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Advances in Survival Analysis: Accurate Partial Likelihood Compu-
tation by Poisson-Binomial Distributions and Nonparametric Com-
peting Risk Cox Model

Youngjin Cho

(ABSTRACT)

Two novel contributions to survival analysis are presented. The first project revisits the par-
tial likelihood in the Cox model, which traditionally approximates conditional probabilities
using risk score ratios under a continuous-time assumption. We propose a new accurate par-
tial likelihood computation method based on the Poisson-binomial distribution. Although
ties are common in real studies, existing Cox model theory largely overlooks tied data. In
contrast, our approach accommodates both grouped data with ties and continuous data
without ties, offering a unified theoretical framework for accurate partial likelihood compu-
tation regardless of data type. Simulations and real data analyses show that the method
reduces bias and mean squared error while improving confidence interval coverage rates,
particularly when ties are frequent or risk score variability is high. The second project de-
velops a nonparametric regression model for competing risks survival data by combining the
proportional cause-specific hazards framework with a smoothing spline ANOVA approach.
We establish estimation procedures and theoretical convergence rates. Simulation studies
demonstrate the method’s effectiveness, and application to a multiple myeloma dataset re-
veals that for each gene expression covariate, at least one cause-specific effect is nonlinear
and differs from the others. The proposed model fills a gap in the existing literature, where
competing risks are often overlooked or covariate effects are assumed to follow parametric

forms, by providing a flexible and practical framework for data analysis.



Advances in Survival Analysis: Accurate Partial Likelihood Compu-
tation by Poisson-Binomial Distributions and Nonparametric Com-
peting Risk Cox Model

Youngjin Cho

(GENERAL AUDIENCE ABSTRACT)

Two new methodological developments in survival analysis are introduced. For the first
project, the Cox model is a widely used tool for analyzing the relationship between event
times and covariates, which uses partial likelihood to estimate regression coefficients. Be-
cause the original partial likelihood is computationally complex, approximations are often
used in practice. We revisit the original formulation and develop a more accurate compu-
tation method by leveraging fast techniques for the Poisson binomial distribution, which
underlies the partial likelihood structure. Unlike existing theory, which typically excludes
ties (simultaneous events), our method accommodates them and also applies to data without
ties, providing a unified framework. Simulation studies and real data applications demon-
strate the improved performance of our approach, especially in settings with many ties. The
second project develops a flexible regression model for competing risks, where individuals
may experience one of several types of events, such as death from different causes. By com-
bining the proportional cause-specific hazards framework with a smoothing spline ANOVA
approach, for each risk factor, we enable the estimation of various nonlinear effects of co-
variates in a nonparametric manner. Simulation studies confirm the method’s accuracy, and
application to a multiple myeloma dataset reveals that for each gene expression covariate,

at least one cause-specific effect is nonlinear and distinct.
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Chapter 1

Introduction

This dissertation comprises two projects: the first, titled An Accurate Computational Ap-
proach for Partial Likelihood Using Poisson-Binomial Distributions, and the second, Com-

peting Risk Model with A Nonparametric Form of Spline-FEstimated Relative Risks.

1.1 An Accurate Computational Approach for Partial

Likelihood Using Poisson-Binomial Distributions

1.1.1 Motivation

The Cox proportional hazard model [8], alternatively referred to as the Cox model or pro-
portional hazard model, is undoubtedly one of the most widely used methods for analyzing
survival data. It is employed to discern the relationship between covariates and the hazard

of the time to event response.

In a typical survival data analysis scenario, each observation is represented by {t;,d;, x;},
where ¢; is the observed time (event or censoring), d; is the event indicator (1 for event, 0 for
censored), and x; is the covariate vector with d covariates. The Cox model links covariates
to the hazard function \(t;x;) as A(t;x;) = Mo(t) exp(z] B), where \o(t) is the baseline

hazard function and 3 is the vector of regression coefficients. This model is semiparametric

1



2 CHAPTER 1. INTRODUCTION

because it does not specify Ao(f). The regression coefficients 3 are estimated using the
partial likelihood (PL). The baseline cumulative hazard function Ag(¢) is estimated as a step

function, and the cumulative hazard function A(¢; ;) = | "X(s;;)ds for a specific x; can

0

also be estimated.

To introduce PL, let ?(; represent the jth ordered distinct event times in the dataset
{ti, 0;,2;}7_;, where j ranges from 1 to k. Define R(t(;)) as the at-risk set, containing
subjects who survived upto ¢(;), and let n; = |R(t(;))|. Following the original idea of PL as

described in Cox [9], when there are no ties, PL is constructed as L(8) = H?Zl L;(B). where

Pr(unit j; had the event at t(j)‘ n; units survived up to ¢(;))

L;(B) =

Pr(1 out of n; units had the event at t(j){ n; units survived up to ¢(;))
B dA(t Gy 1) Tiere gy (1 — A8 (G ®:)) (L.1)
ZiER(t(j)) {dA(t(j)Q ;) Hle’R(t(]-))\{i}(l — dA(1(); wl))}

Here, j; indicates the index of the sole failed subject at time t¢;). PL in (1.1) follows
the original approach of the partial likelihood described in Cox [9], providing an accurate
calculation for the contribution from observations at time ¢(;). However, this form is not
commonly used in practice due to computational challenges, especially with tied data where

multiple failures can occur simultaneously.
Neglecting higher-order terms assuming a continuous time model, (1.1) can be approximated

by

eXp(zl:jT1 )
2ieR (1) exp(x; 3)

L;(B) = (1.2)
Note that continuous time model eliminates the occurrence of ties. The formula in (1.2)
has long been used in practice and incorporated into major software. Moreover, it is often

presented simply as the PL, burying the original idea of an accurate PL in (1.1).



1.1. AN AccURATE COMPUTATIONAL APPROACH FOR PARTIAL LIKELIHOOD USING
PoissoN-BinoMIAL DISTRIBUTIONS 3

Another challenge in calculating the accurate PL arises from tied event times, complicating
the process even more compared to the accurate PL calculations without ties in (1.1). Let
d; represent the number of units that have failed at ?(;). To address ties in Cox models,
various approximating methods have been proposed, including the Cox correction [8], the
Kalbfleisch-Prentice correction [26], the Breslow correction [4], and the Efron correction [13],
where all of these methods are direct extensions of (1.2) to scenarios with ties, involving the
incorporation of the averaged contribution of d; units that experienced an event at #(;) to
calculate the tie-corrected PL. These methods are widely accepted for handling ties in Cox
models within statistical software. However, they may not be ideal because they are based
on (1.2), which is already an approximation to (1.1) assuming continuous times without
ties. Also, their averaging approaches oversimplify the contributions of tied event times,
neglecting distributional differences among ties. These factors lead to deviations from the
original accurate PL for tied data. Additionally, to our knowledge, no rigorous studies have
examined the asymptotic behavior of these correction methods with respect to the extent of

permissible order of ties in the model.

In summary, the conventional utilization of PL in practice, whether for data without ties or
data with ties, represents an approximated PL. Furthermore, for tied data cases, owing to

the reasons mentioned earlier, relying on existing tie correction methods may not be ideal.

1.1.2 Literature Review

Before we introduce our new challenges in Section 1.1.3, which are motivated by the limita-
tions of approximated PL methods widely utilized in practice as discussed in Section 1.1.1,

we provide a review of relevant literature.



4 CHAPTER 1. INTRODUCTION

Tie Correction Methods for Tied Survival Data

Here, we outline tie correction methods referenced in Section 1.1.1 for data with ties. Note
that the accurate PL for tied data entails a complex structure and requires extensive ex-
planations regarding its underlying settings for tie generation scenario, i.e., grouped data
scenario. Given the intricacies involved, this accurate PL under ties generated by grouped

data scenario, which is denoted by

HL (B, ;) :H J (1.3)

j=1 B;(
is not detailed here but is thoroughly discussed in Chapter 2.

Let D(t(;)) denote an event set at time t;), where d; = [D(t(;))| and ji,. .., j4; represent the
d; individuals in D(t(;)). Assuming grouped data scenario, where ties are allowed, thus d;

may be larger than 1. The Cox correction [8] employs the following PL term,

exXp (ZieD(tm) mjﬂ)
Z.Adj fodj exp (ZiGAdj wj/@)

Lj(ﬂ7 >‘j) ~

where Fy; represents the set of all subsets of d; individuals that can be selected from R(Z;)).

To clarify, each set Ag4, € Fy, contains d; elements, and |[Fy,| = (Zj) Let @; denote
the set of d;! permutations of the subjects ji,...,jq,. Let Slj = {s{l, . .,s{dj} represent

the [th element in @;. We can express @); as Q; = {s9,.. .,Séj!} and R(t(j),Slj,m) =
R(ty) \ {sl,..., Sg,mq}- The Kalbfleisch-Prentice correction [26] utilizes the following PL

term,

1 d;! exp <ZieD(t(j>) acjﬁ)
d.! d; '
dj! = | b {Zz‘e’R(t(j),S{,m) exp(a:j,@)}
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The Breslow correction [4] employs the following PL term,

eXp (ZZED(t(])) w;rlB)

Lj (ﬁv /\]) X d;
{ZiER(t(j)) eXP(wiTIB)}

The Efron correction [13], which can be regarded as a centralized version of the Breslow

correction, utilizes the following PL term,

exp (Ziep(tm) azjﬂ)
[T {Zien(t(j)) exp(z; B) — (A (B, t(j))} |

Li(B,);)

where A(3, tG) = ZieD(

Prentice correction, the Breslow correction, and the Efron correction are all the same as

1) OXP (w?ﬁ) /d;. Note that the Cox correction, the Kalbfleisch-

(1.2) when d; = 1.

Poisson Binomial Distribution

Here, we introduce the Poisson binomial (PB) distribution, which holds a significant role in

our proposed accurate PL method discussed in Section 1.1.3 and detailed in Chapter 2.

Let Jq,--- ,J,, are independent random indicators, where each J; follows Bernoulli distribu-
tion with probability P;. Define J = ", J;,. For any ¢ € {0,1,--- ,m}, the probability

mass function of J at £ can be calculated as

Pr0=0=> SI[® JI a-2)¢, (1.4)

ApeFy | €Ay ie{1,-- ,m}\ Ay

where Jy represents the set of all subsets of ¢ individuals that can be selected from {1,--- ,m}.

In other words, each set A, € F, contains ¢ elements, and |Fy| = (). We call the distribution
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of J the PB distribution with parameter {®;}", [22].

Because of its intricate structure, exact calculations for the probability mass function of the
PB distribution have rarely been employed in practice. Instead, the following two approxi-
mation methods for the probability mass function of PB distribution have been commonly
utilized. Firstly, the Poisson approximation to (1.4) is,

M exp(—M)

Pr(I=10)~ 7 :

where M = > " | P; is the mean of J. Secondly, the Normal approximation to (1.4) is,

1 1
Pr(J=1()~ Nk (_W (0 — M)2> ,

where V2 =" P;(1 — P;) is the variance of J.

However, recently, the discrete Fourier transform of the characteristic function (DFT-CF)
method, proposed by Hong [21], has emerged as an efficient approach for computing the prob-
ability mass function of the PB distribution using the fast Fourier transform. This method
is conveniently accessible through the R package “poibin” developed by Hong [22]. We
leverage the DF'T-CF method to compute the probability mass function of PB distribution

in our proposed method.

It is acknowledged that for continuous data without ties, the denominator of accurate PL
(1.1) is exactly the probability mass function of a PB distribution. Similarly, for grouped
data with ties, the denominator of accurate PL (1.3), which is meticulously explained in
Chapter 2, is also exactly the probability mass function of a PB distribution. Notably,

regardless of the presence of ties, accurate PL inherently involves PB distribution.
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1.1.3 New Challenges

As detailed in Section 1.1.1, despite many studies on Cox models, the original idea of accu-
rate PL has received limited attention due to the computational challenges associated with
its denominator, particularly exacerbated for the grouped data with ties. Here, we revisit the
original idea of accurate PL and introduce a novel method for computing accurate PL based
on the PB distribution advancements presented in Hong [21]. This method effectively ad-
dresses the computational complexities associated with the denominator and accommodates
tied data. The most important idea of our approach lies in recognizing that the denomina-
tor of the accurate PL is the probability mass function of a PB distribution, irrespective of
the presence of ties. Consequently, efficient computational techniques for PB distribution
introduced by Hong [21] can be leveraged when computing the accurate PL. In Chapter 2,
we elaborate on our proposed method, derive its theoretical properties, and demonstrate its

advantages over existing approaches through comprehensive numerical studies.

1.2 Competing Risk Model with A Nonparametric Form

of Spline-Estimated Relative Risks

1.2.1 Motivation

In survival analysis, it is frequently encountered that each subject is at risk of experiencing
one of several distinct and mutually exclusive failure types, a situation commonly referred
to as competing risks. When covariates are available, various modeling strategies have been
proposed to accommodate the structure imposed by competing risks. A widely used method

is the cause-specific hazards model under the proportional hazards assumption, often re-
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ferred to as the competing risk Cox model [27, 39]. Subsequently, alternative and extended
methodologies have been developed. For example, the proportional subdistribution hazards
model was introduced to directly quantify the effect of covariates on the cumulative inci-
dence function [15]. Other approaches include data augmentation techniques for modeling
all cause-specific hazards jointly through standard Cox regression [33], and copula-based
frameworks that describe the joint distribution of latent failure times [31]. A comprehensive

review on competing risk survival analysis can be found in Monterrubio-Gémez et al. [37].

Nonparametric modeling becomes essential when the effect of covariates on the hazard func-
tion is nonlinear. Among available tools, smoothing spline ANOVA offers both flexibility
and interpretability, enabling decomposition of a multivariate function into additive compo-
nents and interactions, providing insight into the individual and joint effects of covariates.
For a thorough review, see Gu [18]. This modeling approach has been developed for both
hazard-based and proportional hazards settings [18]. Theoretical properties, such as conver-
gence rates for nonparametric estimation, have been established in both the general hazard
model [18] and the proportional hazards context [38]. In the setting of correlated survival

data, smoothing spline ANOVA frailty models have been proposed [10, 12].

Despite parallel advancements in the competing risks literature and in nonparametric survival
modeling, the integration of these two directions remains uncommon. For discrete-time
competing risks data, Luo et al. [34] introduced a Cox—logistic model where baseline hazards
are estimated with spline expansions, but covariate effects remain linear. A joint distribution
method using kernel was proposed by Fermanian [14], decomposing the survival function into
a cumulative distribution function, cause-specific time functions, and cause-specific covariate
functions. While fully nonparametric, this approach is complex, difficult to implement, and

yields estimates that are often hard to interpret.

In summary, both competing risk survival analysis and nonparametric modeling for survival
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data have been extensively developed within their respective domains, but their integration

remains relatively underexplored despite the long-standing history of each.

1.2.2 Literature Review

Prior to presenting the new challenges in Section 1.2.3, which are inspired by the scarcity
of studies integrating competing risk survival analysis with smoothing spline ANOVA as

highlighted in Section 1.2.1, we give a review of the related literature.

Proportional Cause-Specific Hazards Model

Here, we provide a thorough review of the proportional cause-specific hazards model [27, 39|

in Section 1.2.1.

Let T € (0,00) denote the true event time, assumed to be continuously distributed. The
continuous non-informative right-censoring time is denoted by C € (0, 7], where 7 € (0, 00)
represents the end of the study period. Let X = (Xp),...,Xjq)" € X = H;lzl A0
be a vector of covariates. We consider the setting of K mutually exclusive event types
(risks), indexed by the set {1,...,K}. The underlying cause of failure is denoted by
G = Zszl k1(T is due to the k-th risk) € {1,...,K}. Each individual is assumed to be
susceptible to only one of the K risks. We assume that 7" and C' are conditionally indepen-

dent given X.

The observed time is defined as 7' = min{T,C'} € (0,7]. The event indicator is defined as

- 1, if the event is observed,
J=1T<C)=

0, if the observation is censored.
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The observed event type is then G = GxJe {0,1,..., K}, where G = 0 indicates that the

event was censored, and the true cause was unobserved.

Let {W;}~, = {T;,C;, X;,G;}"_, be an independent and identically distributed (i.i.d.)
sample drawn from the distribution of W = {T,C, X,G}. The observed data consist of

{T;, X;,3;, G;},, calculated analogously to {7, X,J, G} for each individual 7.

In the competing risks framework, for ¢ € [0, 00), the conditional distributional functions of

T given X are defined. The hazard function is

dH(t; X) = h(t; X)dt = P(T € [t,t + dt) | T > t, X)

K
=Y P(Te(t,t+d),G=k|T>tX)= ZdetX th(t;X)dt,

k=1 k=1
where dHy(t; X) is the cause-specific hazard function corresponding to the k-th risk.

The survival function is S(t; X) = P(T > t | X) = exp(—H(t; X)), and the cumulative
distribution function is F(t; X) = P(T < t | X) = 1—S(t; X). The overall density function is
f(t; X) = OF(t; X)/(0t) = h(t; X)S(t; X) = Sor, fiu(t; X), where fi(t; X) = hy(t; X)S(t; X).
The cumulative distribution function can also be decomposed as F(t; X) = S5 | Fi(t; X),
where Fy(t; X) =P(T < t,G =k | X) = fot fr(s; X)ds is the cumulative incidence function

for the k-th cause. Let P(k; X) = P(G = k | X) = limy_o Fx(t; X), where S5 P(k; X) =

For each k, we adopt the proportional cause-specific hazards model, under which the cause-

specific hazard function for the k-th cause is expressed as
dH(t; X) = dHo(t) exp(X ' B}),

where B = (B, B54) " is the linear covariate effect for the k-th cause and dHox(t) =

hok(t)dt represents the baseline hazard for the k-th cause, with the convention that hog(0) =
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Define the counting process and at-risk process used in the construction of the partial like-
lihood. Let t € [0,7]. For each risk k, the counting process for the k-th cause is given
by

Nt) =T <t,G=kI=1)=1(T<t,T<C,G=k),

and the at-risk process is defined as
Y(t)=1(T>t)=1(T >t and C > t).

For each individual ¢ = 1,...,n, the individual-level counting and at-risk processes are

denoted by Ny (t) and Y;(t), respectively, defined analogously to Ny (¢) and Y (1).

Given B € RY, the negative log-partial likelihood function corresponding to the k-th cause

is defined as

Lo (B) = — /OT % Z {ng —In (% Z}g,(t) exp(X;ﬂ)> } d Ny (t)

and the estimation of @3 is done by

~

B, = argmin Ly, (8).
BeR4

For large sample properties of this model, refer to Kalbfleisch and Prentice [27].

Smoothing Spline ANOVA Proportional Hazards Model

We review smoothing spline ANOVA [18] in Section 1.2.1 for proportional hazards model,

without considering competing risks at this stage. Other variants of smoothing spline
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ANOVA—such as those used for exponential family response regression, density estima-
tion, and hazard modeling—are formulated in a similar manner. For further details, see Gu
[18]. For simplicity, we assume that all d covariates are continuous, although in general each

of the d covariates can be either continuous or categorical [18].

Since competing risks are not considered here, we disregard G and G—that is, we set
K = 1. Accordingly, {7}, C;, X;}_, are n i.i.d. copies of {T,C, X} and the observed data
{T;, X;,3;}7-, is structured analogously to {7, X,J} for each individual i. We model the
hazard function under the proportional hazards assumption with a nonparametric covariate

effect:
AH (1 X) = dHo(t) exp(n* (X)),

where n* : X — R denotes the nonparametric covariate effect, and dHy(t) = ho(t) dt repre-
sents the baseline hazard function, with the convention that hy(0) = 0. We assume n* € H

for some reproducing kernel hilbert space (RKHS) H.

Define RKHS H, which captures the structural characteristics of the model under consider-
ation, using the smoothing spline ANOVA framework introduced by Gu [18]. Let m € N.

The Sobolev space of order m associated with the jth axis, &;, is given by
Hyj) = {f € Lo(Xy) - S, O D are absolutely continuous, f™ e EQ(X[]-])} ,

where Ly(X];)) = {f A — R, fx[ | | f () Pdayy < oo} denotes the square-integrable func-

tion space on AJ;).
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Let Aj; denote the averaging operator along the jth axis, defined as
Ay f(@) = Ay flap,ew) = | flap, @) dey).

A)

Using this operator, the space H|; can be decomposed as
Hij) = Hoy) © Hygy,

where Hopy = {c; Ay fi) ¢ €R, fij) € Hyyp = Span{1}, and Hyy = {fy;) € Hyy) - Ay fiy) =
0}. Any function fy; € Hj;) admits a decomposition of the form fi = fo;) + fi;3, where

for) = Ay fi) € Hoy)s fy = (id — Ay fij) € Hyjy, and id denotes the identity operator.

The tensor product Sobolev space over the full domain X, formed via tensor products over

all coordinate directions, is

RI_ Hy) = -y {Hop ® Hiy

= @ser,Hs = Ho @ {®f Hy | @ {®<; My} © - ® Hp, gy

where P; denotes the power set of {1,...,d}, and |Py| = 2% As an illustration, when
d = 3, we have P; = {0,{1},{2}, {3}, {1,2},{1,3},{2,3},{1,2,3}}. For each S € P, the

corresponding subspace is defined as

The domain of Hg is Xs =[] jes ), and the subspace Hg represents the function compo-
nents associated with effect S. The constant function space is given by Hy = ®?:1H@[j] =

Span{1}. Every function f € ®?:1H[j] admits a decomposition of the form f = ZSG% fs,
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where each component fg is given by

fs=S T1Gd— Ay TI  Augfets

jes Je{1,....d\S

Let H = ®gesHs for some subset ) ¢ S C P;. Note that Hy is excluded from H, as the
Cox model does not incorporate an intercept term. The structure of H is determined by
the choice of S, allowing one to control the complexity of the model. For example, taking
S ={{1},...,{d}} yields an additive model involving only main effects. In contrast, setting
S = {{1},...,{d},{1,2},...,{d — 1,d}} includes all two-way interactions along with main

effects.

Given a semi-inner product J(-,-) defined on H, the space H can be decomposed as
H=N 7D Hy,

where N = {f € H : J(f) = J(f,f) = 0} = Span{¢y,...,¢,} is the null space of the
penalty and corresponds to a finite-dimensional parametric component. The complement
H ; is an infinite-dimensional nonparametric subspace. On H ;, the semi-inner product J(-, -)

becomes an inner product and induces a reproducing kernel K (-, ).

Let ¢t € [0,7]. The counting process is defined by
Nty =T <t,J=1)=1(T <t,T<0),

and for each subject ¢, N;(+) is defined analogously.



1.2. CoMPETING Risk MoDEL wiTH A NONPARAMETRIC FORM OF SPLINE-ESTIMATED RELATIVE
Risks 15

For f € H, the negative log-partial likelihood is given by
1 n 1 n
Loy (f) = —/0 - Z {f(Xi) —In (E ZYi’(t) eXp(f(Xi’))> } dN;(t).
i=1 =1

A subset of ¢ covariate values is randomly selected from the n subjects, denoted as {Z;}7_, C
{X;},. Define the space ng) = Span{;(Z1,),...,K;(Z,,-)}, which forms a finite-
dimensional subspace of H;. We then set H@ = N; @& ng), a finite-dimensional subspace

of H. Applying the efficient approximation from Gu [18], the estimator of n* is obtained by

. ) A
7 = argmin L, (f) + §J(f)’ (1.5)
feH(@

where J(f) = J(f, f) serves as the roughness penalty and A € (0,00) is the smoothing
parameter. In the special case where ¢ = n, the set {Z,}]_, becomes identical to {X;},

and by the representer theorem, we have 7 = 7* = argmin L) (f) + AJ(f)/2.
Fer

Solution to the optimization problem in (1.5) can then be expressed as

p q
H=> doi+Y ek (Z,-),
=1 /=1

where

p q
R A
(d",é")" = argmin L, (Z iy + ZCHCJ(ZZ, )) + §CTK:JC

deRP,ceRY = =

with IC; = {K;(Z, Zv)}owequ,...q)-
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1.2.3 New Challenges

As described in Section 1.2.1, although the proportional cause-specific hazards model is a
classical and widely adopted approach for analyzing competing risks data, it has not been
previously integrated with nonparametric modeling of covariate effects. Such integration
can be achieved by the smoothing spline ANOVA framework to accommodate flexible, non-
linear covariate effects. This dissertation introduces a new modeling framework that unites
the cause-specific Cox model with smoothing spline ANOVA, enabling flexible nonparamet-
ric covariate effects estimation under the proportional cause-specific hazards assumption in
competing risks data. We refer to this method as the smoothing spline competing risk Cox
model, which is developed in detail in Chapter 3, along with its theoretical properties and

supporting numerical studies.



Chapter 2

An Accurate Computational
Approach for Partial Likelihood Using

Poisson-Binomial Distributions

2.1 Introduction

This project is a published work [6], coauthored with Dr. Yili Hong and Dr. Pang Du, both

from the Department of Statistics at Virginia Tech.

Ever since its birth half a century ago, the Cox model [8] has been arguably the most widely
used method to analyze survival data with covariates. Since the literature for Cox models is
too vast to give a comprehensive review here, we only name a few widely-used monographs
here, such as Fleming and Harrington [16], Therneau and Grambsch [47], Kalbfleisch and
Prentice [27], and Klein and Moeschberger [29].

Consider a typical survival data setting where observations are denoted by {t;,d;, ;}, i =
1,...,n. Here, n is the number of subjects in the study, t; is the observed event time
or censoring time, and J; is the event indicator that equals to 1 if the observed time is
from an event and 0 if the event time is censored. The covariate vector is denoted by

x; = (T31,...,2:9) ", where d is the number of covariates. The Cox model [9] incorporates

17
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the covariate effects into the hazard function as \(t;x;) = A\o(t) exp(x] 3), where \(t) is
the unknown baseline hazard function and B = (Bi,...,84)" is the vector of regression
coefficients. Let Ag(t) = fot Ao(s)ds be the baseline cumulative hazard function, which is
often estimated as a step function. Denote the cumulative hazard function for a specific
x; by A(t; x;) fo s;x;)ds. The regression coefficients 3 are typically estimated by the

partial likelihood.

To revisit the idea of partial likelihood, let t(;), 7 = 1,...,k, be the k ordered distinct events
times in data {t;,d;, z;}7_,. To clarify, when referring to something up to ¢, this includes all
times from 0 to ¢~ but explicitly excludes ¢ itself. Let R(t(;)) be the at-risk set containing
all the subjects that survived up to time ¢;). Let n; = |R((;))|. When there are no ties,

Cox [9] constructs the partial likelihood as L(8) = H§:1 L;(B), where

Pr(unit j; failed at ¢(;)| n; units survived up to ¢(;))

L;(B) =

Pr(1 out of n; units failed at t(j)| n; units survived up to t(;))
_ dA(t Gy o) [iereg gy (1 — dA(EG); ) 21)
ZieR(t( ") {dA( ;Ti) Hzen (t ))\{@}(1 - dA(t(j)S wl))}

is the partial likelihood contribution from observations at time #(;), and j; is the index for
the only failed subject at time ¢(;). The expression (2.1) from Cox [9] represents the accurate
likelihood contribution from the observation at time ;). We refer to (2.1) as the accurate
partial likelihood (APL). Despite its accuracy, (2.1) is not widely used in practice due to its

computational difficulty in the denominator.

Ignoring higher order terms under a continuous failure time model when no ties are present,

(2.1) can be approximated by

exp(z;, B)
2ieR () exp( 78)

L;(B) = (2.2)
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see, e.g., Page 140 of Fleming and Harrington [16]. For decades, (2.2) has been used in
practice and implemented in major software packages. In many textbooks and research
papers, (2.2) is often directly introduced as the partial likelihood and the original APL idea
gets buried. The goal of this project is to re-visit the idea of APL with some new development
from another area, by realizing that the denominator of (2.1) is in the form of the probability
mass function of a Poisson-binomial (PB) distribution. The PB distribution describes the

sum of independent but non-identically distributed random indicators [3, 21].

When ties are present, the calculation of the APL gets even harder and more time con-
suming. To incorporate ties into Cox models, several approximating approaches have been
proposed. In essence, they are all direct extensions of (2.2) to the with-tie scenario, with
some additional ad hoc approximations to include the contributions from all the event times
tied at a time point. Suppose d; is the number of failures at time ¢(;. The Cox correction [§]
averages the corresponding partial likelihoods over all the size-d; subsets of the at risk set at
time t(;). The Kalbfleisch-Prentice correction [26] averages on all the possible permutations
of the d; underlying event times. The Breslow correction [4] is a simplified version of the
Kalbfleisch-Prentice correction assuming an equal contribution from each permutation. The
Efron correction [13] can be viewed as a centerized version of the Breslow correction. Th-
erneau and Grambsch [47] provided an overview of tie corrections in partial likelihood and
also introduced various Cox regression based models. Hertz-Picciotto and Rockhill [19] and
Scheike and Sun [43] used numerical studies to compare performances of different tie correc-
tion methods, and similar simulation settings are adopted in this project. These methods
are now standards for tie corrections in Cox models and well-implemented in all the major

statistical software.

However, they may not be the ideal approaches for tie corrections. Firstly, they are all

based on (2.2), which is already an approximation to the APL and derived actually for
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continuous failure times without ties. Secondly, the various averaging approaches are really
crude ways to count the contributions of all the tied event times without fully incorporating
the distributional differences among these ties. This creates further deviations from the
APL. Furthermore, as far as we know, there are no formal investigations on the asymptotic
properties of these correction methods under consideration for how large the permissible ties

can be in the model.

In this project, we propose a new computationally efficient method to calculate the APL
based on the PB distribution development in Hong [21]. The key idea is that the denominator
of the APL is exactly in the form of the probability mass function of a PB distribution,
regardless the presence of ties or not. We use the method in Hong [21] to compute the
PB probability mass function, which is based on the discrete Fourier transformation of the
characteristic function. Alternatively, one can also use the convolution-based method in
Biscarri et al. [3] based on the direct convolution or the divide-and-conquer fast Fourier
transform tree convolution. As far as we know, the idea of a direct and exact computation

of the APL for the Cox model in this project is completely new to the literature.

We consider the common scenario where ties are caused by rounding or grouping of un-
derlying continuous failure times, which we refer to as the grouped continuous failure time
model. Our first result shows that all the aforementioned common methods, namely, the
expression (2.2), the Cox correction, the Kalbfleisch-Prentice correction, the Breslow correc-
tion, and the Efron correction, are all approximations to the PB distribution approach based
on Poisson approximation or approximation by enumeration averaging. Under the grouped
continuous failure time model, we first establish the consistency and asymptotic normality
for the Breslow estimator, which can be easily extended to the estimators from the other
existing correction methods. For our PB distribution approach, we establish the consistency

and asymptotic normality for its estimator under both the grouped continuous failure time
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model (ties present) and the ungrouped one (no ties). Note that although Prentice and
Kalbfleisch [40] provided theoretical results for the Breslow estimator in the presence of ties,
they did not address how large the order of ties can be for the model, whereas we provide
practical insights into the permissible order of ties. In simulations, we compare the perfor-
mance of our PB distribution approach with those of the existing approaches such as the
Breslow correction and the Efron correction. Our result shows that our approach has much
lower biases and mean squared errors, as well as higher confidence interval coverage rates,
than the existing methods for survival data with heavy ties or high-variation covariates. Our

real data examples further confirm our findings in the theory and simulation.

In summary, our new PB distribution based approach to compute the partial likelihood
accurately has the following distinct contributions: (1) we show that all the existing tie
correction methods are approximations to our exact approach; (2) we derive the consistency
and asymptotic normality of these methods under this unified framework, suggesting allow-
able order of ties, which has been lacking in the literature despite their popularity and long
history; (3) we show that the proposed approach possesses the same asymptotic properties
and demonstrate its clear numerical advantage in terms of reduced bias and mean squared

error, along with enhanced confidence interval coverages.

The rest of the project is organized as follows. In Section 2.2, we introduce the Cox model
and the PB distribution. In Section 2.3, we obtain the accurate partial likelihood for the Cox
model using the PB distribution, and propose a new method to estimate the coefficients and
the baseline hazard function for the Cox model. In Section 2.4, we develop statistical theory
for the existing methods and our new method. In Section 2.5, we evaluate the performance
of our method in simulated data and compare its performance with others. In Section 2.6, we
analyze survival datasets with our new method and the existing ones. Lastly, in Section 2.7,

we conclude the project with recommendations and some areas for future research.
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2.2 The Cox Model

2.2.1 The Underlying Continuous Failure Time Model

In a continuous failure time model, the underlying event times T; € (0,00), i = 1,...,n, are
from a continuous distribution. Here, Tl, cee T,, are assumed to be conditionally independent

given the covariates {x;} ;. Recall the general form of the Cox model: for i =1,... n,
dA(t; ;) = Pr(T; € [t,t + dt)|z;, T; > t) = exp(a] B)dAo(t). (2.3)

The cumulative hazard and survival functions are respectively A(t;x;) = f(f dA\(s;x;) =
exp(x;] B)Ao(t) and S(t;x;) = Pr(T; > t|x;) = exp(—A(t; ;). Under the continuous failure
time model, the baseline hazard function can be written as dA(t) = A\o(t)dt. Let ¢ € (0,00)
be the ending time of the study and C; € (0,(],i = 1,...,n, be non-informative right
censoring times, which are conditionally independent from each other and from {7}}7,
given the covariates {x;} ;. Assume that the covariates are deterministic, allowing the

conditioning argument for {x;}" ; to be omitted for simplicity.

2.2.2 The Grouped Continuous Failure Time Model

In some scenarios, it is possible that the event times are rounded or grouped, leading to
ties in the event times. Let [a] be the smallest integer which is not smaller than a. Let
7 € (0,00) be a grouping parameter such that event times and censoring times are discretized

as

Tr=7[T;/7] € Qg = {7,27,...} and C} = 7[C;/7] € Q = {r,27,...,(},

7
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where we assume, without loss of generality, that the ending time ( is a multiple of 7. The
observed time is T = min(77, C¥) € Q, where &; = 1(T < C¥) is the indicator of an event.
That is, when 9; = 1, the ith unit had the event and when §; = 0, the ith unit was censored.
As Qg is the support for grouped times, €2 is the support for the observed times, which is
a finite subset of Qg. In this project, we assume ties are generated by the grouping of an
underlying continuous random variable. From the discretized distribution, for t € Qg, we

have

Pr(T} > tla;) = Pr(T; > t — 7|a;) = S(t — 7; x;), (2.4)

Pr(T; € [t,t + dt)|x;) = Pr(T; € (t — 7, t]|@;) = S(t — 75 25) — S(t; x;), (2.5)

fori =1,...,n. From (2.4) and (2.5), the hazard function of T is

Pr(TF € [t,t + dt)|x;)
Pr(Ty > t|z;)

=1—exp (—exp(z; B)dA}(1)), i=1,....n,

dN*(t; ;) = Pr(TY € [t,t + dt)|a;, T > t) =

(2.6)

where the baseline hazard function is dAj(t) = Ao(t) — Ao(t — 7) for t € Qg, dA}(t) = 0 for

t ¢ Q¢, and the baseline cumulative hazard function is

Ai(t) = /O d\j(s) = Y dAy(s). (2.7)

s<t,s€eQqa

As Ag(0) = 0, we have Aj(t) = Ao(t) for t € Qg U {0}. The cumulative hazard function and
survival function of T are respectively A*(t; ;) = fg dN*(8:2i) = Doy senq AN (s ;) and

S*(t;x;) = Pr(Tr > tlz;) =[] (1 — dA*(s; ;) = exp(—exp(z; B) Aj(t)). One can

s<t,s€Qqa

see that S*(t;x;) = S(t; ;) for t € Qg U {0}.
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2.2.3 The Fitted Model

In a typical semiparametric inference setting, the baseline cumulative hazard function is
estimated as a step function, regardless of whether data are with grouping or not. Hence,

the fitted model is essentially a discretized version of the continuous model in (2.3).

Let t;, 7 = 1,...,k, be the ordered distinct events times as defined in Section 2.1 and
let QX = {t :t =t4,5 = 1,....k} C (0,00) be the set of distinct event times. It is
worth reiterating no matter how data are generated (i.e., from a continuous model with or
without grouping), the fitted Cox model is always a discretized model, because the estimated
cumulative hazard function is a step function which has jumps at those time points in QF.

Under the grouped continuous failure time model, we have Q* C Q C Qg C (0, 00).

2.2.4 Poisson-Binomial Distribution

Recall that n; is the number of subjects in the at-risk set R(t(;)) at time t(;), and d; is
the number of subjects in the event set D(t(;)) at time ;). Here d; can be larger than
one so that ties are possible. For each ¢ € R(t(;)), given the history up to time (;), the
probability p;; for subject ¢ to have an event at time ;) based on the fitted model is defined
as pij = pi; (B, A\;) = dA*(t);x;) by (2.6), where A; is defined as A\; = dA{(t(;)) by (2.7).
From now until the end of this section, all distributional and independence derivations are
conditional on the history up to £(;), but for simplicity, we omit this conditioning and use
abused notation. We can define a random indicator I;; ~ Bernoulli(p;;), where Bernoulli(p;;)
indicates a Bernoulli distribution with parameter p;;. In this case, the number of events I,
at time ¢(;) can be written as I; = ZieR(t<J_>) I;;. Because p;;’s are different, the distribution
of I; is not necessarily a binomial distribution. In general, I; follows a PB distribution.

The probability mass function of a PB distribution can be computed using enumeration, the



2.2. Tue Cox MoODEL 25

method of discrete Fourier transform of characteristic function, an approximation method

such as the Poisson approximation [21], or the convolution-based method [3].

The enumeration method computes the probability mass function of I; as follows,

Pr(l; =d;)= > <« ] I a-ppy, (2.8)
Adjeﬁ“dj z‘eAdj z‘eR(t(j))\Adj

where g, is the set of all subsets of d; individuals that can be selected from R(t(;)). That
is, each set Ay, € Fy, has d; number of elements and |Fy,| = (Zj) The method of dis-
crete transform of characteristic function computes the probability mass function of I; as
Pr(l; = d;) = (n; + 1)71 307, exp(—iw;ld;)z, where w; = 27/(n; + 1), ¢ = /-1, and
2 = Hz’eR(t(]-)) {1 — pij + pijexp(tw;l)} . The method can be done efficiently using the fast
Fourier transform, and it is available in the R package “poibin” by Hong [22]. The Poisson
approximation to the probability mass function of a PB distribution is,

d,
by exp(—p;)

j:

where p; = ZER(%)) pij is the mean of ;.
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2.3 Partial Likelihood and Parameter Estimation

2.3.1 The Original Idea of Partial Likelihood

Consider the general situation where ties could be present or not. The APL function is

L(B,A) =TIi=, Li(8, ;) = TT5=y A5(8,4)/B;(8B, ), where A = (Ay,..., \) " and

Pr(units ji, ..., 4, had event at t(j)‘ n; units survived up to ¢(;))

L;i(B, ) (2.10)

B Pr(d; out of n; units had event at ¢;)| n; units survived up to ;)

Here ji, ..., jg, are the d; individuals in D(Z(;)). The accurate calculation for A;(3, A;) is

A4,8.0) =3 I BN IT -8B (2.11)

i€D(t(;) i€R(¢(;)\D(t(;))

The accurate calculation for B;(3, \;) is
Bj(,@, )\J) = Pl"(]j = dj), (212)

which is the probability mass function of the PB distribution.

2.3.2 An Estimation Procedure Based on PB distributions

When there are no ties (d; = 1), the expression (2.2) is used to approximate the APL [8].
In the presence of ties, various corrections can be applied, including the Cox correction [8],
the Kalbfleisch-Prentice correction [26], the Breslow correction [4], and the Efron correction
[13]. More details about these methods are in Section A.1. It is important to note that all

of these existing methods rely on some approximations to both A;(3,\;) and B;(8, \;).
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Once the probability mass function of the PB distribution is calculated, we can compute the
accurate probability terms (2.10) in the partial likelihood function. However, the probability
pi; depends on A. Let A = (/)\\1, e ,Xk)T be any estimate of A, which satisfies a mild
condition in Assumption A.3.9. We use A to substitute A. Our proposed partial likelihood
to be calculated based on PB distribution is

LB.8) =] %’”;, (2.13)

>

where A; and B; are given in (2.11) and (2.12), respectively. Then the PB distribution

estimate of 3 is

pr = argmaxj L(0, .//i), (2.14)

which can be computed optimization algorithms such as the BFGS algorithm (e.g., Fletcher
[17]). The new method uses the exact Aj(,é,xj) and Bj(,é,/):j) for a given 3. Hence, pr is

the maximizer of a more accurate partial likelihood.

The optimization of (2.14) requires initial estimates A and B whose choices are flexible.

-~

For example, one can use the Efron baseline hazard function estimate in (A.5), A, =

~

(Aety - - ,/):ek)T, the Breslow baseline hazard function estimate in (A.4), Kb = (Xbl, . ,ka)T,
or even the Nelson-Aalen baseline hazard function estimate, Kna = (:\\n&l, e 7Xna,k)T as ./AX,
where an- = d;/n;. Our numerical example in Section A.6.2 suggests choosing Ke yields a
smaller bias comparing to the other methods. So we use ./AXe as A in our numerical examples

in Section 2.5 and 2.6. For B, one can use Efron estimator Be in (A.5) or Breslow estimator

By in (A.4). We use B. in our numerical examples in Sections 2.5 and 2.6.

Next, we estimate the baseline hazard function. The likelihood for the baseline hazard

function is Hle A;(B, Aj) as shown in page 115 of Kalbfleisch and Prentice [27]. So, by the



CHAPTER 2. AN AccCURATE COMPUTATIONAL APPROACH FOR PARTIAL LiKELIHOOD USING
28 Poisson-BinoMIAL DISTRIBUTIONS

BFGS algorithm with the initial values :\\j, the baseline hazard function can be updated as

~

Apb,j = aIg maxy A; (B\pb, S\j), j =1,...,k, where the fitted cumulative hazard function is

/A\pb(t) = Z?:l )‘pb,j]l(t(j) <t).

2.4 Statistical Properties

2.4.1 Connections to PB Distribution

We first draw some connections between the PB distribution probability and existing partial
likelihood approximation methods. Interestingly, all the existing methods are connected to
the PB distribution approach, and our results shed theoretical insights on when the existing

computing methods tend to work well.

Theorem 2.1. (i) the approximate partial likelihood (A.1) is based on the Poisson approxi-
mation of Pr(I; = 1) to B;(B, \;), (i) the Breslow correction in (A.4) based on the Poisson
approzimation of Pr(l; = d;) to Bj(B8,);), (i) the Cox correction in (A.2) is based on the
enumeration in (2.8) to compute the B;(B3,;), and (iv) the Kalbfleisch-Prentice correction

in (A.3) is based on the enumeration to compute A;(3,;)/B;(3, ;).

The proof of Theorem 2.1 is in Section A.4.1. As a note, the Efron correction in (A.5) is of a
similar form to the Breslow correction but with some further adjustments. Thus, the Efron
correction can be viewed as a more refined Poisson approximation to the PB distribution
probability than the Breslow correction. We provide some insights into the accuracy of their

Poisson approximations in the following remark.

Remark 2.2. The error bound of the Poisson approximation to the PB distribution can be
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obtained by the Le Cam theorem [5]. The average error is bounded as

- d: =\2

1y 1 exp(—p)| 2 2> ieraoPij —Dj)*

;Z Pr(szdj)—Jd—Jj <= > ph= (J;l. + 25,
7 dj=0 7 T ieR(t () J

Here p; = ZieR(tm) pij/n; and p; is defined in (2.9). Thus, the performance of the Breslow
and Efron estimators depends on the average p,; and the variation ), eR( t(j))(pij —p;)?/n; of
the risk scores r; = exp(x] 3). The average and variation of risk scores depend on the values
of B and the distribution of the covariates ;. Thus both the scale of 3 and the variation in

x;’s can affect the approximation accuracy.

2.4.2 Asymptotics under the Grouped Continuous Failure Time

Model

Now we study the large sample properties of the estimators of B under the grouped con-
tinuous failure time model where event times can be tied. Among the estimators from the
existing methods, we select the Breslow estimator Bb to show its consistency and asymptotic
normality, with the notion that the properties for the other estimators can be derived simi-
larly, given our result in Theorem 2.1. Then we establish similar large sample properties for

the PB distribution estimator pr based on (2.14).

In this section, we restrict ¢t € [0,(]. We denote by D(t) = {i : T} = t and §; = 1} and
R(t) = {i: T} > t} respectively the event and at-risk sets at time ¢. Let d(t) = |D(¢)| and
n(t) = |R(t)]. Let Q = QNJ0,t] for some t € [0,¢]. We define AH(t) = H(t) — H(t") for a
function H(-). Let the PB distribution partial likelihood component at ¢ be

A(B) {HieD(t) pi(B; t)} {HieR(t)\D(t) (1 —pi(B, t))}

Lt(ﬂ) - - ,
BB 5 4y i, B0 Ticripa,, (01— pi(8.0) )
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where p;(8,t) = 1 — exp(— exp(azjﬁ)AK(t}). Let the Breslow partial likelihood component

at t be
exp (Ziel)(t) a:jﬁ)

{me exp(z; B) }d(t) Jd(t)

Here A(t) = Z?Zl /):j]l(t(j) <t)= fot dA(s) = D osety AA(s) stands for any estimator of A% (t),

Ly (B) =

which corresponds to A in (2.13). We write the PB distribution partial likelihood in (2.13) at
te0,¢]as LB, A, t) = [I.cq, Ls(B) and the Breslow partial likelihood in (A.4) at ¢ € [0, (]

as LP(8,t) = [1,co, L2(B), where if t ¢ QF (ie., d(t) = 0), we have AK(t) =0, pi(B,t) =0,
and Ly(8) = Li(B) = 1.

Let B C R? be an open neighborhood of 3. Without loss of generality, we assume B is suffi-
ciently large and Bb, pr € B, resulting in Bb = arg maxgepa LP(B,¢) = arg maxgep LP(B,¢)
and pr = arg maxgepa L(B, ./AX, () = argmaxj.p L(B, K, ().

For the counting processes, let N;(t) = 1(T} < t), Ni(t) = 1(T* < t,6; = 1) = 1(T> <
t, T < C¥), and Y;(t) = 1(T} > t) = 1(T} > t,C* > t) be the underlying counting process,
the observed counting process, and the at-risk process for the grouped continuous failure
time model, respectively. Let the history (filtration) for the grouped continuous failure time

model be

Fi = U{Ni(u),}ﬁ(uﬂ,wi;i =1,....n;0<u< t} and

Fi- =0 {N;(u),Y;(u),z;i=1,...,n;0 <u<t}.

Note that dN;(t) = Y;(t)dN;(t). Thus, one can show that E(dN;(t)|F,-) = Pr(dN(t) =
1|F,-) = Y;(t)dA*(t; ;) due to our assumption that {T7}", and {C}™, are conditionally
independent given {x;}! ;. We refer to equation (5.7) from the Kalbfleisch and Prentice [27]

for more details. So by the Doob-Meyer decomposition, N;(t) = A;(t)+ M;(t), where A;(t) =
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fo s)AN*(s; ;) = Y ,cq, Yi(s)AAN*(s; ;) is the compensator and M;(t) = Ni(t) — A(t) is a
zero-mean martingale. Let N(t) = >0 | Ni(t), A(t) = >0 Ai(t), and M (t) = >0 M;(t).
Again, we refer to Sections 5.2 and 5.3 of Kalbfleisch and Prentice [27] for more details on

the construction of counting processes and martingales.

Although the time points in €2 all depend on the grouping parameter 7, for the simplicity of
notation, we don’t include 7 into the subscripts. Every process or statement depending on a
time point in §2 also depends on 7 implicitly. Furthermore, one can see that Ti*, Cr, Ty, and
all their related functions including N;(t), N;(t), and Y;(t) depend on 7. All our asymptotic

notations and technical assumptions are collected in Sections A.2 and A.3, respectively.

For t € [0, ¢], the logarithm of the Breslow partial likelihood is

log (L"(B,1)) Z/ { B —log (ZY s) exp(x )) } dN;(s) + Z log(AN(s)!)

= Z Z {:c B —log (ZY s) exp(x;, )) } AN;(s) + Z log(AN(s)!).

The score function is

Up(B, 1) = %longﬁt Z/ i —€(B,5))dNi(s ZZ i —€(B,5)) AN;(s),

i=1 s€Q

where €(3,1) = 371, i(B, t)x; with ;(8,t) = Y;(t) exp(a 8)/ (321, Yi(t) exp(a] B)), which
satisfies ", ¢;(8,t) = 1. The information matrix is

Ib<,8, t) =

aﬁ%m l08(L°(8.0) = [ V(B.5)N(5) = 30 V(8.9ANs).

SGQ{

where V(8,t) = > 1", ¢:i(8,t)(z; — e(8,1))(@; — €(B,1))". Let X(8,¢) be the matrix defined



CHAPTER 2. AN AccCURATE COMPUTATIONAL APPROACH FOR PARTIAL LiKELIHOOD USING
32 Poisson-BinoMIAL DISTRIBUTIONS

in Assumption A.3.7. Our asymptotic results for 310 are

Theorem 2.3. Under Assumptions A.5.1 — A.3.7, Bb converges in probability to B and

Ib(Bb, ¢)/n converges in probability to (8, () when 7 — 0 as n — oo.

Theorem 2.4. Under Assumptions A.3.1 — A.3.7, n=Y2U,(B, ) converges in distribution to
N(0,%(8,¢)) and n**(By — B) converges in distribution to N(0,(8,¢)~) when n'/2r — 0

as n — Q.

The proofs of Theorems 2.3 and 2.4 are respectively in Sections A.4.6 and A.4.7. As we have
SUp,cq d(t) = Op(nr) for ¢t € 2 under Assumption A.3.5, if the order of 7 is no smaller than
1/n and 7 — 0, the Breslow method can achieve consistency allowing ties. If the order of 7
is no smaller than 1/n and n'/27 — 0, the Breslow estimator have the asymptotic normality

allowing ties.

Now we derive the asymptotic properties of the PB distribution estimator with three more
assumptions, A.3.8 — A.3.10. In particular, Assumption A.3.8 requires 7 to be of the or-
der 1/n. The following theorem shows the asymptotic equivalence between L(B, K,t) and
LY(3,t) uniformly for 3 € B.

Theorem 2.5. When Assumptions A.3.1 — A.3.5 and A.3.8 — A.3.9 are satisfied, for all
t €10,],

sup
BeB

log (L(B, A, t)> ~log (Lb([a, t)) ‘ — 0p(1).

Let Xp(8,A.t) = {log(L(B, A, t)) — log(L(8,A,1))}/n and X(B,t) = {log(L"(B,1)) —
log(L"(B,t))}/n. By Theorem 2.5, when Assumptions A.3.1 — A.3.5 and A.3.8 — A.3.9
are satisfied, we have supg g |Xpb([§,./AX,t) — X(B,t)] = Op(1/n) for all t € [0,¢], where
pr = argmaxgep Xpb(B,K,C) and ﬁb = arg maxéeBX(ﬁ, (). Based on closeness between

PB distribution and Breslow partial likelihoods by Theorem 2.5, the asymptotic results for
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pr are

Theorem 2.6. Under Assumptions A.3.1 — A.3.9, pr converges in probability to B and

Ib(apb, ¢)/n converges in probability to ¥(8,() as n — oo.

Theorem 2.7. Under Assumptions A.3.1 — A.5.10, the quantity nl/z(,@,b — 3) converges in

distribution to N(0,3(3,¢)™!) as n — .

The proofs of Theorems 2.6 and 2.7 are respectively in Sections A.4.10 and A.4.11. Even
though the estimators are all asymptotically unbiased, the score function based on the Bres-
low and Efron methods do not have a zero mean due to the Poisson approximation under
small samples. However, the accurate likelihood calculation based on the PB distribution
provides the exact probability under any sample size. Thus, the score function always has a
zero mean using the PB distribution calculation if the true A is used. That is, although the
new method uses A instead of A, it tends to have less bias even under small samples. We
indeed observe a smaller bias for the new estimator in small samples from the simulation
studies in Section 2.5. Because of the variation caused by ./AX, the PB distribution estimator
tends to have a slightly larger variance in practice. We also observe this in the simulation

studies. However, the difference is minimal.

2.4.3 Asymptotics Under Continuous Model

In this section we show that the PB distribution estimator pr based on (2.14) still pos-
sesses excellent asymptotic properties even when observations are generated from a contin-
uous model and contain no ties. Let L;(B) = exp(x, 3) /{ZieR(tm) exp(x; B)}, L(B) =
Z?Zl 10g(L§(,[§)), U.(B,¢) = 0L.(B)/(08), and I.(B,¢) = —0*L.(B)/(0BIBT) be respec-
tively the log partial likelihood, the score function, and the information matrix for the

approximate partial likelihood in (2.2). Let BC = arg maxgcpa L.(B) the estimator based on
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(2.2). Without loss of generality, assume BC € B. So we can write BC as argmaxgep Lc(B).

Let £(8,A) = log(L(B,A)), xpn(B,A) = {L(B,A) — L(B,A)}/n, and x(B) = {L(B) —
L.(B)}/n. One can see that the estimators satisfy pr = argmaxgep Xpb(B,K) and ,@C =

argmaxgcp X(B). Let X¢(B, () be the matrix defined in Assumption A.3.11. The asymptotic

results for the PB distribution estimator ,é\pb under the continuous model without ties are

Theorem 2.8. Under Assumptions A.3.2 and A.3.11, pr converges in probability to B and

IC(pr, ¢)/n converges in probability to 3.(3,() as n — oo.

Theorem 2.9. Under Assumptions A.3.2 and A.3.11 — A.3.12, n1/2(§pb — ) converges in

distribution to N(0,%.(3,¢()"!) as n — oo.

The proofs of Theorems 2.8 and 2.9, similar to those of Theorems 2.6 and 2.7, are in Sec-

tion A.4.12.

2.5 Simulation Studies

Our simulation studies are done in settings with a single covariate x;, using scalar notation
for simplicity, but it can be readily extended to multiple covariates. Overall, we follow the
settings for the underlying continuous model described in Section 2.2.1. For the covariate,
we generate n i.i.d. z;’s from N(0,02). For event times, we use the Weibull distribution
with the baseline hazard function \o(t) = v¢7~! /0¥ such that A(¢; ;) = vy~ exp(z;8) =
yn; 771, where 1; = nexp(—x;3/7). In particular, we generate T; as T; = exp(u; + oW;),
where o = 1/, p; = log(n;), and W;’s are n i.i.d. following the standard smallest extreme
value distribution. For censoring times, we first generate n ii.d. Cy’s from the Weibull

distribution with hazard function \.(t) = v.7~!/nJ and then set the censoring times as

C; = min{@, (}. To generate ties by grouping, we use the grouped continuous failure time
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model rule described in Section 2.2.2 with several 7 values. We fix ( =1, n =7, = 1.31 and
v = 7. = 1.5, and repeat the simulations B = 10,000 times for all the simulation cases. We

vary 8 € {1,1.5}, o, € {1.5,2}, 7 € {0.01,0.1,0.2}, and n € {50,100, 200, 500, 1000}.

For estimation performance metrics, we use the root mean square error (RMSE) and the
absolute bias (|Bias|), each scaled by the true §, to compare our PB distribution method
with the Breslow method and the Efron method. To evaluate inference performance, we
compare the empirical coverage rates of confidence intervals and the average standard errors
for the three methods with n € {50,100,200}. The standard errors are calculated using
respectively ]gl/g(ﬁb,g) for the Breslow method, Ie_l/Q(Be,C) for the Efron method, and

Ig1/2(5pb, () for the PB distribution method.

Figure 2.1 illustrate that for many cases, pr exhibits notably lower |Bias| and smaller RMSE
compared to existing methods. On the other hand, the standard deviations of the estimators
from the three methods are similar, as shown in Figure A.1. This indicates that pr’s better

RMSE performance primarily arises from its significant reduction in |Bias|. To be more

2

x?

specific, when (,02, and 7 are all small, all three methods give comparable performance.
When at least one of these model parameters gets bigger, the Breslow method’s performance
starts to deteriorate. The Efron method can maintain a performance competitive to the

PB distribution method until at least two of these model parameters get bigger. Besides its

2

x?

dominance in the cases of larger 7, o, or 3, the PB distribution estimators can deliver a

competitive performance in all the other cases too.

Table 2.1 provides empirical coverage rates of confidence intervals and average standard
errors. Clearly, the three methods deliver comparable standard errors. In terms of the
empirical coverage, the message is similar to that of the esimation performance. When all
the three model parameters, 7, 5, and covariate variation, are small, the three method all

perform well with coverage rates close to the nominal. When at least one of the three model
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parameters gets larger, the coverage rates for the PB distribution method dominate those

for the other methods.

Overall, our method outperforms the Breslow and Efron methods in both parameter estima-
tion and confidence interval coverages when at least one of the three model parameters, 7, 3,
or covariate variation, gets larger. Intuitively, an increase in 02 or 3 leads to an increase in
the variation among p;;’s. As discussed in Remark 2.2, an increased level of variation among
pi;’s leads to a larger value of ZieR(tm) p?j /n;, which can also be enlarged by increment in
7 considering the fact that sup,; p;; = Op(7). This makes the Poisson approximation in the
Breslow partial likelihood (A.4) and the Efron partial likelihood (A.5) less precise, and thus
reduces the accuracy of Eb and Be. Additionally, note that Theorem 2.5 requires Assumption
A.3.8, which is 7 < 1/n. Or more simply, note that sup;; [p; — exp(z;3)A;| = Op(7?). Thus,

an increment in 7 makes (A.4) and (A.5) less precise, and thus less accurate 3, and f,.

As a side note, the average computing time for our method with 5 =1.5, 0, = 1.5, 7 = 0.2,
and n = 200 is approximately 0.028 seconds, on a MacBook with an 8-core Apple M1 chip

and 17.2 GB RAM, echoing its computational efficiency demonstrated in Hong [21].
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Figure 2.1: Simulation results for RMSE and |Bias|.
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Table 2.1: Simulation results for inference. Each cell shows the empirical coverage rate of
the confidence interval and the average estimated standard error (in parentheses).

n
B o, 1 Method 50 100 500

Breslow  0.959(0.226) 0.956(0.150) 0.952(0.102)

0.01 Efron  0.958(0.226) 0.954(0.150) 0.952(0.103)

PB  0.957(0.224) 0.956(0.149) 0.952(0.103)

Breslow 0.939(0.211) 0.903(0.140) 0.828(0.096)

1.5 0.1  Efron 0.959(0.217) 0.951(0.145) 0.950(0.100)

PB  0.953(0.219) 0.939(0.145) 0.942(0.099)

Breslow  0.857(0.196) 0.713(0.131) 0.441(0.090)

0.2  Efron  0.949(0.205) 0.934(0.138) 0.908(0.095)

, PB  0.941(0.213) 0.932(0.140) 0.922(0.094)

Breslow 0.958(0.202) 0.952(0.132) 0.948(0.090)

0.01  Efron 0.958(0.203) 0.953(0.133) 0.954(0.091)

PB  0.954(0.200) 0.951(0.132) 0.950(0.090)

Breslow  0.856(0.179)  0.715(0.117) 0.460(0.079)

2 0.1 Efron 0.936(0.185) 0.910(0.123) 0.864(0.084)

PB  0.950(0.197) 0.937(0.128) 0.931(0.086)

Breslow  0.592(0.158) 0.282(0.104) 0.041(0.071)

0.2  Efron 0.835(0.166) 0.712(0.110) 0.498(0.075)

PB  0.942(0.190) 0.920(0.121) 0.907(0.080)

Breslow  0.955(0.293)  0.953(0.191) 0.940(0.130)

0.01 Efron 0.957(0.204) 0.954(0.193) 0.950(0.131)

PB 0.951(0.291) 0.949(0.192) 0.945(0.131)

Breslow 0.763(0.249) 0.546(0.162) 0.234(0.109)

1.5 0.1 Efron 0.896(0.259) 0.832(0.170) 0.708(0.115)

PB  0.947(0.288) 0.939(0.184) 0.923(0.122)

Breslow 0.418(0.215) 0.128(0.141) 0.008(0.095)

0.2  Efron  0.700(0.226) 0.489(0.148) 0.232(0.100)

L5 PB 0.932(0.276) 0.909(0.174) 0.885(0.114)

' Breslow 0.943(0.276) 0.921(0.177) 0.878(0.119)

0.01 Efron  0.951(0.278) 0.943(0.179) 0.931(0.121)

PB 0.949(0.281) 0.949(0.183) 0.944(0.124)

Breslow  0.379(0.199)  0.099(0.126) 0.004(0.083)

2 0.1 Efron 0.585(0.206) 0.323(0.131) 0.099(0.086)

PB 0.937(0.273)  0.909(0.170) 0.860(0.111)

Breslow 0.098(0.163) 0.004(0.105) 0.000(0.070)

0.2  Efron 0.256(0.168) 0.059(0.108) 0.002(0.072)

PB  0.910(0.265) 0.854(0.161) 0.755(0.102)
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2.6 Real Applications

In Section 2.5, we demonstrated that for many cases, ,é\pb surpasses Bb and Be in terms of
reduced |Bias| and RMSE, and better confidence interval coverages. This is particularly
evident when 7 is large or when there is considerable variation in the p;; values. This finding
. . . . . o . . . 2
depicts an important insight: there are positive relationships between 7, Zien(t(j>) i /n;,
and the inaccuracies of ,@b and Be in estimating 8. Here we confirm these relationships using
real datasets, anticipating that a large 7 or a high ZieR(t(j)) p?j /n; leads to an increase in

the RMSE for ,@b and ,[/3\6, demonstrating the advantage of pr over these estimators.

For the ease of comparison, we first transformed the variables in all the datasets as follows.
All the covariates, except for binary ones, are standardized to have mean 0 and standard
deviation 1. The observed times {¢;}?, are first scaled to all lie within the interval [0, 1].
Then to create ties at different levels, we group the scaled times {¢;}! ; with different choices
of 7. Specifically, let 7 € {0,0.01,0.02,...,0.25}. When 7 = 0, the original observed times

are used directly, i.e., t¥ = t;. For other values of 7, t} is defined as t; = [¢;/7]|7.

For each 7, we fit Bb, Be, and B\pb using the data {tI,d;,;}1,. Due to lack of truth in
real applications, we consider an estimation accuracy metric defined with respect to pr,
considering its theoretical accuracy and consistently strong performance in simulations. In
particular, we define the estimation discrepancy (ED) of an estimator B from pr as

maxd} {exp (]B\z — pr,l’) - 1} )

le{lv"' )

where B can be either ,é\b or Be. To gain more insights on the estimation accuracy perfor-
mance, we also record the sum of squared hazards (SSH), defined as % ;?:1 n—lj iER () ]3%,
which is the upper bound in Remark 2.2 with p;; being the evaluations of p;; at ﬁpb and Xpb,j.

Based on our findings in theory and simulation, we expect to observe a positive relationship
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of ED versus 7 or SSH.

Besides the measures introduced above, it is also desirable to evaluation the performance
of the methods via goodness-of-fit metrics. One such metric is the APL L(-, A, () with A
estimated by Kpb. The evaluations of the APL at the corresponding estimates of 3 yield
Ly = L(gb, JAXpb, (), Lo = L(Be, jAXpb, (), and Ly, = L(Z‘i\pb, ./AXpb, (), respectively for the three

methods.

2.6.1 Male Laryngeal Cancer Patients Study

The original data are available as larynx dataset from R package “KMsurv”. Conducted at a
Dutch hospital from 1970 to 1978, this study was reported by Kardaun [28]. It includes data
on 90 male patients diagnosed with larynx cancer, documenting the time (in years) to death
or censoring after their initial treatment. The dataset also records the covariates such as the
age at diagnosis, the year of diagnosis, and the disease stage (four stages in total). More
information can be found in Klein and Moeschberger [29]. For our analysis, we selected age

and indicators for Stages 3 and 4 as covariates.

As shown in Figure 2.2, the study exhibits the desired positive relationships between the
recorded values. In this example, the deviation of the Breslow estimator from the PB distri-
bution estimator increases at an linear rate against 7 or SSH throughout the whole range,
while the deviation of the Efron estimator from the PB distribution estimator increases after
7 > 0.125 or SSH > 0.375. The PB distribution estimator shows its advantage against the
others in the domain of higher 7 or higher SSH again. For the goodness-of-fit, our method
delivers slightly higher APLs than the Breslow and Efron methods when 7 is small, and has

a clear advantage when 7 increases to higher values.

Table A.1 indicates that the estimated (3; values are similar across all the methods for small
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7. However, as 7 increases, Breslow’s estimates diverge significantly from those of our PB

distribution based estimates. Although the Efron estimates show closer alignment with

our estimates, their discrepancy with our estimates also grows as 7 increases when viewed

alongside ED. On the other hand, the standard error estimates are similar across all the

methods, regardless of the 7 values.

ED(Breslow) vs T ED(Breslow) vs SSH Lpb/Lp VS T
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Figure 2.2: Results for the male laryngeal cancer patients study.
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2.6.2 North Central Cancer Treatment Group Lung Cancer Study

The lung dataset, also available in the R package “survival” originates from a study
conducted by the north central cancer treatment group. This dataset captures survival data
for patients with advanced lung cancer, noting the time (in days) to death or censoring for
228 patients. The covariates we consider here are sex, ECOG performance score as assessed
by a physician, Karnofsky performance scores (both patient-rated and physician-rated ones),
and weight loss over the last six months (in pounds). For more details, see Loprinzi et al.

[32].

Figure 2.3 illustrates the desired positive relationships among the recorded values in this
study. The trends are similar to what we observe in the laryngeal cancer study except that
the extra drastic increases of the Efron estimator’s ED happens respectively at 7 = 0.2 or
SSH = 0.175. The goodness-of-fit comparison and estimation results in Table A.2 are similar
to those in the male laryngeal cancer patients study. However, larger ratios of the APLs
using the PB distribution versus the others are observed for large 7 values in this study

compared to the laryngeal cancer patients study.

General Finding: Through the examples with varying tie levels, we have further confirmed
our finding in theory and simulation: pr could estimate (3 more accurately than existing
methods in datasets with heavy ties or datasets with large variability among covariates. The
PB distribution method also outperforms the existing methods in goodness-of-fit when there

are heavy ties.
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Figure 2.3: Results for the north central cancer treatment group lung cancer study.
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2.7 Conclusion

In this project, we propose a new approach for accurately computing the partial likelihood
for the Cox model, which integrates the original idea of APL and the recent development
in efficient calculation of PB distribution. We also thoroughly study the properties of the
new computing method. That is, our consistency and asymptotic normality for the new
approach can cover not only grouped data with ties, but also continuous data without ties.
Our numerical results show that due to reduction in bias, the new approach outperforms
existing methods in reducing RMSE and improving coverage of confidence interval for the
estimated coefficients, especially when data have many ties or the variation among the risk
scores is high. Therefore, we recommend using the new method rather than the existing
methods for these cases. One can see that the choice of JAX, which is used as substitution of

A in APL, is very flexible, only requiring A to satisfy a mild condition in Assumption A.3.9.

Without loss of generality and for notation simplicity, we only consider non-time-varying
covariates in this project. The results can be easily extended to time-varying covariates. For
our future theory, we might try to relax order condition for 7 needed in the asymptotic theory
of pr. Under the grouped continuous failure time model, to have consistency and asymptotic
normality, the PB distribution estimator pr requires 7 < 1/n. Meanwhile, the Breslow
estimator B\b requires 7 — 0 for consistency and n'/?7 — 0 for asymptotic normality, which
are much relaxed conditions than 7 < 1/n. However, in our numerical example, pr performs
much better than Bb under a large 7, i.e., lots of ties. The current theory for pr only allows
a non-diverging number of ties, i.e., sup,cq d(t) = Op(n7) = Op(n x 1/n) = Op(1), but we
might be able to allow a diverging number of ties for pr in the theory considering its high

performances in numerical examples with a large 7 and, correspondingly, lots of ties.

Another direction of future research is to extend this idea to more complex survival models
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such as the competing risk Cox model, calculating the exact partial likelihood using a Poisson
multinomial distribution (PMD). As Lin et al. [30] have proposed an efficient calculation for
the PMD, we can use it for calculating the exact partial likelihood. Similar statistical theories

in this project can also be considered.

As demonstrated in our numerical studies, the PB distribution method not only dominates
the existing methods in the case of heavy ties, but also delivers competitive performance
in the case of no or fewer ties. In addition, the dominance can also happen when covari-
ate effects or covariate variances are large. However, the exact thresholds of these model
parameters for such dominance can be hard to determine and most likely vary in different
settings. Therefore, a practical guideline we would like to provide is to always fit a PB dis-
tribution method alongside the existing methods whenever there are ties in the data. When
discrepancies are observed among the three methods, the PB distribution estimate, whose

robustness is demonstrated here, is the one we would recommend.

Here we treat ties as grouped data from underlying continuous times and focus on propor-
tional hazards modeling of the underlying continuous time hazard function. An alternative
approach based on such grouped-continuous-times assumption, called discrete-time models
that include parametric and machine learning classification methods, is discussed in Suresh
et al. [46]. However, their approach directly models the discretized hazards instead of the
underlying continuous hazard function. The latter form of hazard, as our focus here, is often

of more interest in most survival analysis studies.



Chapter 3

Competing Risk Model with A
Nonparametric Form of

Spline-Estimated Relative Risks

3.1 Introduction

In survival analysis, it is common to observe time-to-event data subject to multiple, mutu-
ally exclusive causes of failure, giving rise to competing risks. When covariates are present,
various statistical models have been developed to account for the structure imposed by com-
peting risks. Among these, the cause-specific hazards model based on the Cox proportional
hazards framework, or the competing risk Cox model, is one of the most widely adopted
approaches and is treated in detail in Prentice et al. [39] and Chapter 8 of Kalbfleisch and
Prentice [27]. Several alternative or extended approaches of this method have since been
proposed. For example, Fine and Gray [15] proposed a proportional subdistribution hazards
model to directly assess the effect of each risk factor on the cumulative incidence func-
tion. A data augmentation method to model multiple cause-specific hazards simultaneously
using standard Cox regression was proposed by Lunn and Mcneil [33]. Modeling of cor-
related latent cause-specific event times using a copula is presented in Lo and Wilke [31].

For a comprehensive review of methodological developments in competing risks analysis, see

46
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Monterrubio-Gémez et al. [37].

Meanwhile, nonparametric smooth modeling in survival analysis becomes essential when
parametric assumptions become doubtful in practice. For example, kernel-based survival
methods were considered in Lépez-Cheda et al. [35, 36] for cure rate data and Akritas and
Keilegom [1] for bivariate survival data. Penalty-based regression spline methods were stud-
ied in Joly et al. [24], Joly et al. [25] and Commenges et al. [7] for single event survival data
with various censoring/truncation schemes, Rondeau et al. [42] for correlated survival data,
and Joly and Commenges [23] for three-state data. Among nonparametric methods, smooth-
ing spline survival models [18] provide an especially appealing approach due to its rigorous
mathematical foundation in the reproducing kernel Hilbert space framework, straightforward
extension to the multi-dimensional setting through tensor product spaces and the functional
ANOVA structure, and reliable performance even in estimating multivariate functions. Be-
sides the single event survival models [18], smoothing splines based methods have been stud-
ied in various other survival settings, such as high dimensional survival data [11], recurrent

event data [12], and cure rate data [48].

Despite the rich literature in their respective areas, an integration of nonparametric smooth-
ing into competing risk models have been rarely studied, with a few exceptions described
below. For discrete-time competing risks survival data, Luo et al. [34] proposed a Cox—logistic
regression model of the cause-specific hazards, where only the baseline hazards are estimated
nonparametrically by simple quadratic or cubic spline expansions but the covariate effects
are modeled linearly. A joint distribution approach based on kernel methods was proposed
by Fermanian [14]. In particular, the joint survival function of the competing failure times is
assumed to have a form defined by three components, an unknown cumulative distribution
function, a set of cause-specific time functions, and a set of cause-specific covariate functions.

Various constraints on the component functions, such as boundary conditions, monotonicity,
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and differenitability are necessary to make the model identifiable. Under these constraints,
these three components are estimated separately by kernel methods. Despite its nonpara-
metric nature, this method can be cumbersome to implement and its estimates are hard to

interpret in practice due to its complex structure.

In this paper, we consider a nonparametric competing risk model based on the smooth-
ing spline ANOVA framework. Instead of linear forms of covariate effects adopted in most
parametric competing risk models, we consider cause-specific hazards with the true covariate
effect functions assumed to lie in a tensor-product Sobolev space. This nonparametric formu-
lation allows for flexible inclusion and decomposition of covariate effects. The estimation is
through the optimization of a penalized partial likelihood consisting of the negative log par-
tial likelihood representing the goodness-of-fit, a roughness penalty enforcing the smoothness
constraint, and a smoothing parameter balancing the tradeoff. For the inference purpose, we
consider the Bayesian confidence intervals based on the penalized partial likelihood, which
provide point-wise coverage for the function parameters. A smoothing parameter selection
criterion based on the Kullback-Leibler distance is introduced. For theoretical properties, we
establish the rates of convergence for the function parameters in the proposed model. The
model is evaluated through simulations, and then applied to a multiple myeloma dataset
studying the effect of genes on cause-specific hazards. The analysis reveals nonlinear and
distinct effects across risk factors, demonstrating the advantage of the proposed model over

existing methods that often neglect competing risks or rely on linear covariate effects.

For the remainder of the paper, Section 3.2 presents the model formulation, function space
structure, estimation procedure, and theoretical result. Section 3.3 provides simulation stud-
ies for the proposed model. Section 3.4 presents a real data application. Finally, Section 3.5

concludes the paper with a discussion of future research directions.
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3.2 Smoothing Spline Competing Risk Cox Model

3.2.1 Model Structure

Let T € (0,00) and C € (0, 7] be respectively the underlying event time and non-informative
right-censoring time, with 7 € (0, 00) representing the ending time of the study. Let X =
(Xpp, .-, X [d})T ceX = Hj:1 Ajj be a vector of d covariates. Without loss of generality, we
assume AXf;) = [0, 1]. Suppose there are K mutually exclusive risks, denoted by {1,..., K},
that can be the cause of an event. Let G = 31 k1(T is due to the k-th risk) € {1,..., K}
represent the underlying risk associated with the event. We assume that a single subject can
experience at most one event, and that 7" and C' are conditionally independent given X. Let
T = min{T,C} € (0,7] be the observed time and J = 1(T < C) be the censoring indicator.
Let G =G-J € {0,1,..., K} be the observed risk indicator. Note that G = 0 when the

subject is censored and is the risk type otherwise.

Let {W;}, = {Ti,C’i,XZ-,C:’i}?:l be the underlying data, which are n independent and
identically distributed copies from W = {T,C, X,G}. The observations {T}, X;,J;, G;}"_,
are then copies from {7, X,J,G}. In competing risk models, for ¢ € [0,00), the hazard

function of T given X is

dH(t; X) = h(t; X)dt = B(T € [t,t + dt)|T > t, X)

K K K
Z (T €ftt+dt),G=KT>tX)=> dHy(t; X) =) hy(t; X)dt,
=1

where dH(t; X) is the cause-specific hazard function of the k-th risk factor. The survival
function is given by S(t; X) = P(T > t|X) = exp(—H(t; X)) and the distribution function
is then calculated as F(t; X) = P(T < #|X) = 1 — S(t; X). The density function is f(t; X) =
OF(t; X)/(9t) = h(t; X)S(t; X) = o0 fiu(t; X), where fi(t; X) = hy(t; X)S(t; X). The
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distribution function can also be expressed as F(t; X) = Zszl Fr(t; X), where Fp(t; X) =
P(T < t,G = k|X) = fg fr(s; X)ds is the cumulative incidence function of the k-th risk

factor. Define P(k; X) = P(G = k| X) = limy_,o Fx(t; X), where Z?:l P(k; X) = 1.

For each k, let n; : X — R denote the true covariate effect function for the k-th risk.
We assume the proportional cause-specific hazards model, that is, the cause-specific hazard

functions follow the Cox model
dH(t; X) = dHo(t) exp(n;(X)),

where dHo(t) = hor(t)dt is the baseline cause-specific hazard function, and hg,(0) = 0.

3.2.2 Reproducing Kernel Hilbert Spaces

Here we introduce reproducing kernel Hilbert spaced (RKHS) following the smoothing spline
ANOVA framework described in Gu [18]. The Sobolev space of order m € N corresponding
to the jth axis Aj; is given by

3l

Hy) = {f  f, fO 0 fmY are absolutely continuous, / |f(m)(x[j])|2dxm < oo} .
X

Let Aj; be the averaging operator of the jth axis, defined by

Ay f(x) = Ay flepy, - og) = | flapgs. .. z@)deg).

A)

Then H; can be decomposed as H;) = Hop; DMy, where Hopyy = {c; Ay fi) c ¢ €R, fi € Hiyy} =
Span{l}, and Hyyy = {fiy) € Hyp : A fy) = 0}
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The tensor product Sobolev space on X = H;l:l AXJj can be written as

R Hyy = ©F_y {Hoy © Hijy )

= @ser,Hs = Ho & {1} © (@i Hyn} @ & Hiay,

where P, denotes the power set of {1,...,d}. For each S € Py, the associated space is

Note that Hg is defined over Xg = [] jes ) and represents the space for effect S. The

constant part, i.e., the intercept space, is Hy = ®?:1H®[j] = Span{1}.

Let

H = DsesHs

for some collection S satisfying ) ¢ S and S C P,;. Note that, since the Cox model does
not include an intercept, Hy is excluded from H. As a result, [ y f(@)dz =0 forall feH.
The selection of S specifies the structure of H. For instance, if S = {{1},...,{d}}, then
‘H adopts an additive form that involves only main effects. On the other hand, choosing
S = {{1},...,{d},{1,2},...,{d — 1,d}} allows H to incorporate all main effects together
with two-factor interactions. For each k, we assume n;; = > . g € H, where n; ¢ € Hg

for every S € S.

Given a semi-inner product J(-,-) on H, H can be decomposed as
H = NJ ®Hy,

where Ny = {f € H: J(f) = J(f, f) = 0} forms a finite-dimensional parametric subspace of
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H, and H ; forms an infinite-dimensional nonparametric subspace of H. Furthermore, J(-,-)

is an inner product on H;, with its associated reproducing kernel (RK) IC;(-,-) on H.

In practice, for each risk k£, when estimating 7;, we use J, and K, instead of J and K.
Here, Jj, is an inner product on ‘H; whose induced norm is equivalent to that of J, and ICj,
denotes the reproducing kernel associated with J, on H;. Further details on the RKHS,

along with the calculation for J, K;, Ji, and K, , are provided in Section B.6.

3.2.3 Estimation

We provide estimation procedure for the proposed model. First, define counting process for
each k and at-risk process. Let ¢t € [0, 7]. For each risk k, the counting process for the k-th

risk is defined as
Nt) =T <t,G=kI=1)=1(T<t,T<C,G=k),
and the at-risk process is defined as
Y(t)=1(T >t)=1(T >t and C > t).

For each subject i, Ny (-) and Y;(:) are defined in the same manner. For details on the

martingale framework in the theoretical derivation, see Section B.1.

For f € H, define minus log-partial likelihood for k-th risk as
™ n 1 n
Lim)(f) = —/ - Z {f(Xz) —In (ﬁ ZYi'(t) exp(f(Xi/))> } dNi(1).
0 i=1 i'=1

For covariates, for each k, we randomly select g elements from n subjects, i.e., {Zyw }i,
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C {X;}™,. Then, Hsk) = Span{C; (Zig),")s - - - K1, (Zg, k), )} forms a finite-dimensional
subspace of H.;, which further defines H® = N; & ”Hf,’“), a finite-dimensional subspace of H.
Note that g and the selected g elements may be different for each k. For each risk k, using

the efficient approximation [18], we get estimator of n; by

. : A
e = argmin Ly (f) + 5H(F), (3.1)
feH®)

where Ji(f) = Jx(f, f) is a roughness penalty and \; € (0,00) is a smoothing parameter.

Note that when g, = n, we have {Zyu }7£, = {X;}/~,, and then, by the representer theorem,

Mg = T = ar%rr;{in Ek(n)(f) + A Ji(f)/2.
S

One can represent N; = Span{¢y, ..., $,} for known basis functions ¢, ..., ¢,. See Section

B.6 for more details. Solution of the optimization problem in (3.1) is equivalent to 7, =

S ity + 300 eriKs, (Zery, ), where

di, €RP ¢, €RI%k

P Tk
o , A
(d,él)T = argmin L) (lg_l di1d + ;_1 e tK g (Zogry )) + chkTICchk (3.2)

with ICs, = {K s, (Zeky, Zew)) Yeoreqr,... qn}-

3.2.4 Bayesian Confidence Interval

We can compute point-wise Bayesian confidence intervals for the fitted functions. Similar to

Gu [18}, fOl“ each k, gok() = [¢1(), Ce ,gbp(-), ICJk(Zl(k), -), ey ICJk (qu(k), )]T and W(n)(ﬁk)
is the hessian matrix for the optimization in (3.2) evaluated at (d;,é])T, which can be

expressed as

} de(t) + Diag (Op’ )\k’CJk) )
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where S{0), (i ) = S0 Yi(t) exp (i (X2)) /n, Sy (k1) = S0 Yi()i(X:) exp(i(X,)) /n,
Ston (s t) = Y0y Yi(t)pu(X2) @ (X) T exp(iin(Xy)) /n, Ni() = S0y Nit()/n, and O, is a

P X p zero matrix.

The point-wise 100(1 — )% confidence interval for n;(x) at a fixed point x € X' is given by

. 1 1 a
() £ Zl—a/2\/ﬁ%ok(fﬂ)ﬂ/;c(i)(ﬁk)%(fﬂ)»

where 21_q/5 is the (1 — a/2)-quantile of the standard normal distribution. The point-wise

Bayesian confidence intervals for each effect function can be computed in a similar manner.

3.2.5 Smoothing Parameter Selection

We propose a rule for selecting the smoothing parameter for each k. For each k, let n, =
> i Ni(7) represent the number of subjects who failed due to the k-th risk factor. Let

{Xow }ot € {Xi}7, be the subset of nj covariates out of n that satisfy N (7) = 1.

Using the relative Kullback-Leibler distance (RKL) proxy for leave-one-out cross validation,

as outlined in Du et al. [11], we select the smoothing parameter )\ that minimizes

ay

_F ¢ PT -1 /.~ TP
el — 1) r( i Qi Vi) () Qp k) ,

n ~

where P, =1, —1,, lzk/nk, I, is ny X ny, identity matrix, 1,, is length n; one vector, and
Qi = [es(Xiw), - - eu(Xnpw)] - We set ay, = 1.4, following the recommendation in Gu
[18].
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3.2.6 Rate of Convergence

Here, we present the rate of convergence result for the estimator in (3.1). The asymptotic

notations and the assumptions are listed in Sections B.2 and B.3, respectively.

For each k, define a non-negative definite bivariate functional V(-,-) on H by

_ [T [S5(fgimt)  S(fimg,t) S(gsmi. t) \

for f,g € M, where S(n,t) = Ew[Y (t)exp(n(X))], S(f;n,t) = Ewl[Y (t)f(X) exp(n(X))],
and S(fg;n,t) = Ew[Y (1) f(X)g(X) exp(n(X))] for f,g9,m € H and t € [0,7]. Let Vi(f) =
Vi(f, f) for feH.

Theorem 3.1. Under Assumption B.5.1, for each k, as n — oo, we have

\/(Vk + Aka) (ﬁk . nZ) — OIP’ <n—1/2>\’;1/(27’) 4 /\Zk/Q) _ Op(l).

The proof of Theorem 3.1 is provided in Section B.4. One can show that Theorem 3.1
implies ||y — 0|, = Op (n‘lﬂ)\;l/(m) - )\Z’“/Q)7 where || - ||z, represents the £ norm. Note
that » > 1 is required, where r = 2m when d = 1, or when d > 1 with H having an
additive structure; and r = 2m — § for any 6 € (0,2m — 1) when d > 1 with H including
at least one interaction. See Gu [18] for additional details. The parameter b, € [1,2]
represents the smoothness of the true function 7;, with 7; being referred to as supersmooth
when b, > 1. To achieve the optimal rate of convergence, if A, =< n~"/"%+1D which solves

n 2\ VO = AP e obtain the optimal rate of convergence Op(n =4/ (2rbit2)),
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3.3 Simulation Study

We perform a simulation study for the proposed method. We set K = 2 and d = 3, and

impose an additive structure on H; that is, for each k, we assume n; = Z;.lzl M e where

Moy = Tetsy — Ju, Ty () day) € Hygy and

ﬁf,{l}(l’[l]) = 2sin(1.2mzp)) + 1.63:[21], 771:{2}(1'[2}) = 1.4sin(2mapy) + 2.82py,

ﬁf,{g}(l’[g]) = 1.5cos(27mx3)) — 0.5z,

~ % . TN - ) Ty
a1y (T) = 2.496?1] - 2.4;1:[21] — 0.9z — 1.8sin ( 1 [2]) , 7 gy () = —2.25sin ( : [1]) 7

ﬁ;,{S}(IL’[g}) =1.6 Siﬂ(?ﬂxm) + 0‘5%23].

We assume a Weibull baseline cause-specific hazard functions; that is, for each k, hor(t) =
At/ BrF. We set 71 = 72 = 1.4 and 5y = f, = 1.7. Similarly, the hazard function for
the underlying censoring time is also assumed to be Weibull; that is, for a random variable
C € (0,00), we have C' = min{C, 7}, where h,(t) = 7.t7 /B and dH.(t) = h.(t)dt =
P(C e ft,t+dt) | C >1t). Weset 7 = 1.

Let X = (X[l],f([g],f([g])T be a multivariate normal random variable with mean vector
(0,0,0)" and covariance matrix {0.5V771},<; -~ 5. We have X = (X[j, Xjg, Xp3)) "

= (®(Xpy), ®(Xp), ®(Xp3)) ", where & denotes the distribution function of the standard
normal distribution. Each X7 follows a uniform distribution on [0, 1] and X7, X, X are

dependent.

Considering that P(G' = k|X,T € [t,t + dt)) = hi(t; X)/h(t; X) for each k, we generate
simulation data following the approach outlined in Beyersmann et al. [2]. Specifically, for
each subject 4, (1) generate Cy; (2) generate X;; (3) generate T} from F(t; X;); (4) generate
G, from Multinomial(l,hl(Ti;Xi)/h(T,-;Xi), . .,hK(ﬂ;X,-)/h(j};Xi)); (5) compute T;, J;,
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and G;.

For the simulation setting, we vary the censoring levels by (7., 8.) € {(0.4,0.3),(1.2,1.1),
(2.8,2.7)} and the sample size n € {250,500}, where smaller v, or smaller /3. induces a heavier
censoring rate. We repeat the simulation over 1,000 replicates, where, for each replicate,
we compute 7 for each k. For each simulation setting, we evaluate the performance of the
proposed method across all replicates, focusing on the rate of convergence and the Bayesian

confidence interval.

Table 3.1 presents the data summary of the simulation settings. One can observe that
events are equally likely to occur for both risk factors. With smaller values of ~. or 5.—more
observations are censored, and fewer subjects remain in the at-risk set until the end of the

study.

Estimation performances are reported in Table 3.2, while both estimation performances and
the Bayesian confidence interval performances are shown in Figures 3.1 — 3.3. As expected,
lower censoring levels and larger sample sizes yield improved estimation accuracy, narrower
confidence intervals, and generally better coverage rates. The proposed Bayesian confidence
intervals align closely with empirical quantiles across replicates, demonstrating their relia-

bility.
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he Data Summary
n

Ve o Be |2 WTi=7) YL, 1(Gi=0) >, (G =1) > 1(G;=2)
04 0.3 15.46(3.79) 184.60(6.98) 31.77(5.17) 33.63(5.43)

250 1.2 11 31.92(5.26) 118.31(7.74) 65.46(6.75) 66.23(6.81)
28 2.7| 72.80(7.06) 79.12(7.11) 86.41(7.21) 84.47(7.35)
04 0.3 30.88(5.39) 369.26(9.90) 64.07(7.51) 66.66(7.41)

200 1 1.2 11 64.07(7.50) 237.84(11.13) 130.44(9.74) 131.72(9.40)
2.8 2.7 146.85(9.99) 159.48(10.28) 171.98(10.41) 168.54(10.61)

Table 3.1: Summary of data by simulation settings.

deviation) over 1,000 replicates.

Each cell shows the mean (standard
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1745y — WZ,{j}Hllz

Ve

Be

0.4
250 | 1.2

2.8

0.3

1.1

2.7

0.42(0.21)
0.29(0.13)

0.26(0.12)

0.39(0.22)
0.26(0.12)

0.21(0.10)

0.47(0.18)
0.31(0.12)

0.27(0.10)

0.41(0.26)
0.26(0.14)

0.22(0.11)

0.41(0.20)
0.29(0.10)

0.25(0.08)

0.60(0.34)
0.36(0.18)

0.30(0.14)

0.4

500 | 1.2

0.3

1.1

28 2.7

0.29(0.13)
0.21(0.09)

0.18(0.07)

0.25(0.13)
0.17(0.07)

0.15(0.07)

0.31(0.12)
0.21(0.08)

0.19(0.07)

0.26(0.14)
0.18(0.08)

0.15(0.07)

0.30(0.10)
0.21(0.07)

0.19(0.06)

0.37(0.18)
0.25(0.10)

0.21(0.08)

Table 3.2: Summary of £, loss by simulation settings.

deviation) over 1,000 replicates.

Each cell shows the mean (standard
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Figure 3.1: Simulation results for X};). For each simulation setting and each risk factor, the
top panel shows 7; (solid line), average of 7y {13 (dashed line), average of the 95% Bayesian

confidence interval for n; 1 (dotted lines), and 2.5% and 97.5% empirical quantiles of 7 11}
(shaded area). The bottom panel displays the empirical coverage rate of the 95% Bayesian
confidence interval for n; 1y Note that all averages and empirical quantiles are computed

point-wise across all replicates.
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Figure 3.2: Simulation results for Xjy. For each simulation setting and each risk factor, the
top panel shows 7; 5, (solid line), average of 7y, {23 (dashed line), average of the 95% Bayesian
confidence interval for . @ (dotted lines), and 2.5% and 97.5% empirical quantiles of 7, 12}
(shaded area). The bottom panel displays the empirical coverage rate of the 95% Bayesian
confidence interval for M. (2} Note that all averages and empirical quantiles are computed
point-wise across all replicates.
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Figure 3.3: Simulation results for Xj3. For each simulation setting and each risk factor, the
top panel shows 7; (3 (solid line), average of 7y ¢33 (dashed line), average of the 95% Bayesian
confidence interval for . 3} (dotted lines), and 2.5% and 97.5% empirical quantiles of 7 (3}
(shaded area). The bottom panel displays the empirical coverage rate of the 95% Bayesian
confidence interval for M. 5} Note that all averages and empirical quantiles are computed
point-wise across all replicates.
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3.4 Real Application

In this section, we conduct a real data analysis using the Multiple Myeloma Research Founda-
tion (MMRF) CoMMpass study, which provides clinical trial data and gene expression data,
publicly available through the Genomic Data Commons (GDC) portal. Multiple myeloma is
a type of blood cancer that originates in plasma cells and affects the bone marrow and im-
mune function. The dataset includes, for each subject, time-to-event or censoring, a censoring
indicator, cause of death (categorized as multiple myeloma-related or non-cancer-related),

age, and gene expression profiles for various genes.

Previous studies on time-to-event modeling in multiple myeloma have either used linear
survival models [45, 49], which focus on variable selection or interpretation but cannot ac-
commodate nonlinear effects, or machine learning approaches [41, 44], which aim for pre-
dictive performance but lack interpretability, especially with respect to how each covariate

nonlinearly influences the event time.

The study by Zhao et al. [50], which focuses on survival modeling with omics covariates
using The Cancer Genome Atlas (TCGA) data—also available through the GDC portal and
formatted similarly to the MMRF CoMMpass data—mentions competing risks modeling
as a potential approach for analyzing multiple causes of death, such as cancer-related and
other-cause mortality. This suggestion motivates our use of competing risks modeling in the

MMRF CoMMpass data analysis.

Despite the richness of the MMRF CoMMpass study, existing literature lacks smoothing
spline modeling frameworks that can flexibly capture and interpret nonlinear covariate ef-
fects, as well as methods for jointly modeling multiple causes of death. Our proposed method

addresses both limitations to analyze the MMRF CoMMpass data.

Under a competing risks framework, following previous studies on multiple myeloma [44, 45,
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49], we focus on the effect of gene expression as covariates. Note that age is also an important
factor [50]. In the MMRF CoMMpass dataset, using modified R code for data extraction
as described in Zhao et al. [50], after excluding subjects with missing age information, the
number of observations in the censored group and each risk group is as follows: Y " | 1(J; =
0) =577, 3" 1(G; = 1) =83, and > | 1(G; = 2) = 66, where k = 1 corresponds to
multiple myeloma-related death and k& = 2 to non-multiple myeloma-related death, with
K = 2 total causes. The high censoring rate in this dataset poses challenges for estimation
and inference. To mitigate this, we apply matching [20] based on age to reduce the censoring

rate and simultaneously control for age imbalance between censored and uncensored subjects.

After matching, the dataset is reduced to > . | 1(J; = 0) = 74, > | 1(G; = 1) = 83, and

i=1
> n, 1(G; = 2) = 66. The original gene expression data contains measurements on 60,660
genes. We preprocess the gene expression data by (1) applying a logarithmic transformation
and (2) scaling each variable to lie in the interval [0,1]. The latter step alone resulted in

covariate distributions that were too extreme.

To reduce dimensionality, we first select the top 25 genes with the highest standard deviation
among those with less than 10% missing values. From this subset, we further select d = 3
covariates based on 3i_ ||7k||z,, computed via univariate modeling using the proposed

method. The selected genes—IGKC (j = 1), UCHL1 (5 = 2), and SHROOM3 (j = 3)—are

listed in decreasing order of the screening criterion.

The final dataset, after excluding subjects with missing values for any of the three selected
genes, consists of > " 1(J; = 0) =69, > 1(G; = 1) = 82, and Y ;| 1(G; = 2) = 62,
with d = 3 selected gene expression covariates as described above. We fit our proposed

model to this dataset, assuming an additive structure on H.



3.4. REAL APPLICATION 65

IGKC
Cancer Death Non—-Cancer Death
2
of = Tt o i e ey e
_2 ".4.\\\
8 10 12 14 16 8 10 12 14 16
UCHL1
Cancer Death Non—-Cancer Death
2
1
0 ______-:._.._A._"_'_"f‘.‘-e.e:::. ———————— \\.."- r . 5%
-1 T
0 2 4 6 8 10 0 2 4 6 8 10
SHROOM3
Cancer Death Non-Cancer Death
1
0 - —— e - w"" ......................
-1
0 2 4 6 8 ) F 4 6 8

Figure 3.4: MMRF data analysis results. For each line, the title represents the gene and the
subtitles correspond to the associated risk factors. For each plot, the dashed line represents
Mk,;3 and the dotted lines indicate the 95% Bayesian confidence interval for Mgy Note that
the domains are rescaled back to the logarithmic of gene expression for better interpretability.

In Figure 3.4, we observe that for each gene, the fitted curves 7, (;; for multiple myeloma-
related death and non-multiple myeloma-related death exhibit notably different shapes. This

suggests the necessity of competing risk modeling for these risk factors. Additionally, for at
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least one of the risk factors, either multiple myeloma-related death or non-multiple myeloma-
related death, nonlinearity is present in the fitted curves. For example, the cancer death
group in IGKC and the non-cancer death group in UCHL1 exhibit pronounced nonlinearity in
the fitted curve, where the Bayesian confidence interval does not include zero for a substantial
portion of the domain. Although the Bayesian confidence interval for cancer death group in
SHROOMS is relatively wide, its fitted curve still displays nonlinearity. These findings are

not reported in the existing literature.

Overall, the analysis demonstrates that for each gene expression, at least one cause-specific
effect is nonlinear and varies across different causes of death. This highlights that the pro-
posed model fills a gap in the existing literature, where competing risks are often overlooked
or effects are assumed to be linear, providing a useful approach for analyzing MMRF CoMM-

pass dataset.

3.5 Conclusion

In this study, we introduced the smoothing spline competing risk Cox model, which com-
bines the cause-specific Cox model with smoothing spline ANOVA to capture nonparametric
covariate effects in competing risks. The proposed model bridges a gap in the literature
by estimating nonlinear and distinct cause-specific covariate effects under the proportional
cause-specific hazards assumption. For each risk factor, the estimation procedures are pro-
posed, and the rate of convergence results are established. Our simulations and application
to a multiple myeloma dataset demonstrate that the proposed model can estimate distinct

effect functions across risk factors, in the presence of nonlinearity.

For future work, we plan to apply the smoothing spline ANOVA framework to various com-

peting risk survival models. The proposed method in this paper combines the classical
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and fundamental proportional cause-specific hazards model with smoothing spline ANOVA.
However, we aim to extend this framework by integrating alternative approaches to pro-
portional cause-specific hazards modeling with smoothing spline ANOVA. For instance, we
could combine the proportional subdistribution hazards model [15] with smoothing spline
ANOVA or integrate correlated latent cause-specific event times model by copula structure

[31] with smoothing spline ANOVA.
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Appendix A

Details for “An Accurate
Computational Approach for Partial
Likelihood Using Poisson-Binomial

Distributions”

A.1 Existing APL Approximation Methods

When there are no ties (i.e., dj=1), the APL is

Ly — Aa8) _ Pins B Thiemiy i (1= P8 1)
I\ A T T A '
Bj(B, ;) 2ieR (1) {Pz‘j eerenin = p@')}

When ); is small enough, say sup; A\; = Op(7), pij = exp(z; B)A; by the Taylor expansion.

Then sup,; pi;; = Op(7), 1 — pij = 1, and

exp(w;ﬁ))\j _ exp(ijl,B)
ZiER(t(j)) exp(z; B)A, ZieR(t(j>) exp(z] B)’

Li(B,\j) =

which is the approximate partial likelihood (2.2) used in literature [8].

5
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When there are ties, the Cox correction [8] uses the following partial likelihood term,

eXp (ZZED(t(])) w:ﬁ)

ZAd]. e5,, ©XP (Zie A x] 5) ' (A.2)

Lj(,@, )‘]) ~

We have d; ties at t(;), and subject ji, ..., jq, failed at £;). Let Q; be the set of d;! permu-
tations of the subjects ji, ..., ja,. Let Slj = {sfl, . s{dj} be the [th element in @);. We have
Q;=1{si,..., ng!} and R(t(;), S, m) = R(t;) \ {sh, . .. ,3{7m71}. The Kalbfleisch-Prentice

correction [26] uses the following partial likelihood term,

1 d;! exp (Zz‘eD(t(j>) 1:?[3)

L(B.A) ~ — (A3)
d;! =1 Hm 1{Zien(t(j),s{,m) exp(z; 5)}
which is based on the average partial likelihood contribution at ;).
The Breslow correction [4] uses the following partial likelihood term,
eXp (ZZED t(]) T’B>
Li(B, Aj) o (A.4)

{ZieR(t() exp(x; IB)}

We denote by 8, and )\bj =d;/{> exp(:cz-T ﬁb)} the Breslow estimates for 3 and );,

IGR t( )

respectively, where Ap(t) = Z )\b] (ty) <t).
The Efron correction [13] uses the following partial likelihood term,

exp (Sienq,, @ B)

Lj (ﬁa /\]) (8 ,_ )
120 {Sier,) oo 8) - (A (.16) }

(A.5)

where A(B,t(;)) = Ziep(tm) exp (z;] B) /d;. We denote the Efron estimates for 8 and \; by

2 > . : > d;—1 = — 5 -1
Be and A;, respectively. In particular, Ae; = >°7 { Zien(tm) exp(x; Be) —VA(Be, ti)) }
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where /A\e(t) = Zle :\\ej]l(t(j) < 't). The Cox correction, the Kalbfleisch-Prentice correction,
the Breslow correction, and the Efron correction are all the same as the approximate partial

likelihood (2.2) when d; = 1.

A.2 Asymptotic Notations

Here we introduce some asymptotic notations. Without loss of generality, C' or C, including
versions with subscripts, represent constants in (0,00). To avoid confusion with censoring
values denoted by C}, we refrain from using numerical subscripts for C' when representing
constants. We denote by || A||« the infinite norm of a scalar, vector, or matrix. Let X,, and Y,
be random scalar, vector, or matrix. We write X,, = Op(Y,,) if Pr(||X,|lc > C||Yalloo) — 0
as n — oo for some C' > 0 and X,, = op(Y,) when Pr(||X,|lcc > €[|Ya|loo) — 0 as n — oo
for all € > 0. One can see that || - || in definitions of Op(:) or op(-) can be substituted
by || - ||z for vectors with finite, fixed, and therefore non-diverging dimensions as n — oo,
e, [la]le < |lalla € vmllal|s for a € R™. Let B 5 and 2 stand for convergence in
distribution, convergence in probability, and almost sure convergence, respectively. Note

that summation over empty set is set to be 0 and product over empty set is set to be 1.

A.3 Assumptions

Recall that ¢ is the ending time of the failure time study, which we assume, for the sake of

notational simplicity, to be a multiple of the grouping parameter 7.

Assumption A.3.1. Recall that n(t) and d(t) are respectively the numbers of at-risk subjects

and failed subjects at time t. We assume n(¢) —d(¢) > 1.



CHAPTER A. DETAILS FOR “AN ACCURATE COMPUTATIONAL APPROACH FOR PARTIAL LIKELIHOOD
78 Using PoissoN-BiNoMIAL DISTRIBUTIONS™

Note that Assumption A.3.1 is basically saying that there is at least one censored subjects in
the end of the study, which holds for most datasets. This assumption basically allows n(()

or n(¢) — d(¢) appearing as the denominators of fractions.

Assumption A.3.2. The covariates x4, ..., x, are deterministic and are elements of some

compact set M.

Assumption A.3.2 implies sup; [|€;||cc < p for some p > 0, or sup; |z;]|« = O(1), that
is, there are no extreme outliers in the model. This is commonly assumed in the survival

analysis literature.

Assumption A.3.3. We assume sup,cq dAj(t) = O(1), where Aj(-) is the discretized base-

line cumulative hazard function defined in (2.7).

One can see that Assumption A.3.3 can be generally satisfied for common cumulative haz-
ard functions. One example is the cumulative hazard function of the Weibull distribution
(Ao(t) = gt™) with the parameters ¢ > 0 and m > 1. To check this, one can see that
dA{(t)/T is non-decreasing function on 2 and

dA\* m _ m . m __ m a
o(Q) _ 9" —g(C—7)" _g(¢—1)" —gC" | S — gmem!

T T —T

asT — 0asn — co. S0, 0 < dAS(T) /T < dAS(2T) /T < - < dAJ(C) /T = {supyeq dAS(t)} /T =
O(1), directly implying sup,.q dAj(t) = O(7). To see point-wise boundedness for some indi-
vidual ¢t € Q, as dAS(C)/7 — gm{™ ! as 7 — 0 by n — oo, dA({) < 7, which is also O(7),

and dAj(7) = g™ is o(7) for m > 1 and < 7 for m=1, which are also O().

Assumption A.3.4. We assume sup,¢(o ¢ [n(t)/n —y(t)] =20 as n — oo with y(t) € (0,1]
for all t € [0,(].
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Assumption A.3.4 means that there are always a nonzero fraction of subjects at risk even
throughout the study. This is a reasonable assumption since most survival data contain a

good portion of censored subjects at the end of the study.

Assumption A.3.5. We assume sup,cq dN(t) = Op (sup,eq {E(dN ()| Fi-)}) .
Assumption A.3.5, together with Assumptions A.3.1 — A.3.4, indicates that

teQ teQ

sup {E(AN (1) Fi-)} = sup dA(t) = sup {Z Yi(t)dA* (1 wz-)} — Op(n),

implying that sup,cq d(t) = sup,cq dN(t) = Op(n7). Considering the fact that the number of
elements in € is (/7 and the number of total events is Op(n), it is natural that sup,cq dN(t) =
Op(n/(¢/7)) = Op(nT), which means the number of ties are balanced for all ¢ € Q, i.e., no

extreme number of ties for some ¢ € (2.

For martingales G(-) and H (-), we define predictable variation process as (G)(t) = fot d(G)(s),

where d(G)(t) = Var(dG(t)|F;-) and the predictable covariation process as (G, H)(t) =
fot d(G, H)(s), where d(G, H)(t) = Cov(dG(t), dH (t)|F;-).
Assumption A.3.6. We assume

E(dN;()dNi(1)|Fi-) = E(dN; (1) F1-) E(dN, (1) Fi- ),

when i # 1 for all t € [0,(].

Assumption A.3.6 is common in the survival analysis literature. One can see that it implies

d{M;, My)(t) = 0, when i # [ for all ¢ € [0, (].
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Define the processes

SO(B,t) = ZY exp(x; B),

0(8,1) - fﬁ. SO(B,1) = 3 Vi(t)m, exp(a] B), and
=1
02 "
7168.0) = eS80 = Y Vioms] exple] B)

Assumption A.3.7. There exists an open convex neighborhood B of B and functions s (-, -),

Jj =0,1,2 defined on B x [0,(], that satisfy the following four conditions.

(i) [y dAo(t) < oo
(i) SUPgep e 1S9 (B, t)/n — s9(B,1)]|s L0 asn— oo forj=0,1,2,

(iii) s©(B,t) > my > 0 for all B € B, t € [0,(] and SUPGeg re(0.0] 1s9(8,)]|e < Cs for
71 =20,1,2 for some Cs > 0,

(iv) Forj=0,1,2, s(j)(,é,t) are continuous functions of B € B uniformly in t € [0,(], and
D(B,t) = 0s(B,1)/(08), s@(B,1) = 9?5 (B, 1)/ (0B0B) for all B € B, t € [0,(],

and
(v) 2(B,¢) = fo 0(B,t)dAo(t) is positive definite for all B € B, where e(B,t) =
(ﬂ,t>/s<°><ﬁ, t) and v(B,t) = s@(B8,1)/s(B,t) — e(B,t)e(B,1)" for all B € Bt €
[0, ¢].

Assumption A.3.7 is common in the survival analysis literature. See, for example, Section 8
of Fleming and Harrington [16]. Without loss of generality, there exists Cz > 0 such that
18|l < Cj for all B € B.

Assumption A.3.8. Let 7 < 1/n, which means 7 = O(1/n) and 1/n = O(1).
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Assumption A.3.8, together with Assumptions A.3.1 — A.3.5, indicates sup,c, d(t) = Op(1),

which means the supremum number of ties does not diverge with n.

Assumption A.3.9. For all t € Q, dA(t) = d(t)/n*(t) for some non-negative and non-
increasing function n*(t) over t € [0, (], where sup,cqn*(t) = Op(n) and sup,cq{l/n*(t)} =

Op(1/n).

Under Assumptions A.3.1 — A.3.5 and A.3.9, one can show that sup,cq dA(t) = Op(7). One
can see that dAp(-) and dAy,(-) satisfy Assumption A.3.9, where A (t) = Z?Zl Xna’j]l(t(j) <
t). See Section A.4.8. Although there is no rigorous proof that dKe(~) satisfies Assumption
A.3.9, as the Efron correction is a modification of the Breslow correction and performance
of A, in Figure A.2 is better than the other baseline hazard function estimators in reducing

bias of pr, we use dA.(-) as dA(-) in our numerical examples in Sections 2.5 and 2.6.

Assumption A.3.10. Xpb(~,JAX,C) and X (-,¢) are strictly concave on B and there exist

a€0,1/2), Cp, > 0, and Cy, > 0 satisfying the following as n — oco:

(Z) Pr <H/§pb - //B\b”2 S CYpbna {Xpb(/é\pba-//iag) - Xpb(ﬁbazia C)}) — 1.

(ii) Pr (1By — Byl < Con { X (B, O) = X (B ) }) = 1.

One can see that for any B € B, we have Xpb(ﬁpb,f&, () — Xpb(,é,K,C) >0 and X(Bb,g“) —
X (B,Q) > 0 by the definition of pr and Bb. Due to strict concavity, Xpb([;pb,j/i,(’) —
Xpb(B, K, ¢) = 0 only when 8= pr, which also makes ]|pr—5|]2 = 0. Similarly, X(Bb, ¢)—
X(,@,C) — 0 only when 8 = Bb, which also makes HB\b — BHQ = 0. Assumption A.3.10
essentially requires that the difference between pr and Bb is bounded by both the difference
between their values in 79X, (-, A, ¢) and the difference between their values in n®X (-, ().

Considering the fact that B\pb, B\b € B, we have ||,§pb — Bb“g = Op(1). Also, one can show
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that n{ Xpp(Bpn, A, C) — Xpb(Bp, A, €)} = Op(n?) and n®{X(By, ¢) — X (Bps, ()} = Op(n®).

So this assumption is expected to be satisfied in many scenarios.

For j = 0,1,2, define the processes SU)(3,t) similar to SU)(3,t) with the at-risk process

Y;(t) replaced by Yi(t) = 1(T} > t) for the continuous model, where T; = min(7}, C;).

Assumption A.3.11. Let Y7 V;(¢) — 1 > 1 and sup,cp ¢ | Yoimy Vi(t)/n — Y()] == 0 as
n — oo with Y(t) € (0,1] for all t € [0,(]. There exists an open convex neighborhood B
of B and functions 89)(-,-), j = 0,1,2 defined on B x [0,(], that satisfy the following four

conditions.
(i) [ dAo(t) < oo

.. . -~ . ~ P i
(ii) SUPZes 1e(0.(] 1SD(B,t)/n —8D(B,t)||lsc — 0 asn — oo for j =0,1,2,

(iii) 8©(B,t) > mg > 0 for all B € B, t € [0,(] and SUP5es.1e(0.] 189)(B,1)||sc < Cs for
71 =20,1,2 for some Cs > 0,

() For j = 0,1,2, 89(B,t) are continuous functions of B € B uniformly in t € [0, (],
and 8 (B,t) = 98(B,1)/(08), 82 (B,t) = 8*8™(B,1)/ (9BIB") for all B € B, t €

[0,¢], and
(v) 2:(B,¢) = fo 0)(8,t)dNo(t) is positive definite for all B € B, where e,(B,t) =
M(3,1)/8© (,B,t) and UC(B,t) = 8@(8,1)/80(B,t) — e.(B,t)ec(B,1)T for all B €
Bt e [0,(].

As there is at most a single tie in continuous model, Assumption A.3.11 is saying that at

least one subject is censored at the end of the study.

Assumption A.3.12. Xpb(~,j/i) and x(-) are strictly concave on B and there exist o €

[0,1/2), Cpp > 0, and C. > 0 satisfying the following as n — oco:
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(i) Pr (1B = Bella < Cn® {xsu(Bynn &) ~ xiw(Be A} }) 1.

(i)) Pr (I1B: = Bulla < Con® {x(B) ~ x(Byn) }) = 1

A.4 Lemmas and Proofs

A.4.1 Proof of Theorem 2.1

We begin with the proof for the approximate partial likelihood. First,

ABN) =p 1] (—py)

1E€ER(tH)\ {7}

is approximated by pj; = A;j exp(e; B8)(1 + Op(7)) = X; exp(x; B) and we have

H (1 —piyj) =exp | — Z A exp(z] B)

1E€ER(t)\ {7} 1€R(t(;))\ {1}

For B;(B,\;) = Pr({; = 1), we have

B;(B, ) =~ pjexp(—p;) ~ Z \jexp(z/ B) pexp | — Z \jexp(zx] B)

iER(t(j>) ieR(t(j>)

using Poisson approximation. So, one can approximate (2.10) by

A;(B, ) Ajexp ()] )exp( ZieR(tm)\{jl} by exp(wjﬁ)) N exp(a] )
Bi(8, %) Aj {ZieR(t( ) exp(z TB)} exp (‘ ZiER(t<j)) Aj exp(m?ﬁ)) ZieR(t( )) exp( 'B)

Q
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which corresponds to the approximation in (A.1).

Now we turn to our proof for the Breslow correction. First,

H Dij H (1 _pij)

is approximated by HiE’D(t(]-))p’ij ~ HieD(t(j)) \jexp(z] B) and we have

H (1 —piyj) =exp | — Z Aj exp(z; 3)

iE€R(t(;H)\D(E(;)) i€R(t;)\D(t ()

For B;(B, \;), it is approximated by

d;
,ujj exp(—p;) _ {ZZER(t< ) Aj exp(; ﬁ)} €xp ( ZiER(t(j)) Aj eXp(miT/B)>
d;! - d;!

Bi(B, \) ~
using Poisson approximation. So, one can approximate (2.10) by

A (B A) {HiED(tm))‘j exp(:ﬂﬁ)}exp <_ 2R 1)\ Plt) eXp(m;ﬁ))

Bj(ﬁ, )\j) {Zz‘eﬂ(t( ) Aj exp(@ } P ( i€R(t(5)) Aj exp(mjﬁ)) /dj!
eXp( €Dt ) P (Z@(tm)wm >

{ZieR(tm exp(x; )} /d;! {Eiemmexp(w? ﬁ)}dj,

~

which corresponds to the approximation in (A.4).

Now we turn to our proof for the Cox correction. One can approximate (2.10) by

Ai(BA) HieD(tm)pU HiER(tm)\D(tm) (1 —pij) HzED(tu ) Pid
B;(8, ) ZAdj €54, HieAdj Dij HiE’R(t(j))\Ad] (1 = pij) ZAd €T, HieAd]. Dij
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d.
Aj’ exp (ZzeD () TI@> exXp (Zz‘ev(t(j)) w:ﬁ)
N~ — ,
)‘jJ ZAd]. €54, exp (ZieAd Tﬁ) ZAd €54, exp (ZieAdj z 6)

where is a direct approximation result based on the enumeration in (2.8) to compute the B;

and corresponds to the approximation in (A.2).

Then we turn to our proof for the Kalbfleisch-Prentice correction. Let té-m be the latent event
time for s{m, where t§'1 < < té-dj. Denote by ném the number of subjects in R(%;), Slj, m).

One can approximate (2.10) by

Pr(item ji, ..., jq, failed at t(j)‘ n; units survived up to t;))

) _
B;(B,);) Pr(d- out of n; units failed at t(j)| n; units survived up to t(;))
!

Pr(item s]  failed at t§m| n,, units survived up to t%,,)

&|H
M_
||Eg“

T
- =

r(1 out of n! units failed at ¢\ |n}, units survived up to ¢ )

~ 1 i ﬁ dA* (tém’ )HiER(t(j>,Sj,m)\{8{m} ( dA*(tém’ ))
dj‘ =1 m=1 ZlGR(t(]) SJ, dA (tém’ )Hi/ER(t(j) Sj, N{7} ( dA <t.ljm7 ))
L S dA*(t;W ) g it el
d;! =1 m—1 ZzeR(tU) S7,m) dA* (témJ ' J! =1 m—1 ZieR(t(j),Sf,m) dAG (%m) exp(z/ B)

1 d;! exp (ZiED(t(j)) xj,@)
4.1 d;
G T { S ieriy s 0@ B)

?

which corresponds to the approximation in (A.3). The first approximation in above is based

on Kalbfleisch and Prentice [26]. |
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A.4.2 Basic Asymptotic Results for the Breslow Estimator and the
PB Distribution Estimator under the Grouped Continuous

Failure Time Model

Here we derive some asymptotic orders that are used in the proofs for B\b and pr.

Lemma A.1. Let Xy, ---,X,, € R be random variables and a,, > 0 be a constant depending
onn. If sup; | X;| = Op(a,), then Y"1 | X; = Op(na,). Similarly, if sup, | X;| = op(ay,), then

2 im1 Xi = op(nay).

Proof.

nay,

< zn: [ Xl _ sup; | X
T =na, T a '

If we assume sup; | X;| = Op(ay,), there exists C' > 0 such that

Pr <‘ Zz:l

na,

X
>C)§Pr<w>0>—>0asn—>oo,

Qn

directly implying > " | X; = Op(na,). If we assume sup, | X;| = op(ay,), for all € > 0,

Pr (‘ Zz:l

na,

X
>e)§Pr<M>e>—>0asn—>oo,

an
directly implying > | X; = op(nay). [
Here we give a lemma showing the convergence of Stieltjes integrals with respect to the base-

line hazard, which is used in the proofs for the asymptotic theory of the grouped continuous

failure time model.
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Lemma A.2. Let A, () be a stochastic process that can be scalar, vector, or matriz, where
SUDseq || An(t) — a(t)|loo B0 for some deterministic process a(-). Under Assumption A.3.3,

we have

¢
/ t)dAE(t ZA HANS(t %/ (t)dAo(t) asn — oco.
0

teQ

Proof. Let A,(-) and a(-) be scalars. First, by the definition of the Stieltjes integral, as

n — 00,

¢
/0 a(BAN(1) = 3 a AN () = 3 alt) (Ao(t) — Aolt — 7)) — / (1) dAo(?)

teQ) teQ)

considering the fact that as n — oo, () gets larger and the bin size 7 for the Stieltjes integral

goes to 0. Second, by the given conditions, we have

0 < sup[(An(t) = a(t)) Ado(t)] < sup [(An(t) — a(®))[sup [AAs ()] = op(1)O(7) = 0p(7),

teQ)

implying that sup,cq |(A.(t) — a(t)) AAS(t)| = op(7). By Lemma A.1, we have

¢
[ 40 = ) a0 = 3 (400 - ale) A8i(0) = or (ﬁ) — op(1),

T
teQ

which completes the proof. The result can be generalized to the cases when A, (-) and a(-)

are vectors or matrices. [ |

Lemma A.3. Under Assumption A.3.2,

0 < exp <—\/8ng> < inf exp (a:j@) < sup exp (wjé) < exp (\/c_lpC'B> < 00.

BeB,i ,@EB,i
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Proof.

Sup exp (:z:jB) = exp (éup mf@) < exp (§up |a:ZB|) < exp <§up ||%||2||5'||2> < exp (\/Elp03> -

BeB,i BeB,i BeB,i BeB,i

Similarly,

inf exp <w:,@) = exp (jnf aclTB) = exp (— sup {—w?ﬁ}) > exp (—\/c_ip(]g) ,

where the last inequality is due to supl;em{—a:ZTB} < supgep, o] Bl < supzes; l|223][2]|B]|2 <

VdpCp. u

Now we show the asymptotic order for the discretized hazard. By the Taylor series expansion,

foralli e {1,--- ,n} and t € Q,
dN*(t; ;) = exp(x] B)dAG(1)(1 + ai(B, 1)) = exp(a, B)dA;(t) + bi(B, 1),

where

_exp(—ai(B,1))
2

ai(B,t) = exp(x; B)dA;(1)
with some ¢;(83,t) € [0, exp(z] B)dAj(t)].

Lemma A.4. Under Assumptions A.3.2 and A.3.3, we have sup,q ; exp(x; B)dAj(t) = O()
and supeq ; lai(8,t)| = O(7), resulting in sup,cq ,; [b:(8,t)] = O(7%) and sup,cq ; AN (t; ;) =
O(1).

Proof. First, we have

sup exp(@] B)dA; (1) < supexp(@] B) sup dA; (1) < exp (VdpCi) O(7) = O(7),

teQyi teQ
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implying that sup,cq; exp(x; 8)dA(t) = O(7). Second, we have

exp(—=ci(B, 1))

sup |a;(8,t)| < sup 5

teQi teQ,i

sup exp(] B)dAG(1) < 5 sup exp(] B)AG(1) = O(r).

teQi teQ,i

implying that sup,cq ;|a;(8,t)] = O(7). Using these results, we have

sup |b;(8,t)| < sup |a;(8,t)| sup exp(mj,@)dl\a(t) = O(1)O(1) = O(7?) and

teQyi teQ,i teQ,i

sup dA*(t; ;) < sup exp(zx; B)dA;(t) + sup |b;(B,t)] = O(1) + O(7%) = O(7).

teQ,i teQ,i teN,i

Now we present some basic convergence and boundedness results used in the proofs of the

asymptotic theory for Bb-

Lemma A.5. Under Assumptions A.3.1 — A.3.5, sup,cqn(t) = Op(n), sup,cq{l/n(t)} =
1/{infieqn(t)} = 1/n(¢) = Op(1/n), and we have

. 1 1 1

sup SO(B,t) = Op(n), sup ——— = - —— = - —— = Op(1/n),
BeBteQ gepiea SO(B,1) infzep eq SO(B,1) infgep SO©(B,¢)
sup floz {SO@B.0 /Y =0n1) sup SVl = Onlm).  sup [S(B.)] = Orln).
BeB,teQ2 BeB,teQd BeBteQd

sup [|e(B, 1) oo = Op(1), and sup [[V(B,t)]l = Op(1).

BeBLED BeB,teQ
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If Assumption A.3.7 is further assumed, then

sup (8, 1) — (B, 1)« = op(1),

BeBteN

sup [[V(B,t) —v(B,1)l|c = 0r(1),

BeBteQ
and SUPgep yeq ‘log {S(O)(,@,t)/n} — log {s(o) (B,t)}’ = op(1).
Proof. The proof of Lemma A.5 is in Section A.5.1. [ |

As B € B, one can use results in Lemma A.5 for 3.

A.4.3 Lemma A.6 and Its Proof

Lemma A.6. Under Assumptions A.3.1 — A.3.5, for all t € [0,¢], Up(B,t) = U(B,t) +
Op(nr), where U(B,1) = Y1y [y (@ — €(B,5)) dMi(s) = 31y e, (@i — €(B,5)) AM(s)

is a martingale.

Proof. For t € [0, (], one has

> [ @ c(goaag S5 (an— e(B.9)) AAL(S)

=1 i=1 sey

= Z Y (@i — e(B,9) Yils) exp(@! B)AN(s) (1 + ai(B, 5))

= {Z > (@i —e(B,5)) Yils) eXp(%‘fﬁ)AAS(S)} + Op(n7) = Op(n7),
s€Qy i=1

where for ¢ € [0,¢], >, cq, Yoieq (@i — €(B, 5)) Yi(s) exp(z] B)AAj(s) = 0 by the summation
structure and Y- o > (z; — €(B, 5)) Yi(s) exp(x] B)AAN;(s)a;(B,s) = Op(nt). To see
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this, for all £ € {1,--- ,d}, let €/(3,t) be the ¢th element of ¢(3,t). Then

S5 (i — (8, 9) Yils) exp(a] AN (a8, 5

s€Q i=1
< ZZ| xi — €(B,1)) Yi(t) exp(x T,@)AAS(t)ai(ﬂ,t){
< C?tsE%pJ zio — €(B, 1)) Yi(t) exp(x] B)AN;(t)a:(B,1)| = %OP(TZ) = Op(n7),
where
sup |(zie — €(B,1)) Yi(t) exp(z; B)ANG(t)ai(B,1)]

teEQ,i

< (Sup\xul +§1€1£!64(ﬂ7t)!> sup exp(z; B) sup AAG(t) sup |a;(B, )]

teQ teQ,i

= (O(1) + Op(1)) O(1)O(1)O(7) = Op(7?).

So, for ¢t € [0, ], one can represent the score function as

Upn(B,t) = Z/ i —€(B,5)) dM;(s) + Op(nt) = ZZ i —€(B,5)) AM;(s) + Op(n7).

i=1 s€Q

A.4.4 Lemma A.7 and Its Proof

Lemma A.7. Under Assumptions A.3.1 — A.3.6, fort € [0,(], we have

{Z / nGi( Yi(s)dA*(s; a:l)} + Op(nT)
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{Z > nGi Yi(s)AA*(s; wz)} + Op(n7),

i=1 s€Q

where G;(t) = n~1?(x; — (B, 1)).

Proof. First, for t € €, we have

d{M;)(t) = Var(dM;(t)|Fe-) = Var(dN;(t) — dA;(t)|Fe-)
= Var(dN;(t)|Fi-) = Pr(dNi(t) = 1|F-) (1 — Pr(dN;(t) = 1|F-))

= Yi(t)dA"(t; ;) (1 — AN (8 23))

where supycq; d{(M;)(t) < supycq,;dA*(t;x;) = O(7), which leads to sup;cq,; d(M;)(t) =
Op(7). For t € [0, (], the predictable variation process for the score function can be derived

as

M ACRECDICEECRIRIRIE

= Z D (@i — (B, 9))(@; — €(B,5) Yi(s) AN (s3:) (1 — AN (s; 2,))

i=1 s

{Z D (@i —e(B,9)) (@i — €(B,5)) " Vi(s) AN (s; :ci)} + Op(nT)

i=1 s€y

_ {z / nGi(s)Gi(s) T Vi(s)AA" (s :m} + Op(n7),

where for all £,¢' € {1,--- ,d}, we have

sup |(zie — (B, 1))(zir — €0(B,))Yi(t) { AN (t; ;) }|

teQ,i

< sup |(zie — eo(B, 1)) sup [(wie — € (B,1))| sup{AN(t; @) }* = Op(7?),

teq,i teq,i teQ,i
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resulting in

D (@i — e B, 9))(wie — ev(B,5))Yi(s){ AN (57 ;) }

< Z D | @ie = (B, 1) (@i — co (B, 1)) i) {AN (8 2:))?|
< né sup |[(zie — (B, 1)) (wier — €0(B, 1)) Y; (1) { AN (t; ;) }?| = %COP(TQ) = Op(nr).

A.4.5 Lemma A.8 and Its Proof

Lemma A.8. Under Assumptions A.3.1 — A.3.7, when 7 — 0 as n — oo, we have

I,(B,¢)/n RN ¥(B,¢) and Ib(,é\, ¢)/n £ ¥(B8,¢) for any random variable [/3\ € B satisfy-

ng B £ 3.
Proof. We show some details for proving I,,(3,()/n L (B, ). First, we show that
¢
| visnav/m = o)
0

which is equivalent to show

¢
/0 V&g/(ﬁ, t)d]\/[(t)/n = Op(l)

for all £,¢' € {1,...,d}, where V,»(B,t) is the element of V(8,t) in the ¢th row and

¢'th column. For t € [0, (], one can derive the predictable variation process of martingale
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f(f Vi (5; S)dM(S)/n as

Zn:/otvzﬂ(,@,s)%7

which is non-decreasing in ¢ € [0, ¢]. So
“ ¢ d Ml S
[/, 20800

sup
t€[0,(] i=1

where we used Lemma A.1 and the fact that

teQi

sup Vi (B,1)

teQ,i n

This result leads to sup,c( ]f(f Ve (B,s)dM(s)/n| = op(1) by Lenglart’s Inequality on
page 167 of Kalbfleisch and Prentice [27], which allows triangular array structure. Note that

filtration and every processes depend on 7, changing as n — oo, that is, they have triangular

array structure. So, we have fo (B,t)dM(t)/n = op(1). Then

¢ ¢
%fbw,o—/o V(B,t)dN—(t)—/O V(8. t)w+/ (@t)dM(t)

_Zvﬁtz“ Z()n ) | th 280 A i(e) + Op() + on1)

teQ teQ

P ¢
—>/0 v(B,1)sO (8, 1)dNo(t) = 2(8, ).



A.4. LEMMAS AND PROOFs 95

Hence we use the fact that AA*(¢;x;) = exp(x; B)AA;(t) (1 + a;(B,t)) for all t € Q, and

Ejvﬁtzzlx>mm%ﬂmmwmm1wzopcél)zoﬂﬂ

n T n

teQ

sup [V (8, 1)Yi(t) exp(z; B)AAG(t)ai(B.1)]

teQ,i

< Stuglve,zf(ﬁiﬂ sup exp(x, B) sup AAG(t) sup |a;(8,t)] = Op(7?)
€ [ €

teQ,i

forall £,¢' € {1,--- ,d}. Also, using the fact that

(0)
iug Voo (B,t)m — v (B, 1)s9(B, t)’
(0)
< sup o8, { S0 —8(0)(@15)}‘ 5up [508,1) Ve (8,1) — v (8,01
(0)
< sup Vi (8.0 sup | LY — 05, t)\ +5up [$O(8,0)| sup [V (8.1) = ve (8, D)

= Op(l)Op(l) + O(l)Op(l) = Op(l)

forall ¢,¢' € {1,--- ,d}, by Lemma A.2, L in the last line holds.

Let B € B satisfies ,@ R B. We have

CR(B.0) = B(8,0) = ~1(B,0) — - 1(B,C) + - R(8,0) ~ 3(B,¢)
< .
= [ B -viso} B )
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So we need to show fOC {V(B, t) — V(ﬁ,t)} dN(t)/n 50, For all £, 0 € {1,---,d},

[ Bt —vieo. 0} B0 < | [ (vt —veipio} 0| ay
+ /OC Ve (B, 1) —vee (B, 1)} d]\;(t) ’
+ /0C {Uz,e/ (B,t) — vee (,3715)} d]\;(t) ‘ :

For the first part of the right-hand side of (A.1), we have

¢ . ~ Y dN(t) N 5 1 AN(1)
/0 {Ve,e'(ﬁat) - ”N’(B’t)} n ‘ N tEZQ {le(ﬂ’t) a UMI(BJ)} n
N ~ A
< Z ’VM (B,t) — vep (5%)‘ an
teQ
N ~ A
< Sug Vi (,3, t) — U (/67 t)‘ Z ]X(t)
te teQ
~ ~ A
< supsup | Ve (B,1) — vee (B, t)‘ Z i
BeB teQ teQ n
= sup |V (B.t) — v (B, t)‘ Z AN
BEB,teQ o
< sup |Vew(Bt) — W!’(B’t)‘ =or(1),
BeB,te)

where ), .o AN(t)/n = foC dN(t)/n = N(5)/n < 1. As B € B, one can show that the second
part of the right-hand side of (A.1) is op(1) similarly. For the third part of the (A.1), we

have

/OC {UM (5.0~ vur (B, t)} d]\gt) ‘ - Z {’Uw (B,t) — v (B,t)} AZ@)
< Z )w,z/(,a, t) — W,é’(ﬂ,t)‘ AZ(t)

teQ
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< sup |vge (B> t) — vee (B, 75)‘ Z ANT(t)

teQ
< sup ’Wz'(ﬁ t) — v (B,t) ‘ = op(1).

te0,(]

Note that continuity of functions in Assumption A.3.7 with respect to 3 € B uniformly holds
over t € [0,(]. So g(+) = supyepo [vew () —vee(B,t)] : B — [0,00) is continuous at 3.
Combined with B R B3 and B\ € B, by the continuous mapping principle, g(B\) R g9(B) =0,

which makes op(1) in the last line hold.

A.4.6 Proof of Theorem 2.3

The following proof is based on Kalbfleisch and Prentice [27] and Fleming and Harrington

[16]. One can see that 3, maximizes

log <Lb 3,0) Z/ Tﬁ log (S(O)(B t))}dN )+ log(AN(D)Y).

teQ)

One can see that B, = arg maX[;GBX(B, ¢), where for t € [0,¢] and B € B,

i i 0)(3. 5
X(B,1) =~ {loa(L"(B.1)) ~ log(L*(8, 1))} Z A { ~ log (%)}m@

Here, for ¢t € [0, (] and B e B, let

503, s
115 ()
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1 & - SO, s) .
L 0)(3
Xy {w B8~ 5 EZ’ § } Yils) exp(a/ B)AN;(5)(1 + ai(B, )
i=1 s ’
1 & SO(8, s) .
- _;Se%{w:(ﬂ_ﬂ)_log S(O)(ﬂ,z) }Y;( ) exp(a] B)AAG(s) + Op(7)

- > {S“><ﬂ, 7B - B) — log (SW’ 3>> 59, s>} AKi(s) + O (7).

where we use the fact that Rem ¢ (,é, t) =

“ - 0(8. s
DM {w (8-8)~log (%) } Yi(s) exp(a] B) AN (s)ai(B. ) = Op(7)

i=1 se)y

for t € [0, (] and B € B. To see this,

0)(3
[Remg(8.1) Z e { ~log (g( 5 3) } Yi(t) expl(a; B) AN (H)ai(B.)
ng 1 T(A S(O)<Bat) T * _ ngr*\ _
< ?tselg)z - {wz (B —B) —log (W) } Yi(t) exp(e; B)AA;(t)ai(B,t)| = Op (Tg) = Op(7)
by

1 ~ SO(B,t)/n )
tsel;zpz - {w;r(ﬁ - ,6) — log (S(o) (B,t)/?’l) } Yz(t) exp(mg—,@)AAO(t)ai<137 t)
- 0)(3
= %f’e%p 2 (B=5) —log (g(mggi)jﬁ SuPeXp("” B)sup Alq(t )tse%r;\ai(ﬁ,t)l

_ %OP(I)OP(I)OP(T)OP(T) = Op ) :
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where we used the fact that

T/2 S(O)(th>/n
x; (B8—B)— log (W)

< sup @] (8- B)| + sup| log{S“(B,t)/n}| + sup| log{SV(B,t)/n}| = Op(1),

sup
teQyi

where sup; [ (8 — B)| < sup; |@il|2]18 — Bll: < Vdp([|Bl2 + Bl2) < 2VdpCs = O(1).

We can show the convergence of X (B, () for B € B as below

. ¢ B 0)(
X@@w:{A{s®WJFW—ﬂw4%<“”ﬁ”)s@wx%dmaww%w>

" SO(B, 1)
<) s T O3 £)/n\ SO
:/0 {S (5,t)—(ﬁ—ﬁ)—1og (ﬁ(O)EgZ%TJ S ff’t)}dAS@HOp(r)
¢ - sO(3 ]
Eﬁé{gwawwﬁ_ﬁ**%(gQ§3>“”wi%dmwwzﬂm,

where the — in the last line is by the following. Let A (t) = SOB,H)T(B — B)/n,
alt) = sO(B.0T(B ~ B). B,(1) = log ({SOB.)/m}/{SO(B.1)/n}) SOB.1)/n, and
b(t) = log (5<0> (8,1)/59(8, t)) sO(8, ). We have

sup |4, (t) - a(?)| < sup 1SD(B,t)/n — sV (B, 1)]2118 — B2

teQ

< 2Cgsup [SV(B,1)/n — sP(B,1) o = 0p(1),
teQ)

0 (3 n ©
igg 1B (t) — b(t)] < ilelg log S(g)égii?ﬂ) {S 51,3,15) 5(0)(/B,t)}'
0 SO@B,t)/n sO(B,1)
ot | A0 {“g (swxﬂ,w/ ) o <s<“><ﬂ7t>> H
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S(O);ﬂ,t) B S(O)(,&t)‘

}

teQ

< {sup [Log(S(8,1)/n)| + sup | Log(5* (8, t)/n)l} sup
teQ teQ

+ sup
teQ

0 .
log { Ssmgfga% }

(0

o
= (Op(1) + Op(1)) 0p(1) + O(1) (0p(1) + 0p(1)) = op(1), and

+sups (8, 1) {sup

teQ teQ

supseq |(An(t) — Ba(t)) — (a(t) — b(t))| < supseq [An(t) — a(t)|[+supseq | Bn(t) — b(t)| = op(1).
One can see that 8f(B)/(8B)‘B:B = 0 and —82f(B)/(868,3T)|B:ﬂ = (B, () is positive def-
inite by Assumption A.3.7, indicating 8 = arg max.z f(B).

For t € [0, (] and B € B, the predictable variation process for the martingale X (B, t)—X(8,t)

. ©(3F.s)\ )"
(X(B) - Z A n{ 8) — log (%)} A 9).

which is non-decreasing in t € [0, ]. So, for 3 e B,

is

sup [(X(8) — X(B)(0)] = (X(B) - XA = 0r (7 ) = 00 (1) Bo

te€[0,¢]

by Lemma A.1 where

. @ 0/m\)’
sup [ni {w? (B B) 1oy (%) } d<Mi><t>]

teQ,i

< {Sup!w (B~ 5)!+Sup\log( “”(BJ)/”)\+§1€1£|10g(5(°)(ﬂ>t)/n)!} th%gd<Mi>(t)

- E<9P<1)2<9P(T) — Op (ﬁ) .

By Lenglart’s Inequality, which allows triangular array structure in filtration and every
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processes, for any § > 0, n > 0, and B e B,

Hag%X@ﬁ—X@ﬁbnﬁ)§%+HUM@—X@MO>®,

which means that sup;c(o 1X(8,t) — X(B,1)] 50 for any 3 € B.

Now one can see that X(B, () 2 f(,é) for any B € B. Considering the fact that Bb =

arg maXﬁGBX(B, () and B = argmaxz_g f(B), where X (-,¢) and f(-) are concave functions

on B, we finally have By = B. See Lemma 8.3.1 in Fleming and Harrington [16].

As By = B, By € B, and n1,(8,¢) B £(8,¢), by Lemma A.8, n" 1, (By, ¢) = X(B,¢) is

directly obtained. [

A.4.7 Proof of Theorem 2.4

The following proof is based on Kalbfleisch and Prentice [27] and Fleming and Harrington

[16]. For ¢t € Q, one can represent the predictable variation process as

d(M;)(t) = Yi(t)dA* (t; i) (1 — AN (G 2,)) = Yi(t) exp(a] B)ANG(H)(1 + ai(B,1)) (1 — AN (t; ;)

= Y(t) exp(x; B)AAG(t)(1 + di(B, 1)),
where d;(3,t) = a;(3,t) — AN*(t; ;) — a;(B,t) AAN*(t; ;). Note that

sup [d;(8,1)] < sup |a;(B,t)| + sup AN*(t; ;) + sup |a;(8,¢)| sup AN*(¢; @)
teQ,i teQi teQi teQi teQi

= O(r) +O(r) + O(r)O(r) = O(1).
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We have n~2U(83,¢) = Y0, fo M;(t). Then, we can further derive its predictable

variation process as below

n ¢
@)@ =Y [ Gnc” ZZG HHAN G ) (1= AN (E)
_ Z Z Gy(t Yi(t) exp(z; B)AN; () (1 + di(B,1))
i=1 teQ
= Z Z Gi(t Y;(t) exp(z; B)AA;(t) + Op(7)
= v SN ﬁ )AA*( £) + Op(r %/ (8,6)59(8, t)dAo(t) = 5(8,0),

where we use the fact that

Z Z Gi(t Yi(t) exp(a! B)AN()di(B, 1) = Op (n_C%> = Op(7).

i=1 teQ

To see this, let G;(t) = (G (t),...,Gi(t))". Forall £,¢' € {1,--- ,d}, we have

sup | Gie(t)Gie (1) Yi(t) exp(a; B) AN (t)di(B, )]

teQ,i

2
< = sup |(zs — e(B,)] sup |(zi — € (8,1))] sup exp(a] B) sup A1) sup [di(B,1)] = Op (E> |

N teQ,i teN,i 7 teQ teQ,i

For ¢ =1,...,d, define

71/2U€g ,6 < Z/ Glg ’ng )| > E)dMl(t)
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For ¢/ =1,...,d and for all € > 0, we have

0< (nY2U.,(B Z/ G2(O)L(|Gin(t)] > €)d(M;)(t)

—) A0 + 42 [ gt (| zasn|> §) aon

_ .o
<41 (sgp ng ) Z/ Md t) +41 (ilelg %6[ > %) ;/0 %6[ Bt
= o(1)Op (”TC%) +op(1)Op (”741> = op(1)

where 0 < n=Y2sup; |z;| < n7V2p = o(1), &(B,t) = > i, ¢;(B,t)x; with

1 < 1 a 1
0 <sup|— (B, t)xyw < —=su (8, 0) |z < —p=o0(1),
_td}l) \/ﬁ;q(ﬁ )T ﬁt€£;q<ﬂ )il \/ﬁﬂ (1)
su lx2 d{M;)(t) < lsu x;, sup d(M;)(t) = O (I>
tGQI,Di n i ’ n zp etGsz P n ’
2
1 9 1 T

sup _64(B7t> d<M’L>(t) < - {Sup |€€<167t)|} sSup d<Ml>(t) = OP <_> )
teQ,i N n teq teQ,i n

and we use the fact that

la — b21(la — b > €) < 4]al*1(|ja| > ¢/2) + 4[b2L(|b] > €/2).

Then, by the martingale central limit theorem (Rebolledo’s Theorem) in page 166 of Kalbfleisch
and Prentice [27], which allows triangular array structure in filtration and every processes,
we have n=2U(8,¢) 3 N(0,%(8,¢)). As Up(B,t) = U(B,t) + Op(nt) for t € [0,¢] and
since n'/2r — 0, we have n=2U,(8,¢) = n~Y2U(3,¢) + op(1) 2N (0,%(8,0)).

Lastly, we derive the limiting distribution for B,. As Ub(B\b, ¢) = 0, by the Taylor series



CHAPTER A. DETAILS FOR “AN ACCURATE COMPUTATIONAL APPROACH FOR PARTIAL LIKELIHOOD
104 Using PoissoN-BiNoMIAL DISTRIBUTIONS™

expansion, we have the following:

0 = n Y20, (By, ¢) = n~ VU (B, C) + {n_l/Qa;%Ub(B, C)} (By — B)

=07 2U5(8,0) = (B, n' (B — B),

where 3 is between 8 and ,@b, ie,B=608+ (1-— Q)Bb for some random variable 6 € [0, 1].

Then

n (B, On 2 (By — B) = nV2UL(B,¢) B N (0,3(8,¢)) .

As B, RN B by Theorem 2.3 and 3 is between 3 and By, we have 18—=82.=|1- 0)(3]0 —
B)ll2=11=6]118y — Bll2 < 1By — B2 = op(1), leading to 8 = B. As B is a convex set and
B, By € B, we have B € B. Combined with n~'1,(3,¢) = £(8,¢), by Lemma A.8, we have
n1I,(8, () 2 ¥(B,¢). So using the Slutsky’s theorem and continuous mapping principle,

we finally have

n2(By— B) = {n ' L(B.0} nV20(8.0) % (8.0 N (0.5(8.0)
= N(0,2(8.0)7'S(8,0%(8.07) = N (0.5(8,0) .

A.4.8 Basic Asymptotic Results for the PB Distribution Estima-

tor under the Grouped Continuous Failure Time Model

Here we derive some asymptotic orders that are used in proofs for B\pb.

Lemma A.9. Under Assumptions A.5.1 — A.3.5 and A.3.9, sup,cq dA(t) = Op(T).
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Proof. We have sup,.q dA(t) < {sup,ecq d(t) H{sup,eq 1/n*(t)} = Op(n1)Op(1/n) = Op(1).
Thus it shows that sup,cq dA(t) = Op(7). |

Now we check dA,, (+) and dA,(-) satisfy Assumption A.3.9, which is a requirement for proper
baseline hazard. For ¢ € [0, (],

k
)= Anaylty) <t) = / dhna(s) = > Ahga(s
j=1

SEQ:

where for all t € Q, dAn.(t) = d(t)/n(t) = dN(t )/ >, Yi(t). Similarly, for ¢ € [0, C],

Ap(t) = Njl(tg) < t) = / dAb(s) = Y Ady(s),

SEQt

where for all t € , d/A\b(t) =d(t)/ {ZieR(t) exp(m?,@b)} =dN(t)/ {ZZ LYi(t )exp(azj@b)}.
When d(t) = dN(t) = AN(t) is observed to be 0 (¢ ¢ QF) for some ¢ € 2, we also observe

o~

dAna(t) = dAp(t) = 0.

Lemma A.10. Under Assumptions A.5.1 — A.3.5, dAa(-) and dA,(-) satisfy Assumption
A.3.9.

Proof. When dA(-) = dAu(-), n*(-) = n(-). We know that sup,eqn(t) = Op(n) and
sup;e{1/n(t)} = 1/{infieq n(t)} = 1/n(¢) = Op(1/n).

When dA(-) = dAy(-), n*(-) = SO(By, ). As By € B, 0 < sup,eq SO (By, t) < supzepsup,eq SO (8,1)
SO(B,t) = Op(n), 0 < sup,q 1/5(0)(Bb7t) < SUPgep SUPseq 1/50(8,t) =

SUPseprea 1/S@(B,t) = Op(1/n), where we have sup,cq 1/S© By, t) = 1/infreq SO (B, t) =

1/8©(By, ). u

= SUPgep ten

Now we show asymptotic order for the PB distribution hazard. By the Taylor series expan-
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sion, for all i € {1,--- ,n},t € Q, and B € B,

~ ~ o~ ~ ~

pi(B,t) = exp(@ B)dA(t)(1 + (B, 1)) = exp(a] B)dA(t) + bi(B, 1),

where
exp(z; B)dA(t)

with some &(3,t) € [0, exp(m?@)d?&(t)]. Note that when d(t) = 0, we have dA(t) = p;(8,t) =

ai(B.1) = b:(B,t) = 0.

~ -~

Lemma A.11. Under Assumptions A.3.1 - A.3.5 and A.3.9, we have supgzep yeq; exp(x; B)dA(t) =
Op(T) and

SUDPBep te,i |di(6’ t)| = Op(7), resulting in SUPBenB ten,i |Ez(:éa t)| = Op(7%) and SUPBep ten,i pi(B,t) =
OP(T).

Proof. First, we have

sup exp(w; B)dA(t) < sup exp(x; B) supdA(t) < exp <\/c_ipC’3) Op(71) = Op(7),

BeB,teQi BeB,i teQ

implying that supscs cq exp(mj,@)dﬁ(t) = Op(7). Second, we have

exp(=¢i(B,1))
2

~ o~

sup  exp(@] B)dA()

BeB,teQ,i

sup |ai(B,t)| < sup
BeB,tei BeB,tei

1 .~
<= swp expl@] B)A(t) = Op(7),
ZﬁeB,teQ,z’
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implying that supscs cq |a;(B,1)| = Op(7). Using these results, we have

sup  [b:(B,1)] < sup |a(B,1)] sup exp(x] B)dA(t) = Op(T)Op(7) = Op(7?) and
BeBtei BeB,te,i BeB,te,i

~ ~ ~

Csup pi(B,t) < sup  exp(m] B)dA(t) + sup  [bi(B,t)] = Op(7) + Op(7°) = Op(7).
BeBteN,i BeB,teN,i BeBteN,i

The following convergence results are directly used in proofs for pr.

Lemma A.12. When Assumptions A.3.1 — A.3.5 and A.3.8 — A.3.9 are satisfied,

sup |log (Bt(/é)> log <u(5,t)d<t> exp(—u(ﬁ,t))> ‘ _ o, (l) 7

BeBLeQ d(t)! n

up fog | T (1-mB.0) | = 1o (exp (~uthn + iB0)) = 00 (1),

BEBEN i€R(t)\D(t)

i 7 ~7 14
sup |log HzED(t)p (f’: )A _ 0, (l) and
BEB,Le [Leow {exp(azj,@)d/\(zﬁ)} n

3 (1)
“sup |log 1(B,1) — = ||=0r (n) , where
BB {ZieR(t) exp(w;rﬁ)d/\(t)}

w(B.t) = ZiE’R(t) pi(B,t) and (B, 1) = ZieD(t) pi(B, ).

Note that the first two results are based on Poisson approximation and the other results are
based on approximating pi(B, t) by exp(x; B)dﬂ(t) The proof of Lemma A.12 is in Section
A5.1.
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A.4.9 Proof of Theorem 2.5

Recall that for ¢ € Q and 3 € B,

Lt(B) _ At(ﬁi) _ { ieD(t) Pi ﬁ t) }{ lGR(t)\D(t) (1—p; ﬁ t))} |
Bt(ﬁ) ZAd(t)egd(t) {HzeAd(t pZ(B )} {HZER(L‘ \Ad(t)(l — pz(/é’ t))}
b/ 5 exXp (ZZED T/@)
Lt (/3) =

{ZieR(t) exp(m?@) }d(t) /d(t)! '

Fort € Qand 3 € B,

where

) - {Mico pi(B. t>} exp (—(B,) + i(B.1))
T H(B, )10 exp(—pu( B, 1)) /d(2)!

(=

. {HieD(t) {exp(wfﬁ)dﬂ(t)}} exp (—M(B, t) + a3, t))
(=
J

)

Li8) = ; w(B.4))/d(0)]

We have

sup
BEBLEN

L(B)
o2 (Lm) :

+ sup
BeBteN

|
|
9
A/~
—_
~__
+
G
)
TN
S|
~_
Il
G
)
N
S|
~_
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Lg(é) — o HzeD pi(B;1) _ l
log (L%(B))‘ B BereQ o (Hiep(t) {exp(m?ﬁ)d/\(t)}) ‘ Or (n) ’

sup
BeB,teQ

sup
BeB,teN

log (Li(@)>‘: sup |log ML aw || = O (l)
L} (B) BEBEN {ZieR(t) eXp(iBiTB)dA(t)} !

L%B))' e 3
loo | ZA2) )| = B,t)| = (Bt
Og(ﬂ?(ﬁ) b AL 3w

<supd(t) sup pi(B,t) = Op(n)Op(r) = Op(n7?) = Op (%) ’

e BeB,te,i

sup
BeB,teN

where the last equality is due to 7 < 1/n by Assumption A.3.8. So, for ¢t € Q,

L(B) L(B) L)
1 _ < 1 lo
senmea 0g<L'?(ﬁ)>'_éeS;feQ Og(w >> RN g(Ltw))‘
12(3) @)\| (1) B
T, 10g<L%<B>) T, k’g(mﬁ))‘ =0 \y) =0

Note that when d(t) = 0 is observed for ¢t € €, for any B € B, we also observe log L, (,é) =

log L}(B) = log L}(B) = log L}(B) = log L?(B) = 0.

For ¢t € [0, (],
sup log(L(,é,K,t)) log<Lbﬁt>‘—sup Zlg( B )‘ Sup210g< 'B )‘
BeB eB | icn, (B) BeB icq b(B)
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103
< ¢ sup |log :;(B;) = g(91:(7) = Op(1).
T BeB,ten Ly (B) T
[ |

A.4.10 Proof of Theorem 2.6

When Assumptions A.3.1— A.3.9 are satisfied, by Theorems 2.3 and 2.5, we have supz.s | Xpb(8,

X(B7C)| = Op(1/n) = op(1), leading to Xpb(BJA\,O - X(B, ¢) = Op(1/n) = op(1) for any
B € B. We already have X(B,C) R f(B) for any 3 € B. So, we have Xpb(B,K,() R
f(B) for any B € B. Considering the fact that pr = argmaxgg Xpb(B,JAX,C) and B =
arg maxgsep £(B), where Xy (-, A, ¢) and f(-) are concave functions on B, we have pr 5B

by Lemma 8.3.1 in Fleming and Harrington [16].

As Boy 5 B, Bop € B, and n~'1,(8,¢) > 2(3,¢), by Lemma A.8, n~ 1, (Bpp, ¢) = (8, C)

is directly derived. |

A.4.11 Proof of Theorem 2.7
Let C' = max(Cpp, Cy,). Then, we have

Pr (1B, — Bull2 < Cn* { X (B &, ) = X (B B Q) }) = 1

and

Pr (118 — Bl < Cn { X(Bos ) = X (B, 0} ) = 1

K?C)_
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by Assumption A.3.10. Consequently,

Pr (18ys — Bullz < € { X By, A, ) = Xy (B, B, Q) + X (B, Q) = X(Bn O }) = 1,
where C' = C /2. The above equation is equivalent to

Pr (nl/QHpr — Byll2 < Cnot1/? {Xpb(B\pbyKa ¢) = X (Bob, €) + X (Br, ¢) — Xpn (B, A, C)}) — 1,

(A.2)
where a +1/2 € [1/2,1). Let € > 0. Then the following holds:

Pr (€2 { Xpb (Bys A ) = X (B €) + X (B, ©) = Xy (B A,0) } <€)

> Pr (|On 2 (X (Bobs A €) = X(Bys ) )| + | On /2 (X (B ) = Xpo(Bo A, Q) )| <€)

> Pr <’Cna+1/2 (Xpb(ﬁpb,fx,o - X(praé))‘ < % and ‘Cnaﬂ/z (X(Bb,C) - Xpb(ﬁbfk())’ < %)
= 1= Pr (|ent2 (X (B &, 0) = X (B O))| > 5 or [Cn 172 (X (B, ) = X (B A,0)) | > )

aN

> 1= Pr (|on /2 (X0 By, A €)= X(Byo ©)) | > 5) = Pr (|Cn™™172 (X (8o, ©) = Xy (B K. 0)) | > 5)

[\)

— 1,

where the — 1 in the last line is because Xpb(,é\pb,f&,é) — X(pr,f) = Op(1/n) and
Xpb(ab;-//i;o - X(Bb,C) = Op(1/n). So, we have

Pr (cna+1/2 {Xpb<ﬁpb, A Q) = X(Bons O) + X (B, C) — Xon (B, A, g)} < e) S 1.(A3)

Considering (A.2) and (A.3), we have Pr <n1/2||§pb - §b||2 < e) — 1, which means n1/2(§pb—
By) = op(1). Then we have n'/?(By, — B) = n'/2(Byp, — By) +n'/2(By — B) = n'/2(By, — B) +
op(1) 5 N (0,5(8,0)7") since n'*(By, — B) = N(0,(8,() 7). =
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A.4.12 Proof of Theorems 2.8 and 2.9

As no ties are allowed in a continuous model, d; = 1 for all j = 1,..., k. We use _/AXe as A.
One can also use Kna as IAX, considering /):na,j = 1/n;. As there are no ties, the approximate
partial likelihood estimator BC, the Breslow estimator Bb, and the Efron estimator Be are

the same, and
~ ~ 1

Zie’R(t) exp(z/ B.)

for t = t; € QF and d/A\e(t) = d/A\b(t) =0 for t ¢ Q. We have Xej = d]A\e(t(j)) and

/A\e(t) = D ectscr d_/AXe(s). Using similar techniques in the proof of Theorem 2.5, one can

show that

sup | £(8, A.) = L:(B)| = Op(1),

BeB
where £(, ]A\e) = log (L(,é, Ke)) and L.(8) = Z?:l {acJTl 3 — log <Zien(t(j>) exp(a:j,é))} is
the logarithm of the approximate partial likelihood (2.2). Under the continuous model, ,@C =

argmax g L.(0) satisfies the following under Assumptions A.3.2 and A.3.11 by Kalbfleisch

and Prentice [27]:

(i) n20.(8,¢) = N (0, (8. ).
(i) n'/2 (B. — B) 3 N(0,5:(8,¢) ), and

(iii) n'L(Be, ¢) = Te(B,C).

Showing the consistency and limiting covariance estimation of ,/B\pb is similar to the proof of
Theorem 2.6 and showing the asymptotic normality of B\pb is similar to the proof of Theorem

2.7. |
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A.5 Asymptotic Orders

A.5.1 Asymptotic Orders for the Grouped Continuous Failure Time
Model

In this section, we derive the asymptotic orders results used in the proofs for Section 2.4.2
under the grouped continuous failure time model. Here we first derive some basic asymptotic

order calculations.

Lemma A.13. Let X,, € R be a random variable and a, > 0 satisfies a, — 0 as n — oo.
If X,, = Op(a,), then log(l + X,,) = Op(a,) and 1/(1 + X,,) = 1+ Op(ay). Similarly, if
X, =op(1), then log(1 + X,,) = op(1) and 1/(1+ X,,) =1+ op(1).

Proof. We only prove the case when X,, = Op(a,). By the Taylor series expansion,

1 1
log(1+ X,) = X, — ———— X2 = Op(ay) —
l ) 2(1 + X,,)? p(an) 2(1 + Op(ay))?

= Op(an> + Op(l)@p(an)Q = Op(an>

Op(an)2

for some X,, between 0 and X,,, where X,, € [0, X,,] when X,, > 0 and X, € [ X, 0] when

X,, < 0. Similarly, the Taylor series expansion,

1 2
T+ orta)y )

=1 + Op((ln) + Op(l)@p(@n)Q =14 Op(an)

1
=1 -X,+ ———X2=1+ Op(ay,
1+ X, +(1+X;‘;)3 n + Op(an) +

for some X between 0 and X,,, where X* € [0, X,,] when X,, > 0 and X € [X,,,0] when
X, <0. [
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Lemma A.14. Let stochastic processes An(B,t), Ba(B,t) > 0 for B € B and t € Q, where
SUPgeB ten An(/éa t) = OP(1>7 Supf}eB,teQ{l/An(Bv t>} = OP(1>7 SUPgep.ten Bn(Bv t) = OP(1>7
and sup[;GB’teQ{l/Bn(B,t)} = Op(1). If sUPgep eq \An(,é,t) — Bn(B,t)] = Op(ay,) for some

a, > 0 satisfying a,, — 0 as n — oo, then

sup {Au(B,1)/Bu(B,1)} = 1+ Op(ay) and  sup {B,(B,t)/Au(B8,1)} = 14 Op(ay).
BeBLEQ BEBEQ

If supgep eq [An(B,t) — Ba(B,1)| = 0p(1), then

sup {A.(8.)/Ba(B,1)} =1+ 0p(1) and _sup {B,(8.1)/Au(B. )} = 1+ op(1).

BeBteN BeBteN

Proof. It is sufficient to prove the first case. For 8 € B and ¢ € Q, An(é,t)/Bn(B,t) > 0

and B, (8,t)/A,(B,t) > 0 can be defined by the given condition. We have

+ 22 <1+ —— -1/,
sesten | Ba(Bot) ) sesten| | Ba(Bit) “ sesien| Ba(B.t) ‘
- A (B, )+1_ An(B,1) < sup An(B,1) N Au(B.1) 1.
EBtEQ Bn( ) ) Bn(ﬁat) EIGB,tGQ Bn(ﬁvt) BEB,tGQ Bn(ﬁat)
_ A”(@’ 2 —1 §{ sup —A”(@’t> }—1:{ sup —An(@,t)} —1
gesea | Bu(B,1) gestea | Bu(B,1) Besieq Bn(B,1)
An(Bit)
_EleB,teQ Bn( ) ) ’
- { . An«g,t)} S |28 [ [ A8 = Ba(BY)
BeB,tcq Bn(B,1) geB,eo | Bn(B,1) BeB.,teq B, (B,1)
< — A, (B, 1) — B,(B3,t
<0 5@ o (B = ButB)

= Op(1)Op(a,) = Op(an),
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which leads to supscp ;cq {An([:},t)/Bn(B,t)} = 14+0p(an). SUPscp1cq {Bn(ﬁ,t)/An(B,t)} =

1+ Op(ay,) can be shown similarly. [

Now we derive order of ties.

Lemma A.15. Under Assumptions A.3.1 — A.3.5,

sup {E(dN(t)|Fs-)} = Op(nT),

teQ

implying that sup,cq dN(t) = Op(nT).

Proof.

teQ e teQ

0 < sup {E(dN(t)|F,-)} = sup {Z Yi(t)dA*(t; :132)} < sup {Z dN*(t; mz)}

< nsup d\*(t;x;) = nO(1) = O(nT),

teQyi

directly implying sup,.q dN(t) = Op(n7) by Assumption A.3.5. |

Proof of the Lemma A.5

First, we show some properties for Y;(¢). For all i and all ¢t € Q, we have Y;(t) > Yi(().
So, for all t € Q, we have n(t) = >0 Yi(t) > D7 Yi(¢) = n(¢), resulting in n(¢) =
inf,cqn(t). Similarly, for any 3 € B, for all t € Q, SO(8,t) = S0 Yi(t) exp(zx; 3) >
>y Yi(Q) exp(a] B) = SO(B, €), resulting in SO)(B, () = infreq S(B,1).

As sup,cqn(t) < n, sup,cqn(t) = Op(n). By Assumption A.3.4, we have |n(¢)/n —y(¢)| <

Supyeq [n(£)/n = y(1)] < sup;epp,q [n(t)/n = y()] 2 0, leading to [n(¢)/n — y(¢)| = 0. For
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all e > 0,

Pr(n(y(¢) =€) <n(()) = Pr(—e <n(¢)/n —y(() <€) = L

Set small enough € € (0,y({)) to make C’C_1 = y(¢) — € > 0. Note that C; > 1 due to ranges
of y(¢) and €. Then Pr(1/n(¢) < C¢/n) — 1. Note that

1 1 1 1 1
su = - = , which leads to sup——=0p | — | .
oo () imfean(t)  n(Q) o n() ¢ (n)
We have
sup SO(B,1) = sup Y Vi(t)exp(a/B) <sup Y exp(x] B) < n sup exp(a] B) < nexp(vdpCp),
BeEBLeEN BeBLEN j—1 BeB ;—1 BeEB,i

directly proving supscpcq SO (8,t) = Op(n). Similarly,

inf S©(B,t) = inf inf S©(B,t) = inf S©(3,¢) > inf n(¢) infexp(x; B)

BEBLeN BeB teR BeB BeB (
=n(¢) inf exp(x; B) > n(¢) exp(—VdpCs),
BeB.i

where we used the fact that S©(8,¢) > n(¢)inf;exp(x; B) for any B € B, resulting in
infgeps SO(3,¢) = SOB*,¢) > n(¢)inf; exp(z; B*) > infz5n(C) inf; exp(z; B) for some
B* € B.

As n(¢) > 1 by Assumption A.3.1, we have

1 1
Pr < Crexp(VdpCg)= | — 1.
(infBGB,teQ O R XV B)”>
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Note that

1 1 1
Sup — —_= et — s

peBica SO(B,1)  infapg,cq SO(B,t)  infzep SO(B, ()

which leads to
1 1
sup —— =0p (—) .
BEBEQ S0)(B,1) n

For any ¢, 0" € {1,--- ,d},

sup [S0B,0) = s (S Vilwaexp(@! B)| < s> [wil exp(a] B)
BeB,ten BeBeQ |i—1 BEB ;=1
< nsup |zy| sup exp(a] B) < npexp(vVdpCy),
i BeB,i
sup SB[ = sup |3 Vilt)mewi exp(@] B)| < sup Y [zl [rio| exp(a] B)
BeBEN BEBLEN | =1 BEB, =1

< nsup || sup |z | sup exp(x] B) < np® exp(VdpCs),
i i Bebi

implying that supsscq S0 (B.6)llec = Op(n) and supaesseq 1S (B, = O(n).

One can represent €(3,t) = SM(8,1)/5©)(8,t) and V(B,t) = S@(B,1) /5O (B, t)—€(B, t)e(B,1) .
For all £,¢' € {1,--- ,d},

sup [e(B.1)| = sup CBD) <  1s0@0] sip — — Op(m)Os (l):@P<1>

BeBLeQ 7 BeB e 0)(5;75) _BeB,teQ ! ’ BeBteq 5(0)([3,t) n 7
- SLBY

sup (Ve (B,t)] = sup ——— — (B, t)er (B, 1)

BeB.ten ‘ gesiea | SO(B,t)
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- 1 - -
2
< sup |S(B )| sup —— sup |e,(B,1)| sup Eef(ﬁ,t)’
BBt gesrea SO(B,t)  genieca BeB.1en

which shows supz.p,cq le(B,1)]|o0 = Op(1) and SUDGes.1e0 IV(B,1)]|ec = Op(1).

Now we show orders related to log. We have

1 = 1 ~ 1 .
sup log{—S(O)(ﬂ,t)}‘ = max log{ inf S(O)(ﬁ,t)}', log{ — sup SO(B,1) :
BEB.teQ n N BeB,teq " 3eBien
(A.1)
From previous derivations, we have
1 ~ 1 ~
Pr| C; Lexp(— \/_,OCB) — inf S(O)(,B,t) <— sup SYB1) < exp(\/apC'B) — 1,
N BeB,ten n BeBEN

As C¢ > 1, We have C; = C Lexp(—=vdpCi) € (0,1) and Cy = exp(v/dpCp) € (1,00). Then
C' = max {|logCy|, | log Co|} = max {log Ce + VdpCs, \/c—ipC’B} — log C¢ + VdpC € (0,00).

Considering (A.1),

1 .
Pr| sup log{—S(O)(B,t)}’ <C| —1,
BeB,teq n
which proves supgeg scq ‘log {S(O) (3, t)/n}’ = Op(1).

Now we show some convergence results under Assumption A.3.7, where for 7 = 0,1, 2,

sup [[SD(B,1)/n = sV (B, 1)l < sup  [SV(B,6)/n — 9 (B,1)]0 0,

BEBEQ BEBte[0,(]
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implying that supsep eq 1SV (8.£)/n — sV (8, 1)]l« = op(1). Forall £ € {1, d},
sPB./m sPB.1) n - "

3 3 R S at - ,t

ol [ ST 5O /m| < st SB[ BB

— n0 (%) op(1) = op(1),

sup Se (B 2 —Sél)(ﬂi’t) < sup sél)(é t)| sup } 1~ ‘
BeBEN S(O)( B,t)/n 8(0)(ﬁ7t) _BEB,teQ BeBEN (0)(5 t)/n (O)(IB t)
- (3 (0)
= wp 3] [UBD=SOB 01
BeBEN BeBEN ( ) (ﬁ7 t)/n
13 1 n
< sup |s,’(B,t)] sup ——=— sup ———=—
BEB teQ ‘ gesiea SO (B, 1) gesrea SO(B,1)
sup [SO(8,0)/n — s (B,1)
BEB,LEQ
1
= O(1)O(1)nOp (ﬁ) op(1) = op(1),
sM(3 M3
- S , T
sup [e(Bt) — e 0] = sup |SUBDM o 15D
BeB teq esea | SO (B, t)/n 508,10
M3 (1) M3 M3
) /n s N s ,t s it
< sup ‘;0)(@ )/ — (f (ﬁ ) + sup (oe) (16 ) — fo)(@ ) = op(1),
BeB ten B;t)/n SOB,)/n|  penren B,t)/n sO(B,1)
which leads to supgep ;cq le(B,t) — e(B,1)]|oe = op(1).
For all ¢,¢' € {1,--- ,d},
Spe(B.0)/n  s(B.t) n - -
_sup i’(f) - (§)£~ < sup OB sup ﬁ)(ﬁ,t)/n—sfe),(ﬁ,t)
geBteq | S (B,t)/n SO, 1)/n gesiea SO (B,1) gesiea

— 10 (%) op(1) = op(1),
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2, 5 2, 5
wp | B0 B0 g | 1 ‘
= - = > NAE =
BeBteN S(O)(,B,t)/n 3(0)(/8at) BeB,teQ BeB,teN S(O)(B t)/ 5(0)(6 t)
- 3 t
= sup sfé),(ﬁj) sup (B t) - EB’ )/n
BeBien ' BeB,te ( ) (/37 t) /n
2) /4 1 n
< sup |[s,.(B,t)] sup = p ==
BeB,teq bt BeB,teq sO(3,1) (8, )BEBtEQ S0 (5,75)
sup|S(B,1)/n - sO(B,1)
BeBteQ

— 0()O(1)n0s (%) op(1) = op(1),

SEB.t)/n s (B,t) SOB.)/n sENB.)
sup — — — < sup — — =
gesica | SO(B,t)/n sO(B,t)| ~ gepica | SV (B, t)/n  SO(B,t)/n

sr(B.t) s(Bt)
+ sup = — =
gesiea |SO(B,t)/n sO(B,t)
= op(1)
sup (Vew(B,t) — vee (B )
BeB e
SAB, )/ s2(B,1) N N N i
< sup ’~ —————— |+ sup |e&(B,t)er(B,t) —eu(B,t)er(B,t)
BeB,te S (/Bat)/n 3(0)(ﬁ:t) BeB,te ‘ ‘ ‘ ‘ ‘
S(B.0)/n si(B.t) S S
< sup — ————— |+ sup |eB,t)ew(B,t) — e(B,t)en(B,t)
esica |SOB. /M sOBY)|  sepeea am ‘
+ sup [e(B,t)ew(B,t) — e B, t)ev (B 1)
BeBEQ
SgpB.)/n sE(B.1) . . .
< sup | BRSO L sup [eBon)| sup [en(B,1) — eo(B1)
BeBLeN ()(,B,t)/n 5()(ﬁ7t) BeBLEN BeBLeN

+ sup ‘eg/(ﬁ,t)‘ sup
BeB,teN BeB,teq

eo(B,1) — ed(B, t)‘ = op(1) + Op(1)op(1) + O(1)op(1) = op(1),
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which leads to supgegcq IV(B,t) — v(B,t)]|0e = op(1).
Lastly, we show convergence result for log. Considering the fact that s (B,t) > (0 and
SO(B,t)/n > 0forall B € Bandallt eQ (n(C) > 1), supﬁeg’teg{s(o)(ﬁ,t)/n} = Op(1),

SupBeB,teQ{S(o) (Bat)} =0(1), SuPﬁeB,teQ{n/S(O)(:é7t)} = Op(1), SUPBeB,teQ{l/s(O)(B7t)} =
O(1), and

sup |S©O(B,t)/n—s9(B,t)| = op(1), by Lemma A.14, we have

BEBLEN
SOB.t)/n _ OB, 1)
5681131729 G 1+ op(1) and és;tpeg SO 1) 1+ op(1)
Note that
. SO@BHm 1 1
Sy PRNTY) e  SNT: (3 - 3 3
penien sO(B,0)  actien SOB./(SOBO/)  supgeyeq {5050/ (SO(B.0)/m)}

=TT TorD) =1+ op(1).

g 4 50@B. D/ | _
og 0 (B, 9 = max

log { sup W}

og] i SOBH/
,BeBteQ sO(3,1)

sup
BEBLEN BeB e s0(B,1)
= op(1) because
SOB /M| _ _ O.t/m| _
log {5:;?69 0B [ log(14-0p(1)) = op(1),log Bell?tfeQ G [ log(140p (1)) = op(1).

Now we derive some asymptotic orders for covariance estimation.
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Lemma A.16. Under Assumptions A.3.1 — A.3.6, for t € [0,¢], (n=Y2U(B))(t) = Op(1)

and Supgcp 11,(8, 1)/ = Op(1).

Proof. In this proof, we restrict t € [0,¢]. For all ¢,¢' € {1,...,d},

(oo, < [ Z%\W—ez(ﬁ,s))(w—ee/<ﬁ,s>>\d<Mi><s>

= ZZ%’(%K—Q(@S ) (@i — €o (B ’A (s)

Seﬂt =1

<3237 e — B i = o800
ng

< %% sup = = (B.1) (e = e (8.1 A1)

— n_COP <n> = Op(1), where

1

sup = (e — (8, 1)) (e — e (B,1)| A ()
< L sup (@i — (8, 1)) sup | (2 — e (8,1))] sup A(M) (2)
N teQ,i teQ,i teQ,i

— Eop(l)opa)op(f) — Op (E) , implying that (n~Y2U(B8))(t) = Op(1).

For all ¢, ¢ € {1,...,d},

< SUP/ )Véﬁ’ B, 3)‘0”\7( —SUPZ )VM’ B, 3)‘AN( )

1 ~
ool (11050]
gen | LT 0,0 BeB BEB 4
<sup ‘VM/,Bt)‘AN()<sup—sup ‘Vulﬁt)‘AN()
BeB teq BeB T teQ T

= g sup ’VZZ/ ,3 t)) AN( ) gOp(T) = Op(l), where

T geBien ™
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1 ~ 1
sup = [V (B, AN() < = sup
BeBe " BeB,ten

Voo (B,t)

sup AN(t) = %Op(l)OP(TLT) = Op(7),

teQ

implying that sups; 11,(8,t)/n)|oe = Op(1). |

Note that under Assumptions A.3.1 - A.3.6, for all t € [0, (], as Hlb(ﬁb, t)/nlloc < suPgep 1715(B.t) /1|
= Op(1) and ||]]D([/5'\pb,t)/n||oo < SUPjes 11,(B,1)/n||c = Op(1), covariance estimators sat-
isty I(By, t)/n = Op(1) and I,(Byy, t)/n = Op(1).

Now we derive asymptotic order for X, (3, A t)— X(B,t), X(B,1), and Xob(B, ALt).

Lemma A.17. Under Assumptions A.3.1 — A.3.5 and A.3.8 — A.3.9, fort € [0,(],

sup [X,4(8, A, 1) — X(B,1)| = Op(1/n).

BeB

Proof. For t € [0, (],

g
{1og (L(8. A, 1)) —10g (1(8,4,0)) } — {1og (1°(3,1)) 1oz (1°(8.1)) }

g%‘log<L(ﬁ,Kt)) log (L"(B, >)‘+%Z‘§§

log (L(,é, A, t)) — log <Lb([§, t)) ‘

log (L(B, fx,t)) ~log (Lb(B,t))‘ — Op(1/n).

Lemma A.18. Under Assumptions A.3.1 - A.3.5, fort € [0,(], supgp ]X(B,t)] = 0p(1).

Proof. For t € [0,(],

sup]X 83, t)] <sup
BeB BeB
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_ Zlég; % é z! (B~ ) —log (gggg 3;2) AN(s)
< ?égtezg % i ! (8~ ) —log (gﬁﬁigg%) AN;(t)
~ ©)(3
< %ig;sgp{ # (B~ B) -~ log (g(z)igm) ‘} AN(Y
<2 om0 (G | raparo

¢

T

op(1)%op(m) — 0p(1),

implying that sup;c; |X(B,t)] = Op(1). Note that we used the fact that

3 SO(B,t)/n
TB=pB)—log | =21
pemreas| 0T <S<°> (ﬁ,w/n) ‘
< sup =] (8 —B8)| + _sup 11og{S©(B,t)/n}| + sup | log{S© (B, t)/n}| = Op(1),
BEB,i BEBEQ teQ

where supg s, 2] (8 — B)] < supgep, @28 — Blz < sup; [@llasupges |18 — Bl <
Vdp(supges 1Bz + [18l2) < 2vdpCs = O(1). u

Lemma A.19. Under Assumptions A.3.1 — A.3.5 and A.3.8 — A.3.9, fort € [0,(],

sup | X,(3, A, 1)] = Op(1).
BeB

Proof. Fort € [0, (],

~ o~ ~

sup [ X, (8, A, 1)] < sup [X,n(8, A, 1) — X(B,1)] +sup |X (B, )| = Op(1/n) + Op(1) = Op(1).
GeB GeB Gen
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Considering Lemmas A.17 — A.19, under Assumptions A.3.1 — A.3.5 and A.3.8 — A.3.9, for
any t € [0,(], we have the following results. As |X(Bp,t)| < SUD 3cp 1X(B,t)] = Op(1) and

X (B )| < supgep |X(B,)| = Op(1), we have X (By,t) = Op(1) and X (B, t) = Op(1).

As | Xpn(Bo, A, 1)| < supgep | Xpn(B, A, 1)] = Op(1) and | X (Bpp, A, 1)| < supgep | Xpn(B, A, )] =
Op(1), we have X, (B, A, t) = Op(1) and Xpp(Bon, A, t) = Op(1). Similarly, as | Xob(By, A, ) —
X(Bo t)| < supgep [ Xpn(B, A 1) — X(B,1)| = Op(1/n) and [Xpp(Byn, A1) — X (Bpn. )] <
supges | Xon(B, A t) — X(B.1)| = Op(1/n), we have Xy (Bpp, A1) — X (Bpp,t) = Op(1/n)

and X,u(Bp, A, 1) — X (By,t) = Op(1/n).

Proof of the Lemma A.12

We start with proof for the first line. Fort € Qand 8 € B, let B,(8) = (8, 1) exp(—pu(3,1))/d(t)!,
where B,(3) has the form of probability mass function of PB distribution and B,(83) is Pois-

son approximation for B;(83). By Remark 2.2, for all t € Q and B8 € B, ‘Bt(é) — Bt(B)‘ <
2> iere pi(B,t)2, which leads to

BeBteN

an [83)- 5@ < o {23 nipaty< o f23nie0]

BeB,teQ iER (L) BeBeQ im1
i 1)’ 1
<2n sup pi(B,1)° <2n sup pi(B,t) p =2n0p (—) =Op (—) :
BeBteQ,i BeBteQ,i n n

Note that By(8), B,(8) € [0,1] for t € Q and B € B since they are in the form of probability

mass function, leading to supgcy cq Bi(B) = Op(1) and supsep cq Bi(B) = Op(1).

Note that by Lemma A.20,

d(t)
(B, t)

sup
BeBteQ,d(t)#£0

‘ = Op(1) and sup
BeB,LeQ,d(t)£0
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which means that the number of event and mean in the poisson probability mass function
have the same order. Also, for t € Q and 3 € B, d(t) = 0 implies dK(t) =0, p,(B t) =

for all i, u(B,t) = 0, and By(B) = B,(B) = 1, whereas d(t) — oo implies B;(3) and

3)
By(B) going to 0. Considering aforementioned and the fact that Pr(sup,eqd(t) < C) — 1
for some C' > 0, ie., sup,eqd(t) = Op(1), we have supzcp cq{l/Bi(B 3)} = Op(1) and

Sup,@eB,teQ{l/Bt<B)} = Op(1). So, by Lemma A.14,

ésl;lp Q{Bt(B)/Bt(B)} =1+ Op(1/n) and ésl;lp Q{Bt(B)/Bt(B)} =14 Op(1/n).

Note that

B(B) . 1 1 1
inf  ——* = inf —— — = = =1+ Op(1/n).
peBteq By(B)  Besieq By(B)/Bi(B) SUP s e {Bt(/é)/Bt(,é)} 14 Op(1/n) + Op(1/n)

@™
S~—
S—

sup
BeBLEQ

(B || _
, |log {ﬁeléltfeﬂ 505) } |} = Op(1/n) because

geBieq Bt (B) } ‘

oo

<é) = 10 n = n
log {Besgig Bt(B)} = log(1 + Op(1/n)) = Op(1/n),

By( By(
log < = log< sup —=
{ B {

=1

oy
@

@

log ¢ _inf ~t( =log(1 + Op(1/n)) = Op(1/n).

BeBier By
Now we prove second line. For ¢ € Q and 3 € B, let Et(,é) = HieR(t)\D(t) (1 — pi(B,t)) and
Et(B) = exp (‘M(B> t) + ﬂ(B, t)), where Et(B) has the form of probability mass function of

PB distribution and £,(3) is Poisson approximation for E,(3). By Remark 2.2, for all t € Q
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and 3 € B,

E(B) - ENt(B)’ <2 Z pi(B,t)%, which leads to
iER(H\D(t)

sup | Ey(8) — Et(/é)‘ < sup 02 Y p(B)p < sup 92 pi(B,1)
BeBteQ BEBteQ IER(O\D(t) BEB,teQ i—1
’ 1\? 1
<2n sup pi(B,1)><2n sup pi(B,t) p =2nOp (—> =Op (—) :
BeB,teQi BeB,teQi n n

Note that F,(8), E,(B) € [0,1] for t € 2 and B € B since they are in the form of probability

mass function, leading to supscp ,cq Ei(B) = Op(1) and supscg,cq £:(B) = Op(1).

Note that by Lemma A.20,

n(B,t) — (B, )
d(l)

d(t
sup — ( )~ — = Op(1) and sup
BeBtendm-o | 1(B,t) — i(B,1) BEBEQ,d(t)#0

= Op(1),

which means that the number of event and mean in the poisson probability mass function
have the same order. Also, for t € Q and B € B, d(t) = 0 implies dK(t) =0, p;(B,t) =0 for
all i, 1(B,t) — fi(B,t) = 0, and Ey(B) = Ey(B) = 1, whereas d(t) — oo implies E;(3) and
E(B) going to 0. Considering aforementioned and the fact that Pr(sup,.qd(t) < C) — 1
for some C' > 0, ie., sup,cod(t) = Op(1l), we have supﬁeB’tGQ{l/Et(,é)} = Op(1) and
sup3637t69{1/Et(ﬁ)} = Op(1). So, by Lemma A.14,

sup {E,(B)/Ei(B)} = 1+ Op(1/n) and  sup {E,(B)/Ei(B)} =1+ Op(1/n).

BEBLED BeB,teQ
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Note that
. Et(é) ) 1 1 1
f —= f —— — = = =1+ Op(1
Belzgteﬁ E(B) Bell;lteQ Ey(B)/E(B) SUP e {Et(/é)/E (B)} 1+ Op(1/n) p(1/n)
E@) || _ E,(B) o E@B) ||| _
B:;FGQ log { 5 (B) H = max { log {ﬂ:’;feﬂ 5B }' , llog {Beg,ltfeﬂ ) } ‘} = Op(1/n) because

=
D

;} =log(1+4 Op(1/n)) = Op(1/n),

(
logq sup —=
{,@eB,teQ Ey(

log inf — (
BeBen Ey(

Now we prove third line. Note that when d(t) = 0, we have

PDr

&=
@

®Ri

)} ~ log(L + Op(1/n)) = Op(1/n).

[Lepw pi(B,t)
[ieo {exp(@! )dA@) |

—1forall B e B.

i Di 187t ~
sup |log Lie P - )A = sup |log H (14 a:i(B.1))
beB.ca [Teve {exp(@/ B)AAW)} ]| pesien

i€D(t)

sup Z log <1 + (B, t)) < sup Z ‘log <1 + di(B,t)N

BEBER |iep(t) BEBER jep(y)

<supd(t) sup log (1+a(B,1))| = Op(1)0p(1/n) = Op(1/n).
tef BeBte,i

Note that for ¢ € Q and B € B, by the Taylor series expansion, for &;(3,t) between Eil-(B t)
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and 0,
_ _ 1 _
logl—i_&z /But :Ni IBJt - = &z B?t2'
(18, 0) = 3.1~ Jrai (B
log (1-+a(8,1) | < au(B.1)| + 1 64 (B.1)
sup |log a; (3, < sup |a;(B, sup —— sup a3,
BeB,teQ,i BeB,te,i geBrea,i | 2(1 + @i(8,1))? | geB e,

= Op(T) -+ Op(l)@p(72) = OP(T) = Op(l/n)

Finally, we prove the last line. Note that when d(t) = 0, we have

(B, )4

— =1 for all B € B.
{Z@'G’R(t) eXp(sz/B)dA(t)}

FO)

3, 1)) ~
sup |log B, 1) —w || = _swp d(t) log (1 + b(ﬁ,t)) ,
BeBteQ {ZieR(t) exp(:l:iTB)dA(t)} BeBten
where B R
. npn €xp(—¢i(8, 1)) exp(2x,; B)dA(t
b(ft) =  2ierm (=GB, 1)) pT(~ B)dA( ). We have
2 Zien(t) exp(z; B)
sup BB <5 s : sup 3 exp(~2(B.1)) exp(2a] B)dA()
up ) > 5 Sup =~ up EXP(—Ci(P, 1)) exXp i
BeBeQ 2 gep.ico Zie’R(t) exp(z] B) BEBLER jcr(p)

= Op(1/n)Op(1) = Op(1/n), where

sup Y exp(—Gi(B,1)) exp(2z, B)dA(t) < sup Y exp(2a] B)dA(t)
BEBteQ iER() BeB.ten iER(t)
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< sup Zexp(QwIB)dK(t) < n sup exp(2z; B)sup dA(t) = nexp | 2 sup @, B | sup dA(¢)
BeBteQ ;1 BeB,i e BeB,i e

BeB.i teQ teQ

< nexp (2 sup |w:ﬁ~\> sup dA(t) < nexp(2VdpCy) sup dA(t) = nOp(1/n) = Op(1).

For ¢t € Q and 3 € B, by the Taylor series expansion, for 5(@, t) between b(,é, t) and 0,

~ A 1 =
log(1+b(B,t)) = b(B, 1) 2(1+5(B,t))2b('6’t) :
We have
- - 1 .
log (1+b(B,1)) | < b(3,t — b(B,t)°
B?BI,EQ Og( Tha )> ,éesl;lfeﬁ 8 )‘+[§ESBLl,tpeQ 2(14+0(B,1))? ﬁ:;feﬂ (8.9

= Op(1/n) + Op(1)Op ((1/n)?) = Op(1/n) and

d(t)log <1 +b(8, t)) <supd(t) sup
teq BEBLEQ

log (1 +b(B, t)) ) = Op(1)Op(1/n) = Op(1/n),

sup
BeBLEQ

which competes the proof.

Lemma A.20. When Assumptions A.3.1 — A.3.5 and A.3.8 — A.3.9 are satisfied,

d(t)
(B, t)
d(t)
w(B,t) — (B 1)

(B, t)
d(t)

= Op(1),

sup
BeBteQ,d(t)#£0

‘ — (1),  sup

BeB,teQ,d(t)#£0

sup
BeBLeQ,d(t)#£0

‘ = Op(1), and sup
BeB,teQ,d(t)£0
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Proof. Fort € Q, B € B, and d(t) # 0, one can represent d(t)/u(83,1) as

_ (1)
S Yilt) expl@] B) (1 - 22550 exp(a] B)aA (1))

where 1 — exp(—& (8, 1)) exp(a; B)dA(t)/2 > 0 by the fact that p;(3,t) € [0,1]. Also, it is

trivial that 1 — exp(—&(8,t)) exp(x; B)dA(t)/2 < 1, resulting in it to be reside in [0, 1]. We
finish proving first result by the following:

X S, Yilt) exp(a] B) (1 - 252 exp(a] B)dA (1))
sup = sup -
BeB,teQ,d(t)#0 d(t) BEBLEQ,d(t)#0 n*(t)
1 " 3

< sup
teQ,d(t)£0 1 (t)

BEBLEQA(t)#0 ;=1
1 n

< sup ———= sup ZYz‘(t) exp(:n;,é) = Op(1/n)Op(n) = Op(1).
ten,d(t)£0 (1) gepiea.dmnz0 =

s 3 Vi) expla] B) (1 - PGB e ﬂ)d/\(t))

Now we prove second result. We have

. tégfd ZY exp(z; B) ( eXp(_62i<'B’t)) exp(m?ﬁ)dﬁ(t)) (A.2)

i eXp (:é )) T A\ 7%
- inf Yi(t)e Yi(t exp(2x, B)dA(t
ﬁeB,teQ,d(t);éo Z xp(@ Z xp(2z,; B)dA(t)

e té?)fd [ Z exp—(,B,t)) exp(2x?@)d7&(t)]

> Zw)exp(mm
=1

BeBteQd(t)#0 | 4=
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)PLEABD) (207 a1

= inf
BeBteQ,d(t)#£0

Z Yi(t) exp(z; B)] —  sup

BeB,te,d(t)#£0

We have infzg teQ,d(t)#£0 >im Yilt )eXP(wiTB) = infgep e > e Yi(t) eXp(sz/é) and

Pr inf Yi(t) exp(x, >Cn) —1
(ﬁeBteQZ Xp ﬁ) )

for some C' > 0. So, we have

Pr ( inf ZY exp(xz; B) > Cn) — 1. (A.3)

BEBteQ, d(t

We have

" (8.t . - .
s S v ZEEBD) (opThaR@ < sup Y exp(2a] AR
BEB,teQ,d(t)#0 j—1 2 BEB,teQ,d(t)#0 —1

< nexp (2 sup ach) sup  dA(t) = nO(1)Op(1/n) = Op(1),

BeB,i t€Q,d(t)#0

which means there exists C > 0 such that

Pr( inf [_Zm(t)wexp(zxm)dﬁ(t)

BeB,teQ,d(t)#£0 p—

> —c) (A.4)

= Pr ( sup in(t)wem(zmj B)dA(t) < c) — 1.

BeBteN,d(t)#0 j—1

Considering (A.2), (A.3), and (A.4), there exists C' > 0 such that

BEBLEN,d(H)#0 =

Pr ( inf ZY ) exp(x; B) (1 - wexp(mjﬁ)dx(to > C’n) — 1.
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We finish proving second result by the following:

sup
BeBteQ,d(t)£0

(1) ' B n’ (1)

= sup ~ = PN
nB)| pesrcadnzo| S Yi(t) expla] B) (1— oDCGB) gy B)dA(t))

. 1
< sup n'(t) sup

Trendn 0 pesreadno S Yi(t) exp(@] B) (1 — oRCaB) o B)d?\(t))

= sup  n*(t } ~ —
{teQ,d(t);ﬁO inf5e s req.ayzo 2i Yi(t) exp(z, B) <1 _ exp( 21( t

)
@]

[
=
8
G)
S
QU
-
=
N—

We have sup,.q {n(t) — d(t)} < n, resulting in sup,cq {n(t) — d(t)} = Op(n). Also,

inf {n(t) — d(t)} = infn(t) + inf{—d(t)} = infn(t) —sup{d()},

teQ teQ

where Pr(infieqn(t) > Cin) — 1 and Pr(infieq{—d(t)} > —C3) = Pr(sup,cq d(t) < C3) — 1
together imply Pr(inf;cq{n(t) — d(t)} > Csn) — 1 for some Cy,Cs,C5 > 0. So,
1 1

o n(t) —dt)  infeo{n(t) —d@)} Op(1/n).

Note that for all t € Q, n(t) =n(t —7) —d(t —7) — c(t — 7) < n(t —7), where ¢(t — 7) is the
number of subjects censored at ¢ — 7, so n(t) is non-increasing over ¢ € ). Surely, we have

n(0) =n and d(0) = ¢(0) = 0. For ¢ € ,

n(t —7) — d(t — 7) = n(t) + c(t — 1) > n(t) > n(t) — d(t),
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so n(t) — d(t) is non-increasing over t € €2, resulting in inf,cq{n(t) —d(t)} = n({) —d(¢) > 1.
As we can see that n(-) —d(+) has the same asymptotic orders with n(-), the rest of the proof

can be completed in a similar manner to what has already been done. |

A.5.2 Example of ( and 7 Satisfying ( = 7[(/7]

Here we give example of ¢ and 7 satisfying {( = 7[(/7], where 7 < 1/n* — 0 as n — o0, e.g.,
a=1lora=3/4 Let ¢ € {1,2,...}. Forall M € {0,1,2,...}, when 10" < n® < 10M+1,
choose 7 = 1/10M, which implies 7/(1/n%) = tn® € [1,10) for any n, directly showing

T =< 1/n%

A.6 Additional Numerical Results

A.6.1 Standard Deviation Results in Simulation Studies

In this section, we compare the standard deviations (SD) for B\b, B\e, and B\pb from the
simulation results in Sections 2.5. For scaling purposes, we present SD/3. Figure A.1 show
the simulation results for SD considering all simulation cases. It is evident that for all cases,
the SDs for Bb, B\e, and pr are all comparable, showing minimal differences even when 7 is
large or there is large variation among p;;s. In these scenarios, as described in Section 2.5,

pr outperforms the others in terms of RMSE and |Bias].
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Figure A.1: Simulation results for SD.
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A.6.2 Simulation for Choosing Baseline Hazard in the PB distri-

bution Method

Here we do simulation to compare performances of using Kb, Ke, or Kna as A in (2.14).
The simulation setting in here is based on the Section 2.5, where g = 1, ( = 1, n =
n. = 131, v = 7. = 1.5, and B = 10,000. We generate x; i.i.d. from N(0,1). We vary

n € {50,100, 200, 500, 1000} and 7 € {0.01,0.1,0.2}.

In Figure A.2, one can see that RMSE is very similar for different choices of A in (2.14), but

choosing A as A in (2.14) has less bias than the others for many cases.
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Figure A.2: Simulations for pr using Breslow, Efron, or Nelson-Aalen baseline hazard func-

tion as A in (2.14), respectively.

A.6.3 Simulation for Assumption A.3.10

Here we do simulation to check the important result from Assumption A.3.10, which is
n1/2(,§pb - ,@b) = op(1). The simulation setting in here is based on the Section 2.5, where
g=1,71=1/n,(=1,n=mn =131, v =1, = 15 and B = 10,000. As 7 = 1/n,

Assumption A.3.8 is satisfied allowing some ties. We generate z; i.i.d. from N(0,1). We
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vary n € {50,100, 200,500, 1000} to check pr and B\b get similar enough as n grows.

In Figure A.3, one can see that as n grows, one can see that nl/z(gpb — Bb) goes to 0 fast as

n grows, indicating asymptotic normality of n'/? (pr - B).

A A
nl/zlprb_Bbllz vs n
0.125

0.100

N N
1/2”pr - Bb”z
o
o
3

n
o
o
a
o
»
7

0o2s{ T =~o_

250 500 750 1000

Figure A.3: Simulation for nl/z(pr - 3b) = op(1).

A.6.4 Estimation Results in Real Applications

This section presents the estimates and standard errors for each 3; from real applications in
Section 2.6. Table A.1 summarizes results from the laryngeal cancer patients study, while
Table A.2 provides results from the north central cancer treatment group lung cancer study.

The content in each cell of Tables A.1 and A.2 includes:

- (Breslow) the coefficient estimate Eb,j and its standard error \/ {Ib(ﬁb, )7}

- (Efron) the coefficient estimate Be,j and its standard error \/ {I.(B., ¢ )

- (PB distribution) the coefficient estimate B\pb,j and its standard error \/ {]b(apba )~

From Tables A.1 and A.2, it is evident that for estimating f3;, the results from the three
methods are similar when 7 is small. However, as 7 increases, the Breslow method diverges

significantly from PB distribution method. The Efron method shows less deviation from PB
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distribution method compared to Breslow. In contrast, the standard error estimates for £,

are consistent across all the methods.

Table A.1: Estimation result for the male laryngeal cancer patients study.

Covariate Method

0 0.05 0.1 0.15 0.2 0.25
Breslow 0.20(0.15) 0.19(0.15) 0.19(0.15) 0.18(0.15) 0.22(0.15) 0.17(0.15)
Age Efron  0.20(0.15) 0.20(0.15) 0.22(0.15) 0.20(0.15) 0.25(0.15) 0.20(0.15)
PB  0.20(0.15) 0.20(0.15) 0.22(0.15) 0.21(0.15) 0.26(0.15) 0.20(0.15)
Breslow 0.60(0.32) 0.62(0.32) 0.62(0.32) 0.59(0.32) 0.57(0.32) 0.59(0.33)
Stage 3 Efron  0.60(0.32) 0.64(0.32) 0.65(0.32) 0.64(0.32) 0.65(0.32) 0.68(0.32)
PB  0.58(0.32) 0.63(0.33) 0.64(0.33) 0.63(0.33) 0.64(0.33) 0.68(0.34)
Breslow 1.65(0.40) 1.60(0.40) 1.49(0.39) 1.44(0.39) 1.23(0.39) 1.23(0.39)
Stage 4  Efron  1.66(0.40) 1.68(0.40) 1.67(0.39) 1.67(0.40) 1.49(0.39) 1.53(0.39)
PB  1.64(0.40) 1.67(0.39) 1.68(0.38) 1.69(0.38) 1.53(0.37) 1.58(0.38)
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Table A.2: Estimation result for the north central cancer treatment group lung cancer study.

Covariate

Method

Sex

Breslow
Efron
PB

ECOG

(Physician)

Breslow
Efron
PB

Karnofsky

(Patient)

Breslow
Efron
PB

Karnofsky

(Physician)

Breslow
Efron
PB

0.22(0.13)

0.20(0.13

0.17(0.13)
0.21(0.13)
0.21(0.13)

Weight

Loss

Breslow
Efron
PB

-0.11(0.09)
-0.14(0.09)
-0.15(0.09)

-0.11(0.09)
-0.16(0.09)
-0.18(0.09)




Appendix B

Details for “Competing Risk Model
with A Nonparametric Form of

Spline-Estimated Relative Risks”

B.1 Martingale Structure

Here, we derive the martingale structure used in the statistical theory for our model, based
on Fleming and Harrington [16] and Kalbfleisch and Prentice [27]. Let ¢t € [0,7]. The

filtration at ¢ and ¢t~ are each defined as

Fr=o0 ({{Nu(s),Yi(s"), X}k e {l,...,K};0< s < t}),

Fi- = U({{Nik(s)an(s%Xi}?:l;k € {17 - '7K};O <s< t}),

where the sigma-algebra generated by - is denoted by o(+).

As {T;}", and {C;}?_, are conditionally independent given {X;}?_,, we have
E(dNa ()| Fi) = PAN(t) = 1[F,-) = Yi(t)dHi(t: X,),

where dNy(t) = Ny (t~ + dt) — Ny (t7) and dt > 0. By the Doob-Meyer decomposition, we

140



B.2. NOTATIONS 141

have

Nig(t) = Ai(t) + My (2),

where M;;(t) is a zero-mean martingale and Ay, (t) = f dA(s fo s)dHy(s; X;) is the
compensator. The predictable variation process and covariation process are each calculated

as (My)(t) = [ d(My)(s) and (M, My )(t) = [ d(Mjg, Mioy)(s), where

d(My.)(t) = Var(dM(t)|F-) = Var(dNu(t)|F-)

= E(dNi(1)|Fi-) (1 — E(dNw(1)|F-)) = Yi(t)dHy(t; Xi),
where we regard dt x dt as 0. We have

d(MZk, Ml/k/><t) = COV(dMZk(t)dMl/k/ (t)‘./_"tf) = COV(dNZk@)le/k/ (t)‘./—';gf)
= E(dNi(t)dNirw (8)| F1-) — E(d N (8)| F- )E(d N ()| F-)

=P(dN;x(t) = 1,dNys (t) = 1|F-) =0

for {i,k} # {i',k'} due to the continuity of the random variables (at most one jump at ¢
among all n subjects) and the fact that a single subject cannot experience more than two

risks.

B.2 Notations

We introduce the notations used throughout our theory. We write Py, = P(W~!(+)) for the
distribution of W, and Py = P({W4, ..., W,}71(+)) for the distribution of {W;}"_,. We use

the operator Ey to indicate the Lebesgue integral taken with respect to the distribution of
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either W or {W;}_,. That is,

n

Ewlo(7)) = [

gdPy and Ey [g({W;}1,)] = / g dPyn
w

for any function g defined on W or W", where W = (0,00) x (0,7] x X x {1,..., K}. The

function g may be deterministic or a stochastic process. If g is deterministic,

Ew[g(W)] = E[g(W)] and Ew [g({Wi}iy)] = E[g({Wi}iZ,)].

For deterministic sequences a,,b, € R for n € N, we set a,, = O(b,) (Jan| < |by|) if there
exists a constant C € (0,00) and N € N such that |a,| < Cl|b,| for all n > N. Likewise,
a, = o(by,) (la,| < |by|) is satisfied if for every constant € € (0, 00), there exists N, € N such

that |a,| < €|b,| for all n > N.. We adopt a,, < b, to mean that a, = O(b,) and b, = O(a,,).

For sequences X,,, Y,, € R for n € N, with at least one being random, we refer to X,, = Op(Y;,)
(| X5 < |Ya|) if there is a constant C € (0,00) such that P(|X,,| < C|Y,|) — 1 as n — oc.
In addition, X,, = op(Y,,) (|X,| < |Ya|) if P(|X,.| < €]Y,]) = 1 as n — oo for any constant

e € (0,00).
Here, if a constant does not have a subscript k, it is independent of k.

Let U; and Us be vector spaces that are subspaces of a vector space U. We refer to U =
U, @ Uy, which can also be expressed as U; = U © Uy or Uy = U © Uy, if the followings are

satisfied:

(i) Uy NUy = {0},

(ii) For every f € U, there exist unique f; € U; and fo € Us such that f = f1 + fo.

For each j = 1,...,d, suppose that {;, }vcz, forms a basis of Hilbert spaces V;, where index
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set Z; is either finite (when V) is finite-dimensional, |Z;| € N) or countably infinite (when V;
is infinite-dimensional, Z; = N). We denote tensor product space by ®?:1Vj, which is the
completion of Span {H?zl gpmj}

meeting <H;.l:1 fj’H?:19j>®j.:1Vj = H?:1<fj,gj>pj for all f;,9; € V;, j =1,...,d, where for

each j =1,...,d, (-,-)y, is some inner product on V;.

with respect to some inner product (-,+)ga .
i

B.3 Assumptions

In this section, we provide assumptions needed in the rate of convergence for the proposed
model. Let fx(-) be the density function of X. For ¢t € [0,7] and z € X, let fyx(t;2) =

EY ()X =2] =P(Y(t) = 1|X = z) and fy x(t,z) = fyx(t; 2)fx ().

Assumption B.3.1. Assume the followings:

(i) There exist some constants C, € (0,1) and Cs € (0,00) such that P(T > 1) > C, and

infico,- S(n,t) = S(ng, 7) > Cs for each k.

(i) There exists some constant Cr € (0,1) such that for all k, P(G = k) > Cg.

(iii) There exist some constants 0 < Cp1 < Cpo < 00 such that for all k, Cp1 < hor(t) < Cha

for all t € [0, 7].

(iv) There exist some constants 0 < Csy < Cea < 00 such that for all k, Csy < fy x(t, ) <

Cio for allt € 0,7] and all x € X.

(v) There exists some constant C. € (0,00) such that for all k, —C, < nj(x) < C, for all
x € X. Furthermore, for each k, there exists deterministic big convex neighborhood of

ny, denoted by By = {f € H : Vi(f — ;) < pr} with some constant py, € (0,00), which
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(vi)

(vit)

(viii)
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does not depend on n, such that there exist some constants 0 < Cp; <1 < Cpa < 00

such that for all n € By, Cx1exp(nji(z)) < exp(n(z)) < Croexp(n;(z)) for all x € X.

For each k, V) is completely continuous with respect to J,, on H, implying that there
exists an eigensystem { pk.v, Yrv fven such that for allv € N, the eigenfunction ¥y, € H
and the eigenvalue py,, > 0 satisfy pr, — 00 as v — 00, and Vi(Vgv, Vi) = Ly =
1(v = '), while Jp(Vkp, Vi) = prolew for all v,v" € N Furthermore, for any
[ eH, we have [ = . Vil(fs Yrw)rw, since for all f € H, J(f) < oo, which is

equivalent to Ji(f) < oco.

There exist some constants Cy,C, € (0,00) such that for each k, sup,cy [|[Vko||sup < Co
and prn > C,v" as v — oo, where r > 1. Note that r = 2m when d = 1, or when d > 1
and H has an additive structure; and r = 2m — 6 for any 6 € (0,2m — 1) when d > 1

and H contains at least one interaction.
For each k, there exists some constant by, € [1,2] such that )~ pZ’va,z(n}';, Yrp) < 00.

For each k, there exists some constant ¢, € (0,00) such that as n — oo, q =

nSk 2/ bet) SN0, and qk)\i/r — 00.

Let n(-) = >, Yi(-). By the strong law of large numbers and (1), which is common in

the survival analysis literature, we have n(7)/n > P(T > 7) > C, as n — oo. Given that

n(-) is non-increasing on [0, 7|, there are sufficient number of units at risk for any ¢t € [0, 7].

Therefore, for simplicity, we assume n(7) > 1, which is reasonable based on the assumption

above.

Note that (2) indicates that the probability of each risk factor is above a certain threshold.

This implies that, when n is sufficiently large, for each risk factor, we have a sufficiently

large number of subjects with observed risk corresponding to that risk factor.
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The uniformly boundedness assumptions in (3) and (4) are borrowed from Du et al. [11].
Specifically, (3) leads to Ch17 < infieo hox (t) X7 < [ dHox(t) = Hor(T) < sup,e(o.r hor(t) x
7 < Cpo7. Observe that (4) is a uniformly boundedness condition used to show that Theorem

3.1 implies rate of convergence with respect to the £5 norm.

The set By, in (5) is large enough to ensure that all estimators of 7} in the technical proofs,
including 7, and 7, are elements of B;. This is a common assumption in the smoothing

spline literature [11, 18].

Constructing the eigensystem on #H for each k, as described in (6), is a standard approach

in the smoothing spline literature [11, 18].

The smoothness level of the true function 7} is described by the parameter b,. When b, = 1,
(7

we have Y o 05, Vi (0, Yikw) = Ji(n;), ensuring that condition (7) is automatically satisfied

by ni € H.

The order of the number of knots required for efficient approximation, as well as the order of
the smoothing parameter in relation to the number of knots, are discussed in (8). Both are
common assumptions in the smoothing spline literature [11, 18]. When )\, < n~"/%+) — 0
as n — oo, which guarantees the optimal convergence rate, qk)\i/ "= n% — oo asn — oo is

also satisfied, thereby ensuring that (8) holds.

B.4 Proof of Theorem 3.1

Here, we employ quadratic approximation techniques as outlined by Gu [18] to prove Theo-
rem 3.1, with proofs closely following those in Du et al. [11]. Without loss of generality, any

arguments here are for any k. First, we introduce some notations that are used in the proofs.

For 77af>9 € Ha let u(fanvt) = S(fanvt)/s(nvt)v u(n)(.ﬂn?t) = S(n)(fanvt)/s(n)(n>t)a
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V(f,gint) = S(fgin,1)/5(n, t) = Uf;n, t)UW(g; n, 1), and
V(n)(fvga 7, t) = S(n)(fga 7, t)/S(n)(n7 t) - u(n)(f7 n, t)u(n)(ga 1, t),

where S, (n,t) = YL, Yi(t) exp(n(Xy))/n, Sy (fin, 1) = Y20, Yi() £(Xa) exp(n(Xi)) /7,
and Sy (fgsm,t) = >0, Yi(t) f(Xi)g(Xi) exp(n(X;))/n for f,g,m € H and t € [0, 7].

Then, we can express Vi(+, ) as

W%@=£Vﬁm%ﬁ%mW%w)

for f,g € H. For n € ‘H, we define a non-negative definite bivariate functional Vﬁ)(', -) on

‘H as follows. For f,g € H, let

Véf;j(f,g):/ Vi (f, 951, )dN (1)

0

Let V) (f) = VUL, f) for n, f € H. Define VI'(-,-) = Vi, (-, ). Forn, f € H, let

Mk

%mﬂzluwwmmmm»meme%%u

We begin by introducing the remarks and lemmas that are instrumental in our main proof.

Initially, we require an order bound for the eigenvalues and \;, as described in Remark B.1.

Remark B.1. Under Assumption B.3.1, for each k,

)\k;Pk v 1 1
’ , , and _
Z (14 Approw)? Z (14 Aeprw)? %\; 1+ Akpr

veN veEN

are OAk()\,;l/r), where O, (+) is O(-) with respect to A, — 0.
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The proof of Remark B.1 is provided in Gu [18], where the condition r > 1 is required. Since

A — 0 as n — 00, O,,(+) in Remark B.1 is replaced with O(-) as n — oc.

We demonstrate that V; and || - |7, are equivalent in #, as established by Lemma B.2.

Lemma B.2. Under Assumption B.5.1, there exist some constants 0 < Cr,1 < Cr,2 < 00

such that for each k, for all f € H, Cryall fll7, < Ve(f) < Cryoll flIZ,-

The proof of Lemma B.2 is detailed in Section B.5. According to Lemma B.2, the conver-
gence rate between 7, and 7; with respect to || - ||z, is equivalent to that with respect to

(Vi + )\ka)l/2 as stated in Theorem 3.1.

We present a series of important results related to convergence and asymptotics in Lemmas
B.3 — B.5, with detailed proofs provided in Section B.5. Additionally, we establish results
concerning boundedness and orthogonality in Lemmas B.6 and B.7, also included in Section

B.5.

Lemma B.3. Under Assumption B.3.1, for each k, for all f,g € H, as n — oo,

VO (F.9) = Vil £,9) + VO + M) (Ve M) ()0 (7 2007)

= Vi(f.9) + or (VO T XTIV + M) (9)) -

Lemma B.4. Under Assumption B.3.1, for each k, for all f,g € H, there exists some

random variable o € (0, 1), such that
US(f—g) = U —g) =V nlf =)

Lemma B.5. Under Assumption B.3.1, for each k, let a stochastic process fi, € H satisfies
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VO (f, —nt) = op(1) as n — co. Then for all h € H, asn — oo,
UL (h) = U (h) = Vi (i = iz ) (1 + os(1))

Furthermore, if another stochastic process g, € H satisfies V,gn) (g — ;) = op(1) as n — oo.

Then for all h € H, as n — oo,

Z/{}:’)k(h) - M;:’)k(h) = Vlgn)(fk — x> h) (1 + 0p(1)).

The proof for the main result in Theorem 3.1 is presented in the following three steps.

Step 1: Rate for the Quadratic Approximation Optimizer

For n, f € H, define
(n) RS
S = [ 53X =W (Fim. )} dNa)

which represents the Fréchet derivative of —Ly,)(+) at 7 in the direction of f.

The quadratic approximation optimizer 7; is defined by

(n) Ak

i = argmin — S0+ SVilf i) + (), (B.1)

feH

where assume 775 € By. The loss function in (B.1) is a quadratic approximation of the loss

function in (3.1) at n;, which can be represented as

> {—wf, V) S (k) + % Vil ) = Vel tr))? + 2o VA, wk,n} - (B2)

2
veN
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Setting the derivative of (B.2) at Vi(f,¥x) to be 0, one gets 7y = >, o V(7 Ykw) Vo,

where
1

Vi Yiw) = m

{vkm;, Uro) + Sé;f?kwk»v)} '

One can represent S,(]Z)k:(wkv) by

I~ (7w
=1

where

E S5 (k)| = %i / E B (0aM(t)| = %i / E E B (0)aMa(t)| F- ||

=23 [R[BOR I 0A ] =0

and

e [{sihn) ] - 18

In (B.3), the first equality is derived by

E [ /O ' B (£)d M (t) /0 ' Bi(fj,l(t)dMi/k(t)] =K [ /O ' B (t) B (t)d( My, Mi/k>(t)]
B | [ {BR0} a1,

which follows from Theorem 2.4.4. in Fleming and Harrington [16], and the second equality

is derived by

'y [ BROY 00 = [ Vo draini 00 D)
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v’ €NE[0,T te(0,7]

< { sup | W(n)(?ﬂk,v,%,wm;ﬁ,t)’} { sup S(n)(nz,t)} Hoy,(7)

< 2exp(C,)CiChoT,

where the last inequality follows from Lemma B.6.

Simple calculation yields

Ség?k(wk,v)} - 2/\kpk oV (% Wy, v) e k(% 1)) + )\kpk ka, (77;, wk,v)

(Ve + M) (T = 17) = ) {

= 1+ Aeprw
and
B (Ve + M) (7t — )] < oI > +AZ?++ VR0 )
- 2exp(C>;zC?pCh,gT Z - ikpk e gp V(1 i)

—1\—1/r
=0 (nxY +A2k),

directly implying v/ (Vi + Mo Ji) (75 — nj) = Op (n‘l/Q)\,;l/(%) + )\Z’“/2).
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Step 2: Rate for the Global Optimizer

For n, f € H, let A(n, f) and B(n, f) denote the Fréchet derivatives of the loss functions in

(3.1) and (B.1), respectively, at 7 in the direction of f. These derivatives are expressed as

A, f) = =S8 () + Medi(n, f), (B.4)

B(n, f) = =Se(f) + Veln = 1, £) + Mer(n, ), (B.5)

where, by definition, A(7, f) = 0 and B(7;, f) = 0 for any f € H. Set n = 7} and f = 7;—7;

in (B.4) and set n = 7} and f = 7y — 75 in (B.5). Subtracting the resulting equations gives

U, (i — 1) = U, (i — ) + ATk (7 — i) (B.6)

= Vil — mies i = 77) + U (i — ) — U, (0 = 7).
By Lemma B.4, for some random variable o; € (0, 1), we have

0= Z/{T(] Y ke — ) — Z’{f(;:)k( —15) + e Je (07 — ) (B.7)
= Vé?%ma—al)** k(e — ) + i (7, — 1)
= CBk(V + MeJr) (07 — 777

= C, (Vi + Aedi) (0, — 1) + op (Vi + i) (0 — 701))

where aq7; + (1 — aq)7; € By, and considering the boundedness of 7} and the closeness of
exp(n) to exp(n;) for n € By, as described in (6) of Assumption B.3.1, we assume, without
loss of generality, that for some constant Cg, € (0, 1), the inequality Vénk)( f) > CB,CV,Q”)( f)

holds for all n € By and f € H.

By Lemma B.3, we have V" (i — i) = Ve(iit — n) + 02 (Ve + M) (7 — 1)) = op(1). So,
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by Lemmas B.5 and B.3, we get

0 < Vililp — n. i — i) + U (0 = 7i7) — U (i — 777) (B.8)
= Ve(ily — e — ) — VA (@5 — e i — i) (1 + o0p(1))

= oz (Veliit = ni i — 7)) + oe (J (Vi + M) (. = 1) (Ve + M) i — ﬁ;;))

= oe (A + NI~ I+ A~ ) ).

where the last equality is by |V (75 — 5, 15 — 75)| < \/Vk(ﬁ}z — ) V(g — 175).

Combining (B.6), (B.7), and (B.8), we have

O+ i = 70) = or (/0 AT G — )+ AT~ 7))

\/(Vk + )\ka)(ﬁZ — TN]Z,) = op (\/(Vk + )\ka)(ﬁZ — 777;)) = op (n—1/2)\’:1/(2r) + )\Zk/2> ’

where /(Vi + Xei) (5 — 15) < /Ve + M) (05 — 715) + /(Wi + Nedie) (7 — mf) leads to
VO + M) (0 — 1) = Op (n—l/Q)\l;l/(Zr) n )\ka).

Step 3: Rate for the Efficient Approximation Optimizer

Define V,qu) analogously to V,E,n), with the distinction that V,Eq’“) incorporates only g subjects
corresponding to {Zyu}7, in its calculation, specifically for both counting process and
predictable processes. Denote H®L = {f € H : (f,g)ur = Oforallg € H®} by the
orthogonal complement of H® in H with respect to (-, -)ax = (-, )a;, + Ji(+, ), which is an
inner product on H. Here, (-, )y, is an inner product on A, which can be found in Section
B.6. Similarly, denote ”;‘-lg(,k)L ={feH;: Ju(f,g) =0forall g € ?—[f]k)} by the orthogonal

complement of Hgk) in H; with respect to Ji(-, ).
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One can see that

HEL =H o H®

=H =H,0HY

and any f € H © H® satisfies [(Zuwy) = Ji (f, K. (Zowy, )) =0for{=1,...,q. Consid-
ering this, for any f € H © H®, a modification of Lemma B.3 with respect to V,qu) leads

to

Vilf) = V() = V)] = i+ M) (NOs (227 (B.9)

= op (Vi + Medi) (f)) = 0p (M f)) -

Let nmx = Proj(n; | H®) = arginf, .y 0 (M — 0, M — N)#.k denote the projection of 7 onto
H®) with respect to (-, )21, with the assumption that 7, € B,. One can see that 7} — 1y €
HOHP. Set n=n; and f = Af — n in (B.4). Considering Ji (1, 0 — nx) = 0 by Lemma

B.7, we have
Nei(i; = k) = SS (e = k) + U™ (07 = mi) — U (i — ). (B.10)

The order of the first term on the right-hand side of (B.10) can be calculated as

S = )| = |32 Vet V) = Vi ) SEu () (B.11)
veEN "
< {Z(l + MePrw) Ve Vi) — Vie(nis %,v))Q}
veEN

1/2

1 (n) 2
. {Z 1+ Meprw {Sn,:,k(%,v)} }

veEN
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_ \/(Vk + )‘ka)(ﬁZ . nk)OIP’ <n—1/2/\]:1/(27")>

= 3 /)\ka(ﬁZ — T]k>O[p> <n’1/2)\,;1/(2r) + )\Zk/z) (1 + 01@(1)) ,

where (B.9) is used, and the following is utilized:

1 (n) 2 2exp(C.)C7Ch T 1 B v
E g;] m {Snz,k(wk,’u)} ] S n % 1+ )\kpk,v =0 <n lAk > .

By Lemma B.3, we have V" (i — 1) = Vi(i; — nt) +op (Ve + Medi) (75 — 7)) = op(1). So,
by (B.9) and Lemmas B.5 and B.3, the order of the remaining terms on the right-hand side

of (B.10) can be calculated as

= ) = U= o) = |V = A ) (L 0e(1) (B.12)

= [{vuta = i =00+ o (O A = NG = 0) } 1+ )

— Nk ook Nk — Nk —1/2y—1/(2r) by, /2
k
op (\/(Vk + MeJr) (0 — 0) AT (70 m)) \/ Nk (75 — i) or (n Ak + A ) :

where

Ve = ni i = m)| </ Vi + M) G — m) Vel — )

— op (\/(Vk + M) (M — 1) A i (7, — ﬁk)) :

Combining (B.10), (B.11), and (B.12) and considering (B.9), we get

Ak (M — k) = A/ M (7 — i) Op (”71/2)\21/(%) + )\ka) ,

2
(Ve + M) (5 — i) = Op ({nl/Q)\;l/(%) n )\Zk/g} ) |
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where / (Vi + M) (e — 15) < /Ve + M) (e — 15) + /(Wi + Medie) (0 — 1) leads to
\/(Vk T /\ka>(77k — 77;;) — Oy <n—1/2/\l;1/(2r) + )\Zk/2>.

As Ji (e, 05 — k) = Jk (T, 15 — nk) = 0 by Lemma B.7, we get

A

T 0k — M) = Je( — 0k + M, N — M + M — M) (B.13)

= Je(0r — ) + Je(rs e — )

By definition, A(f, f) = 0 for any f € H®). Set n = 7 and f = 7 — n; in (B.4) and set
n=n; and f =n; — 7 in (B.4). Using (B.13) and (B.10), summing the resulting equations

gives

U, (e — i) — U%,)k(ﬁk — k) + Mo (e — 1)

= SR = M) = Ml = mi) + U (0 = 1) = US L (s = i) = O,
which can be represented as
U, (e — 1) — U (e — ) + N — i) = Uég,)k(ﬁk — ) — U, (i — i) (B.14)
By Lemma B.4, for some random variable as € (0, 1), we have

0< ué:,)k(ﬁ’f — k) — Z/{?s:,)k(ﬁk — ) + ATk (e — 1) (B.15)
= Vc(gz?ﬁ(kag)nk,k(ﬁk — ) + NeJi (e — M)
> Ca, (V" + M) (e — i)

= Cp, (Vi + i) (e — i) + 06 (Ve + Medie) (e — 1))
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where o, + (1 — an)ny, € Bg.

We have V" (47 — ;) = op(1) and by Lemma B.3, we have V™ (n, — 15) = Vil — ;) +
op (Ve + Medi)(me — mi)) = op(1). So, by Lemmas B.5 and B.3, we get

0< UL, (i — ) — Uy (i — 1) = Vi (0 = s e — 1) (14 (1)) (B.16)

= V(g — M, Tk — ) + 00 V(D — 1> e — M)

+ op (\/(Vk + M) (M — ) Ve + MeJi) (1 — ﬁk))

= 00 (/04 A = D+ A=)

where [Vi(9 = s e — )| < v/ Ve + Medi) (0 — 1) Ve + M) (ke — i)

Combining (B.14), (B.15), and (B.16), we have

(Ve + Medi) (. — i) = Op (\/(Vk + Mo Ji) (Mg — i) Vi + i) (ke — mc)) :

\/(Vk» + )\ka)(ﬁk — 77k) = Op (\/(Vk + )\ka)(ﬁZ — 7716)) =0Op <n—1/2)\’:1/(2r) + )\Zk/?) ’

where /(Wi + Medi) (0 — 1) < v/ Vi + M) (e — i) + / (Ve + Modi) (i — m7f) leads to

Note that n 12\ )« p= /AN VD g WANVED — (1) implies
Op (n71/2)\;1/(2r) i )\Zk/Q) — os(1),

which completes the proof. [ |
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B.5 Technical Details for Theorem 3.1

Proof of Lemma B.2. Here, we consider ¢t € [0, 7] and f € H, where f may represent ei-
ther a deterministic function or a stochastic process. Let fi(t, x) = exp(n;(x))fy 2 (¢, x)/S(n;, t).

Then, we have

/ka@’x)dx _ LEV@IX :S:EL?;@Z(J;))&(@M
EEN@epmC)X] St
S t) S t)
and
_S(fsmpt)  Ew [Ew [Y(#)|X] f(X) exp(nz(X))]
Mk(f)(t): S(nl:’t) B 5(771:7t)
_ Ew [E[Y(#)[X] f(X) exp(ni(X))]
Sz t)
- fX fy\x(t§x)f(x) exp(m’;(fﬁ))fx(w)dw - v 2)da
_ Tx _/Xf( it )

Using above, we have

2

win = [ [ (10 = m0) it e | st nattu ) (B.17)
= [{] (1) = m0) explaito o) f atto )

e [exp<—c*>cf,1 [ (0= o) e b aruco
€ )ees [{ [ (160 = min(0) o dH0k<t>] .
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Let m(-) be the Lebesgue measure on &X', Then,

/OT {/X (f(x) - Mk(f)(t)>2da7} dHox(t) = Hox(T)|| f11Z, + /0 (uk(f)(t)>2dH0k(t),

where we used the fact that [, f(z)dz = 0 due to f € H and m(X) = m([0,1]*) = 1. By

the Cauchy-Schwarz inequality, we have

0< (m(H®) < [ G@de [ @) de = 111, | (i) de

which leads to

IN

/OT </~Lk<f)(t)> 2dH0k(t)

191, [ [ t0?a f st

exp(2C,)C2,Ch. N
< —— Tl f Iz = CrllfIIZ,
S

and

Currlflz, < 1 < [ [ (10 = m(ni0) de} a0 < (€ + O

(B.18)
Using (B.17) and (B.18), we have
Ceonllfl1Z, < Vi(f) < Croall fIIZ,
where Cr,1 = exp(—C.)Cs1Cp 17 and Cr, 2 = exp(Cy)Cs2(Cha + é)T [ ]

Lemma B.6. Under Assumption B.3.1, for each k, the following results on boundedness
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hold:

sup S(n, 1) < exp(C.),  sup Si)(7g, 1) < exp(C.),

te[0,7] te[0,7]
sup | S(Wrw; i, 1)) < exp(C)Cy,  sup | Sy (Vs Mk, )| < exp(Ca)Cy,
vEN,t€[0,7] veEN,t€[0,7]
sup |S(d)k,v¢k,v’; 77;7 t)l S eXP<C*)Ci7 sup ‘S(n) (wk,v¢k,v’; 77;7 t) ‘ S eXP(C*)Cﬁ,a
v,v €N,tE[0,7] v,0'€NLE[0,T]

sup  |[U(thpwimy,t)] < Cy,  sup ]\U(m(wk,z};n}i,t)\ < Cy,

veN;te([0,7] veNte[0,r
sup [ V(Qr, Y 15, )| < 2C5, sup | Vin) (Vi Y M5 1) < 2C5.
v,v’'€NE[0,7] v,v’' ENEE[0,7]

Furthermore, for any v,v" € N, the following results hold:

e B
E / N t] < Chor,
Lo Sy, 1) «() 2

E _/T (S(")(n27t) - S<77127t))2

o /T (St (¥ s V) = S Wk 0 1))
0 S(n) (77;;7 t)

E / (S ($rtbiri ni £) = S (Wathiars 15, 1))
0 Stny (15, 1)

dﬁk(t)] < exp(QC*)ChgT
— n )

N (t)] - exp(QC*)CiChgT
k =~ 9

n

exp(2C,)CyChat

n

AN, (t)] <

Proof of Lemma B.6. Considering Y (-), Y;(-) < 1 and boundedness of 7}, we have

tel0,7] te[0,7] te[0,7]

sup S(n,t) = sup E[Y(t) exp(ni(X))] < { sup E[Y(t)]} exp(C.) < exp(C.),

n n

sup S (my:1) = sup lE:Y;(t) exp(n;(X;)) < { sup lX:Yi(?f)} exp(Cy) < exp(Cy).

tel0,7] tefo,r] T i—1 tefo,r] T
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Regarding boundedness of eigenfunctions, we have

S0p St O = sup B[V (58 (Xt (X) exp(ri(X)]|
v’ €N,te[0,7] v,v'ENtE[0,7]
< sup [ () |1/11m Hwkv |exp(77,’;(X))]
v,v’' €NEE[0,7]

< exp(C.)CE,

sup | Sty (YoM, t)| = sup
v etelon v, ENE[0,7]

ZY bt (X (X >exp<nz<xi>>‘

<  sup ZY )| Vo (Xi) | |01, (X5) | exp (i (X))

v’ €Nitel0,7] TV

< exp(C,)Cy,

where boundedness for sup,ey sejo.r 1S (Vr0; 75, 1) and sup,ey seo.r | Sty (Vi mi, t)| can be

similarly proved.

sup S(¢k,v¢k,v’; 77;;7 t) ‘ < sup E [Y(t) ’wk,v<X) ‘ |¢k,v’ (X) ’ eXp(T/Z (X)>]
v’ eNtE[0,7] S(T’Za t) o v’ eN,tE[0,7] E[Y<t) eXP(nZ(X))]
E[Y (@) exp(mp(X)] | p2 _ q2
C;,=¢C
= {p[] E[Y (£) exp(ni (X >>1} v
sup Sy (kWi M5 1) ‘ < sup DI z( )| 0 (Xi) | |01, (X5) | exp(f (X))
v,v’' ENEE[0,7] S(n) (77;:’ t) o v, €NEE[0,7] ZZ 1 z( )eXp(nk(Xz»

Ly Y expmp(X) | e
< {vvesf\;utpg[OT] nzz L Yi(t) ex (nZ(XZ))}Cw —Cw7

where boundedness for sup,en e, [W(¥r.0; 15, )| and sup, ey seqo.7) Uy (V055 t)| can be
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similarly proved. Combining above results,

S<wk,vwk,v’; 77:7 t) ‘

sup  [V(WVko, Vi My )] < Sup S(n;,t)
k>

v,0' €NEE[0,T] v,0'€NEE[0,7]

veN,te(0,7]
Sy (Vrw Wi M 1) ‘

2
—1—{ sup |u(¢k,v§771fnt)‘} 52012#’

sup [ Vin) (Vros Ui M t)] < sup
v ENFE(07] v,v' ENtE[0,7]

2
+{ sup ]\u(n)(wkm;ﬁ}i,t)}} < 2C;,

veNte[0,T

We show boundedness of moment calculations, which are

| s ™) =, ® e ™)
4 1

= | E|E|——=dN.(t)
L {S(”)Oﬁ:?t) k<

gl

&=

&=

=

=
o

=

!
|

&=

©
2

<)
i‘*
=

E

i (S(n) (¢k,v¢k,v’; 7];:7 t) - S(l/}k,vwk,v’; 77}2» t)) ’ vd
dN(t
/0 Sty (13, 1) <)

i | | S (ot ) = Sk ot i )’
i 9 (S(n) (VkoWVr s My t) — SV Vs M5 t))2
I Sty (m: 1)

E :(S(n) <¢k7v¢k,v’; 77;7 t) - S(¢k,v¢k,v’; nZa t))Q] dHOk (t)

T

dN k(1)

I
S~

/|

E [mam]]

T

o— o—

= [ Var Y €0 0000 () expl0)] (1
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B[00 0 () exp00) (0

n
exp(2C,)CyCh o™

1
< —C3C exp(2C.) Hn(r) <

where Ew [Y ()0 (X) ¥k (X) exp(n5(X))] = E[Y ()05,0(X) k0 (X) exp(ni(X))]. Similar

derivation yields

E

’ (S(”)(d}k,v;nltﬂt) B S(¢k,v;nz,t>)2 _ B l T ) . .
/0 Stm (i 1) aN k(t>] = /0 Va [Y(t)wk,v(X)e p(nk(X))}dHOk(t)

< o [ B0 O explri() a0

n

- exp(QC*)C?pCh,gT

— Y

n

<

E

/T (S(n) (n,t) = S(n, t)) dwk(t)] _ ar [Y(t) exp(ny (X))} dHo(t)

exp(?C*)Ch,zT

B[ (v (1) exp(r (X)) ] dHoe () < T2

Proof of Lemma B.3. Here, each f € H or g € H can represent either a deterministic
function or a stochastic process. We use the fact that E(|X,,|°) = O(a?) implies X,, = Op(a,),
and E(|X,|°) = o(al) implies X,, = op(a,), where b € (0,00) is a constant and for n € N,

X, € Risarandom sequence and a,, € (0, 00) is a deterministic sequence. Note that Lemma

B.3 and its proof are similar to the result in O’Sullivan [38].
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The upper bound of the difference between V,gn)( f,g9) and Vi(f, g) is given by

V(F.9) = Wil f.0)] <

/OT (Vo (f, 95155 t) = V(f, g3 1) } dm(t)‘ (B.19)

+ / V(f, g:m VAN w(E) = V(£ 9)
0

Y

where we demonstrate the asymptotic order bounds for the first and second components on

the right-hand side as follows.

For the second component in (B.19), we have

[ vt g 0amo - v g>\

> Vil k) Velgs i) {/0 V(W0 Yiors M VAN k(1) — Vk(wk,w%,v/)}‘

vEN v/eN

1/2
< {Z Z(l + Meprew) (L4 Neprew ) Vi (f Y1) Vg, wk,v’)}

veN v eN

1/2
1 1 g _ 2
3% v v’ *>th t) =V vy v’
X{ZZHAWHW {900 0t 0090 = Wil >}}

veEN v/eN

= VO NI D Ve + AT (@005 (072017 (B.20)

where the last equality is obtained by

E

1 1 T - 2
V vy v *7 t)dN(t) — vy v/
Z Z 1+ Neprw 1L+ Nepreor {/0 (Vrws Vs i DANK(E) = Vel W, >}

veN v’ eN

=K

1 1 T o 2
V vy v *7 t)dN(t) — V v v/
Z Z 1+ Xeprw 1+ Aipr {/0 (P Vi iy O)AN (1) (ko Vi >} ]

veN v’ eN

4 4
< {Z > 1+ Alkpk,v 1+ /\1kp,€,v, } 4% =0 (A?h") O (/\;1/’) % =0 (n*uf/r) '

vEN v/eN
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The last inequality above is obtained by

E [{% Xn) {/OT V(Wh0s Vhors 1o 1)ANi () = Vi (W %,U,)}}Q]

=1

1

1 T 463,
:ﬁ\/ar / V(Wkw, Vs Mg, AN (E) | < EE —
0

T 2
{/ v(qvbk,w 77Z)k,11’; 7];;7 t)de(t)} ] S )
0

n

where

T

E [/0 v(¢k,m@Dk,v’;nZat)dNik(t)} = | V(¥rw, Vo ) E[E [dNyg ()| F-] |

T

V(W0 Vi i E [Yi(1) exp(n (Xi))] d Hox(t)

(Vkws Ywrs M, ) Ew [Yi(2) exp(ny(Xi))] dHox (1)

T

Il
— — — — —
<3

’V(wk,v; wk,v/; 7];;7 t)SO?Za t)dHOk (t) = Vk (¢k,v7 wk,v/)a

|v(¢k,v7 wk,v’; 77;:7 t)| de (t)

/ Twwk,v,m,vf;nz,t)dka(t)' <
0

<

—

sup ‘V(wk,va wk,v’; 7727 t)‘ } Nk(’r) S 203)

te[0,7]

For the first component in (B.19), simple calculation yields

'/OT (Ve (f, g3 15, 1) = V(> 95130, 1) } de(t)‘ (B.21)

/T Swy(fgimi,t) — S(fg;mi, t)
T . * S *t _Sn *,t o
T Sy (fimist) Say (g5 Mz, 1) — S(g;mis t)
o Smn,t) Sy (M1 )

<

dN(t) '

_|_

+

dN(t) ’
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N /T Sy (f5 i 1) S(gs mje 1) S 1) — Sy (175 1)
o Swm,t)  Sgt) Stny (015 )

N /TS(g;nZ,t)S(m(f;nZ,t)—S(f;n}i,t)
0 S(WZ7 t) S(n) (77727 t)

N /T S(g;mie, t) S(fsmis t) S t) — Sy (s 1)
o Sg.t)  Sg,t) Sty (M5, 1)

dN(t) ‘

dN(t) ‘

dN(t) ‘ :

For the first component of (B.21), we have

/T Sy (fgsnist) — S(fg;mpyt)
0 S(n)(”]ﬁvt)

i n v v *7 -8 v v’ *a T
S Y ws, wk,v)Vk(g,wk,v/)/ Sy (Vo ¥rwr; s t) — S Wk Prers 0 t)de(t)

dN(t) ‘

vEN v/EN 0 Sty (15, 1)
1/2
< {Z Z(l + )\kpk,v)(]- + )‘kpk,v’)vlg(fa ¢k,v)vlg(g7 ¢k,v’)}
veEN v’ eN
1/2
1 1 TSn v v’ *at -5 v ) *7t v ?
y {ZZ — — {/ () (U, 73; ) : t(%, Yrwt's M )de(t)} }
veEN v/ eN + kP + kPk' 0 (n)(nk7 )
= VO MI DV + M) (9)0s (207 (B.22)

The last equality in (B.22) is obtained by

9
1 1 TSn v v *7t _S v v *7t —~
OSZZlJr)\ — {/ () (Vr, Wi/z 7711 ) 1/2(¢f’ Vs M )de(t)}
veN v'eN kPkw kP! | Jo Sy (M 1)S 0y (M, )
1 1 T Sn v v *,t _S v v *7t ? T
< Z Z / (St (Yo Vrwr; M ) : (Vo Wrwr; M ) AN (1)
veEN v/eN 1 + )\kpk,v 1 + )\k’ok’vl 0 S(n) (nkﬁ t)

T; ‘N _ _ —1y—2/r _ —14—2/r
x/o Sl ) = 211 % 712 = O (nX:7) 06(1) = s (02,
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where

1 1 exp(2C.)CyChoT i
E|Z1| = E[Z;] < {Z Z T4 pea 15 Akpk:,v’} " =0 <n A )

veN v’eN
and E|Z, 5| = E[Z; 5] < Cpar = O(1).

For the second component of (B.21), we have

/T S(fg;nmit) S(ni, t) — S<">(’7’:’t)dm(t)‘
0

8(77;7 t) S(n) (nZa t)
T S (Wpstin: 1) S ) — Se (0Es 1) —
vEN v'eN 0 > (n) Mg
1/2

S {Z Z(l + )\kpk,v)(l + )\kpk,v’)vlg(fa wk,v)vlg(ga wk,v/)}

vEN v/eN

1/2
1 1 T S (Wt s 1) S 1) = Sy (5. 1) }

X = dN(t
— VO NIV + M) (@00 (723,177 (B.23)

The last equality in (B.23) is obtained by

1 1 T st 1) S t) — Sy (nF, 1) — 2
L+ Meprw L+ Meprew Lo S, t) Stmy (05 1)

veN v’ eN

T (S (i) — S 1)
vy 1 1 / (St (m;, ) : (n5.1)) ()
1+ Meprw L+ Meprw Jo Sy (nfis 1)

veN v/ eN

' ! N —1y=2/r —1y\—2/r
X Cii/o Wde(t) = Zo1 X Zyo = Op (n 1)\k ) Op(1) = Op (n 1>\k ) 7
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where

~—

S(n;,t) Sy (M, 1)
< / TS (Vrr0r M 1) S5 1) — Sty (17, 1)

0
< sup S(¢k,v¢k,v’§nzvt)' 5 / |S(n ) S( )’de()
| o, S(ni,t) 0 517{)2(7],’;, )S ( 1)

/ " St v ) Sk ) = St (i ) AN k(1
0
8(77;:’ t) S(n) (777;, t)
Sy (i, t) —S(n ,t)| { }1/2
=C / | AN / S g
zZJ{ S(n nk? ) k n) nk? k( )

1 1 exp(2C,)Chat 12/
El 21| = ElZ2] —{ZZ 1+ Mo 1+ Moo } n =0 (nN),

veEN v’eN
and E|Z272| = E[ZQ,Q] S C,f/l]Ch727— = 0(1)

For the third component of (B.21), we have

/ S(n)(f;fkat) S<n)(9;nk,t)—*S(g;m,t)dm(t)‘
o Smn,t) Stny (055 1)
TSn v *7t Sn v’ *>t _S v’ *>t T
= ZZW(ﬁ%,ﬁW(%M,W)/ ()wk’*nk ) St (Vs i V) ” (Wiews i )de(t)
ot o Swmy(mt) Stm (13- 1)

1/2
< {Z Z(l + Merow) (1 Moo )V (f, Uro) Vi (9, @Dk,u/)}

veEN v/ eN

1/2
i S(n) (wkﬂﬁ 772, t) S(n) (wk,v’S 7775, t) - S(wk,v’S 771:7 t) — 2
X392 . ) dN (1)
1+ Akpfw 1+ Akpk o S, t) Stny (055 1)

veN v/ eN

= VOV + M) (F) Ve + i) (9) O (n_m)\;lﬁ) : (B.24)
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The last equality in (B.24) is obtained by

1 ! S(n) (wk,v; 7727 t) S(n) (wk,v’; 77;27 t) - S(wk,v’; 77;27 t) v ?
<> " - AN (1)
1+ Akpk w14+ Xepro LJo S Sty (M5, t)

veEN v’ N (n) (nk’ t)

Sn v *7t _S v *7t ? —~
2533 / (Stny(Wrors s 1) : (Vror3 1 t)) N0
1+)\kpkv1+/\k:pk : Sy (1, 1)

veN v/ eN

T 1 — _ _
2 _ _ —1\—2/r _ —1\—2/r
X Cw/o —S(n) (nz,t) de(t) Zgyl X Z372 O]p (TL )‘k ) Op(l) O]p <n )\k > ,

where

TSy (ki M5 ) Sy (ks Mes t) — S (ks My 1) ~ ‘
’ . dN . (t
/ Sty (. 1) S (1) +(f)
- /T Stn) Wkw; M5, 1) Sty (Urs M5 1) — S(wk,u;n}i,t)‘dm(t)
B 0 S(n)(ﬁZat) n)(nka)

dNk(t)

< { sup S(n)(¢k,v;nzat>‘ X / St (s s ) = S(Wrri iy )|
~ eepn|  Sw(ng,t) 0 5(1,{)2(%7 )5(1/)2(% t)

s 1/2
™ |St Wi s 1) = S )] {/ L~ }
¢ 7 : AN, (t AN,
o {/0 Sty U 1) 10 o S (i t) )

1 1 exp(2 C*)CiChQT 1y —a)r
ElZs1| = ElZs.] _{Zzl+)\k0kv1+)\k/)kv} n :O(n Ak )’

veN v/'eN
and E|Zg72‘ = E[Zg,g] < Cich’zT = O(l)

For the fourth component of (B.21), we have

dNk(t)

/T Sty (f3m5, 1) S(g;mi,t) S, ) — Sy (13, )
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Vﬁwvvg,m/ ; - - dNy(t

1/2
< {Z D U+ M) (1 + Meprar) VR, V) Vi (9, 1/%,@')}

veEN v’ eN
. 1/2
1 (n) (77Z}k,v; 7727 t) S(wk,v’; 77;;7 t) S(T/Z7 t) - S(n) (nk’ t) — 2
X922 : : * AN (1)
veEN v/eN 1+ Akp’” L+ Akprer S(n)("?ka t) S(ng,t) S(n)(ﬁkat)
= VO MIN DV + M) ()0 (072317 (B.25)

The last equality in (B.25) is obtained by

- ¥ .ok * _ * 2

G LT Ay L+ Arprw 5(n>(77?§= t) S(ng,t) Sty (75 1)

" (Se (i t) = S 1)”
{ZZ 1+>\kpkv1+/\kpk / / S(ﬂ)(”]ﬁat) de(t)}

veEN v/ eN

T 1 _
) = . .~ = — -1 —2/’!’ _ 1 —2/7‘
X Cw/o Stm) ) AN (t) = Zy1 X Zyo = Op (n Ak ) Op(1) = Op (n AL > :

where

/T S(n)<wk,v; 77;27 t) S(wk,v’; 7727 t) S(ﬁ;& t) - S(n)(ﬁ]tn t) dwk(w‘
S /T S(n)(q/}k:,v; 7727 t) S(d%,v’j 77;7 t) S(TIZ> t) - ‘S:k(n) (77;2, t) ‘ dwk(t)
< sup S(n)(wk,vvnlj7t)' sup (¢kv anka ‘ / ‘S S nkut |de( )
e Say(mpt) o] St) 1/ 2 5(17{)2 (i, t
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2

* * 1/2 1/2
T Sn(n,t)—S(nk,t)| T 1 __
¢{ 0 Stwy (155 1) 0) o Swm)(mst) +(f)

1 1 exp(2C,)C i —2/r
E|Zs1| = E[Z41] < {ZZ T } xp( n) 2T :O(n 1/\162/>7

veEN v’ eN )\kpk,v 1+ )\kpk;,v’

and E|Z472| == E[ZZL,Q] S C;{C/LQT == O(l)

For the fifth component of (B.21), we have

T S(gi s t) Sy ([ t) = SUsmp t) ‘
dN(t
T S(Wp ;i t) Sin s t) = S(Wrws i) ~
— § § Vk(f,¢k7y)Vk(ggwk7y’)/ (lékw *T]k ) ()(@ij nk: ) _ (szk‘ 77k )de<t)
vEN v'eN 0 (nk:’ t) S(n) (nk;7 t)

1/2
< {Z Z(l + )‘kpk,v)(l + )‘k:pk,v’)vlg(fa ¢k,v)vlg(g7 ¢k,v’)}

veN v'eN
1/2
4 5 Stn 03 Mes © -8 oMy t) == ?
2053 1 1 {/ S(W,v*ﬂ?kat) (n) (Vk,03 M £) : (Vr05 M5 )de(t)}
S+ Mok L+ Mepew Lo SO 1) Sty (1, 1)
= VO MIN DV + M) (9)0s (7207 (B.26)

The last equality in (B.26) is obtained by

1 1 T o Sn v M t) =S v s t) = ?
0< ZZ {/ S(W,U*,nk,t) ( )(wk, s t) _ (Vr05 M5 )de(t)}
ST Ak 1L+ Aepror Lo SO0, 1) Sty (M, 1)

<3 ’ : AN (t
B { L4 Meprw 1+ Arprer /0 1) (t)

veN v eN
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T
/ T (n* 1) = —1y\72r _ —1y=2/r
X Cw/o Son i >de( )= Zs1 X Zs5 = Op (n AL )opu) Op (n A; > ,

where

/T S(wk,v’*; 77:7t) S(n)(wk,v;nkv ) : S(wkvvnkv >de<t)‘
T SN v 7 -5 v *7 T
0 S(nk, ) Sty (M t)
S 'U’ M 'U; *7t N T
< sup (ﬁf” ks ‘ } ¢]§/2 ! (wk il )|de(t)
te(0,7] nkz’ (n) 'ka, S nk>t>
1/2 12
T STL ’U; 7 ’U7 7 T N T
0 S(n) (% t) Sty (M55 1)
1 1 exp(2 C*)CiCWT 2
BlZs.| = ElZs.] _{%§1+>\k9kvl+)\kpkv} n —O(n A >’
and E|Z572| = E[Zig] S Cichg’r = O(l)
For the sixth component of (B.21), we have
T - i ) S(nit) — Sy (ni,t) —
/ S(gv?kvt) S(fv?kat) (nlw ) *( )(nk )de(t)’
S (s Mg 1) S (Wiws mig 1) S, 1) — Sy (M3, 1)~
szbyvg,z/zv/ = - - AN (t
= (2 L M Velob) | g TG T s e

1/2
< {Z D (L4 Mepra) (L4 Mepra )V (f, i) Va9, ¢k,v’)}

veEN v’ eN

1/2
1 T S(¢k,v’an27t) S(¢k,van27t) 5(772715) _S(n)(nl>27t) Ewd 2
Z > * : * ANu(t)
1+ /\kpk v L+ Xeprwr Lo S5, t) S(ni;t) Stny (135, t)

v'€N




CHAPTER B. DETAILS FOR “COMPETING R1sk MoODEL wiTH A NONPARAMETRIC FORM OF
172 SPLINE-ESTIMATED RELATIVE RISks”

=V (Vi + M) (/) Vi + A i) (9) O (n_m)\;lﬁ) : (B.27)

The last equality in (B.27) is obtained by

ZZ 1 {/T S(wk,v’;n;t) S(wk,v;n27t) S(U}ﬁi) _S(n)(nlt:?t)dﬁk(t)}Q

veN v’ eN

" (S t) = St t)” —
{ZZ —l—)\kpkvl—i-/\k,pkv / S(n)(nz,t) de(t)}

'eN

T 1 _ _
X Cw/o S( )(nk7t) de( ) Zﬁ,l X Z6,2 O]}D (n )\k ) O]p(l) O]p (?7/ )\k > R

where

/T S(Wrrs M t) S(Wrw; M, 1) Sy t) — Sty (M55 1)
o St S, t) Sty (M, 1)
</T S( ks M t) SWrws mis 1) S t) — Sy (s 1)
—Jo 5(77}2’ t) 5(7727 t) S(n) (Uk> t)
< ¢ sup

S(wk,v’; 77;;7 t) ‘ sup S(wk,v; 7727 t) ‘ x
te(0,7] 5(7727 t) te[0,7]

S(nii; 1)
T Sn (n*vt) - S(nzat>‘ 2

dN(t) ‘

‘ AN (t)

AN k(t)

k
172, & 172, 4
0 5(4) (5 1)S /) (75 )

E|Zs1| = E[Zs1] < {Z Z T 1 1 } eXp(QCn)Ch 2T _ ) <n—1)\;2/r> ’

gt MkPrw L+ NP

and E|Z@72‘ = E[ZG,Q] S C;LJC}LQT == 0(1)
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Considering (B.21), (B.22), (B.23), (B.24), (B.25), (B.26), and (B.27), we get

/OT Ve (f, g5, t) = V(f, gsmies ) } dm(t)' (B.28)

= VWV + M) () Ve + M) (9) O (n_m)\,;l/’) .

Combining (B.19), (B.20), and (B.28), we obtain

VO (£.9) = VilF.9)| = VO + AT D)V + M) (905 (n2077),
where n’m%;w < Qk_I/Q/\k Ur o(1) completes the proof. -

Proof of Lemma B.4. Here, each f € H or g € H can represent either a deterministic

function or a stochastic process. For & € [0, 1], let Dy(&) =U." ()

G —0) .(f —g). By the mean

value theorem, for some random variable « € (0, 1), we have

Di(1) — Di(0) 0
1-0 - O

U (F—g) UL (f—9) = —Di(a) = V0 i (f = 9).

Proof of Lemma B.5. Here, h € H can represent either a deterministic function or a

stochastic process. Let o7 = {V,g")(fk — ) }Y? and Cy(ay) = leé - u,ﬁ”)(h).

n)
o 1(fk*77;;)/017k(h)

For oy = 0, by the Taylor series expansion of C}(ay) at 0, we get

Ci(an) = C1(0) + C1(0)an + 0a, (C1(0)ar) = anC1(0) (1 + 04, (1))

(6% n %
= J—iv,i (fx =i h) (14 04, (1)),

where C'(ay) = 0C1(a1)/(0aq) and 04, () is o(+) with respect to ay — 0. As 01 ~ 0, we
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have
UL, (h) = UM (h) = Cilar = 01) = V" (fu — mi, ) (1 + 0p(1)),

where the fact that o7 = op(1) as n — oo leads to the substitution of 04, -, (+) with op(-) as

n — OQ.

Let

72 = max { (V2 (s — )2, V8 (01— )} 72}

and Cy(as) = U,g Zr (fkfn;:)/%k(h) U™ (h). For ay = 0, by the Taylor series

nk+a2 9k — ﬁk)/UZ k

expansion of Cy(a) at 0, we get

Cy(az) = C2(0) + C3(0)az + 04, (C5(0)a) = a2C5(0) (1 4 04,(1))

= % (V,E”)(fk — 1 1) =V (ge — i, h)) (1+ 00y (1)) = 22V (£ — g, h) (1 + 00y (1)) |
2 g

where C(ay) = 0C(az)/(0as) and 04,(+) is o(+) with respect to ag — 0. As 09 ~ 0, we

have
U, (h) = U (h) = Calas = 09) = VI (fi — gis h) (14 08(1)),

where the fact that oo = op(1) as n — oo leads to the substitution of 04,—4,(-) With op(-) as

n — o0. [ |

Lemma B.7. Under Assumption B.3.1, for each k, Ji(g, Np—nk) = 0 and Ji (N, 55—nr) = 0.

Proof of Lemma B.7. Considering ny = arginf, .50 (M5 — 1,75 — Mux € H®*) | we have

(f, 7 — me)ux = 0 for all f € H®). By the representer theorem, 7} € Hgi;, where H*) C
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H =Ny o H) € Howith HE € H) ) = Span {K,,(X1,),.... Ky (X, )} € Hy. By
projecting with respect to (-, )3, onto subspaces, one has 7 = 0y x + 5 7, T = Me,N + Mk,

and 7 = Mg, + 7Ni,7, Where

M, N> M, N s T, N € Ny, Nk,g € HS&y and g s, .7 € HS ),

Note that

e = M Mo — M) 2k = ey — M Moy — NNy + k(s — Thors Mg — Mk ),

where, by the definition of 7, we have ny n = 75 y € N, which minimizes (-, )7, term in
above to zero. As a result, 7y —n, = 7);, ; —nk,s. Considering nx s, k.7 € Hf,k) C H® | we have
0= (s M = M)k = M,t> Moy — M) ke = Je(Mhe,rs My — Miey) and 0 = (g, O — M) 2 =

s> Ty = M) ke = Jr (e, Mg — M)

Finally, we get Ji(mk, 05 — k) = Ji (e My — Mhe,s) + Je(k, 0y — Mi,7) = 0 and Ty (9, 7 —

M) = Jr (NN, ﬁZ,J — Mi,7) + (g, ﬁZ,J — Mkg) = 0. u

B.6 Details for Reproducing Kernel Hilbert Space

The RKHS considered here is constructed following the smoothing spline ANOVA from Gu

[18]. The Sobolev space of order m € N for Aj; is given by

Hiy = {f S f, fW L Y are absolutely continuous, and /

N | () Pdayy) < 00}-
[

7]
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For &}, define sy () = Bi(x)/l! as the I-th scaled Bernoulli polynomial. For instance,
ko) () = 1, kipj)(2) = 2= 0.5, Koy = (877 —1/12)/2, and kapy) = (w1 — Kip;/2+7/240) /24

The space Hj; is expressed as
m—1
Hy) = 120 Hoy) © Hapy) = Hopg) © Hapy) = Hop) © Hygy,

where Hoy; = Span{yj;} is equipped with RK Ko (z(;1, ;) = sy (@) kg (xy;)) and its

paired inner product (f,g) Houg fX () dy me g® (w(;))dzy;. In particular, Hyp) =
HOO[j], and

Hopy) = Span{kop), il -+ K1)}
has RK Ko = 37" Korp;) and paired inner product (-, Vo = et )Moy, - The space

Hapy) is

Hapy = {f € Hy - fO () dry =0 for 1 =0,1,...,m— 1} :

)
with RK Kipj (g, 7)) = Fmj }(x[]])/{mm( )+ (=1 YR (|2 — 27;]) and paired inner
product (f, g)#,, fx :c[j] ™) (g xy)dxg;). Therefore, Hy; itself has RK Kpjy = Kopj) +
Kij) and corresponding inner product (-, <)a,; = (-5 )#op; + (5 )2y, One can see that Hop
serves as the parametric space on the jth axis (polynomials of degree up to m — 1), while

H,(; forms the nonparametric space on the jth axis.

In addition, Hgy; = Span{1} is the constant space of axis j, and
Hijy = O Hog) © Hayg

is the effect space of axis j with its RK Ky; = Z;Zl Koj) + Kypj) and corresponding inner

m—1

product (., ’>H{j} = Zu=1 () '>7'lol[j] + '>7'l1[j]'
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Let Aj; be the averaging operator of the jth axis, defined by

Ay () = Ay f(epg, - zpg) = f(zpy, - zg)dey).

A)

Any fi;) € Hjj can be decomposed as fi; = fo) + fjy, with fo) = Apifi) € Hop) and

frjy = (id — Apy) fiy) € Hjy, where id is the identity operator.

The tensor product Sobolev space across all d axes is

®F_ My = @5y {Hop © Hip )

= @SGPdHS = H@ S¥) {@;l:l%{j}} ® {@j<j/7‘[{j,j/}} b...P H{l ..... d}s

where P, denotes the power set of {1,...,d}, whose size is |P4| = 2¢. As an example, if
d=3,P;=1{0,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}. For each S € P, the associated

space is

Note that Hg is defined over Xs = []. . AJ;) and represents the space for effect S. The

jes
constant part, i.e., the intercept space, is Hy = ®?:1H@[j] = Span{l}. Any f € ®§l:1’H[j] is

decomposed by

=3 fs where fs = [JGd—Ay) [ Ay feHs

SeP, jes GE{L,d\S

For each S € Py \ {0}, Ks = [, K5y is the RK for Hs, with paired inner product (-, ).
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The subspace

Nis = ®jes {@Z:ll?-[ozjm} = Span{{H R RS {1,...,m —1} for j € S}}

jes

of Hg has its RK Ky g = HjeS {Zlm_ll Ko, [j]} and paired inner product (-, ), s, while

=

His=Hs ONys

has its RK Kjs = Ks — Ky,s and corresponding inner product Jg(-,-) = (-, )24, SO
(,)ms = (s + (5 )ays- Intuitively, NMjg collects the subspaces where all axes are
parametric, while H ;¢ contains those with at least one nonparametric axis. The constant

space Hy has RK Ky = 1 and its paired inner product (-, )3,

Let

H = DsesHs

for some collection S satisfying @ ¢ S and S C P,. As a result, [, f(z)dx =0 for all f € H.
The selection of S specifies the structure of H. For instance, if S = {{1},...,{d}}, then
‘H adopts an additive form that involves only main effects. On the other hand, choosing
S = {{1},...,{d},{1,2},...,{d —1,d}} allows H to incorporate all main effects together

with two-factor interactions.

We can write

H:NJ@HJ,

where the parametric space

Ny = @gesNys = Span{¢r, ..., ¢}
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with RK Ky = > ¢ Kn,s and its paired inner product (-,-)x; = > ges(- -)a s and the
nonparametric space

Hy = PsesHys

with RK K; = ¢ Kus and its paired inner product J(-,-) = (-,)u, = D ges(’ Vs
Consequently, the RK and its corresponding inner product on ‘H are K = Ky + £; =

ZSGS Ksand (-, )y = (-, )n, + (5 )m, = ZS€S<-, 314, Tespectively.

The following is an example when d = 2, m = 2, and an interaction effect is considered. For
[,I' € {00,01,1}, define
Hip = Hipyy @ Hip

with its RK and paired inner product Iy = Kypyp x Kypg and (-, ->H“,. Note that H;, =

Span{¢y} for 1,1’ € {00,01}, where ¢poor = Kk for 1,1 € {0,1}.

We have
®?:1{Hoo[j] ® Hoj] @ Hap)} = Ho @ Hiy @ Hipy @ Hpoy =Ho @H =Hy N, & Hy,

where Hy = Hooo is the intercept space, Hyy = Hor,00 @ Hioo is the main effect space
for the 1st axis, Hzy = Hoo,o1 © Hoo,1 is the main effect space for the 2nd axis, Hy 9y =

Ho1,00 D Hora @ Hio1 @ Hia is the interaction space between the 1st and 2nd axes,

Ho0,00 @ Hoo,01 ® Hor,00 D Hor,01 = Span{doo,00, $00,01, Po1,00, Po1,01 }

is the parametric space,

Ny = Hoo01 & Hor,00 D Hor,o1 = Span{eo.o1, Po1,00, Po1,01}
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is the parametric space without intercept, and
Hy = Hoo1 @ Hoin @ Hio0 D Hio1 © Hia

is the nonparametric space.

One can show that

Do = | fla / (2)do

f g Ho1,00 f / gi;(ﬂj)dﬂj,
H01 01 /f12 / (f)>(

o (@)dx,
(s 9)Ha00 = / { / £ (@) day /X gt (@)dagg by,
2]

(fs 9101 :/ {/ f<112>(95)dx[2]/X 9(112( Jdap by,

[2]

=

=

f7 9)Hig = /f1122 1122 (a:)da:,
where f)(x) = 0f(x)/(dxy), f<(2)>( ) = 0°f(x)/(Ozpdry), fi(z) = 0°f(x)/(92)),

f((131)2> (¢) = 8*f () /(D}y D)), and f 1i29) (T) = 84f(x)/(3$[21]a$[22])_

In practice, for each k, for some 6y € (0,00), {{:, )2, /Orvr(k)» Orvr iy Ko } forms an equiv-
alent pair of inner product and RK with {(-,-)», ,, Ky} on H;y. One can regard 0, as

weight parameter for H; . We set 6,y = 1 for 1,1 € {00,01}.

Then, we have RK and paired inner product for A as

Kn = Koo,01 + Ko,00 + Ko1,01
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and

<'7 '>NJ = <'7 '>7'l00,01 + <'7 '>7'101,00 + <'7 ')7{01,01'

Similarly, for each k£, RK and paired inner product for H; are
K. = 000,106)K00,1 + 01,100 Ko1,1 + 01,0006)K1,00 + 01,0100 K100 + 01,100 K11

and

+ <'> '>7'l1,00 + <'7 '>7—l1,01 + <'7 '>7—l1,1

Jk( ) - <" .>H00’1 + <'7'>H01,1
) 900,1(k) 901,1(k) 91,00(k) 91’01(,6) 9171(16) ’

which leads to RK and paired inner product for H being Ky = Ky + K, and (-, )y r =
(s In, + Jk(e,-). When we set 0,y = 1 for 1,1’ € {00,01,1}, we have KCj, = Ky, Jp = J,
ICk = ]Ca and <'a '>H,k = <'a >H

The true function n; € H is decomposed as

Me = M1y T Mo g2y T Mer2y = Men + M

with the 1st axis main effect 7y (1, = 75 0100 + 1,00 € Hp1y, 2nd axis main effect 7 5, =
Me00,01 + Moo € Hizy, interaction between the st and 2nd axes 1y ¢ 5 = T 01,01 + o1, T

Miao1 T Mo € Hi2y, parametric effect

* % * *
Men = Mho0.01 + Mhotoo + Mhotor € N7,

and nonparametric effect

x % * * * *
Mes = Me0oa + Mot + Mer00 + Meron + Mern € Ho,
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where 7, € Hyp for [,1" € {00,01,1}.
Similarly, the estimator 7, having the following form
R R R qk .
Mk = di,00,01900,01 + dk,01,00001,00 + dk,01,01P01,01 + Z e tls (Zuwy, ) € Ny HY = HW C H
=1
is decomposed as

Me = Nk {1y + T2y + Meqr2y = TN + kg

with the 1st axis main effect 9y 13 = 701,00 + Tk,1,00 € Hy1y, 2nd axis main effect 7y 2y =
Tk,00,01 + Tk,00,1 € Hy2y, interaction between the 1st and 2nd axes 7y {12y = k01,01 + Mr,01,1 +

Tk,1,01 + Nk,1,1 € Hy12y, parametric effect

kN = Tk,00,01 + k01,00 T Tk01,01 € N,

and nonparametric effect

. . . . . . k
Mg = Mk,00,1 + Tk01,1 + Tk,1,00 + Te,1,010 + D11 € HE;) CHy,

where 7y, = Czk,l,lfﬁbl,l’ € Hyp for 1,1 € {00,01} and
9k
Mo it = Z@k,ﬂz,w(k)/@,z'(z@(k), ) € Span { Ky (Ziky,)s - - -, Ko (Zgiy, ) } S Hage
=1
for (1,1") € {(00, 1), (01,1),(1,00),(1,01),(1,1)}.
For other d or other m, or any other structures of H, for example, additive structure, one

can do similarly like above.
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