
Advances in Survival Analysis: Accurate Partial Likelihood
Computation by Poisson-Binomial Distributions and

Nonparametric Competing Risk Cox Model

Youngjin Cho

Dissertation submitted to the Faculty of the

Virginia Polytechnic Institute and State University

in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

in

Statistics

Pang Du, Chair

Yili Hong, Co-chair

Inyoung Kim

Hongxiao Zhu

August 22, 2025

Blacksburg, Virginia

Keywords: Cox Model, Breslow Estimator, Efron Estimator, Competing Risk,

Cause-Specific Hazard, Smoothing Spline ANOVA

Copyright 2025, Youngjin Cho



Advances in Survival Analysis: Accurate Partial Likelihood Compu-
tation by Poisson-Binomial Distributions and Nonparametric Com-
peting Risk Cox Model

Youngjin Cho

(ABSTRACT)

Two novel contributions to survival analysis are presented. The first project revisits the par-

tial likelihood in the Cox model, which traditionally approximates conditional probabilities

using risk score ratios under a continuous-time assumption. We propose a new accurate par-

tial likelihood computation method based on the Poisson-binomial distribution. Although

ties are common in real studies, existing Cox model theory largely overlooks tied data. In

contrast, our approach accommodates both grouped data with ties and continuous data

without ties, offering a unified theoretical framework for accurate partial likelihood compu-

tation regardless of data type. Simulations and real data analyses show that the method

reduces bias and mean squared error while improving confidence interval coverage rates,

particularly when ties are frequent or risk score variability is high. The second project de-

velops a nonparametric regression model for competing risks survival data by combining the

proportional cause-specific hazards framework with a smoothing spline ANOVA approach.

We establish estimation procedures and theoretical convergence rates. Simulation studies

demonstrate the method’s effectiveness, and application to a multiple myeloma dataset re-

veals that for each gene expression covariate, at least one cause-specific effect is nonlinear

and differs from the others. The proposed model fills a gap in the existing literature, where

competing risks are often overlooked or covariate effects are assumed to follow parametric

forms, by providing a flexible and practical framework for data analysis.



Advances in Survival Analysis: Accurate Partial Likelihood Compu-
tation by Poisson-Binomial Distributions and Nonparametric Com-
peting Risk Cox Model

Youngjin Cho

(GENERAL AUDIENCE ABSTRACT)

Two new methodological developments in survival analysis are introduced. For the first

project, the Cox model is a widely used tool for analyzing the relationship between event

times and covariates, which uses partial likelihood to estimate regression coefficients. Be-

cause the original partial likelihood is computationally complex, approximations are often

used in practice. We revisit the original formulation and develop a more accurate compu-

tation method by leveraging fast techniques for the Poisson binomial distribution, which

underlies the partial likelihood structure. Unlike existing theory, which typically excludes

ties (simultaneous events), our method accommodates them and also applies to data without

ties, providing a unified framework. Simulation studies and real data applications demon-

strate the improved performance of our approach, especially in settings with many ties. The

second project develops a flexible regression model for competing risks, where individuals

may experience one of several types of events, such as death from different causes. By com-

bining the proportional cause-specific hazards framework with a smoothing spline ANOVA

approach, for each risk factor, we enable the estimation of various nonlinear effects of co-

variates in a nonparametric manner. Simulation studies confirm the method’s accuracy, and

application to a multiple myeloma dataset reveals that for each gene expression covariate,

at least one cause-specific effect is nonlinear and distinct.
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Chapter 1

Introduction

This dissertation comprises two projects: the first, titled An Accurate Computational Ap-

proach for Partial Likelihood Using Poisson-Binomial Distributions, and the second, Com-

peting Risk Model with A Nonparametric Form of Spline-Estimated Relative Risks.

1.1 An Accurate Computational Approach for Partial

Likelihood Using Poisson-Binomial Distributions

1.1.1 Motivation

The Cox proportional hazard model [8], alternatively referred to as the Cox model or pro-

portional hazard model, is undoubtedly one of the most widely used methods for analyzing

survival data. It is employed to discern the relationship between covariates and the hazard

of the time to event response.

In a typical survival data analysis scenario, each observation is represented by {ti, δi,xi},

where ti is the observed time (event or censoring), δi is the event indicator (1 for event, 0 for

censored), and xi is the covariate vector with d covariates. The Cox model links covariates

to the hazard function λ(t;xi) as λ(t;xi) = λ0(t) exp(x⊤
i β), where λ0(t) is the baseline

hazard function and β is the vector of regression coefficients. This model is semiparametric

1



2 CHAPTER 1. INTRODUCTION

because it does not specify λ0(t). The regression coefficients β are estimated using the

partial likelihood (PL). The baseline cumulative hazard function Λ0(t) is estimated as a step

function, and the cumulative hazard function Λ(t;xi) =
∫ t
0
λ(s;xi)ds for a specific xi can

also be estimated.

To introduce PL, let t(j) represent the jth ordered distinct event times in the dataset

{ti, δi,xi}ni=1, where j ranges from 1 to k. Define R(t(j)) as the at-risk set, containing

subjects who survived upto t(j), and let nj ≡ |R(t(j))|. Following the original idea of PL as

described in Cox [9], when there are no ties, PL is constructed as L(β) =
∏k

j=1 Lj(β). where

Lj(β) =
Pr(unit j1 had the event at t(j)

∣∣nj units survived up to t(j))
Pr(1 out of nj units had the event at t(j)

∣∣nj units survived up to t(j))

=
dΛ(t(j);xj1)

∏
i∈R(t(j))\{j1}(1− dΛ(t(j);xi))∑

i∈R(t(j))

{
dΛ(t(j);xi)

∏
l∈R(t(j))\{i}(1− dΛ(t(j);xl))

} . (1.1)

Here, j1 indicates the index of the sole failed subject at time t(j). PL in (1.1) follows

the original approach of the partial likelihood described in Cox [9], providing an accurate

calculation for the contribution from observations at time t(j). However, this form is not

commonly used in practice due to computational challenges, especially with tied data where

multiple failures can occur simultaneously.

Neglecting higher-order terms assuming a continuous time model, (1.1) can be approximated

by

Lj(β) =
exp(x⊤

j1
β)∑

i∈R(t(j))
exp(x⊤

i β)
. (1.2)

Note that continuous time model eliminates the occurrence of ties. The formula in (1.2)

has long been used in practice and incorporated into major software. Moreover, it is often

presented simply as the PL, burying the original idea of an accurate PL in (1.1).
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Another challenge in calculating the accurate PL arises from tied event times, complicating

the process even more compared to the accurate PL calculations without ties in (1.1). Let

dj represent the number of units that have failed at t(j). To address ties in Cox models,

various approximating methods have been proposed, including the Cox correction [8], the

Kalbfleisch-Prentice correction [26], the Breslow correction [4], and the Efron correction [13],

where all of these methods are direct extensions of (1.2) to scenarios with ties, involving the

incorporation of the averaged contribution of dj units that experienced an event at t(j) to

calculate the tie-corrected PL. These methods are widely accepted for handling ties in Cox

models within statistical software. However, they may not be ideal because they are based

on (1.2), which is already an approximation to (1.1) assuming continuous times without

ties. Also, their averaging approaches oversimplify the contributions of tied event times,

neglecting distributional differences among ties. These factors lead to deviations from the

original accurate PL for tied data. Additionally, to our knowledge, no rigorous studies have

examined the asymptotic behavior of these correction methods with respect to the extent of

permissible order of ties in the model.

In summary, the conventional utilization of PL in practice, whether for data without ties or

data with ties, represents an approximated PL. Furthermore, for tied data cases, owing to

the reasons mentioned earlier, relying on existing tie correction methods may not be ideal.

1.1.2 Literature Review

Before we introduce our new challenges in Section 1.1.3, which are motivated by the limita-

tions of approximated PL methods widely utilized in practice as discussed in Section 1.1.1,

we provide a review of relevant literature.
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Tie Correction Methods for Tied Survival Data

Here, we outline tie correction methods referenced in Section 1.1.1 for data with ties. Note

that the accurate PL for tied data entails a complex structure and requires extensive ex-

planations regarding its underlying settings for tie generation scenario, i.e., grouped data

scenario. Given the intricacies involved, this accurate PL under ties generated by grouped

data scenario, which is denoted by

L(β,Λ) =
k∏
j=1

Lj(β, λj) =
k∏
j=1

Aj(β, λj)

Bj(β, λj)
, (1.3)

is not detailed here but is thoroughly discussed in Chapter 2.

Let D(t(j)) denote an event set at time t(j), where dj ≡ |D(t(j))| and j1, . . . , jdj represent the

dj individuals in D(t(j)). Assuming grouped data scenario, where ties are allowed, thus dj

may be larger than 1. The Cox correction [8] employs the following PL term,

Lj(β, λj) ≈
exp

(∑
i∈D(t(j))

x⊤
i β
)

∑
Adj

∈Fdj
exp

(∑
i∈Adj

x⊤
i β
) ,

where Fdj represents the set of all subsets of dj individuals that can be selected from R(t(j)).

To clarify, each set Adj ∈ Fdj contains dj elements, and |Fdj | =
(
nj

dj

)
. Let Qj denote

the set of dj! permutations of the subjects j1, . . . , jdj . Let Sjl = {sjl1, . . . , s
j
ldj
} represent

the lth element in Qj. We can express Qj as Qj = {Sj1, . . . , S
j
dj !
} and R(t(j), S

j
l ,m) =

R(t(j)) \ {sjl1, . . . , s
j
l,m−1}. The Kalbfleisch-Prentice correction [26] utilizes the following PL

term,

Lj(β, λj) ≈
1

dj!

dj !∑
l=1

exp
(∑

i∈D(t(j))
x⊤
i β
)

∏dj
m=1

{∑
i∈R(t(j),S

j
l ,m) exp(x⊤

i β)
} .
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The Breslow correction [4] employs the following PL term,

Lj(β, λj) ∝
exp

(∑
i∈D(t(j))

x⊤
i β
)

{∑
i∈R(t(j))

exp(x⊤
i β)

}dj .

The Efron correction [13], which can be regarded as a centralized version of the Breslow

correction, utilizes the following PL term,

Lj(β, λj) ∝
exp

(∑
i∈D(t(j))

x⊤
i β
)

∏dj−1
ℓ=0

{∑
i∈R(t(j))

exp(x⊤
i β)− ℓA

(
β, t(j)

)} ,
where A(β, t(j)) =

∑
i∈D(t(j))

exp
(
x⊤
i β
)
/dj. Note that the Cox correction, the Kalbfleisch-

Prentice correction, the Breslow correction, and the Efron correction are all the same as

(1.2) when dj = 1.

Poisson Binomial Distribution

Here, we introduce the Poisson binomial (PB) distribution, which holds a significant role in

our proposed accurate PL method discussed in Section 1.1.3 and detailed in Chapter 2.

Let I1, · · · , Im are independent random indicators, where each Ii follows Bernoulli distribu-

tion with probability Pi. Define I =
∑m

i=1 Ii. For any ℓ ∈ {0, 1, · · · ,m}, the probability

mass function of I at ℓ can be calculated as

Pr(I = ℓ) =
∑
Aℓ∈Fℓ

∏
i∈Aℓ

Pi
∏

i∈{1,··· ,m}\Aℓ

(1− Pi)

 , (1.4)

where Fℓ represents the set of all subsets of ℓ individuals that can be selected from {1, · · · ,m}.

In other words, each set Aℓ ∈ Fℓ contains ℓ elements, and |Fℓ| =
(
m
ℓ

)
. We call the distribution
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of I the PB distribution with parameter {Pi}mi=1 [22].

Because of its intricate structure, exact calculations for the probability mass function of the

PB distribution have rarely been employed in practice. Instead, the following two approxi-

mation methods for the probability mass function of PB distribution have been commonly

utilized. Firstly, the Poisson approximation to (1.4) is,

Pr(I = ℓ) ≈ Mℓ exp(−M)

ℓ!
,

where M =
∑m

i=1 Pi is the mean of I. Secondly, the Normal approximation to (1.4) is,

Pr(I = ℓ) ≈ 1√
2πV2

exp
(
− 1

2V2
(ℓ−M)2

)
,

where V2 =
∑m

i=1 Pi(1− Pi) is the variance of I.

However, recently, the discrete Fourier transform of the characteristic function (DFT-CF)

method, proposed by Hong [21], has emerged as an efficient approach for computing the prob-

ability mass function of the PB distribution using the fast Fourier transform. This method

is conveniently accessible through the R package “poibin” developed by Hong [22]. We

leverage the DFT-CF method to compute the probability mass function of PB distribution

in our proposed method.

It is acknowledged that for continuous data without ties, the denominator of accurate PL

(1.1) is exactly the probability mass function of a PB distribution. Similarly, for grouped

data with ties, the denominator of accurate PL (1.3), which is meticulously explained in

Chapter 2, is also exactly the probability mass function of a PB distribution. Notably,

regardless of the presence of ties, accurate PL inherently involves PB distribution.
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1.1.3 New Challenges

As detailed in Section 1.1.1, despite many studies on Cox models, the original idea of accu-

rate PL has received limited attention due to the computational challenges associated with

its denominator, particularly exacerbated for the grouped data with ties. Here, we revisit the

original idea of accurate PL and introduce a novel method for computing accurate PL based

on the PB distribution advancements presented in Hong [21]. This method effectively ad-

dresses the computational complexities associated with the denominator and accommodates

tied data. The most important idea of our approach lies in recognizing that the denomina-

tor of the accurate PL is the probability mass function of a PB distribution, irrespective of

the presence of ties. Consequently, efficient computational techniques for PB distribution

introduced by Hong [21] can be leveraged when computing the accurate PL. In Chapter 2,

we elaborate on our proposed method, derive its theoretical properties, and demonstrate its

advantages over existing approaches through comprehensive numerical studies.

1.2 Competing Risk Model with A Nonparametric Form

of Spline-Estimated Relative Risks

1.2.1 Motivation

In survival analysis, it is frequently encountered that each subject is at risk of experiencing

one of several distinct and mutually exclusive failure types, a situation commonly referred

to as competing risks. When covariates are available, various modeling strategies have been

proposed to accommodate the structure imposed by competing risks. A widely used method

is the cause-specific hazards model under the proportional hazards assumption, often re-
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ferred to as the competing risk Cox model [27, 39]. Subsequently, alternative and extended

methodologies have been developed. For example, the proportional subdistribution hazards

model was introduced to directly quantify the effect of covariates on the cumulative inci-

dence function [15]. Other approaches include data augmentation techniques for modeling

all cause-specific hazards jointly through standard Cox regression [33], and copula-based

frameworks that describe the joint distribution of latent failure times [31]. A comprehensive

review on competing risk survival analysis can be found in Monterrubio-Gómez et al. [37].

Nonparametric modeling becomes essential when the effect of covariates on the hazard func-

tion is nonlinear. Among available tools, smoothing spline ANOVA offers both flexibility

and interpretability, enabling decomposition of a multivariate function into additive compo-

nents and interactions, providing insight into the individual and joint effects of covariates.

For a thorough review, see Gu [18]. This modeling approach has been developed for both

hazard-based and proportional hazards settings [18]. Theoretical properties, such as conver-

gence rates for nonparametric estimation, have been established in both the general hazard

model [18] and the proportional hazards context [38]. In the setting of correlated survival

data, smoothing spline ANOVA frailty models have been proposed [10, 12].

Despite parallel advancements in the competing risks literature and in nonparametric survival

modeling, the integration of these two directions remains uncommon. For discrete-time

competing risks data, Luo et al. [34] introduced a Cox–logistic model where baseline hazards

are estimated with spline expansions, but covariate effects remain linear. A joint distribution

method using kernel was proposed by Fermanian [14], decomposing the survival function into

a cumulative distribution function, cause-specific time functions, and cause-specific covariate

functions. While fully nonparametric, this approach is complex, difficult to implement, and

yields estimates that are often hard to interpret.

In summary, both competing risk survival analysis and nonparametric modeling for survival
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data have been extensively developed within their respective domains, but their integration

remains relatively underexplored despite the long-standing history of each.

1.2.2 Literature Review

Prior to presenting the new challenges in Section 1.2.3, which are inspired by the scarcity

of studies integrating competing risk survival analysis with smoothing spline ANOVA as

highlighted in Section 1.2.1, we give a review of the related literature.

Proportional Cause-Specific Hazards Model

Here, we provide a thorough review of the proportional cause-specific hazards model [27, 39]

in Section 1.2.1.

Let T̃ ∈ (0,∞) denote the true event time, assumed to be continuously distributed. The

continuous non-informative right-censoring time is denoted by C ∈ (0, τ ], where τ ∈ (0,∞)

represents the end of the study period. Let X = (X[1], . . . , X[d])
⊤ ∈ X =

∏d
j=1 X[j]

be a vector of covariates. We consider the setting of K mutually exclusive event types

(risks), indexed by the set {1, . . . , K}. The underlying cause of failure is denoted by

G̃ =
∑K

k=1 k1(T̃ is due to the k-th risk) ∈ {1, . . . , K}. Each individual is assumed to be

susceptible to only one of the K risks. We assume that T̃ and C are conditionally indepen-

dent given X.

The observed time is defined as T = min{T̃ , C} ∈ (0, τ ]. The event indicator is defined as

I = 1(T̃ ≤ C) =


1, if the event is observed,

0, if the observation is censored.
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The observed event type is then G = G̃× I ∈ {0, 1, . . . , K}, where G = 0 indicates that the

event was censored, and the true cause was unobserved.

Let {Wi}ni=1 = {T̃i, Ci, Xi, G̃i}ni=1 be an independent and identically distributed (i.i.d.)

sample drawn from the distribution of W = {T̃ , C,X, G̃}. The observed data consist of

{Ti, Xi, Ii, Gi}ni=1, calculated analogously to {T,X, I, G} for each individual i.

In the competing risks framework, for t ∈ [0,∞), the conditional distributional functions of

T̃ given X are defined. The hazard function is

dH(t;X) = h(t;X)dt = P(T̃ ∈ [t, t+ dt) | T̃ ≥ t,X)

=
K∑
k=1

P(T̃ ∈ [t, t+ dt), G̃ = k | T̃ ≥ t,X) =
K∑
k=1

dHk(t;X) =
K∑
k=1

hk(t;X)dt,

where dHk(t;X) is the cause-specific hazard function corresponding to the k-th risk.

The survival function is S(t;X) = P(T̃ > t | X) = exp(−H(t;X)), and the cumulative

distribution function is F(t;X) = P(T̃ ≤ t | X) = 1−S(t;X). The overall density function is

f(t;X) = ∂F(t;X)/(∂t) = h(t;X)S(t;X) =
∑K

k=1 fk(t;X), where fk(t;X) = hk(t;X)S(t;X).

The cumulative distribution function can also be decomposed as F(t;X) =
∑K

k=1 Fk(t;X),

where Fk(t;X) = P(T̃ ≤ t, G̃ = k | X) =
∫ t
0

fk(s;X)ds is the cumulative incidence function

for the k-th cause. Let P(k;X) = P(G̃ = k | X) = limt→∞ Fk(t;X), where
∑K

k=1 P(k;X) = 1.

For each k, we adopt the proportional cause-specific hazards model, under which the cause-

specific hazard function for the k-th cause is expressed as

dHk(t;X) = dH0k(t) exp(X⊤β∗
k),

where β∗
k = (β∗

k,1, . . . , β
∗
k,d)

⊤ is the linear covariate effect for the k-th cause and dH0k(t) =

h0k(t)dt represents the baseline hazard for the k-th cause, with the convention that h0k(0) =
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0.

Define the counting process and at-risk process used in the construction of the partial like-

lihood. Let t ∈ [0, τ ]. For each risk k, the counting process for the k-th cause is given

by

Nk(t) = 1(T ≤ t, G = k, I = 1) = 1(T̃ ≤ t, T̃ ≤ C, G̃ = k),

and the at-risk process is defined as

Y (t) = 1(T ≥ t) = 1(T̃ ≥ t and C ≥ t).

For each individual i = 1, . . . , n, the individual-level counting and at-risk processes are

denoted by Nik(t) and Yi(t), respectively, defined analogously to Nk(t) and Y (t).

Given β ∈ Rd, the negative log-partial likelihood function corresponding to the k-th cause

is defined as

Lk(n)(β) = −
∫ τ

0

1

n

n∑
i=1

{
X⊤
i β − ln

(
1

n

n∑
i′=1

Yi′(t) exp(X⊤
i′ β)

)}
dNik(t)

and the estimation of β∗
k is done by

β̂∗
k = argmin

β∈Rd

Lk(n)(β).

For large sample properties of this model, refer to Kalbfleisch and Prentice [27].

Smoothing Spline ANOVA Proportional Hazards Model

We review smoothing spline ANOVA [18] in Section 1.2.1 for proportional hazards model,

without considering competing risks at this stage. Other variants of smoothing spline



12 CHAPTER 1. INTRODUCTION

ANOVA—such as those used for exponential family response regression, density estima-

tion, and hazard modeling—are formulated in a similar manner. For further details, see Gu

[18]. For simplicity, we assume that all d covariates are continuous, although in general each

of the d covariates can be either continuous or categorical [18].

Since competing risks are not considered here, we disregard G̃ and G—that is, we set

K = 1. Accordingly, {T̃i, Ci, Xi}ni=1 are n i.i.d. copies of {T̃ , C,X} and the observed data

{Ti, Xi, Ii}ni=1 is structured analogously to {T,X, I} for each individual i. We model the

hazard function under the proportional hazards assumption with a nonparametric covariate

effect:

dH(t;X) = dH0(t) exp(η∗(X)),

where η∗ : X → R denotes the nonparametric covariate effect, and dH0(t) = h0(t) dt repre-

sents the baseline hazard function, with the convention that h0(0) = 0. We assume η∗ ∈ H

for some reproducing kernel hilbert space (RKHS) H.

Define RKHS H, which captures the structural characteristics of the model under consider-

ation, using the smoothing spline ANOVA framework introduced by Gu [18]. Let m ∈ N.

The Sobolev space of order m associated with the jth axis, X[j], is given by

H[j] =
{
f ∈ L2(X[j]) : f, f

(1), . . . , f (m−1) are absolutely continuous, f (m) ∈ L2(X[j])
}
,

where L2(X[j]) =
{
f : X[j] → R,

∫
X[j]

|f(x[j])|2dx[j] <∞
}

denotes the square-integrable func-

tion space on X[j].
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Let A[j] denote the averaging operator along the jth axis, defined as

A[j]f(x) = A[j]f(x[1], . . . , x[d]) =

∫
X[j]

f(x[1], . . . , x[d])dx[j].

Using this operator, the space H[j] can be decomposed as

H[j] = H∅[j] ⊕H{j},

where H∅[j] =
{
cjA[j]f[j] : cj ∈ R, f[j] ∈ H[j]

}
= Span{1}, and H{j} = {f[j] ∈ H[j] : A[j]f[j] =

0}. Any function f[j] ∈ H[j] admits a decomposition of the form f[j] = f∅[j] + f{j}, where

f∅[j] = A[j]f[j] ∈ H∅[j], f{j} = (id−A[j])f[j] ∈ H{j}, and id denotes the identity operator.

The tensor product Sobolev space over the full domain X , formed via tensor products over

all coordinate directions, is

⊗d
j=1H[j] = ⊗d

j=1

{
H∅[j] ⊕H{j}

}
= ⊕S∈Pd

HS = H∅ ⊕
{
⊕d
j=1H{j}

}
⊕
{
⊕j<j′H{j,j′}

}
⊕ . . .⊕H{1,...,d},

where Pd denotes the power set of {1, . . . , d}, and |Pd| = 2d. As an illustration, when

d = 3, we have Pd = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}. For each S ∈ Pd, the

corresponding subspace is defined as

HS =
{
⊗j∈SH{j}

}
⊗
{
⊗j∈{1,...,d}\SH∅[j]

}
=
{
⊗j∈SH{j}

}
⊗ Span{1} = ⊗j∈SH{j}.

The domain of HS is XS =
∏

j∈S X[j], and the subspace HS represents the function compo-

nents associated with effect S. The constant function space is given by H∅ = ⊗d
j=1H∅[j] =

Span{1}. Every function f ∈ ⊗d
j=1H[j] admits a decomposition of the form f =

∑
S∈Pd

fS,
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where each component fS is given by

fS =

∏
j∈S

(id−A[j])
∏

j∈{1,...,d}\S

A[j]

 f ∈ HS.

Let H = ⊕S∈SHS for some subset ∅ /∈ S ⊆ Pd. Note that H∅ is excluded from H, as the

Cox model does not incorporate an intercept term. The structure of H is determined by

the choice of S, allowing one to control the complexity of the model. For example, taking

S = {{1}, . . . , {d}} yields an additive model involving only main effects. In contrast, setting

S = {{1}, . . . , {d}, {1, 2}, . . . , {d− 1, d}} includes all two-way interactions along with main

effects.

Given a semi-inner product J(·, ·) defined on H, the space H can be decomposed as

H = NJ ⊕HJ ,

where NJ = {f ∈ H : J(f) = J(f, f) = 0} = Span{ϕ1, . . . , ϕp} is the null space of the

penalty and corresponds to a finite-dimensional parametric component. The complement

HJ is an infinite-dimensional nonparametric subspace. On HJ , the semi-inner product J(·, ·)

becomes an inner product and induces a reproducing kernel KJ(·, ·).

Let t ∈ [0, τ ]. The counting process is defined by

N(t) = 1(T ≤ t, I = 1) = 1(T̃ ≤ t, T̃ ≤ C),

and for each subject i, Ni(·) is defined analogously.
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For f ∈ H, the negative log-partial likelihood is given by

L(n)(f) = −
∫ τ

0

1

n

n∑
i=1

{
f(Xi)− ln

(
1

n

n∑
i′=1

Yi′(t) exp(f(Xi′))

)}
dNi(t).

A subset of q covariate values is randomly selected from the n subjects, denoted as {Zℓ}qℓ=1 ⊆

{Xi}ni=1. Define the space H(q)
J = Span{KJ(Z1, ·), . . . ,KJ(Zq, ·)}, which forms a finite-

dimensional subspace of HJ . We then set H(q) = NJ ⊕H(q)
J , a finite-dimensional subspace

of H. Applying the efficient approximation from Gu [18], the estimator of η∗ is obtained by

η̂ = argmin
f∈H(q)

L(n)(f) +
λ

2
J(f), (1.5)

where J(f) = J(f, f) serves as the roughness penalty and λ ∈ (0,∞) is the smoothing

parameter. In the special case where q = n, the set {Zℓ}qℓ=1 becomes identical to {Xi}ni=1,

and by the representer theorem, we have η̂ = η̂∗ ≡ argmin
f∈H

L(n)(f) + λJ(f)/2.

Solution to the optimization problem in (1.5) can then be expressed as

η̂ =

p∑
l=1

d̂lϕl +

q∑
ℓ=1

ĉℓKJ(Zℓ, ·),

where

(d̂⊤, ĉ⊤)⊤ = argmin
d∈Rp,c∈Rq

L(n)

(
p∑
l=1

dlϕl +

q∑
ℓ=1

cℓKJ(Zℓ, ·)

)
+
λ

2
c⊤KJc

with KJ = {KJ(Zℓ, Zℓ′)}ℓ,ℓ′∈{1,...,q}.
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1.2.3 New Challenges

As described in Section 1.2.1, although the proportional cause-specific hazards model is a

classical and widely adopted approach for analyzing competing risks data, it has not been

previously integrated with nonparametric modeling of covariate effects. Such integration

can be achieved by the smoothing spline ANOVA framework to accommodate flexible, non-

linear covariate effects. This dissertation introduces a new modeling framework that unites

the cause-specific Cox model with smoothing spline ANOVA, enabling flexible nonparamet-

ric covariate effects estimation under the proportional cause-specific hazards assumption in

competing risks data. We refer to this method as the smoothing spline competing risk Cox

model, which is developed in detail in Chapter 3, along with its theoretical properties and

supporting numerical studies.



Chapter 2

An Accurate Computational

Approach for Partial Likelihood Using

Poisson-Binomial Distributions

2.1 Introduction

This project is a published work [6], coauthored with Dr. Yili Hong and Dr. Pang Du, both

from the Department of Statistics at Virginia Tech.

Ever since its birth half a century ago, the Cox model [8] has been arguably the most widely

used method to analyze survival data with covariates. Since the literature for Cox models is

too vast to give a comprehensive review here, we only name a few widely-used monographs

here, such as Fleming and Harrington [16], Therneau and Grambsch [47], Kalbfleisch and

Prentice [27], and Klein and Moeschberger [29].

Consider a typical survival data setting where observations are denoted by {ti, δi,xi}, i =

1, . . . , n. Here, n is the number of subjects in the study, ti is the observed event time

or censoring time, and δi is the event indicator that equals to 1 if the observed time is

from an event and 0 if the event time is censored. The covariate vector is denoted by

xi = (xi1, . . . , xid)
⊤, where d is the number of covariates. The Cox model [9] incorporates

17
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the covariate effects into the hazard function as λ(t;xi) = λ0(t) exp(x⊤
i β), where λ0(t) is

the unknown baseline hazard function and β = (β1, . . . , βd)
⊤ is the vector of regression

coefficients. Let Λ0(t) =
∫ t
0
λ0(s)ds be the baseline cumulative hazard function, which is

often estimated as a step function. Denote the cumulative hazard function for a specific

xi by Λ(t;xi) =
∫ t
0
λ(s;xi)ds. The regression coefficients β are typically estimated by the

partial likelihood.

To revisit the idea of partial likelihood, let t(j), j = 1, . . . , k, be the k ordered distinct events

times in data {ti, δi,xi}ni=1. To clarify, when referring to something up to t, this includes all

times from 0 to t− but explicitly excludes t itself. Let R(t(j)) be the at-risk set containing

all the subjects that survived up to time t(j). Let nj ≡ |R(t(j))|. When there are no ties,

Cox [9] constructs the partial likelihood as L(β) =
∏k

j=1 Lj(β), where

Lj(β) =
Pr(unit j1 failed at t(j)

∣∣nj units survived up to t(j))
Pr(1 out of nj units failed at t(j)

∣∣nj units survived up to t(j))

=
dΛ(t(j);xj1)

∏
i∈R(t(j))\{j1}(1− dΛ(t(j);xi))∑

i∈R(t(j))

{
dΛ(t(j);xi)

∏
l∈R(t(j))\{i}(1− dΛ(t(j);xl))

} (2.1)

is the partial likelihood contribution from observations at time t(j), and j1 is the index for

the only failed subject at time t(j). The expression (2.1) from Cox [9] represents the accurate

likelihood contribution from the observation at time t(j). We refer to (2.1) as the accurate

partial likelihood (APL). Despite its accuracy, (2.1) is not widely used in practice due to its

computational difficulty in the denominator.

Ignoring higher order terms under a continuous failure time model when no ties are present,

(2.1) can be approximated by

Lj(β) =
exp(x⊤

j1
β)∑

i∈R(t(j))
exp(x⊤

i β)
; (2.2)
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see, e.g., Page 140 of Fleming and Harrington [16]. For decades, (2.2) has been used in

practice and implemented in major software packages. In many textbooks and research

papers, (2.2) is often directly introduced as the partial likelihood and the original APL idea

gets buried. The goal of this project is to re-visit the idea of APL with some new development

from another area, by realizing that the denominator of (2.1) is in the form of the probability

mass function of a Poisson-binomial (PB) distribution. The PB distribution describes the

sum of independent but non-identically distributed random indicators [3, 21].

When ties are present, the calculation of the APL gets even harder and more time con-

suming. To incorporate ties into Cox models, several approximating approaches have been

proposed. In essence, they are all direct extensions of (2.2) to the with-tie scenario, with

some additional ad hoc approximations to include the contributions from all the event times

tied at a time point. Suppose dj is the number of failures at time t(j). The Cox correction [8]

averages the corresponding partial likelihoods over all the size-dj subsets of the at risk set at

time t(j). The Kalbfleisch-Prentice correction [26] averages on all the possible permutations

of the dj underlying event times. The Breslow correction [4] is a simplified version of the

Kalbfleisch-Prentice correction assuming an equal contribution from each permutation. The

Efron correction [13] can be viewed as a centerized version of the Breslow correction. Th-

erneau and Grambsch [47] provided an overview of tie corrections in partial likelihood and

also introduced various Cox regression based models. Hertz-Picciotto and Rockhill [19] and

Scheike and Sun [43] used numerical studies to compare performances of different tie correc-

tion methods, and similar simulation settings are adopted in this project. These methods

are now standards for tie corrections in Cox models and well-implemented in all the major

statistical software.

However, they may not be the ideal approaches for tie corrections. Firstly, they are all

based on (2.2), which is already an approximation to the APL and derived actually for
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continuous failure times without ties. Secondly, the various averaging approaches are really

crude ways to count the contributions of all the tied event times without fully incorporating

the distributional differences among these ties. This creates further deviations from the

APL. Furthermore, as far as we know, there are no formal investigations on the asymptotic

properties of these correction methods under consideration for how large the permissible ties

can be in the model.

In this project, we propose a new computationally efficient method to calculate the APL

based on the PB distribution development in Hong [21]. The key idea is that the denominator

of the APL is exactly in the form of the probability mass function of a PB distribution,

regardless the presence of ties or not. We use the method in Hong [21] to compute the

PB probability mass function, which is based on the discrete Fourier transformation of the

characteristic function. Alternatively, one can also use the convolution-based method in

Biscarri et al. [3] based on the direct convolution or the divide-and-conquer fast Fourier

transform tree convolution. As far as we know, the idea of a direct and exact computation

of the APL for the Cox model in this project is completely new to the literature.

We consider the common scenario where ties are caused by rounding or grouping of un-

derlying continuous failure times, which we refer to as the grouped continuous failure time

model. Our first result shows that all the aforementioned common methods, namely, the

expression (2.2), the Cox correction, the Kalbfleisch-Prentice correction, the Breslow correc-

tion, and the Efron correction, are all approximations to the PB distribution approach based

on Poisson approximation or approximation by enumeration averaging. Under the grouped

continuous failure time model, we first establish the consistency and asymptotic normality

for the Breslow estimator, which can be easily extended to the estimators from the other

existing correction methods. For our PB distribution approach, we establish the consistency

and asymptotic normality for its estimator under both the grouped continuous failure time
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model (ties present) and the ungrouped one (no ties). Note that although Prentice and

Kalbfleisch [40] provided theoretical results for the Breslow estimator in the presence of ties,

they did not address how large the order of ties can be for the model, whereas we provide

practical insights into the permissible order of ties. In simulations, we compare the perfor-

mance of our PB distribution approach with those of the existing approaches such as the

Breslow correction and the Efron correction. Our result shows that our approach has much

lower biases and mean squared errors, as well as higher confidence interval coverage rates,

than the existing methods for survival data with heavy ties or high-variation covariates. Our

real data examples further confirm our findings in the theory and simulation.

In summary, our new PB distribution based approach to compute the partial likelihood

accurately has the following distinct contributions: (1) we show that all the existing tie

correction methods are approximations to our exact approach; (2) we derive the consistency

and asymptotic normality of these methods under this unified framework, suggesting allow-

able order of ties, which has been lacking in the literature despite their popularity and long

history; (3) we show that the proposed approach possesses the same asymptotic properties

and demonstrate its clear numerical advantage in terms of reduced bias and mean squared

error, along with enhanced confidence interval coverages.

The rest of the project is organized as follows. In Section 2.2, we introduce the Cox model

and the PB distribution. In Section 2.3, we obtain the accurate partial likelihood for the Cox

model using the PB distribution, and propose a new method to estimate the coefficients and

the baseline hazard function for the Cox model. In Section 2.4, we develop statistical theory

for the existing methods and our new method. In Section 2.5, we evaluate the performance

of our method in simulated data and compare its performance with others. In Section 2.6, we

analyze survival datasets with our new method and the existing ones. Lastly, in Section 2.7,

we conclude the project with recommendations and some areas for future research.
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2.2 The Cox Model

2.2.1 The Underlying Continuous Failure Time Model

In a continuous failure time model, the underlying event times T̃i ∈ (0,∞), i = 1, . . . , n, are

from a continuous distribution. Here, T̃1, . . . , T̃n are assumed to be conditionally independent

given the covariates {xi}ni=1. Recall the general form of the Cox model: for i = 1, . . . , n,

dΛ(t;xi) = Pr(T̃i ∈ [t, t+ dt)|xi, T̃i ≥ t) = exp(x⊤
i β)dΛ0(t). (2.3)

The cumulative hazard and survival functions are respectively Λ(t;xi) =
∫ t
0
dΛ(s;xi) =

exp(x⊤
i β)Λ0(t) and S(t;xi) = Pr(T̃i > t|xi) = exp(−Λ(t;xi)). Under the continuous failure

time model, the baseline hazard function can be written as dΛ0(t) = λ0(t)dt. Let ζ ∈ (0,∞)

be the ending time of the study and Ci ∈ (0, ζ], i = 1, . . . , n, be non-informative right

censoring times, which are conditionally independent from each other and from {T̃i}ni=1

given the covariates {xi}ni=1. Assume that the covariates are deterministic, allowing the

conditioning argument for {xi}ni=1 to be omitted for simplicity.

2.2.2 The Grouped Continuous Failure Time Model

In some scenarios, it is possible that the event times are rounded or grouped, leading to

ties in the event times. Let ⌈a⌉ be the smallest integer which is not smaller than a. Let

τ ∈ (0,∞) be a grouping parameter such that event times and censoring times are discretized

as

T̃ ∗
i = τ⌈T̃i/τ⌉ ∈ ΩG = {τ, 2τ, . . . } and C∗

i = τ⌈Ci/τ⌉ ∈ Ω = {τ, 2τ, . . . , ζ},
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where we assume, without loss of generality, that the ending time ζ is a multiple of τ . The

observed time is T ∗
i = min(T̃ ∗

i , C
∗
i ) ∈ Ω, where δi = 1(T̃ ∗

i ≤ C∗
i ) is the indicator of an event.

That is, when δi = 1, the ith unit had the event and when δi = 0, the ith unit was censored.

As ΩG is the support for grouped times, Ω is the support for the observed times, which is

a finite subset of ΩG. In this project, we assume ties are generated by the grouping of an

underlying continuous random variable. From the discretized distribution, for t ∈ ΩG, we

have

Pr(T̃ ∗
i ≥ t|xi) = Pr(T̃i > t− τ |xi) = S(t− τ ;xi), (2.4)

Pr(T̃ ∗
i ∈ [t, t+ dt)|xi) = Pr(T̃i ∈ (t− τ, t]|xi) = S(t− τ ;xi)− S(t;xi), (2.5)

for i = 1, . . . , n. From (2.4) and (2.5), the hazard function of T̃ ∗
i is

dΛ∗(t;xi) = Pr(T̃ ∗
i ∈ [t, t+ dt)|xi, T̃ ∗

i ≥ t) =
Pr(T̃ ∗

i ∈ [t, t+ dt)|xi)
Pr(T̃ ∗

i ≥ t|xi)
(2.6)

= 1− exp
(
− exp(x⊤

i β)dΛ
∗
0(t)
)
, i = 1, . . . , n,

where the baseline hazard function is dΛ∗
0(t) = Λ0(t)− Λ0(t− τ) for t ∈ ΩG, dΛ∗

0(t) = 0 for

t /∈ ΩG, and the baseline cumulative hazard function is

Λ∗
0(t) =

∫ t

0

dΛ∗
0(s) =

∑
s≤t,s∈ΩG

dΛ∗
0(s). (2.7)

As Λ0(0) = 0, we have Λ∗
0(t) = Λ0(t) for t ∈ ΩG ∪ {0}. The cumulative hazard function and

survival function of T̃ ∗
i are respectively Λ∗(t;xi) =

∫ t
0
dΛ∗(s;xi) =

∑
s≤t,s∈ΩG

dΛ∗(s;xi) and

S∗(t;xi) = Pr(T̃ ∗
i > t|xi) =

∏
s≤t,s∈ΩG

(1 − dΛ∗(s;xi)) = exp(− exp(x⊤
i β) Λ

∗
0(t)). One can

see that S∗(t;xi) = S(t;xi) for t ∈ ΩG ∪ {0}.
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2.2.3 The Fitted Model

In a typical semiparametric inference setting, the baseline cumulative hazard function is

estimated as a step function, regardless of whether data are with grouping or not. Hence,

the fitted model is essentially a discretized version of the continuous model in (2.3).

Let t(j), j = 1, . . . , k, be the ordered distinct events times as defined in Section 2.1 and

let ΩK = {t : t = t(j), j = 1, . . . , k} ⊆ (0,∞) be the set of distinct event times. It is

worth reiterating no matter how data are generated (i.e., from a continuous model with or

without grouping), the fitted Cox model is always a discretized model, because the estimated

cumulative hazard function is a step function which has jumps at those time points in ΩK.

Under the grouped continuous failure time model, we have ΩK ⊆ Ω ⊆ ΩG ⊆ (0,∞).

2.2.4 Poisson-Binomial Distribution

Recall that nj is the number of subjects in the at-risk set R(t(j)) at time t(j), and dj is

the number of subjects in the event set D(t(j)) at time t(j). Here dj can be larger than

one so that ties are possible. For each i ∈ R(t(j)), given the history up to time t(j), the

probability pij for subject i to have an event at time t(j) based on the fitted model is defined

as pij = pij(β, λj) ≡ dΛ∗(t(j);xi) by (2.6), where λj is defined as λj ≡ dΛ∗
0(t(j)) by (2.7).

From now until the end of this section, all distributional and independence derivations are

conditional on the history up to t(j), but for simplicity, we omit this conditioning and use

abused notation. We can define a random indicator Iij ∼ Bernoulli(pij), where Bernoulli(pij)

indicates a Bernoulli distribution with parameter pij. In this case, the number of events Ij

at time t(j) can be written as Ij =
∑

i∈R(t(j))
Iij. Because pij’s are different, the distribution

of Ij is not necessarily a binomial distribution. In general, Ij follows a PB distribution.

The probability mass function of a PB distribution can be computed using enumeration, the



2.2. THE COX MODEL 25

method of discrete Fourier transform of characteristic function, an approximation method

such as the Poisson approximation [21], or the convolution-based method [3].

The enumeration method computes the probability mass function of Ij as follows,

Pr(Ij = dj) =
∑

Adj
∈Fdj

 ∏
i∈Adj

pij


 ∏
i∈R(t(j))\Adj

(1− pij)

 , (2.8)

where Fdj is the set of all subsets of dj individuals that can be selected from R(t(j)). That

is, each set Adj ∈ Fdj has dj number of elements and |Fdj | =
(
nj

dj

)
. The method of dis-

crete transform of characteristic function computes the probability mass function of Ij as

Pr(Ij = dj) = (nj + 1)−1
∑nj

l=0 exp(−iωjldj)zlj, where ωj = 2π/(nj + 1), i =
√
−1, and

zlj =
∏

i∈R(t(j))
{1− pij + pij exp(iωjl)} . The method can be done efficiently using the fast

Fourier transform, and it is available in the R package “poibin” by Hong [22]. The Poisson

approximation to the probability mass function of a PB distribution is,

Pr(Ij = dj) ≈
µ
dj
j exp(−µj)

dj!
, (2.9)

where µj =
∑

i∈R(t(j))
pij is the mean of Ij.
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2.3 Partial Likelihood and Parameter Estimation

2.3.1 The Original Idea of Partial Likelihood

Consider the general situation where ties could be present or not. The APL function is

L(β,Λ) =
∏k

j=1 Lj(β, λj) =
∏k

j=1Aj(β, λj)/Bj(β, λj), where Λ = (λ1, . . . , λk)
⊤ and

Lj(β, λj) =
Pr(units j1, . . . , jdj had event at t(j)

∣∣nj units survived up to t(j))
Pr(dj out of nj units had event at t(j)

∣∣nj units survived up to t(j))
.(2.10)

Here j1, . . . , jdj are the dj individuals in D(t(j)). The accurate calculation for Aj(β, λj) is

Aj(β, λj) =

 ∏
i∈D(t(j))

pij(β, λj)


 ∏
i∈R(t(j))\D(t(j))

(1− pij(β, λj))

 . (2.11)

The accurate calculation for Bj(β, λj) is

Bj(β, λj) = Pr(Ij = dj), (2.12)

which is the probability mass function of the PB distribution.

2.3.2 An Estimation Procedure Based on PB distributions

When there are no ties (dj = 1), the expression (2.2) is used to approximate the APL [8].

In the presence of ties, various corrections can be applied, including the Cox correction [8],

the Kalbfleisch-Prentice correction [26], the Breslow correction [4], and the Efron correction

[13]. More details about these methods are in Section A.1. It is important to note that all

of these existing methods rely on some approximations to both Aj(β, λj) and Bj(β, λj).
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Once the probability mass function of the PB distribution is calculated, we can compute the

accurate probability terms (2.10) in the partial likelihood function. However, the probability

pij depends on Λ. Let Λ̂ = (λ̂1, . . . , λ̂k)
⊤ be any estimate of Λ, which satisfies a mild

condition in Assumption A.3.9. We use Λ̂ to substitute Λ. Our proposed partial likelihood

to be calculated based on PB distribution is

L(β, Λ̂) =
k∏
j=1

Aj(β, λ̂j)

Bj(β, λ̂j)
, (2.13)

where Aj and Bj are given in (2.11) and (2.12), respectively. Then the PB distribution

estimate of β is

β̂pb = arg maxβ̃ L(β̃, Λ̂), (2.14)

which can be computed optimization algorithms such as the BFGS algorithm (e.g., Fletcher

[17]). The new method uses the exact Aj(β̃, λ̂j) and Bj(β̃, λ̂j) for a given β̃. Hence, β̂pb is

the maximizer of a more accurate partial likelihood.

The optimization of (2.14) requires initial estimates Λ̂ and β̂ whose choices are flexible.

For example, one can use the Efron baseline hazard function estimate in (A.5), Λ̂e =

(λ̂e1, . . . , λ̂ek)
⊤, the Breslow baseline hazard function estimate in (A.4), Λ̂b = (λ̂b1, . . . , λ̂bk)

⊤,

or even the Nelson-Aalen baseline hazard function estimate, Λ̂na = (λ̂na,1, . . . , λ̂na,k)
⊤ as Λ̂,

where λ̂na,j = dj/nj. Our numerical example in Section A.6.2 suggests choosing Λ̂e yields a

smaller bias comparing to the other methods. So we use Λ̂e as Λ̂ in our numerical examples

in Section 2.5 and 2.6. For β̂, one can use Efron estimator β̂e in (A.5) or Breslow estimator

β̂b in (A.4). We use β̂e in our numerical examples in Sections 2.5 and 2.6.

Next, we estimate the baseline hazard function. The likelihood for the baseline hazard

function is
∏k

j=1Aj(β, λj) as shown in page 115 of Kalbfleisch and Prentice [27]. So, by the



28
CHAPTER 2. AN ACCURATE COMPUTATIONAL APPROACH FOR PARTIAL LIKELIHOOD USING

POISSON-BINOMIAL DISTRIBUTIONS

BFGS algorithm with the initial values λ̂j, the baseline hazard function can be updated as

λ̂pb,j = arg maxλ̃j Aj(β̂pb, λ̃j), j = 1, . . . , k, where the fitted cumulative hazard function is

Λ̂pb(t) =
∑k

j=1 λ̂pb,j1(t(j) ≤ t).

2.4 Statistical Properties

2.4.1 Connections to PB Distribution

We first draw some connections between the PB distribution probability and existing partial

likelihood approximation methods. Interestingly, all the existing methods are connected to

the PB distribution approach, and our results shed theoretical insights on when the existing

computing methods tend to work well.

Theorem 2.1. (i) the approximate partial likelihood (A.1) is based on the Poisson approxi-

mation of Pr(Ij = 1) to Bj(β, λj), (ii) the Breslow correction in (A.4) based on the Poisson

approximation of Pr(Ij = dj) to Bj(β, λj), (iii) the Cox correction in (A.2) is based on the

enumeration in (2.8) to compute the Bj(β, λj), and (iv) the Kalbfleisch-Prentice correction

in (A.3) is based on the enumeration to compute Aj(β, λj)/Bj(β, λj).

The proof of Theorem 2.1 is in Section A.4.1. As a note, the Efron correction in (A.5) is of a

similar form to the Breslow correction but with some further adjustments. Thus, the Efron

correction can be viewed as a more refined Poisson approximation to the PB distribution

probability than the Breslow correction. We provide some insights into the accuracy of their

Poisson approximations in the following remark.

Remark 2.2. The error bound of the Poisson approximation to the PB distribution can be
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obtained by the Le Cam theorem [5]. The average error is bounded as

1

nj

nj∑
dj=0

∣∣∣∣∣Pr(Ij = dj)−
µ
dj
j exp(−µj)

dj!

∣∣∣∣∣ ≤ 2

nj

∑
i∈R(t(j))

p2ij =
2
∑

i∈R(t(j))
(pij − p̄j)

2

nj
+ 2p̄2j .

Here p̄j =
∑

i∈R(t(j))
pij/nj and µj is defined in (2.9). Thus, the performance of the Breslow

and Efron estimators depends on the average p̄j and the variation
∑

i∈R(t(j))
(pij − p̄j)

2/nj of

the risk scores ri = exp(x⊤
i β). The average and variation of risk scores depend on the values

of β and the distribution of the covariates xi. Thus both the scale of β and the variation in

xi’s can affect the approximation accuracy.

2.4.2 Asymptotics under the Grouped Continuous Failure Time

Model

Now we study the large sample properties of the estimators of β under the grouped con-

tinuous failure time model where event times can be tied. Among the estimators from the

existing methods, we select the Breslow estimator β̂b to show its consistency and asymptotic

normality, with the notion that the properties for the other estimators can be derived simi-

larly, given our result in Theorem 2.1. Then we establish similar large sample properties for

the PB distribution estimator β̂pb based on (2.14).

In this section, we restrict t ∈ [0, ζ]. We denote by D(t) ≡ {i : T ∗
i = t and δi = 1} and

R(t) ≡ {i : T ∗
i ≥ t} respectively the event and at-risk sets at time t. Let d(t) ≡ |D(t)| and

n(t) ≡ |R(t)|. Let Ωt = Ω ∩ [0, t] for some t ∈ [0, ζ]. We define ∆H(t) = H(t)−H(t−) for a

function H(·). Let the PB distribution partial likelihood component at t be

Lt(β) =
At(β)

Bt(β)
=

{∏
i∈D(t) pi(β, t)

}{∏
i∈R(t)\D(t) (1− pi(β, t))

}
∑

Ad(t)∈Fd(t)

{∏
i∈Ad(t)

pi(β, t)
}{∏

i∈R(t)\Ad(t)
(1− pi(β, t))

} ,
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where pi(β, t) = 1− exp(− exp(x⊤
i β)∆Λ̂(t)). Let the Breslow partial likelihood component

at t be

Lb
t (β) =

exp
(∑

i∈D(t) x
⊤
i β
)

{∑
i∈R(t) exp(x⊤

i β)
}d(t)

/d(t)!

.

Here Λ̂(t) =
∑k

j=1 λ̂j1(t(j) ≤ t) =
∫ t
0
dΛ̂(s) =

∑
s∈Ωt

∆Λ̂(s) stands for any estimator of Λ∗
0(t),

which corresponds to Λ̂ in (2.13). We write the PB distribution partial likelihood in (2.13) at

t ∈ [0, ζ] as L(β, Λ̂, t) =
∏

s∈Ωt
Ls(β) and the Breslow partial likelihood in (A.4) at t ∈ [0, ζ]

as Lb(β, t) =
∏

s∈Ωt
Lb
s(β), where if t /∈ ΩK (i.e., d(t) = 0), we have ∆Λ̂(t) = 0, pi(β, t) = 0,

and Lb
t (β) = Lt(β) = 1.

Let B ⊆ Rd be an open neighborhood of β. Without loss of generality, we assume B is suffi-

ciently large and β̂b, β̂pb ∈ B, resulting in β̂b ≡ arg maxβ̃∈Rd Lb(β̃, ζ) = arg maxβ̃∈B L
b(β̃, ζ)

and β̂pb ≡ arg maxβ̃∈Rd L(β̃, Λ̂, ζ) = arg maxβ̃∈B L(β̃, Λ̂, ζ).

For the counting processes, let Ñi(t) = 1(T̃ ∗
i ≤ t), Ni(t) = 1(T ∗

i ≤ t, δi = 1) = 1(T̃ ∗
i ≤

t, T̃ ∗
i ≤ C∗

i ), and Yi(t) = 1(T ∗
i ≥ t) = 1(T̃ ∗

i ≥ t, C∗
i ≥ t) be the underlying counting process,

the observed counting process, and the at-risk process for the grouped continuous failure

time model, respectively. Let the history (filtration) for the grouped continuous failure time

model be

Ft = σ
{
Ni(u), Yi(u

+),xi; i = 1, . . . , n; 0 ≤ u ≤ t
}

and

Ft− = σ {Ni(u), Yi(u),xi; i = 1, . . . , n; 0 ≤ u < t} .

Note that dNi(t) = Yi(t)dÑi(t). Thus, one can show that E(dNi(t)|Ft−) = Pr(dNi(t) =

1|Ft−) = Yi(t)dΛ
∗(t;xi) due to our assumption that {T̃ ∗

i }ni=1 and {C∗
i }ni=1 are conditionally

independent given {xi}ni=1. We refer to equation (5.7) from the Kalbfleisch and Prentice [27]

for more details. So by the Doob-Meyer decomposition, Ni(t) = Ai(t)+Mi(t), where Ai(t) =
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∫ t
0
Yi(s)dΛ

∗(s;xi) =
∑

s∈Ωt
Yi(s)∆Λ∗(s;xi) is the compensator and Mi(t) = Ni(t)−Ai(t) is a

zero-mean martingale. Let N(t) =
∑n

i=1Ni(t), A(t) =
∑n

i=1Ai(t), and M(t) =
∑n

i=1Mi(t).

Again, we refer to Sections 5.2 and 5.3 of Kalbfleisch and Prentice [27] for more details on

the construction of counting processes and martingales.

Although the time points in Ω all depend on the grouping parameter τ , for the simplicity of

notation, we don’t include τ into the subscripts. Every process or statement depending on a

time point in Ω also depends on τ implicitly. Furthermore, one can see that T̃ ∗
i , C∗

i , T ∗
i , and

all their related functions including Ñi(t), Ni(t), and Yi(t) depend on τ . All our asymptotic

notations and technical assumptions are collected in Sections A.2 and A.3, respectively.

For t ∈ [0, ζ], the logarithm of the Breslow partial likelihood is

log
(
Lb(β, t)

)
=

n∑
i=1

∫ t

0

{
x⊤
i β − log

(
n∑
l=1

Yl(s) exp(x⊤
l β)

)}
dNi(s) +

∑
s∈Ωt

log(∆N(s)!)

=
n∑
i=1

∑
s∈Ωt

{
x⊤
i β − log

(
n∑
l=1

Yl(s) exp(x⊤
l β)

)}
∆Ni(s) +

∑
s∈Ωt

log(∆N(s)!).

The score function is

Ub(β, t) =
∂

∂β
log(Lb(β, t)) =

n∑
i=1

∫ t

0

(xi − ϵ(β, s)) dNi(s) =
n∑
i=1

∑
s∈Ωt

(xi − ϵ(β, s))∆Ni(s),

where ϵ(β, t) =
∑n

i=1 qi(β, t)xi with qi(β, t) = Yi(t) exp(x⊤
i β)/(

∑n
l=1 Yl(t) exp(x⊤

l β)), which

satisfies
∑n

i=1 qi(β, t) = 1. The information matrix is

Ib(β, t) = − ∂2

∂β∂β⊤ log(Lb(β, t)) =

∫ t

0

V(β, s)dN(s) =
∑
s∈Ωt

V(β, s)∆N(s),

where V(β, t) =
∑n

i=1 qi(β, t)(xi − ϵ(β, t))(xi − ϵ(β, t))⊤. Let Σ(β, ζ) be the matrix defined
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in Assumption A.3.7. Our asymptotic results for β̂b are

Theorem 2.3. Under Assumptions A.3.1 – A.3.7, β̂b converges in probability to β and

Ib(β̂b, ζ)/n converges in probability to Σ(β, ζ) when τ → 0 as n→ ∞.

Theorem 2.4. Under Assumptions A.3.1 – A.3.7, n−1/2Ub(β, ζ) converges in distribution to

N (0,Σ(β, ζ)) and n1/2(β̂b −β) converges in distribution to N (0,Σ(β, ζ)−1) when n1/2τ → 0

as n→ ∞.

The proofs of Theorems 2.3 and 2.4 are respectively in Sections A.4.6 and A.4.7. As we have

supt∈Ω d(t) = OP(nτ) for t ∈ Ω under Assumption A.3.5, if the order of τ is no smaller than

1/n and τ → 0, the Breslow method can achieve consistency allowing ties. If the order of τ

is no smaller than 1/n and n1/2τ → 0, the Breslow estimator have the asymptotic normality

allowing ties.

Now we derive the asymptotic properties of the PB distribution estimator with three more

assumptions, A.3.8 – A.3.10. In particular, Assumption A.3.8 requires τ to be of the or-

der 1/n. The following theorem shows the asymptotic equivalence between L(β̃, Λ̂, t) and

Lb(β̃, t) uniformly for β̃ ∈ B.

Theorem 2.5. When Assumptions A.3.1 – A.3.5 and A.3.8 – A.3.9 are satisfied, for all

t ∈ [0, ζ],

sup
β̃∈B

∣∣∣log
(
L(β̃, Λ̂, t)

)
− log

(
Lb(β̃, t)

)∣∣∣ = OP(1).

Let Xpb(β̃, Λ̂, t) = {log(L(β̃, Λ̂, t)) − log(L(β, Λ̂, t))}/n and X(β̃, t) = {log(Lb(β̃, t)) −

log(Lb(β, t))}/n. By Theorem 2.5, when Assumptions A.3.1 – A.3.5 and A.3.8 – A.3.9

are satisfied, we have supβ̃∈B |Xpb(β̃, Λ̂, t) − X(β̃, t)| = OP(1/n) for all t ∈ [0, ζ], where

β̂pb = arg maxβ̃∈BXpb(β̃, Λ̂, ζ) and β̂b = arg maxβ̃∈BX(β̃, ζ). Based on closeness between

PB distribution and Breslow partial likelihoods by Theorem 2.5, the asymptotic results for
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β̂pb are

Theorem 2.6. Under Assumptions A.3.1 – A.3.9, β̂pb converges in probability to β and

Ib(β̂pb, ζ)/n converges in probability to Σ(β, ζ) as n→ ∞.

Theorem 2.7. Under Assumptions A.3.1 – A.3.10, the quantity n1/2(β̂pb −β) converges in

distribution to N (0,Σ(β, ζ)−1) as n→ ∞.

The proofs of Theorems 2.6 and 2.7 are respectively in Sections A.4.10 and A.4.11. Even

though the estimators are all asymptotically unbiased, the score function based on the Bres-

low and Efron methods do not have a zero mean due to the Poisson approximation under

small samples. However, the accurate likelihood calculation based on the PB distribution

provides the exact probability under any sample size. Thus, the score function always has a

zero mean using the PB distribution calculation if the true Λ is used. That is, although the

new method uses Λ̂ instead of Λ, it tends to have less bias even under small samples. We

indeed observe a smaller bias for the new estimator in small samples from the simulation

studies in Section 2.5. Because of the variation caused by Λ̂, the PB distribution estimator

tends to have a slightly larger variance in practice. We also observe this in the simulation

studies. However, the difference is minimal.

2.4.3 Asymptotics Under Continuous Model

In this section we show that the PB distribution estimator β̂pb based on (2.14) still pos-

sesses excellent asymptotic properties even when observations are generated from a contin-

uous model and contain no ties. Let Lc
j(β̃) = exp(x⊤

j1
β̃) /{

∑
i∈R(t(j))

exp(x⊤
i β̃)}, Lc(β̃) =∑k

j=1 log(Lc
j(β̃)), Uc(β̃, ζ) = ∂Lc(β̃)/(∂β̃), and Ic(β̃, ζ) = −∂2Lc(β̃)/(∂β̃∂β̃

⊤) be respec-

tively the log partial likelihood, the score function, and the information matrix for the

approximate partial likelihood in (2.2). Let β̂c ≡ arg maxβ̃∈Rd Lc(β̃) the estimator based on
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(2.2). Without loss of generality, assume β̂c ∈ B. So we can write β̂c as arg maxβ̃∈B Lc(β̃).

Let L(β̃, Λ̂) = log(L(β̃, Λ̂)), χpb(β̃, Λ̂) = {L(β̃, Λ̂) − L(β, Λ̂)}/n, and χ(β̃) = {Lc(β̃) −

Lc(β)}/n. One can see that the estimators satisfy β̂pb = arg maxβ̃∈B χpb(β̃, Λ̂) and β̂c =

arg maxβ̃∈B χ(β̃). Let Σc(β, ζ) be the matrix defined in Assumption A.3.11. The asymptotic

results for the PB distribution estimator β̂pb under the continuous model without ties are

Theorem 2.8. Under Assumptions A.3.2 and A.3.11, β̂pb converges in probability to β and

Ic(β̂pb, ζ)/n converges in probability to Σc(β, ζ) as n→ ∞.

Theorem 2.9. Under Assumptions A.3.2 and A.3.11 – A.3.12, n1/2(β̂pb − β) converges in

distribution to N (0,Σc(β, ζ)
−1) as n→ ∞.

The proofs of Theorems 2.8 and 2.9, similar to those of Theorems 2.6 and 2.7, are in Sec-

tion A.4.12.

2.5 Simulation Studies

Our simulation studies are done in settings with a single covariate xi, using scalar notation

for simplicity, but it can be readily extended to multiple covariates. Overall, we follow the

settings for the underlying continuous model described in Section 2.2.1. For the covariate,

we generate n i.i.d. xi’s from N(0, σ2
x). For event times, we use the Weibull distribution

with the baseline hazard function λ0(t) = γtγ−1/ηγ such that λ(t; xi) = γη−γtγ−1 exp(xiβ) =

γη−γi tγ−1, where ηi = η exp(−xiβ/γ). In particular, we generate T̃i as T̃i = exp(µi + σWi),

where σ = 1/γ, µi = log(ηi), and Wi’s are n i.i.d. following the standard smallest extreme

value distribution. For censoring times, we first generate n i.i.d. C̃i’s from the Weibull

distribution with hazard function λc(t) = γct
γc−1/ηγcc and then set the censoring times as

Ci = min{C̃i, ζ}. To generate ties by grouping, we use the grouped continuous failure time
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model rule described in Section 2.2.2 with several τ values. We fix ζ = 1, η = ηc = 1.31 and

γ = γc = 1.5, and repeat the simulations B = 10, 000 times for all the simulation cases. We

vary β ∈ {1, 1.5}, σx ∈ {1.5, 2}, τ ∈ {0.01, 0.1, 0.2}, and n ∈ {50, 100, 200, 500, 1000}.

For estimation performance metrics, we use the root mean square error (RMSE) and the

absolute bias (|Bias|), each scaled by the true β, to compare our PB distribution method

with the Breslow method and the Efron method. To evaluate inference performance, we

compare the empirical coverage rates of confidence intervals and the average standard errors

for the three methods with n ∈ {50, 100, 200}. The standard errors are calculated using

respectively I
−1/2
b (β̂b, ζ) for the Breslow method, I−1/2

e (β̂e, ζ) for the Efron method, and

I
−1/2
b (β̂pb, ζ) for the PB distribution method.

Figure 2.1 illustrate that for many cases, β̂pb exhibits notably lower |Bias| and smaller RMSE

compared to existing methods. On the other hand, the standard deviations of the estimators

from the three methods are similar, as shown in Figure A.1. This indicates that β̂pb’s better

RMSE performance primarily arises from its significant reduction in |Bias|. To be more

specific, when β, σ2
x, and τ are all small, all three methods give comparable performance.

When at least one of these model parameters gets bigger, the Breslow method’s performance

starts to deteriorate. The Efron method can maintain a performance competitive to the

PB distribution method until at least two of these model parameters get bigger. Besides its

dominance in the cases of larger τ , σ2
x, or β, the PB distribution estimators can deliver a

competitive performance in all the other cases too.

Table 2.1 provides empirical coverage rates of confidence intervals and average standard

errors. Clearly, the three methods deliver comparable standard errors. In terms of the

empirical coverage, the message is similar to that of the esimation performance. When all

the three model parameters, τ , β, and covariate variation, are small, the three method all

perform well with coverage rates close to the nominal. When at least one of the three model
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parameters gets larger, the coverage rates for the PB distribution method dominate those

for the other methods.

Overall, our method outperforms the Breslow and Efron methods in both parameter estima-

tion and confidence interval coverages when at least one of the three model parameters, τ , β,

or covariate variation, gets larger. Intuitively, an increase in σ2
x or β leads to an increase in

the variation among pij’s. As discussed in Remark 2.2, an increased level of variation among

pij’s leads to a larger value of
∑

i∈R(t(j))
p2ij/nj, which can also be enlarged by increment in

τ considering the fact that supij pij = OP(τ). This makes the Poisson approximation in the

Breslow partial likelihood (A.4) and the Efron partial likelihood (A.5) less precise, and thus

reduces the accuracy of β̂b and β̂e. Additionally, note that Theorem 2.5 requires Assumption

A.3.8, which is τ ≍ 1/n. Or more simply, note that supij |pij − exp(xiβ)λj| = OP(τ
2). Thus,

an increment in τ makes (A.4) and (A.5) less precise, and thus less accurate β̂b and β̂e.

As a side note, the average computing time for our method with β = 1.5, σx = 1.5, τ = 0.2,

and n = 200 is approximately 0.028 seconds, on a MacBook with an 8-core Apple M1 chip

and 17.2 GB RAM, echoing its computational efficiency demonstrated in Hong [21].
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Figure 2.1: Simulation results for RMSE and |Bias|.
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Table 2.1: Simulation results for inference. Each cell shows the empirical coverage rate of
the confidence interval and the average estimated standard error (in parentheses).

β σx τ Method n
50 100 200

1

1.5

0.01
Breslow 0.959(0.226) 0.956(0.150) 0.952(0.102)
Efron 0.958(0.226) 0.954(0.150) 0.952(0.103)
PB 0.957(0.224) 0.956(0.149) 0.952(0.103)

0.1
Breslow 0.939(0.211) 0.903(0.140) 0.828(0.096)
Efron 0.959(0.217) 0.951(0.145) 0.950(0.100)
PB 0.953(0.219) 0.939(0.145) 0.942(0.099)

0.2
Breslow 0.857(0.196) 0.713(0.131) 0.441(0.090)
Efron 0.949(0.205) 0.934(0.138) 0.908(0.095)
PB 0.941(0.213) 0.932(0.140) 0.922(0.094)

2

0.01
Breslow 0.958(0.202) 0.952(0.132) 0.948(0.090)
Efron 0.958(0.203) 0.953(0.133) 0.954(0.091)
PB 0.954(0.200) 0.951(0.132) 0.950(0.090)

0.1
Breslow 0.856(0.179) 0.715(0.117) 0.460(0.079)
Efron 0.936(0.185) 0.910(0.123) 0.864(0.084)
PB 0.950(0.197) 0.937(0.128) 0.931(0.086)

0.2
Breslow 0.592(0.158) 0.282(0.104) 0.041(0.071)
Efron 0.835(0.166) 0.712(0.110) 0.498(0.075)
PB 0.942(0.190) 0.920(0.121) 0.907(0.080)

1.5

1.5

0.01
Breslow 0.955(0.293) 0.953(0.191) 0.940(0.130)
Efron 0.957(0.294) 0.954(0.193) 0.950(0.131)
PB 0.951(0.291) 0.949(0.192) 0.945(0.131)

0.1
Breslow 0.768(0.249) 0.546(0.162) 0.234(0.109)
Efron 0.896(0.259) 0.832(0.170) 0.708(0.115)
PB 0.947(0.288) 0.939(0.184) 0.923(0.122)

0.2
Breslow 0.418(0.215) 0.128(0.141) 0.008(0.095)
Efron 0.700(0.226) 0.489(0.148) 0.232(0.100)
PB 0.932(0.276) 0.909(0.174) 0.885(0.114)

2

0.01
Breslow 0.943(0.276) 0.921(0.177) 0.878(0.119)
Efron 0.951(0.278) 0.943(0.179) 0.931(0.121)
PB 0.949(0.281) 0.949(0.183) 0.944(0.124)

0.1
Breslow 0.379(0.199) 0.099(0.126) 0.004(0.083)
Efron 0.585(0.206) 0.323(0.131) 0.099(0.086)
PB 0.937(0.273) 0.909(0.170) 0.860(0.111)

0.2
Breslow 0.098(0.163) 0.004(0.105) 0.000(0.070)
Efron 0.256(0.168) 0.059(0.108) 0.002(0.072)
PB 0.910(0.265) 0.854(0.161) 0.755(0.102)
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2.6 Real Applications

In Section 2.5, we demonstrated that for many cases, β̂pb surpasses β̂b and β̂e in terms of

reduced |Bias| and RMSE, and better confidence interval coverages. This is particularly

evident when τ is large or when there is considerable variation in the pij values. This finding

depicts an important insight: there are positive relationships between τ ,
∑

i∈R(t(j))
p2ij/nj,

and the inaccuracies of β̂b and β̂e in estimating β. Here we confirm these relationships using

real datasets, anticipating that a large τ or a high
∑

i∈R(t(j))
p2ij/nj leads to an increase in

the RMSE for β̂b and β̂e, demonstrating the advantage of β̂pb over these estimators.

For the ease of comparison, we first transformed the variables in all the datasets as follows.

All the covariates, except for binary ones, are standardized to have mean 0 and standard

deviation 1. The observed times {ti}ni=1 are first scaled to all lie within the interval [0, 1].

Then to create ties at different levels, we group the scaled times {ti}ni=1 with different choices

of τ . Specifically, let τ ∈ {0, 0.01, 0.02, . . . , 0.25}. When τ = 0, the original observed times

are used directly, i.e., t∗i = ti. For other values of τ , t∗i is defined as t∗i = ⌈ti/τ⌉τ .

For each τ , we fit β̂b, β̂e, and β̂pb using the data {t∗i , δi,xi}ni=1. Due to lack of truth in

real applications, we consider an estimation accuracy metric defined with respect to β̂pb,

considering its theoretical accuracy and consistently strong performance in simulations. In

particular, we define the estimation discrepancy (ED) of an estimator β̂ from β̂pb as

max
l∈{1,··· ,d}

{
exp

(
|β̂l − β̂pb,l|

)
− 1
}
,

where β̂ can be either β̂b or β̂e. To gain more insights on the estimation accuracy perfor-

mance, we also record the sum of squared hazards (SSH), defined as 1
k

∑k
j=1

1
nj

∑
i∈R(t(j))

p̂2ij,

which is the upper bound in Remark 2.2 with p̂ij being the evaluations of pij at β̂pb and λ̂pb,j.

Based on our findings in theory and simulation, we expect to observe a positive relationship
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of ED versus τ or SSH.

Besides the measures introduced above, it is also desirable to evaluation the performance

of the methods via goodness-of-fit metrics. One such metric is the APL L(·,Λ, ζ) with Λ

estimated by Λ̂pb. The evaluations of the APL at the corresponding estimates of β yield

Lb = L(β̂b, Λ̂pb, ζ), Le = L(β̂e, Λ̂pb, ζ), and Lpb = L(β̂pb, Λ̂pb, ζ), respectively for the three

methods.

2.6.1 Male Laryngeal Cancer Patients Study

The original data are available as larynx dataset from R package “KMsurv”. Conducted at a

Dutch hospital from 1970 to 1978, this study was reported by Kardaun [28]. It includes data

on 90 male patients diagnosed with larynx cancer, documenting the time (in years) to death

or censoring after their initial treatment. The dataset also records the covariates such as the

age at diagnosis, the year of diagnosis, and the disease stage (four stages in total). More

information can be found in Klein and Moeschberger [29]. For our analysis, we selected age

and indicators for Stages 3 and 4 as covariates.

As shown in Figure 2.2, the study exhibits the desired positive relationships between the

recorded values. In this example, the deviation of the Breslow estimator from the PB distri-

bution estimator increases at an linear rate against τ or SSH throughout the whole range,

while the deviation of the Efron estimator from the PB distribution estimator increases after

τ ≥ 0.125 or SSH ≥ 0.375. The PB distribution estimator shows its advantage against the

others in the domain of higher τ or higher SSH again. For the goodness-of-fit, our method

delivers slightly higher APLs than the Breslow and Efron methods when τ is small, and has

a clear advantage when τ increases to higher values.

Table A.1 indicates that the estimated βj values are similar across all the methods for small
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τ . However, as τ increases, Breslow’s estimates diverge significantly from those of our PB

distribution based estimates. Although the Efron estimates show closer alignment with

our estimates, their discrepancy with our estimates also grows as τ increases when viewed

alongside ED. On the other hand, the standard error estimates are similar across all the

methods, regardless of the τ values.
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Figure 2.2: Results for the male laryngeal cancer patients study.
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2.6.2 North Central Cancer Treatment Group Lung Cancer Study

The lung dataset, also available in the R package “survival”, originates from a study

conducted by the north central cancer treatment group. This dataset captures survival data

for patients with advanced lung cancer, noting the time (in days) to death or censoring for

228 patients. The covariates we consider here are sex, ECOG performance score as assessed

by a physician, Karnofsky performance scores (both patient-rated and physician-rated ones),

and weight loss over the last six months (in pounds). For more details, see Loprinzi et al.

[32].

Figure 2.3 illustrates the desired positive relationships among the recorded values in this

study. The trends are similar to what we observe in the laryngeal cancer study except that

the extra drastic increases of the Efron estimator’s ED happens respectively at τ = 0.2 or

SSH = 0.175. The goodness-of-fit comparison and estimation results in Table A.2 are similar

to those in the male laryngeal cancer patients study. However, larger ratios of the APLs

using the PB distribution versus the others are observed for large τ values in this study

compared to the laryngeal cancer patients study.

General Finding: Through the examples with varying tie levels, we have further confirmed

our finding in theory and simulation: β̂pb could estimate β more accurately than existing

methods in datasets with heavy ties or datasets with large variability among covariates. The

PB distribution method also outperforms the existing methods in goodness-of-fit when there

are heavy ties.
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Figure 2.3: Results for the north central cancer treatment group lung cancer study.
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2.7 Conclusion

In this project, we propose a new approach for accurately computing the partial likelihood

for the Cox model, which integrates the original idea of APL and the recent development

in efficient calculation of PB distribution. We also thoroughly study the properties of the

new computing method. That is, our consistency and asymptotic normality for the new

approach can cover not only grouped data with ties, but also continuous data without ties.

Our numerical results show that due to reduction in bias, the new approach outperforms

existing methods in reducing RMSE and improving coverage of confidence interval for the

estimated coefficients, especially when data have many ties or the variation among the risk

scores is high. Therefore, we recommend using the new method rather than the existing

methods for these cases. One can see that the choice of Λ̂, which is used as substitution of

Λ in APL, is very flexible, only requiring Λ̂ to satisfy a mild condition in Assumption A.3.9.

Without loss of generality and for notation simplicity, we only consider non-time-varying

covariates in this project. The results can be easily extended to time-varying covariates. For

our future theory, we might try to relax order condition for τ needed in the asymptotic theory

of β̂pb. Under the grouped continuous failure time model, to have consistency and asymptotic

normality, the PB distribution estimator β̂pb requires τ ≍ 1/n. Meanwhile, the Breslow

estimator β̂b requires τ → 0 for consistency and n1/2τ → 0 for asymptotic normality, which

are much relaxed conditions than τ ≍ 1/n. However, in our numerical example, β̂pb performs

much better than β̂b under a large τ , i.e., lots of ties. The current theory for β̂pb only allows

a non-diverging number of ties, i.e., supt∈Ω d(t) = OP(nτ) = OP(n × 1/n) = OP(1), but we

might be able to allow a diverging number of ties for β̂pb in the theory considering its high

performances in numerical examples with a large τ and, correspondingly, lots of ties.

Another direction of future research is to extend this idea to more complex survival models
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such as the competing risk Cox model, calculating the exact partial likelihood using a Poisson

multinomial distribution (PMD). As Lin et al. [30] have proposed an efficient calculation for

the PMD, we can use it for calculating the exact partial likelihood. Similar statistical theories

in this project can also be considered.

As demonstrated in our numerical studies, the PB distribution method not only dominates

the existing methods in the case of heavy ties, but also delivers competitive performance

in the case of no or fewer ties. In addition, the dominance can also happen when covari-

ate effects or covariate variances are large. However, the exact thresholds of these model

parameters for such dominance can be hard to determine and most likely vary in different

settings. Therefore, a practical guideline we would like to provide is to always fit a PB dis-

tribution method alongside the existing methods whenever there are ties in the data. When

discrepancies are observed among the three methods, the PB distribution estimate, whose

robustness is demonstrated here, is the one we would recommend.

Here we treat ties as grouped data from underlying continuous times and focus on propor-

tional hazards modeling of the underlying continuous time hazard function. An alternative

approach based on such grouped-continuous-times assumption, called discrete-time models

that include parametric and machine learning classification methods, is discussed in Suresh

et al. [46]. However, their approach directly models the discretized hazards instead of the

underlying continuous hazard function. The latter form of hazard, as our focus here, is often

of more interest in most survival analysis studies.



Chapter 3

Competing Risk Model with A

Nonparametric Form of

Spline-Estimated Relative Risks

3.1 Introduction

In survival analysis, it is common to observe time-to-event data subject to multiple, mutu-

ally exclusive causes of failure, giving rise to competing risks. When covariates are present,

various statistical models have been developed to account for the structure imposed by com-

peting risks. Among these, the cause-specific hazards model based on the Cox proportional

hazards framework, or the competing risk Cox model, is one of the most widely adopted

approaches and is treated in detail in Prentice et al. [39] and Chapter 8 of Kalbfleisch and

Prentice [27]. Several alternative or extended approaches of this method have since been

proposed. For example, Fine and Gray [15] proposed a proportional subdistribution hazards

model to directly assess the effect of each risk factor on the cumulative incidence func-

tion. A data augmentation method to model multiple cause-specific hazards simultaneously

using standard Cox regression was proposed by Lunn and Mcneil [33]. Modeling of cor-

related latent cause-specific event times using a copula is presented in Lo and Wilke [31].

For a comprehensive review of methodological developments in competing risks analysis, see

46
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Monterrubio-Gómez et al. [37].

Meanwhile, nonparametric smooth modeling in survival analysis becomes essential when

parametric assumptions become doubtful in practice. For example, kernel-based survival

methods were considered in López-Cheda et al. [35, 36] for cure rate data and Akritas and

Keilegom [1] for bivariate survival data. Penalty-based regression spline methods were stud-

ied in Joly et al. [24], Joly et al. [25] and Commenges et al. [7] for single event survival data

with various censoring/truncation schemes, Rondeau et al. [42] for correlated survival data,

and Joly and Commenges [23] for three-state data. Among nonparametric methods, smooth-

ing spline survival models [18] provide an especially appealing approach due to its rigorous

mathematical foundation in the reproducing kernel Hilbert space framework, straightforward

extension to the multi-dimensional setting through tensor product spaces and the functional

ANOVA structure, and reliable performance even in estimating multivariate functions. Be-

sides the single event survival models [18], smoothing splines based methods have been stud-

ied in various other survival settings, such as high dimensional survival data [11], recurrent

event data [12], and cure rate data [48].

Despite the rich literature in their respective areas, an integration of nonparametric smooth-

ing into competing risk models have been rarely studied, with a few exceptions described

below. For discrete‑time competing risks survival data, Luo et al. [34] proposed a Cox–logistic

regression model of the cause‑specific hazards, where only the baseline hazards are estimated

nonparametrically by simple quadratic or cubic spline expansions but the covariate effects

are modeled linearly. A joint distribution approach based on kernel methods was proposed

by Fermanian [14]. In particular, the joint survival function of the competing failure times is

assumed to have a form defined by three components, an unknown cumulative distribution

function, a set of cause-specific time functions, and a set of cause-specific covariate functions.

Various constraints on the component functions, such as boundary conditions, monotonicity,
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and differenitability are necessary to make the model identifiable. Under these constraints,

these three components are estimated separately by kernel methods. Despite its nonpara-

metric nature, this method can be cumbersome to implement and its estimates are hard to

interpret in practice due to its complex structure.

In this paper, we consider a nonparametric competing risk model based on the smooth-

ing spline ANOVA framework. Instead of linear forms of covariate effects adopted in most

parametric competing risk models, we consider cause-specific hazards with the true covariate

effect functions assumed to lie in a tensor-product Sobolev space. This nonparametric formu-

lation allows for flexible inclusion and decomposition of covariate effects. The estimation is

through the optimization of a penalized partial likelihood consisting of the negative log par-

tial likelihood representing the goodness-of-fit, a roughness penalty enforcing the smoothness

constraint, and a smoothing parameter balancing the tradeoff. For the inference purpose, we

consider the Bayesian confidence intervals based on the penalized partial likelihood, which

provide point-wise coverage for the function parameters. A smoothing parameter selection

criterion based on the Kullback-Leibler distance is introduced. For theoretical properties, we

establish the rates of convergence for the function parameters in the proposed model. The

model is evaluated through simulations, and then applied to a multiple myeloma dataset

studying the effect of genes on cause-specific hazards. The analysis reveals nonlinear and

distinct effects across risk factors, demonstrating the advantage of the proposed model over

existing methods that often neglect competing risks or rely on linear covariate effects.

For the remainder of the paper, Section 3.2 presents the model formulation, function space

structure, estimation procedure, and theoretical result. Section 3.3 provides simulation stud-

ies for the proposed model. Section 3.4 presents a real data application. Finally, Section 3.5

concludes the paper with a discussion of future research directions.



3.2. SMOOTHING SPLINE COMPETING RISK COX MODEL 49

3.2 Smoothing Spline Competing Risk Cox Model

3.2.1 Model Structure

Let T̃ ∈ (0,∞) and C ∈ (0, τ ] be respectively the underlying event time and non-informative

right-censoring time, with τ ∈ (0,∞) representing the ending time of the study. Let X =

(X[1], . . . , X[d])
⊤ ∈ X =

∏d
j=1 X[j] be a vector of d covariates. Without loss of generality, we

assume X[j] = [0, 1]. Suppose there are K mutually exclusive risks, denoted by {1, . . . , K},

that can be the cause of an event. Let G̃ =
∑K

k=1 k1(T̃ is due to the k-th risk) ∈ {1, . . . , K}

represent the underlying risk associated with the event. We assume that a single subject can

experience at most one event, and that T̃ and C are conditionally independent given X. Let

T = min{T̃ , C} ∈ (0, τ ] be the observed time and I = 1(T̃ ≤ C) be the censoring indicator.

Let G = G̃ · I ∈ {0, 1, . . . , K} be the observed risk indicator. Note that G = 0 when the

subject is censored and is the risk type otherwise.

Let {Wi}ni=1 = {T̃i, Ci, Xi, G̃i}ni=1 be the underlying data, which are n independent and

identically distributed copies from W = {T̃ , C,X, G̃}. The observations {Ti, Xi, Ii, Gi}ni=1

are then copies from {T,X, I, G}. In competing risk models, for t ∈ [0,∞), the hazard

function of T̃ given X is

dH(t;X) = h(t;X)dt = P(T̃ ∈ [t, t+ dt)|T̃ ≥ t,X)

=
K∑
k=1

P(T̃ ∈ [t, t+ dt), G̃ = k|T̃ ≥ t,X) =
K∑
k=1

dHk(t;X) =
K∑
k=1

hk(t;X)dt,

where dHk(t;X) is the cause-specific hazard function of the k-th risk factor. The survival

function is given by S(t;X) = P(T̃ > t|X) = exp(−H(t;X)) and the distribution function

is then calculated as F(t;X) = P(T̃ ≤ t|X) = 1− S(t;X). The density function is f(t;X) =

∂F(t;X)/(∂t) = h(t;X)S(t;X) =
∑K

k=1 fk(t;X), where fk(t;X) = hk(t;X)S(t;X). The
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distribution function can also be expressed as F(t;X) =
∑K

k=1 Fk(t;X), where Fk(t;X) =

P(T̃ ≤ t, G̃ = k|X) =
∫ t
0

fk(s;X)ds is the cumulative incidence function of the k-th risk

factor. Define P(k;X) = P(G̃ = k|X) = limt→∞ Fk(t;X), where
∑K

k=1 P(k;X) = 1.

For each k, let η∗k : X → R denote the true covariate effect function for the k-th risk.

We assume the proportional cause-specific hazards model, that is, the cause-specific hazard

functions follow the Cox model

dHk(t;X) = dH0k(t) exp(η∗k(X)),

where dH0k(t) = h0k(t)dt is the baseline cause-specific hazard function, and h0k(0) = 0.

3.2.2 Reproducing Kernel Hilbert Spaces

Here we introduce reproducing kernel Hilbert spaced (RKHS) following the smoothing spline

ANOVA framework described in Gu [18]. The Sobolev space of order m ∈ N corresponding

to the jth axis X[j] is given by

H[j] =

{
f : f, f (1), . . . , f (m−1) are absolutely continuous,

∫
X[j]

|f (m)(x[j])|2dx[j] <∞

}
.

Let A[j] be the averaging operator of the jth axis, defined by

A[j]f(x) = A[j]f(x[1], . . . , x[d]) =

∫
X[j]

f(x[1], . . . , x[d])dx[j].

Then H[j] can be decomposed as H[j] = H∅[j]⊕H{j}, where H∅[j] =
{
cjA[j]f[j] : cj ∈ R, f[j] ∈ H[j]

}
=

Span{1}, and H{j} = {f[j] ∈ H[j] : A[j]f[j] = 0}.
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The tensor product Sobolev space on X =
∏d

j=1 X[j] can be written as

⊗d
j=1H[j] = ⊗d

j=1

{
H∅[j] ⊕H{j}

}
= ⊕S∈Pd

HS = H∅ ⊕
{
⊕d
j=1H{j}

}
⊕
{
⊕j<j′H{j,j′}

}
⊕ . . .⊕H{1,...,d},

where Pd denotes the power set of {1, . . . , d}. For each S ∈ Pd, the associated space is

HS = {⊗j∈SH{j}} ⊗ {⊗j∈{1,...,d}\SH∅[j]} = {⊗j∈SH{j}} ⊗ Span{1} = ⊗j∈SH{j}.

Note that HS is defined over XS =
∏

j∈S X[j] and represents the space for effect S. The

constant part, i.e., the intercept space, is H∅ = ⊗d
j=1H∅[j] = Span{1}.

Let

H = ⊕S∈SHS

for some collection S satisfying ∅ /∈ S and S ⊆ Pd. Note that, since the Cox model does

not include an intercept, H∅ is excluded from H. As a result,
∫
X f(x) dx = 0 for all f ∈ H.

The selection of S specifies the structure of H. For instance, if S = {{1}, . . . , {d}}, then

H adopts an additive form that involves only main effects. On the other hand, choosing

S = {{1}, . . . , {d}, {1, 2}, . . . , {d− 1, d}} allows H to incorporate all main effects together

with two-factor interactions. For each k, we assume η∗k =
∑

S∈S η
∗
k,S ∈ H, where η∗k,S ∈ HS

for every S ∈ S.

Given a semi-inner product J(·, ·) on H, H can be decomposed as

H = NJ ⊕HJ ,

where NJ = {f ∈ H : J(f) = J(f, f) = 0} forms a finite-dimensional parametric subspace of
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H, and HJ forms an infinite-dimensional nonparametric subspace of H. Furthermore, J(·, ·)

is an inner product on HJ , with its associated reproducing kernel (RK) KJ(·, ·) on HJ .

In practice, for each risk k, when estimating η∗k, we use Jk and KJk instead of J and KJ .

Here, Jk is an inner product on HJ whose induced norm is equivalent to that of J , and KJk

denotes the reproducing kernel associated with Jk on HJ . Further details on the RKHS,

along with the calculation for J , KJ , Jk, and KJk , are provided in Section B.6.

3.2.3 Estimation

We provide estimation procedure for the proposed model. First, define counting process for

each k and at-risk process. Let t ∈ [0, τ ]. For each risk k, the counting process for the k-th

risk is defined as

Nk(t) = 1(T ≤ t, G = k, I = 1) = 1(T̃ ≤ t, T̃ ≤ C, G̃ = k),

and the at-risk process is defined as

Y (t) = 1(T ≥ t) = 1(T̃ ≥ t and C ≥ t).

For each subject i, Nik(·) and Yi(·) are defined in the same manner. For details on the

martingale framework in the theoretical derivation, see Section B.1.

For f ∈ H, define minus log-partial likelihood for k-th risk as

Lk(n)(f) = −
∫ τ

0

1

n

n∑
i=1

{
f(Xi)− ln

(
1

n

n∑
i′=1

Yi′(t) exp(f(Xi′))

)}
dNik(t).

For covariates, for each k, we randomly select qk elements from n subjects, i.e., {Zℓ(k)}qkℓ=1
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⊆ {Xi}ni=1. Then, H(k)
J = Span{KJk(Z1(k), ·), . . . ,KJk(Zqk(k), ·)} forms a finite-dimensional

subspace of HJ , which further defines H(k) = NJ ⊕H(k)
J , a finite-dimensional subspace of H.

Note that qk and the selected qk elements may be different for each k. For each risk k, using

the efficient approximation [18], we get estimator of η∗k by

η̂k = argmin
f∈H(k)

Lk(n)(f) +
λk
2
Jk(f), (3.1)

where Jk(f) = Jk(f, f) is a roughness penalty and λk ∈ (0,∞) is a smoothing parameter.

Note that when qk = n, we have {Zℓ(k)}qkℓ=1 = {Xi}ni=1, and then, by the representer theorem,

η̂k = η̂∗k ≡ argmin
f∈H

Lk(n)(f) + λkJk(f)/2.

One can represent NJ = Span{ϕ1, . . . , ϕp} for known basis functions ϕ1, . . . , ϕp. See Section

B.6 for more details. Solution of the optimization problem in (3.1) is equivalent to η̂k =∑p
l=1 d̂k,lϕl +

∑qk
ℓ=1 ĉk,ℓKJk(Zℓ(k), ·), where

(d̂⊤
k , ĉ

⊤
k )

⊤ = argmin
dk∈Rp,ck∈Rqk

Lk(n)

(
p∑
l=1

dk,lϕl +

qk∑
ℓ=1

ck,ℓKJk(Zℓ(k), ·)

)
+
λk
2
c⊤kKJkck (3.2)

with KJk = {KJk(Zℓ(k), Zℓ′(k))}ℓ,ℓ′∈{1,...,qk}.

3.2.4 Bayesian Confidence Interval

We can compute point-wise Bayesian confidence intervals for the fitted functions. Similar to

Gu [18], for each k, φk(·) = [ϕ1(·), . . . , ϕp(·),KJk(Z1(k), ·), . . . , KJk(Zqk(k), ·)]⊤ and Vk(n)(η̂k)

is the hessian matrix for the optimization in (3.2) evaluated at (d̂⊤
k , ĉ

⊤
k )

⊤, which can be

expressed as

Vk(n)(η̂k) =

∫ τ

0

{
S
(2)
k(n)(η̂k, t)

S
(0)
k(n)(η̂k, t)

−
S
(1)
k(n)(η̂k, t)

S
(0)
k(n)(η̂k, t)

S
(1)
k(n)(η̂k, t)

⊤

S
(0)
k(n)(η̂k, t)

}
dNk(t) + Diag (Op, λkKJk) ,
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where S(0)
k(n)(η̂k, t) =

∑n
i=1 Yi(t) exp(η̂k(Xi))/n, S(1)

k(n)(η̂k, t) =
∑n

i=1 Yi(t)φk(Xi) exp(η̂k(Xi))/n,

S
(2)
k(n)(η̂k, t) =

∑n
i=1 Yi(t)φk(Xi)φk(Xi)

⊤ exp(η̂k(Xi))/n, Nk(·) =
∑n

i=1Nik(·)/n, and Op is a

p× p zero matrix.

The point-wise 100(1− α)% confidence interval for η∗k(x) at a fixed point x ∈ X is given by

η̂k(x)± z1−α/2

√
1

n
φk(x)⊤V

−1
k(n)(η̂k)φk(x),

where z1−α/2 is the (1 − α/2)-quantile of the standard normal distribution. The point-wise

Bayesian confidence intervals for each effect function can be computed in a similar manner.

3.2.5 Smoothing Parameter Selection

We propose a rule for selecting the smoothing parameter for each k. For each k, let nk =∑n
i=1Nik(τ) represent the number of subjects who failed due to the k-th risk factor. Let

{Xℓ(k)}nk
ℓ=1 ⊆ {Xi}ni=1 be the subset of nk covariates out of n that satisfy Nik(τ) = 1.

Using the relative Kullback-Leibler distance (RKL) proxy for leave-one-out cross validation,

as outlined in Du et al. [11], we select the smoothing parameter λk that minimizes

RKLk(λk) =
n

nk
Lk(n)(η̂k) +

αk
nk(nk − 1)

tr
(
P⊤
k QkV

−1
k(n)(η̂k)Q

⊤
k Pk

)
,

where Pk = Ink
−1nk

1⊤
nk
/nk, Ink

is nk×nk identity matrix, 1nk
is length nk one vector, and

Qk = [φk(X1(k)), . . . ,φk(Xnk(k))]
⊤. We set αk = 1.4, following the recommendation in Gu

[18].
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3.2.6 Rate of Convergence

Here, we present the rate of convergence result for the estimator in (3.1). The asymptotic

notations and the assumptions are listed in Sections B.2 and B.3, respectively.

For each k, define a non-negative definite bivariate functional Vk(·, ·) on H by

Vk(f, g) =
∫ τ

0

{
S(fg; η∗k, t)

S(η∗k, t)
− S(f ; η∗k, t)

S(η∗k, t)

S(g; η∗k, t)

S(η∗k, t)

}
S(η∗k, t)dH0k(t)

for f, g ∈ H, where S(η, t) ≡ EW [Y (t) exp(η(X))], S(f ; η, t) ≡ EW [Y (t)f(X) exp(η(X))],

and S(fg; η, t) ≡ EW [Y (t)f(X)g(X) exp(η(X))] for f, g, η ∈ H and t ∈ [0, τ ]. Let Vk(f) =

Vk(f, f) for f ∈ H.

Theorem 3.1. Under Assumption B.3.1, for each k, as n→ ∞, we have

√
(Vk + λkJk) (η̂k − η∗k) = OP

(
n−1/2λ

−1/(2r)
k + λ

bk/2
k

)
= oP(1).

The proof of Theorem 3.1 is provided in Section B.4. One can show that Theorem 3.1

implies ∥η̂k−η∗k∥L2 = OP

(
n−1/2λ

−1/(2r)
k + λ

bk/2
k

)
, where ∥ · ∥L2 represents the L2 norm. Note

that r > 1 is required, where r = 2m when d = 1, or when d > 1 with H having an

additive structure; and r = 2m − δ for any δ ∈ (0, 2m − 1) when d > 1 with H including

at least one interaction. See Gu [18] for additional details. The parameter bk ∈ [1, 2]

represents the smoothness of the true function η∗k, with η∗k being referred to as supersmooth

when bk > 1. To achieve the optimal rate of convergence, if λk ≍ n−r/(rbk+1), which solves

n−1/2λ
−1/(2r)
k ≍ λ

bk/2
k , we obtain the optimal rate of convergence OP(n

−rbk/(2rbk+2)).
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3.3 Simulation Study

We perform a simulation study for the proposed method. We set K = 2 and d = 3, and

impose an additive structure on H; that is, for each k, we assume η∗k =
∑d

j=1 η
∗
k,{j}, where

η∗k,{j} = η̃∗k,{j} −
∫
X[j]

η̃∗k,{j}(x[j])dx[j] ∈ H{j} and

η̃∗1,{1}(x[1]) = 2 sin(1.2πx[1]) + 1.6x2[1], η̃
∗
1,{2}(x[2]) = 1.4 sin(2πx[2]) + 2.8x[2],

η̃∗1,{3}(x[3]) = 1.5 cos(2πx[3])− 0.5x[3],

η̃∗2,{1}(x[1]) = 2.4x3[1] − 2.4x2[1] − 0.9x[1] − 1.8 sin
(πx[1]

1.2

)
, η̃∗2,{2}(x[2]) = −2.25 sin

(πx[2]
1.1

)
,

η̃∗2,{3}(x[3]) = 1.6 sin(2πx[3]) + 0.5x2[3].

We assume a Weibull baseline cause-specific hazard functions; that is, for each k, h0k(t) =

γkt
γk−1/βγkk . We set γ1 = γ2 = 1.4 and β1 = β2 = 1.7. Similarly, the hazard function for

the underlying censoring time is also assumed to be Weibull; that is, for a random variable

C̃ ∈ (0,∞), we have C = min{C̃, τ}, where hc(t) = γct
γc−1/βγcc and dHc(t) = hc(t)dt =

P(C̃ ∈ [t, t+ dt) | C̃ ≥ t). We set τ = 1.

Let X̃ = (X̃[1], X̃[2], X̃[3])
⊤ be a multivariate normal random variable with mean vector

(0, 0, 0)⊤ and covariance matrix {0.5|j−j′|}1≤j,j′≤3. We have X = (X[1], X[2], X[3])
⊤

= (Φ(X̃[1]),Φ(X̃[2]),Φ(X̃[3]))
⊤, where Φ denotes the distribution function of the standard

normal distribution. Each X[j] follows a uniform distribution on [0, 1] and X[1], X[2], X[3] are

dependent.

Considering that P(G̃ = k|X, T̃ ∈ [t, t + dt)) = hk(t;X)/h(t;X) for each k, we generate

simulation data following the approach outlined in Beyersmann et al. [2]. Specifically, for

each subject i, (1) generate Ci; (2) generate Xi; (3) generate T̃i from F(t;Xi); (4) generate

G̃i from Multinomial
(
1, h1(T̃i;Xi)/h(T̃i;Xi), . . . , hK(T̃i;Xi)/h(T̃i;Xi)

)
; (5) compute Ti, Ii,
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and Gi.

For the simulation setting, we vary the censoring levels by (γc, βc) ∈ {(0.4, 0.3), (1.2, 1.1),

(2.8, 2.7)} and the sample size n ∈ {250, 500}, where smaller γc or smaller βc induces a heavier

censoring rate. We repeat the simulation over 1, 000 replicates, where, for each replicate,

we compute η̂k for each k. For each simulation setting, we evaluate the performance of the

proposed method across all replicates, focusing on the rate of convergence and the Bayesian

confidence interval.

Table 3.1 presents the data summary of the simulation settings. One can observe that

events are equally likely to occur for both risk factors. With smaller values of γc or βc—more

observations are censored, and fewer subjects remain in the at-risk set until the end of the

study.

Estimation performances are reported in Table 3.2, while both estimation performances and

the Bayesian confidence interval performances are shown in Figures 3.1 – 3.3. As expected,

lower censoring levels and larger sample sizes yield improved estimation accuracy, narrower

confidence intervals, and generally better coverage rates. The proposed Bayesian confidence

intervals align closely with empirical quantiles across replicates, demonstrating their relia-

bility.



58
CHAPTER 3. COMPETING RISK MODEL WITH A NONPARAMETRIC FORM OF SPLINE-ESTIMATED

RELATIVE RISKS

n
hc Data Summary

γc βc
∑n

i=1 1(Ti = τ)
∑n

i=1 1(Gi = 0)
∑n

i=1 1(Gi = 1)
∑n

i=1 1(Gi = 2)

250

0.4 0.3 15.46(3.79) 184.60(6.98) 31.77(5.17) 33.63(5.43)

1.2 1.1 31.92(5.26) 118.31(7.74) 65.46(6.75) 66.23(6.81)

2.8 2.7 72.80(7.06) 79.12(7.11) 86.41(7.21) 84.47(7.35)

500

0.4 0.3 30.88(5.39) 369.26(9.90) 64.07(7.51) 66.66(7.41)

1.2 1.1 64.07(7.50) 237.84(11.13) 130.44(9.74) 131.72(9.40)

2.8 2.7 146.85(9.99) 159.48(10.28) 171.98(10.41) 168.54(10.61)

Table 3.1: Summary of data by simulation settings. Each cell shows the mean (standard
deviation) over 1,000 replicates.
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n

hc ∥η̂k,{j} − η∗k,{j}∥L2

γc βc

j = 1 j = 2 j = 3

k = 1 k = 2 k = 1 k = 2 k = 1 k = 2

250

0.4 0.3 0.42(0.21) 0.39(0.22) 0.47(0.18) 0.41(0.26) 0.41(0.20) 0.60(0.34)

1.2 1.1 0.29(0.13) 0.26(0.12) 0.31(0.12) 0.26(0.14) 0.29(0.10) 0.36(0.18)

2.8 2.7 0.26(0.12) 0.21(0.10) 0.27(0.10) 0.22(0.11) 0.25(0.08) 0.30(0.14)

500

0.4 0.3 0.29(0.13) 0.25(0.13) 0.31(0.12) 0.26(0.14) 0.30(0.10) 0.37(0.18)

1.2 1.1 0.21(0.09) 0.17(0.07) 0.21(0.08) 0.18(0.08) 0.21(0.07) 0.25(0.10)

2.8 2.7 0.18(0.07) 0.15(0.07) 0.19(0.07) 0.15(0.07) 0.19(0.06) 0.21(0.08)

Table 3.2: Summary of L2 loss by simulation settings. Each cell shows the mean (standard
deviation) over 1,000 replicates.
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Figure 3.1: Simulation results for X[1]. For each simulation setting and each risk factor, the
top panel shows η∗k,{1} (solid line), average of η̂k,{1} (dashed line), average of the 95% Bayesian
confidence interval for η∗k,{1} (dotted lines), and 2.5% and 97.5% empirical quantiles of η̂k,{1}
(shaded area). The bottom panel displays the empirical coverage rate of the 95% Bayesian
confidence interval for η∗k,{1}. Note that all averages and empirical quantiles are computed
point-wise across all replicates.
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Figure 3.2: Simulation results for X[2]. For each simulation setting and each risk factor, the
top panel shows η∗k,{2} (solid line), average of η̂k,{2} (dashed line), average of the 95% Bayesian
confidence interval for η∗k,{2} (dotted lines), and 2.5% and 97.5% empirical quantiles of η̂k,{2}
(shaded area). The bottom panel displays the empirical coverage rate of the 95% Bayesian
confidence interval for η∗k,{2}. Note that all averages and empirical quantiles are computed
point-wise across all replicates.
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Figure 3.3: Simulation results for X[3]. For each simulation setting and each risk factor, the
top panel shows η∗k,{3} (solid line), average of η̂k,{3} (dashed line), average of the 95% Bayesian
confidence interval for η∗k,{3} (dotted lines), and 2.5% and 97.5% empirical quantiles of η̂k,{3}
(shaded area). The bottom panel displays the empirical coverage rate of the 95% Bayesian
confidence interval for η∗k,{3}. Note that all averages and empirical quantiles are computed
point-wise across all replicates.
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3.4 Real Application

In this section, we conduct a real data analysis using the Multiple Myeloma Research Founda-

tion (MMRF) CoMMpass study, which provides clinical trial data and gene expression data,

publicly available through the Genomic Data Commons (GDC) portal. Multiple myeloma is

a type of blood cancer that originates in plasma cells and affects the bone marrow and im-

mune function. The dataset includes, for each subject, time-to-event or censoring, a censoring

indicator, cause of death (categorized as multiple myeloma-related or non-cancer-related),

age, and gene expression profiles for various genes.

Previous studies on time-to-event modeling in multiple myeloma have either used linear

survival models [45, 49], which focus on variable selection or interpretation but cannot ac-

commodate nonlinear effects, or machine learning approaches [41, 44], which aim for pre-

dictive performance but lack interpretability, especially with respect to how each covariate

nonlinearly influences the event time.

The study by Zhao et al. [50], which focuses on survival modeling with omics covariates

using The Cancer Genome Atlas (TCGA) data—also available through the GDC portal and

formatted similarly to the MMRF CoMMpass data—mentions competing risks modeling

as a potential approach for analyzing multiple causes of death, such as cancer-related and

other-cause mortality. This suggestion motivates our use of competing risks modeling in the

MMRF CoMMpass data analysis.

Despite the richness of the MMRF CoMMpass study, existing literature lacks smoothing

spline modeling frameworks that can flexibly capture and interpret nonlinear covariate ef-

fects, as well as methods for jointly modeling multiple causes of death. Our proposed method

addresses both limitations to analyze the MMRF CoMMpass data.

Under a competing risks framework, following previous studies on multiple myeloma [44, 45,
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49], we focus on the effect of gene expression as covariates. Note that age is also an important

factor [50]. In the MMRF CoMMpass dataset, using modified R code for data extraction

as described in Zhao et al. [50], after excluding subjects with missing age information, the

number of observations in the censored group and each risk group is as follows:
∑n

i=1 1(Ii =

0) = 577,
∑n

i=1 1(Gi = 1) = 83, and
∑n

i=1 1(Gi = 2) = 66, where k = 1 corresponds to

multiple myeloma-related death and k = 2 to non-multiple myeloma-related death, with

K = 2 total causes. The high censoring rate in this dataset poses challenges for estimation

and inference. To mitigate this, we apply matching [20] based on age to reduce the censoring

rate and simultaneously control for age imbalance between censored and uncensored subjects.

After matching, the dataset is reduced to
∑n

i=1 1(Ii = 0) = 74,
∑n

i=1 1(Gi = 1) = 83, and∑n
i=1 1(Gi = 2) = 66. The original gene expression data contains measurements on 60,660

genes. We preprocess the gene expression data by (1) applying a logarithmic transformation

and (2) scaling each variable to lie in the interval [0, 1]. The latter step alone resulted in

covariate distributions that were too extreme.

To reduce dimensionality, we first select the top 25 genes with the highest standard deviation

among those with less than 10% missing values. From this subset, we further select d = 3

covariates based on
∑2

k=1 ∥η̂k∥L2 , computed via univariate modeling using the proposed

method. The selected genes—IGKC (j = 1), UCHL1 (j = 2), and SHROOM3 (j = 3)—are

listed in decreasing order of the screening criterion.

The final dataset, after excluding subjects with missing values for any of the three selected

genes, consists of
∑n

i=1 1(Ii = 0) = 69,
∑n

i=1 1(Gi = 1) = 82, and
∑n

i=1 1(Gi = 2) = 62,

with d = 3 selected gene expression covariates as described above. We fit our proposed

model to this dataset, assuming an additive structure on H.
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Figure 3.4: MMRF data analysis results. For each line, the title represents the gene and the
subtitles correspond to the associated risk factors. For each plot, the dashed line represents
η̂k,{j} and the dotted lines indicate the 95% Bayesian confidence interval for η∗k,{j}. Note that
the domains are rescaled back to the logarithmic of gene expression for better interpretability.

In Figure 3.4, we observe that for each gene, the fitted curves η̂k,{j} for multiple myeloma-

related death and non-multiple myeloma-related death exhibit notably different shapes. This

suggests the necessity of competing risk modeling for these risk factors. Additionally, for at
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least one of the risk factors, either multiple myeloma-related death or non-multiple myeloma-

related death, nonlinearity is present in the fitted curves. For example, the cancer death

group in IGKC and the non-cancer death group in UCHL1 exhibit pronounced nonlinearity in

the fitted curve, where the Bayesian confidence interval does not include zero for a substantial

portion of the domain. Although the Bayesian confidence interval for cancer death group in

SHROOM3 is relatively wide, its fitted curve still displays nonlinearity. These findings are

not reported in the existing literature.

Overall, the analysis demonstrates that for each gene expression, at least one cause-specific

effect is nonlinear and varies across different causes of death. This highlights that the pro-

posed model fills a gap in the existing literature, where competing risks are often overlooked

or effects are assumed to be linear, providing a useful approach for analyzing MMRF CoMM-

pass dataset.

3.5 Conclusion

In this study, we introduced the smoothing spline competing risk Cox model, which com-

bines the cause-specific Cox model with smoothing spline ANOVA to capture nonparametric

covariate effects in competing risks. The proposed model bridges a gap in the literature

by estimating nonlinear and distinct cause-specific covariate effects under the proportional

cause-specific hazards assumption. For each risk factor, the estimation procedures are pro-

posed, and the rate of convergence results are established. Our simulations and application

to a multiple myeloma dataset demonstrate that the proposed model can estimate distinct

effect functions across risk factors, in the presence of nonlinearity.

For future work, we plan to apply the smoothing spline ANOVA framework to various com-

peting risk survival models. The proposed method in this paper combines the classical
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and fundamental proportional cause-specific hazards model with smoothing spline ANOVA.

However, we aim to extend this framework by integrating alternative approaches to pro-

portional cause-specific hazards modeling with smoothing spline ANOVA. For instance, we

could combine the proportional subdistribution hazards model [15] with smoothing spline

ANOVA or integrate correlated latent cause-specific event times model by copula structure

[31] with smoothing spline ANOVA.
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Appendix A

Details for “An Accurate

Computational Approach for Partial

Likelihood Using Poisson-Binomial

Distributions”

A.1 Existing APL Approximation Methods

When there are no ties (i.e., dj=1), the APL is

Lj(β, λj) =
Aj(β, λj)

Bj(β, λj)
=
pj1,j(β, λj)

∏
i∈R(t(j))\{j1} (1− pij(β, λj))∑

i∈R(t(j))

{
pij
∏

ℓ∈R(t(j))\{i}(1− pℓj)
} .

When λj is small enough, say supj λj = OP(τ), pij ≈ exp(x⊤
i β)λj by the Taylor expansion.

Then supij pij = OP(τ), 1− pij ≈ 1, and

Lj(β, λj) ≈
exp(x⊤

j1
β)λj∑

i∈R(t(j))
exp(x⊤

i β)λj
=

exp(x⊤
j1
β)∑

i∈R(t(j))
exp(x⊤

i β)
, (A.1)

which is the approximate partial likelihood (2.2) used in literature [8].
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When there are ties, the Cox correction [8] uses the following partial likelihood term,

Lj(β, λj) ≈
exp

(∑
i∈D(t(j))

x⊤
i β
)

∑
Adj

∈Fdj
exp

(∑
i∈Adj

x⊤
i β
) . (A.2)

We have dj ties at t(j), and subject j1, . . . , jdj failed at t(j). Let Qj be the set of dj! permu-

tations of the subjects j1, . . . , jdj . Let Sjl = {sjl1, . . . , s
j
ldj
} be the lth element in Qj. We have

Qj = {Sj1, . . . , S
j
dj !
} and R(t(j), S

j
l ,m) = R(t(j)) \ {sjl1, . . . , s

j
l,m−1}. The Kalbfleisch-Prentice

correction [26] uses the following partial likelihood term,

Lj(β, λj) ≈
1

dj!

dj !∑
l=1

exp
(∑

i∈D(t(j))
x⊤
i β
)

∏dj
m=1

{∑
i∈R(t(j),S

j
l ,m) exp(x⊤

i β)
} , (A.3)

which is based on the average partial likelihood contribution at t(j).

The Breslow correction [4] uses the following partial likelihood term,

Lj(β, λj) ∝
exp

(∑
i∈D(t(j))

x⊤
i β
)

{∑
i∈R(t(j))

exp(x⊤
i β)

}dj . (A.4)

We denote by β̂b and λ̂bj = dj/{
∑

i∈R(t(j))
exp(x⊤

i β̂b)} the Breslow estimates for β and λj,

respectively, where Λ̂b(t) =
∑k

j=1 λ̂bj1(t(j) ≤ t).

The Efron correction [13] uses the following partial likelihood term,

Lj(β, λj) ∝
exp

(∑
i∈D(t(j))

x⊤
i β
)

∏dj−1
ℓ=0

{∑
i∈R(t(j))

exp(x⊤
i β)− ℓA

(
β, t(j)

)} , (A.5)

where A(β, t(j)) =
∑

i∈D(t(j))
exp

(
x⊤
i β
)
/dj. We denote the Efron estimates for β and λj by

β̂e and λ̂ej, respectively. In particular, λ̂ej =
∑dj−1

γ=0

{∑
i∈R(t(j))

exp(x⊤
i β̂e)−γA(β̂e, t(j))

}−1,



A.2. ASYMPTOTIC NOTATIONS 77

where Λ̂e(t) =
∑k

j=1 λ̂ej1(t(j) ≤ t). The Cox correction, the Kalbfleisch-Prentice correction,

the Breslow correction, and the Efron correction are all the same as the approximate partial

likelihood (2.2) when dj = 1.

A.2 Asymptotic Notations

Here we introduce some asymptotic notations. Without loss of generality, C or C, including

versions with subscripts, represent constants in (0,∞). To avoid confusion with censoring

values denoted by Ci, we refrain from using numerical subscripts for C when representing

constants. We denote by ∥A∥∞ the infinite norm of a scalar, vector, or matrix. Let Xn and Yn

be random scalar, vector, or matrix. We write Xn = OP(Yn) if Pr(∥Xn∥∞ > C∥Yn∥∞) → 0

as n → ∞ for some C > 0 and Xn = oP(Yn) when Pr(∥Xn∥∞ > ϵ∥Yn∥∞) → 0 as n → ∞

for all ϵ > 0. One can see that ∥ · ∥∞ in definitions of OP(·) or oP(·) can be substituted

by ∥ · ∥2 for vectors with finite, fixed, and therefore non-diverging dimensions as n → ∞,

i.e., ∥a∥∞ ≤ ∥a∥2 ≤
√
m∥a∥∞ for a ∈ Rm. Let D→, P→, and a.s.−→ stand for convergence in

distribution, convergence in probability, and almost sure convergence, respectively. Note

that summation over empty set is set to be 0 and product over empty set is set to be 1.

A.3 Assumptions

Recall that ζ is the ending time of the failure time study, which we assume, for the sake of

notational simplicity, to be a multiple of the grouping parameter τ .

Assumption A.3.1. Recall that n(t) and d(t) are respectively the numbers of at-risk subjects

and failed subjects at time t. We assume n(ζ)− d(ζ) ≥ 1.
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Note that Assumption A.3.1 is basically saying that there is at least one censored subjects in

the end of the study, which holds for most datasets. This assumption basically allows n(ζ)

or n(ζ)− d(ζ) appearing as the denominators of fractions.

Assumption A.3.2. The covariates x1, . . . ,xn are deterministic and are elements of some

compact set M.

Assumption A.3.2 implies supi ∥xi∥∞ ≤ ρ for some ρ > 0, or supi ∥xi∥∞ = O(1), that

is, there are no extreme outliers in the model. This is commonly assumed in the survival

analysis literature.

Assumption A.3.3. We assume supt∈Ω dΛ∗
0(t) = O(τ), where Λ∗

0(·) is the discretized base-

line cumulative hazard function defined in (2.7).

One can see that Assumption A.3.3 can be generally satisfied for common cumulative haz-

ard functions. One example is the cumulative hazard function of the Weibull distribution

(Λ0(t) = gtm) with the parameters g > 0 and m ≥ 1. To check this, one can see that

dΛ∗
0(t)/τ is non-decreasing function on Ω and

dΛ∗
0(ζ)

τ
=
gζm − g(ζ − τ)m

τ
=
g(ζ − τ)m − gζm

−τ
→ ∂

∂ζ
gζm = gmζm−1

as τ → 0 as n→ ∞. So, 0 ≤ dΛ∗
0(τ)/τ ≤ dΛ∗

0(2τ)/τ ≤ · · · ≤ dΛ∗
0(ζ)/τ = {supt∈Ω dΛ∗

0(t)}/τ =

O(1), directly implying supt∈Ω dΛ∗
0(t) = O(τ). To see point-wise boundedness for some indi-

vidual t ∈ Ω, as dΛ∗
0(ζ)/τ → gmζm−1 as τ → 0 by n → ∞, dΛ∗

0(ζ) ≍ τ , which is also O(τ),

and dΛ∗
0(τ) = gτm is o(τ) for m > 1 and ≍ τ for m=1, which are also O(τ).

Assumption A.3.4. We assume supt∈[0,ζ] |n(t)/n− y(t)| a.s.−→ 0 as n→ ∞ with y(t) ∈ (0, 1]

for all t ∈ [0, ζ].
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Assumption A.3.4 means that there are always a nonzero fraction of subjects at risk even

throughout the study. This is a reasonable assumption since most survival data contain a

good portion of censored subjects at the end of the study.

Assumption A.3.5. We assume supt∈Ω dN(t) = OP (supt∈Ω {E(dN(t)|Ft−)}) .

Assumption A.3.5, together with Assumptions A.3.1 – A.3.4, indicates that

sup
t∈Ω

{E(dN(t)|Ft−)} = sup
t∈Ω

dA(t) = sup
t∈Ω

{
n∑
i=1

Yi(t)dΛ
∗(t;xi)

}
= OP(nτ),

implying that supt∈Ω d(t) = supt∈Ω dN(t) = OP(nτ). Considering the fact that the number of

elements in Ω is ζ/τ and the number of total events is OP(n), it is natural that supt∈Ω dN(t) =

OP(n/(ζ/τ)) = OP(nτ), which means the number of ties are balanced for all t ∈ Ω, i.e., no

extreme number of ties for some t ∈ Ω.

For martingalesG(·) andH(·), we define predictable variation process as ⟨G⟩(t) =
∫ t
0
d⟨G⟩(s),

where d⟨G⟩(t) = Var(dG(t)|Ft−) and the predictable covariation process as ⟨G,H⟩(t) =∫ t
0
d⟨G,H⟩(s), where d⟨G,H⟩(t) = Cov(dG(t), dH(t)|Ft−).

Assumption A.3.6. We assume

E(dNi(t)dNl(t)|Ft−) = E(dNi(t)|Ft−)E(dNl(t)|Ft−),

when i ̸= l for all t ∈ [0, ζ].

Assumption A.3.6 is common in the survival analysis literature. One can see that it implies

d⟨Mi,Ml⟩(t) = 0, when i ≠ l for all t ∈ [0, ζ].
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Define the processes

S(0)(β, t) =
n∑
i=1

Yi(t) exp(x⊤
i β),

S(1)(β, t) =
∂

∂β
S(0)(β, t) =

n∑
i=1

Yi(t)xi exp(x⊤
i β), and

S(2)(β, t) =
∂2

∂β∂β⊤S
(0)(β, t) =

n∑
i=1

Yi(t)xix
⊤
i exp(x⊤

i β).

Assumption A.3.7. There exists an open convex neighborhood B of β and functions s(j)(·, ·),

j = 0, 1, 2 defined on B × [0, ζ], that satisfy the following four conditions.

(i)
∫ ζ
0
dΛ0(t) <∞.

(ii) supβ̃∈B,t∈[0,ζ] ∥S(j)(β̃, t)/n− s(j)(β̃, t)∥∞
P→ 0 as n→ ∞ for j = 0, 1, 2,

(iii) s(0)(β̃, t) > ms > 0 for all β̃ ∈ B, t ∈ [0, ζ] and supβ̃∈B,t∈[0,ζ] ∥s(j)(β̃, t)∥∞ ≤ CS for

j = 0, 1, 2 for some CS > 0,

(iv) For j = 0, 1, 2, s(j)(β̃, t) are continuous functions of β̃ ∈ B uniformly in t ∈ [0, ζ], and

s(1)(β̃, t) = ∂s(0)(β̃, t)/(∂β̃), s(2)(β̃, t) = ∂2s(0)(β̃, t)/ (∂β̃∂β̃⊤) for all β̃ ∈ B, t ∈ [0, ζ],

and

(v) Σ(β̃, ζ) =
∫ ζ
0
v(β̃, t)s(0)(β̃, t)dΛ0(t) is positive definite for all β̃ ∈ B, where e(β̃, t) =

s(1)(β̃, t)/s(0)(β̃, t) and v(β̃, t) = s(2)(β̃, t)/s(0)(β̃, t)− e(β̃, t)e(β̃, t)⊤ for all β̃ ∈ B, t ∈

[0, ζ].

Assumption A.3.7 is common in the survival analysis literature. See, for example, Section 8

of Fleming and Harrington [16]. Without loss of generality, there exists CB > 0 such that

∥β̃∥2 ≤ CB for all β̃ ∈ B.

Assumption A.3.8. Let τ ≍ 1/n, which means τ = O(1/n) and 1/n = O(τ).
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Assumption A.3.8, together with Assumptions A.3.1 – A.3.5, indicates supt∈Ω d(t) = OP(1),

which means the supremum number of ties does not diverge with n.

Assumption A.3.9. For all t ∈ Ω, dΛ̂(t) = d(t)/n∗(t) for some non-negative and non-

increasing function n∗(t) over t ∈ [0, ζ], where supt∈Ω n∗(t) = OP(n) and supt∈Ω{1/n∗(t)} =

OP(1/n).

Under Assumptions A.3.1 – A.3.5 and A.3.9, one can show that supt∈Ω dΛ̂(t) = OP(τ). One

can see that dΛ̂b(·) and dΛ̂na(·) satisfy Assumption A.3.9, where Λ̂na(t) =
∑k

j=1 λ̂na,j1(t(j) ≤

t). See Section A.4.8. Although there is no rigorous proof that dΛ̂e(·) satisfies Assumption

A.3.9, as the Efron correction is a modification of the Breslow correction and performance

of Λ̂e in Figure A.2 is better than the other baseline hazard function estimators in reducing

bias of β̂pb, we use dΛ̂e(·) as dΛ̂(·) in our numerical examples in Sections 2.5 and 2.6.

Assumption A.3.10. Xpb(·, Λ̂, ζ) and X(·, ζ) are strictly concave on B and there exist

a ∈ [0, 1/2), Cpb > 0, and Cb > 0 satisfying the following as n→ ∞:

(i) Pr
(
∥β̂pb − β̂b∥2 ≤ Cpbn

a
{
Xpb(β̂pb, Λ̂, ζ)−Xpb(β̂b, Λ̂, ζ)

})
→ 1.

(ii) Pr
(
∥β̂b − β̂pb∥2 ≤ Cbn

a
{
X(β̂b, ζ)−X(β̂pb, ζ)

})
→ 1.

One can see that for any β̃ ∈ B, we have Xpb(β̂pb, Λ̂, ζ)−Xpb(β̃, Λ̂, ζ) ≥ 0 and X(β̂b, ζ)−

X(β̃, ζ) ≥ 0 by the definition of β̂pb and β̂b. Due to strict concavity, Xpb(β̂pb, Λ̂, ζ) −

Xpb(β̃, Λ̂, ζ) = 0 only when β̃ = β̂pb, which also makes ∥β̂pb−β̃∥2 = 0. Similarly, X(β̂b, ζ)−

X(β̃, ζ) = 0 only when β̃ = β̂b, which also makes ∥β̂b − β̃∥2 = 0. Assumption A.3.10

essentially requires that the difference between β̂pb and β̂b is bounded by both the difference

between their values in naXpb(·, Λ̂, ζ) and the difference between their values in naX(·, ζ).

Considering the fact that β̂pb, β̂b ∈ B, we have ∥β̂pb − β̂b∥2 = OP(1). Also, one can show
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that na{Xpb(β̂pb, Λ̂, ζ)−Xpb(β̂b, Λ̂, ζ)} = OP(n
a) and na{X(β̂b, ζ)−X(β̂pb, ζ)} = OP(n

a).

So this assumption is expected to be satisfied in many scenarios.

For j = 0, 1, 2, define the processes S(j)(β, t) similar to S(j)(β, t) with the at-risk process

Yi(t) replaced by Yi(t) = 1(Ti ≥ t) for the continuous model, where Ti = min(T̃i, Ci).

Assumption A.3.11. Let
∑n

i=1 Yi(ζ)− 1 ≥ 1 and supt∈[0,ζ] |
∑n

i=1 Yi(t)/n− Y(t)| a.s.−→ 0 as

n → ∞ with Y(t) ∈ (0, 1] for all t ∈ [0, ζ]. There exists an open convex neighborhood B

of β and functions S(j)(·, ·), j = 0, 1, 2 defined on B × [0, ζ], that satisfy the following four

conditions.

(i)
∫ ζ
0
dΛ0(t) <∞.

(ii) supβ̃∈B,t∈[0,ζ] ∥S(j)(β̃, t)/n− S(j)(β̃, t)∥∞
P→ 0 as n→ ∞ for j = 0, 1, 2,

(iii) S(0)(β̃, t) > mS > 0 for all β̃ ∈ B, t ∈ [0, ζ] and supβ̃∈B,t∈[0,ζ] ∥S(j)(β̃, t)∥∞ ≤ CS for

j = 0, 1, 2 for some CS > 0,

(iv) For j = 0, 1, 2, S(j)(β̃, t) are continuous functions of β̃ ∈ B uniformly in t ∈ [0, ζ],

and S(1)(β̃, t) = ∂S(0)(β̃, t)/(∂β̃), S(2)(β̃, t) = ∂2S(0)(β̃, t)/ (∂β̃∂β̃⊤) for all β̃ ∈ B, t ∈

[0, ζ], and

(v) Σc(β̃, ζ) =
∫ ζ
0
vc(β̃, t)S

(0)(β̃, t)dΛ0(t) is positive definite for all β̃ ∈ B, where ec(β̃, t) =

S(1)(β̃, t)/S(0)(β̃, t) and vc(β̃, t) = S(2)(β̃, t)/S(0)(β̃, t) − ec(β̃, t)ec(β̃, t)
⊤ for all β̃ ∈

B, t ∈ [0, ζ].

As there is at most a single tie in continuous model, Assumption A.3.11 is saying that at

least one subject is censored at the end of the study.

Assumption A.3.12. χpb(·, Λ̂) and χ(·) are strictly concave on B and there exist α ∈

[0, 1/2), Cpb > 0, and Cc > 0 satisfying the following as n→ ∞:
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(i) Pr
(
∥β̂pb − β̂c∥2 ≤ Cpbn

α
{
χpb(β̂pb, Λ̂)− χpb(β̂c, Λ̂)

})
→ 1.

(ii) Pr
(
∥β̂c − β̂pb∥2 ≤ Ccn

α
{
χ(β̂c)− χ(β̂pb)

})
→ 1.

A.4 Lemmas and Proofs

A.4.1 Proof of Theorem 2.1

We begin with the proof for the approximate partial likelihood. First,

Aj(β, λj) = pj1j
∏

i∈R(t(j))\{j1}

(1− pij)

is approximated by pj1j = λj exp(x⊤
j1
β)(1 +OP(τ)) ≈ λj exp(x⊤

j1
β) and we have

∏
i∈R(t(j))\{j1}

(1− pij) = exp

−
∑

i∈R(t(j))\{j1}

λj exp(x⊤
i β)

 .

For Bj(β, λj) = Pr(Ij = 1), we have

Bj(β, λj) ≈ µj exp(−µj) ≈

 ∑
i∈R(t(j))

λj exp(x⊤
i β)

 exp

−
∑

i∈R(t(j))

λj exp(x⊤
i β)


using Poisson approximation. So, one can approximate (2.10) by

Aj(β, λj)

Bj(β, λj)
≈

λj exp
(
x⊤
j1
β
)

exp
(
−
∑

i∈R(t(j))\{j1} λj exp(x⊤
i β)

)
λj

{∑
i∈R(t(j))

exp(x⊤
i β)

}
exp

(
−
∑

i∈R(t(j))
λj exp(x⊤

i β)
) ≈

exp(x⊤
j1
β)∑

i∈R(t(j))
exp(x⊤

i β)
,
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which corresponds to the approximation in (A.1).

Now we turn to our proof for the Breslow correction. First,

Aj(β, λj) =
∏

i∈D(t(j))

pij
∏

i∈R(t(j))\D(t(j))

(1− pij)

is approximated by
∏

i∈D(t(j))
pij ≈

∏
i∈D(t(j))

λj exp(x⊤
i β) and we have

∏
i∈R(t(j))\D(t(j))

(1− pij) = exp

−
∑

i∈R(t(j))\D(t(j))

λj exp(x⊤
i β)

 .

For Bj(β, λj), it is approximated by

Bj(β, λj) ≈
µ
dj
j exp(−µj)

dj!
≈

{∑
i∈R(t(j))

λj exp(x⊤
i β)

}dj
exp

(
−
∑

i∈R(t(j))
λj exp(x⊤

i β)
)

dj!

using Poisson approximation. So, one can approximate (2.10) by

Aj(β, λj)

Bj(β, λj)
≈

{∏
i∈D(t(j))

λj exp(x⊤
i β)

}
exp

(
−
∑

i∈R(t(j))\D(t(j))
λj exp(x⊤

i β)
)

{∑
i∈R(t(j))

λj exp(x⊤
i β)

}dj
exp

(
−
∑

i∈R(t(j))
λj exp(x⊤

i β)
)
/dj!

≈
exp

(∑
i∈D(t(j))

x⊤
i β
)

{∑
i∈R(t(j))

exp(x⊤
i β)

}dj
/dj!

∝
exp

(∑
i∈D(t(j))

x⊤
i β
)

{∑
i∈R(t(j))

exp(x⊤
i β)

}dj ,
which corresponds to the approximation in (A.4).

Now we turn to our proof for the Cox correction. One can approximate (2.10) by

Aj(β, λj)

Bj(β, λj)
=

∏
i∈D(t(j))

pij
∏

i∈R(t(j))\D(t(j))
(1− pij)∑

Adj
∈Fdj

∏
i∈Adj

pij
∏

i∈R(t(j))\Adj
(1− pij)

≈
∏

i∈D(t(j))
pij∑

Adj
∈Fdj

∏
i∈Adj

pij
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≈
λ
dj
j exp

(∑
i∈D(t(j))

x⊤
i β
)

λ
dj
j

∑
Adj

∈Fdj
exp

(∑
i∈Adj

x⊤
i β
) =

exp
(∑

i∈D(t(j))
x⊤
i β
)

∑
Adj

∈Fdj
exp

(∑
i∈Adj

x⊤
i β
) ,

where is a direct approximation result based on the enumeration in (2.8) to compute the Bj

and corresponds to the approximation in (A.2).

Then we turn to our proof for the Kalbfleisch-Prentice correction. Let tljm be the latent event

time for sjlm, where tlj1 < · · · < tljdj . Denote by nljm the number of subjects in R(t(j), S
j
l ,m).

One can approximate (2.10) by

Aj(β, λj)

Bj(β, λj)
=

Pr(item j1, . . . , jdj failed at t(j)
∣∣nj units survived up to t(j))

Pr(dj out of nj units failed at t(j)
∣∣nj units survived up to t(j))

≈ 1

dj!

dj !∑
l=1

dj∏
m=1

Pr(item sjlm failed at tljm
∣∣nljm units survived up to tljm)

Pr(1 out of nljm units failed at tljm
∣∣nljm units survived up to tljm)

≈ 1

dj!

dj !∑
l=1

dj∏
m=1

dΛ∗(tljm;xsjlm
)
∏

i∈R(t(j),S
j
l ,m)\{sjlm}

(
1− dΛ∗(tljm;xi)

)∑
i∈R(t(j),S

j
l ,m) dΛ

∗(tljm;xi)
∏

i′∈R(t(j),S
j
l ,m)\{i}

(
1− dΛ∗(tljm;xi′)

)
≈ 1

dj!

dj !∑
l=1

dj∏
m=1

dΛ∗(tljm;xsjlm
)∑

i∈R(t(j),S
j
l ,m) dΛ

∗(tljm;xi)
≈ 1

dj!

dj !∑
l=1

dj∏
m=1

dΛ∗
0(t

l
jm) exp(x⊤

sjlm
β)∑

i∈R(t(j),S
j
l ,m) dΛ

∗
0(t

l
jm) exp(x⊤

i β)

=
1

dj!

dj !∑
l=1

exp
(∑

i∈D(t(j))
x⊤
i β
)

∏dj
m=1

{∑
i∈R(t(j),S

j
l ,m) exp(x⊤

i β)
} ,

which corresponds to the approximation in (A.3). The first approximation in above is based

on Kalbfleisch and Prentice [26]. ■
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A.4.2 Basic Asymptotic Results for the Breslow Estimator and the

PB Distribution Estimator under the Grouped Continuous

Failure Time Model

Here we derive some asymptotic orders that are used in the proofs for β̂b and β̂pb.

Lemma A.1. Let X1, · · · , Xn ∈ R be random variables and an > 0 be a constant depending

on n. If supi |Xi| = OP(an), then
∑n

i=1Xi = OP(nan). Similarly, if supi |Xi| = oP(an), then∑n
i=1Xi = oP(nan).

Proof.

0 ≤
∣∣∣∣∑n

i=1Xi

nan

∣∣∣∣ ≤ n∑
i=1

|Xi|
nan

≤ supi |Xi|
an

.

If we assume supi |Xi| = OP(an), there exists C > 0 such that

Pr
(∣∣∣∣∑n

i=1Xi

nan

∣∣∣∣ > C

)
≤ Pr

(
supi |Xi|

an
> C

)
→ 0 as n→ ∞,

directly implying
∑n

i=1Xi = OP(nan). If we assume supi |Xi| = oP(an), for all ϵ > 0,

Pr
(∣∣∣∣∑n

i=1Xi

nan

∣∣∣∣ > ϵ

)
≤ Pr

(
supi |Xi|

an
> ϵ

)
→ 0 as n→ ∞,

directly implying
∑n

i=1Xi = oP(nan). ■

Here we give a lemma showing the convergence of Stieltjes integrals with respect to the base-

line hazard, which is used in the proofs for the asymptotic theory of the grouped continuous

failure time model.
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Lemma A.2. Let An(·) be a stochastic process that can be scalar, vector, or matrix, where

supt∈Ω ∥An(t) − a(t)∥∞
P→ 0 for some deterministic process a(·). Under Assumption A.3.3,

we have ∫ ζ

0

An(t)dΛ
∗
0(t) =

∑
t∈Ω

An(t)∆Λ∗
0(t)

P→
∫ ζ

0

a(t)dΛ0(t) as n→ ∞.

Proof. Let An(·) and a(·) be scalars. First, by the definition of the Stieltjes integral, as

n→ ∞,

∫ ζ

0

a(t)dΛ∗
0(t) =

∑
t∈Ω

a(t)∆Λ∗
0(t) =

∑
t∈Ω

a(t) (Λ0(t)− Λ0(t− τ)) →
∫ ζ

0

a(t)dΛ0(t),

considering the fact that as n→ ∞, Ω gets larger and the bin size τ for the Stieltjes integral

goes to 0. Second, by the given conditions, we have

0 ≤ sup
t∈Ω

|(An(t)− a(t))∆Λ∗
0(t)| ≤ sup

t∈Ω
|(An(t)− a(t))| sup

t∈Ω
|∆Λ∗

0(t)| = oP(1)O(τ) = oP(τ),

implying that supt∈Ω |(An(t)− a(t))∆Λ∗
0(t)| = oP(τ). By Lemma A.1, we have

∫ ζ

0

(An(t)− a(t)) dΛ∗
0(t) =

∑
t∈Ω

(An(t)− a(t))∆Λ∗
0(t) = oP

(
ζ

τ
τ

)
= oP(1),

which completes the proof. The result can be generalized to the cases when An(·) and a(·)

are vectors or matrices. ■

Lemma A.3. Under Assumption A.3.2,

0 < exp
(
−
√
dρCB

)
≤ inf

β̃∈B,i
exp

(
x⊤
i β̃
)
≤ sup

β̃∈B,i
exp

(
x⊤
i β̃
)
≤ exp

(√
dρCB

)
<∞.
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Proof.

sup
β̃∈B,i

exp
(
x⊤
i β̃
)
= exp

(
sup
β̃∈B,i

x⊤
i β̃

)
≤ exp

(
sup
β̃∈B,i

|x⊤
i β̃|

)
≤ exp

(
sup
β̃∈B,i

∥xi∥2∥β̃∥2

)
≤ exp

(√
dρCB

)
.

Similarly,

inf
β̃∈B,i

exp
(
x⊤
i β̃
)
= exp

(
inf

β̃∈B,i
x⊤
i β̃

)
= exp

(
− sup

β̃∈B,i
{−x⊤

i β̃}

)
≥ exp

(
−
√
dρCB

)
,

where the last inequality is due to supβ̃∈B,i{−x⊤
i β̃} ≤ supβ̃∈B,i |x⊤

i β̃| ≤ supβ̃∈B,i ∥xi∥2∥β̃∥2 ≤
√
dρCB. ■

Now we show the asymptotic order for the discretized hazard. By the Taylor series expansion,

for all i ∈ {1, · · · , n} and t ∈ Ω,

dΛ∗(t;xi) = exp(x⊤
i β)dΛ

∗
0(t)(1 + ai(β, t)) = exp(x⊤

i β)dΛ
∗
0(t) + bi(β, t),

where

ai(β, t) = −exp(−ci(β, t))
2

exp(x⊤
i β)dΛ

∗
0(t)

with some ci(β, t) ∈ [0, exp(x⊤
i β)dΛ

∗
0(t)].

Lemma A.4. Under Assumptions A.3.2 and A.3.3, we have supt∈Ω,i exp(x⊤
i β)dΛ

∗
0(t) = O(τ)

and supt∈Ω,i |ai(β, t)| = O(τ), resulting in supt∈Ω,i |bi(β, t)| = O(τ 2) and supt∈Ω,i dΛ∗(t;xi) =

O(τ).

Proof. First, we have

sup
t∈Ω,i

exp(x⊤
i β)dΛ

∗
0(t) ≤ sup

i
exp(x⊤

i β) sup
t∈Ω

dΛ∗
0(t) ≤ exp

(√
dρCB

)
O(τ) = O(τ),
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implying that supt∈Ω,i exp(x⊤
i β)dΛ

∗
0(t) = O(τ). Second, we have

sup
t∈Ω,i

|ai(β, t)| ≤ sup
t∈Ω,i

∣∣∣∣exp(−ci(β, t))
2

∣∣∣∣ sup
t∈Ω,i

exp(x⊤
i β)dΛ

∗
0(t) ≤

1

2
sup
t∈Ω,i

exp(x⊤
i β)dΛ

∗
0(t) = O(τ),

implying that supt∈Ω,i |ai(β, t)| = O(τ). Using these results, we have

sup
t∈Ω,i

|bi(β, t)| ≤ sup
t∈Ω,i

|ai(β, t)| sup
t∈Ω,i

exp(x⊤
i β)dΛ

∗
0(t) = O(τ)O(τ) = O(τ 2) and

sup
t∈Ω,i

dΛ∗(t;xi) ≤ sup
t∈Ω,i

exp(x⊤
i β)dΛ

∗
0(t) + sup

t∈Ω,i
|bi(β, t)| = O(τ) +O(τ 2) = O(τ).

■

Now we present some basic convergence and boundedness results used in the proofs of the

asymptotic theory for β̂b.

Lemma A.5. Under Assumptions A.3.1 – A.3.5, supt∈Ω n(t) = OP(n), supt∈Ω{1/n(t)} =

1/{inft∈Ω n(t)} = 1/n(ζ) = OP(1/n), and we have

sup
β̃∈B,t∈Ω

S(0)(β̃, t) = OP(n), sup
β̃∈B,t∈Ω

1

S(0)(β̃, t)
=

1

infβ̃∈B,t∈Ω S(0)(β̃, t)
=

1

infβ̃∈B S(0)(β̃, ζ)
= OP(1/n),

sup
β̃∈B,t∈Ω

∣∣∣log
{
S(0)(β̃, t)/n

}∣∣∣ = OP(1), sup
β̃∈B,t∈Ω

∥S(1)(β̃, t)∥∞ = OP(n), sup
β̃∈B,t∈Ω

∥S(2)(β̃, t)∥∞ = OP(n),

sup
β̃∈B,t∈Ω

∥ϵ(β̃, t)∥∞ = OP(1), and sup
β̃∈B,t∈Ω

∥V(β̃, t)∥∞ = OP(1).
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If Assumption A.3.7 is further assumed, then

sup
β̃∈B,t∈Ω

∥ϵ(β̃, t)− e(β̃, t)∥∞ = oP(1),

sup
β̃∈B,t∈Ω

∥V(β̃, t)− v(β̃, t)∥∞ = oP(1),

and supβ̃∈B,t∈Ω

∣∣∣log
{
S(0)(β̃, t)/n

}
− log

{
s(0)(β̃, t)

}∣∣∣ = oP(1).

Proof. The proof of Lemma A.5 is in Section A.5.1. ■

As β ∈ B, one can use results in Lemma A.5 for β.

A.4.3 Lemma A.6 and Its Proof

Lemma A.6. Under Assumptions A.3.1 – A.3.5, for all t ∈ [0, ζ], Ub(β, t) = U(β, t) +

OP(nτ), where U(β, t) =
∑n

i=1

∫ t
0
(xi − ϵ(β, s)) dMi(s) =

∑n
i=1

∑
s∈Ωt

(xi − ϵ(β, s))∆Mi(s)

is a martingale.

Proof. For t ∈ [0, ζ], one has

n∑
i=1

∫ t

0

(xi − ϵ(β, s)) dAi(s) =
n∑
i=1

∑
s∈Ωt

(xi − ϵ(β, s))∆Ai(s)

=
n∑
i=1

∑
s∈Ωt

(xi − ϵ(β, s))Yi(s) exp(x⊤
i β)∆Λ∗

0(s) (1 + ai(β, s))

=

{∑
s∈Ωt

n∑
i=1

(xi − ϵ(β, s))Yi(s) exp(x⊤
i β)∆Λ∗

0(s)

}
+OP(nτ) = OP(nτ),

where for t ∈ [0, ζ],
∑

s∈Ωt

∑n
i=1 (xi − ϵ(β, s))Yi(s) exp(x⊤

i β)∆Λ∗
0(s) = 0 by the summation

structure and
∑

s∈Ωt

∑n
i=1 (xi − ϵ(β, s))Yi(s) exp(x⊤

i β)∆Λ∗
0(s)ai(β, s) = OP(nτ). To see
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this, for all ℓ ∈ {1, · · · , d}, let ϵℓ(β, t) be the ℓth element of ϵ(β, t). Then

∣∣∣∣∣∑
s∈Ωt

n∑
i=1

(xiℓ − ϵℓ(β, s))Yi(s) exp(x⊤
i β)∆Λ∗

0(s)ai(β, s)

∣∣∣∣∣
≤
∑
t∈Ω

n∑
i=1

∣∣(xiℓ − ϵℓ(β, t))Yi(t) exp(x⊤
i β)∆Λ∗

0(t)ai(β, t)
∣∣

≤ ζn

τ
sup
t∈Ω,i

∣∣(xiℓ − ϵℓ(β, t))Yi(t) exp(x⊤
i β)∆Λ∗

0(t)ai(β, t)
∣∣ = ζn

τ
OP(τ

2) = OP(nτ),

where

sup
t∈Ω,i

∣∣(xiℓ − ϵℓ(β, t))Yi(t) exp(x⊤
i β)∆Λ∗

0(t)ai(β, t)
∣∣

≤
(

sup
i

|xil|+ sup
t∈Ω

|ϵℓ(β, t)|
)

sup
i

exp(x⊤
i β) sup

t∈Ω
∆Λ∗

0(t) sup
t∈Ω,i

|ai(β, t)|

= (O(1) +OP(1))O(1)O(τ)O(τ) = OP(τ
2).

So, for t ∈ [0, ζ], one can represent the score function as

Ub(β, t) =
n∑
i=1

∫ t

0

(xi − ϵ(β, s)) dMi(s) +OP(nτ) =
n∑
i=1

∑
s∈Ωt

(xi − ϵ(β, s))∆Mi(s) +OP(nτ).

■

A.4.4 Lemma A.7 and Its Proof

Lemma A.7. Under Assumptions A.3.1 – A.3.6, for t ∈ [0, ζ], we have

⟨U(β)⟩(t) =

{
n∑
i=1

∫ t

0

nGi(s)Gi(s)
⊤Yi(s)dΛ

∗(s;xi)

}
+OP(nτ)
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=

{
n∑
i=1

∑
s∈Ωt

nGi(s)Gi(s)
⊤Yi(s)∆Λ∗(s;xi)

}
+OP(nτ),

where Gi(t) = n−1/2(xi − ϵ(β, t)).

Proof. First, for t ∈ Ω, we have

d⟨Mi⟩(t) = Var(dMi(t)|Ft−) = Var(dNi(t)− dAi(t)|Ft−)

= Var(dNi(t)|Ft−) = Pr(dNi(t) = 1|Ft−) (1− Pr(dNi(t) = 1|Ft−))

= Yi(t)dΛ
∗(t;xi) (1−∆Λ∗(t;xi)) ,

where supt∈Ω,i d⟨Mi⟩(t) ≤ supt∈Ω,i dΛ∗(t;xi) = O(τ), which leads to supt∈Ω,i d⟨Mi⟩(t) =

OP(τ). For t ∈ [0, ζ], the predictable variation process for the score function can be derived

as

⟨U(β)⟩(t) =
n∑
i=1

∫ t

0

(xi − ϵ(β, s))(xi − ϵ(β, s))⊤d⟨Mi⟩(s)

=
n∑
i=1

∑
s∈Ωt

(xi − ϵ(β, s))(xi − ϵ(β, s))⊤Yi(s)∆Λ∗(s;xi) (1−∆Λ∗(s;xi))

=

{
n∑
i=1

∑
s∈Ωt

(xi − ϵ(β, s))(xi − ϵ(β, s))⊤Yi(s)∆Λ∗(s;xi)

}
+OP(nτ)

=

{
n∑
i=1

∫ t

0

nGi(s)Gi(s)
⊤Yi(s)dΛ

∗(s;xi)

}
+OP(nτ),

where for all ℓ, ℓ′ ∈ {1, · · · , d}, we have

sup
t∈Ω,i

∣∣(xiℓ − ϵℓ(β, t))(xiℓ′ − ϵℓ′(β, t))Yi(t){∆Λ∗(t;xi)}2
∣∣

≤ sup
t∈Ω,i

|(xiℓ − ϵℓ(β, t))| sup
t∈Ω,i

|(xiℓ′ − ϵℓ′(β, t))| sup
t∈Ω,i

{∆Λ∗(t;xi)}2 = OP(τ
2),
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resulting in

∣∣∣∣∣
n∑
i=1

∑
s∈Ωt

(xiℓ − ϵℓ(β, s))(xiℓ′ − ϵℓ′(β, s))Yi(s){∆Λ∗(s;xi)}2
∣∣∣∣∣

≤
n∑
i=1

∑
t∈Ω

∣∣(xiℓ − ϵℓ(β, t))(xiℓ′ − ϵℓ′(β, t))Yi(t){∆Λ∗(t;xi)}2
∣∣

≤ nζ

τ
sup
t∈Ω,i

∣∣(xiℓ − ϵℓ(β, t))(xiℓ′ − ϵℓ′(β, t))Yi(t){∆Λ∗(t;xi)}2
∣∣ = nζ

τ
OP(τ

2) = OP(nτ).

■

A.4.5 Lemma A.8 and Its Proof

Lemma A.8. Under Assumptions A.3.1 – A.3.7, when τ → 0 as n → ∞, we have

Ib(β, ζ)/n
P→ Σ(β, ζ) and Ib(β̂, ζ)/n

P→ Σ(β, ζ) for any random variable β̂ ∈ B satisfy-

ing β̂
P→ β.

Proof. We show some details for proving Ib(β, ζ)/n
P→ Σ(β, ζ). First, we show that

∫ ζ

0

V(β, t)dM(t)/n = oP(1),

which is equivalent to show

∫ ζ

0

Vℓ,ℓ′(β, t)dM(t)/n = oP(1)

for all ℓ, ℓ′ ∈ {1, . . . , d}, where Vℓ,ℓ′(β, t) is the element of V(β, t) in the ℓth row and

ℓ′th column. For t ∈ [0, ζ], one can derive the predictable variation process of martingale
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0
Vℓ,ℓ′(β, s)dM(s)/n as

n∑
i=1

∫ t

0

V2
ℓ,ℓ′(β, s)

d⟨Mi⟩(s)
n2

,

which is non-decreasing in t ∈ [0, ζ]. So,

sup
t∈[0,ζ]

∣∣∣∣∣
n∑
i=1

∫ t

0

V2
ℓ,ℓ′(β, s)

d⟨Mi⟩(s)
n2

∣∣∣∣∣ =
n∑
i=1

∫ ζ

0

V2
ℓ,ℓ′(β, t)

d⟨Mi⟩(t)
n2

= OP

(
nζ

τ

τ

n2

)
= OP

(
1

n

)
= oP(1),

where we used Lemma A.1 and the fact that

sup
t∈Ω,i

V2
ℓ,ℓ′(β, t)

d⟨Mi⟩(t)
n2

≤ 1

n2

{
sup
t∈Ω

|Vℓ,ℓ′(β, t)|
}2

sup
t∈Ω,i

d⟨Mi⟩(t) = OP

( τ
n2

)
.

This result leads to supt∈[0,ζ] |
∫ t
0
Vℓ,ℓ′(β, s)dM(s)/n| = oP(1) by Lenglart’s Inequality on

page 167 of Kalbfleisch and Prentice [27], which allows triangular array structure. Note that

filtration and every processes depend on τ , changing as n→ ∞, that is, they have triangular

array structure. So, we have
∫ ζ
0
V(β, t)dM(t)/n = oP(1). Then

1

n
Ib(β, ζ) =

∫ ζ

0

V(β, t)dN(t)

n
=

∫ ζ

0

V(β, t)dA(t)
n

+

∫ ζ

0

V(β, t)dM(t)

n

=

∫ ζ

0

V(β, t)dA(t)
n

+ oP(1) =

∫ ζ

0

V(β, t)
∑n

i=1 Yi(t)dΛ
∗(t;xi)

n
+ oP(1)

=
∑
t∈Ω

V(β, t)
∑n

i=1 Yi(t)∆Λ∗(t;xi)

n
+ oP(1) =

∑
t∈Ω

V(β, t)S
(0)(β, t)

n
∆Λ∗

0(t) +OP(τ) + oP(1)

P→
∫ ζ

0

v(β, t)s(0)(β, t)dΛ0(t) = Σ(β, ζ).
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Hence we use the fact that ∆Λ∗(t;xi) = exp(x⊤
i β)∆Λ∗

0(t) (1 + ai(β, t)) for all t ∈ Ω, and

∑
t∈Ω

V(β, t)
∑n

i=1 Yi(t) exp(x⊤
i β)∆Λ∗

0(t)ai(β, t)

n
= OP

(
nζ

τ

τ 2

n

)
= OP(τ)

by

sup
t∈Ω,i

∣∣Vℓ,ℓ′(β, t)Yi(t) exp(x⊤
i β)∆Λ∗

0(t)ai(β, t)
∣∣

≤ sup
t∈Ω

|Vℓ,ℓ′(β, t)| sup
i

exp(x⊤
i β) sup

t∈Ω
∆Λ∗

0(t) sup
t∈Ω,i

|ai(β, t)| = OP(τ
2)

for all ℓ, ℓ′ ∈ {1, · · · , d}. Also, using the fact that

sup
t∈Ω

∣∣∣∣Vℓ,ℓ′(β, t)S(0)(β, t)

n
− vℓ,ℓ′(β, t)s

(0)(β, t)

∣∣∣∣
≤ sup

t∈Ω

∣∣∣∣Vℓ,ℓ′(β, t){S(0)(β, t)

n
− s(0)(β, t)

}∣∣∣∣+ sup
t∈Ω

∣∣s(0)(β, t) {Vℓ,ℓ′(β, t)− vℓ,ℓ′(β, t)}
∣∣

≤ sup
t∈Ω

|Vℓ,ℓ′(β, t)| sup
t∈Ω

∣∣∣∣S(0)(β, t)

n
− s(0)(β, t)

∣∣∣∣+ sup
t∈Ω

∣∣s(0)(β, t)∣∣ sup
t∈Ω

|{Vℓ,ℓ′(β, t)− vℓ,ℓ′(β, t)}|

= OP(1)oP(1) +O(1)oP(1) = oP(1)

for all ℓ, ℓ′ ∈ {1, · · · , d}, by Lemma A.2, P→ in the last line holds.

Let β̂ ∈ B satisfies β̂
P→ β. We have

1

n
Ib(β̂, ζ)− Σ(β, ζ) =

1

n
Ib(β̂, ζ)−

1

n
Ib(β, ζ) +

1

n
Ib(β, ζ)− Σ(β, ζ)

=

∫ ζ

0

{
V(β̂, t)− V(β, t)

} dN(t)

n
+ oP(1).
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So we need to show
∫ ζ
0

{
V(β̂, t)− V(β, t)

}
dN(t)/n

P→ 0. For all ℓ, ℓ′ ∈ {1, · · · , d},

∣∣∣∣∫ ζ

0

{
Vℓ,ℓ′(β̂, t)− Vℓ,ℓ′(β, t)

} dN(t)

n

∣∣∣∣ ≤ ∣∣∣∣∫ ζ

0

{
Vℓ,ℓ′(β̂, t)− vℓ,ℓ′(β̂, t)

} dN(t)

n

∣∣∣∣ (A.1)

+

∣∣∣∣∫ ζ

0

{Vℓ,ℓ′(β, t)− vℓ,ℓ′(β, t)}
dN(t)

n

∣∣∣∣
+

∣∣∣∣∫ ζ

0

{
vℓ,ℓ′(β̂, t)− vℓ,ℓ′(β, t)

} dN(t)

n

∣∣∣∣ .
For the first part of the right-hand side of (A.1), we have

∣∣∣∣∫ ζ

0

{
Vℓ,ℓ′(β̂, t)− vℓ,ℓ′(β̂, t)

} dN(t)

n

∣∣∣∣ =
∣∣∣∣∣∑
t∈Ω

{
Vℓ,ℓ′(β̂, t)− vℓ,ℓ′(β̂, t)

} ∆N(t)

n

∣∣∣∣∣
≤
∑
t∈Ω

∣∣∣Vℓ,ℓ′(β̂, t)− vℓ,ℓ′(β̂, t)
∣∣∣ ∆N(t)

n

≤ sup
t∈Ω

∣∣∣Vℓ,ℓ′(β̂, t)− vℓ,ℓ′(β̂, t)
∣∣∣∑
t∈Ω

∆N(t)

n

≤ sup
β̃∈B

sup
t∈Ω

∣∣∣Vℓ,ℓ′(β̃, t)− vℓ,ℓ′(β̃, t)
∣∣∣∑
t∈Ω

∆N(t)

n

= sup
β̃∈B,t∈Ω

∣∣∣Vℓ,ℓ′(β̃, t)− vℓ,ℓ′(β̃, t)
∣∣∣∑
t∈Ω

∆N(t)

n

≤ sup
β̃∈B,t∈Ω

∣∣∣Vℓ,ℓ′(β̃, t)− vℓ,ℓ′(β̃, t)
∣∣∣ = oP(1),

where
∑

t∈Ω ∆N(t)/n =
∫ ζ
0
dN(t)/n = N(δ)/n ≤ 1. As β ∈ B, one can show that the second

part of the right-hand side of (A.1) is oP(1) similarly. For the third part of the (A.1), we

have

∣∣∣∣∫ ζ

0

{
vℓ,ℓ′(β̂, t)− vℓ,ℓ′(β, t)

} dN(t)

n

∣∣∣∣ =
∣∣∣∣∣∑
t∈Ω

{
vℓ,ℓ′(β̂, t)− vℓ,ℓ′(β, t)

} ∆N(t)

n

∣∣∣∣∣
≤
∑
t∈Ω

∣∣∣vℓ,ℓ′(β̂, t)− vℓ,ℓ′(β, t)
∣∣∣ ∆N(t)

n
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≤ sup
t∈Ω

∣∣∣vℓ,ℓ′(β̂, t)− vℓ,ℓ′(β, t)
∣∣∣∑
t∈Ω

∆N(t)

n

≤ sup
t∈[0,ζ]

∣∣∣vℓ,ℓ′(β̂, t)− vℓ,ℓ′(β, t)
∣∣∣ = oP(1).

Note that continuity of functions in Assumption A.3.7 with respect to β̃ ∈ B uniformly holds

over t ∈ [0, ζ]. So g(·) ≡ supt∈[0,ζ] |vℓ,ℓ′(·, t)− vℓ,ℓ′(β, t)| : B → [0,∞) is continuous at β.

Combined with β̂
P→ β and β̂ ∈ B, by the continuous mapping principle, g(β̂) P→ g(β) = 0,

which makes oP(1) in the last line hold.

■

A.4.6 Proof of Theorem 2.3

The following proof is based on Kalbfleisch and Prentice [27] and Fleming and Harrington

[16]. One can see that β̂b maximizes

log
(
Lb(β̃, ζ)

)
=

n∑
i=1

∫ ζ

0

{
x⊤
i β̃ − log

(
S(0)(β̃, t)

)}
dNi(t) +

∑
t∈Ω

log(∆N(t)!).

One can see that β̂b = arg maxβ̃∈BX(β̃, ζ), where for t ∈ [0, ζ] and β̃ ∈ B,

X(β̃, t) =
1

n
{log(Lb(β̃, t))− log(Lb(β, t))} =

1

n

n∑
i=1

∫ t

0

{
x⊤
i (β̃ − β)− log

(
S(0)(β̃, s)

S(0)(β, s)

)}
dNi(s).

Here, for t ∈ [0, ζ] and β̃ ∈ B, let

X̃(β̃, t) =
1

n

n∑
i=1

∫ t

0

{
x⊤
i (β̃ − β)− log

(
S(0)(β̃, s)

S(0)(β, s)

)}
dAi(s)
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=
1

n

n∑
i=1

∑
s∈Ωt

{
x⊤
i (β̃ − β)− log

(
S(0)(β̃, s)

S(0)(β, s)

)}
Yi(s)∆Λ∗(s;xi)

=
1

n

n∑
i=1

∑
s∈Ωt

{
x⊤
i (β̃ − β)− log

(
S(0)(β̃, s)

S(0)(β, s)

)}
Yi(s) exp(x⊤

i β)∆Λ∗
0(s)(1 + ai(β, s))

=
1

n

n∑
i=1

∑
s∈Ωt

{
x⊤
i (β̃ − β)− log

(
S(0)(β̃, s)

S(0)(β, s)

)}
Yi(s) exp(x⊤

i β)∆Λ∗
0(s) +OP(τ)

=
1

n

∑
s∈Ωt

{
S(1)(β, s)⊤(β̃ − β)− log

(
S(0)(β̃, s)

S(0)(β, s)

)
S(0)(β, s)

}
∆Λ∗

0(s) +OP(τ),

where we use the fact that RemX̃(β̃, t) ≡

1

n

n∑
i=1

∑
s∈Ωt

{
x⊤
i (β̃ − β)− log

(
S(0)(β̃, s)

S(0)(β, s)

)}
Yi(s) exp(x⊤

i β)∆Λ∗
0(s)ai(β, s) = OP(τ)

for t ∈ [0, ζ] and β̃ ∈ B. To see this,

∣∣∣RemX̃(β̃, t)
∣∣∣ ≤ n∑

i=1

∑
t∈Ω

∣∣∣∣∣ 1n
{
x⊤
i (β̃ − β)− log

(
S(0)(β̃, t)

S(0)(β, t)

)}
Yi(t) exp(x⊤

i β)∆Λ∗
0(t)ai(β, t)

∣∣∣∣∣

≤ nζ

τ
sup
t∈Ω,i

∣∣∣∣∣ 1n
{
x⊤
i (β̃ − β)− log

(
S(0)(β̃, t)

S(0)(β, t)

)}
Yi(t) exp(x⊤

i β)∆Λ∗
0(t)ai(β, t)

∣∣∣∣∣ = OP

(
nζ

τ

τ 2

n

)
= OP(τ)

by

sup
t∈Ω,i

∣∣∣∣∣ 1n
{
x⊤
i (β̃ − β)− log

(
S(0)(β̃, t)/n

S(0)(β, t)/n

)}
Yi(t) exp(x⊤

i β)∆Λ∗
0(t)ai(β, t)

∣∣∣∣∣
≤ 1

n
sup
t∈Ω,i

∣∣∣∣∣x⊤
i (β̃ − β)− log

(
S(0)(β̃, t)/n

S(0)(β, t)/n

)∣∣∣∣∣ sup
i

exp(x⊤
i β) sup

t∈Ω
∆Λ∗

0(t) sup
t∈Ω,i

|ai(β, t)|

=
1

n
OP(1)OP(1)OP(τ)OP(τ) = OP

(
τ 2

n

)
,
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where we used the fact that

sup
t∈Ω,i

∣∣∣∣∣x⊤
i (β̃ − β)− log

(
S(0)(β̃, t)/n

S(0)(β, t)/n

)∣∣∣∣∣
≤ sup

i
|x⊤

i (β̃ − β)|+ sup
t∈Ω

| log{S(0)(β̃, t)/n}|+ sup
t∈Ω

| log{S(0)(β, t)/n}| = OP(1),

where supi |x⊤
i (β̃ − β)| ≤ supi ∥xi∥2∥β̃ − β∥2 ≤

√
dρ(∥β̃∥2 + ∥β∥2) ≤ 2

√
dρCB = O(1).

We can show the convergence of X̃(β̃, ζ) for β̃ ∈ B as below

X̃(β̃, ζ) =
1

n

∫ ζ

0

{
S(1)(β, t)⊤(β̃ − β)− log

(
S(0)(β̃, t)

S(0)(β, t)

)
S(0)(β, t)

}
dΛ∗

0(t) +OP(τ)

=

∫ ζ

0

{
S(1)(β, t)⊤

n
(β̃ − β)− log

(
S(0)(β̃, t)/n

S(0)(β, t)/n

)
S(0)(β, t)

n

}
dΛ∗

0(t) +OP(τ)

P→
∫ ζ

0

{
s(1)(β, t)⊤(β̃ − β)− log

(
s(0)(β̃, t)

s(0)(β, t)

)
s(0)(β, t)

}
dΛ0(t) = f(β̃),

where the P→ in the last line is by the following. Let An(t) = S(1)(β, t)⊤(β̃ − β)/n,

a(t) = s(1)(β, t)⊤(β̃ − β), Bn(t) = log
(
{S(0)(β̃, t)/n}/{S(0)(β, t)/n}

)
S(0)(β, t)/n, and

b(t) = log
(
s(0)(β̃, t)/s(0)(β, t)

)
s(0)(β, t). We have

sup
t∈Ω

|An(t)− a(t)| ≤ sup
t∈Ω

∥S(1)(β, t)/n− s(1)(β, t)∥2∥β̃ − β∥2

≤ 2CB sup
t∈Ω

∥S(1)(β, t)/n− s(1)(β, t)∥∞ = oP(1),

sup
t∈Ω

|Bn(t)− b(t)| ≤ sup
t∈Ω

∣∣∣∣∣log
(
S(0)(β̃, t)/n

S(0)(β, t)/n

){
S(0)(β, t)

n
− s(0)(β, t)

}∣∣∣∣∣
+ sup

t∈Ω

∣∣∣∣∣s(0)(β, t)
{

log
(
S(0)(β̃, t)/n

S(0)(β, t)/n

)
− log

(
s(0)(β̃, t)

s(0)(β, t)

)}∣∣∣∣∣
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≤
{

sup
t∈Ω

| log(S(0)(β̃, t)/n)|+ sup
t∈Ω

| log(S(0)(β, t)/n)|
}

sup
t∈Ω

∣∣∣∣S(0)(β, t)

n
− s(0)(β, t)

∣∣∣∣

+ sup
t∈Ω

s(0)(β, t)

{
sup
t∈Ω

∣∣∣∣∣ log
{S(0)(β̃, t)/n

s(0)(β̃, t)

}∣∣∣∣∣+ sup
t∈Ω

∣∣∣∣∣ log
{S(0)(β, t)/n

s(0)(β, t)

}∣∣∣∣∣
}

= (OP(1) +OP(1)) oP(1) +O(1) (oP(1) + oP(1)) = oP(1), and

supt∈Ω |(An(t)− Bn(t))− (a(t)− b(t))| ≤ supt∈Ω |An(t)− a(t)|+supt∈Ω |Bn(t)− b(t)| = oP(1).

One can see that ∂f(β̃)/(∂β̃)
∣∣
β̃=β

= 0 and −∂2f(β̃)/(∂β̃∂β̃⊤)
∣∣
β̃=β

= Σ(β, ζ) is positive def-

inite by Assumption A.3.7, indicating β = arg maxβ̃∈B f(β̃).

For t ∈ [0, ζ] and β̃ ∈ B, the predictable variation process for the martingale X(β̃, t)−X̃(β̃, t)

is

⟨X(β̃)− X̃(β̃)⟩(t) =
n∑
i=1

∫ t

0

1

n2

{
x⊤
i (β̃ − β)− log

(
S(0)(β̃, s)

S(0)(β, s)

)}2

d⟨Mi⟩(s),

which is non-decreasing in t ∈ [0, ζ]. So, for β̃ ∈ B,

sup
t∈[0,ζ]

∣∣∣⟨X(β̃)− X̃(β̃)⟩(t)
∣∣∣ = ⟨X(β̃)− X̃(β̃)⟩(ζ) = OP

(
nζ

τ

τ

n2

)
= OP

(
1

n

)
P→ 0

by Lemma A.1 where

sup
t∈Ω,i

 1

n2

{
x⊤
i (β̃ − β)− log

(
S(0)(β̃, t)/n

S(0)(β, t)/n

)}2

d⟨Mi⟩(t)


≤ 1

n2

{
sup
i

|x⊤
i (β̃ − β)|+ sup

t∈Ω
| log(S(0)(β̃, t)/n)|+ sup

t∈Ω
| log(S(0)(β, t)/n)|

}2

sup
t∈Ω,i

d⟨Mi⟩(t)

=
1

n2
OP(1)

2OP(τ) = OP

( τ
n2

)
.

By Lenglart’s Inequality, which allows triangular array structure in filtration and every
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processes, for any δ > 0, η > 0, and β̃ ∈ B,

Pr
(

sup
t∈[0,ζ]

|X(β̃, t)− X̃(β̃, t)| > √
η

)
≤ δ

η
+ Pr

(
⟨X(β̃)− X̃(β̃)⟩(ζ) > δ

)
,

which means that supt∈[0,ζ] |X(β̃, t)− X̃(β̃, t)| P→ 0 for any β̃ ∈ B.

Now one can see that X(β̃, ζ)
P→ f(β̃) for any β̃ ∈ B. Considering the fact that β̂b =

arg maxβ̃∈BX(β̃, ζ) and β = arg maxβ̃∈B f(β̃), where X(·, ζ) and f(·) are concave functions

on B, we finally have β̂b
P→ β. See Lemma 8.3.1 in Fleming and Harrington [16].

As β̂b
P→ β, β̂b ∈ B, and n−1Ib(β, ζ)

P→ Σ(β, ζ), by Lemma A.8, n−1Ib(β̂b, ζ)
P→ Σ(β, ζ) is

directly obtained. ■

A.4.7 Proof of Theorem 2.4

The following proof is based on Kalbfleisch and Prentice [27] and Fleming and Harrington

[16]. For t ∈ Ω, one can represent the predictable variation process as

d⟨Mi⟩(t) = Yi(t)dΛ
∗(t;xi) (1−∆Λ∗(t;xi)) = Yi(t) exp(x⊤

i β)∆Λ∗
0(t)(1 + ai(β, t)) (1−∆Λ∗(t;xi))

= Yi(t) exp(x⊤
i β)∆Λ∗

0(t)(1 + di(β, t)),

where di(β, t) = ai(β, t)−∆Λ∗(t;xi)− ai(β, t)∆Λ∗(t;xi). Note that

sup
t∈Ω,i

|di(β, t)| ≤ sup
t∈Ω,i

|ai(β, t)|+ sup
t∈Ω,i

∆Λ∗(t;xi) + sup
t∈Ω,i

|ai(β, t)| sup
t∈Ω,i

∆Λ∗(t;xi)

= O(τ) +O(τ) +O(τ)O(τ) = O(τ).
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We have n−1/2U(β, ζ) =
∑n

i=1

∫ ζ
0
Gi(t)dMi(t). Then, we can further derive its predictable

variation process as below

⟨n−1/2U(β)⟩(ζ) =
n∑
i=1

∫ ζ

0

Gi(t)Gi(t)
⊤d⟨Mi⟩(t) =

n∑
i=1

∑
t∈Ω

Gi(t)Gi(t)
⊤Yi(t)∆Λ∗(t;xi) (1−∆Λ∗(t;xi))

=
n∑
i=1

∑
t∈Ω

Gi(t)Gi(t)
⊤Yi(t) exp(x⊤

i β)∆Λ∗
0(t) (1 + di(β, t))

=
n∑
i=1

∑
t∈Ω

Gi(t)Gi(t)
⊤Yi(t) exp(x⊤

i β)∆Λ∗
0(t) +OP(τ)

=
∑
t∈Ω

V(β, t)S
(0)(β, t)

n
∆Λ∗

0(t) +OP(τ)
P→
∫ ζ

0

v(β, t)s(0)(β, t)dΛ0(t) = Σ(β, ζ),

where we use the fact that

n∑
i=1

∑
t∈Ω

Gi(t)Gi(t)
⊤Yi(t) exp(x⊤

i β)∆Λ∗
0(t)di(β, t) = OP

(
nζ

τ

τ 2

n

)
= OP(τ).

To see this, let Gi(t) = (Gi1(t), . . . , Gid(t))
⊤. For all ℓ, ℓ′ ∈ {1, · · · , d}, we have

sup
t∈Ω,i

∣∣Giℓ(t)Giℓ′(t)Yi(t) exp(x⊤
i β)∆Λ∗

0(t)di(β, t)
∣∣

≤ 1

n
sup
t∈Ω,i

|(xiℓ − ϵℓ(β, t))| sup
t∈Ω,i

|(xiℓ′ − ϵℓ′(β, t))| sup
i

exp(x⊤
i β) sup

t∈Ω
∆Λ∗

0(t) sup
t∈Ω,i

|di(β, t)| = OP

(
τ 2

n

)
.

For ℓ = 1, . . . , d, define

n−1/2Uϵ,ℓ(β, ζ) =
n∑
i=1

∫ ζ

0

Giℓ(t)1(|Giℓ(t)| > ϵ)dMi(t).
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For ℓ = 1, . . . , d and for all ϵ > 0, we have

0 ≤ ⟨n−1/2Uϵ,ℓ(β)⟩(ζ) =
n∑
i=1

∫ ζ

0

G2
iℓ(t)1(|Giℓ(t)| > ϵ)d⟨Mi⟩(t)

≤ 4
n∑
i=1

∫ ζ

0

1

n
x2iℓ1

(∣∣∣∣ 1√
n
xiℓ

∣∣∣∣ > ϵ

2

)
d⟨Mi⟩(t) + 4

n∑
i=1

∫ ζ

0

1

n
ϵℓ(β, t)

21

(∣∣∣∣ 1√
n
ϵℓ(β, t)

∣∣∣∣ > ϵ

2

)
d⟨Mi⟩(t)

≤ 41

(
sup
i

∣∣∣∣ 1√
n
xiℓ

∣∣∣∣ > ϵ

2

) n∑
i=1

∫ ζ

0

1

n
x2iℓd⟨Mi⟩(t) + 41

(
sup
t∈Ω

∣∣∣∣ 1√
n
ϵℓ(β, t)

∣∣∣∣ > ϵ

2

) n∑
i=1

∫ ζ

0

1

n
ϵℓ(β, t)

2d⟨Mi⟩(t)

= o(1)OP

(
nζ

τ

τ

n

)
+ oP(1)OP

(
nζ

τ

τ

n

)
= oP(1),

where 0 ≤ n−1/2 supi |xiℓ| ≤ n−1/2ρ = o(1), ϵℓ(β, t) =
∑n

i=1 qi(β, t)xiℓ with

0 ≤ sup
t∈Ω

∣∣∣∣∣ 1√
n

n∑
i=1

qi(β, t)xiℓ

∣∣∣∣∣ ≤ 1√
n

sup
t∈Ω

n∑
i=1

qi(β, t)|xiℓ| ≤
1√
n
ρ = o(1),

sup
t∈Ω,i

1

n
x2iℓd⟨Mi⟩(t) ≤

1

n
sup
i
x2iℓ sup

t∈Ω,i
d⟨Mi⟩(t) = OP

(τ
n

)
,

sup
t∈Ω,i

1

n
ϵℓ(β, t)

2d⟨Mi⟩(t) ≤
1

n

{
sup
t∈Ω

|ϵℓ(β, t)|
}2

sup
t∈Ω,i

d⟨Mi⟩(t) = OP

(τ
n

)
,

and we use the fact that

|a− b|21(|a− b| > ϵ) ≤ 4|a|21(|a| > ϵ/2) + 4|b|21(|b| > ϵ/2).

Then, by the martingale central limit theorem (Rebolledo’s Theorem) in page 166 of Kalbfleisch

and Prentice [27], which allows triangular array structure in filtration and every processes,

we have n−1/2U(β, ζ)
D→ N (0,Σ(β, ζ)). As Ub(β, t) = U(β, t) + OP(nτ) for t ∈ [0, ζ] and

since n1/2τ → 0, we have n−1/2Ub(β, ζ) = n−1/2U(β, ζ) + oP(1)
D→ N (0,Σ(β, ζ)).

Lastly, we derive the limiting distribution for β̂b. As Ub(β̂b, ζ) = 0, by the Taylor series
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expansion, we have the following:

0 = n−1/2Ub(β̂b, ζ) = n−1/2Ub(β, ζ) +

{
n−1/2 ∂

∂β̃⊤
Ub(β̃, ζ)

}
(β̂b − β)

= n−1/2Ub(β, ζ)− n−1Ib(β̃, ζ)n
1/2(β̂b − β),

where β̃ is between β and β̂b, i.e., β̃ = θβ + (1− θ)β̂b for some random variable θ ∈ [0, 1].

Then

n−1Ib(β̃, ζ)n
1/2(β̂b − β) = n−1/2Ub(β, ζ)

D→ N (0,Σ(β, ζ)) .

As β̂b
P→ β by Theorem 2.3 and β̃ is between β and β̂b, we have ∥β̃−β∥2 = ∥(1− θ)(β̂b −

β)∥2 = |1− θ|∥β̂b − β∥2 ≤ ∥β̂b − β∥2 = oP(1), leading to β̃
P→ β. As B is a convex set and

β, β̂b ∈ B, we have β̃ ∈ B. Combined with n−1Ib(β, ζ)
P→ Σ(β, ζ), by Lemma A.8, we have

n−1Ib(β̃, ζ)
P→ Σ(β, ζ). So using the Slutsky’s theorem and continuous mapping principle,

we finally have

n1/2(β̂b − β) =
{
n−1Ib(β̃, ζ)

}−1

n−1/2Ub(β, ζ)
D→ Σ(β, ζ)−1N (0,Σ(β, ζ))

= N
(
0,Σ(β, ζ)−1Σ(β, ζ)Σ(β, ζ)−1

)
= N

(
0,Σ(β, ζ)−1

)
.

■

A.4.8 Basic Asymptotic Results for the PB Distribution Estima-

tor under the Grouped Continuous Failure Time Model

Here we derive some asymptotic orders that are used in proofs for β̂pb.

Lemma A.9. Under Assumptions A.3.1 – A.3.5 and A.3.9, supt∈Ω dΛ̂(t) = OP(τ).
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Proof. We have supt∈Ω dΛ̂(t) ≤ {supt∈Ω d(t)}{supt∈Ω 1/n∗(t)} = OP(nτ)OP(1/n) = OP(τ).

Thus it shows that supt∈Ω dΛ̂(t) = OP(τ). ■

Now we check dΛ̂na(·) and dΛ̂b(·) satisfy Assumption A.3.9, which is a requirement for proper

baseline hazard. For t ∈ [0, ζ],

Λ̂na(t) =
k∑
j=1

λ̂na,j1(t(j) ≤ t) =

∫ t

0

dΛ̂na(s) =
∑
s∈Ωt

∆Λ̂na(s),

where for all t ∈ Ω, dΛ̂na(t) = d(t)/n(t) = dN(t)/
∑n

i=1 Yi(t). Similarly, for t ∈ [0, ζ],

Λ̂b(t) =
k∑
j=1

λ̂bj1(t(j) ≤ t) =

∫ t

0

dΛ̂b(s) =
∑
s∈Ωt

∆Λ̂b(s),

where for all t ∈ Ω, dΛ̂b(t) = d(t)/
{∑

i∈R(t) exp(x⊤
i β̂b)

}
= dN(t)/

{∑n
i=1 Yi(t) exp(x⊤

i β̂b)
}

.

When d(t) = dN(t) = ∆N(t) is observed to be 0 (t /∈ ΩK) for some t ∈ Ω, we also observe

dΛ̂na(t) = dΛ̂b(t) = 0.

Lemma A.10. Under Assumptions A.3.1 – A.3.5, dΛ̂na(·) and dΛ̂b(·) satisfy Assumption

A.3.9.

Proof. When dΛ̂(·) = dΛ̂na(·), n∗(·) = n(·). We know that supt∈Ω n(t) = OP(n) and

supt∈Ω{1/n(t)} = 1/{inft∈Ω n(t)} = 1/n(ζ) = OP(1/n).

When dΛ̂(·) = dΛ̂b(·), n∗(·) = S(0)(β̂b, ·). As β̂b ∈ B, 0 ≤ supt∈Ω S(0)(β̂b, t) ≤ supβ̃∈B supt∈Ω S(0)(β̃, t)

= supβ̃∈B,t∈Ω S
(0)(β̃, t) = OP(n), 0 ≤ supt∈Ω 1/S(0)(β̂b, t) ≤ supβ̃∈B supt∈Ω 1/S(0)(β̃, t) =

supβ̃∈B,t∈Ω 1/S(0)(β̃, t) = OP(1/n), where we have supt∈Ω 1/S(0)(β̂b, t) = 1/inft∈Ω S(0)(β̂b, t) =

1/S(0)(β̂b, ζ). ■

Now we show asymptotic order for the PB distribution hazard. By the Taylor series expan-
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sion, for all i ∈ {1, · · · , n}, t ∈ Ω, and β̃ ∈ B,

pi(β̃, t) = exp(x⊤
i β̃)dΛ̂(t)(1 + ãi(β̃, t)) = exp(x⊤

i β̃)dΛ̂(t) + b̃i(β̃, t),

where

ãi(β̃, t) = −exp(−c̃i(β̃, t))
2

exp(x⊤
i β̃)dΛ̂(t)

with some c̃i(β̃, t) ∈ [0, exp(x⊤
i β̃)dΛ̂(t)]. Note that when d(t) = 0, we have dΛ̂(t) = pi(β̃, t) =

ãi(β̃, t) = b̃i(β̃, t) = 0.

Lemma A.11. Under Assumptions A.3.1 – A.3.5 and A.3.9, we have supβ̃∈B,t∈Ω,i exp(x⊤
i β̃)dΛ̂(t) =

OP(τ) and

supβ̃∈B,t∈Ω,i |ãi(β̃, t)| = OP(τ), resulting in supβ̃∈B,t∈Ω,i |b̃i(β̃, t)| = OP(τ
2) and supβ̃∈B,t∈Ω,i pi(β̃, t) =

OP(τ).

Proof. First, we have

sup
β̃∈B,t∈Ω,i

exp(x⊤
i β̃)dΛ̂(t) ≤ sup

β̃∈B,i
exp(x⊤

i β̃) sup
t∈Ω

dΛ̂(t) ≤ exp
(√

dρCB

)
OP(τ) = OP(τ),

implying that supβ̃∈B,t∈Ω,i exp(x⊤
i β̃)dΛ̂(t) = OP(τ). Second, we have

sup
β̃∈B,t∈Ω,i

|ãi(β̃, t)| ≤ sup
β̃∈B,t∈Ω,i

∣∣∣∣∣exp(−c̃i(β̃, t))
2

∣∣∣∣∣ sup
β̃∈B,t∈Ω,i

exp(x⊤
i β̃)dΛ̂(t)

≤ 1

2
sup

β̃∈B,t∈Ω,i
exp(x⊤

i β̃)dΛ̂(t) = OP(τ),



A.4. LEMMAS AND PROOFS 107

implying that supβ̃∈B,t∈Ω,i |ãi(β̃, t)| = OP(τ). Using these results, we have

sup
β̃∈B,t∈Ω,i

|b̃i(β̃, t)| ≤ sup
β̃∈B,t∈Ω,i

|ãi(β̃, t)| sup
β̃∈B,t∈Ω,i

exp(x⊤
i β̃)dΛ̂(t) = OP(τ)OP(τ) = OP(τ

2) and

sup
β̃∈B,t∈Ω,i

pi(β̃, t) ≤ sup
β̃∈B,t∈Ω,i

exp(x⊤
i β̃)dΛ̂(t) + sup

β̃∈B,t∈Ω,i
|b̃i(β̃, t)| = OP(τ) +OP(τ

2) = OP(τ).

■

The following convergence results are directly used in proofs for β̂pb.

Lemma A.12. When Assumptions A.3.1 – A.3.5 and A.3.8 – A.3.9 are satisfied,

sup
β̃∈B,t∈Ω

∣∣∣∣∣log
(
Bt(β̃)

)
− log

(
µ(β̃, t)d(t) exp(−µ(β̃, t))

d(t)!

)∣∣∣∣∣ = OP

(
1

n

)
,

sup
β̃∈B,t∈Ω

∣∣∣∣∣∣log

 ∏
i∈R(t)\D(t)

(
1− pi(β̃, t)

)− log
(

exp
(
−µ(β̃, t) + µ̃(β̃, t)

))∣∣∣∣∣∣ = OP

(
1

n

)
,

sup
β̃∈B,t∈Ω

∣∣∣∣∣∣log

 ∏
i∈D(t) pi(β̃, t)∏

i∈D(t)

{
exp(x⊤

i β̃)dΛ̂(t)
}
∣∣∣∣∣∣ = OP

(
1

n

)
, and

sup
β̃∈B,t∈Ω

∣∣∣∣∣∣∣log

 µ(β̃, t)d(t){∑
i∈R(t) exp(x⊤

i β̃)dΛ̂(t)
}d(t)


∣∣∣∣∣∣∣ = OP

(
1

n

)
, where

µ(β̃, t) =
∑

i∈R(t) pi(β̃, t) and µ̃(β̃, t) =
∑

i∈D(t) pi(β̃, t).

Note that the first two results are based on Poisson approximation and the other results are

based on approximating pi(β̃, t) by exp(x⊤
i β̃)dΛ̂(t). The proof of Lemma A.12 is in Section

A.5.1.
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A.4.9 Proof of Theorem 2.5

Recall that for t ∈ Ω and β̃ ∈ B,

Lt(β̃) =
At(β̃)

Bt(β̃)
=

{∏
i∈D(t) pi(β̃, t)

}{∏
i∈R(t)\D(t)(1− pi(β̃, t))

}
∑

Ad(t)∈Fd(t)

{∏
i∈Ad(t)

pi(β̃, t)
}{∏

i∈R(t)\Ad(t)
(1− pi(β̃, t))

} ,
Lb
t (β̃) =

exp
(∑

i∈D(t) x
⊤
i β̃
)

{∑
i∈R(t) exp(x⊤

i β̃)
}d(t)

/d(t)!

.

For t ∈ Ω and β̃ ∈ B,
Lt(β̃)

Lb
t (β̃)

=
Lt(β̃)

L1
t (β̃)

L1
t (β̃)

L2
t (β̃)

L2
t (β̃)

L3
t (β̃)

L3
t (β̃)

Lb
t (β̃)

,

where

L1
t (β̃) =

{∏
i∈D(t) pi(β̃, t)

}
exp

(
−µ(β̃, t) + µ̃(β̃, t)

)
µ(β̃, t)d(t) exp(−µ(β̃, t))/d(t)!

,

L2
t (β̃) =

{∏
i∈D(t)

{
exp(x⊤

i β̃)dΛ̂(t)
}}

exp
(
−µ(β̃, t) + µ̃(β̃, t)

)
µ(β̃, t)d(t) exp(−µ(β̃, t))/d(t)!

,

L3
t (β̃) =

{∏
i∈D(t)

{
exp(x⊤

i β̃)dΛ̂(t)
}}

exp
(
−µ(β̃, t) + µ̃(β̃, t)

)
{∑

i∈R(t) exp(x⊤
i β̃)dΛ̂(t)

}d(t)
exp(−µ(β̃, t))/d(t)!

.

We have

sup
β̃∈B,t∈Ω

∣∣∣∣∣log
(
Lt(β̃)

L1
t (β̃)

)∣∣∣∣∣ ≤ sup
β̃∈B,t∈Ω

∣∣∣∣∣∣log

∏i∈R(t)\D(t)

(
1− pi(β̃, t)

)
exp

(
−µ(β̃, t) + µ̃(β̃, t)

)
∣∣∣∣∣∣

+ sup
β̃∈B,t∈Ω

∣∣∣∣∣log
(

Bt(β̃)

µ(β̃, t)d(t) exp(−µ(β̃, t))/d(t)!

)∣∣∣∣∣
= OP

(
1

n

)
+OP

(
1

n

)
= OP

(
1

n

)
,
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sup
β̃∈B,t∈Ω

∣∣∣∣∣log
(
L1
t (β̃)

L2
t (β̃)

)∣∣∣∣∣ = sup
β̃∈B,t∈Ω

∣∣∣∣∣∣log

 ∏
i∈D(t) pi(β̃, t)∏

i∈D(t)

{
exp(x⊤

i β̃)dΛ̂(t)
}
∣∣∣∣∣∣ = OP

(
1

n

)
,

sup
β̃∈B,t∈Ω

∣∣∣∣∣log
(
L2
t (β̃)

L3
t (β̃)

)∣∣∣∣∣ = sup
β̃∈B,t∈Ω

∣∣∣∣∣∣∣log

 µ(β̃, t)d(t){∑
i∈R(t) exp(x⊤

i β̃)dΛ̂(t)
}d(t)


∣∣∣∣∣∣∣ = OP

(
1

n

)
,

sup
β̃∈B,t∈Ω

∣∣∣∣∣log
(
L3
t (β̃)

Lb
t (β̃)

)∣∣∣∣∣ = sup
β̃∈B,t∈Ω

∣∣∣µ̃(β̃, t)∣∣∣ = sup
β̃∈B,t∈Ω

∑
i∈D(t)

pi(β̃, t)

≤ sup
t∈Ω

d(t) sup
β̃∈B,t∈Ω,i

pi(β̃, t) = OP(nτ)OP(τ) = OP(nτ
2) = OP

(
1

n

)
,

where the last equality is due to τ ≍ 1/n by Assumption A.3.8. So, for t ∈ Ω,

sup
β̃∈B,t∈Ω

∣∣∣∣∣log
(
Lt(β̃)

Lb
t (β̃)

)∣∣∣∣∣ ≤ sup
β̃∈B,t∈Ω

∣∣∣∣∣log
(
Lt(β̃)

L1
t (β̃)

)∣∣∣∣∣+ sup
β̃∈B,t∈Ω

∣∣∣∣∣log
(
L1
t (β̃)

L2
t (β̃)

)∣∣∣∣∣
+ sup

β̃∈B,t∈Ω

∣∣∣∣∣log
(
L2
t (β̃)

L3
t (β̃)

)∣∣∣∣∣+ sup
β̃∈B,t∈Ω

∣∣∣∣∣log
(
L3
t (β̃)

Lb
t (β̃)

)∣∣∣∣∣ = OP

(
1

n

)
= OP(τ).

Note that when d(t) = 0 is observed for t ∈ Ω, for any β̃ ∈ B, we also observe logLt(β̃) =

logL1
t (β̃) = logL2

t (β̃) = logL3
t (β̃) = logLb

t (β̃) = 0.

For t ∈ [0, ζ],

sup
β̃∈B

∣∣∣log
(
L(β̃, Λ̂, t)

)
− log

(
Lb(β̃, t)

)∣∣∣ = sup
β̃∈B

∣∣∣∣∣∑
s∈Ωt

log
(
Ls(β̃)

Lb
s(β̃)

)∣∣∣∣∣ ≤ sup
β̃∈B

∑
t∈Ω

∣∣∣∣∣log
(
Lt(β̃)

Lb
t (β̃)

)∣∣∣∣∣
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≤ ζ

τ
sup

β̃∈B,t∈Ω

∣∣∣∣∣log
(
Lt(β̃)

Lb
t (β̃)

)∣∣∣∣∣ = ζ

τ
OP(τ) = OP(1).

■

A.4.10 Proof of Theorem 2.6

When Assumptions A.3.1 – A.3.9 are satisfied, by Theorems 2.3 and 2.5, we have supβ̃∈B |Xpb(β̃, Λ̂, ζ)−

X(β̃, ζ)| = OP(1/n) = oP(1), leading to Xpb(β̃, Λ̂, ζ)−X(β̃, ζ) = OP(1/n) = oP(1) for any

β̃ ∈ B. We already have X(β̃, ζ)
P→ f(β̃) for any β̃ ∈ B. So, we have Xpb(β̃, Λ̂, ζ)

P→

f(β̃) for any β̃ ∈ B. Considering the fact that β̂pb = arg maxβ̃∈BXpb(β̃, Λ̂, ζ) and β =

arg maxβ̃∈B f(β̃), where Xpb(·, Λ̂, ζ) and f(·) are concave functions on B, we have β̂pb
P→ β

by Lemma 8.3.1 in Fleming and Harrington [16].

As β̂pb
P→ β, β̂pb ∈ B, and n−1Ib(β, ζ)

P→ Σ(β, ζ), by Lemma A.8, n−1Ib(β̂pb, ζ)
P→ Σ(β, ζ)

is directly derived. ■

A.4.11 Proof of Theorem 2.7

Let C̃ = max(Cpb, Cb). Then, we have

Pr
(
∥β̂pb − β̂b∥2 ≤ C̃na

{
Xpb(β̂pb, Λ̂, ζ)−Xpb(β̂b, Λ̂, ζ)

})
→ 1

and

Pr
(
∥β̂b − β̂pb∥2 ≤ C̃na

{
X(β̂b, ζ)−X(β̂pb, ζ)

})
→ 1
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by Assumption A.3.10. Consequently,

Pr
(
∥β̂pb − β̂b∥2 ≤ Cna

{
Xpb(β̂pb, Λ̂, ζ)−Xpb(β̂b, Λ̂, ζ) +X(β̂b, ζ)−X(β̂pb, ζ)

})
→ 1,

where C = C̃/2. The above equation is equivalent to

Pr
(
n1/2∥β̂pb − β̂b∥2 ≤ Cna+1/2

{
Xpb(β̂pb, Λ̂, ζ)−X(β̂pb, ζ) +X(β̂b, ζ)−Xpb(β̂b, Λ̂, ζ)

})
→ 1,

(A.2)

where a+ 1/2 ∈ [1/2, 1). Let ϵ > 0. Then the following holds:

Pr
(
Cna+1/2

{
Xpb(β̂pb, Λ̂, ζ)−X(β̂pb, ζ) +X(β̂b, ζ)−Xpb(β̂b, Λ̂, ζ)

}
≤ ϵ
)

≥ Pr
(∣∣∣Cna+1/2

(
Xpb(β̂pb, Λ̂, ζ)−X(β̂pb, ζ)

)∣∣∣+ ∣∣∣Cna+1/2
(
X(β̂b, ζ)−Xpb(β̂b, Λ̂, ζ)

)∣∣∣ ≤ ϵ
)

≥ Pr
(∣∣∣Cna+1/2

(
Xpb(β̂pb, Λ̂, ζ)−X(β̂pb, ζ)

)∣∣∣ ≤ ϵ

2
and

∣∣∣Cna+1/2
(
X(β̂b, ζ)−Xpb(β̂b, Λ̂, ζ)

)∣∣∣ ≤ ϵ

2

)
= 1− Pr

(∣∣∣Cna+1/2
(
Xpb(β̂pb, Λ̂, ζ)−X(β̂pb, ζ)

)∣∣∣ > ϵ

2
or
∣∣∣Cna+1/2

(
X(β̂b, ζ)−Xpb(β̂b, Λ̂, ζ)

)∣∣∣ > ϵ

2

)
≥ 1− Pr

(∣∣∣Cna+1/2
(
Xpb(β̂pb, Λ̂, ζ)−X(β̂pb, ζ)

)∣∣∣ > ϵ

2

)
− Pr

(∣∣∣Cna+1/2
(
X(β̂b, ζ)−Xpb(β̂b, Λ̂, ζ)

)∣∣∣ > ϵ

2

)
→ 1,

where the → 1 in the last line is because Xpb(β̂pb, Λ̂, ζ) − X(β̂pb, ζ) = OP(1/n) and

Xpb(β̂b, Λ̂, ζ)−X(β̂b, ζ) = OP(1/n). So, we have

Pr
(
Cna+1/2

{
Xpb(β̂pb, Λ̂, ζ)−X(β̂pb, ζ) +X(β̂b, ζ)−Xpb(β̂b, Λ̂, ζ)

}
≤ ϵ
)
→ 1.(A.3)

Considering (A.2) and (A.3), we have Pr
(
n1/2∥β̂pb − β̂b∥2 ≤ ϵ

)
→ 1, which means n1/2(β̂pb−

β̂b) = oP(1). Then we have n1/2(β̂pb −β) = n1/2(β̂pb − β̂b)+n1/2(β̂b −β) = n1/2(β̂b −β)+

oP(1)
D→ N (0,Σ(β, ζ)−1) since n1/2(β̂b − β)

D→ N (0,Σ(β, ζ)−1). ■
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A.4.12 Proof of Theorems 2.8 and 2.9

As no ties are allowed in a continuous model, dj = 1 for all j = 1, . . . , k. We use Λ̂e as Λ̂.

One can also use Λ̂na as Λ̂, considering λ̂na,j = 1/nj. As there are no ties, the approximate

partial likelihood estimator β̂c, the Breslow estimator β̂b, and the Efron estimator β̂e are

the same, and

dΛ̂e(t) = dΛ̂b(t) =
1∑

i∈R(t) exp(x⊤
i β̂e)

for t = t(j) ∈ ΩK and dΛ̂e(t) = dΛ̂b(t) = 0 for t /∈ ΩK. We have λ̂ej = dΛ̂e(t(j)) and

Λ̂e(t) =
∑

s≤t,s∈ΩK dΛ̂e(s). Using similar techniques in the proof of Theorem 2.5, one can

show that

sup
β̃∈B

∣∣∣L(β̃, Λ̂e)− Lc(β̃)
∣∣∣ = OP(1),

where L(β̃, Λ̂e) = log
(
L(β̃, Λ̂e)

)
and Lc(β̃) =

∑k
j=1

{
x⊤
j1
β̃ − log

(∑
i∈R(t(j))

exp(x⊤
i β̃)

)}
is

the logarithm of the approximate partial likelihood (2.2). Under the continuous model, β̂c =

arg maxβ̃∈B Lc(β̃) satisfies the following under Assumptions A.3.2 and A.3.11 by Kalbfleisch

and Prentice [27]:

(i) n−1/2Uc(β, ζ)
D→ N (0,Σc(β, ζ)),

(ii) n1/2
(
β̂c − β

)
D→ N (0,Σc(β, ζ)

−1), and

(iii) n−1Ic(β̂c, ζ)
P→ Σc(β, ζ).

Showing the consistency and limiting covariance estimation of β̂pb is similar to the proof of

Theorem 2.6 and showing the asymptotic normality of β̂pb is similar to the proof of Theorem

2.7. ■
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A.5 Asymptotic Orders

A.5.1 Asymptotic Orders for the Grouped Continuous Failure Time

Model

In this section, we derive the asymptotic orders results used in the proofs for Section 2.4.2

under the grouped continuous failure time model. Here we first derive some basic asymptotic

order calculations.

Lemma A.13. Let Xn ∈ R be a random variable and an > 0 satisfies an → 0 as n → ∞.

If Xn = OP(an), then log(1 + Xn) = OP(an) and 1/(1 + Xn) = 1 + OP(an). Similarly, if

Xn = oP(1), then log(1 +Xn) = oP(1) and 1/(1 +Xn) = 1 + oP(1).

Proof. We only prove the case when Xn = OP(an). By the Taylor series expansion,

log(1 +Xn) = Xn −
1

2(1 + X̃n)2
X2
n = OP(an)−

1

2(1 +OP(an))2
OP(an)

2

= OP(an) +OP(1)OP(an)
2 = OP(an)

for some X̃n between 0 and Xn, where X̃n ∈ [0, Xn] when Xn ≥ 0 and X̃n ∈ [Xn, 0] when

Xn < 0. Similarly, the Taylor series expansion,

1

1 +Xn

= 1−Xn +
1

(1 +X∗
n)

3
X2
n = 1 +OP(an) +

1

(1 +OP(an))3
OP(an)

2

= 1 +OP(an) +OP(1)OP(an)
2 = 1 +OP(an)

for some X∗
n between 0 and Xn, where X∗

n ∈ [0, Xn] when Xn ≥ 0 and X∗
n ∈ [Xn, 0] when

Xn < 0. ■



114
CHAPTER A. DETAILS FOR “AN ACCURATE COMPUTATIONAL APPROACH FOR PARTIAL LIKELIHOOD

USING POISSON-BINOMIAL DISTRIBUTIONS”

Lemma A.14. Let stochastic processes An(β̃, t), Bn(β̃, t) > 0 for β̃ ∈ B and t ∈ Ω, where

supβ̃∈B,t∈ΩAn(β̃, t) = OP(1), supβ̃∈B,t∈Ω{1/An(β̃, t)} = OP(1), supβ̃∈B,t∈ΩBn(β̃, t) = OP(1),

and supβ̃∈B,t∈Ω{1/Bn(β̃, t)} = OP(1). If supβ̃∈B,t∈Ω |An(β̃, t)− Bn(β̃, t)| = OP(an) for some

an > 0 satisfying an → 0 as n→ ∞, then

sup
β̃∈B,t∈Ω

{An(β̃, t)/Bn(β̃, t)} = 1 +OP(an) and sup
β̃∈B,t∈Ω

{Bn(β̃, t)/An(β̃, t)} = 1 +OP(an).

If supβ̃∈B,t∈Ω |An(β̃, t)− Bn(β̃, t)| = oP(1), then

sup
β̃∈B,t∈Ω

{An(β̃, t)/Bn(β̃, t)} = 1 + oP(1) and sup
β̃∈B,t∈Ω

{Bn(β̃, t)/An(β̃, t)} = 1 + oP(1).

Proof. It is sufficient to prove the first case. For β̃ ∈ B and t ∈ Ω, An(β̃, t)/Bn(β̃, t) > 0

and Bn(β̃, t)/An(β̃, t) > 0 can be defined by the given condition. We have

sup
β̃∈B,t∈Ω

∣∣∣∣∣An(β̃, t)Bn(β̃, t)

∣∣∣∣∣ = sup
β̃∈B,t∈Ω

∣∣∣∣∣1 + An(β̃, t)

Bn(β̃, t)
− 1

∣∣∣∣∣ ≤ 1 + sup
β̃∈B,t∈Ω

∣∣∣∣∣An(β̃, t)Bn(β̃, t)
− 1

∣∣∣∣∣ ,
1 = sup

β̃∈B,t∈Ω

∣∣∣∣∣An(β̃, t)Bn(β̃, t)
+ 1− An(β̃, t)

Bn(β̃, t)

∣∣∣∣∣ ≤ sup
β̃∈B,t∈Ω

∣∣∣∣∣An(β̃, t)Bn(β̃, t)

∣∣∣∣∣+ sup
β̃∈B,t∈Ω

∣∣∣∣∣An(β̃, t)Bn(β̃, t)
− 1

∣∣∣∣∣ ,
− sup

β̃∈B,t∈Ω

∣∣∣∣∣An(β̃, t)Bn(β̃, t)
− 1

∣∣∣∣∣ ≤
{

sup
β̃∈B,t∈Ω

∣∣∣∣∣An(β̃, t)Bn(β̃, t)

∣∣∣∣∣
}

− 1 =

{
sup

β̃∈B,t∈Ω

An(β̃, t)

Bn(β̃, t)

}
− 1

≤ sup
β̃∈B,t∈Ω

∣∣∣∣∣An(β̃, t)Bn(β̃, t)
− 1

∣∣∣∣∣ ,

and
∣∣∣∣∣
{

sup
β̃∈B,t∈Ω

An(β̃, t)

Bn(β̃, t)

}
− 1

∣∣∣∣∣ ≤ sup
β̃∈B,t∈Ω

∣∣∣∣∣An(β̃, t)Bn(β̃, t)
− 1

∣∣∣∣∣ = sup
β̃∈B,t∈Ω

∣∣∣∣∣An(β̃, t)− Bn(β̃, t)

Bn(β̃, t)

∣∣∣∣∣
≤ sup

β̃∈B,t∈Ω

∣∣∣∣ 1

Bn(β̃, t)

∣∣∣∣ sup
β̃∈B,t∈Ω

∣∣∣An(β̃, t)− Bn(β̃, t)
∣∣∣

= OP(1)OP(an) = OP(an),
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which leads to supβ̃∈B,t∈Ω

{
An(β̃, t)/Bn(β̃, t)

}
= 1+OP(an). supβ̃∈B,t∈Ω

{
Bn(β̃, t)/An(β̃, t)

}
=

1 +OP(an) can be shown similarly. ■

Now we derive order of ties.

Lemma A.15. Under Assumptions A.3.1 – A.3.5,

sup
t∈Ω

{E(dN(t)|Ft−)} = OP(nτ),

implying that supt∈Ω dN(t) = OP(nτ).

Proof.

0 ≤ sup
t∈Ω

{E(dN(t)|Ft−)} = sup
t∈Ω

{
n∑
i=1

Yi(t)dΛ
∗(t;xi)

}
≤ sup

t∈Ω

{
n∑
i=1

dΛ∗(t;xi)

}

≤ n sup
t∈Ω,i

dΛ∗(t;xi) = nO(τ) = O(nτ),

directly implying supt∈Ω dN(t) = OP(nτ) by Assumption A.3.5. ■

Proof of the Lemma A.5

First, we show some properties for Yi(t). For all i and all t ∈ Ω, we have Yi(t) ≥ Yi(ζ).

So, for all t ∈ Ω, we have n(t) =
∑n

i=1 Yi(t) ≥
∑n

i=1 Yi(ζ) = n(ζ), resulting in n(ζ) =

inft∈Ω n(t). Similarly, for any β̃ ∈ B, for all t ∈ Ω, S(0)(β̃, t) =
∑n

i=1 Yi(t) exp(x⊤
i β̃) ≥∑n

i=1 Yi(ζ) exp(x⊤
i β̃) = S(0)(β̃, ζ), resulting in S(0)(β̃, ζ) = inft∈Ω S(0)(β̃, t).

As supt∈Ω n(t) ≤ n, supt∈Ω n(t) = OP(n). By Assumption A.3.4, we have |n(ζ)/n− y(ζ)| ≤

supt∈Ω |n(t)/n − y(t)| ≤ supt∈[0,ζ] |n(t)/n − y(t)| a.s.−→ 0, leading to |n(ζ)/n − y(ζ)| P→ 0. For
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all ϵ > 0,

Pr(n(y(ζ)− ϵ) ≤ n(ζ)) ≥ Pr (−ϵ ≤ n(ζ)/n− y(ζ) ≤ ϵ) → 1.

Set small enough ϵ̃ ∈ (0, y(ζ)) to make C−1
ζ = y(ζ)− ϵ̃ > 0. Note that Cζ > 1 due to ranges

of y(ζ) and ϵ̃. Then Pr(1/n(ζ) ≤ Cζ/n) → 1. Note that

sup
t∈Ω

1

n(t)
=

1

inft∈Ω n(t)
=

1

n(ζ)
, which leads to sup

t∈Ω

1

n(t)
= OP

(
1

n

)
.

We have

sup
β̃∈B,t∈Ω

S(0)(β̃, t) = sup
β̃∈B,t∈Ω

n∑
i=1

Yi(t) exp(x⊤
i β̃) ≤ sup

β̃∈B

n∑
i=1

exp(x⊤
i β̃) ≤ n sup

β̃∈B,i
exp(x⊤

i β̃) ≤ n exp(
√
dρCB),

directly proving supβ̃∈B,t∈Ω S
(0)(β̃, t) = OP(n). Similarly,

inf
β̃∈B,t∈Ω

S(0)(β̃, t) = inf
β̃∈B

inf
t∈Ω

S(0)(β̃, t) = inf
β̃∈B

S(0)(β̃, ζ) ≥ inf
β̃∈B

n(ζ) inf
i

exp(x⊤
i β̃)

= n(ζ) inf
β̃∈B,i

exp(x⊤
i β̃) ≥ n(ζ) exp(−

√
dρCB),

where we used the fact that S(0)(β̃, ζ) ≥ n(ζ) infi exp(x⊤
i β̃) for any β̃ ∈ B, resulting in

infβ̃∈B S(0)(β̃, ζ) = S(0)(β∗, ζ) ≥ n(ζ) infi exp(x⊤
i β

∗) ≥ infβ̃∈B n(ζ) infi exp(x⊤
i β̃) for some

β∗ ∈ B.

As n(ζ) ≥ 1 by Assumption A.3.1, we have

Pr
(

1

infβ̃∈B,t∈Ω S(0)(β̃, t)
≤ Cζ exp(

√
dρCB)

1

n

)
→ 1.
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Note that

sup
β̃∈B,t∈Ω

1

S(0)(β̃, t)
=

1

infβ̃∈B,t∈Ω S(0)(β̃, t)
=

1

infβ̃∈B S(0)(β̃, ζ)
,

which leads to

sup
β̃∈B,t∈Ω

1

S(0)(β̃, t)
= OP

(
1

n

)
.

For any ℓ, ℓ′ ∈ {1, · · · , d},

sup
β̃∈B,t∈Ω

∣∣∣S(1)
ℓ (β̃, t)

∣∣∣ = sup
β̃∈B,t∈Ω

∣∣∣∣∣
n∑
i=1

Yi(t)xiℓ exp(x⊤
i β̃)

∣∣∣∣∣ ≤ sup
β̃∈B

n∑
i=1

|xiℓ| exp(x⊤
i β̃)

≤ n sup
i

|xiℓ| sup
β̃∈B,i

exp(x⊤
i β̃) ≤ nρ exp(

√
dρCB),

sup
β̃∈B,t∈Ω

∣∣∣S(2)
ℓ,ℓ′(β̃, t)

∣∣∣ = sup
β̃∈B,t∈Ω

∣∣∣∣∣
n∑
i=1

Yi(t)xiℓxiℓ′ exp(x⊤
i β̃)

∣∣∣∣∣ ≤ sup
β̃∈B,

n∑
i=1

|xiℓ| |xiℓ′ | exp(x⊤
i β̃)

≤ n sup
i

|xiℓ| sup
i

|xiℓ′ | sup
β̃∈B,i

exp(x⊤
i β̃) ≤ nρ2 exp(

√
dρCB),

implying that supβ̃∈B,t∈Ω ∥S(1)(β̃, t)∥∞ = OP(n) and supβ̃∈B,t∈Ω ∥S(2)(β̃, t)∥∞ = OP(n).

One can represent ϵ(β̃, t) = S(1)(β̃, t)/S(0)(β̃, t) and V(β̃, t) = S(2)(β̃, t)/S(0)(β̃, t)−ϵ(β̃, t)ϵ(β̃, t)⊤.

For all ℓ, ℓ′ ∈ {1, · · · , d},

sup
β̃∈B,t∈Ω

∣∣∣ϵℓ(β̃, t)∣∣∣ = sup
β̃∈B,t∈Ω

∣∣∣∣∣S(1)
ℓ (β̃, t)

S(0)(β̃, t)

∣∣∣∣∣ ≤ sup
β̃∈B,t∈Ω

∣∣∣S(1)
ℓ (β̃, t)

∣∣∣ sup
β̃∈B,t∈Ω

1

S(0)(β̃, t)
= OP(n)OP

(
1

n

)
= OP(1),

sup
β̃∈B,t∈Ω

∣∣∣Vℓ,ℓ′(β̃, t)∣∣∣ = sup
β̃∈B,t∈Ω

∣∣∣∣∣S
(2)
ℓ,ℓ′(β̃, t)

S(0)(β̃, t)
− ϵℓ(β̃, t)ϵℓ′(β̃, t)

∣∣∣∣∣
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≤ sup
β̃∈B,t∈Ω

∣∣∣S(2)
ℓ,ℓ′(β̃, t)

∣∣∣ sup
β̃∈B,t∈Ω

1

S(0)(β̃, t)
+ sup

β̃∈B,t∈Ω

∣∣∣ϵℓ(β̃, t)∣∣∣ sup
β̃∈B,t∈Ω

∣∣∣ϵℓ′(β̃, t)∣∣∣

= OP(n)OP

(
1

n

)
+OP(1)OP(1) = OP(1),

which shows supβ̃∈B,t∈Ω ∥ϵ(β̃, t)∥∞ = OP(1) and supβ̃∈B,t∈Ω ∥V(β̃, t)∥∞ = OP(1).

Now we show orders related to log. We have

sup
β̃∈B,t∈Ω

∣∣∣∣log
{
1

n
S(0)(β̃, t)

}∣∣∣∣ = max
{∣∣∣∣log

{
1

n
inf

β̃∈B,t∈Ω
S(0)(β̃, t)

}∣∣∣∣ ,
∣∣∣∣∣log

{
1

n
sup

β̃∈B,t∈Ω
S(0)(β̃, t)

}∣∣∣∣∣
}
.

(A.1)

From previous derivations, we have

Pr
(
C−1
ζ exp(−

√
dρCB) ≤

1

n
inf

β̃∈B,t∈Ω
S(0)(β̃, t) ≤ 1

n
sup

β̃∈B,t∈Ω
S(0)(β̃, t) ≤ exp(

√
dρCB)

)
→ 1,

As Cζ > 1, We have C1 = C−1
ζ exp(−

√
dρCB) ∈ (0, 1) and C2 = exp(

√
dρCB) ∈ (1,∞). Then

C = max {| log C1|, | log C2|} = max
{

logCζ +
√
dρCB,

√
dρCB

}
= logCζ +

√
dρCB ∈ (0,∞).

Considering (A.1),

Pr
(

sup
β̃∈B,t∈Ω

∣∣∣∣log
{
1

n
S(0)(β̃, t)

}∣∣∣∣ ≤ C

)
→ 1,

which proves supβ̃∈B,t∈Ω

∣∣∣log
{
S(0)(β̃, t)/n

}∣∣∣ = OP(1).

Now we show some convergence results under Assumption A.3.7, where for j = 0, 1, 2,

sup
β̃∈B,t∈Ω

∥S(j)(β̃, t)/n− s(j)(β̃, t)∥∞ ≤ sup
β̃∈B,t∈[0,ζ]

∥S(j)(β̃, t)/n− s(j)(β̃, t)∥∞
P→ 0,
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implying that supβ̃∈B,t∈Ω ∥S(j)(β̃, t)/n− s(j)(β̃, t)∥∞ = oP(1). For all ℓ ∈ {1, · · · , d},

sup
β̃∈B,t∈Ω

∣∣∣∣∣S(1)
ℓ (β̃, t)/n

S(0)(β̃, t)/n
− s

(1)
ℓ (β̃, t)

S(0)(β̃, t)/n

∣∣∣∣∣ ≤ sup
β̃∈B,t∈Ω

n

S(0)(β̃, t)
sup

β̃∈B,t∈Ω

∣∣∣S(1)
ℓ (β̃, t)/n− s

(1)
ℓ (β̃, t)

∣∣∣
= nOP

(
1

n

)
oP(1) = oP(1),

sup
β̃∈B,t∈Ω

∣∣∣∣∣ s
(1)
ℓ (β̃, t)

S(0)(β̃, t)/n
− s

(1)
ℓ (β̃, t)

s(0)(β̃, t)

∣∣∣∣∣ ≤ sup
β̃∈B,t∈Ω

∣∣∣s(1)ℓ (β̃, t)
∣∣∣ sup
β̃∈B,t∈Ω

∣∣∣∣ 1

S(0)(β̃, t)/n
− 1

s(0)(β̃, t)

∣∣∣∣
= sup

β̃∈B,t∈Ω

∣∣∣s(1)ℓ (β̃, t)
∣∣∣ sup
β̃∈B,t∈Ω

∣∣∣∣∣s(0)(β̃, t)− S(0)(β̃, t)/n

s(0)(β̃, t)S(0)(β̃, t)/n

∣∣∣∣∣
≤ sup

β̃∈B,t∈Ω

∣∣∣s(1)ℓ (β̃, t)
∣∣∣ sup
β̃∈B,t∈Ω

1

s(0)(β̃, t)
sup

β̃∈B,t∈Ω

n

S(0)(β̃, t)

sup
β̃∈B,t∈Ω

∣∣∣S(0)(β̃, t)/n− s(0)(β̃, t)
∣∣∣

= O(1)O(1)nOP

(
1

n

)
oP(1) = oP(1),

sup
β̃∈B,t∈Ω

∣∣∣ϵℓ(β̃, t)− eℓ(β̃, t)
∣∣∣ = sup

β̃∈B,t∈Ω

∣∣∣∣∣S(1)
ℓ (β̃, t)/n

S(0)(β̃, t)/n
− s

(1)
ℓ (β̃, t)

s(0)(β̃, t)

∣∣∣∣∣
≤ sup

β̃∈B,t∈Ω

∣∣∣∣∣S(1)
ℓ (β̃, t)/n

S(0)(β̃, t)/n
− s

(1)
ℓ (β̃, t)

S(0)(β̃, t)/n

∣∣∣∣∣+ sup
β̃∈B,t∈Ω

∣∣∣∣∣ s
(1)
ℓ (β̃, t)

S(0)(β̃, t)/n
− s

(1)
ℓ (β̃, t)

s(0)(β̃, t)

∣∣∣∣∣ = oP(1),

which leads to supβ̃∈B,t∈Ω ∥ϵ(β̃, t)− e(β̃, t)∥∞ = oP(1).

For all ℓ, ℓ′ ∈ {1, · · · , d},

sup
β̃∈B,t∈Ω

∣∣∣∣∣S
(2)
ℓ,ℓ′(β̃, t)/n

S(0)(β̃, t)/n
−

s
(2)
ℓ,ℓ′(β̃, t)

S(0)(β̃, t)/n

∣∣∣∣∣ ≤ sup
β̃∈B,t∈Ω

n

S(0)(β̃, t)
sup

β̃∈B,t∈Ω

∣∣∣S(2)
ℓ,ℓ (β̃, t)/n− s

(2)
ℓ,ℓ′(β̃, t)

∣∣∣
= nOP

(
1

n

)
oP(1) = oP(1),
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sup
β̃∈B,t∈Ω

∣∣∣∣∣ s
(2)
ℓ,ℓ′(β̃, t)

S(0)(β̃, t)/n
−
s
(2)
ℓ,ℓ′(β̃, t)

s(0)(β̃, t)

∣∣∣∣∣ ≤ sup
β̃∈B,t∈Ω

∣∣∣s(2)ℓ,ℓ′(β̃, t)∣∣∣ sup
β̃∈B,t∈Ω

∣∣∣∣ 1

S(0)(β̃, t)/n
− 1

s(0)(β̃, t)

∣∣∣∣
= sup

β̃∈B,t∈Ω

∣∣∣s(2)ℓ,ℓ′(β̃, t)∣∣∣ sup
β̃∈B,t∈Ω

∣∣∣∣∣s(0)(β̃, t)− S(0)(β̃, t)/n

s(0)(β̃, t)S(0)(β̃, t)/n

∣∣∣∣∣
≤ sup

β̃∈B,t∈Ω

∣∣∣s(2)ℓ,ℓ′(β̃, t)∣∣∣ sup
β̃∈B,t∈Ω

1

s(0)(β̃, t)
sup

β̃∈B,t∈Ω

n

S(0)(β̃, t)

sup
β̃∈B,t∈Ω

∣∣∣S(0)(β̃, t)/n− s(0)(β̃, t)
∣∣∣

= O(1)O(1)nOP

(
1

n

)
oP(1) = oP(1),

sup
β̃∈B,t∈Ω

∣∣∣∣∣S
(2)
ℓ,ℓ′(β̃, t)/n

S(0)(β̃, t)/n
−
s
(2)
ℓ,ℓ′(β̃, t)

s(0)(β̃, t)

∣∣∣∣∣ ≤ sup
β̃∈B,t∈Ω

∣∣∣∣∣S
(2)
ℓ,ℓ′(β̃, t)/n

S(0)(β̃, t)/n
−

s
(2)
ℓ,ℓ′(β̃, t)

S(0)(β̃, t)/n

∣∣∣∣∣
+ sup

β̃∈B,t∈Ω

∣∣∣∣∣ s
(2)
ℓ,ℓ′(β̃, t)

S(0)(β̃, t)/n
−
s
(2)
ℓ,ℓ′(β̃, t)

s(0)(β̃, t)

∣∣∣∣∣
= oP(1),

sup
β̃∈B,t∈Ω

∣∣∣Vℓ,ℓ′(β̃, t)− vℓ,ℓ′(β̃, t)
∣∣∣

≤ sup
β̃∈B,t∈Ω

∣∣∣∣∣S
(2)
ℓ,ℓ′(β̃, t)/n

S(0)(β̃, t)/n
−
s
(2)
ℓ,ℓ′(β̃, t)

s(0)(β̃, t)

∣∣∣∣∣+ sup
β̃∈B,t∈Ω

∣∣∣ϵℓ(β̃, t)ϵℓ′(β̃, t)− eℓ(β̃, t)eℓ′(β̃, t)
∣∣∣

≤ sup
β̃∈B,t∈Ω

∣∣∣∣∣S
(2)
ℓ,ℓ′(β̃, t)/n

S(0)(β̃, t)/n
−
s
(2)
ℓ,ℓ′(β̃, t)

s(0)(β̃, t)

∣∣∣∣∣+ sup
β̃∈B,t∈Ω

∣∣∣ϵℓ(β̃, t)ϵℓ′(β̃, t)− ϵℓ(β̃, t)eℓ′(β̃, t)
∣∣∣

+ sup
β̃∈B,t∈Ω

∣∣∣ϵℓ(β̃, t)eℓ′(β̃, t)− eℓ(β̃, t)eℓ′(β̃, t)
∣∣∣

≤ sup
β̃∈B,t∈Ω

∣∣∣∣∣S
(2)
ℓ,ℓ′(β̃, t)/n

S(0)(β̃, t)/n
−
s
(2)
ℓ,ℓ′(β̃, t)

s(0)(β̃, t)

∣∣∣∣∣+ sup
β̃∈B,t∈Ω

∣∣∣ϵℓ(β̃, t)∣∣∣ sup
β̃∈B,t∈Ω

∣∣∣ϵℓ′(β̃, t)− eℓ′(β̃, t)
∣∣∣

+ sup
β̃∈B,t∈Ω

∣∣∣eℓ′(β̃, t)∣∣∣ sup
β̃∈B,t∈Ω

∣∣∣ϵℓ(β̃, t)− eℓ(β̃, t)
∣∣∣ = oP(1) + OP(1)oP(1) +O(1)oP(1) = oP(1),
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which leads to supβ̃∈B,t∈Ω ∥V(β̃, t)− v(β̃, t)∥∞ = oP(1).

Lastly, we show convergence result for log. Considering the fact that s(0)(β̃, t) > 0 and

S(0)(β̃, t)/n > 0 for all β̃ ∈ B and all t ∈ Ω (n(ζ) ≥ 1), supβ̃∈B,t∈Ω{S(0)(β̃, t)/n} = OP(1),

supβ̃∈B,t∈Ω{s(0)(β̃, t)} = O(1), supβ̃∈B,t∈Ω{n/S(0)(β̃, t)} = OP(1), supβ̃∈B,t∈Ω{1/s(0)(β̃, t)} =

O(1), and

sup
β̃∈B,t∈Ω

∣∣∣S(0)(β̃, t)/n− s(0)(β̃, t)
∣∣∣ = oP(1), by Lemma A.14, we have

sup
β̃∈B,t∈Ω

S(0)(β̃, t)/n

s(0)(β̃, t)
= 1 + oP(1) and sup

β̃∈B,t∈Ω

s(0)(β̃, t)

S(0)(β̃, t)/n
= 1 + oP(1).

Note that

inf
β̃∈B,t∈Ω

S(0)(β̃, t)/n

s(0)(β̃, t)
= inf

β̃∈B,t∈Ω

1

s(0)(β̃, t)/(S(0)(β̃, t)/n)
=

1

supβ̃∈B,t∈Ω

{
s(0)(β̃, t)/(S(0)(β̃, t)/n)

}

=
1

1 + oP(1)
= 1 + oP(1).

sup
β̃∈B,t∈Ω

∣∣∣∣∣log
{
S(0)(β̃, t)/n

s(0)(β̃, t)

}∣∣∣∣∣ = max
{∣∣∣∣∣log

{
sup

β̃∈B,t∈Ω

S(0)(β̃, t)/n

s(0)(β̃, t)

}∣∣∣∣∣ ,
∣∣∣∣∣log

{
inf

β̃∈B,t∈Ω

S(0)(β̃, t)/n

s(0)(β̃, t)

}∣∣∣∣∣
}

= oP(1) because

log
{

sup
β̃∈B,t∈Ω

S(0)(β̃, t)/n

s(0)(β̃, t)

}
= log(1+oP(1)) = oP(1), log

{
inf

β̃∈B,t∈Ω

S(0)(β̃, t)/n

s(0)(β̃, t)

}
= log(1+oP(1)) = oP(1).

■

Now we derive some asymptotic orders for covariance estimation.
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Lemma A.16. Under Assumptions A.3.1 – A.3.6, for t ∈ [0, ζ], ⟨n−1/2U(β)⟩(t) = OP(1)

and supβ̃∈B ∥Ib(β̃, t)/n∥∞ = OP(1).

Proof. In this proof, we restrict t ∈ [0, ζ]. For all ℓ, ℓ′ ∈ {1, . . . , d},

∣∣∣{⟨n−1/2U(β)⟩(t)
}
ℓ,ℓ′

∣∣∣ ≤ ∫ t

0

n∑
i=1

1

n

∣∣∣(xiℓ − ϵℓ(β, s))(xiℓ′ − ϵℓ′(β, s))
∣∣∣d⟨Mi⟩(s)

=
∑
s∈Ωt

n∑
i=1

1

n

∣∣∣(xiℓ − ϵℓ(β, s))(xiℓ′ − ϵℓ′(β, s))
∣∣∣∆⟨Mi⟩(s)

≤
∑
t∈Ω

n∑
i=1

1

n

∣∣∣(xiℓ − ϵℓ(β, t))(xiℓ′ − ϵℓ′(β, t))
∣∣∣∆⟨Mi⟩(t)

≤ nζ

τ
sup
t∈Ω,i

1

n

∣∣∣(xiℓ − ϵℓ(β, t))(xiℓ′ − ϵℓ′(β, t))
∣∣∣∆⟨Mi⟩(t)

=
nζ

τ
OP

(τ
n

)
= OP(1), where

sup
t∈Ω,i

1

n

∣∣∣(xiℓ − ϵℓ(β, t))(xiℓ′ − ϵℓ′(β, t))
∣∣∣∆⟨Mi⟩(t)

≤ 1

n
sup
t∈Ω,i

|(xiℓ − ϵℓ(β, t))| sup
t∈Ω,i

|(xiℓ′ − ϵℓ′(β, t))| sup
t∈Ω,i

∆⟨Mi⟩(t)

=
1

n
OP(1)OP(1)OP(τ) = OP

(τ
n

)
, implying that ⟨n−1/2U(β)⟩(t) = OP(1).

For all ℓ, ℓ′ ∈ {1, . . . , d},

sup
β̃∈B

∣∣∣∣∣
{
1

n
Ib(β̃, t)

}
ℓ,ℓ′

∣∣∣∣∣ ≤ sup
β̃∈B

∫ t

0

1

n

∣∣∣Vℓ,ℓ′(β̃, s)∣∣∣ dN(s) = sup
β̃∈B

∑
s∈Ωt

1

n

∣∣∣Vℓ,ℓ′(β̃, s)∣∣∣∆N(s)

≤ sup
β̃∈B

∑
t∈Ω

1

n

∣∣∣Vℓ,ℓ′(β̃, t)∣∣∣∆N(t) ≤ sup
β̃∈B

ζ

τ
sup
t∈Ω

1

n

∣∣∣Vℓ,ℓ′(β̃, t)∣∣∣∆N(t)

=
ζ

τ
sup

β̃∈B,t∈Ω

1

n

∣∣∣Vℓ,ℓ′(β̃, t)∣∣∣∆N(t) =
ζ

τ
OP(τ) = OP(1), where
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sup
β̃∈B,t∈Ω

1

n

∣∣∣Vℓ,ℓ′(β̃, t)∣∣∣∆N(t) ≤ 1

n
sup

β̃∈B,t∈Ω

∣∣∣Vℓ,ℓ′(β̃, t)∣∣∣ sup
t∈Ω

∆N(t) =
1

n
OP(1)OP(nτ) = OP(τ),

implying that supβ̃∈B ∥Ib(β̃, t)/n∥∞ = OP(1). ■

Note that under Assumptions A.3.1 – A.3.6, for all t ∈ [0, ζ], as ∥Ib(β̂b, t)/n∥∞ ≤ supβ̃∈B ∥Ib(β̃, t)/n∥∞

= OP(1) and ∥Ib(β̂pb, t)/n∥∞ ≤ supβ̃∈B ∥Ib(β̃, t)/n∥∞ = OP(1), covariance estimators sat-

isfy Ib(β̂b, t)/n = OP(1) and Ib(β̂pb, t)/n = OP(1).

Now we derive asymptotic order for Xpb(β̃, Λ̂, t)−X(β̃, t), X(β̃, t), and Xpb(β̃, Λ̂, t).

Lemma A.17. Under Assumptions A.3.1 – A.3.5 and A.3.8 – A.3.9, for t ∈ [0, ζ],

sup
β̃∈B

|Xpb(β̃, Λ̂, t)−X(β̃, t)| = OP(1/n).

Proof. For t ∈ [0, ζ],

sup
β̃∈B

|Xpb(β̃, Λ̂, t)−X(β̃, t)|

=
1

n
sup
β̃∈B

∣∣∣{log
(
L(β̃, Λ̂, t)

)
− log

(
L(β, Λ̂, t)

)}
−
{

log
(
Lb(β̃, t)

)
− log

(
Lb(β, t)

)}∣∣∣
≤ 1

n

∣∣∣log
(
L(β, Λ̂, t)

)
− log

(
Lb(β, t)

)∣∣∣+ 1

n
sup
β̃∈B

∣∣∣log
(
L(β̃, Λ̂, t)

)
− log

(
Lb(β̃, t)

)∣∣∣
≤ 2

1

n
sup
β̃∈B

∣∣∣log
(
L(β̃, Λ̂, t)

)
− log

(
Lb(β̃, t)

)∣∣∣ = OP(1/n).

■

Lemma A.18. Under Assumptions A.3.1 – A.3.5, for t ∈ [0, ζ], supβ̃∈B |X(β̃, t)| = OP(1).

Proof. For t ∈ [0, ζ],

sup
β̃∈B

|X(β̃, t)| ≤ sup
β̃∈B

∫ t

0

1

n

n∑
i=1

∣∣∣∣∣x⊤
i (β̃ − β)− log

(
S(0)(β̃, s)/n

S(0)(β, s)/n

)∣∣∣∣∣ dNi(s)
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= sup
β̃∈B

∑
s∈Ωt

1

n

n∑
i=1

∣∣∣∣∣x⊤
i (β̃ − β)− log

(
S(0)(β̃, s)/n

S(0)(β, s)/n

)∣∣∣∣∣∆Ni(s)

≤ sup
β̃∈B

∑
t∈Ω

1

n

n∑
i=1

∣∣∣∣∣x⊤
i (β̃ − β)− log

(
S(0)(β̃, t)/n

S(0)(β, t)/n

)∣∣∣∣∣∆Ni(t)

≤ sup
β̃∈B

∑
t∈Ω

sup
i

{∣∣∣∣∣x⊤
i (β̃ − β)− log

(
S(0)(β̃, t)/n

S(0)(β, t)/n

)∣∣∣∣∣
}

∆N(t)

n

≤ ζ

τ
sup

β̃∈B,t∈Ω,i

{∣∣∣∣∣x⊤
i (β̃ − β)− log

(
S(0)(β̃, t)/n

S(0)(β, t)/n

)∣∣∣∣∣
}

1

n
sup
t∈Ω

∆N(t)

=
ζ

τ
OP(1)

1

n
OP(nτ) = OP(1),

implying that supβ̃∈B |X(β̃, t)| = OP(1). Note that we used the fact that

sup
β̃∈B,t∈Ω,i

∣∣∣∣∣x⊤
i (β̃ − β)− log

(
S(0)(β̃, t)/n

S(0)(β, t)/n

)∣∣∣∣∣
≤ sup

β̃∈B,i
|x⊤

i (β̃ − β)|+ sup
β̃∈B,t∈Ω

| log{S(0)(β̃, t)/n}|+ sup
t∈Ω

| log{S(0)(β, t)/n}| = OP(1),

where supβ̃∈B,i |x⊤
i (β̃ − β)| ≤ supβ̃∈B,i ∥xi∥2∥β̃ − β∥2 ≤ supi ∥xi∥2 supβ̃∈B ∥β̃ − β∥2 ≤

√
dρ(supβ̃∈B ∥β̃∥2 + ∥β∥2) ≤ 2

√
dρCB = O(1). ■

Lemma A.19. Under Assumptions A.3.1 – A.3.5 and A.3.8 – A.3.9, for t ∈ [0, ζ],

sup
β̃∈B

|Xpb(β̃, Λ̂, t)| = OP(1).

Proof. For t ∈ [0, ζ],

sup
β̃∈B

|Xpb(β̃, Λ̂, t)| ≤ sup
β̃∈B

|Xpb(β̃, Λ̂, t)−X(β̃, t)|+ sup
β̃∈B

|X(β̃, t)| = OP(1/n)+OP(1) = OP(1).

■
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Considering Lemmas A.17 – A.19, under Assumptions A.3.1 – A.3.5 and A.3.8 – A.3.9, for

any t ∈ [0, ζ], we have the following results. As |X(β̂b, t)| ≤ supβ̃∈B |X(β̃, t)| = OP(1) and

|X(β̂pb, t)| ≤ supβ̃∈B |X(β̃, t)| = OP(1), we have X(β̂b, t) = OP(1) and X(β̂pb, t) = OP(1).

As |Xpb(β̂b, Λ̂, t)| ≤ supβ̃∈B |Xpb(β̃, Λ̂, t)| = OP(1) and |Xpb(β̂pb, Λ̂, t)| ≤ supβ̃∈B |Xpb(β̃, Λ̂, t)| =

OP(1), we haveXpb(β̂b, Λ̂, t) = OP(1) andXpb(β̂pb, Λ̂, t) = OP(1). Similarly, as |Xpb(β̂b, Λ̂, t)−

X(β̂b, t)| ≤ supβ̃∈B |Xpb(β̃, Λ̂, t) − X(β̃, t)| = OP(1/n) and |Xpb(β̂pb, Λ̂, t) − X(β̂pb, t)| ≤

supβ̃∈B |Xpb(β̃, Λ̂, t) − X(β̃, t)| = OP(1/n), we have Xpb(β̂pb, Λ̂, t) − X(β̂pb, t) = OP(1/n)

and Xpb(β̂b, Λ̂, t)−X(β̂b, t) = OP(1/n).

Proof of the Lemma A.12

We start with proof for the first line. For t ∈ Ω and β̃ ∈ B, let B̃t(β̃) = µ(β̃, t)d(t) exp(−µ(β̃, t))/d(t)!,

where Bt(β̃) has the form of probability mass function of PB distribution and B̃t(β̃) is Pois-

son approximation for Bt(β̃). By Remark 2.2, for all t ∈ Ω and β̃ ∈ B,
∣∣∣Bt(β̃)− B̃t(β̃)

∣∣∣ ≤
2
∑

i∈R(t) pi(β̃, t)
2, which leads to

sup
β̃∈B,t∈Ω

∣∣∣Bt(β̃)− B̃t(β̃)
∣∣∣ ≤ sup

β̃∈B,t∈Ω

2
∑
i∈R(t)

pi(β̃, t)
2

 ≤ sup
β̃∈B,t∈Ω

{
2

n∑
i=1

pi(β̃, t)
2

}

≤ 2n sup
β̃∈B,t∈Ω,i

pi(β̃, t)
2 ≤ 2n

{
sup

β̃∈B,t∈Ω,i
pi(β̃, t)

}2

= 2nOP

(
1

n

)2

= OP

(
1

n

)
.

Note that Bt(β̃), B̃t(β̃) ∈ [0, 1] for t ∈ Ω and β̃ ∈ B since they are in the form of probability

mass function, leading to supβ̃∈B,t∈ΩBt(β̃) = OP(1) and supβ̃∈B,t∈Ω B̃t(β̃) = OP(1).

Note that by Lemma A.20,

sup
β̃∈B,t∈Ω,d(t) ̸=0

∣∣∣∣ d(t)

µ(β̃, t)

∣∣∣∣ = OP(1) and sup
β̃∈B,t∈Ω,d(t) ̸=0

∣∣∣∣∣µ(β̃, t)d(t)

∣∣∣∣∣ = OP(1),
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which means that the number of event and mean in the poisson probability mass function

have the same order. Also, for t ∈ Ω and β̃ ∈ B, d(t) = 0 implies dΛ̂(t) = 0, pi(β̃, t) = 0

for all i, µ(β̃, t) = 0, and Bt(β̃) = B̃t(β̃) = 1, whereas d(t) → ∞ implies Bt(β̃) and

B̃t(β̃) going to 0. Considering aforementioned and the fact that Pr(supt∈Ω d(t) ≤ C) → 1

for some C > 0, i.e., supt∈Ω d(t) = OP(1), we have supβ̃∈B,t∈Ω{1/Bt(β̃)} = OP(1) and

supβ̃∈B,t∈Ω{1/B̃t(β̃)} = OP(1). So, by Lemma A.14,

sup
β̃∈B,t∈Ω

{Bt(β̃)/B̃t(β̃)} = 1 +OP(1/n) and sup
β̃∈B,t∈Ω

{B̃t(β̃)/Bt(β̃)} = 1 +OP(1/n).

Note that

inf
β̃∈B,t∈Ω

Bt(β̃)

B̃t(β̃)
= inf

β̃∈B,t∈Ω

1

B̃t(β̃)/Bt(β̃)
=

1

supβ̃∈B,t∈Ω

{
B̃t(β̃)/Bt(β̃)

} =
1

1 +OP(1/n)
= 1 +OP(1/n).

sup
β̃∈B,t∈Ω

∣∣∣∣∣log
{
Bt(β̃)

B̃t(β̃)

}∣∣∣∣∣ = max
{∣∣∣∣∣log

{
sup

β̃∈B,t∈Ω

Bt(β̃)

B̃t(β̃)

}∣∣∣∣∣ ,
∣∣∣∣∣log

{
inf

β̃∈B,t∈Ω

Bt(β̃)

B̃t(β̃)

}∣∣∣∣∣
}

= OP(1/n) because

log
{

sup
β̃∈B,t∈Ω

Bt(β̃)

B̃t(β̃)

}
= log(1 +OP(1/n)) = OP(1/n),

log
{

inf
β̃∈B,t∈Ω

Bt(β̃)

B̃t(β̃)

}
= log(1 +OP(1/n)) = OP(1/n).

Now we prove second line. For t ∈ Ω and β̃ ∈ B, let Et(β̃) =
∏

i∈R(t)\D(t)

(
1− pi(β̃, t)

)
and

Ẽt(β̃) = exp
(
−µ(β̃, t) + µ̃(β̃, t)

)
, where Et(β̃) has the form of probability mass function of

PB distribution and Ẽt(β̃) is Poisson approximation for Et(β̃). By Remark 2.2, for all t ∈ Ω
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and β̃ ∈ B, ∣∣∣Et(β̃)− Ẽt(β̃)
∣∣∣ ≤ 2

∑
i∈R(t)\D(t)

pi(β̃, t)
2, which leads to

sup
β̃∈B,t∈Ω

∣∣∣Et(β̃)− Ẽt(β̃)
∣∣∣ ≤ sup

β̃∈B,t∈Ω

2
∑

i∈R(t)\D(t)

pi(β̃, t)
2

 ≤ sup
β̃∈B,t∈Ω

{
2

n∑
i=1

pi(β̃, t)
2

}

≤ 2n sup
β̃∈B,t∈Ω,i

pi(β̃, t)
2 ≤ 2n

{
sup

β̃∈B,t∈Ω,i
pi(β̃, t)

}2

= 2nOP

(
1

n

)2

= OP

(
1

n

)
.

Note that Et(β̃), Ẽt(β̃) ∈ [0, 1] for t ∈ Ω and β̃ ∈ B since they are in the form of probability

mass function, leading to supβ̃∈B,t∈ΩEt(β̃) = OP(1) and supβ̃∈B,t∈Ω Ẽt(β̃) = OP(1).

Note that by Lemma A.20,

sup
β̃∈B,t∈Ω,d(t) ̸=0

∣∣∣∣ d(t)

µ(β̃, t)− µ̃(β̃, t)

∣∣∣∣ = OP(1) and sup
β̃∈B,t∈Ω,d(t) ̸=0

∣∣∣∣∣µ(β̃, t)− µ̃(β̃, t)

d(t)

∣∣∣∣∣ = OP(1),

which means that the number of event and mean in the poisson probability mass function

have the same order. Also, for t ∈ Ω and β̃ ∈ B, d(t) = 0 implies dΛ̂(t) = 0, pi(β̃, t) = 0 for

all i, µ(β̃, t) − µ̃(β̃, t) = 0, and Et(β̃) = Ẽt(β̃) = 1, whereas d(t) → ∞ implies Et(β̃) and

Ẽt(β̃) going to 0. Considering aforementioned and the fact that Pr(supt∈Ω d(t) ≤ C) → 1

for some C > 0, i.e., supt∈Ω d(t) = OP(1), we have supβ̃∈B,t∈Ω{1/Et(β̃)} = OP(1) and

supβ̃∈B,t∈Ω{1/Ẽt(β̃)} = OP(1). So, by Lemma A.14,

sup
β̃∈B,t∈Ω

{Et(β̃)/Ẽt(β̃)} = 1 +OP(1/n) and sup
β̃∈B,t∈Ω

{Ẽt(β̃)/Et(β̃)} = 1 +OP(1/n).
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Note that

inf
β̃∈B,t∈Ω

Et(β̃)

Ẽt(β̃)
= inf

β̃∈B,t∈Ω

1

Ẽt(β̃)/Et(β̃)
=

1

supβ̃∈B,t∈Ω

{
Ẽt(β̃)/Et(β̃)

} =
1

1 +OP(1/n)
= 1 +OP(1/n).

sup
β̃∈B,t∈Ω

∣∣∣∣∣log
{
Et(β̃)

Ẽt(β̃)

}∣∣∣∣∣ = max
{∣∣∣∣∣log

{
sup

β̃∈B,t∈Ω

Et(β̃)

Ẽt(β̃)

}∣∣∣∣∣ ,
∣∣∣∣∣log

{
inf

β̃∈B,t∈Ω

Et(β̃)

Ẽt(β̃)

}∣∣∣∣∣
}

= OP(1/n) because

log
{

sup
β̃∈B,t∈Ω

Et(β̃)

Ẽt(β̃)

}
= log(1 +OP(1/n)) = OP(1/n),

log
{

inf
β̃∈B,t∈Ω

Et(β̃)

Ẽt(β̃)

}
= log(1 +OP(1/n)) = OP(1/n).

Now we prove third line. Note that when d(t) = 0, we have

∏
i∈D(t) pi(β̃, t)∏

i∈D(t)

{
exp(x⊤

i β̃)dΛ̂(t)
} = 1 for all β̃ ∈ B.

sup
β̃∈B,t∈Ω

∣∣∣∣∣∣log

 ∏
i∈D(t) pi(β̃, t)∏

i∈D(t)

{
exp(x⊤

i β̃)dΛ̂(t)
}
∣∣∣∣∣∣ = sup

β̃∈B,t∈Ω

∣∣∣∣∣∣log

 ∏
i∈D(t)

(1 + ãi(β̃, t))

∣∣∣∣∣∣
= sup

β̃∈B,t∈Ω

∣∣∣∣∣∣
∑
i∈D(t)

log
(
1 + ãi(β̃, t)

)∣∣∣∣∣∣ ≤ sup
β̃∈B,t∈Ω

∑
i∈D(t)

∣∣∣log
(
1 + ãi(β̃, t)

)∣∣∣
≤ sup

t∈Ω
d(t) sup

β̃∈B,t∈Ω,i

∣∣∣log
(
1 + ãi(β̃, t)

)∣∣∣ = OP(1)OP(1/n) = OP(1/n).

Note that for t ∈ Ω and β̃ ∈ B, by the Taylor series expansion, for α̃i(β̃, t) between ãi(β̃, t)
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and 0,

log(1 + ãi(β̃, t)) = ãi(β̃, t)−
1

2(1 + α̃i(β̃, t))2
ãi(β̃, t)

2.

sup
β̃∈B,t∈Ω,i

∣∣∣log
(
1 + ãi(β̃, t)

)∣∣∣ ≤ sup
β̃∈B,t∈Ω,i

∣∣∣ãi(β̃, t)∣∣∣+ sup
β̃∈B,t∈Ω,i

∣∣∣∣ 1

2(1 + α̃i(β̃, t))2

∣∣∣∣ sup
β̃∈B,t∈Ω,i

ãi(β̃, t)
2

= OP(τ) +OP(1)OP(τ
2) = OP(τ) = OP(1/n).

Finally, we prove the last line. Note that when d(t) = 0, we have

µ(β̃, t)d(t){∑
i∈R(t) exp(x⊤

i β̃)dΛ̂(t)
}d(t) = 1 for all β̃ ∈ B.

sup
β̃∈B,t∈Ω

∣∣∣∣∣∣∣log

 µ(β̃, t)d(t){∑
i∈R(t) exp(x⊤

i β̃)dΛ̂(t)
}d(t)


∣∣∣∣∣∣∣ = sup

β̃∈B,t∈Ω

∣∣∣d(t) log
(
1 + b(β̃, t)

) ∣∣∣,
where

b(β̃, t) = −
∑

i∈R(t) exp(−c̃i(β̃, t)) exp(2x⊤
i β̃)dΛ̂(t)

2
∑

i∈R(t) exp(x⊤
i β̃)

. We have

sup
β̃∈B,t∈Ω

|b(β̃, t)| ≤ 1

2
sup

β̃∈B,t∈Ω

1∑
i∈R(t) exp(x⊤

i β̃)
sup

β̃∈B,t∈Ω

∑
i∈R(t)

exp(−c̃i(β̃, t)) exp(2x⊤
i β̃)dΛ̂(t)

= OP(1/n)OP(1) = OP(1/n), where

sup
β̃∈B,t∈Ω

∑
i∈R(t)

exp(−c̃i(β̃, t)) exp(2x⊤
i β̃)dΛ̂(t) ≤ sup

β̃∈B,t∈Ω

∑
i∈R(t)

exp(2x⊤
i β̃)dΛ̂(t)
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≤ sup
β̃∈B,t∈Ω

n∑
i=1

exp(2x⊤
i β̃)dΛ̂(t) ≤ n sup

β̃∈B,i
exp(2x⊤

i β̃) sup
t∈Ω

dΛ̂(t) = n exp
(
2 sup
β̃∈B,i

x⊤
i β̃

)
sup
t∈Ω

dΛ̂(t)

≤ n exp
(
2 sup
β̃∈B,i

|x⊤
i β̃|

)
sup
t∈Ω

dΛ̂(t) ≤ n exp(2
√
dρCB) sup

t∈Ω
dΛ̂(t) = nOP(1/n) = OP(1).

For t ∈ Ω and β̃ ∈ B, by the Taylor series expansion, for b̃(β̃, t) between b(β̃, t) and 0,

log(1 + b(β̃, t)) = b(β̃, t)− 1

2(1 + b̃(β̃, t))2
b(β̃, t)2.

We have

sup
β̃∈B,∈Ω

∣∣∣ log
(
1 + b(β̃, t)

) ∣∣∣ ≤ sup
β̃∈B,t∈Ω

∣∣∣b(β̃, t)∣∣∣+ sup
β̃∈B,t∈Ω

∣∣∣∣ 1

2(1 + b̃(β̃, t))2

∣∣∣∣ sup
β̃∈B,t∈Ω

b(β̃, t)2

= OP(1/n) +OP(1)OP
(
(1/n)2

)
= OP(1/n) and

sup
β̃∈B,t∈Ω

∣∣∣d(t) log
(
1 + b(β̃, t)

) ∣∣∣ ≤ sup
t∈Ω

d(t) sup
β̃∈B,t∈Ω

∣∣∣ log
(
1 + b(β̃, t)

) ∣∣∣ = OP(1)OP(1/n) = OP(1/n),

which competes the proof.

■

Lemma A.20. When Assumptions A.3.1 – A.3.5 and A.3.8 – A.3.9 are satisfied,

sup
β̃∈B,t∈Ω,d(t) ̸=0

∣∣∣∣ d(t)

µ(β̃, t)

∣∣∣∣ = OP(1), sup
β̃∈B,t∈Ω,d(t) ̸=0

∣∣∣∣∣µ(β̃, t)d(t)

∣∣∣∣∣ = OP(1),

sup
β̃∈B,t∈Ω,d(t) ̸=0

∣∣∣∣ d(t)

µ(β̃, t)− µ̃(β̃, t)

∣∣∣∣ = OP(1), and sup
β̃∈B,t∈Ω,d(t) ̸=0

∣∣∣∣∣µ(β̃, t)− µ̃(β̃, t)

d(t)

∣∣∣∣∣ = OP(1).
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Proof. For t ∈ Ω, β̃ ∈ B, and d(t) ̸= 0, one can represent d(t)/µ(β̃, t) as

d(t)

µ(β̃, t)
=

d(t)∑n
i=1 Yi(t) exp(x⊤

i β̃)
d(t)
n∗(t)

(
1− exp(−c̃i(β̃,t))

2
exp(x⊤

i β̃)dΛ̂(t)
)

=
n∗(t)∑n

i=1 Yi(t) exp(x⊤
i β̃)

(
1− exp(−c̃i(β̃,t))

2
exp(x⊤

i β̃)dΛ̂(t)
)

where 1 − exp(−c̃i(β̃, t)) exp(x⊤
i β̃)dΛ̂(t)/2 ≥ 0 by the fact that pi(β̃, t) ∈ [0, 1]. Also, it is

trivial that 1− exp(−c̃i(β̃, t)) exp(x⊤
i β̃)dΛ̂(t)/2 ≤ 1, resulting in it to be reside in [0, 1]. We

finish proving first result by the following:

sup
β̃∈B,t∈Ω,d(t) ̸=0

∣∣∣∣∣µ(β̃, t)d(t)

∣∣∣∣∣ = sup
β̃∈B,t∈Ω,d(t) ̸=0

∣∣∣∣∣∣
∑n

i=1 Yi(t) exp(x⊤
i β̃)

(
1− exp(−c̃i(β̃,t))

2
exp(x⊤

i β̃)dΛ̂(t)
)

n∗(t)

∣∣∣∣∣∣

≤ sup
t∈Ω,d(t) ̸=0

1

n∗(t)
sup

β̃∈B,t∈Ω,d(t) ̸=0

n∑
i=1

Yi(t) exp(x⊤
i β̃)

(
1− exp(−c̃i(β̃, t))

2
exp(x⊤

i β̃)dΛ̂(t)

)

≤ sup
t∈Ω,d(t) ̸=0

1

n∗(t)
sup

β̃∈B,t∈Ω,d(t) ̸=0

n∑
i=1

Yi(t) exp(x⊤
i β̃) = OP(1/n)OP(n) = OP(1).

Now we prove second result. We have

inf
β̃∈B,t∈Ω,d(t) ̸=0

n∑
i=1

Yi(t) exp(x⊤
i β̃)

(
1− exp(−c̃i(β̃, t))

2
exp(x⊤

i β̃)dΛ̂(t)

)
(A.2)

= inf
β̃∈B,t∈Ω,d(t) ̸=0

[
n∑
i=1

Yi(t) exp(x⊤
i β̃)−

n∑
i=1

Yi(t)
exp(−c̃i(β̃, t))

2
exp(2x⊤

i β̃)dΛ̂(t)

]

≥ inf
β̃∈B,t∈Ω,d(t) ̸=0

[
n∑
i=1

Yi(t) exp(x⊤
i β̃)

]
+ inf

β̃∈B,t∈Ω,d(t) ̸=0

[
−

n∑
i=1

Yi(t)
exp(−c̃i(β̃, t))

2
exp(2x⊤

i β̃)dΛ̂(t)

]
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= inf
β̃∈B,t∈Ω,d(t) ̸=0

[
n∑
i=1

Yi(t) exp(x⊤
i β̃)

]
− sup

β̃∈B,t∈Ω,d(t) ̸=0

[
n∑
i=1

Yi(t)
exp(−c̃i(β̃, t))

2
exp(2x⊤

i β̃)dΛ̂(t)

]
.

We have infβ̃∈B,t∈Ω,d(t) ̸=0

∑n
i=1 Yi(t) exp(x⊤

i β̃) ≥ infβ̃∈B,t∈Ω
∑n

i=1 Yi(t) exp(x⊤
i β̃) and

Pr
(

inf
β̃∈B,t∈Ω

n∑
i=1

Yi(t) exp(x⊤
i β̃) ≥ Cn

)
→ 1

for some C > 0. So, we have

Pr
(

inf
β̃∈B,t∈Ω,d(t) ̸=0

n∑
i=1

Yi(t) exp(x⊤
i β̃) ≥ Cn

)
→ 1. (A.3)

We have

sup
β̃∈B,t∈Ω,d(t) ̸=0

n∑
i=1

Yi(t)
exp(−c̃i(β̃, t))

2
exp(2x⊤

i β̃)dΛ̂(t) ≤ sup
β̃∈B,t∈Ω,d(t) ̸=0

n∑
i=1

exp(2x⊤
i β̃)dΛ̂(t)

≤ n exp
(
2 sup
β̃∈B,i

x⊤
i β̃

)
sup

t∈Ω,d(t) ̸=0

dΛ̂(t) = nO(1)OP(1/n) = OP(1),

which means there exists C > 0 such that

Pr
(

inf
β̃∈B,t∈Ω,d(t) ̸=0

[
−

n∑
i=1

Yi(t)
exp(−c̃i(β̃, t))

2
exp(2x⊤

i β̃)dΛ̂(t)

]
≥ −C

)
(A.4)

= Pr
(

sup
β̃∈B,t∈Ω,d(t) ̸=0

n∑
i=1

Yi(t)
exp(−c̃i(β̃, t))

2
exp(2x⊤

i β̃)dΛ̂(t) ≤ C

)
→ 1.

Considering (A.2), (A.3), and (A.4), there exists C̃ > 0 such that

Pr
(

inf
β̃∈B,t∈Ω,d(t) ̸=0

n∑
i=1

Yi(t) exp(x⊤
i β̃)

(
1− exp(−c̃i(β̃, t))

2
exp(x⊤

i β̃)dΛ̂(t)

)
≥ C̃n

)
→ 1.
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We finish proving second result by the following:

sup
β̃∈B,t∈Ω,d(t) ̸=0

∣∣∣∣ d(t)

µ(β̃, t)

∣∣∣∣ = sup
β̃∈B,t∈Ω,d(t) ̸=0

∣∣∣∣∣∣ n∗(t)∑n
i=1 Yi(t) exp(x⊤

i β̃)
(
1− exp(−c̃i(β̃,t))

2
exp(x⊤

i β̃)dΛ̂(t)
)
∣∣∣∣∣∣

≤ sup
t∈Ω,d(t) ̸=0

n∗(t) sup
β̃∈B,t∈Ω,d(t) ̸=0

1∑n
i=1 Yi(t) exp(x⊤

i β̃)
(
1− exp(−c̃i(β̃,t))

2
exp(x⊤

i β̃)dΛ̂(t)
)

=

{
sup

t∈Ω,d(t) ̸=0

n∗(t)

}
1

infβ̃∈B,t∈Ω,d(t) ̸=0

∑n
i=1 Yi(t) exp(x⊤

i β̃)
(
1− exp(−c̃i(β̃,t))

2
exp(x⊤

i β̃)dΛ̂(t)
)

= OP(n)OP(1/n) = OP(1).

We have supt∈Ω {n(t)− d(t)} ≤ n, resulting in supt∈Ω {n(t)− d(t)} = OP(n). Also,

inf
t∈Ω

{n(t)− d(t)} ≥ inf
t∈Ω

n(t) + inf
t∈Ω

{−d(t)} = inf
t∈Ω

n(t)− sup
t∈Ω

{d(t)},

where Pr(inft∈Ω n(t) ≥ C1n) → 1 and Pr(inft∈Ω{−d(t)} ≥ −C2) = Pr(supt∈Ω d(t) ≤ C2) → 1

together imply Pr(inft∈Ω{n(t)− d(t)} ≥ C3n) → 1 for some C1, C2, C3 > 0. So,

sup
t∈Ω

1

n(t)− d(t)
=

1

inft∈Ω{n(t)− d(t)}
= OP(1/n).

Note that for all t ∈ Ω, n(t) = n(t− τ)− d(t− τ)− c(t− τ) ≤ n(t− τ), where c(t− τ) is the

number of subjects censored at t − τ , so n(t) is non-increasing over t ∈ Ω. Surely, we have

n(0) = n and d(0) = c(0) = 0. For t ∈ Ω,

n(t− τ)− d(t− τ) = n(t) + c(t− τ) ≥ n(t) ≥ n(t)− d(t),
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so n(t)−d(t) is non-increasing over t ∈ Ω, resulting in inft∈Ω{n(t)−d(t)} = n(ζ)−d(ζ) ≥ 1.

As we can see that n(·)−d(·) has the same asymptotic orders with n(·), the rest of the proof

can be completed in a similar manner to what has already been done. ■

A.5.2 Example of ζ and τ Satisfying ζ = τ⌈ζ/τ⌉

Here we give example of ζ and τ satisfying ζ = τ⌈ζ/τ⌉, where τ ≍ 1/na → 0 as n→ ∞, e.g.,

a = 1 or a = 3/4. Let ζ ∈ {1, 2, . . . }. For all M ∈ {0, 1, 2, . . . }, when 10M ≤ na < 10M+1,

choose τ = 1/10M , which implies τ/(1/na) = τna ∈ [1, 10) for any n, directly showing

τ ≍ 1/na.

A.6 Additional Numerical Results

A.6.1 Standard Deviation Results in Simulation Studies

In this section, we compare the standard deviations (SD) for β̂b, β̂e, and β̂pb from the

simulation results in Sections 2.5. For scaling purposes, we present SD/β. Figure A.1 show

the simulation results for SD considering all simulation cases. It is evident that for all cases,

the SDs for β̂b, β̂e, and β̂pb are all comparable, showing minimal differences even when τ is

large or there is large variation among pijs. In these scenarios, as described in Section 2.5,

β̂pb outperforms the others in terms of RMSE and |Bias|.
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Figure A.1: Simulation results for SD.
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A.6.2 Simulation for Choosing Baseline Hazard in the PB distri-

bution Method

Here we do simulation to compare performances of using Λ̂b, Λ̂e, or Λ̂na as Λ̂ in (2.14).

The simulation setting in here is based on the Section 2.5, where β = 1, ζ = 1, η =

ηc = 1.31, γ = γc = 1.5, and B = 10, 000. We generate xi i.i.d. from N(0, 1). We vary

n ∈ {50, 100, 200, 500, 1000} and τ ∈ {0.01, 0.1, 0.2}.

In Figure A.2, one can see that RMSE is very similar for different choices of Λ̂ in (2.14), but

choosing Λ̂e as Λ̂ in (2.14) has less bias than the others for many cases.
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Figure A.2: Simulations for β̂pb using Breslow, Efron, or Nelson-Aalen baseline hazard func-
tion as Λ̂ in (2.14), respectively.

A.6.3 Simulation for Assumption A.3.10

Here we do simulation to check the important result from Assumption A.3.10, which is

n1/2(β̂pb − β̂b) = oP(1). The simulation setting in here is based on the Section 2.5, where

β = 1, τ = 1/n, ζ = 1, η = ηc = 1.31, γ = γc = 1.5, and B = 10, 000. As τ = 1/n,

Assumption A.3.8 is satisfied allowing some ties. We generate xi i.i.d. from N(0, 1). We
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vary n ∈ {50, 100, 200, 500, 1000} to check β̂pb and β̂b get similar enough as n grows.

In Figure A.3, one can see that as n grows, one can see that n1/2(β̂pb − β̂b) goes to 0 fast as

n grows, indicating asymptotic normality of n1/2(β̂pb − β).
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Figure A.3: Simulation for n1/2(β̂pb − β̂b) = oP(1).

A.6.4 Estimation Results in Real Applications

This section presents the estimates and standard errors for each βj from real applications in

Section 2.6. Table A.1 summarizes results from the laryngeal cancer patients study, while

Table A.2 provides results from the north central cancer treatment group lung cancer study.

The content in each cell of Tables A.1 and A.2 includes:

- (Breslow) the coefficient estimate β̂b,j and its standard error
√
{Ib(β̂b, ζ)−1}j,j.

- (Efron) the coefficient estimate β̂e,j and its standard error
√

{Ie(β̂e, ζ)−1}j,j.

- (PB distribution) the coefficient estimate β̂pb,j and its standard error
√

{Ib(β̂pb, ζ)−1}j,j.

From Tables A.1 and A.2, it is evident that for estimating βj, the results from the three

methods are similar when τ is small. However, as τ increases, the Breslow method diverges

significantly from PB distribution method. The Efron method shows less deviation from PB
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distribution method compared to Breslow. In contrast, the standard error estimates for βj

are consistent across all the methods.

Table A.1: Estimation result for the male laryngeal cancer patients study.

Covariate Method
τ

0 0.05 0.1 0.15 0.2 0.25

Age

Breslow 0.20(0.15) 0.19(0.15) 0.19(0.15) 0.18(0.15) 0.22(0.15) 0.17(0.15)

Efron 0.20(0.15) 0.20(0.15) 0.22(0.15) 0.20(0.15) 0.25(0.15) 0.20(0.15)

PB 0.20(0.15) 0.20(0.15) 0.22(0.15) 0.21(0.15) 0.26(0.15) 0.20(0.15)

Stage 3

Breslow 0.60(0.32) 0.62(0.32) 0.62(0.32) 0.59(0.32) 0.57(0.32) 0.59(0.33)

Efron 0.60(0.32) 0.64(0.32) 0.65(0.32) 0.64(0.32) 0.65(0.32) 0.68(0.32)

PB 0.58(0.32) 0.63(0.33) 0.64(0.33) 0.63(0.33) 0.64(0.33) 0.68(0.34)

Stage 4

Breslow 1.65(0.40) 1.60(0.40) 1.49(0.39) 1.44(0.39) 1.23(0.39) 1.23(0.39)

Efron 1.66(0.40) 1.68(0.40) 1.67(0.39) 1.67(0.40) 1.49(0.39) 1.53(0.39)

PB 1.64(0.40) 1.67(0.39) 1.68(0.38) 1.69(0.38) 1.53(0.37) 1.58(0.38)
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Table A.2: Estimation result for the north central cancer treatment group lung cancer study.

Covariate Method
τ

0 0.05 0.1 0.15 0.2 0.25

Sex

Breslow 0.61(0.18) 0.58(0.18) 0.58(0.18) 0.55(0.18) 0.52(0.18) 0.49(0.18)

Efron 0.62(0.18) 0.61(0.18) 0.65(0.18) 0.63(0.18) 0.64(0.18) 0.62(0.18)

PB 0.61(0.18) 0.60(0.18) 0.65(0.18) 0.64(0.18) 0.66(0.18) 0.64(0.18)

ECOG

(Physician)

Breslow 0.68(0.20) 0.63(0.20) 0.56(0.20) 0.54(0.20) 0.50(0.20) 0.48(0.20)

Efron 0.68(0.20) 0.67(0.20) 0.66(0.20) 0.66(0.20) 0.67(0.20) 0.62(0.20)

PB 0.68(0.20) 0.67(0.20) 0.66(0.20) 0.66(0.20) 0.70(0.20) 0.64(0.20)

Karnofsky

(Patient)

Breslow -0.22(0.11) -0.20(0.10) -0.18(0.10) -0.13(0.10) -0.16(0.10) -0.18(0.10)

Efron -0.22(0.11) -0.21(0.11) -0.21(0.10) -0.15(0.10) -0.19(0.10) -0.22(0.10)

PB -0.22(0.11) -0.21(0.10) -0.21(0.10) -0.16(0.10) -0.20(0.10) -0.24(0.10)

Karnofsky

(Physician)

Breslow 0.23(0.13) 0.20(0.13) 0.17(0.13) 0.16(0.13) 0.15(0.13) 0.17(0.13)

Efron 0.23(0.13) 0.22(0.13) 0.20(0.13) 0.20(0.13) 0.20(0.13) 0.21(0.13)

PB 0.23(0.13) 0.22(0.13) 0.21(0.13) 0.20(0.13) 0.21(0.13) 0.21(0.13)

Weight

Loss

Breslow -0.17(0.09) -0.15(0.09) -0.14(0.09) -0.11(0.09) -0.14(0.09) -0.11(0.09)

Efron -0.17(0.09) -0.16(0.09) -0.16(0.09) -0.14(0.09) -0.18(0.09) -0.16(0.09)

PB -0.17(0.09) -0.16(0.09) -0.16(0.09) -0.15(0.09) -0.19(0.09) -0.18(0.09)



Appendix B

Details for “Competing Risk Model

with A Nonparametric Form of

Spline-Estimated Relative Risks”

B.1 Martingale Structure

Here, we derive the martingale structure used in the statistical theory for our model, based

on Fleming and Harrington [16] and Kalbfleisch and Prentice [27]. Let t ∈ [0, τ ]. The

filtration at t and t− are each defined as

Ft = σ
({

{Nik(s), Yi(s
+), Xi}ni=1; k ∈ {1, . . . , K}; 0 ≤ s ≤ t

})
,

Ft− = σ ({{Nik(s), Yi(s), Xi}ni=1; k ∈ {1, . . . , K}; 0 ≤ s < t}) ,

where the sigma-algebra generated by · is denoted by σ(·).

As {T̃i}ni=1 and {Ci}ni=1 are conditionally independent given {Xi}ni=1, we have

E(dNik(t)|Ft−) = P(dNik(t) = 1|Ft−) = Yi(t)dHk(t;Xi),

where dNik(t) = Nik(t
− + dt)−Nik(t

−) and dt > 0. By the Doob-Meyer decomposition, we

140
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have

Nik(t) = Aik(t) +Mik(t),

where Mik(t) is a zero-mean martingale and Aik(t) =
∫ t
0
dAik(s) =

∫ t
0
Yi(s)dHk(s;Xi) is the

compensator. The predictable variation process and covariation process are each calculated

as ⟨Mik⟩(t) =
∫ t
0
d⟨Mik⟩(s) and ⟨Mik,Mi′k⟩(t) =

∫ t
0
d⟨Mik,Mi′k⟩(s), where

d⟨Mik⟩(t) ≡ Var(dMik(t)|Ft−) = Var(dNik(t)|Ft−)

= E(dNik(t)|Ft−)(1− E(dNik(t)|Ft−)) = Yi(t)dHk(t;Xi),

where we regard dt× dt as 0. We have

d⟨Mik,Mi′k′⟩(t) ≡ Cov(dMik(t)dMi′k′(t)|Ft−) = Cov(dNik(t)dNi′k′(t)|Ft−)

= E(dNik(t)dNi′k′(t)|Ft−)− E(dNik(t)|Ft−)E(dNi′k′(t)|Ft−)

= P(dNik(t) = 1, dNi′k′(t) = 1|Ft−) = 0

for {i, k} ̸= {i′, k′} due to the continuity of the random variables (at most one jump at t

among all n subjects) and the fact that a single subject cannot experience more than two

risks.

B.2 Notations

We introduce the notations used throughout our theory. We write PW = P(W−1(·)) for the

distribution of W , and PWn = P({W1, . . . ,Wn}−1(·)) for the distribution of {Wi}ni=1. We use

the operator EW to indicate the Lebesgue integral taken with respect to the distribution of
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either W or {Wi}ni=1. That is,

EW [g(W )] =

∫
W
g dPW and EW [g({Wi}ni=1)] =

∫
Wn

g dPWn

for any function g defined on W or Wn, where W = (0,∞)× (0, τ ]× X × {1, . . . , K}. The

function g may be deterministic or a stochastic process. If g is deterministic,

EW [g(W )] = E[g(W )] and EW [g({Wi}ni=1)] = E[g({Wi}ni=1)].

For deterministic sequences an, bn ∈ R for n ∈ N, we set an = O(bn) (|an| ≲ |bn|) if there

exists a constant C ∈ (0,∞) and N ∈ N such that |an| ≤ C|bn| for all n ≥ N . Likewise,

an = o(bn) (|an| ≪ |bn|) is satisfied if for every constant ϵ ∈ (0,∞), there exists Nϵ ∈ N such

that |an| ≤ ϵ|bn| for all n ≥ Nϵ. We adopt an ≍ bn to mean that an = O(bn) and bn = O(an).

For sequences Xn, Yn ∈ R for n ∈ N, with at least one being random, we refer to Xn = OP(Yn)

(|Xn| ≲ |Yn|) if there is a constant C ∈ (0,∞) such that P(|Xn| ≤ C|Yn|) → 1 as n → ∞.

In addition, Xn = oP(Yn) (|Xn| ≪ |Yn|) if P(|Xn| ≤ ϵ|Yn|) → 1 as n → ∞ for any constant

ϵ ∈ (0,∞).

Here, if a constant does not have a subscript k, it is independent of k.

Let U1 and U2 be vector spaces that are subspaces of a vector space U . We refer to U =

U1 ⊕ U2, which can also be expressed as U1 = U ⊖ U2 or U2 = U ⊖ U1, if the followings are

satisfied:

(i) U1 ∩ U2 = {0},

(ii) For every f ∈ U , there exist unique f1 ∈ U1 and f2 ∈ U2 such that f = f1 + f2.

For each j = 1, . . . , d, suppose that {φj,v}v∈Ij forms a basis of Hilbert spaces Vj, where index
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set Ij is either finite (when Vj is finite-dimensional, |Ij| ∈ N) or countably infinite (when Vj

is infinite-dimensional, Ij = N). We denote tensor product space by ⊗d
j=1Vj, which is the

completion of Span
{∏d

j=1 φj,vj

}
vj∈Ij ,j=1,...,d

with respect to some inner product ⟨·, ·⟩⊗d
j=1Vj

meeting ⟨
∏d

j=1 fj,
∏d

j=1 gj⟩⊗d
j=1Vj

=
∏d

j=1⟨fj, gj⟩Vj
for all fj, gj ∈ Vj, j = 1, . . . , d, where for

each j = 1, . . . , d, ⟨·, ·⟩Vj
is some inner product on Vj.

B.3 Assumptions

In this section, we provide assumptions needed in the rate of convergence for the proposed

model. Let fX (·) be the density function of X. For t ∈ [0, τ ] and x ∈ X , let fY|X (t; x) =

E[Y (t)|X = x] = P(Y (t) = 1|X = x) and fY,X (t, x) = fY|X (t; x)fX (x).

Assumption B.3.1. Assume the followings:

(i) There exist some constants Cτ ∈ (0, 1) and CS ∈ (0,∞) such that P(T ≥ τ) ≥ Cτ and

inft∈[0,τ ] S(η∗k, t) = S(η∗k, τ) > CS for each k.

(ii) There exists some constant CR ∈ (0, 1) such that for all k, P(G̃ = k) ≥ CR.

(iii) There exist some constants 0 < Ch,1 < Ch,2 <∞ such that for all k, Ch,1 ≤ h0k(t) ≤ Ch,2

for all t ∈ [0, τ ].

(iv) There exist some constants 0 < Cf,1 < Cf,2 < ∞ such that for all k, Cf,1 < fY,X (t, x) <

Cf,2 for all t ∈ [0, τ ] and all x ∈ X .

(v) There exists some constant C∗ ∈ (0,∞) such that for all k, −C∗ ≤ η∗k(x) ≤ C∗ for all

x ∈ X . Furthermore, for each k, there exists deterministic big convex neighborhood of

η∗k, denoted by Bk = {f ∈ H : Vk(f − η∗k) ≤ ρk} with some constant ρk ∈ (0,∞), which
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does not depend on n, such that there exist some constants 0 < Ck,1 < 1 < Ck,2 < ∞

such that for all η ∈ Bk, Ck,1 exp(η∗k(x)) ≤ exp(η(x)) ≤ Ck,2 exp(η∗k(x)) for all x ∈ X .

(vi) For each k, Vk is completely continuous with respect to Jk on H, implying that there

exists an eigensystem {ρk,v, ψk,v}v∈N such that for all v ∈ N, the eigenfunction ψk,v ∈ H

and the eigenvalue ρk,v ≥ 0 satisfy ρk,v → ∞ as v → ∞, and Vk(ψk,v, ψk,v′) = 1v,v′ ≡

1(v = v′), while Jk(ψk,v, ψk,v′) = ρk,v1v,v′ for all v, v′ ∈ N. Furthermore, for any

f ∈ H, we have f =
∑

v∈N Vk(f, ψk,v)ψk,v, since for all f ∈ H, J(f) < ∞, which is

equivalent to Jk(f) <∞.

There exist some constants Cψ, Cρ ∈ (0,∞) such that for each k, supv∈N ∥ψk,v∥sup ≤ Cψ

and ρk,v > Cρvr as v → ∞, where r > 1. Note that r = 2m when d = 1, or when d > 1

and H has an additive structure; and r = 2m− δ for any δ ∈ (0, 2m− 1) when d > 1

and H contains at least one interaction.

(vii) For each k, there exists some constant bk ∈ [1, 2] such that
∑

v∈N ρ
bk
k,vV2

k(η
∗
k, ψk,v) <∞.

(viii) For each k, there exists some constant ζk ∈ (0,∞) such that as n → ∞, qk ≍

nζk+2/(rbk+1), λk → 0, and qkλ2/rk → ∞.

Let n(·) =
∑n

i=1 Yi(·). By the strong law of large numbers and (1), which is common in

the survival analysis literature, we have n(τ)/n a.s.−→ P(T ≥ τ) > Cτ as n → ∞. Given that

n(·) is non-increasing on [0, τ ], there are sufficient number of units at risk for any t ∈ [0, τ ].

Therefore, for simplicity, we assume n(τ) ≥ 1, which is reasonable based on the assumption

above.

Note that (2) indicates that the probability of each risk factor is above a certain threshold.

This implies that, when n is sufficiently large, for each risk factor, we have a sufficiently

large number of subjects with observed risk corresponding to that risk factor.
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The uniformly boundedness assumptions in (3) and (4) are borrowed from Du et al. [11].

Specifically, (3) leads to Ch,1τ ≤ inft∈[0,τ ] h0k(t)×τ ≤
∫ τ
0
dH0k(t) = H0k(τ) ≤ supt∈[0,τ ] h0k(t)×

τ ≤ Ch,2τ . Observe that (4) is a uniformly boundedness condition used to show that Theorem

3.1 implies rate of convergence with respect to the L2 norm.

The set Bk in (5) is large enough to ensure that all estimators of η∗k in the technical proofs,

including η̂k and η̂∗k, are elements of Bk. This is a common assumption in the smoothing

spline literature [11, 18].

Constructing the eigensystem on H for each k, as described in (6), is a standard approach

in the smoothing spline literature [11, 18].

The smoothness level of the true function η∗k is described by the parameter bk. When bk = 1,

we have
∑

v∈N ρ
bk
k,vV2

k(η
∗
k, ψk,v) = Jk(η

∗
k), ensuring that condition (7) is automatically satisfied

by η∗k ∈ H.

The order of the number of knots required for efficient approximation, as well as the order of

the smoothing parameter in relation to the number of knots, are discussed in (8). Both are

common assumptions in the smoothing spline literature [11, 18]. When λk ≍ n−r/(rbk+1) → 0

as n → ∞, which guarantees the optimal convergence rate, qkλ2/rk ≍ nζk → ∞ as n → ∞ is

also satisfied, thereby ensuring that (8) holds.

B.4 Proof of Theorem 3.1

Here, we employ quadratic approximation techniques as outlined by Gu [18] to prove Theo-

rem 3.1, with proofs closely following those in Du et al. [11]. Without loss of generality, any

arguments here are for any k. First, we introduce some notations that are used in the proofs.

For η, f, g ∈ H, let U(f ; η, t) = S(f ; η, t)/S(η, t), U(n)(f ; η, t) = S(n)(f ; η, t)/S(n)(η, t),
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V(f, g; η, t) = S(fg; η, t)/S(η, t)− U(f ; η, t)U(g; η, t), and

V(n)(f, g; η, t) = S(n)(fg; η, t)/S(n)(η, t)− U(n)(f ; η, t)U(n)(g; η, t),

where S(n)(η, t) ≡
∑n

i=1 Yi(t) exp(η(Xi))/n, S(n)(f ; η, t) ≡
∑n

i=1 Yi(t)f(Xi) exp(η(Xi))/n,

and S(n)(fg; η, t) ≡
∑n

i=1 Yi(t)f(Xi)g(Xi) exp(η(Xi))/n for f, g, η ∈ H and t ∈ [0, τ ].

Then, we can express Vk(·, ·) as

Vk(f, g) =
∫ τ

0

V(f, g; η∗k, t)S(η
∗
k, t)dH0k(t)

for f, g ∈ H. For η ∈ H, we define a non-negative definite bivariate functional V (n)
η,k (·, ·) on

H as follows. For f, g ∈ H, let

V (n)
η,k (f, g) =

∫ τ

0

V(n)(f, g; η, t)dNk(t).

Let V (n)
η,k (f) = V (n)

η,k (f, f) for η, f ∈ H. Define V (n)
k (·, ·) = V (n)

η∗k,k
(·, ·). For η, f ∈ H, let

U (n)
η,k (f) =

∫ τ

0

U(n)(f ; η, t)dNk(t), where U (n)
k (·) ≡ U (n)

η∗k,k
(·).

We begin by introducing the remarks and lemmas that are instrumental in our main proof.

Initially, we require an order bound for the eigenvalues and λk, as described in Remark B.1.

Remark B.1. Under Assumption B.3.1, for each k,

∑
v∈N

λkρk,v
(1 + λkρk,v)2

,
∑
v∈N

1

(1 + λkρk,v)2
, and

∑
v∈N

1

1 + λkρk,v

are Oλk(λ
−1/r
k ), where Oλk(·) is O(·) with respect to λk → 0.
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The proof of Remark B.1 is provided in Gu [18], where the condition r > 1 is required. Since

λk → 0 as n→ ∞, Oλk(·) in Remark B.1 is replaced with O(·) as n→ ∞.

We demonstrate that Vk and ∥ · ∥2L2
are equivalent in H, as established by Lemma B.2.

Lemma B.2. Under Assumption B.3.1, there exist some constants 0 < CL2,1 < CL2,2 < ∞

such that for each k, for all f ∈ H, CL2,1∥f∥2L2
≤ Vk(f) ≤ CL2,2∥f∥2L2

.

The proof of Lemma B.2 is detailed in Section B.5. According to Lemma B.2, the conver-

gence rate between η̂k and η∗k with respect to ∥ · ∥L2 is equivalent to that with respect to

(Vk + λkJk)
1/2 as stated in Theorem 3.1.

We present a series of important results related to convergence and asymptotics in Lemmas

B.3 – B.5, with detailed proofs provided in Section B.5. Additionally, we establish results

concerning boundedness and orthogonality in Lemmas B.6 and B.7, also included in Section

B.5.

Lemma B.3. Under Assumption B.3.1, for each k, for all f, g ∈ H, as n→ ∞,

V (n)
k (f, g) = Vk(f, g) +

√
(Vk + λkJk)(f)(Vk + λkJk)(g)OP

(
n−1/2λ

−1/r
k

)
= Vk(f, g) + oP

(√
(Vk + λkJk)(f)(Vk + λkJk)(g)

)
.

Lemma B.4. Under Assumption B.3.1, for each k, for all f, g ∈ H, there exists some

random variable α ∈ (0, 1), such that

U (n)
f,k (f − g)− U (n)

g,k (f − g) = V (n)
g+α(f−g),k(f − g).

Lemma B.5. Under Assumption B.3.1, for each k, let a stochastic process fk ∈ H satisfies
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V (n)
k (fk − η∗k) = oP(1) as n→ ∞. Then for all h ∈ H, as n→ ∞,

U (n)
fk,k

(h)− U (n)
k (h) = V (n)

k (fk − η∗k, h) (1 + oP(1)) .

Furthermore, if another stochastic process gk ∈ H satisfies V (n)
k (gk − η∗k) = oP(1) as n→ ∞.

Then for all h ∈ H, as n→ ∞,

U (n)
fk,k

(h)− U (n)
gk,k

(h) = V (n)
k (fk − gk, h) (1 + oP(1)) .

The proof for the main result in Theorem 3.1 is presented in the following three steps.

Step 1: Rate for the Quadratic Approximation Optimizer

For η, f ∈ H, define

S(n)
η,k (f) =

∫ τ

0

1

n

n∑
i=1

{
f(Xi)− U(n)(f ; η, t)

}
dNik(t),

which represents the Fréchet derivative of −Lk(n)(·) at η in the direction of f .

The quadratic approximation optimizer η̃∗k is defined by

η̃∗k = argmin
f∈H

− S(n)
η∗k,k

(f) +
1

2
Vk(f − η∗k) +

λk
2
Jk(f), (B.1)

where assume η̃∗k ∈ Bk. The loss function in (B.1) is a quadratic approximation of the loss

function in (3.1) at η∗k, which can be represented as

∑
v∈N

{
−Vk(f, ψk,v)S(n)

η∗k,k
(ψk,v) +

1

2
(Vk(f, ψk,v)− Vk(η∗k, ψk,v))

2 +
λk
2
ρk,vV2

k(f, ψk,v)

}
. (B.2)
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Setting the derivative of (B.2) at Vk(f, ψk,v) to be 0, one gets η̃∗k =
∑

v∈N Vk(η̃∗k, ψk,v)ψk,v,

where

Vk(η̃∗k, ψk,v) =
1

1 + λkρk,v

{
Vk(η∗k, ψk,v) + S(n)

η∗k,k
(ψk,v)

}
.

One can represent S(n)
η∗k,k

(ψk,v) by

S(n)
η∗k,k

(ψk,v) =
1

n

n∑
i=1

∫ τ

0

{
ψk,v(Xi)− U(n)(ψk,v; η

∗
k, t)

}
dMik(t) =

1

n

n∑
i=1

∫ τ

0

B
(v)
i,k (t)dMik(t),

where

E
[
S(n)
η∗k,k

(ψk,v)
]
=

1

n

n∑
i=1

∫ τ

0

E
[
B

(v)
i,k (t)dMik(t)

]
=

1

n

n∑
i=1

∫ τ

0

E
[
E
[
B

(v)
i,k (t)dMik(t)

∣∣∣Ft−

]]
=

1

n

n∑
i=1

∫ τ

0

E
[
B

(v)
i,k (t)E [dMik(t)|Ft− ]

]
= 0

and

E
[{

S(n)
η∗k,k

(ψk,v)
}2
]
=

1

n
E

[
1

n

n∑
i=1

∫ τ

0

{
B

(v)
i,k (t)

}2

d⟨Mik⟩(t)

]
≤

2 exp(C∗)C2
ψCh,2τ

n
. (B.3)

In (B.3), the first equality is derived by

E
[∫ τ

0

B
(v)
i,k (t)dMik(t)

∫ τ

0

B
(v)
i′,k(t)dMi′k(t)

]
= E

[∫ τ

0

B
(v)
i,k (t)B

(v)
i′,k(t)d⟨Mik,Mi′k⟩(t)

]
= E

[∫ τ

0

{
B

(v)
i,k (t)

}2

d⟨Mik⟩(t)
]
1i,i′ ,

which follows from Theorem 2.4.4. in Fleming and Harrington [16], and the second equality

is derived by

1

n

n∑
i=1

∫ τ

0

{
B

(v)
i,k (t)

}2

d⟨Mik⟩(t) =
∫ τ

0

V(n)(ψk,v, ψk,v; η
∗
k, t)S(n)(η

∗
k, t)dH0k(t)
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≤

{
sup

v,v′∈N,t∈[0,τ ]

∣∣V(n)(ψk,v, ψk,v′ ; η
∗
k, t)

∣∣}{ sup
t∈[0,τ ]

S(n)(η
∗
k, t)

}
H0k(τ)

≤ 2 exp(C∗)C2
ψCh,2τ,

where the last inequality follows from Lemma B.6.

Simple calculation yields

(Vk + λkJk) (η̃
∗
k − η∗k) =

∑
v∈N

{
S(n)
η∗k,k

(ψk,v)
}2

− 2λkρk,vVk(η∗k, ψk,v)S
(n)
η∗k,k

(ψk,v) + λ2kρ
2
k,vV2

k(η
∗
k, ψk,v)

1 + λkρk,v

and

E [(Vk + λkJk) (η̃
∗
k − η∗k)] ≤

2 exp(C∗)C2
ψCh,2τ

n

∑
v∈N

1

1 + λkρk,v
+ λbkk

∑
v∈N

λ2−bkk ρ2−bkk,v

1 + λkρk,v
ρbkk,vV

2
k(η

∗
k, ψk,v)

≤
2 exp(C∗)C2

ψCh,2τ
n

∑
v∈N

1

1 + λkρk,v
+ λbkk

∑
v∈N

ρbkk,vV
2
k(η

∗
k, ψk,v)

= O
(
n−1λ

−1/r
k + λbkk

)
,

directly implying
√
(Vk + λkJk) (η̃∗k − η∗k) = OP

(
n−1/2λ

−1/(2r)
k + λ

bk/2
k

)
.
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Step 2: Rate for the Global Optimizer

For η, f ∈ H, let A(η, f) and B(η, f) denote the Fréchet derivatives of the loss functions in

(3.1) and (B.1), respectively, at η in the direction of f . These derivatives are expressed as

A(η, f) = −S(n)
η,k (f) + λkJk(η, f), (B.4)

B(η, f) = −S(n)
η∗k,k

(f) + Vk(η − η∗k, f) + λkJk(η, f), (B.5)

where, by definition, A(η̂∗k, f) = 0 and B(η̃∗k, f) = 0 for any f ∈ H. Set η = η̂∗k and f = η̂∗k−η̃∗k

in (B.4) and set η = η̃∗k and f = η̂∗k − η̃∗k in (B.5). Subtracting the resulting equations gives

U (n)
η̂∗k,k

(η̂∗k − η̃∗k)− U (n)
η̃∗k,k

(η̂∗k − η̃∗k) + λkJk(η̂
∗
k − η̃∗k) (B.6)

= Vk(η̃∗k − η∗k, η̂
∗
k − η̃∗k) + U (n)

k (η̂∗k − η̃∗k)− U (n)
η̃∗k,k

(η̂∗k − η̃∗k).

By Lemma B.4, for some random variable α1 ∈ (0, 1), we have

0 ≤ U (n)
η̂∗k,k

(η̂∗k − η̃∗k)− U (n)
η̃∗k,k

(η̂∗k − η̃∗k) + λkJk(η̂
∗
k − η̃∗k) (B.7)

= V (n)
α1η̂∗k+(1−α1)η̃∗k,k

(η̂∗k − η̃∗k) + λkJk(η̂
∗
k − η̃∗k)

≥ CBk
(V (n)

k + λkJk)(η̂
∗
k − η̃∗k)

= CBk
(Vk + λkJk)(η̂

∗
k − η̃∗k) + oP ((Vk + λkJk)(η̂

∗
k − η̃∗k)) ,

where α1η̂
∗
k + (1 − α1)η̃

∗
k ∈ Bk, and considering the boundedness of η∗k and the closeness of

exp(η) to exp(η∗k) for η ∈ Bk, as described in (6) of Assumption B.3.1, we assume, without

loss of generality, that for some constant CBk
∈ (0, 1), the inequality V (n)

η,k (f) ≥ CBk
V (n)
k (f)

holds for all η ∈ Bk and f ∈ H.

By Lemma B.3, we have V (n)
k (η̃∗k−η∗k) = Vk(η̃∗k−η∗k)+ oP ((Vk + λkJk)(η̃

∗
k − η∗k)) = oP(1). So,
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by Lemmas B.5 and B.3, we get

0 ≤ Vk(η̃∗k − η∗k, η̂
∗
k − η̃∗k) + U (n)

k (η̂∗k − η̃∗k)− U (n)
η̃∗k,k

(η̂∗k − η̃∗k) (B.8)

= Vk(η̃∗k − η∗k, η̂
∗
k − η̃∗k)− V (n)

k (η̃∗k − η∗k, η̂
∗
k − η̃∗k) (1 + oP(1))

= oP

(
Vk(η̃∗k − η∗k, η̂

∗
k − η̃∗k)

)
+ oP

(√
(Vk + λkJk)(η̃∗k − η∗k)(Vk + λkJk)(η̂∗k − η̃∗k)

)
= oP

(√
(Vk + λkJk)(η̃∗k − η∗k)(Vk + λkJk)(η̂∗k − η̃∗k)

)
,

where the last equality is by |Vk(η̃∗k − η∗k, η̂
∗
k − η̃∗k)| ≤

√
Vk(η̃∗k − η∗k)Vk(η̂∗k − η̃∗k).

Combining (B.6), (B.7), and (B.8), we have

(Vk + λkJk)(η̂
∗
k − η̃∗k) = oP

(√
(Vk + λkJk)(η̃∗k − η∗k)(Vk + λkJk)(η̂∗k − η̃∗k)

)
,√

(Vk + λkJk)(η̂∗k − η̃∗k) = oP

(√
(Vk + λkJk)(η̃∗k − η∗k)

)
= oP

(
n−1/2λ

−1/(2r)
k + λ

bk/2
k

)
,

where
√

(Vk + λkJk)(η̂∗k − η∗k) ≤
√
(Vk + λkJk)(η̂∗k − η̃∗k) +

√
(Vk + λkJk)(η̃∗k − η∗k) leads to√

(Vk + λkJk)(η̂∗k − η∗k) = OP

(
n−1/2λ

−1/(2r)
k + λ

bk/2
k

)
.

Step 3: Rate for the Efficient Approximation Optimizer

Define V (qk)
k analogously to V (n)

k , with the distinction that V (qk)
k incorporates only qk subjects

corresponding to {Zℓ(k)}qkℓ=1 in its calculation, specifically for both counting process and

predictable processes. Denote H(k)⊥ = {f ∈ H : ⟨f, g⟩H,k = 0 for all g ∈ H(k)} by the

orthogonal complement of H(k) in H with respect to ⟨·, ·⟩H,k = ⟨·, ·⟩NJ
+ Jk(·, ·), which is an

inner product on H. Here, ⟨·, ·⟩NJ
is an inner product on NJ , which can be found in Section

B.6. Similarly, denote H(k)⊥
J = {f ∈ HJ : Jk(f, g) = 0 for all g ∈ H(k)

J } by the orthogonal

complement of H(k)
J in HJ with respect to Jk(·, ·).
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One can see that

H(k)⊥ = H⊖H(k)

= H(k)⊥
J = HJ ⊖H(k)

J

and any f ∈ H ⊖H(k) satisfies f(Zℓ(k)) = Jk
(
f,KJk(Zℓ(k), ·)

)
= 0 for ℓ = 1, . . . , qk. Consid-

ering this, for any f ∈ H ⊖ H(k), a modification of Lemma B.3 with respect to V (qk)
k leads

to

Vk(f) =
∣∣∣V (qk)

k (f)− Vk(f)
∣∣∣ = (Vk + λkJk)(f)OP

(
q
−1/2
k λ

−1/r
k

)
(B.9)

= oP ((Vk + λkJk)(f)) = oP (λkJk(f)) .

Let ηk = Proj(η̂∗k | H(k)) = arginfη∈H(k)⟨η̂∗k − η, η̂∗k − η⟩H,k denote the projection of η̂∗k onto

H(k) with respect to ⟨·, ·⟩H,k, with the assumption that ηk ∈ Bk. One can see that η̂∗k − ηk ∈

H ⊖H(k). Set η = η̂∗k and f = η̂∗k − ηk in (B.4). Considering Jk(ηk, η̂∗k − ηk) = 0 by Lemma

B.7, we have

λkJk(η̂
∗
k − ηk) = S(n)

η∗k,k
(η̂∗k − ηk) + U (n)

k (η̂∗k − ηk)− U (n)
η̂∗k,k

(η̂∗k − ηk). (B.10)

The order of the first term on the right-hand side of (B.10) can be calculated as

∣∣∣S(n)
η∗k,k

(η̂∗k − ηk)
∣∣∣ = ∣∣∣∣∣∑

v∈N

(Vk(η̂∗k, ψk,v)− Vk(ηk, ψk,v))S(n)
η∗k,k

(ψk,v)

∣∣∣∣∣ (B.11)

≤

{∑
v∈N

(1 + λkρk,v) (Vk(η̂∗k, ψk,v)− Vk(ηk, ψk,v))2
}1/2

×

{∑
v∈N

1

1 + λkρk,v

{
S(n)
η∗k,k

(ψk,v)
}2
}1/2
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=
√

(Vk + λkJk)(η̂∗k − ηk)OP

(
n−1/2λ

−1/(2r)
k

)
=
√
λkJk(η̂∗k − ηk)OP

(
n−1/2λ

−1/(2r)
k + λ

bk/2
k

)
(1 + oP(1)) ,

where (B.9) is used, and the following is utilized:

E

[∑
v∈N

1

1 + λkρk,v

{
S(n)
η∗k,k

(ψk,v)
}2
]
≤

2 exp(C∗)C2
ψCh,2τ

n

∑
v∈N

1

1 + λkρk,v
= O

(
n−1λ

−1/r
k

)
.

By Lemma B.3, we have V (n)
k (η̂∗k−η∗k) = Vk(η̂∗k−η∗k)+ oP ((Vk + λkJk)(η̂

∗
k − η∗k)) = oP(1). So,

by (B.9) and Lemmas B.5 and B.3, the order of the remaining terms on the right-hand side

of (B.10) can be calculated as

∣∣∣U (n)
k (η̂∗k − ηk)− U (n)

η̂∗k,k
(η̂∗k − ηk)

∣∣∣ = ∣∣∣V (n)
k (η̂∗k − η∗k, η̂

∗
k − ηk) (1 + oP(1))

∣∣∣ (B.12)

=

∣∣∣∣{Vk(η̂∗k − η∗k, η̂
∗
k − ηk) + oP

(√
(Vk + λkJk)(η̂∗k − η∗k)λkJk(η̂

∗
k − ηk)

)}
(1 + oP(1))

∣∣∣∣
= oP

(√
(Vk + λkJk)(η̂∗k − η∗k)λkJk(η̂

∗
k − ηk)

)
=
√
λkJk(η̂∗k − ηk)oP

(
n−1/2λ

−1/(2r)
k + λ

bk/2
k

)
,

where

|Vk(η̂∗k − η∗k, η̂
∗
k − ηk)| ≤

√
(Vk + λkJk)(η̂∗k − η∗k)Vk(η̂∗k − ηk)

= oP

(√
(Vk + λkJk)(η̂∗k − η∗k)λkJk(η̂

∗
k − ηk)

)
.

Combining (B.10), (B.11), and (B.12) and considering (B.9), we get

λkJk(η̂
∗
k − ηk) =

√
λkJk(η̂∗k − ηk)OP

(
n−1/2λ

−1/(2r)
k + λ

bk/2
k

)
,

(Vk + λkJk)(η̂
∗
k − ηk) = OP

({
n−1/2λ

−1/(2r)
k + λ

bk/2
k

}2
)
,
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where
√

(Vk + λkJk)(ηk − η∗k) ≤
√

(Vk + λkJk)(ηk − η̂∗k) +
√

(Vk + λkJk)(η̂∗k − η∗k) leads to√
(Vk + λkJk)(ηk − η∗k) = OP

(
n−1/2λ

−1/(2r)
k + λ

bk/2
k

)
.

As Jk(ηk, η̂∗k − ηk) = Jk(η̂k, η̂
∗
k − ηk) = 0 by Lemma B.7, we get

Jk(η̂
∗
k, η̂

∗
k − η̂k) = Jk(η̂

∗
k − ηk + ηk, η̂

∗
k − ηk + ηk − η̂k) (B.13)

= Jk(η̂
∗
k − ηk) + Jk(ηk, ηk − η̂k).

By definition, A(η̂k, f) = 0 for any f ∈ H(k). Set η = η̂k and f = η̂k − ηk in (B.4) and set

η = η̂∗k and f = η̂∗k − η̂k in (B.4). Using (B.13) and (B.10), summing the resulting equations

gives

U (n)
η̂k,k

(η̂k − ηk)− U (n)
η̂∗k,k

(η̂k − ηk) + λkJk(η̂k − ηk)

= S(n)
η∗k,k

(η̂∗k − ηk)− λkJk(η̂
∗
k − ηk) + U (n)

k (η̂∗k − ηk)− U (n)
η̂∗k,k

(η̂∗k − ηk) = 0,

which can be represented as

U (n)
η̂k,k

(η̂k − ηk)− U (n)
ηk,k

(η̂k − ηk) + λkJk(η̂k − ηk) = U (n)
η̂∗k,k

(η̂k − ηk)− U (n)
ηk,k

(η̂k − ηk).(B.14)

By Lemma B.4, for some random variable α2 ∈ (0, 1), we have

0 ≤ U (n)
η̂k,k

(η̂k − ηk)− U (n)
ηk,k

(η̂k − ηk) + λkJk(η̂k − ηk) (B.15)

= V (n)
α2η̂k+(1−α2)ηk,k

(η̂k − ηk) + λkJk(η̂k − ηk)

≥ CBk
(V (n)

k + λkJk)(η̂k − ηk)

= CBk
(Vk + λkJk)(η̂k − ηk) + oP ((Vk + λkJk)(η̂k − ηk)) ,
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where α2η̂k + (1− α2)ηk ∈ Bk.

We have V (n)
k (η̂∗k − η∗k) = oP(1) and by Lemma B.3, we have V (n)

k (ηk − η∗k) = Vk(ηk − η∗k) +

oP ((Vk + λkJk)(ηk − η∗k)) = oP(1). So, by Lemmas B.5 and B.3, we get

0 ≤ U (n)
η̂∗k,k

(η̂k − ηk)− U (n)
ηk,k

(η̂k − ηk) = V (n)
k (η̂∗k − ηk, η̂k − ηk) (1 + oP(1)) (B.16)

= Vk(η̂∗k − ηk, η̂k − ηk) + oP (Vk(η̂∗k − ηk, η̂k − ηk))

+ oP

(√
(Vk + λkJk)(η̂∗k − ηk)(Vk + λkJk)(η̂k − ηk)

)
= OP

(√
(Vk + λkJk)(η̂∗k − ηk)(Vk + λkJk)(η̂k − ηk)

)
,

where |Vk(η̂∗k − ηk, η̂k − ηk)| ≤
√

(Vk + λkJk)(η̂∗k − ηk)(Vk + λkJk)(η̂k − ηk).

Combining (B.14), (B.15), and (B.16), we have

(Vk + λkJk)(η̂k − ηk) = OP

(√
(Vk + λkJk)(η̂∗k − ηk)(Vk + λkJk)(η̂k − ηk)

)
,√

(Vk + λkJk)(η̂k − ηk) = OP

(√
(Vk + λkJk)(η̂∗k − ηk)

)
= OP

(
n−1/2λ

−1/(2r)
k + λ

bk/2
k

)
,

where
√

(Vk + λkJk)(η̂k − η∗k) ≤
√
(Vk + λkJk)(η̂k − ηk) +

√
(Vk + λkJk)(ηk − η∗k) leads to√

(Vk + λkJk)(η̂k − η∗k) = OP

(
n−1/2λ

−1/(2r)
k + λ

bk/2
k

)
.

Note that n−1/2λ
−1/(2r)
k ≪ n−1/4λ

−1/(2r)
k ≪ q

−1/4
k λ

−1/(2r)
k = o(1) implies

OP

(
n−1/2λ

−1/(2r)
k + λ

bk/2
k

)
= oP(1),

which completes the proof. ■
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B.5 Technical Details for Theorem 3.1

Proof of Lemma B.2. Here, we consider t ∈ [0, τ ] and f ∈ H, where f may represent ei-

ther a deterministic function or a stochastic process. Let fk(t, x) ≡ exp(η∗k(x))fY,X (t, x)/S(η∗k, t).

Then, we have

∫
X

fk(t, x)dx =

∫
X E[Y (t)|X = x] exp(η∗k(x))fX (x)dx

S(η∗k, t)

=
E [E [Y (t) exp(η∗k(X))|X]]

S(η∗k, t)
=
S(η∗k, t)

S(η∗k, t)
= 1

and

µk(f)(t) ≡
S(f ; η∗k, t)

S(η∗k, t)
=

EW [EW [Y (t)|X] f(X) exp(η∗k(X))]

S(η∗k, t)

=
EW [E [Y (t)|X] f(X) exp(η∗k(X))]

S(η∗k, t)

=

∫
X fY|X (t; x)f(x) exp(η∗k(x))fX (x)dx

S(η∗k, t)
=

∫
X
f(x)fk(t, x)dx.

Using above, we have

Vk(f) =
∫ τ

0

{∫
X

(
f(x)− µk(f)(t)

)2
fk(t, x)dx

}
S(η∗k, t)dH0k(t) (B.17)

=

∫ τ

0

{∫
X

(
f(x)− µk(f)(t)

)2
exp(η∗k(x))fY,X (t, x)dx

}
dH0k(t)

∈

[
exp(−C∗)Cf,1

∫ τ

0

{∫
X

(
f(x)− µk(f)(t)

)2
dx

}
dH0k(t),

exp(C∗)Cf,2

∫ τ

0

{∫
X

(
f(x)− µk(f)(t)

)2
dx

}
dH0k(t)

]
.
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Let m(·) be the Lebesgue measure on X , Then,

∫ τ

0

{∫
X

(
f(x)− µk(f)(t)

)2
dx

}
dH0k(t) = H0k(τ)∥f∥2L2

+

∫ τ

0

(
µk(f)(t)

)2
dH0k(t),

where we used the fact that
∫
X f(x)dx = 0 due to f ∈ H and m(X ) = m([0, 1]d) = 1. By

the Cauchy-Schwarz inequality, we have

0 ≤
(
µk(f)(t)

)2
≤
∫
X
(f(x))2 dx

∫
X
(fk(t, x))2 dx = ∥f∥2L2

∫
X
(fk(t, x))2 dx,

which leads to

∫ τ

0

(
µk(f)(t)

)2
dH0k(t) ≤ ∥f∥2L2

∫ τ

0

{∫
X
(fk(t, x))2 dx

}
dH0k(t)

≤
exp(2C∗)C2

f,2Ch,2
C2
S

τ∥f∥2L2
= C̃τ∥f∥2L2

and

Ch,1τ∥f∥2L2
≤ H0k(τ)∥f∥2L2

≤
∫ τ

0

{∫
X

(
f(x)− µk(f)(t)

)2
dx

}
dH0k(t) ≤ (Ch,2 + C̃)τ∥f∥2L2

.

(B.18)

Using (B.17) and (B.18), we have

CL2,1∥f∥2L2
≤ Vk(f) ≤ CL2,2∥f∥2L2

,

where CL2,1 = exp(−C∗)Cf,1Ch,1τ and CL2,2 = exp(C∗)Cf,2(Ch,2 + C̃)τ . ■

Lemma B.6. Under Assumption B.3.1, for each k, the following results on boundedness
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hold:

sup
t∈[0,τ ]

S(η∗k, t) ≤ exp(C∗), sup
t∈[0,τ ]

S(n)(η
∗
k, t) ≤ exp(C∗),

sup
v∈N,t∈[0,τ ]

|S(ψk,v; η∗k, t)| ≤ exp(C∗)Cψ, sup
v∈N,t∈[0,τ ]

∣∣S(n)(ψk,v; η
∗
k, t)

∣∣ ≤ exp(C∗)Cψ,

sup
v,v′∈N,t∈[0,τ ]

|S(ψk,vψk,v′ ; η∗k, t)| ≤ exp(C∗)C2
ψ, sup

v,v′∈N,t∈[0,τ ]

∣∣S(n)(ψk,vψk,v′ ; η
∗
k, t)

∣∣ ≤ exp(C∗)C2
ψ,

sup
v∈N,t∈[0,τ ]

|U(ψk,v; η∗k, t)| ≤ Cψ, sup
v∈N,t∈[0,τ ]

∣∣U(n)(ψk,v; η
∗
k, t)

∣∣ ≤ Cψ,

sup
v,v′∈N,t∈[0,τ ]

|V(ψk,v, ψk,v′ ; η∗k, t)| ≤ 2C2
ψ, sup

v,v′∈N,t∈[0,τ ]

∣∣V(n)(ψk,v, ψk,v′ ; η
∗
k, t)

∣∣ ≤ 2C2
ψ.

Furthermore, for any v, v′ ∈ N, the following results hold:

E
[∫ τ

0

1

S(n)(η∗k, t)
dNk(t)

]
≤ Ch,2τ,

E

[∫ τ

0

(
S(n)(η

∗
k, t)− S(η∗k, t)

)2
S(n)(η∗k, t)

dNk(t)

]
≤ exp(2C∗)Ch,2τ

n
,

E

[∫ τ

0

(
S(n)(ψk,v; η

∗
k, t)− S(ψk,v; η

∗
k, t)

)2
S(n)(η∗k, t)

dNk(t)

]
≤

exp(2C∗)C2
ψCh,2τ

n
,

E

[∫ τ

0

(
S(n)(ψk,vψk,v′ ; η

∗
k, t)− S(ψk,vψk,v′ ; η

∗
k, t)

)2
S(n)(η∗k, t)

dNk(t)

]
≤

exp(2C∗)C4
ψCh,2τ

n
.

Proof of Lemma B.6. Considering Y (·), Yi(·) ≤ 1 and boundedness of η∗k, we have

sup
t∈[0,τ ]

S(η∗k, t) = sup
t∈[0,τ ]

E [Y (t) exp(η∗k(X))] ≤

{
sup
t∈[0,τ ]

E [Y (t)]

}
exp(C∗) ≤ exp(C∗),

sup
t∈[0,τ ]

S(n)(η
∗
k, t) = sup

t∈[0,τ ]

1

n

n∑
i=1

Yi(t) exp(η∗k(Xi)) ≤

{
sup
t∈[0,τ ]

1

n

n∑
i=1

Yi(t)

}
exp(C∗) ≤ exp(C∗).
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Regarding boundedness of eigenfunctions, we have

sup
v,v′∈N,t∈[0,τ ]

|S(ψk,vψk,v′ ; η∗k, t)| = sup
v,v′∈N,t∈[0,τ ]

∣∣∣E[Y (t)ψk,v(X)ψk,v′(X) exp(η∗k(X))
]∣∣∣

≤ sup
v,v′∈N,t∈[0,τ ]

E
[
Y (t)

∣∣ψk,v(X)
∣∣∣∣ψk,v′(X)

∣∣ exp(η∗k(X))
]

≤ exp(C∗)C2
ψ,

sup
v,v′∈N,t∈[0,τ ]

∣∣S(n)(ψk,vψk,v′ ; η
∗
k, t)

∣∣ = sup
v,v′∈N,t∈[0,τ ]

∣∣∣∣∣ 1n
n∑
i=1

Yi(t)ψk,v(Xi)ψk,v′(Xi) exp(η∗k(Xi))

∣∣∣∣∣
≤ sup

v,v′∈N,t∈[0,τ ]

1

n

n∑
i=1

Yi(t)
∣∣ψk,v(Xi)

∣∣∣∣ψk,v′(Xi)
∣∣ exp(η∗k(Xi))

≤ exp(C∗)C2
ψ,

where boundedness for supv∈N,t∈[0,τ ] |S(ψk,v; η∗k, t)| and supv∈N,t∈[0,τ ]
∣∣S(n)(ψk,v; η

∗
k, t)

∣∣ can be

similarly proved.

sup
v,v′∈N,t∈[0,τ ]

∣∣∣∣S(ψk,vψk,v′ ; η∗k, t)S(η∗k, t)

∣∣∣∣ ≤ sup
v,v′∈N,t∈[0,τ ]

E
[
Y (t)

∣∣ψk,v(X)
∣∣∣∣ψk,v′(X)

∣∣ exp(η∗k(X))
]

E[Y (t) exp(η∗k(X))]

≤

{
sup

v,v′∈N,t∈[0,τ ]

E[Y (t) exp(η∗k(X))]

E[Y (t) exp(η∗k(X))]

}
C2
ψ = C2

ψ,

sup
v,v′∈N,t∈[0,τ ]

∣∣∣∣S(n)(ψk,vψk,v′ ; η
∗
k, t)

S(n)(η∗k, t)

∣∣∣∣ ≤ sup
v,v′∈N,t∈[0,τ ]

1
n

∑n
i=1 Yi(t)

∣∣ψk,v(Xi)
∣∣∣∣ψk,v′(Xi)

∣∣ exp(η∗k(Xi))
1
n

∑n
i=1 Yi(t) exp(η∗k(Xi))

≤

{
sup

v,v′∈N,t∈[0,τ ]

1
n

∑n
i=1 Yi(t) exp(η∗k(Xi))

1
n

∑n
i=1 Yi(t) exp(η∗k(Xi))

}
C2
ψ = C2

ψ,

where boundedness for supv∈N,t∈[0,τ ] |U(ψk,v; η∗k, t)| and supv∈N,t∈[0,τ ]
∣∣U(n)(ψk,v; η

∗
k, t)

∣∣ can be
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similarly proved. Combining above results,

sup
v,v′∈N,t∈[0,τ ]

|V(ψk,v, ψk,v′ ; η∗k, t)| ≤ sup
v,v′∈N,t∈[0,τ ]

∣∣∣∣S(ψk,vψk,v′ ; η∗k, t)S(η∗k, t)

∣∣∣∣
+

{
sup

v∈N,t∈[0,τ ]
|U(ψk,v; η∗k, t)|

}2

≤ 2C2
ψ,

sup
v,v′∈N,t∈[0,τ ]

∣∣V(n)(ψk,v, ψk,v′ ; η
∗
k, t)

∣∣ ≤ sup
v,v′∈N,t∈[0,τ ]

∣∣∣∣S(n)(ψk,vψk,v′ ; η
∗
k, t)

S(n)(η∗k, t)

∣∣∣∣
+

{
sup

v∈N,t∈[0,τ ]

∣∣U(n)(ψk,v; η
∗
k, t)

∣∣}2

≤ 2C2
ψ,

We show boundedness of moment calculations, which are

E
[∫ τ

0

1

S(n)(η∗k, t)
dNk(t)

]
=

∫ τ

0

E
[

1

S(n)(η∗k, t)
dNk(t)

]
=

∫ τ

0

E
[
E
[

1

S(n)(η∗k, t)
dNk(t)

∣∣∣∣Ft−

]]
=

∫ τ

0

E
[

1

S(n)(η∗k, t)
E
[
dNk(t)|Ft−

]]
=

∫ τ

0

E
[
S(n)(η

∗
k, t)

S(n)(η∗k, t)
dH0k(t)

]
= H0k(τ) ≤ Ch,2τ,

E

[∫ τ

0

(
S(n)(ψk,vψk,v′ ; η

∗
k, t)− S(ψk,vψk,v′ ; η

∗
k, t)

)2
S(n)(η∗k, t)

dNk(t)

]

=

∫ τ

0

E

[
E

[(
S(n)(ψk,vψk,v′ ; η

∗
k, t)− S(ψk,vψk,v′ ; η

∗
k, t)

)2
S(n)(η∗k, t)

dNk(t)

∣∣∣∣∣Ft−

]]

=

∫ τ

0

E

[(
S(n)(ψk,vψk,v′ ; η

∗
k, t)− S(ψk,vψk,v′ ; η

∗
k, t)

)2
S(n)(η∗k, t)

E
[
dNk(t)|Ft−

]]

=

∫ τ

0

E
[(
S(n)(ψk,vψk,v′ ; η

∗
k, t)− S(ψk,vψk,v′ ; η

∗
k, t)

)2]
dH0k(t)

=
1

n

∫ τ

0

Var
[
Y (t)ψk,v(X)ψk,v′(X) exp(η∗k(X))

]
dH0k(t)
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≤ 1

n

∫ τ

0

E
[(
Y (t)ψk,v(X)ψk,v′(X) exp(η∗k(X))

)2]
dH0k(t)

≤ 1

n
C2
ψC2

ψ exp(2C∗)H0k(τ) ≤
exp(2C∗)C4

ψCh,2τ
n

,

where EW [Y (t)ψk,v(X)ψk,v′(X) exp(η∗k(X))] = E [Y (t)ψk,v(X)ψk,v′(X) exp(η∗k(X))]. Similar

derivation yields

E

[∫ τ

0

(
S(n)(ψk,v; η

∗
k, t)− S(ψk,v; η

∗
k, t)

)2
S(n)(η∗k, t)

dNk(t)

]
=

1

n

∫ τ

0

Var
[
Y (t)ψk,v(X) exp(η∗k(X))

]
dH0k(t)

≤ 1

n

∫ τ

0

E
[(
Y (t)ψk,v(X) exp(η∗k(X))

)2]
dH0k(t)

≤
exp(2C∗)C2

ψCh,2τ
n

,

E

[∫ τ

0

(
S(n)(η

∗
k, t)− S(η∗k, t)

)2
S(n)(η∗k, t)

dNk(t)

]
=

1

n

∫ τ

0

Var
[
Y (t) exp(η∗k(X))

]
dH0k(t)

≤ 1

n

∫ τ

0

E
[(
Y (t) exp(η∗k(X))

)2]
dH0k(t) ≤

exp(2C∗)Ch,2τ
n

.

■

Proof of Lemma B.3. Here, each f ∈ H or g ∈ H can represent either a deterministic

function or a stochastic process. We use the fact that E(|Xn|b) = O(abn) impliesXn = OP(an),

and E(|Xn|b) = o(abn) implies Xn = oP(an), where b ∈ (0,∞) is a constant and for n ∈ N,

Xn ∈ R is a random sequence and an ∈ (0,∞) is a deterministic sequence. Note that Lemma

B.3 and its proof are similar to the result in O’Sullivan [38].
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The upper bound of the difference between V (n)
k (f, g) and Vk(f, g) is given by

∣∣∣V (n)
k (f, g)− Vk(f, g)

∣∣∣ ≤ ∣∣∣∣∫ τ

0

{
V(n)(f, g; η

∗
k, t)− V(f, g; η∗k, t)

}
dNk(t)

∣∣∣∣ (B.19)

+

∣∣∣∣∫ τ

0

V(f, g; η∗k, t)dNk(t)− Vk(f, g)
∣∣∣∣ ,

where we demonstrate the asymptotic order bounds for the first and second components on

the right-hand side as follows.

For the second component in (B.19), we have

∣∣∣∣∫ τ

0

V(f, g; η∗k, t)dNk(t)− Vk(f, g)
∣∣∣∣

=

∣∣∣∣∣∑
v∈N

∑
v′∈N

Vk(f, ψk,v)Vk(g, ψk,v′)
{∫ τ

0

V(ψk,v, ψk,v′ ; η
∗
k, t)dNk(t)− Vk(ψk,v, ψk,v′)

}∣∣∣∣∣
≤

{∑
v∈N

∑
v′∈N

(1 + λkρk,v)(1 + λkρk,v′)V2
k(f, ψk,v)V2

k(g, ψk,v′)

}1/2

×

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

V(ψk,v, ψk,v′ ; η
∗
k, t)dNk(t)− Vk(ψk,v, ψk,v′)

}2
}1/2

=
√
(Vk + λkJk)(f)(Vk + λkJk)(g)OP

(
n−1/2λ

−1/r
k

)
, (B.20)

where the last equality is obtained by

E

∣∣∣∣∣∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

V(ψk,v, ψk,v′ ; η
∗
k, t)dNk(t)− Vk(ψk,v, ψk,v′)

}2
∣∣∣∣∣

= E

[∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

V(ψk,v, ψk,v′ ; η
∗
k, t)dNk(t)− Vk(ψk,v, ψk,v′)

}2
]

≤

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

}
4C4

ψ

n
= O

(
λ
−1/r
k

)
O
(
λ
−1/r
k

) 4C4
ψ

n
= O

(
n−1λ

−2/r
k

)
.
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The last inequality above is obtained by

E

{ 1

n

n∑
i=1

{∫ τ

0

V(ψk,v, ψk,v′ ; η
∗
k, t)dNik(t)− Vk(ψk,v, ψk,v′)

}}2


=
1

n
Var

[∫ τ

0

V(ψk,v, ψk,v′ ; η
∗
k, t)dNk(t)

]
≤ 1

n
E

[{∫ τ

0

V(ψk,v, ψk,v′ ; η
∗
k, t)dNk(t)

}2
]
≤

4C4
ψ

n
,

where

E
[∫ τ

0

V(ψk,v, ψk,v′ ; η
∗
k, t)dNik(t)

]
=

∫ τ

0

V(ψk,v, ψk,v′ ; η
∗
k, t)E

[
E [dNik(t)|Ft− ]

]
=

∫ τ

0

V(ψk,v, ψk,v′ ; η
∗
k, t)E [Yi(t) exp(η∗k(Xi))] dH0k(t)

=

∫ τ

0

V(ψk,v, ψk,v′ ; η
∗
k, t)EW [Yi(t) exp(η∗k(Xi))] dH0k(t)

=

∫ τ

0

V(ψk,v, ψk,v′ ; η
∗
k, t)S(η

∗
k, t)dH0k(t) = Vk(ψk,v, ψk,v′),∣∣∣∣∫ τ

0

V(ψk,v, ψk,v′ ; η
∗
k, t)dNk(t)

∣∣∣∣ ≤ ∫ τ

0

|V(ψk,v, ψk,v′ ; η∗k, t)| dNk(t)

≤

{
sup
t∈[0,τ ]

|V(ψk,v, ψk,v′ ; η∗k, t)|

}
Nk(τ) ≤ 2C2

ψ.

For the first component in (B.19), simple calculation yields

∣∣∣∣∫ τ

0

{
V(n)(f, g; η

∗
k, t)− V(f, g; η∗k, t)

}
dNk(t)

∣∣∣∣ (B.21)

≤
∣∣∣∣∫ τ

0

S(n)(fg; η
∗
k, t)− S(fg; η∗k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
+

∣∣∣∣∫ τ

0

S(fg; η∗k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
+

∣∣∣∣∫ τ

0

S(n)(f ; η
∗
k, t)

S(n)(η∗k, t)

S(n)(g; η
∗
k, t)− S(g; η∗k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
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+

∣∣∣∣∫ τ

0

S(n)(f ; η
∗
k, t)

S(n)(η∗k, t)

S(g; η∗k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
+

∣∣∣∣∫ τ

0

S(g; η∗k, t)

S(η∗k, t)

S(n)(f ; η
∗
k, t)− S(f ; η∗k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
+

∣∣∣∣∫ τ

0

S(g; η∗k, t)

S(η∗k, t)

S(f ; η∗k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣ .
For the first component of (B.21), we have

∣∣∣∣∫ τ

0

S(n)(fg; η
∗
k, t)− S(fg; η∗k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
=

∣∣∣∣∣∑
v∈N

∑
v′∈N

Vk(f, ψk,v)Vk(g, ψk,v′)
∫ τ

0

S(n)(ψk,vψk,v′ ; η
∗
k, t)− S(ψk,vψk,v′ ; η

∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣∣
≤

{∑
v∈N

∑
v′∈N

(1 + λkρk,v)(1 + λkρk,v′)V2
k(f, ψk,v)V2

k(g, ψk,v′)

}1/2

×

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

S(n)(ψk,vψk,v′ ; η
∗
k, t)− S(ψk,vψk,v′ ; η

∗
k, t)

S(n)(η∗k, t)
dNk(t)

}2
}1/2

=
√

(Vk + λkJk)(f)(Vk + λkJk)(g)OP

(
n−1/2λ

−1/r
k

)
. (B.22)

The last equality in (B.22) is obtained by

0 ≤
∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

S(n)(ψk,vψk,v′ ; η
∗
k, t)− S(ψk,vψk,v′ ; η

∗
k, t)

S
1/2
(n) (η

∗
k, t)S

1/2
(n) (η

∗
k, t)

dNk(t)

}2

≤

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

∫ τ

0

(
S(n)(ψk,vψk,v′ ; η

∗
k, t)− S(ψk,vψk,v′ ; η

∗
k, t)

)2
S(n)(η∗k, t)

dNk(t)

}

×
∫ τ

0

1

S(n)(η∗k, t)
dNk(t) = Z1,1 × Z1,2 = OP

(
n−1λ

−2/r
k

)
OP(1) = OP

(
n−1λ

−2/r
k

)
,
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where

E|Z1,1| = E[Z1,1] ≤

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

}
exp(2C∗)C4

ψCh,2τ
n

= O
(
n−1λ

−2/r
k

)

and E|Z1,2| = E[Z1,2] ≤ Ch,2τ = O(1).

For the second component of (B.21), we have

∣∣∣∣∫ τ

0

S(fg; η∗k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
=

∣∣∣∣∣∑
v∈N

∑
v′∈N

Vk(f, ψk,v)Vk(g, ψk,v′)
∫ τ

0

S(ψk,vψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣∣
≤

{∑
v∈N

∑
v′∈N

(1 + λkρk,v)(1 + λkρk,v′)V2
k(f, ψk,v)V2

k(g, ψk,v′)

}1/2

×

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

S(ψk,vψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

}2
}1/2

=
√

(Vk + λkJk)(f)(Vk + λkJk)(g)OP

(
n−1/2λ

−1/r
k

)
. (B.23)

The last equality in (B.23) is obtained by

0 ≤
∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

S(ψk,vψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

}2

≤

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

∫ τ

0

(
S(n)(η

∗
k, t)− S(η∗k, t)

)2
S(n)(η∗k, t)

dNk(t)

}

× C4
ψ

∫ τ

0

1

S(n)(η∗k, t)
dNk(t) = Z2,1 × Z2,2 = OP

(
n−1λ

−2/r
k

)
OP(1) = OP

(
n−1λ

−2/r
k

)
,
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where

∣∣∣∣∫ τ

0

S(ψk,vψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
≤
∫ τ

0

∣∣∣∣S(ψk,vψk,v′ ; η∗k, t)S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)

∣∣∣∣ dNk(t)

≤

{
sup
t∈[0,τ ]

∣∣∣∣S(ψk,vψk,v′ ; η∗k, t)S(η∗k, t)

∣∣∣∣
}

×

∣∣∣∣∣
∫ τ

0

∣∣S(n)(η
∗
k, t)− S(η∗k, t)

∣∣
S
1/2
(n) (η

∗
k, t)S

1/2
(n) (η

∗
k, t)

dNk(t)

∣∣∣∣∣
≤ C2

ψ

{∫ τ

0

∣∣S(n)(η
∗
k, t)− S(η∗k, t)

∣∣2
S(n)(η∗k, t)

dNk(t)

}1/2{∫ τ

0

1

S(n)(η∗k, t)
dNk(t)

}1/2

,

E|Z2,1| = E[Z2,1] ≤

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

}
exp(2C∗)Ch,2τ

n
= O

(
n−1λ

−2/r
k

)
,

and E|Z2,2| = E[Z2,2] ≤ C4
ψCh,2τ = O(1).

For the third component of (B.21), we have

∣∣∣∣∫ τ

0

S(n)(f ; η
∗
k, t)

S(n)(η∗k, t)

S(n)(g; η
∗
k, t)− S(g; η∗k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
=

∣∣∣∣∣∑
v∈N

∑
v′∈N

Vk(f, ψk,v)Vk(g, ψk,v′)
∫ τ

0

S(n)(ψk,v; η
∗
k, t)

S(n)(η∗k, t)

S(n)(ψk,v′ ; η
∗
k, t)− S(ψk,v′ ; η

∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣∣

≤

{∑
v∈N

∑
v′∈N

(1 + λkρk,v)(1 + λkρk,v′)V2
k(f, ψk,v)V2

k(g, ψk,v′)

}1/2

×

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

S(n)(ψk,v; η
∗
k, t)

S(n)(η∗k, t)

S(n)(ψk,v′ ; η
∗
k, t)− S(ψk,v′ ; η

∗
k, t)

S(n)(η∗k, t)
dNk(t)

}2
}1/2

=
√

(Vk + λkJk)(f)(Vk + λkJk)(g)OP

(
n−1/2λ

−1/r
k

)
. (B.24)
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The last equality in (B.24) is obtained by

0 ≤
∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

S(n)(ψk,v; η
∗
k, t)

S(n)(η∗k, t)

S(n)(ψk,v′ ; η
∗
k, t)− S(ψk,v′ ; η

∗
k, t)

S(n)(η∗k, t)
dNk(t)

}2

≤

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

∫ τ

0

(
S(n)(ψk,v′ ; η

∗
k, t)− S(ψk,v′ ; η

∗
k, t)

)2
S(n)(η∗k, t)

dNk(t)

}

× C2
ψ

∫ τ

0

1

S(n)(η∗k, t)
dNk(t) = Z3,1 × Z3,2 = OP

(
n−1λ

−2/r
k

)
OP(1) = OP

(
n−1λ

−2/r
k

)
,

where

∣∣∣∣∫ τ

0

S(n)(ψk,v; η
∗
k, t)

S(n)(η∗k, t)

S(n)(ψk,v′ ; η
∗
k, t)− S(ψk,v′ ; η

∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
≤
∫ τ

0

∣∣∣∣S(n)(ψk,v; η
∗
k, t)

S(n)(η∗k, t)

S(n)(ψk,v′ ; η
∗
k, t)− S(ψk,v′ ; η

∗
k, t)

S(n)(η∗k, t)

∣∣∣∣ dNk(t)

≤

{
sup
t∈[0,τ ]

∣∣∣∣S(n)(ψk,v; η
∗
k, t)

S(n)(η∗k, t)

∣∣∣∣
}

×

∣∣∣∣∣
∫ τ

0

∣∣S(n)(ψk,v′ ; η
∗
k, t)− S(ψk,v′ ; η

∗
k, t)

∣∣
S
1/2
(n) (η

∗
k, t)S

1/2
(n) (η

∗
k, t)

dNk(t)

∣∣∣∣∣
≤ Cψ

{∫ τ

0

∣∣S(n)(ψk,v′ ; η
∗
k, t)− S(ψk,v′ ; η

∗
k, t)

∣∣2
S(n)(η∗k, t)

dNk(t)

}1/2{∫ τ

0

1

S(n)(η∗k, t)
dNk(t)

}1/2

,

E|Z3,1| = E[Z3,1] ≤

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

}
exp(2C∗)C2

ψCh,2τ
n

= O
(
n−1λ

−2/r
k

)
,

and E|Z3,2| = E[Z3,2] ≤ C2
ψCh,2τ = O(1).

For the fourth component of (B.21), we have

∣∣∣∣∫ τ

0

S(n)(f ; η
∗
k, t)

S(n)(η∗k, t)

S(g; η∗k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣



B.5. TECHNICAL DETAILS FOR THEOREM 3.1 169

=

∣∣∣∣∣∑
v∈N

∑
v′∈N

Vk(f, ψk,v)Vk(g, ψk,v′)
∫ τ

0

S(n)(ψk,v; η
∗
k, t)

S(n)(η∗k, t)

S(ψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣∣

≤

{∑
v∈N

∑
v′∈N

(1 + λkρk,v)(1 + λkρk,v′)V2
k(f, ψk,v)V2

k(g, ψk,v′)

}1/2

×

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

S(n)(ψk,v; η
∗
k, t)

S(n)(η∗k, t)

S(ψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

}2
}1/2

=
√

(Vk + λkJk)(f)(Vk + λkJk)(g)OP

(
n−1/2λ

−1/r
k

)
. (B.25)

The last equality in (B.25) is obtained by

0 ≤
∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

S(n)(ψk,v; η
∗
k, t)

S(n)(η∗k, t)

S(ψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

}2

≤

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

∫ τ

0

(
S(n)(η

∗
k, t)− S(η∗k, t)

)2
S(n)(η∗k, t)

dNk(t)

}

× C4
ψ

∫ τ

0

1

S(n)(η∗k, t)
dNk(t) = Z4,1 × Z4,2 = OP

(
n−1λ

−2/r
k

)
OP(1) = OP

(
n−1λ

−2/r
k

)
,

where

∣∣∣∣∫ τ

0

S(n)(ψk,v; η
∗
k, t)

S(n)(η∗k, t)

S(ψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
≤
∫ τ

0

∣∣∣∣S(n)(ψk,v; η
∗
k, t)

S(n)(η∗k, t)

S(ψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)

∣∣∣∣ dNk(t)

≤

{
sup
t∈[0,τ ]

∣∣∣∣S(n)(ψk,v; η
∗
k, t)

S(n)(η∗k, t)

∣∣∣∣
}{

sup
t∈[0,τ ]

∣∣∣∣S(ψk,v′ ; η∗k, t)S(η∗k, t)

∣∣∣∣
}

×

∣∣∣∣∣
∫ τ

0

∣∣S(n)(η
∗
k, t)− S(η∗k, t)

∣∣
S
1/2
(n) (η

∗
k, t)S

1/2
(n) (η

∗
k, t)

dNk(t)

∣∣∣∣∣
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≤ C2
ψ

{∫ τ

0

∣∣S(n)(η
∗
k, t)− S(η∗k, t)

∣∣2
S(n)(η∗k, t)

dNk(t)

}1/2{∫ τ

0

1

S(n)(η∗k, t)
dNk(t)

}1/2

,

E|Z4,1| = E[Z4,1] ≤

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

}
exp(2C∗)Ch,2τ

n
= O

(
n−1λ

−2/r
k

)
,

and E|Z4,2| = E[Z4,2] ≤ C4
ψCh,2τ = O(1).

For the fifth component of (B.21), we have

∣∣∣∣∫ τ

0

S(g; η∗k, t)

S(η∗k, t)

S(n)(f ; η
∗
k, t)− S(f ; η∗k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
=

∣∣∣∣∣∑
v∈N

∑
v′∈N

Vk(f, ψk,v)Vk(g, ψk,v′)
∫ τ

0

S(ψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(n)(ψk,v; η
∗
k, t)− S(ψk,v; η

∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣∣

≤

{∑
v∈N

∑
v′∈N

(1 + λkρk,v)(1 + λkρk,v′)V2
k(f, ψk,v)V2

k(g, ψk,v′)

}1/2

×

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

S(ψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(n)(ψk,v; η
∗
k, t)− S(ψk,v; η

∗
k, t)

S(n)(η∗k, t)
dNk(t)

}2
}1/2

=
√

(Vk + λkJk)(f)(Vk + λkJk)(g)OP

(
n−1/2λ

−1/r
k

)
. (B.26)

The last equality in (B.26) is obtained by

0 ≤
∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

S(ψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(n)(ψk,v; η
∗
k, t)− S(ψk,v; η

∗
k, t)

S(n)(η∗k, t)
dNk(t)

}2

≤

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

∫ τ

0

(
S(n)(ψk,v; η

∗
k, t)− S(ψk,v; η

∗
k, t)

)2
S(n)(η∗k, t)

dNk(t)

}
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× C2
ψ

∫ τ

0

1

S(n)(η∗k, t)
dNk(t) = Z5,1 × Z5,2 = OP

(
n−1λ

−2/r
k

)
OP(1) = OP

(
n−1λ

−2/r
k

)
,

where

∣∣∣∣∫ τ

0

S(ψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(n)(ψk,v; η
∗
k, t)− S(ψk,v; η

∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
≤
∫ τ

0

∣∣∣∣S(ψk,v′ ; η∗k, t)S(η∗k, t)

S(n)(ψk,v; η
∗
k, t)− S(ψk,v; η

∗
k, t)

S(n)(η∗k, t)

∣∣∣∣ dNk(t)

≤

{
sup
t∈[0,τ ]

∣∣∣∣S(ψk,v′ ; η∗k, t)S(η∗k, t)

∣∣∣∣
}

×

∣∣∣∣∣
∫ τ

0

∣∣S(n)(ψk,v; η
∗
k, t)− S(ψk,v; η

∗
k, t)

∣∣
S
1/2
(n) (η

∗
k, t)S

1/2
(n) (η

∗
k, t)

dNk(t)

∣∣∣∣∣
≤ Cψ

{∫ τ

0

∣∣S(n)(ψk,v; η
∗
k, t)− S(ψk,v; η

∗
k, t)

∣∣2
S(n)(η∗k, t)

dNk(t)

}1/2{∫ τ

0

1

S(n)(η∗k, t)
dNk(t)

}1/2

,

E|Z5,1| = E[Z5,1] ≤

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

}
exp(2C∗)C2

ψCh,2τ
n

= O
(
n−1λ

−2/r
k

)
,

and E|Z5,2| = E[Z5,2] ≤ C2
ψCh,2τ = O(1).

For the sixth component of (B.21), we have

∣∣∣∣∫ τ

0

S(g; η∗k, t)

S(η∗k, t)

S(f ; η∗k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
=

∣∣∣∣∣∑
v∈N

∑
v′∈N

Vk(f, ψk,v)Vk(g, ψk,v′)
∫ τ

0

S(ψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(ψk,v; η
∗
k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣∣

≤

{∑
v∈N

∑
v′∈N

(1 + λkρk,v)(1 + λkρk,v′)V2
k(f, ψk,v)V2

k(g, ψk,v′)

}1/2

×

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

S(ψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(ψk,v; η
∗
k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

}2
}1/2
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=
√

(Vk + λkJk)(f)(Vk + λkJk)(g)OP

(
n−1/2λ

−1/r
k

)
. (B.27)

The last equality in (B.27) is obtained by

0 ≤
∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

{∫ τ

0

S(ψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(ψk,v; η
∗
k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

}2

≤

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

∫ τ

0

(
S(n)(η

∗
k, t)− S(η∗k, t)

)2
S(n)(η∗k, t)

dNk(t)

}

× C4
ψ

∫ τ

0

1

S(n)(η∗k, t)
dNk(t) = Z6,1 × Z6,2 = OP

(
n−1λ

−2/r
k

)
OP(1) = OP

(
n−1λ

−2/r
k

)
,

where

∣∣∣∣∫ τ

0

S(ψk,v′ ; η
∗
k, t)

S(η∗k, t)

S(ψk,v; η
∗
k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)
dNk(t)

∣∣∣∣
≤
∫ τ

0

∣∣∣∣S(ψk,v′ ; η∗k, t)S(η∗k, t)

S(ψk,v; η
∗
k, t)

S(η∗k, t)

S(η∗k, t)− S(n)(η
∗
k, t)

S(n)(η∗k, t)

∣∣∣∣ dNk(t)

≤

{
sup
t∈[0,τ ]

∣∣∣∣S(ψk,v′ ; η∗k, t)S(η∗k, t)

∣∣∣∣
}{

sup
t∈[0,τ ]

∣∣∣∣S(ψk,v; η∗k, t)S(η∗k, t)

∣∣∣∣
}

×

∣∣∣∣∣
∫ τ

0

∣∣S(n)(η
∗
k, t)− S(η∗k, t)

∣∣
S
1/2
(n) (η

∗
k, t)S

1/2
(n) (η

∗
k, t)

dNk(t)

∣∣∣∣∣

≤ C2
ψ

{∫ τ

0

∣∣S(n)(η
∗
k, t)− S(η∗k, t)

∣∣2
S(n)(η∗k, t)

dNk(t)

}1/2{∫ τ

0

1

S(n)(η∗k, t)
dNk(t)

}1/2

,

E|Z6,1| = E[Z6,1] ≤

{∑
v∈N

∑
v′∈N

1

1 + λkρk,v

1

1 + λkρk,v′

}
exp(2C∗)Ch,2τ

n
= O

(
n−1λ

−2/r
k

)
,

and E|Z6,2| = E[Z6,2] ≤ C4
ψCh,2τ = O(1).
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Considering (B.21), (B.22), (B.23), (B.24), (B.25), (B.26), and (B.27), we get

∣∣∣∣∫ τ

0

{
V(n)(f, g; η

∗
k, t)− V(f, g; η∗k, t)

}
dNk(t)

∣∣∣∣ (B.28)

=
√

(Vk + λkJk)(f)(Vk + λkJk)(g)OP

(
n−1/2λ

−1/r
k

)
.

Combining (B.19), (B.20), and (B.28), we obtain

∣∣∣V (n)
k (f, g)− Vk(f, g)

∣∣∣ =√(Vk + λkJk)(f)(Vk + λkJk)(g)OP

(
n−1/2λ

−1/r
k

)
,

where n−1/2λ
−1/r
k ≪ q

−1/2
k λ

−1/r
k = o(1) completes the proof. ■

Proof of Lemma B.4. Here, each f ∈ H or g ∈ H can represent either a deterministic

function or a stochastic process. For α̃ ∈ [0, 1], let Dk(α̃) = U (n)
g+α̃(f−g),k(f − g). By the mean

value theorem, for some random variable α ∈ (0, 1), we have

U (n)
f,k (f − g)− U (n)

g,k (f − g) =
Dk(1)−Dk(0)

1− 0
=

∂

∂α
Dk(α) = V (n)

g+α(f−g),k(f − g).

■

Proof of Lemma B.5. Here, h ∈ H can represent either a deterministic function or a

stochastic process. Let σ1 = {V (n)
k (fk − η∗k)}1/2 and C1(α1) = U (n)

η∗k+α1(fk−η∗k)/σ1,k
(h)−U (n)

k (h).

For α1 ≈ 0, by the Taylor series expansion of C1(α1) at 0, we get

C1(α1) = C1(0) + C ′
1(0)α1 + oα1 (C

′
1(0)α1) = α1C

′
1(0) (1 + oα1(1))

=
α1

σ1
V (n)
k (fk − η∗k, h) (1 + oα1(1)) ,

where C ′
1(α1) = ∂C1(α1)/(∂α1) and oα1(·) is o(·) with respect to α1 → 0. As σ1 ≈ 0, we
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have

U (n)
fk,k

(h)− U (n)
k (h) = C1(α1 = σ1) = V (n)

k (fk − η∗k, h) (1 + oP(1)) ,

where the fact that σ1 = oP(1) as n→ ∞ leads to the substitution of oα1=σ1(·) with oP(·) as

n→ ∞.

Let

σ2 = max
{
{V (n)

k (fk − η∗k)}1/2, {V
(n)
k (gk − η∗k)}1/2

}
and C2(α2) = U (n)

η∗k+α2(fk−η∗k)/σ2,k
(h) − U (n)

η∗k+α2(gk−η∗k)/σ2,k
(h). For α2 ≈ 0, by the Taylor series

expansion of C2(α2) at 0, we get

C2(α2) = C2(0) + C ′
2(0)α2 + oα2 (C

′
2(0)α2) = α2C

′
2(0) (1 + oα2(1))

=
α2

σ2

(
V (n)
k (fk − η∗k, h)− V (n)

k (gk − η∗k, h)
)
(1 + oα2(1)) =

α2

σ2
V (n)
k (fk − gk, h) (1 + oα2(1)) ,

where C ′
2(α2) = ∂C2(α2)/(∂α2) and oα2(·) is o(·) with respect to α2 → 0. As σ2 ≈ 0, we

have

U (n)
fk,k

(h)− U (n)
gk,k

(h) = C2(α2 = σ2) = V (n)
k (fk − gk, h) (1 + oP(1)) ,

where the fact that σ2 = oP(1) as n→ ∞ leads to the substitution of oα2=σ2(·) with oP(·) as

n→ ∞. ■

Lemma B.7. Under Assumption B.3.1, for each k, Jk(ηk, η̂∗k−ηk) = 0 and Jk(η̂k, η̂∗k−ηk) = 0.

Proof of Lemma B.7. Considering ηk = arginfη∈H(k)⟨η̂∗k − η, η̂∗k − η⟩H,k ∈ H(k), we have

⟨f, η̂∗k − ηk⟩H,k = 0 for all f ∈ H(k). By the representer theorem, η̂∗k ∈ H(k)
(n), where H(k) ⊆
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H(k)
(n) ≡ NJ ⊕ H(k)

J(n) ⊆ H with H(k)
J ⊆ H(k)

J(n) ≡ Span {KJk(X1, ·), . . . ,KJk(Xn, ·)} ⊆ HJ . By

projecting with respect to ⟨·, ·⟩H,k onto subspaces, one has η̂∗k = η̂∗k,N + η̂∗k,J , ηk = ηk,N + ηk,J ,

and η̂k = η̂k,N + η̂k,J , where

η̂∗k,N , ηk,N , η̂k,N ∈ NJ , η̂
∗
k,J ∈ H(k)

J(n), and ηk,J , η̂k,J ∈ H(k)
J .

Note that

⟨η̂∗k − ηk, η̂
∗
k − ηk⟩H,k = ⟨η̂∗k,N − ηk,N , η̂

∗
k,N − ηk,N⟩NJ

+ Jk(η̂
∗
k,J − ηk,J , η̂

∗
k,J − ηk,J),

where, by the definition of ηk, we have ηk,N = η̂∗k,N ∈ NJ , which minimizes ⟨·, ·⟩NJ
term in

above to zero. As a result, η̂∗k−ηk = η̂∗k,J−ηk,J . Considering ηk,J , η̂k,J ∈ H(k)
J ⊆ H(k), we have

0 = ⟨ηk,J , η̂∗k−ηk⟩H,k = ⟨ηk,J , η̂∗k,J−ηk,J⟩H,k = Jk(ηk,J , η̂
∗
k,J−ηk,J) and 0 = ⟨η̂k,J , η̂∗k−ηk⟩H,k =

⟨η̂k,J , η̂∗k,J − ηk,J⟩H,k = Jk(η̂k,J , η̂
∗
k,J − ηk,J).

Finally, we get Jk(ηk, η̂∗k−ηk) = Jk(ηk,N , η̂
∗
k,J −ηk,J)+Jk(ηk,J , η̂∗k,J −ηk,J) = 0 and Jk(η̂k, η̂∗k−

ηk) = Jk(η̂k,N , η̂
∗
k,J − ηk,J) + Jk(η̂k,J , η̂

∗
k,J − ηk,J) = 0. ■

B.6 Details for Reproducing Kernel Hilbert Space

The RKHS considered here is constructed following the smoothing spline ANOVA from Gu

[18]. The Sobolev space of order m ∈ N for X[j] is given by

H[j] =

{
f : f, f (1), . . . , f (m−1) are absolutely continuous, and

∫
X[j]

|f (m)(x[j])|2dx[j] <∞

}
.
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For X[j], define κl[j](x) = Bl(x)/l! as the l‑th scaled Bernoulli polynomial. For instance,

κ0[j](x) = 1, κ1[j](x) = x−0.5, κ2[j] = (κ21[j]−1/12)/2, and κ4[j] = (κ41[j]−κ21[j]/2+7/240)/24.

The space H[j] is expressed as

H[j] = ⊕m−1
l=0 H0l[j] ⊕H1[j] = H0[j] ⊕H1[j] = H∅[j] ⊕H{j},

where H0l[j] = Span{κl[j]} is equipped with RK K0l[j](x[j], x
′
[j]) = κl[j](x[j])κl[j](x

′
[j]) and its

paired inner product ⟨f, g⟩H0l[j]
=
∫
X[j]

f (l)(x[j])dx[j]
∫
X[j]

g(l)(x[j])dx[j]. In particular, H∅[j] =

H00[j], and

H0[j] = Span{κ0[j], κ1[j], . . . , κm−1[j]}

has RK K0[j] =
∑m−1

l=0 K0l[j] and paired inner product ⟨·, ·⟩H0[j]
=
∑m−1

l=0 ⟨·, ·⟩H0l[j]
. The space

H1[j] is

H1[j] =

{
f ∈ H[j] :

∫
X[j]

f (l)(x[j])dx[j] = 0 for l = 0, 1, . . . ,m− 1

}
,

with RK K1[j](x[j], x
′
[j]) = κm[j](x[j])κm[j](x

′
[j]) + (−1)m−1κ2m[j](|x[j] − x′[j]|) and paired inner

product ⟨f, g⟩H1[j]
=
∫
X[j]

f (m)(x[j])g
(m)(x[j])dx[j]. Therefore, H[j] itself has RK K[j] = K0[j] +

K1[j] and corresponding inner product ⟨·, ·⟩H[j]
= ⟨·, ·⟩H0[j]

+ ⟨·, ·⟩H1[j]
. One can see that H0[j]

serves as the parametric space on the jth axis (polynomials of degree up to m − 1), while

H1[j] forms the nonparametric space on the jth axis.

In addition, H∅[j] = Span{1} is the constant space of axis j, and

H{j} = ⊕m−1
l=1 H0l[j] ⊕H1[j]

is the effect space of axis j with its RK K{j} =
∑m−1

l=1 K0l[j] +K1[j] and corresponding inner

product ⟨·, ·⟩H{j} =
∑m−1

l=1 ⟨·, ·⟩H0l[j]
+ ⟨·, ·⟩H1[j]

.
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Let A[j] be the averaging operator of the jth axis, defined by

A[j]f(x) = A[j]f(x[1], . . . , x[d]) =

∫
X[j]

f(x[1], . . . , x[d])dx[j].

Any f[j] ∈ H[j] can be decomposed as f[j] = f∅[j] + f{j}, with f∅[j] = A[j]f[j] ∈ H∅[j] and

f{j} = (id−A[j])f[j] ∈ H{j}, where id is the identity operator.

The tensor product Sobolev space across all d axes is

⊗d
j=1H[j] = ⊗d

j=1

{
H∅[j] ⊕H{j}

}
= ⊕S∈Pd

HS = H∅ ⊕
{
⊕d
j=1H{j}

}
⊕
{
⊕j<j′H{j,j′}

}
⊕ . . .⊕H{1,...,d},

where Pd denotes the power set of {1, . . . , d}, whose size is |Pd| = 2d. As an example, if

d = 3, Pd = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}. For each S ∈ Pd, the associated

space is

HS = {⊗j∈SH{j}} ⊗ {⊗j∈{1,...,d}\SH∅[j]} = {⊗j∈SH{j}} ⊗ Span{1} = ⊗j∈SH{j}.

Note that HS is defined over XS =
∏

j∈S X[j] and represents the space for effect S. The

constant part, i.e., the intercept space, is H∅ = ⊗d
j=1H∅[j] = Span{1}. Any f ∈ ⊗d

j=1H[j] is

decomposed by

f =
∑
S∈Pd

fS, where fS =

∏
j∈S

(id−A[j])
∏

j∈{1,...,d}\S

A[j]

 f ∈ HS.

For each S ∈ Pd \ {∅}, KS =
∏

j∈S K{j} is the RK for HS, with paired inner product ⟨·, ·⟩HS
.
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The subspace

NJ,S = ⊗j∈S

{
⊕m−1
lj=1H0lj [j]

}
= Span

{{∏
j∈S

κlj [j] : lj ∈ {1, . . . ,m− 1} for j ∈ S

}}

of HS has its RK KN,S =
∏

j∈S

{∑m−1
lj=1 K0lj [j]

}
and paired inner product ⟨·, ·⟩NJ,S

, while

HJ,S = HS ⊖NJ,S

has its RK KJ,S = KS − KN,S and corresponding inner product JS(·, ·) = ⟨·, ·⟩HJ,S
, so

⟨·, ·⟩HS
= ⟨·, ·⟩NJ,S

+ ⟨·, ·⟩HJ,S
. Intuitively, NJ,S collects the subspaces where all axes are

parametric, while HJ,S contains those with at least one nonparametric axis. The constant

space H∅ has RK K∅ = 1 and its paired inner product ⟨·, ·⟩H∅ .

Let

H = ⊕S∈SHS

for some collection S satisfying ∅ /∈ S and S ⊆ Pd. As a result,
∫
X f(x) dx = 0 for all f ∈ H.

The selection of S specifies the structure of H. For instance, if S = {{1}, . . . , {d}}, then

H adopts an additive form that involves only main effects. On the other hand, choosing

S = {{1}, . . . , {d}, {1, 2}, . . . , {d− 1, d}} allows H to incorporate all main effects together

with two-factor interactions.

We can write

H = NJ ⊕HJ ,

where the parametric space

NJ = ⊕S∈SNJ,S = Span{ϕ1, . . . , ϕp}
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with RK KN =
∑

S∈S KN,S and its paired inner product ⟨·, ·⟩NJ
=
∑

S∈S⟨·, ·⟩NJ,S
; and the

nonparametric space

HJ = ⊕S∈SHJ,S

with RK KJ =
∑

S∈S KJ,S and its paired inner product J(·, ·) = ⟨·, ·⟩HJ
=
∑

S∈S⟨·, ·⟩HJ,S
.

Consequently, the RK and its corresponding inner product on H are K = KN + KJ =∑
S∈S KS and ⟨·, ·⟩H = ⟨·, ·⟩NJ

+ ⟨·, ·⟩HJ
=
∑

S∈S⟨·, ·⟩HS
, respectively.

The following is an example when d = 2, m = 2, and an interaction effect is considered. For

l, l′ ∈ {00, 01, 1}, define

Hl,l′ = Hl[1] ⊗Hl′[2]

with its RK and paired inner product Kl,l′ = Kl[1] × Kl′[2] and ⟨·, ·⟩Hl,l′
. Note that Hl,l′ =

Span{ϕl,l′} for l, l′ ∈ {00, 01}, where ϕ0l,0l′ = κl[1]κl′[2] for l, l′ ∈ {0, 1}.

We have

⊗2
j=1{H00[j] ⊕H01[j] ⊕H1[j]} = H∅ ⊕H{1} ⊕H{2} ⊕H{1,2} = H∅ ⊕H = H∅ ⊕NJ ⊕HJ ,

where H∅ = H00,00 is the intercept space, H{1} = H01,00 ⊕ H1,00 is the main effect space

for the 1st axis, H{2} = H00,01 ⊕ H00,1 is the main effect space for the 2nd axis, H{1,2} =

H01,01 ⊕H01,1 ⊕H1,01 ⊕H1,1 is the interaction space between the 1st and 2nd axes,

H00,00 ⊕H00,01 ⊕H01,00 ⊕H01,01 = Span{ϕ00,00, ϕ00,01, ϕ01,00, ϕ01,01}

is the parametric space,

NJ = H00,01 ⊕H01,00 ⊕H01,01 = Span{ϕ00,01, ϕ01,00, ϕ01,01}
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is the parametric space without intercept, and

HJ = H00,1 ⊕H01,1 ⊕H1,00 ⊕H1,01 ⊕H1,1

is the nonparametric space.

One can show that

⟨f, g⟩H00,00 =

∫
X
f(x)dx

∫
X
g(x)dx,

⟨f, g⟩H01,00 =

∫
X
f
(1)
⟨1⟩ (x)dx

∫
X
g
(1)
⟨1⟩(x)dx,

⟨f, g⟩H01,01 =

∫
X
f
(2)
⟨12⟩(x)dx

∫
X
g
(2)
⟨12⟩(x)dx,

⟨f, g⟩H1,00 =

∫
X[1]

{
∫
X[2]

f
(2)
⟨11⟩(x)dx[2]

∫
X[2]

g
(2)
⟨11⟩(x)dx[2]}dx[1],

⟨f, g⟩H1,01 =

∫
X[1]

{
∫
X[2]

f
(3)
⟨112⟩(x)dx[2]

∫
X[2]

g
(3)
⟨112⟩(x)dx[2]}dx[1],

⟨f, g⟩H1,1 =

∫
X
f
(4)
⟨1122⟩(x)g

(4)
⟨1122⟩(x)dx,

where f
(1)
⟨1⟩ (x) = ∂f(x)/(∂x[1]), f (2)

⟨12⟩(x) = ∂2f(x)/(∂x[1]∂x[2]), f (2)
⟨11⟩(x) = ∂2f(x)/(∂x2[1]),

f
(3)
⟨112⟩(x) = ∂3f(x)/(∂x2[1]∂x[2]), and f

(4)
⟨1122⟩(x) = ∂4f(x)/(∂x2[1]∂x

2
[2]).

In practice, for each k, for some θl,l′(k) ∈ (0,∞), {⟨·, ·⟩Hl,l′
/θl,l′(k), θl,l′(k)Kl,l′} forms an equiv-

alent pair of inner product and RK with {⟨·, ·⟩Hl,l′
,Kl,l′} on Hl,l′ . One can regard θl,l′(k) as

weight parameter for Hl,l′ . We set θl,l′(k) = 1 for l, l′ ∈ {00, 01}.

Then, we have RK and paired inner product for NJ as

KN = K00,01 +K01,00 +K01,01
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and

⟨·, ·⟩NJ
= ⟨·, ·⟩H00,01 + ⟨·, ·⟩H01,00 + ⟨·, ·⟩H01,01 .

Similarly, for each k, RK and paired inner product for HJ are

KJk = θ00,1(k)K00,1 + θ01,1(k)K01,1 + θ1,00(k)K1,00 + θ1,01(k)K1,01 + θ1,1(k)K1,1

and

Jk(·, ·) =
⟨·, ·⟩H00,1

θ00,1(k)
+

⟨·, ·⟩H01,1

θ01,1(k)
+

⟨·, ·⟩H1,00

θ1,00(k)
+

⟨·, ·⟩H1,01

θ1,01(k)
+

⟨·, ·⟩H1,1

θ1,1(k)
,

which leads to RK and paired inner product for H being Kk = KN + KJk and ⟨·, ·⟩H,k =

⟨·, ·⟩NJ
+ Jk(·, ·). When we set θl,l′(k) = 1 for l, l′ ∈ {00, 01, 1}, we have KJk = KJ , Jk = J ,

Kk = K, and ⟨·, ·⟩H,k = ⟨·, ·⟩H.

The true function η∗k ∈ H is decomposed as

η∗k = η∗k,{1} + η∗k,{2} + η∗k,{1,2} = η∗k,N + η∗k,J

with the 1st axis main effect η∗k,{1} = η∗k,01,00 + η∗k,1,00 ∈ H{1}, 2nd axis main effect η∗k,{2} =

η∗k,00,01 + η∗k,00,1 ∈ H{2}, interaction between the 1st and 2nd axes η∗k,{1,2} = η∗k,01,01 + η∗k,01,1 +

η∗k,1,01 + η∗k,1,1 ∈ H{1,2}, parametric effect

η∗k,N = η∗k,00,01 + η∗k,01,00 + η∗k,01,01 ∈ NJ ,

and nonparametric effect

η∗k,J = η∗k,00,1 + η∗k,01,1 + η∗k,1,00 + η∗k,1,01 + η∗k,1,1 ∈ HJ ,
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where η∗k,l,l′ ∈ Hl,l′ for l, l′ ∈ {00, 01, 1}.

Similarly, the estimator η̂k having the following form

η̂k = d̂k,00,01ϕ00,01+ d̂k,01,00ϕ01,00+ d̂k,01,01ϕ01,01+

qk∑
ℓ=1

ĉk,ℓKJk(Zℓ(k), ·) ∈ NJ ⊕H(k)
J = H(k) ⊆ H

is decomposed as

η̂k = η̂k,{1} + η̂k,{2} + η̂k,{1,2} = η̂k,N + η̂k,J

with the 1st axis main effect η̂k,{1} = η̂k,01,00 + η̂k,1,00 ∈ H{1}, 2nd axis main effect η̂k,{2} =

η̂k,00,01 + η̂k,00,1 ∈ H{2}, interaction between the 1st and 2nd axes η̂k,{1,2} = η̂k,01,01 + η̂k,01,1 +

η̂k,1,01 + η̂k,1,1 ∈ H{1,2}, parametric effect

η̂k,N = η̂k,00,01 + η̂k,01,00 + η̂k,01,01 ∈ NJ ,

and nonparametric effect

η̂k,J = η̂k,00,1 + η̂k,01,1 + η̂k,1,00 + η̂k,1,01 + η̂k,1,1 ∈ H(k)
J ⊆ HJ ,

where η̂k,l,l′ = d̂k,l,l′ϕl,l′ ∈ Hl,l′ for l, l′ ∈ {00, 01} and

η̂k,l,l′ =

qk∑
ℓ=1

ĉk,ℓθl,l′(k)Kl,l′(Zℓ(k), ·) ∈ Span
{
Kl,l′(Z1(k), ·), . . . ,Kl,l′(Zqk(k), ·)

}
⊆ Hl,l′

for (l, l′) ∈ {(00, 1), (01, 1), (1, 00), (1, 01), (1, 1)}.

For other d or other m, or any other structures of H, for example, additive structure, one

can do similarly like above.
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