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(ABSTRACT) 

The present work discusses a new moderate rotation theory for anisotropic shells, proposed by 

Schmidt and Reddy. All aspects of the derivations are explicitly covered and a finite element for-

mulation of the theory is developed for the solution of test cases. Specific forms of the equations 

for rectangular plates, cylindrical and spherical shells are derived and the respective finite elements 

are implemented in a computer code. 

In order to compare the results, two other theories are implemented: a refined von Karman type 

shell theory and a shell theory proposed by Librescu. A fmite element computer code based on a 

degenerate 2-D shell theory is also used. 

A set of cases involving anisotropic shells in bending, buckling and postbuckling permit an evalu-

ation of all these models and form a basis for future developments. 
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1. INTRODUCTION 

1.1 Motivation 

The development of shell theories is still a field of intense research due to some basic factors: 

• the need of structural elements to work to the limit of their load carrying capacity, where the 

material or the structure, or both, may be far from the linear regime; 

• subsequent use of new materials; 

• economic constraints preventing full use of a three-dimensional analysis, which are not efficient 

even with increasingly faster computers. 

These factors motivated the development of more general and rigorous shell theories to off er a 

better representation of the kinematics of shells. An important aspect of these developments is the 

modelling of composite structures, frequently used in aerospace applications. To fulfil this need, 

more general theories are necessary to model the more complex behavior of the new material-

structure integration process. 

From this broad scenario, we will focus on geometrically non-linear shell theories, with the funda-

mental work done by von Karman [l]. Nowadays, a variety of shell theories can be found in the 

literature, based on an equally large nwnber of specific kinematic asswnptions. Some of these are 

outlined as follows: 

• the inclusion of transverse shear and transverse normal effects, in order to analyze thick struc-

tures. In the case of composite materials, even for thin walls, the above mentioned effects may 

not be negligible, due to their lower transverse rigidity compared to the in-plane rigidity; 



• the inclusion of high order nonlinear effects; 

• the inclusion of anisotropic constitutive equations; 

• the observation of continuity requirements for displacements and tractions for the laminae 

interfaces; 

• the inclusion of moderate, large or unrestricted rotations of the tangents and normal to the 

shell. 

Some of these theories remain in a very complex form, making their use difficult for practical ap-

plications. A great deal of effort has been expended to keep the balance between an accurate rep-

resentation and simplicity of formulation. This is, in fact, the motivation upon which the present 

work is based. 

1.2 Literature review 

This section is composed of two distinct portions, tracing the development of the shell theories up 

to the present work. The first portion covers the evolution from the Kirchhoff-Love theory to re-

fined theories and from von Karman non-linearity to full non-linearity. Due to the vast amount 

of information in this field, we will mention only pioneering contributions, presented in schematic 

form in the Figure 1 on page 3. For a more detailed presentation of these developments, we refer 

the reader to information in references [33,34]. 

The second portion deals with the review of shell theories with assumed magnitudes of strains and 

rotations, in the full non-linear equations. Such a procedure has resulted in shell theories which 

are valid for certain classes of problems. Although this idea was used in the past, based on intuition, 

only recently have Librescu [30] and Pietrazkiewicz [ 17] introduced it in a formal manner, so that 

a set of governing equations and boundary conditions can be obtained from a variational principle. 

2 
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Figure 1. Literature review 
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Pietrazkiewicz developed both Total Lagrangian and Updated Lagrangian formulations of ge-

ometrically non-linear shells, based on the Kirchhoff-Love assumptions. The strains and rotations 

about the normal to the surface are assumed to be of the order Ol, where 8 is small compared to 

unity. The rotations about the tangents to the surface, w, are classified ..s follows: 

small for w~O(Ol) 

moderate for w = 0(8) 

large for w = 0( Jo) 
finite for w~O(l) 

For each range of magnitude of the rotations, specific shell equations are obtained. 

Librescu [30] developed a refined geometrically non-linear theory for anisotropic laminated shells, 

based on the expansion of the displacement field with respect to the thickness coordinate. In his 

work, the substantiation of a general theory for laminated composite shells is sought, such that 

transverse effects and high order dynamic effects are present. The set of equations of motions and 

boundary conditions are obtained from the Hu-Washizu variational principle. Moreover, Librescu 

[30] discusses the specialization of the derived general equations to the following multilayered shells 

theories: 

• linearized high order theory; 

• refined theory of von Karman type; 

• Kirchhoff-Love theory; 

• Koiter and Sanders theories, for small strains and moderate rotations. 

From the general work of Librescu [30] , there followed a number of applications to small strains 

and moderate rotation theories of plates [35,36,37,38] and moderate rotation theories of shells 

[16,33]. Reddy and Schmidt [33] developed a moderate rotation theory in the context of the first-

order shear deformation theories. This assumption results in simpler strain-displacement relations 

4 



if compared to those found in reference [30]. The kinematic relations are further simplified by in-

voking the order-of-magnitude assumptions. The identification of tenns of the lower order theories 

is more apparent in this new relations. Classical theories like the Kirchhoff-Love, Donnell-

Mushtary-Vlasov and refined von Karman theory can be obtained from the new moderate rotation 

theory (MR T). In contrast to Librescu [30], where the the independent parameters are the stress 

resultants, in MRT the governing equations are expressed in terms of displacements, making the 

formulation suitable for the use of a displacement finite element model. 

In the course of this work, we repeatedly refer to reference [39] for compairison of results. It is 

useful to discuss the theoretical background of that reference to permit a better understanding of 

such comparisons. Reference [39] uses a total Lagrangian formulation of the geometric nonlinear 

problem, in incremental form. The stress and strain measures are the Second Piela-Kirchhoff stress 

tensor and the Green-Lagrange strain tensor. The shell finite element results from the degeneration 

of a 3-D solid element upon which two constraints are imposed, namely: (a) normals to the mid-

surface of the shell remain straight but not necessarily normal to the deformed mid-surface, (b) the 

transverse normal strain and stress are ignored. The formulation permits only small strains but 

displacements and rotations can be large. At each Gauss point, all displacement increments and 

derivatives are calculated with respect to the reference Cartesian system of coordinates. The re-

maining five components of the Green-Lagrange strain tensor (three in-plane components and two 

in transverse shear) are then obtained. 

1 . .3 Present study 

The present work is the first application of the development by Reddy and Schmidt [33] to specific 

shell problems. Our motivation is to assess the performance of MRT in the prediction of the ge-

ometrically nonlinear behavior of anisotropic shells. We want to find limits where MRT starts to 

diverge from results obtained by the use of theories with higher degree of nonlinearity. To accom-

plish this study we define the following objectives for this work: 

s 



• to apply MR T to rectangular plates, circular cylindrical shells and spherical shells; 

• to study the non-linear bending, buckling and post-buckling of the above shells, by the finite 

element method; 

• to analyze structures made of laminated composite materials, with a general lamination 

scheme; 

• to compare the results with those obtained from other theories; 

• to implement refined von Kannan type shell equations (RVK) to help perform such compar-

isons; 

• to offer conclusions on the applicability of the new moderate rotation theory, based on the 

results. 

We should mention that some problems will not be included in the scope of this work, like local 

effects, due to concentrated loads, material non-linearity or failure and snap-back type behavior. 

6 



2. FORMULATION OF THE MODERATE ROTATION THEORY 

2.1 Introduction 

The primary objective of studying the moderate rotation theory is to gain insight into the behavior 

geometrically nonlinear shell problems, where small strains, but moderate rotations, may occur. 

This class of problems may be formulated in the framework of either a Lagrangian or a Eulerian 

description. The former one is more appropriate for most studies in solid mechanics. 

The solution process in the Lagrangian description can be of two different types: 

• Total Lagrangian formulation, where all variables refer to the initial undeformed configuration; 

• Updated Lagrangian formulation, where a solution step refers to the previous step. 

In this work, the Total Lagrangian description will be used. 

Still in the continuum mechanics level, a choice must be made with regard to stress and strain 

components and constitutive relations. We shall use the Second Piola-Kircbhoff stress tensor and 

the Green strain tensor, for which the following observations apply: 

• the Second Piola-Kircbhoff stress tensor and Green strain tensor are energy conjugates of the 

Cauchy stress tensor and the infinitesimal strain tensor, in the following sense: 

where: 

7 



oU = contravariant components of the Cauchy stress tensor; 

eu = infinitesimal strain tensor, given by eu = ~ (u,,1 + u1,,); 

SU= contravariant components of the Second Piela-Kirchhoff stress tensor; 

Eu = covariant components of the Green strain tensor; 

Vo = volume in the reference configuration; 

V, = volume in the deformed configuration; 

• for large rotations, but small strains, the Second Piela-Kirchhoff stress tensor and the Green 

strain tensor are the engineering stress and strain measures, if we use the generalized Hooke's 

Law, as constitutive equations (see reference 41, p. 181). 

With these facts in mind, the derivation of this moderate rotation theory is developed in detail in 

the next sections. 

2.2 Preliminary Concepts 

The geometry of a portion of a shell, in its undeformed configuration, is shown in Figure 2 on page 

9 and the following entities are defined: 

V = volume 

S = surface of the shell, comprising the top surface s+, where 03 = h/2 ,and the bottom surface 

s-, where 03 = -h/2 

A = lateral surface 

n = midsurface , defined by 03 = 0 

8 



Figure 2. Shell geometry 

r = boundary line, resulting from the intersection of A and n 

h = thickness of the shell 

A, , r, = portion of A and r, where stresses are prescribed 

A., , r. = portion of A and r, where displacements are prescribed 

n. = components of the outward unit normal, on A 

"•=components of the outward unit normal, on r 
81 ' 82 = curvilinear coordinates of a point on n 

83 = coordinate along the normal ton, so that a point in Vis defined by (01, (P, 83) 

Next, we consider the following notation for tensorial entities, where Greek indices can take the 

values 1 and 2 and Latin indices can take the values of 1,2 and 3: 

a.11 = covariant components of the 2D metric tensor 

9 



a =determinant of the 20 metric tensor 

gij = covariant components of the 30 metric tensor 

g = determinant of the 30 metric tensor 

c~ = M.- 83/J! = mixed components of the shifter tensor. 

c = determinant of the shifter tensor = ~ 
( ) ,1 = dif erentiation with respect to 81 

( ) ;, = covariant derivative in V with respect to 81 

I • = covariant derivative in !l 

ap = mixed Kronecker delta 

g, = covariant components of the base vectors in V, given by g1 = R,, 

a.= covariant components of the base vectors, in !l, given by a.= r,. 
r = r(81•(Jl) = position vector of a point (81·(Jl), in !l 

R = R(81, 82, 83) = position vector of a point (81, 82, 83) in V 

n = unit normal to the midsurface at a point (81, 82) 

The following results, from tensor analysis, will be useful: 

cxJ grAJ =g = 0 

33 g33 =g = 1 

b"' = r,o1 . n = covariant components of the curvature tensor 

IO 



00 

g•P = •"' L cBlcn + 1)(83)" 

n-0 

n 
(B)p = 0 for n < 0 

dV= c d83dn 

dS=c dQ 

A vector can be referred to any of the defined bases; in particular, the displacement vector u can 

be written in V as: 

or referred to n as: 

The relationship between covariant derivatives in both systems can be written as: 

II 



2.3 Order of Magnitude Assumptions 

The first fundamental step, leading to the proposed moderate rotation theory , is centered on the 

limitation of the magnitude of the strains to a small value of order c2, where c ~ 1 (see also [30 

]). 

The Green strain tensor components are: 

and the components of the linear strain and rotation tensors are: 

We can rewrite the Green strain tensor components in terms of eu and c.oij as: 

It is assumed that Eq = O(cl), from which it follows immediatly that: 

2 eii = O(c) 

( 1) 

(2) 

(3) 

12 



From equation (3) we conclude that: 

ek.l e.~ = 0(&4) 

Also we conclude that w3a can be of order & , and these are the moderate rotations the shell will 

undergo. Notice that w.p is small and will be assumed to be of the order &2• 

The second step in building the theory is to keep only terms of the order &2 and &3 in Eij. The reason 

for keeping the terms of the order &3 resides in the fact that they contribute to the equations of 

motion, in terms of the same order of magnitude as those coming from terms of order &2• A detailed 

discussion is presented in [35]. 

Let's consider £.p: 

which was obtained from (2) by eliminating terms of order 0(&4), i.e., w,. w~p and e,. eJ. 

We can further simplify the equations if we notice that when k = y = 1,2 then: 

Finally: 

(4) 

where w~. = g3• w,.. = gll <D3a = w:i.. 

Applying the same reasoning to EaJ and ~ 3 , we find: 

(5) 

13 



£ 1 (I (I 
33 = e33 + 2 wm3 w. 3 + eq3 w,3 

where the underlined terms have order ,:3• 

2.4 Kinematics of Deformation 

(6) 

In this section, a displacement field is assumed and the associated strain-displacement equations are 

obtained. 

2.4.1 Power expansion of the displacements 

A common procedure, in derivation of high order shell theories, is to expand the displacements as 

a function of powers of the normal coordinate 83, as: 

00 

u,<.otl, o3, 1> = Ico 3t ~co(I, 1> 
n=O 

If we substitute (7) into (1) and the result in (2), we find: 

2.4.2 Power expansion of the strains 

f, (n) 
Eij= ~on ~j 

n=O 

(7) 

(8) 

In order to obtain the expansion for the strains, we first notice that if f(x) and g(x) are functions 

of x, and are expanded in the same form as in equation (7): 

14 



then: 

oo n 

/{x) g(x) = Ix" Lin Kn-m 
n-0 m=O 

From (1) and (7), we can write: 

00 

"\"1 3 n (n) 
eii= L.)8) eij 

n-0 

00 
~ 3 n (n) 

COjj = i..J(8 ) Wjj 

n=-0 

After substitution in (2) and considering (4), (5), (6), it follows (see also [16]): 

n 
(n) (n) l ~ {m) (p)A (m) (p)A (m) (p}J 
Er,.3 = er,.3+ 2 i..J lGO AJ co.,,+ eA!Xw.3 + e33 w. J 

m=O 

(9) 

IS 



We now need to find explicit relations between~~ and : 0 and the displacements. Detailed calcu-

lations are shown in Appendix A, and only final results are compiled here: 

n 

(n~ I \" m [ (11-m+I) (p) ] 
e3 = 2 ~ (BtA (n- m + I) u;. + (m + l)<I>AJ 

m=O 

(n) (n+I) 
e33 = (n+ 1) u3 

(10) 

(n) I r,11> (n+I) A(n)] 
c.o3m="'fl<l>cx.3-(n+ I) um +nbmuA 
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where: 

n 

(n>oc l \" m A [ (n-m+l) (p) J 
co.3= 2 /_i(Bt (n-m+l) uA -(m+l)<I>AJ 

m=O 

(n) (n) A (n) 
<I>cx3 = U3, 11 + bll UA 

(n) 
<t> 11p = 0 , for n < 0 

2.4.3 Strain-displacement relations 

The final step, in building this theory, is given by keeping only the first two tenns, in the power 

expansion of the displacement field, leading to a first order shear deformation theory. We write: 

(11) 

Based on this representation we obtain: 

(12) 

Notice that: 
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(0) (0) (0) 2 
ejj I (Dr,.{J I (J)(l.{J:: 0(& ) 

(0) (0) 
CDr,.3 1 (J>CIJ:: 0(&) 

(I) (I) 
Wr,.3 1 cl>r,.3:: 0(&/h) 

Taking equation (12) into account, equations (9) can be reduced to: 

(I) (I) 1 (0) (I) (I) (0) (0) (1) (I} (0) (0) (I) (I) (0) 
Er,.p == er,.p + 2 (w3r,. w3p + "'Jr,. w3p + w3p e3r,. + w3p e3r,. + w3r,. e3p + w3r,. e3p) 

(13) 

(I) (I) I (0) (I ),t (1) (O),t (0) (I )p (I) (O)p (0) (I )J (I) (O)J 
Eoi3 == eoi3 + 2 (w A3 "'·cs+ w A3 "'·cs+ e,tr,. "'· J + e,tr,. w. 3 + e33 "'·cs+ e33 "'· cJ 

(2) 1 (I) (1),t (1) (1),t (I) (l}J 
Er,.3 == 2 (w .t3 w. r,. + e,tr,. w. 3 + e33 w. cJ 

(0) (0) 1 (0) (O),t (0) (O),t 
E33 == e33 + 2 (w A3 "'· r,. + e.t.3 "'· 3) 

(I) (1) 1 (0) (I ),t (I) (O),t (0) (I ),t (1) (O).t 
£33 == e33 + 2 (w A3 "'.J + w A3 "'.J + e.t.3 "'· J + e.t.3 "'· 3) 

(2) 1 (I) (1).t (I) (1).t 
£33 == 2 (w .t3 w.3 + e.t.3 w. 3) 
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Equations (13) still contain terms of higher order than &3• lbis fact can be demonstrated, by a 

simple example. From equations (10) we can write: 

Then: 
(0) (0) (0) 

W3c = <I> al - e3c 

and: 

Th (0) (0) 0( 4) be limin' d. d . . . 'h h . e term e3c e3,, = & , must e ate , m or er to mamtam consistency wit t e assumptions 

of the theory. 

The result of application of this idea to all strain equations, will give the fmal form of the strains. 

Appendix B discusses in more detail how to obtain the final equations: 

(0) (0) l (0) (0) 
Eap = Oap + 2 <I>a3 <I>p3 

(14) 

(2) 
2Ea3 = 0 
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(I) 
2£33 = 0 

(2) 
2£33 = 0 

(n) 1 (n) (n) (n) 1 (n) (n) 
(Jr,./J = 2 (ur,. I /J + Up Ir,. - 2br,.pu3) = 2 (<t>r,./J + <'1.>pr,) 

Equations (14) fully express the moderate rotation theory under investigation. Before we proceed, 

a number of observations are in order: 

(0) (I) 

• the in-plane strains contain three terms in its power expansion. 6_, and 8_, are the linear terms. 

All terms in the expansion contain non-linearities; 

(0) (I) 

• the presence of £r.3 , £r.3 accounts for shear deformation; 

(0) 

• ~ is the transverse normal strain component, resulting from the linear variation of the normal 

displacement with respect to the normal coordinate 63 and nonlinear contributions from the 

first order approximation of the in-plane displacements; 

• a von Kannan type shell theory, with shear deformation, can be obtained from the above 

• 

(0) 

equations, if we eliminate all nonlinear terms, with the exception of products u,,. u,,, in £_,; 

if we neglect shear deformation and through the thickness expansion, by making ; •3 = - ~ .• 

and ~ = - ~.. , we obtain von Kannan nonlinear classical shell theory with Kirchhoff- Love 

assumptions. 
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2.5 Equations of Motion and Boundary Conditions 

In the derivation of the equations of motion and boundary conditions, use will be made of the 

Hamilton's principle: 

where: 

t = time; 

il, = components of the velocity; 

p = density of the undeformed body; 

15 = variational operator; 

S' = components of the second Piela-Kirchhoff stress tensor; 

f, = body forces measured per unit volwne of the undeformed body; 
A 

S1 = prescribed components of the stress vector, per unit area of the undeformed surface A; 

P' = prescribed components of the stress vector per unit area of the surface S; 

We recall that: 

(0) fl) 
u, = u, +8 u, 

(16) 
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Substituting equations (16) into (15) and using results from section 2.2, it is possible to perform 

integration through the thickness of the shell and reduce the problem to an equivalent two dimen-

sional one. The form of the functional becomes: 

lTi (0) (0) (0\ (0) (I) (I) (I (I) 
0 = 

0 0 
( I"' Ou,. + Y Ou,+ Y" Ou,. + rl.u,)d0d1 

where: 
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h 
11 = JTh C p (03)1-1 d03 

-T 

pl = [(03) n Cpl ]h/2 (11) -h/2 

and 1111 = are the components of the First Piela-Kirchhoff stress tensor. 

If we substitute the variations of the strains in terms of displacements and perform the standard 

operations, the following equilibrium equations are obtained: 
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The natural boundary conditions are: 

where: 

~{J Ra{J baR).{J 
1 (1) = (I} - ). (2) 
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33 [ 33 1 (O) (1) 113] 
Q(l) = - R(o) + 2 (<I>113 - uJR(o) 

In Appendix C, the form of the equations for strains, equilibrium equations and boundary condi-

tions, obtained for rectangular plates, circular cylindrical shells and spherical shells are displayed. 
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2.6 Constitutive Equations 

2.6.1 Material Stiffness Matrix 

As mentioned before, this study will focus on linear materials subjected to small strains. The natural 

choice for constitutive equations is the generalized Hooke's Law, i.e.: 

We will limit this study to laminated materials, composed of orthotropic laminae, which require 

nine elastic constants. The equations for the terms in the material stiffness matrix, and their trans-

formation due to a rotation about the normal, will not be given here, but they can be found in the 

literature (see reference 41 , pp. 51 and 55). 

2.6.2 Laminate Stiffness Matrix 

In the course of the analytical integration through the thickness of the shell, we have defined the 

stress resultants, for example: 

Using equation ( 17 ) and expanding the strains, we find: 
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where C11 is the rotated 0 111, etc. The relationship between stress resultants and strains can be 

written, after rearangement, as follows: 

(0) 
N A B D 0 E 

BT 
(1) 

M D E 0 E 
= (2) 

p OT ET F 0 E 

Q 0 0 0 s G 

where: 

T 11 22 12 33 T 
N = (R(O) , ~O) , R(o) , R(o)) 

T 11 22 12 T M = (R(l) , R(l) , R(I)) 

T 11 22 12 T p = (R(2) ' R(2) , Rc2>) 

T 23 13 23 13 T 
Q = (R(O)' R(O)' R(l) 'R(l)) 

(O)T (0) (0) (0) (0) T 
E = (£11 , £i2 , 2£12 , £33) 

(l)T (1) (1) (1) T 
E = (£11 , £i2 , 2£12) 

(2)T (2) (2) (2) T 
E = (£11 , £i2 , 2£12) 

T (0) (0) (1) (1) T 
G = (2£i 3 , 2£ 13 , 2£i 3 , 2£ 13) 

A= 
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B== 

h11 h12 h16 

h12 "22 "26 

h16 "26 b66 

h13 "7.3 b63 

O.W °"s h44 h4s 

°"s ass h4s hss 
S== 

b44 h4s d44 d4s 

h4s hss d4s dss 

Ih/l - 3 n 3 
(<Zjj , bij , ~j , eij ,/ii) == c qj (8 ) dB 

-h/2 
n == O, l ,2,3,4 ij == 1,6 

D has the same form as B. Dis a 3x3 matrix obtained from D, by eliminating its last row. E and 

F have the same form as D. 

At this point we notice that: 

• transverse shear terms are isolated, making the equations suitable for reduced integration; 

• the shifter tensor determinant, c, is dependent on 83• For the geometries of interest of this work, 

we have: 

c = 1 for rectangular plates; 

c == 1 + ~ for circular cylinders, where R is the radius; 
83 

c == ( 1 + R )1 for spheres. 

We will assume that the shell is thin enough, to make 83/R negligible, compared to 1. Appendix 

D shows the form of the stress resultants-strain relations, when this assumption is not made. 
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• the wall of the shell being a laminate, we can write: 

n 

( b d ") """ 1 [(9k3+1>m+I - (93k)m+l]C1·1· '2jj, ii• ii• eijllij = ~ m + 1 
k ... J 

where: 

n is the number of layers; 

m = 1,2,3,4,5 give ~ , bu , ~ , eu , f;, respectively; 

91 are the coordinates of each interface and the angle between then-th lamina axes (1-2) 

and the structural axes (x-y) are shown in Figure 3 on page 30. 

2.6.3 Reduced Laminate StifTness. 

In the next chapters, finite element models for MRT and also for a refined von Karman type theory 

(RVK) will be developed, having elements with 5 or 6 degrees of freedom per node. For the case 

of a 5 dof model, we will assume that S33 is negligible. In this case, the laminate stiffness matrix 

simplifies to its most used form ( see reference 41 page 83, equation l.7.46a). The previously defined 

matrices A , B, D, D, in the stress resultants-strains relations, will now be the usual (3x.3) ma-

trices. 
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-----.-- -- ---- - ----

Figure 3. Coordinates of layers interfaces 

2.7 Comments 

In this paragraph, we want to emphasize the assumptions of the moderate rotation proposed by 

Reddy and Schmidt, as well as other assumptions related to the application of the theory to engi-

neering problems. 

Basic assumptions: 

• small strains ( of order el , & ~ 1. ); 

• in the strain-displacement equations, only terms of order el and &3 will be kept; 

(0) (I) 
• displacements are expanded as : u, = u, + 83u1• 
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Further assumptions: 

• the material is transversely isotropic; 

• shells are thin, i.e., h/R<20. 

Notice that the last two assumptions are not imposed by the moderate rotation theory, but have 

been adopted to make the formulation less complex, but still useful for the study of a large class 

of problems. 

The form of the derived equations leads to the following observations: 

• von Karman type nonlinearity is present in the equations, as shown in Appendix C, for the 

geometries in study; 

• the equations are very general with respect to the geometry of the shell, and can be 

particularized to most cases of practical interest; 

• the degree of nonlinearity should produce less expensive calculations than a full nonlinear 

model and yet provide an accurate description within the limits of its assumptions; 

• the inclusion of the transverse shear effect makes the theory suitable for studies on anisotropic 

shells. 
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3. FINITE ELEMENT FORMULATION 

3.1 Introduction 

After detennining the general equations of MRT, we present solutions to specific problems. We 

make no attempt in this work to look for analytic solutions; therefore, numerical methods need to 

be selected in order to solve the governing equations of the test problems. 

The selection of the finite element method is due to its generality and ease of use, when many dif-

ferent boundary conditions and boundary geometries should be analyzed. After this first definition, 

we must make other choices and justify them in the sequel. 

A first consideration relates to the shape functions. Each problem has a set of functions that pro-

vides the best solution. In this work, we want to study very diverse structures and, for convenience, 

we select a set of function general enough to represent well a wide range of problems, namely the 

Lagrangian family of interpolation functions in their linear and quadratic form. 

Another good reason for using the above mentioned functions has to do with the numerical inte-

gration of the approximated equations. Gaussian integration, in conjunction with Lagrangian shape 

functions, results in a very efficient scheme for element generation. All the details of the imple-

mentation of these techniques can be found in the literature and will not be repeated here. 

Throughout this work, all the results are relative to the Gauss points, unless otherwise specified. 

The governing equations, being nonlinear, will generate a nonlinear finite element problem that 

will be solved iteratively by Newton's method. For some shell cases, this method may break down 

if the displacement path contains any limit points. Special techniques to handle this situation are 
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discussed in this chapter. In the next sections, we present the formulation of element matrices in 

detail. 

3.2 Direct and tangent stiffness matrices 

In the first phase of this work, the direct and tangent stiffness matrices were obtained for plates in 

explicit form, before integration. Both derivation and element implementation were fairly involved 

and prone to errors. With even more complex shell equations, it was decided to formulate the 

problem in matrix form, where no explicit determination of the element matrices is required. lbis 

procedure is efficient from the point of view of derivation and implementation of the element ma-

trices, but leads to an inefficient program, if some work is not done to eliminate sparse matrix 

computations. 

The derivations of the next subsections are based on reference 42. 

3.2.1 Direct stiff nes., matrix 

Let us write the strain energy variation in matrix form: 

where: 

T (0) (0) (0) (0) (I) (I) (I) (2) (2) (2) (0) (0) (I) (I) T 
8 = (£11, £-i2, 2£12, £33, E11, Ei2, 2£12, £11, Ei2, 2£12, 2£-i3, 2£13, 2£-i3, 2£13) 

a= Ha 

H = material stiffness matrix 
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The strains can be written as the sum of the linear plus nonlinear part as: 

1 a= •L + •NL= I3o.u +2 A (u) 8(u) 

where: 

u = displacements 

u = displacement vector 

8(u) = Gu 

A , Bo, G = differential operator matrices. 

Then: 

1 a = (Bo + 2 A G)u 

and: 

cS a = (Bo + ; A G)cSu + ; ( cS A ) G u 

As will be seen, in Appendix E, A and 8 can be built such that cS A 8 = A cS 8. Then: 

cS a = (Bo + A G)cSu 

Next, we want to introduce the approximation: 

u~N.11 

where: 

u = displacements at any point in the element; 

11 = displacements at the nodes; 
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N = matrix of shape functions. 

If we call: 

B = (Bo + ~ A G)N ' ii = (Bo + A G)N 

the variation of the strain energy becomes: 

where K0 is the direct stiffness matrix. 

3.2.2 Tangent stiffness matrix 

Consider the variation of the strain energy in the form: 

Taking the second variation of U and neglecting second variations of the displacements, we find: 

62U = ··TI (iii' a+ ii. a)dn = •• TK,Jg 
0 

where Kr is the tangent stiffness matrix, composed of the sum of two matrices, that will be now 

determined. 

Notice that: 
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a a = H cS a = H B cSy 

Then one of the matrices is simply: 

Let us consider now the first integral, in the second variation of U, where: 

As will be seen in Appendix E, the above equation can be rearranged, such that: 

cS AT a=Sa o~SGN.u 

where the elements of matrix S are the stress resultants. Then the so called stress matrix is: 

K(J = (G N) TS (G N) 

and finally: 

Notice that H and S, being symmetric, will lead to a symmetric tangent stiffness matrix, as expected. 

3.3 Reduced integration 

In many circumstances, it is necessary to resort to reduced integration as a remedy for locking. To 

do so, we need to separate the terms involving transverse shear and transverse normal effects from 

the in-plane and bending terms. It is necessary to consider the respective material stiffness matrices, 

with the A , Bo, G and S for each case given in Appendix E. 
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In-plane and bending terms: 

H-[: : :] 
Transverse shear terms: 

H= 

Transverse normal terms: 

0 0 0 a13 0 0 0 0 0 0 

0 0 0 <Ji3 0 0 0 0 0 0 

0 0 0 a36 0 0 0 0 0 0 

a13 <Ji3 a36 a33 h13 bi.J b36 d13 d23 d36 

0 0 0 h13 0 0 0 0 0 0 
H= 

0 0 0 bi.J 0 0 0 0 0 0 

0 0 0 ~6 0 0 0 0 0 0 

0 0 0 d13 0 0 0 0 0 0 

0 0 0 d23 0 0 0 0 0 0 

0 0 0 d36 0 0 0 0 0 0 
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3.4 Displacement control methods 

When the buckling of shells is considered, as a general rule, a limit point separates the pre-buckling 

and post-buckling regions. At that point, the tangent stiffness matrix is singular and Newton's 

method does not converge to the softening path, jumping to the next hardening path, from A to 

B in Figure 4 on page 39. As illustrated, the shell may even undergo a snap-back, between points 

C and D of the postbuckling path. 

To overcome this difficulty, we have investigated a number of methods found in the literature, all 

based on some form of displacement control, i.e. , displacements are incremented and the corre-

sponding load is obtained at the end of each step. An outstanding one is the modified Ricks-

Wempner method (see reference 43), which can follow a path like the one shown, with the 

additional feature of performing a uniform number of iterations throughout the calculation. 

We made use of a less general technique (from reference 44) for the following reasons: 

• its implementation is relatively easy; 

• the objective of the work is to test MRT, rather than to provide a general framework for shell 

calculations; 

• there are a sufficient number of cases of shell post-buckling, without snap-back, to study how 

MRT performs. 

The adopted displacement control method consists of specifying a certain component of the dis-

placement vector and obtaining the load corresponding to that state of displacements. In a typical 

Newton iteration, we now have: 

Kr6u = r + a).f0 

where: 
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p 

A 
D 

Figure 4. Post-buckling path of a shell 

Kr = tangent stiffness matrix; 

r = residue due to previous iteration; 

( 0 = unit vector, parallel to the load increment; 

Al = increment in load; 

Au = increment in displacements . 

The problem to be solved is: 

K.,.6u, = r 
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Suppose the n-th component of u is specified. Then (.1u)n = (.1u,)" + ,1,l, (.1u1) = 0, resulting in the 

following: 

Finally: 

The normal procedure for checking for convergence follows. 

3 .5 Criterion for MR T calculations 

In the course of the derivations of MRT equations, some assumptions were made with regard to 

the magnitude of the strains and rotations. An interesting point of investigation is to verify when 

these assumptions will begin to be trespassed in the various tests. This information can be a helpful 

tool, in comparing results from other theories, and in justifying possible divergences. We recall here 

the assumptions on the order of magnitude of the linear strains and rotations: 

2 
eij = wap = 0(& ) , w3GI = O(t) 

where el <e 1. A value of &l = 0.01 will be tentatively taken. Note that, in this case, w3c can be of 

order 0.1 . Appendix F lists the equations for the linear strains and rotations derived for this pur-

pose. 
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4. NUMERICAL EVALUATION OF THE 1"10DERATE ROTATION 

THEORY 

4.1 Introduction 

The purpose of this chapter is to test MRT equations, by applying them to a variety of cases of 

practical interest. Some of the examples to be discussed are taken from the literature and the others 

are variations of the former ones. As a general rule, we want to compare results from MR T against 

RVK and a fully nonlinear formulation [39] , expecting that these two models will provide upper 

and lower bounds for MRT. 

4.1.1. Number of degrees of freedom per node 

In almost all cases, we will use five degrees of freedom per node, i.e., u, v, w, 'I'., '¥1 , due to the 

following reasons: 

• economy in the calculations; 

• both refined von Karman and the fully nonlinear formulations use 5 dof; 

(0) 

• 'l's is the linear term in the transverse normal component of the strain, ~ 3, as we can see in the 

strain-displacement equations, in Appendix C. We can constrain this dof in a clamped edge, 

but for other boundary conditions it is not clear if that strain component should or not be zero. 

It was observed that leaving 'l's free in the entire model may generate a uniform value of this 

dof, with high order of magnitude. This is a numerical problem equivalent to a rigid body 

motion, where a dof is unconstrained. 
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4.1.2. Reduced integration, number of nodes per element and mesh size 

Reduced integration was used in all examples, to prevent locking. All calculations were performed 

using 9-node elements. 

4.1.3. Boundary conditions 

This is an important subject, especially since we want to make comparisons with results from the 

literature. There are two sources of misunderstanding, namely: 

• the simply supported boundary conditions are defined in different ways. In some cases, no 

explicit statement of the constrained degrees of freedom is given; 

• the use of appropriate symmetry boundary conditions to model only part of a structure. 

As reference 45 shows, depending on the lay-up and the kind of support at the edges, the model 

of a quarter of plate requires appropriate boundary conditions along with the geometric symmetry 

lines, different from those used for isotropic materials. In the present study, the above mentioned 

reference will be followed. We therefore define two sets of boundary conditions, as follows: 

Boundary Condition I (BCJ): 

v = w = 'I',= 0 at x = a 

u = w = 'I' .. = 0 at y = b 

V = '1'1 = 0 at y = 0 

U = 'I' .. = 0 at X = 0 
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Boundary Condition 2 (BC2): 

u = w = 'I' = 0 at x = a , 
V = W = 'I' a = 0 at y = b 

u = 'I', = 0 at y = 0 

V = 'I' a = 0 at X = 0 

where the origin of the coordinate system is taken at the center of the plate of dimensions 2a and 

2b. 

We note the correctness of the nonlinear solution cannot be judged by the correctness of the linear 

solution with respect to boundary conditions on the geometric symmetry lines. In section 4.2.3, 

we discuss this matter in more detail. 

4.1.4. Material considerations for the 6 dof model 

When using the 6 dof MRT, the full 3D Hooke's Law must be used to obtain the material stiffness 

matrix. To have the same material coefficients for both 5 dof and 6 dof models we must set 

v13 = v23 = 0. Notice that if we do not set v13 = v23 = 0, the material stiffness will induce stiffer results 

for the 6 dof model. 

The equations of MRT do not impose either plane stress or plane strain states, and, in fact, we 
(0) 

could retain £12 and N,, even with only 5 dof. However, we obtain stiffer results in this case. We 

decided, therefore, to assume a plane stress state to obtain a better correlation with other formu-

lations which, in general, have this assumption. 
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4.2 Numerical Results for plates 

4.2.1. A simply supported (BC 1) orthotropic plate under uniform load. 

Figure S on page 47 contains the geometry and material used for this problem, and the results. For 

a displacement of 0.238 in, the corresponding loads resulting from each formulation are: 

Liao [39]: 2.048 psi 

MR T: 2.040 psi 

RVK: 2.033 psi 

Notice that, although all the values are very close together, Moderate Rotation falls between the 

other two results, as expected. 

· 4.2.2. Simply supported (BCl) (0/90) plate under uniform load. 

Figure 6 on page 48 contains the geometric and material parameters tor the problem. When the 

center deflection is 1.317 in, the respective loads are: 

Liao [39]: 96.2 Pa 

MRT: 93.9 Pa 

RVK: 93.9 Pa 

In this case, the MRT solution coincides exactly with that of the RVK. 

4.2.3. A simply supported (BC2) ( 4S/-4S) plate under uniform load. 

The results are presented in Figure 7 on page 49. For the center displacement of 0.864 cm, the 

corresponding load is 194 Pa in all formulations. 
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Up to this point, we can see that the RVK is a very good model and that the MRT did not con-

tribute significantly to the deflection. 

A further comment on symmetry boundary conditions is useful at this point. If we take a (45/-45) 

plate clamped on all edges and subjected to uniform pressure, the linear solutions of the full model 

and the quarter plate model with the following symmetry conditions: 

V = 'I' a = 0 at X = 0 

u = '¥1 = 0 at y = 0 

are the same. But, in the nonlinear range, as we can see from Figure 8 on page 50 the solution 

obtained using the quarter plate model drifts away from that of the full plate model. For a load of 

25 ksi, the central displacements obtained by the two models are: 

full plate: 0.7918 in 

quarter plate: 0.8840 in ( + 11.4 % ) 

It is clear from this example that, for some lamination schemes, the quarter plate models do not 

give correct results. 

Figure 9 on page 51 shows the result of the same type of analysis, where the lamination scheme is 

now (45/ - 45)4 • Apart from the increased stiffness of the plate, we can observe that the quarter 

plate model and the full plate models give essentially the same results. Under a load of 25 ksi, the 

central deflections are: 

full plate: 0.694 in 

quarter plate: 0.753 in ( + 8.5 %) 

We observe in this last case that the two responses are closer to each other. This is due to the re-

duction of B16 and B26, in the material stiffness matrix, by a factor of 4 with respect to the (45/-45) 
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case. We conclude that care must be exercised when the lamination is not symmetric and leads to 

nonzero B16 and B26• 

4.2.4. Supported orthotropic plate under combined load. 

In this example, we want to excite the nonlinear contributions of the in-plane dispalcements and 

the rotations 'I',., 'I',. We recall that the RVK contains nonlinear terms related to the transverse 

displacements only. We expect, then, to observe some divergence between RVK and models which 

contain nonlinear terms in the above mentioned degrees of freedom. 

A few words are in order, about the modelling of this problem. Only half of the structure was 

modelled using symmetry boundary conditions and a lOxl mesh. The procedure of reference 39 

updates all load components for each new step. In order to compare results, we adopted this 

method and defined a load parameter that multiplies both the transverse load and the inplane load. 

The first solution step was obtained with a transverse load of -4.6 N and a horizontal load of -9.2 

N. To reduce the size of the problem, all displacements u and rotations 'I',. were set to zero. 

Figure 10 on page 52 shows a good performance of the MRT element. When the load parameter 

is 3.002, the resulting displacements at the center of the plate are: 

Liao [39]: 1.423 cm 

MRT: 1.501 cm 

RVK: 1.844 cm 
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Boundary conditions : 

U ='I' .. = 0 at X = 0 

V = '¥1 = 0 at y = 0 
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4.3 Numerical Results for cylindrical shells 

4.3.1. Introduction 

All examples of this section consist of shallow portions of cylindrical shells, called cylindrical roofs 

in the literature. The specific geometry, material and boundary conditions are defined in the same 

figure, where results are shown for that specific case. 

4.3.2. Isotropic hinged cylindrical roof ( thickness - 1.0 in ) 

Sabir and Lock [ 46] reported results for a family of isotropic cylindrical roofs, where the thickness 

is varied, to show the increasing complexity of the postbuckling region. Sabir and Lock adopted 

von Karman type nonlinearity, conjugated with shape functions derived from generalized strain 

functions and a SxS mesh, in a quarter of the structure. 

Figure 11 on page 57 indicates the geometry and material for this first example. The boundary 

conditions used, in this case, are: 

u = v = w = 'I'. = 0 at y = :I:: S ( hinged ) 

free at x = :I:: L 

The results show a plate-like behavior and fairly good comparison, bet..,1een the solutions obtained 

by all the formulations. The loads for a center displacement of 1.1 in are: 

MRT: 1159 lb 

Sabir and Lock [ 46]: 1197 lb 

RVK: 1145 lb 
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4.3.3. Isotropic hinged cylindrical roof ( thickness ... 0.5 in ) 

Figure 12 on page 58 shows the results for this case, where the softening of the postbuckling region 

is very pronounced. In this case a 2x2 mesh was not sufficient to provide a converged solution, so 

we used a 3x3 mesh. The general agreement is good, but again, the MR T solution is very close to 

that of the RVK,even in the final stiffening of the shell. 

This example is also a good test for the displacement control technique used here. 

4.3.4. Simply supported (BCI) quasi-isotropic cylindrical roof 

A quasi-isotropic laminate (0/45/ - 45/90), is the first example of a composite shell. Comparison 

of the load-deflection behavior with that of reference 39 shows a good agreement in Figure 13 on 

page 59; however, the RVK shows a slightly better trend than the MRT at the end of the curve. 

4.3.5. Simply supported (BCI) orthotropic cylindrical roof 

For this problem the RVK gives a closer result to the full nonlinear model,as we can see in 

Figure 14 on page 60. For the center displacement of 2.026 in the loads are: 

Liao [39]: 78420 lb 

MRT: 82310 lb ( + 4.9 %) x l 

RVK: 80640 lb ( + 2.8 %) x Lf 

As a prelude to further discussion, we performed the MRT calculations, where all nonlinear con-

tributions from the transverse shear terms are neglected. The load for the above-mentioned dis-

placement is now 80030 lb ( + 2.1 % ). 
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4.3.6. Simply supported (BCl) (0/90) cylindrical roof. 

This example differs from the previous one only in the lamination scheme. Figure 15 on page 61 

shows the same type of results as in the orthotropic case. Now the solution of the modified MR T 

(i.e. the nonlinear transverse shear strains are neglected) coincides exactly with that of the von 

Karman theory. For the center displacement of 2.222 in, the loads are: 

Liao [39]: 62370 lb 

MRT: 66420 lb ( + 6.5%) 

RVK: 63690 lb ( + 2.1 %) 

4.3.7. Hinged orthotropic cylindrical roof. 

We employ the same geometry and boundary conditions of Example 4.3.2, but use an orthotropic 

material, as shown in Figure 16 on page 62. Here the MRT model and the RVK model yield the 

same equilibrium path, diverging from the full nonlinear formulation, mainly in the final stiffening 

branch of the curve. 

4.3.8. Hinged (0/90) cylindrical roof 

This example shows the most divergence in results, and, in a certain sense, helps us to understand 

some of the MRT features. As in the preceding examples, we first compare the full nonlinear, von 

Kannan, MRT with 5 dof (MRT5) and modified MRT5 formulations, using a 2x2 mesh of finite 

elements. From Figure 17 on page 63 we conclude that: 

• neither RVK nor MRT5 can follow correctly the post buckling of the shell; 

• the RVK solution is closer to the full nonlinear one than the MRT5 solution; 

• the modified MRT5 solution is essentially the RVK solution. 
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Now we compare the MRT model with 6 dof (MRT6) with RVK and the full nonlinear model. 

We notice from Figure 18 on page 64 that: 

• there is no difference between MRT6 and its modified version; 

• MRT6 gives slightly better results before the limit point and stiffens faster in the final part of 

the curve, but has a poor softening behavior. 

Next we use a 3x3 mesh. We can conclude from the results shown in Figure 19 on page 65 the 

following: 

• the mesh refinement leads to improvement only in first bending portion of the curve, for the 

RVK, MRT5 and the full nonlinear models; 

• this is a converged solution for the above-mentioned results, in the postbuckling region; 

• both forms of MRT5 converge to the same solution, with mesh refinement; 

• the RVK and MRT5 models do not give good results for this problem; 

• MRT6 shows a good trend for the 3x3 mesh. 
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4.4 Numerical Results for spherical shells 

4.4.1. Introduction 

The spherical shell calculations require a few comments. First, as in the cylindrical roof cases, we 

take only shallow caps from the spherical shells. A second observation involves terms in cot q,, in 

the spherical shell equations ( q, is indicated in Figure 20 on page 67). In the neighborhood of cap's 

apex, q, is small and the above-mentioned terms may attain high values, even if the Gauss points 

are not exactly at the singular point. Guided by the fact that cot q, m.iltiplies terms that tend to 

zero, at the apex, we will simply eliminate them from the calculations. We should remark, however, 

that this is not a general procedure, especially if the problem to be analyzed is not symmetric near 

the singular point. 

Two types of spherical geometries will be studied. The first is the circular cap, modelled by the three 

meshes shown in Figure 20 on page 67. The other type of cap is shown in the same figure, where 

the geometry and mesh for a quarter of the structure are indicated. This cap has a rectangular 

projection on the XY plane. 

4.4.2. Clamped spherical cap under concentrated load 

This example was taken from reference 42, p. 520, where the complete Green-Lagrange strain tensor 

was used. As this is a circular cap, we used appropriate finite element meshes, as seen in Figure 20 

on page 67, for a quarter of the structure. The results shown in Figure 21 on page 70 were obtained 

by progressively refining the mesh. For the coarse mesh, the results obtained agree only for the in-

itial points of the curve. The intermediate mesh provides agreement up to a load of 34 lb. Only the 

finer mesh could give the converged result. At the last point of the calculations, the central de-

flection is 0.16 in, and the corresponding loads are as follows: 
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Zienkiewicz [ 42]: 69.2 lb 

MRT: 69.2 lb 

RVK: 72 lb 

This constitutes a good result for the MR T model, as well as for RVK. 

4.4.3. Hinged spherical cap under concentrated load 

This example is taken from reference 39, where the cap has a rectangular projection on the X-Y 

plane. From Figure 22 on page 71 we can see that the MR T does not model this case well. Its 

modified version closely follows the R VK results, except in the final stiffening part of the equilib-

rium path. 

4.4.4. (0/90/0/90/0)s simply supported (BCt) cap under uniform load 

Figure 23 on page 72 defines the geometry and the material for this problem. In this case we used 

a 3x3 mesh to get results that agree quite well with those in reference 39 which, in their turn, 

compare well with those in reference 47. For the central deflection of 3.982 in, we have: 

Liao [39]: 10.47 psi 

MR T: 10.44 psi 

RVK: 10.31 psi 

4.4.S. (0/90) simply supported (BCt) cap under uniform load 

In this case we have the same geometry and boundary conditions as those in the preceding example. 

The material is defined in Figure 24 on page 73 for this nonsymmetric lay-up. Here again a 3x3 

mesh was used to find better agreement with reference 39. The overall comparison is very good, 

where the RVK is a good model for the problem. At a central deflection of 3.918 in, the loads are: 
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Liao [39]: 3.53 psi 

MRT: 3.47 psi 

RVK: 3.42 psi 
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Figure 24. Simply supported (BC I) (0/90) cnp under uniform load 
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4.5 Discussion of the results 

4.5.1 Introduction 

In this section, we discuss the performance of the MRT, based on the examples presented in the 

previous sections. We first explain why some of the results diverge from what we expected and, 

second suggest ways of improving them. 

The following conclusions can be drawn from the examples: 

• the refined von Karman theory gives very good results, even in postbuckling, for plates and 

shallow shells; 

• the non-linear transverse shear terms of the MRT can lead to negative effects. Elimination of 

this terms may improve results substantially; 

• since the refined von Karman theory has non-linear terms related to transverse deflection only, 

when it fails we conclude that lack of the nonlinear terms in the surface displacements con-

tributed to the discrepancy; 

• the same can be said about the MRT, when non-linear transverse shear terms are absent. In 

this situation, if the MRT and the RVK model yield the same results, then the extra terms in 

the MRT do not contribute. 

At this point, it seems that the MRT, although derived in a logical and consistent manner, does 

not contain certain terms of physical importance. Following this line of thought, we want to con-

sider the effect of extra terms in the non-linear strain-displacements equations. To do so, we start 

with the Green- Lagrange strain tensor as a function of displacements, and, inspired by reference 30, 

we substitute the power expansion of the displacements to obtain the power expansion of the strain 
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components. Identities used in the derivations are given in appendix G, together with the shell ele-

ment matrices. The resulting strain components are: 

(n) (n) 1 f, [ (m+tXn-mtl) (m+!Xn-'".f I) 
E33=e33+ 2 L.,(m+ 1) (n-m+ 1)( uoi u +u 3 u )-

m=<> 
kl(m+IXn-m) ).(m+IXn-qi) 

(n - m)(b U,t UOI + bOI U,t u ) + 
). (m+IXn-m-1) ] 

(n - m + l)(bOlbYOI U,t Uy ) 

where ~~ are the linear strain components. Notice that reference [30] keeps only the non-linear 

terms not affected by the curvature tensor and we will do the same in this discussion. If the above 

equations are specialized to the case of the first order spherical shell theory, one obtains: 

(O) (0) 1 2 2 2 
Exx = exx + 2 [ (u,.x + 17w) + (v,.x - ev) + (w,.x - 17u) ] 

(O) (0) 1 2 2 2 
Eyy = eyy + 2 [(u,y - ~v) + (v,y + ,u + Kw) + (w,y - Kv) J 

(0) (0) 
2E.xy = 2e.xy + [(u,.x + 17w)(u,y - ev) + (v,.x - ev)(v,y + ,u +Kw)+ (w,.x - 17u)(w,y - Kv)] 
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(I) (I) 
Eyy = eyy + (u,y - ,v)('l'x,y - ,'l'y) + (v,y + eu + Kw)('l'y,y + e'I' X +K'I' z) + (w,y - Kv)('I' z•y - K'l'y) 

(I) (I) 
2Exy = 2exy + (u,x + >7W)('I' x•y - ,'l'y) + (v,x - ev)('l'y,y + e'I' x + K'l'z) + (u,y - ev)('I' x•x + >7'1' z) 

+ (v,y + ,u + Kw)('l'y,x - ,'l'y) + (w,x - >7U)('l'1 ,y - K'l'y) + ('1'1,x - >7'1' x)(w,y - Kv) 

(2) (2) 
2Exy = 2exy + ('I' x•x + >7'1' z){'I' x•y - ,'I' y) + ('I' y•x - ,'I' y)('I' y•y + ,'I' x + K'I' z) 

+ ('I' z•x - >7'1' J('I' z•y - K'l'y) 

(0) (0) 
2Eyz = 2eyz + 'I' x(u,y - ,v) + 'l'y(,u + v,y +Kw)+ 'l'z<w,y - Kv) 

It is interesting to note that the above non-linear transverse shear terms are exactly the same as in 

the MRT, if we neglect 'I',. In contrast, the bending terms contain substantially more elements, 

eliminated in the MRT when the order of magnitude assumptions were imposed. We proceed to 

reexamine some of the examples and discuss new results. In some of the examples, we also include 

results where the nonlinear transverse shear terms were eliminated from the new formulation. 
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4.5.l Hinged (0/90) cylindrical roof 

We repeat example 4.3.8 here. The results in Figure 25 on page 79 show that the theory of reference 

30 gives a better agreement with the refined von Karman theory. We conclude that the trend is 

right, but theresult is not yet ideal. 

4.5.3 Hinged spherical cap under concentrated load 

This is the same as Example 4.4.3, where a more significant contribution from the theory of refer-

ence 30 is now noticed in Figure 26 on page 80. In this case, the refined von Karman theory still 

yields to a better solution. 

4.S.4 Clamped shallow arch 

Reference 39 modeled this arch using a mesh of five three-node beam elements. We used a mesh 

of five nine-node cylindrical shell elements. Figure 27 on page 8lshows the geometry and the 

discretization, where the half angle of the arch is 0.245 rad. The load factor was defined by: 

where P is the concentrated load at the center of the arch. Notice that we could have used the same 

mesh to model half of the arch. The reason we modeled one quarter of the structure was to compare 

with solutions from [ 39] , using the shell element, if necessary. Figure 28 on page 82 shows the 

results for this case. We can see that the trend is the same as in the previous cases. 

4.5.S Symmetric buckling of a clamped shallow arch 
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In this example, the geometry is slightly different from the one just examined, where now the half 

angle is 0. 707 rad, such that the post buckling region is more pronounced. As we can see from 

Figure 29 on page 83, the MRT diverges, reference 30 provides a better trend and the refined von 

Kannan theory gives the closest solution to the fully non-linear model. Results were shown only 

up to a deflection of 0.3 in, approximately, due to the cost of the calculations that required 280 load 

steps and 40 minutes of CPU time, for each model. This illustrates how expensive it is to analyze 

arches, especially if we are using extra degrees of freedom of shell elements. 

For all these cases, we notice that the theory of reference 30 matches the results from the refined 

von Kannan theory and the full nonlinear model better than the MRT. When the nonlinear 

transverse shear terms are eliminated, a good comparison is obtained from [30], except for the last 

test, where this feature was not investigated. 
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~ 40 ..._ .... 
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20 

1 D 

D 
.DO 

X 

R 

\ 

Boundary conditions : 

U = '¥. = 0 at X = 0 

V = '¥1 = 0 at y = 0 

free at x = a, - a 

U = V = W = '¥. = 0 at y = b, · b 

- Liao [39] 

-- Librescu [30] 

-MRT 

--- RVK 

-····-~ 
.
,,/ •• ,.-/.,., •• •- "'·,\. I I _.l• 

.... 

............... / R = 1 DD in \ \ /,./ 
/ L = 1 0 i n \ : ./ 

.20 .40 

S = 1 0 i n \ :1 ,..,.... 
~ 1 = = 1 4 ~nm s i \1 .... _.// 
E2 = 1 msi l 
G12 = G13 = 0.6 msi I 
G23 = 0.5 msi 1 
w12 = 0.25 \ , 

~ :;;.-,' ,:-:,., 

.60 .BO 1.00 1.20 1.40 1.60 1.80 
Center Deflection (in) 

Figure 25. (0/90) hinged cylindrical roof 
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18 

1 6 

14 

12 -.a 
.::.1 0 
c::I 
c::I 
Cl 8 -...... 
CL. 

6 

4 

2 

0 
.DO 

R 

Boundary conditions : 

U = 'I' .r = 0 at X = 0 

II = '1'1 = 0 at y = 0 

u = v = w = 'I', = 0 at x = a, - a 

U =II= W ='I' .. = 0 at y = b, • b 

\_ 

.so 

- Liao [39] 

-- Librescu [30] 

··-· Modified [30] 

-MRT 

--- RVK 

R = 100 in 
a = b = J0.9017 in 
h = J.9154 in 
E = 1 0 k I j 
y = O.J 

1.00 1.50 2.00 2.50 
Center deflection ratio (w/t} 

3.00 

Figure 26. Hinged spherical cap under concentrated load 

J.50 
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Figure 27. Geometry and model for arches 
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u = v = w = 'I'x = 'l'y = 0 

1.60 

1. 40 

1.20 

1.00 ... 
0 -.... 
0 .80 ...... 

-a 
0 
0 __, 

.60 

.40 

.20 

.00 
0.0000 

R = 100 in 
h = 2 in 
, = 1 in 
E = 10 msi 
C = 4 ms i 
, = 0.25 

0.0100 0.0200 

u='P =O X 

free 

~- librescu [30] 

··- Modified [30] 

-MRT 

--· RVK 

0.0300 0.0400 0.0500 
Normalized center deflection 

Figure 28. Clamped shallow arch 
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free 

U = V = W ='PX= 'Py= 0 

2.50 

2.00 

~ 1. 50 
u 
Cl 

,:, 

~ 1. 00 _, 

0.50 

- Liao (39] 

~- librescu (30] 

-MRT 

--- RVK 

! 
! 

i 
! ------------ ; /~ ~ ............ ~ f 

r,,'/_ .•• .;:·.:::::::·.:;·.:;•, •• ,.. - ..... _, i , ~- ....... .... ...... / .,., ....... ~ .. ~-... ................. /' 
'ii --~·i::·,:;... ---- / 

rJ ,·~··· ... 

: : t D 1: i n ''•,,.,, 00 ,;.'--.:· .. ···-··-... // 

E = 1 0 ms i .... - -··-················-········· 
G = 4 ms i ........ ...... __ _ 
Y = 0.25 

o.oo~.---------,----------------------------------------------------------------
.000 .050 .100 .150 .200 .250 .300 .350 .~00 

Center deflection (in) 

Figure 29. Symmetric buckling of a clamped shallow arch 
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5. CONCLUSIONS AND RECOMMENDATIONS 

5.1 Conclusions 

In this work, the first complete theoretical development and finite element analysis of the moderate 

rotation theory, proposed in reference 33, has been presented. In order to form a basis of compar-

ison of results, two other models have been considered, namely, a refined von Karman type shell 

theory and a formulation proposed by Llbrescu [30]. In addition, the examples and computer code 

by Liao [39] were used. 

For the rectangular plates and shallow cylindrical and spherical shells analyzed in the present study, 

we conclude the following: 

• the refined von Karman and fully non-linear model correlate very well in almost 

all cases; 

• for plates, the MRT correlates very well in bending. In case of inplane loads, the MRT and 

[39] agree and the refined von Karman theory diverges; 

• for cylindrical shells in bending, the MR T provides good agreement; 

• for post buckling of cylindrical shells with a (0/90) lay-up, the refined von Karman and MR T 

models agree, but diverge from [39]. Introduction of more non-linear bending terms, from 

[30], improves the results, but not significantly; 

• from the two arch cases, we conclude that the MR T lacks nonlinear terms and the application 

of [30] shows a great improvement in the response; 
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• for spheres, in all three hardening cases, the MR T shows a good correlation. In the example 

involving postbuck.ling, again application of the theory of reference 30 shows that MRT is not 

non-linear enough; 

• in the cases where the MRT shows stiffer results, the elimination of the non-linear transverse 

shear terms produces the flexibility necessary to match the results from the refined von Karman 
theory and the theory of reference 39. This was observed with respect to the theory of reference 

30, as well. 

5 .2 Recommendations 

There are two lines of research that might be followed in order to extend and improve the results 

presented here: on one side, a review of the MR T with regard to the magnitude of the terms to be 

neglected; on the other, a study of the shell element formulation, where alternative concepts, like 

the degenerated solid, may be able to capture the shell behavior better. 

This work has dealt primarily with bending due to the limitations found in the MRT. Given the 

performance of the refined von Karman theory, we conclude that the true use of more complex 

non-linear theories is found in cases of inplane and nonsymmetric loads, as discussed in reference 

48. 

We have also found that, for certain lamination schemes, even when the structure can be analyzed 

by the one quarter model in the linear range, it may require the use of a full model in the nonlinear 

range. This feature deserves a more complete investigation in order to find the class of lamination 

schemes that can use the reduced (i.e. half or quarter) model. 
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Appendix A. Linear strains-displacements relations 

In this appendix, details of algebraic manipulations, necessary to obtain equations 10, are given. 

1) e.p 

From equation 1 and the definitions of U,;1 and c!, we write : 

(Al) 

(A2) 

(A3) 

Substituting A2 into A 1 and A3 into the resulting equation, we find : 

Now: 

(I,) 

where <I>_,= 0 for n<O 

Substituting this last result into the strains' expansion : 
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one obtains ::,, of section 2.4.2. 

Proceeding as before, we can write : 

Now: 

OO 00 00 ""°'[ 3 n<n>] " 3 n-1 (n) " 3 ,.(n+l) ucx,J = ~ (9 ) UCI •3 = '-'n(9 ) UCI = '-'(n + 1)(9 ) UCI 

n=O n=O n=O 

Also: 

With these elements given, it is simple to obtain the expression for ~~ of 2.4.2. 

3) w• .p 

or: 
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but: 

then 

or, 

00 00 

,"' = ... I cBJ!cn + 1)(83)" = I cBJ"'(n + l)(li')' 
n-0 n==O 

n 

(n) l \' m cn-m) (n-m) (n-m-1)) w.p = 2 ~ (BtA cl>Ap-(1 + m) cl>pA + (m + l)bp <I>7J. + 
m=O 

n 

1 \' m ( (n-m) (n-m-1)) 
2 ~ (B)rd m <I> AP - (m + l)bJ <I>1p 

m==O 

If the second summation is expanded, it can be verified that it is identically zero, which results in 

the equation of section 2.4.2. All remaining strain and rotation equations can be found by using 

similar steps to those presented in this appendix. 
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Appendix B. Simplification of the strain-displacement equations 

The purpose of this appendix is to discuss ways of simplifying the strains' equations 13, of chapter 

2. In reference 33, these simplifications were performed by expanding the equations and grouping 

of like terms. The resulting expressions contained terms that could be neglected, leading to 

equations 14. Observing that these terms were composed of products of linear strain and rotation 

components, we approached the simplification task by making the mentioned products explicit 

from the beginning, so that the final form of the equations could be obtained in a more straight 

forward fashion. 

We first write equations 10 in the following manner: 

(B.l) 

(n) (n) (n+ I) A (n) 
eci3 + Wci3 = (n + 1) UOI - n bOI UA (B.2) 

(B.3) 

n 

(n~ (n>oi ~ m oiA (p) 
ep + w.p = ~ (B) <I>Ap (B.4) 

m=O 

n 
(n~ (n\z "\"" m oiA (n-m+ I) 
e3 + w.3 = i..J (n - m + l)(B) uA (B.5) 

m=O 

The following specializations of the above equations will be useful : 

(B.6) 
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(0) (0) (\) 
ecz3 + wcz3 = u11 

(\) (\) b,t(I) 
ecz3 + Wcz3 = - 11 U,t 

(O& (0~ (0)11 
ep + w.p = <I>.p 

(0) (0) (O) 
ecz3 + w3cz = <I>cz3 

(2& + (2~ - bcz..t ~ + bcz b7..t ~ ep w.p - "'..tp Y "'..tp 

(I& (\~ cz..t (!) 
e3 + w.3 = b U,t 

(B.7) 

(B.8) 

(B.9) 

(B.10) 

(B.11) 

(B.12) 

(B.13) 

(B.14) 

(B.15) 

(B.16) 

Let's consider first the simplification of.£.,. From B.3, we can say that ~:i. = $a3 - t 1. Substituting 
(II) 

in the equation for £_, and simplifying, we obtain : 

; p=n-m 

Recognizing that the second and third terms, inside parenthesis, cancel we find : 
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Notice that this expression is general, in terms of n, and can be specialized to the form of equations 

14, by making n equal to 0, 1 or 2, as follows : 

(0) (0) 1 (0) (0) 1 (0) (0) 
Er,.p = er,./J + 2 <l>r,.3 <l>p3 - 2 e3"' e3p 

(2) (2) 1 (1) (1) 1 (1) (1) 
Er,.p = er,./J + 2 <I> r,.J <I> /Jl - 2 e3"' e3p 

The underlined terms have order t.4 , &4/h , &4/h1 , respectively, and can be neglected. The remain-

ing terms of the above equations can be easily written in the form of equations 14. 

(.II) 

We concentrate now on £e3. In contrast to the previous case, these strain components do not have 

a unique simplified form, as will be shown. The following identities will be used : 

Then: 

n 

~(m) (p),t Le Ar,. w .3 

m=O 

n n 
_ ~(m),t (p) _ ~(p) A (m) 
= i..J e °' w.tl = i..J e"' w.tl p=n-m 

m=O m=O 
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n 
(n) (n) 1 ~[(m) (m)A (p)A (m) (p) J 
Em3 = ee13 + 2 ~ w AJ( e 11 + w. rJ + e33 w311 

m=O 

Obtaining <: u from B.2, ~:i. from B.3, and substituting<;~, we find : 

n 
(n) (n) 1 \'[ (m+l) (m) (m\ (p)A (m+l) (p) J 
Ee13 = em3 + 2 i..J [ (m + 1) uA - mbI Uy]( e 11 + w. rJ + (m + 1) u3 <I>m3 

m=O 
n 

1 ~[(m) (p)A (p)A (m) (p) ] - 2 ~ e,u( e" + w, 11) - e33 e3q 
m=O 

or, 

n 
(n) (n) 1 \'[ (m-fi) ,t(m) (p) (p) (m+l) (p) J 
Ee13 = e113 + 2 i..J [(m + 1) u - mb'I Uy]( eAII + w,t,J + (m + l) u3 <l>m3 

m=O 
n 

1 ~[(m) (p)A (p)A (m) (p) J - 2 ~ e,t3( e Cl + w, ") - e33 e3q 
m=O 

For n= 0, we find: 

The difference between this equation and the one equation 14, is due to the product ~33::i., that in 

reference 33 was not expanded to eliminate ~~t. 

For n= l, we find: 
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(!) (!) 1 (!) A (I) 7A (I) (0) (1)(1) [ 1 (0) (!) A (l)A (I) (0) A (O)A (0) (1) J 
Ea.3 = ea.3 + 2 ( u <I>Aa. - b u., <I>Aa. + u3<I>a.3) - 2 eA3( e a.+ w. J + e.l.3( e a.+ w. J - e33 e3a. 

(I) Cl) (I) (I) 

Note that e33 = 2U;i = 0. Substituting <I>.i. and <I>.3 and using the identity : 

we obtain: 

where underlined terms were neglected. 

We believe that the above equation cannot be rendered to the same form of its counterpart in 
(I) 

equations 14, concluding that this is an alternative form of £a3 . The same observation applies to 
Cl) (n) 

£. 3 and ~ 3• Although some of the equations obtained in this appendix are different from their 

equivalents in equations 14, their errors should be of the same order of magnitude. 
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Appendix C. Equations for plates, cylinders and spheres. 

In this appendix, all necessary operations to particularize the general equations, of section 2.2, to 

the specific geometries of this work, are discussed. 

1) Rectangular Plates 

Let the geometry of a plate be defined as illustrated in Figure 30 on page 95, where x and y are the 

Cartesian in-plane coordinates, coinciding with curvilinear coordinates u1 , u2 ( and with z1 , zl, 

from the 30 Cartesian system of coordinates). 

The position vector of a point on the mid-plane of the plate is then : 

I 2 3 r = (z , z , z ) = (x.y,O) 

The following quantities can be obtained : 

• tangent vectors: 

where g, are the base vectors in the 30 system. 

• surface metric 

T T t a.P ta.P a,.,.p = ,.,. . p - a,.,.p = u,.,.p , a = o 

• curvature tensor : 
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zl z2 

X ui 

Figure 30. Coordinates on a rectangular plate 

• shifter tensor : q = «5; 

• Christoffell symbols : 

oa(fl)(fl) 
I (X:#}' aua. 

where ((X) means no summation with respect to (X, Then: fp, = 0 'v (X, P, y 

• Derivatives and other results : 
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Physical and curvilinear quantities are identical. 

• Change of notation 

(0) (0) (0) 
(u,v,w) = (u1, "2, U3) 

11 22 12 p p p 
(R(2)• R(2)• R(2µ = ( x• Y' xy) 

A A A 

(0) (0) (0) " " " 
(S1, S2, S3) = (X0, Y0, 20) 

A A A 

(1) (1) (1) " " " 
(S1, S2, S3) = (X1, Y1, 2 1) 
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• Weak form of the functional 

• Equilibrium equations 
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OW : [(1 + + 'l'z)Qx + W,xNx + W,yNxy + 'l'z,xAfx + 'l'z,yMxy],x + 
1 .. 

[(l + 2 'l'z)Qy + w,~xy + W,yNy + 'l'z,xAfxy + 'l'z,yMyJ.y = Ii-w + I2'l'z - Poz - Foz 

O'l'x : [(1 + U,x - ~ 'l'z)Qx + U,yQy + 'l'x,xRx + 'l'x,yRy + 'l'xNz] + 
(Mx + 'I' xRx),x + (Mxy + 'l'xRy),y = I2u + I/i'x- P1x - F1x 

o'l'y : [(1 + V,y -+ 'l'z)Qy + v,xQx + 'l'y,xRx + 'l'y,yRy + 'I' yNz] + 
(Mxy + 'l'yRJ,x +(My+ 'l'yRy),y =//.;+/)'Py - P1y - F1y 

O'l'z : [ ~ (w,x - 'I' JQx + ~ (w,y - 'l'y)Qy + Nz] + 

[(1- ~ u,x)Rx-1 u,yRy + w,xAfx + w,yMxy + 'l'z,xPx + 'l'z,yPxy],x + 
[ 1 1 ] .. .. 
(1 - 2 v,y)Ry- 2 V,xRx + w,;xMxy + w,yMy + '1'1 ,xPxy + '1'1,yPy 'Y = l2w + /3'1'1 - P1z - F11 

• Natural boundary conditions 

ow : [(l + ~ 'l'z)Qx + w,~x + w,yNxy + 'l'z,xAfx + 'l'z,yMxy]nx + 
1 ~ 

[(l + 2 '1'1)Qy + w,xNxy + W,yNy + '1'1 ,;xMxy + '1'1 ,y\fy]ny = Zo 
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• Strains 

(O) 1 2 
Eu= u,.x + 2 (w,.J 

(O) 1 2 
Eyy = V,y + 2 (w,y) 

(0) 
2Exy = u,, + V,.x + W,.xW,y 

(I) 
Eu='¥ .x•.x + W,.x 'I' z•.x 

(!) 
Eyy = 'l'y,y + W,y'l'z,y 

(1) 
2Exy = '¥ .x•y + 'l'y,.x + w,.x '¥ z•y + W,y '¥ z•.x 

<2> 1 2 
Eu= 2 ('I' z,.J 

(2) 

2Exy = '¥ z•.x 'I' z•y 
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2) Circular cylindrical shells 

Let the geometry of a cylinder be defmed as illustrated in Figure 31 on page 101, where x and e 
are curvilinear coordinates on the shell, coinciding with curvilinear coordinates u1, u2 and x = - z3. 

The position vector of a point on the plate is then : 

r = (z 1 , z2 , z3) = (R cos e, R sin e, -x) 

The following quantities can be obtained : 

• tangent vectors and normal : 

• surface metric 
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Figure 31. Coordinates on a cylindrical surface 

• curvature tensor : 

• shifter tensor : 

[bcxp] = [o O ] , [bp] = [o O ] 
0 -R O - 1/R 

[cpcx] = [ol o el ] 
t+R 
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• Christoff ell symbols : 

lpy = 0 'v (I. ' p ' y 

• Physical components 

ft 1 = Tl 1 , 712 = R T12 , 721 = R T21 , 722 = R 2 T22 , 

• Derivatives and other results : 

These results are given in terms of the physical components, where the hats were dropped. 

1 2 1 u = U1 , u = R f'2 

102 



Only the expressions for the strains will be presented here, since the explicit weak form was not used 

for shells. 

• Physical strains 

(O) 1 2 
E11 = u,1 + 2 (w,1) 

(O) l 1 2 
Ei2 = -R (v,2 + w) + --2 (w,2 - v) 

2R 

(O) 1 1 2 
2£12 = R u,2 + v,1 + R w,1(w,2 - v) 

(1) 
£11 = '1'1,1 + W,1 '1'3,1 
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If we redefine the curvilinear coordinates as (x , y = RO , z) , the strain-displacement equations be-

come: 

(O) 1 2 
Exx = u,.x + 2 (w,J 

(O) w 1 1 2 
Eyy = v,y + R + 2 (w,y - R v) 

~) 1 2 
2E.xy = u,y + v,.x + w,.x(w,y - R v) 

(1) 

Exx = 'l'.x,.x + W,.x 'I' z•.x 

(I) 1 1 l 1 
Eyy = 'l'y,y + R (v,y + R w + 'l'z) + (w,y -R v)('l'z,y -R 'l'y) 

(l) 1 2 
E.x.x = 2 ('I' z,J 
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(O) 1 1 1 1 
2Eyz = w,y -R v + 'l'y + u,y 'I' x + (v,y + R w)'l'y + 2 'l'z(w,y -R v - 'l'y) 

Note that the additional terms, with respect to plates, are those divided by R. 

3) Spherical shells 

Let the geometry of a sphere be defined as illustrated in Figure 32 on page 106, where cp and (J are 

curvilinear coordinates on the shell, coinciding with the curvilinear coordinates u1 , u2 ,respectively. 

The position vector of a point on the plate is then : 

r=(z 1 , z2, z3)=(R sincpcos (),R sincpsin e,R coscp) 

The following quantities can be obtained : 

• tangent vectors and normal : 

T1 = cos cp cos() '1 + cos cp sin 8 82 - sin cp 83 

T2 = R( - sin cp sin 8 81 + sin cp cos() 82) 

n = sin cp( cos () a1 + sin () 82) + cos cp 83 
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Figure 32. Coordinates on a sphere 

• surf ace metric 

[a J = [ 1 0 l ' [aaP] = [ol O l 
ap O (R sin ct,}2 1/(R sin ct,}2 

• curvature tensor : 

• shifter tensor : 
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i+L 
[ 

3 

[cp] = 0 R 

• Christoff ell symbols : 

r 2 - r2 - cot <J, rt R . 21 - 12 - R , 22 = - sm <J, cos <J, 

• Physical components 

• Derivatives and other results : 

These results are given in terms of the physical components, where the hats were dropped. 

U:311 = R sin <J, U:3,1 - U:3 cos <J, 

ir I 1 = (R s~ cf, )l (R sin q,U:3,1 - U:3 cos <J,) 
I 

<1>11 = U1,1 + R l'3 

U:311 = R sin <J, (1'1,1 + u1 cos <J,) 
Ui 

u2 = R sin cf, 
I 

u1l1= (Rsincj,)l (u1,1-Uicos<J,) 

Uil1 = R s~ <J, (Ui,1 + u1 cos <J,) 

u111 = u1,1 - U:3 cos <J, 

I 
u1 I 1 = R sin cf, ( U:3,1 + u1 cos q,) 

<1>11 = U1,1 - U:3 COS cp 
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<I>l1 = R sin cp~,1 - ~ cos cp 
1 

<I>!1 = U1,1 + R ~ 
~ 1 = (R s~ cp )l (R sin cp~,1 - ~ cos cp) 

1 
<!>13 = ~•I - R U1 

<I>1 = u1,l - l'1 cos cp 

~ = (Rs~ cp) (~.l + u1 cos cp - ~ sin cp) 

<I>D = ~•l - l'1 sin cp 
Only the expressions for the strains will be presented here, since the explicit weak form was not used 

for shells. 

• Physical strains 

(O) l 1 1 · 2 Ei2 = -R (u cotcp +-:--;:- v,2 + w) + 2 (w,2 - v sm cp) 
sm .,, 2( R sin cp) 

(I) 1 1 1 1 £i2 = - 2 (-:--;:-v, 2 + ucot cp + w) +-R ( ~ '1'2,2 + '1'1 cot cp + '1'3) + R sm.,, sm.,, 
1 2 (w,2 - v sin cp)('l'3,2 - '1'2 sin <f,) 

(R sin cp) 

(l) 1 1 1 1 
2£12= - 2 (~u, 2 +Rv, 1 -2vcotcp)+-R (~'1' 1,2+R'l' 2,1-2'1' 2cotcp)+ 

R sm.,, sm.,, 

R s~ cp [(w,1 - k u)('l'3,2 - '1'2 sin cp) + (w,2 -v sin cp)('l'3,1 - k '1'1)] 
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(1) 

2£i3 = 

If we now call : 

( ),1 = ( ),.x • Rsincp ( ),2 =( ),y , tJ= 1/R , ,=cotcp/R 

the strain-displacement equations become : 

(O) 1 2 
Exx = u,.x + tJW + 2 (w,.x - tJU) 

(O) 1 1 1 2 
Eyy = V,y + 7f w + eu + 2 (w,y - 7f v) 
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~ 1 
2Exy = u,y + v,x - 2,v + (w,x - t7u)(w,y - R v) 

(l) I I I 1 I 
Eyy = 'l'y,y + R (v,y + R w + 'I' z) + ,(Ru+ 'I' x) + (w,y - R v)('I' z,y - R 'l'y) 

(2) 1 1 I 1 2 
Eyy = R (,'I' x + 'l'y,y + R 'l'z) + 2 {'l'z,y - R 'l'y) 

Note that if rr and , are equal to zero we recover the expressions for the strains of cylindrical shells. 
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Appendix D. Laminate stiffness in full form 

In this appendix, no assumption, with respect to the shell thickness, is made, in the derivation of 

the laminate stiffness coefficients. 

1) Cylindrical shell 

I h/2 3 f h/2 I h/2 • e - 3 - 3 1 3- 3 1 
11 .. = (1 +-)C· de = c. de +- e c. de = {1_.. +-b .. .,I R IJ IJ R IJ .,I R IJ 

~n ~n ~n 

I h/2 3 
• 3 e - 3 1 b:· = e c1+-)c-de =h .. +-A .. IJ R IJ IJ R '4J 

-h/2 . 

I h/2 3 
• 32 e - 3 1 

A .. = (0) (1 +-)C-dO = A .. +-e .. "IJ R IJ "°IJ R IJ 
-h(2 

I h(2 3 
• 33 e - 3 1 e .. = (0) (1 +-)C-dO = e .. +-!.· IJ R IJ IJ R IJ 

-h(2 

I h/2 3 
• 34 e - 3 1 !.. = (0) (1 +-)C-dO =f.· +-g .. IJ R IJ IJ R IJ 

-h/2 

0 where: 
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Ih/2 
• 3 s- 3 gii = (8 ) cii d8 

-h/2 

2) Spherical shell 

and: 

• 8 2- 3 2 1 Ih/2 3 
11.,, = (1+-) C·d8 =11.,·+-b .. +-A .. •J R IJ •l R lJ R 2 "'JJ 

-h/2 

b/ = b .. + .1_ A .. + _l_ e-· 
IJ IJ R "'lj R2 IJ 

A.• = d .. + .1_ e .. + _1_ r.. 
"'JJ IJ R IJ R2 JiJ 

• 3 6- 3 Ih/2 

~i = (8 > cii d8 
-h/2 
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Appendix E. Element Matrices 

In this appendix, we will determine all matrices necessary to build the direct and tangent stiffness 

matrices, for RVK and MRT, and the geometries of interest to this work. Notice that all derivations 

will be based on the spherical shell equations, where appropriate values for l / R , .,, , , should be 

taken for plates and cylinders. 

E.1 Matrices for von Karman theory 

E.1.1 Bending and in-plane linear matrix 

c/> l•JC 0 71cp I 0 0 

,cJ>, c/> l•y Kc/>, 0 0 

cf> l•y c/>1,;,c - 2,cJ>1 0 0 0 

,,cJ, l•JC 0 71KcJ, t c/>1,;,c 0 

l3o.N= Keef>, Kc/>1,y K2 cf>, ,c/>1 cf> l•y 

11cJ,1,y K(c/>t,;,c - 2,c/>1) 0 cJ, l•y cJ,1,;,c - 2,cJ,, 

0 0 0 ,,cJ, l•JC 0 

0 0 0 Kee/>, Kc/>1,y 

0 0 0 .,,cJ, l•y K( cJ, 1,;,c - 2, cJ, 1) 

E.1.2 Transverse shear linear matrix 

E.1.3 Nonlinear matrix 
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Only strains related to bending have nonlinear terms, and we can write : 

W,.x 0 
1 1 [ w,,l •NL=2 A 8=- 0 w,y 2 W,y 

W,y w,x 

6"G.NE= [: 
0 cJ> l•x 0 :] 0 cl> l•y 0 

Then: 

0 0 W,.xc/>1,.x 0 0 

A.G.N= 0 0 W,yc/>1,y 0 0 

0 0 W,yc/>1,.x + W,xc/>1,y 0 0 

E.1.4 Stress matrix 

We need to find matrix S first, by writting : ( c5 A )T a = SolJ. 

The only non zero element of K. will be : 

E.2 Matrices for Moderate Rotation theory 

E.2.1 Bending and in-plane linear matrix 
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where: 

B1 = [:] B, = [:] 

and: 

cl>1,x 0 ttcl>1 

ec1>1 cl>1,y Kc/,, 

cl>1,y cl>1,x - 2ec1>, 0 
B= 

ttcl>1,x 0 ttKcl>1 

Keef,, Kc/,1,y K2cl>1 

ttcl>1,y K(cpz,x - 2ec1>1) 0 

and O is a (3x3) matrix of zeros 

E.2.2 Transverse shear linear matrix 

0 -Kc/,1 cl>1,y 0 cl>, 0 

- ttcl>, 
B.N= 

0 cl>1,x cl>, 0 0 

0 0 0 0 0 cl>1,y 

0 0 0 0 0 ct, /•JC 

E.2.3 Nonlinear matrix in bending 

We first define : 

Then: 
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A = [ A 1 A 2] 

where: 

and: 

Xl 0 

0 X2 

X2 Xl 
A3= 

X3 0 

0 X4 

X4 X3 

and O is a (3x2) matrix of zeros, and or= (Xl, X2,X3,X4)T.Next we obtain: 

- 11<Pt 0 <Pt,x 0 0 0 

0 -Kcp, <Pt,y 0 0 0 

0 0 0 
G.N= 

cl>, 0 0 

0 0 0 0 cl>, 0 

0 0 0 - '1<Pt 0 <P1,x 

0 0 0 0 -Kcp, <Pt,y 

Then: 

A .G.N = [ A 4 A s] 

where: 
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A4= [oA '] As= [OA.] 

and: 

- ,,4,,x1 0 <J,,,x-Xl 

0 -K<J,,x2 <J,,,yX2 

- ,,4,,xi -K<J,,Xl <P1,x-X2 + <J,,,yXI 
A6= 

- ,,4,,n 0 <J,,,xXJ 
0 -K<J,,X4 <J,,,yX4 

- ,,<J,,X4 -K<J,,.D <J,,,x-X4 + <J,,,;<3 

and O is a (3x3) matrix. Notice that it is not necessary to perform the multiplication of A and GN, 

since each term in AGN is the expansion of a certain degree of freedom from the corresponding 

nonlinear term in the strain equations. For example, consider : 

2 2 (w,.x - tJU) = XI = - ,,uXl + w,x-Xl 

Then: 

E.2.4 Nonlinear matrix in transverse shear 

We first define : 

XS= u,y- ,v , X6=v,y +Kw+ ,u , Xl=w,y-'i'y-Kv 
X8 = U,.x + tJW , X9 = V,.x - ,v , XIO = w,x - '¥ x -11u 

then: 

117 



A = [ A 7 , A 8 , A 9] 

where: 

XS X6 l...x7 
2 q,x q,y 

X8 X9 l..x10 0 0 
A1= 2 

1 1 \J'x,y \J'y,y 0 -2\J'z,x -2\J'z,y 

\J'x,x \J'y,x - 2eq,y 0 0 0 

1 
2\J'z 0 0 0 0 

0 q,x q,y I 0 2\J'z 
As= 

0 0 0 0 q,x 

0 1 -2\J'z,X 1 - 2 \J'z,Y 0 0 

0 0 0 0 0 

0 0 0 0 0 
A9= 1 1 q,y --Xl --X2 0 0 2 2 

0 I I q,x q,y --X8 --X9 2 2 

and: 

Notice that the above organization is arbitrary. There is a chance that a better one can be found, 

from the point of vew of generating more compact matrices, the final A .G.N being the same, 

though. 

Deriving A .G.N directly we find : 

A .G.N = [ A 9 , A 10J 
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where: 

1 - e"'P x<P l + "'¥ y<P l•y - 2 K "'¥ z,P I 

"'¥y(<P1,x - ecJ,,) 
1 2 (e"'l'z,xc/,, - "'Pz,yc/,1,y) 
1 - 2 "'Pz,y(cJ,,,x - ecJ,,) 

XScJ,1 1 1 X6cJ,, - 2 "'I'z<J,, -X7<J,, 2 
1 X9<J,, 1 

X8cJ, l - 2 "'I' zc/, l 2 XtocJ,1 
A10= 1 

"'¥ x•ycJ, l + "'¥ xcJ, l•y "'¥ ycf, l•y + "'¥ y,ycJ, l - 2 (XScJ,1,x + X6cJ,1,y) 

"'¥ x,xcJ, l + "'¥ x4' l•x "'¥ y,x<J, t + "'¥ y( <J, l•x - 2eq, ycf, J 1 - 2 (X8<J,1,x + X9<J,1,y) 

E.2.5 Str~ matrix in bending 

Proceeding as before we find : 

N11 N12 M11 M12 

N12 N22 M12 M22 
S= 

M11 M12 P11 P12 

M12 M22 P12 P22 

then: 

where: 
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M, and P, have the same form as N. where N.p are substituted by Map and P .p respectively. 

E.2.6 Stres.s matrix in transverse shear 

This matrix is very sparse, so that we will give only the non zero elements in the upper triangle : 

Then: 

where: 
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0 is a (3x3) matirx of zeros. 

E.2.7 Transverse normal matrices 

These terms will usually be reduced integrated and, for this purpose, the corresponding material 

stiffness matrix is very sparse, as seen in paragraph 3.3. As a consequence, it was decided to derive 

the contributions to the direct and tangent stiffness matrices in explicit form. 
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Linear direct stiffness matrix 

0 0 0 0 0 au 

0 0 0 0 0 ai, 
T 0 0 

J3o.D.Bo = 
0 0 0 a3 

0 0 0 0 0 ~I 

0 0 0 0 0 as, 
al/ tJiJ a3 ~} <ls} ~ 

Direct stiffness matrix ( including linear terms ) 

where O is a (3x3) matrix of zeros and : 

1 2 (au+ b1)'1' .x 
1 2 (a11 + b1)'l'y (a11 + b1) 

D1= 1 2 <ai, + bi)'I' .x 
1 2 <ai, + bi)'l'y <ai, + bi) 

1 2 (a3 + b:J,)'I' .x 
1 2 (a3 + b:J,)'l'y (a3 + b:J,) 

1 
(al/+ 2 b1)'1' .x 

1 ( tJiJ + 2 bi} 'I' .x 
1 

(a3 + 2 b31)'l'.x 

D2= 1 
(al/+ 2 b1)'l'y 1 

(tJif + 2 bi)'l'y 
1 

(a3 + 2 b:J1)'l'y 
1 

(al/+ 2 b1) (tJif + ~ bi) 
1 

(a3 + 2 b:31) 
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Tangent stiffness matrix 

_ _ [O T1] B.H.B= T 
T1 T2 

where O is a (3x3) matrix of zeros and : 

where: 

(au+ b1)'1' .x (au+ b1)'l'y (au+ b1) 

T1 = (ai, + bi)'I' .x Cai,+ bi)'l'y (ai, + bi) 

(a3 + ~i)'l'.x (a3 + ~i)'l'y (a3 + ~i) 

C41 + C4j + e4 + g Cst + d41 + _4 °'U + ~ + 'I' _xf,61 

T2 = d41 + cs1 + es ds, + ds1 +Is+ g as,+ "6 + 'l'yb61 

~ + ~ + 'I' .xb6J as1 + "6 + 'I' yh6J ~ + b61 + b6J 
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~ = {'l'x[a33 + '1(b13 + K d13) + K(bi3 + K d23)] - ,,n3}<J,1<J,1 

<4, = {'l'y[a33 + 11(b13 + K d13) + K(bi3 + K d23)] - K n3}c/>1c/>1 
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Appendix F. Linear strains and rotations 

In this appendix, we will determine the equations for the linear strains and rotations to be used in 

criterion for checking the validity of MRT calculations with respect to the order of magnitude as-

sumptions. From Appendix C, we have already the linear strains and we can write : 

1 3 2eyz = w,y -R v + 'l'y + 0 'l'z,y 

The linear rotations can be obtained in similar way and the final equations are : 

3[ 1 ] 3 2 1 2c.o.xy = U,y - v,x + 8 '7U,y - R v,x + '¥ x•y + 'l'y,x + (8 ) ('1'¥ x•y - R 'l'y,x) 
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Appendix G. Identities and matrices for reference 30 

1) Identities 

JI ~ f, 3 n(m) (m+;> 
<I>,,a(u ),3 = f...J f...J (m + 1)(8 ) cI>ycx u 

n=O m=O 

oo n 
JI " " 3 n<m+IXn-mtl) u,M(u ),3 = f...J f...J (m + l)(n - m + 1)(8 ) U,t u 

n=O m=O 
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oo n 
3 ct " " 3 n<m+l) (n-gi) 8 ui,3(u ),3 = i..J i..J (m + l)(n - m)(8 ) ui u 

n=O m=O 

oo n 
3 2 ct " " 3 n<m+l)(n-mci'"t) (8 ) ui,3(u ),3 = i..J i..J (m + l)(n - m - 1)(8 ) ui u 

n=O m=O 

2) Nonlinear direct stifTness matrix in bending 

We first define : 

XI= u,,, + ,rw 

X2= u,,- ,v 
X7 = '¥,,,,, + ,r'¥. 

Then: 

where: 

and: 

X3=v,,,- ,v 

X4 = v,, + , u + Kw 

X9 = '¥,,. - ''¥. 

XlO = '¥,,, +, '¥,, + K'¥,, 

XS =w,,,-,ru 

X6=w,,-Kv 

Xl2 = '¥,,,, -K'¥, 

A = [ A 1 A 2] 
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Xl O X3 0 XS 0 

0 X2 0 X4 O X6 

X2 Xl X4 X3 X6 XS 

X7 0 X9 0 Xll 0 

0 X8 0 XlO 0 Xl2 

X8 X7 XlO X9 Xl2 Xll 

and O is a (3x6) matrix of zeros, and or= (Xl, X2,x3,X4,XS,X6,X7,X8,X9,X10,Xl l,Xl2)T.Next we 

obtain: 

[G1 O ] G.N,= 
O G1 

where: 

4' l•x 0 
'7 "'' 

"'l•y - '"'' 0 

0 4'1,x - ,4', 0 
G1= 

'if, I 4'1,y Kif,, 

-P74' I 0 4' l•x 
0 - KcJ,1 <Pt,y 

and O is a ( 6x3) matrix of zeros. Then : 

where: 
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and: 

( A 6h 1 = ,hxXl - 11<J,,XS 

( A 6h1 = <Pt,yX'l + e<J,,X4 

( A 6h1 = <Pt,xXl + <P1,,,Xl + e<J,,xJ - 11<J,,X6 

( A 6)41 = <Pt,xX"l - 11<J,,Xl 1 

( A 6h1 = <Pt,,,XS + e<J,,XlO 

( A 6)61 = <Pt,xX8 + <Pt,,,X-, + e<J,,,¥9-'1<P,Xl2 

( A 6)12 = (<Pt,x - e<J,JX3 

( A 6h2 = -e<J,,xl + <J,,,,,X4 - K<J,,X6 

( A 6h2 = -e<J,,Xl + (<J,,,;c -e<J,JX4 + <J,,,,,XJ-K<J,,XS 

( A 6)42 = (<Pt,x - e<J,JX9 

( A 6)s2 = -e<J,,XS + <J,,,,,XlO - K<J,,Xl2 

( A 6)62 = -e<J,,X, + (<J,,,;c -e<J,JXlO + <J,,,yX9 - K<J,,Xl 1 

( A 6)13 = 11<J,,Xl + <P1,xXS 

( A 6h3 = Kq,,X4 + <J,1,,,X6 

( A 6h3 = '1<PtX2 + K<J,,xJ + <P1,xX6 + <P1,,,XS 

( A 6)43 = 11<J,,X, + <P1,xXl 1 

( A 6)s3 = Kq,,XlO + <J,,,,,X12 

( A 6)63 = 11<J,,X, + K<J,,,¥9 + <P1,xXl2 + <J,1,,,Xl l 

and O is a (3x3) matrix. 
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3) Tangent stiffness matrix in bending 

where: 

and O is (2x2). Mand P have the same form as N where N_, are substituted by M., and P., re-

spectively. Then : 

where: 

<Nah2 = [</>1,xc/>1,x + ,(,cJ>,c/>1 - c/>1,x</>1 - c/>,c/>1,J]N11 + [cJ>,,xc/>1,y + c/>1,yc/>J•x - ,(cJ>,cJ>i'Y + cJ>1,ycJ>J>]N12 + 
[cJ>,,ycJ>J,y + (,2 + K2)c/>,c/>1JN22 

M,, and P,, have the same form as N,, where N_, are substituted by M_, and P.p respectively. 
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