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The inverse scattering problem on the line is studied for the generalized Schro-
dinger equation (d? w/dxz) +k’H (x)zz//= Q(x) ¢, where H(x) is a positive, piece-
wise continuous function with positive limits H. as x — *. This equation, in
the frequency domain, describes the wave propagation in a nonhomogeneous me-
dium, where Q(x) is the restoring force and 1/H(x) is the variable wave speed
changing abruptly at various interfaces. A related Riemann-Hilbert problem is
formulated, and the associated singular integral equation is obtained and proved to
be uniquely solvable. The solution of this integral equation leads to the recovery of
H(x) in terms of the scattering data consisting of Q(x), a reflection coefficient,
either of H.., and the bound state energies and norming constants. Some explicitly
solved examples are provided. © 1995 American Institute of Physics.

I. INTRODUCTION

Consider the one-dimensional generalized Schrodinger equation

W' (k,x)+k2H(x)*(k,x)=Q(x)y(k,x), xeR, (L.1)

where the prime denotes the derivative with respect to the space coordinate. This equation, in the
frequency domain, describes the propagation of waves in a nonhomogeneous medium where & is
energy, 1/H(x) is the wave speed, and Q(x) is the restoring force per unit length. Our assump-
tions on H(x) and Q(x) in this article will vary, but several key results will be proved under the
same set of assumptions listed here for future reference:

(H1) H(x) is strictly positive and piecewise continuous with jump discontinuities at x, for
n=1,...,N such that x| <---<xy.

(H2) H(x) — H. as x — *o, where H. are positive constants.

(H3) H—H. e L'(R¥), where R™=(—%,0) and R*=(0,+).

(H4) H' is absolutely continuous on (x,,x,.;) and 2H"H—3(H')*e Ll(x, Xpeq) for
n=0,...,N, where xo=—% and xpy, =+,

(HS) QeLl, (R) for some ae[0,1], where L (1) is the space of measurable functions f(x)
on I such that [, dx(1+|x])P|f(x)|<o.

The scattering solutions of Eq. (1.1) are those behaving like e*7=* or ¢ T#HxX 55 x —, + oo,
Such solutions occur when k%>0. There are two linearly independent scattering solutions of Eq.
(1.1) satisfying the boundary conditions

filkx)=e*+ito(1),  fi(kx)=ikH e*H+*+0(1), x — +, (1.2)
flkx)y=e -4 6(1), fl(k,x)=—ikH_e *-*10o(1), x — —oo, (1.3)

We will call fi(k,x) the Jost solution of Eq. (1.1) from the left and f,(k,x) the Jost solution from
the right. We have
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— l ikH _x _l_‘(_k)
filkn) =6 € T ©

THH-x L 5(1), x — —oo, (1.4)

F k)= e ittt ry RO

T T(—k)-eikH+x+0(l), X — +oo, (1.5)

where T,(k) and T,(k) are the transmission coefficients from the left and from the right, respec-
tively, and R(k) and L(k) are the reflection coefficients from the right and from the left, respec-
tively. The scattering matrix associated with Eq. (1.1) is defined as

S(k)=

Ty(k) R(k)
L(k) Tk}

The solutions of Eq. (1.1) belonging to L*(R) are called the bound state solutions; to be more
precise, here we need to use L2(R,H(x)%dx) instead of L?(R,dx), but these two spaces are
equivalent due to the fact that H(x) is a strictly positive, bounded function. Such solutions may
occur only at finitely many negative values of k2, known as the bound state energies. Associated
with each bound state is a positive constant called the bound state norming constant. The purpose
of this article is to recover H(x) from the scattering data consisting of Q(x), one of the reflection
coefficients, either of H .., and the bound state energies and norming constants. In the special case
when Q(x)=0 and H. =1, Grinberg' proposed a method to recover H(x) with jump disconti-
nuities; in Ref. 2 the case @(x)=0 and H. ¥ 1 was considered. When Q(x) =0, the solution of
the inverse problem for Eq. (1.1) is greatly simplified because in that case there are no bound
states and the reduced reflection coefficients defined in Eq. (4.1) are strictly less than 1 in absolute
value; in fact, as noted in Refs. 1 and 2 no abstract Fredholm theory is needed to solve the
resulting singular integral equation when Q(x)=0. When H(x) is twice continuously differen-
tiable, the solution of the inverse problem can be found® by using a Liouville transformation
defined on the whole real axis. However, when H(x) has discontinuities, the Liouville transfor-
mation (3.1) can only be used locally, i.e., only on each interval (x,,x,, ). In fact, the nonexist-
ence of a global Liouville transformation greatly complicates the analysis of the inverse scattering
problem. A discussion of the inverse problem when H(x) has discontinuities was also given in
Ref. 4, where a different approach was used and an incomplete solution was given.

The discontinuities in H(x) correspond to abrupt changes in the properties of the medium in
which the wave propagates. In the inversion procedure described in Refs. 1 and 2 and in the
present article, neither the locations of the discontinuities of H(x) nor the jumps in H(x) at such
locations are given as part of the scattering data; on the contrary, these locations and jumps are
recovered by the inversion method.

In order to extend our solution of the inverse problem from Q e L%(R) to Qe L{+Q(R) with
ae(0,1), we relate the key singular integral equation (5.21) to the solution of the vector Riemann—
Hilbert problem (7.4)—(7.7) whose unique solvability is proved by studying factorizations of
almost periodic matrix functions.>® Although Riemann—Hilbert problems have been found useful
in solving various other inverse problems,”~!! to the best of our knowledge the Riemann—Hilbert
problem described in Egs. (7.4)—(7.7) does not appear elsewhere in the inverse scattering litera-
ture. In setting up Egs. (7.4)-(7.7) we follow ideas outlined in Ref. 12, where several types of
integral equations are studied by reducing them to Riemann-Hilbert problems of the type (7.4)—
(7.7).

In regard to the problems with discontinuous coefficients, we remark that Sabatier and his
co-workers'*~1® studied the scattering for the impedance-potential equation and that Krueger
studied'”'® the inverse scattering problem for u,,—u,+c;(x)u,+ cy(x)u,+c3(x)u=0, where
x,t €R and the coefficients ¢, ¢,, ¢3 are sectionally continuous functions with support in a finite
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interval. Krueger also considered u,,— e(x)u,,=0 when &(x) is constant for x<<0 and sectionally
continuous for x>0, and he developed19 an iterative method to recover £(x) when the incoming
and reflected waves are given.

This article is organized as follows. In Sec. II we establish the analyticity of the Jost solutions
of Eq. (1.1) and obtain some estimates on these solutions. In Sec. IIl we analyze a sequence of
Schrodinger equations related to Eq. (1.1) in the intervals (x, ,x,4;) for n=0,...,N. The results in
Secs. I and I are used in Sec. IV to obtain certain properties of the scattering matrix S(k) needed
to solve the inverse scattering problem. In Sec. V we give the solution of our inverse problem;
H(x) is recovered by using in Eq. (5.24) the unique solution of our singular integral equation
(5.21). In Sec. VI our inversion procedure is illustrated by two examples. The unique solvability
of Eq. (5.21) is established in Sec. VIL In Sec. VIII we give the recovery of H(x) when bound
states are present and illustrate the inversion procedure by an example. Finally, in the Appendix
we give the proof of the second part of Theorem 4.2, establishing the behavior of the scattering
matrix as k — 0.

Il. SCATTERING SOLUTIONS

In this section we show that the Jost solutions can be extended analytically in k from the real
axis to the upper-half complex plane. We let C* denote the upper-half complex plane and ct
= C*YUR. Similarly, C™ denotes the lower-half complex plane and C~ = C”UR.

Let [f;g]=fg' —f'g denote the Wronskian. Using Egs. (1.2)—(1.5) we obtain

H, H_

LUfi(k,x); f(k,x)]= —2ik T—(k—)=—2ik m, 2.1)
. L(k) . R(—k)
Lfilk,x);f(—k,x)]=2ikH _ T—,(k—)=~2' ST =R (2.2)
k.x)ifi(k,x)]=2ikH .= 2ikH —L(k)L 2.3
(= k,x); fi(k,x)]=2i +—m(:—k)[l (K)L(—k)], (2.3)
2ikH ,

f(—k,x)if(k,x)]=—2ikH_=— TOT(<F) [1—-R(k)R(—K)]. (2.4)

From Egs. (1.1), (1.2), and (1.3) we see that the Jost solutions satisfy
fl(_er):fl(kv-x)r f,-("k,X)=f,(k,X), kER’ (25)

where the overbar denotes complex conjugation. Hence from Egs. (2.1) and (2.2) we have

S(—k)=S(k), keR. (2.6)

The scattering matrix S(k) is not unitary unless H,=H_ . However, from Egs. (2.1)-(2.4) it
follows that

T,(k)L(—k)+R(k)T(—k)=0, H.T/(k)=H_T/(k), 2.7)
T k)T, (—k)+ L(K)L(=k)=T,(~k)T (k) +R(k)R(—k)=1, 2.8)

T(k) Tk

det S(6) =Ty (k)T (k) = LIOR(K) = 75 = 7y

(2.9)
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where det denotes the matrix déterminant.
From Egs. (1.1) and (1.2) we have

filk,x)=e*H+x+ fw dz[sin kH . (z—x)J[K*{H3 — H(2)*}+ Q(2)1fi(k.z). (2.10)

kH, J.
Similarly, from Egs. (1.1) and (1.3) we have

fk,x)=e k-5 kI:{_ f; dz[sin kH _(x—2)[[k*{H%: — H(2)%} + Q(2)1f,(k,z).

(2.11)

Let us define the Faddeev functions, m,;(k,x) from the left and m, (k,x) from the right, as
myk,x)=e *+3fik x),  m(k,x)=e*-*f (k,x). (2.12)
From Egs. (1.2) and (1.3) it is seen that
myk,x)=14+0(1), mj(k,x)=0(1), x — 4o,
m(k,x)=1+0(1), m(k,x)=0(1), x— —oo,

From Egs. (2.10)—(2.12) we obtain

1 © .
my(k,x)=1- STRE f dz[ 1 — e H+ @Ok H2 — H(2)2}+ Q(2)Imy(k,z), (2.13)
m,(k,x)=1—2ile_ fm dz[1~ e H-CTON R HL ~ H(2)*}+ Q(2)Im, (k,2). (2.14)

Theorem 2.1:

(i) Assume Q e L!(R) and H~H . € L'(R¥). Then, for each fixed x eR, the Faddeev func-
tiogs_m,(k,x), m,(k,x) and their derivatives m,’(k,x), m,(k,x) are analytic in C* and continuous
in C*. Consequently, the Jost solutions f;(k,x), f,(k,x) and their derivatives f; (k,x), f,(k,x) are
analytic in C* and continuous in C*. Moreover, the following estimates hold:

|m(k,x)|<(1+max{0,—x})ef+*)  keC¥, (2.15)

Im,(k,x)|<(1+max{0,x})eE-*2  keCT, (2.16)

|m,'(k,x)|se’5+<"~‘>f°° dz(1+max{0,~ D[ |k|?|[H: - H(2)}|+|0(z)|], keC*,

X

(2.17)
|m;(k,x)|<e5—("")fj dz(1+max{0,z})[|k[2|H: - H()?|+]Q(2)]]1, keC*, (2.18)

where

*oo

||

Ea(en== | dZ[fT:IHZ:—H(Z)2|+(1+|Z|)|Q(Z)I . @.19)

X
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(ii) Assume QeLj, ,(R) for some ae[0,1] and H~H.eL'(R*). If a€[0,1), then, as
k — 0 in C* we have

m(k,x)=m0,x)=0(lk|*), m[(k,x)—m;(0,x)=0(]k|%)
uniformly on x=a, and
m (k%)= m(0,x)=0([k|%), m](k,x)=m/(0,x)=0(]k|*)

uniformly on x<a, for any a eR. If a=1, then the same relations hold, but with O(k) on the
right-hand sides. Moreover, if =1, then m,;(0,x) and m,(0,x) exist, where the overdot denotes
the derivative with respect to k.

Proof: (i) The proof of the analyticity and continuity of m,(k,x), m(k,x), m/(k,x), and
m ) (k,x) is similar to the proof of Theorem 2.1 in Ref. 20 and is based on iteration of Egs. (2.13)
and (2.14). We omit the details. To prove Eq. (2.15) we note that by Eq. (2.13)

||

mtkl<1+ [ dz[ g - H@ U+ a-0lo@ Imkal, @20

+
where we have used the estimate |1 — e2*#+(~9| < 2 on the term involving H . — H(z) and used
|1 —e?*i+z=0 < 2|k|H,|z—x| on the term involving Q(z). Defining i, (k,x)
=m,(k,x)/(1+max{0,—x}), and using

(1+max{0,—z})
0 +max{0, —x})

=1 +Iz!, z=x,

(z

from Eq. (2.20) we obtain

1 o k
|'ﬁ/(k,x)|<m+fx dz['lH‘ﬂlj |H2 — H(2)?|+ (1 +]z)|Q(2)] || (k,2)].

Now Eg. (2.15) follows from Gronwall’s inequality. Similarly one derives Eq. (2.16). Inequalities
(2.17) and (2.18) are obtained by differentiating Eqs. (2.13) and (2.14), respectively, and using
Egs. (2.15) and (2.16). With the help of Eq. (2.12), for each fixed x, one obtains the analyticity in
C* and continuity in C™ of the Jost solutions f;(k,x) and f,(k,x) and their derivatives fi(k,x)
and f;(k,x). Hence, the proof of (i) is complete.

To prove (ii), note that from Eq. (2.13) we have

m(k,x)—m)(0,x)=A (k,x)+A,(k,x)+As(k,x), (2.21)
where
Aj(kx)=— fj 42| S (1—ez""”*f‘z—*))}[ﬂ’i—H(z>2]m1(0,z>,
RTINS fw 14 2ikH  (z—x) — **H+ (275
2( ,X)—_’ . dZ 21kH+(z—x) (Z"'X)Q(Z)ml(o,Z),
1 * 2ikH (2 —x)F 1.2 172 2
Asth)== s | el 1= PN = (4 () T (k,2) = (0,01,

Using

J. Math. Phys., Vol. 36, No. 6, June 1995
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1 —e2ikH+(z—x) ki(z—x ki(z—a
. <c |l ( ) < |k ( ) (2.22)
2iH, | 1+]k|(z—x) 1+|k|(z—a)
for some constant C, for all x=a we obtain
= |kl(z—a) )
|A1(k,X)|<C|k|J; Tk e=a) |H3 — H(2)*||m(0,2)| =0(k). (2.23)
Using
1+2ikH  (z—x)— e?kH+(z7%) k|(z— kl(z—
ikH (2= x)—e <o WKlz=x) _ . |klz=a) ’ (2.24)
2ikH . (z—x) l 1+ |kj(z—x) 1+ |k|(z—a)
we obtain

. ® lkll—-a(z__a)l-—a
|Ay(k,x)|<Clk| L dzm

(z=a)' "% Q(2)|Im,(0,2)| = o(|k]%). (2.25)
By using Gronwall’s inequality we see that m;(k,x)—m;(0,x)=o0(|k|*) uniformly on x=a. The
estimates involving m,(k,x), m;(k,x), and m,(k,x) are obtained in a similar manner.

Now suppose a=1. From Egs. (2.21)-(2.25) it is seen that the error terms are O(k). The
proof of the existence of m,(0,x) and m,(0,x) is complicated by the fact that under the assump-
tion H—H., e L'(R®) we cannot simply differentiate Eqs. (2.13) and (2.14) under the integral
sign. Since the detailed estimates are standard but lengthy, we only outline the proof. Let
A(k,x)=[m(k,x)—m;(0,x)]k !, Then using Egs. (2.21)-(2.25) and Gronwall’s inequality, we
show that |A(k,x)|<C uniformly for x=a and k near 0. Using this bound and the integral
equation satisfied by A(k,x) we estimate the difference |A(k;,x)—~A(k,,x)| and show that it is
Cauchy as k,, k, — 0. Thus A(k,x) has a limit as k — O and hence m,(0,x) exists. A similar
argument works for m,(0,x). |

The statements in (ii) of Theorem 2.1 also apply to the Jost solutions and their derivatives, but
in that case the uniformity in x is only valid when x is restricted to a bounded interval.

If a=1, using Eq. (2.10) as k — 0 and Eq. (2.12), we find that f,(0,x) obeys the integral
equation

FOx)=iH x+ f " dz(z—x)0(2)f(0,2). 2.26)

x

This integral equation can be solved by iteration, and it is used in Sec. V (Theorem 5.4). Using
Eqgs. (2.20) and (2.26) we see that [f;(0,x);f,(0,x)]=—iH, and hence we have

(f:(o,x))'= iH,
f{0,x) £1(0,x)*
which will be used in Secs. VI and VIIL

(2.27)

li. A LOCAL LIOUVILLE TRANSFORMATION

In this section we relate the Jost solutions of Eq. (1.1) to solutions of a sequence of Schro-
dinger equations on the intervals (x;,x;4) for j=0,...,N. We use the fact that although H(x) is
discontinuous at x;, the Jost solutions of Eq. (1.1) and their x-derivatives are continuous even at
these points. The results here will be used in the next section to establish the properties of the
scattering matrix.

J. Math. Phys., Vol. 36, No. 6, June 1995
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Under the Liouville transformation

x 1
y=y()= [ s O, )= s plk), 6.1
the generalized Schrodinger equation (1.1) is transformed into
d*¢(k,
—%(y-zl)+k2¢(k,y)=V(y)¢(k,y), (3.2)

where

H'(x) 3 H'(x)? Q)
VOO= smey T BT T HG?

(3.3)

Since H(x) is assumed to have jump discontinuities at x; for j=1,...,N, the quantity V(y) is
undefined at y;=y(x;). However, V(y) is well defined in each of the intervals (y;,y;+,) for
Jj=0,...,N; thus, we can only use the Liouville transformation locally, i.e., only on each interval
(xj,xj+1). Since H(x) is strictly positive, it follows that yo=y(x¢)=—% and
YN+1ZY(Xye )=+,

Let V; j+1(y) be the potential defined by

V(y), ye(;.yj+1)s

Vj,j+l(y)= 0 (3.4

, elsewhere,

where V(y) is the quantity in Eq. (3.3). We have V; j+1eL%(R), which is satisfied because
2H"H—3(H’)2EL%(xj 2xj+1) for j=0,...,N, ie., because (H4) is satisfied. The Faddeev func-
tion from the left, Y¥,.; ;4 (k,y), associated with the potential V; ;,(y) satisfies the differential
equation

Y1 (ky)H2ikY [ o (ko y) =V o (¥) Y 1 41(55),
with the boundary conditions Y;; ;. (k,y;+)=1 and Y,’;j,j+1(k,yj+l)=0; thus we see that

Y,.;j+1(k,y) satisfies the integral equation

1 Yi+1 2ik(t—y)
Yijje1lk,y)=1+ ik . dife =11V, e (D) Y1 i1 (K1),

Recall that the prime denotes the derivative with respect to the space coordinate, and hence
Y'(k,y) denotes dY(k,y)/dy. Similarly, the Faddeev function from the right, Y,;j’jﬂ(k,y), as-
sociated with the potential V; ;, (y) satisfies the differential equation

Y:’,J,,+1(k,}’)_2ikY:,1,,+ I(kvy) = Vj,j+l(y)Yr;j,j+l(k7y)9

with the boundary conditions ¥,.; ;. ;(k,y;)=1 and Y,’;j_j+1(k,yj)=0; hence Y ,,; ;1 1(k,y) satis-
fies the integral equation

1 y o
Yr;j.j+1(k,}’)=1+§7];fy dt[ezm(y t)_1]Vj,j+1(f)Yr;j.j+1(kJ)-
J

Let s;;,,(k) be the scattering matrix for the Schrodinger equation with the potential
V;.j+1(y) such that

J. Math, Phys., Vol. &, No. 6, June 1995
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5 ()= tjj+1(k) rjje1(k)
pitl lj,j+l(k) t;j+1(k) ’
where ¢; ;. (k) is the transmission coefficient and r; ;. (k) and [; ;. 1 (k) are the refiection coef-
ficients from the right and from the left, respectively. The following facts about the entries of
s; j+1(k) and the Faddeev functions are well known (Refs. 21-24): k/t; ;, (k) is analytic in C*,
continuous in C*, and

t;j+1(k)=1+0(1/k), k — o in C+. \ (3.5)

Then we have

)[1+1j,j+1(k)e“2“‘y], y<y;, j=L,..,N, keC",

t;j+1(k
Ypjj+1(k,y)= ™
m[l'*‘lo,l(k)e_Ziky]‘*‘O(l), y — —», j=0, keR,
1. .. .(k . _
—2ikt—’_’—"-:%;~e‘2”‘y, y<y;, Jj=lL,...N, keC",
JoJ
Yll;j,j+1(k,)’)= l (k)
—9i tO,l(k) e—2iky+0(e~—2iky)’ y — —oo, j=(), keR
0,1

and furthermore, for j=1, [lj’j+l(k)/tj,Hl(k)]e“z""y is analytic in C* and for y<y; it vanishes
when k — o in C*. In fact, we have

Yy e1069) = 1=0(1), Yi;(ky)=o(1), k—® in C* (3.6)

uniformly in y e R. Similarly, we obtain

[147;,01(K)e¥®],  y=yj.1, j=0,.,N—1, keC*,

t;+1(k)
Y, ielky)= ”1
tNN+l(k) [1+rN.N+l(k)62iky]+o(1)’ y — +o, J=N’ keR,
r; i1k , v —
2ikt+”:l‘%;e2"‘y, y=yj+1, J=0,..,N—1, keC",
F —_ J‘l.l
Yrguni(y)= ryn+1(k) . .
2ikme2’ky+o(e2”‘y), y — 40, j=N, keR

Furthermore, for j<N— 1, [rj,jﬂ(k)/tj,j+ I(k)]eZiky is analytic in C" and for YZYje1 it vanishes
when k — o in C*. In fact, we have

Yo ie1(ey)—1=0(1), Y. (ky)=o(l), k — o in c* (3.7
uniformly in yeR. For each fixed yeR, the functions Y i+1(ky), Y, i+1(ky),

Yijj+10k.y), and Y1 ;. (k,y) are analytic in C* and continuous in C*.
Let us define
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1 1
- ik — ~ ik
77j,j+1(k,x)— \/H_(xse 'VYI;j,j+l(k’.Y)1 fj,j+1(k,x)— me er;j,j+l(k’}’)' (3.8)
Then 7, ;4,(k,x) and §; ;;(k,x) are two linearly independent solutions of Eq. (1.1) in the
interval (x;,x;4,) for j=0,...,N. After using dy/dx=H(x), for x e (x;,x;,;) we have

, ) H' (x) - N
_77j,j+1(k’x)=(’kVH(x)""m%m)elk"yl;j,jﬂ(k.)’)"‘VH(x)e'k'vYI;j,jﬂ(k,y), (3.9)

, ) H'(x) —iky T
gj,j+1(k’x)=( —ikVH(x)— W)e k’Y,;j,jH(k,y)-i- VvH(x)e ‘k-‘Y,;j_jH(k,y).
(3.10)
Moreover, by letting y — + we obtain
[Yl;n,n+l(k’)’);Yr;n,n+l(k’y)]_Zile;n,n-i-l(k’y)Yr;n,n+l(k’y)= t_zl(_k) (311)
Let us define the Wronskian matrix
F(k ) [fl(k’x) fr(k’-x)j‘ (3 12)
"x = r I3 ’ .
fl(k’x) fr(er)

where f(k,x) and f,(k,x) are the Jost solutions of Eq. (I.1). From Eq. (2.12) and Theorem 2.1 it

follows that for each fixed x R, the matrix F(k,x) is analytic in C™ and continuous in C™. Let
us also define

7jj+1(k.x) & je1(k,x)

r‘ i (k’x)= 12 ’
A 7 j+1(kx) & i (kx)

}, j=0,...,N. (3.13)

Using Egs. (3.8)-(3.11) we obtain

det I’ k,x)= 21k 3.14
o Lok = = W G149

In the interval (x; ,xjH), we have
F(k,x)=rj,j+l(kax)Aj,j+l(k)9 (3.15)

where

aj,j+1(k) Cj,j+l(k)
bjj+1(k) djjv1(k)

is to be determined using Eqs. (3.8)-(3.10). Since f;(k,x), f,(k,x), fi(k,x), and f](k,x) are
continuous at each x;, the following matching conditions must be satisfied:

Aj,j+l(k)=

Fj-l,j(k’xj_O)Aj—l,j(k)=Fj,j+l(k’xj+0)Aj,j+l(k)’ j=1,...,N. (3.16)

Let us define
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+x
A:Zij ds[H.—H(s)], (3.17)
0

A=A_+A+=f0 ds[H,—H(s)]-l—f: dsTH , ~ H(s)]. (3.18)

Note that from Eqs. (3.1), (3.17), and (3.18), we have
y=H,x—A,+o(l), x — +oo, (3.19)
y=H_x+A_+0(1), x — —co. (3.20)
Hence, using Egs. (1.2) and (3.8) in (3.15) we obtain
ayn+1(k)= VH e+, bywn+1(k)=0, (3.21)
and similarly, using Egs. (1.3) and (3.8) in (3.15), we obtain
) do, (k)=VH_e**-, ¢4 (k)=0. (3.22)

Using Egs. (3.16) and (3.21) we have

(3.23)

N-1
ajj+1(k) -
b{{+] k = H I-‘n,n-i-l(ki-xn+1_O) l]~-‘n+l,n+2(k’xn+[-*-0)
j.j+l( )

n=j

and using Egs. (3.16) and (3.22) we obtain

n=j

0
\/}Zeim_} : (3.24)

Thus, from Egs. (3.12), (3.15), and (3.23), for x e (x;,%;41) with 0j<N—1 we have

(k, ) N—-1 ~ H ikA 4,
[J{If(k,i)J=F/»j+1(k,x)( H Lonsilk,xp11—0) 1Fn+1,n+2(k’x”+l+0)){\/—_+5 }’

e | [ }
,:d;.;+1(k)}—( H Fn,n+1(k’xn+0) lrn—l,n(k’xn_o))

n=j

(3.25)
and similarly from Egs. (3.12), (3.15), and (3.24), for 1=<j=<N we obtain
1
Srlk,x) - 0
’:f;(k’),) =Fj:j+1(kvx) H Fn,n+l(kvxn+0) lrn—l,n(kaxn_o) \/’EeikA‘ .
n=j
(3.26)

The notation in Egs. (3.24) and (3.26) means that n decreases from J to 1. For future use we define
the matrix

N-1

%k)z H I“n,n-i—l(k’)(:n+l—'())—lrn-*-l,n+2(k7-xn+l'{_0)- (327)

n=0
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IV. PROPERTIES OF THE SCATTERING MATRIX

In this section we establish some properties of the scattering matrix that are needed in later
sections. Let us define

k) p(k)
"(")=[/(k) f(k)]’
where
H, , H_ ) . )
k)= \ - TR = \[ 5= T(k)e™,  p())=R(k)e*™ =+,  A(k)=L(k)e?*4-.

4.1)

Then from Egs. (2.6)—(2.9) it follows that o'(k) is unitary. We will call o(k) the reduced scattering
matrix for Eq. (1.1), and hence 7(k) will be called the reduced transmission coefficient and p(k)
and Z/(k) the reduced reflection coefficients. Using Egs. (1.4), (1.5), (3.19), (3.20), (3.25), (3.26),
and (4.1), we have

@l Owlo|= gt ] @2)
T(k)—t(),l(k)[ 170 _tN,NH(k)[ 1507 4 | :
(k) _[lo,1(k) ] {1}
(k) —[to,l(k) LK) o) 4.3)
p(k) _ rvn+1(k) _1[0]
T(k)_[l tN,N+l(k)}?(k) 1p 4.4)

where (k) is defined by Eq. (3.27). Note that from Eqs. (3.14) and (3.27) we obtain
det Z(k)=1,1(k)/ty y+1(k) and hence from Eqs. (4.2)—(4.4) we have

to,1 (k) to,1(k) ryn+1(k)—p(k)
Hh)= (k) ty v+ 1(k) (k)
£(k)—1y (k) (k) + £(k)—1g,1(k) ryn+1(k)—p(k)
(k) tv 1 (k) tyn+1(k) 7(k)

Theorem 4.1: Assume Q e L{(R) and H—H, e L'(R*). Then

(i) k/7(k) is analytic in C* and continuous in C*; 7(k) is continuous at k=0, and either
7(0) # 0 or 7(k) vanishes linearly as k — 0. The bound state energies for Eq. (1.1) correspond to
the (simple) zeros of k/7(k) in C* and can only occur on the imaginary axis in C*. There is never
a bound state at k=0.

(ii) p(k) and #(k) are continuous for k eR. Either |p(k)|=|#(k)|<1 for all kR, or |p(k)|
=|/(k)|<1 for k # 0 and p(0)=2(0)=—1. .

Proof: The analyticity of k/7(k) in C* and the continuity in C*\{0} follow from Egs. (2.1),
(2.12), (4.1), and Theorem 2.1. The continuity and asymptotic behavior of 7(k) near k=0 and the
resulting dichotomy are established in the Appendix in connection with the proof of Theorem 4.2.
The assertions about the bound states are proven as in the proof of Proposition 5.1 of Ref. 20. We
omit the details. The proof of (i) follows from part (i), Eqgs. (2.1), (2.2), and the unitarity of
a(k). |
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We will refer to the case when 7(0)=0 [7(0) # 0] as the generic [exceptional] case. By Eq.
(2.1) the exceptional case occurs if and only if the Jost solutions f;(0,x) and f,(0,x) are linearly
dependent, i.e., if, for some nonzero constant y, we have

fl(o’x)=7fr(0’x)- (45)

Theorem 4.2: Assume H—H. e L'(R*) and QeL!}, ,(R) for some ae[0,1). Then
(i) In the generic case

plk)=—1+0(|k]|*), Ak)=—1+0(k|*), k—0 in R, 4.6)
rk)=ick+o(lk|'*®), k—>0 in C, @&.7)

where ¢ is a nonzero real constant.
(ii) In the exceptional case

2VH_H.y

(k)= ——7717 +o(|k|®), k—0 in C%, (4.8)

p(k)= —H- y2+0(|k|°‘) k—0 in R, 4.9)
i

/(k)=f1—:72;2;—z—’f+o(|k|a), k=0 in R, (4.10)

where v is the constant defined in Eq. (4.5). Both (i) and (ii) remain valid for =1, provided we
replace the error terms by O(k).

Proof: Equations (4.6) and (4.7) follow from Eqs. (2.1), (2.2), (4.1), and Theorem 2.1. We also
find that

2VH H_
[fi(0,x);£.(0,x)]"
The proof of (ii) is given in the Appendix. n

Next we consider the large k behavior of the reduced scattering matrix. Using Egs. (3.5)—
(3.10), we obtain

c=— (4.11)

rn,n+l(kvxn-!—l'—O)_lrn+1,n+2(k»xn+l+0)

a1 (1+0(1)) Br+1e 0 1(1+0(1))

= B+ 1€2*m+1(1+0(1)) a1 (1+0(1)) (4.12)
as k — o in C¥, where
1H(xn—0)+H(x,,+0) 1H(xn 0)—H(x,+0)
= Brn= (4.13)
2 VHG,- O)H(x,,+0) 2 VA —0)HG.+0)
Let us define
B 0 1
1 o) (4.14)
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@, Bue MR

B, a,

E(k,x,,)=[ 4.15)

Note that E(—k,x,)=qE(k,x,)q, and we also have E(—k,x,)=FE(k,x,) for keR. Hence
Y_, E(k,x,) has the form

ﬁ E(k a(k) b(k) 4.16
it ( ,xn)— b(_k) a(*-k) ’ ( . )
where for keR, a(—k)=a(k) and b(—~k)=b(k). By Egs. (4.13) and (4.15)
det E(k,x,)=a’—2=1, (4.17)
and hence from Eq. (4.16) we obtain
N
det| TI E(k.xp) | =la(k)|2=|b(k)|?=1, keR. (4.18)
n=1
By using induction on n it follows from Egs. (4.13), (4.15), and (4.16) that
N
a()=]1 an+Z v, (4.19)

n=1 s

where the summation runs over a finite number of terms, and where y, and b are real constants.
Moreover, b,>0 owing to the fact that each b, is a sum of terms of the form y;—y; with j>i. If
N=1, ie., if H(x) has only one discontinuity, the summation in Eq. (4.19) is absent and a(k) is
constant. From Egs. (3.27), (4.2), (4.12), and (4.19) we obtain

%k)-=a(k)+o(l), k—o in C*. (4.20)

Proposition 4.3: Suppose assumptions (H1)—(H5) are satisfied. Then |a(k)]=1 in C™.

Proof: From Eq. (4.13) it is seen that «,=>1, where the equality holds if and only if
H(x,—0)=H(x,+0). This proves the proposition when N=1, since then a(k)= ;. So we can
assume N=2. We first claim that 1/a(k) is the reduced transmission coefficient for a Schrodinger
equation with Q(x)=0 and a piecewise constant function H(x)=H,(x) with jumps at
Xo,12--2X0,n5> et To(k) be the corresponding reduced transmission coefficient. Note that if
Q(x)=0 and H(x) is piecewise constant, then the potentials V; ;. ,(y) in Eq. (3.4) are zero.
Therefore, if we evaluate 1/74(k) by using Eq. (4.20), the o(1)-terms are all zero and 1/7y(k) is
of the form (4.19). The choice of Hy(x) is not unique and we can find infinitely many Hy(x) all
of which lead to the same (k). For example, let

HO,—’ XE(_m,xo,l)
Ho(X)= HO,—
I (a;+ B)*’

xe(XxgnX0n+1)» n=1,...,N,

where H, _>0 is an arbitrary positive constant, xq ; is arbitrary, and
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n
Yne177Y
Xont1=%ont " “T1 (a;+8)% n=1,..,N—1.
s ]=1

It is straightforward to check that @y ,= a,, Bon= By, a0d Y 417 Y0,0=Yn+1~ Yn» Where g ,,
Bo.n» and yq, are given by Egs. (4.13) and (3.1) with H(x) replaced by Hy(x). Hence
a(k)=1/7y(k). Using the analog of Proposition 5.4 of Ref. 20, we obtain that Eq. (1.1) with
Q(x)=0 and H(x)=Hg(x) has no bound states. Hence, by Theorem 4.1, 74(k) does not have any
poles in C* and so a(k) # 0 in C*. Furthermore, a(k) is an entire function of order 1. Let
Q(r)=min|k|=,la(k)| for r>0. Then, by a result in Ref. 25 (Theorem 2.7.4) we have @(r)
# o (exp(—r!¥€) as r — o for any €>0. In other words, there is a sequence r, — o and 8>0
such that Q(r"')>8exp(~r,1,+e) as n — . Thus

< —exp(ri*e). 4.21)

For kR we have the bound 1/|a(k)|=|7y(k)|=1, and on the positive imaginary axis we have

1/|a(k){=M for some constant M. Together with Eq. (4.21) this implies by using a Phragmén—

Lindelof theorem (Ref. 25, Theorem 1.4.2) that 1/|a(k)|<max{1,M} in the first quadrant of the

complex plane. A similar argument applies to the second quadrant; hence 1/|a(k)|<max{1,M} in

C*. Another application of a Phragmén-Lindelof theorem (Ref. 25, Theorem 1.4.3) yields

1/la(k)|<1 in C*. n
Proposition 4.3 implies that we can write Eq. (4.20) in the form

?1]5=a(k)[1+0(1)], k— oo in CT. (4.22)

In an analogous manner, from Eqs. (3.27), (4.4), (4.12), (4.18), and (4.22) we get

—b(k) ,
p(k)=T(l—c—)‘—+0(1), k — Foo, (4.23)

Theorem 4.4: Under assumptions (H1)—(HS), if Eq. (1.1) does not have any bound states,
|r7(k)|<1 in C*. o

Proof: Assume | 7(kg)|>1 for some kg € C*. By taking reciprocal expressions in Eq. (4.22)
and using Proposition 4.3 we have | (k) ~1/|a(k)||=0(1) as k — « in C*. Hence there exists
a number R>|kq| such that |7(k)— 1/|a(k)||<| (k)| =1 for [k|=R, k € C*. Since |a(k)|=1
by Proposition 4.3, we conclude that | (k)| <|7(kg)| on the semicircle |k]=R with k € C*, and
also on R since |7(k)|<1 there. This contradicts the maximum modulus principle. Hence
|r(k)|<1 in C*. | |

Let AP¥ stand for the algebra of all complex-valued functions f(k) on R which are of the
form f(k)=27__,, f;e'*i, where f;eC and \;eR for all j and Z;|f;|<o. Then the closure of
APY in L*(R) is the algebra AP of almost periodic functions.

Theorem 4.5: Under assumptions (H1)-(H5), we have

(i) a(k), b(k), 1/a(k), and b(k)/a(k) belong to APY.

(ii) lim sup;_, +|p(k)|<1. L

Proof: Since by Eq. (4.19) and Proposition 4.3 for k € C* we have 1<|a(k)|sC<w for
some constant C, we see that a(k) is an invertible element of L”(R). Since the invertible elements
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of AP are exactly the elements of AP that are invertible in L*(R) (cf. Ref. 26, Corollary 1 of
Sec. 29.9), a(k) is invertible in APY. Hence 1/a(k) and b(k)/a(k) belong to APY, proving part

(i). Using Eq. (4.18) we get
b(k) - / 1

Now part (ii) follows from Eq. (4.23). |
___ When H(x) is discontinuous, although 7(k) does not converge to a constant as k —  in
C*, it is still possible to construct 7(k) explicitly and uniquely in terms of |p(k)| and the bound
state energies, thus generalizing a procedure found in Ref. 22 for the case H(x)=1. We will not
give the details here, but we refer the reader to Sec. 2 of Ref. 27 where this construction is given.

We conclude this section with a result that will be needed in Sec. VIIL. Let sgn(x) denote the
sign function, i.e., sgn(x)=1 when x>0 and sgn(x)=—1 when x<0. Let .4 denote the number
of bound states of Eq. (1.1). Then we have

Proposition 4.6: sgn(c)=(—1)"'*! and sgn(y)=(—1) ", where ¢ and v are the constants in
Eqgs. (4.7) and (4.5), respectively.

Proof: Let k=is with s>0. Then 1/7(is) is real and, by Theorem 4.1 (i), has ./ simple zeros
corresponding to the .#” bound states. Moreover, by Egs. (4.13), (4.19), and (4.21),
1/7(is) — l'I,,N=1 a,=1 as s — +o, Thus (— 1)/ 17(is)>0 for s>0 small enough. Therefore,
in the generic case, we find that ¢=—lim,_,, 7(is)/s is positive if .#"is odd and negative if ./ is
even. In the exceptional case we may set s=0 so that (—1) ' /7(0)>0, and by using Eq. (4.8) we
see that vy is negative if 4" is odd and positive if 4" is even. |

V. SOLUTION OF THE INVERSE PROBLEM

In this section, when there are no bound states we obtain H(x) from the scattering data
consisting of Q(x), one of the reflection coefficients, and either of H.. . The recovery of H(x) is
accomplished by using in Eq. (5.24) the unique solution of the singular integral equation (5.21).
The proof of the unique solvability of Eq. (5.21) will be given in Sec. VIL In Sec. VIII the method
described here will be generalized to the case when there are bound states.

Let us write the Jost solutions of Eq. (1.1) in the form

f[(k,X)— V H(x)
H_ —
frlk,x)= \/H(x) eI HIA-Z (k,y), (5.2)

where y is the quantity in Eq. (3.1) and A .. are the constants in Eq. (3.17). The functions Z,(k,y)
and Z,(k,y) defined in Egs. (5.1) and (5.2), respectively, will be called the Faddeev functions
associated with Eq. (3.2); in particular, we will call Z,(k,y) the Faddeev function from the left and
Z,(k,y) the Faddeev function from the right. From Eq. (3.3) we see that e*Z,(k,y) and
e 7 (k,y) satisfy Eq. (3.2) on every interval (¥;,¥j+1) with j=0,...,N.

Proposition 5.1: Under assumptions {H1)—(HS5) the quantities Z,(k,y) and Z,(k,y) defined in
Egs. (5.1) and (5.2), respectively, as well as Z;(k,y) and Z,(k,y) are analytic in ke C* for each
yeR\{y,,....yy}- Whenx — +o in Eq. (5.1) we have Z;(k,y) — 1, and when x — — in Eq.
(5.2) we have Z(k,y) — 1.

Proof: The analyticity in k for Z,(k,y), Z,(k,y), Z;(k,y), and Z (k,y) follows from the
analyticity of f,(k,x), f,(k,x), f}(k,x), and f(k,x) via Eq. (2.12) and Theorem 2.1. Using Eqs.
(1.2), (3.19), (5.1), and that H(x) — H. as x — +, we see that Z,(k,y) — 1 as x — +,
Note that the o(1) term in Eq. (3.19) is equal to — T ds[H(s)—H.] and hence goes to zero as

etz (k,y), (5.1)
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x — +oo_ Similarly, using Egs. (1.3), (3.20), (5.2), and that H(x) — H_ as x — —®, we see
that Z (k,y) — 1 as x — —o©, B

Note that in Proposition 5.1, if we also require H'(x) — 0 as x — *, we then have
Z)(k,y) — 0 when x — +, and Z/(k,y) — 0 asx — —.

For any e (0,7/2) let S5 denote the sector Ss={k € C*:6<arg k<7~ d}.

Theorem 5.2: Under assumptions (H1)-(HS5), for each fixed y e R\{y, ,...,yn} the functions
Z,(k,y) and Z,(k,y) are bounded in C*. Moreover, as k — ® in S, the following asymptotic
relations hold:

N
Zl(kvy)-:( H an) +0(1)1 ye(yj’yj+l)’ j=0,...,N—‘1, (53)
n=j+1
Zl(kvy)=1+o(1)r yE(yN’+°°)» (54)
i
Zr(khy): ]._I a, +0(l)v yE(yj’yj-i-l)’ j=1"'-’N9 (55)
n=1
Zr(k’y)=1+0(1)’ }’E(—°°,)’1), (5.6)
Zl,(k’y)=0(1)’ Z;(k,y)=o(1), yER\{yl"“’yN}' (57)

Proof: We set

N..-
Hl F -1 1 . A(k7yj+1’---vyN)
n,n+1(k’xn+l_0) 1-‘n+1,n+2(k’xn+1'*'0) ol B(k’)’j+1, s (5-8)

- ""yN)
n=j

where j=0,....N—1.As k — ® in C¥, A(k,y;4.....y5) and B(k,y;41,....yx) behave as

N
A(k9yj+1"~"yN)=( H CC,,)(I'*‘O(I))
n=j+1
+ 2 Cp(k,yjﬂ,-..,yzv)em(-’-ik 2 (yry,)), (59
PCCjyy (r,s)eP
N
B(kvyj+lv-"’yN)= 2 cn(k7Yj+1""’yN)ezlky”
n=j+1

N-2
+ 2 e2iky,, 2 dP(k,yn+1,-~-,}’N)eXP(2ik 2 (ys_yr)))'

n=j+1 PCCuyiy (r,s)eP
(5.10)
Here C,,n=1,...,N—1 with N>2, is the set of ordered pairs {r,s} such that r,s & {n,...,N} and
r<s. The letter P denotes any nonempty subset of C,. The coefficients ¢p(k,yj+15--,YN)s

cp(k,Yjs1s--2¥nN), and dp(k,¥,41»---»yy) depend on k through the o(1) terms in Eq. (4.12) and
on y, through Eq. (4.13) for s=1,...,N. Therefore, these coefficients have finite limits as k —
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in C*. It is also understood that the sum in Eq. (5.9) is absent if j=N—1. Similarly, the second
sum in Eq. (5.10) is absent if j=N—2 or j=N— 1. The proof of Egs. (5.9) and (5.10) is straight-
forward by using downward induction on j, starting with j=N— 1. The details are omitted. From
Egs. (3.8), (3.13), (3.25), (5.1), and (5.8), we get for ye(¥,yj+1)

Zi(k,y)= Yl;j,j+1(k’y)A(kayj+ LreesYN) T e_Ziker;j,j+1(k,)’)B(k,Yj+ LseesYN)-

Moreover, from Eq. (3.13), (3.15), and (3.21), we get Zi(k,y)=Y,;nn+1(k,y) whenever
Y& (yN ’ +°°)-
Now Egs. (5.3) and (5.4) follow from Egs. (3.7), (5.9), (5.10), and using y <y, . The proof
of Egs. (5.5), (5.6), and (5.7) is analogous. |
Theorem 5.3: Under assumptions (H1)—(H5) the functions Z(k,y) and Z,(k,y) defined in
Egs. (5.1) and (5.2), respectively, satisfy for k<R and y eR\{y, yees YN}

[Z:(—k,y)}_[ (k) —p(k)e*® [Z,(k,y) 5.11
Zr(-—k’y) B _/(k)e—Ziky T(k) Zl(k7y) ) ( ’ )
Proof: The physical solutions ik, x)=T,(k)f(k,x) and ,(k,x)=T,(k)f(k,x) satisfy4

dikx)| [Tdk)  L(k) ”(,b,(—k,x)]
[wk,x)J‘[R(k) T || o —kx) | FER (5.12)
and hence using Eqs. (4.1), (5.1), and (5.2) in Eq. (5.12) we obtain Eq. (5.11). |

From Egq. (5.11) we have

H(K)Z,(k,y)=Z(—k,y)+p(k)e**Z)(k,y), keR, yeR\{y,,...yn},  (5.13)

T(O)Zr(o,}’)'_‘zl(o,)’)'*'P(O)ZI(O,)’), yER\{y177yN} (514)
Let us define
1
+ kv ) = iR, - 0 ’ O, N .
F.(k,x,y) km[ﬂk)z(ky) m0)Z,(0,y)] (5.15)
1
F_(k,x,y)= X H(x) [Zl(*kn)))—zl(o’y)] (516)

Then from Egs. (5.13)-(5.16), for keR, xeR\{x|,...,xy}, and y eR\{y, ,--»YN} We obtain

Fo(kx,y) = F(kyt,y) = = p(K)eXOF _(—k x, ) + [o(k)e* >~ p(0)] 200)
+ 3Ny - vy - Ay k \/—fm .
(5.17)
Since we assume there are no bound states, by Theorems 4.4 and 5.2, for fixed x eR\{x, S

and y eR\{y,...,yy}, the functions F.(k,x,y) have analytic extensions in k to C*, and as
k — o in C*, F.(k,x,y) — 0. The behavior of F.(k,x,y) at k=0 depends on the falloff of
Q(x) and H(x)—H. at infinity. If Qe L}, (R) with ae(0,1) and H—H. e L'(R*), then by
Theorem 2.1 (ii), (5.1), and (5.2), we have

Zl(k’y)_zl(()’y):o(,k,a)’ Zr(k,)’)_zr(O,Y):O(,kla), k—0 in E‘:
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Also 7(k)—7(0)=0(|k|*) by Eq. (4.7) and (4.8). As indicated by Theorem 5.2, Z;(k,y) and
Z,(k,y) are bounded for k € C*, and hence it follows with the help of Egs. (5.15) and (5.16) that
F . (k,x,y) belong to the Hardy spaces HA (R) for p<1/(1— a); if =1 a similar argument shows
that F.(k,x,y) belong to H% (R) for all p € (1,%). Recall that the Hardy spaces HZ (R) are the
spaces of analytic functions f(k) on C™ for which sup .o [ 2., dk|f(k=*i€)|” is finite. Associated
with these spaces are the projection operators I1.. projecting L?(R) onto HE (R). They are given by

1 ® ds
(ML f)(k)=£5— _ms—_mf(s). ' (5.18)

T2

It is known?® that I1, are bounded and complementary projections on LP(R) when 1<p<oo.
Applying I1, and I1_ to Eq. (5.17) and using 1. F.(k,x,y)=F.(k,x,y) we obtain for kR

p(s)e?YF_(—s,x,y)|.
(5.19)

1
F:(k’xvy)= E_

= ds [p(s)e*?—p(0) Z,0,y)
mi J-o s—kFi0

s VH(x)

From Eq. (5.19) we see that for keR, xeR\{x(,...,xy}, and yeR\{y;,....yy}, the function
F_(k,x,y) obeys the singular integral equation

1 = ds  p(s)e*—p(0) Z,(0,y)

F- k1 > =T
(k.x.y) 2mi J-= s—k+i0 N VH(x)
1 ® ds 2isy 0
+ = —— p(—s)e “VF_(s,x,y). 5.2
2t w5t k—i0 P (s,2.7) (520

Let us write Eq. (5.20) in the form
X(k,x,y)=Xo(k,x,y)+(OX)(k,x,y), (5.21)

where X(k,x,y)=F _(k,x,y) and

1 (= ds p(s)e*™—p(0) Z,(0,y)
Xo(k,x,y) = =— : — (5.22)
27 J-w s—k+i0 K VH(x)
aX)(k _ L fw s —2isyy 5.23
(&,X)( ,x,y)*zm . 5Tk=i0 p(—s)e (s,x,y). (5.23)

In Sec. VII we will discuss the solvability of Eq. (5.21) in HZ. (R). Here we will only describe
the recovery of H{(x) from the solution X(k,x,y) of Eq. (5.21). The next proposition establishes a
connection between X(k,x,y) and y(x).

Theorem 5.4: Suppose assumptions (H1)—(HS5) hold with a=1 in (H3). Then the Jost solution
£1(0,x) is determined by Q(x) alone and f,(0,x) is determined by Q(x) and H . alone. Further-
more, we have

i

H,

X(0,x,y)= [ifi(0,x)+f(0,x)(y+AL)], (5.24)

where A , is the constant in Eq. (3.17).
Proof: From Eq. (2.13) we see that f,(0,x) is a solution of the integral equation
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fi(0,x)=1+ F dz(z—x)Q(2)f(0,2). (5.25)

X

Since Eq. (5.25) can be solved uniquely by iteration, f,(0,x) is determined by Q(x) alone.
Similarly, using Eq. (2.26) f,(0,x) is determined by Q(x) and H, alone. Furthermore, from Eg.
(2.26) it follows that f,(0,x) is purely imaginary. From Egs. (4.1), (5.1), and (5.16) we have

1 ; 1 .
F(kyy)= - OIS~ hox) = fUO0) ]+ fUO )[40 1],

VH, kVH,
(5.26)

and hence letting k — 0 in Eq. (5.26), since X(0,x,y)=F_(0,x,y), we obtain Eq. (5.24), N

Note that since f,(0,x) is imaginary, the term in brackets in Eq. (5.24) is real. Hence
X(0,x,y) is purely imaginary. In order to find X(k,x,y) we need to know X,(k,x,y). Now it
follows from Egs. (2.12), (5.1), and (5.2) that

Zl(ovy) _ L Zr(O,Y) 1

——=f(0,x), ————=—F—==1,(0,x),
Vi i e T m o

and hence we see that X(k,x,y) in Eq. (5.22) is completely determined by p(k), Q(x), and H , .
Provided Eq. (5.21) has a unique solution, X(k,x,y) is also completely determined by p(k), Q(x),
and H, . Once X(k,x,y) has been obtained, the value of A, is determined by setting x=0 and
y=0 in Eq. (5.24), so that

(5.27)

4= —; YH.X(0,0,0)+/,(0,0)
e £1(0,0)

(5.28)

Note that?* since there are no bound states, £,(0,x)>0 for all x eR. Then y(x) is found by solving
Eq. (5.24) for y in terms of x. Finally, H(x) is obtained by using H(x)=dy/dx.

We remark that if, in addition to p(k) and Q(x), H_ is known instead of H, , then we can
first compute H, as follows. In the exceptional case (i.e., when p(0) # —1), from Eq. (4.9) we
have

1+p(0)
T 1-p(0)°

In the generic case (i.e., when p(0)=—1) we first compute | 7(k)|= 1 — [p(k)]2 for k R and then
find |c|=lim,_,o| 7(k)|/|k|, where c is the constant given in Eq. (4.11). Thus

_ |C|2|[f,(0,x);f,(0,x)]|2
- 4H_ '

(5.30)

Proposition 5.4 no longer applies if Qe L!(R), but Q ¢ LI(R). Then F_(k,x,y) will in
general diverge as k — 0. So far we have only worked out some cases in which this divergence
is of the form of certain inverse power laws. To be specific, we assume that for some e<(0,1)

1
lim k!~ ¢F_(k,x,y)= Fo(x,y) (5.31)
k—0 \/H+ 0
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exists for every x eR\{x,,...,xy} and y eR\{y,,...,yn}. Here and in the sequel it suffices to
consider k=0. Some conditions on Q(x) that guarantee a behavior like (5.31) will be given below.
To find an expression for Fy(x,y) in terms of Jost solutions we insert Eq. (5.1) in Eq. (5.16) and
obtain

k' F _(kox,y)=

k™ [Z(—k,y)—Z,(0,y)]
x)

1 N
= —— KL~ k) ~f10,0) + Fi{ —kx) (e KA~ 1) ],

VH,

Letting k — 0 in the above equations, we see that Fy(x,y) in Eq. (5.31) is of the form

FO(X,}’)=f0(x): (532)

where

fo(x)=1lim fill—k,x)—f(0,x) .

(5.33)
k—0 k<

Provided the function f,(x) can be determined from Q(x) alone, Eq. (5.32) takes the place of Eq.
(5.24). This is the content of the next theorem.

Theorem 5.5: Suppose Q € L}(R) and lim,_, ., x*"°Q(x) =g, exists for some € in the in-
terval 0<e<1. Then y(x) and thus H(x) (i.e., dy/dx) can be obtained by solving

Fo(x,y)=—qoHS 2T e(e+ 1)]7T(1—€)e¥2™f,(0,x) (5.34)

for y(x), where I" denotes the Gamma function and Fy(x,y) is defined in Eq. (5.31).
Proof: We denote by f; . (k,x) the Jost solution from the left associated with the Schrodinger
equation

@' (k,x)+k2H’ p(k,x)=Q(x) ¢(k,x), xeR. (5.35)

The reason for considering Eq. (5.35) is that when we write
Si(—kx)—f(0,x)=A,+A,, (5.36)
with A, =f(—k,x)—f; .(—k,x) and A,=f; ,(—k,x)—f,(0,x), we can estimate A; and the

small-k asymptotics of A, have already been worked out in Ref. 29. We begin with A,. By means
of the variation of constants formula we obtain

k o
fl(kvx)=fl,+(k,x) + ﬁ:‘ N dz[f1,+(k,x)fl‘+(k,z) ~f1,+(k,x)f,,+(k,z)]
X[H3 — H(z)*1f\(k.2), (5.37)

where we used [f; . (k,x);f; +(k,x)]=—2ikH, . Since the Jost solutions appearing in Eq. (5.37)
are all bounded, it follows from Egs. (2.5) and (5.37) that for some constant C we have

|A1|<ij dz|H%: —H(z2)%=0(k), k — 0. (5.38)
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To estimate A, we consider Eq. (5.35) with Q(x) replaced by Q,(x)=0Q(x+w), where & is
arbitrary. Let f; ;. ,(k,x) denote the Jost solution from the left associated with Q(x). Then
Si,+,w(k,x) and f, ,(k,x) are related by

fi+w(bx)=e " =g, (kx+ ). (5.39)

Using Eq. (5.39) with x=0 and k replaced by —&, and fi(0,®)=f, . (0,m)=f] 4 (0,0), we
can write

fl,+(—k’w) —fl(07m) =(e—-ikH+m'_ 1)fl,+,m( _k’0)+[fl,+,n7( _k,O) _fl,+,u1(070)]'
(5.40)

The first term on the right-hand side is O(k) as k — 0. To estimate the second term, we note that
Q4(x) has the same asymptotic form as Q(x), i.e., lim,_, , x2+‘Qw(x)=qo. Using the results
of Ref. 29 [Theorem 3.1 (i)] together with Eq. (2.5), we have

Fr4.0(=k,0)=f1 4 5(0,0)=age™7f(0,w) HS k< +o(|k|¢), (5.41)
where
ap=—qo2e(e+1)]7'T(1-¢). (5.42)
Replacing w by x and inserting Eq. (5.41) in Eq. (5.40), we get
Ar=agemef(0,x) HS k€ + o ([k]°). (5.43)
Substituting Eqgs. (5.38) and (5.43) in Eq. (5.36) and evaluating the limit in Eq. (5.33), we obtain
fo(x)=aoe™Tef1(0,x)HY . (5.44)

Now Egq. (5.34) follows from Egs. (5.32), (5.42), and (5.44). |

VL. EXAMPLES

In this section we illustrate the inversion method described in the previous section by two
examples. In the case of no bound states, we will solve Egs. (5.21) and (5.24) starting from a given
reduced reflection coefficient p(k) both in the generic and exceptional cases. We will also discuss
the connection between p(k) and R(k) or L(k) in conjunction with the solution of the inverse
problem. Even though the reflection coefficients in these examples are simple, the solution of the
inverse problem involves extensive calculations.

We begin with the observation that the operator ay ‘H-(R) — H2(R) in Eq. (5.23) has the
form

Gy=T1_(p(-)e¥»2), 6.1)

where .7 is the reversion map (7f)(k)=f(— k). Furthermore, Xo(k,x,y) can be written as

f0,x) _ (p(s)e*—p(0)
Xo(k,x,y)= — ——— 1. , (6.2)
vH, s
where we have also used Eq. (5.27).
Example 6.1: Suppose there are no bound states and
P(k)=p0eikﬂv po,,BER, Ip0|<1 (63)
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Hence we are in the exceptional case. We also assume that (H1)—(HS5) hold with a=1, and hence
Qe LI(R). Since (1/k)[e*@®*P—1] belongs to HA(R) when 2y+8=0 and to d (R) when
2y+ B=0, from Eq. (6.2) we obtain

0, 2y+B=0
= £1(0,x) e*2*+B— ,
Xo(k,x,y) L . 2y+B<0. (6.4)
VH. k

Considering the operator 7, , we first note that ¢7,=0 for 2y + =0. When 2y + ,B<0 using the
Fourier transform .7 H% (R) — L?(0,) defined by

L]

F0= [ axegm), 63

we obtain

h(—1—2y—B), 0<t<—(2y+p)
PR

The spectrum of #7 (“)5*’— ! (and hence that of ﬁy) consists of the three points —py, 0, and pg, each
of which is an eigenvalue of infinite multiplicity. Indeed, let N_, Ny, and N, denote the corre-
sponding eigenspaces of F 7,5 !, Then

N=={heL?(0,°):h(t)=Fh(—t—2y—B), h(t)=0 for t>—(2y+B)},
No={heL*(0,):h(1)=0 for 0<:<—(2y+pB)}.

So, (7, is bounded and self-adjoint, but not compact. Taking the Fourier transform of X,(k,x,y)
we obtain

f[(O,X)

2mip ,
(‘g?XO("xny))(t’x’y): ° \/_IZ
0, >—(2y+8),

o<ti<—-(Q2y+pB)

and hence .#Xye N, . Therefore, the solution to Eq. (5.21) is given by

k,x,
X(kry) = 22EX2). (6:6)
1=po
Now we distinguish the two cases 820 and 8<0.
Case (a): B=0: On the interval y> - 8/2, Eq. (5.24) assumes the form
0=if((0,x) +£1(0.0)(y +A.), 67
where, by Eq. (5.28) we have
fI(O,O)
Ay=—1i . 6.8
=T 70.0) ©8)

Hence y(x)=—i[f,(0,x)/f,(0,x)]1+i[£,(0,0)/£,(0,0)], and so
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fz(O,x))" 69)

fl(ovx)

From Egs. (2.27), (3.17), and (6.9) it follows that the constant A , in Eq. (6.8) can be written

H<x>=y'<x>=—i(

as
A,=—H jmd L—£i(0)” (6.10)
Using Eq. (2.27) in Eq. (6.9) we obtain
H(x)= ki > 6.11
= Fo0r * o (6.11)

where @ is such that y(w;)=—£/2. It will turn out that, in the notation of assumption (H1),
W =x, is the point where H(x) has a discontinuity. By Eq. (6.11), w, is determined uniquely by
the equation

B 0 dx

2H,  Jo, FLOX)T (612

It remains to solve Eq. (5.24) when y<— /2, i.e., x<w,. From Egs. (6.3), (6.4), and (6.6) we
have

Po fl(O"x) (2 +B)
1=po VH, i

X(0,x,y)=—i

Solving Eq. (5.24) we get

. Bpo 1=pg ( _fi(0,x)
y(x)= I+py 1+pg A++lm ’ (6.13)
and after using Eq. (2.27)
1-— H
Hx)=—2 o <, (6.14)

1+pg f1(0,x)"°

Case (b): B<0: The analysis in this case is similar to that in (a), except that now the constant
A, has to be evaluated by using the solution for y<— /2, i.e., Eq. (6.13). The value w,, which
is now positive, is determined uniquely by

1Bl 1+py (=1 dx

= , 6.15
2H: T=py Jo FH0.2) (6.13)
and A . is given by
® 1_fl(0’x)2 Po
A,=—H f d . 6.16
* o £1(0,x)? 'Bl“Po (6.16)

The result for H(x) is the same as in part (a), Eq. (6.11), and Eq. (6.14).
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We add a few more details concerning the function H(x) constructed above. First we observe
that H(w,+0)=H(w,—0) if and only if p,=0, i.e., if and only if the potential is reflectionless.
Then H(x)=H ,/fi(0,x)? for xeR.

Since we are dealing with the exceptional case, f,(0,x)=7vf.(0,x) by Eq. (4.5) and
f/(0,x) — 1 as x — —o, Evaluating H_ by using Eq. (6.14) we obtain the expression already
found in Eq. (5.29). Furthermore, since f;(0,x) has no zeros and f;(0,x) — 1 as x — +, the
following estimate is valid:

1 _—fl(orx)z
f](O,.X)

|H(x)—H.|=H, <Cl1-f(0,%)], x>w,. 6.17)

Now, from Egs. (2.15) and (2.19) it follows that

|1—f£,(0,x)|<ef+0x)— lscrdz( 1+]z]Q(2)], x>0. (6.18)

Since Q ELZ(R) it follows by using an integration by parts that the right-hand side of Eq. (6.18)
is in L'(R*). Together with Eq. (6.17) this implies H—H £ e L'(R"), which is consistent with our
assumption (H3). Similarly, one argues that H—H _ eL'(R").

The Jost solutions from the left associated with H(x) can be obtained from Egs. (5.1), (5.16),
(6.4), and (6.6). We have

e*OtAF(0,x), x>

FillD=4 FO08) iyen s
l_po 1—

(6.19)

—ikO-AHB) y<a.

It follows from Egs. (1.4), (3.20), (4.1), (5.29), and (6.19) that 7(k)=+v1 —pg and
£ (k)=—p(k), and one verifies that 7(k)=1/a(k)=1/a,, where a(k) and a, were defined in
Eqgs. (4.19) and (4.13), respectively.

We have so far discussed the recovery of H(x) in terms of p(k), Q(x), and H, under the
assumption that there are no bound states. From the viewpoint of physical applications it seems
more appropriate to replace p(k) by R(k), in analogy to the standard case where H(x)=1. As an
example, let us assume that R(k)=R, is constant with —1<R,<1. From Eq. (4.1) we obtain
p(k)=Roe?*A+ where for the moment A , is considered to be a parameter. So p(k) is of the form
(6.3) with B=2A, and py=R,. Let

_ @ 1 _.fl(o’x)2
d= . dx W (6.20)

From Egs. (6.10) and (6.16) we have A, =dH, when A, =0, and A, =dH . [(1—Ry)/(1+Rp)]
when A . <0. Hence A . =0 if and only if d=0. If =0, the function H(x) is given by Egs. (6.11)
and (6.14), where w, is given by Eq. (6.12) which can be written as

o T F007 " Ja FO0

If d<0, the function H(x) is given by Egs. (6.11) and (6.14) with w, determined by Eq. (6.15),
ie.,

o — 2
_f 1=f(0.x)> [0 _dx 621)

J‘ 1 f,(O x)2 = dx

OO Jo FOR (622)
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Therefore, we see that corresponding to the reflection coefficient R(k)=R, there exists a one-
parameter family of functions H(x) with H, as the parameter. The point @,, where H(x) may be
discontinuous, is determined by Egs. (6.21) or (6.22) depending on whether d=0 or d<0. The
sign of d is determined by Q(x) alone.

Example 6.2: Suppose there are no bound states and

ntikk "
=2 LikB —
p(k) — e'’?,  u>0, 1<é<i, pBeR (6.23)
Note that |p(k)|<1 for k e R0} and p(0)=—1; thus this is the generic case. From Eq. (6.2) we

obtain

0, 2y+pB=0
_ — pik(2y+B) + +1
Xo(k,x,)’)— __fl(o’x) 1—-e + g 1 eik(2y+ﬁ)_ § e,u.(2y+B) , 2y+,3<0
VH, k k+ip k+ip,
Using the Fourier transform defined in Eq. (6.5), we have
—2m‘f'(o’x)[1—(§+1)e#<2y+5+'>] 0<t<—(2y+p)
(-‘?Xo(‘,x,)’))(f,xv}’)= VH+
0, >—(2y+28).
(6.24)
Moreover, similarly as in Example 6.1, we have
a,=0, 2y+pB=0, (6.25)

and when 2y + 8<<0 we have

(F0, 7 'h)(t)

—2y-B-t
En(—t—2y—B)— u(é+1)er+2y+H fo dx e h(x), 0<i<—(2y+p)

0, >—(Q2y+pB).
(6.26)

We first determine the spectrum of (7, Y- From Example 6.1 we know that the spectrum of the
operator h — £h(—t—2y— B) restricted to L? (0,—2y—B) with 2y + 8<0 consists of the two
eigenvalues * £, each having infinite multiplicity. According to Eq. (6.26) this noncompact opera-
tor is perturbed by a compact integral operator. Hence, on L?(0,— 2y~ B), the spectrum of %,

consists of the two points *¢£ and possibly a countable number of elgenvalues A that can accu-
mulate only at +£ We also know that |[\|<1 because |p(k)|=<1, and hence
The following analysis confirms this expectation. For simplicity we set 8=0 in the followmg The
case B # 0 can be handled by the substitution y — y+ 8/2. It also suffices to consider ¢, on the
invariant subspace L*(0,—2y) with y<0 since on its orthogonal complement Cy is the Zero
operator. On L%(0,—2y) the eigenvalue problem for .#¢% OWF ! reads

Eh(—1—-2y)—u(é+ l)e“‘”“)fo—zy dx e** h(x)=\h(1), (6.27)

or equivalently
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Eh(t)— pn(é+ l)e““fot dx e**h(x)=Ah(—1—2y). (6.28)
Now let
U()= J: dx e**h(x). (6.29)

Our goal is to convert the eigenvalue problem (6.27) to a second-order differential equation for
U(t). In order to justify the following steps we must first show that U’ (¢) is absolutely continu-
ous. Writing Egs. (6.27) and (6.28) in terms of U(z) we obtain

LU (—t=2y)— p(E+ 1) U(=t=2y)=re )Y (1), (6.30)
EU' ()= w(E+ DYU(1)=Ne2HNU (=1 —2y). (6.31)

Every solution of Eq. (6.30) [resp. (6.31)] that also satisfies U(0)=0 gives rise to a solution of
Eq. (6.27) [resp. (6.28)] and vice versa. Now Egs. (6.30) and (6.31) can be solved for U'(¢) and
U'(—t—2y) in terms of U(¢) and U(—¢—2y), provided A # *=£. So let us assume A ¥ *£ for
the moment. As a result, I/’ (z) can be expressed in terms of U(t) and U(—t—2y), both of which
are absolutely continuous by Eq. (6.29). Hence U'(z) is absolutely continuous. Multiplying Eq.
(6.31) by £ and using Eq. (6.30) to replace £U’(—¢—2y) in Eq. (6.31) we obtain

EU) = p&(E+1YU@)=Ap(E+ 1)U (—1=2y)+N2U' (1). (6.32)
Differentiating Eq. (6.32) we obtain
EU"(1) = péE+ DU (1) =21 p?(§+ 1) IU(=1-2y)
—Ap(£+1)eHENY (—1—2y)+N2U"(2).

Now in the above equation, we replace U(~t—2y) and U'(—t—2y) by their equivalents in
terms of U(t) and U’(¢) by using Egs. (6.32) and (6.31), respectively. After some simplifications
we arrive at the differential equation

(E=NU"()+2p(N = )U' (1) + uX (- DU =0. (6.33)

When A== £, we can no longer conclude that U’ (¢) is absolutely continuous. However, Eq. (6.32)
is still valid except that the terms involving U'(s) cancel out, ie, we have
U(r)=Fe***NY(—t—2y) when A==£ Proceeding with this equation as with Eq. (6.32), we
arrive at Eq. (6.33), but without the terms involving U’ (¢) and U"(¢). Hence U(¢)=0 and so =¢
cannot be eigenvalues of ¢7, . The roots of the characteristic equation of (6.33), i.e., the roots of

(E-A)r2+2u(\2- &)+ p2(£-1)=0,
are given by r=ux(uvyl —\Y \/fz—)\z). It can be checked that when the roots are real, the

resulting solution for U(r) does not satisfy (6.30). Therefore, the roots must be nonreal, which
means |gd<|\|<1. The function U(¢) is then of the form U(t)=e" sin &t, where &

=pV1 ~ A2/ N2= €. Thus
h(t)=p sin 6t+ & cos 6t. (6.34)

Substituting Eq. (6.34) in Eq. (6.28) we see that the following two equations must be satisfied:
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m=N(u cos 28y+ & sin 26y), (6.35)
£6=N\(6 cos 28y — u sin 2 8y). (6.36)
Solving Eq. (6.35) for A and substituting the result in Eq. (6.36) we obtain

5(1~
tan 2 8]y| = — %ng—gl. (6.37)

This equation determines the values of & that are allowed. Assume for the moment that £>0. From
a graphical solution of Eq. (6.37) it follows that there are infinitely many solutions and that each
solution J'is associated with a certain sign of cos 2 8y. We therefore distinguish the two increasing
sequences 8, and &, of solutions of Eq. (6.37) such that cos 28 y>0 and cos 26, y<O0, respec-
tively. From Eq. (6.35) we then see that there are two infinite sequences of eigenvalues given by

Vil +(85)28
ANim e

It follows that \] — =& as n — o; in particular, when £=0 the eigenvalues accumulate at zero.
This is in agreement with the fact that when £=0 the operator @, is compact. Equations (6.37) and
(6.38) remain valid when £€<0. However, a special circumstance arises when §82+,u2=0. This
occurs when 2 8ly|=(#/2)+nm forn=0,1,2..., i.e., if 2u|y|/ V|| =(7/2) + nr. In this case, as
can be seen from Egs. (6.35)-(6.37), A=+ \/|_7§T is an eigenvalue when n is even and
A=— \/I_g_l is an eigenvalue when n is odd.

We now turn to the solution of Eq. (5.21). Since Xy(k,x,y)=0 when 2y+ 8=0, it follows
from Eqgs. (6.24), (6.25), and (5.21) that X(k,x,y)=0 when 2y+ 8=0. Hence we can assume
2y+ B<0. From Egs. (6.24) and (6.25) we see that X(k,x,y)=0 when t>—(2y+ 8). For 0<¢
<—(2y+ B), Eq. (5.21) can be written in the form

(6.38)

...2_ —

h(t)—En(—1t—2y— B)+ u(é+ 1)eﬂ<'+2y+ﬂ>f t dx e**h(x)=g(1), (6.39)

0
where h(¢)=(#X(-,x,y))(?) and

f[(O,X)
VH..

Proceeding with Eq. (6.39) similarly as with Eq. (6.27), using U(¢) from Eq. (6.29), we derive the
differential equation

g(t)=—2mi [1—(&+1)er@r+B+0], (6.40)

(1=U" (D) +2u(E~1)U' (1) + p* (1 - ) U(1)
=[ug(—t—2y—B)—&g'(—t—2y—B)le* —[ug(t)—g'(z)]e™. (6.41)

Using Eq. (6.40) the right-hand side of Eq. (6.41) simplifies and we get

0,
(1= U"(1)+2u(E2— 1)U’ (1) + p2(1 — EHU(1) = — 2 i f1(0,x)

m(E=1). (642

+
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The solution of the homogeneous equation corresponding to Eq. (6.42) is of the form
U(t)=ce™+cyte?. A particular solution of Eq. (6.42) is given by U(#)=2wi[f/(0,x)/
(VH . u»)]. Taking into account the condition U(0)=0, we get ¢;=—2mi[f,(0,x)/(NH . w)],
and hence

U(t)=2mi f0.%)
VH

(1—e*)+cyte™,

which gives

. fl(ovx)
h(t)=—2i +cytcut.
VH.,

In order to determine c, we substitute Eq. (6.43) in Eq. (6.39) and use Eq. (6.40). This yields

(6.43)

9 _fl(oox) 1

Co= LTl s

’ VH, 1=§=2uy—up
Si(0,x) E+2py+ pBt put

h(t)=2ri

JH, 1-§2uy—upB’
Using the inverse Fourier transform with the convention (6.5), we get

X(k,x,y)=(F'h)(k,x,y)

1 -2y-8 .
=— dt e "*h(z)

2w Jo

£0,%) 1 Ee*Pr A1) (e PP -1 —-2iyk—ipk)
=i i + ,

JH, 1=&2uy—upB k k?

(6.44)
and hence
fi(0,x) 2y +B)(2E+2uy+upB)
X(0,x,y)=—1i , 2y+pB<0.

2VH, 1—E-2uy-ppB

As in Example 6.1 we distinguish the two cases:

Case (a) B=0: The solution of Eq. (5.24) when y> — 8/2 is the same as in Example 6.1, i.e.,
given by Egs. (6.11) and (6.12). When y< — /2 the solution of Eq. (5.24) is [cf. Egs. (2.27) and
(6.10)]

_2H, ({14 pB)e(x)—2pé— up?
Y= T e+ pB—2pH o]

(6.45)

where ¢(x)=f B[dz/ f,(O,z)z]. The denominator in Eq. (6.45) must be nonzero and y(x) must
grow linearly as x — —o. Since f(0,x)=—cx+o(x) as x — —o, where
c;=[£1(0,x);f,(0,x)1>0 [cf. Eq. (2.15) in Ref. 24], ¢(—x)=lim,_,_, @(x) is finite. Hence, in
order for y(x) to be unbounded as x — —o, it is necessary and sufficient that
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1+&+uB—2uH, @(—x)=0. (6.46)

This says that A, is determined by p(k) and Q(x), namely,

_1+&+pp
S me(om) (6.47)
With the help of Eq. (6.46) we can write Eq. (6.45) as
_2H (- 1+uB)e(x)—2B¢— uB®
YO T Te )~ p(0)] (6:48)
Since
€ fr(09x))’ ] =_(f1(0,x))'
o ‘(f,<o,x) 0 0] (6:49)
we have
_fA0.0)_£00) £,(0,0)
=700 o0 PP 50,0 (60
Hence
(x)= E—1+up | f(0,x) £,(0,0) }_ Be (26+up) (fz(O,x))
Y 2u | £(0,x) £40,0) apH,  \f{0.x))
Differentiating this expression, using Egs. (6.46), (6.49), and (6.50), we obtain
1-¢ <
H(x)=}"(x)=mH—+m, x<w,, (6.51)

with @, given in Eq. (6.12).
Case (b) B<<0: One proceeds as in case (a) with similar modifications as in Example 6.1. The
constant A . is now given by

A+=

0 — 2
B(2&+upB) H+f 4 1-71(0,x) 652)

C20=&-pp) o T RO

When y>— B/2, y(x) is obtained by solving Eq. (6.7), that is y(x)= —i[£,(0,x)/f(0,x)]—A, ;
when y<— B/2 we have

H.(§—1+upB)e(x)

= . 6.53
YO T L (B 1+ o) (6.53)
The point w; where y(w,)=— B/2 is determined by
®  dx B 1+¢
=— . 6.54
o FHON’ " 2H, =P (6.54)
In place of Eq. (6.46) we have from Eq. (6.53) the condition
E-1=2uH (£~ 1+ pp)o(—*)=0, (6.55)
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and so
H,= £-1 (6.56
=1+ pB)e(—=) 56)
Using Eq. (6.55) we can write Eq. (6.53) as
)= (E—1+uB)o(x) (657

2pfe(—2)— ()]’

Proceeding with Eq. (6.57) as with Eq. (6.48), using Egs. (6.49) and (6.50), we see that H(x) is
given by Eq. (6.11) when x> and by Eq. (6.51) when x<1w, . Furthermore, from Eq. (6.51) we
see that

(1-&)c}
- —m:‘. (6.58)
This agrees with Eq. (5.30) if we observe that by Eq. (6.23) we have
1-|p(k)|> 1-¢&
|c|?=lim |P2( ) = f
k—0 k 4

Moreover, we can evaluate the difference H(w,+0)—H(w,~—0) as follows. Write Eq. (5.24) as

f(0.) _ 2y+B)2¢+2uy+up)

B O R TE Py )

Differentiating both sides of the above equation, using Eq. (2.27) and setting y=— 8/2 (i.e.,
x=1,), we obtain '

, 1-¢  H,
H(w,—0)=y (w1“0)=‘1+—§}l(0—w1—)7-
Comparing this with Eq. (6.11) we obtain
26 H,
H(m‘l+0)*H('w1~0)=lT§7KO—m_Jf.

Hence H(w,—0)=H(w,+0) if and only if {=0, ie., if and only if & is compact. As in
Example 6.1, we also see that H—H .  L'(R¥).

For x<w5; the Jost solution f,(k,x) can be evaluated by using Egs. (5.1), (5.16), and (6.44)
[recall that F_(k,x,y)=X(k,x,y)]. One finds

i£,(0,x) KE— 1 _a-army BT ppra
1=6-2uy—puB| &k ’

Letting x — —o in Eq. (6.59), using f,(0,x)=—cx+0{x), Egs. (1.4), (3.20), and (4.1), we
obtain

fl(k»x)= x<w1. (659)

(6.60)

ouVH_H, ik
(k)= o .

ik—pu
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With the help of Eq. (6.58) we can write Eq. (6.60) as 7(k)=iky1— 57/(— m+ik). Furthermore,
from Eqs. (1.4), (3.20), (4.1), and (6.59) we obtain #(k)=[(u— ik&)/(— p+ik)]e ™ *A.

As in Example 6.1 we discuss in a particular case the possibility of recovering H(x) from
R(k) instead of p(k). In contrast to Example 6.1, we will see that it is not always possible to find
an H(x) for a given reflection coefficient R(k) and an arbitrary Q(x). Assume R(k) is of the form
(6.23) with B=0, ie., R(k)=(u+iék)/(—p+ik). In view of Eq. (4.1) we put
p(k)=R(k)e**4+, where A, is considered to be a parameter. Hence, we are trying to find a
function H(x) whose corresponding reduced reflection coefficient is of the form (6.23) with
B=2A, . First assume that 8=0. Then 2dH , = 8 by Eq. (6.10), where d is the constant defined
in Eq. (6.20), and hence d=0. Combining Eqgs. (6.10) and (6.47) we see that S=d(1+ &+ upB)/
[ e@(—)], and hence

_ (1+9d
P ale—=) =1 (©61)

Since B=0 and d=0, Eq. (6.61) implies that d<<¢@(—=), i.e.,

_fw 1~f,(o,x)2<. 0 dx 6.62)
TR0 T e 0T '

0
In view of Eq. (6.21) the inequality in Eq. (6.62) is also necessary and sufficient for w, to exist.
If Eq. (6.62) is not satisfied, there is no function H(x) corresponding to the given R(k) with
A . =0. However, there may still be a function H(x) with A , <0. If Eq. (6.62) is satisfied, then a
function H(x) exists and it is given by Egs. (6.11) and (6.51). By using Egs. (6.21) and (6.61) we
can write Eq. (6.47) as

_ 1+¢
2T dx f(0,x)"%

H., (6.63)

We now look for possible H(x) corresponding to our reflection coefficient when A, <0, i.e,
B<0. From Egs. (6.52) and (6.56) we obtain

_(1-9d

P= o=y

(6.64)
Since B8<0, we have d<<0. Therefore, if =0 and Eq. (6.62) does not hold, a function H(x) with
A, <0 does not exist either, and hence no function H(x) exists at all. If <0, using Eq. (6.64) in
Eq. (6.54) we obtain [ :‘[dx/ £1(0,x)2]=—d, and this equation always has a solution. Thus we
see that when d<<0 there always exists a function H(x). The expression (6.56) for H., can be
rewritten by using Eq. (6.64). The result is again Eq. (6.63), where now w;>0. We will demon-
strate by a simple example that Eq. (6.62) can indeed be violated. Let Q(x)=c&(x— 1), where ¢
is a positive parameter and &(x) is the Dirac delta function. The fact that Q ¢ L}(R) is not
important, since we could replace the delta function by a step function concentrated near x=1.
Then f)(0,x)=1 for x>1 and f)(0,x)=1—c(x— 1) for x<<1. An easy computation shows that

the left-hand side of (6.62) is equal to ¢/(c+ 1) and the right-hand side is equal to 1/c(c+1). So
Eq. (6.62) does not hold when c=1.

Vil. THE SINGULAR INTEGRAL EQUATION

In this section we study the singular integral equation (5.21). In Eq. (5.21) x and y appear only
as parameters, and hence we can suppress these parameters in X(k,x,y) and X(k,x,y). Thus, we
will write X(k)=X(k,x,y) and Xy(k)=Xy(k,x,y) and analyze
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X(k)=(GX)(k)=Xo(k), keR, (7.1)

where

@.X) (k)= ! F ds ~2isyx keR
( y )( )_271_" e s+k—i0 p( S)e (S), €

such that y eR is a parameter and Xy(k) is a given function. Using the operators I1.. in Eq. (5.18)
and 7 in Eq. (6.1), we can write Eq. (7.1) as

X—TI_[p(-)e* " IX]=X, (72)

on a suitable Banach space of scalar functions on R. Recall that II, are bounded and comple-
mentary projections of LP(R) onto the Hardy spaces HA (R) for 1<p< . A function f e H% (R)
can be identified with its nontangential limits which exist and agree with f at almost every point
of R (Ref. 30, Chap. 8). For p=2 the projections I are orthogonal. By HZ(R) we denote the
Banach algebra of bounded analytic functions on C™, identified with their almost everywhere
existing nontangential limits as k — R, which makes it into a closed subalgebra of L”(R).

From Eq. (7.2) it is clear that (7, is a bounded operator on H”Z (R) for 1 <p <. Using Eqs.
(4.6) and (4.9) we can easily prove that Xy(k,x,y) defined by Eq. (5.22) belongs to HZ (R),
provided Q e L}, ,(R) for some ae(0,1] satisfying @>1—(1/p). Indeed, this is immediate from
Eq. (6.2) and the identity

p(k)e? ™ —p(0) [o(lk]*71), &k —0
k | oK), k — Hoo.

We will establish the unique solvability of Eq. (7.1) in HZ (R) for 1 <p<c. The proof will
consist of several parts, First we prove the unique solvability of Eq. (7.1) in H2(R) by a contrac-
tion argument. Then we derive a two-vector Riemann—Hilbert problem satisfied by any solution of
Eq. (7.1) in H? (R). The accompanying Riemann—Hilbert problem, where only the asymptotic part
—b(k)/a(k) of p(k) has been retained, will be shown to be uniquely solvable by factorization of
an almost periodic 2 X2 matrix function. As a result, Eq. (7.1) will be a Fredholm integral equation
of index zero in HZ (R). A Fredholm argument then leads to the unique solvability of Eq. (7.1) in
H” (R) with 1 <p<o, Its solution X(k) will then belong to H” (R) for every finite p satisfying
a>1—(1/p). Consequently, the solution X(k,x,y) of Eq. (5.21) will belong to H? (R) for every
finite p satisfying @>1—(1/p) whenever Q € L}, ,(R) for some a>0. In particular, if Q € L3(R),
the solution of Eq. (5.21) belongs to H? (R) for every p e (1,%).

Theorem 7.1: For 1 <p< o, Eq. (7.1) has a unique solution X ¢ H”. (R) for every X, H” (R).
This solution is given by X(k)=2;_,[}X,]1(k), where the series converges absolutely in the
norm of H” (R).

Proof (for p=2): Here we will give the proof for only p=2; the proof for p # 2 will be given
at the end of this section. Since II_87f=0 for every feH2(R) if 3eH(R) (in particular, for
constant ), we may replace p(k)e**” by p(k)e**’+ e for any constant e=e(y)=0 without
changing the operator @, and hence Eq. (7.1). Using Theorem 4.5 we see that there exists
€= ¢€(y)=0 such that

llo(-)e* 7+ €= sup|p(k)e*™ + €[ <1.
keR

In the exceptional case, where | p||«= sup; < gl p(k)| <1, we may take e=0. Because I1_ and .7 are
both operators of unit norm, we have in the norm of HZ_(R)
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&, XlI<|IXl|sup|p(k)e>™ + €|

keR

Consequently, Eq. (7.1) has a unique solution X e H2 (R) for every X, € H2(R), and this solution
can be obtained by iterating Eq. (7.1). |

The exact expression for the norm of 7 in H2(R) follows from Nehari’s theorem [Ref. 31,
Theorem 1.3 and the discussion following Eq. (2.1); Ref. 32, Corollary 4.7], namely,

l@,l= inf  sup|p(k)e*™~d(k)|. (7.3)
ScHZ(R) keR

Since p(—k)=p(k) for k R implies that &, is self-adjoint in H2(R), Eq. (7.3) also yields the
spectral radius of &, in H2(R). Note that the expression in Eq. (7.3) is nonincreasing in y eR.
In the exceptlonal case |7, <[lpll=<1 and hence the spectrum of (7, is bounded away from
1, uniformly in y. Therefore, || X||<(1—|lplle) "' Xl and so X(k) is bounded in the Z’-norm
uniformly in y. In the generic case, X(k) will generally not be bounded in the L?-norm as
y — —o. This can be seen from Example 6.2. Indeed, consider Eq. (6.44) with 8=0 and hence

y<0. Since
® 5 [ e —1—2jul?
dk =|y| du

u’
for each fixed x the L?-norm of X(-,x,y) diverges like |y as y — —oo, This divergence is to
be expected in view of the fact that as a consequence of Egs. (6.37) and (6.38), the eigenvalues of
7, approach +1 as y — —oo. Hence |[(I—¢}) ' is unbounded as y — —, where we use I to
denote the identity operator.

Before studying Eq. (7.1) in H? (R), we derive a Riemann—Hilbert problem satisfied by any
solution of Eq. (7.1) in HZ (R), using a procedure essentially originating from Sec. 2 of Ref. 12.
Writing X_ =X and X, (k)=II1,[p(-)e* ¥ FX_](k), we extend Eq. (7.2) to an equation in
L?(R), namely,

ey —1-2iyk|?
—
k

)

l1/2

X, (k)+X_(k)—p(k)e?™ X _(—k)=Xq(k), keR. (7.4)
Changing the variable in Eq. (7.4) from k to —k one gets
X (—k)+X. (—k)—p(—k)e 2X _(k)=X,(—k), keR. (7.5)

From Egs. (7.4) and (7.5) we obtain the vector Riemann—-Hilbert problem

[1 —p<k>e2""yH x+(k>H : OH X_(k) _[X()(k) keR
0 1 X (k)| | =p(—=k)e 2 1||Xi(—k)| 7 [ Xo(=R)| T

which is equivalent to

X, (k) X_(k) 1
X_(—k) +G(k) X, (—k) =F(k), keR,

where

1=p(k)p(—k) p(k)ez""}’ Flk)= [Xo(k) +p(k)e* X o(—k)

G(k)=[_p(_k)e—-2iky 1 Xo(—k)
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By the same token, replacing p(k) by its asymptotic part p,(k)=—b(k)/a(k) given in Eq.
(4.23), we prove that any solution X e H” (R) of the singular integral equation

X—II_[po( ) P TX]=X, (7.6)
satisfies the Riemann—Hilbert problem

X, (k X_(k)
o e ) ran, ker

where

1_pas(k)pas(_k) pas(k)eziky Xa(k)+ ask 2ikyy (—k
Gas<k):{ "‘Pas(_‘k)e_Ziky 1 ]’ Fas(k)=[ 0( ) pr)()__ek) 0( ) . (7.7)

Let HY 2 (R)=H~. (R)®H% (R), LP?P(R)=LP(R)®LP(R), and TP =11, &Il... We have
Proposition 7.2: For 1 <p< o, the vector Riemann—Hilbert problem

Y (k) +Gy(k)Y .(k)=F(k), keR, (7.8)

has a unique solution Y. e HZ'?(R) for every Fe L»?(R).

Proof: From Egs. (4.24), (7.7), and p,(—k) = p,(k) for k R, we see that the diagonal entries
of G,(k) are strictly positive. Hence (Ref. 33, Lemma III 1.1), there exists a constant £>>0 so that
supc plleGo(k)~1|, < 1. Here ||-|l, denotes the operator norm associated with the Euclidean
vector norm on C?, and I is the unit matrix. Since p.s(k) and hence all elements of G,,(k) belong
to the algebra APY [cf. Theorem 4.5(i)], there exist, according to Theorem 1 of Ref. 6 (See Ref.
5, Theorem 1, for the same result with a different proof), matrix functions G..(k) with invertible
values for k R such that all elements of G..(k) and G, (k)™ ! are almost periodic functions (in
APY) that extend to bounded analytic functions in C* and satisfy G, (k) =G (k)G _(k) for kcR.
Premultiplying Eq. (7.8) by G (k) ™}, we obtain uniquely

Y, () =G (O[MPG,(-)'FI(k), Y_(k)=G_(k)"'[MPG.(-)'F](k),

which completes the proof. ||
Proposition 7.3: For 1<p<, Eq. (7.6) has a unique solution XeH’ (R) for every
X, e HP (R). This solution is given by X(k)=S7_,[(p,s(-)e* Y 7)"X1(k), where the series con-
verges absolutely in the norm of H” (R).
Proof: Let F, (k) be defined by Eq. (7.7) where X, e HZ (R) is a given function. Then we can
write Eq. (7.8) as

L = pulk)er™
0 1

1 Y (k)= Xo(k)
—pas(—k)e™2 -(0= Xo(—k)

]Y+(k)+ }, keR,

which has a unique solution ¥ . e H?*?(R). Changing k to —k and switching the two components
of the two-vectors we find for keR

[1 —Pas(k)eziky][Y_,z(—k)}_*_[ 1 0HY+,2(—k)]
0 1 Y_((=k)| | —pu(—Kk)e 2% 1| Y4 1(—k)

_[ %ok
Xo(=k) |’
where Y. (k)=(Y. ,l(k),Yi,z(k))T with the superscript T denoting the matrix transpose. Since

the solution of Eq. (7.8) is unique, we must have Y, ((k)=Y_ ,(—k) and Y, »(k)=Y_ (—k),
so that one has in fact found a solution of the Riemann—Hilbert problem for k eR
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1 _Pas(k)eziky X (k) [ 1 0” X_(k) J_[ Xo(k) }
[O 1 J[X_(*k)}—{_ _pas(_k)e—Ziky X.(—k) = Xo(-k) | (7.9)

The top equation of the pair (7.9) then implies Eq. (7.6) on applying II_; conversely, every
solution of Eq. (7.6) leads to a solution of Eq. (7.9). Consequently, Eq. (7.6) has a unique solution
X eH” (R) for every X, e HZ (R).

To see that Eq. (7.6) can in fact be solved by iteration, we replace p, (k) by cp,(k) for some
complex number ¢ with [c]=1. Then G,(k) is replaced by G, (k) = 3 G,5(k) + G,4(k) *], given
by

1=3(c*+e)|pa(K)?  3(c—E)pas(k)e*™
Gas,c(k) _ —2ik *
W&—c)pu(k)e 2k 1

which has a strictly positive real part if |Re ¢|<(1/||p,l). Here the superscript * denotes the
adjoint. Since ||p,|l»<1, the real part of the matrix G, (k) exceeds € for some €>0 independent
of k eR. As a result, Eq. (7.6) with p, (k) replaced by cp, (k) has a unique solution X e H? (R) for
every X,eH2 (R). Hence the integral operator in Eq. (7.6) has spectral radius strictly less than 1
in BZ (R). |

The following proposition follows directly from the Hartman—Wintner theorem [Ref. 31,
Theorem 1.4 and the discussion following (2.1); Ref. 32, Corollary 4.7]. Here we present a direct
proof.

Proposition 7.4: Let 1<p<oo, and let 9(k) be continuous in kR and vanishing as k& —

+oo, Then the operator K on H” (R) defined by KX=I1_83.7X is compact.

Proof: Since 9(k) can be approximated in the L™-norm by continuous functions of compact
support, it suffices to.consider $(k) vanishing outside (—8,8) for some 6>0. Then (Ref. 28,
Theorem I 4.3) the operator .# defined as .#=39S5— S, where

f(S)

(S)(k)= —@ f as?

is compact on LP(— 8, 8); here 7 represents the Cauchy principal value. If we extend % to L?(R)
by defining (Bf)(k)=0 for k & (—J,8), then BH=83S—SF is also compact on L’(R). Accord-
ing to Plemelj’s formulas, we have S=II, —JI_ . Hence

B=0(1-2l1_)—(1-2II_)d=2[IT _3—OTL_].
Then for X e H” (R) we have
HI_B7X=N_(I1_9—01_)IX=T_dI . 7X=11_37X=KX

so that K is the restriction of the compact operator 3I1__£7 to H” (R). Hence K is compact. W

Next we give the proof of Theorem 7.1 for p # 2.

Proof (of Theorem 7.1 for p # 2): We have O\ X= M _p,()e* P FX+T1_9.7X with
X e B2 (R) for some continuous 9(k) vanishing as k — = oo, Hence, by Propositions 7.3 and 7.4
the operator I—¢, is Fredholm of index zero, and by Theorem 7.1 with p=2 the operator I-¢7,
is invertible on Hg (R). Making H” (R)NHZ2 (R) into a Banach space by equipping it with the sum
of the LP- and the L?-norm, we see that I— @, is the sum of an invertible and a compact operator
and hence a Fredholm operator of index zero. Since it must be injective in view of the invertibility
of I-¢Z, on H2(R), it is invertible on H”. (R)NH2(R). As a result, it has a dense range on H”. (R).
Being Fredholm of index zero, I—¢7, must be invertible on H” (R).
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To prove that Eq. (7.6) can be solved by iteration, we repeat the above Fredholm arguinent
with p, (k) replaced by cp,(k) for some complex number ¢ with |c|<1. Then I-¢@, is Fred-
holm of index zero on H?. (R) and is invertible on H2 (R). Thus I—-c@, is invertible on B’ (R) if
le|=<1. | |

Vill. BOUND STATES

When there are bound states for Eq. (1.1) with energies — Kf with j=1,..../, the reduced
transmission coefficient 7(k) has simple poles on the positive imaginary axis at k=i«;. In this
section we modify the inversion procedure described in Sec. V to include the bound states. In this
case the scattering data will consist of Q(x), a reflection coefficient, either of H . , the bound state
energies, and the norming constants. We assume that (H1)—-(HS5) hold with ae(0,1] in (HS).

From Egs. (2.1) and (4.1) we see that at the bound states, the Jost solutions f,(k,x) and
f(k,x) are linearly dependent. Associated with the bound states are the norming constants

o -1
V,.=( f dxf,ufc,-,x)?H(x)Z) L iELen

The ratios ¢;=f,(ik; X fii;,x) are related to the norming constants by

A4 ] i=1,....%" 8.1)
v; =i o, dx 70) k=,',<.’ j=1..,47 (8.
J
From Egs. (5.1) and (5.2) we have
H
Z(inp,y)=e; |7 e 2P T A TADZ (ik; ). (8.2)

Let us define #k)=(—1)' 7(k)w(k) ™" and p(k)=p(k)w(k)~', where

k""lKj

A
wik)=(-1y"TI (8.3)
j=1

Multiplying both sides of Eq. (5.13) by (—1) "w(k)~!, for keR and y eR\{y;,...,y5} We obtain

HE)Z,(k,y)=(— 1) w(k) ' Z(=ky)+ (= 1) 5(k)e*®Zy(k.y). (8.4)
At k=0 from Eq. (8.4) we have
’;’(O)Zr(O,y)=(—1)IZI(O,y)+(—1)15(0)21(0,_}7), ye(yj vyj+1)~ (85)

In analogy with Egs. (5.15) and (5.16), let us define

G+(k,x,)')= [%(k)zr(k’y)_%(O)Zr(oyy)]’ (86)

1
kNVH(x)

G_(k,x,y)=

1
kVH(x)

Then from Egs. (8.4) and (8.5), for keR, xeR\{x,,...,xx}, and y eR\{y, ,..»YN} We obtain
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G (kx,y)=(—1)' w(k) ' G_(k,x,y)=Q(k,x,y), (8.8)
where we have defined

-0 . Z/(0,y)
ok 2iky __ 0
[p(k)e p(0)] o)

Qk,x,y)=—(=1) " p(k)e* ¥ G _(—k,x,y)+

(-1’ Z(0,y)

k)~ '- :
;. wk) 1]\/?165

Note that for fixed x eR\{x,...,xy} and y eR\{y,,...,yn}, G.(k,x,y) have analytic extensions in
k to C*, and as k — o« in CF, G ..(k,x,y) — 0. Thus we have a scalar Riemann-Hilbert prob-
lem in Eq. (8.8). Since Q e Ll ,(R) for some ac(0,1], we have Q(-,x,y) e L?(R) when p<1/
(1 - a); hence we have the decomposition Q(k,x,y)=Q . (k,x,y)—& _(k,x,y), where we have
defined Q. (k,x,y)=*[I1.Q](k,x,y). Thus, for fixed xeR\x,,...,xy} and y eR\{y,,...,yn},
Q. (k,x,y) have analytic extensions in k to C*, and as k —  in C*, Q. (k,x,y) — 0. Let us
write Eq. (8.8) in the form

+ (8.9)

i=1 j=1

T T
( H (k+in)) G+(k’x’y)—( ].—[ (k_lKj)) G—(k,x,)’)

T
=( IT (k+iK,-)) (D (kx,y)—Q_(k,x,y)],

j=1

or equivalently in the form

j=1

A A
(H (k+in))G+(k’x’y)_(H (k+in))Q+(k7x’y)
j=1

e e
=( 11 (k—in)) G_(k,x,y)—( I1 (k+in)) Q_(k,x,y). (8.10)

j=t j=1

In Eq. (8.10) the left-hand side has an analytic extension in & to C_+ and that extension does not
grow faster than a polynomial in k of degree .4"—1 as k —  in C*; analogously, the right-hand
side has a similar analytic extension in k to C™. Thus both sides must be equal to

=1

Poi(kxy)= 2 palxy)k", (8.11)
n=0

which is a polynomial in k of degree .7 —1 such that the coefficients are functions of x and yv‘ By
Eqs. (8.7) and (8.9), G_(—k,x,y)=—G _(k,x,y) and Q(—k,x,y)= —Q(k,x,y) when k eR,; thus
pa(x,)=(—1)'*"*1p (x,y). From Egs. (8.10) and (8.11) we have

4
— k+ik; P (k,x,y)
— = _ = .
j=1 J J
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P& / '—l(k,x,Y)

k y = k, b + - .
G (k,x,y)=8 4 (k,x,y) m

Using Egs. (8.3) and (8.9) we can write Eq. (8.12) in the form

w(k) (= B(=s)e

G_(k.x,y)=Blkxy)+*+ 5— | ds— 7~ G_(s,x,y), (8.13)
where we have defined
B(k ) P_r'—l(k,x,}’) + W(k) ® dS [,,( ) 2isy ~(O) 1+ ( )_1] ZI(O,)’)
XY= - §)e”tsy — - .
Y HJLl(k—lKj) 2 i -0 S_k+10 P p wis s\’H(x)
(8.14)

In analogy with Eqgs. (5.21) and (7.1), we can write the singular integral equation in (8.13) in the
form

X(k)=B(k)+(Z,X)(k), keR, (8.15)

where we have defined B(k)=B(k,x,y), X(k)=X(k,x,y)=G_(k,x,y), and
B(—s)e 2

STE—i0 )

(Z0w=" [* 4
7y 2mi Jow

By using the method of Sec. VII, we find that %) has a spectral radius less than 1 on HZ (R)
for every 1<p<. Since Q eLl, (R) for some ac(0,1], the function B(k,x,y) given in Eq.
(8.14) belongs to H”.(R) for p>1/(1—a). Thus, Eq. (8.15) is uniquely solvable in H”.(R) for
p>1/(1—a), and the solution can be obtained by iteration.

Note that the norming constants associated with the bound states are used to determine the
coefficients in the polynomial P ,_;. In fact, solving Eq. (8.15) we obtain

.P_/-_l(—‘iK,,,,x,y)

G_(—iky,x,y)=i"' , (8.16)
.P.,*__l(iK,,,x,y)
G.likg,x,y)=Q, (ik, x,y)+(—i) —FF——+ 8.17
+( )’) +( y) ( ) H:i=l(Kn+Kj) ( )
Using Eq. (8.2), from Egs. (8.6) and (8.7) we obtain
( ) : [Z«( )—Z4(0,y)] (8.18)
G_(—iky,x,y)=———=[Zi(ix,,y)—Z,(0,y)], 8.18
ik, VH(x) : :

1 H.,
G (iKn,x,y)=—'——[’?(iKn)Cn \/—e_ZK"y_""(A+"A‘)Z(iKn, )—7(0)Z,(0,y) .
" ik, VH(x) H_ ! Y
(8.19)

Eliminating Z,(ik,,y) in Egs. (8.18) and (8.19) we obtain

H,
Goliryxy)=~cn \ 5~ Hiky)e 2w~ A ~A)G_(—ik,,x,y)
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S \/ ey = rplAs—A) 700, 0)Z,(0,
”(n\/a—(T{ T(IK )e 1( .V) T( ) ( )’)
(8.20)

Using Egs. (5.27), (8.16), and (8.17) in Eq. (8.20) we obtain the .#" equations forn=1,....4"

-PAI'—l(iKn’x’y)
Q. (i xy)+(—i)y —————
j=l(Kn+Kj)

-l Hy 2y (A —AL) P, (—ik,,x,y)
=1 Cy T(iKk,)e ¥~ n ~
H n:j=l(Kn+Kj)

[cnT(iK,)e 2ny = aAs—A)F(0,x) = F(0)f,(0,x)].  (8.21)

1
+ —_———
ik, VH_
In Eq. (8.21) the products ¢, 7(ik,) can be expressed in terms of the norming constants v, using

-1
1 k—ix; | d ( 1 ) _VHH_v,e”"* k—ik;
2iky o kting (k) . 2KuChp i KEiKG

T(ik,) =
(8.22)

which follows from Egs. (8.1) and (4.1). Using Eq. (8.22) and replacing ®0) by (—1) ' 7(0), Eq.
(8.21) can be written as

~P./'—l(iKn’x7.Y)

Q. (ik,,x,y)+(—iy’ .

) v P, _(—ik,,x,
=—i"H+ n e-—2k,,(y+A+) ! ’1.( n y)
2Kp H}=1(Kn+Kj)

HoH- '“n‘y““f,(o,x)—(—l)-"T(O)f,(o,x> . (8.23)

m\/—

Note that both f;(0,x) and f,(0,x) are determined by Q(x) alone. In the generic case 7(0)=0 and
in the exceptional case 7(0)=(—1) 1- p(O)2 by Proposition 4.6 and Eq. (4.8). Furthermore,
H _ can be obtained from H ., Q(x), and p(k) using Eq. (5.29) in the exceptional case and using
Eq. (5.30) in the generic case. The equations (8.23) constitute a set of .4” equations for the ./~
unknowns po(x,y),...,p. ;—;(x,y). Note, however, that Q,(ix,,x,y) also depends on
po(%,¥)s-.,p =1 (x,y) via B(k,x,y) in Eq. (8.13) and G_(—k,x,y) in Eq. (8.9). Once the
polynomial P, (k,x,y) has been found, H(x) can be obtained as described following the proof
of Theorem 5.4 by using X(0)=G _(0,x,y) on the left-hand side of Eq. (5.24).

Example 8.1: Let us illustrate the inversion method outlined in this section by a simple
example. Although H(x) will turn out to be continuous in this example, the example shows how
the inversion method works when bound states are present. A more elaborate example with a
discontinuous H(x) is given in Ref. 34. Suppose p(k)=0 and there is one bound state at — & with
associated norming constant v. Thus, we have the exceptional case. The solution of Eq. (8.13) is
given by
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polx.y)
G-(kx.y)=Blk.x.y) ==

’

and hence G_(—ix,x,y)=i[py(x,y)/(2x)]. From Eq. (8.9) we have

2 Z(0.y)

k+ic \Hx(y))

Q(k,x,y)=

and hence we obtain

i Z(0.y)

Q. (ikyx,y) = — — ol
N v

Solving Eq. (8.23) for py(x,y), we obtain

2V\/H+

Po(x,}’)z 2Kemy+A+)'_H+V fl(O?x)-

In deriving Eq. (8.25) we have also used the fact that

.fl(ov-x) 7—(0) fr(va) inr(ny) H—YZ_H+ IYfr(07x) /(0) 0
[ ————1 = = =0,
VH., VE.  VH, |H-Y+H.|  H,

which follows from Egs. (4.5) and (4.10). Now Eq. (5.24) takes the form

X(0)=G_(0,x,y)= l;l’o(x,)?)= \/;1‘ [i£.0,%) + FL0.x)(y +A )],
+

or equivalently

VH  po(x.y) ifi(0,x)
Fon VAT EG
Define
w=w(y)=e?V¥4) §=b;;<v
Using Egs. (8.25) and (8.27) we can write Eq. (8.26) as
flw)=g(x),
where
20 1 1 _ f(0,0)
f(w)— —K‘- m— ﬂ In w, g(x)~l m

2919

(8.24)

(8.25)

(8.26)

8.27)

(8.28)

(8.29)

Here f(w) is defined for we(0,0)U({,»), and on this domain f'(w)<0. Also, f(w) — +x as
w—0, f(w) = —® as w— {—0, f(w) — +% as @ — {+0, and f(w) — —© as w — +oo.

The function g(x) obeys

J. Math, Phys., Vol. 38, No. 6, June 1855



2920 Aktosun, Klaus, and van der Mee: Inverse scattering with discontinuous wave speed

H,
g (x)=—f——zl(0,x) <0, (8.30)

which is obtained from Eq. (2.27). Note that g(x) has a singularity whenever f,(0,x) is zero; this
follows from the expression for g(x) in Eq. (8.29) provided we can show that f,(O,wO) #* 0,
where @y, is a zero of f;(0,x). Indeed, f 1(0,@3) ¥ 0 due to the behavior of the Jost function near
k=0 corresponding to Eq. (1.1) restricted to the semi-infinite interval (w,,) [cf. Ref. 29, where
the case H(x)=1 was considered, and the Appendix]. Together with Eq. (8.30) this implies that
g(x) » —»w as x - wy—0 and g(x) — +* as x — wy+0. Furthermore, g(x) — — as
x — +ooand g(x) — -+ as x — —oo It follows from these properties of f(w) and g(x) that
Eq. (8.28) has a solution w(x) such that w(x) — 0 asx — —o and w(x) — +© asx — +x
fie.,, y(x) — —o and y(x) — oo, respectively] if and only if f,(0,x) has exactly one zero.
Note that by Eqs. (3.1) and (8.27) the function w(x) must be continuous and monotonically
increasing. The fact that f;(0,x) has exactly one zero is in agreement with the oscillation proper-
ties of £,(0,x) and with Proposition 5.4 in Ref. 20, which says that the number of bound states of
Eq. (1.1) is independent of H(x) and hence is the same as that for Eq. (1.1) with H{(x)=1. So we
assume f,(0,x) has one zero located at x=wg. The monotonicity properties of f(w) and g(x)
also imply that Eq. (8.28) can be uniquely solved to obtain w in terms of x; since
y=—A,+[1/(2k)]ln w by Eq. (8.27), it then follows that the solution y(x) is also unique. From
Eq. (8.27) we see that dw/dx=2rH(x)w; hence by differentiating both sides of Eq. (8.28) with
respect to x and using Eq. (2.27), we obtain

w(}’)"()z H,
H(x)= . 8.31
) (w(y)+c f1(0,x)* (®31)
Using the initial condition y=0 when x=0 in Eq. (8.27) we obtain
1
A,=—In wy, (8.32)

2k
where wy obeys f(wg) = g(0). Note that Eq. (8.28) does not contain A . explicitly and so once wyq
is known, A, can be obtained from Eq. (8.27) by setting wy=w(0)=e%*4+. One can verify that

this value for A, is consistent with Eqs. (3.17) and (8.31). For the convenience of the reader we
give the detailed calculation. We have

0 N N
A+=f ds[H;—H(s)]= lim f ds[H+—H(s)]=H+N—f ds H(s)
0 Neoo 0 0

=H+N—fw(N) 4 H(s(w)) ’fmw) H(s{w))

v o) T ., Y 2kH(@)w

1
+ 5= In wp. (8.33)

1 1
=H . N- S [In o(N)—In w0]=[H+N— P In w(N)

Now by using Eqs. (8.28) and (8.29) we can write

1 _fi(O,N) 2 1
H+N—§;1n w(N)-—-lfl(o’N) +H+N—?Z)‘(1—V)—_z',

and we see that the right-hand side goes to zero as N — . Hence, after taking N — « in Eq.
(8.33), we obtain Eq. (8.32). Furthermore, since the denominator in Eq. (8.25) must go to zero as
X — @,, using Eqgs. (8.27) and (8.32) we obtain
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. 1 4
lim y(x)=y(®wo)= 75~ ln( )

X~y Wo
and from Eq. (8.31), using L'Hopital’s rule, we get

f;(O,‘m‘o)z

lim H(x)=H(wy)= e

X—?WO

and hence H(x) is continuous at w,. For the Jost solutions we obtain from Egs. (5.1), (8.7), and
(8.24)

po(x,y)+£1(0,x)|. (8.34)

k+ik

Hence, letting x — —c in Eq. (8.34), we conclude that L(k)=0; using Eqgs. (1.4), (3.20), and
(4.5) we also obtain

1 —k+ik) .
— ikA
T,(k) 7( k+ix )e ’ (8.35)

where A is the constant defined in Eq. (3.18). Thus, from Eq. (4.1) we get

o L [Hik+ix
== Va_ t=ix
Since p(k) =0 implies Z(k)=0, we conclude from Egs. (4.9) and (4.10) that v*=H ,/H_ . Since
4 "=1, by Proposition 4.6, y<0 and hence y=—+H . /H _. Hence using Eqgs. (4.1) and (8.35) we

get 7(k)=(k+ix)/(k—ix). We have also computed the potential V(y(x)) in Eq. (3.3). The result
is (after lengthy calculations)

—8£K282K(y_A+)
V(y)= (T F fo T2

This is a standard reflectionless potential (cf. Ref. 24, Example 2), as it must be the case since
p(k)=0.

APPENDIX: PROOF OF THEOREM 4.2 (ji)

In this appendix we give the proof of Theorem 4.2 (ii). We first prove a proposition.

Proposition A.1: Let (k,x) denote the solution of Eq. (1.1) satisfying ¥(k,0)=a,
¢'(k,0)=b, where a and b are arbitrary real numbers. Suppose #(0,x) is bounded on x=0. Fix
ko>0. Then, for —ky<k<ky and x=0, we have

|(k.x) = (0,0 < Cy, . (A1)

kx 2+ k*x
1+]|k|x 1+ |k|x

Proof: Since ¢(—k,x)= y(k,x) it suffices to consider 0=k <kg. By variation of parameters,
(k,x) is a solution of the integral equation
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sin(kH ,x)

Ylk,x)=b H.

+a cos(kH ,x)

1 x
T . dz sin(kH  [x—z])[k*{H2 — H(2)5}+ Q(2)1¥(k,z),

which for k=0 reduces to
X
¢(o,x)=bx+a+fo d2(x—2)0(2)¥(0,2).

Since ¢(0,x) is bounded, Eq. (A3) implies

b+f: dz Q(z)¥(0,2)=0,

w<o,x>=a—f: dz 20()W(0,2) +o(1), x — +o.

(A2)

(A3)

(A4)

(A5)

Then, by using Egs. (A2)—(A4), we can write @(k,x)— (0, x)=1+1,+I;+1,+Is+Is+1;,

where

sin(kH . x
11= 1—_._(__i_)
kH . x

x f dz Q(2)¥(0.2),

I,=afcos(kH ,x)—1],

in(kH . x
L= [ detostit - 11090,2),

1 x
14=m: [1 —cos(kH+x)]fo dz sin(kH +z2)Q(z)¥(0,z),

x in(kH.,
IS= fo dZ[ 1— ﬂl%m—zi)]zQ(Z)lﬁ(O,z),

I - rd in(kH ,[x— 2 —H(z)?
6= z sin(kH . [x—z])[H, — H(2)"]4(0,2),
+ JO

1 x
Li=157- f dz sin(kH  [x—zD[kX{HA — H(z)%}+ Q(2) [ ¢(k,z) — $(0,2)].
+ Jo

The estimates

|sin z|<——CIZ LI Ciz” |1—cos z!<"——ZC122
+z’ z (1+2)*’ (1+z)*’

where =0 and C, is a suitable constant, and the monotonicity of the function z — z/(1+z)

imply
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_ ( kH ., x )2 ®

nl=cl e | de de@lvo.l (A6)
- kH.x \?

Ll<Cial\ g =) - (A7)

_ o kH4x 2rx
|I5|=<CY TTkHox jo dz z|0(2)]|¥(0,2)], (A8)
. [ kH,x \*(« o S
|Isisclkm} Jo dz z|Q(2)||¥(0,2)|, s=4,5, (A9)
I|< Cik*x de H2 — H(2)*|| (0 A10
lsFm . Z|H% — H(z)*||(0,2)], (A10)
Iyj< —o f " @[k H — H(2)? + ] ()1 ke, 2) — 90,2 (A11)

" 1+kH,x Jo + ’ <0

-

By combining Eqgs. (A6)—(A10), for some constant C, we obtain

H.x \? k%x
1+kH  x 1+kH x

|1+ o)+ T3] + 4] + | Ls| + [Ig] < C

Hence by using Eq. (A11), it follows that

Clx
[1+kH x]h(k,x)

u(k,x)<C,+ fox dz{k*|H2: — H(z)?| + IQ(z)l}h(k,z)u(k,z)],

(A12)
where
__( H.,x )2 k*x
W)=\ T =) T T+ kH *° (A13)
u() = |p(ke,x) — ¢(0,x)]| (Al4)

h(k,x)
Thus, from Egs. (A12) and (A13) and the fact that h(k,z)<h(k,x) for 0=z=<x, we obtain
Cik [+ 2 2
u(k,x)<Cr+—— f dz|H% —H(z)*|u(k,z)
H, Jo

N C k*x
(1+kH . x)h(k,x)

H’ x 1) Jx 2| 0(2)]

1+kH ,x o B 1vkH .2

u(k,z).

Hence

C k X X
u(k,x)<C2+Fl— fo dlei—H(z)2|u(k,z)+2C1fo dz z|Q(2)|u(k,z).
+
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Using Gronwall’s inequality we obtain

® k
u(k,x)<C, exp(Zle dz[—z—OIH%r—H(Z)2|+Z|Q(Z)|
0 H,

), 0<k<ky. (AlS)

Now Egq. (A1) follows from Egs. (A13), (A14), and (A15), where the right-hand side of Eq. (A13)
and the factors H, in Eq. (A13) have been incorporated into the constant Ciy |

Proposition A.1 remains valid for x<O0 if (0,x) is bounded on x=<0. Then x has to be
replaced by |x| in Eq. (A1). In place of Egs. (A4) and (A5), we then have

0 -
b f dz 0(2)#(0.2)=0, (AL6)

¢(0,x)=a+f_0 dz zQ(2)¥(0,z) +0o(1), x — —oo, (A17)

Proof of Theorem 4.2 (ii): In the exceptional case it does not immediately follow from Eq.
(2.1) that 7(k) is continuous at k=0 .-The situation is similar as in the case H (x)=1, which was
studied in Ref. 35. Here we follow the method of Ref. 35 and generalize it to the case when H(x)
is not constant.

We continue to assume that & is real. Let v{k,x) and s(k,x) denote the solutions of Eq. (1.1)
satisfying v(k,0)=s'(k,0)=0 and v'(k,0)=s(k,0)=1. Let g (k,z) =k*[H% — H(2)*]+ Q(x).
By using the definition of the Wronskian and the integral equations satisfied by v(k,x) and s(k,x)
[see Eq. (A2)], we obtain the relations

Lfi(kox)i0(kyx)]=f1(k,0) = 1+ j: dz e*Hsig (k2o (k,2), (A18)
0 .
Uka)io () ]=F,k0)=1= [ dz e™¥-2_(k.2)o(k,2), (a19)
[filk,x);s(k,x)]=—f](k,0)=—ikH , + f: dz e*+ig  (k,2)s(k,z), (A20)
O .
[f,(k,x);q(k,x)]=—f;(k,0)=ikH_—f_ dz e"*-24_(k,7)s(k,z). (A21)

Let (k,x) denote the solution of Eq. (1.1) such that

P(k,0)=1£(0,0), ' (k,0)=£/(0,0). (A22)
Thus

Yk, x)=£,(0,0)s(k,x) +£](0,0)v(k,x), (A23)

and in particular (Z(O,x) =f1(0,x). Since we are in the exceptional case, z?:(O,x) is a bounded
solution of Eq. (1.1) for k=0. From Egs. (A18)-(A23) it follows that
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fz(O,O)D‘z(k,X);fr(k,x)]=f,(k,0)[—ikH+f1(0,0)+f1’(0,0)+f0 dz e""”+zq+(k,z)«/7(k,z)}

—fz(k,O)[ikH-fz(O,O)+f1'(0,0)— I e-""”—Zq-<k,z>aZ(k,z>]. (a24)

We first assume f;(0,0) 5 0. The case when f;(0,0)=0 will be considered separately. In order to
analyze the integral in the first bracket on the right-hand side of Eq. (A24), we write

jo dz e Hsiq (k,2)dlk,2)=J + Ty + T3+ T4+ s,
where

= j: d20(2)(0,2),
Jp= J: dzQ(z)[ e+~ 11¢(0,2),
J3=k f: dz ™+ H% — H(2)*]§(0,2),
1= [ az e*sg itk - 0,001,

J5=sz0°° dz ™+ T HS = H(2)* 1L d(k,2) ~ §/0,2)].

By Eq. (A4) with b=£;(0,0), we have
J1=~£1(0,0). (A25)

Note that f,(0,x) — 1 as x — +; hence using Eq. (A5) with a=f,(0,0) and the estimate
le*H+2—ikzH , —1|<C[k%2%/(1+]k|z)] [cf. Eq. (2.25)] we obtain

Jy=ikH [f(0,0)—1]+o(k]'*®), &k — 0. (A26)
It is clear that
J3=0(k?), k — 0. (A27)

Using Proposition A.1 we obtain

= (k)™ »
< i+a 1+o 2 — l+a —
=tk e o T le@I+ e az det@i=olk! . k0.
(A28)
Finally, since ae[0,1) we have
Js=o0(k?), k — 0. (A29)
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Using Eqgs. (A25)—(A29) in Eq. (A24) we obtain

F dz e*+2g  (k,z)d(k,z)=—f}(0,0)+ikH . [f,(0,0)=1]+o([k]'*%), k — 0.
" (A30)
Similarly, using Eqgs. (A16) and (A17) which imply that f,(0,x)=y as x — —, where vy is
the constant in Eq. (4.5), we obtain
fo dz e ™ -2q_(k,2)d(k.2)=F,(0,0)—ikH_[y—f,(0,0)]+0o([k['**), k — O.
- (A31)
Substituting Eqs. (A30) and (A31) in Eq. (A24) we get

Fi0,0)Lfy(k,x)sf (e x) ] = — ik H o f (k,0) + yH_£(k,0)]+0([k]'*%), &k — 0. A32)

Similarly, starting from

fl(O’O)[fl(k’-x);fr( _k,.X)]

=fr(—k,0){—ikH+f:(0,0)+f;'(0,0)+f: dz ei"H+Zq+(k,z)17/(k,Z)J

0
—f,(k,O)[—ikH_f,(0,0)+f,’(0,0)—f

_dz e""H-Zq_(k,z)lZ(k,Z)],

we deduce that

fl(070)[.fl(k?x);fr( _k?x)]= _lk[H+fr( _k30) - ')/H_fl(k,O)]-i-o(lkl 1+a)’ k— 0

(A33)
Using Egs. (2.1), (2.2), (4.5), (A32), (A33), and Theorem 2.1 (ii) we obtain
2H_ vy
T,(k)= m‘f‘o(lk!a), k— 0, (A34)
H.,vy
T,(k)= m’i'o(lkla), k — O, (A35)
H.—H_v
R(k)=m+0(lkla), k— 0, (A36)
H_y*~H, ‘
L(k)= m'*'o(lkla), k — 0. (A37)

The relations (A34)—(A37) are also valid if £,(0,0)=0. To see this, assume £,(0,0)=0 and
consider Eq. (1.1) with Q,(x)=Q(x+w®) and H,(x)=H(x+w), where w will be specified
later. Let f; ,(k,x) and f, ,(k,x) denote the Jost solutions and T o(k), T, (k), Ry(k), and
Lg(k) denote the transmission and reflection coefficients associated with Q. (x) and H(x).
From Egs. (2.1), (2.2), (2.10), and (2.11) it follows that

fiokx)=e Mo f(kxtw), [, o(kx)=e*-"f (k,x+ @), (A38)
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T)olk)=T(k)e *H-"HIw T (k)=T,(k)e” *H-"Hi)w (A39)
Ro(k)=R(k)e?* H+w I (k)=L(k)e 2kH-w (A40)

Now pick @ such that f,(0,w) # 0. Then f, ,(0,0) # O and Egs. (A34)-(A37) apply to
T, k), T, 5(k), Ru(k), and L (k). Note that by Eqs. (A38) and (A39), when considering
Q(x) and H4(x), we remain in the exceptional case, and that the constant y defined in Eq. (4.5)
does not change. It then follows from Egs. (A39) and (A40) that Eqs. (A34)-(A37) remain valid
even when f,(0,0)=0.

Now Egs. (4.9) and (4.10) follow from Egs. (A36) and (A37) by using Eq. (4.1). Relation
(4.8) also follows from Eqs. (A34) or (A35) and (4.1), but so far only when £ is real. In order to
extend Eq. (4.8) to complex k¥ & C*, we fix >0 and note that by Eq. (2.1) the estimate

L e S
7,06~ k]

(A41)

holds on C*N{|k| = &}. The validity of Egs. (A34) and (A35) for real k together with Eq. (A41)
allows us to appeal to theorems of Phragmén—Lindeldf (Ref. 25, Theorems 1.4.1 and 1.4.4) and to
conclude that T,(k) and T,(k) approach finite limits [7,(0) and T,(0), respectively] as & — 0
uniformly in O=sarg(k)= . By considering [T, ,(k)— T, ,(0)]/k® we can see that also the error
term o(|k|%) is valid for k € C*. Hence Eq. (4.8) holds if k — 0 in C*. |
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