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(ABSTRACT) 

A high frequency impedance-based qualitative non-destructive evaluation (NDE) 

technique has been successfully applied for structural health monitoring at the Center for 

Intelligent Material Systems and Structures (CIMSS) [1-3]. This new technique uses 

piezoceramic (PZT) patches as actuator-sensors to provide a low-power driven constant 

voltage dynamic excitation, and to record the modulated current flow through the 

structure. Therefore, it relies on tracking the electrical point impedance to identify 

incipient level damage. The high frequency excitation provided by the PZT, ensures the 

detection of minor changes in the monitored structure. It also limits the sensing area to a 

region close to the PZT source, therefore only changes in the near field of the PZT are 

detected, enhancing the ability of this technique to localize incipient damage. 

The phenomena of the PZT’s sensing region localization has been the driving 

motivation for this research. More fundamental analytical research should be performed 

before full application of this technique is possible. Thereby, a wave propagation 

continuum mechanics based approach has been applied to model the high frequency 

vibrations of one dimensional structures. Energy dissipation mechanisms, such as bolted 

connections and internal friction, are considered to have a major role in the attenuation of 

the PZT’s induced wave, therefore these mechanisms has been extensively studied.



To analyzed bolted connections, linear and nonlinear joint models have been used 

to describe the wave interaction with such nonconservative discontinuities. Also, with the 

use of an impedance based model, the electromechanical coupling of the PZT and the host 

structure is added into the formulation. The wave interaction and energy dissipated at the 

bolted discontinuity has been assessed with energy flux computations of the incident, 

transmitted, and reflected waves. The effect of loosening the bolted joint has been also 

analyzed by reducing the spring stiffness and increasing the damping in the dash pots for 

the linear joint model, and reducing the Coulomb stiffness and shearing force at the 

interface for the nonlinear case. 

A scheme based on the correspondence principle has been applied to calculate the 

specific damping capacity of a system, at any given frequency, as a quantification of the 

energy dissipated through the system. The material damping was added into the 

formulation assuming the modulus to have a complex representation, and therefore the 

corresponding loss factors were found with active measurement of the material properties 

of the specimen via a wave propagation method, that monitories the wave’s speed at two 

locations. 

Once the bases of the analytical model have been set up and corroborated with 

experiments, a parametric study has been developed to account for the various factors that 

can affect the sensing range of the PZT’s induced wave, and therefore to have a “rule of 

thumb on how to go about” when bonding PZTs to structures to monitor them. Apart 

from the energy dissipation mechanisms, other parameters responsible for the reflection of 

the incoming wave, and its consequent attenuation, has also been reconstructed. With the 

extensive analysis of these parameters, an impedance damage metric, based on the 

undamaged and damaged impedance, has been developed for various factors that can be 

the source of incipient damage. An attenuation metric has also been introduced to identify 

the degree of transmission of the propagating wave at certain discontinuities. The analysis



of the case scenarios reproduced in this parametric study will aid in the knowledge about 

the number of PZTs needed to be placed in the monitored structure, the most critical 

locations, and when a monitored member in a system need to be replaced.
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Chapter 1 

Introduction 

1.1 Motivation 

A new health monitoring technique capable of in-situ on-line incipient damage 

detection in complex structures is under investigation at the Center for Intelligent Material 

Systems and Structures (CIMSS) [1-3]. The basic concept of this qualitative non- 

destructive evaluation (NDE) technique is to monitor the variations in the structural 

mechanical impedance caused by the presence of incipient damage in the structure. If 

damage like cracks, corrosion, debonding, or loose connections are present in the 

structure, the structural mechanical impedance will be modified. By integrating the 

measured impedance variations over a dynamically active frequency band, a scalar damage 

metric is obtained, and damage is detected when the damage metric reaches a 

predetermined threshold value. The problem with this approach is that structural 

mechanical impedance measurements can be difficult to obtain. In this NDE technique, this 

problem is solved by measuring the electrical impedance of a low power driven 

piezoceramic (PZT) actuator-sensor bonded on a complex structure. Because of the 

electromechanical coupling property of piezoelectric materials, the measured electrical 

impedance is directly related to the mechanical impedance, and will also be affected by the 

presence of damage. This NDE technique has been applied to several complex structures 

successfully. In order to ensure high sensitivity to incipient damage; the electrical 

impedance is measured at high frequencies, at which the wave lengths are shorter than the 

damage to be detected. 

It has been shown that the sensing area is localized to a region close to the PZT 

actuator-sensor, therefore enhancing the ability of this technique to detect damage without



being affected by far field boundary conditions, external loading, or normal operational 

vibrations of the system. This localization phenomena has only been observed 

experimentally, and it was attributed to energy dissipation and multiple reflections of the 

PZT’s induced wave in the system at high frequency. Even though this new NDE 

technique has been shown to be very performant, more fundamental research is needed 

before a broad use of the technique is possible. The fundamental research to be performed 

is geared towards a better understanding of the energy dissipation and reflections that 

occur in structures at high frequency. 

1.2 Objectives 

The localization of the actuation-sensing area of the collocated PZT is due 

primarily to energy dissipation mechanisms, such as nonconservative joint discontinuities 

and material damping in the structure. Since the excitation is at high frequency, the effect 

of these mechanisms on the attenuation of the PZT’s induced wave, is further magnified. 

Also, very significant attenuation of the propagating wave is brought about by structural 

discontinuities acting as sources of multiple reflections. The aim of this research is to 

investigate the various parameters responsible for the wave localization phenomena, in 

order to have a better understanding on the sensing region of a PZT actuator-sensor 

bonded to a structure for qualitative health monitoring. For this purpose, an analytical 

procedure will be developed to model the high frequency dynamics of one dimensional 

structures, accommodating for the electromechanical coupling of the PZT-structure and 

the various attenuation mechanisms responsible for the wave’s attenuation. 

With this modeling effort, a better understanding of the various energy dissipation 

and reflection based factors needed to be most closely considered when attaching the PZT 

patches to real structures, for health integrity purposes, will be attained. The study of 

these factors will aid to understand the structural dynamic behavior recorded by the PZT 

actuator-sensor under real field conditions, and therefore to have a better insight of the 

critical areas needed to be more closely inspected in the monitored structure, as well as the



elaboration of an impedance damage metric that can be used to asses the level of damage 

in the structure. 

1.3 Dissertation Organization 

This dissertation is a collection of papers presented, and to be submitted, at 

various conferences, focusing on intelligent material systems and structures. Because of 

this layout, the reader will find repetitions on some of the chapters. The dissertation begins 

with a review on the different areas that will be expose in this research. The work 

previously done on these areas will be supplemented with the new findings added into the 

literature after the completion of the work here presented. 

Then, a preliminary model of high frequency vibrations of one-dimensional 

structures is done with the use of a wave propagation approach, based on continuum 

mechanics, to derive the dynamic stiffness matrix that contains the inertial, stiffness and 

damping properties of the structure. This analytical procedure is enriched with an 

electromechanical coupling of the PZT’s impedance-based model to relate mechanical 

calculations with electrical readings. Also, linear and nonlinear models of bolted joints has 

been added into the formulation to describe its dynamics and to study its influence on the 

attenuation of the propagating wave. With this analytical procedure, an implicit function, 

describing the dynamics of a structure, is implemented to obtain the specific damping 

capacity of a system, as well as the interaction of the propagating wave at dissipative 

discontinuities through measurements of its energy flux. To complete this work, a 

parametric study on the various factors to consider when attaching PZT actuator-sensors 

to a structure, for health monitoring purposes, will follow.



Chapter 2 

Literature Review 

2.1 Non-Destructive Evaluation Techniques 

The use of vibration pattern information for nondestructive evaluation (NDE) is a 

field of increasing interest. A brief description of some of the approaches to the vibration 

based health monitoring techniques will follow. 

An extensive effort has been applied to detect changes in the dynamics of a 

structure by examining the vibration signatures of the response using a modal-analysis 

approach and therefore looking at the natural frequencies and mode shapes [4]. Damage 

produces a decrease in the stiffness coupled with an increase in damping [5]. Since the 

Stress distribution along the structure is different for each natural frequency, any 

macroscopic damage would affect each mode differently depending on the location of the 

damage [6]. In Reference [7] the authors use a time-domain identification approach to 

create a mathematical model from recorded measurements and then compared this to an 

undamaged model. Another method [8] uses a modal parameter identification technique 

and the system response to observe damage at a macroscopic level. Reference [9] takes an 

experimental approach using measured mass and stiffness matrices from modal parameters 

to observe damage on a structure without any analytical model. Another experimental 

modal analysis based technique has been implemented to the dynamic analysis of cracked 

beams [10]. 

A technique using a laser doppler vibrometer and an interferometer to create a 

modal analysis scheme and obtain the response at high frequencies (upto 10 kHz) was 

developed by Nokes and Cloud [11]. Increasing the excitation frequency used to evaluate



the dynamics of the monitored structure, enhances the ability for this technique to localize 

internal damage. 

Detection of cracks in structures have been elegantly tackled by using a wave 

propagation approach [12]. The structure is impacted using a force transducer at a 

frequency less than 10 kHz, and the presence of a crack is detected by changes in the 

structural stiffness, which is obtained from a spectral model of the structural response. 

This analytical tool uses a finite element post processor in which the exact equations of 

motion are used to reconstruct the dynamic stiffness of the system. 

Another approach for NDE and damage location independent of modal 

information, has recently been presented by Banks et al. [13], where changes in stiffness 

are detected by using the time histories of the input and vibration response of the 

structure. These variations in stiffness properties will correspond to alterations or damage 

on the structure. 

Other techniques that use transducers to both send and received waves are 

ultrasonic detection and ultrasonic imaging [14-16]. Most of the work done in this area 

has been on nondispersive waves (such as ultrasonic surface waves), which show no 

change in shape as they propagate and can be used to detect flaws at remote sensing 

locations. Generally, waves in structures are dispersive, which means that different 

frequency components travel at different speeds. The research done on dispersive waves 

using this technique is very narrow and with some limitations when there are multiple 

reflections, as the ones encountered with multiple joints in structures [17]. 

An efficient method for qualitative health monitoring of structures, that uses 

piezoceramic (PZT) actuator-sensors to detect incipient level damage [1-3], has been 

developed at the Center of Intelligent Material Systems and Structures, and introduced in 

chapter 1. The PZT patch is bonded to the structure and wired to an impedance analyzer, 

which feeds a constant voltage to the low-power driven PZT actuator-sensor and



measures the electrical impedance of the PZT, coupled with the mechanical impedance of 

the structure. Measurements are first recorded for the healthy structure, any alteration due 

to damage in the configuration of the system will change the impedance measurements, 

and damage will be measured on a metric scale. Using piezoceramic elements as actuator- 

sensors is a great alternative for NDE of complex structures, and due to their compactness 

and easy applicability, offers a clean method to use for in-situ health monitoring. 

2.2 Modeling of Joints 

The damping capacity of a bolted joint is an important parameter in the calculation 

of the dynamic behavior of structures, but some difficulties have been experienced with 

their analysis because the forces occurring at the matting section are nonlinear and 

therefore mathematically difficult to describe. Much attention has been given to the 

capability of a structure to dissipate vibratory energy and to establish the levels of the 

structural response to excitation. Several authors [18-24] have explained the damping 

occurring in such joints by the analysis of friction damping influenced by interfacial 

pressure. Depending on the tightness of the bolts at the joint, the friction or slip damping 

is Classified as [18]: 

¢ Macro-slip: Occurs at low clamping pressures, and Coulomb's law of friction is 

assumed valid; 

¢ Micro-slip: At increasing bolt pressure, very small displacements take place and 

roughness appears relative to the matting surfaces; 

¢ Plastic-deformation: Extremely high clamping pressure causes plastic deformations 

of the roughness. 

The energy dissipation arising from the relative motion of the matting surfaces is 

influenced by the clamping pressure. At relatively low clamping pressures, Coulomb's law 

of friction holds, but as the pressure is increased, microslip is initiated. At this stage the 

losses occurring are very small and difficult to measure. In this study, only work at the



macroscopic level will be considered because it carries the greatest energy dissipation 

potential. Masuko et al. [21] studied the damping capacity of a jointed cantilever beam 

with the inclusion of the microslip to calculate the energy loss. Earles [20] concluded that 

the damping capacity is maximum when force transference is only by friction for any 

pressure distribution imposed in the bolts. An analysis to observe the rate of energy 

dissipated in a lap joint, done by Metherell et al. [23], showed an important discrepancy 

from the linear behavior. 

Due to the difficulties that arise when micro-slip behavior is taken into 

consideration and the inherit nonlinear response of the system having dry friction, most of 

the work done on the modeling of energy dissipation considers macro-slip friction and 

solves the nonlinear problem by either linearization techniques or by equivalent linear 

systems. A first single degree of freedom model proposed by Den-Hartog [24], studied 

the stick-slip behavior of the dry friction at the contact surface with at most two time 

intervals of no relative motion (lock-ups) per cycle. Other authors extended the work by 

Den-Hartog [25-28]. Among them, Pratt et al. [27] studied the multiple lock-ups per cycle 

possible in the motion of two masses with dry friction, and they obtained an equivalent 

viscous system which dissipates the same amount of energy per cycle. Also, Ferri et al. 

[25] studied dry friction damping with three models having different types of damping 

characteristics, and they showed that it is possible for such systems to exhibit viscous 

damping properties. An extensive study of nonlinearities in structures is given by Crandall 

[26] who included relations of the friction force as a function of slip velocity and of rods 

connected by pins having clearance fit nonlinearity. Initially, Menq et al. [28] presented a 

method for approximating the response of frictionally damped structures with the use of 

finite element analysis, and a harmonic Fourier expansion of the nonlinear friction force 

solved in a separate algorithm. 

Many methods are widely used for approximating the frequency response of 

nonlinear systems at low frequencies and some of them can be found in the literature [29- 

31]. Earles [29] analyzed a structure excited by m synusoidally varying forces having a



single frictional damper linking two coordinates, where the coefficient of friction was 

assumed to be linearly proportional to the slip amplitude. Another approach was presented 

by Dowell [31], in which the dry friction was approximated by the first harmonic and the 

mode analysis was carried out with the use of Lagrange multipliers and constraint 

conditions. An interesting method based on the minimization of the difference average 

between linear and nonlinear systems was developed by Iwan [30]. Also, the scattering of 

waves traveling in a linear medium and interacting with discrete nonlinear elements was 

investigated [32-35]. Vakakis [34] concluded that a single incident wave gives rise to an 

infinite number of reflected waves upon encountering a nonlinear joint. Nayfeh et al. [35] 

examined the scattering of nondispersive waves by nonlinear joints and found that the 

nonlinear distortions were found at low frequencies, but were negligible at high 

frequencies. 

The frictional behavior of bolted joints has also been approximated with the use of 

equivalent linear systems. Wang et al. [36] developed a method to identify equivalent 

spring-dash pot systems’ coefficients to model bolted joints by iterative procedures and 

experimental verification. Also, Yoshimura [37,38] examined experimentally the 

characteristics of bolted joints, slide way and welded joints, and created a method to 

quantify the rigidity and damping coefficients at the joint surface. It was assumed that a 

horizontal spring-dash pot system to model joints in rods, and a vertical spring-dash pot 

system to model beams, can employ the simplex method to obtain an optimum 

combination of coefficient values to match the experimental results. All the above 

mentioned references computed results of the first two or three mode shapes of the joint 

model of the case in study. 

In this work, the joint is modeled as an energy dissipation mechanism acting as a 

retarding force proportional to the relative velocity of the incident wave at the joint and, 

consequently, linear and nonlinear system models for the joint are studied and 

implemented. Upon encountering a joint, a portion of the wave's energy is transmitted, 

some is reflected, and some will be dissipated. This is believed to be the first effort to



model structural joints at high frequency; the previous efforts to analyze the dynamics of 

bolted connections were done with a frequency range corresponding only to the first few 

modes of vibration. Thereby, the need to model bolted structures under high frequency 

excitation led us to a unique and clean method to describe the dynamics of bolted systems. 

Moreover, the nonlinear model of the bolt, derived in this research, presents a unique and 

readily applicable way to describe the dynamic characteristics of bolted joints. A 

description of the analytical procedure to model the joint, linearly and nonlinearly, will be 

presented in chapter 3. 

2.3 Modeling of Material Damping 

Internal friction is a phenomena caused by combinations of physical mechanisms 

and has been subjected to an extensive research. The history on this subject could be 

divided into three broad periods: A philosophical approach from 1784 to 1920, industrial 

applications from 1920 to 1940 and the last period from 1940 to date, in which mechanical 

principles have been applied to study the influence of damping in structures. For a broad 

historical review and perspective, the reader can refer to the bibliography [39]. Recent 

studies emphasizes in the development of mathematical models that can be used to analyze 

the rheological behavior of a specimen and study a realistic model that characterized the 

solid structure under investigation. A brief review of some of the most widely used 

methods to account for lightly damped materials will be here presented. 

The amplitude of vibration of a specimen would increase indefinitely in the absence 

of internal friction when excited by an external alternating force at its resonant frequency 

[40]. This behavior is found to vary quite considerably depending on the nature of the 

solid. Three types of materials have been studied in detail in the literature [41]: 

¢ Viscoelastic materials: When a force is applied for times long compared with the 

relaxation time of the solid, the specimen behaves like a viscous liquid. This is the



simplest mathematical model of rheological systems, which consists of linear 

dissipation functions (spring and dash pots) in series, parallel or a combination of both. 

¢ Structures at high levels of stress: The linear behavior of viscoelastic materials become 

insufficient to characterize the significant nonlinearities of structural materials. 

Therefore the assumption of stability assumed for viscoelastic materials may not be 

applicable to real structures. 

¢ Material coating: Mainly used in acoustic noise control, this device consists in the 

application of coating to enhance energy dissipation by increasing the losses associated 

with fluid flow. 

The study of viscoelastic models are the most widely used due to their applicability 

in most vibration analysis, and they will be considered in this research to model internal 

friction. A brief description of viscoelastic models will follow: In discussing the viscosity 

in solids, Maxwell [40] suggested a stress-strain relation dependent on the relaxation time 

of the solid. When an applied force is acting for times shorter than the relaxation time, the 

material could be considered to be elastic, on the other hand if the time is long compared 

to the relaxation time, the solid behaves more like a viscous liquid. He developed a model 

consisting of a spring in series with a dash pot. Later, Voight [42] assumed two sets of 

equations to express the stress components in a solid, the first one proportional to the 

strain and the second one to the rate of change of the strain. Variations of these models 

have been done considering three or more parameter models, such as Morrison [44], who 

studied wave propagation in rods with three parameter models. Also, Arenz [45,46] 

studied the propagation of waves in viscoelastic solids for rods and plates using the 

models developed by Morrison. Valalis [47] proposed a variational method to reduce a 

general viscoelastic wave propagation problem into a static problem plus an eigenvalue 

problem. The reader can refer to the bibliography [43] for an extensive discussion on 

viscoelastic waves. 

Many experimental techniques have been used in the measurement of material 

damping, they could be classified as [40,48,49,50]: 
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�a�n�d� �m�u�l�t�i�p�l�e� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m�.� �I�n� �t�h�e� �f�i�r�s�t� �c�a�t�e�g�o�r�y� �a�r�e� �t�h�e� �m�o�s�t� �c�o�m�m�o�n�l�y� �u�s�e�d� 

�m�e�t�h�o�d�s� �i�n� �m�o�d�a�l� �t�e�s�t�i�n�g�,� �s�u�c�h� �a�s� �h�a�l�f� �p�o�w�e�r� �m�e�t�h�o�d� �a�n�d� �m�e�t�h�o�d�s� �u�s�i�n�g� �c�o�-�q�u�a�d� �p�l�o�t�s�.� 

�T�h�e� �m�u�l�t�i�p�l�e� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m� �m�e�t�h�o�d�s� �a�p�p�l�i�e�d� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e� �c�u�r�v�e� �f�i�t�t�i�n�g� �t�e�c�h�n�i�q�u�e�s� 

�t�o� �o�b�t�a�i�n�e�d� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �u�s�i�n�g� �d�a�m�p�i�n�g� �r�a�t�i�o�s�.� 

�A�s� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �t�o� �m�o�d�a�l� �t�e�s�t�i�n�g� �d�a�m�p�i�n�g� �s�c�h�e�m�e�s�,� �B�a�n�k�s� �e�t� �a�l�.� �[�5�6�-�5�8�]� 

�d�e�v�e�l�o�p�e�d� �a� �m�e�t�h�o�d� �t�o� �s�t�u�d�y� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �v�i�b�r�a�t�i�o�n� �o�f� �a� �b�e�a�m� �w�i�t�h� �a� �t�i�p� �m�a�s�s� �u�n�d�e�r� �f�o�u�r� 

�d�a�m�p�i�n�g� �m�e�c�h�a�n�i�s�m�s�,� �b�o�t�h� �i�n�t�e�r�n�a�l� �a�n�d� �e�x�t�e�r�n�a�l�.� �T�h�e�s�e� �d�a�m�p�i�n�g� �m�o�d�e�l�s� �a�r�e� �i�n�c�o�r�p�o�r�a�t�e�d� 

�i�n�t�o� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m� �e�q�u�a�t�i�o�n� �a�s� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �t�h�e� �r�e�s�u�l�t�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� 

�e�q�u�a�t�i�o�n�s� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�d� �u�s�i�n�g� �c�u�b�i�c� �s�p�l�i�n�e�s�.� �T�h�i�s� �m�e�t�h�o�d� �h�a�s� �b�e�e�n� �s�h�o�w�n� �t�o� �p�r�o�d�u�c�e� 

�m�o�r�e� �c�o�n�s�i�s�t�e�n�t� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �K�e�l�v�i�n�-�V�o�i�g�h�t� �d�a�m�p�i�n�g� �p�a�r�a�m�e�t�e�r� �w�h�e�n� �c�o�m�p�a�r�e�d� �t�o� 

�m�o�d�a�l� �d�a�m�p�i�n�g� �m�e�t�h�o�d�s�.� �T�h�e� �m�e�t�h�o�d� �i�s� �a�l�s�o� �a�p�p�l�i�c�a�b�l�e� �t�o� �h�y�s�t�e�r�e�t�i�c� �d�a�m�p�i�n�g�,� �n�o�t� 

�t�r�e�a�t�a�b�l�e� �b�y� �m�o�d�a�l� �m�e�t�h�o�d�s�.� �I�n� �t�h�e� �s�a�m�e� �l�i�n�e� �o�f� �d�i�s�c�u�s�s�i�o�n�,� �N�a�k�a�o� �e�t� �a�l�.� �[�5�9�]� �i�n�c�l�u�d�e�d� �t�h�e� 

�i�n�t�e�r�n�a�l� �d�a�m�p�i�n�g� �i�n�t�o� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �r�o�t�a�t�i�o�n�a�l� �a�n�d� �t�r�a�n�s�v�e�r�s�e� �m�o�t�i�o�n� �o�f� 

�a�n� �e�l�e�m�e�n�t�,� �b�y� �i�n�t�r�o�d�u�c�i�n�g� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �d�a�m�p�i�n�g� �p�a�r�a�m�e�t�e�r� �a�s� �a� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� 

�i�n�t�o� �t�h�e� �T�i�m�o�s�h�e�n�k�o ��s� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n�.� 

�T�h�e�r�e� �a�r�e� �m�a�n�y� �m�e�t�h�o�d�s� �t�h�a�t� �i�n�c�l�u�d�e� �d�a�m�p�i�n�g� �u�s�i�n�g� �s�e�m�i�-�d�i�s�c�r�e�t�i�z�a�t�i�o�n� �m�e�t�h�o�d�s�,� 

�s�u�c�h� �a�s� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n�,� �t�o� �s�o�l�v�e� �f�o�r� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �s�y�s�t�e�m�,� �t�h�e�s�e� 

�m�e�t�h�o�d�s� �a�r�e� �c�l�a�s�s�i�f�i�e�d� �a�s� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t� �v�i�s�c�o�u�s� �d�a�m�p�i�n�g� �t�e�c�h�n�i�q�u�e�s�,� �a�n�d� �t�h�e�y� �h�a�v�e� 

�t�a�k�e�n� �r�o�o�t� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �e�n�g�i�n�e�e�r�i�n�g� �c�o�m�m�u�n�i�t�y�.� �D�u�e� �t�o� �t�h�e� �s�i�m�i�l�a�r�i�t�y� �o�f� �t�h�e�s�e� �m�e�t�h�o�d�s� 

�w�i�t�h� �t�h�e� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �m�e�t�h�o�d�o�l�o�g�y� �u�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y� �t�o� �i�n�c�l�u�d�e� �t�h�e� �i�n�t�e�r�n�a�l� �f�r�i�c�t�i�o�n� 

�o�f� �s�t�r�u�c�t�u�r�e�s�,� �a� �b�r�i�e�f� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �s�e�m�i�-�d�i�s�c�r�e�t�i�z�a�t�i�o�n� �m�e�t�h�o�d�s� �t�o� �i�n�c�l�u�d�e� �m�a�t�e�r�i�a�l� 

�d�a�m�p�i�n�g� �w�i�l�l� �f�o�l�l�o�w�.� �L�e�s�i�u�t�r�e� �[�6�0�,�6�1�]� �h�a�s� �i�n�t�r�o�d�u�c�e�d� �t�h�e� �a�u�g�m�e�n�t�i�n�g� �t�h�e�r�m�o�d�y�n�a�m�i�c� 

�f�i�e�l�d�s� �(�A�T�F�)� �t�o� �i�n�t�e�r�a�c�t� �w�i�t�h� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �o�f� �c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�i�c�s�.� �T�h�e� �p�a�r�t�i�a�l� 

�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �g�o�v�e�r�n�i�n�g� �t�h�e� �d�a�m�p�e�d� �d�y�n�a�m�i�c� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�r�e� �s�o�l�v�e�d� 

�u�s�i�n�g� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �a�n�d� �t�h�e� �s�o�-�c�a�l�l�e�d� �A�T�F�-�d�a�m�p�e�d� �e�l�e�m�e�n�t�s� �a�r�e� �t�h�e�r�e�b�y� 

�o�b�t�a�i�n�e�d�.� �S�i�m�i�l�a�r�l�y�,� �G�o�l�l�a� �e�t� �a�l�.� �[�6�2�]� �d�e�v�e�l�o�p�e�d� �a� �t�i�m�e� �d�o�m�a�i�n� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n� 

�t�h�a�t� �e�x�p�a�n�d�s� �t�h�e� �c�a�n�o�n�i�c�a�l� �f�o�r�m� �o�f� �t�h�e� �m�a�s�s� �a�n�d� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�c�e�s� �o�f� �t�h�e� �u�n�d�a�m�p�e�d� �s�y�s�t�e�m� 
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�t�o� �i�n�c�l�u�d�e� �v�i�s�c�o�e�l�a�s�t�i�c� �d�a�m�p�i�n�g� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �d�i�s�s�i�p�a�t�i�o�n� �c�o�o�r�d�i�n�a�t�e�s�.� �A�l�s�o�,� �P�a�d�o�v�a�n� 

�[�6�3�]� �i�n�t�r�o�d�u�c�e�d� �a�n� �a�l�g�o�r�i�t�h�m� �f�o�r� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n� �w�i�t�h� �f�r�a�c�t�i�o�n�a�l� �o�p�e�r�a�t�o�r�s� �t�o� 

�i�n�c�l�u�d�e� �v�i�s�c�o�e�l�a�s�t�i�c� �b�e�h�a�v�i�o�r� �i�n� �s�t�r�u�c�t�u�r�e�s�.� �A�n�o�t�h�e�r� �t�e�c�h�n�i�q�u�e� �[�6�4�]� �u�s�e�s� �f�r�a�c�t�i�o�n�a�l� 

�d�e�r�i�v�a�t�i�v�e�s� �t�o� �c�o�n�s�t�r�u�c�t� �s�t�r�e�s�s�-�s�t�r�a�i�n� �r�e�l�a�t�i�o�n�s�h�i�p�s� �f�o�r� �v�i�s�c�o�e�l�a�s�t�i�c� �m�a�t�e�r�i�a�l�s�,� �a�n�d� �t�h�e�n� �t�o� 

�a�p�p�l�y� �t�h�e�s�e� �r�e�l�a�t�i�o�n�s�h�i�p�s� �i�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �d�a�m�p�e�d� �s�t�r�u�c�t�u�r�e�s�.� 

�U�n�d�e�r� �l�o�w� �l�o�a�d� �c�o�n�d�i�t�i�o�n�s�,� �t�y�p�i�c�a�l� �o�f� �t�h�e� �d�y�n�a�m�i�c� �l�o�a�d�s� �u�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y�,� �t�h�e� 

�d�i�s�s�i�p�a�t�i�o�n� �o�f� �e�n�e�r�g�y� �o�f� �v�i�b�r�a�t�i�o�n� �t�h�r�o�u�g�h� �t�h�e� �s�p�e�c�i�m�e�n� �h�a�s� �l�i�t�t�l�e� �d�e�p�e�n�d�e�n�c�y� �o�n� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �o�f� �d�a�m�p�i�n�g� �c�y�c�l�e�s�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �i�n�d�e�p�e�n�d�e�n�t� �m�e�t�h�o�d�s� �t�o� �m�e�a�s�u�r�e� 

�m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �a�r�e� �a�l�s�o� �v�e�r�y� �w�i�d�e�l�y� �u�s�e�d�.� �T�h�e� �r�o�o�t� �o�f� �t�h�e�s�e� �m�e�t�h�o�d�s� �o�r�i�g�i�n�a�t�e�d� �i�n� �a� 

�s�t�u�d�y� �b�y� �B�o�c�k� �a�n�d� �S�h�l�i�p�p�e� �[�5�5�]�,� �t�h�e�y� �m�o�d�i�f�i�e�d� �t�h�e� �V�o�i�g�h�t� �l�i�n�e�a�r� �v�i�s�c�o�e�l�a�s�t�i�c� �m�o�d�e�l� �w�i�t�h� 

�t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �i�n�d�e�p�e�n�d�e�n�t� �a�b�s�o�r�p�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �w�h�i�c�h� �w�o�u�l�d� �m�a�k�e� 

�t�h�e� �c�o�m�p�l�e�x� �s�t�i�f�f�n�e�s�s� �t�o� �b�e� �f�r�e�q�u�e�n�c�y� �i�n�d�e�p�e�n�d�e�n�t�.� �O�t�h�e�r� �m�o�d�e�l�s� �o�f� �f�r�e�q�u�e�n�c�y� �i�n�d�e�p�e�n�d�e�n�t� 

�c�o�m�p�l�e�x� �s�t�i�f�f�n�e�s�s� �a�r�e� �S�o�r�o�k�i�n ��s� �[�6�5�]� �a�n�d� �R�e�z�n�i�k�o�v ��s� �[�6�6�]�.� �M�o�r�e� �r�e�c�e�n�t�l�y�,� �G�a�u�l� �e�t� �a�l� �[�6�7�]� 

�i�n�t�e�g�r�a�t�e�d� �v�i�s�c�o�e�l�a�s�t�i�c� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �o�v�e�r� �t�h�e� �v�o�l�u�m�e� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �m�e�m�b�e�r� 

�a�n�d� �s�h�o�w� �t�h�a�t� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t� �p�r�o�p�e�r�t�i�e�s� �o�f� �a� �v�i�b�r�a�t�i�n�g� �s�y�s�t�e�m� �c�a�n� �b�e� �f�u�l�l�y� 

�d�e�s�c�r�i�b�e�d� �w�i�t�h� �t�h�e� �f�r�e�q�u�e�n�c�y� �i�n�d�e�p�e�n�d�e�n�t� �m�o�d�e�l�,� �r�e�f�e�r�r�e�d� �a�s� �c�o�n�s�t�a�n�t� �h�y�s�t�e�r�i�c�.� 

�T�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �i�n�t�o� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �e�s�s�e�n�t�i�a�l� �t�o� �a�v�o�i�d� 

�i�n�f�i�n�i�t�e� �t�r�a�n�s�m�i�s�s�i�b�i�l�i�t�y� �a�n�d� �t�o� �o�b�t�a�i�n� �m�e�a�n�i�n�g�f�u�l� �r�e�s�u�l�t�s�.� �D�u�e� �t�o� �t�h�e� �m�a�t�e�r�i�a�l�s� �u�s�e�d� �f�o�r� �t�h�e� 

�m�o�d�e�l�i�n�g� �o�f� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �i�n� �t�h�i�s� �r�e�s�e�a�r�c�h� �(�m�e�t�a�l�s�)�,� �i�n�t�e�r�n�a�l� �f�r�i�c�t�i�o�n� �i�s� �a�d�d�e�d� �i�n�t�o� �t�h�e� 

�a�n�a�l�y�t�i�c�a�l� �f�o�r�m�u�l�a�t�i�o�n� �b�y� �a�s�s�u�m�i�n�g� �t�h�e� �m�a�t�e�r�i�a�l� �t�o� �b�e� �a� �K�i�m�b�a�l�l�-�L�o�v�e�l�l� �s�o�l�i�d�,� �a�n�d� �t�h�e�r�e�b�y� 

�i�n�t�r�o�d�u�c�i�n�g� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �a�n�d� �s�h�e�a�r� �m�o�d�u�l�u�s� �a�s� �c�o�m�p�l�e�x� �q�u�a�n�t�i�t�i�e�s�.� �I�n� �c�h�a�p�t�e�r� 

�5�,� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �p�r�o�c�e�d�u�r�e� �t�o� �o�b�t�a�i�n� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �l�i�g�h�t�l�y� �d�a�m�p�e�d� 

�m�a�t�e�r�i�a�l�s�,� �a�n�d� �a�n� �a�n�a�l�y�t�i�c�a�l� �f�o�r�m�u�l�a�t�i�o�n� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �d�a�m�p�i�n�g� �i�n� �a� �s�t�r�u�c�t�u�r�e� �w�i�l�l� �b�e� 

�p�r�e�s�e�n�t�e�d�.� 

�1�3



�2�.�4� �W�a�v�e� �L�o�c�a�l�i�z�a�t�i�o�n� 

�T�h�e� �p�h�e�n�o�m�e�n�a� �o�f� �w�a�v�e� �l�o�c�a�l�i�z�a�t�i�o�n� �i�s� �o�f� �m�a�j�o�r� �i�m�p�o�r�t�a�n�c�e� �i�n� �t�h�e� �s�t�u�d�y� �o�f� �w�a�v�e� 

�p�r�o�p�a�g�a�t�i�o�n� �i�n� �s�t�r�u�c�t�u�r�e�s� �a�n�d� �h�a�s� �r�e�c�e�n�t�l�y� �r�e�c�e�i�v�e�d� �c�o�n�s�i�d�e�r�a�b�l�e� �a�t�t�e�n�t�i�o�n� �b�y� �t�h�e� �s�t�r�u�c�t�u�r�a�l� 

�d�y�n�a�m�i�c�s� �c�o�m�m�u�n�i�t�y�.� �T�h�e� �p�r�i�m�a�r�y� �s�t�u�d�y� �o�n� �l�o�c�a�l�i�z�a�t�i�o�n�,� �o�r� �c�o�n�c�e�n�t�r�a�t�i�o�n� �o�f� �e�x�c�i�t�a�t�i�o�n� 

�n�e�a�r� �t�h�e� �p�o�i�n�t� �s�o�u�r�c�e�,� �h�a�s� �a�l�m�o�s�t� �b�e�e�n� �e�x�c�l�u�s�i�v�e�l�y� �d�e�d�i�c�a�t�e�d� �t�o� �t�h�e� �e�f�f�e�c�t�s� �o�f� �s�t�r�u�c�t�u�r�a�l� 

�i�r�r�e�g�u�l�a�r�i�t�i�e�s�.� �T�h�e� �s�t�r�u�c�t�u�r�e�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �p�e�r�i�o�d�i�c�,� �t�h�a�t� �i�s� �c�o�n�s�t�r�u�c�t�e�d� �o�f� �c�e�l�l�s� 

�a�c�t�i�n�g� �a�s� �f�i�l�t�e�r�s� �f�o�r� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e�s� �a�n�d� �c�o�n�n�e�c�t�e�d� �i�n� �a�n� �a�r�r�a�y�.� �B�r�i�l�l�o�u�i�n� �[�6�8�]� �w�a�s� 

�t�h�e� �f�i�r�s�t� �t�o� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e�s�e� �s�t�r�u�c�t�u�r�e�s� �a�n�d� �d�e�f�i�n�e�d� �d�i�s�t�i�n�c�t� �f�r�e�q�u�e�n�c�y� �b�a�n�d�s�,� �o�r� 

�p�r�o�p�a�g�a�t�i�o�n� �z�o�n�e�s�,� �t�o� �c�a�r�r�y� �t�h�e� �w�a�v�e� �m�o�t�i�o�n�.� �T�h�i�s� �f�a�c�t� �l�e�d� �t�o� �t�h�e� �c�o�n�c�l�u�s�i�o�n� �t�h�a�t� �p�e�r�i�o�d�i�c� 

�s�t�r�u�c�t�u�r�e�s� �h�a�v�e� �a�l�t�e�r�n�a�t�e� �w�a�v�e� �p�a�s�s�a�g�e� �a�n�d� �w�a�v�e� �s�t�o�p�p�a�g�e� �b�a�n�d�s�,� �f�r�o�m� �w�h�i�c�h� �i�n�f�i�n�i�t�e� 

�u�n�d�a�m�p�e�d� �s�t�r�u�c�t�u�r�e�s� �c�o�u�l�d� �p�r�o�p�a�g�a�t�e� �w�a�v�e�s� �i�n�d�e�f�i�n�i�t�e�l�y� �i�n� �t�h�e� �w�a�v�e� �p�a�s�s�a�g�e� �b�a�n�d� �a�n�d� 

�d�i�m�i�n�i�s�h�e�d� �i�n� �t�h�e� �w�a�v�e� �s�t�o�p�p�a�g�e� �b�a�n�d�.� �A�n� �e�x�t�e�n�s�i�v�e� �s�t�u�d�y� �o�n� �p�e�r�i�o�d�i�c� �s�t�r�u�c�t�u�r�e�s� �h�a�s� �b�e�e�n� 

�c�a�r�r�i�e�d� �b�y� �s�e�v�e�r�a�l� �a�u�t�h�o�r�s� �[�6�9�-�7�5�]�.� 

�B�a�s�e�d� �o�n� �m�a�n�u�f�a�c�t�u�r�i�n�g� �i�r�r�e�g�u�l�a�r�i�t�i�e�s� �i�n� �t�h�e� �m�a�t�e�r�i�a�l�,� �s�t�r�u�c�t�u�r�e�s� �c�a�n�n�o�t� �b�e� �e�x�a�c�t�l�y� 

�p�e�r�i�o�d�i�c�,� �b�u�t� �a�r�e� �d�i�s�o�r�d�e�r�e�d�,� �r�e�d�u�c�i�n�g� �t�h�e� �a�b�i�l�i�t�y� �t�o� �t�r�a�n�s�m�i�t� �w�a�v�e�s� �f�r�o�m� �o�n�e� �l�o�c�a�t�i�o�n� �t�o� 

�t�h�e� �n�e�x�t�.� �T�h�e� �f�i�r�s�t� �w�o�r�k� �d�o�n�e� �i�n� �d�i�s�o�r�d�e�r�e�d� �p�e�r�i�o�d�i�c� �s�t�r�u�c�t�u�r�e�s� �i�s� �a�c�c�r�e�d�i�t�e�d� �t�o� �S�o�o�n�g� �e�t� 

�a�l�.� �[�7�6�]�,� �w�h�o� �s�t�u�d�i�e�d� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�e�s�p�o�n�s�e� �o�f� �a� �c�h�a�i�n� �c�o�m�p�o�s�e�d� �o�f� �s�p�r�i�n�g�-�m�a�s�s�-�d�a�m�p�e�r� 

�u�n�i�t�s� �a�n�d� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �o�b�s�e�r�v�e�d� �d�u�e� �t�o� �c�h�a�n�g�e�s� �i�n� �t�h�e�s�e� �u�n�i�t�s�.� �A�l�s�o�,� �R�o�y� �e�t� �a�l�.� �[�7�7�]� 

�s�t�u�d�i�e�d� �t�h�e� �e�f�f�e�c�t�s� �o�f� �a�t�t�e�n�u�a�t�i�o�n� �b�a�n�d�s� �i�n� �t�e�s�t� �s�t�r�u�c�t�u�r�e�s� �w�i�t�h� �a�t�t�a�c�h�e�d� �r�i�b�s�.� �S�i�n�c�e� �t�h�e� �t�e�s�t� 

�s�t�r�u�c�t�u�r�e�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �n�o�n�d�i�s�s�i�p�a�t�i�v�e�,� �t�h�e� �d�e�c�a�y� �w�a�s� �s�o�l�e�l�y� �d�u�e� �t�o� �m�u�l�t�i�p�l�e� 

�r�e�f�l�e�c�t�i�o�n�s� �a�t� �t�h�e� �r�i�b�s�.� �A� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �a�p�p�r�o�a�c�h� �w�a�s� �u�s�e�d� �t�o� �r�e�l�a�t�e� �t�h�e� �s�t�a�t�e� �v�e�c�t�o�r� 

�(�d�i�s�p�l�a�c�e�m�e�n�t�s� �a�n�d� �t�r�a�c�t�i�o�n�s�)� �a�t� �o�n�e� �e�n�d� �t�o� �t�h�a�t� �o�f� �t�h�e� �o�t�h�e�r� �e�n�d�.� �B�y� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� 

�e�i�g�e�n�v�a�l�u�e�s� �o�f� �t�h�e� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�i�s� �r�e�l�a�t�i�o�n�,� �a� �d�i�s�t�i�n�c�t�i�o�n� �b�e�t�w�e�e�n� �p�a�s�s� 

�b�a�n�d� �a�n�d� �d�e�c�a�y�i�n�g� �f�r�e�q�u�e�n�c�i�e�s�,� �d�e�p�e�n�d�i�n�g� �o�n� �w�h�e�t�h�e�r� �t�h�e� �m�o�d�u�l�u�s� �o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e� �i�s� 

�o�n�e� �o�r� �l�e�s�s� �t�h�a�n� �o�n�e�,� �w�a�s� �p�o�s�s�i�b�l�e�.� �H�o�w�e�v�e�r�,� �f�o�r� �l�a�r�g�e� �s�t�r�u�c�t�u�r�e�s�,� �t�h�i�s� �a�n�a�l�y�s�i�s� �c�o�u�l�d� �b�e� �a�n� 

�i�n�c�r�e�d�i�b�l�e� �t�a�s�k�.� �P�i�e�r�r�e� �e�t� �a�l�.� �[�7�8�,�7�9�]� �d�e�v�e�l�o�p�e�d� �a� �p�e�r�t�u�r�b�a�t�i�o�n� �a�n�a�l�y�s�i�s� �t�o� �p�r�e�d�i�c�t� �t�h�e� 

�a�c�c�u�r�a�c�y� �o�f� �l�o�c�a�l�i�z�e�d� �m�o�d�e�s� �o�f� �d�i�s�o�r�d�e�r�e�d� �m�u�l�t�i�s�p�a�n� �b�e�a�m�s� �w�i�t�h�o�u�t� �a�n� �e�i�g�e�n�v�a�l�u�e� 

�1�4



�a�n�a�l�y�s�i�s�.� �T�h�e� �m�o�d�e�s� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �a� �R�a�y�l�e�i�g�h�-�R�i�t�z� �f�o�r�m�u�l�a�t�i�o�n� �a�n�d� �c�o�n�s�i�d�e�r�e�d� �t�h�e� 

�s�t�r�u�c�t�u�r�e� �t�o� �h�a�v�e� �s�m�a�l�l� �i�r�r�e�g�u�l�a�r�i�t�i�e�s� �(�t�o� �p�e�r�f�o�r�m� �p�e�r�t�u�r�b�a�t�i�o�n� �a�n�a�l�y�s�i�s�)�,� �r�e�d�u�c�i�n�g� �t�h�e� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�o�r�t� �t�o� �o�b�t�a�i�n� �t�h�e� �d�i�s�o�r�d�e�r�e�d� �s�t�r�u�c�t�u�r�e� �m�o�d�e�s� �o�f� �v�i�b�r�a�t�i�o�n�.� �I�n� �l�a�t�e�r� �w�o�r�k�,� 

�P�i�e�r�r�e� �e�t�.� �a�l�.� �[�8�0�]� �e�x�t�e�n�d�e�d� �t�h�i�s� �m�e�t�h�o�d� �t�o� �a� �t�w�e�l�v�e� �s�p�a�n� �b�e�a�m� �t�o� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� 

�l�o�c�a�l�i�z�a�t�i�o�n� �o�f� �v�i�b�r�a�t�i�o�n� �i�n� �n�e�a�r�l�y� �p�e�r�i�o�d�i�c� �s�t�r�u�c�t�u�r�e�s� �w�h�e�r�e� �t�h�e� �s�p�a�n� �l�e�n�g�t�h�s� �a�r�e� �r�a�n�d�o�m�l�y� 

�i�n�t�r�o�d�u�c�e�d�.� �A�s�s�u�m�i�n�g� �s�m�a�l�l� �i�r�r�e�g�u�l�a�r�i�t�i�e�s� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �C�a�i� �e�t� �a�l�.� �[�8�1�]� �c�a�l�c�u�l�a�t�e�d� �t�h�e� 

�d�e�c�a�y� �o�f� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �d�i�s�t�a�n�c�e� �o�f� �t�r�a�n�s�m�i�s�s�i�o�n� �a�n�d� �v�e�r�i�f�i�e�d� �t�h�e� 

�r�e�s�u�l�t�s� �u�s�i�n�g� �M�o�n�t�e� �C�a�r�l�o� �s�i�m�u�l�a�t�i�o�n�s�.� �I�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�i�s� �d�e�c�a�y� �r�a�t�e� �t�o� �s�e�v�e�r�a�l� 

�p�e�r�i�o�d�i�c� �s�y�s�t�e�m�s� �w�a�s� �d�o�n�e� �b�y� �W�e�i� �e�t� �a�l�.� �[�8�2�]�.� �A�l�s�o�,� �Y�o�n�g� �e�t� �a�l�.� �[�8�3�]� �d�e�s�c�r�i�b�e�d� �a� �n�e�w� 

�p�e�r�t�u�r�b�a�t�i�o�n� �m�e�t�h�o�d�,� �w�h�i�c�h� �e�m�p�l�o�y�s� �t�h�e� �m�a�t�r�i�c�e�s� �o�f� �t�h�e� �w�a�v�e� �r�e�f�l�e�c�t�i�o�n� �a�n�d� �t�r�a�n�s�m�i�s�s�i�o�n� 

�t�o� �o�v�e�r�c�o�m�e� �t�h�e� �p�r�o�b�l�e�m� �e�n�c�o�u�n�t�e�r�e�d� �i�n� �l�o�n�g� �s�t�r�u�c�t�u�r�e�s� �w�h�e�n� �t�h�e� �d�e�c�a�y�i�n�g� �w�a�v�e� �a�p�p�e�a�r�s� 

�t�o� �g�r�o�w� �i�f� �v�i�e�w�e�d� �f�r�o�m� �t�h�e� �o�p�p�o�s�i�t�e� �d�i�r�e�c�t�i�o�n�.� 

�T�o� �q�u�a�n�t�i�f�y� �t�h�e� �a�m�p�l�i�t�u�d�e� �a�t�t�e�n�u�a�t�i�o�n�,� �a� �l�o�c�a�l�i�z�a�t�i�o�n� �f�a�c�t�o�r� �b�a�s�e�d� �o�n� �t�h�e� �s�p�a�t�i�a�l� 

�d�e�c�a�y� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e� �h�a�s� �b�e�e�n� �i�n�t�r�o�d�u�c�e�d� �a�n�d� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �t�h�e� �i�n�v�e�r�s�e� �o�f� �t�h�e� 

�l�o�c�a�l�i�z�a�t�i�o�n� �l�e�n�g�t�h� �[�8�4�]�.� �T�h�i�s� �f�a�c�t�o�r� �i�s� �w�i�d�e�l�y� �u�s�e�d� �t�o� �m�e�a�s�u�r�e� �t�h�e� �e�f�f�e�c�t� �o�f� �e�i�t�h�e�r� �s�t�r�o�n�g� �o�r� 

�w�e�a�k� �l�o�c�a�l�i�z�a�t�i�o�n� �i�n� �d�i�s�o�r�d�e�r�e�d� �p�e�r�i�o�d�i�c� �s�t�r�u�c�t�u�r�e�s�.� �L�i� �e�t� �a�l�.� �[�8�5�]� �u�s�e�d� �a� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� 

�a�p�p�r�o�a�c�h� �a�n�d� �a� �p�e�r�t�u�r�b�a�t�i�o�n� �s�c�h�e�m�e�,� �s�i�m�i�l�a�r� �t�o� �t�h�e� �o�n�e� �i�m�p�l�e�m�e�n�t�e�d� �b�y� �Y�o�n�g� �e�t� �a�l�.� �[�8�3�]� 

�a�n�d� �K�i�s�s�e�l� �[�8�4�]�,� �t�o� �p�r�o�v�e� �t�h�a�t� �w�a�v�e� �l�o�c�a�l�i�z�a�t�i�o�n� �i�n� �s�l�i�g�h�t�l�y� �d�i�s�o�r�d�e�r�e�d� �p�e�r�i�o�d�i�c� �l�a�m�i�n�a�t�e�s� �i�s� 

�t�y�p�i�c�a�l� �o�f� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �d�y�n�a�m�i�c�s�.� �T�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�r�a�n�s�f�e�r� �m�a�t�r�i�c�e�s� �h�a�s� �b�e�e�n� �o�b�t�a�i�n�e�d� 

�f�o�r� �a� �T�i�m�o�s�h�e�n�k�o�_�b�e�a�m� �a�n�d� �m�a�t�h�e�m�a�t�i�c�a�l�l�y� �m�a�n�i�p�u�l�a�t�e�d� �t�o� �g�i�v�e� �t�h�e� �s�m�a�l�l�e�s�t� �l�o�c�a�l�i�z�a�t�i�o�n� 

�f�a�c�t�o�r� �b�a�s�e�d� �o�n� �a� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t� �[�8�6�,�8�7�]� �r�e�l�a�t�i�o�n�.� �S�t�u�d�i�e�s� �o�f� �t�h�e� �l�o�c�a�l�i�z�a�t�i�o�n� �f�a�c�t�o�r� 

�s�h�o�w� �t�h�a�t� �t�h�e� �d�e�g�r�e�e� �o�f� �l�o�c�a�l�i�z�a�t�i�o�n� �d�e�p�e�n�d�s� �m�a�i�n�l�y� �o�n� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �d�i�s�o�r�d�e�r� �t�o� �t�h�e� 

�i�n�t�e�r�n�a�l� �c�o�u�p�l�i�n�g� �o�f� �t�h�e� �c�e�l�l�s� �f�o�r�m�i�n�g� �t�h�e� �p�e�r�i�o�d�i�c� �s�t�r�u�c�t�u�r�e�.� 

�T�h�e� �f�i�r�s�t� �a�p�p�r�o�a�c�h� �t�o� �c�o�n�s�i�d�e�r� �t�h�e� �m�a�g�n�i�t�u�d�e� �a�n�d� �t�y�p�e� �o�f� �d�a�m�p�i�n�g� �i�n� �t�h�e� �s�t�u�d�y� �o�f� 

�w�a�v�e� �l�o�c�a�l�i�z�a�t�i�o�n� �w�a�s� �r�e�c�e�n�t�l�y� �d�o�n�e� �b�y� �W�e�i� �e�t� �a�l�.� �[�8�8�]� �T�h�e�y� �a�n�a�l�y�z�e�d� �a� �p�e�r�i�o�d�i�c� �s�t�r�u�c�t�u�r�e� 

�w�i�t�h� �c�o�u�p�l�i�n�g� �a�n�d� �d�i�s�o�r�d�e�r�,� �b�u�t� �t�o�o�k� �i�n�t�o� �c�o�n�s�i�d�e�r�a�t�i�o�n� �t�h�e� �e�f�f�e�c�t�s� �o�f� �d�r�y� �f�r�i�c�t�i�o�n� �a�n�d� 

�v�i�s�c�o�u�s� �d�a�m�p�i�n�g� �o�n� �t�h�e� �d�e�g�r�e�e� �o�f� �f�o�r�c�e�d� �v�i�b�r�a�t�i�o�n� �l�o�c�a�l�i�z�a�t�i�o�n� �a�t� �l�o�w� �f�r�e�q�u�e�n�c�y�,� �w�h�e�r�e� 

�d�r�y� �f�r�i�c�t�i�o�n� �f�o�r�c�e�s� �a�r�e� �l�a�r�g�e�.� �T�h�e�r�e�f�o�r�e�,� �s�t�i�c�k�-�s�l�i�p� �m�o�t�i�o�n�s� �c�a�n� �o�c�c�u�r� �i�n� �p�e�r�i�o�d�i�c� �s�t�r�u�c�t�u�r�e�s�,� 
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�a�n�d� �a� �m�u�l�t�i� �h�a�r�m�o�n�i�c� �t�e�c�h�n�i�q�u�e� �i�s� �n�e�e�d�e�d� �t�o� �m�o�d�e�l� �t�h�e� �n�o�n�l�i�n�e�a�r�i�t�i�e�s�.� �C�o�n�t�i�n�u�o�u�s� �b�l�a�d�e�d� 

�d�i�s�k�s� �w�e�r�e� �s�t�u�d�i�e�d�,� �a�n�d� �t�u�n�e�d� �a�n�d� �m�i�s�t�u�n�e�d� �s�y�s�t�e�m�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d�,� �l�e�a�d�i�n�g� �t�o� �t�h�e� 

�c�o�n�c�l�u�s�i�o�n� �t�h�a�t� �d�r�y� �f�r�i�c�t�i�o�n� �i�s� �m�o�r�e� �l�i�k�e�l�y� �t�o� �l�e�a�d� �t�o� �l�o�c�a�l�i�z�a�t�i�o�n� �t�h�a�n� �v�i�s�c�o�u�s� �d�a�m�p�i�n�g�.� 

�M�o�r�e�o�v�e�r�,� �t�o� �s�t�u�d�y� �t�h�e� �e�f�f�e�c�t�s� �o�f� �l�o�c�a�l�i�z�a�t�i�o�n� �i�n� �a� �t�u�n�e�d� �s�y�s�t�e�m�,� �t�h�e� �o�n�e� �h�a�r�m�o�n�i�c� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �i�s� �s�u�f�f�i�c�i�e�n�t� �t�o� �p�r�o�v�i�d�e� �g�o�o�d� �a�c�c�u�r�a�c�y�.� �I�n� �l�a�t�e�r� �w�o�r�k�,� �L�a�n�g�l�e�y� �[�8�9�]� �s�t�u�d�i�e�d� 

�t�h�e� �c�o�m�b�i�n�e�d� �e�f�f�e�c�t� �o�f� �d�a�m�p�i�n�g� �a�n�d� �i�r�r�e�g�u�l�a�r�i�t�i�e�s� �i�n� �a� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �p�e�r�i�o�d�i�c� �s�t�r�u�c�t�u�r�e� 

�o�n� �t�h�e� �l�o�c�a�l�i�z�a�t�i�o�n� �o�f� �v�i�b�r�a�t�i�o�n�a�l� �e�n�e�r�g�y�.� �T�h�e� �s�a�m�e� �c�o�n�d�i�t�i�o�n�s� �t�h�a�t� �f�a�v�o�r� �l�o�c�a�l�i�z�a�t�i�o�n� �d�u�e� 

�t�o� �i�m�p�e�r�f�e�c�t�i�o�n�s� �a�r�e� �a�l�s�o� �t�h�e� �c�a�u�s�e� �o�f� �c�o�n�c�e�n�t�r�a�t�i�o�n�s� �d�u�e� �t�o� �d�a�m�p�i�n�g�,� �t�h�a�t� �i�s�,� �t�h�e� 

�o�c�c�u�r�r�e�n�c�e� �o�f� �s�t�o�p�p�a�g�e� �p�a�s�s� �b�a�n�d�s�.� �A� �t�r�a�n�s�f�e�r� �m�a�t�r�i�x� �a�p�p�r�o�a�c�h� �w�a�s� �u�s�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� 

�a�t�t�e�n�u�a�t�i�o�n� �f�a�c�t�o�r�,� �i�n�c�l�u�d�i�n�g� �d�a�m�p�i�n�g�,� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �a� �c�o�m�p�l�e�x� �m�o�d�u�l�u�s� �a�n�d� �t�h�e�r�e�b�y� 

�i�n�t�r�o�d�u�c�i�n�g� �a� �l�o�s�s� �f�a�c�t�o�r� �d�u�e� �t�o� �i�n�t�e�r�n�a�l� �f�r�i�c�t�i�o�n�.� �T�h�e� �c�o�n�c�l�u�s�i�o�n�s� �d�r�a�w�n� �f�r�o�m� �t�h�i�s� �w�o�r�k� 

�w�e�r�e� �t�h�a�t� �s�i�g�n�i�f�i�c�a�n�t� �d�e�g�r�e�e�s� �o�f� �c�o�n�c�e�n�t�r�a�t�i�o�n� �c�a�n� �b�e� �o�b�s�e�r�v�e�d� �i�n� �s�l�i�g�h�t�l�y� �d�a�m�p�e�d� �p�e�r�i�o�d�i�c� 

�s�t�r�u�c�t�u�r�e�s� �a�n�d� �a�r�e� �c�o�m�p�a�r�a�b�l�e� �t�o� �t�h�a�t� �a�r�i�s�i�n�g� �f�r�o�m� �i�r�r�e�g�u�l�a�r�i�t�i�e�s�.� 

�I�n� �t�h�i�s� �r�e�s�e�a�r�c�h�,� �d�a�m�p�i�n�g� �i�s� �c�o�n�s�i�d�e�r�e�d� �a�s� �t�h�e� �o�n�l�y� �f�a�c�t�o�r� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �t�h�e� 

�a�t�t�e�n�u�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e� �g�e�n�e�r�a�t�e�d� �b�y� �a� �P�Z�T� �s�o�u�r�c�e�.� �F�o�r� �h�e�a�l�t�h� �m�o�n�i�t�o�r�i�n�g� 

�p�u�r�p�o�s�e�s�,� �t�h�e� �m�a�n�u�f�a�c�t�u�r�i�n�g� �i�r�r�e�g�u�l�a�r�i�t�i�e�s� �a�r�e� �v�e�r�y� �d�i�f�f�i�c�u�l�t� �t�o� �a�c�c�o�u�n�t� �f�o�r� �d�u�e� �t�o� �t�h�e�i�r� 

�p�r�o�b�a�b�i�l�i�s�t�i�c� �n�a�t�u�r�e� �a�n�d� �d�i�f�f�i�c�u�l�t�y� �t�o� �i�d�e�n�t�i�f�y�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �p�e�r�i�o�d�i�c�i�t�y� �t�o� 

�r�e�a�l� �s�t�r�u�c�t�u�r�e�s� �i�s� �v�e�r�y� �l�i�m�i�t�e�d�,� �a�n�d� �m�o�s�t�l�y� �n�o�t� �a�p�p�l�i�c�a�b�l�e� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e�s� �o�n� �w�h�i�c�h� 

�n�o�n�d�e�s�t�r�u�c�t�i�v�e� �i�n�s�p�e�c�t�i�o�n�s� �a�r�e� �u�s�u�a�l�l�y� �c�a�r�r�i�e�d� �o�n�.� �N�e�v�e�r�t�h�e�l�e�s�s�,� �s�t�r�u�c�t�u�r�a�l� �d�a�m�p�i�n�g� �i�s� �t�h�e� 

�m�o�s�t� �i�m�p�o�r�t�a�n�t� �f�a�c�t�o�r� �i�n� �t�h�e� �l�o�c�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �s�e�n�s�i�n�g� �r�e�g�i�o�n� �a�n�d� �i�t� �i�s� �l�a�r�g�e�l�y� �r�e�s�p�o�n�s�i�b�l�e� 

�f�o�r� �t�h�e� �a�t�t�e�n�u�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e� �i�n� �a� �s�t�r�u�c�t�u�r�e�.� �A�l�s�o�,� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k� �w�i�l�l� 

�s�t�u�d�y� �t�h�e� �w�a�v�e� �l�o�c�a�l�i�z�a�t�i�o�n� �a�t� �h�i�g�h� �f�r�e�q�u�e�n�c�i�e�s�,� �w�h�i�l�e� �p�r�e�v�i�o�u�s� �w�o�r�k� �w�a�s� �l�i�m�i�t�e�d� �t�o� �l�o�w� 

�f�r�e�q�u�e�n�c�i�e�s�.� 

�2�.�5� �D�y�n�a�m�i�c� �V�i�s�c�o�e�l�a�s�t�i�c� �M�o�d�u�l�u�s� �M�e�a�s�u�r�e�m�e�n�t� 

�I�n�f�o�r�m�a�t�i�o�n� �o�n� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �p�r�o�p�e�r�t�i�e�s� �a�v�a�i�l�a�b�l�e� �f�r�o�m� �t�h�e� �m�a�n�u�f�a�c�t�u�r�e�r�s� �i�s� 

�s�t�a�n�d�a�r�d� �f�o�r� �e�a�c�h� �s�p�e�c�i�m�e�n�,� �t�h�e�r�e�f�o�r�e�,� �i�t� �d�o�e�s� �n�o�t� �a�c�c�o�u�n�t� �f�o�r� �a�l�l� �e�x�t�e�r�n�a�l� �a�n�d� �i�n�t�e�r�n�a�l� 
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�c�o�n�d�i�t�i�o�n�s� �t�h�a�t� �o�n�e� �c�o�u�l�d� �e�n�c�o�u�n�t�e�r�e�d� �a�t� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�i�t�e�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e�r�e� �i�s� �a� �n�e�e�d� 

�t�o� �m�e�a�s�u�r�e� �t�h�e� �d�y�n�a�m�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�,� �a�n�d� �v�a�r�i�o�u�s� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �g�i�v�e�n� �i�n� �t�h�e� 

�l�i�t�e�r�a�t�u�r�e� �[�9�0�]�;� �t�h�e�y� �c�o�u�l�d� �b�e� �c�l�a�s�s�i�f�i�e�d� �a�s� �t�i�m�e� �d�o�m�a�i�n�,� �s�u�c�h� �a�s� �c�r�e�e�p� �a�n�d� �r�e�l�a�x�a�t�i�o�n� �[�9�1�]�,� 

�a�n�d� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n�,� �s�u�c�h� �a�s� �r�e�s�o�n�a�n�c�e� �m�e�t�h�o�d�s� �[�9�1�]�,� �b�e�a�m� �m�e�t�h�o�d�s� �[�9�1�]�,� 

�d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �v�e�l�o�c�i�t�y� �o�f� �p�r�o�p�a�g�a�t�i�o�n� �[�9�2�]�,� �a�n�d� �i�m�p�e�d�a�n�c�e� �m�e�t�h�o�d�s� �[�9�3�]�.� �M�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�i�e�s� �v�a�r�y� �w�i�t�h� �e�n�v�i�r�o�n�m�e�n�t�a�l� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �m�a�n�u�f�a�c�t�u�r�i�n�g� �v�a�r�i�a�b�i�l�i�t�y�.� �I�t� �i�s� �w�e�l�l� 

�e�s�t�a�b�l�i�s�h�e�d� �[�9�4�]� �t�h�a�t� �v�i�s�c�o�e�l�a�s�t�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �h�a�v�e� �a� �l�a�r�g�e� �s�c�a�t�t�e�r� �a�n�d� �i�t� �c�a�n� 

�n�o�t� �b�e� �a�c�c�o�u�n�t�e�d� �f�o�r� �b�y� �t�h�e� �m�a�n�u�f�a�c�t�u�r�e�r�.� �B�y� �m�e�a�s�u�r�i�n�g� �t�h�e� �m�o�d�u�l�u�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� 

�u�n�d�e�r� �s�t�u�d�y� �i�n� �l�a�b� �c�o�n�d�i�t�i�o�n�s�,� �w�e� �c�o�u�l�d� �o�b�t�a�i�n�e�d� �a� �v�a�l�u�e� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �t�h�a�t� 

�t�a�k�e�s� �i�n�t�o� �a�c�c�o�u�n�t� �v�i�s�c�o�e�l�a�s�t�i�c� �e�f�f�e�c�t�s� �a�t� �t�h�e� �e�x�p�e�n�s�e� �o�f� �o�t�h�e�r� �f�a�c�t�o�r�s�,� �s�u�c�h� �a�s� �t�e�m�p�e�r�a�t�u�r�e� 

�a�n�d� �a�i�r�,� �w�h�i�c�h� �w�o�u�l�d� �b�e� �a�s�s�u�m�e�d� �t�o� �b�e� �f�i�x�e�d� �f�o�r� �t�h�e� �l�a�b�o�r�a�t�o�r�y� �s�i�t�e� �c�o�n�d�i�t�i�o�n�s�.� 

�I�n� �t�h�i�s� �r�e�s�e�a�r�c�h�,� �t�h�e� �m�o�d�u�l�u�s� �a�r�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �a� �t�e�c�h�n�i�q�u�e� �b�a�s�e�d� �o�n� �t�h�e� 

�m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e�,� �f�o�r� �t�h�i�s� �p�u�r�p�o�s�e� �a� �u�n�i�q�u�e� �a�n�d� �c�l�e�a�n� 

�e�x�p�e�r�i�m�e�n�t�a�l� �p�r�o�c�e�d�u�r�e� �h�a�s� �b�e�e�n� �i�m�p�l�e�m�e�n�t�e�d� �a�n�d� �i�t� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �d�e�t�a�i�l� �o�n� �c�h�a�p�t�e�r� 

�6�.� 
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�C�h�a�p�t�e�r� �3� 

�T�h�e�o�r�e�t�i�c�a�l� �M�o�d�e�l�i�n�g� �o�f� �W�a�v�e� �P�r�o�p�a�g�a�t�i�o�n� 

�a�n�d� �E�n�e�r�g�y� �D�i�s�s�i�p�a�t�i�o�n� �i�n� �J�o�i�n�t�s� 

�3�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�A�s� �m�e�n�t�i�o�n�e�d� �p�r�e�v�i�o�u�s�l�y�,� �a� �n�e�w� �q�u�a�l�i�t�a�t�i�v�e� �n�o�n�-�d�e�s�t�r�u�c�t�i�v�e� �e�v�a�l�u�a�t�i�o�n� �(�N�D�E�)� 

�t�e�c�h�n�i�q�u�e� �b�a�s�e�d� �o�n� �a� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �i�m�p�e�d�a�n�c�e� �m�e�a�s�u�r�e�d� �w�i�t�h� �a�n� 

�i�n�t�e�g�r�a�t�e�d� �p�i�e�z�o�e�l�e�c�t�r�i�c� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r�,� �h�a�s� �b�e�e�n� �s�u�c�c�e�s�s�f�u�l�l�y� �d�e�m�o�n�s�t�r�a�t�e�d� �a�t� �t�h�e� �C�e�n�t�e�r� 

�f�o�r� �I�n�t�e�l�l�i�g�e�n�t� �M�a�t�e�r�i�a�l� �S�y�s�t�e�m�s� �a�n�d� �S�t�r�u�c�t�u�r�e�s� �(�C�I�M�S�S�)� �[�1�-�3�]�.� �A�n� �i�m�p�o�r�t�a�n�t� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �t�h�i�s� �N�D�E� �t�e�c�h�n�i�q�u�e� �i�s� �t�h�e� �l�o�c�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �P�Z�T ��s� �s�e�n�s�i�n�g� �a�r�e�a� �d�u�e� �t�o� 

�e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n�.� �F�o�r� �a� �b�e�t�t�e�r� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�i�s� �p�h�e�n�o�m�e�n�a�,� �t�h�i�s� �c�h�a�p�t�e�r� �w�i�l�l� �p�r�e�s�e�n�t� 

�a�n� �a�n�a�l�y�t�i�c�a�l� �m�e�t�h�o�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �t�h�r�o�u�g�h� �j�o�i�n�t�s� �a�t� �h�i�g�h� �f�r�e�q�u�e�n�c�y� 

�a�n�d� �i�t�s� �r�e�l�a�t�i�o�n� �t�o� �t�h�e� �l�o�c�a�l�i�z�e�d� �a�c�t�u�a�t�i�o�n�-�s�e�n�s�i�n�g� �r�e�g�i�o�n�.� �T�h�e� �s�t�r�u�c�t�u�r�e� �u�s�e�d� �f�o�r� �t�h�i�s� 

�a�n�a�l�y�s�i�s� �c�o�n�s�i�s�t�s� �o�f� �t�w�o� �b�e�a�m�s� �c�o�n�n�e�c�t�e�d� �w�i�t�h� �a� �b�o�l�t�e�d� �j�o�i�n�t� �a�n�d� �h�a�v�i�n�g� �f�r�e�e�-�f�r�e�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �D�u�e� �t�o� �t�h�e� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �e�m�p�l�o�y�e�d�,� �t�h�e�o�r�e�t�i�c�a�l� �a�s�s�e�s�s�m�e�n�t�s� 

�a�r�e� �m�a�d�e� �u�s�i�n�g� �a� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �a�p�p�r�o�a�c�h�.� �F�o�r� �t�h�e� �s�a�m�e� �r�e�a�s�o�n�,� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� 

�t�h�e�o�r�y� �i�s� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �U�s�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�,� �t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� 

�m�a�t�r�i�x� �i�s� �a�s�s�e�m�b�l�e�d� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n�.� �T�h�e�n�,� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �i�n� �t�h�e� �j�o�i�n�t� �i�s� 

�m�o�d�e�l�e�d� �l�i�n�e�a�r�l�y� �u�s�i�n�g� �m�a�s�s�-�s�p�r�i�n�g�-�d�a�s�h� �p�o�t� �s�y�s�t�e�m�s� �a�n�d� �n�o�n�l�i�n�e�a�r�l�y� �w�i�t�h� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� 

�o�f� �n�o�n�c�o�n�s�e�r�v�a�t�i�v�e� �f�r�i�c�t�i�o�n� �c�l�e�a�r�a�n�c�e� �s�y�s�t�e�m�s�.� �T�h�i�s� �w�o�r�k� �i�s� �t�h�e� �f�i�r�s�t� �e�f�f�o�r�t� �i�n� �t�h�e� �h�i�g�h� 

�f�r�e�q�u�e�n�c�y� �m�o�d�e�l�i�n�g� �o�f� �s�t�r�u�c�t�u�r�a�l� �j�o�i�n�t�s�:� �o�t�h�e�r� �w�o�r�k� �w�a�s� �o�n�l�y� �c�o�n�c�e�r�n�e�d� �w�i�t�h� �t�h�e� �m�o�d�e�l�i�n�g� 

�o�f� �t�h�e� �f�e�w� �f�i�r�s�t� �m�o�d�e�s� �o�f� �v�i�b�r�a�t�i�o�n�.� �C�a�s�e� �s�t�u�d�i�e�s� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �v�e�r�i�f�i�c�a�t�i�o�n� �o�f� �t�h�i�s� 

�a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� �i�n� �c�h�a�p�t�e�r� �4�.� 
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�T�h�e� �s�t�r�u�c�t�u�r�e� �u�s�e�d� �f�o�r� �t�h�i�s� �a�n�a�l�y�s�i�s� �c�o�n�s�i�s�t�s� �o�f� �t�w�o� �b�e�a�m�s� �o�v�e�r�l�a�p�p�e�d� �a�n�d� 

�c�o�n�n�e�c�t�e�d� �t�o�g�e�t�h�e�r� �w�i�t�h� �t�w�o� �b�o�l�t�s� �(�F�i�g�u�r�e� �3�.�1�)�.� �F�i�r�s�t�,� �t�h�e� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �m�o�d�e�l� �f�o�r� 

�t�h�i�s� �p�a�r�t�i�c�u�l�a�r� �c�a�s�e� �i�s� �d�e�r�i�v�e�d�.� �T�h�e�n�,� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �b�o�l�t�e�d� �s�e�c�t�i�o�n� �i�s� �i�d�e�n�t�i�f�i�e�d� �w�i�t�h� 

�l�i�n�e�a�r� �s�p�r�i�n�g�-�d�a�s�h� �p�o�t� �s�y�s�t�e�m�s�:� �v�i�s�c�o�u�s� �d�a�m�p�e�r�s� �t�o� �p�r�o�v�i�d�e� �t�h�e� �n�e�c�e�s�s�a�r�y� �f�l�o�w� �o�f� �e�n�e�r�g�y� 

�o�u�t� �o�f� �t�h�e� �s�y�s�t�e�m�,� �a�n�d� �s�p�r�i�n�g�s� �t�o� �p�r�o�v�i�d�e� �t�h�e� �n�e�c�e�s�s�a�r�y� �s�u�p�p�o�r�t� �i�n� �t�h�e� �c�o�n�n�e�c�t�i�o�n�.� �F�i�n�a�l�l�y�,� 

�a�n� �e�x�t�e�n�d�e�d� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l� �w�i�l�l� �b�e� �d�e�r�i�v�e�d� �t�o� �a�c�c�o�m�m�o�d�a�t�e� �f�o�r� �t�h�e� �n�o�n�l�i�n�e�a�r� �b�e�h�a�v�i�o�r� �o�f� 

�t�h�e� �b�o�l�t�e�d� �j�o�i�n�t�.� 

� � � � 

�F�i�g�u�r�e� �3�.�1� �S�c�h�e�m�a�t�i�c� �d�r�a�w�i�n�g� �o�f� �t�h�e� �b�o�l�t�e�d� �b�e�a�m� �u�s�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s�.� 

�3�.�2� �W�a�v�e� �P�r�o�p�a�g�a�t�i�o�n� �M�o�d�e�l� 

�D�u�e� �t�o� �t�h�e� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �o�f� �t�h�e� �a�n�a�l�y�s�i�s� �(�u�p�t�o� �2�5� �k�H�z�)�,� �t�h�e� �r�e�s�e�a�r�c�h� �h�e�r�e�i�n� 

�p�r�e�s�e�n�t�e�d� �u�s�e�s� �a� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �a�p�p�r�o�a�c�h�,� �a�n�d� �t�h�e� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �s�t�r�u�c�t�u�r�e� �(�F�i�g�u�r�e� 

�3�.�1�)� �i�s� �t�r�e�a�t�e�d� �a�s� �w�a�v�e�g�u�i�d�e�s� �a�l�o�n�g� �w�h�i�c�h� �a� �w�a�v�e� �c�a�n� �t�r�a�v�e�l� �w�i�t�h�o�u�t� �s�p�r�e�a�d�i�n�g� �i�n� �a�l�l� 

�d�i�r�e�c�t�i�o�n�s�.� �T�h�e� �w�a�v�e� �a�m�p�l�i�t�u�d�e� �d�e�c�r�e�a�s�e�s� �l�e�s�s� �r�a�p�i�d�l�y� �w�i�t�h� �d�i�s�t�a�n�c�e� �t�r�a�v�e�l�e�d� �i�n� �a� �g�u�i�d�e� 

�t�h�a�n� �w�h�e�n� �t�h�e� �w�a�v�e� �i�s� �u�n�g�u�i�d�e�d�.� �N�o�n�u�n�i�f�o�r�m�i�t�i�e�s� �i�n� �g�u�i�d�e�s�,� �s�u�c�h� �a�s� �j�u�n�c�t�i�o�n�s� �a�n�d� 

�d�i�s�c�o�n�t�i�n�u�i�t�i�e�s�,� �a�r�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �r�e�f�l�e�c�t�e�d� �a�n�d� �t�r�a�n�s�m�i�t�t�e�d� �w�a�v�e�s� �d�u�e� �t�o� �i�n�c�i�d�e�n�t� 

�w�a�v�e�s�.� �P�r�e�v�i�o�u�s� �s�t�u�d�i�e�s� �[�9�5�-�1�0�1�]� �h�a�v�e� �b�e�e�n� �d�o�n�e� �i�n� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �a�n�d� �t�r�a�n�s�m�i�s�s�i�o�n� �o�f� 

�S�t�r�e�s�s� �w�a�v�e�s� �a�t� �a� �d�i�s�c�o�n�t�i�n�u�i�t�y� �i�n� �o�r�d�e�r� �t�o� �f�u�l�l�y� �u�n�d�e�r�s�t�a�n�d� �t�h�e� �d�y�n�a�m�i�c� �b�e�h�a�v�i�o�r� �o�f� 

�s�t�r�u�c�t�u�r�e�s�,� �b�u�t� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �u�s�e�d� �w�a�s� �m�u�c�h� �l�o�w�e�r� �t�h�a�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �o�f� 

�i�n�t�e�r�e�s�t� �f�o�r� �t�h�i�s� �s�t�u�d�y�.� �I�n� �d�e�v�e�l�o�p�i�n�g� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l�,� �o�n�l�y� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� 
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�w�a�v�e�g�u�i�d�e�s� �w�i�l�l� �b�e� �c�o�n�s�i�d�e�r�e�d�.� �T�h�i�s� �i�s� �b�e�c�a�u�s�e� �t�h�e� �s�t�u�d�y� �o�f� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �u�n�d�e�r� �m�o�r�e� 

�c�o�m�p�l�i�c�a�t�e�d� �c�o�n�d�i�t�i�o�n�s� �i�n�v�o�l�v�e�s� �t�w�o� �i�n�d�e�p�e�n�d�e�n�t� �s�p�a�t�i�a�l� �v�a�r�i�a�b�l�e�s�,� �a�n�d� �m�u�c�h� �s�t�u�d�y� 

�c�o�n�c�e�r�n�e�d� �w�i�t�h� �t�h�e� �d�y�n�a�m�i�c� �r�e�s�p�o�n�s�e� �i�n� �t�h�i�s� �a�r�e�a� �n�e�e�d�s� �t�o� �b�e� �d�o�n�e� �[�1�0�2�-�1�0�4�]�.� �T�h�e�r�e�f�o�r�e�,� 

�b�y� �p�r�o�v�i�d�i�n�g� �a�n� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �w�e�l�l� �k�n�o�w�n� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �e�q�u�a�t�i�o�n�s�,� �o�u�r� �a�t�t�e�n�t�i�o�n� �c�a�n� 

�b�e� �f�o�c�u�s�e�d� �o�n� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �m�e�c�h�a�n�i�s�m�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� 

�B�e�c�a�u�s�e� �t�h�e� �d�i�s�p�e�r�s�i�v�e� �n�a�t�u�r�e� �o�f� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �w�a�v�e�s� �t�r�a�v�e�l�i�n�g� �i�n� �a� �o�n�e� 

�d�i�m�e�n�s�i�o�n�a�l� �m�e�d�i�u�m�,� �t�h�e� �r�e�s�p�o�n�s�e� �o�b�t�a�i�n�e�d� �a�t� �d�i�f�f�e�r�e�n�t� �l�o�c�a�t�i�o�n�s� �a�l�o�n�g� �t�h�e� �s�t�r�u�c�t�u�r�e� 

�w�o�u�l�d� �b�e� �d�i�f�f�e�r�e�n�t�,� �w�h�i�c�h� �m�a�k�e�s� �t�h�e� �a�n�a�l�y�s�i�s� �i�n� �t�h�e� �t�i�m�e� �d�o�m�a�i�n� �a� �t�r�e�m�e�n�d�o�u�s� �t�a�s�k�.� 

�C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �o�f� �w�a�v�e�s� �w�i�l�l� �b�e� �m�a�d�e� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n�.� �A� 

�m�e�t�h�o�d�o�l�o�g�y� �u�s�i�n�g� �a� �f�o�r�m�u�l�a�t�i�o�n� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�,� �b�u�t� �i�n� �w�h�i�c�h� 

�n�o� �f�i�n�i�t�e� �s�e�t� �o�f� �d�i�s�p�l�a�c�e�m�e�n�t� �i�s� �a�s�s�u�m�e�d� �i�n� �p�o�l�y�n�o�m�i�a�l� �f�o�r�m� �a�n�d� �n�o� �m�a�s�s� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� 

�r�e�p�r�e�s�e�n�t�e�d�,� �h�a�s� �a�l�r�e�a�d�y� �b�e�e�n� �a�p�p�l�i�e�d� �s�u�c�c�e�s�s�f�u�l�l�y� �[�1�0�5�-�1�1�0�]�.� �T�h�i�s� �m�e�t�h�o�d�,� �r�e�f�e�r�r�e�d� �t�o� �a�s� 

�s�p�e�c�t�r�a�l� �f�o�r�m�u�l�a�t�i�o�n� �[�1�0�9�,�1�1�0�]� �o�r� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �f�o�r�m�u�l�a�t�i�o�n� �[�1�0�5�-�1�0�8�]�,� �t�r�e�a�t�s� 

�t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �m�a�s�s� �a�n�d� �r�o�t�a�t�i�o�n�a�l� �i�n�e�r�t�i�a� �e�x�a�c�t�l�y�,� �e�x�t�e�n�d�i�n�g� �e�a�c�h� �e�l�e�m�e�n�t� �f�r�o�m� 

�d�i�s�c�o�n�t�i�n�u�i�t�y� �t�o� �d�i�s�c�o�n�t�i�n�u�i�t�y�.� �T�h�i�s� �h�a�s� �t�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �r�e�d�u�c�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� 

�u�s�e�d� �w�h�e�n� �c�o�m�p�a�r�e�d� �t�o� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n�.� �F�o�r� �t�h�e� �b�o�l�t�e�d� �b�e�a�m� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� 

�3�.�1�,� �a� �t�o�t�a�l� �o�f� �o�n�l�y� �e�i�g�h�t� �e�l�e�m�e�n�t�s� �i�s� �n�e�e�d�e�d� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �s�y�s�t�e�m�.� 

�A�l�s�o�,� �t�h�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �b�e�a�m� �e�l�e�m�e�n�t�s� �w�i�t�h� �a�s�s�u�m�e�d� �s�h�a�p�e� �f�u�n�c�t�i�o�n� �i�n� �t�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �m�e�t�h�o�d� �b�e�c�o�m�e�s� �i�n�e�x�a�c�t� �b�e�c�a�u�s�e� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� �a�r�e� �r�e�q�u�i�r�e�d� �t�o� 

�m�o�d�e�l� �t�h�e� �s�h�o�r�t� �w�a�v�e�l�e�n�g�t�h� �d�e�f�o�r�m�a�t�i�o�n� �t�h�a�t� �o�c�c�u�r�s� �a�t� �h�i�g�h� �f�r�e�q�u�e�n�c�y�.� �I�n� �t�h�e� �s�p�e�c�t�r�a�l� 

�m�e�t�h�o�d�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�s�s�u�m�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�p�e�c�t�r�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�:� 

�u�(�x�,�t�)� �=� �>�A� �e�x�p�[�~�i�(�k�,�x� �- ��@� �,�t�)�]� �(�3�.�1�)� 

�w�h�e�r�e� �n� �i�s� �t�h�e� �p�a�r�t�i�c�u�l�a�r� �m�o�d�e�,� �Y� �i�s� �t�h�e� �w�a�v�e� �a�m�p�l�i�t�u�d�e�,� �k� �i�s� �t�h�e� �w�a�v�e�n�u�m�b�e�r� �(�1�/�l�e�n�g�t�h�)� 

�a�n�d� �w� �i�s� �t�h�e� �r�a�d�i�a�l� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �w�a�v�e� �(�r�a�d�i�a�n�s�/�t�i�m�e�)�.� �F�o�r� �e�a�c�h� �m�o�d�e� �n�,� �t�h�e� �s�p�e�c�t�r�u�m� 

�2�0



�r�e�l�a�t�i�o�n�,� �w�h�i�c�h� �r�e�l�a�t�e�s� �k� �a�n�d� �w�,� �i�s� �d�e�t�e�r�m�i�n�e�d�.� �O�n�c�e� �t�h�e� �m�o�d�e�s� �a�r�e� �f�o�u�n�d�,� �t�h�e�i�r� �a�m�p�l�i�t�u�d�e�s� 

�a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �v�a�r�i�o�u�s� �s�o�u�r�c�e�s� �o�f� �e�x�c�i�t�a�t�i�o�n�.� 

�F�o�r� �t�h�i�n� �b�e�a�m�s�,� �t�h�e� �v�i�b�r�a�t�i�o�n�s� �o�f� �l�o�w�e�r� �m�o�d�e�s� �a�r�e� �s�u�f�f�i�c�i�e�n�t�l�y� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� 

�E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m� �t�h�e�o�r�y�.� �H�o�w�e�v�e�r�,� �f�o�r� �h�i�g�h�e�r� �m�o�d�e�s� �a�t� �w�h�i�c�h� �t�h�e� �w�a�v�e�l�e�n�g�t�h�,� 

�d�X� �=� �2�x� �/�k�,� �i�s� �s�h�o�r�t� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �r�a�d�i�u�s� �o�f� �c�u�r�v�a�t�u�r�e� �o�f� �t�h�e� �b�e�a�m ��s� �c�r�o�s�s�-�s�e�c�t�i�o�n�,� �o�r� 

�f�o�r� �d�e�e�p� �b�e�a�m�s� �w�h�e�r�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �a�n�d� �r�o�t�a�t�i�o�n�a�l� �i�n�e�r�t�i�a� �b�e�c�o�m�e� 

�s�i�g�n�i�f�i�c�a�n�t�,� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m� �t�h�e�o�r�y� �i�s� �n�o� �l�o�n�g�e�r� �v�a�l�i�d�.� �A� �t�h�e�o�r�y� �t�h�a�t� 

�a�c�c�o�m�m�o�d�a�t�e�s� �t�h�e�s�e� �f�a�c�t�o�r�s� �i�s� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y�,� �w�h�i�c�h� �o�c�c�u�p�i�e�s� �a� �p�o�s�i�t�i�o�n� 

�i�n�t�e�r�m�e�d�i�a�t�e� �t�o� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �a�n�d� �t�h�e� �e�x�a�c�t� �t�h�e�o�r�y� �o�f� �e�l�a�s�t�i�c�i�t�y�.� �T�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� 

�t�h�e�o�r�y� �i�s� �a� �g�o�o�d� �t�r�a�d�e�o�f�f� �f�o�r� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �a�n�a�l�y�s�i�s� �a�n�d� �i�s� �e�x�p�e�c�t�e�d� �t�o� �g�i�v�e� 

�s�a�t�i�s�f�a�c�t�o�r�y� �r�e�s�u�l�t�s� �a�t� �h�i�g�h� �f�r�e�q�u�e�n�c�i�e�s�.� �T�h�e� �g�o�v�e�r�n�i�n�g� �c�o�u�p�l�e�d� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �o�f� �t�h�e� 

�T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y�,� �f�o�r� �t�o�t�a�l� �d�e�f�l�e�c�t�i�o�n� �w� �a�n�d� �b�e�n�d�i�n�g� �s�l�o�p�e� �9�»�,� �a�r�e� �g�i�v�e�n� �b�e�l�o�w� �f�o�r� 

� � 

�n�o� �a�p�p�l�i�e�d� �l�o�a�d�s� �[�1�1�0�]�:� 

�2� 

�o�a�n� �e�o� �-� �p�a�c� 
�(�3�.�2�)� 

�E�t� �$� �+�G�A�x�|!"�-� �9�]� �=� �p�r� �2�%� �K�i� 
�o�x� �a�t�?� 

�w�h�e�r�e� �E� �i�s� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y�,� �G� �i�s� �t�h�e� �m�o�d�u�l�u�s� �o�f� �r�i�g�i�d�i�t�y�,� �J� �i�s� �t�h�e� �m�o�m�e�n�t� �o�f� 

�i�n�e�r�t�i�a� �o�f� �t�h�e� �c�r�o�s�s� �s�e�c�t�i�o�n�,� �A� �i�s� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a�,� �p� �i�s� �t�h�e� �m�a�s�s� �d�e�n�s�i�t�y� �a�n�d� �x� �i�s� �t�h�e� 

�T�i�m�o�s�h�e�n�k�o�'�s� �s�h�e�a�r� �c�o�e�f�f�i�c�i�e�n�t�,� �w�h�i�c�h� �i�s� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �a�v�e�r�a�g�e� �s�h�e�a�r� �s�t�r�a�i�n� �i�n� �a� �s�e�c�t�i�o�n� 

�a�n�d� �t�h�e� �s�h�e�a�r� �s�t�r�a�i�n� �a�t� �t�h�e� �c�e�n�t�r�o�i�d�.� �N�u�m�e�r�i�c�a�l� �v�a�l�u�e�s� �f�o�r� �k� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� 

�[�1�1�1�,�1�1�2�]�.� �F�o�r� �r�e�c�t�a�n�g�u�l�a�r� �c�r�o�s�s� �s�e�c�t�i�o�n�s�,� �t�h�e� �s�h�e�a�r� �c�o�e�f�f�i�c�i�e�n�t� �i�s� �1�0�(�1�+�v�)� �/�(�1�2�+�1�1�v�)�,� 

�w�h�e�r�e� �v�_� �i�s� �t�h�e� �P�o�i�s�s�o�n ��s� �r�a�t�i�o� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�.� �T�h�e� �s�h�e�a�r� �f�o�r�c�e� �a�n�d� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�r�e� 

�g�i�v�e�n� �b�y� �[�1�1�1�]�:� 

�2�1



�V� �=� �G�A�n�(�=�-�6�)� �3�3� 

�M�m� �-�E� �2�.� 
�o�x� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� 

�U�s�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�,� �E�q�u�a�t�i�o�n� �(�3�.�2�)�,� �a�s�s�u�m�i�n�g� �a� �s�p�e�c�t�r�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� 

�o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s�,� �E�q�u�a�t�i�o�n� �(�3�.�1�)�,� �a�n�d� �a�p�p�l�y�i�n�g� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�;� 

�t�h�e� �a�s�s�e�m�b�l�a�g�e� �o�f� �t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �d�a�m�p�i�n�g�,� �s�t�i�f�f�n�e�s�s� �a�n�d� 

�i�n�e�r�t�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �b�e�a�m� �i�s� �c�o�n�s�t�r�u�c�t�e�d� �a�n�d� �s�o�l�v�e�d� �a�t� �e�a�c�h� �f�r�e�q�u�e�n�c�y�.� �T�h�e� �s�p�e�c�t�r�a�l� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �t�w�o� �i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s�,� �w�(�x�,�t�)� �a�n�d� �$�(�x�,�1�)�,� �i�s�:� 

�w�(�x�,�t�)� �=� �>�W�,�,� �e�x�p�[�-�i�(�k�,�x� �- ��w� �,�t�)�]� 
�n� 

�(�x�,�t�)� �=� �5�.� �D�o�,� �e�x�p�[�-�i�(�k�,�x� �-�w�,�2�)�]� �(�3�.�4�)� 
�n� 

�U�p�o�n� �s�u�b�s�t�i�t�u�t�i�o�n� �i�n� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�,� �E�q�u�a�t�i�o�n� �(�3�.�2�)�,� �i�t� �c�a�n� �b�e� �s�h�o�w�n�:� 

�2� �_ �� �a�2� �_� �W�.� �C�o�k� �w� �i�C�,�k� �o�l� �i�o� �(�3�.�5�)� 

�i�C�,�k� �C�k� �+� �C�;� �a�d� �C�7� �®�D�,� 

�w�h�e�r�e� �C�,� �=� �G�x� �/�p�,� �C�,� �=� �E�l� �/�p�A�,� �a�n�d� �C�,�,� �=�1�I�/�A�.� �T�h�e� �s�o�l�u�t�i�o�n� �o�f� �E�q�u�a�t�i�o�n� �(�3�.�5�)� 

�g�i�v�e�s� �t�h�e� �s�p�e�c�t�r�u�m� �r�e�l�a�t�i�o�n�,� �w�h�i�c�h� �c�o�n�t�a�i�n�s� �f�o�u�r� �p�o�s�s�i�b�l�e� �m�o�d�e�s�:� 

�2�2



�t�w�o� �f�o�r�w�a�r�d� �m�o�v�i�n�g� �a�n�d� �t�w�o� �b�a�c�k�w�a�r�d� �m�o�v�i�n�g�.� �E�q�u�a�t�i�o�n� �(�3�.�6�)� �i�s� �t�h�e� �s�p�e�c�t�r�u�m� �r�e�l�a�t�i�o�n�.� 

�T�h�e� �p�h�a�s�e� �v�e�l�o�c�i�t�y�,� �c� �=� �w� �/�k�(�w�)�,� �g�i�v�e�s� �t�h�e� �d�i�s�p�e�r�s�i�v�e� �r�e�l�a�t�i�o�n�,� �w�h�i�c�h� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �a�n�d� �t�h�e�r�e�f�o�r�e� �d�i�s�p�e�r�s�i�v�e� �(�d�i�f�f�e�r�e�n�t� �f�r�e�q�u�e�n�c�y� �c�o�m�p�o�n�e�n�t�s� �t�r�a�v�e�l� �a�t� �d�i�f�f�e�r�e�n�t� 

�s�p�e�e�d�s�)�.� �T�h�e� �t�r�a�n�s�v�e�r�s�e� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �r�o�t�a�t�i�o�n�s� �a�r�e� �r�e�l�a�t�e�d� �f�r�o�m� �E�q�u�a�t�i�o�n� �(�3�.�5�)�,� �b�y�:� 

�i�C�,�k�,� 
 ��> ��_�;� �|�P�,� �=� �R�P� �j�=� �1�,�.�.�.�,�4� �3�.�7� �C�,�k�,� �~�@�?� �0� �J�j �� �9� �J� �(� �)� 

�o!"� 

� � � � 

�a�n�d� �t�h�e� �s�o�l�u�t�i�o�n� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �i�s�:� 

�o�(�x�)� �=� �C�,�e�7� �t�h�x� �+� �C�i�e� �t�h�x� �+� �C�,�e�t�h�x� �+� �C�,�e�t�k�e�x� 
�.� �.� �.� �(�3�.�8�)� 

�w�(�x�)� �=� �R�,�C�,�e�7�*�*� �4� �R�C� �e�~�#�*�  �� �R�C� �e�t�*�®�*�®�  �� �R�,�C� �e�t� �*� 

�w�h�e�r�e� �R�,� �a�n�d� �R�,� �a�r�e� �g�i�v�e�n� �b�y� �E�q�u�a�t�i�o�n� �(�3�.�7�)�,� �w�i�t�h� �t�h�e� �p�r�o�p�e�r� �v�a�l�u�e� �o�f� �k�,�,� �a�n�d� 

�{�C�,�C�,�C�5�C�,� �\� �i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s�.� 

�I�n�c�o�r�p�o�r�a�t�i�o�n� �o�f� �t�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�,� �u�(�x�,�t�)�,� �i�s� �e�s�t�a�b�l�i�s�h�e�d� �f�r�o�m� �t�h�e� �r�o�d�'�s� 

�e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n�:� 

�a�7�u� �a�7�u� 
�E�A ��~� �=� �p�A ��-� �3�.�9� 

�a�x�?� �a�t�?� �(�9�)� 

�T�h�e� �a�x�i�a�l� �m�o�t�i�o�n� �i�s� �s�i�m�i�l�a�r�l�y� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�u�(�x�)� �=� �C�i�e� �t�h� �+� �C�,�e�t�k�*� �(�3�.�1�0�)� 

�w�h�e�r�e� �t�h�e� �s�p�e�c�t�r�u�m� �r�e�l�a�t�i�o�n� �i�s� �g�i�v�e�n� �b�y�,� �k�,� �=� �w�.�/�p� �/�E� �.� �T�h�e� �a�x�i�a�l� �f�o�r�c�e� �i�s� �d�e�f�i�n�e�d� �a�s�:



�F� �=� �r�a�w� �(�3�.�1�1�)� 
�o�x� 

�T�h�e� �l�o�n�g�i�t�u�d�i�n�a�l�,� �E�q�u�a�t�i�o�n� �(�3�.�1�0�)�,� �t�r�a�n�s�v�e�r�s�e�,� �a�n�d� �r�o�t�a�t�i�o�n�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s�,� 

�E�q�u�a�t�i�o�n� �(�3�.�8�)�,� �a�r�e� �t�h�e�n� �w�r�i�t�t�e�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�s�:� 

 
�
�
 

�u� 

�w�h� �=� �[�R�;� �(�x�,�w�)� �}� 

�>� 

�(�3�.�1�2�)� 

� � � � 
�w�h�e�r�e� �i�=�1�,�2�,�3� �a�n�d� �j�=�1�,�.�.�.�,�6�.� �S�i�m�i�l�a�r�l�y�,� �u�p�o�n� �s�u�b�s�t�i�t�u�t�i�o�n� �o�f� �d�i�s�p�l�a�c�e�m�e�n�t�s�,� �t�h�e� �a�x�i�a�l� �f�o�r�c�e�,� 

�s�h�e�a�r� �f�o�r�c�e� �a�n�d� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�r�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

� � � � 

�[�C� 
�F� �C�2� 
�V� �}� �=�[�R�,�(�x�,�0�)� �}� �3� �(�3�.�1�3�)� 

�4� �M� �C�.� 

�C�.�|� 

�w�h�e�r�e� �i�=�4�,�5�,�6� �a�n�d� �j�=�1�,�.�.�.�,�6�.� �T�h�e�r�e�f�o�r�e� �b�y� �d�e�f�i�n�i�n�g� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �v�e�c�t�o�r� �a�s� 

�v�=� �{�u�,� �w�o�}� �a�n�d� �t�h�e� �f�o�r�c�e� �v�e�c�t�o�r� �b�y� �¥� �=� �{�F� �V�M� �"�,� �E�q�u�a�t�i�o�n� �(�3�.�1�2�)� �a�n�d� �E�q�u�a�t�i�o�n� 

�(�3�.�1�3�)� �a�r�e� �c�o�m�b�i�n�e�d� �t�o� �g�i�v�e�:� 

�{�|� �-� �[�R�,� �(�x�0�)� �{�c�}� �(�3�.�1�4�)� 

�2�4



�i�=�1�,�.�.�.�,�6� �a�n�d� �j�=�1�,�.�.�.�,�6�,� �w�h�e�r�e� �{�c�}� �i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s�.� 

�T�h�e� �v�e�c�t�o�r� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s� �i�s� �s�o�l�v�e�d� �o�n� �t�h�e� �b�a�s�i�s� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�n�d� �f�o�r�c�e�s� �a�t� 

�t�h�e� �e�n�d�s� �o�f� �e�a�c�h� �e�l�e�m�e�n�t�.� �S�o�l�v�i�n�g� �E�q�u�a�t�i�o�n� �(�3�.�1�4�)� �a�t� �x� �=� �0�,� �n�o�d�e� �1� �o�f� �t�h�e� �b�e�a�m� �e�l�e�m�e�n�t�,� 

�a�n�d� �a�f�t�e�r� �i�n�v�e�r�s�i�o�n�:� 

�{�c�}� �-� �[�R�o�w�y�]�'�{�r�}� �(�3�.�1�5�)� 

�a�n�d� �s�o�l�v�i�n�g� �E�q�u�a�t�i�o�n� �(�3�.�1�4�)� �a�t� �x� �=� �Z�,� �n�o�d�e� �2� �o�f� �t�h�e� �b�e�a�m�,� �a�n�d� �u�p�o�n� �s�u�b�s�t�i�t�u�t�i�o�n� �o�f� 

�E�q�u�a�t�i�o�n� �(�3�.�1�5�)�,� �w�e� �o�b�t�a�i�n�:� 

�t�r�.�  �� �[�a�(�L�o�)�[�R�(�o�0�)�f�'� �|� �(�3�.�1�6�)� 
�1� 

�A�f�t�e�r� �m�a�t�r�i�x� �m�u�l�t�i�p�l�i�c�a�t�i�o�n�,� �E�q�u�a�t�i�o�n� �(�3�.�1�6�)� �i�s� �e�x�p�a�n�d�e�d� �t�o� �g�i�v�e�:� 

�i�h�e� �l�e�e� �e�a�l� �o� �F� �2� �R�y�,� �R�y� �F� �1� 

�W�i�t�h� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �t�e�r�m�s� �a�n�d� �s�o�m�e� �m�a�t�h�e�m�a�t�i�c�a�l� �m�a�n�i�p�u�l�a�t�i�o�n�,� �t�h�e� �f�o�r�c�e� �v�e�c�t�o�r� 

�i�s� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�n� �t�h�e� �f�o�r�m� �{�F� �\� �=� �[�K�}�o�}�,� �w�h�e�r�e� �[�K�]� �i�s� 

�t�h�e� �l�o�c�a�l� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�,� �w�h�i�c�h� �i�s� �t�h�e� �r�e�c�i�p�r�o�c�a�l� �o�f� �t�h�e� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�:



� � � � � � � � 

�a� �m�7� 

�V�,� �w�y� 
�M�i�l� �|� �{�R�e�y� �[�R�n�]� �R�D� �1�?� �(�3�.�1�8�)� 

�F�,� �[�R�o�r� �J�-�[�R�o� �[�R�i�P� �[�R�u�]� �[�R�e� �[�R�o�y� �|�}� 
�V�,� �W�.� 

�M�,� �|� �2� �|� 

�T�h�e� �l�o�c�a�l� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �i�s� �o�b�t�a�i�n�e�d� �a�t� �e�a�c�h� �f�r�e�q�u�e�n�c�y� �a�n�d� �t�h�e�n� �a�s�s�e�m�b�l�e�d� �i�n�t�o� �t�h�e� 

�g�l�o�b�a�l� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�,� �w�h�i�c�h� �i�s� �s�y�m�m�e�t�r�i�c� �a�n�d� �b�a�n�d�e�d�,� �b�u�t� �c�o�m�p�l�e�x�.� �T�h�u�s� �E�q�u�a�t�i�o�n� 

�(�3�.�1�8�)� �i�s� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�[�K� �}�u�}� �=� �f�F� �}� �(�3�.�1�9�)� 

�w�h�e�r�e� �[�K�]� �i�s� �t�h�e� �g�l�o�b�a�l� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�.� �T�h�e� �c�o�m�p�a�t�i�b�i�l�i�t�y� �o�f� �t�h�e� �l�o�c�a�l� �s�t�i�f�f�n�e�s�s� 

�m�a�t�r�i�x� �i�s� �s�a�t�i�s�f�i�e�d� �a�t� �t�h�e� �a�s�s�e�m�b�l�y� �s�t�a�g�e� �b�y� �c�o�n�s�t�r�a�i�n�i�n�g� �t�h�e� �b�e�a�m� �d�i�s�p�l�a�c�e�m�e�n�t�s� �t�o� �m�a�t�c�h� 

�t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�t� �t�h�e� �n�o�d�e�s�.� �A�f�t�e�r� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �t�h�e� �n�o�d�a�l� 

�d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �f�o�u�n�d� �u�s�i�n�g� �L�U� �f�a�c�t�o�r�i�z�a�t�i�o�n� �a�n�d� �b�a�c�k� �s�u�b�s�t�i�t�u�t�i�o�n�.� �T�h�e�n�,� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �a�n�d�,� �t�h�e�r�e�f�o�r�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�t� �a�n�y� �l�o�c�a�t�i�o�n� �a�l�o�n�g� �t�h�e� �b�e�a�m� �i�s� 

�d�e�t�e�r�m�i�n�e�d�.� 

�3�.�3� �J�o�i�n�t� �M�o�d�e�l� 

�3�.�3�.�1� �L�i�n�e�a�r� �j�o�i�n�t� �m�o�d�e�l� 

�T�h�e� �l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �j�o�i�n�t� �i�s� �m�a�d�e� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �s�p�r�i�n�g�-�d�a�s�h� �p�o�t� �s�y�s�t�e�m�s� 

�p�l�a�c�e�d� �a�t� �t�h�e� �m�a�t�t�i�n�g� �s�e�c�t�i�o�n� �a�n�d� �a�c�t�i�n�g� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n�s� �o�f� �t�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �u�s�e�d� �t�o� 

�d�e�s�c�r�i�b�e� �t�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �I�n� �t�h�i�s� �s�y�s�t�e�m�,� �t�h�e� �d�a�s�h� �p�o�t�s� �m�o�d�e�l� �t�h�e� �v�i�s�c�o�u�s� 

�d�a�m�p�i�n�g� �i�n� �t�h�e� �j�o�i�n�t�s�,� �w�h�i�l�e� �t�h�e� �s�p�r�i�n�g�s� �p�r�o�v�i�d�e� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �r�i�g�i�d�i�t�y� �f�o�r� �t�h�e� �c�o�n�n�e�c�t�i�o�n�.� 
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�T�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�2�a� �i�s� �t�h�e�r�e�f�o�r�e� �a�s�s�u�m�e�d� �f�o�r� �c�o�m�p�u�t�e�r� 

�s�i�m�u�l�a�t�i�o�n�.� 

� � 

� � 
�T�E�E�]� 

� � 

�o�s� �S�p�r�i�n�g�-�d�a�s�h� �p�a�t� �s�y�s�t�e�m�s� �i�n� �p�e�r�a�l�l�e�l� �i�n� 
�t�h�e� �t�h�r�e�e� �c�o�o�r�d�i�n�a�t�e� �d�i�r�e�c�t�i�o�n�s� 

�F�i�g�u�r�e� �3�.�2�a� �M�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l� �u�s�e�d� �f�o�r� �t�h�e� �l�i�n�e�a�r� �s�y�s�t�e�m� �o�f� �t�h�e� �b�o�l�t�e�d� �s�e�c�t�i�o�n�.� 
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�F�i�g�u�r�e� �3�.�2�b� �T�h�e� �b�o�l�t�e�d� �b�e�a�m� �i�s� �d�i�v�i�d�e�d� �i�n�t�o� �e�i�g�h�t� �e�l�e�m�e�n�t�s� �a�n�d� �t�h�r�e�e� �D�O�F� �p�e�r� �n�o�d�e�.� 

�T�h�e� �m�a�t�t�i�n�g� �s�e�c�t�i�o�n� �i�s� �d�i�s�c�r�e�t�i�z�e�d� �i�n�t�o� �t�h�r�e�e� �e�l�e�m�e�n�t�s� �p�e�r� �b�e�a�m�,� �e�x�t�e�n�d�i�n�g� �f�r�o�m� 

�d�i�s�c�o�n�t�i�n�u�i�t�y� �t�o� �d�i�s�c�o�n�t�i�n�u�i�t�y�.� �T�h�e� �n�o�d�e�s� �t�h�a�t� �c�o�i�n�c�i�d�e� �b�e�t�w�e�e�n� �t�h�e� �u�p�p�e�r� �a�n�d� �l�o�w�e�r� �b�e�a�m� 

�e�l�e�m�e�n�t�s� �(�s�e�e� �F�i�g�u�r�e� �3�.�2�b�)� �a�r�e� �a�p�p�r�o�p�r�i�a�t�e�l�y� �a�s�s�e�m�b�l�e�d� �t�h�r�o�u�g�h� �a� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x�,� 

�L�,� �c�o�n�t�a�i�n�i�n�g� �1�'�s� �o�r� �0�'�s� �t�o� �e�f�f�e�c�t�i�v�e�l�y� �r�e�l�a�t�e� �t�h�e� �v�e�c�t�o�r�,� �v�,�,� �t�h�a�t� �c�o�n�t�a�i�n�s� �a�l�l� �t�h�e� 

�d�i�s�p�l�a�c�e�m�e�n�t�s�,� �w�i�t�h� �t�h�e� �v�e�c�t�o�r�,� �v�,� �w�h�i�c�h� �c�o�n�t�a�i�n�s� �o�n�l�y� �t�h�e� �o�p�e�r�a�t�i�n�g� �c�o�o�r�d�i�n�a�t�e�s�.� �T�h�i�s� 

�r�e�l�a�t�i�o�n� �i�s� �a�s� �f�o�l�l�o�w�s�:� 

�v�,� �=�L�v� �(�3�.�2�0�)� 

�T�h�e� �g�l�o�b�a�l� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �o�b�t�a�i�n�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�3�.�1�9�)� �i�s� �a�c�c�o�r�d�i�n�g�l�y� 

�t�r�a�n�s�f�o�r�m�e�d� �a�s�:� 
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�[�K�]�=� �2�7�[�K�]�z� �(�3�.�2�1�)� 

�I�n� �t�h�e� �m�a�t�t�i�n�g� �s�e�c�t�i�o�n�,� �t�h�e� �b�o�l�t�s� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �l�u�m�p�e�d� �m�a�s�s�e�s� �a�n�d� �s�p�r�i�n�g�-� 

�d�a�s�h� �p�o�t� �s�y�s�t�e�m�s� �a�t� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �l�o�c�a�t�i�o�n�s�,� �w�h�i�l�e� �t�h�e� �o�u�t�e�r� �n�o�d�e�s� �a�r�e� �s�i�m�u�l�a�t�e�d� �w�i�t�h� 

�s�p�r�i�n�g�-�d�a�s�h� �p�o�t� �s�y�s�t�e�m�s� �h�a�v�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �v�a�l�u�e�s� �l�o�w�e�r� �t�h�a�n� �t�h�e� �o�n�e�s� �u�s�e�d� �f�o�r� �t�h�e� �b�o�l�t�s�,� 

�b�u�t� �a�l�l�o�w�i�n�g� �f�o�r� �s�u�f�f�i�c�i�e�n�t� �c�o�n�n�e�c�t�i�v�i�t�y� �o�f� �t�h�e� �s�e�c�t�i�o�n� �a�n�d� �d�i�s�s�i�p�a�t�i�o�n� �o�f� �e�n�e�r�g�y�.� �T�h�e�s�e� 

�a�d�d�e�d� �m�a�s�s�e�s� �a�n�d� �t�h�e� �f�o�r�c�e�s� �a�t� �t�h�e� �j�o�i�n�t�s�,� �p�r�o�d�u�c�e�d� �b�y� �t�h�e� �s�p�r�i�n�g�s� �a�n�d� �d�a�s�h� �p�o�t�s�,� �i�m�p�o�s�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� �n�o�d�a�l� �f�o�r�c�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e�i�r� �l�o�c�a�t�i�o�n�:� 

�F�-� �-�(�K�a�,� �+� �1�0�M� �5�1�  �� �m�,�,�0 ��)� 

�V� �=� �-�(�K�,�,� �+� �i�o�n� �g�,�  �� �m�,�,�0 ��)� �(�3�.�2�2�)� 
�M� �=� �~�(�K�e�s� �+� �1�0�M� �5�3�  �� �m�y�3�0�)� 

�w�h�e�r�e� �K�,� �i�s� �t�h�e� �l�i�n�e�a�r� �s�p�r�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�,� �n�,� �i�s� �t�h�e� �d�a�s�h� �p�o�t� �c�o�e�f�f�i�c�i�e�n�t�,� �a�n�d� �m�,� �i�s� �t�h�e� 

�m�a�s�s� �o�f� �t�h�e� �b�o�l�t� �(�m�a�s�s� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �f�o�r� �s�u�b�s�c�r�i�p�t� �3�)�.� �T�h�e� �n�u�m�b�e�r�i�n�g� �s�u�b�s�c�r�i�p�t�s� 

�c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �d�i�r�e�c�t�i�o�n�s� �i�n� �w�h�i�c�h� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �o�p�e�r�a�t�e� �(�s�e�e� �F�i�g�u�r�e� 

�3�.�2�b�)�.� �T�h�e� �f�o�r�c�e�s� �i�n� �E�q�u�a�t�i�o�n� �(�3�.�2�2�)� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �b�y� 

�b�a�l�a�n�c�i�n�g� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �n�o�d�a�l� �l�o�c�a�t�i�o�n�s�.� 

�T�h�e� �a�s�s�o�c�i�a�t�e�d� �d�e�r�i�v�e�d� �c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �t�h�e� �s�p�r�i�n�g�-�d�a�s�h� �p�o�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� 

�u�s�e� �o�f� �c�o�m�p�u�t�e�r� �s�i�m�u�l�a�t�i�o�n� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �i�d�e�n�t�i�f�i�c�a�t�i�o�n�.� �T�h�e� �a�p�p�r�o�a�c�h� �t�a�k�e�n� �i�n� �t�h�i�s� 

�s�t�u�d�y� �a�s�s�u�m�e�s� �i�n�i�t�i�a�l� �v�a�l�u�e�s� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �a�l�r�e�a�d�y� �o�b�t�a�i�n�e�d� �b�y� �Y�o�s�h�i�m�u�r�a� �[�1�1�3�,�1�1�4�]�,� 

�t�h�e�n� �i�d�e�n�t�i�f�i�e�s� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �t�h�e� �s�p�r�i�n�g�s� �a�n�d� �d�a�s�h� �p�o�t�s� �w�i�t�h� �a� 

�m�a�t�h�e�m�a�t�i�c�a�l� �s�i�m�u�l�a�t�i�o�n� �t�o� �s�e�a�r�c�h� �f�o�r� �t�h�e� �o�p�t�i�m�u�m� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �s�u�c�h� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s�.� 

�T�h�e� �s�p�r�i�n�g� �a�n�d� �d�a�s�h� �p�o�t� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �s�e�a�r�c�h�e�d� �u�n�t�i�l� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �o�b�t�a�i�n�e�d� �r�e�s�o�n�a�n�t� 

�f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �i�n� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �m�e�a�s�u�r�e�d� �v�a�l�u�e�s�,� �f�o�r� �a� �c�e�r�t�a�i�n� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� 

�a�n�d� �a� �p�r�e�s�e�t� �c�o�n�v�e�r�g�e�n�c�e� �c�r�i�t�e�r�i�a�.� 
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�3�.�3�.�2� �N�o�n�l�i�n�e�a�r� �J�o�i�n�t� �M�o�d�e�l� 

�A�s� �a�l�r�e�a�d�y� �m�e�n�t�i�o�n�e�d�,� �t�h�e� �d�y�n�a�m�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �b�o�l�t�e�d� �j�o�i�n�t�s� �a�r�e� �n�o�n�l�i�n�e�a�r� 

�a�n�d� �d�e�p�e�n�d� �o�n� �p�r�e�l�o�a�d�i�n�g�,� �e�x�t�e�r�n�a�l� �l�o�a�d�s�,� �m�a�t�t�i�n�g� �s�u�r�f�a�c�e�s� �a�n�d� �o�t�h�e�r� �c�o�n�d�i�t�i�o�n�s�.� �I�n� �t�h�i�s� 

�s�t�u�d�y� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e�s�e� �n�o�n�l�i�n�e�a�r� �n�o�n�c�o�n�s�e�r�v�a�t�i�v�e� �s�y�s�t�e�m�s� �a�c�c�o�u�n�t� �f�o�r� �a�l�l� �t�h�e� 

�n�o�n�l�i�n�e�a�r�i�t�i�e�s� �i�n� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �w�i�l�l� �c�o�n�s�i�s�t� 

�o�n� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�t� �t�h�e� �j�o�i�n�t� �w�i�t�h� �d�i�s�c�r�e�t�e� �p�i�e�c�e�-�w�i�s�e� �l�o�c�a�l� 

�n�o�n�l�i�n�e�a�r�i�t�i�e�s�.� �T�h�e� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �w�i�l�l� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �w�i�t�h� �t�h�e� �c�o�n�c�e�p�t� �o�f� �d�e�s�c�r�i�b�i�n�g� 

�f�u�n�c�t�i�o�n�;� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �n�o�n�l�i�n�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t�s�,� �b�u�t� �s�i�m�p�l�i�f�y�i�n�g� �t�h�e� 

�t�r�e�a�t�m�e�n�t� �o�f� �t�h�e� �p�i�e�c�e�-�w�i�s�e� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �r�e�p�r�e�s�e�n�t�i�n�g� �i�t�s� �d�y�n�a�m�i�c�s�.� 

�T�h�e� �m�o�s�t� �w�i�d�e�l�y� �u�s�e�d� �m�e�t�h�o�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �n�o�n�l�i�n�e�a�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �a� 

�v�i�b�r�a�t�i�o�n�a�l� �s�t�r�u�c�t�u�r�e� �i�s� �t�h�e� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �[�1�1�5�]�.� 

�H�o�w�e�v�e�r�,� �t�h�e� �s�t�e�p� �o�f� �i�n�t�e�g�r�a�t�i�o�n� �m�u�s�t� �b�e� �v�e�r�y� �s�m�a�l�l� �i�n� �o�r�d�e�r� �t�o� �a�t�t�a�i�n� �a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s�,� 

�t�h�e�r�e�f�o�r�e� �m�a�k�i�n�g� �t�h�i�s� �m�e�t�h�o�d� �v�e�r�y� �s�l�o�w� �f�o�r� �s�t�e�a�d�y� �s�t�a�t�e� �r�e�s�p�o�n�s�e� �a�n�a�l�y�s�i�s�.� �F�o�r� �s�t�r�u�c�t�u�r�e�s� 

�u�n�d�e�r� �e�x�t�e�r�n�a�l� �p�e�r�i�o�d�i�c� �f�o�r�c�i�n�g� �f�u�n�c�t�i�o�n�s�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �m�e�t�h�o�d�s� �a�r�e� �m�o�r�e� �s�u�i�t�a�b�l�e� 

�f�o�r� �s�t�e�a�d�y� �s�t�a�t�e� �r�e�s�p�o�n�s�e�.� �O�n�e� �o�f� �t�h�e�s�e� �m�e�t�h�o�d�s� �i�s� �t�h�e� �d�e�s�c�r�i�b�i�n�g� �f�u�n�c�t�i�o�n� �t�e�c�h�n�i�q�u�e� �[�1�1�6�]�,� 

�w�h�i�c�h� �w�i�l�l� �b�e� �u�s�e�d� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �l�o�c�a�l� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �o�f� �t�h�e� �j�o�i�n�t� �b�y� �q�u�a�s�i�-�l�i�n�e�a�r�i�z�a�t�i�n�g� �t�h�e� 

�e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�.� �H�e�r�e�a�f�t�e�r�,� �a� �b�r�i�e�f� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�i�s� �t�e�c�h�n�i�q�u�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �b�o�l�t�e�d� 

�b�e�a�m� �u�n�d�e�r� �s�t�u�d�y� �w�i�l�l� �f�o�l�l�o�w�.� 

�T�h�e� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �n�o�n�l�i�n�e�a�r� �b�o�l�t�e�d� �s�t�r�u�c�t�u�r�e� �v�i�b�r�a�t�i�n�g� �d�u�e� �t�o� �a� 

�h�a�r�m�o�n�i�c� �f�o�r�c�i�n�g� �f�u�n�c�t�i�o�n� �i�s� �g�i�v�e�n� �b�y�:� 

�[�K�}�o�}�+� �F�u�}� �=�}� �(�3�.�2�3�)� 

�2�9



�w�h�e�r�e� �{�F�u� �}� �i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �n�o�n�l�i�n�e�a�r� �i�n�t�e�r�n�a�l� �f�o�r�c�e�s� �c�o�n�c�e�n�t�r�a�t�e�d� �a�t� �t�h�e� �j�o�i�n�t�;� �a�n�d� �t�h�e� 

�r�e�s�t� �o�f� �t�h�e� �t�e�r�m�s� �h�a�v�e� �b�e�e�n� �i�n�t�r�o�d�u�c�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�3�.�1�9�)�.� �B�e�c�a�u�s�e� �t�h�e� �s�t�r�u�c�t�u�r�e� �v�i�b�r�a�t�e�s� 

�p�e�r�i�o�d�i�c�a�l�l�y� �d�u�e� �t�o� �t�h�e� �f�o�r�c�i�n�g� �f�u�n�c�t�i�o�n�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �c�a�n� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �F�o�u�r�i�e�r� 

�s�e�r�i�e�s� �a�s�:� 

�U�=� �d�C�,� �c�o�s�r�w�f� �+�b� �s�i�n� �r�o�t�)� �(�3�.�2�4�)� 

�S�i�n�c�e� �t�h�e� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �o�f� �t�h�e� �j�o�i�n�t� �a�r�e� �s�y�m�m�e�t�r�i�c�a�l� �a�n�d� �s�u�p�e�r�h�a�r�m�o�n�i�c� �t�e�r�m�s� �a�r�e� �m�u�c�h� 

�s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� �t�e�r�m�,� �i�t� �i�s� �s�a�f�e� �t�o� �n�e�g�l�e�c�t� �h�i�g�h�e�r� �h�a�r�m�o�n�i�c�s�,� �a�n�d� �t�h�e�r�e�f�o�r�e� 

�c�o�n�s�i�d�e�r� �o�n�l�y� �t�h�e� �f�i�r�s�t� �t�e�r�m� �o�f� �t�h�e� �F�o�u�r�i�e�r� �e�x�p�a�n�s�i�o�n�,� �w�h�e�n� �r� �=� �1�.� �S�i�m�i�l�a�r�l�y�,� �t�h�e� �s�y�m�m�e�t�r�i�c� 

�i�n�t�e�r�n�a�l� �n�o�n�l�i�n�e�a�r� �f�o�r�c�e�s� �a�c�t�i�n�g� �a�t� �t�h�e� �j�o�i�n�t� �u�n�d�e�r�g�o� �h�a�r�m�o�n�i�c� �m�o�t�i�o�n�,� �a�n�d� �a�r�e� �e�x�p�r�e�s�s�e�d� 

�a�s�:� 

�F�y�,� �=� �a�c�o�s�w�t� �+� �b�s�i�n�w�t� �=� �K�,�0�+�.�,�0� �(�3�.�2�5�)� 

�D�i�s�p�l�a�c�e�m�e�n�t� �w�i�t�h� �a� �b�a�r� �i�n�d�i�c�a�t�e�s� �f�i�r�s�t� �h�a�r�m�o�n�i�c� �a�p�p�r�o�x�i�m�a�t�i�o�n� �a�s� �i�n� �E�q�u�a�t�i�o�n� �(�3�.�2�8�)�.� 

�I�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t� �l�e�a�d�s� �t�o� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �s�p�r�i�n�g� 

�c�o�e�f�f�i�c�i�e�n�t�:� 

�K�,�-�£�-�2�"�t�y� �t�d�t� �(�3�.�2�6�)� �=� �=� �C�O�S�W� �°� �a�"� �a�o� �Y�u� 

�a�n�d� �t�o� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�:� 

�b� �}� �v�e� �i�n�w�é�i�d�t� �(�3�.�2�7�)� �=�=� �*� �-�  � �� �S�I�n�d�w� �.� �.� 
 ��l�e�g� �w�T� �n�u� �f� �M�e� 

�3�0



�T�h�e� �s�p�r�i�n�g� �a�n�d� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �d�e�p�e�n�d� �o�n� �t�h�e� �a�m�p�l�i�t�u�d�e� �a�n�d� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �r�e�l�a�t�i�v�e� 

�i�n�t�e�r�f�a�c�e� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �o�n� �t�h�e� �n�o�n�l�i�n�e�a�r�i�t�y� �o�f� �t�h�e� �j�o�i�n�t� �m�o�d�e�l�.� �T�h�e� �r�e�l�a�t�i�v�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� 

�a�t� �t�h�e� �m�a�t�t�i�n�g� �s�e�c�t�i�o�n� �a�r�e� �a�l�s�o� �a�p�p�r�o�x�i�m�a�t�e�d� �w�i�t�h� �t�h�e� �f�i�r�s�t� �h�a�r�m�o�n�i�c� �o�f� �F�o�u�r�i�e�r� �s�e�r�i�e�s� 

�e�x�p�a�n�s�i�o�n�,� �t�h�a�t� �i�s�:� 

�D�v� �=� �Z�c�o�s�w�t� �+�b� �s�i�n�w�t� �(�3�.�2�8�)� 

�B�y� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �a�s�s�u�m�e�d� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �v�e�c�t�o�r� �i�n�t�o� �E�q�u�a�t�i�o�n� �(�3�.�2�3�)�,� �t�h�e� �s�y�s�t�e�m� �o�f� 

�e�q�u�a�t�i�o�n�s� �i�s� �s�o�l�v�e�d� �f�o�r� �d�i�f�f�e�r�e�n�t� �k�i�n�d�s� �o�f� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �o�n�c�e� �t�h�e�i�r� �d�e�s�c�r�i�b�i�n�g� �e�q�u�i�v�a�l�e�n�t� 

�s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �f�o�u�n�d�.� �N�o�t�e� �t�h�a�t� �t�o� �s�i�m�p�l�i�f�y� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �E�q�u�a�t�i�o�n� 

�(�3�.�2�3�)�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �v�e�c�t�o�r� �c�a�n� �a�l�s�o� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �a�n� �e�x�p�o�n�e�n�t�i�a�l� �f�o�r�m� �a�n�d� �t�h�e� 

�s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �c�a�n� �b�e� �s�o�l�v�e�d� �u�s�i�n�g� �c�o�m�p�l�e�x� �a�r�i�t�h�m�e�t�i�c� �a�c�c�o�r�d�i�n�g�l�y�.� 

� � 

�F�N�L� 
�K�e�r� 

�~ ��a�L� 

� � 

�K�e�s� �u� 

� � � � � � � � 

�F�i�g�u�r�e� �3�.�3�a�.� �C�l�e�a�r�a�n�c�e� �f�i�t� �n�o�n�l�i�n�e�a�r�i�t�y�.� �A�p�p�r�o�x�i�m�a�t�i�o�n� �w�i�t�h� �c�u�b�i�c� �s�t�i�f�f�n�e�s�s� �n�o�n�l�i�n�e�a�r�i�t�y�.� 

�3�1



� � 

�F�n� 

�t�r� 

� � 

�-�f�r� � � � � � � � � 
�F�i�g�u�r�e� �3�.�3�b�.� �C�o�u�l�o�m�b� �d�a�m�p�i�n�g� �(�V� �i�s� �t�h�e� �r�e�l�a�t�i�v�e� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �m�a�t�t�i�n�g� �n�o�d�e�s� �a�t� 

�t�h�e� �b�o�l�t�e�d� �c�o�n�n�e�c�t�i�o�n�)�.� 

�W�i�t�h�i�n� �a� �b�o�l�t�e�d� �j�o�i�n�t�,� �b�o�l�t�s� �m�a�y� �b�e� �s�u�b�j�e�c�t�e�d� �t�o� �t�h�e� �b�y�p�a�s�s� �l�o�a�d�s� �o�n� �t�h�e� �h�o�l�e�.� �T�h�i�s� 

�e�f�f�e�c�t� �b�e�c�o�m�e�s� �s�i�g�n�i�f�i�c�a�n�t� �w�h�e�n� �b�o�l�t�-�h�o�l�e� �c�l�e�a�r�a�n�c�e� �i�s� �m�e�a�s�u�r�a�b�l�e�.� �E�v�e�n� �t�h�o�u�g�h� �t�h�e� �e�f�f�e�c�t�s� 

�o�f� �c�l�e�a�r�a�n�c�e� �f�i�t� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �a�r�e� �v�e�r�y� �s�m�a�l�l�,� �t�h�e�y� �w�i�l�l� �b�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �m�o�d�e�l� �s�i�n�c�e� �t�h�e� 

�p�r�e�s�e�n�c�e� �o�f� �c�l�e�a�r�a�n�c�e� �l�e�a�d�s� �t�o� �a� �r�e�g�i�o�n� �a�r�o�u�n�d� �t�h�e� �b�o�l�t� �h�o�l�e� �s�e�c�t�i�o�n� �t�h�a�t� �b�e�h�a�v�e�s� 

�n�o�n�l�i�n�e�a�r�l�y� �a�n�d� �i�n�f�l�u�e�n�c�e�s� �t�h�e� �s�t�r�e�s�s�e�s� �i�n� �t�h�e� �h�o�l�e� �a�n�d� �t�h�e�r�e�b�y�,� �t�h�e� �d�y�n�a�m�i�c� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� 

�s�y�s�t�e�m�.� �T�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �j�o�i�n�t� �a�t� �t�h�e� �b�o�l�t� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�4�.� 

�T�h�e� �s�t�i�f�f�n�e�s�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �j�o�i�n�t�s� �h�a�v�i�n�g� �c�l�e�a�r�a�n�c�e� �f�i�t� �n�o�n�l�i�n�e�a�r�i�t�y� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� 

�3�.�3�a�,� �w�h�e�r�e� �£� �i�s� �t�h�e� �s�m�a�l�l� �b�o�l�t� �h�o�l�e� �g�a�p�.� �T�h�e� �p�i�e�c�e�-�w�i�s�e� �l�i�n�e�a�r� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� 

�n�o�n�l�i�n�e�a�r� �f�o�r�c�e� �i�s� �g�i�v�e�n� �b�y�:� 

�K�y�,�(�0�-�£�L�)� �U�V�e�L� 
�F�i� �=� �4� �(�0� �f�p�]� �<�2� �(�3�.�2�9�)� 

�K�e�y�(�U�+�L�)� �U�s�-�L� 

�S�i�n�c�e� �t�h�e� �c�l�e�a�r�a�n�c�e� �i�s� �v�e�r�y� �s�m�a�l�l�,� �t�h�e� �n�o�n�l�i�n�e�a�r� �e�f�f�e�c�t� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�3�a� �i�s� 

�a�p�p�r�o�x�i�m�a�t�e�d� �w�i�t�h� �a� �c�u�b�i�c� �s�t�i�f�f�n�e�s�s� �f�i�t� �i�n� �o�r�d�e�r� �t�o� �s�i�m�p�l�i�f�y� �t�h�e� �r�e�a�l� �p�i�e�c�e�-�w�i�s�e� �b�e�h�a�v�i�o�r� �o�f� 

�t�h�e� �c�l�e�a�r�a�n�c�e� �n�o�n�l�i�n�e�a�r�i�t�y� �w�i�t�h�o�u�t� �l�o�s�s� �o�f� �a�c�c�u�r�a�c�y� �i�n� �t�h�e� �m�o�d�e�l�.� �T�h�e� �f�o�r�c�e� �g�e�n�e�r�a�t�e�d� �b�y� �a� 

�c�u�b�i�c� �s�p�r�i�n�g� �j�o�i�n�t� �i�s� �g�i�v�e�n� �b�y�:� 

�3�2



�F�o�u�.� !"� �K�e�s �� �(�3�.�3�0�)� 

�T�h�u�s�,� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �d�e�s�c�r�i�b�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �f�o�r� �t�h�i�s� �i�n�t�e�r�n�a�l� �n�o�n�l�i�n�e�a�r� �f�o�r�c�e� �h�a�s� �a� �m�u�c�h� 

�s�i�m�p�l�e�r� �e�x�p�r�e�s�s�i�o�n� �t�h�a�n� �t�h�a�t� �o�f� �E�q�u�a�t�i�o�n� �(�3�.�2�9�)� �[�1�1�4�]�,� �a�n�d� �i�t� �i�s� �g�i�v�e�n� �b�y�:� 

�3� 
�4� 

�N�e� �=� �9� 

�K�,�,� �=�  ��K�,�,�U �� �(�3�.�3�1�)� 

�T�h�e� �n�o�d�e�s� �i�n� �c�o�n�t�a�c�t� �a�t� �t�h�e� �m�a�t�t�i�n�g� �s�e�c�t�i�o�n� �a�r�e� �m�o�d�e�l�e�d� �w�i�t�h� �C�o�u�l�o�m�b� �d�a�m�p�i�n�g�,� 

�w�h�i�c�h� �a�p�p�r�o�x�i�m�a�t�e�s� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �d�r�y� �f�r�i�c�t�i�o�n� �o�c�c�u�r�r�i�n�g� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e�.� �T�h�e� 

�s�y�m�m�e�t�r�i�c�a�l� �n�o�n�l�i�n�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �s�u�c�h� �a� �m�o�d�e�l� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�3�b�,� �a�n�d� �t�h�e� �i�n�t�e�r�n�a�l� 

�n�o�n�l�i�n�e�a�r� �f�o�r�c�e� �i�s� �g�i�v�e�n� �b�y�:� 

�F�u�,� �=� �f�r�S�g�n�(�v�)� �(�3�.�3�2�)� 

�w�h�e�r�e� �S�g�n� �i�s� �t�h�e� �a�l�g�e�b�r�a�i�c� �s�i�g�n� �a�n�d� �f�,� �i�s� �t�h�e� �f�o�r�c�e� �o�f� �f�r�i�c�t�i�o�n� �d�e�f�i�n�e�d� �a�s� �t�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t� �o�f� �f�r�i�c�t�i�o�n�,� �4�,� �a�n�d� �t�h�e� �n�o�r�m�a�l� �c�l�a�m�p�i�n�g� �f�o�r�c�e� �o�f� �t�h�e� �i�n�t�e�r�f�a�c�e�,� �f�,�,�,� �w�h�i�c�h� �i�s� 

�d�i�r�e�c�t�l�y� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �p�a�r�a�b�o�l�i�c�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �b�o�l�t� �p�r�e�s�s�u�r�e� �o�v�e�r� �t�h�e� �i�n�t�e�r�f�a�c�e� �a�r�e�a�.� 

�T�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� �j�o�i�n�t� �a�t� �t�h�e� �m�a�t�t�i�n�g� �s�e�c�t�i�o�n� �i�s� �a�l�s�o� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �3�.�4�.� �F�o�l�l�o�w�i�n�g� �t�h�e� �d�e�s�c�r�i�b�i�n�g� �f�u�n�c�t�i�o�n� �f�o�r�m�u�l�a�t�i�o�n�,� �e�q�u�i�v�a�l�e�n�t� �q�u�a�s�i�-�l�i�n�e�a�r�i�z�a�t�i�o�n� �o�f� 

�E�q�u�a�t�i�o�n� �(�3�.�3�2�)�,� �l�e�a�d�s� �t�o� �a�n� �e�q�u�a�t�i�o�n� �h�a�v�i�n�g� �t�h�e� �f�o�r�m� �o�f� �E�q�u�a�t�i�o�n� �(�3�.�2�5�)�,� �w�h�e�r�e� �t�h�e� 

�s�t�i�f�f�n�e�s�s� �a�n�d� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �g�i�v�e�n� �b�y�:� 

�K�.�,� �=� �K�,� 

�N�e�g� !"� �c�o�n�t�r� 
� � 
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�O�n�c�e� �t�h�e� �i�n�t�e�r�n�a�l� �p�i�e�-�w�i�s�e� �n�o�n�l�i�n�e�a�r� �f�o�r�c�e�s� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�d� �w�i�t�h� �d�e�s�c�r�i�b�i�n�g� 

�f�u�n�c�t�i�o�n�s�,� �t�h�e�y� �a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n� �E�q�u�a�t�i�o�n� �(�3�.�2�3�)�,� �t�o� �g�i�v�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n�:� 

�[�[�K�]�+� �r�o�,� �i�o�}� �-� �$�}� �(�3�.�3�4�)� 

�w�h�e�r�e� �[�F�o�r� �|� �c�o�n�t�a�i�n�s� �t�h�e� �d�e�s�c�r�i�b�i�n�g� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �i�n�t�e�r�n�a�l� �f�o�r�c�e�s� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� 

�e�l�e�m�e�n�t�s� �a�t� �t�h�e� �j�o�i�n�t�,� �w�h�i�c�h� �a�r�e� �p�l�a�c�e�d� �i�n� �m�a�t�r�i�x� �f�o�r�m� �a�n�d� �a�r�r�a�n�g�e�d� �i�n� �a�c�c�o�r�d�a�n�c�e� �t�o� �t�h�e� 

�r�e�l�a�t�i�v�e� �d�i�s�p�l�a�c�e�m�e�n�t� �l�o�c�a�t�i�o�n� �a�t� �w�h�i�c�h� �t�h�e�y� �a�c�t�.� �E�q�u�a�t�i�o�n� �(�3�.�3�4�)� �i�s� �s�o�l�v�e�d� �a�t� �e�a�c�h� 

�f�r�e�q�u�e�n�c�y� �b�y� �a�p�p�r�o�x�i�m�a�t�i�n�g� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �b�y� �t�h�e� �f�i�r�s�t� �h�a�r�m�o�n�i�c�.� �T�h�e� �s�y�s�t�e�m� �o�f� 

�e�q�u�a�t�i�o�n�s� �g�i�v�e�n� �b�y� �E�q�u�a�t�i�o�n� �(�3�.�3�4�)� �a�r�e� �t�h�e�n� �e�v�a�l�u�a�t�e�d� �u�s�i�n�g� �a� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� �i�t�e�r�a�t�i�o�n� 

�p�r�o�c�e�d�u�r�e� �t�o� �s�o�l�v�e� �f�o�r� �t�h�e� �n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s�.� �A� �f�i�r�s�t� �g�u�e�s�s� �i�s� �a�s�s�u�m�e�d� �b�y� �s�o�l�v�i�n�g� �t�h�e� 

�s�y�s�t�e�m� �w�h�e�n� �i�t� �i�s� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �i�d�e�a�l�l�y� �n�o�t� �i�n�f�l�u�e�n�c�e�d� �b�y� �t�h�e� �n�o�n�l�i�n�e�a�r� �e�l�e�m�e�n�t�s� �u�s�e�d� �t�o� 

�d�e�s�c�r�i�b�e� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t�.� �W�i�t�h� �t�h�e� �u�s�e� �o�f� �a� �r�e�l�a�x�a�t�i�o�n� �c�r�i�t�e�r�i�a� �t�o� �a�i�d� 

�c�o�n�v�e�r�g�e�n�c�e�,� �t�h�e� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �y�i�e�l�d� �t�h�e� �n�o�d�a�l� �s�o�l�u�t�i�o�n� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y�.� 

�T�h�e� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �t�o� �m�o�d�e�l� �t�h�e� �n�o�n�l�i�n�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �b�o�l�t�e�d� 

�j�o�i�n�t�,� �p�r�e�s�e�n�t� �a�n� �i�n�n�o�v�a�t�i�v�e� �a�n�d� �s�i�m�p�l�e� �a�l�t�e�r�n�a�t�i�v�e� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �c�o�m�p�l�i�c�a�t�e�d� �d�y�n�a�m�i�c�s� 

�o�f� �t�h�e� �c�o�n�n�e�c�t�i�o�n�.� 

� � 

� � �i� 
 ��= �� �(�C�l�e�a�r�a�n�c�e� �f�i�t� �i�n� �b�o�l�t�-�h�o�l�e� 

� � 

 � ��\�. �� �C�o�u�l�o�m�b� �f�r�i�c�t�i�o�n� �i�n� �m�a�t�t�i�n�g� �s�e�c�t�i�o�n� 

�F�i�g�u�r�e� �3�.�4�.� �M�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �n�o�n�l�i�n�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �b�o�l�t�e�d� 
�s�e�c�t�i�o�n�.� 
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�3�.�4� �E�n�e�r�g�y� �D�i�s�s�i�p�a�t�i�o�n� �T�h�r�o�u�g�h� �t�h�e� �B�o�l�t�e�d� �J�o�i�n�t�s�:� �P�o�w�e�r� �F�l�u�x� 

�C�o�n�s�i�d�e�r�a�t�i�o�n�s� 

�T�o� �i�n�t�e�r�p�r�e�t� �t�h�e� �e�n�e�r�g�y� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� 

�d�e�f�i�n�e� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �a�n�d� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s�,� �w�h�i�c�h� �a�r�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �a�m�o�u�n�t� 

�o�f� �e�n�e�r�g�y� �t�h�a�t� �h�a�s� �b�e�e�n� �t�r�a�n�s�m�i�t�t�e�d� �a�n�d� �r�e�f�l�e�c�t�e�d� �a�f�t�e�r� �t�h�e� �i�n�c�i�d�e�n�t� �w�a�v�e� �e�n�c�o�u�n�t�e�r�s� �t�h�e� 

�b�o�l�t�e�d� �j�o�i�n�t�.� �T�h�e�s�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �p�o�w�e�r� �f�l�u�x�,� �w�h�i�c�h� �c�a�n� �b�e� �d�e�r�i�v�e�d� 

�f�r�o�m� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y�.� �T�h�e�r�e�f�o�r�e�,� �a� �d�e�r�i�v�a�t�i�o�n� �o�f� �E�q�u�a�t�i�o�n� �(�3�.�2�)� �i�s� �n�e�c�e�s�s�a�r�y� 

�t�o� �o�b�t�a�i�n� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �p�o�w�e�r� �f�l�u�x�,� �a�n�d� �i�t� �w�i�l�l� �b�e� �b�r�i�e�f�l�y� �p�r�e�s�e�n�t�e�d� �h�e�r�e�.� �A�s�s�u�m�i�n�g� 

�t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �c�o�m�p�o�n�e�n�t�s� �f�o�r� �a� �b�e�a�m� �a�s�:� 

�U�,� �=�  ��Z�9�(�X�,�t�)� 

�U�,�=�0� �(�3�.�3�5�)� 

�U�,� �=� �w�(�x�,�t�)� 

�T�h�e� �s�t�r�a�i�n� �f�i�e�l�d� �c�a�n� �t�h�e�n� �b�e� �d�e�r�i�v�e�d� �a�s�:� 

�f�  ¬�,� �=�~�Z�7�p�,�  ¬�,�,� �=�0�,�e�,� �=�0� 
�3�.�3�6� 

�c�e�,� �=�(�w ��-�6�)�,� �e�,�,� �7�0�,�  ¬�,�,�=�0� �(�3�.�3�)� 

�F�r�o�m� �H�o�o�k�e�'�s� �l�a�w�,� �t�h�e� �s�t�r�a�i�n�-�s�t�r�e�s�s� �r�e�l�a�t�i�o�n� �i�s� �g�i�v�e�n� �b�y�:� 

�E�e� �=�O�,� �-�v�(�O�,� �+�0� �«�F�n� �-�M�8�y� �#�9�.�)� �6�.�3�7� 
�G�e�_�=�0� 

�a�z� 

�a�n�d� �t�h�e� �s�t�r�e�s�s� �f�i�e�l�d� �c�a�n� �t�h�e�n� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m�:� 
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�O�o�.� �~�E�z�°�%� 
�o�x� 

�o�o� �(�3�.�3�8�)� 

�F�o�r� �a�n� �e�l�a�s�t�i�c� �i�s�o�t�r�o�p�i�c� �c�o�n�t�i�n�u�u�m� �a�n�d� �c�o�n�s�i�d�e�r�i�n�g� �s�m�a�l�l� �m�o�t�i�o�n�s�,� �t�h�e� �k�i�n�e�t�i�c� �a�n�d� �p�o�t�e�n�t�i�a�l� 

�e�n�e�r�g�y� �a�r�e�:� 

�1�/� �t�y� �t�a�t� �T� �=� �a�f� �S�e�l�:� �+�U�?� �+�U�?� �\�i�x�d�A� 
�i� 

�P�=� �d�A� �-� �s�f�f�c�=�?�-� �+�O� �, ¬�,� �+�0� �8�,� �+�0�,�£�,� �+�0�8�,� �+�6� �, ¬� �,� �E�e� 
�O�A� 

�(�3�.�3�9�)� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �S�u�b�s�t�i�t�u�t�i�n�g� �E�q�u�a�t�i�o�n�s� �(�3�.�3�5�)�,� �(�3�.�3�6�)�,� �a�n�d� �(�3�.�3�8�)� �i�n�t�o� �E�q�u�a�t�i�o�n� �(�3�.�3�9�)�,� �t�h�e� 

�k�i�n�e�t�i�c� �a�n�d� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �c�a�n� �b�e� �d�e�f�i�n�e�d� �a�s�:� 

�I� 

�T�=� �a�h�f�o�e�e� �+� �W�?� �\�i�e�d�A� 

�(�3�.�4�0�)� 

�1� �F�r�o� �2�4�!� �+�0�,�,�(�w�'� �-�4�)�)�d�e�d�A� �P�= ��{�[�{�(�-�0�2�9�'�+�0�_�(�w ��-� �a�f� 

�D�e�f�i�n�e� �t�h�e� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �a�n�d� �t�h�e� �c�r�o�s�s� �s�e�c�t�i�o�n�a�l� �a�r�e�a� �a�s�:� 

�I� �=� �(�z�7�d�A� �J� 
�(�3�.�4�1�)� 

�A�=�{�d�A� �J� 

�A�l�s�o� �t�h�e� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�n�d� �t�h�e� �s�h�e�a�r� �a�r�e� �d�e�f�i�n�e�d� �a�s�:� 
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�M� �=�-�f�o�,�,�2�d�A� 
�A� �(�3�.�4�2�)� 

�V�=�f�[�o�_�d�A� �f� 
�T�h�e�r�e�a�f�t�e�r�,� �E�q�u�a�t�i�o�n� �(�3�.�4�0�)� �c�o�u�l�d� �b�e� �w�r�i�t�t�e�n� �a�s�:� 

�1� �i� 
�f�t� �(�2�.� �4�2�2� �T� �=�=� �f�e�l�l�s� �+� �W�w�?� �A�\�d�e� 

�;� �(�3�.�4�3�)� 
�1� �'� �'� �P� �=�  ��{�(�M�o�'� �+�V�(�w�'� �-� �4�)� �d�x� 
�2� �0� 

�E�x�t�e�n�d�e�d� �H�a�m�i�l�t�o�n�'�s� �p�r�i�n�c�i�p�l�e� �s�t�a�t�e�s� �t�h�a�t�:� 

�t�y� 
�f�Q�T�-�S�P� �+�3�W�)�d�t� �=�0� �(�3�.�4�4�)� 

�w�h�e�r�e� �t�h�e� �i�n�f�i�n�i�t�e�s�i�m�a�l� �i�n�c�r�e�m�e�n�t� �o�f� �t�h�e� �k�i�n�e�t�i�c� �a�n�d� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �a�r�e� �g�i�v�e�n� �b�y�:� 

�i� �;� �3� 

�&�T� �=� �(�p�l�o�d� �+� �p�A�w�d�w� �j�a�x�,� �d�W� �=�  ��b�w� �f� �(�1�1�4�5�9� �+� �p�A�w�d�w� �d�x� �a� 
�(�3�.�4�5�)� 

�6�P� �=� �f�(�a�o�0�"� �+�V�8�(�w�'� �-�)�)�d�x�,� �5�!� �=� �<�5� 
�x� 

�0� 

�T�h�e� �v�i�r�t�u�a�l� �w�o�r�k� �d�o�n�e� �b�y� �t�h�e� �a�p�p�l�i�e�d� �l�o�a�d�s� �p�e�r� �u�n�i�t� �a�r�e�a�,� �m�o�m�e�n�t� �a�n�d� �s�h�e�a�r� �s�u�p�s�c�r�i�p�t�e�d� 

�w�i�t�h� �a� �b�a�r�,� �i�s� �g�i�v�e�n� �b�y�:� 

�&�W� �~� �(�0�9� �+�V�o�w�)�d�x� �(�3�.�4�6�)� 
�0� 
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�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e�s�e� �t�e�r�m�s� �i�n�t�o� �H�a�m�i�l�t�o�n�'�s� �e�q�u�a�t�i�o�n�:� 

�b�y� �i� �{�7�:�9� �8� �a� �a� �1� �/� �M�o�d�o� �+� �f�{� �s�\� �p�l�  ��4� �+� �p�a�w� �a�w� �d�x� �-� �i�t�e� �+�V�(�S�o�w�-� �i�)� �d�x� �+� �S�l�o�e� �J�a�a� �-�0� 
�#�,� �[�0� �0� 

�(�3�.�4�7�)� 

�I�n�t�e�g�r�a�t�i�n�g� �e�a�c�h� �t�e�r�m� �s�e�p�a�r�a�t�e�l�y� �a�n�d� �n�o�t�i�n�g� �t�h�a�t�:� 

�@� �»�\�9�d� �n� �2�8� �f�i�l�t�e�r� �E�d�a�d� �=� �(�p�e�a�,� �-� �(�Z�e�a� �(�3�.�4�8�)� 

�w�h�e�r�e� �t�h�e� �f�i�r�s�t� �t�e�r�m� �o�f� �t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e� �i�s� �n�e�g�l�i�g�i�b�l�e� �f�o�r� �t�h�e� �t�i�m�e� �i�n�t�e�r�v�a�l�,� �a�n�d� �b�y� 

�g�r�o�u�p�i�n�g� �t�e�r�m�s�,� �w�e� �o�b�t�a�i�n� �T�i�m�o�s�h�e�n�k�o�'�s� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �i�n�s�i�d�e� �t�h�e� �t�i�m�e� �a�n�d� �s�p�a�t�i�a�l� 

�i�n�t�e�g�r�a�l� �a�n�d� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n�s�i�d�e� �t�h�e� �t�i�m�e� �i�n�t�e�g�r�a�l�,� �w�h�i�c�h� �m�u�s�t� �b�e� �s�p�e�c�i�f�i�e�d� �a�t� 

�x�=�0� �a�n�d� �a�t� �x�=�!�l�:� 

�f�{�p�f�-�e�a� �+� �V�J� �b�d� �+� �f�{�-�o�t�8� �+� �a ��+�V� �+� �m�b�a� �-� �f�l�e�e� �+� �V�d�w� �d�t� 
�t�,� �[�0� 

�(�3�.�4�9�)� 

�T�h�e� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�n�d� �s�h�e�a�r� �f�o�r�c�e� �a�r�e� �d�e�f�i�n�e�d� �f�r�o�m� �E�q�u�a�t�i�o�n�s� �(�3�.�3�8�)� �a�n�d� 

�(�3�.�4�2�)�.� �T�a�k�i�n�g� �t�h�e� �T�i�m�o�s�h�e�n�k�o�'�s� �c�o�r�r�e�c�t�i�o�n� �f�a�c�t�o�r� �i�n�t�o� �a�c�c�o�u�n�t�,� �t�h�e�y� �a�r�e� �g�i�v�e�n� �b�y�:� 

�M� �=� �e�r�?� 
�*� �(�3�.�5�0�)� 

�V� �=� �G�a�n�(�*�-�)� 
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�T�h�e� �p�o�w�e�r� �f�l�u�x�,� �P�,� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �r�a�t�e� �o�f� �c�h�a�n�g�e� �o�f� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n�,� �t�h�a�t� �i�s�:� 

�~� �0� 
�P�=� �a�e� �+� �P�)� �(�3�.�5�1�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �k�i�n�e�t�i�c� �a�n�d� �p�o�t�e�n�t�i�a�l� �e�n�e�r�g�y� �a�n�d� �i�n�t�e�g�r�a�t�i�n�g�,� �i�t� �c�o�u�l�d� �b�e� �s�h�o�w�n� �t�h�a�t� 

�t�h�r�e�e� �t�e�r�m�s� �a�r�e� �d�e�r�i�v�e�d�;� �b�u�t� �f�o�r� �z�e�r�o� �a�p�p�l�i�e�d� �l�o�a�d�s�,� �t�h�e� �p�o�w�e�r� �f�l�u�x� �i�s� �g�i�v�e�n� �b�y�:� 

�P� �=�(�$�M�+�¥�v�)� �(�3�.�5�2�)� 

�T�h�e�r�e�f�o�r�e� �t�h�e� �p�o�w�e�r� �f�l�u�x� �o�f� �t�h�e� �i�n�c�i�d�e�n�t�,� �t�r�a�n�s�m�i�t�t�e�d� �a�n�d� �r�e�f�l�e�c�t�e�d� �w�a�v�e�s� �c�o�u�l�d� �b�e� 

�f�u�r�t�h�e�r� �d�e�f�i�n�e�d� �a�s�:� 

�R�e�(�M�,�4�,� �+�V�,�¥�,� �)� 
�=� �R�e�(�M�7�$�7� �+�V�;�¥�7�)� �(�3�.�5�3�)� 
�=� �R�e�(�M�a�b�p� �+�V�a�W�e� �|� �
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�w�h�e�r�e� �t�h�e� �s�u�b�s�c�r�i�p�t�s� �a�r�e� �s�e�l�f� �e�x�p�l�a�n�a�t�o�r�y�.� �T�h�e� �t�r�a�n�s�m�i�s�s�i�b�i�l�i�t�y� �c�o�e�f�f�i�c�i�e�n�t�,� �+�,� �r�e�l�a�t�e�s� �t�h�e� 

�p�o�w�e�r� �f�l�u�x� �t�r�a�n�s�m�i�t�t�e�d� �o�f� �t�h�e� �f�o�r�w�a�r�d� �m�o�v�i�n�g� �w�a�v�e� �i�n� �b�e�a�m� �e�l�e�m�e�n�t� �8� �(�s�e�e� �F�i�g�u�r�e� �3�.�2�b�)�,� 

�t�o� �t�h�e� �p�o�w�e�r� �f�l�u�x� �o�f� �t�h�e� �f�o�r�w�a�r�d� �m�o�v�i�n�g� �w�a�v�e� �i�n� �b�e�a�m� �e�l�e�m�e�n�t� �1�:� 

�(�3�.�5�4�)� �a� �1� 
 ��

0�
/�3

�0
� 

�T�h�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �R� �,� �r�e�l�a�t�e�s� �t�h�e� �p�o�w�e�r� �f�l�u�x� �o�f� �t�h�e� �b�a�c�k�w�a�r�d� �m�o�v�i�n�g� �w�a�v�e� �o�f� 

�b�e�a�m� �e�l�e�m�e�n�t� �1� �t�o� �t�h�e� �p�o�w�e�r� �f�l�u�x� �o�f� �t�h�e� �i�n�c�i�d�e�n�t� �w�a�v�e�:� 
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�(�3�.�5�5�)� �a�
 �M�l� 

�2
�0

�2
�0

� 

�F�o�r� �a� �c�o�n�s�e�r�v�a�t�i�v�e� �s�y�s�t�e�m�,� �t�h�e� �s�u�m� �o�f� �t�h�e� �t�r�a�n�s�m�i�s�s�i�b�i�l�i�t�y� �c�o�e�f�f�i�c�i�e�n�t� �a�n�d� �t�h�e� 

�r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �m�u�s�t� �b�e� �e�q�u�a�l� �t�o� �o�n�e�.� �T�h�e�r�e�f�o�r�e�,� �f�o�r� �a� �d�i�s�s�i�p�a�t�i�n�g� �s�y�s�t�e�m�,� �t�h�e� �p�o�w�e�r� 

�d�i�s�s�i�p�a�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �¢� �,� �i�s� �d�e�f�i�n�e�d� �a�s�:� 

�1�-�f� �=�t�+�R� �(�3�.�5�6�)� 

�T�h�e�s�e� �c�o�e�f�f�i�c�i�e�n�t�s� �w�i�l�l� �b�e� �u�s�e�d� �i�n� �c�h�a�p�t�e�r� �4� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �e�n�e�r�g�y� �l�o�s�s�e�s� �t�h�a�t� �o�c�c�u�r� 

�a�t� �t�h�e� �b�o�l�t�e�d� �c�o�n�n�e�c�t�i�o�n�.� 

�3�.�5� �C�o�n�c�l�u�s�i�o�n�s� 

�A� �m�e�t�h�o�d�o�l�o�g�y� �t�o� �m�o�d�e�l� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �b�o�l�t�e�d� �s�t�r�u�c�t�u�r�e�s �� �h�i�g�h� �f�r�e�q�u�e�n�c�y� 

�v�i�b�r�a�t�i�o�n�s� �h�a�s� �b�e�e�n� �d�e�v�e�l�o�p�e�d�.� �F�o�l�l�o�w�i�n�g� �a� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �a�p�p�r�o�a�c�h� �b�y� �a�s�s�u�m�i�n�g� �a� 

�s�p�e�c�t�r�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s�,� �a�n� �a�s�s�e�m�b�l�y� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �i�s� 

�m�a�d�e� �o�n� �t�h�e� �b�a�s�i�s� �o�f� �c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�i�c�s�.� �T�h�e� �l�i�n�e�a�r� �a�n�d� �n�o�n�l�i�n�e�a�r� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �o�f� 

�t�h�e� �b�o�l�t�e�d� �j�o�i�n�t� �w�a�s� �t�h�e�n� �d�e�r�i�v�e�d�.� �M�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �i�s� �a�d�d�e�d� �i�n�t�o� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �b�y� 

�c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �K�e�l�v�i�n�-�V�o�i�g�h�t� �m�o�d�e�l�.� 

�T�h�e� �a�i�m� �o�f� �t�h�i�s� �w�o�r�k� �i�s� �t�o� �i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �t�h�r�o�u�g�h� �s�t�r�u�c�t�u�r�a�l� 

�j�o�i�n�t�s� �a�n�d� �i�t�s� �e�f�f�e�c�t� �o�n� �t�h�e� �l�o�c�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �s�e�n�s�i�n�g� �r�e�g�i�o�n� �i�n� �t�h�e� �i�m�p�e�d�a�n�c�e�-�b�a�s�e�d� �h�e�a�l�t�h� 

�m�o�n�i�t�o�r�i�n�g� �t�e�c�h�n�i�q�u�e�.� �I�n� �c�h�a�p�t�e�r� �4�,� �a� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �a�n�a�l�y�t�i�c�a�l�l�y� �w�i�t�h� 

�t�h�o�s�e� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �v�e�r�i�f�i�c�a�t�i�o�n� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d�.� 

�4�0



�C�h�a�p�t�e�r� �4� 

�S�u�p�p�o�r�t�i�n�g� �R�e�s�u�l�t�s� �o�n� �t�h�e� �M�o�d�e�l�i�n�g� �o�f� �W�a�v�e� 

�P�r�o�p�a�g�a�t�i�o�n� �a�n�d� �E�n�e�r�g�y� �D�i�s�s�i�p�a�t�i�o�n� �i�n� �J�o�i�n�t�s� 

�4�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�A� �m�e�t�h�o�d�o�l�o�g�y� �t�o� �m�o�d�e�l� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �b�o�l�t�e�d� �s�t�r�u�c�t�u�r�e�s� �a�t� �h�i�g�h� �f�r�e�q�u�e�n�c�y� 

�v�i�b�r�a�t�i�o�n�,� �w�a�s� �d�e�v�e�l�o�p�e�d� �i�n� �c�h�a�p�t�e�r� �3�.� �F�o�l�l�o�w�i�n�g� �a� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �a�p�p�r�o�a�c�h� �b�y� 

�a�s�s�u�m�i�n�g� �a� �s�p�e�c�t�r�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s�,� �a�n� �a�s�s�e�m�b�l�y� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� 

�m�o�t�i�o�n� �w�a�s� �m�a�d�e� �o�n� �t�h�e� �b�a�s�i�s� �o�f� �c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�i�c�s�.� �T�h�e� �l�i�n�e�a�r� �a�n�d� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l�s� 

�o�f� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t� �w�e�r�e� �t�h�e�n� �d�e�r�i�v�e�d� �a�n�d� �i�n�c�l�u�d�e�d� �i�n�t�o� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �t�o� �s�o�l�v�e� �f�o�r� �t�h�e� 

�d�y�n�a�m�i�c�s� �o�f� �t�h�e� �s�y�s�t�e�m�.� �I�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �t�h�e� �f�u�l�l�y� �d�e�v�e�l�o�p�e�d� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �w�i�l�l� �b�e� 

�a�p�p�l�i�e�d� �t�o� �t�h�e� �b�o�l�t�e�d� �s�t�r�u�c�t�u�r�e� �p�r�e�v�i�o�u�s�l�y� �i�n�t�r�o�d�u�c�e�d� �i�n� �c�h�a�p�t�e�r� �3� �a�n�d� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�1�,� 

�c�o�n�s�i�s�t�i�n�g� �o�f� �t�w�o� �b�e�a�m�s� �o�v�e�r�l�a�p�p�e�d� �a�n�d� �b�o�l�t�e�d� �t�o�g�e�t�h�e�r�.� �T�o� �s�t�u�d�y� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�i�s� 

�s�y�s�t�e�m�,� �t�h�e� �b�o�l�t�e�d� �b�e�a�m� �i�s� �e�x�c�i�t�e�d� �b�y� �a� �P�Z�T�-�a�c�t�u�a�t�o�r� �b�e�f�o�r�e� �t�h�e� �j�o�i�n�t� �a�n�d� �t�h�e� �r�e�s�p�o�n�s�e� �i�s� 

�r�e�c�o�r�d�e�d� �b�y� �a� �P�Z�T�-�s�e�n�s�o�r� �a�f�t�e�r� �t�h�e� �b�o�l�t�e�d� �c�o�n�n�e�c�t�i�o�n�,� �i�n� �o�r�d�e�r� �t�o� �m�e�a�s�u�r�e� �t�h�e� �g�a�i�n� �o�f� �t�h�e� 

�S�t�r�u�c�t�u�r�e� �a�c�r�o�s�s� �t�h�e� �j�o�i�n�t�.� 

�T�o� �a�c�c�o�u�n�t� �f�o�r� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �i�n� �t�h�e� �b�e�a�m� �s�p�e�c�i�m�e�n�s�,� �w�h�i�c�h� �w�a�s� �m�o�d�e�l�e�d� 

�a�s�s�u�m�i�n�g� �t�h�e� �m�a�t�e�r�i�a�l� �t�o� �b�e� �a� �K�e�l�v�i�n�-�V�o�i�g�h�t� �s�o�l�i�d�,� �a�n�d� �a�l�s�o� �t�o� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� 

�t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�e�t�h�o�d�,� �a�n� �a�n�a�l�y�s�i�s� �o�f� �a� �s�i�n�g�l�e� �b�e�a�m� �w�i�l�l� �f�i�r�s�t� �b�e� �e�x�p�l�o�r�e�d�.� �T�h�e�n�,� �t�w�o� �m�o�d�e�l�s� 

�o�f� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t� �a�r�e� �c�o�n�s�i�d�e�r�e�d�:� �a� �l�i�n�e�a�r� �s�y�s�t�e�m� �a�n�d� �a� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� 

�r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e�s�e� �t�w�o� �m�o�d�e�l�s�,� �a�s� �w�e�l�l� �a�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�,� �w�i�l�l� �b�e� 

�c�o�m�p�a�r�e�d�.� �T�h�e�r�e�a�f�t�e�r�,� �e�n�e�r�g�y� �a�s�s�e�s�s�m�e�n�t�s� �c�a�n� �b�e� �m�a�d�e� �b�a�s�e�d� �o�n� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� 

�o�p�t�i�m�u�m� �s�e�t� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s� �u�s�e�d� �i�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �t�h�a�t� �b�e�s�t� �f�i�t� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� 

�r�e�s�u�l�t�s�.� �T�h�e� �e�n�e�r�g�y� �f�l�o�w� �a�c�r�o�s�s� �t�h�e� �j�o�i�n�t� �c�a�n� �t�h�e�n� �b�e� �o�b�t�a�i�n�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �p�o�w�e�r� �f�l�u�x� �o�f� 

�4�1



�t�h�e� �i�n�c�i�d�e�n�t�,� �r�e�f�l�e�c�t�e�d�,� �a�n�d� �t�r�a�n�s�m�i�t�t�e�d� �w�a�v�e�s� �a�t� �t�h�e� �o�v�e�r�l�a�p�p�i�n�g� �s�e�c�t�i�o�n�.� �E�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� 

�e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �b�y� �l�o�o�s�e�n�i�n�g� �t�h�e� �b�o�l�t�s� �a�t� �t�h�e� �c�o�n�n�e�c�t�i�o�n� �w�i�l�l� �a�l�s�o� �b�e� �p�r�e�s�e�n�t�e�d�.� 

�4�.�2� �E�x�p�e�r�i�m�e�n�t�a�l� �S�e�t�-�u�p� 

�T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�-�u�p� �u�s�e�d� �t�o� �c�o�r�r�e�l�a�t�e� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �i�s� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�1�:� �A� �s�i�n�g�l�e� �P�Z�T�-�a�c�t�u�a�t�o�r� �o�f� �(�2�0�x�1�9�x�0�.�1�9�)� �m�m� �a�n�d� �a� �P�Z�T�-�s�e�n�s�o�r� �o�f� 

�(�2�2�x�1�9�x�0�.�1�9�)� �m�m� �a�r�e� �b�o�n�d�e�d� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�n�d� �w�i�r�e�d� �t�o� �t�h�e� �H�P�4�1�9�4�A� �a�n�a�l�y�z�e�r� �(�G�a�i�n�-� 

�P�h�a�s�e� �f�e�a�t�u�r�e�)� �i�n�t�o� �t�h�e� �i�n�p�u�t� �a�n�d� �o�u�t�p�u�t� �s�l�o�t�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �A� �s�i�n�e� �s�w�e�e�p� �f�r�e�q�u�e�n�c�y� �i�s� 

�a�p�p�l�i�e�d� �t�o� �t�h�e� �P�Z�T�-�a�c�t�u�a�t�o�r� �a�t� �a� �c�o�n�s�t�a�n�t� �v�o�l�t�a�g�e� �t�o� �e�x�c�i�t�e� �t�h�e� �s�y�s�t�e�m� �w�i�t�h� �a� �c�o�u�p�l�e�d� �a�x�i�a�l� 

�f�o�r�c�e�-�b�e�n�d�i�n�g� �m�o�m�e�n�t� �l�o�a�d�i�n�g� �o�v�e�r� �v�a�r�i�o�u�s� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e�s�,� �a�n�d� �t�h�e� �s�i�g�n�a�l� �i�s� �r�e�c�o�r�d�e�d� 

�b�y� �t�h�e� �P�Z�T�-�s�e�n�s�o�r� �a�c�r�o�s�s� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �j�o�i�n�t�.� �T�h�e� �g�a�i�n�-�p�h�a�s�e� �d�a�t�a� �i�s� �t�h�e�n� �t�r�a�n�s�f�e�r�r�e�d� �t�o� �a� 

�P�C� �t�h�r�o�u�g�h� �a� �H�P�I�B� �b�u�s� �f�o�r� �p�r�o�c�e�s�s�i�n�g� �a�n�d� �g�r�a�p�h�i�c� �d�i�s�p�l�a�y� �o�f� �t�h�e� �d�y�n�a�m�i�c� �r�e�s�p�o�n�s�e�.� �A� 

�c�o�n�s�t�a�n�t� �e�x�c�i�t�a�t�i�o�n� �l�e�v�e�l� �o�f� �1� �v�o�l�t� �r�m�s�.� �i�s� �u�s�e�d� �t�o� �e�x�c�i�t�e� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �a�n�d� �t�o� �o�b�t�a�i�n� �t�h�e� 

�g�a�i�n� �a�c�r�o�s�s� �t�h�e� �b�o�l�t�e�d� �s�e�c�t�i�o�n�,� �a�s� �t�h�e� �r�a�t�i�o� �b�e�t�w�e�e�n� �t�h�e� �o�u�t�p�u�t� �v�o�l�t�a�g�e�,� �m�e�a�s�u�r�e�d� �b�y� �t�h�e� 

�P�Z�T�-�s�e�n�s�o�r�,� �a�n�d� �t�h�e� �c�o�n�s�t�a�n�t�l�y� �a�p�p�l�i�e�d� �i�n�p�u�t� �v�o�l�t�a�g�e�.� �O�n�l�y� �t�h�e� �b�o�l�t�e�d� �s�t�r�u�c�t�u�r�e� �i�s� �s�h�o�w�n� 

�i�n� �F�i�g�u�r�e� �4�.�1�,� �b�u�t� �t�h�e� �s�a�m�e� �s�e�t�-�u�p� �w�i�l�l� �b�e� �u�s�e�d� �f�o�r� �t�h�e� �s�i�n�g�l�e� �b�e�a�m� �p�r�e�l�i�m�i�n�a�r�y� �e�x�p�e�r�i�m�e�n�t�.� 

�P�Z�T�-�A�c�t�u�a�t�o�r� 
�c�o� �.� �c�o� �1� �P�Z�T�-� �S�e�n�s�o�r� �|� 

�m�o�!� 

� � 

� � 

�H�P�4�1�9�4�A� 
�A�N�A�L�Y�Z�E�R� � � � � � � � � �O�o� � � � � � � 

�F�i�g�u�r�e� �4�.�1�.� �S�c�h�e�m�a�t�i�c� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�-�u�p� �c�o�n�s�i�s�t�i�n�g� �o�f� �a� �b�o�l�t�e�d� �b�e�a�m� �w�i�r�e�d� 
�t�o� �a� �g�a�i�n�-�p�h�a�s�e� �a�n�a�l�y�z�e�r�.� 

�4�2



�T�h�e� �s�i�n�g�l�e� �a�l�u�m�i�n�u�m� �b�e�a�m� �a�n�d� �b�o�l�t�e�d� �a�l�u�m�i�n�u�m� �b�e�a�m� �w�e�r�e� �c�u�t� �f�r�o�m� �t�h�e� �s�a�m�e� 

�s�p�e�c�i�m�e�n�,� �f�o�r� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �h�o�m�o�g�e�n�e�i�t�y�.� �T�h�e�y� �h�a�v�e� �t�h�e� �s�a�m�e� �t�o�t�a�l� �l�e�n�g�t�h� �o�f� �3�9�2� 

�m�m� �a�n�d� �c�r�o�s�s� �s�e�c�t�i�o�n�a�l� �a�r�e�a� �o�f� �1�9�x�3� �m�m�.� �T�h�e� �m�a�t�e�r�i�a�l� �u�s�e�d� �w�a�s� �A�l� �2�0�2�4�-�T�4�.� �T�h�e� �b�o�l�t�e�d� 

�s�t�r�u�c�t�u�r�e�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�1�,� �c�o�n�s�i�s�t�s� �o�f� �t�w�o� �b�e�a�m� �e�l�e�m�e�n�t�s�,� �2�4�0� �m�m� �a�n�d� �2�0�2� �m�m� 

�l�o�n�g�,� �o�v�e�r�l�a�p�p�e�d� �a�n�d� �b�o�l�t�e�d� �t�o�g�e�t�h�e�r� �f�o�r� �a� �t�o�t�a�l� �m�a�t�t�i�n�g� �s�e�c�t�i�o�n� �o�f� �5�0� �m�m�.� �T�h�e� �b�o�l�t�e�d� 

�j�o�i�n�t� �i�s� �m�a�d�e� �w�i�t�h� �t�w�o� �e�q�u�i�d�i�s�t�a�n�t� �s�t�e�e�l� �b�o�l�t�s�,� �w�i�t�h� �n�u�t�s� �a�n�d� �s�p�r�i�n�g� �w�a�s�h�e�r�s� �t�o� �p�r�o�v�i�d�e� �t�h�e� 

�n�e�c�e�s�s�a�r�y� �t�e�n�s�i�o�n�,� �h�a�v�i�n�g� �a� �t�o�t�a�l� �w�e�i�g�h�t� �o�f� �1�7� �g� �p�e�r� �b�o�l�t�.� �T�h�e� �P�Z�T�-�a�c�t�u�a�t�o�r� �i�s� �b�o�n�d�e�d� �t�o� 

�t�h�e� �s�t�r�u�c�t�u�r�e� �a�t� �a� �d�i�s�t�a�n�c�e� �o�f� �6�3� �m�m� �b�e�f�o�r�e� �t�h�e� �j�o�i�n�t�,� �a�n�d� �t�h�e� �P�Z�T� �s�e�n�s�o�r� �i�s� �l�o�c�a�t�e�d� �a�t� �a� 

�d�i�s�t�a�n�c�e� �o�f� �1�6� �m�m� �a�f�t�e�r� �t�h�e� �j�o�i�n�t�.� 

�4�.�3� �S�i�n�g�l�e� �B�e�a�m� �P�r�e�l�i�m�i�n�a�r�y� �R�e�s�u�l�t�s� 

�T�o� �v�e�r�i�f�y� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�e�t�h�o�d� �p�r�e�s�e�n�t�e�d� �i�n� �c�h�a�p�t�e�r� �3� �a�n�d� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s�,� �a� �s�i�n�g�l�e� �b�e�a�m� �a�l�u�m�i�n�u�m� �s�p�e�c�i�m�e�n� �i�s� �f�i�r�s�t� 

�s�t�u�d�i�e�d�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �f�o�r� �t�h�e� �s�i�n�g�l�e� �b�e�a�m� �g�i�v�e�s� �t�h�e� �g�a�i�n�,� �a�s� �t�h�e� �r�a�t�i�o� �b�e�t�w�e�e�n� �t�h�e� 

�d�i�s�p�l�a�c�e�m�e�n�t� �a�t� �a� �g�i�v�e�n� �l�o�c�a�t�i�o�n� �a�n�d� �t�h�e� �i�n�p�u�t� �f�o�r�c�e�,� �f�o�r� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �u�p� �t�o� �2�0� �k�H�z�.� �O�n� 

�t�h�e� �o�t�h�e�r� �h�a�n�d�,� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �p�r�o�c�e�d�u�r�e� �g�i�v�e�s� �t�h�e� �g�a�i�n� �a�s� �t�h�e� �r�a�t�i�o� �b�e�t�w�e�e�n� �t�h�e� �v�o�l�t�a�g�e� 

�a�p�p�l�i�e�d� �t�o� �t�h�e� �P�Z�T� �a�c�t�u�a�t�o�r� �a�n�d� �t�h�e� �v�o�l�t�a�g�e� �r�e�a�d� �b�y� �t�h�e� �P�Z�T� �s�e�n�s�o�r�.� �T�h�u�s�,� �i�n� �o�r�d�e�r� �t�o� �b�e� 

�a�b�l�e� �t�o� �c�o�m�p�a�r�e� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �g�a�i�n� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �g�a�i�n�,� �t�h�e� �i�n�p�u�t� �f�o�r�c�e� �a�n�d� �o�u�t�p�u�t� 

�r�e�s�p�o�n�s�e� �o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �p�r�o�c�e�d�u�r�e� �w�i�l�l� �b�e� �t�r�a�n�s�f�o�r�m�e�d� �t�o� �e�l�e�c�t�r�i�c�a�l� �q�u�a�n�t�i�t�i�e�s� �t�o� �o�b�t�a�i�n� 

�t�h�e� �v�o�l�t�a�g�e� �r�a�t�i�o�,� �a�s� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�a�d�i�n�g�,� �t�h�r�o�u�g�h� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� 

�c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s�.� �A�l�s�o�,� �t�h�e� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �i�s� �a�d�d�e�d� �i�n�t�o� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �w�i�t�h� �t�h�e� 

�u�s�e� �o�f� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t� �c�o�m�p�l�e�x� �m�o�d�u�l�u�s�,� �u�s�i�n�g� �a� �K�e�l�v�i�n�-�V�o�i�g�h�t� �m�o�d�e�l�,� �t�y�p�i�c�a�l� �o�f� 

�v�i�s�c�o�e�l�a�s�t�i�c� �m�a�t�e�r�i�a�l�s� �w�i�t�h� �l�o�w� �d�a�m�p�i�n�g�.� 

�4�.�3�.�1� �E�l�e�c�t�r�o�-�M�e�c�h�a�n�i�c�a�l� �C�o�u�p�l�i�n�g� 

�T�h�e� �l�o�w�-�p�o�w�e�r� �d�r�i�v�e�n� �P�Z�T� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r� �p�a�t�c�h�,� �w�h�e�n� �b�o�n�d�e�d� �t�o� �a� �s�t�r�u�c�t�u�r�e�,� 

�p�r�o�d�u�c�e�s� �a� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �e�x�c�i�t�a�t�i�o�n� �l�e�v�e�l� �a�t� �c�o�n�s�t�a�n�t� �v�o�l�t�a�g�e� �a�n�d� �a�c�q�u�i�r�e�s� �t�h�e� �e�l�e�c�t�r�i�c�a�l� 

�4�3



�i�m�p�e�d�a�n�c�e�,� �g�i�v�e�n� �a�s� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �v�o�l�t�a�g�e� �s�o�u�r�c�e� �a�n�d� �t�h�e� �c�u�r�r�e�n�t� �f�l�o�w� �m�o�d�u�l�a�t�e�d� �b�y� �t�h�e� 

�r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �I�n� �t�h�i�s� �m�a�n�n�e�r� �k�n�o�w�l�e�d�g�e� �a�b�o�u�t� �t�h�e� �m�e�c�h�a�n�i�c�a�l� �i�m�p�e�d�a�n�c�e� �o�f� 

�t�h�e� �m�o�n�i�t�o�r�e�d� �s�t�r�u�c�t�u�r�e� �c�a�n� �b�e� �r�e�c�o�r�d�e�d�.� �D�u�e� �t�o� �t�h�e� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �c�o�n�t�e�n�t� �o�f� �t�h�i�s� 

�t�e�c�h�n�i�q�u�e� �m�i�n�o�r� �c�h�a�n�g�e�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e ��s� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�r�e� �a�c�c�o�r�d�i�n�g�l�y� �r�e�c�o�r�d�e�d� �a�n�d� 

�d�e�t�e�c�t�e�d�,� �b�e�f�o�r�e� �f�u�r�t�h�e�r� �a�n�d� �m�o�r�e� �c�a�t�a�s�t�r�o�p�h�i�c� �f�a�i�l�u�r�e� �c�a�n� �o�c�c�u�r�.� �A�r�e�a�s� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e� 

�d�i�f�f�i�c�u�l�t� �t�o� �a�c�c�e�s�s� �c�a�n� �b�e� �m�o�n�i�t�o�r�e�d� �w�i�t�h� �t�h�i�s� �t�e�c�h�n�i�q�u�e� �d�u�e� �t�o� �t�h�e� �s�m�a�l�l� �s�i�z�e� �a�n�d� �e�a�s�i�l�y� 

�a�p�p�l�i�c�a�b�i�l�i�t�y� �o�f� �t�h�e� �P�Z�T� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r�.� �M�o�r�e�o�v�e�r�,� �c�h�a�n�g�e�s� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e ��s� 

�c�o�n�f�i�g�u�r�a�t�i�o�n� �c�l�o�s�e� �t�o� �t�h�e� �P�Z�T ��s� �s�e�n�s�i�n�g� �a�r�e�a� �a�r�e� �o�n�l�y� �d�e�t�e�c�t�e�d�,� �o�p�t�i�m�i�z�i�n�g� �t�h�e� �d�e�t�e�c�t�i�o�n� 

�o�f� �i�n�c�i�p�i�e�n�t� �d�a�m�a�g�e�.� 

�I�n� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l�,� �c�a�l�c�u�l�a�t�i�o�n�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �g�i�v�e�n� �i�n� �t�e�r�m�s� 

�o�f� �t�h�e� �m�e�c�h�a�n�i�c�a�l� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �d�u�e� �t�o� �a�n�y� �g�i�v�e�n� �f�o�r�c�i�n�g� �f�u�n�c�t�i�o�n�.� �T�o� �m�a�k�e� 

�t�h�i�s� �i�n�f�o�r�m�a�t�i�o�n� �c�o�m�p�a�t�i�b�l�e� �w�i�t�h� �t�h�e� �e�l�e�c�t�r�i�c�a�l� �r�e�a�d�i�n�g�s�,� �t�h�e�r�e� �i�s� �a� �n�e�e�d� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� 

�e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �c�o�u�p�l�i�n�g� �o�f� �t�h�e� �P�Z�T�-�s�t�r�u�c�t�u�r�e� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �I�n� �t�h�i�s� �s�t�u�d�y�,� 

�m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �t�h�e� �e�l�e�c�t�r�i�c�a�l� �g�a�i�n� �(�r�a�t�i�o� �o�f� �t�h�e� �v�o�l�t�a�g�e� �r�e�c�o�r�d�e�d� �b�y� �a� �P�Z�T� �s�e�n�s�o�r� �a�n�d� �t�h�e� 

�v�o�l�t�a�g�e� �s�o�u�r�c�e� �o�f� �a� �P�Z�T� �a�c�t�u�a�t�o�r�)� �a�n�d� �e�l�e�c�t�r�i�c�a�l� �i�m�p�e�d�a�n�c�e� �(�r�a�t�i�o� �o�f� �t�h�e� �v�o�l�t�a�g�e� �s�o�u�r�c�e� 

�a�n�d� �t�h�e� �c�u�r�r�e�n�t� �f�l�o�w�)� �a�r�e� �m�a�d�e� �i�n� �o�r�d�e�r� �t�o� �a�c�q�u�i�r�e� �u�s�e�f�u�l� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �t�h�e� 

�a�t�t�e�n�u�a�t�i�o�n� �o�f� �t�h�e� �P�Z�T ��s� �d�r�i�v�e�n� �w�a�v�e�.� �M�e�a�s�u�r�e�m�e�n�t�s� �o�f� �t�h�e� �e�l�e�c�t�r�i�c�a�l� �g�a�i�n� �a�r�e� �n�e�c�e�s�s�a�r�y� 

�t�o� �o�b�s�e�r�v�e� �t�h�e� �w�a�v�e ��s� �d�e�c�a�y� �a�t� �a� �d�i�s�c�o�n�t�i�n�u�i�t�y�,� �o�r� �s�e�v�e�r�a�l� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s�,� �b�e�t�w�e�e�n� 

�s�e�g�m�e�n�t�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �w�h�i�l�e� �m�e�a�s�u�r�e�m�e�n�t�s� �o�f� �e�l�e�c�t�r�i�c�a�l� �i�m�p�e�d�a�n�c�e� �r�e�p�r�o�d�u�c�e� �t�h�e� 

�a�c�t�u�a�l� �r�e�a�d�i�n�g�s� �r�e�c�o�r�d�e�d� �b�y� �t�h�e� �P�Z�T� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r� �b�o�n�d�e�d� �t�o� �a� �s�t�r�u�c�t�u�r�e� �f�o�r� �h�e�a�l�t�h� 

�i�n�t�e�g�r�i�t�y� �p�u�r�p�o�s�e�s�,� �a�n�d� �t�h�e�y� �w�i�l�l� �b�e� �e�x�t�e�n�s�i�v�e�l�y� �u�s�e�d� �i�n� �c�h�a�p�t�e�r� �7�.� �I�n� �w�h�a�t� �f�o�l�l�o�w�s� �a� 

�d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �c�o�u�p�l�i�n�g� �o�f� �t�h�e� �P�Z�T�-�s�t�r�u�c�t�u�r�e� �t�o� �i�m�p�l�e�m�e�n�t� �i�n� �t�h�e� 

�a�n�a�l�y�s�i�s� �o�f� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d�.� 

�A� �p�r�e�v�i�o�u�s�l�y� �d�e�r�i�v�e�d� �i�m�p�e�d�a�n�c�e�-�b�a�s�e�d� �m�o�d�e�l� �a�b�l�e� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �d�y�n�a�m�i�c� 

�e�l�e�c�t�r�o�m�e�c�h�a�n�i�c�a�l� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �d�r�i�v�e�n� �l�o�w�-�p�o�w�e�r� �P�Z�T�-�a�c�t�u�a�t�o�r� �a�n�d� �t�h�e� �b�a�s�e� 

�s�t�r�u�c�t�u�r�e� �g�i�v�e�s� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �f�o�r�c�i�n�g� �f�u�n�c�t�i�o�n� �a�s�:
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�w�h�e�r�e� �Z�,� �i�s� �t�h�e� �m�e�c�h�a�n�i�c�a�l� �i�m�p�e�d�a�n�c�e� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�;� �Z�,� �i�s� �t�h�e� �i�m�p�e�d�a�n�c�e� �o�f� �t�h�e� �P�Z�T�-� 

�a�c�t�u�a�t�o�r�;� �a�n�d� �F�,�,� �i�s� �t�h�e� �P�Z�T� �b�l�o�c�k�i�n�g� �f�o�r�c�e�;� �w�h�i�c�h� �i�s� �a� �c�o�n�s�t�a�n�t� �v�a�l�u�e� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� 

�P�Z�T� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �v�o�l�t�a�g�e�.� �A�n� �e�x�t�e�n�s�i�v�e� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e�s�e� 

�e�q�u�a�t�i�o�n�s� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �[�1�1�7�,�1�1�8�]�.� �S�i�n�c�e� �a� �s�i�n�g�l�e� �P�Z�T� �i�s� �u�s�e�d� �t�o� �e�x�c�i�t�e� �t�h�e� 

�S�t�r�u�c�t�u�r�e�,� �a� �c�o�u�p�l�e�d� �a�x�i�a�l� �f�o�r�c�e�-�b�e�n�d�i�n�g� �m�o�m�e�n�t� �l�o�a�d�i�n�g� �i�s� �g�e�n�e�r�a�t�e�d� �f�r�o�m� �t�h�e� �P�Z�T�-� 

�a�c�t�u�a�t�o�r�.� �T�h�e� �a�x�i�a�l� �f�o�r�c�e� �i�s� �F�,� �a�n�d� �t�h�e� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �i�s� �F�,� �(�t�,� �+�t�,� �)�/� �2�,� �w�h�e�r�e� �f�,� �i�s� �t�h�e� 

�t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �P�Z�T�-�a�c�t�u�a�t�o�r� �a�n�d� �#�,� �i�s� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �b�e�a�m� �e�l�e�m�e�n�t�.� 

�T�h�e� �P�Z�T�-�a�c�t�u�a�t�o�r� �i�s� �a�d�d�e�d� �t�o� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �p�r�o�c�e�d�u�r�e� �b�y� �a�s�s�e�m�b�l�i�n�g� �i�t�s� �d�y�n�a�m�i�c� 

�p�r�o�p�e�r�t�i�e�s� �a�t� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �l�o�c�a�t�i�o�n� �i�n� �t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�.� �T�h�e� �m�o�d�e�l�i�n�g� �o�f� 

�t�h�e� �P�Z�T�-�a�c�t�u�a�t�o�r� �p�a�t�c�h� �h�a�s� �b�e�e�n� �d�o�n�e� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �b�e�a�m� �t�h�e�o�r�y� �a�n�d� 

�t�h�e� �p�r�o�c�e�d�u�r�e� �t�o� �o�b�t�a�i�n� �t�h�e� �d�e�s�i�r�e� �e�l�e�m�e�n�t� �m�a�t�r�i�x� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �o�n�e� �d�e�s�c�r�i�b�e�d� �i�n� �c�h�a�p�t�e�r� 

�3� �f�o�r� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m�s�.� �T�h�e� �f�o�r�c�i�n�g� �t�e�r�m�s� �a�t� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �n�o�d�e� �l�o�c�a�t�i�o�n� �r�e�p�r�e�s�e�n�t� 

�t�h�e� �a�c�t�u�a�t�i�o�n� �o�f� �t�h�e� �P�Z�T�-�a�c�t�u�a�t�o�r� �o�n� �t�h�e� �b�e�a�m�.� 

�A�f�t�e�r� �a�s�s�e�m�b�l�i�n�g� �t�h�e� �g�l�o�b�a�l� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�,� �t�h�e� �s�y�s�t�e�m� �i�s� �s�o�l�v�e�d� �b�y� �L�U� 

�f�a�c�t�o�r�i�z�a�t�i�o�n� �a�n�d� �b�a�c�k� �s�u�b�s�t�i�t�u�t�i�o�n� �a�n�d� �t�h�e� �n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �t�h�e�n� �o�b�t�a�i�n�e�d�.� �I�f� 

�d�e�s�i�r�e�d�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�t� �a�n�y� �l�o�c�a�t�i�o�n� �a�l�o�n�g� �t�h�e� �b�e�a�m� �c�o�u�l�d� �a�l�s�o� �b�e� �c�a�l�c�u�l�a�t�e�d� �b�y� 

�s�o�l�v�i�n�g� �t�h�e� �s�p�e�c�t�r�a�l� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s�.� �T�h�e�n�,� �t�h�e� �m�e�c�h�a�n�i�c�a�l� �s�t�r�a�i�n� �a�t� �t�h�e� 

�P�Z�T�-�s�e�n�s�o�r� �l�o�c�a�t�i�o�n� �c�a�n� �b�e� �r�e�a�d�i�l�y� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�:� 

�e�w� �2�4� �(�4�.�2�)� 

�w�h�e�r�e� �d�o� �/�d�x� �i�s� �t�h�e� �d�e�r�i�v�a�t�i�v�e� �o�f� �t�h�e� �r�o�t�a�t�i�o�n�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �d�u�/� �d�x� �i�s� �t�h�e� �d�e�r�i�v�a�t�i�v�e� 

�o�f� �t�h�e� �a�x�i�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �o�f� �t�h�e� �P�Z�T�-�s�e�n�s�o�r� �a�c�t�i�n�g� �i�n� �t�h�e� 

�t�h�i�c�k�n�e�s�s� �d�i�r�e�c�t�i�o�n�,� �E�3�,� �i�s� �g�i�v�e�n� �b�y�:� 

�4�5



�E�y� �=� �8�3�7�,� �(�4�.�3�)� 

�w�h�e�r�e� �g�;�,� �i�s� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �v�o�l�t�a�g�e� �c�o�n�s�t�a�n�t�,� �a�n�d� �7�;� �i�s� �t�h�e� �s�t�r�e�s�s� �a�c�t�i�n�g� �o�n� �t�h�e� �P�Z�T�.� 

�A�l�t�e�r�n�a�t�i�v�e�l�y� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �c�o�u�l�d� �a�l�s�o� �b�e� �d�e�f�i�n�e�d� �a�s� �t�h�e� �v�o�l�t�a�g�e� �r�e�a�d�i�n�g� �o�v�e�r� �t�h�e� 

�t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �P�Z�T�,� �V�/�t�,� �.� �T�h�e�r�e�f�o�r�e�,� �a�f�t�e�r� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�i�s� �e�x�p�r�e�s�s�i�o�n� �a�n�d� �t�h�e� �s�t�r�e�s�s� �o�f� 

�t�h�e� �P�Z�T� �i�n�t�o� �E�q�u�a�t�i�o�n� �(�4�.�3�)�,� �t�h�e� �v�o�l�t�a�g�e� �r�e�a�d�i�n�g� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�V�o�w� !"� �B�a�i�t� �Y�u�e� �(�4�.�4�)� 

�w�h�e�r�e� �Y�,�,� �i�s� �t�h�e� �c�o�m�p�l�e�x� �m�o�d�u�l�u�s� �o�f� �t�h�e� �P�Z�T�.� �T�h�u�s�,� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �g�a�i�n� �b�a�s�e�d� �o�n� �t�h�e� 

�v�o�l�t�a�g�e� �r�a�t�i�o� �o�f� �t�h�e� �P�Z�T�,� �a� �d�i�r�e�c�t� �c�o�r�r�e�l�a�t�i�o�n� �o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �c�a�n� 

�b�e� �m�a�d�e�.� �T�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �P�Z�T�s� �u�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y� �c�o�r�r�e�s�p�o�n�d� �t�o� �P�S�I�-�5�A�-�S�2�.� 

�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �t�o� �a�c�q�u�i�r�e� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �e�l�e�c�t�r�i�c�a�l� �i�m�p�e�d�a�n�c�e� �t�h�e�r�e� �i�s� �a� 

�n�e�e�d� �t�o� �k�n�o�w� �t�h�e� �c�u�r�r�e�n�t� �f�l�o�w� �t�h�r�o�u�g�h� �t�h�e� �P�Z�T� �a�s� �m�o�d�u�l�a�t�e�d� �b�y� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �m�e�c�h�a�n�i�c�a�l� 

�p�r�o�p�e�r�t�i�e�s�.� �T�h�i�s� �c�a�n� �b�e� �d�e�r�i�v�e�d� �b�y� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �t�h�e� �f�l�u�x� �d�e�n�s�i�t�y�,� �D�,�,� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� 

�t�i�m�e�,� �a�n�d� �i�n�t�e�g�r�a�t�i�n�g� �o�v�e�r� �t�h�e� �e�l�e�c�t�r�o�d�e�d� �a�r�e�a�,� �o�n�e� �c�o�u�l�d� �o�b�t�a�i�n� �t�h�e� �c�u�r�r�e�n�t� �f�l�o�w� �a�s�:� 

�I�,� �=� �i�w� �f�f� �D�y�d�e�d�y� �(�4�.�5�)� 
�A� 

�T�h�e� �f�l�u�x� �d�e�n�s�i�t�y� �i�s� �g�o�v�e�r�n�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�:� 

�D�,� �=� �d�,�,�T�,� �+ ¬�3�;�,�E�,� �(�4�.�6�)� 

�w�h�e�r�e� �d�3�;� �i�s� �t�h�e� �p�i�e�z�o�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �a�t� �z�e�r�o� �s�t�r�e�s�s�,� �a�n�d�  ¬�,�,� �i�s� �t�h�e� �c�o�m�p�l�e�x� �d�i�e�l�e�c�t�r�i�c� 

�c�o�n�s�t�a�n�t�.� �S�u�b�s�t�i�t�u�t�i�n�g� �E�q�u�a�t�i�o�n� �(�4�.�3�)� �i�n�t�o� �E�q�u�a�t�i�o�n� �(�4�.�6�)� �a�n�d� �t�h�e�n� �f�u�r�t�h�e�r� �s�u�b�s�t�i�t�u�t�e� �i�n�t�o� 

�E�q�u�a�t�i�o�n� �(�4�.�5�)�,� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �c�u�r�r�e�n�t� �f�l�o�w� �i�s� �g�i�v�e�n� �b�y�:� 
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�I�,� �=�i�o� �(�d�a�;� �+� �E�3�3�8�3� �a�,� �L�e� �(�4�.�7�)� 

�w�h�e�r�e� �w�,� �a�n�d� �/�,� �a�r�e� �t�h�e� �w�i�d�t�h� �a�n�d� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �P�Z�T�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e�n�,� �t�h�e� �e�l�e�c�t�r�i�c�a�l� 

�i�m�p�e�d�a�n�c�e� �i�s� �g�i�v�e�n� �b�y�:� 

�Z� �=� �-�*� �(�4�.�8�)� 

�W�i�t�h� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �o�f� �t�h�e� �e�l�e�c�t�r�i�c�a�l� �g�a�i�n� �a�n�d� �e�l�e�c�t�r�i�c�a�l� �i�m�p�e�d�a�n�c�e�,� �a� �d�i�r�e�c�t� 

�c�o�r�r�e�l�a�t�i�o�n� �o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �r�e�c�o�r�d�e�d� �r�e�s�u�l�t�s� �c�o�u�l�d� �b�e� �s�u�c�c�e�s�s�f�u�l�l�y� �m�a�d�e�.� 

�4�.�3�.�2� �A�n�a�l�y�t�i�c�a�l� �a�n�d� �E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s�:� �C�o�r�r�e�l�a�t�i�o�n� 

�A�f�t�e�r� �i�n�c�l�u�d�i�n�g� �t�h�e� �e�l�e�c�t�r�o�-�m�e�c�h�a�n�i�c�a�l� �c�o�u�p�l�i�n�g� �i�n�t�o� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �f�o�r�m�u�l�a�t�i�o�n�,� �t�h�e� 

�r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �(�g�a�i�n�)� �f�o�r� �t�h�e� �s�i�n�g�l�e� �a�l�u�m�i�n�u�m� �b�e�a�m� 

�w�e�r�e� �c�a�l�c�u�l�a�t�e�d�.� �T�h�e� �r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�i�e�s� �a�n�a�l�y�t�i�c�a�l�l�y� �o�b�t�a�i�n�e�d� �w�e�r�e� �c�o�m�p�a�r�e�d� �t�o� �t�h�o�s�e� 

�o�b�t�a�i�n�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y�,� �a�n�d� �t�h�e� �K�e�l�v�i�n�-�V�o�i�g�h�t� �c�o�e�f�f�i�c�i�e�n�t�s� �(�n�g� �a�n�d� �y�g�)� �w�e�r�e� �m�o�d�i�f�i�e�d� 

�a�c�c�o�r�d�i�n�g�l�y�,� �u�n�t�i�l� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �g�a�i�n� �c�o�i�n�c�i�d�e�d� �c�l�o�s�e�l�y�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� 

�g�i�v�e�n� �i�n� �T�a�b�l�e� �4�.�1�.� �T�h�e� �m�a�t�c�h�i�n�g� �o�f� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �s�h�o�w�s� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� 

�d�y�n�a�m�i�c� �m�o�d�e�l�i�n�g� �m�e�t�h�o�d�.� �A�l�s�o�,� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �r�e�s�o�n�a�n�t� �p�e�a�k�s� �g�a�v�e� �a� �g�o�o�d� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �t�h�e� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s�,� �w�h�i�c�h� �v�a�l�u�e�s� �w�i�l�l� �b�e� �a�l�s�o� �i�n�c�l�u�d�e�d� �i�n� 

�t�h�e� �b�o�l�t�e�d� �b�e�a�m� �m�o�d�e�l�i�n�g� �a�n�a�l�y�s�i�s�.� 
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�T�a�b�l�e� �4�.�1�.� �N�a�t�u�r�a�l� �F�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �s�i�n�g�l�e� �b�e�a�m� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �b�e�n�d�i�n�g� �m�o�d�e�s�.� 
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�N�a�t�u�r�a�l� �E�x�p�e�r�i�m�e�n�t�a�l�}� �A�n�a�l�y�t�i�c�a�l� 
�F�r�e�q�u�e�n�c�y� �N�o�]� �R�e�s�u�l�t�s� �(�H�z�)� �|� �R�e�s�u�l�t�s� �(�H�z�)� 

�1� �1�0�8� �1�0�5� 
�2� �2�9�2� �2�9�5� 
�3� �5�7�5� �5�8�0� 
�4� �9�5�4� �9�6�0� 
�5� �1�,�4�1�8� �1�,�4�3�5� 
�6� �1�,�9�9�0� �2�,�0�0�5� 
�7� �2�,�6�5�0� �2�,�6�6�0� 
�8� �3�,�4�0�0� �3�,�4�1�5� 
�9� �4�,�2�4�8� �4�,�2�5�5� 

�1�0� �5�,�1�9�3� �5�,�1�8�5� 
�1�1� �6�,�2�3�5� �6�,�2�1�5� 
�1�2� �7�,�3�4�5� �7�,�3�3�0� 
�1�3� �8�,�5�5�3� �8�,�5�3�0� 
�1�4� �9�,�8�7�3� �9�,�8�1�0� 
�1�5� �1�1�,�2�4�5� �1�1�,�1�7�0� 
�1�6� �1�2�,�7�3�8� �1�2�,�7�3�5� 
�1�7� �1�4�,�3�0�0� �1�4�,�3�2�5� 
�1�8� �1�5�,�9�2�0� �1�5�,�9�4�5� 
�1�9� �1�7�,�6�2�0� �1�7�,�6�4�5� 
�2�0� �1�9�,�4�1�0� �1�9�,�4�2�0� � � � � 
� � 

� � 
�4�.�4� �M�o�d�e�l�i�n�g� �o�f� �t�h�e� �J�o�i�n�t� 

�T�h�e� �q�u�a�n�t�i�t�a�t�i�v�e� �a�n�a�l�y�s�i�s� �o�f� �b�o�l�t�e�d� �j�o�i�n�t�s� �i�s� �a�t� �p�r�e�s�e�n�t� �a�n� �i�m�p�o�s�s�i�b�l�e� �t�a�s�k�,� �t�h�e�r�e�f�o�r�e� 

�a�s�s�u�m�p�t�i�o�n�s� �a�n�d� �e�s�t�i�m�a�t�e�s� �h�a�v�e� �t�o� �b�e� �m�a�d�e� �i�n� �o�r�d�e�r� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �i�t�s� �d�y�n�a�m�i�c�s�.� �A�s� 

�e�x�p�l�a�i�n�e�d� �i�n� �g�r�e�a�t� �d�e�t�a�i�l� �i�n� �c�h�a�p�t�e�r� �3�,� �t�h�e� �i�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �d�e�s�c�r�i�b�i�n�g� �t�h�e� 

�b�e�h�a�v�i�o�r� �o�f� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t� �u�n�d�e�r� �a�c�t�i�v�e� �l�o�a�d�i�n�g� �h�a�s� �b�e�e�n� �c�a�r�r�i�e�d� �o�u�t� �b�y� �m�a�n�y� �r�e�s�e�a�r�c�h�e�r�s� 

�a�n�d� �v�e�r�y� �g�o�o�d� �m�o�d�e�l�s� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�o�p�e�d�.� �T�h�e� �a�i�m� �o�f� �t�h�i�s� �p�a�p�e�r� �i�s� �t�o� �p�r�o�v�i�d�e� �a�n� �u�s�e�f�u�l� 

�t�o�o�l� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �j�o�i�n�t� �a�s� �a�n� �i�n�t�e�g�r�a�t�e�d� �p�a�r�t� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �a�n�d� �b�e� 

�a�b�l�e� �t�o� �o�b�t�a�i�n� �a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s� �a�t� �r�e�l�a�t�i�v�e�l�y� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �c�o�n�t�e�n�t� �(�u�p�t�o� �2�5� �k�H�z�)� �w�i�t�h� �t�h�e� 

�p�r�o�p�o�s�e�d� �m�o�d�e�l�s�.� �T�h�e� �p�a�r�a�m�e�t�e�r�s� �u�s�e�d� �t�o� �d�e�s�c�r�i�b�e� �t�h�e�s�e� �m�o�d�e�l�s� �w�i�l�l� �g�i�v�e� �f�u�r�t�h�e�r� �i�n�s�i�g�h�t� 

�i�n�t�o� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �o�f� �a� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e� �a�t� �t�h�e� �j�o�i�n�t� �a�n�d� �t�h�e� �c�o�n�s�e�q�u�e�n�t� �e�n�e�r�g�y� �l�o�s�s�e�s� 

�t�h�a�t� �o�c�c�u�r�.� �T�h�e� �b�o�l�t�e�d� �j�o�i�n�t� �i�s� �m�o�d�e�l�e�d� �u�s�i�n�g� �l�i�n�e�a�r� �a�n�d� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m�s�.� 
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�4�.�4�.�1� �L�i�n�e�a�r� �M�o�d�e�l� �o�f� �t�h�e� �J�o�i�n�t� 

�T�h�e� �b�o�l�t�e�d� �b�e�a�m� �i�s� �d�i�v�i�d�e�d� �i�n� �a� �t�o�t�a�l� �o�f� �t�e�n� �e�l�e�m�e�n�t�s�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�2�:� 

�T�h�e�r�e� �a�r�e� �t�h�r�e�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �(�D�O�F�)� �p�e�r� �n�o�d�e� �a�n�d� �t�h�e� �a�s�s�e�m�b�l�i�n�g� �i�s� �d�o�n�e� �f�o�l�l�o�w�i�n�g� 

�s�i�m�i�l�a�r� �p�r�o�c�e�d�u�r�e�s� �a�s� �t�h�a�t� �f�o�r� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�s�.� �A�l�t�h�o�u�g�h�,� �c�a�r�e� �n�e�e�d� �t�o� �b�e� �t�a�k�e�n� 

�a�l�o�n�g� �t�h�e� �m�a�t�t�i�n�g� �s�e�c�t�i�o�n� �d�u�e� �t�o� �t�h�e� �o�v�e�r�l�a�p�p�i�n�g� �o�f� �t�h�e� �b�e�a�m� �e�l�e�m�e�n�t�s�.� �T�h�e�r�e�b�y�,� �a� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n� �o�f� �t�h�e� �l�o�c�a�l� �D�O�F� �t�o� �g�l�o�b�a�l� �c�o�o�r�d�i�n�a�t�e�s� �i�s� �b�e�e�n� �d�o�n�e� �i�n� �t�h�e� �p�r�o�g�r�a�m� �r�o�u�t�i�n�e�,� 

�w�i�t�h� �t�h�e� �u�s�e� �o�f� �a� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �c�o�n�t�a�i�n�i�n�g� �1 ��s� �o�r� �0 ��s� �a�c�c�o�r�d�i�n�g�l�y� �t�o� �t�h�e� �n�o�d�a�l� 

�p�o�s�i�t�i�o�n� �i�n� �t�h�e� �g�l�o�b�a�l� �c�o�o�r�d�i�n�a�t�e�s�.� 

�1�2� �3� �4� �5� �6� 
�A�o�r� �o�o�o� 

�w�r� �e� �@� 
�o�o�o�o�c ��s�H� 

�7� �8� �9� �1�0� 
�F�i�g�u�r�e� �4�.�2�.� �T�h�e� �b�o�l�t�e�d� �b�e�a�m� �i�s� �d�i�v�i�d�e�d� �i�n�t�o� �t�e�n� �e�l�e�m�e�n�t�s� �a�n�d� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� 

�P�Z�T� �a�r�e� �i�n�c�l�u�d�e�d� �a�c�c�o�r�d�i�n�g�l�y�.� 

�T�h�e� �v�i�b�r�a�t�i�o�n� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �b�o�l�t�e�d� �b�e�a�m� �i�s� �f�i�r�s�t� �a�p�p�r�o�x�i�m�a�t�e�d� �w�i�t�h� �t�h�e� �u�s�e� �o�f� 

�l�i�n�e�a�r� �m�a�s�s�-�s�p�r�i�n�g�-�d�a�s�h� �p�o�t� �s�y�s�t�e�m�s� �a�c�t�i�n�g� �a�s� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �a�p�p�r�o�p�r�i�a�t�e� �l�o�c�a�t�i�o�n�s� 

�i�n� �t�h�e� �a�s�s�e�m�b�l�i�n�g� �o�f� �t�h�e� �g�l�o�b�a�l� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s�.� �T�h�e�s�e� �s�y�s�t�e�m�s� �a�c�t� �a�s� �n�o�d�a�l� �f�o�r�c�e�s� �a�n�d� 

�n�o�d�a�l� �l�u�m�p�e�d� �m�a�s�s�e�s� �i�n� �t�h�e� �t�h�r�e�e� �c�o�o�r�d�i�n�a�t�e� �d�i�r�e�c�t�i�o�n�s� �a�t� �t�h�e�i�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �p�o�s�i�t�i�o�n� �i�n� 

�t�h�e� �f�o�r�c�e� �v�e�c�t�o�r�.� �A� �f�i�r�s�t� �g�u�e�s�s� �o�f� �t�h�e� �s�p�r�i�n�g� �a�n�d� �d�a�s�h� �p�o�t� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� 

�b�i�b�l�i�o�g�r�a�p�h�y� �[�1�1�9�]�,� �t�h�i�s� �v�a�l�u�e�s� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �a�t� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �n�o�d�a�l� 

�p�o�s�i�t�i�o�n�s�.� �A� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �c�o�n�t�a�i�n�i�n�g� �o�n�l�y� �t�h�e� �b�e�n�d�i�n�g� �m�o�d�e� �o�f� �i�n�t�e�r�e�s�t� �i�s� �c�h�o�s�e�n�:� 

�E�x�p�e�r�i�m�e�n�t�a�l�l�y�,� �t�h�e� �1�9�t�h� �m�o�d�e�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a� �r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�y� �o�f� �1�7�.�4� �k�H�z�,� 

�p�r�o�v�i�d�e�d� �t�h�e� �l�a�r�g�e�s�t� �d�e�f�l�e�c�t�i�o�n� �a�t� �t�h�e� �b�o�l�t�e�d� �s�e�c�t�i�o�n� �a�n�d� �t�h�e�r�e�f�o�r�e� �w�a�s� �t�a�k�e�n� �a�s� �r�e�f�e�r�e�n�c�e� 

�t�o� �a�d�j�u�s�t� �t�h�e� �j�o�i�n�t� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t�.� �T�h�e� �r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�y� �a�n�d� �a�m�p�l�i�t�u�d�e� �o�f� 

�t�h�e� �r�e�s�p�o�n�s�e�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�i�s� �s�e�t� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s�,� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�n�d� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �v�a�l�u�e�s�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �i�t�e�r�a�t�e�d� �u�n�t�i�l� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e�,� �f�o�r� �t�h�a�t� �p�a�r�t�i�c�u�l�a�r� 

�4�9



�m�o�d�e�,� �i�s� �a�t�t�a�i�n�e�d�.� �A�n� �o�p�t�i�m�a�l� �s�e�t� �o�f� �v�a�l�u�e�s� �f�o�r� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �t�h�u�s� �f�o�u�n�d� �i�s� �s�u�c�h� �t�h�a�t� �t�h�e�y� 

�m�o�s�t� �c�l�o�s�e�l�y� �d�e�s�c�r�i�b�e� �t�h�e� �p�a�t�t�e�r�n� �o�f� �t�h�e� �v�i�b�r�a�t�i�n�g� �s�t�r�u�c�t�u�r�e�,� �a�n�d� �t�h�e�y� �a�r�e� �s�e�l�e�c�t�e�d� �t�o� �f�u�r�t�h�e�r� 

�i�n�v�e�s�t�i�g�a�t�e� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �s�y�s�t�e�m� �a�n�d� �t�o� �s�o�l�v�e� �f�o�r� �a�l�l� �t�h�e� �m�o�d�e�s� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� 

�r�a�n�g�e� �o�f� �i�n�t�e�r�e�s�t�.� �S�i�m�i�l�a�r� �i�t�e�r�a�t�i�v�e� �p�r�o�c�e�d�u�r�e�s� �h�a�v�e� �b�e�e�n� �c�a�r�r�i�e�d� �o�u�t� �i�n� �t�h�e� �b�i�b�l�i�o�g�r�a�p�h�y� 

�[�1�1�3�,�1�1�4�]�,� �i�n� �w�h�i�c�h� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �s�p�r�i�n�g�s� �a�r�e� �s�o�l�v�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �o�f� �t�h�e� �d�a�m�p�e�r� 

�c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �t�h�e� �f�i�r�s�t� �t�w�o� �m�o�d�e�s� �o�f� �v�i�b�r�a�t�i�o�n�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �g�i�v�e�s� �a�n� �e�s�t�i�m�a�t�e� �o�n� �t�h�e� 

�a�n�a�l�y�s�i�s� �o�f� �t�h�e� �c�o�m�p�l�e�x� �b�e�h�a�v�i�o�r� �o�f� �b�o�l�t�e�d� �j�o�i�n�t�s�.� �A� �f�l�o�w� �c�h�a�r�t� �o�f� �t�h�i�s� �n�u�m�e�r�i�c�a�l� �p�r�o�c�e�d�u�r�e� 
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�i�s� �o�u�t�l�i�n�e�d� �i�n� �F�i�g�u�r�e� �4�.�3�.� 

�I�n�i�t�i�a�l� �v�a�l�u�e�s� �=�(�K� �U�y� �S�o�l�v�e� �f�o�r� �a�y�e�t�s�|� �{�6�}� �=�1�6�}�]�  � ��4� �S�e�t� 

�K�=�K�z�x�6�{� �N�O� �e�x�p� 

�Y�E�S� 

�S�o�l�v�e� �f�o�r� �a�l�l� 
�w�o� � � � � � � 

�F�i�g�u�r�e� �4�.�3�.� �F�l�o�w� �c�h�a�r�t� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �p�r�o�c�e�d�u�r�e� �u�s�e�d� �t�o� �a�n�a�l�y�z�e� �t�h�e� �d�y�n�a�m�i�c�s� 
�o�f� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�i�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �f�i�r�s�t� �2�3� �b�e�n�d�i�n�g� 

�m�o�d�e�s� �(�t�o�r�s�i�o�n�a�l� �m�o�d�e�s� �a�r�e� �n�o�t� �a�c�c�o�u�n�t�e�d� �f�o�r� �i�n� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �p�r�o�c�e�d�u�r�e�)� �a�r�e� �p�r�e�s�e�n�t�e�d� �i�n� 

�T�a�b�l�e� �4�.�2�.� �I�t� �s�h�o�u�l�d� �b�e� �n�o�t�i�c�e�d� �t�h�a�t� �t�h�e� �1�9�t�h� �m�o�d�e�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �l�a�r�g�e�s�t� �d�e�f�l�e�c�t�i�o�n�,� 

�i�s� �i�n� �v�e�r�y� �g�o�o�d� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �b�e�c�a�u�s�e� �i�t� �w�a�s� �t�a�k�e�n� �a�s� �r�e�f�e�r�e�n�c�e� 

�t�o� �a�d�j�u�s�t� �t�h�e� �j�o�i�n�t� �s�y�s�t�e�m ��s� �c�o�e�f�f�i�c�i�e�n�t�s�.� �M�o�r�e�o�v�e�r�,� �i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �w�e�r�e� �f�o�u�n�d� 

�t�w�o� �t�o�r�s�i�o�n�a�l� �m�o�d�e�s�,� �w�h�i�c�h�,� �f�o�r� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �u�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y�,� �w�e�r�e� �n�o�t� 

�c�o�n�s�i�d�e�r�e�d� �r�e�l�i�a�b�l�e� �f�o�r� �i�n�c�i�p�i�e�n�t� �d�a�m�a�g�e� �d�e�t�e�c�t�i�o�n� �p�u�r�p�o�s�e�s�,� �d�u�e� �t�o� �t�h�e�i�r� �h�i�g�h� �i�n�s�t�a�b�i�l�i�t�y� �t�o� 

�t�h�e� �s�l�i�g�h�t�e�s�t� �v�a�r�i�a�t�i�o�n�s� �o�n� �t�h�e� �s�t�r�u�c�t�u�r�e ��s� �c�o�n�f�i�g�u�r�a�t�i�o�n� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �a�s� �d�a�m�a�g�e�.� 

�E�x�p�e�r�i�m�e�n�t�a�l�l�y�,� �t�h�e�s�e� �m�o�d�e�s� �w�e�r�e� �i�s�o�l�a�t�e�d� �f�r�o�m� �t�o�r�s�i�o�n�a�l� �m�o�d�e�s� �u�s�i�n�g� �a� �l�a�s�e�r� �t�e�c�h�n�i�q�u�e�.� 

�3�0



�T�a�b�l�e� �4�.�2�.� �N�a�t�u�r�a�l� �F�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �b�o�l�t�e�d� �b�e�a�m� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �b�e�n�d�i�n�g� �m�o�d�e�s�.� 
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�N�a�t�u�r�a�l� �E�x�p�e�r�i�m�e�n�t�a�l� �}� �L�i�n�e�a�r� �R�e�s�u�l�t�s�}�;� �N�o�n�l�i�n�e�a�r� 
�F�r�e�q�u�e�n�c�y� �N�o�.�|� �R�e�s�u�l�t�s� �(�H�z�)� �(�H�z�)� �R�e�s�u�l�t�s� �(�H�z�)� 

�1� �1�0�0� �1�0�0� �1�0�0� 
�2� �2�8�4� �2�6�0� �2�3�0� 
�3� �5�4�0� �5�0�0� �4�8�5� 
�4� �9�2�1� �9�1�0� �8�6�0� 
�5� �1�,�3�4�5� �1�,�3�0�0� �1�,�3�2�0� 
�6� �1�,�9�9�3� �2�,�0�1�0� �2�,�0�8�5� 
�7� �2�,�4�6�8� �2�,�4�7�0� �2�,�5�0�5� 
�8� �3�,�5�2�8� �3�,�5�5�0� �3�,�5�5�5� 
�9� �3�,�9�4�0� �4�,�1�8�0� �4�,�2�1�0� 

�1�0� �5�,�3�3�7� �5�,�3�4�0� �5�,�3�8�0� 
�1�1� �6�,�3�5�0� �6�,�1�9�0� �6�,�2�5�0� 
�1�2� �7�,�2�7�5� �7�,�1�4�0� �7�,�2�6�5� 
�1�3� �8�,�0�3�7� �8�,�0�0�0� �8�,�0�3�5� 
�1�4� �9�,�1�6�2� �9�,�0�8�0� �9�,�1�0�0� 
�1�5� �1�0�,�4�0�0� �1�0�,�3�2�0� �1�0�,�3�4�0� 
�1�6� �1�2�,�0�7�5� �1�2�,�1�8�0� �1�2�,�2�0�5� 
�1�7� �1�3�,�0�3�7� �1�3�,�2�1�0� �1�3�,�2�9�0� 
�1�8� �1�5�,�9�8�7� �1�5�,�0�1�0� �1�5�,�6�5�0� 
�1�9� �1�7�,�4�0�0� �1�7�,�3�9�0� �1�7�,�3�9�0� 
�2�0� �1�8�,�9�7�5� �1�9�,�1�6�0� �1�8�,�9�1�0� 
�2�1� �2�1�,�7�1�0� �2�1�,�1�8�0� �2�1�,�7�6�0� 
�2�2� �2�2�,�3�6�0� �2�1�,�9�6�0� �2�1�,�9�9�0� 
�2�3� �2�2�,�7�4�0� �2�2�,�2�2�0� �2�3�,�0�2�0� � � � � � � � � 
� � 

�W�e� �w�i�l�l� �b�r�i�e�f�l�y� �o�u�t�l�i�n�e� �t�h�i�s� �l�a�s�e�r� �p�r�o�c�e�d�u�r�e�;� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�-�u�p� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �4�.�4�.� �T�h�e� �b�o�l�t�e�d� �s�t�r�u�c�t�u�r�e� �i�s� �e�x�c�i�t�e�d� �a�t� �t�h�e� �r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �m�o�d�e� �t�o� �b�e� 

�a�n�a�l�y�z�e�d� �t�h�r�o�u�g�h� �t�h�e� �P�Z�T�-�a�c�t�u�a�t�o�r� �b�y� �a� �s�i�g�n�a�l� �g�e�n�e�r�a�t�o�r� �a�t� �1�5� �v�o�l�t�s�.� �T�h�e� �l�a�s�e�r� �v�i�b�r�o�m�e�t�e�r� 

�r�e�a�d�s� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �e�x�c�i�t�e�d� �s�t�r�u�c�t�u�r�e� �t�h�r�o�u�g�h� �a� �m�u�l�t�i�p�u�r�p�o�s�e� �v�o�l�t�m�e�t�e�r�.� �A�s� �t�h�e� �l�a�s�e�r� 

�s�c�a�n�s� �t�h�r�o�u�g�h�,� �a� �m�a�x�i�m�u�m� �v�o�l�t�a�g�e� �c�o�i�n�c�i�d�e�s� �w�i�t�h� �a� �m�a�x�i�m�u�m� �a�m�p�l�i�t�u�d�e� �f�o�r� �t�h�e� �m�o�d�e�,� 

�a�n�d� �a� �m�i�n�i�m�u�m� �v�o�l�t�a�g�e� �c�o�i�n�c�i�d�e�s� �w�i�t�h� �a� �n�o�d�e�.� �T�h�i�s� �w�a�y� �t�h�e� �n�u�m�b�e�r� �o�f� �n�o�d�e�s� �c�o�u�l�d� �b�e� 

�m�e�a�s�u�r�e�d� �f�o�r� �a�n�y� �g�i�v�e�n� �m�o�d�e� �a�n�d� �w�e� �c�o�u�l�d� �e�a�s�i�l�y� �c�o�r�r�o�b�o�r�a�t�e� �w�h�e�t�h�e�r� �a� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� 

�c�o�r�r�e�s�p�o�n�d�e�d� �t�o� �a� �b�e�n�d�i�n�g� �m�o�d�e�.� �T�h�o�s�e� �f�r�e�q�u�e�n�c�i�e�s� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �o�b�t�a�i�n�e�d� �a�n�d� 

�s�u�s�p�e�c�t�e�d� �t�o� �b�e� �t�o�r�s�i�o�n�a�l� �m�o�d�e�s� �w�e�r�e� �f�u�r�t�h�e�r� �i�n�v�e�s�t�i�g�a�t�e�d� �b�y� �m�e�a�s�u�r�i�n�g� �t�h�e� �v�o�l�t�a�g�e� �a�l�o�n�g� 

�t�h�e� �w�i�d�t�h� �o�f� �t�h�e� �b�e�a�m� �a�t� �a�n�y� �l�o�c�a�t�i�o�n�,� �t�o� �o�b�s�e�r�v�e� �a� �l�o�g�i�c�a�l� �p�a�t�t�e�r�n� �o�f� �a� �t�o�r�s�i�o�n� �w�i�t�h� �t�h�e� 

�3�1



�v�o�l�t�a�g�e� �r�e�c�o�r�d�e�d�.� �F�o�r� �t�h�e� �s�a�k�e� �o�f� �c�o�m�p�l�e�t�e�n�e�s�s�,� �t�h�e� �b�e�n�d�i�n�g� �m�o�d�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� 

�a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� �w�e�r�e� �a�l�s�o� �c�a�l�c�u�l�a�t�e�d� �a�n�d� �p�l�o�t�t�e�d� �b�y� �c�o�m�p�u�t�i�n�g� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�l�o�n�g� 

�t�h�e� �b�o�l�t�e�d� �b�e�a�m�,� �a�n�d� �t�h�e�y� �w�e�r�e� �f�o�u�n�d� �t�o� �r�e�s�e�m�b�l�e� �c�l�o�s�e�l�y� �t�h�o�s�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �l�a�s�e�r� 

�p�r�o�c�e�d�u�r�e� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e�.� 
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 �� �:�.� 

�P�o�l�y�t�e�c� �O�F�V� �3�5�0� 
�H�P� �3�3�1�4�A� �L�a�s�e�r� �S�e�n�s�o�r� �H�e�a�d� 

�F�u�n�c�t�i�o�n� �G�e�n�e�r�a�t�o�r� �]� 

�P�o�l�y�t�e�c� �O�F�V� �2�5�0�0� 
�V�i�b�r�o�m� �e�t�e�r� �C�o�n�t�r�o�l�l�e�r� � � � � � � 

�F�i�g�u�r�e� �4�.�4�.� �E�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�-�u�p� �u�s�e�d� �t�o� �t�r�a�c�k� �t�h�e� �m�o�d�e�s� �o�f� �v�i�b�r�a�t�i�o�n� �f�o�r� �t�h�e� �b�o�l�t�e�d� 
�b�e�a�m� �s�h�o�w�n�,� �a�n�d� �t�o� �i�s�o�l�a�t�e� �b�e�n�d�i�n�g� �a�n�d� �t�o�r�s�i�o�n�a�l� �m�o�d�e�s�.� 

�W�i�t�h� �t�h�e� �o�p�t�i�m�a�l� �s�e�t� �o�f� �s�p�r�i�n�g� �a�n�d� �d�a�s�h� �p�o�t� �c�o�e�f�f�i�c�i�e�n�t�s�,� �t�h�e� �l�i�n�e�a�r� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� 

�i�s� �n�o�w� �a�b�l�e� �t�o� �g�i�v�e� �a� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �b�o�l�t�e�d� �b�e�a�m� �d�y�n�a�m�i�c� �r�e�s�p�o�n�s�e�.� �B�a�s�e�d� �o�n� 

�t�h�i�s� �l�i�n�e�a�r� �m�o�d�e�l�,� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �m�e�c�h�a�n�i�s�m�s� �w�i�l�l� �n�o�w� �b�e� �s�t�u�d�i�e�d� �a�n�d� �a� �c�o�m�p�a�r�i�s�o�n� 

�o�f� �t�h�e� �p�o�w�e�r� �f�l�u�x� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e�s� �a�t� �t�h�e� �j�o�i�n�t� �w�i�l�l� �b�e� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �e�x�p�r�e�s�s�i�o�n� 
�-�_� 

�o�f� �t�h�e� �p�o�w�e�r� �f�l�u�x� �o�f� �a� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e�,� �P�,� �w�a�s� �g�i�v�e�n� �i�n� �c�h�a�p�t�e�r� �3� �a�s�:� 

�P�=� �(�9�M� �+� �W�V�)� �<�0� �(�4�.�5�)� 

�N�o�t�e� �t�h�a�t� �t�h�e� �p�o�w�e�r� �f�l�u�x� �m�u�s�t� �b�e� �n�e�g�a�t�i�v�e� �t�o� �d�i�s�s�i�p�a�t�e� �e�n�e�r�g�y� �a�t� �t�h�e� �j�o�i�n�t�.� �O�n�e� �c�o�u�l�d� 

�s�i�m�i�l�a�r�l�y� �d�e�f�i�n�e� �t�h�e� �p�o�w�e�r� �f�l�u�x� �o�f� �t�h�e� �i�n�c�i�d�e�n�t� �w�a�v�e�,� �P�,� �t�r�a�n�s�m�i�t�t�e�d� �w�a�v�e�,� �P�.�,� �a�n�d� �t�h�e� 

�r�e�f�l�e�c�t�e�d� �w�a�v�e�,� �P�.� �,� �a�t� �t�h�e� �j�o�i�n�t�.� �T�h�e�r�e�a�f�t�e�r�,� �t�h�e� �t�r�a�n�s�m�i�s�s�i�b�i�l�i�t�y� �c�o�e�f�f�i�c�i�e�n�t�,� �w�h�i�c�h� �r�e�l�a�t�e�s� 

�t�h�e� �e�n�e�r�g�y� �o�f� �v�i�b�r�a�t�i�o�n� �o�f� �t�h�e� �t�r�a�n�s�m�i�t�t�e�d� �w�a�v�e� �t�o� �t�h�a�t� �o�f� �t�h�e� �i�n�c�i�d�e�n�t� �w�a�v�e� �a�t� �t�h�e� �b�o�l�t�e�d� 

�c�o�n�n�e�c�t�i�o�n�,� �i�s� �d�e�f�i�n�e�d� �a�s�:� 

�5�2



�g�a�i�t� �(�4�.�6�)� 
�P�,� 

�A�n�d� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �i�s� �s�i�m�i�l�a�r�l�y� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�P�,� �=� �4�.�7� �R� �B� �(�4�.�7�)� 

�S�i�n�c�e� �t�h�e� �j�o�i�n�t� �i�s� �a�n� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �m�e�c�h�a�n�i�s�m�,� �w�e� �c�o�u�l�d� �d�e�f�i�n�e� �t�h�e� �e�n�e�r�g�y� 

�d�i�s�s�i�p�a�t�i�o�n� �f�a�c�t�o�r�,� �5�,� �a�s�:� 

�1�-�S�=�t�T�+�R� �(�4�.�8�)� 

�I�n� �t�h�e� �s�a�m�e� �l�i�n�e� �o�f� �d�i�s�c�u�s�s�i�o�n�,� �t�h�e� �e�n�e�r�g�y� �f�l�o�w� �a�c�r�o�s�s� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t� �c�a�n� �b�e� �a�l�s�o� 

�a�s�s�e�s�s�e�d� �f�r�o�m� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �o�f� �t�h�e� �e�n�e�r�g�y� �f�l�u�x� �b�e�f�o�r�e� �t�h�e� �j�o�i�n�t�,� �b�e�a�m� �e�l�e�m�e�n�t� �3� �i�n� �F�i�g�u�r�e� 

�4�.�2�,� �a�n�d� �t�h�e� �e�n�e�r�g�y� �f�l�u�x� �a�f�t�e�r� �t�h�e� �j�o�i�n�t�,� �e�l�e�m�e�n�t� �1�0�,� �t�h�a�t� �i�s� �t�h�e� �r�a�t�e� �o�f� �c�h�a�n�g�e� �o�f� �e�n�e�r�g�y� 

�a�c�r�o�s�s� �t�h�e� �b�o�l�t�e�d� �s�e�c�t�i�o�n� �c�o�u�l�d� �b�e� �d�e�f�i�n�e�d� �a�s�:� 

�a� �(�6�5�M�,�  �� �9� �p�M�.� �+� �W�V�;� �-� �W�V�i�0�)� �(�4�.�9�)� 

�F�o�r� �a� �s�i�n�g�l�e� �r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�y�,� �t�h�e� �p�a�t�t�e�r�n� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �w�a�s� �p�l�o�t�t�e�d�,� �b�o�t�h�,� 

�a�n�a�l�y�t�i�c�a�l�l�y� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �w�h�e�n� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t� �w�a�s� �f�u�l�l�y� �t�i�g�h�t�,� �t�o�t�a�l� �t�o�r�q�u�e� �o�f� �2�5� 

�N�m�.� �T�h�e�n�,� �b�y� �s�l�i�g�h�t�l�y� �l�o�o�s�e�n�i�n�g� �t�h�e� �b�o�l�t�s� �i�n� �t�h�e� �c�o�n�n�e�c�t�i�o�n� �t�o� �2�2� �N�m�,� �t�h�e� �p�a�t�t�e�r�n� �w�a�s� �a�l�s�o� 

�r�e�c�o�r�d�e�d� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �a�n�d� �c�a�l�c�u�l�a�t�e�d� �a�n�a�l�y�t�i�c�a�l�l�y� �b�y� �d�e�c�r�e�a�s�i�n�g� �t�h�e� �s�t�i�f�f�n�e�s�s� �i�n� �t�h�e� 

�s�p�r�i�n�g�s� �a�n�d� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �d�a�m�p�i�n�g� �i�n� �t�h�e� �d�a�s�h� �p�o�t�s�.� �T�h�e� �b�e�h�a�v�i�o�r� �o�f� �l�o�o�s�e�n�i�n�g� �t�h�e� �b�o�l�t�s� �i�s� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�5� �f�o�r� �t�h�e� �1�9�t�h� �m�o�d�e� �o�f� �b�e�n�d�i�n�g� �v�i�b�r�a�t�i�o�n�,� �a�t� �w�h�i�c�h� �t�h�e� �b�o�l�t�e�d� �s�e�c�t�i�o�n� 

�h�a�s� �m�a�x�i�m�u�m� �d�e�f�l�e�c�t�i�o�n� �f�o�r� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �o�f� �i�n�t�e�r�e�s�t�.� �B�y� �l�o�o�s�e�n�i�n�g� �t�h�e� �b�o�l�t�s�,� �t�h�e� 

�p�a�t�t�e�r�n� �o�f� �v�i�b�r�a�t�i�o�n� �(�g�a�i�n� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�)� �w�o�u�l�d� �s�h�i�f�t� �d�o�w�n�,� �d�u�e� �t�o� �t�h�e� �d�e�c�r�e�a�s�e� �i�n� 
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�a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e� �a�n�d� �t�h�e�r�e�f�o�r�e�,� �a� �c�l�e�a�r� �i�n�d�i�c�a�t�i�o�n� �t�h�a�t� �e�n�e�r�g�y� �h�a�s� �b�e�e�n� 

�d�i�s�s�i�p�a�t�e�d� �t�h�r�o�u�g�h� �t�h�e� �b�o�l�t�e�d� �c�o�n�n�e�c�t�i�o�n�.� 
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�F�r�e�q�u�e�n�c�y� �(�H�z�.�)� 

�F�i�g�u�r�e� �4�.�5�.� �E�f�f�e�c�t� �o�f� �l�o�o�s�e�n�i�n�g� �t�h�e� �b�o�l�t�s� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �u�n�d�e�r� �s�t�u�d�y�.� �C�o�m�p�a�r�i�s�o�n� 
�o�f� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �u�s�i�n�g� �t�h�e� �l�i�n�e�a�r� �m�o�d�e�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �f�o�r� 
�t�h�e� �1�9�t�h� �m�o�d�e� �o�f� �v�i�b�r�a�t�i�o�n�.� 

�R�e�p�r�o�d�u�c�i�n�g� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �w�i�t�h� �a� �s�e�t� �o�f� �o�p�t�i�m�a�l� �c�o�e�f�f�i�c�i�e�n�t�s� �t�o� 

�d�e�s�c�r�i�b�e� �t�h�e� �m�e�c�h�a�n�i�c�s� �o�f� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t� �a�n�d� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �t�h�e� �i�n�t�r�o�d�u�c�e�d� �e�n�e�r�g�y� 

�f�a�c�t�o�r�s�,� �v�i�s�u�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �w�a�v�e ��s� �i�n�t�e�r�a�c�t�i�o�n� �a�t� �t�h�e� �o�v�e�r�l�a�p�p�e�d� �s�e�c�t�i�o�n� �a�r�e� �m�a�d�e� 

�p�o�s�s�i�b�l�e�.� �S�u�c�h� �i�n�t�e�r�a�c�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�6� �f�o�r� �t�h�e� �1�9�t�h� �m�o�d�e�:� �T�h�e� �c�o�m�p�a�r�i�s�o�n� �i�s� 

�m�a�d�e� �b�e�t�w�e�e�n� �t�h�e� �t�r�a�n�s�m�i�t�t�e�d� �w�a�v�e� �a�t� �t�h�e� �j�o�i�n�t�e�d� �s�e�c�t�i�o�n�,� �e�l�e�m�e�n�t�s� �4� �a�n�d� �7� �i�n� �F�i�g�u�r�e� �4�.�2�,� 

�a�n�d� �t�h�e� �t�r�a�n�s�m�i�t�t�e�d� �w�a�v�e� �a�f�t�e�r� �t�h�e� �j�o�i�n�t�,� �e�l�e�m�e�n�t�s� �6� �a�n�d� �9�,� �w�h�e�n� �t�h�e� �b�o�l�t�s� �w�e�r�e� �f�u�l�l�y� �t�i�g�h�t� 

�(�2�5� �N�m�)�.� �T�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �a�t� �t�h�e� �j�o�i�n�t� �i�s� �c�o�n�s�i�s�t�e�n�t�l�y� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �a�f�t�e�r� �t�h�e� 

�j�o�i�n�t�,� �a�s� �a� �c�o�n�s�e�q�u�e�n�c�e�,� �t�h�e�r�e� �i�s� �m�o�r�e� �e�n�e�r�g�y� �o�f� �t�h�e� �i�n�c�i�d�e�n�t� �w�a�v�e� �b�e�e�n� �d�i�s�s�i�p�a�t�e�d� �a�f�t�e�r� �t�h�e� 

�j�o�i�n�t�,� �a�s� �i�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �t�h�e� �d�i�s�s�i�p�a�t�i�o�n� �f�a�c�t�o�r�s� �a�t� �t�h�e� �j�o�i�n�t� �a�n�d� �a�f�t�e�r� �t�h�e� �j�o�i�n�t�.� �T�h�e� 

�p�r�o�p�o�r�t�i�o�n� �o�f� �e�n�e�r�g�y� �t�r�a�n�s�m�i�t�t�e�d� �a�n�d� �d�i�s�s�i�p�a�t�e�d� �a�t� �t�h�e� �j�o�i�n�t� �a�n�d� �a�f�t�e�r� �t�h�e� �j�o�i�n�t� �i�s� 

�m�a�i�n�t�a�i�n�e�d� �u�n�t�i�l� �t�h�e� �b�o�l�t�e�d� �b�e�a�m� �v�i�b�r�a�t�e�s� �a�t� �t�h�e� �r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�y�,� �a�t� �w�h�i�c�h� �l�a�r�g�e�r� 

�d�e�f�l�e�c�t�i�o�n�s� �a�t� �t�h�e� �m�a�t�t�i�n�g� �s�e�c�t�i�o�n� �o�c�c�u�r�.� �A�t� �t�h�i�s� �p�o�i�n�t� �t�h�e� �w�a�v�e� �i�n�t�e�r�a�c�t�i�o�n� �a�t� �t�h�e� �j�o�i�n�t� 
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�d�e�p�e�n�d�s� �l�a�r�g�e�l�y� �o�n� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�i�s� �d�e�f�l�e�c�t�i�o�n�.� �F�o�r� �t�h�e� �r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�y� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �1�9�t�h� �m�o�d�e�,� �a�t� �w�h�i�c�h� �i�t� �w�a�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �b�o�l�t�e�d� �b�e�a�m� �i�s� �a�t� �i�t�s� 

�m�a�x�i�m�u�m� �d�e�f�l�e�c�t�i�o�n�,� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �a�n�d� �d�i�s�s�i�p�a�t�i�o�n� �d�e�c�r�e�a�s�e�s�,� �w�h�i�l�e� �t�h�e� �r�e�f�l�e�c�t�i�o�n� 

�i�n�c�r�e�a�s�e�s� �a�t� �b�o�t�h� �o�f� �t�h�e� �l�o�c�a�t�i�o�n�s� �m�o�n�i�t�o�r�e�d� �i�n� �t�h�e� �b�e�a�m�.� �F�o�l�l�o�w�i�n�g� �b�y� �a� �j�u�m�p� �i�n� 

�t�r�a�n�s�m�i�s�s�i�o�n� �a�n�d� �d�i�s�s�i�p�a�t�i�o�n�,� �c�o�u�p�l�e�d� �w�i�t�h� �a� �d�e�c�r�e�a�s�e� �i�n� �r�e�f�l�e�c�t�i�o�n� �a�t� �t�h�e� �r�e�s�o�n�a�n�t� 
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�5� �n�o�.� �q�o� �[�t�e�e� �-� �M�m� �o�p�e�n� �b�o� �T�e�e�n�,� �2�4�,� 
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�F�r�e�q�u�e�n�c�y� �(�H�z�)� 

�F�i�g�u�r�e� �4�.�6�.� �I�n�t�e�r�a�c�t�i�o�n� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e� �a�t� �t�h�e� �b�o�l�t�e�d� �s�e�c�t�i�o�n� �f�o�r� �t�h�e� �1�9�t�h� 
�m�o�d�e�.� 

�T�o� �s�u�p�p�o�r�t� �t�h�e�s�e� �f�i�n�d�i�n�g�s�,� �t�h�e� �w�a�v�e� �b�e�h�a�v�i�o�r� �a�t� �t�h�e� �b�o�l�t�e�d� �s�e�c�t�i�o�n� �f�o�r� �a� �s�e�c�o�n�d� 

�m�o�d�e� �w�a�s� �a�l�s�o� �s�t�u�d�i�e�d�.� �F�i�g�u�r�e� �4�.�7� �s�h�o�w�s� �t�h�e� �w�a�v�e� �i�n�t�e�r�a�c�t�i�o�n� �o�f� �t�h�e� �1�7�t�h� �m�o�d�e�,� �a�t� �w�h�i�c�h� 

�t�h�e� �d�e�f�l�e�c�t�i�o�n� �i�s� �m�u�c�h� �s�m�a�l�l�e�r� �t�h�a�n� �f�o�r� �t�h�e� �1�9�t�h� �m�o�d�e�.� �F�o�r� �t�h�i�s� �c�a�s�e� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �a�t� �t�h�e� 

�j�o�i�n�t� �i�s� �a�l�s�o� �c�o�n�s�i�s�t�e�n�t�l�y� �l�a�r�g�e�r� �t�h�a�n� �a�f�t�e�r� �t�h�e� �j�o�i�n�t�,� �w�h�i�l�e� �t�h�e� �d�i�s�s�i�p�a�t�i�o�n� �i�s� �a�l�s�o� �c�o�n�s�i�s�t�e�n�t�l�y� 

�s�m�a�l�l�e�r�.� �A�t� �t�h�e� �r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�y�,� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �a�n�d� �r�e�f�l�e�c�t�i�o�n� �c�l�e�a�r�l�y� �d�e�c�r�e�a�s�e�s�,� �t�o� 

�i�n�c�r�e�a�s�e� �a�g�a�i�n� �a�f�t�e�r� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �r�e�s�o�n�a�n�c�e� �h�a�s� �d�i�m�i�n�i�s�h�e�d�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �t�h�e� 

�d�i�s�s�i�p�a�t�i�o�n� �i�n�c�r�e�a�s�e�s� �a�t� �t�h�e� �r�e�s�o�n�a�n�c�e�.� �T�h�i�s� �b�e�h�a�v�i�o�r� �c�l�o�s�e�l�y� �r�e�s�e�m�b�l�e�s� �t�h�e� �w�a�v�e� 

�i�n�t�e�r�a�c�t�i�o�n� �o�b�s�e�r�v�e�d� �f�o�r� �t�h�e� �1�9�t�h� �m�o�d�e�,� �b�u�t�,� �n�e�v�e�r�t�h�e�l�e�s�s� �i�t� �s�h�o�u�l�d� �b�e� �e�m�p�h�a�s�i�z�e�d� �t�h�a�t� �t�h�e� 

�r�e�a�c�t�i�o�n� �o�f� �t�h�e� �w�a�v�e� �a�t� �t�h�e� �j�o�i�n�t� �f�o�r� �a� �g�i�v�e�n� �r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�y� �i�s� �u�n�i�q�u�e�.� �S�u�c�h� 
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�w�h�i�c�h� �c�h�a�n�g�e�s� �s�h�a�p�e�s� �a�s� �i�t� �t�r�a�v�e�l�s�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �i�t� �i�s� �h�i�g�h�l�y� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t�.� 
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�F�r�e�q�u�e�n�c�y� �(�H�z�)� 

�F�i�g�u�r�e� �4�.�7�.� �I�n�t�e�r�a�c�t�i�o�n� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e� �a�t� �t�h�e� �b�o�l�t�e�d� �s�e�c�t�i�o�n� �f�o�r� �t�h�e� �1�7�t�h� 
�m�o�d�e�.� 

�F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �c�o�m�p�l�e�t�e�n�e�s�s�,� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �t�h�r�o�u�g�h� �t�h�e� �j�o�i�n�t� �a�t� �e�a�c�h� �o�f� 

�t�h�e�s�e� �t�w�o� �m�o�d�e�s� �w�a�s� �f�u�r�t�h�e�r� �i�n�v�e�s�t�i�g�a�t�e�d� �w�i�t�h� �t�h�e� �a�i�d� �o�f� �E�q�u�a�t�i�o�n� �(�4�.�9�)�.� �T�h�e� �e�n�e�r�g�y� 

�d�i�s�s�i�p�a�t�e�d� �i�n� �r�e�l�a�t�i�o�n� �t�o� �t�h�e� �m�a�x�i�m�u�m� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �a�t� �t�h�e� �1�9�t�h� �m�o�d�e� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �4�.�8�:� �W�h�e�n� �t�h�e� �b�o�l�t�s� �a�r�e� �t�i�g�h�t� �(�2�5� �N�m�)�,� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �5�0�%� 

�o�f� �t�h�e� �m�a�x�i�m�u�m� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �w�h�e�n� �t�h�e� �b�o�l�t�s� �a�r�e� �l�o�o�s�e�n� �(�2�2� �N�m�)�.� �B�y� �s�l�i�g�h�t�l�y� �r�e�d�u�c�i�n�g� 

�t�h�e� �c�l�a�m�p�i�n�g� �p�r�e�s�s�u�r�e� �o�f� �t�h�e� �b�o�l�t�s�,� �t�h�e�r�e� �i�s� �a� �l�a�r�g�e� �i�n�c�r�e�m�e�n�t� �o�f� �e�n�e�r�g�y� �l�o�s�s�e�s�.� �T�h�e� �e�f�f�e�c�t� 

�o�f� �l�o�o�s�e�n�i�n�g� �t�h�e� �b�o�l�t�s� �w�a�s� �r�e�p�r�o�d�u�c�e�d� �u�s�i�n�g� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �r�e�s�u�l�t�s� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�5�.� �A�s� �a� �c�o�m�p�a�r�i�s�o�n�,� �s�i�m�i�l�a�r� �f�i�n�d�i�n�g�s� �w�e�r�e� �o�b�s�e�r�v�e�d� �f�o�r� �t�h�e� �1�7�t�h� �m�o�d�e�,� 

�a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�9�.� �T�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �w�h�e�n� �t�h�e� �b�o�l�t�s� �a�r�e� �t�i�g�h�t� �a�n�d� �w�h�e�n� �t�h�e� �b�o�l�t�s� 

�a�r�e� �l�o�o�s�e�n� �w�e�r�e� �n�o�r�m�a�l�i�z�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �m�a�x�i�m�u�m� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �f�o�r� �t�h�e� �1�9�t�h� 

�n�o�d�e�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �h�i�g�h�e�s�t� �d�e�f�l�e�c�t�i�o�n�.� �T�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �w�h�e�n� �t�h�e� �b�o�l�t�s� �a�r�e� 

�t�i�g�h�t� �i�s� �a�l�s�o� �a�p�p�r�o�x�i�m�a�t�e�l�y� �5�0�%� �t�h�a�t� �o�f� �t�h�e� �m�a�x�i�m�u�m� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �w�h�e�n� �t�h�e� �b�o�l�t�s� �a�r�e� 

�l�o�o�s�e�n�.� �B�u�t�,� �s�i�n�c�e� �t�h�e� �1�7�t�h� �m�o�d�e� �c�o�r�r�e�s�p�o�n�d� �t�o� �a� �s�m�a�l�l�e�r� �d�e�f�l�e�c�t�i�o�n� �o�f� �t�h�e� �m�a�t�t�i�n�g� �s�e�c�t�i�o�n�,� 

�t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �w�a�s� �l�e�s�s�e�r� �t�h�a�n� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �f�o�r� �t�h�e� �1�9�t�h� �m�o�d�e�.� 
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�F�r�e�q�u�e�n�c�y� �(�H�z�)� 

�F�i�g�u�r�e� �4�.�9�.� �R�a�t�e� �o�f� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �w�h�e�n� �t�h�e� �b�o�l�t�s� �a�r�e� �t�i�g�h�t� �a�n�d� �w�h�e�n� �t�h�e� �b�o�l�t�s� 
�a�r�e� �l�o�o�s�e�n� �f�o�r� �t�h�e� �1�7�t�h� �m�o�d�e�.� �L�i�n�e�a�r� �m�o�d�e�l�.� 

�4�.�4�.�2� �N�o�n�l�i�n�e�a�r� �M�o�d�e�l� �o�f� �t�h�e� �J�o�i�n�t� 

�A�n� �e�x�t�e�n�d�e�d� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l� �o�f� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t� �w�a�s� �d�o�n�e� �a�s�s�u�m�i�n�g� �c�l�e�a�r�a�n�c�e� �f�i�t� 

�n�o�n�l�i�n�e�a�r�i�t�y� �a�t� �t�h�e� �b�o�l�t�-�h�o�l�e� �s�e�c�t�i�o�n� �a�n�d� �C�o�u�l�o�m�b� �f�r�i�c�t�i�o�n� �d�a�m�p�i�n�g� �a�t� �t�h�e� �m�a�t�t�i�n�g� �s�e�c�t�i�o�n�.� 
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�B�o�t�h� �o�f� �t�h�e�s�e� �e�l�e�m�e�n�t�s� �h�a�v�e� �a� �p�i�e�c�e�-�w�i�s�e� �n�o�n�l�i�n�e�a�r� �b�e�h�a�v�i�o�r�,� �a�p�p�r�o�x�i�m�a�t�e�d� �f�o�r� �t�h�e�i�r� 

�d�y�n�a�m�i�c�s� �u�s�i�n�g� �a� �d�e�s�c�r�i�b�i�n�g� �f�u�n�c�t�i�o�n� �a�p�p�r�o�a�c�h�.� �T�h�e� �c�l�e�a�r�a�n�c�e� �f�i�t� �n�o�n�l�i�n�e�a�r�i�t�y� �i�s� �f�u�r�t�h�e�r� 

�s�i�m�p�l�i�f�i�e�d� �w�i�t�h� �a� �c�u�b�i�c� �n�o�n�l�i�n�e�a�r�i�t�y�,� �t�h�i�s� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�s� �m�a�d�e� �p�o�s�s�i�b�l�e� �b�e�c�a�u�s�e� �t�h�e� 

�s�p�a�c�i�n�g� �b�e�t�w�e�e�n� �t�h�e� �b�o�l�t� �a�n�d� �t�h�e� �h�o�l�e� �i�s� �v�e�r�y� �s�m�a�l�l� �a�n�d� �t�h�e� �t�i�g�h�t�n�e�s�s� �o�f� �t�h�e� �b�o�l�t� �i�s� 

�s�u�f�f�i�c�i�e�n�t�l�y� �l�a�r�g�e�.� �T�h�e� �n�a�t�u�r�e� �a�n�d� �m�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l� �o�f� �t�h�e�s�e� �n�o�n�l�i�n�e�a�r� �e�l�e�m�e�n�t�s� �w�e�r�e� 

�d�e�s�c�r�i�b�e�d� �i�n� �d�e�t�a�i�l� �i�n� �c�h�a�p�t�e�r� �3�,� �t�o�g�e�t�h�e�r� �w�i�t�h� �t�h�e� �p�r�o�c�e�d�u�r�e� �u�s�e�d� �t�o� �i�n�c�o�r�p�o�r�a�t�e� �t�h�e�m� �i�n�t�o� 

�t�h�e� �f�o�r�m�u�l�a�t�i�o�n�.� 

�D�u�e� �t�o� �t�h�e� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �o�f� �t�h�e�s�e� �e�l�e�m�e�n�t�s�,� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �o�b�t�a�i�n�e�d� �i�s� 

�i�t�e�r�a�t�i�v�e�l�y� �s�o�l�v�e�d� �u�s�i�n�g� �a� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� �t�e�c�h�n�i�q�u�e�.� �A� �f�i�r�s�t� �g�u�e�s�s� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�s� 

�n�u�m�e�r�i�c�a�l�l�y� �o�b�t�a�i�n�e�d� �b�y� �s�o�l�v�i�n�g� �t�h�e� �s�y�s�t�e�m� �w�h�e�n� �i�t� �i�s� �n�o�t� �i�n�f�l�u�e�n�c�e�d� �b�y� �t�h�e� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� 

�o�f� �t�h�e� �b�o�l�t�e�d� �s�e�c�t�i�o�n�.� �T�h�e�n�,� �a� �f�i�r�s�t� �g�u�e�s�s� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �n�o�n�l�i�n�e�a�r� 

�b�e�h�a�v�i�o�r� �o�f� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t� �a�r�e� �a�s�s�u�m�e�d� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �c�l�a�m�p�i�n�g� �f�o�r�c�e� �a�t� �e�a�c�h� �o�f� �t�h�e� 

�b�o�l�t�s� �f�r�o�m� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �t�o�t�a�l� �t�o�r�q�u�e� �t�h�e�y� �e�x�e�r�t�.� �V�a�r�i�a�t�i�o�n�s� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� 

�f�r�i�c�t�i�o�n� �m�a�k�e� �a�n�y� �q�u�a�n�t�i�t�a�t�i�v�e� �a�s�s�e�s�s�m�e�n�t� �a�n� �i�m�p�o�s�s�i�b�l�e� �t�a�s�k�,� �t�h�e�r�e�f�o�r�e�,� �t�h�e�o�r�e�t�i�c�a�l� 

�a�n�a�l�y�s�i�s� �i�s� �d�o�n�e� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �f�o�r�c�e�,� �F�,� �=� �f�y�p�,� �a�s� �t�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e� 

�n�o�r�m�a�l� �c�l�a�m�p�i�n�g� �f�o�r�c�e� �a�n�d� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �f�r�i�c�t�i�o�n�.� �T�h�e� �o�t�h�e�r� �c�o�e�f�f�i�c�i�e�n�t�s� �u�s�e�d� �t�o� 

�d�e�s�c�r�i�b�e� �t�h�e� �n�o�n�l�i�n�e�a�r� �b�o�l�t� �a�r�e� �t�h�e� �s�t�i�f�f�n�e�s�s� �o�f� �t�h�e� �c�l�e�a�r�a�n�c�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� �K�,�,�,� �a�n�d� �t�h�e� 

�s�t�i�f�f�n�e�s�s� �o�f� �t�h�e� �C�o�u�l�o�m�b� �f�r�i�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �K�;�.� �T�h�e�s�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �p�l�a�c�e�d� �i�n�t�o� �t�h�e� 

�f�o�r�m�u�l�a�t�i�o�n� �a�t� �a�p�p�r�o�p�r�i�a�t�e� �l�o�c�a�t�i�o�n�s� �a�n�d� �v�a�r�i�e�d� �i�t�e�r�a�t�i�v�e�l�y� �i�n� �a� �s�i�m�i�l�a�r� �w�a�y� �a�s� �i�t� �w�a�s� �d�o�n�e� 

�f�o�r� �t�h�e� �l�i�n�e�a�r� �c�a�s�e�,� �s�e�e� �t�h�e� �f�l�o�w� �c�h�a�r�t� �i�n� �F�i�g�u�r�e� �7�.�4�,� �u�n�t�i�l� �c�o�n�v�e�r�g�e�n�c�e�,� �w�i�t�h� �t�h�e� �u�s�e�d� �o�f� �a� 

�r�e�l�a�x�a�t�i�o�n� �c�r�i�t�e�r�i�a�,� �i�s� �a�t�t�a�i�n�e�d�.� �T�h�e� �1�9�t�h� �m�o�d�e� �w�a�s� �a�l�s�o� �t�a�k�e�n� �a�s� �r�e�f�e�r�e�n�c�e� �t�o� �a�d�j�u�s�t� �t�h�e� 

�j�o�i�n�t� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �b�o�l�t�e�d� �s�e�c�t�i�o�n�.� �T�h�e� �m�a�s�s� �a�n�d� �m�a�s�s� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �o�f� �t�h�e� �b�o�l�t�s� 

�a�r�e� �a�l�s�o� �a�d�d�e�d� �i�n�t�o� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �i�n� �t�h�e� �s�a�m�e� �m�a�n�n�e�r� �a�s� �f�o�r� �t�h�e� �l�i�n�e�a�r� �m�o�d�e�l�.� 

�T�h�e� �i�n�c�o�r�p�o�r�a�t�i�o�n� �o�f� �n�o�n�l�i�n�e�a�r� �e�l�e�m�e�n�t�s� �i�n�t�o� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �b�r�i�n�g�s� �a� �m�o�r�e� 

�r�e�a�l�i�s�t�i�c� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �b�o�l�t�e�d� �s�e�c�t�i�o�n� �i�n�t�o� �t�h�e� �m�o�d�e�l� �u�n�d�e�r� �s�t�u�d�y�.� �T�h�e� �r�e�s�o�n�a�n�t� 

�f�r�e�q�u�e�n�c�i�e�s� �o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m�s� �t�o� �m�o�d�e�l� �t�h�e� �j�o�i�n�t�s� �a�r�e� �a�l�s�o� �g�i�v�e�n� �i�n� 

�T�a�b�l�e� �4�.�2�:� �A�s� �e�x�p�e�c�t�e�d�,� �h�i�g�h�e�r� �o�r�d�e�r� �m�o�d�e�s� �a�r�e� �b�e�t�t�e�r� �m�o�d�e�l�e�d� �u�s�i�n�g� �t�h�e� �n�o�n�l�i�n�e�a�r� 

�3�8



�s�y�s�t�e�m�s� �w�i�t�h� �a� �o�n�e� �h�a�r�m�o�n�i�c� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�h�a�n� �w�i�t�h� �t�h�e� �l�i�n�e�a�r� �j�o�i�n�t� �m�o�d�e�l�.� �B�u�t�,� �f�o�r� �t�h�e� 

�l�o�w�e�r� �m�o�d�e�s�,� �t�h�e� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l� �l�o�o�s�e�s� �a�c�c�u�r�a�c�y� �s�i�n�c�e� �a� �m�u�l�t�i�-�h�a�r�m�o�n�i�c� �a�p�p�r�o�x�i�m�a�t�i�o�n� 

�i�s� �n�e�e�d�e�d� �i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n�e�d� �m�o�r�e� �a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s�.� �S�i�m�i�l�a�r� �e�n�e�r�g�y� �a�n�a�l�y�s�i�s�,� �a�s� �d�e�s�c�r�i�b�e�d� 

�f�o�r� �t�h�e� �l�i�n�e�a�r� �m�o�d�e�l�,� �w�a�s� �p�e�r�f�o�r�m�e�d� �f�o�r� �t�h�e� �n�o�n�l�i�n�e�a�r� �c�a�s�e�.� �T�h�e� �b�e�h�a�v�i�o�r� �o�f� �l�o�o�s�e�n�i�n�g� �t�h�e� 

�b�o�l�t�s� �f�o�r� �t�h�e� �1�9�t�h� �b�e�n�d�i�n�g� �m�o�d�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�1�0�:� �A�s� �t�h�e� �b�o�l�t�s� �a�r�e� �l�o�o�s�e�n�,� �t�h�e� 

�a�m�p�l�i�t�u�d�e� �o�f� �v�i�b�r�a�t�i�o�n� �d�e�c�a�y�s� �d�u�e� �t�o� �t�h�e� �e�n�e�r�g�y� �b�e�e�n� �d�i�s�s�i�p�a�t�e�d� �t�h�r�o�u�g�h� �t�h�e� �b�o�l�t�e�d� �r�e�g�i�o�n�.� 

�T�h�e� �e�f�f�e�c�t� �o�f� �l�o�o�s�e�n�i�n�g� �t�h�e� �b�o�l�t�s� �i�s� �d�o�n�e� �b�y� �d�e�c�r�e�a�s�i�n�g� �t�h�e� �s�t�i�f�f�n�e�s�s� �o�f� �t�h�e� �C�o�u�l�o�m�b� 

�f�r�i�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �a�n�d� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �f�o�r�c�e� �a�t� �t�h�e� �m�a�t�t�i�n�g� �n�o�d�e�s�.� 
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�3�.�5�0�E�-�0�4� 

 � �� �A�n�a�l�y�t�i�c�a�l� �R�e�s�u�t�t�s� 

�s�e�e�e�e�e� �E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s� �t� 

�2�.�8�0�E�-�0�4� �+� �3� 

�T�i�g�h�t� �b�o�l�t�s� 

�2�.�1�0�E�-�0�4� �+� 

�£� 

�1�.�4�0�E�-�0�4� �+� 

�L�o�o�s�e� �b�o�i�t�s� 
�7�.�0�0�E�-�0�5� �+� �-� 

�L�e�e�n� �a�y� �a�t�e�a�b�o�n�t�P�e�a�e� �t�t� �t�y�e�,� �2�0�,� �e�e�t� �e�t�t�e�r� �t�s� �m�m�e�n�n�g�e �� 

�c�a�t�e� 
�P�e�p�e� �e�t�a� �a�t�e� �e� �a�m�s� �4�1� �n�e�n� 

�0�.�0�0�E�+�0�0� �+� �+� �T� �T�  �� �T� 

�1�6�8�0�0�.�0�0� �1�6�9�8�0�.�0�0� �1�7�1�6�0�.�0�0� �1�7�3�4�0�.�0�0� �1�7�5�2�0�.�0�0� �1�7�7�0�0�.�0�0� 

�F�r�e�q�u�e�n�c�y� �(�H�z�)� 

�F�i�g�u�r�e� �4�.�1�0�.� �E�f�f�e�c�t� �o�f� �l�o�o�s�e�n�i�n�g� �t�h�e� �b�o�l�t�s� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �u�n�d�e�r� �s�t�u�d�y�.� �C�o�m�p�a�r�i�s�o�n� 
�o�f� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �u�s�i�n�g� �t�h�e� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� 
�r�e�s�u�l�t�s� �f�o�r� �t�h�e� �1�9�t�h� �m�o�d�e� �o�f� �v�i�b�r�a�t�i�o�n�.� 

�F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �c�o�m�p�a�r�i�s�o�n�,� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �r�a�t�e� �o�f� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �b�y� 

�l�o�o�s�e�n�i�n�g� �t�h�e� �b�o�l�t�s� �f�o�r� �t�h�e� �c�a�s�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�1�0�,� �a�s� �i�t� �w�a�s� �d�o�n�e� �f�o�r� �t�h�e� �l�i�n�e�a�r� �m�o�d�e�l� 

�o�f� �t�h�e� �j�o�i�n�t�,� �w�a�s� �a�l�s�o� �a�p�p�l�i�e�d� �t�o� �t�h�e� �n�o�n�l�i�n�e�a�r� �c�a�s�e�.� �F�i�g�u�r�e� �4�.�1�1� �s�h�o�w�s� �t�h�e� �e�f�f�e�c�t� �o�f� 

�l�o�o�s�e�n�i�n�g� �t�h�e� �b�o�l�t�s� �b�y� �d�e�c�r�e�a�s�i�n�g� �t�h�e� �a�p�p�l�i�e�d� �t�o�r�q�u�e� �3� �N�m�,� �a�s� �i�t� �w�a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�8� 

�f�o�r� �t�h�e� �l�i�n�e�a�r� �c�a�s�e�.� �S�i�m�i�l�a�r�l�y�,� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �w�h�e�n� �t�h�e� �b�o�l�t�s� �a�r�e� �t�i�g�h�t� �i�s� �a�l�s�o� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �5�0�%� �o�f� �t�h�a�t� �w�h�e�n� �t�h�e� �b�o�l�t�s� �a�r�e� �l�o�o�s�e�n�.� 
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�0�.�2�5� �+� � � � � � � � � �0�.�0�0� �'�  � ��  �� �*� �a�a�p� 
�1�7�0�0�0� �1�7�0�5�0� �1�7�1�0�0� �1�7�1�5�0� �1�7�2�0�0� �1�7�2�5�0� �1�7�3�0�0� �1�7�3�5�0� �1�7�4�0�0� �1�7�4�5�0� �1�7�5�0�0� 

�F�r�e�q�u�e�n�c�y� �(�H�z�)� 

�F�i�g�u�r�e� �4�.�1�1�.� �R�a�t�e� �o�f� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �w�h�e�n� �t�h�e� �b�o�l�t�s� �a�r�e� �t�i�g�h�t� �a�n�d� �w�h�e�n� �t�h�e� �b�o�l�t�s� 
�a�r�e� �l�o�o�s�e�n� �f�o�r� �t�h�e� �1�9�t�h� �m�o�d�e�.� �N�o�n�l�i�n�e�a�r� �m�o�d�e�l�.� 

�4�.�5� �C�o�n�c�l�u�s�i�o�n�s� 

�A� �s�i�m�p�l�e� �m�e�t�h�o�d� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �s�t�r�u�c�t�u�r�e�s� �w�i�t�h� 

�b�o�l�t�e�d� �j�o�i�n�t�s� �a�t� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �c�o�n�t�e�n�t� �h�a�s� �b�e�e�n� �h�e�r�e� �p�r�e�s�e�n�t�e�d�.� �F�i�r�s�t�l�y�,� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� 

�a�n�a�l�y�t�i�c�a�l� �p�r�o�c�e�d�u�r�e�,� �i�n�t�r�o�d�u�c�e�d� �i�n� �c�h�a�p�t�e�r� �3�,� �w�a�s� �s�u�c�c�e�s�s�f�u�l�l�y� �c�o�r�r�o�b�o�r�a�t�e�d�.� �T�h�e�n�,� �t�h�i�s� 

�p�r�o�c�e�d�u�r�e� �w�a�s� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �b�o�l�t�e�d� �b�e�a�m� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�1�.� �F�o�r� �t�h�i�s� �p�u�r�p�o�s�e� �t�w�o� 

�s�y�s�t�e�m�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� �t�o� �s�i�m�u�l�a�t�e� �t�h�e� �d�y�n�a�m�i�c� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �b�o�l�t�e�d� �c�o�n�n�e�c�t�i�o�n�;� �a� 

�l�i�n�e�a�r� �s�y�s�t�e�m� �c�o�n�s�i�s�t�i�n�g� �o�f� �s�p�r�i�n�g�-�d�a�s�h� �p�o�t�s� �i�n� �p�a�r�a�l�l�e�l� �a�n�d� �a� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m�,� �w�h�i�c�h� 

�a�c�c�o�u�n�t�s� �f�o�r� �c�l�e�a�r�a�n�c�e� �f�i�t� �a�t� �t�h�e� �b�o�l�t�-�h�o�l�e� �s�e�c�t�i�o�n� �a�n�d� �C�o�u�l�o�m�b� �f�r�i�c�t�i�o�n� �a�t� �t�h�e� �m�a�t�t�i�n�g� 

�s�e�c�t�i�o�n�.� 

�A�n� �e�x�t�e�n�s�i�v�e� �a�n�a�l�y�s�i�s� �u�s�i�n�g� �t�h�e� �l�i�n�e�a�r� �s�y�s�t�e�m� �w�a�s� �c�a�r�r�i�e�d� �o�u�t� �f�o�r� �a� �f�r�e�q�u�e�n�c�y� 

�c�o�n�t�e�n�t� �t�h�a�t� �i�n�c�l�u�d�e�d� �r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �u�p�t�o� �t�h�e� �2�0�t�h� �b�e�n�d�i�n�g� �m�o�d�e�.� �I�t� �w�a�s� �p�r�o�v�e�n� 

�e�x�p�e�r�i�m�e�n�t�a�l�l�y� �t�h�a�t� �t�o�r�s�i�o�n�a�l� �m�o�d�e�s� �a�r�e� �t�o�o� �s�e�n�s�i�t�i�v�e� �t�o� �a�l�t�e�r�a�t�i�o�n�s� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �a�s� 

�d�a�m�a�g�e�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �c�a�n�n�o�t� �b�e� �r�e�l�i�e�d� �o�n� �t�o� �t�r�a�c�k� �t�h�e� �h�e�a�l�t�h� �c�o�n�d�i�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m�.� 

�W�i�t�h� �t�h�e� �u�s�e� �o�f� �t�h�e� �s�i�m�p�l�e� �l�i�n�e�a�r� �s�y�s�t�e�m�,� �i�t� �w�a�s� �s�h�o�w�n� �t�h�a�t� �e�v�e�n� �s�m�a�l�l� �c�h�a�n�g�e�s� �i�n� �t�h�e� 

�t�i�g�h�t�n�e�s�s� �o�f� �t�h�e� �b�o�l�t�s� �c�a�u�s�e� �a� �l�a�r�g�e� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �d�i�s�s�i�p�a�t�i�o�n� �o�f� �e�n�e�r�g�y�.� �T�h�e�s�e� �e�n�e�r�g�y



�l�o�s�s�e�s� �l�e�a�d� �t�o� �a� �l�o�c�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e� �t�o� �t�h�e� �n�e�a�r� �v�i�c�i�n�i�t�y� �o�f� �t�h�e� �e�x�c�i�t�a�t�i�o�n� 

�s�o�u�r�c�e�.� �T�h�i�s� �s�h�a�r�p� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �r�a�t�e� �o�f� �e�n�e�r�g�y� �c�h�a�n�g�e� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �i�n�c�i�d�e�n�t� 

�w�a�v�e� �d�e�c�a�y�s� �e�x�p�o�n�e�n�t�i�a�l�l�y� �a�f�t�e�r� �e�n�c�o�u�n�t�e�r�i�n�g� �a� �d�i�s�s�i�p�a�t�i�n�g� �b�o�l�t�e�d� �j�o�i�n�t�.� �T�h�e� �i�n�t�e�r�a�c�t�i�o�n� �o�f� 

�t�h�e� �i�n�c�i�d�e�n�t� �w�a�v�e� �a�t� �t�h�e� �b�o�l�t�e�d� �s�e�c�t�i�o�n� �w�a�s� �a�l�s�o� �p�r�e�s�e�n�t�e�d� �b�y� �c�o�m�p�a�r�i�n�g� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� 

�a�n�d� �t�h�e� �d�i�s�s�i�p�a�t�i�o�n� �f�a�c�t�o�r�s� �a�t� �t�h�e� �j�o�i�n�t� �a�n�d� �a�f�t�e�r� �t�h�e� �j�o�i�n�t�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �s�u�c�h� �r�e�s�u�l�t�s� �f�o�r� 

�t�h�e� �1�9�t�h� �m�o�d�e�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �l�a�r�g�e�s�t� �d�e�f�l�e�c�t�i�o�n�,� �a�n�d� �t�h�e� �1�7�t�h� �m�o�d�e�,� �s�h�o�w�s� �t�h�a�t� �t�h�e� 

�p�r�o�p�a�g�a�t�i�o�n� �o�f� �t�h�e� �w�a�v�e�,� �a�s� �e�x�p�e�c�t�e�d�,� �i�s� �h�i�g�h�l�y� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �i�t� 

�c�h�a�n�g�e�s� �s�h�a�p�e� �a�s� �i�t� �t�r�a�v�e�l�s�,� �m�a�k�i�n�g�,� �a�n�y� �g�e�n�e�r�a�l� �c�o�n�c�l�u�s�i�o�n� �o�n� �t�h�e� �e�x�a�c�t� �q�u�a�n�t�i�f�i�c�a�t�i�o�n� �o�f� 

�t�h�e� �e�n�e�r�g�y� �o�f� �v�i�b�r�a�t�i�o�n� �a�n� �i�m�p�o�s�s�i�b�l�e� �t�a�s�k�.� �N�e�v�e�r�t�h�e�l�e�s�s�,� �t�h�e� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �w�a�v�e� �a�n�d� �s�i�z�e� 

�o�f� �t�h�e� �w�a�v�e�l�e�n�g�t�h� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �b�o�l�t�e�d� �s�e�c�t�i�o�n�,� �w�h�i�c�h� �d�e�p�e�n�d�s� �o�n� �t�h�e� �f�r�e�q�u�e�n�c�y�,� 

�p�l�a�y�s� �a� �c�r�u�c�i�a�l� �r�o�l�e� �o�n� �t�h�e� �b�e�a�m ��s� �d�e�f�l�e�c�t�i�o�n�.� 

�T�h�e� �e�x�t�e�n�d�e�d� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m� �u�s�e�d� �t�o� �m�o�d�e�l� �t�h�e� �b�o�l�t�e�d� �r�e�g�i�o�n� �w�a�s� �a�l�s�o� �a�n�a�l�y�z�e�d� 

�f�o�r� �i�t�s� �v�i�b�r�a�t�i�o�n�s� �b�y� �s�h�o�w�i�n�g� �t�h�e� �e�f�f�e�c�t�s� �o�f� �l�o�o�s�e�n�i�n�g� �t�h�e� �b�o�l�t�s� �a�t� �a� �g�i�v�e�n� �r�e�s�o�n�a�n�c�e�.� �T�h�e�s�e� 

�e�f�f�e�c�t�s� �w�e�r�e� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �s�h�o�w�n� �f�o�r� �t�h�e� �l�i�n�e�a�r� �m�o�d�e�l�,� �b�u�t� �b�y� �a�c�c�o�u�n�t�i�n�g� �f�o�r� �t�h�e� �p�i�e�c�e�-� 

�w�i�s�e� �n�o�n�l�i�n�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �b�o�l�t�e�d� �c�o�n�n�e�c�t�i�o�n� �w�i�t�h� �a� �f�i�r�s�t� �h�a�r�m�o�n�i�c� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� 

�m�o�r�e� �a�c�c�u�r�a�t�e� �r�e�s�u�l�t�s� �a�t� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�i�e�s� �w�e�r�e� �o�b�t�a�i�n�e�d�.� �T�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �l�i�n�e�a�r� 

�m�o�d�e�l� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l� �c�a�n� �b�e� �e�x�p�l�a�i�n�e�d� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� 

�c�l�a�m�p�i�n�g� �f�o�r�c�e�s� �a�t� �t�h�e� �m�a�t�t�i�n�g� �s�e�c�t�i�o�n� �w�e�r�e� �k�e�p�t� �v�e�r�y� �h�i�g�h�.� �T�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �a�t� �t�h�e� 

�n�o�n�l�i�n�e�a�r� �m�o�d�e�l� �o�f� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t� �w�a�s� �a�l�s�o� �p�r�e�s�e�n�t�e�d�,� �s�h�o�w�i�n�g� �s�i�m�i�l�a�r� �r�e�s�u�l�t�s� �t�o� �t�h�o�s�e� 

�o�b�s�e�r�v�e�d� �f�o�r� �t�h�e� �l�i�n�e�a�r� �m�o�d�e�l�.� 

�T�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�r�a�n�s�m�i�s�s�i�o�n� �a�n�d� �r�e�f�l�e�c�t�i�o�n� �a�t� �t�h�e� �j�o�i�n�t�,� �f�o�r� �a� �g�i�v�e�n� �f�r�e�q�u�e�n�c�y� 

�r�a�n�g�e� �c�o�n�t�a�i�n�i�n�g� �a� �r�e�s�o�n�a�n�t� �p�e�a�k�,� �w�a�s� �w�e�l�l� �r�e�p�r�o�d�u�c�e�d� �w�i�t�h� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �m�o�d�e�l� 

�p�r�e�s�e�n�t�e�d� �i�n� �c�h�a�p�t�e�r� �3�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�t� �w�a�s� �s�h�o�w�n� �t�h�a�t�,� �d�u�e� �t�o� �t�h�e� �d�i�s�p�e�r�s�i�v�e� �r�e�l�a�t�i�o�n� �o�f� 

�b�e�n�d�i�n�g� �w�a�v�e�s�,� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �o�f� �t�h�e� �t�r�a�v�e�l�i�n�g� �w�a�v�e� �a�t� �t�h�e� �j�o�i�n�t� �i�s� �u�n�i�q�u�e� �a�n�d� �t�h�e�r�e�f�o�r�e�,� 

�o�n�l�y� �q�u�a�l�i�t�a�t�i�v�e� �t�h�e�o�r�e�t�i�c�a�l� �p�r�e�d�i�c�t�i�o�n�s� �c�a�n� �b�e� �m�a�d�e�.� �A�l�s�o�,� �a�s� �e�x�p�e�c�t�e�d� �t�h�e� �l�a�r�g�e�s�t� �e�n�e�r�g�y� 

�l�o�s�s�e�s� �c�o�i�n�c�i�d�e�d� �w�i�t�h� �t�h�e� �l�a�r�g�e�s�t� �c�y�c�l�i�c� �p�e�a�k�.� �T�h�e� �r�e�s�u�l�t�s� �h�e�r�e� �p�r�e�s�e�n�t�e�d� �p�r�o�v�e�s� �t�h�e� �v�a�l�i�d�i�t�y� 

�o�f� �t�h�e� �p�r�o�p�o�s�e�d� �m�e�t�h�o�d� �t�o� �q�u�a�l�i�t�a�t�i�v�e�l�y� �a�s�s�e�s� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e� �a�t� �a� 

�b�o�l�t�e�d� �j�o�i�n�t� �a�n�d� �t�h�e� �e�n�e�r�g�y� �l�o�s�s�e�s� �t�h�a�t� �o�c�c�u�r�.� �T�h�e� �l�a�r�g�e� �i�n�c�r�e�a�s�e� �o�f� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �w�h�e�n� 

�6�1



�t�h�e� �b�o�l�t�s� �w�e�r�e� �s�l�i�g�h�t�l�y� �u�n�t�a�u�g�h�t� �w�a�s� �a�l�s�o� �o�b�s�e�r�v�e�d�,� �i�n�d�i�c�a�t�i�n�g� �t�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �b�o�l�t�e�d� 

�j�o�i�n�t�s� �i�n� �t�h�e� �e�f�f�e�c�t� �o�f� �l�o�c�a�l�i�z�a�t�i�o�n� �o�n� �t�h�e� �s�e�n�s�i�n�g� �r�e�g�i�o�n�.� 

�6�2



�C�h�a�p�t�e�r� �5� 

�A� �T�h�e�o�r�e�t�i�c�a�l� �S�t�u�d�y� �o�f� �W�a�v�e� �L�o�c�a�l�i�z�a�t�i�o�n� 

�d�u�e� �t�o� �S�t�r�u�c�t�u�r�a�l� �D�a�m�p�i�n�g� 

�5�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�I�n� �o�r�d�e�r� �t�o� �i�m�p�l�e�m�e�n�t� �t�h�e� �n�e�w� �i�m�p�e�d�a�n�c�e�-�b�a�s�e�d� �N�D�E� �t�e�c�h�n�i�q�u�e� �p�r�e�s�e�n�t�e�d� �a�t� �t�h�e� 

�i�n�t�r�o�d�u�c�t�i�o�n�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �h�a�v�e� �a� �b�e�t�t�e�r� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�e� �l�o�c�a�l�i�z�a�t�i�o�n� �p�h�e�n�o�m�e�n�a� 

�t�o� �e�s�t�a�b�l�i�s�h� �g�u�i�d�e�l�i�n�e�s� �f�o�r� �t�h�e� �p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �P�Z�T� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r�s� �o�n� �t�h�e� �c�o�m�p�l�e�x� 

�s�t�r�u�c�t�u�r�e� �t�o� �b�e� �m�o�n�i�t�o�r�e�d�;� �g�u�i�d�e�l�i�n�e�s� �s�u�c�h� �a�s� �t�h�e� �t�y�p�e� �o�f� �P�Z�T� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r�s� �t�o� �b�e� �u�s�e�d�,� 

�t�h�e� �q�u�a�n�t�i�t�y� �o�f� �s�e�n�s�o�r�s� �r�e�q�u�i�r�e�d� �t�o� �m�o�n�i�t�o�r� �t�h�e� �c�r�i�t�i�c�a�l� �a�r�e�a�,� �o�r� �t�h�e� �o�p�t�i�m�a�l� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� 

�s�e�n�s�o�r�s�.� �T�h�u�s�,� �t�o� �e�x�p�l�a�i�n� �t�h�i�s� �l�o�c�a�l�i�z�a�t�i�o�n� �p�h�e�n�o�m�e�n�a�,� �t�h�e�r�e� �i�s� �a� �n�e�e�d� �t�o� �m�o�d�e�l� �t�h�e� �e�n�e�r�g�y� 

�d�i�s�s�i�p�a�t�e�d� �a�s� �t�h�e� �w�a�v�e�,� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �P�Z�T�,� �p�r�o�p�a�g�a�t�e�s� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�e� 

�t�w�o� �p�r�i�n�c�i�p�a�l� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �m�e�c�h�a�n�i�s�m�s� �c�a�u�s�i�n�g� �l�o�c�a�l�i�z�a�t�i�o�n� �h�a�v�e� �b�e�e�n� �a�t�t�r�i�b�u�t�e�d� �t�o� 

�m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �a�n�d� �n�o�n�c�o�n�s�e�r�v�a�t�i�v�e� �j�o�i�n�t�s�.� �I�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �t�h�e� �f�o�c�u�s� �w�i�l�l� �b�e� �s�t�r�e�s�s�e�d� �o�n� 

�t�h�e� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n�.� �H�e�n�c�e�,� �q�u�a�n�t�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� 

�d�u�e� �t�o� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �a�n�d� �i�t�s� �e�f�f�e�c�t� �o�n� �t�h�e� �w�a�v�e� �l�o�c�a�l�i�z�a�t�i�o�n� �w�i�l�l� �b�e� �h�e�r�e� �p�r�e�s�e�n�t�e�d�.� 

�A�s� �i�n� �c�h�a�p�t�e�r� �3�,� �a�n�d� �d�u�e� �t�o� �t�h�e� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �c�o�n�t�e�n�t� �o�f� �t�h�e� �a�n�a�l�y�s�i�s�,� �a� �w�a�v�e� 

�p�r�o�p�a�g�a�t�i�o�n� �a�p�p�r�o�a�c�h� �b�a�s�e�d� �o�n� �c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�i�c�s� �w�i�l�l� �b�e� �u�s�e�d� �t�o� �m�o�d�e�l� �a� �l�o�n�g� �b�e�a�m�,� 

�b�o�l�t�e�d� �a�t� �t�h�e� �m�i�d�d�l�e� �a�n�d� �c�l�a�m�p�e�d� �a�t� �i�t�s� �e�n�d�s� �(�F�i�g�u�r�e� �5�.�1�)�.� �F�o�r� �t�h�e� �s�a�m�e� �r�e�a�s�o�n�,� �t�h�e� 

�r�o�t�a�t�i�o�n�a�l� �a�n�d� �t�r�a�n�s�v�e�r�s�e� �m�o�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m� �a�r�e� �i�m�p�l�e�m�e�n�t�e�d� �w�i�t�h� �t�h�e� �T�i�m�o�s�h�e�n�k�o ��s� 

�e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n�,� �w�h�i�l�e� �t�h�e� �a�x�i�a�l� �m�o�t�i�o�n� �i�s� �d�e�s�c�r�i�b�e�d� �u�s�i�n�g� �t�h�e� �r�o�d� �e�q�u�a�t�i�o�n�.� �T�h�e� 

�m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �w�i�l�l� �b�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l� �b�y� �u�s�i�n�g� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�e�n�c�e� �p�r�i�n�c�i�p�l�e�.� �A�t� �t�h�e� �e�n�d� �o�f� �t�h�i�s� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l�i�z�a�t�i�o�n� �e�f�f�o�r�t�,� �a�n� �i�m�p�l�i�c�i�t� 

�e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �w�i�l�l� �b�e� �o�b�t�a�i�n�e�d�,� �a�l�o�n�g� �w�i�t�h� �t�h�e� �e�f�f�e�c�t� �o�f



�e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �i�n� �t�h�e� �a�t�t�e�n�u�a�t�i�o�n� �o�f� �t�h�e� �w�a�v�e� �p�r�o�p�a�g�a�t�i�n�g� �t�h�r�o�u�g�h� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�e� 

�n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� �o�f� �t�h�i�s� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l�,� �a�l�o�n�g� �w�i�t�h� �e�x�p�e�r�i�m�e�n�t�a�l� �v�e�r�i�f�i�c�a�t�i�o�n� �w�i�l�l� �b�e� 

�p�r�e�s�e�n�t�e�d� �i�n� �c�h�a�p�t�e�r� �6�.� 

� � 

�0�0�0� 
�o�o�o� � � � � � � 

�F�i�g�u�r�e� �5�.�1�.� �S�c�h�e�m�a�t�i�c� �d�r�a�w�i�n�g� �o�f� �t�h�e� �L�o�n�g� �b�e�a�m� �b�o�l�t�e�d� �a�t� �t�h�e� �m�i�d�-�s�p�a�n� �a�n�d� �w�i�t�h� 
�c�l�a�m�p�e�d�-�c�l�a�m�p�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �u�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y�.� 

�5�.�2� �W�a�v�e� �P�r�o�p�a�g�a�t�i�o�n� �M�o�d�e�l�i�n�g� 

�D�u�e� �t�o� �t�h�e� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �e�m�p�l�o�y�e�d� �i�n� �t�h�e� �a�n�a�l�y�s�i�s�,� �a� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �a�p�p�r�o�a�c�h� 

�i�s� �c�o�n�s�i�d�e�r�e�d� �t�o� �s�t�u�d�y� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �s�t�r�u�c�t�u�r�e�s�.� �T�h�e�s�e� �s�t�r�u�c�t�u�r�e�s� �c�a�n� �b�e� 

�t�r�e�a�t�e�d� �a�s� �w�a�v�e�g�u�i�d�e�s�,� �a�l�o�n�g� �w�h�i�c�h� �t�h�e� �w�a�v�e� �c�a�n� �t�r�a�v�e�l� �w�i�t�h�o�u�t� �s�p�r�e�a�d�i�n�g� �i�n� �a�l�l� �d�i�r�e�c�t�i�o�n�s�.� 

�T�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �t�h�e�o�r�y�,� �w�h�i�c�h� �a�c�c�o�u�n�t�s� �f�o�r� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �a�n�d� �r�o�t�a�t�i�o�n�a�l� �i�n�e�r�t�i�a� 

�(�f�a�c�t�o�r�s� �t�o� �a�c�c�o�u�n�t� �f�o�r� �w�h�e�n� �t�h�e� �w�a�v�e�l�e�n�g�t�h� �i�s� �s�h�o�r�t� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �r�a�d�i�u�s� �o�f� �g�y�r�a�t�i�o�n� �o�f� 

�t�h�e� �b�e�a�m ��s� �c�r�o�s�s�-�s�e�c�t�i�o�n�)�,� �c�o�v�e�r�s� �t�h�e� �i�n�a�d�e�q�u�a�c�i�e�s� �o�f� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �t�h�e�o�r�y� �f�o�r� �h�i�g�h�e�r� 

�m�o�d�e�s� �o�f� �v�i�b�r�a�t�i�o�n� �a�n�d� �t�h�e�r�e�f�o�r�e�,� �w�i�l�l� �b�e� �u�s�e�d� �i�n� �t�h�i�s� �w�o�r�k� �t�o� �s�t�u�d�y� �t�h�e� �r�o�t�a�t�i�o�n�a�l� �a�n�d� 

�t�r�a�n�s�v�e�r�s�e� �m�o�t�i�o�n�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �m�o�t�i�o�n� �w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d� �w�i�t�h� �t�h�e� �u�s�e� 

�o�f� �t�h�e� �r�o�d� �t�h�e�o�r�y�.� �I�n� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�s�s�u�m�e� �a�_� �s�p�e�c�t�r�a�l� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�o�r�m�:� 

�u�(�x�,�t�)�=� �>�¥�,� �e�x�p�|�-�i�(�k�,�x� �-�o�,�£�)�]� �(�5�.�1�)� 

�w�h�e�r�e� �n� �i�s� �t�h�e� �p�a�r�t�i�c�u�l�a�r� �m�o�d�e�,� �Y� �i�s� �t�h�e� �w�a�v�e� �a�m�p�l�i�t�u�d�e�,� �k� �i�s� �t�h�e� �w�a�v�e�n�u�m�b�e�r� �(�1�/�l�e�n�g�t�h�)� 

�a�n�d� �w� �i�s� �t�h�e� �r�a�d�i�a�l� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �w�a�v�e� �(�r�a�d�i�a�n�s�/�t�i�m�e�)�.� �F�o�r� �e�a�c�h� �m�o�d�e�,� �n�,� �t�h�e� �d�i�s�p�e�r�s�i�o�n



�r�e�l�a�t�i�o�n�,� �w�h�i�c�h� �r�e�l�a�t�e�s� �k� �a�n�d� �w� �,� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �[�1�2�0�]�.� �O�n�c�e� �t�h�e� �m�o�d�e�s� �a�r�e� �f�o�u�n�d�,� �t�h�e�i�r� 

�a�m�p�l�i�t�u�d�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �v�a�r�i�o�u�s� �s�o�u�r�c�e�s� �o�f� �e�x�c�i�t�a�t�i�o�n�.� �T�h�e� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �v�e�l�o�c�i�t�y� 

�o�r� �p�h�a�s�e� �s�p�e�e�d�,� �c�,� �i�s� �g�i�v�e�n� �b�y�:� 

�C�=� �7� �=� �2�n�w�h� �(�5�.�2�)� 

�w�h�e�r�e� �A� �i�s� �t�h�e� �w�a�v�e�l�e�n�g�t�h�.� �A� �m�e�t�h�o�d�o�l�o�g�y� �u�s�i�n�g� �a� �f�o�r�m�u�l�a�t�i�o�n� �s�i�m�i�l�a�r� �t�o� �t�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �m�e�t�h�o�d�,� �b�u�t� �i�n� �w�h�i�c�h� �n�o� �f�i�n�i�t�e� �s�e�t� �o�f� �d�i�s�p�l�a�c�e�m�e�n�t� �i�s� �a�s�s�u�m�e�d� �i�n� �p�o�l�y�n�o�m�i�a�l� �f�o�r�m� 

�a�n�d� �n�o� �m�a�s�s� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �r�e�p�r�e�s�e�n�t�e�d�,� �h�a�s� �b�e�e�n� �p�r�e�s�e�n�t�e�d� �i�n� �c�h�a�p�t�e�r� �3�.� �S�i�n�c�e� �t�h�e� 

�i�n�e�r�t�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �s�p�e�c�i�m�e�n� �a�r�e� �e�x�a�c�t�l�y� �r�e�p�r�e�s�e�n�t�e�d�,� �t�h�e� �b�e�a�m� �e�l�e�m�e�n�t�s� �c�a�n� �e�x�t�e�n�t� 

�f�r�o�m� �d�i�s�c�o�n�t�i�n�u�i�t�y� �t�o� �d�i�s�c�o�n�t�i�n�u�i�t�y�.� �F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �c�o�m�p�l�e�t�e�n�e�s�s�,� �a� �b�r�i�e�f� �d�e�s�c�r�i�p�t�i�o�n� �o�f� 

�t�h�i�s� �m�e�t�h�o�d� �w�i�l�l� �b�e� �h�e�r�e� �p�r�e�s�e�n�t�e�d�.� �T�h�e� �p�r�o�c�e�s�s� �s�t�a�r�t�s� �w�i�t�h� �t�h�e� �w�e�l�l� �k�n�o�w�n� �T�i�m�o�s�h�e�n�k�o� 

�e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�:� 

� � 

�2� 

�o�x� �|� �o�x� �o�t� �(�5�.�3�)� 

�a�7� �a�w� �a�7� �E�I�  � ��+�G�A�x� �| ��-�9�|� �=� �p�!�  �� 
�a�x�?� �S� �|� �M�O�F� 

�w�h�e�r�e� �E� �i�s� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y�,� �G� �i�s� �t�h�e� �m�o�d�u�l�u�s� �o�f� �r�i�g�i�d�i�t�y�,� �J� �i�s� �t�h�e� �m�o�m�e�n�t� �o�f� 

�i�n�e�r�t�i�a� �o�f� �t�h�e� �c�r�o�s�s� �s�e�c�t�i�o�n�,� �A� �i�s� �t�h�e� �c�r�o�s�s� �s�e�c�t�i�o�n�a�l� �a�r�e�a�,� �p� �i�s� �t�h�e� �m�a�s�s� �d�e�n�s�i�t�y�,� �a�n�d� �x� �i�s� 

�t�h�e� �T�i�m�o�s�h�e�n�k�o�'�s� �s�h�e�a�r� �c�o�e�f�f�i�c�i�e�n�t�,� �w�h�i�c�h� �i�s� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �a�v�e�r�a�g�e� �s�h�e�a�r� �s�t�r�a�i�n� �i�n� �a� 

�s�e�c�t�i�o�n� �a�n�d� �t�h�e� �s�h�e�a�r� �s�t�r�a�i�n� �a�t� �t�h�e� �c�e�n�t�r�o�i�d�.� �T�h�e� �s�h�e�a�r� �f�o�r�c�e� �a�n�d� �b�e�n�d�i�n�g� �m�o�m�e�n�t� �a�r�e� �g�i�v�e�n� 

�b�y�:� 

�V�=� �c�a�x�(�-� �4�)� �6�4�)� 

�M� �=� �E�7�2�2�.� 
�o�x� 

�6�5



�r�e�s�p�e�c�t�i�v�e�l�y�.� �U�p�o�n� �s�u�b�s�t�i�t�u�t�i�o�n� �o�f� �t�h�e� �s�p�e�c�t�r�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�n�d� 

�a�f�t�e�r� �s�o�m�e� �m�a�t�h�e�m�a�t�i�c�a�l� �m�a�n�i�p�u�l�a�t�i�o�n�,� �o�n�e� �c�a�n� �o�b�t�a�i�n� �t�h�e� �d�i�s�p�e�r�s�i�v�e� �r�e�l�a�t�i�o�n� �a�s�:� 

� � 

�2� �2� �2� 

�k�(�m�)� �=� �s�(�e�t�t�a�e�}�o�t�e�s� �(�2� �w�t� �+�(�Z�)� �w�?� �4� �2�0�m� �w�?� �2�\�C�,� �C�G�,� �C� �C� 

� � 

�(�5�.�5�)� 

�w�h�e�r�e� �E�,� �i�s� �t�h�e� �e�l�a�s�t�i�c� �s�t�i�f�f�n�e�s�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �C�,� �=�G�«� �/�p�,� �C�,� �=� �E�I�/�p�A�,� �a�n�d� 

�C�i�,� �=�1�/�A�.� �E�q�u�a�t�i�o�n� �(�5�.�5�)� �g�i�v�e�s� �f�o�u�r� �p�o�s�s�i�b�l�e� �m�o�d�e�s�:� �t�w�o� �f�o�r�w�a�r�d� �m�o�v�i�n�g� �a�n�d� �t�w�o� 

�b�a�c�k�w�a�r�d� �m�o�v�i�n�g�.� �T�h�e� �t�r�a�n�s�v�e�r�s�e� �d�e�f�l�e�c�t�i�o�n� �a�n�d� �r�o�t�a�t�i�o�n�s� �a�r�e� �r�e�l�a�t�e�d� �b�y�:� 

�i�C�,�k� �.� 
�a�e� �l�e�e�t ��.� �T�A�P�o� �I�n�t�e� �e�o� �i� 

�T�h�e� �c�o�m�p�l�e�t�e� �s�o�l�u�t�i�o�n� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �o�f� �t�h�e� �r�o�t�a�t�i�o�n�a�l� �a�n�d� �t�r�a�n�s�v�e�r�s�e� 

�m�o�t�i�o�n�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �i�s� �g�i�v�e�n� �b�y�:� 

�o�(�x�)� �=� �C�e� �t�h�x� �+� �C�i�e� �t�h�a�x� �+� �C�,�e�t�h�i�x� �+� �C�e� �t�h�a�x� �(�5�.�7�)� 

�w�(�x�)� �=� �R�C�o� �4� �R�L�C� �6�7� �*�  �� �R�,�C�y�e�*�®�*�  �� �R�A�C� �e�*�F�*� 

�w�h�e�r�e� �R�,� �a�n�d� �R�,� �a�r�e� �g�i�v�e�n� �b�y� �E�q�u�a�t�i�o�n� �(�5�.�6�)�,� �w�i�t�h� �t�h�e� �p�r�o�p�e�r� �v�a�l�u�e� �o�f� �k� �.� �T�h�e� �f�u�n�c�t�i�o�n�s� 

�i�n� �E�q�u�a�t�i�o�n� �(�5�.�7�)� �c�a�n� �b�e� �w�r�i�t�t�e�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �o�f� �a� �s�i�n�g�l�e� �b�e�a�m� 

�e�l�e�m�e�n�t� �a�t� �x� �=� �0� �w�i�t�h� �a� �s�u�b�s�c�r�i�p�t� �1�,� �a�n�d� �a�t� �x� �=� �L� �w�i�t�h� �a� �s�u�b�s�c�r�i�p�t� �2�.� �T�h�e�n�,� �o�n�e� �c�o�u�l�d� 

�e�s�t�a�b�l�i�s�h� �a� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �+�C�,�,�C�,�,�C�;�,�C�,� �\� �a�n�d� �t�h�e� �n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s�.� 

�S�i�m�i�l�a�r�l�y�,� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �t�h�e� �g�l�o�b�a�l� �n�o�d�a�l� �f�o�r�c�e�s� �c�a�n� �b�e� �a�l�s�o� �d�e�r�i�v�e�d�.� 

�A�f�t�e�r� �s�o�m�e� �m�a�t�h�e�m�a�t�i�c�a�l� �m�a�n�i�p�u�l�a�t�i�o�n� �a�n�d� �p�r�o�p�e�r� �a�s�s�e�m�b�l�a�g�e� �o�f� �t�h�e� �e�l�e�m�e�n�t�s�,� �t�h�e� �n�o�d�a�l� 

�f�o�r�c�e�s� �a�r�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �w�i�t�h� �t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�,� �K� �,� �w�h�i�c�h� 

�c�o�n�t�a�i�n�s� �t�h�e� �s�t�i�f�f�n�e�s�s�,� �d�a�m�p�i�n�g� �a�n�d� �i�n�e�r�t�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �s�y�s�t�e�m�,� �w�r�i�t�t�e�n� �a�s�:� 
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�f�(�,�£�,�G�)�=�[�K�}�v�}�-� �}�-�0� �(�5�.�8�)� 

�w�h�e�r�e� �{�F� �l�i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �g�l�o�b�a�l� �n�o�d�a�l� �f�o�r�c�e�s�,� �a�n�d� �f�y�}� �i�s� �t�h�e� �v�e�c�t�o�r� �o�f� �g�l�o�b�a�l� �n�o�d�a�l� 

�d�i�s�p�l�a�c�e�m�e�n�t�.� �T�h�e� �l�o�n�g�i�t�u�d�i�n�a�l� �m�o�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m� �i�s� �i�n�c�l�u�d�e�d� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �t�h�e� �r�o�d� 

�e�q�u�a�t�i�o�n� �i�n� �a� �s�i�m�i�l�a�r� �m�a�n�n�e�r� �a�n�d� �a�d�d�e�d� �a�t� �a�p�p�r�o�p�r�i�a�t�e� �l�o�c�a�t�i�o�n�s�.� �T�h�e� �l�o�c�a�l� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� 

�i�s� �o�b�t�a�i�n�e�d� �a�t� �e�a�c�h� �f�r�e�q�u�e�n�c�y� �a�n�d� �t�h�e�n� �a�s�s�e�m�b�l�e�d� �i�n�t�o� �t�h�e� �g�l�o�b�a�l� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�,� �w�h�i�c�h� 

�h�a�s� �t�h�e� �u�s�u�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �b�e�i�n�g� �s�y�m�m�e�t�r�i�c� �a�n�d� �b�a�n�d�e�d�,� �a�l�t�h�o�u�g�h� �u�s�u�a�l�l�y� �c�o�m�p�l�e�x�.� 

�C�o�m�p�a�t�i�b�i�l�i�t�y� �i�s� �r�e�a�d�i�l�y� �s�a�t�i�s�f�i�e�d� �a�t� �t�h�e� �a�s�s�e�m�b�l�y� �s�t�a�g�e� �b�y� �c�o�n�s�t�r�a�i�n�i�n�g� �t�h�e� �b�e�a�m� 

�d�i�s�p�l�a�c�e�m�e�n�t�s� �t�o� �m�a�t�c�h� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �o�f� �t�h�e� �n�o�d�e�s�.� �A�f�t�e�r� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s�,� �t�h�e� �g�l�o�b�a�l� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �i�s� �i�n�v�e�r�t�e�d� �a�n�d� �t�h�e� �n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �f�o�u�n�d�.� 

�T�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�t� �a�n�y� �l�o�c�a�t�i�o�n� �a�l�o�n�g� �t�h�e� �b�e�a�m� �e�l�e�m�e�n�t�s� �c�o�u�l�d� �a�l�s�o� �b�e� �r�e�a�d�i�l�y� �o�b�t�a�i�n�e�d� 

�o�n�c�e� �t�h�e� �n�o�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �b�a�c�k� �a�n�d� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �v�e�c�t�o�r� �i�s� �c�a�l�c�u�l�a�t�e�d�.� 

�5�.�3� �S�t�r�u�c�t�u�r�a�l� �D�a�m�p�i�n�g� �M�o�d�e�l�i�n�g� 

�T�h�e� �w�o�r�k� �h�e�r�e� �p�r�e�s�e�n�t�e�d� �f�o�c�u�s�e�s� �o�n� �t�h�e� �e�f�f�e�c�t� �o�f� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �i�n� �t�h�e� 

�a�t�t�e�n�u�a�t�i�o�n� �o�f� �t�h�e� �v�i�b�r�a�t�i�o�n�a�l� �e�n�e�r�g�y�,� �a�n�d� �t�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �t�h�i�s� �p�h�e�n�o�m�e�n�a� �o�n� �t�h�e� 

�l�o�c�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �s�e�n�s�i�n�g� �r�e�g�i�o�n�.� �F�o�r� �t�h�i�s� �p�u�r�p�o�s�e�,� �b�o�t�h� �l�o�n�g�i�t�u�d�i�n�a�l� �a�n�d� �t�r�a�n�s�v�e�r�s�e� �w�a�v�e�s� 

�w�i�l�l� �b�e� �g�e�n�e�r�a�t�e�d�,� �a�n�d� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �r�e�l�a�t�i�o�n� �r�e�p�r�o�d�u�c�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �d�y�n�a�m�i�c� 

�v�i�s�c�o�e�l�a�s�t�i�c� �m�o�d�u�l�u�s� �a�n�d� �l�o�s�s� �f�a�c�t�o�r�s� �f�o�r� �t�h�e� �m�a�t�e�r�i�a�l�.� �T�h�e� �n�e�c�e�s�s�i�t�y� �t�o� �a�d�d� �m�a�t�e�r�i�a�l� 

�d�a�m�p�i�n�g� �i�n� �t�h�e� �d�y�n�a�m�i�c� �a�n�a�l�y�s�i�s� �o�f� �s�t�r�u�c�t�u�r�e�s� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �e�q�u�a�t�i�o�n�s� �o�f� 

�m�o�t�i�o�n� �h�a�s� �b�e�e�n� �p�r�e�v�i�o�u�s�l�y� �a�d�d�r�e�s�s�e�d� �[�1�2�1�-�1�2�4�]�;� �t�h�i�s� �h�a�s� �b�e�e�n� �d�o�n�e� �b�y� �r�e�p�l�a�c�i�n�g� �E� �b�y� 

�E�(�1�+�i�m�)� �a�n�d� �G� �b�y� �G�(�1�+�i�n�)�,� �w�h�e�r�e� �r�n� �i�s� �t�h�e� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �(�a�s�s�u�m�e�d� �t�h�e� �s�a�m�e� �f�o�r� 

�E� �a�n�d� �G�)�.� �B�y� �a�d�d�i�n�g� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �w�i�t�h� �t�h�i�s� �s�i�m�p�l�e� �l�i�n�e�a�r� �c�o�m�p�l�e�x� �m�o�d�u�l�u�s� �r�e�l�a�t�i�o�n�,� 

�t�h�e� �d�i�s�p�e�r�s�i�o�n� �f�o�r� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �b�e�c�o�m�e�s� �c�o�n�t�i�n�u�o�u�s� �a�t� �t�h�e� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�y� 

�s�p�e�c�t�r�u�m�.� �T�h�a�t� �i�s�,� �t�h�e� �s�e�c�o�n�d� �m�o�d�e� �h�a�s� �a� �c�u�t�-�o�f�f� �f�r�e�q�u�e�n�c�y� �a�t� �2�6�8� �k�H�z�,� �b�e�l�o�w� �w�h�i�c�h� �o�n�l�y� 

�t�h�e� �i�m�a�g�i�n�a�r�y� �p�a�r�t� �b�e�c�o�m�e�s� �z�e�r�o�.� �B�y� �a�d�d�i�n�g� �d�a�m�p�i�n�g�,� �b�o�t�h� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y�,� �c�a�n� 

�p�r�o�p�a�g�a�t�e� �w�i�t�h�o�u�t� �a�n�y� �d�i�s�c�o�n�t�i�n�u�i�t�y�.� �T�h�i�s� �w�a�y� �m�a�t�h�e�m�a�t�i�c�a�l� �i�n�f�i�n�i�t�y� �i�s� �a�v�o�i�d�e�d� �i�n� �t�h�e� 

�n�u�m�e�r�i�c�a�l� �a�n�a�l�y�s�i�s�.� 
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�T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �d�e�f�i�n�i�t�i�o�n�s� �f�o�r� �d�a�m�p�i�n�g� �[�1�2�5�]�,� �b�u�t� �i�n� �t�h�i�s� �s�t�u�d�y� �t�h�e� �s�p�e�c�i�f�i�c� 

�d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y�,� �@� �,� �d�e�f�i�n�e�d� �a�s� �t�h�e� �r�a�t�i�o� �b�e�t�w�e�e�n� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �d�u�r�i�n�g� �o�n�e� �c�y�c�l�e� 

�o�f� �s�t�r�a�i�n�,� �A�W�,� �a�n�d� �t�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� �s�t�o�r�e�d� �i�n� �t�h�e� �m�a�t�e�r�i�a�l�,� �W�,� �w�i�l�l� �b�e� �u�s�e�d�:� 

�A�W� 
�-�_ � �� �5�.�9� �P�=� �(�5�.�9�)� 

�F�o�r� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �s�o�l�u�t�i�o�n�,� �t�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� 

�t�h�e� �t�a�n�g�e�n�t� �o�f� �t�h�e� �p�h�a�s�e� �l�a�g�,� �t�a�n�@� �,� �a�s�:� 

�@� �=� �2�x� �t�a�n�o� �(�5�.�1�0�)� 

�w�h�e�r�e� �@� �i�s� �t�h�e� �a�n�g�l�e� �b�y� �w�h�i�c�h� �t�h�e� �r�e�s�p�o�n�s�e� �l�a�g�s� �t�h�e� �i�n�p�u�t� �f�o�r�c�e�.� �T�h�e� �e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �o�f� 

�a�n� �i�s�o�t�r�o�p�i�c� �m�a�t�e�r�i�a�l� �i�s� �g�o�v�e�r�n�e�d� �b�y� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y�,� �E�,� �a�n�d� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s�,� 

�G�.� �I�n�t�r�o�d�u�c�i�n�g� �t�h�e� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �p�r�i�n�c�i�p�l�e� �[�1�2�6�,�1�2�7�]�,� �w�h�i�c�h� �e�n�a�b�l�e�s� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� 

�t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �s�o�l�u�t�i�o�n�s� �f�r�o�m� �t�h�e� �e�l�a�s�t�i�c� �s�o�l�u�t�i�o�n�s�,� �t�h�e� �e�l�a�s�t�i�c� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �c�a�n� �b�e� 

�w�r�i�t�t�e�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �v�i�s�c�o�e�l�a�s�t�i�c� �c�o�m�p�l�e�x� �m�o�d�u�l�i�.� �T�h�e� �b�a�s�i�s� �o�f� �t�h�i�s� 

�p�r�i�n�c�i�p�l�e� �r�e�s�i�d�e�s� �i�n� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �a�n� �a�l�t�e�r�n�a�t�i�n�g� �f�o�r�c�e� �p�r�o�d�u�c�e�s�,� �i�n� �t�h�e� 

�S�t�e�a�d�y� �s�t�a�t�e�,� �a� �s�i�n�u�s�o�i�d�a�l� �d�i�s�p�l�a�c�e�m�e�n�t� �w�h�i�c�h� �l�a�g�s� �t�h�e� �f�o�r�c�e� �b�y� �t�h�e� �t�a�n�g�e�n�t� �p�h�a�s�e� �l�a�g�.� �B�y� 

�c�o�r�r�e�l�a�t�i�n�g� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �w�i�t�h� �t�h�e� �a�l�t�e�r�n�a�t�i�n�g� �i�n�p�u�t� �f�o�r�c�e� �b�y� �m�e�a�n�s� �o�f� �t�h�e� �l�i�n�e�a�r� 

�o�p�e�r�a�t�o�r� �K�,� �s�u�c�h� �v� �=� �K�"�¥�,� �w�h�e�r�e� �¥� �i�s� �t�h�e� �i�n�p�u�t� �f�o�r�c�e�,� �i�t� �c�a�n� �b�e� �s�h�o�w�n� �t�h�a�t�:� 

�U� �(�w� �e�x�p�l�i�(�w�t� �-� �(�w� �)�]� �=� �K�F�,� �e�x�p�(�i�u�r�)� �(�5�.�1�1�)� 

�T�h�e� �c�o�m�p�l�e�x� �t�r�a�n�s�f�e�r� �f�u�n�c�t�i�o�n�,� �U�  ��(�w�)�,� �i�s� �d�e�f�i�n�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �a�m�p�l�i�t�u�d�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �a�n�d� �p�h�a�s�e�-�l�a�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �t�h�e� �r�e�s�p�o�n�s�e�,� �a�s�:� 

�U�*�(�w�)� �=� �U� �e�x�p�f�i�p�(�w�)� �|�=� �U�'�(�w�)� �+�i�"�)� �(�5�.�1�2�)� 
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�w�h�e�r�e� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �k�n�o�w�n� �a�s� �t�h�e� �f�r�e�q�u�e�n�c�y� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� 

�S�i�m�i�l�a�r�l�y� �t�h�e� �e�l�a�s�t�i�c� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �a�n�d� �t�h�e� �e�l�a�s�t�i�c� �s�t�i�f�f�n�e�s�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �a�r�e� 

�a�l�s�o� �e�x�p�r�e�s�s�e�d� �i�n� �c�o�m�p�l�e�x� �f�o�r�m� �a�n�d� �d�i�v�i�d�e�d� �i�n�t�o� �t�h�e�i�r� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s�:� 

�w�o�"� �=� �Q�e�x�p�f�i�d�,� �(�w�)�|�=�0�'� �+�i�w �� �(�5�.�1�3�)� 
�E�l� �=�E�,� �e�x�p�i�d� �.�,� �(�)�]�-� �E�x� �+�i�E�x� 

�T�o� �o�b�t�a�i�n� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �t�h�e� 

�p�h�a�s�e� �l�a�g� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e ��s� �e�l�a�s�t�i�c� �s�t�i�f�f�n�e�s�s�,� �o�,� �,� �i�s� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �l�a�g� �p�h�a�s�e� 

�a�n�g�l�e� �o�f� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y�,� �@�,� �.� �B�a�s�e�d� �o�n� �E�q�u�a�t�i�o�n� �(�5�.�2�)� �a�n�d� �E�q�u�a�t�i�o�n� �(�5�.�5�)�,� �t�h�e� �w�a�v�e� 

�s�p�e�e�d� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �s�q�u�a�r�e� �r�o�o�t� �o�f� �t�h�e� �e�l�a�s�t�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �E�,�.� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �r�e�l�a�t�e�d� �t�o� �i�t�s� �e�l�a�s�t�i�c� �p�r�o�p�e�r�t�i�e�s� �b�y� �t�h�e� 

�f�o�l�l�o�w�i�n�g�s� �r�e�l�a�t�i�o�n�:� 

�Q�e�x�p�f�i�p�,� �(�w� �)�|�-� �c�E� �x� �e�x�p�l�i� �-�(�@�)�]� �(�5�.�1�4�)� 

�F�r�o�m� �t�h�i�s� �e�x�p�r�e�s�s�i�o�n�,� �i�t� �c�a�n� �b�e� �e�a�s�i�l�y� �s�h�o�w�n� �t�h�a�t� �t�h�e� �p�h�a�s�e� �l�a�g� �o�f� �t�h�e� �e�l�a�s�t�i�c� �s�t�i�f�f�n�e�s�s� �i�s� 

�t�w�i�c�e� �t�h�a�t� �o�f� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �p�h�a�s�e� �l�a�g� �o�f� �t�h�e� �s�y�s�t�e�m�.� �U�p�o�n� �s�u�b�s�t�i�t�u�t�i�o�n� �o�f� �t�h�e� 

�e�l�a�s�t�i�c� �s�t�i�f�f�n�e�s�s� �p�h�a�s�e� �l�a�g� �i�n�t�o� �E�q�u�a�t�i�o�n� �(�5�.�1�0�)�,� �o�n�e� �c�o�u�l�d� �o�b�t�a�i�n� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� 

�s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �p�h�a�s�e� �l�a�g� �o�f� �t�h�e� �n�a�t�u�r�a�l� 

�f�r�e�q�u�e�n�c�y� �a�s�:� 

�P�,� �=�2�n�t�a�n�2�p�,� �=� �4�0�  ��_�  ��_�t� �~� �4�  � �� �(�5�.�1�5�)� 
�a� �1�-� �(� �w�o �� �@� 

�w�h�e�r�e� �t�h�e� �b�r�a�c�k�e�t�e�d� �t�e�r�m� �c�a�n� �b�e� �n�e�g�l�e�c�t�e�d� �f�o�r� �s�m�a�l�l� �p�h�a�s�e� �l�a�g�.� 
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�T�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �p�r�i�n�c�i�p�l�e� �h�a�s� �a�l�r�e�a�d�y� �b�e�e�n� �s�u�c�c�e�s�s�f�u�l�l�y� 

�i�m�p�l�e�m�e�n�t�e�d� �f�o�r� �m�o�d�a�l� �a�n�a�l�y�s�i�s� �p�u�r�p�o�s�e�s� �[�1�2�8�,�1�2�9�]�.� �H�e�r�e�a�f�t�e�r�,� �a� �f�o�r�m�u�l�a�t�i�o�n� �b�a�s�e�d� �o�n� 

�t�h�i�s� �c�o�n�c�e�p�t� �i�s� �d�e�r�i�v�e�d� �t�o� �o�b�t�a�i�n� �a�n� �i�m�p�l�i�c�i�t� �e�x�p�r�e�s�s�i�o�n� �o�f� �t�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �o�f� 

�t�h�e� �j�o�i�n�t�e�d� �b�e�a�m� �u�n�d�e�r� �s�t�u�d�y�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �w ��'� �=�w� �w�i�l�l� �b�e� �a�s�s�u�m�e�d�.� �T�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �t�h�e� 

�c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �t�o� �c�a�l�c�u�l�a�t�e� �w �� �b�y� �u�s�i�n�g� �t�h�e� 

�i�m�p�l�i�c�i�t� �e�x�p�r�e�s�s�i�o�n� �o�f� �t�h�e� �p�e�r�f�e�c�t�l�y� �e�l�a�s�t�i�c� �b�e�a�m�,� �E�q�u�a�t�i�o�n� �(�5�.�8�)�,� �g�i�v�e�n� �b�y�:� 

�f�(�w�,�E�,�G�)�=�0� �(�5�.�1�6�)� 

�T�h�e� �n�e�x�t� �s�t�e�p� �i�s� �t�o� �o�b�t�a�i�n� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �i�m�a�g�i�n�a�r�y� �p�a�r�t� �o�f� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �i�n� 

�E�q�u�a�t�i�o�n� �(�5�.�1�5�)�.� �T�h�e� �d�a�m�p�i�n�g� �i�s� �i�n�c�l�u�d�e�d� �u�s�i�n�g� �t�h�e� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �p�r�i�n�c�i�p�l�e�,� �w�r�i�t�i�n�g� 

�E�q�u�a�t�i�o�n� �(�5�.�1�6�)� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �c�o�m�p�l�e�x� �q�u�a�n�t�i�t�i�e�s� �(�s�u�p�e�r�s�c�r�i�p�t� �a�s�t�e�r�i�s�k�)� �a�s�:� 

�f�(�w�'�,�E�"�,�G�"�)�=�0� �(�5�.�1�7�)� 

�T�h�e� �a�n�a�l�y�s�i�s� �b�e�g�i�n�s� �b�y� �c�a�r�r�y�i�n�g� �o�u�t� �a� �T�a�y�l�o�r� �e�x�p�a�n�s�i�o�n� �o�f� �E�q�u�a�t�i�o�n� �(�5�.�1�7�)� �i�n� �t�e�r�m�s� �o�f� 

�w�,�E�,�G� �a�s� �f�o�l�l�o�w�s�:� 

�f�(�w ��,�E�"�,�G�"�)�=� �f�(�w�,�£�,�G�)�+�(�w�"� �-� �0�)� �f�(�@�,�£�,�6�)�+� 

�0� 
�;� �(�5�.�1�8�)� 

�(�E� �-� �E�) ��-�f�(�0�,�E�,�G�)�+� �(�c�*� �-� �G�)�-�5�f�.�£�.�6�)� 

�S�u�b�s�t�i�t�u�t�i�o�n� �o�f� �E�q�u�a�t�i�o�n� �(�5�.�1�6�)� �a�n�d� �i�t�s� �c�o�m�p�l�e�x� �c�o�u�n�t�e�r�p�a�r�t�,� �E�q�u�a�t�i�o�n� �(�5�.�1�7�)�,� �i�n�t�o� 

�E�q�u�a�t�i�o�n� �(�5�.�1�8�)�,� �g�i�v�e�s�,� �a�f�t�e�r� �s�o�m�e� �m�a�t�h�e�m�a�t�i�c�a�l� �m�a�n�i�p�u�l�a�t�i�o�n�,� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� 

�i�m�a�g�i�n�a�r�y� �p�a�r�t� �o�f� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y�:� 
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�.� �\�e�f� �7� �a�f� 
�E� �-�E�j ��+�(�G� �-�G�) �� 

�w� �_�M� �J�a�e� �|� �s�c�]� �(�5�.�1�9�)� � � 

�w�h�e�r�e� �t�h�e� �v�a�l�u�e�s� �o�f� �E�°� �a�n�d� �G�°� �a�r�e� �f�o�u�n�d� �f�r�o�m� �e�x�p�e�r�i�m�e�n�t�a�l� �e�v�a�l�u�a�t�i�o�n�s�,� �a�s� �w�i�l�l� �b�e� 

�d�e�m�o�n�s�t�r�a�t�e�d� �i�n� �c�h�a�p�t�e�r� �6�.� �O�n�c�e� �E�q�u�a�t�i�o�n� �(�5�.�8�)� �h�a�s� �b�e�e�n� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �E�q�u�a�t�i�o�n� �(�5�.�1�9�)�,� 

�t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �o�f� �t�h�e� �r�e�s�u�l�t�i�n�g� �m�a�t�r�i�x� �a�r�e� �s�e�p�a�r�a�t�e�d� �a�n�d� �t�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� 

�c�a�p�a�c�i�t�y� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �c�a�n� �t�h�e�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �E�q�u�a�t�i�o�n� �(�5�.�1�5�)�.� �T�h�e� 

�r�e�s�u�l�t�i�n�g� �m�a�t�r�i�x� �f�r�o�m� �E�q�u�a�t�i�o�n� �(�5�.�1�9�)� �i�s� �s�o�l�v�e�d� �b�y� �c�o�m�p�u�t�i�n�g� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �a�t� �t�h�e� 

�n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s�.� 

�5�.�4� �C�o�n�c�l�u�s�i�o�n�s� 

�T�h�e� �m�o�t�i�v�a�t�i�o�n� �o�f� �t�h�i�s� �r�e�s�e�a�r�c�h� �i�s� �t�o� �a�n�a�l�y�z�e� �t�h�e� �e�f�f�e�c�t� �o�f� �w�a�v�e� �a�t�t�e�n�u�a�t�i�o�n� �i�n� 

�s�t�r�u�c�t�u�r�e�s� �t�o� �y�i�e�l�d� �a� �b�e�t�t�e�r� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�e� �l�o�c�a�l�i�z�a�t�i�o�n� �p�h�e�n�o�m�e�n�a� �o�f� �t�h�e� �s�e�n�s�i�n�g� 

�r�e�g�i�o�n� �o�f� �a� �P�Z�T� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r�.� �F�o�r� �t�h�i�s� �p�u�r�p�o�s�e�,� �a� �m�e�t�h�o�d�o�l�o�g�y� �t�o� �s�t�u�d�y� �t�h�e� �e�f�f�e�c�t� �o�f� 

�m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �o�n� �t�h�e� �d�i�s�s�i�p�a�t�i�o�n� �o�f� �v�i�b�r�a�t�i�o�n�a�l� �e�n�e�r�g�y� �i�n� �s�t�r�u�c�t�u�r�e�s� �h�a�s� �b�e�e�n� �p�r�e�s�e�n�t�e�d� 

�i�n� �a�n� �e�f�f�o�r�t� �t�o� �c�o�r�r�e�l�a�t�e� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �a�n�d� �t�h�e� �p�h�e�n�o�m�e�n�a� �o�f� �t�h�e� �l�o�c�a�l� �s�e�n�s�i�n�g� 

�r�e�g�i�o�n�.� 

�T�h�e� �d�y�n�a�m�i�c�s� �o�f� �a� �l�o�n�g� �b�o�l�t�e�d� �b�e�a�m� �i�s� �m�o�d�e�l�e�d� �a�t� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �u�s�i�n�g� �a� �s�p�e�c�t�r�a�l� 

�a�p�p�r�o�a�c�h� �b�a�s�e�d� �o�n� �c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�i�c�s�.� �T�h�i�s� �m�e�t�h�o�d�o�l�o�g�y� �a�c�c�o�u�n�t�s� �f�o�r� �s�t�r�u�c�t�u�r�a�l� 

�d�i�s�c�o�n�t�i�n�u�i�t�i�e�s�,� �s�u�c�h� �a�s� �b�o�l�t�e�d� �c�o�n�n�e�c�t�i�o�n�s� �a�n�d� �l�i�g�h�t� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g�,� �w�h�i�c�h� �a�r�e� 

�e�x�p�e�r�i�m�e�n�t�a�l�l�y� �d�e�r�i�v�e�d� �a�n�d� �a�d�d�e�d� �i�n�t�o� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n�.� �T�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �i�s� �g�i�v�e�n� �i�n� 

�t�e�r�m�s� �o�f� �t�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �f�r�o�m� �w�h�i�c�h� �a� �q�u�a�n�t�i�f�i�c�a�t�i�o�n� �o�f� 

�e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �i�s� �p�o�s�s�i�b�l�e�.� �A� �s�c�h�e�m�e� �b�a�s�e�d� �o�n� �t�h�e� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �p�r�i�n�c�i�p�l�e� �f�o�r� �l�i�g�h�t�l�y� 

�d�a�m�p�e�d� �m�a�t�e�r�i�a�l�s� �t�o� �o�b�t�a�i�n� �a�n� �e�s�t�i�m�a�t�i�o�n� �o�f� �t�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �w�a�s� �d�e�r�i�v�e�d�.� �I�t� 

�m�a�k�e�s� �u�s�e� �o�f� �a�n� �i�n�t�r�i�n�s�i�c� �e�q�u�a�t�i�o�n� �t�h�a�t� �d�e�s�c�r�i�b�e�s� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �s�y�s�t�e�m�,� �a�n�d� �i�t� �i�s� 

�e�x�p�a�n�d�e�d� �i�n� �T�a�y�l�o�r ��s� �s�e�r�i�e�s� �a�b�o�u�t� �t�h�e� �c�o�r�r�e�s�p�o�n�d�e�n�t� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �t�o� �g�i�v�e� �a�n� �i�m�p�l�i�c�i�t� 
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�e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d�.� �T�h�e� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �i�s� �i�n�t�r�o�d�u�c�e�d� �u�s�i�n�g� �a�n� 

�e�x�p�e�r�i�m�e�n�t�a�l� �p�r�o�c�e�d�u�r�e� �t�h�a�t� �w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d� �i�n� �c�h�a�p�t�e�r� �6�.� 
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�C�h�a�p�t�e�r� �6� 

�A� �T�h�e�o�r�e�t�i�c�a�l� �S�t�u�d�y� �o�f� �W�a�v�e� �L�o�c�a�l�i�z�a�t�i�o�n� 

�d�u�e� �t�o� �S�t�r�u�c�t�u�r�a�l� �D�a�m�p�i�n�g�:� �R�e�s�u�l�t�s� 

�6�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�T�h�i�s� �c�h�a�p�t�e�r� �w�i�l�l� �a�p�p�l�y� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �p�r�o�c�e�d�u�r�e� �p�r�e�v�i�o�u�s�l�y� �d�e�r�i�v�e�d� �i�n� �c�h�a�p�t�e�r� �5� �t�o� 

�d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �s�t�r�u�c�t�u�r�a�l� �d�a�m�p�i�n�g� �i�n� �t�h�e� �l�o�c�a�l� �e�f�f�e�c�t� �o�f� �t�h�e� �s�e�n�s�i�n�g� �r�e�g�i�o�n� 

�o�f� �a� �P�Z�T� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r� �b�o�n�d�e�d� �t�o� �a� �s�t�r�u�c�t�u�r�e� �f�o�r� �h�e�a�l�t�h� �m�o�n�i�t�o�r�i�n�g� �p�u�r�p�o�s�e�s�.� �T�h�e� 

�l�o�c�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �s�e�n�s�i�n�g� �r�e�g�i�o�n� �i�s� �d�u�e� �p�r�i�m�a�r�i�l�y� �t�o� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �m�e�c�h�a�n�i�s�m�s�;� 

�s�t�r�u�c�t�u�r�a�l� �c�o�n�n�e�c�t�i�v�i�t�i�e�s� �a�n�d� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g�.� �O�t�h�e�r� �f�a�c�t�o�r�s�,� �s�u�c�h� �a�s� �d�e�f�e�c�t�s� �i�n� �a�s�s�e�m�b�l�y� 

�o�r� �m�a�n�u�f�a�c�t�u�r�i�n�g� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�s�,� �c�o�u�l�d� �a�l�s�o� �a�f�f�e�c�t� �t�h�e� �l�o�c�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �e�n�e�r�g�y� �o�f� 

�v�i�b�r�a�t�i�o�n�,� �b�u�t� �t�h�e�y� �a�r�e� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�i�s� �s�t�u�d�y�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �v�a�r�i�a�b�i�l�i�t�y� �i�n� 

�m�a�n�u�f�a�c�t�u�r�i�n�g� �a�r�e� �i�n�c�l�u�d�e�d� �t�h�r�o�u�g�h� �e�x�p�e�r�i�m�e�n�t�a�l� �i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �t�h�e� �i�n�t�r�i�n�s�i�c� �d�a�m�p�i�n�g� 

�p�r�o�p�e�r�t�i�e�s�,� �w�h�i�l�e� �t�h�e� �g�e�o�m�e�t�r�i�c� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� �w�i�t�h�i�n� �t�h�e� �s�p�e�c�i�m�e�n�s� �a�r�e� �n�o�t� �t�a�k�e�n� �i�n�t�o� 

�a�c�c�o�u�n�t� �d�u�e� �t�o� �t�h�e�i�r� �p�r�o�b�a�b�i�l�i�s�t�i�c� �n�a�t�u�r�e�.� 

�I�n� �c�h�a�p�t�e�r� �5�,� �a� �m�e�t�h�o�d�o�l�o�g�y� �w�a�s� �d�e�r�i�v�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� 

�a�s� �a� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �e�n�e�r�g�y� �l�o�s�s�e�s� �i�n� �s�t�r�u�c�t�u�r�e�s�.� �I�n� �t�h�e� �w�o�r�k� �h�e�r�e� �p�r�e�s�e�n�t�e�d�,� �a�n�a�l�y�t�i�c�a�l� 

�a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �a�r�e� �j�o�i�n�t�l�y� �p�e�r�f�o�r�m�e�d� �t�o� �c�o�r�r�o�b�o�r�a�t�e� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �m�e�t�h�o�d�.� 

�T�h�e� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �s�t�r�u�c�t�u�r�e� �u�n�d�e�r� �i�n�v�e�s�t�i�g�a�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.�1�:� �I�t� �c�o�n�s�i�s�t�s� �o�f� 

�t�w�o� �b�e�a�m�s� �b�o�l�t�e�d� �t�o�g�e�t�h�e�r� �a�n�d� �c�l�a�m�p�e�d� �a�t� �b�o�t�h� �e�n�d�s�.� �T�w�o� �p�a�i�r�s� �o�f� �P�Z�T�-�a�c�t�u�a�t�o�r�s� �a�r�e� 

�b�o�n�d�e�d� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�e� �b�e�f�o�r�e� �t�h�e� �c�o�n�n�e�c�t�i�o�n�;� �o�n�e� �p�a�i�r� �i�s� �p�l�a�c�e�d� �i�n�-�p�h�a�s�e� �t�o� �c�r�e�a�t�e� �a� 

�l�o�n�g�i�t�u�d�i�n�a�l� �e�x�t�e�n�s�i�o�n� �f�o�r�c�e� �a�n�d� �t�h�e� �o�t�h�e�r� �p�a�i�r� �o�f� �a�c�t�u�a�t�o�r�s� �a�r�e� �b�o�n�d�e�d� �o�u�t�-�p�h�a�s�e� �t�o� 

�g�e�n�e�r�a�t�e� �a� �c�o�u�p�l�e� �b�e�n�d�i�n�g� �m�o�m�e�n�t�.� �T�w�o� �P�Z�T�-�s�e�n�s�o�r�s� �a�r�e� �p�l�a�c�e�d� �b�e�f�o�r�e� �a�n�d� �a�f�t�e�r� �t�h�e� 
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�j�o�i�n�t�,� �a�t� �t�h�e� �l�o�c�a�t�i�o�n�s� �s�h�o�w�n�,� �i�n� �o�r�d�e�r� �t�o� �m�e�a�s�u�r�e� �t�h�e� �a�m�p�l�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �o�f� �t�h�e� 

�p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e�.� �T�h�e� �p�h�a�s�e� �s�p�e�e�d� �o�r� �w�a�v�e� �v�e�l�o�c�i�t�y� �i�s� �r�e�c�o�r�d�e�d� �b�y� �m�e�a�s�u�r�i�n�g� �t�h�e� 

�a�m�p�l�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �a�t� �t�h�e� �P�Z�T�-�s�e�n�s�o�r�s� �p�l�a�c�e�d� �b�e�f�o�r�e� �t�h�e� �j�o�i�n�t�,� �a�n�d� 

�t�h�e�r�e�b�y� �r�e�c�o�n�s�t�r�u�c�t�i�n�g� �a� �d�i�s�p�e�r�s�i�v�e� �r�e�l�a�t�i�o�n� �c�u�r�v�e� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �f�r�e�q�u�e�n�c�y�.� �T�h�i�s� �r�e�l�a�t�i�o�n� 

�i�s� �u�s�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�e�d�i�u�m� �t�o� �b�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �t�h�e� 

�f�o�r�m�u�l�a�t�i�o�n� �d�e�r�i�v�e�d� �i�n� �c�h�a�p�t�e�r� �5�,� �a�n�d� �t�h�e�n� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�s� �a� 

�m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �c�o�u�l�d� �b�e� �a�s�s�e�s�s�e�d�.� �A� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� 

�e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �d�u�e� �t�o� �i�n�t�e�r�n�a�l� �f�r�i�c�t�i�o�n� �a�n�d� �d�u�e� �t�o� �s�t�r�u�c�t�u�r�a�l� �j�o�i�n�t�s� �w�i�l�l� �t�h�e�n� �f�o�l�l�o�w�.� 

� � � � � �0�0� �0�0� �x� �A�  ��H�i�s�s� �o�o� �|� 

�a�l� �P�7�T�-�A�c�t�u�a�t�o�r�s� �P�Z�T�-�S�e�n�s�o�r�s� �P�Z�T�-�S�e�n�s�o�r�s� 

� � 

� � 

� � 

�H�P�4�1�9�4�A� 

�|� �N�t� 
�F�i�g�u�r�e� �6�.�1�.� �B�e�a�m� �u�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y�,� �b�o�l�t�e�d� �a�t� �t�h�e� �m�i�d�-�s�p�a�n� �a�n�d� �w�i�t�h� �c�l�a�m�p�e�d�-� 

�c�l�a�m�p�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�-�u�p� �u�s�e�d� �f�o�r� �t�h�e� 
�a�n�a�l�y�s�i�s� �i�s� �a�l�s�o� �s�h�o�w�n�.� 

� � � � � � 

� � � � � � 

�6�.�2� �E�x�p�e�r�i�m�e�n�t�a�l� �S�e�t�-�u�p� 

�T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�-�u�p� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.�1�.� �T�h�e� �s�t�r�u�c�t�u�r�e� �u�n�d�e�r� �s�t�u�d�y� �c�o�n�s�i�s�t�s� 

�o�f� �t�w�o� �A�l� �2�0�2�4�-�T�4� �b�e�a�m�s�,� �h�a�v�i�n�g� �e�a�c�h� �a� �c�r�o�s�s� �s�e�c�t�i�o�n� �o�f� �5�0�.�8�4�x�6�.�4�0� �m�m� �a�n�d� �b�u�t�t� �b�o�l�t�e�d� 

�t�o�g�e�t�h�e�r� �w�i�t�h� �t�w�o� �v�e�r�y� �t�h�i�n� �p�l�a�t�e�s� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �b�e�a�m� �s�p�e�c�i�m�e�n�s� �w�i�t�h� �e�i�g�h�t� �b�o�l�t�s� �a�n�d� 

�n�u�t�s� �t�o� �c�r�e�a�t�e� �a� �s�o�l�i�d� �c�o�n�n�e�c�t�i�o�n�.� �T�h�e� �s�t�e�e�l� �b�o�l�t�s� �a�n�d� �n�u�t�s� �h�a�v�e� �e�a�c�h� �a� �t�o�t�a�l� �w�e�i�g�h�t� �o�f� �1�6� 

�g�r�.� �p�e�r� �b�o�l�t� �a�n�d� �t�h�e�y� �a�r�e� �t�i�g�h�t�e�n� �a�t� �a� �t�o�r�q�u�e� �o�f� �2�5� �N�m�.� �T�h�e� �l�e�n�g�t�h� �o�f� �e�a�c�h� �b�e�a�m� �i�s� �9�1� �c�m� 

�a�n�d� �t�h�e� �t�o�t�a�l� �b�o�l�t�e�d� �s�e�c�t�i�o�n� �i�s� �1�0� �c�m�.� �T�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �c�l�a�m�p�e�d� �a�t� �b�o�t�h� �e�n�d�s�.� �T�h�i�s� 
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�c�o�n�f�i�g�u�r�a�t�i�o�n� �h�a�s� �a� �P�Z�T� �p�a�i�r� �a�c�t�i�n�g� �i�n�-�p�h�a�s�e� �a�n�d� �b�o�n�d�e�d� �t�o� �o�n�e� �e�n�d� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �t�o� 

�g�e�n�e�r�a�t�e� �l�o�n�g�i�t�u�d�i�n�a�l� �w�a�v�e�s�,� �a�n�d� �a�n�o�t�h�e�r� �p�a�i�r� �o�f� �P�Z�T�s� �a�c�t�i�n�g� �o�u�t�-�p�h�a�s�e� �a�n�d� �g�e�n�e�r�a�t�i�n�g� 

�b�e�n�d�i�n�g� �w�a�v�e�s�.� �B�e�f�o�r�e� �a�n�d� �a�f�t�e�r� �t�h�e� �j�o�i�n�t� �t�h�e�r�e� �a�r�e� �t�w�o� �P�Z�T�-�s�e�n�s�o�r�s�,� �b�o�n�d�e�d� �a�t� �t�h�e� 

�l�o�c�a�t�i�o�n�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.�1�,� �t�o� �m�e�a�s�u�r�e� �t�h�e� �a�m�p�l�i�t�u�d�e� �a�n�d� �p�h�a�s�e� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� 

�w�a�v�e�.� �T�h�e� �P�Z�T�-�a�c�t�u�a�t�o�r�s� �h�a�v�e� �d�i�m�e�n�s�i�o�n�s� �3�8�x�5�0�.�8�4�x�1�.�9� �m�m� �a�n�d� �t�h�e� �P�Z�T�-�s�e�n�s�o�r�s� �h�a�v�e� 

�d�i�m�e�n�s�i�o�n�s� �6�x�5�0�.�8�4�x�1�.�9� �m�m�.� �T�h�e�s�e� �P�Z�T�s� �a�r�e� �a�l�t�e�r�n�a�t�i�v�e�l�y� �w�i�r�e�d� �t�o� �a� �m�u�l�t�i�p�u�r�p�o�s�e� 

�H�P�4�1�9�4�A� �g�a�i�n�-�p�h�a�s�e� �a�n�a�l�y�z�e�r�:� �A� �s�i�n�e� �s�w�e�e�p� �f�r�e�q�u�e�n�c�y� �i�s� �u�s�e�d� �t�o� �e�x�c�i�t�e� �a� �p�a�i�r� �o�f� �P�Z�T�-� 

�a�c�t�u�a�t�o�r�s� �a�t� �a� �s�e�l�e�c�t�e�d� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e�,� �t�h�e� �r�e�s�p�o�n�s�e� �i�s� �r�e�c�o�r�d�e�d� �b�y� �a� �P�Z�T�-�s�e�n�s�o�r� �a�t� �4�0�1� 

�t�i�m�e� �s�t�e�p�s�.� �T�h�e� �r�e�c�o�r�d�e�d� �d�a�t�a� �i�s� �t�r�a�n�s�f�e�r� �t�o� �a� �P�C� �f�o�r� �p�r�o�c�e�s�s�i�n�g� �v�i�a� �a� �G�P�I�B� �b�u�s�.� 

�6�.�3� �D�y�n�a�m�i�c� �V�i�s�c�o�e�l�a�s�t�i�c� �M�o�d�u�l�u�s� �M�e�a�s�u�r�e�m�e�n�t�s� 

�I�n�f�o�r�m�a�t�i�o�n� �o�n� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �p�r�o�p�e�r�t�i�e�s� �a�v�a�i�l�a�b�l�e� �f�r�o�m� �t�h�e� �m�a�n�u�f�a�c�t�u�r�e�r�s� �i�s� 

�s�t�a�n�d�a�r�d� �f�o�r� �e�a�c�h� �s�p�e�c�i�m�e�n�.� �I�t� �d�o�e�s� �n�o�t� �a�c�c�o�u�n�t� �f�o�r� �a�l�l� �e�x�t�e�r�n�a�l� �a�n�d� �i�n�t�e�r�n�a�l� �c�o�n�d�i�t�i�o�n�s� 

�t�h�a�t� �o�n�e� �c�o�u�l�d� �e�n�c�o�u�n�t�e�r�e�d� �a�t� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�i�t�e�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e�r�e� �i�s� �a� �n�e�e�d� �t�o� �m�e�a�s�u�r�e� 

�t�h�e� �d�y�n�a�m�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �u�n�d�e�r� �l�a�b�o�r�a�t�o�r�y� �c�o�n�d�i�t�i�o�n�s�.� �V�a�r�i�o�u�s� �t�e�c�h�n�i�q�u�e�s� 

�h�a�v�e� �b�e�e�n� �r�e�v�i�e�w�e�d� �i�n� �c�h�a�p�t�e�r� �2�.� �A�s� �i�t� �w�a�s� �m�e�n�t�i�o�n�e�d�,� �b�y� �m�e�a�s�u�r�i�n�g� �t�h�e� �m�o�d�u�l�u�s� �o�f� �t�h�e� 

�m�a�t�e�r�i�a�l� �u�n�d�e�r� �s�t�u�d�y� �i�n� �l�a�b�o�r�a�t�o�r�y� �c�o�n�d�i�t�i�o�n�s�,� �w�e� �c�o�u�l�d� �o�b�t�a�i�n�e�d� �a� �v�a�l�u�e� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� 

�p�r�o�p�e�r�t�i�e�s� �t�h�a�t� �t�a�k�e�s� �i�n�t�o� �a�c�c�o�u�n�t� �v�i�s�c�o�e�l�a�s�t�i�c� �e�f�f�e�c�t�s� �a�t� �t�h�e� �e�x�p�e�n�s�e� �o�f� �o�t�h�e�r� �f�a�c�t�o�r�s�,� �s�u�c�h� 

�a�s� �t�e�m�p�e�r�a�t�u�r�e� �a�n�d� �a�i�r� �f�r�i�c�t�i�o�n�,� �w�h�i�c�h� �w�o�u�l�d� �b�e� �a�s�s�u�m�e�d� �t�o� �b�e� �c�o�n�s�t�a�n�t� �t�h�r�o�u�g�h�o�u�t� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�.� �I�n� �t�h�i�s� �w�o�r�k�,� �t�h�e� �m�o�d�u�l�u�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �a�r�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �a� �t�e�c�h�n�i�q�u�e� �b�a�s�e�d� 

�o�n� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e ��s� �v�e�l�o�c�i�t�y� �d�i�s�p�e�r�s�i�v�e� �r�e�l�a�t�i�o�n�.� �F�o�r� �t�h�i�s� 

�p�u�r�p�o�s�e� �a� �u�n�i�q�u�e� �a�n�d� �c�l�e�a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �p�r�o�c�e�d�u�r�e� �h�a�s� �b�e�e�n� �i�m�p�l�e�m�e�n�t�e�d� �a�n�d� �i�t� �w�i�l�l� �b�e� 

�h�e�r�e� �u�n�d�e�r�l�i�n�e�d�.� 

�T�h�e� �d�i�s�p�e�r�s�i�v�e� �r�e�l�a�t�i�o�n� �c�a�n� �b�e� �s�t�a�t�e�d� �a�s� �t�h�e� �l�i�n�k� �b�e�t�w�e�e�n� �t�h�e� �p�h�a�s�e� �s�p�e�e�d� �a�n�d� 

�f�r�e�q�u�e�n�c�y�.� �T�h�e� �p�h�a�s�e� �s�p�e�e�d�,� �c�,� �i�s� �d�e�f�i�n�e�d� �a�s�:� 
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�C�=�- �� �(�6�.�1�)� 
�k�(�w�)� 
� � 

�w�h�e�r�e� �k�(�w�)� �i�s� �t�h�e� �w�a�v�e�n�u�m�b�e�r� �(�1�/�l�e�n�g�t�h�)�.� �E�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �w�a�v�e�n�u�m�b�e�r� �f�o�r� �b�o�t�h�,� 

�l�o�n�g�i�t�u�d�i�n�a�l� �a�n�d� �b�e�n�d�i�n�g� �w�a�v�e�s� �w�e�r�e� �d�e�r�i�v�e�d� �i�n� �c�h�a�p�t�e�r� �3�,� �a�n�d� �f�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� 

�c�o�m�p�l�e�t�e�n�e�s�s� �t�h�e�y� �a�r�e� �g�i�v�e�n� �h�e�r�e�.� �F�o�r� �l�o�n�g�i�t�u�d�i�n�a�l� �w�a�v�e�s�,� �t�h�e� �w�a�v�e�n�u�m�b�e�r� �i�s� �e�x�p�r�e�s�s�e�d� 

�a�s�:� 

�k�,�(�o�)�-�0�f�®� �(�6�.�2�)� 

�w�h�i�l�e� �f�o�r� �b�e�n�d�i�n�g� �w�a�v�e�s�,� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�,� �t�h�e�r�e� �a�r�e� �t�w�o� 

�d�i�s�t�i�n�c�t� �w�a�v�e� �n�u�m�b�e�r�s�,� �g�i�v�e�n� �b�y�:� 

� � �k�,�(�)�=� �s�(�£�+�L� �J�o�"� �>� 

� � 

�(�6�.�3�)� 

�w�h�e�r�e� �E� �i�s� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y�,� �G� �i�s� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s�,� �p� �i�s� �t�h�e� �m�a�s�s� �d�e�n�s�i�t�y� �a�n�d� �x� 

�i�s� �t�h�e� �T�i�m�o�s�h�e�n�k�o� �c�o�r�r�e�c�t�i�o�n� �f�a�c�t�o�r�.� 

�B�y� �s�u�b�s�t�i�t�u�t�i�n�g� �i�n�d�e�p�e�n�d�e�n�t�l�y� �E�q�u�a�t�i�o�n� �(�6�.�2�)� �a�n�d� �E�q�u�a�t�i�o�n� �(�6�.�3�)� �i�n�t�o� �E�q�u�a�t�i�o�n� 

�(�6�.�1�)�,� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �p�h�a�s�e� �s�p�e�e�d� �o�f� �b�o�t�h� �l�o�n�g�i�t�u�d�i�n�a�l� �a�n�d� �t�r�a�n�s�v�e�r�s�e� �w�a�v�e�s� �c�a�n� �b�e� 

�r�e�s�p�e�c�t�i�v�e�l�y� �o�b�t�a�i�n�e�d�.� �W�h�e�n� �t�h�e� �p�h�a�s�e� �s�p�e�e�d� �i�s� �c�o�n�s�t�a�n�t� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �f�r�e�q�u�e�n�c�y�,� �t�h�e� 

�w�a�v�e� �i�s� �s�a�i�d� �t�o� �b�e� �n�o�n�d�i�s�p�e�r�s�i�v�e�,� �t�h�a�t� �i�s� �t�h�e� �c�a�s�e� �f�o�r� �l�o�n�g�i�t�u�d�i�n�a�l�l�y� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e�s�,� 

�w�h�i�l�e� �i�f� �t�h�e� �p�h�a�s�e� �s�p�e�e�d� �v�a�r�i�e�s� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �f�r�e�q�u�e�n�c�y� �t�h�e� �w�a�v�e� �i�s� �s�a�i�d� �t�o� �b�e� �d�i�s�p�e�r�s�i�v�e�,� 

�s�u�c�h� �a�s� �f�o�r� �b�e�n�d�i�n�g� �w�a�v�e�s�.� �F�o�r� �d�i�s�p�e�r�s�i�v�e� �w�a�v�e�s�,� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e� �t�r�a�v�e�l�s� �a�t� �d�i�f�f�e�r�e�n�t� 
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�s�p�e�e�d�s� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �c�o�m�p�o�n�e�n�t�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �t�h�e� �w�a�v�e� �w�o�u�l�d� �a�p�p�e�a�r� �t�o� 

�c�h�a�n�g�e� �s�h�a�p�e� �a�s� �i�t� �g�o�e�s� �t�h�r�o�u�g�h� �t�h�e� �m�e�d�i�u�m�.� 

�T�h�e�r�e� �a�r�e� �t�y�p�i�c�a�l� �v�a�l�u�e�s� �o�f� �p�h�a�s�e� �s�p�e�e�d� �c�a�l�c�u�l�a�t�e�d� �f�r�o�m� �t�h�e� �a�v�a�i�l�a�b�l�e� �t�h�e�o�r�y� �o�f� 

�w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �t�o� �o�b�t�a�i�n� �t�h�e� �s�p�e�e�d� �a�t� �w�h�i�c�h� �a� �w�a�v�e� �t�r�a�v�e�l�s� �t�h�r�o�u�g�h� �d�i�f�f�e�r�e�n�t� �m�a�t�e�r�i�a�l�s�,� 

�a�n�d� �t�h�i�s� �i�s� �o�b�v�i�o�u�s�l�y� �c�a�l�c�u�l�a�t�e�d� �w�i�t�h� �t�h�e� �v�a�l�u�e�s� �o�f� �s�t�a�n�d�a�r�d� �e�l�a�s�t�i�c� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�.� �D�u�e� 

�t�o� �i�n�t�e�r�n�a�l� �f�r�i�c�t�i�o�n� �i�n� �t�h�e� �s�p�e�c�i�m�e�n�s�,� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �m�o�d�u�l�u�s� �v�a�r�y� �f�r�o�m� �t�h�o�s�e� �g�i�v�e�n� �b�y� 

�t�h�e� �m�a�n�u�f�a�c�t�u�r�e�r�.� �B�y� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �o�b�t�a�i�n�i�n�g� �t�h�e�s�e� �v�a�l�u�e�s� �u�n�d�e�r� �t�h�e� �p�r�e�s�e�n�t� �c�o�n�d�i�t�i�o�n�s� �o�f� 

�t�h�e� �s�t�r�u�c�t�u�r�e�,� �o�n�e� �c�o�u�l�d� �o�b�t�a�i�n� �t�h�e� �t�r�u�e� �v�i�s�c�o�e�l�a�s�t�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �s�y�s�t�e�m�,� �w�h�i�c�h� �c�o�u�l�d� 

�t�h�e�n� �b�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �e�q�u�a�t�i�o�n� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�:� 

�f�v�,� �£�,�G�)� �=�[�K�}�u�}�-� �&� �}�-�0� �(�6�.�4�)� 

�E�s�t�i�m�a�t�i�o�n� �o�f� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �c�o�m�p�l�e�x� �m�o�d�u�l�u�s� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�e�d�i�u�m� �i�s� �m�a�d�e� 

�w�i�t�h� �i�n�t�e�r�p�o�l�a�t�i�o�n� �v�a�l�u�e�s� �t�a�k�e�n� �f�r�o�m� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �o�b�t�a�i�n�e�d� �d�i�s�p�e�r�s�i�v�e� �c�u�r�v�e�.� 

�T�h�e�r�e�f�o�r�e�,� �o�n�e� �n�e�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �p�h�a�s�e� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e�.� �T�h�i�s� �i�s� �d�o�n�e� 

�w�i�t�h� �t�h�e� �a�i�d� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�-�u�p� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.�1�:� �T�h�e� �b�e�a�m� �i�s� �e�x�c�i�t�e�d� �b�y� �a� �p�a�i�r� 

�o�f� �P�Z�T�-�a�c�t�u�a�t�o�r�s� �a�t� �o�n�e� �e�n�d�,� �a�n�d� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �g�a�i�n�,� �a�s� �w�e�l�l� �a�s�,� �t�h�e� �p�h�a�s�e� �o�f� �t�h�e� 

�s�t�r�u�c�t�u�r�e� �a�r�e� �r�e�c�o�r�d�e�d� �a�t� �t�h�e� �t�w�o� �P�Z�T�-�s�e�n�s�o�r�s� �p�l�a�c�e�d� �b�e�f�o�r�e� �t�h�e� �b�o�l�t�e�d� �c�o�n�n�e�c�t�i�o�n� �v�i�a� �t�h�e� 

�H�P�4�1�9�4�A� �g�a�i�n�-�p�h�a�s�e� �a�n�a�l�y�z�e�r�.� �T�h�e� �p�h�a�s�e� �v�e�l�o�c�i�t�y� �a�n�d� �a�m�p�l�i�t�u�d�e� �r�a�t�i�o� �o�f� �t�h�e�s�e� �t�w�o� 

�m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �w�i�t�h� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�s�h�i�p� �[�1�3�0�]�:� 

�w�(�x�,� �-� �x�;� �)� 
�>�.�-�9�,� �+� �2�n�n� 

�C�=� 

�a�.�,�(�o�,�x�)� �(�6�.�5�)� 
�A�m�p�l�i�t�u�d�e� �R�a�t�i�o� �=� �a�,� �(�o�,�x�)� 

� � 
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�w�h�e�r�e� �x� �i�s� �t�h�e� �d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�e� �p�a�i�r� �o�f� �P�Z�T�-�a�c�t�u�a�t�o�r�s� �t�o� �t�h�e� �f�i�r�s�t� �P�Z�T�-�s�e�n�s�o�r�,� �f�o�r� 

�s�u�b�s�c�r�i�p�t� �1�,� �a�n�d� �t�o� �t�h�e� �s�e�c�o�n�d� �P�Z�T�-�s�e�n�s�o�r�,� �f�o�r� �s�u�b�s�c�r�i�p�t� �2�.� �T�h�e� �p�h�a�s�e�,� �9�,� �i�s� �d�e�f�i�n�e�d� �t�o� �b�e� 

�t�h�e� �a�r�c�t�a�n�g�e�n�t� �o�f� �t�h�e� �r�a�t�i�o� �b�e�t�w�e�e�n� �t�h�e� �i�m�a�g�i�n�a�r�y� �a�n�d� �t�h�e� �r�e�a�l� �p�a�r�t�s� �o�f� �t�h�e� �w�a�v�e� �m�o�t�i�o�n�,� 

�@� �.� �T�h�e� �t�e�r�m� �2�x� �i�s� �t�h�e� �s�p�e�c�t�r�u�m� �p�h�a�s�e� �l�a�g�,� �w�h�e�r�e� �n� �i�s� �a�n� �i�n�c�r�e�a�s�i�n�g� �e�v�e�n� �n�u�m�b�e�r� �c�h�o�s�e�n� 

�s�o� �t�h�e� �p�h�a�s�e� �v�e�l�o�c�i�t�y� �a�n�d� �f�r�e�q�u�e�n�c�y� �r�e�l�a�t�i�o�n�s�h�i�p� �a�r�e� �c�o�n�t�i�n�u�o�u�s�.� �T�h�e� �a�m�p�l�i�t�u�d�e� �r�a�t�i�o� �m�u�s�t� 

�b�e� �l�e�s�s� �t�h�a�n� �1� �i�n� �o�r�d�e�r� �t�o� �p�r�o�c�e�s�s� �t�h�e� �m�e�a�s�u�r�e�d� �d�a�t�a�,� �w�h�i�c�h� �i�s� �r�e�c�o�r�d�e�d� �a�t� �s�e�l�e�c�t�e�d� 

�f�r�e�q�u�e�n�c�i�e�s�,� �a�n�d� �t�h�e� �d�i�s�p�e�r�s�i�v�e� �r�e�l�a�t�i�o�n� �f�o�r� �l�o�n�g�i�t�u�d�i�n�a�l� �a�n�d� �t�r�a�n�s�v�e�r�s�e� �w�a�v�e�s� �c�a�n� �t�h�e�n� �b�e� 

�r�e�c�o�n�s�t�r�u�c�t�e�d�.� 

�S�i�n�c�e� �t�h�e� �p�h�a�s�e� �s�p�e�e�d� �o�f� �t�h�e� �w�a�v�e� �i�s� �d�i�r�e�c�t�l�y� �r�e�l�a�t�e�d� �t�o� �t�h�e� �s�t�r�u�c�t�u�r�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� 

�t�h�e� �s�y�s�t�e�m�,� �o�n�e� �c�o�u�l�d� �o�b�t�a�i�n� �a�c�c�u�r�a�t�e� �a�s�s�e�s�s�m�e�n�t� �o�f� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� 

�s�t�r�u�c�t�u�r�e� �a�s� �a� �w�h�o�l�e� �f�r�o�m� �t�h�e� �d�i�s�p�e�r�s�i�v�e� �c�u�r�v�e� �u�s�i�n�g� �t�h�e� �m�e�a�s�u�r�e�d� �w�a�v�e� �m�o�t�i�o�n�.� �W�i�t�h� �t�h�e� 

�u�s�e� �o�f� �E�q�u�a�t�i�o�n� �(�6�.�5�)�,� �t�h�e� �w�a�v�e� �v�e�l�o�c�i�t�y� �c�a�n� �b�e� �m�e�a�s�u�r�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �f�r�e�q�u�e�n�c�y�,� 

�t�a�k�i�n�g� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �w�a�v�e� �v�e�l�o�c�i�t�y� �a�t� �f�r�e�q�u�e�n�c�y� �0� �a�s� �t�h�a�t� �g�i�v�e�n� �b�y� �t�h�e� �t�h�e�o�r�y�.� 
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�2�,�5�0�0�.�0�0� 

 �� �A�n�a�l�y�t�i�c�a�l� �r�e�e�s�u�i�t�e�s� 

�=� �E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s� 

�2�,�0�0�0�.�0�0� �+� �e� 

�w�e� 

�o�v� 

�é� �1�,�5�0�0�.�0�0� �|� �:� 

�2� 
�$� �2� 
 ��e� �>� �a� 
�@� �1�,�0�0�0�.�0�0� �+� 

�a� 
�>� 

�a� 

�5�0�0�.�0�0� �+� 

�O�o� �2�0�0�0�0� �4�0�0�0�0� �6�0�0�0�0� �8�0�0�0�0� �1�0�0�0�0�0� 

�F�r�e�q�u�e�n�c�y� �(�H�z�)� 

�F�i�g�u�r�e� �6�.�2�.� �D�i�s�p�e�r�s�i�v�e� �r�e�l�a�t�i�o�n� �o�f� �b�e�n�d�i�n�g� �w�a�v�e�s�.� �E�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �i�s� �o�b�t�a�i�n�e�d� �b�y� 
�r�e�p�r�o�d�u�c�i�n�g� �t�h�e� �w�a�v�e� �v�e�l�o�c�i�t�y� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �f�r�e�q�u�e�n�c�y�,� �w�h�i�l�e� �t�h�e� 
�a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �T�i�m�o�s�h�e�n�k�o ��s� �b�e�a�m� �t�h�e�o�r�y�.� 
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�F�o�r� �t�h�e� �s�a�k�e� �o�f� �b�r�e�v�i�t�y�,� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �n�o�n�d�i�s�p�e�r�s�i�v�e� �b�e�h�a�v�i�o�r� �o�f� �b�e�n�d�i�n�g� �w�a�v�e�s� �a�r�e� 

�o�n�l�y� �g�i�v�e�n�;� �t�h�e�y� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.�2�.� �T�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �e�x�c�i�t�e�d� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �a� �p�a�i�r� �o�f� 

�P�Z�T�-�a�c�t�u�a�t�o�r�s� �o�u�t� �p�h�a�s�e� �t�o� �g�e�n�e�r�a�t�e� �a� �b�e�n�d�i�n�g� �w�a�v�e� �t�h�a�t� �p�r�o�p�a�g�a�t�e�s� �t�h�r�o�u�g�h� �t�h�e� �b�e�a�m�.� 

�T�h�e� �g�a�i�n� �a�n�d� �p�h�a�s�e� �a�r�e� �m�e�a�s�u�r�e�d� �a�t� �t�h�e� �t�w�o� �P�Z�T�-�s�e�n�s�o�r�s� �l�o�c�a�t�e�d� �b�e�f�o�r�e� �t�h�e� �b�o�l�t�e�d� 

�c�o�n�n�e�c�t�i�o�n�.� �T�h�e� �t�h�e�o�r�e�t�i�c�a�l� �c�u�r�v�e� �i�s� �o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �E�q�u�a�t�i�o�n� �(�6�.�1�)� �a�n�d� �E�q�u�a�t�i�o�n� 

�(�6�.�3�)�.� �B�u�t�,� �a�s� �i�t� �w�a�s� �s�t�a�t�e�d� �i�n� �c�h�a�p�t�e�r� �5�,� �o�n�l�y� �t�h�e� �r�e�a�l� �p�a�r�t� �o�f� �t�h�e� �f�i�r�s�t� �m�o�d�e� �o�f� �t�h�e� 

�T�i�m�o�s�h�e�n�k�o� �b�e�a�m� �b�e�h�a�v�e�s� �c�o�n�t�i�n�u�o�u�s�l�y� �d�i�s�p�e�r�s�i�v�e�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �i�t� �i�s� �t�h�e� �o�n�l�y� �o�n�e� 

�c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �o�f� �t�h�e� �d�i�s�p�e�r�s�i�v�e� �c�u�r�v�e� �a�r�e� �p�l�o�t�t�e�d� �b�y� �m�e�a�s�u�r�e�m�e�n�t�s� 

�o�f� �t�h�e� �p�h�a�s�e� �v�e�l�o�c�i�t�y� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �f�r�e�q�u�e�n�c�y�.� �T�h�e� �m�a�t�e�r�i�a�l� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� 

�b�y� �p�i�c�k�i�n�g� �a�n�y� �t�w�o� �a�r�b�i�t�r�a�r�y� �w�a�v�e� �s�p�e�e�d� �v�a�l�u�e�s� �a�n�d� �t�h�e�i�r� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�r�e�q�u�e�n�c�i�e�s�,� �a�n�d� 

�s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e�m� �i�n�t�o� �E�q�u�a�t�i�o�n� �(�6�.�1�)� �a�n�d� �E�q�u�a�t�i�o�n� �(�6�.�3�)�,� �t�h�e�n� �t�h�e� �n�o�n�l�i�n�e�a�r� �s�e�t� �o�f� 

�e�q�u�a�t�i�o�n�s� �a�r�e� �s�o�l�v�e�d� �f�o�r� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �m�o�d�u�l�u�s� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �m�a�s�s� �d�e�n�s�i�t�y� �t�o� �b�e� �a� 

�s�t�a�n�d�a�r�d� �c�o�n�s�t�a�n�t� �v�a�l�u�e� �f�o�r� �a�l�u�m�i�n�u�m� �s�p�e�c�i�m�e�n�s� �(�2�7�1�5� �k�g�/�m ��)�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �i�s� �r�e�p�e�a�t�e�d� 

�t�o� �c�o�m�p�l�e�t�e� �a�l�l� �t�h�e� �d�a�t�a� �p�o�i�n�t�s� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �o�b�t�a�i�n�e�d�.� �B�y� �a�v�e�r�a�g�i�n�g� �t�h�e� �s�o� �d�e�t�e�r�m�i�n�e�d� 

�v�a�l�u�e�s� �o�n�e� �c�o�u�l�d� �o�b�t�a�i�n�e�d� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �t�h�r�o�u�g�h� �t�h�e� �d�i�s�p�e�r�s�i�v�e� �c�u�r�v�e� �o�f� �F�i�g�u�r�e� 

�6�.�2�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �6�.�1�.� 

�B�y� �a�s�s�u�m�i�n�g� �t�h�e� �l�i�n�e�a�r� �v�i�s�c�o�e�l�a�s�t�i�c� �r�e�s�p�o�n�s�e� �o�f� �a�n� �i�s�o�t�r�o�p�i�c� �m�a�t�e�r�i�a�l�,� �t�h�e� �m�o�d�u�l�u�s� 

�o�f� �e�l�a�s�t�i�c�i�t�y� �a�n�d� �s�h�e�a�r� �m�o�d�u�l�u�s� �c�o�u�l�d� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y�:� 

�E� �=� �E�'�+�i�E� �(�6�.�6�)� 

�G� �=�G�'�+�i�G�"� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �W�h�e�r�e� �(� �) �� �i�s� �t�h�e� �r�e�a�l� �p�a�r�t� �o�f� �t�h�e� �c�o�m�p�l�e�x� �q�u�a�n�t�i�t�y� �o�r� �s�t�o�r�a�g�e�,� �a�n�d� �(�)�"� �i�s� �t�h�e� 

�i�m�a�g�i�n�a�r�y� �p�a�r�t� �o�r� �l�o�s�s�.� �T�h�e� �c�o�m�p�l�e�x� �m�o�d�u�l�u�s� �a�n�d� �c�o�r�r�e�s�p�o�n�d�i�n�g� �l�o�s�s� �f�a�c�t�o�r� �f�o�r� �t�h�e� 

�m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y� �a�r�e� �g�i�v�e�n� �b�y�:� 
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�j�e�"�|�-� �V�E�?� �+�E�"� 
�E�"� 

�t�a�n�g� �=�  �� �>� �E�e� 
�(�6�.�7�)� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �S�i�m�i�l�a�r� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �s�h�e�a�r� �m�o�d�u�l�u�s� �a�l�s�o� �a�p�p�l�y�.� �T�h�e� �l�o�s�s� �f�a�c�t�o�r� 

�r�e�p�r�e�s�e�n�t�s� �a� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �r�a�t�e� �o�f� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �b�y� �t�h�e� �m�a�t�e�r�i�a�l�,� �a�n�d� �c�o�u�l�d� �b�e� 

�r�e�a�d�i�l�y� �o�b�t�a�i�n�e�d� �o�n�c�e� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �v�a�l�u�e�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� 

�m�e�a�s�u�r�e�d�,� �a�n�d� �n�o�t�i�n�g� �t�h�a�t� �f�o�r� �l�o�w� �d�a�m�p�e�d� �m�a�t�e�r�i�a�l�s�,� �s�u�c�h� �a�s� �a�l�u�m�i�n�u�m�,� �t�a�n�g� �=�9�.� 

�T�h�e�r�e�f�o�r�e� �E�q�u�a�t�i�o�n� �(�6�.�6�)� �c�o�u�l�d� �b�e� �w�r�i�t�t�e�n�,� �f�o�r� �t�h�e� �m�o�d�u�l�u�s� �o�f� �e�l�a�s�t�i�c�i�t�y�,� �a�s�:� 

�E�*� �=� �E�(�1�+�i�,�)� �(�6�.�8�)� 

�T�h�e� �v�a�l�u�e�s� �f�o�r� �t�h�e� �l�o�s�s� �f�a�c�t�o�r�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �a�l�s�o� �g�i�v�e�n� �i�n� �T�a�b�l�e� �6�.�1�.� 

�T�a�b�l�e� �6�.�1�.� �M�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �s�t�a�n�d�a�r�d� �v�a�l�u�e�s� �f�o�r� �A�l� �2�0�2�4�-�T�4� �a�n�d� �v�i�a� �w�a�v�e� 
�v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s�.� �L�o�s�s� �f�a�c�t�o�r�s� �a�r�e� �a�l�s�o� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �o�b�t�a�i�n�e�d�.� 

� � 

� � 

� � 

� � � � � � � � 

�M�a�t�e�r�i�a�l� �P�r�o�p�e�r�t�i�e�s� �E� �(�G�P�a�.�)� �G� �(�G�P�a�.�)� 
�S�t�a�n�d�a�r�d� �v�a�l�u�e� �7�3�.�0� �2�8�.�0� 
�F�l�e�x�u�r�a�l� �W�a�v�e� �7�3�.�3�6�1�7�0�4� �2�7�.�9�9�0�8�6�1� 
�L�o�s�s� �F�a�c�t�o�r�s� �0�.�0�0�4�9�5�5� �(�n�,�)� �|� �0�.�0�0�0�3�2�6�4� �(�n�,�)� 
� � � � 

�6�.�4� �A�n�a�l�y�t�i�c�a�l� �P�r�o�c�e�d�u�r�e� 

�6�.�4�.�1� �M�o�d�e�l�i�n�g� �t�h�e� �R�e�s�p�o�n�s�e� �o�f� �t�h�e� �S�y�s�t�e�m� 

�T�h�e� �m�o�d�e�l�i�n�g� �o�f� �t�h�e� �s�y�s�t�e�m� �i�s� �d�o�n�e� �u�s�i�n�g� �a� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �a�p�p�r�o�a�c�h� �b�a�s�e�d� �o�n� 

�c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�i�c�s�.� �T�h�e� �b�e�a�m� �e�l�e�m�e�n�t�s� �a�r�e� �t�r�e�a�t�e�d� �a�s� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �w�a�v�e�g�u�i�d�e�s� �a�n�d� 

�t�h�e�y� �a�r�e� �m�o�d�e�l�e�d� �u�s�i�n�g� �T�i�m�o�s�h�e�n�k�o ��s� �b�e�a�m� �t�h�e�o�r�y� �f�o�r� �b�e�n�d�i�n�g� �a�n�d� �f�l�e�x�u�r�a�l� �m�o�t�i�o�n� �a�n�d� 

�8�0



�t�h�e� �r�o�d� �e�q�u�a�t�i�o�n� �f�o�r� �l�o�n�g�i�t�u�d�i�n�a�l� �m�o�t�i�o�n�.� �T�h�i�s� �m�e�t�h�o�d� �t�r�e�a�t�s� �t�h�e� �m�a�s�s� �a�n�d� �r�o�t�a�t�i�o�n�a�l� 

�i�n�e�r�t�i�a� �e�x�a�c�t�l�y� �a�n�d� �i�t� �i�s� �a�s�s�e�m�b�l�e�d� �i�n� �a� �s�i�m�i�l�a�r� �m�a�n�n�e�r� �a�s� �s�e�m�i�d�i�s�c�r�e�t�a�t�i�o�n� �m�e�t�h�o�d�s�,� �s�u�c�h� �a�s� 

�t�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t�.� �A� �d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�i�s� �m�e�t�h�o�d� �a�n�d� �t�h�e� �e�l�e�m�e�n�t� �m�a�t�r�i�x� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� 

�d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �h�a�s� �b�e�e�n� �p�r�e�v�i�o�u�s�l�y� �p�r�e�s�e�n�t�e�d� �i�n� �c�h�a�p�t�e�r� �5� �a�n�d� �i�n� �R�e�f�e�r�e�n�c�e� �[�1�3�1�]�,� �a�n�d� �i�t� 

�w�i�l�l� �n�o�t� �b�e� �r�e�p�r�o�d�u�c�e�d� �h�e�r�e�.� �T�o� �m�o�d�e�l� �t�h�e� �s�t�r�u�c�t�u�r�e� �u�n�d�e�r� �s�t�u�d�y�,� �o�n�l�y� �a� �t�o�t�a�l� �o�f� �1�0� 

�e�l�e�m�e�n�t�s� �w�e�r�e� �n�e�e�d�e�d�,� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.�3�.� �E�l�e�m�e�n�t� �2� �c�o�n�t�a�i�n�s� �t�h�e� �p�a�i�r� �o�f� �P�Z�T�-� 

�a�c�t�u�a�t�o�r�s� �a�c�t�i�n�g� �o�u�t�-�p�h�a�s�e� �a�n�d� �t�h�e�r�e�f�o�r�e� �i�t�s� �d�y�n�a�m�i�c�s� �a�r�e� �i�n�c�l�u�d�e�d� �p�r�o�p�e�r�l�y� �i�n�t�o� �t�h�e� 

�f�o�r�m�u�l�a�t�i�o�n� �a�c�c�o�u�n�t�i�n�g� �f�o�r� �t�h�e� �e�l�e�c�t�r�o�-�m�e�c�h�a�n�i�c�a�l� �e�f�f�e�c�t�s� �a�s� �d�e�r�i�v�e�d� �i�n� �R�e�f�e�r�e�n�c�e� �[�1�3�2�]�.� 

�T�h�e� �m�o�d�e�l� �o�f� �t�h�e� �j�o�i�n�t� �c�o�n�n�e�c�t�i�o�n� �w�a�s� �d�o�n�e� �a�s�s�u�m�i�n�g� �t�h�e� �b�o�l�t�s� �t�o� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �w�i�t�h� 

�l�i�n�e�a�r� �m�a�s�s�-�s�p�r�i�n�g�-�d�a�s�h� �p�o�t� �s�y�s�t�e�m�s�,� �a�n�d� �a�c�t�i�n�g� �a�t� �t�h�e� �l�o�c�a�t�i�o�n�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.�3�.� 

�R�e�a�s�o�n�a�b�l�e� �v�a�l�u�e�s� �f�o�r� �t�h�e� �s�t�i�f�f�n�e�s�s� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �b�o�l�t�s� �a�r�e� 

�t�a�k�e�n� �f�r�o�m� �a� �s�i�m�i�l�a�r� �e�x�p�e�r�i�m�e�n�t� �p�r�e�v�i�o�u�s�l�y� �p�r�e�s�e�n�t�e�d� �[�1�3�2�]�.� �A�n�a�l�y�s�i�s� �o�f� �t�h�e� �f�i�r�s�t� �1�8� �m�o�d�e�s� 

�i�s� �d�o�n�e� �b�y� �m�e�a�s�u�r�i�n�g� �t�h�e� �g�a�i�n� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�s� �t�h�e� �r�a�t�i�o� �o�f� �t�h�e� �v�o�l�t�a�g�e� �r�e�c�o�r�d�e�d� �a�t� �a�n�y� �o�f� 

�t�h�e� �P�Z�T�-�s�e�n�s�o�r�s� �l�o�c�a�t�e�d� �a�f�t�e�r� �t�h�e� �b�o�l�t�e�d� �j�o�i�n�t�,� �a�n�d� �t�h�e� �c�o�n�s�t�a�n�t� �d�r�i�v�e�n� �v�o�l�t�a�g�e� �f�e�d� �i�n� �b�y� 

�t�h�e� �P�Z�T�-�a�c�t�u�a�t�o�r� �p�a�i�r�.� �T�h�i�s� �r�a�t�i�o� �c�a�n� �b�e� �r�e�p�r�o�d�u�c�e�d� �a�n�a�l�y�t�i�c�a�l�l�y� �a�f�t�e�r� �i�n�c�l�u�d�i�n�g� �t�h�e� 

�e�l�e�c�t�r�o�-�m�e�c�h�a�n�i�c�a�l� �e�f�f�e�c�t� �o�f� �t�h�e� �P�Z�T�-�a�c�t�u�a�t�o�r� �p�a�i�r� �a�n�d� �P�Z�T�-�s�e�n�s�o�r� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� 

�l�i�t�e�r�a�t�u�r�e� �[�1�3�2�]�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �o�b�t�a�i�n�e�d� �r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �6�.�2�;� 

�t�h�e�s�e� �w�e�r�e� �m�e�a�s�u�r�e�d� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�e�t�-�u�p� �p�r�e�v�i�o�u�s�l�y� �d�e�s�c�r�i�b�e�d� �i�n� �F�i�g�u�r�e� �6�.�1�.� 

� � 

� � 

�P�Z�T� 

�O�C�W� �O�C�T� �B�h�a�n� �=� 
�1� �2� �3� �4�5�6�7�8� �9� �1�0� 

�¢� �L�i�n�e�a�r� �j�o�i�n�t� �s�y�s�t�e�m�s� �w�i�t�h� �l�u�m�p�e�d� �m�a�s�s� 

�F�i�g�u�r�e� �6�.�3�.� �M�o�d�e�l� �o�f� �i�n�f�i�n�i�t�e�l�y� �l�o�n�g� �b�e�a�m�:� �t�h�r�e�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �p�e�r� �n�o�d�e�,� �a�n�d� 
�a� �t�o�t�a�l� �o�f� �1�0� �e�l�e�m�e�n�t�s�.� �A�l�s�o� �s�h�o�w�n� �i�s� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �b�o�l�t�s� �a�t� 
�t�h�e� �c�o�n�n�e�c�t�i�o�n� �w�i�t�h� �l�i�n�e�a�r� �s�y�s�t�e�m�s� �a�n�d� �t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �t�h�e� �P�Z�T�-� 
�a�c�t�u�a�t�o�r� �i�n� �e�l�e�m�e�n�t� �2�,� �w�h�e�r�e� �i�t� �c�r�e�a�t�e�s� �a� �c�o�u�p�l�e� �m�o�m�e�n�t�.� 
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�T�a�b�l�e� �6�.�2�.� �N�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �l�o�n�g� �b�e�a�m�.� �T�h�e� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �a�r�e� �o�b�t�a�i�n�e�d� 
�w�i�t�h� �t�h�e� �n�u�m�e�r�i�c�a�l� �i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �d�y�n�a�m�i�c� 
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�s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�.� 

�N�a�t�u�r�a�l� �E�x�p�e�r�i�m�e�n�t�a�l� �R�e�s�u�l�t�s� �|� �A�n�a�l�y�t�i�c�a�l� �R�e�s�u�l�t�s� �v�i�a� �E�r�r�o�r� 
�F�r�e�q�u�e�n�c�i�e�s� �(�H�z�.�)� �D�e�t�e�r�m�i�n�a�n�t� �(�H�z�.�)� �%� 

�1� �5�7�.�0� �5�1�.�1� �5�.�6� 
�2� �1�0�2�.�0� �1�0�5�.�4� �3�.�3� 
�3� �1�4�3�.�5� �1�4�0�.�6� �2�.�0� 
�4� �2�7�0�.�0� �2�7�6�.�3� �2�.�3� 
�5� �3�4�1�.�0� �3�0�7�.�5� �9�.�8� 
�6� �4�2�9�.�0� �4�5�3�.�3� �5�.�7� 
�7� �5�1�4�.�0� �5�1�4�.�7� �0�.�1� 
�8� �5�3�9�.�0� �$�6�2�.�0� �4�.�3� 
�9� �6�3�9�.�0� �6�6�9�.�7� �4�.�8� 

�1�0� �7�2�1�.�0� �7�9�6�.�8� �1�0�.�0� 
�1�1� �8�7�6�.�0� �9�2�9�.�7� �6�.�1� 
�1�2� �9�3�7�.�0� �9�5�5�.�7� �2�.�0� 
�1�3� �1�1�0�0�.�0� �1�0�7�6�.�9� �2�.�1� 
�1�4� �1�4�4�2�.�5� �1�4�2�4�.�0� �1�.�3� 
�1�5� �1�8�4�2�.�0� �1�8�7�1�.�5� �1�.�6� 
�1�6� �2�2�3�0�.�0� �2�2�5�8�.�4� �1�.�3� 
�1�7� �2�7�5�2�.�0� �2�7�7�9�.�1� �1�.�0� 
�1�8� �2�9�2�0�.�0� �2�9�2�2�.�1� �0�.�7� � � � � � � � � � � 
� � 

�T�h�e� �a�n�a�l�y�t�i�c�a�l� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �b�e�d�i�n�g� �m�o�d�e�s� �i�s� 

�o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �t�h�e� �g�l�o�b�a�l�l�y� �a�s�s�e�m�b�l�e�d� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� 

�a� �f�i�n�i�t�e� �s�e�t� �o�f� �d�i�s�p�l�a�c�e�m�e�n�t�s� �f�o�r� �t�h�e� �d�e�s�c�r�i�b�e�d� �m�o�d�e�l�.� �W�h�e�n� �t�h�e� �f�o�r�c�e� �v�e�c�t�o�r� �i�s� �s�e�t� �t�o� �z�e�r�o�,� 

�t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �c�a�n� �b�e� �f�o�u�n�d� �f�r�o�m�:� 

�[�K�}�v�}�~�0� �(�6�.�9�)� 

�F�o�r� �c�a�s�e�s� �w�h�e�n� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �{�u�}� �=� �0�,� �r�a�t�h�e�r� �t�h�a�n� �f�r�o�m� 

�[�K�]� �=�(�,� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �h�a�p�p�e�n�s� �t�o� �c�o�i�n�c�i�d�e� �w�i�t�h� �t�h�e� �n�o�d�e�s� �o�f� �t�h�e� �m�o�d�e�s� �o�f� �v�i�b�r�a�t�i�o�n� 

�[�1�3�3�,�1�3�4�]�.� �F�o�r� �t�h�e� �c�a�s�e� �u�n�d�e�r� �s�t�u�d�y� �a�n�d� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �o�f� �i�n�t�e�r�e�s�t�,� �t�h�e� �n�a�t�u�r�a�l� 

�8�2



�f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �f�o�u�n�d� �s�o�l�v�i�n�g� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �w�i�t�h� �t�h�e� �u�s�e� 

�o�f� �a� �s�y�s�t�e�m�a�t�i�c� �i�t�e�r�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� �t�o� �o�b�t�a�i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �v�a�l�u�e�s� �f�o�r� �w�h�i�c�h� �[�K�]� �=� �(�0�.� �T�h�e� 

�r�e�s�u�l�t�s� �a�r�e� �a�l�s�o� �g�i�v�e�n� �i�n� �T�a�b�l�e� �6�.�2�.� 

�6�.�4�.�2� �M�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �S�p�e�c�i�f�i�c� �D�a�m�p�i�n�g� �C�a�p�a�c�i�t�y� 

�O�n�c�e� �t�h�e� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �a�n�a�l�y�t�i�c�a�l�l�y� �i�d�e�n�t�i�f�i�e�d�,� �w�e� �c�o�u�l�d� �p�r�o�c�e�e�d� �w�i�t�h� �t�h�e� 

�f�o�r�m�u�l�a�t�i�o�n� �d�e�r�i�v�e�d� �i�n� �c�h�a�p�t�e�r� �5� �t�o� �o�b�t�a�i�n� �a� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �d�a�m�p�i�n�g� �i�n� �t�h�e� �s�t�r�u�c�t�u�r�e�.� 

�D�a�m�p�i�n�g� �i�s� �d�e�f�i�n�e�d� �w�i�t�h� �t�h�e� �n�o�t�i�o�n� �o�f� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y�,� �w�h�i�c�h� �i�s� �t�h�e� �r�a�t�i�o� 

�b�e�t�w�e�e�n� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �d�u�r�i�n�g� �o�n�e� �c�y�c�l�e� �o�f� �s�t�r�a�i�n� �a�n�d� �t�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �e�n�e�r�g�y� 

�s�t�o�r�e�d� �i�n� �t�h�e� �m�a�t�e�r�i�a�l� �[�1�3�5�]�.� �B�y� �i�n�t�r�o�d�u�c�i�n�g� �t�h�e� �l�o�s�s� �t�a�n�g�e�n�t� �a�s� �t�h�e� �a�n�g�l�e�,� �¢�,� �b�y� �w�h�i�c�h� �t�h�e� 

�s�t�r�e�s�s� �l�e�a�d�s� �t�h�e� �s�t�r�a�i�n� �i�n� �a� �s�t�e�a�d�y� �s�t�a�t�e� �h�a�r�m�o�n�i�c� �e�x�c�i�t�a�t�i�o�n�,� �o�n�e� �c�o�u�l�d� �e�x�p�r�e�s�s� �t�h�e� �s�p�e�c�i�f�i�c� 

�d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �a�s�:� 

�"� 

�p� �=� �2�n� �t�a�n�g� �=� �4�n�  �� �(�6�.�1�0�)� 
�@� 

�T�h�e� �r�i�g�h�t� �m�o�s�t� �e�x�p�r�e�s�s�i�o�n� �w�a�s� �p�r�e�v�i�o�u�s�l�y� �d�e�r�i�v�e�d� �i�n� �c�h�a�p�t�e�r� �5�.� �T�o� �i�m�p�l�e�m�e�n�t� �E�q�u�a�t�i�o�n� 

�(�6�.�1�0�)�,� �a� �T�a�y�l�o�r ��s� �s�e�r�i�e�s� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �t�h�e� �a�n�a�l�y�t�i�c�a�l�l�y� �d�e�r�i�v�e�d� �f�u�n�c�t�i�o�n�,� �c�o�n�t�a�i�n�i�n�g� �t�h�e� 

�v�i�s�c�o�e�l�a�s�t�i�c� �e�f�f�e�c�t� �o�f� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g�,� �w�a�s� �a�l�s�o� �p�r�e�s�e�n�t�e�d�.� �A�f�t�e�r� �s�o�m�e� �s�i�m�p�l�i�f�i�c�a�t�i�o�n�s�,� �t�h�e� 

�f�i�n�a�l� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �c�a�n� �b�e� �f�o�u�n�d� �f�r�o�m� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� 

�e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n�:� 

� � �(�6�.�1�1�)� 

�8�3



�T�h�e� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �t�h�e� �f�u�n�c�t�i�o�n� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �d�y�n�a�m�i�c� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� 

�s�y�s�t�e�m� �a�r�e� �t�a�k�e�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �e�l�a�s�t�i�c� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �g�l�o�b�a�l� �d�y�n�a�m�i�c� 

�s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �i�s� �a�s�s�e�m�b�l�e�d� �b�y� �a�s�s�u�m�i�n�g� �t�h�e� �m�a�t�e�r�i�a�l� �t�o� �b�e� �p�e�r�f�e�c�t�l�y� �e�l�a�s�t�i�c�.� �T�h�e� 

�v�i�s�c�o�e�l�a�s�t�i�c� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �(�i�n�d�i�c�a�t�e�d� �w�i�t�h� �a� �s�u�p�e�r�s�c�r�i�p�t� �a�s�t�e�r�i�s�k�)� �a�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� 

�t�h�e� �d�i�s�p�e�r�s�i�v�e� �c�u�r�v�e� �o�f� �t�h�e� �w�a�v�e� �v�e�l�o�c�i�t�y� �p�r�e�v�i�o�u�s�l�y� �m�e�a�s�u�r�e�d�.� �T�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�h�e� 

�d�e�r�i�v�a�t�i�v�e�s� �i�s� �a�p�p�r�o�x�i�m�a�t�e�d� �w�i�t�h� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e�,� �a�n�d� �t�h�e� �t�o�t�a�l� �m�a�t�r�i�x� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� 

�r�i�g�h�t� �h�a�n�d� �s�i�d�e� �o�f� �E�q�u�a�t�i�o�n� �(�6�.�1�1�)� �i�s� �e�v�a�l�u�a�t�e�d� �t�o� �f�i�n�d� �i�t�s� �d�e�t�e�r�m�i�n�a�n�t�.� �B�y� �a�s�s�u�m�i�n�g� �t�h�e� 

�r�e�a�l� �p�a�r�t� �o�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �t�o� �b�e� �m�u�c�h� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �i�m�a�g�i�n�a�r�y� �p�a�r�t�,� �a�n� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �w �� 

�i�s� �f�o�u�n�d�,� �a�n�d� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �E�q�u�a�t�i�o�n� �(�6�.�1�0�)�,� �t�o� �o�b�t�a�i�n� �a� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �e�n�e�r�g�y� �l�o�s�s�.� 

�A� �f�l�o�w� �c�h�a�r�t� �o�f� �t�h�i�s� �n�u�m�e�r�i�c�a�l� �p�r�o�c�e�d�u�r�e� �i�s� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �6�.�4�.� 
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�I�n�i�t�i�a�l� �v�a�l�u�e�s� �=�/�K� �k�u� �S�a�l�v�e� �f�o�r� �a�s�l� �_�{�o�]� �=�I� �a� 
�K�=�K�+�6�|� �N�O� 

�O�m�x�  ��O�P�,� �S�E� 
�C�=�C�+�6� 

�Y�E�S� 

�O�b�t�a�i�n� �O�f� �o�f� �o�f� �S�a�l�v�e� �f�o�r� �a�l�l� 
�w�"� �d�E ��a�G �� �a�w� �w� 

�p� �=�4�n �� �E�N�D� 
�@� � � � � � � 

�F�i�g�u�r�e� �6�.�4�.� �F�l�o�w� �c�h�a�r�t� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �p�r�o�c�e�d�u�r�e� �u�s�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �a�v�e�r�a�g�e� 
�s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �a� �s�t�r�u�c�t�u�r�e� �f�o�r� �a� �g�i�v�e�n� �f�r�e�q�u�e�n�c�y�.� 

�T�h�i�s� �p�r�o�c�e�d�u�r�e� �i�s� �d�o�n�e� �f�o�r� �t�h�e� �1�8� �f�i�r�s�t� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �s�y�s�t�e�m� �t�o� �a�c�c�o�u�n�t� 

�f�o�r� �t�h�e� �m�a�x�i�m�u�m� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �p�o�s�s�i�b�l�e� �g�i�v�e�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �o�f� �a�n�a�l�y�s�i�s� �(�u�p� �t�o



�3�0�0�0� �H�z�.�)�.� �T�h�e� �a�v�e�r�a�g�e� �v�a�l�u�e� �o�f� �t�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �s�y�s�t�e�m� �u�n�d�e�r� �s�t�u�d�y� 

�w�a�s� �f�o�u�n�d� �t�o� �b�e� �0�.�0�2�3�1�,� �w�h�i�c�h� �i�t� �i�s� �w�i�t�h�i�n� �t�h�e� �o�r�d�e�r� �o�f� �t�y�p�i�c�a�l� �a�l�u�m�i�n�u�m� �s�t�r�u�c�t�u�r�e�s� �[�1�3�6�-� 

�1�3�8�]�.� �F�o�r� �t�h�e� �s�a�k�e� �o�f� �c�o�m�p�l�e�t�e�n�e�s�s�,� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� 

�w�a�s� �d�o�n�e� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n� �f�o�r� �h�a�r�m�o�n�i�c�a�l�l�y� �e�x�c�i�t�e�d� �s�y�s�t�e�m�s� �u�s�i�n�g� �t�h�e� �h�a�l�f�-�p�o�w�e�r� 

�m�e�t�h�o�d�.� �F�o�r� �t�h�i�s� �p�r�o�c�e�d�u�r�e�,� �t�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �i�n�v�e�r�s�e� �q�u�a�l�i�t�y� 

�f�a�c�t�o�r�,� �Q�~�'�,� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�:� 

�p� �=�2�n�Q�7� �=�2�n� �2�2�7�"�!� 

�@� 
�(�6�.�1�2�)� 

�w�h�e�r�e� �@�_�,� �i�s� �t�h�e� �r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�y� �f�o�u�n�d� �a�t� �t�h�e� �m�a�x�i�m�u�m� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �f�o�r� 

�a� �g�i�v�e�n� �p�e�a�k�,� �a�n�d� �w�,� �a�n�d� �w�,� �a�r�e� �t�h�e� �f�r�e�q�u�e�n�c�i�e�s� �a�t� �w�h�i�c�h� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� 

�i�s� �0�.�7�0�7�1� �o�f� �t�h�e� �m�a�x�i�m�u�m� �a�m�p�l�i�t�u�d�e�.� �D�u�e� �t�o� �t�h�e� �e�x�t�e�n�s�i�v�e� �u�s�e� �o�f� �t�h�i�s� �m�e�t�h�o�d�,� �d�e�t�a�i�l�s� �o�n� 

�t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �p�r�o�c�e�d�u�r�e� �w�i�l�l� �b�e� �o�m�i�t�t�e�d� �[�4�8�]�.� �T�h�e� �i�n�v�e�r�s�e� �q�u�a�l�i�t�y� �f�a�c�t�o�r� �w�a�s� �o�b�t�a�i�n�e�d� 

�f�r�o�m� �a�l�l� �t�h�e� �r�e�s�o�n�a�n�t� �p�e�a�k�s� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �o�f� �i�n�t�e�r�e�s�t�,� �a�n�d� �a�f�t�e�r� �s�u�b�s�t�i�t�u�t�i�o�n� �i�n�t�o� 

�E�q�u�a�t�i�o�n� �(�6�.�1�2�)�,� �t�h�e� �a�v�e�r�a�g�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �s�y�s�t�e�m� �w�a�s� �f�o�u�n�d� �t�o� �b�e� 

�0�.�0�2�4�2�3�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �a�n�a�l�y�t�i�c�a�l�l�y� �m�e�a�s�u�r�e�d� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �w�a�s� �c�a�l�c�u�l�a�t�e�d� �w�i�t�h� �a�n� 

�e�r�r�o�r� �o�f� �4�.�6�5� �%�,� �r�e�a�s�s�u�r�i�n�g� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �p�r�o�c�e�d�u�r�e� �d�e�r�i�v�e�d� �i�n� �c�h�a�p�t�e�r� �5�.� 

�6�.�5� �C�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �E�n�e�r�g�y� �D�i�s�s�i�p�a�t�i�o�n� �M�e�c�h�a�n�i�s�m�s� 

�I�n� �s�t�u�d�y�i�n�g� �t�h�e� �e�f�f�e�c�t�s� �o�f� �l�o�c�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e�,� �w�e� �h�a�v�e� �c�o�n�c�l�u�d�e�d� 

�t�h�a�t� �t�h�e� �s�e�n�s�i�n�g� �r�e�g�i�o�n� �o�f� �a� �P�Z�T� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r� �i�s� �c�o�n�c�e�n�t�r�a�t�e�d� �i�n� �t�h�e� �n�e�a�r� �v�i�c�i�n�i�t�y� �o�f� �t�h�e� 

�s�u�p�p�l�y�i�n�g� �s�o�u�r�c�e�.� �T�h�i�s� �f�a�c�t� �h�a�s� �b�e�e�n� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �d�e�m�o�n�s�t�r�a�t�e�d�,� �a�n�d� �t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� 

�o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l�i�n�g�,� �t�h�e� �p�h�e�n�o�m�e�n�o�n� �o�f� �l�o�c�a�l�i�z�a�t�i�o�n� �h�a�s� �b�e�e�n� �r�e�l�a�t�e�d� �t�o� �t�h�e� 

�b�e�h�a�v�i�o�r� �o�f� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �m�e�c�h�a�n�i�s�m�s� �[�1�3�1�]�.� �O�t�h�e�r� �f�a�c�t�o�r�s� �t�y�p�i�c�a�l�l�y� �c�o�n�s�i�d�e�r�e�d�,� �s�u�c�h� 

�a�s� �d�e�f�e�c�t�s� �i�n� �a�s�s�e�m�b�l�y� �a�n�d� �m�a�n�u�f�a�c�t�u�r�i�n�g� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�s�,� �a�r�e� �e�x�c�l�u�d�e�d� �d�u�e� �t�o� �t�h�e� �r�a�n�d�o�m



�b�e�h�a�v�i�o�r� �o�f� �t�h�e�i�r� �n�a�t�u�r�e�.� �T�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �m�e�c�h�a�n�i�s�m�s� �t�h�a�t� �w�e� �h�a�v�e� �c�o�n�s�i�d�e�r�e�d� �a�r�e� 

�m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �a�n�d� �n�o�n�c�o�n�s�e�r�v�a�t�i�v�e� �j�o�i�n�t�s�,� �s�u�c�h� �a�s� �t�h�e� �b�o�l�t�e�d� �c�o�n�n�e�c�t�i�o�n� �s�t�u�d�i�e�d� �i�n� �t�h�i�s� 

�w�o�r�k�.� 

�T�o� �c�o�m�p�a�r�e� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �o�f� �t�h�e� �t�w�o� �m�e�c�h�a�n�i�s�m�s� �u�n�d�e�r� 

�i�n�v�e�s�t�i�g�a�t�i�o�n�,� �a�n�d� �t�h�e�r�e�b�y� �t�h�e� �p�r�o�p�a�g�a�t�i�o�n� �o�f� �t�h�e� �e�n�e�r�g�y� �o�f� �v�i�b�r�a�t�i�o�n� �t�o� �a� �l�i�m�i�t�e�d� �a�r�e�a� �f�r�o�m� 

�t�h�e� �i�n�d�u�c�i�n�g� �s�o�u�r�c�e�,� �w�e� �h�a�v�e� �i�n�v�e�s�t�i�g�a�t�e�d� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� 

�d�i�s�t�a�n�c�e� �f�o�r� �a� �g�i�v�e�n� �r�e�s�o�n�a�n�t� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �b�o�l�t�e�d� �b�e�a�m� �m�o�d�e�l�e�d� �i�n� �t�h�i�s� �s�t�u�d�y�.� �T�h�e� 

�r�e�s�u�l�t�s� �a�r�e� �g�r�a�p�h�i�c�a�l�l�y� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.�5�;� �d�i�s�t�a�n�c�e� �0� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� 

�P�Z�T�-�a�c�t�u�a�t�o�r� �o�u�t�-�p�h�a�s�e� �(�s�e�e� �F�i�g�u�r�e� �6�.�3�)�,� �a�n�d� �i�t� �c�o�v�e�r�s� �t�h�e� �s�e�g�m�e�n�t� �f�r�o�m� �0� �t�o� �t�h�e� �r�i�g�h�t� �e�n�d� 

�o�f� �t�h�e� �b�e�a�m�.� �T�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �v�i�b�r�a�t�i�o�n� �i�s� �c�o�n�s�i�d�e�r�a�b�l�y� �l�a�r�g�e�r� �b�e�f�o�r�e� �t�h�e� �j�o�i�n�t� �t�h�a�n� �w�h�e�n� 

�t�h�e� �w�a�v�e� �h�a�s� �e�n�c�o�u�n�t�e�r�e�d� �t�h�e� �d�i�s�c�o�n�t�i�n�u�i�t�y�,� �a�f�t�e�r� �w�h�i�c�h�,� �t�h�e� �w�a�v�e� �s�h�a�r�p�l�y� �a�t�t�e�n�u�a�t�e�s�.� �A�t� 

�t�h�e� �b�o�l�t�e�d� �c�o�n�n�e�c�t�i�o�n�,� �t�h�e� �m�u�l�t�i�p�l�e� �r�e�f�l�e�c�t�i�o�n�s� �a�n�d� �t�h�e� �s�m�a�l�l� �s�i�z�e� �o�f� �t�h�e� �e�l�e�m�e�n�t�s� �d�i�s�t�o�r�t� �t�h�e� 

�s�m�o�o�t�h�n�e�s�s� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e�.� �B�y� �l�o�o�k�i�n�g� �a�t� �t�h�e� �c�l�o�s�e�-�u�p� �o�f� �t�h�e� �v�i�b�r�a�t�i�o�n� 

�a�m�p�l�i�t�u�d�e� �a�f�t�e�r� �t�h�e� �j�o�i�n�t�,� �w�e� �c�o�u�l�d� �s�e�e� �t�h�e� �u�n�i�f�o�r�m�i�t�y� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �w�h�i�c�h�,� �d�u�e� �t�o� �t�h�e� 

�s�h�o�r�t� �d�i�s�t�a�n�c�e� �(�8�6�.�0� �c�m�.�)� �a�n�d� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �a�l�u�m�i�n�u�m�,� �d�o�e�s� �n�o�t� �s�h�o�w� �a� �s�i�g�n�i�f�i�c�a�n�t� 

�a�t�t�e�n�u�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e�.� 

�8�6



� � 

� � 

� � � � 
� � 

� � 
� � 

� � � � � � � � � 

� � 

� � 

�2�D�0�E�-�0�S� 

�0�0�0�0� 

�0�0�0�0� 

�1�5�0�5�-�0�5� 

�1�0�0�5�-�0�6� 

�4� 
�@� 

�o�y� �/�\� 

�0�.�2�0�0 ¬�+�0�0� �U� �+� �L�f� 

�S�.�0�0�E�-�0�8� �+� 

�-�1�.�0�0�E�-�0�5� �\� 
�0�0�0�E�+�0�0� �2�D�0�E�O�1� �4�D�1�E�O�1� �6�O�1�E�O�!� �B�O�E� 

�D�i�s�t�a�n�c�e� �g�n�.�)� �N� 

� � 

�A�A�A� �I�V�Y� 
�a�s�l� �a�e� �a�s� �a�v�e� �a�n� �1�.�0�8� 

�D�i�s�t�a�n�c�e� �(�m�)� 

� � 

�A
�r�m

�p�
i�i�

t�u
�d�

e� �(�
a�

i�n
� 
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�F�i�g�u�r�e� �6�.�5�.� �A�t�t�e�n�u�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �P�Z�T� �a�c�t�u�a�t�o�r� 

�p�a�i�r� �a�c�t�i�n�g� �o�u�t� �o�f� �p�h�a�s�e�.� 

�6�.�6� �C�o�n�c�l�u�s�i�o�n�s� 

�T�h�e� �m�o�t�i�v�a�t�i�o�n� �o�f� �t�h�i�s� �r�e�s�e�a�r�c�h� �i�s� �t�o� �a�n�a�l�y�z�e� �t�h�e� �e�f�f�e�c�t� �o�f� �w�a�v�e� �a�t�t�e�n�u�a�t�i�o�n� �t�o� �h�a�v�e� 

�a� �b�e�t�t�e�r� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�e� �p�h�e�n�o�m�e�n�a� �o�f� �l�o�c�a�l�i�z�a�t�i�o�n� �i�n� �t�h�e� �s�e�n�s�i�n�g� �r�e�g�i�o�n� �o�f� �a� 

�d�i�s�t�u�r�b�a�n�c�e� �d�r�i�v�e�n� �b�y� �a� �P�Z�T� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r�,� �w�h�i�c�h� �g�i�v�e�s� �t�h�e� �p�o�i�n�t� �i�m�p�e�d�a�n�c�e� �o�f� �t�h�e� 

�s�t�r�u�c�t�u�r�e� �a�n�d� �c�a�n� �b�e� �r�e�l�i�e�d� �o�n� �t�o� �o�b�s�e�r�v�e� �t�h�e� �i�n�c�i�p�i�e�n�t� �d�a�m�a�g�e� �o�c�c�u�r�r�e�d� �i�n� �t�h�e� �s�y�s�t�e�m� �t�o� 

�w�h�i�c�h� �i�t� �i�s� �b�o�n�d�e�d�.� �F�o�r� �t�h�i�s� �p�u�r�p�o�s�e�,� �a� �m�e�t�h�o�d�o�l�o�g�y� �t�o� �s�t�u�d�y� �t�h�e� �e�f�f�e�c�t� �o�f� �s�t�r�u�c�t�u�r�a�l� 
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�d�a�m�p�i�n�g� �i�n� �t�h�e� �d�i�s�s�i�p�a�t�i�o�n� �o�f� �v�i�b�r�a�t�i�o�n�a�l� �e�n�e�r�g�y� �i�n� �s�t�r�u�c�t�u�r�e�s� �h�a�s� �b�e�e�n� �h�e�r�e� �v�e�r�i�f�i�e�d� �i�n� �a�n� 

�e�f�f�o�r�t� �t�o� �c�o�r�r�e�l�a�t�e� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �a�n�d� �t�h�e� �s�e�n�s�i�n�g� �r�e�g�i�o�n� �l�o�c�a�l�i�z�a�t�i�o�n� �p�h�e�n�o�m�e�n�a�.� 

�T�h�e� �d�y�n�a�m�i�c�s� �o�f� �a� �l�o�n�g� �b�o�l�t�e�d� �b�e�a�m� �h�a�s� �b�e�e�n� �m�o�d�e�l�e�d� �a�t� �h�i�g�h� �f�r�e�q�u�e�n�c�y�,� �u�s�i�n�g� �a� 

�s�p�e�c�t�r�a�l� �a�p�p�r�o�a�c�h� �b�a�s�e�d� �o�n� �c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�i�c�s�.� �T�h�i�s� �m�e�t�h�o�d�o�l�o�g�y� �a�c�c�o�u�n�t�s� �f�o�r� 

�S�t�r�u�c�t�u�r�a�l� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s�,� �s�u�c�h� �a�s� �b�o�l�t�e�d� �c�o�n�n�e�c�t�i�o�n�s�,� �a�n�d� �l�i�g�h�t�l�y� �d�a�m�p�e�d� �m�a�t�e�r�i�a�l�s�.� �T�h�e� 

�v�i�s�c�o�e�l�a�s�t�i�c� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �d�e�r�i�v�e�d�,� �u�s�i�n�g� �t�h�e� �w�a�v�e� �s�p�e�e�d� �o�f� �t�h�e� 

�p�r�o�p�a�g�a�t�i�n�g� �s�i�g�n�a�l�,� �a�n�d� �a�d�d�e�d� �i�n�t�o� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n�.� �T�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �i�s� �g�i�v�e�n� �i�n� �t�e�r�m�s� 

�o�f� �t�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �w�h�i�c�h� �g�i�v�e�s� �a� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �e�n�e�r�g�y� 

�d�i�s�s�i�p�a�t�i�o�n�.� �A� �s�c�h�e�m�e� �b�a�s�e�d� �o�n� �t�h�e� �c�o�r�r�e�s�p�o�n�d�e�n�c�e� �p�r�i�n�c�i�p�l�e� �t�o� �o�b�t�a�i�n� �a�n� �e�s�t�i�m�a�t�i�o�n� �o�f� �t�h�e� 

�s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �w�a�s� �d�e�r�i�v�e�d� �i�n� �c�h�a�p�t�e�r� �5� �a�n�d� �i�t� �h�a�s� �b�e�e�n� �s�u�c�c�e�s�s�f�u�l�l�y� �a�p�p�l�i�e�d� �a�n�d� 

�c�o�r�r�o�b�o�r�a�t�e�d� �h�e�r�e�.� �I�n�t�r�o�d�u�c�i�n�g� �a�n� �e�f�f�e�c�t�i�v�e� �a�n�a�l�y�t�i�c�a�l� �p�r�o�c�e�d�u�r�e� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� 

�e�n�e�r�g�y� �l�o�s�s�e�s� �o�n� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�t�r�u�c�t�u�r�e�s�.� 

�A� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �d�u�e� �t�o� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �a�n�d� 

�d�u�e� �t�o� �s�t�r�u�c�t�u�r�a�l� �j�o�i�n�t�s� �h�a�s� �b�e�e�n� �a�l�s�o� �a�d�d�r�e�s�s�e�d�.� �F�o�r� �t�h�e� �s�y�s�t�e�m� �u�n�d�e�r� �s�t�u�d�y�,� �t�h�e� �e�f�f�e�c�t�s� �o�f� 

�m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �a�r�e� �h�a�r�d�l�y� �v�i�s�i�b�l�e�,� �w�h�i�l�e� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�e�d� �d�u�e� �t�o� �t�h�e� �b�o�l�t�e�d� 

�c�o�n�n�e�c�t�i�o�n� �i�s� �e�a�s�i�l�y� �o�b�s�e�r�v�e�d�.� �F�o�r� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �t�o� �b�e�c�o�m�e� �a� �m�o�r�e� �s�i�g�n�i�f�i�c�a�n�t� 

�c�o�n�t�r�i�b�u�t�o�r� �t�o� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e�,� �a� �l�o�n�g�e�r� �a�n�d� �h�i�g�h�l�y� �d�a�m�p�e�d� 

�b�e�a�m� �s�h�o�u�l�d� �b�e� �c�o�n�s�i�d�e�r�e�d�.� �B�u�t� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �n�e�e�d� �t�o� �b�e� �a�c�c�o�u�n�t�e�d� �f�o�r� �t�o� �o�b�t�a�i�n� �a� 

�r�e�a�l�i�s�t�i�c� �r�e�s�p�o�n�s�e� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �T�h�e� �s�p�e�c�i�f�i�c� �d�a�m�p�i�n�g� �c�a�p�a�c�i�t�y� �o�b�t�a�i�n�e�d� �i�s� �a� 

�c�o�m�b�i�n�a�t�i�o�n� �o�f� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �d�u�e� �t�o� �t�h�e� �f�a�c�t�o�r�s� �e�n�c�o�u�n�t�e�r�e�d� �i�n� �t�h�e� �m�o�d�e�l�i�n�g� �o�f� �t�h�e� 

�s�t�r�u�c�t�u�r�e�;� �t�h�a�t� �i�s� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �a�n�d� �s�t�r�u�c�t�u�r�a�l� �j�o�i�n�t�s�.� �I�t� �h�a�s� �b�e�e�n� �s�h�o�w�n� �t�h�a�t� �e�n�e�r�g�y� 

�l�o�c�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �i�n�d�u�c�e�d� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e� �i�s� �m�o�s�t� �c�l�e�a�r�l�y� �m�a�n�i�f�e�s�t� �a�t� �s�t�r�u�c�t�u�r�a�l� �b�o�l�t�e�d� 

�c�o�n�n�e�c�t�i�o�n�s�.� 
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�C�h�a�p�t�e�r� �7� 

�P�a�r�a�m�e�t�r�i�c� �S�t�u�d�y� �o�n� �t�h�e� �S�e�n�s�i�n�g� �R�e�g�i�o�n� 

�o�f� �a� �D�r�i�v�e�n� �P�Z�T� �A�c�t�u�a�t�o�r�-�S�e�n�s�o�r� 

�7�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�A� �h�e�a�l�t�h� �m�o�n�i�t�o�r�i�n�g� �t�e�c�h�n�i�q�u�e�,� �w�h�i�c�h� �u�s�e�s� �i�n�t�e�g�r�a�t�e�d� �p�i�e�z�o�c�e�r�a�m�i�c� �(�P�Z�T�)� 

�a�c�t�u�a�t�o�r�-�s�e�n�s�o�r�s� �t�o� �t�r�a�c�k� �t�h�e� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �p�o�i�n�t� �i�m�p�e�d�a�n�c�e� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �t�o� �i�d�e�n�t�i�f�y� 

�i�n�c�i�p�i�e�n�t� �t�y�p�e� �d�a�m�a�g�e�,� �h�a�s� �b�e�e�n� �s�t�u�d�i�e�d� �a�t� �t�h�e� �C�e�n�t�e�r� �f�o�r� �I�n�t�e�l�l�i�g�e�n�t� �M�a�t�e�r�i�a�l� �S�y�s�t�e�m�s� �a�n�d� 

�S�t�r�u�c�t�u�r�e�s�,� �a�n�d� �i�n�t�r�o�d�u�c�e�d� �i�n� �e�a�r�l�i�e�r� �c�h�a�p�t�e�r�s�.� �I�t� �h�a�s� �b�e�e�n� �s�h�o�w�n� �t�h�a�t� �t�h�e� �s�e�n�s�i�n�g� �a�r�e�a� �o�f� 

�t�h�e� �P�Z�T� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r� �i�s� �l�o�c�a�l�i�z�e�d� �t�o� �i�t�s� �n�e�a�r� �v�i�c�i�n�i�t�y�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �m�a�k�i�n�g� �t�h�i�s� 

�t�e�c�h�n�i�q�u�e� �v�e�r�y� �r�e�l�i�a�b�l�e� �t�o� �d�e�t�e�c�t� �d�a�m�a�g�e� �w�i�t�h�i�n� �a� �g�i�v�e�n� �r�e�g�i�o�n�,� �w�i�t�h�o�u�t� �b�e�i�n�g� �a�f�f�e�c�t�e�d� �b�y� 

�t�h�e� �f�a�r� �f�i�e�l�d� �l�o�a�d�i�n�g� �o�r� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� �A�n� �e�x�t�e�n�s�i�v�e� �m�o�d�e�l�i�n�g� �e�f�f�o�r�t� �h�a�s� �b�e�e�n� 

�c�a�r�r�i�e�d� �o�u�t� �t�o� �u�n�d�e�r�s�t�a�n�d� �t�h�i�s� �l�o�c�a�l�i�z�a�t�i�o�n� �p�h�e�n�o�m�e�n�a�,� �w�h�i�c�h� �h�a�s� �b�e�e�n� �a�t�t�r�i�b�u�t�e�d� �t�o� �t�h�e� 

�h�i�g�h� �f�r�e�q�u�e�n�c�y� �c�o�n�t�e�n�t� �o�f� �t�h�e� �t�e�c�h�n�i�q�u�e�,� �a�n�d� �t�h�e� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �a�n�d� �a�t�t�e�n�u�a�t�i�o�n� 

�m�e�c�h�a�n�i�s�m�s� �c�o�n�t�r�i�b�u�t�i�n�g� �t�o� �t�h�e� �w�e�a�k�e�n�i�n�g� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �w�a�v�e ��s� �t�r�a�n�s�m�i�s�s�i�o�n�.� 

�A� �m�e�t�h�o�d�o�l�o�g�y� �h�a�s� �b�e�e�n� �d�e�r�i�v�e�d� �f�o�r� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �s�t�r�u�c�t�u�r�e�s� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �a� 

�w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n� �a�p�p�r�o�a�c�h� �b�a�s�e�d� �o�n� �c�o�n�t�i�n�u�u�m� �m�e�c�h�a�n�i�c�s� �t�o� �m�o�d�e�l� �t�h�e� �h�i�g�h� �f�r�e�q�u�e�n�c�y� 

�v�i�b�r�a�t�i�o�n�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �w�i�t�h� �a�d�d�e�d� �e�n�e�r�g�y� �d�i�s�s�i�p�a�t�i�o�n� �m�e�c�h�a�n�i�s�m�s�.� �A�n�a�l�y�t�i�c�a�l� �a�n�d� 

�e�x�p�e�r�i�m�e�n�t�a�l� �p�r�o�c�e�d�u�r�e�s� �h�a�s� �b�e�e�n� �j�o�i�n�t�l�y� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �t�h�e� �n�e�c�e�s�s�a�r�y� 

�p�a�r�a�m�e�t�e�r�s� �n�e�e�d�e�d� �t�o� �m�o�d�e�l� �t�h�e� �a�t�t�e�n�u�a�t�i�o�n� �o�f� �t�h�e� �v�i�b�r�a�t�i�o�n�a�l� �e�n�e�r�g�y�.� �Q�u�a�l�i�t�a�t�i�v�e� 

�a�s�s�e�s�s�m�e�n�t�s� �o�n� �t�h�e� �P�Z�T ��s� �l�o�w� �p�o�w�e�r� �i�n�d�u�c�e�d� �w�a�v�e�,� �a�n�d� �i�t�s� �i�n�t�e�r�a�c�t�i�o�n� �w�i�t�h� �t�h�e� �s�t�r�u�c�t�u�r�e� 

�a�n�d� �t�h�e� �d�i�s�s�i�p�a�t�i�v�e� �a�n�d� �a�t�t�e�n�u�a�t�i�n�g� �m�e�c�h�a�n�i�s�m�s� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�i�s� �s�t�u�d�y�,� �w�i�l�l� �b�e� �h�e�r�e� 

�a�d�d�r�e�s�s�e�d�.� 

�8�9



�T�h�e�r�e�f�o�r�e�,� �t�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �w�o�r�k� �i�s� �t�o� �a�p�p�l�y� �t�h�e� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l�,� 

�p�r�e�v�i�o�u�s�l�y� �d�e�v�e�l�o�p�e�d� �[�1�3�1�,�1�3�2�,�1�3�9�,�1�4�0�]�,� �t�o� �t�h�e� �s�t�u�d�y� �o�f� �t�h�e� �v�a�r�i�o�u�s� �f�a�c�t�o�r�s� �n�e�e�d�e�d� �t�o� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �w�h�e�n� �a�t�t�a�c�h�i�n�g� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �P�Z�T� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r� �t�o� �a� �r�e�a�l� �s�t�r�u�c�t�u�r�e� �f�o�r� 

�h�e�a�l�t�h� �m�o�n�i�t�o�r�i�n�g�.� �F�a�c�t�o�r�s� �t�h�a�t� �w�i�l�l� �b�e� �a�d�d�r�e�s�s�e�d� �i�n� �t�h�i�s� �p�a�r�a�m�e�t�r�i�c� �s�t�u�d�y� �a�r�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� 

�m�a�t�e�r�i�a�l� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e� �(�t�h�i�c�k�n�e�s�s�,� �s�t�i�f�f�n�e�s�s�,� �d�e�n�s�i�t�y�,� �a�n�d� �i�n�t�e�r�n�a�l� �d�a�m�p�i�n�g�)�,� �t�o� �t�h�e� �m�a�s�s� 

�l�o�a�d�i�n�g� �e�f�f�e�c�t�,� �t�o� �m�u�l�t�i�-�m�e�m�b�e�r� �j�u�n�c�t�i�o�n�s�,� �t�o� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� �i�n� �c�r�o�s�s�-�s�e�c�t�i�o�n�,� �t�o� �m�a�t�e�r�i�a�l� 

�d�i�s�c�o�n�t�i�n�u�i�t�y�,� �a�n�d� �t�o� �b�o�l�t�e�d� �c�o�n�n�e�c�t�i�o�n�s�.� �O�f� �t�h�e�s�e� �f�a�c�t�o�r�s�,� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �a�n�d� �b�o�l�t�e�d� 

�j�o�i�n�t�s� �a�r�e� �d�i�s�s�i�p�a�t�i�v�e� �m�e�c�h�a�n�i�s�m�s�,� �w�h�i�l�e� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �c�o�n�s�i�d�e�r�e�d� �f�a�c�t�o�r�s� �a�r�e� �a�t�t�e�n�u�a�t�i�n�g� 

�m�e�c�h�a�n�i�s�m�s�,� �d�u�e� �t�o� �t�h�e�i�r� �r�e�f�l�e�c�t�i�v�e� �n�a�t�u�r�e�.� �T�h�e� �e�f�f�e�c�t� �o�f� �t�h�e�s�e� �f�a�c�t�o�r�s� �o�n� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �o�f� 

�t�h�e� �P�Z�T� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r� �w�i�t�h� �t�h�e� �m�o�n�i�t�o�r�e�d� �s�t�r�u�c�t�u�r�e� �w�i�l�l� �b�e� �r�e�p�r�o�d�u�c�e�d� �t�h�r�o�u�g�h� 

�c�a�l�c�u�l�a�t�i�o�n�s� �o�f� �t�h�e� �e�l�e�c�t�r�i�c�a�l� �i�m�p�e�d�a�n�c�e� �o�f� �t�h�e� �s�y�s�t�e�m� �a�n�d� �t�h�e� �e�l�e�c�t�r�i�c�a�l� �g�a�i�n� �a�c�r�o�s�s� 

�s�t�r�u�c�t�u�r�a�l� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s�.� �T�h�i�s� �p�a�r�a�m�e�t�r�i�c� �s�t�u�d�y� �w�i�l�l� �a�i�d� �i�n� �t�h�e� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�e� �P�Z�T ��s� 

�i�n�d�u�c�e�d� �w�a�v�e� �b�e�h�a�v�i�o�r� �i�n� �t�h�e� �i�n�s�p�e�c�t�e�d� �s�t�r�u�c�t�u�r�e�,� �a�n�d� �t�h�e� �r�a�n�g�e� �o�f� �i�t�s� �s�e�n�s�i�n�g� �r�e�g�i�o�n�.� �A�n� 

�i�m�p�e�d�a�n�c�e� �m�e�t�r�i�c� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d� �t�o� �c�o�m�p�a�r�e� �t�h�e� �u�n�d�a�m�a�g�e�d� �s�t�r�u�c�t�u�r�e� �w�i�t�h� �t�h�a�t� �w�h�e�n� 

�d�a�m�a�g�e�d� �i�s� �p�r�e�s�e�n�t�.� �A�l�s�o�,� �a�n� �a�t�t�e�n�u�a�t�i�o�n� �m�e�t�r�i�c�,� �t�o� �q�u�a�n�t�i�f�y� �t�h�e� �d�e�c�a�y� �o�f� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� 

�w�a�v�e� �w�h�e�n� �a�t�t�e�n�u�a�t�i�n�g� �m�e�c�h�a�n�i�s�m�s� �a�r�e� �p�r�e�s�e�n�t�,� �w�i�l�l� �b�e� �h�e�r�e� �i�n�t�r�o�d�u�c�e�d�.� �S�i�m�p�l�e� 

�e�x�p�e�r�i�m�e�n�t�s� �t�o� �c�o�r�r�o�b�o�r�a�t�e� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �f�i�n�d�i�n�g�s� �w�i�l�l� �t�h�e�n� �f�o�l�l�o�w�.� 

�7�.�2� �I�n�t�e�r�a�c�t�i�o�n� �o�f� �P�Z�T� �A�c�t�u�a�t�o�r�-�S�e�n�s�o�r� �w�i�t�h� �t�h�e� �S�t�r�u�c�t�u�r�e� 

�7�.�2�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�A�f�t�e�r� �s�e�t�t�i�n�g� �u�p�,� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�s�,� �a�l�l� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �n�e�e�d�e�d� �t�o� �r�e�p�r�o�d�u�c�e� 

�t�h�e� �P�Z�T�-�h�o�s�t� �s�t�r�u�c�t�u�r�e� �i�n�t�e�r�a�c�t�i�o�n�,� �a�n� �e�x�t�e�n�s�i�v�e� �s�t�u�d�y� �o�f� �t�h�e� �f�a�c�t�o�r�s� �t�h�a�t� �c�a�n� �a�f�f�e�c�t� �t�h�e� 

�r�a�n�g�e� �o�f� �t�h�e� �P�Z�T ��s� �s�e�n�s�i�n�g� �r�e�g�i�o�n� �w�i�l�l� �b�e� �h�e�r�e� �p�r�e�s�e�n�t�e�d�.� �T�h�e�s�e� �f�a�c�t�o�r�s� �w�i�l�l� �b�e� 

�q�u�a�l�i�t�a�t�i�v�e�l�y� �o�b�s�e�r�v�e�d� �w�i�t�h� �c�a�l�c�u�l�a�t�i�o�n�s� �o�f� �t�h�e� �e�l�e�c�t�r�i�c�a�l� �i�m�p�e�d�a�n�c�e� �a�n�d� �e�l�e�c�t�r�i�c�a�l� �g�a�i�n� �o�f� 

�r�e�p�r�o�d�u�c�e�d� �s�c�e�n�a�r�i�o�s� �t�h�a�t� �c�a�n� �b�e� �e�n�c�o�u�n�t�e�r�e�d� �i�n� �r�e�a�l� �s�t�r�u�c�t�u�r�e�s�.� �B�y� �e�v�a�l�u�a�t�i�o�n� �o�f� �o�n�e� 

�d�i�m�e�n�s�i�o�n�a�l� �s�t�r�u�c�t�u�r�e�s�,� �g�o�o�d� �a�s�s�e�s�s�m�e�n�t�s� �o�n� �t�h�e� �w�a�v�e� �b�e�h�a�v�i�o�r�,� �e�x�c�i�t�e�d� �b�y� �t�h�e� �P�Z�T



�s�o�u�r�c�e�,� �c�o�u�l�d� �b�e� �a�t�t�a�i�n�e�d�.� �N�o� �a�d�d�i�t�i�o�n�a�l� �i�n�f�o�r�m�a�t�i�o�n� �w�o�u�l�d� �b�e� �g�a�i�n�e�d� �w�i�t�h� �t�h�e� �e�l�a�b�o�r�a�t�i�o�n� 

�o�f� �m�o�r�e� �c�o�m�p�l�e�x� �s�t�r�u�c�t�u�r�e�s�,� �n�o�t� �t�o� �c�o�u�n�t� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �e�f�f�o�r�t�.� 

�S�i�n�c�e� �i�t� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� �a�n�a�l�y�z�e� �a�l�l� �t�h�e� �c�i�r�c�u�m�s�t�a�n�c�e�s� �t�h�a�t� �a�r�i�s�e� �i�n� �p�r�a�c�t�i�c�e�,� �o�n�l�y� 

�t�h�e� �m�o�s�t� �c�o�m�m�o�n� �c�a�s�e�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �t�h�r�o�u�g�h� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �a�t�t�e�n�u�a�t�i�o�n� �a�n�d� 

�d�i�s�s�i�p�a�t�i�o�n� �m�e�c�h�a�n�i�s�m�s�.� �I�n� �t�h�i�s� �s�t�u�d�y� �o�n�l�y� �r�e�c�t�a�n�g�u�l�a�r� �c�r�o�s�s�-�s�e�c�t�i�o�n�s� �w�o�u�l�d� �b�e� �t�a�k�e�n� �i�n�t�o� 

�a�c�c�o�u�n�t�,� �s�i�n�c�e� �t�r�u�e� �a�p�p�l�i�c�a�b�i�l�i�t�y� �o�f� �t�h�e� �P�Z�T ��s� �g�e�o�m�e�t�r�y� �w�o�u�l�d� �b�e� �l�o�s�t� �i�f� �a�n�y� �o�t�h�e�r� �t�y�p�e� �o�f� 

�c�r�o�s�s�-�s�e�c�t�i�o�n� �w�a�s� �c�o�n�s�i�d�e�r�e�d�,� �t�h�a�t� �i�s� �f�o�r� �t�h�e� �o�n�e� �d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s�.� �B�e�a�m� �e�l�e�m�e�n�t�s� �o�f� 

�v�a�r�i�o�u�s� �l�e�n�g�t�h�s�,� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �d�i�m�e�n�s�i�o�n�s� �a�n�d� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �w�i�t�h� �v�a�r�i�o�u�s� �e�l�e�m�e�n�t�s� 

�t�h�a�t� �c�a�n� �i�n�f�l�u�e�n�c�e�d� �t�h�e� �l�o�c�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �P�Z�T ��s� �i�n�d�u�c�e�d� �w�a�v�e�,� �s�u�c�h� �a�s� �m�u�l�t�i�-�m�e�m�b�e�r� 

�j�u�n�c�t�i�o�n�s�,� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s�,� �a�n�d� �b�o�l�t�e�d� �j�o�i�n�t�s�,� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�e�d�.� �T�h�e� �r�e�a�s�o�n� 

�t�o� �i�n�t�r�o�d�u�c�e� �s�u�c�h� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s� �i�s� �t�o� �o�b�s�e�r�v�e� �t�h�e� �d�e�g�r�e�e� �o�f� �r�e�f�l�e�c�t�i�o�n� �a�n�d� �e�n�e�r�g�y� 

�d�i�s�s�i�p�a�t�i�o�n� �o�f� �t�h�e� �i�n�c�o�m�i�n�g� �w�a�v�e�,� �a�n�d� �t�h�u�s� �t�h�e� �e�n�e�r�g�y� �p�r�o�p�a�g�a�t�i�n�g� �p�a�s�t� �t�h�e� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s�.� 

�T�h�i�s� �w�a�v�e�-�d�i�s�c�o�n�t�i�n�u�i�t�y� �i�n�t�e�r�a�c�t�i�o�n� �e�f�f�e�c�t� �i�s� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �t�h�e� �l�o�c�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �w�a�v�e ��s� 

�e�n�e�r�g�y� �a�n�d� �c�o�n�s�e�q�u�e�n�t�l�y� �t�h�e� �l�i�m�i�t�a�t�i�o�n� �o�f� �t�h�e� �P�Z�T ��s� �s�e�n�s�i�n�g� �r�a�n�g�e�.� 

�7�.�2�.�2� �M�a�t�e�r�i�a�l� �o�f� �t�h�e� �S�t�r�u�c�t�u�r�e� 

�T�h�e� �f�i�r�s�t� �f�a�c�t�o�r� �t�o� �c�o�n�s�i�d�e�r� �w�h�e�n� �b�o�n�d�i�n�g� �a� �P�Z�T� �t�o� �a� �s�t�r�u�c�t�u�r�e� �i�s� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� 

�t�h�e� �i�m�p�e�d�a�n�c�e� �d�u�e� �t�o� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�;� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�e�n�s�i�t�y�.� �I�n�t�e�r�n�a�l� �f�r�i�c�t�i�o�n� �i�n� �t�h�e� 

�m�a�t�e�r�i�a�l� �i�s� �a�d�d�e�d� �i�n�t�o� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �b�y� �a�s�s�u�m�i�n�g� �t�h�e� �m�a�t�e�r�i�a�l� �t�o� �b�e� �a� �L�o�v�e�l�l�-�K�i�m�b�a�l�l� 

�s�o�l�i�d� �[�1�2�6�]�.� �I�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �a�d�d� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �t�o� �t�h�e� �a�n�a�l�y�s�i�s� �t�o� �a�v�o�i�d� �i�n�f�i�n�i�t�e� 

�t�r�a�n�s�m�i�s�s�i�b�i�l�i�t�y� �o�f� �t�h�e� �r�e�s�p�o�n�s�e�.� �T�a�b�l�e� �7�.�1� �g�i�v�e�s� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �l�o�s�s� �f�a�c�t�o�r�s� 

�c�o�e�f�f�i�c�i�e�n�t�s� �f�o�r� �s�o�m�e� �o�f� �t�h�e� �m�o�s�t� �w�i�d�e�l�y� �u�s�e�d� �m�a�t�e�r�i�a�l�s� �i�n� �c�o�n�s�t�r�u�c�t�i�o�n�.� 

�T�h�e� �r�e�c�t�a�n�g�u�l�a�r� �c�r�o�s�s�-�s�e�c�t�i�o�n� �o�f� �t�h�e� �f�r�e�e�-�f�r�e�e� �b�e�a�m�s� �m�o�d�e�l�e�d� �h�a�s� �d�i�m�e�n�s�i�o�n�s� 

�5�.�0�8�x�1�.�2�7� �c�m�.�,� �a�n�d� �a� �l�e�n�g�t�h� �o�f� �3�m�.�,� �w�h�i�l�e� �t�h�e� �P�Z�T� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r�,� �b�o�n�d�e�d� �a�t� �a� �f�r�e�e�-�e�n�d�,� 

�h�a�s� �d�i�m�e�n�s�i�o�n�s� �5�.�0�0�x�5�.�0�8�x�0�.�0�1�9� �c�m�.� �A�n�a�l�y�t�i�c�a�l�l�y�,� �t�h�e� �l�o�w�-�p�o�w�e�r� �(�a�p�p�r�o�x�i�m�a�t�e�l�y� �6�-�8� 

�m�W�)� �d�r�i�v�e�n� �P�Z�T� �a�c�t�u�a�t�o�r�-�s�e�n�s�o�r�,� �w�h�i�c�h� �e�x�c�i�t�e�s� �t�h�e� �s�t�r�u�c�t�u�r�e� �a�t� �a� �c�o�n�s�t�a�n�t� �v�o�l�t�a�g�e� �o�f� �1� �V� 

�r�m�s�.�,� �c�a�l�c�u�l�a�t�e�s� �t�h�e� �r�e�s�p�o�n�s�e� �t�r�a�n�s�l�a�t�e�d� �t�o� �e�l�e�c�t�r�i�c�a�l� �q�u�a�n�t�i�t�i�e�s� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �t�h�e� 

�9�1



�e�q�u�a�t�i�o�n�s� �d�e�r�i�v�e�d� �i�n� �c�h�a�p�t�e�r� �4�.� �T�h�e� �p�r�o�p�e�r�t�i�e�s� �f�o�r� �t�h�e� �P�S�I�-�S�A�-�S�2� �P�Z�T�s� �w�e�r�e� �u�s�e�d� �f�o�r� �t�h�i�s� 

�s�t�u�d�y�,� �a�n�d� �t�h�e�y� �a�r�e� �g�i�v�e�n� �i�n� �T�a�b�l�e� �7�.�2�.� 

�T�a�b�l�e� �7�.�1�.� �M�e�c�h�a�n�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �s�o�m�e� �o�f� �t�h�e� �m�o�s�t� �c�o�m�m�o�n�l�y� �u�s�e�d� �m�a�t�e�r�i�a�l�s� �i�n� 
�c�o�n�s�t�r�u�c�t�i�o�n� �[�1�4�1�]�.� 
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�M�a�t�e�r�i�a�l� �E� �(�G�P�a�)� �D�e�n�s�i�t�y� �(�K�g�/�m ��)� �L�o�s�s� �F�a�c�t�o�r� �|� �P�o�i�s�s�o�n� �R�a�t�i�o� 
�A�l� �6�0�6�1�-�T�6� �6�8�.�9�5� �2�7�1�5�.�0� �0�.�0�0�1� �0�.�3�3� 
�A�l� �7�0�7�5�-�T�6� �7�1�.�7�1� �2�7�9�5�.�0� �0�.�0�0�1� �0�.�3�3� 
�C�a�s�t� �I�r�o�n� �(�G�.�)� �9�0�.�0�0� �7�5�5�0�.�0� �0�.�0�0�1� �0�.�2� 
�C�a�s�t� �I�r�o�n� �(�M�.�)� �1�7�2�.�0�0� �7�5�5�0�.�0� �0�.�0�0�1� �0�.�2� 
�S�t�e�e�l� �2�1�0�.�0�0� �7�8�5�7�.�0� �0�.�0�0�1� �0�.�2�7� 
�O�a�k� �1�0�.�0�0� �1�0�0�0�.�0� �0�.�0�1�0� �-� 
�G�l�a�s�s� �6�0�.�0�0� �2�5�0�0�.�0� �0�.�0�0�2� �-� 
�L�i�g�h�t� �C�o�n�c�r�e�t�e� �3�.�8�0� �1�3�0�0�.�0� �0�.�0�1�5� �-� 
�P�l�e�x�i�g�l�a�s� �5�.�6�0� �1�1�5�0�.�0� �0�.�0�4�0� �-� 
�D�r�y� �S�a�n�d� �0�.�0�3� �1�5�0�0�.�0� �0�.�1�2�0� �-� 
�D�e�n�s�e� �C�o�n�c�r�e�t�e� �2�6�.�0�0� �2�3�0�0�.�0� �0�.�0�0�8� �-� 
�P�l�y�w�o�o�d� �5�.�4�0� �6�0�0�.�0� �0�.�0�1�3� �-� 
�C�o�r�k� �0�.�0�2�5� �1�2�0�.�0� �0�.�1�3�0� �-� 
�G�r�a�p�h�i�t�e� �e�p�o�x�y� �8�0�.�0�0� �1�5�0�0�.�0� �0�.�0�3�0� �0�.�3� 

�B�r�i�c�k� �1�6�.�0�0� �1�9�0�0�.�0� �0�.�0�2�0� �-� 

�T�a�b�l�e� �7�.�2�.� �P�r�o�p�e�r�t�i�e�s� �o�f� �P�S�I�-�5�A�-�S�2�.� 

�D�e�n�s�i�t�y� �X�i�,�  �� �d�s�,� �8�3�1� �E�s�s� �é� 
�(�K�g�/�m�*�)� �(�N�/�m�?�)� �¥�,� �-�¥�,�0�.� �+�m�)� �(�m�/�V�)� �(�V�m�/�N�)� �(�f�/�m�)� �E�y�  ��  ¬�5�3�(�1�-� �1�5�)� 

�7�6�5�0�.�0� �6�3�.�0�0� �0�.�0�0�1� �-�1�7�1�.�0�e�-�1�2� �|� �-�1�1�.�4�e�-�3� �1�.�5�e�-�8� �0�.�0�1�2� � � � � � � � � � � � � � � � � 

�T�h�e� �p�a�t�t�e�r�n� �o�f� �t�h�e� �e�l�e�c�t�r�i�c�a�l� �i�m�p�e�d�a�n�c�e� �i�s� �f�i�r�s�t� �d�e�m�o�n�s�t�r�a�t�e�d� �w�i�t�h� �t�h�e� �s�e�l�e�c�t�e�d� 

�m�e�t�a�l�s� �o�n� �T�a�b�l�e� �7�.�1�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �7�.�1�:� �A�s� �e�x�p�e�c�t�e�d�,� �t�h�e� �l�a�r�g�e�s�t� 

�a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �e�l�e�c�t�r�i�c�a�l� �i�m�p�e�d�a�n�c�e� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �s�t�i�f�f�e�s�t� �m�a�t�e�r�i�a�l�.� �A�l�s�o�,� �a�s� �t�h�e� 

�s�t�i�f�f�n�e�s�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �i�n�c�r�e�a�s�e�s�,� �t�h�e� �i�m�p�e�d�a�n�c�e� �s�h�i�f�t�s� �t�o� �t�h�e� �r�i�g�h�t�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� 

�d�e�n�s�i�t�y� �b�e�t�w�e�e�n� �a�l�u�m�i�n�u�m� �a�n�d� �i�r�o�n�,� �i�s� �t�h�e� �c�a�u�s�e� �o�f� �t�w�o� �d�i�s�t�i�n�c�t� �p�a�t�t�e�r�n�s�,� �b�u�t� �s�i�n�c�e� �t�h�e� 

�s�t�i�f�f�n�e�s�s�,� �i�n�e�r�t�i�a�l� �a�n�d� �d�a�m�p�i�n�g� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �d�y�n�a�m�i�c� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�,� �t�h�e� 

�e�f�f�e�c�t� �o�f� �c�h�a�n�g�i�n�g� �t�h�e� �s�t�i�f�f�n�e�s�s� �a�n�d� �d�e�n�s�i�t�y� �i�s� �s�h�o�w�n� �t�o�g�e�t�h�e�r� �i�n� �F�i�g�u�r�e� �7�.�1�.� 
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�4�.�5�0�E�+�0�4� 

�=�e� �A�l� �6�0�6�1�-�1�8� 
 ��-�-�=� �A� �7�0�7�5�-�1�6� 

 � �� �C�a�s�t� �i�r�o�n� �(�m�a�l�l�e�a�b�l�e�)� 

�B�6�0�E�W�4� �F�F�P� �C�a�s�t� �I�r�o�n� �(�g�r�a�y�)� 

�P�Z�T� 
 ��_ ��_ ��_ ��_� 

�E� �2�.�7�0�E�+�0�4� 
�g� 

�g� 
�B� �o�c�c�v�o�s� 

�S�.�0�0�E�+�0�3� �+� �i� �f�i�t� 

�0�.�0�0�E�+�0�0� �+ �� 
�1�6�0�0�0� �1�6�1�0�0� �1�6�2�0�0� �1�6�3�0�0� �1�6�4�0�0� �1�6�5�0�0� �1�6�6�0�0� �1�6�7�0�0� �1�6�8�0�0� �1�6�9�0�0� �1�7�0�0�0� 

�F�r�e�q�u�e�n�c�y� �(�H�z�)� 

�F�i�g�u�r�e� �7�.�1�.� �T�h�e� �I�m�p�e�d�a�n�c�e� �s�h�i�f�t�s� �u�p� �a�n�d� �t�o� �t�h�e� �r�i�g�h�t� �f�o�r� �s�t�i�f�f�e�r� �m�a�t�e�r�i�a�l�s�.� 

�D�u�e� �t�o� �t�h�e� �b�r�o�a�d� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �s�o�m�e� �o�f� �t�h�e� �o�t�h�e�r� �m�a�t�e�r�i�a�l�s� 

�g�i�v�e�n� �i�n� �t�a�b�l�e� �7�.�1�,� �s�i�m�i�l�a�r� �r�e�s�u�l�t�s� �t�o� �t�h�o�s�e� �p�r�e�s�e�n�t�e�d� �f�o�r� �t�h�e� �m�e�t�a�l�s� �a�r�e� �g�i�v�e�n� �i�n� �t�w�o� 

�s�e�p�a�r�a�t�e� �p�l�o�t�s�.� �F�i�g�u�r�e� �7�.�2� �s�h�o�w�s� �t�h�e� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �m�a�t�e�r�i�a�l�s� �w�i�t�h� �l�a�r�g�e�s�t� �m�o�d�u�l�u�s� �o�f� 

�e�l�a�s�t�i�c�i�t�y�,� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �i�m�p�e�d�a�n�c�e� �i�s� �a�s� �d�e�s�c�r�i�b�e�d� �b�e�f�o�r�e� �f�o�r� �t�h�e� �m�e�t�a�l�s�.� �B�u�t� �f�o�r� �t�h�e� 

�m�a�t�e�r�i�a�l�s� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �7�.�2�,� �t�h�e� �l�o�s�s� �f�a�c�t�o�r�s� �a�r�e� �d�i�f�f�e�r�e�n�t�,� �t�h�i�s� �e�x�p�l�a�i�n�s� �t�h�e� �d�i�f�f�e�r�e�n�t� 

�s�h�a�r�p�n�e�s�s� �o�n� �t�h�e� �p�a�t�t�e�r�n� �o�f� �t�h�e� �i�m�p�e�d�a�n�c�e�.� �A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� �l�o�w�e�r� �t�h�e� �l�o�s�s� �c�o�e�f�f�i�c�i�e�n�t�,� �t�h�e� 

�s�h�a�r�p�e�r� �t�h�e� �r�e�s�p�o�n�s�e�.� �F�o�r� �c�o�m�p�l�e�t�e�n�e�s�s�,� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�s� �u�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y� �a�r�e� 

�c�o�m�p�a�r�e�d� �i�n� �F�i�g�u�r�e� �7�.�3�,� �s�i�m�i�l�a�r� �f�i�n�d�i�n�g�s� �c�a�n� �b�e� �d�e�d�u�c�e�d� �f�r�o�m� �t�h�e�s�e� �r�e�s�u�l�t�s�.� �T�h�e� �f�r�e�q�u�e�n�c�y� 

�r�a�n�g�e� �f�o�r� �t�h�e�s�e� �p�l�o�t�s� �i�s� �t�o�t�a�l�l�y� �a�r�b�i�t�r�a�r�y�.� �I�t� �h�a�s� �b�e�e�n� �s�h�o�w�n� �t�h�a�t� �t�o� �s�i�g�n�i�f�i�c�a�n�t�l�y� �c�h�a�n�g�e� �t�h�e� 

�p�a�t�t�e�r�n� �o�f� �t�h�e� �i�m�p�e�d�a�n�c�e� �r�e�s�p�o�n�s�e�,� �d�r�a�s�t�i�c� �c�h�a�n�g�e�s� �i�n� �t�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�a�t�e�r�i�a�l� �a�r�e� 

�r�e�q�u�i�r�e�d�.� �T�h�i�s� �e�f�f�e�c�t� �i�s� �d�u�e� �t�o� �t�h�e� �i�n�c�r�e�a�s�e� �o�f� �i�n�t�e�r�n�a�l� �r�e�f�l�e�c�t�i�o�n�,� �w�h�i�c�h� �c�o�u�l�d� �b�e� �s�i�m�i�l�a�r�l�y� 

�o�b�s�e�r�v�e�d�,� �t�o� �a� �l�e�s�s�e�r� �d�e�g�r�e�e�,� �w�i�t�h� �a� �c�h�a�n�g�e� �i�n� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�.� 

�9�3



�8�.�0�0�E�+�0�6� � � � � 

� � �6�.�0�0�E�+�0�6� �|�  ��-�+ �� �B�r�i�c�k� � � � � 

� � 

�i�
m

�p
�e

�d
�a

�n
�c

�e
� 

�(�
O

�h
�m

�s
�)�

 
�>

� �f�i� �8� 

�2�.�0�0�E�+�0�6� �+� � � 

� � 

�0�.�0�0�E�+�0�0� 

�1�0�0�0�0� �1�0�2�0�0� �1�0�4�0�0� �1�0�6�0�0� �1�0�6�0�0� �1�1�0�0�0� 

�F�r�e�q�u�e�n�c�y� �(�H�z�)� 
�F�i�g�u�r�e� �7�.�2�.� �S�h�a�r�p�e�r� �i�m�p�e�d�a�n�c�e� �i�s� �r�e�l�a�t�e�d� �t�o� �m�a�t�e�r�i�a�l�s� �w�i�t�h� �l�o�w�e�r� �l�o�s�s� �f�a�c�t�o�r�.� 

� � 
� � 
� � 

� � � � � � 

� � � � 

�2�.�0�0�E� �+�0�5� 

�w�r�e�e�e�e� �L�i�g�h�t� �C�a�n�c�r�e�t�e� �|� 

 ��- ��-� �F�l�e�d�g�i�a�s�s� 
�~�>�+ �� �D�r�y� �S�a�n�d� 

�1�.�6�0�E� �+�0�5� �+�  ��P�l�y�w�o�o�d� � � � � � � 

�E� �1�.�2�0�E� �4�0�5� 
�Q� 
�@� 

�2� 
�3� �é� �8�.�0�0�E� �+�0�4� � � 

�4�.�0�0�E� �+�0�4� �+� 

�*�w�e�w�e�,� 
�>� �2�a� �o�m�,� 

�2� �a�m�e�,� 

�i�e�e�e� �c�a�n�s� �e�e�,� 
�s�o� 

�{�S�e�m�e�n� �*� � � � � �0�.�0�0�E� �+�0�0� �-�=� �n�a�i� �.� �t�  � �� �m�t� �=� 

�1�0�0�0�0� �1�0�2�0�0� �1�0�4�0�0� �1�0�6�0�0� �1�0�8�0�0� �1�1�0�0�0� 

�F�r�e�q�u�e�n�c�y� �(�H�z�)� 
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�T�o� �v�i�s�u�a�l�i�z�e� �t�h�e� �d�i�s�s�i�p�a�t�i�v�e� �e�f�f�e�c�t� �t�h�a�t� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �h�a�s� �o�n� �t�h�e� �P�Z�T ��s� �i�n�d�u�c�e�d� 

�w�a�v�e�,� �l�e�a�d�i�n�g� �t�o� �t�h�e� �l�o�c�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �P�Z�T ��s� �s�e�n�s�i�n�g� �r�e�g�i�o�n�,� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� 

�r�e�s�p�o�n�s�e� �f�o�r� �s�e�l�e�c�t�e�d� �m�a�t�e�r�i�a�l�s� �i�s� �c�a�l�c�u�l�a�t�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �d�i�s�t�a�n�c�e� �a�l�o�n�g� �t�h�e� �3� �m�.� �l�o�n�g� 

�b�e�a�m� �s�p�e�c�i�m�e�n�s� �u�s�e�d� �i�n� �t�h�i�s� �a�n�a�l�y�s�i�s�.� �F�i�g�u�r�e� �7�.�4� �s�h�o�w�s� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �r�e�s�p�o�n�s�e� �a�t� 
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