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(ABSTRACT)

The present work discusses a new moderate rotation theory for anisotropic shells, proposed by
Schmidt and Reddy. All aspects of the derivations are explicitly covered and a finite element for-
mulation of the theory is developed for the solution of test cases. Specific forms of the equations
for rectangular plates, cylindrical and spherical shells are derived and the respective finite elements

are implemented in a computer code.

In order to compare the results, two other theories are implemented: a refined von Karman type
shell theory and a shell theory proposed by Librescu. A finite element computer code based on a

degenerate 2-D shell theory is also used.

A set of cases involving anisotropic shells in bending, buckling and postbuckling permit an evalu-

ation of all these models and form a basis for future developments.
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1. INTRODUCTION

1.1 Motivation

The development of shell theories is still a field of intense research due to some basic factors:

e the need of structural elements to work to the limit of their load carrying capacity, where the

material or the structure, or both, may be far from the linear regime;

e  subsequent use of new matenals;

® economic constraints preventing full use of a three-dimensional analysis, which are not efficient

even with increasingly faster computers.

These factors motivated the development of more general and rigorous shell theories to offer a
better representation of the kinematics of shells. An important aspect of these developments is the
modelling of composite structures, frequently used in aerospace applications. To fulfil this need,
more general theories are necessary to model the more complex behavior of the new matenal-

structure integration process.

From this broad scenario, we will focus on geometrically non-linear shell theories, with the funda-
mental work done by von Karman [1]. Nowadays, a variety of shell theories can be found in the
literature, based on an equally large number of specific kinematic assumptions. Some of these are

outlined as follows:

¢ the inclusion of transverse shear and transverse normal effects, in order to analyze thick struc-
tures. In the case of composite materials, even for thin walls, the above mentioned effects may

not be negligible, due to their lower transverse rigidity compared to the in-plane rigidity;



e the inclusion of high order nonlinear effects;

e the inclusion of anisotropic constitutive equations;

e the observation of continuity requirements for displacements and tractions for the laminae

interfaces;

¢ the inclusion of moderate, large or unrestricted rotations of the tangents and normal to the

shell.

Some of these theories remain in a very complex form, making their use difficult for practical ap-
plications. A great deal of effort has been expended to keep the balance between an accurate rep-
resentation and simplicity of formulation. This is, in fact, the motivation upon which the present

work is based.

1.2 Literature review

This section is composed of two distinct portions, tracing the development of the shell theories up
to the present work. The first portion covers the evolution from the Kirchhoff-Love theory to re-
fined theories and from von Karman non-linearity to full non-linearity. Due to the vast amount
of information in this field, we will mention only pioneering contributions, presented in schematic
form in the Figure 1 on page 3. For a more detailed presentation of these developments, we refer

the reader to information in references [33,34].

The second portion deals with the review of shell theories with assumed magnitudes of strains and
rotations, in the full non-linear equations. Such a procedure has resulted in shell theories which
are valid for certain classes of problems. Although this idea was used in the past, based on intuition,
only recently have Librescu [30] and Pietrazkiewicz [17] introduced it in a formal manner, so that

a set of governing equations and boundary conditions can be obtained from a variational principle.
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Pietrazkiewicz developed both Total Lagrangian and Updated Lagrangian formulations of ge-
ometrically non-linear shells, based on the Kirchhoff-Love assumptions. The strains and rotations
about the normal to the surface are assumed to be of the order 62, where 6 is small compared to

unity. The rotations about the tangents to the surface, w, are classified as follows:

small for w<O(6?)
moderate for w = O(8)
large for w = O(ﬁ )
finite for w>0(1)

For each range of magnitude of the rotations, specific shell equations are obtained.

Librescu [30] developed a refined geometrically non-linear theory for anisotropic laminated shells,
based on the expansion of the displacement field with respect to the thickness coordinate. In his
work, the substantiation of a general theory for laminated composite shells is sought, such that
transverse effects and high order dynamic effects are present. The set of equations of motions and
boundary conditions are obtained from the Hu-Washizu vanational principle. Moreover, Librescu
[30] discusses the specialization of the derived general equations to the following multilayered shells

theories:

¢  linearized high order theory;
e  refined theory of von Karman type;
e  Kirchhoff-Love theory;

J Koiter and Sanders theories, for small strains and moderate rotations.

From the general work of Librescu [30] , there followed a number of applications to small strains
and moderate rotation theories of plates [35,36,37,38] and moderate rotation theories of shells
[16,33]. Reddy and Schmidt [33] developed a moderate rotation theory in the context of the first-

order shear deformation theories. This assumption results in simpler strain-displacement relations



if compared to those found in reference [30]. The kinematic relations are further simplified by in-
voking the order-of-magnitude assumptions. The identification of terms of the lower order theories
is more apparent in this new relations. Classical theories like the Kirchhoff-Love, Donnell-
Mushtary-Vlasov and refined von Karman theory can be obtained from the new moderate rotation
theory (MRT). In contrast to Librescu [30], where the the independent parameters are the stress
resultants, in MRT the governing equations are expressed in terms of displacements, making the

formulation suitable for the use of a displacement finite element model.

In the course of this work, we repeatedly refer to reference [39] for compairison of results. It is
useful to discuss the theoretical background of that reference to permit a better understanding of
such comparisons. Reference [39] uses a total Lagrangian formulation of the geometric nonlinear
problem, in incremental form. The stress and strain measures are the Second Piola-Kirchhoff stress
tensor and the Green-Lagrange strain tensor. The shell finite element results from the degeneration
of a 3-D solid element upon which two constraints are imposed, namely: (a) normals to the mid-
surface of the shell remain straight but not necessarily normal to the deformed mid-surface, (b) the
transverse normal strain and stress are ignored. The formulation permits only small strains but
displacements and rotations can be large. At each Gauss point, all displacement increments and
derivatives are calculated with respect to the reference Cartesian system of coordinates. The re-
maining five components of the Green-Lagrange strain tensor (three in-plane components and two

in transverse shear) are then obtained.

1.3 Present study

The present work is the first application of the development by Reddy and Schmidt [33] to specific
shell problems. Our motivation is to assess the performance of MRT in the prediction of the ge-
ometrically nonlinear behavior of anisotropic shells. We want to find limits where MRT starts to
diverge from results obtained by the use of theories with higher degree of nonlinearity. To accom-

plish this study we define the following objectives for this work:



e to apply MRT to rectangular plates, circular cylindrical shells and spherical shells;

¢ to study the non-linear bending, buckling and post-buckling of the above shells, by the finite

element method;

¢ to analyze structures made of laminated composite materials, with a general lamination

scheme;

¢ to compare the results with those obtained from other theories;

¢ to implement refined von Karman type shell equations (RVK) to help perform such compar-

isons;

¢ to offer conclusions on the applicability of the new moderate rotation theory, based on the

results.

We should mention that some problems will not be included in the scope of this work, like local

effects, due to concentrated loads, material non-linearity or failure and snap-back type behavior.



2. FORMULATION OF THE MODERATE ROTATION THEORY

2.1 Introduction

The primary objective of studying the moderate rotation theory is to gain insight into the behavior
geometrically nonlinear shell problems, where small strains, but moderate rotations, may occur.
This class of problems may be formulated in the framework of either a Lagrangian or a Eulerian

description. The former one is more appropriate for most studies in solid mechanics.

The solution process in the Lagrangian description can be of two different types:

e Total Lagrangian formulation, where all variables refer to the initial undeformed configuration;
e Updated Lagrangian formulation, where a solution step refers to the previous step.

In this work, the Total Lagrangian description will be used.

Still in the continuum mechanics level, a choice must be made with regard to stress and strain
components and constitutive relations. We shall use the Second Piola-Kirchhoff stress tensor and

the Green strain tensor, for which the following observations apply:

e the Second Piola-Kirchhoff stress tensor and Green strain tensor are energy conjugates of the

Cauchy stress tensor and the infinitesimal strain tensor, in the following sense:

J‘ o/ ¢ dV,='[ s E, av,
V, V,

. 0

where :



ol = contravariant components of the Cauchy stress tensor;

¢y = infinitesimal strain tensor, given by ¢, = % (4 + u,);

SV = contravariant components of the Second Piola-Kirchhoff stress tensor;
Ey = covariant components of the Green strain tensor;

V, = volume in the reference configuration;

V, = volume in the deformed configuration;

e for large rotations, but small strains, the Second Piola-Kirchhoff stress tensor and the Green
strain tensor are the engineering stress and strain measures, if we use the generalized Hooke’s

Law, as constitutive equations (see reference 41, p. 181).

With these facts in mind, the derivation of this moderate rotation theory is developed in detail in

the next sections.

2.2 Preliminary Concepts

The geometry of a portion of a shell, in its undeformed configuration, is shown in Figure 2 on page

9 and the following entities are defined:

V = volume
= surface of the shell, comprising the top surface S*, where ° = A/2 ,and the bottom surface
S-, where 8* = —h/2
A = lateral surface
Q = midsurface , defined by 8*=0



Figure 2. Shell geometry

I' = boundary line, resulting from the intersection of A and Q

h = thickness of the shell

A, , T, = portion of A and I', where stresses are prescribed

A, , T, = portion of A and I', where displacements are prescribed
n, = components of the outward unit normal, on A

v, = components of the outward unit normal, on I"

6! , 62 = curvilinear coordinates of a point on Q

0% = coordinate along the normal to Q, so that a point in V is defined by (0!, 62, 6%)

Next, we consider the following notation for tensorial entities, where Greek indices can take the

values | and 2 and Latin indices can take the values of 1,2 and 3:

a,, = covariant components of the 2D metric tensor




a =determinant of the 2D metric tensor

&; = covariant components of the 3D metric tensor

g = determinant of the 3D metric tensor

cf = 88 — 6°b2 = mixed components of the shifter tensor.

¢ = determinant of the shifter tensor = \/g/—a

() , = diferentiation with respect to 6’

() ;= covariant derivative in V with respect to 6/

|, = covariant derivative in Q

63 = mixed Kronecker delta

g, = covariant components of the base vectors in V, given by g,=R,,
a, = covariant components of the base vectors, in , given by a, =r,,
r = r(6'6%) = position vector of a point (8'6?), in Q

R =R(8', 6, 6°) = position vector of a point (6, 8% 6% in V

n = unit normal to the midsurface at a point (6!, 6%)

The following results, from tensor analysis, will be useful:

3
n=R,3|o;=0=g3=g

R=r+6n
ga3=863=0
gy=g"=1

b, =r, . n= covariant components of the curvature tensor

&=f%

P
gaﬂ =Cx C;; M



gaﬂ= aalE(g)g(n_*_ 1)(03)71
n=0

n n-1 n-1
Bz=b3(B Y=bs( B )

(1;);50 for n<0

dV=c d6*dQ
dS=c dQ
ndd=v, c do*dl

A vector can be referred to any of the defined bases; in particular, the displacement vector u can

be written in V as:

u=Ulg=0,g , U=U"0" 66
or referred to Q as:

a 3 a - 1 52

u=u a,;+un=u a +wyn , u=ul(l,Kh0)
The relationship between covariant derivatives in both systems can be written as:
Uyig = coiuyl g =b
wp =Sl g —bip W)

A
Usz=ca 3

11



A
U3;a = U3y + ba |

Usiz=1w3,3

2.3 Order of Magnitude Assumptions

The first fundamental step, leading to the proposed moderate rotation theory , is centered on the

limitation of the magnitude of the strains to a small value of order €3, where ¢ < | (see also [30

)2
The Green strain tensor components are:

Ej== (Uy+ U+ UpU™y )

1
2

and the components of the linear strain and rotation tensors are:

1
&=~ (U + Ui )

1
o=~ Uy =Y )

We can rewrite the Green strain tensor components in terms of ¢; and w; as:

1 ko, 1 k k 1 k
Ei'=eij"'?w“w’j"'?(ekjw.l'*'eldw.j)+_i'ekle./

It is assumed that E; = O(¢?), from which it follows immediatly that:

= O(c’)

k 3 2
W @)= Dy w?;? + w03, 0g+ 03, wg. = O(")

(M

2

)

12



From equation (3) we conclude that:
€t 85 = 0(84)

Also we conclude that w,, can be of order ¢ , and these are the moderate rotations the shell will

undergo. Notice that w,, is small and will be assumed to be of the order 2.

The second step in building the theory is to keep only terms of the order ¢? and ¢* in E;. The reason
for keeping the terms of the order €? resides in the fact that they contribute to the equations of
motion, in terms of the same order of magnitude as those coming from terms of order ¢2. A detailed

discussion is presented in [35].

Let’s consider E,j:
Epp=eyp++ +1 (eg 0k + ey 0
af ~ “af T 2 D34 D38 2 ( kB P.a T Cra w.ﬂ)
which was obtained from (2) by eliminating terms of order O(¢), i.e., w,, @% and e, e}.

We can further simplify the equations if we notice that when k =y = 1,2 then:
e, co.’a = 0(54)

Finally:

1 1
Ep= €xp + 2 D34 D38 + 5 (eJﬂ W3yt €34 w3/?) 4

Whemwi=gsk (Dh=gn W3, = W3,

Applying the same reasoning to E,; and E;; , we find:

1
Ea3 =e,3+ ? ((Dp3 w‘i + eap w% + €33 wJa) (5)

13



1
Eyy=ey3+ 5 Ya3 @’y + ey 0h (6)

where the underlined terms have order ¢3.

2.4 Kinematics of Deformation

In this section, a displacement field is assumed and the associated strain-displacement equations are

obtained.
2.4.1 Power expansion of the displacements

A common procedure, in derivation of high order shell theories, is to expand the displacements as

a function of powers of the normal coordinate 83, as:

) ")
W@, 6, 0= ) @ W0 Q
n=0

If we substitute (7) into (1) and the result in (2), we find:

o )
Ei'=za E; (8)

2.4.2 Power expansion of the strains

In order to obtain the expansion for the strains, we first notice that if f(x) and g(x) are functions

of x, and are expanded in the same form as in equation (7):

14



fix)= ixn/;l v 8x)= ixn &n

n=0 n=0

then :

s =Y 5 oo
n=0 m=0

From (1) and (7), we can write:

Y 3

n

= Z(O’)" &j
n=0

3 ()
wjj = 2(93)" wjj
n=0
After substitution in (2) and considering (4), (5), (6), it follows (see also [16]):

® W o m e e m @ m
Eaﬂ=eaﬂ+7 Z{w3aw3p+w3ﬁe3a+w3aew) p=n—m
m=0

™ m m) oy Mmey Mm@
Eyy=e3,> D) Z A + €303 + €33 wha) ®)

@ ] om ey ey
Ey3=e3+~ Zéwuw.s +2ep075)

m=0

1S



. . . ) ) . .
We now need to find explicit relations between ¢; and w, and the displacements. Detailed calcu-

lations are shown in Appendix A, and only final results are compiled here:

(n) l () (n (" 1) ("‘1)

n
(1 a[@ o o (r=m=1)
=3 ) 6 [‘”w +0pi+mOpy—(m+ Dby O, ]

m=0

() ") (41 )
ty=tog+@en "W nb’l(n]

n

n ®)
‘e§ =—;- Z(B)“‘ [(n m+ 1) u:‘) +(m+ 1)%]

m=0

(n) (n+1)
€33 = (n l) U

(n () L D 2 =D

()
(Byp— Opy—bi ®ip+b5 ©y) (10)

w=

1
2

n

() 1 m o ® ®) (n—m—l)

m=0
n)
F —(n+ 1) u )+nb’l(n)]

16



where:

n

m (n-m+1)
%’73=%Z(3)“"[(n—m+1)" = (m+ 1

m=0

M ) L)
cl"’a.'! = uJ. a + a Y4

M (n)
d’aﬂ = ualﬂ - baﬂ U3

(n)
¢aﬂ=0' for n< 0

2.4.3 Strain-displacement relations

@
1Dy

]

The final step, in building this theory, is given by keeping only the first two terms, in the power

expansion of the displacement field, leading to a first order shear deformation theory. We write:

Based on this representation we obtain:

Notice that:

© 5
eij = e,»j +6 eij

©) 3(1)
wij = wij + 9 (Dij

(0) 3 (0))
(Dl'j = (D‘J + 0 ¢U

(11)

(12)

17



©® o O
&j » @gp » Ppp= O

o o O
eij » Dap ¢aﬂ=0(82/h)

0) ©)
Wy3 ¢¢3 = 0(5)
m @

@y3 ¢a3 = O(S/h)

Taking equation (12) into account, equations (9) can be reduced to:

O o 100 © 0 © 0
Eyp=ap+ 5 (035035 + 035 €34 + 034 €3p)

M o o0 OO ©O @O0 ©On @ 0
Eap=eaﬁ+-2—(w3¢w3ﬂ+w3¢w3p+w:,ﬂe3a+w3ﬂe3a+w3ae3p+w3ae3ﬁ)

@)
1Mo o O @ M
Eap = ? (w3a w3p + w3ﬂ €34 + W3y e3ﬂ)

O o 10 05 ©0; © 0y

En=egt+t5(opoateyost+esn) (13)

a 0) (1 1 © ©) )y (1) ©0g ©) 1) ©
Ey=e,3+ _;' (‘0)13 (w).la +(<0)43 (wua + e).a(w.p.‘! + e, (wpa + e33 (‘i’ba + €33 (‘")3J

@) n Q a1 m q
Eyy= % ((‘0)).3 (‘Jla + e, (“)13 + e33 ‘0).3:;

© © 1o o0, © o
Eyz=e3+5 (0o, +eyws)

M 1 0 )y @) ©0y © q)y @) )y
Epy=entslopoitopozteyoteynl)

(2)
1 (M () (1) ()
E3 ='§'(w/l3wf'! +ep 'y

18



Equations (13) still contain terms of higher order than ¢. This fact can be demonstrated, by a

simple example. From equations (10) we can write:

1 ) 1.2 o
3.=7((D,3—u,) ’ 33.=7(¢-J+u-)

o oo ©O0 o0 @ gqO
and: whw3p=e3.e”+(bd¢”—e;.(bﬂ—ew@d

o O . . . . . . . .
The term e,, €, = O(¢*), must be eliminated, in order to maintain consistency with the assumptions

of the theory.

The result of application of this idea to all strain equations, will give the final form of the strains.

Appendix B discusses in more detail how to obtain the final equations:

0 1 © ©
Eaﬂ = eap + _2' ¢a3 (Dﬁ3

T Y () BRI I () B B ()

@ Lo mow
Eaﬂ=—7(ba®lﬁ+bﬂ¢la—¢a3 ¢ﬁ3)

O O @ @O mo
ZEa3=¢a3+"a+“l(b/la'*'_;'“J(d’a.}-“a)

M@ @ 1 O

2 =w,+u “Ala‘ium ‘a (14)
)
2E,,=0

®O M
E33=U3+';—U‘UA

19



1)
2533 = 0

)
2533 = 0

) @ L9
O] ™, 1
Oap =3 (Wal g+ tgla = 2bygis) =5 (Bop + Bpo)

Equations (14) fully express the moderate rotation theory under investigation. Before we proceed,

a number of observations are in order:

o o
¢ the in-plane strains contain three terms in its power expansion. 8,, and ,, are the linear terms.

All terms in the expansion contain non-linearities;

®
e the presence of E,; , E,; accounts for shear deformation;

©
¢  FE,is the transverse normal strain component, resulting from the linear variation of the normal
displacement with respect to the normal coordinate §° and nonlinear contributions from the

first order approximation of the in-plane displacements;

¢ a von Karman type shell theory, with shear deformation, can be obtained from the above

)
equations, if we eliminate all nonlinear terms, with the exception of products w,, 4, in E,;

)
e if we neglect shear deformation and through the thickness expansion, by making ®,; = — (12,.
and g: =- u;,, , we obtain von Karman nonlinear classical shell theory with Kirchhoff-Love

assumptions.
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2.5 Equations of Motion and Boundary Conditions

In the derivation of the equations of motion and boundary conditions, use will be made of the

Hamilton'’s principle:

T
0 =J (-j p ty 'V + Is‘iasij dv - j/w, dV—J S'éu da — J. P'sy, dS)dt (15)
14

14

where:

t = time;

u, = components of the velocity;

p = density of the undeformed body;

é = varational operator;

SY = components of the second Piola-Kirchhoff stress tensor;

J; = body forces measured per unit volume of the undeformed body;

St= prescribed components of the stress vector, per unit area of the undeformed surface A;

! = prescribed components of the stress vector per unit area of the surface S;

We recall that:

0) 1)
uy=uy +63(Ul

© 3(1) 3 2(2)
Eaﬂ = Eaﬁ +9 Eaﬂ + (0 ) Eaﬁ (16)

© 3(1)
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©)
E3;=E;3;

Substituting equations (16) into (15) and using results from section 2.2, it is possible to perform
integration through the thickness of the shell and reduce the problem to an equivalent two dimen-

sional one. The form of the functional becomes:

T
O (© 0) (1) @
0= J f(y"a(u’-» P Y + Pedads
o vYa

© O @ ©) Mo
+ [ RfSELg + RSB + REGJOE L + 2REE + 2REI6E, + 2R(0)6E33]dndt
0 vQ

T (0) ) (1 ) (¢)]
0 °r,
where:
© 0 0)
y3=1,“‘ L' Ph—

( 1 1
YJ 1,“‘ u, _p_H

h

Rpy=]" cs'@’)'de’
~7
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A
2

=] cp @) 'dg’
-7
A
2
-7
A
2 3,53 3
Foy=]" cf®’)'do
2
A
A 2 A
&)= zhc C" ;ﬁ vﬁ(es)"dgs
-7
h
. L3
Sty = 2;." #2v4(6°)"do’
-2

i 3 IR/
Poy=[@%ncP' TR,
and # = are the components of the First Piola-Kirchhoff stress tensor.

If we substitute the variations of the strains in terms of displacements and perform the standard

operations, the following equilibrium equations are obtained:

Q) ©

) 0)
611“: (O)Ip—bp%g—llu +1u '-P(o) Fa

©) Q@ (x ©
6”3: Tg))lﬂ'*'baﬂm)—ll 12U -P(O) F),

(1) a ()

~ @ 0
Su, : mﬁlﬁ-b;,‘T;’,’)’+Q53,=12u3‘+13u3‘-P;;,-f°
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(1) 33_, @ Uh
6113 ﬁ)'ﬁ.*.baﬁT(al)dl-Q(])—Il +[2U —P(o)-‘l"5

The natural boundary conditions are:

A

(0) )
Suy:  Tghvg—S*=0

0 @
6(11;: Tg,s)v -S?’=

(1) (f)

) a
Suy 7'(’,3)%-3& =0

where:

8 _ ) g
Tey = R — biR{h + u"RlG) -

© m
Tap =(1 + )R(o) +®3ReS + DR

+ ke

Teh = R — B3RE + w'RE

~af _ paf _ papif
Ta) = Rq) — b1RG)

© 0
g1
Toh =R} - “’ﬂRu) +ORY + DR

) (1)
Toh = OuRfy + PR

3 1M (1) () 533
Q(]) =- [(l U3)R(O) + (D IR(O) + u IAR(I) +u R(O)]
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©)
33 33, 1 ), ha3
Qny=- [R(O) + 5 Qa3 — )R

In Appendix C, the form of the equations for strains, equilibrium equations and boundary condi-
tions, obtained for rectangular plates, circular cylindrical shells and spherical shells are displayed.
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2.6 Constitutive Equations

2.6.1 Material Stiffness Matrix

As mentioned before, this study will focus on linear materials subjected to small strains. The natural
choice for constitutive equations is the generalized Hooke’s Law, i.e.:

Si=c¥™E,

We will limit this study to laminated materials, composed of orthotropic laminae, which require
nine elastic constants. The equations for the terms in the material stiffness matrix, and their trans-
formation due to a rotation about the normal, will not be given here, but they can be found in the

literature (see reference 41 , pp. 51 and 55).
2.6.2 Laminate Stiffness Matrix

In the course of the analytical integration through the thickness of the shell, we have defined the

stress resultants, for example:

Using equation ( 17 ) and expanding the strains, we find:

© o m _o _ W
(") —j [(6 ) (C”Ell + C12Bl2 + Cl3(2El2) + (6 (C“E” + C]ZEZZ + Cl3(2El2)

N ) - @ —_ @
(03)"+2(C,,E,, + G265, + C13(2E))) ]d93
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where C,, is the rotated C1'", etc. The relationship between stress resultants and strains can be

written, after rearangement, as follows:

where:

o 9 r _"-(0)-
N A B D o||lE
r o= m

M BT D E ol|E
= @)

P D" ET F o||E
Q 0o 0 o0 s|{c

T T
NT=(Roy, Rigy » Ry » R)
T
MT = (Ra), RE)» RGDT

T
P"=(Ryy, RG) Re™

13T
Q"= (R Ry R+ RY)

(0)7. 0) 0) ©) 0)
E'=(E,; , Ey . 2B, By

(') (1) (1) (1) T
ET=(E, , En , 2E))

. o o o,
E =(E, , By, 2E))

0) ) 1
G =(Ey; , 2 , 2B , 2513)

o 9
a1 412 Q6 Q3

a1 &3 B B3
16 B A6 93

[ 413 B3 963 933
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2 bz b6
b1y byy by
by bag bes
| 513 by3 be3

Qs 45 bas bys
s ass bys bss

bay bys duy dys

bbas bss dys dss

-

M2
(@, b, dj &5, f5) = J o C;@"'d’ n=01234 ij=16

D has the same form as B. D is a 3x3 matrix obtained from D, by eliminating its last row. E and

F have the same form as D.
At this point we notice that:
e transverse shear terms are isolated, making the equations suitable for reduced integration;

e the shifter tensor determinant, c, is dependent on 8. For the geometries of interest of this work,

we have:

c=1 for rectangular plates;

9
R

c=(1+ L’;— )? for spheres.

c=1+ for circular cylinders, where R is the radius;

We will assume that the shell is thin enough, to make 6°/R negligible, compared to 1. Appendix

D shows the form of the stress resultants-strain relations, when this assumption is not made.
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e the wall of the shell being a laminate, we can write:

n
1
(@ by i i) = ) — (@)™ - @)1,
k=1

where:

n is the number of layers;
m=1,234,5give q; , b, , d; , ¢ , f; respectively;
03 are the coordinates of each interface and the angle between the n-th lamina axes (1-2)

and the structural axes (x-y) are shown in Figure 3 on page 30.
2.6.3 Reduced Laminate Stiffness.

In the next chapters, finite element models for MRT and also for a refined von Karman type theory
(RVK) will be developed, having elements with S or 6 degrees of freedom per node. For the case
of a 5 dof model, we will assume that S® is negligible. In this case, the laminate stiffness matrix
simplifies to its most used form ( see reference 41 page 83, equation 1.7.46a). The previously defined
matrices A, B, D, D, in the stress resultants-strains relations, will now be the usual (3x3) ma-

trices.
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Figure 3. Coordinates of layers interfaces

2.7 Comments

In this paragraph, we want to emphasize the assumptions of the moderate rotation proposed by
Reddy and Schmidt, as well as other assumptions related to the application of the theory to engi-

neering problems.

Basic assumptions:

¢  small strains ( of order ¢? , ¢ <1.);

¢ in the strain-displacement equations, only terms of order 2 and ¢* will be kept;
a

)
e displacements are expanded as : ¥, =y, + 6u,.

30



Further assumptions:

e the material is transversely isotropic;

e  shells are thin, i.e., A/R<20.

Notice that the last two assumptions are not imposed by the moderate rotation theory, but have
been adopted to make the formulation less complex, but still useful for the study of a large class

of problems.

The form of the derived equations leads to the following observations:

¢ von Karman type nonlinearity is present in the equations, as shown in Appendix C, for the

geometries in study;

¢ the equations are very general with respect to the geometry of the shell, and can be

particularized to most cases of practical interest;

¢ the degree of nonlinearity should produce less expensive calculations than a full nonlinear

model and yet provide an accurate description within the limits of its assumptions;

e the inclusion of the transverse shear effect makes the theory suitable for studies on anisotropic

shells.
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3. FINITE ELEMENT FORMULATION

3.1 Introduction

After determining the general equations of MRT, we present solutions to specific problems. We
make no attempt in this work to look for analytic solutions; therefore, numerical methods need to

be selected in order to solve the governing equations of the test problems.

The selection of the finite element method is due to its generality and ease of use, when many dif-
ferent boundary conditions and boundary geometries should be analyzed. After this first definition,

we must make other choices and justify them in the sequel.

A first consideration relates to the shape functions. Each problem has a set of functions that pro-
vides the best solution. In this work, we want to study very diverse structures and, for convenience,
we select a set of function general enough to represent well a wide range of problems, namely the

Lagrangian family of interpolation functions in their linear and quadratic form.

Another good reason for using the above mentioned functions has to do with the numerical inte-
gration of the approximated equations. Gaussian integration, in conjunction with Lagrangian shape
functions, results in a very efficient scheme for element generation. All the details of the imple-
mentation of these techniques can be found in the literature and will not be repeated here.

Throughout this work, all the results are relative to the Gauss points, unless otherwise specified.

The governing equations, being nonlinear, will generate a nonlinear finite element problem that
will be solved iteratively by Newton’s method. For some shell cases, this method may break down

if the displacement path contains any limit points. Special techniques to handle this situation are
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discussed in this chapter. In the next sections, we present the formulation of element matrices in

detail.

3.2 Direct and tangent stiffness matrices

In the first phase of this work, the direct and tangent stiffness matrices were obtained for plates in
explicit form, before integration. Both derivation and element implementation were fairly involved
and prone to errors. With even more complex shell equations, it was decided to formulate the
problem in matrix form, where no explicit determination of the element matrices is required. This
procedure is efficient from the point of view of derivation and implementation of the element ma-
trices, but leads to an inefficient program, if some work is not done to eliminate sparse matrix

computations.

The derivations of the next subsections are based on reference 42.
3.2.1 Direct stiffness matrix

Let us write the strain energy variation in matrix form:

6U=facradn
Q

where:

T © ©® @© ©o O O O @ @ ©0 © @ () T
&' = (Eyy, B, 2By, Exy, vy, Eggy 2By, vy, Eggy 2Ey3, 293, 2Ey3, 2653, 2Ey3)

c=Hze

H = matenial stiffness matrix
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The strains can be written as the sum of the linear plus nonlinear part as:

o= o+ o =Byuto A() 6

where:

u = displacements

u = displacement vector

0u)=Gu

A , B,, G = differential operator matrices.
Then:

e=(By+ % A Gu

and:

5e=(By++ A G)u++(5A)Gu
As will be seen, in Appendix E, A and 0 can be built suchthat § A 6= A 6 0. Then:
6e=(By+ A G)éu
Next, we want to introduce the approximation:
u=~Ny

where:

u = displacements at any point in the element;

u = displacements at the nodes;



N = matrix of shape functions.
If we call:
§=(Bo+—;— AGN , B=(By+ A GN

the variation of the strain energy becomes:

auzau’U BHB dﬂ]u =6u"Kpu
Q

where K, is the direct stiffness matrix.

3.2.2 Tangent stiffness matrix

Consider the variation of the strain energy in the form:

6U26QTJ- B ¢dQ
Q

Taking the second variation of U and neglecting second variations of the displacements, we find:

§U=26u" J (6B' 6 + B 0)dQ=éu” K ou
Q

where K; is the tangent stiffness matrix, composed of the sum of two matrices, that will be now

determined.
Notice that:
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do=Hés=HBdy
Then one of the matrices is simply:
K=B"HB
Let us consider now the first integral, in the second vanation of U, where:
BT=6[INTBI+GT AN]=GNT6AT
As will be seen in Appendix E, the above equation can be rearranged, such that:
6AT ¢=S60~SGNy
where the elements of matrix S are the stress resultants. Then the so called stress matrix is:
K,=(GN)SGN)
and finally:
Kr=K+K,

Notice that H and S, being symmetric, will lead to a symmetric tangent stiffness matrix, as expected.

3.3 Reduced integration

In many circumstances, it is necessary to resort to reduced integration as a remedy for locking. To
do so, we need to separate the terms involving transverse shear and transverse normal effects from
the in-plane and bending terms. It is necessary to consider the respective material stiffness matrices,

with the A, B, G and S for each case given in Appendix E.
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In-plane and bending terms:

A B D
H=|B D E
D E F
Transverse shear terms:
(%%sbubas
Ho|% % bys bss
bag bys dyy dys
| bas bss das dss |
Transverse normal terms:
0 0 0 a;0 0 0 0 0
0 0 0 a30 0 0 0 0
0 0 0 ag0 0 0 0 0
a3 Gy3 3¢ dy3 by3 by by di3 dyy
0 0 0 5350 0 0 0 O
H=
0 0 0 650 0 0 0 0
0 0 0 5540 0 0 0 0
0 0 0 ds0 0 0 0 0
0 0 0 dy0 0 0 0 0
0 0 0 dg0 0 0 0 0

A © o o
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3.4 Displacement control methods

When the buckling of shells is considered, as a general rule, a limit point separates the pre-buckling
and post-buckling regions. At that point, the tangent stiffness matrix is singular and Newton’s
method does not converge to the softening path, jumping to the next hardening path, from A to
B in Figure 4 on page 39. As illustrated, the shell may even undergo a snap-back, between points

C and D of the postbuckling path.

To overcome this difficulty, we have investigated a number of methods found in the literature, all
based on some form of displacement control, i.e. , displacements are incremented and the corre-
sponding load is obtained at the end of each step. An outstanding one is the modified Ricks-
Wempner method (see reference 43), which can follow a path like the one shown, with the

additional feature of performing a uniform number of iterations throughout the calculation.

We made use of a less general technique (from reference 44) for the following reasons:

¢ its implementation is relatively easy;
¢ the objective of the work is to test MRT, rather than to provide a general framework for shell
calculations;

e there are a sufficient number of cases of shell post-buckling, without snap-back, to study how

MRT performs.

The adopted displacement control method consists of specifying a certain component of the dis-
placement vector and obtaining the load corresponding to that state of displacements. In a typical

Newton iteration, we now have:

Krdu=r+ Alf,

where:
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Figure 4. Post-buckling path of a shell

K, = tangent stiffness matrix;

r = residue due to previous iteration;

f, = unit vector, parallel to the load increment;

AA = increment in load;

Au = increment in displacements .

The problem to be solved is:

KAu, =r

KTAU/'= fo

and Au = Au, + Al Au,
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Suppose the n-th component of u is specified. Then (Au), = (Au,), + A4 (Auy) = 0, resulting in the

following:

_ (Au,),
(Aup),

Al =
Finally:

w=u_;+Au; fi="f_, +Alf,

The normal procedure for checking for convergence follows.

3.5 Criterion for MRT calculations

In the course of the derivations of MRT equations, some assumptions were made with regard to
the magnitude of the strains and rotations. An interesting point of investigation is to verify when
these assumptions will begin to be trespassed in the various tests. This information can be a helpful
tool, in comparing results from other theories, and in justifying possible divergences. We recall here

the assumptions on the order of magnitude of the linear strains and rotations:

€= w,g = O(ez) y w35 =0(e)

where 2 €l. A value of ¢2=0.01 will be tentatively taken. Note that, in this case, w,, can be of
order 0.1 . Appendix F lists the equations for the linear strains and rotations derived for this pur-

pose.
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4. NUMERICAL EVALUATION OF THE MODERATE ROTATION

THEORY

4.1 Introduction

The purpose of this chapter is to test MRT equations, by applying them to a variety of cases of
practical interest. Some of the examples to be discussed are taken from the literature and the others
are variations of the former ones. As a general rule, we want to compare results from MRT against
RVK and a fully nonlinear formulation [39] , expecting that these two models will provide upper

and lower bounds for MRT.
4.1.1. Number of degrees of freedom per node

In almost all cases, we will use five degrees of freedom per node, i.e., u, v, w, ¥,, ¥,, due to the

following reasons:
® economy in the calculations;
e  both refined von Karman and the fully nonlinear formulations use 5 dof;

® YV, is the linear term in the transverse normal component of the strain, E),J, as we can see in the
strain-displacement equations, in Appendix C. We can constrain this dof in a clamped edge,
but for other boundary conditions it is not clear if that strain component should or not be zero.
It was observed that leaving W, free in the entire model may generate a uniform value of this
dof, with high order of magnitude. This is a numerical problem equivalent to a rigid body

motion, where a dof is unconstrained.
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4.1.2. Reduced integration, number of nodes per element and mesh size

Reduced integration was used in all examples, to prevent locking. All calculations were performed

using 9-node elements.

4.1.3. Boundary conditions

This is an important subject, especially since we want to make comparisons with results from the

literature. There are two sources of misunderstanding, namely:

e the simply supported boundary conditions are defined in different ways. In some cases, no

explicit statement of the constrained degrees of freedom is given;

e the use of appropriate symmetry boundary conditions to model only part of a structure.

As reference 45 shows, depending on the lay-up and the kind of support at the edges, the model
of a quarter of plate requires appropriate boundary conditions along with the geometric symmetry
lines, different from those used for isotropic materials. In the present study, the above mentioned

reference will be followed. We therefore define two sets of boundary conditions, as follows:

Boundary Condition 1 (BC1):

v=w=¥ =0atx=a

u=w=¥,=0aty=0>
v=¥,=0aty =0
u=VY¥,=0atx=0
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Boundary Condition 2 (BC2):

u=w=Y¥=0atx=a
v=w=VY¥ =0aty=0>
u=Y¥ =0aty=0
v=V¥Y,=0atx=0
where the origin of the coordinate system is taken at the center of the plate of dimensions 2a and

2b.

We note the correctness of the nonlinear solution cannot be judged by the correctness of the linear
solution with respect to boundary conditions on the geometric symmetry lines. In section 4.2.3,

we discuss this matter in more detail.
4.1.4. Material considerations for the 6 dof model

When using the 6 dof MRT, the full 3D Hooke’s Law must be used to obtain the material stiffness
matrix. To have the same material coefficients for both § dof and 6 dof models we must set
v,3 = vy3 = 0. Notice that if we do not set v;; = vy, = 0, the material stiffness will induce stiffer results

for the 6 dof model.

The equations of MRT do not impose either plane stress or plane strain states, and, in fact, we
o

could retain £, and N,, even with only 5 dof. However, we obtain stiffer results in this case. We

decided, therefore, to assume a plane stress state to obtain a better correlation with other formu-

lations which, in general, have this assumption.
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4.2 Numerical Results for plates

4.2.1. A simply supported (BC1) orthotropic plate under uniform load.

Figure 5 on page 47 contains the geometry and material used for this problem, and the results. For

a displacement of 0.238 in, the corresponding loads resulting from each formulation are:

Liao [39]: 2.048 psi
MRT: 2.040 psi
RVK: 2.033 psi

Notice that, although all the values are very close together, Moderate Rotation falls between the

other two results, as expected.

- 4.2.2. Simply supported (BC1) (0/90) plate under uniform load.

Figure 6 on page 48 contains the geometric and material parameters tor the problem. When the

center deflection is 1.317 in, the respective loads are:

Liao [39]: 96.2 Pa
MRT: 93.9 Pa
RVK: 93.9 Pa

In this case, the MRT solution coincides exactly with that of the RVK.

4.2.3. A simply supported (BC2) (45/-45) plate under uniform load.

The results are presented in Figure 7 on page 49. For the center displacement of 0.864 cm, the

corresponding load is 194 Pa in all formulations.

44



Up to this point, we can see that the RVK is a very good model and that the MRT did not con-

tribute significantly to the deflection.

A further comment on symmetry boundary conditions is useful at this point. If we take a (45/-45)
plate clamped on all edges and subjected to uniform pressure, the linear solutions of the full model

and the quarter plate model with the following symmetry conditions:

]
o

v=V¥,=0atx

=
I
Il

o

¥Y,=0aty

are the same. But, in the nonlinear range, as we can see from Figure 8 on page 50 the solution
obtained using the quarter plate model drifts away from that of the full plate model. For a load of

25 ksi, the central displacements obtained by the two models are:

full plate: 0.7918 in
quarter plate: 0.8840 in (+ 11.4 %)

It is clear from this example that, for some lamination schemes, the quarter plate models do not

give correct results.

Figure 9 on page 51 shows the result of the same type of analysis, where the lamination scheme is
now (45/ — 45),. Apart from the increased stiffness of the plate, we can observe that the quarter
plate model and the full plate models give essentially the same results. Under a load of 25 ksi, the

central deflections are:

full plate: 0.694 in
quarter plate: 0.753 in (+ 8.5 %)

We observe in this last case that the two responses are closer to each other. This is due to the re-

duction of B,; and By, in the material stiffness matrix, by a factor of 4 with respect to the (45/-45)
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case. We conclude that care must be exercised when the lamination is not symmetric and leads to

nonzero B,s and Bj,.

4.2.4. Supported orthotropic plate under combined load.

In this example, we want to excite the nonlinear contributions of the in-plane dispalcements and
the rotations \¥,, '¥,. We recall that the RVK contains nonlinear terms related to the transverse
displacements only. We expect, then, to observe some divergence between RVK and models which

contain nonlinear terms in the above mentioned degrees of freedom.

A few words are in order, about the modelling of this problem. Only half of the structure was
modelled using symmetry boundary conditions and a 10x]1 mesh. The procedure of reference 39
updates all load components for each new step. In order to compare results, we adopted this
method and defined a load parameter that multiplies both the transverse load and the inplane load.
The first solution step was obtained with a transverse load of -4.6 N and a horizontal load of -9.2

N. To reduce the size of the problem, all displacements u and rotations ¥, were set to zero.

Figure 10 on page 52 shows a good performance of the MRT element. When the load parameter

is 3.002, the resulting displacements at the center of the plate are:

Liao [39]: 1.423 cm
MRT: 1.501 cm
RVK: 1.844 cm
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/ Boundary conditions :

/ q o R u=¥,=0atx =20

[

2a ,1'

o l ‘ o -. y v=¥,=0aty =0
/ v=w=Y¥ =0atx =a,-a
h u=w=¥,=0aty=b,-b

2.507
20 = 2b =12 in
2.00- h =0.138 in
El = 3000 ksi
E2 = 1280 ksi
1.50+ 612 = 370 ksi
= vi2 = 0.32
“1.00
........ Liao [39]
0.50 o
--- RVK
0.00-

.000 .020 .040 .060 .080 .100 .120 .140 .160
Central Deflection (in)

Figure S. Simply supported (BCI) orthotropic plate under uniform load

.180 .200 .220 .240
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/ Boundary conditions :

/qu bz

v=¥ =0aty =0

< - x
/ v=w=¥ =0atx =a-a
l h u=w=¥,=0aty =b,-b
I 20
100+ 20 = 2b = 243.8 cm
h =0.635 cm
E1 = 175.775 GPa
£2 = 7.031 GPa
80 612 = 613 = 3.5155 GPa
623 = 1.4062 GPa
vi2 = 0.25
60
=
7 wee Liao [39]
— MRT
207 -~ --- RVK
0-

.00 .10 .20 .30 .40 .50 .60 .70 .80 .90 1.00 1.20 1.40
: Central Deflection (cm)

Figure 6. Simply supported (BC1) (0/90) plate under uniform load




Boundary conditions :

v=¥,=0atx =0

u=¥,=0aty =0

2b iu & L - x
/ u=w=‘l’,=0atx=a,-a :
h v=w=¥,=0aty =b,-b
! 2a |
200 20 = 2b = 243.8 cm
h =0.635 cm
E1 = 175.775 GPa
E2 = 7.031 GPa
612 = 613 = 3.5155 GPa
150— 623 = 1.4062 GPa
vi2 = 0.25
& 100

----- - Liao [39]
50 — MRT
--- RVK
0- : - - - . - - - ]
.00 .10 .20 .30 .40 .80 .60 .10 .80 .90
Central Deflection (cm)
Figure 7. Simply supported (BC2) (45/-45) plate under uniform load




Boundary conditions :

v=¥,=0atx =0
u=¥,=0aty =0

u=v=w=¥,=¥ =0atx =a,-aandy = a,-a

/ )
L]
2b llu é - - X
/| a
I 2a 1
25 - P
20 = 2b = 10 in
h=1n
E1 = 25 msi
20 - E2 = 1 msi
612 = 613 = 0.5 msi
623 = 0.2 msi
vi2 = 0.25
_15. o
10 - ,
e — Full plate
5. = - 1/4 Plate
0- T T I T T T T T 1
0.00 0.10 0.20 0.30 0.40 0.50 0.0 0.70 0.80 0.80

Central displacement (in)

Figure 8. Clamped (45/-45) plate under uniform load
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Boundary conditions :
v=¥,=0atx =0

u=¥,=0aty =0
Y

u=v=w=Y¥,=¥ =0atx =a,-aandy = a,-a

/ ”u /- 7

2b - X
/I -
r 2a 1
25 -
20 = 2b = 10 in
h=1n . 4
E1 = 25 msi & r
20 - E2 = 1 msi &
612 = 613 = 0.5 msi o
623 = 0.2 msi
v12 = 0.25
AIS o ./'.," .'....‘,.z
“40 - ......... e Full plate (B layers)
- - 1/4 plate (B layers)
5. e — Full plate (2 layers)
w 1/4 plate (2 loyers)
0- T T T T 1

T T T T
0.00 0.10 0.20 0.30 0.40 0.50 0.60
Central displacement (in)

Figure 9. Clamped (45/ — 45), plate under uniform load
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Boundary conditions :
freeatx = 0, 2a
u=v=¥,=¥,=0aty =0
u=w=¥,=0aty =b,-b
u="Y, =0 at all nodes

o . Y
]
F)‘ % h ///o . o% Fy
A 1
l/Qo X/ I
| 2b l
- Liac [39]
3.50 -
— MRT
3.00 - =RV e e--
22.00-
<
- 20 =1 ¢cm
- 1.50 - 2b = 20 cm
= h =0.1¢em
2 E1 = 175.775 GPa
1.00 - E2 = 7.031 GPa
G12 = G13 = 3.51585 GPa
623 = 1.4062 GPa
.50 - vi2 = 0.25
.00 T T T T T T T T T ]
0.00 0.20 0.40 0.60 0.80 1.00 1.20 1.40 1.60 1.80 2.00
Center displacement (cm)
Figure 10. Supported orthotropic plate under combined load
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4.3 Numerical Results for cylindrical shells

4.3.1. Introduction

All examples of this section consist of shallow portions of cylindrical shells, called cylindrical roofs
in the literature. The specific geometry, material and boundary conditions are defined in the same

figure, where results are shown for that specific case.

4.3.2. Isotropic hinged cylindrical roof ( thickness = 1.0 in)

Sabir and Lock [46] reported results for a family of isotropic cylindrical roofs, where the thickness
is varied, to show the increasing complexity of the postbuckling region. Sabir and Lock adopted
von Karman type nonlinearity, conjugated with shape functions derived from generalized strain

functions and a 5x5 mesh, in a quarter of the structure.

Figure 11 on page 57 indicates the geometry and material for this first example. The boundary

conditions used, in this case, are:

u=v=w=%¥ =0aty = =+ S(hinged)

freeatx = = L

The results show a plate-like behavior and fairly good comparison, between the solutions obtained

by all the formulations. The loads for a center displacement of 1.1 in are:

MRT: 1159 1b
Sabir and Lock [46]: 1197 Ib

RVK: 1145 1b
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4.3.3. Isotropic hinged cylindrical roof ( thickness = 0.5in )

Figure 12 on page 58 shows the results for this case, where the softening of the postbuckling region
is very pronounced. In this case a 2x2 mesh was not sufficient to provide a converged solution, so
we used a 3x3 mesh. The general agreement is good, but again, the MRT solution is very close to

that of the RVK,even in the final stiffening of the shell.

This example is also a good test for the displacement control technique used here.

4.3.4. Simply supported (BC1) quasi-isotropic cylindrical roof

A quasi-isotropic laminate (0/45/ — 45/90), is the first example of a composite shell. Comparison
of the load-deflection behavior with that of reference 39 shows a good agreement in Figure 13 on

page 59; however, the RVK shows a slightly better trend than the MRT at the end of the curve.

4.3.5. Simply supported (BC1) orthotropic cylindrical roof

For this problem the RVK gives a closer result to the full nonlinear model,as we can see in

Figure 14 on page 60. For the center displacement of 2.026 in the loads are:

Liao [39]: 784201b -

MRT: 823101b (+4.9 %) x &

RVK: 80640 Ib (+2.8 %) ¥

As a prelude to further discussion, we performed the MRT calculations, where all nonlinear con-
tributions from the transverse shear terms are neglected. The load for the above-mentioned dis-

placement is now 80030 Ib (+ 2.1 %).



4.3.6. Simply supported (BC1) (0/99) cylindrical roof.

This example differs from the previous one only in the lamination scheme. Figure 15 on page 61
shows the same type of results as in the orthotropic case. Now the solution of the modified MRT
(i.e. the nonlinear transverse shear strains are neglected) coincides exactly with that of the von

Karman theory. For the center displacement of 2.222 in, the loads are:

Liao [39]: 62370 1b
MRT: 66420 Ib (+ 6.5%)
RVK: 63690 1b (+2.1%)

4.3.7. Hinged orthotropic cylindrical roof.

We employ the same geometry and boundary conditions of Example 4.3.2, but use an orthotropic
material, as shown in Figure 16 on page 62. Here the MRT model and the RVK model yield the
same equilibrium path, diverging from the full nonlinear formulation, mainly in the final stiffening

branch of the curve.

4.3.8. Hinged (0/90) cylindrical roof

This example shows the most divergence in results, and, in a certain sense, helps us to understand
some of the MRT features. As in the preceding examples, we first compare the full nonlinear, von
Karman , MRT with 5 dof (MRTS5) and modified MRTS5 formulations, using a 2x2 mesh of finite

elements. From Figure 17 on page 63 we conclude that:

¢ neither RVK nor MRTS can follow correctly the post buckling of the shell;
o the RVK solution is closer to the full nonlinear one than the MRTS5 solution;

¢ the modified MRTS solution is essentially the RVK solution.
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Now we compare the MRT model with 6 dof (MRT6) with RVK and the full nonlinear model.

We notice from Figure 18 on page 64 that:

e there is no difference between MRT6 and its modified version;
e  MRTS6 gives slightly better results before the limit point and stiffens faster in the final part of

the curve, but has a poor softening behavior.

Next we use a 3x3 mesh. We can conclude from the results shown in Figure 19 on page 65 the

following:

¢ the mesh refinement leads to improvement only in first bending portion of the curve, for the
RVK , MRTS and the full nonlinear models;

¢ this is a converged solution for the above-mentioned results, in the postbuckling region;

¢  both forms of MRTS converge to the same solution, with mesh refinement;

¢ the RVK and MRTS models do not give good results for this problem;

¢ MRT6 shows a good trend for the 3x3 mesh.
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Boundary conditions :
u=¥,=0atx =0
v=¥ =0aty =0
freeatx = a,-a

u=v=w=¥, =0aty =b,-b

600-
500+ — MRT (3x3 mesh)
ya ~ Sabir,Lock [4b]
400 --- RVK (3x3 mesh)
=300 R = 100 in
o L =10 in ~'
§ =10 in
2004 4 h=0.5in
E = 450 ksi \
v = 0.3 N\
1004/ -
0-

00 10 .20 .30 .40 .90 .60 .70 .80 .90 1,00
Center deflection (in)

Figure 12. Hinged cylindrical roof (thickness = 0.5 in)




Boundary conditions :
7 u=¥,=0atx=0

Y v=¥,=0aty =0
28\/\/ v=w=Y¥ =0atx

R u=w=¥,=0aty=0b,-b

I
B
[
»

0.400

R =100 in
L =10 in
0.350 S =10 in
h=20.951in %
E1 = 40 msi y
0.300 £2 = 1-mgi— —-- ) ) 4
612 = G13 = 0.6 msi
623 = 0.5 msi
vi 0.2

_0.250 3= S /
=0.200+ /

< |
0.150 !

~b Liao /[39]
0.100- i
1 | mT
0.050+——— | - RWK
-
0.000-

.00 .10 .20 .30 .40 .50 .60 .70 .BO .90 1.00 1.10 1.20
Center Deflection (in)

Figure 13. Simply supported (BCl) quasi-isotropic cylindrical roof
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Boundary conditions :
u=¥,=0atx =0

v=V¥ =0aty =0
v=w=Y¥ =0atx = a,-a

u=w=‘{’x=Oaty = b,.b

3504 - j \
o y
= in
300- S =10 in &
h=1n
E1 = 40 msi
250 £2 = 1 msi
612 = G13 = 0.6 msi
" 623 = 0.5 msi
=200+ vi2 = 0.25
e |
o R
<10 : Liao! (3]
—— MRT
100 3 ;
| =+ Modified MRT
50— f --- RVK
5 ‘ ’ ; P
0= i ! | 1

.00 .20 .40 .60 .80 1.00 1.20 1.40 1.50 1.80 2.00 2.20

Center deflection (in)

Figure 14. Simply supported (BC1) orthotropic cylindrical roof
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Boundary conditions :
u=Y¥ =0atx =0
v=Y¥,=0aty =0
v=w=¥ =0atx =a,-a

u=w=¥, =0aty=5b,-b

300+
2504 - - E =
S =
200 e
= 12
sisod
]
S ------- - Liao [38]
100~ — MRT
.= Modified MRT
50 - RWK
0

.00 .20 .40 .60 .BO 1.00 1.20 1.40 1.60 1.80 2.00 2.20 2.40
Center deflection (in)

Figure 1S. Simply supported (BC1 ) (0/90) cylindrical roof




Boundary conditions :

u=¥, =0atx =0
v=¥,=0aty =0
freeatx = a, - a

'u=v=w=‘l’,=0aty =b,-b

R =100 in
L=10in

S =10 in

h=11in

E1 = 40 msi

E2 = 1 msi

612 = 613 = 0.6 msi
623 = 0.5 msi

vi2 = 0.2%

-"'

........ Liao [39]
— MRT
--- RVK

Figure 16.
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Center Deflection
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Boundary conditions :
u=¥,=0atx =0
v=¥,=0aty =0
freeatx = a, -a

u=v=w=Y¥ =0aty=>,-b

-~ Liao [39]
904 —— MRTS
04— Modified MRTS "\\\s
0 --- RVK T \\
- \.' \‘
60- \\
= R =100 in |
= Lo |
=4 = in
-8—40_ h=11in .‘\.& #
~ E1 = 40 msi
&30_ £E2 = 1 msi i
G12 = G13 = 0.6 msi \
623 = 0.5 msi \
20 vi2 = 0.25 N
~=77
104
.00 .20 .40 .60 .80 1.00 1.20 1.40 1
Center Deflection (in)
Figure 17. Hinged (0/90) cylindrical roof
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Boundary conditions :
u=¥Y,=0atx =0
v=¥ =0aty =0

freeatx = a,-a

u=v=w=¥,=0aty=0b,-b

Figure 18. Hinged (0/90) cylindrical roof
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Boundary conditions :
u=¥,=0atx =0
v=Y¥,=0aty =0
freeatx = a, -a

u=v=w=V¥,=0aty = b,-b

- Liao [39]
-+ MRTH
904 —— MRTS
80_ te—" MOdified MRTS —\\
--= RVK e
70_ 'v"‘ ’ ., \
s N ‘\

60- i)
= “R =100 in 3
<50 L=10 in 4y S
o ﬁ = }0 in L d
S 40 =1 in ) /

- E1 = 40 msi k) e
Py €2 = 1 msi =
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623 = 0.5 mai |
20 vi2 = 0.25 ' 4
[N
10 =7
.00 .20 .40 .60 .80 1.00 1.20 1.40 1.60 1.80
Center Deflection (in)
Figure 19. Hinged (0/90) cylindrical roof (3x3) mesh
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4.4 Numerical Results for spherical shells

4.4.1. Introduction

The spherical shell calculations require a few comments. First, as in the cylindrical roof cases, we
take only shallow caps from the spherical shells. A second observation involves terms in cot ¢, in
the spherical shell equations ( ¢ is indicated in Figure 20 on page 67). In the neighborhood of cap’s
apex, ¢ is small and the above-mentioned terms may attain high values, even if the Gauss points
are not exactly at the singular point. Guided by the fact that cot ¢ multiplies terms that tend to
zero, at the apex, we will simply eliminate them from the calculations. We should remark, however,
that this is not a general procedure, especially if the problem to be analyzed is not symmetric near

the singular point.

Two types of spherical geometries will be studied. The first is the circular cap, modelled by the three
meshes shown in Figure 20 on page 67. The other type of cap is shown in the same figure, where
the geometry and mesh for a quarter of the structure are indicated. This cap has a rectangular

projection on the XY plane.
4.4.2. Clamped spherical cap under concentrated load

This example was taken from reference 42, p. 520, where the complete Green-Lagrange strain tensor
was used. As this is a circular cap, we used appropriate finite element meshes, as seen in Figure 20
on page 67, for a quarter of the structure. The results shown in Figure 21 on page 70 were obtained
by progressively reﬁﬁing the mesh. For the coarse mesh, the results obtained agree only for the in-
itial points of the curve. The intermediate mesh provides agreement up to a load of 34 Ib. Only the
finer mesh could give the converged result. At the last point of the calculations, the central de-

flection is 0.16 in, and the corresponding loads are as follows:
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Figure 20. Spherical cap geometries and meshes
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Zienkiewicz [42]: 69.2 Ib
MRT: 69.2 Ib
RVK: 721b

This constitutes a good result for the MRT model, as well as for RVK.

4.4.3. Hinged spherical cap under concentrated load

This example is taken from reference 39, where the cap has a rectangular projection on the X-Y
plane. From Figure 22 on page 71 we can see that the MRT does not model this case well. Its
modified version closely follows the RVK results, except in the final stiffening part of the equilib-

rium path.

4.4.4. (0/90/0/90/0)s simply supported (BC1) cap under uniform load

Figure 23 on page 72 defines the geometry and the material for this problem. In this case we used
a 3x3 mesh to get results that agree quite well with those in reference 39 which, in their tumn,

compare well with those in reference 47. For the central deflection of 3.982 in, we have:

Liao [39]: 10.47 psi
MRT: 10.44 psi
RVK: 10.31 psi

4.4.5. (0/90) simply supported (BC1) cap under uniform load

In this case we have the same geometry and boundary conditions as those in the preceding example.
The material is defined in Figure 24 on page 73 for this nonsymmetric lay-up. Here again a 3x3
mesh was used to find better agreement with reference 39. The overall comparison is very good,

where the RVK is a good model for the problem. At a central deflection of 3.918 in, the loads are:
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Liao [39]: 3.53 psi
MRT: 3.47 psi
RVK: 3.42 psi
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Boundary conditions :
u=Y¥,=0atx =0

v=Y¥ =0aty = 0

u=v=w=¥ =0atx =a,-a

2a
\ u=v=w=¥ =0aty=0>5,-b

-~ Liao [39]
— MRT
16+ -—. Modified MRT
4 --- Von Karman ‘
12— ','/
PSRl ll/
—1 0 o s LTINS '4!.-',
f 10 'l"',. 's.,::}‘\ ’p.'/
: 8_ /f i = ?:ﬁ\-",',/
o
S
= b R =100 in
0 =b =J30.9017 in
h = 3.9154 in
4 E =10 ksi
v=20.J
y
.00 .90 1.00 1.50 2.00 2.50 3.00 3.50

Center deflection ratio (w/t)

Figure 22. Hinged spherical cap under concentrated load




h :’ Boundary conditions :

u=¥,=0atx =0

2b v=¥ =0aty =0

v=w=Y¥ =0atx =a,-a

2a
\ u=w=%¥, =0aty=b,-b
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Figure 23. 9-layer simply supported (BC1) cap under uniform load
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h % Boundary conditions :
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Figure 24. Simply supported (BC1) (0/90) cap under uniform load
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4.5 Discussion of the results

4.5.1 Introduction

In this section, we discuss the performance of the MRT, based on the examples presented in the
previous sections. We first explain why some of the results diverge from what we expected and,

second suggest ways of improving them.

The following conclusions can be drawn from the examples:

the refined von Karman theory gives very good results, even in postbuckling, for plates and
shallow shells;

¢ the non-linear transverse shear terms of the MRT can lead to negative effects. Elimination of

this terms may improve results substantially;

e since the refined von Karman theory has non-linear terms related to transverse deflection only,
when it fails we conclude that lack of the nonlinear terms in the surface displacements con-

tributed to the discrepancy;

e the same can be said about the MRT, when non-linear transverse shear terms are absent. In
this situation, if the MRT and the RVK model yield the same results, then the extra terms in

the MRT do not contribute.

At this point, it seems that the MRT, although derived in a logical and consistent manner, does
not contain certain terms of physical importance. Following this line of thought, we want to con-
sider the effect of extra terms in the non-linear strain-displacements equations. To do so, we start
with the Green-Lagrange strain tensor as a function of displacements, and, inspired by reference 30,

we substitute the power expansion of the displacements to obtain the power expansion of the strain
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components. Identities used in the derivations are given in appendix G, together with the shell ele-

ment matrices. The resulting strain components are:

o o () (=m)  (m) (n HNEmm ) ) ()
Ep=e ﬂ+ [d> g+ Dyy OF — (Y B, Dyg+ bt D V)45 07 Dy, <1>pﬁ]
™ < (m+1)(n—m;1) <m+1><n- 1
En=ey+= 9 (m+ D (1—m+1)( 4 ) -
m=0
+1 +1)}n—
(n =m0 a4 s 2T |
+1 -1

(n—m+ l)(b’tb”(m X 1’2, )]
@ @ (m+, )(’""") m )("'"') (rb)r=m=1) (me1)a=m=1)
Ep=ten+> Z( +1)[ e > -0y o, +67 w0,

(m=2) (m+1)
A
+ b’ bP7 ¢/la up ]

where g; are the linear strain components. Notice that reference [30] keeps only the non-linear
terms not affected by the curvature tensor and we will do the same in this discussion. If the above

equations are specialized to the case of the first order spherical shell theory, one obtains:

©
Exx = exe+ 5 [(thg + 1) + (0 = )7 + (wix =m0’

© (0
Epy =y + = [ty = 80 + (v + S+ K)? + sy — K9]

©
2Ey, = 2e,)ry + [(ux + nw)(uyy — §V) + (v,x = EV)(vyy + Eu +Kw) + (W, — nui)(w,, — Kv)]

O @
Exx=exx + (g + nW)( Vg + n¥5) + (v — )Y »x = y) + Wix = nu)( Wy — 1y

75



I q

)
Eyy = ey, + (4 — )Wy — §Y)) + (v, + Su+ Kw)(Yy,, + {¥ +KY)) + (W, — Kv)(Y,,, — KY

(1) (1)
ZE = 28 + (U,x + nW)(\‘yx,y é\yy) + (v.x - {v)(\yyty + f\Px + K\yz) + (u)y - {v)(‘}'x,x + ’7\1’2)

+ (v’y +fu+ Kw)(\yyvx - {\Yy) + (W:x - ﬂ")(\yz’y - Kq’y) + (\yzsx - n\yx)(w:y - KV)

@ @ 2
Exx=exx+ > [(\yx'x + 'l\yz) + (\Fyvx ¥ ) +Wox—n¥y ]

@ @
Ey=¢y+- [(\Px'y O¥)? 4 (Fyy + ¥+ K¥)’ + (¥, = K¥)]

@) )
2By =265 + Wy + 1Y) (¥ — S¥y) + (V) — SY))(Y)y + EY + KY))
+Wox— "‘l’x)(‘yz’y - K¥ y)

© ()
2E,, = 2e,, + ¥ (u,, — &) + ¥, (Su+ v,y + Kw) + ¥ (w,, — K)

©) 0)
2E = 2ex2 + \yx(u'x + ﬂW) + y(vtx - fV) + \{”Z(W,x —nu)

)
2E,= 2e 2+ V(W — $Y)) + Wy (), + ¥ + KY)) + Y (Y, — KY))

(1) (1)
2E,, =2, + W, (Wyox + 1Y) + W (¥)x — EF)) + ¥, (¥, — YD)

It is interesting to note that the above non-linear transverse shear terms are exactly the same as in

the MRT, if we neglect ¥,. In contrast, the bending terms contain substantially more elements,

eliminated in the MRT when the order of magnitude assumptions were imposed. We proceed to

reexamine some of the examples and discuss new results. In some of the examples, we also include

results where the nonlinear transverse shear terms were eliminated from the new formulation.
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4.5.2 Hinged (0/90) cylindrical roof

We repeat example 4.3.8 here. The results in Figure 25 on page 79 show that the theory of reference
30 gives a better agreement with the refined von Karman theory. We conclude that the trend is

right, but theresult is not yet ideal.

4.5.3 Hinged spherical cap under concentrated load

This is the same as Example 4.4.3, where a more significant contribution from the theory of refer-
ence 30 is now noticed in Figure 26 on page 80. In this case, the refined von Karman theory still

yields to a better solution.

4.5.4 Clamped shallow arch

Reference 39 modeled this arch using a mesh of five three-node beam elements. We used a mesh
of five nine-node cylindrical shell elements. Figure 27 on page 81shows the geometry and the

discretization, where the half angle of the arch is 0.245 rad. The load factor was defined by:

<

where P is the concentrated load at the center of the arch. Notice that we could have used the same
mesh to model half of the arch. The reason we modeled one quarter of the structure was to compare
with solutions from [ 39 ], using the shell element, if necessary. Figure 28 on page 82 shows the

results for this case. We can see that the trend is the same as in the previous cases.

4.5.5 Symmetric buckling of a clamped shallow arch
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In this example, the geometry is slightly different from the one just examined, where now the half
angle is 0.707 rad, such that the postbuckling region is more pronounced. As we can see from
Figure 29 on page 83, the MRT diverges, reference 30 provides a better trend and the refined von
Karman theory gives the closest solution to the fully non-linear model. Results were shown only
up to a deflection of 0.3 in, approximately, due to the cost of the calculations that required 280 load
steps and 40 minutes of CPU time, for each model. This illustrates how expensive it is to analyze

arches, especially if we are using extra degrees of freedom of shell elements.

For all these cases, we notice that the theory of reference 30 matches the results from the refined
von Karman theory and the full nonlinear model better than the MRT. When the nonlinear
transverse shear terms are eliminated, a good comparison is obtained from [30], except for the last

test, where this feature was not investigated.
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Boundary conditions :

u=¥Y ,=0atx =20
v=Y¥,=0aty =0
freeatx = a,-a
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Figure 25. (0/90) hinged cylindrical roof
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Figure 27. Geometry and model for arches
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Figure 28. Clamped shallow arch
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Figure 29. Symmetric buckling of a clamped shallow arch
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5. CONCLUSIONS AND RECOMMENDATIONS

5.1 Conclusions

In this work, the first complete theoretical development and finite element analysis of the moderate
rotation theory, proposed in reference 33, has been presented. In order to form a basis of compar-
ison of results, two other models have been considered, namely, a refined von Karman type shell
theory and a formulation proposed by Librescu [30]. In addition, the examples and computer code
by Liao [39] were used.

For the rectangular plates and shallow cylindrical and spherical shells analyzed in the present study,

we conclude the following:

the refined von Karman and fully non-linear model correlate very well in almost

all cases;

e for plates, the MRT correlates very well in bending. In case of inplane loads, the MRT and

[39] agree and the refined von Karman theory diverges;
e for cylindrical shells in bending, the MRT provides good agreement;

e for postbuckling of cylindrical shells with a (0/90) lay-up, the refined von Karman and MRT
models agree, but diverge from [39]. Introduction of more non-linear bending terms, from

(303, improvés the results, but not significantly;

¢ from the two arch cases, we conclude that the MRT lacks nonlinear terms and the application

of [30] shows a great improvement in the response;
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e for spheres, in all three hardening cases, the MRT shows a good correlation. In the example
involving postbuckling, again application of the theory of reference 30 shows that MRT is not

non-linear enough;

e in the cases where the MRT shows stiffer results, the elimination of the non-linear transverse
shear terms produces the flexibility necessary to match the results from the refined von Karman
theory and the theory of reference 39. This was observed with respect to the theory of reference
30, as well.

5.2 Recommendations

There are two lines of research that might be followed in order to extend and improve the results
presented here: on one side, a review of the MRT with regard to the magnitude of the terms to be
neglected; on the other, a study of the shell element formulation, where alternative concepts, like

the degenerated solid, may be able to capture the shell behavior better.

This work has dealt primarily with bending due to the limitations found in the MRT. Given the
performance of the refined von Karman theory, we conclude that the true use of more complex

non-linear theories is found in cases of inplane and nonsymmetric loads, as discussed in reference

48.

We have also found that, for certain lamination schemes, even when the structure can be analyzed
by the one quarter model in the linear range, it may require the use of a full model in the nonlinear
range. This feature deserves a more complete investigation in order to find the class of lamination

schemes that can use the reduced (i.e. half or quarter) model.
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Appendix A. Linear strains-displacements relations

In this appendix, details of algebraic manipulations, necessary to obtain equations 10, are given.

l) eaﬂ

From equation 1 and the definitions of U, and ¢f, we write :

eap = Waig+ Ugia ) (A1)
Ua;p = C:(u,dp —blﬂ U3) (42)
ct=6l-0"p} (43)

Substituting A2 into Al and A3 into the resulting equation, we find :
1 3,2 3,4
eup=?(¢ap+®ﬂa—6 ba ®Ap—3 bp (D,la)

Now :

= n = (n—1)
n n—
6’ 0,5 = G’Z(e’)" o = Z«f)" yp
n=0 n=0

oo
where ®,, = 0 for n<0

Substituting this last result into the strains’ expansion :
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()
aﬂ 2(93 n

one obtains g:,, of section 2.4.2.
2) ey

Proceeding as before, we can write :

1 A
€a3 =3 (Pa3 + thy3 — 8° bju,,)

Now :

00

(n) -1 (n + )
ua,3=Z[(9’ " ]3-Zn(e3 "V = Z( + 1Y

n=0

Also :

o0
(n)
Ou,; = Zn(BJ)" u,
n=0
With these elements given, it is simple to obtain the expression for 2:3 of 2.4.2.
3) ot
g™ 0=t g0, - 0y, + O (BLO,, ~ b0, )]
wp=8" wp=">8 LO)p—Dpg+6(5sP,, —5P,p)

or :
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a _ 1 aa N O "-‘) ’(n-l)
n=0

but :
0 00
n n
g = aapZ(B);‘,(n + 1)@ = Z( B+ 1)@Y)"
n=0 n=0
then
n
Mg _ 1 m A n—-m) (n-m)  (n-m-1)  (n—m-1)
wg== ) B (m+ )| =g+ O, —b] Oy
m=0
or,

n
m n—m) (n—m) (n—=m-—1)

n
1 mf = (r=m—1)
5 ) B m®y—(m+ )b} Py
m=0

If the second summation is expanded, it can be verified that it is identically zero, which results in
the equation of section 2.4.2. All remaining strain and rotation equations can be found by using

similar steps to those presented in this appendix.
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Appendix B. Simplification of the strain-displacement equations

The purpose of this appendix is to discuss ways of simplifying the strains’ equations 13, of chapter
2. In reference 33, these simplifications were performed by expanding the equations and grouping
of like terms. The resulting expressions contained terms that could be neglected, leading to
equations 14. Observing that these terms were composed of products of linear strain and rotation
components, we approached the simplification task by making the mentioned products explicit
from the beginning, so that the final form of the equations could be obtained in a more straight

forward fashion.

We first write equations 10 in the following manner :

O () =D

e‘,ﬂ + wap = (Daﬂ - ba (D/lﬂ (Bl)
+1
o =+ 1) " —net (B2)
)
n
(n (n m )
eg + w)?‘p = Z(B)“" Dy (B.4)
m=0
") M, < m . (n=m#1)
&§+wy= ) (1-m+DB™ (B.5)
m=0 )

The following specializations of the above equations will be useful :

o © O
eap + (Daﬂ = d’aﬂ (86)
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o o O ©

€+ Dug= Do — b Dyg (B.7)
(zzﬂ % a5 =— b (‘Bzﬁ (B.8)
O, SO R (B.9)
P VY R A (&3 (B.10)

©), (O)a (O)Gl

o a. M ©)

e§+‘ )“,3_¢°;3+b°“ Dy (B.12)
2 2

By Do 4 0,4 5757 Oy (B.13)

O O (B.14)

(‘& + 0 _ e (‘)
(D3-b

(B.15)

2 1
(2‘ (2), =b36" u () (B.16)

. e s o A s
Let’s consider first the simplification of E,,. From B.3, we can say that 2;,, = @, — e,;. Substituting

)
in the equation for E,, and simplifying, we obtain :

n
B 1 mn © Mm@ ©m m e
Eaﬁ=eaﬁ+? (D3 ﬂ3—(ba3ep3+<ba3eﬁ3+e3pe3a) p=n—m
m=0

Recognizing that the second and third terms, inside parenthesis, cancel we find :
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n
L T 1 N ®  wm @
Ep=ept+5 ) (Pu3Pp3—e3pes,)
m=0
Notice that this expression is general, in terms of n, and can be specialized to the form of equations
14, by making n equal to 0, 1 or 2, as follows :

O o 190 500
Eaﬂ =ept 2 Dy3 g3 — 2 €34 €35

m o OO0 OO0 1 MO  ©
Eap = eap + '2- (¢a3 ‘Dp3 + (Daa ®p3) - ? (e:,a 833 + €34 83p)

@ @ 1 O M 1M
Eyp=eap+ > o3 O3 — 2 %38

The underlined terms have order ¢ , ¢*/h , ¢*/h?, respectively, and can be neglected. The remain-
ing terms of the above equations can be easily written in the form of equations 14.
)

We concentrate now on E,;. In contrast to the previous case, these strain components do not have

a unique simplified form, as will be shown. The following identities will be used :

n n
Em) o) Emu ® Z(p) 20m)
Cla@3 = €y W3 = €4 Wi3 y p=n—m
m=0

m=0 m=0

ey _®

Dy = W34

Then :
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@ (m) ('"),1 (p),l (rn) @
Es=e,3+ [ + €33 034

Obtaining (c':;)u from B.2, 2;3, from B.3, and substituting (23)3. we find :

n

™ m I: (m+1) y (o (my o) (m+1) @)]

Ea3=ea3+? [(m+l) 25} —sz u’.]( @ ¢)+(m+l) £2¢) o3

(m) (p)x (v),l (m @)
- — €33 eJa]

or,

@ @
—(e:_-, + = Z[[(m + 1) - mbrl(u’)]((g:a + wh) +(m+ 1) u3 ) <Da3:|

(M) (p),; (p),l (m) (@)
- " — €33 €34

Forn=0, we find :

©O o (1),1<°) mHO 10 ©, ©, © ©
Ejgy=eg+—5 (U @i +u3 Og3) — 5 ey5( e € g+~ ey ey

. . . . . o o .
The difference between this equation and the one equation 14, is due to the product eyw,,, that in

® ©
reference 33 was not expanded to eliminate ey,e,,.

Forn=1, we find :
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O I I ( P RO 1O M, ay. O @ ©. ©®
Es=e; +3(u O, — b 14,®M+u3¢a3)—[? enn(e g+ w ) +epn(e a+w.a)—e33e3a]

R oo, W M . s
Note that e,y = 2u; = 0. Substituting ®,, and ®,, and using the identity :

2y O © moe, o q O
b7 w, @y, =b] u, O =(Dyy—uy,)

we obtain :

M 1), (1) oy OO0 o O
Ea3 =€a3 +_;'(UAUA'¢+113 u3,a—¢l3¢i+u3,1¢i)

where underlined terms were neglected.

We believe that the above equation cannot be rendered to the same form of its counterpart in
o

equations 14, concluding that this is an alternative form of £,y . The same observation applies to

@ ®

E,; and E,. Although some of the equations obtained in this appendix are different from their

equivalents in equations 14, their errors should be of the same order of magnitude.
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Appendix C. Equations for plates, cylinders and spheres.

In this appendix, all necessary operations to particularize the general equations, of section 2.2, to

the specific geometries of this work, are discussed.
1) Rectangular Plates

Let the geometry of a plate be defined as illustrated in Figure 30 on page 95, where x and y are the
Cartesian in-plane coordinates, coinciding with curvilinear coordinates u' , «? ( and with 2! , 23,
from the 3D Cartesian system of coordinates).

The position vector of a point on the mid-plane of the plate is then :
r= (Zl ' 22 ’ 23) = (x,0)

The following quantities can be obtained :

® tangent vectors:

32"
T, =——g=¢
1 aul i 1

(or4
Th=—g=g
ou’
where g, are the base vectors in the 3D system.
¢  surface metric

a,5=T, Tg = az=05,4,d" =067

L4 curvature tensor :
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23 zl
u?
Y
X u 2!
Figure 30. Coordinates on a rectangular plate
oT
byg=n. 2 =0 - b§=0
ou®
¢ shifter tensor : ¢§ = 3
¢  Christoffell symbols :
da
(a)(a)
re) === , Va,
= 2 o &y
« ___1 Y0
OO~ g o T

where (x) means no summation with respect to «. Then: I, =0 V «, 8,y

o  Derivatives and other results :
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Ualp = lla,p

(bap = Ua,ﬁ
¢a3 =U3y
u =u"

Physical and curvilinear quantities are identical.

¢ Change of notation

0) (©) (0)
(uvv»w) (ul' 4, U3)

Mm@
(‘Px- 2) - (ul’ Uz, ll3)
(R(O)’ (0)' (0), (0))—(N Ny, Ny, N7
12
(R R RaY) = (M My, M)
12
(Ray Rty R = (P Py Py)
R2 R13 g3 p13 R
((0)' o) (1), (l))—(Qy’ Ox Ry RY
PL., P2, P2 ) = (Poys Py P,
(Poy Pioy Pioy) = (Pox: Poy: Po2)

(Fos Fo, F3) = (Foxs Foyr Fo)

(0) (0) (0)
(51,82, S3) = (Xo, Yo» Zo)

(1) (l) (1) A
(S1s Sz, S3) = (X}, Ylvzl)



e  Weak form of the functional

T
- '[ J {(Nx F W0, = 5 xRS + (N + W0, = 5 W1 eR,)bthy +
0 va

(Ney+ 9,0 = LW, R0+ (N, + 9,0, — 3w, R 8w, +
L1+ 5 W00 + Wasg + Wiy Ny + WMo+ ¥ My Jow,, +
L1+ 5 W20, + WixNay + Wy Ny + W My + W, M, 16w, +
(1 +u, — -‘l‘—q’,)QJr + Q) + WerRy + Wy R, + WoN, 16, +
L1+ v,y = 3 ¥)0, + 9,0 + WyosRe + ¥y Ry + ¥ N, 16%, +
[ % (W, — V)0, + % (wy —¥,)Q, + N,16%, +
(My+ W, R)6 s + (M, + ¥xR )6y + (Mg, + W, RIY,  + (M, + ¥ R )5W,., +
[ = 3 Ry = 5 Ry + WMy + W Moy + W P+ W P 1O,
(1 =3 v)R, = LRt WM W My + ¥, Py + 7, P15, }dndt
¢  Equilibrium equations

1 . -
P (Ne+ VW, 0, — ‘PZ,XR,),X + Ny + VY20, — ‘l’mR Wy =Lt + LYy — Poy — Foy
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v (Ng + ¥, 0, - ‘Pz,ny),x+(N + yQy— ¥,y R)).y =1V +12‘l’ Pyy = Fyy

ow: [(1+ -%- Y )0x + WixNy + Wy Ny + W My + ¥, Mo 1, +

) . .
[(l + 2 \Pz)Qy + W»xny + w’yN)‘ + \yz’xMxy +¥s y]'y =1+ LY, = Po; - Fo,

W, [(1+u, - —;- W0, + )0, + VxR + YyR, + ¥eN,1 +
(My+ ¥ R),x + (Mg, + W,R),, = Dii + LY, - P, —F,

&Yy : [(1 + v,y = =¥ )0, + v + ¥yuxRe + ¥, R, + W N, ] +
My, + \nyx)vx + (M, +¥,R), =L + ¥, - P\, ~ F,,

1 1
6¥, : C ) (wix = YOy + ) (w’y - \Py)Qy + Nz] +
[ —-—u.x)R 4 5 thyRy + WM+ Wy Moy + Py + W P Lo +
La —v,y)R v,xR + W, My, + W My + ¥, Po + ¥, P ), = LW + LY,-P,-F,
e  Natural boundary conditions
Su: (Nx+ ¥, 0;— \yzvax)nx + (N + \'nyy W¥ox )ny XO

L (ny +V¥ QX \YZ’yRX)nX + (N +¥ Qy \yz'yRy)ny YO

6w : L1+ 5 )0, + WoeNy + Wy Ny + WMy + W Mo I +

1 A
L+ ) Y0y + WixNgy + Wy Ny + ¥ My, + q’z'yMy]ny =2

A
Wy : M+ W Rne + (Mg, + ¥ R))n, = X
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A
¥y 1 My, + ¥ ,Ron + My + ¥, R))n, =Y,

5%,

: [ -
Ca

Strains

u,,)R L 5 thyRy + WM+ Wy Moy + W Py + ¥ P I +

——v,y)R v,xR +w My + wy M), + ¥, Py + Y5, y]ny —Z,

©
Exx=uy+—= 2 (wx)

© 1
Ey=vy+= 2 (w’y)

(V)
2Exy = Uy, + Vi + Wy W,

©)

Epe =", + 2 (¥ + (¥,)]

)
Exx=Wax +wix¥px

(1)
By =Wyy +wy¥py

(1)

2Eg, =Yy + Wyx + Wi ¥y + W, ¥y

2y
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0)
2[5),z =w,+ u.y‘i‘x +(1+ v,y)‘l’y + —é— ‘Pz(W,y - ‘Yy)

©
2y =W+ ¥y + (14 U)W+ o Wylwig = W)

1

)
1
2By =¥ ¥y + ¥y ¥y — S Wi + (1 = 5 v )W,y

(1) 1

1
2E.,= \'Px\yxrx + \yy\yyvx - ’5’ v»x\yzvy +(1- ? U)W 2

2) Circular cylindrical shells

Let the geometry of a cylinder be defined as illustrated in Figure 31 on page 101, where x and

are curvilinear coordinates on the shell, coinciding with curvilinear coordinates u!, «? and x = — 2%

The position vector of a point on the plate is then :

r=(z1 , 22 , 23)=(R cos 8,R sin 8, —x)

The following quantities can be obtained :

tangent vectors and normal :

T1=—' 83

Tz‘—'-"R(—Sin 0 8]+COS 982)

n=(cos 8 & +sin 0 sy)

surface metric
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ul

Figure 31. Coordinates on a cylindrical surface

. J[IO]
“2=10 r?

M
1SY
k)
>
—J
I
| e
o —
—
~
P
~
—

¢  curvature tensor :

e  shifter tensor :

el =
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e  Christoffell symbols :

l‘;,=0 Ya,B,y

¢  Physical components

e  Derivatives and other results :

These results are given in terms of the physical components, where the hats were dropped.
wly=u,, ula=1ug , =Ry , yly=Ruy,
1 2

u=u ,u =-1-12—u2

1 2 1 1 2 1
ul =u, , ul =F“m v gl =Ruy, , wl = “n

1 1
“1|1=ul'l , u‘|2=ul’2 , u2‘1=7u2)] ] u212=7u2$2
Qi =u,; , Pia=uy , V3 =Ry, , Pa =Ry + 1)
1 1 2 _ 1 2 _ 1
Oy=up, Oa=ty, Py=—pthy , V=7 gy +u)

Q3= , Ppy=w3y— i
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Only the expressions for the strains will be presented here, since the explicit weak form was not used

for shells.

e  Physical strains

(0)
Eny=u,+~ (Wn)

© 1 1 2
522=—§-(v,2+w)+?é-2-(w,2—v)

)

1 1
2E) = R¥tmt gy w1 (Wi — V)z

0)
Ey3=V¥;+ = [(‘"1) +(¥2)?]

(1)
E\y =¥ +w, ¥,

(1)
1 1
Ey= 22 (V’2+W)+—(‘*’2v2+‘y3) +— 22 Wiy =v)(¥3,, = Yy)

(1)
2512— (V’1+‘*'1-2)+‘*’2y1+ [W-l(‘*’s-z ¥y) +¥3,(wiy —v)]

Q)
1 1
En= ;}‘ Yy +Y;) + F (Y3, — ¥)?

@ 1
2By =7 Vo + V3 (¥3,-W)
©) 1 1
2E); = 1 W=V +¥+ [u,zw, + g+ w¥y + 5 Wy(wa —v— R‘*’z)]
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©
2E,3 =Wy + \y] + u,1‘l’l +v,,‘l’2 +%‘l’3(w,, —‘l")

(1) 1

1
2Eyy = ¥an+ '}T [\vpy,, 2+ ¥, ¥, - —;— (V3 + 5 V3V + w))]

(1)
1 1
2By =Yy + ¥\ ¥ +¥o¥0 — 5 (Ve + Vi ¥sn)

If we redefine the curvilinear coordinates as (x,y = RO, z) , the strain-displacement equations be-

come :

0) 1 2
Exx=u,+ 2 (w,x)

? w1 A2
Ey=vy+p+5wy—7"

©)

1
2Ey =uy+ v, +wiy(w,, — 3 v)2

© 1 2 2
Ezz=‘yz+"2"[(‘yx) +(‘*’y) ]

(1)
Exy=YWyx+w ¥,

()
1 1 1 1
E,=Y,,+ x vy + =%t ¥;) + (w,y — —R—V)(‘Yz,y - —R—‘Yy)

(1)

1 1 1
2Exy =X Vix + Wy + \yy'x +wi (¥ — r ‘Yy) + ¥yx(wy — 3 v)
@ 1 2
Exx= 2 (Y20
2

1 1 1 1 2
Eyy='§'(\yyry+§'\*’z)+'2—(\yz'y"_k-\yy)
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1
\Py,x + \yzyx(\*’zyy - 'E' \{’2)

©) 1

26y = Wy =V + ¥y + Uy W (4 + W)Y+ Wl = =Y

-z )
0)
2B =wy+ ¥yt u, Ve +v, ¥+ ‘*I’z(w,Jr Y

)
1
2E)’Z \yZ’y + \y \yxyy + \y \y % [u,y\}’z,x + ‘Yz.y(v,y + 'F W)]

(1)
2B, =Y, x + ¥V ¥y + YY) - > (u,x‘{’z,x +v,.¥2y)

Note that the additional terms, with respect to plates, are those divided by R.
3) Spherical shells

Let the geometry of a sphere be defined as illustrated in Figure 32 on page 106, where ¢ and § are
curvilinear coordinates on the shell, coinciding with the curvilinear coordinates u! , w3 respectively.

The position vector of a point on the plate is then :
r=(zl , 2%, 23)=(R sin¢ cos ,R sin¢psin 8, R cos ¢)
The following quantities can be obtained :
e tangent vectors and normal :
T, =cos¢cosb & +cosPsinb &) —sin ¢ 83
T,=R(—sin ¢ sinf &, + sin ¢ cos § &)

n=sin ¢(cos O e, +sin G &,) + cos ¢ &3
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Figure 32. Coordinates on a sphere

e  surface metric

1 0 1 0
(a1 = N I < T R
0 (Rsin ¢) 0 I/(Rsin ¢)

° curvature tensor :

o= - ]
b.,]= , =
i 0 —R(sin¢)? # 0 -1R

e  shifter tensor :
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Christoffell symbols :
2
My =T=T}=Tx=0

cot ¢

r§i=rf2=—R— , T3, =—Rsin ¢ cos ¢

Physical components

A A U A
h=u, ‘b—m » 3 =1,

,;-\n____Tn , ﬁ;‘-12=R sin¢T‘2 ’ f‘":R sin¢T21

=1, =R sin¢ T

T2 = (R sing)? T2,

o  Derivatives and other results :

These results are given in terms of the physical components, where the hats were dropped.

ul,=u,

|, =R sin ¢ w,, — 1 cos ¢
u'=y

ul'=u,

th|' =R sin ¢ w, — 1y cos ¢

"l|1=“m

1 —
uzll_ (R Si.n¢)2 (R sm¢uﬁ’l L} C°S¢)
¢|x="m+‘R_“3

thly=u,,—pcos ¢

l;=R sin ¢ (4, + 4, cOs ¢)

W
uh= Rsin ¢
u’P:mz_(U“’ —14 COS @)

1 — 1
1= i (4 + 105 6)
u'l;=u,,— 1, cos ¢
=1
u2|2_ R Sm¢ (u‘2’2+ul COS¢)
Dy, =u; — 1 COs
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®,, =R sin ¢y, — y, cos ¢ D, =R sin ¢(w;,; + 4, CO8 @ + 4 sin @)

<D},=u,,,+—}%-u, DY =uy,; —ycos ¢

=1 (R — =1 — s
(D.zl_ (R Si.n ¢)z (R sin ¢u2'l u) COos ¢) d}.zl— (R Sin ¢) (u2’2+ul C08¢ uSSm ¢)
¢13=u3,|-?u1 ¢n=u312—u15in¢

Only the expressions for the strains will be presented here, since the explicit weak form was not used

for shells.

®  Physical strains

©
1 1 1 2
En=u,,+?w+?(w,,—7u)
By = + (cotg ) L in ¢)?
u cot + 2 +wW)+——————(w,,—Vv sin
2= ing AR sing)? =
22‘) —l( L, +Rv, —2v cot ¢) + L (w —-l—u)(w — v sin ¢)
27 R 'sing 2 'l Rsing ' R 2
©)

E33 =Y, +" [owy)? + (¥p7)

(1)
1 1 1
Ehw=¥Y\,+—= R (U +— R w+'¥3) + (w, "7”)(\*’3,1 _7\*’1)

(1) .

%2-_-— sin¢ ,2+UCOt¢+W)+ ( ¢\y2t2+\y]C°t¢+\y3)+
-(}—si-:l—(;-)y(wq —v sin ¢)(¥3,;, — ¥, sin 4)
) 1 1 1 1
2E, = F(mu,z + Rv,; — 2vcot ¢) +7(m‘1’1,2 + RY;,) — 2¥, cot ¢) +
1 1 . .
Ring Cow,y — R W¥32 =¥ sind) + (wy —v sin ¢)(¥3,, - '}z_‘{’])]

()
Eyy=— R ¥y +5 ‘*’3)"' > (‘*’3,1 11{ ¥))?
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)
1 1 1 s N2
=—(——Y¥,, +¥, cot¢p +¥;)+ ————— (¥;,,— ¥, sin¢
Ey R2(5m¢ 2+ ¥ cot¢ +¥3) 2(R5m¢)20¥32 2 )
0}
1 1
2512_——2-(—SH\P],2+R\Y2,,—2\*‘2C0t¢)+ R m¢ (\*’3’1——111)(\*’3»2—\{’2 m¢)

wy—v)+¥,+ — v cos ¢) +

1
Rsin ¢ Wi

v,2+ucot¢+w)+%‘{’3( ! 2y,

Rsng "2 R

sin ¢

©
2El3—w,|——}z—u+‘!’(l+u,1+ w) + ¥Yy(v, — lu—-‘l’l)

L vcot¢)+-§—‘l’3(w,1— R

R

)
1 1 1
2By = m‘*’m+ Reng (Y=Y, cos¢) + o= — nd Yo(¥yn + ) cosg) -

(W3, (uy — v cos @) +— ‘1’3,2( vy + ucot ¢ +w)]

2R sm¢> 4’

0
2E)3="¥3, + ¥ ¥ + \yz(\rz,, ——= ¥ cot )

1

—— (W3 (4 + = w) + W¥;,2(Rv,) — v cot ¢)]
R? sin ¢

If we now call :

B

m¢( J2=()y ,» n=1R , {=cotg/R

the strain-displacement equations become :

©)
Exx=u,+nmw+— > (w,x nu)

© )

Eyy—v,y+—R-w+6u+ 2 (W —

1

2
7Y
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©

1
2Exy =uy,+ V- 25v+ (W — qu)(w,y R v)

O 1 2 2
Ezz=\yz+'2—[(\yx) +(\yy) ]

(1)

Exx = \yx'x + "(“’x + % w+ \yz) + (W’X - "ll)( ‘yz’x - ’,\Yx)

(1)
1 1 1 1 1
Eyy=\yyry+ﬁ'(v’y+?w+\yz)+ f(-R—u+‘Yx)+(W,y—~i-v)(‘l’z,y——R-‘Py)

(1) 1

1 1 1
2Exy = F Vixt \Px'y + \yy'x + "u’y —26( —R_ v+ ‘yy) + (wvx - nu)(\yzsy - 7 \yy) + (\yzox - ﬂ\yx)(w’y - ? V)

()
1 1
Exx = ﬂ(‘yx’x + _IT \'Yz) + 7 (\yz’x - "\{,X)2

@ 1 1 Ly 2

()]
1 1
2Exy =R \yy'x + ﬂ(\yx»y —2e\yy) +Wox— ’l\yx)(\yz’y R ‘{»’y)

© 1

2E,=w, —%v+ ¥, + ¥i(uy, — )+ ¥ (Jutv, + %w) +-%—‘Yz(w,y - =V ¥))

©
2y = Wog + W = i+ Wltog + 1) + ¥y (0, = 89) + 3 W (0, — mt = W)

(1

2By, =¥,y + Vi(¥xy — CF)) + ¥ (), + {0 — ';— [\Pz,x(U,y -+ ¥, (lutv,+ —11:\,- w)]

(1)
2Ly, =Y + Wy ¥ex + V) (¥ = $Y)) = —;- [\yz’x(“vx +nw) + ¥, (v — &)l

Note that if n and ¢ are equal to zero we recover the expressions for the strains of cylindrical shells.
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Appendix D. Laminate stiffness in full form

In this appendix, no assumption, with respect to the shell thickness, is made, in the derivation of

the laminate stiffness coefficients.

1) Cylindrical shell

" 6 T a1 [ 3 1
. — —_ —_
—h/[2 =h/2 —h/2

hj2
b,;:J. 93(1+‘j,2 )C; d6> = b; +—dll
—h/2

A2 3
3,2 0" = 3 1
dij.=J @) (1+ )G d6” = djj + o ¢

—h[2
A2 5 ,
3,3 = .3
eij‘=j @) (1 +-5)Cjd6" = & + 1 fjj
-h2

K2
fi.j. = f (93)4(l + C dBJ _f1 gu

-hJ2
0 where :
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2o
& = J 6°)°C; do’
-h2

2) Spherical shell
" 8 2= 2 1
2 3
—h/2 R
by =b;+ R djj + R? &j

. 2 1
di =di+ g e+ 1k

P 1
& = ¢+ fi+ =z 8

2 1
and :

K2
hy' = f 6°)°C; b’

—h[2
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Appendix E. Element Matrices

In this appendix, we will determine all matrices necessary to build the direct and tangent stiffness

matrices, for RVK and MRT, and the geometries of interest to this work. Notice that all derivations

will be based on the spherical shell equations, where appropriate values for 1/R , n , & should be

taken for plates and cylinders.

E.1 Matrices for von Karman theory

E.1.1 Bending and in-plane linear matrix

bix 0 né; 0
{7 Puy Ké, 0
by  bux— 2y 0 0
nPix 0 nKé; éix
BoN=|Kép, Kby, K¢ ¢4
’1¢1:y K(épx—2¢¢) O b1y
0 0 0 ndux
0 0 0 Ki¢;
0 0 0 ndyy
E.1.2 Transverse shear linear matrix
ByN= 0 —Kéy ¢4y O
-n¢; 0 &

E.1.3 Nonlinear matrix

o Oo© o o

Sy
bix— 289
0
Kéuy
K(dpx —284)

¢

4
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Only strains related to bending have nonlinear terms, and we can write :

wy 0
w,
8NL=—%-A 0=—%~ 0 W,y [ x]
W,y
Wy Wiy
00 ¢bx 00
0~G.Nu=
00 ¢,,y 00
Then :
00 WyxPix 00
A.GN=|0 0 w,y¢,,y 0 0

0 0 w,y¢,,x+w,x¢,,y 00

E.1.4 Stress matrix

We need to find matrix S first, by writting : (6 A )7 ¢ = S46.

6 A o= [5vaNn + 5“’,le2] _ [Nn le][éw.x]

6W,yN12 + 6W,XN22 le N22 6W,y
The only non zero element of K, will be :

k33 = Nl )¢bx¢j’x + Nl2(¢l’x¢j’y + ¢on¢jvx) + N22¢Ity¢jty
E.2 Matrices for Moderate Rotation theory

E.2.1 Bending and in-plane linear matrix
ByN=[B, B,]
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where :

and :
¢bx 0 ’l¢l
f¢l ¢lvy K¢l
B _ ¢lry ¢bx - 2£¢l 0
nbix 0 nKé,
Ki¢, Koy K’
'1¢Ivy K(dpx —284) 0

and 0 is a (3x3) matrix of zeros

E.2.2 Transverse shear linear matrix

0 —Ké éy 0 ¢ O
-’7¢l 0 ¢bx ¢I 0 0

BN=

0 0 0 0 0 ¢,

E.2.3 Nonlinear matrix in bending

We first define :

Xl=w,—nu , X2=w,—Kv , X3=Y¥,,—n¥, , X4=¥, —K¥

, . K=1R

Then :
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A=[A, A,]

where :

and :

X2 X1
X30
0 X4
X4 X3

and 0 is a (3x2) matrix of zeros, and 67 = (X1, X2,X3,X4)".Next we obtain :

-

- '1¢l 0 ¢I'X 0 0
0 —K¢; ¢y 0 0
0 0 ¢, 0

o oo o o

0 0 0 b
0 0 - ’14’1 0 ¢1:x
0

o O o o

Then :
A.G.N=[A4 As]

where :

0 0 —K¢ by,
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and :

-n¢ Xl 0 $pxX1

0 -K¢ X2 X2
—nd X2 —KP X1 X2+ @1 X1
-né X3 0 ¢ X3

0 —KéXs  ¢,,X
—n¢ X4 —Ké X3 ¢ X4+ ¢,,,X3

L -

and 0 is a (3x3) matrix. Notice that it is not necessary to perform the multiplication of A and GN,
since each term in AGN is the expansion of a certain degree of freedom from the corresponding

nonlinear term in the strain equations. For example, consider :
(Wg = nt)? = X123 = — quX1 + w, X1
Then :

(Ae)u =—’I¢>AX1 » (A 6)13=¢’1va1

E.2.4 Nonlinear matrix in transverse shear

We first define :

X5=u,y—£v , X6=v,y+Kw+5u , X7=w,y—‘l’y—Kv
X8=u,+nw , X9=v,—¢v , X10=w, =¥, —nu

then :
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A=[A7, Ag, Ag]

where :
) , ]
X5 X6 5 X7 ¥, ¥,
X8 X9 Lxio o 0
A= 2
7 1 1
\yx,y \yy,y 0 - —2- \{’Z'X "5' \yzry
Yex ¥x— ¥, 0 0 0
Ly 0 0 0 0
2 2
0 ¥, Y, ¥, 0
Ag=
0 0 0 0 ¥,
1 1
0 —-i-‘l’,,x -5 Yy 0 0
0 0 0 0 0
0 0 0 0 0
i P W (P
S
L 0 —?XB —?Xg “I’x ‘*’y_
and :

07 = (¥, ¥, ¥y XS, X6, X7, X8, X3, X10, ¥ 1 Wy oo Wiy ¥ o W) |

Notice that the above organization is arbitrary. There is a chance that a better one can be found,

from the point of vew of generating more compact matrices, the final A .G.N being the same,
though.
Deriving A .G.N directly we find :

A.G.N=[A9 y Alo]
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where :

Yobiy + E¥y1 — ¥+ Vb~ KVib  KYyb+3 Yiby,
1
A Wxdpx — 2 ¥ ¢ \Py(d’bx —$4) n¥ ¢+ —;’ V¥ dux
9= 1
- _2- (‘yzvxd’lvy + ‘f‘yzryd’l) % (&Y x) = ‘yzvyd’by) - % K \yz’y‘#l
1 1 1
P ¥x®ox ) ‘ypy(‘f’bx —{d) ) n¥xdi
X4, X6dy-+ Y., 5 X1,
L | b 1 x104,
10=
Yoybi+¥aby by + ¥ty =5 (XSbyc + X6b1)
\yx’xd’l + \yxd’bx \yyvxd’l + \Py(‘tlvx - 25‘?}'4’() - —;- ¢ 8¢‘lvx + X9¢ by)

E.2.5 Stress matrix in bending

Proceeding as before we find :
Ny Ny My My,
S Ni3 Njy My My,
My My Py Py
| My My Py Pzz_
then :
Ka—_- Nd MU
M, P,
where :

Ny =n* Ny¢id,
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(No)iz2 =nKN2¢,4,

(No)i3 = —n(Ny1didpx + N1zdid))

(Np)yz =K Nyzoid)

(Ng)23 = — K(N12819).x + Noad i)y

(No)a3 = N11pxdbpx + N1a(@ixdpy + i) + Nadiydyy

M, and P, have the same form as N, where V,; are substituted by M,; and P,, respectively.

E.2.6 Stress matrix in transverse shear

This matrix is very sparse, so that we will give only the non zero elements in the upper triangle :

S17=528=0Q1 » 539=Q1/2 , 514 =55=0) » 536 =y/2
frie=n15=R , ssu=ss3=Ri2, s50=51=R , 812=5513=R,[2
522 == 2R,

Then :

[ ]
K -
(JU) 4

where :

Q)11 = Q191xd) + Qad1ydy

(Qh2=¢020i0)

Qs = =3 [1Q16d + Ridid) + Ralh1, &0 — Ebid))]
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Q)1 = — £01619)
(Qu)r2 = Qb1 — E616) + Cobrydy

(Qo)as =3 [KQubidy + Ri(biadpy = E818py) + RoEbidpos = b1y
Q)31 =nQ1bid)

Q)32 = KQy19,)

Qo3 =5 (Qibuxy + Qod1yd) — nR1 by — KRybidy)

R = Ri($1.x8) + 1950 + Ro(P1yd) + b))

Rz =0

R )3 == 3 Qb4

(Rohaz = Ri(Bued) + bidhyx — 26618 + Robigd) + bidy)

(R ==+ Qibid)

(Ro)33 =0

0 is a (3x3) matirx of zeros.

E.2.7 Transverse normal matrices

These terms will usually be reduced integrated and, for this purpose, the corresponding material
stiffness matrix is very sparse, as seen in paragraph 3.3. As a consequence, it was decided to derive

the contributions to the direct and tangent stiffness matrices in explicit form.
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Linear direct stiffness matrix

BI.D.B, =

SO O o©oOo o o
o O o o o
o O O o o
o O o o o
o O O O o

4y G 4G A 4

Direct stiffness matrix ( including linear terms )

wI
-
=L
!

0 D,
D, D;

where 0 is a (3x3) matrix of zeros and :

1
=|dy+5 (csi+ )

p-

(alj+_;'bl) (az/‘*";‘bﬁ

-

cs; + '12' (da + fa)
1
dsj+ 5 (dsi+f5)

1
Cayt 5 (cart €)

% (ay+ b)Yy % (ay+ b)Y, (ay+by)
=| 5o+ b)Y, T (u+b)Y, (ay+by)
% (a3 + by) ¥y ';‘ (a3 + b3y (a3 + by)

ayy

L]

a4

as;
a

-

(ay+3 00y (ay+3 0¥ (a+2 by,
=|(ay+ ‘% b)Yy (ay+ % b)Y, (a3+ % by ¥,
(@ + 3 by)

1 1
G+ (cs +Wbg)) a5+ (dg + ¥y b))

a6+b6j+

2

1

G+ ¢ + 5 Vb
1

as; + dg + > ¥ybg;

b6l
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Tangent stiffness matrix

where 0 is a (3x3) matrix of zeros and :

(ay+b)¥yx (ay+5)Y, (ay+b)
Ty=|(ay+b)¥x (ay+b)¥, (ay+by)
(a3 + b3)¥x (a3 + b)Yy (a3 + b3)

Cytcytestg cg+dytfy ay + cg + by
T2= d4j+csj+e5 ds[‘i‘dsj‘f‘f;‘*‘g a51+d6+\yyb6l

where :

ay = {(ay3 + K by3)did) + (a13 + nby3)dpxd) + (azg + nbsg)duyd,

ay == 2{(d3 + K b3e) by + (a36 + K byg)dixd) + (a3 + K b33)d1y8)
a3 = [n(ay3 + K by3) + K(ays + K by3)19,9,

ay = $(by3 + K dy3) by + (by3 + ndy3)d1xd) + (b3 + nd36) 1y
as;= = 2§(b3s + K dye)biby + (b3 + K dye)b1oxd) + (by3 + K dy3)byy 4
dg = [a33 + 2n(by3 + K dy3) + 2K(by3 + K dy3) 194

ny = a3 X1 + a6 X2 + b3 X3 + byeXd

m= 023X2 + 036X1 + b23X4 + b36X3
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1y = by3 X1 + by X2 + dy3 X3 + dy X4
Ry = by X2 + by X1 + dyy Xb + dy X3

by=—nme¢ib; . by=—Kmei$,

by =meib)x + mébpy + by=mbid;x+ adidy

cu=Y¥yay , oy=Yiay , g=Y¥eay , cy=¥yay  c5=¥yay
dy=Yyay , dy=VYya , &=Yya , dy=Yyay , ds="V¥as
s = (¥xlay3 +n(bi3 + K dy3) + K(by3 + K dy3)] — nm} i,

ds = {¥ylay3 + n(by3 + K dy3) + K(by3 + K dp3)] — K my} i,
eg="Yy(a3¥x—21m)did;  es=Wi(ay¥, Yy — n'¥yny — K)o id,
fa=es , fs=Y(a3¥), — 2K )b,

g=Ni33¢:9;
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Appendix F. Linear strains and rotations

In this appendix, we will determine the equations for the linear strains and rotations to be used in
criterion for checking the validity of MRT calculations with respect to the order of magnitude as-

sumptions. From Appendix C, we have already the linear strains and we can write :

eex =ty + W+ (W0 + nue + % w+¥,)] + (0 n(¥px + —}2‘ ¥

1 3 1
gy=vy+ g w+iut oY ,,+ (v,y+—R7w+‘l’z)+€(Ru+‘Px)]+

1
= @ (¥ + Yy, += Ly,

Zegy = thy + v, = 209+ 'Ly, =28y + ¥y) v+ Wy + ¥y, T +
(03 2[ y’x + 'l(\yxvy 2‘5 )]

e,=Y,

1 3
-Ev+‘¥’y+0 q’z'y

2e),z =w,, —
2e =W+ ¥, —nu+6°Y,,,

The linear rotations can be obtained in similar way and the final equations are :

L — v+ V¥

3
2wy =y, — V,x + 6" [,y — z

1
xyt y’x] + (03) (n\*,x’y R \Py’x)
1 3 2
—R—v—‘{’y-i-a (‘*’z,y——k-‘yy)

2y, =Wy =

2wy =Wyx =Yy —nu+ 93(\*’2& =Yy
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Appendix G. Identities and matrices for reference 30

1) Identities

3.0 M) (n=m)
0n0,=3" S r 07,

n=0 m=0

(m) (a=m) (m=1)(n—m)
oo, 0 —ZZ(&P "o, o —22(03) o, O

n=0 m=0 n=0 m=0

o0 n
(m) (n—m) (m=2)(r=m)
@) ®,, 0% = Z 2(493)"+2 D, V= Z 2(03 D, Oy

n=0 m=0 n=0 m=0

00 n (m) m
O, (5= Y (m+ 1)@ 0,

n=0 m=0

, , o n 3 ’l(n-m—l)(m+y|)
00,3 = Y. ). (m+ DO O

n=0 m=0

o N (n—m=2)(m
@013 = ), D mt DO Dy, W

n=0 m=0

n(’" l)(n me¢1)
()3 = Z Z(m+ = m+ DOy &

n=0 m=0
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[~ n
(m+1) (n—m)
Pupsg= D, D (m+ Da-m@) w &

n=0 m=0

o0
n("""l)("'za")

n
O Pupsz = ), Y. (m+ D= m= DO u,

n=0 m=0

2) Nonlinear direct stiffness matrix in bending

We first define :
Xl=u,+nw X3=v, —¢v XS=w,, —nu
X2=u,, —§v Xa=v, +{u+Kw X6=w, —Kv
X1=VY,,, +nY¥, =Y, -¢{Y, Xl1=VY,, —nY,
B=Y,, -{Y, X10=Y,, +¢{V¥, +KY, X12=VY¥,,-KY,
Then :
A=[A, A,]

where :

A, 0

Al= , A2=

0 Aj

and :
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-Xl 0 X3 0 X5 0

0 X2 0 X4 0 X6

X2 X1 X4 X3 X6 X5

X1 0 X9 0 X1 0

0 X8 0 X10 0 X12

LX8 X7 X100 X9 X12 X1l

and 0 is a (3x6) matrix of zeros, and 07 = (X1, X2,X3,X4,X5,X6,X7,X8,X9,X10,X11,X12)".Next we

obtain :

where :

bix 0 né
duy —&d 0
0 dyx—28d 0
61 duy K¢,
-né; 0 bix
0 —Ké iy

and 0 is a (6x3) matrix of zeros. Then :

AGN1=[A4 A5]

where :
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and :

(A Q)1 = $uxXl = n,X5

(A g)21 = bpyX2 + £, X4

(A )31 = PpxX2 + Py X1 + ¢, X3 — 1 X6

(A g)a1 = dpxX7 —ndX11

(A g)s1 = b1y XB + £6,X10

(A )1 = S1xXB + 1y XT + (6, X9 — np X 12

(A g2 =(dnx—$b)X3

(A g)y = —$biX2 + ¢4, X4 — K X6

(A )32 = —{dX1 + (b1x —EP)X4 + &1,y X3 — K X5
(A glag = (bpx— {$)XY

(A g)sy = —¢d X8 + ¢, X10 — K¢ X12

(A )2 = —$SXT + ($1x —EbDX10 + 6y, X9 — K$,X11
(A g3 =1 X1 + b X5

(A g)y3 = K$X4 + ¢, X6

(A )3 =nd X2+ K X3 + ¢, X6 + ¢, X5

(A 6)az =nd X7 + ¢ X11

(A g)s3 = K$X10 + ¢y, X12

(A g)63 =ndXT + Kb X9 + ¢1,xX12 + ¢4, X11

and 0 is a (3x3) matrix.
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3) Tangent stiffness matrix in bending

N M
S=
MP
where :
N, O 0
Ny Np
N=[0 N, o0 ,N,=[ ! '}
Ni3 Ny
0 0 N,

and 0 is (2x2). M and P have the same form as N where N,, are substituted by M,, and P,, re-

spectively. Then :

where :

(N1 = @ixbpox + 16BN 11 + (B1ixbpy + Siy® N1z + (Bixyx + Ebi)N2g
(Nohi2 = LE(1)ox = binxd)) + (1K = E)6:8,IN,3 + E(bid gy — S1y$)Naa

Nz =n(pxb; — d&jx)Nyy + n(S1yd) — b)) 12 + Kb b Ny

(No)22 = Ldixdyx + EEb18) = buxdy = $18p ) IN1y + Lb1xy + S1yb)x — E(S1byy + S1y$))IN12 +
[¢l-y¢jty + (62 + K2)¢l¢j]N22

(Nodas =L =01 + K)o i) + K(d1x9) — 6190 IN12 + K(b1yb) — b1 y) N2
(No)33 = (E018) + S1xbpdN1y + (B1ixbpy + Sroy)dNig + (B1ybpy + K618 Noy

M, and P, have the same form as N, where N,; are substituted by M,, and P,, respectively.

130



10.

11.

12.

13.

14,

15.

16.

BIBLIOGRAPHY

von Karman , T., “Festigkeislehrer in Maschinenbau " Ency. der Math. Wissenschaft ,vol
iv/4, pp 311-38S5, Teubner,Leipzig.

Donnel, L. H. , “Stability of Thin-walled Tubes under Torsion,” NACA TR 479 1933.
Mushtari, K. M., “Some Generalizations of the Theory of Thin Shells with Applications
to the Stability Problem of Elastic Equilibrium (in Russian), " Izviestiia Fiz. Mat ob-va
Pri Kazan Unte. vol 11,pp 71-150,1938.

Marguerre, K. , “Zur Theorie der gekrummten Platte grober Formanderung,” Proc. 5th
Int. Cong. of Applied Mechanics Cambridge,Mass., 1938, pp 93-101.

Vlasov, V. Z. , “General Theory of Shells and its Applications in Engineering ” NASA
TTF 99 ,1964.

Sanders, J. L. , “ An Improved First Approximation Theory of Thin Shells” NASA
TR-24 ,1959.

Reddy, J. N. , “Bending of Laminate Anisotropic Shells by a Shear Deformable Finite
Element” Fiber Science & Technology vol 17,pp 9-24,1982.

Reissner, E. , “An Axissymetric Deformation Theory of Thin Shells of Revolution ”
Proc. Symp. Appl. Math. vol 3,pp 27-52,McGraww-Hill,1950.

Mushtar, K. M. , Galimov, K. Z. , “Non-linear Theory of Thin Elastic Shells " The
Israel Program for Sci. Transl. Jerusalem,1961.

Leonard, R. W., “Non-linear First Approximation Thin Shell and Menbrane Theory ”
VPI Theses 1961.

Sanders, J. L. , “Non-linear Theories for Thin Shells” Quart. Appl. Math. vol 21, pp
21-36, 1963.

Koiter, W. T., “On the Non-linear Theory of Thin Elastic Shells” Proc. Kon. Ned. Ak.
Wet. ser. 8, vol 69, pp 1-54,1966.

Pietraszkiewicz, W. , “Introduction to the Non-linear Theory of Shells” Mitt. Inst. Mech.
No 10, Ruhr Universitat, Bochum, 1977.

Wempner, G. A. , Mechanics of Solids with Applications to Thin Bodies
McGraw-Hill,1977.

Galimov, K. Z., Theory of Shells with Transverse Shear Deformation Effect (in Russian),
Kazan University Press, 1977.

Librescu, L. , Schmidt,R. , “Refined Theories of Elastic Anisotropic Shells Accounting

for Small Strain and Moderate Rotations” /0th US National Congress of Applied Me-
chanics Austin, Texas,1986.( to appear in [ntenatinal Journal of Nonlinear Mechanics ).

131



17.

18.

19.

20.

21.

22.

24.

25.

26.

27.

28.

29.

30.

31

32

Pietraszkiewicz, W. , “Lagrangian Description and Incremental Formulation in the
Non-linear Theory of Thin Shells” Int. J. Non-lin. Mech. vol 19, pp 115-140, 1983.

Schmidt, R. , “On Geometrically Non-linear Theories for Thin Elastic Shells” Flexible
Shells, Theory and Applications Proc. Euromech-Colloquium 165, Miinchen 1983, eds.
E. L. Axelrad and F. A. Emmerling, pp 76-90, Springer Verlag.

Schmidt, R. , “Thin Elastic Shells Undergoing Small Strains and Large Rotations - a
Simple Consistent Theory and Variational Principle " Numerical Methods for Non-linear
Problems vol 2, eds. C. Taylor, E. Hinton, D. R. J. Owen, pp 170-181, Pineridge Press,
Swansea, 1984.

Budiansky, B. , “Notes on Nonlinear Shell Theory” J Appl. Mech. Trans. ASME , vol
35, pp 393-401, 1968.

Schroeder, F. H. , “Die Stabilitatsgleichnungen der Technischen Schalentheonie ”
Zeitschrift fur Flugwissenschaften vol 20, pp 430-448, November 1972

Koiter, W. T. , Simmonds, J. C. , “Foundations of Shell Theory " Theoretical and Ap-
plied Mechanics Proc 13th Int. Cong. Theorectical and Applied Mechanics,Moscow 1972,
pp 150-176,Springer Verlag.

Pietraszkiewicz, W. , Szwabowicz, M. L. , “Entirely Lagrangian Non-linear Theory of
Thin Shells " Arch. Mech. vol 33, 273-288, 1981.

Schmidt, R. , “On the Entirely Lagrangian First Approximation Theory of Thin Elastic
Shells Undergoing Small Strains and Arbitrary Rotations” ZAMM vol 65, pp 119-121,
1985.

Reissner, E. , “On the Equations for Finite Symmetrical Deflections of Thin Shells of
Revolutions” Progress in Applied Mechanics Prager Anniversary Volume,pp 171-178,
1963.

Naghdi, P.M. , “A Survey of Recent Progress in the Theory of Elastic Shells” Appl.
Mech. Reviews vol 9,No 9, pp 365-368,1956. also in Solid Mechanics vol 4, eds. 1. N.
Sneddon and R. Hill, North- Holland, 1963.

Naghdi, P. M., “The Theory of Shells and Plates” Handbuch der Physic vol VI a/2, ed.
S. Flugge, pp 425-640, Springer Verlag, 1972.

Habip, L. M. , Ebcioglu, I. K., “On the Equations of Motion of Shells in the Reference
State” Ing. Arch. vol 34, pp 28-32,1965.

Librescu, L. , Elastostatics and Kinetics of Anisotropic and Heterogeneous Shell-type
Structures Noordhoff Int. Publ., Leyden, 1973.

Librescu, L. , “Refined Geometrically Non-linear Theories of Anisotropic Laminated
Shells” Quarterly of Appl. Math., vol XLV, April 1987, pp 1-22.

Yokoo, Y., Matsunaga, H. , “A General Non-linear Theory of Elastic Shells” Int. J.
Solids Structures vol 10, pp 261-274, 1974.

Kratzig, W. B. , “Allgemeine Schalentheorie Beliebiger Werkstoffe und Verformungen”
Ing. Arch. vol 40, pp 311-326,1971.

132



33.

3s.

36.

37.

38.

39.

41.
42,
43.

45.

47.

48.

Schmidt, R. , Reddy, J. N., “A Refined Small Strain and Moderate Rotation Theory of
Elastic Anisotropic Shells” to be printed in J. Apll. Mechanics, 1988.

Schmidt, R. , “A Current Trend in Shell Theory : Constrained Geometrically Nonlinear
Kirchhoff-Love type Theories Based on Polar Decompositionof Strains and Rotations
", Computers & Structures , vol 20, No 1-3, pp 265-275, 1985.

Librescu, L., Schmidt, R. “Higher order Moderate Rotation Theory for Elastic
Anisotropic Plates " Finite Rotations in Structural Mechanics, Proc EUROMECH - Col-
loquium 197 Jablonna ( Poland ), 1985, ed. W. Pietraszkiewicz, Berlin, Spring Verlag.

Librescu, L. , Reddy, J. N. , “A General Transverse Shear Deformation Theory of
Anisotropic Plates ", in Refined Dynamical Theories of Beams, Plates and Applications
,Proc EUROMECH Coll. 219, Kassel (Germany), 1986, Eds. 1. Elishakoff and H.
Irretier, pp 32-43, Springer-Berlin (1987).

Librescu, L. , Schmidt, R. , “Geometrically Nonlinear Theories for Laminated Compos-
ite Plates Treated in the Framework of the Small Strain and Moderate Rotation Concept
", in Refined Dynamical Theories of Beams, Plates and Applications , Proc EUROMECH
Coll. 219, Kassel (Germany), 1986, Eds. 1. Elishakoff and H. Irretier, pp 140-150,
Springer-Berlin (1987).

Reddy, J. N. , “A Small Strain and Moderate Rotation Theory of Elastic Anisotropic
Plates” .To be printed.

Liao, C. -L. , An Incremental Total Lagrangian Formulation for General Anisotropic Shell
Type Structures ,VPI dissertation, August 1987.

Bathe, K. E. , Finite Element Procedures in Engineering Analisys , Prentice-Hall, 1982.
Reddy, J. N., Energy Methods and Variational Principles ,Addisson-Wesley, 1984
Zienkiewicz, O. C. , The Finite Element Method 3rd Ed,McGraw-Hill.

Crisfield, M. A. , “New Solution Procedures for Linear and Nonlinear Finite Element
Analisys” The Mathematics of Finite Elements and Applications V MAFELAP 1984, ed.
J. R. Whiteman,Academic Press,pp49-81.

Dhatt, G. , Touzot, G. , The Finite Element Method Displayed, John Willey.

Reddy, J. N., “A Note on Symmetry Considerations in the Transient Response of Un-
symmetrically Laminated Anisotropic Plates” Int. J. Num. Meth. Eng, vol 20, 175-194,
1984.

Sabir, A. B., Lock, A. C. “The Application of Finite Elements to the Large Deflection
Geometrically Non-linear Behavior of Cylindrical Shells " Variational Methods in Engi-
neering, vol I1, Proc International Conference University of Southampton, Sept 1972

Noor, A. K., Hartley, S. J. “Nonlinear Shell Analisys via Mixed Isoparametric Elements
", Computer & Structures , vol 17, pp 615-626, 1977.

Chrosciekwski, J., Schmidt, R. , “Comparison of Numerical Results for Nonlinear Finite
Element Analysis of Beams and Shells on 2-D Elasticity Theory and on Novel Finite
Rotation Theories for Thin Structures ", in Finite Rotations in Structural Mechanics,
Proc EUROMECH - Colloquium 197 Jablonna ( Poland ), 1985, ed. W.
Pietraszkiewicz, Berlin, Spring Verlag, 1986.

133



The vita has been removed from
the scanned document



	0001
	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061
	0062
	0063
	0064
	0065
	0066
	0067
	0068
	0069
	0070
	0071
	0072
	0073
	0074
	0075
	0076
	0077
	0078
	0079
	0080
	0081
	0082
	0083
	0084
	0085
	0086
	0087
	0088
	0089
	0090
	0091
	0092
	0093
	0094
	0095
	0096
	0097
	0098
	0099
	0100
	0101
	0102
	0103
	0104
	0105
	0106
	0107
	0108
	0109
	0110
	0111
	0112
	0113
	0114
	0115
	0116
	0117
	0118
	0119
	0120
	0121
	0122
	0123
	0124
	0125
	0126
	0127
	0128
	0129
	0130
	0131
	0132
	0133
	0134
	0135
	0136
	0137
	0138
	0139
	0140
	0141
	0142

