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Toward a Rigorous Justification of the Three-Body Impact Parameter
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Adam Shoresworth Bowman

(ABSTRACT)

The impact parameter (IP) approximation is a semiclassical model in quantum scattering

theory wherein N large masses interact with one small mass. We study this model in one

spatial dimension using the tools of time-dependent scattering theory, considering a system

of two large-mass particles and one small-mass particle. We demonstrate that the model’s

predictive power becomes arbitrarily good as the masses of the two heavy particles are made

larger by studying the S-matrix for a particular scattering channel. We also show that the

IP wave functions can be made arbitrarily close to the full three-body solution, uniformly in

time, provided one of the large masses is fixed in place, and that such a result probably will

not hold if we allow all the masses to move.
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Chapter 1

Introduction

Scattering theory provides the mathematical framework for interpreting the results of exper-

iments conducted in particle accelerators. The late J.J. Sakurai has said of scattering theory

that it “is impossible to overemphasize the importance of this subject” [20]. Given that

scattering experiments have proven to be our primary source of information about the inner

workings and constituents of the subatomic world – dating from Ernest Rutherford’s seminal

“gold foil” experiments of 1909 to the more recent search for the Higgs boson at CERN’s

Large Hadron Collider – it is difficult to find room to disagree with Sakurai’s remark.

In many scattering experiments, one is more or less forced to prepare a system of particles

and allow them to interact over a distance scale that is extremely small compared to the

observational laboratory apparatus. In light of this, analyzing the nature of the interactions

in terms of the long-term behaviors of the particles – something that can often be done in

terms of a simpler dynamics than that which governs the range of the interactions – becomes

very attractive. This is the general approach in scattering theory; the next section is a brief

outline of exactly how this is done.

1.1 Multi-particle quantum scattering

In quantum scattering theory, one is typically concerned with the asymptotic (|t| Ñ 8; i.e.,

distant past and distant future) behavior of quantum systems. The mathematical setting for

the non-relativistic scattering theory of N spinless, distinguishable particles in d dimensions

1
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Table 1.1: Some scattering channels and their associated cluster decompositions for a
three-body situation.

Channel Description Cluster Decomposition
α1 1 and 3 bound together;

2 moving freely.
{ 1 3 , 2 }

α2 2 and 3 bound together,
1 moving freely.

{ 2 3 , 1 }

α3 1 , 2 , and 3 all moving
freely, independently of one
another.

{ 1 , 2 , 3 }

is the Hilbert space H “ L2pRNdq, the space of square-Lebesgue-integrable, complex-valued

functions defined on RNd. The physical setup is a system of N particles of masses µ1, . . . , µN

at locations r1, . . . , rN P Rd interacting through pair potentials Vij. In three-body (N “ 3)1

quantum scattering, the interacting dynamics is governed by the time-dependent Schrödinger

equation, which takes the form

i
Bψ

Bt
“ rHψ “

˜

´

3
ÿ

j“1

∆j

2µj
`

ÿ

1ďiăjď3

Vijpri ´ rjq

¸

ψ, (1.1)

where ∆j is the Laplacian in the variable rj. The ψ “ ψpr, tq “ ψpr1, r2, r3, tq is the wave

function, which encodes all the physical information about the system. It is an element of

H , and the operators Vij are multiplication operators on this space. In many applications,

they represent Coulomb interactions (Vij 9 |ri´ rj|
´1), but for our purposes they need only

be suitably well-behaved such that rH is a self-adjoint operator defined on an appropriate

subspace Dp rHq Ă H . Given initial data ψpr, 0q, the spectral theorem tells us the time

evolution of the wave function is given by the action of the unitary propagator Uptq “ e´i
rHt

on ψpr, 0q: ψpr, tq “ e´i
rHtψpr, 0q.

Physical reasoning tells us there are a number of possible large-|t| behaviors, which we

refer to as scattering channels, that we might expect to observe from a three-body system

consisting of particles 1 , 2 , and 3 . Some examples include those listed in Table 1.1. As

the table indicates, each channel has an associated cluster decomposition – a breaking up

of the particles into disjoint non-interacting (for large |t|) clusters of particles. Of course,

1This is the number of particles that will directly concern us in this work.
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quantum mechanics only permits us to discuss the probability that a three-body system we

are investigating will exhibit one of these long-term behaviors.2 To study these probabilities,

we need to build some new machinery.

We first move from the pr1, r2, r3q system to a system of coordinates that allows us to

remove the trivial center-of-mass motion from (1.1); Jacobi coordinates (see §XI.5 of [18])

are particularly useful in this regard. Suppose we are interested in the probability that a

system which looks like the channel α1 in the distant past has the same behavior in the

distant future. A convenient system of Jacobi coordinates to use in our analysis is

x “ r3 ´ r1, y “ r2 ´
µ1r1 ` µ3r3

µ1 ` µ3

, R “
µ1r1 ` µ2r2 ` µ3r3

M
, (1.2)

where M “
ř3
i“1 µi. In the px, y, Rq system, if we ignore any interaction between 1 and 2

and let Vi “ Vi3, it can be shown that the Hamiltonian in (1.1) becomes

rH “´
1

2

`

µ´1
1 ` µ´1

3

˘

∆x ´
1

2

`

µ´1
2 ` pµ1 ` µ3q

´1
˘

∆y

` V1pxq ` V2

´

µ1pµ1 ` µ3q
´1x´ y

¯

´
1

2M
∆R.

(1.3)

Now, consider H, which is just (1.3) with the center of mass motion removed; that is,

H “ ´
1

2

`

µ´1
1 ` µ´1

3

˘

∆x ´
1

2

`

µ´1
2 ` pµ1 ` µ3q

´1
˘

∆y ` V1pxq ` V2

´

µ1pµ1 ` µ3q
´1x´ y

¯

.

If we study the scattering theory associated with H, we are effectively studying a two, as

opposed to a three, body problem.

Since we are interested in α1, we should not expect V2, the interaction between 2 and

3 , to be physically relevant for large times. This motivates consideration of the channel

Hamiltonian

H1 “ ´
1

2

`

µ´1
1 ` µ´1

3

˘

∆x ` V1pxq
looooooooooooooooomooooooooooooooooon

Hx
1

´
1

2

`

µ´1
2 ` pµ1 ` µ3q

´1
˘

∆y
loooooooooooooooomoooooooooooooooon

Hy
1

,

which is just H ´ V2. Moreover, the assumption that 1 and 3 are bound together for large

2We should emphasize that quantum mechanics also tells us that a general state can be in a superposition
of two, or more, of these various “basis” behaviors.
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times implies the existence of at least one bound state η1pxq P L
2pRd, ddxq that satisfies

ˆ

´
1

2

`

µ´1
1 ` µ´1

3

˘

∆x ` V1pxq

˙

η1pxq “ E1η1pxq

for some E1 ă 0. We are now in a position to define the channel wave operators associated

with α1, which are linear operators on the Hilbert space H1 “ L2pRd, ddxq b L2pRd, ddyq:

Ω˘1 “ s-lim
tÑ¯8

eiHte´iH1t, (1.4)

where “s-lim” is the limit in the strong operator topology on L pH1q.
3 Of course, part of

the program is to show the existence of these strong limits for the self-adjoint operators H

and H1. But if they exist, the wave operators have the the following property: If ϕpyq is an

arbitrary element of L2pRd, ddyq such that ψ˘ “ Ω˘1 η1pxqϕpyq, then e´iHtψ˘ looks like the

product state

e´iE1tη1pxq ¨ e
´iHytϕpyq “ e´itpH

x
1`H

y
1 qϕpyqη1pxq

as t Ñ ¯8. This means that in the distant past, the state e´iHtψ` – which evolves under

the full dynamics H – looks like the particular version of scattering channel α1 which has

the propagation of the center of mass of the 1 - 3 cluster with respect to 2 described by

the specific function ϕpy, tq “ e´iHytϕpyq. The analogous statement holds for e´iHtψ´ in the

distant future.

Elements like ψ˘ – that is, elements that belong to the ranges of the wave operators – are

called scattering states.

We can proceed in this way to construct wave operators Ω˘α for each of the other scattering

channels listed in Table 1.1, modifying the channel Hamiltonian as appropriate. If it just so

happens that the absolutely continuous subspace of H with respect to H can be expressed

as
à

α

Ran Ω˘α “ HacpHq, and σsingpHq “ ∅,

the direct sum taken over all channels, then scattering for the three-body system is said to

be asymptotically complete4. Proving asymptotic completeness for a given system has long

3According to Barry Simon [22], the odd convention that the limits as t Ñ ¯8 are Ω˘, respectively, is
a perversion that it is nonetheless our “moral duty” to preserve! An explanation for this convention can be
found in [18]; it has to do with the time-independent formulation of the theory.

4We use σsingpHq to denote the singularly continuous spectrum of the operator H.
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been the holy grail of mathematical quantum scattering theory.

One final object we can define for each channel – an object of particular experimental interest

– is the S-matrix, defined as Sα “ pΩ
´
α q
˚Ω`α . We interpret the quantity

PϕÑψ “ |pψ, Sαϕq|
2
“

ˇ

ˇ

ˇ

ˇ

ż

R3d

ψprqSαϕprq dr

ˇ

ˇ

ˇ

ˇ

2

(1.5)

as the probability that a state that looks like e´iHαtϕ in the distant past looks like e´iHαtψ in

the distant future. Thus, the S-matrix relates asymptotic behavior in the past to asymptotic

behavior in the future without making explicit reference to the unobservable (for all practical

purposes) actual dynamics.

For a more thorough discussion of the general approach to three-particle quantum scattering,

the reader is directed to Enss’s very edifying work [5].

1.2 The Impact Parameter Approximation

Using the machinery of the last section is nice in theory, but the equations involved turn out

to be rather unwieldy in analyzing experimental data [21]. As such, various approximative

schemes have been introduced into the theory. One that crops up in a number of places

in the chemistry and physics literature (see, for instance, [3], [4], [14]), primarily in the

study of atom-ion collisions, is the so-called impact parameter (IP) approximation, or charge

transfer model. It is based on the fundamental physical intuition that “large” particles can

be studied quite well using the techniques of classical mechanics, whereas “small” particles

are amenable only to the rules of quantum mechanics.

To get a feel for how the model is employed in practice, consider a three-body system

consisting of two large particles and one light particle, as shown in Figure 1.1. It may be

helpful to think of the heavy particles (of masses µ1 and µ2) as being nuclei, and the light

particle (of mass µ3) as being an electron. Consideration of the full dynamics would lead us

to the time-dependent Schrödinger equation governed by the Hamiltonian

H “ ´
1

2µ1

∆1 ´
1

2µ2

∆2 ´
1

2µ3

∆3 ` V1pr3 ´ r1q ` V2pr3 ´ r2q ` V pr2 ´ r1q.

The associated time-dependent Schrödinger equation is a partial differential equation in 3d



Adam S. Bowman Introduction 6

r1

O

r2

r3

µ1 " 1

µ2 " 1

µ3

Figure 1.1: Schematic of the problem giving rise to the IP model. We consider two “large”
(yellow) particles and a “small” (blue) one. The IP model requires the assumption that there
is no interaction between the two large masses.

spatial variables and one time variable, the solution of which is (to put it mildly) a formidable

task.

To simplify matters, the IP model assumes that the trajectories of the heavy particles are

known curves in Rd: r1 “ r1ptq and r2 “ r2ptq. Physical reasoning tells us this should be

a reasonable approximation in certain circumstances, especially if the heavy particles are

traveling at a high speed. Ignoring any interaction between µ1 and µ2 and dropping their

corresponding kinetic energy terms, we obtain the impact parameter Hamiltonian

Hptq “ ´
1

2µ3

∆3 ` V1pr3 ´ r1ptqq ` V2pr3 ´ r2ptqq.

This reduces a three-body problem to a one-body problem, at the cost of introducing time

dependence – which is often a technical nuisance – into the Hamiltonian. Nonetheless, the

impact parameter Hamiltonian Hptq is a differential operator in only one spatial variable as

opposed to three. The curves r1ptq and r2ptq are often taken to be straight lines of the form

r1ptq “ v1t´ a1 and r2ptq “ v2t´ a2.

The widespread use of the IP model in interpreting experimental data begs the question:

does the model actually represent, in some appropriate sense, a good approximation to the
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full dynamics? We attempt to provide a partial answer to this question in the work that

follows. First, we provide a brief survey of mathematical results that have been proved about

the IP model.

1.3 Past results

The first rigorous mathematical treatment of the IP model seems to have been done in 1980

by Yajima [29]. He proved existence and asymptotic completeness of the wave operators

in the N -body case under quite relaxed – and therefore fairly exotic! – assumptions on

the interaction potentials, using a clever technique first developed in a paper of Howland

[11]. Though Yajima’s proof worked for Coulomb potentials, it was not very physical, a

shortcoming that was improved upon a few years later by Hagedorn [7]. A year later,

Hagedorn also published results [8] pertaining to an IP analog of an important result from

quantum dynamics, the RAGE theorem.5 Wüller [27] proved time-boundedness of the energy

in the IP model under some rather mild assumptions about the behavior of the gradient of the

potentials; at approximately the same time, Graf [6] published results about a new, geometric

proof for the model’s asymptotic completeness. A year later [28], Wüller published his own

geometric proof of existence and completeness in the IP model.

To our knowledge, the first results about the validity of the approximation – in the sense

mentioned at the end of the last section – would not come until 1993, when Ito [12] used

time-independent scattering theory to prove that the scattering cross-sections for the full

three-body problem approach those supplied by the IP model in dimension d ě 2. This

paper only treated two-cluster-to-two-cluster scattering; the paper [13] uses similar results

for potentially two-cluster-to-three-cluster scattering in spatial dimension d “ 3. There is

no known time-dependent treatment of this problem for d “ 1, however – a gap this work

hopes to fill.

5Roughly spoken, the RAGE theorem characterizes the difference between bound states and scattering
states for a given quantum system. For more detail, see pg. 129 of [26].



Adam S. Bowman Introduction 8

1.4 New results

In what follows, we present the rigorous mathematical results we have obtained about

whether the three-body (N “ 3) impact parameter model actually represents a good ap-

proximation to the full dynamics in one spatial dimension (d “ 1). Assuming suitable

hypotheses, which will be enumerated and discussed in the following chapters, these can be

broken down as follows:

1. Suppose we fix one of the heavy masses (at the origin, say). Then the resulting impact

parameter wave function becomes a better and better approximation to a solution to

the full three-body problem, uniformly in time, as one takes the mass of the remaining

(free) heavy mass to infinity. These results are presented in Chapter 2.

2. There is little hope for a uniform wave function result as in (1) if all bodies move. An

argument showing why this is the case is presented in Chapter 3.

3. Notwithstanding (2), we can show that certain S-matrix elements corresponding to

the full dynamics are well approximated by their IP analogs as the masses of the large

bodies tend to infinity. This argument is fleshed out in Chapter 4.



Chapter 2

Uniform wave function results

In this chapter, we apply the IP model to a simplified version of a three-body problem in

one dimension in which one of the masses is infinite (µ1 “ 8) and fixed at the origin. We

consider the same scattering channel discussed in detail in Chapter 1; namely, 3 bound to

1 and 2 free as |t| Ñ 8. A schematic of the setup is shown in Figure 2.1.

Let v, ε ą 0. We show that the product wave function

Ψa “ Ψapx, y, tq “ eiv
2t{p2εq

rϕ0p1` it, 1, ε, vt, v, yq ¨ ψpx, tq, x, y P R, (2.1)

which is a solution to the associated impact parameter Schrödinger equation, is an approx-

imate solution to the time-dependent Schrödinger equation governing the system shown in

Figure 2.1:

i
BΨa

Bt
“ HΨa “

ˆ

´
1

2
∆x ´

1

2m
∆y ` V1pxq ` V2px´ yq

˙

Ψa, (2.2)

uniformly for t P r0,8q and for physically appropriate choices of the functions rϕ0 and ψ,

with the ψ coming directly from the impact parameter model. In fact, we will be able to

conclude that the exact solution (2.1) approximates is given by the following solution to

(2.2):

Ψpx, y, tq “ e´iHtΨapx, y, 0q “ e´iHtϕ0p1, 1, ε, 0, v, yq ¨ rω
´
1 p1qspxq,

where the symbols ϕ0 and ω´1 are defined in the following section.

9
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y
x´ y

x

µ1 “ 8

µ2 “ m " 1

µ3 “ 1

Figure 2.1: Schematic of the case µ1 “ 8. We suppose x, y P R, but they are shown here
in R2 for clarity.

2.1 Preliminaries

We define the scaled Fourier transform Fε and its inverse F´1
ε for ψ P S pRq (the Schwarz

space on R) as follows:

rFεψsppq “
1

p2πεq1{2

ż

R
ψpxq e´ipx{εdx,

rF´1
ε ψspxq “

1

p2πεq1{2

ż

R
ψpξq eipx{εdp.

(We will use F and F´1 for the case ε “ 1.) Note that for the scaled Fourier transform,

the following formula holds for any α, β “ 0, 1, 2, . . .

pipqα
dβ

dpβ
rFεψsppq “ εα´βFε

„

dα

dxα
pp´ixqβψpxqq



.

In particular, letting α “ 2 and β “ 0, we have ´
p2

ε2
rFεψsppq “ Fε

„

d2ψ

dx2



. Next, define

the cutoff function F ppq as follows: Given v ą 0, choose fixed constants a, b P R such that

0 ă a ă b ă v{2. Construct F such that

• F P C8pRq, with F symmetric about p “ v.

• F ppq “ 1 for p P rv ´ a, v ` as.

• F ppq “ 0 for p R pv ´ b, v ` bq.
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(See, for instance, §8.1.2 of [24] for an explanation of how such functions might be con-

structed.) We are now in a position to define the functions rϕ0 and ψ and motivate them

physically.

• rϕ0p1` it, 1, ε, vt, v, yq: In [9], Hagedorn constructs certain orthonormal bases

tϕkpA,B, ε, a, η, ¨qu
8

k“0

of L2pRdq that diagonalize quadratic quantum Hamiltonians. In one dimension, the

function ϕ0pA,B, ε, a, η, yq has the form

ϕ0pA,B, ε, a, η, yq “ π´1{4ε´1{4A´1{2 exp

ˆ

BA´1 py ´ aq
2

2ε
` iη

y ´ a

ε

˙

.

It follows that

ϕ0p1` it, 1, ε, vt, v, yq “
π´1{4ε´1{4

?
1` it

exp

ˆ

py ´ vtq2

2εp1` itq
`
iv

ε
py ´ vtq

˙

.

There is ambiguity (˘1) in the choice of the square root of the complex number 1` it,

but since we will be concerned only with |ϕ0|
2 in what follows, we do not need to be

concerned with this ambiguity. Now, to obtain rϕ0, we take

rϕ0p¨ ¨ ¨ , yq “ F´1
ε rF ppqrFεϕ0sppqs pyq.

Hence, rϕ0p¨ ¨ ¨ , yq is the back-Fourier transform of the cutoff function F applied to

the Fourier transform of ϕ0p¨ ¨ ¨ , yq in p (momentum) space. Note that rϕ0 removes an

arbitrarily small interval about momentum p “ 0. Note also that by Theorem 3.4 of

[9], Φpy, tq “ eiv
2t{2εϕ0p1 ` it, 1, ε, vt, v, yq satisfies the free Schrödinger equation in y

corresponding to the Hamiltonian in (2.2); namely,

iε
BΦ

Bt
“ ´

ε2

2
∆yΦ.

The physical intuition behind defining rϕ0 using this “semiclassical” wave packet is

that we treat the particle at y approximately classically in the IP model, given the

assumption that its location is described by y “ vt with some “wiggle room.”

• ψpx, tq: Define H1 “ ´
1
2
∆x ` V1pxq. For the scattering channel in question, we expect
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H1 to approximately describe the quantum mechanics of the particle at x for large t.

We assume there is exactly one normalized bound state, η1pxq, of 1 and 3 , which

satisfies H1η1 “ E1η1.

The impact parameter approximation asks us to fix the trajectory of the heavy mass

µ2. We will assume that it travels with constant velocity v ‰ 0. This gives rise to the

IP model Schrödinger equation

i
Bψ

Bt
“ Hptqψ “ ´

1

2
∆xψ ` V1pxqψ ` V2px´ vtqψ. (2.3)

In what follows, we will assume that the potentials Vi P C
8
0 pRq, such that there exist

constants Ci, ai ą 0 with

|Vipxq| ď CiX p|x| ď aiq. (2.4)

By considering the Dyson expansion in the so-called “interaction representation” (see

[17]), we can show that a unitary propagator Upt, sq exists for the Hamiltonian Hptq

and satisfies
d

dt
pUpt, sqψq “ ´iHptqUpt, sqψ (2.5)

for any ψ P DpHptqq “ Dp´∆xq. Let ψpx, tq “ Upt, 0qrω´1 p1qspxq, where

rω´1 p1qspxq “ lim
tÑ8

“

Up0, tqe´iE1tη1pxq
‰

is the channel wave operator associated with the scattering channel we are considering.

Because of (2.5), we know that ψpx, tq satisfies the IP Schrödinger equation (2.3). We

claim that, additionally, it looks like the stationary state e´itE1η1pxq for large times.

We now prove this.

Proposition 2.1.1. ψpx, tq above satisfies

›

›ψpx, tq ´ e´itE1η1pxq
›

›

L2pR,dxq Ñ 0 as tÑ 8.

Proof. Let }¨}L2pR,dxq “ }¨}. Fix a T ą 0. Then by the properties of the unitary
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propagator,

lim
tÑ8

“

ψpx, T q ´ UpT, tqe´itE1η1pxq
‰

“ ψpx, T q ´ lim
tÑ8

UpT, tqe´itE1η1pxq

“ ψpx, T q ´ lim
tÑ8

UpT, 0qUp0, tqe´itE1η1pxq

“ ψpx, T q ´ UpT, 0qrω´1 1spxq

“ ψpx, T q ´ ψpx, T q “ 0.

Armed with this, we now employ the Cook’s method trick of writing the quantity

ψpx, T q ´ UpT, tqe´itE1η1pxq

as the integral of its time derivative. Since we have d
dt
UpT, tq “ iUpT, tqHptq, we have

ψpx, T q ´ UpT, tqe´itE1η1pxq “

ψpx, T q ´ e´iTE1η1pxq ´ i

ż t

T

UpT, sqV2px´ vsqe
´isE1η1pxqds.

Taking tÑ 8 on both sides of this equation and rearranging, we obtain

ψpx, T q ´ e´iTE1η1pxq “ i

ż 8

T

UpT, sqV2px´ vsqe
´isE1η1pxqds.

›

›ψpx, T q ´ e´iTE1η1pxq
›

› ď

ż 8

T

›

›UpT, sqV2px´ vsqe
´isE1η1pxq

›

› ds

“

ż 8

T

}V2px´ vsqη1pxq} ds.

Now we observe that, since η1pxq is an eigenfunction of the Hamiltonian H1 corre-

sponding to eigenvalue E1, the corollary to the O’Connor-Combes-Thomas theorem

found on pg. 201 of [16] tells us there exist constants d, Cd ą 0 such that

|αpx, tq| “ |e´iE1tη1pxq| “ |η1pxq| ď Cde
´d|x|.
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Hence (using (2.4)) we can make the following estimate:

›

›ψpx, T q ´ e´iTE1η1pxq
›

› ď

ż 8

T

›

›C2Xrvs´a2,vs`a2spxq ¨ Cde´d|x|
›

› ds

“

ż 8

T

ds

ˆ
ż vs`a2

vs´a2

C2
2C

2
de
´2d|x|dx

˙1{2

.

Note that vs´a2 ą 0 as long as we choose s ą T ě a2{v, in which case we can estimate

the x-integral as follows:

›

›ψpx, T q ´ e´iTE1η1pxq
›

› ď C2Cd

ż 8

T

`

p2a2qe
´2dpvs´a2q

˘1{2
ds, such that

ď C2Cd
?

2a2

ż 8

T

e´dpvs´a2qds

ď C2Cd
?

2a2e
da2

ż 8

T

e´dvsds

“ Ke´γT for K, γ ą 0.

So we’ve shown that for all sufficiently large T ,

›

›ψpx, T q ´ e´iTE1η1pxq
›

› ď Ke´γT .

Letting T Ñ 8 gives the desired result.

The magic lemma

Because it will be so useful to us in this chapter, we now state and prove the so-called “magic

lemma.” Our proof closely mimics the one found in [9]. In Chapter 4, we will use a slightly

different version of this lemma.

Lemma 2.1.1 (The magic lemma). Suppose there exist p, q P R such that

›

›

›

›

ˆ

iεq
B

Bt
´Hpεq

˙

ψa

›

›

›

›

ď µptqεp

for a measurable function µptq and some “approximate” solution ψa to the time-dependent

Schrödinger equation associated with the Hamiltonian Hpεq. Then there exists an exact
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solution ψ “ ψptq to

iεq
Bψ

Bt
“ Hpεqψ

which satisfies

}ψaptq ´ ψptq} ď εp´q
ż t

0

µpsqds.

Proof. Let ψaptq be given. Then ψptq “ e´iHpεqt{ε
q
ψap0q is an exact solution to the Schrödinger

equation

iεq
Bψ

Bt
“ Hpεqψ.

The unitarity of e´iHpεqt{ε
q

and the fundamental theorem of calculus allow us to write

›

›e´iHpεqt{ε
q

ψap0q ´ ψaptq
›

›

L2pdxq
“
›

›ψap0q ´ e
iHpεqt{εqψaptq

›

›

L2pdxq

“

›

›

›

›

ż t

0

B

Bs

`

ψap0q ´ e
iHpεqs{εqψapsq

˘

ds

›

›

›

›

ď

ż t

0

›

›

›

›

ˆ

´
iHpεq

εq
eiHpεqs{ε

q

ψapsq ´ e
iHpεqs{εq Bψa

Bs

˙›

›

›

›

ds

(after factoring out iε´q) “ ε´q
ż t

0

›

›

›

›

ˆ

iεq
Bψa
Bs

´Hpεq

˙

ψapsq

›

›

›

›

ds

ď εp´q
ż t

0

µpsq ds.

Hence, in point of fact, the wave function e´iHpεqt{ε
q
ψap0q is the exact solution we are looking

for.

2.2 Finite times

We want to use the magic lemma to show there is an exact solution Ψpx, y, tq to the full

three-body Schrödinger equation that is asymptotic to the wave function given in (2.1). On

any finite, positive-time interval (of the form t P r0, T s for some T ą 0), we can do this as

follows: We write

›

›

›

›

ˆ

i
B

Bt
´H

˙

Ψa

›

›

›

›

“

›

›

›

›

ˆ

i
B

Bt
`

1

2
∆x `

1

2m
∆y ´ V1pxq ´ V2px´ yq

˙

Ψa

›

›

›

›
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and note that it will behoove us to use the triangle inequality to write

›

›

›

›

ˆ

i
B

Bt
´H

˙

Ψa

›

›

›

›

ď

›

›

›

›

ˆ

i
B

Bt
´H

˙

eiv
2t{2ε

prϕ0py, tq ´ ϕ0py, tqqψpx, tq

›

›

›

›

(2.6)

`

›

›

›

›

ˆ

i
B

Bt
´H

˙

eiv
2t{2εϕ0py, tqψpx, tq

›

›

›

›

. (2.7)

We now individually try to control each of the pieces on the right. The first piece becomes

›

›

›

›

ˆ

i
B

Bt
`

1

2
∆x `

1

2m
∆y ´ V1pxq ´ V2px´ yq

˙

eiv
2t{2ε

prϕ0py, tq ´ ϕ0py, tqqψpx, tq

›

›

›

›

.

We will look first at

›

›

›
pV1pxq ` V2px´ yqqe

iv2t{2ε
prϕ0py, tq ´ ϕ0py, tqqψpx, tq

›

›

›
.

Since both V1 and V2 are C8 functions with compact support, we can use Hölder’s inequality

to write

›

›

›
pV1pxq ` V2px´ yqqe

iv2t{2ε
prϕ0py, tq ´ ϕ0py, tqqψpx, tq

›

›

›

L2pdxdyq

ď }V1pxq ` V2px´ yq}8 }prϕ0py, tq ´ ϕ0py, tqqψpx, tq}L2pdxdyq

ď K }ψpx, tq}L2pdxq }rϕ0py, tq ´ ϕ0py, tq}L2pdyq

ď K }rϕ0py, tq ´ ϕ0py, tq}L2pdyq ,

where K “ }V1pxq ` V2px´ yq}8. We now go to momentum space to bound the remaining

norm:

}rϕ0py, tq ´ ϕ0py, tq}L2pdyq “

›

›

›
F´1
ε

”

F ppqFεrϕ0spp, tq ´Fεrϕ0spp, tq
ı

pyq
›

›

›

L2pdyq

“ }F ppqpϕ0pp, tq ´ pϕ0pp, tq}L2pdpq

“ }pF ppq ´ 1qpϕ0pp, tq}L2pdpq

“

ż

R
|F ppq ´ 1|2|ϕ0p1, 1` it, 1{m, v,´vt, pq|

2dp.



Adam S. Bowman Uniform wave function results 17

The function F ppq´ 1 is nonzero exactly on the set p´8, v´ aqY pv` a,8q. We investigate

the above norm by breaking up the integral in the following way:

ż

R
“

ż v´b

´8

`

ż v´a

v´b

`

ż v`b

v`a

`

ż 8

v`b

“ 2

ż v`b

v`a

`2

ż 8

v`b

“ Iin ` Iout,

where we have used the fact that |ϕ0p1, 1` it, 1{m, v,´vt, pq|2 is even about p “ v. On the

interval pv ` a, v ` bq, we have |F ppq ´ 1|2 ď 1, so we can write

Iin ď 2

ż v`b

v`a

|ϕ0p1, 1` it, ε, v,´vt, pq|
2 dp ď 2pb´ aq |ϕ0p1, 1` it, ε, v,´vt, v ` aq|

2.

Hence Iin ď 2pb´ aq π´1{2 ε´1{2 e´a
2{ε ; now to estimate Iout. On the interval pv` b,8q, the

function |F ppq ´ 1|2 “ 1. After making the change of variables u “ ε´1{2pp´ vq, we see that

Iout becomes

Iout “ 2

ż 8

v`b

|ϕ0p1, 1` it, ε, v,´vt, pq|
2dp “ 2π´1{2ε´1{2

ż 8

v`b

exp

ˆ

´
pp´ vq2

ε

˙

dp

“ 2π´1{2

ż 8

bε´1{2

e´u
2

du “ erfcpbε´1{2
q.

We can use the standard asymptotic expansion (see, for example, [1]) of the complementary

error function erfcpxq to write

Iout “
1

b

c

ε

π
e´b

2{ε
`O

´?
ε e´b

2{ε
¯

.

We also need to control

›

›

›

›

prϕ0py, tq ´ ϕ0py, tqq

ˆ

i
B

Bt
`

1

2
∆x

˙

ψpx, tq

›

›

›

›

L2pdxdyq

“ }prϕ0py, tq ´ ϕ0py, tqq pV1pxq ` V2px´ vtqqψpx, tq}L2pdxdyq

ď K }rϕ0py, tq ´ ϕ0py, tq}L2pdyq ,
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and we just saw how to bound such a term above. The piece

›

›

›

›

ˆ

i
B

Bt
`
ε

2
∆y

˙

eiv
2t{2ε

prϕ0py, tq ´ ϕ0py, tqqψpx, tq

›

›

›

›

L2pdxdyq

“

›

›

›

›

ˆ

i
B

Bt
´
p2

2ε

˙

eiv
2t{2ε

pF ppq ´ 1qpϕ0pp, tq

›

›

›

›

L2pdpq

“

›

›

›

›

pF ppq ´ 1q

ˆ

i
B

Bt
´
p2

2ε

˙

eiv
2t{2ε

pϕ0pp, tq

›

›

›

›

L2pdpq

,

where we have used the fact that ε “ 1{m and that ´
p2

ε2
“

d2

dy2
, turns out to be identically

zero: Since

pϕ0pp, tq “ e´iv
2t{ε π´1{4 ε´1{4 exp

ˆ

´
p1` itqpp´ vq2

2ε
´ ivt

pp´ vq

ε

˙

“ e´iv
2t{ε π´1{4 ε´1{4 exp

ˆ

´
pp´ vq2

2ε

˙

exp

ˆ

´it
pp´ vq2

2ε

˙

exp

ˆ

´ivt
pp´ vq

ε

˙

, (2.8)

we have

ˆ

i
B

Bt
´

p2

2m

˙

e´iv
2t{2ε

pF ppq ´ 1qpϕ0pp, tq

“

„

i

ˆ

´
iv2

2ε

˙

` i

ˆ

´i
pp´ vq2

2ε

˙

` i

ˆ

´iv
pp´ vq

ε

˙

´
p2

2m



e´iv
2t{2ε

pF ppq ´ 1qpϕ0pp, tq

“
1

2ε

`

v2
` p2

´ 2pv ` v2
` 2pv ´ 2v2

´ p2
˘

e´iv
2t{2ε

pF ppq ´ 1qpϕ0pp, tq “ 0.

Now we need to try to control (2.7). We do this by first writing V2px ´ yq “ pV2px ´ yq ´

V2px´ vtqq ` V2px´ vtq. Then

›

›

›

›

ˆ

i
B

Bt
´H

˙

eiv
2t{2εϕ0py, tqψpx, tq

›

›

›

›

“

›

›

›

›

„ˆ

i
B

Bt
`
ε

2
∆y

˙

´

eiv
2t{2εϕ0py, tq

¯



ψpx, tq

`

„ˆ

i
B

Bt
`

1

2
∆x ´ V1pxq ´ V2px´ vtq

˙

ψpx, tq



eiv
2t{2εϕ0py, tq

` pV2px´ yq ´ V2px´ vtqqe
iv2t{2εϕ0py, tqψpx, tq

›

›

›

The first and second terms are zero, so we need only estimate

}pV2px´ yq ´ V2px´ vtqqϕ0py, tqψpx, tq}L2pdxdyq . (2.9)
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The fundamental theorem of calculus tells us that

|V2px´ yq ´ V2px´ vtq| “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

x´vt
ż

x´y

∇V2 ¨ dl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď |y ´ vt| }∇V2}8 .

The supremum exists because V2 is C8. Hence, using Hölder’s inequality and the fact that

}ψpx, tq}L2pdxq “ 1, we have

}pV2px´ yq ´ V2px´ vtqqϕ0py, tqψpx, tq}L2pdxdyq ď }∇V2}8 }py ´ vtq ϕ0py, tq}L2pdyq .

Note that

}py ´ vtq ϕ0p1` it, 1, ε, vt, v, yq}L2pdyq “

ˆ
ż

R

|y ´ vt|2
?

1` t2
π´1{2 ε´1{2 exp

ˆ

´
|y ´ vt|2

εp1` t2q

˙˙1{2

“

ˆ

π´1{2
¨ ε´1{2

¨ ε1{2 ¨ p1` t2q1{2
ż

R
ε p1` t2q1{2 w2 e´w

2

dw

˙1{2

“ K ε1{2p1` t2q1{2.

Putting this all together, we note that there exist constants A0, A1, A2 ą 0 such that

›

›

›

›

ˆ

i
B

Bt
´Hpεq

˙

Ψapx, y, t, εq

›

›

›

›

L2pdxdyq

ď A0 ε
´1{2 e´a

2{ε
` A1 ε

1{2 e´b
2{ε
`O

´

ε1{2 e´b
2{ε
¯

` A2 ε
1{2
p1` t2q1{2. (2.10)

We can therefore apply the magic lemma and integrate (2.10) in time to show that there

exists an exact solution Ψ to the Schrödinger equation

i
BΨ

Bt
“ ´

1

2
∆xΨ´

1

2m
∆yΨ` V1pxqΨ` V2px´ yqΨ

such that for all t with t P r0, T s for some T ă 8, we have

}Ψ´Ψa}L2pdxdyq ď T
´

A0 ε
´1{2 e´a

2{ε
` A1 ε

1{2 e´b
2{ε
`O

´

ε1{2 e´b
2{ε
¯¯

` A2ε
1{2

´

T
?

1` T 2 ` sinh´1 T
¯

. (2.11)
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But this expression shows us we have a problem with infinite times, so we will need to treat

t P pT,8q separately.

2.3 Infinite times

We’d now like to take a look at what the magic lemma tells us for infinite times. To this

end, we rewrite

›

›

›

›

ˆ

i
B

Bt
´H

˙

Ψa

›

›

›

›

ď

›

›

›

›

ˆ

i
B

Bt
´H

˙

eiv
2t{2ε

rϕ0py, tq
´

ψpx, tq ´ αpx, tq
¯

›

›

›

›

(2.12)

`

›

›

›

›

ˆ

i
B

Bt
´H

˙

eiv
2t{2ε

rϕ0py, tq αpx, tq

›

›

›

›

. (2.13)

Recall that the wave function αpx, tq “ e´iE1t η1pxq solves the time-dependent Schrödinger

equation
ˆ

i
B

Bt
`

1

2
∆x ´ V1pxq

˙

αpx, tq “ 0.

We can bound the right hand side of (2.12) by

›

›

›

›

´

ψpx, tq ´ αpx, tq
¯

„ˆ

i
B

Bt
`
ε

2
∆y

˙

eiv
2t{2ε

rϕ0py, tq


›

›

›

›

L2pdxdyq

(2.14)

`

›

›

›

›

eiv
2t{2ε

rϕ0py, tq

„ˆ

i
B

Bt
`

1

2
∆x ´ V1pxq ´ V2px´ yq

˙

´

ψpx, tq ´ αpx, tq
¯

›

›

›

›

L2pdxdyq

. (2.15)

The first piece is identically zero by an earlier calculation. We can simplify (2.15) by noting

that

ˆ

i
B

Bt
`

1

2
∆x ´ V1pxq ´ V2px´ yq

˙

´

ψpx, tq ´ αpx, tq
¯

“

ˆ

i
B

Bt
`

1

2
∆x ´ V1pxq

˙

ψ

´

ˆ

i
B

Bt
`

1

2
∆x ´ V1pxq

˙

α ´ V2px´ yqpψ ´ αq “ V2px´ vtqψ ´ V2px´ yqpψ ´ αq. (2.16)
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We can therefore use Hölder’s inequality and Proposition 1 to rewrite the norm in (2.15) as

›

›

›
eiv

2t{2ε
rϕ0py, tq

›

›

›

L2pdyq
}V2px´ vtqpψ ´ αq ´ V2px´ yqpψ ´ αq ` V2px´ vtqα}L2pdxq

ď }V2}8 }ψ ´ α}2 ` }V2}8 }ψ ´ α}2 ` }V2px´ vtqαpx, tq}L2pdxq

ď C0e
´γt
` }V2px´ vtq αpx, tq}L2pdxq ,

which holds for all sufficiently large t. To estimate }V2px´ vtq αpx, tq}L2pdxq, we write

}V2px´ vtq αpx, tq}
2
L2pdxq “

ż

R
|V2px´ vtq|

2 η2
1pxq dx ď

ż

R
C2 ¨ Xt|x´vt|ďa2u ¨ e´2c|x| dx

“ C2

vt`a2
ż

vt´a2

e´2c|x| dx

ď C2e
´2c|vt´a2|.

It follows that we can bound (2.12) by the quantity

C0e
´γt
` C2e

´2c|vt´a2|

which is integrable in t as desired. Now we need to look at (2.13):

›

›

›

›

ˆ

i
B

Bt
´H

˙

eiv
2t{2ε

rϕ0py, tq αpx, tq

›

›

›

›

L2pdxdyq

ď

›

›

›

›

ˆ

i
B

Bt
`

1

2m
∆y

˙

eiv
2t{2ε

rϕ0py, tq

›

›

›

›

L2pdyq

`

›

›

›

›

rϕ0py, tq

ˆ

i
B

Bt
`

1

2
∆x ´ V1pxq ´ V2px´ yq

˙

αpx, tq

›

›

›

›

L2pdxdyq

“

›

›

›
V2px´ yq rϕ0py, tq η1pxq

›

›

›

L2pdxdyq

“

›

›

›
V2px´ yq F´1

ε

”

F ppq ϕ0p1, 1` it, ε, v,´vt, pq
ı

pyq η1pxq
›

›

›

L2pdxdyq
.

We attack the estimation of the above norm by considering it in two disjoint regions of R2:

the so-called classically allowed and classically forbidden regions, defined with respect to
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where we placed b in defining the cutoff function F ppq. To this end, we define

Xapx, y, tq “

$

&

%

1 if |y ´ vt| ď bt and |x´ y| ď a2,

0 otherwise.

and

Xfpx, y, tq “

$

&

%

1 if |y ´ vt| ą bt and |x´ y| ď a2,

0 otherwise.

So, we are interested in estimating

›

›V2px´ yq F´1
ε

“

F ppqϕ0p1, 1` it, ε, v,´vt, pq
‰

pyq η1pxq
`

Xapx, y, tq ` Xfpx, y, tq
˘
›

›

L2pdxdyq

It will be notationally convenient to write

Υpy, tq “ eiv
2t{p2εq F´1

ε

”

F ppq ϕ0p1, 1` it, ε, v,´vt, pq
ı

pyq

so that we are actually trying to estimate

›

›V2px´ yq Υpy, tq η1pxq
`

Xapx, y, tq ` Xfpx, y, tq
˘
›

›

L2pdxdyq
.

We’ll break this up using the triangle inequality and work with the classically allowed and

forbidden regions individually.

2.3.1 The classically allowed region

The estimation of the L2 norm for the classically allowed region goes as follows:

}V2px´ yq Υpy, tq η1pxq Xapx, y, tq}L2pdxdyq

“

¨

˝

ż

R

dx

ż

R

dy |V2px´ yq|
2
ˇ

ˇ

rϕ0p1` it, 1, ε, vt, v, yq η1pxq Xapx, y, tq
ˇ

ˇ

2

˛

‚

1
2

ď C2

›

›

rϕ0p1` it, 1, ε, vt, v, yq η1pxq Xapx, y, tq Xt|x´y|ďa2u
›

›

L2pdxdyq
,

where we have again used the fact that V2 P C
8
0 to write |V2px´yq| ď C2 ¨Xt|x´y|ďa2u for some

C2, a2 ą 0. So, in computing this norm, we are interested in the region where |y ´ vt| ď bt
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and |x ´ y| ď a2. This lies inside the region where vt ´ bt ´ a2 ď x ď vt ` bt ` a2. Since

|η1pxq| ď Cde
´d|x| and }rϕ0}L2pdyq ď }ϕ0}L2pdyq “ 1, we have

}V2 ¨ η1 ¨Υ ¨ Xa}L2pdxdyq ď C2 ¨ Cd
›

›Xa ¨ Xt|x´y|ďa2u ¨ e´d|x| ¨
`

ed|x| η1pxq
˘

¨ rϕ0p1` it, 1, ε, vt, v, yq
›

›

L2pdxdyq

ď C2

›

›Xa ¨ X|x´y|ďa2 ¨ e´d|x| rϕ0p1` it, 1, ε, vt, v, yq
›

›

L2pdxdyq

ď C2

¨

˝

vt`bt`a2
ż

vt´bt´a2

e´2d|x| dx

˛

‚

1
2

¨

˚

˝

pv`bqt
ż

pv´bqt

dy |rϕ0p1` it, 1, ε, vt, v, yq|
2

˛

‹

‚

1
2

ď C2 ¨
a

2pbt` a2q ¨ e
´d|vt´bt´a2| ¨ 1

ď Kte´d0t,

as long as t is taken to be sufficiently large.

2.3.2 The classically forbidden region

In this section, we will investigate

›

›V2px´ yqΥpy, tq η1pxq Xfpx, y, tq
›

›

L2pdxdyq
.

We first write Υ as the inverse transform of its Fourier transform:

Υpy, tq “
1

2πε

ż

R
dp1 eip

1y{ε

ż

R
dξ e´ipξ{ε eiv

2t{p2εq F´1
ε

”

F ppq ϕ0p1, 1` it, ε, v,´vt, pq
ı

pξq.

If we evaluate this at t “ 0, we get

Υpy, 0q “
1

2πε

ż

R
dp eipy{ε

ż

R
dξ e´ipξ{ε F´1

ε

”

F ppq ϕ0p1, 1, ε, v, 0, pq
ı

pξq.

Since taking the second derivative of this expression with respect to y brings down a factor

of ´p2{ε2 and Υpy, tq has propagator

UΥpt, 0q “ exp

ˆ

iεt

2

d2

dy2

˙

,
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we see that

Υpy, tq “ UΥpt, 0q Υpy, 0q “
1

?
2πε

ż

R
dp eipy{ε e´ip

2t{p2εq

ż

R
dξ e´ipξ{ε F´1

ε

”

F ppq ϕ0p1, 1, ε, v, 0, pq
ı

pξq

“
1

?
2πε

ż

R
dp eipy{ε e´ip

2t{p2εq F ppq ϕ0p1, 1, ε, v, 0, pq.

Now, we make several changes of variables. Let z “ p´ v. Then we find

Υpy, tq “
1

?
2πε

ż

R
dz eipv`zqy{ε e´ipv`zq

2t{p2εq F pv ` zq ϕ0p1, 1, ε, 0, 0, zq

“
1

?
2πε

e´iv
2t{p2εq eivy{ε

ż

R
dz exp

„

i

ε

ˆ

zpy ´ vtq ´
z2t

2

˙

F pv ` zq ϕ0p1, 1, ε, 0, 0, zq.

Now, we let µ “ z{
?
ε. Then since dz “

?
ε dµ, the above becomes

1
?

2π
e´iv

2t{p2εq eivy{ε
ż

R
dµ exp

„

i

ε

ˆ

?
ε µpy ´ vtq ´

εµ2t

2

˙

¨F pv`
?
εµq¨ε´1{4 ϕ0p1, 1, 1, 0, 0, µq.

Reducing and rewriting slightly, we have

Υpy, tq “ p2πq´1{2 ε´1{4 eiε
´1v2t eiε

´1vpy´vtq

ż

R
dµ eiε

´1{2rµpy´vtq´ε1{2µ2t{2s
¨F pv`

?
εµq ϕ0p1, 1, 1, 0, 0, µq.

This invites us to define the following two functions of µ:

fpµq “ µpy ´ vtq ´
1

2
ε1{2µ2t, gpµq “ F pv `

?
εµq ϕ0p1, 1, 1, 0, 0, µq.

Since F is supported on the set tp P rv ´ b, v ` bsu and p “ v ` ε1{2µ, we have v ´ b ď

v ` ε1{2µ ď v ` b, or ´ε´1{2b ď µ ď ε´1{2b. So the integral above can be written

b{
?
ε

ż

´b{
?
ε

dµ eiε
´1{2fpµq gpµq “

b{
?
ε

ż

´b{
?
ε

dµ
´

f 1pµq eiε
´1{2fpµq

¯

ˆ

gpµq

f 1pµq

˙

.

We can now integrate by parts, letting

u “
gpµq

f 1pµq
ñ du “

g1pµq

f 1pµq
´
gpµqf2pµq

pf 1pµqq2
, dv “ f 1pµq eiε

´1{2fpµqdµñ v “ ´iε1{2eiε
´1{2fpµq.
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Using the fact that f 1pµq “ y ´ vt´ ε1{2µt and f2pµq “ ´ε1{2t, we find that

b{
?
ε

ż

´b{
?
ε

dµ eiε
´1{2

`

µpy´vtq´ε1{2µ2t{2
˘

F pv `
?
εµq ϕ0p1, 1, 1, 0, 0, µq

“ iε1{2
b{
?
ε

ż

´b{
?
ε

eiε
´1{2fpµq

ˆ

g1pµq

y ´ vt´ ε1{2µt
` ε1{2t

gpµq

py ´ vt´ ε1{2µtq2

˙

dµ.

We’ll need to do one more integration by parts to get the decay in time we need. The first

integral above looks like

iε1{2
b{
?
ε

ż

´b{
?
ε

`

f 1pµq eiε
´1{2fpµq

˘

ˆ

g1pµq

pf 1pµqq2

˙

dµ

“ ´iε1{2p´iε1{2q

b{
?
ε

ż

´b{
?
ε

dµ eiε
´1{2fpµq

ˆ

g2pµq

pf 1pµqq2
´

2f2pµqg1pµq

pf 1pµqq3

˙

“ ´ε

b{
?
ε

ż

´b{
?
ε

dµ e´iε
´1{2fpµq

ˆ

g2pµq

py ´ vt´ ε1{2µtq2
` 2ε1{2t

g1pµq

py ´ vt´ ε1{2µtq3

˙

We pause for a moment to define I1 and I2 as follows:

I1 “ ´ε

b{
?
ε

ż

´b{
?
ε

dµ e´iε
´1{2fpµq g

2pµq ¨ Xfpx, y, tq

py ´ vt´ ε1{2µtq2
, I2 “ ´2ε3{2t

b{
?
ε

ż

´b{
?
ε

dµ e´iε
´1{2fpµq g

1pµq ¨ Xfpx, y, tq

py ´ vt´ ε1{2µtq3
.
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Similarly, the second integral looks like

iεt

b{
?
ε

ż

´b{
?
ε

`

f 1pµqeiε
´1{2fpµq

˘

ˆ

gpµq

pf 1pµqq3

˙

dµ

“ ´ε3{2t

b{
?
ε

ż

´b{
?
ε

eiε
´1{2fpµq

ˆ

g1pµq

py ´ vt´ ε1{2µtq3
` 3ε1{2t

gpµq

py ´ vt´ ε1{2µtq4

˙

.

And we will define

I3 “ ´ε
3{2t

b{
?
ε

ż

´b{
?
ε

dµ eiε
´1{2fpµq g

1pµq ¨ Xfpx, y, tq

py ´ vt´ ε1{2µtq3
, I4 “ ´3ε2t2

b{
?
ε

ż

´b{
?
ε

dµ eiε
´1{2fpµq gpµq ¨ Xfpx, y, tq

py ´ vt´ ε1{2µtq4
.

Note that

g1pµq “ ε1{2F 1ϕ0 ` Fϕ
1
0 and g2pµq “ εF 2ϕ0 ` 2ε1{2F 1ϕ10 ` Fϕ

2
0.

Since F P C80 pRq, there exist positive constants Dn so that
›

›F pnq
›

›

8
ď Dn for every n P N0 “

N Y t0u. Also, a computation tells us there exist constants Cn ą 0 such that
›

›

›
ϕ
pnq
0

›

›

›

8
ď Cn

for all n P N0. We will need these estimates in what follows.

We have that

Υpy, tq ¨ Xfpx, y, tq “ p2πq
´1{2 ε´1{4 eiε

´1v2t eiε
´1vpy´vtq

4
ÿ

n“1

In,

so the triangle inequality gives

ˇ

ˇΥpy, tq ¨ Xfpx, y, tq
ˇ

ˇ ď
1
?

2π

4
ÿ

n“1

ε´1{4
|In|.

We now take a look at each of the terms in the sum separately.

• I1: After taking the absolute values inside the integral and using the triangle inequality,
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we see that

|I1| ď ε

b{
?
ε

ż

´b{
?
ε

dµ
|g2pµq| ¨ Xfpx, y, tq

py ´ vt´ ε1{2µtq2
ď ε2

b{
?
ε

ż

´b{
?
ε

dµ
|F 2pv `

?
εµq||ϕ0p1, 1, 1, 0, 0, µq|

|y ´ vt´ ε1{2µt|2
¨ Xfpx, y, tq

` 2ε3{2
b{
?
ε

ż

´b{
?
ε

dµ
|F 1pv `

?
εµq||ϕ10p1, 1, 1, 0, 0, µq|

|y ´ vt´ ε1{2µt|2
¨ Xfpx, y, tq

` ε

b{
?
ε

ż

´b{
?
ε

dµ
|F pv `

?
εµq||ϕ20p1, 1, 1, 0, 0, µq|

|y ´ vt´ ε1{2µt|2
¨ Xfpx, y, tq.

We use the fact that for each n P N we have |ϕ
pnq
0 | ď Cn to write

|I1| ď C0ε
2

b{
?
ε

ż

´b{
?
ε

dµ
|F 2pv `

?
εµq|

|y ´ vt´ ε1{2µt|2
¨ Xfpx, y, tq ` 2C1ε

3{2

b{
?
ε

ż

´b{
?
ε

dµ
|F 1pv `

?
εµq|

|y ´ vt´ ε1{2µt|2
¨ Xfpx, y, tq

` C2ε

b{
?
ε

ż

´b{
?
ε

dµ
|F pv `

?
εµq|

|y ´ vt´ ε1{2µt|2
¨ Xfpx, y, tq.

We now change the integration variable to z to remove all ε’s from the integrals. We

then have dµ “ ε´1{2dz, so

|I1| ď C0ε
3{2

b
ż

´b

dz
|F 2pv ` zq|

|y ´ vt´ zt|2
¨ Xfpx, y, tq ` 2C1ε

b
ż

´b

dz
|F 1pv ` zq|

|y ´ vt´ zt|2
¨ Xfpx, y, tq

` C2ε
1{2

b
ż

´b

dz
|F pv ` zq|

|y ´ vt´ zt|2
¨ Xfpx, y, tq.

Now, consider the interval r´b,´as. By Taylor’s theorem and the fact that F pnqpv´bq “
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F pnqpv ` bq “ 0 for all n P N, we have for z P r´b,´as

F pnqpv ` zq “���
���F pnqpv ´ bq `((((

((((
(((

F pn`1q
pv ´ bqpz ` bq `

z
ż

´b

pz ´ wqF pn`2q
pv ` wqdw

“

z
ż

´b

pz ´ wqF pn`2q
pv ` wqdw.

Hence for z P r´b,´as, we have

|F pnqpv ` zq| ď

z
ż

´b

|z ´ w||F pn`2q
pv ` wq|dw ď Dn`2

z
ż

´b

|z ´ w|dw “
1

2
Dn`2|z ` b|

2,

where Dk “ sup
wPr´b,´b`δs

|F pkqpv ` wq| ă 8. A similar argument allows us to obtain an

analogous result for z P ra, bs, only there we have

|F pnqpv ` zq| ď
1

2
Dn`2|z ´ b|

2.

After observing that F pnq “ δn,0 on r´a, as for n P N, it follows that

|I1| ď
C0D4

2
ε3{2

»

–

´a
ż

´b

dz
|z ` b|2 ¨ Xf

|py ´ vtq ´ zt|2
`

b
ż

a

dz
|z ´ b|2 ¨ Xf

|py ´ vtq ´ zt|2

fi

fl

`C1D3ε

»

–

´a
ż

´b

dz
|z ` b|2 ¨ Xf

|py ´ vtq ´ zt|2
`

b
ż

a

dz
|z ´ b|2 ¨ Xf

|py ´ vtq ´ zt|2

fi

fl

`
C2D2

2
ε1{2

»

–

´a
ż

´b

dz
|z ` b|2 ¨ Xf

|py ´ vtq ´ zt|2
`

a
ż

´a

dz
Xf

|py ´ vtq ´ zt|2
`

b
ż

a

dz
|z ´ b|2 ¨ Xf

|py ´ vtq ´ zt|2

fi

fl .

We now exploit the fact that |y ´ vt| ą bt when Xfpx, y, tq ‰ 0: For positive times

t ą 0, we have

|py ´ vtq ´ zt| ě |y ´ vt| ´ |zt| ą bt´ |z|t “ pb´ |z|qt.

Since we are working in the classically forbidden region, we’re outside the region where
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rϕ0 “ F ¨ ϕ0 ‰ 0, and that’s exactly the region where p R rv ´ b, v ` bs, so pb ´ |z|qt “

pb´ |p´ v|qt ą 0. Note that

|pb´ |z|qt|2 “

$

&

%

t2|b` z|2, z P r´b,´as,

t2|b´ z|2, z P ra, bs.

Therefore, we can write

|I1| ď
1

2
C0D2ε

3{2

„

b´ a

t2
`
b´ a

t2



` C1D1ε

„

b´ a

t2
`
b´ a

t2



`
1

2
C2D0ε

1{2

„

b´ a

t2
`

1

t2
2a

bpb´ aq
`
b´ a

t2



“
ε3{2

t2
¨ C0D2pb´ aq `

ε

t2
¨ 2C1D1pb´ aq `

ε1{2

t2

ˆ

C2D0pb´ aq `
2a

bpb´ aq

˙

“ K0
ε3{2

t2
`K1

ε

t2
`K2

ε1{2

t2
.

• I2: Again, we bring the absolute values inside the integral and find that

|I2| ď 2ε3{2t

b{
?
ε

ż

´b{
?
ε

dµ
|g1pµq| ¨ Xfpx, y, tq

|y ´ vt´ ε1{2µt|3

ď 2C0ε
2t

b{
?
ε

ż

´b{
?
ε

dµ
|F 1pv `

?
εµq| ¨ Xfpx, y, tq

|y ´ vt´ ε1{2µt|3
` 2C1ε

3{2t

b{
?
ε

ż

´b{
?
ε

dµ
|F pv `

?
εµq| ¨ Xfpx, y, tq

|y ´ vt´ ε1{2µt|3
.

Changing the integration variable to z gives

|I2| ď 2C0ε
3{2t

b
ż

´b

dz
|F 1pv ` zq| ¨ Xfpx, y, tq

|y ´ vt´ zt|3
` 2C1εt

b
ż

´b

dz
|F pv ` zq| ¨ Xfpx, y, tq

|y ´ vt´ zt|3
.

We can again invoke Taylor’s theorem as we did above on the interval r´b,´as to get

that, for z P r´b,´as,

|F pkqpv`zq| ď Dk`3

z
ż

´b

pz´wq2dw “
1

3
Dk`3|z`b|

3, where Dj “
1

2
sup

zPr´b,´as

|F pjqpv`zq| ă 8.
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For z P ra, bs, we find

|F pkqpv ` zq| ď
1

3
Dk`3|z ´ b|

3.

The estimates for |y´vt´zt| obtained above still hold: i.e., |y´vt´zt|3 ě |bt´|z|t|3.

And we have

|pb´ |z|qt|3 “

$

&

%

t3|b` z|3, z P r´b,´as,

t3|z ´ b|3, z P ra, bs.

Putting all of these estimates together, we can write

|I2| ď 2C0ε
3{2t

»

–

´a
ż

´b

dz
1
3
D4|z ` b|

3

t3|b´ |z||3
`

b
ż

a

dz
1
3
D4|z ´ b|

3

t3|b´ |z||3

fi

fl

` 2C1εt

»

–

´a
ż

´b

dz
1
3
D3|z ` b|

3

t3|b´ |z||3
`

a
ż

´a

dz
1

t3|b´ |z||3
`

b
ż

a

dz
1
3
D3|z ´ b|

3

t3|b´ |z||3

fi

fl

ď
2

3
C0D4

ε3{2

t2
¨ 2pb´ aq `

2

3
C1D3

ε

t2
¨ 2pb´ aq ` 2C1

ε

t2
¨
p2b´ aqa

pb´ aq2b2

“ J0
ε3{2

t2
` J1

ε

t2
` J2

ε1{2

t2
.

• I3: The integral I3 is very similar to I2, so we don’t have to do very much work here.

|I3| “
1

2
|I2| ď

1

2

ˆ

J0
ε3{2

t2
` J1

ε

t2
` J2

ε1{2

t2

˙

.

• I4: Bringing absolute values inside the integral, changing the integration variable to z,

and using the same bound for |ϕ0| used above, we obtain

|I4| ď 3C0ε
3{2t2

b
ż

´b

dz
|F pv ` zq| ¨ Xfpx, y, tq

|y ´ vt´ zt|4
.

We can argue using Taylor’s theorem as above that

|F pv ` zq| ď
D4

24

$

&

%

|z ` b|4 for z P r´b,´as,

|z ´ b|4 for z P ra, bs.
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It follows that, since we still have |py ´ vtq ´ zt| ě |b´ |z||,

|I4| ď 3C0ε
3{2t2

»

–

´a
ż

´b

dz
D4

24

|z ` b|4

t4|b´ |z||4
`

a
ż

´a

dz
1

t4|b´ |z||4
`

b
ż

a

dz
D4

24

|z ´ b|4

t4|b´ |z||4

fi

fl

ď 3C0
ε3{2

t2

ˆ

D4

12
pb´ aq `

2pa3 ´ 3a2b` 3ab2q

3b3pb´ aq3

˙

“ L
ε3{2

t2
.

Therefore, we have

|Υpy, tq ¨ Xfpx, y, tq|

ď t´2
p2πq´1{2

„ˆ

K0 `
3

2
J0 ` L

˙

ε5{4 `

ˆ

K1 `
3

2
J1

˙

ε3{4 `

ˆ

K2 `
3

2
J2

˙

ε1{4


.

It follows from Hölder’s inequality that, for all sufficiently large T ,

›

›

›
V2px´ yq e

iv2t{p2εqF´1
ε

”

F ppq ϕ0p1, 1` it, ε, v,´vt, pq
ı

pyq η1pxq
›

›

›

L2pdxdyq

“ }Υpy, tq V2px, yq η1pxq pXa ` Xfq}L2pdxdyq

ď }Υ ¨ Xa ¨ V2 ¨ η1} ` }Υpy, tq ¨ Xf}8 }V2}8 }η1pxq}L2pdxq

ď Kte´d0t ` t´2
p2πq´1{2

„ˆ

K0 `
3

2
J0 ` L

˙

ε5{4 `

ˆ

K1 `
3

2
J1

˙

ε3{4 `

ˆ

K2 `
3

2
J2

˙

ε1{4


.

So, for large times, we have the estimate

›

›

›

›

ˆ

i
B

Bt
´Hpεq

˙

Ψapx, y, tq

›

›

›

›

ď C0e
´γt
` C2e

´2c|vt´a2| `Kte´d0t ` t´2
p2πq´1{2

«

ˆ

K0 `
3

2
J0 ` L

˙

ε5{4

`

ˆ

K1 `
3

2
J1

˙

ε3{4 `

ˆ

K2 `
3

2
J2

˙

ε1{4

ff

“ C0e
´γt
`Me´2cvt

`Kte´d0t ` t´2Opε1{4q.

Integrating this in time on pT,8q, the magic lemma gives

}Ψ´Ψa} ď
e´γT

γ
`
K

d2
p1` dT q e´dT `

1

T
Opε1{4q. (2.17)
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2.3.3 Putting it all together

We have two sets of estimates for }Ψ´Ψa} – one given by (2.11), the other by (2.17). We

need to pick a time T to switch from one set to the other and still get the decay in ε that

we need. Suppose we have T “ | log ε|. (Recall that ε is a constant we are allowing to be

small.) Then the magic lemma gives

}Ψ´Ψa} ď| log ε|
´

A0 ε
´1{2 e´a

2{ε
` A1 ε

1{2 e´b
2{ε
`O

´

ε1{2 e´b
2{ε
¯¯

` A2

´

| log ε|
a

1` | log ε|2 ` sinh´1
| log ε|

¯

`
e´γ| log ε|

γ
`
K

d2
p1` d| log ε|q e´d| log ε|

`
1

| log ε|
Opε1{4q.

Taking εÑ 0 on the right hand side, we obtain the desired result of zero! Hence our proposed

Ψa is a good approximation, uniformly in time for t P r0,8q, to an exact solution to the

three-body problem. The calculation for t P p´8, 0s should be basically identical.



Chapter 3

A negative result for uniformity

In Chapter 2, we considered a model in which the mass of one of the large particles was

actually infinite. Of course, we would like to obtain a similar result about the uniform

closeness of the wave functions in time for a case where both large masses are actually

described by (say) localized Gaussian wave packets – that is, a case where both large masses

are allowed to move. However, as discussed in Chapter 1, there is little hope for finding a

result of this form if all the masses are allowed to move. This is the problem we now examine

by considering an exactly solvable two-particle system.

3.1 Problem setup

3.1.1 The IP solution

Let’s consider a model consisting only of two particles of masses µ1 “ ε´1 and µ3 “ 1 in one

dimension. It’s governed by the Schrödinger equation

i
Bψ

Bt
“ Hψ “

ˆ

´
ε

2

B2

Br2
1

´
1

2

B2

Br2
3

` V pr3 ´ r1q

˙

ψ. (3.1)

33
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Let’s apply the IP approximation to this problem, assuming v1 “ 0 and making the simpli-

fying assumption that r1ptq “ 0. The IP Hamiltonian is just

Hptq “ ´
1

2

B2

Br2
3

` V pr3q.

We will continue to study the channel where µ3 is bound to µ1, so let us suppose there exists

a bound state α satisfying

Hα “

ˆ

´
1

2

B2

Br2
3

` V pr3q

˙

αpr3q “ Eαpr3q. (3.2)

Observe that since α solves the above equation,

|α2| “ 2|V ´ E||α|

ď 2p}V }
8
` |E|q|α|

ď 2Cγp}V }8 ` |E|qe
´γ|r3|

ď 2Cγp}V }8 ` |E|q,

so α2 is bounded, and since H is self-adjoint, α can be chosen to be real. To obtain the

full IP model solution, we will multiply the bound state α by a Gaussian in r1, localized

in position (and momentum) space near zero, simply because we’re interested in something

that solves the free Schrödinger equation in r1:

ˆ

iε
B

Bt
`
ε2

2
∆1

˙

ϕ1 “ 0 ùñ ϕ1pr1, tq “ ϕ0 p1` it, 1, ε, 0, 0, r1q ,

So, the IP solution has the particularly simple form

ψpr1, r3, tq “ ϕ0 p1` it, 1, ε, 0, 0, r1q ¨ e
´iEtαpr3q



Adam S. Bowman A negative result for uniformity 35

3.1.2 The exact solution

But this model can be solved exactly ! Since M “ 1` ε´1
“

1` ε

ε
and µ “

ε´1

1` ε´1
“

1

1` ε
,

in center of mass coordinates R “
ε´1r1 ` r3

ε´1 ` 1
“
r1 ` εr3

1` ε
and x “ r3 ´ r1,

H “ ´
ε

2p1` εq

B2

BR2
´
ε` 1

2

B2

Bx2
` V pxq

“ ´
ε

2p1` εq

B2

BR2
`

ˆ

´
1

2

B2

Bx2
` V pxq ´

ε

2

B2

Bx2

˙

.

Since this Hamiltonian separates, we want to construct a solution ψpx,R, tq “ RpR, tqXpxq
to the Schrödinger equation

ˆ

i
Bψ

Bt
`

ε

2p1` εq

B2

BR2

˙

RpR, tq ´
ˆ

´
1

2

B2

Bx2
` V pxq ´

ε

2

B2

Bx2

˙

Xpxq “ 0.

By the discussion on pgs. 15-16 of [16], for small enough ε, our assumption (3.2) on α implies

the existence of a unique eigenvector ηpxq “ αpxq `Opεq such that

ˆ

´
1

2
p1` εq

B2

Bx2
` V pxq

˙

ηpxq “ E 1ηpxq.

Following [9], it is physically reasonable to set

RpR, tq “ ϕ0

ˆ

1`
it

1` ε
, 1, ε, 0, 0, R

˙

“ ϕ0

ˆ

1`
it

1` ε
, 1, ε, 0, 0,

r1 ` εr3

1` ε

˙

.

It can then be easily checked that the product wavefunction

Ψpr1, r3, tq “ e´iE
1tϕ0

ˆ

1`
it

1` ε
, 1, ε, 0, 0,

r1 ` εr3

1` ε

˙

ηpr3 ´ r1q

solves (3.1). Note that we have localized the wave packet describing R about the origin.

This is only an approximation, but it should be a more and more reasonable approximation

as we take εÑ 0.
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3.1.3 What we want to bound

Following the lead of Chapter 2, we are interested in showing that

›

›e´iEtϕ0 p1` it, 1, ε, 0, 0, r1qαpr3q

´e´iE
1tϕ0

ˆ

1`
it

1` ε
, 1, ε, 0, 0,

r1 ` εr3

1` ε

˙

ηpr3 ´ r1q

›

›

›

›

L2pdr1dr3q

(3.3)

goes to zero uniformly in t as ε Ñ 0. We use the triangle inequality to bound the above

norm from above by a sum of three pieces, where all norms henceforth are assumed to be

norms in L2pdr1dr3q unless otherwise stated:

(3.3) ď

›

›

›

›

ϕ0

ˆ

1`
it

1` ε
, 1, ε, 0, 0,

r1 ` εr3

1` ε

˙

pαpr3 ´ r1q ´ ηpr3 ´ r1qq

›

›

›

›

`

›

›

›

›

ˆ

e´iEtϕ0p1` it, 1, ε, 0, 0, r1q ´ e
´iE1tϕ0

ˆ

1`
it

1` ε
, 1, ε, 0, 0,

r1 ` εr3

1` ε

˙˙

αpr3q

›

›

›

›

`

›

›

›

›

ϕ0

ˆ

1`
it

1` ε
, 1, ε, 0, 0,

r1 ` εr3

1` ε

˙

pαpr3q ´ αpr3 ´ r1qq

›

›

›

›

“ P1pε, tq ` P2pε, tq ` P3pε, tq.

We now demonstrate that the norm P2 above does not go to zero uniformly in time.

3.1.4 An attempt at bounding P2

It can be shown that

ϕ0

´

1`
it

1` ε
, 1, ε, 0, 0,

r1 ` εr3

1` ε

¯

“ p1` εq1{2ϕ0

ˆ

1` it` ε,
1

1` ε
, ε,´εr3, 0, r1

˙

If we let A1 “ 1 ` itp1 ` εq´1, B1 “ 1, A2 “ 1 ` it ` ε, and B2 “ p1 ` εq´1, we find that

AiBi ` AiBi “ 2, putting us in the position to use Proposition 4 of [10] when we set about
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trying to estimate

P2pεq “
›

›

`

e´iEtϕ0p1` it, 1, ε, 0, 0, r1q

´p1` εq1{2e´iE
1tϕ0

`

1` it` ε, p1` εq´1, ε,´εr3, 0, r1

˘

¯

αpr3q

›

›

›

“

ż

R

dr1

ż

R

dr3

ˇ

ˇ

ˇ
e´iEtϕ0p1` it, 1, ε, 0, 0, r1q ´ p1` εq

1{2e´iE
1tϕ0

`

1` it` ε, p1` εq´1, ε,´εr3, 0, r1

˘

ˇ

ˇ

ˇ

2

|αpr3q|
2

“

ż

R

dr3|αpr3q|
2

ż

R

dr1

ˇ

ˇ

ˇ
e´iEtϕ0p1` it, 1, ε, 0, 0, r1q ´ p1` εq

1{2e´iE
1tϕ0

`

1` it` ε, p1` εq´1, ε,´εr3, 0, r1

˘

ˇ

ˇ

ˇ

2

.

Define

fcpr1, tq “ e´iEtϕ0p1`it, 1, ε, 0, 0, r1q, fdpr1, r3, tq “ e´iE
1tϕ0

`

1` it` ε, p1` εq´1, ε,´εr3, 0, r1

˘

.

Then

P2pεq “

ż

R
dr3|αpr3q|

2

ż

R
dr1

ˇ

ˇfcpr1, tq ´ p1` εq
1{2fdpr1, r3, tq

ˇ

ˇ

2

“

ż

R

dr3|αpr3q|
2
›

›fcpr1, tq ´ p1` εq
1{2fdpr1, r3, tq

›

›

2

L2pdr1q
.

Note that

›

›fcpr1, tq ´ p1` εq
1{2fdpr1, r3, tq

›

›

2

L2pdr1q
“
@

fc ´ p1` εq
1{2fd, fc ´ p1` εq

1{2fd
D

“ }fc}
2
` p1` εq }fd}

2
´ 2p1` εq1{2 Re xfc, fdy

“ 2` ε´ 2p1` εq1{2 Re xfc, fdy .

So

P2pεq “

ż

R
dr3|αpr3q|

2
`

2` ε´ 2p1` εq1{2 Re xfc, fdy
˘

“

ż

R
fεpr3qdr3.

Proposition 4 of [10] allows us to conclude

xfc, fdy “ e´ipE
1´Eqt

ˆ

2p1` εq

2` εp2` ε` itq

˙1{2

exp

ˆ

´
1

2
εr2

3

1

p2` εp2` ε` itqq

˙

Ñ 1 as εÑ 0.

Hence

lim
εÑ0

fεpr3q “ |αpr3q|
2 lim
εÑ0

`

2` ε´ 2p1` εq1{2 Re xfc, fdy
˘

“ 0.
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Since, for any ε ą 0 and for all t P R,

|xfc, fdy| “

d

2p1` εq
a

t2ε2 ` p2` εp2` εqq2
exp

ˆ

´
εr2

3p2` εp2` εqq

2pt2ε2 ` p2` εp2` εqq2q

˙

ď 1,

we also have the pr3q pointwise bound

|fεpr3q| ď |apr3q|
2
`

2` ε` 2p1` εq1{2 |Re xfc, fdy|
˘

ď |apr3q|
2
`

2` ε` 2p1` εq1{2 |xfc, fdy|
˘

ď |apr3q|
2
`

2` ε` 2p1` εq1{2
˘

,

so fε P L
1pdr3q for all ε. Since

lim
εÑ0

ż

R
dr3|αpr3q|

2
`

2` ε` 2p1` εq1{2
˘

“ 4

ż

R
dr3|αpr3q|

2
“

ż

R
dr3 lim

εÑ0

`

|αpr3q|
2
p2` ε` 2p1` εq1{2q

˘

,

we can invoke the generalized dominated convergence theorem (see, for instance, [19], pg.

89):

lim
εÑ0

P2pεq “ lim
εÑ0

ż

R
hεpr3qdr3 “

ż

R

´

lim
εÑ0

hεpr3q

¯

dr3 “ 0. (3.4)

However, these results are not uniform in time – an assertion which is the cornerstone of

this chapter.

Proposition 3.1.1. The result (3.4) is not uniform in time.

Proof. The quantifiers for time uniformity are as follows:

p@η ą 0qpDδ ą 0qp@t P Rqp@ε P p0, δqqpP pt, εq ă ηq.

The negation of this statement is:

pDη ą 0qp@δ ą 0qpDt P RqpDε P p0, δqqpP pt, εq ě ηq
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To simplify notation, let Apεq “ 2` 2ε` ε2. Then for any t P R, we have

P pt, |t|´1
q “

ż

R
|αpr3q|

2
ˇ

ˇ2` |t|´1
´ 2p1` |t|´1

q
1{2 Re xfc, fdy

ˇ

ˇ dr3

ě

ż

R
|αpr3q|

2
`

2` |t|´1
´ 2p1` |t|´1

q
1{2
|Re xfc, fdy |

˘

dr3

ě

ż

R
|αpr3q|

2
`

2` |t|´1
´ 2p1` |t|´1

q
1{2
| xfc, fdy |

˘

dr3

“

ż

R
|αpr3q|

2

ˆ

2` |t|´1
´

2
?

2p1` |t|´1q

pAp|t|´1q2 ` 1q1{4
exp

ˆ

´
r2

3p2` 2|t|´1 ` |t|´2q

2p2|t| ` 2` |t|´1 ` 1

˙˙

dr3

“

ż

R
Ftpr3qdr3.

It is easy to see that Ftpr3q Ñ 2
´

1´ 4

b

4
5

¯

|αpr3q|
2 “ Fpr3q, pointwise in r3, as t Ñ 8.

Since α is square-integrable, F is integrable. Note also that there exist positive constants C

and a such that

|Ftpr3q| ď Ce´2a|r3|
`

2` |t|´1
` 2p1` |t|´1

q
1{2
˘

“ Gtpr3q,

and that

lim
tÑ8

ż

R
Gtpr3qdr3 “ lim

tÑ8
p2` |t|´1

` 2p1` |t|´1
q
1{2
q

ż

R
Ce´2a|r3|dr3 “

8C

a
“

ż

R
lim
tÑ8

Gtpr3qdr3.

We can therefore once again invoke the generalized dominated convergence theorem (see

[19]) and conclude that

lim sup
tÑ8

P pt, |t|´1
q ě lim

tÑ8

ż

R
Ftpr3qdr3 “ 2

˜

1´
4

c

4

5

¸

}α}2L2pdr3q
« 0.109 }α}2L2pdr3q

ą 0.

Hence we can take (say) η “ 1
10
}α}2L2pdr3q

. Then, for any given δ ą 0, we need only find a |t|

so large that (1) ε “ |t|´1 P p0, δq and (2) P pt, |t|´1q ą 1
10
}α}2L2pdr3q

(such a t always exists,

by the definition of the lim sup). This proves that P pε, tq does not go to zero uniformly in

time.
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3.2 Some remarks

We remark that the crucial difference between the approach we have just taken and the

approach taken in the last chapter is that µ1, which is initially located at the origin, has in

this chapter been allowed to move. More precisely, it has been described by a Gaussian wave

packet which, though initially localized near the origin, spreads in time. The calculation in

Proposition 3.1.1 tells us that, by removing the “anchored” infinite mass and placing both

large masses on a equal footing, we have introduced enough bedlam into the system to make

a uniform result like the one obtained in Chapter 2 unattainable.

In light of this, it seems reasonable to attempt a weaker result about the S-matrix elements

in the situation where all three masses are allowed to move. This is the mantle we take up

in the next chapter.



Chapter 4

Results for the S-matrix

4.1 A word on notation

In this chapter, we will need to work with several norms on various Hilbert and Banach

spaces. Note that }¨}p, 1 ď p ď 8, will always refer to the Lp norm on R with respect to

Lebesgue measure in the appropriate variable, which should be clear from context. We use

}¨}L pX,Y q to denote the space of bounded linear operators from X to Y , where both X and

Y are normed vector spaces. The symbol X is used to denote an indicator function.

4.2 Statement and formulation

We once again study the one-dimensional scattering theory for a system of two large particles

and one light particle, as depicted in Figure 4.2, removing Chapter 2’s restriction that µ1 have

infinite mass but setting µ1 “ µ2 “ ε. In the pr1, r2, r3q system, the governing Hamiltonian

has the form
rH “ ´

ε

2
∆1 ´

ε

2
∆2 ´

1

2
∆3 ` V1pr3 ´ r1q ` V2pr3 ´ r2q, (4.1)

and the dynamics are controlled by the associated time-dependent Schrödinger equation

i B
Bt

Ψ “ rHΨ. We will restrict our attention to distant-past and distant-future behavior

characterized by the scattering channel defined by the cluster decomposition tC1, C2u shown

in Figure 4.1. Note that this is the same cluster decomposition discussed in the introduction!

41
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r1

O
r2

r3

µ1 “ 1{ε

µ2 “ 1{ε

µ3 “ 1

C1

C2

Figure 4.1: The cluster decomposition we will study for both distant-past and distant-
future behavior.

We therefore are concerned with estimating the S-matrix elements defined by

S “ pΩ´1 q
˚Ω`1 ,

where, as in (1.4), we have

Ω˘1 “ s-lim
tÑ¯8

eiHte´iH1t,

these operators expressed in a suitable set of Jacobi coordinates (defined shortly). We will

suppose that both V1 and V2 are elements of C80 pRq, the infinitely differentiable functions of

compact support. As such, there exist four positive constants C1, R1 and C2, R2 such that

|V1| ď C1X p|x| ď R1q and |V2| ď C2X p|x| ď R2q.

We will find it convenient to work with two different sets of clustered Jacobi coordinates –

one which is appropriate for the full three-body treatment of the channel under consideration,

and one that is more naturally suited to the impact parameter model.
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r1

O

r2

r3

R1

y “ r2 ´R1

ˆ
x “ r3 ´ r1

µ1 “ k{ε

µ2 “ 1{ε

µ3 “ 1

Figure 4.2: The clustered Jacobi coordinate setup for the full three-body analysis. We
constrain these particles to live in one spatial dimension, but they are shown here in two for
clarity. Note that the red vector R1 locates the center of mass of the cluster C1 consisting
of particles 1 and 3.

r1

O

r2

r3

R1

ζ “ r2 ´ r1

ˆ

ξ “ r3 ´R1

µ1 “ 1{ε

µ2 “ 1{ε

µ3 “ 1

Figure 4.3: The Jacobi coordinate setup for the IP analysis. The blue vector R1 locates
the center of mass of the cluster C1 consisting of particles 1 and 2.
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4.2.1 Jacobi coordinates for the full three-body problem

The standard construction of the channel wave operators for the channel of interest (see, e.g.,

[18], [5], or [25]) involves the Jacobi coordinate system shown in Figure 4.2. This system

allows us to easily remove the cluster-center-of-mass relative coordinate from the potentials

that appear in the channel Hamiltonian. The coordinates x and y were listed previously in

(1.2); for the particle masses shown in figure, those formulas become

x “ r3 ´ r1, y “ r2 ´
r1 ` εr3

1` ε
. (4.2)

The corresponding Hamiltonian governing the full system (with the kinetic energy of the

center of mass removed) is therefore given by

Hpx, yq “ ´
1

2
p1` εq∆x ´

ε

2

ˆ

2` ε

1` ε

˙

∆y ` V1pxq ` V2

ˆ

x

1` ε
´ y

˙

,

and the channel Hamiltonian we are interested in is obtained by just dropping V2:

H1px, yq “ H1 “ ´
1

2
p1` εq∆x ` V1pxq

looooooooooooomooooooooooooon

Hx
1

´
ε

2

ˆ

2` ε

1` ε

˙

∆y

loooooooomoooooooon

Hy
1

. (4.3)

We assume that there is a single, nondegenerate bound state η1 P L
1pR, dxq of Hx

1 with

corresponding energy Eε
1 ă 0; i.e.,

ˆ

´
1

2
p1` εq∆x ` V1pxq

˙

η1 “ Eε
1η1.

We remind the reader that a corollary to the O’Connor-Combes-Thomas theorem ([16], pgs.

198-201) furnishes positive constants Cd and d such that |η1pxq| ď Cde
´d|x|.

We now construct the channel wave operators

Ω˘1 “ s-lim
tÑ¯8

eiHte´iH1t, Ω˘1 : L2
pR, dxq b L2

pR, dyq.

These strong limits exist for our C80 potentials by, for instance, Theorem XI.35 of [18]. The

associated S-matrix element, which helps supply probabilistic information about incoming

and outgoing asymptotic states, is given by S11 “ pΩ
´
1 q
˚Ω`1 .
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4.2.2 Jacobi coordinates for the impact parameter model

In the impact parameter model, trivialization of the motion of the massive particles 1 and

2 allows us to consider a single-particle scattering problem involving a particle of unit mass

located by the vector r3 interacting with the time-dependent potential

V pr3, tq “ V1pr3 ´ v1tq ` V2pr3 ´ v2tq,

where we have made the classical approximations r1 ÞÑ v1t and r2 ÞÑ v2t. We take the

standard approach of assuming v1 ‰ v2 to deny ourselves the easy “out” of transitioning to

a moving reference frame and trivializing the time dependence out of the problem. We also

label the heavy particles in such a way that v2 ą v1, implying v ą 0.

If we choose to work with the clustered Jacobi coordinate system pξ, ζq depicted in Figure

4.3, then we are making the change of variables

ζ “ r2 ´ r1, ξ “ r3 ´
r1 ` r2

2
.

The Hamiltonian rH written in terms of these coordinates can be shown to have the form

Hpζ, ξq “ ´ε∆ζ ´
ε` 2

4
∆ξ ` V1

ˆ

ξ `
ζ

2

˙

` V2

ˆ

ξ ´
ζ

2

˙

. (4.4)

The utility of the coordinate system in Figure 4.3 can now be seen – the ζ variable is

trivialized in the pξ, ζq system under the IP model, whereas neither of the variables in (4.2)

would be trivialized. As we take εÑ 0, the coordinate ζ “ r2´ r1 approaches v2t´ v1t “ vt.

So, the correct form for the impact parameter Hamiltonian is actually

Hptq “ ´
1

2
∆ξ ` V1

ˆ

ξ `
vt

2

˙

` V2

ˆ

ξ ´
vt

2

˙

. (4.5)

This is the Hamiltonian of a single particle of unit mass located at ξ in an external, time-

dependent potential given by V pξ, tq “ V1

`

ξ ` vt
2

˘

`V2

`

ξ ´ vt
2

˘

. Our assumptions on V1 and

V2 satisfy the hypotheses of Theorem 2.1 of Graf’s work [6] (which is based on the results

in Yajima’s paper [30]), so Hptq generates a unitary propagator Upt, sq. The same theorem
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gives us the existence of a unitary propagator U1pt, sq generated by the channel Hamiltonian

H1ptq “ ´
1

2
∆ξ ` V1

ˆ

ξ `
vt

2

˙

.

We then define the impact parameter wave operators ω˘1 as follows:

ω˘1 “ s-lim
tÑ¯8

Up0, tqU1pt, 0qe
´ivξ{2, ω˘1 : L2

pdξq Ñ L2
pdξq.

(The presence of the phase e´ivξ{2.) The existence of the wave operators ω˘1 for our well-

behaved potentials is guaranteed by Proposition 20.1 of [15]. Using these wave operators, we

can of course define the impact parameter S-matrix element σ11pξq for this channel, given by

σ11pξq “ pω
´
1 q
˚ω`1 .

We now suppose there is a single, nondegenerate eigenvalue E1 ă 0 with corresponding

eigenvector α1 P L
1pR, dξq for the eigenvalue problem

ˆ

´
1

2
∆ξ ` V1pξq

˙

α1pξq “ E1αpξq.

Then, for every t P R, the function α1

`

x` vt
2

˘

satisfies

H1ptqα

ˆ

ξ `
vt

2

˙

“

ˆ

´
1

2
∆ξ ` V1

ˆ

ξ `
vt

2

˙˙

α1

ˆ

ξ `
vt

2

˙

“ E1α

ˆ

ξ `
vt

2

˙

.

Of course, if this is the case, then

U1pt, 0qe
´ivξ{2α1pξq “ e´iE1te´iv

2t{8e´ivξ{2α1

ˆ

ξ `
vt

2

˙

. (4.6)

Following the lead of Chapter 2, we seek a wave packet in ζ localized in position space around

ζ “ vt that satisfies the free time-dependent Schrödinger equation

ˆ

iε
B

Bt
`
ε2

2
p2q∆ζ

˙

ϕ0pζq “ 0,

which can be read off from (4.4). This gives us a reduced mass of 1
2
, so our wave packet
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should be localized in momentum space about v
2
. Let

ϕ0pζ, tq “ exp

ˆ

iv2t

4ε

˙

ϕ0

´

1` 2it, 1, ε, vt,
v

2
, ζ
¯

ùñ ϕ0pζq “ ϕ0

´

1, 1, ε, 0,
v

2
, ζ
¯

.

It follows that the impact parameter scattering operator σ11 acts on elements of the Hilbert

space L2pdξdζq “ L2pdξq b L2pdζq as the tensor product σ11pξq b I.

4.2.3 Coordinate transformation

Naturally, when we carry out our calculations, we will need to choose one system – either

px, yq or pξ, ζq – with which to work. We will therefore find the following variable transfor-

mations useful: To go from px, yq to pξ, ζq, it can be shown that

xpξ, ζq “ ξ `
ζ

2
, ypξ, ζq “

1

2

ˆ

2` ε

1` ε

˙

ζ ´
ε

1` ε
ξ. (4.7)

In the reverse direction, we have

ζpx, yq “ y `
ε

1` ε
x, ξpx, yq “

1

2

ˆ

2` ε

1` ε

˙

x´
y

2
. (4.8)

Proposition 4.2.1. The variable transformation given in (4.7) and (4.8) is unitary for

every ε.

Proof. We compute the Jacobian matrix:

Jpx, yq “

˜

Bξ
Bx

Bξ
By

Bζ
Bx

Bζ
By

¸

“

˜

1
2

`

2`ε
1`ε

˘

´1
2

ε
1`ε

1

¸

,

from which it follows that

det Jpx, yq “
2` ε

2` 2ε
`

ε

2` 2ε
“

2` 2ε

2` 2ε
“ 1.
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4.2.4 Wave functions

We need to choose a sensible element of L2pR, dyq to characterize the time evolution of the

y coordinate for the full three-body model. For small ε, the y coordinate is approximately

r2 ´ r1, so it seems physically reasonable that y should be highly localized around y “

v2t´v1t “ vt. This function should also satisfy the free time-dependent Schrödinger equation

in the y variable, which can be read off from (4.3):

i
B

Bt
ϕpy, tq “ Hy

1ϕpy, tq “ ´
ε

2

ˆ

2` ε

1` ε

˙

∆yϕpy, tq. (4.9)

This describes the free propagation of a “particle” at y of (reduced) mass γ “ 1`ε
2`ε

. Hence,

if our particle has (approximately) the velocity vt, it should have momentum γv. In light of

these considerations, [9] suggests it might be reasonable to use

ϕpy, tq “ ϕε0py, tq “ exp

ˆ

iγv2t

2ε

˙

ϕ0

`

1` itγ´1, 1, ε, vt, γv, y
˘

.

However, as in Chapter 2, there is the issue of removing momenta in some arbitrarily small

interval around p “ 0. Therefore we define a new cutoff function F ppq (where we are once

again using p as the momentum coordinate for y) with the following properties: Choose fixed

constants a, b P R such that 0 ă a ă b ă v{2. Construct F such that

• F P C8pRq, with F symmetric about p “ v{2.

• F ppq “ 1 for p P rv{2´ a, v{2` as.

• F ppq “ 0 for p R pv{2´ b, v{2` bq.

The final form we choose for ϕpy, tq is therefore

ϕpy, tq “ rϕε0py, tq “ exp

ˆ

´
iγv2t

2ε

˙

F´1
ε

“

F ppqϕ0

`

1, 1` itγ´1, ε, γv,´vt, p
˘‰

pyq.
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Note that, by Plancherel’s Theorem, }rϕε0py, tq} ď 1, since

}rϕε0py, tq}2 “
›

›F ppqϕ0

`

1, 1` itγ´1, ε, γv,´vt, p
˘›

›

2

ď
›

›ϕ0

`

1, 1` itγ´1, ε, γv,´vt, p
˘›

›

2

“ 1.

We will often use this fact in what follows. We should also remark that rϕε0py, tq is still a

solution of the time-dependent Schrödinger equation (4.9). To see why, we go to momentum

space.

›

›

›

›

ˆ

i
B

Bt
´Hy

1

˙

rϕε0py, tq

›

›

›

›

L2pdyq

“

›

›

›

›

ˆ

i
B

Bt
`

ε

2γ
∆y

˙

exp

ˆ

´
iγv2t

2ε

˙

F´1
ε

“

F ppqϕ0

`

1, 1` itγ´1, ε, γv,´vt, p
˘‰

pyq

›

›

›

›

L2pdyq

“

›

›

›

›

F ppq

ˆ

i
B

Bt
´

p2

2γε

˙

exp

ˆ

´
iγv2t

2ε

˙

ϕ0

`

1, 1` itγ´1, ε, γv,´vt, p
˘

›

›

›

›

L2pdpq

If we let ω “ γv2

2ε
and pψptq “ ϕ0 p1, 1` itγ

´1, ε, γv,´vt, pq, then after dropping F ppq this

norm is

ď

›

›

›

›

ie´iωt
´

´iω pψptq ` pψ1ptq
¯

`
p2

2γε
e´iωt pψptq

›

›

›

›

.

Since
pψptq “ π´1{4ε´1{4 exp

ˆ

´

ˆ

1`
it

γ

˙

pp´ γvq2

2ε
´
itv

ε
pp´ γvq

˙

,

this becomes

“

›

›

›

›

e´iωt pψptq

ˆ

γv2

2ε
´
v2γ

2ε
`

p2

2γε

˙

´
p2

2γε
e´iωt pψptq

›

›

›

›

“ 0,

as desired. In what follows, we will use rϕε0pyq to denote rϕε0py, 0q.

In light of the above discussion, it seems reasonable, given our consideration of a situation

in which the IP model is applicable, to allow our channel scattering operator S11 to act on

the product wave function

rϕε0pyqη1pxq.

Similarly, from the impact parameter perspective, we should be interested in the action of

σ11 on

ϕ0pζqα1pξq.
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It is the crucial connection between these two functions that will be explored in the remainder

of this chapter.

4.3 Statement of the result

We are now in a position to state the central result of this chapter. Note first that since

}ϕ0pζq}L2pdζq “ 1,

xϕ0pζqα1pξq, σ11rα1pξqϕ0pζqsyL2pdξdζq “ xα1pξq, σ11rα1pξqsyL2pdξq .

Theorem 4.3.1. The quantum amplitudes corresponding to the IP model for the three-body

scattering problem in (4.1) are good approximations to the full three-body amplitudes in the

sense that

ˇ

ˇ

ˇ
xη1pxqrϕ

ε
0pyq, S11rη1pxqrϕ

ε
0pyqsyL2pdxdyq ´ xα1pξq, σ11rα1pξqsyL2pdξq

ˇ

ˇ

ˇ
Ñ 0 (4.10)

as εÑ 0.

The proof of this theorem will require the result of the following proposition. It is clear from

the definitions of S and σ that (4.10) is equivalent to (4.11).

Proposition 4.3.1. If

›

›Ω˘1 rη1pxqrϕ
ε
0pyqspxpζ, ξq, ypζ, ξqq ´ ϕ0pζqω

˘
1 rα1pξqs

›

›

L2pdζdξq
Ñ 0 as εÑ 0,

then the difference in the amplitudes

ˇ

ˇ

ˇ

@

Ω´1 rη1pxqrϕ
ε
0pyqs,Ω

`
1 rη1pxqrϕ

ε
0pyqs

D

L2pdxdyq
´
@

ω´1 rα1pξqs, ω
`
1 rα1pξqs

D

L2pdξq

ˇ

ˇ

ˇ
(4.11)

also goes to zero as εÑ 0.

Proof. The notation Ω˘1 rη1pxqrϕ
ε
0pyqspxpζ, ξq, ypζ, ξqq simply indicates that we are express-

ing the function Ω˘1 rη1pxqrϕ
ε
0pyqs in terms of ξ and ζ. We use the fact that the variable

transformation pζ, ξq Ñ px, yq is unitary, together with the fact that the channel wave

operators are norm-preserving. (They are, in fact, partial isometries, as shown in, for in-

stance, [18].) To simplify notation for the proof, let Ω˘1 p¨, ¨q “ Ω˘1 rη1pxqrϕ0pyqsp¨, ¨q and
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ω˘1 pξ, ζq “ ϕ0pζqω
˘
1 rα1pξqs. Then Cauchy-Schwarz gives

ˇ

ˇ

ˇ

@

Ω´1 px, yq,Ω
`
1 px, yq

D

x,y
´
@

ω´1 pξq, ω
`
1 pξq

D

ξ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

@

Ω´1 px, yq,Ω
`
1 px, yq

D

x,y
´
@

ω´1 pξ, ζq, ω
`
1 pξ, ζq

D

ξ,ζ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

@

Ω´1 pxpζ, ξq, ypζ, ξqq,Ω
`
1 pxpζ, ξq, ypζ, ξqq

D

ξ,ζ
´
@

ω´1 pξ, ζq,Ω
`
1 pxpζ, ξq, ypζ, ξqq

D

ζ,ξ

`
@

ω´1 pξ, ζq,Ω
`
1 pxpζ, ξq, ypζ, ξqq

D

ζ,ξ
´
@

ω´1 pξ, ζq, ω
`
1 pξ, ζq

D

ξ,ζ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

@

Ω´1 pxpζ, ξq, ypζ, ξqq ´ ω
´
1 pξ, ζq,Ω

`
1 pxpζ, ξq, ypζ, ξqq

D

ζ,ξ

`
@

ω´1 pξ, ζq,Ω
`
1 pxpζ, ξq, ypζ, ξqq ´ ω

`
1 pξ, ζq

D

ζ,ξ

ˇ

ˇ

ˇ

ď
›

›Ω`1 pxpζ, ξq, ypζ, ξqq
›

›

›

›Ω´1 pxpζ, ξq, ypζ, ξqq ´ ω
´
1 pξ, ζq

›

›

`
›

›ω´1 pξ, ζq
›

›

›

›Ω`1 pxpζ, ξq, ypζ, ξqq ´ ω
`
1 pξ, ζq

›

›

“
›

›Ω´1 pxpζ, ξq, ypζ, ξqq ´ ω
´
1 pξ, ζq

›

›`
›

›Ω`1 pxpζ, ξq, ypζ, ξqq ´ ω
`
1 pξ, ζq

›

› .

Hence, showing that
›

›Ω˘1 pxpζ, ξq, ypζ, ξqq ´ ω
˘
1 pξ, ζq

›

›

L2pdξdζq
Ñ 0 as ε Ñ 0 is sufficient. This

now becomes our goal: to prove

›

›Ω˘1 rη1pxqrϕ0pyqspxpζ, ξq, ypζ, ξqq ´ ϕ0pζqω
˘
1 rα1pξqs

›

›

L2pdζdξq
Ñ 0 as εÑ 0. (4.12)

We provide the proof only for the “distant future” wave operators Ω´1 and ω´1 ; the proof for

Ω`1 and ω`1 is completely analogous.

4.3.1 Preliminary remarks

Before embarking on the proof, we pause to explain its structure and strategy. Let β ą 0 be

a given arbitrary positive real number. Choose a finite time T ą 0 such that

T ą max

"

R2

2
,
R2

v
,

1

dv
log

ˆ

8Cde
dR2
?

2R2

dvβ

˙

, T1

*

, (4.13)
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where T1 is a positive time such that the integral of the L1 function

C2Cde
6dR2

d

4

ˆ

R2 `
4

t
pb` δq

˙

exp p´8dt pv ´ pb` δqqq ă
β

4
.

(T1 exists by, e.g., Proposition 1.12 on pg. 65 of [23].) Note that for this T ,

Ω´1 “ s-lim
tÑ8

eiHte´iH1t “ s-lim
tÑ8

eiHpt`T qe´iH1pt`T q

“ eiTH
´

s-lim
tÑ8

eiHte´iH1t
¯

e´iTH1

“ eiTHΩ´1 e
´iTH1 .

(This is just the so-called “intertwining” property for the wave operators.) Therefore, (4.12)

is equivalent to the requirement that

›

›eiTHΩ´1 e
´iTH1η1pxqrϕ

ε
0pyq ´ e

iTHe´iTH1η1pxqrϕ
ε
0pyq

`eiTHe´iTH1η1pxqrϕ
ε
0pyq ´ ϕ0pζqrω

´
1 pα1qspξq

›

›

“
›

›eiTHpΩ´1 ´ Iqe
´iTH1η1pxqrϕ

ε
0pyq ` e

iTHe´iTH1η1pxqrϕ
ε
0pyq ´ ϕ0pζqrω

´
1 pα1qspξq

›

›

Ñ 0 as εÑ 0.

By the triangle inequality and the unitarity of the variable transformation, it will be sufficient

to show there exists a ρ ą 0 such that 0 ă ε ă ρ implies

›

›eiTHpΩ´1 ´ Iqe
´iTH1η1pxqrϕ

ε
0pyq

›

›

L2pdxdyq
ă
β

2
(4.14)

and
›

›eiTHe´iTH1η1pxpξ, ζqqrϕ
ε
0pypξ, ζqq ´ ϕ0pζqrω

´
1 pα1qspξq

›

›

L2pdξdζq
ă
β

2
. (4.15)

We will begin by considering (4.14). Since (as we will show) this piece concerns infinite-time

behavior, we will henceforth refer to the norm in (4.14) as the infinite times piece. We

will similarly refer to (4.15) as the finite times piece. We begin by controlling the infinite

times piece.
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4.4 Infinite times

We first observe that

eiTHpΩ´1 ´ Iqe
´iTH1η1pxqrϕ

ε
0pyq “ lim

tÑ8
eiTHeitHe´itH1e´iTH1η1pxqrϕ

ε
0pyq ´ e

iTHe´iTH1η1pxqrϕ
ε
0pyq

“ lim
tÑ8

“

eipt`T qHe´ipt`T qH1η1pxqrϕ
ε
0pyq ´ e

iTHe´iTH1η1pxqrϕ
ε
0pyq

‰

“ lim
tÑ8

“

eitHe´itH1η1pxqrϕ
ε
0pyq ´ e

iTHe´iTH1η1pxqrϕ
ε
0pyq

‰

“ lim
tÑ8

ż t

T

d

ds

`

eisHe´isH1η1pxqrϕ
ε
0pyq

˘

ds,

where in the last step we have used the fundamental theorem of calculus. Since

d

ds

`

eisHe´isH1η1pxqrϕ
ε
0pyq

˘

“ iHeisHe´isH1η1pxqrϕ
ε
0pyq ´ ie

isHH1e
´isH1

“ ieisHpH ´H1qe
´isH1η1pxqrϕ

ε
0pyq

“ ieisHV2

ˆ

x

1` ε
´ y

˙

e´isH1η1pxqrϕ
ε
0pyq,

we have the obvious bound

›

›eiTHpΩ´1 ´ Iqe
´iTH1η1pxqrϕ

ε
0pyq

›

›

L2pdxdyq
ď

ż 8

T

›

›

›

›

eisHV2

ˆ

x

1` ε
´ y

˙

e´isH1η1pxqrϕ
ε
0pyq

›

›

›

›

L2pdxdyq

ds

“

ż 8

T

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

e´isH1η1pxqrϕ
ε
0pyq

›

›

›

›

L2pdxdyq

ds

“

ż 8

T

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, sq

›

›

›

›

L2pdxdyq

ds.

So, switching back to t for the time variable, we would now like to investigate the t-

integrability of the norm

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, tq

›

›

›

›

L2pdxdyq

“

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqF
´1
ε

„

F ppqϕ0

ˆ

1, 1` i

ˆ

2` ε

1` ε

˙

t, ε,
1` ε

2` ε
v,´vt, p

˙

pyq

›

›

›

›

L2pdxdyq

“

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqF
´1
ε

„

F ppqϕ0

ˆ

1, 1`
it

γ
, ε, γv,´vt, p

˙

pyq

›

›

›

›

L2pdxdyq

.
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We will do this by considering it separately on two disjoint regions of y-space. Fix a δ ą 0

such that v
2
´ b ą δ, and let

Aptq “
"

y P R :

ˇ

ˇ

ˇ

ˇ

y ´
vt

2γ

ˇ

ˇ

ˇ

ˇ

ă
t

γ
pb` δq

*

be the open set which defines the “classically allowed region.” Define its complement Acptq
to be the “classically forbidden region.” Then certainly, for any t,

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, tq

›

›

›

›

L2pdxdyq

“

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, tq

´

XAptqpyq ` XAcptqpyq
¯

›

›

›

›

L2pdxdyq

,

so we can break this up using the triangle inequality and bound each piece individually.

4.4.1 The classically allowed region

The classically allowed region is easiest:

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, tqXAptqpyq

›

›

›

›

2

“

ż

R
dx

ż

R
dy

ˇ

ˇ

ˇ

ˇ

V2

ˆ

x

1` ε
´ y

˙
ˇ

ˇ

ˇ

ˇ

2

|η1pxq|
2
|rϕ0py, tq|

2XAptqpyq

ď C2
2C

2
d

ż

R
e´2d|x|dx

ż

R
|rϕ0py, tq|

2X
ˆ
ˇ

ˇ

ˇ

ˇ

x

1` ε
´ y

ˇ

ˇ

ˇ

ˇ

ă R2

˙

XAptqpyqdy.

The product of characteristic functions X
`
ˇ

ˇ

x
1`ε
´ y

ˇ

ˇ ă R2

˘

XAptqpyq can be rewritten, since

it is nonzero only when

´R2 ď
x

1` ε
´ y ď R2 and ´

t

γ
pb` δq ď y ´

vt

2γ
ď
t

γ
pb` δq.

This amounts to the requirement that

θ1 “ p1` εq

ˆ

vt

2γ
´
t

γ
pb` δq ´R2

˙

ď x ď p1` εq

ˆ

vt

2γ
`
t

γ
pb` δq `R2

˙

“ θ2,
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so we can say

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, tqXAptqpyq

›

›

›

›

2

ď C2
2C

2
d

ż θ2

θ1

e´2d|x|dx

ż

R
|rϕε0py, tq|

2dy

ď C2
2C

2
d

ż θ2

θ1

e´2d|x|dx.

As long as we make sure θ1 ą 0 – which we have done by assuming (4.13) – the x integral

can be estimated as

ż θ2

θ1

e´2d|x|dx ď 2

ˆ

R2 `
t

γ
pb` δq

˙

p1` εq exp

ˆ

´2dp1` εq

ˆ

vt

2γ
´
t

γ
pb` δq ´R2

˙˙

.

We therefore have, after taking square roots,

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, tqXAptqpyq

›

›

›

›

L2pdxdyq

ď C2Cde
dp1`εqR2

d

2

ˆ

R2 `
t

γ
pb` δq

˙

p1` εq exp

ˆ

´2dp1` εq

ˆ

vt

2γ
´
t

γ
pb` δq ´R2

˙˙

.

Provided we restrict our attention to ε ă 1 – which is certainly physically reasonable, since

we want the heavy particles to be (at least) heavier than 3 , which has unit mass! – we can

say

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, tqXAptqpyq

›

›

›

›

L2pdxdyq

ď C2Cde
6dR2

d

4

ˆ

R2 `
4

t
pb` δq

˙

exp p´8dt pv ´ pb` δqqq .

Since T satisfies (4.13), the integral
ş8

T
dt of this norm can be made smaller than β

4
. Our

remaining task is to show that we can make the classically forbidden piece less than β
4
.
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4.4.2 The classically forbidden region

We need to show

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, tqXAcptqpyq

›

›

›

›

L2pdxdyq

P L1
pR, dtq. (4.16)

We first write

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, tqXAcptqpyq

›

›

›

›

2

L2pdxdyq

“

ż

R
dx|η1pxq|

2

ż

R
dy

ˇ

ˇ

ˇ

ˇ

V2

ˆ

x

1` ε
´ y

˙
ˇ

ˇ

ˇ

ˇ

2

|rϕε0py, tq|
2XAptqpyq

ď }V2}
2
8

ż

R
dx|η1pxq|

2

ż

R
dy|rϕε0py, tq| ¨

`

|rϕε0py, tq|XAptqpyq
˘

ď }V2}
2
8
}rϕε0}8

ż

R
dx |η1pxq|

2

ż

R
dy |rϕε0py, tq|XAptqpyq

“ }V2}
2
8
}rϕε0}8

ż

R
dy |rϕε0py, tq|XAptqpyq.

The norm }rϕε0}8 is finite by Theorem IX.28 of [17]: since rϕε0py, tq P Dp´∆yq, we know it is

bounded and continuous, and that there exists a positive constant M ą 0, independent of ε

and t, such that

}rϕε0}8 ď }´∆y rϕ
ε
0py, tq} `M }rϕε0py, tq}

ď
›

›p2F ppqϕ0p1, 1` iγ
´1t, ε, γv,´vt, pq

›

›`M

ď

´v

2
` b

¯2

`M.

So, we would like to show that

ż

R
dy |rϕε0py, tq|XAptqpyq P L1

prT,8q, dtq

for the T we have chosen. We choose first to estimate

|rϕε0py, tq|XAcpy, tq.
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We first write rϕε0 as the inverse of its Fourier transform. Since

ϕε0py, tq “ exp

ˆ

iγv2t

2ε

˙

ϕ0

`

1` itγ´1, 1, ε, vt, γv, y
˘

,

we have

rϕε0py, tq “ exp

ˆ

´
iγv2t

2ε

˙

F´1
ε

“

F ppqϕ0

`

1, 1` itγ´1, ε, γv,´vt, p
˘‰

“ p2πεq´1e´iγv
2t{p2εq

ż

R
dp eipy{ε

ż

R
dy1e´ipy

1{εF´1
ε

“

F pp1qϕ0

`

1, 1` itγ´1, ε, γv,´vt, p1
˘‰

py1q.

Now, since rϕε0py, tq evolves under the dynamics captured by e´itHy , we have (formally)

e´itHyeipy{ε “ exp

ˆ

itε

2γ

d2

dy2

˙

eipy{ε “

ˆ

I `
itε

2γ

d2

dy2
` ¨ ¨ ¨

˙

eipy{ε “ e´itp
2{p2γεq,

so we have

rϕε0py, tq “ e´itHy rϕε0pyq “

p2πεq´1e´iγv
2t{p2εq

ż

R
dp eipy{εe´itp

2{p2γεq

ż

R
dy1e´ipy

1{εF´1
ε rF ppqϕ0 p1, 1, ε, γv, 0, p

1
qs py1q

“ p2πεq´1{2e´iγv
2t{p2εq

ż

R
eipy{εe´itp

2{p2γεqF ppqϕ0p1, 1, ε, γv, 0, pqdp.

We now make several changes of variables. First, let z “ p´ γv. Then the above becomes

rϕε0py, tq “ p2πεq
´1{2

ż

R
eipz`γvqy{εe´itpz`γvq

2{p2γεqF pz ` γvqϕ0p1, 1, ε, 0, 0, zqdz

“ p2πεq´1{2 exp

ˆ

ivγ

ε
py ´ vtq

˙
ż

R
eiyz{εe´itz

2{p2γεqe´itvz{εF pz ` γvqϕ0p1, 1, ε, 0, 0, zqdz.

To simplify notation, let φ “ vγ
ε
py ´ vtq. We make the change of variables µ “ ε´1{2z, and

note that ϕ0p1, 1, ε, 0, 0, zq “ ε´1{4ϕ0p1, 1, 1, 0, 0, µq. Then

rϕε0py, tq “ p2πq
´1{2ε´1{4eiφ

ż

R
eiyε

´1{2µe´itµ
2{p2γqe´itvε

´1{2µF pε1{2µ` γvqϕ0p1, 1, 1, 0, 0, µqdµ

“ p2πq´1{2ε´1{4eiφ
ż

R
exp

„

iε´1{2

ˆ

µpy ´ vtq ´
ε1{2

2γ
µ2t

˙

F pε1{2µ`γvqϕ0p1, 1, 1, 0, 0, µqdµ.
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Define functions f and g as follows:

fpµq “ µpy ´ vtq ´
ε1{2

2γ
µ2t and gpµq “ F pε1{2µ` γvqϕ0p1, 1, 1, 0, 0, µq.

Note that since the cutoff function F is supported only on the interval v
2
´ b ď p ď v

2
` b,

we can restrict the integral to

v

2
´ b ď ε1{2µ` γv ď

v

2
` b, or ε´1{2

ˆ

v

ˆ

1

2
´ γ

˙

´ b

˙

ď µ ď ε´1{2

ˆ

v

ˆ

1

2
´ γ

˙

` b

˙

.

Let β˘ “ β˘pεq “ ε´1{2
`

v
`

1
2
´ γ

˘

˘ b
˘

. Then

rϕε0py, tq “ p2πq
´1{2ε´1{4eiφ

β`
ż

β´

eiε
´1{2fpµqgpµqdµ

“ p2πq´1{2ε´1{4eiφ
β`
ż

β´

´

f 1pµqeiε
´1{2fpµq

¯ gpµq

f 1pµq
dµ.

(4.17)

The term inside parentheses inside the integrand has been arranged to be an exact derivative

(modulo a constant), so we are now able to integrate by parts. If we let

u “
gpµq

f 1pµq
ñ du “

g1pµq

f 1pµq
´
gpµqf2pµq

pf 1pµqq2
“ hpµq

and

dv “ f 1pµq eiε
´1{2fpµqdµñ v “ ´iε1{2eiε

´1{2fpµq

and use the fact that F pv
2
˘ bq “ 0, we find that the integral in (4.17) can be written as

iε1{2
ż β`

β´

eiε
´1{2fpµqhpµqdµ “ iε1{2

ż β`

β´

p´iε1{2q
´

iε´1{2f 1pµqeiε
´1{2fpµq

¯ hpµq

f 1pµq
dµ

“ ε

ż β`

β´

´

iε´1{2f 1pµqeiε
´1{2fpµq

¯ hpµq

f 1pµq
dµ.
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These stationary phase calculations permit us to get as much decay in t as we need; we will

need to go three (tedious) steps further. The next integration by parts gives

u “
hpµq

f 1pµq
ùñ du “

h1pµq

f 1pµq
´
hpµqf2pµq

pf 1pµqq2
“ jpµq.

It follows that

ε

ż β`

β´

´

iε´1{2f 1pµqeiε
´1{2fpµq

¯ hpµq

f 1pµq
dµ “ ´ε

ż β`

β´

eiε
´1{2fpµq jpµq

f 1pµq
dµ

“ ´ε

ż β`

β´

p´iε1{2q
´

iε´1{2f 1pµqeiε
´1{2fpµq

¯ jpµq

f 1pµq
dµ

“ iε3{2
ż β`

β´

´

iε´1{2f 1pµqeiε
´1{2fpµq

¯ jpµq

f 1pµq
dµ.

For the next iteration, let

u “
jpµq

f 1pµq
ùñ du “

j1pµq

f 1pµq
´
jpµqf2pµq

pf 1pµqq2
“ kpµq.

Then

iε3{2
ż β`

β´

´

iε´1{2f 1pµqeiε
´1{2fpµq

¯ hpµq

f 1pµq
dµ “ ´ε2

ż β`

β´

p´iε1{2q
´

iε´1{2f 1pµqeiε
´1{2fpµq

¯ jpµq

f 1pµq
dµ

“ ´ε2
ż β`

β´

´

iε´1{2f 1pµqeiε
´1{2fpµq

¯ kpµq

f 1pµq
dµ.

We will need to go one step further. Let

u “
kpµq

f 1pµq
ùñ du “

k1pµq

f 1pµq
´
kpµqf2pµq

pf 1pµqq2
.

We can compute k1pµq in terms of g and f 1. Our life is made simpler by observing that

f3pµq “ 0, since

f 1pµq “ y ´ vt´ ε1{2γ´1µt ùñ f2pµq “ ´ε1{2γ´1t ùñ f3pµq “ 0.
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After an egregious and not particularly enlightening computation, we obtain

du “
4
ÿ

n“0

Ln

ˆ

tε1{2

γ

˙n
gp4´nqpµq

pf 1pµqqn`4
dµ

for some (uninteresting) constants Ln P Z. Of course, we also have

dv “ iε´1{2f 1pµq eiε
´1{2fpµqdµ ùñ v “ eiε

´1{2fpµq.

So this last integration by parts allows us to write

rϕε0py, tq “ ´p2πq
1{2ε´1{4eiφε2

ż β`

β´

eiε
´1{2fpµq

4
ÿ

n“0

Ln

ˆ

tε1{2

γ

˙n
gp4´nqpµq

pf 1pµqqn`4
dµ.

Therefore, after “crashing through”1 the integral with absolute values, we obtain

|rϕε0py, tq|XAcptqpyq ď p2πq1{2ε7{4
4
ÿ

n“0

ż β`

β´

Ln

ˆ

tε1{2

γ

˙n
|gp4´nqpµq|

|f 1pµq|n`4
XAcptqpyqdµ.

To control each of these integrals, we will need the following expression for the mth derivative

of g:

gpmqpµq “
m
ÿ

k“0

ˆ

m

k

˙

εk{2F pkqpε1{2µ` γvqϕ
pm´kq
0 p1, 1, 1, 0, 0, µq.

A computation using ϕ0p1, 1, 1, 0, 0, µq “ π´1{4e´µ
2{2 tells us that

›

›

›
ϕ
pnq
0

›

›

›

8
ď 3π´1{4 for all

n P t0, 1, . . . , 4u. Therefore, since p “ ε1{2µ` γv, we can say

|gp4´nqpµq| ď 3π´1{4
4´n
ÿ

k“0

ˆ

4´ n

k

˙

εk{2|F pkqppq|.

Making the change of integration variable back to p and substituting in for the actual value

of f 1pµq “ y ´ pt
γ

, we find there exist positive constants Ln,k (independent of ε and t) such

that

|rϕε0py, tq|XAcptqpyq ď
4
ÿ

n“0

4´n
ÿ

k“0

Ln,kε
7{4εpk`nq{2

ż v
2
`b

v
2
´b

tn

γn
|F pkqppq|

|y ´ pt
γ
|n`4
XAcptqpyqdp. (4.18)

1It is our pleasure to thank John Rossi for introducing us to this charming mathematical colloquialism.
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There are a total of fifteen (15) terms in the above double sum, all of which are suitably well-

behaved in the following sense: Note that for any choice of n and k, the function |F pkqppq|

is, by definition of F , able to “donate” another characteristic function to the integrand:

tn

γn

ż v
2
`b

v
2
´b

|F pkqppq|

|y ´ pt
γ
|n`4
XAcptqpyqdp “

tn

γn

ż

R
dp

|F pkqppq|

|y ´ pt
γ
|n`4
XAcptqpyqX

´ˇ

ˇ

ˇ
p´

v

2

ˇ

ˇ

ˇ
ď b

¯

.

Now, we rescale the y and p in the denominator by factoring out a t{γ:

tn

γn

ż

R
dp

|F pkqppq|

|y ´ pt
γ
|n`4
XAcptqpyqX

´
ˇ

ˇ

ˇ
p´

v

2

ˇ

ˇ

ˇ
ď b

¯

“
tn

γn

ż

R
dp

|F pkqppq|

|
γy
t
´ p|n`4p t

γ
qn`4
XAcptqpyqX

´ˇ

ˇ

ˇ
p´

v

2

ˇ

ˇ

ˇ
ď b

¯

“

ˆ

γ4

t4

˙
ż

R
dp

|F pkqppq|

|
γy
t
´ p|n`4

XAcptqpyqX
´
ˇ

ˇ

ˇ
p´

v

2

ˇ

ˇ

ˇ
ď b

¯

.

The product XAcptqpyqX
`
ˇ

ˇp´ v
2

ˇ

ˇ ď b
˘

satisfies

XAcptqpyqX
´
ˇ

ˇ

ˇ
p´

v

2

ˇ

ˇ

ˇ
ď b

¯

“ X
´ˇ

ˇ

ˇ
p´

v

2

ˇ

ˇ

ˇ
ď b

¯ ”

X
´γy

t
ď
v

2
´ pb` δq

¯

` X
´γy

t
ě
v

2
` pb` δq

¯ı

.

Using the fact that the set |p ´ v{2| ď b is the same as p ´ v{2 ď b and p ´ v{2 ě ´b, this

product can be written as

XAcptqpyqX
´ˇ

ˇ

ˇ
p´

v

2

ˇ

ˇ

ˇ
ď b

¯

“ X
´γy

t
´ p ď ´δ

¯

X
´γy

t
` p ď v ´ δ

¯

` X
´γy

t
´ p ě δ

¯

X
´γy

t
` p ě v ` δ

¯

ď X
´γy

t
´ p ď ´δ

¯

` X
´γy

t
´ p ě δ

¯

.

Let Ξpzq “ X pz ď ´δq ` X pz ě δq. We have just shown that

γ4

t4

ż v
2
`b

v
2
´b

|F pkqppq|

|y ´ pt
γ
|n`4
XAcptqpyqdp “

γ4

t4

ż

R
dp

|F pkqppq|

|
γy
t
´ p|n`4

Ξ
´γy

t
´ p

¯

.

We now make the observation that the integrand above looks like a convolution of the

function |F pkqppq| P L1pR, dpq with the function Ξppq{|p|n`4 P L1pR, dpq. (The presence of Ξ
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is crucial for this inclusion!) This implies that

Hn,kpzq “

ˆ

Ξppq

|p|n`4
˚ |F pkqppq|

˙

pzq “

ż

R
dp
|F pkqppq|

|z ´ p|n`4
Ξ pz ´ pq P L1

pR, dzq

for every allowed choice of n and k. By Young’s inequality ([17], pg. 32), the integral of

Hn,kpγy{tq with respect to y is finite:

ż

R
Hn,k

´γy

t

¯

dy “
t

γ

ż

R
Hn,kpzqdz “

t

γ
}Hn,k}1 ă 8.

Hence

ż

R
dy |rϕε0py, tq|XAcptqpyq ď

4
ÿ

n“0

4´n
ÿ

k“0

Ln,kε
7{4εpk`nq{2

ż

R

dy

v
2
`b
ż

v
2
´b

tn

γn
|F pkqppq|

|y ´ pt
γ
|n`4
XAcptqpyqdp

ď
γ3

t3
ε7{4

4
ÿ

n“0

4´n
ÿ

k“0

εpk`nq{2Ln,k }Hn,k}1 ă 8.

So |rϕε0py, tq|XAcptqpyq P L1pdyq as desired. It follows that

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, tqXAcptqpyq

›

›

›

›

L2pdxdyq

ď }V2}8 }rϕ
ε
0}

1{2
8

ˆ
ż

R
dy |rϕε0py, tq|XAptqpyq

˙1{2

ď }V2}8 }rϕ
ε
0}

1{2
8

1

t3{2
γ3{2ε7{8

˜

4
ÿ

n“0

4´n
ÿ

k“0

εpk`nq{2Ln,k }Hn,k}1

¸1{2

P L1
prT,8q, dtq

for any T ą 0. Hence

ż 8

T

dt

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, tqXAcptqpyq

›

›

›

›

L2pdxdyq

ď

ż 8

T

dt }V2}8 }rϕ
ε
0}

1{2
8

γ3{2

t3{2
ε7{8

˜

4
ÿ

n“0

4´n
ÿ

k“0

εpk`nq{2Ln,k }Hn,k}1

¸1{2

“
2
?
T
ε7{8Iε,

where the constant Iε contains no negative powers of ε. This clearly can be made smaller

that β{4 for any T by choosing a sufficiently small ε.
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4.4.3 The infinite times piece – a recap

Pick a time T ą 0 that satisfies (4.13), and let ε0 be chosen such that 2T´1{2~7{8Iε ă
β
4

for

all 0 ă ε ă ε0. Then

›

›eiTHpΩ´1 ´ Iqe
´iTH1η1pxqrϕ

ε
0pyq

›

›

L2pdxdyq
ď

ż 8

T

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, tq

›

›

›

›

dt

ď

ż 8

T

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, tqXAptqpyq

›

›

›

›

dt

`

ż 8

T

›

›

›

›

V2

ˆ

x

1` ε
´ y

˙

η1pxqrϕ
ε
0py, tqXAcptqpyq

›

›

›

›

dt

ă
β

4
`
β

4
“
β

2
,

as desired.

4.5 Finite times

We would now like to control (4.15), the finite times piece: Given any β ą 0, we want to

show that
›

›eiTHe´iTH1η1pxqrϕ
ε
0pyq ´ ϕ0pζqω

´
1 rα1pξqs

›

›

L2pdξdζq
ă
β

2
,

where of course it is understood that x “ xpξ, ζq and y “ ypξ, ζq. We first use the triangle

inequality to say

›

›eiTHe´iTH1η1pxqrϕ
ε
0pyq ´ ϕ0pζqω

´
1 rα1pξqs

›

›

ď
›

›eiTHe´iTH1η1pxqrϕ
ε
0pyq ´ ϕ0pζqUp0, T qU1pT, 0qα1pξq

›

›

`
›

›ϕ0pζqUp0, T qU1pT, 0qα1pξq ´ ϕ0pζqω
´
1 rα1pξqs

›

› “ N1 `N2.

We first try to control the norm N2. Since

ω´1 rα1pξqs “ lim
tÑ8

Up0, tqU1pt, 0qα1pξq

“ lim
tÑ8

„

Up0, tqe´iE1te´iv
2t{8e´ivξ{2α1

ˆ

ξ `
vt

2

˙

,
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we have

N2 “
›

›

`

Up0, T qU1pT, 0qα1pξq ´ ω
´
1 rα1pξqs

˘

ϕ0pζq
›

›

L2pdξdζq

“
›

›Up0, T qU1pT, 0qα1pξq ´ ω
´
1 rα1pξqs

›

›

L2pdξq

“

›

›

›
Up0, T qU1pT, 0qα1pξq ´ lim

tÑ8
rUp0, tqU1pt, 0qα1pξqs

›

›

›

L2pdξq

“ lim
tÑ8

}Up0, T qU1pT, 0qα1pξq ´ Up0, tqU1pt, 0qα1pξq}L2pdξq

“ lim
tÑ8

›

›

›

›

ż t

T

d

ds
rUp0, sqU1ps, 0qα1pξqs ds

›

›

›

›

L2pdξq

“ lim
tÑ8

›

›

›

›

ż t

T

piUp0, sqHpsqU1ps, 0qα1pξq ´ iUp0, sqH1psqU1ps, 0qα1pξqq ds

›

›

›

›

L2pdξq

“ lim
tÑ8

›

›

›

›

ż t

T

Up0, sqpHpsq ´H1psqqU1ps, 0qα1pξqds

›

›

›

›

L2pdξq

ď lim
tÑ8

ż t

T

›

›

›

›

V2

ˆ

ξ ´
vt

2

˙

U1ps, 0qα1pξq

›

›

›

›

L2pdξq

ds

“ lim
tÑ8

ż t

T

›

›

›
V2pξ ´ vt{2qe

´iE1te´iv
2t{8e´ivξ{2α1pξ ` vt{2q

›

›

›

L2pdξq
ds

“ lim
tÑ8

ż t

T

ds

ˆ
ż

R
|V2pξq|

2
|α1pξ ` vsq|

2dξ

˙1{2

ď lim
tÑ8

Cd

ż t

T

ds

¨

˝

R2
ż

´R2

e´2d|ξ`vs|dξ

˛

‚

1{2

ď Cd lim
tÑ8

ż t

T

ds

¨

˝

vs`R2
ż

vs´R2

e´2d|u|du

˛

‚

1{2

ď Cde
dR2

a

2R2 lim
tÑ8

ż t

T

e´dvsds

“
Cde

dR2
?

2R2

dv
e´dvT .

In making the above estimate, we have used the fact that v ą 0 and that T ą R2

v
by way of

(4.13) on page 51. The above expression is therefore less than β
6
.

We now return to N1. To control this norm, we will need the following unitary propagators,
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all of which exist by Theorem 20.1 of [15]:

W pt, sq is generated by ´
1

2
p1` εq∆x ´

ε

2

ˆ

2` ε

1` ε

˙

∆y ` V1pxq ` V2

ˆ

x

1` ε
´ vt

˙

,

W ε
xpt, sq is generated by Hε

x “ ´
1

2
p1` εq∆x ` V1pxq ` V2

ˆ

x

1` ε
´ vt

˙

,

Wxpt, sq is generated by ´
1

2
∆x ` V1pxq ` V2 px´ vtq ,

Wypt, sq is generated by Hy
1 “ ´

ε

2

ˆ

2` ε

1` ε

˙

∆y.

We first make use of W pt, sq. Note that

N1 “
›

›eiTHe´iTH1η1pxqrϕ
ε
0pyq ´ Up0, T qU1pT, 0qα1pξqϕ0pζq

›

›

ď
›

›eiTHe´iTH1η1pxqrϕ
ε
0pyq ´W p0, T qe

´iTH1η1pxqrϕ
ε
0pyq

›

›

`
›

›W p0, T qe´iTH1η1pxqrϕ
ε
0pyq ´ Up0, T qU1pT, 0qα1pξqϕ0pζq

›

› “ N3 `N4. (4.19)

We first bound the N3 term. First, note that

N3 “
›

›eiTH
“

e´iE1Tη1pxqrϕ0py, T q
‰

´W p0, T q
“

e´iE1Tη1pxqrϕ0py, T q
‰
›

› .

We would now like to use a finite-times variant of Lemma 2.1.1, the magic lemma, for

potentially time-dependent Hamiltonians. We now state and prove this lemma, since we will

need it a few times in the remaining calculations.

Lemma 4.5.1 (The magic lemma for finite times). Suppose Hptq generates the unitary

propagator Upt, sq and H1ptq generates U1pt, sq. Suppose there exists a vector ϕ such that,

for t P r0, T s,
›

›

›

›

ˆ

i
B

Bt
´Hptq

˙

U1pt, T qϕ

›

›

›

›

ď µpε, tq (4.20)

for some bounded, t-measurable function µ. Then

}Upt, T qϕ´ U1pt, T qϕ} ď T sup
tPI
|µpε, tq|.

Proof. Let ψptq “ U1pt, T qϕ, and let fptq “ Upt, T qψpT q ´ ψptq. Then, provided (4.20) is

satisfied, the fundamental theorem of calculus gives, for any t ă T , that fpT q ´ fptq “
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´fptq “ ψptq ´ Upt, T qψpT q “
şT

t
f 1psqds. It follows that

}ψptq ´ Upt, T qψpT q} “ }UpT, tqψptq ´ ψpT q} “

›

›

›

›

ż T

t

d

ds
pUpT, sqψpsq ´ ψpT qq ds

›

›

›

›

“

›

›

›

›

ż T

t

ˆ„

´
d

ds
UpT, sq



ψpsq ´ UpT, sq
dψ

ds

˙

ds

›

›

›

›

“

›

›

›

›

ż T

t

ˆ

iUpT, sqHpsqψpsq ´ UpT, sq
dψ

ds

˙

ds

›

›

›

›

ď

ż T

t

›

›

›

›

iUpT, sq

ˆ

i
Bψ

Bs
´Hpsqψpsq

˙›

›

›

›

ds

“

ż T

t

›

›

›

›

ˆ

i
Bψ

Bs
´Hpsqψpsq

˙
›

›

›

›

ds

ď

ż T

t

µpsqds ď T sup
tPI
|µpε, tq|.

But }ψptq ´ Upt, T qψpT q} “ }U1pt, T qψ ´ Upt, T qψ} “ }Upt, T qψ ´ U1pt, T qψ}, so this is the

desired result.

We would now like to apply the lemma to N3 with e´ipt´T qH in place of Upt, T q and W pt, T q

in place of U1pt, T q. By the triangle inequality,

›

›eiTH
“

e´iE1Tη1pxqrϕ0py, T q
‰

´W p0, T q
“

e´iE1Tη1pxqrϕ
ε
0py, T q

‰
›

›

ď

›

›

›

›

ˆ

i
B

Bt
`

1

2
p1` εq∆x `

ε

2

ˆ

2` ε

1` ε

˙

´ V1pxq ´ V2

ˆ

x

1` ε
´ vt

˙˙

W pt, T q
“

e´iE1Tη1pxqrϕ
ε
0py, T q

‰

›

›

›

›

`

›

›

›

›

ˆ

V2

ˆ

x

1` ε
´ y

˙

´ V2

ˆ

x

1` ε
´ vt

˙˙

W pt, T q
“

e´iE1Tη1pxqrϕ
ε
0py, T q

‰

›

›

›

›

.

The first of these norms is zero by definition of W pt, sq. Since W pt, sq can be realized as

W ε
xpt, sq bWypt, sq “ W ε

xpt, sq b e
´iHy

1 t, we are able to write the second (nonzero) norm as

›

›

›

›

ˆ

V2

ˆ

x

1` ε
´ y

˙

´ V2

ˆ

x

1` ε
´ vt

˙˙

rϕε0py, tqW
ε
xpt, T q

“

e´iE1Tη1pxq
‰

›

›

›

›

. (4.21)

The fundamental theorem of calculus gives

V2

ˆ

x

1` ε
´ y

˙

´ V2

ˆ

x

1` ε
´ vt

˙

“

x
1`ε

´y
ż

x
1`ε

´vt

V 1psqds.
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Therefore,

ˇ

ˇ

ˇ

ˇ

V2

ˆ

x

1` ε
´ y

˙

´ V2

ˆ

x

1` ε
´ vt

˙
ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

x

1` ε
´ y ´

ˆ

x

1` ε
´ vt

˙
ˇ

ˇ

ˇ

ˇ

}V 12}8 “ |y ´ vt| }V
1

2}8 .

So, writing the norm in (4.21) as an integral, we have by Fubini’s theorem

›

›

›

›

ˆ

V2

ˆ

x

1` ε
´ y

˙

´ V2

ˆ

x

1` ε
´ vt

˙˙

rϕε0py, tqW
ε
xpt, T q

“

e´iE1Tη1pxq
‰

›

›

›

›

2

“

ż

R
dx

ż

R
dy

ˇ

ˇ

ˇ

ˇ

V2

ˆ

x

1` ε
´ y

˙

´ V2

ˆ

x

1` ε
´ vt

˙ˇ

ˇ

ˇ

ˇ

2

|rϕε0py, tq|
2
ˇ

ˇWxpt, T q
“

e´iE1Tη1pxq
‰
ˇ

ˇ

2

ď }V 12}8

ż

R
dy|y ´ vt|2|rϕε0py, tq|

2

ż

R
dx

ˇ

ˇW ε
xpt, T q

“

e´iE1Tη1pxq
‰
ˇ

ˇ

2

“ }V 12}8

ż

R
dy|y ´ vt|2|rϕε0py, tq|

2
›

›W ε
xpt, T q

“

e´iE1Tη1pxq
‰
›

›

2

L2pdxq
.

By unitarity of W ε
xpt, T q and the fact that η1 is normalized, this just becomes

}V 12}8

ż

R
|y ´ vt|2|rϕ0py, tq|

2dy ď }V 12}8

ż

R
|y ´ vt|2|ϕ0py, tq|

2dy

“ }V 12}8

ż

R
|y ´ vt|2

ˇ

ˇ

ˇ

ˇ

ϕ0

ˆ

1` i

ˆ

2` ε

1` ε

˙

t, 1, ε, vt,
1` ε

2` ε
v, y

˙ˇ

ˇ

ˇ

ˇ

2

dy

“ }V 12}8 π
´1{2ε´1{2

˜

1`

ˆ

2` ε

1` ε

˙2

t2

¸´1{2
ż

R
|y ´ vt|2 exp

¨

˝´
py ´ vtq2

ε
´

1`
`

2`ε
1`ε

˘2
t2
¯

˛

‚dy.

This is an integral of the form
ş

R u
2e´u

2{α2
du “ 1

2
π1{2α3 for α “ ε1{2

´

1`
`

2`ε
1`ε

˘2
t2
¯1{2

, so

we conclude that

›

›

›

›

ˆ

V2

ˆ

x

1` ε
´ y

˙

´ V2

ˆ

x

1` ε
´ vt

˙˙

rϕ0py, tqW
ε
xpt, T q

“

e´iE1Tη1pxq
‰

›

›

›

›

2

ď
1

2
}V 12}8 ε

´1{2π´1{2

˜

1`

ˆ

2` ε

1` ε

˙2

t2

¸´1{2

¨ π1{2ε3{2

˜

1`

ˆ

2` ε

1` ε

˙2

t2

¸3{2

“
1

2
}V 12}8 ε

˜

1`

ˆ

2` ε

1` ε

˙2

t2

¸

.
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Taking square roots on both sides gives

›

›

›

›

ˆ

i
B

Bt
´H

˙

W pt, T q
“

e´iE1Tη1pxqrϕ0py, T q
‰

›

›

›

›

L2pdxdyq

ď ε1{2

˜

1

2
}V 12}8

˜

1`

ˆ

2` ε

1` ε

˙2

t2

¸¸1{2

“ µpε, tq.

The function µ is continuous in t, and

sup
tPI
|µpε, tq| “ ε1{2

˜

1

2
}V 12}8

˜

1`

ˆ

2` ε

1` ε

˙2

T 2

¸¸1{2

Ñ 0 as εÑ 0,

so Lemma 4.5.1 gives N3 Ñ 0 as ε Ñ 0 as desired. We can therefore choose an ε that will

make N3 less than β
6
.

Once more applying the fact that W pt, sq “ W ε
xpt, sq b e´iH

y
1 t, we are left with trying to

figure out how to bound

N4 “
›

›W p0, T qe´iTH1η1pxqrϕ
ε
0pyq ´ Up0, T qU1pT, 0qα1pξqϕ0pζq

›

›

“
›

›e´iTE
ε
1 rW ε

xp0, T qη1p¨qs pxqrϕ
ε
0pyq

´e´iTE1e´iv
2T {8

„

Up0, T qe´iv¨{2α1

ˆ

¨ `
vT

2

˙

pξqϕ0pζq

›

›

›

›

.

(4.22)

The brunt of the work lies here, and this piece is therefore worthy of its own subsection.

4.5.1 Bounding N4

We begin by using the triangle inequality to break N4 up into several pieces. It will be con-

venient here to introduce the following notation pertaining to the semiclassical wave packets,

since part of our strategy will be to show that the Gaussian in ζ is well approximated by the

Gaussian in y for small values of ε. Recall that rϕε0pyq “ F´1
ε

 

F ppqϕ0

`

1, 1, ε,
`

1`ε
2`ε

˘

v, 0, p
˘(

pyq.

We let ϕε0pyq “ ϕ0 p1, 1, ε, 0, γv, yq and observe that γv Ñ v
2

as εÑ 0. The triangle inequality
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applied to (4.22) gives:

N4 “

›

›

›

›

e´iTE
ε
1 rW ε

xp0, T qη1p¨qs pxqrϕ
ε
0pyq ´ e

´iTE1e´iv
2T {8

„

Up0, T qe´iv¨{2α1

ˆ

¨ `
vT

2

˙

pξqϕ0pζq

›

›

›

›

ď

›

›

›
e´iTE

ε
1

´

W ε
xp0, T qη1pxq ´Wxp0, T qη1pxq

¯

rϕε0pyq
›

›

›

L2pdxdyq

`
›

›e´iTE
ε
1rWxp0, T qη1p¨qspxq prϕ

ε
0pyq ´ ϕ

ε
0pyqq

›

›

L2pdxdyq

`

›

›

›
e´iTE

ε
1rWxp0, T qη1p¨qspxq

´

ϕε0pyq ´ ϕ0

´

1, 1, ε, 0,
v

2
, y
¯¯›

›

›

L2pdxdyq

`

›

›

›

›

e´iTE
ε
1rWxp0, T qη1p¨qs

ˆ

ξ `
ζ

2

˙

!

ϕ0

´

1, 1, ε, 0,
v

2
, ypζ, ξq

¯

´e´ivξ{2eivζ{p2εqϕ0p1, 1, ε, 0, 0, ζ ´ εξq
(
›

›

L2pdξdζq

`

›

›

›

›

e´iTE
ε
1rWxp0, T qη1p¨qs

ˆ

ξ `
ζ

2

˙

 

e´ivξ{2eivζ{p2εqϕ0 p1, 1, ε, 0, 0, ζ ´ εξq

´e´ivξ{2ϕ0

´

1, 1, ε, 0,
v

2
, ζ
¯)

›

›

›

L2pdξdζq

`

›

›

›

›

"

rWxp0, T qη1p¨qs

ˆ

ξ `
ζ

2

˙

´ rWxp0, T qη1p¨qs pξq

*

ϕ0

´

1, 1, ε, 0,
v

2
, ζ
¯

›

›

›

›

L2pdξdζq

`
›

›e´iTE
ε
1 trWxp0, T qη1p¨qspξq

´ Up0, T q

„

e´iv
2T {8e´ivξ{2η1

ˆ

¨ `
vT

2

˙

pξq

*

ϕ0

´

1, 1, ε, 0,
v

2
, ζ
¯

›

›

›

›

L2pdξdζq

`

›

›

›

›

`

e´iTE
ε
1 ´ e´iTE1

˘

Up0, T q

„

e´iv
2T {8e´ivξ{2η1

ˆ

¨ `
vT

2

˙

pξqϕ0

´

1, 1, ε, 0,
v

2
, ζ
¯

›

›

›

›

L2pdξdζq

`

›

›

›

›

e´iTE1e´iv
2T {8Up0, T q

„

e´ivξ{2
ˆ

η1

ˆ

¨ `
vT

2

˙

´α1

ˆ

¨ `
vT

2

˙˙

pξqϕ0

´

1, 1, ε, 0,
v

2
, ζ
¯

›

›

›

›

L2pdξdζq

.

Each of the above nine (9) norms will be bounded by one in a series of lemmas. We work

sequentially, using the first lemma to bound what is perhaps the most difficult piece.

Lemma 4.5.2.

›

›

›
e´iTE

ε
1

´

W ε
xp0, T qη1pxq ´Wxp0, T qη1pxq

¯

rϕε0pyq
›

›

›

L2pdxdyq
ď }W ε

xp0, T qη1pxq ´Wxp0, T qη1pxq}2

is small for small ε.
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Proof. We will once again use Lemma 4.5.1 by finding a bounded measurable function µpε, tq

such that
›

›

›

›

ˆ

i
B

Bt
´Hε

xptq

˙

Wxpt, T qη1pxq

›

›

›

›

2

ď µpε, tq, (4.23)

from which it follows that

}W ε
xp0, T qη1pxq ´Wxp0, T qη1pxq}2 ď T sup

tPI
|µpε, tq|.

The norm in (4.23) is

›

›

›

›

ˆ

i
B

Bt
´Hε

x

˙

Wxpt, T qη1pxq

›

›

›

›

2

“

›

›

›

›

„

i
B

Bt
`

1

2
p1` εq∆x ´ V1pxq ´ V2

ˆ

x

1` ε
´ vt

˙

Wxpt, T qη1pxq

›

›

›

›

2

“

›

›

›

›

„

´
1

2
∆x ` V1pxq ` V2px´ vtq `

1

2
p1` εq∆x ´ V1pxq ´ V2

ˆ

x

1` ε
´ vt

˙

Wxpt, T qη1pxq

›

›

›

›

2

ď
ε

2
}´∆xWxpt, T qη1pxq} `

›

›

›

›

ˆ

V2px´ vtq ´ V2

ˆ

x

1` ε
´ vt

˙˙

Wxpt, T qη1pxq

›

›

›

›

2

.

We first control the second norm. By Hölder’s inequality,

›

›

›

›

ˆ

V2px´ vtq ´ V2

ˆ

x

1` ε
´ vt

˙˙

Wxpt, T qη1pxq

›

›

›

›

2

ď

›

›

›

›

V2px´ vtq ´ V2

ˆ

x

1` ε
´ vt

˙›

›

›

›

8

}Wxpt, T qη1pxq}2

“

›

›

›

›

V2px´ vtq ´ V2

ˆ

x

1` ε
´ vt

˙
›

›

›

›

8

“

›

›

›

›

V2pxq ´ V2

ˆ

x

1` ε

˙
›

›

›

›

8

.

By the uniform continuity of V2 on R, for any β ą 0 there exists a real δ with 0 ă δ ă 2R2

such that
ˇ

ˇV2pxq ´ V2

`

x
1`ε

˘
ˇ

ˇ ă
β

16T
provided |x´ x

1`ε
| “ ε

1`ε
|x| ă δ. Take

ε1 ď min

"

1, ε0,
δ

2R2 ´ δ

*

, (4.24)

(recall the definition of ε0 given in 4.4.3) and note that

2R2
ε

1` ε
ă δ, iff 2R2ε ă δp1` εq, iff ε ă

δ

2R2 ´ δ
.
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Now, if |x| ě 2R2 and ε ă ε1, we know |x|{p1 ` εq ą R2, so V2pxq “ V2px{p1 ` εqq “ 0. On

the other hand, if |x| ă 2R2, then

ˇ

ˇ

ˇ

ˇ

x´
x

1` ε

ˇ

ˇ

ˇ

ˇ

“
ε

1` ε
|x| ă

ε

1` ε
2R2 ă δ,

which gives |V2pxq ´ V2px{p1` εqq| ă
β

16T
as desired.

To bound the first term, we use the methods outlined in §X.12 of [17] – the Dyson expansion

in the “interaction representation” – to place a uniform bound on Wxpt, T q as an operator

from the second Sobolev space H2 “ H2pRq “ Dp´∆xq to H2. This will be sufficient, since

}´∆xWxpt, T qη1pxq}2 ď }´∆x}L pH2,H q
}Wxpt, T q}L pH2q

}η1pxq}H2 “ C }Wxpt, T q}L pH2q

for some C ą 0, provided the bound on Wxpt, T q exists, a fact we now demonstrate. Let

V px, tq “ V1pxq ` V2px ´ vtq, let H0 “ ´∆x, and define rV px, tq “ eiH0tV px, tqe´iH0t. This

is a bounded, self-adjoint operator on H that generates a unitary propagator rUpt, sq by

Theorem X.69 in [17]. Since V px, tq satisfies the hypotheses of Theorem X.71 in [17], we

know

Wxpt, T q “ e´itH0
rUpt, T qeiTH0 .

Taking }¨}L pH2q
on both sides, we obtain

}Wxpt, T q}L pH2q
ď

›

›

›

rUpt, T q
›

›

›

L pH2q
. (4.25)

So, showing the bound on Wxpt, T q is equivalent to showing the bound for rUpt, T q. However,

by the Dyson series for rUpt, T q, we have

rUpt, T q “ I ´ i

ż t

T

rV px, t1qdt1 ´

ż t

T

dt1

ż t1

T

rV px, t2qrV px, t1qdt2 ` ¨ ¨ ¨ (4.26)

As a result, questions about rUpt, T q reduce to questions about rV px, tq. So we need to estimate

›

›

›

rV px, tq
›

›

›

L pH2q
“
›

›eiH0tV px, tqe´iH0t
›

›

L pH2q

“
›

›pH0 ` 1qeiH0tV px, tqe´iH0tpH0 ` 1q´1
›

›

L pH q

“
›

›p´∆x ` 1qV px, tqp´∆x ` 1q´1
›

›

L pH q
.
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by the unitarity of eitH0 as an element of L pH q and the fact that it commutes with both

H0 ` 1 and its inverse. Let ψ P H . Then

›

›p´∆x ` 1qV px, tqp´∆x ` 1q´1ψ
›

›

H

ď
›

›´∆xrV px, tqp´∆x ` 1q´1ψs
›

›

H
`
›

›V px, tqp´∆x ` 1q´1ψ
›

›

H

ď }´V 2}
8

›

›p´∆x ` 1q´1
›

›

L pH ,H2q
}ψ}H ` 2

›

›∇V px, tq∇rp´∆x ` 1q´1ψs
›

›

H

` }V }
8

›

›∆xrp´∆x ` 1q´1ψs
›

›

H
` }V }

8

›

›p´∆x ` 1q´1
›

›

L pH ,H2q
}ψ}H .

Obviously, the first and last terms on the right hand side of the above expression are taken

care of. For the second, we use Hölder’s inequality and the Plancherel theorem to write

›

›∇V px, tq∇rp´∆x ` 1q´1ψs
›

›

H
“
›

›pi∇V px, tqqp´i∇rp´∆x ` 1q´1ψsq
›

›

H

ď }V 1}
8

›

›

›

›

p

p2 ` 1
ψ̂

›

›

›

›

L2pR,dpq

ď }V 1}
8

›

›

›

›

p

p2 ` 1

›

›

›

›

8

›

›

›
ψ̂
›

›

›

L2pR,dpq

“
1

2
}V 1}

8
}ψ}H .

We take a similar approach to the third term:

}V }
8

›

›∆xrp´∆x ` 1q´1ψs
›

›

H
ď }V }

8

›

›

›

›

p2

p2 ` 1
ψ̂

›

›

›

›

L2pR,dpq
ď }V }

8

›

›

›

›

p2

p2 ` 1

›

›

›

›

8

›

›

›
ψ̂
›

›

›

L2pR,dpq

“ }V }
8
}ψ}H .

Therefore, for any ψ P H , we have

›

›pH0 ` 1qV px, tqpH0 ` 1q´1ψ
›

›

L pH q
ď

ˆ

}V 2}
8

›

›pH0 ` 1q´1
›

›

L pH ,H2q
`

1

2
}V 1}

8

` }V }
8
` }V }

8

›

›pH0 ` 1q´1
›

›

L pH ,H2q

¯

}ψ}H “ K }ψ}H .

Hence
›

›

›

rV px, tq
›

›

›

L pH2q
has uniform bound K. Taking }¨}L pH2q

on both sides of (4.26), we
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obtain

›

›

›

rUpt, T q
›

›

›

L pH2q
ď

8
ÿ

n“0

|t´ T |n

n!

˜

sup
tPr0,T s

›

›

›

rV px, tq
›

›

›

L pH2q

¸n

ď

8
ÿ

n“0

T n

n!
Kn

“ eKT .

It follows from (4.25) that }Wxpt, T q}L pH2q
ď eTK on r0, T s, so

ε

2
}H0Wxpt, T qη1pxq}H ď

ε

2
eKT }H0}L pH2,H q

Ñ 0 as εÑ 0.

Hence there is a ε2 ą 0 such that ε ă ε2 will make ε
2
eKT }H0}L pH2,H q

ă
β

16T
.

Putting this result together with the result in (4.24), we can say that

›

›

›

›

ˆ

i
B

Bt
´Hε

xptq

˙

Wxpt, T qη1pxq

›

›

›

›

L2pdxq

ď }V2pxq ´ V2px{p1` εqq}8 `
ε

2
eKT }H0}L pH2,H q

.

It follows from Lemma 4.5.1 that

›

›

›

´

W ε
xp0, T qη1pxq ´Wxp0, T qη1pxq

¯

rϕ0pyq
›

›

›

L2pdxdyq

ď T }V2pxq ´ V2px{p1` εqq}8 `
ε

2
TeKT }H0}L pH2,H q

,

and if we take ε ă min tε1, ε2u, we will have

›

›

›

´

W ε
xp0, T qη1pxq ´Wxp0, T qη1pxq

¯

rϕ0pyq
›

›

›

L2pdxdyq
ă T

ˆ

β

16T
`

β

16T

˙

“
β

8
.

Lemma 4.5.3.

›

›e´iTE
ε
1 rWxp0, T qη1p¨qs pxq prϕ

ε
0pyq ´ ϕ

ε
0pyqq

›

›

L2pdxdyq
Ñ 0 as εÑ 0.

Proof. The “„” is necessary for the (stationary phase) infinite time arguments, but for finite

times it’s just a nuisance. The unitary of Wx and e´iTE
ε
1 and normalization of η1 mean the

above norm is just }rϕε0pyq ´ ϕ
ε
0pyq}L2pdyq. We can go to momentum space in the y variable
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to bound this norm:

}rϕε0pyq ´ ϕ
ε
0pyq}L2pdyq “

›

›

›
F´1
ε

”

F ppqFεrϕ
ε
0ppqs ´Fεrϕ

ε
0ppqs

ı

pyq
›

›

›

L2pdyq

“ }F ppqpϕε0ppq ´ pϕε0ppq}L2pdpq

“ }pF ppq ´ 1qpϕε0ppq}L2pdpq

“

ż

R
|F ppq ´ 1|2

ˇ

ˇ

ˇ

ˇ

ϕ0

ˆ

1, 1, ε,

ˆ

1` ε

2` ε

˙

v, 0, p

˙ˇ

ˇ

ˇ

ˇ

2

dp.

The function F ppq ´ 1 is nonzero exactly on the set p´8, v
2
´ aq Y pv

2
` a,8q. Hence we

investigate the above norm by breaking up the integral in the following way:

ż

R
“

ż v{2´b

´8

`

ż v{2´a

v{2´b

`

ż v{2`b

v{2`a

`

ż 8

v{2`b

.

On the intervals pv{2´ b, v{2´ aq and pv{2` a, v{2` bq, we have |F ppq ´ 1|2 ď 1. Note that

if we consider only

ε ă
4a

v ´ 2a
, (4.27)

the peak of |ϕ0p1, 1, ε,
`

1`ε
2`ε

˘

v, 0, pq|2 lies inside the interval pv
2
, v

2
` aq, so we can say that

v{2´a
ż

v{2´b

|F ppq ´ 1|2
ˇ

ˇ

ˇ

ˇ

ϕ0

ˆ

1, 1, ε,

ˆ

1` ε

2` ε

˙

v, 0, p

˙
ˇ

ˇ

ˇ

ˇ

2

dp

ď

v{2´a
ż

v{2´b

ˇ

ˇ

ˇ

ˇ

ϕ0

ˆ

1, 1, ε,

ˆ

1` ε

2` ε

˙

v, 0, p

˙
ˇ

ˇ

ˇ

ˇ

2

dp

ď pb´ aq

ˇ

ˇ

ˇ

ˇ

ϕ0

ˆ

1, 1, ε,

ˆ

1` ε

2` ε

˙

v, 0,
v

2
´ a

˙
ˇ

ˇ

ˇ

ˇ

2

“ π´1{2ε´1{2
pb´ aq exp

ˆ

´
p2ap2` εq ` vεq2

4εp2` εq2

˙

.
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Similarly,

v{2`b
ż

v{2`a

|F ppq ´ 1|2
ˇ

ˇ

ˇ

ˇ

ϕ0

ˆ

1, 1, ε,

ˆ

1` ε

2` ε

˙

v, 0, p

˙
ˇ

ˇ

ˇ

ˇ

2

dp

ď pb´ aq

ˇ

ˇ

ˇ

ˇ

ϕ0

ˆ

1, 1, ε,

ˆ

1` ε

2` ε

˙

v, 0,
v

2
` a

˙
ˇ

ˇ

ˇ

ˇ

2

“ π´1{2ε´1{2
pb´ aq exp

ˆ

´
p´2ap2` εq ` vεq2

4εp2` εq2

˙

.

Both of these quantities vanish as εÑ 0. Now, on the intervals p´8, v
2
´ bq and pv

2
` b,8q,

the function |F ppq ´ 1|2 “ 1, so we are left with two integrals we can evaluate in terms of

the complementary error function:

8
ż

v{2`b

ˇ

ˇ

ˇ

ˇ

ϕ0

ˆ

1, 1, ε,

ˆ

1` ε

2` ε

˙

v, 0, p

˙
ˇ

ˇ

ˇ

ˇ

2

dp “ π´1{2ε´1{2

8
ż

v{2`b

exp

¨

˚

˝

´

´

p´ p1`εqv
p2`εq

¯2

ε

˛

‹

‚

dp

“
1

2
erfc

ˆ

ε´1{2 2bp2` εq ´ vε

2p2` εq

˙

“ O

˜

e´xpεq
2

xpεq

¸

as εÑ 0.

where in the last step we have set x “ xpεq “ ε´1{2 2bp2`εq´vε
2p2`εq

(Ñ 8 as ε Ñ 0) and used the

standard asymptotic expansion (see, for example, [1]) of the complementary error function.

A similar result holds for the integral
şv{2´b

´8
, and the result is proved. Hence there exists

an

Lemma 4.5.4.

}rWxp0, T qη1p¨qspxq pϕ
ε
0pyq ´ ϕ0pyqq}L2pdxdyq Ñ 0 as εÑ 0.

Proof. The idea here is that we would rather work with

ϕ0pyq “ ϕ0

´

1, 1, ε, 0,
v

2
, y
¯
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as opposed to the slightly more cumbersome

ϕε0pyq “ ϕ0

ˆ

1, 1, ε, 0,

ˆ

1` ε

2` ε

˙

v, y

˙

.

We will try to control the square of this norm, writing it first as an inner product:

}ϕε0pyq ´ ϕ0pyq}
2
“ xϕε0pyq ´ ϕ0pyq, ϕ

ε
0pyq ´ ϕ0pyqyL2pdyq

“ 1` 1´ 2 Re xϕε0pyq, ϕ0pyqyL2pdyq

“ 2´ 2 Re

„
ż

R
π´1{2ε´1{2e´y

2{ε exp

ˆ

´ivy

2p2` εq

˙

dy



“ 2

ˆ

1´ exp

ˆ

´
εv2

16p2` εq2

˙˙

,

which obviously vanishes as we make ε small.

Lemma 4.5.5.

›

›

›

›

rWxp0, T qη1p¨qs

ˆ

ξ `
ζ

2

˙

´

ϕ0p1, 1, ε, 0,
v

2
, ypζ, ξqq ´ e´ivξ{2eivζ{p2εqϕ0p1, 1, ε, 0, 0, ζ ´ εξq

¯

›

›

›

›

L2pdξdζq

Ñ 0 as εÑ 0.

Proof. Hereafter, we choose to work in the pξ, ζq system of coordinates, so we need to write

rWxp0, T qη1p¨qs pxqϕ0pyq

as

rWxp0, T qη1p¨qs

ˆ

ξ `
ζ

2

˙

ϕ0

ˆ

1

2

ˆ

2` ε

1` ε
´

ε

1` ε
ξ

˙˙

.

As we proceed, we would like to work with

rWxp0, T qη1p¨qs

ˆ

ξ `
ζ

2

˙

ϕ0 pζ ´ εξq

instead of

rWxp0, T qη1p¨qs

ˆ

ξ `
ζ

2

˙

ϕ0

ˆ

1

2

ˆ

2` ε

1` ε

˙

ζ ´
ε

1` ε
ξ

˙

.

(This is tantamount to keeping the leading order in both ξ and ζ in the expression for ypξ, ζq.)
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Note that, by the definition of the ϕ0’s, it is easy to show

ϕ0

´

1, 1, ε, 0,
v

2
, ζ ´ εξ

¯

“ e´ivξ{2eivζ{p2εqϕ0 p1, 1, ε, 0, 0, ζ ´ εξq .

Let gpxq “ rWxp0, T qη1p¨qspxq. Then we want to control

›

›

›

›

e´iTE
ε
1g

ˆ

ξ `
ζ

2

˙„

ϕ0pζ ´ εξq ´ ϕ0

ˆ

1

2

ˆ

2` ε

1` ε

˙

ζ ´
ε

1` ε
ξ

˙›

›

›

›

L2pdξdζq

“

›

›

›

›

g

ˆ

ξ `
ζ

2

˙„

ϕ0pζ ´ εξq ´ ϕ0

ˆ

1

2

ˆ

2` ε

1` ε

˙

ζ ´
ε

1` ε
ξ

˙
›

›

›

›

L2pdξdζq

“

ż

R
dξ

ż

R
dζ

ˇ

ˇ

ˇ

ˇ

g

ˆ

ξ `
ζ

2

˙
ˇ

ˇ

ˇ

ˇ

2 ˇ
ˇ

ˇ

ˇ

ϕ0pζ ´ εξq ´ ϕ0

ˆ

1

2

ˆ

2` ε

1` ε

˙

ζ ´
ε

1` ε
ξ

˙
ˇ

ˇ

ˇ

ˇ

2

“

ż

R
dζ

ż

R
dξ|gpξq|2

ˇ

ˇ

ˇ

ˇ

ϕ0

ˆ

1, 1, ε, 0,
v

2
, ζ ´

ε

1` ε
ξ

˙

´ ϕ0

´

1, 1, ε, 0,
v

2
,
´

1`
ε

2

¯

ζ ´ εξ
¯

ˇ

ˇ

ˇ

ˇ

2

,

where we have used translation invariance of the integral in ξ: ξ ÞÑ ξ ´ ζ{2. Now, we use

the fact that

ϕ0pA,B, ε, a, η, bx´ yq “ b´1{2ϕ0

ˆ

A

b
, bB, ε,

y ` a

b
, bη, x

˙

and, after switching the integration order, we obtain

ż

R
dξ|gpξq|2

„
ż

R
dζ

ˇ

ˇ

ˇ

ˇ

ϕ0

ˆ

1, 1, ε,
ε

1` ε
ξ,
v

2
, ζ

˙

´

´

1`
ε

2

¯´1{2

ϕ0

ˆ

2

2` ε
, 1`

ε

2
, ε,

2εξ

2` ε
,
v

2

´

1`
ε

2

¯

, ζ

˙
ˇ

ˇ

ˇ

ˇ

2
ff

.

The ζ integral is just the inner product of the difference between

fpξ, ζq “ ϕ0

ˆ

1, 1, ε,
ε

1` ε
ξ,
v

2
, ζ

˙

and

f1pξ, ζq “
´

1`
ε

2

¯´1{2

ϕ0

ˆ

2

2` ε
, 1`

ε

2
, ε,

2εξ

2` ε
,
v

2

´

1`
ε

2

¯

, ζ

˙

.

So we want to try to control

ż

R
dξ|gpξq|2

ˆ

1`
1

1` ε{2
´ 2 Re xf, f1yL2pdζq

˙

.
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Both f and f1 satisfy the hypotheses of Proposition 4 of [10], so we can use it to obtain

Re xf, f1y “

d

8

8` εp4` εq
exp

ˆ

´
εv2

8p8` εp4` εq
´

ε2ξ2

2p1` εq2p8` εp4` εq

˙

˚ cos

ˆ

vεp4` εqξ

2p1` εqp8` εp4` εqq

˙

.

It is therefore clear that Re xf, f1y Ñ 1 as ε Ñ 0, implying that the ξ integrand |gpξq|2p1 `
1

1`ε{2
´ 2 Re xf, f1yq Ñ 0 as εÑ 0. What’s more,

|gpξq|2
ˇ

ˇ

ˇ

ˇ

1`
1

1` ε{2
´ 2 Re xf, f1y

ˇ

ˇ

ˇ

ˇ

ď |gpξq|2
ˆ

1`
1

1` ε{2
` 2|Re xf, f1y |

˙

ď 4|gpξq|2 P L1
pdξq,

so we can invoke the generalized dominated convergence theorem (see [19], pg. 89) to con-

clude that

lim
εÑ0

ż

R
dξ|gpξq|2

ˆ

1`
1

1` ε{2
´ 2 Re xf, f1y

˙

“

ż

R
dξ lim

εÑ0

ˆ

|gpξq|2
ˆ

1`
1

1` ε{2
´ 2 Re xf, f1y

˙˙

“ 0,

which is what we wanted to show.

Lemma 4.5.6.

›

›

›

›

rWxp0, T qη1p¨qs

ˆ

ξ `
ζ

2

˙

e´ivξ{2eivζ{p2εq
´

ϕ0 p1, 1, ε, 0, 0, ζ ´ εξq

´ϕ0 p1, 1, ε, 0, 0, ζq
¯
›

›

›

L2pdξdζq
Ñ 0 as εÑ 0.

Proof. Retaining the same definition of g used in the previous lemma, we are interested in

controlling

›

›

›
rWxp0, T qη1spξ ` ζ{2qe

´ivξ{2eivζ{p2εq
´

ϕ0p1, 1, ε, 0, 0, ζ ´ εξq ´ ϕ0p1, 1, ε, 0, 0, ζq
¯
›

›

›

2

L2pdζdξq

“

›

›

›
gpξ ` ζ{2q

´

ϕ0p1, 1, ε, 0, 0, ζ ´ εξq ´ ϕ0p1, 1, ε, 0, 0, ζq
¯
›

›

›

2

L2pdζdξq

“

ż

R
dζ

ż

R
dξ|gpξ ` ζ{2q|2|ϕ0p1, 1, ε, 0, 0, ζ ´ εξq ´ ϕ0p1, 1, ε, 0, 0, ζq|

2.
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We perform the variable shift ξ ÞÑ ξ ´ ζ
2

and obtain

“

ż

R
dξ|gpξq|2

«

ż

R
dζ

ˇ

ˇ

ˇ

ˇ

p1` ε{2q´1{2ϕ0

ˆ

2

2` ε
, 1`

ε

2
, ε,

2εξ

2` ε
, 0, ζ

˙

´ ϕ0 p1, 1, ε, 0, 0, ζq

ˇ

ˇ

ˇ

ˇ

2
ff

“

ż

R
dξ|gpξq|2

ˆ

1`
2

2` ε
´ 2 Re xh, h1yL2pdζq

˙

.

Again, Proposition 4 of [10] tells us that

Re xh, h1y “

d

8

8` εp4` εq
exp

ˆ

´
v2ε

8p8` εp4` εqq
´

2εξ2

8` εp4` εq

˙

cos

ˆ

vp4` εqξ

8` εp4` εq

˙

.

Hence the norm has more or less the same form as the norm we bounded above using the

dominated convergence theorem, so we should be good.

Lemma 4.5.7.

›

›

›

›

"

rWxp0, T qη1p¨qs

ˆ

ξ `
ζ

2

˙

´ rWxp0, T qη1p¨qs pξq

*

ϕ0

´

1, 1, ε, 0,
v

2
, ζ
¯

›

›

›

›

L2pdξdζq

Ñ 0 as εÑ 0.

Proof. Again, we let gpxq “ rWxp0, T qη1p¨qspxq, so we are really interested in the small-ε

behavior of

›

›

›

›

ˆ

g

ˆ

ξ `
ζ

2

˙

´ g pξq

˙

e´ivξ{2eivζ{p2εqϕ0 p1, 1, ε, 0, 0, ζq

›

›

›

›

L2pdξdζq

“

›

›

›

›

ˆ

g

ˆ

ξ `
ζ

2

˙

´ g pξq

˙

ϕ0

´

1, 1, ε, 0,
v

2
, ζ
¯

›

›

›

›

L2pdξdζq

. (4.28)

It will be helpful to recall the following characterization of the domain of the Laplacian

operator, Dp´∆xq “ H2pRq “ H2, as seen from position (x) space:

Dp´∆xq is the set of all ψ P L2pR, dxq such that ∇xψ exists and is an element

of L2 X ACpRq whose a.e. derivative ∆xψ is an element of L2pR, dxq.

Here, of course, ACpRq is the set of all absolutely continuous functions defined on the real line,

and it is this fact we will need in the proof. The propagator Wxpt, sq is generated by ´1
2
∆x`

V1pxq`V2px´vtq, a self-adjoint operator whose domain is H2. The propagator therefore maps

H2 into H2, and since η1 P H
2 by assumption, it follows that gpxq “ rWxp0, T qη1spxq P H

2,
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so g1 is absolutely continuous on R and an element of L2. Moreover, if we Taylor expand

gpξ ` ζ{2q around ζ “ 0, we get (see [2])

g

ˆ

ξ `
ζ

2

˙

“ gpξq `
ζ

2
g1pξ ` θpζqq.

So the square of the norm in (4.28) becomes

ż

R
dζ

ż

R
dξ

ˇ

ˇ

ˇ

ˇ

g

ˆ

ξ `
ζ

2

˙

´ gpξq

ˇ

ˇ

ˇ

ˇ

2
ˇ

ˇ

ˇ
ϕ0

´

1, 1, ε, 0,
v

2
, ζ
¯
ˇ

ˇ

ˇ

2

“
1

2

ż

R
dζ|ζ|2

ˇ

ˇ

ˇ
ϕ0

´

1, 1, ε, 0,
v

2
, ζ
¯
ˇ

ˇ

ˇ

2
ż

R
dξ |g1pξ ` θpζqq|

2
.

We can easily translate ξ and obtain

›

›

›

›

ˆ

g

ˆ

ξ `
ζ

2

˙

´ g pξq

˙

ϕ0

´

1, 1, ε, 0,
v

2
, ζ
¯

›

›

›

›

2

L2pdξdζq

ď
1

2
}g1}L2pdξq

ż

R
dζ|ζ|2

ˇ

ˇ

ˇ
ϕ0

´

1, 1, ε, 0,
v

2
, ζ
¯ˇ

ˇ

ˇ

2

“
1

2
π´1{2ε´1{2

}g1}L2pdξq

ż

R
dζ|ζ|2e´ζ

2{ε
“

1

4
ε }g1}L2pdξq .

Taking square roots on both sides gives something that is Opε1{2q Ñ 0 as εÑ 0 as desired.

Lemma 4.5.8.

›

›

›

›

rWxp0, T qη1p¨qspξq ´ Up0, T q

„

e´iv
2T {8e´ivξ{2η1

ˆ

¨ `
vT

2

˙

pξq

›

›

›

›

L2pdξq

“ 0.

Proof. We observe that Wxpt, sq is generated by (after relabelling x as ξ) HW “ ´1
2
∆ξ `

V1pξq ` V2pξ ´ vtq and that Upt, sq is generated by HU “ ´
1
2
∆ξ ` V1pξ `

vt
2
q ` V2pξ ´

vt
2
q.

Hence there is a Galilean boost involved in going from Wx to U . We observe that U and Wx

have a common domain and make the claim that, for any vector ψ P L2pR, dξq, we have

Upt, 0qψ “ e´itv
2{8e´ivξ{2T

ˆ

vt

2

˙

Wxpt, 0qψ, (4.29)
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where T pvt{2q is the operator that just adds vt{2 to x:

T

ˆ

vt

2

˙

ψpxq “ ψ

ˆ

x`
vt

2

˙

.

This operator is clearly unitary, since it takes only a shift of integration variable to show

that

xT pvt{2qψ,T pvt{2qϕy “

ż

R
ψ

ˆ

x`
vt

2

˙

ϕ

ˆ

x`
vt

2

˙

dx “

ż

R
ψpxqϕpxqdx “ xψ, ϕy .

Hence T ´1 “ T ˚ “ T p´vt{2q. If the claim (4.29) is true, then taking adjoints of the

operators on both sides gives

Up0, tq “ Wxp0, tqT

ˆ

´
vt

2

˙

eivξ{2eitv
2{8.

This can obviously be rewritten as

Up0, tqe´itv
2{8e´ivξ{2T pvt{2q “ Wxp0, tq,

which is what we want to show. We therefore try to prove (4.29). So, suppose ψpx, tq and

ϕpx, tq are any solutions of

i
Bψ

Bt
“ HWψ and i

Bϕ

Bt
“ HUϕ.

To prove (4.29), we need to show that

ϕpx, tq “ e´itv
2{8e´ivx{2ψ

ˆ

x`
vt

2
, t

˙

“ e´itv
2{8e´ivx{2T pvt{2qψpx, tq.

First, we compute the time derivative of ϕ and multiply by i:

i
B

Bt
ϕpx, tq “ i

ˆ

´
iv2

8
ϕpx, tq `

v

2
e´itv

2{8e´ivx{2
Bψ

Bx

ˆ

x`
vt

2
, t

˙

` e´itv
2{8e´ivx{2

Bψ

Bt

ˆ

x`
vt

2
, t

˙˙

“
v2

8
ϕpx, tq ` ie´itv

2{8e´ivx{2
Bψ

Bx

ˆ

x`
vt

2
, t

˙

` i
v

2
e´itv

2{8e´ivx{2
Bψ

Bt

ˆ

x`
vt

2
, t

˙

.
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Now we compute the x derivative of ψ:

B

Bx
ϕpx, tq “ ´

iv

2
ϕpx, tq ` e´itv

2{8e´ivx{2
Bψ

Bx

ˆ

x`
vt

2
, t

˙

.

This of course implies that

1

2
∆xϕpx, tq “ ´

iv

4

ˆ

´
iv

2
ϕpx, tq ` e´itv

2{8e´ivx{2
Bψ

Bx

ˆ

x`
vt

2
, t

˙˙

`
1

2

ˆ

´
iv

2

˙

e´itv
2{8e´ivx{2

Bψ

Bx

ˆ

x`
vt

2
, t

˙

`
1

2
e´itv

2{8e´ivx{2∆xψ

ˆ

x`
vt

2
, t

˙

“ ´
v2

8
ϕpx, tq ´

iv

2
e´itv

2{8e´ivx{2
Bψ

Bt

ˆ

x`
vt

2
, t

˙

`
1

2
e´itv

2{8e´ivx{2∆xψ

ˆ

x`
vt

2
, t

˙

.

After canceling the (underlined) terms they have in common, it follows that

i
B

Bt
ϕpx, tq `

1

2
∆xϕpx, tq “ e´itv

2{8e´ivx{2
ˆ

i
B

Bt
ψ

ˆ

x`
vt

2
, t

˙

`
1

2
∆xψ

ˆ

x`
vt

2
, t

˙˙

“ e´itv
2{8e´ivx{2

ˆ

V1

ˆ

x`
vt

2

˙

ψ

ˆ

x`
vt

2
, t

˙

` V2

ˆ

x´
vt

2

˙

ψ

ˆ

x`
vt

2
, t

˙˙

“ V1

ˆ

x`
vt

2

˙

ϕpx, tq ` V2

ˆ

x´
vt

2

˙

ϕpx, tq,

which is precisely the time-dependent Schrödinger equation satisfied by ϕ. This proves the

claim.

Lemma 4.5.9.

›

›

›

›

`

e´iTE
ε
1 ´ e´iTE1

˘

Up0, T q

„

e´iv
2T {8e´ivξ{2η1

ˆ

¨ `
vT

2

˙

pξqϕ0 p1, 1, ε, 0, 0, ζq

›

›

›

›

L2pdξdζq

goes to zero as εÑ 0.

Proof. Some perturbation arguments similar to those hinted at briefly in Chapter 3 – that

is, an appeal to the discussion on pgs. 15-16 of [16] – work to show that, for sufficiently

small ε, we have

η1pxq “ α1pxq `Opεq,

where Opεq is to be interpreted with respect to the Hilbert space norm }¨}. Moreover, the
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eigenenergies Eε
1 and E1 associated with η1 and α1, respectively, satisfy

Eε
1 “ E1 `Opεq,

where now Opεq is with respect to | ¨ | on C. Indeed, consider the family of operators

Hpεq “ ´
1

2
p1` εq∆x ` V1pxq “ ´

1

2
∆x ` V1pxq

looooooomooooooon

H0

´
ε

2
∆x

loomoon

εH1

. (4.30)

for the real parameter ε. Since we assume V1 P C
8
0 pRq Ă L2pRq, Theorem 10.15 of [17]

tells us H0 is a self-adjoint operator on DpH0q “ Dp´∆q “ H2 “ DpεH1q for any ε. The

resolvent set of H0 is nonempty, since it is self-adjoint and hence σpH0q Ă R. By the triangle

inequality for the L2-norm, for any ψ P H2,

›

›

›

›

´
1

2
∆xψ

›

›

›

›

“

›

›

›

›

´
1

2

B2ψ

Bx2
` V1pxqψ ´ V1pxqψ

›

›

›

›

ď

›

›

›

›

´
1

2
∆xψ ` V1pxqψ

›

›

›

›

` }V1pxqψ}

ď }H0ψ} ` }V1}8 }ψ} .

Hence the perturbation H1 is H0-bounded. The lemma on pg. 16 of [16] therefore tells us

that Hpεq is an analytic family of type (A) near ε “ 0, implying Hpεq is an analytic family

in the sense of Kato near ε “ 0. Theorem XII.8 of [16] then tells us that for ε sufficiently

small, there is an isolated, nondegenerate eigenvalue Eε
1 of Hpεq with corresponding analytic

eigenvector η1. Hence – though it has not been necessary to use these relations until now –

we actually have

}η1pxq ´ α1pxq} “ Opεq and |Eε
1 ´ E1| “ Opεq.

To apply these ideas, we first do the trivial ζ integral and reduce the problem to a study of

›

›

›

›

`

e´iTE
ε
1 ´ e´iTE1

˘

Up0, T q

„

e´iv
2T {8e´ivξ{2η1

ˆ

¨ `
vT

2

˙

pξq

›

›

›

›

L2pdξq

“
ˇ

ˇe´iTE
ε
1 ´ e´iTE1

ˇ

ˇ

›

›

›

›

Up0, T qe´iv
2T {8e´ivξ{2T

ˆ

vT

2

˙

η1pξq

›

›

›

›

L2pdξq

“
ˇ

ˇe´iTE
ε
1 ´ e´iTE1

ˇ

ˇÑ 0 as εÑ 0,
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by the unitarity of all the operators inside the norm.

Lemma 4.5.10.

›

›

›

›

Up0, T q

„

e´iv
2T {8e´ivξ{2

ˆ

η1

ˆ

¨ `
vT

2

˙

´ α1

ˆ

¨ `
vT

2

˙˙

pξqϕ0 p1, 1, ε, 0, 0, ζq

›

›

›

›

L2pdξdζq

.

goes to zero as εÑ 0.

Proof. We can again do the ζ integral independently and arrive at

›

›

›

›

Up0, T q

„

e´iv
2T {8e´ivξ{2

ˆ

η1

ˆ

¨ `
vT

2

˙

´ α1

ˆ

¨ `
vT

2

˙˙

pξq

›

›

›

›

“

›

›

›

›

η1

ˆ

ξ `
vT

2

˙

´ α1

ˆ

ξ `
vT

2

˙
›

›

›

›

“ }η1pξq ´ α1pξq} “ Opεq Ñ 0 as εÑ 0.

by using the same perturbation arguments advanced in the previous lemma.

4.5.2 The finite times piece – a recap

If T has been chosen to satisfy (4.13) on pg. 51, and if we pick an ε which satisfies (4.27)

on pg. 74 and such that each of the 9 norms shown at the beginning of §4.5.1 is less than β
54

whenever ε ă ε – something we have shown we can do – then

›

›eiTHe´iTH1η1pxqrϕ
ε
0pyq ´ ϕ0pζqrω

´
1 pα1qspξq

›

›

L2pdξdζq

ď
›

›Up0, T qU1pT, 0qα1pξqϕ0pζq ´ ϕ0pζqrω
´
1 pα1qspξq

›

›

`
›

›eiTHe´iTH1η1pxqrϕ
ε
0pyq ´ Up0, T qU1pT, 0qα1pξqϕ0pζq

›

›

ă
β

6
`
›

›W p0, T qe´iTH1η1pxqrϕ
ε
0pyq ´ Up0, T qU1pT, 0qα1pξqϕ0pζq

›

›

`
›

›eiTHe´iTH1η1pxqrϕ
ε
0pyq ´W p0, T qe

´iTH1η1pxqrϕ
ε
0pyq

›

›

ă
β

6
`
β

6
` 9

ˆ

β

54

˙

“
β

2
,

as desired.



Chapter 5

Conclusion

Despite the results reported in the previous chapters, much room is left for further research.

In one dimension, perhaps the most obvious next step would be to try to extend these

results to other scattering channels and cluster decompositions for the three-body problem.

We do not think this would present any significant new challenges, though a slightly different

approach would need to be taken to deal with the channel in which all three particles are

free.

Ito [12] seems to have included the potential corresponding to the internuclear repulsion in

treating the full three-body problem. We think we could introduce a similar term into (4.1)

and repeat our analysis with little difficulty. It would also be worthwhile to study the case

where 1 and 3 are allowed to form more than one bound state.

A relaxation of the rather stringent C80 pRq requirement for the interaction potentials would

be a nice generalization, though we feel significantly more machinery would have to be

employed to handle, say, Coulomb potentials. See Yajima’s paper [29] for a glimpse of the

technical headache that might be required!

A generalization of the time-dependent methods employed in this work to d ě 2 would be

nice to see. As mentioned in Chapter 1, Ito ([12], [13]) seems to have obtained some results

for dimension higher than one, but using (somewhat complicated) time-independent tools.

We will like to obtain similar results using time-dependent methods.

It would also be nice to allow for more generality in the evolution of (say) the y coordinate

than to use just the zeroth semiclassical wave packet ϕ0. We believe this work has laid

85



Adam S. Bowman Conclusion 86

the foundation for such a calculation, since the ϕk’s form a basis for L2, and computations

with ϕk’s (at least finitely many of them) should be similar to the calculations in this work

involving ϕ0, modulo some constants.
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