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Modified Kernel Principal Component Analysis and Autoencoder
Approaches to Unsupervised Anomaly Detection

Nicholas S Merrill

(ABSTRACT)

Unsupervised anomaly detection is the task of identifying examples that differ from the nor-

mal or expected pattern without the use of labeled training data. Our research addresses

shortcomings in two existing anomaly detection algorithms, Kernel Principal Component

Analysis (KPCA) and Autoencoders (AE), and proposes novel solutions to improve both

of their performances in the unsupervised settings. Anomaly detection has several useful

applications, such as intrusion detection, fault monitoring, and vision processing. More

specifically, anomaly detection can be used in autonomous driving to identify obscured sig-

nage or to monitor intersections. Kernel techniques are desirable because of their ability to

model highly non-linear patterns, but they are limited in the unsupervised setting due to

their sensitivity of parameter choices and the absence of a validation step. Additionally, con-

ventionally KPCA suffers from a quadratic time and memory complexity in the construction

of the gram matrix and a cubic time complexity in its eigendecomposition. The problem of

tuning the Gaussian kernel parameter, �, is solved using the mini-batch stochastic gradient

descent (SGD) optimization of a loss function that maximizes the dispersion of the kernel

matrix entries. Secondly, the computational time is greatly reduced, while still maintaining

high accuracy by using an ensemble of small, models and combining their scores.

The performance of traditional machine learning approaches to anomaly detection plateaus

as the volume and complexity of data increases. Deep anomaly detection (DAD) involves the

applications of multilayer artificial neural networks to identify anomalous examples. AEs



are fundamental to most DAD approaches. Conventional AEs rely on the assumption that

a trained network will learn to reconstruct normal examples better than anomalous ones. In

practice however, given sufficient capacity and training time, an AE will generalize to recon-

struct even very rare examples. Three methods are introduced to more reliably train AEs

for unsupervised anomaly detection: Cumulative Error Scoring (CES) leverages the entire

history of training errors to minimize the importance of early stopping and Percentile Loss

(PL) training aims to prevent anomalous examples from contributing to parameter updates.

Lastly, early stopping via Knee detection aims to limit the risk of over training. Ultimately,

the two new modified proposed methods of this research, Unsupervised Ensemble KPCA

(UE-KPCA) and the modified training and scoring AE (MTS-AE), demonstrates improved

detection performance and reliability compared to many baseline algorithms across a number

of benchmark datasets.



Modified Kernel Principal Component Analysis and Autoencoder
Approaches to Unsupervised Anomaly Detection

Nicholas S Merrill

(GENERAL AUDIENCE ABSTRACT)

Anomaly detection is the task of identifying examples that differ from the normal or ex-

pected pattern. The challenge of unsupervised anomaly detection is distinguishing normal

and anomalous data without the use of labeled examples to demonstrate their differences.

This thesis addresses shortcomings in two anomaly detection algorithms, Kernel Princi-

pal Component Analysis (KPCA) and Autoencoders (AE) and proposes new solutions to

apply them in the unsupervised setting. Ultimately, the two modified methods, Unsuper-

vised Ensemble KPCA (UE-KPCA) and the Modified Training and Scoring AE (MTS-AE),

demonstrates improved detection performance and reliability compared to many baseline

algorithms across a number of benchmark datasets.
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The goal of an anomaly (outlier) detection methods is to detect anomalous points within

a dataset dominated by the presence of ordinary background points. Machine learning

(ML) methods are commonly employed to analyze datasets to uncover anomalies. ML has

been most successfully applied to supervised tasks in which labeled data is available during

training. In anomaly detection, labels indicate whether a training example is considered

anomalous or normal. However, Anomalies are by definition rare and are often generated by

different or unknown underlying processes [26, 32]. Consequently, the conventional paradigm

of supervised learning is not well suited to anomaly detection because obtaining a sufficient

number of labeled anomalous examples is often infeasible [13, 32, 74].

Semi-supervised approaches to anomaly detection still require training data but attempt to

circumvent the need for labeled anomalous examples by only using more readily available

normal examples. Semi-supervised methods first attempt to model the single class of normal

examples. Then, examples that do not conform to the model are identified as anomalous.

Unfortunately, semi-supervised techniques are susceptible to over-fitting, or under-fitting;

the effect of which is poor precision or recall, respectively. [13, 32, 89].

The most flexible assumption is that of unsupervised anomaly detection where no labels are

1
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available. The training data is not and may contain anomalies or challenging normal

examples. Instead, the training process alone attempts to separate normal and anomalous

examples based on the intrinsic properties of the data. Unsupervised techniques are necessary

if labeled data cannot be reasonably obtained or when patterns distinguishing anomalous and

normal behavior change irregularly over time [74]. Figure 1.1 provides a visual description of

the differences between the supervised, semi-supervised, and unsupervised anomaly detection

settings.

Even in domains where semi-supervised or supervised methods may be feasible, unsupervised

methods can be deployed to more readily label normal or anomalous examples. Unsupervised

techniques can also be used as a preprocessing or boosting step [101]. For conventional

supervised classification problems, removing or weighting anomalous examples in a training

set can produce significant improvements in accuracy [90]. Unsupervised methods can also

be used to automatically identify in training data by highlighting patterns

in the normal examples. For example, if most images of dogs in a training set have grass in

the background, then a classifier might key in on the grass features and ignore the relevant

target, causing a lack of generalization that would not be recognized from a holdout validation

set [55]. An unsupervised anomaly detector can assign the more abundant grass-background

examples of the dog class lower . A practitioner could then use this knowledge

to address the bias before training the supervised classifier.

Many approaches have been proposed to address the problem of unsupervised anomaly de-

tection. Traditional approaches can be thought of as belonging to the following categories:

statistical, proximity-based, subspace-based, or separation-based methods [32, 95]. The tax-

onomy is loosely defined, often methods combine techniques from multiple categories. Tra-

ditional approaches to anomaly detection, as with other machine learning problems, tend

to work well when the amount of data is small in number and dimensionality. However,
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Figure 1.1: Comparing the different modes depending on the availability of training data: a)
Supervised anomaly detectors uses a fully labeled dataset containing anomalous and normal
examples during training and returns a classification b) Semi-supervised anomaly detectors
use only normal examples during training c) Unsupervised anomaly detection takes unlabeled
data and produces an anomaly score. Adapted from [31]
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learning-based, approaches are often necessary in order to scale to larger datasets and

higher dimensional inputs, such as images and sequential data. refers to the multi-

hidden-layer arrangements of artificial neural networks (NN). The success of Deep Anomaly

Detection (DAD) techniques can be traced to their ability to automatically extract hierar-

chical features from the successive hidden layers. This has the additional benefit of removing

the need for manual feature extraction by domain experts and allows models to be trained

in an end-to-end manor from raw inputs.

Both traditional and deep methods of unsupervised anomaly detection must be able to

identify different types of anomalies. At the highest level of abstraction, an anomaly is an

example that does not conform to normal behavior [26]. In practice, applying this idea is

challenging. There are several cases where the separation between anomalous and ambiguous

data is ambiguous. Figure 1.2 illustrates the challenge of classifying anomalies.

The points a1 and a2 can more easily be identified as global anomalies, as they strongly

deviate from any clusters of normal examples. However, a3 requires more careful consid-

eration. Because it is not clearly distinct from the nearest cluster, it could be considered

a normal example that is part of N2, however, when observed only in context of its local

neighborhood, a3 appears anomalous [10, 16]. Another more subjective example is

presented by N3, which could be considered as a small cluster of normal data, or as three

coincidentally group anomalies. Furthermore, the figure illustrates how anomalies can often

only be identified by a collection of features. If each dimension is considered independently,

there is nothing abnormal about a1 or a2. Each anomalous points share similar D1 and D2

values to the collection of points in N2 and N3. Only by considering both dimensions to-

gether, simultaneously, does the anomaly become obvious. For instance, a car driving on the

highway in reverse is highly unusual, but on a driveway it is expected. Correct classification

often requires the correct feature representation, such as the inclusion of time or location,
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Figure 1.2: Different types of anomalies in an example 2-dimensional dataset. Adapted from
[16] and [32].

to identify these types of anomalies.

The subjectivity of these assignments further separates the task of anomaly detection from

conventional classification tasks. A method that provides a meaningful, continuous anomaly

score that describes the level of outlierness for each example is more desirable than a binary

label output [32]. In Figure 1.2 for example, it is sensible to assign a1 a higher anomaly

score than a3. The data may then be ranked according to the more flexible outlier score, and

often a domain and method specific threshold (decision score) makes the final categorization

if necessary.

Perhaps the greatest challenge of applying unsupervised techniques is that of parameter

selection. In the unsupervised context there is no distinction between training and testing

data as shown in Figure 1.1 [32]. This removes the normal practice of a validation step;
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�7�2���i�m�`�2�b�X �>�Q�r�2�p�2�`�- �?�B�;�? �/�B�K�2�M�b�B�Q�M���H �/���i�� �B�b �Q�7�i�2�M �/�B�b�i�`�B�#�m�i�2�/ ���H�Q�M�; �M�Q�M�@�H�B�M�2���` �H�Q�r�2�` �/�B�K�2�M�@
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�b�B�Q�M���H�K���M�B�7�Q�H�/�b�Q�7 ���`�#�B�i�`���`�v �b�?���T�2 �(�R�e�-�j�9�)�X �a�T�2�+�i�`���H �K�2�i�?�Q�/�b ���`�2 �b�T�2�+�B���H �+�H���b�b �Q�7 �b�m�#�b�T���+�2

�K�2�i�?�Q�/�b �i�?���i ���`�2 �7�Q�+�m�b�2�/ �Q�M �K�Q�/�2�H�B�M�; �i�?�2�b�2 �T���i�i�2�`�M�b�X �G�Q�+���H �.�2�M�b�B�i�v �J�2�2�i�b �a�T�2�+�i�`���H �P�m�i�H�B�2�`

�.�2�i�2�+�i�B�Q�M �U�G�P�.�1�a�V�- �m�b�2�b �S�* �7�`�Q�K �� �+�Q�M�M�2�+�i�B�p�2 �;�`���T�? �Q�7 �M�2���`�2�b�i �M�2�B�;�?�#�Q�`�b �(�3�9�)�X �a�B�K�B�H���`�H�v�-

�� �.�B�7�7�m�b�B�Q�M �J���T �/�2�+�Q�K�T�Q�b�2�b �� �i�`���M�b�B�i�B�Q�M �K���i�`�B�t �7�`�Q�K �� �`���M�/�Q�K �r���H�F �B�M �� �i�`���M�b�7�Q�`�K�2�/

�7�2���i�m�`�2 �b�T���+�2 �(�R�N�)�X �L�Q�M�@�H�B�M�2���` �K�2�i�?�Q�/�b �T�`�Q�/�m�+�2 �#�2�i�i�2�` �K�Q�/�2�H�b �Q�7 �i�?�2 �/���i���- �#�m�i �Q�7�i�2�M ���i ��

�;�`�2���i�2�` �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�b�i ���M�/ �+���M �#�2 �b�m�b�+�2�T�i�B�#�H�2 �i�Q �T�`�Q�#�H�2�K�b �Q�7 �Q�p�2�`�@�7�B�i�i�B�M�; ���M�/ �T���`���K�2�i�2�`

�b�2�H�2�+�i�B�Q�M �(�R�e�)�X

�J���M�v �i�`���/�B�i�B�Q�M���H �+�H���b�b�B�7�B�+���i�B�Q�M �i�2�+�?�M�B�[�m�2�b �b�2�`�p�2 ���b �i�?�2 �#���b�B�b �7�Q�` �T�Q�T�m�H���` �b�2�T���`���i�B�Q�M�@�#���b�2�/

���M�Q�K���H�v �/�2�i�2�+�i�B�Q�M ���T�T�`�Q���+�?�2�b�X �A�M�7�H�m�2�M�+�2�/ �#�v �i�?�2 �`���M�/�Q�K �7�Q�`�2�b�i�b �m�b�2�/ �7�Q�` �+�H���b�b�B�7�B�+���i�B�Q�M�-

�i�?�2 �A�b�Q�H���i�B�Q�M �6�Q�`�2�b�i �U�B�6�Q�`�2�b�i�V ���H�;�Q�`�B�i�?�K�- �/�2�i���B�H�2�/ �B�M �a�2�+�i�B�Q�M�9�X�R�- �m�b�2�b ���M �2�M�b�2�K�#�H�2 �Q�7 �B�b�Q�@

�H���i�B�Q�M �i�`�2�2�b �i�Q �b�2�T���`���i�2 ���M�Q�K���H�B�2�b �7�`�Q�K �M�Q�`�K���H �/���i���(�8�e�)�X �h�?�2 �K�2�i�?�Q�/ �B�b ���`�;�m���#�H�v ���M�Q�i�?�2�`

�7�Q�`�K �Q�7 �b�m�#�b�T���+�2�@�H�2���`�M�B�M�; ���b �i�?�2 �#�`���M�+�?�2�b �B�M �i�?�2 �i�`�2�2�b ���`�2 �#�m�B�H�i �7�`�Q�K �`���M�/�Q�K�H�v �b�2�H�2�+�i�2�/ �7�2���@

�i�m�`�2�b�X �1�t�i�2�M�/�2�/ �A�b�Q�H���i�B�Q�M �6�Q�`�2�b�i �U�1�A�6�V�- �B�K�T�`�Q�p�2�b �m�T�Q�M �i�?�2 �Q�`�B�;�B�M���H ���H�;�Q�`�B�i�?�K �#�v ���H�H�Q�r�B�M�;

�i�?�2 �#�`���M�+�?�B�M�; �?�v�T�2�`�T�H���M�2�b �i�Q �i���F�2 �Q�M ���M�v �b�H�Q�T�2 ���b �Q�T�T�Q�b�2�/ �i�Q �b�i���M�/���`�/ �B�6�Q�`�2�b�i �r�?�B�+�? ���H�H�Q�r�b

�Q�M�H�v �Q�`�i�?�Q�;�Q�M���H �?�v�T�2�`�T�H���M�2�b �(�j�3�)�X

�h�?�2 �P�M�2�@�+�H���b�b �a�m�T�T�Q�`�i �o�2�+�i�Q�` �J���+�?�B�M�2 �U�P�*�@�a�o�J�V �2�t�i�2�M�/�b �i�?�2 �T�Q�T�m�H���` �b�m�T�T�Q�`�i �p�2�+�i�Q�` �K���@

�+�?�B�M�2 �U�a�o�J�V ���H�;�Q�`�B�i�?�K �7�Q�` �+�H���b�b�B�7�B�+���i�B�Q�M �i�Q ���M�Q�K���H�v �/�2�i�2�+�i�B�Q�M�X �P�*�@�a�o�J�b ���i�i�2�K�T�i �i�Q �2�t�T�H�B�+�@

�B�i�H�v �b�2�T���`���i�2 �i�?�2 �M�Q�`�K���H �U�b�B�M�;�H�2 �T�Q�b�B�i�B�p�2�V �+�H���b�b �7�`�Q�K ���M�Q�K���H�B�2�b �#�v �+�Q�M�b�i�`�m�+�i�B�M�; �� �K���t�B�K�m�K�@

�K���`�;�B�M �?�v�T�2�`�T�H���M�2 �i�?�`�Q�m�;�? �i�?�2 �/���i�� �(�3�e�)�X �P�#�p�B�Q�m�b�H�v�- �� �H�B�M�2���` �?�v�T�2�`�T�H���M�2 �B�M ���K�#�B�2�M�i �b�T���+�2

�/�Q�2�b �H�B�i�i�H�2 �i�Q �B�b�Q�H���i�2 �i�?�2 �M�Q�`�K���H �+�H���b�b�X �A�M�b�i�2���/�- �i�?�2 �P�*�@�a�o�J �K�2�i�?�Q�/ �B�b �Q�M�2 �Q�7 �K���M�v�F�2�`�M�2�H

�K�2�i�?�Q�/�b �i�?���i �`�2�H�v �Q�M ���M �B�M�B�i�B���H �M�Q�M�@�H�B�M�2���` �i�`���M�b�7�Q�`�K���i�B�Q�M �Q�7 �i�?�2 �/���i���X

�:�B�p�2�MN �/���i�� �T�Q�B�M�i�b�-�t i 2 RD � N �- �+�Q�K�T�`�B�b�B�M�; �i�?�2 �/���i���b�2�i�-X 2 RD � N �- �F�2�`�M�2�H �K�2�i�?�Q�/�b ���`�2

�K�Q�i�B�p���i�2�/ �#�v �i�?�2 �B�/�2�� �i�?���i �� �#�2�i�i�2�` �K�Q�/�2�H �Q�7 �i�?�2 �/���i�� �K���v �#�2 �7�Q�`�K�2�/ �B�M �� �7�2���i�m�`�2 �b�T���+�2�-F �-

�r�?�2�`�2 �� �F�2�`�M�2�H �7�m�M�+�i�B�Q�M�-� (x i ; x j )�- ���H�H�Q�r�b �i�?�2 �2�7�7�B�+�B�2�M�i �+�Q�K�T�m�i���i�B�Q�M �Q�7 �B�M�M�2�` �T�`�Q�/�m�+�i�b �#�2�i�r�2�2�M

�2���+�? �T�Q�B�M�i�b�X� (x i ) �B�MF �r�B�i�?�Q�m�i �i�?�2 �M�2�2�/ �i�Q �2�t�T�H�B�+�B�i�H�v �+���H�+�m�H���i�2 �i�?�2 �K���T�T�B�M�;�t i ! � (x i )
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�7�`�Q�K �i�?�2 ���K�#�B�2�M�i �b�T���+�2 �i�Q �i�?�2 �7�2���i�m�`�2 �b�T���+�2�X �h�?�2 �+�?�Q�B�+�2 �Q�7 �F�2�`�M�2�H �7�m�M�+�i�B�Q�M ���H�H�Q�r�b �7�Q�` �/�B�7�7�2�`�2�M�i

�K���T�T�B�M�;�b �(�8�9�)�X

�E�2�`�M�2�H�@�#���b�2�/ �K�2�i�?�Q�/�b ���`�2 �� �K�2�i���@�+�H���b�b �Q�7 �K�2�i�?�Q�/�b �r�?�2�`�2 �7���K�B�H�B���` �T�`�Q�t�B�K�B�i�v�- �b�m�#�b�T���+�2�- ���M�/

�b�2�T���`���i�B�Q�M ���H�;�Q�`�B�i�?�K�b �+���M �#�2 ���T�T�H�B�2�/ �i�?�2 �7�2���i�m�`�2 �b�T���+�2�X �P�i�?�2�` �T�Q�T�m�H���` �F�2�`�M�2�H�@�#���b�2�/ ���M�Q�K���H�v

�/�2�i�2�+�i�B�Q�M �K�2�i�?�Q�/�b �B�M�+�H�m�/�2 �i�?�2 �a�m�T�T�Q�`�i �o�2�+�i�Q�` �.���i�� �.�2�b�+�`�B�T�i�B�Q�M �U�a�o�.�.�V ���M�/ �i�?�2 �E�2�`�M�2�H

�.�2�M�b�B�i�v �1�b�i�B�K���i�Q�` �U�E�.�1�V�X �h�?�2 �a�o�.�. �B�b �b�B�K�B�H���` �i�Q �i�?�2 �P�*�@�a�o�J�- �#�m�i �B�K���;�B�M�2�b �i�?�2 �#�Q�m�M�/���`�v

���b �� �?�v�T�2�`�b�T�?�2�`�2 �2�M�+�H�Q�b�B�M�; �i�?�2 �/���i���- �`���i�?�2�` �i�?���M �� �?�v�T�2�`�T�H���M�2 �(�N�j�)�X �h�?�2 �E�.�1�- �Q�` �S���`�x�2�M��

�_�Q�b�2�M�#�H���i�i �r�B�M�/�Q�r �K�2�i�?�Q�/�- �B�b �� �M�Q�M�@�T���`���K�2�i�`�B�+�- �b�i���i�B�b�i�B�+���H �K�2�i�?�Q�/ �#���b�2�/ �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2

�:���m�b�b�B���M �F�2�`�M�2�H �(�d�N�)�X �a�2�+�i�B�Q�M�9�X�R�/�2�i���B�H�b �P�*�@�a�o�J�b ���M�/ �i�?�2 �E�.�1 ���M�/ �2�t�T�H���B�M�b �i�?�2�B�` �+�H�Q�b�2

�`�2�H���i�B�Q�M�b�?�B�T �i�Q �i�?�2 �P�*�@�a�o�J�X

�k�X�k�X�R �E�2�`�M�2�H �S�`�B�M�+�B�T���H �*�Q�K�T�Q�M�2�M�i ���M���H�v�b�B�b

�E�2�`�M�2�H �S�`�B�M�+�B�T���H �*�Q�K�T�Q�M�2�M�i ���M���H�v�b�B�b �U�E�S�*���V �B�b �� �b�T�2�+�i�`���H �i�2�+�?�M�B�[�m�2 �i�?���i �2�t�i�2�M�/�b �H�B�M�2���`

�S�*�� �i�Q �i�?�2 �M�Q�M�@�H�B�M�2���` �7�2���i�m�`�2 �b�T���+�2 �m�b�B�M�; �F�2�`�M�2�H �K�2�i�?�Q�/�b �(�3�d�)�X �>�Q�7�7�K���M�M �(�9�j�) �7�B�`�b�i �/�2�K�Q�M�@

�b�i�`���i�2�/ �i�?���i �i�?�2 �B�M�/�2�T�2�M�/�2�M�i �i�`�2���i�K�2�M�i �Q�7 �T�Q�B�M�i�b �#�v �i�?�2 �P�*�@�a�o�J �v�B�2�H�/�b �#�Q�m�M�/���`�B�2�b �i�?���i

�/�Q �M�Q�i �i�B�;�?�i�H�v �2�M�Q�m�;�? �K�Q�/�2�H �i�?�2 �/���i���X �A�M �i�m�`�M�- �>�Q�7�7�K���M ���`�;�m�2�b �i�?���i �E�S�*�� �/�B�b�+�Q�p�2�`�b ��

�#�2�i�i�2�` �K�Q�/�2�H �Q�7 �i�?�2 �/���i�� �#�v �/�B�b�+�Q�p�2�`�B�M�; �i�?�2 �m�M�/�2�`�H�v�B�M�; �K���M�B�7�Q�H�/ �2�t�T�`�2�b�b�2�/ �#�v �i�?�2 �T�`�B�M�+�B�T���H

�+�Q�K�T�Q�M�2�M�i�b �B�MF �X �L�2�t�i�- ���M ���M�Q�K���H�v �b�+�Q�`�2 �+���M �#�2 �/�2�7�B�M�2�/ ���b �i�?�2 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�`�`�Q�` �#�2�@

�i�r�2�2�M �� �;�B�p�2�M �2�t���K�T�H�2 ���M�/ �� �b�m�#�b�2�i �Q�7 �i�?�2 �H�2���`�M�2�/ �T�`�B�M�+�B�T���H �+�Q�K�T�Q�M�2�M�i�b�- �+�`�2���i�B�M�; �� �i�B�;�?�i�2�`

�/�2�+�B�b�B�Q�M �#�Q�m�M�/���`�v�- ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�k�X�k�X �h�?�2 �b�i�2�T�b �B�M �E�S�*�� ���`�2 �/�2�b�+�`�B�#�2�/ �B�M �;�`�2���i�2�`

�/�2�i���B�H �B�M �a�2�+�i�B�Q�M�j�X�R�X�R�X �q�B�i�? �i�?�2 �+�Q�`�`�2�+�i �T���`���K�2�i�2�` �b�2�i�i�B�M�;�b�- �>�Q�7�7�K���M �b�?�Q�r�2�/ �i�?���i �E�S�*��

�/�2�K�Q�M�b�i�`���i�2�/ �#�2�i�i�2�` �;�2�M�2�`���H�B�x���i�B�Q�M�- ���+�+�m�`���+�v�- ���M�/ �`�Q�#�m�b�i�M�2�b�b �Q�p�2�` �H�B�M�2���` �S�*���- �E�.�1�- ���M�/

�P�*�@�a�o�J�b �Q�M �� �M�m�K�#�2�` �Q�7 �`�2���H�@�r�Q�`�H�/ ���M�/ �i�Q�v �/���i���b�2�i�b�X

�.�2�b�T�B�i�2 �� �/�2�K�Q�M�b�i�`���i�2�/ �b�m�+�+�2�b�b �B�M ���M�Q�K���H�v �/�2�i�2�+�i�B�Q�M�- �E�S�*�� �?���b �b�2�p�2�`���H �H�B�K�B�i���i�B�Q�M�b�X �E�S�*��
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�U���V �U�"�V

�6�B�;�m�`�2 �k�X�k�, �h�?�2 �/�2�+�B�b�B�Q�M �#�Q�m�M�/���`�B�2�b �Q�7 �E�S�*���- �P�*�@�a�o�J�- ���M�/ �a�o�.�. �B�M �i�?�2 �7�2���i�m�`�2 �b�T���+�2
�T�`�Q�/�m�+�2�/ �#�v �� �:���m�b�b�B���M �E�2�`�M�2�H�X �U���V �Q�M �i�?�2 �H�2�7�i �b�?�Q�r�b �i�?�2 �#�Q�m�M�/���`�B�2�b �B�M �� �i�?�`�2�2�@�/�B�K�2�M�b�B�Q�M���H
�`�2�T�`�2�b�2�M�i���i�B�Q�M�X �"�Q�i�? �M�Q�`�K���H �2�t���K�T�H�2�b �U�;�`�2�2�M�V ���M�/ �i�?�2 �b�B�M�;�H�2 ���M�Q�K���H�v �U�`�2�/�V �H�B�2 �Q�M �i�?�2 �b�m�`�7���+�2
�Q�7 �� �?�v�T�2�`�b�T�?�2�`�2�X �h�?�2 �U�#�H�m�2�V �H�B�M�2 �`�2�T�`�2�b�2�M�i�b �� �F�2�`�M�2�H �T�`�B�M�+�B�T���H �+�Q�K�T�Q�M�2�M�i �U�E�S�*�V�- �r�?�2�`�2 ��
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�B�M�; ���H�b�Q �B�M�p�Q�H�p�2�b �� �b�2�i �Q�7 �?�v�T�2�`�T���`���K�2�i�2�`�b�- �b�m�+�? ���b �H�2���`�M�B�M�; �`���i�2�b�- �K�B�M�B�@�#���i�+�? �b�B�x�2�b�- �i�`���B�M�B�M�;

�b�i�2�T�b�- �r�2�B�;�?�i �/�2�+���v�- �2�+�i�X�- �i�?���i �M�2�2�/ �i�Q �#�2 �b�T�2�+�B�7�B�2�/ �#�v �i�?�2 �m�b�2�` �(�j�9�)�X

�.�L�L�b ���`�2 ���#�H�2 �i�Q �H�2���`�M �?�B�2�`���`�+�?�B�+���H �/�B�b�+�`�B�K�B�M���i�B�p�2 �7�2���i�m�`�2�b ���M�/ �?�B�;�?�H�v �M�Q�M�@�H�B�M�2���` �#�Q�m�M�/���`�B�2�b

�B�M ���M �2�M�/�@�i�Q�@�2�M�/ �K���M�M�2�`�X �h�?�2 �b�i���i�2�@�Q�7�@�i�?�2 ���`�i �T�2�`�7�Q�`�K���M�+�2 �Q�7 �.�L�L �+�H���b�b�B�7�B�2�`�b �?���b �K�Q�i�B�p���i�2�/

�i�?�2 �2�t�T�H�Q�`���i�B�Q�M �Q�7 �.�2�2�T ���M�Q�K���H�v �.�2�i�2�+�i�B�Q�M �U�.���.�V �K�2�i�?�Q�/�b�X �>�Q�r�2�p�2�`�- �#�2�+���m�b�2 �Q�7 �i�?�2

�+�?���H�H�2�M�;�2�b �Q�7 �?�v�T�2�`�T���`���K�i�2�` �b�2�H�2�+�i�B�Q�M�- �+�?�Q�Q�b�B�M�; ���`�+�?�B�i�2�+�i�m�`�2�b�- ���M�/ �Q�p�2�` �Q�` �m�M�/�2�`�@�7�B�i�i�B�M�; �K�Q�b�i

�.���. �K�2�i�?�Q�/�b �?���p�2 �#�2�2�M �/�2�p�2�H�Q�T�2�/ �B�M �i�?�2 �b�2�K�B�@�b�m�T�2�`�p�B�b�2�/ �7�`���K�2�r�Q�`�F�X �L�2�p�2�`�i�?�2�H�2�b�b�- �r�B�i�?

�i�?�2 �+�Q�`�`�2�+�i �b�2�i�i�B�M�;�b �.���. �K�2�i�?�Q�/�b �?���p�2 �b�?�Q�r�M �B�K�T�`�Q�p�2�K�2�M�i �Q�p�2�` �i�`���/�B�i�B�Q�M���H �J�G ���T�T�`�Q���+�?�2�b�-
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�T���`�i�B�+�m�H���`�H�v �Q�M �?�B�;�?�2�` �/�B�K�2�M�b�B�Q�M���H �/���i�� �(�R�j�-�e�y�-�d�R�)�X

�a�2�K�B�@�b�m�T�2�`�p�B�b�2�/ �.���. �K�2�i�?�Q�/�b �Q�7�i�2�M �2�K�T�H�Q�v ���m�i�Q�2�M�+�Q�/�2�`�b �U���1�V ���b �r�2�H�H ���b �Q�i�?�2�` �;�2�M�2�`���i�B�p�2

�K�Q�/�2�H�b �b�m�+�? ���b �p���`�B���i�B�Q�M���H ���m�i�Q�2�M�+�Q�/�2�`�b �U�o���1�V ���M�/ �;�2�M�2�`���i�B�p�2 ���/�p�2�`�b���`�B���H �M�2�i�r�Q�`�F�b �U�:���L�b�V

�i�Q �K�Q�/�2�H �M�Q�`�K���H �/���i�� �(�k�R�-�e�y�)�X �a�B�K�B�H���` �i�Q �b�m�#�b�T���+�2�@�K�2�i�?�Q�/�b�-�?�v�#�`�B�/���T�T�`�Q���+�?�2�b ���T�T�H�v �K�Q�`�2

�i�`���/�B�i�B�Q�M���H �/�2�i�2�+�i�B�Q�M �K�2�i�?�Q�/�b �i�Q �i�?�2 �2�K�#�2�/�/�B�M�; �b�T���+�2�b �Q�7 ���1�b�X �o���1�b �+���M �#�2 �m�b�2�/ �i�Q �2�M�@

�7�Q�`�+�2 �b�i���i�B�b�i�B�+���H �T�`�Q�T�2�`�i�B�2�b �B�M �i�?�2 �2�K�#�2�/�/�B�M�; �b�T���+�2�X �a�Q�K�2 �2�t���K�T�H�2�b �Q�7 �i�?�B�b �T���`���/�B�;�K �B�M�+�H�m�/�2

�i�?�2 ���1�Y�P�*�@�a�o�J �(�8�)�- �i�?�2 ���1�Yk�L�L �(�j�8�)�- ���M�/ ���1�Y�J�. �(�k�9�)�X ���H�i�2�`�M���i�B�p�2�H�v�-�i� �̀��M�b�7�2�` �H�2���`�M�@

�B�M�;�m�b�2�b �i�?�2 �7�B�M���H �?�B�/�/�2�M �H���v�2�`�b �Q�7 �T�`�2�@�i�`���B�M�2�/ �+�H���b�b�B�7�B�2�`�b �7�Q�` �7�2���i�m�`�2 �2�t�i�`���+�i�B�Q�M�X �h�`���M�b�7�2�`

�H�2���`�M�B�M�; �m�b�m���H�H�v �T�`�Q�/�m�+�2�b �#�2�i�i�2�` �2�K�#�2�/�/�B�M�;�b�- �#�m�i �`�2�[�m�B�`�2�b �� �H���`�;�2 �+�Q�`�T�m�b �Q�7 �H���#�2�H�2�/ �/���i��

�B�M �� �b�B�K�B�H���` �/�Q�K���B�M �i�Q �i�`���B�M �i�?�2 �Q�`�B�;�B�M���H �+�H���b�b�B�7�B�2�` �(�e�j�)�X �G���b�i�H�v�- �/�2�2�T �Q�M�2�@�+�H���b�b �+�H���b�b�B�7�B�+���i�B�Q�M

���T�T�`�Q���+�?�2�b�- �b�m�+�? ���b �i�?�2 �P�M�2�@�+�H���b�b �L�2�m�`���H �L�2�i�r�Q�`�F�b �U�P�*�@�L�L�V �(�R�8�) ���M�/ �.�2�2�T �P�M�2�@�*�H���b�b �*�H���b�@

�b�B�7�B�2�`�b �U�.�P�*�*�V �(�3�y�)�- �B�M�p�Q�H�p�2 �K�Q�/�B�7�v�B�M�; �i�?�2 �i�`���B�M�B�M�; �Q�#�D�2�+�i�B�p�2 �B�M �/�2�2�T ���`�+�?�B�i�2�+�i�m�`�2�b �i�Q �2�t�i�`���+�i

�7�2���i�m�`�2�b �i�?���i �/�B�7�7�2�`�2�M�i�B���i�2 ���M�Q�K���H�B�2�b ���M�/ �+�`�2���i�2 �� �/�2�+�B�b�B�Q�M �#�Q�m�M�/���`�v �(�R�j�)�X

�J�2�i�?�Q�/�b �/�2�b�B�;�M�2�/ �7�Q�` �b�2�K�B�@�b�m�T�2�`�p�B�b�2�/ �.���. �+���M �Q�7�i�2�M �#�2 ���T�T�H�B�2�/ �B�M ���M �m�M�b�m�T�2�`�p�B�b�2�/ �b�2�i�i�B�M�;

���b �r�2�H�H�X �u�2�i �/�B�7�7�B�+�m�H�i�B�2�b �B�M �;�2�M�2�`���H�B�x�B�M�; �?�v�T�2�`�T���`���K�2�i�2�` �b�2�H�2�+�i�B�Q�M ���M�/ �b�2�M�b�B�i�B�p�B�i�v �i�Q ���M�Q�K���@

�H�B�2�b �B�M �i�?�2 �i�`���B�M�B�M�; �/���i�� �Q�7�i�2�M �b�B�;�M�B�7�B�+���M�i�H�v �/�2�;�`���/�2 �T�2�`�7�Q�`�K���M�+�2 �(�R�y�e�)�X �h�?�2 �b�B�K�T�H�B�+�B�i�v ���M�/

�7�H�2�t�B�#�B�H�B�i�v �Q�7 �i�?�2 �#���b�B�+ ���1 �K���F�2�b �B�i �� �b�m�B�i���#�H�2 �b�i���`�i�B�M�; �T�Q�B�M�i �7�Q�` ���/�/�`�2�b�b�B�M�; �i�?�2 �+�?���H�H�2�M�;�2�b �Q�7

�m�M�b�m�T�2�`�p�B�b�2�/ �.���.�X

�k�X�j�X�R ���m�i�Q�2�M�+�Q�/�2�`�b

���M ���1 ���i�i�2�K�T�i�b �i�Q �H�2���`�M �i�?�2 �B�/�2�M�i�B�i�v �7�m�M�+�i�B�Q�M �r�B�i�? �b�Q�K�2 �+�Q�M�b�i�`���B�M�i�- �i�Q �T�`�2�p�2�M�i �� �i�`�B�p�B���H

�K���T�T�B�M�;�X �h�v�T�B�+���H�H�v �i�?�B�b �+�Q�M�b�i�`���B�M�i �B�b �B�M �i�?�2 �7�Q�`�K �Q�7 �+�Q�M�i�`���+�i�B�p�2�-�#�Q�i�i�H�2�M�2�+�F�?�B�/�/�2�M �H���v�2�`�-

�r�?�2�`�2 �i�?�2 �Q�`�B�;�B�M���H �/�B�K�2�M�b�B�Q�M���H�B�i�v �B�b �`�2�/�m�+�2�/�X �h�?�B�b �`�2�/�m�+�2�/ �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �Q�`�B�;�B�M���H

�B�M�T�m�i�- �b�2�`�p�2�b ���b �2�M�/�@�i�Q�@�2�M�/ �7�2���i�m�`�2 �2�t�i�`���+�i�B�Q�M �b�i�2�T �7�Q�` �i�?�2 �?�v�#�`�B�/ �K�2�i�?�Q�/�b �/�2�b�+�`�B�#�2�/ �B�M �i�?�2
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�6�B�;�m�`�2 �k�X�j�, ���`�+�?�B�i�2�+�i�m�`�2 �Q�7 �� �b�B�K�T�H�2�- �+�Q�M�i�`���+�i�B�p�2 ���m�i�Q�2�M�+�Q�/�2�` �r�B�i�? �Q�M�2 �?�B�/�/�2�M �H���v�2�`�X

�T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�X ���H�i�2�`�M���i�B�p�2 �i�Q �Q�` �B�M �+�Q�K�#�B�M���i�B�Q�M �r�B�i�? �� �+�Q�M�i�`���+�i�B�p�2 �H���v�2�`�- �Q�i�?�2�` �+�Q�M�b�i�`���B�M�i�b

�b�m�+�? ���b �b�T���`�b�B�i�v�- �`�2�;�m�H���`�B�x���i�B�Q�M�- �Q�` ���/�/�2�/ �M�Q�B�b�2 �+���M �#�2 �2�M�7�Q�`�+�2�/�X �"�2�+���m�b�2 �i�?�2 �i���`�;�2�i �Q�m�i�T�m�i

�B�b �b�B�K�T�H�v �i�?�2 �Q�`�B�;�B�M���H �/���i���- ���1�b �+���M �#�2 �i�`���B�M�2�/ �r�B�i�?�Q�m�i �H���#�2�H�b �(�j�9�)�X �6�B�;�m�`�2�k�X�j�B�H�H�m�b�i�`���i�2�b �i�?�2

���`�+�?�B�i�2�+�i�m�`�2 �Q�7 �� �#���b�B�+�- �b�B�M�;�H�2�@�?�B�/�/�2�M�@�H���v�2�`�- �+�Q�M�i�`���+�i�B�p�2 ���1�X

�_�2�+�Q�M�b�i�`�m�+�i�B�Q�M�@�#���b�2�/ �m�M�b�m�T�2�`�p�B�b�2�/ �.���. �K�2�i�?�Q�/�b �m�b�B�M�; ���1�b �K�2���b�m�`�2 �i�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2

�`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�`�`�Q�` �U�`�2�b�B�/�m���H �p�2�+�i�Q�`�V �i�Q �B�/�2�M�i�B�7�v �i�?�2 ���M�Q�K���H�B�2�b�X ���M�Q�K���H�v �/�2�i�2�+�i�B�Q�M �B�M �i�?�B�b

���T�T�`�Q���+�? �`�2�H�B�2�b �Q�M �i�?�2 ���b�b�m�K�T�i�B�Q�M �i�?���i ���1�b �r�B�H�H �H�2���`�M �i�Q �`�2�+�Q�M�b�i�`�m�+�i �M�Q�`�K���H �2�t���K�T�H�2�b�- �r�?�B�+�?

���`�2 �K�Q�`�2 �T�`�2�p���H�2�M�i �B�M �i�?�2 �i�`���B�M�B�M�; �/���i���- �#�2�i�i�2�` �i�?���M ���M�Q�K���H�Q�m�b �2�t���K�T�H�2�b�X �.�2�i���B�H�b �Q�7 �i�?�2 ���1

���`�2 �Q�m�i�H�B�M�2�/ �B�M �a�2�+�i�B�Q�M�j�X�k�X

���1�b �?���p�2 �#�2�2�M �m�b�2�/ �i�Q �K�Q�/�2�H ���M�/ �/�2�i�2�+�i ���M�Q�K���H�B�2�b �B�M �?�B�;�? �/�B�K�2�M�b�B�Q�M���H �K�m�H�i�B�p���`�B���i�2 �T�Q�B�M�i

�(�e�9�)�- �B�K���;�2 �(�k�y�)�- �i�2�K�T�Q�`���H �(�3�R�)�- ���M�/ �b�T���i�B�Q�i�2�K�T�Q�`���H �/���i�� �(�R�y�y�)�X ���1 ���`�+�?�B�i�2�+�i�m�`�2�b �?���p�2 �B�M�+�Q�`�@

�T�Q�`���i�2�/ �#�Q�i�? �k�. ���M�/ �j�. �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�`�b ���M�/ �`�2�+�m�`�`�2�M�i �K�Q�/�m�H�2�b �b�m�+�? ���b �_�L�L�b�- �:�_�l�b�-

���M�/ �G�a�h�J�b �(�k�k�-�j�N�-�d�d�)�X �h�?�2 �`�2�+�2�M�i �b�m�`�p�2�v �#�v �*�?���H���T���i�?�v�2�i�X ���H�T�`�Q�p�B�/�2�b �� �K�Q�`�2 �2�t�?���m�b�@

�i�B�p�2 �H�B�b�i �(�R�j�)�X �h�?�B�b �T���T�2�` �7�Q�+�m�b�2�b �Q�M �i�?�2 �#���b�B�+�- �7�m�H�H�v�@�+�Q�M�M�2�+�i�2�/ �U�/�2�M�b�2�V ���`�+�?�B�i�2�+�i�m�`�2�- �#�m�i �i�?�2

�K�2�i�?�Q�/�b �+���M �#�2 �2���b�B�H�v �2�t�i�2�M�/�2�/ �i�Q �Q�i�?�2�` ���1 ���`�+�?�B�i�2�+�i�m�`�2�b �Q�` �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M�@�#���b�2�/�- �.���.
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�K�2�i�?�Q�/�b�X

���1�b �m�b�2�/ �7�Q�` ���M�Q�K���H�v �/�2�i�2�+�i�B�Q�M �b�m�7�7�2�` �7�`�Q�K �i�?�2 �7���+�i �i�?���i �i�?�2 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�`�`�Q�` �b�2�`�p�2�b

���b�#�Q�i�?���M �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �7�Q�` �i�`���B�M�B�M�; ���M�/ ���M ���M�Q�K���H�v �b�+�Q�`�B�M�; �K�2�i�`�B�+�X �h�?�2 �7�m�M�/���K�2�M�@

�i���H �T�`�Q�#�H�2�K �B�b �i�?���i �B�M �i�?�2 �m�M�b�m�T�2�`�p�B�b�2�/ �b�2�i�i�B�M�;�- �i�?�2 �i�`���B�M�B�M�; ���+�i�b �i�Q �/�B�`�2�+�i�H�v �K�B�M�B�K�B�x�2 �i�?�2

���M�Q�K���H�v �b�+�Q�`�2 �Q�7 ���M�Q�K���H�Q�m�b �2�t���K�T�H�2�b �B�M �i�?�2 �i�`���B�M�B�M�; �/���i���X �h�?�2�`�2�7�Q�`�2�- �b�B�K�T�H�v �2�M�7�Q�`�+�B�M�;
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2� 2
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dE (x ) = ~� (x ) � ~� (x ) � W ~� (x ) � W ~� (x ); �U�j�X�N�V

�r�?�2�`�2W �+�Q�M�i���B�M�bM �`�Q�r�b �Q�7 �T�`�B�M�+�B�T���H �+�Q�K�T�Q�M�2�M�i�bV k �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2M �H���`�;�2�b�i

�2�B�;�2�M�p���H�m�2�b�-W = V T
M = [ V 1; : : : ;V M ]T �X
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