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(ABSTRACT) 

This dissertation presents a set of general numerical tools for simulating feedforward active 

noise control in the frequency domain. Feedforward control is numerically similar to linear least- 

squares regression, and can take advantage of various numerical techniques developed in the 

statistics literature for use with regression. Therefore, an important theme of this work is to look 

at the control problem from a statistical point of view, and explore the analogies between 

feedforward control and basic statistical principles of regression. 

Motivating the numerical approach is the need to simulate active noise control for systems 

whose dynamics must be modeled numerically because analytical solutions do not exist, e.g., 

fluid-structure interaction problems. Plant dynamics for examples in the present work are 

modeled using a finite-element / boundary-element computer program, and the associated 

numerical methods are general enough for us with many types of problems. The derivation is 

presented in the context of active structural-acoustic control (ASAC), in which sound radiating 

from a vibrating structure is controlled by applying time-harmonic vibrational inputs directly on 

the structure.



First, a feedforward control simulation is developed for a submerged spherical shell using both 

analytical and numerical techniques; the numerical formulation is found by discretizing the 

integrations used in the analytical approach. ASAC is shown to be effective for controlling 

radiation from the spherical shell. For a point-force disturbance at low frequencies, a single 

control input can reduce the radiated power by up to 20 dB (ignoring the possibility of 

measurement noise). A more general numerical methodology is then developed based on weighted 

least-squares regression in the complex domain. It is shown that basic regression diagnostics, 

which are used in the statistics literature to describe the quality and reliability of a regression, can 

be used to model the effects of error sensor measurement noise to produce a more realistic 

simulation. Numerical results are presented for a finite-length, fluid-loaded cylindrical shell with 

clamped, rigid end closures. It is shown that when the controller reduces the radiated power by 

less than 2 dB, the control simulation is usually invalid for statistical reasons. Also developed are 

confidence intervals for the individual control input magnitudes, and prediction intervals which 

help evaluate the sensitivity to measurement noise for the regression as a whole. 

Collinearity, a type of numerical ill-conditioning that can corrupt regression results, is 

demonstrated to occur in an example feedforward control simulation. The effects of collinearity 

are discussed, and a basic diagnostic is developed to detect and analyze collinearity. Subset 

selection, a numerical procedure for improving regressions, is shown to correspond to optimizing 

actuator locations for best control system performance. Exhaustive-search subset selection is 

used to optimize actuator locations for a sample structure. Finally, a convenient method is given 

for investigating alternate controller formulations, and examples of several alternate controllers 

are given including a wavenumber-domain controller. Numerical results for a cylindrical shell 

give insight to the mechanisms used by the control system, and a new visualization technique is



used to relate farfield pressure distributions to surface velocity distributions using wavenumber 

analysis.
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CHAPTER 1: INTRODUCTION 

1.1. Background and motivation 

The goal of this research is to develop a general numerical frequency-domain approach for 

simulating the performance of feedforward active noise control systems. With active control 

gaining popularity as a practical solution for low- to mid-frequency noise problems, researchers 

are considering systems that are more complex and ambitious than those now in use. Feedforward 

control has proven effective when the disturbance is periodic and a reference signal is available. 

By working in the frequency domain, we can in some cases derive convenient simulations to 

predict how well the control system will perform. However, such simulations usually require a 

closed-form solution for the system dynamic response. Some problems of practical interest, 

including most structural-acoustic interaction problems, do not posses closed-form solutions: 

plant dynamics must be found with numerical methods such as finite-element methods (FEM) or 

boundary-element methods (BEM). The present work formulates and validates algorithms for 

simulating active control when plant dynamics are modeled numerically. 

Another important theme of this work is to illustrate how numerical techniques developed in the 

statistics literature may be applied to active control problems. If we examine feedforward active 

control in the frequency domain, the process of solving for control inputs is numerically similar to 

multiple linear least-squares regression. However, the analogy extends beyond simply solving for 

the control inputs. Experience has shown that analytical predictions are nearly always optimistic, 

i.e., physical implementations do not perform as well as predicted. One cause of the disparity is 

error sensor measurement noise, which is usually ignored by simulations. A second reason is that 
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analytical simulations usually presume to know the system response as a continuous function of 

space, whereas a real contro] system knows the response only at a finite number of discrete error 

sensor locations. Both problems are analogous to problems encountered in performing 

regressions, and their effects are conveniently addressed by adapting regression diagnostic 

techniques to the active control problem. To the author's knowledge, the statistical techniques 

used in this thesis have not been applied in the context of active noise control. 

While most of the ideas discussed in this thesis apply to any feedforward control system, for 

purposes of illustration we focus on active structural-acoustic control (ASAC). ASAC involves 

controlling the acoustic response of a fluid-structure system by applying time-varying force inputs 

directly on the structure. Recent theoretical and experimental studies use ASAC to control 

radiation from 1-dimensional and 2-dimensional structures including beams, plates, submerged 

plates; similar techniques are used to control noise transmitted through flat plates or into infinite 

cylindrical shells [1-12]. The concept is similar to active vibration control (AVC) since the 

actuators are applied directly on a flexible structure, but the goal of reducing acoustic response 

often differs from the goal of reducing a purely structural response. ASAC also differs from 

active noise cancellation (ANC), since ASAC actuates the structure itself rather than actuating the 

acoustic medium with loudspeakers. For structure-borne noise, ASAC can often produce 

widespread farfield reductions with fewer actuators as compared to AVC and ANC. Also, 

because vibrational actuators tend to be more compact than loudspeakers, ASAC can be used in 

certain situations where ANC is impractical. 

One reason for developing control simulations based on numerical approaches is the need to 

apply ASAC to submerged, thin-walled shells and other fluid-loaded structures. Submerged shells 

are of significant practical interest, but they also represent a fundamental departure from existing 

1.1. Background and motivation 2



work. Because no analytical expressions exist for the dynamic response of a general, 

3-dimensional, fluid-loaded shell, analytical simulations of active control cannot be used. In the 

present work the fluid-structure dynamic response is found from transfer functions obtained 

numerically. The method is therefore quite general: we can develop an ASAC simulation for any 

system that can be modelled numerically. Two similar studies exist. Mollo and Bernhard [13] use 

the indirect boundary-element method to formulate active noise cancellation systems for both 

interior and exterior noise fields. A related technique is proposed by Song, Koopman, and 

Fahnline [14], who use the principle of superposition to solve for source strengths to cancel 

radiation from an arbitrary structure. These works do not model fluid-structure interaction, and 

they model the structure only as a velocity distribution rather than modeling the structure 

implicitly as with a FEM model. Another recent work is Nelson and Elliott [15], which presents 

both analytical and numerical techniques for frequency-domain feedforward problems. None of 

these works address modelling the effects of error sensor measurement noise, nor do they discuss 

the other statistical aspects of the feedforward control problem discussed in this thesis. 

A numerical simulation capability would help the development of concurrent passive/active 

design techniques. Most ASAC systems are sequential designs: first one designs and builds a 

structure from strength requirements, weight requirements, and/or passive acoustic considerations, 

and then one retrofits an active control system if needed. In a concurrent design approach, both 

structural properties and active control features would be considered simultaneously during 

design. Concurrent design would likely produce a structure more amenable to active control than 

one designed sequentially. Concurrent design approaches are beyond the scope of the present 

work, but basing the control simulation on a finite-element structural model would enhance a 

concurrent design approach because of the close linkage between structural and active control 

models. 

1.1. Background and motivation 3



Since the physical locations of actuators can dramatically influence system performance, a 

concurrent design approach would benefit from a general method for optimizing actuator 

locations. For geometrically simple systems the best actuator locations may be obvious; for more 

complicated systems, perhaps not. Also, the performance bottleneck for some control systems 

involves not algorithms or hardware, but weak coupling between the actuators and system 

response (poor controllability). Both these points are reasons to seek a formal, structured 

procedure for optimizing actuator locations. However, methods commonly in use are not 

computationally efficient, and are therefore limited to simplified problems. An optimization 

approach better suited to discretized structural models would provide computational efficiency 

gains, allowing the study of larger and more practical problems. One such approach is discussed 

further in Section 1.2.4, and a detailed derivation with numerical results is presented in Chapter 5. 

The problem of simulating ASAC for fluid-loaded shells can be cast into the larger class of 

structural-acoustic systems that do not posses analytical solutions. Therefore, the overall research 

objectives may be set out as follows: 

1. Apply known analytical methods to develop an analytical ASAC simulation for a fluid- 

loaded spherical shell, and then discretize the analytical approach to obtain a numerical 

approach suitable for use with spherical or non-spherical geometries. Validate the 

numerical method by comparing results with the analytical method for both the 

uncontrolled and controlled cases. 

2. Conduct a survey of elementary statistical techniques that have direct bearing on the 

ASAC problem. Develop and study statistical aspects of ASAC performance, 

emphasizing methods for modeling the effects of error sensor measurement noise and 

assessing model reliability. 

3. Develop a general method for optimizing actuator locations for best control system 

performance. The method should take advantage of computational opportunities that 

exist when the problem is discretized and numerical methods such as FEM are used to 

model the structural-acoustic response. 
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4. Give numerical examples for several alternate controller formulations in the spatial 

domain and in the wavenumber domain, using a non-spherical structural geometry; use 

the results to shed light on mechanisms of ASAC for fluid-loaded structures. 

1.2. Overview 

The entire investigation is conducted in the frequency domain rather than the time domain. The 

disturbance signal is time-harmonic with time dependence e/@f, and thus only one frequency 

component and is stationary in time. We assume steady-state operation such that all transient 

responses have been damped out, and we express the dynamic response as a complex-valued 

spatial distribution in the frequency domain. This simplification provides insight to the more 

general problem of multi-frequency or broad-band disturbances, which can always be decomposed 

into their frequency-domain components. For simplicity of notation, however, all time-varying 

quantities are shown without the explicit time dependence e/ 

Figure 1 shows a block diagram of a general single-input, single-output (SISO) feedforward 

active control system. A primary or disturbance source attached to the structure injects energy 

(the disturbance input) into the structure. The actuators used to influence system response are 

termed secondary sources or control inputs. The system contains both a detection sensor, which 

measures the disturbance input, and an error sensor, which measures the system output. The 

disturbance input S propagates through the primary path A to form the disturbance response Pp. 

The disturbance input is also measured by a detection sensor, which possibly adds measurement 

noise €g. The signal from the detection sensor is operated on by the controller to produce the 

control input 5, which propagates through the secondary path X to form the control response P,.. 

The total response Py + P, is measured by the error sensor, which possibly adds measurement 

noise €; the error sensor output is used in determining the controller gain. 
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Figure 1: Block diagram of general SISO feedforward control system with measurement noise 

occurring at detection sensor and error sensor. 
  

Measurement noise in the error sensor is analogous to observation noise in regression, and 

therefore various statistical methods are available for investigating the effects of measurement 

noise in the error sensor signal. We shall not treat the case of measurement noise in the detection 

sensor signal, since that type of noise has no direct analog in the regression problem. Both single- 

input and multi-input cases may be treated, with the multi-input cases being similar to Fig. 1. 

1.2.1. Validating the numerical method: the spherical shell 

The thin-walled spherical shell is often used to build confidence in numerical procedures for 

structural-acoustic interaction problems because it is one of the few separable geometries for 

which closed-form analytical solutions are available. The first step in developing a numerical 

approach for ASAC simulations is to develop an analytical method for simulating ASAC for a 

fluid-loaded spherical shell. The next step is to develop a numerical method by discretizing the 

analytical method, and compare results between the numerical and analytical methods. These 

comparisons and their development are the subject of Chapter 2. 
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The analytical methods of Nelson et. al. [16-20] are used to obtain the analytical solution, 

whose objective is to reduce farfield radiation from a fluid-loaded spherical shell excited by a 

point-force disturbance. The total radiated power is formulated from a linear sum of the primary 

(disturbance) response plus the secondary (control) response. The simulation consists of solving 

for a set of complex-valued actuator strengths (control forces) that minimize a radiation-related 

cost function. We develop the simulation using both analytical (closed-form) and discretized 

(numerical) approaches, and then compare the analytical results to the numerical results. 

Treatment of error sensor measurement noise, however, is reserved for Chapter 3. 

1.2.2. A more general method: using least-squares regression 

A more general method than the method of Chapter 2 involves posing the feedforward control 

problem as a linear least-squares regression of complex-valued variables. This type of analysis 

was first proposed by Snyder [21] and by Snyder and Hansen [22]. Forming the problem as a 

regression provides an appealingly logical framework for discussing and analyzing system 

performance. Furthermore, because least-squares regression is a mature topic supported by a 

large body of literature and algorithms from the statistical sciences, we can adapt well-established 

regression methods to the feedforward control problem. The most useful example is regression 

diagnostics, which allow a way to model the effects of error sensor measurement noise. For 

example, the "F-test" measures whether the control simulation is "statistically significant", and 

prediction intervals indicate whether the results are sensitive to measurement noise. (Similar 

statistical concepts are used in applying system identification procedures both in the frequency 

domain and in the time domain; see, for example, [23] or [24]). More importantly, regression 

diagnostics can be used to generate confidence bounds describing how well the controller cancels 

the offending sound field. Chapter 3 examines feedforward control in light of applicable statistics 
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concepts, and discusses some basic diagnostic procedures. Example results are presented for a 

clamped, finite-length, axisymmetric, cylindrical shell with fluid loading. 

It should be noted that all the techniques developed in this work are equally applicable to 

2-dimensional and 3-dimensional problems. The structures treated in Chapter 3 are axisymmetric 

and thus effectively 2-dimensional. Extending the techniques to 3-dimensional problems is 

straightforward, but produces much more stringent requirements for computing time and output 

postprocessing. A simple 3-dimensional case is treated in Chapter 2 by superposing the 

axisymmetric solutions for the spherical shell to obtain a radiated field with a plane of symmetry. 

Similar techniques may be used with the procedures outlined in Chapters 3-6. 

1.2.3. Collinearity and the need for collinearity diagnostics 

It is well-known in the statistics community that regressions are prone to a type of numerical 

ill-conditioning known as "collinearity," but it is less well-known in the active control community 

that frequency-domain simulations of active control can suffer from collinearity as well. Such ill- 

conditioning is mentioned by Rosenthal [25], who notes that redundancies between the sensors in 

an active noise filtering system can produce numerical problems limiting the number of sensors 

that can be used. The issue is also discussed by Nelson and Elliott [15], who use iterative gradient 

descent solution methods to circumvent the collinearity problem. The purpose of Chapter 4 is to 

explain how collinearity enters an active control system and how it affects feedforward control 

simulations. Also discussed are a set of diagnostic techniques analogous collinearity diagnostics 

used in the statistics literature. A collinearity diagnostic is presented as a step-by-step outline, 

with sample results given for a clamped cylindrical shell with fluid-loading. When the sole 

purpose of the diagnostic is to detect rather than analyze collinearity, the collinearity diagnostic 

consists of simply examining the condition number of a special scaled design matrix. 
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1.2.4. Optimizing actuator locations for best possible system performance 

Chapter 5 proposes a novel method for optimizing the locations of multiple actuators in a 

feedforward ASAC problem. The method is computationally efficient because it takes advantage 

of numerical properties already present in the simulation, and therefore it can be used in situations 

for which other methods are unsuitable. Geometrically complex structures require multiple 

actuators whose optimal placement may be difficult to anticipate solely from knowledge of the 

system dynamics. Optimizing actuator placement by manual trial and error can be costly and 

time-consuming, especially when many possible configurations exist. The method given in 

Chapter 5 allows for comprehensive studies using large numbers of actuators. The combinatorial 

nature of the method is ideally suited for practical design problems, in which the control actuators 

can often be placed only in certain discrete locations rather than arbitrarily on the structure. 

Rather than providing a single "optimum" actuator configuration, the method used here provides 

access to a large number of near-optimal configurations. 

1.2.5. Method for investigating alternate controller formulations 

In formulating the control problem as a regression, we can conveniently model alternative 

controller types by using the same analysis with different types of sensors and, therefore, different 

cost functions. This approach can be useful for performing numerical experiments to explore or 

optimize a system configuration. By taking weighted sums of various structural or acoustical 

quantities, we can derive quadratic, frequency-dependent "response functions" that measure 

different types of vibrational or acoustic energies. Designating one of the available response 

functions to be the "cost function" minimized by the controller, we can obtain different controller 

formulations depending on which response function is minimized. The quantity from which the 

cost function is computed would determine the type of error sensor used in the control system. 
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For example, we can derive a response function based on farfield pressure such that, with an 

appropriate weighting function, the response function is proportional to the total radiated power. 

If we use this radiated power response function as our cost function, we are effectively using 

many farfield pressure sensors as error sensors and minimizing the radiated power. However, we 

could just as easily derive a response function that measures radiation into some chosen portion of 

the farfield rather than the entire farfield, and use that as the cost function. We could use surface 

vibration data to derive a kinetic energy response function, or transform the vibration data into the 

wavenumber domain to derive a wavenumber-domain response function. Chapter 6 explores these 

suggestions and presents numerical examples for the clamped, cylindrical! shell with fluid loading. 

The approach involves forming various response functions and examining how they change 

depending on which functions is used as the cost function in the controller. The results help 

illustrate the mechanisms used to control radiation, and could be used to develop guidelines for 

implementing an active control system. 

1.3. Numerical modeling of fully-coupled dynamic response 

Numerical solutions for structural-acoustic dynamic responses are found using the computer 

program NASHUA [26]. NASHUA calculates low frequency, farfield acoustic pressure field 

radiated or scattered by an arbitrary, submerged, three-dimensional or axisymmetric elastic 

structure with internal or external time-harmonic loading. The finite-element program NASTRAN 

is used to compute structural mass, damping, and stiffness matrices, which are then used with a 

discretized Helmholtz surface integral equation to obtain the fully-coupled response of the fluid- 

structure system. In the present research, all structures are analyzed using the axisymmetric 

capability of NASHUA to simplify analysis and reduce computing costs. 
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There are two significant benefits to using an approach based on a FEM/BEM model of the 

structure/fluid system. Firstly, altering the structural geometry involves minimal effort because 

the boundary element formulation does not require discretization of the ambient fluid. Secondly, 

the FEM/BEM approach can treat nearly any structure amenable to FEM modeling, making it an 

excellent companion for theoretical and experimental studies of submerged shells. Both these 

features work to support the development of concurrent passive/active design techniques as 

discussed above. 

The following sections describe the geometries, coordinate systems, and NASHUA models for 

the two structures described in this thesis: a spherical shell and a cylindrical shell. Both models 

use axisymmetric cone elements that include both bending and membrane stresses. The structures 

are undamped steel shells submerged in water. The shell material has Young's modulus of 

1.85x1011 Pa, density of 7670. kg/m}, and Poisson's ratio of 0.3. The fluid medium surrounding 

the structure has a density of 1000. kg/m> and an acoustic velocity of 1460. m/s. All farfield 

quantities are normalized to a distance of 1.0m from the structure, ie., the pressures are 

calculated using farfield equations but a radius of 1.0m is assumed for purposes of comparison 

with other calculations. 

1.3.1. Numerical modeling of spherical shell 

The first structure to be examined is a thin-walled spherical shell, shown in Fig. 2. The shell 1s 

subject to a concentrated point-force disturbance (not shown) acting normal to the shell surface. 

The global z-axis is defined as the axis along which the disturbance force acts. Farfield locations 

are defined in global spherical coordinates (R,8,), where R is the radial distance, @ is the 

latitudinal angle measured from the global z-axis, and is the longitudinal angle measured from 

the x-z plane. The structure is completely submerged in a dense fluid, with material properties 
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Figure 2: Coordinate systems for defining a) locations in the farfield, and b) locations on the 

shell. Control forces are restricted to lie within the 0=0 half-plane, so that force locations are 

defined by a single angle a. 
  

chosen for a steel shell in water. The ratio of shell thickness to radius is 0.01, and the shell radius 

is a=lm. We examine frequencies up to k,a=1.7, where k, is the acoustic wavenumber; this 

frequency range includes the resonance frequencies of several low-order modes. 

The finite-element portion of the NASHUA spherical shell model contains 129 grid circles. 

Since NASTRAN does not allow grid circles with zero radius, the poles at 8=0 and 6=7 are 

actually "pinholes" or grid circles of radius 0.00la. To approximate a point force, we apply a 

ring-force on one of the small-radius grid circles. This approximation casts some doubt on the 

validity of the model at high frequencies. However, even with this approximation the agreement 

between analytical and numerical results is sufficient for the problem at hand, as is shown in 

Chapter 2. 
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1.3.2. Numerical modeling of cylindrical shell 

The second structure to be examined is a finite-length, fluid-loaded cylindrical shell with ngid, 

flat end closures as shown in Fig. 3. The shell length Z is ten times the shell radius a, and the 

ratio of wall thickness to shell radius is 0.005. The global z-axis is coincident with the shell 

symmetry axis, with the right-hand end closure intersecting the positive z-axis. Farfield locations 

are described by the same global spherical coordinates (R,8,0) used for the spherical shell. 

Surface locations are described by a normalized distance coordinate 5=(z+Z/2)/L, where 5=0.0 at 

the left-hand end closure and 5=1.0 at the right-hand end closure. (The farfield location 6=0 

corresponds to the positive z-axis.) We examine frequencies as high as k,a=0.95. 

The cylindrical portion of the NASHUA finite-element model contains 50 grid circles. The end 

closures, being rigid, contain only 4 grid circles each. The grid circles at which the cylinder 

intersects the end closures are constrained both in translation and in rotation, so that the 

cylindrical section is clamped. Three types of forcing functions are examined (see Fig. 3b). The 

first is an axisymmetric ring-force, that is, a concentrated line force applied normal to the shell 

surface. The second type is an axisymmetric ring-moment about the circumferential direction. 

The third type is an axisymmetric distributed force whose amplitude varies as cos(378), not 

shown in Fig. 3b. 
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�t�h�e� �i�n�d�i�v�i�d�u�a�l� �f�o�r�c�e�s� �u�s�i�n�g� �s�u�p�e�r�p�o�s�i�t�i�o�n�,� �e�v�e�n� �i�f� �t�h�e�i�r� �c�o�m�b�i�n�e�d� �r�e�s�p�o�n�s�e� �i�s� �n�o�t� �a�x�i�s�y�m�m�e�t�r�i�c�.� 

�G�i�v�e�n� �t�h�e� �r�e�s�t�r�i�c�t�i�o�n�s� �o�n� �f�o�r�c�e� �l�o�c�a�t�i�o�n�s� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e�,� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �u�s�e�d� �t�o� 
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�f�i�n�d� �r�a�d�i�a�t�i�o�n� �a�n�d� �s�h�e�l�l� �v�i�b�r�a�t�i�o�n� �d�u�e� �t�o� �a�n�y� �i�n�d�i�v�i�d�u�a�l� �f�o�r�c�e� �i�s� �a� �s�i�m�p�l�e� �r�o�t�a�t�i�o�n� �w�h�o�s�e� �e�f�f�e�c�t�i�v�e� 

�r�o�t�a�t�i�o�n� �a�n�g�l�e� �c�a�n� �b�e� �f�o�u�n�d� �f�r�o�m� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�.� 

�,� �,� �|� �_�1�{� �s�i�n� �@� �s�i�n� �@� 
�o�s�@�,�,� �=� �c�o�s�?� �6�+�s�i�n�?� �6� �s�i�n�?� �*� �c�o�s� �+� �t�a�n� �(�e�e�e�)� �1� �C�O�S�O� �o�g� �|� �S� �i�n� �1� �o�}� �c�o�s�d� �(�1�)� 

�T�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �f�o�r� �a� �t�h�i�n�-�w�a�l�l�e�d�,� �f�l�u�i�d�-�l�o�a�d�e�d�,� �s�p�h�e�r�i�c�a�l� �s�h�e�l�l� �w�i�t�h� �a� �n�o�r�m�a�l�,� �p�e�r�s�i�s�t�e�n�t�,� 

�p�o�i�n�t�-�f�o�r�c�e� �i�s� �d�u�e� �t�o� �J�u�n�g�e�r� �a�n�d� �F�e�i�t� �[�2�7�]�.� �T�h�e� �m�o�d�e�l� �i�n�c�l�u�d�e�s� �m�e�m�b�r�a�n�e� �s�t�r�e�s�s�e�s� �b�u�t� �i�g�n�o�r�e�s� 

�b�e�n�d�i�n�g� �s�t�r�e�s�s�e�s�,� �a�n�d� �i�s� �t�h�e�r�e�f�o�r�e� �l�i�m�i�t�e�d� �t�o� �l�o�w� �f�r�e�q�u�e�n�c�i�e�s�.� �O�m�i�t�t�i�n�g� �t�h�e� �e�' ��!� �t�i�m�e� �d�e�p�e�n�d�e�n�c�e�,� 

�t�h�e� �f�a�r�f�i�e�l�d� �p�r�e�s�s�u�r�e� �d�u�e� �t�o� �a� �f�o�r�c�e� �b�;� �a�p�p�l�i�e�d� �o�n� �a�l�o�n�g� �t�h�e� �z�-�a�x�i�s� �i�s� 

�P�(�R�0�,�b�,�)� �=� �Y�T� �4�(�R�)�P�,�(�c�0�s�8�)� �(�2�)� 
�n�=�0� 

�w�h�e�r�e� �P�,�,� �i�s� �t�h�e� �L�e�g�e�n�d�r�e� �p�o�l�y�n�o�m�i�a�l� �o�f� �o�r�d�e�r� �n�,� �a�n�d� 

�_�2�n�+�l�{� �p�e� �(�-�J�=�1�)�"� 

�~� �A�n�a�?� �|� �k�,�R�)�(�Z�,�,� �+�2�z�,�)�h�'�(�k�,�a�)� 
� � �r�,�(�R�)� �(�3�)� 

�T�h�e� �s�y�m�b�o�l�s� �p� �a�n�d� �c� �r�e�p�r�e�s�e�n�t� �t�h�e� �f�l�u�i�d� �d�e�n�s�i�t�y� �a�n�d� �a�c�o�u�s�t�i�c� �v�e�l�o�c�i�t�y�,� �h �� �i�s� �t�h�e� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� 

�s�p�h�e�r�i�c�a�l� �H�a�n�k�e�l� �f�u�n�c�t�i�o�n�,� �a�n�d� �Z�,�,� �a�n�d� �z�,� �a�r�e� �t�h�e� �m�o�d�a�l� �s�t�r�u�c�t�u�r�a�l� �a�n�d� �a�c�o�u�s�t�i�c� �i�m�p�e�d�a�n�c�e�s� �a�s� 

�d�e�f�i�n�e�d� �i�n� �[�2�7�]� �.� 

�2�.�1�.�2�.� �F�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �a�p�p�r�o�a�c�h� 

�T�h�e� �c�o�n�t�r�o�l� �a�p�p�r�o�a�c�h� �t�a�k�e�n� �h�e�r�e� �i�s� �a� �s�i�n�g�l�e�-�f�r�e�q�u�e�n�c�y�,� �s�t�e�a�d�y�-�s�t�a�t�e�,� �f�e�e�d�f�o�r�w�a�r�d� �a�p�p�r�o�a�c�h� 

�b�a�s�e�d� �o�n� �l�i�n�e�a�r� �q�u�a�d�r�a�t�i�c� �o�p�t�i�m�a�l� �c�o�n�t�r�o�l� �t�h�e�o�r�y� �[�6�,�1�6�,�1�7�,�2�0�]�.� �C�o�n�s�i�d�e�r� �a� �s�p�h�e�r�i�c�a�l� �s�h�e�l�l� 

�s�u�b�j�e�c�t�e�d� �t�o� �a� �a� �t�o�t�a�l� �o�f� �N�y� �c�o�h�e�r�e�n�t�,� �p�e�r�s�i�s�t�e�n�t�,� �t�i�m�e�-�h�a�r�m�o�n�i�c� �d�i�s�t�u�r�b�a�n�c�e� �f�o�r�c�e�s�.� �T�h�e� 

�d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e� �P�r�»� �a�l�s�o� �k�n�o�w�n� �a�s� �t�h�e� �p�r�i�m�a�r�y� �r�e�s�p�o�n�s�e�,� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �f�a�r�f�i�e�l�d� �p�r�e�s�s�u�r�e� 

�d�u�e� �t�o� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �f�o�r�c�e�s�.� �I�n� �t�h�e� �a�b�s�e�n�c�e� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �a�t� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r�s�,� �t�h�e� 
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�d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �o�p�e�n�-�l�o�o�p� �s�i�g�n�a�l� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r� �i�n� �F�i�g�.� �1�.� 

�T�o� �m�a�k�e� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �m�o�r�e� �c�l�e�a�r� �w�e� �s�t�i�p�u�l�a�t�e� �t�h�a�t� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e� �m�u�s�t� �b�e� 

�a�x�i�s�y�m�m�e�t�r�i�c�,� �P�y� �=� �P�,�(�®�)�.� �I�n� �S�e�c�t�i�o�n� �2�.�1�.�4� �w�e� �d�e�s�c�r�i�b�e� �h�o�w� �t�o� �u�s�e� �t�h�e� �s�a�m�e� �t�e�c�h�n�i�q�u�e�s� �f�o�r� �n�o�n�-� 

�a�x�i�s�y�m�m�e�t�r�i�c� �p�r�o�b�l�e�m�s�.� �S�u�p�p�o�s�e� �t�h�e� �i�t�h� �d�i�s�t�u�r�b�a�n�c�e� �f�o�r�c�e� �h�a�s� �m�a�g�n�i�t�u�d�e� �s�;�,� �a�n�d� �w�o�u�l�d� �c�a�u�s�e� 

�f�a�r�f�i�e�l�d� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �A�;�(�®�)� �i�f� �a�c�t�i�n�g� �a�l�o�n�e�.� �A�s�s�u�m�i�n�g� �t�h�e� �f�o�r�c�e� �m�a�g�n�i�t�u�d�e�s� �a�r�e� �s�m�a�l�l� 

�e�n�o�u�g�h� �t�h�a�t� �t�h�e� �r�e�s�p�o�n�s�e� �i�s� �l�i�n�e�a�r�,� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� �a� �l�i�n�e�a�r� �s�u�m� �o�f� �t�h�e� 

�i�n�d�i�v�i�d�u�a�l� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e�s�.� 
�N�,� 

�P�,�(�0�)�=� �>� �A�,�(�8�)�5�;�.� �(�4�)� 
�i�=�]� 

�S�u�p�p�o�s�e� �w�e� �n�o�w� �a�p�p�l�y� �a� �t�o�t�a�l� �o�f� �N� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �t�o� �c�o�n�t�r�o�l� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e�,� �w�h�e�r�e� 

�t�h�e� �i�t�)� �c�o�n�t�r�o�l� �f�o�r�c�e� �h�a�s� �m�a�g�n�i�t�u�d�e� �b�;�.� �T�h�e� �c�o�n�t�r�o�l� �r�e�s�p�o�n�s�e� �P�,� �a�l�s�o� �k�n�o�w�n� �a�s� �t�h�e� �s�e�c�o�n�d�a�r�y� 

�r�e�s�p�o�n�s�e�,� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �f�a�r�f�i�e�l�d� �p�r�e�s�s�u�r�e� �d�u�e� �t�o� �o�n�l�y� �t�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e�s�.� �T�h�e� �c�o�n�t�r�o�l� �r�e�s�p�o�n�s�e� 

�c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �o�u�t�p�u�t� �a�f�t�e�r� �p�r�o�p�a�g�a�t�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �e�r�r�o�r� �p�a�t�h� �i�n� �F�i�g�.� �1�.� �N�o�w� �w�e� 

�s�t�i�p�u�l�a�t�e�,� �a�g�a�i�n� �f�o�r� �c�o�n�v�e�n�i�e�n�c�e� �o�f� �f�o�r�m�u�l�a�t�i�o�n�,� �t�h�a�t� �b�o�t�h� �t�h�e� �c�o�n�t�r�o�l� �r�e�s�p�o�n�s�e� �a�n�d� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� 

�r�e�s�p�o�n�s�e� �m�u�s�t� �b�e� �s�y�m�m�e�t�r�i�c� �a�b�o�u�t� �t�h�e� �s�a�m�e� �a�x�i�s� �s�o� �t�h�a�t� �t�h�e�i�r� �s�u�m� �i�s� �a�x�i�s�y�m�m�e�t�r�i�c�.� �T�h�u�s� �t�h�e� 

�c�o�n�t�r�o�l� �r�e�s�p�o�n�s�e� �P� �(�8�)� �i�s� �a� �l�i�n�e�a�r� �s�u�m� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �c�o�n�t�r�o�l� �r�e�s�p�o�n�s�e�s� �X�;�(�8�)�.� 
�N� 

�P�(�8�)�=� �>�,� �X�,�(�0�)�4�,�.� �(�5�)� 
�i�=�l� 

�T�h�e� �t�o�t�a�l� �r�e�s�p�o�n�s�e� �i�s� �t�h�e� �s�u�m� �o�f� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e� �p�l�u�s� �t�h�e� �c�o�n�t�r�o�l� �r�e�s�p�o�n�s�e�;� �t�h�i�s� �r�e�s�i�d�u�a�l� 

�c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �c�l�o�s�e�d�-�l�o�o�p� �s�i�g�n�a�l� �b�e�i�n�g� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r� �i�n� �F�i�g�.� �1�.� 

�N�o�w� �l�e�t� �u�s� �d�e�f�i�n�e� �a� �q�u�a�d�r�a�t�i�c� �c�o�s�t� �f�u�n�c�t�i�o�n� �x�2� �a�s� �a� �w�e�i�g�h�t�e�d� �i�n�t�e�g�r�a�l� �o�f� �s�q�u�a�r�e�d� �m�a�g�n�i�t�u�d�e� �o�f� 

�t�h�e� �t�o�t�a�l� �r�e�s�p�o�n�s�e� �o�v�e�r� �t�h�e� �f�a�r�f�i�e�l�d� �d�o�m�a�i�n�,� 

�2� �=�J�w�(�0�)�|�P�,�(�0�)�+� �P�e�)� �4�9�,� �6�)� 
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�w�h�e�r�e� �w�(�x�)� �i�s� �a� �w�e�i�g�h�t�i�n�g� �f�u�n�c�t�i�o�n� �t�h�a�t� �c�a�n� �b�e� �c�h�o�s�e�n� �t�o� �g�i�v�e� �p�h�y�s�i�c�a�l� �s�i�g�n�i�f�i�c�a�n�c�e� �t�o� �x�?� �i�f� 

�d�e�s�i�r�e�d�.� �T�h�e� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m� �c�a�n� �b�e� �r�e�s�t�a�t�e�d� �a�s� �a�n� �u�n�c�o�n�s�t�r�a�i�n�e�d� �q�u�a�d�r�a�t�i�c� 

�m�i�n�i�m�i�z�a�t�i�o�n�,� �i�.�e�.� �w�e� �s�e�e�k� �a� �s�e�t� �o�f� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �b�;� �t�o� �m�i�n�i�m�i�z�e� �x�2�.� �R�e�c�a�l�l�i�n�g� �t�h�a�t� �t�h�e� �t�o�t�a�l� 

�r�a�d�i�a�t�e�d� �p�o�w�e�r� �i�s� 
�2� �+� 

�=� �f� �n�R�*� �s�i�n� �8� 

�p�e� �\�p�(�@�)�f�'� �2�0�,� �0�)� 

�w�e� �c�a�n� �o�b�t�a�i�n� �a� �c�o�s�t� �f�u�n�c�t�i�o�n� �e�q�u�a�l� �t�o� �t�h�e� �t�o�t�a�l� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �b�y� �s�e�t�t�i�n�g� 

�2� 

�(�6�)� �=� �s�i�n�g�.� �(�8�)� 
�p�e� 

�T�o� �m�i�n�i�m�i�z�e� �y�2� �w�e� �f�o�r�m� �i�t�s� �d�e�r�i�v�a�t�i�v�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �e�a�c�h� �o�f� �t�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e�s�,� �a�n�d� �r�e�q�u�i�r�e� 

�t�h�a�t� �a�l�l� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �v�a�n�i�s�h�.� �T�h�i�s� �p�r�o�d�u�c�e�s� �a�n� �N� �x� �N� �s�y�s�t�e�m� �o�f� �c�o�m�p�l�e�x�-�v�a�l�u�e�d�,� �s�i�m�u�l�t�a�n�e�o�u�s� 

�e�q�u�a�t�i�o�n�s�,� �t�h�e� �s�o�-�c�a�l�l�e�d� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s�,� �w�h�i�c�h� �h�a�v�e� �a�s� �t�h�e�i�r� �s�o�l�u�t�i�o�n�s� �t�h�e� �c�o�m�p�l�e�x� �c�o�n�t�r�o�l� �f�o�r�c�e� 

�m�a�g�n�i�t�u�d�e�s� �b�;�.� �W�e� �c�a�n� �g�e�n�e�r�a�t�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �i�n� �e�i�t�h�e�r� �o�f� �t�w�o� �w�a�y�s�,� 

�d�e�p�e�n�d�i�n�g� �o�n� �w�h�e�t�h�e�r� �P�,�(�8�)� �a�n�d� �P�(�e�)� �a�r�e� �g�i�v�e�n� �a�s� �c�o�n�t�i�n�u�o�u�s� �f�u�n�c�t�i�o�n�s� �o�f� �8� �o�r� �a�s� �d�i�s�c�r�e�t�i�z�e�d� 

�f�u�n�c�t�i�o�n�s� �d�e�f�i�n�e�d� �o�n�l�y� �a�t� �d�i�s�c�r�e�t�e� �v�a�l�u�e�s� �o�f� �8�.� �I�f� �w�e� �h�a�v�e� �c�o�n�t�i�n�u�o�u�s� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �v�a�r�i�a�b�l�e�s�,� 

�w�e� �c�a�n� �i�n�t�e�g�r�a�t�e� �E�q�.� �(�6�)� �i�n� �c�l�o�s�e�d� �f�o�r�m�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �i�f� �t�h�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �d�e�f�i�n�e�d� �o�n�l�y� �a�t� 

�d�i�s�c�r�e�t�e� �l�o�c�a�t�i�o�n�s�,� �w�e� �c�a�n� �g�e�n�e�r�a�t�e� �d�i�s�c�r�e�t�e� �(�a�n�a�l�y�t�i�c�a�l� �o�r� �n�u�m�e�r�i�c�a�l�)� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �a�n�d� 

�i�n�t�e�g�r�a�t�e� �E�q�.� �(�6�)� �n�u�m�e�r�i�c�a�l�l�y�.� �T�h�e�s�e� �t�w�o� �m�e�t�h�o�d�s� �a�r�e� �o�u�t�l�i�n�e�d� �b�e�l�o�w�.� 

�N�o�t�e� �t�h�a�t� �e�a�c�h� �o�f� �t�h�e� �v�a�r�i�a�b�l�e�s� �A�;� �a�n�d� �X�;� �f�r�o�m� �E�q�s�.� �(�4�-�5�)� �i�s� �m�e�r�e�l�y� �a� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �b�e�t�w�e�e�n� 

�a� �u�n�i�t� �f�o�r�c�e� �s�o�m�e�w�h�e�r�e� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�n�d� �t�h�e� �f�a�r�f�i�e�l�d� �p�r�e�s�s�u�r�e� �(�w�h�i�c�h� �m�a�y� �b�e� �e�i�t�h�e�r� �a� 

�c�o�n�t�i�n�u�o�u�s� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�r� �a� �s�e�t� �o�f� �p�r�e�s�s�u�r�e�s� �a�t� �d�i�s�c�r�e�t�e� �l�o�c�a�t�i�o�n�s�)�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �c�o�n�t�e�x�t� 

�t�h�e�s�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �a�r�e� �f�o�u�n�d� �u�s�i�n�g� �e�i�t�h�e�r� �t�h�e� �F�E�M�/�B�E�M� �s�o�l�u�t�i�o�n� �o�r� �a�n� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�.� 

�H�o�w�e�v�e�r�,� �f�o�r� �p�u�r�p�o�s�e�s� �o�f� �s�i�m�u�l�a�t�i�o�n� �t�h�e�y� �c�o�u�l�d� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �a�n�y� �s�o�u�r�c�e� �s�u�c�h� �a�s� �e�x�p�e�r�i�m�e�n�t�a�l� 

�d�a�t�a� �o�r� �o�t�h�e�r� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s�.� �N�o�t�e� �t�h�a�t� �a�l�t�h�o�u�g�h� �E�q�.� �(�6�)� �c�o�n�t�a�i�n�s� �a� �l�i�n�e� �i�n�t�e�g�r�a�l� �f�o�r� �a� �o�n�e�-� 
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�d�i�m�e�n�s�i�o�n�a�l� �(�a�x�i�-�s�y�m�m�e�t�r�i�c�)� �s�y�s�t�e�m�,� �i�t� �c�o�u�l�d� �e�a�s�i�l�y� �b�e� �e�x�t�e�n�d�e�d� �t�o� �a�n� �i�n�t�e�g�r�a�l� �o�v�e�r� �a�n� �a�r�e�a� �o�r� 

�t�h�r�o�u�g�h� �a� �v�o�l�u�m�e�.� 

�2�.�1�.�3�.� �O�b�t�a�i�n�i�n�g� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �f�r�o�m� �c�o�n�t�i�n�u�o�u�s� �v�a�r�i�a�b�l�e�s� 

�S�i�n�c�e� �w�e� �h�a�v�e� �a�n� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �a�v�a�i�l�a�b�l�e�,� �w�e� �c�a�n� �f�o�r�m�u�l�a�t�e� �t�h�e� �p�r�o�b�l�e�m� �i�n� �t�e�r�m�s� �o�f� 

�c�o�n�t�i�n�u�o�u�s� �f�u�n�c�t�i�o�n�s� �o�f� �f�a�r�f�i�e�l�d� �l�o�c�a�t�i�o�n� �8�.� �T�h�i�s� �a�l�l�o�w�s� �u�s� �t�o� �i�n�t�e�g�r�a�t�e� �E�q�.� �(�6�)� �i�n� �c�l�o�s�e�d� �f�o�r�m�,� 

�e�v�a�l�u�a�t�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s�,� �a�n�d� �s�o�l�v�e� �f�o�r� �t�h�e� �r�e�q�u�i�r�e�d� �c�o�n�t�r�o�l� �f�o�r�c�e�s�.� 

�S�u�p�p�o�s�e� �w�e� �w�r�i�t�e� �t�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �a�n�d� �d�i�s�t�u�r�b�a�n�c�e� �f�o�r�c�e�s� �i�n� �v�e�c�t�o�r� �f�o�r�m� �s�o� �t�h�a�t� 

�B�=�{�b�,� �b�,� �+� �b�y�}�'� �a�n�d� �S�=�{�s�,� �5�)� �-� �s�y�}�'�.� �(�9�)� 

�W�e� �n�o�w� �w�r�i�t�e� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e� �a�s� �P�(�8�)�=�A�S� �a�n�d� �t�h�e� �c�o�n�t�r�o�l� �r�e�s�p�o�n�s�e� �a�s� �P� �(�8�)�=�X�B�,� �w�h�e�r�e� 

�A� �a�n�d� �X� �a�r�e� �r�o�w� �v�e�c�t�o�r�s� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �v�a�r�i�a�b�l�e�s� �A�,�(�6�)� �a�n�d� �X�;�(�8�)� �f�r�o�m� �E�q�s�.� �(�4�)� �a�n�d� 

�(�5�)�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �A�f�t�e�r� �s�o�m�e� �a�l�g�e�b�r�a�,� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �f�r�o�m� �E�q�.� �(�6�)� �b�e�c�o�m�e�s� 

�x�?� �=� �|� �B�'�X�T� �x�"� �B�'�w�(�0�)�d�0� �-�2� �R�e� �|� �S!"�X�7� �A�"� �B�'�w�(�)�d�0�\�+� �f� �S�7�A�T�A�'�S ��w�(�O�)�d�0�.� �(�1�0�)� 

�U�s�i�n�g� �t�h�e� �o�r�t�h�o�g�o�n�a�l�i�t�y� �o�f� �t�h�e� �L�e�g�e�n�d�r�e� �p�o�l�y�n�o�m�i�a�l�s� �i�n� �E�q�.� �(�2�)�,� �w�e� �c�a�n� �p�e�r�f�o�r�m� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n�s� 

�a�b�o�v�e� �i�n� �c�l�o�s�e�d� �f�o�r�m� �a�n�d� �r�e�d�u�c�e� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �t�o� 

�x�?� �=� �B�'�C�B �� �-�2�R�e�{�S �� �D�B�"�}�4�+� �S�'�E�S ��,� �(�1�1�)� 

�w�h�e�r�e� �a� �t�y�p�i�c�a�l� �e�l�e�m�e�n�t� �o�f� �t�h�e� �m�a�t�r�i�x� �C� �i�s� 
�c�o� 

�*� �2� 
�D�T�A�,� �(�R�P�,� �(�a�,� �P�,�(�o�%�,�)� �(�1�2�)� 
�n�=�0� 

�m�R� 

�a�n�d� �e�l�e�m�e�n�t�s� �o�f� �D� �a�n�d� �E� �a�r�e� �s�i�m�i�l�a�r�.� �B�y� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �e�a�c�h� �o�f� 

�t�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �/�;� �a�n�d� �s�e�t�t�i�n�g� �a�l�l� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l�s� �t�o� �z�e�r�o�,� �w�e� �c�a�n� �s�h�o�w� �t�h�a�t� �t�h�e� �v�e�c�t�o�r� �o�f� �c�o�n�t�r�o�l� 

�f�o�r�c�e�s� �B�o�p� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �i�s� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n� 
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�C�B�y�p� �=� �S�'�D�.� �(�1�3�)� 

�I�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n� �w�e� �d�e�v�e�l�o�p� �s�i�m�i�l�a�r� �e�q�u�a�t�i�o�n�s� �u�s�i�n�g� �a� �n�u�m�e�r�i�c�a�l� �f�o�r�m�u�l�a�t�i�o�n�.� 

�2�.�1�.�4�.� �O�b�t�a�i�n�i�n�g� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �f�r�o�m� �d�i�s�c�r�e�t�e� �v�a�r�i�a�b�l�e�s� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �s�u�p�p�o�s�e� �t�h�e� �B�,�(�8�)� �a�n�d� �X�;�(�8�)� �a�r�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �d�e�f�i�n�e�d� �o�n�l�y� �a�t� �d�i�s�c�r�e�t�e� 

�f�a�r�f�i�e�l�d� �a�n�g�l�e�s� �l�o�c�a�t�i�o�n�s� �8�,�,�,� �m�=�1�,�2�,�.�.�M�g�.� �A�n�y� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �p�r�o�d�u�c�e�s� �a� �d�i�s�c�r�e�t�i�z�e�d� �f�a�r�f�i�e�l�d� 

�p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�,� �i�n�c�l�u�d�i�n�g� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �w�h�e�n� �c�o�m�p�u�t�e�d� �n�u�m�e�r�i�c�a�l�l�y� �u�s�i�n�g� �a� 

�c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m�.� �B�y� �s�u�m�m�i�n�g� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n�s� �m�a�d�e� �t�o� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �a�t� �e�a�c�h� �f�a�r�f�i�e�l�d� 

�l�o�c�a�t�i�o�n� �6�,�,�,� �w�e� �e�s�s�e�n�t�i�a�l�l�y� �p�e�r�f�o�r�m� �a� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �E�q�.� �(�7�)� �t�o� �g�i�v�e� �a�n� �e�s�t�i�m�a�t�e�d� 

�r�a�d�i�a�t�e�d� �p�o�w�e�r� 

�i�=� �y�w�,�|�p�(�6�,� 
�p�e� �i�=� 

� � �P�8�,�)� �(�1�4�)� 

�T�h�e� �c�o�n�s�t�a�n�t� �c�o�e�f�f�i�c�i�e�n�t�s� �w�;�,� �d�i�s�c�u�s�s�e�d� �b�e�l�o�w�,� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �a�r�e�a�-�w�e�i�g�h�t�i�n�g� �a�n�d� �s�i�n�e� �t�e�r�m� �i�n� �t�h�e� 

�i�n�t�e�g�r�a�t�i�o�n�.� �E�q�u�a�t�i�o�n� �(�1�4�)� �a�l�l�o�w�s� �u�s� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �a�n�d� �s�o�l�v�e� 

�f�o�r� �t�h�e� �r�e�q�u�i�r�e�d� �c�o�n�t�r�o�l� �f�o�r�c�e�s�.� �F�o�r� �t�h�e� �n�u�m�e�r�i�c�a�l�l�y� �c�o�m�p�u�t�e�d� �c�o�s�t� �f�u�n�c�t�i�o�n� �t�o� �c�l�o�s�e�l�y� 

�a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r�,� �w�e� �m�u�s�t� �s�a�t�i�s�f�y� �t�w�o� �c�o�n�d�i�t�i�o�n�s�.� �F�i�r�s�t�,� �t�h�e�r�e� �m�u�s�t� �b�e� �e�n�o�u�g�h� 

�f�a�r�f�i�e�l�d� �l�o�c�a�t�i�o�n�s� �t�o� �a�d�e�q�u�a�t�e�l�y� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �r�e�s�p�o�n�s�e�.� �S�e�c�o�n�d�,� �t�h�e� �w�e�i�g�h�t�i�n�g� �f�u�n�c�t�i�o�n� �w�(�@�)� 

�m�u�s�t� �b�e� �d�i�s�c�r�e�t�i�z�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n�s� �o�f� �e�a�c�h� �l�o�c�a�t�i�o�n�.� �T�h�i�s� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� 

�d�e�f�i�n�i�n�g� �a� �d�i�a�g�o�n�a�l� �m�a�t�r�i�x� �W� �i�n� �w�h�i�c�h� �e�a�c�h� �e�n�t�r�y� �o�n� �t�h�e� �d�i�a�g�o�n�a�l� �r�e�p�r�e�s�e�n�t�s� �a� �d�i�f�f�e�r�e�n�t� �f�a�r�f�i�e�l�d� 

�l�o�c�a�t�i�o�n�.� �U�s�i�n�g� �t�h�e� �n�o�t�a�t�i�o�n� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�,� �t�h�e� �C�,� �D�,� �a�n�d� �E� �m�a�t�r�i�c�e�s� �b�e�c�o�m�e� 

�C�=�X�'� �W�x �� 
�D�=�A�'�W�X �� �(�1�5�)� 
�E�=�A�'�W�A� 

�a�n�d� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �a�r�e� �e�s�s�e�n�t�i�a�l�l�y� �i�d�e�n�t�i�c�a�l� �t�o� �E�q�.� �(�1�3�)�.� 

�2�.�1�.� �T�h�e�o�r�e�t�i�c�a�l� �b�a�c�k�g�r�o�u�n�d� �2�0



�I�f� �t�h�e� �t�o�t�a�l� �r�e�s�p�o�n�s�e� �i�s� �a�x�i�s�y�m�m�e�t�r�i�c�,� �t�h�e�n� �t�h�e� �v�a�r�i�a�b�l�e�s� �c�o�n�t�a�i�n� �a�c�o�u�s�t�i�c� �p�r�e�s�s�u�r�e�s� �a�t� �f�a�r�f�i�e�l�d� 

�l�o�c�a�t�i�o�n�s� �0�,�,�,�,� �m�=�1�,�2�,� �.�.�.� �M�g� �(�a�t� �c�o�n�s�t�a�n�t� �»�)�.� �T�h�e� �r�o�w� �v�e�c�t�o�r�s� �A� �a�n�d� �B� �b�e�c�o�m�e� �m�a�t�r�i�c�e�s� �o�f� �c�o�l�u�m�n� 

�d�i�m�e�n�s�i�o�n� �M�g�.� �T�h�e� �e�n�t�r�i�e�s� �i�n� �t�h�e� �d�i�a�g�o�n�a�l� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �W� �a�r�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �w�;� 

�p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �a�r�e�a�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �e�a�c�h� �o�f� �t�h�e� �f�a�r�f�i�e�l�d� �l�o�c�a�t�i�o�n�s�.� �I�f� �t�h�e� �f�a�r�f�i�e�l�d� �l�o�c�a�t�i�o�n�s� �a�r�e� 

�e�v�e�n�l�y� �s�p�a�c�e�d� �a�t� �i�n�t�e�r�v�a�l�s� �o�f� �A�@�,� �t�h�e�n� 
�,� �1�6�)� 

�T�R �� �[�1�-�c�o�s�A�8�/�2�]�,� �1�=�l�o�r�i�=�M�,� �p�c� 
�W�;�=� �2� 

�m�R� �[�c�o�s�(�8�,�  ��A�0�/�2�) ��c�o�s�(�@�;�+�A�6�/�2�)�,� �1�<�i�<�M�,� �p�e� 

�I�f� �t�h�e� �t�o�t�a�l� �r�e�s�p�o�n�s�e� �e�x�h�i�b�i�t�s� �a� �p�l�a�n�e� �o�f� �s�y�m�m�e�t�r�y�,� �t�h�e�n� �t�h�e� �v�a�r�i�a�b�l�e�s� �m�u�s�t� �b�e� �p�a�r�t�i�t�i�o�n�e�d� �t�o� 

�c�o�n�t�a�i�n� �f�a�r�f�i�e�l�d� �p�r�e�s�s�u�r�e�s� �a�t� �8�,�,�,�,� �m�=�1�,�2�,�.�.�M�g� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �l�o�c�a�t�i�o�n�s� �;�,� �=�1�,�2�,�.�.�.�M�e�.� 

�T�h�u�s� �t�h�e� �r�o�w� �v�e�c�t�o�r�s� �X�Y� �a�n�d� �A� �b�e�c�o�m�e� �m�a�t�r�i�c�e�s� �w�h�o�s�e� �c�o�l�u�m�n� �d�i�m�e�n�s�i�o�n� �i�s� �t�h�e� �p�r�o�d�u�c�t� �o�f� �M�g� �a�n�d� 

�M�g�.� �T�h�e� �e�n�t�r�i�e�s� �i�n� �t�h�e� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �W� �m�u�s�t� �b�e� �s�i�m�i�l�a�r�l�y� �p�a�r�t�i�t�i�o�n�e�d�,� �a�n�d� �s�c�a�l�e�d� �p�r�o�p�o�r�t�i�o�n�a�l� 

�t�o� �t�h�e� �a�r�e�a�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �e�a�c�h� �o�f� �t�h�e� �f�a�r�f�i�e�l�d� �l�o�c�a�t�i�o�n�s�.� �I�f� �t�h�e� �f�a�r�f�i�e�l�d� �l�o�c�a�t�i�o�n�s� �a�r�e� �e�v�e�n�l�y� 

�s�p�a�c�e�d� �a�t� �i�n�t�e�r�v�a�l�s� �o�f� �A�@� �i�n� �t�h�e� �l�a�t�i�t�l�l�i�n�a�l� �d�i�r�e�c�t�i�o�n� �a�n�d� �A�d� �i�n� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�r�e�c�t�i�o�n�,� �t�h�e�n� �t�h�e� 

�e�n�t�r�i�e�s� �i�n� �W� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �i�n� �E�q�.� �(�_�)� �b�u�t� �d�i�v�i�d�e�d� �b�y� �t�h�e� �n�u�m�b�e�r� �o�f� �i�n�t�e�r�v�a�l�s� �i�n� �t�h�e� �-�d�i�r�e�c�t�i�o�n�.� 

�2�.�2�.� �R�e�s�u�l�t�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n� 

�2�.�2�.�1�.� �A�n�a�l�y�t�i�c�a�l� �a�n�d� �n�u�m�e�r�i�c�a�l� �r�e�s�p�o�n�s�e� �t�o� �d�i�s�t�u�r�b�a�n�c�e� �f�o�r�c�e� 

�F�i�g�u�r�e� �4� �c�o�m�p�a�r�e�s� �t�h�e� �u�n�c�o�n�t�r�o�l�l�e�d� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �s�p�e�c�t�r�a� �f�o�r� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �v�s�.� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �m�o�d�e�l�.� �T�h�e� �r�e�s�p�o�n�s�e� �c�o�n�t�a�i�n�s� �s�h�a�r�p� �p�e�a�k�s� �a�t� �k�,�a�=�1�.�1�4�,� �1�.�4�4�,� �1�.�6�4�,� �a�n�d� �1�.�8�,� �t�h�e� �n�a�t�u�r�e� 

�o�f� �w�h�i�c�h� �a�r�e� �d�e�t�a�i�l�e�d� �b�e�l�o�w�.� �T�h�e� �t�w�o� �m�e�t�h�o�d�s� �a�g�r�e�e� �w�e�l�l� �i�n� �t�e�r�m�s� �o�f� �m�a�g�n�i�t�u�d�e�s� �a�n�d� �o�v�e�r�a�l�l� 

�t�r�e�n�d�s�,� �a�s� �c�o�u�l�d� �b�e� �e�x�p�e�c�t�e�d� �f�o�r� �t�h�i�s� �s�i�m�p�l�e� �s�t�r�u�c�t�u�r�e�.� �A�t� �f�r�e�q�u�e�n�c�i�e�s� �a�b�o�v�e� �k�,�a�>�1�.�7�,� �t�h�e� �p�e�a�k�s� �i�n� 

�t�h�e� �n�u�m�e�r�i�c�a�l� �m�o�d�e�l� �a�r�e� �s�h�i�f�t�e�d� �t�o� �s�l�i�g�h�t�l�y� �l�o�w�e�r� �f�r�e�q�u�e�n�c�i�e�s�.� �R�e�a�s�o�n�s� �f�o�r� �t�h�i�s� �s�h�i�f�t� �i�n�c�l�u�d�e� �b�o�t�h� 

�m�o�d�e�l�i�n�g� �s�i�m�p�l�i�f�i�c�a�t�i�o�n�s� �i�n� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �a�n�d� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �i�n� �t�h�e� �n�u�m�e�r�i�c�a�l� 

�2�.�2�.� �R�e�s�u�l�t�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n� �2�1
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� � �w�y� �e�t� �t�t� �t�e�t� �g�t� �t�T� �t�l� 
� � 

�3�0� �f�r� 
�c�s� �E� 
�a� �4�0� �F� 

�2� �C� 
�9� �-�5�0� �F� 

�=� �-�6�0�F� 
�2�.� �F� 

�8� �-�7�0�F� 
�&� �E� �S� �r�E� 
�a� �-�8�0�F� 

�-�9�9� �&� 
�0�.�0� �0�2� �0�4� �0�6� �0�8� �1�.�0� �1�.�2� �1�.�4� �1�.�6� �1�.�8� 

�F�r�e�q�u�e�n�c�y� �p�a�r�a�m�e�t�e�r�,�k� �j�a� 

�F�i�g�u�r�e� �4�:� �C�o�m�p�a�r�i�s�o�n� �o�f� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �c�o�m�p�u�t�e�d� �w�i�t�h� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �n�u�m�e�r�i�c�a�l� �(�N�A�S�H�U�A�)� 
�s�o�l�u�t�i�o�n�s�.� �F�r�e�q�u�e�n�c�y� �r�e�g�i�m�e� �0�<�k�,�a�<�1�.�7� �c�o�n�t�a�i�n�s� �t�h�r�e�e� �p�e�a�k�s�;� �a�g�r�e�e�m�e�n�t� �i�s� �g�o�o�d� �b�e�t�w�e�e�n� 

�a�n�a�l�y�t�i�c�a�l� �a�n�d� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s�.� �S�o�m�e� �f�r�e�q�u�e�n�c�y� �s�h�i�f�t�i�n�g� �o�c�c�u�r�s� �a�t� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�i�e�s�.� 
� � 

�m�o�d�e�l�.� �F�o�r� �t�h�e� �p�u�r�p�o�s�e�s� �o�f� �t�h�i�s� �s�t�u�d�y�,� �t�h�e� �r�e�g�i�o�n� �b�e�l�o�w� �k�,�a�=�1�.�7� �c�o�n�t�a�i�n�s� �s�u�f�f�i�c�i�e�n�t� �f�e�a�t�u�r�e�s� �t�h�a�t� 

�h�i�g�h�e�r� �f�r�e�q�u�e�n�c�i�e�s� �n�e�e�d� �n�o�t� �b�e� �t�r�e�a�t�e�d� �h�e�r�e�.� 

�O�n�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s� �a�p�p�e�a�r�s� �i�n� �F�i�g�.� �5�,� �w�h�i�c�h� �s�h�o�w�s� 

�t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �s�u�r�f�a�c�e� �v�e�l�o�c�i�t�y� �a�t� �a� �f�r�e�q�u�e�n�c�y� �o�f� �k�,�a�=�1�.�1�4� �d�u�e� �t�o� �a� �p�o�i�n�t�-�f�o�r�c�e� �d�i�s�t�u�r�b�a�n�c�e� 
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 ��%� �4�0�6� 
�e�0�6�3� �E� 

�e�B� �3�0�6� 
�o�u�  �� 

�B� �2�5�6� 
�i� �2�.�0� �&� 
�E�S�E� �L�S�E� 
�2� �E� 
�2� �1�.�0� �E� 

�S� �0�.�5� 

�Q�°� 

�F�i�g�u�r�e� �5�:� �S�a�m�p�l�e� �s�u�r�f�a�c�e� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n�s� �f�r�o�m� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s� 
�(�k�,�a�=�1�.�1�4�)�.� �L�a�r�g�e� �l�o�c�a�l� �d�e�f�o�r�m�a�t�i�o�n�s� �n�e�a�r� �d�r�i�v�e�p�o�i�n�t� �o�c�c�u�r� �i�n� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �b�u�t� �n�o�t� 

�2�0�°� �4�0�°� �6�0�°� �8�0�°� �=�1�0�0�°� �=�1�2�0�°� �1�4�0�°� �1�6�0�°� �1�8�0�°� 

�A�n�g�u�l�a�r� �l�o�c�a�t�i�o�n� �a�l�o�n�g� �s�h�e�l�l� 

�a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�.� 
� � 

�2�.�2�.� �R�e�s�u�l�t�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n� �2�2� 

� � 

� 



�w�i�t�h�o�u�t� �c�o�n�t�r�o�l�.� �T�h�e� �t�w�o� �s�o�l�u�t�i�o�n�s� �a�g�r�e�e� �w�e�l�l� �e�x�c�e�p�t� �n�e�a�r� �8�=�0�°�,� �t�h�e� �l�o�c�a�t�i�o�n� �a�t� �w�h�i�c�h� �t�h�e� �f�o�r�c�e� �i�s� 

�a�p�p�l�i�e�d�.� �T�h�e� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�,� �w�h�i�c�h� �a�c�c�o�u�n�t�s� �f�o�r� �b�e�n�d�i�n�g� �a�s� �w�e�l�l� �a�s� �m�e�m�b�r�a�n�e� �s�t�r�e�s�s�e�s�,� 

�d�i�s�p�l�a�y�s� �l�a�r�g�e� �l�o�c�a�l� �d�e�f�o�r�m�a�t�i�o�n�s� �n�e�a�r� �t�h�e� �d�r�i�v�e�-�p�o�i�n�t� �l�o�c�a�t�i�o�n�;� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�,� �w�h�i�c�h� 

�t�r�u�n�c�a�t�e�s� �h�i�g�h�-�o�r�d�e�r� �t�e�r�m�s� �a�n�d� �d�o�e�s� �n�o�t� �a�c�c�o�u�n�t� �f�o�r� �b�e�n�d�i�n�g� �s�t�r�e�s�s�e�s�,� �d�o�e�s� �n�o�t� �e�x�h�i�b�i�t� �l�o�c�a�l� 

�d�e�f�o�r�m�a�t�i�o�n�s�.� �S�u�c�h� �s�h�o�r�t�-�w�a�v�e�l�e�n�g�t�h� �d�i�s�t�u�r�b�a�n�c�e�s� �d�o� �n�o�t� �p�r�o�p�a�g�a�t�e� �e�f�f�i�c�i�e�n�t�l�y� �t�o� �t�h�e� �f�a�r�f�i�e�l�d�;� 

�t�h�e�y� �c�a�n� �b�e� �i�g�n�o�r�e�d� �w�i�t�h�o�u�t� �c�o�n�s�e�q�u�e�n�c�e� �i�f� �a� �r�a�d�i�a�t�i�o�n�-�b�a�s�e�d� �c�o�s�t� �f�u�n�c�t�i�o�n� �i�s� �u�s�e�d�.� �H�o�w�e�v�e�r�,� 

�w�h�e�n� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �n�u�m�e�r�i�c�a�l� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�r�e� �c�o�m�p�a�r�e�d� �t�o� �c�h�e�c�k� �s�o�l�u�t�i�o�n� �a�c�c�u�r�a�c�y�,� �w�e� 
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�a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �c�a�n� �u�s�e� �e�i�t�h�e�r� �c�o�n�t�i�n�u�o�u�s� �o�r� �d�i�s�c�r�e�t�e� �v�a�r�i�a�b�l�e�s�,� �w�e� �c�a�n� �c�o�m�p�a�r�e� �t�h�e� �r�a�d�i�a�t�e�d� 
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�o�f� �A�8�.� �A� �s�m�a�l�l� �v�a�l�u�e� �o�f� �A�@� �s�h�o�u�l�d� �p�r�o�v�i�d�e� �t�h�e� �s�a�m�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �f�o�u�n�d� �u�s�i�n�g� �c�o�n�t�i�n�u�o�u�s� 

�v�a�r�i�a�b�l�e�s�,� �a�n�d� �t�h�e� �a�g�r�e�e�m�e�n�t� �s�h�o�u�l�d� �d�e�t�e�r�i�o�r�a�t�e� �a�s� �A�O� �i�n�c�r�e�a�s�e�s�.� �F�i�g�s�.� �6�a� �a�n�d� �6�b� �c�o�m�p�a�r�e� �t�h�e� 

�r�a�d�i�a�t�e�d� �p�o�w�e�r� �s�p�e�c�t�r�a� �f�o�r� �c�o�n�t�i�n�u�o�u�s� �v�a�r�i�a�b�l�e�s� �t�o� �t�h�a�t� �f�o�u�n�d� �u�s�i�n�g� �f�a�r�f�i�e�l�d� �i�n�t�e�r�v�a�l�s� �o�f� �A�O�=�2�.�5�°�,� 

�5�°�,� �a�n�d� �1�5�°�.� �F�i�g�u�r�e� �6�a� �s�h�o�w�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �0�<�k�,�a�<�1�.�9�,� �a�n�d� �F�i�g�.� �6�b� �s�h�o�w�s� �a�n� �e�n�l�a�r�g�e�d� 
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�f�r�e�q�u�e�n�c�y�"� �o�f� �t�h�e� �r�i�g�i�d�-�b�o�d�y� �m�o�d�e�.� �T�h�e� �7�=�2�,� �3� �a�n�d� �4� �m�o�d�e�s� �e�a�c�h� �d�o�m�i�n�a�t�e� �t�h�e� �r�e�s�p�o�n�s�e� �a�t� �t�h�e� 

�f�r�e�q�u�e�n�c�i�e�s� �k�j�a�=�1�.�1�4�,� �1�.�4�4�,� �a�n�d� �1�.�6�4�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e�s�e� �m�o�d�a�l� �c�o�n�t�r�i�b�u�t�i�o�n�s� �a�r�e� �u�s�e�d� �b�e�l�o�w� �t�o� 

�h�e�l�p� �e�x�p�l�a�i�n� �c�o�n�t�r�o�l�l�e�r� �p�e�r�f�o�r�m�a�n�c�e� �i�n� �t�e�r�m�s� �o�f� �m�o�d�a�l� �s�p�i�l�l�o�v�e�r�.� 

�2�.�2�.�2�.� �A�S�A�C� �u�s�i�n�g� �a� �s�i�n�g�l�e� �p�o�i�n�t� �f�o�r�c�e� 

�T�o� �s�e�e� �w�h�e�t�h�e�r� �a� �s�i�n�g�l�e� �c�o�n�t�r�o�l� �f�o�r�c�e� �c�a�n� �p�r�o�d�u�c�e� �s�i�g�n�i�f�i�c�a�n�t� �g�/�o�b�a�/� �a�t�t�e�n�u�a�t�i�o�n�,� �1�.�e�.�,� 

�a�t�t�e�n�u�a�t�i�o�n� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �e�n�t�i�r�e� �r�a�d�i�a�t�e�d� �f�i�e�l�d� �r�a�t�h�e�r� �t�h�a�n� �i�n� �a� �l�o�c�a�l�i�z�e�d� �a�r�e�a�,� �w�e� �c�a�n� �e�x�a�m�i�n�e� 

�h�o�w� �c�o�n�t�r�o�l� �a�f�f�e�c�t�s� �t�h�e� �t�o�t�a�l� �r�a�d�i�a�t�e�d� �p�o�w�e�r�.� �F�i�g�u�r�e� �9� �s�h�o�w�s� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �s�p�e�c�t�r�a� �d�u�e� �t�o� �a� 

�u�n�i�t�-�m�a�g�n�i�t�u�d�e� �d�i�s�t�u�r�b�a�n�c�e� �a�t� �a�=�0�°�,� �b�e�f�o�r�e� �a�n�d� �a�f�t�e�r� �a�d�d�i�n�g� �a� �s�i�n�g�l�e� �c�o�n�t�r�o�l� �f�o�r�c�e� �a�t� �a�=�1�8�0�°� 

�(�n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�)�.� �T�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e� �r�e�d�u�c�e�s� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �b�y� �u�p� �t�o� �2�0� �d�B� �a�t� �r�e�s�o�n�a�n�c�e� 

�f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �v�e�r�y� �l�o�w� �f�r�e�q�u�e�n�c�i�e�s�;� �b�e�t�w�e�e�n� �r�e�s�o�n�a�n�c�e�s� �t�h�e� �r�e�d�u�c�t�i�o�n�s� �a�r�e� �s�m�a�l�l�e�r�.� �A�t� �s�e�v�e�r�a�l� 

�f�r�e�q�u�e�n�c�i�e�s� �t�h�e�r�e� �i�s� �n�o� �a�t�t�e�n�u�a�t�i�o�n�,� �a� �p�h�e�n�o�m�e�n�o�n� �t�h�a�t� �i�s� �e�x�p�l�o�r�e�d� �l�a�t�e�r� �i�n� �t�h�i�s� �s�e�c�t�i�o�n�.� 
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�5� �F� 
�A�u� �a� 
�3� �-�8�0� �[�|� 

�S� �C� 
�3� �-�9�0� �&� �A�f�t�e�r� �c�o�n�t�r�o�l� 

 ��j�o�o� �C�e�d�e� 

�0�.�0� �0�.�2� �0�.�4� �0�.�6� �0�.�8� �1�.�0� �1�.�2� �1�.�4� �1�.�6� 

�F�r�e�q�u�e�n�c�y� �p�a�r�a�m�e�t�e�r�,�k� �5�a� 

�F�i�g�u�r�e� �9�:� �R�a�d�i�a�t�e�d� �p�o�w�e�r� �s�p�e�c�t�r�u�m� �b�e�f�o�r�e� �a�n�d� �a�f�t�e�r� �a�p�p�l�y�i�n�g� �a� �s�i�n�g�l�e� �c�o�n�t�r�o�l� �f�o�r�c�e� �a�t� �a�=�1�8�0�°�.� 
�R�e�d�u�c�t�i�o�n�s� �o�f� �u�p� �t�o� �2�0� �d�B� �a�r�e� �s�e�e�n� �a�t� �r�e�s�o�n�a�n�c�e� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �a�t� �v�e�r�y� �l�o�w� �f�r�e�q�u�e�n�c�i�e�s�.� �B�e�t�w�e�e�n� 

�r�e�s�o�n�a�n�c�e�s�,� �l�i�t�t�l�e� �o�r� �n�o� �a�t�t�e�n�u�a�t�i�o�n� �i�s� �s�e�e�n�.� 
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�2�.�2�.� �R�e�s�u�l�t�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n� �2�6� 

� 



�F�i�g�u�r�e� �1�0�a� �c�o�m�p�a�r�e�s� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �r�e�s�i�d�u�a�l� �(�c�l�o�s�e�d�-�l�o�o�p�)� 

�r�a�d�i�a�t�e�d� �p�o�w�e�r�.� �T�h�e� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �s�o�l�u�t�i�o�n�s� �i�s� �e�x�c�e�l�l�e�n�t�,� �w�i�t�h� �d�i�s�c�r�e�p�a�n�c�i�e�s� �o�f� �l�e�s�s� 

�t�h�a�n� �0�.�5� �d�B� �a�t� �f�r�e�q�u�e�n�c�i�e�s� �b�e�l�o�w� �k�,�a�=�1�.�4�.� �A�t� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�i�e�s� �t�h�e� �l�e�v�e�l�s� �a�g�r�e�e� �q�u�i�t�e� �w�e�l�l�,� �b�u�t� 

�e�x�h�i�b�i�t� �a� �s�l�i�g�h�t� �f�r�e�q�u�e�n�c�y� �s�h�i�f�t� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �t�h�e� �f�r�e�q�u�e�n�c�y� �s�h�i�f�t� �s�e�e�n� �i�n� �F�i�g�.� �4�.� �F�i�g�u�r�e� �1�0�b� 
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�0�.�0� �0�.�2� �0�.�4� �0�.�6� �0�.�8� �1�.�0� �1�.�2� �1�.�4� �1�.�6� 
�F�r�e�q�u�e�n�c�y� �p�a�r�a�m�e�t�e�r�,�k� �5�a� 

�F�i�g�u�r�e� �1�0�a� 

�L�S� �e�c� 

�F� �a�n�a�l�y�t�i�c�a�l� 
�1�0� �E�F� �P� 

�0�.�5� �E� �\� 

�0�.�0� �F� �3� 

�0�.�5� �A�y� 

 ��1�.�0� �F� �|� �:� 
�C� �n�u�m�e�r�i�c�a�l� 

�-�1�.�5� �a� �L�e�d� �j� �|� �a� �h�e� �{� �_� �|� �L�,� �b�e�n�e� �|� �|� �l� �1� �|� �p�a�t�i�e� �,� �|� �{� �I� �4� �l� �|� 

�0�.�0� �0�.�2� �0�.�4� �0�.�6� �0�.�8� �1�.�0� �1�.�2� �1�.�4� �1�.�6� 

�F�r�e�q�u�e�n�c�y� �p�a�r�a�m�e�t�e�r�,�k� �,�a� 

�F�i�g�u�r�e� �1�0�b� 
�F�i�g�u�r�e� �1�0�:� �C�o�m�p�a�r�i�s�o�n� �o�f� �n�u�m�e�r�i�c�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�s� �f�o�r� �1�0�a�)� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �r�e�s�i�d�u�a�l� �v�s�.� 
�f�r�e�q�u�e�n�c�y�,� �a�n�d� �1�0�b�)� �c�o�n�t�r�o�l� �f�o�r�c�e� �m�a�g�n�i�t�u�d�e�.� �L�e�v�e�l�s� �a�g�r�e�e� �w�e�l�l� �b�e�t�w�e�e�n� �n�u�m�e�r�i�c�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� 

�s�o�l�u�t�i�o�n�s�;� �s�l�i�g�h�t� �f�r�e�q�u�e�n�c�y� �s�h�i�f�t� �i�s� �o�b�s�e�r�v�e�d� �a�t� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�i�e�s�.� �F�o�r� �d�i�s�t�u�r�b�a�n�c�e� �f�o�r�c�e� �o�f� �u�n�i�t� 
�m�a�g�n�i�t�u�d�e�,� �c�o�n�t�r�o�l� �f�o�r�c�e� �v�a�r�i�e�s� �b�e�t�w�e�e�n� �+�1� �a�n�d� �-�1� �w�i�t�h� �e�x�t�r�e�m�a� �o�c�c�u�r�r�i�n�g� �a�t� �r�e�s�o�n�a�n�c�e� 

�f�r�e�q�u�e�n�c�i�e�s�.� 
� � 

�2�.�2�.� �R�e�s�u�l�t�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n� �2�7� 

� 



�c�o�m�p�a�r�e�s� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e� �m�a�g�n�i�t�u�d�e� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� 

�f�r�e�q�u�e�n�c�y�.� �T�h�e� �m�a�g�n�i�t�u�d�e� �v�a�r�i�e�s� �b�e�t�w�e�e�n� �+�1� �a�n�d� �-�1� �f�o�r� �a� �u�n�i�t� �d�i�s�t�u�r�b�a�n�c�e� �f�o�r�c�e�;� �t�h�e� �l�a�r�g�e�s�t� 

�c�o�n�t�r�o�l� �f�o�r�c�e�s� �a�r�e� �r�e�q�u�i�r�e�d� �a�t� �r�e�s�o�n�a�n�c�e� �f�r�e�q�u�e�n�c�i�e�s�.� �B�e�t�w�e�e�n� �r�e�s�o�n�a�n�c�e�s� �t�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e� �d�r�o�p�s� 

�t�o� �z�e�r�o� �a�t� �f�r�e�q�u�e�n�c�i�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�o�s�e� �a�t� �w�h�i�c�h� �t�h�e�r�e� �i�s� �n�o� �r�e�d�u�c�t�i�o�n� �i�n� �r�a�d�i�a�t�e�d� �p�o�w�e�r�.� 

�T�h�e� �n�u�m�e�r�i�c�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �a�g�r�e�e� �v�e�r�y� �c�l�o�s�e�l�y� �i�n� �l�e�v�e�l�s�,� �a�l�t�h�o�u�g�h� �t�h�e�y� �e�x�h�i�b�i�t� �t�h�e� �s�a�m�e� 

�f�r�e�q�u�e�n�c�y� �s�h�i�f�t� �s�e�e�n� �i�n� �F�i�g�.� �4� �a�n�d� �F�i�g�.� �1�0�a�.� 

�W�e� �c�a�n� �b�e�t�t�e�r� �u�n�d�e�r�s�t�a�n�d� �s�y�s�t�e�m� �b�e�h�a�v�i�o�r� �b�y� �e�x�a�m�i�n�i�n�g� �w�h�i�c�h� �m�o�d�e�s� �c�o�n�t�r�i�b�u�t�e� �t�o� �t�h�e� 

�r�a�d�i�a�t�e�d� �p�o�w�e�r�,� �a� �c�o�n�v�e�n�i�e�n�c�e� �p�o�s�s�i�b�l�e� �h�e�r�e� �b�u�t� �n�o�t� �i�n� �t�h�e� �g�e�n�e�r�a�l� �c�a�s�e� �o�f� �a� �n�u�m�e�r�i�c�a�l� �m�o�d�e�l�.� 

�B�e�c�a�u�s�e� �o�f� �s�y�m�m�e�t�r�y�,� �t�h�e� �c�o�n�t�r�o�l� �r�e�s�p�o�n�s�e� �a�n�d� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e� �c�o�n�t�a�i�n� �t�h�e� �s�a�m�e� �m�o�d�e�s� 

�e�x�c�e�p�t� �f�o�r� �p�h�a�s�e� �c�h�a�n�g�e�s�.� �T�h�e� �c�o�n�t�r�o�l� �a�n�d� �d�i�s�t�u�r�b�a�n�c�e� �f�o�r�c�e�s� �a�r�e� �e�x�a�c�t�l�y� �1�8�0�°� �a�p�a�r�t�,� �s�o� �t�h�e� �p�h�a�s�e� 

�d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �m�o�d�e�s� �i�n� �t�h�e� �c�o�n�t�r�o�l� �a�n�d� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e�s� �a�r�e� �e�i�t�h�e�r� �0�°� �o�r� �1�8�0�°�.� �I�n� �o�t�h�e�r� 

�w�o�r�d�s�,� �t�h�e� �c�o�n�t�r�o�l� �i�n�p�u�t�s� �a�r�e� �e�i�t�h�e�r� �i�n�-�p�h�a�s�e� �o�r� �o�u�t�-�o�f�-�p�h�a�s�e� �w�i�t�h� �t�h�e� �m�o�d�e�s� �i�n� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� 

�r�e�s�p�o�n�s�e�.� �E�a�c�h� �d�i�s�t�u�r�b�a�n�c�e� �m�o�d�e� �i�s� �e�i�t�h�e�r� �e�l�i�m�i�n�a�t�e�d� �o�r� �d�o�u�b�l�e�d� �i�n� �s�t�r�e�n�g�t�h�;� �c�a�n�c�e�l�l�i�n�g� �t�h�e� 

�d�o�m�i�n�a�n�t� �m�o�d�e� �i�n�c�r�e�a�s�e�s� �c�o�n�t�r�i�b�u�t�i�o�n�s� �f�r�o�m� �o�t�h�e�r� �m�o�d�e�s� �v�i�a�  ��m�o�d�a�l� �s�p�i�l�l�o�v�e�r�.�"� 

�F�i�g�u�r�e� �1�1� �s�h�o�w�s� �t�h�e� �m�o�d�a�l� �c�o�n�t�r�i�b�u�t�i�o�n�s� �t�o� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �b�e�f�o�r�e� �a�n�d� �a�f�t�e�r� �a�d�d�i�n�g� �t�h�e� �c�o�n�t�r�o�l� 

�f�o�r�c�e� �f�o�r� �k�,�a�=�1�.�1�4�,� �0�.�9�4� �a�n�d� �1�.�3�2�.� �I�n� �F�i�g�.� �1�l�a� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e� �i�s� �c�l�e�a�r�l�y� �d�o�m�i�n�a�t�e�d� �b�y� 

�t�h�e� �m�=�2� �m�o�d�e�.� �T�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e� �e�l�i�m�i�n�a�t�e�s� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n�s� �o�f� �t�h�e� �n�=�2� �m�o�d�e� �a�n�d�,� �b�y� 

�c�o�i�n�c�i�d�e�n�c�e�,� �t�h�e� �n�=�0� �m�o�d�e�.�  ��T�h�e� �r�e�s�p�o�n�s�e� �i�s� �r�e�d�u�c�e�d� �g�l�o�b�a�l�l�y� �b�o�t�h� �i�n� �t�h�e� �f�a�r�f�i�e�l�d� �a�n�d� �o�n� �t�h�e� 

�s�t�r�u�c�t�u�r�e�,� �a�n� �b�e�h�a�v�i�o�r� �s�o�m�e�t�i�m�e�s� �c�a�l�l�e�d� �"�m�o�d�a�l� �s�u�p�p�r�e�s�s�i�o�n �� �b�e�c�a�u�s�e� �t�h�e� �d�o�m�i�n�a�n�t� �r�a�d�i�a�t�i�n�g� �m�o�d�e� 

�i�s� �e�l�i�m�i�n�a�t�e�d� �[�8�]�.� �N�o�t�e� �t�h�a�t� �c�o�n�t�r�i�b�u�t�i�o�n�s� �f�r�o�m� �t�h�e� �n�=�1� �a�n�d� �n�=�3� �m�o�d�e�s� �i�n�c�r�e�a�s�e� �b�y� �6� �d�B�.� �T�h�e� 

�c�o�n�t�r�o�l�l�e�r� �f�o�c�u�s�e�s� �o�n� �e�l�i�m�i�n�a�t�i�n�g� �t�h�e� �d�o�m�i�n�a�n�t� �m�o�d�e�;� �t�h�e� �n�e�t� �e�f�f�e�c�t� �i�s� �a� �r�e�d�u�c�t�i�o�n� �i�n� �r�a�d�i�a�t�e�d� 

�p�o�w�e�r�,� �e�v�e�n� �t�h�o�u�g�h� �s�o�m�e� �e�n�e�r�g�y� �"�s�p�i�l�l�s� �o�v�e�r�"� �i�n�t�o� �l�e�s�s� �e�f�f�i�c�i�e�n�t� �m�o�d�e�s� �t�h�a�t� �a�r�e� �i�n�-�p�h�a�s�e� �w�i�t�h� �t�h�e� 

�c�o�n�t�r�o�l� �f�o�r�c�e�.� 

�2�.�2�.� �R�e�s�u�l�t�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n� �2�8



�I�n� �F�i�g�.� �1�1�b�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �h�a�s� �b�e�e�n� �c�h�o�s�e�n� �s�o� �t�h�a�t� �t�h�e� �n�=�1� �a�n�d� �n�=�2� �m�o�d�e�s� �m�a�k�e� �e�q�u�a�l� 

�c�o�n�t�r�i�b�u�t�i�o�n�s� �t�o� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r�.� �S�i�n�c�e� �o�n�l�y� �o�n�e� �c�o�n�t�r�o�l� �f�o�r�c�e� �i�s� �p�r�e�s�e�n�t�,� �i�t� �c�a�n�n�o�t� �e�l�i�m�i�n�a�t�e� �t�h�e� 

�r�a�d�i�a�t�i�o�n� �f�r�o�m� �o�n�e� �o�f� �t�h�e� �m�o�d�e�s� �w�i�t�h�o�u�t� �s�p�i�l�l�i�n�g� �e�n�e�r�g�y� �i�n�t�o� �t�h�e� �o�t�h�e�r� �m�o�d�e�.� �A�n�y� �n�o�n�-�z�e�r�o� �c�o�n�t�r�o�l� 

�f�o�r�c�e� �o�n�l�y� �i�n�c�r�e�a�s�e�s� �t�h�e� �t�o�t�a�l� �r�a�d�i�a�t�e�d� �p�o�w�e�r�,� �s�o� �t�h�e� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n� �i�s� �t�o� �s�e�t� �t�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e� �t�o� 

�z�e�r�o�.� �T�h�i�s� �a�p�p�e�a�r�s� �i�n� �F�i�g�.� �9� �a�s� �a� �p�o�i�n�t� �a�t� �w�h�i�c�h� �n�o� �p�o�w�e�r� �r�e�d�u�c�t�i�o�n� �t�a�k�e�s� �p�l�a�c�e�,� �a�n�d� �i�n� �F�i�g�.� �1�0�b� 

�a�s� �a� �p�o�i�n�t� �a�t� �w�h�i�c�h� �t�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e� �v�a�n�i�s�h�e�s�.� 
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� � � � � � �5�0� � � 

�0� �1� �2� �3� 
�M�o�d�e� �N�u�m�b�e�r�,� �n� 

�F�i�g�u�r�e� �l�l�c� 

�F�i�g�u�r�e� �1�1�:� �M�o�d�a�l� �c�o�m�p�o�n�e�n�t�s� �o�f� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �b�e�f�o�r�e� �a�n�d� �a�f�t�e�r� �a�p�p�l�y�i�n�g� �c�o�n�t�r�o�l� �f�o�r� �k�,�a�=�1�.�1�4� 
�(�F�i�g�.� �1�1�a�)�,� �k�,�a�=�0�.�9�4� �(�F�i�g�.� �1�1�b�)�,� �a�n�d� �k�,�a�=�1�.�3�2� �(�F�i�g�.� �1�1�c�)�.� �F�i�g�u�r�e� �1�1�a� �e�x�h�i�b�i�t�s� �m�o�d�a�l� �s�u�p�p�r�e�s�s�i�o�n�;� 
�t�h�e� �n�=�0� �a�n�d� �n�=�2� �m�o�d�e�s� �a�r�e� �r�e�d�u�c�e�d� �b�y� �4�0� �d�B� �o�r� �m�o�r�e�,� �b�u�t� �t�h�e� �n�=�1� �a�n�d� �n�=�3� �m�o�d�e�s� �a�r�e� �b�o�o�s�t�e�d� �6� 
�d�B� �b�y� �m�o�d�a�l� �s�p�i�l�l�o�v�e�r�.� �I�n� �F�i�g�.� �1�1�b�,� �n�o� �r�e�d�u�c�t�i�o�n� �i�s� �p�o�s�s�i�b�l�e� �w�i�t�h� �o�n�e� �c�o�n�t�r�o�l� �f�o�r�c�e�.� �F�i�g�u�r�e� �1�1�c� 

�e�x�h�i�b�i�t�s� �m�o�d�a�l� �r�e�s�t�r�u�c�t�u�r�i�n�g�;� �e�n�e�r�g�y� �i�s� �t�r�a�n�s�f�e�r�r�e�d� �f�r�o�m� �n�=�2� �m�o�d�e� �t�o� �n�=�3� �m�o�d�e�.� 

�2�.�2�.� �R�e�s�u�l�t�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n� �2�9



�I�n� �F�i�g�.� �1�1�¢� �b�o�t�h� �t�h�e� �n�=�2� �a�n�d� �n�=�3� �m�o�d�e�s� �c�o�n�t�r�i�b�u�t�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �t�o� �r�a�d�i�a�t�i�o�n�,� �b�u�t� �t�h�e� �l�a�r�g�e�s�t� 

�c�o�n�t�r�i�b�u�t�i�o�n� �c�o�m�e�s� �f�r�o�m� �t�h�e� �n�=�2� �m�o�d�e�.� �A�p�p�l�y�i�n�g� �a� �c�o�n�t�r�o�l� �f�o�r�c�e� �r�e�d�u�c�e�s� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �f�r�o�m� 

�t�h�e� �n�=�2� �m�o�d�e�,� �b�u�t� �n�o�t� �b�e�y�o�n�d� �t�h�e� �b�a�l�a�n�c�i�n�g� �p�o�i�n�t� �a�t� �w�h�i�c�h� �t�h�e� �c�o�n�t�r�o�l� �e�n�e�r�g�y�  ��s�p�i�l�l�e�d� �o�v�e�r�"� �i�n�t�o� 

�u�n�c�o�n�t�r�o�l�l�e�d� �m�o�d�e�s� �w�o�u�l�d� �b�e�g�i�n� �t�o� �i�n�c�r�e�a�s�e� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r�.� �T�h�e� �n�e�t� �d�e�c�r�e�a�s�e� �i�n� �r�a�d�i�a�t�e�d� 

�p�o�w�e�r� �i�s� �3� �d�B�.� �I�n�t�e�r�e�s�t�i�n�g�l�y�,� �a�l�t�h�o�u�g�h� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �i�s� �r�e�d�u�c�e�d�,� �t�h�e� �v�i�b�r�a�t�i�o�n� �l�e�v�e�l�s� �o�n� �t�h�e� 

�s�h�e�l�l� �a�c�t�u�a�l�l�y� �i�n�c�r�e�a�s�e� �s�l�i�g�h�t�l�y�.� �F�i�g�u�r�e� �1�2� �s�h�o�w�s� �t�h�e� �n�u�m�e�r�i�c�a�l�l�y� �c�o�m�p�u�t�e�d� �s�u�r�f�a�c�e� �v�e�l�o�c�i�t�y� 

�d�i�s�t�r�i�b�u�t�i�o�n� �b�e�f�o�r�e� �a�n�d� �a�f�t�e�r� �a�p�p�l�y�i�n�g� �t�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e�.� �A�s� �i�n� �F�i�g�.� �5�,� �t�h�e� �s�o�l�u�t�i�o�n� �e�x�h�i�b�i�t�s� 

�r�e�l�a�t�i�v�e�l�y� �l�a�r�g�e� �l�o�c�a�l� �d�e�f�o�r�m�a�t�i�o�n�s� �n�e�a�r� �t�h�e� �d�r�i�v�e�-�p�o�i�n�t�s� �a�t� �0�°� �a�n�d� �1�8�0�°�.� �E�l�s�e�w�h�e�r�e� �t�h�e� �s�u�r�f�a�c�e� 

�v�e�l�o�c�i�t�y� �i�s� �a�c�t�u�a�l�l�y� �h�i�g�h�e�r� �a�f�t�e�r� �t�h�e� �c�o�n�t�r�o�l� �1�s� �a�p�p�l�i�e�d� �e�v�e�n� �t�h�o�u�g�h� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �h�a�s� 

�d�e�c�r�e�a�s�e�d�.� �T�h�i�s� �t�y�p�e� �o�f� �b�e�h�a�v�i�o�r� �i�s� �o�f�t�e�n� �t�e�r�m�e�d� �"�m�o�d�a�l� �r�e�s�t�r�u�c�t�u�r�i�n�g �� �b�e�c�a�u�s�e� �e�n�e�r�g�y� �f�r�o�m� 

�m�o�d�e�s� �t�h�a�t� �r�a�d�i�a�t�e� �e�f�f�i�c�i�e�n�t�l�y� �i�s� �r�e�d�i�r�e�c�t�e�d� �i�n�t�o� �l�e�s�s� �e�f�f�i�c�i�e�n�t� �m�o�d�e�s� �r�a�t�h�e�r� �t�h�a�n� �b�e�i�n�g� �s�u�p�p�r�e�s�s�e�d� 

�a�l�t�o�g�e�t�h�e�r� �[�8�]�.� 
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�°� �2�0�°� �4�0�°� �6�0�°� �8�0�°� �1�0�0�°� �1�2�0�°� �1�4�0�°� �1�6�0�°� �1�8�0�°� 

�A�n�g�u�l�a�r� �l�o�c�a�t�i�o�n� �a�l�o�n�g� �s�u�r�f�a�c�e� 

�F�i�g�u�r�e� �1�2�:� �S�u�r�f�a�c�e� �v�e�l�o�c�i�t�y� �m�a�g�n�i�t�u�d�e� �b�e�f�o�r�e� �a�n�d� �a�f�t�e�r� �a�p�p�l�y�i�n�g� �c�o�n�t�r�o�l� �f�o�r�c�e�,� �k�,�a�=�1�.�3�2�.� �M�o�d�a�l� 
�r�e�s�t�r�u�c�t�u�r�i�n�g� �t�r�a�n�s�f�e�r�s� �e�n�e�r�g�y� �f�r�o�m� �n�=�2� �m�o�d�e� �t�o� �n�=�3� �m�o�d�e� �t�o� �d�e�c�r�e�a�s�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r�,� �b�u�t� 

�v�i�b�r�a�t�i�o�n� �l�e�v�e�l�s� �a�c�t�u�a�l�l�y� �i�n�c�r�e�a�s�e�.� 
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�N�u�m�e�r�i�c�a�l� �a�c�c�u�r�a�c�y� �i�s� �r�e�f�l�e�c�t�e�d� �i�n� �p�a�r�t� �b�y� �t�h�e� �a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �n�u�m�e�r�i�c�a�l� 

�m�e�t�h�o�d�s� �i�n� �p�r�e�d�i�c�t�i�n�g� �t�h�e� �r�e�s�i�d�u�a�l� �r�e�s�p�o�n�s�e� �(�c�l�o�s�e�d�-�l�o�o�p� �r�e�s�p�o�n�s�e�)�.� �T�h�e� �r�e�s�i�d�u�a�l� �p�r�e�s�s�u�r�e�s� �a�r�e� 

�(�h�o�p�e�f�u�l�l�y�)� �m�u�c�h� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �o�p�e�n�-�l�o�o�p� �p�r�e�s�s�u�r�e�s�,� �a�n�d� �s�h�o�u�l�d� �t�h�e�r�e�f�o�r�e� �p�r�o�v�i�d�e� �a� �m�o�r�e� 

�s�t�r�i�n�g�e�n�t� �t�e�s�t� �o�f� �n�u�m�e�r�i�c�a�l� �a�c�c�u�r�a�c�y�.� �F�i�g�u�r�e�s� �1�3�a� �a�n�d� �1�3�b� �s�h�o�w� �t�h�e� �r�e�s�i�d�u�a�l� �f�a�r�f�i�e�l�d� �p�r�e�s�s�u�r�e� 

�d�i�r�e�c�t�i�v�i�t�y� �a�n�d� �s�u�r�f�a�c�e� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �a�t� �k�,�a�=�1�.�1�4�,� �w�h�i�l�e� �F�i�g�'�s� �1�4�a� �a�n�d� �1�4�b� �s�h�o�w� �s�i�m�i�l�a�r� 

�p�l�o�t�s� �f�o�r� �k�,�a�=�1�.�3�2�.� �(�T�h�e� �f�r�e�q�u�e�n�c�i�e�s� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�o�s�e� �u�s�e�d� �f�o�r� �F�i�g�'�s� �l�l�a� �a�n�d� �I�I�c�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.�)� �I�n� �e�a�c�h� �c�a�s�e� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �r�e�p�r�o�d�u�c�e�s� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �t�o� �a� 

�s�a�t�i�s�f�a�c�t�o�r�y� �d�e�g�r�e�e�,� �w�i�t�h� �r�e�a�s�o�n�a�b�l�e� �a�g�r�e�e�m�e�n�t� �o�n� �t�h�e� �g�e�n�e�r�a�l� �c�h�a�r�a�c�t�e�r� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� �i�f� �n�o�t� �o�n� 

�a�b�s�o�l�u�t�e� �l�e�v�e�l�s�.� �A�s� �s�e�e�n� �i�n� �F�i�g�.� �5�,� �t�h�e� �l�o�c�a�l�i�z�e�d� �d�r�i�v�e� �p�o�i�n�t� �d�e�f�o�r�m�a�t�i�o�n�s� �t�h�a�t� �a�p�p�e�a�r� �i�n� �t�h�e� 

�n�u�m�e�r�i�c�a�l�l�y� �c�o�m�p�u�t�e�d� �s�u�r�f�a�c�e� �v�e�l�o�c�i�t�i�e�s� �d�o� �n�o�t� �a�p�p�e�a�r� �i�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�s�.� �T�h�e� �a�g�r�e�e�m�e�n�t� 

�f�o�r� �f�a�r�f�i�e�l�d� �p�r�e�s�s�u�r�e� �r�e�s�i�d�u�a�l�s� �i�s� �c�l�o�s�e�r� �b�e�c�a�u�s�e� �t�h�e� �l�o�c�a�l� �s�u�r�f�a�c�e� �d�e�f�o�r�m�a�t�i�o�n�s� �t�o� �n�o�t� �p�r�o�p�a�g�a�t�e� 

�e�f�f�i�c�i�e�n�t�l�y� �t�o� �t�h�e� �f�a�r�f�i�e�l�d�.� �O�v�e�r�a�l�l�,� �t�h�e� �n�u�m�e�r�i�c�a�l� �a�p�p�r�o�a�c�h� �a�p�p�e�a�r�s� �s�u�f�f�i�c�i�e�n�t�l�y� �a�c�c�u�r�a�t�e� �f�o�r� �u�s�e� �i�n� 

�s�i�m�u�l�a�t�i�n�g� �a�c�t�i�v�e� �n�o�i�s�e� �c�o�n�t�r�o�l�,� �a�t� �l�e�a�s�t� �a�t� �t�h�e� �l�o�w� �f�r�e�q�u�e�n�c�i�e�s� �e�x�a�m�i�n�e�d� �h�e�r�e�.� 

�2�.�2�.�3�.� �A�S�A�C� �u�s�i�n�g� �m�u�l�t�i�p�l�e� �f�o�r�c�e�s� 

�W�i�t�h� �m�u�l�t�i�p�l�e� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �w�e� �f�a�c�e� �t�h�e� �p�o�t�e�n�t�i�a�l� �o�f� �n�u�m�e�r�i�c�a�l� �i�l�l�-�c�o�n�d�i�t�i�o�n�i�n�g� �k�n�o�w�n� �a�s� 

�c�o�l�l�i�n�e�a�r�i�t�y�,� �a� �t�o�p�i�c� �d�i�s�c�u�s�s�e�d� �f�u�r�t�h�e�r� �i�n� �C�h�a�p�t�e�r� �4�.� �C�o�l�l�i�n�e�a�r�i�t�y� �g�e�n�e�r�a�l�l�y� �o�c�c�u�r�s� �w�h�e�n� �t�o�o� �m�a�n�y� 

�a�c�t�u�a�t�o�r�s� �a�r�e� �u�s�e�d� �f�o�r� �t�h�e� �f�r�e�q�u�e�n�c�y� �b�e�i�n�g� �c�o�n�s�i�d�e�r�e�d�,� �o�r� �t�h�e� �a�c�t�u�a�t�o�r� �p�o�s�i�t�i�o�n�s� �a�r�e� �p�o�o�r�l�y� �c�h�o�s�e�n�.� 

�F�o�r� �t�h�e� �p�r�e�s�e�n�t� �d�i�s�c�u�s�s�i�o�n�,� �i�t� �w�i�l�l� �s�u�f�f�i�c�e� �t�o� �s�a�y� �t�h�a�t� �w�e� �c�a�n� �c�i�r�c�u�m�v�e�n�t� �t�h�e� �c�o�l�l�i�n�e�a�r�i�t�y� �p�r�o�b�l�e�m� 

�w�h�e�n� �n�e�c�e�s�s�a�r�y� �b�y� �u�s�i�n�g� �s�i�n�g�u�l�a�r�-�v�a�l�u�e� �d�e�c�o�m�p�o�s�i�t�i�o�n� �(�S�V�D�)� �t�o� �s�o�l�v�e� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �(�s�e�e� 

�S�e�c�t�i�o�n� �4�.�1�.�3�)�.� �I�f� �n�o� �c�o�l�l�i�n�e�a�r�i�t�y� �i�s� �p�r�e�s�e�n�t�,� �S�V�D� �y�i�e�l�d�s� �t�h�e� �s�a�m�e� �s�o�l�u�t�i�o�n� �a�s� �o�t�h�e�r� �s�o�l�u�t�i�o�n� 

�t�e�c�h�n�i�q�u�e�s�;� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y�,� �i�t� �y�i�e�l�d�s� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �t�h�a�t� �m�i�n�i�m�i�z�e�s� �t�h�e� 

�e�f�f�e�c�t�s� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y�.� �T�h�e� �S�V�D� �t�e�c�h�n�i�q�u�e� �i�s� �u�s�e�d� �f�o�r� �a�l�l� �t�h�e� �r�e�s�u�l�t�s� �d�i�s�c�u�s�s�e�d� �b�e�l�o�w�.� 
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�s�u�r�f�a�c�e� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n�.� �F�a�r�f�i�e�l�d� �s�o�l�u�t�i�o�n�s� �a�g�r�e�e� �e�x�t�r�e�m�e�l�y� �w�e�l�l�.� �L�o�c�a�l� �d�e�f�o�r�m�a�t�i�o�n�s� �n�e�a�r� 
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�F�i�g�u�r�e� �1�4�b� 

�F�i�g�u�r�e� �1�4�:� �C�o�m�p�a�r�i�s�o�n� �o�f� �r�e�s�i�d�u�a�l� �r�e�s�p�o�n�s�e� �f�o�u�n�d� �w�i�t�h� �a�n�a�l�y�t�i�c�a�l� �v�s�.� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s� �a�t� 
�k�,�a�=�1�.�3�2�.� �S�o�l�i�d� �l�i�n�e� �r�e�p�r�e�s�e�n�t�s� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s�;� �t�h�e� �b�r�o�k�e�n� �l�i�n�e� �r�e�p�r�e�s�e�n�t�s� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s�.� 

�F�i�g�u�r�e� �1�4�a� �s�h�o�w�s� �f�a�r�f�i�e�l�d� �p�r�e�s�s�u�r�e� �d�i�r�e�c�t�i�v�i�t�y�;� �F�i�g�.� �1�4�b� �s�h�o�w�s� �s�u�r�f�a�c�e� �v�e�l�o�c�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n�.� 
�F�a�r�f�i�e�l�d� �s�o�l�u�t�i�o�n�s� �a�g�r�e�e� �e�x�t�r�e�m�e�l�y� �w�e�l�l�.� �L�o�c�a�l� �d�e�f�o�r�m�a�t�i�o�n�s� �n�e�a�r� �d�r�i�v�e�-�p�o�i�n�t�s� �i�n� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� 

�d�o� �n�o�t� �p�r�o�p�a�g�a�t�e� �t�o� �f�a�r�f�i�e�l�d�,� �a�n�d� �t�h�u�s� �d�o� �n�o�t� �a�f�f�e�c�t� �c�o�n�t�r�o�l� �b�e�h�a�v�i�o�r�.� 
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�a�c�t�u�a�t�o�r�s�.� �T�h�e� �s�o�l�i�d� �l�i�n�e� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e�;� �t�h�e� �o�t�h�e�r� �l�i�n�e�s� �r�e�p�r�e�s�e�n�t� �t�h�e� 

�c�o�n�t�r�o�l�l�e�d� �r�e�s�p�o�n�s�e� �w�i�t�h� �o�n�e�,� �t�w�o�,� �f�o�u�r�,� �a�n�d� �s�e�v�e�n� �c�o�n�t�r�o�l� �f�o�r�c�e�s�.� �E�a�c�h� �c�o�n�f�i�g�u�r�a�t�i�o�n� �h�a�s� �o�n�e� 

�c�o�n�t�r�o�l� �f�o�r�c�e� �a�t� �@�=�1�8�0�°�.� �T�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �w�i�t�h� �t�w�o�,� �f�o�u�r�,� �a�n�d� �s�e�v�e�n� �f�o�r�c�e�s� �a�l�s�o� �h�a�v�e� �c�o�n�t�r�o�l� 

�f�o�r�c�e�s� �e�v�e�n�l�y� �s�p�a�c�e�d� �a�t� �i�n�t�e�r�v�a�l�s� �o�f� �9�0�°�,� �3�5�°�,� �a�n�d� �2�5�°� �r�e�s�p�e�c�t�i�v�e�l�y�.� �C�o�n�t�r�o�l�l�e�r� �p�e�r�f�o�r�m�a�n�c�e� 

�i�n�c�r�e�a�s�e�s� �m�a�r�k�e�d�l�y� �a�s� �m�o�r�e� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �a�r�e� �a�d�d�e�d�.� �T�h�i�s� �i�s� �e�s�p�e�c�i�a�l�l�y� �t�r�u�e� �a�t� �o�f�f�-�r�e�s�o�n�a�n�c�e� 

�f�r�e�q�u�e�n�c�i�e�s� �w�h�e�r�e� �m�u�l�t�i�p�l�e� �m�o�d�e�s� �c�o�n�t�r�i�b�u�t�e� �t�o� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �a�n�d� �t�h�u�s� �m�u�l�t�i�p�l�e� �f�o�r�c�e�s� �a�r�e� 

�r�e�q�u�i�r�e�d� �t�o� �c�o�n�t�r�o�l� �t�h�e� �r�a�d�i�a�t�i�o�n�.� �F�o�u�r� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �c�a�n� �a�c�h�i�e�v�e� �r�o�u�g�h�l�y� �1�0� �d�B� �a�t�t�e�n�u�a�t�i�o�n� �a�t� 

�k�,�a�=�0�.�9�4�,� �w�h�e�r�e� �a� �s�i�n�g�l�e� �a�c�t�u�a�t�o�r� �a�c�h�i�e�v�e�s� �n�o� �a�t�t�e�n�u�a�t�i�o�n�.� �I�n�c�r�e�a�s�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�n�t�r�o�l� 

�f�o�r�c�e�s� �t�o� �s�e�v�e�n� �g�i�v�e�s� �a�t�t�e�n�u�a�t�i�o�n�s� �o�f� �6� �d�B� �o�r� �m�o�r�e� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �e�n�t�i�r�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e�.� 

�I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �h�e�r�e� �t�h�a�t� �n�o� �a�t�t�e�m�p�t� �h�a�s� �b�e�e�n� �m�a�d�e� �t�o� �o�p�t�i�m�i�z�e� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �c�o�n�t�r�o�l� 

�f�o�r�c�e�s�.� �S�i�m�i�l�a�r� �r�e�d�u�c�t�i�o�n�s� �c�o�u�l�d� �p�o�s�s�i�b�l�y� �b�e� �o�b�t�a�i�n�e�d� �w�i�t�h� �a� �s�m�a�l�l�e�r� �n�u�m�b�e�r� �o�f� �o�p�t�i�m�a�l�l�y� �p�l�a�c�e�d� 
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�0�.�0� �0�.�2� �0�.�4� �0�.�6� �0�.�8� �1�.�0� �1�.�2� �1�.�4� �1�.�6� 

�F�r�e�q�u�e�n�c�y� �p�a�r�a�m�e�t�e�r�,�k� �a� 

�F�i�g�u�r�e� �1�5�:� �R�a�d�i�a�t�e�d� �p�o�w�e�r� �s�p�e�c�t�r�u�m� �w�i�t�h� �m�u�l�t�i�p�l�e� �c�o�n�t�r�o�l� �f�o�r�c�e�s�.� �S�o�l�i�d� �l�i�n�e� �r�e�p�r�e�s�e�n�t�s� �r�e�s�p�o�n�s�e� 
�w�i�t�h� �n�o� �c�o�n�t�r�o�l�.� �O�t�h�e�r� �l�i�n�e�s� �r�e�p�r�e�s�e�n�t� �r�e�s�p�o�n�s�e� �w�i�t�h� �o�n�e�,� �t�w�o�,� �f�o�u�r�,� �a�n�d� �s�e�v�e�n� �c�o�n�t�r�o�l� �f�o�r�c�e�s�.� 

�I�n�c�r�e�a�s�i�n�g� �n�u�m�b�e�r� �o�f� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �i�m�p�r�o�v�e�s� �p�e�r�f�o�r�m�a�n�c�e�,� �e�s�p�e�c�i�a�l�l�y� �b�e�t�w�e�e�n� �r�e�s�o�n�a�n�c�e�s� �w�h�e�r�e� 
�m�u�l�t�i�p�l�e� �m�o�d�e�s� �c�o�n�t�r�i�b�u�t�e� �t�o� �t�h�e� �r�e�s�p�o�n�s�e�.� 

� � 

�2�.�2�.� �R�e�s�u�l�t�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n� �3�4� 

� 



�c�o�n�t�r�o�l� �f�o�r�c�e�s�.� �T�h�e� �n�u�m�b�e�r� �o�f� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �n�e�e�d�e�d� �c�o�u�l�d� �b�e� �a�s� �l�o�w� �a�s� �o�n�e� �c�o�n�t�r�o�l� �f�o�r�c�e� �p�e�r� 

�c�o�n�t�r�i�b�u�t�i�n�g� �m�o�d�e�,� �i�f� �c�o�n�t�r�o�l� �f�o�r�c�e� �l�o�c�a�t�i�o�n�s� �w�e�r�e� �o�p�t�i�m�i�z�e�d� �s�o� �t�h�a�t� �e�a�c�h� �f�o�r�c�e� �c�o�u�l�d� �c�o�n�t�r�o�l� �a� 

�s�e�p�a�r�a�t�e� �m�o�d�e� �w�i�t�h�o�u�t� �s�p�i�l�l�o�v�e�r� �i�n�t�o� �o�t�h�e�r� �m�o�d�e�s�.� 

�2�3�.� �S�u�m�m�a�r�y� 

�T�h�i�s� �c�h�a�p�t�e�r� �p�r�e�s�e�n�t�s� �b�o�t�h� �a�n� �a�n�a�l�y�t�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �o�f� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �f�o�r� �a� �s�p�h�e�r�i�c�a�l� �s�h�e�l�l�,� 

�a�n�d� �i�t�s� �n�u�m�e�r�i�c�a�l� �e�q�u�i�v�a�l�e�n�t�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �n�u�m�e�r�i�c�a�l� �m�o�d�e�l�s� �f�o�r� �t�h�e� �s�p�h�e�r�i�c�a�l� �s�h�e�l�l� �a�g�r�e�e� 

�w�e�l�l� �b�o�t�h� �i�n� �r�e�s�p�o�n�s�e� �c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n�s� �a�n�d� �i�n� �s�o�l�u�t�i�o�n�s� �t�o� �t�h�e� �a�c�t�i�v�e� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m�.� �N�u�m�e�r�i�c�a�l� 

�a�n�d� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �u�n�c�o�n�t�r�o�l�l�e�d� �r�e�s�p�o�n�s�e� �d�i�s�p�l�a�y� �e�x�c�e�l�l�e�n�t� �a�g�r�e�e�m�e�n�t� �b�e�l�o�w� �k�,�a�=�1�.�4�,� 

�w�i�t�h� �s�o�m�e� �s�l�i�g�h�t� �f�r�e�q�u�e�n�c�y�-�s�h�i�f�t�i�n�g� �i�n� �t�h�e� �r�e�g�i�o�n� �1�.�4�<�k�,�a�<�1�.�7�.� �P�r�e�d�i�c�t�i�o�n�s� �o�f� �c�o�n�t�r�o�l�l�e�r� 

�p�e�r�f�o�r�m�a�n�c�e�,� �i�n�c�l�u�d�i�n�g� �c�o�n�t�r�o�l� �f�o�r�c�e� �m�a�g�n�i�t�u�d�e�s� �a�n�d� �r�e�d�u�c�t�i�o�n�s� �o�f� �r�a�d�i�a�t�e�d� �p�o�w�e�r�,� �a�g�r�e�e� �w�e�l�l� �b�u�t� 

�a�r�e� �s�u�b�j�e�c�t� �t�o� �t�h�e� �s�a�m�e� �f�r�e�q�u�e�n�c�y� �s�h�i�f�t�.� �S�h�o�r�t�-�w�a�v�e�l�e�n�g�t�h� �s�t�r�u�c�t�u�r�a�l� �r�e�s�p�o�n�s�e�s� �t�h�a�t� �a�p�p�e�a�r� �i�n� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �b�u�t� �n�o�t� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �d�o� �n�o�t� �a�f�f�e�c�t� �t�h�e� �f�a�r�f�i�e�l�d� �b�e�h�a�v�i�o�r�,� �a�n�d� �t�h�e�r�e�f�o�r�e� 

�d�o� �n�o�t� �a�f�f�e�c�t� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �p�e�r�f�o�r�m�a�n�c�e�.� �N�u�m�e�r�i�c�a�l� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �r�e�s�i�d�u�a�l� �r�e�s�p�o�n�s�e�s� �a�g�r�e�e� �w�i�t�h� 

�a�n�a�l�y�t�i�c�a�l� �p�r�e�d�i�c�t�i�o�n�s� �t�o� �t�h�e� �s�a�m�e� �e�x�t�e�n�t� �t�h�a�t� �u�n�c�o�n�t�r�o�l�l�e�d� �p�r�e�d�i�c�t�i�o�n�s� �a�g�r�e�e�.� �I�n� �g�e�n�e�r�a�l�,� �t�h�e� 

�r�e�s�u�l�t�s� �g�i�v�e� �c�o�n�f�i�d�e�n�c�e� �t�h�a�t� �t�h�e� �m�e�t�h�o�d�s� �d�e�s�c�r�i�b�e�d� �c�o�u�l�d� �b�e� �u�s�e�d� �t�o� �e�x�a�m�i�n�e� �o�t�h�e�r�,� �m�o�r�e� 

�c�o�m�p�l�i�c�a�t�e�d� �s�t�r�u�c�t�u�r�e�s� �f�o�r� �w�h�i�c�h� �n�o� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�s� �e�x�i�s�t�.� 

�F�o�r� �t�h�e� �s�p�h�e�r�i�c�a�l� �s�h�e�l�l�,� �A�S�A�C� �i�s� �a�n� �e�f�f�i�c�i�e�n�t� �m�e�t�h�o�d� �f�o�r� �c�o�n�t�r�o�l�l�i�n�g� �r�a�d�i�a�t�e�d� �n�o�i�s�e� �a�t� �l�o�w� 

�f�r�e�q�u�e�n�c�i�e�s� �(�0�<�k�,�a�<�1�.�7�)�.� �A�t� �r�e�s�o�n�a�n�c�e� �f�r�e�q�u�e�n�c�i�e�s�,� �r�a�d�i�a�t�i�o�n� �d�u�e� �t�o� �a� �p�o�i�n�t�-�f�o�r�c�e� �d�i�s�t�u�r�b�a�n�c�e� �c�a�n� 

�b�e� �r�e�d�u�c�e�d� �b�y� �u�p� �t�o� �2�0� �d�B� �u�s�i�n�g� �o�n�l�y� �o�n�e� �a�c�t�u�a�t�o�r�.� �T�h�e� �m�e�c�h�a�n�i�s�m� �f�o�r� �r�e�d�u�c�i�n�g� �r�a�d�i�a�t�e�d� �p�o�w�e�r� 

�o�n�-�r�e�s�o�n�a�n�c�e� �i�s� �m�o�d�a�l� �s�u�p�p�r�e�s�s�i�o�n�,� �i�n� �w�h�i�c�h� �t�h�e� �d�o�m�i�n�a�n�t� �r�e�s�p�o�n�s�e� �m�o�d�e� �i�n� �t�e�r�m�s� �o�f� �s�o�u�n�d� 

�r�a�d�i�a�t�i�o�n� �i�s� �c�o�m�p�l�e�t�e�l�y� �s�u�p�p�r�e�s�s�e�d�.� �B�e�t�w�e�e�n� �r�e�s�o�n�a�n�c�e�s�,� �m�u�l�t�i�p�l�e� �a�c�t�u�a�t�o�r�s� �a�r�e� �r�e�q�u�i�r�e�d� �t�o� �o�b�t�a�i�n� 

�l�a�r�g�e� �r�e�d�u�c�t�i�o�n�s�.� �T�h�e� �m�a�i�n� �m�e�c�h�a�n�i�s�m� �f�o�r� �r�e�d�u�c�i�n�g� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �o�f�f�-�r�e�s�o�n�a�n�c�e� �i�s� �m�o�d�a�l� 

�r�e�s�t�r�u�c�t�u�r�i�n�g�,� �i�n� �w�h�i�c�h� �m�o�d�a�l� �e�n�e�r�g�y� �i�s� �t�r�a�n�s�f�e�r�r�e�d� �t�o� �l�e�s�s�-�e�f�f�i�c�i�e�n�t� �m�o�d�e�s� �a�n�d� �c�a�n� �a�c�t�u�a�l�l�y� 

�2�.�3�.� �S�u�m�m�a�r�y� �3�5



�i�n�c�r�e�a�s�e� �v�i�b�r�a�t�i�o�n� �l�e�v�e�l�s� �w�h�i�l�e� �r�e�d�i�a�t�i�o�n� �i�s� �s�u�p�p�r�e�s�s�e�d�.� �I�n�c�r�e�a�s�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�n�t�r�o�l� �f�o�r�c�e�s� 

�i�m�p�r�o�v�e�s� �c�o�n�t�r�o�l�l�e�r� �p�e�r�f�o�r�m�a�n�c�e�.� �W�i�t�h� �s�e�v�e�n� �c�o�n�t�r�o�l� �f�o�r�c�e�s�,� �a�t�t�e�n�u�a�t�i�o�n�s� �o�f� �a�t� �l�e�a�s�t� �6� �d�B� �c�a�n� �b�e� 

�o�b�t�a�i�n�e�d� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �0�<�k�,�a�<�1�.�7�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�i�s� �s�e�c�t�i�o�n� �l�e�a�v�e� �u�n�a�n�s�w�e�r�e�d� �s�o�m�e� �i�m�p�o�r�t�a�n�t� �q�u�e�s�t�i�o�n�s�.� �W�e� �h�a�v�e� �s�h�o�w�n� �t�h�a�t� 

�t�h�e� �n�u�m�e�r�i�c�a�l� �a�n�d� �a�n�a�l�y�t�i�c�a�l� �a�p�p�r�o�a�c�h�e�s� �g�i�v�e� �t�h�e� �s�a�m�e� �r�e�s�u�l�t�s� �w�h�e�n� �w�e� �i�g�n�o�r�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� 

�i�n� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r�s�.� �H�o�w�e�v�e�r�,� �i�n� �r�e�a�l�i�t�y� �e�a�c�h� �e�r�r�o�r� �s�e�n�s�o�r� �m�e�a�s�u�r�e�m�e�n�t� �c�o�n�t�a�i�n�s� �r�a�n�d�o�m� 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�.� �F�u�r�t�h�e�r�m�o�r�e�,� �w�e� �h�a�v�e� �s�a�i�d� �n�o�t�h�i�n�g� �a�b�o�u�t� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l� �i�m�p�l�i�c�a�t�i�o�n�s� �o�f� �u�s�i�n�g� 

�a� �f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �s�e�n�s�o�r�s�.� �T�h�e�s�e� �t�o�p�i�c�s� �a�r�e� �a�d�d�r�e�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �3�.� 

�2�.�3�.� �S�u�m�m�a�r�y� �3�6



�C�H�A�P�T�E�R� �3�:� �U�S�I�N�G� �R�E�G�R�E�S�S�I�O�N� �T�O� �S�I�M�U�L�A�T�E� �F�E�E�D�F�O�R�W�A�R�D� 

�C�O�N�T�R�O�L� 

�T�h�e� �p�r�i�m�a�r�y� �g�o�a�l� �o�f� �t�h�i�s� �c�h�a�p�t�e�r� �i�s� �t�o� �p�r�e�s�e�n�t� �l�e�a�s�t�-�s�q�u�a�r�e�s� �m�u�l�t�i�p�l�e� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n� �a�s� 

�a�n�o�t�h�e�r� �w�a�y� �t�o� �f�o�r�m�u�l�a�t�e� �t�h�e� �n�u�m�e�r�i�c�a�l� �a�p�p�r�o�a�c�h� �d�e�r�i�v�e�d� �i�n� �C�h�a�p�t�e�r� �2� �f�o�r� �s�i�m�u�l�a�t�i�n�g� �f�e�e�d�f�o�r�w�a�r�d� 

�a�c�t�i�v�e� �c�o�n�t�r�o�l�.� �I�n� �d�o�i�n�g� �s�o�,� �w�e� �s�h�a�l�l� �s�h�o�w� �t�h�a�t� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �c�o�m�m�o�n�l�y� �u�s�e�d� �i�n� �s�t�a�t�i�s�t�i�c�a�l� 

�r�e�g�r�e�s�s�i�o�n�s� �c�a�n� �a�l�s�o� �b�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �a�c�t�i�v�e� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m�.� �W�e� �s�h�a�l�l� �d�i�s�c�u�s�s� �w�h�y� �a�n�d� �h�o�w� 

�r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �s�h�o�u�l�d� �b�e� �u�s�e�d�,� �p�a�y�i�n�g� �s�p�e�c�i�a�l� �a�t�t�e�n�t�i�o�n� �t�o� �t�h�e� �p�h�y�s�i�c�a�l� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�e� 

�q�u�a�n�t�i�t�i�e�s� �i�n�v�o�l�v�e�d�.� �F�i�n�a�l�l�y�,� �w�e� �s�h�a�l�l� �e�x�a�m�i�n�e� �s�o�m�e� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� �s�h�o�w�i�n�g� �h�o�w� �r�e�g�r�e�s�s�i�o�n� 

�d�i�a�g�n�o�s�t�i�c�s� �c�a�n� �b�e� �u�s�e�d� �i�n� �s�i�m�u�l�a�t�i�n�g� �A�S�A�C� �p�r�o�b�l�e�m�s�.� 

�T�h�e� �n�e�e�d� �f�o�r� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �i�n� �a� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �o�f� �A�S�A�C� �s�t�e�m�s� �f�r�o�m� �t�w�o� �f�a�c�t�s�.� 

�F�i�r�s�t�l�y�,� �e�r�r�o�r� �s�e�n�s�o�r� �o�u�t�p�u�t�s� �i�n� �a� �r�e�a�l� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �a�r�e� �c�o�n�t�a�m�i�n�a�t�e�d� �w�i�t�h� �r�a�n�d�o�m� �m�e�a�s�u�r�e�m�e�n�t� 

�n�o�i�s�e� �w�h�o�s�e� �p�r�o�p�e�r�t�i�e�s� �w�e� �k�n�o�w� �o�n�l�y� �i�n� �a� �s�t�a�t�i�s�t�i�c�a�l� �s�e�n�s�e�.� �S�e�c�o�n�d�l�y�,� �w�e� �d�o� �n�o�t� �k�n�o�w� �t�h�e� �e�r�r�o�r� �a�s� 

�a� �c�o�n�t�i�n�u�o�u�s� �f�u�n�c�t�i�o�n� �i�n� �s�p�a�c�e�;� �i�n�s�t�e�a�d�,� �w�e� �s�a�m�p�l�e� �t�h�e� �e�r�r�o�r� �a�t� �a� �f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �d�i�s�c�r�e�t�e� �e�r�r�o�r� 

�s�e�n�s�o�r� �l�o�c�a�t�i�o�n�s�,� �a�l�l�o�w�i�n�g� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �u�n�d�e�r�s�a�m�p�l�i�n�g�.� �B�e�c�a�u�s�e� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �a�n�d�/�o�r� 

�u�n�d�e�r�s�a�m�p�l�i�n�g�,� �r�e�a�l� �c�o�n�t�r�o�l� �s�y�s�t�e�m�s� �g�e�n�e�r�a�l�l�y� �d�o� �n�o�t� �a�t�t�a�i�n� �t�h�e� �l�e�v�e�l� �o�f� �p�e�r�f�o�r�m�a�n�c�e� �p�r�e�d�i�c�t�e�d� �b�y� 

�n�u�m�e�r�i�c�a�l� �o�r� �a�n�a�l�y�t�i�c�a�l� �s�i�m�u�l�a�t�i�o�n�s�.� �T�o� �i�m�p�r�o�v�e� �s�i�m�u�l�a�t�i�o�n�s� �a�n�d� �c�h�e�c�k� �t�h�e�i�r� �r�e�l�i�a�b�i�l�i�t�y�,� �w�e� �c�a�n� 

�u�s�e� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �a�n�d� �u�n�d�e�r�s�a�m�p�l�i�n�g�.� 

�O�n�l�y� �i�f� �t�h�e� �s�y�s�t�e�m� �b�e�i�n�g� �m�o�d�e�l�e�d� �h�a�s� �c�o�n�t�i�n�u�o�u�s�l�y� �d�i�s�t�r�i�b�u�t�e�d� �e�r�r�o�r� �s�e�n�s�o�r�s� �t�h�a�t� �p�r�o�v�i�d�e� �n�o�i�s�e�-� 

�f�r�e�e� �m�e�a�s�u�r�e�m�e�n�t�s� �(�a� �s�i�t�u�a�t�i�o�n� �n�o�t� �a�t� �a�l�l� �c�o�m�m�o�n� �i�n� �p�r�a�c�t�i�c�a�l� �a�p�p�l�i�c�a�t�i�o�n�s�)� �c�a�n� �w�e� �b�e� �a�s�s�u�r�e�d� �t�h�a�t� 

�t�h�e� �s�i�m�u�l�a�t�i�o�n� �w�i�l�l� �a�c�c�u�r�a�t�e�l�y� �p�r�e�d�i�c�t� �t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �r�e�s�p�o�n�s�e�.� �O�t�h�e�r�w�i�s�e�,� �w�e� �m�u�s�t� �e�m�p�l�o�y� 

�s�o�m�e� �s�t�a�t�i�s�t�i�c�a�l� �a�p�p�r�o�a�c�h� �s�u�c�h� �a�s� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �t�o� �g�u�a�g�e� �h�o�w� �r�e�l�i�a�b�l�e� �t�h�e� �r�e�s�u�l�t�s� �a�r�e�.� 

�C�h�a�p�t�e�r� �3� �3�7



�T�h�i�s� �i�m�p�l�i�c�i�t� �m�o�d�e�l�i�n�g� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �d�i�f�f�e�r�e�n�t�i�a�t�e�s� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l� �m�e�t�h�o�d�s� �o�u�t�l�i�n�e�d� �b�e�l�o�w� 

�f�r�o�m� �p�r�e�v�i�o�u�s� �w�o�r�k�s�.� 

�B�y� �w�a�y� �o�f� �i�n�t�r�o�d�u�c�t�i�o�n�,� �w�e� �s�h�a�l�l� �n�o�w� �s�u�m�m�a�r�i�z�e� �a�s� �b�r�i�e�f�l�y� �a�s� �p�o�s�s�i�b�l�e� �t�h�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� 

�r�e�g�r�e�s�s�i�o�n� �a�n�d� �a�c�t�i�v�e� �c�o�n�t�r�o�l�.� �M�u�l�t�i�p�l�e� �l�i�n�e�a�r� �l�e�a�s�t�-�s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �i�s� �a� �m�a�t�h�e�m�a�t�i�c�a�l� �t�e�c�h�n�i�q�u�e� 

�u�s�e�d� �t�o� �d�e�s�c�r�i�b�e� �o�r� �m�o�d�e�l� �a� �s�t�a�t�i�s�t�i�c�a�l� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�w�o� �o�r� �m�o�r�e� �v�a�r�i�a�b�l�e�s�.� �T�h�e� �n�u�m�e�r�i�c�a�l� 

�p�r�o�c�e�d�u�r�e�s� �u�s�e�d� �t�o� �s�o�l�v�e� �a� �r�e�g�r�e�s�s�i�o�n� �p�r�o�b�l�e�m� �c�a�n� �a�l�s�o� �b�e� �u�s�e�d� �t�o� �s�o�l�v�e� �f�o�r� �t�h�e� �c�o�n�t�r�o�l� �i�n�p�u�t�s� �i�n� �a� 

�f�e�e�d�f�o�r�w�a�r�d�,� �f�r�e�q�u�e�n�c�y�-�d�o�m�a�i�n� �a�c�t�i�v�e� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m�,� �p�r�o�v�i�d�e�d� �t�h�e� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �m�o�d�i�f�i�e�d� �t�o� 

�o�p�e�r�a�t�e� �o�n� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� �v�a�r�i�a�b�l�e�s�.� �S�i�m�i�l�a�r�l�y�,� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �c�a�n� �b�e� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� 

�e�f�f�e�c�t�s� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �a�n�d�/�o�r� �u�n�d�e�r�s�a�m�p�l�i�n�g�.� �I�n� �k�e�e�p�i�n�g� �w�i�t�h� �t�u�t�o�r�i�a�l� �n�a�t�u�r�e� �o�f� �t�h�e� 

�d�i�s�c�u�s�s�i�o�n�,� �t�h�i�s� �c�h�a�p�t�e�r� �d�i�s�c�u�s�s�e�s� �o�n�l�y� �t�h�e� �m�o�s�t� �b�a�s�i�c� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s�:� �t�h�e� �F�-�t�e�s�t�,� �t�h�e� �f�-�t�e�s�t�,� 

�c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s�,� �a�n�d� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�s�.� 

�T�h�e� �l�i�n�k� �b�e�t�w�e�e�n� �r�e�g�r�e�s�s�i�o�n� �a�n�d� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �w�a�s� �f�i�r�s�t� �n�o�t�e�d� �b�y� �S�n�y�d�e�r� �a�n�d� �H�a�n�s�e�n� 

�[�2�1�,� �2�2�]�.� �T�h�e�i�r� �w�o�r�k� �d�e�s�c�r�i�b�e�s� �h�o�w� �t�o� �s�i�m�u�l�a�t�e� �a� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m� �u�s�i�n�g� �c�o�m�m�e�r�c�i�a�l� 

�r�e�g�r�e�s�s�i�o�n� �s�o�f�t�w�a�r�e�.� �S�i�n�c�e� �c�o�m�m�e�r�c�i�a�l� �r�e�g�r�e�s�s�i�o�n� �p�a�c�k�a�g�e�s� �g�e�n�e�r�a�l�l�y� �o�p�e�r�a�t�e� �o�n�l�y� �o�n� �r�e�a�l�-�v�a�l�u�e�d� 

�d�a�t�a�,� �S�n�y�d�e�r� �a�n�d� �H�a�n�s�e�n� �p�a�r�t�i�t�i�o�n�e�d� �t�h�e�i�r� �p�r�o�b�l�e�m� �i�n�t�o� �s�e�p�a�r�a�t�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s�.� �I�n� �t�h�e� 

�p�r�e�s�e�n�t� �w�o�r�k� �w�e� �u�s�e� �a� �m�o�r�e� �g�e�n�e�r�a�l� �f�o�r�m�u�l�a�t�i�o�n� �t�h�a�t� �e�x�p�r�e�s�s�e�s� �t�h�e� �r�e�g�r�e�s�s�o�n� �i�n� �t�h�e� �c�o�m�p�l�e�x� 

�d�o�m�a�i�n�,� �r�e�m�o�v�i�n�g� �t�h�e� �n�e�e�d� �t�o� �s�e�p�a�r�a�t�e� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s�.� �F�o�r�m�u�l�a�t�i�n�g� �t�h�e� �p�r�o�b�l�e�m� 

�w�i�t�h� �c�o�m�p�l�e�x� �v�a�r�i�a�b�l�e�s� �a�l�s�o� �a�l�l�o�w�s� �t�h�e� �u�s�e� �o�f� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s�,� �w�h�i�c�h� �w�e�r�e� �n�o�t� �d�i�s�c�u�s�s�e�d� �b�y� 

�S�n�y�d�e�r� �a�n�d� �H�a�n�s�e�n� �b�e�c�a�u�s�e� �t�h�e� �d�i�a�g�n�o�s�t�i�c�s� �a�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �u�s�e� �w�h�e�n� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� 

�o�f� �t�h�e� �d�a�t�a� �a�r�e� �t�r�e�a�t�e�d� �s�e�p�a�r�a�t�e�l�y�.� �M�u�c�h� �o�f� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �d�e�v�e�l�o�p�m�e�n�t� �f�o�r� �l�e�a�s�t�-�s�q�u�a�r�e�s� 

�r�e�g�r�e�s�s�i�o�n� �o�f� �c�o�m�p�l�e�x� �v�a�r�i�a�b�l�e�s� �i�s� �t�a�k�e�n� �f�r�o�m� �M�i�l�l�e�r� �(�2�8�,� �2�9�]�.� 

�V�a�r�i�o�u�s� �m�e�t�h�o�d�s� �f�o�r� �a�s�s�e�s�s�i�n�g� �t�h�e� �q�u�a�l�i�t�y� �o�f� �a� �m�o�d�e�l� �f�i�t� �a�r�e� �u�s�e�d� �i�n� �t�h�e� �s�y�s�t�e�m� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� 

�l�i�t�e�r�a�t�u�r�e�,� �a�n�d� �t�h�e�r�e� �i�s� �s�o�m�e� �o�v�e�r�l�a�p� �w�i�t�h� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k� �[�2�3�,� �2�4�]�.� �D�e�s�p�i�t�e� �t�h�e� �o�v�e�r�l�a�p�,� 

�C�h�a�p�t�e�r� �3� �3�8



�r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �a�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �d�e�t�a�i�l� �h�e�r�e� �t�o� �p�r�o�v�i�d�e� �a� �u�n�i�f�i�e�d� �d�e�v�e�l�o�p�m�e�n�t�,� �a�n�d� �t�o� 

�e�m�p�h�a�s�i�z�e� �t�h�a�t� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �a�r�e� �a�m�o�n�g� �t�h�e� �m�a�n�y� �s�t�a�t�i�s�t�i�c�a�l� �t�e�c�h�n�i�q�u�e�s� �t�h�a�t� �c�a�n� 

�p�o�t�e�n�t�i�a�l�l�y� �b�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �f�e�e�d�f�o�r�w�a�r�d� �a�c�t�i�v�e� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m�.� 

�W�e� �f�i�r�s�t� �r�e�v�i�e�w� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l�s� �o�f� �m�u�l�t�i�p�l�e� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n� �i�n� �S�e�c�t�i�o�n� �3�.�1�,� �a�n�d� �t�h�e�n� �e�x�a�m�i�n�e� 

�h�o�w� �a� �f�e�e�d�f�o�r�w�a�r�d� �a�c�t�i�v�e� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� �a� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� �m�u�l�t�i�p�l�e� �l�i�n�e�a�r� 

�r�e�g�r�e�s�s�i�o�n�.� �W�e� �e�x�a�m�i�n�e� �h�o�w� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �c�a�n� �b�e� �i�n�t�e�r�p�r�e�t�e�d� �f�o�r� �a�c�t�i�v�e� �c�o�n�t�r�o�l� 

�p�r�o�b�l�e�m�s�,� �p�a�y�i�n�g� �p�a�r�t�i�c�u�l�a�r� �a�t�t�e�n�t�i�o�n� �t�o� �t�h�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �s�t�a�t�i�s�t�i�c�a�l� �q�u�a�n�t�i�t�i�e�s� �a�n�d� �p�h�y�s�i�c�s� �o�f� 

�t�h�e� �a�c�t�i�v�e� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m�.� �F�i�n�a�l�l�y�,� �w�e� �d�i�s�c�u�s�s� �t�h�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �w�e�i�g�h�t�i�n�g� �f�u�n�c�t�i�o�n� �a�n�d� 

�t�h�e� �p�h�y�s�i�c�a�l� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n�.� �I�n�c�l�u�d�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�2� �a�r�e� �s�a�m�p�l�e� �c�a�l�c�u�l�a�t�i�o�n�s� �f�o�r� 

�t�h�e� �c�y�l�i�n�d�r�i�c�a�l� �s�h�e�l�l� �e�x�a�m�p�l�e� �p�r�o�b�l�e�m� �o�f� �F�i�g�.� �3�.� 

�3�.�1�.� �R�e�g�r�e�s�s�i�o�n� �a�n�d� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� 

�M�u�c�h� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�i�s�c�u�s�s�i�o�n� �m�a�y� �b�e� �f�o�u�n�d� �i�n� �t�e�x�t�b�o�o�k�s� �a�n�d� �a�r�t�i�c�l�e�s� �o�n� �l�i�n�e�a�r� �a�l�g�e�b�r�a� �o�r� 

�l�e�a�s�t�-�s�q�u�a�r�e�s� �t�e�c�h�n�i�q�u�e�s�;� �s�e�e�,� �f�o�r� �e�x�a�m�p�l�e�,� �[�3�0�-�3�2�]�.� �I�n� �p�a�r�t�i�c�u�l�a�r�,� �a� �c�o�m�p�r�e�h�e�n�s�i�v�e� �d�i�s�c�u�s�s�i�o�n� �o�f� 

�w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �m�a�y� �b�e� �f�o�u�n�d� �i�n� �[�3�3�]�.� �T�h�e� �d�i�s�c�u�s�s�i�o�n� �i�s� �i�n�c�l�u�d�e�d� �h�e�r�e� �t�o� 

�i�n�t�r�o�d�u�c�e� �t�e�r�m�i�n�o�l�o�g�y� �w�h�i�c�h� �m�a�y� �n�o�t� �b�e� �f�a�m�i�l�i�a�r� �t�o� �a� �g�e�n�e�r�a�l� �a�c�o�u�s�t�i�c�s�-�o�r�i�e�n�t�e�d� �o�r� �c�o�n�t�r�o�l�-� 

�o�r�i�e�n�t�e�d� �a�u�d�i�e�n�c�e�,� �a�n�d� �t�o� �h�e�l�p� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �l�i�n�k� �b�e�t�w�e�e�n� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �a�n�d� �r�e�g�r�e�s�s�i�o�n�.� �I�n� 

�a�d�d�i�t�i�o�n� �t�o� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �h�e�r�e�,� �t�h�e� �r�e�a�d�e�r� �i�s� �u�r�g�e�d� �t�o� �r�e�v�i�e�w� �b�a�s�i�c� �s�t�a�t�i�s�t�i�c�s� �i�n� �o�r�d�e�r� �t�o� �e�a�s�e� 

�u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�h�e�o�r�y� �a�n�d� �m�o�d�e�l�i�n�g�.� 

�T�h�e� �r�e�a�d�e�r� �i�s� �a�l�s�o� �r�e�m�i�n�d�e�d� �h�e�r�e� �t�h�a�t� �t�h�e� �f�o�l�l�o�w�i�n�g� �a�n�a�l�y�s�i�s� �i�m�p�l�i�c�i�t�l�y� �a�s�s�u�m�e�s�,� �a�s� �d�o� �m�o�s�t� 

�S�t�a�t�i�s�t�i�c�a�l� �a�n�a�l�y�s�e�s�,� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �r�a�n�d�o�m� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�.� �I�n� �t�h�i�s� �s�e�n�s�e� �i�t� �i�s� �u�n�l�i�k�e� �m�o�s�t� 

�p�r�e�v�i�o�u�s� �w�o�r�k�s�,� �w�h�i�c�h� �t�a�k�e� �a� �d�e�t�e�r�m�i�n�i�s�t�i�c� �v�i�e�w� �o�f� �a�c�t�i�v�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m�s�.� 

�3�.�1�.� �R�e�g�r�e�s�s�i�o�n� �a�n�d� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �3�9



�3�.�1�.�1�.� �F�u�n�d�a�m�e�n�t�a�l�s� �o�f� �m�u�l�t�i�p�l�e� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n� 

�I�n� �r�e�g�r�e�s�s�i�o�n� �o�n�e� �s�e�e�k�s� �a� �m�o�d�e�l� �Y� �(�B� �X�i�)�.� �t�h�e� �t�r�u�e� �m�o�d�e�l�,� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �o�r� �p�r�e�d�i�c�t� �a� �s�e�t� �o�f� 

�m�e�a�s�u�r�e�d� �d�a�t�a� �Y�,� �a�l�s�o� �c�a�l�l�e�d� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�.� �T�h�e� �t�r�u�e� �m�o�d�e�l� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �B�;� �(�t�h�e� �t�r�u�e� 

�r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s�)� �a�n�d� �a� �c�o�l�l�e�c�t�i�o�n� �o�f� �p�r�e�d�i�c�t�o�r� �v�a�r�i�a�b�l�e�s� �X�;� �(�a�l�s�o� �c�a�l�l�e�d� �i�n�d�e�p�e�n�d�e�n�t� 

�v�a�r�i�a�b�l�e�s�)�.� �T�h�e� �m�e�a�s�u�r�e�d� �d�a�t�a� �a�n�d� �p�r�e�d�i�c�t�o�r� �v�a�r�i�a�b�l�e�s� �c�o�n�t�a�i�n� �a� �t�o�t�a�l� �o�f� �M� �o�b�s�e�r�v�a�t�i�o�n�s�,� 

�j�=�1�,�2�,�.�.�.�M�,� �a�n�d� �a�r�e� �w�r�i�t�t�e�n� �i�n� �v�e�c�t�o�r� �f�o�r�m� �a�s� �Y�=�{�y�)�.�.� �y�p�!� �a�n�d� �X�=�{�X�]� �i�-�-�X�v�i�y� �F�o�r� �e�x�a�m�p�l�e�,� �a� 

�m�o�d�e�l� �o�f� �h�u�m�a�n� �b�o�d�y� �w�e�i�g�h�t� �w�o�u�l�d� �h�a�v�e� �t�h�e� �b�o�d�y� �w�e�i�g�h�t�s� �o�f� �a� �g�r�o�u�p� �o�f� �p�e�o�p�l�e� �a�s� �t�h�e� �m�e�a�s�u�r�e�d� 

�d�a�t�a� �Y�,� �w�h�i�l�e� �t�h�e� �p�r�e�d�i�c�t�o�r� �v�a�r�i�a�b�l�e�s� �X�;� �w�o�u�l�d� �b�e� �o�t�h�e�r� �m�e�a�s�u�r�a�b�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �s�u�c�h� �a�s� �h�e�i�g�h�t�,� 

�a�g�e�,� �e�t�c�.� 

�S�u�p�p�o�s�e� �n�o�w� �t�h�a�t� �e�a�c�h� �o�b�s�e�r�v�e�d� �v�a�l�u�e� �y�;� �c�o�n�t�a�i�n�s� �a� �s�m�a�l�l� �a�m�o�u�n�t� �o�f� �r�a�n�d�o�m� �m�e�a�s�u�r�e�m�e�n�t� 

�n�o�i�s�e�  ¬�;�.� �N�o�t�e� �t�h�e� �u�s�e� �o�f� �t�h�e� �t�e�r�m� �"�n�o�i�s�e�"� �r�a�t�h�e�r� �t�h�a�n� �"�e�r�r�o�r�"�,� �i�n� �k�e�e�p�i�n�g� �w�i�t�h� �t�h�e� �u�s�a�g�e� �o�f� �N�e�l�s�o�n� 

�a�n�d� �E�l�l�i�o�t�t� �[�1�5�]� �a�n�d� �F�i�g�.� �1�.� �I�n� �s�t�a�t�i�s�t�i�c�a�l� �a�p�p�l�i�c�a�t�i�o�n�s�,� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �1�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� 

�"�m�e�a�s�u�r�e�m�e�n�t� �e�r�r�o�r�"� �o�r� �"�o�b�s�e�r�v�a�t�i�o�n� �e�r�r�o�r�"�,� �w�h�e�r�e�a�s� �i�n� �a�c�t�i�v�e� �c�o�n�t�r�o�l� �l�i�t�e�r�a�t�u�r�e� �t�h�e� �t�e�r�m� �"�e�r�r�o�r�"� 

�r�e�f�e�r�s� �t�o� �t�h�e� �r�e�s�i�d�u�a�l� �s�i�g�n�a�l� �t�h�a�t� �r�e�m�a�i�n�s� �a�f�t�e�r� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �h�a�s� �a�t�t�e�m�p�t�e�d� �t�o� �c�a�n�c�e�l� �t�h�e� �o�f�f�e�n�d�i�n�g� 

�s�i�g�n�a�l�.� �T�h�e� �p�r�e�s�e�n�t� �t�e�x�t� �u�s�e�s� �t�h�e� �t�e�r�m�s� �"�e�r�r�o�r�"� �a�n�d� �"�r�e�s�i�d�u�a�l�"� �s�o�m�e�w�h�a�t� �i�n�t�e�r�c�h�a�n�g�e�a�b�l�y�,� �b�u�t� �t�h�e� 

�t�e�r�m� �"�n�o�i�s�e�"� �i�s� �r�e�s�e�r�v�e�d� �o�n�l�y� �f�o�r� �t�h�e� �r�a�n�d�o�m� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �m�e�a�s�u�r�e�d� �d�a�t�a� �Y�.� 

�I�n� �a�d�d�i�t�i�o�n� �t�o� �a�s�s�u�m�i�n�g� �t�h�a�t� �e�a�c�h� �y�;� �c�o�n�t�a�i�n�s� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�  ¬�;�,� �l�e�t� �u�s� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �t�r�u�e� 

�m�o�d�e�l� �g�i�v�e�s� �a� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �d�a�t�a�:� 

�V�i� �=�V�i�t�E�;�,� �(�1�7�)� 

�w�h�e�r�e� �t�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e� �o�f�  ¬�;� �i�s� �E�[�e�;�]�=�0�,� �t�h�e� �e�x�p�e�c�t�e�d� �v�a�l�u�e� �o�f� �y�;� �i�s� �E�[�y�j�]�=�y�,�;�.� �B�e�c�a�u�s�e� �w�e� �a�r�e� 

�o�n�l�y� �a�s�s�u�m�i�n�g� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �E�q�.� �(�1�7�)�,� �i�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �r�e�t�u�r�n� �t�o� �t�h�i�s� �a�s�s�u�m�p�t�i�o�n� �l�a�t�e�r� �a�n�d� �c�h�e�c�k� 

�w�h�e�t�h�e�r� �t�h�e� �d�a�t�a� �c�a�u�s�e� �u�s� �t�o� �r�e�j�e�c�t� �t�h�e� �a�s�s�u�m�p�t�i�o�n�.� �O�n�e� �s�u�c�h� �c�h�e�c�k�,� �t�h�e� �F�-�t�e�s�t�,� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� 

�n�e�x�t� �s�e�c�t�i�o�n�.� 

�3�.�1�.� �R�e�g�r�e�s�s�i�o�n� �a�n�d� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �4�0



�T�o� �u�s�e� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�i�s� �C�h�a�p�t�e�r�,� �w�e� �m�u�s�t� �m�a�k�e� �c�e�r�t�a�i�n� �a�s�s�u�m�p�t�i�o�n�s� 

�a�b�o�u�t� �t�h�e� �t�y�p�e� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �w�e� �e�x�p�e�c�t� �t�o� �e�n�c�o�u�n�t�e�r�.� �T�h�e�s�e� �a�s�s�u�m�p�t�i�o�n�s� �a�r�e� �n�o�t� �n�e�e�d�e�d� 

�t�o� �p�e�r�f�o�r�m� �t�h�e� �r�e�g�r�e�s�s�i�o�n�;� �w�e� �c�a�n� �a�l�w�a�y�s� �u�s�e� �r�e�g�r�e�s�s�i�o�n� �t�o� �f�i�n�d� �a� �s�e�t� �o�f� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� 

�r�e�g�a�r�d�l�e�s�s� �o�f� �t�h�e� �f�o�r�m� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �e�r�r�o�r�.� �H�o�w�e�v�e�r�,� �s�o�m�e�t�i�m�e�s� �w�e� �w�i�s�h� �t�o� �g�o� �b�e�y�o�n�d� 

�m�e�r�e�l�y� �c�o�m�p�u�t�i�n�g� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s�,� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l�,� �a�n�d� �r�e�s�i�d�u�a�l�s�.� �T�o� �d�o� �t�h�i�s�,� �w�e� �m�u�s�t� 

�m�a�k�e� �a�s�s�u�m�p�t�i�o�n�s� �a�b�o�u�t� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �e�r�r�o�r�,� �a�n�d� �t�h�e� �a�s�s�u�m�p�t�i�o�n�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �h�e�r�e� �t�o� 

�i�n�t�r�o�d�u�c�e� �n�o�m�e�n�c�l�a�t�u�r�e� �u�s�e�d� �l�a�t�e�r�.� 

�T�h�e� �a�s�s�u�m�p�t�i�o�n�s� �w�e� �m�u�s�t� �m�a�k�e� �c�o�n�c�e�r�n� �V�(�y�;�)�,� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �i�t�h� �d�a�t�a� �m�e�a�s�u�r�e�m�e�n�t�.� �(�A� 

�b�r�i�e�f� �r�e�v�i�e�w� �o�f� �v�a�r�i�a�n�c�e�s� �a�n�d� �o�t�h�e�r� �d�e�s�c�r�i�p�t�i�v�e� �s�t�a�t�i�s�t�i�c�s� �i�s� �g�i�v�e�n� �i�n� �S�e�c�t�i�o�n� �3�.�2�.�1�.�)� �A� �g�e�n�e�r�a�l� �f�o�r�m� 

�f�o�r� �t�h�e� �v�a�r�i�a�n�c�e� �i�s� 

�V�y�)� �=� �0�4�8�"� �(�F�W�)�.� �(�1�8�)� 

�w�h�e�r�e� �o�F� �i�s� �a� �c�o�n�s�t�a�n�t� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �v�a�r�i�a�n�c�e� �c�o�e�f�f�i�c�i�e�n�t� �a�n�d� �x� �(�¥�;�,� �w�;�)� �i�s� �a� �m�e�a�s�u�r�e�m�e�n�t� 

�n�o�i�s�e� �v�a�r�i�a�n�c�e� �f�u�n�c�t�i�o�n�.� �B�y� �i�n�c�l�u�d�i�n�g� �y�,� �i�n� �t�h�e� �v�a�r�i�a�n�c�e� �f�u�n�c�t�i�o�n� �2� �(�9�,�4�5�)�.� �w�e� �a�l�l�o�w� �t�h�e� 

�p�o�s�s�i�b�i�l�i�t�y� �t�h�a�t� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �m�a�y� �d�e�p�e�n�d� �o�n� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �q�u�a�n�t�i�t�y� �b�e�i�n�g� �m�e�a�s�u�r�e�d�.� 

�T�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �w�;� �a�l�l�o�w�s� �u�s� �t�o� �"�w�e�i�g�h�t�"� �s�o�m�e� �o�b�s�e�r�v�a�t�i�o�n�s� �m�o�r�e� �h�e�a�v�i�l�y� �t�h�a�n� �o�t�h�e�r�s�,� 

�f�o�r� �e�x�a�m�p�l�e� �p�l�a�c�i�n�g� �m�o�r�e� �e�m�p�h�a�s�i�s� �o�n� �t�h�o�s�e� �o�b�s�e�r�v�a�t�i�o�n�s� �k�n�o�w�n� �t�o� �b�e� �m�o�s�t� �r�e�l�i�a�b�l�e�.� �L�e�t� �u�s� 

�a�s�s�u�m�e� �t�h�a�t� �t�h�e�  ¬�;� �a�r�e� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �a�n�d� �p�a�i�r�w�i�s�e� �u�n�c�o�r�r�e�l�a�t�e�d�,� �t�h�a�t� �i�s�,�  ¬�;� �a�n�d�  ¬�;� �a�r�e� 

�u�n�c�o�r�r�e�l�a�t�e�d� �w�h�e�n� �7� �#� �7�.� �(�W�h�e�n� �t�h�e�  ¬�;� �a�r�e� �n�o�t� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d�,� �w�e� �m�u�s�t� �q�u�e�s�t�i�o�n� �w�h�e�t�h�e�r� �a� 

�l�e�a�s�t�-�s�q�u�a�r�e�s� �a�p�p�r�o�a�c�h� �s�h�o�u�l�d� �b�e� �d�i�s�c�a�r�d�e�d� �i�n� �f�a�v�o�r� �o�f� �a� �m�o�r�e� �r�o�b�u�s�t� �a�p�p�r�o�a�c�h�.�)� �N�e�x�t� �w�e� �m�a�k�e� �a� 

�s�i�m�p�l�i�f�y�i�n�g� �a�s�s�u�m�p�t�i�o�n� �t�o� �b�e� �s�c�r�u�t�i�n�i�z�e�d� �l�a�t�e�r�:� �w�e� �a�s�s�u�m�e� �t�h�a�t� �V�(�y�,�)� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �y�,�;�.� �T�h�i�s� 

�c�a�n� �b�e� �w�r�i�t�t�e�n� 

�2� 
�V�O�,�)�=� �O�y� �o�r�,� �e�q�u�i�v�a�l�e�n�t�l�y�,� �V�(�Y�)�=� �o�%� �w�o� �(�1�9�)� 

�W�w�;� 
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�w�h�e�r�e� �w�e� �h�a�v�e� �d�e�f�i�n�e�d� �a� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x� �W� �=� �d�i�a�g�(� �w�}�,� �w�o�,� �.�.�.� �W�y�)�.� 

�D�e�c�i�d�i�n�g� �o�n� �a� �v�a�l�u�e� �f�o�r�a�?� �i�s� �a�n� �i�m�p�o�r�t�a�n�t� �s�t�e�p�.� �I�d�e�a�l�l�y�,� �t�h�e� �v�a�l�u�e� �o�f� �o�r�d� �s�h�o�u�l�d� �c�o�m�e� �f�r�o�m� 

�s�o�m�e� �a� �p�r�i�o�r�i� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �p�h�y�s�i�c�a�l� �m�e�a�s�u�r�e�m�e�n�t� �s�y�s�t�e�m� �t�o� �b�e� �u�s�e�d�.� �F�o�r� �e�x�a�m�p�l�e�,� �w�e� �c�o�u�l�d� 

�e�s�t�i�m�a�t�e� �o�F� �b�y� �r�e�p�e�a�t�e�d�l�y� �m�e�a�s�u�r�i�n�g� �a� �c�a�l�i�b�r�a�t�i�o�n� �s�i�g�n�a�l� �a�n�d� �e�x�a�m�i�n�i�n�g� �h�o�w� �m�u�c�h� �v�a�r�i�a�t�i�o�n� 

�e�x�i�s�t�s� �i�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s�.� �I�n� �a� �p�r�e�l�i�m�i�n�a�r�y� �i�n�v�e�s�t�i�g�a�t�i�o�n�,� �h�o�w�e�v�e�r�,� �w�e� �m�a�y� �n�o�t� �k�n�o�w� �O�F�.� �I�n� 

�t�h�e� �a�b�s�e�n�c�e� �o�f� �a� �m�e�a�s�u�r�e�d� �v�a�l�u�e� �o�f�a�;� �,� �w�e� �c�a�n� �u�s�e� �t�h�e� �d�a�t�a� �t�o� �e�s�t�i�m�a�t�e� �O� �;� �.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k�,� 

�w�e� �u�s�e� �t�h�e� �e�s�t�i�m�a�t�e�d� �r�e�s�i�d�u�a�l� �v�a�r�i�a�n�c�e� �s�y� �(�s�e�e� �E�q�.� �4�7�)� �a�s� �a�n� �e�s�t�i�m�a�t�e� �o�f� �0� �;� 

�L�e�t� �u�s� �n�o�w� �a�s�s�u�m�e� �a� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l� �o�f� �f�o�r�m� 
�~� �N� 

�Y�=�>�3�B�,�X�;�.� �(�2�0�)� 
�i�=�l� 

�B�e�c�a�u�s�e� �w�e� �d�o� �n�o�t� �k�n�o�w� �t�h�e� �t�r�u�e� �m�o�d�e�l� �Y� �,� �w�e� �c�a�n�n�o�t� �d�i�r�e�c�t�l�y� �f�i�n�d� �t�h�e� �t�r�u�e� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� 

�B�;�.� �B�u�t� �w�e� �c�a�n� �u�s�e� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �c�o�n�t�a�i�n�e�d� �i�n� �t�h�e� �v�a�r�i�a�b�l�e�s� �X�;� �t�o� �c�o�m�p�u�t�e� �a�n� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� 

�Y� �w�i�t�h� �e�s�t�i�m�a�t�e�d� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �5�:� 
�~� �N� 
�Y�=�3�3�,�X�,� �(�2�1�)� 

�i�=�l� 

�O�u�r� �o�b�j�e�c�t�i�v�e�s� �a�r�e� �t�w�o�f�o�l�d�.� �F�i�r�s�t�,� �w�e� �m�u�s�t� �f�i�n�d� �a� �s�e�t� �o�f� �p�r�e�d�i�c�t�o�r� �v�a�r�i�a�b�l�e�s� �X�;� �s�u�c�h� �t�h�a�t� �t�h�e� �t�r�u�e� 

�m�o�d�e�l� �¥� �g�i�v�e�s� �a� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �m�e�a�s�u�r�e�d� �d�a�t�a� �Y�.� �S�e�c�o�n�d�,� �w�e� �m�u�s�t� �s�o�l�v�e� �f�o�r� �a� �s�e�t� �o�f� 

�e�s�t�i�m�a�t�e�d� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �b�;� �s�u�c�h� �t�h�a�t� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �Y� �c�l�o�s�e�l�y� �a�p�p�r�o�x�i�m�a�t�e�s� �t�h�e� �t�r�u�e� 

�m�o�d�e�l� �Y�.� �T�h�e� �F�-�t�e�s�t� �a�n�d� �t�-�t�e�s�t�,� �d�e�v�e�l�o�p�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�2�,� �a�l�l�o�w� �u�s� �t�o� �m�e�a�s�u�r�e� �h�o�w� �w�e�l�l� �w�e� �h�a�v�e� 

�a�c�h�i�e�v�e�d� �t�h�e�s�e� �o�b�j�e�c�t�i�v�e�s�.� 

�T�o� �s�i�m�p�l�i�f�y� �t�h�e� �n�o�t�a�t�i�o�n�,� �w�e� �w�r�i�t�e� �t�h�e� �e�s�t�i�m�a�t�e�d� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �a�s� �a� �v�e�c�t�o�r� �o�f� �t�h�e� �f�o�r�m� 

�B�=�{�b�,� �b�z� �.�.�.� �b�y�y�}�!�,� �d�e�f�i�n�e� �a� �d�e�s�i�g�n� �m�a�t�r�i�x� �X�=�{�X�y� �X�2�7� �.�.�.� �X�j�y�}�,� �a�n�d� �e�x�p�r�e�s�s� �t�h�e� �e�s�t�i�m�a�t�e�d� 

�m�o�d�e�l� �a�s� 
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�Y�=� �X�B� �(�2�2�)� 

�N�o�t�e� �t�h�a�t� �t�h�e� �d�e�s�i�g�n� �m�a�t�r�i�x� �X� �g�e�n�e�r�a�l�l�y� �h�a�s� �m�o�r�e� �r�o�w�s� �t�h�a�n� �c�o�l�u�m�n�s�,� �1�.�¢�.�,� �t�h�e�r�e� �a�r�e� �m�o�r�e� 

�o�b�s�e�r�v�a�t�i�o�n�s� �t�h�a�n� �t�h�e�r�e� �a�r�e� �v�a�r�i�a�b�l�e�s�.� 

�I�f� �o�u�r� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �w�;� �a�r�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �7�,� �w�e� �w�o�u�l�d� �u�s�e� �a� �s�t�a�n�d�a�r�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� 

�r�e�g�r�e�s�s�i�o�n�,� �s�e�e�k�i�n�g� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �t�h�a�t� �m�i�n�i�m�i�z�e� �a�n� �u�n�w�e�i�g�h�t�e�d� �c�o�s�t� �f�u�n�c�t�i�o�n� 

�2� �S�y� �a�e� 
�X�x� �=�>�)�,�  �� �¥�;�|� �>� �(�2�3�)� 

�i�=�l� 

�w�h�e�r�e� �y�,�  ��y�;� �i�s� �t�h�e� �r�e�s�i�d�u�a�l�.� �B�y� �r�e�q�u�i�r�i�n�g� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �o�x �� �/� �O�b�;� �t�o� �v�a�n�i�s�h�,� �w�e� �w�o�u�l�d� �o�b�t�a�i�n� 

�t�h�e� �u�n�w�e�i�g�h�t�e�d� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n� �w�h�o�s�e� �s�o�l�u�t�i�o�n� �i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �e�s�t�i�m�a�t�e�d� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� 

�B�.� 

�X�'�X�B�=� �X�'�Y�.� �(�2�4�)� 

�O�f� �i�n�t�e�r�e�s�t� �h�e�r�e�,� �h�o�w�e�v�e�r�,� �i�s� �t�h�e� �c�a�s�e� �o�f� �n�o�n�u�n�i�f�o�r�m� �w�;�.� �T�o� �i�n�c�l�u�d�e� �w�e�i�g�h�t�i�n�g� �w�e� �m�u�s�t� 

�t�r�a�n�s�f�o�r�m� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �r�e�g�r�e�s�s�i�o�n� �i�n�t�o� �a� �w�e�i�g�h�t�e�d� �r�e�g�r�e�s�s�i�o�n�.� �T�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �c�o�n�s�i�s�t�s� �o�f� 

�r�e�p�l�a�c�i�n�g� �Y� �w�i�t�h� �W� �1�/� �2�y�,� �a�n�d� �r�e�p�l�a�c�i�n�g� �X� �w�i�t�h� �w�i�l�2�y� �T�h�e� �w�e�i�g�h�t�e�d� �c�o�s�t� �f�u�n�c�t�i�o�n� �b�e�c�o�m�e�s� 

�2�  �� �2� 
�x�X� �=� �w�i�l�y� �-�¥�,�|� �,� �(�2�5�)� 

�a�]� 

�a�n�d� �t�h�e� �w�e�i�g�h�t�e�d� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n� �i�s� 

�X�'!"�W�X�B�=� �X�'� �W�Y�.� �(�2�6�)� 

�R�a�t�h�e�r� �t�h�a�n� �d�e�f�i�n�i�n�g� �n�e�w� �v�a�r�i�a�b�l�e�s� �t�o� �r�e�p�r�e�s�e�n�t� �w�i�/�2�y� �a�n�d� �W�l�/�2�y�,� �t�h�e� �p�r�e�s�e�n�c�e� �a�n�d� �u�s�e� �o�f� �t�h�e� 

�w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �w�i�l�l� �b�e� �s�h�o�w�n� �e�x�p�l�i�c�i�t�l�y� �w�h�e�r�e� �n�e�e�d�e�d�.� 

�3�.�1�.�2�.� �F�o�r�m�u�l�a�t�i�n�g� �f�e�e�d�f�o�r�w�a�r�d� �a�c�t�i�v�e� �c�o�n�t�r�o�l� �a�s� �a� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� �r�e�g�r�e�s�s�i�o�n� 

�F�i�r�s�t�,� �l�e�t� �u�s� �d�e�f�i�n�e� �t�h�e� �p�r�i�m�a�r�y� �r�e�s�p�o�n�s�e�,� �P�o� �t�o� �b�e� �t�h�e� �v�e�c�t�o�r� �o�f� �e�r�r�o�r� �s�e�n�s�o�r� �o�u�t�p�u�t�s� �d�u�e� �t�o� �t�h�e� 

�d�i�s�t�u�r�b�a�n�c�e� �i�n�p�u�t�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r�s� �a�r�e� �h�y�d�r�o�p�h�o�n�e�s�,� �t�h�e� �p�r�i�m�a�r�y� �r�e�s�p�o�n�s�e� �i�s� �a� 

�3�.�1�.� �R�e�g�r�e�s�s�i�o�n� �a�n�d� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �4�3



�v�e�c�t�o�r� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �c�o�m�p�l�e�x� �p�r�e�s�s�u�r�e�s� �a�t� �e�a�c�h� �h�y�d�r�o�p�h�o�n�e� �d�u�e� �t�o� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �i�n�p�u�t�.� 

�S�i�m�i�l�a�r�l�y�,� �l�e�t� �u�s� �d�e�f�i�n�e� �a� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �X� �a�s� �t�h�e� �v�e�c�t�o�r� �o�f� �e�r�r�o�r� �s�e�n�s�o�r� �o�u�t�p�u�t�s� �t�h�a�t� �w�o�u�l�d� �r�e�s�u�l�t� 

�f�r�o�m� �a� �s�i�n�g�l�e� �a�c�t�u�a�t�o�r� �o�f� �u�n�i�t� �s�t�r�e�n�g�t�h� �a�c�t�i�n�g� �a�l�o�n�e�.� �F�i�n�a�l�l�y�,� �l�e�t� �u�s� �d�e�f�i�n�e� �t�h�e� �s�e�c�o�n�d�a�r�y� �r�e�s�p�o�n�s�e�,� 

�P�,� �a�s� �t�h�e� �v�e�c�t�o�r� �o�f� �e�r�r�o�r� �s�e�n�s�o�r� �o�u�t�p�u�t�s� �t�h�a�t� �w�o�u�l�d� �r�e�s�u�l�t� �f�r�o�m� �a�l�l� �t�h�e� �a�c�t�u�a�t�o�r�s� �a�c�t�i�n�g� �t�o�g�e�t�h�e�r� �b�u�t� 

�w�i�t�h�o�u�t� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e�.� �(�T�h�u�s� �P� �d�e�p�e�n�d�s� �o�n� �a�l�l� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �a�s� �w�e�l�l� �a�s� �a�l�l� �t�h�e� �a�c�t�u�a�t�o�r� 

�s�t�r�e�n�g�t�h�s�.�)� 

�T�o� �f�o�r�m�u�l�a�t�e� �t�h�e� �p�r�o�b�l�e�m� �a�s� �a� �m�u�l�t�i�p�l�e� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n�,� �w�e� �m�u�s�t� �h�a�v�e� �a� �l�i�n�e�a�r� �s�y�s�t�e�m� �a�s� 

�d�e�f�i�n�e�d� �b�y� �t�h�r�e�e� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �r�e�s�p�o�n�s�e� �d�u�e� �t�o� �a�n�y� �g�i�v�e�n� �a�c�t�u�a�t�o�r� �a�c�t�i�n�g� �a�l�o�n�e� �m�u�s�t� �e�q�u�a�l� �i�t�s� 

�t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �m�u�l�t�i�p�l�i�e�d� �b�y� �i�t�s� �c�o�m�p�l�e�x� �s�t�r�e�n�g�t�h�.� �T�h�e� �s�e�c�o�n�d�a�r�y� �r�e�s�p�o�n�s�e� �m�u�s�t� �b�e� �a� �l�i�n�e�a�r� 

�s�u�m� �o�f� �a�l�l� �t�h�e� �a�c�t�u�a�t�o�r� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �m�u�l�t�i�p�l�i�e�d� �b�y� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �c�o�m�p�l�e�x� �s�t�r�e�n�g�t�h�s�.� 

�F�i�n�a�l�l�y�,� �t�h�e� �t�o�t�a�l� �o�r� �r�e�s�i�d�u�a�l� �r�e�s�p�o�n�s�e� �m�u�s�t� �e�q�u�a�l� �t�h�e� �s�u�m� �o�f� �t�h�e� �p�r�i�m�a�r�y� �r�e�s�p�o�n�s�e� �p�l�u�s� �t�h�e� 

�s�e�c�o�n�d�a�r�y� �r�e�s�p�o�n�s�e�.� 

�N�o�w� �w�e� �c�a�n� �l�i�s�t� �o�n�e� �b�y� �o�n�e� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m� �a�n�d� �t�h�e�i�r� 

�c�o�u�n�t�e�r�p�a�r�t�s� �i�n� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �p�r�o�b�l�e�m�.� �T�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �a�r�e� �a�n�a�l�o�g�o�u�s� �t�o� �t�h�e� �p�r�e�d�i�c�t�o�r� 

�v�a�r�i�a�b�l�e�s�.� �T�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �a�r�e� �a�n�a�l�o�g�o�u�s� �t�o� �t�h�e� �e�s�t�i�m�a�t�e�d� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �b�;�.� �T�h�e� 

�s�e�c�o�n�d�a�r�y� �r�e�s�p�o�n�s�e� �P� �i�s� �a�n�a�l�o�g�o�u�s� �t�o� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �y�r�.� �L�a�s�t�l�y�,� �P� �=� �P�p� �(�t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� 

�p�r�i�m�a�r�y� �r�e�s�p�o�n�s�e�)� �i�s� �a�n�a�l�o�g�o�u�s� �t�o� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e� �Y�.� �B�y� �c�h�o�o�s�i�n�g� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �s�u�c�h� �t�h�a�t� 

�P� �a�p�p�r�o�x�i�m�a�t�e�s� �P�,� �w�e� �c�a�u�s�e� �t�h�e� �s�e�c�o�n�d�a�r�y� �r�e�s�p�o�n�s�e� �t�o� �"�c�a�n�c�e�l�"� �t�h�e� �p�r�i�m�a�r�y� �r�e�s�p�o�n�s�e�,� �s�o� �t�h�a�t� �t�h�e� 

�r�e�s�i�d�u�a�l� �r�e�s�p�o�n�s�e� �P� �+� �P�=� �-�P�,�+� �P� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �z�e�r�o�.� �S�e�e� �T�a�b�l�e� �1� �f�o�r� �a� �l�i�s�t� �o�f� �a�c�t�i�v�e� �c�o�n�t�r�o�l� 

�t�e�r�m�s� �a�n�d� �t�h�e� �a�n�a�l�o�g�o�u�s� �t�e�r�m�s� �u�s�e�d� �i�n� �s�t�a�t�i�s�t�i�c�a�l� �r�e�g�r�e�s�s�i�o�n�s�.� 

�R�e�c�a�l�l�i�n�g� �t�h�a�t� �o�u�r� �v�a�r�i�a�b�l�e�s� �a�r�e� �c�o�m�p�l�e�x�-�v�a�l�u�e�d�,� �w�e� �r�e�w�r�i�t�e� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �o�f� �E�q�.� �(�2�5�)� �a�s� 

�3�.�1�.� �R�e�g�r�e�s�s�i�o�n� �a�n�d� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �4�4



�x� �=�S�w�(�p� �+� �B�,�)� �(�p�+� �B�i�)�.� �(�2�7�)� 
�i�=�]� 

�A�f�t�e�r� �s�o�m�e� �a�l�g�e�b�r�a� �[�3�2�]�,� �w�e� �c�a�n� �s�h�o�w� �t�h�a�t� �t�h�e� �w�e�i�g�h�t�e�d� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n� �t�a�k�e�s� �t�h�e� �f�o�r�m� 

�X�"�W�X�B� �=� �X�"� �W�P�,� �(�2�8�)� 

�w�h�e�r�e� �t�h�e� �s�u�p�e�r�s�c�r�i�p�t� �H� �i�n�d�i�c�a�t�e�s� �t�h�e� �H�e�r�m�i�t�i�a�n� �c�o�n�j�u�g�a�t�e�.� �S�i�m�i�l�a�r�l�y�,� �w�e� �m�u�s�t� �m�o�d�i�f�y� �t�h�e� �w�a�y� �i�n� 

�w�h�i�c�h� �w�e� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�.� �I�f� �P� �i�s� �t�h�e� �t�r�u�e� �m�o�d�e�l� �a�p�p�r�o�x�i�m�a�t�e�d� 

�b�y� �P�,�,� �w�e� �n�o�w� �a�s�s�u�m�e� �t�h�a�t� 

�P�i�=�p�+�e�,� �E�(�p�;�)�=�p�,�,� �a�n�d� �V�(�l�e�,�|�)�=�0�%�.� �(�2�9�)� 

�N�o�t�e� �t�h�a�t� �E�q�.� �(�2�9�)� �o�n�l�y� �c�h�a�r�a�c�t�e�r�i�z�e�s� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �n�o�i�s�e� �m�a�g�n�i�t�u�d�e� �|�e�,� �n�o�t� �t�h�e� �p�h�a�s�e�.� 

�M�o�d�e�l�i�n�g� �p�h�a�s�e� �e�r�r�o�r�s� �e�x�p�l�i�c�i�t�l�y� �w�o�u�l�d� �b�e� �d�e�s�i�r�a�b�l�e�,� �b�u�t� �t�h�e� �m�e�t�h�o�d� �f�o�r� �d�o�i�n�g� �s�o� �t�s� �n�o�t� �c�l�e�a�r� �f�r�o�m� 

�e�x�i�s�t�i�n�g� �s�t�a�t�i�s�t�i�c�a�l� �r�e�g�r�e�s�s�i�o�n� �t�e�c�h�n�i�q�u�e�s�.� �S�e�e� �S�e�c�t�i�o�n� �3�.�1�.�4� �f�o�r� �f�u�r�t�h�e�r� �d�i�s�c�u�s�s�i�o�n�.� 

�3�.�1�.�3�.� �P�h�y�s�i�c�a�l� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� 

�I�n� �m�a�n�y� �c�a�s�e�s�,� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �b�e�i�n�g� �m�i�n�i�m�i�z�e�d� �b�y� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �c�a�n� �b�e� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� 

�s�o�m�e� �p�h�y�s�i�c�a�l� �q�u�a�n�t�i�t�y�.� �T�h�e� �p�h�y�s�i�c�a�l� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �d�e�p�e�n�d�s� �o�n� �h�o�w� �w�e� �d�e�f�i�n�e� 

�T�a�b�l�e� �1�:� �C�o�m�p�a�r�i�s�o�n� �o�f� �s�t�a�t�i�s�t�i�c�s� �t�e�r�m�i�n�o�l�o�g�y� �t�o� �a�c�t�i�v�e� �c�o�n�t�r�o�l� �t�e�r�m�i�n�o�l�o�g�y�.� 

� � 

�S�t�a�t�i�s�t�i�c�a�l� �r�e�g�r�e�s�s�i�o�n� �t�e�r�m�i�n�o�l�o�g�y� �A�c�t�i�v�e� �c�o�n�t�r�o�l� �t�e�r�m�i�n�o�l�o�g�y� 

�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�;� �d�a�t�a� �i�n�v�e�r�s�e� �o�f� �p�r�i�m�a�r�y� �r�e�s�p�o�n�s�e�;� �i�n�v�e�r�s�e� �o�f� �o�p�e�n�-�l�o�o�p� 
�r�e�s�p�o�n�s�e� 

�m�o�d�e�l�;� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �s�e�c�o�n�d�a�r�y� �r�e�s�p�o�n�s�e�;� �c�o�n�t�r�o�l� �r�e�s�p�o�n�s�e� 

�i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�;� �p�r�e�d�i�c�t�o�r� �v�a�r�i�a�b�l�e� �|� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� 

� � 
�r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �c�o�n�t�r�o�l� �f�o�r�c�e�;� �c�o�n�t�r�o�l� �i�n�p�u�t� 

�r�e�s�i�d�u�a�l� �e�r�r�o�r�;� �c�l�o�s�e�d�-�l�o�o�p� �r�e�s�p�o�n�s�e�;� �r�e�s�i�d�u�a�l� �r�e�s�p�o�n�s�e� 

�o�b�s�e�r�v�a�t�i�o�n� �o�r� �m�e�a�s�u�r�e�m�e�n�t� �e�r�r�o�r� �s�e�n�s�o�r� 

�o�b�s�e�r�v�a�t�i�o�n� �o�r� �m�e�a�s�u�r�e�m�e�n�t� �e�r�r�o�r� �e�r�r�o�r� �s�e�n�s�o�r� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� 
� � 
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�t�w�o� �q�u�a�n�t�i�t�i�e�s�:� �t�h�e� �p�r�e�d�i�c�t�o�r� �v�a�r�i�a�b�l�e�s� �(�i�.�e�.� �t�h�e� �s�e�n�s�o�r�s�)� �a�n�d� �t�h�e� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s�.� �I�n� �t�h�e� 

�p�r�e�s�e�n�t� �e�x�a�m�p�l�e� �t�h�e� �s�e�n�s�o�r�s� �a�r�e� �f�a�r�f�i�e�l�d� �p�r�e�s�s�u�r�e� �s�e�n�s�o�r�s� �a�n�d� �t�h�e� �p�r�e�d�i�c�t�o�r� �v�a�r�i�a�b�l�e�s� �a�r�e� �v�e�c�t�o�r�s� �o�f� 

�p�r�e�s�s�u�r�e� �p�e�r� �u�n�i�t� �f�o�r�c�e� �o�f� �l�e�n�g�t�h� �4�,� �w�h�e�r�e� �M� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �s�e�n�s�o�r�s�.� �T�h�e� �N� �p�r�e�d�i�c�t�o�r� �v�a�r�i�a�b�l�e�s� 

�a�r�e� �n�o�t�h�i�n�g� �m�o�r�e� �t�h�a�n� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �b�e�t�w�e�e�n� �u�n�i�t� �f�o�r�c�e�s� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�n�d� �t�h�e� �r�e�s�u�l�t�i�n�g� 

�f�a�r�f�i�e�l�d� �p�r�e�s�s�u�r�e�s� �P�A�8�)�)�,� �i�=�1�,� �2�,� �.�.�.�M�,� �j�=�l�,� �2�,� �.�.�.�.� �N�.� �C�o�n�s�i�d�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� 

�r�a�d�i�a�t�e�d� �p�o�w�e�r� �[�2�7�]�:� 

� � � � 
�M� �n�o�f�i�e�p�e�t�t�e�n� �«� �$�2�A�e�n�t�,� � � 

�w�h�e�r�e� �S�"� �i�s� �a� �s�p�h�e�r�i�c�a�l� �s�u�r�f�a�c�e� �o�f� �f�a�r�f�i�e�l�d� �r�a�d�i�u�s� �r� �w�i�t�h� �t�h�e� �o�r�i�g�i�n� �a�t� �i�t�s� �c�e�n�t�e�r�,� �a�n�d� �a�;� �i�s� �t�h�e� �a�r�e�a� �o�n� 

�t�h�e� �s�u�r�f�a�c�e� �S �� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �i�t� �f�a�r�f�i�e�l�d� �l�o�c�a�t�i�o�n�.� �I�f� �a�m�a�x� �i�s� �t�h�e� �l�a�r�g�e�s�t� �v�a�l�u�e� �o�f� �a�;�,� �w�e� �c�a�n� 

�r�e�w�r�i�t�e� �t�h�e� �e�s�t�i�m�a�t�e�d� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �a�s� 

�~� �a�r�a�. �� �a� �.� 
�[�1� �=� �S�a�t� �l�p� �+� 

�p� �c� �i�=�]�  ��m�a�x� 
� � �(�3�1�)� 

�B�y� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �E�q�.� �(�2�5�)�,� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �w�i�l�l� �b�e� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �i�f� �w�e� 

�s�p�e�c�i�f�y� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m�:� 

�w�,� �= �� �(�3�2�)� � � 

�I�f� �t�h�e�r�e� �a�r�e� �e�n�o�u�g�h� �e�r�r�o�r� �s�e�n�s�o�r�s� �t�o� �c�o�m�p�l�e�t�e�l�y� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �r�a�d�i�a�t�e�d� �f�i�e�l�d�,� �t�h�e�n� �t�h�e� �c�o�s�t� 

�f�u�n�c�t�i�o�n� �x�2� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �I�I�;� �m�i�n�i�m�i�z�i�n�g� �o�n�e� �m�i�n�i�m�i�z�e�s� �t�h�e� �o�t�h�e�r�.� �T�o� 

�o�b�t�a�i�n� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �f�r�o�m� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n�,� �w�e� �m�u�s�t� �u�s�e� 

�a� �r� �a� �2� �I�l� �=�_� �m�a�x� 

�p�e� �x� 
�(�3�3�)� 

�F�o�r� �t�h�e� �r�e�m�a�i�n�d�e�r� �o�f� �t�h�i�s� �t�e�x�t�,� �a�l�l� �r�e�f�e�r�e�n�c�e�s� �t�o� �t�h�e� �t�o�t�a�l� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �a�c�t�u�a�l�l�y� �r�e�f�e�r� �t�o� �t�h�e� 

�e�s�t�i�m�a�t�e�d� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �i�n� �E�q�.� �(�3�3�)�.� 
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�N�o�t�e� �t�h�a�t� �w�e� �h�a�v�e� �n�o�t� �p�u�t� �f�o�r�t�h� �a�n�y� �r�e�s�t�r�i�c�t�i�o�n�s� �r�e�g�a�r�d�i�n�g� �t�h�e� �p�h�y�s�i�c�a�l� �c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� �t�h�e� 

�c�o�n�t�r�o�l� �s�y�s�t�e�m�.� �W�e� �h�a�v�e� �c�h�o�s�e�n� �a�n� �a�x�i�s�y�m�m�e�t�r�i�c� �e�x�a�m�p�l�e� �p�r�o�b�l�e�m� �f�o�r� �s�i�m�p�l�i�c�i�t�y� �o�f� �n�o�t�a�t�i�o�n�,� 

�s�i�n�c�e� �f�a�r�f�i�e�l�d� �l�o�c�a�t�i�o�n�s� �m�a�y� �b�e� �s�p�e�c�i�f�i�e�d� �b�y� �o�n�l�y� �o�n�e� �a�n�g�l�e� �r�a�t�h�e�r� �t�h�a�n� �t�w�o�.� �H�o�w�e�v�e�r�,� �t�h�e� �m�e�t�h�o�d� 

�i�s� �n�o�t� �l�i�m�i�t�e�d� �t�o� �a�x�i�s�y�m�m�e�t�r�i�c� �c�a�s�e�s�.� �T�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �c�a�n� �c�o�n�t�a�i�n� �p�r�e�s�s�u�r�e�s� �f�r�o�m� �a�n�y� 

�n�u�m�b�e�r� �o�f� �s�e�n�s�o�r�s� �i�n� �a�n�y� �p�h�y�s�i�c�a�l� �l�o�c�a�t�i�o�n�s� �d�e�s�i�r�e�d�.� �A�s�s�u�m�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �s�e�n�s�o�r�s� �i�s� 

�s�u�f�f�i�c�i�e�n�t�,� �a�n�d� �t�h�e� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n�s� �a�n�d� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �a�p�p�r�o�p�r�i�a�t�e�,� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� 

�c�a�n� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r�.� 

�A�n�o�t�h�e�r� �i�m�p�o�r�t�a�n�t� �p�o�i�n�t� �i�s� �t�h�a�t� �a�n�y� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �a�c�t�u�a�t�o�r�s� �a�n�d� �s�e�n�s�o�r�s� �c�a�n� �b�e� �u�s�e�d�.� 

�P�h�y�s�i�c�a�l� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n�,� �h�o�w�e�v�e�r�,� �w�i�l�l� �o�n�l�y� �b�e� �p�o�s�s�i�b�l�e� �w�i�t�h� �c�e�r�t�a�i�n� 

�c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �a�c�t�u�a�t�o�r�s�,� �s�e�n�s�o�r�s�,� �a�n�d� �w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s�.� �A�l�s�o�,� �s�e�n�s�o�r�s� �n�e�e�d� �n�o�t� �b�e� 

�d�i�s�t�r�i�b�u�t�e�d� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �e�n�t�i�r�e� �r�a�d�i�a�t�e�d� �f�i�e�l�d�;� �t�h�e�y� �c�o�u�l�d� �b�e� �c�o�n�c�e�n�t�r�a�t�e�d� �i�n� �o�n�e� �a�r�e�a� �t�o� �r�e�d�u�c�e� 

�r�a�d�i�a�t�i�o�n� �i�n� �a� �c�e�r�t�a�i�n� �d�i�r�e�c�t�i�o�n�.� �T�h�e� �r�e�d�u�c�t�i�o�n� �o�f� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �i�s� �a� �s�p�e�c�i�f�i�c� �c�a�s�e� �o�f� �a� �m�o�r�e� 

�g�e�n�e�r�a�l� �c�o�s�t� �f�u�n�c�t�i�o�n�.� �S�e�v�e�r�a�l� �e�x�a�m�p�l�e�s� �o�f� �d�i�f�f�e�r�e�n�t� �c�o�s�t� �f�u�n�c�t�i�o�n�s� �a�r�e� �g�i�v�e�n� �i�n� �C�h�a�p�t�e�r� �6�,� �a�l�o�n�g� 

�w�i�t�h� �e�x�a�m�p�l�e� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s�.� 

�3�.�1�.�4�.� �A�s�s�u�m�p�t�i�o�n�s� �r�e�g�a�r�d�i�n�g� �v�a�r�i�a�n�c�e� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� 

�I�n� �S�e�c�t�i�o�n� �3�.�1�.�1� �w�e� �m�a�d�e� �s�o�m�e� �s�i�m�p�l�i�f�y�i�n�g� �a�s�s�u�m�p�t�i�o�n�s� �a�b�o�u�t� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� 

�n�o�i�s�e� �i�n� �a� �g�e�n�e�r�a�l� �r�e�g�r�e�s�s�i�o�n� �p�r�o�b�l�e�m�;� �s�e�e� �E�q�.� �(�1�9�)�.� �I�n� �t�h�i�s� �S�e�c�t�i�o�n� �w�e� �e�x�a�m�i�n�e� �E�q�.� �(�1�9�)� �i�n� �t�h�e� 

�c�o�n�t�e�x�t� �o�f� �t�h�e� �A�S�A�C� �p�r�o�b�l�e�m� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �i�t� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �t�y�p�e� �o�f� �s�e�n�s�o�r� �m�e�a�s�u�r�e�m�e�n�t� 

�n�o�i�s�e� �w�e� �w�o�u�l�d� �e�x�p�e�c�t� �t�o� �f�i�n�d� �i�n� �a� �r�e�a�l� �c�o�n�t�r�o�l� �s�y�s�t�e�m�.� �R�e�c�a�l�l� �t�h�a�t� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �i�t�s�e�l�f� �d�o�e�s� �n�o�t� 

�d�e�p�e�n�d� �o�n� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �w�h�i�c�h� �p�l�a�y�s� �a� �p�a�r�t� �o�n�l�y� �i�n� �t�h�e� �r�e�g�r�e�s�s�i�o�n� 

�d�i�a�g�n�o�s�t�i�c�s�.� �A�s� �d�i�s�c�u�s�s�e�d� �b�e�l�o�w�,� �E�q�.� �(�1�9�)� �m�a�y� �n�o�t� �b�e� �c�o�m�p�l�e�t�e�l�y� �a�p�p�r�o�p�r�i�a�t�e� �f�o�r� �s�o�m�e� �t�y�p�e�s� �o�f� 

�s�e�n�s�o�r�s� �l�i�k�e�l�y� �t�o� �b�e� �u�s�e�d� �i�n� �a�c�t�i�v�e� �n�o�i�s�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m�s�.� 
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�S�u�p�p�o�s�e� �o�u�r� �e�r�r�o�r� �s�e�n�s�o�r�s� �w�i�l�l� �b�e� �h�y�d�r�o�p�h�o�n�e�s�.� �S�u�p�p�o�s�e� �w�e� �r�e�p�e�a�t�e�d�l�y� �m�e�a�s�u�r�e� �a� �c�a�l�i�b�r�a�t�i�o�n� 

�s�i�g�n�a�l� �P�;�,�.�,�2� �a�n�d� �f�i�n�d� �t�h�a�t� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�s�,� �w�h�e�n� �e�x�p�r�e�s�s�e�d� �i�n� �d�e�c�i�b�e�l�s�,� �e�x�h�i�b�i�t� �G�a�u�s�s�i�a�n� 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �w�i�t�h� �a� �s�a�m�p�l�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f�,� �s�a�y�,� �s�p� �=� �0�.�1� �d�B�.� �F�o�r� �r�e�a�l� �h�y�d�r�o�p�h�o�n�e�s�,� 

�t�h�i�s� �f�o�r�m� �o�f� �a�p�p�r�o�x�i�m�a�t�i�o�n� �m�a�y� �b�e� �r�e�a�s�o�n�a�b�l�e�.� �B�u�t� �w�h�a�t� �i�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�s� �G�a�u�s�s�i�a�n� 

�o�n�l�y� �w�h�e�n� �e�x�p�r�e�s�s�e�d� �i�n� �d�e�c�i�b�e�l�s�,� �w�h�i�l�e� �w�e� �h�a�v�e� �d�e�f�i�n�e�d� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �i�n� �l�i�n�e�a�r� �u�n�i�t�s�?� �C�o�n�s�i�d�e�r� 

�F�i�g�.� �1�6�,� �w�h�i�c�h� �s�h�o�w�s� �a� �h�y�p�o�t�h�e�t�i�c�a�l� �s�e�t� �o�f� �h�y�d�r�o�p�h�o�n�e� �m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �a� �"�k�n�o�w�n�"� �p�r�e�s�s�u�r�e� �P�r�y�p�¢� 

�o�v�e�r� �a� �r�a�n�g�e� �o�f� �p�r�e�s�s�u�r�e� �l�e�v�e�l�s�.� �T�h�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �m�a�g�n�i�t�u�d�e�s� �b�e�t�w�e�e�n� 

�P�i�p�y�e� �a�n�d� �t�h�e� �m�e�a�s�u�r�e�d� �v�a�l�u�e�.� �W�h�e�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�s� �e�x�p�r�e�s�s�e�d� �d�e�c�i�b�e�l�s�,� �a�s� �i�n� �t�h�e� �l�e�f�t� 

�p�l�o�t�,� �t�h�e� �n�o�i�s�e� �v�a�r�i�a�n�c�e� �a�p�p�e�a�r�s� �t�o� �b�e� �c�o�n�s�t�a�n�t� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �P�y�,�.�,�2�.�.� �B�u�t� �w�h�e�n� 

�t�h�e� �s�a�m�e� �d�a�t�a� �a�r�e� �p�l�o�t�t�e�d� �i�n� �p�a�s�c�a�l�s� �i�n�s�t�e�a�d� �o�f� �d�e�c�i�b�e�l�s�,� �i�t� �i�s� �o�b�v�i�o�u�s� �t�h�a�t� �t�h�e� �n�o�i�s�e� �i�s� �m�u�c�h� �l�a�r�g�e�r� 

�a�t� �h�i�g�h� �p�r�e�s�s�u�r�e�s� �t�h�a�n� �a�t� �l�o�w� �p�r�e�s�s�u�r�e�s�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �h�a�s� �a� �n�o�n�-�c�o�n�s�t�a�n�t� 

�v�a�r�i�a�n�c�e�.� �T�o� �d�e�s�c�r�i�b�e� �t�h�e� �v�a�r�i�a�n�c�e� �p�r�o�p�e�r�l�y� �w�e� �m�u�s�t� �u�s�e� �E�q�.� �(�1�8�)� �r�a�t�h�e�r� �t�h�a�n� �u�s�i�n�g� �t�h�e� �s�i�m�p�l�i�f�i�e�d� 

�E�q�.� �(�1�9�)�.� 

�B�e�c�a�u�s�e� �t�h�e� �p�r�i�m�a�r�y� �r�e�s�p�o�n�s�e� �v�a�r�i�e�s� �i�n� �s�p�a�c�e�,� �o�u�r� �s�u�p�p�o�s�e�d� �h�y�d�r�o�p�h�o�n�e� �e�r�r�o�r� �s�e�n�s�o�r�s� �w�i�l�l� 

�m�e�a�s�u�r�e� �d�i�f�f�e�r�e�n�t� �p�r�e�s�s�u�r�e� �m�a�g�n�i�t�u�d�e�s� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e�i�r� �l�o�c�a�t�i�o�n�s�.� �A� �s�e�n�s�o�r� �m�e�a�s�u�r�i�n�g� �a� �l�a�r�g�e� 

� � 

� � 
� � 

� � 
� � � � � � � � � � � � 

�2�5� �6�0�0�-� �5� 
�1�.�5�4� �~� �7� 

�a� �4� �4�2� �4�0�0�-�4� �©� 
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�E� �o�5�4�.� �0�0� �5� �=� �7�0� �%� �°�°� 
�=� �0�4� �G�O� �o� �°� �C�9� �Q�y� �E� �4� �o�O� �0� �O� 

�B�O� �4�a�s� �o�q� �9� �M�W�H�0�g� �H�Y� �O�P�E�R� �g�a� �W�H� �Q�S� 
�2� �0�.�5� �o� �7� �3�%� �°� �°� �5� �-�2�0�0�7� �°� �B�o� 
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�s� �T�y� �o�O� �g� �|� 

 ��1�.�5�4� �=� �1� 
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�-�2� �T�E�V�E�P� �U�E� �T�P� �T�P�E�T�P� �E�e�e� �e�p�e�e� �r�y�p�r�e�r�y�y�e�r�r�v�e�r�y�r�e�y� �e�r�r�r� �y�p� �r�e�r�e� �-�6�0�0�-� �T� �t�e� �T�t� �t�T� �t�t�t� �T�  ��t� �e�T� �T�T� 

�2�0� �2�2� �2�4� �2�6� �2�8� �3�0� �3�2� �3�4� �3�6� �3�8� �4�0� �1�0�0� �1�,�0�0�0� �1�0�,�0�0�0� 
�P�r�u�e� �(�d�B�)� �P�r�u�e� �(�p�a�s�c�a�l�s�)� 

�F�i�g�u�r�e� �1�6�:� �E�x�a�m�p�l�e� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �w�i�t�h� �n�o�n�-�c�o�n�s�t�a�n�t� �v�a�r�i�a�n�c�e�.� �W�h�e�n� �e�x�p�r�e�s�s�e�d� �i�n� 
�d�e�c�i�b�e�l�s�,� �l�e�f�t�,� �t�h�e� �n�o�i�s�e� �v�a�r�i�a�n�c�e� �a�p�p�e�a�r�s� �c�o�n�s�t�a�n�t� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �s�i�g�n�a�l� �a�m�p�l�i�t�u�d�e�.� �W�h�e�n� �t�h�e� �s�a�m�e� 

�d�a�t�a� �a�r�e� �c�o�n�v�e�r�t�e�d� �t�o� �l�i�n�e�a�r� �u�n�i�t�s�,� �r�i�g�h�t�,� �t�h�e� �v�a�r�i�a�n�c�e� �i�s� �c�l�e�a�r�l�y� �a� �f�u�n�c�t�i�o�n� �o�f� �s�i�g�n�a�l� �m�a�g�n�i�t�u�d�e�.� 
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�3�.�1�.� �R�e�g�r�e�s�s�i�o�n� �a�n�d� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �4�8� 
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�p�r�e�s�s�u�r�e� �w�i�l�l� �t�h�u�s� �h�a�v�e� �a� �l�a�r�g�e�r� �n�o�i�s�e� �c�o�m�p�o�n�e�n�t� �(�i�n� �l�i�n�e�a�r� �u�n�i�t�s� �o�f� �p�r�e�s�s�u�r�e�)� �t�h�a�n� �a� �s�e�n�s�o�r� 

�m�e�a�s�u�r�i�n�g� �a� �s�m�a�l�l� �p�r�e�s�s�u�r�e�.� �T�h�i�s� �h�i�g�h�l�i�g�h�t�s� �a�n� �i�m�p�o�r�t�a�n�t� �p�o�i�n�t�:� �t�h�e� �a�s�s�u�m�p�t�i�o�n�s� �u�s�e�d� �t�o� �d�e�r�i�v�e� 

�E�q�.� �(�1�9�)� �m�i�g�h�t� �n�o�t� �p�r�o�v�i�d�e� �a�n� �a�c�c�u�r�a�t�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �n�o�i�s�e� �p�r�e�s�e�n�t� �w�i�t�h� �r�e�a�l� �s�e�n�s�o�r�s�.� 

�P�e�r�h�a�p�s� �t�h�e� �v�a�r�i�a�n�c�e� �s�h�o�u�l�d� �i�n�s�t�e�a�d� �b�e� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �s�i�g�n�a�l� �m�a�g�n�i�t�u�d�e� �a�s� �i�n� �E�q�.� �(�1�8�)�.� �F�o�r� 

�s�i�m�p�l�i�c�i�t�y� �i�n� �t�h�e� �r�e�m�a�i�n�d�e�r� �o�f� �t�h�i�s� �t�h�e�s�i�s�,� �w�e� �s�h�a�l�l� �a�s�s�u�m�e� �G�a�u�s�s�i�a�n� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �w�i�t�h� �a� 

�c�o�n�s�t�a�n�t� �v�a�r�i�a�n�c�e� �a�s� �i�n� �E�q�.� �(�1�9�)�.� �T�h�e� �p�o�i�n�t� �o�f� �t�h�e� �a�b�o�v�e� �d�i�s�c�u�s�s�i�o�n� �i�s� �t�h�a�t� �o�n�e� �m�u�s�t� �c�a�r�e�f�u�l�l�y� 

�e�v�a�l�u�a�t�e� �t�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �f�o�r�m� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �b�a�s�e�d� �o�n� �t�h�e� �s�p�e�c�i�f�i�c� �s�e�n�s�o�r�s� �b�e�i�n�g� �u�s�e�d�,� 

�a�n�d� �t�h�e�n� �f�o�r�m�u�l�a�t�e� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �a�p�p�r�o�p�r�i�a�t�e�l�y�.� 

�M�o�r�e� �s�o�p�h�i�s�t�i�c�a�t�e�d� �t�r�e�a�t�m�e�n�t�s� �o�f� �v�a�r�i�a�n�c�e� �a�r�e� �a�v�a�i�l�a�b�l�e�,� �b�u�t� �t�h�e�y� �a�r�e� �b�e�y�o�n�d� �t�h�e� �s�c�o�p�e� �o�f� �t�h�e� 

�p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s�.� �M�o�s�t� �i�n�v�o�l�v�e� �p�e�r�f�o�r�m�i�n�g� �a� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �a�n�d� �t�h�e�n� �u�s�i�n�g� �o�f� �s�o�m�e� �f�o�r�m� �o�f� 

�g�e�n�e�r�a�l�i�z�e�d� �l�e�a�s�t� �s�q�u�a�r�e�s�;� �s�e�e� �[�3�3�]�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�t� �m�a�y� �b�e� �n�e�c�e�s�s�a�r�y� �t�o� �c�o�n�v�e�r�t� �t�h�e� �t�r�a�n�s�f�e�r� 

�f�u�n�c�t�i�o�n�s� �a�n�d� �e�r�r�o�r� �s�e�n�s�o�r� �m�e�a�s�u�r�m�e�n�t�s� �t�o� �d�e�c�i�b�e�l�s� �b�e�f�o�r�e� �u�s�i�n�g� �t�h�e�m� �i�n� �a� �r�e�g�r�e�s�s�i�o�n�.� �I�n� �m�a�n�y� 

�c�a�s�e�s� �i�t� �w�i�l�l� �l�i�k�e�l�y� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� �u�s�e� �o�f� �s�t�a�n�d�a�r�d� �c�o�n�s�t�a�n�t�-�v�a�r�i�a�n�c�e� �t�e�c�h�n�i�q�u�e�s� �i�s� �w�e�l�l�-�j�u�s�t�i�f�i�e�d�,� 

�a�n�d� �t�h�a�t� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �t�e�c�h�n�i�q�u�e�s� �w�o�u�l�d� �b�e� �o�f� �l�i�m�i�t�e�d� �b�e�n�e�f�i�t�.� 

�3�.�1�.�5� �T�h�e� �s�q�u�a�r�e�d� �m�u�l�t�i�p�l�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �R�2� 

�O�n�e� �c�o�n�v�e�n�i�e�n�t� �s�t�a�t�i�s�t�i�c�,� �t�h�e� �s�q�u�a�r�e�d� �m�u�l�t�i�p�l�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �R�2�,� �i�s� �c�o�m�m�o�n�l�y� �u�s�e�d� �t�o� 

�m�e�a�s�u�r�e� �t�h�e� �q�u�a�l�i�t�y� �o�f� �a� �r�e�g�r�e�s�s�i�o�n� �b�u�t� �a�l�s�o� �h�a�s� �a�n� �i�n�t�e�r�e�s�t�i�n�g� �r�e�l�a�t�i�o�n� �t�o� �a� �q�u�a�n�t�i�t�y� �u�s�e�d� �i�n� 

�p�r�e�d�i�c�t�i�n�g� �t�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� �o�f� �a�c�t�i�v�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m�s�.� �R�o�s�s� �[�3�4�]� �s�h�o�w�e�d� �t�h�a�t� �f�o�r� �a� �S�I�S�O� �c�o�n�t�r�o�l� 

�s�y�s�t�e�m�,� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �r�e�d�u�c�e�s� �t�h�e� �o�p�e�n�-�l�o�o�p� �r�e�s�p�o�n�s�e� �b�y� �a�n� �a�m�o�u�t� �e�x�p�r�e�s�s�e�d� �i�n� �d�e�c�i�b�e�l�s� �a�s� 

�A� �a�g� �= ��1�0�l�o�g�(�1�-�y�7�)� �(�3�4�)� 

�w�h�e�r�e� �y�e� �i�s� �t�h�e� �o�r�d�i�n�a�r�y� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �s�i�g�n�a�l�s� �o�f� �t�h�e� �d�e�t�e�c�t�i�o�n� �s�e�n�s�o�r� �a�n�d� �t�h�e� 

�e�r�r�o�r� �s�e�n�s�o�r� �o�r�,� �i�n� �t�h�e� �c�a�s�e� �o�f� �a� �M�I�M�O� �s�y�s�t�e�m�,� �2� �i�s� �t�h�e� �m�u�l�t�i�p�l�e� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n� �(�s�e�e� �t�h�e� 

�d�i�s�c�u�s�s�i�o�n� �o�f� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n�s� �i�n� �[�1�5�]�.�)� �T�h�e� �o�r�d�i�n�a�r�y� �c�o�h�e�r�e�n�c�e� �f�u�n�c�t�i�o�n� �i�s� �e�a�s�i�l�y� �m�e�a�s�u�r�e�d� �i�n� 

�3�.�1�.� �R�e�g�r�e�s�s�i�o�n� �a�n�d� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �4�9



�p�r�a�c�t�i�c�e�,� �a�n�d� �p�r�o�v�i�d�e�s� �a� �b�e�s�t�-�c�a�s�e� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �e�f�f�e�c�t�i�v�e�n�e�s�s� �o�f� �a� �S�I�S�O� �a�c�t�i�v�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m�.� 

�T�h�e� �s�q�u�a�r�e�d� �m�u�l�t�i�p�l�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �R�2� �(�a�l�s�o� �k�n�o�w�n� �a�s� �t�h�e� �s�q�u�a�r�e�d� �c�o�e�f�f�i�c�i�e�n�t� �o�f� 

�d�e�t�e�r�m�i�n�a�t�i�o�n�)� �p�r�o�v�i�d�e�s� �a�n� �a�n�a�l�o�g�o�u�s� �r�e�l�a�t�i�o�n� �i�n� �a� �m�u�l�t�i�p�l�e� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n�.� �I�n� �b�o�t�h� �c�a�s�e�s� �w�e� �a�r�e� 

�e�s�s�e�n�t�i�a�l�l�y� �q�u�a�n�t�i�f�y�i�n�g� �t�h�e� �f�i�t� �b�e�t�w�e�e�n� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e� �a�n�d� �t�h�e� �c�o�n�t�r�o�l� �r�e�s�p�o�n�s�e�.� �T�h�e� 

�m�a�i�n� �d�i�f�f�e�r�e�n�c�e� �i�s� �t�h�a�t� �2� �i�s� �d�e�f�i�n�e�d� �i�n� �t�h�e� �t�i�m�e� �d�o�m�a�i�n�,� �a�n�d� �R�2� �i�s� �d�e�f�i�n�e�d� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� 

�d�o�m�a�i�n�.� 

�F�o�r� �a� �r�e�g�r�e�s�s�i�o�n� �t�h�a�t� �d�o�e�s� �n�o�t� �i�n�c�l�u�d�e� �a� �c�o�n�s�t�a�n�t� �t�e�r�m� �a�s� �o�n�e� �o�f� �t�h�e� �p�r�e�d�i�c�t�o�r� �v�a�r�i�a�b�l�e�s�,� �R�2� 

�m�a�y� �b�e� �w�r�i�t�t�e�n� 

� � 

� � 

�_� �1�2� �M� �2� 
�a� �|� �>� �y�j� 

�R�?� �=� �7�1� �=�1�-� �(�3�5�)� 

�S�h�p� �S�b� 
�a�s� �d�e�s�c�r�i�b�e�d� �i�n�,� �f�o�r� �e�x�a�m�p�l�e�,� �A�p�p�e�n�d�i�x� �I�I� �o�f� �[�2�3�]�.� �A� �v�a�l�u�e� �o�f� �R�2� �n�e�a�r� �u�n�i�t�y� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� 

�e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �c�l�o�s�e�l�y� �f�i�t�s� �t�h�e� �m�e�a�s�u�r�e�d� �d�a�t�a�.� �S�i�n�c�e� �M� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �s�e�n�s�o�r�s� �i�n� �t�h�e� �c�o�n�t�r�o�l� 

�s�y�s�t�e�m�,� �y� �i�s� �t�h�e� �o�p�e�n�-�l�o�o�p� �r�e�s�p�o�n�s�e�,� �a�n�d� �y� �-�y� �i�s� �t�h�e� �r�e�s�i�d�u�a�l� �o�r� �c�l�o�s�e�d�-�l�o�o�p� �r�e�s�p�o�n�s�e�,� �w�e� �s�e�e� �t�h�a�t� 

�Y�b�,� �-�3�f� 
 � �� �(�3�6�)� 

�S�b� 
�i�s� �e�x�a�c�t�l�y� �t�h�e� �r�a�t�i�o� �w�e� �s�e�e�k� �t�o� �q�u�a�n�t�i�f�y� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �p�e�r�f�o�r�m�a�n�c�e�.� �T�h�u�s� �i�t� �i�s� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �t�o� 

�s�h�o�w� �t�h�a�t� �R�2� �a�n�d� �2� �h�a�v�e� �t�h�e� �s�a�m�e� �f�o�r�m�,� �a�n�d� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �r�e�d�u�c�e�s� �t�h�e� �o�p�e�n�-�l�o�o�p� �r�e�s�p�o�n�s�e� �b�y� �a�n� 

�a�m�o�u�n�t� �e�x�p�r�e�s�s�e�d� �i�n� �d�e�c�i�b�e�l�s� �a�s� 

�A�a�p� �=�-�1�0�l�o�g�(�1�-�R ��)� �(�3�7�)� 

�3�.�1�.� �R�e�g�r�e�s�s�i�o�n� �a�n�d� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �5�0



�T�h�e� �r�e�a�d�e�r� �s�h�o�u�l�d� �b�e�a�r� �i�n� �m�i�n�d� �t�h�a�t� �b�e�c�a�u�s�e� �R�2� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �m�e�a�s�u�r�e�d� �d�a�t�a�,� �w�h�i�c�h� �i�n�c�l�u�d�e�s� 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �i�t� �i�s� �a� �b�e�s�t�-�c�a�s�e� �m�e�a�s�u�r�e� �o�f� �p�e�r�f�o�r�m�a�n�c�e�.� �M�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �w�i�l�l� �c�a�u�s�e� �a�n� 

�a�c�t�u�a�l� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �t�o� �p�e�r�f�o�r�m� �w�o�r�s�e� �t�h�a�n� �w�o�u�l�d� �b�e� �i�n�d�i�c�a�t�e�d� �b�y� �R�2�,� 

�3�.�2�.� �T�h�e� �r�o�l�e� �o�f� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� 

�T�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�s� �h�a�v�e� �d�e�s�c�r�i�b�e�d� �h�o�w� �r�e�g�r�e�s�s�i�o�n� �c�a�n� �b�e� �u�s�e�d� �t�o� �p�r�e�d�i�c�t� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� 

�a�n� �A�S�A�C� �s�y�s�t�e�m�,� �a�n�d� �d�i�s�c�u�s�s�e�d� �s�o�m�e� �b�a�s�i�c� �s�t�a�t�i�s�t�i�c�a�l� �c�o�n�c�e�p�t�s� �t�h�a�t� �m�u�s�t� �b�e� �c�o�n�s�i�d�e�r�e�d�.� 

�M�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�n� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r�s� �h�a�s� �b�e�e�n� �d�i�s�c�u�s�s�e�d�,� �b�u�t� �u�n�t�i�l� �n�o�w� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� 

�h�a�s� �n�o�t� �b�e�e�n� �e�x�p�l�i�c�i�t�l�y� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s�.� �I�f� �t�h�e� �p�r�e�d�i�c�t�e�d� �a�t�t�e�n�u�a�t�i�o�n� �a�n�d� �t�h�e� �r�e�s�i�d�u�a�l� 

�f�i�e�l�d� �a�r�e� �a�l�l� �t�h�a�t� �i�s� �r�e�q�u�i�r�e�d�,� �t�h�e�r�e� �i�s� �n�o� �n�e�e�d� �t�o� �e�x�p�l�i�c�i�t�l�y� �m�o�d�e�l� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�.� �H�o�w�e�v�e�r�,� 

�t�o� �i�m�p�r�o�v�e� �s�y�s�t�e�m� �d�e�s�i�g�n� �w�e� �m�a�y� �n�e�e�d� �a� �m�o�r�e� �d�e�t�a�i�l�e�d� �a�n�a�l�y�s�i�s� �i�n�c�l�u�d�i�n�g� �m�o�d�e�l�i�n�g� �t�h�e� �i�m�p�a�c�t� �o�f� 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �o�n� �t�h�e� �c�o�n�t�r�o�l�l�e�r� �p�e�r�f�o�r�m�a�n�c�e�.� �F�o�r� �t�h�i�s� �w�e� �m�u�s�t� �a�s�s�u�m�e� �a� �v�a�l�u�e� �f�o�r� �t�h�e� 

�v�a�r�i�a�n�c�e� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �a�n�d� �u�s�e� �o�n�e� �o�r� �m�o�r�e� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �b�a�s�e�d� �o�n� �t�h�a�t� 

�v�a�l�u�e�.� 

�T�h�i�s� �s�e�c�t�i�o�n� �d�i�s�c�u�s�s�e�s� �t�h�e� �m�o�s�t� �b�a�s�i�c� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �(�t�h�e� �F�-�t�e�s�t�,� �t�h�e� �f�-�t�e�s�t�,� �c�o�n�f�i�d�e�n�c�e� 

�i�n�t�e�r�v�a�l�s�,� �a�n�d� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�s�)� �b�y� �d�e�f�i�n�i�n�g� �t�h�e�m� �a�n�d� �r�e�l�a�t�i�n�g� �t�h�e�m� �t�o� �t�h�e� �f�e�e�d�f�o�r�w�a�r�d� �a�c�t�i�v�e� 

�c�o�n�t�r�o�l� �p�r�o�b�l�e�m�.� �T�o� �i�n�t�r�o�d�u�c�e� �n�o�t�a�t�i�o�n�,� �w�e� �f�i�r�s�t� �d�e�f�i�n�e� �e�l�e�m�e�n�t�a�r�y� �d�e�s�c�r�i�p�t�i�v�e� �s�t�a�t�i�s�t�i�c�s� �i�n� �a� 

�m�a�n�n�e�r� �t�h�a�t� �a�l�l�o�w�s� �f�o�r� �e�i�t�h�e�r� �r�e�a�l�-�v�a�l�u�e�d� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�r� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� �d�i�s�t�r�i�b�u�t�i�o�n�s�.� 

�3�.�2�.�1�.� �D�e�s�c�r�i�p�t�i�v�e� �s�t�a�t�i�s�t�i�c�s�:� �t�h�e� �m�e�a�n�,� �v�a�r�i�a�n�c�e�,� �a�n�d� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� 

�F�o�r� �a� �g�i�v�e�n� �d�a�t�a� �s�e�q�u�e�n�c�e� �y�;� �,� �i�=�1�,� �2�,� �.�.�.� �4�4�,� �w�e� �c�a�n� �d�e�s�c�r�i�b�e� �t�h�e� �b�a�s�i�c� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �d�a�t�a� �u�s�i�n�g� 

�t�w�o� �f�a�m�i�l�i�a�r� �s�t�a�t�i�s�t�i�c�s�:� �t�h�e� �m�e�a�n�,� �w�h�i�c�h� �p�r�o�v�i�d�e�s� �a� �m�e�a�s�u�r�e� �o�f� �c�e�n�t�r�a�l� �t�e�n�d�e�n�c�y�,� �a�n�d� �t�h�e� �v�a�r�i�a�n�c�e�,� 

�w�h�i�c�h� �p�r�o�v�i�d�e�s� �a� �m�e�a�s�u�r�e� �o�f� �d�i�s�p�e�r�s�i�o�n� �a�b�o�u�t� �t�h�e� �m�e�a�n� �v�a�l�u�e�.� �T�h�e� �t�r�u�e� �m�e�a�n� �p�y� �i�s� �t�h�e� �v�a�l�u�e� �t�h�a�t� 

�s�a�t�i�s�f�i�e�s� 

�3�.�2�.� �T�h�e� �r�o�l�e� �o�f� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �5�1



�M� 

�S� �(�4� �-�H�y�)�=�9�,� �(�3�8�)� 
�i�=�]� 

�w�h�e�r�e� �(�y�;� �-� �L�y� �)� �i�s� �c�a�l�l�e�d� �t�h�e� �d�e�v�i�a�t�i�o�n� �f�r�o�m� �t�h�e� �t�r�u�e� �m�e�a�n�.� �T�h�e� �v�a�r�i�a�n�c�e� �V�(�Y�)� �i�s� �t�h�e� �s�u�m� �o�f� �t�h�e� 

�s�q�u�a�r�e�d� �d�e�v�i�a�t�i�o�n�s� �d�i�v�i�d�e�d� �b�y� �t�h�e� �n�u�m�b�e�r� �o�f� �v�a�l�u�e�s�:� 

�1� �4�4� �2� 
�v�=� �5�7�5�2�p� �-� �p�f�.� �(�3�9�)� 

�N�o�t�e� �t�h�a�t� �w�e� �h�a�v�e� �d�e�f�i�n�e�d� �t�h�e� �v�a�r�i�a�n�c�e� �u�s�i�n�g� �t�h�e� �s�q�u�a�r�e�d� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �d�e�v�i�a�t�i�o�n� �r�a�t�h�e�r� �t�h�a�n� 

�t�h�e� �s�q�u�a�r�e�d� �d�e�v�i�a�t�i�o�n�.� �T�h�i�s� �d�i�s�t�i�n�c�t�i�o�n� �w�i�l�l� �a�l�l�o�w� �u�s� �t�o� �t�r�e�a�t� �e�i�t�h�e�r� �r�e�a�l� �o�r� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� 

�d�i�s�t�r�i�b�u�t�i�o�n�s� �i�n� �t�h�e� �s�a�m�e� �f�a�s�h�i�o�n�;� �t�h�e� �v�a�r�i�a�n�c�e� �m�e�a�s�u�r�e�s� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e�s�,� �n�o�t� �o�f� 

�t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s�.� 

�T�o� �f�i�n�d� �t�h�e� �t�r�u�e� �m�e�a�n� �w�e� �m�u�s�t� �m�e�a�s�u�r�e� �a�l�l� �p�o�s�s�i�b�l�e� �v�a�l�u�e�s� �o�f� �y�.� �I�n� �p�r�a�c�t�i�c�e� �w�e� �c�a�n� �o�n�l�y� 

�m�e�a�s�u�r�e� �a� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �s�a�m�p�l�e� �o�f� �t�h�e� �p�o�s�s�i�b�l�e� �v�a�l�u�e�s� �o�f� �y�,� �s�o� �w�e� �m�u�s�t� �e�s�t�i�m�a�t�e� �t�h�e� �m�e�a�n� �a�n�d� 

�v�a�r�i�a�n�c�e� �b�a�s�e�d� �o�n� �t�h�e� �s�a�m�p�l�e�.� �T�h�e� �s�a�m�p�l�e� �m�e�a�n� �Y� �i�s� 
�1� �M� 

�=� �(�4�0�)� �1�.
� 

�T�o� �e�s�t�i�m�a�t�e� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �y� �w�e� �u�s�e� �t�h�e� �f�a�m�i�l�i�a�r� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �s�y�,� �w�h�e�r�e� 

�$�=� �_�S�p�,�-�5�7� �(�4�1�)� 
�M�-�1�i�5� 
� � 

�M�a�n�y� �o�t�h�e�r� �d�e�s�c�r�i�p�t�i�v�e� �s�t�a�t�i�s�t�i�c�s� �a�r�e� �a�v�a�i�l�a�b�l�e�,� �b�u�t� �t�h�e� �s�a�m�p�l�e� �m�e�a�n� �a�n�d� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �a�r�e� 

�r�e�v�i�e�w�e�d� �h�e�r�e� �b�e�c�a�u�s�e� �t�h�e�y� �a�r�e� �u�s�e�d� �i�n� �d�e�v�e�l�o�p�i�n�g� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�s�e�c�t�i�o�n�s�.� 

�3�.�2�.� �T�h�e� �r�o�l�e� �o�f� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �5�2



�3�.�2�.�2�.� �T�e�s�t�i�n�g� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �f�o�r� �l�a�c�k� �o�f� �f�i�t�:� �T�h�e� �F�-�t�e�s�t� 

�T�h�e� �f�i�r�s�t� �t�e�s�t� �w�e� �c�a�n� �p�e�r�f�o�r�m� �i�s� �t�h�e� �s�o�-�c�a�l�l�e�d� �"�F�-�t�e�s�t�"�,� �w�h�i�c�h� �m�e�a�s�u�r�e�s� �o�u�r� �c�o�n�f�i�d�e�n�c�e� �i�n� �t�h�e� 

�r�e�g�r�e�s�s�i�o�n� �a�s� �a� �w�h�o�l�e�.� �T�h�e� �f�-�t�e�s�t� �a�n�d� �o�t�h�e�r� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c� �t�o� �f�o�l�l�o�w� �a�r�e� �o�n�l�y� �v�a�l�i�d� �i�f� �t�h�e� 

�e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �g�i�v�e�s� �a�n� �a�c�c�u�r�a�t�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �t�r�u�e� �m�o�d�e�l�;� �h�o�w�e�v�e�r�,� �w�e� �h�a�v�e� �n�o� �w�a�y� �o�f� 

�v�e�r�i�f�y�i�n�g� �t�h�i�s� �d�i�r�e�c�t�l�y� �b�e�c�a�u�s�e� �w�e� �d�o� �n�o�t� �k�n�o�w� �t�h�e� �t�r�u�e� �m�o�d�e�l�.� �F�o�r�t�u�n�a�t�e�l�y�,� �w�e� �n�e�e�d� �n�o�t� �p�r�o�v�e� 

�t�h�a�t� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �e�q�u�a�l�s� �t�h�e� �t�r�u�e� �m�o�d�e�l� �t�o� �m�a�k�e� �p�r�a�c�t�i�c�a�l� �u�s�e� �o�f� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s�.� 

�I�f� �w�e� �c�a�n� �s�h�o�w� �b�y� �s�t�a�t�i�s�t�i�c�a�l� �i�n�f�e�r�e�n�c�e� �t�h�a�t� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �i�s� �n�o�t� �d�r�a�s�t�i�c�a�l�l�y� 

�d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �t�r�u�e� �m�o�d�e�l�,� �t�h�e�n� �w�e� �c�a�n� �p�r�o�c�e�e�d� �w�i�t�h� �a� �r�e�a�s�o�n�a�b�l�e� �a�m�o�u�t� �o�f� 

�c�o�n�f�i�d�e�n�c�e�.� �T�h�e� �F�-�t�e�s�t� �a�l�l�o�w�s� �u�s� �t�o� �t�e�s�t� �w�h�e�t�h�e�r� �t�h�i�s� �c�o�n�d�i�t�i�o�n� �i�s� �t�r�u�e�.� 

�W�e� �b�e�g�i�n� �b�y� �a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �P� �i�s� �v�e�r�y� �c�l�o�s�e� �t�o� �t�h�e� �t�r�u�e� �m�o�d�e�l� �P� �;� �c�a�l�l� �t�h�i�s� 

�a�s�s�u�m�p�t�i�o�n� �H�,�:�P� �=�P�.� �O�n�e� �w�a�y� �o�f� �v�e�r�i�f�y�i�n�g� �H�y�:�P� �=�P� �i�s� �t�o� �s�h�o�w� �t�h�a�t� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �P� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�a�l�s� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �P�:� 

�V�(�P�-�P�)�=�V�(�P�-�P�)�.� �(�4�2�)� 

�w�h�e�r�e� �P� �i�s� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�e�a�n� �o�f� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e�.� �S�i�n�c�e� �w�e� �c�a�n�n�o�t� �k�n�o�w� �P� �d�i�r�e�c�t�l�y�,� 

�w�e� �m�a�k�e� �u�s�e� �o�f� �a� �r�e�l�a�t�i�o�n� �f�r�o�m� �r�e�g�r�e�s�s�i�o�n� �t�h�e�o�r�y� �[�3�1�]� �w�h�i�c�h� �s�t�a�t�e�s� �t�h�a�t� 

�V�(�P� �-�P�)�=�V�(�P�-�P�)�+�V�(�P�-�P�)� �(�4�3�)� 

�L�o�o�s�e�l�y� �s�p�e�a�k�i�n�g�,� �E�q�.� �(�4�3�)� �s�t�a�t�e�s� �t�h�a�t� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �t�r�u�e� �m�o�d�e�l� �a�b�o�u�t� �P� �e�q�u�a�l�s� �t�h�e� �r�e�s�i�d�u�a�l� 

�v�a�r�i�a�n�c�e� �p�l�u�s� �t�h�e� �v�a�r�i�a�n�c�e� �d�u�e� �t�o� �t�h�e� �r�e�g�r�e�s�s�i�o�n�.� �W�e� �c�a�n� �r�e�a�r�r�a�n�g�e� �E�q�.� �(�4�3�)� �a�s� 

�V�(�P�-�P�)� 
�a� �4�4� 

�V�(�P�-�P�)� �e�m� 
�V�(�P�-�P�)�=�V�(�P�-� �P�y�e� �w�h�e�r�e� �F�=� 

�a�n�d� �F� �i�s� �t�h�e� �s�o�-�c�a�l�l�e�d� �v�a�r�i�a�n�c�e� �r�a�t�i�o�.� �T�h�e�r�e�f�o�r�e�,� �t�o� �s�a�t�i�s�f�y� �E�q�.� �(�4�2�)� �a�s� �c�l�o�s�e�l�y� �a�s� �p�o�s�s�i�b�l�e� �w�e� �m�u�s�t� 

�h�a�v�e� �F� �>�>� �1�,� �i�n� �w�h�i�c�h� �c�a�s�e� �w�e� �d�o� �n�o�t� �r�e�j�e�c�t� �H�,�:�P� �=�P� �a�n�d� �t�h�u�s� �t�h�e� �F�-�t�e�s�t� �i�s� �n�o�t� �v�i�o�l�a�t�e�d�.� 

�3�.�2�.� �T�h�e� �r�o�l�e� �o�f� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �5�3



�T�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �F� �i�s� �l�a�r�g�e� �e�n�o�u�g�h�,� �w�e� �c�o�m�p�a�r�e� �F� �t�o� �a� �p�r�e�d�e�t�e�r�m�i�n�e�d� �v�a�l�u�e�.� �L�e�t� 

�O�(�F�,� �V�1�,� �V�2�)� �b�e� �F�-�d�i�s�t�r�i�b�u�t�i�o�n� �p�r�o�b�a�b�i�l�i�t�y� �f�u�n�c�t�i�o�n� �w�i�t�h� �v�;� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �i�n� �t�h�e� �n�u�m�e�r�a�t�o�r� 

�a�n�d� �v�2� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �i�n� �t�h�e� �n�u�m�e�r�a�t�o�r�.� �T�h�e�n�,� �g�i�v�e�n� �X�,� �Y�,� �M�,� �a�n�d� �N� �f�o�r� �t�h�e� �s�p�e�c�i�f�i�c� �p�r�o�b�l�e�m� 

�a�t� �h�a�n�d�,� �O�(�F�,� �v�j�,� �V�2�)� �i�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �F� �c�o�u�l�d� �b�e� �a�s� �l�a�r�g�e� �a�s� �i�t� �i�s� �b�y� �c�h�a�n�c�e� �a�l�o�n�e� �r�a�t�h�e�r� 

�t�h�a�n� �b�e�c�a�u�s�e� �o�f� �t�h�e� �r�e�g�r�e�s�s�i�o�n�.� �W�h�e�n� �Q�(�F�,� �v�j�,� �v�2�)� �e�x�c�e�e�d�s� �s�o�m�e� �s�p�e�c�i�f�i�e�d� �r�i�s�k� �l�e�v�e�l�,� �w�e� �m�u�s�t� 

�r�e�j�e�c�t� �H�y�:�P� �=�P�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �c�o�n�t�e�x�t� �w�i�t�h� �N� �a�c�t�u�a�t�o�r�s� �a�n�d� �M� �s�e�n�s�o�r�s�,� �w�e� �h�a�v�e� 

�W�e� �c�a�n� �o�b�t�a�i�n� �v�a�l�u�e�s� �f�o�r� �O�(�F�,� �v�1�,� �v�2�)� �f�r�o�m� �t�a�b�l�e�s� �i�n�c�l�u�d�e�d� �i�n� �m�o�s�t� �s�t�a�t�i�s�t�i�c�s� �t�e�x�t�s�,� �o�r� �w�e� �m�a�y� 

�e�a�s�i�l�y� �g�e�n�e�r�a�t�e� �t�h�e�m� �o�n� �a� �c�o�m�p�u�t�e�r�.� �W�e� �d�o� �n�o�t� �k�n�o�w� �t�h�e� �v�a�r�i�a�n�c�e�s� �r�e�q�u�i�r�e�d� �t�o� �c�o�m�p�u�t�e� �F� 

�e�x�a�c�t�l�y�,� �b�u�t� �w�e� �c�a�n� �a�p�p�r�o�x�i�m�a�t�e� �F �� �b�y� �c�o�m�p�u�t�i�n�g� �t�h�e� �r�a�t�i�o� �o�f� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s� 
�2� 

�P�a�p�e� �(�4�6�)� 
�S�.� �«� 
�P�-�P� 

�w�h�e�r�e� 

�2� �<�n� �A� �=� �2� �l� �f� �a� �2� 

�S�B�_�P� �=� �m�i�e� �-�p�l� �a�n�d� �8�,� �5�  ��W�a�n�a� �e�e� �(�4�7�)� 

�I�f� �F� �i�s� �l�a�r�g�e� �e�n�o�u�g�h�,� �t�h�a�t� �i�s�,� �i�f� �Q�(�F�,� �v�j�,� �v�2�)� �d�o�e�s� �n�o�t� �e�x�c�e�e�d� �o�u�r� �s�p�e�c�i�f�i�e�d� �a�c�c�e�p�t�a�b�l�e� �r�i�s�k� �l�e�v�e�l�,� 

�t�h�e�n� �w�e� �n�e�e�d� �n�o�t� �r�e�j�e�c�t� �H�)�:�P� �=�P� �a�n�d� �w�e� �c�a�n� �p�r�o�c�e�e�d� �w�i�t�h� �t�e�s�t�i�n�g� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �r�e�g�r�e�s�s�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t�s� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�.� �I�f� �F�i�s� �t�o�o� �s�m�a�l�l�,� �t�h�e�n� �i�t� �i�s� �t�o�o� �l�i�k�e�l�y� �t�h�a�t� �w�e� �c�o�u�l�d� 

�h�a�v�e� �c�h�o�s�e�n� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �a�t� �r�a�n�d�o�m� �a�n�d� �s�t�i�l�l� �a�c�h�i�e�v�e�d� �t�h�e� �s�a�m�e� �f�i�t� �t�o� �t�h�e� �d�a�t�a�.� 

�W�h�e�n� �a� �r�e�g�r�e�s�s�i�o�n� �f�a�i�l�s� �t�h�e� �F�-�t�e�s�t�,� �i�t� �g�e�n�e�r�a�l�l�y� �m�e�a�n�s� �t�h�i�s�:� �g�i�v�e�n� �X�,� �Y�,� �M�,� �a�n�d� �N�,� �t�h�e�r�e� �i�s� �t�o�o� 

�m�u�c�h� �v�a�r�i�a�n�c�e� �(�s�c�a�t�t�e�r�)� �i�n� �t�h�e� �m�e�a�s�u�r�e�d� �d�a�t�a� �Y� �f�o�r� �u�s� �t�o� �c�o�n�f�i�d�e�n�t�l�y� �s�a�y� �t�h�a�t� �w�e� �h�a�v�e� �m�o�d�e�l�e�d� �t�h�e� 

�d�a�t�a�.� �I�n� �t�e�r�m�s� �o�f� �a�n� �A�S�A�C� �p�r�o�b�l�e�m�,� �i�t� �m�e�a�n�s� �t�h�a�t� �o�n�e� �o�r� �m�o�r�e� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�n�d�i�t�i�o�n�s� �e�x�i�s�t�s�:� 

�3�.�2�.� �T�h�e� �r�o�l�e� �o�f� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �5�4



�T�h�e� �d�a�t�a� �a�n�d� �p�r�e�d�i�c�t�o�r� �v�a�r�i�a�b�l�e�s� �a�r�e� �u�n�d�e�r�s�a�m�p�l�e�d�,� �i�.�e�.�,� �t�h�e�r�e� �a�r�e� �n�o�t� �e�n�o�u�g�h� �s�e�n�s�o�r�s� �t�o� 

�c�o�n�f�i�d�e�n�t�l�y� �s�a�y� �t�h�a�t� �t�h�e� �d�a�t�a� �h�a�s� �b�e�e�n� �m�o�d�e�l�e�d�.� �T�h�e� �s�o�l�u�t�i�o�n� �i�s� �t�o� �a�d�d� �m�o�r�e� �s�e�n�s�o�r�s�;� �t�h�i�s� �w�i�l�l� 

�p�r�o�v�i�d�e� �b�e�t�t�e�r� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �v�a�r�i�a�n�c�e�s�,� �a�n�d� �m�a�y� �i�n�c�r�e�a�s�e� �F� �u�n�l�e�s�s� �o�t�h�e�r� �p�r�o�b�l�e�m�s� �a�r�e� �p�r�e�s�e�n�t�.� 

�T�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e� �c�o�n�t�a�i�n�s� �c�o�m�p�o�n�e�n�t�s� �t�h�a�t� �a�r�e� �n�o�t� �p�r�e�s�e�n�t� �i�n� �t�h�e� �p�r�e�d�i�c�t�o�r� �v�a�r�i�a�b�l�e�s�,� �i�.�e�.�,� 

�t�h�e�r�e� �a�r�e� �o�n�e� �o�r� �m�o�r�e� �s�i�g�n�i�f�i�c�a�n�t� �m�o�d�e�s� �i�n� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e� �t�h�a�t� �a�r�e� �n�o�t� �c�o�u�p�l�e�d� �i�n�t�o� �b�y� 

�t�h�e� �a�c�t�u�a�t�o�r�s�.� �T�h�e� �s�o�l�u�t�i�o�n� �i�s� �t�o� �a�d�d� �m�o�r�e� �a�c�t�u�a�t�o�r�s� �o�r� �u�s�e� �d�i�f�f�e�r�e�n�t� �a�c�t�u�a�t�o�r�s� �t�h�a�t� �c�o�u�p�l�e� �i�n�t�o� 

�d�i�f�f�e�r�e�n�t� �m�o�d�e�s�.� 

�T�h�e�r�e� �i�s� �t�o�o� �m�u�c�h� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�n� �t�h�e� �m�e�a�s�u�r�e�d� �d�a�t�a�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �e�v�e�n� �i�f� �t�h�e� �a�c�t�u�a�t�o�r�s� 

�c�o�u�p�l�e� �i�n�t�o� �t�h�e� �s�a�m�e� �m�o�d�e�s� �t�h�a�t� �a�p�p�e�a�r� �i�n� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e�,� �s�e�v�e�r�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �c�a�n� 

�h�a�v�e� �t�h�e� �s�a�m�e� �e�f�f�e�c�t� �a�s� �m�o�d�e�s� �t�h�a�t� �a�r�e� �n�o�t� �c�o�u�p�l�e�d� �i�n�t�o� �b�y� �t�h�e� �a�c�t�u�a�t�o�r�s�.� �T�h�i�s� �s�e�e�m�s� �r�a�t�h�e�r� 

�e�x�t�r�e�m�e� �a�n�d� �p�r�o�b�a�b�l�y� �w�o�u�l�d� �n�o�t� �o�c�c�u�r� �i�n� �r�e�a�l� �c�i�r�c�u�m�s�t�a�n�c�e�s�,� �s�i�n�c�e� �u�s�u�a�l�l�y� �g�r�e�a�t� �p�a�i�n�s� �w�i�l�l� �h�a�v�e� 

�b�e�e�n� �t�a�k�e�n� �t�o� �i�m�p�r�o�v�e� �s�i�g�n�a�l�-�t�o�-�n�o�i�s�e� �r�a�t�i�o�s�.� 

�G�e�n�e�r�a�l�l�y� �s�p�e�a�k�i�n�g�,� �a� �r�e�g�r�e�s�s�i�o�n� �w�i�l�l� �o�n�l�y� �f�a�i�l� �t�h�e� �F�-�t�e�s�t� �w�h�e�n� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �i�s� �v�e�r�y� 

�d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� �d�a�t�a�.� �W�h�e�n� �t�h�e� �F�-�t�e�s�t� �f�a�i�l�s� �i�n� �a�n� �A�S�A�C� �p�r�o�b�l�e�m�,� �v�e�r�y� �l�i�t�t�l�e� 

�c�a�n�c�e�l�l�a�t�i�o�n� �t�a�k�e�s� �p�l�a�c�e�.� �A�n�y� �c�a�n�c�e�l�l�a�t�i�o�n� �t�h�a�t� �d�o�e�s� �o�c�c�u�r� �i�s� �p�u�r�e�l�y� �c�o�i�n�c�i�d�e�n�t�a�l� �a�n�d� �o�c�c�u�r�s� �o�n�l�y� 

�i�n� �l�o�c�a�l�i�z�e�d� �a�r�e�a�s� �r�a�t�h�e�r� �t�h�a�n� �g�l�o�b�a�l�l�y� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �d�o�m�a�i�n�.� �(�A�f�t�e�r� �a�l�l�,� �i�f� �t�h�e� �s�h�a�p�e� �o�f� �t�h�e� 

�e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �w�a�s� �c�l�o�s�e� �t�o� �t�h�a�t� �o�f� �t�h�e� �d�a�t�a�,� �a�n�d� �c�a�n�c�e�l�l�a�t�i�o�n� �o�c�c�u�r�r�e�d� �e�v�e�r�y�w�h�e�r�e�,� �t�h�e�n� �t�h�e� �F�-� 

�t�e�s�t� �w�o�u�l�d� �n�o�t� �h�a�v�e� �f�a�i�l�e�d� �i�n� �t�h�e� �f�i�r�s�t� �p�l�a�c�e�.�)� �T�h�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �F�-�t�e�s�t� �f�a�i�l�u�r�e� �a�n�d� �c�o�n�t�r�o�l� 

�s�y�s�t�e�m� �p�e�r�f�o�r�m�a�n�c�e� �i�s� �e�x�p�l�o�r�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�3�.� 

�3�.�2�.�3�.� �T�h�e� �f�-�t�e�s�t� �a�n�d� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �f�o�r� �i�n�d�i�v�i�d�u�a�l� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� 

�T�h�e� �f�-�t�e�s�t�,� �w�h�i�c�h� �e�x�a�m�i�n�e�s� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �c�o�n�t�r�o�l� 

�i�n�p�u�t�s� �i�n� �t�h�e� �a�c�t�i�v�e� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m�,� �a�l�l�o�w�s� �u�s� �t�o� �d�e�t�e�c�t� �w�h�e�t�h�e�r� �a�n�y� �a�c�t�u�a�t�o�r�s� �a�r�e� �c�o�m�p�l�e�t�e�l�y� 

�3�.�2�.� �T�h�e� �r�o�l�e� �o�f� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �5�5



�u�n�c�o�u�p�l�e�d� �f�r�o�m� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n�.� �I�f� �a� �g�i�v�e�n� �a�c�t�u�a�t�o�r� �h�a�s� �n�o� �b�e�n�e�f�i�c�i�a�l� �e�f�f�e�c�t� �o�n� �t�h�e� �r�e�g�r�e�s�s�i�o�n�,� 

�t�h�e�n� �i�t�s� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �v�a�n�i�s�h�e�s� �a�n�d� �w�e� �c�o�u�l�d� �o�b�t�a�i�n� �a� �m�o�r�e� �r�e�l�i�a�b�l�e� �r�e�g�r�e�s�s�i�o�n� �b�y� 

�r�e�f�o�r�m�u�l�a�t�i�n�g� �t�h�e� �p�r�o�b�l�e�m� �w�i�t�h�o�u�t� �t�h�a�t� �a�c�t�u�a�t�o�r�.� �H�o�w�e�v�e�r�,� �d�e�t�e�r�m�i�n�i�n�g� �w�h�e�t�h�e�r� �a� �g�i�v�e�n� 

�c�o�e�f�f�i�c�i�e�n�t� �i�s� �z�e�r�o� �c�a�n� �b�e� �d�i�f�f�i�c�u�l�t� �b�e�c�a�u�s�e� �p�r�o�b�l�e�m� �s�c�a�l�i�n�g� �m�a�y� �y�i�e�l�d� �a�r�b�i�t�r�a�r�i�l�y� �s�m�a�l�l� �c�o�e�f�f�i�c�i�e�n�t�s�.� 

�T�o� �d�e�c�i�d�e� �w�h�e�t�h�e�r� �a� �c�o�e�f�f�i�c�i�e�n�t� �s�h�o�u�l�d� �b�e� �r�e�m�o�v�e�d�,� �w�e� �c�a�n� �d�e�f�i�n�e� �a� �s�t�a�t�i�s�t�i�c�a�l� �"�c�o�n�f�i�d�e�n�c�e� 

�i�n�t�e�r�v�a�l�"� �f�o�r� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�a�t� �c�o�e�f�f�i�c�i�e�n�t�,� �a�n�d� �t�h�e�n� �c�h�e�c�k� �w�h�e�t�h�e�r� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� 

�c�o�n�t�a�i�n�s� �z�e�r�o�.� 

�B�e�c�a�u�s�e� �w�e� �h�a�v�e� �a�s�s�u�m�e�d� �G�a�u�s�s�i�a�n� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �w�e� �c�a�n� �c�a�l�c�u�l�a�t�e� �v�a�r�i�a�n�c�e�s� �a�n�d� 

�c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s�.� �T�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� 

�i�t�h� �c�o�e�f�f�i�c�i�e�n�t� �i�s� 

�O�o�,� �=� �V�e�;� �(�4�8�)� 

�w�h�e�r�e� �e�;� �i�s� �t�h�e� �i�t�h� �d�i�a�g�o�n�a�l� �o�f� �t�h�e� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� 

�V�(�b�)� �=�0�2�(�X�"� �w�x�) �� �(�4�9�)� 

�a�n�d� �G�p� �i�s� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�.� �S�i�n�c�e� �t�h�e� �t�r�u�e� �e�r�r�o�r� �v�a�r�i�a�n�c�e� �O�p� �i�S� 

�g�e�n�e�r�a�l�l�y� �u�n�k�n�o�w�n�,� �w�e� �c�a�n� �u�s�e� �t�h�e� �e�s�t�i�m�a�t�e�d� �e�r�r�o�r� �v�a�r�i�a�n�c�e� �S�p� �i�n� �i�t�s� �p�l�a�c�e� �t�o� �o�b�t�a�i�n� �a�n� �e�s�t�i�m�a�t�e�d� 

�v�a�r�i�a�n�c�e� �S�p� �.� 

�I�f� �a�n� �e�s�t�i�m�a�t�e�d� �v�a�r�i�a�n�c�e� �i�s� �a�v�a�i�l�a�b�l�e� �f�o�r� �a� �s�p�e�c�i�f�i�c� �t�y�p�e� �o�f� �e�r�r�o�r� �s�e�n�s�o�r� �l�i�k�e�l�y� �t�o� �b�e� �u�s�e�d� �b�y� �t�h�e� 

�c�o�n�t�r�o�l� �s�y�s�t�e�m�,� �t�h�a�t� �v�a�r�i�a�n�c�e� �m�a�y� �b�e� �u�s�e�d� �i�n� �p�e�r�f�o�r�m�i�n�g� �a� �s�i�m�u�l�a�t�i�o�n�.� �I�f� �n�o� �s�u�c�h� �e�s�t�i�m�a�t�e� �i�s� 

�a�v�a�i�l�a�b�l�e�,� �t�h�e� �r�e�s�i�d�u�a�l� �v�a�r�i�a�n�c�e� �s�,�_�,�,� �m�a�y� �b�e� �u�s�e�d� �a�s� �a�n� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �e�r�r�o�r� �v�a�r�i�a�n�c�e�.� �B�e�c�a�u�s�e� 

�t�h�e� �p�r�e�s�e�n�t� �w�o�r�k� �e�m�p�h�a�s�i�z�e�s� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s� �r�a�t�h�e�r� �t�h�a�n� �r�e�s�u�l�t�s� �f�o�r� �s�p�e�c�i�f�i�c� �t�y�p�e�s� �o�f� �h�a�r�d�w�a�r�e�,� 

�a�l�l� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� �i�n� �t�h�i�s� �t�h�e�s�i�s� �u�s�e� �e�r�r�o�r� �v�a�r�i�a�n�c�e�s� �t�h�a�t� �a�r�e� �e�s�t�i�m�a�t�e�d� �f�r�o�m� �t�h�e� �d�a�t�a�.� �T�h�e� 

�r�e�a�d�e�r� �i�s� �r�e�m�i�n�d�e�d� �t�h�a�t� �a� �s�p�e�c�i�f�i�c� �v�a�l�u�e� �o�f� �t�h�e� �e�r�r�o�r� �v�a�r�i�a�n�c�e� �i�s� �r�e�q�u�i�r�e�d� �o�n�l�y� �f�o�r� �t�h�e� �(�-�t�e�s�t�,� 

�3�.�2�.� �T�h�e� �r�o�l�e� �o�f� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �5�6



�c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s�,� �a�n�d� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�s�;� �i�t� �i�s� �n�o�t� �u�s�e�d� �b�y� �t�h�e� �a�c�t�u�a�l� �r�e�g�r�e�s�s�i�o�n�,� �w�h�i�c�h� �d�o�e�s� 

�n�o�t� �c�o�n�s�i�d�e�r� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �d�i�r�e�c�t�l�y�.� 

�N�e�x�t� �w�e� �d�e�c�i�d�e� �o�n� �a� �l�e�v�e�l� �o�f� �s�i�g�n�i�f�i�c�a�n�c�e� �a�,� �s�a�y� �9�0�%�,� �a�n�d� �c�o�m�p�u�t�e� �a� �q�u�a�n�t�i�t�y� �k�n�o�w�n� �a�s� 

�S�t�u�d�e�n�t�'�s� �t�.� �S�t�u�d�e�n�t�'�s� �¢� �i�s� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �S�t�u�d�e�n�t�'�s� �p�r�o�b�a�b�i�l�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �t�h�e� �c�h�o�s�e�n� �l�e�v�e�l� �o�f� 

�s�i�g�n�i�f�i�c�a�n�c�e� �o�f�,� �a�n�d� �v� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�,� �w�h�e�r�e� �v�=�M�-�N�-�1�.� �W�e� �c�a�n� �t�h�e�n� �s�t�a�t�e� �t�h�a�t� �g�i�v�e�n� �t�h�e� �d�a�t�a�,� 

�t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �|�2�,�  ��-� �B�i�l�\�<� �t�s�,� �i�s� �a�y�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e�r�e� �i�s� �a� �9�0�%� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �t�h�e� 

�m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �e�r�r�o�r� �b�e�t�w�e�e�n� �t�h�e� �t�r�u�e� �c�o�n�t�r�o�l� �i�n�p�u�t� �a�n�d� �t�h�e� �c�o�n�t�r�o�l� �i�n�p�u�t� �c�o�m�p�u�t�e�d� �b�y� �t�h�e� 

�r�e�g�r�e�s�s�i�o�n� �i�s� �l�e�s�s� �t�h�a�n� �¢�s�,�.� �T�h�i�s� �g�i�v�e�s� �u�s� �c�i�r�c�u�l�a�r� �c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n� �o�n� �4�;� �i�n� �t�h�e� �r�e�a�l�-�i�m�a�g�i�n�a�r�y� 

�p�l�a�n�e� �(�s�e�e� �F�i�g�.� �1�7�)� �s�u�c�h� �t�h�a�t� 

�|�d�,�|�-�t�s�,� �<�|�B�,�|�<�|�b�,�|�+�2�5�,� �(�5�0�)� 

�T�h�e� �l�a�r�g�e�s�t� �m�a�g�n�i�t�u�d�e� �i�n�s�i�d�e� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n�,� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �l�a�r�g�e�s�t� �l�i�k�e�l�y� �c�o�n�t�r�o�l� 

�i�n�p�u�t� �m�a�g�n�i�t�u�d�e�,� �i�s� �[�b�j�|� �+� �f� �S�,� �.� 

�A�s� �n�o�t�e�d� �i�n� �[�2�4�]�,� �w�e� �c�o�u�l�d� �a�l�s�o� �c�o�n�s�i�d�e�r� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �o�f� �t�h�e� �p�r�o�b�l�e�m� �s�e�p�a�r�a�t�e�l�y� 

�t�o� �p�r�o�d�u�c�e� �a�n� �e�l�l�i�p�t�i�c�a�l� �c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n�.� �T�h�i�s� �w�o�u�l�d� �e�s�s�e�n�t�i�a�l�l�y� �p�r�e�s�e�r�v�e� �p�h�a�s�e� �i�n�f�o�r�m�a�t�i�o�n� �i�n� 
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�F�i�g�u�r�e� �1�7�:� �C�i�r�c�u�l�a�r� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t� �o�n� �a� �r�e�g�r�e�s�s�i�o�n� �p�a�r�a�m�e�t�e�r�,� �w�h�e�r�e� �R�e�{�b�}�=�b�p�e� �a�n�d� 
�I�m�{�b�}�=�b�y�,�,�.� �T�h�e� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t� �s�p�e�c�i�f�i�e�s� �a� �c�i�r�c�u�l�a�r� �r�e�g�i�o�n� �o�f� �r�a�d�i�u�s� �t�s�,� �c�e�n�t�e�r�e�d� �a�t� �(�b�R�e�,� �b�m�)� 

�s�u�c�h� �t�h�a�t� �t�h�e� �t�r�u�e� �p�a�r�a�m�e�t�e�r� �l�i�e�s� �w�i�t�h�i�n� �t�h�e� �c�i�r�c�l�e�.� 
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�t�h�e� �c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n� �r�a�t�h�e�r� �t�h�a�n� �o�n�l�y� �m�a�g�n�i�t�u�d�e�,� �b�u�t� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k� �w�e� �s�h�a�l�l� �c�o�n�s�i�d�e�r� �o�n�l�y� 

�c�i�r�c�u�l�a�r� �c�o�n�f�i�d�e�n�c�e� �r�e�g�i�o�n�s�.� 

�W�e� �c�a�n� �a�l�s�o� �p�e�r�f�o�r�m� �a� �r�e�l�a�t�e�d� �s�t�a�t�i�s�t�i�c�a�l� �t�e�s�t�,� �t�h�e� �s�o�-�c�a�l�l�e�d� �"�¢�-�t�e�s�t�"�.� �T�h�e� �f�-�t�e�s�t� �m�e�a�s�u�r�e�s� 

�w�h�e�t�h�e�r� �a� �g�i�v�e�n� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �z�e�r�o�.� �E�s�s�e�n�t�i�a�l�l�y�,� �i�f� �t�h�e� �r�a�n�g�e� 

�{�|�a�|�-� �i�S�,� �\�b�,�|� �+�2�5�,� �\� �c�o�n�t�a�i�n�s� �z�e�r�o� �a�t� �t�h�e� �s�p�e�c�i�f�i�e�d� �l�e�v�e�l� �o�f� �s�i�g�n�i�f�i�c�a�n�c�e�,� �t�h�e�n� �w�e� �c�a�n�n�o�t� �c�o�n�c�l�u�d�e� 

�t�h�a�t� �5�;� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �z�e�r�o�.� �S�a�i�d� �a�n�o�t�h�e�r� �w�a�y�,� �i�f� �a� �c�o�e�f�f�i�c�i�e�n�t� �f�a�i�l�s� �t�h�e� �"�f�-�t�e�s�t�"�,� �w�e� 

�h�a�v�e� �n�o� �s�t�a�t�i�s�t�i�c�a�l�l�y� �s�i�g�n�i�f�i�c�a�n�t� �i�n�d�i�c�a�t�i�o�n� �t�h�a�t� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �h�a�s� �n�o�n�z�e�r�o� �m�a�g�n�i�t�u�d�e�.� �N�o�t�e� �t�h�a�t� 

�i�n�c�r�e�a�s�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �s�e�n�s�o�r�s� �f�o�r� �a� �g�i�v�e�n� �n�u�m�b�e�r� �o�f� �a�c�t�u�a�t�o�r�s� �h�a�s� �t�h�e� �e�f�f�e�c�t� �o�f� �d�e�c�r�e�a�s�i�n�g� �f�,� 

�a�n�d� �t�h�u�s� �p�r�o�d�u�c�i�n�g� �t�i�g�h�t�e�r� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �a�n�d� �a� �m�o�r�e� �r�e�l�i�a�b�l�e� �m�o�d�e�l�.� 

�I�n� �t�e�r�m�s� �o�f� �t�h�e� �A�S�A�C� �p�r�o�b�l�e�m�,� �a� �c�o�n�t�r�o�l� �i�n�p�u�t� �w�i�l�l� �o�n�l�y� �b�e� �s�e�t� �e�q�u�a�l� �t�o� �z�e�r�o� �i�f� �t�h�e� �a�c�t�u�a�t�o�r� �i�s� 

�c�o�m�p�l�e�t�e�l�y� �u�n�c�o�u�p�l�e�d� �f�r�o�m� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �r�e�s�p�o�n�s�e�.� �T�h�e�r�e�f�o�r�e�,� �a�n�y� �a�c�t�u�a�t�o�r� �t�h�a�t� �f�a�i�l�s� �t�h�e� �/�-�t�e�s�t� 

�s�h�o�u�l�d� �b�e� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �p�r�o�b�l�e�m�.� 

�3�.�2�.�4�.� �P�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�s� 

�T�a�k�i�n�g� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n� �o�n�e� �s�t�e�p� �f�u�r�t�h�e�r�,� �w�e� �c�a�n� �c�o�n�d�e�n�s�e� �t�h�e� �c�o�n�f�i�d�e�n�c�e� 

�i�n�t�e�r�v�a�l�s� �f�o�r� �a�l�l� �t�h�e� �a�c�t�u�a�t�o�r�s� �i�n�t�o� �a� �s�i�n�g�l�e� �q�u�a�n�t�i�t�y�:� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�,� �w�h�i�c�h� �p�r�o�v�i�d�e�s� �a� 

�c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �o�n� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �P�.� �T�h�e� �r�e�g�r�e�s�s�i�o�n� �p�r�o�v�i�d�e�s� �a�n� �e�s�t�i�m�a�t�e�d� �r�e�s�i�d�u�a�l� �P� �+� 

�P� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �p�r�e�s�s�u�r�e� �w�h�e�n� �t�h�e� �c�o�n�t�r�o�l� �a�c�t�u�a�t�o�r�s� �a�r�e� �t�u�r�n�e�d� �o�n�.� �T�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� 

�P� �i�s� �b�a�s�e�d� �o�n� �e�r�r�o�r� �s�e�n�s�o�r� �o�u�t�p�u�t�s� �t�h�a�t� �c�o�n�t�a�i�n� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �a�n�d� �i�t�s� �r�e�l�i�a�b�i�l�i�t�y� �i�s� �t�h�e�r�e�f�o�r�e� 

�r�e�l�a�t�e�d� �t�o� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r�s�.� �B�y� �a�p�p�l�y�i�n�g� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s�,� 

�w�e� �c�a�n� �e�s�t�i�m�a�t�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �o�n� �P� �a�n�d� �p�r�o�v�i�d�e� �a� �s�i�n�g�l�e� �q�u�a�n�t�i�t�y� �t�h�a�t� �r�e�f�l�e�c�t�s� �t�h�e� 

�s�e�n�s�i�t�i�v�i�t�y� �t�o� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �f�o�r� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �a�s� �a� �w�h�o�l�e�.� 

�3�.�2�.� �T�h�e� �r�o�l�e� �o�f� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �5�8



�N�o�t�e� �t�h�a�t� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l� �o�n�l�y� �r�e�v�e�a�l�s� �h�o�w� �c�l�o�s�e� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �i�s� �t�o� �t�h�e� �t�r�u�e� 

�m�o�d�e�l�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l� �o�n�l�y� �e�x�a�m�i�n�e�s� �s�e�n�s�i�t�i�v�i�t�y� �t�o� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �a�n�d�,� 

�s�p�e�c�i�f�i�c�a�l�l�y�,� �i�t� �d�o�e�s� �n�o�t� �a�l�l�o�w� �u�s� �t�o� �c�o�m�p�u�t�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �o�n� �t�h�e� �r�e�s�i�d�u�a�l� �o�r� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� 

�o�f� �d�e�t�e�r�m�i�n�a�t�i�o�n� �R�2�,� �w�h�i�c�h� �m�e�a�s�u�r�e�s� �o�v�e�r�a�l�l� �c�o�n�t�r�o�l�l�e�r� �p�e�r�f�o�r�m�a�n�c�e�.� �B�e�c�a�u�s�e� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� 

�n�o�i�s�e� �l�e�v�e�l�s� �a�t� �a�l�l� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n�s� �a�r�e� �u�n�c�o�r�r�e�l�a�t�e�d� �f�r�o�m� �o�n�e� �a�n�o�t�h�e�r�,� �w�e� �c�a�n�n�o�t� �d�i�r�e�c�t�l�y� �c�a�l�c�u�l�a�t�e� 

�t�h�e�i�r� �c�u�m�u�l�a�t�i�v�e� �e�f�f�e�c�t� �o�n� �R�2�.� �H�o�w�e�v�e�r�,� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �f�o�r� �R�2� �m�a�y� �b�e� �e�s�t�i�m�a�t�e�d� �u�s�i�n�g� 

�b�o�o�t�s�t�r�a�p�p�i�n�g� �w�i�t�h� �M�o�n�t�e� �C�a�r�l�o� �m�e�t�h�o�d�s� �[�3�5�,�3�6�,�3�9�]�.� �T�h�e� �i�d�e�a� �b�e�h�i�n�d� �b�o�o�t�s�t�r�a�p�p�i�n�g� �i�s� �t�h�a�t� �i�f� �w�e� 

�k�n�o�w� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �a�n�d� �h�e�n�c�e� �t�h�e� �c�o�n�t�r�o�l� �i�n�p�u�t�s� �a�n�d� 

�e�s�t�i�m�a�t�e�d� �m�o�d�e�l�,� �w�e� �c�a�n� �f�i�n�d� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� �c�o�s�t� �f�u�n�c�t�i�o�n�.� �T�h�e� 

�t�e�c�h�n�i�q�u�e� �u�s�e�s� �M�o�n�t�e� �C�a�r�l�o� �m�e�t�h�o�d�s� �t�o� �s�i�m�u�l�a�t�e� �a� �s�t�a�t�i�s�t�i�c�a�l� �u�n�i�v�e�r�s�e� �o�f� �"�b�o�o�t�s�t�r�a�p�"� �d�a�t�a�s�e�t�s�,� 

�r�e�c�a�l�c�u�l�a�t�e� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �f�o�r� �e�a�c�h� �d�a�t�a�s�e�t�,� �a�n�d� �o�b�s�e�r�v�e� �h�o�w� �l�i�t�t�l�e� �o�r� �h�o�w� �m�u�c�h� �t�h�e� �r�e�s�i�d�u�a�l� �c�o�s�t� 

�f�u�n�c�t�i�o�n� �v�a�r�i�e�s�.� �T�h�e� �t�e�c�h�n�i�q�u�e� �i�s� �w�i�d�e�l�y� �u�s�e�d�,� �b�u�t� �i�s� �b�e�y�o�n�d� �t�h�e� �s�c�o�p�e� �o�f� �t�h�e� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s�.� 

�A�t� �a� �g�i�v�e�n� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n�,� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �i�s� �a� �l�i�n�e�a�r� �s�u�m� 

�P�=�>� �3�X�,� �(�5�1�)� 

�w�h�e�r�e� �t�h�e� �c�o�n�t�r�o�l� �i�n�p�u�t�s� �5�;� �h�a�v�e� �v�a�r�i�a�n�c�e�s� �a�s� �e�x�p�r�e�s�s�e�d� �a�s� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�,� �a�n�d� �t�h�e� �t�r�a�n�s�f�e�r� 

�f�u�n�c�t�i�o�n�s� �X�;� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �c�o�n�s�t�a�n�t� �a�n�d� �c�o�m�p�l�e�t�e�l�y� �a�c�c�u�r�a�t�e� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �p�u�r�p�o�s�e�s�.� �I�f� �w�e� 

�d�e�f�i�n�e� �t�h�e� �v�e�c�t�o�r� �X�;� �7�.�)� �a�s� �t�h�e� �i�t�h� �r�o�w� �o�f� �t�h�e� �d�e�s�i�g�n� �m�a�t�r�i�x� �X�,� 

�X�i�n� �=� �{�X�i� �X�i�2� �-�-�-� �X�i�n�}� �(�5�2�)� 

�t�h�e�n� �i�t� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �a�t� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �j�t�h� �s�e�n�s�o�r� �i�s� 

�V�(�P�)�=�o�3�X� �u�w� �(�X�Y�W�X�)� �X�A� �(�5�3�)� 

�T�h�i�s� �i�s� �a�l�s�o� �e�q�u�a�l� �t�o� �t�h�e� �j�t�h� �d�i�a�g�o�n�a�l� �o�f� �t�h�e� �v�a�r�i�a�n�c�e�-�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� 

�3�.�2�.� �T�h�e� �r�o�l�e� �o�f� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �5�9



�V�(�P�)� �=� �0�2�.�x�(�x�"� �W�x�)� �x�#� �(�5�4�)� 

�A�s� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�,� �w�e� �d�o� �n�o�t� �k�n�o�w� �t�h�e� �e�r�r�o�r� �v�a�r�i�a�n�c�e� �O�y� �u�n�l�e�s�s� �w�e� �h�a�v�e� �d�e�c�i�d�e�d� �u�p�o�n� 

�u�s�i�n�g� �a� �s�p�e�c�i�f�i�c� �t�y�p�e� �o�f� �e�r�r�o�r� �s�e�n�s�o�r� �w�i�t�h� �k�n�o�w�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k�,� �w�e� �u�s�e� �t�h�e� 

�e�s�t�i�m�a�t�e�d� �r�e�s�i�d�u�a�l� �v�a�r�i�a�n�c�e� �S�s� �_�,�;� �a�s� �a� �c�o�n�v�e�n�i�e�n�t� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �e�r�r�o�r� �v�a�r�i�a�n�c�e� �6�,�.� �T�h�e�n�,� �u�s�i�n�g� 

�S�t�u�d�e�n�t�'�s� �¢� �f�o�r� �a� �c�h�o�s�e�n� �l�e�v�e�l� �o�f� �s�i�g�n�i�f�i�c�a�n�c�e�,� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l� �f�o�r� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �a�t� �t�h�e� 

�j�t�h� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n� �i�s� �d�e�f�i�n�e�d� �b�y� �t�h�e� �s�t�a�n�d�a�r�d� �e�r�r�o�r� 

�t�t�o�p�,�p�,�/�V�(�F�,�)� �(�5�5�)� 

�A�s� �w�i�t�h� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�,� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l� �d�e�s�c�r�i�b�e�s� �o�n�l�y� �t�h�e� 

�m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l�,� �n�o�t� �t�h�e� �p�h�a�s�e�.� 

�T�h�e� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l� �s�u�m�m�a�r�i�z�e�s� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �t�o� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �f�o�r� �t�h�e� �e�n�t�i�r�e� 

�r�e�g�r�e�s�s�i�o�n�,� �w�h�e�r�e�a�s� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �a�d�d�r�e�s�s� �i�n�d�i�v�i�d�u�a�l� �a�c�t�u�a�t�o�r�s�.� �P�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�s� �c�a�n� 

�b�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �a� �g�i�v�e�n� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �s�t�r�u�c�t�u�r�e�,� �a�c�t�u�a�t�o�r�s�,� �a�n�d� �s�e�n�s�o�r�s� �i�s� 

�p�a�r�t�i�c�u�l�a�r�l�y� �s�e�n�s�i�t�i�v�e� �t�o� �n�o�i�s�e� �a�n�d�,� �i�f� �s�o�,� �w�h�a�t� �p�o�r�t�i�o�n�s� �o�f� �t�h�e� �r�a�d�i�a�t�e�d� �f�i�e�l�d� �a�r�e� �m�o�s�t� �l�i�k�e�l�y� �t�o� �b�e� 

�d�e�g�r�a�d�e�d� �b�y� �n�o�i�s�e�.� �A�s� �w�i�t�h� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s�,� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �s�e�n�s�o�r�s� �f�o�r� �a� �g�i�v�e�n� 

�n�u�m�b�e�r� �o�f� �a�c�t�u�a�t�o�r�s� �h�a�s� �t�h�e� �e�f�f�e�c�t� �o�f� �d�e�c�r�e�a�s�i�n�g� �t�h�e� �w�i�d�t�h� �o�f� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�.� 

�3�.�3�.� �R�e�s�u�l�t�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n� 

�U�s�i�n�g� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �S�e�c�t�i�o�n�s� �3�.�1� �a�n�d� �3�.�2�,� �w�e� �c�a�n� �p�e�r�f�o�r�m� �a� �b�a�s�i�c� �r�e�g�r�e�s�s�i�o�n� �a�n�a�l�y�s�i�s� �f�o�r� �t�h�e� 

�e�x�a�m�p�l�e� �c�l�a�m�p�e�d� �c�y�l�i�n�d�e�r� �p�r�o�b�l�e�m� �o�f� �F�i�g�.� �3�.� �T�h�e� �c�y�l�i�n�d�e�r� �i�s� �d�i�s�t�u�r�b�e�d� �b�y� �a� �u�n�i�t�-�m�a�g�n�i�t�u�d�e� 

�a�x�i�s�y�m�m�e�t�r�i�c� �r�i�n�g�-�f�o�r�c�e� �b�g� �p�l�a�c�e�d� �n�e�a�r� �t�h�e� �r�i�g�h�t�-�h�a�n�d� �e�n�d� �c�l�o�s�u�r�e� �a�t� �5�=�0�.�9�6�.� �T�h�e� �t�w�o� �a�c�t�u�a�t�o�r�s� 

�(�M�4�=�2�)� �a�r�e� �a�x�i�s�y�m�m�e�t�r�i�c� �r�i�n�g�-�f�o�r�c�e�s� �b�)� �a�n�d� �5�5� �p�l�a�c�e�d� �a�t� �6�=�0�.�2�5� �a�n�d� �5�=�0�.�5�0�.� �T�h�e� �2�5� �e�r�r�o�r� 

�s�e�n�s�o�r�s� �(�N�=�2�5�)� �a�r�e� �p�r�e�s�s�u�r�e� �s�e�n�s�o�r�s� �l�o�c�a�t�e�d� �a�t� �7�.�5�°� �i�n�t�e�r�v�a�l�s� �f�r�o�m� �0�°� �t�o� �1�8�0�°� �i�n� �t�h�e� �f�a�r�f�i�e�l�d�.� �T�h�e� 

�3�.�3�.� �R�e�s�u�l�t�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n� �6�0



�o�b�j�e�c�t�i�v�e� �o�f� �t�h�e� �c�o�n�t�r�o�l� �w�i�l�l� �b�e� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �c�o�s�t� �f�u�n�c�t�i�o�n� �I�,� �w�h�e�r�e� �I� �i�s� �t�h�e� 

�w�e�i�g�h�t�e�d� �s�u�m� �o�f� �s�q�u�a�r�e�d� �p�r�e�s�s�u�r�e� �m�a�g�n�i�t�u�d�e�s� �a�t� �t�h�e� �2�5� �e�r�r�o�r� �s�e�n�s�o�r�s�.� �(�A� �s�e�p�a�r�a�t�e� �s�e�t� �o�f� 

�c�a�l�c�u�l�a�t�i�o�n�s�,� �n�o�t� �i�n�c�l�u�d�e�d� �h�e�r�e�,� �c�o�n�f�i�r�m�e�d� �t�h�a�t� �2�5� �s�e�n�s�o�r�s� �a�r�e� �s�u�f�f�i�c�i�e�n�t� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �t�o�t�a�l� 

�r�a�d�i�a�t�e�d� �p�o�w�e�r� �f�o�r� �t�h�e� �f�r�e�q�u�e�n�c�i�e�s� �c�o�n�s�i�d�e�r�e�d�.�)� 

�F�i�g�u�r�e� �1�8� �s�h�o�w�s� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �c�o�s�t� �f�u�n�c�t�i�o�n� �I�T� �v�s�.� �n�o�n�d�i�m�e�n�s�i�o�n�a�l� �f�r�e�q�u�e�n�c�y� �k�,�a� �f�o�r� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �0�.�2�<�k�,�a�<�1�.�0�.� �T�h�e� �s�o�l�i�d� �l�i�n�e� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �o�p�e�n�-�l�o�o�p� �c�a�s�e�.� �T�h�e� �b�r�o�k�e�n� �l�i�n�e� 

�r�e�p�r�e�s�e�n�t�s� �t�h�e� �c�l�o�s�e�d�-�l�o�o�p� �c�a�s�e�,� �a�n�d� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �1�s� �t�h�e� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� �r�a�d�i�a�t�e�d� 

�p�o�w�e�r� �c�o�s�t� �f�u�n�c�t�i�o�n�.� �T�h�e� �a�c�t�u�a�t�o�r� �m�a�g�n�i�t�u�d�e�s� �a�n�d� �p�h�a�s�e�s� �h�a�v�e� �b�e�e�n� �o�p�t�i�m�i�z�e�d� �s�e�p�a�r�a�t�e�l�y� �a�t� �e�a�c�h� 

�f�r�e�q�u�e�n�c�y� �i�n� �t�h�e� �r�e�g�i�o�n�,� �s�i�n�c�e� �e�a�c�h� �r�e�g�r�e�s�s�i�o�n� �u�s�e�s� �d�a�t�a� �f�o�r� �a� �s�i�n�g�l�e� �f�r�e�q�u�e�n�c�y�.� �T�h�e� �a�c�t�u�a�t�o�r�s� 

�r�e�d�u�c�e� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �c�o�s�t� �f�u�n�c�t�i�o�n� �b�y� �a�s� �m�u�c�h� �a�s� �1�4� �d�B� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �f�r�e�q�u�e�n�c�y�.� 

�D�e�t�a�i�l�e�d� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �a�n�d� �a�c�o�u�s�t�i�c� �r�e�s�p�o�n�s�e�s� �b�e�f�o�r�e� �a�n�d� �a�f�t�e�r� �a�p�p�l�y�i�n�g� �c�o�n�t�r�o�l� �i�s� 

�p�o�s�t�p�o�n�e�d� �u�n�t�i�l� �C�h�a�p�t�e�r� �6�.� �H�e�r�e�,� �w�h�e�r�e� �t�h�e� �i�n�t�e�n�t� �i�s� �t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �u�s�e� �o�f� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s�,� 

�w�e� �r�e�s�t�r�i�c�t� �o�u�r� �a�t�t�e�n�t�i�o�n� �t�o� �t�h�r�e�e� �s�p�e�c�i�f�i�c� �f�r�e�q�u�e�n�c�i�e�s� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�a�r�a�g�r�a�p�h�s�.� 

�T�h�e� �f�i�r�s�t� �f�r�e�q�u�e�n�c�y� �w�e� �s�h�a�l�l� �e�x�a�m�i�n�e� �i�s� �k�g�a�=�0�.�4�0�.� �T�h�e� �r�e�g�r�e�s�s�i�o�n� �p�r�e�d�i�c�t�s� �t�h�a�t� �t�h�e� �r�a�d�i�a�t�e�d� 

�p�o�w�e�r� �c�o�s�t� �f�u�n�c�t�i�o�n� �f�o�r� �t�h�i�s� �f�r�e�q�u�e�n�c�y� �w�i�l�l� �b�e� �r�e�d�u�c�e�d� �b�y� �5� �d�B�,� �a�n�d� �t�h�e� �c�o�n�t�r�o�l� �i�n�p�u�t�s� �a�r�e� 
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�m�m� �i� �a� 
�-� �7� 

�-�8�5� �a� �a� �i�  ��)� �h�s� �L�,� �n�l� �e�n�e� �_�}� �a�l�e�e� �e�n� �L� �L� �1� �{� �L� �i� �4� �L� �|� �i� �i� �i� �c�a�e�l� �|� �a�t� �i� �1� �1� �|� �1� �i� �a�.� �|� �L� �a�l� �i� 

�0�.�2� �0�.�3� �0�.�4� �0�.�5� �0�.�6� �0�.�7� �0�.�8� �0�.�9� �1�.�0� 

�F�r�e�q�u�e�n�c�y� �p�a�r�a�m�e�t�e�r� �k�o�a� 

�F�i�g�u�r�e� �1�8�:� �R�a�d�i�a�t�e�d� �p�o�w�e�r� �v�s�.� �f�r�e�q�u�e�n�c�y� �f�o�r� �c�l�a�m�p�e�d� �c�y�l�i�n�d�r�i�c�a�l� �s�h�e�l�l�.� �R�a�d�i�a�t�e�d� �p�o�w�e�r� �w�i�t�h�o�u�t� 
�c�o�n�t�r�o�l� �a�c�t�u�a�t�o�r�s� �s�h�o�w�n� �a�s� �s�o�l�i�d� �l�i�n�e�;� �w�i�t�h� �c�o�n�t�r�o�l� �a�c�t�u�a�t�o�r�s� �s�h�o�w�n� �a�s� �b�r�o�k�e�n� �l�i�n�e� 
� � 

�3�.�3�.� �R�e�s�u�l�t�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n� �6�l� 

� 



�b�)�=� �1�.�0�6� �N� �a�n�d� �b�=� �-�1�.�0�8� �N�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �m�a�y� �a�r�e� �o�b�t�a�i�n�e�d� �d�i�r�e�c�t�l�y� �f�r�o�m� �t�h�e� �r�e�g�r�e�s�s�i�o�n�,� �a�n�d� �d�o� 

�n�o�t� �m�a�k�e� �u�s�e� �o�f� �a�n�y� �a�s�s�u�m�p�t�i�o�n�s� �a�b�o�u�t� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�.� �N�o�w�,� �w�e� �i�n�v�o�k�e� �t�h�e� �a�s�s�u�m�p�t�i�o�n�s� 

�d�e�s�c�r�i�b�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�1� �i�n� �o�r�d�e�r� �t�o� �e�m�p�l�o�y� �t�h�e� �F�-�t�e�s�t� �(�t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �i�s� 

�v�a�l�i�d�)�,� �t�h�e� �f�-�t�e�s�t� �(�t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �a�n�y� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �d�o� �n�o�t� �c�o�n�t�r�i�b�u�t�e� �t�o� �t�h�e� �f�i�t�)�,� �a�n�d� �t�h�e� 

�p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l� �(�t�o� �e�x�a�m�i�n�e� �s�e�n�s�i�t�i�v�i�t�y� �t�o� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�)�.� �F�o�r� �t�h�e� �F�-�t�e�s�t�,� �w�e� �c�o�m�p�u�t�e� 

�O�F�,� �v�1�,� �V�2�)�=�1� �6�x�1�0�7�6�,� �w�h�i�c�h� �m�e�a�n�s�:� �g�i�v�e�n� �t�h�e� �d�a�t�a�,� �t�h�e�r�e� �i�s� �o�n�l�y� �a� �0�.�0�0�0�1�6�%� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� 

�o�u�r� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �t�r�u�e� �m�o�d�e�l�.� �W�e� �t�h�e�r�e�f�o�r�e� �f�e�e�l� �c�o�n�f�i�d�e�n�t� 

�e�n�o�u�g�h� �a�b�o�u�t� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �t�o� �c�o�n�t�i�n�u�e� �w�i�t�h� �f�u�r�t�h�e�r� �t�e�s�t�s�.� 

�T�o� �u�s�e� �t�h�e� �/�-�t�e�s�t� �a�n�d� �o�t�h�e�r� �d�i�a�g�n�o�s�t�i�c�s�,� �w�e� �m�u�s�t� �e�s�t�i�m�a�t�e� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r� �n�o�i�s�e� �v�a�r�i�a�n�c�e�.� �A�s� �i�n� 

�p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�s�,� �w�e� �s�h�a�l�l� �u�s�e� �t�h�e� �r�e�s�i�d�u�a�l� �v�a�r�i�a�n�c�e� �r�a�t�h�e�r� �t�h�a�n� �s�o�m�e� �m�e�a�s�u�r�e�d� �v�a�l�u�e� �f�o�r� �a� 

�s�p�e�c�i�f�i�c� �s�e�n�s�o�r�.� �C�o�m�p�u�t�i�n�g� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �a�t� �t�h�e� �9�0�%� �s�i�g�n�i�f�i�c�a�n�c�e� �l�e�v�e�l�,� �w�e� �s�e�e� �t�h�a�t� �t�h�e� 

�c�o�n�t�r�o�l� �i�n�p�u�t�s� �a�t� �t�h�i�s� �f�r�e�q�u�e�n�c�y� �a�r�e� �6�;�=� �1�.�0�6�4�0�.�2�7�N� �a�n�d� �5�7�=�-�1�.�0�8�4�0�.�2�8�N�.� �S�i�n�c�e� �n�e�i�t�h�e�r� 

�c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �c�o�n�t�a�i�n�s� �z�e�r�o�,� �w�e� �c�a�n� �s�a�y� �w�i�t�h� �9�0�%� �c�o�n�f�i�d�e�n�c�e� �t�h�a�t�,� �g�i�v�e�n� �t�h�e� �d�a�t�a� �a�n�d� �o�u�r� 

�e�s�t�i�m�a�t�e� �o�f� �t�h�e� �e�r�r�o�r� �v�a�r�i�a�n�c�e�,� �b�o�t�h� �f�o�r�c�e�s� �a�r�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �z�e�r�o�.� �F�i�g�u�r�e� �1�9� �s�h�o�w�s� 
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�0�.�2�4� 
�1� �M�o�d�e�l� �(�S�e�c�o�n�d�a�r�y� 

�0�.�1�4� �r�e�s�p�o�n�s�e�)� 
�1� �~� 

�0�.�0�:� �t� �,� �t� �{� �q�T� �}� �C�v� �y�o� �i� �t� �p�O� 

�0�°� �3�0�°� �6�0�°� �9�0�°� �1�2�0�°� �1�5�0�°� �1�8�0�°� 

�A�n�g�u�l�a�r� �l�o�c�a�t�i�o�n�®� 

�F�i�g�u�r�e� �1�9�:� �P�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�s� �f�o�r� �r�a�d�i�a�t�e�d� �p�r�e�s�s�u�r�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l�,� �k�,�a�=�0�.�4�.� �E�s�t�i�m�a�t�e�d� �m�o�d�e�l� 
�p�r�e�s�s�u�r�e� �m�a�g�n�i�t�u�d�e� �i�s� �s�h�o�w�n� �w�i�t�h� �9�0�%� �p�r�e�d�i�c�t�i�o�n� �b�a�s�e�d� �o�n� �e�s�t�i�m�a�t�e�d� �e�r�r�o�r� �v�a�r�i�a�n�c�e�.� 
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�3�.�3�.� �R�e�s�u�l�t�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n� �6�2� 

� 



�t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �f�a�r�f�i�e�l�d� �l�o�c�a�t�i�o�n�,� �w�i�t�h� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�s� �a�t� 

�t�h�e� �9�0�%� �s�i�g�n�i�f�i�c�a�n�c�e� �l�e�v�e�l�;� �a�l�s�o� �s�h�o�w�n� �a�r�e� �t�h�e� �d�a�t�a� �Y�.� �T�h�e� �a�v�e�r�a�g�e� �w�i�d�t�h� �o�f� �t�h�e� �p�r�e�d�i�c�t�i�o�n� 

�i�n�t�e�r�v�a�l� �i�s� �r�o�u�g�h�l�y� �0�.�0�6� �P�a�,� �w�h�i�l�e� �t�h�e� �s�i�g�n�a�l� �l�e�v�e�l�s� �a�r�e� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �0�.�6� �P�a�.� 

�C�o�n�s�i�d�e�r� �a� �s�e�c�o�n�d� �s�i�n�g�l�e�-�f�r�e�q�u�e�n�c�y� �c�a�s�e� �w�i�t�h� �k�g�a�=�0�.�5�0�.� �T�h�e� �r�e�g�r�e�s�s�i�o�n� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �t�h�e� 

�c�o�n�t�r�o�l� �i�n�p�u�t�s� �5�;� �=� �0�.�6�1� �N� �a�n�d� �b�>� �=� �0�.�0�1� �N� �r�e�d�u�c�e� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �c�o�s�t� �f�u�n�c�t�i�o�n� �b�y� �2�.�4� �d�B�.� 

�W�e� �f�i�n�d� �t�h�a�t� �O�(�F�,� �v�j�,� �v�2�)�=�0�.�0�0�4�1�,� �¢�.�g�.�,� �t�h�e�r�e� �i�s� �l�e�s�s� �t�h�a�n� �o�n�e�-�h�a�l�f� �p�e�r�c�e�n�t� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �t�h�i�s� 

�s�o�l�u�t�i�o�n� �a�r�o�s�e� �b�y� �c�h�a�n�c�e�,� �s�o� �w�e� �s�h�a�l�l� �c�o�n�s�i�d�e�r� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �s�t�a�t�i�s�t�i�c�a�l�l�y� �s�i�g�n�i�f�i�c�a�n�t�.� �H�o�w�e�v�e�r�,� 

�o�n�e� �o�f� �t�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �f�a�i�l�s� �t�h�e� �¢�-�t�e�s�t�:� �w�e� �f�i�n�d� �t�h�a�t� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �6�7� �=� �0�.�0�1�+�0�.�3�1� �N� 

�c�o�n�t�a�i�n�s� �z�e�r�o�,� �a�n�d� �t�h�u�s� �w�e� �c�a�n�n�o�t� �c�o�n�c�l�u�d�e� �t�h�a�t� �|�b�9�|� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �z�e�r�o�.� �F�i�g�u�r�e� �2�0� 

�s�h�o�w�s� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�.� �A�t� �t�h�i�s� �f�r�e�q�u�e�n�c�y�,� �t�h�e� �a�v�e�r�a�g�e� �w�i�d�t�h� �o�f� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l� �i�s� 

�0�.�0�8� �P�a�,� �s�l�i�g�h�t�l�y� �l�a�r�g�e�r� �t�h�a�n� �f�o�r� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e�.� �T�o� �i�m�p�r�o�v�e� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �o�f� �t�h�e� 

�r�e�g�r�e�s�s�i�o�n�,� �w�e� �c�o�u�l�d� �r�e�f�o�r�m�u�l�a�t�e� �i�t� �w�i�t�h�o�u�t� �b�7�.� �(�A�g�a�i�n�,� �t�h�e� �r�e�a�d�e�r� �i�s� �r�e�m�i�n�d�e�d� �t�h�a�t� �t�h�e� �e�r�r�o�r� 

�v�a�r�i�a�n�c�e� �i�s� �e�s�t�i�m�a�t�e�d� �f�r�o�m� �t�h�e� �d�a�t�a� �r�a�t�h�e�r� �t�h�a�n� �f�r�o�m� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �s�e�n�s�o�r�s�,� �a�n�d� �t�h�e� �r�e�s�u�l�t�s� 

�s�h�o�u�l�d� �b�e� �c�o�n�s�i�d�e�r�e�d� �o�n�l�y� �a�s� �a�n� �e�x�a�m�p�l�e� �o�f� �h�o�w� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �m�a�y� �b�e� �u�s�e�d�.�)� 
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�S�y� �1� �r�e�s�p�o�n�s�e�)� 

�0�.�0�0� �q� �|� �t� �[� �t� �]� �q� �|� �T� �i� �T� 

�0�°� �3�0�°� �6�0�°� �9�0�°� �1�2�0�°� �1�5�0�°� �1�8�0�°� 
�A�n�g�u�l�a�r� �l�o�c�a�t�i�o�n�®� 

�F�i�g�u�r�e� �2�0�:� �P�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�s� �f�o�r� �k�,�a�=�0�.�5�.� �E�s�t�i�m�a�t�e�d� �m�o�d�e�l� �p�r�e�s�s�u�r�e� �m�a�g�n�i�t�u�d�e� �i�s� �s�h�o�w�n� �w�i�t�h� 
�9�0�%� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l� �b�a�s�e�d� �o�n� �e�s�t�i�m�a�t�e�d� �e�r�r�o�r� �v�a�r�i�a�n�c�e�.� 
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�3�.�3�.� �R�e�s�u�l�t�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n� �6�3� 
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�N�o�w� �c�o�n�s�i�d�e�r� �a� �t�h�i�r�d� �s�i�n�g�l�e�-�f�r�e�q�u�e�n�c�y� �c�a�s�e� �w�i�t�h� �k�j�a�=�0�.�7�4�.� �A�t� �t�h�i�s� �f�r�e�q�u�e�n�c�y� �t�h�e� �r�e�g�r�e�s�s�i�o�n� 

�p�r�e�d�i�c�t�s� �a� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �c�o�s�t� �f�u�n�c�t�i�o�n� �o�f� �l�e�s�s� �t�h�a�n� �1� �d�B�.� �P�e�r�f�o�r�m�i�n�g� �t�h�e� �F�-�t�e�s�t�,� 

�w�e� �f�i�n�d� �t�h�a�t� �O�(�F�,� �v�)�,� �v�2�)�=�0�.�1�1�4�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e�r�e� �i�s� �a�n� �1�1�%� �c�h�a�n�c�e� �t�h�a�t� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� 

�i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �d�a�t�a�.� �T�h�e� �r�e�g�r�e�s�s�i�o�n� �a�t� �t�h�i�s� �f�r�e�q�u�e�n�c�y� �f�a�i�l�s� �t�h�e� �F�-�t�e�s�t� �b�y� �m�o�s�t� 

�r�e�a�s�o�n�a�b�l�e� �s�t�a�n�d�a�r�d�s�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �w�e� �c�a�n�n�o�t� �m�a�k�e� �u�s�e� �o�f� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �s�u�c�h� �a�s� 

�c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �a�n�d� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�s�.� �A�n� �e�x�a�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �d�a�t�a� �a�n�d� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l�,� 

�s�h�o�w�n� �i�n� �F�i�g�.� �2�1�,� �c�o�n�f�i�r�m�s� �t�h�a�t� �t�h�e�r�e� �i�s� �l�i�t�t�l�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �d�a�t�a� �a�n�d� �t�h�e� �m�o�d�e�l�.� �S�i�g�n�i�f�i�c�a�n�t� 

�c�a�n�c�e�l�l�a�t�i�o�n� �o�c�c�u�r�s� �b�y� �c�h�a�n�c�e� �i�n� �a� �l�o�c�a�l�i�z�e�d� �a�r�e�a� �n�e�a�r� �6�=�9�0�°�,� �b�u�t� �i�n� �g�e�n�e�r�a�l� �t�h�e� �s�h�a�p�e�s� �o�f� �t�h�e� �t�w�o� 

�c�u�r�v�e�s� �d�i�f�f�e�r� �s�i�g�n�i�f�i�c�a�n�t�l�y�.� �.� 

�I�n� �F�i�g�.� �2�2� �w�e� �e�x�p�l�o�r�e� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �F�-�t�e�s�t� �r�e�s�u�l�t�s� �a�n�d� �t�h�e� �r�e�d�u�c�t�i�o�n� �o�f� �t�h�e� 

�r�a�d�i�a�t�e�d� �p�o�w�e�r� �c�o�s�t� �f�u�n�c�t�i�o�n�,� �w�h�i�c�h� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �s�q�u�a�r�e�d� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �d�e�t�e�r�m�i�n�a�t�i�o�n� �R�2�.� �T�h�e� 

�f�i�g�u�r�e� �i�s� �a� �s�c�a�t�t�e�r� �p�l�o�t� �i�n� �w�h�i�c�h� �e�a�c�h� �d�a�t�a� �p�o�i�n�t� �r�e�p�r�e�s�e�n�t�s� �a� �r�e�g�r�e�s�s�i�o�n� �a�t� �a� �d�i�f�f�e�r�e�n�t� �f�r�e�q�u�e�n�c�y� �i�n� 

�t�h�e� �r�a�n�g�e� �0�.�2�<�k�,�a�<�1�.�0�.� �T�h�e� �q�u�a�n�t�i�t�y� �Q�(�F�;� �v�j�,� �v�2�)� �i�s� �s�h�o�w�n� �o�n� �t�h�e� �v�e�r�t�i�c�a�l� �a�x�i�s�,� �w�h�e�r�e� 

�O�(�F�,� �v�1�,� �V�2�)� �i�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �f�a�i�l�s� �t�h�e� �F�-�t�e�s�t�.� �T�h�e� �u�p�p�e�r� �a�n�d� �l�o�w�e�r� �p�l�o�t�s� 
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�F�i�g�u�r�e� �2�1�:� �D�a�t�a� �a�n�d� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �f�o�r� �k�,�a�=�0�.�7�4�.� �P�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�s� �a�r�e� �n�o�t� �c�o�m�p�u�t�e�d� �a�t� �t�h�i�s� 
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�F�i�g�u�r�e� �2�2�:� �F�-�t�e�s�t� �p�r�o�b�a�b�i�l�i�t�y� �v�s�.� �r�e�d�u�c�t�i�o�n� �o�f� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �c�o�s�t� �f�u�n�c�t�i�o�n�.� �E�a�c�h� �d�a�t�a� �p�o�i�n�t� 
�r�e�p�r�e�s�e�n�t�s� �a� �d�i�f�f�e�r�e�n�t� �f�r�e�q�u�e�n�c�y� �i�n� �t�h�e� �r�a�n�g�e� �0�.�2�<�k�,�a�<�1�.�0�.� �W�h�e�n� �Q�(�F�;� �v�]�,� �v�2�)� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �a� 

�s�p�e�c�i�f�i�e�d� �a�c�c�e�p�t�a�b�l�e� �r�i�s�k� �l�e�v�e�l�,� �s�a�y�,� �&�=�1�%�,� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �i�s� �n�o�t� �s�t�a�t�i�s�t�i�c�a�l�l�y� �s�i�g�n�i�f�i�c�a�n�t�.� 
� � 

�d�i�s�p�l�a�y� �t�h�e� �s�a�m�e� �d�a�t�a� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �s�c�a�l�e�s� �o�n� �t�h�e� �v�e�r�t�i�c�a�l� �a�x�e�s�:� �J�o�g�l�i�n�e�a�r� �o�n� �t�h�e� �u�p�p�e�r� �p�l�o�t� �t�o� 

�s�h�o�w� �a�l�l� �t�h�e� �d�a�t�a�,� �a�n�d� �l�i�n�e�a�r� �o�n� �t�h�e� �l�o�w�e�r� �p�l�o�t� �t�o� �m�o�r�e� �c�l�e�a�r�l�y� �d�i�s�p�l�a�y� �v�a�l�u�e�s� �b�e�t�w�e�e�n� �1�%� �a�n�d� 

�5�0�%�.� �W�h�e�r�e�v�e�r� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �c�o�s�t� �f�u�n�c�t�i�o�n� �i�s� �r�e�d�u�c�e�d� �b�y� �2� �d�B� �o�r� �m�o�r�e�,� �Q�(�F�,� �v�1�,� �v�2�)� �i�s� �l�e�s�s� 

�t�h�a�n� �1�%� �a�n�d� �w�e� �h�a�v�e� �n�o� �r�e�a�s�o�n� �t�o� �r�e�j�e�c�t� �t�h�e� �m�o�d�e�l�.� �O�n�l�y� �w�h�e�n� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �c�o�s�t� �f�u�n�c�t�i�o�n� 

�i�s� �r�e�d�u�c�e�d� �b�y� �l�e�s�s� �t�h�a�n� �2� �d�B� �d�o�e�s� �O�(�F�,� �v�1�,� �v�2�)� �r�i�s�e� �t�o� �a�p�p�r�e�c�i�a�b�l�e� �l�e�v�e�l�s�.� �T�h�i�s� �r�e�s�u�l�t� �i�s� �c�o�n�s�i�s�t�e�n�t� 

�w�i�t�h� �o�t�h�e�r� �f�o�r�c�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �i�n�v�e�s�t�i�g�a�t�e�d� �b�u�t� �n�o�t� �s�h�o�w�n� �h�e�r�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �r�e�a�d�e�r� �s�h�o�u�l�d� �b�e�a�r� 

�i�n� �m�i�n�d� �t�h�a�t� �t�h�e� �r�e�s�u�l�t�s� �c�o�u�l�d� �d�i�f�f�e�r� �g�r�e�a�t�l�y� �f�o�r� �d�i�f�f�e�r�e�n�t� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �X�,� �Y�,� �M�,� �a�n�d� �N�.� 

�T�h�u�s� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �f�a�i�l�i�n�g� �t�h�e� �F�-�t�e�s�t� �i�s� �a�l�w�a�y�s� �a�c�c�o�m�p�a�n�i�e�d� �b�y� �a� �l�o�w� �c�o�e�f�f�i�c�i�e�n�t� �o�f� 

�d�e�t�e�r�m�i�n�a�t�i�o�n� �R�,� �m�e�a�n�i�n�g� �t�h�a�t� �a�n�y� �a�t�t�e�n�u�a�t�i�o�n� �t�h�a�t� �d�o�e�s� �o�c�c�u�r� �i�s� �p�u�r�e�l�y� �c�o�i�n�c�i�d�e�n�t�a�l� �a�n�d� �l�i�k�e�l�y� 

�3�.�3�.� �R�e�s�u�l�t�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n� �6�5� 

� 



�o�c�c�u�r�s� �o�n�l�y� �i�n� �l�o�c�a�l�i�z�e�d� �r�e�g�i�o�n�s� �r�a�t�h�e�r� �t�h�a�n� �g�l�o�b�a�l�l�y� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �c�o�n�t�r�o�l� �d�o�m�a�i�n�.� �L�i�k�e�w�i�s�e�,� �a� 

�s�m�a�l�l� �v�a�l�u�e� �o�f� �R� �a�p�p�e�a�r�s� �t�o� �a�l�w�a�y�s� �s�i�g�n�a�l� �t�h�a�t� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �h�a�s� �f�a�i�l�e�d� �t�h�e� �F�-�t�e�s�t�.� �O�n�e� �m�i�g�h�t� �b�e� 

�t�e�m�p�t�e�d� �t�o� �w�o�n�d�e�r� �w�h�y� �b�o�t�h� �m�e�a�s�u�r�e�s� �a�r�e� �n�e�c�e�s�s�a�r�y�.� �T�h�e� �a�n�s�w�e�r� �i�s� �t�h�a�t� �w�h�i�l�e� �R� �(�a�n�d� �t�h�u�s� �t�h�e� 

�c�o�s�t� �f�u�n�c�t�i�o�n� �a�t�t�e�n�u�a�t�i�o�n� �i�n� �d�e�c�i�b�e�l�s�)� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �p�r�o�v�i�d�e� �a� �f�a�m�i�l�i�a�r� �m�e�a�s�u�r�e� �o�f� �c�o�n�t�r�o�l�l�e�r� 

�p�e�r�f�o�r�m�a�n�c�e�,� �o�n�l�y� �t�h�e� �F�-�t�e�s�t� �p�r�o�v�i�d�e�s� �a� �m�e�a�n�s� �t�o� �d�e�c�i�d�e� �w�h�e�t�h�e�r� �t�h�e� �m�o�d�e�l� �i�s� �v�a�l�i�d� �o�r� �n�o�t�.� �T�h�e� �2� 

�d�B� �c�r�i�t�e�r�i�o�n� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e� �i�s� �s�p�e�c�i�f�i�c� �t�o� �t�h�e� �X�Y�,� �Y�,� �M�,� �a�n�d� �N� �u�s�e�d� �i�n� �t�h�i�s� �e�x�a�m�p�l�e�.� �T�o� �o�b�t�a�i�n� �a� 

�s�i�m�i�l�a�r� �r�e�s�u�l�t� �f�o�r� �a� �d�i�f�f�e�r�e�n�t� �e�x�a�m�p�l�e�,� �t�h�e� �F�-�t�e�s�t� �w�o�u�l�d� �b�e� �r�e�q�u�i�r�e�d� �i�n� �a�d�d�i�t�i�o�n� �t�o� �R�.� �N�o�t�e�,� 

�h�o�w�e�v�e�r�,� �t�h�a�t� �o�n�e� �c�a�n� �a�l�w�a�y�s� �c�a�l�c�u�l�a�t�e� �R�,� �e�v�e�n� �f�o�r� �a� �S�I�S�O� �s�y�s�t�e�m�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �F� �i�s� �o�n�l�y� 

�d�e�f�i�n�e�d� �f�o�r� �(�4� �>� �1�,� �t�h�a�t� �i�s�,� �m�o�r�e� �t�h�a�n� �o�n�e� �s�e�n�s�o�r�.� 

�F�i�g�u�r�e� �2�3� �s�h�o�w�s� �t�h�e� �m�a�g�n�i�t�u�d�e�s� �a�n�d� �m�a�g�n�i�t�u�d�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �o�f� �t�h�e� �t�w�o� �c�o�n�t�r�o�l� �f�o�r�c�e�s� 

�a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �f�r�e�q�u�e�n�c�y�.� �T�h�e� �s�o�l�i�d� �c�u�r�v�e�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e� �m�a�g�n�i�t�u�d�e�s�,� �w�i�t�h� �t�h�e� 

�u�p�p�e�r� �a�n�d� �l�o�w�e�r� �9�0�%� �c�o�n�f�i�d�e�n�c�e� �l�i�m�i�t�s� �d�i�s�p�l�a�y�e�d� �a�s� �b�r�o�k�e�n� �c�u�r�v�e�s�.� �T�h�e� �u�p�p�e�r� �a�n�d� �l�o�w�e�r� �p�l�o�t�s� 

�r�e�p�r�e�s�e�n�t� �6�;� �a�n�d� �5�5�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e�s� �i�n� �w�h�i�c�h� �o�n�e� �o�f� �t�h�e� �c�o�n�t�r�o�l� 

�f�o�r�c�e�s� �"�f�a�i�l�s� �t�h�e� �f�-�t�e�s�t�"�,� �m�e�a�n�i�n�g� �t�h�a�t� �o�n�e� �o�f� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �c�o�n�t�a�i�n�s� �z�e�r�o�.� �F�o�r� �e�x�a�m�p�l�e�,� 

�t�h�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �f�o�r� �b�>� �c�o�n�t�a�i�n�s� �z�e�r�o� �n�e�a�r� �k�g�a�=�0�.�5�0�,� �k�,�a�=�0�.�6�9�,� �a�n�d� �k�g�a�=�0�.�9�1�.� �W�h�e�n� �a� 

�c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �c�o�n�t�a�i�n�s� �z�e�r�o�,� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �c�o�n�t�r�o�l� �f�o�r�c�e� �d�o�e�s� �n�o�t� �c�o�n�t�r�i�b�u�t�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �t�o� 

�t�h�e� �r�e�g�r�e�s�s�i�o�n� �a�t� �t�h�a�t� �f�r�e�q�u�e�n�c�y� �a�n�d� �c�o�u�l�d� �p�r�o�b�a�b�l�y� �b�e� �r�e�m�o�v�e�d� �w�i�t�h�o�u�t� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�f�f�e�c�t�i�n�g� �t�h�e� 

�r�e�s�u�l�t�s�.� 

�3�.�4�.� �S�u�m�m�a�r�y� 

�M�u�l�t�i�p�l�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �p�r�o�v�i�d�e�s� �a� �n�u�m�e�r�i�c�a�l� �a�p�p�r�o�a�c�h� �f�o�r� �s�i�m�u�l�a�t�i�n�g� �f�e�e�d�f�o�r�w�a�r�d� 

�a�c�t�i�v�e� �c�o�n�t�r�o�l� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n�.� �S�o�l�v�i�n�g� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �f�o�r� �a� �g�i�v�e�n� �f�r�e�q�u�e�n�c�y� �p�r�o�v�i�d�e�s� �t�h�e� 

�c�o�m�p�l�e�x� �c�o�n�t�r�o�l� �i�n�p�u�t�s� �a�n�d� �t�h�e� �a�m�o�u�n�t� �b�y� �w�h�i�c�h� �t�h�e� �c�o�s�t� �f�u�n�c�t�i�o�n� �i�s� �r�e�d�u�c�e�d�.� �T�h�e� �s�q�u�a�r�e�d� 

�m�u�l�t�i�p�l�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �R�2� �p�r�o�v�i�d�e�s� �t�h�e� �a�m�o�u�n�t� �o�f� �a�t�t�e�n�u�a�t�i�o�n� �p�o�s�s�i�b�l�e� �i�n� �t�h�e� �a�b�s�e�n�c�e� �o�f� 
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�0�.�2� �0�.�3� �0�.�4� �0�.�5� �0�.�6� �0�.�7� �0�.�8� �0�.�9� �1�.�0� 

�F�r�e�q�u�e�n�c�y� �p�a�r�a�m�e�t�e�r�,� �k� �j�a� 

�F�i�g�u�r�e� �2�3�:� �M�a�g�n�i�t�u�d�e� �o�f� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �v�s�.� �f�r�e�q�u�e�n�c�y�,� �w�i�t�h� �9�0�%� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s� �o�n� �c�o�n�t�r�o�l� 
�f�o�r�c�e� �m�a�g�n�i�t�u�d�e�.� 

� � 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�.� �I�n� �s�o�m�e� �c�a�s�e�s�,� �p�a�r�t�i�c�u�l�a�r�l�y� �w�h�e�r�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �e�r�r�o�r� �s�e�n�s�o�r� �m�e�a�s�u�r�e�m�e�n�t� 

�n�o�i�s�e� �a�r�e� �a� �c�o�n�c�e�r�n�,� �t�h�e�s�e� �q�u�a�n�t�i�t�i�e�s� �a�l�o�n�e� �d�o� �n�o�t� �a�d�e�q�u�a�t�e�l�y� �c�h�a�r�a�c�t�e�r�i�z�e� �t�h�e� �r�e�g�r�e�s�s�i�o�n�.� �T�o� �h�e�l�p� 

�m�o�d�e�l� �t�h�e� �e�f�f�e�c�t�s� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �o�n�e� �m�a�y� �c�o�n�s�i�d�e�r� �t�h�e� �F�-�t�e�s�t�,� �t�h�e� �f�-�t�e�s�t�,� �c�o�n�f�i�d�e�n�c�e� 

�i�n�t�e�r�v�a�l�s�,� �a�n�d� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�s�.� 

�T�h�e� �F�-�t�e�s�t� �p�r�o�v�i�d�e�s� �a� �s�t�a�t�i�s�t�i�c�a�l� �m�e�a�s�u�r�e� �o�f� �t�h�e� �i�n�t�e�g�r�i�t�y� �o�f� �o�n�e� �o�u�r� �b�a�s�i�c� �a�s�s�u�m�p�t�i�o�n�s�:� �t�h�a�t� �t�h�e� 

�m�o�d�e�l� �f�o�r� �w�h�i�c�h� �w�e� �h�a�v�e� �e�s�t�i�m�a�t�e�d� �c�o�e�f�f�i�c�i�e�n�t�s� �i�s� �c�l�o�s�e� �t�o� �t�h�e� �"�t�r�u�e� �m�o�d�e�l�"� �a�b�o�u�t� �w�h�i�c�h� �t�h�e� �d�a�t�a� 

�a�r�e� �d�i�s�t�r�i�b�u�t�e�d�.� �W�h�e�n� �t�h�e� �F�-�t�e�s�t� �f�a�i�l�s�,� �a�s� �i�t� �d�o�e�s� �i�n� �t�h�e� �e�x�a�m�p�l�e� �p�r�o�b�l�e�m� �w�h�e�n�e�v�e�r� �t�h�e� �c�o�s�t� 

�3�.�4�.� �S�u�m�m�a�r�y� �6�7� 

� 



�f�u�n�c�t�i�o�n� �i�s� �r�e�d�u�c�e�d� �b�y� �l�e�s�s� �t�h�a�n� �2� �d�B�,� �i�t� �m�e�a�n�s� �t�h�a�t� �t�h�e� �e�s�t�i�m�a�t�e�d� �m�o�d�e�l� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �d�i�f�f�e�r�e�n�t� 

�f�r�o�m� �t�h�e� �t�r�u�e� �m�o�d�e�l�,� �a�n�d� �t�h�e� �o�t�h�e�r� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �m�a�y� �n�o�t� �b�e� �u�s�e�d� �f�o�r� �t�h�a�t� �p�a�r�t�i�c�u�l�a�r� 

�f�r�e�q�u�e�n�c�y�.� �(�N�o�t�e� �t�h�a�t� �t�h�e� �r�e�v�e�r�s�e� �i�s� �n�o�t� �t�r�u�e�:� �m�e�r�e�l�y� �p�a�s�s�i�n�g� �t�h�e� �F�-�t�e�s�t� �d�o�e�s� �n�o�t� �"�p�r�o�v�e�"� �o�u�r� 

�a�s�s�u�m�p�t�i�o�n�.�)� �T�h�e� �¢�-�t�e�s�t� �p�r�o�v�i�d�e�s� �a� �s�t�a�t�i�s�t�i�c�a�l� �m�e�a�s�u�r�e� �o�f� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�d� �c�o�n�t�r�o�l� 

�i�n�p�u�t� �m�a�g�n�i�t�u�d�e�s�.� �W�h�e�n� �t�h�e� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �f�o�r� �a� �g�i�v�e�n� �c�o�n�t�r�o�l� �i�n�p�u�t� �c�o�n�t�a�i�n�s� �z�e�r�o�,� �w�e� �c�a�n�n�o�t� 

�c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� �c�o�n�t�r�o�l� �i�n�p�u�t� �m�a�g�n�i�t�u�d�e� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �z�e�r�o�;� �t�h�e� �w�i�d�t�h� �o�f� �t�h�e� 

�c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l� �f�o�r� �a�n� �a�c�t�u�a�t�o�r� �i�s� �a� �m�e�a�s�u�r�e� �o�f� �i�t�s� �s�e�n�s�i�t�i�v�i�t�y� �t�o� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�.� �P�r�e�d�i�c�t�i�o�n� 

�i�n�t�e�r�v�a�l�s� �c�o�m�b�i�n�e� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m� �a�l�l� �t�h�e� �a�c�t�u�a�t�o�r�s� �t�o� �h�e�l�p� �d�e�s�c�r�i�b�e� �t�h�e� �s�e�n�s�i�t�i�v�i�t�y� �t�o� �n�o�i�s�e� �f�o�r� 

�t�h�e� �r�e�g�r�e�s�s�i�o�n� �a�s� �a� �w�h�o�l�e�.� 

�B�e�f�o�r�e� �u�s�i�n�g� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s�,� �i�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �c�a�r�e�f�u�l�l�y� �e�x�a�m�i�n�e� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l� 

�p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �p�r�e�s�e�n�t� �i�n� �t�h�e� �p�r�o�p�o�s�e�d� �e�r�r�o�r� �s�e�n�s�o�r�s�.� �S�t�r�i�c�t�l�y� �s�p�e�a�k�i�n�g�,� �t�h�e� 

�n�o�i�s�e� �m�u�s�t� �b�e� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �f�o�r� �t�h�e� �F�-�t�e�s�t�,� �f�-�t�e�s�t�,� �c�o�n�f�i�d�e�n�c�e� �i�n�t�e�r�v�a�l�s�,� �a�n�d� �p�r�e�d�i�c�t�i�o�n� 

�i�n�t�e�r�v�a�l�s� �t�o� �b�e� �v�a�l�i�d�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �n�o�i�s�e� �s�h�o�u�l�d� �h�a�v�e� �c�o�n�s�t�a�n�t� �v�a�r�i�a�n�c�e�,� �1�.�e�.�,� �t�h�e� �v�a�r�i�a�n�c�e� 

�s�h�o�u�l�d� �b�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �s�i�g�n�a�l� �b�e�i�n�g� �m�e�a�s�u�r�e�d�.� �F�o�r� �s�o�m�e� �t�y�p�e�s� �o�f� �s�e�n�s�o�r�s�,� 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�s� �n�e�i�t�h�e�r� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �n�o�r� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �s�i�g�n�a�l� �m�a�g�n�i�t�u�d�e�.� �A�l�t�h�o�u�g�h� 

�a� �c�o�n�s�t�a�n�t�-�v�a�r�i�a�n�c�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�s� �a� �c�o�n�v�e�n�i�e�n�t� �f�i�r�s�t� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� �a� �m�o�r�e� �s�o�p�h�i�s�t�i�c�a�t�e�d� 

�a�n�a�l�y�s�i�s� �m�a�y� �b�e� �w�a�r�r�a�n�t�e�d� �i�n� �s�o�m�e� �c�a�s�e�s�.� 
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�C�H�A�P�T�E�R� �4�:� �C�O�L�L�I�N�E�A�R�I�T�Y� �A�N�D� �C�O�L�L�I�N�E�A�R�I�T�Y� �D�I�A�G�N�O�S�T�I�C�S� 

�C�h�a�p�t�e�r� �3� �d�e�s�c�r�i�b�e�s� �h�o�w� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �i�s� �s�i�m�i�l�a�r� �t�o� �m�u�l�t�i�p�l�e� 

�l�i�n�e�a�r� �l�e�a�s�t�-�s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �p�r�o�c�e�d�u�r�e�s� �i�n�v�o�l�v�e�d�.� �G�i�v�e�n� �t�h�e� 

�s�i�m�i�l�a�r�i�t�i�e�s� �b�e�t�w�e�e�n� �r�e�g�r�e�s�s�i�o�n� �a�n�d� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l�,� �i�t� �i�s� �l�o�g�i�c�a�l� �t�o� �a�s�s�u�m�e� �t�h�a�t� �n�u�m�e�r�i�c�a�l� 

�d�i�f�f�i�c�u�l�t�i�e�s� �c�o�m�m�o�n�l�y� �e�x�p�e�r�i�e�n�c�e�d� �b�y� �r�e�g�r�e�s�s�i�o�n�s� �m�i�g�h�t� �a�l�s�o� �a�p�p�e�a�r� �i�n� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� 

�s�i�m�u�l�a�t�i�o�n�s�.� �S�u�c�h� �i�s� �t�h�e� �c�a�s�e� �w�i�t�h� �c�o�l�l�i�n�e�a�r�i�t�y�,� �t�h�e� �t�o�p�i�c� �o�f� �t�h�i�s� �c�h�a�p�t�e�r�.� �T�h�e� �m�e�t�h�o�d�s� �d�e�v�e�l�o�p�e�d� 

�i�n� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�s� �u�s�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �b�e�t�w�e�e�n� �c�o�n�t�r�o�l� �i�n�p�u�t�s� �a�n�d� �s�y�s�t�e�m� �d�y�n�a�m�i�c� �r�e�s�p�o�n�s�e�s�.� 

�C�o�n�s�i�d�e�r� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �a�s� �v�e�c�t�o�r�s� �i�n� �M�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�a�c�e�:� �c�o�l�l�i�n�e�a�r�i�t�y� �i�s� �a� �t�y�p�e� �o�f� 

�n�u�m�e�r�i�c�a�l� �i�l�l�-�c�o�n�d�i�t�i�o�n�i�n�g� �t�h�a�t� �o�c�c�u�r�s� �w�h�e�n� �t�w�o� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �a�r�e� �p�a�r�a�l�l�e�l� �o�r�  ��c�o�-�l�i�n�e�a�r�"� �w�i�t�h� 

�e�a�c�h� �o�t�h�e�r�.� �B�u�t� �i�t� �i�s� �p�o�s�s�i�b�l�e� �f�o�r� �a� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �t�o� �e�x�h�i�b�i�t� �c�o�l�l�i�n�e�a�r�i�t�y� �e�v�e�n� �i�f� �t�w�o� �t�r�a�n�s�f�e�r� 

�f�u�n�c�t�i�o�n�s� �a�r�e� �n�o�t� �e�x�a�c�t�l�y� �p�a�r�a�l�l�e�l�.� �I�n� �g�e�n�e�r�a�l�,� �c�o�l�l�i�n�e�a�r�i�t�y� �o�c�c�u�r�s� �w�h�e�n�e�v�e�r� �t�w�o� �o�r� �m�o�r�e� �t�r�a�n�s�f�e�r� 

�f�u�n�c�t�i�o�n�s� �a�r�e� �n�o�t� �m�u�t�u�a�l�l�y� �o�r�t�h�o�g�o�n�a�l� �t�o� �o�n�e� �a�n�o�t�h�e�r�.� �S�i�n�c�e� �i�t� �i�s� �u�n�l�i�k�e�l�y� �t�h�a�t� �t�h�e� �t�r�a�n�s�f�e�r� 

�f�u�n�c�t�i�o�n�s� �i�n� �a� �r�e�a�l� �d�y�n�a�m�i�c� �s�y�s�t�e�m� �w�i�l�l� �a�l�l� �b�e� �m�u�t�u�a�l�l�y� �o�r�t�h�o�g�o�n�a�l�,� �c�o�l�l�i�n�e�a�r�i�t�y� �i�s� �a�l�m�o�s�t� �a�l�w�a�y�s� 

�p�r�e�s�e�n�t� �t�o� �s�o�m�e� �d�e�g�r�e�e�.� �I�n� �f�a�c�t�,� �c�o�n�t�r�o�l� �s�i�m�u�l�a�t�i�o�n�s� �a�r�e� �p�e�r�h�a�p�s� �m�o�r�e� �p�r�o�n�e� �t�o� �c�o�l�l�i�n�e�a�r�i�t�y� �t�h�a�n� 

�o�t�h�e�r� �r�e�g�r�e�s�s�i�o�n�s�.� �T�o� �s�i�m�u�l�a�t�e� �a� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l�l�e�r� �w�i�t�h�o�u�t� �c�h�e�c�k�i�n�g� �f�o�r� �c�o�l�l�i�n�e�a�r�i�t�y� �i�s� �t�o� �r�i�s�k� 

�p�r�o�d�u�c�i�n�g� �m�e�a�n�i�n�g�l�e�s�s� �r�e�s�u�l�t�s�.� �I�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e� �d�e�f�i�n�e� �c�o�l�l�i�n�e�a�r�i�t�y� �a�n�d� �g�i�v�e� �a� �p�h�y�s�i�c�a�l� 

�e�x�p�l�a�n�a�t�i�o�n� �f�o�r� �i�t�s� �e�q�u�i�v�a�l�e�n�t� �i�n� �t�h�e� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m�.� �A�l�s�o� �g�i�v�e�n� �i�s� �a� �b�a�s�i�c� �d�i�a�g�n�o�s�t�i�c� 

�p�r�o�c�e�d�u�r�e� �f�o�r� �d�e�t�e�c�t�i�n�g� �a�n�d� �a�n�a�l�y�z�i�n�g� �c�o�l�l�i�n�e�a�r�i�t�y�.� 

�T�w�o� �s�t�a�t�i�s�t�i�c�a�l� �r�e�f�e�r�e�n�c�e�s� �t�h�a�t� �p�r�o�v�i�d�e� �a� �c�o�m�p�r�e�h�e�n�s�i�v�e� �d�i�s�c�u�s�s�i�o�n� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c�s� 

�f�o�r� �r�e�a�l�-�v�a�l�u�e�d� �r�e�g�r�e�s�s�i�o�n�s� �a�r�e� �B�e�l�s�l�e�y�,� �K�u�h�,� �a�n�d� �W�e�l�s�c�h� �[�3�7�]� �a�n�d� �b�y� �B�e�l�s�l�e�y� �[�3�8�]�.� �A�l�l� �o�f� �t�h�e� 

�c�o�n�c�e�p�t�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �a�r�e� �b�a�s�e�d� �o�n� �t�h�e� �t�e�c�h�n�i�q�u�e�s� �i�n� �[�3�8�]�.� �T�h�e� �e�x�t�e�n�s�i�o�n�s� �t�o� �c�o�m�p�l�e�x�-� 

�v�a�l�u�e�d� �r�e�g�r�e�s�s�i�o�n�s� �a�r�e� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�,� �a�n�d� �a�r�e� �b�a�s�e�d� �o�n� �t�h�e� �w�o�r�k� �o�f� �M�i�l�l�e�r� �[�2�9�]�.� 

�C�h�a�p�t�e�r� �4� �6�9



�4�.�1�.� �C�o�l�l�i�n�e�a�r�i�t�y� �i�n� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� 

�4�.�1�.�1�.� �H�o�w� �c�o�l�l�i�n�e�a�r�i�t�y� �e�n�t�e�r�s� �a� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m� 

�S�u�p�p�o�s�e� �w�e� �a�p�p�l�y� �t�w�o� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �a�t� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �l�o�c�a�t�i�o�n� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �O�b�v�i�o�u�s�l�y� 

�t�h�e�i�r� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �a�r�e� �i�d�e�n�t�i�c�a�l� �t�o� �e�a�c�h� �o�t�h�e�r�,� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �a�r�e� �s�i�n�g�u�l�a�r�,� �a�n�d� �w�e� �h�a�v�e� 

�n�o� �u�n�i�q�u�e� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e� �m�a�g�n�i�t�u�d�e�s�.� �N�o�w� �s�u�p�p�o�s�e� �t�h�e� �t�w�o� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �a�r�e� �c�l�o�s�e� 

�t�o�g�e�t�h�e�r�,� �b�u�t� �n�o�t� �q�u�i�t�e� �c�o�l�l�o�c�a�t�e�d�.� �T�h�e�i�r� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �a�r�e� �s�i�m�i�l�a�r�,� �b�u�t� �n�o�t� �i�d�e�n�t�i�c�a�l�;� �t�h�e� 

�n�o�r�m�a�l� �e�q�u�a�t�i�o�n� �a�r�e� �i�l�l�-�c�o�n�d�i�t�i�o�n�e�d�,� �b�u�t� �n�o�t� �q�u�i�t�e� �s�i�n�g�u�l�a�r�.� �I�n� �f�a�c�t�,� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �f�o�r� �s�u�c�h� �n�e�a�r�-� 

�d�e�p�e�n�d�e�n�c�i�e�s� �t�o� �c�a�u�s�e� �i�l�l�-�c�o�n�d�i�t�i�o�n�i�n�g� �e�x�i�s�t�s� �w�h�e�n�e�v�e�r� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �a�r�e� �n�o�t� �a�l�l� �m�u�t�u�a�l�l�y� 

�o�r�t�h�o�g�o�n�a�l�.� 

�S�u�p�p�o�s�e� �w�e� �p�l�u�n�g�e� �f�o�r�w�a�r�d� �a�n�d� �s�o�l�v�e� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�;� �w�h�a�t� �s�o�r�t� �o�f� �s�o�l�u�t�i�o�n� �c�a�n� �w�e� 

�e�x�p�e�c�t�?� �O�f�t�e�n� �t�h�e� �a�d�j�a�c�e�n�t� �(�a�n�d� �p�a�r�t�i�a�l�l�y� �r�e�d�u�n�d�a�n�t�)� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �h�a�v�e� �o�p�p�o�s�i�t�e� �p�h�a�s�e�s� �a�n�d� �v�e�r�y� 

�l�a�r�g�e� �m�a�g�n�i�t�u�d�e�s�.� �I�n� �s�o�m�e� �c�i�r�c�u�m�s�t�a�n�c�e�s� �t�h�i�s� �i�s� �p�u�r�e�l�y� �a� �n�u�m�e�r�i�c�a�l� �a�r�t�i�f�a�c�t�,� �t�h�e� �r�e�s�u�l�t� �o�f� �i�l�l�-� 

�c�o�n�d�i�t�i�o�n�i�n�g� �o�f� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�.� �I�n� �o�t�h�e�r� �c�i�r�c�u�m�s�t�a�n�c�e�s� �s�u�c�h� �r�e�s�u�l�t�s� �c�o�u�l�d� �b�e� �i�n�t�e�r�p�r�e�t�e�d� �a�s� �a� 

�f�o�r�c�e� �c�o�u�p�l�e� �a�p�p�r�o�x�i�m�a�t�i�n�g� �a� �c�o�n�c�e�n�t�r�a�t�e�d� �m�o�m�e�n�t�,� �a�n�d� �t�h�e�r�e� �m�i�g�h�t� �b�e� �n�o� �i�n�d�i�c�a�t�i�o�n� �o�f� �w�h�e�t�h�e�r� 

�t�h�e� �s�o�l�u�t�i�o�n� �w�a�s� �g�e�n�u�i�n�e� �o�r� �s�p�u�r�i�o�u�s�.� �T�h�i�s� �d�i�s�t�u�r�b�i�n�g� �a�m�b�i�g�u�i�t�y� �i�s� �t�h�e� �m�o�t�i�v�a�t�i�o�n� �f�o�r� 

�i�n�v�e�s�t�i�g�a�t�i�n�g� �c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c�s�.� 

�C�o�n�t�r�o�l� �f�o�r�c�e�s� �n�e�e�d� �n�o�t� �b�e� �l�o�c�a�t�e�d� �n�e�x�t� �t�o� �e�a�c�h� �o�t�h�e�r� �t�o� �p�r�o�d�u�c�e� �c�o�l�l�i�n�e�a�r�i�t�y�.� �I�f� �t�h�e� �m�o�d�a�l� 

�d�e�n�s�i�t�y� �i�s� �l�o�w� �a�n�d� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �v�e�r�y� �l�i�g�h�t�l�y� �d�a�m�p�e�d�,� �t�h�e�r�e� �m�a�y� �b�e� �s�e�v�e�r�a�l� �l�o�c�a�t�i�o�n�s� �a�t� �w�h�i�c�h� 

�a�p�p�l�i�e�d� �f�o�r�c�e�s� �w�o�u�l�d� �p�r�o�d�u�c�e� �n�e�a�r�l�y� �t�h�e� �s�a�m�e� �r�e�s�p�o�n�s�e�.� �C�o�n�t�r�o�l� �f�o�r�c�e�s� �a�p�p�l�i�e�d� �a�t� �t�w�o� �o�r� �m�o�r�e� 

�s�u�c�h� �l�o�c�a�t�i�o�n�s� �w�o�u�l�d� �p�r�o�d�u�c�e� �c�o�l�l�i�n�e�a�r�i�t�y� �e�v�e�n� �t�h�o�u�g�h� �t�h�e�y� �w�e�r�e� �d�i�s�t�a�n�t� �f�r�o�m� �e�a�c�h� �o�t�h�e�r�.� �A�n�o�t�h�e�r� 

�s�o�u�r�c�e� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y� �a�r�i�s�e�s� �w�h�e�n� �o�n�e� �c�o�n�t�r�o�l� �f�o�r�c�e� �c�a�n� �b�e� �r�e�p�l�a�c�e�d� �b�y� �a� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� 

�o�t�h�e�r� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �i�n� �t�h�e� �s�y�s�t�e�m�.� 

�4�.�1�.� �C�o�l�l�i�n�e�a�r�i�t�y� �i�n� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �7�0



�4�.�1�.�2�.� �A�n� �e�x�a�m�p�l�e� �s�h�o�w�i�n�g� �t�h�e� �e�f�f�e�c�t�s� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y� 

�A� �s�i�m�p�l�e� �e�x�a�m�p�l�e� �s�h�o�w�s� �h�o�w� �c�o�l�l�i�n�e�a�r�i�t�y� �c�a�n� �a�f�f�e�c�t� �e�v�e�n� �a� �r�e�l�a�t�i�v�e�l�y� �s�i�m�p�l�e� �s�i�m�u�l�a�t�i�o�n�.� 

�C�o�n�s�i�d�e�r� �t�h�e� �c�l�a�m�p�e�d� �c�y�l�i�n�d�e�r� �(�s�e�e� �F�i�g�.� �3�,� �p�.�1�4�)� �w�i�t�h� �a� �d�i�s�t�u�r�b�a�n�c�e� �f�o�r�c�e� �b�g� �a�c�t�i�n�g� �a�t� �a� �f�r�e�q�u�e�n�c�y� 

�o�f� �k�,�a�=�0�.�9�5�.� �L�e�t� �u�s� �c�h�o�o�s�e� �t�h�r�e�e� �c�o�n�t�r�o�l� �a�c�t�u�a�t�o�r�s� �6�1�,� �5�2�,� �a�n�d� �6�3�,� �w�h�o�s�e� �l�o�c�a�t�i�o�n�s� �w�e� �s�h�a�l�l� 

�d�i�s�c�u�s�s� �a�f�t�e�r� �p�e�r�f�o�r�m�i�n�g� �a� �b�r�i�e�f� �n�u�m�e�r�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�.� �S�o�l�v�i�n�g� �t�h�e� �r�e�g�r�e�s�s�i�o�n�,� �w�e� �p�r�e�d�i�c�t� �t�h�a�t� �t�h�e� 

�c�o�n�t�r�o�l� �i�n�p�u�t�s� �r�e�d�u�c�e� �t�h�e� �r�a�d�i�a�t�e�d� �p�o�w�e�r� �c�o�s�t� �f�u�n�c�t�i�o�n� �b�y� �2�3� �d�B�.� �S�i�n�c�e� �t�h�e� �F�-�t�e�s�t� �a�n�d� �f�-�t�e�s�t� �r�e�s�u�l�t�s� 

�(�s�e�e� �C�h�a�p�t�e�r� �3�)� �a�p�p�e�a�r� �r�e�a�s�o�n�a�b�l�e�,� �w�e� �a�c�c�e�p�t� �a�s� �s�i�g�n�i�f�i�c�a�n�t� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�m�p�l�e�x� �c�o�n�t�r�o�l� �i�n�p�u�t�s�:� 

�b�,� �=�(�-�1�8�1�,�-�0�8�)� �6�b�,� �=�(�-�2�1�3�,�-�2�2�)� �6�,� �=�(�1�3�1�9�,�1�1�4�)� �(�5�6�)� 

�w�h�e�r�e�,� �f�o�r� �e�x�a�m�p�l�e�,� �5�;�=�(�-�1�8�.�1�,�-�0�.�8�)� �m�e�a�n�s� �t�h�a�t� �R�e�{�d�,� �}�=�-�1�8�.�1� �a�n�d� �I�m�{�d�,�}�=�-�0�.�8�.� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �o�u�r� �n�u�m�e�r�i�c�a�l� �e�x�p�e�r�i�m�e�n�t� �i�s� �t�o� �s�e�e� �h�o�w� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�n� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r� 

�d�a�t�a� �Y�=�{�y�]�,� �y�2�,� �.�.�.� �y�y�y�}� �a�f�f�e�c�t�s� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �r�e�s�u�l�t�s�.� �T�h�e� �m�e�t�h�o�d� �i�s� �t�o� �s�i�m�u�l�a�t�e� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �b�y� �a�r�t�i�f�i�c�i�a�l�l�y� �i�n�j�e�c�t�i�n�g� �v�a�r�i�o�u�s� �a�m�o�u�n�t�s� �o�f� �r�a�n�d�o�m� �n�o�i�s�e� �i�n�t�o� �Y�,� �r�e�c�o�m�p�u�t�i�n�g� 

�t�h�e� �r�e�g�r�e�s�s�i�o�n�,� �a�n�d� �e�x�a�m�i�n�i�n�g� �t�h�e� �c�o�n�t�r�o�l� �i�n�p�u�t� �m�a�g�n�i�t�u�d�e�s�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� 

�T�a�b�l�e� �2�.� �T�h�e� �f�i�r�s�t� �p�a�i�r� �o�f� �c�o�l�u�m�n�s�,� �l�a�b�e�l�e�d� �"�N�o� �s�i�m�u�l�a�t�e�d� �n�o�i�s�e�,�"� �c�o�n�t�a�i�n�s� �t�h�e� �o�r�i�g�i�n�a�l� �r�e�g�r�e�s�s�i�o�n� 

�r�e�s�u�l�t�s� �g�i�v�e�n� �i�n� �E�q�.� �(�5�6�)�.� �N�e�x�t�,� �e�a�c�h� �e�r�r�o�r� �s�e�n�s�o�r� �o�u�t�p�u�t� �y�,� �i�s� �p�e�r�t�u�r�b�e�d� �w�i�t�h� �0�.�5�%� �s�i�m�u�l�a�t�e�d� 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �t�h�a�t� �i�s�,� �a� �n�o�t�s�e� �c�o�m�p�o�n�e�n�t� �w�i�t�h� �r�a�n�d�o�m� �p�h�a�s�e� �a�n�d� �r�a�n�d�o�m� �m�a�g�n�i�t�u�d�e� �u�p� �t�o� 

�0�.�5�%� �o�f� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �i�n� �Y�,� �a�n�d� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �i�s� �r�e�c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �p�e�r�t�u�r�b�e�d� �Y�.� �A�s� 

�s�h�o�w�n� �i�n� �t�h�e� �s�e�c�o�n�d� �p�a�i�r� �o�f� �c�o�l�u�m�n�s� �i�n� �T�a�b�l�e� �2�,� �0�.�5�%� �s�i�m�u�l�a�t�e�d� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �d�i�d� �n�o�t� 

�s�i�g�n�i�f�i�c�a�n�t�l�y� �c�h�a�n�g�e� �t�h�e� �p�r�e�d�i�c�t�e�d� �c�o�n�t�r�o�l� �i�n�p�u�t�s�.� �N�e�x�t� �w�e� �i�n�c�r�e�a�s�e� �t�h�e� �s�i�m�u�l�a�t�e�d� �m�e�a�s�u�r�e�m�e�n�t� 

�n�o�i�s�e� �t�o� �5�%� �a�n�d� �r�e�c�o�m�p�u�t�e� �t�h�e� �r�e�g�r�e�s�s�i�o�n�.� �A�s� �s�h�o�w�n� �i�n� �t�h�e� �t�h�i�r�d� �p�a�i�r� �o�f� �c�o�l�u�m�n�s� �i�n� �T�a�b�l�e� �2�,� �t�h�e� 

�c�o�n�t�r�o�l� �i�n�p�u�t� �m�a�g�n�i�t�u�d�e�s� �a�r�e� �c�h�a�n�g�e�d� �b�y� �l�e�s�s� �t�h�a�n� �2�%�.� �I�n� �f�a�c�t�,� �w�e� �c�a�n� �i�n�c�r�e�a�s�e� �t�h�e� �s�i�m�u�l�a�t�e�d� 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �t�o� �2�5�%� �o�r� �m�o�r�e� �b�e�f�o�r�e� �t�h�e� �c�o�n�t�r�o�l� �i�n�p�u�t�s� �c�h�a�n�g�e� �s�u�b�s�t�a�n�t�i�a�l�l�y�.� �T�h�u�s� �t�h�e� 

�r�e�g�r�e�s�s�i�o�n� �a�p�p�e�a�r�s� �r�e�l�a�t�i�v�e�l�y� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�.� 

�4�.�1�.� �C�o�l�l�i�n�e�a�r�i�t�y� �i�n� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �7�1



�T�a�b�l�e� �2�:� �E�f�f�e�c�t� �o�f� �s�i�m�u�l�a�t�e�d� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �w�i�t�h�o�u�t� �c�o�l�l�i�n�e�a�r�i�t�y�.� 
� � 

� � 

� � � � � � 

�N�o� �s�i�m�u�l�a�t�e�d� �n�o�i�s�e� �0�.�5�%� �s�i�m�u�l�a�t�e�d� �n�o�i�s�e� �5�%� �s�i�m�u�l�a�t�e�d� �n�o�i�s�e� 

�b�j� �A�j�i� �b�j� �A�b�)� �b�j� �A�l�b�;�|� 
�b�}� �(�-�1�8�.�1�,�-�0�.�8�)� �-�-� �(�-�1�8�.�0�,�-�0�.�8�)� �<�0�.�5�%� �(�-�1�7�.�7�,�-�0�.�8�)� �2�%� 

�b�>� �(�-�2�1�.�3�,�-�2�.�2�)� �-�-� �(�-�2�1�.�3�,�-�2�.�2�)� �<�0�.�5�%� �(�-�2�1�.�0�,�-�2�.�2�)� �1�%� 

�b�3� �(�1�3�1�.�9�,�1�1�.�4�)� �-�-� �(�1�3�1�.�9�,�1�1�.�4�)� �<�0�.�5�%� �(�1�3�1�.�8�,�1�1�.�3�)� �1�%� 
� � 

�T�a�b�l�e� �3�:� �E�f�f�e�c�t� �o�f� �s�i�m�u�l�a�t�e�d� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �w�i�t�h� �c�o�l�l�i�n�e�a�r�i�t�y�.� 
� � 

� � 

�N�o� �s�i�m�u�l�a�t�e�d� �n�o�i�s�e� �0�.�5�%� �s�i�m�u�l�a�t�e�d� �n�o�i�s�e� �5�%� �s�i�m�u�l�a�t�e�d� �n�o�i�s�e� 

�b�j� �A�l�b�,� �b�j� �A�l�b�i�|� �b�j� �A�l�b�i�|� 
�b�j� �(�-�6�2�7�.�7�,�-�3�7�.�0�)� �-� �(�-�6�0�4�.�5�,�-�4�9�.�0�)� �5�%� �(�-�1�9�5�.�1�,�-�7�8�.�9�)� �6�7�%� 

�1�)� �(�6�1�3�.�5�,�3�6�.�1�)� �-�-� �(�5�8�9�.�7�,�4�8�.�5�)� �2�%� �(�1�6�4�.�9�,�7�8�.�2�)� �7�0�%� 

�b�3� �(�1�1�7�.�3�,�9�.�6�)� �-�-� �(�1�1�8�.�1�,�9�.�4�)� �1�%� �(�1�2�8�.�2�,�9�.�6�)� �9�%� 

�b�g� �(�2�4�.�1�,�1�.�4�)� �-�-� �(�2�3�.�2�,�1�.�9�)� �2�%� �(�7�.�0�,�3�.�1�)� �6�8�%� � � � � � � � � 

�N�o�w� �c�o�n�s�i�d�e�r� �a�n�o�t�h�e�r� �e�x�a�m�p�l�e� �i�n� �w�h�i�c�h� �w�e� �a�d�d� �a� �f�o�u�r�t�h� �c�o�n�t�r�o�l� �i�n�p�u�t� �5�4� �t�o� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� 

�(�F�o�r� �t�h�e� �s�a�k�e� �o�f� �i�l�l�u�s�t�r�a�t�i�o�n� �w�e� �c�h�o�o�s�e� �a� �p�a�r�t�i�c�u�l�a�r�l�y� �b�a�d� �l�o�c�a�t�i�o�n� �f�o�r� �5�4�.�)� �F�o�r� �t�h�e� �n�e�w� 

�c�o�n�f�i�g�u�r�a�t�i�o�n� �w�i�t�h� �n�o� �s�i�m�u�l�a�t�e�d� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �w�e� �p�r�e�d�i�c�t� �t�h�a�t� �t�h�e� �c�o�n�t�r�o�l� �i�n�p�u�t�s� �r�e�d�u�c�e� �t�h�e� 

�r�a�d�i�a�t�e�d� �p�o�w�e�r� �b�y� �2�9� �d�B�,� �a�n� �i�m�p�r�o�v�e�m�e�n�t� �o�f� �6� �d�B� �o�v�e�r� �t�h�e� �p�r�e�v�i�o�u�s� �c�a�s�e�.� �A�g�a�i�n� �t�h�e� �F�-�t�e�s�t� �a�n�d� 

�t�-�t�e�s�t� �r�e�s�u�l�t�s� �a�p�p�e�a�r� �r�e�a�s�o�n�a�b�l�e�,� �s�o� �w�e� �a�c�c�e�p�t� �a�s� �s�i�g�n�i�f�i�c�a�n�t� �t�h�e� �c�o�n�t�r�o�l� �i�n�p�u�t�s� �s�h�o�w�n� �i�n� �t�h�e� �f�i�r�s�t� 

�p�a�i�r� �o�f� �c�o�l�u�m�n�s� �i�n� �T�a�b�l�e� �3�.� �A�s� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�a�m�p�l�e�,� �w�e� �a�d�d� �s�i�m�u�l�a�t�e�d� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �t�o� 

�Y� �a�n�d� �r�e�c�o�m�p�u�t�e� �t�h�e� �r�e�g�r�e�s�s�i�o�n�.� �B�u�t� �n�o�w�,� �e�v�e�n� �w�i�t�h� �a�n� �e�r�r�o�r� �o�f� �o�n�l�y� �0�.�5�%�,� �w�e� �s�e�e� �c�h�a�n�g�e�s� �o�f� �u�p� 

�t�o� �5�%� �i�n� �t�h�e� �p�r�e�d�i�c�t�e�d� �c�o�n�t�r�o�l� �i�n�p�u�t�s�.� �I�f� �w�e� �i�n�c�r�e�a�s�e� �t�h�e� �s�i�m�u�l�a�t�e�d� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �t�o� �5�%�,� �t�h�e� 

�c�o�n�t�r�o�l� �i�n�p�u�t�s� �a�r�e� �a�l�l� �b�u�t� �u�n�r�e�c�o�g�n�i�z�a�b�l�e�,� �a�l�t�h�o�u�g�h� �s�o�m�e�h�o�w� �t�h�e� �t�h�i�r�d� �i�n�p�u�t� �s�e�e�m�s� �l�e�s�s� �d�r�a�s�t�i�c�a�l�l�y� 

�a�f�f�e�c�t�e�d�.� �S�t�i�l�l�,� �t�h�e� �F�-�t�e�s�t� �a�n�d� �t�-�t�e�s�t� �s�h�o�w� �n�o� �s�i�g�n�s� �o�f� �t�r�o�u�b�l�e�,� �a�n�d� �t�h�e� �s�u�b�r�o�u�t�i�n�e� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� 

�n�o�r�m�a�l� �e�q�u�a�t�i�o�n� �g�i�v�e�s� �n�o� �w�a�r�n�i�n�g� �o�r� �e�r�r�o�r� �m�e�s�s�a�g�e�s�.� �W�h�y� �i�s� �t�h�e� �s�o�l�u�t�i�o�n� �s�o� �s�e�n�s�i�t�i�v�e� �t�o� 

�4�.�1�.� �C�o�l�l�i�n�e�a�r�i�t�y� �i�n� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �7�2



�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�?� �T�h�e� �r�e�a�s�o�n�,� �o�f� �c�o�u�r�s�e�,� �i�s� �c�o�l�l�i�n�e�a�r�i�t�y� �b�e�t�w�e�e�n� �t�h�e� �p�a�r�t�i�c�u�l�a�r� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �w�e� 

�c�h�o�s�e�.� 

�I�f� �w�e� �n�o�w� �e�x�a�m�i�n�e� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �c�o�n�t�r�o�l� �i�n�p�u�t�s�,� �s�h�o�w�n� �i�n� �F�i�g�.� �2�0�,� �w�e� �c�a�n� �c�l�e�a�r�l�y� �s�e�e� �w�h�y� 

�w�e� �e�n�c�o�u�n�t�e�r� �n�u�m�e�r�i�c�a�l� �d�i�f�f�i�c�u�l�t�i�e�s�.� �T�h�e� �f�i�r�s�t� �t�w�o� �i�n�p�u�t�s�,� �5�;� �a�n�d� �6�,� �a�r�e� �a�x�i�s�y�m�m�e�t�r�i�c� �r�i�n�g�-�f�o�r�c�e�s� 

�a�t� �6�=�0�.�1�7� �a�n�d� �5�=�0�.�3�1�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�h�i�l�e� �5�3� �i�s� �a� �d�i�s�t�r�i�b�u�t�e�d� �a�x�i�s�y�m�m�e�t�r�i�c� �r�i�n�g�-�f�o�r�c�e�.� �B�u�t� �t�h�e� 

�c�o�n�t�r�o�l� �i�n�p�u�t� �u�s�e�d� �i�n� �t�h�e� �s�e�c�o�n�d� �e�x�a�m�p�l�e�,� �5�4�,� �i�s� �a�n� �a�x�i�s�y�m�m�e�t�r�i�c� �r�i�n�g�-�m�o�m�e�n�t� �a�p�p�l�i�e�d� �a�t� �6�=�0�.�2�5�,� 

�e�x�a�c�t�l�y� �b�e�t�w�e�e�n� �b�;� �a�n�d� �b�y�.� �T�h�e� �t�w�o� �r�i�n�g�-�f�o�r�c�e�s�,� �w�h�e�n� �c�o�m�b�i�n�e�d� �w�i�t�h� �o�p�p�o�s�i�t�e� �p�h�a�s�e�s�,� �p�r�o�d�u�c�e� �a� 

�f�o�r�c�e� �c�o�u�p�l�e� �t�h�a�t� �h�a�s� �n�e�a�r�l�y� �t�h�e� �s�a�m�e� �e�f�f�e�c�t� �a�s� �t�h�e� �r�i�n�g�-�m�o�m�e�n�t�.� �T�h�e� �r�i�n�g�-�m�o�m�e�n�t� �i�s� �r�e�d�u�n�d�a�n�t�,� 

�a�n�d� �i�n� �t�h�i�s� �s�i�m�p�l�e� �e�x�a�m�p�l�e� �c�a�n� �e�a�s�i�l�y� �b�e� �s�e�e�n� �a�s� �t�h�e� �c�a�u�s�e� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �p�r�o�b�l�e�m�s�.� �T�h�e� 

�c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c�s� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n� �p�r�o�v�i�d�e� �a� �g�e�n�e�r�a�l� �m�e�t�h�o�d� �t�h�a�t� �c�o�u�l�d� �b�e� �u�s�e�d� 

�t�o� �d�e�t�e�c�t� �a�n�d� �a�n�a�l�y�z�e� �c�o�l�l�i�n�e�a�r�i�t�i�e�s� �i�n� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �s�y�s�t�e�m�s� �w�h�e�r�e� �r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n� �a�c�t�u�a�t�o�r�s� 

�m�i�g�h�t� �n�o�t� �b�e� �s�o� �c�l�e�a�r�.� 

� � 

� � 
� � 

�s�y�m�m�e�t�r�y� �a�x�i�s� 
�M�m� �e�e� �w�e� �e�e� �e�e� �e�e� �e�e�e� �w�m� �e�e� �e�m� �e�e� �w�e�e� �e�e� �A�L�L�.� 

�F�i�g�u�r�e� �2�0�:� �E�x�a�m�p�l�e� �p�r�o�b�l�e�m� �f�o�r� �c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c�s�.� �T�h�e� �f�i�r�s�t� �t�w�o� �a�c�t�u�a�t�o�r�s� �a�r�e� 
�a�x�i�s�y�m�m�e�t�r�i�c� �r�i�n�g�-�f�o�r�c�e�s� �b�;� �a�n�d� �b�y� �a�p�p�l�i�e�d� �a�t� �6�=�0�.�2�5� �a�n�d� �6�=�0�.�3�1�.� �T�h�e� �t�h�i�r�d� �a�c�t�u�a�t�o�r� �i�s� �a� 

�a�x�i�s�y�m�m�e�t�r�i�c� �d�i�s�t�r�i�b�u�t�e�d� �f�o�r�c�e� �b�4�=�c�o�s�(�3�n�5�)�.� �T�h�e� �f�o�u�r�t�h� �a�c�t�u�a�t�o�r� �i�s� �a�n� �a�x�i�s�y�m�m�e�t�r�i�c� �r�i�n�g� �m�o�m�e�n�t� 
�b�3� �a�p�p�l�i�e�d� �a�t� �6�=�0�.�3�1�.� �(�T�h�e� �d�i�s�t�r�i�b�u�t�e�d� �f�o�r�c�e� �i�s� �a�l�s�o� �u�s�e�d� �a�s� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �i�n�p�u�t� �f�o�r� �s�u�b�s�e�t� 

�s�e�l�e�c�t�i�o�n� �i�n� �C�h�a�p�t�e�r� �5�.�)� 
� � 

�4�.�1�.� �C�o�l�l�i�n�e�a�r�i�t�y� �i�n� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �7�3� 

� 



�4�.�1�.�3�.� �T�h�e� �r�o�l�e� �o�f� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� 

�G�e�n�e�r�a�l�l�y� �s�o�m�e� �r�e�d�u�n�d�a�n�c�y� �b�e�t�w�e�e�n� �t�h�e� �v�a�r�i�a�b�l�e�s� �i�s� �u�n�a�v�o�i�d�a�b�l�e�,� �a�n�d� �m�u�s�t� �b�e� �e�x�p�e�c�t�e�d� �a�n�d� 

�p�l�a�n�n�e�d� �f�o�r� �i�n� �o�n�e� �o�f� �s�e�v�e�r�a�l� �w�a�y�s�.� �O�n�e� �m�e�t�h�o�d�,� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�,� �u�s�e�s� �c�o�l�l�i�n�e�a�r�i�t�y� 

�d�i�a�g�n�o�s�t�i�c�s� �t�o� �a�n�a�l�y�z�e� �s�o�u�r�c�e�s� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y� �a�n�d� �s�u�g�g�e�s�t� �s�t�r�a�t�e�g�i�e�s� �f�o�r� �r�e�m�o�v�i�n�g� �c�o�l�l�i�n�e�a�r�i�t�y� �f�r�o�m� 

�t�h�e� �p�r�o�b�l�e�m�.� �A�n�o�t�h�e�r� �m�e�t�h�o�d� �i�s� �t�o� �s�i�m�p�l�y� �c�i�r�c�u�m�v�e�n�t� �t�h�e� �e�f�f�e�c�t�s� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y� �b�y� �e�m�p�l�o�y�i�n�g� �a�n� 

�a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d� �t�o� �s�o�l�v�e� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �f�o�r�m�e�r� �m�e�t�h�o�d� �a�p�p�e�a�r�s� �t�o� �b�e� �t�h�e� 

�m�o�r�e� �a�p�p�r�o�p�r�i�a�t�e�:� �m�e�r�e�l�y� �s�o�l�v�i�n�g� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �d�o�e�s� �n�o�t� �e�l�i�m�i�n�a�t�e� �t�h�e� �c�o�l�l�i�n�e�a�r�i�t�y� 

�p�r�o�b�l�e�m�,� �a�n�d� �d�o�e�s� �n�o�t�h�i�n�g� �t�o� �i�l�l�u�m�i�n�a�t�e� �i�t�s� �c�a�u�s�e�s� �a�n�d� �p�o�s�s�i�b�l�e� �s�o�l�u�t�i�o�n�s�.� �H�o�w�e�v�e�r�,� �i�f� �t�h�e� 

�s�i�t�u�a�t�i�o�n� �a�t� �h�a�n�d� �r�e�q�u�i�r�e�s� �n�o� �m�o�r�e� �t�h�a�n� �w�o�r�k�a�b�l�e� �s�o�l�u�t�i�o�n�s� �t�o� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s�,� �t�h�e� �l�a�t�t�e�r� 

�m�e�t�h�o�d� �m�a�y� �b�e� �u�s�e�d�.� �T�w�o� �e�x�a�m�p�l�e�s� �e�x�i�s�t� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�,� �a�n�d� �a�r�e� �d�e�s�c�r�i�b�e�d� �b�e�l�o�w�.� 

�R�o�s�e�n�t�h�a�l� �[�2�5�]� �f�i�n�d�s� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n�s� �t�o� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �b�y� �u�s�i�n�g� �s�i�n�g�u�l�a�r�-�v�a�l�u�e� 

�d�e�c�o�m�p�o�s�i�t�i�o�n� �(�S�V�D�)�.� �(�T�h�i�s� �m�e�t�h�o�d� �w�a�s� �u�s�e�d� �t�o� �f�i�n�d� �m�u�l�t�i�-�f�o�r�c�e� �r�e�s�u�l�t�s� �i�n� �C�h�a�p�t�e�r� �2� �o�f� �t�h�i�s� 

�t�h�e�s�i�s�.�)� �T�h�e� �S�V�D� �a�p�p�r�o�a�c�h�,� �d�e�s�c�r�i�b�e�d� �i�n� �[�3�9�]�,� �p�r�o�v�i�d�e�s� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �t�h�a�t� �m�i�n�i�m�i�z�e�s� 

�t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �v�e�c�t�o�r�.� �T�h�i�s� �h�a�s� �a�n� �i�n�t�e�r�e�s�t�i�n�g� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �i�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� �A�S�A�C�,� 

�s�i�n�c�e� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �v�e�c�t�o�r� �i�s� �a� �m�e�a�s�u�r�e� �o�f� �t�h�e� �a�m�o�u�n�t� �o�f� �c�o�n�t�r�o�l� �e�f�f�o�r�t� �e�x�p�e�n�d�e�d�.� �T�h�e� 

�S�V�D� �m�e�t�h�o�d� �a�l�s�o� �p�r�o�v�i�d�e�s� �c�o�n�v�e�n�i�e�n�t� �a�c�c�e�s�s� �t�o� �t�h�e� �c�o�v�a�r�i�a�n�c�e�s�.� �A� �d�r�a�w�b�a�c�k� �o�f� �u�s�i�n�g� �S�V�D� �i�s� 

�t�h�a�t� �o�n�e� �m�u�s�t� �m�a�n�u�a�l�l�y� �d�e�c�i�d�e� �o�n� �a� �t�h�r�e�s�h�o�l�d� �b�e�y�o�n�d� �w�h�i�c�h� �s�i�n�g�u�l�a�r� �v�a�l�u�e�s� �a�r�e� �d�i�s�c�a�r�d�e�d�,� �a�n�d� �t�h�e� 

�t�h�r�e�s�h�o�l�d� �i�s� �s�o�m�e�w�h�a�t� �p�r�o�b�l�e�m�-�d�e�p�e�n�d�e�n�t�.� �N�e�v�e�r�t�h�e�l�e�s�s�,� �t�h�e� �S�V�D� �p�r�o�v�i�d�e�s� �a� �r�e�l�i�a�b�l�e� �w�a�y� �t�o� 

�s�o�l�v�e� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y�,� �a�n�d� �t�h�e� �s�i�n�g�u�l�a�r� �v�e�c�t�o�r�s� �m�a�y� �h�a�v�e� 

�i�n�t�e�r�e�s�t�i�n�g� �p�h�y�s�i�c�a�l� �i�n�t�e�r�p�r�e�t�a�t�i�o�n�s� �a�s� �w�e�l�l�.� 

�N�e�l�s�o�n� �a�n�d� �E�l�l�i�o�t�t� �[�1�5�]� �d�i�s�c�u�s�s� �t�h�e� �u�s�e� �o�f� �i�t�e�r�a�t�i�v�e� �g�r�a�d�i�e�n�t� �d�e�s�c�e�n�t� �t�e�c�h�n�i�q�u�e�s� �a�s� �a�n� 

�a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e�.� �I�t�e�r�a�t�i�v�e� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �a�b�l�e� �t�o� �f�i�n�d� �a� �r�e�l�i�a�b�l�e� �a�n�d� �s�t�a�b�l�e� �s�o�l�u�t�i�o�n� 

�t�o� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �e�v�e�n� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y�.� �T�h�e�y� �a�r�e� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �e�f�f�i�c�i�e�n�t� 

�4�.�1�.� �C�o�l�l�i�n�e�a�r�i�t�y� �i�n� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �7�4



�f�o�r� �p�r�a�c�t�i�c�a�l� �a�p�p�l�i�c�a�t�i�o�n�s�,� �i�n� �w�h�i�c�h� �t�h�e� �p�r�o�b�l�e�m� �p�a�r�a�m�e�t�e�r�s� �m�a�y� �b�e� �s�l�o�w�l�y� �v�a�r�y�i�n�g� �i�n� �t�i�m�e�.� �A�l�s�o�,� 

�t�h�e�y� �d�o� �n�o�t� �r�e�q�u�i�r�e� �t�h�e� �u�s�e�r� �t�o� �s�e�l�e�c�t� �a� �t�h�r�e�s�h�o�l�d� �v�a�l�u�e� �a�s� �i�n� �S�V�D�,� �a�l�t�h�o�u�g�h� �t�h�e� �u�s�e�r� �m�u�s�t� 

�d�e�t�e�r�m�i�n�e� �w�h�e�n� �t�o� �d�i�s�c�o�n�t�i�n�u�e� �t�h�e� �i�t�e�r�a�t�i�o�n�s�.� 

�4�.�2�.� �A� �c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c� 

�R�a�t�h�e�r� �t�h�a�n� �t�r�y�i�n�g� �t�o� �p�r�e�s�e�n�t� �a� �c�o�m�p�r�e�h�e�n�s�i�v�e� �r�e�v�i�e�w� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c�s� �a�n�d� �t�h�e�i�r� 

�p�o�s�s�i�b�l�e� �a�p�p�l�i�c�a�t�i�o�n�s� �i�n� �s�t�u�d�y�i�n�g� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l�,� �t�h�i�s� �s�e�c�t�i�o�n� �p�r�e�s�e�n�t�s� �o�n�e� �d�i�a�g�n�o�s�t�i�c� �m�e�t�h�o�d� 

�w�i�t�h� �s�o�m�e� �b�a�s�i�c� �e�x�a�m�p�l�e� �r�e�s�u�l�t�s�.� �F�o�r� �m�o�r�e� �d�e�t�a�i�l� �t�h�e� �r�e�a�d�e�r� �i�s� �r�e�f�e�r�r�e�d� �t�o� �B�e�l�s�l�e�y� �(�3�8�]�.� 

�4�.�2�.�1�.� �B�a�c�k�g�r�o�u�n�d� �d�i�s�c�u�s�s�i�o�n� 

�R�e�c�a�l�l� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n� �f�o�r� �a� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �w�i�t�h� �M� �s�e�n�s�o�r�s� �a�n�d� �A�N� �a�c�t�u�a�t�o�r�s�,� 

�(�x�7� �W�X�)�B�=� �X�"� �W�Y�.� �(�5�7�)� 

�A�s� �t�h�e� �r�e�a�d�e�r� �m�i�g�h�t� �e�x�p�e�c�t�,� �m�a�n�y� �c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c�s� �i�n�v�o�l�v�e� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �o�f� �X�4�W�X�,� 

�t�h�e� �m�a�t�r�i�x� �t�h�a�t� �f�o�r�m�s� �l�e�f�t�-�h�a�n�d� �s�i�d�e� �o�f� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�.� �C�l�e�a�r�l�y� �a� �l�a�r�g�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� 

�a�n�n�o�u�n�c�e�s� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �i�l�l�-�c�o�n�d�i�t�i�o�n�i�n�g�,� �b�u�t� �s�i�m�p�l�y� �e�x�a�m�i�n�i�n�g� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �l�e�a�v�e�s� 

�u�n�a�n�s�w�e�r�e�d� �t�h�r�e�e� �q�u�e�s�t�i�o�n�s�.� �F�i�r�s�t�,� �h�o�w� �c�a�n� �w�e� �d�e�t�e�c�t� �w�h�e�t�h�e�r� �m�o�r�e� �t�h�a�n� �o�n�e� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y� �i�s� 

�p�r�e�s�e�n�t�?� �S�e�c�o�n�d�,� �h�o�w� �l�a�r�g�e� �a� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �c�a�n� �w�e� �t�o�l�e�r�a�t�e� �a�n�d� �s�t�i�l�l� �h�a�v�e� �c�o�n�f�i�d�e�n�c�e� �i�n� �t�h�e� 

�r�e�g�r�e�s�s�i�o�n� �r�e�s�u�l�t�s�?� �A�n�d� �t�h�i�r�d�,� �h�o�w� �c�a�n� �w�e� �d�e�t�e�r�m�i�n�e� �w�h�i�c�h� �v�a�r�i�a�b�l�e�s� �(�o�r�,� �i�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� 

�f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l�,� �w�h�i�c�h� �c�o�n�t�r�o�l� �i�n�p�u�t�s�)� �a�r�e� �i�n�v�o�l�v�e�d� �i�n� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�i�e�s�?� �W�e� �w�i�l�l� �b�r�i�e�f�l�y� 

�d�i�s�c�u�s�s� �t�h�e�s�e� �t�h�r�e�e� �q�u�e�s�t�i�o�n�s� �b�e�f�o�r�e� �p�r�e�s�e�n�t�i�n�g� �t�h�e� �d�i�a�g�n�o�s�t�i�c� �m�e�t�h�o�d�.� 

�T�h�e� �f�i�r�s�t� �q�u�e�s�t�i�o�n�,� �r�e�g�a�r�d�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�i�e�s� �p�r�e�s�e�n�t�,� �i�s� �a�n�s�w�e�r�e�d� �b�y� 

�e�x�a�m�i�n�i�n�g� �n�o�t� �j�u�s�t� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �o�f� �X�/�7�W�X� �b�u�t� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �X� �W�X�.� �W�e� �a�c�c�o�m�p�l�i�s�h� 

�t�h�i�s� �b�y� �e�x�a�m�i�n�i�n�g� �t�h�e� �s�i�n�g�u�l�a�r�-�v�a�l�u�e� �d�e�c�o�m�p�o�s�i�t�i�o�n� �o�f� �W�}�/�2�X�,� �s�i�n�c�e� �t�h�e� �s�i�n�g�u�l�a�r� �v�a�l�u�e�s� �o�f� �W�1�/�2�x� 

�4�.�2�.� �A� �c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c� �7�5



�a�r�e� �t�h�e� �p�o�s�i�t�i�v�e� �s�q�u�a�r�e� �r�o�o�t�s� �o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �X�/�/�W�X�.� �A� �z�e�r�o� �s�i�n�g�u�l�a�r� �v�a�l�u�e� �i�n�d�i�c�a�t�e�s� �a� 

�p�e�r�f�e�c�t� �l�i�n�e�a�r� �d�e�p�e�n�d�e�n�c�y� �i�n� �W�!�/�2�X�;� �a� �"�s�m�a�l�l�"� �s�i�n�g�u�l�a�r� �v�a�l�u�e� �i�n�d�i�c�a�t�e�s� �a� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y� �t�h�a�t� 

�m�a�y� �c�a�u�s�e� �c�o�n�d�i�t�i�o�n�i�n�g� �p�r�o�b�l�e�m�s�.� �I�n� �f�a�c�t�,� �t�h�e� �n�u�m�b�e�r� �o�f� �"�s�m�a�l�l�"� �s�i�n�g�u�l�a�r� �v�a�l�u�e�s� �i�n�d�i�c�a�t�e�s� �t�h�e� 

�n�u�m�b�e�r� �o�f� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�i�e�s� �p�r�e�s�e�n�t� �i�n� �t�h�e� �p�r�o�b�l�e�m�.� 

�T�h�e� �s�e�c�o�n�d� �q�u�e�s�t�i�o�n� �i�s�:� �h�o�w� �d�o� �w�e� �m�a�k�e� �q�u�a�n�t�i�t�a�t�i�v�e� �c�o�m�p�a�r�i�s�o�n�s� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �t�h�e� 

�c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �i�s� �"�l�a�r�g�e�"�,� �o�r� �e�q�u�i�v�a�l�e�n�t�l�y�,� �w�h�e�t�h�e�r� �a� �g�i�v�e�n� �s�i�n�g�u�l�a�r� �v�a�l�u�e� �i�s� �"�s�m�a�l�l�"�?� �T�h�e� 

�a�n�s�w�e�r� �i�s� �t�h�a�t� �w�e� �m�u�s�t� �s�c�a�l�e� �t�h�e� �c�o�l�u�m�n�s� �o�f� �W�!�/�2�X� �b�e�f�o�r�e� �c�o�m�p�u�t�i�n�g� �t�h�e� �s�i�n�g�u�l�a�r� �v�a�l�u�e�s�,�.� 

�C�o�l�u�m�n� �s�c�a�l�i�n�g� �,� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�,� �p�e�r�m�i�t�s� �s�u�c�h� �q�u�a�n�t�i�t�a�t�i�v�e� �c�o�m�p�a�r�i�s�o�n�s�.� 

�T�o� �a�n�s�w�e�r� �t�h�e� �t�h�i�r�d� �q�u�e�s�t�i�o�n� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �w�h�i�c�h� �v�a�r�i�a�b�l�e�s� �a�r�e� �i�n�v�o�l�v�e�d� �i�n� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�i�e�s�,� 

�w�e� �t�u�r�n� �t�o� �a� �r�e�s�u�l�t� �f�r�o�m� �t�h�e� �l�e�a�s�t�-�s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n�.� �O�n�e� �o�f� �t�h�e� �e�f�f�e�c�t�s� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y� �i�s� �v�a�r�i�a�n�c�e� 

�i�n�f�l�a�t�i�o�n�:� �w�h�e�n� �t�w�o� �o�r� �m�o�r�e� �a�c�t�u�a�t�o�r�s� �a�r�e� �i�n�v�o�l�v�e�d� �i�n� �a� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y�,� �t�h�e�i�r� �v�a�r�i�a�n�c�e�s� �b�e�c�o�m�e� 

�l�a�r�g�e�.� �W�e� �c�a�n� �e�x�p�r�e�s�s� �t�h�e� �v�a�r�i�a�n�c�e�s� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �s�i�n�g�u�l�a�r� �v�a�l�u�e�s� �o�f� �W�!�/�2�X�.� �W�h�e�n� �w�e� �f�i�n�d� �t�w�o� 

�o�r� �m�o�r�e� �a�c�t�u�a�t�o�r�s� �w�h�o�s�e� �v�a�r�i�a�n�c�e�s� �a�r�e� �p�r�i�m�a�r�i�l�y� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �"�s�m�a�l�l�"� �s�i�n�g�u�l�a�r� �v�a�l�u�e�,� �t�h�e�n� 

�t�h�o�s�e� �a�c�t�u�a�t�o�r�s� �a�r�e� �i�n�v�o�l�v�e�d� �i�n� �a� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y�.� 

�W�e� �n�o�w� �d�e�s�c�r�i�b�e� �t�h�e� �d�i�a�g�n�o�s�t�i�c� �m�e�t�h�o�d� �i�n� �s�o�m�e�w�h�a�t� �o�f� �a� �c�o�o�k�b�o�o�k� �f�a�s�h�i�o�n�.� �T�h�e� �i�n�t�e�n�t� �i�s� �n�o�t� 

�t�o� �p�r�e�s�e�n�t� �a� �d�e�t�a�i�l�e�d� �d�e�r�i�v�a�t�i�o�n�,� �b�u�t� �r�a�t�h�e�r� �t�o� �o�u�t�l�i�n�e� �t�h�e� �m�e�t�h�o�d� �a�n�d� �s�h�o�w� �a� �s�i�m�p�l�e� �n�u�m�e�r�i�c�a�l� 

�e�x�a�m�p�l�e� �r�e�l�a�t�e�d� �t�o� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l�.� �W�e� �m�o�d�i�f�y� �t�h�e� �t�e�c�h�n�i�q�u�e� �s�l�i�g�h�t�l�y� �t�o� �a�c�c�o�u�n�t� �f�o�r� �c�o�m�p�l�e�x�-� 

�v�a�l�u�e�d� �v�a�r�i�a�b�l�e�s� �a�n�d� �w�e�i�g�h�t�e�d� �l�e�a�s�t� �s�q�u�a�r�e�s�,� �w�h�i�c�h� �a�r�e� �n�o�t� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �o�f� �[�3�8�]�.� 

�4�.�2�.�2�.� �S�t�e�p� �1�:� �D�e�t�e�r�m�i�n�e� �W�1�/�2�x�X� 

�E�a�c�h� �c�o�l�u�m�n� �o�f� �W�!�/�2�X� �r�e�p�r�e�s�e�n�t�s� �a� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �b�e�t�w�e�e�n� �a� �g�i�v�e�n� �c�o�n�t�r�o�l� �i�n�p�u�t� �a�n�d� �t�h�e� 

�e�r�r�o�r� �s�e�n�s�o�r� �a�r�r�a�y�.� �T�h�e�s�e� �m�a�y� �b�e� �o�b�t�a�i�n�e�d� �v�i�a� �a�n�a�l�y�t�i�c�a�l� �a�p�p�r�o�x�i�m�a�t�i�o�n�s�,� �n�u�m�e�r�i�c�a�l� �c�a�l�c�u�l�a�t�i�o�n�s�,� 

�o�r� �a�n�y� �o�t�h�e�r� �m�e�a�n�s� �a�v�a�i�l�a�b�l�e�.� �F�o�r� �N� �a�c�t�u�a�t�o�r�s� �a�n�d� �M� �s�e�n�s�o�r�s�,� �X� �h�a�s� �t�h�e� �f�o�r�m� 

�4�.�2�.� �A�c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c� �7�6



�X�=�{�X�,� �X� �-�-� �X�y�}� �(�5�8�)� 

�w�h�e�r�e� �X�;� �i�s� �a� �c�o�m�p�l�e�x� �v�e�c�t�o�r� �o�f� �l�e�n�g�t�h� �M� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �f�o�r� �t�h�e� �j�t� �a�c�t�u�a�t�o�r�,� �a�n�d� 

�W� �i�s� �t�h�e� �w�e�i�g�h�t�i�n�g� �m�a�t�r�i�x�.� �I�n� �o�u�r� �e�x�a�m�p�l�e� �t�h�e� �c�o�l�u�m�n�s� �o�f� �X� �a�r�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �b�e�t�w�e�e�n� �t�h�e� 

�f�o�u�r� �c�o�n�t�r�o�l� �i�n�p�u�t�s� �a�n�d� �t�h�e� �f�a�r�f�i�e�l�d� �p�r�e�s�s�u�r�e� �a�t� �2�5� �s�e�n�s�o�r� �l�o�c�a�t�i�o�n�s�,� �t�h�u�s� �N�=�4� �a�n�d� �M�=�2�5�.� �W�e� 

�o�b�t�a�i�n� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �b�y� �n�u�m�e�r�i�c�a�l� �m�o�d�e�l�i�n�g� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �u�s�i�n�g� �a� �f�i�n�i�t�e�-� 

�e�l�e�m�e�n�t�/�b�o�u�n�d�a�r�y�-�e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h�.� 

�4�.�2�.�3�.� �S�t�e�p� �2�:� �A�p�p�l�y� �c�o�l�u�m�n�-�e�q�u�i�l�i�b�r�a�t�i�o�n� �t�o� �W�1�/�2�X� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �c�o�l�u�m�n�-�e�q�u�i�l�i�b�r�a�t�i�o�n� �i�s� �t�o� �p�r�o�d�u�c�e� �a� �s�e�t� �o�f� �s�i�n�g�u�l�a�r� �v�a�l�u�e�s� �t�h�a�t� �d�o� �n�o�t� �d�e�p�e�n�d� �o�n� 

�t�h�e� �u�n�i�t�s� �o�f� �t�h�e� �p�r�o�b�l�e�m�.� �W�e� �s�c�a�l�e� �e�a�c�h� �c�o�l�u�m�n� �i�n� �W�!�/�2�X� �t�o� �h�a�v�e� �u�n�i�t� �v�e�c�t�o�r� �l�e�n�g�t�h� �a�f�t�e�r� �s�c�a�l�i�n�g�.� 

�T�h�i�s� �p�r�o�d�u�c�e�s� �a� �n�e�w� �m�a�t�r�i�x� �Z�,� �t�h�e� �s�c�a�l�e�d� �w�e�i�g�h�t�e�d� �d�e�s�i�g�n� �m�a�t�r�i�x�:� 

�Z�=� �Q�e�y�l�?� �x�y� �(�5�9�)� 

�~�1�/�2� 
�w�h�e�r�e� �2�1�/�2� �i�s� �a� �d�i�a�g�o�n�a�l� �m�a�t�r�i�x� �w�h�o�s�e� �d�i�a�g�o�n�a�l�s� �a�r�e� �Q�;�"�?� �=� �{�x�7� �W�X�;� �\� �.� �T�h�e� �r�e�l�a�t�i�o�n� 

�b�e�t�w�e�e�n� �Z� �a�n�d� �t�h�e� �o�r�i�g�i�n�a�l� �p�r�o�b�l�e�m� �m�a�y� �b�e� �s�e�e�n� �f�r�o�m� 

�X�U� �W�X� �=� �Z�"� �Q�Z� �(�6�0�)� 

�4�.�2�.�4�.� �S�t�e�p� �3�:� �O�b�t�a�i�n� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �i�n�d�e�x�e�s� �a�n�d� �v�a�r�i�a�n�c�e�-�d�e�c�o�m�p�o�s�i�t�i�o�n� 

�p�r�o�p�o�r�t�i�o�n�s� 

�F�i�r�s�t� �w�e� �g�e�n�e�r�a�t�e� �t�h�e� �s�i�n�g�u�l�a�r�-�v�a�l�u�e� �d�e�c�o�m�p�o�s�i�t�i�o�n� �o�f� �Z�,� 

�Z�=�U�D�V�"�,� �(�6�1�)� 

�w�h�e�r�e� �U� �i�s� �c�o�l�u�m�n�-�o�r�t�h�o�g�o�n�a�l�,� �V�i�s� �c�o�l�u�m�n�-�o�r�t�h�o�g�o�n�a�l� �a�n�d� �r�o�w�-�o�r�t�h�o�g�o�n�a�l�,� �a�n�d� �D� �i�s� �n�o�n�-�n�e�g�a�t�i�v�e� 

�a�n�d� �d�i�a�g�o�n�a�l�.� �(�N�o�t�e� �t�h�e� �d�i�s�t�i�n�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �m�a�t�r�i�x� �V� �a�n�d� �t�h�e� �v�a�r�i�a�n�c�e� �V�)�.� �T�h�e� �e�l�e�m�e�n�t�s� �o�f� �D� 

�a�r�e� �t�h�e� �s�i�n�g�u�l�a�r� �v�a�l�u�e�s� �p�,�,� �k�=�1�,�2�.�.�.�N�,� �w�h�i�c�h� �a�r�e� �r�e�a�l� �a�n�d� �n�o�n�-�n�e�g�a�t�i�v�e� �s�i�n�c�e� �Z� �i�s� �H�e�r�m�i�t�i�a�n�.� �T�h�e� 

�s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �i�n�d�e�x�e�s� �a�r�e� �t�h�e�n� �d�e�f�i�n�e�d� �a�s� 

�4�.�2�.� �A�c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c� �7�7



�7�,� �=� �E�M�,� �k�=�1�2�.�.�N�.� �(�6�2�)� 

�I�f� �w�e� �e�x�p�r�e�s�s� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �m�a�t�r�i�x� �V� �a�s� �V�a�y�,� �W�e� �c�a�n� �w�r�i�t�e� �t�h�e� �v�a�r�i�a�n�c�e�s� �o�f� �t�h�e� �r�e�g�r�e�s�s�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �u�s�e�f�u�l� �f�o�r�m�.� 

�V�(�b�.�)� �=� �0�2� �.� �Y�i� �(�b�,�)� �=�O� �D�>� �(�6�3�)� 
�J�a�l� �J� 

�T�h�e� �u�t�i�l�i�t�y� �o�f� �E�q�.� �(�6�3�)� �l�i�e�s� �i�n� �t�h�e� �f�a�c�t� �t�h�a�t� �e�a�c�h� �t�e�r�m� �i�n� �t�h�e� �s�u�m�m�a�t�i�o�n� �i�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �o�n�l�y� 

�o�n�e� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �i�n�d�e�x� �7�}� �;�-� �B�y� �n�o�t�i�n�g� �w�h�i�c�h� �o�f� �t�h�e�  ��l�a�r�g�e �� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �i�n�d�e�x�e�s� �a�f�f�e�c�t� 

�w�h�i�c�h� �v�a�r�i�a�n�c�e�s�,� �w�e� �c�a�n� �p�i�c�k� �o�u�t� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�i�e�s� �a�m�o�n�g� �t�h�e� �c�o�l�u�m�n�s� �o�f� �W�!�/�2�X�.� �T�o� �t�h�i�s� �e�n�d�,� 

�l�e�t� �u�s� �d�e�f�i�n�e� �v�a�r�i�a�n�c�e�-�d�e�c�o�m�p�o�s�i�t�i�o�n� �p�r�o�p�o�r�t�i�o�n�s�,� 

�r�y� �=�e�,� �k�=�1�,�.�.�.�N�.�,� �(�6�4�)� 
�V�k� 

�w�h�e�r�e� 

�v�e�.� �N� 
�Y�e�= �� �a�n�d� �Y�=� �%�y�,� �k�=�L�.�.�N�.� �(�6�5�)� 

�H�j�;� �j�=�l� 

�T�h�e� �v�a�r�i�a�n�c�e�-�d�e�c�o�m�p�o�s�i�t�i�o�n� �p�r�o�p�o�r�t�i�o�n�s� �a�r�e� �i�n�t�e�r�p�r�e�t�e�d� �a�s� �f�o�l�l�o�w�s�:� �7�)�,� �i�s� �t�h�e� �p�o�r�t�i�o�n� �o�f� �t�h�e� 

�v�a�r�i�a�n�c�e� �f�o�r� �t�h�e� �k�t�h� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �t�h�a�t� �i�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �j�#�®� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �i�n�d�e�x�.� 

�T�a�b�l�e� �4� �c�o�n�t�a�i�n�s� �t�h�e� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �i�n�d�e�x�e�s� �a�n�d� �v�a�r�i�a�n�c�e�-�d�e�c�o�m�p�o�s�i�t�i�o�n� �p�r�o�p�o�r�t�i�o�n�s� �f�o�r� �t�h�e� 

�e�x�a�m�p�l�e� �p�r�o�b�l�e�m� �o�f� �F�i�g�.� �2�0�.� �T�h�e� �s�e�c�o�n�d� �c�o�l�u�m�n� �c�o�n�t�a�i�n�s� �t�h�e� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �i�n�d�e�x�e�s� �r�a�n�k�e�d� �b�y� 

�T�a�b�l�e� �4�:� �V�a�r�i�a�n�c�e� �d�e�c�o�m�p�o�s�i�t�i�o�n� �p�r�o�p�o�r�t�i�o�n�s� �f�o�r� �e�x�a�m�p�l�e� �p�r�o�b�l�e�m�.� 
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�3� �6�.�3� �0�0�0� �0�0�0� �8�7�1� �0�0�0� 
�4� �1�1�5�0�2�1� �9�9�9� �9�9�9� �1�2�9� �9�9�9� 
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�s�i�z�e�,� �w�i�t�h� �t�h�e� �l�a�r�g�e�s�t� �s�h�o�w�n� �i�n� �t�h�e� �l�a�s�t� �r�o�w�.� �T�h�e� �r�e�m�a�i�n�i�n�g� �f�o�u�r� �c�o�l�u�m�n�s� �c�o�n�t�a�i�n� �t�h�e� �v�a�r�i�a�n�c�e�-� 

�d�e�c�o�m�p�o�s�i�t�i�o�n� �p�r�o�p�o�r�t�i�o�n�s� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �5�,� �5�7�,� �b�3�,� �a�n�d� �b�4�.� �T�h�e� �n�e�x�t� �s�e�c�t�i�o�n�s� 

�e�x�p�l�a�i�n� �h�o�w� �t�o� �i�n�t�e�r�p�r�e�t� �T�a�b�l�e� �4�.� 

�4�.�2�.�5�.� �S�t�e�p� �4�:� �D�e�t�e�r�m�i�n�e� �t�h�e� �n�u�m�b�e�r� �o�f� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�i�e�s�.� 

�T�h�e� �m�e�t�h�o�d� �f�o�r� �c�o�u�n�t�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�i�e�s� �i�n�v�o�l�v�e�s� �c�h�o�o�s�i�n�g� �a� �t�h�r�e�s�h�o�l�d� �i�h� 

�s�u�c�h� �t�h�a�t� �w�h�e�n� �7�j�,�,�,�,� �<�1�)� �,� �t�h�e� �c�o�l�u�m�n�s� �o�f� �W�1�/�2�X� �m�a�y� �b�e� �s�a�i�d� �t�o� �b�e� �f�r�e�e� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y�.� �T�h�e� 

�v�a�l�u�e� �s�u�g�g�e�s�t�e�d� �b�y� �B�e�l�s�l�e�y� �[�3�8�]� �i�s� 
�~�*� 

�n� �=�3�0�,� �(�6�6�)� 

�a�l�t�h�o�u�g�h� �s�l�i�g�h�t�l�y� �l�a�r�g�e�r� �o�r� �s�m�a�l�l�e�r� �v�a�l�u�e�s� �c�o�u�l�d� �a�l�s�o� �b�e� �a�r�g�u�e�d� �f�o�r�.� �T�h�i�s� �i�s� �t�h�e� �v�a�l�u�e� �u�s�e�d� �f�o�r� �a�l�l� 

�n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� �i�n� �t�h�i�s� �d�i�s�s�e�r�t�a�t�i�o�n�.� �H�a�v�i�n�g� �c�h�o�s�e�n� �a� �t�h�r�e�s�h�o�l�d� �v�a�l�u�e� �f�o�r� �7� �,� �w�e� �n�o�w� �h�a�v�e� �t�h�e� 

�.� �.� �.� �.� �.� �~� �~�~� �.� 

�m�o�s�t� �b�a�s�i�c� �c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c�:� �w�h�e�n�e�v�e�r� �7�]� �j�a�x� �<�1�]� �,� �a�t� �l�e�a�s�t� �o�n�e� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y� �i�s� �p�r�e�s�e�n�t� 

�a�n�d� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �s�h�o�u�l�d� �n�o�t� �b�e� �u�s�e�d� �w�i�t�h�o�u�t� �f�u�r�t�h�e�r� �e�x�a�m�i�n�a�t�i�o�n� �o�f� �i�t�s� �c�o�l�l�i�n�e�a�r�i�t�y� �p�r�o�p�e�r�t�i�e�s�.� 

�T�h�u�s�,� �T�m�a�x� �s�h�o�u�l�d� �b�e� �c�o�m�p�u�t�e�d� �a�s� �a� �r�o�u�t�i�n�e� �p�a�r�t� �o�f� �e�v�e�r�y� �r�e�g�r�e�s�s�i�o�n�,� �a�n�d� �d�i�s�p�l�a�y�e�d� �a�l�o�n�g� �w�i�t�h� �t�h�e� 

�F�-�t�e�s�t� �a�n�d� �f�-�t�e�s�t� �r�e�s�u�l�t�s� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �3�.� 

�I�f� �m�o�r�e� �t�h�a�n� �o�n�e� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �i�n�d�e�x� �e�x�c�e�e�d�s� �t�h�e� �t�h�r�e�s�h�o�l�d� �7�,� �t�h�e�n� �m�u�l�t�i�p�l�e� �n�e�a�r�-� 

�d�e�p�e�n�d�e�n�c�i�e�s� �a�r�e� �p�r�e�s�e�n�t�.� �T�h�e� �n�u�m�b�e�r� �o�f� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�i�e�s� �i�s� �d�e�t�e�r�m�i�n�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �s�o�-� 

�c�a�l�l�e�d�  ��p�r�o�g�r�e�s�s�i�o�n� �o�f� �1�0�/�3�0�"�:� �t�h�e� �f�i�r�s�t� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �f�i�r�s�t� �7� �>�3�0�;� �t�h�e� 

�s�e�c�o�n�d� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �7�7� �>�1�0�0�,� �t�h�e� �t�h�i�r�d� �t�o� �7�)� �>�3�0�0�,� �t�h�e� �f�o�u�r�t�h� �t�o� �7�7�>�1�0�0�0�,� �a�n�d� 

�s�o� �f�o�r�t�h�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �s�e�q�u�e�n�c�e� �o�f� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �i�n�d�e�x�e�s� �(�1�,� �9�,� �3�3�,� �3�5�)� �i�n�d�i�c�a�t�e�s� �o�n�l�y� �o�n�e� 

�n�e�a�r�-�d�e�p�e�n�d�e�n�c�y�,� �w�h�i�l�e� �t�h�e� �s�e�q�u�e�n�c�e� �(�1�,� �9�,� �3�3�,� �1�0�5�,� �1�0�8�)� �i�n�d�i�c�a�t�e�s� �t�w�o� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�i�e�s�.� 

�R�e�f�e�r�r�i�n�g� �t�o� �t�h�e� �f�i�r�s�t� �c�o�l�u�m�n� �o�f� �T�a�b�l�e� �4�,� �i�t� �i�s� �e�v�i�d�e�n�t� �t�h�a�t� �o�n�l�y� �o�n�e� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �i�n�d�e�x� 

�e�x�c�e�e�d�s� �n�N�,� �s�o� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �o�n�l�y� �o�n�e� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y� �i�s� �p�r�e�s�e�n�t� �i�n� �t�h�e� �e�x�a�m�p�l�e�.� 
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�4�.�2�.�6�.� �S�t�e�p� �5�:� �D�e�t�e�r�m�i�n�e� �a�c�t�u�a�t�o�r� �i�n�v�o�l�v�e�m�e�n�t� 

�T�o� �d�e�t�e�r�m�i�n�e� �w�h�i�c�h� �a�c�t�u�a�t�o�r�s� �a�r�e� �a�f�f�e�c�t�e�d� �b�y� �a� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y�,� �w�e� �e�x�a�m�i�n�e� �t�h�e� �v�a�r�i�a�n�c�e�-� 

�d�e�c�o�m�p�o�s�i�t�i�o�n� �p�r�o�p�o�r�t�i�o�n�s� �N�i�k�.� �H�a�v�i�n�g� �a�s�s�o�c�i�a�t�e�d� �a� �p�a�r�t�i�c�u�l�a�r� �7�)� �w�i�t�h� �a� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y�,� �w�e� 

�e�x�a�m�i�n�e� �t�h�e� �7�;�,� �i�n� �t�h�a�t� �r�o�w� �o�f� �t�h�e� �t�a�b�l�e�.� �I�f� �t�w�o� �o�r� �m�o�r�e� �a�c�t�u�a�t�o�r�s� �h�a�v�e� �j�z� �i�n� �t�h�a�t� �r�o�w� �l�a�r�g�e�r� �t�h�a�n� 

�s�o�m�e� �t�h�r�e�s�h�o�l�d� �v�a�l�u�e� �1�*�,� �t�h�e�n� �t�h�o�s�e� �a�c�t�u�a�t�o�r�s� �a�r�e� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y�.� �T�h�e� �v�a�l�u�e� �o�f� 

�x �� �s�u�g�g�e�s�t�e�d� �b�y� �B�e�l�s�l�e�y� �[�3�8�]� �a�n�d� �u�s�e�d� �i�n� �o�u�r� �e�x�a�m�p�l�e� �i�s� 

�n�x� �=�0�.�5�.� �(�6�7�)� 

�I�n� �T�a�b�l�e� �4� �w�e� �e�x�a�m�i�n�e� �t�h�e� �l�a�s�t� �r�o�w� �s�i�n�c�e� �t�h�a�t� �r�o�w� �i�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y�.� 

�N�o�t�i�n�g� �t�h�a�t� �t�h�e� �7�)�,� �f�o�r� �5�1�,� �2�,� �a�n�d� �4�3� �a�r�e� �a�l�l� �w�e�l�l� �a�b�o�v�e� �n�m�"�,� �w�e� �c�a�n� �c�l�e�a�r�l�y� �s�e�e� �t�h�a�t� �t�h�e�s�e� �a�c�t�u�a�t�o�r�s� 

�a�r�e� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y�.� �(�R�e�c�a�l�l� �t�h�a�t� �5�;� �a�n�d� �5�2� �a�r�e� �t�h�e� �r�i�n�g�-�f�o�r�c�e�s� �a�n�d� �4� �i�s� �t�h�e� �r�i�n�g�-� 

�m�o�m�e�n�t�.�)� �T�h�e� �t�h�i�r�d� �a�c�t�u�a�t�o�r�,� �w�i�t�h� �T�x�=�0�.� �1�2�9�,� �i�s� �n�o�t� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y�.� 

�T�h�e� �r�u�l�e�s� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �v�a�r�i�a�t�e� �i�n�v�o�l�v�e�m�e�n�t� �w�h�e�n� �m�u�l�t�i�p�l�e� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�i�e�s� �a�r�e� �p�r�e�s�e�n�t� �a�r�e� 

�s�o�m�e�w�h�a�t� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �a�n�d� �n�e�e�d� �n�o�t� �b�e� �d�i�s�c�u�s�s�e�d� �h�e�r�e� �t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �b�a�s�i�c� �t�e�c�h�n�i�q�u�e�.� 

�A�g�a�i�n�,� �t�h�e� �i�n�t�e�r�e�s�t�e�d� �r�e�a�d�e�r� �i�s� �i�n�v�i�t�e�d� �t�o� �e�x�a�m�i�n�e� �B�e�l�s�l�e�y� �[�3�8�]�.� 

�4�.�2�.�7�.� �S�t�e�p� �6�:� �D�e�t�e�r�m�i�n�e� �a�u�x�i�l�i�a�r�y� �r�e�g�r�e�s�s�i�o�n�s� 

�O�n�c�e� �w�e� �k�n�o�w� �w�h�i�c�h� �a�c�t�u�a�t�o�r�s� �a�r�e� �i�n�v�o�l�v�e�d� �i�n� �a� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y�,� �w�e� �c�a�n� �r�e�g�r�e�s�s� �t�h�e� 

�i�n�d�i�v�i�d�u�a�l� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �a�g�a�i�n�s�t� �e�a�c�h� �o�t�h�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p�s� �b�e�t�w�e�e�n� �t�h�e�m�.� �F�o�r� 

�e�x�a�m�p�l�e�,� �w�e� �h�a�v�e� �d�e�t�e�r�m�i�n�e�d� �t�h�a�t� �5�,� �b�y�,� �a�n�d� �5�4� �a�r�e� �i�n�v�o�l�v�e�d� �i�n� �a� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y�.� �I�f� �w�e� �s�e�t� �u�p� 

�a� �n�e�w� �r�e�g�r�e�s�s�i�o�n� �u�s�i�n�g� �b�y� �a�s� �t�h�e� �d�i�s�t�u�r�b�a�n�c�e� �i�n�p�u�t� �w�i�t�h� �5�,� �a�n�d� �4�5� �a�s� �c�o�n�t�r�o�l� �i�n�p�u�t�s�,� �w�e� �c�a�n� �s�e�e� 

�t�h�a�t� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �5�;� �a�n�d� �5�»�,� �i�f� �g�i�v�e�n� �e�q�u�a�l� �m�a�g�n�i�t�u�d�e�s� �a�n�d� �o�p�p�o�s�i�t�e� �s�i�g�n�s�,� �r�e�p�r�o�d�u�c�e�s� �b�4� 

�a�l�m�o�s�t� �e�x�a�c�t�l�y� �(�a�s� �w�e� �s�u�s�p�e�c�t�e�d�.�)� �T�h�u�s� �t�h�e� �c�o�n�t�r�o�l� �i�n�p�u�t� �5�4� �c�o�u�l�d� �b�e� �r�e�m�o�v�e�d� �t�o� �o�b�t�a�i�n� �a� �m�o�r�e� 

�s�t�a�b�l�e� �r�e�g�r�e�s�s�i�o�n� �r�e�s�u�l�t�.� 

�4�.�2�.� �A�c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c� �8�0



�4�.�2�.�8�.� �S�t�e�p� �7�:� �D�e�t�e�r�m�i�n�e� �u�n�a�f�f�e�c�t�e�d� �a�c�t�u�a�t�o�r�s� 

�W�h�e�n� �a�n� �a�c�t�u�a�t�o�r� �a�s�s�o�c�i�a�t�e�s� �m�o�s�t� �o�f� �i�t�s� �v�a�r�i�a�n�c�e� �w�i�t�h� �"�s�m�a�l�l�"� �v�a�l�u�e�s� �o�f� �7�)�,� �w�e� �c�a�n� �c�o�n�s�i�d�e�r� 

�t�h�a�t� �a�c�t�u�a�t�o�r� �t�o� �b�e� �u�n�i�n�v�o�l�v�e�d� �w�i�t�h� �a�n�y� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y�.� �T�o� �b�e� �m�o�r�e� �p�r�e�c�i�s�e�,� �w�h�e�n� �t�h�e� �t�o�t�a�l� 

�p�r�o�p�o�r�t�i�o�n� �o�f� �v�a�r�i�a�n�c�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �"�s�m�a�l�l�"� �7� �i�s� �l�e�s�s� �t�h�a�n� �x ��,� �t�h�a�t� �a�c�t�u�a�t�o�r� �i�s� �u�n�i�n�v�o�l�v�e�d� �w�i�t�h� 

�a�n�y� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�y�.� �I�n� �t�h�e� �e�x�a�m�p�l�e� �p�r�o�b�l�e�m�,� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �5�3� �i�s� �a�s�s�o�c�i�a�t�e�d� �a�l�m�o�s�t� �e�n�t�i�r�e�l�y� 

�w�i�t�h� �t�h�e� �f�i�r�s�t� �t�h�r�e�e� �"�s�m�a�l�l�"� �7�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �i�t� �i�s� �n�o�t� �i�n�v�o�l�v�e�d� �i�n� �a�n�y� �n�e�a�r�-� 

�d�e�p�e�n�d�e�n�c�y�.� �T�h�i�s� �i�s� �s�u�p�p�o�r�t�e�d� �b�y� �t�h�e� �f�a�c�t� �t�h�a�t� �5�3� �w�a�s� �t�h�e� �l�e�a�s�t� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �s�i�m�u�l�a�t�e�d� 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�n�t�r�o�d�u�c�e�d� �i�n� �t�h�e� �e�x�a�m�p�l�e� �d�i�s�c�u�s�s�e�d� �e�a�r�l�i�e�r�.� 

�4�.�3�.� �S�u�m�m�a�r�y� 

�T�h�e� �c�o�l�l�i�n�e�a�r�i�t�y� �p�r�o�b�l�e�m�s� �c�o�m�m�o�n� �i�n� �m�a�n�y� �m�u�l�t�i�p�l�e� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n�s� �c�a�n� �a�l�s�o� �o�c�c�u�r� �w�h�e�n� 

�r�e�g�r�e�s�s�i�o�n� �i�s� �u�s�e�d� �f�o�r� �a� �n�u�m�e�r�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �o�f� �f�e�e�d�f�o�r�w�a�r�d� �a�c�t�i�v�e� �c�o�n�t�r�o�l� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� 

�d�o�m�a�i�n�.� �W�i�t�h�o�u�t� �p�r�o�p�e�r� �c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c�s�,� �n�u�m�e�r�i�c�a�l� �p�r�o�b�l�e�m�s� �c�a�n� �g�o� �u�n�d�e�t�e�c�t�e�d� �a�n�d� 

�p�r�o�d�u�c�e� �r�e�s�u�l�t�s� �t�h�a�t� �a�r�e� �v�e�r�y� �s�e�n�s�i�t�i�v�e� �t�o� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�n� �t�h�e� �e�r�r�o�r� �s�e�n�s�o�r�s�.� �C�o�l�l�i�n�e�a�r�i�t�y� 

�d�i�a�g�n�o�s�t�i�c�s� �c�a�n� �d�e�t�e�c�t� �a�n�d� �a�n�a�l�y�z�e� �n�u�m�e�r�i�c�a�l� �i�l�l�-�c�o�n�d�i�t�i�o�n�i�n�g�.� �C�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c�s� �f�o�r� 

�c�o�m�p�l�e�x�-�v�a�l�u�e�d� �r�e�g�r�e�s�s�i�o�n�s� �f�o�l�l�o�w� �d�i�r�e�c�t�l�y� �f�r�o�m� �t�h�e�i�r� �r�e�a�l�-�v�a�l�u�e�d� �c�o�u�n�t�e�r�p�a�r�t�s�,� �w�h�i�c�h� �a�r�e� 

�d�e�v�e�l�o�p�e�d� �i�n� �c�o�n�s�i�d�e�r�a�b�l�e� �d�e�t�a�i�l� �i�n� �t�h�e� �s�t�a�t�i�s�t�i�c�s� �l�i�t�e�r�a�t�u�r�e�.� 

�T�h�e� �p�r�i�m�a�r�y� �c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c� �i�s� �t�h�e� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r�.� �S�c�a�l�i�n�g� �a�l�l�o�w�s� �f�o�r� �a� 

�q�u�a�n�t�i�t�a�t�i�v�e� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �a�n�d� �a� �p�r�e�d�e�t�e�r�m�i�n�e�d� �t�h�r�e�s�h�o�l�d� �v�a�l�u�e� 

�t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �o�r� �n�o�t� �c�o�l�l�i�n�e�a�r�i�t�y� �i�s� �p�r�e�s�e�n�t�.� �E�v�e�n� �w�h�e�n� �n�o� �o�t�h�e�r� �c�o�l�l�i�n�e�a�r�i�t�y� �d�i�a�g�n�o�s�t�i�c�s� 

�a�r�e� �p�e�r�f�o�r�m�e�d�,� �t�h�e� �a�n�a�l�y�s�t� �m�a�y� �c�o�m�p�u�t�e� �t�h�e� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �f�o�r� �e�a�c�h� �r�e�g�r�e�s�s�i�o�n� �a�n�d� 

�c�o�m�p�a�r�e� �i�t� �t�o� �t�h�e� �t�h�r�e�s�h�o�l�d� �v�a�l�u�e� �i�n� �a� �s�o�m�e�w�h�a�t� �m�e�c�h�a�n�i�c�a�l� �f�a�s�h�i�o�n�.� �I�f� �t�h�e� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� 

�n�u�m�b�e�r� �e�x�c�e�e�d�s� �t�h�e� �t�h�r�e�s�h�o�l�d�,� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �s�h�o�u�l�d� �b�e� �d�i�s�c�a�r�d�e�d� �b�e�c�a�u�s�e� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y�.� 

�4�.�3�.� �S�u�m�m�a�r�y� �8�1



�M�o�r�e� �d�e�t�a�i�l�e�d� �d�i�a�g�n�o�s�t�i�c�s� �a�r�e� �a�v�a�i�l�a�b�l�e� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �n�e�a�r�-�d�e�p�e�n�d�e�n�c�i�e�s� �a�n�d� 

�w�h�i�c�h� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �a�r�e� �i�n�v�o�l�v�e�d�.� �T�h�e�s�e� �d�i�a�g�n�o�s�t�i�c�s� �a�r�e� �l�e�s�s� �m�e�c�h�a�n�i�c�a�l�,� �r�e�q�u�i�r�i�n�g� �m�o�r�e� 

�i�n�t�e�r�a�c�t�i�o�n� �o�n� �t�h�e� �p�a�r�t� �o�f� �t�h�e� �a�n�a�l�y�s�t�;� �h�o�w�e�v�e�r�,� �t�h�e�y� �m�a�y� �p�r�o�v�i�d�e� �i�n�s�i�g�h�t�s� �w�h�e�n� �i�n�v�e�s�t�i�g�a�t�i�n�g� 

�c�o�m�p�l�i�c�a�t�e�d� �c�o�n�t�r�o�l� �s�y�s�t�e�m�s�.� 

�4�.�3�.� �S�u�m�m�a�r�y� �8�2



�C�H�A�P�T�E�R� �5�:� �O�P�T�I�M�I�Z�I�N�G� �A�C�T�U�A�T�O�R� �L�O�C�A�T�I�O�N�S� �U�S�I�N�G� �S�U�B�S�E�T� 

�S�E�L�E�C�T�I�O�N� 

�I�n� �m�o�s�t� �m�u�l�t�i�-�a�c�t�u�a�t�o�r� �c�o�n�t�r�o�l� �s�y�s�t�e�m�s�,� �t�h�e� �p�h�y�s�i�c�a�l� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �a�c�t�u�a�t�o�r�s� �c�a�n� �p�r�o�f�o�u�n�d�l�y� 

�a�f�f�e�c�t� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m�.� �P�r�o�p�e�r�l�y� �l�o�c�a�t�e�d� �a�c�t�u�a�t�o�r�s� �c�a�n� �p�o�t�e�n�t�i�a�l�l�y� �g�i�v�e� 

�d�r�a�m�a�t�i�c�a�l�l�y� �b�e�t�t�e�r� �p�e�r�f�o�r�m�a�n�c�e� �t�h�a�n� �a�c�t�u�a�t�o�r�s� �w�h�o�s�e� �l�o�c�a�t�i�o�n�s� �a�r�e� �c�h�o�s�e�n� �a�t� �r�a�n�d�o�m� �[�4�0�]�.� �F�o�r� 

�s�i�m�p�l�e� �s�y�s�t�e�m�s� �t�h�e� �o�p�t�i�m�a�l� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�s� �c�a�n� �b�e� �f�a�i�r�l�y� �e�a�s�y� �t�o� �p�r�e�d�i�c�t� �b�a�s�e�d� �o�n� �p�h�y�s�i�c�a�l� 

�k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �s�y�s�t�e�m�.� �B�u�t� �f�o�r� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �s�y�s�t�e�m�s� �t�h�e� �o�p�t�i�m�a�l� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�s� �m�a�y� 

�b�e� �f�a�r� �l�e�s�s� �o�b�v�i�o�u�s�,� �e�s�p�e�c�i�a�l�l�y� �w�h�e�n� �m�a�n�y� �a�c�t�u�a�t�o�r�s� �a�r�e� �u�s�e�d�.� �T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �c�h�a�p�t�e�r� �i�s� �t�o� 

�p�r�e�s�e�n�t� �a� �f�o�r�m�a�l�,� �g�e�n�e�r�a�l� �m�e�t�h�o�d� �f�o�r� �o�p�t�i�m�i�z�i�n�g� �t�h�e� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�s� �f�o�r� �a� �g�i�v�e�n� �d�i�s�t�u�r�b�a�n�c�e�.� 

�O�p�t�i�m�i�z�a�t�i�o�n� �s�c�h�e�m�e�s� �c�a�n� �b�e� �c�l�a�s�s�i�f�i�e�d� �a�s� �u�s�i�n�g� �e�i�t�h�e�r� �c�o�n�t�i�n�u�o�u�s� �o�r� �d�i�s�c�r�e�t�e�.� �I�n� �a� �c�o�n�t�i�n�u�o�u�s� 

�p�r�o�b�l�e�m�,� �t�h�e� �d�o�m�a�i�n� �o�f� �p�o�s�s�i�b�l�e� �s�o�l�u�t�i�o�n�s� �i�s� �a� �c�o�n�t�i�n�u�o�u�s� �f�u�n�c�t�i�o�n� �i�n� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e�,� �w�h�i�l�e� �i�n� 

�d�i�s�c�r�e�t�e� �p�r�o�b�l�e�m�s� �o�n�l�y� �c�e�r�t�a�i�n� �d�i�s�c�r�e�t�e� �p�o�i�n�t�s� �i�n� �t�h�e� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e� �a�r�e� �a�d�m�i�s�s�i�b�l�e� �s�o�l�u�t�i�o�n�s�.� 

�T�h�e� �t�e�c�h�n�i�q�u�e� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �C�h�a�p�t�e�r� �i�s� �a� �f�o�r�m� �o�f� �d�i�s�c�r�e�t�e� �o�p�t�i�m�i�z�a�t�i�o�n�.� 

�C�o�n�t�i�n�u�o�u�s� �p�r�o�b�l�e�m�s� �a�r�e� �g�e�n�e�r�a�l�l�y� �a�p�p�r�o�a�c�h�e�d� �u�s�i�n�g� �n�u�m�e�r�i�c�a�l� �o�p�t�i�m�i�z�a�t�i�o�n� �i�n� �w�h�i�c�h� �t�h�e� 

�a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�s� �a�r�e� �i�n�c�l�u�d�e�d� �a�s� �o�p�t�i�m�i�z�a�t�i�o�n� �p�a�r�a�m�e�t�e�r�s� �[�4�0�,�4�1�]�.� �F�o�r� �e�x�a�m�p�l�e�,� �[�4�0�]� �o�p�t�i�m�i�z�e�s� 

�t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r�s� �u�s�e�d� �t�o� �c�o�n�t�r�o�l� �a�c�o�u�s�t�i�c� �r�a�d�i�a�t�i�o�n� �f�r�o�m� �a� �r�e�c�t�a�n�g�u�l�a�r� �p�l�a�t�e�,� 

�a�c�h�i�e�v�i�n�g� �d�r�a�m�a�t�i�c�a�l�l�y� �b�e�t�t�e�r� �p�e�r�f�o�r�m�a�n�c�e� �t�h�a�n� �w�i�t�h� �r�a�n�d�o�m�l�y� �l�o�c�a�t�e�d� �a�c�t�u�a�t�o�r�s�.� �S�u�c�h� �s�t�u�d�i�e�s� �a�r�e� 

�i�n�s�t�r�u�c�t�i�v�e�,� �b�u�t� �a�r�e� �l�i�m�i�t�e�d� �t�o� �r�e�l�a�t�i�v�e�l�y� �s�i�m�p�l�e� �p�r�o�b�l�e�m�s� �w�i�t�h� �c�l�o�s�e�d�-�f�o�r�m� �s�o�l�u�t�i�o�n�s� �b�e�c�a�u�s�e� �o�f� �t�h�e� 

�h�i�g�h� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�x�p�e�n�s�e� �o�f� �r�e�p�e�a�t�e�d� �r�e�s�p�o�n�s�e� �e�v�a�l�u�a�t�i�o�n�s�.� �A�l�s�o�,� �m�i�n�i�m�i�z�a�t�i�o�n� �r�o�u�t�i�n�e�s� �c�a�n� 

�b�e�c�o�m�e� �t�r�a�p�p�e�d� �b�y� �l�o�c�a�!� �m�i�n�i�m�a� �a�n�d� �f�a�i�l� �t�o� �f�i�n�d� �g�l�o�b�a�l� �m�i�n�i�m�a�.� 
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�D�i�s�c�r�e�t�e� �p�r�o�b�l�e�m�s� �r�e�q�u�i�r�e� �d�i�f�f�e�r�e�n�t� �o�p�t�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �t�h�a�n� �c�o�n�t�i�n�u�o�u�s� �p�r�o�b�l�e�m�s�;� �s�u�c�h� 

�t�e�c�h�n�i�q�u�e�s� �a�r�e� �o�f�t�e�n� �r�e�f�e�r�r�e�d� �t�o� �a�s� �"�i�n�t�e�g�e�r� �p�r�o�g�r�a�m�m�i�n�g �� �(�s�e�e�,� �f�o�r� �e�x�a�m�p�l�e�,� �[�4�2�]�)�.� �D�i�s�c�r�e�t�e� 

�o�p�t�i�m�i�z�a�t�i�o�n� �h�a�s� �b�e�e�n� �a�p�p�l�i�e�d� �t�o� �t�r�u�s�s� �s�t�r�u�c�t�u�r�e�s� �o�r� �o�t�h�e�r� �s�y�s�t�e�m�s� �f�o�r� �w�h�i�c�h� �t�h�e� �p�e�r�m�i�s�s�i�b�l�e� 

�a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�s� �a�r�e� �n�a�t�u�r�a�l�l�y� �d�i�s�c�r�e�t�e�,� �b�u�t� �t�o� �t�h�e� �a�u�t�h�o�r�'�s� �k�n�o�w�l�e�d�g�e� �h�a�s� �n�o�t� �b�e�e�n� �u�s�e�d� �f�o�r� 

�o�p�t�i�m�i�z�i�n�g� �t�r�a�n�s�d�u�c�e�r� �a�r�r�a�n�g�e�m�e�n�t�s� �i�n� �A�S�A�C� �s�y�s�t�e�m�s�.� �I�n� �t�h�i�s� �C�h�a�p�t�e�r�,� �w�e� �a�n�a�l�y�z�e� �a� �c�o�n�t�i�n�u�o�u�s� 

�s�t�r�u�c�t�u�r�e� �t�h�a�t� �h�a�s� �b�e�e�n� �d�i�s�c�r�e�t�i�z�e�d� �b�y� �f�i�n�i�t�e�-�e�l�e�m�e�n�t� �m�o�d�e�l�l�i�n�g�.� �T�h�e�r�e�f�o�r�e�,� �d�i�s�c�r�e�t�e� �o�p�t�i�m�i�z�a�t�i�o�n� 

�t�e�c�h�n�i�q�u�e�s� �a�r�e� �a� �n�a�t�u�r�a�l� �w�a�y� �t�o� �e�x�a�m�i�n�e� �t�h�e� �p�r�o�b�l�e�m�.� �T�h�e� �m�e�t�h�o�d� �h�a�s� �p�r�a�c�t�i�c�a�l� �a�p�p�e�a�l� �f�o�r� 

�a�p�p�l�i�c�a�t�i�o�n�s� �i�n� �w�h�i�c�h� �o�n�l�y� �c�e�r�t�a�i�n� �l�o�c�a�t�i�o�n�s� �a�r�e� �a�c�c�e�p�t�a�b�l�e� �f�o�r� �m�o�u�n�t�i�n�g� �a�c�t�u�a�t�o�r�s�;� �f�o�r� �e�x�a�m�p�l�e�,� 

�a�n� �a�i�r�c�r�a�f�t� �f�u�s�e�l�a�g�e� �m�i�g�h�t� �r�e�q�u�i�r�e� �a�c�t�u�a�t�o�r�s� �m�o�u�n�t�e�d� �o�n� �s�t�r�u�c�t�u�r�a�l� �r�e�i�n�f�o�r�c�e�m�e�n�t�s�.� 

�T�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �u�s�e�d� �i�n� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �c�o�n�c�e�p�t� �o�f� �s�u�b�s�e�t� 

�s�e�l�e�c�t�i�o�n�.� �T�h�e� �m�e�t�h�o�d� �b�e�g�i�n�s� �w�i�t�h� �t�h�e� �a�n�a�l�o�g�y� �b�e�t�w�e�e�n� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �a�n�d� �c�o�m�p�l�e�x�-�d�o�m�a�i�n� 

�m�u�l�t�i�p�l�e� �l�i�n�e�a�r� �r�e�g�r�e�s�s�i�o�n� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �4�.� �T�h�e� �m�a�i�n� �b�e�n�e�f�i�t� �o�f� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� �o�v�e�r� �o�t�h�e�r� 

�m�e�t�h�o�d�s� �i�s� �i�t�s� �e�x�t�r�e�m�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�i�c�i�e�n�c�y�,� �w�h�i�c�h� �a�l�l�o�w�s� �m�o�r�e� �c�o�m�p�r�e�h�e�n�s�i�v�e� �s�t�u�d�i�e�s� �w�i�t�h� 

�l�a�r�g�e�r� �n�u�m�b�e�r�s� �o�f� �a�c�t�u�a�t�o�r�s�.� �S�i�n�c�e� �t�h�e� �m�e�t�h�o�d� �i�s� �b�a�s�e�d� �o�n� �d�i�s�c�r�e�t�i�z�e�d� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s�,� �i�t� �i�s� 

�q�u�i�t�e� �g�e�n�e�r�a�l� �a�n�d� �i�s� �i�d�e�a�l� �f�o�r� �s�i�m�u�l�a�t�i�o�n�s� �i�n�v�o�l�v�i�n�g� �n�u�m�e�r�i�c�a�l� �m�o�d�e�l�s� �o�r� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� 

�T�o� �h�e�l�p� �e�x�p�l�a�i�n� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n�,� �w�e� �o�p�t�i�m�i�z�e� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �r�i�n�g�-�f�o�r�c�e� �a�c�t�u�a�t�o�r�s� �o�n� �t�h�e� 

�c�l�a�m�p�e�d� �c�y�l�i�n�d�r�i�c�a�l� �s�h�e�l�l� �o�f� �F�i�g�.� �3� �(�p�a�g�e� �1�4�)�.� �T�h�e� �s�e�t� �o�f� �c�a�n�d�i�d�a�t�e� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�s�,� �s�h�o�w�n� �i�n� 

�F�i�g�.� �2�5�,� �i�n�c�l�u�d�e�s� �2�5� �a�x�i�s�y�m�m�e�t�r�i�c� �r�i�n�g�-�f�o�r�c�e�s� �e�v�e�n�l�y� �s�p�a�c�e�d� �a�l�o�n�g� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �c�y�l�i�n�d�e�r�.� 

�T�h�e�y� �a�r�e� �n�u�m�b�e�r�e�d� �s�e�q�u�e�n�t�i�a�l�l�y� �w�i�t�h� �a�c�t�u�a�t�o�r� �1� �a�t� �5�=�0�.�0�2�,� �a�c�t�u�a�t�o�r� �1�3� �a�t� �6�=�0�.�5�0�,� �a�n�d� �a�c�t�u�a�t�o�r� �2�5� 

�a�t� �6�=�0�.�9�8�.� �T�h�e� �r�e�a�d�e�r� �s�h�o�u�l�d� �n�o�t�e� �t�h�a�t� �t�h�e� �u�s�e� �o�f� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� �t�o� �o�p�t�i�m�i�z�e� �t�h�e� �a�c�t�u�a�t�o�r� 

�l�o�c�a�t�i�o�n�s� �i�s� �c�o�m�p�l�e�t�e�l�y� �s�e�p�a�r�a�t�e� �f�r�o�m� �a�n�y� �s�t�a�t�i�s�t�i�c�a�l� �m�o�d�e�l�i�n�g� �o�f� �e�r�r�o�r� �s�e�n�s�o�r� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�.� 

�T�h�e� �r�e�g�r�e�s�s�i�o�n� �d�i�a�g�n�o�s�t�i�c�s� �o�f� �C�h�a�p�t�e�r� �3� �m�a�y� �b�e� �u�s�e�d� �t�o� �m�o�d�e�l� �s�o�m�e� �o�f� �t�h�e� �e�f�f�e�c�t�s� �o�f� �m�e�a�s�u�r�e�m�e�n�t� 

�n�o�i�s�e�,� �b�u�t� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�e� �a�s�s�u�m�e� �t�h�a�t� �n�o� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�s� �p�r�e�s�e�n�t�.� 
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�C�a�n�d�i�d�a�t�e� �A�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�s� 

�d�5�=�0�.�0�2� �d�5�=�0�.�5�0� �6�=�0�.�9�8� 

� � 

�F�i�g�u�r�e� �2�5�:� �L�o�c�a�t�i�o�n�s� �o�f� �c�a�n�d�i�d�a�t�e� �a�c�t�u�a�t�o�r�s�.� �A�l�l� �2�5� �c�a�n�d�i�d�a�t�e� �c�o�n�t�r�o�l� �f�o�r�c�e�s� �a�r�e� �a�x�i�s�y�m�m�e�t�r�i�c� 
�r�i�n�g�-�f�o�r�c�e�s�.� 

� � 

�5�.�1�.� �T�h�e�o�r�e�t�i�c�a�l� �b�a�c�k�g�r�o�u�n�d� 

�5�.�1�.�1�.� �U�s�i�n�g� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� �t�o� �o�p�t�i�m�i�z�e� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�s� 

�I�n� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l� �s�c�i�e�n�c�e�s�,� �o�n�e� �o�f�t�e�n� �h�a�s� �a�c�c�e�s�s� �t�o� �m�a�n�y� �m�o�r�e� �p�r�e�d�i�c�t�o�r� �v�a�r�i�a�b�l�e�s� �t�h�a�n� �a�r�e� 

�n�e�c�e�s�s�a�r�y� �(�o�r� �p�r�u�d�e�n�t�)� �t�o� �i�n�c�l�u�d�e� �i�n� �a� �m�o�d�e�l�.� �O�n�e� �m�i�g�h�t� �b�e� �t�e�m�p�t�e�d� �t�o� �i�n�c�l�u�d�e� �a�l�l� �a�v�a�i�l�a�b�l�e� 

�v�a�r�i�a�b�l�e�s� �i�n� �h�o�p�e�s� �o�f� �d�e�v�i�s�i�n�g� �t�h�e� �m�o�s�t� �c�o�m�p�l�e�t�e� �m�o�d�e�l�,� �b�u�t� �u�s�u�a�l�l�y� �t�h�i�s� �i�s� �d�i�f�f�i�c�u�l�t� �f�o�r� �p�r�a�c�t�i�c�a�l� 

�r�e�a�s�o�n�s�.� �S�o�m�e� �v�a�r�i�a�b�l�e�s� �m�i�g�h�t� �b�e� �t�o�o� �e�x�p�e�n�s�i�v�e� �t�o� �m�e�a�s�u�r�e�;� �o�t�h�e�r�s� �m�i�g�h�t� �d�u�p�l�i�c�a�t�e� �i�n�f�o�r�m�a�t�i�o�n� 

�a�l�r�e�a�d�y� �c�o�n�t�a�i�n�e�d� �i�n� �o�t�h�e�r� �v�a�r�i�a�b�l�e�s�,� �o�r� �m�i�g�h�t� �n�o�t� �c�o�n�t�r�i�b�u�t�e� �a�n�y� �n�e�w� �i�n�f�o�r�m�a�t�i�o�n� �t�o� �t�h�e� �f�i�t�.� �F�o�r� 

�t�h�e�s�e� �r�e�a�s�o�n�s� �a�n�d� �o�t�h�e�r�s�,� �s�t�a�t�i�s�t�i�c�i�a�n�s� �h�a�v�e� �d�e�v�e�l�o�p�e�d� �a� �l�a�r�g�e� �b�o�d�y� �o�f� �l�i�t�e�r�a�t�u�r�e� �d�e�s�c�r�i�b�i�n�g� �t�h�e� 

�c�o�n�c�e�p�t� �o�f� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� �o�r� �v�a�r�i�a�b�l�e� �r�e�d�u�c�t�i�o�n� �(�s�e�e� �[�4�3�]� �f�o�r� �a� �d�e�t�a�i�l�e�d� �d�i�s�c�u�s�s�i�o�n� �a�n�d� �e�x�t�e�n�s�i�v�e� 

�b�i�b�l�i�o�g�r�a�p�h�y�;� �s�e�e� �a�l�s�o� �[�4�4�-�4�6�]�)�.� �T�h�e� �g�o�a�l� �i�s� �t�o� �p�i�c�k� �o�u�t�,� �f�r�o�m� �a�m�o�n�g� �a� �l�a�r�g�e� �s�e�t� �o�f� �c�a�n�d�i�d�a�t�e� 

�v�a�r�i�a�b�l�e�s�,� �s�o�m�e� �"�b�e�s�t� �s�u�b�s�e�t�"� �o�f� �v�a�r�i�a�b�l�e�s� �t�h�a�t� �p�r�o�v�i�d�e�s� �a�n� �a�d�e�q�u�a�t�e� �f�i�t� �t�o� �t�h�e� �d�a�t�a�.� 

�S�i�m�i�l�a�r�l�y�,� �i�n� �t�h�e� �f�e�e�d�f�o�r�w�a�r�d� �c�o�n�t�r�o�l� �p�r�o�b�l�e�m�,� �t�h�e�r�e� �a�r�e� �u�s�u�a�l�l�y� �m�a�n�y� �p�o�s�s�i�b�l�e� �l�o�c�a�t�i�o�n�s� �f�o�r� �t�h�e� 

�a�c�t�u�a�t�o�r�s�.� �C�o�s�t� �a�n�d� �c�o�m�p�l�e�x�i�t�y� �p�r�e�c�l�u�d�e� �c�o�v�e�r�i�n�g� �t�h�e� �e�n�t�i�r�e� �s�t�r�u�c�t�u�r�e� �w�i�t�h� �a�c�t�u�a�t�o�r�s� �a�t� �e�v�e�r�y� 
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� 



�p�o�s�s�i�b�l�e� �l�o�c�a�t�i�o�n�.� �(�A�l�s�o�,� �u�s�i�n�g� �t�o�o� �m�a�n�y� �a�c�t�u�a�t�o�r�s� �w�o�u�l�d� �p�r�o�d�u�c�e� �m�a�s�s�i�v�e� �c�o�l�l�i�n�e�a�r�i�t�y� �a�s� 

�d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �4�.�)� �S�i�n�c�e� �i�t� �i�s� �u�s�u�a�l�l�y� �n�e�i�t�h�e�r� �n�e�c�e�s�s�a�r�y� �n�o�r� �p�r�a�c�t�i�c�a�l� �t�o� �u�s�e� �a� �l�a�r�g�e� �n�u�m�b�e�r� 

�o�f� �a�c�t�u�a�t�o�r�s�,� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� �l�e�t�s� �u�s� �c�h�o�o�s�e� �a�n� �o�p�t�i�m�a�l� �s�u�b�s�e�t� �o�f� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�s� �f�r�o�m� �a�m�o�n�g� 

�a�l�l� �t�h�e� �c�a�n�d�i�d�a�t�e�s�,� �i�n� �e�f�f�e�c�t� �o�p�t�i�m�i�z�i�n�g� �t�h�e�i�r� �l�o�c�a�t�i�o�n�s� �f�o�r� �t�h�e� �g�i�v�e�n� �d�i�s�t�u�r�b�a�n�c�e� �a�n�d� �f�r�e�q�u�e�n�c�y�.� 

�T�h�e� �m�e�t�h�o�d� �r�e�q�u�i�r�e�s� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �o�n�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n� �p�e�r� �c�a�n�d�i�d�a�t�e� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�.� 

�T�h�e�r�e�f�o�r�e�,� �a� �n�u�m�e�r�i�c�a�l� �a�p�p�r�o�a�c�h� �b�a�s�e�d� �o�n� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s� �i�s� �i�d�e�a�l�l�y� �s�u�i�t�e�d�:� �w�h�e�n� �w�e� �c�o�m�p�u�t�e� 

�t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� �f�o�r� �o�n�e� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�,� �w�e� �c�a�n� �a�t� �n�o� �a�d�d�i�t�i�o�n�a�l� �c�o�s�t� �o�b�t�a�i�n� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� 

�f�o�r� �a�l�l� �t�h�e� �o�t�h�e�r� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�s�.� 

�T�h�e� �l�i�t�e�r�a�t�u�r�e� �d�e�s�c�r�i�b�e�s� �a� �v�a�r�i�e�t�y� �o�f� �a�p�p�r�o�a�c�h�e�s� �t�o� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n�,� �e�a�c�h� �w�i�t�h� �d�i�f�f�e�r�e�n�t� 

�s�t�r�e�n�g�t�h�s� �a�n�d� �l�e�v�e�l�s� �o�f� �c�o�m�p�l�e�x�i�t�y�;� �t�h�e� �m�o�s�t� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �m�e�t�h�o�d� �i�s� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �s�u�b�s�e�t� 

�s�e�l�e�c�t�i�o�n�.� �I�n� �a�n� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h�,� �w�e� �c�o�m�p�u�t�e� �a� �s�e�p�a�r�a�t�e� �r�e�g�r�e�s�s�i�o�n� �f�o�r� �e�v�e�r�y� �p�o�s�s�i�b�l�e� 

�c�o�m�b�i�n�a�t�i�o�n� �o�f� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�s�.� �F�o�r� �e�a�c�h� �r�e�g�r�e�s�s�i�o�n�,� �w�e� �c�o�m�p�u�t�e� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� �c�o�s�t� 

�f�u�n�c�t�i�o�n� �y�2�,� �a�n�d� �k�e�e�p� �t�r�a�c�k� �o�f� �w�h�i�c�h� �s�u�b�s�e�t�s� �p�r�o�d�u�c�e� �t�h�e� �s�m�a�l�l�e�s�t� �x�2� �v�a�l�u�e�s�.� �T�h�e� �s�u�b�s�e�t� �t�h�a�t� 

�p�r�o�d�u�c�e�s� �t�h�e� �l�o�w�e�s�t� �x�2� �i�s� �t�h�e� �o�p�t�i�m�a�l� �s�u�b�s�e�t�;� �o�t�h�e�r� �s�u�b�s�e�t�s� �t�h�a�t� �p�r�o�d�u�c�e� �n�e�a�r�-�o�p�t�i�m�a�l� �v�a�l�u�e�s� �o�f� �y�2� 

�m�a�y� �b�e� �u�s�e�f�u�l� �a�l�s�o�.� �A�n� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �i�s� �g�u�a�r�a�n�t�e�e�d� �t�o� �f�i�n�d� �t�h�e� �g�l�o�b�a�l� �m�i�n�i�m�u�m� �2� �r�a�t�h�e�r� �t�h�a�n� 

�b�e�c�o�m�i�n�g� �t�r�a�p�p�e�d� �i�n� �a� �l�o�c�a�l� �m�i�n�i�m�u�m�.� 

�B�e�c�a�u�s�e� �e�x�h�a�u�s�t�i�v�e�-�s�e�a�r�c�h� �t�e�c�h�n�i�q�u�e�s� �c�a�n� �r�e�q�u�i�r�e� �l�o�n�g� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e�s�,� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k� 

�u�s�e�s� �a� �"�r�e�d�u�c�e�d�-�o�r�d�e�r�"� �f�o�r�m� �o�f� �e�x�h�a�u�s�t�i�v�e�-�s�e�a�r�c�h� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n�.� �T�h�e� �n�u�m�b�e�r� �o�f� �p�o�s�s�i�b�l�e� 

�s�u�b�s�e�t�s� �o�f� �o�n�e� �o�r� �m�o�r�e� �v�a�r�i�a�b�l�e�s� �o�u�t� �o�f� �N� �i�s� �(�2�%� �-� �1�)�,� �w�h�i�c�h� �r�o�u�g�h�l�y� �d�o�u�b�l�e�s� �e�a�c�h� �t�i�m�e� �N� �i�n�c�r�e�a�s�e�s� 

�b�y� �o�n�e�.� �A� �t�r�u�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �w�i�t�h� �2�0� �o�r� �m�o�r�e� �v�a�r�i�a�b�l�e�s� �i�s� �n�o�t� �p�r�a�c�t�i�c�a�l� �w�i�t�h� �c�u�r�r�e�n�t� �f�a�c�i�l�i�t�i�e�s�.� 

�H�o�w�e�v�e�r�,� �i�n� �t�h�e� �p�r�e�s�e�n�t� �c�o�n�t�e�x�t� �w�e� �a�r�e� �n�o�t� �i�n�t�e�r�e�s�t�e�d� �i�n� �l�a�r�g�e� �s�u�b�s�e�t�s�,� �t�h�a�t� �i�s�,� �s�u�b�s�e�t�s� �t�h�a�t� �i�n�c�l�u�d�e� 

�m�a�n�y� �a�c�t�u�a�t�o�r�s�.� �I�t� �i�s� �m�o�r�e� �l�o�g�i�c�a�l� �t�o� �o�n�l�y� �i�n�v�e�s�t�i�g�a�t�e� �s�u�b�s�e�t�s� �o�f�,� �s�a�y�,� �m� �o�r� �f�e�w�e�r� �a�c�t�u�a�t�o�r�s� �o�u�t� �o�f� 

�t�h�e� �p�o�s�s�i�b�l�e� �N� �c�a�n�d�i�d�a�t�e�s�,� �w�h�e�r�e� �n� �m�a�y� �b�e� �s�p�e�c�i�f�i�e�d� �f�o�r� �t�h�e� �p�r�o�b�l�e�m� �a�t� �h�a�n�d�.� �S�u�p�p�o�s�e� �w�e� �w�i�s�h� �t�o� 
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�c�h�o�o�s�e� �f�r�o�m� �a�m�o�n�g� �2�5� �c�a�n�d�i�d�a�t�e� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�s� �t�o� �o�p�t�i�m�i�z�e� �a� �6�-�c�h�a�n�n�e�l� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �(�N�=�2�5�,� 

�n�=�6�)�.� �I�t� �w�o�u�l�d� �b�e� �i�n�e�f�f�i�c�i�e�n�t� �o�r� �i�m�p�o�s�s�i�b�l�e� �t�o� �e�x�a�m�i�n�e� �a�l�l� �s�u�b�s�e�t�s� �o�f� �a�d�/� �s�i�z�e�s�,� �i�n�c�l�u�d�i�n�g� �s�u�b�s�e�t�s� �o�f� 

�2�4� �a�c�t�u�a�t�o�r�s� �o�r� �2�5� �a�c�t�u�a�t�o�r�s�,� �w�h�e�n� �t�h�e� �c�o�n�t�r�o�l� �s�y�s�t�e�m� �c�a�n� �u�s�e� �n�o� �m�o�r�e� �t�h�a�n� �s�i�x� �a�c�t�u�a�t�o�r�s�.� 

�L�i�m�i�t�i�n�g� �t�h�e� �s�e�a�r�c�h� �t�o� �s�u�b�s�e�t�s� �o�f� �s�i�x� �o�r� �f�e�w�e�r� �a�c�t�u�a�t�o�r�s� �r�e�d�u�c�e�s� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e� �b�y� �m�a�n�y� 

�o�r�d�e�r�s� �o�f� �m�a�g�n�i�t�u�d�e�.� �R�e�d�u�c�e�d�-�o�r�d�e�r� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �p�e�r�m�i�t�s� �t�h�e� �u�s�e� �o�f� �m�a�n�y� �m�o�r�e� �c�a�n�d�i�d�a�t�e� 

�a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�s�,� �a�n�d� �i�s� �u�s�e�d� �e�x�c�l�u�s�i�v�e�l�y� �i�n� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k�.� 

�O�t�h�e�r� �t�y�p�e�s� �o�f� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� �i�n�c�l�u�d�e� �f�o�r�w�a�r�d� �s�e�l�e�c�t�i�o�n�,� �b�a�c�k�w�a�r�d� �e�l�i�m�i�n�a�t�i�o�n�,� �s�e�q�u�e�n�t�i�a�l� 

�r�e�p�l�a�c�e�m�e�n�t�,� �a�n�d� �v�a�r�i�o�u�s� �"�s�t�e�p�w�i�s�e�"� �m�e�t�h�o�d�s�.� �T�h�e�s�e� �r�e�q�u�i�r�e� �l�e�s�s� �c�o�m�p�u�t�i�n�g� �e�f�f�o�r�t� �t�h�a�n� 

�e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h�e�s�,� �b�u�t� �b�r�i�n�g� �i�n�t�o� �q�u�e�s�t�i�o�n� �w�h�e�t�h�e�r� �t�h�e� �s�o�l�u�t�i�o�n�s� �f�o�u�n�d� �a�r�e� �g�l�o�b�a�l� �m�i�n�i�m�a�.� �F�o�r� 

�p�u�r�p�o�s�e�s� �o�f� �d�e�m�o�n�s�t�r�a�t�i�o�n�,� �o�n�l�y� �e�x�h�a�u�s�t�i�v�e�-�s�e�a�r�c�h� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� �i�s� �u�s�e�d� �i�n� �t�h�i�s� �t�h�e�s�i�s�.� 

�B�e�f�o�r�e� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �m�e�c�h�a�n�i�c�s� �u�s�e�d� �t�o� �p�e�r�f�o�r�m� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� �o�n� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� 

�r�e�g�r�e�s�s�i�o�n�s�,� �a� �f�e�w� �w�o�r�d�s� �o�f� �c�a�u�t�i�o�n� �a�r�e� �i�n� �o�r�d�e�r�.� �A�s� �w�i�t�h� �m�o�s�t� �f�o�r�m�s� �o�f� �n�u�m�e�r�i�c�a�l� �o�p�t�i�m�i�z�a�t�i�o�n�,� 

�o�n�e� �s�h�o�u�l�d� �n�o�t� �t�r�e�a�t� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� �a�s� �a� �"�b�l�a�c�k� �b�o�x�"� �t�e�c�h�n�i�q�u�e� �t�h�a�t� �w�i�l�l� �p�r�o�d�u�c�e� �t�h�e� �s�i�n�g�l�e� �b�e�s�t� 

�c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� �a�c�t�u�a�t�o�r�s�.� �T�h�e� �a�n�a�l�y�s�t� �s�h�o�u�l�d� �e�x�a�m�i�n�e� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �n�e�a�r�-�o�p�t�i�m�a�l� �s�u�b�s�e�t�s� 

�o�v�e�r� �a� �r�a�n�g�e� �o�f� �f�r�e�q�u�e�n�c�i�e�s� �l�o�o�k�i�n�g� �f�o�r� �a�c�t�u�a�t�o�r� �l�o�c�a�t�i�o�n�s� �t�h�a�t� �a�p�p�e�a�r� �a�g�a�i�n� �a�n�d� �a�g�a�i�n�.� �T�h�i�s� �p�o�i�n�t� 

�c�a�n�n�o�t� �b�e� �o�v�e�r�s�t�a�t�e�d�;� �o�n�e� �m�u�s�t� �v�i�g�i�l�a�n�t�l�y� �g�u�a�r�d� �a�g�a�i�n�s�t� �p�u�t�t�i�n�g� �t�o�o� �m�u�c�h� �c�o�n�f�i�d�e�n�c�e� �i�n� �a� 

�n�u�m�e�r�i�c�a�l� �t�e�c�h�n�i�q�u�e� �w�i�t�h�o�u�t� �a� �g�o�o�d� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�e� �p�h�y�s�i�c�s� �i�n�v�o�l�v�e�d�.� 

�5�.�1�.�2�.� �E�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� 

�E�x�h�a�u�s�t�i�v�e�-�s�e�a�r�c�h� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� �p�e�r�f�o�r�m�s� �r�e�g�r�e�s�s�i�o�n�s� �f�o�r� �m�a�n�y� �d�i�f�f�e�r�e�n�t� �s�u�b�s�e�t�s� �o�f� 

�a�c�t�u�a�t�o�r�s� �t�o� �f�i�n�d� �w�h�i�c�h� �s�u�b�s�e�t� �p�r�o�d�u�c�e�s� �t�h�e� �s�m�a�l�l�e�s�t� �r�e�s�i�d�u�a�l� �c�o�s�t� �f�u�n�c�t�i�o�n� �y�2�.� �U�s�i�n�g� �a� �r�e�d�u�c�e�d�-� 

�o�r�d�e�r� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �c�u�t�s� �c�o�m�p�u�t�a�t�i�o�n� �t�i�m�e�s� �b�y� �o�r�d�e�r�s� �o�f� �m�a�g�n�i�t�u�d�e� �a�s� �d�e�s�c�r�i�b�e�d� �b�e�l�o�w�,� �b�u�t� 

�t�h�e� �n�a�t�u�r�e� �o�f� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� �s�u�g�g�e�s�t�s� �t�w�o� �o�t�h�e�r� �t�i�m�e�-�s�a�v�i�n�g� �m�e�a�s�u�r�e�s�.� �F�i�r�s�t�l�y�,� �c�o�m�p�u�t�i�n�g� �t�h�e� 
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�r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �r�e�q�u�i�r�e�s� �e�x�t�r�a� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�o�r�t� �b�e�y�o�n�d� �t�h�a�t� �r�e�q�u�i�r�e�d� �t�o� �c�o�m�p�u�t�e� �x�2�.� 

�T�h�e�r�e�f�o�r�e�,� �w�e� �s�h�o�u�l�d� �n�o�t� �w�a�s�t�e� �e�f�f�o�r�t� �s�o�l�v�i�n�g� �f�o�r� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �b�e�c�a�u�s�e� �t�h�e�y� �a�r�e� �n�o�t� 

�n�e�e�d�e�d� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �w�o�r�t�h� �o�f� �a� �p�a�r�t�i�c�u�l�a�r� �s�u�b�s�e�t�.� �S�e�c�o�n�d�l�y�,� �w�e� �s�h�o�u�l�d� �c�h�o�o�s�e� �a� �s�o�l�u�t�i�o�n� 

�t�e�c�h�n�i�q�u�e� �t�h�a�t� �a�l�l�o�w�s� �u�s� �t�o� �r�e�m�o�v�e� �o�r� �a�d�d� �v�a�r�i�a�b�l�e�s� �f�r�o�m� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �w�i�t�h�o�u�t� �r�e�g�e�n�e�r�a�t�i�n�g� �t�h�e� 

�e�n�t�i�r�e� �c�o�m�p�u�t�a�t�i�o�n�.� �B�o�t�h� �g�o�a�l�s� �a�r�e� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �u�s�i�n�g� �a� �Q�R� �f�a�c�t�o�r�i�z�a�t�i�o�n� �a�s� �d�e�s�c�r�i�b�e�d� �b�e�l�o�w�.� 

�G�e�n�t�l�e�m�e�n� �[�4�8�,� �4�9�]� �g�i�v�e�s� �a�n� �e�f�f�i�c�i�e�n�t� �c�o�m�p�u�t�a�t�i�o�n�a�l� �m�e�t�h�o�d� �f�o�r� �Q�R� �f�a�c�t�o�r�i�z�a�t�i�o�n� �o�f� �r�e�a�l�-�v�a�l�u�e�d� 

�s�y�s�t�e�m�s� �o�f� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s�.� �A�f�t�e�r� �p�e�r�f�o�r�m�i�n�g� �t�h�e� �f�a�c�t�o�r�i�z�a�t�i�o�n� �a�n�d� �i�n�c�l�u�d�i�n�g� �t�h�e� �e�f�f�e�c�t�s� �o�f� 

�w�e�i�g�h�t�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s�,� �t�h�e� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �m�a�y� �b�e� �w�r�i�t�t�e�n� 

�R�B�=�6�0� �(�6�8�)� 

�w�h�e�r�e� �R� �i�s� �a�n� �N� �b�y� �N� �u�p�p�e�r� �t�r�i�a�n�g�u�l�a�r� �m�a�t�r�i�x� �a�n�d� �@� �i�s� �a� �v�e�c�t�o�r� �o�f� �l�e�n�g�t�h� �N�.� �I�f� �t�h�e� �a�c�t�u�a�l� �v�a�l�u�e�s� 

�o�f� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �r�e�q�u�i�r�e�d�,� �s�o�l�v�i�n�g� �f�o�r� �B� �i�s� �t�r�i�v�i�a�l� �b�y� �b�a�c�k�-�s�u�b�s�t�i�t�u�t�i�o�n�.� 

�F�o�r� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n�,� �t�h�e� �u�t�i�l�i�t�y� �o�f� �E�q�.� �(�6�8�)� �i�s� �t�w�o�f�o�l�d�.� �F�i�r�s�t�,� �n�o�t�i�n�g� �t�h�a�t� �e�a�c�h� �r�o�w� �o�f� �E�q�.� �(�6�8�)� 

�r�e�p�r�e�s�e�n�t�s� �a� �d�i�f�f�e�r�e�n�t� �a�c�t�u�a�t�o�r�,� �i�t� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� �i�t�)� �e�l�e�m�e�n�t� �o�f� �@� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� 

�v�a�l�u�e� �o�f� �y�2� �t�h�a�t� �w�o�u�l�d� �r�e�s�u�l�t� �f�r�o�m� �i�n�c�l�u�d�i�n�g� �o�n�l�y� �a�c�t�u�a�t�o�r�s� �1�,� �2�,� �.�.�.� �i�.� �S�e�c�o�n�d�l�y�,� �t�h�e� �r�o�w�s� �m�a�y� �b�e� 

�r�e�-�o�r�d�e�r�e�d� �w�i�t�h� �m�i�n�i�m�a�l� �e�f�f�o�r�t� �b�y� �t�a�k�i�n�g� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �m�a�t�r�i�x� �s�t�r�u�c�t�u�r�e� �a�l�r�e�a�d�y� �p�r�e�s�e�n�t� �i�n� �t�h�e� 

�e�q�u�a�t�i�o�n�s�.� �B�y� �s�u�c�c�e�s�s�i�v�e�l�y� �r�e�-�o�r�d�e�r�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �a�n�d� �e�x�a�m�i�n�i�n�g� �t�h�e� �d�i�a�g�o�n�a�l�s� �o�f� �@�,� �w�e� �c�a�n� 

�r�a�p�i�d�l�y� �e�x�a�m�i�n�e� �t�h�e� �n�e�c�e�s�s�a�r�y� �s�u�b�s�e�t�s� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�i�c�h� �s�u�b�s�e�t�s� �p�r�o�d�u�c�e� �t�h�e� �m�o�s�t� �e�f�f�e�c�t�i�v�e� 

�c�o�n�t�r�o�l�l�e�r�.� �S�u�b�s�e�t�s� �a�r�e� �e�x�a�m�i�n�e�d� �i�n� �o�r�d�e�r� �o�f� �i�n�c�r�e�a�s�i�n�g� �s�u�b�s�e�t� �s�i�z�e�:� �s�u�b�s�e�t�s� �o�f� �o�n�e� �a�c�t�u�a�t�o�r� �a�r�e� 

�e�x�a�m�i�n�e�d� �f�i�r�s�t�,� �t�h�e�n� �t�w�o� �a�c�t�u�a�t�o�r�s�,� �t�h�r�e�e� �a�c�t�u�a�t�o�r�s�,� �a�n�d� �s�o� �f�o�r�t�h�.� �F�o�r� �a� �r�e�d�u�c�e�d�-�o�r�d�e�r� �e�x�h�a�u�s�t�i�v�e� 

�s�e�a�r�c�h�,� �t�h�e� �p�r�o�c�e�s�s� �i�s� �t�e�r�m�i�n�a�t�e�d� �a�f�t�e�r� �s�u�b�s�e�t�s� �o�f� �a� �g�i�v�e�n� �s�i�z�e� �h�a�v�e� �b�e�e�n� �e�x�a�m�i�n�e�d�.� 

�A� �g�e�n�e�r�a�l� �s�e�t� �o�f� �r�o�u�t�i�n�e�s� �f�o�r� �w�e�i�g�h�t�e�d� �l�e�a�s�t�-�s�q�u�a�r�e�s� �r�e�g�r�e�s�s�i�o�n� �i�s� �p�r�e�s�e�n�t�e�d� �b�y� �M�i�l�l�e�r� �[�5�0�}�.� 

�H�o�w�e�v�e�r�,� �t�h�e�s�e� �r�o�u�t�i�n�e�s� �a�r�e� �f�o�r� �r�e�a�l�-�v�a�l�u�e�d� �v�a�r�i�a�b�l�e�s� �o�n�l�y�.� �T�h�e� �r�o�u�t�i�n�e�s� �c�a�n� �e�a�s�i�l�y� �b�e� �m�o�d�i�f�i�e�d� �t�o� 
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�o�p�e�r�a�t�e� �o�n� �c�o�m�p�l�e�x�-�v�a�l�u�e�d� �v�a�r�i�a�b�l�e�s�;� �t�h�e� �m�o�d�i�f�i�c�a�t�i�o�n�s� �a�r�e� �d�e�s�c�r�i�b�e�d� �i�n� �A�p�p�e�n�d�i�x� �B�.� �F�o�r� �f�u�r�t�h�e�r� 

�d�e�t�a�i�l�s� �o�n� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �u�s�i�n�g� �Q�R� �d�e�c�o�m�p�o�s�i�t�i�o�n�,� �t�h�e� �r�e�a�d�e�r� �i�s� �r�e�f�e�r�r�e�d� �t�o� �[�4�3�]�.� 

�A�l�l� �r�e�g�r�e�s�s�i�o�n� �a�n�d� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� �c�o�m�p�u�t�a�t�i�o�n�s� �f�o�r� �t�h�i�s� �p�a�p�e�r� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �o�n� �a� �d�e�s�k�t�o�p� 

�c�o�m�p�u�t�e�r�,� �a�n�d� �n�o�n�e� �r�e�q�u�i�r�e�d� �m�o�r�e� �t�h�a�n� �a� �f�e�w� �m�i�n�u�t�e�s� �o�f� �c�o�m�p�u�t�i�n�g� �t�i�m�e�.� �(�T�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�s� 

�w�e�r�e� �c�o�m�p�u�t�e�d� �s�e�p�a�r�a�t�e�l�y�,� �b�e�f�o�r�e� �p�e�r�f�o�r�m�i�n�g� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n�.�)� �T�h�e� �h�i�g�h� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�i�c�i�e�n�c�y� 

�o�f� �t�h�e� �O�R� �d�e�c�o�m�p�o�s�i�t�i�o�n� �a�l�l�o�w�s� �l�a�r�g�e� �s�y�s�t�e�m�s� �t�o� �b�e� �i�n�v�e�s�t�i�g�a�t�e�d� �e�c�o�n�o�m�i�c�a�l�l�y�.� 

�5�.�1�.�3�.� �T�h�e� �e�f�f�e�c�t� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y� �o�n� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� 

�C�o�l�l�i�n�e�a�r�i�t�y� �d�e�g�r�a�d�e�s� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �r�e�g�r�e�s�s�i�o�n�,� �a�n�d� �i�f� �s�e�v�e�r�e� �c�a�n� �c�o�m�p�l�e�t�e�l�y� �d�e�s�t�r�o�y� �t�h�e� 

�r�e�s�u�l�t�s�.� �A� �c�o�m�m�o�n� �r�e�s�u�l�t� �i�s� �b�i�a�s� �e�r�r�o�r�,� �t�h�a�t� �i�s�,� �a�n� �e�r�r�o�n�e�o�u�s�l�y� �s�m�a�l�l� �y�2� �w�h�i�c�h� �i�s� �a�c�t�u�a�l�l�y� �a� 

�n�u�m�e�r�i�c�a�l� �a�r�t�i�f�a�c�t�.� �T�h�u�s� �w�e� �s�e�e� �t�h�e� �i�m�p�a�c�t� �o�f� �c�o�l�l�i�n�e�a�r�i�t�y� �o�n� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n�:� �i�f� �w�e� �r�e�c�o�r�d� �t�h�e� 

�s�u�b�s�e�t�s� �w�i�t�h� �t�h�e� �s�m�a�l�l�e�s�t� �x�2� �v�a�l�u�e�s�,� �s�o�m�e� �o�f� �t�h�e�m� �m�a�y� �b�e� �c�o�n�t�a�m�i�n�a�t�e�d� �b�y� �c�o�l�l�i�n�e�a�r�i�t�y�.� �W�e� �m�u�s�t� 

�t�e�s�t� �t�h�e� �n�e�a�r�-�o�p�t�i�m�a�l� �s�u�b�s�e�t�s� �t�o� �s�e�e� �w�h�i�c�h�,� �i�f� �a�n�y�,� �e�x�h�i�b�i�t� �c�o�l�l�i�n�e�a�r�i�t�y� �a�n�d� �s�h�o�u�l�d� �b�e� �d�i�s�c�a�r�d�e�d�.� 

�D�e�t�e�c�t�i�n�g� �c�o�l�l�i�n�e�a�r�i�t�y� �i�s� �n�o�t� �d�i�f�f�i�c�u�l�t�.� �W�e� �s�i�m�p�l�y� �c�o�m�p�u�t�e� �t�h�e� �l�a�r�g�e�s�t� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �i�n�d�e�x� 

�(�s�e�e� �S�e�c�t�i�o�n� �4�.�1�.�4�)� �a�n�d� �c�o�m�p�a�r�e� �i�t� �t�o� �t�h�e� �s�c�a�l�e�d� �c�o�n�d�i�t�i�o�n� �i�n�d�e�x� �t�h�r�e�s�h�o�l�d� �x�*� �(�S�e�c�t�i�o�n� �4�.�1�.�5�)�.� �I�f� 

�t�h�e� �t�h�r�e�s�h�o�l�d� �i�s� �e�x�c�e�e�d�e�d�,� �w�e� �d�i�s�c�a�r�d� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �a�s� �a� �n�u�m�e�r�i�c�a�l� �a�r�t�i�f�a�c�t�.� 

�A�s� �d�e�s�c�r�i�b�e�d� �i�n� �S�e�c�t�i�o�n� �4�.�1�.�3�,� �w�e� �c�o�u�l�d� �s�t�i�l�l� �s�o�l�v�e� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �w�i�t�h� �c�o�l�l�i�n�e�a�r�i�t�y� �p�r�e�s�e�n�t� �b�y� 

�u�s�i�n�g� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �m�e�t�h�o�d� �s�u�c�h� �a�s� �s�i�n�g�u�l�a�r�-�v�a�l�u�e� �d�e�c�o�m�p�o�s�i�t�i�o�n� �(�S�V�D�)�.� �H�o�w�e�v�e�r�,� �S�V�D� �a�n�d� 

�o�t�h�e�r� �a�p�p�r�o�a�c�h�e�s� �a�r�e� �n�o�t� �s�u�i�t�a�b�l�e� �f�o�r� �u�s�e� �w�i�t�h� �s�u�b�s�e�t� �s�e�l�e�c�t�i�o�n� �b�e�c�a�u�s�e� �o�f� �t�h�e� �c�o�m�p�u�t�i�n�g� �t�i�m�e� 

�i�n�v�o�l�v�e�d�.� �R�e�c�a�l�l� �t�h�a�t� �t�h�e� �e�x�h�a�u�s�t�i�v�e� �s�e�a�r�c�h� �i�s� �b�a�s�e�d� �o�n� �r�e�p�e�a�t�e�d�l�y� �r�e�-�o�r�d�e�r�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �a�n�d� 

�s�o�l�v�i�n�g� �f�o�r� �y�2�.� �S�i�n�g�u�l�a�r� �v�a�l�u�e� �d�e�c�o�m�p�o�s�i�t�i�o�n� �w�o�u�l�d� �r�e�q�u�i�r�e� �t�h�e� �a�l�g�o�r�i�t�h�m� �t�o� �c�o�m�p�l�e�t�e�l�y� 

�r�e�g�e�n�e�r�a�t�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �f�r�o�m� �s�c�r�a�t�c�h� �e�a�c�h� �t�i�m�e� �t�h�e� �v�a�r�i�a�b�l�e�s� �a�r�e� �r�e�a�r�r�a�n�g�e�d�,� �r�a�t�h�e�r� �t�h�a�n� �t�a�k�i�n�g� 

�a�d�v�a�n�t�a�g�e� �o�f� �p�r�e�v�i�o�u�s� �c�o�m�p�u�t�a�t�i�o�n�s�.� 

�5�.�1�.� �T�h�e�o�r�e�t�i�c�a�l� �b�a�c�k�g�r�o�u�n�d� �8�9


