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(ABSTRACT)

A new turbulence model designed for two-dimensional, steady and unsteady
boundary lavers in strong adverse pressure gradients is described. The model is
developed in a rational way based on an understanding of the flow physics ob-
tained from recent experimental observations. The turbulent shear stress is given
by a mixing length model, but the variation of the mixing length in the outer re-
gion is not constant; it varies according to an integral form of the turbulence
Kinetic-energy equation. This approach allows for the history effects of the tur-
bulence to be taken into account in an approximate but rational way. The form
of the near-wall mixing length model is derived based on the rigorous distribution
of the shear stress near the wall, and it takes into account the pressure and con-
vection terms which become important in strong adverse pressure gradicnts.
Since the significance of the normal stresses in turbulent kinetic-energy pro-
duction is increasing as separation is approached, a model accounting for this

contribution is incorporated. The model is calibrated using available exper-
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imental data. These data also indicate a change in turbulence structure near and
through separation. Such a change can be significant and is accounted for here
using an empirical function. The complete model was tested against steady and
unsteady, two-dimensional experimental cases with adverse pressure gradient up
to separation. Improved predictions compared to those obtained with other tur-
bulence models were demonstrated. The general and rational approach that led
to the derivation of the model allows the straightforward extension of the model
in the region of separation. The further extension to steady and unstcady,

three-dimensional cases is indicated.
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Nomenclature

Cy

'’
F max

F'(y)

K+

van Driest damping constant

constant for the outer region mixing length expression

constant for the outer region dissipation length expression

maximum of function F'(y)

ylol [l —exp(—y*/4*)]

= 1/2uu;, turbulent kinetic energy

K
u?

mixing length

Nomenclature



P mean pressure

p fluctuating pressure

Re, = pUBO/u, Reynolds number based on momentum thickness
U. velocity at edge of boundary layer

u; fluctuating velocity component in the i direction

u, friction velocity

X; coordinates in tensor notation

X,Y,Z coordinates

U
yt =V
Ymax value of y at which F'(y) is maximum

Greek Symbols

0 boundary layer thickness

0y Kronecker ¢

Nomenclature



0" displacement thickness

& & dissipation of turbulent kinetic energy
et = uL;*

0 momentum thickness

K von Karman constant in log law

M eddy viscosity

v laminar kinematic viscosity

Ve kinematic eddy viscosity

P density

G constants in K - ¢ model

T,, — puv Reynolds shear stress

T laminar shear stress
Tmax Maximum Reynolds shear stress
w vorticity, inverse of turbulence time scale

Nomenclature



T, shear stress on the wall

Nomenclature



Subscripts

e edge of boundary layer

in inner

max location of maximum stress, maximum value
0 outer

Nomenclature
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1.0 Introduction

Most flows encountered in nature are turbulent, and the problem of accu-
rately simulating turbulent flows is old and complex. The difficulties arise from
several characteristics of turbulence. Turbulent flows are three-dimensional, un-
steady, highly vortical and contain fluctuations in both time and space. In a fully
developed turbulent flow the scales of the turbulent motion span several order of
magnitudes in size. These scales can typically be 10-3 times the size of the domain
or smaller. To resolve the motion of these elements numerically, one needs a grid
that has a spacing smaller than the smallest scale. Therefore, at least 10° grid
points would be necessary to cover the flow domain in three dimensions [1]. Since
the size of the smallest scale is a function of the Reynolds number, these numbers
clearly indicate that, in spite of all the recent advances in computer technology
and numerical methods, the solution of the governing equations for any practi-
cally relevant turbulent flow, requires resources that currently exceed the storage

capacity and speed of present-day computers.
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This difficulty has led engineers to follow a statistical approach to the prob-
lem, which was first suggested by Osborne Reynolds. The velocity and pressure
fields are decomposed into a mean and a fluctuating part, and the decomposition
is introduced into the Navier-Stokes equations. These equations are then time
averaged over a time scale which is long compared with that of the turbulent
motion. The resulting equations describe the distribution of the mean velocity
and pressure in the flow. Although the process of averaging seems very appeal-
ing, it creates a new problem namely, the equations no longer constitute a closed
system since they contain unknown terms representing the transport of mean
momentum and mass by the turbulent motion. Solution of the system requires
a mathematical model for relating these unknowns to the mean flow field.
Therefore, a turbulence model is defined as a set of equations (algebraic or dif-
ferential) which determine the turbulent transport terms in the mean-flow
equations and thus close the system of equations. Turbulence models are based
on hypotheses about turbulent processes and require empirical input in the form
of constants or functions; they do not simulate details of the turbulent motion but
only the effect of turbulence on the mean-flow behaviour. It is, of course, desir-
able in a turbulence model to achieve a good approximation for a fairly wide
range of flows, but since turbulent transport processes are strongly problem-
dependent, only the exact but intractable equations form a mathematical model
that accurately describes the processes under all possible situations. Thus, tur-
bulence models rely on hypotheses and experimental results and they are valid

only for certain flows or at the most a range of flows.
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In the present work, the focus is on accurately calculating incompressible,
two-dimensional, steady and unsteady, boundary layer flows in the presence of
strong adverse pressure gradient and/or separation. The wide range of practical
applications that work under such conditions includes, but is not limited to, flows
in diffusers, engine inlets, fans, compressors, and airfoils. The development of
methods that can accurately predict those flows is of paramount importance to
the engincer. Most of the prior work on turbulence modeling has been limited to
steady, two-dimensional flows in the incompressible regime.

Before getting into the details of the new approach, it will be useful for the
reader to have an overview of the available methodology commonly used in the
area of turbulence modeling. The presentation will focus mainly on the rationale
behind the models not on the detailed description of the models. The latter can

be found in the literature.

1.1 Turbulence modeling

A wide variety of models are currently used for engineering calculations.
Many authors have reviewed and classified those models [2,3,4,5]. According to
[5], turbulence models can be classified into three major categories. The first
category includes those models that make use of the Boussinesq assumption as
discussed in [5]. By analogy with the laminar flow, the following assumption can

be introduced for the general Reynolds stress tensor:
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oy O 2 uy
— DU = — = ==, 1.1.1
PULL; uf( 5%, + o) ) 3 50(/‘1 o, + pK [ i

where u. is the turbulent viscosity and K = w%u%;/2 is the turbulent kinetic energy.
Unlike the laminar viscosity, the eddy viscosity is not a property of the fluid, but
depends on the flow itself. Using a different physical analogy, Prandtl [6] intro-

duced the idea of the mixing length:

—m=p1;l%|%—fv] [1.1.2]
The mixing length /, can be interpreted as some effective interaction distance [4],
similar to the mean free path between molecules used in the kinetic theory of
gases. Most of the currently used turbulence models make use, in one way or
another, of these two ideas. Models that fall under this category include, the zero
order or algebraic models, the one equation models (based on the turbulent
kinetic energy), and the two equation models ( K - ¢, K - w, K - 7). The definition
of the different variables will be given shortly, when the models will be described
in more detail. Despite the applicability of those models to a number of different
flow situations, there is no fundamental physical reason for the two ideas to hold.

The next category involves those models that solve for the Reynolds stresses
directly. This category include the Reynolds stress and algebraic stress models.
The transport equations, governing the development of the turbulent stresses are
added to the system of mass and momentum equations, either in their differential

form or in an algebraic form, respectively. These models do not assume any
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proportionality between the turbulent stresses and the mean strain rate. They
do require though, the modeling of higher order correlations, the general behavior
of which is not well known.

The third category includes models that are not entirely based on the sol-
ution of the Reynolds stress equations. Such an approach is the so-called “Large
Eddy Simulation”. This methodology [7, 8] attempts to resolve the large scale
turbulent motion by solving a “filtered” set of equations. The effect of the scales
smaller than the ones resolved on a given numerical grid, on the bigger scales is
represented by a “subgrid” turbulence model. This is often an eddy viscosity type
of a model. This methodology has shown promising results, but it is currently too
costly to be used for realistic engineering problems.

Finally, one should not omit the Direct Numerical Simulation (DNS) [9, 10].
The attempt here is to, solve numerically for all the scales in a given turbulent
flow. As discussed earlier, this requires resources not available today for realistic
flow situations, and the simulations are limited to low Reynolds numbers only.
Direct Numerical Simulation is a useful tool in getting a better understanding of
the turbulent processes and in helping with the turbulence modeling by obtaining

solutions and thus detailed “data” for a few representative flows.

Popular turbulence models

This section attempts a brief description of the most popular approaches in

turbulence modeling. It is not intended as a comprehensive review of all the
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available models. It should inform the reader about the assumptions built into
the models, their strengths and weaknesses. Several references will be given, and

the interested reader is encouraged to look into them for details.

Zero order or algebraic models

All the models that fall into this category make use of the Boussinesq as-
sumption. They appear in two forms, either as eddy viscosity or mixing length
models. Since there is no universal expression valid for all flows, researchers have
attempted over the years to derive expressions applicable to some simple flow
situations and extend them into more complex flows. Because boundary layer
flows exhibit a viscous dominated inner layer and a free shear layer like outer
layer, it is expected that the modeling effort will proceed in two stages, one for
each layer. The derivation of the models for the inner region of wall bounded
flows is based on two major assumptions: a) the Reynolds stress is proportional
to the mean strain (Boussinesq assumption), and b) the near wall shear stress is
constant and equal to the wall shear stress.

These assumptions lead to the following expressions:

U, =kpuy  eddy viscosity [1.1.3]

[, =y  mixing length

For the outer region, it can be argued on simple physical grounds that the mixing

length is proportional to the boundary layer thickness, /, = Cd. A value of 0.09
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is generally accepted for C. This approach is presumed to apply to all flows, ei-
ther with or without pressure gradient. Clauser [11] has developed an eddy
viscosity model for the outer region by assuming a constant turbulent transport
coefficient and the idea of the defect law. The final expression reads
u. = 0.018pU,5". Although the expression has been derived only for equilibrium
pressure gradient boundary layers, it has been widely used for nonequilibrium
ones. Cebeci and Smith [12], in attempt to extend the model to such flow condi-
tions, have proposed a model which makes the constant dependent on the Re,.
These models require an estimate of the boundary layer thickness, the definition
and location of which are not easily determined in a Navier-Stokes code. To de-
feat this deficiency, Baldwin and Lomax [13] have introduced a model that re-
places the product U,0* with ymaF max- The function F” gives a measure of the
slope of the profile and attains a maximum away from the wall. The location of
the maximum can be used as a measure of the thickness of the boundary layer.
Two other approaches are also mentioned here. Taylor [14] assumed that
the vorticity might be considered as a transferable quantity, instead of the mo-
mentum as Prandtl did. The model has the same functional form with Prandtl’s
model but the mixing length appearing in this expression is related to Prandtl’s
mixing length through a constant (= \/_2—). Von Karman derived a similar ex-
pression where the mixing length is expressed as a function of the higher deriva-
tives of the local velocity profile. Implicit in all these models is the assumption
that the turbulence is dissipated where it is generated (production =dissipation).

This means that there is no transport of turbulence in the flow field. This further
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implies that these models do not account for the history effect of turbulence,
which becomes very important in cases of strong adverse pressure gradients.

Extension of these ideas to three dimensional flows leads to a second order
tensor for the mixing length, the specification of which is not possible for general
flows. Thus, most researchers have used a scalar value for all directions. The
drawback of such an approach is that the directions of the shear stress and mean
strain coincide. This is not supported from experimental results, especially in the
near wall region.

In general, this category of models is not suitable when processes of
convective or diffusive transport of turbulence are important as is the case in
rapidly developing flows and recirculating flows. Also, the models perform
poorly near locations where the gradient of the velocity is zero. The models pre-
dict zero Reynolds shear stresses which is not supported from experiments.
Generally, these models are of little use in complex flows because of the great

difficulties in specifying the mixing length.

One-equation models

The inability of the zero-equation models to account for any history effects
of the turbulence and the fact that the eddy viscosity is zero when the gradient
of the mean velocity is zero, has led many researchers to give up the direct link
between the fluctuating velocity scale and the mean-velocity gradients and to de-

termine this scale from a transport equation. It was the suggestion of Prandtl [15]
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and Kolmogorov [16] in the 1940’s to let the fluctuating velocity scale to be pro-
portional to the square root of the T.K.E (K = u%/2). The eddy viscosity can

then be expressed as:

u,=pJK 1 [1.1.4]

This is the most meaningful scale since, the T.K.E is a direct measure of the in-
tensity of the turbulence fluctuations in the three directions. As the turbulence
Kinetic energy is contained mainly in the large-scale fluctuations, \/1_(— is a velocity
scale for the large-scale turbulent motion. It is also an average scale for the three
directions, since it doesn’t distinguish between them. Therefore, eqn. (1.1.4) does
not directly take into account the anisotropy of the flow. A higher or lower value
of the eddy viscosity in one direction will only change the bulk value uscd for all
three directions. The distribution of the T.K.E can be determined from a trans-
port equation derived in exact form from the Navier-Stokes equations. For high

Revnolds numbers, this equation reads [1]:

R Ly n . 2N\ —wmr - 1.
o T Cx; ox; [u‘< 2 T )] i 0x; ! ox; 0x; [1.15]

The terms from the left to right represent convection, diffusion due to velocity
and pressure fluctuations, production by interaction of Reynolds stresses and
mean-velocity gradients, and dissipation by viscous action into heat. The pro-

duction term represents the transfer of kinetic energy from the mean to the tur-

bulent motion. The same term appcars with an opposite sign in the governing
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equation of the kinetic energy of the mean flow. Because of the new unknown
correlations in the diffusion and dissipation terms, the T.K.E equation cannot be
solved. To obtain a closed set of equations, these terms should be modelled. For
the diffusion term, a gradient transport formulation is used and the diffusion flux

is assumed proportional to the gradient of K [1]:

WP _ Vr oK
—ui( . )_ ik [1.1.6]

where o, is an empirical diffusion constant. From dimensional considerations,

the dissipation is modelled as:

3 K3/2
E=cr | [1.1.7]

where ¢ is another empirical constant. Introducing these models in (1.1.5), the

K-equation reads:

0K 0K 0 v. 0K ou;, oy, \ au, K
TI ox;  ox, ( Tk Ox; )+v1( 0% ¥ oU; | ox; ‘L [1.18]

This is the high Reynolds number form of the transport equation for K used in
most one-equation models. The model introduced so far is restricted to high
Reynolds numbers only and is not applicable to the viscous sublayer near walls.
Inner boundary conditions for the K equation are often supplied through the use
of wall functions [17]. Another way of treating the inner boundary condition for

K is to make use of the experimental observation that near the wall the con-
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vection and diffusion are negligible and thus production balances dissipation.
Then, the model reduces to Prandtl’s mixing length model.
Bradshaw et a/[18] proposed a method based on the T.K.E which assumes

that the turbulent shear stress is proportional to the T.K.E. along streamlines:

T,r:a]pK (1120.3 [1.1.9]

He also proposed a different type of model for the diffusion:

(va+v—p)=f,(%)mG(y/5) [1.1.10]

where G(y/d) is a universal function determined by experimental data for a flat
plate flow. The set of this transformed T.K.E. equation, the momentum and the
continuity equations form a system of hyperbolic equations that can be solved in
a step-by-step approach. This approach has two main disadvantages [19]. The
first is that it cannot easily be applied in the usually much faster momentum in-
tegral procedures. The second, and more important, is that it requires knowledge
of the distribution of several empirical functions across the boundary layer, which
are not known precisely, with the diffusion being the most important one.
Johnson and King [20] introduced a model which used an eddy viscosity
concept, where the velocity and length scale of the turbulence are based on the
maximum shear Reynolds stress. To account for convection and diffusion effects
on the Reynolds shear stress development, they proposed an ODE to prescribe

the maximum Reynolds shear stress development in the streamwise direction.
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The model uses the same functional form for prescribing the eddy viscosity
across the boundary layer as the Cebeci-Smith model [12]. This form produces
a smooth transition from the inner to the outer value of the eddy viscosity. It is
also a critical element of the model since vy is used to control the rate of growth

of uv,,. The inner eddy viscosity is given by the following equation:
vy = Dky(—uv,)'? [1.1.11]

where D is the same damping term used in the Cebeci-Smith formulation. The
difference compared to the typical eddy-viscosity models is the explicit linear de-
pendence with y, instead of a quadratic one. According to the authors, this ex-
pression reduces to the usual one for zero-pressure gradient flows but behaves
better for non-zero pressure gradient terms. The eddy viscosity for the outer re-

gion is assumed to have the distribution

vy = o(x)0.0168ny (U, — U)dy [1.1.12]
0

where U, is the local free stream velocity and y, is the Klebanoff’s intermittency
function. The constant ¢ is determined at each calculation station by an iterative

procedure when the following relationship is satisfied:

(7)=[(%—5>] [1.1.13]

The governing ODE is derived from the T.K.E equation. Using the assumptions:
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!,) = q, = const [1.1.14]
K
1, 302
(—)
L,= T

we end up with the following expression [21]:

LmUm d(—Wm) Lm
- 1.1.15
-y & (i O L1.1.15]

— \1/2 — \1/2
(_uvm)/ =(_uvm)eé -

where D is the diffusion term and the subscript eq denotes equilibrium condi-
tions. This equation is applicable along the path s of the maximum shear stress.
The values of the different variables along this path are denoted here by the
subscript m. A further simplification is introduced by assuming that s and x are
nearly coincident and that y is normal to s. The extension of this assumption to
unsteady flows is not obvious. The choice of (——muz as the velocity scale is
supported by the work of Perry and Schofield [22]. The quantity 7., is assumed
to be determined from the equilibrium eddy viscosity. The turbulent diffusion
term along the path of maximum Reynolds shear stress and is modelled according
to the “ bulk ” convection hyvpothesis of Townsend [23].

Simpson [24] and Menter [21] have compared this model to others and con-
cluded that it gives superior results for strong adverse pressure gradients.

Lately, a few applications of the model to unsteady flows have also been re-

ported. Dindar and Kaynak [25] have compared the unsteady Johnson-King
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model predictions with those of the Baldwin-Lomax and Cebeci-Smith models for
the flow over an oscillating NACA 0012 airfoil at a reduced frequency of 0.1.
The comparison indicates that the Johnson -King model gives predictions in bet-
ter agreement with the experimental data. Srinivasan et a/ [26] compared the
performance of an algebraic eddy viscosity model based on the Renormalization
Group theory [27], the Johnson-King model, the Baldwin-Barth model [28] and
the Spalart-Almaras [29] for the flow over an oscillating NACA 0015 at a re-
duced frequency of 0.1. They found that for unsteady attached flow the first two
and the last models give good agreement with experiments. For the light-stall
case, the same model give only qualitatively correct results, while for the deep-
stall case the Johnson-King model does not give even qualitatively correct results
for the downstroke.

McDonald and Camarata [19] have proposed the use of the integral form
of the T.K.E equation, which avoids the specification of the diffusion term. The
integral T.K.E is used for specifying a modified mixing length value for the outer
region. Applying the method to the flow studied by Goldberg [30] they obtained
predictions in good agreement with the experimental data.

The area of one-equation models is not exhausted with this description.
Since the new model belongs to the same category, we tried to give some more
information concerning models that bear similarity with the one that is described
in the present work. In conclusion, one-equation models account for convective
and diffusive transport (and for the history in unsteady flows) of the turbulent

velocity scale and are therefore superior to the mixing length approach when
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transport is important. Verification of this is provided by the performance of the
Johnson-King model in 2D separated flows. These models are restricted mainly
to shear layers, since it is difficult to empirically specify the length scale distrib-
ution in more complex flows. This weakness led many researchers to develop

two-equation models which determine the length scale from another transport

equation.

-

Two-equation models

The next step in deriving a more general turbulence model is the introduction of
an equation for the length scale of turbulence. This length scale is characterizing
the large, energy-containing eddies and can be thought of as being subjected to
transport processes in a similar manner to the T.K.E. The derivation of an

equation for the length scale alone is not easy conceptually and thus equations

concerning combinations of the form Z = K™L" have been proposed. All these

equations possess a common form that reads:

0z, ,0z_ 8 (JKL az z JK
+ Ul axi - axl ( O-z aXI )+czl K P szz L +S [1.1.16]

where o, , ¢4 , C; are empirical constants, P is the production of kinetic energy
and S represents a secondary source term which differs according to the choice

of Z. The terms represent the rate of change, the convection, the diffusion, the
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production and the dissipation of Z respectively. It can be shown that for dif-
ferent Z'’s all the terms except the diffusion term are equivalent. Thus the main
difference rests with the diffusion term. Experience has shown that the gradient
assumption for diffusion with a single constant appears to work better for Z =
¢. Since the equation for this variable does not also require a source term, it has
become considerably more popular than the other length scale equations.

The equation for € can be derived in an exact form from the Navier-Stokes
equations assuming high Reynolds numbers. This restriction requires modifica-
tion of the model for the near wall region where the Reynolds numbers are small.
The ¢ equation contains complex correlations whose behaviour is little known and
for which fairly drastic model assumptions must be introduced in order to make
the equation tractable.

The complete model can be described as follows [1]:

2
vy =c K [1.1.17]

T K E

This expression has been obtained using the Kolmogorov-Prandtl (eqn. 1.1.4) ex-

pression and the local equilibrium assumption.

0K 3K _ 8 (v 3K ou, | 9y ay,
ot T e = < ok ox, )”*( ox, T ox, ) ow " [1.1.18]
e de 4 [ V. 0 £ &
5 T U ox = P ( Y T >+cle  P+G) - % [1.1.19]
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where ox, 0, 0, 02 are constants of the model. The ¢ - equation contains three
empirical constants. The determination of the three empirical constants of the ¢
- equation is accomplished by applying the model to three simple flows, i.e, grid
turbulence, local equilibrium (production =dissipation), and attached boundary
layer flow (law of the wall). The diffusion constants o, and o, are assumed to
be close to unity and are tuned by computer optimization. There is no physical
requirement for the constants to have the same values for more complex situ-
ations, in fact the do not, and thus tuning is often needed.

Despite the wide use of the model and its success in a variety of different
flow situations, the K - ¢ model has two major shortcomings: a) it is ill-behaved
approaching a solid boundary, and b) it is inaccurate for flows with adverse
pressure gradient [31]. The near wall region has been treated using either “wall
functions” or a number of low Reynolds number modifications. Discussion of
these is beyond the scope of this presentation.

Another two-equation model that has attracted a lot of interest lately is the
K - w model of Wilcox [32,33]. The model calculates the eddy viscosity as fol-

lows:

v =a‘-§- [1.1.20]

T

where w is the inverse of the turbulent time scale. The transport equations for

K and w are [34]:
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[1.1.21]

J

where f°, ou, 71,01, 6.1 are constants of the model. The values of the constants
and the near wall formulation can be found in the literature. The use of the
variable w instead of ¢ makes the model more computationally robust, since its
near wall asymptotic behavior is better known [35]. The same authors indicate
though, that the model is inconsistent in the near wall region because an exact
viscous term is missing. Including this term and using the turbulence time scale
(which is not singular on the wall) they have derived a new K - 7 model, where
7 is turbulent time scale. Menter [34] has discussed the influence of the w
freestream values on the predictions of the model and has suggested modifications
that eliminate the problem. Wilcox [36] has shown comparisons with the flows
used for the 1981 Stanford Conference. Overall the model performs better in
strong pressure gradients than the K - ¢ model, and it does not employ any
damping functions which is a significant advantages from a numerical point of
view.

Summarizing the strengths and weaknesses of the two-equation models the
following can be said. The two-equation models are the simplest models that
account for the transport of both the velocity and length scale, and thus they
promise success for flows for which the length scale cannot prescribed empiripally

in an easy way. A large number of flows have been predicted successfully with
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the same set of constants but experience has shown that for other flow situations,
like weak shear layers and axisymmetric jets, the constants have to be replaced
by functions. For unconfined recirculating flows the agreement with experiments
have been found to be moderate. It should also be kept in mind that if the
Boussinesq assumption is used for evaluating the Reynolds stresses, the two-
equation fails whenever the Boussinesq assumption fails. Finally, assumptions
have to be made in evaluating the various terms in the model transport equations.
These assumptions only reflect the best understanding and intuition of the origi-

nators.

Reynolds stress models.

By Reynolds stress models we refer to these models which do not assume
that the turbulent shearing stress is proportional to the rate of mean strain. The
governing equations for the Reynolds stresses are derived from the dynamical
equations for the fluctuating part of the velocity and can be written in the fol-

lowing way:

Duz,
D¢

= Pj+ D+ @ — & + vz [1.1.22]

where:
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Py = — (uz, T, + mWIZ) Production Rate
Dy=— 62 upu,  Turbulent Diffusion Rate
k
O, = —l-(u op + u-a—p) Pressure Interaction Rate
u Pt ox, 7 ox

du, Ou
£ =2V — Dissipation Rate

0x;, 0xy

where the lower case letters (; and p) denote the fluctuating components of the
variables and the capital letters (U;) denote the time averaged-components of the
variables.

As becomes obvious, the Reynolds-stress transport equation automatically
accounts for the convection and diffusion of the turbulent stresses. This means
that history effects are accounted for, which is an advantage over the simplest
eddy viscosity models. Also the production and dissipation terms are not as-
sumed equal and can adjust locally. This fact makes the models superior to the
simpler models, in principle. Second-order closure models are obtained when the
higher order correlations appearing on the right hand side of (1.1.22), are related
to the Reynolds stresses, their spatial gradients, mean velocity gradient and the
length scale of turbulence. The production term is straightforward and needs no

modeling. The rest of the terms need to be modeled. The pressure interaction

term is usually written as follows:
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The last term on the right side of the equation is the pressure/rate-of-strain cor-
relation, and it is often symbolized as I1. The other two terms represent pressure
diffusion and they are grouped with the turbulent diffusion term. Thus the total

turbulent diffusion term can be written as:

0 |smmr + L (35, + 73 -
Ty =~ o | T+ o @0+ TP | =~ -

T.

ij

A number of assumptions are often used in the process of modeling these terms

[37]:

1. The third order transport term T is modeled by a gradient transport hy-
pothesis which assumes a clearcut separation of scales between mean and fluctu-

ating fields. This separation of scales is made at the third-moment level.

2. The pressure/rate-of-strain correlation and the dissipation-rate correlation
are modeled based on the ideas from homogeneous turbulence. The departures
from isotropy are assumed small to allow for a Taylor-series expansion about a

state of isotropic turbulence.
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Near solid boundaries, the flow is strongly anisotropic, and the turbulence
Reynolds number is low, thus a number of wall or damping functions are used
to account for these effects.

Although attempts at modeling those terms date back to 1951, when Rotta
proposed the first variant, serious use of this type of models only began in 1970,
with contributions from Donaldson [38], Daly and Harlow [39], Hanjalic and
Launder [40] and Launder et a/[41]. Several models have been proposed for the
different terms over the years. A review of the models as well as their perform-
ance can be found in [42].

The computational cost of those models lead researchers to seek a formu-
lation that will allow the calculation of explicit relationships for the stresses as
functions of the T.K.E., ¢ and the mean velocity gradients. These models are
commonly known as Algebraic Stress Models. Those models are based on two
assumptions: a) the ratio of the Reynolds stresses to the T.K.E. varies little along
a streamline, and b) the net transport (production - dissipation ) of the Reynolds
stress is proportional to that of the T.K.E. [43]. These assumptions eliminate the
terms that contain gradients of the Reynolds stresses and a system of algebraic
equations is obtained for the stresses. These expressions together with the T.K.E.
and ¢ equations form a two-equation model which is more general than the usual
K - ¢ model. The expressions for the Reynolds stresses constitute eddy-viscosity
relationships, where the constant is a function of the ratio (production of K) /
(dissipation of K). Gatski and Speziale [44] have obtained explicit algebraic stress

models for two and three dimensional turbulent flows, in noninertial frames from
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second-order closure models that are tensorially linear in the Reynolds stress
anisotropy. The local equilibrium hypothesis is used in their derivation, thus they
are a generalization of the traditional algebraic stress models including non-
inertial effects. In summary, the Reynolds stress models have been considered
very promising for complex flow situations. The big advantage of these models
over the rest of the models is the anisotropy that they predict. Although they of-
ten give superior predictions for some flow situations, the difficulty of modeling
the different terms, especially the pressure-rate-of-strain term, leads to results
that are not better than those obtained from simpler models. The ad hoc de-
pendence of the near wall modifications for this term on the unit normal and the
satisfaction of asymptotic consistency through singular differential equations are

two of the major drawbacks in the case of wall bounded flows.

Large Eddy Simulation

In Large Eddy Simulation (LES) one predicts turbulent flows by computing
the dynamics of the large, energy-containing structures while modeling the effect
of the smaller structures (subgrid scales) [45]. The basis for this method lies in
the experimentally observed spectral character of turbulent flow fields. Gener-
ally, the large eddies are relatively long lived, anisotropic and different in every
type of flow. These eddies break up to produce smaller eddies while smaller
eddies interact and merge to form large eddies. This process of the production

of smaller eddies through instabilities and the recombination of eddies continues

1.0 Introduction 30



until a continuous spectrum of eddies is generated. The process reaches a sta-
tionary random state when eddies are produced that are so small that the
viscosity of the fluid enhances their stability and provides the means for dissi-
pating their energy to heat. These smallest eddies have a short life and tend to
be isotropic in character. This process is not generally uniform but intermittent
involving such events as “ bursts” and “ spots ” of turbulence. Large eddy sim-
ulation of turbulence computes these mechanisms for the largest eddies that con-
tain most of the energy of the turbulence and models the effects of the eddies
smaller than the finite difference mesh can resolve. By modeling only a fraction
of the turbulence, the overall accuracy of the method becomes less dependent on
the accuracies of the closure models than statistical models, where all of the tur-
bulence is modeled. Also, the isotropic and, hopefully, universal character of the
small scale eddies may permit the development of closure models based on sound
physical arguments.

The elements of a large eddy simulation are [46]:
(i) Filtering: defines the resolvable field
(ii) Subgrid scale model: A mechanism by which energy is extracted from the re-
solved field
(iii) Numerical method: Space and time discretization, boundary and initial con-
ditions
(iv) Difiltering: recovering from the resolved field information concerning the
total turbulence energy. This problem becomes more critical when more than

10-20 percent of the T.K.E is in the subgrid scale motion.
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In the large eddy simulation of turbulence, any flow variable f is decomposed

into a mean and a fluctuating part as follows [47]:

f=f+f [1.1.24]

where

f= J G(x - X', Afix")d’x’ [1.1.25]
D

In the last equation G is a filter function which depends on the relative position
vector X - X’ in the fluid domain D and on the computational mesh size . The

function G is normalized, i.e.,
f G(x - X/, A)d’x’ = 1 [1.1.26]
D

Unlike conventional averaging, in LES filtering in general f # 0 and jz" # f since
a second smoothing removes additional structure from the resolved field. The
equalities hold for sharp cut-off filters.

When the filtering operation is applied to the Navier-Stokes and continuity

equations one obtains the equations of motion for the large scales [45]:

oU;
ot

0 == _ oP 5'tij 1 62 _
+ axj (Uin)_ axl axj + Re axjaxj Ul [1.1.27]
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L9 [1.1.28]

in which the term
;= Uy + Uy + 075 [1.1.29]

represents the subgrid Reynolds stresses and has to be modeled. The importance
of the subgrid scale model increases as the Reynolds number increases, on a grid
with fixed spacing, since the range of unresolved small scale of eddies is increas-
_ing.

The large eddy simulation has been used successfully mostly for homogene-
ous flows or simple inhomogeneous turbulent flow. Despite the expectations re-
garding the predicting capabilities of the method, the accomplishments of LES
have been somewhat dissapointing until today [48].

There are, however, new developments in the field of the subgrid modeling that
have brought a renaissance in LES [49].

In summary, the widest application of LES is currently in atmospheric sci-
ence but there have not been many applications of LES for solution of engineer-
ing problems as yet.

This completes the section on the turbulence modeling levels used for engi-
neering calculations. The next section outlines the new model that we propose for

boundary layers in strong adverse pressure gradient.
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1.2 Present work

In this work, we introduce a new, general approach to the prediction of boundary
layer flows in the presence of strong pressure gradients. The assumptions built
into the model have been chosen to be consistent with experimental and theore-
tical findings, so that the model can be rationally extended to the prediction of
unsteady and three-dimensional flows. The basic features of the turbulence
model include: a) the use of the integrated T.K.E. equation as a way of taking
into account in an approximate, but plausible, way the “history” effects on the
mixing length, b) the use of Tn. as the correct scaling factor, c) the specification
of a rigorous model for the distribution of the shear stress profile in the near wall
region, where the assumption 7=, is not valid for strong adverse pressure gra-
dients, d) the contribution of normal stresses as separation is approached, and e)
the use of an empirical function that attempts to take into account the change of
the turbulence structure near separation. All of this results in an auxiliary
equation for the constant in the outer region mixing length model. This is cou-
pled to a modern treatment of the differential equations of motion. Comparisons
of predictions and measurements for steady and unsteady, two-dimensional cases
with strong adverse pressure gradients are presented. The model gives improved

results over the simple algebraic model and good agreement with the experiments.

1.0 Introduction 34



Chapter 2

Chapter 2

3s



Chapter 2

2.1 Opverview of the development of the model

In the following sections, a detailed description of the development of the
new turbulence model is undertaken. The description is subdivided into five
sections: a) the role of the T.K.E equation, b) the calculation of the ratio of the
shear stress to the T.K.E, ¢) the normal stress contribution, d) the calculation of
the dissipation term, and e) the development of the new mixing length distrib-

ution,
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2.2 The role of the T.K.E equation

The need for accurate methods for the prediction of separating or separated
flows under steady and unsteady conditions has led researchers to develop a
number of approaches. Most of these approaches make use of established ideas
for equilibrium attached turbulent boundary layers such as eddy viscosity, mixing
length, turbulence Kkinetic energy, and entrainment models as well as empirical
correlations. The major weakness of the simple algebraic models is their inability
to take into account the history of turbulence. Despite this shortcoming, their
predictive capability and especially their computational economy have made
them popular in the prediction of a wide variety of flows, even those that lie
outside their range of applicability. Higher order methods require the solution
of a number of additional differential equations, thus adding numerical com-
plexity and increasing the computational time required for obtaining a converged
solution. Although these methods are based on equations that introduce more
information on the physics of the flow, they also require modeling of terms that
are often only poorly known. The modeling of those terms, especially in the near
wall region is concerned, is problematic, and this leads to results that are not
impressively better than those predicted by simpler methods [50, 42]. These ob-
servations have led us towards a simpler model that attempts to capture the

physically important information rather than describe every detail of the flow

field.
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Reynolds stress and Turbulent Kinetic Energy equations

One of the most important pieces of information is the observation that for
boundary layers in strong adverse pressure gradients and separated flows the
most important scaling parameter is not the wall stress, which tends to zero, but
the maximum shear stress. The general form of the Reynolds stress equations,

which govern the development of the turbulent stresses, is [51]:

Dig,

where:
oU oU
Production:  Py= = Il —— — Uiy —* [2.2.1a]
&
0 ou
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0 1 ,— — _
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The symbol E; represents the rate-of-strain, which is equal to:
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This form of the Reynolds stress equation is not the one used in the second
order turbulence modeling approach, although it is the proper form leading to the
T.K.E equation with contraction of the indices i and j. For flows varying rapidly
in the streamwise direction, the convection, diffusion and dissipation of the
Reynolds shear stresses cannot be neglected, so models based on the equilibrium
assumption are not appropriate. Since the Reynolds stress transport equations
automatically account for these effects, it seems that these models are superior to
the simple models, in principle. Second-order closure models are obtained when
the higher order correlations appearing on the right hand side of equation (2.2.1),
are related to the Reynolds stresses, their spatial gradients, mean velocity gradi-
ents and the length scale of turbulence. The production term is straightforward
and needs no modeling, the rest of the terms need to be modeled. Many models
have been proposed, but most of them are not adequate in the near wall region.
This has led many researchers to transform the T.K.E equation into a governing
equation for the development of the Reynolds shear stress. In the following par-
agraphs, a detailed presentation of the assumptions involved and the limitations
introduced are examined.

As is already known, the exact T.K.E equation can be derived from equation

(2.2.1) by contracting the indices i and j. This leads to the following expression:
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where:
K=%W [2.2.24]
; ou;
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The first term on the right hand side of equation (2.2.2) represents the pro-
duction of the T.K.E, the second term represents the diffusion of T.K.E and the
third term represents the dissipation of T.K.E. One very important observation
is the elimination of the pressure-rate-of-strain term, the modeling of which is a
major stumbling block for the second-order closure models. The presence of the
diffusion and dissipation terms makes the modeling of the T.K.E equation still
problematic. These two terms are not well known and they require the intro-
duction of empirical correlations. It would be advantageous to eliminate these
terms or express them in terms of other terms that have a more well known be-
havior under different flow conditions. Unfortunately, very little can be done as
far as the dissipation term is concerned. The diffusion term can be eliminated
under special conditions. To see that, one must integrate equation (2.2.2) over a

fixed volume V . Using the Gauss theorem one obtains:
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where S is the bounding surface of the volume, and n; is the component of the

[(% T) 2qu:|njds

[2.2.3]

normal vector to the surface.

This equation indicates that the diffusion term disappears if the domain has
solid boundaries, where the fluctuating velocities are zero. This also holds true
in the freestream portion of the domain where again the fluctuating quantities
become zero. In practical terms, the contribution of the wall and the freestream
diffusion will be zero if the integrated T.K.E equation is used, but the contrib-
utions of the inlet and outlet boundaries are not zero. Those terms can be ap-
proximately dropped if it is assumed that the diffusion in the direction normal to
the flow is much higher compared to the one in the direction of the flow. This
assumption holds true in many real flows.

Because of the uncertainty in the specification of the diffusion term, it was
decided that an integral approach was advantageous. The integral form has the
added advantage of making the application of the model independent of some
arbitrary path, such as the trace of the maximum shear stress. Such a path was
needed in previous formulations in order to get an ordinary differential equation
for steady, two-dimensional flows [20]. This direction was subsequently taken as
simply the streamwise direction. The extension of this assumption to unsteady

and/or three-dimensional cases is not obvious.
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The modeling of the dissipation term requires the transformation of the
T.K.E equation (2.2.2) into an equivalent form. This is the form that is usually

used in the two-equation and second-order turbulence modeling. This form is as

follows:
. N2
DK 90U 5 [P Ui, ’K Ou;
Dt Hity X; 0x; [ P U+ 4 2 :|+ Y dx2 v( 8xj [2.2.4]
J

This equation can be obtained from eqn. ( 2.2.2 ) by combining the viscous part

of the diffusion term with the dissipation term as follows:

g u.( oy + 5uj )_( 0y, n @uj ) auj _ 2K ou; Cu; [2.2.5]

The only difference between the two forms can be found in the diffusion and
dissipation terms. Although this “dissipation” is not the real dissipation, it is the
form that is modeled by most researchers. A detailed description of the modeled
form is given in a later section.

Until now, the reader has been exposed to different manipulations of the
general T.K.E equation. Since the main focus in this work is the simulation of
two-dimensional boundary layer flows, it is helpful to give the form of the T.K.E
equation as it is used in the development of the model for such flows. It is im-
perative to note here that the use of the two-dimensional form of the equation
does not imply any restriction for the applicability of the general model in three-

dimensional flows. The T.K.E equation for two-dimensional flows follows from

Chapter 2 42



eqn. (2.2.4), if one sets the mean variables and their derivatives in the z-direction

equal to zero:

2K 3K 0K __FAU _ 38U 3oV
ot ox ay 0x ay oy
_ - [2.2.6]
ox  Ox \ P Ox oy \ P oy

where k = 1/2u? and ¢ is equal to the last term of equation 2.2.4. This term in-
volves derivatives of the fluctuating quantities with respect to z. These deriva-
tives cannot be dropped since they exist inside the average, thus this term is not
expanded here.

Following Launder et a/ [52], the form of the T.K.E equation for plane
two-dimensional boundary layer flow at high Reynolds numbers, keeping the

production due to normal stresses term is:

OK [y K,y oK | G ou
ot cx oy 0x
Y [2.2.7]
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As mentioned earlier, the integral form of the equation offers several ad-
vantages. Integration of equation (2.2.7) across the viscous layer eliminates the
diffusion and laminar viscous dissipation terms exactly within the limits of the
boundary layer assumptions. Making use of the continuity equation and inte-

grating by parts, the previous equation can be written in the following form:
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The last term of the equation is identically equal to zero in many cases since V=0
on the wall and usually K =0 in the freestream. The equation has no dependence
on the y coordinate. The only independent variables are the time (t), and the
spatial component (x). This will eventually lead to a governing equation that is
a Partial Differential Equation (P.D.E) in case of unsteady flow, or an Ordinary
Differential Equation (O.D.E) in case of steady flow.

Up to this point, the analysis has not led to an equation that governs the
development of the shear stress in the flow. This transformation is the result of
the experimental observation that the ratio of the Reynolds shear stress to the
T.K.E is almost constant across the boundary layer ( at least for
156 <y <0.750 ). The constant has a value between 0.25 and 0.30 for zero
pressure gradient. The ratio assumes lower values for adverse pressure gradient
flows [53] but most methods assume a constant value independent of the flow
situation. As shown later, this is not the case with the present model. Before

transforming the equation, a few definitions must be introduced:

[2.2.94]
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The factor F expresses the ratio of the total turbulence energy production to the

shear-stress-related turbulence energy production [54]. An average value of 1.25

has been determined experimentally for the exponent p [54].

Introducing

equations (2.2.9a - 2.2.9¢) into equation (2.2.8), one gets the following equation

for the development of the maximum shear stress:
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The four integrals are functions of the time (t) and space (X) variables only. The
factor F, that was defined earlier, represents increased production due to normal
stresses. Unlike other models, the contribution of the normal stresses in the pro-
duction of turbulence is included in the present model. The reason for this is the
experimental observation that the production due to normal stresses can be as
high as 50 percent of the production due to shear stresses [55]. The modeling of
this term will be discussed shortly.

The function f gives the non-dimensionalized stress profile for each station.

The calculation of this term is performed by dividing the values of the shear stress
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at the centroid of each element by the maximum value of the profile before the
evaluation of the integrals (2.2.12 - 2.2.15).

In the case of a steady flow, the time derivative is zero and eqn. (2.2.11)
becomes an O.D.E. The integration of the equation requires the specification
of the maximum shear stress as an initial condition at the begining of the com-
putational domain. This condition can be either given from experimental results
or using an algebraic model. The application of the model also requires an initial
distribution for the velocity and stress fields. This information can be supplied
by initially solving for the flow variables using a simple algebraic model. More
details concerning the numerical implementation of the model will be given in the
next chapter (Chapter 3). In the case of an unsteady flow, eqn. (2.2.11) becomes
a P.D.E. Both initial and boundary conditions are required for the integration
of the equation. An initial distribution of the maximum shear stress as a function
of the spatial coordinate (x) at time t=0, as well as the value of Tm. at x = xp as
a function of time, are required. The first condition can be obtained by a steady
solution at t=0. The second condition can be given either by experimental results
or by a simple algebraic model. Concluding this section, the reader should keep
in mind that compared to other methods, no assumptions concerning the path of
the maximum shear stress have been included in the model, and both convective
terms have been kept. The latter is another advantage of the integral formu-
lation. The elimination of the assumption concerning the path of the maximum

shear stress becomes more important in the case of unsteady flows.
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2.3 The variation of a,

In the previous section, it was shown that the T.K.E. equation can be
transformed into an approximate equation governing the evolution of Tm. by in-
troducing into the equation the ratio of the shear stress to the T.K.E. It was also
noted that this ratio is assumed constant, independent of the flow conditions.
This is not exact. It is observed experimentally that the ratio of the shear stress
to the T.K.E. is reduced in the presence of adverse pressure gradient [53]. This
is probably due to the change in the structure of the turbulent boundary layer as
separation is approached. This change is taken into account here through an
empirical relationship based on experimental observations [54]. The ratio is taken
to be equal to A,F», where F is the factor that accounts for the increased pro-
duction due to normal stresses, and A, is a constant that varies between 0.25 and
0.3. In the present work, the constant has been chosen equal to 0.25. Numerical
simulations using the value of 0.3 were performed with no significant changes in

the results. The value of the exponent p is equal to 1.25 according to [54].
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2.4 Normal stress contvibution to T.K.E production

[t is usually assumed that the production due to normal stresses in the T.K.E
equation can be neglected compared to that due to shear stresses. Although this
can be safely assumed as approximately correct for equilibrium attached bound-
ary layers, as separation is approached both the normal stresses and the velocity
gradient in the x direction increase, resulting in increased production of T.K.E.
due to the normal stresses. At the same time, the production due to shear stresses
is decreasing, resulting in a ratio between the two terms of up to 0.5. This justi-
fies an attempt at modelling this term in a rational way. The model proposed by
Collins and Simpson [56] and Shiloh, Shivaprasad and Simpson [54] is used here.
This model is based on the assumption that the stresses can be related to the
T.K.E., at the location where the shear stress becomes maximum, in the following

way:
u? —v? =2C,K/F¥ [2.4.16]

Using the definition of F and the ratio of the shear stress to the T.K.E (

= A F'» = q)) one can find the following expression for F:

F= 1 [2.4.17]
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where the values of 4, and C, are calibrated using experimental data. An average

value of 2.79 is reported in [54] for the ratio of the two constants.

2.5 Calculation of the dissipation term

In section 2.2, the following expression was introduced for the calculation

of the dissipation term:

1.5
= —TI-; [2.5.18]
In the present section, the calculation of dissipation is discussed in more detail.
Equation (2.5.18) is derived from dimensional considerations. This equation also
requires the specification of a dissipation length (L;). The dissipation length is
taken to be equal to the mixing length in the law of the wall region. This is con-
sistent with the observation that the production and the dissipation are the two
dominant terms in this region of the flow and they almost cancel each other, be-
ing closely equal and opposite in magnitude. The problem with equation (2.5.18)
is that it predicts zero dissipation on the wall. This result is incorrect as can be

verified from both theoretical and Direct Numerical Simulation results (DNS)

[57]. The asymptotic value on the wall is equal to:
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+
gr=2-K [2.5.19]

Despite this deficiency, the model equation predicts a maximum at about the
same location where DNS solutions predict the existence of a plateau. The failure
of the model in the viscous sublayer is expected, since the dimensional arguments
used for deriving this expression are not valid there. Modification of the situation
can be accomplished in a number of ways. The simplest approach and the one
followed here is to assume that the dissipation between the wall and the location
where the model predicts a maximum value is constant and equal to the maxi-
mum value. Although the value on the wall is then high, this approach neglects
a smaller portion of the true dissipation when the latter is integrated across the
boundary layer, compared to the unmodified version. An alternate approach
would make use of the asymptotic value of the dissipation near the wall. As-
suming that this relationship is valid for a few y* units away from the wall, and
using the ratio of the shear stress to the T.K.E. along with the predicted value of
the Reynolds stress in the near wall region, one can get an approximate curve for
the viscous sublayer region. This curve along with the predictions of eqn. (2.5.18)
are présented in Fig. (1).

The dissipation length in the near wall region has to be modified using the
van Driest damping function. From the previous figure, it becomes obvious that
a different damping constant is required for the results to be consistent with the
values predicted from DNS. Wolfstein [58] has also adopted different values for

the mixing and dissipation lengths in his near wall damping functions. His ap-
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proach uses the Reynolds number of turbulence instead of y* as a measure of the
wall influence on the turbulence. A value of 4+ between 12 and 14 seems to give
good agreement. The value of 14 has been used in the present study. The dissi-
pation length for the outer region is assumed proportional to the boundary layer
just as for the mixing length. The constant of proportionality has been chosen
equal to 0.082, a value which is lower than the usually used value of 0.09, but in
good agreement with the experimentally observed values of Simpson, Strickland
and Barr [55], for flow developing in the presence of strong pressure gradients.
Here, it was found useful to have the dissipation length in the outer region mimic
the behaviour of the mixing length in that region as governed by the auxiliary
equation. In equilibrium regions, we take the mixing length in the outer region
to be /, = C6 with C =0.09 and and the dissipation length to be L;= C,0 with
C,=0.082. As Cis reduced by the auxiliary equation in strong adverse pressure
gradients, it is assumed that C,;= (0.082/0.09)C. This point will be better un-
derstood in the section that follows, where, the mixing length distribution across

the boundary layer is introduced.

2.6 Mixing length distribution

In the previous sections, the governing equation for the maximum shear

stress was developed. This equation is not predicting the shear stress across the
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boundary layer. It only provides a scaling factor for the shear stress profile at
each x location. To complete the calculation of the shear stress, a formula that
relates the shear stress to the other mean flow variables, and its maximum value
must be proposed. In this work, a mixing length approach has been chosen to
accomplish this task. This new mixing length formula is based on a rigorous
distribution of the stress profile.

The simple mixing length formulation has been used extensively in the cal-
culation of attached flows, even in cases of strong adverse pressure gradients [4].
The mixing length is assumed to be proportional to the distance from the wall for
the near wall region, while it becomes proportional to the boundary layer thick-
ness in the outer region. This formulation does not yield satisfactory results when
applied to cases with strong adverse pressure gradients. This is because the near
wall formulation assumes a constant distribution of shear stress. The stress is
given as the product of the mixing length, xy, the velocity scale, kydU/dy, and the
velocity gradient. In an attempt to improve this deficiency, Johnson and King
[20] proposed a near wall model that uses the same length scale but introduces the
square root of the maximum shear stress as the characteristic velocity scale in
their eddy viscosity formulation. Johnson and Coakley [59] have proposed an-
other algebraic velocity scale which is derived based on the assumption of a linear
stress distribution between the wall and the maximum value of the shear stress.

In the present work, a new mixing length formulation is proposed based on
a rigorous distribution of the stress profile. The derivation is based on the ex-

perimental observation that the law of the wall remains valid even in the presence
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of strong adverse pressure gradients [60,61]. While this remains a subject of de-
bate and study [62,63], the preponderance of evidence supports the validity of the
law of the wall. Coles [ 64 ] has expressed the momentum equation for steady,

two-dimensional flow in nondimensional terms as:

%=1 + yht o+ —u"z—zf Ly+h2(y+)dy+ [2.6.20]
yr=y lif [2.6.21]
ot = pza % [2.6.22]
h@*):% N [2.6.23]

where 7= 1,+ 7, In a similar way, for unsteady, two-dimensional flow and
neglecting the normal stress term, the momentum equation can be written in

nondimensional terms in the following way:

+

du, [’ ou
= +,+ v “*% 2 Ayt Ve g 4
=1 +yp + R jo h*(y")dy™ + T yTh(y™) [2.6.24]

T

The function A(e) is a function of y* only and it can be calculated from the

near wall velocity profile of the universal law of the wall. An extended mixing
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length formula for the inner region consistent with strong adverse pressure gra-
dients can be derived, if we require that:

U\’
Bl 2L ) = 2.6.25
'"( Oy ) ! : J
where 7 is given by eqn. (2.6.24), rather than the usual assumption 7 = 7, or some
ad hoc assumed variation. The expression for the mixing length becomes:

12
ou

: y+h(y+)> [2.6.26]

t

ou
lyin = kyD| 1 *pt L—’Jh’ Nyt + -+
m.in Ky( + y'pT o+ 2 ox )y (v)y+uja

where D is the van Driest damping function that modifies the mixing length in
the buffer zone and the viscous sublayer.

The importance of this extended formulation becomes obvious when one
considers the derivative of the velocity profile that results from the application
of the usual mixing length model. Starting from the expression for the total stress

in the near wall region:

l,? +
m QU ,dU* _ [2.627]

where the right hand side is given by equation (2.6.24) and solving for the non-

dimensional velocity gradient, one obtains the following expression:
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ou ou
+.,+, _V T 25 +_V T+
2(1 + pty* + = Jh = S

- ~ [2.6.28]
dy* 1+ (1 + 4k*y*™2 DY)
In the limit of y*> > 1, the slope can be expressed as follows:
aut 1 pt Ou j Ry
A% T T
— h 2.6.29
a* - o T T - < ox + U, ot > L ]

and thus it fails to reproduce the law of the wall, proving the need for the com-
plete formulation in eqn. (2.6.26). This completes the development of the near
wall mixing length formula.

The expression for the mixing length in the outer region is /,, = Cd, where
¢ is the boundary layer thickness and C is a constant with respect to y. Rather
than adopting the equilibrium value of 0.09, the value of C at each station and
time step is determined here so that the maximum value of the shear stress pre-
dicted from eqn. ( 2.6.25) is equal to the one predicted from the auxiliary
equation, eqn. ( 2.2.10 ), at the same location.

A hyperbolic tangent function is used for blending the inner and outer mix-

ing length region expressions, in the following way:

1:11'71 i
1,,,=1m,0< tanh( - )) [2.6.30]
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A smooth distribution is required for two reasons. First, it produces a smooth
shear stress profile, which is important in locating the maximum value using a
numerical procedure like the Newton-Raphson method. Second, it makes /,
functionally dependent on C across most of the boundary layer. This is critical
in matching the maximum shear stress through the variation of this constant.
The value of the exponent (n) used in the present work is chosen equal to 1. As
the exponent increases, the blending becomes sharper and approaches the dis-

tribution:

[, =Ky (inner region)

ly = CO (outer region) [2.6.31]

which has a discontinuous derivative. Such a discontinuous distribution is not
suited for a numerical estimation of the location of the maximum shear stress.
Higher values of the exponent (n) were used but they did not work well, especially
in the region of attached flow with low pressure gradient. This can be explained
taking into account the proximity of the location of the maximum shear stress to
the wall, the flatness of the shear profile in the same region, and the small influ-
ence that the variation of C has on the value of the inixing length in the inner
region for the sharper blending. For the regions of the flow with low or zero
pressure gradient, the stress profile in the near wall region is almost flat. The
reader should recall that for such flow situations =7, near the wall. Under these
conditions, the influence of the value of C on the value of the mixing length in the

near wall region diminishes, as the wall is approached and the value of the expo-
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nent increases. As a result, the numerical method often oscillates predicting un-

reasonably high values for C, or completely fails to converge.
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Chapter 3

3.1 Numerical implementation of the new model

In the previous chapter, the theoretical development of the new model was
presented in detail. The present chapter focuses on the numerical implementation
of the new model. The description of the numerical method used for solving the

equations of motion is presented in Appendix A.

Chapter 3 60



3.2 The governing equations

In order for the reader to better understand the solution strategy that is fol-
lowed in the present work, it was decided that a short presentation of the system
of governing equations and their interdependence is required.

The present model has been incorporated in a Finite Element Method
(F.E.M) code that solves the incompressible, steady and unsteady, two-
dimensional boundary layer equations in the direct mode, that is the free-stream
pressure gradient or free-stream velocity needs to be specified [65]. The use of a
boundary layer code does not imply any restriction concerning the implementa-
tion of the new model into a full Navier-Stokes code. The use of the F.E.M for
the solution of the boundary layer equations is also unrelated to the implemen-
tation of the model. That means that the model can be easily implemented into
a Finite Difference or Finite Volume type of solver if that is preferable. As it
will be shown in a later section, this flexibility of implementation is accomplished
primarily through the way that the equations of motion are coupled to the auxil-
iary P.D.E (or O.D.E for steady cases) that governs the development of the

maximum shear stress.

Continuity equation

QU 9V [3.2.1]
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x-Momentum equation

oU  ,yoU 0V 1 dP 0 of QU |, 0U
6t+U6x+V6y— de+5y((v+lm< >) > [322]

y-Momentum equation

9P 0 [3.2.3]
ay

P.D.E governing maximum shear stress evolution

d

—a—t (Tmaxlt) + % (Tmaxlc) - (Tmaxlp) + (Tgr{zzxxld) =0 [324]

Relationship between outer mixing length constant (C) and maximum shear stress

l,i(C)< %yl-/- )]m = Tmax [3.2.5]

Mixing length distribution

+ 172
! =r<yD(=‘ boytpty L r R0t + 225t
min W odx Jg ul ot

Ipo= C& [3.2.6]
lm in
by = l,,| tanh 7 :
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As the reader can see, the system of equations is nonlinear, and an iterative
scheme is needed for its solution. It should also be clear now that the numerical
method used for solving for the equations of motion, and the one used for the
equation governing the evolution of the maximum shear stress do not have to be
the same. The two sets of equations are related only through the mixing length,
which is an algebraic relationship. Once a distribution of mixing length is known,
the equations of motion can be solved using any appropriate numerical method.

The solution strategy used can be seen in Figs. 2, 3. A description of each

step and the details of the implementation follow:

Step 1

An initial guess for the velocity and stress field is needed in order for the
integrals in eqns. (2.2.12 - 2.2.15 ) to be evaluated. For both steady and un-
steady flows, such a guess can be obtained using a simple algebraic model in a
numerical solution procedure. In the present work, the simple algebraic mixing

length model:

lm,m = DKy

l,, = 0.008 [3.2.7]

is used, where D is the van Driest damping function which is defined as
(1 —exp(—y*/A*))%. The value of A+ depends on the constants k and C of the
law of the wall. The value of A+ = 24.5 is used here. This corresponds to k =
0.41 and C =5.0. The solution that we obtain is the answer that the algebraic

model predicts for the flow. It is also the initial guess for the new model. The
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velocity profile at the inlet plane can be specified either by an analytic solution
or experimental data. The freestream velocity, or pressure gradient, must also

be given for the solution of the boundary layer equations.

Step 2

Once a “ trial ” solution is known, the integrals in eqns. (2.2.12 - 2.2.15 ) are
evaluated for each location (x) and time (t). Two methods of numerical inte-
gration were used: a) the trapezoidal rule, and b) integration of the spline that
interpolates the pointwise values. Both methods gave similar results, thus it was
decided that the trapezoidal rule is adequate. This result can be explained as
follows. The integrands are varying faster in the near wall region. This is also
the region where there is a higher concentration of mesh points, and this high

resolution of the integrating function reduces the numerical error.

Step 3

For unsteady flows, the P.D.E. is integrated in time (t) and space (X) yielding
a new distribution of 7. For steady flows, one only needs to integrate in space.
At this point, the convergence of the method is checked. The following norm is

used:
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12

E(T"max(xt) ~ T (1))’
<e

( | Z(r:;ax(x,)f > a

[3.2.8]

If the norm is smaller than a specified upper limit (¢;), then convergence has been
obtained and the postprocessing can start. If not, the next step is executed.

In order to avoid big steps in the iterative solution for Tn., underelaxation
is applied to the new values predicted from the auxilliary P.D.E (O.D.E). This
means that the new distribution of the maximum shear stress is given as a linear

combination of the current and previous iteration, i.e.:

T(new) - angx + ‘rfﬂ; 1)(1 _ a) [329]

max

Here, we make reference to the iterations resolving the nonlinearity of the system
and not the time iterations. Because of the importance of the auxiliary equation,
presentation of the integration method used follows in the next section.

Figure 4 shows schematically the location of the Tma “nodes” in a numerical
grid composed of bilinear elements. Although the integrals are evaluated at the
centroid of the element, the maximum shear stress is not really assigned to
“nodes”. It is associated with each column of elements. Within each element, the
stress is calculated at the quadrature points during the integration of the mo-

mentum equations. These values are then interpolated at the centroid of the ele-
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ment. The requirement that the maximum stress of each column of elements
coincide with the one predicted from the auxiliary equation gives a new value of

C. This is described in the next step of the algorithm.

Step 4

This step involves the calculation of a new value for the constant (C) of the
outer mixing length. This requires: a) calculating the maximum shear stress for
each stress profile, b) finding the value of C that satisfies eqn. (3.2.5), i.e., finding
the value of C that makes the maximum value of each shear stress profile equal
to the one predicted from the auxilliary P.D.E (O.D.E) for the same location.
For the first part, the method initially searches the solution of the differential
equations of motion for the pointwise maximum value at the centroid of each el-
ement. Once the location and the value are found, a cubic polynomial is used to
interpolate for the stress profile around the point of interest. At the location of
the maximum, the derivative of the interpolant should be equal to zero. The de-
rivative is a quadratic polynomial, the roots of which can be found analytically.
Once the location of the maximum is found, the interpolant is used for calculating
the value of the maximum stress. This value must be the same, within some
prescribed tolerance, to the value predicted from the auxilliary P.D.E. (O.D.E.)
at the same location. This is accomplished by adjusting the value of C in eqn.
(3.2.5). The value of tmax on the right hand side of the equation is the one pre-
dicted from the auxilliary equation. This is a root finding problem, and a number

of well-known numerical methods can be used [66]. The one used here is the
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Newton-Raphson method. The reason for choosing this method is its quadratic
convergence. Since the root finding problem is repeated a lot, a fast method had
to be implemented. For each X location, a first guess is required. The converged
solution for the previous station is used as the initial guess. This choice has been
proven to be very robust. For the upstream location, the value predicted from
the algebraic model can be used as the first guess. Applying the method to eqn.

(3.2.5), leads to the following expression for the value of C:

C)—
Cut= c,-(l - T"‘([ ) Tmax ) [3.2.10]
21m(Cz)<1 _pmin 1 )

1m 2[mi
’0 sinh( = )
b0

Here, 7,(C;) is the maximum shear stress of the profile, and 7. is the value pre-

dicted from the auxiliary equation for the same location.
Usually, two to three iterations are needed for convergence. The following

criterion for convergence is used:

— C
Tmax Tm( l) ‘ S 5 X 10—3 [3.2.11]

Tmax

The method has been proven very robust for almost all flow situations. Sqme
convergence difficulties have been observed in the case of strong favorable pres-
sure gradients, which force the location of the maximum shear stress closer to the
wall. For those cases, the method is not used, and the C value is automatically

set equal to 0.09. The explanation for these problems can be found in the ina-
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bility of the constant C to influence the value of the mixing length in the near
wall region. Extensive numerical experimentation has indicated that when the
value of the mixing length at the location of the maximum shear stress is higher
than 0.96 x y, the method has no convergence difficulties.

A constraint has also be placed on the amount that C can change from one
iteration to the next. The allowable change is ¥ 5 % of the previous value. This
constraint prohibits any sudden changes that may occur, but at the same time it

prohibits quadratic convergence. In practice, the constraint was rarely active.

Step 5

Once a new distribution of C has been obtained, the equations of motion
can be solved again, producing new velocity and stress distributions. During this
part of the solution strategy, the new model behaves simply as an algebraic model
with a modified outer constant. Once a new solution has been obtained, the sol-
ution is repeated starting from Step 2.

For the steady flows tested in this work, six to eight iterations were required
for convergence to a tolerance of 1 x 10-3. For the unsteady flow, two iterations
per time step were adequate.

Initially, a different approach was tested. In that approach, the domain was
divided into two regions. For the first region, the algebraic model, eqn. (3.2.7),
was used. The equations of motion were integrated only once. The second region
was starting at the end of the first one, and the starting point of this region was

chosen in the flow region where turbulence was assumed to be in equilibrium.

Chapter 3 68



This implies that the favorable and zero pressure gradient regions of the flow
were solved using the simple algebraic model, while the adverse pressure gradient
region was solved using the new model. Although it seemed a reasonable ap-
proach at first, it had a major problem. The slope of the maximum shear stress
at the switching point was discontinuous. The problem was mainly due to the
discontinuous distribution of the mixing length in the inner region. While the
simple algebraic model uses kyD as the value of the mixing length, the new model
uses the expression given by eqn. (2.6.26). The problem was more intense for
unsteady flow. Thus, the approach was abandoned in favor of the one described

earlier.

3.3 Integration of the auxiliary equation

The form of the auxiliary equation for the steady and unsteady flows was
given in the previous chapter. Here, the numerical integration of the equation
will be presented. Because of the difference in the classification of the equation
for the steady and unsteady case, the numerical method used for each of them

will be presented separately.
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(A) Steady flow

For steady flow, eqn. 2.2.11 takes the following form:

d max d]C
‘iTIC-i-Tmax(—d?— [p> +‘ri{§xld=0 [3.3.12]

This is a nonlinear ordinary differential equation but the nonlinearity of the

equation can be removed using the following transformation:

T — =12 [3.3.13]

max

This is the same transformation that Johnson and King [20] used for transform-

ing their auxiliary equation. Inserting eqn. (3.3.13) into (3.3.12), one obtains:

4ar _ 1 (4l 1y
LT ( = 1,,>+ S [3.3.14]
or
AL _ 474 B [3.3.15]
dx
where:
. 1 dl. I

T 2L\ dx P

[3.3.16]

B = la

~ 21
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The numerical integration of this equation is performed using a fourth-order

Runge - Kutta method. The integration scheme can be written as follows:

ky=(x;—x_)A4_T,_,+ B,_))

1
ky= (= x_)(T-, + Tkx)A

by = (o= x_)(Ti—y +~k)A_1 +B_1
2 =2 =

ky=(x;—x;_ )(T,_, + k3)A; + B)
1

T1=Ti—1+"6—

i—%-+Bi—%)

) [3.3.17]
(k) + 2k, + 2k; + k)

The x; corresponds to the centroid of the elements, which is also the location
where the maximum shear stress and the integrals are stored. Since the inte-
gration method requires the values of the integrals at the faces of elements, a cu-
bic spline is used to interpolate for those locations. The presence of the spatial
derivative of I, requires some attention. Because the presence of the derivative in
the numerical scheme can amplify any noise present in the integrals, it was de-
cided that a least square cubic spline had to be used. The choice of the cubic
spline that most faithfully follows the pointwise distribution of values was based
on the observation that the pointwise values were, in general, very smooth. The
purpose of the least squares approach was to eliminate any localized discrepan-
cies due to the numerical evaluation of the integrals. An initial value (7} ) is re-
quired for the integration of the ordinary differential equation. This value is
obtained from the use of the simple algebraic model. Although, this value can
be the Tma that corresponds to the initial profile, a later value had to be used.

This was done in order for the solution to adjust to any mismatch of the initial
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conditions for the velocity profiles. In general, the use of the value that corre-
sponds to the fifth or sixth station was found satisfactory for the results presented

here.

(A) Unsteady flow

For unsteady flows, eqn. (2.2.11) is a partial differential equation. Using the

following transformation:

O=1Ir. [3.3.18]

the P.D.E. can be written as follows:

Q0 | o)

_ 32 _
y P AQ + BQ 0 [3.3.19]

where:

B= [3.3.20]

Equation (3.3.19) has the form of a wave equation, and it must be integrated

using appropriate methods. The coefficient W represents the speed of propa-
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gation of the wave. The equation has been integrated using the Crank-Nicolson

method [5].
Crank-Nickolson (Trapezoidal) scheme

Equation (3.3.19) can be rewritten in the following way:

0, +R=0

R=(WQ),— AQ + BO*" [3.3.21]

Applying Crank-Nicolson time differencing in this equation, one obtains:
= or+Sh ot + o+ oar) [3.3.22]

and replacing Q, with R, the discrete equation reads:

n+1 n At (WQ)?:II - (WQ)cnjxl (WQ)?H - (WQ):'?—I >
i = Qz’ - < + +
2 2Ax 2Ax [3.3.23]

LA + (40)) — BE (BQ* ! + (BO)

This system of equations is nonlinear. Both the wave speed, the coefficients A
and B, as well as the value of Q"*! that appears in the nonhomogeneous part of
the equation are not known a priori. The equation needs to be linearized. At
present, an iterative approach is used. The linearization of the coefficients A,B,W
is accomplished by using the most recent values calculated during the iterative

solution for the global system of equations (see Step 2). These coefficients will
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be denoted by n + 1, and are kept constant during the iterative solution of the
system of equations eqn. (3.3.23). The term Q"*! in the nonhomogeneous part

of the equation is linearized by replacing it with the most recent value predicted

from eqn. (3.3.23) during the iterative solution. Denoting this term as Q"~ !, the

scheme can finally be written as:

O‘n+1 _ On ~ A[ ( ”l)7++110n+] ” n+]Qn—+]1 . (I/VQ)?_*_] _ (I/VQ)?_] )
2 24x 2Ax [3.3.24]
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All the variables that have an (n) as the time index are evaluated at the previous
time step. The Thomas algorithm is used during each iteration for the solution
of the tridiagonal system of equations. Two to three iterations are usually nceded
for convergence of the method.

Due to the central differencing in space, special treatment for the last node
is required. An equation for this node can be obtained using either an implicit
or an explicit one-sided scheme. The implicit scheme is preferred due to the lack
of any limitation for the time step. The discrete equation reads:

Wi = (1 + AJANQ) — BI(Q*)Ar [3.3.25]
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This scheme is second order accurate in both space and time. Linear stability
analysis of the Crank-Nickolson scheme applicd to the homogeneous wave
cquation with constant coefficients indicates that the scheme is unconditionally

stable. This analysis does not include the effect of the nonhomogeneous terms
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and the variable wave speed on the stability. Numerical experimentation with

different values of At for the auxiliary equation indicated no tendency for insta-

bility.

3.4 Boundary and Initial conditions

The integration of the auxiliary equation require both boundary and initial
conditions for tm.. The boundary condition at the upstream location, for each
time step, is given by the application of the mixing length model. In order to
avoid any discontinuities in the Tna distribution, the mixing length distribution
given by eqn. (2.6.26) is used for the inner region, while the mixing length for the
outer region is taken equal to 0.09 6. The starting point is chosen in the region
where the turbulence is considered to be in equilibrium at all times. For starting
the calculation, initial conditions are required. For the test case presented in the
next chapter, the initial conditions were obtained through a steady state simu-
lation at time t=0. Since this is a periodic flow, after several periods, the influ-
ence of the initial conditions disappears. The phase of the cycle with the

maximum freestream velocity was chosen as the starting point of the calculation.

Chapter 3 75



This concludes the presentation of the numerical implementation of the model.
In the next chapter, the predictive capabilities of the new model will be presented.

Both steady and unsteady results are considered and discussed.
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Chapter 4

4.1 Test cases and performance of the model

The predictive ability of the model has been evaluated using as test cases
four well documented incompressible, turbulent flows. These flows are: (a) tur-
bulent flow over a flat plate, (b) Samuel and Joubert steady, strong adverse
pressure gradient flow [67], (¢) Simpson, Chew and Shivaprasad steady, strong
adverse pressure gradient flow with separation [68], and (d) Simpson, Chew, and
Shivaprasad unsteady, strong adverse pressure gradient flow with separation [69].

The first case is standard test for all turbulence models. This is the simplest
turbulent flow, it is well documented and all proposed models must be able to
predict it correctly. The next two steady flow cases have been used as test cases
for the 1980-1981 AFOSR-HTTM-Stanford conference on complex turbulent

flows [31]. This allows the comparison of the performance of the new model with
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the performance of a number of models used at the conference. Finally, the un-
steady flow of Simpson et a/ was chosen for two main reasons: a) it is a logical
extension to the steady experiment (case ¢) and b) the reduced frequency of the

experiment makes an excellent representation of flows of engineering interest.

4.2 Turbulent flow over a flat plate.

Consider first the flow over a flat plate with zero pressure gradient. This
case might be a trivial test. Nevertheless, every turbulence model must be able
to, at least, predict correctly this flow. This test case is also used as a way of
evaluating the influence of the dissipation length constant on the results. As was
mentioned earlier, the constant for the dissipation length in the outer region, was
chosen equal to 0.082 instead of the usual value of 0.09, based on experimental
observations for adverse pressure gradient flows.

The inlet profile was created by using the log law for the inner region and
the Coles law of the wake for the outer region. The Reynolds number for the
flow, at the inlet, based on the displacement thickness was equal to 5000. This
value seems to be an adequate lower limit for obtaining fully developed turbulent
flow with the usual constants for the law of the wall. The skin friction coefficient
calculated using both the new model and the simple algebraic model are pre-

sented in Fig. 5. The comparison shows a very small effect on the skin friction,
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with the value predicted from the new model overlapping with the predictions of
the simple model for most of the domain. Both results are also in excellent

agreement with the skin friction coefficient calculated from the following ex-

pression:

12 12
2 1 Cr
(-g) =?IH<R€5(7> >+C—B [4-2-1]

where B=-2.5, k = 0.41 and C=5.0 [70]. This expression can be derived from
the log law of the wall [4]. The value of § used in the equation is obtained from
the use of an integral method [4]. The one seventh law for the velocity profile is
used for its derivation. This leads to the following ratios for the displacement (

6") and momentum ( 6) thicknesses that are compared in Figs. 6 and 7:

x
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Both the new and the simple algebraic models predict identical curves for the
displacement and momentum thicknesses. Those predictions are in very good
agreement with the expressions given by Eq. (4.2.2).

Figure 8 presents the predictions concerning the velocity profile plotted on
semilogarithmic scale. The agreement with the law of the wall is excellent. These
results indicate that the auxiliary equation is behaving properly for the case of
zero pressure gradient, which assures that no major violation of the physics in
favor of the adverse pressure gradient flows has been committed. It is also indi-

cating that the dissipation is rather insensitive with respect to the outer layer
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constant. This observation is important, since, as was mentioned earlier, the
value used here agrees mainly with results obtained for adverse pressure gradient

flows.

4.3 Samuel and Joubert steady adverse pressure gradient

flow

The case considered here involves a flow with increasingly adverse pressure
gradient. Figure 9, which is taken from [67], presents the geometry of the tunnel,
the pressure distribution along the wall and its pressure gradients. The calcu-
lation starts at station 1 of the experiment which is located at x=0.855 meters.
The U-component of the velocity was taken from the experimental results. A
least square, cubic spline approach [71] was used for smoothing the experimental
data. The V-component of the velocity was set to zero. The solution of the
boundary layer equations also requires the specification of the free-stream veloc-
ity or pressure gradient and the experimentally obtained pressure gradient was
used. The same least square subroutine that was applied to the velocity profile
was also used for the pressure gradient. The reader should recall that the pres-
sure gradient enters directly into the mixing length expression (see eqn. 2.6.26)
making the use of a smooth distribution rather important. The domain ends at

X = 3.4 meters, which is the end of the experiment. The results that are presented
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in this section have been obtained using 200 stations in the x-direction and 74
elements in the y-direction. The nodes in the x-direction are equally spaced, while
a geometric progression is used for the nodes in the y-direction. Numerical ex-
perimentation indicated that the location of the first node off the wall was very
important in accurately predicting the flow, especially the skin friction coefficient.
Values of y*~ between 1 and 3 seem to be adequate for obtaining grid independent
solutions.

Consider first the skin friction coefficient for this case. Figure 10 presents
the prediction for the skin friction using the usual van Driest inner region mixing
length model with /, = 0.09¢ in the outer region and the new model and the data.
Three different experimental methods have been used for obtaining the skin fric-
tion. The results from both models are within the experimental uncertainty. The
new model tends to predict higher values compared to the simple algebraic one,
especially in the region where the adverse pressure gradient is stronger. The next
two figures (Figs. 11,12) present the predictions of several models for the skin
friction coefficient. The results that correspond to the calculations of Donaldson,
Hanjalic, Rodi, and Murphy have been taken from the plots presented in [31].
Since no tabulated data were available, the curves were read using a digitizer.
In this reference, the local shear stress is nondimensionalized using a reference
velocity and not the local free-stream velocity, as the definition of the skin friction
requires. Here, the results are consistent with the definition of the skin friction.
The computations presented by Donaldson et a/ have been obtained using a

Reynolds stress model. The turbulence length scale is determined from either an
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algebraic or differential equation. Hanjalic et a/ also solved the full differential
transport equation for each component of the Reynolds-stress tensor and, in ad-
dition, the differential equation governing the decay of the turbulent kinetic en-
ergy. Rodi et a/ used a low Re K - ¢ model. Murphy et a/ have used several
models. The results presented here correspond to the model of Glushko [72], with
the eddy viscosity prescribed through a T.K.E. formulation. The results that
correspond to the Johnson-King and K - w models have been taken from Menter
[21]. Finally, Bradshaw’s results have been provided to us after request. The
comparison shows that the new model performs equal well or better than the
other models.

Figure 13 presents the predictions for the displacement thickness. Both
models perform, well with the new model giving values closer to the data. The
predictions for the momentum thickness are in excellent agreement with the ex-
perimental data. As Fig. 14 indicates, the momentum thickness seems to be less
sensitive than the displacement thickness. This is surprising if one examines the
velocity profiles. The velocity profiles for the last three experimental location are
given in Figs. 15 through 17. The new model performs better as the pressure
gradient increases, compared to the algebraic model. Figures 18 through 21
present the performance of the different models for the last two station where
experimental data exist. This comparison clearly shows that the predictions of
the new model are again equally well or better compared to all the models. In
order for the reader to see the superiority of the new model, the velocity profiles

have to be plotted in a semilogarithmic scale. The results are shown in figures
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22 through 24 for three stations, scanning the entire length of the domain. For
the stations where the pressure gradient is still low (Fig. 22), both models perform
equally well. As the pressure gradient is increasing, the simple algebraic model
fails to reproduce the law of the wall, which the experimental results obey [67].
The difference between the predictions of the simple model and the experimental
data is increasing as the pressure gradient becomes stronger. The new model, on
the other hand, faithfully reproduces the experimental profiles. The predictions
of the simple algebraic model and the new model for the stress profiles are pre-
sented in Figs. 25-27. As before, the predictions are almost identical for the early
stations, but they differ considerably in the adverse pressure gradient region. The
new model reproduces the profiles accurately, while the simple model overpredicts
them. Comparison between the predictions of the new model and those of the
other models for the last two stations are presented in figures 28 through 31. The
comparison indicates that even for this sensitive variable, the new model performs
equally well or better than any other model.

From these figures, it becomes obvious that the new model successfully re-
produces the most important features of this flow. The next case has a much

stronger pressure gradient, and it is a very challenging test case.
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4.4 Simpson, Chew and Shivaprasad steady flow with

separation

This is an airfoil-type flow in which the flow is accelerated and then decel-
erated until separation. The geometry of the experiment, as well as the variation
of the pressure gradient are given in Fig. 32 [68]. Compared to the previous case,
this flow has a much stronger adverse pressure gradient (see Fig. 33), which
makes it a challenging test case. The experimental location x=0.8051 meters
was chosen as the starting point. There was some concern regarding the low
Reynolds number based on the momentum thickness at this station
(Res = 1677). Below Res~5000, some suggest a variation of the constants de-
scribing the law of the wall with the Reynolds number. Despite that, it was
finally decided to start the calculation at this point, which is also suggested by the
investigators of the case. The numerical domain is extended up to the point that
the method predicts separation. This is done for two reasons: a) a boundary layer
code, using the direct form, cannot solve for reverse flow, and b) the mixing
length expression for the inner region is not compatible with the experimental
observations for separated flows. Several runs were performed for determining
an appropriate grid for this case. The node nearest to the wall was again chosen
so that the y* value lies between 1 and 3. The results that follow have been ob-
tained on a 200*75 grid. The grid is equally spaced in the x-direction. A ge-

ometric progression has been used for the nodes in the y-direction.
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The U-velocity profile at the inlet is obtained from the experimental results,
after smoothing it with the use of the least square approach that was used before.
The V-velocity is set to zero. The free-stream velocity is applied as a boundary
condition on the upper boundary. The pressure gradient is then calculated using
the Bernoulli equation. The predictions of the two models for the skin friction
are compared to the experimental results in Fig. 34. The improved performance
of the new model is clear. Close to separation, the new model follows the exper-
imental results and finally predicts separation accurately. The simple algebraic
model fails to separate. Figure 35 shows the predictions of a number of different
models for the skin friction. The results that correspond to the Johnson-King
model have been taken from the original reference [20]. The results that corre-
spond to the calculations of Mellor et al/ and Pletcher et a/ are from [31]. The
results of Pletcher et al were obtained using a one-half equation model. The inner
region is modeled using a mixing length approach, while the velccity and length
scales for the outer region are provided through the T.K.E and a one-dimensional
transport equation for the length (L). Mellor et a/ have used a five equation
Reynolds stress model.

The comparison indicates that the performance of the new model is very
good compared to the other models. The comparison for the displacement
thickness is not as favorable, as illustrated in Fig. 36. The new model tends to
follow better the rapid increase in the displacement thickness as separation is
approached, but the predictions are lower than the data. Similar results are ob-

tained for the momentum thickness (Fig. 37), although the difference is not as
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dramatic. The difference between the two models becomes more obvious, when
the velocity profiles are plotted in semilogarithmic coordinates. The results for
three locations spanning the flow are presented in Figs. 38 through 40. The
models agree in the region where the pressure gradient is still low (Fig. 38), but
they differ a lot as it becomes stronger. The comparison indicates that as sepa-
ration is approached, a log region still exists but the U+ intercept of the law of the
wall seems to be lower, which implies a change in the constant in the law of the
wall. This is more clearly indicated in Fig. 41, where the experimentally obtained
velocity profiles, for the near separation region, are plotted in semilogarithmic
coordinates. As mentioned earlier, the new model assumes that the constants of
the law of the wall remain unchanged. As a result, the model will predict a ve-
locity profile which is consistent with this assumption.

The question that arises is why the constant seems to be lower for this re-
gion. The answer is not clear but it seems that the appearance of intermittent
backflow might be playing an important role. Since the behavior of the flow in
the near wall region strongly affects the flow in the logarithmic region, the pres-
ence of intermittent backflow which first appears very close to the wall can
strongly affect the constant of the log law.

[t is interesting to note that in the previous test case (Samuel and Joubert
case), all the velocity profiles overlap in the log region, and the predictions re-
produce this faithfully. This difference indicates that more research must be
performed to determine what is the cause, if any, for this apparent change in the

constants. This is beyond the scope of the present work. The next two figures
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(Figs. 42, 43) compare the predictions of the new model for the velocity profile
at x=3.01 meters with those of Pletcher (Fig. 42) and Johnson-King (Fig. 43).
The comparison indicates that the new model tends to give a fuller profile for this
location. The predictions of the model of Mellor et al for the velocity profiles at
x=2.673 and 2.987 meters are compared to those of the new model in figures 44,
45 respectively. At x=2.673 meters, the two models predict velocity profiles that
are in closer agreement. At x=2.987 meters, both models seem to overpredict the
velocity profile in the near wall region. In the outer region the model of Mellor
et al seem to give predictions that are closer to the experimental observations.
Finally, the stress profiles are presented in Figs. 46-48. Comparison for all
stations indicates that the predictions of the new model are in better agreement
with the data compared to those of the simple model. Compared to the results
of Pletcher (Fig. 49) and Mellor (Fig. 50), the predictions of the new model are

again equally well or superior to those of the other models.

The comparison indicates that overall the new model performs as well as any
other model examined, and even better for some parameters for the steady flows
examined here. This is very encouraging for the extension of the model to the

unsteady cases. The results for the unsteady flow of Simpson et a/ follow.
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4.5 Simpson, Chew and Shivaprasad unsteady flow with

separation

This is an experiment very similar to the steady one. The experimenters at-
tempted to recreate an unsteady flow with the mean value of the pressure gradi-
ent being almost identical to the one that corresponds to the steady flow. The
amplitude of the unsteady motion is approximately equal to 0.3, and the reduced
frequency f= w x L/2U,; was equal to 0.61. This is a realistic representation of
many unsteady flows like flows over helicopter blades, compressors, etc.

The simulation of an unsteady flow is always more complicated and time
consuming compared to a steady one. The first major step was to obtain a
smooth representation of the experimental velocity profiles at the starting point.
The experiment was divided into 96 bins. Data were collected repeatedly for each
of the 96 bins and the phase averaged results were reported. The choice of the
initial station was again not easy due to the low Reynolds number effects. Taking
into account the experience that was gained from the steady case, it was decided
that the same x location could be used for the unsteady flow. Since the initial
location was in the accelerating portion of the flow, a composite profile consisting
of the law of the wall for the inner region and the Coles profile for the outer re-
gion, should be able to represent the profiles. The only problem with this ap-
proach lies in the selection of the constants for the law of the wall. Because of

the low Reynolds number effects, the constants seemed to deviate from the 0.4
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and 5.1 values given in the paper but in most of the cases, the difference was very

small. It was thus decided that these values would be used for all the profiles.
The accurate representation of the time variation of the free-stream velocity

is also important for simulating the flow. According to the experimenters, the

free-stream velocity could be written in terms of a Fourier series as follows:

U,=U(l + Z Ule cos(wt — ¢,,))

e

where l~],~e is the amplitude of each harmonic, and ¢, is the phase lag. The ratio
of the first harmonic to the mean velocity was experimentally found to be ap-
proximately constant up to X = 3.0 meters. The phase lag (¢,) was approxi-
mately 200 degrees. The higher harmonics have amplitudes of less than three
percent of the mean value. Based on these observations, the numerical represen-
tation of the free-stream velocity includes only the first harmonic. In this case,
a phase lag of 196 degrees gives better agreement with the experiment. The mean
free-stream velocity for each x station was calculated by averaging the results of
three experiental curves obtained on different days.

Based on the experimental results, intermittent backflow of as much as 1.5
percent was measured 0.048 inches from the wall at x=2.8544 m. In order to
avoid any numerical problems because of the boundary layer approach used for
solving the momentum equations, the end of the domain was selected at x=2.75

meters. The existence of experimental data at this location also made this lo-
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cation a natural choice. The domain was divided into 130 stations in the
streamwise direction and 50 nodes in the y direction. The total height of the do-
main was chosen so that the boundary layer lies well within the numerical do-
main at all phases. The results from the steady cases were used as a guide for the
choices concerning the distribution of the nodal points.

An Euler implicit integration scheme was used for the integration of the
momentum equations. The trapezoidal scheme was used for the integration of
the auxiliary P.D.E. The cycle was divided into 1350 steps. The selection of the
time step took into account both time accuracy and computational cost. The
C.F.L number for the Crank-Nickolson scheme was monitored. This was done,
because the stability criteria are based on linear analysis considerations. The
value of the C.F.L number did not exceed 2 at any point of the cycle. The evo-
lution of the unsteady solution over parts of the cycle using different time steps
was used as a test for checking the effect of the time step on the accuracy. Since
the unsteady solution is expensive, the choice of the time step is important.

The repeatability of the solution was checked using the maximum shear
stress, displacement and momentum thickness as criteria. All of those parameters
indicated that by the third cycle a periodic solution was obtained. As an exam-
ple, the maximum turbulent shear stress at two phases of the cycle is given in
Figs. 51 and 52 respectively. Figure 51 clearly shows how the solution changes
from a steady first guess (cycle 1) to a fully periodic, unsteady solution (later cy-
cles). The choice of the starting point in time is not by chance. Since initial

conditions are not known for the velocity field, it was decided that the calculation

Chapter 4 91



should start at a time when the time derivative of the free-stream velocity is zero.
Since we use only one harmonic to describe the free-stream velocity, the time de-
rivative is zero for each x. This choice gives a smoother transition to the fully
unsteady flow. The starting time was the instance where the free-stream velocity
is maximum.

The presentation of the results starts with the average skin friction coeffi-
cient. The average skin friction is equal to the average wall shear over a cycle
divided by one half the average free-stream velocity value squared. Figure 53
shows the predictions of the new model, the algebraic model, the unsteady data
and the steady data. Both models give results in very good agreement with the
unsteady experiment up to X = 2.3 m. After this point, the models seem to agree
more with the steady solution, while the mean unsteady skin friction seems to
assume slightly higher values. Both results are within the experimental uncer-
tainty. Unfortunately, the solution method does not allow for further investi-
gation of the behavior in the region where intermittent flow appears. The reader
should recall that the algebraic model does not predict separation in the steady
flow. The same seems to be true here, at least up to x=3.0 m.

The next important variable is the displacement thickness. As the reader
must recall, in the steady flow, the new model gave improved results over the al-
gebraic model. Here, the comparison indicates that the predictions of the two
models concerning the average displacement thickness over a cycle are in good
agreement with the experimental results. Although it is not very obvious from

Fig. 54, the new model gives much improved predictions concerning the mean
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velocity profiles as separation is approached. This will become obvious shortly
when the velocity profiles are presented. The predictions for the mean momen-
tum thickness (Fig. 55) do not show any difference and are in agreement with
the experiment. The same behavior was observed previously for the steady flow
results.

The mean velocity profiles for three locations are presented in Figs. 56
through 58. The first two locations, x=1.88 and 2.22 meters do not experience
very severe pressure gradient during any phase of the cycle, and this results in
accurate predictions from both models. The last location, x=2.75 meters is close
to the point where intermittent backflow appears, and has stronger pressure gra-
dients during part of the cycle. The difference in the predictions (Fig. 58) is ob-
vious. The new model proves that it has a superior performance in strong
pressure gradients.

Turning attention from the time averaged results to instantaneous vari-
ations, we first present the phase lag of the wall shear stress with respect to the
free-stream velocity. Both models give almost identical results which are in good
agreement with the experiment. Both the numerical and experimental data indi-
cate that the phase lag increases as the pressure gradient becomes stronger, and
the backflow starts to appear. The models predict a faster drop than the exper-
iment.

The next figure (Fig. 60) presents the ratio of the 1st harmonic of the wall
shear stress to the mean value. Both models seem to predict the same ratio,

which is lower than the 0.667 that the experiment seems to indicate. The two
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models tend to indicate an increasing amplitude as the pressure gradient becomes
stronger and backflow appears, which is in contrast with experimental results.
The same behavior but with a sharper increase is exhibited by the quasi-steady
model of Houdeville & Cousteix [73, 74]. The derivation of the later starts the
steady flow skin friction law that is derived based on the velocity-defect law. By
introducing phase-averaged quantities into the equation and by expanding the
result, terms for the oscillatory flow are produced. A more detailed description
of the derivation is given in the references.

The ratio of the first harmonic of the velocity to the mean value as a function
of y for the location x=2.74 meters is presented in figure 61. The comparison
indicates that both the new model and the simple algebraic model predict the
correct trends but, the new model gives values that are in better agreement with
the experimental results. The phase lag of the first harmonic is as predicted from
the two models for x = 2.74 meters is shown in figure 62. Since no data are
presented for this station in [69], two other stations one in the attached portion
of the flow and one near the location where intermittent detachment is observed
are used for comparison. The comparison indicates that both models depict the
same trends which are in agreement with the experimental results. The values
that they predict are slightly lower than the experimental ones.

The next four figures (Fig. 63 - 66) compare the velocity profiles predicted
from the two models and the experiment for x=2.74 meters. These are the phase
averaged profiles that correspond to the following phases: a) the free-stream ve-

locity has its minimum value, b) the free-stream velocity is equal to the average
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velocity and increasing, ¢) the free-stream velocity is maximum, and d) the free-
stream velocity is equal to the average value and decreasing. All four figures in-
dicate that the new model gives profiles that are in better agreement with the
experimental profiles compared to the simple algebraic model. This result clearly
shows that the new model gives superior predictions, compared to the algebraic

model, for both the time and phase averaged velocity profiles.
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Chapter 5

5.1 Discussion

A new, general and rational approach has been developed for the prediction
of steady and unsteady, turbulent boundary layer flows under the presence of
strong adverse pressure gradients up to separation. The foundations of the new
method are based on experimental observations.

The model uses the integrated T.K.E equation in an attempt to take into
account the “history” effects of turbulence. The use of the integrated form of the
T.K.E equation eliminates the need for any assumptions concerning the path of
the maximum shear stress. This becomes very important in the case of unsteédy
flows where the assumption that the path is parallel to the x-axis is questionable.
The integrated formulation also eliminates the diffusion term of the equation, the

modeling of which is uncertain. The resulting auxilliary differential equation
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governs the develpment of the maximum shear stress which is a scaling parame-
ter. A mixing length approach is used for describing the stress profile across the
boundary layer. A model based on the rigorous distribution of the near wall
shear stress has been developed for the inner mixing length. The mixing length
for the outer region is assumed proportional to the boundary layer thickness, but
the proportionality constant can vary with the streamwise distance. The vari-
ation of the this factor is governed by the requirement that the maximum value
of the stress profile must be equal to the value that the auxilliary equation pre-
dicts.

The new model also incorporates the important contribution of the normal
stresses in the T.K.E production. This term has been modeled in an approximate,
but rational way. In order to account for the change of the turbulence structure
as separation is approached, a model has been incorporated for the variation of
the Bradshaw constant «,. It was also found that the variation of the outer layer
dissipation constant proportionally with the mixing length constant improved the
results.

The complete model was implemented into a Finite Element Method code
solving the boundary layer equations. The implementation of the model into any
other numerical method is straightforward. The model is designed in such way
that the momentum equations solver sees it only as a mean of providing eddy
viscosity values.

The model was tested against four flow cases. For the turbulent flat plate

case, the model gave identical results with the simple algebraic model proving
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that no violation of the physics was introduced. The next two cases tested the
ability of the model for steady flows in the presence of strong pressure gradients
up to, but not including, separation. Solving for the separated zone was avoided
for two main reasons: a) the boundary layer equations are not valid in separated
flows, and b) the mixing length approach is not meaningful in the separated flow.
The new model gave improved results compared to the algebraic model for all
flow variables. Specifically, the new model gave excellent results for all flow
variables when compared with the experimental results of Samuel and Joubert.
The predictions of the model, for this case, are also equally well or better when
compared to the predictions of other turbulence models examined. For the
Simpson experiment, which has a much stronger pressure gradient the results
were improved over the algebraic model. Some differences with the experimental
results may be the result of the some of the modeling assumptions breaking down
very close to separation. In general though, the new model exhibited the correct
trends for this test case. The real strength of the model becomes obvious when
the velocity profiles are plotted on a semilogarithmic scale. Unlike the algebraic
model, the new model reproduces the law of the wall, as the experimental results
indicate. The model assumes universal constants for tie law of the wall, and its
predictions are consistent with this assumption. The indication that this may not
be exactly the case very close to separation must be further examined exper-
imentally. Even if this is the case, the model can incorporate this with some
computational cost, since the integrals in the mixing length will be functions of x

and y, and they will have to be evaluated for the different streamwise locations.
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For the unsteady flow, the new model showed improved performance in
predicting the time average values of the flow variables. The velocity profiles
near separation are in excellent agreement with the experimental data. The good
agreement between the predicted and the experimentally phase averaged velocity
profiles indicates the ability of the model to give superior results not only in the
time averaged sense but also for each phase of the cycle.

The framework presented in this work is general and rational. It can be ex-
tended to the calculation of three dimensional and separated flows. In such ef-
forts, it is important to always keep in mind the physics that the experimental
data reveal. Such data indicate that mixing length or eddy viscosity approaches
are not applicable in separated flows and that the use of the law of the wall as
the basis for developing mixing length models is not appropriate for three-
dimensional flows. In the next section, some directions for further research are

presented.
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5.2 Future directions

The present method has shown some promising features in predicting flows
with strong pressure gradients. There are still many things that should be inves-
tigated.

A question that must adressed is the question of the constants of the law of
the wall. More experimental effort must be devoted to answering the question if
those constants are affected by strong pressure gradients. Some experiments [63]
and a recent Direct Numerical Calculation [62] seem to indicate that the con-
stants are affected, but both results have been obtained for low Reynolds num-
bers based on momentum thickness. It would be useful to test some of the
existing formulas [12, 75, 76, 77] for the variation of the constants as functions
of the pressure gradient or the Reynolds number.

Another significant issue is the variation of the dissipation length in the
proximity of separation. Here, it is assumed that for the inner region the dissi-

pation and mixing length are equal, which implies that the production is equal to
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dissipation. Experimental results [55] indicate that the dissipation length reduces
even in the near wall region as separation is approached.

The application of the model in three-dimensional cases requires more as-
sumptions, since no universal wall law is known, and one must also deal with the
anisotropy of the eddy viscosity.

The next step must be the extension of the method to the calculation of the
separated regions of the flow. As we mentioned, earlier a mixing length or eddy
viscosity approach is not consistent with experimental data and must be avoided.
There exist several experimental observations that must be used in arriving at a
new model for the near wall region. The most important are: a) the T.K.E pro-
duction is almost zero in the recirculating zone, b) energy is brought from the
outer section of the flow through entrainment due to the large eddies, c¢) the tur-
bulent shear stress is almost zero in the separated zone, and d) the maximum
shear stress is still an appropriate scaling parameter for the fiow, €) there exists
large hysterisis within the separated flow region.

The treatment of flows with separation requires coupling with a Navier-
Stokes formulation. It will also require a method of transition from the mixing
length model to the model for the separated flow. An approach similar to the one
that is presented in [68] (see eqn. 9 of the paper) seems possible for the near wall
region. For some more ideas concerning the modeling of the separated region the

reader must consult Appendix B.
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Appendix A.

NUMERICAL SOLUTION OF THE BOUNDARY LAYER EQUATIONS
USING THE
FINITE ELEMENT METHOD.

Introduction

The present work is concerned with the application of the concept of Finite
Element Method (FEM) to the formulation and solution of the boundary-layer
equations governing the flow of incompressible fluids in two dimensions. Tradi-
tionally, numerical solutions for this set of equations have been obtained using

the Finite Difference Method (FDM) and integral methods [1]. In the finite-
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difference approach, the continuous problem domain is “ discretized ” so that
dependent variables are considered to exist only at discrete points. The deriva-
tives are approximated by difference quotients resulting in an algebraic repre-
sentation of the partial differential equation (PDE). For the flowfields solved by
an FDM method, the accuracy of the solution depends to a large extent on the
grid resolution, and a high number of nodes can be required to accurately de-
scribe regions of large gradients. Integral methods require prescribed velocity
profiles and empirical relations in addition to the basic conservation laws.

In FEM, the flow region is subdivided into a number of small regions called
finite elements. The dependent variables are interpolated within each element by
functions of compatible order. Using these approximations in the field equations,
we introduce residuals or errors. The general method seeks to reduce these errors
to zero in a weighted sense and thus, the partial differential equations describing
the problem in the region as a whole are replaced by algebraic equations in each
element. A description of the basic method can be found in [2].

The earliest attempts to treat the boundary layer equations with what might
broadly called Finite Element method date back 30 years [3, 4, 5]. With the
limited computer power available at that time, it was necessary to use very large
“ elements ” of the order of one-half the boundary-layer thickness. To achieve
acceptable accuracy with such large elements, one needs to use very good basis
or trial functions. The functions chosen were developed from solutions of the
linearized version of the boundary layer equations for the problem of interest.

These functions were then distorted by adding factors to the argument of the
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solutions. The values of these stretching factors were found by enforcing the
simplest type of variational constraint, namely Collocation (i.e., using a Dirac
Delta function as the weight function). The final “numerical” solution obtained
had very good qualitative accuracy and acceptable quantitative accuracy, €.g.,
about 5 percent on skin friction.

In more recent times, the application of FEM to viscous flow problems has
concentrated on the Navier-Stokes equations [6, 7]. Of course, small element sizes
are now workable, and this mean that simpler and more general basis functions
(often simply linear or quadratic) can be used. Also, more powerful variational
constraints than Collocation (or more general weight functions) can be applied.
The elliptic character of the Navier-Stokes problem requires in general, the re-
sulting system of equations to be solved simultaneously for the velocities and the
pressure. Continuity is treated as a constraint. Baker and Manhardt [8], have
applied the FEM to the 2D boundary layer equations in one direction and 2D
parabolized Navier-Stokes equations, transforming the system of partial differ-
ential equations to a first order, ordinary differential system. Solution of this
system is obtained using a finite-difference numerical integration algorithm. This
sacrifices some of the advantages of FEM. Dorodnitsyn [9] developed a method
for the boundary layer equations transformed such that the usual variables (U,V)
are replaced by essentially the local shear as a function of (x, U). This required
the use of special interpolation functions. The resulting system of ordinary dif-
ferential equations was solved by a Crank-Nickolson FDM. Fletcher and Fleet

[10] have also applied this method. Here, a full FEM wreatment is considered for
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approximating solutions of the parabolic, boundary-layer equations. The de-
pendent variables are interpolated within each element, and the Galerkin method
is applied in order to reduce the interpolation error to zero in a weighted sense.
This procedure transforms the governing equations (PDE) to a set of algebraic
equations in each element. The parabolic nature of the problem allows the sol-
ution of the algebraic system for one column of elements at a time. This leads to
tridiagonal or pentadiagonal systems of linear equations, the solution of which
can be obtained using very efficient algorithms. This solves one of the biggest
problems in using FEM in general, the simultaneous solution of a large number
of equations, which is generally associated with high computational cost. Conti-
nuity cannot be treated as a constraint anymore. It is now an ordinary differen-
tial equation, numerical integration of which yields the required solution at the
nodes. Also, the pressure is not an unknown as in FEM treatment of the
Navire-Stokes equations.

The FEM was chosen for three main reasons. First, this method has been
successfully applied before to the full Navier-Stokes equations. It is efficient and
robust. Second, the purely “local” approximations of the phenomena under
consideration effectively frees the analyst from traditional difficulties associated
with irregular geometries, multi-connected domains, and mixed boundary condi-
tions. Third, applications are firmly rooted in the physics of the problem and for
a given accuracy, the resulting equations are better conditioned than those ob-
tained by, say, finite difference approximations of the governing differential

equations [6].
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The new method is applied to a number of classical problems of laminar
boundary layer flows. The accuracy of the method as compared to the theoretical
estimates is investigated. Results concerning the effect of aspect ratio of the ele-
ments, the type of interpolation functions and the different rules used for the
numerical integration of the continuity equation on the accuracy of the solution
are presented. The efficiency of the method in terms of CPU time and storage

requirements is also discussed.

Equations of motion

For high Reynolds number, attached flow, the boundary layer assumptions

lead to the following expressions for the two momentum equations and the con-

tinuity:

vl B L2 T [4-1]
2P o [4-2]
Oy

Loy %—;/ =0 [4-3]
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Formulation of the discrete problem

Finite Element Method

The objective of the Finite Element Method is to reduce the continuous
problem of the governing equations to a discrete problem described by a system
of algebraic equations. To construct the finite element model of the fluid, we
subdivide the continuous region of interest into a number of simply shaped re-
gions called elements. Within each element, the dependent variables, here the
components of velocity (U,V) are interpolated by functions of compatible order
in terms of values to be determined at a set of nodal points. Specifically, let
U(x,y) and V(x,y) denote the approximations of the two components of velocity
over an element, u;,v; the values of velocity at node i of the element, and ¢, the
interpolation functions over an element. Then, the finite-element approximations

over the element can be written in the following form:

Uxy) = ) udixy) [4 4]
Vixy) = ) vblxy) [4 - 5]

i=1
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Introducing these approximations in the momentum equation, one gets a set of

equations:
h(d,U) = R [4—-6]

where R is a residual resulting from the use of the approximations.

The Galerkin Method of Weighted Residuals seeks to reduce these errors to
zero, in a weighted sense, by making the residuals orthogonal to the interpolation
functions of each element. The Galerkin method, when applied to the momentum

equation, leads to the following matrix problem for each element:

[(k1[u«], = [F], [4-7]
where:
e ~ 09, ~ 09, 0¢; 3¢,
Ki = | U=~¢ + VWd),- + (v+vT)W—ay—)dxdy [4—8]
Qe
- _ | Lar U _
F o= L, LAP g axay + L‘(v+vr) - oy [4-9]

where U and V are evaluated using the most recent nodal values. The last term
in eqns. (4 — 8) and (A4 —9) is the result of the application of the Divergence
Theorem on the viscous term. Normally, two iterations are sufficient to deter-

mine converged values for U and V.
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The general FE method requires the continuity equation to be integrated
using weight functions that are one degree lower than the interpolation functions.
When linear polynomials are used as interpolation functions, the constant func-
tion should be used as weight function. This approach leads to the discrete inte-
gral form of the continuity equation. The use of this approach, leads to v
components that change sign from one x location to the next. Actually, a von
Neumann analysis of the discrete continuity equation leads to an amplification
factor equal to -1, which explains the numerical behavior. The problem lies in the
treatment of the continuity equation. The character of this equation is now
changed, from that of a constraint to that of an initial value problem. Thus, the
continuity equation should be integrated along the vertical direction, starting
from the known value for the v-component on the lower boundary, after the x-
momentum equation is solved for the u-nodal values. The choice of the inte-
gration rule used for the continuity equation depends on the accuracy of the
elements used.

Two elements have been used in this work. The first one is the 4 node
quadrilateral element, with bilinear interpolation of the velocity (see Fig. A-1).
The second element attempts to exploit the physics of the problem. Since the
gradients in the y-direction are much higher compared to the ones in the x-
direction, the element incorporates quadratic interpolation functions in the y-
direction and linear functions in the x-direction. The 2D shape functions
associated with each node are given as the tensor product of the one-dimensional

linear and quadratic interpolation functions. The element,which will be called
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QLBL from now on, consists of 6 nodes and is also shown in Fig. (A-1). Some
details of these two elements are given at the end of Appendix A.

The numerical evaluation of the integrals in eqns. (4 — 8) and (4 —9) is
performed using a quadrature rule compatible with the order of the elements
used. For the linear element, a 2 x 2 quadrature integrats the expressions exactly.
In the case of the second element a 2 X 3 quadrature is used. The K-matrix for
each element has dimensions 4 x 4 for the linear element and 6 x 6 for the QLBL
element. The F-vector has 4 and 6 elements respectively. The values of the nodal
unknowns 1 and 4 for the linear element and 1,5 and 6 for the LQ element (see
Fig. A-1) are known from the solution of the previous column and thus, they can
be applied as boundary conditions in the element level. Modification of the ele-
ment matrix leads to a 2 x 2 matrix for the linear element and a 3 x 3 matrix for
the QLBL element. Solution for the column of elements requires the assembly
of the element stiffness matrix into a global matrix and assembly of the element
force vector into a global force vector. The assembly procedure leads to a
tridiagonal system of equations for the nodes on the downstream side of the col-
umn in the case of the linear elements, and to a pentadiagonal system in the case
of the QLBL elements. The Thomas algorithm is used for the solution of the
tridiagonal system. The pentadiagonal system is reduced to upper diagonal form
by Gaussian Elimination and then solved by back substitution.

An initial profile for the U and V components of the velocity is required at
the first station. On the lower boundary of the domain, the no-slip, no-

penetration condition is applied. For the upper boundary, the formulation allows
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the application of either natural (stresses) or essential (velocities) boundary con-
ditions. Since the solution of the boundary layer equations should be matched
with the one given from the inviscid solution, the U, (x) is used on the top

boundary.

The pressure gradient is also imposed from the inviscid solution and is con-
sidered constant across the boundary layer. The term appearing on the RHS of

equation (4 — 9) is thus known and is treated as a forcing function.

Implementation of turbulence models

For turbulent flows, a turbulence model must be used. The implementation
of the models is straightforward. The FE method requires an eddy viscosity value

at the Gauss points, which is provided by the turbulence model.

Unsteady flows

The governing equation for the unsteady flows is as follows:
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dP R 0(uv) [4—10]

- _1.dpP - 27y
ot ox ay P dx e dy
The only difference with the steady one is the addition of the dU/dt term. For
time dependent problems we consider the following form of the finite approxi-

mations over an element:

Ulxy) = zu,-(t)rb,-(xy) [4-11]
N
Vixy) = ) wD)bixy) [4-12]

i=1

The interpolation functions are still considered to depend on the spatial coordi-
nates only, while the nodal values are now depending on time. The Galerkin

method, when applied to the momentum equation, leads to the following matrix

problem:
D], 46 ] +LRLL, = 07, [4-13]

where the K and F matrices are identical with those in the steady flow and M is

given as follows:
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M= | bodsay [4-14]

The aforementioned equation is a matrix differential equation in time. Trans-
formation to an algebraic matrix equation can be obtained by introducing a a

family of approximations [2], which can expressed as follows:

+(1_a)|: aau] :[u]n+1'~[u]n [A—IS:I

t Atn+]

n

The reader should observe that for special values of a, one obtains a number of
well-known difference schemes. Writing eqn. (4 — 13) at time ¢,,; and time ¢,

and making use of eqn. 4 — 15, one obtains the following expression:

[(m]+alk],, Ar]lu],,, = [[M] - (1 — Q[K],ALD[u], +

[a[Fl, ., + (1 — a@)[F],]At [4-16]
or

[K](u] = [F] CA17]
where:

[K]=[[M]+a[K],, At] -

[F]1=[IM]- (1 = @)[KL,At][ul, + [alFl, 4, + (1 = @)[F],]At
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This system has the same form that the one corresponding to the steady case
does. It can thus be solved using the same solver that is used for the steady cases.

This concludes the presentation of the algorithm for unsteady cases

Test cases and discussion

To validate the approach presented in this work, two classical problems are
presented. These are: a) the laminar flow over a flat plate with zero pressure
gradient (Blasius problem), b) laminar flow with adverse pressure gradient
(Howarth’s problem) [11]. The behavior of the method will be discussed sepa-

rately for each case.

1. Flow over a flat plate with zero pressure gradient

The Blasius profile at x/L=0.0625 with 6/L=0.02 was used as an initial
condition. The results are shown in Figs. A-2 to A-4, for linear elements. Sim-
ilar results have been obtained for the QLBL elements. Figures A-2 and A-3
show a comparison between the initial and final nondimensional velocity profiles

for the U and V components. Since the solution is self-similar, we expect no
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changes in the non-dimensionalized profiles. Figure A-4 shows the skin friction
coefficient. The agreement is excellent.

This problem is also an ideal case for checking the convergence character-
istics of the method, since an “exact” numerical solution exists. The solution was
obtained transforming the Blasius equation into a system of three initial value
problems. The solution was calculated at discrete points and a cubic spline was
used for interpolating for intermediate points. This was required since the error

is measured in the L? norm, which is defined as:

0.5

U, — unuml = J\(ue - unum)2dQ [A_19]
Q

(]

Figure A-5 shows the convergence rate for the case of linear elements of aspect
ratio [dx/dy] equal to 1. Two approaches have been used for evaluating U in
equation (4 — 8) and they are compared to each other. The first uses all the
nodal values; the second is equivalent to upwinding since only nodes 1 and 4 (for
the linear element) and 1,5,6 ( for the LQ element) are used for interpolating U
within each element. The advantage of the latter approach is that there is no
need for iterative solution; U is evaluated using known values from the last sta-
tion, and thus the solution time is greatly reduced. Without upwinding, two or
three iterations are required at each station to obtain a convergent solution. The
results are almost identical. Since, it is known that upwinding reduces the accu-

racy of the FDM schemes, it should be assumed that this result occurs mainly
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due to the small gradients in the streamwise direction. The convergence rate
agrees with the theoretical result; the global error behaves like A% Figure A-6
shows the same comparison for an aspect ratio of 3. Again the results are very
close. The CPU time per node was =2.3 x 104 seconds. This result was obtained
on an IBM 3090.

Convergence rate data for the QLBL element is given in Fig. A-7. For as-
pect ratio equal to 1, the convergence rate is x2.95 for no upwinding. This result
approaches the theoretical result for quadratic elements. Thus, this element tak-
ing advantage of the physics governing the problem, is able to produce a high
convergence rate. Upwinding hurts the accuracy of the method for this element.
Also, the aspect ratio affects the accuracy, and it is expected that for high aspect
ratio (dx/dy), the convergence will be quadratic instead of cubic.

The CPU time per node was ~3.35 x 10~%. But, the LQ element was found
to be on average, 11 to 13 times faster than the linear element for the same level

of accuracy.

2.Laminar flow with an adverse pressure gradient

The solution to the problem of the flow with external velocity
U, = b,— bx has been given by Howarth [11], in the form of a series. The flow
separates somewhere near x/L = 0.96. Unfortunately, the series converges slowly

in the neighborhood of separation and sufficient terms have not be obtained to
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give the point of separation with great accuracy. For our purposes here, the
“exact” solution is given by the first 9 terms as in the original paper by Howarth.
This problem has also been treated with modern FDM methods by Smith and
Clutter [12] Cebeci and Smith [13] and others.

The initial profile was taken as constant, equal to 1.0. The results obtained
using linear elements are presented in Figs. A-8 to A-12. Figure A-8 shows a
comparison between the analytic and numerical solution for the skin friction co-
efficient. The comparison is very good and a difference exists only near the sep-
aration point, which imight be expected since the location is not well established
analytically. Numerical values for the current FEM results are compared with
the values, two sets of FDM results and a solution using Gortlet Series in Table
1. Our results compare favorably with other published results for the problem,
even though our solution was obtained in the (U, V), (X,y) plane with no special
treatment of the leading edge singularity. The uncertainty in the results from all
the methods increases near separation. Figure A-9 compares the velocity profiles
for (x/L) equal to 0.45 and .90. The agreement is again good. Figure A-10 shows
the effect of the aspect ratio of the elements, when dy is kept constant and only
dx is allowed to vary. The solution deteriorates as the aspect ratio increases.

The effect of upwinding is shown in Fig. A-11. The solution obtained using
upwinding predicts separation later than the solution without upwinding. The
consensus of all previous workers is X/L ~0.96 as the point of separation. This
prediction is closer to the result obtained using the method with no upwinding.

A comparison between linear and QLBL elements is shown in Fig. A-12. The
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comparison indicates that the use of the QLBL element reduces the number of
points required across the boundary layer by more than half. The CPU time re-

quired for the solution, keeping the number of stations the same in both cases, is

reduced by 35 percent.

Table 1 Accuracy of various methods for Howarth’s flow:
dimensionless wall shear values, [7,,/pUx2] (UoL/v)"?

Current Cebeci-Smith Howarth Smith-Clutter Gortler
Work (FDM) series (FDM) series
x/L (FEM) (1974) (1938) (1963)

0.1 0.948312  0.968524 0.968382 —_

0.2 0.621218  0.626392 0.626496  0.626249  0.626567
0.3 0.461754  0.462645 0.462801 — 0.462815
gg 0.358186  0.357197 0.357442  0.357301  0.357427
0.6

0.968781

0.281123  0.279150 0.279307 — 0.279611
0.218613  0.216119 0.216728 — 0.217221

0.7 0.164328  0.161602 0.162281 — 0.164296
0.8 0.113563  0.110918 0.111369  0.111546  0.117472
0.88 0.071128  0.068963 — 0.068942  0.082980
0.9 0.059194  0.057228 0.057629 — 0.074667
0.92 0.045898  0.044295 — 0.045254  0.066458
0.94 0.029653  0.028807 — - 0.058344
0.956 0.008934  0.009863 - — 0.051917
0.9588 0.001716  0.001602 - 0.006717  0.050798
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Interpolation functions for the linear and QLBL elements

The interpolation functions used for the Finite Element Method, written in

the local coordinate system with the origin created at the centroid of the element,

are.

(a) Bilinear element (see Fig. A-1(a))
Location of nodal point in the local system
1(-1,-1)
2(L,-1)
3(L,1)
4 (-1,1)

b= (1- )1 =)
br=— (1+ )1 = 1)
(I + 81 +n)

(1 =51 +n)

NES |

¢3
b4

(b) Quadratic element ( see Fig. A-1(b))
Location of nodal point in the local system
1(-1,-1)

2(1,-1)
3(1,0)
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br=— (1 + 51 =)
bo= (L+ 51+ )y

b5 == (1= &)1 + )y
b6 =5 (1= &)1 1)

The interpolation functions are given over the square master element, since
evaluation of the integrals of Egs. (A-8, A-9) are easily performed over the ele-
ment. The mapping corresponds each point (X,y) of each element of the general
FEM mesh to a unique point of the master element. The mapping can be written

as:

where x; and y; are the coordinates of the nodal points. Details about the nu-
merical evaluation of the integrals can be found in any general book on the Finite

Element Method [2].
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Figure A-1.

Appendix A.
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Linear and QLBL master elements. Numbering conventions for

the nodal and quadrature points.
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Figure A-2. : U-profiles for the laminar flow over a flat plate.
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Figure A-3. : V-profiles for the laminar flow over a flat plate.
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Figure A-4. : Skin friction coefficient for laminar flow over a flat plate.
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Figure A-5. : L-2 norm versus characteristic dimension of element. Uniform
grid, linear element for Blasius problem.
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Figure A-6. : L-2 norm versus characteristic dimension of element. Linear ele-
ments, AR = 3 for Blasius problem.
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L-2 norm versus characteristic dimension of element. Uniform

Figure A-7. :
grid, QLBL elements for Blasius problem.
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Figure A-8. : Nondimensional wall stress for the Howarth problem.
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Figure A-9. U-velocity profile for the Howarth problem.
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Figure A-10. : Effect of the aspect ratio. dx = varying, dy = constant for the
Howarth problem.
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Figure A-11. : Nondimensional wall stress for the Howarth problem. Upwinding
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Figure A-12. : Nondimensional wall stress for the Howarth problem. Linear
versus QLBL elements.
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Appendix B.

Introduction

The physics of a separated flow differ considerably from that of an attached
boundary layer. As the adverse pressure gradient increases in strength, the near
wall flow decelerates until some backflow first occurs. The large-scale eddies
supply the turbulence energy and momentum to the near wall detaching flow.
The production of of T.K.E. in the near wall region is negligible. Diffusion and
dissipation are the dominant terms. The velocity fluctuations in the backflow
region are greater than or at least comparable to the mean backflow velocities.
These fluctuations are mainly due to turbulence within the detached flow. Al-
though the outer region mean velocity profiles look like those for a free mixing
layer, the inner third is substantially different [1]. The law of the wall shearing
type of mean velocity profile that uses the wall shear as a characteristic velocity
is not applicable for the backflow. An extensive review of the physics of sepa-

rated flows can be found in [1,2].
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Modeling ideas for the separated zone

The modeling of the separated zone must be accomplished using two zones.
The inner zone will be extended up to the point where the velocity U is equal to
zero. The height from the wall where this occurs is denoted by ;. In this region,
the mixing length and eddy viscosity ideas have no physical meaning. The near
wall velocity profile presented in [3] that collapses most of the experimental data

can be used as a building block. The equation is:

U (J’ Yy
=0.3 ——lnl—l—l)—l
IUNI N N

which is valid for 0.02 < y/N < 1.0 and

U Y Pory \
o3) ()
Ul N 2 N

which is valid for y/N < 0.02. In the previous expressions, the symbols have the

following meaning:

Uy Maximum negative velocity
N y location from the wall where the negative velocity is maximum
C constant
P, N2 dP
pvl UNI dx
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This expression is not valid all the way to J,.
(U=1(y)) must be used between N and 0,.

satisfy the following conditions:

fIN)=Uy

o e

” (N)=0

Séy) =0

af __a_U_ outer
o @ ="5"1;

Thus a polynomial expression

This polynomial expression must

These conditions indicate that a cubic profile is the lowest order profile that can

be used.

For the outer region, the approach presented for the attached portion of the

flow can be used. The maximum shear stress is still the correct scaling parame-

ter, thus the auxiliary equation that predicts its variation can be used. The mix-

ing length approach can also be used in the outer region of the flow. This gives

us a way of relating the turbulent shear stress to the mean velocity profile. This

model must provide the value and the derivative of turbulent shear stress at J,

as well as the derivative of the mean velocity profile at the same location. The

derivative of the shear stress is needed for evaluating an entrainment velocity of

the form:

' b 9K
V,e=0.6 P -gy— |5.s
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This equation can be expressed in terms of the maximum shear stress following
the ideas presented earlier. The value of the entrainment velocity must be equal
to the integral of the velocity profile in the backflow region. This entrainment
relationship is the link between the variables of the inner and the outer region.
The evaluation of the integrals of the auxiliary equation need special con-
sideration. The production of T.K.E. in the backflow region is almost zero, and
the dissipation is almost equal to diffusion. Integration of the auxiliary equation
across the boundary layer eliminates the diffusion term, but the dissipation term
still remains. The expression that was used before for the dissipation is not valid

in the backflow. This creates a problem that must be addressed first.

References

[1] Simpson, R.L., “A review of Two-dimensional Turbulent Separated Flow
Calculation Methods,” in Boundary-Layer Separation, IUTAM Symposium
London 1986, F.T. Smith, S.N. Brown, (Eds.), Springer-Verlag Berlin,

Heidelberg 1987.

[2] Simpson, R.L., “Two-Dimensional Turbulent Separated Flow,”

AGARDograph No. 287, Vol. 1, June 1985.

Appendix B. 219



[3] Agarwal, N.K., and Simpson, R.L., “Backflow Structure of Steady and Un-
steady Separating Turbulent Boundary Layers,” AI4AA J., vol. 28, No. 10,

1990.

Appendix B. 220



Vita

Vita

Evangelos Hytopoulos was born in June 1965 in Athens, Greece. He
studied Naval Architecture and Marine Engineering at the Technical Uni-
versity of Athens and obtained his Diploma in 1988. The same year, he
enrolled at VPI & SU in the Aerospace & Ocean Engineering department.
He received his Master’s degree in Aerospace Engineering in May of 1990,
under the direction of Dr. Joseph A. Schetz. With Dr. Joseph A. Schetz and
Dr. Roger L. Simpson as his advisors, he completed his doctoral work in
February of 1994. Mr. Evangelos Hytopoulos is currently employed with
Automated Analysis Corporation in Ann Arbor, Michigan. Mr. Hytopoulos
is a member of the Society of Naval Architects and Marine Engineers
(SNAME) and the American Institute for Aeronautics and Astronautics

(AIAA).

221



