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Abstract
Dynamic control limits can be useful in designing control charts, especiallywhen
sample sizes, risk scores, or other covariate values change over time. Computer
simulation can be used to control the conditional false alarm rate and thus the
in-control run length properties. We show that this approach can be useful in
designing adaptive exponentially weighted moving average (AEWMA) control
charts for which the control chart smoothing parameter at a given time point
depends on the observed value at that time point. We use AEWMA charts as
examples, but the approach can be applied to the adaptive cumulative sum
(CUSUM) chart and other types of adaptive charts.
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1 INTRODUCTION

Using simulation or other numerical methods to control the conditional false alarm rate (CFAR) has proven very use-
ful in designing control charts, especially when a covariate varies over time. Recent examples accounting for varying
sample sizes include Aytaçoğlu and Woodall,1 who used the CFAR to determine control limits for the cumulative sum
(CUSUM) chart for monitoring proportions, and Aytaçoğlu et al.2 who used this dynamic control limit approach to design
the multivariate exponentially weighted moving average (MEWMA) chart. The method also works well for monitoring
the risk-adjusted CUSUM chart of Steiner et al.3 for which the risk factors vary over time, as demonstrated by Zhang and
Woodall.4 Driscoll et al.5 gave quite a few other examples of applications.
An area that has yet to be explored is the application of the CFAR approach when designing adaptive control charts.

Adaptive control charts have been proposed in the literature for monitoring situations where control chart parameters,
the sampling interval, or the sample size at a given time depend on the observed data. Psarakis6 and Tsung and Wang7
provided literature reviews of adaptive control charting, while Perdikis and Psarakis8 focused on recent developments in
multivariate adaptive control charting. These reviews show that a vast amount of research has been devoted to both the
design and application of adaptive control charting, but the CFAR approach has not been used to design these adaptive
charts. It is important to note this approach is only appropriate for adaptive charts when the chart parameters or the
sample size are changing depending on observed results. The CFARmethod is not appropriate when the sampling interval
changes over time, which necessitates use of the average time to signal metric.
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In this paper, we apply the CFAR approach to design the adaptive exponentially weighted moving average (AEWMA)
charts proposed by Capizzi and Masarotto9 It could also be applied to the AEWMAmethod of Haq et al.10 These adaptive
charts are combinations of both Shewhart charts and EWMA charts by weighting observations based on the size of the
current error. It is suitable to design these charts with the CFAR method because these adaptive charts are for scenarios
where the EWMA smoothing parameter value at a given time depends on the observed value at that time. The CFAR
approach could also be used in designing the adaptive CUSUM chart of Sparks.11
In our study, we design the AEWMA chart by ensuring that the CFARs are controlled at each time point of monitoring.

In Section 2,we define theCFAR. In Section 3,we present theAEWMAmethod. The simulation algorithm for determining
dynamic probability control limits (DPCLs) is given in Section 4. In Section 5, the performance of the AEWMA charts with
controlled CFARs for static and dynamic scenarios is discussed. Lastly, conclusions are provided in Section 6.

2 CONDITIONAL FALSE ALARMRATE

The CFAR is the probability of a false alarm at a given time point conditional on no prior false alarm. The CFAR approach
can be used to determine all values of the control limits prior to the start of monitoring for the basic adaptive control
charts if we assume that the in-control distribution of the variable(s) being monitored is known along with the in-control
parameters. This case is referred to as an example of the static scenario. We also consider the case where the sample
size varies and become available only during monitoring. Thus the limits are determined at each time period after this
information becomes available. Under this dynamic scenario, the CFAR-based control limits will vary over time and are
determined sample-by-sample after the covariate information is obtained.
The static scenario was originally considered by Margavio et al.12 while methods for the dynamic scenario were first

proposed by Shen et al.13 who proposed dynamic control limits for the EWMA chart when monitoring Poisson count data
when the area of opportunity changes over time. An important advantage of this approach is that there is no need to
specify a model for the areas of opportunity.
Generally, if one specifies the CFAR to remain constant at a value of α, then the use of the dynamic control limits will

yield a geometrically distributed in-control run length distribution with an average run length (ARL) of 1/α. Here the ARL
is defined as the expected number of samples until the chart gives an out-of-control signal.

3 THE ADAPTIVE EWMA CONTROL CHARTS

One form of the adaptive EWMA chart studied by Capizzi andMasarotto9 and Haq et al.10 uses a score function to weight
past data. This AEWMA statistic takes the form

𝑥𝑡 = 𝑥𝑡−1 + 𝜙 (𝑒𝑡) , 𝑥0 = 𝜂0 , 𝑡 = 1, 2, … (1)

where 𝑒𝑡 = 𝑦𝑡 − 𝑥𝑡−1, yt is the observation at time t, and 𝜙(𝑒𝑡) is a score function. The chart will signal when |𝑥𝑡 − 𝜂0| > ℎ,
where 𝜂0 is the target value of the process mean and ℎ is the selected threshold.
Wewill use the score function given inEquation (3) of Capizzi andMasarotto9 to design anAEWMAchart by controlling

the CFAR. The score function inspired by Huber’s function (Huber14) is

𝜙𝑡 (𝑒𝑡) =

⎧⎪⎨⎪⎩

𝑒𝑡 + (1 − 𝜆) 𝑘 𝑖𝑓 𝑒𝑡 < −𝑘

𝜆𝑒𝑡 𝑖𝑓 |𝑒𝑡| ≤ 𝑘

𝑒𝑡 − (1 − 𝜆) 𝑘 𝑖𝑓 𝑒𝑡 > 𝑘

, (2)

where 0 < 𝜆 < 1 and 𝑘 ≥ 0. It is important to note that different score functions can be chosen and the CFAR method
could be applied similarly.

4 DYNAMIC PROBABILITY CONTROL LIMITS (DPCLS)

In this study, we will modify the AEWMA presented in Capizzi and Masarotto9 and Haq et al.10 by using the DPCLs
approach given in Zhang and Woodall.4 This iterative process was first introduced by Shen et al.,13 where the idea is to
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2208 AYTAÇOĞLU et al.

update the limits at each time point to ensure that the conditional probability of a false alarm given that there have been
no previous false alarms is kept constant.
For the AEWMA chart, the DPCLs ℎ (𝛼) = (ℎ1(𝛼), ℎ2(𝛼), … , ℎ𝑡(𝛼)) are found such that they satisfy as closely as

possible the following equations:

Pr (|𝑥1| > ℎ1 (𝛼) |𝑛1) = 𝛼

Pr ( |𝑥𝑡| > ℎ𝑡 (𝛼) ||𝑥𝑖| < ℎ𝑖 (𝛼) , 1 ≤ 𝑖 < 𝑡, 𝑛𝑡) = 𝛼 for 𝑡 > 1,

where 𝛼 is the prespecified CFAR and 𝑛1, 𝑛2, … , is the sequence of sample sizes. The chart will signal when |𝑥𝑡| > ℎ𝑡(𝛼).
The simulation-based procedure for the DPCLs begins at the first time point, 𝑡 = 1. If the process is in-control, then

the data values are assumed to be independent and follow a normal distribution with mean 𝜇0 = 0 and variance 𝜎0 = 1.
At 𝑡 = 1, 𝑛1 random observations are observed and the sample mean, 𝑦̄1, is obtained. In order to obtain the control
limit at the first time point, 𝑡 = 1, a number of random samples are generated and the sample means 𝑦̄1,𝑖 are computed
where 𝑖 = 1, 2, … , 𝑀. The next step is to calculate the AEMWA statistics 𝑥1,1, 𝑥1,2, … , 𝑥1,𝑀 using Equation (1) and the
Huber score function in Equation (2). It is important to note that 𝑥0 = 𝜂0 = 0 in this example. The absolute value of the
𝑀 AEWMA statistics are sorted in ascending order |𝑥|1, (1), |𝑥|1, (2), … , |𝑥|1, (𝑀) and the𝑀′ = 𝑀(1 − 𝛼) largest AEWMA
statistic 𝑥1,(𝑀′) is taken as the approximated upper DPCL, ℎ1(𝛼), and−ℎ1(𝛼) is taken as the lower DPCL. In practice, after
obtaining the control limit ℎ1(𝛼), the value of the AEWMA statistic |𝑥1|, which is calculated based on the observed 𝑦̄1,
would be compared with ℎ1(𝛼). If |𝑥1| > ℎ1(𝛼), the chart signals. Otherwise, we proceed to the next time point t = 2.
Then, for t = 2,M normal random samples with a mean 0 and variance 1 are generated and 𝑦̄2,𝑖 are calculated. Again,

the corresponding AEWMA statistics 𝑥2,𝑖, 𝑖 = 1, 2, … ,𝑀 are obtained using Equation (1) and the score function found
in Equation (2). It is important to note that the value 𝑥1,𝑖 is needed to compute both 𝑒2,𝑖 and 𝑥2,𝑖 . The value for 𝑥1,𝑖 is
randomly chosen with replacement from step one with the requirement that |𝑥1,𝑖|< ℎ1(𝛼). Afterwards, the absolute value
of theM values of |𝑥|2,𝑖 are sorted in ascending order and the upper α percentile 𝑥2,(𝑀′) is taken as the upper DPCL ℎ2(𝛼)
and correspondingly −ℎ2(𝛼) for the lower DPCL. For the next time point, the AEWMA statistics that are less than or
equal to ℎ2(𝛼) and greater than or equal to −ℎ2(𝛼) are stored and the same procedure is repeated in order to obtain ℎ3(𝛼)
and−ℎ3(𝛼). This process is continued iteratively to obtain the remaining control limits. The algorithm for this simulation
based procedure is given as follows:

1. Generate M normal random samples with mean 𝜇0 = 0 and variance 𝜎0 = 1 and compute theM sample means, 𝑦̄𝑡,𝑖
(i = 1, 2,. . . ,M).

2. Compute 𝑒𝑡,𝑖 = 𝑦̄𝑡,𝑖 − 𝑥𝑡−1,𝑖 . While computing 𝑒𝑡,𝑖 randomly choose 𝑥𝑡−1,𝑖 with replacement from the previous step but
only if |𝑥𝑡−1,𝑖| ≤ ℎ𝑡−1(𝛼).

3. Compute the score function 𝜙𝑡,𝑖 (i = 1, 2,. . . ,M)

𝜙𝑡,𝑖
(
𝑒𝑡,𝑖

)
=

⎧⎪⎨⎪⎩

𝑒𝑡,𝑖 + (1 − 𝜆) 𝑘 𝑖𝑓 𝑒𝑡,𝑖 < −𝑘

𝜆𝑒𝑡,𝑖 𝑖𝑓 ||𝑒𝑡,𝑖|| ≤ 𝑘

𝑒𝑡,𝑖 − (1 − 𝜆) 𝑘 𝑖𝑓 𝑒𝑡,𝑖 > 𝑘

.

4. Calculate the AEWMA statistics 𝑥𝑡,𝑖 = 𝑥𝑡−1,𝑖 + 𝜙𝑡,𝑖(𝑒𝑡,𝑖) (i = 1, 2,. . . ,M) where 𝑥𝑡−1,𝑖 was randomly chosen with
replacement from the previous step but only if |𝑥𝑡−1,𝑖| ≤ ℎ𝑡−1(𝛼), that is, the value obtained in step 2.

5. Sort the absolute values ofMAEWMA statistics, 𝑥𝑡,𝑖 (i= 1, 2,. . . ,M), in ascending order and take the upper 𝛼 percentile,
𝑥𝑡,(𝑀′) where M’ = 𝑀(1 − 𝛼) of those M values as the approximated upper DPCL ℎ𝑡(𝛼), and its negative as the lower
DPCL, −ℎ𝑡(𝛼).

5 NUMERICAL RESULTS

The performance for the AEWMA chart with DPCLs will be evaluated for charts presented in Capizzi andMasarotto.9 For
these charts, we will study both static and dynamic scenarios. For all simulations, the CFAR was controlled to be approx-
imately 𝛼 = 0.002, where 𝑇 = 200, the number of time points for which DPCLs are calculated. As stated previously,
the use of the DPCLs results in a run length distribution that is approximately geometrically distributed. Therefore, the
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AYTAÇOĞLU et al. 2209

TABLE 1 AEWMA chart parameters from Table III in Capizzi and Masarotto.9

Scenario 𝝀 𝒌 𝒉

1 0.1253 2.7765 0.8238
2 0.0137 3.4473 0.1835

F IGURE 1 Estimated CFARs for the AEWMA chart based on a constant control limit with h = 0.8238 (λ = 0.1253, k = 2.7765, n = 1).

F IGURE 2 Estimated CFARs for the AEWMA chart with DPCLs (λ = 0.1253, k = 2.7765, n = 1). rol limits.

in-control ARL values for the charts are approximately 500. For each step of the DPCL algorithm, we generated 𝑀 =

500, 000normal randomsamples and determined theDPCLs. To determine chart performance,we simulated 10,000 charts
with the given limits until each signaled. For every chart we calculated an estimate of the in-control ARL (𝐴𝑅𝐿0), the in-
control standard deviation of the run length ( 𝑆𝐷𝑅𝐿0), and the 10th, 25th, 50th, 75th, and 90th percentiles of the in-control
run length distribution (𝑄0.10, 𝑄0.25, 𝑄0.50, 𝑄0.75, 𝑄0.90).

5.1 CFAR comparisons

The CFAR can be estimated at each time point by calculating the number of AEWMA statistics which are greater than
ℎ𝑡(𝛼) and less than −ℎ𝑡(𝛼), and dividing by M, the number of random observations generated. In order to illustrate the
AEWMAapproach based onDPCLs that control the CFAR, two different AEWMAcharts were designed using parameters
suggested in Capizzi and Masarotto.9 Table 1 gives the chart parameters from Table III in Capizzi and Masarotto9 for the
AEWMA charts chosen here to illustrate the design of the AEWMA chart. For both scenario 1 and 2, the sample size is
constant with 𝑛 = 1.
The CFARs are given in Figure 1 for scenario 1 with the constant control limit (ℎ = 0.8238) as suggested in Capizzi

and Masarotto.9 Initially, the CFAR values are below the desired 0.002 value, illustrating that when a constant control
limit is used, the CFAR is not constant across all time points. In contrast, Figure 2 shows the CFAR for the AEWMA chart
designed using DPCLs that control the CFAR. As expected, the CFAR remains at 0.002 with some random error around
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2210 AYTAÇOĞLU et al.

F IGURE 3 Estimated CFARs for the AEWMA chart based on a constant control limit with h = 0.1835 (λ = 0.0137, k = 3.4473, n = 1).

F IGURE 4 Estimated CFARs for the AEWMA chart with DPCLs (λ = 0.0137, k = 3.4473, n = 1).

that value. These same results are depicted in Figures 3 and 4 for the scenario 2 design parameters illustrating that the
CFAR for the AEWMA chart with DPCL limits can be controlled for different values of 𝜆 and 𝑘.

5.2 AEWMAwith DPCLS performance

TheAEWMAperformance for scenarios 1 and 2 given inTable 1 are presented inTable 2. Both static anddynamic situations
were studied. The performance for the static scenarios is summarized in Table 2 for AEWMA charts where 𝑛 = 1, 5, and
8. The simulation algorithm discussed in Section 4 was used where the CFAR was set to 0.002. Because the sample size
remains constant, the control limits could be determined prior to monitoring. The distribution of the run length for all
three cases closely resembles that of the geometric distribution, which is expected for our method based on controlling
the CFARs. We also note that the first row for each scenario in Table 2 summarizes the performance of the AEWMA
chart with constant control limits. The run lengths for AEWMA charts with constant limits do not necessarily follow a
geometric distribution. This is especially apparent for scenario 2 based on the deviations of the percentiles from that of
the theoretical geometric distribution.
The DPCLs are plotted in Figures 5 and 6 for scenarios 1 and 2 when 𝑛 = 1. These plots illustrate how the DPCLs start

closer to 0 and then converge to a limiting value. However, the shape of the limits depends on the chart parameters 𝑘
and 𝜆.
The performance for the AEWMA charts with varying sample sizes are also depicted in Table 2. The first case involves

randomly generating sample sizes from a discrete uniform distribution with values from 3 to 7, inclusive, that is, from
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AYTAÇOĞLU et al. 2211

TABLE 2 Estimated in-control performance of the AEWMA control chart with different chart parameters and with DPCLs where the
sample sizes vary.

Parameters Sample Size 𝑨𝑹𝑳𝟎 𝑺𝑫𝑹𝑳𝟎 𝑸𝟎.𝟏𝟎 𝑸𝟎.𝟐𝟓 𝑸𝟎.𝟓𝟎 𝑸𝟎.𝟕𝟓 𝑸𝟎.𝟗𝟎

Scenario 1
𝜆 = 0.1253
k = 2.7765

n = 1 (h = 0.8238) 499.3 490.4 56 148 347 698 1137
n = 1 493.9 492.6 54 141 344 691 1141
n = 5 496.9 492.8 53 144 347 687 1137
n = 8 507.1 507.7 53 144 354 704 1167
n ∼ DU[3,7] 504.7 501.7 55 146 354 703.3 1160.1
n ∼ DU[6,10] 496.3 496.8 54 140 339 698 1164
n ∼ DU[3,7]→ DU[6,10] 499.0 509.0 54 145 336 687 1140
n = 8→ n = 5 503.2 501.8 52 145 347 701.3 1156.1

Scenario 2
𝜆 = 0.0137
k = 3.4473

n = 1 (h = 0.1835) 504.1 477.0 81 170 357 688 1107
n = 1 497.7 497.1 53 146 347 691 1129.1
n = 5 504.5 504.3 54 144 350 701 1154
n = 8 501.7 505.9 57 147 347 694 1134
n ∼ DU[3,7] 500.6 503.1 52.9 142 344 702.3 1139
n ∼ DU[6,10] 501.6 497.3 53 143 357 695 1154
n ∼ DU[3,7]→ DU[6,10] 498.9 500.6 52 142 342.5 688 1167.1
n = 8→ n = 5 501.7 508.1 55 144 342 692 1153.1

Geometric (α = 0.002) 500.0 499.5 52 143 346 692 1150

The first row for each scenario denotes the performance with constant limit, h.

F IGURE 5 DPCLs for the AEWMA chart (λ = 0.1253, k = 2.7765, n = 1).

F IGURE 6 DPCLs for the AEWMA chart (λ = 0.0137, k = 3.4473, n = 1).
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2212 AYTAÇOĞLU et al.

F IGURE 7 DPCLs for the AEWMA chart for different sample size distributions (λ = 0.1253, k = 2.7765).

F IGURE 8 DPCLs for the AEWMA chart for different sample size distributions (λ = 0.0137, k = 3.4473).

DU[3,7]. In the second case we generated sample sizes from DU[6, 10]. The next case showed how the method automat-
ically adapts to a change in the sample size distribution. For the first 50 time periods, the sample sizes were generated
from DU[3,7], then the distribution shifted to DU[6,10] for later time periods. The last case shows how the chart adapts to
a shift in the sample size from 𝑛 = 8 to 𝑛 = 5.
For all dynamic cases, the estimated in-control ARL is approximately 500. Like the static case, the distribution of the

in-control run length for all cases very closely resembles the geometric distribution. The DPCLs for 𝑛 = 5 and 𝑛 = 8

alongwith the cases for 𝑛 ∼ 𝐷𝑈[3, 7] and 𝑛 ∼ 𝐷𝑈[6, 10] for scenarios 1 and 2 are depicted in Figures 7 and 8, respectively.
For all cases, the basic shape of the DPCLs is consistent, but the curves shift depending on the sample size distribution.
The DPCLs can also adapt to a change in sample size duringmonitoring. Figures 9 and 10 depict the DPCLs for scenario

1 when the sample size shifts from DU[3, 7] to DU[6,10] and when the sample size shifts from 𝑛 = 8 to 𝑛 = 5. For all
both cases, the shift occurs after the 50th sample, which is apparent on the plots.

6 CONCLUSION

Wehave shownhowcontrol of theCFARcan be used to determine the control limits ofAEWMAcharts. Using the dynamic
limits is particularly effective at determining appropriate limits at the initial stage of monitoring, which was noted as a
specific point worthy of further investigation by Capizzi and Masarotto.9 The approach can be used to determine limits
with a constant CFAR even if the sample size and/or score function varies over time. The run length performance under
all cases studied resembles that of a geometric distribution, which is expected. Amajor advantage of controlling the CFAR
to determine control limits is that no assumptions about the sample size need to be made to design the chart. Our results
also have shown how the chart can adapt to changes in the sample size over time. This is just one example of using DPCLs
with adaptive control charts. This method could easily be extended to other adaptive control charts.
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AYTAÇOĞLU et al. 2213

F IGURE 9 DPCLs for the AEWMA chart when sample size distribution shifts from DU[3,7] to DU[6,10] after the 50th sample
(λ = 0.1253, k = 2.7765).

F IGURE 10 DPCLs for the AEWMA chart when sample size shifts from n = 8 to n = 5 after the 50th sample (λ = 0.1253, k = 2.7765).
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