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(ABSTRACT)

This study creates and analyzes a model of the Hypothalamus-Pituitary-Adrenal axis to

better understand cortisol rhythmicity perpetuated by circadian inputs, system dynamics

and feedback inherent within the system. Differential equations are created to model human

physiology with cortisol and precursor hormone outputs fit to physiologic data. The model

is created with an input of circadian cues from the hypothalamus which are designed to

create a more realistic stimulation of the cortisol cascade over predecessors. The study also

incorporates additional signaling pathways unique to this model. The project explores the

properties of the model under mathematical analysis; then, the simulation of known medical

pathologies is used to analyze the model’s predictive ability. It is found that incorporating

the additional signaling pathway of Arginine Vasopressin increases the model’s predictive

capability in certain pathological conditions over predecessor models. Additionally, the orig-

ination of ultradian rhythm is explored through simulation and two possible explanations are

found. First, pulsatile release of Adrenocorticotropic Hormone combined with negative feed-

back into the system from glucocorticoid receptors elicits the observed ultradian oscillations

in humans. Additionally, simulations of increased hypothalamic monitoring and control of

cortisol concentrations create a natural oscillation within the desired period. Results from

numerical perturbation simulations and dynamic sensitivity analysis are employed to offer

justification for known pathological conditions developing from circadian dysregulation.



Increasing Complexity of an Hypothalamus-Pituitary-Adrenal Axis
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Implications

Peter Caruso

(GENERAL AUDIENCE ABSTRACT)

This study aims to better understand the body’s natural cortisol rhythm by creating a math-

ematical model of the Hypothalamus-Pituitary-Adrenal axis. The model uses differential

equations to simulate human physiology and includes circadian cues from the suprachias-

matic nucleus to create a more accurate representation of how cortisol is released in the

body. The study also incorporates additional signaling pathways and interactions unique

to this model. By analyzing the model and simulating known medical conditions, it was

found found that incorporating these additional signaling pathways improved the model’s

predictive ability in certain situations. Then, numerical simulations were used to investigate

how circadian dysregulation can lead to pathological conditions.The study also explored the

origin of ultradian rhythm, or short-term fluctuations in cortisol levels, and found two pos-

sible explanations. One explanation is the pulsatile release of Adrenocorticotropic Hormone

combined with negative feedback from glucocorticoid receptors. Another explanation is in-

creased hypothalamic control of cortisol concentrations. Overall, this study provides insights

into the complex dynamics of the Hypothalamus-Pituitary-Adrenal axis and the origination

of pathology in the system.
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Chapter 1

Introduction

A mathematical model can be employed to illuminate complex behavior in a system. Many

of these models have been applied to human physiology, attempting to better understand

many of the complicated, inter-related networks of interactions. The endocrine system is a

prime candidate for this kind of work as the convolution of interactions can be extremely hard

isolate. The intricate nature of the endocrine system creates several challenges that impede

the understanding of both the system and disruptions to it [26]. This study investigates the

how the Hypothalamus-Pituitary-Adrenal (HPA) axis controls the production of cortisol.

Cortisol is controlled by circadian rhythms and is released in response to stress, in addition

to circadian cues. High levels of cortisol cause skin changes, mood swings, osteoporosis,

high blood pressure, and can lead to the development of Diabetes Millitus. Meanwhile,

low levels cause fatigue, muscle loss, mood swings, and weight loss [19]. Cortisol release is

modulated by both a circadian stimulus and by feedback mechanism within its production

chain. Therefore, pathological cortisol levels can be rooted in either dysregulation in its

production system or in the interpretation and dissemination of circadian cues. Better

understanding the endocrine physiology associated with these systems could help pave the

way for better medical intervention in pathological states.

Circadian misalignment has a significant detrimental effect on cell, tissue, and whole-organism

function. These alterations can manifest in humans as chronic health conditions, such as

metabolic syndrome diabetes, cardiovascular disease, cancer, and intestinal disorders [45].
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2 CHAPTER 1. INTRODUCTION

Thus, understanding one of the systems that contributes to these developing pathologies

could lead to advancement in the treatment of these disease processes.

Models of the HPA axis have been built previously, and have been built primarily using one of

two structures. First, a density dependent model that utilizes Hill functions to modulate the

self inhibitory interactions between cortisol and the rest of the system. These types of models

tend to capture large scale dynamics well, but lack the complexity to capture more minute

behavior of the system, including ultradian rhythms. The second style utilizes stoichiometric

equations to build a system of differential equations based on law of mass action kinetics.

These models have the complexity to capture both large-scale and small-scale dynamics,

but quickly become very large systems. With a larger system, identifiability becomes a

looming challenge, and the need for large data sets becomes increasingly important. Despite

an effort to model the chain of chemical reactions, it is still challenging to consistently

capture ultradian rhythm dynamics; suggesting that interactions from outside of the direct

chemical chain need to to be considered in model construction. The model proposed aims to

incorporate the best of both styles to evolve the capabilities of HPA axis models. This study

will use Hill functions to simply and effectively model system behavior, then incorporate

additional signaling pathways to capture fine system dynamics including ultradian rhythms.

This project constructs and studies a model of the HPA axis in an effort to better understand

cortisol rhythymicity perpetuated by circadian inputs, system dynamics, and feedback inher-

ent within the system. A mathematical model is created with cortisol and precursor hormone

outputs are fit to human physiological data. Properties of the model are explored under sen-

sitivity analysis and identifiability analysis, then predictive ability is analyzed through the

simulation of known medical pathologies. Numerical experiments are performed in an effort

to gain further insights into endocrine physiology.



Chapter 2

Physiology of the HPA axis

The HPA axis consists of three components: the hypothalamus, the pituitary gland (subdi-

vided into the anterior and posterior pituitary gland) and the adrenal gland. The hypotha-

lamus responds to physiological information generated by the body and produces a systemic

response [15] to maintain homeostasis. This study is concerned with the behavior of two

regions of the hypothalamus, the suprachiasmatic nucleus (SCN) and the paraventricular

nucleus (PVN). The SCN is responsible for disseminating information related to timing and

circadian rhythms, also known as zeitgebers, then passes this information on to the PVN.

The PVN interprets these zeitgebers in addition to physiological signals to orchestrate the

release of many hormones, including corticotropin releasing hormone (CRH) and argenine

vasopressin (AVP) [20]. The systemic physiologic signals influencing the PVN and its reg-

ulation of the HPA axis include: physical or emotional stress [50], basal metabolism shifts

from growth hormone, [35] or response to the hunger hormone, ghrelin [36, 49]. The pitu-

itary gland receives input from the hypothalamus, then releases hormones which create an

inhibitory or excitatory response in systemic target tissues. It is through the pituitary gland

that the hypothalamus is able to act on the rest of the body. This interaction is diagrammed

in Figure 2.1.

Neuronal impulses originating from the PVN stimulate CRH release in the posterior pituitary

gland. In contrast, AVP is released into the bloodstream directly from the PVN and acts

on the anterior pituitary gland to release CRH. The PVN stimulates the release of CRH by

3



4 CHAPTER 2. PHYSIOLOGY OF THE HPA AXIS

the posterior pituitary gland. CRH then travels a short distance to the anterior pituitary

gland to stimulate adrenocorticotrophic hormone (ATCH) production and release. Similarly,

when the hypothalamus releases AVP, it travels to the anterior pituitary gland and directly

stimulates the production and secretion of ACTH [10]. The anterior pituitary gland produces

and releases several other hormones. However, as this paper focuses on dynamics affecting

cortisol, ACTH is the only output considered.

Figure 2.1: Schematic of the complete HPA axis and systemic interactions [4]

When ACTH is released into circulation, the target tissue primarily affected is the adrenal

gland. The adrenal gland is stimulated to produce cortisol in response to the presence of

ACTH. Though other hormones stimulated by ACTH, they are not accounted for in this

research. The action of ACTH on the adrenal glands results in the release of cortisol to

the bloodstream, which in turn inhibits the release of cortisol stimulating hormones, or cor-

ticotrophs. This inhibition acts as a negative feedback loop of cortisol on its own production.
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The presence of cortisol in the blood stream is registered by the hypothalmus and the pitu-

itary gland, which in turn causes an inhibition to the release of corticotrophs in the cascade.

Thus, we have a density dependent inhibition from cortisol on the release of both CRH and

ACTH. Additionally, there is evidence for an inhibitory shortloop feedback cycle from the

release of ACTH on its own release [7, 15, 25]. This shortloop feedback causes ACTH to

inhibit the release of CRH from the posterior pituitary gland, relative to its concentration.

The relationships described can be seen in Figure 2.2.

Hypothalamuszeitgebers CRH

ACTHCortsystem

Figure 2.2: Interaction diagram of a segment of the HPA axis with the hypothalamus,
corticotropin releasing hormone (CRH), adenocorticotrophic hormone (ACTH) and cortisol
(cort). Pointed arrows represent stimulation and barred arrows show inhibition.

Figure 2.2 shows the foundations of the model proposed in this paper and the relevant bi-

ology. In summary, the hypothalamus interprets environmental and physiological stimuli,

which stimulates the production of CRH by the posterior pituitary gland. CRH begins the

hormone cascade, stimulating ACTH, then ACTH finally stimulating cortisol. Inhibition

occurs from cortisol and ACTH on CRH and cortisol on ACTH. These interactions form the

core on which the model was created.

In a healthy human following a typical daily schedule, the concentrations of these hormones

oscillate predictably over the course of a day. The three hormones this study primarily

examines, CRH, ACTH, and cortisol, have a circadian rhythm that strongly resembles each
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other. This rhythm is well known to peak close to 8 am, dip around 1 pm, peak slightly near

4 pm, then diminish to a trough close to midnight [15]. It has been shown that the SCN

dictates these circadian rhythms based on its reaction to daylight [48], where exposure to light

entrains the periodicity of these oscillations. In addition to exhibiting circadian rhythms,

each of these hormones has a defining ultradian rhythm with periods less than a day. That

is, in all three hormones analyzed in this project, we see characteristic low-amplitude and

high-frequency oscillations of 90-minute periods [40]. The circadian and ultradian rhythms

are characteristic dynamics of these hormones, which a model of the HPA axis should aim

to capture.



Chapter 3

Model Development

3.1 System of Equations

A mathematical model that emulates this system was created by systematically modeling

each step of the described physiological pathway from beginning to end. As such, it begins

with simulating the zeitgebers of the SCN and the proliferation of circadian impulses. It has

been shown that the oscillations inherent to cortisol levels are not intrinsic to the system’s

dynamics and must be caused by an externally-driven oscillation [34]. The SCN’s response

to zeitgebers, though primarily influenced by day and night cycles, follows a more complex

oscillation that drives the hormone fluctuations of the HPA axis. The naturally observed

circadian rhythms have been successfully modeled previously using sums of trigonometric

functions [17, 37], and a similar approach was used in this project. The day function

D = 1

11.1

[
3.9 sin

(
πt

720

)
− sin

(
2πt

720

)
− 1.3 cos

(
2πt

720

)
− 2.8 cos

(
πt

720

)]
+ 0.4

(3.1)
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Figure 3.1: The day function, equation 3.1, was designed to emulate the natural 24-hour
rhythms characteristic of CRH, ACTH, and cortisol levels. This function is intended to
simulate the aggregate response of the SCN to all circadian cues.

was designed to emulate the natural 24-hour rhythms characteristic of CRH, ACTH, and

cortisol levels. The independent variable, t, represents time in minutes. Equation 3.1 roughly

follows the circadian rhythms exhibited by the SCN, which is ploted in Figure 3.1, with a

period of 1440 minutes, as all future simulations were carried out with a time scale in minutes.

However, graphs were rendered with t in hours to increase the readability of the information.

Additionally, the function output has been scaled by 11.1−1 such that all outputs are between

0 and 1.
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Hypothalamuszeitgebers CRH h1

ACTH

h2

Cort

h3

k1,k2

k4

k5

k3
ϕ

µ

ρ

Figure 3.2: Interaction diagram of the hypothalamus, corticotropin releasing hormone
(CRH), adenocorticotrophic hormone (ACTH) and cortisol (cort) with the representative
parameters for each interaction. Stimulation is seen in blue, pointed arrows and inhibition
portrayed in red, squared arrows.

dR

dt
= (k1 + k2D)

(
1− ϕ

Aα

Rα
A + Aα

)(
1− µ

Cβ

Rβ
C + Cβ

)
− h1R,

dA

dt
=

(
k3

(
Dγ

Rγ
D +Dγ

)
+ k4R

)(
1− ρ

Cβ

Rβ
C + Cβ

)
− h2A,

dC

dt
= k5A− h3C.

(3.2)

The physiologic interactions seen in Figure 3.2 are formed into the system of differential

equations seen in equations 3.2. In the system, R is CRH, A is ACTH, and C is cortisol. Each

of these hormones breakdown at a natural decay rate, seen as h1, h2, and h3, respectively. k1

represents the input from physiologic stimuli, and k2 modulates the expression of the SCN

through the daylight function (equation 3.1), and is represented by D. Four Hill functions[1,

44] are used to simulate the density-dependent stimulation [13] in the case of Dγ

Rγ
D +Dγ

and

inhibition in the other three Hill functions. In these Hill functions, RC , RA and RD are

rate constants determined by the half maximal binding rate of chemical to receptor. The

Hill coefficients, represented by α, β, and γ, determine how quickly the receptors saturate.
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Mathematically, larger Hill coefficients increase the steepness of the sigmoidal function form.

These higher values biologically indicate the sensitivity of receptor binding site saturation

to create change in the system. k3 is the action of AVP on the pituitary gland stimulating

the production of ACTH. This stimulation is modeled as density dependent [30] and is up-

regulated by the level of stimulation of the daylight function representing the action of the

SCN. The other three Hill functions act in an inhibitory fashion and are the auto-regulatory

feedback inherent in the system. It is seen that ACTH inhibits the release of CRH present

in the short loop feedback cycle. Also, cortisol will inhibit its precursors by inhibiting the

release of ACTH and CRH, which is a density dependent interaction moderated by ϕ, µ

ρ. Finally, k4 represents the stimulation of ACTH by CRH, while k5 is the stimulation of

Cortisol release by ACTH.

Equation 3.3 shows which parts, highlighted in blue, are unique to this model.

dR

dt
= (k1 + k2D)

(
1− ϕ

Aα

Rα
A + Aα

)(
1− µ

Cβ

Rβ
C + Cβ

)
− h1R,

dA

dt
=

(
k3

(
Dγ

Rγ
D +Dγ

)
+ k4R

)(
1− ρ

Cβ

Rβ
C + Cβ

)
− h2A,

dC

dt
= k5A− h3C.

(3.3)

This is the first model to incorporate the separate signaling pathway from physiologic cues,

originating from outside the SCN. Additionally, this is the first density dependent model

to incorporate a day function, though this has been completed previously in a linear model

based on mass action chemical kinetics. Additional signaling pathways of AVP stimulation

of the anterior pituitary gland and the short-loop feedback of ACTH on its own production

are also new in models of the HPA axis.
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3.2 Parameter Estimation

To best create a predictive model of HPA axis dynamics, data for blood hormone concentra-

tions of ACTH and cortisol over a 24 hour period were used for parameter fitting. The data

used in this project was taken from three sources [9, 32, 51] and can be found in the appendix.

The original raw data collected was not available, and instead, data used was extracted from

figures in the original papers using the MATLAB’s grabit function [18]. Grabit allows the

user to input an image of a graph and select where the data points are. After calibration of

axes and scale, the function uses pixel distance data to extract an approximation of the data

points pictured on the graph. This method has an error subject to initial calibration and

the precision with which the user inputs data points. Though the collection process does

not yield exact replication, care was taken to minimize any error introduced during data

collection. Discrete data points were gathered from papers authored by Crofford [9], Young

[51], and Rohatagi [32] and then visualized in line graphs. All three papers provided cortisol

data, seen in Figure 3.3, while Crofford and Young provided ACTH data, seen in Figure 3.4.

The data provided by Young and Rohatagi included error bars, and the upper, lower, and

mean data points were collected. Original ACTH data was provided in pM. This was then

converted to pg

mL
for a more intuitive comparison to cortisol data. As the molar weight of

ACTH is 4541.1, [23] the conversion is as follows, pM ∗ 4541.1g

Mol
∗ L

1000mL
. Thus, each data

point in pM was multiplied by 4.54.
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Figure 3.3: Experimental cortisol levels over 24 hours from the papers led by Young [51],
Crofford [9], and Rohatagi [32], as extracted from the original texts by image analysis, where
0 hour corresponds to midnight. The top plot shows the cortisol concentration data mean
gathered by Young, with upper and lower bounds determined by the range of concentrations
found during hourly blood draw. The middle plot shows the cortisol concentration data mean
gathered by Crofford in hourly blood draw. The bottom plot shows the cortisol concentration
data mean gathered by Rohatagi, with upper and lower bounds determined by the range of
concentrations found during semi-hourly blood draw.
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Figure 3.4: Experimental ACTH levels over 24 hours from the papers led by Young [51] and
Crofford [9], as extracted from the original texts by image analysis, where 0 hour corresponds
to midnight. The blue plot shows the ACTH concentration data mean gathered by Young,
with upper and lower bounds determined by the range of concentrations found during hourly
blood draw. The red plot shows the ACTH concentration data mean gathered by Crofford
in hourly blood draw.

Of all of the parameters present in the system shown in equation 3.2, only the decay rates

h1, h2, and h3 were known. The decay rate hi of a chemical is given by, hi = ln(2)/ti, where

ti is the experimentally verified half-life of the respective hormone in the human body, that

is, the time it takes for half of the initial amount to break down in the body. These half-lives

are as follows: CRH half-life of 4 minutes [27], ACTH half-life of 22 minutes [43], and cortisol

half-life of 66 min [22]. This simple calculation yields the decay rates of h1, h2 and h3 used

in simulations and seen in Table 3.1.

Unknown parameter values were initially estimated using the manipulate function in Math-

ematica, which provides an environment for live manipulation of parameters and displays a
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graph of solution values to the system of differential equations. Starting points for k1 − k5,

Hill coefficients, and Hill constants were extrapolated from previous works [1, 44]. Also, it is

known that µ, ρ, and ϕ must have values between zero and one, as they are proportional in-

hibitions. Using estimated starting values, sliders were used in the manipulate environment

to visually fit system outputs of ACTH and Cortisol to experimental data extracted from

the paper by Young, et al [51]. The ranges considered for each parameter are as follows:

α, β, γ ∈ [1, 5], µ, ϕ, ρ ∈ (0, 1], RD, RC , RA ∈ (0, 11], k1, k2, k3, k4 ∈ (0, 1], and k5 ∈ (0, 0.5].

The parameter estimations that resulted from this visual fitting are seen in table 3.1. After

initial estimations were obtained, a more rigorous fitting was done using MATLAB’s fmin-

search function to find optimal values for the ki parameters. All fitting was completed only

using the data set from Young, et al [51].
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Variable Value Represents Units

RC 1.12 Cortisol Saturation Constant µg

dL

RA 0.78 ACTH Saturation Constant pg

mL

RD 1.3 AVP Saturation Constant dimensionless

h1 0.1732 Rate of decay of CRH pg

mL

h2 0.0315 Rate of decay of ACTH pg

mL

h3 0.0105 Rate of decay of Cortisol µg

dL

α 4 Hill Coefficient dimensionless

β 3 Hill Coefficient dimensionless

γ 3 Hill Coefficient dimensionless

ϕ 0.160 Level of inhibition of CRH by ACTH dimensionless

µ 0.214 Level of inhibition of CRH by Cortisol dimensionless

ρ 0.304 Level of inhibition of ACTH by Cortisol dimensionless

Table 3.1: Definition of parameters

Using the parameters determined by visual fitting, an optimization technique was imple-

mented to find a numerically sound fit and optimal values for the rate constants, ki. The

fminsearch optimization tool in MATLAB was used to compare differences between the data

points and the system output for both ACTH and cortisol data. This comparison was exe-

cuted by implementing a weighted summed squared errors (SSE). The equation and weight

vector, ⟨w⟩, are seen in equation 3.4.
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SSE =
25∑
k=1

wk

(
(C(tk)− Ck)

2 + (A(tk)− Ak)
2
)
,

wT =< 1, 1, 1, 1, 3, 1, 1, 3, 1, 4, 1, 1, 1, 1, 3, 1, 1, 1, 1, 1, 1, 2, 1, 1, 5 >

The terms Ck and Ak refer to the kth entry to the data set listed in appendix B, with

corresponding time tk. It is seen that error is assessed as the distance of the function output

at a corresponding time point to the data point. Weights were crafted to create an “incentive”

for fitting. Due to the oscillatory nature of the data, optimal fits were commonly straight

lines or output reminiscent of averages of all data points. Commonly, fitting results were not

reaching the circadian rhythm-defining peak at 8 am or the trough at 4 pm. It was by adding

weight to the distance between specific data points related to the characteristic behavior of

the physiology that a better fit was obtained. The final results for rate constants can be seen

in Table 3.2, and these values were used in all simulations. Though CRH hormone levels

were not used in fitting, it was checked that the hormone levels predicted by the optimized

parameter values stayed within a biologically reasonable level. Some optimization results

created CRH levels that would not have been compatible with healthy human physiology[16].

These optimization results were deemed invalid to maintain plausibility and relevance of

simulation prediction.
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Parameter Value Represents Units

k1 0.6703 Stimulation of CRH from outside of the SCN pg

mLmin

k2 0.5342 Stimulation of CRH by hypothalamus pg

mLmin

k3 0.4166 Stimulation of ACTH by AVP pg

mLmin

k4 0.1721 Stimulation of ACTH by CRH 1

min

k5 0.0050 Stimulation of cortisol by ACTH 105

min

Table 3.2: Definition of fitted constant values

3.3 Identifiability Analysis

Identifiability is defined for a system as the ability for a set of parameters to be uniquely

determined given an input and the measurable system output [28]. More specifically, a

system is globally identifiable if, given a time-independent input vector, u, and two parameter

vectors θ1 and θ2, y(u, θ1) = y(u, θ2) if and only if θ1 = θ2. The author argues that the

validity of a biological model is often dependent on the identifiability of the model. A model

that holds for multiple parameter sets may give system outputs and predictions with high

variability given identical input conditions. These predictions are not dependable and have

questionable reliability for predictive insights.

First, a direct test was used to explore the identifiability of the model, where y(u, θ1) =

y(u, θ2) are compared, and a direct relation shows that there is a unique parameter vector.

The parameters α, β, γ, RD, RA, RC can be determined through measurement of rate con-

stants of receptor bindings [13]. Though for this project, these constants were unknown and
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therefore estimated, for the sake of identifiability analysis, they are assumed to be known

constants. Therefore, the parameters k1, k2, k3, k4, k5, µ, ϕ and ρ were analyzed. Full deriva-

tions can be found in appendix A, though methods and findings can be summarized.

First, one must confirm the uniqueness of a solution given a choice of parameters. One can

observe that for all valid choices of parameters, µ, ϕ, ρ ∈ (0, 1) and k1, k2, k3, k4, k5 ∈ (0, 1),

the function output, by design, is bounded below by 0 and above by some constant. As the

function is bounded, it will suffice a Lipschitz condition, and the Piccard-Lindelöff Theorem

proves that the system output will be unique given any unique set of parameters [38]. The

uniqueness of system output given a unique set of parameter values means that y(u, θ1) can

only equal y(u, θ2) if θ1 = θ2. Then directly comparing y(u, θ1) = y(u, θ2), the parameter

space can be restricted to positive real values as the system is representative of a biological

system, in which negative values are not viable. Utilizing this parameter restriction and the

unique factorization of real numbers, the system output is shown only to be equal given equal

parameter values. The system is indeed locally identifiable for valid sets of parameters.

Additionally, a second method was used to confirm the direct test results. The DAISY

software [33] was used to analyze the system via methods derived from differential algebra.

Rewriting the system as seen in equation 3.3,

dR

dt
− f(t, x(t), u(t), θ) = 0,

dA

dt
− g(t, x(t), u(t), θ) = 0,

dC

dt
− h(t, x(t), u(t), θ) = 0,

R(t)− j(x(t), u(t), θ) = 0,

A(t)− k(x(t), u(t), θ) = 0,

C(t)− l(x(t), u(t), θ) = 0.

(3.4)
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it is possible to add, subtract, scale, and differentiate the system in equation 3.4 to create

an infinite number of equations.

From this system of differential polynomials, the polynomials are ranked by degree, deter-

mined by the highest exponent in the created equations. There exists a set of differential

polynomials of lowest order, known as the characteristic set, which is determined by an al-

gorithm in the DAISY software. Miao, et al. [28] outline criteria for this characteristic set

of equations that verifies the identifiability of the original system. These criteria state that

if there exists a non-degenerate solution to the characteristic set of differential polynomials

for some parameter choice, then the system is globally identifiable.

The DAISY software uses a differential algebra approach to execute the techniques above to

determine identifiability and determines whether initial conditions are needed for the system

to be identifiable. The system and initial condition were entered into the software to test

the parameters k1, k2, k3, k4, k5, µ, ϕ, and ρ. It was determined that the system is globally

identifiable without the need for initial conditions. The finding expands on the results in

the direct test, as previous results were only able to be confirmed under a restriction of pa-

rameter space to biologically relevant parameters. Confirmation of original findings suggests

more robust predictive capabilities as unique outputs are guaranteed unto the uniqueness of

parameters.



Chapter 4

Results

4.1 Model Output

The parameters found during data fitting are used in simulation and the results of ACTH

and cortisol levels are seen in Figure 4.1. The system was solved using the MATLAB ode23s

function, using initial conditions for the day function, CRH concentration, ACTH concen-

tration and cortisol concentration of 0.031 , 1.12, 9.54, and 2.8 respectively. The model

output is set against the fitting data and the two remaining data sets for confirmation. The

model accurately captures the general behavior of both hormones, with appropriate peaks

and troughs while maintaining reasonable hormone concentrations when compared to the

collected data. The model fails to accurately reflect ultradian oscillations and a decrease in

hormone levels around 600 minutes, or 10 hours; both topics are addressed in later sections.

20
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Figure 4.1: Cortisol and ACTH levels predicted by the model. The top plot shows the
ACTH concentrations predicted by the model over a 72 hour period. The model output
is set against 24 hour experimental ACTH data extracted from papers led by Crofford [9]
and Young [51]. The middle plot shows the cortisol concentrations predicted by the model
over a 72 hour period. The model output is set against 24 hour experimental cortisol data
extracted from papers led by Crofford [9] and Young [51].The bottom plot shows the same
cortisol concentrations predicted by the model set against 24 hour experimental cortisol data
extracted from a paper led Rohatagi [32].

4.2 Sensitivity Analysis

Sensitivity analysis can give key insights into how susceptible or resistant a system is to

perturbation. Traditionally, one can analyze the system Jacobian at an equilibrium point to
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understand the properties of the system that would cause a deviation from the steady-state

solution. However, this system has a driven oscillation fed by a circadian rhythm that only

has an oscillating steady state without a static equilibrium. A state of static equilibrium in

the human endocrine system would indicate profound pathology of the organism [24, 29]. In

systems such as this, an approximation of the traditional sensitivity analysis can be used,

called a dynamic sensitivity analysis, and can be calculated directly [52] by solving the

non-autonomous, non-homogeneous system seen in equation 4.1,

S ′(t) = Jsys(t)S(t) + Jparam(t),

S ′(t) = A(t)S(t) + B(t).

(4.1)

where A(t) is the system Jacobian and B(t) is the parameter Jacobian. These Jacobian

matrices are found in appendix A.

The matrix equation in 4.1 can be decomposed into a system of ODE’s, and each entry of

S(t) can be represented by the equation in equation 4.2.

S ′
i,j = Ai,1S1,j + Ai,2S2,j + Ai,3S3,j +Bi,j ; i, j ∈ {1, 2, 3}. (4.2)

This equation can then be solved using numerical integration in MATLAB given the initial

conditions of each free variable and assuming an initial sensitivity of 0.

This method can be simple with a simple system, but more complex systems will increase

the difficulty of solutions. To avoid needless complexity, the Mathematica manipulate func-

tion was used to test each parameter’s sensitivity visually. All parameters were tested;

µ, ϕ, ρ, α, β, γ, RC , RA and RD, but only changes µ, ϕ, ρ were found to have a relevant effect
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on system. Thus, only the sensitivity of µ, ϕ, and ρ were calculated. The results from each

calculation are seen in Figures 4.2, 4.3, and 4.4, respectively.
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Figure 4.2: Calculated sensitivity through time of cortisol levels with respect to µ.
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Figure 4.3: Calculated sensitivity through time of cortisol levels with respect to ϕ.
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Figure 4.4: Calculated sensitivity through time of cortisol levels with respect to ρ.

The sensitivity equations output a dimensionless real number. The magnitude of this number

reflects the sensitivity to the respective variable. A positive value shows that an increase

in the parameter will also yield a increase in the function output. Conversely, a negative

sensitivity value represents a negative change in the state variable output when increasing

the parameter. As such, each of the calculated sensitivities exhibits only an inhibitory effect

throughout the entirety of the daily cycle. The sensitivity of the system output shows a

similar behavior with respect to all parameters analyzed. Sensitivity analysis results, seen

in Figures 4.1-4.4, indicate the largest negative impact on levels of ACTH with respect to

all parameters, µ, ϕ and ρ. In figure 4.4 it is seen that as ϕ is not present in the equation

for R, the sensitivity is reasonably zero. Each hormone exhibits a sensitivity proportionate

to the relative concentration of each hormone in the blood with a higher sensitivity present

during times of higher hormone concentration.
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4.3 Predictive Capabilities

The principal use of a mathematical model involves gaining new insights about the subject

that has been modeled. To better understand this model’s predictive capabilities, patho-

logical states were recreated to ensure that the model predicts what has been observed and

reported in medical literature.

First, it has been observed that lesions on the SCN will obliterate circadian rhythms [29].

A lesion on the SCN can render this region of the hypothalamus non-functional, and the

individual would not create a physiological response to circadian cues. The stimulation of

the HPA axis from the SCN is represented by k2 and k3 in the model, and setting these

two parameters equal to zero will simulate the presence of an SCN lesion by eliminating

the effect of the daylight function in the model. The results of this simulation are found in

Figure 4.5 and are in accordance with the published observations. It is seen that the HPA

axis maintains functionality, and the circadian rhythm has been entirely obliterated.
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Simulation of SCN lesion
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Figure 4.5: Simulation of the effects of an SCN lesion by eliminating the effects of the
daylight function, D(t). This is achieved by setting parameters, k2, k3 = 0. The experimental
concentrations of cortisol are displayed in blue. For comparison the original model output
displayed in red and the fitting data displayed in dashed yellow line.

Next, studies show that ablation of the neuronal link between the hypothalamus and the

posterior pituitary gland will result in an altered, but present cortisol circadian rhythm

[11, 24]. As this only severs the neuronal link, the hormone signaling from the hypothalamus

to the anterior pituitary gland would remain functional. This physiological state can be

represented by setting the k2 parameter to zero, and the results of this simulation are seen in

Figure 4.6. Again, it is observed that the model confirms the medical findings as circadian

rhythm is maintained despite significantly diminished peak cortisol levels.
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Simulation of neural disconnect of SCN and pituitary gland
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Figure 4.6: Simulating the effects of nueronal disconnection of SCN and pituitary gland only
allowing AVP to communicate to the pituitary glad. This restriction is achieved by setting
parameter k2 = 0. The experimental concentrations of cortisol are displayed in blue. For
comparison the original model output displayed in red and the fitting data displayed in a
yellow line.

The previous two experiments show that the model has a reasonable ability to emulate

known pathologies observed in medical literature. However, the effects of perturbations of

hormone levels is unknown. Though data was not found on this scenario, it is reasonable to

intuit that a healthy human should be able to withstand an acute condition that changes the

levels of circulating hormones and then return to a homeostatic baseline. To test this, we

will alter the initial conditions to double and time and a half the data-derived values. This

change simulates some acute stressor that results in increased HPA axis activity near 1440

minutes, representing midnight or 0th hour. The system output in this experiment can be
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seen in Figure 4.7. Despite physiologically significant perturbations, the system recovered

and stabilized quickly. Even in high severity, an acute alteration is unlikely to result in a

lasting change to endocrine homeostasis. The quick recovery speed would infer that chronic

pathology in the HPA axis would result from a sustained alteration to HPA axis dynamics.

More studies and physiological data are required to confirm these findings, but this is seen

as a significant insight from the model.

Simulation with increasing intial conditions
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Figure 4.7: Results of simulation with increasing initial conditions achieves a numerical
experiment discovering the robustness of the system. Cortisol concentrations of the base
system are seen in blue. A fifty percent increase to initial conditions is displayed in red.
Double initial conditions are displayed in yellow. It is observed the by approximately the 10
hour mark, all lines experimental values have converged to original model output.
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4.4 Generating Ultradian Rhythms

HPA axis dynamics yields a characteristic cortisol ultradian rhythm with an oscillation period

of about 90 minutes [40]. This ultradian rhythm contributes to physical, emotional, and

cognitive health in humans [21]. However, the origin of these ultradian rhythms is debated.

Some studies show that the negative feedback from cortisol induces oscillations [41]. Others

show that the pulsatile release of ACTH causes oscillating concentration of downstream

hormones[14, 42]. Both theories were tested to illuminate the source of ultradian rhythm.

Ultradian rhythms did not appear under the initial fitting of simulations. It is hypothesized

that if the origin of these ultradian rhythms is from the cortisol feedback mechanism, then

increasing the inhibition coefficients will generate the rhythms. Simulations were carried out

with increasing values for µ and ρ and were compared to the base system. Values of µ were

increased from 0.214 to 0.414 and 0.614. Values of ρ were increased from 0.304 to 0.504 and

0.704. The results of these simulations are seen in Figure 4.8. It is observed that rather

than creating the desired oscillations, the hormone concentrations were simply inhibited to

such an extent that the system is outside of healthy bounds. These visual observations can

be quantified using the root mean square (RMS). The RMS values for the original system

output is 8.75, shrinks to 4.97, and then 2.51 with each respective increase to the inhibitory

parameters. The shrinking RMS shows that the function value is not maintained through

the increased inhibition. Therefore based on the model, it is unlikely that the originating

ultradian rhythms’ foundation lies in the cortisol feedback mechanism.
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Effect of cortisol levels by increasing negative feedback response
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Figure 4.8: Cortisol output of the system after experimenting with increasing negative feed-
back. The original system output is seen in blue. The output is visualized with increased
values of both µ and ρ parameters in increments of 0.2. First incremental increase is seen
by the purple dashed line and parameter values of µ = 0.414 and ρ = 0.504. The second
increase is seen in the gray dotted line with parameter values of µ = 0.614 and ρ = 0.704.

Next, to test the involvement of ACTH release pulsatility, an oscillatory inhibition term was

added to the differential equation controlling the ACTH concentration. This inhibition was

modeled by a sine function with an amplitude of 0.4 and a period of 90 minutes. A sine

function was used as a simple yet effective way to emulate a hormone release pulse, as seen

in equation 4.3.



32 CHAPTER 4. RESULTS

dA

dt
=

((
k3

(
Dγ

Rγ
D +Dγ

)
+ k4R

)(
1− ρ

Cβ

Rβ
C + Cβ

))(
1− 0.4 sin

(
2πt

90

))
− h2A

(4.3)

Though outside the scope of this study, it is possible to create a more realistic impulse.

The impulse to release CRH depends on CRH and cortisol concentrations, and therefore a

stochastic switch would model this physiology well. The results of the sine wave-modulated

oscillation are seen in Figure 4.9.

By design, oscillations of hormone concentration of ACTH were observed. The pulsitility

of ACTH then stimulates cortisol production and release with oscillating intensity, thus

creating the the sought after 90-minute ultradian rhythm of cortisol concentration. These

results indicate that the ultradian rhythms rely on a fundamental pulsatile release and a

feed-forward result seen in the oscillating concentration of cortisol. However, the amplitude

of the induced oscillations is not large enough to fit biological data, suggesting the presence

of more physiological controls to the system than seen in this experiment.
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Figure 4.9: Model ouput showing the emergence of ultradian rhythms based on induced
pulsatility of ACTH release. Induced pulsatility was achieved by modulating the differential
equations representing the releasing rate of ACTH by

(
1− 0.4 sin

(
2πt
90

))
. The top plot shows

the ACTH concentrations predicted by the model over a 72 hour period. The model output
is set against 24 hour experimental ACTH data extracted from papers led by Crofford [9]
and Young [51]. The middle plot shows the cortisol concentrations under the effects of
induced ACTH pulsatility over a 72 hour period. The model output is set against 24 hour
experimental cortisol data extracted from papers led by Crofford [9] and Young [51].The
bottom plot shows the same cortisol concentrations predicted by the model set against 24
hour experimental cortisol data extracted from a paper led Rohatagi [32].
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4.5 Increasing Hypothalamic Monitoring and Control

Capabilities

In previous experiments, it was assumed that the hypothalamus was not attempting to

maintain an optimal concentration of cortisol, only that the pineal gland gives circadian

cues, which begins the hormone cascade. However, in this experiment, the hypothalamus is

modeled to have greater capacity to both monitor and control cortisol levels by assuming

the hypothalamus is attempting to maintain specific concentrations throughout the day.

To achieve this, a polynomial of degree 10, p(t) in equation 4.4, was fit to the data mean

using MATLAB’s polyfit function.

p(t) = 0.675t10 − 0.2793t9 − 6.818t8 + 2.482t7 + 23.884t6

− 8.338t5 − 34.132t4 + 12.498t3 + 13.932t2 − 6.921t+ 9.230 (4.4)

The best fit polynomial function values were taken to be a moving target of cortisol concen-

tration, which the hypothalamus attempts to maintain. Initially, the polynomial coefficients

were poorly scaled and the resulting fit was unstable. Using the polyfit function’s scale

and center capability, the polynomial coefficients were fit by shifting time values to a more

amenable position for the fitting algorithm. This is achieved by left shifting the time input

by the mean and scaling by the standard deviation of the fitting data. The resulting time

inputs into the polynomial function are t∗ =
t− t

σ
, where t is the mean and σ is the standard

deviation, such that t = 720 and σ = 441.588. The scaled and center polynomial is seen in

Figure 4.10.
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Figure 4.10: Plot of the 10th degree polynomial fit to mean data from Young et al. [51]. This
polynomial serves as the desired concentration of cortisol which the hypothalamus attempts
to maintain.

If the hypothalamus is attempting to maintain a desired cortisol level, concentrations above

the polynomial best fit would yield a decrease in CRH production and levels below would

yield an increase to CRH production. Therefore the following function was created to rep-

resent this correction to desired state, 1.4
(

(p(t∗)− C(t))3

0.001 + |p(t∗)− C(t)|3

)
. This function exerts

a force with magnitude up to 1.4 applied to the CRH output when cortisol levels deviate

from the desired concentration. The function has a sigmoidal shape, given an unrestrained

input, and reaches maximal values with only slight deviations from p(t). Similarly, cortisol

levels further from polynomial fit levels do not increase the force proportionately. When

this control is appended to the standing differential equation governing the release rate of
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CRH, we obtain the expression in equation 4.5.

dR

dt
= (k1 + k2D)

(
1− ϕ

Aα

Rα
A + Aα

)(
1− µ

Cβ

Rβ
C + Cβ

)
1.4

(
(p(t∗)− C(t))3

0.001 + |p(t∗)− C(t)|3

)
− h1R

(4.5)

In this equation, we see the auto-regulation behavior of ACTH and cortisol to be informing

the control from the hypothalamus rather than driving it. Though the absolute method used

by the hypothalamus to monitor and control cortisol levels is not presently known to the

scientific community, this scenario is deemed to be a reasonable hypothesis as there exists

physiological precedence for the hypothesis. This is explored further in the discussion. The

output of the system of equations with the new modulating function on CRH is seen in

Figure 4.11.
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Figure 4.11: Model output showing the emergence of ultradian rhythms based on simu-
lating an increased hypothalamus monitoring and control ability. The hypothesized op-
timal concentrations were created using a 10th degree polynomial fit to original fitting
data. This polynomial is seen in equation 4.4. The the release of CRH was modulated
by 1.4

(
(p(t∗)− C(t))3

0.001 + |p(t∗)− C(t)|3

)
, simulating the hypothalamus attempting to maintain a

specific concentration of cortisol. The top plot shows the ACTH concentrations predicted
by the model over a 72 hour period. The model output is set against 24 hour experimental
ACTH data extracted from papers led by Crofford [9] and Young [51]. The middle plot
shows the cortisol concentrations under the effects of induced ACTH pulsatility over a 72
hour period. The model output is set against 24 hour experimental cortisol data extracted
from papers led by Crofford [9] and Young [51].The bottom plot shows the same cortisol con-
centrations predicted by the model set against 24 hour experimental cortisol data extracted
from a paper led Rohatagi [32].
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Figure 4.12: Modulating function amended to R(t) to simulate greater control exhibited by
the hypothalamus.

In Figure 4.10, we observe that the hormone concentrations follow the data and have achieved

a natural ultradian oscillation, with approximate an 85 minute period of both ACTH and

cortisol concentrations. Though no pulsitility is introduced to the system, the corrective

control function induces a pulsatile release of ACTH. The value of the modulating function

are seen in Figure 4.12. Comparing quality of fit between the base model and this increased

hypothalamus control model, we observe base model residual root mean square is 1.979 while

the new fitting residual root mean square is 1.601. There is a clear increase of fit quality

despite the oscillations possibly increasing some residual values.
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Discussion

This project is another step in the evolution of a more predictive, insightful, and illuminating

model of endocrine dynamics. Previous models sacrificed either the dimensionality of the

parameters in the system or realistically fitting circadian rhythm cycles in cortisol levels.

The model proposed in this paper uses a dimensional system to fit medical data directly

reflecting circadian oscillations of hormone concentrations. Additionally, it excels at repro-

ducing ultradian rhythm and can simulate more pathological states, such as pituitary gland

ablation, representing a model more reflective of the physiology inspiring the model. Given

the complexities and convolutions in the underlying interactions, it is important to build a

framework that increases the model’s predictive capability without diminishing parallels to

physiology.

5.1 Insights from Analysis

As this model has an adequate ability to predict medical findings, analytical results can be

applied to gain additional insights from the simulations. Results from sensitivity analysis

and initial condition perturbation experiments are informative of both states that generate

pathological conditions and could inform treatment methods of cortisol related pathologies.

Perturbations of the initial condition and the ensuing rapid correction of these pathologically
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high hormone levels show robustness inherent in the system. Thus, any pathological state

that may have existed in a previous period should correct itself every morning. The ability of

the system to quickly self-correct would infer that a chronic state of pathology would only be

present when there is a continued disturbance in the system’s dynamics. The robustness also

means that if medical intervention were to correct the underlying cause of this imbalance,

the system would return to a healthy state quickly. Additionally, results from the sensitivity

analysis indicate that intervention during peak hormone levels would have the greatest effect.

This window of greater effect could inform treatment methodology as medical intervention in

the morning, where HPA axis hormones are greatest, could increase the efficacy of treatment.

5.2 Application to medicine

It has been seen that disruption of the circadian rhythm can be a causative factor in the

development of many health conditions, including: premature death, cancer, metabolic syn-

drome, cardiovascular disease, immune dis-regulation, and mood disorders [12]. Shift work

is associated with an increased risk for several inflammatory pathologies due to a disruption

in glucocorticoid levels and their anti-inflammatory actions. [5]. This inflammatory process

is hypothesized to be the link between nighttime light exposure and breast cancer. Addition-

ally, a night shift work schedule has been linked to an increased BMI and risk of developing

a metabolic disease caused by a disruption in cortisol and other glucocorticoid levels [39].

Results from this project indicate that the most profound disruption to circulating cortisol

concentration will occur under perturbations near 8 am, the height of circulating hormone

levels. This window of greater sensitivity to change may be responsible for such profound

pathology stemming from nighttime light exposure. Though the system was shown to be
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robust to change, daily alterations to circadian rhythm could be enough to cause a signif-

icant change to daily cortisol peaks. The average circulating cortisol throughout the day

would decrease dramatically with a significantly lowered morning cortisol peak. Along with

a decrease in cortisol concentration, a decrease in the anti-inflammatory response that it

creates. A more robust study would be needed to confirm the hypothesis.

5.3 Limitations and future research

A more robust and inclusive model would rectify some of the shortcomings of this model.

Primarily, the base model does not provide an acceptably accurate fit for hormone levels

between 8 am and 12 pm. Data shows a quick decline followed by a small second peak,

while the model connects the two peaks and does not accurately reflect the trough. This is

a shortcoming of the model but does not radically affect the interpretation of the results,

though extensions into the generation of ultradian rhythms could be altered findings. There

is a greater complexity to regulation and feedback of the HPA axis that is excluded from the

current iteration of the model. Other factors affecting HPA axis dynamics include: growth

hormone [35], ghrelin [36, 49], leptin[2], and pituitary-thyroid interaction [6]. Incorporating

each of these hormones into the would have a profound effect on the model. It is hypothesized

that the addition of more interactions within endocrine dynamics would allow for a stronger

fit. Attempting a tighter fit with the current model, excluding the additional interactions,

was taken to be overfitting the data and skew results more than allow some system behaviors

to be a closer fit. Capturing the system’s behavior in a more holistic measure was deemed

the best fitting possible.
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As the increased feedback coefficients did not yield ultradian rhythms, it is not likely that

the feedback mechanism is solely responsible for generating oscillations. However, there are

pathological states that help illuminate a more complex underlying dynamic. Studies show

that cortisol pulsatility persists in the presence of an ACTH hormone-releasing tumor [31].

As these tumors release ACTH at a constant rate, the additional ACTH in the blood would

diminish the pulsatility generated in previous simulations. This suggests that a more complex

interaction is present. The findings of this study corroborate the hypotheses found in other

works postulating that ultradian rhythms are a result of both feedback that is modulated

by mineralocorticoid and glucocorticoid receptors and a feed-forward action determined by

the inherent pulsatility of ACTH release.[46]. Testing this theory would necessitate a model

of increased complexity and is a target for future work.

Alternatively, when it was assumed that the hypothalamus asserts greater monitoring and

control over the concentrations of cortisol, fit improves and ultradian rhythms of appropri-

ate period emerge. This begs the question whether it is based upon an appropriate premise.

An ability of regulatory physiology to maintain an optimal blood concentration of dissolved

chemicals is well documented in the case of oxygen and the pulmonary system. Central and

peripheral chemoreceptors, as well as mechanoreceptors in the lungs, convey neural and sen-

sory input to the brain to help modulate respiratory drive [8]. Thus, there is a physiological

precedent for the assumption. Further research will need to target this interaction in an

attempt to gain a clearer picture of hypothalamic control over hormone concentrations.

Another aspect of future studies is how the SCN interprets the sinusoidal input of daylight

intensity and changes the inputs into a more complex waveform. It remains to be studied

that a model that includes more zeitgebers can produce the rhythms simulated in this study

by trigonometric functions from inputs resembling only the input of light. It is hypothesized

that understating the role of zeitgebers in determining SCN control will illuminate lifestyle
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habits or hormonal dysregulation contributing to diseases rooted in circadian perturbations.

For example, as the liver clock genes, stimulated by feeding cycles, contribute to SCN pro-

gramming and reprogramming [3, 47], a model that includes leptin and ghrelin levels could

account for clock gene action on the SCN.



Chapter 6

Conclusion

This project has created a model of the HPA axis, incorporating novel signaling pathways

and greater predictive capabilities. It is seen as a step towards more complex models that

continue to extend endocrine modeling practices. The data-driven, constructed model is

a strong foundation for models of greater complexity as it is based on sound, vetted, and

tested predecessor models, maintains identifiablity of parameters, and withstands scrutiny

of predictive capability and diagnostic insights.

The model suggests that a pulsatile release of ACTH is a primary factor in the origination of

ultradian rhythms characteristic of cortisol dynamics. Additionally, shows that the pulsatility

of ACTH is not solely responsible for observed dynamics and reflects an integral piece of a

more complex feedback mechanism.

In tandem with greater complexity, the model provides a more robust model of human

physiology and generates more insights into pathology. The addition of SCN stimulation

of ACTH production by AVP signals creates an ability for medical findings related to a

hypothalamus and pituitary disconnect to be adequately modeled. Additionally, insights

into the inherent resistance to perturbation and subsequent re-correction to homeostatic

baseline show that only chronic disturbances to endocrine balance are likely to cause lasting

disease states.

Increasing the complexity of this model to include separate mineralocorticoid and glucocorti-
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coid receptors, other essential hormones and communication between the hypothalamus and

thyroid gland would all add to the predictive capabilities of the model. These future works

are necessary to develop better insights related to medical intervention and the alleviation

of disease.
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Appendix A

Derivations

A.1 Direct test for Identifiability

To verify identifiability with the direct test it is to be shown that if y(u, θ1) = y(u, θ2) then

this implies that θ1 = θ2. Assume that there exist two sets of paramaters, θ and θ∗ such that

y(u, θ) = y(u, θ∗). Each state variable is considered time independent and the equality must

hold for all values of D,R,A, and C in the range. After canceling the halflife decay rate on

each side of the equality, the system is written in equation A.1

(k1 + k2D)

(
1− ϕ

Aα

Rα
A + Aα

)(
1− µ

Cβ

Rβ
C + Cβ

)
= (k∗

1 + k∗
2D)

(
1− ϕ∗ Aα

Rα
A + Aα

)(
1− µ∗ Cβ

Rβ
C + Cβ

)
(
k3

(
Dγ

Rγ
D +Dγ

)
+ k4R

)(
1− ρ

Cβ

Rβ
C + Cβ

)
=

(
k∗
3

(
Dγ

Rγ
D +Dγ

)
+ k∗

4R

)(
1− ρ∗

Cβ

Rβ
C + Cβ

)

k5A = k∗
5A

(A.1)

Starting with the first equation the parameter space is restricted such that k1, k∗
1, k2, k

∗
2, ϕ, ϕ

∗, µ, µ∗ ∈

(0, 1), and the expression in A.1 must be true for any and all values of D,A, and C. As all

system outputs are positive real numbers, each piece of the equation in parentheses can be

seen as a state variable that is proportional to each of the other state variables. Given the

proportional relationship of each component, equations in A.1 would only hold true for all
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values of A,C and D if the system outputs are also proportional. Without this proportion-

ality of outputs, the equalities can be simplified to the equations found in A.2.

k1

(
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)(
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Rβ
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)
(A.2)

From A.2, the identifiability of k1 and k2 is immediate. Then the equations simplifies to A.3

−ϕ
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Rα
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−µ
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+ϕµ
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(A.3)

A.3 reorganized gives

(ϕ∗ − ϕ)
Aα

Rα
A + Aα

+ (µ∗ − µ)
Cβ

Rβ
C + Cβ

Aα

Rα
A + Aα

Cβ

Rβ
C + Cβ

= (ϕ∗µ∗ − ϕµ) (A.4)

In A.4, we see that the function outputs of A and C are required to be directly proportionate

to each other. As this is not the case and cannot hold for all values of C and A, it must be

that ϕ = ϕ∗ and µ = µ∗.

An identical argument can be used to show that the equality of the second equation in A.1

implies that k3 = k∗
3, k4 = k∗

4 and ρ = ρ∗. Equality of parameters in the third equation of A.1

is immediate and k5 = k∗
5. Therefore, under a restriction of parameter space y(u, θ) = y(u, θ∗)

is only true if θ = θ∗ and the system is locally identifiable as there exists a neighborhood
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where identifiability can be shown rather than in the entire parameter space.

A.2 Jacobian matrices for sensitivity analysis

The system Jacobian used in the calculation of S(t):

Jsys = A(t) =
−hR (k1 + k2D)
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(A.5)

The parameter Jacobian, the first column is the partial derivative of the system with respect

to µ, the second is the partial derivative with respect to ϕ, and the third column is the

partial derivative with respect to ρ. This matrix was used in the calculation of S(t):

Jparam = B(t) =

−C4(k1 +K2D)

(
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0 0
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0 0 0


(A.6)
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Data

B.1 Rohatagi et al. Data

Time in minutes Cortisol Mean (µg
dL

) Cortisol Upper Bound (µg
dL

) Cortisol Lower Bound (µg
dL

)

0 0.8381 1.6630 0.0565

120 1.0733 2.7221 0.0740

240 7.0366 11.8520 2.1344

360 12.4322 17.7700 6.9663

480 13.9713 16.4874 11.4118

600 11.7134 13.9703 9.4575

720 9.0846 11.9920 6.3535

840 8.1046 10.6217 5.6328

960 6.7797 7.7761 5.6493

1080 6.1447 8.2272 4.2790

1200 5.4259 7.8553 2.9531

1320 4.1857 6.5303 1.8873

1440 2.2083 4.4219 0.1702
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B.2 Young et al. Data

Time in minutes ACTH Mean (pM) ACTH Upper Bound(pM) ACTH Lower Bound (pM)

60 1.8035 2.0529 1.5247

120 2.5129 2.8966 2.0905

180 3.2797 3.7404 2.7615

240 3.8547 4.3154 3.3173

300 3.6044 4.0842 3.1629

360 5.4654 6.3292 4.6018

420 6.9234 7.6336 6.2900

480 6.8842 7.4024 6.3659

540 5.2327 5.5782 4.7337

600 3.1398 3.9459 2.1034

660 2.8511 3.2925 2.4674

720 3.3685 3.5796 3.1765

780 3.8093 4.0204 3.5021

840 4.1346 4.4993 3.8083

900 3.3470 3.5964 2.9823

960 3.4037 3.6532 3.1541

1020 3.3261 3.5755 3.0190

1080 3.4788 3.7859 3.0949

1140 2.9790 3.4588 2.4416

1200 2.6327 3.0743 2.2297

1260 2.2097 2.4400 1.9218

1320 2.2472 2.8231 1.9977

1380 2.0545 2.4768 1.6131

1440 2.0921 2.3225 1.7467
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Time in minutes Cortisol Mean (µg
dL

) Cortisol Upper Bound(µg
dL

) Cortisol Lower Bound (µg
dL

)

60 3.9275 4.9437 2.8654

120 3.2829 4.5760 2.4514

180 6.0096 7.0258 4.8550

240 5.7806 6.1500 5.1805

300 8.9693 9.6621 8.0458

360 7.4011 7.7704 6.8929

420 14.7925 15.9934 13.8229

480 12.5315 13.1780 11.9312

540 15.3041 16.3666 13.5033

600 9.9490 10.3185 9.1179

660 9.8587 9.9970 9.6738

720 7.3664 7.8743 6.5812

780 11.1554 11.8943 10.6010

840 9.3102 9.7718 8.7097

900 8.9888 9.7739 8.5267

960 6.6352 7.1432 6.1270

1020 9.2694 9.8237 7.9763

1080 6.5927 7.0085 5.9000

1140 8.7192 9.7815 7.5182

1200 4.7031 5.5806 3.9640

1260 5.0746 5,4901 4.0583

1320 2.9981 3.5985 2.3976

1380 5.3093 5.3090 3.7391

1440 2.6786 3.5563 1.8473
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B.3 Crofford et al. Data

Time in minutes ACTH (pM) Cortisol (µg
dL

)

30 2.0417 4.4821

90 2.4984 3.6535

150 2.8033 6.0640

210 4.2727 6.6290

270 5.2105 11.4878

330 6.2242 10.0188

390 6.4531 14.2750

450 9.3908 12.9190

510 7.2906 14.2750

570 5.8486 11.7891

630 4.3603 13.5217

690 5.0701 9.0772

750 5.1429 13.5217

810 4.8655 9.2655

870 4.3603 9.0772

930 5.0701 8.2863

990 4.6419 11.0358

1050 4.6419 7.9096

1110 2.5670 8.0226

1170 2.0364 3.5405

1230 1.9109 4.0301

1290 2.2917 2.5989

1350 1.8624 3.8795

1410 2.1166 2.5989
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