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(ABSTRACT)

The impact parameter (IP) approximation is a semiclassical model in quantum scattering
theory wherein N large masses interact with one small mass. We study this model in one
spatial dimension using the tools of time-dependent scattering theory, considering a system
of two large-mass particles and one small-mass particle. We demonstrate that the model’s
predictive power becomes arbitrarily good as the masses of the two heavy particles are made
larger by studying the S-matrix for a particular scattering channel. We also show that the
IP wave functions can be made arbitrarily close to the full three-body solution, uniformly in
time, provided one of the large masses is fixed in place, and that such a result probably will

not hold if we allow all the masses to move.
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Chapter 1
Introduction

Scattering theory provides the mathematical framework for interpreting the results of exper-
iments conducted in particle accelerators. The late J.J. Sakurai has said of scattering theory
that it “is impossible to overemphasize the importance of this subject” [20]. Given that
scattering experiments have proven to be our primary source of information about the inner
workings and constituents of the subatomic world — dating from Ernest Rutherford’s seminal
“gold foil” experiments of 1909 to the more recent search for the Higgs boson at CERN’s

Large Hadron Collider — it is difficult to find room to disagree with Sakurai’s remark.

In many scattering experiments, one is more or less forced to prepare a system of particles
and allow them to interact over a distance scale that is extremely small compared to the
observational laboratory apparatus. In light of this, analyzing the nature of the interactions
in terms of the long-term behaviors of the particles — something that can often be done in
terms of a simpler dynamics than that which governs the range of the interactions — becomes
very attractive. This is the general approach in scattering theory; the next section is a brief

outline of exactly how this is done.

1.1 Multi-particle quantum scattering

In quantum scattering theory, one is typically concerned with the asymptotic (|t| — oo; i.e.,
distant past and distant future) behavior of quantum systems. The mathematical setting for

the non-relativistic scattering theory of N spinless, distinguishable particles in d dimensions
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Table 1.1: Some scattering channels and their associated cluster decompositions for a
three-body situation.

Channel Description Cluster Decomposition
o @D and @ bound together; {2}
@ moving freely.
Qo @ and @ bound together, {@O®, D}

(D moving freely.

as @D, @), and @ all moving {©, @, D}
freely, independently of one
another.

is the Hilbert space 57 = L?(R"?), the space of square-Lebesgue-integrable, complex-valued
functions defined on RV?. The physical setup is a system of N particles of masses i, .. ., jiy
at locations rq,...,ry € R? interacting through pair potentials V;;. In three-body (N = 3)!
quantum scattering, the interacting dynamics is governed by the time-dependent Schrodinger

equation, which takes the form

0 ~ 3 A;
;f Hy ( Z 241, Z Vig(ri — Tj)) (2 (1.1)
j=1 <i<j<3

where A; is the Laplacian in the variable r;. The ¢ = (r,t) = ¢(r1, 72, 13,t) is the wave
function, which encodes all the physical information about the system. It is an element of
€, and the operators V;; are multiplication operators on this space. In many applications,
they represent Coulomb interactions (V;; o |r; —r;|~!), but for our purposes they need only
be suitably well-behaved such that His a self-adjoint operator defined on an appropriate
subspace D(H) — . Given initial data 1(r,0), the spectral theorem tells us the time

evolution of the wave function is given by the action of the unitary propagator U(t) = eiflt

on ¥(r,0): P(r,t) = e~ Atp(r,0).

Physical reasoning tells us there are a number of possible large-|t| behaviors, which we
refer to as scattering channels, that we might expect to observe from a three-body system
consisting of particles @, @), and 3). Some examples include those listed in Table 1.1. As
the table indicates, each channel has an associated cluster decomposition — a breaking up

of the particles into disjoint non-interacting (for large [¢|) clusters of particles. Of course,

' This is the number of particles that will directly concern us in this work.
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quantum mechanics only permits us to discuss the probability that a three-body system we
are investigating will exhibit one of these long-term behaviors.? To study these probabilities,

we need to build some new machinery.

We first move from the (r1,79,73) system to a system of coordinates that allows us to
remove the trivial center-of-mass motion from (1.1); Jacobi coordinates (see §XI.5 of [18])
are particularly useful in this regard. Suppose we are interested in the probability that a
system which looks like the channel a; in the distant past has the same behavior in the

distant future. A convenient system of Jacobi coordinates to use in our analysis is

T+ s R — Mt Hale F fisTy

r=7r3—7rT =r
3 1, Yy 2 1+ i3 ) Vi )

(1.2)

where M = Z?:l pi- In the (z,y, R) system, if we ignore any interaction between (D and 2

and let V; = Vi3, it can be shown that the Hamiltonian in (1.1) becomes

~ 1. - 1 .
H:_i(“11+“31)Aw_§(Hzl+(u1+u3) 4, -,
1 )
+ Vi(l') + ‘/2</“L1(M1 + [,63)_1.17 — y) — WAR

Now, consider H, which is just (1.3) with the center of mass motion removed; that is,

1 1
H=-3 (it +p5t) Ay — 3 (o' + (1 + pa)™") Ay + Vi) + Vz(/h(,ul + p3) "' — y).

If we study the scattering theory associated with H, we are effectively studying a two, as

opposed to a three, body problem.

Since we are interested in «a;, we should not expect Vs, the interaction between 2) and
3, to be physically relevant for large times. This motivates consideration of the channel

Hamiltonian

) |
Hy= =5 (i +p5") Ba + Vile) =5 (" + G+ ) 1) A,

. S\ J

" "

HY Y

which is just H — V5. Moreover, the assumption that (D) and @) are bound together for large

2We should emphasize that quantum mechanics also tells us that a general state can be in a superposition
of two, or more, of these various “basis” behaviors.
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times implies the existence of at least one bound state n;(x) € L?*(R%, d%x) that satisfies

(—1 (i +p") Ag + %(x)) m(x) = Exm(x)

2

for some E; < 0. We are now in a position to define the channel wave operators associated
with oy, which are linear operators on the Hilbert space 4 = L*(RY, dz) ® L*(R?, d%y):

OF = t;li—r% et —itht (1.4)
where “s-lim” is the limit in the strong operator topology on .Z(5#).2 Of course, part of
the program is to show the existence of these strong limits for the self-adjoint operators H
and H;. But if they exist, the wave operators have the the following property: If p(y) is an
arbitrary element of L?(R?, d%y) such that v = QFn(x)e(y), then e~#t)* looks like the

product state

—iEqt —iHyt (HY+HY)

e iy (z) e Mlp(y) = e e(y)m ()

as t — Foo. This means that in the distant past, the state e~*%)* — which evolves under
the full dynamics H — looks like the particular version of scattering channel a; which has
the propagation of the center of mass of the (D - 3 cluster with respect to 2) described by

—iHyt

the specific function ¢(y,t) = e ©(y). The analogous statement holds for e=73)~ in the

distant future.

Elements like ¢)* — that is, elements that belong to the ranges of the wave operators — are

called scattering states.

We can proceed in this way to construct wave operators QF for each of the other scattering
channels listed in Table 1.1, modifying the channel Hamiltonian as appropriate. If it just so
happens that the absolutely continuous subspace of 77 with respect to H can be expressed

as
@D RanQf = A (H), and ogne(H) = 2,

the direct sum taken over all channels, then scattering for the three-body system is said to

be asymptotically complete*. Proving asymptotic completeness for a given system has long

3 According to Barry Simon [22], the odd convention that the limits as ¢ — Foo are QF, respectively, is
a perversion that it is nonetheless our “moral duty” to preserve! An explanation for this convention can be
found in [18]; it has to do with the time-independent formulation of the theory.

4We use Osing (H ) to denote the singularly continuous spectrum of the operator H.
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been the holy grail of mathematical quantum scattering theory.

One final object we can define for each channel — an object of particular experimental interest
— is the S-matrix, defined as S, = (2;)*Q%. We interpret the quantity

2

U(r)Sap(r) dr (1.5)

R34

Py = (4, Satp)|* =

as the probability that a state that looks like e ="t in the distant past looks like e~#7af3) in
the distant future. Thus, the S-matrix relates asymptotic behavior in the past to asymptotic
behavior in the future without making explicit reference to the unobservable (for all practical

purposes) actual dynamics.

For a more thorough discussion of the general approach to three-particle quantum scattering,

the reader is directed to Enss’s very edifying work [5].

1.2 The Impact Parameter Approximation

Using the machinery of the last section is nice in theory, but the equations involved turn out
to be rather unwieldy in analyzing experimental data [21]. As such, various approximative
schemes have been introduced into the theory. One that crops up in a number of places
in the chemistry and physics literature (see, for instance, [3], [4], [14]), primarily in the
study of atom-ion collisions, is the so-called impact parameter (IP) approximation, or charge
transfer model. It is based on the fundamental physical intuition that “large” particles can
be studied quite well using the techniques of classical mechanics, whereas “small” particles

are amenable only to the rules of quantum mechanics.

To get a feel for how the model is employed in practice, consider a three-body system
consisting of two large particles and one light particle, as shown in Figure 1.1. It may be
helpful to think of the heavy particles (of masses p; and ps) as being nuclei, and the light
particle (of mass p3) as being an electron. Consideration of the full dynamics would lead us

to the time-dependent Schrodinger equation governed by the Hamiltonian

1 1 1
Al——AQ——A3+‘/1<7’3—7’1)+%(T3—T2)+V(T2—T1>.

H=_——"
2401 241 2p3

The associated time-dependent Schrodinger equation is a partial differential equation in 3d
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pr > 1

. .

rs

B

o > 1

Figure 1.1: Schematic of the problem giving rise to the IP model. We consider two “large”
(yellow) particles and a “small” (blue) one. The IP model requires the assumption that there
is no interaction between the two large masses.

spatial variables and one time variable, the solution of which is (to put it mildly) a formidable
task.

To simplify matters, the IP model assumes that the trajectories of the heavy particles are
known curves in R%: 7, = ri(t) and 7y = ro(t). Physical reasoning tells us this should be
a reasonable approximation in certain circumstances, especially if the heavy particles are
traveling at a high speed. Ignoring any interaction between p; and s and dropping their

corresponding kinetic energy terms, we obtain the impact parameter Hamiltonian

1
H(t) = —ﬂAg + ‘/1(7"3 - rl(t)) + ‘/2(7“3 — Tg(t))
3
This reduces a three-body problem to a one-body problem, at the cost of introducing time
dependence — which is often a technical nuisance — into the Hamiltonian. Nonetheless, the
impact parameter Hamiltonian H(t) is a differential operator in only one spatial variable as
opposed to three. The curves ri(t) and ro(t) are often taken to be straight lines of the form

r1(t) = vit — ay and ro(t) = vot — as.

The widespread use of the IP model in interpreting experimental data begs the question:

does the model actually represent, in some appropriate sense, a good approximation to the
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full dynamics? We attempt to provide a partial answer to this question in the work that
follows. First, we provide a brief survey of mathematical results that have been proved about
the IP model.

1.3 Past results

The first rigorous mathematical treatment of the IP model seems to have been done in 1980
by Yajima [29]. He proved existence and asymptotic completeness of the wave operators
in the N-body case under quite relaxed — and therefore fairly exotic! — assumptions on
the interaction potentials, using a clever technique first developed in a paper of Howland
[11]. Though Yajima’s proof worked for Coulomb potentials, it was not very physical, a
shortcoming that was improved upon a few years later by Hagedorn [7]. A year later,
Hagedorn also published results [8] pertaining to an IP analog of an important result from
quantum dynamics, the RAGE theorem.®> Wiiller [27] proved time-boundedness of the energy
in the IP model under some rather mild assumptions about the behavior of the gradient of the
potentials; at approximately the same time, Graf [6] published results about a new, geometric
proof for the model’s asymptotic completeness. A year later [28], Wiiller published his own

geometric proof of existence and completeness in the IP model.

To our knowledge, the first results about the validity of the approximation — in the sense
mentioned at the end of the last section — would not come until 1993, when Ito [12] used
time-independent scattering theory to prove that the scattering cross-sections for the full
three-body problem approach those supplied by the IP model in dimension d > 2. This
paper only treated two-cluster-to-two-cluster scattering; the paper [13] uses similar results
for potentially two-cluster-to-three-cluster scattering in spatial dimension d = 3. There is
no known time-dependent treatment of this problem for d = 1, however — a gap this work
hopes to fill.

SRoughly spoken, the RAGE theorem characterizes the difference between bound states and scattering
states for a given quantum system. For more detail, see pg. 129 of [26].
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1.4 New results

In what follows, we present the rigorous mathematical results we have obtained about
whether the three-body (N = 3) impact parameter model actually represents a good ap-
proximation to the full dynamics in one spatial dimension (d = 1). Assuming suitable
hypotheses, which will be enumerated and discussed in the following chapters, these can be

broken down as follows:

1. Suppose we fiz one of the heavy masses (at the origin, say). Then the resulting impact
parameter wave function becomes a better and better approximation to a solution to
the full three-body problem, uniformly in time, as one takes the mass of the remaining

(free) heavy mass to infinity. These results are presented in Chapter 2.

2. There is little hope for a uniform wave function result as in (1) if all bodies move. An

argument showing why this is the case is presented in Chapter 3.

3. Notwithstanding (2), we can show that certain S-matrix elements corresponding to
the full dynamics are well approximated by their IP analogs as the masses of the large

bodies tend to infinity. This argument is fleshed out in Chapter 4.



Chapter 2
Uniform wave function results

In this chapter, we apply the IP model to a simplified version of a three-body problem in
one dimension in which one of the masses is infinite (47 = ) and fixed at the origin. We
consider the same scattering channel discussed in detail in Chapter 1; namely, ) bound to

D and @ free as [t| — o0. A schematic of the setup is shown in Figure 2.1.

Let v,e > 0. We show that the product wave function
U, = Uo(z,y,t) = VP90 (1 +it, 1, e, vt,0,9) - (x,),  x,yeR, (2.1)

which is a solution to the associated impact parameter Schrodinger equation, is an approx-
imate solution to the time-dependent Schrodinger equation governing the system shown in

Figure 2.1:

ov, B B 1 1
i pn =HV, = <_2Ax_ zmAy+V1(x)+V2(x—y)> U, (2.2)

uniformly for ¢t € [0,00) and for physically appropriate choices of the functions @y and v,
with the ¢ coming directly from the impact parameter model. In fact, we will be able to
conclude that the exact solution (2.1) approximates is given by the following solution to
(2.2):

U(z,y,t) = e M"Wa(2,9,0) = e Mpo(1, 1,6,0,0,9) - [wr (1)](2),

where the symbols ¢y and w; are defined in the following section.
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o =m > 1

Figure 2.1: Schematic of the case u; = c0. We suppose z,y € R, but they are shown here
in R? for clarity.

2.1 Preliminaries

We define the scaled Fourier transform %, and its inverse %, ! for ¢ € .#(R) (the Schwarz

space on R) as follows:
1 —ipzx/e
[F00) = Gy |, Vla) e,
— 1 ipr/e
(7 000) = Gy |, 04) €

(We will use .# and %! for the case € = 1.) Note that for the scaled Fourier transform,

the following formula holds for any o, 3 =0,1,2, ...

B o
() [Z010) = e, | (o) |
P d*y
In particular, letting a = 2 and 3 = 0, we have —— [F)](p) = F. lﬁ] Next, define
€ x

the cutoff function F'(p) as follows: Given v > 0, choose fixed constants a,b € R such that
0 <a<b<wv/2. Construct F such that

o F e C*(R), with F symmetric about p = v.
e F(p)=1forpe|v—a,v+al

o F(p)=0forp¢ (v—>bv+Db).
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(See, for instance, §8.1.2 of [24] for an explanation of how such functions might be con-
structed.) We are now in a position to define the functions ¢y and ¥ and motivate them

physically.

o Oo(1 +it,1,€,vt,v,y): In [9], Hagedorn constructs certain orthonormal bases

{90]?("47 B7 €, @, 1, ')}]ZO:O

of L?(R%) that diagonalize quadratic quantum Hamiltonians. In one dimension, the

function ¢o(A, B, €, a,n,y) has the form

—_ )2 _
©o(A, Be,a,n,y) = n VeV AT 2 exp (BA_l (v 5 @) + z'ny a) .
€ €

It follows that

, A1/ (y—vt)> v
wo(l +it, 1, e, vt,v,y) = Wexp <m + ?(y — vt)) )

There is ambiguity (+1) in the choice of the square root of the complex number 1 + it,
but since we will be concerned only with |pg|? in what follows, we do not need to be

concerned with this ambiguity. Now, to obtain @y, we take

Bo(--y) = FF(p)[Ferol(0)] ().

Hence, @o(--- ,y) is the back-Fourier transform of the cutoff function F' applied to
the Fourier transform of ¢g(- -+ ,y) in p (momentum) space. Note that @y removes an
arbitrarily small interval about momentum p = 0. Note also that by Theorem 3.4 of
9], B(y,t) = e®*2epy(1 + it, 1,¢,vt,v,y) satisfies the free Schrodinger equation in y

corresponding to the Hamiltonian in (2.2); namely,

The physical intuition behind defining ¢, using this “semiclassical” wave packet is
that we treat the particle at y approximately classically in the IP model, given the

assumption that its location is described by y = vt with some “wiggle room.”

e (x,t): Define H; = —%Am + Vi(x). For the scattering channel in question, we expect
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H; to approximately describe the quantum mechanics of the particle at = for large ¢.
We assume there is exactly one normalized bound state, 7;(z), of O and @), which

satisfies Hymy = Eqm;.

The impact parameter approximation asks us to fix the trajectory of the heavy mass
to. We will assume that it travels with constant velocity v # 0. This gives rise to the

IP model Schrodinger equation

0 1
i~ H (1) = L A+ Vel + Vil — v 23)
In what follows, we will assume that the potentials V; € C°(R), such that there exist
constants C;, a; > 0 with

Vi(x)| < CiX(|z] < a;). (2.4)

By considering the Dyson expansion in the so-called “interaction representation” (see
[17]), we can show that a unitary propagator U(t,s) exists for the Hamiltonian H ()

and satisfies

%(U(t, s)) = —iH(t)U(t, ) (2.5)

for any ¢» € D(H(t)) = D(—A,). Let ¥(x,t) = U(t,0)[w; (1)](z), where

[or (D)) = lim [U(0, t)e™" ()]

t—00

is the channel wave operator associated with the scattering channel we are considering.
Because of (2.5), we know that ¢(x,t) satisfies the IP Schrodinger equation (2.3). We

—itFE

claim that, additionally, it looks like the stationary state e ni(x) for large times.

We now prove this.

Proposition 2.1.1. ¥(z,t) above satisfies
o, 8) — e P @)y =0 a5t

Proof. Let ||| ;2g 4, = |'|. Fix a T > 0. Then by the properties of the unitary
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propagator,
im [z, T) = U(T, 1)y ()] = (@, T) = Jim U(T, t)e” "y (2)
= (@, T) = lim U(T,0)U(0, t)e™*F 1 (x)
= (,T) = U(T, 0)[w; 1] (=)
:¢(x7T) ¢(907T) =

Armed with this, we now employ the Cook’s method trick of writing the quantity
w<x7 T) - U(T7 t)e_itElnl ((L’)
as the integral of its time derivative. Since we have $U(T,t) = iU(T,t)H(t), we have

U(@, T) = U(T, t)e" i (a) =
Y(x,T) — e Ty (z) — zf U(T, s)Va(z — vs)e “Fin (z)ds.

T

Taking ¢ — oo on both sides of this equation and rearranging, we obtain
Q0

Uz, T) — e TEy (2) = zf U(T, s)Va(z — vs)e “Fin (z)ds.

T

(2, T) — e Py ()| < JTOO |U(T, $)Va(z — vs)e P ()| ds

-[ " Vate — vs)m (@) ds.

T

Now we observe that, since 7;(z) is an eigenfunction of the Hamiltonian H; corre-
sponding to eigenvalue FE;, the corollary to the O’Connor-Combes-Thomas theorem

found on pg. 201 of [16] tells us there exist constants d,Cy > 0 such that

ja(z,t)] = |e” ()] = |m(@)] < Coe™ .
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Hence (using (2.4)) we can make the following estimate:

0
[(2, T) — e~ iy (@) < f |Co Xy s a1 (%) - Cae™ 1| ds

0 vs+asz 1/2
= f ds (J C§C§e2d|xdm> .
T vs—asg

Note that vs—as > 0 as long as we choose s > T' > as/v, in which case we can estimate

the z-integral as follows:

Q0
(2, T) — e iy (z)| < CQCdJ ((2@2)6726!(”3*@2))1/2 ds, such that
T

< CyCgn/2a4 f d(vs=az) g

0

< CyCy 2aged“2f e~ s s

T
= Ke " for K,v > 0.

So we’ve shown that for all sufficiently large T,
Hw(:c,T) — e_iTElnl(x)“ < Ke 7T,

Letting T" — oo gives the desired result. [

The magic lemma

Because it will be so useful to us in this chapter, we now state and prove the so-called “magic
lemma.” Our proof closely mimics the one found in [9]. In Chapter 4, we will use a slightly

different version of this lemma.

Lemma 2.1.1 (The magic lemma). Suppose there exist p, g € R such that

()

for a measurable function p(t) and some “approximate” solution 1, to the time-dependent

< p(t)e’

Schrodinger equation associated with the Hamiltonian H(e). Then there exists an ezact
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solution ¥ = 9 (t) to
O
iel—

o = Hey

which satisfies .

[a(t) — (t)] < 1 f (s)ds.

0
Proof. Let 1,(t) be given. Then 1)(t) = e~*#(9%<"y),,(0) is an exact solution to the Schrodinger
equation

oy

7;€Q_

ot

and the fundamental theorem of calculus allow us to write

= H(e)y.

The unitarity of e *#()t/<

e 40 (0) = ()] yoany) = [¥a(0) = €O (1) 2y

t
[ £ (o) - 05, () as
0 0s
t iH(€) ,y o
_ P\ LiH(e)s/e! _ z (e)s/e? a

<L ( e © Yals) %)%8

(after factoring out ie ) = e ¢ (z 4 O¥a
0 0s

t
< ep_qj wu(s) ds.

0

ds

- H© ) (o)

O

Hence, in point of fact, the wave function e=(9%/<"¢),(0) is the exact solution we are looking

for.

2.2 Finite times

We want to use the magic lemma to show there is an exact solution ¥(z,y,t) to the full
three-body Schrdodinger equation that is asymptotic to the wave function given in (2.1). On
any finite, positive-time interval (of the form t € [0,7"] for some 7' > 0), we can do this as

follows: We write

0
()

‘(2_+ gt ;Ay_vl(x)—v?(x—yo v,
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and note that it will behoove us to use the triangle inequality to write

(15 -#) v

' (2— — H) wzt/QE(SOo(y, t) — oy, t))(z, t)H (2.6)
H <z— - H> QOt/zegoo(y,t)w(x,t)H | 27

We now individually try to control each of the pieces on the right. The first piece becomes

‘ (Z% * 1A ;Ay — Vi(a) = Va(z — y)) e Go(y, 1) — @o(y,t))w(x,t)H .

We will look first at
V@) + Vale — )™ =@ty 1) = ol O)is(a )]

Since both Vi and V5 are C* functions with compact support, we can use Holder’s inequality

to write

|(Vi(a) + Vol =)™ @l 1) = ooy Do),
< Vi) + Vale = o). I(Bo(y:8) = 0y ), )] 2 (aray
<K Hzﬁ(x, t)HLQ(dx) H&U(ya t) - on(ya t)HLQ(dy)
< K H&O(ya t) - QOO(yv t)HLQ(dy) )

where K = |Vi(z) + Va(x — y)||,- We now go to momentum space to bound the remaining

norm:

IZ0(s:8) = 20 )2y = | F [ FO)FLo0)(,) = F il (0:1)| )

= [F(p)2o(p:t) — Go(p, D) 12 (ap)
= [(F'(p) = V@o(p, )| L2 (ap)

- j () = 1Plo(1, 1+ it, 1 /m, v, —ot, p) 2dp.
R

L2(dy)
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The function F'(p) — 1 is nonzero exactly on the set (—oo,v —a) U (v + a, ). We investigate

the above norm by breaking up the integral in the following way:

v—b v—a v+b 0 v+b 0
[ I P I ) I S
R S v—b v+a v+b v+a v+b

where we have used the fact that |po(1,1 + it, 1/m, v, —vt,p)|? is even about p = v. On the

interval (v + a,v + b), we have |F(p) — 1|> < 1, so we can write

v+b
I < 2f (1,1 + it €, 0, _Ut>p)|2 dp < 2(b—a) |po(L,1 +it, €, v, —vt, v+ a>|2'

v+ta

Hence | Iy < 2(b—a) 72 ¢ /2 ¢=%/<|: now to estimate Ioy. On the interval (v + b, c0), the

function |F(p) — 1|2 = 1. After making the change of variables u = e '/?(p — v), we see that

I, becomes

” : 2 2 12 [ (p —v)?
[out = 2J ‘@0(17 1+ Zta €, —Ut,p)‘ dp =21 / € / J CXp |\ = dp
v+b v+b €

0
= 27?‘1/2J e " du = erfe(be?).
be—1/2

We can use the standard asymptotic expansion (see, for example, [1]) of the complementary

error function erfe(x) to write

1 2 2
Iy = _\/E eib /e + O (\/E €7b /E) .
b\ m

We also need to control

0000) = ) (5, + 30 ) o)

L2(dzdy)
= [(@o(y: 1) — woly, 1)) (Vi(z) + Va(x — 1)) (2, )]l 124y
< K30y, 1) — 0oy, ) L2(ay) »
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and we just saw how to bound such a term above. The piece

<z%+ A) W2 G0y, ) — goly, D), )

L2(dzdy)

2
__p_ iv?t/2e Y
(i~ 5) e (Fw) - a0

L2(dp)

a p2 w2t/2e ~
= H(F(P) —1) (Za - 2—6) e %Gy (p, 1)

)

L2(dp)

2 2

where we have used the fact that e = 1/m and that _p_2 = turns out to be identically
€ Y

zero: Since

. : 1+it)(p—v)? | —
Go(p,t) = o~ tPt/e —1/4 —1/4 exp (_( ¢ )2(17 v) vt (p U))
€ €

)2 )2 _
— o iWtfe —1/4 —1/4 exp <_ (p > v) > exp <—z’t(p . v) ) exp < vt (p )) . (2.8)
€ € €

we have

(% - p—) e~ (F(p) — 1)3o(p, 1)

2m

_ [z( 22”6) +i (—i%) i (—w(pzv)> - %1 e " P(F (p) = D@o(p,1)

1 2 ~
=5 (v + p* — 2pv + V% + 2pv — 207 — p2) eV (F(p) — 1D)@o(p,t) = 0.
€

Now we need to try to control (2.7). We do this by first writing Vo(x —y) = (Vo(z — y) —
Vo(z — vt)) + Va(x — vt). Then

’ (i% —~ H) 2o (y, ) (x, ¢ H HK =~ + A ) ( Z”Qt“esoo(y,t))] ()
#[ (52 + 32w - vate - vt)) o) e gl

+ (Va(a =) = Valw = vt))e™ a0y, ) (a, 1)|

The first and second terms are zero, so we need only estimate

[(Va(e = y) = Valz = vt)o(y, )Y (2, )| 2 (azay) - (2.9)
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The fundamental theorem of calculus tells us that

Va(e — y) — Vale — vt) jvw dl| <y — vt| [VVal,

=y

The supremum exists because V, is C*. Hence, using Holder’s inequality and the fact that

H@ZJ(ajat)HLz(dx) = 1, we haVe

[(Va(z =) = Va(z = vt)) oy, )(2, 8) | 12 (aray) < [V V2l [y = 08) 0(y: )] 12(ay) -

Note that

1/2
H(Z/_Ut) 900(1 +it. 1 e, vt, v,y H ) J |y Ut| 71/2 671/2 exp _M /
Y LA (ay) VIt e(1+t2)

+1
_ (771/2 el 2 (1+ tQ)WJ

1/2
2
€ (1+tH)V2 w2 e dw)
R

= K 72(1 + 132,

Putting this all together, we note that there exist constants Ay, A1, A3 > 0 such that

H <Z% — H(e )) Uo(z,y.,t,€) S Ag Ve g Ay e O (61/2 e’b%)

L2(dzdy)
+ Ay 21+ Y2 (2.10)

We can therefore apply the magic lemma and integrate (2.10) in time to show that there
exists an exact solution ¥ to the Schrodinger equation

o0V

1 1

such that for all ¢t with ¢ € [0,T"] for some T < o0, we have

\I] — \I]a 2 < T AO 671/2 670/2/6 + Al 61/2 e*bQ/E + O 61/2 e*bQ/e
L?(dzdy)
+ Ayel? (T 1+ T2+ sinh™! T) . (2.11)
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But this expression shows us we have a problem with infinite times, so we will need to treat

t € (T, 0) separately.

2.3 Infinite times

We’d now like to take a look at what the magic lemma tells us for infinite times. To this

end, we rewrite

’ (% - H) 7| < ' (26(—1 - H) V2 50y 1) (¢(x, £) — a(x,t)) H (2.12)
+ ‘ (z% - H) 2 3o (y, 1) a(:z:,t)' . (2.13)

Recall that the wave function a(z,t) = e 1" n;(z) solves the time-dependent Schrodinger

equation
o 1
(i— + §Ax - Vl(x)) alz,t) =0.

We can bound the right hand side of (2.12) by

H (l/J(as,t) - oz(:v,t)> [(z% + %Ay) 2 3o (y, t)] ot (2.14)
+ (™2 3oy, ¢) Kz% + %Ax —Vi(z) = Va(z - y)> (1/1(1;,75) — a(z, t))] e (2.15)

The first piece is identically zero by an earlier calculation. We can simplify (2.15) by noting
that

(15 + 38— Vit = Valo— ) ) (600 - aet)) = (15 + 38, - W) ) 0

_ (Z% n %Ax _ Vl(x)) a—Vao(z —y) (1 — o) = Va(z —vt) — Va(z — y) (¥ — ). (2.16)
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We can therefore use Holder’s inequality and Proposition 1 to rewrite the norm in (2.15) as

wt/2e ~

€ SOO(ya t)

L [Va(z = vt) (¢ — @) = Va(a — y) (& — @) + Va(z — vt)a| gy

< [Valo 90 = aly + Vol Wb — ally + [Va(z — v)a(z, 1) 1240
< Coe™ " + |[Va(a — vt) (@, )| r2(az) »

which holds for all sufficiently large ¢. To estimate | Va(z — vt) a(x,?)| 24y, We write

[Va(z —t) O‘(x’t)HiQ(dx) = JR|V2($ —vt)* ni(z) do < JR Co  Xlo—vtj<az) - € 2 d
vt+asg
=y J e~ 2l qg
vt—a2

—2¢c|vt—
< 026 clvt a2|.

It follows that we can bound (2.12) by the quantity

C«Oe—'yt + 026—26\1115—0,2|

which is integrable in ¢ as desired. Now we need to look at (2.13):

0 024 /9 ~
H (15~ H) 3l ant)

L2(dzdy)
0 1 .y

<|[li=+ —A ) e’ t/%@o(y,t)

‘( ot 2m~ " L2(dy)

~ 0 1

L2(dzdy)

= ‘Vz(fv —v) oy t) m)|
= ‘VQ(x —v) ff;l [F(p) wo(1, 1+ it, e, v, —Ut,p)](y) n(x) )

L2(dzdy)

We attack the estimation of the above norm by considering it in two disjoint regions of R:

the so-called classically allowed and classically forbidden regions, defined with respect to
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where we placed b in defining the cutoff function F'(p). To this end, we define

1 if [y —ot| < bt and |x — y| < ao,
otherwise.

and

1 if |y —vt| > bt and |x — y| < as,
Xf(xay7t) =
otherwise.

So, we are interested in estimating

H‘/Q(x - y) ﬁ;—l[F(p)(’pO(L 1 +1t,€,v, —Ut,p)] (y) 771($) (Xa(ZL’, Y, t) + Xf(‘r7 Y, t)) HLQ(dxdy)

It will be notationally convenient to write

Y(y,t) = iv*t/(20) ﬂ_l[F(p) wo(1,1 + it, €, v, —vt,p)](y)

€

so that we are actually trying to estimate

H‘/Q(x - y) T(y’ t) "71(:[) (Xa(zvyvt) + Xf(x’ y’t)) HL2(d:cdy) '

We'll break this up using the triangle inequality and work with the classically allowed and

forbidden regions individually.

2.3.1 The classically allowed region

The estimation of the L? norm for the classically allowed region goes as follows:

H‘/Q(:C - y) T(yv t) m (:C) Xa(xa Y, t)HLQ(da:dy)
1
2

| [ o [y vt = PIE(1+ it 1ot o) mie) )
R R

< Gy H@O(l +it, 1, e,0t,0,y) m(z) Xalz,y,1) X{\CE—QKGZ}HL?(dzdy) ’

where we have again used the fact that V, € C§° to write |Va(z —y)| < Co- Xyjy—y|<a,) for some

Cy,as > 0. So, in computing this norm, we are interested in the region where |y — vt| < bt
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and |z — y| < ag. This lies inside the region where vt — bt — ay < x < vt + bt + ay. Since

Ini(x)] < Cge=¥?! and |@oll L2(ay) < lloll 24,y = 1. we have

Vo -m-T- XaHLQ(d:vdy) <Cy-Cy HXa * Xlo—yl<a) - el (edlx\ m (x)) “Po(l+at 1 e vt 0, y)HLQ(dmdy)
< Co | X - Ao yiar - € Go(1 41, 1,6, Ut’v’y>HL2(dxdy)
vt+bt+as 3 [ (o)t :
<G f o2kl gy f dy |Zo(1 +it, 1, €, vt, v, y)|”
wt—bt—as (v—b)t
< Cy - A/2(bt + ay) - e~dVt=0me2l g
< Kte !

Y

as long as t is taken to be sufficiently large.

2.3.2 The classically forbidden region
In this section, we will investigate
H%(‘I - y>T(y7 t) m (‘T> Xf(xa Y, t)HLQ(dmdy)'
We first write T as the inverse transform of its Fourier transform:
- 2me

1 - ! . . 2
T(y,t) = — : dp’ e y/ffRdg e~ iPE/e v t/(20) F! [F(p) wo(l,1 4+ it, e, v, —vt,p)](&).

If we evaluate this at t = 0, we get

1 . ,
T(y,0) = 5— fde e'Py/e JR dg e~vele c%l[F(p) vo(l, 1,6,v,0,p)](§).

Since taking the second derivative of this expression with respect to y brings down a factor

of —p?/e* and Y (y,t) has propagator

iet d?
Uy (£,0) = exp (__>,
x(£,0) 2 dy?



Adam S. Bowman Uniform wave function results 24

we see that
1 , A ,
Y0.0) = Us(t.0) Y0.0) = <= | dp e 0 | g e Z2[Fp) o1, 1. ec,0.0)] )
1 » 9
= dp ev/e ¢="t/(29) | 1,1,¢,0,0,p).

Now, we make several changes of variables. Let z = p — v. Then we find

1 - , 2
Y(y,t) = f dz e!vr2le omiv+2)t/20) py, o o 1,1,60,0, 2
(y ) \/TM R ( ) 900( )
1 . . y 2t
= () e“’y/ef dz exp [E (z(y —ot) — Z—)] F(v+2) ¢o(1,1,€0,0, z).
2me R € 2

Now, we let u = z/y/e. Then since dz = /€ du, the above becomes

1wy iy J [Z( euztﬂ ~1/4
e WS eyie | du exp | - € —ot) — — ) [ F(v++/en)-€ 1,1,1,0,0, ).
o . K exXp c \[N(y ) 5 ( \fﬂ) ol t)

Reducing and rewriting slightly, we have
T(y,t) _ (271.)71/2 671/4 eie*1v2t eielv(yvt)f dﬂ eie*1/2[u(yfvt)fel/z;ﬁt/?]'F(,U_I_\/E’u) 900(17 1, 1,0,0,#).
R
This invites us to define the following two functions of u:

Flu) = uly —vt) — 52t g(u) = Plw+ew) ¢of1,1,1,0,0, ).

1/2

Since F' is supported on the set {pe[v—0b,v+0b]} and p = v + €/*u, we have v — b <

v+ €2 <v+b, or —e2b <y < e Y2b. So the integral above can be written

bye by e
ie=1/2 / ie"1/2 g
f dp eI g(p) = f dp (f (1) e /f(’”> (%)
b/ b/

We can now integrate by parts, letting

g _ o _ 9w gl f () L) S sy = M2 W)
F(1) du 7w (F(u)? dv = f'(n) e dp = v 1e’”e .
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Using the fact that f'(u) =y — vt — €'2ut and f"(u) = —€'/?t, we find that

b/\/e
J d/,L 61'6*1/2 (u(yfvt)761/2u2t/2> F(’U + \/E/,L) 900(1; 17 17 0’ 07 ,U)

—b/\/e
b/\/e

— jel/? J i 2 F () ( g (1) 1My g(p) )2) dpt.
Y

— vt — eY2pt (y — vt — ' Ppt
—b/\/e

We'll need to do one more integration by parts to get the decay in time we need. The first

integral above looks like

b/y/e

- 1/2 ' i 12 (1) g (w) ) d
@ [ o) () an
—b/\/e
b/+/€ //( ) 2f//( ) , )
= —ie'/?(—ie'/? du &€ 2w < 9" (k) 2f"(p)g'(p )
1€ ( 1€ ) J Hu e (f’(u))Q (f’(u))3
—b/\/e
T ") "(w)
- _ —ie V2 f(p) g K / g (p
! E_b/Jf " <(y — vt — €'/2pt)? 2 2t(y — vt — el/ZMt)3>

We pause for a moment to define I; and I, as follows:

blo/e b/
I = —¢ f d,u e—ie*1/2f('u) g”(ﬂ) ) Xf('ruyat) I, = —263/2t J du e—ie*1/2f(u) g’(,u) ) Xf('ray7t) .
(y — vt — e2pt)?’ (y — vt — €/2ut)3

b/ b/
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Similarly, the second integral looks like

W ()
. - g(u
iet f f/(lu>eze 2 f (1) < )d
( ) (f"(n))?
BN
W ) (1)
— 32y i€ V2 () g \u 3¢l/2¢ g\p
6 b/f\f 6 <<y —ot— ey ot — et
And we will define
b/\/e b/y/€

o "(1) - & t o - X t
[3 _ —63/2t J d,LL ele Y2 f (1) g (M) f(:f72y7 )37 1-4 _ —3€2t2 J d,u ele L2 £ () g(:u) f(ﬂUl7§Ja )4.
(y — vt — €/2put) (y — vt — €2pt)
—b/\/e —b/\e

Note that
g (p) = €2F' gy + Fy), and g" (1) = eF"py + 262 F' ) + Fl.

Since F' € Ci°(R), there exist positive constants D,, so that HF(”) HOO < D, for every n e Ny =

N U {0}. Also, a computation tells us there exist constants C,, > 0 such that Hap(()n)H < G,
0

for all n € Ny. We will need these estimates in what follows.

We have that

T(y,t) . Xf(l’,y,t) _ (271')_1/2 6_1/4 eie—1v2t eie—lv(y—vt)

n

In,

4
=1

so the triangle inequality gives
1 &
T(y,t) Xe(x,y,t)] < — e V4L
Ty, 1) - Xe(a,y,t)| \/ﬂnzl |1
We now take a look at each of the terms in the sum separately.

o I;: After taking the absolute values inside the integral and using the triangle inequality,
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we see that
gl Rt o T 1F w0+ eamlle(l,1,1,0,0,)
g \K)| - AT, y, v+ ew)i|poll, L, 1,U,U, 1
L] <€ J d — 17 3 < é J du — - X (x,y,t)
(y — vt — €'2pt) |y — vt — €'/t
b/ b\
P amlleh(1,1,1,0,0,0)
3/2 U+ /€N Poll, L, L, U, U [ .
+ 2¢ f d/l, ‘y—?}t—El/QutP Xf(.T,?J,t)
—b/e
b/\/€

[F'(v+ vep)||p(1,1,1,0,0, 1)

d X t).

+ € J M ]y—vt—el/Q,utP f(x7y7 )
~b/\e

We use the fact that for each n € N we have |<,0(()")| < C), to write

bye b/ye
2 [F" (v + V)| 3/2 [F" (v + yep)|
|]1‘ < Coe J d'u‘y—vt—Gl/Q,utP 'Xf(x,y,t>+201€/ d/ub|y—vt—61/2/ubt‘2 'Xf($,y,t)
—b/v/e —b/\/e
G

(v + VVep)|
C d - X t).
+ Coe J 'u|y—vt—61/2,ut|2 f('rayv >
—b/\/€

We now change the integration variable to z to remove all €’s from the integrals. We

then have du = e '/2dz, so

b
F"(v+ 2)| |F'(v+ z)|
I <C3/2fd|—-/\f t) + 2C Jd—-?( 1
b
[F(v+2)]
+ 0261/2 f dZm : Xf([[’,y,t).

Now, consider the interval [~b, —a]. By Taylor’s theorem and the fact that F™ (v—b) =
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F™ (v +b) = 0 for all n € N, we have for z € [~b, —a]

FW (v + 2) = F"{=1) + F"*+Y zZ+0b) + f(z —w)F™ D (v + w)dw
b

z

= J(z —w)F" ) (v + w)dw.

b
Hence for z € [—b, —a], we have

z

( 1
|[F™ (v + 2)| < J 12— w||F" (v + w)|dw < Dyyo | |2 — w]dw = §Dn+2|z + b7,

b —b
where D, =  sup  |F® (v +w)| < oo. A similar argument allows us to obtain an
we[—b,—b+4]

analogous result for z € [a, b], only there we have
() 1 2
|F'"™ (v + 2)| < EDn+2]z—b| :

After observing that F™ = §, on [~a,a] for n € N, it follows that

a b
CoD b|? - X, —b?- X
|14 | <L fdz |2+ 0] L4 sz |z~ f
2 (y — vt) — 2t (y — vt) — 2t

—b a

b
|Z+b|2‘Xf f |Z—b|2‘Xf

D d d
TC1Dse fﬂ@_m)_zw Ty — ot) — 2t

—b a

b

CyDs 1/2 : |Z+b|2'Xf f |Z_b|2‘Xf
Te/ sz —t—t2+fdz _t_tQ—i-fdz Epw e——D
(y — vt) — 21| ((y —vt) — 21| ((y — vt) — 2t

—b —a a

We now exploit the fact that |y — vt| > bt when AX;(z,y,t) # 0: For positive times

t > 0, we have
(y —vt) — zt| = |y — vt| — |zt] > bt — |2|t = (b— |z])t.

Since we are working in the classically forbidden region, we’re outside the region where
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©o = F - o # 0, and that’s exactly the region where p ¢ [v — b,v + b], so (b — |z|)t =
(b —|p —v|)t > 0. Note that

b+ 2, 2 e [~b —d],

(b —[=Dt]* =
21b — 2%, ze€]a,b].

Therefore, we can write

b—a b—a
t2 + t2 ]+01D16[

b—a+1 2a +b—a
t2 t2b(b—a) 12

1
’[1‘ < §CoD2€3/2 [

b—a b—a
t2 + t2

1
+ §CQD0€1/2

3/2 1/2

. c 2a
=S GDib—0)+ 26010+ S (G0 -+ )

3/2 1/2
€ € €
= Ko+ g + Kogm

e I,: Again, we bring the absolute values inside the integral and find that

9" (W) - Xe(,y, 1)
ly — vt — 2 pt|?

b/v/e
I < 26%°t f du

~b/ve

b/\/e P X . NG . N t
+ ’ ' s . , Y,

< 20, f gy E Vel Xlwy ) oo s, f LRG| R ()]
ly — vt — e'/2put[? ly — vt — e'/2put]?

~b/y/e NG

Changing the integration variable to z gives

b
F Xi(z,y,t
| < 2002t [ E0H A X@ 0 ) o0 [
ly — vt — 2t|?

—b —b

|F'(v+2)| - Xi(z,y,1)
ly — vt —zt]>

We can again invoke Taylor’s theorem as we did above on the interval [—b, —a] to get

that, for z € [—b, —al,

z

1 1 ;
|F(k)(v+z)| < Digs J(Z—w)Zdw = ng+3|Z+b‘3> where D; = ) sup |F(j)(v+z)| < %
z€[—b,—a]
b
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For z € [a, b], we find

1
IF® (v + 2)| < ng+3|z — b3

The estimates for |y — vt — zt| obtained above still hold: i.e., |y — vt — 2t|* = |bt — |2|t[>.
And we have

B3b+ 2|2, ze[-b,—a],
3|z — b, z€]a,b]

(b= [2t]* =

Putting all of these estimates together, we can write

b
1p 3 1D,y — pl3
|[2|<200€3/2t deM fd M

310 — |z|[3 30 — |2[[3
—b a

—a a b
1 3 1 3
LDslz + | 1 1Dyz — b|
roCet | [az 3220 L gy =y g 32T
1€ f b — |z fzt3|b|z||3 f b — |z[]

—b —a a
2 e3/2 2 € € (2b—a)a
<Z0,Dy— -2(b — 20, Ds— -2(b — 200, — . 2 2%
3 07 ( @+3]'%2 (b—a)+ "2 (b— a)2?

63/2 61/2

—J() +J1 +J2

e I3: The integral I3 is very similar to I5, so we don’t have to do very much work here.

3/2

1 1 el/?
11'3\=§]Ig]\ (Jo +J1 5+ Ja—s )

e I,: Bringing absolute values inside the integral, changing the integration variable to z,

and using the same bound for |¢pg| used above, we obtain

|F(v+ z)| - Xe(x,y,t)
ly — vt — zt]*

b
|I4| < 30063/2t2 fdz

—b

We can argue using Taylor’s theorem as above that

D 2+ bl*  for z e [—b, —al,
e |z —b|*  for z € [a,b].
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It follows that, since we still have |(y — vt) — zt| = |b— |z,

—a a b
Dy |2+ b[! Dy |2 — bt
L] <3Coe2e | | dr 22 120 fd - 24 1270l
4] < 3Coe TRt ) i ) aap o
—b —a a
2 (D, 2(a® — 3a®b + 3ab?) 32
<3¢, (Zip - .
ARz <12( @) + 33(b — a)3 ) 2

Therefore, we have

T (y,t) - Xi(z,y,1)]
S t_2(27r)_1/2 |:(K0 + §J0 + L) et 4 <K1 + §J1> e 4 (K2 + §J2) 61/4] .

It follows from Holder’s inequality that, for all sufficiently large T',

HVQ(:L’ — ) ew%/(%)ﬁ?l [F(p) wo(1,1+1t, €, v, —vt,p)] (y) m(zx)
L2(dzdy)

= ”T(y7 t) ‘/2('1" y) m (l’) (Xa + Xf)”L?(dacdy)
< T V| + 1 (y, 1) - Xl [Vallog I (2)] 2y

3 3 3
< Kte %t 4 ¢72(27)~ 12 [(KO + §Jo + L) e/t + <K1 + §J1> et + (K2 + §J2) 61/4] .

So, for large times, we have the estimate

0 3
H <i— — H(e)) U, (z,y, t)H < Coe ™ 4 Che2elviaal 4 [pe—dot 4 t_2(27r)_1/2[ (KO + 50+ L) /A

ot
3 3/4 3 1/4
+ K1+§J1 € + K2+§J2 €

= Coe " + Me 2 4 Kte ™! +1720(eV*).

Integrating this in time on (7', 00), the magic lemma gives

—~T
v — v, <<

K —dT 1 1/4
+ 5 (L+dT)e +?(’)(e/). (2.17)
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2.3.3 Putting it all together

We have two sets of estimates for |[U — W,|| — one given by (2.11), the other by (2.17). We
need to pick a time T to switch from one set to the other and still get the decay in € that
we need. Suppose we have T = |loge|. (Recall that € is a constant we are allowing to be

small.) Then the magic lemma gives

¥ — W, | <|loge| (AO eV el p A e 0 <€1/2 e_b2/€>>

+ A (] log elr/1 + |log €2 + sinh " | log e|>

€_7| IOg El

v

+

—— O,

K
+ — (1 +d|l —dlloge| |
e dllogel) et L

Taking € — 0 on the right hand side, we obtain the desired result of zero! Hence our proposed
U, is a good approximation, uniformly in time for ¢ € [0,00), to an exact solution to the

three-body problem. The calculation for ¢ € (—o0, 0] should be basically identical.



Chapter 3
A negative result for uniformity

In Chapter 2, we considered a model in which the mass of one of the large particles was
actually infinite. Of course, we would like to obtain a similar result about the uniform
closeness of the wave functions in time for a case where both large masses are actually
described by (say) localized Gaussian wave packets — that is, a case where both large masses
are allowed to move. However, as discussed in Chapter 1, there is little hope for finding a
result of this form if all the masses are allowed to move. This is the problem we now examine

by considering an exactly solvable two-particle system.

3.1 Problem setup

3.1.1 The IP solution

Let’s consider a model consisting only of two particles of masses y; = € ! and uz = 1 in one

dimension. It’s governed by the Schrodinger equation

.8¢:H¢:<662 172

Yot 2017 20132

+ V(Tg — 7”1)) Tﬂ (31)

33
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Let’s apply the IP approximation to this problem, assuming v; = 0 and making the simpli-

fying assumption that r1(¢) = 0. The IP Hamiltonian is just

1 ¢?

We will continue to study the channel where g3 is bound to pq, so let us suppose there exists

a bound state « satisfying
102
Ha = | —z55 +V(r3) | a(rs) = Ea(rs). (3.2)
20r3

Observe that since « solves the above equation,

|| = 2|V = El|a]
<2(|Vle, +[EDlo
< 20,(|V], + | El)e"!
<26,(|Vil, + 1E]),

so o is bounded, and since H is self-adjoint, a can be chosen to be real. To obtain the
full IP model solution, we will multiply the bound state o by a Gaussian in r{, localized
in position (and momentum) space near zero, simply because we're interested in something

that solves the free Schrodinger equation in ry:

a 2
<Z€& + %A1> Y1 = 0 = QOl(Tl,t) = ¥o (1 + Zt, 1,6, 0,0,7’1),

So, the IP solution has the particularly simple form

W(ry,rs,t) = o (1 +it,1,€,0,0,71) - G_iEtO./(Tg)
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3.1.2 The exact solution

. . 1+e€ e 1
But this model can be solved ezactly! Since M = 1+¢ ' = and p = = ,
) € 1+e! 1+e
: . € r+r 1+ er
in center of mass coordinates R = LELIL L > and x = r3— 11,
et+1 1+4e€

€ 02 _e+1(9_2
2(1+¢€)0R? 2 Ox?

__;6_24_ _16_24_[/()_5&_2
T o1+ e 0R? 2022 "\ T 902)

Since this Hamiltonian separates, we want to construct a solution ¢ (z, R,t) = R(R,t) X (z)

H=—

to the Schrédinger equation

0y € 0? 1 02 € 02
i < Y LT ) X(@) =0
(Z o 21 +e) aRZ) R(E,1) ( oz TV =3 61’2) () =0

By the discussion on pgs. 15-16 of [16], for small enough €, our assumption (3.2) on « implies

the existence of a unique eigenvector n(z) = a(z) + O(€) such that

(=304 05 + V(@) ) 10) = o)

Following [9], it is physically reasonable to set

it it 1+ ers
R(R,t) = 1+——1,¢0,0,R| = 1+——1,¢0,0 .
( 7) 900( +1+€7 , 6, U, U,y ) @0( +1+€7 , 6, U, U,y 1+€>

It can then be easily checked that the product wavefunction

o it T+ €rs3
G t)=e Flpy 14+ ——,1,¢0,0 -
(Tlar?)a ) € %o ( + 1 +€7 y €, U, U, 1+e >77(7“3 Tl)

solves (3.1). Note that we have localized the wave packet describing R about the origin.
This is only an approximation, but it should be a more and more reasonable approximation

as we take ¢ — 0.
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3.1.3 What we want to bound

Following the lead of Chapter 2, we are interested in showing that

HefiEtSOO (1 +4t,1,60,0,71) a(rs)

B it ry +er
—€ EtSOO (1+1—_’_€717€70707 11+€3>77(T3_r1)

(3.3)
L2(dridrs)
goes to zero uniformly in ¢ as € — 0. We use the triangle inequality to bound the above
norm from above by a sum of three pieces, where all norms henceforth are assumed to be

norms in L?(dridrs) unless otherwise stated:

't
(33) < ¥o (1 + 1 :_ E’ ]-7 €, Oa 07 rll—:_eer?’) (O[(Tg - Tl) - 77(7’3 - Tl))”
) ] - 1t +
+ (e_ZEtapo(l +it,1,6,0,0,71) — e Flp, <1 + 1Z—H, 1,¢,0,0, 7"11 +€:3)> a(rs)
X4 +
+ ¥o (1 + 12—_|_€a 1a 670707 rll——i_ir?’> (06(7"3) - Oé(’l"g - rl))H

= Pi(e,t) + Py(e,t) + P3(e,t).

We now demonstrate that the norm P, above does not go to zero uniformly in time.

3.1.4 An attempt at bounding P,

It can be shown that

it ri+ers 1/2 , 1
1+ —""1,¢0,0, ): 14+ 20 (140t + 6, ——. ¢, —ers, 0,
SOO( ]_+€ ¢ ]."‘E ( 6) 800 ¢ ¢ 1+€ € €T3 1

If welet Ay =1+ it(l+e)™', By =1, Ay = 1+ it +¢ and By = (1 +¢€)7!, we find that
A;B; + A;B; = 2, putting us in the position to use Proposition 4 of [10] when we set about
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trying to estimate
Py(e) = | (e " po(1 +it,1,€,0,0,74)
—(1 + )27, (1 +it + e, (1+€)7 e, —ers, 0,T1)> 04(7’3)H

. o 2
= [r [arafer o0t + it 1e,0.0,m) = (14 1% P (1 it 4 e, (14 9o —er, 0m) ()P

R R
, . 2
= Jdr3|a(r3)|2 Jdrl ‘e_’Etgoo(l +it,1,€,0,0,71) — (1 + €)/2e~Fp, (1 +it + e, (1+€)7 e, —ers, 0,7‘1)‘ :
R R
Define

fc(rla t) = e_iEtSDO(l"{'it? 17 €, 07 07 Tl)a fd(rla T3, t) = e_iE,tSOO (1 + it + €, (1 + E)_la €, —€I3, 07 Tl) .

Then

Py(e) :Ldr3|a<r3)\2JRdr1yfc(rl,t)—(1+e)1/2fd<r1,r3,t)\2
= J drs|a(rs)|? || fo(ri, t) — (1 + )2 f4(r1, rg,t)HiQ(dm) :
R

Note that

ch(rht) - (1 + 6)1/2fd(’f‘1,7“3, t)Hiﬂ(dm) - <fc - (1 + 6)1/2fd7 fc - (1 + E)I/Qfd>

= P+ (1 +€) [ fa]* — 201 + 2 Re {fo, fa)
=2+e—2(1 +e)1/2Re<fc,fd>.

Py(e) = JR drs|a(rs)|? (2 +e—2(1+4¢)2Re!f,, fd>) = JR fe(rs)drs.

Proposition 4 of [10] allows us to conclude

- 2(1 12 1 1
<fc; fd> — o UE-E) ( ( + 6) )) exp (——67’% ) —1 ase—0.

2+e2+e+1t 2 72+ €2+ ¢€e+it))

Hence

11_1)% fe(rs) = ]a(r3)|211_1)1(1) (2+e—2(1+ €)'2Re(f., fa)) = 0.
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Since, for any € > 0 and for all £ € R,

B 2(1 + ¢) o [ A2+ e(2+6))
’<f07fd>‘ = \/\/t%g n (2 T 6(2 i 6))2 p ( 2(t262 + (2 + 6(2 + 5))2)) < 1,

we also have the (r3) pointwise bound

so f. € L'(drs) for all €. Since

lim | drs|a(rs)|? (2 +e+2(1+ 6)1/2) _ 4f
e—0 R R

drla(rs)|? :J

drs lir% (|0z(7"3)|2(2 +e+2(1+ 6)1/2)) ,
R e

we can invoke the generalized dominated convergence theorem (see, for instance, [19], pg.
89):
lllf%p2<€) = lim h€<7"3>d7'3 = J

e—0 R R

Qi_r% he(r3)> dry = 0. (3.4)

However, these results are not uniform in time — an assertion which is the cornerstone of

this chapter.

Proposition 3.1.1. The result (3.4) is not uniform in time.
Proof. The quantifiers for time uniformity are as follows:
(Vn > 0)(36 > 0)(Vt e R)(Ve € (0,9))(P(t,e) <n).

The negation of this statement is:

(3n > 0)(¥d > 0)(3t € R)(3e € (0,8))(P(t, ¢) = n)
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To simplify notation, let A(€) = 2 + 2¢ + €2. Then for any ¢ € R, we have

P(t,[t) = | la(ra)P |2+ [t =21+ [t| )2 Re (e, fo)] dry

A\

\%
I ] > @ > > ’

Ja(rs)? (2+ [t =21 + [¢]7)*| Re{fe, fa)|) drs

lou(rs)[? (2 + [t = 201+ [t 2[{fe, fa) |) drs
2V2(1 + [t|™) (_@,(2 + 20t + |t|2))> drs

2 —1
24 [t —
jr(rs)| ( g A2+ DA P\ 20 T2 it 11

Fi(rs)drs.

J

It is easy to see that Fi(r3) — 2 (1 — </g> la(r3)|> = F(r3), pointwise in 73, as t — 0.
Since « is square-integrable, F is integrable. Note also that there exist positive constants C'
and a such that

| Fu(rs)] < Ce sl (24 ¢! + 2(1 + [¢]71)Y?) = Gu(ry),

and that

: : -1 —1\1/2 —2alrs| 8C :

lim | Gi(rs)drs = lim (2 + [t|7" +2(1+ [t|7)7°) | Ce “"ldrs = — = | lim Gy(r3)drs.
t—00 R t—00 R a Rt—»oo

We can therefore once again invoke the generalized dominated convergence theorem (see
[19]) and conclude that

. - . 4
limsup P(t, [t|™!) = thrgljj Fi(rs)drs =2 (1 - </g> Hoa||2LQ(d,,3) ~ 0.109 HO‘||i2(dr3) > 0.
—OIR

t—00

Hence we can take (say) n = 15 HaHig(dm). Then, for any given § > 0, we need only find a ||
so large that (1) € = [t~ € (0,6) and (2) P(¢, [t|™!) > 35 ||Oé“iz(d,,,3) (such a t always exists,
by the definition of the limsup). This proves that P(e, t) does not go to zero uniformly in
time. [l
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3.2 Some remarks

We remark that the crucial difference between the approach we have just taken and the
approach taken in the last chapter is that pq, which is nitially located at the origin, has in
this chapter been allowed to move. More precisely, it has been described by a Gaussian wave
packet which, though initially localized near the origin, spreads in time. The calculation in
Proposition 3.1.1 tells us that, by removing the “anchored” infinite mass and placing both
large masses on a equal footing, we have introduced enough bedlam into the system to make

a uniform result like the one obtained in Chapter 2 unattainable.

In light of this, it seems reasonable to attempt a weaker result about the S-matrix elements
in the situation where all three masses are allowed to move. This is the mantle we take up

in the next chapter.



Chapter 4

Results for the S-matrix

4.1 A word on notation

In this chapter, we will need to work with several norms on various Hilbert and Banach
spaces. Note that H-Hp, 1 < p < oo, will always refer to the LP norm on R with respect to
Lebesgue measure in the appropriate variable, which should be clear from context. We use
||l #(x.yy to denote the space of bounded linear operators from X to Y, where both X and

Y are normed vector spaces. The symbol X is used to denote an indicator function.

4.2 Statement and formulation

We once again study the one-dimensional scattering theory for a system of two large particles
and one light particle, as depicted in Figure 4.2, removing Chapter 2’s restriction that p; have
infinite mass but setting p; = s = €. In the (1, r9,73) system, the governing Hamiltonian
has the form

~ € € 1
H= —§A1—§A2—§A3+‘/1(7’3_T1)+‘/2(T3_r2>7 (41>

and the dynamics are controlled by the associated time-dependent Schrodinger equation
z’%\lf = HVU. We will restrict our attention to distant-past and distant-future behavior
characterized by the scattering channel defined by the cluster decomposition {C}, Cy} shown

in Figure 4.1. Note that this is the same cluster decomposition discussed in the introduction!

41
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\
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\
\\\ILL2 — 1/6///
Sl et CQ

Figure 4.1: The cluster decomposition we will study for both distant-past and distant-
future behavior.

We therefore are concerned with estimating the S-matrix elements defined by
S = ()",

where, as in (1.4), we have

Qf = s-lim efe~ Nt
t—F o0

these operators expressed in a suitable set of Jacobi coordinates (defined shortly). We will
suppose that both V; and V5 are elements of Ci°(R), the infinitely differentiable functions of
compact support. As such, there exist four positive constants C7, Ry and Cs, Ry such that
V1] < C1X(|x| < Ry) and |Va| < CoX(|z] < Ry).

We will find it convenient to work with two different sets of clustered Jacobi coordinates —
one which is appropriate for the full three-body treatment of the channel under consideration,

and one that is more naturally suited to the impact parameter model.
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U2 = 1/6

Figure 4.2: The clustered Jacobi coordinate setup for the full three-body analysis. We
constrain these particles to live in one spatial dimension, but they are shown here in two for
clarity. Note that the red vector R; locates the center of mass of the cluster C} consisting
of particles 1 and 3.

pr = 1/€

Figure 4.3: The Jacobi coordinate setup for the IP analysis. The blue vector R; locates
the center of mass of the cluster C; consisting of particles 1 and 2.
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4.2.1 Jacobi coordinates for the full three-body problem

The standard construction of the channel wave operators for the channel of interest (see, e.g.,
[18], [5], or [25]) involves the Jacobi coordinate system shown in Figure 4.2. This system
allows us to easily remove the cluster-center-of-mass relative coordinate from the potentials
that appear in the channel Hamiltonian. The coordinates x and y were listed previously in

(1.2); for the particle masses shown in figure, those formulas become

1+ €rs
14+€

r=Tsg—T1, Yy=r2—

(4.2)

The corresponding Hamiltonian governing the full system (with the kinetic energy of the

center of mass removed) is therefore given by

1 € ([2+¢€ €T
H ——_ (1 A, — = A -
(z,y) 2( +e) A, 2(1+6) y+V1(as)+Vz(1+€ y),

and the channel Hamiltonian we are interested in is obtained by just dropping V5:

1 € (2+¢€
Hl(a:,y)=H1=:§(1+6)Ax+‘/1(x2—§ (1+e> A, (4.3)

We assume that there is a single, nondegenerate bound state n; € L'(R,dx) of HY with

corresponding energy Ef < 0; i.e.,

1
(—5(1 +e)A, + Vl(:v)) m = Ein.
We remind the reader that a corollary to the O’Connor-Combes-Thomas theorem ([16], pgs.
198-201) furnishes positive constants Cy and d such that |, (z)| < Cge~4l.

We now construct the channel wave operators

Qf = s-lim eHie=iht — OF  [2(R,dr) ® L*(R, dy).
— 400
These strong limits exist for our C§° potentials by, for instance, Theorem XI.35 of [18]. The
associated S-matrix element, which helps supply probabilistic information about incoming

and outgoing asymptotic states, is given by Sy = (Q7)*Q; .
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4.2.2 Jacobi coordinates for the impact parameter model

In the impact parameter model, trivialization of the motion of the massive particles D) and
@ allows us to consider a single-particle scattering problem involving a particle of unit mass

located by the vector r3 interacting with the time-dependent potential
V(Tg,t) = ‘/1(7“3 — Ult) + ‘/2(7“3 — Ugt),

where we have made the classical approximations r; — wvit and ry — wvot. We take the
standard approach of assuming v; # vy to deny ourselves the easy “out” of transitioning to
a moving reference frame and trivializing the time dependence out of the problem. We also

label the heavy particles in such a way that vy > vy, implying v > 0.

If we choose to work with the clustered Jacobi coordinate system (&, () depicted in Figure

4.3, then we are making the change of variables

1+ 7o
2

C=ry—ry, §=13—

The Hamiltonian H written in terms of these coordinates can be shown to have the form

H(C,§)=—6A¢—EZ2A5+V1(§+%)+Vg<§—g). (4.4)

The utility of the coordinate system in Figure 4.3 can now be seen — the ( variable is
trivialized in the (&, () system under the IP model, whereas neither of the variables in (4.2)
would be trivialized. As we take ¢ — 0, the coordinate ( = ro, — 1 approaches vot — v1t = vt.

So, the correct form for the impact parameter Hamiltonian is actually

H(t) = —%Ag W <g + %t) s (g - %) . (4.5)

This is the Hamiltonian of a single particle of unit mass located at £ in an external, time-
dependent potential given by V' (£,t) = V3 (f + %t) +V; (f — %t) Our assumptions on V; and
V5 satisfy the hypotheses of Theorem 2.1 of Graf’s work [6] (which is based on the results
in Yajima’s paper [30]), so H(t) generates a unitary propagator U(t,s). The same theorem
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gives us the existence of a unitary propagator Uj (t, s) generated by the channel Hamiltonian
1 t
Hi(t) = —5A¢ + Vi (g + %) .

We then define the impact parameter wave operators wi as follows:

wE = slim U (0, Uy (,0)e ™2, wi : L2(de) — L(de).

t—F o0

(The presence of the phase e~ e/ 2)) The existence of the wave operators wi" for our well-
behaved potentials is guaranteed by Proposition 20.1 of [15]. Using these wave operators, we

can of course define the impact parameter S-matriz element o11(§) for this channel, given by

o11(§) = (wy ) wi.

We now suppose there is a single, nondegenerate eigenvalue F; < 0 with corresponding

eigenvector oy € LY(R, d€) for the eigenvalue problem

(—%Ag - ‘/1(5)) a1 (§) = Era(§).

Then, for every t € R, the function ay (x + %t) satisfies

e+ 3)- (Boen(er ) e02) 2603

Of course, if this is the case, then
) ) ) ) t
Ul(t,O)e_’”E/ZOél(f) _ e_zElte_”%/Be_“’f/Qal <£ + %) . (46)

Following the lead of Chapter 2, we seek a wave packet in ( localized in position space around

¢ = vt that satisfies the free time-dependent Schrodinger equation

1

5, SO our wave packet

which can be read off from (4.4). This gives us a reduced mass of
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should be localized in momentum space about 3. Let

€ 2

— 20(0) = o (1,1,6,0,5,¢).

. 2t
SOO(Cvt) = exp (%) Yo <1 + 2“;7 17 E)Uta E)C)

It follows that the impact parameter scattering operator o1 acts on elements of the Hilbert
space L%(d¢d¢) = L*(d€) ® L?(d() as the tensor product a11(£) ® I.

4.2.3 Coordinate transformation

Naturally, when we carry out our calculations, we will need to choose one system — either
(z,y) or (£,¢) — with which to work. We will therefore find the following variable transfor-

mations useful: To go from (z,y) to (&, (), it can be shown that

1/2
In the reverse direction, we have
1/2
C@y) =y + 1. §@w)=§<1ii)x—%- (4.8)

Proposition 4.2.1. The variable transformation given in (4.7) and (4.8) is unitary for

every €.

Proof. We compute the Jacobian matrix:

o L(ze) 1
Jay) =% &)= N
or dy 1+e€

from which it follows that

2+¢ € 2+ 2¢
) = e Yo T oy 2
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4.2.4 Wave functions

We need to choose a sensible element of L*(R,dy) to characterize the time evolution of the
y coordinate for the full three-body model. For small ¢, the y coordinate is approximately
ro — 11, SO it seems physically reasonable that y should be highly localized around y =
vot—wvyt = wt. This function should also satisfy the free time-dependent Schrodinger equation

in the y variable, which can be read off from (4.3):

0 € (2+¢
— t) = HY t)=—= A t). 4.
i et) = Hiv(y.t) = — <1+e) yP (Y, t) (4.9)
This describes the free propagation of a “particle” at y of (reduced) mass vy = ;—j: Hence,

if our particle has (approximately) the velocity vt, it should have momentum ~v. In light of

these considerations, [9] suggests it might be reasonable to use

: 2
. inyv
.0) = 4508 = oxp

t) wo (1+ity™", 1,6, vt,7v,y) .

However, as in Chapter 2, there is the issue of removing momenta in some arbitrarily small
interval around p = 0. Therefore we define a new cutoff function F(p) (where we are once
again using p as the momentum coordinate for y) with the following properties: Choose fixed
constants a,b € R such that 0 < a < b < v/2. Construct F' such that

e ['e C*(R), with F' symmetric about p = v/2.
e F(p)=1forpe[v/2—a,v/2+ al.

o F(p)=0forpé¢ (v/2—0b,v/2+0D).

The final form we choose for ¢(y,t) is therefore

. 2
~ yvt _ L
oy, t) = Byly,t) = exp <— o ) FF)eo (1,1 + ity e, yv, —vt, )] (y).
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Note that, by Plancherel’s Theorem, |&f(y,t)| < 1, since

135y, 1)y = | F(p)o (1,1 + ity e, yv, —vt, p) |,

< HSOD (17 1+ it’y_lv €Y, _Ut’p) ”2

=1

We will often use this fact in what follows. We should also remark that @§(y,t) is still a
solution of the time-dependent Schrodinger equation (4.9). To see why, we go to momentum

space.

(4 m)sl,,

. 2t
— H (ii + iAy) exp <—WU ) ﬁ;—l [F(p)gpo (1, 1 +ity ™t ey, —vt,p)] (y)
ot 2y 2 L3 (dy)

0 g vt
= HF(p> (l_ - 2p_> exXp <_272U ) %o (17 1+ itryila €7, _Utap)
€

L2(dp)

If we let w = % and @(t) = o (1,1 + ity 1 €, yv, —vt, p), then after dropping F(p) this

norm is

2 ~
ie ! (—mw(t) - w’(t)> + QP—%emw(t)H :

Since

this becomes

2 2 2
_emior g (220 Z ¥ 4 P2 _ P g — o
He V() 2e 2e+2’ye 2"}/66 vt ’

as desired. In what follows, we will use @f(y) to denote @§(y,0).

In light of the above discussion, it seems reasonable, given our consideration of a situation
in which the IP model is applicable, to allow our channel scattering operator Si; to act on

the product wave function
Po(y)m(x).

Similarly, from the impact parameter perspective, we should be interested in the action of

011 O

wo(C)au (§).
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It is the crucial connection between these two functions that will be explored in the remainder

of this chapter.

4.3 Statement of the result

We are now in a position to state the central result of this chapter. Note first that since

H%(C)Hp(do =1,

{po(C)en(§), o1l (§)po(OD r2(aeacy = (ar(§), o11lar(€)re(ae -

Theorem 4.3.1. The quantum amplitudes corresponding to the IP model for the three-body
scattering problem in (4.1) are good approxzimations to the full three-body amplitudes in the

sense that

m(@)@(y), Sulm (@) P 12 (aray) — (1) o1a[@r(€)]) 2 agy| — 0 (4.10)

as € — 0.

The proof of this theorem will require the result of the following proposition. It is clear from
the definitions of S and o that (4.10) is equivalent to (4.11).

Proposition 4.3.1. If

|95 [ (@) B3 ()1 (@(C €, 8¢, ) = o (Ot [ ()] o(geaey = O as € =0,

then the difference in the amplitudes

9 [ ()35 )], 9 T () Z5 )] gy — Cor 01 (O], [0a (€ pagg| (A1)
also goes to zero as € — 0.

Proof. The notation QF [n1(z)&5(y)](z(¢,€),y(¢,€)) simply indicates that we are express-
ing the function Q5 [n(7)35(y)] in terms of & and . We use the fact that the variable
transformation ((,§) — (z,y) is unitary, together with the fact that the channel wave
operators are norm-preserving. (They are, in fact, partial isometries, as shown in, for in-
stance, [18].) To simplify notation for the proof, let Qi (-,-) = Qf[m(z)Zo(y)](-,-) and
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wi(€,0) = vo(Q)wi [a1(€)]. Then Cauchy-Schwarz gives

€05 (@), 91 @), — (or (€T (O]
:\@1 (@90 (.90, — T (6.0 (6.0
— [ (2(6,€), 9(C, €)), 21 ((¢, €, (G )  — i (6,0 2 (26,6, 4 ) ¢
+<w1 (€0, U (2(6,€),9(C, ) )e ¢ — Cwr (€0 wif 5<>£<‘
— K95 (a( ) = wi (6,6), 9 (#(¢,9),5(¢, ),
+<wl (60,97 (2(6,6),0(C, ) — (6,

< [9F (2(¢,€), y(¢, )| |1 (2(¢,€), y(¢, €)) — wi (€0
+Hw1 )| [ ( <5> y(¢, ) —wi (£,0)]
— |5 ( <5> (¢, €)) — wi (&0 + |2 (2, €),5(C, &) —wi (£,0)].

]

Hence, showing that |Qf (z(¢,€),y(¢,€)) — wi( — 0 as € — 0 is sufficient. This

now becomes our goal: to prove

f? C) HL2(dEdC)

HQ m(2)Po(y)](x(¢,€),y(¢,§)) — ¢O<C)W1i[al(€)]HL2(dgdg) —0 ase—0. (4.12)

We provide the proof only for the “distant future” wave operators €2; and w; ; the proof for

Qf and wi is completely analogous.

4.3.1 Preliminary remarks

Before embarking on the proof, we pause to explain its structure and strategy. Let S > 0 be

a given arbitrary positive real number. Choose a finite time 7" > 0 such that

R2 R2 1 (SCdedR2\/2R2> T}
- 7 5 |- L1(>

T>max{ , — log doh
v

o (4.13)
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where T is a positive time such that the integral of the L' function

C2C«d66dR2\/ (R2 + —(b+ (5)) exp (—8dt (v — (b+0))) < g

(T} exists by, e.g., Proposition 1.12 on pg. 65 of [23].) Note that for this T,

Q7 = s-limetfte Mt — g lim T g (t+T)
t—o0 t—0
_ ezTH (S-lim ethe—2H1t> e—zTHl
t—0

e'LTHQ;eszH1 )

(This is just the so-called “intertwining” property for the wave operators.) Therefore, (4.12)

is equivalent to the requirement that

HeiTHglfefiTHl ~e (y) o 6iTH€7iTH1

m(z)P; m(z)P5(y)
e m(2)@5(y) — o(C) ©l
= e (@ = De i (2)Fy) + 6”’{6‘“1771 (fv)soo(y) #0(¢) ©]

— 0 ase—0.

iTHe—iTHl

By the triangle inequality and the unitarity of the variable transformation, it will be sufficient

to show there exists a p > 0 such that 0 < € < p implies

N

HelTH(Ql_ - [)6_iTH1771 (x)sz(e) (y) HLQ(dxdy) < (414)

and

He"THe*iTHlm(x(faC))%(?K&Q) - SOO(O[Wf<041)](f)HL2(d5dc) < g (4.15)

We will begin by considering (4.14). Since (as we will show) this piece concerns infinite-time
behavior, we will henceforth refer to the norm in (4.14) as the infinite times piece. We
will similarly refer to (4.15) as the finite times piece. We begin by controlling the infinite

times piece.
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4.4 Infinite times

We first observe that

Q= Dem M ()@h(y) = lim e ey (2) 3 (y) — e e g (2)@5(y)

t—00
= fim [eF D ()3 ) — e T ()35 )]
= lim e (2)25() — €T e M ()25 (0)]
! d isH isH-
= fim | o5 (e (@) i(y)) ds.

where in the last step we have used the fundamental theorem of calculus. Since

d . —is ~€ . 18 —18 ~€E - 18 —is
ds (elSHe Hl??l@)@o(ﬂ)) = iHe" e My (2) 5 (y) — ie* Hye ™™

= ie"(H — Hy)e ™" () 35 ()

. is €T —18 €
e Hv( E—y)e i ()35 (1),

we have the obvious bound

i - —i ~e (] s L —is e
e (Qr — De THI??l(iU)SDo(y)HLz(dxdy) S Jr eV (1 te y> e @)Z) [2(ded )ds
zdy

"0 €T isH

= |V (1 - y) e () B (y) ds
JT + € L2(d:vdy)
o0 T

=] |2 (1 - y) m(x)&5(y, ) ds.
Jr + € L2(dxdy)

So, switching back to ¢ for the time variable, we would now like to investigate the t-

integrability of the norm

\
:

v2 ( u —y) (@)1

1+e¢

L2(dzdy)

z 2+¢€ 1+e€
V — FF 1,144 t, e, ——wv, —vt
2(1+€ 3/) 771(:[;) € l (p)§00< ) +2<1+€> 7672+€U? v 7p)] (y)

V(1 o) m@ | P (114 2 ) [ 0)

1+

L2(dzdy)

L2(dzdy)
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We will do this by considering it separately on two disjoint regions of y-space. Fix a § > 0
such that § —b >4, and let

,uwz{yeRwy_gg

<§@+@}

be the open set which defines the “classically allowed region.” Define its complement A°(t)

to be the “classically forbidden region.” Then certainly, for any ¢,

w(JL—@mm%mw

1+e

so we can break this up using the triangle inequality and bound each piece individually.

L2(dzdy)

)

L2(dzdy)

Va (1 i c y> m(z) 35y, t) <XA(t)(y) + XAc(t)(y)>

4.4.1 The classically allowed region

The classically allowed region is easiest:

2

Vs ( . y) m ()25 (y, 1) X (v)

1+e¢
T
= | d dy|Vo | —— —
JR xJRy 2(1+6 y>

ol N T
<csci [ e [ gl (|2 -] < ) Zuody

2
[ (2) 10 (y, ) Xaw (v)

The product of characteristic functions X (‘1%6 — y‘ < Rg) Xaw(y) can be rewritten, since

it is nonzero only when

X

t vt t
—Ry < —y< R d ——b+0)<y——<—(b+9).
ST ovsR ad - Lped)<y- 3 <l(b+0)
This amounts to the requirement that
vt t vt t
0, = (1 — ——(b+6) — <z <(1 —+—(b+0 = 05,
1=( +e)(27 7( +9) Rg) z < ( +e)(27+7( + )+R2) 5
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SO we can say

2 0

X 243 : —2d|x ~e
W (15 =) mi. 00| <30 [ e [ it olay
€ 01 R
02
<C’§C§J e~ 2l g,
01

As long as we make sure #; > 0 — which we have done by assuming (4.13) — the z integral

can be estimated as

rz e~ 2deldy < 2 (R2 + %(b + 6)) (1 + €)exp (—Qd(l +e) <;j—t — E(b +0) — R2>) :

01 v

We therefore have, after taking square roots,

’ L2(dzdy)

< CQOded(”E)R?\/Q <R2 + i(b + 6)) (1 +€)exp (—2d(1 +e) (;—t — i(b +0) — R2)> :

Vi (1~ o) )25 0% )

v T

Provided we restrict our attention to € < 1 — which is certainly physically reasonable, since
we want the heavy particles to be (at least) heavier than (3), which has unit mass! — we can

say

1+

Vs ( . - y) ()85 (y, 1) Xy (v)

L2(dzdy)

< Cnge6dR2\/4 <R2 + ?(b + (5)> exp (—=8dt (v — (b+90))).

Since T' satisfies (4.13), the integral S;? dt of this norm can be made smaller than g. Our

remaining task is to show that we can make the classically forbidden piece less than %.
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4.4.2 The classically forbidden region

We need to show

e L'(R, dt). (4.16)
L2(dxdy)

t ~e
V2 <1 e y) m(x) @6y, t) Xaew) (v)

We first write

2

z ~e
%( —Qm@%mﬁhw@
L2 (dzdy)

< IVAl%, [ delm(o)P | a2t o)1 (250010 ()

2
1860y, ) * Xa (v)

< [Vl 1251, f dz | ()2 f dy 136y, )| X ()

= VAl 1351 [ dy 12500010 0)

The norm |||, is finite by Theorem IX.28 of [17]: since Ff(y,t) € D(—A,), we know it is
bounded and continuous, and that there exists a positive constant M > 0, independent of e
and t, such that

180]l0 < I=2yB5(y: ) + M | Z5(y, 2]
< Hp2F(p)g00(1, 1+ iy, e, Y, —vt,p)H +M

2
<(g+® + M.

So, we would like to show that

[ v 1250010 ) € L1, 0),
R
for the T we have chosen. We choose first to estimate



Adam S. Bowman Results for the S-matrix 57

We first write @f as the inverse of its Fourier transform. Since

vt

€ t —
0.0 = exp (7

) Yo (]- + it/y_lv 1a 6 Utym%y) )

we have

12
~c 1yvet _ L
SOO(y’ t) = exXp <_ % ) ‘g\e ' [F<p)900 (]" I+ ”W 17 €7, —’Ut,p)]

_ (277'6)716 ivv2t/(2€) J

dp e”’y/ef dy'e” P F[F)po (1,1 + ity ey, —ot, p') | ().
R

Now, since F§(y,t) evolves under the dynamics captured by e~ #Hv we have (formally)

2 2
e~ itHy gipy/e _ exp ite d ewvle — [T 4+ Zt_Ed_ +. etPy/e — e—itp2/(276)’
27 dy 27y dy?

so we have

Foly,t) = e i (y) =

(27T€)71€7i’yv2t/(26 JR dp elpy/e —itp? /(2ve) JR dy e —py /GJ [F(p)@() (17 17 €, 70, O7p/>] (y/)

= (2me) V20t (2€) f e/~ MO P (p)og (1,1, €, v, 0, p)dp.
R
We now make several changes of variables. First, let 2 = p — yv. Then the above becomes
Zoly,t) = (2me)™Y QJ (il B (2 4+ ) po(1,1,€,0,0, 2)dz
R

= (2me) Y exp (m (y — vt)> J et/ 209 o=itvle P (4 Yoo (1, 1€, 0,0, 2)dz.
€ R

To simplify notation, let ¢ = 2 (y — vt). We make the change of variables y = e /%2, and
note that ¢g(1,1,¢,0,0,2) = e Y4py(1,1,1,0,0, z). Then

Boly,t) = (2m) 1P Vie? f e it ) o= itv B (12 ) (1,1,1,0,0, 1) dpe

R
_ (27T)_1/2€_1/46i¢ J
R

l/2

exp [ie‘W (u(y —ot) — W“Qt)] F(e?n+7v)po(1,1,1,0,0, p)dp.
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Define functions f and g as follows:

l/2

f(p) = ply —vt) — gu% and  g(p) = F(¢"?p+v)po(1,1,1,0,0, ).

Note that since the cutoff function F' is supported only on the interval § —b < p < 5 + b,

we can restrict the integral to

1 1
g—béem,quvvéE—kb, or €12 <v<§—7>—b) <u<e_1/2<v(§—7)+b>.

Let By = B1(e) = e V2 (v (2 —7) £b). Then

N}

B+
Foly,t) = (2m) V2 Ve | i (1) dp

(4.17)

_ (27?)_1/26_1/4€i¢ <f/(u)eie*1/2f(ﬂ)> 9(p) dyu.

The term inside parentheses inside the integrand has been arranged to be an exact derivative

(modulo a constant), so we are now able to integrate by parts. If we let

g(u) g'(u)  g(p)f"(w)
AL/ R — —h
S 7% B TP S P R
and
dv = f'(n) eieil/Qf(“)dp oy = —jel2eie W)

and use the fact that F'(% £ b) = 0, we find that the integral in (4.17) can be written as

v
2

ﬁ+ : _—1/2 B+ c _—1/2 h( )
z'el/QJ IR (1) dy = ielﬂf —ie?) (ie V25 ()eie P ) I g
(1) dp i) (i ) )

— eJm (iefl/Qf’(u)ei(l/zf(“)) %du.
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These stationary phase calculations permit us to get as much decay in t as we need; we will

need to go three (tedious) steps further. The next integration by parts gives

It follows that

B+ B
S e b e R o 1
_ 8

= —¢€ Lﬂ (—iel/z) (ie_l/Qf/(#)eiefl/Qf(“U f’(( )) dp

— 2 Jﬁ (@e‘lﬂf’(u)e“””f W) %du.

For the next iteration, let

_dw g 3w G )
7 B 77 R T EN
Then
B ,B+ .
ie32 i e~ V2 10 et 2 W) (1) 1/2 12 R () M
| (e ) i L 7 ) i
” . g ()
2 12 fr(u)eie I .
L ) f(n) s

gy B k) f ()
') ) (f(w)?

We can compute k'(p) in terms of g and f’. Our life is made simpler by observing that

f"(p) = 0, since

flp) =y —vt =Py lpt = f"(u) = =Py~ = f"(u) = 0.
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After an egregious and not particularly enlightening computation, we obtain
4 12\ "™ . (4—n)
te 9" ()
du = L, ( ) du
20057)

for some (uninteresting) constants L,, € Z. Of course, we also have

dv = ie V2 f' () e Wy — y = e W),

So this last integration by parts allows us to write

4 12\"™ _(4-n)
: - te 9" (1)
y,t om)Y2e 1/4€l¢62f et W) E ( ) dp.
Poly,t) = —(2m) ~ (f/ ()t

Therefore, after “crashing through”! the integral with absolute values, we obtain

4 Bt tel/2\" | g4-n)
~e g4 (u
M@m@%@<@w%m2fza(y)bmﬁj&w@w
n=0 —

To control each of these integrals, we will need the following expression for the mth derivative

of g:
_ Z ( ) e 2PE (M2 + )i M (1,1,1,0,0, ).

A computation using ¢o(1,1,1,0,0,) = 7 Y4 #*/2 tells us that H(p(()") < 374 for all
o]

n e {0,1,...,4}. Therefore, since p = €%y + yv, we can say

4—n
o _ 4—n
Gl <3 Y (1) EO

k=0

Making the change of integration variable back to p and substituting in for the actual value
of f'(p) =y — %t, we find there exist positive constants L, ; (independent of € and ¢) such
that

4 4-n L4b yn (k)
~e n 270 | FW ()|
|(100(y7 |XAF Z Z 7/4 (k:+ )/2 fv . %mXAc(t) (y)dp (418)

Tt is our pleasure to thank John Rossi for introducing us to this charming mathematical colloquialism.
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There are a total of fifteen (15) terms in the above double sum, all of which are suitably well-
behaved in the following sense: Note that for any choice of n and k, the function |F®)(p)|

is, by definition of F', able to “donate” another characteristic function to the integrand:

¢ f”’ [F® (p)] ¢ [F® (p)] v
PPNy (y)dp = f dp Py ()X ()p _ —‘ < b) .
v oy Jy — %t’n+4 () v ey — pt’n+4 2010 9

Now, we rescale the y and p in the denominator by factoring out a t/7:

t [F®) (p)]
V' Ir |y — %t|”+4

t" [F®(p)]
~on dp‘ﬁ ’n+4( )n+4XAc(t)<y)X ()p— )

" Jr 7
4 (k)
g [ ()] v
- (t_4) JR dpw?@c(t)(y)% (‘p— 3| < b).

The product Xeq)(y)X (‘p - §| < b) satisfies

e 3] )

(gl [r(Feg-era) s 2 (T2 gree0)]

Using the fact that the set |p —v/2| < b is the same as p —v/2 < b and p —v/2 = —b, this

product can be written as

v
S (3] <)

—X(T—p 5)2{(%+p (5)—1—?((%—10/5)2\?(%4—1021)—1—5)
SX(%—p 5)+X(%—p>6>.

Let 2(z) = X (2 < —d) + X (2 = 0). We have just shown that

I by — pt|n+4 °(t) i Jp P e ; :

We now make the observation that the integrand above looks like a convolution of the
function |F® (p)| e L' (R, dp) with the function Z(p)/|p|"** € L' (R, dp). (The presence of =
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is crucial for this inclusion!) This implies that

5) — ﬂ* (k) ) — [F ™ (p)] = (s — 1 .
Ho(2) (ww w<m)m [l e - p e i

lz—p

for every allowed choice of n and k. By Young’s inequality ([17], pg. 32), the integral of
H,, ,(yy/t) with respect to y is finite:

t t
J i, (L) ay - —f Hop(2)dz = L | Hog, < 0.
R t Y IR g

Hence

~e : 7/4 (k+n)/2 t" ‘F(k) (p)|
dy 18509, 0)| Xacio Z Z dy TW*Ac(t)(y)dp

I
=

4—n

4
Y 74 Z Z ETMRL | Hagl, < 0.

So |6 (y, )| Xacr)(y) € L (dy) as desired. It follows that

1/2
~e|11/2 ~e
< IVal,, 13 (&dyW%@JN%mﬂw>

w(ar—@mM%mwm%@

L+e L2(dzdy)
4 4-n 1/2
1/2 n
< ||‘/2Hoo ” ”oo/ t3/273/2 7/8 (Z Z (k+n) /2Lnk HHn k|1) € Ll([ ) dt)
n=0 k=0

for any T' > 0. Hence

o0
[
T

x ~e
Va (1—+6 - y> () @6 (Y, 1) Xaew) (y)

L2(dzdy)

n

0 4 4—
127
< [ il ool T (22é
=0 k=0

where the constant .. contains no negative powers of €. This clearly can be made smaller

1/2
2
k+n)/2Ln’k Hn7k|1> = \/_Tg/sjﬂ

that /4 for any T' by choosing a sufficiently small e.



Adam S. Bowman Results for the S-matrix 63

4.4.3 The infinite times piece — a recap

Pick a time 7' > 0 that satisfies (4.13), and let €y be chosen such that 27~Y2h7/5.7, < £ for
all 0 < € < ¢y. Then

L) ()]

Hez‘TH(Ql— _ ])e_iTHlnl (x)&g(y)uﬂ(dzdy f

f

y> M () 55y, t) Xa) (y )H dt

(”J" o) 35000 1)
’

as desired.

4.5 Finite times

We would now like to control (4.15), the finite times piece: Given any § > 0, we want to
show that 5
e e Ty, (2) @ (y) — ¢O<C)w;[a1(€)]}‘L2(d§d<) <5

where of course it is understood that x = (&, () and y = y(&, (). We first use the triangle

inequality to say

e e i (2) @6 (y) — wolC 3l

<ee *”THlm(x)%(y) — 2o(QU(0, T)UL(T, 0)an (€)]
+ @o(QU(0, TYUL(T, 0)as (€) — QDO(C)% a1(6)]] = M + Na.

We first try to control the norm N,. Since

wy [@1(§)] = lim U(0, 1)Uy (t,0)as(§)

t—00

= lim lU(O t) —iE1t fw2t/8 —ivg/2,, (f n vt)]

t—00
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we have

N = (U0, YT, 0)en (&) = wi [ (6)]) 20(O)] 12 aeaey
— [U0, YUT, 0)on (&) = wi [a1 ()] 2
= | U0, TYUL(T, 0)a (€) — limm [U(0, 1)U (¢, 0 (€)]

L2(dg)
= tli)rg) HU(O7 T)Ul (T7 O>O‘1(£) - U(07 t) Uy (t7 0)0(1 (5) ||L2(d.£)

At
_ fim f [0, 9)Us (5, 0)an (€)] ds

t—00 T

L2(d€)

= lim J (tU(0, 8)H (s)Ur(s,0)a1(€) —iU(0, s)Hy(s)Uy(s,0)aq(£)) ds

t—00 T

L2(d€)

~ Jim f U0, s)(H(s) — H, (s))Us (5, 0)as (€)ds

t—00

T L2(de)
& vt
< lim Vo (£ - —) Ui(s,0)a1(€) ds
t—o0 Jr 2 L2(d£)
rt
=1 Vo€ — vt/2)e E1t —iv?t/8 —ivE/2 1 ut/2 d
1y ) Va6 —ut/2)e e e e € 4 otf2)] ) ds
rt 1/2
= lim | ds V2 (&) o (€ + vs)|2dE
t—0o0 Jr R
Ry 1/2
¢
< lim Cd [‘ ds f 6—2d\§+vs\d§
t—00 Jr
—Rs
vs+Ro 1/2
¢
< Oy lim ( ds e~ 2dlul gy,
t_’oo.)T
ws— Ra2
¢
< CdedRz\/@tlim J e~ ds
—00 T
_ CdedRQ\/%e—dvT
B dv '

In making the above estimate, we have used the fact that v > 0 and that T > % by way of

(4.13) on page 51. The above expression is therefore less than %.

We now return to N;. To control this norm, we will need the following unitary propagators,
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all of which exist by Theorem 20.1 of [15]:

1 2+e¢ T
W (t,s) is generated by — 5(1 +e)A, — 3 (1 n ) Ay + Vi(x) + V3 (1—4_6 —Ut) ,
1
We(t,s) is generated by H; = —5(1 +€)A, + Vi(z) + Vs (% — vt) )
€

1
W, (t,s) 1is generated by — §A$ + Vi(z) + Vo (x —vt),

2
W, (t,s) 1is generated by H{ = _% (1 I e) A,
€

We first make use of W (t, s). Note that

Ny = HeiTHe*iTHlm(x)@g(y) — U0, T)U(T,0)c1 (& H
< e ()25 ) — W(O,T>e iy, (2)5(y)|
+ W (0, T)e™" i (2) B3 (y) — U0, T)UL(T, 0)ar (§)po(C)]| = N3 + Na. (4.19)

We first bound the N3 term. First, note that

Ny — Hez‘TH [e—z‘Ele(x)&O(ny)] —W(0,T) [e—iE1Tn1(x)¢'0(y, T)]H :

We would now like to use a finite-times variant of Lemma 2.1.1, the magic lemma, for
potentially time-dependent Hamiltonians. We now state and prove this lemma, since we will

need it a few times in the remaining calculations.

Lemma 4.5.1 (The magic lemma for finite times). Suppose H(t) generates the unitary
propagator U(t,s) and H;(t) generates Ui (t, s). Suppose there exists a vector ¢ such that,
for t € [0,T7,

(i - 1) vite. )¢ < utet (4:20)

for some bounded, t-measurable function p. Then

U T)p = Ui(t, T)p| < T'sup|u(e, t)].

tel

Proof. Let ¥(t) = Uy(t,T)p, and let f(t) = U(t,T)Y(T) — 1(t). Then, provided (4.20) is
satisfied, the fundamental theorem of calculus gives, for any ¢t < T, that f(T) — f(t) =
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—f(t) = 0(t) = U T)(T) =, f'(s)ds. Tt follows that

[6(t) — UL TY(T)] = [U(T, 1)(t) — $(T)] = f LT, s)ps) — o(T)) ds

' (15 - 60

T
< J p(s)ds < T'sup |p(e, t)|.
t

tel

But [¢(t) — U, T)(T)| = |Ui(t, T) = U(t, )| = U, T)¢ — Ur(t, T)9|, so this is the
desired result. 0

We would now like to apply the lemma to N3 with e~ in place of U(t,T) and W (¢, T)
in place of U;(t,T"). By the triangle inequality,

o™ [ B0, T)] - W0, T) [~ By o)ty ]|

(5 +350+9a, +;(2“)—v1<x>—v2( L) )W) [ @ D)

1+e

(6 () (5 - o) Jwen [ @z )|

The first of these norms is zero by definition of W (t,s). Since W(t,s) can be realized as
WE(t,s) @ W, (t,s) = WE(t, s) @ eIt we are able to write the second (nonzero) norm as

(0 (5

The fundamental theorem of calculus gives

T T ,
V2<1+6—y>—V2(1+6—vt> = J V'(s)ds.

<

)= (T o) ) Beomi e D S @) e




Adam S. Bowman Results for the S-matrix 67
Therefore,
x x x x
Vz —y | —V —vt || < —y—|—— vt )| |VJ|,, = |y —vt| |V
(1) v (-t < v (P o) [ = - w30,
So, writing the norm in (4.21) as an integral, we have by Fubini’s theorem

H< <— ) y) . (F —’”t)> Bolu OW(ET) [ ()]
f dxj dy |V (— —y) Vo (% —vt) B2 W, T) [ Ty () ]|

<[Vl | duly = otPI35(0.OF | de W2t ) [P )

= V31 [ doly = ot P15 0 W) [ )] -

2

2

2

By unitarity of W£(¢,T) and the fact that 7, is normalized, this just becomes

Vil f 1y — ot oy, Py < |V, fR|y—Ut’2|<Po(y»t)|2d’y

2+¢ 1+e€
= ||V 2 L+i|l=— )t 160t —u,
L [ o= ot (10 (3 ) ot 3 vy

—1/2
2 2 — ut)?
— V], m e 1+( “) 2 j - vtPesp [~ g,
b : (1+(E'e)

1/2
This is an integral of the form { e dy = ix2a® for a = €'/ <1 + (?iz) t2> , SO

2

we conclude that

x > € —1
1€ <1 o) () Ao e )
2 —-1/2 9 3/2
va” 2 (o (2EE) p e 4 (21€) g
1+e 1+e€
1., 2+¢€)’ 9
= - 1 t° .
anme( + (3 )

2
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Taking square roots on both sides gives

H (Z% - ) W(t,T) [ (2)o(y, T)]

L2(dzdy)

1 2+¢e\’ v
<2 2w 1 €\ 2 _ .
e <2wu<-+g+€ t (et

The function p is continuous in ¢, and

1 2+¢€\? 2
=€ |Vi], (1 T? -0 -0

so Lemma 4.5.1 gives N3 — 0 as ¢ — 0 as desired. We can therefore choose an e that will

make N3 less than %.

Once more applying the fact that W(t,s) = W(t,s) ® e ', we are left with trying to

figure out how to bound

N4 = HW(07 T)eiiTHlnl (37)@6(3/) - U(07 T>U1 (T7 O)Ofl (5)900(C>H

= e TEL[WEO, T)m ()] (2)F5(y) (4.22)
vl

] CIUE S (| [OR

The brunt of the work lies here, and this piece is therefore worthy of its own subsection.

4.5.1 Bounding Ny

We begin by using the triangle inequality to break N, up into several pieces. It will be con-
venient here to introduce the following notation pertaining to the semiclassical wave packets,
since part of our strategy will be to show that the Gaussian in ( is well approximated by the
Gaussian in y for small values of e. Recall that 3§(y) = .Z.* {F(p)eo (1, 1,¢, (;—j:) v,0,p)} (y).
We let 0f(y) = ¢o (1,1,€,0,7v,y) and observe that yv — § as € — 0. The triangle inequality
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applied to (4.22) gives:

Ny =

ST, T () 3500 - T 00 1) e (-4 )| ©al0)
e TR,

+ e L0, T ()] () (B50) = 250D o i)

+ e TE W, (0, T)m (- ( (1’1’6 0.3 >> L2 (dady)

+ e TE[WL (0, T)m()]< + ) oo (1:1.6.0.5.0(6.9)

Each

efwg/zeivé/(k)gpo(l, 1,€60,0,¢ — € }HLQ(dﬁdC)

e TE0.Tm O] (64§ ) (e B0 (1,1,60,0,¢ - )
e P (1’1’6 0, ’C)} L2(dgdC)

# o nme (4 5) - DmON© e (11.60.5.0)
+ e, (0, Ty ()](6)

- U(0,7) [eiUQT/Egei”g/Qm ( + g)] ({)} ©o (1, 1,¢,0, g,()

L2(dgdC)

L2(d&dC)

e . , , T
+ (e—zTE1 . 6—ZTE'1) U(O,T) |:€—w2T/86—wE/2771 < + ’U_)] (5)%00 (1, 1,6 O ,C)
2 12(dgd)

: , , T

+ e—zTEle—w2T/8U(O7T) le—zvf/2 (7]1 ( + %)
T v
—Q1 ( + 7))] (5)%00 <1a176a07§7c> :
L2(dg&dq)

of the above nine (9) norms will be bounded by one in a series of lemmas. We work

sequentially, using the first lemma to bound what is perhaps the most difficult piece.

Lemma 4.5.2.

H —rE <W€(0 TYm(z) — WI(O,T)nl(:c))@g(y)

< W0, Ty () = W (0, T () |,

L2(dzdy)

is small for small e.
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Proof. We will once again use Lemma 4.5.1 by finding a bounded measurable function p(e, t)
such that ’

from which it follows that

(5~ #:0) Wate. Tt

< p(e, t), (4.23)

W20, T)m () = Wa (0, T)m ()], < Tsup (e, 1)l
€

The norm in (4.23) is

1 1
- H [_ﬁA‘” + Vi(z) + Va(z — vt) + 5(1 +e)A, = Vi(x) = Vs (1 i

(i% -~ H;) W (t, T)mi (x)

2

[@% + %(1 oA, — Vi(z) — Vi (1 i - m)] W, (t, T (x)

< S1-aame Do)l + | (Vato - o) - va

1+e¢

We first control the second norm. By Holder’s inequality,

H (Vz(:z: —ot) = Vs (1 i - vt)) W, (t, T)m (2)

2

<

Vit - o)~ (15— ot)| WD)l

wx—vt)—w(lﬁe—ut) ‘/2<$>—‘/2(1i6)

By the uniform continuity of V5 on R, for any f > 0 there exists a real § with 0 < § < 2Rs

e 0] 0 ¢]

such that |Va(z) — Vo (1%6)‘ < 16% provided |r — 7| = 75[x| < §. Take
< min<{ 1 0 (4.24)
€1 <mini{ 1,6, —— ¢, :

' “ 2Ry~

(recall the definition of €y given in 4.4.3) and note that
YRy <5, iff 2hpe <51 +e), iff <0
i i :
T+e 7 2 ) “S9R, -0
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Now, if |z| = 2R, and € < €1, we know |z|/(1 + €) > Ry, so Vo(z) = Vo(z/(1 +€)) = 0. On
the other hand, if |z| < 2Rs, then

1+

which gives [Vo(z) — Va(x/(1 + €))| < 16% as desired.

To bound the first term, we use the methods outlined in §X.12 of [17] — the Dyson expansion
in the “interaction representation” — to place a uniform bound on W,(t,T) as an operator
from the second Sobolev space H? = H?(R) = D(—A,) to H?. This will be sufficient, since

|=2:Wat, T)m (@) < =Bl g2 o) [We (& T a2y [m1(2) | 2 = CIWalt, T a2

for some C' > 0, provided the bound on W,(t,T) exists, a fact we now demonstrate. Let
V(z,t) = Vi(z) + Valz — vt), let Hy = —A,, and define V(z,t) = ¢!V (z,t)e ot This
is a bounded, self-adjoint operator on 7 that generates a unitary propagator U (t,s) by
Theorem X.69 in [17]. Since V(z,t) satisfies the hypotheses of Theorem X.71 in [17], we
know

W,(t,T) = e o0 (¢, T)eTHo.

Taking || &z on both sides, we obtain

LACRAIPNES A CYo] (4.25)

So, showing the bound on W, (t,T') is equivalent to showing the bound for U (t,T). However,
by the Dyson series for U(t, T), we have

t t t1 - -
O, T) - J—zf U, t1)dts —J th V1)V (2, 1)ty + -+ (4.26)
T T

T

As a result, questions about U (¢, T') reduce to questions about V (z, ). So we need to estimate

H‘N/(:c, t) H = HeiH@tV(:c, t)e’iHOtHg(

Z(H?) H?)

= [[(Ho + 1)V (z, t)e~ ! (Ho +
= [(=A; + DV (2, t)(—As + 1

D7 20

[ PS
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by the unitarity of €0 as an element of Z(#) and the fact that it commutes with both
Hy + 1 and its inverse. Let ¢ € 7. Then

[(=As + DV, 8)(=A, + D)7,
<=2V, ) (—As + 1)), + |[V(z, t)(—As + 1) _WH /f
< =V [(=As +1)7 +2||VV (2, )V[(-A, +1)”

A=A + D)7, + IV (A +1)7

o

+[V]

o

Obviously, the first and last terms on the right hand side of the above expression are taken

care of. For the second, we use Holder’s inequality and the Plancherel theorem to write

[VV (@, )V[(=A, + 1) ]|, = [ ((VV (@, 6)(=iV[(-A. + 1)),
p ~
< |V, |l=——=v
V1o | 7577
<V K
v H p? —i—l' 4 L2(R,dp)
1
=51Vl 1910 -
We take a similar approach to the third term:
o p?
VI A[(—A, + 1) V., l—— < ‘
B o N et I L8 e I
= [Vlles 1] -

Therefore, for any ¢ € 5, we have

1
H(HO + 1)V(l‘,t)(H0 +1 1ng H) (‘V”’oo H(HO + 1)71H,$(JK,H2) + 5 HV/HOO

F AV + VI [(Ho + 1) gy ) 16 =

Hence ’N( has uniform bound K. Taking || 4 g2y on both sides of (4.26), we

Z(H?)
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obtain

~ ot =T '
Ut T H < HV ) H
H (t.T) Z(H?) Z n! ( Sob “ Z(H?)

n=0 te OT
o
Tn
< Z K" = KT
n!
n=0

It follows from (4.25) that [[Wy(¢,T)| oz < e™ on [0,T7], so

€
IIHo o6 D)m (@) e < 3¢ [ Holl a2 ) = 0 a8 € 0.

Hence there is a €5 > 0 such that ¢ < e will make $e™" | Ho[ o2 ) < =

Putting this result together with the result in (4.24), we can say that

€
< [Va(@) = Va(@/(1 + ), + 5" [ Holl g (a2 00 -

(i - ) W Do :

L2(dx)

It follows from Lemma 4.5.1 that

(W0 Tym(e) = Wo 0. D) 2o(w)] .,

€
< T [Va(w) = Va(w/(L+ )y + 5T [Holl par2 v

and if we take € < min {e1, €2}, we will have

H (W;(O, Tym(x) — Wa(0, T)nl(x)) Zoly)

(B L BN_B
L2 (dzdy) 167 16T 8

Lemma 4.5.3.

e 55 (W0, T)m ()] (@) (B6@) — 050 | agguayy — 0 85 € 0.

Proof. The “~” is necessary for the (stationary phase) infinite time arguments, but for finite

. . . . . — € . .
times it’s just a nuisance. The unitary of W, and e~*7*1 and normalization of 7; mean the

above norm is just |55(y) — ©5(y)| 12(4,- We can go to momentum space in the y variable
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to bound this norm:

IZ50) = 6l ey = | 27| FO)IZL6(0)] = ZLeb0)) | )

= [F()#6(p) = 26(0)] L2 (ap)
= [(F(p) = 1)@6(P) ] 22 ap)

1+e¢
F(p 1.1 — 0
f ‘ < b 767 <2+6)U7 7p)

The function F'(p) — 1 is nonzero exactly on the set (—c0, 5 —a) U (5 + a,0). Hence we

2
dp.

investigate the above norm by breaking up the integral in the following way:
v/2—b v/2—a v/2+b 0
[ I S N
R ) v/2—b /2+a v/2+b
On the intervals (v/2 —b,v/2 —a) and (v/2 + a,v/2 +b), we have |F(p) — 1]* < 1. Note that

if we consider only
4a

€<
v—2a’

(4.27)

the peak of ¢o(1,1,€, (555) v,0,p)|* lies inside the interval (¥, % + a), so we can say that

v/2—a 9
1+€
F 2 1,1 0 d
J ‘ (p) QDO<7 7€7<2+6)U7 7p) 1%
v/2—b
v/2—a
1+ 2
< J 2 <1717€7 <2+E) Ua()?p) dp

v/2—b

<(b—a)

1+e€ v
1,1 0,-—
@0(7 767(2+E>U7 72 a’)
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Similarly,

v/2+b 9

[F(p) -1 dp

1+€
Lie [——) 0,0,
w0<776a<2+6)v p)
1+e€ v
1,1 0, =
90()(7 767(2+E>U7 72+a)

— 7 Y22 (b — a) exp <—

v/2+a
2
<(b—a)

(—2a(2 +¢€) + ve)2>
4e(2 + €)?

Both of these quantities vanish as ¢ — 0. Now, on the intervals (—co, § —b) and (3 + b, ),
the function |F(p) — 1]* = 1, so we are left with two integrals we can evaluate in terms of

the complementary error function:

o0
1+e
1’]"7 707
f oo 322) o0

v/2+b v/2+b

1 2b(2 —
~ Lerte (/M>

2

© < _ (1+e)v>
dp = m- 1212 f exp | - ) g,
€

2(2+¢€)

O e—:c(e)2
= $(€) as € — 0.

_ 671/2 2b(2+¢)—ve
2(2+e€)

standard asymptotic expansion (see, for example, [1]) of the complementary error function.

where in the last step we have set z = x(¢) (— o as € — 0) and used the

A similar result holds for the integral Si/fo_b, and the result is proved. Hence there exists

an ]

Lemma 4.5.4.
W2 (0, T)m ()] () (@6(y) — LoD L2 (dway) — 0 as € — 0.
Proof. The idea here is that we would rather work with

v
SDO(y) = %o (17 176707 573/)
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as opposed to the slightly more cumbersome

1+e¢
: = 1,1,¢,0 .
@0(3/) 200 ( y 1, €U, (2 + 6) Uay>

We will try to control the square of this norm, writing it first as an inner product:

le6 () — Lo)I* = {e6(y) — o(¥), 26(¥) — Lo(¥))12(ay)
=1+1-2Re{pi(y): o(¥))r2(ay)

—9_9R —1/2_—1/2_—y2/e —ivy d
elJRW € ‘e exp 202+ ) Y

-2 (1o () )

which obviously vanishes as we make e small. O]

Lemma 4.5.5.

H[Wx(oa T)nl()] (g + g) (900(17 1a €, 07 ga y(C7 g)) - 6—iv§/2€ivéj/(2e)(p0<1’ 1a €, 07 O?C - 65))

L2(dgdC)

— 0 ase— 0.

Proof. Hereafter, we choose to work in the (£, () system of coordinates, so we need to write

[Wz (0, T)n: ()] (=) o(y)

w010 (€4 5) oo (5 (T - 7€)

As we proceed, we would like to work with

as

0. TmO] (€4 5) (€ - 0

01O (64 5) oo (5 (Fo5) €~ 7526)-

(This is tantamount to keeping the leading order in both £ and ¢ in the expression for y(&, ¢).)

instead of
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Note that, by the definition of the ¢y’s, it is easy to show

©o <1, 1,¢,0, %}, ¢ — ef) = e_iUS/QewC/(QE)QDO (1,1,¢,0,0,( —€€) .

Let g(x) = [W,(0,T)m(-)](z). Then we want to control

eiTEig (5 T g) [mc —e€) — (% (i - ) - f)] e
- Hg (5 i %) [%(C ) - G (? I E> ‘73 i €€>] 12(déd)
=fRdffRd<‘g <§+§) loc - c6) — g0 (% (fj)c— 1;5)
- fRdchdag(@P o (1,1,6,0,9,< - 5) — o (11,60.5, (1+5) ¢ - <)

270 1+4e
where we have used translation invariance of the integral in &: & — £ — (/2. Now, we use
the fact that

2

2
)

A
@0("4737 €7a’7n7bx - y) = bil/ngo <37 bB?‘Ea %7 bn7x)

and, after switching the integration order, we obtain

| deiaterr UR ¢

€ v
1,1, e, —&, —
(100(7 7671+€£727C)
€\ /2 2 € 2e¢€ v €
-1 _> —71 a5 7_<1 _)7
(1+3 g00(2+e Tyorreali Ty C)

The ( integral is just the inner product of the difference between

€ v
f(éa <) = Yo (17 1767 1—+€€’ §7C>

and
€\ ~1/2 2 € 2¢€ v €
fl(faO—(l"‘Q) <P0<2—+6;1+§7€72—+675<1+§>a€>-

So we want to try to control

1
JRdf‘g(f)lz (1 + 1+¢/2 —2Re(/, f1>L2(dg)) :
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Both f and f; satisfy the hypotheses of Proposition 4 of [10], so we can use it to obtain

Re</ 1=\ [ o (s raies — s e )
’ 8+ ¢e(4+e) 88+e(d+e) 2(1+€)?8+e(d+e¢)
ve(d + €)&
*“B<m1+@@+e@+e»>'
It is therefore clear that Re{f, fi) — 1 as ¢ — 0, implying that the ¢ integrand |g(£)[*(1 +
—— —2Re{f, fi)) — 0 as ¢ — 0. What’s more,

1+€/2

+

l9(O)]* |1

_2Re<fafl>

7o <W@W<1+1:d2+ﬂRdﬁﬁﬂ)<4m@WeL%M%

so we can invoke the generalized dominated convergence theorem (see [19], pg. 89) to con-
clude that

lg%fRdilg(é)l (1+ 52 —2R6<f=f1>)

- J}R d¢ lim <|g(5)’2 (1 3 +1€/2 —2Re(f, f1>>) — 0,

which is what we wanted to show. O

Lemma 4.5.6.

H[Wx(oa T)nl()] (g + g) e—wg/2€w§/(2e) (900 (L 17 €, Oa O?C - Ef)

*@0(171a67070a<-)> — 0 ase—0.

L2 (d&dC)

Proof. Retaining the same definition of g used in the previous lemma, we are interested in

controlling

2

W20, Tymi] (€ + ¢/2)e 526/ (90(1,1,€,0,0, = €) = 20(1,1,6,0,0,6)

L2(d(ds)
2

= Jote +¢/2) (0(1.1,€.0,0,¢ — €) — (1. 1,,0,0.))

L2(d¢dg)

= J]RdCJRdﬂg(é + C/2)|2|Q00(17 17 €, O? ng - 65) - @0(17 17 €, 07 07 C)‘2
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1

2
= J}Rdﬂg(g‘)ﬁ (1 + Cr 2Re(h, h1>L2(dC)) '

We perform the variable shift £ — & — % and obtain

2 2€
_fRdg‘g(€>2 [Ldg‘( +6/2) 1/2 (2—4-6’1_'_;7 72 g O C) (1?17670707C)

Again, Proposition 4 of [10] tells us that

8 vie 2> v(4 +€)¢
Relh,hy) = | ——— — — — ).
e<h, by 8+e(4—i—e)eXp< 88+ e(d+e)) 8+e(4+e))cos<8+e(4+e)
Hence the norm has more or less the same form as the norm we bounded above using the

dominated convergence theorem, so we should be good. O]

Lemma 4.5.7.

— 0 ase— 0.
L2(dgd¢)

H{ (0, T)m(+)] (é + g) — [Wo(0,T)m ()] (Q} %0 (17 16,0, go

Proof. Again, we let g(z) = [W,(0,T)n:(-)](z), so we are really interested in the small-e

behavior of
H (g (5 + g) -9 (5)) e 8200 (1,1,€,0,0, )
L2(d¢dQ)

[l )oirensd

It will be helpful to recall the following characterization of the domain of the Laplacian

(4.28)

L2(d&dC)

operator, D(—A,) = H*(R) = H?, as seen from position (z) space:

D(—A,) is the set of all ) € L*(R, dz) such that V1 exists and is an element
of L? n AC(R) whose a.e. derivative A, is an element of L*(R, dz).

Here, of course, AC(R) is the set of all absolutely continuous functions defined on the real line,
and it is this fact we will need in the proof. The propagator W,(t, s) is generated by —%AI +
Vi(x)+Va(xz—vt), a self-adjoint operator whose domain is H2. The propagator therefore maps
H? into H?, and since n; € H? by assumption, it follows that g(z) = [W,(0,T)n.](x) € H?,
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so ¢’ is absolutely continuous on R and an element of L?. Moreover, if we Taylor expand
g(§ + ¢/2) around ¢ = 0, we get (see [2])

o(6+5) a0+ Satc + o10),

So the square of the norm in (4.28) becomes

[ aclo e+ 5) —g(é)r)% (11.60.2.¢)]

-2 fRdcrcﬁ\% (11.c0.2.0)[ j a€ lg' (¢ + ().

We can easily translate £ and obtain

H <g <€+ g) —g(€)> ®o (1,176,07276) 2

L2(dgdC)

1 / 2 v 2
< 5 Hg HLz(df) fR dC|g| ‘(:00 <17 176707 §7<>‘

IR —ere 1
= §7T V22 HQIHLz(dé) fRdCK‘Qe o= ZGHQIHLQ(dé)‘

Taking square roots on both sides gives something that is O(e'/?) — 0 as ¢ — 0 as desired. [J

Lemma 4.5.8.

=0.
L2(d§)

0. - U0.1) [ ey, (1T (@

Proof. We observe that W,(t, s) is generated by (after relabelling x as §) Hy = —%Ag +
Vi(§) + Va(§ — vt) and that U(t, s) is generated by Hy = —3A¢ + V(£ + %) + Va(€ — %).
Hence there is a Galilean boost involved in going from W, to U. We observe that U and W,

have a common domain and make the claim that, for any vector v € L*(R, d¢), we have

U(t,0)p = e " /Be=e2 7 (%t) W,(t,0)1, (4.29)
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where 7 (vt/2) is the operator that just adds vt/2 to x:

f(%t)¢(x)=w<x+%t).

This operator is clearly unitary, since it takes only a shift of integration variable to show
that

T2, 7t = [ 0 (w4 Yo (045 o= [ vt = w..

Hence 9! = * = F(—uvt/2). If the claim (4.29) is true, then taking adjoints of the

operators on both sides gives
VLN /2 itv?/s
U(0,t) = W,(0,t)7 =5 | e :
This can obviously be rewritten as
U(0,t)e ™ Be=82 7 (vt /2) = W,(0,1),

which is what we want to show. We therefore try to prove (4.29). So, suppose ¥ (x,t) and

o(x,t) are any solutions of

0

8t = Hy and 1— = Hyop.

To prove (4.29), we need to show that
e t P
o(z,t) =e ™ /8 wa/2y, <x + %,t) — e /86_’”x/2<7(vt/2)1/1(m,t).

First, we compute the time derivative of ¢ and multiply by :

T2y 2

a . _ZU —ztv2/8 —vz/27 " aw vl
i o(z,t) = ( 890(mt) ¢ o ZE+2,t

—itv?/8 —ivx/2 &_¢ U_t ¢
+ e e ot (:v =+ 5

2
_ U_ - —itv?/8 —ivx/2 aw _t v —itv?/8 —ivw/2 Y Y w ’U_t
890(:v,t)+ze e W T+, b +ige e pn x+ 2,t .
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Now we compute the x derivative of ¥:

or 2 ox 2

' , vw/2 0 t
(x,t) = —ﬂw(x,t) + e’Ztvz/Se””x/QTw (x + U—,t) :

This of course implies that

1 w w L2 o O vt
_Ax )= —— [ - ¢ —itv?/8 j—ivx/2 YV —t
Ao, 4( Yol 1) + e Y (g U

1 X —t2/8 _ /261/] vt ]. —t2/8 —ivz/2 vt
- _ v T _ t v T A _t
+2( 2> e \" Tt et ¢x+2

v o 2 o0 vt 1 2 vt
= — t —ity /8 —ivz/27 1 1t —ZtU /8 —wz/QA .

After canceling the (underlined) terms they have in common, it follows that

0 1 _—itv?/8 _—ivx/2 ,8 t
zatgo(:c,t) + 2A$<p(x,t) =e e &tw T+ — 5 + Axw

71))
ST S AR S
:m<x+%t>¢(;p,t)+%<x—5)so( £),

which is precisely the time-dependent Schrodinger equation satisfied by . This proves the

claim. =

Lemma 4.5.9.

T

(e—iTEf - e—iTEl) U(0,T) |:€—iv2T/8€—ivE/2n1 < + 7)] (€)wo (1,1,€,0,0,()

L2 (d&dC)

goes to zero as € — 0.

Proof. Some perturbation arguments similar to those hinted at briefly in Chapter 3 — that
is, an appeal to the discussion on pgs. 15-16 of [16] — work to show that, for sufficiently

small €, we have
m(z) = ar(z) + O(e),

where O(€) is to be interpreted with respect to the Hilbert space norm ||-||. Moreover, the
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eigenenergies Ef and E; associated with n; and oy, respectively, satisfy

Ef = E1 + O(E),

where now O(e) is with respect to | - | on C. Indeed, consider the family of operators
1 1 €
H(e) = —5 (1 + A + Vi(w) = —58; + Vi(2) =5 A, (4.30)
—
Hy eHq

for the real parameter e. Since we assume V; € CP(R) < L?(R), Theorem 10.15 of [17]
tells us Hy is a self-adjoint operator on D(Hy) = D(—A) = H? = D(eH,) for any e¢. The
resolvent set of Hy is nonempty, since it is self-adjoint and hence o(Hy) < R. By the triangle
inequality for the L?-norm, for any ¢ € H?,
10%)
2 0x?
1

~58 4 V)] + M
< [Hov | + Vil [

'—%AwH - H— Vi) - v1<x)w’

<

Hence the perturbation H; is Hyp-bounded. The lemma on pg. 16 of [16] therefore tells us
that H(e€) is an analytic family of type (A) near ¢ = 0, implying H (¢) is an analytic family
in the sense of Kato near ¢ = 0. Theorem XII.8 of [16] then tells us that for e sufficiently
small, there is an isolated, nondegenerate eigenvalue E< of H(e) with corresponding analytic
eigenvector n;. Hence — though it has not been necessary to use these relations until now —

we actually have
[m(x) —aa(x)] = O(e)  and  [E] — Ey| = O(e).

To apply these ideas, we first do the trivial ¢ integral and reduce the problem to a study of

. € . . o . UT
(e—zTE'1 _ e—zTEl) U(O,T) [e—zv T/86—w§/2771 ( + _)] (é)

2 L2(d€)
. € > 3 i T
_ ‘eszEl o e*lTEl{ U(O, T)efoZT/Sefwﬁ/Qg (U_) i (5)
2 L2(d¢)

—q € —q
=‘e TE _ e ZTEI‘—»O as € — 0,
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by the unitarity of all the operators inside the norm. O]

Lemma 4.5.10.

HU(O’ T) [e—iv2T/86—iv§/2 (771 ( + g) — o ( + %))] (5)@0 (1’ 1,€0,0, C)

L2(dgdc)
goes to zero as € — 0.
Proof. We can again do the ( integral independently and arrive at
e o+ 5) o -2
b n (D)
= [m(§) —ai(§)] = O(e) =0 ase—0.
by using the same perturbation arguments advanced in the previous lemma. O

4.5.2 The finite times piece — a recap

If T has been chosen to satisfy (4.13) on pg. 51, and if we pick an € which satisfies (4.27)
on pg. 74 and such that each of the 9 norms shown at the beginning of §4.5.1 is less than 5%

whenever € < € — something we have shown we can do — then

[T e T i ()25 () = o(Olwr (@) o (aeacy

< U0, T)UL(T, 0)es (€)o(¢) — wo(O)[wr (n)](6)]

+ [T e T (@)@ (y) — U0, T)UL(T, 0)a (€)20(C)

< T W0, 1) ()55 (0) — U0, YT, 0)n(€0(0)|

m(@)Z5(y) — W0, T)e™ "y (2) 5 (y)|

8. B . (B B
<6+6+9(54)_2’

+ H ezTH —1THy

as desired.



Chapter 5
Conclusion

Despite the results reported in the previous chapters, much room is left for further research.

In one dimension, perhaps the most obvious next step would be to try to extend these
results to other scattering channels and cluster decompositions for the three-body problem.
We do not think this would present any significant new challenges, though a slightly different
approach would need to be taken to deal with the channel in which all three particles are

free.

Ito [12] seems to have included the potential corresponding to the internuclear repulsion in
treating the full three-body problem. We think we could introduce a similar term into (4.1)
and repeat our analysis with little difficulty. It would also be worthwhile to study the case

where (D and ) are allowed to form more than one bound state.

A relaxation of the rather stringent C3°(R) requirement for the interaction potentials would
be a nice generalization, though we feel significantly more machinery would have to be
employed to handle, say, Coulomb potentials. See Yajima’s paper [29] for a glimpse of the
technical headache that might be required!

A generalization of the time-dependent methods employed in this work to d > 2 would be
nice to see. As mentioned in Chapter 1, Ito ([12], [13]) seems to have obtained some results
for dimension higher than one, but using (somewhat complicated) time-independent tools.

We will like to obtain similar results using time-dependent methods.

It would also be nice to allow for more generality in the evolution of (say) the y coordinate

than to use just the zeroth semiclassical wave packet ¢y. We believe this work has laid

85
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the foundation for such a calculation, since the ¢;’s form a basis for L?, and computations
with ¢’s (at least finitely many of them) should be similar to the calculations in this work

involving ¢y, modulo some constants.
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