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Abstract

Real-world multibody systems do not have ideal joints; most joints have
some clearance. The clearance allows the connected bodies to undergo
a misalignment, and the resulting dynamics is governed by the contacts
thus formed. Two approaches are typically taken to deal with con-
tacts: the commonly used continuous dynamics approaches assume the
Hertzian nature of the contact modeled by nonlinear unilateral spring-
damper elements; while the non-smooth dynamics approach results in
a complementarity problem. This paper employs a non-smooth dynam-
ics approach to develop a coherent framework for the simulation of
multibody systems having frictionless joints with clearances. Because
clearances are of small magnitude relative to the dimensions of the
mechanical components, the nature of the contact in the joints is assumed
to be inelastic. Using this assumption and the general non-smooth
dynamics framework, the parametric formulations for cylindrical, pris-
matic, and revolute joints with clearances are derived. The equations of
motion are formulated, and their time-discretized counterparts are cast
as a nonlinear programming problem. The proposed scheme also enforces
normalization constraint on Euler parameters, in contrast to state-of-
the-art methods, that is conducive to stability of the solution, for a
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suitable range of step-sizes. In addition, a variable time-stepping scheme
is introduced, that includes the step-size as an extra variable in the opti-
mization and its stability properties are discussed. The versatility of the
proposed framework is demonstrated through numerical experiments.

Keywords: Non-smooth dynamics, Nonlinear dynamics, Joints with
clearances, Contact dynamics, Constraints

1 Introduction

Modern methods for simulating multibody dynamics include algebraic con-
straint equations to represent mechanical joints. Such equations enforce
absolute alignment of the connected bodies in the desired direction of relative
motion, and thus represent “ideal joints”. However, real mechanical systems
have joints with clearances and the condition of absolute alignment is not
always followed. In real-world applications, the motion is governed by inter-
mittent formation of one or multiple contacts. The resulting contact forces are
highly nonlinear phenomena that are challenging to model.

Multibody dynamics studies mechanical systems consisting of several bod-
ies that are interconnected with kinematic constraints. These constraints, in
the form of mathematical equations, restrict their relative movement and are
subjected to the acting external forces that may include gravitational forces,
time dependent forces, or contact forces generated by the contacts between
the bodies. Indeed, these kinematic constraints enforce absolute alignment of
the interacting bodies in a specific direction of the relative motion. However,
in the real-world systems, the mechanical components also have clearances
and gaps, and the condition of absolute alignment cannot be always expressed
by kinematic constraint equations. In such cases, the motion is governed by
the formation of contacts at one or multiple points. Consequently, a contact-
evaluation procedure must be able to model the dynamics of the contact
between compliant surfaces.

The foundations of pure elastic contact models were laid by Heinrich Rudolf
Hertz [1]. He concluded that a contact area can be roughly assumed to be
elliptical, and no energy dissipation was considered for the contact to be elastic.
This led several researchers to develop more advanced contact-force models
that take this energy dissipation into account. Hertz’s contact law relates the
contact force to a nonlinear power function of the indentation and can be
expressed as:

F.=Ko", (1)
where K is the contact-stiffness coefficient and § is the relative indenta-
tion between the bodies. The lack of energy dissipation can be overcome by
including hysteresis damping after the evaluation of contact force. The model
developed by Kelvin and Voigt [2] includes energy dissipation, where contact
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is modeled as a linear spring and a linear damper element as:
F. = K&+ D5, (2)

where D represents the damping coefficient and § is the relative normal velocity
of indentation. However, the Kelvin and Voigt model does not address the
nonlinearity of the contact formation process. Hence, a popular general method
for evaluating contact forces has the form:

F, = K& + x&"6. (3)

Several contact force models were formulated based on different methodologies
to evaluate the damping coefficient y, and the deformation §. Some of the most
popular contact models include [3-9]. Further, recent rich literature reviews
[10-12] provide a comprehensive review of major continuous contact models
worked out hitherto.

Besides contact force evaluation, contact detection is another challenge.
Corral et. al. [13] introduced a geometry-based contact model that considers
penetration for evaluating displacement and restitution. One interesting fea-
ture of this model is that it formulates infinite planes to identify the contact
points, however, this model does not combine well with differential algebraic
equations (DAEs) or ordinary differential equations (ODEs) for constrained
multibody systems.

Dopico et. al [14, 15] and Choi et. al [16] proposed a contact model that
can be incorporated in index-3 DAE models. This approach uses a discretized
mesh representation of geometry to identify the contact points. Therefore, the
resulting constraint manifold is defined with equations corresponding to each
node. These methods account for contact dynamics by forcing penalty fac-
tors using an augmented Lagrangian method. The equations of motion at the
contact point are solved by projection of velocity and acceleration at contact
points to solve for static equilibrium.

The contact model developed by Nikravesh and Lankarani [17] has been
widely adopted, including in commercial software packages. This model uses
a combination of nonlinear spring and damping elements to simulate the uni-
lateral contact. Using this model, Shen et. al. [18] developed a formulation for
simulating impact dynamics by using dynamic optimization with energy loss
being the objective function. A drawback of this contact model is that high
stiffness values of the nonlinear springs result in “stiff” differential equations,
which require very small time-step sizes for numerical integration. Further-
more, separate detection of each contact and subsequent evaluation of contact
forces, makes the approach computationally inefficient, especially when multi-
ple contacts occur intermittently. Using interpenetration for evaluating contact
forces violates the constraints manifold.

Mechanical joints with clearances pose a special condition of ”small gap
systems” where contact formation and breaking-off can happen at high fre-
quencies. Dynamics with clearance in joints was studied in Sharf and Zhang
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[19] and [20]. Sharf and Zhang in [19] founded the geometry-based contact
models. Zakhariev [20] described an approach for calculating the reaction and
friction forces between pairs of bodies in spatial mechanical systems, as well as
contact points in joints with clearances. Matrix methods were used to derive
the nonlinear kinematic constraint equations, and the external and inertia
forces for each configuration of the kinematic chain the contact points and cor-
responding normal forces are calculated. A drawback of the methodology in
[20] is that the derived equality constraints do not account for all the possible
orientations of the contact formation.

Further developments regarding joints with clearance include the work
by Ibrahimi et. al [21], Flores and Lankarani [22], and Xiang et. al [23],
demonstrated through a number of simulations on planar systems formu-
lated as DAEs and contact model referenced from [17]. Time independent
sensitivity analysis for planar systems was also included in [21]. Bauchau
et. al [24] used unilateral contact conditions to simulate planar and spatial
joints by adding additional rotational state variables and using non-holonomic
inequality constraints with introduction of slack variables.

Another approach to deal with contact problems is the non-smooth dynam-
ics method. Moreau formulated the non-continuous properties of non-smooth
mechanics [25-27]. Panagiotopoulos studied problems involving inequali-
ties [28] and developed the formulations for hemivariational inequalities for
mechanics, robotics and neural network problems[29]. Moreover, the book
[40] illustrates a proof about the validity of the impact theory given by
Jean and Moreau. Since 1970s and 1980s, the theoretical and the mathemat-
ical formulation have substantially progressed, and have been demonstrated
in industrial applications. Further, a comprehensive textbook by Acary and
Brogliato [30, 33] covers a wide range of applications in mechanical and elec-
trical systems. The book by Leine [36] investigates bifurcations of equilibrium
in non-smooth systems. Furthermore, Jean and Moreau [39] contributed sub-
stantially to modeling dry friction and frictional impacts. This topic is covered
in great detail by Brogliato [41]. The evolution of such processes has been cov-
ered in great detail in the literature such as Fremond [34], Glocker [35], Pfeiffer
[37], and Wriggers [38].

Solving non-smooth problems requires effective numerical solution strate-
gies [30, 42]. The problem for planar non-smooth systems results into a linear
complementarity problem (LCP) and for spatial systems a non-linear comple-
mentarity problem (NCP). The extended linear programming theories assure
the existence of a solution for LCPs. For NCPs various formulations have been
suggested and demonstrated through case-studies [43—45]. Further, Cosimo et.
al. [46, 47] gave efficient numerical algorithms based on decoupling methods
applied with a-integration schemes. The comprehensive work by Brogliato et
al.[48] includes various numerical methods for solving non-smooth problems.
Moreover, one of the most efficient theories of multibody systems with con-
tacts, as given by Bremer [49] and Bremer and Pfeiffer [50], essentially applies
projection methods on multibody dynamics theory. With time, this type of
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multibody theory has been combined with inequality formulations to describe
the unilateral behaviour of multiple contacts.[51-53]. The applicability of this
theory to continuous and discontinuous systems, as well as impact dynamics,
makes it a versatile formulation[54-56].

Recently, the effectiveness of non-smooth dynamics approaches has been
demonstrated in many-body dynamics problems such as simulation of sand
particles, stacking of bricks, and stacking of multiple balls in a box [57-59]; in
all these applications the formulation of constraints is straightforward. When
implementing a non-smooth dynamics approach to multibody systems, a cru-
cial aspect is the formulation of constraints. Because of shape and geometry
of the components, the constraint formulation should capture the possibilities
of multiple contact points at different locations while retaining the analytical
nature of the constraint expression. Negrut et. al [60] described a methodology
through which this can be achieved. The methodology poses the dynamics of
the rigid bodies as a nonlinear programming problem (NLP) and uses dynamic
optimization for minimizing an objective function derived from augmented
Lagrangian approach. The definition of cylindrical and revolute clearance joints
defined by Orden [69], Ambrosio et. al. [70, 71], Liu [76] and Marques and Flo-
res [77-79] consider angular misalignment as an inequality constraint instead
of constraining both the possible contact points individually. These definitions
have widely been used in rp formulations with continuous contact models.
However, in rA formulation, the constraint on angular misalignment is not
needed. This has been discussed in detail in section 3.1. Further, the discussed
methodologies have been demonstrated on spherical joints [72] and planar pris-
matic joints in [81], and more recently, on a spatial revolute joints in [73-75].
While the formulation explained in [73] uses a similar approach to define rev-
olute joints with clearance as discussed in this paper, it only considers radial
clearance in the definition of joint and neglects axial clearance. On the other
hand, Akhadkar et. al [74, 75] use commercial software packages for contact
detection and the formulation of joints is not covered by the authors. Further,
planar prismatic joints have been studied in detail by Flores et. al. [80, 81].
However, the spatial prismatic joints have not received much attention and
hence the requirement of a robust definition of a spatial prismatic joint needs
to be realized.

Studying a vast background of the literature, a need is thus realized to
provide the general reader, a framework for computer implementation of non-
smooth methods on multibody systems with clearances. This paper provides
the reader, a non-smooth dynamics based framework dedicated to the sim-
ulation of multibody systems having frictionless ideal joints and joints with
clearances. Specific contributions of this paper are as follows:

1. Analytical constraint expressions are derived for several fundamental joints
with clearances: cylindrical, revolute and prismatic. Key differences between
the proposed formulation of cylindrical and revolute joints, and their
precursors are discussed.
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2. Not much work has been previously devoted to spatial prismatic joints
with clearance. Here, a detailed definition of spatial prismatic joint with
clearances is included.

3. A general NLP formulation is given for discretizing multibody dynamics of
systems encompassing these fundamental joints with clearances.

4. An adaptive time-stepping scheme is discussed for the discrete NLP time
integration.

5. The versatility of the framework is demonstrated through numerical
experiments.

The remainder of this paper is structured as follows. Section 2 reviews
the general NLP formulation applied to the time discretization of multibody
systems. Section 3 formulates constraint expressions for spatial joints with
clearances as functions of the rigid body pair’s geometric features. Section
4 presents the case studies considered for testing the proposed formulation.
Section 5 reports numerical results that illustrate the capabilities of the pro-
posed approach, and highlight the different dynamical behavior observed when
joint clearances are accounted for. Section 6 concludes with key observations
and a discussion on further scope of the work.

2 Methodology

2.1 Multibody dynamics in NLP formulation

This section illustrates the formulation of multibody systems in the general
form of a nonlinear programming problem. The subsection 2.1.1 describes the
equations of motion for rigid bodies undergoing motion in the absence of any
constraints. The subsection 2.1.2 illustrates a method to evaluate contact forces
on a set of rigid bodies. The subsection 2.1.3 combines the elements of free
body dynamics and contact forces into an NLP of a general form. Finally,
in the subsection 2.1.4, strategies to solve the general NLP problem through
temporal discretization are discussed.

2.1.1 The free body dynamics

Formulation of equations of motion for three-dimensional systems in the body-
frame coordinates results in a constant full rank and invertible 6 x 6 mass
matrix for each body [63-65]. Considering these essential requirements, this
section describes the free body dynamics.

Consider a rigid body of mass m, inertia matrix J, generalized coordinates
(placed at the center of mass) q = [r7, pT]T € R7 in global frame, and the

corresponding time derivatives of generalized coordinates ¢ = [#7 pT]T eR’,
where r € R? is the set of Cartesian [z, y, 2] coordinates and p € R* is the set

of Euler parameters [eg, eT]T, all in global frame of reference. The equations
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of motion from D’Alembert’s principle [66] are as follows:
orl (m¥ —Fa) +on' T (T + &' T’ —74) =0, (4)

where ér € R3 are the infinitesimally small virtual displacements in global
coordinate system and 7’ € R? and virtual rotations in body-fixed coordinate
system. The operator '7’ gives out the skew-symmetric matrix of the body-
fixed vector of angular velocity w’. The vector Fa € R? represents externally
applied forces in global reference frame and 74 € R? are the externally applied
torques in body-fixed reference frames. Equation (4) can thus be decomposed
into the following set of equations in absolute coordinate system, also called
rA coordinate formulation [61, 62]:

mt = Fa, (53‘)
Jo' + &' Jw’' = 14, (5b)

Equation (5) can be written in matrix form as follows:

R [E R

Similarly, for a system of N bodies, the equation (6) takes the form:

m11 0 0 00 0 f‘l 01 FA1
Jl 0 0 0 0 LZJ{ (:Ji Jl w{ Tj&l
0 0 mgI 00 0 .I.'g 02 FA2
0 0 0 J,0 0| |@s| 4| @Jaws | _ | TA2 | =0, (7)
0 0 0 0 . mNI 0 'I"N ON FAN
L 0 0 0 0 0 JN_ _"‘"’5\/’_ _":,;V JN wfv_ _TAN_
which in matrix form reads:
Mv+S(q,q) —Qa =0. (8)

In (8) v € R% is the vector of time derivatives of the body-fixed velocity vector
v € RSN for N bodies. The matrix M € RSN*6N combined mass matrix of
N bodies in absolute coordinate system. The vector S (q,q) € R®Y represents
the vector of forces because of rotation and the vector Qa € RV represents
external forces (in global frame) and torque (in body fixed coordinate system)
acting on the body neglecting friction. The mapping between the body-fixed
angular velocity vector w’ and the time derivatives of Euler parameters p is
given using the matrix G(p) composed of orthogonal column vectors as follows
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G (p) = [—e —e+ eOI] ,
p= % GT (p) wla (9)
w'=2G(p)p.

Unless the contact happens, the bodies move freely as an unconstrained system,
and have the unconstrained accelerations :

Vie = _M_l (S (q7 q) - QA) (10)

2.1.2 Dynamics with contact

_— Contact point

I'p

Fig. 1 Schematic representation of bodies in contact

Consider two bodies A and B in contact, as shown in Figure 1. Their
respective centers of mass are c4 and cp, and their coordinates in the absolute
coordinate system are r4 and rp, respectively. The contact point is detected
at a location indicated by body fixed vectors s’y and s in bodies A and
B respectively. Let n; be the normal unit vector along which the contact
force acts on body A at the j'* contact, in global reference frame. This is
required because all the forces are evaluated in global reference frame [60]. The
corresponding unit vector for body B will be —n;. If the magnitude of the
contact force at the j** contact is denoted by Aj, the combined vector of the
contact forces in global reference frame and the torques generated by them in
body-fixed frame, can be evaluated by equation (11), as derived in [60]:

n;
s AT n,
Foj= | ™ —(nI;A) T A =Dy, (11)
—85 AT(pp)ny

where A € R3*3 is the rotation matrix as a function of the Euler parameters of
bodies A and B, D; € ROV>1 is the contact matrix, and the operator 7’ gives
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out the skew-symmetric matrix of the underlying arbitrary vector. Similarly,
for a number of possible M contacts between the two bodies, the total contact
force F¢ is the sum of all the contact forces acting on the respective bodies,
where D € ROV*M and A, € RM*!, is given as follows:

A1
A2
Fc=[DiD;...Dy] | . | =DAc. (12)

A

Using the same construct, the relative normal velocity between the two bodies
at the contact point j in the mixed frame of reference is [60]:

ra
w’y
rp
wip

=D7v. (13)

T
Vrelj =D; j

J

2.1.3 The nonlinear programming problem

Equation (10) is an expression to evaluate the unconstrained accelerations in
absolute coordinates. In addition, the orthonormality of Euler parameters has
to be enforced for each body as a bilateral equality constraint [66]:

p:}im -1
p; p2 — 1

B(q) = . =0. (14)
phpy—1

Therefore, there exists a set of Lagrange multipliers Aeq € RY*! such that:
MY+ Bg (@) Aeq +S(9,4) — Qa =0, (15)

where Bg(q) is the Jacobian matrix of B(q) in equation (14). The state-
of-the-art non-smooth method proposed by [60] has been demonstrated on
granular materials of spherical structure. Such particles have minute inertia
and is uniformly distributed because of spherical shape. In such cases, rotation
does not impact the state variables to a significant extent and hence (14) can
be neglected for such cases. However, for rigid bodies, the inertia is significant
and is often not uniformly distributed. Indeed, the rotation of the component
can affect the stability of the solution. Hence, in cases of rigid bodies, the
normalization constraint on Euler parameters needs to be enforced to ensure
orthogonality of basis vectors of the body-fixed frame.

Further, let the gap function ®1"4 € RM*! represent the vector of alge-
braic inequalities for M unilateral contacts in the system. Let the condition
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of non-zero gap be be such that <I>ijneq <0,j€1,2,...,M, where each ele-

ment j of 4 has a negative value. If the contact is formed, i.e., <I>ijneq =0,
j € 1,2,..., M, the addition of the contact forces thus generated, D A,
results in constrained equation of motion as follows, where v is the vector of
constrained accelerations:

V=-M"(S(q,) +Bg(q) Aeq + D(@) Ac — Qa), (16a)

&4 (q) x Ae = 0; A\ > 0, (16b)

where the notation ®"°9(q) * A, represents the element-wise product of every
expression in the constraint manifold, and the corresponding magnitude of
contact force. This complementarity condition states that when there is no
contact, the 5" constraint expression ' <0, and the contact force’s mag-

nitude A¢; = 0. However, when the contact happens, ‘I'ijneq: 0 and the contact
force’s magnitude A¢; > 0.

Furthermore, Gauss’ principle of least constraint [31] states that the true
acceleration of a mechanical system of /N particulate masses ¥; € R3, is the
minimum of the following quantity:

N
J = ij
=1

F; |°
i,— | Vje[l,2,3,..,N], (17)

where the j** particle has mass m;, position vector r; € R?, and applied
vector of non-constraint force F; € R? acting on the mass. The equation (17)
is also applicable to rotational accelerations as shown by Yang et. al. [31] and
Glocker [35]. With a constant mass matrix M and plugging equations (10)
and (16) in equation (17), the governing objective function for the system
can be represented as the minimum of the difference between constrained and
unconstrained accelerations as shown in equation (18).

T =V = vue) M(V = Vi)

(18)
— (M' DA +BL Ag))' M (M (D Ac +BL Aeq)) -
Since, M is a constant symmetric matrix, the equation (18) can be written as
follows:

J=DA+BIAq) M! (DA +BL ). (19)

It must be noticed that the objective function in (17) holds true for hyper-
static case because the contacting bodies are rigid. For simulating soft (flexible)
contacts, an additional damping matrix gets added to the Schur complement
[D BI"M™'[D B]], as described in [67]. Further, flexible systems often
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result in under-constrained mathematical models and dealing with such sys-
tems is out of the scope of the work presented here. Hence, the rigid-body
dynamics problem can be stated as a nonlinear programming problem (20)
for the vector of state variables Y := [ACT, )\eqT, q’, qT]T. Here the objective
function (19) is minimized subject to the constraints imposed by equations
of motion and the complementary constraints (16), and the normalized Euler
parameters (14):

. T
Y =arg min (D Ac + By )\eq)

st MYV +Bg(a)deq + D(@)Ac +5(a,4) ~Qa =0, (o
B(aq) =0,
$"4(q) <0 L A > 0.

"M (D A+ B Aeq)

Furthermore, to simulate a multibody system with a combination of equal-
ity type constraints ®°¢ = 0, i.e., for ideal joints, the manifold ®°? can be
appended to the bilateral constraint manifold (14), as discussed in section 2.2.
The capacity of the described NLP formulation to deal with ideal as well as
contact-driven constraints makes it an all-inclusive formulation.

2.1.4 Discretization and solution strategy

Consider now the discrete version of the dynamics. At time ¢,_1 one has
available the global frame time derivatives of generalized coordinates ¢, 1,
the velocities v,,_1, and the positions of the generalized coordinates q,_1 as
follows:

qn-1 = [rg—l pg;—l]Ta (213‘)
Vo1 = [F1_, (2G (Pa_1)Pnu1)T]", (21b)
o1 = [K7, pE_4]" . (21c)

Let h, be the time-step size. Then, at the new derivatives of generalized
coordinates q,, the velocities v,,, and the positions of the generalized coordi-
nates q,, must be evaluated, at time t,, = t,,_1 + h,. Hence, using half implicit
Euler’s expansion [68] we have the following relationships:

v = [H] (2G (Pa-1) D) (22¢)
. Vn —Vp_1

= Yn T Va1 22d
4 = Y (224)
tn = tp_1+ hy. (228)
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The bilateral constraint expressions (14) can be further discretized using
Taylor’s expansion. The unilateral constraints can be discretized using the rel-
ative velocities in equation (13). These discretizations are represented in the
following equations:

B (a,) ~ B (dn-1) + 7o Bg(an-1) dn = 0, (23)

@ineq(qn) ~ @ineq(qnil) + hn DT(qnfl) vp, < 0. (24)

Incorporating equations (21), (22), (23) and (24) in NLP (20) we get the
following NLP in discretized form, with respect to the vector of optimization

variables [h,, Y,]:

[izn,Yn] = arg min Tf M'T,

B, Y0
st. M(vy, —vpo1) +h, K, =0,
B(Qn—l) + hn, Bq(‘ln—l) an =0, (25)
& (q, 1)+ h, DI_ v, <0,
Aen > 0,

hmax Z hn 2 hmina

where h,, and Y, are the resulting step size and solution, respectively, and T,
and K,, are defined as follows:

T, = D(qn—l) Acn + Bg(qn—l) >\eqn7 (263)

Kn = Tn +S (qn—hqn—l) - QA(Qn—l)- (26b)
Here, the optimal values of h,, Acp; Aeq,, and g, need to be found at time ¢,,.
The scalar terms Ay and hyax respectively, are the minimum and maximum
finite positive values of time-step size. Once the optimization problem (25) has
been solved at a time ¢,,, the value of q,, and h,, can then be utilized to evaluate
and store the accelerations v,, and the positions q,, using equations (22).

It can be noticed that time step-size has been considered as a variable
parameter bounded by Amin and Amax respectively. This time-stepping scheme
is purely based on enforcing the feasibility of both: discretized inequality (com-
plementary) constraints representing contact, and equality constraints that
include equations of motion and discretized equality constraints velocities.
Figure 2 shows the feasible region of inequality and equality constraints sets,
represented by ®,, < 0 and B,, = 0 respectively. Equation (22) gives the inte-
grand q, at n'" time step. The step-size h, essentially, defines the fraction
of the length of the vector . Further, there could be a situation with fixed
step size such that the next step solution lies out of the feasible region hence
resulting in violation of constraints. The two plots in Figure 2 represent such
a general situation. In the left plot, h,,: indicates the optimal value of h as
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per the condition imposed by the linearized inequality constraint. In the right
plot however, a situation is shown where the step size h,p: violates the lin-
earized equality constraints, in such a condition, h,,;, will be chosen by the
algorithm. If the vector ¢ is bound to attain a certain magnitude for conver-
gence, the bounded variable h provides an extra degree of freedom and helps
attain convergence. However, it also results in increase in dimensionality of the
problem.

An-1

e S At @, =0
miinln hgﬁfl'; @ B, -0
P, <0 - hovtqi\*.‘hm”qn
A~ Gy + R, ‘ Rymax = 0.001: ®, > 0, Not ok Romax = 0.001:B,, > 0, Not ok
N Bl Bope = 0.0001: ®,, = 0,0k hgpe = 0.0001:B,, > 0, Not ok
Do % Py + 0Dy Rynin = 0.0001: @, < 0,0k Roin = 0.0001:B,, < 0,0k

B,~B, ;+hB, _d, —

Fig. 2 Visual representation of step-size variation

It must be mentioned here that the approach described in this section
inherently assumes an inelastic nature of the contact, which is suitable for
the scope of this work. The clearances are very small compared to the other
dimensions of the components in a machine and hence the components do not
gain enough pre-collision velocities for the contact to fall in the elastic domain.

2.2 Implementation of frictionless ideal joints using the
nonsmooth framework

Consider two bodies A and B in constrained to each other between points P
and @ by a set of algebraic equations ®(qa,qp) = 0. Their respective centers
of mass Cartesian coordinates in the global coordinate system are r4 and rp,
respectively. With set of algebraic constraints defined for the k' body in the
system of N bodies with M total constraint equations, the constraint forces F*
and torques T’ 4§ acting on the bodies can be evaluated in absolute coordinates
using the approach discussed in [62], as presented in equation (27):

F* &7
chonst = |:T/k:| = [H/TE(I)):| i Ack = Ck)‘ckv (27)
const

where )y is the Lagrangian multiplier associated with the k** body equation
P, = 0, and P, is the Jacobian matrix of ® with respect to Cartesian coor-
dinates r € [ra,rp,...,ry]|. The operator II' € [II,,II)5,...,IIy] on the
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constraint describes the first order variation of the joint frame located by s’ in
body frame. In addition to this, the reference [62] also describe the method to
formulate following fundamental constraints. Similarly the vector Q. compris-
ing the constraint forces and torques for a system of N bodies can be defined
as in equation (28), where A¢ is the vector of all A¢y.

G
C,
Q.= . Ac = C(q)Ac. (28)

Cn

Hence, using the methods for deriving the NLP (20), the equations of
motion for a smooth system using non-smooth framework can be stated as a

NLP (29) for the vector of state variables Y := [A.”, ¢, qT] :

Y = arg m‘}n H(q, Ac; Aeq) M H(q, Aes Aeq)

st. Mv+ H(Cb Acs )\eq) +8S ((L ) QA( ) (29)
B( ) - 07
®(q) =0,
where,
H(q, Ac; Aeq) = BqT(Q))‘eq + C(a)Ac. (30)

It can be noticed that the contact matrix D in equation (20) is replaced by a
mapping C and the inequality constraints vanish, leaving rest of the structure
unchanged. Using equations (21) and (22), the time-discretized equations for
continuous systems can thus be written as follows with respect to the vector
of optimization variables Y,, = [h, )\cn , Aeqn ,ql]T:

Y,, = argmin HZ M 'H,

n

st. M(vp, —vpo1) + hn(K,) =0,
B(qnfl) + hn Bq(an) Qn = 0»
®(q, 1) +h,CL v, =0,

(31)

where Yn is the resulting solution, and H,, and K,, are defined as follows:

Hn = C(Qn—l) AC'n + Bg(anl) A9(171’ (323)
K, =H,+8S (dn-1,4n-1) — Qa(dn-1) (32b)

2.3 Algorithm

A step-by-step procedure to implement the formulation discussed in the
sections 2.1 and 2.2. For a target simulation time t,,x, the initial values of
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Y at time tg should be such that all constraint equations are satisfied. For
the initial values of generalized coordinates satisfying a negative value of gap
function, the initial value of Lagrangian multipliers A¢y should be assumed
zZero.

Algorithm 1 Non-smooth multibody dynamics

1: IHPUtS' to, thinal, hmina hmaxa Yo > The initial states
P‘CO ’ Aeqo ) qO ]T
2: N <— 0
3: while ¢, < tgna do
4: n—n+ 1
hmin = min{hmirn tﬁnal - tnfl}

ilmax = min{hmwn tﬁnal - tnfl}

5:

> Ensure t,, < tgnal

6: [hn, Y] < Solution of NLP(Y,,_1, iLmin, fzmax) > Solve (25) or (31)

7 [’\Cn7/\eqn L qr =YL > Extract the state variables
qn dn—1 + hnqn

8 Vo | + | [ 2G (pp-1) pn)T}T > from equation (22)
Vi ﬁ(vn — Vn_1)

9: tn < tp—1+ hn
10: end while

The values of state variables obtained at the n' time-step in step 7 of the
algorithm 1, can be later used to evaluate contact forces and torques using the
equation (12).

3 Parametric definitions of joints with
clearances

In this section, the formulations for three fundamental joints used in mechan-
ical systems are presented. The gap function ®"°? should provide both the
normal distance and the normal unit vector between the potential contact
points to suit the equation (11). Keeping this key requirement in considera-
tion, the parametric formulations for joints with clearances are presented in
this section.

3.1 Cylindrical joint with clearances

Figure 3 shows a system of two bodies i and j forming a cylindrical joint
with radial clearance c. The generalized coordinates of bodies are q; € R” and
q; € R7 respectively. Let points P;, and P;, represent the two ends of center-
line of body 7 in global frame of reference. Let points P;, and P;, represent the
two ends of center-line of body j in global frame of reference. The perpendicular

distances of points P;, and F;, from the center axis of body j are ds, and d,,,
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along the unit vectors ny, and n,, respectively. Let A(p;) and A(p;) be the
rotation matrices of the respective bodies. Given the local coordinate vector
sy, of an arbitrary point P, with 2 € [1,2] in a body with respect to the
centroid k € [i, j], the position of point Py_ can be evaluated in global frame
as ry, using equation (33).

ry, =ri+ A(pg) sy, - (33)

The body with the smaller axial length will have one or both of the end faces

Fig. 3 Schematic representation of a spatial cylindrical joint with clearance

making contact with the longer body. Assuming that body 4 it the smaller
body and considering P;, as the reference point with position vector r;, , the
perpendicular vectors ds,, « € [1,2] pointing towards the contact points Py,
can be evaluated via the following equations:

(ri, = 15)7 (v — v5) (34)

d. =(r: —1r:)—(r; —rs
s = (= mi) = (o = m) e T

d, d,
n, = = —=.
o ||dsx || ds:z
Considering ¢ of a very small magnitude in comparison to other dimensions
of the components, the perpendicular distances d,, and ds, must abide the
following inequalities:

(35)

ds, —c

@Cylindric (q) _ |:d6 .
52

} <o. (36)

Assuming the hole inside the body ¢ has a radius R, the position of the cor-
responding contact points c, in the global reference frame can be calculated
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as:

c. =r;+ A(p;)s;, — Rn,,. (37)
It must be noticed that the definition of cylindrical and revolute clearance
joints defined in [69-71, 76-79], consider angular misalignment as an extra
inequality constraint. These definitions have widely been used in rp formula-
tions with continuous contact models. However, the requirement is to define
the constraints for clearance joints in rA formulation such that the normal
vector at contact point must be obtained as a function of the gap present
between the colliding points, and the contact matrix thus formed must sat-
isfy the equation (24). For this requirement, it is essential that the inequality
constraint set ® must exclusively comprise of distance quantities, similar to
what is defined in [73]. Hence, the cylindrical joint defined in equation (36) is,
govlindric ¢ R2 Also, it can be noticed that the normal vector n required for
evaluating D is a direct indicator of the relative normal direction at the con-
tact. Hence, with the proposed definition of the joint, is conducive to, and can
be integrated with the non-smooth dynamics framework described in previ-
ous sections. Since the function is evaluated in terms of absolute distance with
Ac > 0 and the normal vector is defined along the direction of the distance
vector, the angular misalignment is automatically considered in this approach
for all possible combinations of relative orientations of the bodies.

3.2 Prismatic joint with clearances

The spherical, revolute and cylindrical joints with clearance [69-72, 76-78]
and planar prismatic joints [80, 81] have been studied extensively. However,
the spatial prismatic joints have not received much attention in the past. The
prismatic joint with a clearance poses a special intricacy because of its exclusive
dependence on geometric parameters. Traditionally, a prismatic joint consists
of shapes with vertices and planes to constrain the rotational motion about the
longitudinal axis and these vertices form the contact points. A prismatic joint
without clearance does not require these to be included, as the contact forces
are not evaluated on individual vertex. However, when clearance is included,
each vertex of the inner body (minimum 6 are required for a spatial prismatic
joint) needs to be individually constrained to not penetrate the enveloping
body’s two adjacent planes. Hence, the geometric locations of all the vertices
are required with respect to the local coordinate system.

Figure 4 shows a system of two bodies, ¢ and j, forming a prismatic joint
with clearance. The generalized coordinates of the bodies are q; € R” and
q; € R” respectively. Each vertex of body i (inner body) at front and back
faces, is constrained to two adjacent planes, as shown in figure 5. For example,
points P4y and Py, are constrained to planes 1 and 4, points P;; and Py are
constrained to plane 1 and plane 3, and so on. It requires at least three points
to define a plane. The planes 1-4 are defined by the vertices in the above figure.
For example, plane 1 is defined using points Q1y, Q4 and Qu, plane 2 is
defined by Py, Pay, Py, and so on.
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Qy, Q1p Plane 1 Qaf, Qup
Pl/,P”, Pf}/vP/\b

Rlane Plang 4

Pyg, Pap P35, P3p

Q2. Q2p Plane3 Qs Qsp o -

Front view

Isometric view

Fig. 4 Schematic representation of a spatial prismatic joint with clearance

Fig. 5 Each pair of vertices results in two values of directional distance vector

With this methodology, a polygon of any regular or irregular shape can be
defined with the help of all the vertices and planes. Each vertex of an N sided
polygon is constrained to two adjacent planes at both the faces. This results
in 4N equations of distance constraint. Obviously, each vertex’s global coordi-
nates need to be calculated as per equation (33). The perpendicular distance
between a point P on body i, where P € [Py, Pay, ..., Pny, Pip, Poy, - - ., Pno),
and a plane obtained from vertices on body j can be calculated as:

dp = (I‘P - I‘Q)TI’IQP > O7 (38)
where, ngp is the normal vector of the bounding plane pointing towards the
point P, @ is any point in the bounding plane, and rp and rg are the vectors
associated with point P and point @ in global reference frame evaluated with
equation (33). Hence, for a joint of rigid bodies forming a prismatic joint, with
the internal body having 2M vertices and bounded by external body having
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M planes, the constraint manifold is given as per the following inequality.

~dp,,

rrismatic (q) _ _deZM <0. (39)
—dp,,

L= 4Poane | yarsa

Here, the subscripts 'f’ and ’b’ respectively signify the vertices in front and
back, as shown in Figure 4. It can be inferred from the equation (39) that the
dimensionality of NLP (25) increases with the number of vertices in the joint.
This is another justification for the lack of studies on prismatic joints with
clearances, as compared to other fundamental joints.

3.3 Revolute joint with clearances

The spatial revolute joint is essentially an axially constrained cylindrical joint.
Let body ¢ in Figure 3 be axially constrained at the ends of body j such
that there remains an axial clearance c,. The normal vectors n;, and n;, at
the constraining planes at P;, and Pj,, respectively, are evaluated as per the
following equations:

Tj, — Ty
n;, = ——2——_ n,, =-—nj.

Al o A “0)
Consequently, the construction of the joint requires that the distance of points

P;, and P;, from P;, and Pj,, projected on the normal vectors n;, and n;,,
respectively, is positive.

_(ril - rjl)Tnjl <0, (41)
_(ri2 - rjz)Tnjz <0.

Hence, the constraint manifold for a revolute joint with clearances is given as
the following set of inequalities:

@cylindric <q)
(I)revolute (q) _ _(ril _ I'jl)Tan <0. (42)

_(riz - rjz)Tnjz
4 Case studies

This section discusses the three relevant case studies that were used to test
the methodology discussed in sections 2 and 3.
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4.1 Case study: Cylindrical joint

Figure 6 shows a simple case study of a spatial cylindrical joint with clearance
to illustrate the proof of concept for the proposed formulation. The case study
comprises of a slider of mass m with its center of mass denoted by the gener-
alized coordinates q € R” and a mass-less rod of radius R fixed at both ends.
There is a radial clearance ¢ = 0.1mm between the slider and the rod and grav-
ity acts along the —Y axis. An external force F' acts on the slider at a point
marked by a body-frame vector s}. The system specific details illustrated in
Figure 6 are shown in Table 1.

centeline

left end of pivot’'s
centerline

F

Fig. 6 Schematic diagram of the cylindrical joint with clearance

Table 1 Case study specifications:
Cylindrical joint

Property  Value  Units

m 3.2 kg
L 100 mm
l 20 mm
R 5 mm
lIs%] 30 mm
F 50 N

4.2 Case study: Prismatic joint

Figure 7 shows a simple case study of a spatial prismatic joint with clearance
¢ = 0.3mm. As it can be observed, the bodies have triangular cross-section
with each edge of the cavity in body j of length e;; the corresponding length
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for body i is e;. The slider ¢ has mass m with its center of mass denoted by
the generalized coordinates q € R” and a mass-less triangular prism is fixed
at both ends. The gravity acts along the —Y axis and an external force F'
acts on the slider at a point marked by a body-frame vector s}. The topmost
vertices of the slider are labeled Py, and P, respectively. The trajectory of
these two contact points is tracked and discussed in section 5.2. The system
specific details illustrated in Figure 7 are shown in Table 2.

Py, right end

l g9 leftend

Fig. 7 Schematic diagram of the triangular prismatic joint with clearance

Table 2 Case study specifications: Prismatic
joint.

Property  Value  Units

m 3.2 kg

L 100 mm
l 20 mm
e; 17.67 mm
ej 17.32 mm
[EA 30 mm
F 40 N

4.3 Case study: Revolute joint

Figure 8 shows a simple case study of a pendulum 4 forming a revolute joint
with a hinge pin j of radius R. The radial and axial clearances are denoted by
c and ¢,. The center of mass of the pendulum is located at ¢cm, and c¢m, units
along local X and Z directions. As can be observed, the bob of the pendulum
is a rod protruding out of the XZ plane. This odd shape has been chosen to
induce motion along Z direction as well. The pendulum ¢ has mass m with its
center of mass denoted by the generalized coordinates q € R” and the hinge
pin j is mass-less and fixed at both ends. The gravity acts along the —Y axis.
The system specific details illustrated in Figure 8 are shown in Table 3.
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right end of pivot’s
centeline

left end of pivot's
centerline

Fig. 8 Schematic diagram of the revolute joint with clearance

Table 3 Case study specifications: Revolute
joint

Property  Value  Units

m 2 kg
l 20 m
c 0.1 m
R 5 m
Ca 0.1 m
cmy 30.9 m
cmy 11.97 m

5 Results and discussion

The simulation results were achieved using sequential quadratic programming
(SQP) available in MATLAB®) toolbox. The SQP algorithm uses penalty
method proposed by [82, 83], where the penalty parameter for k¥ iteration
7%, corresponding to it" constraint given as follows:

Ai + 11,

JEl), (43)

T, = max(A;,

where, )\; is the Lagrange multiplier associated with i*" constraint.

The case-studies of cylindrical and prismatic joints were conducted with
time step h varying between hmin = 1072 and Amax = 1072 seconds while the
revolute joint case study was conducted with h varying between Ay, = 1072
and Amax = 2 x 1073 seconds. Further, to study the convergence and stabil-
ity properties, and to highlight the effects of numerical damping, the total
mechanical energy in the pendulum (revolute joint with clearance) was studied
with different ranges of step-sizes.The SQP algorithm comes with the advan-
tage of fast convergence and its ability to efficiently deal with large number
of constraints [84]. The constraint violation was observed ||®1¢d(q)|| < 10719
upon the contact formation. At the same time the equations of motion (16)
were satisfied within the limits of 107°.
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Fig. 9 Cylindrical joint in Figure 6: Residuals Equation of motion.

5.1 Cylindrical joint

As shown in Figure 9, the equations of motion residuals were found to be of
order 107°. Figure 10 shows the positions of X and Y components of the left
hand and the right hand ends of the slider. As can be expected, the external
force F' generates a torques and tilts the slider. Hence, the left end descends
down and makes contact with the shaft, while right end moves up to make
contact with the shaft. After the contact is formed at the diametrically oppo-
site ends of the rod j, the slider starts moving in the Z direction. Figure 11
shows the contact forces CF — z, CF —y and CF — z in X, Y and Z direc-
tions respectively. Figure 12 represents the X and Y velocities of the center of
mass. The lateral velocities (in X-Y directions) gained by slider are very small,
though periodically varying. These oscillations of low magnitude arise because
in absence of friction, minute perturbations in X-Y plane can rotate the slider
about Z axis, which also happens to be the major axis of slider. Figure 13
represents the Z-velocity of the center of mass of the slider and Figure 14 repre-
sents the displacement of slider Z direction, from the initial position. Since the
external force is constant, the acceleration is constant and hence, the velocity
and position profiles are straight-line and parabola respectively.

Figure 15 shows the step-size adaptation over time. It can be observed that
the dramatic fluctuations in the step-size correlate well with the lateral micro-
oscillations of the contact points that undergo sliding while maintaining the
contact, as observed in Figure 10. In cylindrical slider, the rotational degree of
freedom about Z axis is free and remains so even after contact is formed. More-
over, the torque generated by external force is acting about the intermediate
axis of the slider. The torque generated by external force is acting throughout
the simulation. Since rotation about intermediate axis is unstable to numerical
perturbations along global X and Y [85], the step size also oscillates between
the bounds in this case.
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Position (mm)

Time (sec)

Fig. 10 Cylindrical joint in Figure 6: X and Y coordinates of the centers of left and right
ends.

Contact forces (N)

Time (sec)
Fig. 11 Cylindrical joint in Figure 6: Contact forces against time.

0.5

Velocity (mm/s)
o

o
o

Time (sec)

Fig. 12 Cylindrical joint in Figure 6: X and Y velocities of center of mass.
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E20F
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S ——cm-z
o 10
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Fig. 13 Cylindrical joint in Figure 6: Z velocity of center of mass.
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_40 | | | | | | | |
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Fig. 14 Cylindrical joint in Figure 6: Z coordinate of center of mass.

Time-step size (sec)

0 1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Time (sec)

Fig. 15 Cylindrical joint in Figure 6: Time step size.
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5.2 Prismatic joint

The equations of motion residuals, as shown in Figure 16, are in order of 1077.
Figure 17 shows the positions of Y components of the points Py, and P,
shown in Figure 7. The external force I’ generates a torque and tilts the slider,
similar to in cylindrical joint’s case. However, the contact happens on all the
6 vertices. After the contact is formed at the of the body j, the slider starts
moving in the Z direction. Figure 18 shows the contact forces CF —x, CF —y
and CF — z in X, Y and Z directions respectively. Figure 19 represents the
X and Y velocities of the center of mass. Once the steady contact is formed
(around ¢t = 0.2s), the center of mass does not move in X-Y plane. Figure 20
represents the Z-velocity of the center of mass and Figure 21 represents the
motion of slider’s center of mass along 7 direction. Since the external force is
constant, the acceleration is constant and hence the velocity profile is straight
line and the position profile is parabolic. The Figure 22 represents the step-size
adaptations against time. In case of prismatic slider, the external torque (by
the applied force) is acting about intermediate axis which eventually tilts the
slider until the contact is made at the vertices such that the only remaining
degree of freedom remains sliding along Z axis. It can be observed that once
a steady contact is maintained, the step-size also stabilizes to the maximum
value of 1072, The main reason why Figure 15 is noisy and Figure 22 is not, is
that in prismatic slider, rotational perturbations about Z cannot destabilize the
solution as formation of contact at vertices immediately nullifies that degree
of freedom.

Semilog-y scale
T T T

_.

<
>
|

EOM residuals [-]

-

S
o
<]

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time (sec)

Fig. 16 Prismatic joint in Figure 7: Equations of motion residuals.
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Fig. 17 Prismatic joint in Figure 7: Y coordinates of contact points Pr; and Py;.
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Fig. 18 Prismatic joint in Figure 7: Contact Forces against time.
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Fig. 19 Prismatic joint in Figure 7: X and Y velocities of center of mass.
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Fig. 20 Prismatic joint in Figure 7: Z velocity of center of mass.
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Fig. 21 Prismatic joint in Figure 7: Z position of center of mass.

0.005 4

Time-step size (sec)

Time (sec)

Fig. 22 Prismatic joint in Figure 7: Time step size.
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5.3 Revolute joint

In this section, the results obtained from the proposed methodology have
been discussed for the revolute joint case study. The counterparts from an
ideal joint case, i.e., without any clearance have also been compared. The
ideal joint case was evaluated using tangent space ODE (TSODE) formulation
[66]. For brevity, the term “NLP” represents the non-smooth solution of the
respective system with clearance. The rationale behind choosing a separate
well-established methodology for simulating an ideal joint case was to check
the credibility of the solution obtained from the method proposed in this work.

Figure 23 shows the residuals of Equations of motion. Figure 24 shows the
positions of X and Y components of the contact points on the hinge pin’s
surface. It can be observed, that because of rotation, the system undergoes
intermittent formation and breaking off of the contact. Figure 25 shows the
contact forces CF—z, CF—y and CF—z in X, Y and Z directions respectively.
The counterparts from an ideal joint case, i.e., without any clearance have also
been compared. It can be observed that the general pattern of the variation of
the contact forces is sinusoidal, excluding the peaks. When juxtaposed to the
ideal-joint case, a similar pattern can be observed however, with a slight lag.
This lag can be attributed to the fact that the pendulum, when released, first
falls as a free body and consumes the clearance. Then the contact is made and
the expected motion begins. Figure 26 represents the X and Y velocities of the
center of mass.

The effect of lag can also be observed in the initial moments of time in
Figure 26, while the rest of the velocity profiles overlap the ideal-joint coun-
terparts. This overlap can also be observed in the position profiles. Figure 27
represents the positions of center of mass in X-Y plane. In Figure 28, The
axial displacement of the center of mass of the pendulum is shown evolving
with time. As can be expected, the ideal-joint case does not exhibit any dis-
placement along Z direction. Furthermore, it must be noticed that the center
of mass is located at a significant distance from the axis of rotation. Hence,
the displacement of center of mass along Z is a combination of the tilting
effect on the hinge pin because of radial clearance as well as the the prismatic
displacement in Z direction because of axial clearance.

Figure 29 represents the variation of step-size with time. It can be observed
that step-size changes when the contact points acquire high relative sliding
speeds. Moreover, the numerical damping because of large range of step size,
happens to be a source of dissipation. This is confirmed in Figure 30 where
the total mechanical energy is plotted for different ranges of step-size. Recall
that our base-line step size range was 1072 < h < 2 x 1073, The conver-
gence analysis shows that limiting the range to smaller values of maximum
step-size (5 x 107* < h < 1073) resulted in significant improvement in energy
conserving properties. Further, the stability analysis compares the two base-
line convergence ranges with their respective increased and a decreased range,
keeping the maximum step-size same, i.e. 1072 and 2 x 1072 respectively. It
can be observed that energy loss is expected with larger step sizes, but can be
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Fig. 23 Revolute joint in Figure 8: 2-norm residuals of equations of motion
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Fig. 24 Revolute joint in Figure 8: X and Y coordinates of the centers of left and right ends.

restored using smaller step-sizes. Further, with the maximum step-size fixed,
improved stability comes with smaller minimum step-size.



Springer Nature 2021 BTEX template

Formulation of spatial joints with clearances 31
——CF-x:NLP ——CF-z:NLP = = CF-y: TSODE
__ 300 ——CF-y:NLP = = CF-x: TSODE = — GCF-z: TSODE
z
= 200 - .
8
§ 100 -
§ o =
g ~ -
O -100 - -
-200 [- | | | | | | | | | il
0 1 2 3 4 5 6 7 8 9 10

Time (sec)

Fig. 25 Revolute joint in Figure 8: Contact forces against time. Joint with clearance
formulated as NLP (25). Ideal joint case formulated as a TSODE [66].
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Fig. 26 Revolute joint in Figure 8: X and Y velocities of center of mass.
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Fig. 27 Revolute joint in Figure 8: X and Y coordinates of center of mass.

—-116
E

5-118
8 12
o

120 I | | | | | ||~ — cm-zideal joint (TSODE)
' 1 2 3 4 5 6 7 8 9 10
Time (sec)

Fig. 28 Revolute joint in Figure 8: Z coordinates of center of mass.
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Fig. 29 Revolute joint in Figure 8: Time step size variation in NLP solution of the system
with clearance.
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Fig. 30 Revolute joint in Figure 8: Stability and convergence properties for different ranges
of step-size
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5.4 Ideal joint pendulum

Figure 31 shows a simple case study of a pendulum i forming a revolute joint
with a hinge pin j of radius R. The center of mass of the pendulum is located
at cm, along local X direction. The pendulum ¢ has mass m with its center
of mass denoted by the generalized coordinates q; € R” and the hinge pin j
is mass-less and fixed at both ends. The gravity acts along the —Y axis and
the clearance in the revolute joint is ¢. The system specific details illustrated
in Figure 31 are shown in Table 4. Two cases of the showed pendulum are

right end of pivot's
centeline

i
left end of pivot’s
centerline

Fig. 31 Schematic diagram of a pendulum demonstrating a revolute joint

Table 4 Case study specifications: Revolute
joint

Property  Value  Units

m 2 kg
l 20 m
R 5 m
cmy 30.9 m
c 0.1 m

considered: 1. Joint with clearance using NLP (25), 2. Ideal joint using NLP
(31). Further, the fixed step size studies were conducted with two step-size
values: h = 2 x 1074, and h = 1073 for both cases. The effect of step-size
range bounds was also compared by simulated both cases with two ranges of
bounded step size: 2 x 107* < A <1072 and 1072 < h < 2 x 103, Based
on inferences from Figure 30, the aim is to investigate the effect of numerical
damping on entities other than mechanical energy.

Figures 32 and 33 respectively compare the X-Y positions and velocities
of the center of mass. The effect of clearances is more noticeable in velocity
plots, especially in the beginning. Figure 34 compares the total mechanical
energy and its kinetic and potential components for the two cases, where only
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——cm-x with clearance = = cm-x without clearance i
40 —cm-y with clearance — — cm-y without clearance

Position (m)
\ o
o o

N
o

Time (sec)

Fig. 32 Pendulum in Figure 31: center of mass position represented in X-Y coordinates

gravitational potential energy was considered to calculate total mechanical
energy. The non-smooth behavior in total energy can be observed in interval
0<t<2.

Figure 35 compares the variation in spatial components of contact forces
between clearance joint and ideal joint, both cases simulated by the discussed
NLP approach. In Figure 35, it can be observed that numerical damping comes
into effect with large step-sizes, as the number of peaks go down with range
of larger step-sizes. Figure 36 shows that the formulation does satisfy the
kinematic constraints in case of ideal joint. The plot in the top represents the
X and Y coordinates of left and right ends of the pivot end’s centerline. It
can be noticed that the clearance constraint of 0.1m is not violated. In case
of ideal joint, the constraints are satisfied well. This case study demonstrates
the effectiveness of the proposed framework to deal with smooth as well as
non-smooth systems. Further, Figure 37 compares the computational aspects
of the two cases studied in this section. The advantage of bounded step-size
over fixed step-size can hence be argued based on the observations in case of
joints with clearances. However, there is no significant improvement in case of
ideal joints if the Ay, is kept same, i.e. 1074 or 10~3. However, increasing the
step size range indeed reduces the computation time and induces numerical
damping, at the cost of energy loss, as observed in Figure 30. Moreover, it must
be noticed that contact problems consume significantly more computational
resources than the smooth problems.
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30 —cm-x with clearance = = cm-x without clearance
— 20 —cm-y with clearance — — cm-y without clearance
2
E tor J
=
o
[} L i
= -10

-20 L | | | | | | | | | 7

0 1 2 3 4 5 6 7 8 9 10
Time (sec)

Fig. 33 Pendulum in Figure 31: center of mass velocity represented as rate of change of
X-Y coordinates
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Fig. 34 Pendulum in Figure 31: Total, kinetic and potential energies
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Fig. 35 Pendulum in Figure 31: Contact forces along global X, Y and Z directions. Large
step-size induces numerical damping that reduces the number of peaks
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Fig. 36 Pendulum in Figure 31 with ideal joint: Norm of kinematic constraints
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Fig. 37 Pendulum in Figure 31: Total iterations between ¢t = 0s and ¢t = 10s, and Compu-
tational time
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6 Conclusions

This work provides a non-smooth dynamics based framework for the purpose
of simulating multibody systems with clearances in the joints. Non-smooth
dynamics of spatial cylindrical, prismatic and revolute joints with clearances
have been derived assuming inelastic nature of the contact. The mathemat-
ical representations of constraint inequalities have been carefully derived to
ensure that they capture all the possible scenarios of contact formation. Sim-
ulation results demonstrate the computational effectiveness of the proposed
framework. Moreover, the tolerance limits of constraints during contact are
also satisfied within significant accuracy. The proposed framework was also
successfully applied to simulate ideal joints in rA formulation, and constraint
requirements were also well preserved.

The paper proposes a novel adaptive time step strategy based on treating
the time step size h as a variable in the NLP problem. The adaptive step
sizes resulted in fewer iterations and smaller computational times to simulate
joints with clearances, but did not increase efficiency of ideal joints simulations
via non-smooth dynamics. Furthermore, looking at the level of complexity of
problems considered and the computational time consumed, a limitation of the
proposed framework can be observed. Indeed, this is an open task for future
work.

This work focuses on frictionless contacts in the joints with clearances.
On-going work by the authors seeks to extend this study to the simulation of
joints with clearance and friction, which will shed further light on the impact
of clearances on multibody systems dynamics.

The industrial approach of assigning tolerances, and hence clearances, is
primarily based on manufacturability related aspects. However, the effects
of accumulated clearances on the kinematic and dynamic parameters of a
mechanical system are often neglected. The presented work can be impactful
in rationalizing the design procedures as tolerance assignment is a critical task
on engineering drawings. Understanding the effect of tolerances on the sys-
tem’s dynamic response can be helpful in optimizing the design of a machine’s
components.
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