ON TEE USE OF AN AUXILIARY VARIABLE
IN THE TRANSFORMATION OF DISCRETE DATA

by

ROBERT J. TAYLOR

Thesis submitted to the Oraduate Faculty of the
Virginia Polytechnic Institute
in candidacy for the degree of

NASTER OF SCIENCE
in
STATISTICS

Director of Uraduate Studies Negd of Departueant

W “WRjor Professor
BDusiness inistration

May, 1988
Blacksburg, Virginia



Chapter
1.
II,
II1I,

Iv,

v.

TABLE OF CONTENTS

xmonucrloul..............Q.C.........
pmxous mWION'ooonooooooo-ooooooooo

TRANSFORMATIONS USING AN AUXILIARY
vnx“u...l.l...O.................‘.C.

3.1 The s Transformation...ccoeee
3.2 The w Transformation...cee.css
DEVELOPMENT OF THE £ TRANSFORMATION....
4.1 Parameters of B....ccc0000000
4.3 Distribution of the

Auxiliary Variable....ccccees
4,31 Constant....cccccc0cces

4,22 Uniform Continuous
Distribution....ccoe00¢

4.23 Uniform Discrete
nutr‘b“tiono R

4,3 Cumulative Probability
Distribution of Z.....cc00000
DEVELOPMENT OF THE w TRANBFORMATION....
S.1 ZIExplanation of the

¥ Transformation....cceoceeee

5.2 MNean and Variance of w’......

Page

12

14
14
18
16
16

20
20

a1

28
a7

27
28



Chapter
Vi,

VII.
VIIil,
IX,
X,

CONCLUBION. s ecooeeosesssssecocsccsscssnee
ACKNOWLEDGEMENTB. ccccccoocsscosccccccces
BIBLIOGRAPHEY . ccoeoevcssccsccscccnceccee
TABLES AND CURVES....ccco0cccetsoccsscsne

'xu....Q..‘...b.00.0...0.0.0.0‘.......0

Page

3

38
38
48



LIST OF TABLES

Page

Table I, First Your Terms of the Variance
Expansion Disregarding the
Tastor One-Yourth, for Some
D““‘wt‘o“ Q!x 0006060000060 000600CO ”

Table IlI. Cumulative Distribution of s Where
x Nas Uniform Biscrete Distribution
"thn-xo 0000000 OOOGOONBSBOIEOEOIOONONEONOSONEOD ‘1



LIST OF FIGURES

Page
Figure 1. Cumulative Distridbution of =
x Nas Uniform Diserete
Distribution (n = 10)..ccccvceceee 43

Figure 2. Frequency Distribution of £ When
/a.- 2.9 and x Has the Uniform
Continuous Distribution.ccccceccee 44



I. INTRODUCTION

In wany of the applications of analysis of
variance difficulties in the analysis arise when the
conditions of the experiment are not ideal, Consider
first the purpeses of analysis of variance:

1. To perform tests of significance,

3. To estimate certain treatment differences
that are of interest,

3. To obtain some idea of the accuracy of
the estimates,

To see how these can be best accomplished will
require understanding the assumptions underlying the
analysis of variance, VWith an understanding of the
assumptions, one knows:

1. Which are the most necessary, and what
are likely to be the consequences if
these are not fulfilled,

3. What can be done to utilize, for purposes
of analysis, data whieh in their original
form are not amenable to an analysis of
variance,

3. Which can be dispensed with for certain
purposes,



Churchill Bisenhart (1947) lists four assumptions
for Model I where the parameters of interest are
population means:

Assumption 1 (Random Variables), Observa-

tions are of random variables that are distributed
about true mean values that are fixed constants,

Assumption 8 (Additivity). The parameters

are related to over-all means in an additive
manner, For example in a two way classification
myeu, ¢ (y, -m)) + (my-m)

Assumption 3 (Equal Variances and Zero

Correlation)., The random variables are homo-
scedastic and mutually uncorrelated; that is,
they have a common variance and all cecovariances
among them are sero,

Assumption 4 (Normality). The observations

are jointly distributed in a wmultivariate normal
distribution,
From a functional aspect Cochran lists for

(a) treatment effects (b) environmental effects and
(¢) experimental errors, the following assumptions:
1. The treatment effects and the

environmental effects must be additive,

3. The experimental errors must all be
independent,



3. The experimental errors must have a
coumon variance,

4. The experimental errors should be
normally distributed.

According to Coshran (1947) the principal effect
of the failure of the assumption of additivity is a
loss of information, He goes on to state that this
loss should be negligible when the treatment and
replication effects do not exceed twenty per cent, as
long as there is no very serious departure from addi-
tivity and experimental errors are not too low,

The effect of non-normality is not generally
considered to be serious for moderate departures from
normality, but any large departures in the regiom of
the more outlying observations are likely to affect the
validity of significance tests, In addition, there is
1likely to be & loss of efficiency in the estimation
of treatment effects and a corresponding loss of power
in the P-test and t-tests., Cochran states that in
practice, the loss of efficiency due to non-normality
is not often great., He also reports that a number of
investigators (Bartlett, 1935; Hey, 1938; Pearson, 1931)
working with non-normal populations that appear to
cover the range of wost eases engountered in practiece,

using & number of different methods give a consensus



that no serious error is introduced by non-mormality
in the significance levels of the F-test or the two
tailed t-test.

Vhen ordinary analysis of variance methods are
used on data for which the true error variance changes
from one observation to another there will be, as a
rule, a loss 0f efficiency in the estimates of the
treatnent effects, 8Similarly there will bde a
loss of sensitivity in tests of significance, If
the changes in the error variance are large these
losses may be substantial, Usually a heterogeneous
error variance is related to changes in the mean or
to certain treatments or parts of the experiment, If
this is the case, it affects the assumption of
independence.

In situations oceurring in prasctice then, one
does not usually have to concern oneself with the
consequences of non-additivity and non-normality,
However, there are frequent cases where there is a
heterogeneous error varisnce that cﬂuoos loss of
sensitivity in the tests of significance. To overcome
this loss often one can stabilise the variance by a
transformation, Keeping in mind the assumptions

involved in analysis of variance, eonsider the
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conditions for an ideal transformation, In this
case!
1. The variance of the transformed variate
should be unaffected by changes in the

mean level,

2. The transformed variate should be
normally distributed,
S. The transformed scale should be one for

which an arithmetic average is an

efficient estimate of the true mean level

for any particular group of measurements,

4. The transformed scale should be one for

whiech real effects are linear and additive,
This ideal, of course, is very rarely attained; however,
there are a number of transformations (some for the
Poisson distribution will be discussed in Part II) that
are used for different kinds of data that are considered
good enough for most practical purposes,

In much statistical data that consists of integers
such as the number of bacterial colonies, weed counts
in a given area, etc., conditions will be such that
the variate is approximately Poisson distributed, 1In

this latter distribution the variance is equal to the
mean 80 that if one has a large treatment mean then

associated with it is a large variance; conversely if

one has a small treatment mean, then there will be a
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suall variance associated with it, Hence, the
variances are not equal, In addition to the faet
that the Poisson distridbution is a disgrete
distribution, it is also non-normal as to shape,
This obviously does not fulfill the assumptions for
analysis of variance; therefore, some sort of
transformation should be made so that the necessary
assumptions can be realised,
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I1. PREVIOUS SOLUTIONS

This problem bas been discussed often and several
solutions have been advanced, not only in the case of
the Poisson distridution but in the similar cases of
the binomial and negative-binomial distributions.

In the case of the Poiison, Bartlett (1936) showed
that the square root of y has an approximately constant
variance of one~quarter lf‘/L is large (y is the
Poisson variable and M is the Poisson mean) and, in
addition, is wmore nearly normal than the Poisson
variable itself, He also showed that y+1/3
is a better transformation besause it has a wore
nearly constant variance even for smaller values of /u.
Anscombe (1948) reports that by considering the
transforuation -/y + ¢ the most nearly constant
variance occurs vhen ¢ = 3/8, a result Anscombe credits
to A, H, L, Johnson, Fieller (1947) reports an example
of the use of the simple square root transformation in
bio-assay which he found quite satisfaestory.

Freeman and Tukey (1949) suggest the transformation

vx + VT + 1 and maintain that if a 2 6% variation in
the variance is permissible their transformation is
usable for expectations of unity or more. In contrast,

they say that under the same conditions Ansecombe's
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transformation is usable only for expectations of
2.2 or wore, In addition,Freeman and Tukey note the
ease that their transformation may be obtained from
the square root table.

Although at present the only practicable method
of examining the properties of a proposed tranntgr-.tton
is by empirical sampling methods, such as Freeman and
Tukey adopted, it is of interest to obtain theoretical
foruulas which will be valid at least for large
values o!‘/A.
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I1I, TRANSFORMATIONS USING AN AUXILIARY VARIABLE

3.1 The = Transformation

In this thesis two transformations will be
discussed, The first one is an extension of
Anscombe’s formula in that an auxiliary variable

is used instead of a constant, Thus:

5= \Jy+x

where: y = Poisson variable with -oan/u.

x = auxiliary variable

The auxiliary variable will be limited in range
80 that knowing z there will be one and only one value
of y related to it, 8Since the Poisson is a discrete
distribution with values at the positive integers the
range of x can be taken to be 0<x<1,
Three specific distributions of x will be
considered:
1. Constant (this special case is
equivalent to Anseombe's work).,
3. Uniform continuous distribution,
3. A uniform discrete distribution,
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S.2 The v Transformation

The second transformation to be considered is
an extension of the first:
] £77
wy = [-m4* + xya*]
where: x and y are as defined above (Seetion 3,1)

Note that " L |
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IV. DEVELOPMENT OF THE 2 TRANSFORMATION

4.1 Parameters of =

For ease in expanding, the formula

s o~y +x Q)]
was written

'.ﬂ”A*#U#% (2)

where: u= Poisson mean

ve :?jbéi

The cumulants of v are therefore:

Xy o) x,-(*'?_-/*)

MM

!

(o] <=

- =<l

>
The moments about zero of v were obtained by
substituting the cumulants in the expression (given

in Kendall, p. 63) for the moments about sero in
terms of the cumulants,

A factor /u. was taken out of the expression (38)
for s,

The rest was then arranged into two terms one
of whiech was unity and the other could be assumed to
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be less than unity, though no proof is presented here
that this assumption is true in probability, Thus:
s
}:/u’ifl +((f+'7f—)] (3)

The expression in the bragckets can then be
expanded in a binomial series. The expected value of
s was found by taking the expected value of the result-
ing series term by term since the auxiliary variate is
assumed to be independent of the Poisson variate. The
expected value was then written in terms of negative
povers of Pt All terms of order 7"—; and higher were
assumed small enough to be dropped. Anscombe (1948)
demonstrated the convergence of a similar series. The
rth moment about sero of the auxiliary variate was
expressed as nl., Thus:
dpat) | h(temttetat)

E(;)=/A%ZI+/71 55

/ (c‘lw;-aqo my + 260w/ — 75)
3

* 7024
1 -:2?om§+i%ow\;’-2138’o wmi + 19600 m] — ssoq)
“’/x/( 327¢%
N } (4)
Since
1 -
3 = /u -f/uu' + K (50

E3b =/u+m,’ =/u(/+}"1‘4’) (6)
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The expression for the variance was obtained

by subtracting the square of the series for E(s)
from E(s3)
kX
Vavr ) = E() -[BQ) =™ ©)
[(=8wi +8m)> +8w) -3
- 431- M ( e )

¥, (/0»»; ~56 W] —/lowmi ] + 34T +5awm/ ~ 7 )

ur 32
_4 =160 my + IOS'%'w\l*f 128 W W] + 32(m)) —2S/a vy
/3 6-/9

6726 miva/ + SN (M) + 2U2LEWM] + L4 S

573 )+ ¢ (8)

2(z®) and E(x%) were also obtained by the same

manner. The third cumulant of = was cbtained by the

formula

X = EG) - 3EGIEG + 2LEGT @

and was found to be

%, /ulf/gf //(m; — G wl ~ 48 vl + 32(m/) 4 4B, )‘+3(m,-/7)
/28
4 .Lq(”"" g #1248 mi + 389 Wy m] :;qa(m;’)’ =2736wm{ = 3 §FY g (W)
) 20
1939wl W 4 §36(mi )} + 1536 (w{) 4 30¥8 W] + -?aq)
J09% v } (/0)
Then
¥ =Sy - ( ) —8w\z+8'("“c O 42w -3 K
<3 ot @) oA )+ ]
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The minus three-halves power of the variance was
obtained by dividing the series into two terms
(first dividing by an appropriate constant) one of
which was unity and the other numerically less than
one in probability. Therefore

—22am{ ~96m i + 646> + 72(M)2 4+ 4§ w{- S

Ay s Joees

This formula in terms of moments about the mean

of the auxiliary variate is

32 — 72w o+ & ' - 28
Y, = —9/,—"/,51— Y +--b 2
Similarly
Py
%= EGY - 4EGYEQ - 3LEGU +12 EHLEQ) - 6[6(9)]\' (13)
1 $ =193 mj —728 myw, — 96 (V" Lemhr
=/42{7?./l;5 _774(32"‘«4 ™3 l;/;; ¢ + 3FY vilw))
+526myw = 1920m )Y - 354em)3

- ssq(w\()z_;sa . + Nl)+ .

4 g

s/

Then

~ = -G ?(m:)1+§w'-3 -
);:-;:J: =qu:= Kq('&) [/-/’aL( at g . ).,.]

1 16 vy =F6wy <64 viwm - 4§ (wY +160 m 4102 wi (W) 3G g W)
=/afl+ /2’7.
966 _ 190w} < 100 I -96w( +59
‘ : +ee0 ) (15)

Z



And in moments about the means of the auxiliary variate
/6wy = 4EmD® = 96y + 160 vy = 36wy + 59 +} ue)

}z:sz,'l' /(./u

4.2 Distribution of the Auxiliary Variate

4,31 Constant
Vhen x is a constant, say ¢, then the wmoments
about sero are:

Wy = e’ ()

On substituting these values for the moments into the

formulae for the parameters of = the following were

obtained
t
E(é) - EH"‘(“L-')-* (-/(pej;;tlc 7)+ 3(6% a;lg: +360¢ - 75)
~ 12%0 §960cd -213g0c? + 19000 -$S09 '
A <2 33765 )+ { 2

Vo.v(s) Y {[ /(i%—s) /U 31C3;S>e—17

13¢3 —1920c* +313§ e +oq$
/as(j 512 ; (3)
35 - Hfe
e —— " 1] } (4)

¥, = —;;L,'/,ZH 76

=/—§{;+—%}7M-+“'} &)



a

Note that this last value disagrees with
Angeombe (1948) who gives

_ 2 S -
~/—u—'~2’+ 46356/;(36C _‘..o.i

In spite of a diligent double check the disagreement
still stands, Percentagewise this disagreement is
nearly insignificant,

4,32 Uniform Continuous Distribution

If the digtribution of x is the uniform continuous

distribution over the unit interval 0 < x <1 then
)
\ AL
wis J2T < G, 1)

Substituting these values for the moments about

sero into the general parameter values for s one

obtains:
E(}) /0 fl + Q_,_La_s’ o.:;:ﬁ(.o__ o.oo_;a78' + o,}‘;s‘ PR ‘S @)
0.3?8  p.0729 l.92
Va<(1) = [- &0, o.efal +
ax(3)= it P P il } (3)
= i l + L -+
¥, a/.'a /y« (4)

=/-;§:+,-3—;—u+.-.§ 5)



This ease is oonsidered by David (1953) whose
theoretical method is well adapted to this special
form of the auxiliary variate but is not easily

extended to more general cases.

4.33 Uniform Discrete Distridbution

Vhen x is distributed according to the uniform
discrete distribution in the range 0< x<1 the moments

about sero are

¥+
mi=(E) & (1)

Durell (p. 39,40) and many other algebra textbooks
give expressions for the sum of the first n consecutive
integers, the sum of their squares, the sum of their
cubes, and methods of finding the sum of their higher
powers., Adjusting these values for the range under

consideration one obtains for the moments:

v~/

\M,/ =3 (2)

Yn;= §h-l)£an-c) @)
X
w = G2 @

;:——%”((m’ Tt 43 +1) (5)



Using the expression for the variance 4.1(7), the
expression for the third cumulant 4.1(9) which is the

sane as the third moment about the mean, and
wy = Wy - w12 ml (m)E - 6 (m)Y ()

the following values for the moments about the mean

were obtained:

n =l
Vo< = wy =3 @)
39nY —120w3 + HOon2 —6OW +1]
My = 607 ©)

Substituting the above values into the expression

for parameters of = one obtains:

z ('n-a. (___L______ih‘~ An =gy 1 (.-‘im‘-#awn-v-l)
E(}) /u /+/a N /a 364 w2 /u3 /034
65w —1964on® _ josdowt +13E)
+/Z‘~4(“ ey T )+ ¢ (o)
P~ RM4 | f=2m3 =34 —1gw +Y
Vae(y= 5 {1- G CSRH) - il 7%
y - 27660 +336 W +56
O ST T J#b )
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2nt =Y+ G . i U2)

§ = _SylL'Ai"' /bn‘/u

=31ow! +340nd-30 W _adw +Y4y + }

rz:/ﬁi' + Q‘IOh“/A

3)

The above formulae are for a general n, It
should be worth-while checking whether some n is
better than others. Consider the quadratic expression

from the seecond term of the variance (11) and set it

equal to sero,

n-1an+2 =0

One root of this equation is 11,83 which suggests
that the nearest possible value for n whieh is 13
might come close to eliminating this term of the
variance. The other root, which is approximately
0.18 is too small to be of use. Accordingly when
one substitutes n = 10, 13, 100, 00 the following

results are obtained for the variance:

n={(0

0.00?5 o0.109 2
Vaw(;):o,as[:+/u + '/Z«Ti _ a;u_su_”‘]

v = (Q

0.000529 0,1035 _ 2.2Y o+ .]

\/cw(p = 0. 35[," /u + T /03



= |00
0367 . )
V&Y(;) = o_:g[_‘-o—-/%s—o + °-/%};‘—‘—s- _i_‘-}-',} +]
= 0o
" 00416 |, 0.6229 2.3 ]
Vaug\:o.:sf_l- P +"‘""—/uz -/—u—} 4 ...

Notice that the value n = 13 does in fact come
closest of these to eliminating the second term in
the variange, suggesting that ideally the auxiliary
variate should consist of a duo-decimal random digit,
Howvever, the second term does become quite small
when n = 10 thus allowing the use of a single random
decimal digit as the variate x in the original
transformation 4.1(1). Similarly n = 100 could be
realized by taking two random decimal digits. This
is seen to be a close approximation to the use of the

continuous auxiliary variate (n = .00),

4.3 Cumulative Probability Distribution of &

Because of the one-to-one correspondence of a
pair of values x and y with the resulting value of
s the cumulative probability can bhe written as follows:

P(z<3)= P(Y € y) + P(x<z) [PCY < ysp) - PCY € 4]

=P(Y$g)+¢%x<«)P(Y=%+0



Then the frequency distribution of s for the

uniform continuous distribution of x is

JP(2<}) AP(2<2) x
d3 = Y X 3%
2 <

aP(“ )

23
-¥’4

P(}) =

=

=33 P(Y-= Aa+l)



27

V. DEVELOPMENT OF THE W TRANSFORMATION

5.1 Explanation of the W Transformation

Consider the second transformation 3(8)

wrp = [(._7()3% + 55(%4-!)%]1%

when y is the Poisson variate
x is an auxiliary wvariate
Note that for any value of p if x = 0 then

the simple square root transformation suggested by
Bartlett (1936) results

vy (x=0) -y
WYhen p = 3
I £l
wy = (l-k)’g + ’I((%H)]
= (g +9z)4‘
T 7

And when p = 1
1 -;]
w, = [(l—Z)g’- + ?(gﬂ)

which can be considered an extension oi the Freeman-
Tukey transformation (Freeman-Tukey, 1949), 1If
x = 1/8 in this expression then exactly one-half of

the Freeman-Tukey expression results.



Taking the limit as p approaches infinity
Lim (uffo) = (%-H)‘; € X #o
P>

12 p approaches minus infinity

‘;-’l_v;_(a:ff) = 'g" fox 0<% %<l and for all gbo
Wi :('g-bl); when %=

If p» approaches sero then
' Z

. - 1 L\
;:v;o(uff) = ’g (H’g)

8.8 Mean and Variance of L™

As was done with the s transformation, the y
wvas written u-/ptf/;tv, then

n

£,1
wp=Ll "@/‘uyaﬁ + 2(14p Vw-r]*
=/i'z(,-z)<,w>£wm}gwﬁp 2

This latter arrangement was made for ease in
expansion in a binomial series. The terms ('/-ur)€
and (l+;ﬁ +(I)£ were expanded separately. The
resulting series of the first was multiplied by l-x
and the series resulting from the second by x. These
values were then added together. This series was

then divided into two parts, unity and a rather



complex series called u, This was then expanded as

a binomial, Terms that would be of order 1
yz 3

or higher when expected values were taken were
assuned to be small enocugh to be omitted.
The first few terms of this expansion were as

follows:

3 (3)

w’,P =/u.’{(/+'ﬂ'u +/F,'u‘+«f>3’u + .- o)
, 7z
wvhere zfo, = (-f)
Therefore
El(wgy) = -‘I[/-" E ’ ‘} / 4. ] @
» -/u P (u)—o—ng(u + s Elu
Squaring the series (3) and taking expected
values, term by term gives l("’,). Squaring series (4)

one obtains fl(v’)] % substituting this series and
the series for l(v:) into the variance formula 4,.1(7)

produces
Vax Carp) = {OTEGD + 24/ 6 -0 Tew]”
-2 ?,’ 19,’ Ew) Ewd) -2 b B EWEE)

e - A4 ECYE - - - - ]
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Substituting the values for E(u’), p! in terms
of p and collecting terms results in

Vax(uwy) = 201+ s’m;—'%;j)"gm"-?S o)
Note that as far as the expansion goes the

variance of p is independent of the wvalue of p.
Since L represents, in some way, all of the previous
transformations discussed, the difference between the
variances of these transformations must appear in the
third and/or subsequent terms., Unfortunately, this
expansion turned out to be very involved, and the
third term has not been evaluated. 8Some work has been
done on it but it is not completely reliable owing to
the complicated algebraic operations entailed,



31

Vi, CONCLUSION

Note in Table 1 that the last term in the variance
in the different distributioms was for the most part
approximately constant for a civog/A e« If it can be
assumed that this property holds true for higher
terms, then the variances obtained by this expansion
can be compared between the different distributions
in spite of their not having converged to the true
value, Such a comparison shows the variance of s with x
distributed by the uniform discrete distribution with
n = 10, approaches a constant, one-fourth, before any
other transformation specifically considered, This
would allow the use of a single digit taken from a
random number table as the auxiliary variate x,

From the graph of cumulative probability for =
(Figure 1) with x distributed by the uniform discrete
distribution n= 10 it can be seen that the function
is nearly a straight line except for values of = less
than approximately unity. In the usual interpretation
this would indicate approximate normality with a tendency
for negative skewness, although the approximation to
normality seems very good in the upper tails of the
distributions, Note also that the straight line parts
of these curves are parallel. 8Since the slope of the



cumulative probability plotted on normal probability
paper represents the variance, one can see that the
variances are nearly coastant even !or‘ﬁk quite small,
The points on this graph (Figure 1) were joined by a
smooth curve for convenience., The true cumulative
distribution follows a finely detailed step funetion,
The tendency to normality can be seen from the
frequency distribution of = (Figure 3) where x is
distributed by the uniform continuous distribution

(2 limiting case of the uniform discrete distribution),
This concurs with work done by Budey (1949) and

David (1988) who discuss the use of the = transforma-
tion for testing hypotheses, Eudey mentions the use

of an auxiliary variable to give the smallest confidence
intervals for a given level of significance., His tests
for the one sided alternative are uniformly most power-
ful, the proof of which he gives in his paper.

Further work on a general form of a transformation
of Poisson data seems to be suggested. Since the first
twvo terms of the expansion of the variance of wp are
independent of p (and therefore are the same for a
large family of transformations) the "best"™ type of
transformation might be found by investigating the
effects of changing p in the third or subsequent
terms, 8ince the complexity (of which there is a



considerable amount involved in the first two terms)
multiplies considerably with each term, the number of
terus practically attainable by this particular
analytic expansion seems severely limited, Possibly
an alternative and more practical method of expansion

might be found by further study.
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1X. TABLES AND CURVES



Table I, First Your Terms of the Variance Expansion

Disregarding the Factor One-Fourth, for
Some DPistributions of x

\W
First Second Third | Fourth | Ratio of
M Term Term Term Term |Variance
to its
Limiting
Value
x is uniform discrete distribution (n = 10)
1.0 1 0.007' o. 10” "'. .‘ -
1.8 ) § 0.0080 0.0488 | -0,.633 0,301
3,0 1 00,0038 0.0874 | -0.879 | 0,783
2.5 ) § 0.0030 0.0176 | -0,143 | 0,878
3.0 p § 0.0038 0.012% | -0,0817| 0,933
x is uniform discrete distribution (n = 18)
1.0 1 -0,000879 0.1038 | -2,.34 -
1.8 1 -0,000386 0.,0460 | -0,0663 0,383
3.0 | -0,000290 0.08589 | -0,379 | 0,747
3.8 p § -0,002338 0.0166 | -0,.143 0.874
3.0 1 -0.000193 0.0118 | -0,0817| 0,930
x is uniform diserete distribdution (n = 100)
1,0 ) § -0,0367 0.076% | -2.33 -
1,8 ) § -0,0844 00,0339 | -0.687 | 0,333
3.0 1 -0,.0184 0.0191 | -0,290 | 0,711
.5 1 «-0,0147 0.0183 | -0.148 0.849
3.0 1 -0.0133 0.0088 -0.0!00 0.910
x is uniform discrete distribution (n = 00)
1,0 1l -0,0416 0.,07%9 | -2,31 -
1.8 1 -0,0308 0.03%4 | -0,688 0.307
3.0 1 -0,03208 00,0188 | -0.3289 | 0,708
2.8 1 -0.0166 0,0117 | -0.149 | 0,846
3.0 ) § -0.0139 0.,0081 | -0,0886 | 0,90868
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Table I. First Four Terms of the Varianee BExpansion
Disregarding the Fagtor Ome-Fourth, for
Some Distributions of x

(Continued)
=
First| Second| Third Fourth |Ratio of True
/* Term | Term | Term Term | Variance Ratio
to its | (Freeman-
Liniting _
Value 1949
Xeg (¢ = 0) s = /Yy
1,00 1 0,378 (0,831 |-1.36 0,68 1,608
1.8 1 0.280 |0.833¢ |-0.373 1,118 1,641
3,00 1 0.187 [0.,133 |-0,158 1,163 1.560
s.80 1 0.150 {0,088 |-0,.084 1,181 -
3.0l 1 0.138 (0,089 |-0,0467 1,137 1.360
x=g (c ~3/8) s =y + 3/8
1.0 1 o 0.0638 |-8,.34 - 0.717+
1.8 1 o 0.0878 |-0,.693 0.335 -
3.0f 1 o 0.,0186 |-0.293 0,733 0.294+
2.8/ 1 o 0.0100 |-0.180 0,860 -
3.0( 1 o 0.006958| -0,0867 0.920 0.983+
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Table II. Cumulative Distribution of s Vhere x Nas
- |

Uniforn Piscrete Distributioz With n = 10

m
s M1 M | v 8.8 M= 8
o 0.408 0.163 0.108 0.010
°Q "‘ 0.“’ °o 1.’ 0. l” -
0.447 0.479 - 0.586 0.144 -
0.840 0.818 0.343 0.164 0.0
9..” 00‘” 00"‘ ‘01.‘ -
0.707 0.“’ o.m O.m -
0.774 0.6368 0.388 0.336 0.031
00.’. °om o.m o.m -
0.898 0.699 0.379 0.36¢6 -
0.948 0.736 0.406 0.887 -
1.000 0.784 0.433 0.313 0.048
1.09 0.701 0.487 0.364 -
1.1‘ - - - 00"‘
1.18 0.838 0.843 0.418 -
1.86 0.888 0.006 0.468 0.009
1.34 0.903% 0.680 0.817 -
1.41 0.026 0.688 0.564 0.130
1.81 0.944 0.749 0.639 0.181
1.61 0.963 0.803 0.603 0.383
1.73 0.983 0.866 0.770 0.383
l.'. - - - oo"'
‘o“ - O.m 00”1 -
l.“ - - - °.m
‘o" O.m - - -
‘o” - °om 0.”1 °om
1.” - - - °om
3.00 0,990 0.981 0.898 0.488
'o“ - - - 00‘”
3.07 - - 0.018 -
3.10 - - - 0.588
’ol' o.m 00”' - -
’.1‘ - - 00.’. 00.“
3.19 - - - 0.598
3.33 0.009 0.984 0.961 0.631
’.” - - had o.m
..” - - - o.“‘
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Table II. Cumulative Distribution of s Where x Has
Uniform Discorete Distribution With n = 10

(Continued)

s Sl fM- 2 p= 3.8 Paadl
3.34 - 0.990 0.978 -
2.36 - - - 0.718
2.41 - - - 0.747
3.48 1,000 0.998 0.987 0.773
2.49 - - 0.793
3.53 - - 0.814
2.55 00097 0.’.2 -
3,37 - - 0.835
2.‘0 - - oo."
2.64 0.999 0.996 0.873
2.68 - - 0.887
g':: 000 0,998 0-309

. 1 . -
3.76 4 - 0.913
2.79 - 0.925
3.33 0.999 0.936
3.38 \} - 0.946
2.93 1,000 0.987
3.00 = 0.970
3.08 Y 0.975
3.10 0.981
3.18 0.984
3.16 , 0.987
3.24 ) 0.991
3.33 0.998
3.39 0.997
3.46 0.998
3.53 0,999
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