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CHAPTER 1 

INTRODUCTION 

Efforts are being made to improve the design of 

unlined irrigation channels. At present, the different 

methods available yield designs which vary significantly. 

An important step towards optimizing the design of unlined 

channels is having the ability to accurately predict the 

shape of a stable channel, the critical and actual shear 

stress distributions along its perimeter at bankfull flows, 

and the amount of water and sediment that can be 

transported through it. By having this optimal case as a 

frame of reference, a canal with the required factor of 

safety can be designed efficiently. 

The definition of an ideal unlined channel depends on 

the objectives of the design. It can be a channel which 

just transports a desired amount of water. For such a case, 

the shear stress is at critical everywhere along the 

channel perimeter. It can also be a channel which carries 

water and allows for bedload transport while maintaining 

stable banks. For such a channel, the boundary shear stress 

has to exceed the critical value in the bed region for 

bankfull flows, but should be at or below critical in the 

bank region. The limiting case would be a channel where the 

shear stress is critical everywhere along the bank region.



This case corresponds to formative flow conditions. Each 

case requires a minimum of excavation, and is therefore the 

most efficient channel for a given set of flow conditions. 

When designing a channel, it is very important to 

properly determine the shape of the optimal stable channel. 

If this reference channel profile is inaccurate, a design 

where some areas of the bank are stable while others are 

unstable could result. To remedy the problem of not having 

an accurate stable channel profile to rely on, engineers 

may resort to overdesigning the channel. The channel banks 

could be made so gentle that bank erosion is practically 

ruled out. However, this type of channel entails more 

excavation than necessary, and encourages sediment 

deposition which requires frequent maintenance in the form 

of dredging. The problem of construction and maintenance 

costs now becomes more pronounced. With the correct optimal 

stable channel profile, the tendency to overdesign in order 

to ensure safety is minimized. 

Chapter II summarizes some of the development of 

unlined channel design during the last four decades. Two of 

the more significant concepts used as bases for channel 

design are presented. These are the threshold channel 

theory of Glover and Florey (1951) and the turbulent 

diffusion theory developed by Parker (1978), which was 

built on work done by Lundgren and Jonsson (1964). The



chapter explains why Parker’s concept seems to be the more 

realistic of the two, and thus is the one used in the 

development of the present numerical model. 

Chapter III addresses in greater detail the 

theoretical background of the model. This includes the 

derivation of governing equations, recognition of 

significant parameters and variables, and specification of 

boundary conditions. 

Chapter IV discusses the numerical scheme used in 

solving the governing equations. The Dirac delta function 

used to represent the third derivative at the junction 

point is described. The chapter also mentions the different 

"trial-and-error" techniques used and explains why each is 

used at different stages of the solution. 

Chapter V is an analysis of the results of the 

investigation. It deals with the comparison of the data 

generated by the numerical model, with experimental and 

field data that is already available. Here, Parker’s 

analytical solution of the turbulent diffusion equation in 

the channel bed region is reexamined; assumptions used in 

the formulation of the turbulent diffusion model are 

discussed. Regime relations derived by Parker (1978, 1979) 

and Diplas (1990) are adjusted to incorporate the results 

of the present investigation. Limitations of the numerical 

solution are pointed out.



Finally, Chapter VI summarizes the investigation; 

conclusions derived from the study are made and possible 

areas requiring additional research are suggested.



CHAPTER 2 

REVIEW OF LITERATURE 

In 1950, the Bureau of Reclamation, United States 

Department of the Interior, began an investigation in order 

to develop more efficient methods for the design of unlined 

irrigation channels. Lane (1953) summarized the results of 

the investigation, stating that progress had been made in 

three areas: 

(1) The clarification of general design principles. 

(2) The development of a tentative method for the 

design of unlined channels. 

(3) The formulation of a method of analysis for 

determining the channel cross-section which 

requires a minimum of excavation. 

With regard to the method of analysis, it was decided 

that the tractive force approach was to be adopted in place 

of the limiting velocity approach. The tractive force 

method determines the movement of particles from the shear 

stress exerted by the flowing water on the channel 

periphery. The limiting velocity method uses velocity of 

the flowing water to indicate whether or not particle 

motion occurs. The tractive force method has the following 

advantages over the limiting velocity method: 

(1) It indicates why permissible velocities are 

higher in large canals than in smaller ones. 
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(2) Canals tend to show constant values of tractive 

force for a set of constant conditions. 

In order to determine the shape of the threshold 

stable channel requiring minimum excavation, Glover and 

Florey (1951) made the following assumptions: 

(1) 

(2) 

(3) 

At and above the water surface, the side slope 

should be at the angle of repose of the sediment 

composing the banks. 

At any point between the center and edges of the 

channel, particles are ina state of incipient 

motion. This mean that the forces tending to 

mobilize a particle are balanced by the resistive 

forces holding the particle against the bed. 

Figure 2.1 shows the different forces acting on 

a channel particle. The mobilizing forces are 

made up of the gravitational component of the 

particle’s submerged weight acting down the 

slope, and the tractive force of the flowing 

water (drag force). The resistive force is 

proportional to the component of the particle’s 

weight acting normal to the bed. 

At the center of the channel, side slope equals 

zero and the channel bed becomes horizontal; 

tractive force alone is sufficient to cause 

incipient motion.



Normal to slope hk 4 Vertical 

| 
, \! 

Static friction force 

~~ 

“ 
~~ 

a 

  

Fig. 2.1 Forces acting on a bank particle



(4) The tractive force of flowing water on a given 

area is equal to the weight component of the 

water above the area, in the direction of the 

flow. 

It must be noted that in the second assumption, the 

lift force shown in Figure 2.1 is neglected. Also, for the 

fourth assumption to hold, there must be no lateral 

transfer of force between adjacent currents moving at 

different velocities. Thus, lateral diffusion of momentum 

is not taken into account. 

These assumptions form the basis of the threshold 

channel theory of Glover and Florey (1951), which predicts 

a cross-section such that all the grains along the 

perimeter of the channel are in a state of impending 

motion. The shape of this channel perimeter is described by 

a cosine function and is devoid of any flat bed region. The 

theory, however, gives results which are not consistent 

with what actually occurs in natural streams. By 

definition, a threshold channel predicts vanishing bedload. 

However, this is contrary to observations of natural rivers 

(Kellerhals, 1967; and Parker, 1978) and laboratory flumes 

(Wolman and Brush, 1961; Stebbings, 1963; and Ikeda, 1981), 

which show that stable channels are capable of transporting 

sediment . This is known as the stable channel paradox. An 

attempt to account for bedload motion was made by



incorporating a flat bed region in the threshold channel 

(Henderson, 1966), but this did not resolve the paradox. 

For bedload motion to occur, the stress in the bed region 

must be above critical. Since the banks join the flat bed 

region smoothly, a stress which exceeds critical in the bed 

region would result in a stress that exceeds the critical 

value in at least the area at the toe of the bank (Diplas, 

1990). This would result in bank erosion rendering the 

channel unstable. 

A more recent approach suggested by Parker (1978) is 

the turbulent diffusion model. This model considers the 

lateral diffusion of downstream momentum from the center of 

the channel, which is an area of high momentum, towards the 

banks, which are areas of low momentum. This diffusion of 

momentum produces ae redistribution of boundary’ shear 

stresses along the channel perimeter. The resulting 

stresses in the flat bed region are lower, and those in the 

bank region are higher, than the stresses predicted when 

momentum diffusion is not taken into account. The stress 

distribution attains its highest value at the center of the 

channel and becomes zero at the water margin; between these 

two points it decreases monotonically with distance from 

the center of the channel. Figure 2.2 shows schematically 

the stress distribution when momentum diffusion is 

considered. The shear stress is expressed in terms of
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stress depth 6 = +/pqS where 7 is the shear stress acting 

on the channel boundary, p is the mass density of water, g 

is the acceleration due to gravity, and S is’ the 

longitudinal channel slope. It can be seen that by 

adjusting the channel depth, the shear stresses could be 

above critical along the flat bed, decrease to critical at 

the junction point, and be at or below critical along the 

bank. Such a stress distribution would allow the channel to 

transport sediment along the bed and maintain stable banks 

at the same time. 

Parker’s turbulent diffusion approach is based on the 

model developed by Lundgren and Jonsson (1964). The model 

is based on the following assumptions: 

(1) Lines of vanishing cross-sectional shear stress 

and momentum flux are orthogonal to isovels. 

(2) The logarithmic rough wall law is valid 

throughout the flow along normals to the bed. 

(3) The effects of secondary currents can be 

neglected for straight channels. 

(4) The channel bottom in the bank region is gently 

curving; i.e., lateral bed curvature is small. 

The first assumption was introduced by Leighly (1932). 

The second was first suggested by Keulegan (1938). The 

third assumption is supported by experiments performed by 

Leutheusser (1963), and Gessner and Jones (1965). These 

11



suggest that secondary flow velocities decrease with 

increasing Reynolds number. Thus, at formative flow 

discharges, secondary currents are weakest. 

Using Lundgren and Jonsson’s method in conjunction 

with singular perturbation techniques, Parker (1978) 

explained how a mobile bed can coexist with stable banks. 

He was able to derive a closed form solution of the shear 

stress distribution for the flat bed region. He also 

suggested that to a zeroth order approximation, the banks 

of a stable channel assume the shape of a cosine curve. 

Diplas (1990) conducted experiments to examine the 

assumptions included in the turbulent diffusion model. The 

velocity measurements from his study indicate that the 

logarithmic rough wall law is valid along normals to the 

boundary as long as the relative roughness D,/k is greater 

than 5.0 , where D, is the flow depth normal to the channel 

bed and k is the equivalent sand grain roughness. It 

gradually deviates from the logarithmic velocity profile as 

the magnitude of the relative roughness becomes smaller 

than this value. He also suggested that an exponential 

profile seems to be the best approximation for the measured 

bank profiles. This is consistent with the findings of 

Ikeda (1981). He was also able to derive regime relations 

for predicting the center depth and top width of a self- 

formed straight channel. 

12
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�c�u�r�v�e�.� �H�i�s� �m�o�d�e�l� �d�i�d� �p�r�o�d�u�c�e� �t�h�e� �e�x�p�o�n�e�n�t�i�a�l� �f�o�r�m� �p�r�o�p�o�s�e�d� 

�b�y� �e�x�p�e�r�i�m�e�n�t�a�l�i�s�t�s� �(�D�i�p�l�a�s� �a�n�d� �I�k�e�d�a�)�,� �h�o�w�e�v�e�r� �t�h�e� �m�o�d�e�l ��s� 

�l�a�t�e�r�a�l� �s�e�d�i�m�e�n�t� �t�r�a�n�s�p�o�r�t� �e�q�u�a�t�i�o�n� �c�a�u�s�e�d� �t�h�e� �c�o�n�t�i�n�u�o�u�s�l�y� 

�c�u�r�v�i�n�g� �p�r�o�f�i�l�e� �t�o� �e�v�e�n�t�u�a�l�l�y� �e�v�o�l�v�e� �i�n�t�o� �a� �f�l�a�t� �b�e�d� �w�i�t�h� 

�c�o�s�i�n�e� �b�a�n�k�s�.� 

�T�h�e� �p�r�e�s�e�n�t� �m�o�d�e�l� �a�t�t�e�m�p�t�s� �t�o� �s�o�l�v�e� �n�u�m�e�r�i�c�a�l�l�y�,� �t�h�e� 

�t�u�r�b�u�l�e�n�t� �d�i�f�f�u�s�i�o�n� �e�q�u�a�t�i�o�n� �d�e�v�e�l�o�p�e�d� �b�y� �L�u�n�d�g�r�e�n� �a�n�d� 

�J�o�n�s�s�o�n� �(�1�9�6�4�)� �t�o� �o�b�t�a�i�n� �t�h�e� �s�h�e�a�r� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �a� 

�g�i�v�e�n� �c�h�a�n�n�e�l� �c�o�n�t�a�i�n�e�r� �f�o�r� �k�n�o�w�n� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s�.� �P�a�r�k�e�r� 

�(�1�9�7�8�)� �d�e�r�i�v�e�d� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�i�s� �e�q�u�a�t�i�o�n� �f�o�r� 

�t�h�e� �c�h�a�n�n�e�l� �b�e�d� �r�e�g�i�o�n�.� �T�h�e� �p�r�e�s�e�n�t� �m�o�d�e�l� �d�e�t�e�r�m�i�n�e�s� �t�h�e� 

�s�h�e�a�r� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �c�h�a�n�n�e�l� 

�p�e�r�i�m�e�t�e�r�,� �a�s� �w�e�l�l� �a�s� �t�h�e� �s�h�a�p�e� �o�f� �a� �s�t�a�b�l�e� �c�h�a�n�n�e�l�,� �i�t�s� 

�d�e�p�t�h�,� �a�n�d� �i�t�s� �w�i�d�t�h�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t� 

�S�i�m�u�l�a�t�i�o�n�s� �p�e�r�f�o�r�m�e�d� �b�y� �t�h�e� �m�o�d�e�l� �w�e�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �o�f� �I�k�e�d�a� �(�1�9�8�1�)�,� �a�n�d� �D�i�p�l�a�s� �(�1�9�9�0�)�,� 

�a�n�d� �t�h�e� �f�i�e�l�d� �d�a�t�a� �o�f� �N�e�i�l�l� �(�1�9�7�3�)�,� �E�m�m�e�t�t� �(�1�9�7�7�)�,� �a�n�d� 

�A�n�d�r�e�w�s� �(�1�9�8�2�)�.� 
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�C�H�A�P�T�E�R� �3� 

�T�H�E�O�R�Y� 

�3�.�1� �C�h�a�n�n�e�l� �G�e�o�m�e�t�r�y� 

�W�e� �c�o�n�s�i�d�e�r� �a�e�c�h�a�n�n�e�l� �w�i�t�h� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� 

�g�e�o�m�e�t�r�y� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�1�.� �T�h�i�s� �c�h�a�n�n�e�l� �i�s� �c�o�m�p�o�s�e�d� �o�f� �a� 

�f�l�a�t� �b�e�d� �a�n�d� �c�u�r�v�i�n�g� �b�a�n�k�s�.� �I�t� �h�a�s� �a� �t�o�t�a�l� �w�i�d�t�h� �B�,� �e�a�c�h� �o�f� 

�i�t�s� �b�a�n�k� �r�e�g�i�o�n�s� �h�a�s� �a� �w�i�d�t�h� �o�f� �0�.�5�B�s�,� �a�n�d� �i�t�s� �f�l�a�t� �b�e�d� 

�r�e�g�i�o�n� �h�a�s� �a� �w�i�d�t�h� �o�f� �W� �=� �B� �-� �B�g�.� �T�h�e� �l�a�t�e�r�a�l� �d�i�s�t�a�n�c�e� �f�r�o�m� 

�t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �c�h�a�n�n�e�l� �i�s� �d�e�f�i�n�e�d� �b�y� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �y�.� 

�T�h�e� �d�e�p�t�h� �i�s� �c�o�n�s�t�a�n�t� �a�t� �D�a�e� �o�v�e�r� �t�h�e� �f�l�a�t� �b�e�d� �r�e�g�i�o�n�,� �a�n�d� 

�i�t� �d�e�c�r�e�a�s�e�s� �s�m�o�o�t�h�l�y� �f�r�o�m� �D�e� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �j� �t�o� 

�z�e�r�o� �a�t� �t�h�e� �w�a�t�e�r� �e�d�g�e� �o�f� �t�h�e� �c�h�a�n�n�e�l�.� 

�3�.�2� �D�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �B�o�u�n�d�a�r�y� �S�h�e�a�r� �S�t�r�e�s�s� 

�T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �w�a�y�s� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �s�h�e�a�r� �s�t�r�e�s�s� 

�a�t� �t�h�e� �b�o�u�n�d�a�r�y� �o�f� �a� �c�h�a�n�n�e�l�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �m�e�t�h�o�d�s� �a�r�e� 

�c�i�t�e�d� �i�n� �t�h�e� �o�r�d�e�r� �o�f� �i�n�c�r�e�a�s�i�n�g� �a�c�c�u�r�a�c�y�.� 

�3�.�2�.�1� �H�y�d�r�a�u�l�i�c� �R�a�d�i�u�s� �A�p�p�r�o�a�c�h� 

�T�h�e� �s�i�m�p�l�e�s�t� �w�a�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�h�e�a�r� �s�t�r�e�s�s�e�s� 

�a�c�t�i�n�g� �a�l�o�n�g� �t�h�e� �p�e�r�i�m�e�t�e�r� �o�f� �a� �c�h�a�n�n�e�l� �i�s� �t�o� �u�s�e� �t�h�e� 

�c�o�n�c�e�p�t� �o�f� �a� �h�y�d�r�a�u�l�i�c� �r�a�d�i�u�s�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �e�x�p�r�e�s�s�i�o�n� �f�o�r� 

�s�h�e�a�r� �s�t�r�e�s�s� �i�s� 
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�T�=� �p�g�h�,�S� �(�1�)� 

�w�h�e�r�e� �R�y�,� �=� �A�/�P� �;� �h�y�d�r�a�u�l�i�c� �r�a�d�i�u�s� 

�A� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �o�f� �c�h�a�n�n�e�l� 

�P� �=� �w�e�t�t�e�d� �p�e�r�i�m�e�t�e�r� 

�T�h�i�s� �m�e�t�h�o�d� �g�i�v�e�s� �a� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �w�h�i�c�h� �i�s� 

�u�n�i�f�o�r�m� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �c�h�a�n�n�e�l� �b�o�u�n�d�a�r�y�.� �T�h�o�u�g�h� �i�t� �i�s� �t�h�e� 

�m�o�s�t� �w�i�d�e�l�y� �u�s�e�d� �m�e�t�h�o�d� �i�n� �h�y�d�r�a�u�l�i�c� �e�n�g�i�n�e�e�r�i�n�g�,� �i�t� �i�s� 

�i�n�a�p�p�r�o�p�r�i�a�t�e� �f�o�r� �n�a�r�r�o�w� �c�h�a�n�n�e�l�s� �a�n�d� �o�n�l�y� �p�r�o�v�i�d�e�s� �a� �c�r�u�d�e� 

�e�s�t�i�m�a�t�e� �o�f� �t�h�e� �a�c�t�u�a�l� �s�h�e�a�r� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�.� 

�3�.�2�.�2� �V�e�r�t�i�c�a�l� �A�r�e�a� �M�e�t�h�o�d� 

�T�h�e� �s�e�c�o�n�d� �m�e�t�h�o�d� �s�h�a�l�l� �b�e� �c�a�l�l�e�d� �t�h�e� �"�v�e�r�t�i�c�a�l� �a�r�e�a�"� 

�m�e�t�h�o�d�.� �I�t� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �s�h�e�a�r� �s�t�r�e�s�s� �a�c�t�i�n�g� �o�n� �a� �g�i�v�e�n� 

�a�r�e�a� �o�f� �t�h�e� �c�h�a�n�n�e�l� �b�o�u�n�d�a�r�y�,� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �w�e�i�g�h�t� 

�c�o�m�p�o�n�e�n�t� �i�n� �t�h�e� �f�l�o�w� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �w�a�t�e�r� �a�b�o�v�e� �t�h�e� 

�a�r�e�a�,� �d�i�v�i�d�e�d� �b�y� �t�h�a�t� �a�r�e�a� �(�F�i�g�u�r�e� �3�.�2�)�.� �T�h�e� �r�e�s�u�l�t�i�n�g� 

�e�q�u�a�t�i�o�n� �i�s� 

�T� �=� �p�g�D�S� �c�o�s�é� �(�2�)� 

�w�h�e�r�e� �@� �=� �l�a�t�e�r�a�l� �b�a�n�k� �s�l�o�p�e�.� �E�q�.� �2� �w�a�s� �e�m�p�l�o�y�e�d� �i�n� �t�h�e� 

�t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l� �f�o�r�m�u�l�a�t�i�o�n� �u�s�e�d� �b�y� �G�l�o�v�e�r� �a�n�d� �F�l�o�r�e�y� 

�(�1�9�5�1�)� �a�n�d� �i�t� �y�i�e�l�d�s� �t�h�e� �w�e�l�l� �k�n�o�w�n� �c�o�s�i�n�e� �p�r�o�f�i�l�e� �a�s� �t�h�e� 
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�s�h�a�p�e� �o�f� �a� �s�t�a�b�l�e� �b�a�n�k�.� �T�h�i�s� �m�e�t�h�o�d� �d�o�e�s� �n�o�t� �a�c�c�o�u�n�t� �f�o�r� 

�t�u�r�b�u�l�e�n�t� �d�i�f�f�u�s�i�o�n�.� 

�3�.�2�.�3� �V�e�r�t�i�c�a�l� �D�e�p�t�h� �M�e�t�h�o�d� 

�T�h�e� �v�e�r�t�i�c�a�l� �d�e�p�t�h� �m�e�t�h�o�d� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� 

�t�h�a�t� �t�h�e� �s�h�e�a�r� �s�t�r�e�s�s� �a�t� �a�n�y� �p�o�i�n�t� �o�n� �t�h�e� �c�h�a�n�n�e�l� �b�o�u�n�d�a�r�y� 

�c�o�r�r�e�s�p�o�n�d�s� �t�o� �i�t�s� �v�e�r�t�i�c�a�l� �d�e�p�t�h�.�(�F�i�g�.� �3�.�3�)�.� �T�h�e� �s�h�e�a�r� 

�s�t�r�e�s�s� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �e�x�p�r�e�s�s�i�o�n� 

�T� �=� �p�g�D�S�s� �(�3�)� 

�w�h�e�r�e� �D� �=� �v�e�r�t�i�c�a�l� �d�e�p�t�h�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �s�t�r�e�s�s� �d�e�p�t�h� 

�c�o�i�n�c�i�d�e�s� �w�i�t�h� �t�h�e� �a�c�t�u�a�l� �f�l�o�w� �d�e�p�t�h�.� �T�h�i�s� �m�e�t�h�o�d� �d�o�e�s� �n�o�t� 

�a�c�c�o�u�n�t� �f�o�r� �t�u�r�b�u�l�e�n�t� �d�i�f�f�u�s�i�o�n� �e�i�t�h�e�r�.� 

�3�.�2�.�4� �N�o�r�m�a�l� �D�e�p�t�h� �M�e�t�h�o�d� 

�T�h�e� �n�o�r�m�a�l� �d�e�p�t�h� �m�e�t�h�o�d� �(�F�i�g�u�r�e� �3�.�4�)� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� 

�s�h�e�a�r� �s�t�r�e�s�s� �a�t� �a� �p�o�i�n�t� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �d�e�p�t�h� �a�t� �t�h�a�t� 

�p�o�i�n�t� �m�e�a�s�u�r�e�d� �a�t� �r�i�g�h�t� �a�n�g�l�e�s� �t�o� �t�h�e� �b�o�t�t�o�m�.� �F�o�r� �t�h�i�s� 

�m�e�t�h�o�d�,� �t�h�e� �s�h�e�a�r� �s�t�r�e�s�s� �i�s� �g�i�v�e�n� �b�y� 

�r� �=� �p�g�D�S�/� �c�o�s�é� �(�4�)� 

�T�h�e� �n�o�r�m�a�l� �d�e�p�t�h� �m�e�t�h�o�d� �d�o�e�s� �n�o�t� �p�r�o�p�e�r�l�y� �a�c�c�o�u�n�t� �f�o�r� 

�t�h�e� �l�a�t�e�r�a�l� �t�r�a�n�s�f�e�r� �o�f� �s�h�e�a�r� �d�u�e� �t�o� �t�u�r�b�u�l�e�n�t� �d�i�f�f�u�s�i�o�n�,� 
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�a�n�d� �t�h�e� �t�o�t�a�l� �m�o�m�e�n�t�u�m� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�i�s� �m�e�t�h�o�d� �e�x�c�e�e�d�s� 

�t�h�e� �m�o�m�e�n�t�u�m� �w�h�i�c�h� �i�s� �a�c�t�u�a�l�l�y� �a�v�a�i�l�a�b�l�e�.� 

�3�.�2�.�5� �A�r�e�a� �M�e�t�h�o�d� 

�T�h�e� �f�i�f�t�h� �w�a�y� �t�o� �d�e�t�e�r�m�i�n�e� �b�o�u�n�d�a�r�y� �s�h�e�a�r� �s�t�r�e�s�s� �i�s� 

�t�h�e� �a�r�e�a� �m�e�t�h�o�d� �(�F�i�g�u�r�e� �3�.�5�)�.� �T�h�i�s� �m�e�t�h�o�d� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� 

�s�h�e�a�r� �f�o�r�c�e� �a�c�t�i�n�g� �o�v�e�r� �a�n� �a�r�c� �l�e�n�g�t�h� �d�P� �o�f� �t�h�e� �c�h�a�n�n�e�l� 

�b�o�u�n�d�a�r�y�,� �i�s� �j�u�s�t� �b�a�l�a�n�c�e�d� �b�y� �t�h�e� �w�e�i�g�h�t� �o�f� �t�h�e� �w�a�t�e�r� 

�w�i�t�h�i�n� �a�n� �a�r�e�a� �d�A� �e�n�c�l�o�s�e�d� �b�y� �t�h�e� �f�r�e�e� �s�u�r�f�a�c�e�,� �a�P�,� �a�n�d� �t�h�e� 

�n�o�r�m�a�l�s� �a�t� �t�h�e� �e�n�d�p�o�i�n�t�s� �o�f� �d�P�.� �T�h�u�s�,� 

�T�=� �p�g�s� �d�A� �(�5�)� 

�w�h�e�r�e� �d�p� �l�a�t�e�r�a�l� �a�r�c� �l�e�n�g�t�h� �a�l�o�n�g� �c�h�a�n�n�e�l� 

�b�o�u�n�d�a�r�y�;� �w�e�t�t�e�d� �p�e�r�i�m�e�t�e�r� 

�@�q�A� �=� �a�r�e�a� �b�o�u�n�d�e�d� �b�y� �n�o�r�m�a�l�s� �a�t� �t�h�e� �e�n�d� 

�p�o�i�n�t�s� �o�f� �d�P� 

�O�f� �t�h�e� �m�e�t�h�o�d�s� �o�u�t�l�i�n�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �t�h�e� �a�r�e�a� 

�m�e�t�h�o�d� �p�r�o�v�i�d�e�s� �t�h�e� �m�o�s�t� �a�c�c�u�r�a�t�e� �s�h�e�a�r� �s�t�r�e�s�s� 

�d�i�s�t�r�i�b�u�t�i�o�n�.� �H�o�w�e�v�e�r�,� �i�t� �o�n�l�y� �p�a�r�t�i�a�l�l�y� �a�c�c�o�u�n�t�s �� �f�o�r� 

�t�u�r�b�u�l�e�n�t� �d�i�f�f�u�s�i�o�n�,� �a�n�d� �n�o�t� �i�n� �a� �c�o�n�s�i�s�t�e�n�t� �w�a�y�.� �T�h�e� 

�a�g�i�f�f�u�s�i�o�n� �i�s� �g�u�i�d�e�d� �b�y� �t�h�e� �c�h�a�n�n�e�l� �g�e�o�m�e�t�r�y� �a�n�d� �t�o�t�a�l�l�y� 

�i�g�n�o�r�e�s� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �f�l�o�w�.� �F�u�r�t�h�e�r�m�o�r�e�,� �n�o�n�e� �o�f� 

�t�h�e� �m�e�t�h�o�d�s� �d�e�s�c�r�i�b�e�d� �s�o� �f�a�r� �c�a�n� �b�e� �u�s�e�d� �t�o� �r�e�s�o�l�v�e� �t�h�e� 

�s�t�a�b�l�e� �c�h�a�n�n�e�l� �p�a�r�a�d�o�x�.� 
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�3�.�3� �T�u�r�b�u�l�e�n�t� �D�i�f�f�u�s�i�o�n� 

�T�h�e� �d�o�w�n�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� �i�s� �g�r�e�a�t�e�r� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� 

�t�h�e� �c�h�a�n�n�e�l�,� �w�h�e�r�e� �t�h�e� �f�l�o�w� �i�s� �l�a�r�g�e�s�t�,� �t�h�a�n� �i�n� �t�h�e� �a�r�e�a�s� 

�n�e�a�r� �t�h�e� �b�a�n�k�s�.� �T�h�e�r�e�f�o�r�e�,� �m�o�m�e�n�t�u�m� �i�s� �e�x�p�e�c�t�e�d� �t�o� �b�e� 

�g�r�e�a�t�e�s�t� �a�t� �t�h�e� �c�e�n�t�e�r� �a�n�d� �d�e�c�r�e�a�s�e� �a�s� �w�e� �p�r�o�c�e�e�d� �t�o�w�a�r�d�s� 

�t�h�e� �b�a�n�k�s�.� �B�e�c�a�u�s�e� �o�f� �t�h�i�s� �s�p�a�t�i�a�l� �v�a�r�i�a�t�i�o�n� �o�f� �m�o�m�e�n�t�u�m�,� �a� 

�n�e�t� �l�a�t�e�r�a�l� �f�l�u�x� �o�f� �d�o�w�n�s�t�r�e�a�m� �m�o�m�e�n�t�u�m� �f�r�o�m� �t�h�e� �r�e�g�i�o�n� �o�f� 

�h�i�g�h� �m�o�m�e�n�t�u�m� �t�o� �t�h�o�s�e� �o�f� �l�o�w� �m�o�m�e�n�t�u�m� �i�s� �e�x�p�e�c�t�e�d�.� �T�h�i�s� �i�s� 

�a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �R�e�y�n�o�l�d�s� �s�t�r�e�s�s�e�s�,� �a�n�d� �i�t� �c�a�u�s�e�s� �t�h�e� �s�h�e�a�r� 

�s�t�r�e�s�s�e�s� �i�n� �t�h�e� �b�e�d� �r�e�g�i�o�n� �t�o� �b�e� �l�o�w�e�r�,� �a�n�d� �t�h�o�s�e� �i�n� �t�h�e� 

�b�a�n�k� �r�e�g�i�o�n� �t�o� �b�e� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� �s�t�r�e�s�s�e�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� 

�a�r�e�a� �m�e�t�h�o�d�.� 

�A�n�o�t�h�e�r� �f�a�c�t�o�r� �w�h�i�c�h� �c�o�n�t�r�i�b�u�t�e�s� �t�o� �t�h�e� �t�r�a�n�s�p�o�r�t� �o�f� 

�m�o�m�e�n�t�u�m� �f�r�o�m� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �c�h�a�n�n�e�l� �t�o� �t�h�e� �b�a�n�k�s� �i�s� 

�s�e�c�o�n�d�a�r�y� �f�l�o�w�.� 

�F�o�r� �p�r�o�p�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n� �o�f� �m�o�m�e�n�t�u�m� �b�a�l�a�n�c�e�,� �t�h�e� �a�r�e�a� 

�m�e�t�h�o�d� �m�u�s�t� �b�e� �c�o�r�r�e�c�t�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e�s�e� �t�w�o� �f�a�c�t�o�r�s�.� 

�B�y� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �b�a�l�a�n�c�e� �o�f� �d�o�w�n�s�t�r�e�a�m� �m�o�m�e�n�t�u�m� �f�o�r� �t�h�e� 

�a�r�e�a� �d�A� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�5�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n� �f�o�r� 

�t�h�e� �s�h�e�a�r� �s�t�r�e�s�s� �a�c�t�i�n�g� �a�l�o�n�g� �d�P� �i�s� �o�b�t�a�i�n�e�d� �(�P�a�r�k�e�r�,�1�9�7�8�)�:� 

�d�A�_� �d� �r�T� �=� �p�g�S�S�S� �-� �P�n� �u�o�d�z� �+� �P�n� �U�V�d� �(�6�)� �d�P �� �d�P�\�j�,� �?�¥�r�%� �9� �f�F� �*� 

�w�h�e�r�e� �U� �m�e�a�n� �d�o�w�n�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� 

�u �� �f�l�u�c�t�u�a�t�i�n�g� �d�o�w�n�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� 
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�V� �=� �m�e�a�n� �c�r�o�s�s�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� 

�(�y�-�d�i�r�e�c�t�i�o�n�)� 

�v�i� �=� �f�l�u�c�t�u�a�t�i�n�g� �c�r�o�s�s�-�s�t�r�e�a�m� �v�e�l�o�c�i�t�y� 

�(�y�-�d�i�r�e�c�t�i�o�n�)� 

�z� �=� �d�i�s�t�a�n�c�e� �a�l�o�n�g� �t�h�e� �n�o�r�m�a�l� �f�r�o�m� �t�h�e� 

�b�o�t�t�o�m� �o�f� �t�h�e� �c�h�a�n�n�e�l� 

�D�n� �=� �n�o�r�m�a�l� �c�h�a�n�n�e�l� �d�e�p�t�h� 

�|�"� �p�w� �a�z� �=� �l�a�t�e�r�a�l� �t�r�a�n�s�p�o�r�t� �r�a�t�e� �o�f� �d�o�w�n�s�t�r�e�a�m� 

�m�o�m�e�n�t�u�m� �d�u�e� �t�o� �t�u�r�b�u�l�e�n�c�e� 

�[�o�m� �p�u�v�a�:� �=� �l�a�t�e�r�a�l� �t�r�a�n�s�p�o�r�t� �r�a�t�e� �o�f� �d�o�w�n�s�t�r�e�a�m� 

�m�o�m�e�n�t�u�m� �d�u�e� �t�o� �s�e�c�o�n�d�a�r�y� �c�u�r�r�e�n�t�s� 

�L�u�n�d�g�r�e�n� �a�n�d� �J�o�n�s�s�o�n� �(�1�9�6�4�)� �s�t�a�t�e�d� �t�h�a�t� �t�h�e� 

�c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �s�e�c�o�n�d�a�r�y� �c�u�r�r�e�n�t�s� �t�o� �t�h�e� �l�a�t�e�r�a�l� �t�r�a�n�s�f�e�r� 

�o�f� �d�o�w�n�s�t�r�e�a�m� �m�o�m�e�n�t�u�m� �i�s� �o�f� �h�i�g�h�e�r� �o�r�d�e�r� �c�o�m�p�a�r�e�d� �t�o� �t�h�a�t� 

�o�f� �R�e�y�n�o�l�d�s� �s�t�r�e�s�s�e�s�,� �a�n�d� �c�a�n� �t�h�u�s� �b�e� �n�e�g�l�e�c�t�e�d�.� �T�h�i�s� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �i�s� �j�u�s�t�i�f�i�e�d� �o�n�l�y� �b�e�c�a�u�s�e� �t�h�e� �b�a�n�k� �c�u�r�v�a�t�u�r�e� 

�i�s� �n�o�t� �h�i�g�h�.� �T�h�e�r�e�f�o�r�e�,� �o�n�l�y� �t�h�e� �e�f�f�e�c�t� �o�f� �t�u�r�b�u�l�e�n�c�e� �n�e�e�d�s� 

�t�o� �b�e� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t�,� �a�n�d� �t�h�e� �p�r�e�c�e�d�i�n�g� �e�q�u�a�t�i�o�n� 

�r�e�d�u�c�e�s� �t�o� 

�D�D�.�  �� 
 ��T�=� �p�g�s� �-� �4�5�(� �[�7� �"� �p�a�d�:� �(�7�)� 

�T�h�i�s� �i�s� �w�h�a�t� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �t�u�r�b�u�l�e�n�t� �d�i�f�f�u�s�i�o�n� 

�e�q�u�a�t�i�o�n�.� 

�2�4



�L�u�n�d�g�r�e�n� �a�n�d� �J�o�n�s�s�o�n� �(�1�9�6�4�)� �u�s�e�d� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� 

�L�e�i�g�h�l�y� �(�1�9�3�2�)� �t�h�a�t� �l�i�n�e�s� �o�f� �v�a�n�i�s�h�i�n�g� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� 

�s�h�e�a�r� �s�t�r�e�s�s� �a�r�e� �o�r�t�h�o�g�o�n�a�l� �t�o� �t�h�e� �i�s�o�v�e�l�s�,� �a�n�d� �t�h�a�t� �o�f� 

�K�e�u�l�e�g�a�n� �(�1�9�3�8�)� �s�t�a�t�i�n�g� �t�h�a�t� �t�h�e� �l�o�g�a�r�i�t�h�m�i�c� �r�o�u�g�h� �w�a�l�l� �l�a�w� 

�i�s� �a�p�p�l�i�c�a�b�l�e� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �f�l�o�w� �a�l�o�n�g� �n�o�r�m�a�l�s� �t�o� �t�h�e� �b�e�d�.� 

�T�h�e�s�e� �a�s�s�u�m�p�t�i�o�n�s� �a�r�e� �a�c�c�e�p�t�a�b�l�e� �p�r�o�v�i�d�e�d� �t�h�e� �l�a�t�e�r�a�l� �b�e�d� 

�c�u�r�v�a�t�u�r�e� �i�s� �s�m�a�l�l�.� �W�i�t�h� �t�h�e�s�e�,� �t�h�e�y� �w�e�r�e� �a�b�l�e� �t�o� �c�l�o�s�e� �t�h�e� 

�t�u�r�b�u�l�e�n�t� �d�i�f�f�u�s�i�o�n� �e�q�u�a�t�i�o�n� �a�s� �f�o�l�l�o�w�s�:� 

�D�,�  �� �D� �[�. �� �p�a�t�e� �=� �-� �D�i�v� �(�5�.�2�3�)� �x� �(�8�)� 

� � �w�h�e�r�e� �6�(�4�)�=� �(�a�t�t�s�,� �i�n� �(�s�c� �P�e�)� �7� �s�i�a�)� �(�1�+� �i�n� �(�0�D� �J�E�)� �=�a�7�/�s� �J� 
�k� �=� �e�q�u�i�v�a�l�e�n�t� �s�a�n�d� �g�r�a�i�n� �r�o�u�g�h�n�e�s�s� 

�w
�,� �I�t� �-� �D�,�D�,�,�,�/� �(�1�+�D�3�) �� �;� �t�h�e� �d�i�m�e�n�s�i�o�n�l�e�s�s� 

�c�h�a�n�n�e�l� �c�u�r�v�a�t�u�r�e� 

�S�u�b�s�t�i�t�u�t�i�n�g� �E�q�.� �8� �i�n� �E�q�.� �6�,� �a�n�d� �e�x�p�r�e�s�s�i�n�g� �t�h�i�s� �i�n� 

�t�e�r�m�s� �o�f� �t�h�e� �s�t�r�e�s�s� �d�e�p�t�h� �6� �=� �r�/�p�g�S�,� �t�h�e� �t�u�r�b�u�l�e�n�t� 

�d�i�f�f�u�s�i�o�n� �e�q�u�a�t�i�o�n� �b�e�c�o�m�e�s� 
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�3�6�0� �T�I�N�A� �d�y!"� 

�Y�=� �1�0�  �� �3�A�,�(�4�  �� �A�,�)� �(�4�s� �3� 
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�r�p� �A�y� �A�g� �=� �~�~� �-� �=� �9� �A�l�s� �A�?� �A�g�*� 

�A�i�g� �=� �1�+� �l� �2�A�,�  �� �1�7�/�3� 

�A�y�,� �=� �(�2� �+� �A�,�)�?� �A�y� 

�_� �4 �� �A�,� �(�A�s�\�/�3�0� �é� �A�,�\� �(�1�  �� �2�4�9�)� �g�p�*� �d�2�p�*� �h�o�a� �=� �A�l�a�c�r�a� �(�4�)� �(�8�)� �+� �(�&� �-�4�8�)� �G�2� �a�e� �e�e� � � 

�o
�O

� 

�T�h�i�s� �i�s� �a� �h�i�g�h�l�y� �n�o�n�-�l�i�n�e�a�r�,� �n�o�n�-�h�o�m�o�g�e�n�e�o�u�s�,� �t�h�i�r�d� 

�o�r�d�e�r�,� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �w�h�i�c�h� �r�e�q�u�i�r�e�s� �t�h�r�e�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �w�i�d�t�h� �o�f� �t�h�e� �b�a�n�k� �r�e�g�i�o�n� 

�i�s� �u�n�k�n�o�w�n� �a�t� �t�h�i�s� �s�t�a�g�e�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e� �p�o�s�i�t�i�o�n� �o�f� 

�t�h�e� �w�a�t�e�r� �m�a�r�g�i�n�,� �w�h�e�r�e� �s�o�m�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�c�c�u�r�,� �i�s� 

�a�l�s�o� �u�n�k�n�o�w�n�.� �A�n� �a�d�d�i�t�i�o�n�a�l� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �i�s� �n�e�e�d�e�d� �t�o� 

�s�o�l�v�e� �t�h�i�s� �c�a�s�e� �(�P�r�e�s�s� �e�t�.� �a�l�.�,� �1�9�8�8�,� �p�p�.� �5�8�1�-�5�8�2�)�.� 

�T�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �a�s� �f�o�l�l�o�w�s�:� 

�(�1�)� �A�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �c�h�a�n�n�e�l�;� �y� �=� �0�O�.� 

�P� �=� �0� �f�o�r� �s�m�o�o�t�h� �j�o�i�n�i�n�g� �o�f� �t�h�e� �(�1�9�)� 

�t�w�o� �b�a�n�k�s�.� 

�(�2�)� �A�t� �t�h�e� �w�a�t�e�r� �e�d�g�e� �o�f� �t�h�e� �c�h�a�n�n�e�l�;� �y� �=� �B�/�2�.� 

�D� �=�0� �(�2�0�)� 

�o�T� �=�  ��U� �s�i�n�c�e� �l�a�t�e�r�a�l� �b�e�d� �s�l�o�p�e� �(�2�1�)� 

�s�h�o�u�l�d� �b�e� �a�t� �t�h�e� �a�n�g�l�e� �o�f� 

�r�e�p�o�s�e� �o�f� �t�h�e� �s�e�d�i�m�e�n�t� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �t�h�e� �h�o�r�i�z�o�n�t�a�l�.� 
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�N�o�n�-�d�i�m�e�n�s�i�o�n�a�l�i�z�i�n�g� �t�h�e� �p�r�e�c�e�d�i�n�g� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� 

�r�e�s�u�l�t�s� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g�:� 

�(�1�)� �A�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �c�h�a�n�n�e�l�;� �y�*� �=� �0� 

�*� �D�y� �=�1� �(�2�2�)� 

�d�D�*� �_� �i�y� �=�O� �(�2�3�)� 

�(�2�)� �A�t� �t�h�e� �e�d�g�e� �o�f� �t�h�e� �c�h�a�n�n�e�l�;� �y�*� �=� �B�*�/�2� 

�*� �D� �=�0� �(�2�4�)� 

�a� �=� �(�2�5�)� 
�w�h�e�r�e� �y�*� �=� �y�/�D�o� 

�*� �=� �D�/�D�e� 

�B�*� �=� �B�/�D�e� 

�3�.�6�.�2� �C�h�a�n�n�e�l� �W�i�t�h� �a� �F�l�a�t� �B�e�d� 

�F�o�r� �t�h�e� �c�a�s�e� �o�f� �a� �c�h�a�n�n�e�l� �w�i�t�h� �a� �f�l�a�t� �b�e�d�,� �i�t� �i�s� 

�a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �b�a�n�k� �p�r�o�f�i�l�e� �i�s� �a�d�e�q�u�a�t�e�l�y� �d�e�s�c�r�i�b�e�d� �b�y� �a� 

�f�i�f�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �b�a�n�k� 

�e�q�u�a�t�i�o�n� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �b�a�s�e�d� �o�n� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �s�t�a�t�i�c� 

�f�r�i�c�t�i�o�n�,� �w�u�,� �a�n�d� �a�s�s�u�m�e�d� �v�a�l�u�e�s� �o�f� �d�i�m�e�n�s�i�o�n�l�e�s�s� �b�a�n�k� 

�w�i�d�t�h�,� �B�e�"�,� �a�n�d� �d�i�m�e�n�s�i�o�n�l�e�s�s� �s�e�c�o�n�d� �d�e�r�i�v�a�t�i�v�e� �a�t� �t�h�e� 

�j�u�n�c�t�i�o�n� �p�o�i�n�t�,� �a�*�p�*�/�a�y�*�2�.� �I�n� �a�d�d�i�t�i�o�n�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� 

�a�?�p�*� �s�a�y�*�3� �a�n�d� �a�p�*� �/�d�y�*� �a�r�e� �e�q�u�a�l� �t�o� �z�e�r�o�.� �T�h�e� �g�e�o�m�e�t�r�y� �o�f� 

�t�h�e� �c�h�a�n�n�e�l� �i�s� �t�h�u�s� �k�n�o�w�n� �a�n�d� �a�l�l� �t�h�a�t� �i�s� �n�e�e�d�e�d� �i�s� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n� 

�i�s� �t�h�e� �t�u�r�b�u�l�e�n�t� �d�i�f�f�u�s�i�o�n� �e�q�u�a�t�i�o�n� �(�E�q�.� �1�0�)�,� �w�h�i�c�h� �i�s� �o�f� 
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�s�e�c�o�n�d� �o�r�d�e�r�.� �T�w�o� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �n�e�c�e�s�s�a�r�y� �t�o� 

�s�o�l�v�e� �t�h�i�s� �c�a�s�e�.� �T�h�e�s�e� �a�r�e�:� 

�(�1�)� �A�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �c�h�a�n�n�e�l�;� �y� �=� �0� 

�o�e� �=� �0� �b�e�c�a�u�s�e� �o�f� �s�y�m�m�e�t�r�y�.� �(�2�6�)� 

�(�2�)� �A�t� �t�h�e� �w�a�t�e�r� �e�d�g�e� �o�f� �t�h�e� �c�h�a�n�n�e�l�;� �y� �=� �B�/�2� 

�5� �=� �0� �s�i�n�c�e� �s�t�r�e�s�s� �i�s� �z�e�r�o� �(�2�7�)� 

�a�t� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n�.� 

�A�g�a�i�n�,� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l�i�z�i�n�g�,� 

�(�1�)� �A�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �c�h�a�n�n�e�l�;� �y�"� �=� �0� 

� � 

�d�&�*� �=� 

�(�2�)� �A�t� �t�h�e� �w�a�t�e�r� �e�d�g�e� �o�f� �t�h�e� �c�h�a�n�n�e�l�;� �y�*� �=� �B�*�/�2� 

�é�*� �=� �0� �(�2�9�)� 
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�C�H�A�P�T�E�R� �4� 

�N�U�M�E�R�I�C�A�L� �M�E�T�H�O�D� 

�T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� 

�t�h�e� �c�h�a�n�n�e�l� �s�h�a�p�e�,� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a�,� �s�t�r�e�s�s� �d�e�p�t�h� 

�d�i�s�t�r�i�b�u�t�i�o�n�,� �a�n�d� �w�a�t�e�r� �d�i�s�c�h�a�r�g�e� �f�o�r� �t�h�e� �c�a�s�e�s� �o�f� �a� 

�t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l� �a�n�d� �a� �c�h�a�n�n�e�l� �w�i�t�h� �a� �f�l�a�t� �b�e�d�.� �A�l�l� 

�p�a�r�a�m�e�t�e�r�s� �a�n�d� �v�a�r�i�a�b�l�e�s� �u�s�e�d� �i�n� �t�h�i�s� �m�e�t�h�o�d� �a�r�e� �m�a�d�e� 

�d�i�m�e�n�s�i�o�n�l�e�s�s� �i�n� �o�r�d�e�r� �t�o� �r�e�n�d�e�r� �t�h�e� �r�e�s�u�l�t�s� �m�o�r�e� �g�e�n�e�r�a�l�l�y� 

�a�p�p�l�i�c�a�b�l�e�.� 

�4�.�1� �T�h�r�e�s�h�o�l�d� �C�h�a�n�n�e�l� 

�F�i�g�u�r�e� �4�.�1� �i�s� �a� �f�l�o�w�c�h�a�r�t� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e� 

�w�h�i�c�h� �s�h�o�w�s� �t�h�e� �s�t�e�p�s� �r�e�q�u�i�r�e�d� �t�o� �s�o�l�v�e� �E�q�.� �1�7� �(�t�h�e� 

�g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l� �c�a�s�e�)� �s�u�b�j�e�c�t� 

�t�o� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n�d�i�c�a�t�e�d� �b�y� �E�q�s�.� �2�2�-�2�5�.� �T�h�e� 

�p�r�o�c�e�d�u�r�e� �i�s� �a�s� �f�o�l�l�o�w�s�:� 

�(�1�)� �T�h�e� �s�i�g�n�i�f�i�c�a�n�t� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �p�r�o�b�l�e�m� �a�r�e� �d�e�f�i�n�e�d�.� 

�T�h�e�s�e� �a�r�e� �(�a�)� �s�u�b�m�e�r�g�e�d� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �s�t�a�t�i�c� �f�r�i�c�t�i�o�n�,� �h�i�,� 

�(�b�)� �l�i�f�t�-�t�o�-�d�r�a�g� �r�a�t�i�o�,� �8�B�,� �(�c�)� �g�r�a�i�n� �s�i�z�e� �s�u�c�h� �t�h�a�t� �9�0�%� �o�f� 

�t�h�e� �c�h�a�n�n�e�l� �b�e�d� �m�a�t�e�r�i�a�l� �i�s� �f�i�n�e�r�,� �d�g�o�,� �a�n�d� �(�d�a�)� �g�r�a�i�n� �s�i�z�e� 

�s�u�c�h� �t�h�a�t� �5�0�%� �o�f� �t�h�e� �c�h�a�n�n�e�l� �b�e�d� �m�a�t�e�r�i�a�l� �i�s� �f�i�n�e�r�,� �d�s�o�.� 

�-� �T�h�e� �c�r�i�t�i�c�a�l� �s�h�e�a�r� �s�t�r�e�s�s�,� �7� �,� �a�n�d� �c�h�a�n�n�e�l� �s�l�o�p�e�,� �S�,� �a�r�e� 

�g�i�v�e�n�.� �T�h�e� �v�a�l�u�e� �o�f� �m�a�x�i�m�u�m� �f�l�o�w� �d�e�p�t�h�,� �D�o�,� �i�s� �a�s�s�u�m�e�d�.� 
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�[�S�T�A�R�T� 
� � �f� �.� �d�e�f�i�n�e� �n�u�,� �B�,� �A�g�o�,� �A�s�5�0�,� 
�_�_� �T�e�r� �»�«� �S�?� �a�s�s�u�m�e� �D�o� 

�c�r� 

�s�e�  � ��_�_�l�_�_�_� �i�i�a �� 

�[�a�s�s�u�m�e� �e�e� 

�a�s�s�u�m�e� �a�*�p�*� �/�a�y�*�2� 
�a�t� �j�u�n�c�t�i�o�n� 

�I� 

� � 
� � 

� � 

� � 
� � 

�c�o�m�p�u�t�e� �a�t�p�*�/�a�y�*�3� �a�t� 
�j�u�n�c�t�i�o�n� �u�s�i�n�g� �E�q�.� �1�7� 

�]� 
�|�a�s�p�*�/�a�y�*�>� �=� �0� �?�|� �n�o� 

� � � � � � � � 
� � 

� � 

�y�e�s� 
� � 

�a�2�*�p�*� �/�a�y�*�2� �a�t� �j�u�n�c�t�i�o�n� 
�n�o�w�_�k�n�o�w�n� � � � � � � 

� � � � 

�d�e�t�e�r�m�i�n�e� �,�D�-� �1�4�9�d� �*�v�a�y�*�,� �a�2�D�*�/�a�y�*�2�,� 
�a�n�d� �a�e� �D�*�/�d�y� �a�s� �w�e�l�l� �a�s� �&�,� 

�d�é�*�/�d�y�*� �,�a�n�d� �d�*�§�*�/�d�y�*�*� �,� �f�o�r� 
�p�o�i�n�t�s� �a�l�o�n�g� �t�h�e� �b�a�n�k� � � � � � � 
� � 

� � � � � � 

� � 

� � � � 

� � � � � � � � � � � � 

�T� 

�d�o�e�s� �s�c�h�e�m�e� �t�e�r�m�i�n�a�t�e� 
�p�r�e�m�a�t�u�r�e�l�y� �?� �- � � �� �y�e�s� 

�n�o� 

�*� �*� �|� 
�q�d�D� �/�d�y� �(�i�)� �>� �a�p�*�/�d�y!"� �(�4�-�1�)� �?�|�-�y�e�s�  � ��_� 

�b�o� 
�|� 

�w�a�t�e�r� �y�m�a�r�g�i�n� �r�e�a�c�h�e�d�:� 
�d�D� �*� �/�a�y� �=� �-�u� �?� �n�o� 

�|� 
�y�e�s� 

�|� 
�|� �6�%�.� �,� �C�h�a�n�n�e�l� �p�r�o�f�i�l�e�,� 

�a�n�d� �s�t�r�e�s�s� �d�e�p�t�h� 
�[�d�i�s�t�r�i�b�u�t�i�o�n� �n�o�w� �k�n�o�w�n� � � � � 

� � 

�j�d�e�t�e�r�m�i�n�e� �a�c�t�u�a�l� �D�,�|� 
�|� 

�l�c�o�m�p�u�t�e� �Q�,� �A�l� 

� � 

� � 

�F�i�g�.� �4�.�1� �F�l�o�w�c�h�a�r�t� �o�f� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e�;� �t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l� 
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�T�h�e� �d�i�m�e�n�s�i�o�n�l�e�s�s� �c�r�i�t�i�c�a�l� �b�e�d� �s�t�r�e�s�s� �d�e�p�t�h� �6�°�.� �,�i�s� 

�a�l�s�o� �n�e�e�d�e�d� �t�o� �s�o�l�v�e� �t�h�e� �p�r�o�b�l�e�m�.� �A�n� �a�s�s�u�m�e�d� �v�a�l�u�e� �i�s� �u�s�e�d� 

�a�n�d� �i�t� �w�i�l�l� �b�e� �v�e�r�i�f�i�e�d�  ��l�a�t�e�r� �w�h�e�t�h�e�r� �o�r� �n�o�t� �t�h�i�s� �i�s� 

�a�p�p�r�o�p�r�i�a�t�e� �f�o�r� �t�h�e� �g�i�v�e�n� �c�o�n�d�i�t�i�o�n�s�.� 

�(�2�)� �N�e�x�t�,� �t�h�e� �v�a�l�u�e� �o�f� �a�*�p�*� �/�a�y�*�2� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� 

�d�e�t�e�r�m�i�n�e�d�.� �F�o�r� �t�h�e� �t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l�,� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� 

�c�o�i�n�c�i�d�e�s� �w�i�t�h� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �c�h�a�n�n�e�l� �c�r�o�s�s�-�s�e�c�t�i�o�n�.� �A�t� 

�t�h�i�s� �p�o�i�n�t�,� �p�D�*� �=� �1� �a�n�d� �a�p�*� �/�a�y�*� �=�0�.� �A�s�s�u�m�i�n�g� �a� �v�a�l�u�e� �f�o�r� 

�a�*�p�*� �/�a�y�*�2�,� �t�h�e�s�e� �v�a�l�u�e�s� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �a�r�e� 

�s�u�b�s�t�i�t�u�t�e�d� �i�n� �E�q�.� �1�7� �t�o� �s�o�l�v�e� �f�o�r� �d�3�p�*� �/�d�y�*�?�.� �B�e�c�a�u�s�e� �o�f� 

�t�h�e� �s�y�m�m�e�t�r�y� �o�f� �t�h�e� �c�h�a�n�n�e�l� �a�b�o�u�t� �i�t�s� �c�e�n�t�e�r�,� �a�p�*� �/�a�y�*�3� 

�s�h�o�u�l�d� �b�e� �e�q�u�a�l� �t�o� �z�e�r�o�.� �I�f� �t�h�e� �r�e�s�u�l�t�i�n�g� �v�a�l�u�e� �o�f� 

�a�?�p�*� �/�a�y�*�3� �i�s� �c�l�o�s�e� �t�o� �z�e�r�o�,� �t�h�e�n� �t�h�e� �a�s�s�u�m�e�d� �v�a�l�u�e� �o�f� 

�a�*�p�*� �/�a�y�*�2� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� �c�o�r�r�e�c�t�.� �T�o�l�e�r�a�n�c�e� 

�l�i�m�i�t�s� �a�r�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �o�r� �n�o�t� �a�?�*�p�*�a�y�*�3� 

�c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �E�q�.� �1�7� �i�s� �c�l�o�s�e� �e�n�o�u�g�h� �t�o� �z�e�r�o�.� �I�f� �t�h�e� 

�v�a�l�u�e� �o�f� �a�>�p�*� �/�a�y�*�3� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �d�i�f�f�e�r�s� �f�r�o�m� �z�e�r�o� 

�b�y� �m�o�r�e� �t�h�a�t� �1�0�7�9�,� �t�h�e�n� �t�h�e� �a�s�s�u�m�e�d� �v�a�l�u�e� �f�o�r� �a�*�p�*� �/�a�y�*�2� �i�s� 

�i�n�c�o�r�r�e�c�t� �a�n�d� �a� �n�e�w� �v�a�l�u�e� �m�u�s�t� �b�e� �a�s�s�u�m�e�d�.� �T�h�e� �n�e�x�t� 

�e�s�t�i�m�a�t�e� �f�o�r� �a�2�p�*� �/�a�y�*�2� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� �d�e�t�e�r�m�i�n�e�d� 

�b�y� �u�s�i�n�g� �t�h�e� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� �m�e�t�h�o�d� �(�P�r�e�s�s� �e�t�.� �a�l�.�,� �1�9�8�8�)�.� 

�T�h�i�s� �s�t�e�p� �i�s� �r�e�p�e�a�t�e�d� �u�n�t�i�l� �t�h�e� �c�o�r�r�e�c�t� �v�a�l�u�e� �f�o�r� �d�*�p�*� �/�a�y�*�2� 

�a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� �o�b�t�a�i�n�e�d�.� 

�(�3�)� �O�n�c�e� �t�h�e� �c�o�r�r�e�c�t� �v�a�l�u�e� �o�f� �d�*�p�*� �/�a�y�*�2� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� 

�p�o�i�n�t� �i�s� �k�n�o�w�n�,� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �b�a�n�k� �r�e�g�i�o�n� �c�a�n� �b�e� 
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�d�e�t�e�r�m�i�n�e�d�.� �U�s�i�n�g� �t�h�e� �R�u�n�g�e�-�K�u�t�t�a�-�M�e�r�s�o�n� �m�e�t�h�o�d� �(�d�e� �V�a�h�l� 

�D�a�v�i�s�,� �1�9�8�6�)� �o�n� �E�q�.� �1�7�,� �t�h�e� �v�a�l�u�e�s� �o�f� �D�*�,� �d�p�*�/�a�y�*�,� 

�a�d�*�p�*� �/�a�y�*�2�,� �a�n�d� �d�?�p�*�/�a�y�*�3� �a�t� �s�u�c�c�e�s�s�i�v�e� �p�o�i�n�t�s� �o�n� �t�h�e� �b�a�n�k� 

�c�a�n� �b�e� �s�o�l�v�e�d�.� �A�t� �t�h�e� �s�a�m�e� �t�i�m�e�,� �6�,� �d�é�*�/�d�y�*� �,� �a�n�d� �d�?�6�§�*�'�/�d�y�*�?� 

�a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�t� �e�a�c�h� �p�o�i�n�t�.� �T�h�i�s� �m�e�t�h�o�d� �i�s� �p�a�r�t�i�c�u�l�a�r�l�y� 

�a�p�p�e�a�l�i�n�g� �b�e�c�a�u�s�e� �i�t� �g�i�v�e�s� �a�n� �i�d�e�a� �o�f� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� 

�l�o�c�a�l� �t�r�u�n�c�a�t�i�o�n� �e�r�r�o�r� �i�n� �r�e�l�a�t�i�o�n� �t�o� �t�h�e� �s�t�e�p� �s�i�z�e� �b�e�i�n�g� 

�u�s�e�d�,� �a�n�d� �c�a�n� �a�d�j�u�s�t� �t�h�e� �s�t�e�p� �s�i�z�e� �s�u�c�h� �t�h�a�t� �t�h�e� �e�r�r�o�r� �i�s� 

�k�e�p�t� �w�i�t�h�i�n� �a�c�c�e�p�t�a�b�l�e� �l�i�m�i�t�s�.� �F�o�r� �t�h�e� �t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l� 

�c�a�s�e�,� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�c�c�u�r� �a�t� �t�w�o� �p�o�i�n�t�s�.� �A�t� �t�h�e� 

�c�e�n�t�e�r�,� �D�*� �=�1� �a�n�d� �a�p�*�/�a�y ��*� �=� �0�.� �A�t� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n�,� �D�*� �=� �0� 

�a�n�d� �a�p�*� �/�a�y�*� �=� �-�u�.� �T�h�i�s� �i�s� �a� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m� �w�h�i�c�h� �i�s� 

�s�o�l�v�e�d� �u�s�i�n�g� �t�h�e� �s�h�o�o�t�i�n�g� �m�e�t�h�o�d� �(�P�r�e�s�s� �e�t�.� �a�l�.�,� �1�9�8�8�)�.� 

�S�t�a�r�t�i�n�g� �w�i�t�h� �t�h�e� �v�a�l�u�e� �o�f� �|� �&�,� �a�s�s�u�m�e�d� �a�t� �t�h�e� �b�e�g�i�n�n�i�n�g�,� 

�a�n�d� �t�h�e� �v�a�l�u�e�s� �o�f� �D�*�,� �a�D�*�/�d�a�y ��,� �a�*�p�*�/�a�y�*�2�,� �a�n�d� �a�?�p�*�d�y�*�3� �a�t� 

�t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�,� �t�h�e� �s�c�h�e�m�e� �m�a�r�c�h�e�s� �o�n� �u�n�t�i�l� �i�t� �i�s� 

�f�o�r�c�e�d� �t�o� �s�t�o�p� �b�e�f�o�r�e� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n� �i�s� �r�e�a�c�h�e�d�.� �I�f� �t�h�i�s� 

�h�a�p�p�e�n�s�,� �t�h�e� �a�s�s�u�m�e�d� �v�a�l�u�e� �f�o�r� �d�i�m�e�n�s�i�o�n�l�e�s�s� �c�r�i�t�i�c�a�l� �b�e�d� 

�s�t�r�e�s�s� �d�e�p�t�h�,� �&�,� �»� �L�S� �i�n�c�o�r�r�e�c�t�.� �A�n�o�t�h�e�r� �v�a�l�u�e� �m�u�s�t� �b�e� 

�a�s�s�u�m�e�d�.� �T�h�e� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� �m�e�t�h�o�d� �c�a�n� �n�o� �l�o�n�g�e�r� �b�e� �u�s�e�d� �t�o� 

�c�a�l�c�u�l�a�t�e� �t�h�e� �n�e�w� �e�s�t�i�m�a�t�e� �f�o�r� �6�,� �,� �s�i�n�c�e� �t�h�e� �m�a�r�c�h�i�n�g� 

�s�c�h�e�m�e� �d�o�e�s� �n�o�t� �g�o� �a�l�l� �t�h�e� �w�a�y� �t�o� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n�.� 

�I�n�s�t�e�a�d�,� �t�h�e� �h�a�l�f�-� �i�n�t�e�r�v�a�l� �m�e�t�h�o�d� �(�d�e� �V�a�h�l� �D�a�v�i�s�,� �1�9�8�6�)� �i�s� 

�u�s�e�d�.� �T�w�o� �e�x�t�r�e�m�e� �v�a�l�u�e�s� �f�o�r� �6� �a�r�e� �a�s�s�u�m�e�d�;� �t�h�e� �l�e�f�t� 
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�o� 
�l�i�m�i�t� �i�s� �s�e�t� �t�o� �0�.�7� �a�n�d� �t�h�e� �r�i�g�h�t� �l�i�m�i�t� �i�s� �s�e�t� �t�o� �1�.�0�.� �T�h�e� 

�s�c�h�e�m�e� �c�a�n� �s�t�o�p� �f�o�r� �e�i�t�h�e�r� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�a�s�o�n�s�:� 

�a�)� �d�o�m�a�i�n� �e�r�r�o�r�s� �(�e�.�g�.� �s�q�u�a�r�e� �r�o�o�t� �o�f� �a� �n�e�g�a�t�i�v�e� 

�n�u�m�b�e�r�,� �n�a�t�u�r�a�l� �l�o�g�a�r�i�t�h�m� �o�f� �a� �n�o�n�-�p�o�s�i�t�i�v�e� �n�u�m�b�e�r�,� 

�e�t�c�.�)� �o�c�c�u�r�.� 

�b�)� �t�h�e� �v�a�l�u�e� �o�f� �d�D�*�/�d�y�*� �a�t� �t�h�e� �l�a�t�e�s�t� �g�r�i�d� �p�o�i�n�t� �i�s� 

�g�r�e�a�t�e�r� �(�l�e�s�s� �n�e�g�a�t�i�v�e�)� �t�h�a�n� �t�h�a�t� �o�f� �t�h�e� �p�r�e�c�e�d�i�n�g� 

�g�r�i�d� �p�o�i�n�t�.� 

�I�f� �e�i�t�h�e�r� �o�f� �t�h�e�s�e� �h�a�p�p�e�n�s�,� �t�h�e� �a�s�s�u�m�e�d� �v�a�l�u�e� �o�f� �6�.� 

�i�s� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �c�o�r�r�e�c�t� �v�a�l�u�e�,� �a�n�d� �t�h�u�s� �b�e�c�o�m�e�s� �t�h�e� �n�e�w� 

�r�i�g�h�t� �l�i�m�i�t�.� �I�f� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n� �i�s� �r�e�a�c�h�e�d� �b�u�t� �o�n�l�y� �o�n�e� �o�f� 

�t�h�e� �c�o�n�d�i�t�i�o�n�s� �t�h�e�r�e� �i�s� �m�e�t� �(� �p�*� �m�u�s�t� �b�e� �e�q�u�a�l� �t�o� �z�e�r�o� �a�n�d� 

�a�p�"� �/�a�y�*� �m�u�s�t� �b�e� �e�q�u�a�l� �t�o� �-�y�z�)�,� �t�h�e�n� �t�h�e� �a�s�s�u�m�e�d� �v�a�l�u�e� �o�f� 

�b�e�r� �i�s� �l�e�s�s� �t�h�a�n� �t�h�e� �c�o�r�r�e�c�t� �v�a�l�u�e�,� �a�n�d� �t�h�u�s� �b�e�c�o�m�e�s� �t�h�e� 

�n�e�w� �l�e�f�t� �l�i�m�i�t�.� �W�i�t�h� �t�h�e� �n�e�w� �a�s�s�u�m�e�d� �v�a�l�u�e� �f�o�r�  ��4�,� �,� �s�t�e�p�s� 

�(�2�)� �a�n�d� �(�3�)� �a�r�e� �r�e�p�e�a�t�e�d� �u�n�t�i�l� �t�h�e� �v�a�l�u�e� �o�f� �&�,� �f�o�r� �w�h�i�c�h� 

�t�h�e� �s�c�h�e�m�e� �c�o�n�v�e�r�g�e�s� �i�s� �d�e�t�e�r�m�i�n�e�d�.� �A�t� �t�h�i�s� �s�t�a�g�e�,� �t�h�e� 

�c�r�i�t�i�c�a�l� �b�e�d� �s�t�r�e�s�s� �d�e�p�t�h� �6�,� �,� �t�h�e� �o�p�t�i�m�a�l� �s�t�a�b�l�e� �b�a�n�k� 

�p�r�o�f�i�l�e�,� �a�n�d� �t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �a�r�e� �k�n�o�w�n�.� 

�(�4�)� �O�n�c�e� �6�c�;� �i�s� �k�n�o�w�n�,� �t�h�e� �a�c�t�u�a�l� �m�a�x�i�m�u�m� �f�l�o�w� �d�e�p�t�h� �D�o� 

�i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �r�e�a�r�r�a�n�g�i�n�g� �a�n�d� �s�o�l�v�i�n�g� �E�q�.� �1�3� �f�o�r� �6�,� �,� 

�6�.�,� �b�e�i�n�g� �e�q�u�a�l� �t�o� �6�%�,� �D�g�.� �T�h�e�r�e� �i�s� �n�o� �n�e�e�d� �t�o� �r�e�d�e�t�e�r�m�i�n�e� 

�t�h�e� �d�i�m�e�n�s�i�o�n�l�e�s�s� �b�a�n�k� �p�r�o�f�i�l�e� �b�a�s�e�d� �o�n� �t�h�i�s� �n�e�w� �v�a�l�u�e� �o�f� 

�D�e�,� �s�i�n�c�e� �i�t� �i�s� �h�i�g�h�l�y� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �D�g�.� 

�3�9



�(�5�)� �F�i�n�a�l�l�y�,� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �o�f� �t�h�e� �t�h�r�e�s�h�o�l�d� 

�c�h�a�n�n�e�l� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �t�r�a�p�e�z�o�i�d�a�l� �r�u�l�e�.� �U�s�i�n�g� �t�h�e� 

�a�c�t�u�a�l� �s�t�r�e�s�s� �d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n�,� �t�h�e� �w�a�t�e�r� �d�i�s�c�h�a�r�g�e� �i�s� 

�c�a�l�c�u�l�a�t�e�d� �b�y� �i�n�t�e�g�r�a�t�i�n�g� �t�h�e� �l�o�g�a�r�i�t�h�m�i�c� �r�o�u�g�h� �w�a�l�l� �l�a�w� 

�a�l�o�n�g� �n�o�r�m�a�l�s� �t�o� �t�h�e� �c�h�a�n�n�e�l� �b�o�t�t�o�m� �a�n�d� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� 

�c�h�a�n�n�e�l� �w�i�d�t�h�.� 

�4�.�2� �C�h�a�n�n�e�l� �W�i�t�h� �a� �F�l�a�t� �B�e�d� 

�I�t� �w�i�l�l� �b�e� �s�h�o�w�n� �i�n� �t�h�e� �s�u�c�c�e�e�d�i�n�g� �c�h�a�p�t�e�r� �t�h�a�t� �t�h�e� 

�t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l� �p�r�o�f�i�l�e� �d�o�e�s� �n�o�t� �a�d�e�q�u�a�t�e�l�y� �d�e�s�c�r�i�b�e� �t�h�e� 

�s�h�a�p�e� �o�f� �t�h�e� �b�a�n�k� �o�f� �a� �f�l�a�t�-�b�e�d� �c�h�a�n�n�e�l�.� �I�n�s�t�e�a�d�,� �a� �b�a�n�k� 

�p�r�o�f�i�l�e� �d�e�f�i�n�e�d� �b�y� �a� �f�i�f�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� �e�q�u�a�t�i�o�n� �i�s� 

�a�s�s�u�m�e�d�.� �B�y� �a�t�t�a�c�h�i�n�g� �t�h�i�s� �p�r�o�f�i�l�e� �t�o� �a� �b�e�d� �o�f� �a�n� �a�s�s�u�m�e�d� 

�w�i�d�t�h�,� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �f�l�a�t�-�b�e�d� �c�h�a�n�n�e�l� �i�s� �c�o�m�p�l�e�t�e�l�y� 

�d�e�f�i�n�e�d�.� �T�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �c�a�n� �t�h�e�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� 

�s�o�l�v�i�n�g� �E�q�.� �1�0� �(�t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n� �f�o�r� �t�h�e� �t�h�e� �c�a�s�e� �o�f� 

�a� �c�h�a�n�n�e�l� �w�i�t�h� �a� �f�l�a�t� �b�e�d�)�,� �s�u�b�j�e�c�t� �t�o� �t�h�e� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s� �i�n�d�i�c�a�t�e�d� �b�y� �E�q�s�.� �2�8�-�2�9�.� 

�F�i�g�u�r�e� �4�.�2� �i�s� �a� �f�l�o�w�c�h�a�r�t� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e� �f�o�r� 

�t�h�e� �f�l�a�t�-�b�e�d� �c�h�a�n�n�e�l� �c�a�s�e�.� �T�h�e� �p�r�o�c�e�d�u�r�e� �i�s� �a�s� �f�o�l�l�o�w�s�:� 

�(�1�)� �T�h�e� �v�a�l�u�e�s� �o�f� �w�u�,� �8�,� �d�o�g�g�,� �d�s�o�,� �S�,� �T�o�r� �,� �a�n�d� �w�a�t�e�r� 

�d�i�s�c�h�a�r�g�e� �Q�,� �a�r�e� �d�e�f�i�n�e�d�.� �T�h�e� �c�e�n�t�r�a�l� �d�e�p�t�h� �D�,�e�,� �t�h�e� 

�d�i�m�e�n�s�i�o�n�l�e�s�s� �b�a�n�k� �w�i�d�t�h� �B�s�"�,� �a�n�d� �a�*�p�*� �/�a�y�*�2� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� 

�p�o�i�n�t�,� �a�r�e� �a�s�s�u�m�e�d�.� 
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�S�T�A�R�T� 
� � 

�j�d�e�f�i�n�e� �u�,� �B�,� �a�g�g�,� �A�s�o�,� 
�|� �Q�,� �T�e� �,� �S�?� �a�s�s�u�m�e� �D�o� � � � � 

�"� �1� 
�a�s�s�u�m�e� �a�*�p�*� �/�a�y�*�?� �g�t� 

�j�u�n�c�t�i�o�n� �a�n�d� �B�g� 

� � 

� � � � 

� � 

�D�e�r�i�v�e� �b�a�n�k� �e�q�u�a�t�i�o�n� �a�n�d� 
�d�e�t�e�r�m�i�n�e� �b�a�n�k� �p�r�o�f�i�l�e� 

�[�a�s�s�u�m�e� �w�e�l� 

�f�a�s�s�u�m�e� �6�"� �a�t� �c�e�n�t�e�r� �} � � � � ��>� 

�c�a�l�c�u�l�a�t�e� �s�t�r�e�s�s� �d�e�p�t�h� 
�d�i�s�t�r�i�b�u�t�i�o�n� �u�s�i�n�g� 

�R�u�n�g�e�-�K�u�t�t�a�-�M�e�r�s�o�n� �m�e�t�h�o�d� 
�_�_�|� 

�w�a�t�e�r� �m�a�r�g�i�n� �r�e�a�c�h�e�d�:� 
�=� �=�O�?� �L � � � � � ��-� �n�o� 

� � � � � � 
� � 

� � 

� � � � � � 
� � 

� � � � � � 

�y�e�s� 
�.� �|� 
�i� �o�c� �,� �c�r�i�t�i�c�a�l� �a�n�d� �a�c�t�u�a�l� 
�s�t�r�e�s�s� �d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n�s� 

�|� �n�o�w� �k�n�o�w�n� 
�|� 

�|�d�e�t�e�r�m�i�n�e� �a�c�t�u�a�l� �D�<�|� 
�|� 

�{�c�o�m�p�u�t�e� �Q�,� �A�|� 

� � � � 

� � 

� � 

� � � � � � �{�c�o�m�p�u�t�e�d� �Q� �=� �Q� �g�i�v�e�n� �?�}�+� �n�o� 
� � 

�y�e�s� 

�w�e� �a�n�d� �A� 
�n�o�w� �k�n�o�w�n� 

� � 

� � � � � � 

�F�i�g�.� �4�.�2� �F�l�o�w�c�h�a�r�t� �o�f� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e�;� �f�l�a�t�-�b�e�d� �c�h�a�n�n�e�l� 
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�(�2�)� �T�h�e� �f�i�f�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� �b�a�n�k� �e�q�u�a�t�i�o�n� �i�s� 

�d�e�t�e�r�m�i�n�e�d�.� �T�h�e� �b�a�n�k� �e�q�u�a�t�i�o�n� �i�s� �o�f� �t�h�e� �f�o�r�m� 

�D�*� �=� �c�n�y�*�?� �+� �c�y�y�"�4� �+� �c�o�y�"�?� �+�1� �(�3�0�)� 

�w�h�e�r�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �c�l�,� �c�2�,� �a�n�d� �c�3� �a�r�e� �g�i�v�e�n� �b�y� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�s�:� 

�=� �(�-�(�8�)�-�1�(�6�2�)�(�8�)� �-� �(�8�)� �e�n� 
�+�=� �(�(�@�)�-�1�(�6�8�)�(�8�)� �-�5�)�(�8�)� �(�2�2�)� 

�=� �2�(�S�5�r�)� �(�3�3�)� 
�2�?� �d�y�*�?� �;� 

� � 

� � 

� � 

�C�2� 

�T�h�e� �f�o�r�m� �o�f� �E�q�.� �3�0� �i�s� �s�u�c�h� �t�h�a�t� �t�h�e� �c�o�n�d�i�t�i�o�n�s� �f�o�r� 

�d�e�p�t�h� �a�n�d� �s�l�o�p�e� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �a�n�d� �w�a�t�e�r� �m�a�r�g�i�n� 

�(�E�q�s�.� �2�2�-�2�5�)� �a�r�e� �s�a�t�i�s�f�i�e�d�.� 

�(�3�)� �H�a�v�i�n�g� �d�e�f�i�n�e�d� �t�h�e� �p�r�o�f�i�l�e� �o�f� �t�h�e� �b�a�n�k� �u�s�i�n�g� �E�q�.�3�0�,� �a� 

�d�i�m�e�n�s�i�o�n�l�e�s�s� �b�e�d� �w�i�d�t�h� �W�*� �=� �W�/�D�e� �i�s� �a�s�s�u�m�e�d� �a�n�d� �a�t�t�a�c�h�e�d� 

�t�o� �t�h�e� �b�a�n�k�.� �A�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �f�o�r� 

�d�*�p�*� �/�a�y�*�2� �t�o� �e�x�p�e�r�i�e�n�c�e� �a�n� �a�b�r�u�p�t� �c�h�a�n�g�e� �f�r�o�m� �a� �v�a�l�u�e� �o�f� 

�z�e�r�o� �t�o� �s�o�m�e� �f�i�n�i�t�e� �n�e�g�a�t�i�v�e� �v�a�l�u�e� �i�n� �o�r�d�e�r� �f�o�r� �t�h�e� �b�a�n�k� �t�o� 

�s�t�a�r�t� �c�u�r�v�i�n�g� �u�p�w�a�r�d�.� �T�h�u�s�,� �t�h�e�r�e� �i�s� �a� �d�i�s�c�o�n�t�i�n�u�i�t�y� �i�n� �t�h�e� 

�b�a�n�k� �c�u�r�v�a�t�u�r�e� �(�d�*�D�*�/�d�y�*�?�)� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�,� �m�a�k�i�n�g� 

�a�2�p�*�/�a�y�*�?� �a� �s�t�e�p� �f�u�n�c�t�i�o�n�.� �I�t�s� �d�e�r�i�v�a�t�i�v�e� �(�a�3�p�*�/�a�y�*�3�)� �m�u�s�t� 
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�t�h�e�n� �b�e� �r�e�l�a�t�e�d� �t�o� �a� �d�e�l�t�a� �f�u�n�c�t�i�o�n� �(�B�e�n�d�e�r� �a�n�d� �O�r�s�z�a�g�,� 

�1�9�7�8�)�.� �T�h�e� �D�i�r�a�c� �d�e�l�t�a� �f�u�n�c�t�i�o�n� �r�e�p�r�e�s�e�n�t�s� �a�n� �i�m�p�u�l�s�e� 

�a�c�t�i�n�g� �a�t� �a� �p�o�i�n�t�.� �I�t� �c�a�n� �b�e� �v�i�s�u�a�l�i�z�e�d� �a�s� �a� �"�S�p�i�k�e�"� �o�f� 

�g�r�e�a�t� �h�e�i�g�h�t� �a�n�d� �i�n�f�i�n�i�t�e�s�i�m�a�l� �w�i�d�t�h�,� �w�h�o�s�e� �a�r�e�a� �i�s� �e�q�u�a�l� 

�t�o� �u�n�i�t�y�.� �A� �d�e�l�t�a� �f�u�n�c�t�i�o�n� �h�a�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�r�o�p�e�r�t�i�e�s� 

�(�B�e�n�d�e�r� �a�n�d� �O�r�s�z�a�g�,� �1�9�7�8�)�:� 

�[�-� �d�(�y ��a�)�d�y� �=� �1� �(�3�4�)� 

�d�(�y�  �� �a�)� �=� �0� �f�o�r� �y� �#� �a� �(�3�5�)� 

�|� �_� �F�l�y�)� �d�(�y ��a�)�d�y� �=� �f�(�a�)� �i�f� �y�i�s� �c�o�n�t�i�n�u�o�u�s� �a�t� �y� �=� �a� �(�3�6�)� 

�T�h�e� �d�e�l�t�a� �f�u�n�c�t�i�o�n� �c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �w�i�t�h� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n� �o�v�e�r� �a� �v�e�r�y� �s�m�a�l�l� �i�n�t�e�r�v�a�l�:� 

�1� �d�(�y�)� �=�  ��t� �s�e�s�(�r�2�/�2�h�)� �f�o�r� �|�z�|� �<� �2�h� �(�3�7�)� 

�f�o�r� �|�r�|� �>� �2�h� 

�w�h�e�r�e� �4�h� �i�n�t�e�r�v�a�l� �o�v�e�r� �w�h�i�c�h� �t�h�e� �f�u�n�c�t�i�o�n� �a�c�t�s� 

�|� �x� �|� �=� �d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �a�x�i�s� �o�f� �s�y�m�m�e�t�r�y� 

�o�f� �t�h�e� �f�u�n�c�t�i�o�n� 

�F�o�r� �t�h�e� �p�r�e�s�e�n�t� �c�a�s�e�,� �t�h�e� �f�u�n�c�t�i�o�n� �h�a�s� �i�t�s� �c�e�n�t�e�r� �a�t� �a� 

�d�i�s�t�a�n�c�e� �o�f� �2�h� �l�e�f�t� �o�f� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �(�x� �=� �y�-�y�j�+�2�h�)�,� 

�a�n�d� �i�s� �n�o�n�-�z�e�r�o� �o�v�e�r� �a� �d�i�s�t�a�n�c�e� �4�h�.� �A� �d�e�f�i�n�i�t�i�o�n� �s�k�e�t�c�h� �o�f� 

�t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �d�e�f�i�n�e�d� �b�y� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� 
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�F�i�g�u�r�e� �4�.�3�.� �T�h�e� �e�x�p�r�e�s�s�i�o�n� �a�d�o�p�t�e�d� �h�e�r�e� �f�o�r� �t�h�e� �d�e�l�t�a� 

�f�u�n�c�t�i�o�n� �(�E�q�.� �3�7�)� �s�a�t�i�s�f�i�e�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�n�d�i�t�i�o�n�s� �w�h�i�c�h� 

�g�u�a�r�a�n�t�e�e� �t�h�a�t� �i�t� �d�o�e�s� �c�o�r�r�e�s�p�o�n�d� �t�o� �a� �d�e�l�t�a� �f�u�n�c�t�i�o�n�:� 

�[�-� �d�(�y�)�d�y� �=� �1� �(�3�8�)� 

�d�(�y�)� �=� �0� �f�o�r� �|�z�|� �>� �2�h� �(�3�9�)� 

�d�(�y�)� �=� �d�( ��y�)� �(�4�0�)� 

�N�o�t�e� �t�h�a�t� �t�h�e� �s�m�a�l�l�e�r� �t�h�e� �i�n�t�e�r�v�a�l� �4�h� �t�h�a�t� �i�s� �u�s�e�d�,� 

�t�h�e� �c�l�o�s�e�r� �t�h�i�s� �e�q�u�a�t�i�o�n� �c�o�m�e�s� �t�o� �b�e�i�n�g� �a� �t�r�u�e� �d�e�l�t�a� 

�f�u�n�c�t�i�o�n�.� 

�T�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� �p�o�s�i�t�i�o�n�e�d� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�e� 

�d�e�l�t�a� �f�u�n�c�t�i�o�n� �i�n�t�e�r�v�a�l�,� �4�h�.� �M�u�l�t�i�p�l�y�i�n�g� �E�q�.� �3�7� �b�y� �t�h�e� �j�u�m�p� 

�t�h�a�t� �a�2�p�*� �/�a�y�*�2� �u�n�d�e�r�g�o�e�s� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �g�i�v�e�s� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �t�h�i�r�d� �d�e�r�i�v�a�t�i�v�e�:� 

�d�p�*� �_� �1� �+� �c�o�s�(�x�z�/�2�h�)� �(�q�2�p�*� �(�4�1�)� 
�d�y �� �~� �4�h� �d�y�*�?� �_� �Y�y�=�Y�9�;� 

�T�h�e� �i�n�t�e�r�v�a�l� �i�s� �d�i�v�i�d�e�d� �i�n�t�o� �t�e�n� �s�u�b�-�i�n�t�e�r�v�a�l�s�,� �a�n�d� 

�t�h�e� �v�a�l�u�e�s� �o�f� �a�?�p�*� �/�a�y�*�3� �a�t� �e�a�c�h� �g�r�i�d� �p�o�i�n�t� �a�r�e� �c�a�l�c�u�l�a�t�e�d� 

�f�r�o�m� �E�q�.� �4�1�.� �A�t� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �t�h�e� �i�n�t�e�r�v�a�l�,� �p�D�*� �=� �1�,� 

�a�p�*� �/�a�y�*� �=�0�,� �a�n�d� �a�2�p�*� �/�a�y�*�2� �=� �0�.� �U�s�i�n�g� �t�h�e� �t�r�a�p�e�z�o�i�d�a�l� �r�u�l�e�,� 

�t�h�e� �v�a�l�u�e�s� �o�f� �a�2�p�*�/�a�y�*�2�,� �a�p�*�/�d�a�y!"�,� �a�n�d� �D�*� �a�t� �s�u�b�s�e�q�u�e�n�t� �g�r�i�d� 

�p�o�i�n�t�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �o�n�e� �a�f�t�e�r� �t�h�e� �o�t�h�e�r� �u�n�t�i�l� �t�h�e� 
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�F�i�g�.� �4�.�3� �A�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �a� �d�e�l�t�a� �f�u�n�c�t�i�o�n� 
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�j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� �r�e�a�c�h�e�d�.� �T�h�e� �s�t�r�e�s�s� �d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n� 

�c�a�n� �n�o�w� �b�e� �d�e�t�e�r�m�i�n�e�d� �u�s�i�n�g� �E�q�.� �1�0�.� 

�(�4�)� �A�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �c�h�a�n�n�e�l�,� �d�é�*�/�d�y�*� �=� �0�,� �s�i�n�c�e� �i�t� �i�s� 

�a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �c�h�a�n�n�e�l� �c�r�o�s�s�-�s�e�c�t�i�o�n� �i�s� �s�y�m�m�e�t�r�i�c� �a�b�o�u�t� 

�i�t�s� �c�e�n�t�e�r�.� �T�h�e� �o�t�h�e�r� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �o�c�c�u�r�s� �a�t� �t�h�e� 

�w�a�t�e�r� �m�a�r�g�i�n�,� �w�h�e�r�e�,� �©� �=� �0�.� �T�h�i�s� �i�s� �a�g�a�i�n� �a� �b�o�u�n�d�a�r�y� �v�a�l�u�e� 

�p�r�o�b�l�e�m� �w�h�i�c�h� �s�h�a�l�l� �b�e� �s�o�l�v�e�d� �u�s�i�n�g� �t�h�e� �s�h�o�o�t�i�n�g� �m�e�t�h�o�d�.� 

�A�s�s�u�m�i�n�g� �a� �v�a�l�u�e� �f�o�r� �d�i�m�e�n�s�i�o�n�l�e�s�s� �s�t�r�e�s�s� �d�e�p�t�h� �a�t� �t�h�e� 

�c�e�n�t�e�r�,� �t�h�e� �s�t�r�e�s�s� �d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �d�e�t�e�r�m�i�n�e�d� �a�s� �i�f� 

�i�t� �w�e�r�e� �a�n� �i�n�i�t�i�a�l� �v�a�l�u�e� �p�r�o�b�l�e�n�.� 

�T�h�e� �R�u�n�g�e�-�K�u�t�t�a�-�M�e�r�s�o�n� �t�e�c�h�n�i�q�u�e� �i�s� �a�g�a�i�n� �u�s�e�d�.� �T�h�e� 

�o�n�l�y� �d�i�f�f�e�r�e�n�c�e� �i�s� �t�h�a�t� �a� �u�n�i�f�o�r�m� �s�t�e�p� �s�i�z�e� �i�s� �a�d�o�p�t�e�d� 

�a�l�o�n�g� �t�h�e� �f�l�a�t�-�b�e�d� �r�e�g�i�o�n� �t�o� �m�a�k�e� �s�u�r�e� �t�h�a�t� �a� �g�r�i�d� �p�o�i�n�t� 

�c�o�i�n�c�i�d�e�s� �w�i�t�h� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�.� �O�n�c�e� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n� �i�s� 

�r�e�a�c�h�e�d�,� �t�h�e� �c�o�m�p�u�t�e�d� �v�a�l�u�e� �o�f� �s�t�r�e�s�s� �d�e�p�t�h� �a�t� �t�h�a�t� �p�o�i�n�t� 

�i�s� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�.� �I�f� �i�t� �i�s� �n�o�t� �e�q�u�a�l� 

�t�o� �z�e�r�o�,� �a� �n�e�w� �v�a�l�u�e� �f�o�r� �s�t�r�e�s�s� �d�e�p�t�h� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� 

�c�h�a�n�n�e�l� �i�s� �a�s�s�u�m�e�d� �(�a�g�a�i�n� �u�s�i�n�g� �t�h�e� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� �m�e�t�h�o�d�)�.� 

�T�h�e� �R�u�n�g�e�-�K�u�t�t�a�-�M�e�r�s�o�n� �s�c�h�e�m�e� �i�s� �r�e�p�e�a�t�e�d� �u�n�t�i�l� �t�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �a�t� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n� �i�s� �s�a�t�i�s�f�i�e�d�.� �A�t� 

�t�h�i�s� �s�t�a�g�e�,� �t�h�e� �a�c�t�u�a�l� �s�t�r�e�s�s� �d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �k�n�o�w�n�.� 

�T�h�e� �c�r�i�t�i�c�a�l� �s�t�r�e�s�s� �d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �a�l�s�o� �a�v�a�i�l�a�b�l�e� 

�s�i�n�c�e� �t�h�e� �s�l�o�p�e�s� �a�t� �v�a�r�i�o�u�s� �p�o�i�n�t�s� �a�l�o�n�g� �t�h�e� �e�n�t�i�r�e� �c�h�a�n�n�e�l� 

�w�i�d�t�h� �a�r�e� �a�l�r�e�a�d�y� �k�n�o�w�n�.� 
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�(�5�)� �F�i�n�a�l�l�y�,� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �o�f� �t�h�e� �c�h�a�n�n�e�l� �i�s� 

�d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �t�r�a�p�e�z�o�i�d�a�l� �r�u�l�e�.� �U�s�i�n�g� �t�h�e� �a�c�t�u�a�l� �s�t�r�e�s�s� 

�d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n�,� �t�h�e� �w�a�t�e�r� �d�i�s�c�h�a�r�g�e� �i�s� �c�a�l�c�u�l�a�t�e�d� �b�y� 

�i�n�t�e�g�r�a�t�i�n�g� �t�h�e� �l�o�g�a�r�i�t�h�m�i�c� �r�o�u�g�h� �w�a�l�l� �l�a�w� �a�l�o�n�g� �n�o�r�m�a�l�s� �t�o� 

�t�h�e� �c�h�a�n�n�e�l� �b�o�t�t�o�m� �a�n�d� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �c�h�a�n�n�e�l� �w�i�d�t�h�.� �I�f� 

�t�h�e� �c�o�m�p�u�t�e�d� �d�i�s�c�h�a�r�g�e� �i�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �d�i�s�c�h�a�r�g�e� 

�g�i�v�e�n� �a�t� �t�h�e� �s�t�a�r�t� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e�,� �a�n�o�t�h�e�r� 

�d�i�m�e�n�s�i�o�n�l�e�s�s� �b�e�d� �w�i�d�t�h� �i�s� �a�s�s�u�m�e�d� �a�n�d� �t�h�e� �p�r�o�c�e�d�u�r�e� �i�s� 

�r�e�p�e�a�t�e�d� �s�t�a�r�t�i�n�g� �f�r�o�m� �s�t�e�p� �(�4�)�.� �W�h�e�n� �t�h�e� �a�s�s�u�m�e�d� �b�e�d� �w�i�d�t�h� 

�r�e�s�u�l�t�s� �i�n� �a� �c�o�m�p�u�t�e�d� �d�i�s�c�h�a�r�g�e� �c�l�o�s�e� �t�o� �t�h�a�t� �g�i�v�e�n�,� �t�h�e� 

�c�o�r�r�e�c�t� �b�e�d� �w�i�d�t�h� �a�n�d� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �a�r�e� �k�n�o�w�n�.� 

�I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �a�s�s�u�m�e�d� �b�a�n�k� �p�r�o�f�i�l�e� �i�n� 

�t�h�e� �p�r�e�c�e�d�i�n�g� �s�c�h�e�m�e� �i�s� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �o�p�t�i�m�a�l�.� �B�a�s�e�d� �o�n� 

�t�h�e� �r�e�s�u�l�t�i�n�g� �c�r�i�t�i�c�a�l� �a�n�d� �a�c�t�u�a�l� �s�t�r�e�s�s� �d�e�p�t�h� 

�2� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �d�i�s�t�r�i�b�u�t�i�o�n�s�,� �n�e�w� �v�a�l�u�e�s� �o�f� �a�2�p�*� �a�y �� 

�p�o�i�n�t� �a�n�d� �B�s �� �a�r�e� �a�s�s�u�m�e�d�.� �W�i�t�h� �t�h�e�s�e� �v�a�l�u�e�s�,� �a� �n�e�w� �b�a�n�k� 

�e�q�u�a�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d�.� �S�t�e�p�s� �(�2�)� �t�o� �(�5�)� �a�r�e� �r�e�p�e�a�t�e�d� �u�n�t�i�l� �a� 

�b�a�n�k� �p�r�o�f�i�l�e� �f�o�r� �w�h�i�c�h� �s�t�r�e�s�s� �i�s� �a�t� �o�r� �c�l�o�s�e� �t�o� �c�r�i�t�i�c�a�l� 

�f�o�r� �e�v�e�r�y� �p�o�i�n�t�,� �i�s� �d�e�r�i�v�e�d�.� 
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�C�H�A�P�T�E�R� �5� 

�A�N�A�L�Y�S�I�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N� 

�5�.�1� �R�e�s�u�l�t�s� �o�f� �t�h�e� �N�u�m�e�r�i�c�a�l� �M�o�d�e�l� 

�5�.�1�.�1� �B�a�n�k� �P�r�o�f�i�l�e� �o�f� �t�h�e� �T�h�r�e�s�h�o�l�d� �C�h�a�n�n�e�l� 

�T�h�e� �d�a�t�a� �p�o�i�n�t�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e� �f�o�r� 

�t�h�e� �t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l� �c�a�s�e� �w�e�r�e� �p�l�o�t�t�e�d� �a�n�d� �t�h�e� �b�e�s�t� �f�i�t� 

�c�u�r�v�e� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �t�o� �b�e� �a� �f�i�f�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� 

�(�F�i�g�u�r�e� �5�.�1�)�.� �T�h�e� �b�a�n�k� �w�i�d�t�h� �v�a�r�i�e�s� �w�i�t�h� �t�h�e� �v�a�l�u�e� �o�f� �u�i�.� 

�T�a�b�l�e� �5�.�1� �l�i�s�t�s� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �b�a�n�k� �p�r�o�f�i�l�e� 

�e�q�u�a�t�i�o�n�s�,� �a�s� �w�e�l�l� �a�s� �t�h�e� �r�e�s�u�l�t�i�n�g� �d�i�m�e�n�s�i�o�n�l�e�s�s� �b�a�n�k� 

�w�i�d�t�h�s� �(�B�S�*� �=� �B�s�/�D�c�)�,� �f�o�r� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �u�w�.� �F�i�g�u�r�e� �5�.�2� 

�s�h�o�w�s� �t�h�a�t� �B�o �� �i�n�c�r�e�a�s�e�s� �a�s� �t�h�e� �v�a�l�u�e� �o�f� �u�w� �d�e�c�r�e�a�s�e�s�.� �T�h�e� 

�v�a�r�i�a�t�i�o�n� �o�f� �B�s�"� �w�i�t�h� �u�w� �i�s� �c�l�o�s�e�l�y� �a�p�p�r�o�x�i�m�a�t�e�d� �b�y� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�:� 

�B�t� �=�  ��7�.�0�4�p�>� �+� �1�9�.�9�5�u�?�  �� �2�0�.�3�%� �+� �1�0�.�2�7� �(�4�2�)� 

�F�i�g�u�r�e� �5�.�3� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �d�i�m�e�n�s�i�o�n�l�e�s�s� �d�e�p�t�h� 
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�t�o� �b�e� �e�x�p�e�c�t�e�d�.� �A� �s�m�a�l�l�e�r� �8�B� �v�a�l�u�e� �m�e�a�n�s� �t�h�a�t� �t�h�e� �p�a�r�t�i�c�l�e�s� 

�o�n� �t�h�e� �b�a�n�k� �a�r�e� �m�o�r�e� �s�t�a�b�l�e�.� �T�h�u�s� �t�h�e� �b�a�n�k�s� �c�a�n� �a�f�f�o�r�d� 

�s�t�e�e�p�e�r� �s�l�o�p�e�s� �a�n�d� �i�t�s� �w�i�d�t�h� �c�a�n� �b�e� �s�m�a�l�l�e�r�.� �T�h�e� �f�o�l�l�o�w�i�n�g� 

�5� �*� �6� 

�r�e�l�a�t�i�o�n� �e�x�p�r�e�s�s�e�s� �B�g� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �B�:� 

�B�Y� �=� �0�.�3�9�3�8� �+� �2�.�7�7�8� �(�4�4�)� 

�H�o�w�e�v�e�r�,� �f�o�r� �t�h�e� �e�x�t�r�e�m�e� �8� �v�a�l�u�e�s� �o�f� �0�.�0�1� �a�n�d� �0�.�8�5�,� 

�t�h�e� �b�a�n�k� �w�i�d�t�h�s� �d�i�f�f�e�r� �b�y� �o�n�l�y� �1�1�%�.� �F�o�r� �v�a�l�u�e�s� �o�f� �u�w� �r�a�n�g�i�n�g� 

�f�r�o�m� �0�.�4�7� �t�o� �1�.�0�,� �t�h�e�r�e� �w�a�s� �a� �5�3�%� �b�a�n�k� �w�i�d�t�h� �v�a�r�i�a�t�i�o�n�.� 

�T�h�i�s� �m�e�a�n�s� �t�h�a�t� �t�h�e� �b�a�n�k� �p�r�o�f�i�l�e� �i�s� �n�o�t� �a�s� �s�e�n�s�i�t�i�v�e� �t�o� �B� 

�a�s� �i�t� �i�s� �t�o� �u�w�.� �W�h�e�n� �t�h�e� �l�a�t�e�r�a�l� �d�i�s�t�a�n�c�e�s� �a�r�e� �e�x�p�r�e�s�s�e�d� �a�s� 

�f�r�a�c�t�i�o�n�s� �o�f� �b�a�n�k� �w�i�d�t�h�,� �t�h�e� �c�u�r�v�e�s� �i�n� �F�i�g�u�r�e� �5�.�5� �c�o�l�l�a�p�s�e� 

�i�n�t�o� �t�h�e� �s�i�n�g�l�e� �c�u�r�v�e� �o�f� �F�i�g�u�r�e� �5�.�6�.� �D�e�s�p�i�t�e� �t�h�e� �w�i�d�e� �r�a�n�g�e� 

�o�f� �B� �v�a�l�u�e�s�,� �t�h�e� �c�u�r�v�e� �i�n� �F�i�g�u�r�e� �5�.�6� �e�x�h�i�b�i�t�s� �n�o� �s�c�a�t�t�e�r�.� 

�T�h�i�s� �i�s� �i�n� �c�o�n�t�r�a�s�t� �t�o� �t�h�e� �c�u�r�v�e� �i�n� �F�i�g�u�r�e� �5�.�4� �(�f�o�r� 

�d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�f� �4�)� �w�h�i�c�h� �s�h�o�w�s� �s�o�m�e� �s�c�a�t�t�e�r�.� 

�T�h�e� �c�h�o�i�c�e� �o�f� �8�B� �i�s� �t�h�e�r�e�f�o�r�e� �n�o�t� �a�s� �c�r�i�t�i�c�a�l� �a�s� �t�h�e� 

�v�a�l�u�e� �o�f� �u�w� �t�o� �u�s�e�.� �H�o�w�e�v�e�r�,� �i�n� �o�r�d�e�r� �t�o� �b�e� �c�o�n�s�e�r�v�a�t�i�v�e�,� 

�t�h�e� �v�a�l�u�e� �o�f� �8� �=� �0�.�8�5� �i�s� �a�d�o�p�t�e�d�.� 

�5�.�1�.�2� �S�t�r�e�s�s� �D�i�s�t�r�i�b�u�t�i�o�n� 

�C�o�n�s�i�d�e�r� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l� �d�e�s�c�r�i�b�e�d� 

�b�y� �E�q�.� �4�3�.� �F�o�r� �t�h�i�s� �c�a�s�e�,� �p�w� �=� �0�.�8�4�.� �F�i�g�u�r�e� �5�.�7� �c�o�m�p�a�r�e�s� �t�h�e� 
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�a�c�t�u�a�l� �a�n�d� �c�r�i�t�i�c�a�l� �s�t�r�e�s�s� �d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n�s� �f�o�r� �s�u�c�h� �a� 

�c�h�a�n�n�e�l�.� �T�h�e� �t�w�o� �d�i�s�t�r�i�b�u�t�i�o�n�s� �c�o�i�n�c�i�d�e� �e�v�e�r�y�w�h�e�r�e�,� 

�i�m�p�l�y�i�n�g� �t�h�a�t� �a�l�l� �p�o�i�n�t�s� �a�l�o�n�g� �t�h�e� �b�a�n�k� �e�x�p�e�r�i�e�n�c�e� �c�r�i�t�i�c�a�l� 

�c�o�n�d�i�t�i�o�n�s�.� �T�h�i�s� �s�h�o�w�s� �t�h�a�t� �t�h�e� �f�i�f�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� 

�b�a�n�k� �p�r�o�f�i�l�e� �g�i�v�e�n� �b�y� �E�q�.� �4�3� �a�c�c�u�r�a�t�e�l�y� �d�e�s�c�r�i�b�e�s� �a� 

�t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l�.� 

�N�e�x�t�,� �t�a�k�e� �t�h�e� �c�a�s�e� �o�f� �a� �c�h�a�n�n�e�l� �w�i�t�h� �a� �f�l�a�t� �b�e�d�,� �a�n�d� 

�f�i�f�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� �b�a�n�k�s� �d�i�c�t�a�t�e�d� �b�y� �t�h�e� �t�h�r�e�s�h�o�l�d� 

�b�a�n�k� �p�r�o�f�i�l�e�.� �C�o�n�s�i�d�e�r� �a� �d�i�m�e�n�s�i�o�n�l�e�s�s� �b�e�d� �w�i�d�t�h� �W�*� �=� �6�.�0�.� 

�T�h�e� �c�r�i�t�i�c�a�l� �b�e�d� �s�t�r�e�s�s� �d�e�p�t�h� �f�o�r� �t�h�i�s� �c�a�s�e� �i�s� �s�t�i�l�l� �t�h�e� 

�s�a�m�e� �a�s� �t�h�a�t� �f�o�r� �t�h�e� �t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l�.� �F�i�g�u�r�e� �5�.�8� �s�h�o�w�s� 

�t�h�a�t� �t�h�e� �a�r�e�a� �a�r�o�u�n�d� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �e�x�p�e�r�i�e�n�c�e�s� 

�s�t�r�e�s�s�e�s� �t�h�a�t� �e�x�c�e�e�d� �c�r�i�t�i�c�a�l�,� �b�u�t� �m�o�v�i�n�g� �t�o�w�a�r�d�s� �t�h�e� �w�a�t�e�r� 

�e�d�g�e� �o�f� �t�h�e� �c�h�a�n�n�e�l�,� �t�h�e� �s�t�r�e�s�s�e�s� �a�p�p�r�o�a�c�h� �a�n�d� �e�v�e�n�t�u�a�l�l�y� 

�b�e�c�o�m�e� �c�r�i�t�i�c�a�l� �o�v�e�r� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �b�a�n�k�.� �T�h�e� �r�e�a�s�o�n� �f�o�r� 

�t�h�i�s� �i�s� �t�h�a�t� �m�o�r�e� �m�o�m�e�n�t�u�m� �i�s� �a�v�a�i�l�a�b�l�e� �f�o�r� �t�r�a�n�s�f�e�r� �t�o� �t�h�e� 

�b�a�n�k�s�,� �n�o�w� �t�h�a�t� �t�h�e� �f�l�a�t� �b�e�d� �i�s� �p�r�e�s�e�n�t�.� �I�n� �o�r�d�e�r� �t�o� �r�e�m�e�d�y� 

�t�h�i�s�,� �t�h�e� �w�i�d�t�h� �o�f� �t�h�e� �b�a�n�k� �a�n�d� �t�h�e� �c�u�r�v�a�t�u�r�e� �a�t� �t�h�e� 

�j�u�n�c�t�i�o�n� �p�o�i�n�t� �a�r�e� �a�d�j�u�s�t�e�d�.� �S�e�v�e�r�a�l� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �B�s�"� 

�a�n�d� �a�*�p�*� �/�a�y�*�2� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �c�a�n� �b�e� �a�s�s�u�m�e�d�,� �b�u�t� �t�h�e� 

�v�a�l�u�e�s� �o�f� �B�e �� �=� �2�.�8� �a�n�d� �a�2�p�*� �/�a�y�*�2� �=� �-�0�.�3� �a�r�e� �j�u�d�g�e�d� �t�o� �g�i�v�e� 

�t�h�e� �b�e�s�t� �r�e�s�u�l�t�s�.� �F�o�r� �t�h�e�s�e� �v�a�l�u�e�s�,� �t�h�e� �a�c�t�u�a�l� �a�n�d� �c�r�i�t�i�c�a�l� 

�s�t�r�e�s�s� �d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�v�e�r� �t�h�e� �b�a�n�k� �r�e�g�i�o�n� �a�r�e� �i�n� 

�c�l�o�s�e�s�t� �a�g�r�e�e�m�e�n�t�.� �T�h�e�s�e� �v�a�l�u�e�s�,� �t�o�g�e�t�h�e�r� �w�i�t�h� �u�w� �=� �0�.�8�4�,� 

�a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n� �E�q�s�.� �3�1�-�3�3� �t�o� �y�i�e�l�d� �t�h�e� �b�a�n�k� �p�r�o�f�i�l�e� 
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�e�x�p�r�e�s�s�i�o�n�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �p�r�o�f�i�l�e� �i�s� �s�t�i�l�l� �a�d�e�q�u�a�t�e�l�y� 

�d�e�s�c�r�i�b�e�d� �b�y� �a� �f�i�f�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l�,� �w�h�o�s�e� �e�q�u�a�t�i�o�n� �i�s� 

�D�*� �=�  ��0�.�0�0�4�0�9�1� �y�*�®� �+� �0�.�0�1�4�3�1�7� �y�*�*�  �� �0�.�1�5� �y�*�?� �+� �1� �(�4�5�)� 

�F�o�r� �a� �c�h�a�n�n�e�l� �w�i�t�h� �t�h�i�s� �b�a�n�k� �p�r�o�f�i�l�e�,� �t�h�e� �a�c�t�u�a�l� �a�n�d� 

�c�r�i�t�i�c�a�l� �s�t�r�e�s�s� �d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n�s� �i�n� �t�h�e� �b�a�n�k� �r�e�g�i�o�n� 

�a�p�p�r�o�x�i�m�a�t�e� �e�a�c�h� �o�t�h�e�r� �c�l�o�s�e�l�y�,� �a�l�t�h�o�u�g�h� �t�h�e� �s�t�r�e�s�s�e�s� �i�n� 

�s�o�m�e� �a�r�e�a�s� �a�r�e� �s�l�i�g�h�t�l�y� �b�e�l�o�w� �c�r�i�t�i�c�a�l�.� �T�h�i�s� �i�s� �i�l�l�u�s�t�r�a�t�e�d� 

�i�n� �F�i�g�u�r�e� �5�.�9�.� 

�5�.�1�.�3� �E�f�f�e�c�t� �o�f� �B�e�d� �W�i�d�t�h� 
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�d�i�s�t�r�i�b�u�t�i�o�n� �a�n�d� �t�h�e� �b�a�n�k� �p�r�o�f�i�l�e� �c�a�n� �s�t�i�l�l� �b�e� �d�e�r�i�v�e�d� �f�r�o�m� 

�t�h�e�s�e� �c�h�a�n�n�e�l�s�.� 

�T�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�s� �s�h�o�w�n� �i�n� �t�h�e� �a�f�o�r�e�m�e�n�t�i�o�n�e�d� 

�f�i�g�u�r�e�s� �c�a�n� �b�e� �r�e�s�c�a�l�e�d� �s�u�c�h� �t�h�a�t� �d�i�s�t�a�n�c�e�s� �m�e�a�s�u�r�e�d� �a�l�o�n�g� 

�t�h�e� �f�l�a�t� �b�e�d� �a�r�e� �e�x�p�r�e�s�s�e�d� �a�s� �f�r�a�c�t�i�o�n�s� �o�f� �t�h�e� �b�e�d� �w�i�d�t�h�,� 

�w�h�i�l�e� �t�h�o�s�e� �a�l�o�n�g� �t�h�e� �b�a�n�k� �a�r�e� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �b�a�n�k� �w�i�d�t�h�.� 

�T�h�e� �p�o�s�i�t�i�o�n� �o�f� �a�n�y� �p�o�i�n�t� �i�n� �t�h�e� �f�l�a�t� �b�e�d� �r�e�g�i�o�n� �c�a�n� �b�e� 

�e�x�p�r�e�s�s�e�d� �a�s� �2�y�*�/�w�"� �w�h�i�l�e� �t�h�e� �p�o�s�i�t�i�o�n� �o�f� �a�n�y� �p�o�i�n�t� �l�y�i�n�g� 

�i�n� �t�h�e� �b�a�n�k� �i�s� �d�e�f�i�n�e�d� �b�y� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �1�+�2� �(�y�*�-�W�*�/�2�)�/�B�s�*�.� 

�T�h�u�s�,� �n�o� �m�a�t�t�e�r� �w�h�a�t� �t�h�e� �b�e�d� �w�i�d�t�h�,� �t�h�e� �b�e�d� �r�e�g�i�o�n� �i�s� 

�d�e�f�i�n�e�d� �b�y� �t�h�e� �l�i�m�i�t�s� �0� �a�n�d� �1� �w�h�i�l�e� �t�h�e� �b�a�n�k� �r�e�g�i�o�n� �i�s� 

�d�e�f�i�n�e�d� �b�y� �t�h�e� �l�i�m�i�t�s� �1� �a�n�d� �2�.� �F�i�g�u�r�e�s� �5�.�2�3�-�5�.�2�5� �s�h�o�w� �t�h�e� 

�s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�s� �u�s�i�n�g� �t�h�i�s� �n�e�w� �s�c�a�l�e�.� �T�h�e� �f�o�l�l�o�w�i�n�g� 

�o�b�s�e�r�v�a�t�i�o�n�s� �a�n�d� �c�o�n�c�l�u�s�i�o�n�s� �w�e�r�e� �m�a�d�e�:� 

�1�)� �F�o�r� �a� �d�i�m�e�n�s�i�o�n�l�e�s�s� �b�e�d� �w�i�d�t�h� �W�*� �l�a�r�g�e�r� �t�h�a�n� �3�.�0�,� 

�t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �s�t�r�e�s�s� �d�e�p�t�h� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� 

�b�e�c�o�m�e�s� �c�o�n�s�t�a�n�t�,� �a�n�d� �t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� 

�a�l�o�n�g� �t�h�e� �b�a�n�k� �c�e�a�s�e�s� �t�o� �c�h�a�n�g�e� �s�i�g�n�i�f�i�c�a�n�t�l�y�.� 

�T�a�b�l�e� �5�.�2� �s�h�o�w�s� �t�h�e� �v�a�l�u�e�s� �o�f� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �s�t�r�e�s�s� 

�d�e�p�t�h� �f�o�r� �t�h�e� �v�a�r�i�o�u�s� �c�a�s�e�s�.� �T�h�e�s�e� �a�r�e� �p�l�o�t�t�e�d� �a�g�a�i�n�s�t� 

�t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �b�e�d� �w�i�d�t�h�s� �i�n� �F�i�g�u�r�e� �5�.�2�6�.� �R�e�c�a�l�l� �t�h�a�t� �i�n� 

�o�r�d�e�r� �t�o� �d�e�r�i�v�e� �t�h�e� �o�p�t�i�m�a�l� �b�a�n�k� �p�r�o�f�i�l�e� �o�f� �a� �c�h�a�n�n�e�l� �w�i�t�h� 

�a� �f�l�a�t� �b�e�d�,� �t�h�e� �t�h�r�e�s�h�o�l�d� �b�a�n�k� �w�i�d�t�h� �h�a�s� �t�o� �b�e� �d�e�c�r�e�a�s�e�d�.� 

�T�h�e� �l�a�r�g�e�r� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �c�r�i�t�i�c�a�l� �b�e�d� �s�t�r�e�s�s� 

�d�e�p�t�h� �a�n�d� �t�h�e� �s�t�r�e�s�s� �d�e�p�t�h� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�,� �t�h�e� �m�o�r�e� 
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�t�h�e� �b�a�n�k� �w�i�d�t�h� �h�a�s� �t�o� �b�e� �d�e�c�r�e�a�s�e�d�.� �T�h�e� �p�r�e�c�e�d�i�n�g� 

�o�b�s�e�r�v�a�t�i�o�n� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �b�a�n�k� �p�r�o�f�i�l�e� �c�h�a�n�g�e�s� �f�o�r� 

�d�i�m�e�n�s�i�o�n�l�e�s�s� �b�e�d� �w�i�d�t�h�s� �l�e�s�s� �t�h�a�n� �3�.�0�.� �I�n� �t�h�i�s� �r�a�n�g�e�,� �t�h�e� 

�a�c�t�u�a�l� �s�t�r�e�s�s� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�n�c�r�e�a�s�e�s� �w�i�t�h� 

�i�n�c�r�e�a�s�i�n�g� �b�e�d� �w�i�d�t�h� �w�h�i�l�e� �t�h�e� �c�r�i�t�i�c�a�l� �s�t�r�e�s�s� �r�e�m�a�i�n�s� 

�c�o�n�s�t�a�n�t�.� �T�h�u�s�,� �f�o�r� �l�a�r�g�e�r� �b�e�d� �w�i�d�t�h�s�,� �n�a�r�r�o�w�e�r� �b�a�n�k�s� �a�r�e� 

�a�l�s�o� �r�e�q�u�i�r�e�d� �i�n� �o�r�d�e�r� �t�o� �b�r�i�n�g� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �s�t�r�e�s�s� 

�d�o�w�n� �t�o� �c�r�i�t�i�c�a�l�.� �H�o�w�e�v�e�r�,� �b�e�y�o�n�d� �a� �d�i�m�e�n�s�i�o�n�l�e�s�s� �b�e�d� �w�i�d�t�h� 

�o�f� �3�.�0�,� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �s�t�r�e�s�s� �b�e�c�o�m�e�s� �c�o�n�s�t�a�n�t� �a�n�d� �t�h�e� 

�s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �a�l�o�n�g� �t�h�e� �b�a�n�k� �c�e�a�s�e�s� �t�o� �c�h�a�n�g�e�.� �T�h�i�s� 

�m�e�a�n�s� �t�h�a�t� �t�h�e� �b�a�n�k� �s�t�o�p�s� �n�a�r�r�o�w�i�n�g� �a�n�d� �a�s�s�u�m�e�s� �a� �c�o�n�s�t�a�n�t� 

�p�r�o�f�i�l�e� �f�o�r� �W�*� �>� �3�.�0�.� 

�W�i�t�h� �t�h�i�s� �i�n� �m�i�n�d�,� �t�h�e� �s�t�r�e�s�s� �d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�f� 

�c�h�a�n�n�e�l�s� �w�i�t�h� �d�i�m�e�n�s�i�o�n�l�e�s�s� �b�e�d� �w�i�d�t�h�s� �g�r�e�a�t�e�r� �t�h�a�n� �3�.�0�,� 

�a�n�d� �b�a�n�k� �p�r�o�f�i�l�e�s� �d�e�s�c�r�i�b�e�d� �b�y� �E�q�.� �4�5�,� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d�.� 

�F�i�g�u�r�e�s� �5�.�2�7�-�5�.�3�2� �v�e�r�i�f�y� �t�h�a�t� �t�h�e� �p�r�e�c�e�d�i�n�g� �o�b�s�e�r�v�a�t�i�o�n� 

�a�p�p�l�i�e�s� �e�v�e�n� �t�o� �t�h�e�s�e� �c�h�a�n�n�e�l�s�,� �w�h�i�c�h� �a�r�e� �p�r�a�c�t�i�c�a�l�l�y� 

�o�p�t�i�m�a�l�.� 

�2�)� �B�e�y�o�n�d� �a� �d�i�m�e�n�s�i�o�n�l�e�s�s� �b�e�d� �w�i�d�t�h� �o�f� �5�.�0�,� �t�h�e� 

�d�i�m�e�n�s�i�o�n�l�e�s�s� �s�t�r�e�s�s� �d�e�p�t�h� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� 

�c�h�a�n�n�e�l� �i�s� �p�r�a�c�t�i�c�a�l�l�y� �e�q�u�a�l� �t�o� �1�.�0�.� 

�T�a�b�l�e� �5�.�2� �a�l�s�o� �s�h�o�w�s� �t�h�e� �m�a�x�i�m�u�m�-�t�o�-�c�r�i�t�i�c�a�l� �s�t�r�e�s�s� 

�d�e�p�t�h� �r�a�t�i�o�s� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�t� �c�h�a�n�n�e�l�s�.� �I�t� �c�a�n� �b�e� �s�e�e�n� 

�f�r�o�m� �t�h�e�s�e� �v�a�l�u�e�s� �t�h�a�t� �f�o�r� �c�h�a�n�n�e�l�s� �w�i�t�h� �d�i�m�e�n�s�i�o�n�l�e�s�s� �b�e�d� 

�w�i�d�t�h�s� �g�r�e�a�t�e�r� �t�h�a�n� �5�.�0�,� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �m�a�x�i�m�u�m� �s�t�r�e�s�s� 
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�d�e�p�t�h� �t�o� �c�r�i�t�i�c�a�l� �b�e�d� �s�t�r�e�s�s� �d�e�p�t�h� �i�s� �c�o�n�s�t�a�n�t�.� �T�h�i�s� �i�s� 

�c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �P�a�r�k�e�r ��s� �a�n�a�l�y�s�i�s� �f�o�r� �s�u�f�f�i�c�i�e�n�t�l�y� �w�i�d�e� 

�c�h�a�n�n�e�l�s� �(� �w�e� �>� �5�.�0�)�.� �T�h�i�s� �o�b�s�e�r�v�a�t�i�o�n� �a�l�s�o� �a�p�p�l�i�e�s� �t�o� �t�h�e� 

�c�a�s�e�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �5�.�2�7�-�5�.�3�2�.� �F�o�r� �t�h�e�s�e� �c�a�s�e�s�,� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e� �g�i�v�e�s� �a� �c�r�i�t�i�c�a�l� �s�t�r�e�s�s� �d�e�p�t�h� �a�t� �t�h�e� 

�j�u�n�c�t�i�o�n� �p�o�i�n�t� �e�g�u�a�l� �t�o� �0�.�9� �.� �T�h�u�s�,� �t�h�e� �m�a�x�i�m�u�m� �s�h�e�a�r� 

�e�x�p�e�r�i�e�n�c�e�d� �b�y� �t�h�e� �c�h�a�n�n�e�l� �i�s� �n�o�t� �g�r�e�a�t�e�r� �t�h�a�n� �1�1�%� �o�f� �t�h�e� 

�c�r�i�t�i�c�a�l� �b�e�d� �s�h�e�a�r�.� �T�h�i�s� �a�g�r�e�e�s� �f�a�v�o�r�a�b�l�y� �w�i�t�h� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �f�i�n�d�i�n�g�s� �o�f� �D�i�p�l�a�s� �(�1�9�9�0�)� �t�h�a�t� �s�h�o�w� 

�T�m�a�x� �<� �1�.�1�5�7�%�,� �,�-�a�n�d� �f�i�e�l�d� �r�e�s�u�l�t�s� �o�f� �A�n�d�r�e�w�s� �(�1�9�8�4�)� �t�h�a�t� 
�m�a�x� 

�s�h�o�w� �T�m�a�z�r� �<� �1�-�1�6� �7�°� 

�3�)� �T�h�e� �f�r�a�c�t�i�o�n� �o�f� �t�h�e� �f�l�a�t� �b�e�d� �r�e�g�i�o�n� �o�v�e�r� �w�h�i�c�h� 

�t�h�e� �s�t�r�e�s�s� �d�e�p�t�h� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� �e�q�u�a�l� �t�o� �t�h�e� 

�a�c�t�u�a�l� �d�e�p�t�h� �i�n�c�r�e�a�s�e�s� �a�s� �b�e�d� �w�i�d�t�h� �i�n�c�r�e�a�s�e�s� 

�(�r�e�f�e�r� �t�o� �F�i�g�u�r�e� �5�.�2�5�)�.� 

�T�h�e� �t�h�i�r�d� �o�b�s�e�r�v�a�t�i�o�n� �i�m�p�l�i�e�s� �t�h�a�t� �f�o�r� �v�e�r�y� �w�i�d�e� 

�c�h�a�n�n�e�l�s�,� �t�h�e� �s�t�r�e�s�s� �i�s� �c�o�n�s�t�a�n�t� �o�v�e�r� �a� �l�a�r�g�e� �p�o�r�t�i�o�n� �o�f� 

�t�h�e� �b�e�d�,� �b�u�t� �a�s� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� �a�p�p�r�o�a�c�h�e�d� �t�h�e� �s�t�r�e�s�s� 

�d�r�o�p�s� �r�a�p�i�d�l�y�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �s�t�r�e�s�s� �g�r�a�d�i�e�n�t�s� �a�r�e� �h�i�g�h� �i�n� 

�t�h�e� �a�r�e�a� �o�f� �t�h�e� �f�l�a�t� �b�e�d� �n�e�a�r� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�.� 
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�5�.�1�.�4� �P�a�r�k�e�r ��s� �B�e�d� �S�o�l�u�t�i�o�n� 

�U�s�i�n�g� �s�i�n�g�u�l�a�r� �p�e�r�t�u�r�b�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �o�n� �t�h�e� 

�t�u�r�b�u�l�e�n�t� �d�i�f�f�u�s�i�o�n� �e�q�u�a�t�i�o�n� �(�E�q�.� �1�0�)�,� �P�a�r�k�e�r� �(�1�9�7�8�)� 

�d�e�r�i�v�e�d� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� �w�h�i�c�h� �g�i�v�e�s� �t�h�e� �s�t�r�e�s�s� �a�t� 

�a�n�y� �p�o�i�n�t� �o�n� �t�h�e� �b�e�d� �r�e�g�i�o�n�:� 

� � 

�~� �y�(�1�+�2�4�A�)� �y�"� �4�6� �6� �=� �1� �-�  ¬� �S�i�n�h�O� �+� �c�o�s�h� �©�0�8�P�?� �4�0�5� �(� �)� 

�2�D�,�\�"� �B� �w�h�e�r�e� �e�=� �(� �B�S�)� �a�=� �5� 

�(�1� �-� �«�&�)� �D� 
�6� �=� �A�0�-�5� �¢�.� �0�5� �A�=� �#�(�0�,�2�2�)� 

�_� �_�1�d�p�D� 
�T�S� �8� �a�y�?� 

�T�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �s�h�o�w�s� �t�h�a�t� �s�t�r�e�s�s� �i�n� �t�h�e� �b�e�d� �r�e�g�i�o�n� 

�i�s� �i�n�f�l�u�e�n�c�e�d� �b�y� �t�h�e� �w�i�d�t�h� �o�f� �t�h�e� �b�a�n�k� �a�n�d� �t�h�e� �s�e�c�o�n�d� 

�d�e�r�i�v�a�t�i�v�e� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�.� �B�e�c�a�u�s�e� �E�q�.� �4�6� �w�a�s� 

�d�e�r�i�v�e�d� �w�i�t�h� �n�o� �s�p�e�c�i�f�i�c� �b�a�n�k� �p�r�o�f�i�l�e� �i�n� �m�i�n�d�,� �i�t� �s�h�o�u�l�d� �b�e� 

�a�p�p�l�i�c�a�b�l�e� �t�o� �a�n�y� �c�h�a�n�n�e�l�,� �r�e�g�a�r�d�l�e�s�s� �o�f� �t�h�e� �b�a�n�k� �s�h�a�p�e� 

�a�s�s�u�m�e�d�.� 

�F�o�r� �t�h�e� �b�a�n�k� �p�r�o�f�i�l�e� �o�f� �a� �f�l�a�t�-�b�e�d� �c�h�a�n�n�e�l� �g�e�n�e�r�a�t�e�d� 

�b�y� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e� �,� �«� �a�n�d� �y� �a�r�e� �e�q�u�a�l� �t�o� �0�.�1�3� �a�n�d� 

�1�.�1�8� �r�e�s�p�e�c�t�i�v�e�l�y�.� �U�s�i�n�g� �t�h�e�s�e� �v�a�l�u�e�s� �i�n� �P�a�r�k�e�r ��s� 

�a�n�a�l�y�t�i�c�a�l� �b�e�d� �s�o�l�u�t�i�o�n�,� �t�h�e� �b�e�d� �s�t�r�e�s�s� �d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n� 

�i�n� �F�i�g�u�r�e� �5�.�3�3� �i�s� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �a� �c�h�a�n�n�e�l� �w�h�o�s�e� 

�d�i�m�e�n�s�i�o�n�l�e�s�s� �b�e�d� �w�i�d�t�h� �i�s� �e�q�u�a�l� �t�o� �3�.�0�.� �T�h�i�s� �i�s� �c�o�m�p�a�r�e�d� 
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�w�i�t�h� �t�h�e� �b�e�d� �s�t�r�e�s�s� �d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n� �d�e�r�i�v�e�d� �u�s�i�n�g� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �m�o�d�e�l�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �P�a�r�k�e�r ��s� �b�e�d� �s�o�l�u�t�i�o�n� 

�g�i�v�e�s� �s�t�r�e�s�s�e�s� �t�h�a�t� �a�r�e� �l�o�w�e�r� �t�h�a�n� �t�h�o�s�e� �c�o�m�p�u�t�e�d� �b�y� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �m�o�d�e�l�.� �H�o�w�e�v�e�r�,� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �s�t�r�e�s�s�e�s� 

�a�t� �a�n�y� �p�o�i�n�t� �d�o�e�s� �n�o�t� �e�x�c�e�e�d� �6�%�.� �T�h�u�s�,� �t�h�e� �a�g�r�e�e�m�e�n�t� 

�b�e�t�w�e�e�n� �t�h�e� �t�w�o� �d�i�s�t�r�i�b�u�t�i�o�n�s� �i�s� �g�o�o�d�.� �F�i�g�u�r�e�s� �5�.�3�4� �a�n�d� 

�5�.�3�5� �s�h�o�w� �t�h�a�t� �t�h�e� �a�g�r�e�e�m�e�n�t� �b�e�c�o�m�e�s� �e�v�e�n� �b�e�t�t�e�r� �a�s� �t�h�e� �b�e�d� 

�w�i�d�t�h� �o�f� �t�h�e� �c�h�a�n�n�e�l� �i�n�c�r�e�a�s�e�s�.� 

�F�o�r� �a� �c�h�a�n�n�e�l� �w�i�t�h� �n�o� �f�l�a�t� �b�e�d�,� �P�a�r�k�e�r ��s� �b�e�d� �s�o�l�u�t�i�o�n� 

�a�p�p�l�i�e�s� �o�n�l�y� �t�o� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�.� �F�o�r� �t�h�i�s� �c�a�s�e�,� �B� �=� �B�g�,� 

�a�n�d� �E�q�.� �4�6� �r�e�d�u�c�e�s� �t�o� �a�n� �e�x�p�r�e�s�s�i�o�n� �w�h�i�c�h� �g�i�v�e�s ��.� �t�h�e� 

�d�i�m�e�n�s�i�o�n�l�e�s�s� �s�t�r�e�s�s� �d�e�p�t�h� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�,� �4�;� 

�*� �4�7� �6�5� �=� �1�-� �e�y�(�1� �+� �2�A�)� �(�4�7�)� 

�A�g�a�i�n� �t�a�k�i�n�g� �«� �=� �0�.�1�3� �a�n�d� �7�¥� �=� �1�.�1�8�,� �a�n�d� �s�u�b�t�i�t�u�t�i�n�g� 

�t�h�e�s�e� �i�n�t�o� �E�q�.� �4�7�,� �6� �=� �0�.�6�9�.� �T�h�e� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d� �g�i�v�e�s� �a� 

�s�o�m�e�w�h�a�t� �l�a�r�g�e�r� �j�u�n�c�t�i�o�n� �s�t�r�e�s�s� �d�e�p�t�h� �v�a�l�u�e� �o�f� �0�.�9�;� �a� 

�d�i�f�f�e�r�e�n�c�e� �o�f� �3�0�%�.� �T�h�u�s� �f�o�r� �c�h�a�n�n�e�l�s� �w�i�t�h� �z�e�r�o� �b�e�d� �w�i�d�t�h�,� 

�t�h�e� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d� �a�n�d� �P�a�r�k�e�r ��s� 

�s�o�l�u�t�i�o�n� �i�s� �n�o�t� �a�s� �g�o�o�d� �a�s� �t�h�a�t� �f�o�r� �c�h�a�n�n�e�l�s� �w�i�t�h� �a� �f�l�a�t� 

�b�e�d� �r�e�g�i�o�n�.� 

�H�o�w�e�v�e�r�,� �i�f� �i�n�s�t�e�a�d� �o�f� �t�h�e� �f�i�f�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� 

�p�r�o�f�i�l�e�,� �t�h�e� �c�o�s�i�n�e� �p�r�o�f�i�l�e� �i�s� �a�s�s�u�m�e�d� �a�s� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� 

�b�a�n�k� �s�h�a�p�e� �f�o�r� �a� �c�h�a�n�n�e�l� �w�i�t�h� �b�a�n�k�s� �a�t� �t�h�e� �t�h�r�e�s�h�o�l�d� �o�f� 
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�m�o�t�i�o�n�,� �«� �=� �0�.�2� �a�n�d� �y� �=� �1�.�0�5�.� �F�i�g�u�r�e�s� �5�.�3�3�-�5�.�3�5� �a�l�s�o� �s�h�o�w� 

�t�h�e� �b�e�d� �s�t�r�e�s�s� �d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n�s� �d�i�c�t�a�t�e�d� �b�y� �E�q�.� �4�6� �f�o�r� 

�c�h�a�n�n�e�l�s� �w�i�t�h� �c�o�s�i�n�e� �b�a�n�k�s�.� �T�h�e� �s�t�r�e�s�s�e�s� �p�r�e�d�i�c�t�e�d� �b�y� �E�q�.� 

�4�6� �f�o�r� �t�h�e�s�e� �c�h�a�n�n�e�l�s�,� �a�r�e� �w�a�y� �b�e�l�o�w� �t�h�e� �s�t�r�e�s�s�e�s� �f�o�r� 

�c�h�a�n�n�e�l�s� �o�f� �t�h�e� �s�a�m�e� �d�e�p�t�h� �w�i�t�h� �f�i�f�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� 

�b�a�n�k�s�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �P�a�r�k�e�r ��s� �s�o�l�u�t�i�o�n� �u�n�d�e�r�p�r�e�d�i�c�t�s� �t�h�e� 

�s�t�r�e�s�s�e�s� �i�f� �c�o�s�i�n�e� �b�a�n�k�s� �a�r�e� �a�s�s�u�m�e�d� �f�o�r� �a� �c�h�a�n�n�e�l� �w�h�o�s�e� 

�b�a�n�k�s� �a�c�t�u�a�l�l�y� �f�o�l�l�o�w� �a� �f�i�f�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� �p�r�o�f�i�l�e�.� 

�T�h�u�s�,� �i�n� �o�r�d�e�r� �t�o� �b�r�i�n�g� �t�h�e� �s�t�r�e�s�s� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �u�p� 

�t�o� �c�r�i�t�i�c�a�l�,� �i�t� �p�r�e�d�i�c�t�s� �t�h�a�t� �t�h�e� �c�h�a�n�n�e�l� �c�a�n� �h�a�v�e� �a� 

�b�a�n�k�f�u�l�l� �d�e�p�t�h� �g�r�e�a�t�e�r� �t�h�a�n� �w�h�a�t� �i�t� �c�a�n� �a�c�t�u�a�l�l�y� �m�a�i�n�t�a�i�n�.� 

�I�n� �r�e�a�l�i�t�y�,� �t�h�i�s� �d�e�p�t�h� �a�l�r�e�a�d�y� �c�a�u�s�e�s� �t�h�e� �s�t�r�e�s�s� �a�t� �t�h�e� 

�j�u�n�c�t�i�o�n� �p�o�i�n�t� �t�o� �e�x�c�e�e�d� �c�r�i�t�i�c�a�l�,� �m�a�k�i�n�g� �t�h�e� �c�h�a�n�n�e�l� 

�u�n�s�t�a�b�l�e�.� 

�5�.�2� �A�n�a�l�y�s�i�s� �o�f� �D�i�f�f�e�r�e�n�t� �B�a�n�k� �P�r�o�f�i�l�e�s� 

�V�a�r�i�o�u�s� �p�r�o�f�i�l�e�s� �h�a�v�e� �b�e�e�n� �a�s�s�u�m�e�d� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� 

�s�h�a�p�e� �o�f� �t�h�e� �b�a�n�k�s� �o�f� �a�n� �o�p�t�i�m�a�l� �s�t�a�b�l�e� �c�h�a�n�n�e�l�.� �A�m�o�n�g� 

�t�h�o�s�e� �p�r�o�p�o�s�e�d� �a�r�e� �t�h�e� �c�o�s�i�n�e�,� �e�x�p�o�n�e�n�t�i�a�l�,� �a�n�d� �p�a�r�a�b�o�l�i�c� 

�b�a�n�k� �p�r�o�f�i�l�e�s�.� �T�h�e� �p�r�e�s�e�n�t� �w�o�r�k� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� �b�a�n�k�s� �o�f� 

�a�n� �o�p�t�i�m�a�l� �s�t�a�b�l�e� �c�h�a�n�n�e�l� �a�r�e� �d�e�f�i�n�e�d� �b�y� �a� �f�i�f�t�h� �d�e�g�r�e�e� 

�p�o�l�y�n�o�m�i�a�l� �c�u�r�v�e�.� �U�s�i�n�g� �t�h�e� �t�u�r�b�u�l�e�n�t� �d�i�f�f�u�s�i�o�n� �c�o�n�c�e�p�t�,� 

�t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�s� �f�o�r� �c�h�a�n�n�e�l�s� �a�s�s�u�m�i�n�g� �t�h�e�s�e� 

�p�r�o�f�i�l�e�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �a�n�d� �c�o�m�p�a�r�e�d� �i�n� �o�r�d�e�r� �t�o� �f�i�n�d� �o�u�t� 

�w�h�i�c�h� �p�r�o�f�i�l�e� �b�e�s�t� �d�e�s�c�r�i�b�e�s� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �a�n� �o�p�t�i�m�a�l� 
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�s�t�a�b�l�e� �c�h�a�n�n�e�l�.� �I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�i�s�c�u�s�s�i�o�n�,� �i�t� �i�s� �a�s�s�u�m�e�d� 

�t�h�a�t� �c�h�a�n�n�e�l�s� �w�i�t�h� �e�i�t�h�e�r� �a� �c�o�s�i�n�e� �o�r� �p�a�r�a�b�o�l�i�c� �b�a�n�k� 

�p�r�o�f�i�l�e� �m�a�y� �o�r� �m�a�y� �n�o�t� �h�a�v�e� �a� �f�l�a�t� �b�e�d� �r�e�g�i�o�n�.� �T�h�e� �c�h�a�n�n�e�l� 

�w�i�t�h� �a�n� �e�x�p�o�n�e�n�t�i�a�l� �p�r�o�f�i�l�e�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �i�s� �a�s�s�u�m�e�d� 

�t�o� �h�a�v�e� �n�o� �f�l�a�t� �b�e�d� �r�e�g�i�o�n� �a�t� �a�l�l�.� 

�5�.�2�.�1� �C�o�s�i�n�e� �P�r�o�f�i�l�e� 

�A� �b�a�n�k� �w�i�t�h� �a� �c�o�s�i�n�e� �p�r�o�f�i�l�e� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� �(�P�a�r�k�e�r�,� �1�9�7�8�)�:� 

� � � � 

�«�  �� �w�\�0�.�5� �*� �-� 
�D�*� �=� �r�h�;� �(�c�o�o� �(�1�5�2�)� �(�y�"�- ��y�5�)� �-� �°�]� �(�4�8�)� 

�F�i�r�s�t�,� �a�s�s�u�m�e� �a� �c�h�a�n�n�e�l� �w�i�t�h� �n�o� �f�l�a�t� �b�e�d� �r�e�g�i�o�n�.� 

�F�i�g�u�r�e� �5�.�3�6� �s�h�o�w�s� �t�h�e� �c�o�s�i�n�e� �p�r�o�f�i�l�e� �a�n�d� �a�c�t�u�a�l� �s�t�r�e�s�s� 

�d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n�.� �A�l�s�o� �s�h�o�w�n� �i�s� �a� �p�l�o�t� �o�f� �t�h�e� �r�a�t�i�o� �o�f� 

�c�r�i�t�i�c�a�l� �b�a�n�k� �t�o� �c�r�i�t�i�c�a�l� �b�e�d� �s�t�r�e�s�s� �d�e�p�t�h�,� �é�e�,�/�o�,� �.� �I�n� 

�o�r�d�e�r� �t�o� �c�o�m�e� �u�p� �w�i�t�h� �t�h�e� �c�r�i�t�i�c�a�l� �s�t�r�e�s�s� �d�e�p�t�h� 

�d�i�s�t�r�i�b�u�t�i�o�n�,� �t�h�e� �o�r�d�i�n�a�t�e�s� �o�f� �t�h�i�s� �p�l�o�t� �a�r�e� �m�u�l�t�i�p�l�i�e�d� �b�y� 

�t�h�e� �c�r�i�t�i�c�a�l� �b�e�d� �s�t�r�e�s�s� �d�e�p�t�h�,� �o�e� �A�s�s�u�m�e� �f�u�r�t�h�e�r� �t�h�a�t� 

�t�h�e� �a�c�t�u�a�l� �s�t�r�e�s�s� �d�e�p�t�h� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� �c�r�i�t�i�c�a�l�.� 

�F�i�g�u�r�e� �5�.�3�7� �s�h�o�w�s� �t�h�e� �r�e�s�u�l�t�i�n�g� �c�r�i�t�i�c�a�l� �s�t�r�e�s�s� �d�e�p�t�h� 

�d�i�s�t�r�i�b�u�t�i�o�n� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �a�c�t�u�a�l� �s�t�r�e�s�s� �d�e�p�t�h� 

�d�i�s�t�r�i�b�u�t�i�o�n�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �o�n�l�y� �a� �v�e�r�y� �s�m�a�l�l� �p�o�r�t�i�o�n� 

�n�e�a�r� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� �s�t�a�b�l�e� �a�n�d� �e�x�p�e�r�i�e�n�c�e�s� �c�r�i�t�i�c�a�l� 

�c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �r�e�s�t� �o�f� �t�h�e� �b�a�n�k� �e�x�p�e�r�i�e�n�c�e�s� �s�t�r�e�s�s�e�s� �w�h�i�c�h� 
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�a�r�e� �a�b�o�v�e� �c�r�i�t�i�c�a�l� �a�n�d� �t�h�u�s�,� �i�s� �u�n�s�t�a�b�l�e�.� �E�v�e�n� �i�f� �o�t�h�e�r� 

�v�a�l�u�e�s� �f�o�r� �&� �a�r�e� �a�s�s�u�m�e�d�,� �t�h�e� �c�h�a�n�n�e�l� �w�i�l�l� �n�e�v�e�r� �b�e� 

�t�o�t�a�l�l�y� �s�t�a�b�l�e�,� �m�u�c�h� �l�e�s�s� �o�p�t�i�m�a�l�.� �T�h�e� �s�a�m�e� �c�a�n� �b�e� �s�a�i�d� �o�f� 

�t�h�e� �c�h�a�n�n�e�l� �i�f� �a� �f�l�a�t� �b�e�d� �i�s� �i�n�c�o�r�p�o�r�a�t�e�d�.� �T�h�e� �s�t�r�e�s�s� 

�d�i�s�t�r�i�b�u�t�i�o�n�s� �f�o�r� �d�i�f�f�e�r�e�n�t� �f�l�a�t� �b�e�d� �w�i�d�t�h�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e�s� �5�.�3�8� �a�n�d� �5�.�3�9� �v�e�r�i�f�y� �t�h�i�s�.� 

�I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �c�o�s�i�n�e� �b�a�n�k� �p�r�o�f�i�l�e� �w�a�s� 

�d�e�r�i�v�e�d� �b�y� �n�e�g�l�e�c�t�i�n�g� �m�o�m�e�n�t�u�m� �d�i�f�f�u�s�i�o�n�.� �I�t� �i�s� �i�n�d�e�p�e�n�d�e�n�t� 

�o�f� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �t�h�e� �f�l�a�t� �b�e�d� �r�e�g�i�o�n� �(�a�n�d� �t�h�e� �w�i�d�t�h� �o�f� 

�t�h�e� �f�l�a�t� �b�e�d�)�.� �H�o�w�e�v�e�r�,� �t�h�e� �f�l�a�t� �b�e�d� �w�i�d�t�h� �s�h�o�u�l�d� �i�n�f�l�u�e�n�c�e� 

�t�h�e� �b�a�n�k� �s�h�a�p�e�;� �a� �w�i�d�e�r� �b�e�d� �m�e�a�n�s� �m�o�r�e� �m�o�m�e�n�t�u�m� �a�v�a�i�l�a�b�l�e� 

�f�o�r� �t�r�a�n�s�f�e�r� �t�o� �t�h�e� �b�a�n�k� �r�e�g�i�o�n�.� 

�I�n� �a�d�d�i�t�i�o�n�,� �P�i�z�z�u�t�o� �(�1�9�9�0�)� �o�b�t�a�i�n�e�d� �c�o�s�i�n�e� �b�a�n�k� 

�p�r�o�f�i�l�e�s� �f�r�o�m� �h�i�s� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e�.� �H�o�w�e�v�e�r�,� �h�i�s� �c�r�i�t�e�r�i�o�n� 

�f�o�r� �c�o�n�v�e�r�g�e�n�c�e� �m�a�y� �n�o�t� �b�e� �a�p�p�r�o�p�r�i�a�t�e�.� �H�e� �d�e�f�i�n�e�s� �a� 

�c�h�a�n�n�e�l� �t�o� �b�e� �i�n� �e�q�u�i�l�i�b�r�i�u�m� �i�f� �t�h�e� �c�h�a�n�g�e� �i�n� �i�t�s� 

�d�i�m�e�n�s�i�o�n�l�e�s�s� �p�r�o�f�i�l�e� �i�s� �n�e�g�l�i�g�i�b�l�e�,� �b�u�t� �h�e� �d�o�e�s� �n�o�t� �v�e�r�i�f�y� 

�t�h�a�t� �t�h�e� �s�t�r�e�s�s�e�s� �a�l�o�n�g� �h�i�s� �a�s�s�u�m�e�d� �e�q�u�i�l�i�b�r�i�u�m� �b�a�n�k� �s�h�a�p�e� 

�a�r�e� �a�t� �c�r�i�t�i�c�a�l�.� �T�h�e� �s�e�d�i�m�e�n�t� �m�a�s�s� �b�a�l�a�n�c�e� �a�n�d� �l�a�t�e�r�a�l� 

�b�e�d�l�o�a�d� �t�r�a�n�s�p�o�r�t� �r�a�t�e� �e�q�u�a�t�i�o�n�s� �u�s�e�d� �i�n� �h�i�s� �s�c�h�e�m�e� �i�m�p�l�y� 

�t�h�a�t� �i�f� �t�h�e� �s�t�r�e�s�s� �i�s� �a�t� �c�r�i�t�i�c�a�l� �a�t� �s�o�m�e� �p�o�i�n�t� �o�n� �t�h�e� 

�b�a�n�k�,� �t�h�e� �s�t�r�e�s�s�e�s� �i�n� �t�h�e� �p�o�r�t�i�o�n� �o�f� �h�i�s� �e�q�u�i�l�i�b�r�i�u�m� 

�c�h�a�n�n�e�l� �b�a�n�k� �b�e�l�o�w� �t�h�a�t� �p�o�i�n�t� �a�r�e� �a�c�t�u�a�l�l�y� �b�e�l�o�w� �c�r�i�t�i�c�a�l�.� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �t�h�e� �p�o�r�t�i�o�n� �o�f� �t�h�e� �b�a�n�k� �a�b�o�v�e� �t�h�a�t� �p�o�i�n�t� 

�e�x�p�e�r�i�e�n�c�e�s� �s�t�r�e�s�s�e�s� �w�h�i�c�h� �a�r�e� �a�b�o�v�e� �c�r�i�t�i�c�a�l�,� �r�e�n�d�e�r�i�n�g� 
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�h�i�s� �c�h�a�n�n�e�l� �u�n�s�t�a�b�l�e�.� �M�o�r�e�o�v�e�r� �i�t� �i�s� �p�u�z�z�l�i�n�g� �t�h�a�t� 

�P�i�z�z�u�t�o ��s� �s�c�h�e�m�e�,� �w�h�i�c�h� �t�a�k�e�s� �m�o�m�e�n�t�u�m� �d�i�f�f�u�s�i�o�n� �i�n�t�o� 

�a�c�c�o�u�n�t�,� �g�e�n�e�r�a�t�e�s� �a� �c�o�s�i�n�e� �p�r�o�f�i�l�e� �w�h�i�c�h� �i�s� �d�e�r�i�v�e�d� �b�y� 

�n�e�g�l�e�c�t�i�n�g� �m�o�m�e�n�t�u�m� �d�i�f�f�u�s�i�o�n�.� 

�T�h�e� �p�r�e�c�e�d�i�n�g� �d�i�s�c�u�s�s�i�o�n� �s�h�o�w�s� �t�h�a�t� �t�h�e� �c�o�s�i�n�e� �p�r�o�f�i�l�e� 

�i�s� �a�c�t�u�a�l�l�y� �u�n�s�t�a�b�l�e� �a�n�d� �t�h�e�r�e�f�o�r�e� �c�a�n�n�o�t� �b�e� �u�s�e�d� �t�o� 

�d�e�s�c�r�i�b�e� �t�h�e� �b�a�n�k�s� �o�f� �a�n� �o�p�t�i�m�a�l� �s�t�a�b�l�e� �c�h�a�n�n�e�l�.� 

�5�.�2�.�2� �E�x�p�o�n�e�n�t�i�a�l� �P�r�o�f�i�l�e� 

�T�h�e� �e�x�p�o�n�e�n�t�i�a�l� �b�a�n�k� �p�r�o�f�i�l�e� �s�u�g�g�e�s�t�e�d� �b�y� �I�k�e�d�a� �(�1�9�8�1�)� 

�a�n�d� �D�i�p�l�a�s� �(�1�9�9�0�)� �i�s� �d�e�f�i�n�e�d� �b�y� �t�h�e� �e�q�u�a�t�i�o�n� 

�D�*� �=� �1�  �� �e�x�p�(�-�y�r�)� �(�4�9�)� 

�w�h�e�r�e� �y�r�"� �=� �y�r�/�D�e� 
�y�r� �=� �B�/�2� �-� �y�;� �l�a�t�e�r�a�l� �d�i�s�t�a�n�c�e� 

�f�r�o�m� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n� 

�I�t� �m�u�s�t� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�i�s� �e�q�u�a�t�i�o�n� �d�o�e�s� �n�o�t� �t�a�k�e� �i�n�t�o� 

�a�c�c�o�u�n�t� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �c�h�a�n�n�e�l� �b�e�d� �m�a�t�e�r�i�a�l�,� �m�o�r�e� 

�s�p�e�c�i�f�i�c�a�l�l�y�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �s�t�a�t�i�c� �f�r�i�c�t�i�o�n�,� �u�z�.� 

�T�h�e�r�e� �i�s� �n�o� �c�l�e�a�r� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �f�o�r� �t�h�i�s� �p�r�o�f�i�l�e� 

�s�i�n�c�e� �i�t� �i�s� �c�o�n�t�i�n�u�o�u�s�l�y� �c�u�r�v�i�n�g�.� �T�h�e�r�e�f�o�r�e�,� �i�t� �i�s� �a�s�s�u�m�e�d� 

�t�h�a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �o�c�c�u�r�s� �w�h�e�r�e� �t�h�e� �d�e�p�t�h� �i�s� �9�9�%� �o�f� 

�t�h�e� �m�a�x�i�m�u�m� �c�h�a�n�n�e�l� �d�e�p�t�h�.� �A�g�a�i�n�,� �a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� 

�c�r�i�t�i�c�a�l� �a�n�d� �a�c�t�u�a�l� �s�t�r�e�s�s� �d�e�p�t�h�s� �a�r�e� �e�q�u�a�l� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� 

�1�0�2



�p�o�i�n�t�,� �I�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �F�i�g�u�r�e� �5�.�4�0� �t�h�a�t� �t�h�e� �c�h�a�n�n�e�l� �i�s� 

�o�v�e�r�l�y� �s�t�a�b�l�e� �i�n� �s�o�m�e� �a�r�e�a�s� �a�n�d� �u�n�s�t�a�b�l�e� �n�e�a�r� �t�h�e� �w�a�t�e�r� 

�m�a�r�g�i�n�.� �T�h�i�s� �c�o�u�l�d� �l�a�r�g�e�l�y� �b�e� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� 

�e�q�u�a�t�i�o�n� �a�l�w�a�y�s� �p�r�e�d�i�c�t�s� �t�h�e� �s�l�o�p�e� �a�t� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n� �t�o� 

�b�e� �a�t� �a�n� �a�n�g�l�e� �o�f� �4�5� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �h�o�r�i�z�o�n�t�a�l�.� �T�h�i�s� 

�c�o�n�t�r�a�d�i�c�t�s� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �s�l�o�p�e� �a�t� �t�h�e� �w�a�t�e�r� 

�m�a�r�g�i�n� �s�h�o�u�l�d� �b�e� �a�t� �t�h�e� �a�n�g�l�e� �o�f� �r�e�p�o�s�e� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�.� 

�T�h�u�s�,� �i�f� �t�h�e� �c�h�a�n�n�e�l� �b�e�d� �m�a�t�e�r�i�a�l� �h�a�s� �a�n� �a�n�g�l�e� �o�f� �r�e�p�o�s�e� 

�l�e�s�s� �t�h�a�n� �4�5�,� �w�h�i�c�h� �i�s� �m�o�s�t� �l�i�k�e�l�y�,� �t�h�e�n� �t�h�e� �e�x�p�o�n�e�n�t�i�a�l� 

�p�r�o�f�i�l�e� �e�q�u�a�t�i�o�n� �f�o�r�c�e�s� �t�h�e� �s�l�o�p�e� �n�e�a�r� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n� �t�o� 

�b�e� �s�t�e�e�p�e�r� �t�h�a�n� �i�t� �s�h�o�u�l�d� �b�e�,� �t�h�u�s� �m�a�k�i�n�g� �t�h�a�t� �a�r�e�a� 

�u�n�s�t�a�b�l�e�.� 

�I�n� �o�r�d�e�r� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �a�n�g�l�e� �o�f� 

�r�e�p�o�s�e� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�,� �P�i�z�z�u�t�o� �(�1�9�9�0�)� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t� �o�f� �s�t�a�t�i�c� �f�r�i�c�t�i�o�n� �y�w� �b�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� 

�e�q�u�a�t�i�o�n� �a�s� �f�o�l�l�o�w�s�:� 

�D�*� �=� �1�  �� �e�x�p�( ��p�y�7�)� �(�5�0�)� 

�T�h�i�s� �e�q�u�a�t�i�o�n� �c�a�u�s�e�s� �t�h�e� �s�l�o�p�e� �t�o� �a�s�s�u�m�e� �t�h�e� 

�M�a�t�e�r�i�a�l ��s� �a�n�g�l�e� �o�f� �r�e�p�o�s�e� �a�t� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n�.� �H�o�w�e�v�e�r�,� 

�t�h�e� �b�a�n�k�s� �a�r�e� �s�t�i�l�l� �o�v�e�r�l�y� �s�t�a�b�l�e� �i�n� �s�o�m�e� �a�r�e�a�s� �a�n�d� 

�u�n�s�t�a�b�l�e� �i�n� �o�t�h�e�r�s� �(�F�i�g�u�r�e� �5�.�4�1�)�.� �I�f� �6� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� 

�t�h�e� �a�c�t�u�a�l� �s�t�r�e�s�s� �d�e�p�t�h� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�,� �t�h�e�n� �t�h�e� 

�c�h�a�n�n�e�l� �b�e�c�o�m�e�s� �e�v�e�n� �m�o�r�e� �o�v�e�r�l�y� �s�t�a�b�l�e� �(�F�i�g�u�r�e� �5�.�4�2�)�.� �I�f� 
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�i�t� �i�s� �l�e�s�s�,� �t�h�e�n� �t�h�e� �a�r�e�a� �a�t� �t�h�e� �t�o�e� �o�f� �t�h�e� �b�a�n�k� �b�e�c�o�m�e�s� 

�u�n�s�t�a�b�l�e� �(�F�i�g�u�r�e� �5�.�4�3�)�.� 

�T�h�e�r�e�f�o�r�e�,� �a�n� �e�x�p�o�n�e�n�t�i�a�l� �p�r�o�f�i�l�e� �d�o�e�s� �n�o�t� �s�e�e�m� �t�o� 

�a�c�c�u�r�a�t�e�l�y� �d�e�s�c�r�i�b�e� �t�h�e� �b�a�n�k�s� �o�f� �a�n� �o�p�t�i�m�a�l� �s�t�a�b�l�e� �c�h�a�n�n�e�l�.� 

�5�.�2�.�3� �P�a�r�a�b�o�l�i�c� �P�r�o�f�i�l�e� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� �d�e�s�c�r�i�b�e�s� �t�h�e� �b�a�n�k�s� �o�f� �a� 

�p�a�r�a�b�o�l�i�c� �c�h�a�n�n�e�l� �(�M�i�r�o�n�e�n�k�o�,� �W�i�l�l�a�r�d�s�o�n�,� �J�e�n�a�b�,� �1�9�8�4�)�:� 

�2� 
�*�.�_� �7� �-�4�f�H� �p�=� �1�-�4�(�F�)� �(�5�1�)� 

�T�h�e� �b�a�n�k� �s�h�a�p�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �t�h�i�s� �e�q�u�a�t�i�o�n� �i�s� �v�e�r�y� 

�c�l�o�s�e� �t�o� �t�h�e� �c�o�s�i�n�e� �p�r�o�f�i�l�e�.� �F�i�g�.� �5�.�4�4� �i�l�l�u�s�t�r�a�t�e�s� �t�h�i�s�.� 

�T�h�u�s�,� �l�i�k�e� �a� �c�o�s�i�n�e� �c�u�r�v�e�,� �p�a�r�a�b�o�l�i�c� �p�r�o�f�i�l�e� �d�o�e�s� �n�o�t� 

�d�e�s�c�r�i�b�e� �a� �s�t�a�b�l�e� �b�a�n�k�.� 

�5�.�2�.�4� �C�o�m�p�a�r�i�s�o�n� �o�f� �B�a�n�k� �P�r�o�f�i�l�e�s� 

�F�i�g�u�r�e� �5�.�4�4� �p�l�o�t�s� �t�h�e� �d�i�f�f�e�r�e�n�t� �p�r�o�f�i�l�e�s� �t�h�a�t� �h�a�v�e� 

�j�u�s�t� �b�e�e�n� �d�i�s�c�u�s�s�e�d� �a�g�a�i�n�s�t� �d�a�t�a� �f�r�o�m� �e�x�p�e�r�i�m�e�n�t�s� �p�e�r�f�o�r�m�e�d� 

�b�y� �D�i�p�l�a�s� �(�1�9�9�0�)�.� �T�h�e� �d�a�t�a� �p�o�i�n�t�s� �r�e�p�r�e�s�e�n�t� �d�e�p�t�h�s� �a�t� 

�v�a�r�i�o�u�s� �p�o�i�n�t�s� �a�l�o�n�g� �t�h�e� �b�a�n�k� �o�f� �a� �c�h�a�n�n�e�l� �t�h�a�t� �i�s� �a�s�s�u�m�e�d� 

�t�o� �h�a�v�e� �r�e�a�c�h�e�d� �e�q�u�i�l�i�b�r�i�u�m�.� �I�t� �s�h�o�u�l�d� �b�e� �m�e�n�t�i�o�n�e�d� �t�h�a�t� 

�t�h�e�s�e� �d�a�t�a� �p�o�i�n�t�s� �a�r�e� �t�a�k�e�n� �f�r�o�m� �d�i�f�f�e�r�e�n�t� �t�r�i�a�l�s�,� �a�n�d� �s�o�m�e� 

�o�f� �t�h�e�s�e� �t�r�i�a�l�s� �r�e�s�u�l�t�e�d� �i�n� �c�h�a�n�n�e�l�s� �w�h�i�c�h� �w�e�r�e� �a�l�m�o�s�t�,� 

�t�h�o�u�g�h� �n�o�t� �q�u�i�t�e�,� �a�t� �e�q�u�i�l�i�b�r�i�u�m�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �i�n� �t�h�e� 
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�a�r�e�a� �a�t� �t�h�e� �t�o�e� �o�f� �t�h�e� �b�a�n�k�,� �t�h�e� �d�e�p�t�h� �w�o�u�l�d� �h�a�v�e� �b�e�e�n� 

�s�l�i�g�h�t�l�y� �g�r�e�a�t�e�r� �t�h�a�n� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5�.�4�4�,� �i�f� �t�h�e�s�e� �t�r�i�a�l�s� 

�h�a�d� �b�e�e�n� �c�o�n�t�i�n�u�e�d� �u�n�t�i�l�  ��t�r�u�e� �e�q�u�i�l�i�b�r�i�u�m� �w�a�s� �r�e�a�c�h�e�d�.� 

�T�h�u�s�,� �t�h�e� �s�l�o�p�e�s� �i�n� �t�h�a�t� �a�r�e�a� �w�o�u�l�d� �e�v�e�n�t�u�a�l�l�y� �b�e�c�o�m�e� 

�S�l�i�g�h�t�l�y� �s�t�e�e�p�e�r�.� 

�O�f� �t�h�e� �c�u�r�v�e�s� �s�h�o�w�n�,� �t�h�e� �e�x�p�o�n�e�n�t�i�a�l� �p�r�o�f�i�l�e� �w�h�i�c�h� 

�d�o�e�s� �n�o�t� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �e�f�f�e�c�t� �o�f� �u�w�,� �a�n�d� �t�h�e� �f�i�f�t�h� �d�e�g�r�e�e� 

�p�o�l�y�n�o�m�i�a�l� �c�u�r�v�e� �s�e�e�m� �t�o� �f�o�l�l�o�w� �t�h�e� �d�a�t�a� �p�o�i�n�t�s� �b�e�s�t�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �p�o�l�y�n�o�m�i�a�l� �p�r�o�f�i�l�e� �m�o�r�e� �c�l�o�s�e�l�y� �a�p�p�r�o�x�i�m�a�t�e�s� 

�t�h�e� �a�r�e�a� �n�e�a�r� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n�.� �T�h�e� �e�x�p�o�n�e�n�t�i�a�l� �p�r�o�f�i�l�e� �m�a�y� 

�s�e�e�m� �t�o� �r�e�s�e�m�b�l�e� �t�h�e� �a�r�e�a� �a�t� �t�h�e� �t�o�e� �o�f� �t�h�e� �b�a�n�k� �b�e�t�t�e�r� 

�t�h�a�n� �t�h�e� �p�o�l�y�n�o�m�i�a�l� �c�u�r�v�e�,� �h�o�w�e�v�e�r�,� �a�s� �m�e�n�t�i�o�n�e�d� �e�a�r�l�i�e�r�,� 

�t�h�e� �d�a�t�a� �p�o�i�n�t�s� �i�n� �t�h�a�t� �v�i�c�i�n�i�t�y� �c�a�n� �b�e� �m�i�s�l�e�a�d�i�n�g�.� �I�f� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�u�n�s� �w�e�r�e� �a�l�l�o�w�e�d� �t�o� �c�o�n�t�i�n�u�e�,� �t�h�e� �t�h�i�r�d� 

�d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� �c�u�r�v�e� �w�o�u�l�d� �h�a�v�e� �a�p�p�r�o�x�i�m�a�t�e�d� �t�h�a�t� �a�r�e�a� 

�j�u�s�t� �a�s� �w�e�l�l� �a�s� �t�h�e� �e�x�p�o�n�e�n�t�i�a�l� �c�u�r�v�e�,� �i�f� �n�o�t� �b�e�t�t�e�r�.� 

�T�h�u�s�,� �t�h�e� �f�i�f�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� �p�r�o�f�i�l�e� �r�e�s�u�l�t�i�n�g� 

�f�r�o�m� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e�,� �i�s� �t�h�e� �c�u�r�v�e� �m�o�s�t� �c�o�n�s�i�s�t�e�n�t� 

�w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� �I�t� �t�h�e�r�e�f�o�r�e� �b�e�s�t� �d�e�s�c�r�i�b�e�s� 

�t�h�e� �b�a�n�k�s� �o�f� �a�n� �o�p�t�i�m�a�l� �s�t�a�b�l�e� �c�h�a�n�n�e�l�.� 

�5�.�3� �D�i�s�c�u�s�s�i�o�n� �o�n� �P�a�r�k�e�r ��s� �J�u�n�c�t�i�o�n� �P�o�i�n�t� �P�r�e�m�i�s�e� 

�T�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �s�u�g�g�e�s�t�e�d� �b�y� �P�a�r�k�e�r� �(�1�9�7�8�)� �i�s� 

�a� �s�m�o�o�t�h�,� �m�o�n�o�t�o�n�i�c�a�l�l�y� �d�e�c�r�e�a�s�i�n�g� �f�u�n�c�t�i�o�n� �o�f� �l�a�t�e�r�a�l� 

�d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �c�h�a�n�n�e�l�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� 
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�t�h�e� �s�t�r�e�s�s� �g�r�a�d�i�e�n�t� �i�s� �n�o�n�-�z�e�r�o� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�.� �I�f� 

�t�h�e� �d�e�p�t�h� �o�f� �t�h�e� �c�h�a�n�n�e�l� �i�s� �s�u�c�h� �t�h�a�t� �t�h�e� �s�t�r�e�s�s� �a�t� �t�h�e� 

�j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� �c�r�i�t�i�c�a�l�,� �a� �n�o�n�-�z�e�r�o� �g�r�a�d�i�e�n�t� �a�t� �t�h�e� 

�j�u�n�c�t�i�o�n� �p�o�i�n�t� �e�n�s�u�r�e�s� �t�h�a�t� �s�t�r�e�s�s�e�s� �a�r�e� �a�b�o�v�e� �c�r�i�t�i�c�a�l� �i�n� 

�t�h�e� �f�l�a�t� �b�e�d� �r�e�g�i�o�n�,� �a�n�d� �a�t� �o�r� �b�e�l�o�w� �c�r�i�t�i�c�a�l� �i�n� �t�h�e� �b�a�n�k� 

�r�e�g�i�o�n�.� �S�u�c�h� �a� �c�h�a�n�n�e�l� �w�o�u�l�d� �h�a�v�e� �a� �m�o�b�i�l�e� �b�e�d� �a�n�d� �s�t�a�b�l�e� 

�b�a�n�k�s�;� �s�o�m�e�t�h�i�n�g� �o�b�s�e�r�v�e�d� �i�n� �n�a�t�u�r�a�l� �s�t�r�e�a�m�s� �a�n�d� �l�a�b�o�r�a�t�o�r�y� 

�f�l�u�m�e�s�.� 

�I�f� �m�o�m�e�n�t�u�m� �d�i�f�f�u�s�i�o�n� �i�s� �n�o�t� �t�a�k�e�n� �i�n�t�o� �a�c�c�o�u�n�t�,� �t�h�e� 

�r�e�s�u�l�t�i�n�g� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �o�n�e� �w�h�e�r�e� �t�h�e� �s�t�r�e�s�s� 

�g�r�a�d�i�e�n�t� �i�s� �z�e�r�o� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �b�e�d� �r�e�g�i�o�n� �i�n�c�l�u�d�i�n�g� �t�h�e� 

�j�u�n�c�t�i�o�n� �p�o�i�n�t�,� �a�n�d� �n�o�n�-�z�e�r�o� �o�n�l�y� �i�n� �t�h�e� �b�a�n�k� �r�e�g�i�o�n�.� �W�i�t�h� 

�s�u�c�h� �a� �d�i�s�t�r�i�b�u�t�i�o�n�,� �i�f� �t�h�e� �s�t�r�e�s�s�e�s� �a�r�e� �a�b�o�v�e� �c�r�i�t�i�c�a�l� �i�n� 

�t�h�e� �b�e�d� �r�e�g�i�o�n�,� �t�h�e� �s�t�r�e�s�s� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �w�o�u�l�d� �a�l�s�o� 

�b�e� �a�b�o�v�e� �c�r�i�t�i�c�a�l�.� �A�t� �l�e�a�s�t� �a� �s�m�a�l�l� �a�r�e�a� �a�t� �t�h�e� �t�o�e� �o�f� �t�h�e� 

�b�a�n�k� �w�o�u�l�d� �e�x�p�e�r�i�e�n�c�e� �s�t�r�e�s�s�e�s� �a�b�o�v�e� �c�r�i�t�i�c�a�l�,� �r�e�s�u�l�t�i�n�g� �i�n� 

�a� �c�o�n�t�i�n�u�o�u�s� �w�i�d�e�n�i�n�g� �o�f� �t�h�e� �s�t�r�e�a�m�.� �U�s�i�n�g� �s�u�c�h� �a� �s�t�r�e�s�s� 

�d�i�s�t�r�i�b�u�t�i�o�n� �w�i�l�l� �n�e�v�e�r� �r�e�s�u�l�t� �i�n� �a� �c�h�a�n�n�e�l� �w�i�t�h� �a� �m�o�b�i�l�e� 

�b�e�d� �a�n�d� �s�t�a�b�l�e� �b�a�n�k�s�.� �I�t� �a�p�p�e�a�r�s� �t�h�a�t� �t�h�i�s� �p�r�e�m�i�s�e� �o�f� �a� 

�n�o�n�-�z�e�r�o� �g�r�a�d�i�e�n�t� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�,� �i�s� �w�h�a�t� �a�l�l�o�w�s� �t�h�e� 

�t�u�r�b�u�l�e�n�t� �d�i�f�f�u�s�i�o�n� �t�h�e�o�r�y� �t�o� �b�e� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �w�h�a�t� 

�h�a�p�p�e�n�s� �i�n� �n�a�t�u�r�e�.� 

�R�e�c�a�l�l� �E�q�.� �1�6�;� �t�h�e� �d�i�m�e�n�s�i�o�n�l�e�s�s� �f�o�r�m� �o�f� �t�h�e� �f�o�r�c�e�-� 

�b�a�l�a�n�c�e� �e�q�u�a�t�i�o�n�.� �N�o�t�e� �t�h�a�t� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �t�h�i�s� �e�q�u�a�t�i�o�n� 
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�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �y�"� �y�i�e�l�d�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� 

�s�t�r�e�s�s� �d�e�p�t�h� �g�r�a�d�i�e�n�t� �a�t� �a�n�y� �p�o�i�n�t� �a�l�o�n�g� �t�h�e� �b�a�n�k�,� �4�d�6�*�/�d�y�"� �:� 

�d�&�*� �_� �(�#� �A�y� �e�m�;� �d�D�*� �(�5�2�)� 
�d�y�*� �~� �(�1�-�r�)�u�\� �a�l� �4�2�5� �4�?� �}� �d�y�*�?� �d�y�*� 

�A�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�,� �t�h�e� �s�l�o�p�e� �a�p�*� �/�a�y�*� �i�s� �e�q�u�a�l� �t�o� 

�z�e�r�o�,� �w�h�i�c�h� �m�e�a�n�s� �t�h�a�t� �t�h�e� �s�t�r�e�s�s� �g�r�a�d�i�e�n�t� �a�t� �t�h�a�t� �p�o�i�n�t� �i�s� 

�a�l�s�o� �z�e�r�o�.� �T�h�i�s� �c�o�n�d�i�t�i�o�n� �m�u�s�t� �b�e� �s�a�t�i�s�f�i�e�d� �i�f� �t�h�e� �j�u�n�c�t�i�o�n� 

�p�o�i�n�t� �i�s� �t�o� �e�x�p�e�r�i�e�n�c�e� �c�r�i�t�i�c�a�l� �s�t�r�e�s�s�.� �H�o�w�e�v�e�r�,� �i�t� 

�c�o�n�t�r�a�d�i�c�t�s� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t� �o�f� �n�o�n�-�z�e�r�o� �s�t�r�e�s�s� �d�e�p�t�h� 

�g�r�a�d�i�e�n�t� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�,� �w�h�i�c�h� �f�o�l�l�o�w�s� �f�r�o�m� �P�a�r�k�e�r ��s� 

�m�o�m�e�n�t�u�m� �d�i�f�f�u�s�i�o�n� �c�o�n�c�e�p�t�.� �R�e�c�a�l�l� �t�h�a�t� �f�o�r�c�e�-�b�a�l�a�n�c�e� �a�n�d� 

�m�o�m�e�n�t�u�m� �d�i�f�f�u�s�i�o�n� �m�u�s�t� �b�e� �s�a�t�i�s�f�i�e�d� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �t�o� �c�o�m�e� 

�u�p� �w�i�t�h� �a�n� �o�p�t�i�m�a�l� �s�t�a�b�l�e� �c�h�a�n�n�e�l�.� 

�T�h�e� �f�o�l�l�o�w�i�n�g� �m�o�d�i�f�i�c�a�t�i�o�n� �i�n� �t�h�e� �v�i�c�i�n�i�t�y� �o�f� �t�h�e� 

�j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� �p�r�o�p�o�s�e�d�:� 

�C�o�n�s�i�d�e�r� �t�h�e� �p�a�r�t�i�c�l�e�s� �i�n� �t�h�e� �i�m�m�e�d�i�a�t�e� �v�i�c�i�n�i�t�y� �o�f� 

�t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5�.�4�5�.� �I�n�s�t�e�a�d� �o�f� �a� 

�s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �t�h�a�t� �i�s� �c�o�n�t�i�n�u�o�u�s�l�y� �d�e�c�r�e�a�s�i�n�g� �i�n� �t�h�a�t� 

�a�r�e�a�,� �o�n�e� �t�h�a�t� �i�s� �d�e�c�r�e�a�s�i�n�g� �j�u�s�t� �l�e�f�t� �o�f� �t�h�e� �j�u�n�c�t�i�o�n�,� �a�n�d� 

�h�a�s� �a� �z�e�r�o� �s�t�r�e�s�s� �g�r�a�d�i�e�n�t� �j�u�s�t� �r�i�g�h�t� �o�f� �t�h�e� �j�u�n�c�t�i�o�n�,� �i�s� 

�a�s�s�u�m�e�d�.� �I�f� �s�t�r�e�s�s� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �i�s� �c�r�i�t�i�c�a�l�,� �t�h�i�s� �m�e�a�n�s� 

�t�h�a�t� �t�h�e� �p�a�r�t�i�c�l�e� �l�e�f�t� �o�f� �t�h�e� �j�u�n�c�t�i�o�n� �(�i�n� �t�h�e� �b�e�d� �r�e�g�i�o�n�)� 

�e�x�p�e�r�i�e�n�c�e�s� �a� �s�t�r�e�s�s� �t�h�a�t� �i�s� �a�b�o�v�e� �c�r�i�t�i�c�a�l� �a�n�d� �s�e�d�i�m�e�n�t� 

�m�o�t�i�o�n� �t�a�k�e�s� �p�l�a�c�e�.� �T�h�e� �p�a�r�t�i�c�l�e� �j�u�s�t� �r�i�g�h�t� �o�f� �t�h�e� �j�u�n�c�t�i�o�n� 
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�(�i�n� �t�h�e� �b�a�n�k� �r�e�g�i�o�n�)� �e�x�p�e�r�i�e�n�c�e�s� �p�r�a�c�t�i�c�a�l�l�y� �t�h�e� �s�a�m�e� 

�s�t�r�e�s�s�.� �H�o�w�e�v�e�r�,� �i�t�s� �s�l�o�p�e� �i�s� �a�l�s�o� �p�r�a�c�t�i�c�a�l�l�y� �e�q�u�a�l� �t�o� 

�z�e�r�o�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �i�t�s� �s�t�r�e�s�s� �d�o�e�s� �n�o�t� �e�x�c�e�e�d� �c�r�i�t�i�c�a�l�,� 

�a�n�d� �i�t� �i�s� �i�n� �a� �s�t�a�t�e� �o�f� �i�m�p�e�n�d�i�n�g� �m�o�t�i�o�n�.� �T�h�u�s�,� �e�v�e�n� �i�f� �t�h�e� 

�s�t�r�e�s�s� �g�r�a�d�i�e�n�t� �j�u�s�t� �r�i�g�h�t� �o�f� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� �z�e�r�o�,� 

�i�t� �i�s� �s�t�i�l�l� �p�o�s�s�i�b�l�e� �t�o� �o�b�t�a�i�n� �a� �b�a�n�k� �w�h�i�c�h� �e�x�p�e�r�i�e�n�c�e�s� 

�c�r�i�t�i�c�a�l� �c�o�n�d�i�t�i�o�n�s� �e�v�e�r�y�w�h�e�r�e�.� 

�I�t� �c�o�u�l�d� �b�e� �a�r�g�u�e�d� �t�h�a�t� �t�h�e�r�e� �i�s� �n�o�t�h�i�n�g� �t�h�a�t� �w�i�l�l� 

�c�a�u�s�e� �t�h�e� �s�t�r�e�s�s� �g�r�a�d�i�e�n�t� �t�o� �s�u�d�d�e�n�l�y� �c�h�a�n�g�e� �f�r�o�m� �a� �n�o�n�-� 

�z�e�r�o� �v�a�l�u�e� �j�u�s�t� �b�e�f�o�r�e� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�,� �t�o� �z�e�r�o� �j�u�s�t� 

�a�f�t�e�r� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�.� �H�o�w�e�v�e�r�,� �i�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �f�r�o�m� 

�E�q�.� �5�.�5�2� �t�h�a�t� �t�h�e� �s�t�r�e�s�s� �g�r�a�d�i�e�n�t� �a�l�s�o� �d�e�p�e�n�d�s �� �o�n� 

�a�*�p�*�/�a�y�*�2�,� �w�h�i�c�h� �i�s� �d�i�s�c�o�n�t�i�n�u�o�u�s� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�.� 

�T�h�u�s�,� �t�h�e� �s�t�r�e�s�s� �d�e�p�t�h� �c�u�r�v�e� �i�s� �n�o�t� �e�x�p�e�c�t�e�d� �t�o� �b�e� �s�m�o�o�t�h� 

�i�n� �t�h�e� �v�i�c�i�n�i�t�y� �o�f� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�.� �T�h�e� �j�u�m�p� �i�n� 

�d�*�p�*� �/�a�y�*�2� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �c�a�u�s�e�s� �a� �"�k�i�n�k�"� �t�h�e�r�e�,� �a�s� 

�c�a�n� �b�e� �s�e�e�n� �i�n� �F�i�g�u�r�e� �5�.�4�5�.� 

�T�h�e� �p�r�e�c�e�d�i�n�g� �d�i�s�c�u�s�s�i�o�n� �s�u�g�g�e�s�t�s� �t�h�a�t� �s�t�r�e�s�s� �g�r�a�d�i�e�n�t� 

�n�e�e�d� �n�o�t� �b�e� �n�o�n�-�z�e�r�o� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�,� �f�o�r� �a� �m�o�b�i�l�e� 

�b�e�d� �a�n�d� �s�t�a�b�l�e� �b�a�n�k�s� �t�o� �o�c�c�u�r�.� �A�l�l� �t�h�a�t� �i�s� �n�e�e�d�e�d� �i�s� �f�o�r� 

�t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �t�o� �b�e� �d�e�c�r�e�a�s�i�n�g� �i�n� �t�h�e� �b�e�d� �r�e�g�i�o�n�.� 

�5�.�4� �R�e�g�i�m�e� �R�e�l�a�t�i�o�n�s� 

�I�n� �o�r�d�e�r� �t�o� �c�o�m�p�l�e�t�e�l�y� �d�e�f�i�n�e� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �a� �s�t�a�b�l�e� 

�c�h�a�n�n�e�l�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �c�e�n�t�r�a�l� �c�h�a�n�n�e�l� 

�1�1�4



�d�e�p�t�h� �D�e�,� �t�h�e� �t�o�t�a�l� �c�h�a�n�n�e�l� �w�i�d�t�h� �B�,� �a�n�d� �t�h�e� �b�a�n�k� �p�r�o�f�i�l�e�.� 

�F�o�r� �a� �t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l�,� �t�h�e� �b�a�n�k� �p�r�o�f�i�l�e� �i�s� �o�b�t�a�i�n�e�d� �b�y� 

�s�o�l�v�i�n�g� �t�h�e� �m�o�m�e�n�t�u�m� �d�i�f�f�u�s�i�o�n� �e�q�u�a�t�i�o�n� �(�E�q�.� �1�0�)� �a�n�d� �t�h�e� 

�f�o�r�c�e� �b�a�l�a�n�c�e� �e�q�u�a�t�i�o�n� �(�E�q�.� �1�6�)� �s�i�m�u�l�t�a�n�e�o�u�s�l�y�.� �F�o�r� �a� 

�c�h�a�n�n�e�l� �w�i�t�h� �a� �f�l�a�t� �b�e�d�,� �i�t� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �t�h�e� 

�a�p�p�r�o�p�r�i�a�t�e� �p�o�l�y�n�o�m�i�a�l� �b�a�n�k� �e�q�u�a�t�i�o�n�.� �T�h�e� �c�e�n�t�r�a�l� �d�e�p�t�h� �a�n�d� 

�t�o�t�a�l� �w�i�d�t�h� �o�f� �t�h�e� �c�h�a�n�n�e�l� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �m�e�a�n�s� �o�f� �r�e�g�i�m�e� 

�r�e�l�a�t�i�o�n�s�.� 

�D�i�p�l�a�s� �(�1�9�9�0�)� �m�o�d�i�f�i�e�d� �t�h�e� �r�e�g�i�m�e� �r�e�l�a�t�i�o�n�s� �d�e�v�e�l�o�p�e�d� 

�b�y� �P�a�r�k�e�r� �(�1�9�7�8�)�,� �w�h�i�c�h� �p�r�e�d�i�c�t� �t�h�e� �c�e�n�t�r�a�l� �d�e�p�t�h� �a�n�d� �t�h�e� 

�t�o�t�a�l� �w�i�d�t�h� �o�f� �a� �s�t�a�b�l�e�,� �s�t�r�a�i�g�h�t� �c�h�a�n�n�e�l�.� �T�h�e�s�e� �a�r�e� �a�g�a�i�n� 

�m�o�d�i�f�i�e�d� �t�o� �a�d�a�p�t� �t�o� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �m�o�d�e�l�.� 

�5�.�4�.�1� �F�i�r�s�t� �R�e�g�i�m�e� �R�e�l�a�t�i�o�n� 

�T�h�e� �g�e�n�e�r�a�l� �e�q�u�a�t�i�o�n� �f�o�r� �c�r�i�t�i�c�a�l� �S�h�i�e�l�d ��s� �s�t�r�e�s�s� �a�t� 

�t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� �a�s� �f�o�l�l�o�w�s�:� 

�&�*� �D�.�S� 
�T�e�o�r� �=� �R� �d�s�o� �(�5�3�)� 

�T�h�e� �v�a�l�u�e� �o�f� �6�;� �v�a�r�i�e�s� �f�o�r� �0�.�0� �<� �w�e� �<� �3�.�0�.� �I�n� �t�h�i�s� 

�r�a�n�g�e�,� �i�t� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n�:� 

�6�;� �=�  ��0�.�0�0�1�W�*�*� �+� �0�.�0�0�9�w�*�?�  �� �0�.�0�3�W�*�?� �+� �0�.�0�5�3�W�*� �+� �0�.�8�6� �(�5�4�)� 
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�T�h�e� �f�i�r�s�t� �r�e�g�i�m�e� �r�e�l�a�t�i�o�n�,� �w�h�i�c�h� �p�r�e�d�i�c�t�s� �t�h�e� �c�e�n�t�r�a�l� 

�d�e�p�t�h� �D�,�.� �f�o�r� �a� �c�h�a�n�n�e�l� �o�f� �a� �g�i�v�e�n� �b�e�d� �w�i�d�t�h�,� �c�a�n� �b�e� �d�e�r�i�v�e�d� 

�b�y� �u�s�i�n�g� �t�h�e� �v�a�l�u�e� �o�f� �6�;� �g�i�v�e�n� �b�y� �E�q�.� �5�4� �i�n� �E�q�.� �5�3�.� 

�F�o�r� �t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l�s�,�.�E�q�.� �5�4� �y�i�e�l�d�s� �a� �v�a�l�u�e� �o�f� �0�.�8�6� 

�f�o�r� �6�*� �.� �P�l�u�g�g�i�n�g� �t�h�i�s� �i�n�t�o� �E�q�.� �5�3� �a�n�d� �r�e�a�r�r�a�n�g�i�n�g� �i�t�,� �t�h�e� 

�f�i�r�s�t� �r�e�g�i�m�e� �r�e�l�a�t�i�o�n� �f�o�r� �a� �t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l� �i�s� �o�b�t�a�i�n�e�d�:� 

�H� �=� �1�9�2�7�r�%�,�5�7�!� �(�5�5�)� 

�w�h�e�r�e� �H� �=� �D�c�/�d�s�5�9�-� �I�n� �t�h�e� �a�b�s�e�n�c�e� �o�f� �i�n�f�o�r�m�a�t�i�o�n� �r�e�g�a�r�d�i�n�g� 

�r�T�,� �,� �a� �v�a�l�u�e� �o�f� �0�.�0�3� �i�s� �u�s�u�a�l�l�y� �a�s�s�u�m�e�d�.� �S�u�b�s�t�i�t�u�t�i�n�g� �t�h�i�s� 

�v�a�l�u�e� �i�n�t�o� �E�q�.� �5�5� �y�i�e�l�d�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n�:� 

�H� �=� �0�.�0�5�8�5�7�!� �(�5�6�)� 

�B�e�y�o�n�d� �a� �d�i�m�e�n�s�i�o�n�l�e�s�s� �b�e�d� �w�i�d�t�h� �o�f� �3�.�0�,� �4�%� �i�s� 

�c�o�n�s�t�a�n�t� �a�t� �0�.�9�.� �U�s�i�n�g� �t�h�i�s� �v�a�l�u�e� �i�n� �E�q�.� �5�3� �g�i�v�e�s� �t�h�e� �f�i�r�s�t� 

�r�e�g�i�m�e� �r�e�l�a�t�i�o�n� �f�o�r� �c�h�a�n�n�e�l�s� �w�h�o�s�e� �d�i�m�e�n�s�i�o�n�l�e�s�s� �b�e�d� �w�i�d�t�h� 

�l�i�e�s� �i�n� �t�h�i�s� �r�a�n�g�e�:� 

�H� �=� �1�.�8�3� �r�*�.�S�7�}� �(�5�7�)� 

�A�s�s�u�m�i�n�g� �t�h�a�t� �7�,� �=� �0�.�0�3�,� �E�q�.� �5�7� �b�e�c�o�m�e�s� 

�H� �=� �0�.�0�5�5� �$�7�2� �(�5�8�)� 
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�T�h�i�s� �a�g�r�e�e�s� �f�a�v�o�r�a�b�l�y� �w�i�t�h� �t�h�e� �f�i�r�s�t� �r�e�g�i�m�e� �r�e�l�a�t�i�o�n� 

�d�e�r�i�v�e�d� �b�y� �D�i�p�l�a�s� �(�1�9�9�0�)�,� �w�h�i�c�h� �r�e�a�d�s� �H� �=� �0�.�0�5�2�s�7�1�-�0�1�,� 

�A�n�d�r�e�w�s� �(�1�9�8�4�)� �o�b�t�a�i�n�e�d� �t�h�e� �e�q�u�a�t�i�o�n� �H� �=� �0�.�0�5�9�8�7�!� �f�r�o�m� 

�h�i�s� �f�i�e�l�d� �d�a�t�a�,� �w�h�i�c�h� �s�h�o�w�e�d� �a�n� �a�v�e�r�a�g�e� �c�r�i�t�i�c�a�l� �S�h�i�e�l�d�s �� 

�s�t�r�e�s�s� �o�f� �0�.�0�3�2�.� �U�s�i�n�g� �t�h�i�s� �c�r�i�t�i�c�a�l� �S�h�i�e�l�d�s �� �s�t�r�e�s�s� �v�a�l�u�e� 

�i�n� �E�q�.� �5�7� �g�i�v�e�s� 

�H� �=� �0�.�0�5�9�5�7�1� �(�5�9�)� 

�w�h�i�c�h� �c�o�i�n�c�i�d�e�s� �w�i�t�h� �A�n�d�r�e�w�s �� �e�m�p�i�r�i�c�a�l� �e�x�p�r�e�s�s�i�o�n�.� 

�T�a�b�l�e� �5�.�3� �l�i�s�t�s� �t�h�e� �v�a�l�u�e�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �f�i�r�s�t� 

�r�e�g�i�m�e� �r�e�l�a�t�i�o�n� �a�n�d� �t�h�e� �v�a�l�u�e�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �s�e�l�e�c�t�e�d� 

�e�x�p�e�r�i�m�e�n�t�a�l� �a�n�d� �f�i�e�l�d� �d�a�t�a�.� �F�i�g�u�r�e� �5�.�4�6� �s�h�o�w�s� �t�h�a�t� �t�h�e� 

�p�r�e�d�i�c�t�e�d� �a�n�d� �o�b�s�e�r�v�e�d� �v�a�l�u�e�s� �a�r�e� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� 

�o�n�e� �a�n�o�t�h�e�r�.� 

�5�.�4�.�2� �S�e�c�o�n�d� �R�e�g�i�m�e� �R�e�l�a�t�i�o�n� 

�T�h�e� �s�e�c�o�n�d� �r�e�g�i�m�e� �r�e�l�a�t�i�o�n� �i�s� �d�e�t�e�r�m�i�n�e�d� �u�s�i�n�g� �t�h�e� 

�i�n�t�e�g�r�a�t�e�d� �f�o�r�m� �o�f� �t�h�e� �r�o�u�g�h�-�w�a�l�l� �v�e�l�o�c�i�t�y� �r�e�l�a�t�i�o�n� �d�e�r�i�v�e�d� 

�b�y� �P�a�r�k�e�r� �(�1�9�7�8�)�.� �T�h�e� �i�n�t�e�g�r�a�t�e�d� �r�e�l�a�t�i�o�n� �i�s� �a�s� �f�o�l�l�o�w�s�:� 

�i
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�v�a�l�u�e�s� �a�r�e� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �o�b�s�e�r�v�e�d� �v�a�l�u�e�s�.� 

�F�i�g�u�r�e� �5�.�4�7� �v�e�r�i�f�i�e�s� �t�h�i�s�.� 

�5�.�5� �L�i�m�i�t�a�t�i�o�n�s� �o�f� �t�h�e� �M�o�d�e�l� 

�T�h�e� �n�u�m�e�r�i�c�a�l� �m�o�d�e�l� �d�e�r�i�v�e�s� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �a�n� �o�p�t�i�m�a�l� 

�s�t�a�b�l�e� �c�h�a�n�n�e�l� �w�h�i�c�h�,� �e�i�t�h�e�r� �t�r�a�n�s�p�o�r�t�s� �w�a�t�e�r� �o�n�l�y� �(�a� 

�t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l�)�,� �o�r� �a�l�l�o�w�s� �f�o�r� �s�e�d�i�m�e�n�t� �t�r�a�n�s�p�o�r�t� �i�n� �t�h�e� 

�b�e�d� �r�e�g�i�o�n� �a�s� �w�e�l�l� �(�c�h�a�n�n�e�l� �w�i�t�h� �f�l�a�t� �b�e�d�)�.� �H�o�w�e�v�e�r�,� 

�n�o�w�h�e�r�e� �i�n� �t�h�e� �s�c�h�e�m�e� �i�s� �s�e�d�i�m�e�n�t� �t�r�a�n�p�o�r�t� �e�x�p�l�i�c�i�t�l�y� 

�a�c�c�o�u�n�t�e�d� �f�o�r�.� �T�h�e� �s�c�h�e�m�e� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e�r�e� �i�s� �b�e�d�-�l�o�a�d� 

�m�o�t�i�o�n� �b�y� �m�a�k�i�n�g� �s�u�r�e� �t�h�a�t� �s�t�r�e�s�s�e�s� �a�r�e� �a�b�o�v�e� �c�r�i�t�i�c�a�l� �i�n� 

�t�h�e� �f�l�a�t� �b�e�d� �r�e�g�i�o�n�.� �H�o�w�e�v�e�r�,� �i�t� �d�o�e�s� �n�o�t� �i�n�c�o�r�p�o�r�a�t�e� �a�n� 

�e�x�p�r�e�s�s�i�o�n� �w�h�i�c�h� �r�e�l�a�t�e�s� �t�h�e� �s�e�d�i�m�e�n�t� �d�i�s�c�h�a�r�g�e� �t�o� �t�h�e� 

�g�e�o�m�e�t�r�y� �o�f� �t�h�e� �c�h�a�n�n�e�l�.� �S�t�e�b�b�i�n�g�s� �(�1�9�6�3�)� �s�h�o�w�e�d� �t�h�a�t� �f�o�r� �a� 

�g�i�v�e�n� �w�a�t�e�r� �d�i�s�c�h�a�r�g�e�,� �a� �s�e�l�f�-�f�o�r�m�e�d� �c�h�a�n�n�e�l� �c�a�n� �a�s�s�u�m�e� 

�d�i�f�f�e�r�e�n�t� �c�r�o�s�s�-�s�e�c�t�i�o�n�s� �w�i�t�h� �t�h�e� �s�a�m�e� �a�r�e�a�,� �r�a�n�g�i�n�g� �f�r�o�m� �a� 

�t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l� �t�o� �a� �w�i�d�e�,� �s�h�a�l�l�o�w� �c�h�a�n�n�e�l� �o�n� �t�h�e� �v�e�r�g�e� 

�o�f� �b�r�a�i�d�i�n�g�.� �T�h�e� �c�h�a�n�n�e�l� �w�i�d�t�h� �d�e�p�e�n�d�s� �o�n� �h�o�w� �m�u�c�h� �s�e�d�i�m�e�n�t� 

�i�s� �b�e�i�n�g� �t�r�a�n�s�p�o�r�t�e�d�.� �T�h�e� �g�r�e�a�t�e�r� �t�h�e� �a�m�o�u�n�t� �o�f� �s�e�d�i�m�e�n�t� 

�t�h�a�t� �h�a�s� �t�o� �b�e� �c�a�r�r�i�e�d�,� �t�h�e� �w�i�d�e�r� �t�h�e� �c�h�a�n�n�e�l� �s�h�o�u�l�d� �b�e�.� 

�T�h�i�s� �i�s� �i�n� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �o�b�s�e�r�v�a�t�i�o�n� �t�h�a�t� �T�a�r� �<� 

�1�.�1�1� �7�%�,� �.� �S�u�p�p�o�s�e� �a� �c�h�a�n�n�e�l� �c�a�r�r�i�e�s� �a� �c�e�r�t�a�i�n� �b�e�d�l�o�a�d� �s�u�c�h� 

�t�h�a�t� �t�h�e� �m�a�x�i�m�u�m� �b�o�u�n�d�a�r�y� �s�h�e�a�r� �s�t�r�e�s�s� �i�s� �e�q�u�a�l� �t�o� 

�1�.�1�1� �7�?�,� �.� �I�f� �t�h�e� �b�e�d�l�o�a�d� �w�e�r�e� �i�n�c�r�e�a�s�e�d�,� �t�h�e� �s�t�r�e�s�s�e�s� �a�l�o�n�g� 

�t�h�e� �c�h�a�n�n�e�l� �p�e�r�i�m�e�t�e�r� �w�o�u�l�d� �i�n�c�r�e�a�s�e� �a�s� �w�e�l�l�.� �T�h�e� �m�a�x�i�m�u�m� 
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�1�0�0�0�.�0� �5� 

�1�0�0�.�0�3� 

�1�0�.�0�3� 

�1�.�0�3� �+� 

�0�.�1� �T�T�T� �T�T�T� �T�T�T� �T�T�T� �T�T�T� �T�T�T� �a� �a� �a� 
�0�.�1� �1�.�0� �1�0�.�0� �1�0�0�.�0� �1�0�0�0�.�0� 

�o�b�s�e�r�v�e�d� �w�i�d�t�h� �(�m�e�t�e�r�s�)� 

�A� �N�e�i�l� �(�1�9�7�3�)� �*� �E�m�m�e�t�t� �(�1�9�7�7�)� �+� �t�k�e�d�a� �(�1�9�8�1�)� 

� � � � �X� �A�n�d�r�e�w�s� �(�1�9�8�4�)� �O� �D�i�p�l�a�s� �(�1�9�9�0�)� 
� � 

�F�i�g�.� �5�.�4�7� �C�o�m�p�a�r�i�s�o�n� �o�f� �p�r�e�d�i�c�t�e�d� �a�n�d� �o�b�s�e�r�v�e�d� �v�a�l�u�e�s� 

�o�f� �t�o�p� �c�h�a�n�n�e�l� �w�i�d�t�h�,� �B� 
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�c�h�a�n�n�e�l� �s�t�r�e�s�s� �w�o�u�l�d� �g�o� �a�b�o�v�e� �1�-�1�1�7�,� �,� �w�h�i�c�h� �i�s� �s�u�p�p�o�s�e�d� 

�t�o� �b�e� �t�h�e� �h�i�g�h�e�s�t� �s�t�r�e�s�s� �t�h�a�t� �c�a�n� �b�e� �a�t�t�a�i�n�e�d� �i�n� �t�h�e� 

�c�h�a�n�n�e�l�.� �T�h�e� �c�h�a�n�n�e�l ��s� �f�l�a�t� �b�e�d� �h�a�s� �t�o� �w�i�d�e�n� �j�u�s�t� �e�n�o�u�g�h� �s�o� 

�t�h�a�t� �t�h�e� �i�n�c�r�e�a�s�e�d� �s�e�d�i�m�e�n�t� �l�o�a�d� �c�a�n� �b�e� �a�c�c�o�m�m�o�d�a�t�e�d�,� �a�n�d� 

�t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �o�f� �s�h�e�a�r� �s�t�r�e�s�s� �i�s� �n�o�t� �e�x�c�e�e�d�e�d�.� �I�t� �i�s� 

�t�h�e�r�e�f�o�r�e� �i�m�p�o�r�t�a�n�t� �t�o� �h�a�v�e� �s�o�m�e� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� 

�s�e�d�i�m�e�n�t� �d�i�s�c�h�a�r�g�e� �a�n�d� �t�h�e� �f�l�a�t� �b�e�d� �w�i�d�t�h� �o�f� �t�h�e� �c�h�a�n�n�e�l�.� 

�T�h�e� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d� �d�i�d� �n�o�t� �c�o�n�v�e�r�g�e� �f�o�r� �s�o�m�e� �o�f� �t�h�e� 

�t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l�s� �t�e�s�t�e�d�,� �m�e�a�n�i�n�g� �t�h�a�t� �f�o�r� �t�h�e�s�e� �c�a�s�e�s�,� �n�o� 

�v�a�l�u�e� �o�f� �c�r�i�t�i�c�a�l� �s�t�r�e�s�s� �d�e�p�t�h� �c�o�u�l�d� �b�e� �f�o�u�n�d� �w�h�i�c�h� �w�o�u�l�d� 

�a�l�l�o�w� �t�h�e� �s�c�h�e�m�e� �t�o� �m�a�r�c�h� �a�l�l� �t�h�e� �w�a�y� �t�o� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n�.� 

�L�o�o�k�i�n�g� �a�t� �t�h�e�s�e� �c�a�s�e�s�,� �i�t� �w�a�s� �f�o�u�n�d� �t�h�a�t� �t�h�e�y� �d�i�d� �n�o�t� 

�s�a�t�i�s�f�y� �a� �m�i�n�i�m�u�m� �r�a�t�i�o� �D�,�.�/�k� �=� �4�5�.� �I�t� �w�a�s� �t�h�o�u�g�h�t� �t�h�a�t� �t�h�e� 

�p�r�o�b�l�e�m� �a�r�o�s�e� �f�r�o�m� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �u�s�e�d� �f�o�r� �g�r�a�i�n� �r�o�u�g�h�n�e�s�s� 

�k�.� �I�n� �t�h�e� �s�c�h�e�m�e�,� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �k� �=� �2�D�9�9� �w�a�s� �u�s�e�d�.� �T�h�i�s� 

�r�e�l�a�t�i�o�n� �w�a�s� �v�e�r�i�f�i�e�d� �b�y� �D�i�p�l�a�s� �(�1�9�9�0�)�.� �A�n�o�t�h�e�r� �d�e�f�i�n�i�t�i�o�n� 

�f�o�r� �g�r�a�i�n� �r�o�u�g�h�n�e�s�s� �t�r�i�e�d� �w�a�s� �t�h�e� �o�n�e� �b�r�o�a�c�h�e�d� �b�y� �E�i�n�s�t�e�i�n� 

�(�1�9�5�0�)�;� �k� �=� �D�g�s�5�-� �T�h�i�s� �s�e�e�m�e�d� �t�o� �i�m�p�r�o�v�e� �t�h�e� �r�e�s�u�l�t�s�,� 

�a�l�t�h�o�u�g�h� �c�o�n�v�e�r�g�e�n�c�e� �s�t�i�l�l� �w�a�s� �n�o�t� �a�c�h�i�e�v�e�d� �i�n� �s�o�m�e� �c�a�s�e�s�.� 

�I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� �b�a�n�k� �p�r�o�f�i�l�e�s� �a�n�d� �s�t�r�e�s�s� 

�d�i�s�t�r�i�b�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �t�h�e�s�e� �t�w�o� �d�e�f�i�n�i�t�i�o�n�s� �a�r�e� 

�s�i�m�i�l�a�r�,� �b�u�t� �u�s�i�n�g� �t�h�e� �s�e�c�o�n�d� �d�e�f�i�n�i�t�i�o�n� �r�e�s�u�l�t�s� �i�n� �a� 

�s�l�i�g�h�t�l�y� �w�i�d�e�r� �b�a�n�k� �(�F�i�g�u�r�e� �5�.�4�8�)�.� 
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�C�H�A�P�T�E�R� �6� 

�C�O�N�C�L�U�S�I�O�N�S� �A�N�D� �R�E�C�O�M�M�E�N�D�A�T�I�O�N�S� 

�A� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e� �w�h�i�c�h� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �a�n� 

�o�p�t�i�m�a�l� �s�t�a�b�l�e� �c�h�a�n�n�e�l� �h�a�s� �b�e�e�n� �p�r�e�s�e�n�t�e�d�.� �T�h�e� �s�c�h�e�m�e� 

�y�i�e�l�d�s� �a� �c�h�a�n�n�e�l� �c�r�o�s�s�-�s�e�c�t�i�o�n� �w�h�o�s�e� �b�a�n�k�s� �a�r�e� �d�e�s�c�r�i�b�e�d� �b�y� 

�a� �f�i�f�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� �c�u�r�v�e�.� �P�l�o�t�t�i�n�g� �t�h�i�s� �c�u�r�v�e� 

�a�g�a�i�n�s�t� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�,� �a�n�d� �c�o�m�p�a�r�i�n�g� �i�t� �w�i�t�h� �o�t�h�e�r� 

�c�u�r�v�e�s� �a�s�s�u�m�e�d� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �a�n� �o�p�t�i�m�a�l� �s�t�a�b�l�e� �b�a�n�k� 

�p�r�o�f�i�l�e�,� �i�t� �w�a�s� �f�o�u�n�d� �t�h�a�t� �t�h�e� �f�i�f�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l� 

�c�u�r�v�e� �c�o�m�e�s� �c�l�o�s�e�s�t� �t�o� �d�e�f�i�n�i�n�g� �a�n� �o�p�t�i�m�a�l� �s�t�a�b�l�e� �b�a�n�k�.� 

�I�t� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �t�h�a�t� �f�o�r� �n�a�r�r�o�w� �c�h�a�n�n�e�l�s�,� �i�n�c�r�e�a�s�i�n�g� 

�t�h�e� �b�e�d� �w�i�d�t�h� �r�e�q�u�i�r�e�s� �t�h�a�t� �t�h�e� �b�a�n�k� �p�r�o�f�i�l�e� �c�h�a�n�g�e� �a�n�d� �t�h�e� 

�b�a�n�k� �w�i�d�t�h� �d�e�c�r�e�a�s�e�.� �H�o�w�e�v�e�r�,� �b�e�y�o�n�d� �a� �d�i�m�e�n�s�i�o�n�l�e�s�s� �b�e�d� 

�w�i�d�t�h� �o�f� �3�.�0�,� �t�h�e� �b�a�n�k� �w�i�d�t�h� �a�n�d� �p�r�o�f�i�l�e� �a�r�e� �c�o�n�s�t�a�n�t�.� �T�h�u�s� 

�t�h�e� �t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l� �p�r�o�f�i�l�e� �i�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �b�a�n�k� 

�p�r�o�f�i�l�e� �o�f� �a� �f�l�a�t�-�b�e�d� �c�h�a�n�n�e�l�,� �b�u�t� �b�o�t�h� �c�a�n� �b�e� �a�d�e�q�u�a�t�e�l�y� 

�d�e�s�c�r�i�b�e�d� �b�y� �a� �f�i�f�t�h� �d�e�g�r�e�e� �p�o�l�y�n�o�m�i�a�l�.� 

�T�h�e� �n�u�m�e�r�i�c�a�l� �s�c�h�e�m�e� �u�s�e�s� �m�o�d�i�f�i�e�d� �v�e�r�s�i�o�n�s� �o�f� �t�h�e� 

�r�e�g�i�m�e� �r�e�l�a�t�i�o�n�s� �p�r�o�p�o�s�e�d� �b�y� �P�a�r�k�e�r� �(�1�9�7�8�,� �1�9�7�9�)� �a�n�d� �D�i�p�l�a�s� 

�(�1�9�9�0�)�,� �t�o� �c�o�m�e� �u�p� �w�i�t�h� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �c�e�n�t�r�a�l� 

�c�h�a�n�n�e�l� �d�e�p�t�h� �D�o�,� �a�n�d� �a�n� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �t�o�t�a�l� 

�c�h�a�n�n�e�l� �w�i�d�t�h� �B�.� �T�h�e� �m�o�d�e�l� �f�u�r�t�h�e�r� �i�m�p�r�o�v�e�s� �t�h�i�s� �e�s�t�i�m�a�t�e� 

�o�f� �B� �u�n�t�i�l� �i�t� �s�a�t�i�s�f�i�e�s� �t�h�e� �c�o�n�d�i�t�i�o�n�s� �g�i�v�e�n� �a�t� �t�h�e� �s�t�a�r�t�.� 

�T�h�e� �p�r�e�d�i�c�t�e�d� �v�a�l�u�e�s� �o�f� �D�e� �a�n�d� �B� �w�e�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e�i�r� 
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�c�o�r�r�e�s�p�o�n�d�i�n�g� �a�c�t�u�a�l� �v�a�l�u�e�s�,� �w�h�i�c�h� �w�e�r�e� �e�i�t�h�e�r� �m�e�a�s�u�r�e�d� 

�f�r�o�m� �e�x�p�e�r�i�m�e�n�t�s� �o�r� �o�b�s�e�r�v�e�d� �i�n� �t�h�e� �f�i�e�l�d�.� �T�h�e� �a�g�r�e�e�m�e�n�t� 

�b�e�t�w�e�e�n� �t�h�e� �p�r�e�d�i�c�t�e�d� �a�n�d� �a�c�t�u�a�l� �v�a�l�u�e�s� �i�s� �q�u�i�t�e� �g�o�o�d�.� 

�T�h�e�r�e� �s�e�e�m�s� �t�o� �b�e� �s�o�m�e� �n�o�n�-�u�n�i�f�o�r�m� �b�e�h�a�v�i�o�r� �o�c�c�u�r�i�n�g� 

�i�n� �t�h�e� �v�i�c�i�n�i�t�y� �o�f� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t�,� �w�h�i�c�h� �c�a�u�s�e�s� �t�h�e� 

�s�c�h�e�m�e� �t�o� �y�i�e�l�d� �a�n� �i�m�p�e�r�f�e�c�t� �s�o�l�u�t�i�o�n� �i�n� �t�h�a�t� �a�r�e�a�,� �f�o�r� 

�c�h�a�n�n�e�l�s� �o�t�h�e�r� �t�h�a�n� �t�h�e� �t�h�r�e�s�h�o�l�d �� �c�h�a�n�n�e�l�.� �I�t� �i�s� 

�r�e�c�o�m�m�e�n�d�e�d� �t�h�a�t� �s�o�m�e� �o�t�h�e�r� �m�e�t�h�o�d� �b�e� �i�n�v�e�s�t�i�g�a�t�e�d� �a�s� �a�n� 

�a�l�t�e�r�n�a�t�i�v�e� �t�o� �t�h�e� �R�u�n�g�e�-�K�u�t�t�a�-�M�e�r�s�o�n� �s�c�h�e�m�e� �u�s�e�d� �h�e�r�e�.� 

�A�n� �a�p�p�r�o�p�r�i�a�t�e� �r�e�g�i�m�e� �r�e�l�a�t�i�o�n� �i�n�v�o�l�v�i�n�g� �s�e�d�i�m�e�n�t� 

�d�i�s�c�h�a�r�g�e� �m�u�s�t� �b�e� �d�e�v�e�l�o�p�e�d� �a�n�d� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n� �t�h�e� �m�o�d�e�l�.� 

�T�h�i�s� �w�o�u�l�d� �a�l�l�o�w� �t�h�e� �m�o�d�e�l� �t�o� �g�i�v�e� �a� �b�r�o�a�d�e�r�,� �m�o�r�e� 

�r�e�a�l�i�s�t�i�c� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �p�h�e�n�o�m�e�n�o�n� �o�f� �m�o�b�i�l�e� �b�e�d�s� 

�c�o�e�x�i�s�t�i�n�g� �w�i�t�h� �s�t�a�b�l�e� �b�a�n�k�s�.� 

�A�n�o�t�h�e�r� �t�o�p�i�c� �w�h�i�c�h� �d�e�s�e�r�v�e�s� �f�u�r�t�h�e�r� �i�n�v�e�s�t�i�g�a�t�i�o�n� �i�s� 

�t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �e�q�u�i�v�a�l�e�n�t� �s�a�n�d� �g�r�a�i�n� �r�o�u�g�h�n�e�s�s�.� �F�o�r� 

�S�i�m�p�l�i�c�i�t�y�,� �t�h�e� �m�o�d�e�l� �u�s�e�s� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �g�r�a�i�n� 

�r�o�u�g�h�n�e�s�s� �w�h�i�c�h� �i�s� �c�o�n�s�t�a�n�t� �f�o�r� �a� �g�i�v�e�n� �c�a�s�e�.� �H�o�w�e�v�e�r�,� 

�s�t�u�d�i�e�s� �h�a�v�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� �g�r�a�i�n� �r�o�u�g�h�n�e�s�s� �c�o�u�l�d� �v�a�r�y� �w�i�t�h� 

�d�e�p�t�h�,� �a�n�d� �t�h�u�s� �w�o�u�l�d� �n�o�t� �b�e� �c�o�n�s�t�a�n�t� �f�o�r� �a� �g�i�v�e�n� �c�h�a�n�n�e�l�.� 

�T�h�i�s� �p�o�i�n�t� �m�u�s�t� �b�e� �g�i�v�e�n� �a�t�t�e�n�t�i�o�n�,� �i�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� 

�w�h�e�t�h�e�r� �o�r� �n�o�t� �a� �m�o�r�e� �c�o�n�s�i�s�t�e�n�t� �e�x�p�r�e�s�s�i�o�n� �c�a�n� �b�e� �d�e�r�i�v�e�d� 

�a�n�d� �u�s�e�d� �i�n� �t�h�e� �m�o�d�e�l�.� 
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�R�E�F�E�R�E�N�C�E�S� 

�A�n�d�r�e�w�s�,� �E�.� �D�.� �(�1�9�8�4�)�.� �"�B�e�d� �m�a�t�e�r�i�a�l� �e�n�t�r�a�i�n�m�e�n�t� �a�n�d� 

�h�y�d�r�a�u�l�i�c� �g�e�o�m�e�t�r�y� �o�f� �g�r�a�v�e�l�-�b�e�d� �r�i�v�e�r�s� �i�n� �C�o�l�o�r�a�d�o�.�"� 

�G�e�o�l�.� �S�o�c�.� �A�m�.� �B�u�l�l�.�,� �9�5�,� �3�7�1�-�3�7�8�.� 

�B�e�n�d�e�r�,� �C�.� �M�.� �a�n�d� �O�r�s�z�a�g�,� �S�.� �A�.� �(�1�9�7�8�)�.� �A�d�v�a�n�c�e�d� 

�M�a�t�h�e�m�a�t�i�c�a�l� �M�e�t�h�o�d�s� �f�o�r� �S�c�i�e�n�t�i�s�t�s� �a�n�d� �E�n�g�i�n�e�e�r�s�.� 

�M�c�G�r�a�w�-�H�i�l�l� �B�o�o�k� �C�o�m�p�a�n�y�,� �N�e�w� �Y�o�r�k�.� 

�C�h�r�i�s�t�e�n�s�e�n�,� �B�.� �A�.� �(�1�9�7�2�)�.� �I�n�c�i�p�i�e�n�t� �M�o�t�i�o�n� �o�f� �C�o�h�e�s�i�o�n�l�e�s�s� 

�C�h�a�n�n�e�l� �B�a�n�k�s�.� �H�.� �W�.� �C�h�e�n�,� �e�d�.�,� �F�o�r�t� �C�o�l�l�i�n�s�,� �1�9�7�2�.� 

�d�e� �V�a�h�l� �D�a�v�i�s�,� �G�.� �(�1�9�8�6�)�.� �N�u�m�e�r�i�c�a�l� �M�e�t�h�o�d�s� �i�n� �E�n�g�i�n�e�e�r�i�n�g� 

�a�n�d� �S�c�i�e�n�c�e�.� �A�l�l�e�n� �&� �U�n�w�i�n�,� �L�o�n�d�o�n�,� �E�n�g�l�a�n�d�.� 

�D�i�p�l�a�s�,� �P�.� �(�1�9�9�0�)�.� �"�C�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �s�e�l�f�-�f�o�r�m�e�d� �s�t�r�a�i�g�h�t� 

�c�h�a�n�n�e�l�s�.�"� �J�.� �H�y�d�r�.� �E�n�g�r�g�.�,� �1�1�6�(�5�)�,� �7�0�7�-�7�2�8�.� 

�E�i�n�s�t�e�i�n�,� �H�.� �A�.� �(�1�9�5�0�)�,� �"�T�h�e� �b�e�d� �l�o�a�d� �f�u�n�c�t�i�o�n� �f�o�r� �s�e�d�i�m�e�n�t� 

�t�r�a�n�s�p�o�r�t�a�t�i�o�n� �i�n� �o�p�e�n� �c�h�a�n�n�e�l�s�.�"� �U�S�D�A� �T�e�c�h�.� �B�u�l�l�.�,� 

�1�0�2�6�,� �7�0�.� 

�E�m�m�e�t�t�,� �W�.� �W�.� �(�1�9�7�7�)�.� �"�B�e�d�l�o�a�d� �t�r�a�n�s�p�o�r�t� �i�n� �t�w�o� �l�a�r�g�e�,� 

�g�r�a�v�e�l�-�b�e�d� �r�i�v�e�r�s�,� �I�d�a�h�o� �a�n�d� �W�a�s�h�i�n�g�t�o�n�.�"� �P�r�o�c�.� �3�r�d� 

�F�e�d�e�r�a�l� �I�n�t�e�r�-�A�g�e�n�c�y� �C�o�n�f�.�,� �D�e�n�v�e�r�,� �C�o�l�o�r�a�d�o�.� 

�G�e�s�s�n�e�r�,� �F�.� �B�.�,� �a�n�d� �J�o�n�e�s�,� �J�.� �B�.� �(�1�9�6�5�)�.�  ��O�n� �s�o�m�e� �a�s�p�e�c�t�s� 

�o�f� �f�u�l�l�y� �d�e�v�e�l�o�p�e�d� �t�u�r�b�u�l�e�n�t� �f�l�o�w� �i�n� �r�e�c�t�a�n�g�u�l�a�r� 

�c�h�a�n�n�e�l�s�.�"� �J�.� �F�l�u�i�d�.� �M�e�c�h�.�,� �2�3�(�4�)�,� �6�8�9�-�7�1�3�.� 

�G�l�o�v�e�r�,� �R�.� �E�.�,� �a�n�d� �F�l�o�r�e�y�,� �Q�.� �L�.� �(�1�9�5�1�)�.� �S�t�a�b�l�e� �c�h�a�n�n�e�l� 

�p�r�o�f�i�l�e�s�.� �U�.�S�.� �B�u�r�e�a�u� �o�f� �R�e�c�l�a�m�a�t�i�o�n�,� �W�a�s�h�i�n�g�t�o�n�,� �D�.�C�.� 

�1�2�8



�H�e�n�d�e�r�s�o�n�,� �F�.� �M�.� �(�1�9�6�6�)�.� �O�p�e�n� �C�h�a�n�n�e�l� �F�l�o�w�.� �M�a�c�M�i�l�l�a�n� 

�P�u�b�l�i�s�h�i�n�g� �C�o�.�,� �I�n�c�.�,� �N�e�w� �Y�o�r�k�.� 

�I�k�e�d�a�,� �S�.� �(�1�9�8�1�)�.� �"�S�e�l� �f�-�f�o�r�m�e�d� �s�t�r�a�i�g�h�t� �c�h�a�n�n�e�l�s� �i�n� �s�a�n�d�y� 

�b�e�d�s�.�"� �J�.� �H�y�d�r�.� �D�i�v�.�,� �A�S�C�E�,� �1�0�7�(�4�)�,� �3�8�9�-�4�0�6�.� 

�I�k�e�d�a�,� �S�.� �(�1�9�8�2�)�.� �"�I�n�c�i�p�i�e�n�t� �m�o�t�i�o�n� �o�f� �s�a�n�d� �p�a�r�t�i�c�l�e�s� �o�n� 

�s�i�d�e� �s�l�o�p�e�s�.�"� �J�.� �H�y�d�r�.� �D�i�v�.�,� �A�S�C�E�,� �1�0�8�(�1�)�,� �9�5�-�1�1�3�.� 

�I�k�e�d�a�,� �S�.�,� �P�a�r�k�e�r�,� �G�.�,� �a�n�d� �K�i�m�u�r�a�,� �Y�.� �(�1�9�8�8�)�.� �"�S�t�a�b�l�e� �w�i�d�t�h� 

�a�n�d� �d�e�p�t�h� �o�f� �s�t�r�a�i�g�h�t� �g�r�a�v�e�l� �r�i�v�e�r�s� �w�i�t�h� �h�e�t�e�r�o�g�e�n�e�o�u�s� 

�b�e�d� �m�a�t�e�r�i�a�l�s�.�"� �W�a�t�e�r� �R�e�s�o�u�r�.� �R�e�s�.�,� �2�4�(�5�)�,� �7�1�3�-�7�2�2�.� 

�K�e�l�l�e�r�h�a�l�s�,� �R�.� �(�1�9�6�7�)�.� �"�S�t�a�b�l�e� �c�h�a�n�n�e�l�s� �w�i�t�h� �g�r�a�v�e�l�-�p�a�v�e�d� 

�b�e�d�s�.�"� �J�.� �W�a�t�e�r�w�a�y�s� �H�a�r�b�o�r�s� �D�i�v�.�,� �A�S�C�E�,� �9�3�(�1�)�,� �6�3�-�8�4�.� 

�K�e�u�l�e�g�a�n�,� �G�.� �H�.� �(�1�9�3�8�)�.� �"�L�a�w�s� �o�f� �t�u�r�b�u�l�e�n�t� �f�l�o�w� �i�n� �o�p�e�n� 

�c�h�a�n�n�e�l�s�.�"� �R�e�s�.� �P�a�p�e�r� �1�1�5�1�,� �N�a�t�i�o�n�a�l� �B�u�r�e�a�u� �o�f� 

�S�t�a�n�d�a�r�d�s�,� �W�a�s�h�i�n�g�t�o�n�,� �D�.�C�.�,� �2�1�,� �7�0�7�-�7�4�1�.� 

�L�a�n�e�,� �E�.� �W�.� �(�1�9�5�3�)�.�  ��D�e�s�i�g�n� �o�f� �s�t�a�b�l�e� �c�h�a�n�n�e�l�s�.�"� �P�a�p�e�r� �N�o�.� 

�2�7�7�6�,� �A�S�C�E�,� �1�2�3�4�-�1�2�7�9�.� 

�L�e�i�g�h�l�y�,� �J�.� �B�.� �(�1�9�3�2�)�.�  ��T�o�w�a�r�d� �a� �t�h�e�o�r�y� �o�f� �t�h�e� 

�m�o�r�p�h�o�l�o�g�i�c�a�l� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�u�r�b�u�l�e�n�c�e� �i�n� �t�h�e� �f�l�o�w� 

�o�f� �w�a�t�e�r� �i�n� �s�t�r�e�a�m�s�.�"� �U�n�i�v�.� �o�f� �C�a�l�i�f�.� �P�u�b�l�i�c�a�t�i�o�n�s� �i�n� 

�G�e�o�g�r�a�p�h�y�,� �6�,� �1�-�2�2�.� 

�L�e�u�t�h�e�u�s�s�e�r�,� �H�.� �J�.� �(�1�9�6�3�)�.� �"�T�u�r�b�u�l�e�n�t� �f�l�o�w� �i�n� �r�e�c�t�a�n�g�u�l�a�r� 

�d�u�c�t�s�.�"� �J�.� �H�y�d�r�.� �D�i�v�.�,� �A�S�C�E�,� �8�9�(�3�)�,� �1�-�1�9�.� 

�L�u�n�d�g�r�e�n�,� �H�.�,� �a�n�d� �J�o�n�s�s�o�n�,� �G�.� �I�.� �(�1�9�6�4�)�.�  ��S�h�e�a�r� �a�n�d� 

�v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n� �s�h�a�l�l�o�w� �c�h�a�n�n�e�l�s�.�"� �J�.� 

�H�y�d�r�.� �D�i�v�.�,� �A�S�C�E�,� �9�0�(�1�)�,� �1�-�2�1�.� 

�1�2�9



�M�i�r�o�n�e�n�k�o�,� �A�.� �P�.�,� �W�i�l�l�a�r�d�s�o�n�,� �L�.� �S�.�,� �a�n�d� �J�e�n�a�b�,� �S�.� �A�.� 

�(�1�9�8�4�)�.� �"�P�a�r�a�b�o�l�i�c� �c�a�n�a�l� �d�e�s�i�g�n� �a�n�d� �a�n�a�l�y�s�i�s�.�"� �J�.� 

�I�r�r�i�g�.� �a�n�d� �D�r�a�i�n�a�g�e� �E�n�g�r�g�.�,� �A�S�C�E�,� �1�1�0�(�2�)�,� �2�4�1�-�2�4�6�.� 

�N�e�i�l�l�,� �C�.� �R�.� �(�1�9�7�3�)�.� �"�H�y�d�r�a�u�l�i�c� �a�n�d� �m�o�r�p�h�o�l�o�g�i�c�a�l� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �A�t�h�a�b�a�s�c�a� �R�i�v�e�r� �n�e�a�r� �F�o�r�t� 

�A�s�s�i�n�i�b�o�i�n�e�.�"� �R�e�s� �C�o�u�n�c�.� �A�l�b�e�r�t�a� �H�i�g�h�w�a�y� �R�i�v�e�r� 

�E�n�g�r�g�.� �D�i�v�.� �R�e�p�.� �n�o�.� �R�E�H�/�7�3�/�3�.� 

�P�a�r�k�e�r�,� �G�.� �(�1�9�7�8�)�.� �"�S�e�l�f�-�f�o�r�m�e�d� �s�t�r�a�i�g�h�t� �c�h�a�n�n�e�l�s� �w�i�t�h� 

�e�q�u�i�l�i�b�r�i�u�m� �b�a�n�k�s� �a�n�d� �m�o�b�i�l�e� �b�e�d�.� �P�a�r�t� �2�.� �T�h�e� �g�r�a�v�e�l� 

�r�i�v�e�r�.�"� �J�.� �F�l�u�i�d� �M�e�c�h�.�,� �8�9�(�1�)�,� �1�2�7�-�1�4�6�.� 

�P�a�r�k�e�r�,� �G�.� �(�1�9�7�9�)�.� �H�y�d�r�a�u�l�i�c� �g�e�o�m�e�t�r�y� �o�f� �a�c�t�i�v�e� �g�r�a�v�e�l� 

�r�i�v�e�r�s�.�"� �J�.� �H�y�d�r�.� �D�i�v�.�,� �A�S�C�E�,� �1�0�5�(�9�)�,� �1�1�8�5�-�1�2�0�1�.� 

�P�i�z�z�u�t�o�,� �J�.� �E�.� �(�1�9�9�0�)�.� �"�N�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �o�f� �g�r�a�v�e�l� �b�e�d� 

�w�i�d�e�n�i�n�g�.�"� �W�a�t�e�r� �R�e�s�o�u�r�.� �R�e�s�.�,� �2�6�(�9�)� �,�1�9�7�1�-�1�9�8�0�.� 

�P�r�e�s�s�,� �W�.� �H�.�,� �F�l�a�n�n�e�r�y�,� �B�.� �P�.�,� �T�e�u�k�o�l�s�k�y�,� �S�.� �A�.�,� �a�n�d� 

�V�e�t�t�e�r�l�i�n�g�,� �W�.� �T�.� �(�1�9�8�8�)�.� �N�u�m�e�r�i�c�a�l� �R�e�c�i�p�e�s�.� �C�a�m�b�r�i�d�g�e� 

�U�n�i�v�.� �P�r�e�s�s�,� �C�a�m�b�r�i�d�g�e�.� 

�S�t�e�b�b�i�n�g�s�,� �J�.� �(�1�9�6�3�)�.� �"�T�h�e� �s�h�a�p�e� �o�f� �s�e�l�f�-�f�o�r�m�e�d� �m�o�d�e�l� 

�a�l�l�u�v�i�a�l� �c�h�a�n�n�e�l�s�.�"� �P�r�o�c�.�,� �I�n�s�t�.� �C�i�v�.� �E�n�g�i�n�e�e�r�s�,� 

�L�o�n�d�o�n�,� �E�n�g�l�a�n�d�,� �2�5�,� �4�8�5�-�5�1�0�.� 

�W�o�l�m�a�n�,� �M�.� �G�.�,� �a�n�d� �B�r�u�s�h�,� �L�.� �M�.� �(�1�9�6�1�)�.�  ��F�a�c�t�o�r�s� 

�c�o�n�t�r�o�l�l�i�n�g� �t�h�e� �s�i�z�e� �a�n�d� �s�h�a�p�e� �o�f� �s�t�r�e�a�m� �c�h�a�n�n�e�l�s� 

�i�n� �c�o�u�r�s�e� �n�o�n�-�c�o�h�e�s�i�v�e� �s�a�n�d�s�.�"� �P�a�p�e�r� �2�8�2�-�G�,� �U�.�S�.� 

�G�e�o�l�o�g�i�c�a�l� �S�u�r�v�e�y�,� �W�a�s�h�i�n�g�t�o�n�,� �D�.�C�.�.� 
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�A�P�P�E�N�D�I�X� �A� 

�C�O�M�P�U�T�E�R� �C�O�D�E� �A�N�D� �S�A�M�P�L�E� �R�U�N�;� �T�H�R�E�S�H�O�L�D� �C�H�A�N�N�E�L� �C�A�S�E� 

�C�O�M�P�U�T�E�R� �C�O�D�E� �(�T�C�.�F�O�R�)� 

�a
�a

�n
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�Q
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�A
�N

� 

�T�h�i�s� �p�r�o�g�r�a�m� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �c�h�a�n�n�e�l� �s�h�a�p�e�,� �c�r�o�s�s�-� 
�s�e�c�t�i�o�n�a�l� �a�r�e�a�,� �s�t�r�e�s�s� �d�e�p�t�h� �d�i�s�t�r�i�b�u�t�i�o�n�,� �a�n�d� �w�a�t�e�r� 
�d�i�s�c�h�a�r�g�e� �f�o�r� �t�h�e� �t�h�r�e�s�h�o�l�d� �c�h�a�n�n�e�l� �c�a�s�e� 

�E�X�T�E�R�N�A�L� �F�1�,�F�2�,�F�3�,�F�4�,�F�5�,�F�6� 
�D�O�U�B�L�E� �P�R�E�C�I�S�I�O�N� �Y�S�T�(�6�0�0�)� �,�D�S�T�(�6�0�0�)� �,�D�1�S�T�(�6�0�0�)� �,�D�2�S�T�(�6�0�0�)� 
�D�O�U�B�L�E� �P�R�E�C�I�S�I�O�N� �D�3�S�T�(�6�0�0�)� �T�A�U�S�T�(�6�0�0�)� �,� �D�E�L�S�T� �(�6�0�0�)� 
�D�O�U�B�L�E� �P�R�E�C�I�S�I�O�N� �D�E�L�1�S�T�(�6�0�0�)� �,� �D�E�L�2�S�T�(�6�0�0�)� 
�D�O�U�B�L�E� �P�R�E�C�I�S�I�O�N� �U�,�B�,�D�Y�,�D�Y�o�,�D�9�0�,�D�c�,�D�E�L�c�r�,�D�2�S�,�D�2�S�P� 
�D�O�U�B�L�E� �P�R�E�C�I�S�I�O�N� �Y�,�D�,�D�1�,�D�2�,�D�3�,�D�3�B�,�D�3�B�P�,� �T�A�U�,� �D�E�L�,� �D�E�L�1� 
�D�O�U�B�L�E� �P�R�E�C�I�S�I�O�N� �Q�1�,�0�2�,�9�3�,�0�4�,�0�5�,�P�1�,�P�2�,�P�3�,�P�4�,�P�5� 
�D�O�U�B�L�E� �P�R�E�C�I�S�I�O�N� �R�1�,�R�2�,�R�3�,�R�4�,�R�5� �E�O�,�E�1�,�E�2�,�D�E�L�2�,�8�,�D�5�0� 
�D�O�U�B�L�E� �P�R�E�C�I�S�I�O�N� �D�E�L�c�r�L�,� �D�E�L�c�r�R�,�A�K�,�T�A�U�c�r�,�Y�o�,�Q�,�A� 

�D�e�f�i�n�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �s�t�a�t�i�c� �f�r�i�c�t�i�o�n� �(�U�)�,� �l�i�f�t�-�t�o�-� 
�d�r�a�g� �r�a�t�i�o�(�B�)�,� �s�t�e�p�-�s�i�z�e� �(�D�Y�o�)�,�g�r�a�i�n� �s�i�z�e�s� �s�u�c�h� �t�h�a�t� 
�9�0�%� �a�n�d� �5�0�%� �o�f� �t�h�e� �s�e�d�i�m�e�n�t� �i�s� �f�i�n�e�r�(�D�9�0� �a�n�d� �D�5�0�)�,� 
�c�h�a�n�n�e�l� �s�l�o�p�e� �(�S�)�,� �c�r�i�t�i�c�a�l� �S�h�i�e�l�d�s �� �s�t�r�e�s�s� �(�T�A�U�c�r�)� 

�W�R�I�T�E�(�*�, ��(�A�) ��) �� �s�u�b�m�e�r�g�e�d� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �f�r�i�c�t�i�o�n�,� 
�$�U� �=�?�!� 
�R�E�A�D� �(�*�,�*�)�U� 
�W�R�I�T�E�(�*�, ��(�A�) ��) �� �l�i�f�t�-�t�o�-�d�r�a�g� �r�a�t�i�o�,� �B� �=� �? �� 
�R�E�A�D� �(�*�,�*�)�B� 
�W�R�I�T�E�(�*�, ��(�A�) ��) �� �s�t�e�p� �s�i�z�e�,� �D�Y�o� �=� �? �� 
�R�E�A�D� �(�*�,�*�)� �D�Y�o� 
�W�R�I�T�E�(�*�, ��(�A�) ��) �� �g�r�a�i�n� �s�i�z�e�:� �9�0�%� �f�i�n�e�r�;� �m�i�l�l�i�m�e�t�e�r�s�,� 

�$� �D�I�O� �=� �?�/� 
�R�E�A�D� �(�*�,�*�)�D�9�0� 
�W�R�I�T�E�(�*�, ��(�A�) ��) �� �g�r�a�i�n� �s�i�z�e�:� �5�0�%� �f�i�n�e�r�;� �m�i�l�l�i�m�e�t�e�r�s�,� 

�$� �D�5�0� �=� �?�°� 
�R�E�A�D� �(�*�,� �*�)� �D�5�0� 
�W�R�I�T�E�(�*�, ��(�A�) ��) �� �c�h�a�n�n�e�l� �s�l�o�p�e�,� �S� �=� �?�?� 
�R�E�A�D� �(�*�,�*�)�S� 
�W�R�I�T�E� �(�*�, ��(�A�) ��) �� �a�s�s�u�m�e�d� �c�r�i�t�i�c�a�l� �s�t�r�e�s�s�,� �T�A�U�c�r� �=� �? �� 
�R�E�A�D� �(�*�,�*�)� �T�A�U�c�r� 

�A�s�s�u�m�e� �a� �v�a�l�u�e� �f�o�r� �m�a�x�i�m�u�m� �c�h�a�n�n�e�l� �d�e�p�t�h� �(�D�c�)� 
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�1�0� 
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�W�R�I�T�E�(�*�, ��(�A�) ��) �� �m�a�x�i�m�u�m� �c�h�a�n�n�e�l� �d�e�p�t�h�;� �m�e�t�e�r�s�,� �D�c� �=� �? �� 
�R�E�A�D� �(�*�,�*�)� �D�e� 
�O�P�E�N� �(�1�0�,� �F�I�L�E�= ��T�C�.�O�U�T ��,�s�t�a�t�u�s�= ��u�n�k�n�o�w�n �� �)� 
�P�R�I�N�T� �*�,�  �� �?� 
�P�R�I�N�T� �*�,�  �� �¢�%� 

�A�s�s�u�m�e� �a�n� �i�n�i�t�i�a�l� �v�a�l�u�e� �o�f� �0�.�8�5� �f�o�r� �t�h�e� �d�i�m�e�n�s�i�o�n�l�e�s�s� 
�c�r�i�t�i�c�a�l� �b�e�d� �s�t�r�e�s�s� �d�e�p�t�h� �(�D�E�L�c�r�)�.� �I�t�s� �c�o�r�r�e�c�t� �v�a�l�u�e� 
�w�i�l�l� �b�e� �d�e�t�e�r�m�i�n�e�d� �l�a�t�e�r� �u�s�i�n�g� �i�n�t�e�r�v�a�l�-�h�a�l�v�i�n�g�.� �F�o�r� 
�t�h�i�s� �p�u�r�p�o�s�e�,� �l�e�f�t� �a�n�d� �r�i�g�h�t� �l�i�m�i�t�s� �(�D�E�L�c�r�L� �a�n�d� 
�D�E�L�c�r�R�)� �o�f� �0�.�7� �a�n�d� �1�.�0� �a�r�e� �u�s�e�d�.� 

�D�E�L�c�r�=�0�.�8�5� 
�D�E�L�c�r�L�=�0�.�7� 
�D�E�L�c�r�R�=�1�.� 

�A�s�s�u�m�e� �a�n� �i�n�i�t�i�a�l� �v�a�l�u�e� �o�f� �-�0�.�1� �f�o�r� �d�i�m�e�n�s�i�o�n�l�e�s�s� 
�s�e�c�o�n�d� �d�e�r�i�v�a�t�i�v�e� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �(�D�2�S�)� 

�D�2�S�=�-�0�.�1� 
�I�F�(�D�c�/� �(�D�9�0�/�1�0�0�0�.�)� �.�L�T�.� �4�5�.�)� �D�c�=�4�5�.�*�(�D�9�0�/�1�0�0�0�.� �)� 
�P�R�I�N�T� �3�7�0�,� �D�E�L�c�r�,� �D� 
�N�=�0� 
�K�=�1� 
�Y�o�=�0�.�0� 
�Y�=�Y�o� 
�D�=�1�.� 
�D�1�=�0�.�0�0�0�0�1� 
�D�2�=�D�2�S� 
�D�3�=�0�.� 
�Y�S�T� �(�K�)� �=�Y� 
�D�S�T� �(�K�)� �=�D� 
�D�1�S�T�(�K�)�=�D�1� 
�D�2�S�T� �(�K�)� �=�D�2� 
�D�3�S�T� �(�K�)� �=�D�3� 

�C�o�m�p�u�t�e� �t�h�e� �v�a�l�u�e� �o�f� �d�i�m�e�n�s�i�o�n�l�e�s�s� �t�h�i�r�d� �d�e�r�i�v�a�t�i�v�e� 
�a�t� �j�u�n�c�t�i�o�n� �u�s�i�n�g� �f�u�n�c�t�i�o�n� �F�3�.� �I�f� �i�t� �i�s� �c�l�o�s�e� �t�o� �z�e�r�o�,� 
�t�h�e� �a�s�s�u�m�e�d� �v�a�l�u�e� �f�o�r� �s�e�c�o�n�d� �d�e�r�i�v�a�t�i�v�e� �i�s� �c�o�r�r�e�c�t�.� �I�f� 
�n�o�t�,� �a�n�o�t�h�e�r� �v�a�l�u�e� �i�s� �a�s�s�u�m�e�d� �u�s�i�n�g� �t�h�e� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� 
�m�e�t�h�o�d� 

�D�3�B�=�F�3� �(�U�,�B�,�D�9�0�,�D�c�,� �D�E�L�c�r�,�D�,�D�1�,�D�2�)� 
�I�F� �(�N� �.�E�Q�.� �2�)� �G�O� �T�O� �3�0� 
�I�F� �(�D�A�B�S�(�D�3�B�)� �.�L�E�.� �1�D�-�1�0�)� �G�O� �T�O� �4�0� 
�N�=�2� 
�D�3�B�P�=�D�3�B� 
�D�2�S�P�=�D�2�S� 
�D�2�S�=�1�.�0�0�1�*�D�2�S�P� 
�G�O� �T�O� �2�0� 
�N�=�0� 
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�5�0� 

�D�2�S�=�D�2�S�P�-�D�3�B�P�/� �(� �(�D�3�B�-�D�3�B�P�)� �/�(�0�.�0�0�1�*�D�2�S�P�)� �)� 
�G�O� �T�O� �2�0� 
�T�A�U�S�T� �(�1�)�=�F�4�(�U�,�B�,�D�1�)� 
�D�E�L�S�T� �(�1�)� �=�T�A�U�S�T� �(�1�)� �*�D�E�L�c�r� 
�D�E�L�1�S�T� �(�1�)� �=�F�5�(�U�,�B�,�D�1�,�D�2�,�D�E�L�c�r�)� 
�D�E�L�2�S�T� �(�1�)� �=�F�6�(�U�,�B�,�D�1�,�D�2�,�D�3�,�D�E�L�c�r�)� 
�D�Y�=�D�Y�o� 
�K�=�2� 

�O�n�c�e� �t�h�e� �c�o�r�r�e�c�t� �v�a�l�u�e� �o�f� �t�h�e� �s�e�c�o�n�d� �d�e�r�i�v�a�t�i�v�e� �a�t� 
�t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� �k�n�o�w�n�,� �t�h�e� �v�a�l�u�e�s� �o�f� �d�e�p�t�h� �(�D�)�,� 
�i�t�s� �f�i�r�s�t�,�s�e�c�o�n�d� �a�n�d� �t�h�i�r�d� �d�e�r�i�v�a�t�i�v�e�s�(�D�1�,�D�2�,�D�3�)�,� �a�s� 
�w�e�l�l� �a�s� �s�t�r�e�s�s� �d�e�p�t�h� �(�D�E�L�)�,� �a�n�d� �i�t�s� �f�i�r�s�t� �a�n�d� �s�e�c�o�n�d� 
�d�e�r�i�v�a�t�i�v�e�s� �(�D�E�L�1�,� �D�E�L�2�)� �a�r�e� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �R�u�n�g�e�-� 
�K�u�t�t�a�-�M�e�r�s�o�n� �m�e�t�h�o�d� 

�Q�1�=�D�Y�*�F�1�(�D�1�)� 
�P�1�=�D�Y�*�F�2� �(�D�2�)� 
�R�1�=�D�Y�*�F�3� �(�U�,�B�,�D�9�0�,�D�c�,� �D�E�L�c�r�,� �D�,�D�1�,� �D�2�)� 
�I�F� �(�F�3�(�U�,�B�,�D�9�0�,�D�c�,�D�E�L�c�r�,�D�,�D�1�,�D�2�)� �.�G�E�.� �1�0�0�0�0�0�0�.�0�)� 

�$� �G�O� �T�O� �1�7�0� 
�Y�=�Y�+�D�Y�/�3�.� 
�Q�2�=�D�Y�*�F�1�(�D�1�+�P�1�/�3�.�)� 
�P�2�=�D�Y�*�F�2� �(�D�2�+�R�1�/�3�.�)� 
�R�2�=�D�Y�*�F�3� �(�U�,�B�,�D�9�0�,� �D�c�,� �D�E�L�c�r� �,� �D�+�Q�1�/�3�.�,�D�1�+�P�1�/�3�.�,�D�2�+�R�1�/�3�.�)� 
�I�F� �(�F�3�(�U�,�B�,�D�9�0�,�D�c�,�D�E�L�c�r�,�D�+�Q�1�/�3�.�,�D�1�+�P�1�/�3�.�,�D�2�+�R�1�/�3�.�)� 

�$� �.�G�E�.� �1�0�0�0�0�0�0�.�0�)� �G�O� �T�O� �1�7�0� 
�Q�3�=�D�Y�*�F�1�(�D�1�+�(�P�1�+�P�2�)� �/�6�.�)� 
�P�3�=�D�Y�*�F�2� �(�D�2�+�(�R�1�+�R�2�)�/�6�.�)� 
�R�3�=�D�Y�*�F�3� �(�U�,�B�,�D�9�0�,� �D�c�,� �D�E�L�c�r� �,� �D�+� �(�Q�1�+�Q�2�)� �/�6�.� �,�D�1�+�(�P�1�+�P�2�)�/�6�.�,� 

�$� �D�2�+�(�R�1�+�R�2�)�/�6�.�)� 
�I�F� �(�F�3�(�U�,�B�,�D�9�0�,� �D�c�,� �D�E�L�c�r�,� �D�+�(�Q�1�+�Q�2�)� �/�6�.�,�D�1�+�(�P�1�+�P�2�)�/�6�.�,� 

�$� �D�2�+�(�R�1�+�R�2�)�/�6�.�)� �.�G�E�.� �1�0�0�0�0�0�0�.�0�)� �G�O� �T�O� �1�7�0� 
�Y�=�Y�+�D�Y�/�6�.� 
�Q�4�=�D�Y�*�F�1�(�D�1�+�(�P�1�+�3�.�*�P�3�)� �/�8�.�)� 
�P�4�=�D�Y�*�F�2� �(�D�2�+�(�R�1�+�3�.�*�R�3�)� �/�8�.�)� 
�R�4�=�D�Y�*�F�3� �(�U�,� �B�,� �D�9�0�,� �D�c�,� �D�E�L�c�r�,�,� �D�+� �(�Q�1�+�3�.�*�Q�3�)�/�8�.�,� 

�$� �D�1�+�(�P�1�+�3�.�*�P�3�)�/�8�.�,�D�2�+�(�R�1�+�3�.�*�R�3�)�/�8�.�)� 
�I�F� �(�F�3�(�U�,�B�,�D�9�0�,�D�c�,� �D�E�L�c�r�,� �D�+� �(�Q�1�+�3�.�*�Q�3�)�/�8�.�,�D�1�+�(�P�1�+�3�.�*�P�3�)� 

�$� �/�8�.�,�D�2�+�(�R�1�+�3�.�*�R�3�)�/�8�.�)� �.�G�E�.� �1�0�0�0�0�0�0�.�0�)� �G�O� �T�O� �1�7�0� 
�Y�=�Y�+�D�Y�/�2�.� 
�Q�5�=�D�Y�*�F�1�(�D�1�+�(�P�1�-�3�.�*�P�3�+�4�.�*�P�4�)�/�2�.�)� 
�P�5�=�D�Y�*�F�2� �(�D�2�+� �(�R�1�-�3�.�*�R�3�+�4�.�*�R�4�)� �/�2�.�)� 
�R�5�=�D�Y�*�F�3� �(�U�,�B�,�D�9�0�,� �D�c�,� �D�E�L�c�r�,� �D�+� �(�Q�1�-�3�.� �*�Q�3�+�4�.�*�Q�4�)�/�2�.�,� 

�$� �D�1�l�+�(�P�1�-�3�.�*�P�3�+�4�.�*�P�4�)�/�2�.�,�D�2�+�(�R�1�-�3�.�*�R�3�+�4�.�*�R�4�)� �/�2�.�)� 
�I�F� �(�F�3�(�U�,�B�,�D�9�0�,�D�c�,� �D�E�L�c�r�,� �D�+� �(�Q�1�-�3�.�*�Q�3�+�4�.�%�*�Q�4�)�/�2�.�,�D�1�+�(�P�1�-� 

�$� �3�.�*�P�3�+�4�.�*�P�4�)�/�2�.�,�D�2�+�(�R�1�-�3�.�*�R�3�+�4�.�*�R�4�)�/�2�.�)� �.�G�E�.� 
�$� �1�0�0�0�0�0�0�.�0�)� �G�O� �T�O� �1�7�0� 

�D�=�D�+� �(�Q�1�+�4�.�*�Q�4�+�Q�5�)� �/�6�.� 
�D�1�=�D�1�+�(�P�1�+�4�.�*�P�4�+�P�5�)� �/�6�.� 
�D�2�=�D�2�+�(�R�1�+�4�.�*�R�4�+�R�5�)� �/�6�.� 
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�8�0� 

�9�0� 

�1�0�0� 

�1�1�0� 

�1�2�0� 

�1�3�0� 

�1�4�0� 

�1�5�0� 

�I�T�E�S�T�=�0� 
�E�O�=�(�Q�1�-�4�.�5�*�Q�3�+�4�.�*�Q�4�-�0�.�5�%�*�Q�5�)�/�1�5�.� 
�E�1�l�=�(�P�1�-�4�.�5�%�*�P�3�+�4�.�*�P�4�-�0�.�5�*�P�5�)�/�1�5�.� 
�E�2�=�(�R�1�-�4�.�5�*�R�3�+�4�.� �*�R�4�-�0�.�5�*�R�5�)�/�1�5�.� 
�I�F� �(�D�A�B�S�(�D�)� �.�L�T�.� �0�.�0�0�0�1�)� �G�O� �T�O� �8�0� 
�I�F� �(�D�A�B�S�(�E�0�/�D�)� �.�G�T�.� �0�.�0�0�0�1�)� �G�O� �T�O� �1�4�0� 
�I�F� �(�D�A�B�S�(�E�O�/�D�)� �.�G�T�.� �0�.�0�0�0�1�/�4�8�.�)� �I�T�E�S�T�=�1� 
�G�O� �T�O� �9�0� 
�I�F� �(�D�A�B�S�(�E�O�)� �.�G�T�.� �0�.�0�0�0�1�)� �G�O� �T�O� �1�4�0� 
�I�F� �(�D�A�B�S�(�E�O�)� �.�G�T�.� �0�.�0�0�0�1�/�4�8�.�)� �I�T�E�S�T�=�1� 
�I�F� �(�D�A�B�S�(�D�1�)� �.�L�T�.� �0�.�0�0�0�1�)� �G�O� �T�O� �1�0�0� 
�I�F� �(�D�A�B�S�(�E�1�/�D�1�)� �.�G�T�.� �0�.�0�0�0�1�)� �G�O� �T�O� �1�4�0� 
�I�F� �(�D�A�B�S�(�E�1�/�D�1�)� �.�G�T�.� �0�.�0�0�0�1�/�4�8�.�)� �I�T�E�S�T�=�1� 
�G�O� �T�O� �1�1�0� 
�I�F� �(�D�A�B�S�(�E�1�)� �.�G�T�.� �0�.�0�0�0�1�)� �G�O� �T�O� �1�4�0� 
�I�F� �(�D�A�B�S�(�E�1�)� �.�G�T�.� �0�.�0�0�0�1�/�4�8�.�)� �I�T�E�S�T�=�1� 
�I�F� �(�D�A�B�S�(�D�2�)� �.�L�T�.� �0�.�0�0�0�1�)� �G�O� �T�O� �1�2�0� 
�I�F� �(�D�A�B�S�(�E�2�/�D�2�)� �.�G�T�.� �0�.�0�0�0�1�)� �G�O� �T�O� �1�4�0� 
�I�F� �(�D�A�B�S�(�E�2�/�D�2�)� �.�G�T�.� �0�.�0�0�0�1�/�4�8�.�)� �I�T�E�S�T�=�1� 
�G�O� �T�O� �1�3�0� 
�I�F� �(�D�A�B�S�(�E�2�)� �.�G�T�.� �0�.�0�0�0�1�)� �G�O� �T�O� �1�4�0� 
�I�F� �(�D�A�B�S�(�E�2�)� �.�G�T�.� �0�.�0�0�0�1�/�4�8�.�)� �I�T�E�S�T�=�1� 
�I�F� �(�I�T�E�S�T� �.�N�E�.� �0�)� �G�O� �T�O� �1�5�0� 
�D�Y�=�D�Y�*�2�.� 
�G�O� �T�O� �1�5�0� 
�Y�=�Y�S�T�(�K�-�1�)� 
�D�Y�=�D�Y�/�2�.� 
�D�=�D�S�T� �(�K�-�1�)� 
�D�1�=�D�1�S�T� �(�K�-�1�)� 
�D�2�=�D�2�S�T� �(�K�-�1�)� 
�G�O� �T�O� �5�0� 
�D�3�=�F�3� �(�U�,�B�,�D�9�0�,� �D�c�,� �D�E�L�c�r�,� �D�,� �D�1�,� �D�2�)� 
�I�F� �(�F�3�(�U�,�B�,�D�9�0�,�D�c�,�D�E�L�c�r�,�D�,�D�1�,�D�2�)� �.�G�E�.� �1�0�0�0�0�0�0�.�0�)� 

�$� �G�O� �T�O� �1�7�0� 
�T�A�U�=�F�4� �(�U�,�B�,� �D�1�)� 
�I�F� �(�F�4�(�U�,�B�,�D�1�)� �.�G�E�.� �1�0�0�0�0�0�0�.�0�)� �G�O� �T�O� �1�7�0� 
�D�E�L�=�T�A�U�*�D�E�L�c�r� 
�D�E�L�1�=�F�5� �(�U�,�B�,�D�1�,� �D�2�,� �D�E�L�c�r�)� 
�I�F� �(�F�5�(�U�,�B�,�D�1�,�D�2�,�D�E�L�c�r�)� �.�G�E�.� �1�0�0�0�0�0�0�.�0�)� �G�O� �T�O� �1�7�0� 
�D�E�L�2�=�F�6� �(�U�,�B�,�D�1�,�D�2�,�D�3�,�D�E�L�c�r�)� 
�I�F� �(�F�6�(�U�,�B�,�D�1�,�D�2�,�D�3�,�D�E�L�c�r�)� �.�G�E�.� �1�0�0�0�0�0�0�.�0�)� �G�O� �T�O� �1�7�0� 
�Y�S�T� �(�K�)� �=�Y� 
�D�S�T� �(�K�)� �=�D� 
�D�1�S�T�(�K�)�=�D�1� 
�D�2�S�T�(�K�)� �=�D�2� 
�D�3�S�T� �(�K�)�=�D�3� 
�T�A�U�S�T� �(�K�)� �=�T�A�U� 
�D�E�L�S�T� �(�K�)� �=�D�E�L� 
�D�E�L�1�S�T� �(�K�)� �=�D�E�L�1� 
�D�E�L�2�S�T� �(�K�)� �=�D�E�L�2� 
�I�F�(�D�1�S�T�(�K�)� �.�G�T�.� �D�1�S�T�(�K�-�1�)�)� �G�O� �T�O� �1�7�0� 
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�1�6�0� 

�1�7�0� 
�1�8�0� 

�$� 
�$� 

�I�F� �(�D�l� �.�L�E�.� �-�U�)� �G�O� �T�O� �1�6�0� 
�K�=�K�+�1� 
�G�O� �T�O� �5�0� 

�I�f� �t�h�e� �s�c�h�e�m�e� �t�e�r�m�i�n�a�t�e�s� �p�r�e�m�a�t�u�r�e�l�y� �(�d�u�e� �t�o� �a� �d�o�m�a�i�n� 
�e�r�r�o�r� �o�r� �b�e�c�a�u�s�e� �D�l� �a�t� �t�h�e� �l�a�t�e�s�t� �p�o�i�n�t� �i�s� �l�e�s�s� 
�n�e�g�a�t�i�v�e� �t�h�a�n� �D�l� �a�t� �t�h�e� �p�r�e�c�e�d�i�n�g� �p�o�i�n�t�)�,� �t�h�e� �a�s�s�u�m�e�d� 
�v�a�l�u�e� �f�o�r� �D�E�L�c�r� �i�s� �i�n�c�o�r�r�e�c�t� �a�n�d� �b�e�c�o�m�e�s� �t�h�e� �r�i�g�h�t� 
�l�i�m�i�t� �(�D�E�L�c�r�R�)�.� �I�f� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n� �i�s� �r�e�a�c�h�e�d� �b�u�t� 
�S�l�o�p�e� �(�D�1�)� �i�s� �n�o�t� �e�q�u�a�l� �t�o� �-�U�,� �t�h�e� �a�s�s�u�m�e�d� �v�a�l�u�e� �f�o�r� 
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�W�R�I�T�E� �(�1�0�,�3�7�0�)� �Y�S�T�(�I�)� �,�T�A�U�S�T�(�I�)� �*�D�E�L�c�r�,�D�E�L�S�T�(�I�)�,� 
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�$� �D�E�L�1�+�(�P�1�-�3�*�P�3�+�4�*�P�4�)� �/�2�)� 
�D�E�L�=�D�E�L�+� �(�Q�1�+�4�*�Q�4�+�Q�5�)� �/�6� 
�D�E�L�1�=�D�E�L�1�+� �(�P�1�+�4�*�P�4�+�P�5�)� �/�6� 
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�D�3�S�T�(�K�)�=�D�3� 
�T�A�U�S�T� �(�K�)� �=�T�A�U� 
�D�E�L�S�T� �(�K�)� �=�D�E�L� 
�D�E�L�1�S�T� �(�K�)� �=�D�E�L�1� 
�D�E�L�2�S�T� �(�K�)�=�D�E�L�2� 
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�G�O� �T�O� �1� 

�W�h�e�n� �t�h�e� �w�a�t�e�r� �m�a�r�g�i�n� �i�s� �r�e�a�c�h�e�d�,� �t�h�e� �v�a�l�u�e� �o�f� �D�E�L� �i�s� 
�c�h�e�c�k�e�d�.� �I�f� �i�t� �i�s� �c�l�o�s�e� �t�o� �z�e�r�o�,� �t�h�e� �a�s�s�u�m�e�d� �v�a�l�u�e� �o�f� 
�s�t�r�e�s�s� �d�e�p�t�h� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �c�h�a�n�n�e�l� �i�s� �c�o�r�r�e�c�t�.� 
�I�f� �n�o�t�,� �a�n�o�t�h�e�r� �v�a�l�u�e� �f�o�r� �c�e�n�t�e�r� �s�t�r�e�s�s� �d�e�p�t�h� �i�s� 
�a�s�s�u�m�e�d� �u�s�i�n�g� �t�h�e� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� �m�e�t�h�o�d� 

�P�R�I�N�T� �6�,�D�E�L� 
�I�F� �(�D�A�B�S�(�D�E�L�)� �.�L�T�.� �0�.�0�1�)� �G�O� �T�O� �6�6� 
�N�=�K� 
�D�E�L�P�=�D�E�L� 
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�D�E�L�S�=�1�.�0�0�1�*�D�E�L�S�P� 
�G�O� �T�O� �2� 
�I�F� �(�D�A�B�S�(�D�E�L�)� �.�L�T�.� �0�.�0�1�)� �G�O� �T�O� �6�6� 
�D�E�L�S�=�D�E�L�S�P�~�D�E�L�P�/� �(� �(�D�E�L�-�D�E�L�P�)� �/�0�.�0�0�1�*�D�E�L�S�P�)� 
�N�=�1�0�0�0� 
�G�O� �T�O� �2� 

�W�i�t�h� �t�h�e� �c�o�r�r�e�c�t� �v�a�l�u�e� �o�f� �s�t�r�e�s�s� �d�e�p�t�h� �a�t� �t�h�e� �c�e�n�t�e�r� 
�o�f� �t�h�e� �c�h�a�n�n�e�l�,� �t�h�e� �a�c�t�u�a�l� �a�n�d� �c�r�i�t�i�c�a�l� �s�t�r�e�s�s� 
�d�i�s�t�r�i�b�u�t�i�o�n�s� �a�r�e� �k�n�o�w�n�.� �T�h�e� �d�i�m�e�n�s�i�o�n�l�e�s�s� �s�t�r�e�s�s� 
�s�t�r�e�s�s� �d�e�p�t�h� �a�t� �t�h�e� �j�u�n�c�t�i�o�n� �p�o�i�n�t� �i�s� �t�a�k�e�n� �a�s� �t�h�e� 
�c�r�i�t�i�c�a�l� �b�e�d� �s�t�r�e�s�s� �d�e�p�t�h� �(�D�E�L�c�r�)�.� 

�D�E�L�c�r�=�D�E�L�S�T� �(�1�1�+�I�N�T� �(�W�b�/�2�.�/�D�Y�o�+�0�.�0�0�1�)� �)� 

�K�n�o�w�i�n�g� �D�E�L�c�r�,� �t�h�e� �a�c�t�u�a�l� �m�a�x�i�m�u�m� �d�e�p�t�h� �o�f� �t�h�e� �c�h�a�n�n�e�l� 
�(�D�c�)� �i�s� �d�e�t�e�r�m�i�n�e�d�.� 

�D�e�=�T�A�U�c�r�*�1�.�6�5�*�D�5�0�/�1�0�0�0�.�/�D�E�L�c�r�/�S� 

�W�a�t�e�r� �d�i�s�c�h�a�r�g�e� �(�Q�)� �a�n�d� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �(�A�)� �o�f� 
�t�h�e� �c�h�a�n�n�e�l� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �u�s�i�n�g� �t�h�e� �t�r�a�p�e�z�o�i�d�a�l� �r�u�l�e�.� 

�Q�=�0�.�0� 
�A�=�0�.�0� 
�A�K�=�2� �.�*�D�9�0�/� �(�1�0�0�0�.� �*�D�c�)� 
�D�O� �6�7� �I�=�1�,�K�-�1� 
�D�Y�=�D�c�*� �(�Y�S�T�(�I�+�1�)� �-�Y�S�T�(�I�-�1�)�)�/�2�.� 
�I�F� �(�I� �.�E�Q�.� �1�)� �D�Y�=�D�c�*�(�Y�S�T�(�2�)�-�Y�S�T�(�1�)�)�/�2�.� 
�I�F� �(�D�E�L�S�T�(�I�)� �.�L�E�.� �0�)� �G�O� �T�O� �6�7� 
�U�f�=�(�9�.�8�1�*�S�*�D�E�L�S�T� �(�I�)� �*�D�c�)� �*�*�0�.�5� 
�Q�=�0�+�2� �.�5�*�D�Y�*�U�F�*� �(�D�S�T� �(�I�)� �+�0�.�3�*�D�9�0�/�1�0�0�0�.� �)� �*�D�c�*� �(�D�L�O�G�(�3�0�.�*� 

�$� �(�D�S�T�(�I�)�+�0�.�3�*�D�9�0�/�1�0�0�0�.�)�*� �(�D�I�S�T� �(�I�)� �*�*�2�+�1�.�)� �*�*�0�.�5�/�A�K�)� �-�1�.�)� �*� 
�$� �(�D�1�S�T�(�I�)� �*�*�2�+�1�.�)� 
�A�=�A�+� �(�Y�S�T�(�I�+�1�)� �-�Y�S�T�(�I�)� �)�*�(�D�S�T�(�I�+�1�)�+�D�S�T�(�I�)�)�/�2� 
�C�O�N�T�I�N�U�E� 
�Q�=�2�.�*�Q� 
�A�=�2�.�*�A� 
�P�R�I�N�T� �*�,�  �� �%� 
�P�R�I�N�T� �6�,�9�,�A� 
�W�R�I�T�E� �(�1�0�,�1�0�)� �U� 
�W�R�I�T�E� �(�1�0�,�1�1�)� �B� 
�W�R�I�T�E� �(�1�0�,�1�2�)� �D�9�0� 
�W�R�I�T�E� �(�1�0�,�1�3�)� �D�S�O� 
�W�R�I�T�E� �(�1�0�,�1�4�)� �S� 
�W�R�I�T�E� �(�1�0�,�1�5�)� �D�e� 
�W�R�I�T�E� �(�1�0�,�2�4�)� �W�h� 
�W�R�I�T�E� �(�1�0�,�2�5�)� �T�A�U�c�r� 
�W�R�I�T�E� �(�1�0�,�2�6�)� �D�E�L�c�r� 
�W�R�I�T�E� �(�1�0�,�2�7�)� �Q� 
�W�R�I�T�E� �(�1�0�,�2�8�)� �A� 
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�P�R�I�N�T� 
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�(�1�0�,�*�)� 
�I�=�1�,�K� 
�6�,�Y�S�T�(�I�)� �,� �T�A�U�S�T�(�I�)� �*�D�E�L�c�r�,� �D�E�L�S�T�(�I�)� �,�D�E�L�1�S�T�(�I�)�,� 

�$� �D�E�L�2�S�T�(�I�)� 
�W�R�I�T�E� �(�1�0�,�6�)� �Y�S�T�(�I�)� �,� �T�A�U�S�T�(�I�)� �*�D�E�L�c�r�,�D�E�L�S�T�(�I�)� �,�D�E�L�1�S�T�(�I�)�,� 

�$� �D�E�L�2�S�T�(�I�)� 
�C�O�N�T�I�N�U�E� 
�F�O�R�M�A�T� �(�6�E�1�2�.�5�)� 
�F�O�R�M�A�T� �(�6�X�,�  ��Y�*�!�,�1�0�X�,�  ��D�*�¥ ��,�1�0�X�,�  ��D�1�* ��,�9�X�,�  ��D�2�* �� �,� �9�X�,�  ��D�3�*�"�)� 
�F�O�R�M�A�T� �(�6�X�,�  ��Y�* ��,�8�X�,�  ��D�E�L�c�r�* ��,�6�X�,�  ��D�E�L�* ��,�8�X�,�  ��D�E�L�1�* ��,�7�X�,� 

�$� �'�D�E�L�2�* ��)� 
�F�O�R�M�A�T� �( ��  ��,�  �� �s�u�b�m�e�r�g�e�d� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �f�r�i�c�t�i�o�n�,� 

�$� �U� �=�  ��,� �F�8�.�3�)� 
�F�O�R�M�A�T� �( ��  ��,�  �� �l�i�f�t�-�t�o�-�d�r�a�g� �r�a�t�i�o�,� �B� �=�  ��,� �F�8�.�3�)� 
�F�O�R�M�A�T� �( ��  � ��,�  �� �g�r�a�i�n� �s�i�z�e�:� �9�0�%� �f�i�n�e�r�;� �m�i�l�l�i�m�e�t�e�r�s�,� 

�$� �D�9�0� �=�  ��,� �F�6�.�1�)� 
�F�O�R�M�A�T� �( ��  ��,�  �� �g�r�a�i�n� �s�i�z�e�:� �5�0�%� �f�i�n�e�r�;� �m�i�l�l�i�m�e�t�e�r�s�,� 

�$� �D�5�0� �=�  ��,� �F�6�.�1�)� 
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�$� �S� �=� �'�,� �F�1�0�.�5�)� 
�F�O�R�M�A�T� �(�/�  ��,� 

�$� �D�c� �=� 
�F�O�R�M�A�T� �( ��  ��,� 
�F�O�R�M�A�T� �( ��  ��,� 
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�$� �C�4� �=�  ��,� �F�1�0�.�6�)� 

�F�O�R�M�A�T� �( ��  ��,�  �� �c�o�e�f�f�.� �o�f� �3�r�d� �d�e�g�r�e�e� �t�e�r�n�,� 
�$� �C�3� �=� �'�,� �F�1�0�.�6�)� 
�F�O�R�M�A�T� �( ��  ��,�  � �� �c�o�e�f�f�.� �o�f� �2�n�d� �d�e�g�r�e�e� �t�e�r�n�,� 

�$� �C�2� �=�  ��,� �F�1�0�.�6�)� 
�F�O�R�M�A�T� �( ��  ��,� �* �� �c�o�e�f�f�.� �o�f� �1�s�t� �d�e�g�r�e�e� �t�e�r�n�,� 

�$� �C�l� �=�  ��,� �F�1�0�.�6�)� 
�F�O�R�M�A�T� �( ��  ��,� �* �� �c�o�e�f�f�.� �o�f� �O�t�h� �d�e�g�r�e�e� �t�e�r�n�,� 

�$� �C�O� �=�  ��,� �F�1�0�.�6�)� 
�S�T�O�P� 
�E�N�D� 

�F�U�N�C�T�I�O�N� �F�1�(�D�E�L�1�)� 
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