� �0�3�0� �,�(�e�)�.� �T�h�e�n�,� �b�y� �u�s�i�n�g� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �c�o�f�o�r�m� �i�s� 
�u�n�i�q�u�e� �a�n�d� �t�h�e� �t�o�r�t�i�l�e� �p�r�o�p�e�r�t�y� �o�f� �t�h�e� �c�a�t�e�g�o�r�y� �w�e� �g�e�t� 

�(�f�@�i�d�)�A�s� �=� �D�O� �f�l�e �� �e�*�)� 
�e ��E�B�.� 

�=� �d�D�)� �f�o�d�z�'�(�e�"�)� �@� �9�7�"� �0�5�0� �B�a�l�e�)� 
�e ¬� �B�a� 

�=� �S�o� �f�o�v�z�'�(�e�"�)� �@�6�7�*�(�e�)�.� 
�e ¬� �B�a�g� 

�T�h�e� �s�t�a�t�e�m�e�n�t� �f�o�l�l�o�w�s�.



�5�2� 

�P�r�o�p�o�s�i�t�i�o�n� �4�.�4�.�4� �L�e�t� �a�,�b�,�c�  ¬� �D�,� �a�n�d� �F�o�y�,� �=� �F�h�e�a�(�t� �|� �f�e�y�e�T� �®� �T� �f�a�c�t�)�:� 
�d�t� �a� �T�h�e�n� �F�i� �4�,� �=� �F�a�t�g� �P�a�p�e�.� 

�I�t� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �s�h�o�w� �t�h�a�t� �f�o�r� �a�n�y� �¢�  ¬� �h�o�m�a� �(�a�,� �b�c�)� �a�n�d� �~�  ¬� �h�o�m�e� �(�a�,� �é�b�)�,� 
�p� �p� 

�t�r�(� �F�y� �4�.�(�6�,�0�)�)� �=� �t�r�(�f�i�s�c�(�@�,�w�v�)�)�.� �T�h�i�s� �i�s� �p�r�o�v�e�d� �o�n� �F�i�g�u�r�e� �1�7� �w�h�e�r�e� �f�o�r� �t�h�e� 
�f�i�r�s�t� �s�t�e�p� �w�e� �h�a�v�e� �u�s�e�d� �t�w�i�c�e� �t�h�e� �i�d�e�n�t�i�t�y� �i�n� �F�i�g�u�r�e� �7�a� �a�n�d� �t�h�e�n� �F�i�g�u�r�e� �1�3�a�.� 

�i�r�(�E� �3� �b�a�l� �¥�)�)� �=� 

� � 

� � 

�F�i�g�u�r�e� �1�7�:� �P�r�o�o�f� �o�f� �4�.�4�.�4� 

�4�.�4�.�5� �F�r�o�m� �4�.�1�.�5� �a�n�d� �t�h�e� �n�a�t�u�r�a�l�i�t�y� �o�f� �A� �i�t� �c�a�n� �b�e� �e�a�s�i�l�y� �d�e�d�u�c�e�d� �t�h�a�t� 
�F�a�c�b�(� �B�s�c� �®� �R�e� �2�)� �=� �F�a�y�e�:� �h�o�m�e� �(�a�,� �b�e�)� �®� �h�o�m�e� �(�4�,� �6�b�)� �>� �R ��.� 

 �� �P� �p



�C�h�a�p�t�e�r� �5� 

�A�l�g�o�r�i�t�h�m�s� 

�5�.�1� �L�i�n�e�a�r� �a�l�g�e�b�r�a� 

�5�.�1�.�1� �I�n� �g�e�n�e�r�a�l�,� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�s� �w�h�i�c�h� �w�e� �d�i�s�c�u�s�s�,� �a�r�e� �d�o�n�e� �o�v�e�r� �t�h�e� 
�f�i�e�l�d� �R ��,� �b�u�t� �b�e�c�a�u�s�e� �o�f� �t�h�e� �i�n�t�e�g�r�a�l�i�t�y� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �L�-�S� �b�a�s�e�s�,� �a�n�d� �t�h�e� 
�d�u�a�l�i�t�y� �m�o�r�p�h�i�s�m�s�,� �m�a�n�y� �o�f� �t�h�e�m� �a�c�t�u�a�l�l�y� �g�o� �o�n� �i�n� �R�.� �A�n�y� �e�l�e�m�e�n�t� �r� �i�n� �R �� 
�h�a�s� �a� �u�n�i�q�u�e� �p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�o�r�m� �r� �=� �a�;� �+� �a�q�u�+�.�.�.�+� �G�p�_�1�v�"�-�*�,� �a�;�  ¬� 

�Q�,�1�<�a�<�p�- ��1�.� �S�u�c�h� �a�n� �e�l�e�m�e�n�t� �i�s� �p�r�e�s�e�n�t�e�d� �b�y� �t�h�e� �l�i�s�t� �(�a�1�,� �@�2�,�.�.�.�,�@�p�-�1�)�.� 
�F�i�n�d�i�n�g� �t�h�e� �i�n�v�e�r�s�e� �o�f� �r� �i�s� �r�e�d�u�c�e�d� �t�o� �s�o�l�v�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �l�i�n�e�a�r� �s�y�s�t�e�m� �f�o�r� 

�a�,�2�4 �� �A�p ��1�X�2 �� �(�@�p�-�2�  �� �Q�p�-�1�)�¥�3 ��- ��«�-�-�  �� �(�2� �~� �G�3�)� �X�p�-�1� �=� �1� 
�d�o�r�,�+� �(�a�,�  �� �G�p�_�1�)�X�2�-� �A�p ��2�2�3 �� �L�i�m� �( ¬�2 ��G�@�4�)�X�p�-�1� �=�D� 
�a�3�r�%�y�4�+� �(�a�2� �_� �A�p ��1�)�L�2 �� �(�a�y�  ��_� �A�y ��2�)�L�3 �� �i�o� �(�a�2� �_� �Q�5�)�L�p ��1� �=� �0� 

�A�p ��1� �2�1�+� �(�a�p�_�-�2� �_� �A�p ��1�)�L�2 �� �(�a�p�~�3� �_� �A�y�-�2�)�L�3 �� �w�e�e�t� �(�a�y� �_ �� �A�2�)�L�p�-�1� �=� �0� 

�T�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�i�s� �s�y�s�t�e�m� �i�s� �f�o�u�n�d� �b�y� �p�u�t�t�i�n�g� �i�t� �i�n� �r�o�w�-�e�c�h�e�l�o�n� �f�o�r�m�.� 

�5�.�1�.�2� �I�f� �A�i�s� �a�n� �/� �x� �m� �m�a�t�r�i�x� �o�v�e�r� �? ��,� �a�l�l� �l�i�n�e�a�r� �a�l�g�e�b�r�a� �i�n� �t�h�e� �p�r�o�g�r�a�m�s� �r�e�l�y� 
�o�n� �a� �f�u�n�c�t�i�o�n� �w�h�i�c�h� �p�u�t�s� �A� �i�n� �s�t�a�n�d�a�r�d� �r�o�w�-�e�c�h�e�l�o�n� �f�o�r�m� �b�y� �r�o�w� �o�p�e�r�a�t�i�o�n�s�.� 
�T�o� �b�e� �m�o�r�e� �p�r�e�c�i�s�e�,� �i�f� �A �� �d�e�n�o�t�e�s� �t�h�e� �r�o�w�-�e�c�h�e�l�o�n� �f�o�r�m� �o�f� �A� �a�n�d� �A�}� �,�;�,�;�)� �i�s� �t�h�e� 
�f�i�r�s�t� �n�o�n�z�e�r�o� �e�l�e�m�e�n�t� �i�n� �t�h�e� �J ��t�h� �r�o�w� �o�f� �A ��,� �w�e� �h�a�v�e�:� 

�(�a�)� �g�(�a�)� �<� �g�(�t�"�)� �i�f�t� �<�7 ��,� 

�(�b�)� �A�y�.� �(�3�)� �=�6�p�;�,�,�1�<�k� �<�1�.� 

�T�h�e� �l�e�f�t� �i�n�v�e�r�s�e� �o�f� �A� �i�s� �f�o�u�n�d� �b�y� �p�e�r�f�o�r�m�i�n�g� �o�n� �t�h�e� �!� �x� �|� �i�d�e�n�t�i�t�y� �m�a�t�r�i�x� �t�h�e� 
�s�a�m�e� �r�o�w� �o�p�e�r�a�t�i�o�n�s� �n�e�e�d�e�d� �t�o� �p�u�t� �A� �i�n� �s�t�a�n�d�a�r�d� �f�o�r�m�.� 

�5�.�2� �G�e�n�e�r�a�t�i�n�g� �t�h�e� �n�e�c�e�s�s�a�r�y� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �d�a�t�a� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �i�f� �n�o�t� �s�a�i�d� �o�t�h�e�r�w�i�s�e�,� �w�e� �a�s�s�u�m�e� �t�h�a�t� �L�y� �E�d�.� 

�D�3



�o�4� 

�5�.�2�.�1� �T�h�e�r�e� �a�r�e� �t�h�r�e�e� �k�i�n�d� �o�f� �d�a�t�a� �a�b�o�u�t� �t�h�e� �s�i�m�p�l�e� �o�b�j�e�c�t�s� �i�n� �©�,� �w�h�i�c�h� �w�e� 
�n�e�e�d� �t�o� �g�e�n�e�r�a�t�e� �i�n� �o�r�d�e�r� �t�o� �b�e� �a�b�l�e� �t�o� �c�o�m�p�u�t�e� �t�h�e� �s�p�l�i�t� �i�n�j�e�c�t�i�o�n�s� �i�n�v�o�l�v�e�d� 
�i�n� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �c�o�m�m�u�t�a�t�i�v�i�t�y� �a�n�d� �a�s�s�o�c�i�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s� �(�s�e�e� �3�.�4�.�9� 
�a�n�d� �3�.�2�.�9� �)�:� 

�(�a�)� �a�n� �e�x�p�l�i�c�i�t� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �m�o�n�o�m�i�a�l� �b�a�s�e�s� �o�f� �t�h�e� �o�b�j�e�c�t�s� �i�n� �4�;� 

�(�b�)� �t�h�e� �a�c�t�i�o�n� �o�f� �t�h�e� �a�l�g�e�b�r�a� �g�e�n�e�r�a�t�o�r�s� �E�;�,� �F�;�,�i� �<�n� �o�n� �t�h�e�s�e� �b�a�s�e�s�;� 

�(�c�)� �t�h�e� �d�u�a�l�i�t�y� �m�o�r�p�h�i�s�m�s� �J�,�,� �a�  ¬� �&�.� 

�T�h�o�u�g�h� �m�o�s�t� �o�f� �t�h�e� �n�e�c�e�s�s�a�r�y� �s�t�a�t�e�m�e�n�t�s� �w�e�r�e� �a�l�r�e�a�d�y� �g�i�v�e�n� �i�n� �2�.�4� �a�n�d� �2�.�5�,� 
�i�n� �t�h�i�s� �s�e�c�t�i�o�n� �w�e� �w�i�l�l� �s�u�m�m�a�r�i�z�e� �a�n�d� �o�u�t�l�i�n�e� �t�h�e� �a�l�g�o�r�i�t�h�m�s� �f�o�r� �g�e�n�e�r�a�t�i�n�g� 
�t�h�i�s� �d�a�t�a�.� 

�5�.�2�.�2� �A�c�c�o�r�d�i�n�g� �t�o� �2�.�5�.�8�,� �i�n� �o�r�d�e�r� �t�o� �b�e� �a�b�l�e� �t�o� �g�e�n�e�r�a�t�e� �t�h�e� �L�-�S� �b�a�s�i�s� �f�o�r� 
�A�L�)�,� �w�e� �n�e�e�d� �t�o� �s�t�a�r�t� �w�i�t�h� �a� �r�e�d�u�c�e�d� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �m�a�x�i�m�a�l� �e�l�e�m�e�n�t� 

�w�e� �E� �W�)�.� �A�n� �i�n�d�u�c�t�i�v�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �g�e�n�e�r�a�t�i�n�g� �a� �r�e�d�u�c�e�d� �e�x�p�r�e�s�s�i�o�n� �f�o�r� 
�a�n�y� �w�  ¬� �W�,� �r�e�l�i�e�s� �o�n� �t�h�e� �p�r�o�p�o�s�i�t�i�o�n� �b�e�l�l�o�w�.� 

�P�r�o�p�o�s�i�t�i�o�n� �5�.�2�.�3� �L�e�t� �w� �=� �8�;�,�8�;�,�.�.�.�8�;�,�  ¬� �W�y�)� �b�e� �a� �r�e�d�u�c�e�d� �e�x�p�r�e�s�s�i�o�n�.� 
�T�h�e�n�,� �i�f� �f�o�r� �s�o�m�e� �7� �<�n�,� �(�h�j�,� �8�i�,�8�i�,�.�-�-�8�:�,�(�A�)�)� �>� �0�,� �8�7�5�i�,� �5�:� �.�-�-�5�;�,� �1�8� �a�l�s�o� �a� 
�r�e�d�u�c�e�d� �e�x�p�r�e�s�s�i�o�n� �i�n� �W�y�.� 

�T�h�i�s� �i�s� �a� �c�o�r�o�l�l�a�r�y� �o�f� �2�.�4�.�4�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �f�r�o�m� �2�.�4�.�1� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� 
�(�S�i�,� �S�i�,�_�,� �+�-�-�+� �$�i�,�(�h�;�)�,� �A�)� �>� �0�.� �S�i�n�c�e� �X�  ¬� �W�,� �f�r�o�m� �2�.�4�.�4� �w�e� �h�a�v�e� �t�h�a�t� �s�;�,� �.�.�.�5�:�,�(�h�;�)� 
�i�s� �a� �p�o�s�i�t�i�v�e� �c�o�r�o�o�t�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �s�;�,� �.�.�.�s�;�,�(�h�;�)�s�;� �i�s� �r�e�d�u�c�e�d� �i�n� �W�.� �N�o�w� �s�u�p�-� 
�p�o�s�e� �t�h�a�t� �s�;�5�;�,�8�;�,�.�.�.�8�;�,� �1�s� �n�o�t� �r�e�d�u�c�e�d� �i�n� �W�)�.� �T�h�e�n� �t�h�e�r�e� �e�x�i�s�t�s� �s�;�  ¬� �W�y�,� 
�s�u�c�h� �t�h�a�t� 

�S�j� �S�i�,� �S�i�g� �«�+�+� �S�i�,� �=� �S�m�,� �-�-�+�$�m�,� �S�5�1�;� 

�1�. ¬�.� �8�j�S�;�,�.�.�.�5�;�,�8�;� �1�s� �n�o�t� �r�e�d�u�c�e�d� �i�n� �W�,� �a�n�d� �h�e�n�c�e� �$�/�;�,�5�;�,�_�,�.�.�.�3�i�,�(�h�;�)� �i�s� �a� 

�n�e�g�a�t�i�v�e� �c�o�r�o�o�t�.� �T�h�e�n� �(�8�/�5�;�,�5�;�,�_�,�-�-�-�$�i�,�(�h�;�)�,� �A�)� �m�u�s�t� �b�e� �n�e�g�a�t�i�v�e�,� �b�u�t� 

�(�8�1�3�i�,� �.�-�.� �$�4�,�(�R�j�)�,� �A�)� �=� �(�R�j�,� �$�i�,� �S�i�g� �-�-�-� �8�5�,� �8�1�(�A�)�)� �=� �(�B�j�,� �$�i�,� �8�4�.� �«�i�,� �(�A�)�)�-� 

�T�h�e� �l�a�s�t� �e�x�p�r�e�s�s�i�o�n� �i�s� �p�o�s�i�t�i�v�e�.� �T�h�i�s� �l�e�a�d�s� �t�o� �c�o�n�t�r�a�d�i�c�t�i�o�n�,� �a�n�d� �t�h�e� �s�t�a�t�e�m�e�n�t� 
�f�o�l�l�o�w�s�.
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�5�.�2�.�4� �B�y� �u�s�i�n�g� �t�h�i�s� �s�t�a�t�e�m�e�n�t�,� �w�e� �c�a�n� �f�i�n�d� �a� �r�e�d�u�c�e�d� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �a�n�y� �w�  ¬� 
�W�)� �b�y� �i�n�d�u�c�t�i�o�n� �o�v�e�r� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �e�l�e�m�e�n�t�s� �s�t�a�r�t�i�n�g� �w�i�t�h� �1�.� �L�e�t� �w�°� �=� 
�B�i�,� �S�i�g� �+�+� �S�i�g� �E� �W� �b�e� �a�s� �i�n� �3�.�1�.�4�.� �T�h�e�n� �f�o�r� �a�n�y� �e�l�e�m�e�n�t� �w� �=� �s�;�,�,� �-�-� �S�i�g�,� �E� �W�w�W�,� 

�o�f� �l�e�n�g�t�h� �k�,� �a�n�d� �f�o�r� �a�n�y� �j� �>� �g�,� �w�e� �c�h�e�c�k� �i�f� 

�(�h�i�,�,� �S�i�g�s� �S�i�g�,� �(�A�)�)� �>� �0�.� 

�I�f� �t�h�i�s� �i�s� �s�o�,� �t�h�e�n� �$�i�,� �S�i�g�,� �+�+�+� �S�i�g�,� �i�s� �e�l�e�m�e�n�t� �i�n� �W�,� �o�f� �l�e�n�g�t�h� �k� �+�1�.� �T�h�e� �f�a�c�t� 
�t�h�a�t� �i�n� �t�h�i�s� �w�a�y� �w�e� �g�e�n�e�r�a�t�e� �a�l�l� �e�l�e�m�e�n�t�s� �o�f� �l�e�n�g�t�h� �&� �+� �1� �f�o�l�l�o�w�s� �f�r�o�m� �2�.�4�.�3� 
�(�a�)�.� 

�N�o�t�e� �t�h�a�t� �i�f� �w�y� �=� �8�)� �.�.�-�8�;�,� 
�e�l�e�m�e�n�t� �i�n� �W�\�,� �t�h�e�n� �w�t� �=� �$�;�,�.�.�.�8�;�,� �1�8� �a� �r�e�d�u�c�e�d� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �m�a�x�i�m�a�l� 

�i�s� �a� �r�e�d�u�c�e�d� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �m�a�x�i�m�a�l� 

�e�l�e�m�e�n�t� �i�n� �W�,�.� 

�5�.�2�.�5� �H�a�v�i�n�g� �f�o�u�n�d� �a� �r�e�d�u�c�e�d� �e�x�p�r�e�s�s�i�o�n� �w�)� �=� �$�;�,�.�.�.�3�;�,� �f�o�r� �t�h�e� �m�a�x�i�m�a�l� 
�e�l�e�m�e�n�t� �i�n� �W�\�,� �w�e� �c�a�n� �g�e�n�e�r�a�t�e� �t�h�e� �L�-�S� �b�a�s�i�s� �o�f� �L�,� �.� �A�c�c�o�r�d�i�n�g� �t�o� �2�.�5�.�8� 
�t�h�i�s� �i�s� �r�e�d�u�c�e�d� �t�o� �f�i�n�d�i�n�g� �t�h�e� �c�a�n�o�n�i�c�a�l� �r�e�d�u�c�e�d� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �a�n�y� �7�  ¬� �P�\� 
�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �w�?�.� �L�e�t� �w�-�-�x�4�1� �=� �S�i�p� �S�i�g�g�y� �«�+�+� �S�i�p�,� �1� �S�A� �<�r� �b�e� �a�s� �i�n� �2�.�5�.�8�.� 

�S�e�t� �w�o� �=� �1�.� �T�h�e�n� �w�e� �g�e�n�e�r�a�t�e� �P�r�w�)�,� �b�y� �i�n�d�u�c�t�i�o�n� �o�v�e�r� �i�n�c�r�e�a�s�i�n�g� �k� �s�t�a�r�t�i�n�g� 

�w�i�t�h� �P�\�,�,� �=� �{�7�}�.� �S�u�p�p�o�s�e� �n�o�w� �t�h�a�t� �w�e� �k�n�o�w� �P�r�w�,�,�_�,�-� �W�e� �t�h�e�n� �g�e�n�e�r�-� 
�a�t�e� �P�r�w�w�,�\�P�r�,�.�w�y�,�_�,� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�a�y�.� �F�o�r� �a�n�y� �m�7�  ¬� �P�r�.�w�,�_�,� �W�e� �c�h�e�c�k� �i�f� 

�m�i�n�,�(�h�;�,�,�7�(�t�)�)� �=�0�.� �I�f� �n�o�t�,� �w�e� �g�o� �t�o� �a�n�o�t�h�e�r� �p�a�t�h� �i�n� �P�y�,� �,� �o�t�h�e�r�w�i�s�e� �w�e� 
�f�i�n�d� �f�;�,�7�,� �a�n�d� �c�h�e�c�k� �i�f� �i�t� �i�s� �i�n� �P�d� �w�y�,� �i�.� �I�f� �i�t� �i�s� �s�o�,� �w�e� �g�o� �t�o� �a�n�o�t�h�e�r� �p�a�t�h� 

�i�n� �P�r�,�»� �i�f� �n�o�t�,� �w�e� �a�d�d� �t�h�e� �s�e�t� �o�f� �p�a�t�h�s� �{�f�i�m� �1� �<�1� �<� �(�h�y�,� �7�(�t�)�)�}� �t�o� 
�P�r�u�,� �\�P�d�w�y�,� �4�°� �H�e�r�e� �w�e� �u�s�e�d� �t�h�e� �f�a�c�t� �t�h�a�t� �i�f� �f�o�r� �s�o�m�e� �i� �<�n�,� �f�i�r� �=� �f�F�r ��,� 

�w�i�t�h� �m�i�n�,�(�h�;�,�a�(�t�)�)� �=� �0� �a�n�d� �m�i�n�,�(�h�;�,�x�'�(�t�)�)� �=� �0�,� �t�h�e�n� �k� �=�]� �a�n�d� �=� �7 ��.� �T�h�i�s� 
�s�t�a�t�e�m�e�n�t� �e�a�s�i�l�y� �f�o�l�l�o�w�s� �f�r�o�m� �t�h�e� �u�n�i�q�u�e�n�e�s�s� �i�n� �2�.�5�.�7�.� 

�5�.�2�.�6� �F�r�o�m� �t�h�e� �e�x�p�l�i�c�i�t� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �m�o�n�o�m�i�a�l� �b�a�s�i�s� �o�f� �t�h�e� �s�i�m�p�l�e� 
�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �L�y�,� �i�t� �i�s� �e�a�s�y� �t�o� �f�i�n�d� �t�h�e� �a�c�t�i�o�n� �o�f� �t�h�e� �a�l�g�e�b�r�a� �g�e�n�e�r�a�t�o�r�s� 
�E�j�,� �f�F�,� �<�n�.� �T�o� �t�h�i�s� �g�o�a�l�,� �u�s�e� �i�n�d�u�c�t�i�o�n� �o�v�e�r� �t�h�e� �d�e�c�r�e�a�s�i�n�g� �l�e�v�e�l� �o�f� �t�h�e� 
�w�e�i�g�h�t� �s�p�a�c�e�s� �o�f� �L�y�.� �W�e� �s�t�a�r�t� �t�h�e� �i�n�d�u�c�t�i�o�n� �w�i�t�h� �t�h�e� �k�n�o�w�l�e�d�g�e� �t�h�a�t� �t�h�e� 
�a�c�t�i�o�n� �o�f� �E�F�;� �o�n� �a�n�y� �w�e�i�g�h�t� �s�p�a�c�e� �o�f� �l�e�v�e�l� �b�i�g�g�e�r� �o�r� �e�q�u�a�l� �t�o� �l�e�v�(�A�\�)�,� �a�s� �w�e�l�l� 
�a�s� �t�h�e� �a�c�t�i�o�n� �o�f� �F�;� �o�n� �a�n�y� �w�e�i�g�h�t� �s�p�a�c�e� �o�f� �l�e�v�e�l� �b�i�g�g�e�r� �t�h�e�n� �/�e�v�(�A�)�,� �i�s� �z�e�r�o�.� 
�S�u�p�p�o�s�e� �t�h�a�t� �w�e� �k�n�o�w� �E�;� �:� �L�y�"� �>� �L�y �� �a�n�d� �F�.�:� �L�y �� �>� �L�y�#� �f�o�r� �a�n�y� �p� �a�n�d� 
�y� �o�f� �l�e�v�e�l� �b�i�g�g�e�r� �o�r� �e�q�u�a�l� �k�.� �T�h�e� �w�e� �f�o�l�l�o�w� �t�h�e� �s�t�e�p�s� �b�e�l�o�w� �t�o� �c�o�m�p�u�t�e� �t�h�e� 
�a�c�t�i�o�n� �o�f� �t�h�e� �g�e�n�e�r�a�t�o�r�s� �m�a�p�p�i�n�g� �t�h�e� �w�e�i�g�h�t� �s�p�a�c�e�s� �o�f� �l�e�v�e�l� �k� �a�n�d� �k�  �� �1� �i�n�t�o� 
�e�a�c�h� �o�t�h�e�r�.



�5�6� 

�(�1�)� �F�i�r�s�t� �w�e� �f�i�n�d� �t�h�e� �a�c�t�i�o�n� �o�f� �a�n�y� �£�;�,� �7� �<�n� �o�n� �t�h�e� �w�e�i�g�h�t� �s�p�a�c�e�s� �o�f� �l�e�v�e�l� 
�k�  �� �1� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�a�y�.� �L�e�t� �6� �=� �F�;� �(�m�a�)� �p�a�l� �i�m�a�)� �P�O� �e�y� �b�e� �a� �b�a�s�i�s� 
�v�e�c�t�o�r� �i�n� �t�h�e� �w�e�i�g�h�t� �s�p�a�c�e� �L�, �� �w�h�e�r�e� �l�e�v� �(�4�)� �=� �k�- ��1�.� �T�h�e�n� �f�r�o�m� �2�.�1�.�2� 
�(�c�)� �w�e� �h�a�v�e� 

�E�j�b�=� �(�[�r�1�]�;�,�)� �F�i� �E�j� �F�e�O�)� �p�e�?� �E�M�,� 
�t�r� 

�$�o�(�l�M�a�h�,�)� �2�(�b�a�r� �a� �~� �o�a�)�,� �A�O�R� �F� �M�e� �1�4� �1�2� �t�r� 

�S�i�n�c�e� �F�i�m�)� �p�r�)� �.�.�.� �F�!�"�e�,� �i�s� �a� �b�a�s�i�s� �v�e�c�t�o�r� �o�f� �l�e�v�e�l� �k�,� �a�l�l� �t�e�r�m�s� �o�n� �t�y� �t�r� 

�t�h�e� �r�i�g�h�t� �a�r�e� �k�n�o�w�n�.� 

�(�1�1�)� �N�o�w� �w�e� �c�a�n� �f�i�n�d� �t�h�e� �a�c�t�i�o�n� �o�f� �a�n�y� �f�F�,� �7� �<�n� �o�n� �t�h�e� �w�e�i�g�h�t� �s�p�a�c�e�s� �o�f� 
�l�e�v�e�l� �&�.� �L�e�t� �6� �b�e� �a� �b�a�s�i�c� �v�e�c�t�o�r� �i�n� �t�h�e� �w�e�i�g�h�t� �s�p�a�c�e� �L�y�"� �w�h�e�r�e� �l�e�v�(�u�)� �=� 
�k�.� �L�e�t� �{�b�,�}�8�_�,� �b�e� �t�h�e� �L�-�S� �b�a�s�i�s� �o�f� �L�,�4�~�-�%�.� �T�h�e�n� �w�e� �w�a�n�t� �t�o� �f�i�n�d� 
�t�r�E�R�,�1�<�k� �<� �N� �s�u�c�h� �t�h�a�t� �F�j�b� �=� �a�e� �x�z�,�b�,�.� �G�i�v�e�n� �a�n�y� �1� �<� �n�,� �l�e�t� 
�{�b�,�}�M�,� �b�e� �t�h�e� �L�-�S� �b�a�s�i�s� �o�f� �L�,�#�~�%�7�+�%�,� �T�h�e�n� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�r�o�b�l�e�m� 
�i�s� �g�i�v�e�n� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�r�o�p�o�s�i�t�i�o�n�.� 

�P�r�o�p�o�s�i�t�i�o�n� �5�.�2�.�7� �L�e�t� �E�b�y� �=� �a�e� �C�y� �T�o�g�s� �a�n�d� �E�y� �b�b� �=� �6�1�5� �[�(�R�;�,� �H�t�)� �+�P� �j� �E�b� �=� 

�w�e� �d�p�b �� �°�.� �T�h�e�n� �t�h�e� �l�i�n�e�a�r� �s�y�s�t�e�m� �f�o�r� �1�1�,�2�2�,�.�.�.�,�U�N� 

�N� 

�S�o�c�i�e�t�e� �=� �d�i�,� �1� �<�l�i� �<�n�,� �l�<�s�<�M�,� 
�k�=�1� 

�h�a�s� �a� �u�n�i�q�u�e� �s�o�l�u�t�i�o�n�.� 

�T�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �a� �s�o�l�u�t�i�o�n� �f�o�l�l�o�w�s� �f�r�o�m� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �a� �/�u�-�m�o�d�u�l�e� 

�w�i�t�h� �t�h�e� �L�-�S� �b�a�s�i�s� �c�o�n�s�t�r�u�c�t�e�d� �a�b�o�v�e�.� �D�e�f�i�n�e� �a� �m�a�p� �I�X� �:� �L�y �� �p�r�,� �L�y�t!"�,� 
�g�i�v�e�n� �b�y� �I�X�(�m�)� �=� �S�.�,�E�,�(�m�)�,� �m�  ¬� �L�y ��.� �N�o�t�e� �t�h�a�t� �i�f� �l�e�v�(�v�)� �<� �l�e�v�(�A�)� �t�h�i�s� 
�m�a�p� �i�s� �i�n�j�e�c�t�i�v�e�.� �H�e�n�c�e�,� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m� �a�b�o�v�e� �i�s� �u�n�i�q�u�e�.� 

�5�.�2�.�8� �F�i�n�a�l�l�y�,� �w�e� �n�e�e�d� �t�o� �g�e�n�e�r�a�t�e� �t�h�e� �d�u�a�l�i�t�y� �m�o�r�p�h�i�s�m�s� �J�,� �:� �a�  �� �a ��.� 
�S�i�n�c�e� �t�h�e� �c�a�t�e�g�o�r�y� �i�s� �t�o�r�t�i�l�e�,� �i�f� �a�n� �o�r�d�e�r� �i�s� �i�n�t�r�o�d�u�c�e�d� �o�n� �%�,� �t�h�e� �v�, ��s� �n�e�e�d� 
�t�o� �b�e� �c�o�m�p�u�t�e�d� �o�n�l�y� �f�o�r� �a� �>� �a�.� �T�h�e�n� �V�g� �i�s� �r�e�c�o�n�s�t�r�u�c�t�e�d� �f�r�o�m� �t�h�e� �t�o�r�t�i�l�e� 

�p�r�o�p�e�r�t�y�.� �F�o�r� �a� �>� �a�,� �¥�,� �i�s� �c�o�m�p�u�t�e�d� �i�n�d�u�c�t�i�v�e�l�y� �o�n� �t�h�e� �l�e�v�e�l� �o�f� �t�h�e� �w�e�i�g�h�t� 
� � 

�?�n�o�t�e� �t�h�a�t� �i�n� �(�i�)� �w�e� �f�o�u�n�d� �c�,�,� �a�n�d� �f�r�o�m� �t�h�e� �i�n�d�u�c�t�i�o�n� �h�y�p�o�t�h�e�s�i�s� �w�e� �k�n�o�w� �d�f�.



�5�7� 

�s�p�a�c�e�s�,� �d�e�f�i�n�i�n�g� �i�t� �t�o� �b�e� �t�h�e� �i�d�e�n�t�i�t�y� �m�a�p� �o�n� �t�h�e� �h�i�g�h�e�s�t� �w�e�i�g�h�t� �s�p�a�c�e� �o�f� 
�a�,� �a�n�d� �u�s�i�n�g� �t�h�e� �f�a�c�t� �t�h�a�t� �a�n�y� �b�a�s�i�c� �v�e�c�t�o�r� �6� �o�f� �l�e�v�e�l� �&�  �� �1� �i�s� �o�f� �t�h�e� �f�o�r�m� 
�b� �=� �(�[�m�]�,�)�~�'� �F�b �� �f�o�r� �s�o�m�e� �m�  ¬� �N�,�/� �<� �n�,� �a�n�d� �&� �-� �a� �b�a�s�i�s� �v�e�c�t�o�r� �o�f� �l�e�v�e�l� �k�.� 
�H�e�n�c�e�,� �6�,�(�b�)� �=� �(�[�m�]�,�)�7�*�S�(�F�1�)�"�8�,�.�(�0�)� �(�b�y� �d�e�f�i�n�i�t�i�o�n� �F�)� �a�c�t�s� �o�n� �@� �a�s� �S�(�F�;�)�*�.� 

�5�.�3� �F�i�n�d�i�n�g� �a� �b�a�s�i�s� �f�o�r� �h�o�m�e� �(�a�,�b�@�c�)� �b�y� �d�i�r�e�c�t� �c�o�m�p�u�-� 
�p� 

�t�a�t�i�o�n� 

�I�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�s� �a�l�l� �m�u�l�t�i�p�l�e�s� �(�a�,�6�,�c�,�.�.�.�)� �w�i�l�l� �b�e� �t�h�o�u�g�h�t� �o�f� �a�s� �o�r�d�e�r�e�d� 
�o�n�e�s�.� �T�h�e� �s�u�b�s�e�t� �o�f� �t�h�e� �s�a�m�e� �e�l�e�m�e�n�t�s� �o�f� �©� �w�i�l�l� �b�e� �d�e�n�o�t�e�d� �w�i�t�h� �{�a�,� �b�,�c�,�.�.�.�}�.� 
�A�l�s�o�,� �g�i�v�e�n� �a�  ¬� �©�,� �a�n�d� �A�  ¬� �C�,� �w�e� �s�e�t� �V�(�a�,� �A�)� �=� �h�o�m�e� �(�a�,� �A�)�.� �O�f�t�e�n� �b�e� �c� 

�P�p� 
�w�i�l�l� �b�e� �w�r�i�t�t�e�n� �a�s� �b�c� �t�o� �s�i�m�p�l�i�f�y� �t�h�e� �n�o�t�a�t�i�o�n�s�.� 

�5�.�3�.�1� �A�s� �s�a�i�d� �i�n� �3�.�4�.�1�1�,� �d�i�r�e�c�t� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s� 
�f�r�o�m� �t�h�e�i�r� �d�e�f�i�n�i�t�i�o�n� �r�e�q�u�i�r�e�s� �f�o�r� �a�n�y� �t�r�i�p�l�e� �(�a�,� �6�,� �c�)� �t�o� �f�i�n�d� �a� �b�a�s�i�s� �{�2�,�(�a�,� �b�c�)� �:� 
�a�  �� �b�e�}�,� �o�f� �V�(�a�,�b�®�c�)�,� �a�n�d� �s�p�l�i�t�t�i�n�g�s� �{�7�,�(�b�c�,�a�)� �:� �b�e� �>� �a�}�,�.� �O�f�t�e�n�,� �w�e� �w�i�l�l� 
�r�e�f�e�r� �t�o� �7�,� �a�s� �i�n�j�e�c�t�i�o�n�s�,� �a�n�d� �z�m�,� �a�s� �p�r�o�j�e�c�t�i�o�n�s�.� �T�h�r�o�u�g�h� �t�h�e� �i�s�o�m�o�r�p�h�i�s�m� 
�h�o�m�(�a�,�a�)� �~� �R ��,� �t�h�e� �s�p�a�c�e�,� �s�p�a�n�n�e�d� �b�y� �t�h�e� �p�r�o�j�e�c�t�i�o�n�s�,� �i�s� �i�d�e�n�t�i�f�i�e�d� �w�i�t�h� 
�t�h�e� �d�u�a�l� �V�(�a�,�b�c�)�*� �o�f� �V�(�a�,�b�c�)�,� �a�n�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�i�s� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �t�h�e� 
�7�S� �r�e�p�r�e�s�e�n�t� �t�h�e� �d�u�a�l� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �2�, ��s�.� �T�h�e� �g�r�a�p�h�i�c� �n�o�t�a�t�i�o�n� �f�o�r� �t�h�e� 
�i�n�j�e�c�t�i�o�n�s� �a�n�d� �p�r�o�j�e�c�t�i�o�n�s� �i�s� �i�n�t�r�o�d�u�c�e�d� �i�n� �F�i�g�u�r�e� �1�8�.� 

�s�g� 
�2�%� �(�a�,� �b�c�)� �1�,� �(�b�e�,� �a�)� 

�F�i�g�u�r�e� �1�8�:� �D�i�a�g�r�a�m� �n�o�t�a�t�i�o�n� �f�o�r� �t�h�e� �b�a�s�i�c� �e�l�e�m�e�n�t�s� �o�f� �V�(�a�,�W�)�a�n�d� �t�h�e�i�r� 
�d�u�a�l�s�.� 

�D�u�e� �t�o� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �r�i�n�g� �e�l�e�m�e�n�t�s� �a�n�d� �o�f� �t�h�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s�,� �t�h�e� �s�t�o�r�a�g�e� 
�o�f� �a�l�l� �t�h�e� �b�a�s�i�c� �e�l�e�m�e�n�t�s� �a�n�d� �t�h�e�i�r� �d�u�a�l�s� �f�o�r� �a�l�l� �t�r�i�p�l�e�s� �i�s� �h�i�g�h�l�y� �p�r�o�b�l�e�r�n�a�t�i�c�,� �i�f� 
�n�o�t� �i�m�p�o�s�s�i�b�l�e�,� �e�v�e�n� �f�o�r� �s�m�a�l�l� �p�.� �I�n� �[�3�1�]�,� �a�n� �a�l�g�o�r�i�t�h�m� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� �w�h�i�c�h� 
�t�h�e� �s�t�o�r�a�g�e� �t�i�m�e�,� �a�n�d� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �t�i�m�e� �a�r�e� �v�a�s�t�l�y� �r�e�d�u�c�e�d�.� �I�n� �t�h�e� 
�n�e�x�t� �f�e�w� �s�e�c�t�i�o�n�s� �w�e� �s�u�m�m�a�r�i�z�e� �t�h�e� �r�e�s�u�l�t�s� �i�n� �[�3�1�]� �w�h�i�c�h� �r�e�l�a�t�e� �t�o� �c�h�o�i�c�e�s� �o�f



�5�8� 

�b�a�s�e�s� �f�o�r� �t�h�e� �s�p�a�c�e�s� �h�o�m�e� �(�a�,� �b�c�)�,� �b�y� �u�s�i�n�g� �t�h�e� �g�r�a�p�h�i�c� �n�o�t�a�t�i�o�n�s� �i�n�t�r�o�d�u�c�e�d� 

�i�n� �C�h�a�p�t�e�r� �3�.� �I�n� �g�e�n�e�r�a�l� �t�e�r�m�s� �t�h�e� �i�d�e�a� �i�s� �t�o� �f�i�n�d� �a� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l� �n�u�m�b�e�r� 
�o�f� �t�r�i�p�l�e�s� �s�u�c�h� �t�h�a�t� �i�f� �a� �b�a�s�i�s�,� �a�n�d� �i�t�s� �d�u�a�l�,� �f�o�r� �e�a�c�h� �o�f� �t�h�e�m� �i�s� �k�n�o�w�n�,� �t�h�e�r�e� 
�e�x�i�s�t�s� �a� �b�a�s�i�s� �f�o�r� �a�n�y� �o�t�h�e�r� �t�r�i�p�l�e� �w�h�i�c�h�,� �w�h�e�n� �n�e�e�d�e�d�,� �c�a�n� �b�e� �r�e�c�o�n�s�t�r�u�c�t�e�d� 
�r�e�l�a�t�i�v�e�l�y� �s�i�m�p�l�y� �a�n�d� �q�u�i�q�l�y� �f�r�o�m� �t�h�e� �d�a�t�a� �a�l�r�e�a�d�y� �k�n�o�w�n�.� �T�h�e� �b�a�s�e�s� �f�o�r� �t�h�i�s� 
�s�m�a�l�l� �n�u�m�b�e�r� �o�f� �t�r�i�p�l�e�s� �a�r�e� �f�o�u�n�d� �b�y�  ��d�i�r�e�c�t� �c�o�m�p�u�t�a�t�i�o�n ��,� �i�.�e�.� �s�o�l�v�i�n�g� �t�h�e� 
�c�o�r�r�e�s�p�o�n�d�i�n�g� �l�i�n�e�a�r� �s�y�s�t�e�m�s�,� �a�n�d� �n�o�w� �w�e� �p�r�o�c�e�e�d� �w�i�t�h� �d�e�s�c�r�i�b�i�n�g� �h�o�w� �t�h�i�s� 
�i�s� �d�o�n�e�.� 

�P�r�o�p�o�s�i�t�i�o�n� �5�.�3�.�2� �L�e�t� �a�,�b�,�c�  ¬� �N�i�,� �a�n�d� �l�e�t� �X� �b�e� �t�h�e� �h�i�g�h�e�s�t� �w�e�i�g�h�t� �o�f� �a�,� �a�n�d� 
�g�a�.�  �� �(�b�e�)� �b�e� �a� �n�o�n�z�e�r�o� �R�'�-�l�i�n�e�a�r� �m�a�p� �s�u�c�h� �t�h�a�t� �E�;� �0�g�:� �a�*�  �� �b�e� �a�n�d� 

�E�V�?�)� �o�g�:�a�*�  ��>� �b�c� �a�r�e� �z�e�r�o� �f�o�r� �a�n�y�i� �<�n�.� �T�h�e�n� �g� �c�a�n� �b�e� �u�n�i�q�u�e�l�y� �e�x�t�e�n�d�e�d� 
�t�o� �a� �h�o�m�o�m�o�r�p�h�i�s�m� �G�:�a �� �b�e�.� 

�F�r�o�m� �3�.�4�.�4� �w�e� �h�a�v�e� �t�h�a�t� �i�n� �C�, ��,� �b�e� �i�s� �i�s�o�m�o�r�p�h�i�c� �t�o� �A�@� �M�,� �A�E�C�,�,� �M�E� 
�C�,�~�.� �S�i�n�c�e� �t�h�e� �s�t�a�t�e�m�e�n�t� �i�s� �o�b�v�i�o�u�s�l�y� �t�r�u�e� �f�o�r� �A�,� �w�e� �o�n�l�y� �n�e�e�d� �t�o� �p�r�o�v�e� �i�t� 
�f�o�r� �b�c� �r�e�p�l�a�c�e�d� �w�i�t�h� �W�W�.� �L�e�t� �e�  ¬� �a� �b�e� �a� �h�i�g�h�e�s�t� �w�e�i�g�h�t� �v�e�c�t�o�r�.� �T�h�e�n� �f�r�o�m� �t�h�e� 
�a�s�s�u�m�p�t�i�o�n�s� �a�b�o�v�e� �f�o�l�l�o�w�s� �t�h�a�t� �g�(�e�)� �i�s� �a� �h�i�g�h�e�s�t� �w�e�i�g�h�t� �v�e�c�t�o�r� �i�n� �M� �(�s�i�n�c�e� 
�R�U� �i�s� �g�e�n�e�r�a�t�e�d� �b�y� �£�;� �a�n�d� �E�Y ��)�,� �a�n�d� �I� �=� �p�/�U�g�(�e�)� �i�s� �a� �s�u�b�m�o�d�u�l�e� �i�n� 
�M�W�.� �T�h�e�n� �f�r�o�m� �3�.�2�.�4� �f�o�l�l�o�w�s� �t�h�a�t� �J� �=� �@�o�l�o�,� �w�h�e�r�e� �t�h�e� �s�u�m� �i�s� �o�v�e�r� �a�l�l� �o�r�b�i�t�s� 
�o�f� �t�h�e� �d�o�t� �a�c�t�i�o�n� �o�f� �W�,� �i�n� �W� �a�n�d� �a�l�l� �s�i�m�p�l�e� �s�u�b�q�u�o�t�i�e�n�t�s� �o�f� �J�o� �h�a�v�e� �t�h�e� 
�h�i�g�h�e�s�t� �w�e�i�g�h�t�s� �l�y�i�n�g� �i�n� �©�.� �B�u�t� �s�i�n�c�e� �J� �i�s� �a� �h�i�g�h�e�s�t� �w�e�i�g�h�t� �m�o�d�u�l�e�,� �a�n�d� �s�i�n�c�e� 
�t�h�e�r�e� �i�s� �a�n� �u�n�i�q�u�e� �e�l�e�m�e�n�t� �o�f� �e�a�c�h� �o�r�b�i�t� �w�h�i�c�h� �b�e�l�o�n�g�s� �t�o� �A�,� �w�e� �d�e�d�u�c�e� �t�h�a�t� 
�a�l�l� �s�i�m�p�l�e� �s�u�b�q�u�o�t�i�e�n�t�s� �o�f� �J� �a�r�e� �i�s�o�m�o�r�p�h�i�c� �t�o� �a�,� �i�.�e�.� �J� �i�s� �i�s�o�m�o�r�p�h�i�c� �t�o� �a�.� 

�5�.�3�.�3� �U�s�i�n�g� �d�u�a�l�i�t�y�,� �a� �s�i�m�i�l�a�r� �a�r�g�u�m�e�n�t� �w�o�u�l�d� �s�h�o�w� �t�h�e� �f�o�l�l�o�w�i�n�g�.� �L�e�t� 
�a�,�b�,�c�  ¬� �X�,� �a�n�d� �l�e�t� �A� �b�e� �t�h�e� �h�i�g�h�e�s�t� �w�e�i�g�h�t� �o�f� �a�,� �a�n�d� �B� �=� �b�c�.� �L�e�t� �a�l�s�o� 
�g�:� �(�a�*�)�*�  �� �(�B�*�)�*� �b�e� �a� �n�o�n�z�e�r�o� �R ��-�l�i�n�e�a�r� �m�a�p� �s�u�c�h� �t�h�a�t� �F�'�*� �o�g� �:� �(�a�*�)�*�  �� �B�*� 

�a�n�d� �F�e�y� �o�g�:� �(�a�*�)�*�  �� �B�*� �a�r�e� �z�e�r�o� �f�o�r� �a�n�y� �1� �<� �n�.� �T�h�e�n� �t�h�e�r�e� �e�x�i�s�t�s� �a� 
�h�o�m�o�m�o�r�p�h�i�s�m� �G� �:� �b�c� �>� �a�,� �s�u�c�h� �t�h�a�t� �G�]�g�a� �=� �g ��.� 

�5�.�3�.�4� �T�h�e� �t�r�i�p�l�e�s� �(�a�,� �b�,�c�)� �f�o�r� �w�h�i�c�h� �w�e� �w�a�n�t� �t�o� �f�i�n�d� �t�h�e� �b�a�s�i�s� �b�y� �d�i�r�e�c�t� �c�o�m�-� 
�p�u�t�a�t�i�o�n� �h�a�v�e� �t�h�a�t� �t�h�e� �d�i�m�e�n�s�i�o�n� �o�f� �a� �i�s� �g�r�e�a�t�e�r� �o�r� �e�q�u�a�l� �t�h�e�n� �t�h�e� �d�i�m�e�n�s�i�o�n�s� 
�o�f� �6� �a�n�d� �c� �(�s�e�e� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �s�p�e�c�i�a�l� �t�r�i�p�l�e� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�)�.� �A�s� �a� �r�e�s�u�l�t�,� 

�f�o�r� �t�h�e� �e�x�a�m�p�l�e�s� �w�e� �h�a�v�e� �s�t�u�d�i�e�d�,� �E�®� �)� �a�n�d� �F�P� �)� �a�c�t� �a�s� �z�e�r�o� �f�o�r� �d�i�m�e�n�s�i�o�n� 
�r�e�a�s�o�n�s�.� �T�h�e�n� �t�h�e� �p�r�o�p�o�s�i�t�i�o�n�s� �a�b�o�v�e� �s�u�g�g�e�s�t� �t�h�e� �f�o�l�l�o�w�i�n�g� �a�l�g�o�r�i�t�h�m� �f�o�r� 
�f�i�n�d�i�n�g� �a� �b�a�s�i�s� �f�o�r� �V�(�a�,� �b�c�)�.� �A�s� �b�e�f�o�r�e� �w�e� �d�e�n�o�t�e� �w�i�t�h� �A� �t�h�e� �h�i�g�h�e�s�t� �w�e�i�g�h�t� 
�s�p�a�c�e� �o�f� �a� �a�n�d� �w�i�t�h� �e�,� �t�h�e� �h�i�g�h�e�s�t� �w�e�i�g�h�t� �v�e�c�t�o�r� �i�n� �a�.



�o�g� 

�(�i�)� �F�i�n�d� �a� �b�a�s�i�s� �2�1�,� �2�2�,�.�.�.�,� �2� �f�o�r� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�h�e� �k�e�r�n�e�l�s� �o�f� �a�l�l� �£�;�,� �1� �<� 

�n�,� �o�n� �(�b�c�)�*�.� �F�r�o�m� �5�.�3�.�2� �t�h�i�s� �p�r�o�d�u�c�e�s� �a� �b�a�s�i�s� �J�y�,� �[�2�,�.�.�.�,� �I� �o�f� �h�o�m�(�a�,� �b�c�)� 
�a�n�d� �a� �m�a�p� �I�n�j� �:� �h�o�m�(�a�,� �b�c�)� �®� �e� �>� �b�e�,� �I�,� �@�e� �4� �I�y�(�e�)� �=� �2�.� 

�(�i�i�)� �F�i�n�d� �a� �b�a�s�i�s� �y�1�,�y�2�,�.�.�-�,�y�w� �f�o�r� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�h�e� �k�e�r�n�e�l�s� �o�f� �a�l�l� 
�F�x�,� �i� �<�n�,� �o�n� �(�(�b�e�)�*�)�*�.� �F�r�o�m� �5�.�3�.�3� �t�h�i�s� �p�r�o�d�u�c�e�s� �a� �b�a�s�i�s� �7�1�,� �7�2�,�-�-�-�;�7�M� 
�o�f� �h�o�m�(�a�,� �b�c�)� �a�n�d� �d�e�f�i�n�e�s� �a� �m�a�p� �P�r�o�j� �:� �(�b�c�)�  �� �h�o�m�(�b�c�,�a�)� �@� �e�,� �m� �>� 

�T�e�e�s� �y�e�(�e�*�)�(�m�)� �m�t�,� �@� �e�.� 

�(�i�i�i�)� �C�h�a�n�g�e� �t�h�e� �b�a�s�i�s� �o�f� �h�o�m�(�a�,� �b�c�)� �t�o� �%�4�,�2�9�,�.�.�-�,�2�n�,� �s�o� �t�h�a�t� �y�z�(�e�*�)�(�2�(�e�)�)� �=� 
�6�n�1� �i�f� �k� �<� �d�i�m�(�a�,�b�c�)� �<� �N�,� �a�n�d� �z�e�r�o� �o�t�h�e�r�w�i�s�e�.� �T�h�e�n� �2�,�1� �<�k� �<� 
�d�i�m�(�a�,� �b�c�)�,� �w�h�i�c�h� �w�e� �d�e�n�o�t�e� �w�i�t�h� �2�;�(�a�,� �b�c�)�,� �f�o�r�m� �a� �b�a�s�i�s� �f�o�r� �V�(�a�,� �b�c�)�,� �a�n�d� 
�T�m�,� �1� �<�k� �<� �d�i�m�(�a�,� �b�c�)�,� �d�e�n�o�t�e�d� �w�i�t�h� �m�;�(�b�c�,�a�)�)�,� �f�o�r�m� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 
�d�u�a�l� �b�a�s�i�s�.� 

�5�.�3�.�5� �T�h�e� �p�r�o�c�e�d�u�r�e�,� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e�,� �d�e�t�e�r�m�i�n�e�s� �a� �b�a�s�i�s� �f�o�r� �V�(�a�,� �b�c�)� �a�n�d� 
�i�t�s� �d�u�a�l�,� �b�u�t� �o�n�l�y� �t�h�e� �r�e�s�t�r�i�c�t�i�o�n�s� �o�f� �t�h�e�s�e� �m�o�r�p�h�i�s�m�s� �t�o� �t�h�e� �\�-�w�e�i�g�h�t� �s�p�a�c�e�s� 
�o�f� �a� �a�n�d� �b�c� �a�r�e� �e�x�p�l�i�c�i�t�l�y� �k�n�o�w�n�.� �W�e� �i�n�t�r�o�d�u�c�e� �s�p�e�c�i�a�l� �n�a�m�e�s� �f�o�r� �t�h�o�s�e�.� �T�h�e� 
�m�a�p� �t�z�,�(�a�,� �b�c�)� �:� �a�*�  �� �(�b�c�)�*� �i�s� �c�a�l�l�e�d� �t�h�e� �g�o�o�d�v�e�c�t�o�r� �o�f� �t�h�e� �t�r�i�p�l�e�s� �(�a�,� �b�,�c�)�,� �a�n�d� 
�m�,�(�b�c�,�a�)� �:� �(�b�c�) �� �>� �a�*� �i�s� �c�a�l�l�e�d� �t�h�e� �g�o�o�d�c�o�v�e�c�t�o�r� �o�f� �t�h�i�s� �t�r�i�p�l�e�.� �K�n�o�w�i�n�g� �t�h�e� 
�g�o�o�d�v�e�c�t�o�r�s�,� �2�4�(�a�,� �b�c�)� �:� �a ��  �� �(�b�c�)�*� �c�a�n� �b�e� �c�o�m�p�u�t�e�d� �i�n�d�u�c�t�i�v�e�l�y� �o�n� �d�e�c�r�e�a�s�i�n�g� 
�l�e�v�e�l� �y�p�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �s�u�p�p�o�s�e�,� �w�e� �k�n�o�w� �t�h�e� �v�a�l�u�e� �o�f� �2�,�(�a�,� �b�c�)� �o�n� �a�n�y� �t�  ¬� �a� 
�o�f� �l�e�v�e�l� �g�r�e�a�t�e�r� �o�r� �e�q�u�a�l� �t�o� �k�.� �B�y� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �L�-�S� �b�a�s�i�s� �o�f� �a�,� �a�n�y� 
�b�a�s�i�c� �v�e�c�t�o�r� �b�  ¬� �a� �o�f� �l�e�v�e�l� �k�  �� �1� �i�s� �o�f� �t�h�e� �f�o�r�m� �6� �=� �(�{�m�]�,�)�7�'�F�)�0�'� �f�o�r� �s�o�m�e� 
�m�  ¬� �N�,�!� �<�n�,� �a�n�d� �s�o�m�e� �b�a�s�i�s� �v�e�c�t�o�r� �6 �� �o�f� �l�e�v�e�l� �k�.� �H�e�n�c�e�,� �2�,�(�a�,� �6�c�)�(�b�)� �=� 

�(�[�m�]�,�)�-�*�A�C�F�i�j�r�e�(�a�,� �b�e�)� �(�6�)� 

�5�.�3�.�6� �T�h�e� �r�e�s�t� �o�f� �7�;�,�(�b�c�,� �a�)� �c�a�n� �n�o�t� �b�e� �r�e�c�o�n�s�t�r�u�c�t�e�d� �f�r�o�m� �t�h�e� �g�o�o�d�c�o�v�e�c�t�o�r�s� 
�i�n� �t�h�e� �s�a�m�e� �m�a�n�n�e�r�.� �B�u�t� �n�o�t�e� �t�h�a�t� �i�n� �4�.�4�.�1� �w�e� �d�e�f�i�n�e�d� �a�n� �i�s�o�m�o�r�p�h�i�s�m� 
�A�:� �V�(�a�,�é�b�)� �+� �V�(�a�,� �b�e�)�*�.� �H�e�n�c�e� �x�4� �(�4�,� �6�b�)� �=� �O�-�1�(�,�(�b�e�,�a�)�)�,� �1� �<� �k� �<� �d�i�m�(�a�,� �b�e�)� 
�f�o�r�m� �a� �b�a�s�i�s� �f�o�r� �V�(�a�,�é�b�)�,� �a�n�d� �t�h�e� �g�o�o�d�c�o�v�e�c�t�o�r�s� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �m�a�p�s� 
�2�.�(�@�,�¢�b�)� �:� �@�-�*� �>� �(�é�b�)�-�>�.� �W�e� �w�i�l�l� �s�h�o�w� �h�o�w� �f�r�o�m� �t�h�i�s� �d�a�t�a� �t�o� �f�i�n�d� �t�h�e� 
�g�o�o�d�v�e�c�t�o�r�s� �f�o�r� �t�h�e� �t�r�i�p�l�e� �(�4�,� �é�b�)�,� �a�n�d� �t�h�e�n� �o�n�e� �c�a�n� �u�s�e� �t�h�e� �s�a�m�e� �a�l�g�o�r�i�t�h�m� 
�a�s� �i�n� �5�.�3�.�5� �t�o� �f�i�n�d� �t�h�e� �r�e�s�t� �o�f� �2�4�(�a�,� �¢�6�)�.� 

�a� 

�l�o�w�e�s�t� �w�e�i�g�h�t� �s�p�a�c�e� �o�f� �a�.� �T�h�e�n� �e�g� �=� �E�M�)� �p�l�)� �E�N� �D�e�s�,� 
�t�s ��1� �a� 

�P�r�o�p�o�s�i�t�i�o�n� �5�.�3�.�7� �L�e�t� �¢�;� �=� �F�L�Y� �p�e�)� �E�M�;� �b�e� �t�h�e� �b�a�s�i�c� �v�e�c�t�o�r� �i�n� �t�h�e



�6�0� 

�L�e�t� �y�,� �=� �F�M�)�.�.�.� �F�e�s�,� �1�<�k�<�-�s�.� �F�r�o�m� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �L�-�5�S� �b�a�s�i�s�,� �i�t� �i�s� 
�k� 

�e�a�s�y� �t�o� �s�e�e� �t�h�a�t� �(�h�;�,�,�A�x�-�1�)� �=� �l�y�.� �T�h�e�n�,� �b�y� �u�s�i�n�g� �t�h�e� �c�o�m�m�u�t�a�t�i�o�n� �r�e�l�a�t�i�o�n�s� 
�i�n� �2�.�1�.�6� �w�e� �d�e�d�u�c�e� �t�h�a�t� �E�M�)� �y�y� �=� �y�p�_�1�.� �L�h�e� �s�t�a�t�e�m�e�n�t� �f�o�l�l�o�w�s�.� 

�F�r�o�m� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n� �a�b�o�v�e� �f�o�l�l�o�w�s� �t�h�a�t� �t�h�e� �g�o�o�d�v�e�c�t�o�r�s� �f�o�r� �t�h�e� �t�r�i�p�l�e� 
�a�,�  ¬�,� �6� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �a�b�o�v�e� �s�e�q�u�e�n�c�e� �o�f� �i�n�c�r�e�a�s�i�n�g� �o�p�e�r�a�t�o�r�s�,� 
�i�.�e�.� 

�1�6�(�4�,� �6�b�)�(�e�g�)� �=� �A�(� �E�Y�P� �E�S�)� �|�.� �E�S�)�,� �(�4�,� �2�)� �(�e�a�)�.� 
�t�s� �V�s�-�1� 

�5�.�3�.�8� �N�o�w�,� �g�i�v�e�n� �b�,�c�  ¬�  ��,� �a�n�d� �A�  ¬� �W�,� �w�e� �d�e�s�c�r�i�b�e� �t�h�e� �a�l�g�o�r�i�t�h�m�s� �f�o�r� 
�s�o�l�v�i�n�g� �t�h�e� �l�i�n�e�a�r� �s�y�s�t�e�m� 

�E�,�(�b�@�c�)�\�=�0�,�1�<�z�<�n�.� 

�T�h�i�s� �i�s� �a� �h�o�m�o�g�e�n�e�o�u�s� �l�i�n�e�a�r� �s�y�s�t�e�m� �w�i�t�h� �a� �v�e�r�y� �p�a�r�t�i�c�u�l�a�r� �b�l�o�c�k� �s�t�r�u�c�t�u�r�e�,� 
�a�n�d� �w�e� �w�a�n�t� �t�o� �t�a�k�e� �a�d�v�a�n�t�a�g�e� �o�f� �i�t�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �h�a�s� �t�w�o� �m�a�i�n� �s�t�e�p�s�:� 

�(�a�)� �S�o�l�v�e� �t�h�e� �s�y�s�t�e�m� �E�,�(�b�@�c�)�*� �=� �0� �f�o�r� �e�a�c�h� �z� �s�e�p�a�r�a�t�e�l�y�.� 

�(�b�)� �F�i�n�d� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�s� �a�b�o�v�e�.� 

�5�.�3�.�9� �A� �b�a�s�i�s� �f�o�r� �(�6� �@�c�)�*� �i�s� �c�o�n�s�t�r�u�c�t�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�a�y�.� �(�6� �2�c�)� �=� 
�D�r�t�v�e�a�l�u�,�v�}�]�,� �w�h�e�r�e� �[�u�,�v�]� �=� �6 ��@�c �� �a�r�e� �c�a�l�l�e�d� �p�i�e�c�e�s�.� �T�h�e�n� �i�f� �{�e�/�'�}�;� �i�s� �t�h�e� �b�a�s�i�s� 
�o�f� �6 ��,� �a�n�d� �{� �f�;�'�}�;� �i�s� �t�h�e� �b�a�s�i�s� �o�f� �c ��,� �t�h�e� �s�e�t� �{�e�7� �@� �f�;�'�}�,�,�;�,� �o�r�d�e�r�e�d� �l�e�x�i�c�o�g�r�a�p�h�i�c�a�l�,� 
�f�o�r�m�s� �a� �b�a�s�i�s� �f�o�r� �[�z�,�v�]�.� �T�h�e�n� �f�i�x�i�n�g� �a�n� �o�r�d�e�r� �p�,�,� �p�o�,�.�.�.�,� �p�n� �o�f� �t�h�e� �s�e�t� �o�f� �p�i�e�c�e�s�,� 

�f�i�x�e�s� �a� �b�a�s�i�s� �o�f� �(�b�@�c�)�%�.� 
�W�e� �n�e�e�d� �t�o� �i�n�t�r�o�d�u�c�e� �s�o�m�e� �c�o�n�v�e�n�t�i�o�n�s�.� �I�f� �V� �=� �(�V�i�,� �V�o�,�.�.�.�,� �V�.�)� �i�s� �a� �l�i�s�t� �o�f� 

�d�a�t�a�,� �w�e� �r�e�f�e�r� �t�o� �t�h�e� �m�-�t�h� �e�l�e�m�e�n�t� �i�n� �t�h�e� �l�i�s�t� �a�s� �V�[�[�m�]�]�.� �A� �v�e�c�t�o�r� �i�n� �a� �v�e�c�t�o�r� 
�s�p�a�c�e� �L� �w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d� �a�s� �a� �h�o�r�i�z�o�n�t�a�l� �r�o�w� �s�o� �t�h�a�t� �t�h�e� �o�p�e�r�a�t�o�r�s� �a�c�t� �b�y� 
�m�u�l�t�i�p�l�i�c�a�t�i�o�n� �o�n� �t�h�e� �r�i�g�h�t�.� �T�h�e�n� �a� �c�o�l�l�e�c�t�i�o�n� �o�f� �v�e�c�t�o�r�s� �v�i�m� �~ ¬� �L�r�l�<�m�<� 

�M� �w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d� �b�y� �a� �m�a�t�r�i�x� �v�,� �w�h�e�r�e� �t�h�e� �m�-�t�h� �r�o�w� �o�f� �v� �c�o�r�r�e�s�p�o�n�d�s� �t�o� 
�v�l�,� �M�o�r�e�o�v�e�r�,� �i�f� �L� �=� �@�,�L�,�,� �a� �c�o�l�l�e�c�t�i�o�n� �o�f� �v�e�c�t�o�r�s� �v�i�,� �1�<�m�<� �M�i�n� �L� 
�w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d� �a�s� �a� �l�i�s�t� �o�f� �N� �m�a�t�r�i�c�e�s� �V� �s�u�c�h� �t�h�a�t� �t�h�e� �m�-�t�h� �r�o�w� �i�n� �V�[�¢�]�]� 
�i�s� �e�q�u�a�l� �t�o� �v�l�)� �w�h�e�r�e� �v�(!"�)� �=� �a�N� �u�l ��,� �v�i�)� �E� �L�;�.� 

�5�.�3�.�1�0� �I�n� �t�h�i�s� �p�a�r�a�g�r�a�p�h� �w�e� �c�o�n�s�i�d�e�r� �z� �<� �n� �f�i�x�e�d�,� �a�n�d� �d�e�s�c�r�i�b�e� �h�o�w� �t�o� �f�i�n�d� �a� 
�b�a�s�i�s� �f�o�r� �t�h�e� �k�e�r�n�e�l� �o�f� �F ��,� �o�n� �(�b�&�c�)�*�.� �T�h�e�r�e� �a�r�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�e�c�o�m�p�o�s�i�t�i�o�n�s�:� 

�(�b�c�)� �=� �S�2�\�s�(�z�,�h�)�,� 
�(�b�&� �c�)� �A�t�o�s� �=� �a�i�)� �s�"�(�z�,� �k�)�,� 

�s�u�c�h� �t�h�a�t
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�(�i�)� �s�(�z�,�k�)� �a�n�d� �s ��(�z�,�k�)� �a�r�e� �e�a�c�h� �d�i�r�e�c�t� �s�u�m� �o�f� �p�i�e�c�e�s�;� 

�G�i�)� �T�f� �[�u�,�v�]�,� �[�u ��,�v ��]�  ¬� �s�(�z�,�k�)� �(�o�r� �s ��(�z�,�k�)�)� �y�u �� �=� �p�t� �m�a�,�,� �v�v �� �=� �w�p �� �m�a�,� �f�o�r� 
�s�o�m�e� �m�  ¬� �@�;� 

�(�i�i�i�)� �E�,�:� �s�(�z�,�k�)�  �� �s ��(�z�,�k�)�,� �a�n�d� �f�o�r� �e�a�c�h� �p�i�e�c�e� �g� �i�n� �s ��(�z�,�k�)�,� �t�h�e�r�e� �i�s� �n�o� �m�o�r�e� 
�t�h�e�n� �t�w�o� �p�i�e�c�e�s� �i�n� �s�(�z�,�k�)� �w�h�i�c�h� �a�r�e� �m�a�p�p�e�d� �i�n�t�o� �q�;� 

�(�i�v�)� �s�(�k�,�z�)� �a�r�e� �n�o�n�e�m�p�t�y� �(�s�o�m�e� �o�f� �s ��(�k�,� �z�)� �m�a�y� �b�e� �e�m�p�t�y�)�.� 

�W�e� �r�e�f�e�r� �t�o� �s�(�z�,�k�)� �a�n�d� �s ��(�z�,�k�)� �a�s� �s�t�r�i�n�g�s� �a�n�d� �u�p�p�e�r� �s�t�r�i�n�g�s�.� �I�f� �E�,�,� �d�e�n�o�t�e�s� 
�t�h�e� �r�e�s�t�r�i�c�t�i�o�n� �o�f� �F�E�,� �t�o� �s�(�z�,�k�)�,� �a� �b�a�s�i�s� �f�o�r� �t�h�e� �k�e�r�n�e�l� �o�f� �&�,� �w�i�l�l� �b�e� �a� �u�n�i�o�n� 
�o�f� �b�a�s�e�s� �f�o�r� �t�h�e� �k�e�r�n�e�l�s� �o�f� �e�a�c�h� �F�'�,�,�.� �S�o�,� �w�e� �f�i�x� �k� �a�n�d� �d�e�s�c�r�i�b�e� �h�o�w� �t�o� �f�i�n�d� 
�t�h�e� �k�e�r�n�e�l� �o�f� �F�,�,�.� �T�o� �s�i�m�p�l�i�f�y� �t�h�e� �n�o�t�a�t�i�o�n�,� �s�e�t� �s� �=� �s�(�z�,�k�)� �a�n�d� �s �� �=� �s�'�(�z�,�k�)�.� 
�O�r�d�e�r� �t�h�e� �p�i�e�c�e�s� �(�q�1�.�q�2�,�-�.�.�,�¢�z�)� �o�f� �s� �a�n�d� �(�q�o�,� �%�,�-�.�-�-�,� �9�,�4�1�)� �o�f� �3 �� �i�n� �s�u�c�h� �a� �w�a�y�,� 
�t�h�a�t� 

�G�)� �I�f� �q�i�,� �q�i�4�1�  ¬� �8�,� �a�n�d� �q�;� �=� �[�p�,� �v�]�,� �t�h�e�n� �g�i�g�.� �=� �[�u ��a�z�,�v�+�a�,�]� �(�a�n�d� �t�h�e� �s�a�m�e� 

�f�o�r� �t�h�e� �p�i�e�c�e�s� �i�n� �s ��)�;� 

�D�i�i�-� �+�D�,�,� 

�(�b�)� �A�(�E�.�)�q�;�  � � ��>� �¢�_�,� �q�i�,� �w�h�e�r�e� �D�;�;�-�1� �=� �E�,�@�1� �a�n�d� �D�j�;� �=� �K�,�@� �E�:�.� 
�t� 

�T�h�e�s�e� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �1�9�.� �N�o�t�e� �t�h�a�t� �s�o�m�e� �o�f� �q�;� �c�a�n� �b�e� 
�z�e�r�o�.� 

�Q�i�+�1�-�-�-� 

�a� �a�s� �a� �o�o� 
�R�O�R� 

�G�1� �q�2� �Q�3�-�-�+� �Q�I� 

�F�i�g�u�r�e� �1�9�:� �A�c�t�i�o�n� �o�f� �F�,�,� �o�n� �t�h�e� �o�r�d�e�r�e�d� �s�t�r�i�n�g�.� 

�B�y� �t�h�e� �c�o�n�v�e�n�t�i�o�n� �i�n� �5�.�3�.�9�,� �a� �b�a�s�i�s� �V� �f�o�r� �t�h�e� �k�e�r�n�e�l� �o�f� �F�,�,� �i�s� �a� �l�i�s�t� �o�f� 
�.�V� �m�a�t�r�i�c�e�s� �w�h�e�r�e� �V�[�[�/�]�]� �i�s� �t�h�e� �z�e�r�o� �m�a�t�r�i�x� �i�f� �p� �i�s� �n�o�t� �i�n� �s�.� �S�o�,� �w�e� �n�e�e�d� 
�t�o� �s�o�l�v�e� �f�o�r� �(�V�[�[�2�1�]�]�,�V�{�[�2�o�]�J�,�.�.�.�,�V�[�[�z�z�]�]�)�,� �w�h�e�r�e� �p�,� �=� �q�,�l� �<� �1� �<� �L�.� �S�e�t� 
�Q�?� �=� �(�D�i� �+� �D�i�s�i�i�)� �i�s� �3� �8�'�,�0�<� �9� �<� �L�.� �D�e�f�i�n�e� �Q�-�!�:� �s�  �� �8 �� �t�o� �b�e� �t�h�e� 
�z�e�r�o� �m�a�p�.� �W�e� �f�i�n�d� �t�h�e� �k�e�r�n�e�l� �o�f� �Q �� �b�y� �i�n�d�u�c�t�i�o�n� �o�v�e�r� �7�.



�6�2� 

�(�i�)� �S�t�a�r�t� �w�i�t�h� �7� �=�  ��1�.� �T�h�e�n� �t�h�e� �b�a�s�i�s� �o�f� �t�h�e� �k�e�r�n�e�l� �o�f� �Q�~�?� �i�s� 
�(�V�f�,� �V�o�i� �[�f�e�e�]�.�.�.� �V�o�"� �[�[�e�z�]�]�)� �,� �w�h�e�r�e� �e�a�c�h� �V�~�"�|�[�z�)�]�]� �i�s� �t�h�e� �c�o�r�r�e�-� 
�s�p�o�n�d�i�n�g� �i�d�e�n�t�i�t�y� �m�a�t�r�i�x�.� 

�(�i�i�)� �S�u�p�p�o�s�e� �(�V�?�~�}�{�[�2�4�]�]�,� �V�2�4�[�[�2�2�]�]�,�.�.�.�,� �V�2�"� �[�[�z�z�]�]�)� �i�s� �b�a�s�i�s� �f�o�r� �t�h�e� �k�e�r�n�e�l� �o�f� 
�Q�!�-�1�.� �S�o�l�v�e� �f�o�r� �(�2�1�,�2�2�)� �t�h�e� �l�i�n�e�a�r� �s�y�s�t�e�m� �2�,� �V�i�-�"�D�;�,� �+� �r�2�D�j�.�1�;� �=� �0�.� 
�T�h�e�n� 

�(�e�i�V�P�"�"�[�f�e�a�]�]�,� �2�1� �V�P� �[�f�e�a�]�,� �e�V� �D�Y�)�,� �e�a�,� �V�G� �4�2�]�)�,� �V�P� �[�f�e� �]�)� 
�i�s� �a� �b�a�s�i�s� �f�o�r� �t�h�e� �k�e�r�n�e�l� �o�f� �Q ��.� 

�5�.�3�.�1�1� �S�u�m�m�a�r�i�z�i�n�g�,� �t�h�e� �b�a�s�i�s� �f�o�r� �t�h�e� �k�e�r�n�e�l� �o�f� �F�,� �,� �f�o�u�n�d� �i�n� �t�h�i�s� �w�a�y�,� �c�a�n� 
�b�e� �t�h�o�u�g�h�t� �o�f� �a�s� �a� �m�a�t�r�i�x� �A�,�,� �d�i�v�i�d�e�d� �i�n� �/�(�z�)� �r�o�w�s� �a�n�d� �N� �c�o�l�u�m�n�s� �o�f� �b�l�o�c�k�s�,� 
�s�u�c�h� �t�h�a�t� �t�h�e� �k�t�h� �r�o�w� �o�f� �b�l�o�c�k�s� �i�s� �e�x�a�c�t�l�y� �t�h�e� �b�a�s�i�s� �f�o�r� �t�h�e� �k�e�r�n�e�l� �o�f� �F�E�,� �.� 
�M�o�r�e�o�v�e�r�,� �i�n� �e�a�c�h� �c�o�l�u�m�n� �o�f� �b�l�o�c�k�s� �t�h�e�r�e� �i�s� �o�n�l�y� �o�n�e� �n�o�n�z�e�r�o� �b�l�o�c�k�.� �W�e� �t�h�e�n� 
�i�n�t�r�o�d�u�c�e� �a� �l�i�s�t� �o�f� �n�o�n�z�e�r�o� �m�a�t�r�i�c�e�s� �A�J�!� �s�u�c�h� �t�h�a�t� �A�/�'�*�[�[�m�]�]� �i�s� �e�q�u�a�l� �t�o� 
�t�h�e� �n�o�n�z�e�r�o� �b�l�o�c�k� �i�n� �t�h�e� �m�-�t�h� �c�o�l�u�m�n� �o�f� �b�l�o�c�k�s� �i�n� �A�,�,� �a�n�d� �a� �l�i�s�t� �f�o�l�l�o�w�u�p�,� 
�o�f� �l�e�n�g�t�h� �.�V�,� �s�u�c�h� �t�h�a�t� �f�o�l�l�o�w�u�p�,�|�[�m�]�]� �=� �/� �w�h�e�r�e� �p�,�  ¬� �s�(�z�,�/�)�.� �I�n� �t�h�i�s� �w�a�y�,� 
�a�l�l� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �A�,� �i�s� �c�o�n�t�a�i�n�e�d� �i�n� �t�h�e�s�e� �t�w�o� �l�i�s�t�s�;� �i�n� �p�a�r�t�i�c�u�l�a�r�,� �t�h�e� 
�o�n�l�y� �n�o�n�z�e�r�o� �b�l�o�c�k� �i�n� �t�h�e� �m ��t�h� �c�o�l�u�m�n� �o�f� �b�l�o�c�k�s� �i�n� �A�,� �i�s� �A�f�! �� �[�[�m�l�]�]�,� �a�n�d� �i�t� �i�s� 
�l�o�c�a�t�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�u�p�,�|�[�m�]�]� �r�o�w� �o�f� �b�l�o�c�k�s�.� 

�5�.�3�.�1�2� �N�o�w� �w�e� �w�a�n�t� �t�o� �f�i�n�d� �a� �b�a�s�i�s� �f�o�r� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�h�e� �k�e�r�n�e�l�s� �o�f� �a�l�l� 
�E�.�,�1�<�2�<�n�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �g�o�e�s� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�a�y�.� �F�i�r�s�t�,� �w�e� �m�o�d�i�f�y� 
�t�h�e� �v�a�l�u�e�s� �o�f� �A�l�l�e�e� �A�s�i�a�t� �f�o�l�l�o�w�u�p�,�,� �a�n�d� �f�o�l�l�o�w�u�p�,�,� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t�,� 
�a�t� �t�h�e� �e�n�d�,� �A�f�i�e�t� �a�n�d� �f�o�l�l�o�w�u�p�,� �d�e�s�c�r�i�b�e� �a� �b�a�s�i�s� �f�o�r� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�h�e� 
�k�e�r�n�e�l�s� �o�f� �E�;� �a�n�d� �E�y�.� �T�h�e�n� �a�p�p�l�y� �t�h�e� �s�a�m�e� �p�r�o�c�e�d�u�r�e� �t�o� �A�j�'!"� �a�n�d� �A�3�' ��,� �a�n�d� 
�s�o� �o�n�.� 

�5�.�3�.�1�3� �T�o� �b�e� �c�o�n�c�r�e�t�e�,� �w�e� �s�h�o�w� �h�o�w� �t�o� �f�i�n�d� �a� �b�a�s�i�s� �f�o�r� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� 
�o�f� �t�h�e� �k�e�r�n�e�l�s� �o�f� �F�y� �a�n�d� �£�2�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �r�e�l�i�e�s� �o�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�r�i�v�i�a�l� 

�o�b�s�e�r�v�a�t�i�o�n�.� �L�e�t� �L�y�,� �£�2�,� �L� �b�e� �v�e�c�t�o�r� �s�p�a�c�e�s� �o�v�e�r� �a� �f�i�e�l�d�,� �a�n�d� �P�,� �:� �L�;� �>� �L�,�1� �=� 
�1�,�2� �l�i�n�e�a�r� �o�p�e�r�a�t�o�r�s�.� �L�e�t� �e�a�c�h� �6 ��,�1� �<�r� �<� �k� �b�e� �a� �s�e�t� �o�f� �v�e�c�t�o�r�s� �i�n� �L�y�,� �@� �L�y� 
�s�u�c�h� �t�h�a�t� 

�(�1�)� �T�h�e� �u�n�i�o�n� �o�f� �a�l�l� �6�"�,�1� �<�r� �<� �k� �f�o�r�m�s� �a� �b�a�s�i�s� �f�o�r� �a� �s�u�b�s�p�a�c�e� �W� �C� �£�,� �9� �L�3�.� 

�(�1�1�)� �T�h�e�r�e� �i�s� �u�n�i�q�u�e� �m� �<� �k� �a�n�d� �u�n�i�q�u�e� �|� �<� �k� �s�u�c�h� �t�h�a�t� �6!"�|�[�1�]�]�P�,� �4� �0� �a�n�d� 
�b�'�|�[�2�]�]�P�2� �4� �0�.



�6�3� 

�I�f� �1� �=� �m� �w�e� �d�e�n�o�t�e� �w�i�t�h� �y� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m� �y�(�b�(�[�1�]�]� �P�y�  �� �6�'�[�[�2�]�]� �P�a�)� �=� 
�0�.� �a�n�d� �i�f� �1� �4� �m� �d�e�n�o�t�e� �w�i�t�h� �(�y�1�,� �y�2�)� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m� �y�,�b!"�(�[�1�]�]�P�i�  �� 
�y�2�b�'�[�[�2�]�]� �P�2� �=� �0�.� �T�h�e�n� �a� �b�a�s�i�s� �f�o�r� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�h�e� �k�e�r�n�e�l� �o�f� �t�h�e� �o�p�e�r�a�t�o�r� 
�L�,� �S�L�,� �>� �L�,�(�x�1�,�2�2�)�  �� �P�y�(�r�1�)�  �� �P�o�(�x�2�)� �w�i�t�h� �W�,� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �u�n�i�o�n� �o�f� 
�t�h�e� �v�e�c�t�o�r�s� �i�n� �6�"�,� �r� �#�1�,�m� �p�l�u�s�,� �i�f� �1� �=� �m�,� �t�h�e� �v�e�c�t�o�r�s� �(�y�b!"�[�[�1�]�]�,� �y�o�'�[�[�2�]�)�)�,� �a�n�d� �i�f� 
�|� �£�m�,� �t�h�e� �v�e�c�t�o�r�s� �(�y�2�6�!�[�[�1�]�]� �+� �y�1�5 ��[�[�1�]�}�.�y�2�6�"�[�2�]�]� �+� �8�2�1�)�.� 
�5�.�3�.�1�4� �L�e�t� �I�I�;� �b�e� �t�h�e� �p�r�o�j�e�c�t�i�o�n� �(�6� �@� �c�)�*�  �� �p�;�,� �a�n�d� �I�;� �=� �S�7�_�,� �I�j�.� �S�e�t� 

�Y�;� �:� �K�e�r�(�E�,�)� �9� �K�e�r�(�E�y�)� �>� �S�'�_�y�p�,�,�(�t�,�y�)� �>� �I�L�(�x�  �� �y�)�.� �T�h�e� �i�d�e�a� �i�s� �t�o� 
�f�i�n�d� �i�n�d�u�c�t�i�v�e�l�y� �t�h�e� �k�e�r�n�e�l� �o�f� �Y�T�;� �u�s�i�n�g� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n� �a�b�o�v�e�.� �T�o� �s�t�a�r�t� �t�h�e� 
�i�n�d�u�c�t�i�o�n�,� �t�a�k�e� �t�h�e� �l�i�s�t�s� �A�f�'�*�,� �f�o�l�l�o�w�u�p�,�,� �z� �=� �1�,�2� �a�s� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e�,� �a�n�d� 
�a�d�d� �V� �t�o� �e�a�c�h� �e�l�e�m�e�n�t� �o�f� �f�o�l�l�o�w�u�p�,�.� �T�h�e�n� �t�h�e� �s�t�a�t�e�m�e�n�t�s� �o�f� �t�h�e� �i�n�d�u�c�t�i�o�n� 
�i�s� �t�h�e� �f�o�l�l�o�w�i�n�g�:� 

�(�i�)� �I�f� �f�o�l�l�o�w�u�p�,� �[�[�m�]�]� �=� �f�o�l�l�o�w�u�p�,�,�[�{�k�]�]�,� �A�f�*�[�[�m�]�]�,� �a�n�d� �A�f�/�*�|�[�J�]�]�,� �2�,�2 �� �=� 
�1�,�2�,� �h�a�v�e� �t�h�e� �s�a�m�e� �n�u�m�b�e�r� �o�f� �r�o�w�s�.� 

�(�1�1�)� �L�e�t� �S�,� �d�e�n�o�t�e� �t�h�e� �s�e�t� �o�f� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �f�o�l�l�o�w�u�p�,�.� �T�h�e�n� �f�o�r� �a�n�y� 
�s�  ¬� �S�.�,� �d�e�n�o�t�e� �w�i�t�h� �B�,�,� �t�h�e� �s�e�t� �o�f� �v�e�c�t�o�r�s� �i�n� �O�N� �P�i�r� �w�h�e�r�e� �B�.�.�,�[�[�m�]�]� �=� 
�A�f�!�t�l�[�m�]�]� �i�f� �f�o�l�l�o�w�u�p�|�[�m�]�]� �=� �s�,� �a�n�d� �i�s� �t�h�e� �z�e�r�o� �b�l�o�c�k� �o�t�h�e�r�w�i�s�e�.� �T�h�e�n� 
�f�o�r� �a�n�y� �k� �<� �N� �t�h�e�r�e� �e�x�i�s�t�s� �u�n�i�q�u�e� �s�  ¬� �S�,� �w�i�t�h� �t�h�e� �k�-�t�h� �b�l�o�c�k� �o�f� �B�,�,�,� 
�d�i�f�f�e�r�e�n�t� �f�r�o�m� �z�e�r�o�.� 

�(�i�i�i�)� �A� �b�a�s�i�s� �f�o�r� �Y�;� �i�s� �g�i�v�e�n� �b�y� �(�B�y�,�;�,� �B�o�,�.�)�,� �s�  ¬� �S�;� �U�S�2�,� �w�h�e�r�e� �w�e� �m�a�k�e� �t�h�e� 
�c�o�n�v�e�n�t�i�o�n� �t�h�a�t� �i�f� �s� �i�s� �n�o�t� �i�n� �S�,�,� �B�,� �i�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �z�e�r�o� �m�a�t�r�i�x�.� 

�T�h�e� �s�t�a�t�e�m�e�n�t�s� �a�r�e� �o�b�v�i�o�u�s�l�y� �t�r�u�e� �f�o�r� �7� �=� �0�.� �A�s�s�u�m�e� �w�e� �a�r�e� �a�t� �t�h�e� �s�t�e�p� �7�.� 
�L�e�t� �m�,� �=� �f�o�l�l�o�w�u�p�,� �|�[�j� �+�1�]�]�,�2� �=� �1�,�2�.� �I�f� �m�;� �#� �m�g�,� �s�o�l�v�e� �f�o�r� �y�1�,� �y�o� �t�h�e� �s�y�s�t�e�m� 
�A�t� �(�f�y� �+� �1�]�  �� �y�2� �A�d�j� �+� �1�]�]� �=� �0�.� �T�h�e�n� �f�o�r� �a�n�y� �z� �=� �1�,�2�,� �m�u�l�t�i�p�l�y� �b�y� �y�-� 
�a�l�l� �b�l�o�c�k�s� �i�n� �A�f�! �� �a�n�d� �A�d�'!"� �f�o�r� �w�h�i�c�h� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �f�o�l�l�o�w�u�p� �l�i�s�t� �i�s� �e�q�u�a�l� 
�t�o� �m�,�.� �T�h�e�n�,� �f�o�r� �a�n�y� �k� �<� �N� �a�n�d� �z� �=� �1�,�2� �s�u�c�h� �t�h�a�t� �f�o�l�l�o�w�u�p�,� �(�[�k�]�]� �=� �m�y� �o�r� 
�m�2�,� �p�u�t� �f�o�l�l�o�w�u�p�,� �|�[�k�]�|� �=�m�,� �w�h�e�r�e� �m� �i�s� �t�h�e� �s�m�a�l�l�e�r� �o�f� �m�,� �a�n�d� �m�3�.� 

�I�f� �m�,� �=� �m�g�,� �s�o�l�v�e� �f�o�r� �y� �t�h�e� �s�y�s�t�e�m� �y�(�A�f ��[�[�j� �+� �Y�)�  �� �A�P�"�[�[�j� �+� �1�]�)� �=� �0�.� 
�T�h�e�n� �f�o�r� �a�n�y� �z� �=� �1�,�2�,� �m�u�l�t�i�p�l�y� �b�y� �y� �a�l�l� �b�l�o�c�k�s� �i�n� �A�/�'�* �� �a�n�d� �A�g�i�a� �f�o�r� �w�h�i�c�h� 
�t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �f�o�l�l�o�w�u�p� �l�i�s�t� �i�s� �e�q�u�a�l� �t�o� �m�y�.� 

�F�r�o�m� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n� �i�n� �5�.�3�.�1�3�,� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �t�h�e�s�e� �n�u�m�b�e�r� �o�f� �s�t�e�p�s� 
�p�r�o�d�u�c�e� �l�i�s�t�s� �A�f�'�*�*�,� �f�o�l�l�o�w�u�p�,�,� �z� �=� �1�,�2� �w�h�i�c�h� �s�a�t�i�s�f�y� �(�i�)�-�(�i�i�i�)� �a�b�o�v�e� �w�i�t�h� �7� 
�r�e�p�l�a�c�e�d� �b�y� �7� �+�1�.� �T�h�i�s� �c�o�m�p�l�e�t�e�s� �t�h�e� �o�u�t�l�i�n�e� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m� �f�o�r� �f�i�n�d�i�n�g� �t�h�e
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�i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�h�e� �k�e�r�n�e�l�s� �o�f� �t�h�e� �E�, ��s�.� �E�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �a�l�g�o�r�i�t�h�m� �i�s� �a�p�p�l�i�e�d� 
�t�o� �f�i�n�d� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�h�e� �k�e�r�n�e�l�s� �o�f� �F ��* ��s�.� 

�5�.�4� �R�e�c�o�v�e�r�i�n�g� �b�a�s�e�s� �o�u�t� �o�f� �m�i�n�i�m�a�l� �a�m�o�u�n�t� �o�f� �d�a�t�a�.� 

�F�o�l�l�o�w�i�n�g� �[�3�1�]�,� �f�o�r� �a�n�y� �t�r�i�p�l�e� �(�a�,� �b�,�c�)�,� �w�e� �d�e�s�c�r�i�b�e� �a� �c�h�o�i�c�e� �o�f� �b�a�s�i�s� �f�o�r� 
�h�o�m�e� �(�a�,� �b�c�)�,� �a�n�d� �a�n� �a�l�g�o�r�i�t�h�m� �h�o�w� �t�o� �r�e�c�o�v�e�r� �t�h�o�s�e� �b�a�s�e�s� �o�u�t� �o�f� �m�i�n�i�m�a�l� 

�a�m�o�u�n�t� �o�f� �d�a�t�a�.� �T�h�e� �c�o�n�v�e�n�t�i�o�n� �f�o�r� �t�h�e� �n�o�t�a�t�i�o�n�s� �i�s� �t�h�e� �s�a�m�e� �a�s� �i�n� �t�h�e� 
�p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� 

�5�.�4�.�1� �C�h�o�o�s�e� �a�n� �o�r�d�e�r� �o�f� �t�h�e� �e�l�e�m�e�n�t�s� �i�n� �©� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t� �i�f� �t�h�e� �d�i�-� 
�m�e�n�s�i�o�n� �o�f� �a� �i�s� �s�m�a�l�l�e�r� �o�r� �e�q�u�a�l� �t�o� �t�h�e� �d�i�m�e�n�s�i�o�n� �o�f� �6�,� �a� �<� �6�,� �a�n�d� �a�l�s�o� �a� �a�n�d� 
�@� �a�r�e� �a�d�j�a�c�e�n�t� �*�.� �T�h�e� �t�r�i�p�l�e� �(�a�1�,� �@�2�,� �a�3�)� �i�s� �c�a�l�l�e�d� �s�p�e�c�i�a�l� �i�f� �a�,� �>� �a�2� �>� �a�3�,� �a�n�d� 
�(�d�y�,� �4�2�,�4�3�)� �>� �(�4�;�,�,�4�;�,�,�4�;�,�)�,� �w�h�e�r�e� �4�;�,� �>� �a�;�,� �>� �a�;�,�.� �T�h�e� �t�r�i�p�l�e� �(�4�,� �é�,� �)� �i�s� �c�a�l�l�e�d� 

�t�h�e� �d�u�a�l� �o�f� �(�a�,�b�,�c�)�,� �a�n�d� �a� �t�r�i�p�l�e� �w�h�i�c�h� �i�s� �s�p�e�c�i�a�l� �o�r� �i�t�s� �d�u�a�l� �i�s� �s�p�e�c�i�a�l� �i�s� �c�a�l�l�e�d� 
�g�o�o�d�.� �A� �t�r�i�p�l�e� �(�a�,� �5�,�c�)� �s�u�c�h� �t�h�a�t� �{�a�,�b�,�c�}� �=� �{�4�,� �b�,� �c�}� �i�s� �c�a�l�l�e�d� �s�e�l�f�d�u�a�l�.� 

�5�.�4�.�2� �F�i�r�s�t�,� �w�e� �d�e�s�c�r�i�b�e� �h�o�w� �t�o� �g�e�t� �t�h�e� �m�i�n�i�m�a�l� �a�m�o�u�n�t� �o�f� �d�a�t�a� �o�u�t� �o�f� �w�h�i�c�h� 
�a�l�l� �b�a�s�e�s� �a�r�e� �b�e�i�n�g� �r�e�c�o�n�s�t�r�u�c�t�e�d�.� �T�o� �a�n�y� �t�r�i�p�l�e� �(�4�,� �6�,�c�)� �s�u�c�h� �t�h�a�t� �(�a�,� �b�,�c�)� �i�s� 
�s�p�e�c�i�a�l�,� �w�e� �a�p�p�l�y� �t�h�e� �a�l�g�o�r�i�t�h�m� �f�o�r� �f�i�n�d�i�n�g� �a� �b�a�s�i�s� �b�y� �d�i�r�e�c�t� �c�o�m�p�u�t�a�t�i�o�n�,� �a�s� 
�d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� �T�h�e� �r�e�s�u�l�t� �i�s� �a� �b�a�s�i�s� �{�2�,�(�4�,� �b�c�)�}�,� �o�f� �V�(�4�,� �b�c�)� 
�a�n�d� �a� �b�a�s�i�s� �{�2�,�(�a�,�¢�b�)�}�,� �o�f� �V�(�a�,�é�b�)� �s�u�c�h� �t�h�a�t� �O�(�2�,�(�a�,�¢�b�)� �=� �m�,�(�a�,� �b�c�)�.� �I�f� �t�h�e� 
�t�r�i�p�l�e� �i�s� �s�e�l�f�d�u�a�l�,� �w�e� �d�o� �n�o�t� �g�e�n�e�r�a�t�e� �t�h�e� �b�a�s�i�s� �f�o�r� �t�h�e� �d�u�a�l� �t�r�i�p�l�e�,� �b�u�t� �i�n�s�t�e�a�d� 
�c�o�m�p�u�t�e� �t�h�e� �m�a�t�r�i�x� �.�W�;� �4�,� �w�h�o�s�e� �(�k�,�/�)� �e�l�e�m�e�n�t� �i�s� �d�e�f�i�n�e�d� �a�s� �h�e�r�e� �b�e�l�o�w�.� 

�(�a�)� �I�f�a�>�b�>�c�,�a�n�d�a�=�4�,�b�=�b�a�n�d�c�=�é�,� 

�M�(�a�,� �b�,� �C�)� �k�e�t� �=� �F�i� �o�c�(�t�a�(�G�,� �b�e�)�,� �R�y� �-�t�1�(�4�,� �b�e�)�)�;� 

�(�b�)� �I�f�a�=�4�@�,�a�n�d�b�=�¢�é�,� 

�M�(�G�,� �b�,�c�)�a�u� �=� �F�i�p�c�(�t�a�(�a�,� �b�e�)�,� �(�4�,� �b�e�)�)�;� 
� � 

 ��T�h�e� �d�e�s�c�r�i�b�e�d� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �g�e�n�e�r�a�l�,� �a�n�d� �d�o� �n�o�t� �d�e�p�e�n�d� �o�n� �t�h�i�s� �p�a�r�t�i�c�u�l�a�r� �c�h�o�i�c�e� �o�f� 
�o�r�d�e�r�.� �T�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �i�t� �i�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �s�i�z�e� �o�f� �b� �@� �c� �f�o�r� �t�h�e� �t�r�i�p�l�e�s� �f�o�r� �w�h�i�c�h� �t�h�e� 
�i�n�j�e�c�t�i�o�n�s� �2�%� �(�a�,� �b�@�c�)� �a�r�e� �d�i�r�e�c�t�l�y� �c�o�m�p�u�t�e�d�.� �N�o�t�e� �t�h�o�u�g�h� �t�h�a�t� �i�n� �[�3�1�]� �f�u�r�t�h�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� 
�i�m�p�o�s�e� �r�e�q�u�i�r�e�m�e�n�t�s� �f�o�r� �d�i�f�f�e�r�e�n�t� �o�r�d�e�r�.



�6�5� 

�(�c�)� �I�f�b�>�c�a�n�d�a�=�b�,� �a�n�d�c�=�é�,� 

�M�(�4�,� �6�,� �c�)�n�r� �=� �F�a�p�e�(�t�e� �(�a�,� �b�c�)�,� �7�7�"� �f�e�y�e�T� �2�1�(�G�,� �b�c�)�)�.� 

�I�n� �t�e�r�m�s� �o�f� �d�i�a�g�r�a�m�s�,� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e�s�e� �m�a�t�r�i�c�e�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�-� 
�u�r�e� �2�0�.� 

� � � 
�a�>�b�>�c�,�a�4�- ��a�,�b�=�b�,�é�=�c� �a�@�=�a�,�b�=�c� �b�>�c�,�a�=�b�,�¢�=�c� 

�F�i�g�u�r�e� �2�0�:� �T�h�e� �m�a�t�r�i�c�e�s� �M�(�4�,� �b�,�c�)�.� 

�T�h�e� �d�a�t�a� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e� �i�s� �t�h�e� �p�r�i�m�a�r�y� �d�a�t�a�.� �I�t� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �b�a�s�e�s� 
�f�o�r� �V�(�a�,� �b�c�)�,� �w�h�e�r�e� �(�a�,�b�,�c�)� �i�s� �a� �g�o�o�d� �t�r�i�p�l�e�,� �a�n�d� �o�f� �t�h�e� �m�a�t�r�i�c�e�s� �M�(�4�,� �b�,�c�)� 
�f�o�r� �(�a�,�b�,�c�)� �s�p�e�c�i�a�l�.� �T�h�e� �g�o�o�d�v�e�c�t�o�r�s� �f�o�r� �t�h�e�s�e� �b�a�s�e�s� �a�n�d� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� 
�t�h�e� �m�a�t�r�i�c�e�s� �a�r�e� �b�e�i�n�g� �c�o�m�p�u�t�e�d� �a�n�d� �s�t�o�r�e�d�.� �W�h�e�n� �n�e�e�d�e�d�,� �t�h�i�s� �d�a�t�a� �i�s� 
�l�o�a�d�e�d� �a�n�d� �t�h�e�n� �t�h�e� �f�u�l�l� �v�a�l�u�e�s� �o�f� �t�h�e� �i�n�j�e�c�t�i�o�n�s� �a�r�e� �b�e�i�n�g� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� 
�a�l�g�o�r�i�t�h�m� �i�n� �5�.�3�.�5�.� �N�o�w�,� �w�e� �p�r�o�c�e�e�d� �w�i�t�h� �d�e�f�i�n�i�n�g� �a� �b�a�s�i�s� �f�o�r� �V�(�a�1�,� �d�1�¢�1�)� �f�o�r� 
�a�n�y� �o�t�h�e�r� �t�r�i�p�l�e� �(�a�1�,� �0�;�,�c�,�)�,� �a�n�d� �e�x�p�l�a�i�n�i�n�g� �h�o�w� �t�h�o�s�e� �b�a�s�e�s� �a�n�d� �t�h�e�i�r� �d�u�a�l�s�,� 

�a�r�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �p�r�i�m�a�r�y� �d�a�t�a�.� 

�5�.�4�.�3� �F�o�r� �a�n�y� �a�,�b�,�c�  ¬� �X�S�,� �s�e�t� �f�o�y�e� �=� �T� �f�e�y�e�t� �:� �V�(�a�,�b�e�)� �9� �V�(�b�,� �c�a�)� �a�n�d� 
�R�:� �V�(�a�,�b�c�)�  �� �V�(�a�,�c�b�)�,� �R�(�o�)� �=� �R�y�.� �0�d�.� �L�e�t� �(�@�,�6�,�c�)� �b�e� �a�n�y� �t�r�i�p�l�e� �s�u�c�h� 
�t�h�a�t� �(�a�,�b�,�c�)� �i�s� �n�o�t� �g�o�o�d�.� �T�h�e�n� �(�a�,� �6�,�c�)� �i�s� �a� �p�e�r�m�u�t�a�t�i�o�n� �g� �o�f� �a� �g�o�o�d� �t�r�i�p�l�e� 
�(�a ��,� �b ��,�c ��)� �,� �a�n�d� �w�e� �d�e�f�i�n�e� �a� �b�a�s�i�s� �f�o�r� �V�(�4�,� �b�c�)� �a�s� �f�o�l�l�o�w�s�.� 

�(�a�)� �I�f� �(�a ��,�b ��,�c ��)� �i�s� �s�p�e�c�i�a�l�,� �d�e�f�i�n�e� �a� �m�a�p� �x�y�,� �:� �V�(�a�@ ��,�b ��c ��)� �+� �V�/�(�4�a�,� �b�e�)� �a�s� 
�X�(�3�,�1�,�2�)� �=� �f�o�y�e�r� �a�n�d� �x�(�2�,�3�.�1�)� �=� �f�e�.�.�.� �N�o�t�e� �t�h�a�t� �i�f� �s�o�m�e� �o�f� �a�,�b�,�c� �a�r�e� �t�h�e� 
�s�a�m�e�,� �t�h�i�s� �c�o�v�e�r�s� �a�l�l� �p�o�s�s�i�b�i�l�i�t�i�e�s�.� �I�n� �t�h�e� �c�a�s�e� �w�h�e�n� �t�h�e�y� �a�r�e� �a�l�l� �d�i�f�-� 
�f�e�r�e�n�t�,� �d�e�f�i�n�e� �y�(�1�3�,�2�)� �=� �R�,� �x�(�3�,�1�,�2�)� �=� �f�r�y�e�,� �a�n�d� �(�2�,�3�1�)� �=� �f�2�R�.� �T�h�e�n
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�s�e�t� 

�2�(�G�,� �b�c�)� �=� �X�o�(�2�x�(�a ��,� �U�'�c ��)�)�.� 

�T�h�e� �c�h�o�i�c�e�s� �o�f� �b�a�s�e�s� �a�b�o�v�e� �a�r�e� �d�e�s�c�r�i�b�e�d� �i�n� �t�e�r�m�s� �o�f� �d�i�a�g�r�a�m�s� �o�n� �I ��i�g�-� 
�u�r�e� �2�1�.� 

� � 

� � 
�F�i�g�u�r�e� �2�1�:� �B�a�s�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �t�h�e� �s�p�e�c�i�a�l� �t�r�i�p�l�e� �(�a�,� �b�,�c�)�.� 

�(�b�)� �I�f� �(�a ��, ��,�c ��)� �i�s� �n�o�t� �s�p�e�c�i�a�l�,� �d�e�f�i�n�e� �a� �m�a�p� �x�,� �:� �W�(�a ��,� �B�c ��)� �+� �V�(�4�,� �b�c�)� �a�s� 
�X�(�3�,�1�,�2�)� �=� �f�o�e� �a�n�d� �¥�(�2�3�1�)� �=� �f�a�.� �N�o�t�e� �t�h�a�t� �i�f� �s�o�m�e� �o�f� �a�,�b�,�c� �a�r�e� �t�h�e� 
�s�a�m�e�,� �t�h�i�s� �c�o�v�e�r�s� �a�l�l� �p�o�s�s�i�b�i�l�i�t�i�e�s�.� �I�n� �t�h�e� �c�a�s�e� �w�h�e�n� �t�h�e�y� �a�r�e� �a�l�l� �d�i�f�f�e�r�e�n�t�,� 

�d�e�f�i�n�e� �X�(�1�,�3�,�2�)� �=� �R�*�.� �X�3�,�1�,�2�)� �=� �f�e�c�k�,� �a�n�d� �X�3�,�1�)� �=� �f�g�e�R�.� �T�h�e�n� 
�s�e�t� 

�2�(�@�,� �b�e�)� �=� �X�,�(�2�4�(�4 ��,� �B ��c ��)�)�.� 

�T�h�e� �c�h�o�i�c�e�s� �o�f� �b�a�s�e�s� �a�b�o�v�e� �a�r�e� �d�e�s�c�r�i�b�e�d� �i�n� �t�e�r�m�s� �o�f� �d�i�a�g�r�a�m�s� �o�n� �F�i�g�-� 
�u�r�e� �2�2�.� 

�T�h�e�r�e�f�o�r�e�,� �a� �b�a�s�i�s� �f�o�r� �a�n�y� �t�r�i�p�l�e� �i�s� �c�o�m�p�u�t�e�d� �b�y� �a�p�p�l�y�i�n�g� �F�o�y�e� �o�r� �f�o�l� �o�n� 
�t�h�e� �b�a�s�e�s� �f�o�r� �V�(�a ��,� �b ��c ��)� �a�n�d� �f�o�r� �V�(�a ��,�c ��b ��)�,� �w�h�e�r�e� �(�a ��,� �b ��,�c ��)� �i�s� �a� �g�o�o�d� �t�r�i�p�l�e�.� 
�F�r�o�m� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �7�,� �a�n�d� �4�.�4�.�3� �f�o�l�l�o�w�s� �t�h�a�t� �t�h�i�s� �i�s� �r�e�d�u�c�e�d� �t�o� �a�p�p�l�y�i�n�g� 
�d�u�a�l�i�t�y� �m�o�r�p�h�i�s�m�s� �a�n�d� �m�u�l�t�i�p�l�i�c�a�t�i�o�n� �b�y� �a� �c�o�n�s�t�a�n�t�,� �a�n�d� �i�s� �v�e�r�y� �f�a�s�t�.� �I�t� �i�s



�6�7� 

�b�|�a� 

�f�r� 
�a�d� 

�c� 

�é�l�a� 

�F ��1� 

�a�a�a� 

�b� 

�F�i�g�u�r�e� �2�2�:� �B�a�s�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �t�h�e� �d�u�a�l� �o�f� �t�h�e� �s�p�e�c�i�a�l� 
�t�r�i�p�l�e� �(�a�,� �b�,�c�)�.� 

� � 

� � 

� � 
�m�o�r�e� �p�r�o�b�l�e�m�a�t�i�c� �t�o� �g�e�t� �t�h�e� �b�a�s�e�s� �f�o�r� �V�(�a�@ ��,� �c�b ��)� �w�i�t�h� �(�a ��,�b ��,�c ��)� �b�e�i�n�g� �g�o�o�d�.� 
�B�y� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �a�b�o�v�e�,� �t�h�i�s� �r�e�q�u�i�r�e�s� �a�p�p�l�y�i�n�g� �t�h�e� �c�o�m�m�u�t�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m� 
�i�n� �3�.�2�.�9�.� �T�o� �b�e� �a�b�l�e� �t�o� �d�o� �s�o�,� �f�i�r�s�t�,� �w�e� �e�x�p�r�e�s�s� �E�g�,� �F�z�,� �8�  ¬� �R�*� �f�r�o�m� �2�.�9�.�2� 
�i�n� �t�e�r�m�s� �o�f� �t�h�e� �g�e�n�e�r�a�t�o�r�s� �F�;�,� �F�;�,�2� �<�n� �u�s�i�n�g� �t�h�e� �a�l�g�e�b�r�a� �r�e�l�a�t�i�o�n�s� �d�e�s�c�r�i�b�e�d� 
�i�n� �3�.�1�.�4�,� �a�n�d� �t�h�e�n� �a�p�p�l�y� �t�h�e� �f�o�r�m�u�l�a� �i�n� �3�.�2�.�9�.� �T�h�e� �p�r�o�b�l�e�m� �i�s� �t�h�a�t� �t�h�e� �e�x�-� 
�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �q�u�a�s�i� �R�-�m�a�t�r�i�x� �(�s�e�e� �3�.�2�.�8�)� �c�o�n�t�a�i�n�s� �a� �v�e�r�y� �h�i�g�h� �n�u�m�b�e�r� �o�f� 
�t�e�r�m�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �f�o�r� �G�2�,� �p� �=� �1�1�,� �t�h�e� �n�u�m�b�e�r� �i�s� �1�1�°�,� �a�n�d� �t�h�i�s� �i�s� �t�h�e� �s�m�a�l�l�-� 
�e�s�t� �c�a�t�e�g�o�r�y� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �G�2�.� �W�h�a�t� �h�a�s� �b�e�e�n� �p�o�s�s�i�b�l�e� �f�o�r� �t�h�e� �e�x�a�m�p�l�e�s� 
�c�o�m�p�u�t�e�d� �s�o� �f�a�r� �i�s� �t�o� �a�p�p�l�y� �t�h�e� �c�o�m�m�u�t�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m� �o�n� �t�h�e� �g�o�o�d�v�e�c�t�o�r�s� 
�f�o�r� �V�(�a�,� �b�c�)�,� �g�e�t�t�i�n�g� �i�n� �t�h�i�s� �w�a�y� �t�h�e� �g�o�o�d�v�e�c�t�o�r�s� �f�o�r� �t�h�e� �V�(�a�,�c�b�)� �,� �a�n�d� �t�h�e�n� 
�u�s�e� �t�h�e� �a�l�g�o�r�i�t�h�m� �i�n� �5�.�3�.�5� �t�o� �c�o�m�p�u�t�e� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �i�n�j�e�c�t�i�o�n�s�.� 

�P�r�o�p�o�s�i�t�i�o�n� �5�.�4�.�4� �F�o�r� �a�n�y� �t�r�i�p�l�e� �(�a�,�b�,�c�)�,� �w�h�e�r�e� �a�t� �l�e�a�s�t� �t�w�o� �e�l�e�m�e�n�t�s� �a�r�e� 
�d�i�f�f�e�r�e�n�t�,� �a�n�d� �f�o�r� �a�n�y� �e�l�e�m�e�n�t� �2�4�(�4�,� �b�c�)� �i�n� �t�h�e� �b�a�s�i�s� �o�f� �V�(�a�,� �b�c�)�,� 

�F�e�y�e�T�2�K�(�G�,� �b�c�)� �=� �r�a�g� �(�6�,� �c�a�)�.� 

�G�i�v�e�n� �a� �g�o�o�d� �t�r�i�p�l�e� �(�a�,� �)�,�c�)�,� �i�t� �i�s� �e�n�o�u�g�h� �t�o� �s�h�o�w� �t�h�a�t� �3� �r�t�d ��,� �b�c�!�)� �=� 
�T�R� �(� �a ��,� �b�c ��)�,� �w�h�e�r�e� �(�a ��,�b ��,�c ��)� �=� �(�a�,�b�,�c�)� �o�r� �(�a�,�c�,� �}�)� �i�f� �(�a�,�6�,�c�)� �i�s� �s�p�e�c�i�a�l�,� �a�n�d
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�(�a ��,� �b�'�,�c ��)� �=� �(�b�,�c�,� �a�)� �o�r� �(�c�,� �6�,� �a�)� �i�f� �(�a�,� �b�,�c�)� �i�s� �t�h�e� �d�u�a�l� �o�f� �a� �s�p�e�c�i�a�l�.� �B�u�t� �a�c�t�u�a�l�l�y� 
�f�o�r� �a�n�y� �2�  ¬� �V�(�1�,�a ��b ��c ��)�,� �w�e� �h�a�v�e� �f�3�.�.�9� �=� �n�a�(�A�y� �@�t�d�a�)�(�t�d�z� �@� �y�p� �@�i�d�a�)�(�4�n�7�'� �@� 
�t�d�4�)�\�3�:�1 �� �A�,� �w�h�e�r�e� �A� �=� �a �� �@�0�'�@�c ��.� �T�h�e�n� �f�r�o�m� �t�h�e� �n�a�t�u�r�a�l�i�t�y� �o�f� �R� �a�n�d� 
�t�h�e� �i�d�e�n�t�i�t�y� �o�n� �F�i�g�u�r�e� �1�0�b� �f�o�l�l�o�w�s� �t�h�a�t� �f�°�.� �=� �y� �a�s� �i�t� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�3�.� �c�y�c� 

�~�~� 
�B�o�g� �-� �|� 

�F�i�g�u�r�e� �2�3�:� �I�n�v�a�r�i�a�n�c�e� �o�f� �t�h�e� �b�a�s�e�s� �u�n�d�e�r� �c�y�c�l�i�c� �p�e�r�m�u�t�a�t�i�o�n�s�.� 

� � 

�5�.�4�.�5� �F�i�n�a�l�l�y�,� �w�e� �n�o�w� �d�e�s�c�r�i�b�e� �h�o�w� �t�o� �c�o�m�p�u�t�e� �t�h�e� �d�u�a�l� �b�a�s�e�s�.� �U�s�i�n�g� �t�h�e� 
�i�s�o�m�o�r�p�h�i�s�m� �@� �i�n� �4�.�4�.�1� �t�h�e�y� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �b�a�s�i�s� �f�o�r� �t�h�e� �d�u�a�l� 
�t�r�i�p�l�e� �i�f� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �f�o�r�m� �F� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e�s�e� �b�a�s�e�s� �i�s� �k�n�o�w�n�.� �S�e�t� 
�d�u�a�l�[�a�,� �b�,�c�]�z�;� �=� �F�.�p�e�(�t�n�(�4�,� �b�e�)�,� �(�a�,� �6�b�)�.� �N�o�t�e� �t�h�a�t� �i�f� �(�a�,�6�,�c�)� �i�s� �s�p�e�c�i�a�l� �w�e� 
�a�l�r�e�a�d�y� �k�n�o�w� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e�s�e� �m�a�t�r�i�c�e�s�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �i�f� �t�h�e� �t�r�i�p�l�e� �i�s� �n�o�t� 
�s�e�l�f�d�u�a�l�,� �d�u�a�l�[�a�,� �b�,�c�]�,� �=� �6�4�1�,� �o�t�h�e�r�w�i�s�e�,� �d�u�a�l�[�a�,� �6�,� �c�l�k�,� �=� �M�(�4�,� �6�,� �c�)�x�,�1�,� �w�h�i�c�h� 
�i�s� �p�a�r�t� �o�f� �t�h�e� �p�r�i�m�a�r�y� �d�a�t�a�.� �O�u�r� �g�o�a�l� �i�s� �t�o� �e�v�a�l�u�a�t�e� �t�h�e�s�e� �m�a�t�r�i�c�e�s� �f�o�r� �a�n�y� 
�o�t�h�e�r� �t�r�i�p�l�e�.� 

�P�r�o�p�o�s�i�t�i�o�n� �5�.�4�.�6� �L�e�t� �(�a�,�b�,�c�)� �b�e� �a� �p�e�r�m�u�t�a�t�i�o�n� �¢� �o�f� �t�h�e� �s�p�e�c�i�a�l� �t�r�i�p�l�e� �(�a ��,� �b�,�c ��)�.� 
�T�h�e�n� �i�f� �t�h�e� �t�r�i�p�l�e� �(�a�,�b�,�c�)� �i�s� �n�o�t� �s�e�l�f�d�u�a�l�,� �o�r� �i�f� �@� �t�s� �e�v�e�n�,� 

�n�y� �d�i�m�,�(�a ��)� �0� 
�d�u�a�l�(�a�,� �b�,�c�]�,� �=� �T�e�y� �y�a�t�a�l� �[�a ��,� �B�c�]�.� 

�O�t�h�e�r�w�i�s�e�,� 

�d�i�  ��  �� 
�d�u�a�l�[�a�,� �}�,� �c�l�k�.� �=� �F�a�y�e�o�n�s�t�l�a�l� �b ��,�c ��)�d�u�a�l�l�a ��,� �0�'�,�c�]�x�,�1�,� 

�q� 

�w�h�e�r�e� �i�f� �c� �=� �b�,� �c�o�n�s�t�(�a ��,� �b�,�c ��)� �=� �t�a�t�) ��,� �a�n�d� �i�f�a� �=� �b�,� �c�o�n�s�t�(�a ��,�b ��,�c ��)� �=� �t�z�t�.� 
�O�t�h�e�r�w�i�s�e�,� �c�o�n�s�t�(�a ��,� �b�,�c ��)� �=� �1�.
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�N�o�t�e� �t�h�a�t� �t�h�e� �b�a�s�e�s� �w�e�r�e� �d�e�f�i�n�e�d� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t� �i�f� �t�h�e� �b�a�s�i�s� �f�o�r� �t�r�i�p�l�e�,� 
�i�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �b�a�s�i�s� �o�f� �t�r�i�p�l�e�.� �b�y� �a�p�p�l�y�i�n�g� �f�e�e�s� �t�h�e�n� �t�h�e� �b�a�s�i�s� �f�o�r� �t�h�e� 
�d�u�a�l� �o�f� �t�r�i�p�l�e�,� �i�s� �o�b�t�a�i�n�e�d� �b�y� �a�p�p�l�y�i�n�g� �f�r� �o�n� �t�h�e� �d�u�a�l� �o�f� �t�r�i�p�l�e�.� �H�e�n�c�e�,� 
�f�r�o�m� �4�.�4�.�4� �w�e� �d�e�d�u�c�e� �t�h�a�t�,� �i�f� �@� �1�s� �e�v�e�n�,� �t�h�e�n� 

�d�i�m�,�(�a ��)� 
 � ��t�"�"� �d�u�a�l�f�a ��,� �b ��,�c�'� 

�d�i�m�,�(�a�)� �l�a�t� 
�d�u�a�l�|�a�,� �b�,� �c�l�k�!� �=� 

�a�n�d� �i�f� �o� �i�s� �o�d�d�,� �t�h�e�n� 

�d�i�m�,�(�a ��)� �»� 
�d�u�a�l�|�d�,� �b�.� �c�l�.�)� �=�  � ��* ��~�d�u�a�l�l�a ��,� �c ��.� �[� �5� �.� �k�t� �d�i�m�,�(�a�)� �u�a� �[�a ��,� �;� �a�e� 

�S�o�,� �t�h�e� �o�n�l�y� �c�a�s�e� �w�e� �n�e�e�d� �t�o� �s�t�u�d�y� �i�s� �t�h�e� �o�n�e� �w�h�e�n� �(�a�.� �b�,�c�)� �=� �(�a ��,�c ��,� �b ��)�.� �T�h�e�n� 
�t�h�e� �b�a�s�i�s� �f�o�r� �V�(�a ��,�c ��b ��)� �i�s� �o�b�t�a�i�n�e�d� �b�y� �a�p�p�l�y�i�n�g� �F�R� �o�n� �t�h�e� �b�a�s�i�s� �f�o�r� �V�(�a ��,� �b ��c ��)�.� 
�I�n� �t�h�e� �c�a�s�e� �w�h�e�n� �(�a ��,� �0 ��,� �c ��)� �i�s� �n�o�t� �s�e�l�f�d�u�a�l�,� �t�h�e� �b�a�s�i�s� �f�o�r� �V�(�a ��,� �b ��c ��)� �i�s� �o�b�t�a�i�n�e�d� 
�b�y� �a�p�p�l�y�i�n�g� �R�7�!� �o�n� �t�h�e� �b�a�s�i�s� �f�o�r� �V�(�a ��,� �c�b ��)�.� �H�e�n�c�e�,� �i�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �s�t�a�t�e�m�e�n�t� 
�o�f� �t�h�e� �p�r�o�p�o�s�i�t�i�o�n� �f�o�l�l�o�w�s� �f�r�o�m� �4�.�1�.�5�.� �W�e� �s�t�i�l�l� �h�a�v�e� �t�o� �c�o�n�s�i�d�e�r� �t�h�e� �c�a�s�e� �w�h�e�n� 
�(�a ��,� �b ��,�c ��)� �i�s� �s�e�l�f�d�u�a�l�,� �a�n�d� �(�a�,�b�,�c�)� �=� �(�a ��,�c ��,� �6 ��)�.� �T�h�e�n� �t�h�e�r�e� �a�r�e� �t�h�r�e�e� �s�e�p�a�r�a�t�e� 
�s�u�b�c�a�s�e�s�,� �a�n�d� �t�h�e� �p�r�o�o�f�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �2�4�,� �F�i�g�u�r�e� �2�5�,� �a�n�d� �F�i�g�u�r�e� 
�2�6�.� 

� � � � 
�F�i�g�u�r�e� �2�4�:� �C�o�m�p�u�t�i�n�g� �t�h�e� �f�o�r�m� �i�n� �t�h�e� �c�a�s�e� �a� �=� �4�,� �b�=�.� 

�T�h�i�s� �c�o�m�p�l�e�t�e�s� �t�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �p�a�i�r�i�n�g� �f�o�r� �t�r�i�p�l�e�s� �w�h�i�c�h� �a�r�e� �p�e�r�m�u�-� 
�t�a�t�i�o�n�s� �o�f� �s�p�e�c�i�a�l� �o�n�e�s�.



�7�0� 

� � 

� � �=� �F�(�a�,� �b�,� �C�k�,� 

�F�i�g�u�r�e� �2�6�:� �C�o�m�p�u�t�i�n�g� �t�h�e� �f�o�r�m� �i�n� �t�h�e� �c�a�s�e�e�a� �>� �b�>�c�,�a�=�4�,�b�=�b�,�c�= ¬�.� 

�5�.�4�.�7� �N�o�t�e� �t�h�a�t� �i�f� �(�a�,�b�,�c�)� �i�s� �n�o�t� �a� �p�e�r�m�u�t�a�t�i�o�n� �o�f� �a� �s�p�e�c�i�a�l� �t�r�i�p�l�e�,� �t�h�e�n� �i�t�s� 
�d�u�a�l� �i�s�.� �B�u�t� �f�r�o�m� �4�.�3�.�2�b� �a�n�d� �F�i�g�u�r�e� �1�0�b� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �t�r�(�d�u�a�l�[�4�,� �6�,� �c�]�,�.�)� �=� 
�t�r�(�d�u�a�l�[�a�,� �¢�6�]�,�,�)�.� �S�i�n�c�e� �d�i�m�,� �(�a�)� �=� �d�i�m�,�(�@�)�,� �t�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �d�u�a�l�[�4�,� �b�,� �c�l�k�.� �=� 
�d�u�a�l�l�a�,� �C�b�)�.� �x�.� �T�h�i�s� �c�o�m�p�l�e�t�e�s� �t�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �p�a�i�r�i�n�g� �f�o�r� �a�n�y� �t�r�i�p�l�e�.� 

�5�.�4�.�8� �W�e� �w�a�n�t� �t�o� �c�o�m�m�e�n�t� �o�n� �t�h�e� �s�p�e�c�i�a�l� �c�a�s�e� �w�h�e�n� �o�n�e� �o�f� �t�h�e� �e�l�e�m�e�n�t�s� 
�i�n� �a� �t�r�i�p�l�e� �i�s� �1�.� �F�r�o�m� �t�h�e� �w�a�y� �t�h�e� �o�r�d�e�r�i�n�g� �w�a�s� �c�h�o�s�e�n� �i�n� �5�.�4�.�1�,� �i�t� �f�o�l�l�o�w�s� 
�t�h�a�t� �a�l�l� �s�p�e�c�i�a�l� �t�r�i�p�l�e�s� �w�h�i�c�h� �c�o�n�t�a�i�n� �1� �a�r�e� �(�@�,�a�,�1�)�,� �a�  ¬� �&�,�a� �>�a�,� �a�n�d� �t�h�e�s�e� 
�t�r�i�p�l�e�s� �a�r�e� �s�e�l�f�d�u�a�l�.� �T�h�e� �s�p�a�c�e� �V�(�a�,�a�1�)� �i�s� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �w�i�t�h� �b�a�s�i�s� �4�7�.� 
�T�h�e�n�,� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �r�u�l�e�s� �a�b�o�v�e� �f�o�r� �f�i�n�d�i�n�g� �a� �b�a�s�i�s� �f�o�r� �a�n�y� �p�e�r�m�u�t�a�t�i�o�n� �o�f� 
�t�h�i�s� �t�r�i�p�l�e�,� �w�e� �g�e�t� �t�h�a�t� �t�h�e� �b�a�s�e�s� �f�o�r� �V�(�a�,� �1�a�)�,� �V�(�a�,� �l�a�)�,� �V�(�G�@�,�@�1�)� �a�r�e� �n�a�,� �N�a� 
�a�n�d� �4�7�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �b�a�s�e�s� �f�o�r� �V�(�1�,�a�a�)� �a�n�d� �V�(�1�,� �a�a�)� �a�r�e� 
�A�,� �a�n�d� �A�g� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �l�a�s�t� �p�i�e�c�e� �o�f� �t�h�e� �p�r�i�m�a�r�y� �d�a�t�a� �f�o�l�l�o�w�s� �f�r�o�m



�7�1� 

�F�i�g�u�r�e� �7�a� �t�o� �b�e� �M�(�a�@�.�4�,�1�)� �=� �1�.� �U�s�i�n�g� �t�h�i�s�,� �o�r� �j�u�s�t� �e�v�a�l�u�a�t�i�n�g� �e�x�p�l�i�c�i�t�l�y�,� �w�e� 
�d�e�d�u�c�e� �t�h�a�t� �t�h�e� �d�u�a�l� �o�f� �A�,� �i�s� �T�i�m�e�l�a�y� �4�)� �a�n�d� �t�h�e� �d�u�a�l� �o�f� �A�g� �i�s� �T�m�i�l�a�y�-� 

�5�.�5� �C�o�m�p�u�t�i�n�g� �t�h�e� �e�l�e�m�e�n�t�a�r�y� �c�o�m�m�u�t�a�t�i�v�i�t�y� �a�n�d� �a�s�-� 
�s�o�c�i�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s� 

�5�.�5�.�1� �W�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �b�a�s�e�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�,� �c�o�n�|�a�,� �6�,� �c�}� �:� 
�V� �(�a�,� �b�c�)� �+� �V�(�a�,�c�b�)� �i�s� �t�h�e� �m�a�t�r�i�x� �w�i�t�h� �k�,�/�]� �e�n�t�r�y� 

�c�o�m�l�a�,� �6�,� �c�l�k�;� �=� �7�)�(�c�b�,�a�)� �o� �R�y�.� �0� �t�e� �(�a�,� �b�c�)�,� 

�B�e�c�a�u�s�e� �o�f� �t�h�e� �w�a�y� �i�n� �w�h�i�c�h� �t�h�e� �b�a�s�e�s� �w�e�r�e� �c�h�o�s�e�n�,� �i�n� �t�h�e� �c�a�s�e� �w�h�e�n� �a�,� �b�,�c� 
�a�r�e� �a�l�l� �d�i�f�f�e�r�e�n�t�,� �c�o�m�[�4�@�,� �b�,�c�]� �c�a�n� �b�e� �e�v�a�l�u�a�t�e�d� �a�n�a�l�y�t�i�c�a�l�l�y�.� �M�o�r�e�o�v�e�r�,� �i�f� �a�t� 
�l�e�a�s�t� �t�w�o� �a�r�e� �t�h�e� �s�a�m�e�,� �f�o�r� �a�n�y� �p�e�r�m�u�t�a�t�i�o�n� �(�a ��,�b ��,�c ��)� �o�f� �(�a�,� �6�,�6�)�,� �c�o�m�{�a ��,� �b�,�c�]� 
�c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �c�o�m�[�a�@�,� �6�,�6�]�.� �W�e� �n�o�w� �p�r�o�c�e�e�d� �w�i�t�h� �d�e�s�c�r�i�b�i�n�g� 
�h�o�w� �t�h�i�s� �i�s� �d�o�n�e�.� 

�P�r�o�p�o�s�i�t�i�o�n� �5�.�5�.�2� �F�o�r� �a�n�y� �a�,�b�,�c�é�E� �&�,� 

�c�o�m�a�,� �b�,� �c�]�.�d�u�a�l�{�a�,� �c�,� �b�]� �=� �d�u�a�l�(�a�,� �b�,� �c�\�T�r�a�n�s�p�o�s�e�{�c�o�m�|�a�,� �6�,� �é�j�]�.� 

�W�e� �s�e�t� �b�,� �=� �2�,�(�a�,�b�c�)� �a�n�d� �b�,� �=� �u�(�4�,�b�é�)�.� �T�h�e�n� �u�s�i�n�g� �4�.�3�.�2� �a�n�d� �4�.�4�.�5� �w�e� 
�h�a�v�e� 

�_� �|� 

�7� �d�i�m�,�(�a�)� 
�1� 

�= � � ��t� 
�d�i�m�,�(�a�)� �r�l� 

�I� �.� 
�=�  � ��_�}� �F�.� �c�o� �R�:� �_�b� �b� 

�d�i�m�,�{�(�a�)� �r�(� �4�,�2�6� �b�a�t�s� �k�)� 

�=� �F�y� �5�g�(� �R�g� �s�b�i�,� �b�y�)�.� �a�,�c�b� 

�F�y�.�c�6�(� �B�y�,�c�b�x�,� �b�t�)� �t�r�(�F�a�,�c�b�(�R�o�,�c�b�e�,� �b�1�)�)� 

�F�y� �,�c�b�(� �b�e�,� �R�,�,� �:�b�1�)� 

�T�h�e� �l�e�f�t� �h�a�n�d� �s�i�d�e� �i�s� �a�c�t�u�a�l�l�y� �e�q�u�a�l� �t�o� 

�O�(�b�:�)� �0� �R�y�.� �0� �b�y� �=� �S�$�*�A�(�b�)� �0� �w�a�,� �c�b�)� �0� �m�y�(�c�b�,� �a�)� �©� �R�y�c� �0� �b�y�a�,� �b�e�)� 
�U� 

�=� �(�c�o�m�l�a�,� �b�,� �c�]�.�d�u�a�l�{�a�,�c�,� �b�]�)�,�1�.� 

�I�n� �t�h�e� �s�a�m�e� �w�a�y� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e� �i�s� �e�q�u�a�l� �t�o� 
�(�c�o�m�|�a�,� �5�,� �c�|�.�d�u�a�l�l�a�,� �¢�,� �b�]�)�;�,�.� �T�h�e�n� �t�h�e� �p�r�o�p�o�s�i�t�i�o�n� �f�o�l�l�o�w�s� �f�r�o�m� �5�.�4�.�7�.



�7�2� 

�5�.�5�.�3� �T�h�e� �p�r�o�p�o�s�i�t�i�o�n� �a�b�o�v�e� �i�m�p�l�i�e�s� �t�h�a�t� �i�t� �i�s� �e�n�c�u�g�h� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �c�o�m�-� 
�m�u�t�a�t�i�v�i�t�y� �m�a�t�r�i�c�e�s� �f�o�r� �t�r�i�p�l�e�s� �w�h�i�c�h� �a�r�e� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �a� �s�p�e�c�i�a�l� �o�n�e�s�.� �F�u�r�-� 
�t�h�e�r�m�o�r�e�,� �f�r�o�m� �F�i�g�u�r�e� �1�0�a� �w�e� �h�a�v�e� �t�h�a�t� �c�o�n�[�a�,�c�,� �6�]� �=� �t�,�t�;� �'�t�7�/�c�o�m�f�a�,� �6�,� �c�j�~�}�.� 
�H�e�n�c�e� �a�l�l� �o�t�h�e�r� �c�a�s�e�s� �c�a�n� �b�e� �d�e�d�u�c�e� �f�r�o�m� �t�h�e� �e�v�e�n� �p�e�r�m�u�t�a�t�i�o�n�s� �o�f� �t�h�e� �s�p�e�c�i�a�l� 
�t�r�i�p�l�e�s�.� 

�P�r�o�p�o�s�i�t�i�o�n� �5�.�5�.�4� �L�e�t� �(�a ��,�0 ��,�c ��)� �b�e� �a�n� �e�v�e�n� �p�e�r�m�u�t�a�t�i�o�n� �¢� �o�f� �t�h�e� �s�p�e�c�i�a�l� 
�t�r�i�p�l�e� �(�a�,�b�,�c�)�.� �T�h�e�n� 

�(�a�)� �I�f�a�>�b�>�c� 

�;� �1�,�2�,�3� 
�c�o�n�[�a ��,�b�'�"�=�.�c�]�=�i�d�<� �t�t�y �� �i�f�o� �=� �(�3�,�1�,�2�)�,� 

�2�.�3�,�1� 

�(�b�)� �I�f�a�>�b�=�e�,� 

�o�n� �t�,� �'�c�o�m�[�4�,�6�,�b�]�-�!� �i�f� �o� �=� �(�3�,�1� 
�c�o�m�[�a� �0� �C�c�]�  �� �i�z� �t�,�c�o�n�(�a�,� �b�,� �b�|� �o�f� �=� �(�2�,� �3�,� 

�(�b�)� �I�f�a�=�b�>�c�,� 
�4�-�1� �A� �~ ��1� �;�  �� �~� �a� �o�n� �_� �J� �t�z�*�c�o�m�[�é�,� �a�,� �a�]� �i�f� �9� �=� �(�1�,�2�,�3�)� 

�c�o�m�[�a ��,� �b�,�c�]� �=� �t�z� �t�,�c�o�m�[�é�,�a�,�a�]� �i�f� �g� �=� �(�3�,�1�,� �2�)�.� 

�T�h�e� �s�t�a�t�e�m�e�n�t� �i�n� �c�a�s�e� �(�a�)� �f�o�l�l�o�w�s� �f�r�o�m� �t�h�e� �i�d�e�n�t�i�t�i�e�s� �i�n� �F�i�g�u�r�e�s� �2�7� �a�n�d� �2�8�,� 
�w�h�i�c�h� �s�h�o�w� �t�h�a�t� �e�y�o� �R�a�n� �(�d�,� �c�a�)� �=� �t�o� �t�y� �f�o�y�c�t�r�(�d�,� �a�c�)� �a�n�d� �7� �R�i�,� �(�é�,� �a�b�)� �=� �t�z� �t�r� �( ¬�,� �b�a�)�,� 
�c�o�r�r�e�s�p�o�n�d�i�n�g�l�y�.� 

�T�o� �p�r�o�v�e� �t�h�e� �s�t�a�t�e�m�e�n�t� �i�n� �(�b�)� �,� �w�e� �s�h�o�w� �i�n� �F�i�g�u�r�e� �2�9� �t�h�a�t� 

�T�R�f�o�y�c�R�t�y�(�G�,� �b�b�)� �=� �t�y� �t�r�r�4�(�b�,� �a�b�)�.� 

�F�r�o�m� �h�e�r�e�,� �p�r�o�p�o�s�i�t�i�o�n� �5�.�4�.�4� �i�m�p�l�i�e�s� �t�h�a�t� �c�o�n�s� �_�b�,� �b�l�c�o�m�[�b�,� �b�a�]� �=� �t�y�4�I�d�.� �T�h�i�s� 
�p�r�o�v�e�s� �t�h�e� �s�t�a�t�e�m�e�n�t� �f�o�r� �t�h�e� �p�e�r�m�u�t�a�t�i�o�n� �(�3�,� �1�,�2�)�.� �T�h�e�n� �f�o�r� �t�h�e� �p�e�r�m�u�t�a�t�i�o�n� 
�(�2�,� �3�,�1�)� �f�o�l�l�o�w�s� �f�r�o�m� �5�.�5�.�3�.� 

�T�h�e� �s�t�a�t�e�m�e�n�t� �i�n� �(�c�)� �i�s� �d�o�n�e� �a�n�a�l�o�g�o�u�s�l�y�.� �F�i�r�s�t�,� �i�n� �F�i�g�u�r�e� �3�0� �w�e� �s�h�o�w� 
�t�h�a�t� 

�T� �R�f� �y�o�R�r�y� �(�6�,� �a�a�)� �=� �t�z�1�7�2�4�(�a�,� �c�a�)�.



�7�3� 

� � 
�F�i�g�u�r�e� �2�8�:� �C�o�m�p�u�t�i�n�g� �c�o�m�l�[�é�,� �b�,�a�]� �i�n� �t�h�e� �c�a�s�e�e�a� �>�b�>�c� 

�F�r�o�m� �h�e�r�e�,� �p�r�o�p�o�s�i�t�i�o�n� �5�.�4�.�4� �i�m�p�l�i�e�s� �t�h�a�t� �c�o�n�l�[�é�,� �a�,� �a�l�c�o�m�|�{�b�,� �a�,�c�]� �=� �t�z�'�I�d�.� �T�h�i�s� 
�p�r�o�v�e�s� �t�h�e� �s�t�a�t�e�m�e�n�t� �f�o�r� �t�h�e� �p�e�r�m�u�t�a�t�i�o�n� �(�1�,� �2�,�3�)�.� �T�h�e�n� �f�o�r� �t�h�e� �p�e�r�m�u�t�a�t�i�o�n� 
�(�3�,� �1�,�2�)� �f�o�l�l�o�w�s� �f�r�o�m� �5�.�5�.�3�.� 

�I�n� �c�o�n�c�l�u�s�i�o�n�,� �c�o�m�|�a�,� �b�,�c�]� �n�e�e�d� �t�o� �b�e� �d�i�r�e�c�t�l�y� �c�o�m�p�u�t�e�d� �b�y� �e�v�a�l�u�a�t�i�n�g� �t�h�e� 
�d�e�f�i�n�i�t�i�o�n� �i�n� �5�.�5�.�1� �o�n�l�y� �w�h�e�n� �6�=�c�.� �T�h�e�n� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �c�o�m�p�o�s�i�t�i�o�n� �o�f� 
�m�o�r�p�h�i�s�m�s� �a�r�e� �e�v�a�l�u�a�t�e�d� �o�n� �t�h�e� �h�i�g�h�e�s�t� �w�e�i�g�h�t� �v�e�c�t�o�r� �o�f� �a� �t�o� �r�e�d�u�c�e� �t�h�e� �s�i�z�e� 
�o�f� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�.� 

�5�.�5�.�5� �T�o� �c�o�m�p�u�t�e� �t�h�e� �a�s�s�o�c�i�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s� �w�e� �f�i�r�s�t� �n�e�e�d� �t�o� �c�h�o�o�s�e� �b�a�s�e�s� 
�f�o�r� �t�h�e� �s�p�a�c�e�s� �V�(�a�,�b�@�(�c�o�d�)�)� �a�n�d� �V�(�a�,� �(�b�o�c�)� �®� �d�)� �(�s�e�e� �3�.�4�.�9�)�.� �B�y� �d�e�f�i�n�i�t�i�o�n�,� 
�b�o�c� �=� �S�r�e�x�V�(�z�,� �b�c�)� �®� �c�e� �a�n�d� �c�o�d� �=� �G�y�e�s�V�(�y�,�c�d�)� �®� �y�.� �T�h�e�n�,� �t�h�e�r�e� �a�r�e� 
�i�s�o�m�o�r�p�h�i�s�m�s� 

�V�(�a�,� �(�b�o�c�)� �@�d�)� �~� �O�r�e�s� �V�(�a�,� �r�d�)� �®� �V�(�z�,� �b�e�)�,� 

�V�(�a�,�b�@� �(�c�o�d�)� �~� �G�y�e�x�V�(�a�,� �b�y�)� �@� �V�(�y�,� �e�d�)�.� 
�W�e� �d�e�f�i�n�e� �t�h�e� �b�a�s�i�s� �f�o�r� �e�a�c�h� �p�i�e�c�e� �V�(�a�,� �r�d�)� �®� �V�(�z�,� �b�c�)� �t�o� �b�e� �t�h�e� �o�n�e� �g�i�v�e�n� 
�b�y� �t�h�e� �l�e�x�i�c�o�g�r�a�p�h�i�c�a�l� �o�r�d�e�r� �o�f� �t�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e� �b�a�s�i�c� �v�e�c�t�o�r�s� �o�f� �t�h�e� �t�w�o



�7�4� 

� � � 
�A� 

�F�i�g�u�r�e� �2�9�:� �C�o�m�p�u�t�i�n�g� �c�o�n�[�Q�,� �b�,�a�]� �i�n� �t�h�e� �c�a�s�e� �a� �>� �b� 

�a�@�e�l� �a� �a�®�@�c�a� �a�®�e� �a� 

�\� 

�C�e�]� �~� 

� � 

�F�i�g�u�r�e� �3�0�:� �C�o�m�p�u�t�i�n�g� �c�o�m�[�d�,� �a�,�c�]� �i�n� �t�h�e� �c�a�s�e� �a� �>�c� 

�s�p�a�c�e�s�.� �T�h�i�s� �e�x�t�e�n�d�s� �t�o� �a� �b�a�s�i�s� �f�o�r� �V�(�a�,�(�b�o�c�)� �®� �d�)� �b�y� �f�i�x�i�n�g� �a�n� �o�r�d�e�r� �o�n� 
�t�h�e� �s�e�t� �{�x�  ¬� �©� �|� �V�(�a�,� �r�d�)� �a�n�d� �V�(�z�,� �b�c�)� �a�r�e� �n�o�n�z�e�r�o�}�.� �I�n� �a�n� �a�n�o�l�o�g�o�u�s� �w�a�y�,� 
�w�e� �d�e�f�i�n�e� �a� �b�a�s�i�s� �f�o�r� �V�(�a�,�b�@�(�c�o�d�)�)�.� �W�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e�s�e� �b�a�s�e�s� �a�s�o�c� �a�r�e� 
�r�e�p�r�e�s�e�n�t�e�d� �b�y� �m�a�t�r�i�c�e�s� �w�i�t�h� �c�o�e�f�f�i�c�i�e�n�t�s� 

�a�s�o�c�(�a�,� �b�,�c�,� �d�]�z�y� �k�,�n� �=� �T�u� �(�b�y�,� �a�)�(�t�d�,� �®� �m�,�(�c�d�,� �y�)�)�(�2�1�(�x�,� �b�c�)� �@� �t�d�a�)�e�z�(�a�,� �r�d�)�.� 

�5�.�5�.�6� �T�h�e� �p�r�o�g�r�a�m�s�,� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �w�o�r�k�,� �c�o�m�p�u�t�e� �a�l�m�o�s�t� �a�l�l� �a�s�s�o�c�i�a�-� 
�t�i�v�i�t�y� �m�a�t�r�i�c�e�s� �b�y� �d�i�r�e�c�t� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �a�b�o�v�e� �°�.� �T�h�e� �o�n�l�y� 
�e�x�c�e�p�t�i�o�n� �a�r�e� �a�s�o�c�l�a�,�b�,�c�,�d�]� �w�h�e�r�e� �s�o�m�e� �o�f� �a�,�b�,�c�,�d� �a�r�e� �e�q�u�a�l� �t�o� �1� �a�n�d� �i�f� 
�b�,�c�,�d� �>� �1�,� �t�h�e�n� �t�h�e�y� �a�r�e� �n�o�t� �a�l�l� �t�h�e� �s�a�m�e�.� �I�t� �i�s� �e�a�s�y� �t�o� �s�e�e� �t�h�a�t� �i�f� �(�b�,�c�,� �d�)� 
�i�s� �o�f� �t�h�e� �f�o�r�m� �(�1�,� �0 ��,�c ��)�,� �(�6�,�1�,� �c ��)� �o�r� �(�0�'�,�c ��,�1�)�,� �t�h�e�n� �V�(�a�,� �(�b�o�c�)�d�)� �~� �V�(�a�,� �8�'�¢�)�,� 
�a�n�d� �V�(�a�,�b�(�c�o� �d�)�)� �~� �V�(�a�,�c ��)�,� �a�n�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e�s�e� �i�d�e�n�t�i�f�i�c�a�t�i�o�n�s�,� 
�a�s�o�c�l�a�,� �b�,�c�,�d�]� �=� �i�d�.� �N�o�w�,� �w�e� �w�a�n�t� �t�o� �e�v�a�l�u�a�t�e� �a�s�o�c�[�1�,�a�,� �b�,�c�]� �w�i�t�h� �a�,�b�,�c�E� �X�U� 
�s�u�c�h� �t�h�a�t� �a�t� �l�e�a�s�t� �t�w�o� �o�f� �t�h�e�m� �a�r�e� �n�o�t� �t�h�e� �s�a�m�e�.� �I�n� �t�h�i�s� �c�a�s�e�,� �w�e� �h�a�v�e� �t�h�e� 
�i�s�o�m�o�r�p�h�i�s�m�s� 

�V�(�1�,�(�a�o�a�)�c�)� �=� �V�(�1�,� �é�c�)� �®� �V�(�é�,�a�b�)� �~� �V�(�é�,� �a�d�)�,� 
� � 

�°�F�o�r� �f�u�r�t�h�e�r� �d�e�v�e�l�o�p�m�e�n�t�s� �s�e�e� �[�3�1�]



�V�(�1�,�a�(�b�o�c�)�)� �=� �V�(�1�,� �a�a�)� �@� �V�(�4�,� �b�c�)� �~� �V�(�4�,� �b�e�)� 

�W�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e�s�e� �i�d�e�n�t�i�f�i�c�a�t�i�o�n�s�,� �t�h�e� �a�s�s�o�c�i�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s� �a�r�e� �g�i�v�e�n� 
�e�x�a�c�t�l�y� �b�y� �f�y�.� �T�h�e�n� �p�r�o�p�o�s�i�t�i�o�n� �5�.�4�.�4� �i�m�p�l�i�e�s� �t�h�a�t� �w�h�e�n� �a�t� �l�e�a�s�t� �t�w�o� �o�f� 
�a�,�b�,�c� �a�r�e� �d�i�f�f�e�r�e�n�t�,� �a�s�o�c�(�1�,� �a�,� �b�,�c�]� �=� �i�d�.



�C�h�a�p�t�e�r� �6� 
�N�u�m�e�r�i�c�a�l� �a�s�p�e�c�t�s� �a�n�d� �c�o�n�c�l�u�s�i�o�n�s� 

�T�h�e� �w�o�r�k� �w�e� �p�r�e�s�e�n�t� �s�p�e�c�i�f�i�e�s� �a� �g�e�n�e�r�a�l� �c�l�a�s�s� �o�f� �t�o�r�t�i�l�e� �s�u�b�c�a�t�e�g�o�r�i�e�s� �o�f� �t�h�e� 
�m�o�n�o�i�d�a�l� �b�r�a�i�d�e�d� �c�a�t�e�g�o�r�i�e�s� �s�t�u�d�i�e�d� �i�n� �[�1�0�]�,� �a�n�d� �d�e�s�c�r�i�b�e�s� �a�l�g�o�r�i�t�h�m�s� �f�o�r� 
�e�v�a�l�u�a�t�i�n�g� �t�h�e� �a�s�s�o�c�i�a�t�i�v�i�t�y�,� �c�o�m�m�u�t�a�t�i�v�i�t�y� �a�n�d� �d�u�a�l�i�t�y� �m�o�r�p�h�i�s�m�s� �i�n� �t�h�e�s�e� 
�c�a�t�e�g�o�r�i�e�s�.� �T�h�e� �i�n�p�u�t� �d�a�t�a� �i�n� �t�h�e�s�e� �a�l�g�o�r�i�t�h�m�s� �c�o�n�s�i�s�t�s� �j�u�s�t� �o�f� �t�h�e� �n�a�m�e� �o�f� 
�a� �s�i�m�p�l�e� �L�i�e� �a�l�g�e�b�r�a�,� �a� �p�r�i�m�e� �n�u�m�b�e�r� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �C�o�x�e�t�e�r� �n�u�m�b�e�r� �o�f� 
�t�h�i�s� �L�i�e� �a�l�g�e�b�r�a�,� �a�n�d� �p�o�s�s�i�b�l�y� �s�p�e�c�i�f�y�i�n�g� �i�f� �w�e� �w�a�n�t� �t�o� �r�e�s�t�r�i�c�t� �t�o� �t�h�e� �c�l�a�s�s�0� 
�c�a�t�e�g�o�r�y�.� �T�h�e� �o�u�t�p�u�t� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�i�l�e�s�:� 

�R�e�p�r�e�s�e�n�t�a�t�i�o�n� �D�a�t�a�.� �F�i�l�e� �w�h�i�c�h� �c�o�n�t�a�i�n�s� �d�a�t�a� �l�i�s�t�s� �s�p�e�c�i�f�y�i�n�g� �t�h�e� 
�b�a�s�i�s� �o�f� �e�a�c�h� �s�i�m�p�l�e� �m�o�d�u�l�e�,� �t�h�e� �a�c�t�i�o�n� �o�f� �t�h�e� �a�l�g�e�b�r�a� �g�e�n�e�r�a�t�o�r�s� �o�n� 
�t�h�e�m�,� �a�n�d� �t�h�e� �d�u�a�l�i�t�y� �m�o�r�p�h�i�s�m�s�.� 

�S�u�m�m�a�n�d�s� �D�a�t�a�.� �F�o�r� �a�n�y� �g�o�o�d� �t�r�i�p�l�e� �(�a�,�}�,�c�)�,� �t�h�i�s� �f�i�l�e� �c�o�n�t�a�i�n�s� 
�t�h�e� �d�i�m�e�n�s�i�o�n� �o�f� �t�h�e� �s�p�a�c�e� �h�o�m�e� �(�a�,� �b�c�)�,� �a�n�d� �t�h�e� �g�o�o�d�v�e�c�t�o�r�s� �f�o�r� �t�h�i�s� 
�s�p�a�c�e�s�.� �i �� 

�S�y�m�m�e�t�r�y� �D�a�t�a�.� �F�i�l�e� �w�h�i�c�h� �c�o�n�t�a�i�n�s� �t�h�e� �m�a�t�r�i�c�e�s� �c�o�m�l�a�,� �b�,� �b�]� �f�o�r� �a�n�y� 
�a�,� �6� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �1�.� 

�C�a�t�e�g�o�r�y� �D�a�t�a�.� �F�i�l�e� �w�h�i�c�h� �c�o�n�t�a�i�n�s� �t�h�e� �m�a�t�r�i�c�e�s� �a�s�o�c�/�a�,� �b�,�c�,� �d�]� �f�o�r� 
�a�n�y� �a�,�b�,�c�,�d� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �1�.� 

�T�o� �o�u�r� �k�n�o�w�l�e�d�g�e�,� �t�h�i�s� �i�s� �t�h�e� �f�i�r�s�t� �t�i�m�e� �s�u�c�h� �g�e�n�e�r�a�l� �e�x�a�c�t� �c�o�m�p�u�t�a�t�i�o�n�s� �h�a�v�e� 
�b�e�e�n� �a�t�t�e�m�p�t�e�d�.� 

�T�h�e� �a�l�g�o�r�i�t�h�m�s� �h�a�v�e� �b�e�e�n� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �M�a�t�h�e�m�a�t�i�c�a� �a�n�d� �t�e�s�t�e�d� �f�o�r� 
�t�h�e� �c�a�t�e�g�o�r�i�e�s� �A�2�,�p� �=� �5�,� �C�o�,�p� �=� �7�,� �G�o�,�p� �=� �1�1�,� �A�3�,�p� �=� �7�,� �a�n�d� �A�4�,�p� �=� �7�.� 
�S�o�m�e� �d�a�t�a� �a�b�o�u�t� �t�h�o�s�e� �c�a�t�e�g�o�r�i�e�s� �i�s� �l�i�s�t�e�d� �b�e�l�l�o�w�.� 
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� � 

�a�l�g�e�b�r�a� �|� �c�l�a�s�s�O� �|� �p�r�i�m�e� �|� �|�X�!� �|� �m�a�x�d�i�m� 
�A� �N�o� �5� �6� �8� 
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�1�7� 

�H�e�r�e�  ��c�l�a�s�s�Q �� �i�n�d�i�c�a�t�e�s� �i�f� �w�e� �h�a�v�e� �r�e�s�t�r�i�c�t�e�d� �t�o� �C�,�°� �o�r� �n�o�t�,� �|�=�]� �i�s� �t�h�e� 
�n�u�m�b�e�r� �o�f� �s�i�m�p�l�e� �m�o�d�u�l�e�s� �o�n� �t�h�e� �c�a�t�e�g�o�r�y�,� �a�n�d�  ��m�a�x�d�i�m �� �i�s� �t�h�e� �m�a�x�i�m�u�m� 
�d�i�m�e�n�s�i�o�n� �o�f� �t�h�e�s�e� �s�i�m�p�l�e� �m�o�d�u�l�e�s�.� �W�e� �c�a�n� �s�a�y� �t�h�a�t� �g�e�n�e�r�a�t�i�n�g� �t�h�e� �r�e�p�r�e�-� 
�s�e�n�t�a�t�i�o�n� �d�a�t�a�,� �t�h�e� �g�o�o�d�v�e�c�t�o�r�s�,� �a�n�d� �c�o�m�p�u�t�i�n�g� �t�h�e� �n�e�c�e�s�s�a�r�y� �c�o�m�m�u�t�a�t�i�v�i�t�y� 
�m�o�r�p�h�i�s�m�s� �f�o�r� �t�h�e�s�e� �c�a�t�e�g�o�r�i�e�s� �d�i�d ��t� �p�r�e�s�e�n�t� �a�n�y� �t�i�m�e� �o�r� �m�e�m�o�r�y� �p�r�o�b�l�e�m�,� 
�b�u�t� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �a�s�s�o�c�i�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s� �i�s� �v�e�r�y� �t�i�m�e� �c�o�n�s�u�m�i�n�g�.� �Y�e�t�,� �a�s� 
�a� �r�e�s�u�l�t� �o�f� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�s� �p�e�r�f�o�r�m�e�d�,� �w�e� �m�a�y� �c�o�n�c�l�u�d�e� �t�h�a�t�,� �d�u�e� �t�o� �t�h�e� 
�c�a�r�e�f�u�l� �c�h�o�i�c�e� �o�f� �t�h�e� �b�a�s�e�s� �o�f� �t�h�e� �m�o�d�u�l�e�s� �a�n�d� �t�h�e� �s�p�a�c�e�s� �o�f� �h�o�m�o�m�o�r�p�h�i�s�m�s�,� 
�e�x�a�c�t� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �c�a�t�e�g�o�r�i�c�a�l� �d�a�t�a� �i�n� �q�u�e�s�t�i�o�n� �i�s� �p�o�s�s�i�b�l�e�®�.� 

�T�h�e�r�e� �i�s� �t�w�o� �q�u�e�s�t�i�o�n�s� �w�e� �n�e�e�d� �t�o� �a�d�d�r�e�s�s�.� �T�h�e� �f�i�r�s�t� �o�n�e� �i�s� �w�h�y� �w�e� 
�c�o�n�s�i�d�e�r� �t�h�e�s�e� �e�x�a�m�p�l�e�s� �a�s� �a� �g�o�o�d� �e�n�o�u�g�h� �t�e�s�t� �f�o�r� �t�h�e� �a�l�g�o�r�i�t�h�m�s� �a�n�d� �t�h�e� 
�p�r�o�g�r�a�m�s�,� �a�n�d� �t�h�e� �s�e�c�o�n�d� �i�s� �w�h�a�t�,� �i�n� �a�d�d�i�t�i�o�n� �t�o� �g�o�i�n�g� �t�o� �a� �f�a�s�t�e�r� �m�a�c�h�i�n�e�,� 
�c�a�n� �b�e� �d�o�n�e� �t�o� �m�a�k�e� �b�i�g�g�e�r� �c�a�t�e�g�o�r�i�e�s� �a�c�c�e�s�s�i�b�l�e�.� �W�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �f�i�r�s�t� 
�q�u�e�s�t�i�o�n�.� �w�e� �p�o�i�n�t� �o�u�t� �t�h�a�t� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�s� �w�e� �d�i�s�c�u�s�s� �a�r�e� �e�x�a�c�t�,� �a�n�d� �t�h�e�i�r� 
�g�o�a�l� �i�s� �t�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� �a�l�g�e�b�r�a�i�c� �o�b�j�e�c�t�s� �w�i�t�h� �v�e�r�y� �u�n�i�q�u�e� �p�r�o�p�e�r�t�i�e�s�.� �E�a�c�h� 
�s�t�e�p� �o�f� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �c�a�n� �b�e�,� �a�n�d� �i�s�,� �c�a�r�e�f�u�l�l�y� �t�e�s�t�e�d�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �w�e� 
�t�e�s�t� �i�f� �t�h�e� �a�c�t�i�o�n� �o�f� �t�h�e� �a�l�g�e�b�r�a� �g�e�n�e�r�a�t�o�r�s� �o�n� �t�h�e� �s�i�m�p�l�e� �m�o�d�u�l�e�s� �s�a�t�i�s�f�i�e�s� 
�t�h�e� �a�l�g�e�b�r�a� �r�e�l�a�t�i�o�n�s�,� �i�f� �t�h�e� �b�a�s�i�c� �e�l�e�m�e�n�t�s� �w�e� �f�i�n�d� �f�o�r� �h�o�m�e� �(�a�,� �b�e�)� �a�r�e� �a�c�-� 

�t�u�a�l�l�y� �h�o�m�o�m�o�r�p�h�i�s�m�s� �o�f� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s�,� �a�n�d� �i�f� �c�o�m�{�a�,� �6�,� �b�]�?� �=� �t�,�t�,� �7�.� �S�o�,� �w�e� 
�c�o�n�s�i�d�e�r� �a�l�l� �t�h�e�s�e� �t�e�s�t�s� �o�n� �t�h�e� �g�e�n�e�r�a�t�e�d� �e�x�a�m�p�l�e�s� �a�s� �g�o�o�d� �e�n�o�u�g�h� �f�o�r� �t�h�e� 
�a�l�g�o�r�i�t�h�m�s�.� �T�h�i�s� �d�o�e�s�n ��t� �i�m�p�l�y� �t�h�a�t� �t�h�e� �p�r�o�g�r�a�m�s� �a�r�e� �c�o�r�r�e�c�t�.� �B�u�t� �w�e� �c�l�a�i�m� 
�t�h�a�t�,� �b�e�c�a�u�s�e� �o�u�r� �c�o�m�p�u�t�a�t�i�o�n�s� �a�r�e� �e�x�a�c�t�,� �a�n�y� �c�a�t�e�g�o�r�y� �g�e�n�e�r�a�t�e�d� �w�i�t�h� �t�h�e�s�e� 
�p�r�o�g�r�a�m�s� �c�a�n� �b�e� �t�e�s�t�e�d� �e�x�t�e�n�s�i�v�e�l�y� �e�n�o�u�g�h� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d� �r�e�l�i�a�b�l�e�.� 

�W�e� �n�o�w� �w�o�u�l�d� �l�i�k�e� �t�o� �a�d�d�r�e�s�s� �t�h�e� �q�u�e�s�t�i�o�n� �o�f� �h�o�w� �t�o� �a�c�c�e�s�s� �b�i�g�g�e�r� �c�a�t�-� 
�e�g�o�r�i�e�s�.� �A� �v�e�r�y� �s�e�r�i�o�u�s� �s�t�e�p� �i�n� �t�h�i�s� �d�i�r�e�c�t�i�o�n� �i�s� �d�o�n�e� �i�n� �[�3�1�]�.� �T�h�e�r�e� �a�n� 
�a�l�g�o�r�i�t�h�m� �i�s� �d�e�s�c�r�i�b�e�d�,� �w�h�i�c�h� �u�s�e�s� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� 

�t�h�e� �p�e�n�t�a�g�o�n� �a�n�d� �h�e�x�a�g�o�n� �d�i�a�g�r�a�m�s� �t�o� �e�x�p�r�e�s�s� �a�l�l� �e�l�e�m�e�n�t�a�r�y� �a�s�s�o�c�i�a�t�i�v�i�t�y� 
�m�o�r�p�h�i�s�m�s� �i�n� �t�e�r�m�s� �o�f� �a� �m�i�n�i�m�u�m� �d�a�t�a�.� �T�h�i�s� �m�i�n�i�m�u�m� �d�a�t�a� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� 
�e�l�e�m�e�n�t�a�r�y� �c�o�m�m�u�t�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s� �a�n�d� �a� �s�m�a�l�l� �n�u�m�b�e�r� �o�f� �a�s�s�o�c�i�a�t�i�v�i�t�i�e�s�.� 
�I�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� �[�3�1�]�,� �t�h�e� �p�r�o�g�r�a�m�s� �d�e�s�c�r�i�b�e�d� �h�e�r�e� �c�a�n� �b�e� �u�s�e�d� �o�n�l�y� �t�o� �e�v�a�l�u�-� 
�a�t�e� �t�h�e� �m�i�n�i�m�u�m� �d�a�t�a�,� �t�h�e�n� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �a�s�s�o�c�i�a�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s� �w�o�u�l�d� �b�e� 
�f�o�u�n�d� �b�y� �s�o�l�v�i�n�g� �t�h�e� �p�e�n�t�a�g�o�n�-�h�e�x�a�g�o�n� �s�y�s�t�e�m�.� �T�h�i�s� �s�h�o�u�l�d� �e�n�l�a�r�g�e� �s�i�g�n�i�f�i�-� 
�c�a�n�t�l�y� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �c�a�t�e�g�o�r�i�e�s� �w�h�i�c�h� �c�a�n� �b�e� �c�o�m�p�u�t�e�d�.� �A�n�o�t�h�e�r� �n�e�c�e�s�s�a�r�y� 
� � 

�®�N�o�t�e� �t�h�a�t� �b�e�c�a�u�s�e� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �a�r�e� �e�x�a�c�t�,� �t�h�e�r�e� �i�s� �n�o� �i�n�s�u�r�a�n�c�e� �a�g�a�i�n�s�t� �h�u�g�e� 
�n�u�m�b�e�r�s� �a�p�p�e�a�r�i�n�g� �i�n� �t�h�e� �p�r�o�c�e�s�s�.� �L�u�c�k�i�l�y�,� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �c�h�o�s�e�n� �b�a�s�e�s� �t�h�i�s� �i�s� �n�o�t� 
�t�h�e� �c�a�s�e



�1�8� 

�s�t�e�p� �i�s� �t�o� �r�e�w�r�i�t�e� �b�i�g� �p�a�r�t�s� �o�f� �t�h�e� �p�r�o�g�r�a�m�s� �i�n� �C�.� �S�o�m�e� �o�f� �t�h�i�s� �h�a�s� �a�l�r�e�a�d�y� 
�b�e�e�n� �d�o�n�e�,� �b�u�t� �n�o�t� �y�e�t� �t�e�s�t�e�d�.� 

�I�n� �c�o�n�c�l�u�s�i�o�n�,� �w�e� �w�o�u�l�d� �l�i�k�e� �t�o� �l�i�s�t� �t�w�o� �f�a�c�t�s� �w�h�i�c�h� �h�a�v�e� �b�e�e�n� �o�b�s�e�r�v�e�d� 
�i�n� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s�,� �a�n�d� �n�e�e�d� �t�o� �b�e� �s�t�u�d�i�e�d� �f�u�r�t�h�e�r�:� 

�(�i�)� �I�f�a�=� �I�y�,�b�=� �L�y�,�c�=� �L�y� �t�h�e�n� �2�4�(�a�,� �b�c�)� �:� �R�L�.� �=�>� �e�R�e� �@� �R�I�L�;� 

�(�i�i�)� �T�h�e� �e�n�t�r�i�e�s� �o�f� �t�h�e� �m�a�t�r�i�c�e�s� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �a�s�s�o�c�i�a�t�i�v�i�t�y� �a�n�d� �c�o�m�m�u�t�a� 
�t�i�v�i�t�y� �m�o�r�p�h�i�s�m�s� �a�r�e� �a�c�t�u�a�l�l�y� �i�n� �?�.



�R�E�F�E�R�E�N�C�E�S� �7�9� 

�R�e�f�e�r�e�n�c�e�s� 

�i�L� �H�.�A�n�d�e�r�s�e�n�,� �P�.�P�o�l�o� �a�n�d� �W�.�K�e�x�i�n�,� �R�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �o�f� �q�u�a�n�t�u�m� �a�l�g�e�b�r�a�s�,� 
�I�n�v�e�n�t�.�M�a�t�h�.� �1�0�4� �(�1�9�9�1�}�,�1�-�5�9�.� 

�M�.�F�.�A�t�i�v�a�h�,� �T�o�p�o�l�o�g�i�c�a�l� �q�u�a�n�t�u�m� �f�i�e�l�d� �t�h�e�o�r�i�e�s�,� �P�u�b�l�.� �M�a�t�h�.� �I�n�s�t�.� 
�H�a�u�t�e�s� �E�t�u�d�e�s� �S�c�i�.� �(�P�a�r�i�s�)� �6�8� �(�1�9�8�9�)�,�1�7�5�-�1�8�6�.� 

�V�.�G�.�D�r�i�n�f�e�i�d�,� �H�o�p�f� �a�l�g�e�b�r�a�s� �a�n�d� �t�h�e� �q�u�a�n�t�u�m� �Y�a�n�g�-�B�a�z�t�e�r� �e�q�u�a�t�i�o�n�,� �S�o�-� 
�v�i�e�t� �M�a�t�h�.�D�o�k�l�.� �3�2� �(�1�9�8�5�)�,�2�5�4�-�2�5�8�.� 

�V�.�G�.�D�r�i�n�f�e�l�d�,� �Q�u�a�n�t�u�m� �g�r�o�u�p�s�,� �P�r�o�c�.�I�n�t�.�C�o�n�g�r�.�M�a�t�h�.� �B�e�r�k�e�l�e�y� 
�(�1�9�8�6�)�,� �v�o�l�.�1�2�5�4�-�2�3�8�.� 

�V�.�G�.�D�r�i�n�f�e�l�d�,� �O�n� �a�l�m�o�s�t� �c�o�c�o�m�u�t�a�t�i�v�e� �H�o�p�f� �a�l�g�e�b�r�a�s�,� �A�l�g�e�b�r�a� �a�n�d� �A�n�a�l�-� 
�y�s�i�s� �1� �(�1�9�8�9�)�,�3�0�-�4�6�.� 

�D�.� �F�r�e�e�d� �a�n�d� �R�.�G�o�m�p�f�,� �C�o�m�p�u�t�e�r� �c�a�l�c�u�l�a�t�i�o�n�s� �o�f� �W�i�t�t�e�n ��s� �3�-�m�a�n�i�f�o�l�d� 
�i�n�v�a�r�i�a�n�t�,� �C�o�m�m�.� �M�a�t�h�.� �P�h�y�s�i�c�s� �1�4�1� �(�1�9�9�1�)�,�7�9�-�1�1�7�.� 

�D�.� �F�r�e�e�d� �a�n�d� �F�.�Q�u�i�n�n�,� �C�h�e�r�n�-�S�i�m�o�n�s� �t�h�e�o�r�y� �w�i�t�h� �f�i�n�i�t�e� �g�a�u�g�e� �g�r�o�u�p�,� 
�C�o�m�m�.� �M�a�t�h�.� �P�h�y�s�i�c�s� �1�5�6� �(�1�9�9�3�)� �,�4�3�5�-�4�7�2�.� 

�W�.�F�u�l�t�o�n� �a�n�d� �J�.�H�a�r�r�i�s�,� �R�e�p�r�e�s�e�n�t�a�t�i�o�n� �t�h�e�o�r�y�,� �A� �f�i�r�s�t� �c�o�u�r�s�e�,� �1�9�9�1� 
�S�p�r�i�n�g�e�r�-�V�e�r�l�a�g� �N�e�w� �Y�o�r�k� �I�n�c�.� 

�S�.�G�a�r�o�u�f�a�l�i�d�i�s�,� �O�n� �s�o�m�e� �a�s�p�e�c�t�s� �o�f� �C�h�e�r�n�-�S�i�m�o�n�s� �g�a�u�g�e� �t�h�e�o�r�y�,� �P�h�D� 
�t�h�e�s�i�s�,� �T�h�e� �U�n�i�v�e�r�s�i�t�y� �o�f� �C�h�i�c�a�g�o� �(�1�9�9�2�)�.� 

�S�.�G�e�l�f�a�n�d� �a�n�d� �D�.�K�a�z�h�d�a�n�,� �E�r�a�m�p�l�e�s� �o�f� �t�e�n�s�o�r� �c�a�t�e�g�o�r�i�e�s�,� �I�n�v�e�n�t�.�M�a�t�h�.� 
�1�0�9� �(�1�9�9�2�)�,�5�9�5�-�6�1�7�.� 

�S�.�R�.�H�a�n�s�e�n�,� �A� �q�-�a�n�a�l�o�g�u�e� �o�f� �t�h�e� �K�e�m�p�f ��s� �v�a�n�i�s�h�i�n�g� �t�h�e�o�r�e�m�,� �p�r�e�p�r�i�n�t�,� 
�1�9�9�4�.� 

�M�.�J�i�m�b�o�,� �T�h�e� �q�-�d�i�f�f�e�r�e�n�c�e� �a�n�a�l�o�g�u�e� �o�f� �U�(�g�)� �a�n�d� �t�h�e� �Y�a�n�g�-�B�a�z�x�t�e�r� �e�q�u�a�-� 
�t�i�o�n�,� �L�e�t�t�.� �M�a�t�h�.� �P�h�y�s�.� �1�1� �(�1�9�8�5�)�,�2�4�7�-�2�5�2�.� 

�L�.�C�.� �J�e�f�f�r�e�y�,� �O�n� �s�o�m�e� �a�s�p�e�c�t�s� �o�f� �C�h�e�r�n�-�S�i�m�o�n�s� �g�a�u�g�e� �t�h�e�o�r�y�,� �P�h�D� �t�h�e�s�i�s�,� 
�U�n�i�v�e�r�s�i�t�y� �o�f� �O�x�f�o�r�d� �(�1�9�9�1�)�.



�R�E�F�E�R�E�N�C�E�S� �8�0� 

�[�1�4�]� �L�.�C�.� �J�e�f�f�r�e�y�,� �C�h�e�r�n�-�S�i�m�o�n�s�-� �W�i�t�t�e�n�s� �i�n�v�a�r�i�a�n�t�s� �o�f� �L�e�n�s� �s�p�a�c�e�s� �a�n�d� �t�o�r�u�s� 
�b�u�n�d�l�e�s�,� �a�n�d� �t�h�e� �s�e�m�i�c�l�a�s�s�i�c�a�l� �a�p�p�r�o�z�i�m�a�t�i�o�n�,� �p�r�e�p�r�i�n�t� �(�1�9�9�1�)�.� 

�M�.�K�a�s�h�i�w�a�r�a�,� �C�r�y�s�t�a�l�l�i�z�i�n�g� �t�h�e� �q�-�a�n�a�l�o�g�u�e� �o�f� �u�n�i�v�e�r�s�a�l� �e�n�v�e�l�o�p�i�n�g� �a�l�g�e�-� 
�b�r�a�s�,� �C�o�m�m�.�M�a�t�h�.�P�h�y�s�.� �1�3�3� �(�1�9�9�0�)�,�2�4�9�-�2�6�0�.� 

�M�.�K�a�s�h�i�w�a�r�a�,� �O�n� �c�r�y�s�t�a�l� �b�a�s�e�s� �o�f� �t�h�e� �q�-�a�n�a�l�o�g�u�e� �o�f� �u�n�i�v�e�r�s�a�l� �e�n�v�e�l�o�p�i�n�g� 
�a�l�g�e�b�r�a�s�,� �D�u�k�e� �M�a�t�h�.�J�.� �6�3� �(�1�9�9�0�)�,�4�6�5�-�5�1�6�.� 

�M�.�K�a�s�h�i�w�a�r�a�,� �T�h�e� �c�r�y�s�t�a�l� �b�a�s�e� �a�n�d� �L�i�t�t�e�l�m�a�n�n ��s� �r�e�f�i�n�e�d� �D�e�m�a�z�u�r�e� �c�h�a�r�-� 
�a�c�t�e�r� �f�o�r�m�u�l�a�,� �D�u�k�e� �M�a�t�h�.�J�.� �7�1� �(�1�9�9�0�)�,�8�3�9�-�8�5�8�.� 

�G�.�K�u�i�p�e�r�b�e�r�g�,� �I�n�v�o�l�u�t�o�r�y� �H�o�p�f� �a�l�g�e�b�r�a�s� �a�n�d� �3�-�m�a�n�i�f�o�l�d� �i�n�v�a�r�i�a�n�t�s�,� �I�n�-� 
�t�e�r�n�a�t�.�J�.�M�a�t�h�.� �2� �(�1�9�9�1�)�,�4�1�-�6�6�.� 

�V�.�L�a�k�s�h�m�i�b�a�i�,� �B�a�s�e�s� �f�o�r� �q�u�a�n�t�u�m� �e�n�v�e�l�o�p�i�n�g� �a�l�g�e�b�r�a�s� �I�T�,� �P�r�o�c�.� �o�f� �S�y�m�p�.� 
�P�u�r�e� �M�a�t�h�.� �5�6� �(�1�9�9�4�)�,�1�4�9�-�1�6�8�.� 

�V�.�L�a�k�s�h�m�i�b�a�i�,� �B�a�s�e�s� �f�o�r� �q�u�a�n�t�u�m� �D�e�m�a�z�u�r�e� �m�o�d�u�l�e�s�,� �p�r�e�p�r�i�n�t� �(�1�9�9�5�)�.� 

�V�.�L�a�k�s�h�m�i�b�a�i�,� �C�.�M�u�s�i�l�i� �a�n�d� �C�.�S�.�S�e�s�h�a�d�r�i�,� �C�o�h�o�m�o�l�o�g�y� �o�f� �l�i�n�e� �b�u�n�d�l�e�s� 
�o�n� �G�/�B�,� �A�n�n�.�s�c�i�e�n�t�.�E�c�.�N�o�r�m�.�S�u�p�.�4�®� �s�e�r�i�e�,�t�.�7� �(�1�9�7�4�)�,�8�9�-�1�3�8� 

�P�.�L�i�t�t�e�l�m�a�n�n�,� �L�i�t�l�e�w�o�o�d�-�R�i�c�h�a�r�d�s�o�n� �r�u�l�e� �f�o�r� �s�y�m�m�e�t�r�i�z�a�b�l�e� �K�a�c�-�M�o�o�d�y� 
�a�l�g�e�b�r�a�s�,� �I�n�v�.�M�a�t�h�.� �1�1�6� �(�1�9�9�3�)�,�3�2�9�.� 

�G�.�L�u�s�z�t�i�g�,� �M�o�d�u�l�a�r� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �a�n�d� �q�u�a�n�t�u�m� �g�r�o�u�p�s�,� �C�o�n�t�e�m�p�.� 
�M�a�t�h�.� �8�2� �(�1�9�8�9�)�,�5�9�-�7�7�,� �A�m�e�r�.�M�a�t�h�.�S�o�c�.�,� �P�r�o�v�i�d�e�n�c�e�,� �R�.�I�.�.� 

�G�.�L�u�s�z�t�i�g�,� �F�i�n�i�t�e� �d�i�m�e�n�s�i�o�n�a�l� �a�l�g�e�b�r�a�s� �a�r�i�s�i�n�g� �f�r�o�m� �q�u�a�n�t�i�z�e�d� �u�n�i�v�e�r�s�a�l� 
�e�n�v�e�l�o�p�i�n�g� �a�l�g�e�b�r�a�s�,� �J�.�A�m�e�r�.�M�a�t�h�.�S�o�c�.� �3� �(�1�9�9�0�)�,�2�5�7�-�2�9�6�.� 

�G�.�L�u�s�z�t�i�g�,� �Q�u�a�n�t�u�m� �g�r�o�u�p�s� �a�t� �r�o�o�t�s� �o�f� �1�,� �G�e�o�m�.�D�e�d�i�c�a�t�a�.� �3�5� �(�1�9�9�0�)� �,�8�9�-� 
�1�1�4�.� 

�G�.�L�u�s�z�t�i�g�,� �I�n�t�r�o�d�u�c�t�i�o�n� �t�o� �q�u�a�n�t�u�m� �g�r�o�u�p�s�,� �B�i�r�k�h�a�u�s�e�r� �B�o�s�t�o�n�,� �1�9�9�3�.� 

�G�.�L�u�s�z�t�i�g�,� �Q�u�a�n�t�u�m� �d�e�f�o�r�m�a�t�i�o�n�s� �o�f� �c�e�r�t�a�i�n� �s�i�m�p�l�e� �m�o�d�u�l�e�s� �o�v�e�r� �e�n�-� 
�v�e�l�o�p�i�n�g� �a�l�g�e�b�r�a�s�,� �A�d�v�.�M�a�t�h�.� �7�0� �(�1�9�8�8�)�,�2�3�7�-�2�4�9�.� 

�G�.�L�u�s�z�t�i�g�,� �C�a�n�o�n�i�c�a�l� �b�a�s�e�s� �a�r�i�s�i�n�g� �f�r�o�m� �q�u�a�n�t�i�z�e�d� �e�n�v�e�l�o�p�i�n�g� �a�l�g�e�b�r�a�s�,� 
�J�.�A�m�e�r�.�M�a�t�h�.�S�o�c�.� �3�(�1�9�9�0�)�,�4�4�7�-�4�9�8�.



�R�E�F�E�R�E�N�C�E�S� �8�1� 

�[�2�9�]� �G�.�L�u�s�z�t�i�g�,� �C�a�n�o�n�i�c�a�l� �b�a�s�e�s� �i�n� �t�e�n�s�o�r� �p�r�o�d�u�c�t�s�,� �P�r�o�c�.�N�a�t�.�A�c�a�d�.�S�c�i�.� �8�9� 
�(�1�9�9�2�)� �,�8�1�7�7�-�8�1�7�9�.� 

�[�3�0�]� �F�.�Q�u�i�n�n�,� �L�e�c�t�u�r�e�s� �o�n� �A�x�i�o�m�a�t�i�c� �T�o�p�o�l�o�g�i�c�a�l� �Q�u�a�n�t�u�m� �F�i�e�l�d� �T�h�e�o�r�y�,� 
�L�A�S�/�P�a�r�k� �C�i�t�y� �M�a�t�h�e�m�a�t�i�c�a�l� �S�e�r�i�e�s�,� �v�o�l�.�1�,� �1�9�9�5�.� 

�[�3�1�]� �F�.�Q�u�i�n�n� �a�n�d� �I�.�B�o�b�t�c�h�e�v�a�,� �N�u�m�e�r�i�c�a�l� �p�r�e�s�e�n�t�a�t�i�o�n�s� �o�f� �t�o�r�t�i�l�e� �c�a�t�e�g�o�r�i�e�s�,� 
�i�n�t�e�r�n�a�l� �r�e�p�o�r�t�.� 

�[�3�2�]� �N�.�Y�u�.�R�e�s�h�e�t�i�k�h�i�n� �a�n�d� �V�.�G�.�T�u�r�a�e�v�,� �R�i�b�o�n� �g�r�a�p�h�s� �a�n�d� �t�h�e�i�r� �i�n�v�a�r�i�a�n�t�s� 
�d�e�r�i�v�e�d� �f�r�o�m� �q�u�a�n�t�u�m� �g�r�o�u�p�s�,� �C�o�m�m�.�M�a�t�h�.�P�h�y�s�.� �1�2�7� �(�1�9�9�0�)�,�1�-�2�6�.� 

�[�3�3�]� �N�.�Y�u�.�R�e�s�h�e�t�i�k�h�i�n� �a�n�d� �V�.�G�.�T�u�r�a�e�v�,� �I�n�v�a�r�i�a�n�t�s� �o�f� �3�-�m�a�n�i�f�o�l�d� �v�i�a� �l�i�n�k� 
�p�o�l�y�n�o�m�i�a�l�s� �a�n�d� �q�u�a�n�t�u�m� �g�r�o�u�p�s�,� �I�n�v�e�n�t�.�M�a�t�h�.� �1�2�7� �(�1�9�9�1�)�,�5�4�7�-�5�9�7�.� 

�[�3�4�]� �S�a�a�v�e�d�r�a� �R�i�v�a�n�o�,� �C�a�t�e�g�o�r�i�e�s� �T�a�n�n�a�k�i�e�n�n�e�s�,� �L�e�c�t�u�r�e� �N�o�t�e�s� �i�n� �M�a�t�h�.� 
�2�6�5�,� �S�p�r�i�n�g�e�r�,� �B�e�r�l�i�n� �H�e�i�d�e�l�b�e�r�g� �N�e�w� �Y�o�r�k� �(�1�9�7�2�)�.� 

�[�3�5�]� �M�.�R�o�s�s�o�,� �F�i�n�i�t�e� �d�i�m�e�n�s�i�o�n�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �o�f� �t�h�e� �q�u�a�n�t�u�m� �a�n�a�l�o�g�u�e� �o�f� 
�a� �c�o�m�p�l�e�r� �s�e�m�i�s�i�m�p�l�e� �L�i�e� �a�l�g�e�b�r�a�,� �C�o�m�m�.�M�a�t�h�.�P�h�y�s�.� �1�1�7� �(�1�9�8�8�)�,�5�8�1�-� 
�5�9�3�.� 

�[�3�6�]� �M�.�R�o�s�s�o�,� �Q�u�a�n�t�u�m� �g�r�o�u�p�s� �a�t� �r�o�o�t�s� �o�f� �1� �a�n�d� �t�a�n�g�l�e� �i�n�v�a�r�i�a�n�t�s�,� �T�o�p�o�-� 
�l�o�g�i�c�a�l� �a�n�d� �G�e�o�m�e�t�r�i�c�a�l� �M�e�t�h�o�d�s� �i�n� �F�i�e�d� �T�h�e�o�r�y�,� �J�.�M�i�c�k�e�l�s�o�n� �a�n�d� 
�D�.�P�e�k�o�n�e�n�,� �3�4�7�-�5�8�.� 

�[�3�7�]� �M�e�i� �C�h�e�e� �S�h�u�m�,� �T�o�r�t�i�l�e� �t�e�n�s�o�r� �c�a�t�e�g�o�r�i�e�s�,� �J�o�u�r�n�a�l� �o�f� �P�u�r�e� �a�n�d� �A�p�p�l�i�e�d� 
�A�l�g�e�b�r�a� �9�3� �B�e�r�l�i�n� �H�e�i�d�e�l�b�e�r�g� �N�e�w� �Y�o�r�k� �(�1�9�9�4�)�,� �5�7�-�1�1�0�.� 

�[�3�8�]� �V�.�G�.�T�u�r�a�e�v�,� �Q�u�a�n�t�u�m� �i�n�v�a�r�i�a�n�t�s� �o�f� �3�-�m�a�n�i�f�o�l�d�s�,� �W�a�l�t�e�r� �d�e� �G�r�y�t�e�r� �3�1� 
�(�1�9�9�4�)�.� 

�(�3�9�]� �V�.�G�.�T�u�r�a�e�v�,� �O�.�Y�.�V�i�r�o�,� �S�t�a�t�e� �s�u�m� �i�n�v�a�r�i�a�n�t�s� �o�f� �3�-�m�a�n�i�f�o�l�d�s� �a�n�d� �q�u�a�n�-� 
�t�u�m� �6�j�-�s�y�m�b�o�l�s�,� �T�o�p�o�l�o�g�y� �3�1� �(�1�9�9�2�)�,�8�6�5�-�9�0�2�.� 

�[�4�0�]� �V�.�G�.�T�u�r�a�e�v�,� �H�.�W�e�n�z�l�,� �Q�u�a�n�t�u�m� �i�n�v�a�r�i�a�n�t�s� �o�f� �3�-�m�a�n�i�f�o�l�d�s� �a�s�s�o�c�i�a�t�e�d� 
�w�i�t�h� �c�l�a�s�s�i�c�a�l� �s�i�m�p�l�e� �L�i�e� �a�l�g�e�b�r�a�s�,� �I�n�t�e�r�n�a�t�.�J�.�M�a�t�h�.� �4� �(�1�9�9�3�)�,�3�2�3�-�3�5�8�.� 

�[�4�1�]� �K�.�W�a�l�k�e�r�,� �O�n� �W�i�t�t�e�n ��s� �3�-�m�a�n�i�f�o�l�d� �i�n�v�a�r�i�a�n�t�s�,� �p�r�e�p�r�i�n�t�,� �(�1�9�9�1�)�.



�R�E�F�E�R�E�N�C�E�S� �8�2� 

�[�4�2�]� �E�.�H�.�W�i�t�t�e�n�,� �Q�u�a�n�t�u�m� �f�i�e�l�d� �t�h�e�o�r�y� �a�n�d� �t�h�e� �J�o�n�e�s� �p�o�l�y�n�o�m�i�a�l�,� �C�o�m�m�.� 
�M�a�t�h�.� �P�h�y�s�i�c�s� �1�2�1� �(�1�9�8�9�)�,�3�5�1�-�3�9�9�.� 

�[�4�3�]� �D�.�N�.�Y�e�t�t�e�r�,� �S�t�a�t�e�-�s�u�m� �i�n�v�a�r�i�a�n�t�s� �o�f� �3�-�m�a�n�i�f�o�l�d�s� �a�s�s�o�c�i�a�t�e�d� �t�o� �a�r�t�i�n�i�a�n� 
�s�e�m�i�s�i�m�p�l�e� �t�o�r�t�i�l�e� �c�a�t�e�g�o�r�i�e�s�,� �T�o�p�o�l�o�g�y� �a�n�d� �A�p�p�l�i�c�a�t�i�o�n�s� �5�8� �(�1�9�9�4�)�,�4�7�-� 
�S�O�.



�A� �A�l�g�S�e�t�u�p� 
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�I�f�[�a�l�g�=�=�"�F�"�,� 
�{�4�,�3�,�4�,�2�,�3�,�4�,�2�,�3�,�2�,�1�,�2�,�3�,�2�,�4�,�1�,�3�,�2�,�3�,�1�,�4�,�2�,�3�,�2�,� �1�3�]� �I�I�I�]�;� 

�s�g�e�n�[�i�_�,�j�_�]�:�=�P�o�s�r�o�o�t�s�[�[�j�]�]�-�2�*�P�a�i�r�i�n�g�[�[�i�,�j�]�]�/�P�a�i�r�i�n�g�[�[�i�,�i�]�]�*� 
�P�o�s�r�o�o�t�s�[�[�i�]�]�;� 

�a�p�p�l�y�s�e�q�[�s�e�q�_�,�j�_�]�:�=�M�o�d�u�l�e�[�{�l�s�,�c�u�r�e�l�e�m�,�i�,�n�e�w�e�l�e�m�,�c�o�e�f�}�,� 

�1�l�s�=�L�e�n�g�t�h�[�s�e�q�]� �;� 
�c�u�r�e�l�e�m�=�P�o�s�r�o�o�t�s�[�[�j�]�]�;� 
�D�o�l�i�=�s�e�q�[�[�-�k�]�]�;� 

�n�e�w�e�l�e�m�=�T�a�b�l�e�(�0�,�{�r�a�n�k�}�]�;� 
�D�o�[�c�o�e�f�=�c�u�r�e�l�e�m�[�[�s�]�]�;� 

�I�f� �[�c�o�e�f�=�!�=�0�,� �n�e�w�e�l�e�m�t�=�c�o�e�f�*�s�g�e�n�[�i�,�s�]�]� 
�,�t�s�,�r�a�n�k�}�]�;� 

�c�u�r�e�l�e�m�=�n�e�w�e�l�e�m� 

�»�{�k�,�1�s�}�]�;� 
�c�u�r�e�l�e�m�]� �;� 

�W�=�T�a�b�l�e�[�0�,�{�r�a�n�k�}�]� �;� 
�D�o�[�W�[� �[�n�u�m�r�o�o�t� �[�-�a�p�p�l�y�s�e�q�[�W�m�a�x�e�l�e�m�,�i�]�]�]�]�=�i�,� �{�i�,�r�a�n�k�}�]�;� 

�S�a�v�e�L�o�u�t�p�u�t�f�i�l�e�,� �a�l�g�c�a�t�e�g�o�r�y�,�C�C� �,�F�w�e�i�g�h�t�s�,�r�h�o�,�g�a�m�m�a�,� 

�P�a�i�r�i�n�g�,� �P�o�s�r�o�o�t�s�,� �W�m�a�x�e�l�e�m�,�W�]� �;
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�a�l�g�=�"�A�"�;� 

�r�a�n�k�=�3�;� 

�a�l�g�c�a�t�e�g�o�r�y�=�a�l�g�<�>�T�o�S�t�r�i�n�g� �[�r�a�n�k�]� �<�>�"�q�"�;� 
�i�n�p�u�t�f�i�l�e�=�a�l�g�<�>�T�o�S�t�r�i�n�g� �[�r�a�n�k�]� �<�>�"�q�"�<�>�"�.�a�l�g�"�;� 
�o�u�t�p�u�t�f�i�l�e�=�a�l�g�c�a�t�e�g�o�r�y�<�>�"�.�r�o�o�t�s�"�;� 
�r�e�p�o�r�t�s�=�T�r�u�e�;� 
�O�f�f� �[�G�e�n�e�r�a�l�:�:�s�p�e�l�1�1�]�;� 
�S�e�t�D�i�r�e�c�t�o�r�y�L� 
�"�M�a�c�i�n�t�o�s�h� �H�D�:�M�a�t�h�e�m�a�t�i�c�a� �2�.�2�.�2�:�Q�u�a�n�t�u�m�G�r�o�u�p�s�:�"�<�>�a�l�g�c�a�t�e�g�o�r�y�]� �;� 

�a�n�n�o�u�n�c�e�[�s�t�r�i�n�g�_�]�:�=� �I�f�[�r�e�p�o�r�t�s�,� �P�r�i�n�t�[�s�t�r�i�n�g�<�>�"� �a�t�"�,� 
�D�a�t�e�l�]� �(�[�4�]�]�,�"�:�"�,�D�a�t�e�l�]�(�(�S�]�1�1�]�1�;� 

�a�n�n�o�u�n�c�e�[�"�S�t�a�r�t�e�d�"�'�]� �;� 

�I�f� �[�F�i�l�e�N�a�m�e�s�[�i�n�p�u�t�f�i�l�e�]�=�=�{�}�,� 
�P�r�i�n�t�[�"�C�a�n ��t� �f�i�n�d� �t�h�e� �i�n�p�u�t�f�i�l�e�"�]�;� 
�A�b�o�r�t�[�]�,� �G�e�t�[�i�n�p�u�t�f�i�l�e�]�]�;� 

�(�*�f�u�n�c�t�i�o�n�s� �w�h�i�c�h� �d�e�f�i�n�e� �r�i�n�g� �o�p�e�r�a�t�i�o�n�s� �o�n� 
�Q�C ¬�v�)� �w�i�t�h� �v�-�i�n�d�e�t�e�r�m�i�n�a�n�t�*�)� 

�p�r�o�d�[�p�o�l�y�1�_�,�p�o�l�y�2�_�]� �:�=�(�p�r�e�p�r�=�{�}�;� 

�D�o�[�A�p�p�e�n�d�T�o�[�p�r�e�p�r�,�{�p�o�l�y�1�[�[�i�o�,�1�]�]�+�p�o�l�y�2�[�[�j�o�,�1�]�]�,� 
�p�o�l�y�1�t�[�[�i�o�,�2�]�]�*�p�o�l�y�2�[�[�j�o�,�2�]�]�}�]� 

�,�{�i�o�,�L�e�n�g�t�h�[�p�o�l�y�1�]�}�,�{�j�o�,�L�e�n�g�t�h�[�p�o�l�y�2�]�}�]� �;� 

�p�r�e�p�r�=�S�o�r�t�[�p�r�e�p�r�]�;� �l�p�p�r�=�L�e�n�g�t�h�[�p�r�e�p�r�]� �;� 
�r�e�s�u�l�t�=�{�}�;� �p�r�=�p�r�e�p�r�[�[�1�]�]�;� �t�e�r�m�=�p�r�[�[�1�]�]�;� 
�1�0�=�1�;� 

�W�h�i�l�e�[�i�o�<�l�p�p�r�,� �i�o�t�t�+�;� 
�I�f� �{�[�p�r�e�p�r�[�L�l�i�o�,�1�]�]�=�=�t�e�r�m�,� �p�r�[�[�2�]�]�+�=�p�r�e�p�r�[�[�L�i�o�,�2�]�]� 

�,� �A�p�p�e�n�d�T�o�[�r�e�s�u�l�t�,�p�r�]�;� �p�r�=�p�r�e�p�r�[�[�i�o�]�]�;� 

�t�e�r�m�=�p�r�[�[�1�]�]�]�]�;� 
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�A�p�p�e�n�d�T�o�[�r�e�s�u�l�t�,� �p�r�]� �;� 
�r�e�s�u�l�t�)�;� 

�I�f�f�a�l�g� �=�=� �"�A�"�,� 

�n�u�m�p�o�s�r�=�r�a�n�k�*� �(�r�a�n�k�+�1�)�/�2�;� 
�P�o�s�r�l�i�s�t�=�{�}�;� 
�D�o�[�A�p�p�e�n�d�T�o�[�P�o�s�r�l�i�s�t�,� 

�T�a�b�l�e� �[�I�f� �[�i�<�j�]�]�i�>�k�,�0�,�1�]�,�{�i�,�r�a�n�k�}�]�]� 
�,�{�k�,�r�a�n�k�}�,�{�j�,�k�}�]�;� 

�P�r�e�R�l�i�s�t�=�{�}�;� �i�=�r�a�n�k�;� �j�=�r�a�n�k�;� �C�o�n�s�t�=�{�}�;� 
�W�h�i�l�e�[�i�>�o�,� 

�I�f� �[�j�=�=�i�,�P�r�e�p�e�n�d�T�o�[�P�r�e�R�l�i�s�t�,�{�{�{�i�}�,�{�{�0�,�1�}�}�}�}�]�;� 
�P�r�e�p�e�n�d�T�o�[�C�o�n�s�t�,�1�]�,� 
�p�r�e�v�e�l�e�m�=�P�r�e�R�l�i�s�t�[�[�1�]�]�;� 
�P�r�e�p�e�n�d�T�o�[�P�r�e�R�l�i�s�t�,� 
�F�l�a�t�t�e�n�[�T�a�b�l�e�[�{�s�e�q�,�{�{�e�x�p�,�f�}�}�}�=�p�r�e�v�e�l�e�m�[�[�s�]�]�;� 
�{�{�A�p�p�e�n�d�[�s�e�q�,�j�]�,�{�{�e�x�p�,�f�}�}�}�,� 
�{�P�r�e�p�e�n�d�[�s�e�q�,�j�]�,�{�{�e�x�p�-�1�,�-�f�}�}�}�}� 
�,�{�s�,�L�e�n�g�t�h�[�p�r�e�v�e�l�e�m�]�}�]�,�1�]�]�;� 

�A�p�p�e�n�d�T�o� �[�C�o�n�s�t� �,�1�]�]�;� 
�I�f�[�j�>�1�,�j�-�-�,�i�-�-�;�j�=�i�]�]�]�o�0�0�;� 

�I�f�f�a�l�g� �=�=� �"�C�c�"�,� 

�P�o�s�r�l�i�s�t�=�{�T�a�b�l�e�[�I�f�[�j�=�=�r�a�n�k�,�1�,�0�]�,�{�j�,�r�a�n�k�}�]�}�;� 
�s�t�a�r�t�l�=�P�o�s�r�l�i�s�t�{�[�i�]�]�;� 
�s�=�1�;� 

�W�h�i�l�e�[�s�<�=�2�*�(�r�a�n�k�-�1�)�,� �k�=�0�;� 
�W�h�i�l�e�(�[�k�<�=�I�f� �[�E�v�e�n�Q�[�s�]� �,�s�/�2�,�(�s�-�1�)�/�2�]�,� 

�I�f� �[�r�a�n�k�-�s�+�k�>�0�,� �c�u�r�e�l�=�s�t�a�r�t�l�;� 
�D�o�[�c�u�r�e�l�(�{�(�1�J�]�=�I�f� �[�1�>�=�r�a�n�k�-�k�,�2�,�1�]� 

�,�(�l�,�r�a�n�k�-�s�+�k�,�r�a�n�k�-�1�i�}�]� �;� 
�A�p�p�e�n�d�T�o�[�P�o�s�r�l�i�s�t�,� �c�u�r�e�l�]�]�;� �k�+�+�]�;� 

�s�+�+�]�;� 
�m�=�k�=�r�a�n�k�-�1�;� �z�e�r�o�l�=�T�a�b�l�e�(�[�0�,�{�r�a�n�k�}�]� �;
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�W�h�i�l�e�{�m�>�0�,� �c�u�r�e�l�=�z�e�r�o�l�;� 
�D�o�[�c�u�r�e�l�[�[�1�]�]�=�1�,�{�1�,�k�,�m�}�]�;� 
�A�p�p�e�n�d�T�o� �[�P�o�s�r�l�i�s�t�,�c�u�r�e�l�]� �;� 
�I�f�[�k�>�1�,�k�-�-�,�m�-�~�;�k�=�m�]�]�;� 

�D�o�[�n�u�m�p�l�[�P�o�s�r�l�i�s�t�[�[�k�]�]�]�=�k�,� �{�k�,�L�e�n�g�t�h�[�P�o�s�r�l�i�s�t�]�}�]�;� 
�P�r�e�R�l�i�s�t�=�{�{�{�{�r�a�n�k�}�,�{�{�0�,�1�}�}�}�}�}�;� �C�o�n�s�t�=�{�1�}�;� 
�D�o�L� �(�*�k� �o�v�e�r� �P�o�s�r�l�i�s�t�*�)� 

�c�u�r�r�o�o�t�=�P�o�s�r�l�i�s�t�[�[�k�]�]�;� �l�1�=�1�;� �c�u�r�c�o�n�s�t�=�{�}�;� 
�W�h�i�l�e�[�c�u�r�r�o�o�t� �[�[�1�]�]�=�=�0�,�1�+�+�]�;� 

�I�f� �[�c�u�r�r�o�o�t�[�[�1�]�]�=�=�2�,� 

�A�p�p�e�n�d�T�o�[�c�u�r�c�o�n�s�t� �,�{�2�,�1�}�]�;� 
�p�r�e�v�e�l�e�m�=� 

�P�r�e�R�l�i�s�t�[�[�n�u�m�p�l�[�R�e�p�l�a�c�e�P�a�r�t�[�c�u�r�r�o�o�t� �,�0�,�1�]�]�]�]�;� 
�A�p�p�e�n�d�T�o�[�P�r�e�R�l�i�s�t�,� �F�l�a�t�t�e�n�[� 

�T�a�b�l�e�[�{�s�e�q�,� �p�o�l�y�}�=�p�r�e�v�e�l�e�m�[�[�s�]�]� �;� 
�{�{�J�o�i�n�[�{�1�,�1�}�,�s�e�q�]� �,�p�o�l�y�}�,� 
�{�J�o�i�n�[�{�1�}�,�s�e�q�,�{�1�}�]�,� 
�p�r�o�d�[�{�{�0�,�-�1�}�,�{�-�2�,�-�1�}�}�,�p�o�l�y�]�}�,� 

�{�J�o�i�n�[�s�e�q�,�{�1�,�1�}�]�,� 
�p�r�o�d�[�{�{�-�2�,�1�}�}�,�p�o�l�y�]�}�}� 

�,�{�s�,�L�e�n�g�t�h�[�p�r�e�v�e�l�e�m�]�}�]�,�1�]�]� 

�p�r�e�v�r�o�o�t�=�R�e�p�l�a�c�e�P�a�r�t� �[�c�u�r�r�o�o�t� �,�0�,�1�]�;� 
�I�f� �[�p�r�e�v�r�o�o�t�=�=�z�e�r�o�l�,� 

�A�p�p�e�n�d�T�o�[�P�r�e�R�l�i�s�t� �,�{�{�{�1�}�,�{�{�0�,� �1�}�}�}�}�]� 

�p�r�e�v�e�l�e�m�=�P�r�e�R�l�i�s�t� �[�[�n�u�m�p�l�[�p�r�e�v�r�o�o�t�]�]�]�;� 
�I�f� �[�c�u�r�r�o�o�t�[�[�1�+�1�]�]�=�=�2� �|�|� �l�=�=�r�a�n�k�-�1�,� 

�A�p�p�e�n�d�T�o�[�P�r�e�R�l�i�s�t�,� �F�l�a�t�t�e�n�l�[� 
�T�a�b�l�e�[�{�s�e�q�,�p�o�l�y�}�=�p�r�e�v�e�l�e�m�[�[�s�]�]�;� 

�{�{�J�o�i�n�[�{�1�}�,�s�e�q�]� �,�p�o�l�y�}�,� 
�{�J�o�i�n�[�s�e�q�,�{�1�}�]�,� 

�p�r�o�d�[�{�{�-�2�,�-�1�}�}�,�p�o�l�y�]�}�}� 
�,�{�s�,�L�e�n�g�t�h�L�[�p�r�e�v�e�l�e�m�]� �}�]� �,�1�]�]� 

�A�p�p�e�n�d�T�o�[�P�r�e�R�l�i�s�t�,� �F�l�a�t�t�e�n�[� 
�T�a�b�l�e�[�{�s�e�q�,� �p�o�l�y�}�=�p�r�e�v�e�l�e�m�[�[�s�]�]�;
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�{�{�J�o�i�n�[�{�1�}�,�s�e�q�]� �,�p�o�l�y�}�,� 
�{�J�o�i�n�[�s�e�q�,�{�1�}�]�,� 
�p�r�o�d�[�{�{�-�1�,�-�1�}�}�,�p�o�l�y�]�}�}� 

�,�{�s�,�L�e�n�g�t�h�[�p�r�e�v�e�l�e�m�]� �}�]� �,�1�]�]�]� 
�J�]�;� 

�I�f� �[�c�u�r�c�o�n�s�t�=�=�{�}�,�A�p�p�e�n�d�T�o�[�C�o�n�s�t�,�1�]�,� 

�A�p�p�e�n�d�T�o� �[�C�o�n�s�t� �,�c�u�r�c�o�n�s�t�]� �]� 
�,�{�k�,�2�,�L�e�n�g�t�h�[�P�o�s�r�l�i�s�t�]�}�]�;� 

�P�r�e�R�l�i�s�t�=�R�e�v�e�r�s�e� �[�M�a�p� �[�M�a�p� �[�M�a�p�A�t� �[�R�e�v�e�r�s�e�,�#�,�{�1�}�]�&�,�#�]�&�,�P�r�e�R�l�i�s�t�]�]�;� 
�C�o�n�s�t�=�R�e�v�e�r�s�e�[�C�o�n�s�t�]� �;� 

�P�o�s�r�l�i�s�t�=�R�e�v�e�r�s�e�[�P�o�s�r�l�i�s�t�]�;� 

�1�;� 

�I�f�[�a�l�g�=�=�"�D�"�,� 
�P�o�s�r�l�i�s�t�=�{�}�;� �P�r�e�R�l�i�s�t�=�{�}�;� �i�d�m�a�t�r�i�x�=�I�d�e�n�t�i�t�y�M�a�t�r�i�x�[�r�a�n�k�]� �;� 

�D�o�[� �(�*� �{�k�,�1�,�r�a�n�k�}� �*�)� 
�A�p�p�e�n�d�T�o�[�P�r�e�R�l�i�s�t� �,�{�{�{�k�}�,�{�{�0�,�1�}�}�}�}�]�;� 
�A�p�p�e�n�d�T�o�[�P�o�s�r�l�i�s�t�,� �i�d�m�a�t�r�i�x�[�[�k�]�]�]�;� 

�D�o� �[�A�p�p�e�n�d�T�o�[�P�r�e�R�l�i�s�t� �,�c�o�m�m�u�t�a�t�o�r�[�P�r�e�R�l�i�s�t�[�[�-�1�]�]�,�-�1�,�i�]�]�;� 
�A�p�p�e�n�d�T�o�[�P�o�s�r�l�i�s�t�,� �P�o�s�r�l�i�s�t�[�[�-�1�]�]�+�i�d�m�a�t�r�i�x�[�[�i�]�]�]�;� 

�,�(�i�,�k�+�1�,�r�a�n�k�-�1�}�]�;� 
�I�f� �[�k�<�r�a�n�k�-�1�,�A�p�p�e�n�d�T�o�[�P�r�e�R�l�i�s�t� �,�c�o�m�m�u�t�a�t�o�r�[�P�r�e�R�l�i�s�t�[�[�-�2�]�]�,�-�1�,�r�a�n�k�]�]�;� 

�A�p�p�e�n�d�T�o�[�P�o�s�r�l�i�s�t�,� �P�o�s�r�l�i�s�t�[�[�-�2�]�]�+�i�d�m�a�t�r�i�x�[�[�r�a�n�k�]�]�]�;� 
�A�p�p�e�n�d�T�o�[�P�r�e�R�l�i�s�t�,�c�o�m�m�u�t�a�t�o�r�[�P�r�e�R�l�i�s�t�[�[�-�2�]�]�,�-�1�,�r�a�n�k�]�]�;� 
�A�p�p�e�n�d�T�o�[�P�o�s�r�l�i�s�t�,� �P�o�s�r�l�i�s�t�[�[�-�2�]�]�+�i�d�m�a�t�r�i�x�[�[�r�a�n�k�]�]�]�]�;� 

�1�=�r�a�n�k�-�2�;� 

�W�h�i�l�e�l�i�>�=�k�+�1�,� 

�A�p�p�e�n�d�T�o�[�P�r�e�R�l�i�s�t� �,�c�o�m�m�u�t�a�t�o�r�[�P�r�e�R�l�i�s�t�[�[�-�1�]�]� �,�-�1�,�i�]�]�;� 
�A�p�p�e�n�d�T�o�[�P�o�s�r�l�i�s�t�,� �P�o�s�r�l�i�s�t�[�[�-�1�]�]�+�i�d�m�a�t�r�i�x�[�[�i�l�]�]�]�;� 
�i�-�-�]�;� 

�,�{�k�,� �r�a�n�k�}�]� �;� 

�C�o�n�s�t�=�T�a�b�l�e�[�1�,�{�L�e�n�g�t�h�[�P�r�e�R�l�i�s�t�]� �}�]�;� 
�P�r�e�R�l�i�s�t�=�R�e�v�e�r�s�e�[�P�r�e�R�l�i�s�t�]� �;� 
�P�o�s�r�l�i�s�t�=�R�e�v�e�r�s�e�[�P�o�s�r�l�i�s�t�]� �;
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�]�;� 

�I�f�[�a�l�g�=�=�"�6�"�,� 

�P�o�s�r�l�i�s�t�=�R�e�v�e�r�s�e�[�{�{�0�,�1�}�,�{�1�,�1�}�,�{�3�,�2�}�,�{�2�,�1�}�,�{�3�,�1�}�,�{�1�,�0�}�}�]�;� 

�C�o�n�s�t�=�R�e�v�e�r�s�e�[�{�1�,�1�,�{�{�2�,�1�}�,�{�2�,�2�}�,�{�3�,�1�}�}�,�{�{�2�,�1�}�}�,� 
�{�{�2�,�1�}�,�{�3�,�1�3�}�,�1�}�]�;� 

�P�r�e�R�l�i�s�t�=�{�{�{�{�2�}�,�{�{�0�,�1�}�}�}�}�,� 

�{�{�{�1�,�2�}�,�{�{�0�,�1�}�}�}�,�{�{�2�,�1�}�,�{�{�-�3�,�-�1�}�}�}�}�,� 

�{�{�{�1�,�1�,�1�,�2�,�2�}�,�{�{�-�1�,�1�}�,�{�1�,�1�}�}�}�,� 
�{�{�2�,�2�,�1�,�1�,�1�}�,�{�{�-�7�,�1�}�,�{�-�5�,�1�}�}�}�,� 
�{�{�1�,�1�,�2�,�2�,�1�}�,�{�{�-�4�,�1�}�,�{�-�2�,�1�}�,�{�0�,�1�}�}�}�,� 
�{�{�1�,�2�,�2�,�1�,�1�}�,�{�{�-�6�,�1�}�,�{�-�4�,�1�}�,�{�-�2�,�1�}�}�}�,� 
�{�{�1�,�2�,�1�,�1�,�2�}�,� 

�{�{�-�6� �,�-�1�}�,�{�-�4�,�-�1�}�,�{�-�2�,�-�1�}�,�{�0�,�-�1�}�,�{�2�,�-�1�}�,�{�4�,�-�1�}�}�}�,� 
�{�{�2�,�1�,�1�,�2�,�1�}�,�{�{�-�1�0�,�-�1�}�,�{�-�8�,�-�1�}�,�{�-�6�,�-�1�}�,�{�-�4�,�-�1�}�,� 

�{�-�2�,�-�1�}�,�{�0�,�-�1�}�}�}�,� 
�{�{�2�,�1�,�1�,�1�,�2�}�,�{�{�-�7�,�1�}�,�{�-�5�,�1�}�,�{�-�1�,�1�}�,�{�1�,�1�}�}�}�}�,� 

�~� �{�£�4�4�,�1�,�2�4�,� �(�£�0�,�1�3�3�,� �(�1�,�2�,� �1�3�,�  ¬�6�3�,�-�1�3�,�-�1�,�-�1�1�}�)�,� 
�{�{�2�,�1�,�1�}�,�{�{�-�4�,�1�}�}�}�}�,� 

�{�{�{�1�,�1�,�1�,�2�}�,�{�{�0�,�-�1�}�}�}�,� 
�{�{�1�,�1�,�2�,�1�}�,�{�{�-�3�,�1�}�,�{�-�1�,�1�}�,�{�1�,�1�}�}�}�,� 

�{�{�1�,�2�,�1�,�1�}�,�{�{�-�4�,�-�1�}�,�{�-�2�,�-�1�}�,�{�0�,�-�1�}�}�}�,� 
�{�{�2�,�1�,�1�,�1�}�,�{�{�-�3�,�1�}�}�}�}�,� 

�{�{�{�1�}�,�{�{�0�,�1�}�}�}�}�}�;� 

�P�r�e�R�l�i�s�t�=� 

�R�e�v�e�r�s�e� �[�M�a�p� �[�M�a�p� �[�M�a�p�A�t� �[�R�e�v�e�r�s�e�,�#�,�{�1�}�]�&�,�#�]�&�,�P�r�e�R�l�i�s�t�]�]�]�;� 

�S�a�v�e�[�o�u�t�p�u�t�f�i�l�e�,�P�o�s�r�l�i�s�t�,�P�r�e�R�l�i�s�t�,�C�o�n�s�t�]� �;
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�C� �R�e�p�S�e�t�u�p� 

�p�=�7�;� 
�a�l�g�=�"�A�"�;� 

�r�a�n�k�=�3�;� 

�c�l�a�s�s�0�=�F�a�l�s�e�;� 

�a�l�g�c�a�t�e�g�o�r�y�=�a�l�g�<�>�T�o�S�t�r�i�n�g� �[�r�a�n�k�]� �<�>�"�q�"�;� 
�c�a�t�e�g�o�r�y�=�a�l�g�<�>�T�o�S�t�r�i�n�g� �[�r�a�n�k�]� �<�>�"�q�"�<�>�"�m�o�d�"�<�>�T�o�S�t�r�i�n�g�[�p�]� �;� 
�i�n�p�u�t�f�i�l�e�=�a�l�g�<�>�T�o�S�t�r�i�n�g� �[�r�a�n�k�]� �<�>�"�q�"�<�>�"�.�a�l�g�"�;� 
�o�u�t�p�u�t�f�i�l�e�=�c�a�t�e�g�o�r�y�<�>�"�.�r�e�p�"�;� 
�s�t�a�t�u�s�f�i�l�e�=�c�a�t�e�g�o�r�y�<�>�"�.�s�t�a�t�u�s�"�;� 
�c�l�a�s�s�O�r�e�p�=�F�a�l�s�e�;� 
�a�l�l�c�l�a�s�s�e�s�r�e�p�=�F�a�l�s�e�;� 
�r�e�p�o�r�t�s�=�T�r�u�e�;� 
�c�o�m�p�u�t�e�d�i�m�F�=�T�r�u�e�;� 
�d�o�t�e�s�t�s�=�F�a�l�s�e�;� 

�O�f�f� �(�G�e�n�e�r�a�l�:� �:�s�p�e�l�l�1�]�;� 
�S�e�t�D�i�r�e�c�t�o�r�y�|� 
�"�M�a�c�i�n�t�o�s�h� �H�D�:�M�a�t�h�e�m�a�t�i�c�a� �2�.�2�.�2�:�Q�u�a�n�t�u�m�G�r�o�u�p�s�:�'�'�<�>� 

�a�l�g�c�a�t�e�g�o�r�y�]� �;� 
�a�n�n�o�u�n�c�e�(�s�t�r�i�n�g�_�]�:�=� �I�f�[�r�e�p�o�r�t�s�,� �P�r�i�n�t�[�s�t�r�i�n�g�<�>�"� �a�t�"�,� 

�D�a�t�e�[�]� �(�[�4�]�]�,�"�:�"�,�D�a�t�e�[�]�[�[�5�]�]�]�]�;� 
�a�n�n�o�u�n�c�e�[�"�S�t�a�r�t�e�d�'�'�]� �;� 

�c�o�x�n�=�I�f� �[�a�l�g�=�=�=�"�A�"�"�,�r�a�n�k�+�1�,� 

�I�f�[�a�l�g�=�=�=�"�B�"�,�2�*�r�a�n�k�,� 

�I�f� �[�a�l�g�=�=�=�"�C�"�,�2�*�r�a�n�k�,� 

�I�f� �l�a�l�g�=�=�=�"�F�"�k�&�r�a�n�k�=�=�4�,�1�2�,� 

�I�f� �[�a�l�g�=�=�=�"�6�"�&�&�r�a�n�k�=�=�2�,�6�,� 

�9�4
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�I�f� �[�a�l�g�=�=�=�"�D�"� �,�2�*�r�a�n�k�-�2�,� 

�I�f� �[�(�a�l�g�=�=�=�"�E�"�)�&�&�(�r�a�n�k�=�=�6�|� �|� �r�a�n�k�=�=�7� �|� �|�r�a�n�k�=�=�8�)� �,� 
�I�f� �[�r�a�n�k�=�=�6� �,�1�2�,� �I�f� �[�r�a�n�k�=�=�7�,�1�8�,�3�0�]�]�]�]�1�]�]�1�]�]�;� 

�I�f� �[�p�<�c�o�x�n�,� 
�P�r�i�n�t�[�"�T�h�e� �C�o�x�e�t�e�r� �n�u�m�b�e�r� �f�o�r� �t�h�i�s� �a�l�g�e�b�r�a� 

�i�s� �"�,�c�o�x�n�,�"�.�"�,� �"�Y�o�u�r� �p�r�i�m�e� �s�h�o�u�l�d� �b�e� 

�b�i�g�g�e�r� �t�h�e�n� �i�t�.�"�]�;� �A�b�o�r�t�[�]�]�;� 

�I�f� �[�F�i�l�e�N�a�m�e�s� �[�i�n�p�u�t�f�i�l�e�]�=�=�{�}�,� 
�P�r�i�n�t�[�"�C�a�n ��t� �f�i�n�d� �t�h�e� �i�n�p�u�t�f�i�l�e�'�]� �;� 
�A�b�o�r�t�[�]�,� �G�e�t� �[�i�n�p�u�t�f�i�l�e�]�]�;� 

�(�+�K�i�l�l�i�n�g� �f�o�r�m�*�)� 
�K�f� �(�x�_�,�y�_�]�:�=�S�u�m�(�x�(�(�i�l�l�*�y�(�(�j�J�]�*�P�a�i�r�i�n�g�(�l�i�,�j�]�]� 

�,�{�i�,� �L�e�n�g�t�h�[�x�]�}�,�{�j�,�L�e�n�g�t�h�L�y�]�}�]�;� 

�S�r�o�o�t�s�=�I�d�e�n�t�i�t�y�M�a�t�r�i�x�[�r�a�n�k�]� �;� 
�z�e�r�o�=�T�a�b�l�e�[�0�,�{�p�-�1�}�]�;� 
�o�n�e�=�T�a�b�l�e�[�1�,�{�p�-�1�}�]�;� 
�i�d�=�T�a�b�l�e�[�I�f�[�i�=�=�1�,�1�,�0�]�,�{�i�,�1�,�p�-�1�}�]�;� 

�p�r�o�d�[�a�_�,�b�_�]�:�=� �I�f�[�a�=�=�z�e�r�o�|�|�b�=�=�z�e�r�o�,�z�e�r�o�,� 
�I�f� �[�a�=�=�i�d�,�b�,� �I�f� �[�b�=�=�i�d�,�a�,� 

�T�a�b�l�e�[�a�[�[�1�]�]�*�b�(�C�[�k�e�+�1�]�]� �+� 
�S�u�m�[�a�L�l�[�i�e�t�+�1�]�]�*�(�b�[�[�k�e�-�i�e�+�1�]�]�-�b�[�[�p�-�i�e�]�]�)�,�f�i�e�,�1�,�k�e�}�]�-� 
�I�f� �[�k�e�<�p�-�2�,�a�[�[�k�e�+�2�]�]�*�b�[�[�p�-�k�e�-�1�]�]� �,�0�]� �+� 
�S�u�m�C�a�l�L�i�e�t�+�1�]�]�*�(�b�[�[�p�-�i�e�t�k�e�t�+�1�]�]�-�b�[�[�p�-�i�e�]�]�)� 

�,�{�i�e�,�k�e�+�2�,�p�-�2�}�]� 

�»�{�k�e�,�0�,�p�-�2�}�]�]�]�]�;� 

�i�n�v�[�a�_�]�:�=� �M�o�d�u�l�e�[�{�G�G�}�,� �I�f�{�a�=�=�i�d�,�i�d�,� �I�f�[�a�=�=�z�e�r�o�,� 
�P�r�i�n�t�[�"�i�n�v� �h�a�s� �b�e�e�n� �c�a�l�l�e�d� �w�i�t�h� �z�e�r�o� �a�r�g�u�m�e�n�t�.�"�]�,� 
�G�G�=� �T�a�b�l�e�[� �I�f�[�l�i�a�=�=�1�,�a�[�l�[�k�a�+�1�]�]�,� 

�I�f�{�i�a�>�1� �&�&� �i�a�<�=�k�a�t�+�1�,�a�[�[�k�a�-�i�a�t�+�2�]�]�-�a�l�[�p�-�i�a�t�+�i�]�]�,� 

�I�f� �[�i�a�=�=�k�a�+�2�,�-�a�l�[�p�-�k�a�-�1�]�]�,
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�I�f�[�i�a�>�k�a�t�+�2� �&�&� �i�a�<�=�p�-�1� 
�,�a�l�[�p�-�i�a�t�k�a�+�2�]�]�-�a�l�[�p�-�i�a�t�t�]�]�]�J�]�]� 

�,�{�k�a�,�0�,�p�-�2�}�,� �{�i�a�,�p�-�1�}�]�;� 
�Q�t�r�i�a�n�g�[�T�r�a�n�s�p�o�s�e�[�G�G�]� �,�T�r�u�e�]� �[�[�-�1�,�1�]�]�]�]� �J�;� 

�v�e�x�p�[�x�_�]� �:�=�I�f�[�M�o�d�[�x�,�p�]�=�!�=�p�-�1�,� 
�R�e�p�l�a�c�e�P�a�r�t� �[�z�e�r�o�,�1�,�M�o�d�[�x�,�p�]�+�1�]�,� 

�T�a�b�l�e�[�-�1�,�{�p�-�1�}�]�]�;� 

�s�t�a�r�p�[�s�c�a�l�_�,�m�a�t�r�i�x�_�]� �:�=�I�f�[�s�c�a�l�=�=�i�d�,�m�a�t�r�i�x� 
�,�M�a�p�[�p�r�o�d�[�s�c�a�l� �,�#�]�&�,�m�a�t�r�i�x�,�{�-�2�}�]�]�;� 

�d�o�t�p�[�A�_�,�B�_�]�:�=� �M�o�d�u�l�e�[�{�d�o�}�,� 

�I�f� �[�(�A�=�=�=�1�,�B�,�I�f�[�B�=�=�=�1�,�A�,� �I�f� �[�A�=�=�=�{�}�|� �|�B�=�=�=�{�}�,�{�}�,� 
�d�o�=�D�i�m�e�n�s�i�o�n�s�[�A�]� �[�[�-�2�]�]�;� 

�M�a�p� �[�S�u�m�[�s�t�a�r�p�[�#�[�(�i�1�0�]�]� �,�B�[�[�i�1�0�]�]�]� 
�,�{�i�1�0�,�d�o�}�]�&�,�a�,�{�-�3�}�]�]�]�]�]�;� 

�s�i�m�p�l�p�o�l�y�[�p�o�l�y�_�]� �:�=�M�o�d�u�l�e�[�{�p�r�e�p�}�,� 

�p�r�e�p�=�T�a�b�l�e�(�0�,�{�p�}�]� �;� 

�D�o�l� �(�x�o�v�e�r� �t�h�e� �l�e�n�g�t�h� �o�f� �p�o�l�y�*�)� 
�p�r�e�p�L�[�M�o�d�[�p�o�l�y�[�l�j�i�,�1�]�]�,�p�]�+�i�1�]�]�+�=�p�o�l�y�l�[�j�i�,�2�]�]�;� 

�,�{�j�i�,�L�e�n�g�t�h�[�p�o�l�y�]�}�]�;� 
�I�f� �{�p�r�e�p�L�[�[�p�]�]�=�=�0�,� �D�r�o�p�[�p�r�e�p�,�-�1�]�,� 

�D�r�o�p�[�p�r�e�p�,�-�1�]�-�p�r�e�p�[�[�-�1�]�]�*�o�n�e�]� 
�1�;� 

�b�r�a�k�e�t� �[�x�_�,�i�_�]�:�=�I�f� �[�x�=�=�0�,�z�e�r�o�,�I�f� �[�x�=�=�1�,�i�d�,� 

�s�i�m�p�l�p�o�l�y�[�T�a�b�l�e�[�{�-�P�a�i�r�i�n�g�(�[�i�,�i�]�]�/�2�*�(�x�-�1�-�2�*�z�e�)� �,�1�}� 
�,�{�z�e�,�0�,�M�o�d�[�x�,�p�]�-�1�}�]�]�]�]�;



�C� �R�E�P�S�E�T�U�P� �9�7� 

�Q�t�r�i�a�n�g�[�q�A�_�,�d�o�p�a�r�a�m�_�]� �:�=�M�o�d�u�l�e�l�|� 

�{�q�n�r�o�w�s�,�q�n�c�o�l�s�,�q�A�A�,�q�r�o�w�,�q�c�o�l�,�q�r�r�,� 
�q�r�a�n�g�,�q�p�o�i�n�t�e�r�,�q�r�a�,�q�c�0�O�,�q�c�l�,�q�p�a�r�a�m�,� 
�q�l�l�o�,�q�l�l�e�,�q�r�u�,�q�m�u�l�,�q�d�e�}�,� 

�{�q�n�r�o�w�s�,�q�n�c�o�l�s�}�=�{�L�e�n�g�t�h�I�[�q�A�]� �,�L�e�n�g�t�h�[�q�A�[�[�1�]�]�]�}�;� 
�q�A�A�=�q�A�;� 
�I�f� �[�d�o�p�a�r�a�m�,� �q�p�a�r�a�m�=�I�d�e�n�t�i�t�y�M�a�t�r�i�x�[�q�n�r�o�w�s�]�]�;� 
�q�p�o�i�n�t�e�r�=�T�a�b�l�e�l�q�i�,�{�q�i�,�q�n�r�o�w�s�}�]� �;� 
�q�c�o�l�=�0�;� �q�r�o�w�=�0�;� �q�r�a�n�g�=�{�}�;� 

�W�h�i�l�e�[�q�c�o�l�<�q�n�c�o�l�s� �&�&� �q�r�o�w�<�q�n�r�o�w�s�,� 
�g�r�o�w�+�+�;� �q�c�o�l�t�+�+�;� �q�r�r�=�q�r�o�w�;� 
�W�h�i�l�e�[�q�c�o�l�<�=�q�n�c�o�l�s� �&�&� 

�g�A�A�L�[�q�p�o�i�n�t�e�r�[�[�q�r�r�]�]�,�q�c�o�l�]�]�=�=�0�,� 
�I�f� �[�q�r�r�<�q�n�r�o�w�s�,�g�r�r�t�t�+�,�q�c�o�l�+�+�;� 

�q�r�r�=�q�r�o�w�]�]�;� 
�A�p�p�e�n�d�T�o� �[�q�r�a�n�g�,�q�c�o�l�]�;� 
�q�r�a�=�q�p�o�i�n�t�e�r�[�[�q�r�r�]�]�;� 
�q�p�o�i�n�t�e�r�=�D�e�l�e�t�e�[�I�n�s�e�r�t� �L�q�p�o�i�n�t�e�r�,�q�r�a�,�q�r�o�w�]� 

�»�{�q�r�r�t�+�i�}�]�;� 
�I�f� �[�q�c�o�l�<�=�q�n�c�o�l�s�,� 

�I�f� �[�q�A�A�L�[�q�r�a�,�q�c�o�l�]�]�=�!�=�1�,� 
�q�c�0�=�1�/�q�A�A�[�[�q�r�a�,�q�c�o�l�]�]�;� 
�q�A�A�L�[�q�r�a�]�]�=�q�c�0�*�g�A�A�[�[�q�r�a�]�]�;� 
�I�f�[�d�o�p�a�r�a�n�,� 

�q�p�a�r�a�m�[�[�q�r�a�]�]�=�q�c�0�*�q�p�a�r�a�m�[�[�q�r�a�]�]�]�]�;� 
�D�o�[�{�q�l�l�o�=�q�p�o�i�n�t�e�r�[�[�q�l�l�e�l�]�]�;� 

�q�c�t�=�q�A�A�L�[�[�q�l�l�o�,�q�c�o�l�]�]�;� 
�I�f� �[�q�c�1�=�!�=�0�,� 

�g�A�A�L�[�q�l�l�o�]�]�=� 
�q�A�A�L�[�q�l�l�o�]�]�-�q�g�A�A�L�[�[�q�r�a�]�]�*�q�c�1�;� 

�I�f� �[�d�o�p�a�r�a�m�,� �q�p�a�r�a�m�[�[�q�l�l�o�]�]�=� 
�q�p�a�r�a�m�[�[�q�l�l�o�]�]�-�q�p�a�r�a�m�[�[�q�r�a�]�]�*�q�c�1�]�]� 

�,�{�t�q�l�l�e�,�q�r�o�w�+�1�,�q�n�r�o�w�s�}�]�]�;� 
�1�;� 

�I�f� �[�q�c�o�l�<�=�q�n�c�o�l�s�,�q�m�u�l�=�q�r�o�w�,�q�m�u�l�=�q�r�o�w�-�1�;



�C� 

�]�;� 

�R�E�P�S�E�T�U�P� �9�8� 

�q�r�a�n�g�=�D�r�o�p�[�q�r�a�n�g�,�-�1�]�]�;� 
�I�f�[�q�m�u�l�>�0�,� �q�A�A�=�T�a�b�l�e�[�q�A�A�[�[�q�p�o�i�n�t�e�r�[�[�q�i�]�]�]�]� 

�,�{�q�i�,�q�m�u�l�}�]�;� 
�I�f�[�d�o�p�a�r�a�m�,� 

�q�p�a�r�a�m�=�T�a�b�l�e�[�q�p�a�r�a�m�[� �[�q�p�o�i�n�t�e�r�[�[�q�i�]�]�]�]� 
�,�{�q�i�,�q�m�u�l�}�]�]�;� 

�q�r�u�=�q�n�u�l� �;� 
�W�h�i�l�e�[�q�r�u�>�1�,� 

�D�o�[�q�d�e�=�q�A�A�L�[�[�q�l�l�o�,�q�r�a�n�g�[�[�q�r�u�]�]�]�]�;� 
�I�f� �[�q�d�e�=�!�=�0�,� 

�q�A�A�L�[�q�l�l�o�]�]�=� 
�g�A�A�L�[�q�l�l�o�]�]�-�q�d�e�*�g�A�A�[�[�q�r�u�]�]� �;� 

�I�f� �[�d�o�p�a�r�a�m�,� �q�p�a�r�a�m�[�[�q�l�l�o�]�]�=� 
�q�p�a�r�a�m�[�[�q�l�l�o�]�]�-�q�d�e�*�q�g�p�a�r�a�m�[�[�q�r�u�]�]�]�]� 

�»�{�q�l�l�o�,�q�r�u�-�1�}�]�;� �q�r�u�-�-�]�;� 
�I�f� �[�d�o�p�a�r�a�m�,� �{�q�m�u�l� �,�q�A�A�,�q�r�a�n�g�,�q�p�a�r�a�m�}� 

�,�{�q�m�u�l� �,�q�A�A�,�q�r�a�n�g�}�]� 

�,�{�0�}�]� 

�T�r�i�a�n�g�[�A�_�,�d�o�p�a�r�a�m�_�]� �:�=�M�o�d�u�l�e�[� 

�{�n�r�o�w�s� �,�n�c�o�l�s�,�A�A�,� �p�a�r�a�m�,� �p�o�i�n�t�e�r�,�c�o�l�,�r�o�w�,�r�a�n�g�,�r�r�,� 

�r�a�,�c�0�,�l�l�o�,�c�i�,�l�l�e�,�m�u�l�,�r�u�,�d�e�}�,� 

�{�n�r�o�w�s�,�n�c�o�l�s�}�=�{�L�e�n�g�t�h�[�A�]� �,�L�e�n�g�t�h�[�A�L�[�1�]�]�]�}�;� 

�A�A�=�A�;� 

�I�f� �[�d�o�p�a�r�a�m�,� �p�a�r�a�m�=�T�a�b�l�e�[�I�f� �[�i�=�=�j�,�i�d�,�z�e�r�o�]� 
�,�{�i�,�n�r�o�w�s�}�,�{�j�,�n�r�o�w�s�}�]�]�;� 

�p�o�i�n�t�e�r�=�T�a�b�l�e�[�i�,�{�i�,�n�r�o�w�s�}�]�;� 
�c�o�l�=�0�;� �r�o�w�=�0�;� �r�a�n�g�=�{�}�;� 

�W�h�i�l�e�[�c�o�l�<�n�c�o�l�s� �&�&� �r�o�w�<�n�r�o�w�s�,� 
�r�o�w�t�+�;� �c�o�l�t�+�+�;� �r�r�=�r�o�w�;� 

�W�h�i�l�e�[�c�o�l�<�=�n�c�o�l�s� �&�&� 
�A�A�[�(�p�o�i�n�t�e�r�[�[�r�r�]�]� �,�c�o�l�]�]�=�=�z�e�r�o�,� 
�I�f� �(�r�r�<�n�r�o�w�s�,�r�r�+�+�,�c�o�l�+�+�;� �r�r�=�r�o�w�]�]�;



�C� �R�E�P�S�E�T�U�P� �9�9� 

�A�p�p�e�n�d�T�o�[�r�a�n�g�,�c�o�l�]�;� 
�r�a�=�p�o�i�n�t�e�r�[�[�r�r�]�]�;� 
�p�o�i�n�t�e�r�=�D�e�l�e�t�e�[�I�n�s�e�r�t� �[�p�o�i�n�t�e�r�,�r�a�,�r�o�w�]� 

�|� �w�{�r�r�+�i�}�]�;� 
�I�f� �[�c�o�l�<�=�n�c�o�l�s�,� 

�I�f� �[�A�A�L�[�r�a�,�c�o�l�]�]�=�'�=�i�d�,� 
�c�O�=�i�n�v�[�A�A�L�[�r�a�,�c�o�l�]�]�]�;� 
�A�A�[�[�r�a�]�]�=�s�t�a�r�p�[�c�0�,�A�A�L�[�r�a�]�]�]�;� 
�I�f�[�d�o�p�a�r�a�n�,� 

�p�a�r�a�m�[�[�r�a�]�]�=� 
�s�t�a�r�p�[�c�0�,�p�a�r�a�m�[�[�r�a�]�]�]�]�]�;� 

�D�o�[�l�l�o�=�p�o�i�n�t�e�r�[�[�1�l�l�e�]�]� �;�c�1�=�A�A�[�[�1�l�l�o�,�c�o�l�]�]�;� 
�I�f� �[�c�1�=�!�=�z�e�r�o�,� 

�A�A�[�[�1�l�o�]�]�=� 
�A�A�[�L�[�1�l�l�o�]�]�-�s�t�a�r�p�[�c�1�,�A�A�[�[�r�a�]�]�]�;� 

�I�f� �[�d�o�p�a�r�a�m�,� �p�a�r�a�m�[�[�1�l�o�]�]�=� 
�p�a�r�a�m�[�[�l�l�o�]�]�-�s�t�a�r�p�[�c�1�,�p�a�r�a�m�[�[�r�a�]�]�]�]�]� 

�,�{�l�l�e�,�r�o�w�t�+�i�,�n�r�o�w�s�}�]�]�;� 

�]�;� 

�I�f� �[�c�o�l�<�=�n�c�o�l�s�,�m�u�l�=�r�o�w�,�m�u�l�=�r�o�w�-�1�;� 

�r�a�n�g�=�D�r�o�p�[�r�a�n�g�,�-�1�]�]�;� 
�I�f�[�m�u�l�>�0�,� �A�A�=�T�a�b�l�e�[�A�A�[�[�p�o�i�n�t�e�r�[�[�i�]�]�]�]�,�{�i�,�m�u�1�}�]�;� 

�I�f�[�d�o�p�a�r�a�m�,� 
�p�a�r�a�m�=�T�a�b�l�e�[�p�a�r�a�m�[�[�p�o�i�n�t�e�r�[�[�i�]�]�]�]� 

�,�{�i�,�n�r�o�w�s�}�]�]�;� 
�r�u�=�m�u�l� �;� 

�W�h�i�l�e�[�r�u�>�1�,� 

�D�o�[�d�e�=�A�A�[�[�1�l�l�o�,�r�a�n�g�(�[�r�u�]�]�]�]�;� 
�I�f� �[�d�e�=�!�=�z�e�r�o�,� 

�A�A�[�[�1�1�0�]�]�=�A�A�[�[�1�1�l�o�]�]�-�s�t�a�r�p�[�d�e�,�A�A�[�[�r�u�]�]�]�;� 
�I�f� �[�d�o�p�a�r�a�m�,� �p�a�r�a�m�[�[�1�l�o�]�]�=� 
�p�a�r�a�m�[�{�[�1�l�l�o�]�]�-�s�t�a�r�p�[�d�e�,�p�a�r�a�m�[�[�r�u�]�J�]�]�J�J�]� 

�,�{�l�l�o�,�r�u�-�i�}�]�;� �r�u�-�-�]�;� 
�I�f� �[�d�o�p�a�r�a�m�,� �{�m�u�l� �,�n�r�o�w�s�-�m�u�l� �,�A�A�,�r�a�n�g�,�p�a�r�a�m�}� 

�,� �{�m�u�l� �,�n�r�o�w�s�-�m�u�l� �,�A�A�,�r�a�n�g�}�]� 

�,�{�0�}�]
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�]�;� 

�(�*�g�e�n�e�r�a�t�i�n�g� �t�h�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �i�n� �t�h�e� �f�i�r�s�t� 

�W�e�y�l� �c�h�a�m�b�e�r�.� �T�h�e� �h�w�e�i�g�h�t�s� �a�r�e� �g�i�v�e�n� �i�n� �o�m�e�g�a� �b�a�s�i�s�*�)� 

�A�l�l�R�e�p�=�{�}�;� 
�u�p�=�T�a�b�l�e�l� 

�K�f� �[�p�*�g�a�m�m�a�-�2�*�r�h�o� �,� �g�a�m�m�a�]� �/�(�2�*�K�f� �[�F�w�e�i�g�h�t�s�[�[�i�]�]�,� �g�a�m�m�a�]� �)� 
�»�{�i�,�r�a�n�k�}�]� �;� 

�g�e�l�0�,�1�_�]�=�0�;� 
�g�g�[�n�_�,�1�_�]�:�=�(�b�r�y�=�u�p�[�{�n�]�]�*�(�1�-�S�u�m�[�1�(�[�j�]�]�/�u�p�l�l�j�]�]� 

�»�{�j�,�1�,�n�-�1�}�]�)�;� 
�I�f� �{�1�(�(�n�]�]�+�1�<�b�r�y�,� 

�R�e�p�l�a�c�e�P�a�r�t� �[�R�e�p�l�a�c�e�P�a�r�t�[�1�,�1�[�[�n�]�]�+�1�,�n�]� �,�0�,� 

�T�a�b�l�e�[�{�f�f�}�,�{�f�f�,�n�+�1�,�L�e�n�g�t�h�[�1�]�}�]�]� 
�»�g�g�i�n�-�1�,�1�]�]� 

�)�3� 

�h�w�=�T�a�b�l�e�(�[�0�,� �{�r�a�n�k�}�]� �;� 
�W�h�i�l�e�(�g�g�[�r�a�n�k�,�h�w�]�=�!�=�0�,� 

�h�w�=�g�g�[�r�a�n�k�,�h�w�]� �;� 
�a�l�h�w�=�S�u�m�(�h�w�(�{�(�k�k�]�]�*�F�w�e�i�g�h�t�s�[�[�k�k�]�]� �,�{�k�k�,�r�a�n�k�}�]�;� 

�l�e�v�=�S�u�m�[�a�l�h�w�[�[�k�]�]� �,�{�k�,�r�a�n�k�}�]�;� 
�I�f� �[�I�n�t�e�g�e�r�Q�[�l�e�v�]�,� 

�A�p�p�e�n�d�T�o� �[�A�l�l�R�e�p�,� �J�o�i�n�[�{�l�e�v�}�,�h�w�]�]�]� 
�1�;� 

�A�l�l�R�e�p�=�S�o�r�t�[�A�l�l�R�e�p�]� �;� 
�r�e�p�n�o�=�L�e�n�g�t�h�[�A�l�l�R�e�p�]� �;� 

�A�l�l�R�e�p�=�M�a�p�[�R�e�s�t�,�A�l�l�R�e�p�]� �;� 

�I�f� �[�A�l�l�R�e�p�=�!�=�{�}�,� 
�R�e�p�A�=�A�l�l�R�e�p�.�F�w�e�i�g�h�t�s�;� 
�n�R�e�p�0�=�{�}�;� �n�R�e�p�1�=�{�}�;� 
�D�o� �[�I�f� �[�V�e�c�t�o�r�Q�[�R�e�p�A�L�[�L�i�]�]� �,�I�n�t�e�g�e�r�Q�]� �,



�C� �R�E�P�S�E�T�U�P� �1�0�1� 

�A�p�p�e�n�d�T�o� �[�n�R�e�p�O� �,�A�l�l�R�e�p�[�[�i�]�]�]�,� 
�A�p�p�e�n�d�T�o� �[�n�R�e�p�1� �,�A�l�l�R�e�p�[�(�i�]�]�]�]� 

�,�{�i�,� �r�e�p�n�o�}�]� 

�,� �n�R�e�p�O�=�{�}�;� �n�R�e�p�1�i�=�{�}�]� �;� 

�A�l�l�R�e�p�=�J�o�i�n�[�n�R�e�p�O� �,�n�R�e�p�1�]� �;� 
�n�u�m�r�e�p�O�=�L�e�n�g�t�h�(�[�n�R�e�p�0�O�]� �;� 
�r�e�p�n�o�=�L�e�n�g�t�h�[�A�l�l�R�e�p�]� �;� 
�D�o�[�n�u�m�[�A�l�l�R�e�p�[�[�n�]�]�]�=�n� 

�,�{�n�,�r�e�p�n�o�}�]� �;� 
�n�u�m�[�x�_�]� �:�=�0�;� 

�D�u�a�l�=�T�a�b�l�e�(�h�w�t�=�T�a�b�l�e�[�A�l�l�R�e�p�(�(�n�,�W�(�[�i�J�]�]�]�]� �,�{�i�,�r�a�n�k�}�]� �;� 
�n�u�m�(�h�w�t�]�,� �{�n�,�r�e�p�n�o�}�]�;� 

�(�x� �C�h�e�c�k� �s�t�a�t�u�s� �f�i�l�e� �*�)� 

�I�f� �[�F�i�l�e�N�a�m�e�s�[�s�t�a�t�u�s�f�i�l�e�]�=�=�{�}�,�r�e�p�d�o�n�e�=�0�;� 
�S�a�v�e�[�s�t�a�t�u�s�f�i�l�e�,�r�e�p�n�o�,� �n�u�m�r�e�p�o�,� 

�r�e�p�d�o�n�e�,� �c�l�a�s�s�O�r�e�p�,� �a�l�l�c�l�a�s�s�e�s�r�e�p�]�]�;� 
�G�e�t� �[�s�t�a�t�u�s�f�i�l�e�]� �;� 

�I�f�[�(�c�l�a�s�s�O� �&�&� �c�l�a�s�s�O�r�e�p�)� �|�|� �a�l�l�c�l�a�s�s�e�s�r�e�p� 
�,�P�r�i�n�t�[�"�A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �s�t�a�t�u�s� �f�i�l�e� �t�h�e� �d�a�t�a� 

�i�s� �a�l�r�e�a�d�y� �c�o�m�p�l�e�t�e�"�]�]�;� 

�(�*�s�a�v�e� �D�u�a�l� �a�n�d� �R�e�p� �i�f� �t�h�e� �d�a�t�a�f�i�l�e� �i�s� �n�e�w� �*�)� 

�I�f� �[�r�e�p�d�o�n�e�=�=�0� �,�S�a�v�e�[�o�u�t�p�u�t�f�i�l�e�,�c�a�t�e�g�o�r�y�,�p�,�P�a�i�r�i�n�g�,� 
�C�C�,�F�w�e�i�g�h�t�s�,�A�l�l�R�e�p�,�r�e�p�n�o�,�n�u�m�r�e�p�0�,� 

�n�R�e�p�O�,�n�R�e�p�i�,� �D�u�a�l�]�]�;� 

�a�n�n�o�u�n�c�e�[�"�F�i�n�i�s�h�e�d� �s�e�t�u�p�"�)�;� 

�P�r�i�n�t�[�"�T�h�e� �c�a�t�e�g�o�r�y� �h�a�s� �"�,� 
�I�f�[�c�l�a�s�s�O�,�n�u�m�r�e�p�0�,�r�e�p�n�o�]� �,� 

�"� �i�r�r�e�d�u�c�i�b�l�e�s�.� �T�h�e�r�e� �i�s� �"�,�I�f�[�c�l�a�s�s�0�,� 
�I�f� �[�c�l�a�s�s�O�r�e�p�,�0�,�n�u�m�r�e�p�0�-�r�e�p�d�o�n�e�]� �,�r�e�p�n�o�-�r�e�p�d�o�n�e�]�,
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�"� �l�e�f�t� �t�o� �c�o�m�p�u�t�e�.�"�]�;� 

�(�*� �f�u�n�c�t�i�o�n� �c�a�l�l�e�d� �t�o� �u�p�d�a�t�e� �d�a�t�a� �f�i�l�e� �*�)� 

�R�e�p�U�p�d�a�t�e�(�[�]� �:�=�(� 

�S�a�v�e�(�L�o�u�t�p�u�t�f�i�l�e�,�B�a�s�i�s�,�m�a�x�e�l�e�m�,�W�t�s�,�M�u�l�t�,�A�c�t�i�o�n�,� 

�D�m�o�r�p�h�]� �;� 
�I�f�[�c�o�m�p�u�t�e�d�i�m�F�,� �S�a�v�e�[�o�u�t�p�u�t�f�i�l�e�,� �s�u�m�m�a�n�d�s�]� �]� �;� 
�r�e�p�d�o�n�e�t�+� �;� 

�I�f�[�r�e�p�o�r�t�s�,� 
�P�r�i�n�t�[�"�R�e�p�r�e�s�e�n�t�a�t�i�o�n� �"�,�A�l�l�R�e�p�[�L�r�e�p�d�o�n�e�]�]�,� 

�"� �f�i�n�i�s�h�e�d� �a�t� �"�,� 

�D�a�t�e�l�]� �[�[�4�]�]�,�"�:�"�,�D�a�t�e�l�]� �[�[�5�]�]�]�]�;� 
�I�f� �[�r�e�p�d�o�n�e�=�=�n�u�m�r�e�p�0�,� �c�l�a�s�s�O�r�e�p�=�T�r�u�e�]� �;� 

�I�f� �[�r�e�p�d�o�n�e�=�=�r�e�p�n�o�,� �a�l�l�c�l�a�s�s�e�s�r�e�p�=�T�r�u�e�]� �;� 

�D�e�l�e�t�e�F�i�l�e�[�s�t�a�t�u�s�f�i�l�e�]� �;� 
�S�a�v�e�[�s�t�a�t�u�s�f�i�l�e�,�c�a�t�e�g�o�r�y�,�r�e�p�n�o�,�n�u�m�r�e�p�0�,�r�e�p�d�o�n�e�,� 

�c�l�a�s�s�O�r�e�p�,� 
�a�l�l�c�l�a�s�s�e�s�r�e�p�,� �P�e�r�m�R�e�p�,�s�u�m�d�o�n�e�,� 

�c�l�a�s�s�O�s�u�m�,�a�l�l�c�l�a�s�s�e�s�s�u�m�,�g�o�u�p�,� 

�p�i�e�c�e�s�a�v�e�d�,� �c�l�a�s�s�Q�c�a�t�,� 

�a�l�l�c�l�a�s�s�e�s�c�a�t�,�s�t�a�t�u�s�t�a�b�l�e�]� �;� 
�C�l�e�a�r�[�W�t�s�,� �M�u�l�t�]� �;�C�l�e�a�r�[�A�c�t�i�o�n�]� �;�C�l�e�a�r�[�D�m�o�r�p�h�]� �;� 
�C�l�e�a�r� �[�B�a�s�i�s� �,�m�a�x�e�l�e�m�,�s�u�m�m�a�n�d�s�]� �;� 
�)�;� �(�*�e�n�d� �R�e�p�U�p�d�a�t�e� �*�)� 

�o�r�d�e�r�t�e�s�t� �[�x�_�,�y�_�]� �:�=�I�f�[�x�>�=�y�,�B�o�r�d�e�r�[�[�x�,�y�]�]�,� 
�-�B�o�r�d�e�r�[�[�y�,�x�]�]�]�;� 

�r�e�f�1�[�i�0�_�,�w�t�_�]� �:�=�w�t�-�w�t�[�[�i�0�]�]�*�c�c�[�[�i�0�]�]�;� 

�F�i�n�d�q�W�[�n�_�]� �:�=�M�o�d�u�l�e�l�L� 

�{�q�W�,�l�m�e�,�i�0�,�1�,�c�u�r�e�l�e�m�,� �p�r�e�s� �,�n�e�w�e�l�e�m�,
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�e�l�e�m�n�o�,�e�l�e�m�n�o�0�,�l�q�u�o�t�W�}�,� 

�C�l�e�a�r�[�q�u�o�t�W�,�q�W�o�r�d�e�r�,� �m�a�x�e�l�e�m�,�p�o�s�q�W�,�d�n�,�n�u�m�q�W�]� �;� 
�h�w�t�=�A�l�l�R�e�p�[�[�n�]�]�;�d�n�=�D�u�a�l�[�[�n�]�]� �;� 

�q�W�=�{�{�0�,�h�w�t� �,� �{�}�}�}�;� 
�l�m�e�=�L�e�n�g�t�h�[�W�m�a�x�e�l�e�m�]� �;� 
�n�u�m�q�W�[�h�w�t�]�=�1�;� �e�l�e�m�n�o�=�1�;� �n�u�m�q�W�[�x�_�]�:�=�0�;� 

�D�o�[� 
�i�0�=�W�m�a�x�e�l�e�m�[�[�i�]�]�;� �e�l�e�m�n�o�O�=�e�l�e�m�n�o�;� 
�D�o�L�[� 

�{�1�,�c�u�r�e�l�e�m�,�p�r�e�s�}�=�q�W�(�[�L�j�]�]�;� 
�I�f�[�c�u�r�e�l�e�m�[�{�i�0�]�]�>�0�,� 

�n�e�w�e�l�e�m�=�r�e�f�1�[�i�0�,�c�u�r�e�l�e�n�]� �;� 

�I�f� �[�n�u�m�q�W� �[�n�e�w�e�l�e�m�]� �=�=�0�,� 
�A�p�p�e�n�d�T�o�[�q�W�,� �{�1�+�1�,�n�e�w�e�l�e�m�,� �A�p�p�e�n�d�[�p�r�e�s�,�i�0�]�}�]�;� 
�e�l�e�m�n�o�t�t�;� 

�n�u�m�q�W� �[�n�e�w�e�l�e�m�]�=�e�l�e�m�n�o�]� 

�,�{�j�,�e�l�e�m�n�o�0�}�]� 

�,�{�i�,�l�m�e�}�]� �;� 

�q�W�=�S�o�r�t�[�q�W�]�;� �l�q�u�o�t�W�=�L�e�n�g�t�h�[�q�W�]� �;� 
�m�a�x�e�l�e�m�[�n�]�=�q�W�[�[�-�1�,�3�]�]�;� 
�q�u�o�t�W�[�n�]�=�T�a�b�l�e�[�q�W�[�[�i�,�2�]�]�,�{�i�,�l�q�u�o�t�W�}�]� �;� 

�I�f� �(�n�=�!�=�d�n�,� �q�u�o�t�W�(�d�n�]�=�{�}�;� 

�D�o� �[�A�p�p�e�n�d�T�o� �[�q�u�o�t�W�[�d�n�]�,� 
�T�a�b�l�e�[�q�u�o�t�W�[�n�]� �[�[�1�,�W�L�0�j�J�J�]�]�,�{�j�,�r�a�n�k�}�]�]� 

�,�{�i�,�l�q�u�o�t�W�}�]� �;� 
�m�a�x�e�l�e�m�[�d�n�]�=�R�e�v�e�r�s�e�[�m�a�x�e�l�e�m�[�n�]�]�]�;� 

�D�o�[�p�o�s�q�W�[�n�]� �C�q�u�o�t�W�[�n�]� �[�[�i�]�]�]�=�i�;� 
�i�f� �[�n�=�!�=�d�n�,�p�o�s�q�W�[�d�n�]� �[�q�u�o�t�W�[�n�]� �[�L�i�]� �]�]�=�i�]� �,�{�i�,�l�q�u�o�t�w�}�]� �;� 

�1�;� 

�p�o�s�q�W�[�n�_�]� �[�x�_�]� �:�=�0�;
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�F�i�n�d�P�a�r�a�m�[�p�a�t�h�_�,�i�0�_�]� �:�=�M�o�d�u�l�e�l� 

�{�v�a�l�u�e�s� �,�v�a�l�u�e�a�t�i�,�o�r�d�e�r�v�a�l�u�e�s�,�Q�,�P�}�,� 

�v�a�l�u�e�s�=�T�a�b�l�e�[�{�p�a�t�h�[�[�j�,�i�0�]�]� �,�j�}� 
�,�{�j�,�L�e�n�g�t�h�[�p�a�t�h�]� �}�]�;� 

�v�a�l�u�e�a�t�i�=�v�a�l�u�e�s�[�[�-�1�,�1�]�]�;� 
�o�r�d�e�r�v�a�l�u�e�s�=�S�o�r�t� �[�v�a�l�u�e�s�]� �;� 
�Q�=�o�r�d�e�r�v�a�l�u�e�s�[�[�1�,�1�]�]�;� 

�P�=�v�a�l�u�e�a�t�i�-�Q�;� �p�p�=�1�;� 

�W�h�i�l�e�[�o�r�d�e�r�v�a�l�u�e�s�[�[�p�p�,� �1�]�]�=�=�Q�,�p�p�+�+�]� �;� 
�I�f� �[�P�<�1�,�x�x�=�{�}�,�x�x�=�o�r�d�e�r�v�a�l�u�e�s�[�[�p�p�-�1�,�2�]�]�;� 

�W�h�i�l�e�[�v�a�l�u�e�s�[�[�x�x�,�1�]�]�<�Q�+�1�,�x�x�+�+�]�]�;� 
�{�Q�,�P�,�o�r�d�e�r�v�a�l�u�e�s�[�[�p�p�-�1�,�2�]�]� 

�,� �i�f� �[�x�x�=�=�=�{�}�,�{�}�,�x�x�]� �,� �I�f� �[�x�x�=�=�=�{�}�,�{�}�,�v�a�l�u�e�s�[�[�x�x�,�1�]�]�]�}� 

�]�;� 

�F�p�a�t�h�[�p�a�t�h�_�,�i�0�_�,�Q�_�,�P�_�,�p�p�_�,�x�_�,�x�i�0�_�]� �:�=�M�o�d�u�l�e�l� 

�{�n�e�w�p�a�t�h�,�a�}�,� 

�I�f� �[�P�<�=�0� �,�n�e�w�p�a�t�h�=�{�}�,� 

�I�f� �[�x�i�0�=�=�Q�+�1�,� 

�I�f�[�p�p�>�1� �&�&� �r�e�f�1�[�i�0�,�p�a�t�h�[�[�1�,�p�p�]�]�]�=�=�p�a�t�h�[�[�1�,�p�p�-�1�]�]�,� 
�n�e�w�p�a�t�h�=�M�a�p�A�t� �[�r�e�f�1�[�i�0�,�#�]�&�,� 

�D�e�l�e�t�e�[�p�a�t�h�,�{�{�1�,�p�p�}�,�{�2�,�p�p�}�}�]� 
�,�T�a�b�l�e�[�{�1�,�k�}�,�{�k�,�p�p�,�x�-�2�}�]�]� 

�,� �(�*�p�p�=�0� �|�|� 
�r�e�f�1�[�i�0�,�p�a�t�h�[�[�1�,�p�p�]�]�]�<�p�a�t�h�[�[�1�,�p�p�-�1�]�]�*�)� 

�n�e�w�p�a�t�h�=�M�a�p�A�t� �[�r�e�f�1�l�i�0�,�#�]�&�,� �p�a�t�h�,� 

�T�a�b�l�e�[�{�1�,�k�}�,�{�k�,�p�p�,�x�-�1�}�]�]�]� 
�;� �(�*�i�f� �x�i�0�>�Q�+�1�*�)� 

�a�=�(�Q�+�t�1�i�-
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�S�u�m�(�(�p�a�t�h�[�(�[�2�,�i�+�1�]�]�-�p�a�t�h�[�(�2�,�i�]�]�)�*�p�a�t�h�[�[�1�,�i�,�i�0�]�]� 
�,�{�i�,�x�-�2�}�]�)�/�p�a�t�h�(�[�[�1�,�x�-�1�,�i�0�]�]� �+� 

�p�a�t�h�[�(�2�,�x�-�1�]�]�;� 

�I�f�[�p�p�>�1� �&�&� 
�r�e�f�1�[�i�0�,�p�a�t�h�[�[�1�,�p�p�]�]�]�=�=�p�a�t�h�{�[�1�,�p�p�-�1�]�]�,� 
�n�e�w�p�a�t�h�=�M�a�p�A�t� �[�r�e�f�1�[�i�0�,�#�]�&�,� 

�I�n�s�e�r�t� �[�D�e�l�e�t�e�[�p�a�t�h�,�{�{�1�,�p�p�}�,�{�2�,�p�p�}�}�]� 
�,�p�a�t�h�(�{�1�,�x�-�1�]�]� �,�{�1�,�x�-�1�}�]� 

�»�T�a�b�l�e�[�{�1�,�k�}�,�{�k�,�p�p�,�x�-�2�3�]�]�;� 
�n�e�w�p�a�t�h�=�I�n�s�e�r�t� �[�n�e�w�p�a�t�h�,�a�,�{�2�,�x�-�1�}�]� 

�,� �C�x�p�p�=�0� �|�|� 
�r�e�f�1�[�i�0�,�p�a�t�h�[�[�1�,�p�p�]�]�]�<�p�a�t�h�[�[�1�,�p�p�-�1�]�]�*�)� 

�n�e�w�p�a�t�h�=�M�a�p�A�t� �[�r�e�f�1�[�i�0�,�#�]�&�,� 
�I�n�s�e�r�t� �[�p�a�t�h�,� �p�a�t�h�[�[�1�,�x�-�1�]�]�,�{�1�,�x�-�1�}�]� 

�,�T�a�b�l�e�[�{�1�,�k�}�,� �{�k�,�p�p�,�x�-�1�}�]�]�;� 
�n�e�w�p�a�t�h�=�I�n�s�e�r�t� �[�n�e�w�p�a�t�h�,�a�,�{�2�,�x�}�]�]�]�]�;� 

�n�e�w�p�a�t�h�]� �;� 

�(�*� 

�c�h�e�c�k�s� �i�f� �t�h�e� �p�a�t�h� �o�f� �s�h�a�p�e� �A�l�l�R�e�p�[�[�1�]�]� 
�d�e�f�i�n�e�s� �a� �s�u�m�m�a�n�d� �o�f� �k�.�1� �u�s�i�n�g� �t�h�e� �L�i�t�t�l�e�w�o�o�d� 

�d�e�c�o�m�p�o�s�i�t�i�o�n� �r�u�l�e� 

�*�)� 

�C�h�e�c�k�S�u�m�m�a�n�d�[�p�a�t�h�_�,�k�_�,�1�_�]� �:�=�M�o�d�u�l�e�[� 

�{�l�p�h�,�s�h�i�f�t�p�a�t�h�,�t�e�s�t�}�,� 

�l�p�h�=�L�e�n�g�t�h�[� �p�a�t�h�]�;� �k�w�t�=�A�l�l�R�e�p�L�[�k�]�]�;� 
�s�h�i�f�t�p�a�t�h�=�p�a�t�h�+�T�a�b�l�e�[�k�w�t�,� �{�l�p�h�}�]�;� 
�t�e�s�t�=�T�r�u�e�;� 

�D�o�(�{�I�f�(�s�h�i�f�t�p�a�t�h�[� �l�i�,� �j�]�]�<�0�,�t�e�s�t�=�F�a�l�s�e�]� 

�,�{�i�,�l�p�h�}�,�{�j�,�r�a�n�k�}�]�;� 
�{�t�e�s�t� �,�n�u�m�(�s�h�i�f�t�p�a�t�h�(�(�-�1�]�]�]�}�1�;
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�F�i�n�d�B�a�s�i�s�(�[�n�_�]� �:�=�M�o�d�u�l�e�[� 

�{�h�w�t�,�l�m�e�,�P�r�e�b�a�s�i�s�,�c�u�r�e�l�e�m�,�i�0�,�l�p�b�,�l�e�v�,�w�t�,�v�c�t�,�n�e�w�p�a�t�h�,� 

�Q�,�P�,�p�p�,�x�x�,�x�i�0�,�t�e�s�t� �,�n�w�t� �,�n�w�t�n�o�,�c�h�e�c�k�n�o�,�n�e�w�v�c�t�}�,� 

�C�l�e�a�r� �[�n�u�m�p�r�e�w�t�s�]� �;� 

�1�m�e�=�L�e�n�g�t�h�[�m�a�x�e�l�e�m�(�[�n�]�]� �;� 
�h�w�t�=�A�l�l�R�e�p�[�[�n�]�]�;� 
�P�r�e�b�a�s�i�s�=�{�{�-�A�p�p�l�y� �(�P�l�u�s�,� �h�w�t�.�F�w�e�i�g�h�t�s�]� �,�h�w�t�,�{�{�-�1� 

�,�T�a�b�l�e�[�0�,�{�1�m�e�}�]� �,�{�{�h�w�t�}�,�{�0�,�1�}�}� 
�,�{�T�a�b�l�e�[�0�,�{�r�a�n�k�}�]� �,�h�w�t�}�,�O�}�}�}�}�;� 

�n�u�m�p�r�e�w�t�s�[�h�w�t�]�=�1�;� �n�u�m�p�r�e�w�t�s�[�x�_�]� �:�=�0�;� 
�c�u�r�e�l�e�m�=�h�w�t� �;� 

�I�f� �[�c�o�m�p�u�t�e�d�i�m�F� �,�D�o�[�s�u�m�m�a�n�d�s�[�m�,�n�]�=�{�}�,�{�m�,�n�,�r�e�p�n�o�}�]� �;� 

�D�o�[�{�t�e�s�t�,�s�m�d�}�=� 
�C�h�e�c�k�S�u�m�m�a�n�d�[�{�T�a�b�l�e�[�0�,�{�r�a�n�k�}�]� �,�h�w�t�}�,�m�,�n�]�;� 

�I�f�[�t�e�s�t� �&�&� �s�m�d�=�'�!�=�0�,� 
�A�p�p�e�n�d�T�o� �[�s�u�m�m�a�n�d�s� �[�m�,�n�]� �,�s�m�d�]�]� 

�,�i�m�,�n�,�r�e�p�n�o�}�]�]�;� 
�D�o�l� �(�*�k�k� �o�v�e�r� �t�h�e� �l�e�n�g�t�h� �o�f� �m�a�x�e�l�e�m�*�)� 

�i�0�=�m�a�x�e�l�e�m�[�n�]� �[�[�k�k�]�]�;� 
�c�u�r�e�l�e�m�=�r�e�f�1�[�i�0�,�c�u�r�e�l�e�m�]� �;� 
�c�u�r�l�p�b�=�l�p�b�=�L�e�n�g�t�h�[�P�r�e�b�a�s�i�s�]� �;� 
�c�u�r�m�l�t�=�M�a�p� �[�L�e�n�g�t�h� �[�#�(�[�3�]�]�]�&�,�P�r�e�b�a�s�i�s�]� �;� 
�D�o�L� 

�{�l�e�v�,�w�t�}�=�P�r�e�b�a�s�i�s�[�[�m�m�,�{�1�,�2�}�]�]�;� 

�I�f�[�w�t�[�[�i�o�]�]�>�o�,� 
�D�o�l� 

�v�c�t�=�P�r�e�b�a�s�i�s�[�[�m�m�,�3�,�m�l�]�]�;� 
�{�Q�,�P�,�p�p�,�x�x�,�x�i�0�}�=�F�i�n�d�P�a�r�a�m�[�v�c�t�[�[�4�]�]� �,�i�0�]�;� 
�I�f� �[�Q�>�=�0� �&�&� �P�>�O�,� 

�n�e�w�p�a�t�h�=�F�p�a�t�h�(�v�c�t�[�(�3�]�]�,�i�0�,�Q�,�P�,�p�p�,�x�x�,�x�i�0�]�;� 
�t�e�s�t�=�T�r�u�e�;� 

�n�w�t�=�w�t�-�C�C�[�[�i�0�]�]�;� 
�n�w�t�n�o�=�n�u�m�p�r�e�w�t�s� �[�n�w�t�]� �;� 
�I�f�(�n�w�t�n�o�=�!�=�0�,� �j�j�=�1�;
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�c�h�e�c�k�n�o�=�L�e�n�g�t�h�[�P�r�e�b�a�s�i�s�[�[�n�w�t�n�o�,�3�]�]�]�;� 
�W�h�i�l�e�[�t�e�s�t� �&�&� �j�j�<�=�c�h�e�c�k�n�o�,� 

�I�f� �[�P�r�e�b�a�s�i�s�[�[�n�w�t�n�o�,�3�,�j�j�,�3�]�]�=�=�n�e�w�p�a�t�h�,� 

�t�e�s�t�=�F�a�l�s�e�]� �;�j�j�+�t�]�]�;� 
�I�f�[�t�e�s�t�,� �D�o�l� 

�c�o�r�n�e�r�s�=�{�T�a�b�l�e�[�0�,�{�r�a�n�k�}�]�}�;� 
�D�o�[� �(�*�o�v�e�r� �t�h�e� �c�o�r�n�e�r�s� �o�f� �t�h�e� �n�e�w�p�a�t�h�*�)� 

�A�p�p�e�n�d�T�o�[�c�o�r�n�e�r�s�,� 
�S�u�m�(�(�n�e�w�p�a�t�h�(�[�[�2�,�i�+�1�]�]�-�n�e�w�p�a�t�h�[�[�2�,�i�]�]�)�*� 

�n�e�w�p�a�t�h�[�[�i�,�i�]�]�,�{�i�,�j�-�1�}�]�+� 
�(�n�e�w�p�a�t�h�[�[�2�,�j�+�i�]�]�-�n�e�w�p�a�t�h�(�{�(�[�2�,�j�]�]�)�*� 
�n�e�w�p�a�t�h�(�(�1�,�j�]�]� �]� 

�»�{�j�,�L�e�n�g�t�h�[�n�e�w�p�a�t�h�[�(�1�]�]�]�}�1�;� 
�n�e�w�v�c�t�=�{�-�p�o�s�q�W�[�n�]� �[�n�e�w�p�a�t�h�[�(�{�1�,�1�]�]�]� 

�,�R�e�p�l�a�c�e�P�a�r�t�L�v�c�t�[�[�2�]�]�,�s�,�1�l�m�e�-�k�k�+�1�]� 
�,�n�e�w�p�a�t�h�,�c�o�r�n�e�r�s�,�-�k�k�}�;� 

�I�f� �[�n�w�t�n�o�=�=�0�,� 
�A�p�p�e�n�d�T�o�[�P�r�e�b�a�s�i�s�,� 

�{�l�e�v�t�s�,�n�w�t�,�{�n�e�w�v�c�t�}�}�]�;� 
�c�u�r�l�p�b�+�+�;� �n�u�m�p�r�e�w�t�s�[�n�w�t�]�=�c�u�r�l�p�b� 

�P�r�e�b�a�s�i�s�[�[�n�w�t�n�o�,�3�]�]�=� 
�A�p�p�e�n�d�T�o�[�P�r�e�b�a�s�i�s�[�[�n�w�t�n�o�,�3�]�]� �,�n�e�w�v�c�t�]�]�;� 

�I�f� �[�c�o�m�p�u�t�e�d�i�n�F�,� 
�D�o�[�{�t�e�s�t� �,�s�m�d�}�=�C�h�e�c�k�S�u�m�m�a�n�d� �[�c�o�r�n�e�r�s�,�m�,�n�]�;� 

�I�f�[�t�e�s�t� �&�&� �s�m�d�=�!�=�0�,� 
�A�p�p�e�n�d�T�o� �[�s�u�m�m�a�n�d�s� �[�m�,�n�]� �,�s�m�d�]�]� 

�,�{�m�,�n�,�r�e�p�n�o�}�]�]�;� 
�{�Q�,�P�,�p�p�,�x�x�,�x�i�0�}�=�F�i�n�d�P�a�r�a�m�[�c�o�r�n�e�r�s�,�i�0�]�;� 
�n�e�w�p�a�t�h�=�F�p�a�t�h�[�n�e�w�p�a�t�h�,�i�0�,�Q�,�P�,�p�p�,�x�x�,�x�i�0�]�;� 

�n�w�t�=�n�w�t�-�C�C�[�[�i�0�]�]�;� 
�n�w�t�n�o�=�n�u�m�p�r�e�w�t�s� �[�n�w�t�]� 

�»�{�s�,�w�t�[�C�i�o�]�]�}�]� �J�]� 
�,�{�m�l�,�c�u�r�m�l�t� �[� �[�m�m�]� �]�}�]�]� �,� �{�m�m�,� �1�p�b�}�]� 

�,�{�k�k�,� �1�m�e�}�]� �;� 

�P�r�e�b�a�s�i�s�=�S�o�r�t� �[�M�a�p� �[�M�a�p�A�t� �[�S�o�r�t� �,�#�,�{�3�}�]�&�,�P�r�e�b�a�s�i�s�]�]�;
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�W�t�s�[�n�]�=�M�a�p�l�#�[�[�2�]�]�&�,�P�r�e�b�a�s�i�s�]� �;� 
�B�a�s�i�s�[�n�]�=�T�a�b�l�e�[�M�a�p�[�R�e�v�e�r�s�e�|� 

�T�a�k�e� �[�#�[�[�2�]�]� �,�#�0�[�5�J�]�]�]�&�,�P�r�e�b�a�s�i�s�[�[�i�,�3�]�]�]� 
�,�{�i�,�L�e�n�g�t�h�[�P�r�e�b�a�s�i�s�]�}�]�;� 

�M�u�l�t� �[�n�]�=�M�a�p�[�L�e�n�g�t�h�(�[�#�]�&�,�B�a�s�i�s�[�n�]�]�;� 

�C�l�e�a�r�[�P�r�e�b�a�s�i�s�]� �;� 

�D�o� �[�(�n�u�m�w�t�s� �[�n�]� �(�W�t�s�[�n�]� �[�{�k�]�]�]�=�k�;� 
�D�o�[�n�u�m�b�a�s�e�[�n�]� �[�B�a�s�i�s�[�n�]� �[�[�k�,�i�]�]�]�=�{�k�,�i�}� 
�»�(�i�,�M�u�l�t� �[�I�n�]� �(�(�k�]�]�}�]� 

�,�{�k�,� �L�e�n�g�t�h� �[�W�t�s� �[�n�]� �]�}�]� 

�J�;� 

�n�u�m�w�t�s�(�[�n�_�]�[�x�_�]�:�=�0�;� �n�u�m�b�a�s�e�[�n�_�]� �[�x�_�]�:�=�0�;� 

�F�i�n�d�A�c�t�i�o�n�[�n�_�]� �:�=�M�o�d�u�l�e�[� 

�{�l�m�e�,�P�r�e�a�c�t�i�o�n�,�w�n�u�m�1�,�w�n�u�m�2�,�d�i�m�,�n�r�,�m�u�l�t�,�E�a�c�t�,�v�c�t�,�p�r�f�,� 

�e�o�,� �k�i�,�j�i�,�f�,�k�2�,�c�u�r�a�c�t� �,�m�u�l�t�i�,�y�,�s�y�s�t�,�m�u�l�,�d�i�m�k�e�r�,�A�A�,�r�a�n�g�}�,� 

�C�l�e�a�r� �[�A�c�t�i�o�n�]� �;� 

�l�m�e�=�L�e�n�g�t�h�[�m�a�x�e�l�e�m�[�n�]�]� �;� 
�P�r�e�a�c�t�i�o�n�=�{�T�a�b�l�e�[�{�}�,�{�i�,�2�*�r�a�n�k�}�]�}�;� 

�D�o�L�[� �(�*�f�i�x� �t�h�e� �k ��t�h� �w�e�i�g�h�t� �s�p�a�c�e�*�)� 

�(�*�w�n�u�m�i�{�[�i�]�]� �g�i�v�e�s� �t�h�e� �n�u�m�b�e�r� �o�f� �t�h�e� �w�e�i�g�h�t ��s� 
�s�p�a�c�e� �w�h�e�r�e� �t�h�e� �i�1 ��t�h� �p�o�s�i�t�i�v�e� �s�i�m�p�l�e� �r�o�o�t� 
�a�p�p�l�i�e�d� �t�o� �t�h�e� �k ��t�h� �w�e�i�g�h�t� �s�p�a�c�e� �g�o�e�s�;� 

�w�n�u�m�2�[�{�i�,�j�]�]� �g�i�v�e�s� �t�h�e� �n�u�m�b�e�r� �o�f� �t�h�e� �w�e�i�g�h�t ��s� 
�s�p�a�c�e� �w�h�e�r�e� �t�h�e� �s�u�m� �o�f� �t�h�e� �i ��t�h� �a�n�d� �j ��t�h� 
�p�o�s�i�t�i�v�e� �s�i�m�p�l�e� �r�o�o�t�s� 
�a�p�p�l�i�e�d� �t�o� �t�h�e� �k ��t�h� �w�e�i�g�h�t� �s�p�a�c�e� �g�o�e�s�;� 

�d�i�m�(�{�{�i�l�]� �i�s� �t�h�e� �d�i�m�e�n�t�i�o�n� �o�f� �t�h�e� �w�n�u�m�i�[�{�i�]�] ��t�h
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�w�e�i�g�h�t� �s�p�a�c�e� �i�f� �w�n�u�m�[�[�i�]�]�=�!�=�0�,� �a�n�d� �0� �o�t�h�e�r�w�i�s�e�*�)� 

�w�n�u�m�t�=�T�a�b�l�e�[�n�u�m�w�t�s�(�[�n�]� �[�W�t�s�[�n�]� �[�[�k�]�]�+�c�c�[�[�i�l�]�]�]� 
�,�t�{�i�,�r�a�n�k�}�]� �;� 

�w�n�u�m�2�=�T�a�b�l�e�[�n�u�m�w�t�s�(�[�n�]� �[�W�t�s�[�n�]� �[�[�k�]�]�+�c�c�[�l�i�l�J�+�c�c�(�(�j�j�]�]� 

�,�{�i�,�r�a�n�k�}�,�{�j�,�r�a�n�k�}�]�;� 

�d�i�m�=�T�a�b�l�e�[�I�f� �[�w�n�u�m�1�[�(�i�J�]�>�0�,�M�u�l�t� �(�n�]� �(�[�w�n�u�m�i�[�[�i�J�]�]�]�]� �,�0�]� 

�»�{�i�,�r�a�n�k�}�]� �;� 
�n�r�=�A�p�p�l�y�[�P�l�u�s�,�d�i�m�]�;� �m�u�l�t�=�M�u�l�t�[�n�]� �[�[�k�]�]�;� 

�E�a�c�t�=�T�a�b�l�e�[�{�}�,�{�2�*�r�a�n�k�}�]�;� 

�D�o�[� �(�*�j� �o�v�e�r� �t�h�e� �e�l�e�m�e�n�t�s� �i�n� �B�a�s�e�s�[�n�]� �[�[�k�]�]�*�)� 

�v�c�t�=�B�a�s�i�s�(�[�n�]� �[�[�k�,�j�]�]�;� 
�p�r�f�=�L�e�n�g�t�h�[�v�c�t�]�;� �m�m�=�v�c�t�[�{�-�1�]�]�;� 
�I�f�(�m�m�>�1�,�v�c�t�(�[�[�-�1�]�]�-�-�,� 

�e�o�=�-�1�;� �W�h�i�l�e�[�-�e�o�<�p�r�f� �&�&� �v�c�t�[�[�e�o�-�1�]�]�=�=�0�,�e�0�-�-�]� �;� 
�v�c�e�t�=�D�r�o�p�[�v�c�t�,�e�o�]�]�;� 

�{�k�i�,�j�1�}�=�n�u�m�b�a�s�e�[�n�]� �[�v�c�t�]�;� 
�f�=�m�a�x�e�l�e�m�(�[�n�]� �[�[�p�r�f�]�]�;� 

�D�o�L� �(�*�i�i� �o�v�e�r� �t�h�e� �s�i�m�p�l�e� �r�o�o�t�s�*�)� 

�I�f� �(�w�n�u�m�t�(�{�{�i�i�]�]�=�!�=�0�,� 
�k�2�=�n�u�m�w�t�s�(�[�n�]� �(�W�t�s�[�n�]� �[�[�k�1�]�]�+�c�c�{�[�i�i�]�j�]�;� 
�A�p�p�e�n�d�T�o�[�E�a�c�t�[�[�i�i�]�]� �,�s�t�a�r�p�[�i�n�v�[�b�r�a�k�e�t�[�m�m�,�f�]�]�,� 

�I�f� �l�i�i�=�'�=�f�,� 

�I�f� �(�k�2�=�!�=�0� �,�d�o�t�p�[�P�r�e�a�c�t�i�o�n�[�[�k�1�,�i�i�]�]� 
�,�P�r�e�a�c�t�i�o�n�[�[�k�2�,�r�a�n�k�+�f�]�]�]� �[�[�j�1�]�]� 

�,�T�a�b�l�e�[�z�e�r�o�,� �{�d�i�m�[�{�[�i�i�]�]�}�]�]� 

�,�c�u�r�a�c�t�=�I�f� �[�k�2�=�!�=�0�,�d�o�t�p�[�P�r�e�a�c�t�i�o�n�[�[�k�1�,�i�i�]�]� 
�,�P�r�e�a�c�t�i�o�n�[�[�k�2�,�r�a�n�k�+�f�]�]�]�{�{�j�1�]�]� 

�,�T�a�b�l�e�[�z�e�r�o�,�{�d�i�m�(�[�l�i�i�l�]�}�]�]�;� 
�c�u�r�a�c�t�[�[�j�i�]�]�+�=�b�r�a�k�e�t� �[�W�t�s�[�n�]� �[�[�k�i�,�f�]�]�,�f�]�;� 
�c�u�r�a�c�t�]�]�]�]



�C� �R�E�P�S�E�T�U�P� �1�1�0� 

�,�{�i�i�,�r�a�n�k�}�]� 

�,�{�j�,�m�u�l�t�}�;� 

�D�o�(�{�k�i�=�w�n�u�m�i�[�L�i�i�l�]�;� �(�*�i�i� �s�i�m�p�l�e� �r�o�o�t�s�*�)� 

�I�f� �[�k�i�=�!�=�0�,� 
�m�u�l�t�i�=�M�u�l�t� �[�n�]� �[�[�k�1�]�]�;� 

�y�=�T�a�b�l�e�l� �(�*�1�1� �o�v�e�r� �s�i�m�p�l�e� �r�o�o�t�s�*�)� 
�k�2�=�w�n�u�m�2�[�[�i�i�,�1�l�l�1�]�]�;� �k�k�1�=�w�n�u�m�i�[�[�1�1�]�]�;� 
�I�f� �[�l�l�=�!�=�i�i�,�I�f�[�k�k�i�=�=�0�,�{�}�,� �I�f�[�k�2�=�!�=�0�,� 
�d�o�t�p�[�P�r�e�a�c�t�i�o�n�[�[�k�1�,�1�1�]�]�,� 

�P�r�e�a�c�t�i�o�n�[�[�k�2�,�r�a�n�k�+�i�i�]�]�]� 
�,�T�a�b�l�e�[�z�e�r�o�,�{�m�u�l�t�1�}�,�{�d�i�m�[�[�1�1�]�]�}�J�]�]� 

�I�f� �[�k�2�=�!�=�0�,� 

�d�o�t�p�[�P�r�e�a�c�t�i�o�n�[�[�k�1�,�1�1�]�]�,� 
�P�r�e�a�c�t�i�o�n�[�[�k�2�,�r�a�n�k�+�i�i�]�]�]�+� 

�s�t�a�r�p�[�b�r�a�k�e�t� �(�W�t�s�[�n�]� �[�[�k�1�]�]� �[�[�i�i�]�]�,�i�i�l�,� 
�T�a�b�l�e� �[�I�f� �[�i�=�=�j�,�i�d�,�z�e�r�o�]� �,�f�{�i�,�d�i�m�[�[�i�i�l�]�]�}� 

�»�{�j�,�d�i�m�(�{�{�i�i�j�]�}�)�]� 

�s�t�a�r�p�[�b�r�a�k�e�t� �[�W�t�s�[�n�]� �[�[�k�1�]�]� �[�[�i�i�]�]�,�i�i�l�,� 
�T�a�b�l�e�[�I�f� �[�i�=�=�j�,�i�d�,�z�e�r�o�]� �,�{�i�,�d�i�m�[�[�i�i�]�]�}� 

�»�(�j�,�d�i�m�{�f�i�i�J�]�}�J�I�1�]�]� 
�,�{�1�1�,�r�a�n�k�}�]� �;� 

�s�y�s�t�=�{�}�;� 
�D�o�[� 

�(�*�1�1� �o�v�e�r� �s�i�m�p�l�e� �r�o�o�t�s�*�)� 
�I�f� �[�w�n�u�m�i�[�[�1�1�]�]�=�!�=�0�,� 

�s�y�s�t�=�J�o�i�n�[�s�y�s�t�,�T�r�a�n�s�p�o�s�e�l� 
�J�o�i�n�(�E�a�c�t�[�[�1�1�]�]�,�y�£�{�1�1�]�]�]�]�]�]� 

�,�{�1�l�1�,�r�a�n�k�}�]� �;� 
�{�m�u�l� �,�d�i�m�k�e�r�,�A�A�,�r�a�n�g�}�=� 

�T�r�i�a�n�g�[�s�y�s�t�,�F�a�l�s�e�]� �;� 
�I�f� �[�r�a�n�g�=�!�=�T�a�b�l�e�[�i�,�{�i�,�m�u�l�t�}�]�,� 

�P�r�i�n�t�[�"�P�r�o�b�l�e�m� �w�i�t�h� �F� �o�n�"�,�{�k�,�i�i�}�]� �;�A�b�o�r�t�{�]
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�P�r�e�a�c�t�i�o�n�[�[�k�1�,�i�i�t�+�r�a�n�k�]�]�=� 

�T�a�k�e�(�T�r�a�n�s�p�o�s�e�[�A�A�]� �,�-�m�u�l�t�1�]�]� 

�,�{�i�i�,�r�a�n�k�}�]�;� 

�A�p�p�e�n�d�T�o�[�P�r�e�a�c�t�i�o�n�,�E�a�c�t�]� �;� 
�,�{�k�,�2�,�L�e�n�g�t�h�[�W�t�s�[�n�]�]�}�]�;� 

�A�c�t�i�o�n�[�n�]�=�P�r�e�a�c�t�i�o�n�;� �C�l�e�a�r�[�P�r�e�a�c�t�i�o�n�]� �]�;� 

�F�i�n�d�D�m�o�r�p�h�[�n�_�]� �:�=�M�o�d�u�l�e�[� 

�{�d�n�,�l�m�e�,�l�w�,�c�u�r�m�o�r�p�h�,�v�c�t�,�p�r�f�,�e�o�,�k�1�,�j�1�,�f�,�t�a�r�g�e�t�k�1�,� 

�t�a�r�g�e�t�k�,�s�y�m�t�e�s�t�}�,� 

�C�l�e�a�r�[�d�n�,�D�m�o�r�p�h�]� �;� 
�d�n�=�D�u�a�l�[�[�n�]�]�;� �h�w�t�=�A�l�l�R�e�p�[�[�n�]�]�;� 
�l�m�e�=�L�e�n�g�t�h�[�m�a�x�e�l�e�m�(�[�n�]�]�;� 
�D�m�o�r�p�h�[�n�]�=�{�{�{�i�d�}�}�}�;� 
�l�w�=�L�e�n�g�t�h�[�W�t�s�[�n�]�]� �;� 

�D�o�l� �(�*�f�i�x� �t�h�e� �k ��t�h� �w�e�i�g�h�t� �s�p�a�c�e�*�)� 
�c�u�r�m�o�r�p�h�=�{�}�;� 
�D�o�{�L� �(�*�j� �o�v�e�r� �t�h�e� �e�l�e�m�e�n�t�s� �i�n� �B�a�s�e�s�[�n�]� �[�[�k�]�]�*�)� 

�v�e�t�=�B�a�s�i�s�[�n�]� �[�[�k�,�j�]�]�;� 
�p�r�f�=�L�e�n�g�t�h�[�v�c�t�]�;� �m�m�=�v�c�t�(�(�-�1�]�]�;� 

�I�f�[�m�m�>�1�,�v�c�t�[�[�-�1�]�]�-�-�,� 
�e�o�=�-�1�;� �W�h�i�l�e�l�-�e�o�<�p�r�f� �&�&� �v�c�t�[�[�e�o�-�1�]�]�=�=�0�,�e�0�-�-�]�;� 
�v�c�e�t�=�D�r�o�p�[�v�c�t�,�e�o�]�]�;� 

�{�k�1�,�j�i�}�=�n�u�m�b�a�s�e�[�n�]� �[�v�c�t�]� �;� 
�f�=�m�a�x�e�l�e�m�(�n�]� �[�[�p�r�f�]�]�;� 
�t�a�r�g�e�t�k�i�=�n�u�m�w�t�s�(�[�d�n�]� �[�-�W�t�s�[�n�]� �[�[�k�1�]�]�]�;� 
�t�a�r�g�e�t�k�=�n�u�m�w�t�s� �[�d�n�]� �[�-�W�t�s�[�n�]� �[�[�k�]�]�]�;� 
�A�p�p�e�n�d�T�o�[�c�u�r�m�o�r�p�h�,
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�-�s�t�a�r�p�[�p�r�o�d�[�v�e�x�p�[�(�W�t�s� �[�d�n�]� �[�[�t�a�r�g�e�t�k�1� �,�£�]�]�+�2�)�*� 
�P�a�i�r�i�n�g�(�[�f�,�f�]�]�/�2�]�,�i�n�v�[�b�r�a�k�e�t�[�m�n�,�f�]�]�]�,� 

�d�o�t�p�[�D�m�o�r�p�h�[�n�]� �[�[�k�1�,�j�1�]�]�,� 
�T�r�a�n�s�p�o�s�e�[�A�c�t�i�o�n�[�d�n�]� �[�[�t�a�r�g�e�t�k�,� �r�a�n�k�+�f�]�]�]�]�]�]� 

�,�{�j�,� �L�e�n�g�t�h� �[�B�a�s�i�s� �[�n�]� �[�[�k�]�]�]�}�]�;� 
�A�p�p�e�n�d�T�o� �[�D�m�o�r�p�h� �[�n�]� �,� �c�u�r�m�o�r�p�h�]� 

�,�{�k�,�2�,�l�w�}�]�;� 

�I�f�{�n�=�=�d�n�,� �s�y�m�t�e�s�t�=�F�a�l�s�e�;� 
�D�o� �[�I�f� �[�D�m�o�r�p�h�[�n�]� �[�[�k�]�]�=�!�=� 

�s�t�a�r�p�[�v�e�x�p�[�-�S�u�m�[�(�W�t�s�[�n�]� �[�[�k�]�]� �.�F�w�e�i�g�h�t�s�)� �[�[�i�]�]� 
�*�P�a�i�r�i�n�g�[�L�l�i�,�i�]�]�,�{�i�,�r�a�n�k�}�]�]�,� 

�T�r�a�n�s�p�o�s�e�[�D�m�o�r�p�h�[�n�]� �[�[�l�w�-�k�+�1�]�]�]�]�,� 
�s�y�m�t�e�s�t�=�T�r�u�e� �]�,�{�k�,�l�w�}�]�;� 

�I�f�[�s�y�m�t�e�s�t�,� 
�P�r�i�n�t�[�"�T�h�e� �"�,�n�,�" ��t�h� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �i�s� �n�o�t� �s�y�m�m�e�t�r�i�c�.�"�]� 

�j�i�]�;� 

�(�*� �*�*� �M�A�I�N� �L�O�O�P� �*�*� �*�)� 
�C�l�e�a�r�[�W�t�s�,�M�u�l�t� �,�B�a�s�i�s�,�s�u�m�m�a�n�d�s�,�m�a�x�e�l�e�n�,� 

�D�m�o�r�p�h�,� �q�u�o�t�W�,�q�W�o�r�d�e�r�]� �;� 

�C�l�e�a�r�[�A�c�t�i�o�n�]�;� 
�W�h�i�l�e� �[�r�e�p�d�o�n�e�<�I�f�[�c�l�a�s�s�0�,�n�u�m�r�e�p�0�O�,�r�e�p�n�o�]�,� �n�=�r�e�p�d�o�n�e�t�+�1�;� 

�I�f� �(�D�u�a�l� �[�[�n�]�]�>�=�n�,� 
�a�n�n�o�u�n�c�e�(�[�"�S�t�a�r�t�e�d� �n�=�"�<�>�T�o�S�t�r�i�n�g�[�n�]�]�;� 
�F�i�n�d�q�w� �[�n�]� �;� 
�a�n�n�o�u�n�c�e�[�"�F�i�n�i�s�h�e�d� �q�W�"�]�;� 
�F�i�n�d�B�a�s�i�s�[�n�]�;� �a�n�n�o�u�n�c�e�[�"�F�i�n�i�s�h�e�d� �B�a�s�i�s�"�]�;� 
�I�f� �[�n�=�'�!�=�D�u�a�l�(�[�n�]�]� �,�F�i�n�d�B�a�s�i�s�[�D�u�a�l�[�[�n�]�]�]�]�;� 
�a�n�n�o�u�n�c�e�[�"�F�i�n�i�s�h�e�d� �d�u�a�l� �B�a�s�i�s�"�]�;� 

�F�i�n�d�A�c�t�i�o�n�[�n�]� �;� 
�a�n�n�o�u�n�c�e�[�"�'�F�i�n�i�s�h�e�d� �A�c�t�i�o�n�"� �]�;� 

�F�i�n�d�D�m�o�r�p�h�[�D�u�a�l�[�[�n�]�]�]�;� 
�a�n�n�o�u�n�c�e�(�[�"�F�i�n�i�s�h�e�d� �D�m�o�r�p�h�"�]�]�;� 
�R�e�p�U�p�d�a�t�e�(�[�]�]�;
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�(�*� �t�e�s�t� �p�r�o�g�r�a�m�s� �*�)� 

�I�f� �[�d�o�t�e�s�t�s�,� 
�G�e�t� �L�o�u�t�p�u�t�f�i�l�e�]� �;� 
�C�l�e�a�r�[�n�u�m�w�t�s�]�;� 
�D�o�[�D�o�{�n�u�m�w�t�s�[�n�]� �[�W�t�s�[�n�]� �[�[�k�]�]�]�=�k�,� �{�k�,�L�e�n�g�t�h�[�W�t�s�[�n�]�]�}�]� 

�,�{�n�,� �L�e�n�g�t�h�[�A�l�l�R�e�p�]�}�]�;� 
�n�u�m�w�t�s�[�n�_�]� �[�w�t�_�]� �:�=�0�;� 

�r�a�n�[�n�_�]� �[�k�_�,�j�_�J�]�:�=�n�u�m�w�t�s�[�n�]� �[�W�t�s�[�n�]� �[�[�k�]�]�+� 
�I�f�[�j�>�r�a�n�k�,�-�C�C�[�[�j�-�r�a�n�k�]�]�,�c�c�(�[�{�j�]�]�]� �J�]�;� 

�T�e�s�t�A�c�t�i�o�n�[�n�_�]� �:�=�(�p�r�o�b�l�e�m�=�F�a�l�s�e�;� 

�D�o�[� �(�*�k� �o�v�e�r� �t�h�e� �w�t�s�p�a�c�e�s� �*�)� 
�e�w�n�u�m�=�T�a�b�l�e�[�n�u�m�w�t�s�[�n�]� �[�W�t�s� �[�n�]� �[�[�k�]�]�+�c�c�[�{�i�J�]�]� 

�»�{�i�,�r�a�n�k�}�]� �;� 

�e�f�w�n�u�m�=�T�a�b�l�e�[�n�u�m�w�t�s�[�n�]� �[�W�t�s�[�n�]� �[�[�k�]�]�+�c�c�C�l�i�J�]�-�c�c�C�l�j�l�]�]� 

�,�{�i�,�r�a�n�k�}�,�{�j�,�r�a�n�k�}�]�;� 

�f�w�n�u�m�=�T�a�b�l�e�[�n�u�m�w�t�s�[�n�]� �[�W�t�s�[�n�]� �[�[�k�]�]�-�c�c�(�C�{�i�]�]�]� 
�,�{�i�,�r�a�n�k�}�]�;� 

�d�i�m�=�T�a�b�l�e�[�I�f�[�l�e�f�w�n�u�m�(�{�i�,�j�]�]�>�0�,� 

�M�u�l�t� �[�n�]� �[�L�e�f�w�n�u�m�[�[�i�,�j�]�]�]�]� 
�,�0�O�]� �,�{�i�,�r�a�n�k�}�,�{�j�,�r�a�n�k�}�]� �;� 

�D�o�[�d�d�=�d�i�m�[�[�i�i�,�j�j�l�]�J�;� 
�I�f� �[�d�d�>�o�,� 

�m�z�e�r�o�=�T�a�b�l�e�[�z�e�r�o�,� �{�M�u�l�t� �[�n�]� �[�[�k�]�]�}�,�{�d�d�}�]�;
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�t�e�s�t� �=� �I�f�[�e�w�n�u�m�[�[�i�i�]�]�>�0�,� 

�d�o�t�p�[�A�c�t�i�o�n�[�n�]� �[�[�k�,�i�i�]�]�,� 
�A�c�t�i�o�n� �[�n�]� �[�f�L�e�w�n�u�m�[�(�i�i�]�]�,�j�j�t�+�r�a�n�k�]� �J�]� 

�,�»�m�z�e�r�o�]�-� 

�I�f� �[�f�w�n�u�m�[�[�j�j�]�]�>�0�,� 
�d�o�t�p�[�A�c�t�i�o�n�[�n�]� �[�[�k�,�j�j�t�+�r�a�n�k�]�]�,� 

�A�c�t�i�o�n�[�n�]� �[�[�f�w�n�u�m�[�[�j�j�]�]�,�i�i�J�]�]�]� �,�m�z�e�r�o�]�+� 
�I�f� �[�i�i�=�=�j�j�,�s�t�a�r�p�[� 

�b�r�a�k�e�t� �[�W�t�s�[�n�]� �[�[�e�f�w�n�u�m�[�(�[�i�i�,�j�j�]�]�,�i�i�]�]�,�i�i�l�,� 
�T�a�b�l�e� �[�I�f� �[�i�=�=�j�,�i�d�,�z�e�r�o�]� �,�{�i�,�d�d�}�,�{�j�,�d�d�}�]�]� 

�»�m�z�e�r�o�]� �;� 
�I�f� �[�t�e�s�t�=�!�=�m�z�e�r�o�,� 

�P�r�i�n�t�(�"�P�r�o�b�l�e�m� �w�i�t�h� �t�h�e� �"�,�{�i�i�,�j�j�}�,� 
�"�c�o�m�m�u�t�a�t�o�r� �o�n� �t�h�e� �"�,�k�,�" ��t�h� �w�t�s�p�a�c�e�.�"�'�]�;� 

�p�r�o�b�l�e�m�=�T�r�u�e�]� 
�J�;� 

�»�{�i�i�,�r�a�n�k�}�,�{�j�j�,�r�a�n�k�}�]� 
�,�{�k�,� �L�e�n�g�t�h�[�M�u�l�t� �[�n�j�]�}�]�;� 
�I�f�{�!�p�r�o�b�l�e�m�,� �P�r�i�n�t�[�"�A�c�t�i�o�n�[�"�,�n�,�"�]� �i�s� �f�i�n�e�.�"�]�]�)�;� 

�T�e�s�t�s�d�u�a�l� �[�n�_�]� �:�=�(�p�r�o�b�l�e�m�=�F�a�l�s�e�;� 

�l�w�=�L�e�n�g�t�h�(�[�W�t�s�[�n�]�]�;� 
�I�f� �(�D�u�a�l� �[�[�n�]�]�=�=�n�,� 

�D�o� �[�I�f� �[�D�m�o�r�p�h�[�n�]� �[�[�k�]�]�=�!�=� 
�s�t�a�r�p�[�v�e�x�p�[� 
�-�S�u�m�[�(�W�t�s�[�n�]� �[�[�k�]�]� �.�F�w�e�i�g�h�t�s�)� �[�[�i�]�]� 

�*�P�a�i�r�i�n�g�[�[�i�,�i�]�]� 
�»�{�i�,�r�a�n�k�}�]�]�,� 

�T�r�a�n�s�p�o�s�e�[�D�m�o�r�p�h�[�n�]� �[�[�l�w�-�k�+�1�]�]�]�]�,� 
�p�r�o�b�l�e�m�=�T�r�u�e�;� 
�P�r�i�n�t�[�"�T�h�e� �n�o�r�m�a�l�i�z�a�t�i�o�n� �a�t� �"�,�k�,� 

�"�t�h� �w�t�s�p�a�c�e� �f�a�i�l�s�.�"�]�]�;� 
�l�o�l�e�v�=�{�}�;� 
�D�o�[�l�=�r�a�n�[�n�]� �[�k�,�j�]�;
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�I�f�[�1�>�0�,�A�p�p�e�n�d�T�o�[�l�o�l�e�v�,� �{�j�,�1�}�]�]� 
�,�{�j�,�r�a�n�k�+�1�,�2�*�r�a�n�k�}�]�;� 

�D�o�L� 
�{�j�,�l�}�=�l�o�l�e�v�[�[�s�]�]�;� 
�F�S�=�d�o�t�p�[�A�c�t�i�o�n�[�n�]� �[�[�k�,�j�]�]� �,�D�m�o�r�p�h�[�n�]� �[�[�1�]�]�]�;� 
�S�F�=�s�t�a�r�p�[�-�v�e�x�p�(�(�W�t�s�[�n�]� �[�[�l�w�-�k�+�1�,�j�-�r�a�n�k�]�]�+�2�)�*� 

�P�a�i�r�i�n�g�[�[�j�-�r�a�n�k�,�j�-�r�a�n�k�]�]�/�2�]�,� 
�d�o�t�p�[�D�m�o�r�p�h�[�n�]� �[�[�k�]�]�,� 
�T�r�a�n�s�p�o�s�e�[�A�c�t�i�o�n�[�n�]� �[�[�1�w�-�1�+�1�,�j�]�]�J�]�J�]�;� 

�I�f� �[�F�S�=�!�=�S�F�,� 

�P�r�i�n�t�[�"�P�r�o�b�l�e�m� �w�i�t�h� �t�h�e� �"�,�k�,� 
�"�t�h� �w�t�s�p�a�c�e� �o�f� �t�h�e� �"�,�n�,�"�t�h� �r�e�p�.�"�]�;� 

�p�r�o�b�l�e�m�=�T�r�u�e� �|� 
�,�{�s�,�L�e�n�g�t�h�[�l�o�l�e�v�]� �}�]� 

�,�{�k�,�1�w�}�]� �]�;� 
�I�f�C�!�p�r�o�b�l�e�m�,� �P�r�i�n�t�(�"�D�m�o�r�p�h�[�"�,�n�,�"�]� �i�s� �f�i�n�e�.�"�]�]�;� 

�)�3� 

�(�*�m�a�i�n� �l�o�o�p� �f�o�r� �t�h�e� �t�e�s�t� �f�u�n�c�t�i�o�n�s�*�)� 

�I�f�l�d�o�t�e�s�t�s�,� 

�D�o� �[�I�f� �[�n�<�=�D�u�a�l�[�[�n�]�]�,� 
�T�e�s�t�A�c�t�i�o�n�[�n�]� �;�T�e�s�t�s�d�u�a�l� �[�D�u�a�l� �[�[�n�]�]�]�]� 

�,�{�n�,� �I�f� �{�c�l�a�s�s�0� �,�n�u�m�r�e�p�0�,�r�e�p�n�o�]�}�]�]�;
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�p�=�?�;� 
�a�l�g�=�"�A�"� �;� 

�r�a�n�k�=�3�;� 

�c�l�a�s�s�0�=�F�a�l�s�e�;� 

�a�l�g�c�a�t�e�g�o�r�y�=�a�l�g�<�>�T�o�S�t�r�i�n�g� �[�r�a�n�k�]� �<�>�"�q�"�;� 
�c�a�t�e�g�o�r�y�=�a�l�g�<�>�T�o�S�t�r�i�n�g� �[�r�a�n�k�]� �<�>�"�q�"�'�<�>�"�m�o�d�"�<�>�T�o�S�t�r�i�n�g� �[�p�]� �;� 
�i�n�p�u�t�f�i�l�e�=�c�a�t�e�g�o�r�y�<�>�"�.� �r�e�p�"�;� 
�r�o�o�t�s�f�i�l�e�=�a�l�g�<�>�T�o�S�t�r�i�n�g� �[�r�a�n�k�]� �<�>�"�q�.� �r�o�o�t�s�"�;� 
�p�r�e�d�i�m�f�i�l�e�=�c�a�t�e�g�o�r�y�<�>�"�.�p�r�e�d�i�m�"� �;� 
�o�u�t�p�u�t�f�i�l�e�=�c�a�t�e�g�o�r�y�<�>�"�.� �s�u�m �� �;� 
�s�y�m�m�f�i�l�e�=�c�a�t�e�g�o�r�y�<�>�"�.�s�y�m�m�"�;� 
�s�t�a�t�u�s�f�i�l�e�=�c�a�t�e�g�o�r�y�<�>�"�.�s�t�a�t�u�s�"�;� 
�c�l�a�s�s�O�s�u�m�=�F�a�l�s�e�;� 

�a�l�l�c�l�a�s�s�e�s�s�u�m�=�F�a�l�s�e�;� 

�r�e�p�o�r�t�s�=�T�r�u�e�;� 
�d�i�m�F�d�o�n�e�=�F�a�l�s�e�;� 

�d�o�t�e�s�t�s�=�F�a�l�s�e�;� 

�O�f�f� �[�G�e�n�e�r�a�l�:� �:�s�p�e�l�l�4�]� �;� 
�O�f�f� �[�G�e�n�e�r�a�l�:� �:�s�p�e�l�l�]�;� 
�S�e�t�D�i�r�e�c�t�o�r�y�L� 
�"�M�a�c�i�n�t�o�s�h� �H�D�:�M�a�t�h�e�m�a�t�i�c�a� �2�.�2�.�2�:�Q�u�a�n�t�u�m�G�r�o�u�p�s�:�"�'�<�>�a�l�g�c�a�t�e�g�o�r�y�]� �;� 

�(�*� �s�e�t�u�p� �r�i�n�g� �o�p�e�r�a�t�i�o�n�s� �a�n�d� �l�i�n�e�a�r� �a�l�g�e�b�r�a� �*�)� 

�z�e�r�o�=�T�a�b�l�e�(�0�,�{�p�-�1�}�]�;� 
�o�n�e�=�T�a�b�l�e�[�1�,�{�p�-�1�}�]�;� 
�i�d�=�T�a�b�l�e�(�[�I�f�[�i�=�=�1�,�1�,�0�]�,�{�i�,�1�,�p�-�1�}�1�]�;� 

�p�r�o�d�[�a�_�,�b�_�]�:�=� 

�I�f� �[�a�=�=�z�e�r�o�|� �|�b�=�=�z�e�r�o�,�z�e�r�o�,� 
�I�f� �[�a�=�=�i�d�,�b�,�I�f� �[�b�=�=�i�d�,�a�,� 

�1�1�6



�D� �S�U�M�M�A�N�D�S�S�E�T�U�P� �1�1�7� 

�T�a�b�l�e�[�a�(�l�(�1�]�]�*�b�[�[�k�e�t�+�1�i�]�]� �+� 
�S�u�m�C�a�l�L�i�e�t�1�]�]�*�(�b�[�[�k�e�-�i�e�t�+�1�]�]�-�b�[�[�p�-�i�e�]�]�)�,�f�i�e�,�1�,�k�e�}�]� �-� 

�I�f� �[�k�e�<�p�-�2�,�a�l�[�[�k�e�+�2�]�]�*�b�[�[�p�-�k�e�-�1�]�]�,�0�]� �+� 
�S�u�m�[�L�a�{�{�i�e�+�1�]�]�*�(�b�{�[�p�-�i�e�t�k�e�+�1�]�]�-�b�{�[�p�-�i�e�]�]�)� 

�,�{�i�e�,�k�e�t�+�2�,�p�-�2�}�]� 

�,�{�k�e�,�0�,�p�-�2�}�]�]�]�]�;� 

�i�n�v�l�a�_�]�:�=� �M�o�d�u�l�e�[�{�G�G�}�,� �I�f�[�a�=�=�i�d�,�i�d�,� �I�f�[�l�a�=�=�z�e�r�o�,� 
�P�r�i�n�t�(�[�"�i�n�v� �h�a�s� �b�e�e�n� �c�a�l�l�e�d� �w�i�t�h� �z�e�r�o� �a�r�g�u�m�e�n�t�.�"�]�,� 
�G�G�=� �T�a�b�l�e�[� �I�f�[�i�a�=�=�1�,�a�[�[�k�a�t�1�]�]�,� 

�I�f�f�i�a�>�1� �&�&� �i�a�<�=�k�a�+�1�,�a�l�[�k�a�-�i�a�+�2�]�]�-�a�l�[�p�-�i�a�t�+�i�]�]�,� 

�I�f� �[�i�a�=�=�k�a�+�2�,�-�a�l�[�p�-�k�a�-�1�]�]�,� 
�I�f�[�i�a�>�k�a�t�2� �&�&� �i�a�<�=�p�-�1� 

�,�a�l�(�p�-�i�a�t�k�a�+�2�]�]�-�a�l�[�p�-�i�a�t�t�]�]�]�]�]�]� 
�,�{�k�a�,�0�,�p�-�2�}�,� �{�i�a�,�p�-�1�}�]�;� 

�Q�t�r�i�a�n�g�[�T�r�a�n�s�p�o�s�e�[�G�G�]� �,�T�r�u�e�]�[�[�-�1�,�1�]�]�]�]� �]�;� 

�v�e�x�p�[�x�_�]� �:�=�I�f� �[�M�o�d�[�x�,�p�]�=�!�=�p�-�1�,� 
�R�e�p�l�a�c�e�P�a�r�t� �[�z�e�r�o�,�1�,�M�o�d�[�x�,�p�]�+�1�]�,� 

�T�a�b�l�e�[�-�1�,�{�p�-�1�}�]�]�;� 

�s�t�a�r�p�[�s�c�a�l�_�,�m�a�t�r�i�x�_�]� �:�=�I�f�[�s�c�a�l�=�=�i�d�,�m�a�t�r�i�x� 
�,�M�a�p�[�p�r�o�d�[�s�c�a�l�,�#�]�&�,�m�a�t�r�i�x�,�{�-�2�}�]�]�;� 

�d�o�t�p�[�A�_�,�B�_�]�:�=� �M�o�d�u�l�e�[�{�d�o�}�,� 

�I�f� �[�A�=�=�=�1�,�B�,�I�f�[�B�=�=�=�1�,�A�,� �I�f�[�A�=�=�=�{�}�|�|�B�=�=�=�{�}�,�{�}�,� 
�d�o�=�D�i�m�e�n�s�i�o�n�s�[�A�]� �[�[�-�2�]�]�;� 
�M�a�p� �[�S�u�m�[�s�t�a�r�p�[�#�[�[�i�1�0�]�]� �,�B�[�[�i�1�0�]�]�]� �,�{�i�1�0�,�d�o�}�]�&�,�A�,�{�-�3�}�]�]�]�]�]�;� 

�s�i�m�p�l�p�o�l�y�[�p�o�l�y�_�]� �:�=�M�o�d�u�l�e�[�{�p�r�e�p�}�,� 

�p�r�e�p�=�T�a�b�l�e�[�0�,�{�p�}�]�;� 

�D�o�[� �(�*�o�v�e�r� �t�h�e� �l�e�n�g�t�h� �o�f� �p�o�l�y�*�)� 

�p�r�e�p�[�[�M�o�d�[�p�o�l�y�[�[�j�i�,�1�]�]�,�p�]�+�1�]�]�+�=�p�o�l�y�[�[�j�i�,�2�]�]�;� 
�,�{�j�i�,�L�e�n�g�t�h�[�p�o�l�y�]�}�]�;
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�I�f� �[�p�r�e�p�[�[�p�]�]�=�=�0�,� �D�r�o�p�[�p�r�e�p�,�-�1�]�,� 
�D�r�o�p�[�p�r�e�p�,�-�1�]�-�p�r�e�p�[�[�-�1�]�]� �*�o�n�e�]� 

�]�;� 

�b�r�a�k�e�t�[�x�_�,�i�p�_�]� �:�=�I�f�[�x�=�=�0�,�z�e�r�o�,�I�f�[�x�=�=�1�,�i�d�,� 

�s�i�m�p�l�p�o�l�y�[�T�a�b�l�e�[�{�-�P�a�i�r�i�n�g�[�{�i�p�,�i�p�]�]�/�2�*�(�x�-�1�-�2�*�z�e�)� �,�1�}� 
�,�{�z�e�,�0�,�M�o�d�[�x�,�p�]�-�1�}�]�]�]�]�;� 

�Q�t�r�i�a�n�g�[�q�A�_�,�d�o�p�a�r�a�m�_�]�:�=�M�o�d�u�l�e�[� 
�{�q�n�r�o�w�s�,�q�n�c�o�l�s�,�q�A�A�,�q�r�o�w�,�q�c�o�l�,�q�r�r�,� 

�q�r�a�n�g�,�q�p�o�i�n�t�e�r�,�q�r�a�,�q�c�0�,�q�c�l�,�q�p�a�r�a�m�,�q�l�l�o�,�q�l�l�e�,� 

�g�r�u�,�q�m�u�l�,�q�d�e�}�,� 
�{�q�n�r�o�w�s�,�q�n�c�o�l�s�}�=�{�L�e�n�g�t�h�[�q�A�]� �,�L�e�n�g�t�h�[�q�A�[�[�1�]�]�]�}�;� 
�q�A�A�=�q�A�;� 

�I�f� �[�d�o�p�a�r�a�m�,�q�p�a�r�a�m�=�I�d�e�n�t�i�t�y�M�a�t�r�i�x�[�q�n�r�o�w�s�]�]�;� 
�q�p�o�i�n�t�e�r�=�T�a�b�l�e�[�q�i�,�{�q�i�,�q�n�r�o�w�s�}�]� �;� 
�q�c�o�l�=�0�;� �q�r�o�w�=�0�;� �q�r�a�n�g�=�{�}�;� 
�W�h�i�l�e�[�q�c�o�l�<�q�n�c�o�l�s� �&�&� �q�r�o�w�<�q�n�r�o�w�s�,� 

�q�r�o�w�t�+�;� �q�c�o�l�+�+�;� �q�r�r�=�q�r�o�w�;� 
�W�h�i�l�e�[�q�c�o�l�<�=�q�n�c�o�l�s� �&�&� 

�q�g�A�A�l�[�q�p�o�i�n�t�e�r�(�[�(�q�r�r�]�]� �,�q�c�o�l�]�]�=�=�0�,� 
�I�f� �[�q�r�r�<�q�n�r�o�w�s� �,�q�r�r�t�+�+�,�q�c�o�l�t�+�;� �g�r�r�=�q�r�o�w�]�]�;� 

�A�p�p�e�n�d�T�o�[�q�r�a�n�g�,�q�c�o�l�]�;� 
�q�r�a�=�q�p�o�i�n�t�e�r�[�[�q�r�r�]�]�;� 
�q�p�o�i�n�t�e�r�=�D�e�l�e�t�e�[�I�n�s�e�r�t�[�q�p�o�i�n�t�e�r�,�q�r�a�,�q�r�o�w�]� 

�»�{�q�r�r�t�+�i�t�)�;� 
�I�f� �[�q�c�o�l�<�=�q�n�c�o�l�s�,� 

�I�f� �[�q�A�A�L�[�q�r�a�,�q�c�o�l�]�]�=�!�=�1�,� 
�q�c�0�=�1�/�q�g�A�A�[�[�g�r�a�,�q�c�o�l�]�]�;� 
�g�A�A�C�[�q�r�a�]�]�=�q�c�0�*�g�A�A�[�[�q�r�a�]�]�;� 
�I�f� �[�d�o�p�a�r�a�n�,� 

�q�p�a�r�a�m�[�[�q�r�a�]�]�=�q�c�0�*�q�p�a�r�a�m�[�[�q�r�a�]�]�]�]�;� 
�D�o�[�q�l�l�o�=�q�p�o�i�n�t�e�r�[�[�q�l�l�e�]�]� �;� 

�q�c�1�=�q�A�A�[�[�q�l�l�o�,�q�c�o�l�]�]�;� 
�I�f� �[�q�c�e�1�=�!�=�0�,
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�g�A�A�L�[�q�l�l�o�]�]�=� 
�g�A�A�[�[�q�l�l�o�]�]�-�q�A�A�[�[�q�r�a�]�]�*�q�c�1�;� 

�I�f� �[�d�o�p�a�r�a�m�,�q�p�a�r�a�m�[�[�q�l�l�o�]�]�=� 
�g�p�a�r�a�m�[�[�q�l�l�o�]�]�-�q�p�a�r�a�m�[�[�q�r�a�]�]�*�q�c�1�]�]� 

�,�{�q�l�l�e�,�q�r�o�w�+�1�,�q�n�r�o�w�s�}�]�]�;� 

�1�;� 

�I�f� �[�q�c�o�l�<�=�q�n�c�o�l�s�,�q�m�u�l�=�q�r�o�w�,�q�m�u�l�=�q�r�o�w�-�1�;� 

�q�r�a�n�g�=�D�r�o�p�[�q�r�a�n�g�,�-�1�]�]�;� 
�I�f�[�q�m�u�l�>�0�,� �g�A�A�=�T�a�b�l�e�[�q�A�A�[�[�q�p�o�i�n�t�e�r�[�[�q�i�]�]�]�]�,�{�q�i�,�q�m�u�1�}�]� �;� 

�I�f� �[�d�o�p�a�r�a�m�,� 
�q�p�a�r�a�m�=�T�a�b�l�e�[�q�p�a�r�a�m�[�[�q�g�p�o�i�n�t�e�r�[�[�q�i�]�]�]�]� 

�,�{�q�i�,�q�m�u�l�}�]�]�;� 
�q�r�u�=�q�m�u�l� �;� 
�W�h�i�l�e�[�g�r�u�>�1�,� 

�D�o�[�q�d�e�=�q�A�A�[�[�q�l�l�o�,�g�r�a�n�g�[�[�q�r�u�]�]�]�]�;� 
�I�f� �[�q�d�e�=�!�=�0�,� 

�g�A�A�L�[�[�q�l�l�o�]�]�=�q�A�A�[�[�q�l�l�o�]�]�-�q�d�e�*�g�A�A�L�[�q�r�u�]�]� �;� 
�I�f� �[�d�o�p�a�r�a�m�,� �q�p�a�r�a�m�[�[�q�l�l�o�]�]�=� 

�q�g�p�a�r�a�m�[�[�q�l�l�o�]�]�-�q�d�e�*�q�p�a�r�a�m�[�[�q�r�u�]�]�]�]� 
�,�{�q�l�l�o�,�q�r�u�-�1�}�]�;� �q�r�u�-�-�]�;� 

�I�f� �[�d�o�p�a�r�a�m�,� �{�q�m�u�l�,�q�A�A�,�q�r�a�n�g�,�q�p�a�r�a�m�}� 
�,�{�q�m�u�l� �,�q�A�A�,�q�r�a�n�g�}�]� 

�,�(�0�}�]� 
�]�;� 

�T�r�i�a�n�g�[�A�_�,�d�o�p�a�r�a�m�_�]� �:�=�M�o�d�u�l�e�[� 

�{�n�r�o�w�s�,�n�c�o�l�s�,�A�A�,� �p�a�r�a�m�,� �p�o�i�n�t�e�r�,�c�o�l�,�r�o�w�,�r�a�n�g�,�r�r�,� 
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�p�o�i�n�t�e�r�=�D�e�l�e�t�e�[�I�n�s�e�r�t� �[�p�o�i�n�t�e�r�,�r�a�,�r�o�w�]� �,�{�r�r�+�1�}�]� �;� 
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�I�f� �[�r�a�n�d�i�m�<�L�e�n�g�t�h�I�[�T�]�,� 

�P�r�i�n�t�[�"�r�i�g�h�t�i�n�v� �c�a�l�l�e�d� �w�i�t�h� �d�e�g�e�n�e�r�a�t�e� �m�a�t�r�i�x�"�]� 
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�D�o� �[�A�p�p�e�n�d�T�o�[�B�,�R�]� �;� 
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�s�u�m�d�o�n�e�=�{�}�;� �P�e�r�m�R�e�p�=�{�}�;� 
�G�e�t� �[�s�t�a�t�u�s�f�i�l�e�]�;� 

�I�f�(�I�f�[�c�l�a�s�s�O�,� �!�c�l�a�s�s�O�r�e�p�,� �!�a�l�l�c�l�a�s�s�e�s�r�e�p�]� �,�P�r�i�n�t�l�|� 
�"�A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �s�t�a�t�u�s� �f�i�l�e�,� �t�h�e� �"�,�i�n�p�u�t�f�i�l�e�,� 

�"� �f�i�l�e� �i�s� �n�o�t� �c�o�m�p�l�e�t�e�.� 
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�i�n�v�D�m�o�r�p�h�[�n�]� �[�[�k�1�]�]�]�]�;� 

�P�r�e�a�c�t�i�o�n�L�[�[�k�1�,�z�]�]�=�s�t�a�r�p�[� 
�v�e�x�p�[�-�W�t�s�[�d�n�]� �[�[�1�1�,�z�]�]�]�,�-�d�o�t�p�[� 
�d�o�t�p�[�D�m�o�r�p�h�[�n�]� �[�{�k�1�]�]�,� 
�T�r�a�n�s�p�o�s�e�[�A�c�t�i�o�n�[�d�n�]� �[�[�1�,�z�]�]�]�]�,� 
�i�n�v�D�m�o�r�p�h�[�n�]� �[�[�k�]�J�]�J�]� 

�,�{�z�,�r�a�n�k�}�]�,�{�k�,�l�w�-�1�}�]�;� 
�A�c�t�i�o�n�[�n�]�=�P�r�e�a�c�t�i�o�n�;� �C�l�e�a�r�[�P�r�e�a�c�t�i�o�n�]� �]� 

�,�{�n�,�I�f�[�c�l�a�s�s�O�,�n�u�m�r�e�p�0�,�r�e�p�n�o�]�}�]�;� 

�I�f�{�'�d�i�m�F�d�o�n�e�,� 
�d�i�m�F�l�i�s�t�=�T�a�b�l�e�[�0�,�{�j�,�r�e�p�n�o�}�,�{�i�,�j�}�,�{�k�,�r�e�p�n�o�}�]� �;� 
�D�o� �(�D�o�l�(�d�i�m�F�l�i�s�t�[�(�j�,�i�,�D�u�a�l�[�C�s�u�m�m�a�n�d�s�[�j�,�i�]� �C�(�k�]�]�]�]�J�1�+�+� 

�,�{�k�,�L�e�n�g�t�h�[�s�u�m�m�a�n�d�s�[�j�,�i�J�]�}�;� 
�,�(�i�,�I�f�{�c�l�a�s�s�O�,�n�u�m�r�e�p�0�O�,�r�e�p�n�o�]�}�,�{�j�,�i�,�r�e�p�n�o�}�]� �;� 

�d�i�m�F�l�i�s�t�=�T�a�b�l�e�[�{�i�1�,�j�1�,�k�i�}�=�S�o�r�t�[�{�i�,�j�,�k�}�]�;� 
�d�i�m�F�l�i�s�t�[�[�j�i�,�i�1�,�k�1�]�]� 

�,�{�i�,�r�e�p�n�o�}�,�{�j�,�r�e�p�n�o�}�,�{�k�,�r�e�p�n�o�}�]�]�;� 

�l�p�r�=�L�e�n�g�t�h�[�P�o�s�r�l�i�s�t�]� �;� 

�F�i�n�d�R�l�i�s�t�[�]� �:�=�(
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�R�l�i�s�t�=�T�a�b�l�e�[� 
�d�i�v�=�I�f� �[�C�o�n�s�t� �[�[�k�]�]�=�=�=�1�,�i�d�,�i�n�v�[�F�o�l�d�[�p�r�o�d�,�i�d�,� 

�M�a�p� �[�b�r�a�k�e�t� �[�#�[�(�[�1�]�]�,�#�[�(�2�]�]�]�&�,�C�o�n�s�t�[�[�k�]�]�]�]�]�]�;� 
�{�P�r�e�R�l�i�s�t�(�[�k�,�1�,�1�]�]�,� 
�p�r�o�d�[�s�i�m�p�l�p�o�l�y�[�P�r�e�R�l�i�s�t�[�[�k�,�1�,�2�]�]�]�,�d�i�v�]�}� 

�,�t�k�,�l�p�r�}�,�{�1�,�L�e�n�g�t�h�[�P�r�e�R�l�i�s�t� �[�[�k�]�]�]�}�]�;� 

�)�;� 

�d�e�l�t�a�e�x�p�[�g�e�n�l�i�s�t�_�,�n�l�i�s�t�_�,�t�l�i�s�t�_�]�:�=�M�o�d�u�l�e�[�{�t�l�i�s�t�1�,�g�e�n�,�l�g�l�}�,� 

�t�l�i�s�t�i�=�n�l�i�s�t�-�t�l�i�s�t�;� �l�g�l�=�L�e�n�g�t�h�[�g�e�n�l�i�s�t�]� �;� 
�M�o�d�[�S�u�m�[�g�e�n�=�g�e�n�l�i�s�t�[�(�(�i�]�]�;� �t�l�i�s�t�[�[�i�]�]� �*�¢� 

�P�a�i�r�i�n�g�[�[�g�e�n�,�g�e�n�]�]�*�t�l�i�s�t�i�l�[�i�J�]�/�2� �+� 
�S�u�m�[�t�l�i�s�t�1�[�[�j�]�]�*�P�a�i�r�i�n�g�[�[�g�e�n�l�i�s�t�[�[�j�]�]�,�g�e�n�]�]� 

�»�{�j�,�i�t�t�,�1�g�l�}�]�)� 
�,�{�i�,�l�g�l�}�]�,�p�]� 

�1�;� 

�f�a�c�t�o�r�i�a�l� �[�n�_�,�i�_�]� �:�=�I�f� �[�n�=�=�0�,�i�d�,�I�f�[�n�=�=�1�,�i�d�,� 

�F�o�l�d�[�p�r�o�d�,�i�d�,�T�a�b�l�e�[�b�r�a�k�e�t� �[�h�,�i�]�,�{�h�,�2�,�n�}�]�]�]� 

�]�;� 

�s�e�q�f�a�c�t�o�r�i�a�l�[�p�a�t�h�_�,�g�e�n�l�i�s�t�_�]� �:�=�M�o�d�u�l�e�[�{�t�e�r�m�s�n�o�}�,� 

�t�e�r�m�s�n�o�=�L�e�n�g�t�h�[�g�e�n�l�i�s�t�]� �;� 
�I�f� �[�t�e�r�m�s�n�o�=�=�1�,�f�a�c�t�o�r�i�a�l�[�p�a�t�h�[�[�1�]�]� �,�g�e�n�l�i�s�t�[�[�1�]�]�]�,� 

�F�o�l�d�[�p�r�o�d�,�i�d�,�T�a�b�l�e�[�f�a�c�t�o�r�i�a�l�[�p�a�t�h�[�[�h�]�]�,�g�e�n�l�i�s�t�[�[�h�l�]�]�]� 
�,�{�h�,�t�e�r�m�s�n�o�}�]�]�]� 

�]�;� 

�i�n�c�r�[�a�_�,�w�t�n�o�_�,�p�a�t�h�_�,�g�e�n�l�i�s�t�_�]�:�=�M�o�d�u�l�e�l� 

�{�n�i�,�l�p�t�h�,�A�g�,�n�w�t�n�o�,�m�s�,�s�s�,�g�e�n�}�,
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�n�i�=�1�;� �l�p�t�h�=�L�e�n�g�t�h�[�p�a�t�h�]� �;� 
�W�h�i�l�e�[�n�i�<�=�l�p�t�h� �&�&� �p�a�t�h�[�[�n�i�]�]�=�=�0�,�n�i�+�+�]� �;� 
�T�f� �[�n�i�<�=�l�p�t�h�,� 

�A�g�=�A�c�t�i�o�n�[�a�]�[�[�w�t�n�o�,�g�e�n�l�i�s�t�[�[�n�i�]�]�]�]�;� 
�n�w�t�n�o�=�n�u�m�w�t�s�[�a�]� �[�W�t�s�l�a�]� �[�[�w�t�n�o�]�]�+�c�c�[�[�g�e�n�l�i�s�t�[�(�n�i�J�]�]�]�]�;� 
�D�o�l� �(�*�r�r� �o�v�e�r� �l�e�n�g�t�h� �o�f� �p�a�t�h�*�)� 

�m�s�=�p�a�t�h�[�[�r�r�]�]�;� �s�s�=�I�f�[�r�r�=�=�n�i�,�2�,�1�]�;�g�e�n�=�g�e�n�l�i�s�t�[�[�r�r�]�]�;� 
�W�h�i�l�e�[�s�s�<�=�m�s�,� 

�A�g�=�d�o�t�p�[�A�g�,�A�c�t�i�o�n�[�a�]� �[�[�n�w�t�n�o�,�g�e�n�]�]�]�;� 
�s�s�t�t�;� 

�n�w�t�n�o�=�n�u�m�w�t�s� �[�a�]� �[�W�t�s�[�a�]� �[�{�n�w�t�n�o�]�]�+�c�c�[�[�g�e�n�]�]�]�]�;� 
�,�{�r�r�,�n�i�,�l�p�t�h�}�]�;� 

�{�n�w�t�n�o�,�s�t�a�r�p�L�i�n�v�[�s�e�q�f�a�c�t�o�r�i�a�l�[�p�a�t�h�,�g�e�n�l�i�s�t�]�]�,�A�g�]�}� 
�,�{�w�t�n�o�,�T�a�b�l�e�[�I�f� �[�i�=�=�j� �,�i�d�,�z�e�r�o�]� 

�,�{�i�,�M�u�l�t� �[�a�]� �[�[�w�t�n�o�]�]�}�,�{�j�,�M�u�l�t� �[�a�]� �[�[�w�t�n�o�]�]�}�]�}�]�1�;� 

�F�i�n�d�g�o�u�p�[�]�:�=�M�o�d�u�l�e�[�{�A�}�,� �g�o�u�p�=�{�}�;� 

�D�o�L�[� �(�*�o�v�e�r� �t�h�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s�*�)� 

�I�f�[�(�c�l�a�s�s�O� �&�&� �a�>�n�u�m�r�e�p�0�O�)�|�|�D�u�a�l�[�[�a�]�l�]�>�a�,� �A�=�{�{�0�}�}� 
�,�A�=�i�n�c�r�[�a�,�L�e�n�g�t�h�[�M�u�l�t� �[�a�]�]� �,�R�e�v�e�r�s�e�[�B�a�s�i�s�[�a�]�[�[�-�1�,�1�]�]�]�,� 

�R�e�v�e�r�s�e�[�m�a�x�e�l�e�m�(�a�]�]�]�[�(�2�]�]�]�;� 

�A�p�p�e�n�d�T�o�[�g�o�u�p�,�A�[�[�1�,�1�]�]�]� 
�,�{�a�,�r�e�p�n�o�}�]� 

�]�;� 

�F�i�n�d�R�l�i�s�t�[�]�;� 

�(�*�r�e�o�r�d�e�r�i�n�g� �t�h�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �a�c�o�r�d�i�n�g� �t�o� �t�h�e�i�r� 

�d�i�m�e�n�t�i�o�n� �s�.�t�.� �D�u�a�l�[�[�n�]�]� �a�n�d� �n� �a�r�e� �a�d�j�a�c�e�n�t�*�)� 

�n�e�w�P�e�r�m�R�e�p�=�{�}�;� 
�A�c�t�i�v�e�R�e�p�=�T�a�b�l�e�[�i�,�{�i�,�I�f�[�a�l�l�c�l�a�s�s�e�s�r�e�p�,�r�e�p�n�o�,�n�u�m�r�e�p�0�]�}�]�;� 
�P�a�s�s�i�v�e�R�e�p�=�I�f�[�a�l�l�c�l�a�s�s�e�s�r�e�p�,�{�}�,
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�T�a�b�l�e�[�i�,�{�i�,�n�u�m�r�e�p�0�+�1�,�r�e�p�n�o�}�]�]�;� 

�m�=�1�;� 

�W�h�i�l�e�[�m�<�=�L�e�n�g�t�h�[�A�c�t�i�v�e�R�e�p�]� �,� 
�n�=�A�c�t�i�v�e�R�e�p�[�[�m�]�]�;� 
�I�f� �[�D�u�a�l� �[�[�n�]�]�<�n�,�m�+�+�,� 

�d�i�m�=�S�u�m� �[�M�u�l�t� �[�n�]� �[�[�k�]�]�,�{�k�,�L�e�n�g�t�h�[�M�u�l�t� �[�n�]�]�}�]�;� 
�I�f� �[�D�u�a�l� �{�[�n�]�]�>�n�,� 

�A�p�p�e�n�d�T�o� �[�n�e�w�P�e�r�m�R�e�p� �,�{�d�i�m�,�{�n�,�D�u�a�l�[�[�n�]�]�}�}�]�,� 
�A�p�p�e�n�d�T�o�[�n�e�w�P�e�r�m�R�e�p� �,�{�d�i�m�,�{�n�}�}�]�]�;� 

�m�+�+�]�]�;� 
�n�e�w�P�e�r�m�R�e�p�=�F�l�a�t�t�e�n�[�M�a�p� �[�R�e�s�t� �,�S�o�r�t� �[�n�e�w�P�e�r�m�R�e�p�]� �]�]� �;� 
�n�e�w�P�e�r�m�R�e�p�=�J�o�i�n�(�[�n�e�w�P�e�r�m�R�e�p�,�P�a�s�s�i�v�e�R�e�p�]� �;� 

�D�o�l�[�p�o�s�r�e�p�[�n�e�w�P�e�r�m�R�e�p�[�[�i�]�]�]�=�i�,� �{�i�,�r�e�p�n�o�}�]�;� 
�I�f� �[�P�e�r�m�R�e�p�=�=�{�}�,� �P�e�r�m�R�e�p�=�n�e�w�P�e�r�m�R�e�p�;� 

�I�f� �[�P�e�r�m�R�e�p�=�!�=�n�e�w�P�e�r�m�R�e�p�,� 
�s�u�m�d�o�n�e�=�M�a�p� �[�p�o�s�r�e�p�[�P�e�r�m�R�e�p�[�[�#�]�]�]�&�,�s�u�m�d�o�n�e�]� �;� 
�P�e�r�m�R�e�p�=�n�e�w�P�e�r�m�R�e�p� �;� 

�F�i�n�d�g�o�u�p�[�]�;� 
�D�e�l�e�t�e�F�i�l�e�[�s�t�a�t�u�s�f�i�l�e�]� �;� 
�S�a�v�e�[�s�t�a�t�u�s�f�i�l�e�,�r�e�p�n�o�,�n�u�m�r�e�p�0�,�r�e�p�d�o�n�e�,�c�l�a�s�s�O�r�e�p�,� 

�a�l�l�c�l�a�s�s�e�s�r�e�p�,� �P�e�r�m�R�e�p�,�s�u�m�d�o�n�e�,� 

�c�l�a�s�s�O�s�u�m�,�a�l�l�c�l�a�s�s�e�s�s�u�m�,�g�o�u�p�,� 

�c�l�a�s�s�O�c�a�t�,� 

�a�l�l�c�l�a�s�s�e�s�c�a�t�,�s�t�a�t�u�s�t�a�b�l�e�]�]�]�;� 

�P�o�s�0�=�T�a�b�l�e�[�I�f�[�P�e�r�m�R�e�p�[� �[�n�]�]�<�=�n�u�m�r�e�p�0�,� �T�r�u�e�,� �F�a�l�s�e�]� 

�,�{�n�,�r�e�p�n�o�}�]� �;� 

�f�i�r�s�t�0�=�1�;� 

�W�h�i�l�e�[�!�P�o�s�O�[�[�f�i�r�s�t�0�]�]� �&�&� �f�i�r�s�t�0�<�r�e�p�n�o�,�f�i�r�s�t�0�+�+�]� �;� 
�I�f� �[�f�i�r�s�t�0�=�=�r�e�p�n�o�&�&�!�P�o�s�O�0�[�[�f�i�r�s�t�0�]�]�,� 

�f�i�r�s�t�0�=�1�;�c�l�a�s�s�O�s�u�m�=�T�r�u�e�]� �;� 

�C�d�e�t�=�D�e�t� �[�C�C�]� �;� 
�d�r�o�o�t�=�1�;� 

�W�h�i�l�e� �[�M�o�d� �[�C�d�e�t�*�d�r�o�o�t�-�1�,�p�]�=�!�=�0�,�d�r�o�o�t�+�+�]� �;
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�h�a�l�f�l�p�r�=�T�a�b�l�e�[�S�u�m�[�P�o�s�r�l�i�s�t�[�[�k�,�i�]�]�*�P�o�s�r�l�i�s�t�{�[�k�,�j�]�]�*� 
�P�a�i�r�i�n�g�[�l�i�,�j�]�]�/�2�,�{�i�,�r�a�n�k�}�,�{�j�,�r�a�n�k�}�]� 

�,�{�k�,�l�p�r�i�]�;� 

�(�*� �i�f� �s�t�a�r�t�i�n�g� �f�r�e�s�h�,� �s�a�v�e� �s�t�u�f�f� �t�o� �o�u�t�p�u�t�f�i�l�e� �*�)� 

�I�f� �[�s�u�m�d�o�n�e�=�=�{�}�,� 
�F�i�n�d�g�o�u�p�[�]�;� 
�F�i�n�d�R�l�i�s�t�{�]�;� 
�S�a�v�e�[�o�u�t�p�u�t�f�i�l�e�,�c�a�t�e�g�o�r�y�,�p�,�C�C�,�F�w�e�i�g�h�t�s�,� 

�P�a�i�r�i�n�g�,�A�l�l�R�e�p�,�r�e�p�n�o�,�n�u�m�r�e�p�O�,�D�u�a�l�,�R�l�i�s�t�,� �P�o�s�r�l�i�s�t�]�;� 

�S�a�v�e�l�[�s�y�m�m�f�i�l�e�,�c�a�t�e�g�o�r�y�,�p�,�A�l�l�R�e�p�,�r�e�p�n�o�,�n�u�m�r�e�p�0�O�,� �D�u�a�l�]�;� 

�D�e�l�e�t�e�F�i�l�e�[�s�t�a�t�u�s�f�i�l�e�]� �;� 
�s�u�m�d�o�n�e�=�{�0�,�f�i�r�s�t�0�,�f�i�r�s�t�0�}�;� 
�S�a�v�e�[�s�t�a�t�u�s�f�i�l�e�,�r�e�p�n�o�,�n�u�m�r�e�p�0�,�r�e�p�d�o�n�e�,�c�l�a�s�s�O�r�e�p�,� 

�a�l�l�c�l�a�s�s�e�s�r�e�p�,�P�e�r�m�R�e�p�,�g�o�u�p�,�s�u�m�d�o�n�e�]�]� �;� 

�a�n�n�o�u�n�c�e�[�"�F�i�n�i�s�h�e�d� �s�e�t�u�p�"�]� �;� 
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