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(Abstract) 

The importance of Poly(3-hydroxybutyrate) (PHB) as a biodegradable material is 

well known. Due to ever increasing environmental awareness, significant efforts have 

been made to utilize PHB or its derivatives in producing disposable products. However, 

brittle mechanical properties of PHB hinder the direct application of this material in 

useful commodity items. In order to achieve toughened PHB, blending with other 

polymers which possess high relaxation behavior at room temperature seems attractive. 

Prior to such development, the fundamental characterization of the relaxation behavior of 

PHB itself is extremely important in order to assess the effect of any attempt to improve 

the situation in a quantitative manner. 

Dielectric thermal analysis was used in the study of the relaxation behavior of 

melt processed PHB. The approach was largely phenomenological, that was, based on 

the macroscopic theory of dielectric relaxation. The mean relaxation time of melt 

processed PHB was evaluated while PHB was undergoing crystallization at room 

temperature. The experimental conditions were kept as close as possible to actual shelf-



life conditions. Dynamic temperature sweep experiments revealed multiple relaxation 

peaks at the glass transition region. Temperature plane curve resolution revealed, in the 

early stage of crystallization, two dynamically changing peaks whose behaviors, as the 

extent of crystallization progressed, were quite opposite in terms of the magnitude of the 

loss property. By analyzing the temperature dependence of loss property and mean 

relaxation time, it was concluded that the peak located at the lower temperature is related 

to pure amorphous chain movement, and the peak located at the higher temperature is 

related to the movement of amorphous chains which are confined in-between crystalline 

phases, such as lamellae and spherulites. For the evaluation of the mean relaxation time 

of binary blends or multiple relaxations arising from homopolymers and copolymers, an 

empirical model has been developed which is grounded in the theory of linear 

viscoelasticity with the aim of quantitatively assessing the effect of attempts to improve 

the toughness of PHB. In the course of data reduction and model development, the 

majority of empirical dielectric relaxation functions has been reviewed including the 

Havriliak-Negami model and the Kohlrausch-Williams-Watts stretched exponential 

function. It was found that the center of relaxation time in the Havriliak-Negami model 

was skewed toward short time scale of relaxation, while mean relaxation time reflected 

the relaxation behavior of PHB chains on average, including movement of chains which 

relax with difficulty as the extent of crystallization progresses.
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Chapter 1. Introduction and Research Objective 

Poly(3-hydroxybutyrate) (PHB) is a biodegradable polymer which has 

significance for possible commercial application in the fields of medical, agricultural, and 

disposable products. However, there are three main hindrances to these industrially 

attractive materials, even in these days of the Green Peace movement. One is its brittle 

mechanical properties, which supposedly come from thermally induced strain during the 

crystallization process. The toughness of PHB itself is very far from what is required by 

the standards of many packaging industries. Second, melt processing of PHB in the 

manufacture of films and bottles requires extrusion and blow molding processes, which 

require appreciable melt strength. PHB has low melt strength and degrades thermally just 

above its melting temperature. This trait is another discouraging factor against the 

successful application of this material on an industrial scale. Third, the crystallization 

rate of this material is very slow in the short term scale, which is comparable to the 

injection molding cycle time of conventional commodity polymers, thus lowering its 

productivity. In the long term scale, which is related to the shelf-life of the material, its 

highly regular chemical structure renders great ultimate extent of crystallization with a 

slow crystallization rate, and therefore requires careful attention in the quality control of 

PHB during the storage period. 

The solution of the problems mentioned above may take several different 

approaches, such as copolymerization and blending of PHB with other toughening 

material. However, the ultimate success might come from the balance of many scientific 

and engineering endeavors, such as understanding mechanical properties, enhancing its 

melt strength with a smaller tendency toward thermal degradation, developing 

engineering techniques which process PHB with less thermal degradation, controlling its



crystallization rate for the specific melt process or discovering a totally new process 

which requires small capital. 

No matter what type of approach is taken, the characterization of how much 

improvement has occurred, and why a specific attempt was successful is a natural 

curiosity to engineers and scientists, as well as capital investors. 

As such, this study is focused on the characterization of the crystallization process 

of PHB over relatively long time, meaning days, weeks and months in order to attempt to 

correlate any engineering work on PHB with the relaxation behavior of PHB molecules 

at the conditions under which most commercial products might be stored. It is to be 

noted in the beginning that since long term behavior of crystalline material is far from 

ideal behavior which is predicted by theory, the approach of this study is purely 

phenomenological. If the time scale of the experiment is long, the uncertainty and 

unexpected error caused by many variables, whose influences to the final outcome are 

very hard to understand and predict, increase over time. This might be one possible 

excuse for many researchers who use the phenomenological approach to the problem. 

The characterization tool of this study is dielectric relaxation analysis, based on 

the macroscopic theory of dielectric relaxation, together with the empiricism of 

temperature plane curve resolution and mean relaxation time analysis. Also, in the hope 

of predicting the relaxation behavior of binary blends of PHB with toughening 

components in future applications, empirical modeling work which is rooted in linear 

viscoelasticity theory has been attempted. Several computer programs were written and 

tested from scratch, notably using the Levenberg-Marquardt algorithm with constrained 

parameters. Also many phenomenological relaxation models currently used by many 

researchers in this field have been reviewed in a coherent manner with unified units and 

notations for the down-to-earth understanding of advantages and disadvantages of 

utilizing a specific relaxation model.



Chapter 2. Macroscopic Theory of Dielectric Relaxation 

2.1 Basics 

The dielectric relaxation behavior of polymer has been the subject of many 

academic fields including physics}, electrical engineering and polymer physical 

chemistry.2 As various academic fields have been using different notations and unit 

systems, it may be worthwhile to define all terms which will be used in this study from 

the simple parallel plate capacitor, and to derive important equations in a coherent 

manner. 

2.1.1 Capacitor 

A capacitor4 is a device for storing electric charge and it consists of two 

conducting objects placed near one another. A typical capacitor consists of a pair of 

parallel plates of area A separated by a small distance d as shown in Figure 1. Ifa 

potential V is applied to a capacitor, then the capacitor is charged. It is found that the 

amount of charge acquired by each plate is proportional to the potential V. 

Q=CV Eq.(2.1.1-1) 

The constant of proportionality, C, is called the capacitance of the capacitor. The unit of 

capacitance is coulombs per volt and this unit is called a Farad. The relation between 

electric field E and potential V is given by 

b 

Vba= - | E- dl Eq.(2.1.1-2) 

where | denotes the distance vector whose direction is from a to b.
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Figure 1. Schematic: Parallel plate capacitor 
connected to a battery 

 



The electric field between two parallel plates is related to the surface charge density o by 

Eq.(2.1.1-3). 

E=0/ € Eq.(2.1.1-3) 

Then Eq.(2.1.1-2) becomes 

b b 

Q Qd V= |] Edj=—] d=—— Kq.(2.1.1-4) 
| EoA | EgA 4 

By comparison of Eq.(2.1.1-1) and Eq.(2.1.1-4), it follows 

Q_A = *=¢,4 Eq.(2.1.1- Co Vv £05 q.(2.1.1-5) 

where the subscript zero denotes vacuum states and €g is the permittivity of free space, 

~8.85419x10-12 C2/Nm2. When dielectric material is inserted between the plates of the 

capacitor, the capacitance is increased by a factor €, called the dielectric constant. 

C= ceo = Em Eq.(2.1.1-6) 

where €,, is the permittivity of the dielectric and equals €€p. 

It is extremely important to pay attention to the fact that Eq.(2.1.1-1) holds whether or not 

potential is kept constant after dielectric material is placed in-between the capacitor. 

Suppose that a capacitor without dielectric material is charged with potential Vo to 

accumulate charge Qo. Then, before inserting the dielectric, the battery is disconnected. 

Now when the dielectric is inserted the charge Qo on each plate is unchanged. In this 

case, it is found that the potential decreases by a factor € 

v=Yo Eq.(2.1.1-7) 

Then, again the capacitance becomes



Qo _ 
(Vo/e) 

which is consistent with Eq.(2.1.1-1), Eq.(2.1.1-5) and Eq.(2.1.1-6). 

  ECp 

The electric field within a parallel plate capacitor is altered due to the presence of 

dielectric. When no dielectric is present, the electric field between the plates of a parallel 

plate capacitor is given by 

Eo = “9 Eq.(2.1.1-8) 

If the capacitor is isolated as before so that the charge remains fixed on the plates when a 

dielectric is inserted, the potential drops from Vg to Vo/e. Thus the electric field in the 

dielectric becomes 

=vo = Fo Eq.(2.1.1- E -q E , q.(2.1.1-9) 

and the electric field within the dielectric is reduced by a factor equal to €. This 

phenomenon may be explained in detail using the concept of "electric field lines" as 

follows. 

Consider a capacitor whose plates are separated by an air gap as in Figure 2, (a). 

The capacitor is charged to have charge Q on both plates and then isolated. Now a 

dielectric is inserted between the plates as in Figure 2, (a). The dielectric material may be 

polar (with permanent dipole moment) or non polar (with an induced dipole moment). 

The electric field will exert a torque on the dipoles, tending to rotate them so they are 

parallel to the field. Thermal motion of the molecules will prevent perfect alignment of 

all dipoles but the greater the field, the better the alignment. The net effect is as if there 

were a net negative charge on the outer edge of the dielectric facing the positive plate, 

and a net positive charge on the opposite side as in Figure 2, (c). This is called induced 

charge. Because of this, some of the electric field lines do not pass through the dielectric
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hence the electric field within the dielectric is less than that in the air. The electric field 

within the dielectric can be considered as the vector sum of the electric field Eo due to the 

“free” charges, Q, on the conducting plates, and the field Eind due to the "induced 

charge", Qing, on the dielectric. Since they are in opposite directions, the net field within 

the dielectric Eo - Eind is less than Eo as shown in Figure 2, (d). 

Using Eq.(2.1.1-9), the relationship between Eo and Eind is obtained in terms of the 

dielectric constant €. 

~ 

E = Eo - Eing = Eo 

or 

Bing = Eo (1-4) Eq.(2.1.1-10) 

From the relationship of surface charge density and electric field as in Eq.(2.1.1-3), 

electric fields due to free and induced charge can be expressed in terms of respective 

charges. 

= 6. 
yO ey eA 

Eind = “it = cia Eq.(2.1.1-11) 

Induced charge is often called "bound charge" since it is on the surface of an insulator 

and it is not free to move as the electrons in a conductor are. From Eq.(2.1.1-10) and 

Eq.(2.1.1-11), the relationship between Eo and Eind can be written in terms of the 

dielectric constant. 

Eq.(2.1.1-12)    



The concept of induced charge as established so far is useful in defining electric 

displacement D from which a governing equation of linear dielectric relaxation is easily 

developed. 

2.1.2 Polarization and Electric Displacement 

Consider a parallel plate capacitor completely filled with a dielectric as shown in 

Figure 3 (a). It is assumed that the plates are large (of area A) compared to the separation 

d so that E is uniform and perpendicular to the plates. For a Gaussian surface, the long 

rectangular box indicated by the dashed lines, which just barely reaches into the dielectric 

is chosen. The surface encloses both the free charge Q on the conductor and the induced 

bound charge Qing on the dielectric. 

Then Gauss’ law may be written for this surface as 

  | — dA= 2 a Eq.(2.1.2-1) 
$ 

With Eq.(2.1.1-10) and Eq.(2.1.1-12), this is further reduced to 

= ax _ Q E:-dA= —— Eq.(2.1.2-2 | € € q.( ) 

The left hand side of Eq.(2.1.2-2) can be decomposed into six terms arising from six 

Gaussian surfaces as in Figure 3, (b). The terms arising from the four surfaces which are 

parallel with the electric field becomes null because of the orthogonality of dA and E. 

Also, in the conductor side surface, there exists no electric field (no electric field within 

the conductor). Only the surface which faces the dielectric has an electric field E. Then 

Eq.(2.1.2-2) becomes



Figure 3. 

  

  
  

  

    
(b) 

Schematic: Gaussian surface for the parallel 
plate capacitor 

10



EA= Qo Eq.(2.1.2- : q.( 3) 

The dielectric between the plates in Figure 3, (a) has a dipole moment whose magnitude 

is Qingd. For this dielectric material, the polarization vector P is defined as the dipole 

moment per unit volume with scalar magnitude as 

— Qinad _ Qing | 
P _—- “Ad _ A =_> Oind Eq.(2. 1.2 4) 

Thus polarization P represents the induced bound charge. The polarization vector P 

points from negative to positive induced charge (as usually defined in dipole moment). 

With the same argument used in the evaluation of the surface integral of Eq.(2.1.2-3), it 

follows 

| P. dA = PA = Qin Eq.(2.1.2-5) 
s 

where the last part of Eq.(2.1.2-5) comes from Eq.(2.1.2-4). 

Combining Eq.(2.1.2-5) and Eq.(2.1.2-1) gives 

or 

| (e9E+P)- dA=Q Eq.(2.1.2-6) 
s 

Eq.(2.1.2-6) is a general expression of Gauss' law when a dielectric is present in-between 

the capacitor. Now if a new vector electric displacement D is defined as 

~ aad 

D=e9h+P Eq.(2.1.2-7) 
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Then Gauss’ law becomes 

| D- dA =Q Eq.(2.1.2-8) 
S 

From Eq.(2.1.2-8), it is easily seen that D is associated with free charge only whereas E is 

associated with all charges as seen in Eq.(2.1.2-1) and P is associated with bound charges 

as in Eq.(2.1.2-4). Eq.(2.1.2-7) signifies that the study of D in relation with E may yield 

the polarization behavior of dielectric material. In order to see this point more clearly, 

comparison of Eq.(2.1.2-2) and Eq.(2.1.2-8) gives 

D=€ eE Eq.(2.1.2-9) 

While Eq.(2.1.2-7) does not contain the dielectric constant €, Eq.(2.1.2-9) explicitly does . 

Thus, it follows naturally that the dielectric constant € encompasses polarization P. 

It is worthwhile to note that Eq.(2.1.2-9) is derived under a static electric field 

without any system dynamics of dielectric material. However, if the dielectric is purely 

elastic in polarization, it is also valid for an oscillating field. When dielectric material 

possesses viscoelasticity and the electric field is oscillating sinusoidally as in Eq.(2.1.2- 

10), electric displacement would occur with a phase difference of a certain phase angle 6. 

E = Egcos wt Eq.(2.1.2-10) 

D = Do cos (at-8) 

= Do cos 5 cos wt + Do sin 6 sin wt Eq.(2.1.2-11) 

In Eq.(2.1.2-11), electric displacement is composed of two terms, one which is in phase 

with the field and the other out of phase by 1/2 radians. The ratio of the magnitude of D 

which is out of phase to that which is in phase is conveniently expressed using 6. 
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Do sind _ tang Eq.(2.1.2-12) 
Do cos 6 

In order to relate 5 to the dielectric constant € and exploit the simple form of Eq.(2.1.2-9), 

the complex form of D, E, and € namely D*, E*, and e° have been found useful as 

  

follows. 

D* =e'€9E 

* i(wt-6 ' . 
¢* = D = Doetr®) =€ -i€ 

gE Ege! 

where 

'_ Docos 6 » Do sind 
eat , € = Eq.(2.1.2-13) 

&oEo EoE 4 
Eq.(2.1.2-13) is correct with respect to units, and moreover, the ratio € / € gives phase 

difference information 6 as 

€ — tand Eq.(2.1.2-14) 
E 

This outcome justifies the direct use of complex forms in the equations developed so far. 

The reason why complex forms are utilized in the study of dielectric relaxation or 

generally in linear viscoelastic theory is the same as in the case of solving ordinary linear 

differential equations using complex variables. This convenient formalism is valid only 

when the system to be solved is linear. 

2.1.3 Boltzmann's Superposition Principle 

In order to formulate dielectric relaxation behavior phenomenologically, 

Boltzmann's superposition principle 1s necessary. It states that the viscoelastic property at 

any time t is a linear superposition of past perturbations. There certainly exists a limit in 
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the magnitude of perturbation for this to be true and the following discussion is made 

within this limit. The concept of a normalized time decaying function ®(t) plays a key 

role in developing general linear viscoelastic theory in which dielectric relaxation study 

occupies a small niche. Also, it is possible to define a normalized function ‘¥(t) which 

increases Over time in such a manner that the sum of @(t) and ‘Y¥(t) at any time t always 

equals one as shown in Figure 4. 

M(t) + W(t) = 1 

Dth=1, Wt)=0 for t=0 Eq.(2.1.3-1) 

Ot=0, Pt)=1 for t= 

When a static electric field Eo is applied to a dielectric, electric displacement D(t) at any 

time t may be expressed in terms of ‘¥(t) as follows. 

D(t) = €o [€.. + (€s - €& ) F(t) ] Eo Eq.(2.1.3-2) 

where €,, is the unrelaxed (high frequency) dielectric constant and €, is the relaxed (low 

frequency) dielectric constant. According to Boltzmann's superposition principle , if 

extra field is added at time t = t), the total electric displacement at times t > t; would be 

D(t) = €o [€., + (Es - €.. ) V(t) ] Eo + € [€.. + (€5- € ) ‘P(t - ty) ] E(ty) 

where Ep may be interpreted as E(0). 

In general, for a series of field increments, electric displacement becomes 

t=t 

Dit)= \ eo [e..t (es-&.) P(t- ti) | E(t) Eq.(2. 1.3-3) 
{; = -co 
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�r�e�q�u�i�r�e�d� �i�n� �o�r�d�e�r� �t�o� �g�e�t� �t�h�e� �t�i�m�e� �d�e�c�a�y�i�n�g� �f�u�n�c�t�i�o�n� �P�(�t�)�.� 

�F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �p�a�i�r�s�?� �m�a�y� �b�e� �w�r�i�t�t�e�n� �a�s� 

�f�(�t�)� �=� �|� �2�(�@�)�e�i�t�d�a� �E�q�.�(�2�.�1�.�4�-�1�)� 

�2�(�@�)� �=� �a�n� �|� �f�(�t�)�e�i�m�t�d�t�.� �E�q�.�(�2�.�1�.�4�-�2�)� 

�S�o�m�e�t�i�m�e�s� �i�t� �i�s� �f�o�u�n�d� �t�h�a�t� �t�h�e� �c�o�n�v�e�r�s�i�o�n� �f�a�c�t�o�r� �1�/�2�1� �i�s� �d�i�s�t�r�i�b�u�t�e�d� �s�y�m�m�e�t�r�i�c�a�l�l�y� 

�b�e�t�w�e�e�n� �t�h�e� �t�r�a�n�s�f�o�r�m� �a�n�d� �t�h�e� �i�n�v�e�r�s�i�o�n�.� �I�t� �d�o�e�s� �n�o�t� �m�a�t�t�e�r� �a�s� �l�o�n�g� �a�s� �t�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e� 

�c�o�n�v�e�r�s�i�o�n� �f�a�c�t�o�r�s� �o�f� �t�h�e� �t�r�a�n�s�f�o�r�m� �a�n�d� �i�n�v�e�r�s�i�o�n� �e�q�u�a�l�s� �1�/�2�7�.� �I�n� �o�r�d�e�r� �t�o� �e�x�p�l�o�i�t� �t�h�e� 

�e�v�e�n� �o�r� �o�d�d� �c�h�a�r�a�c�t�e�r� �o�f� �f�u�n�c�t�i�o�n�s� �t�o� �b�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m�e�d�,� �t�h�e� �a�b�o�v�e� �p�a�i�r� �o�f� �e�q�u�a�t�i�o�n�s� 

�n�e�e�d�s� �s�o�m�e� �m�a�n�i�p�u�l�a�t�i�o�n�.� �C�h�a�n�g�i�n�g� �t�h�e� �d�u�m�m�y� �v�a�r�i�a�b�l�e� �@� �i�n� �E�q�.�(�2�.�1�.�4�-�1�)� �t�o�t� �a�n�d� 

�s�u�b�s�t�i�t�u�t�i�n�g� �i�t� �i�n�t�o� �E�q�.�(�2�.�1�.�4�-�2�)� �g�i�v�e�s� 
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�~� �1� �i�t�(�t�-�w�)� �g�(�@�)� �7� �|� �|� �g�(�t�)�e� �d�t� 

�=� �|� �|� �g�(�T�)�c�o�s� �c�e�r�a� �L�f� �|� �g�(�t�)�s�i�n� �t�(�t�-�w�)�d�t�d�t� �E�q�.�(�2�.�1�.�4�-�3�)� �2�n� 

�T�h�e� �f�a�c�t� �t�h�a�t� �s�i�n� �t�(�t�-�@�)� �i�s� �a�n� �o�d�d� �f�u�n�c�t�i�o�n� �o�f� �t� �m�a�k�e�s� �t�h�e� �s�e�c�o�n�d� �i�n�t�e�g�r�a�l� �a�l�w�a�y�s� �z�e�r�o� �a�n�d� 

�i�n�d�e�e�d� �t�h�i�s� �m�u�s�t� �b�e� �t�h�e� �c�a�s�e� �s�i�n�c�e� �g�(�@�)� �i�s� �p�u�r�e�l�y� �r�e�a�l�.� �T�h�e�n� 

�g�(�@�)� �=� �i� �|� �g�(�T�)�c�o�s� �t�(�t�-�w�)�d�t�d�t� �E�q�.�(�2�.�1�.�4�-�4�)� 

�S�i�n�c�e� �t�h�e� �i�n�t�e�g�r�a�n�d� �o�f� �E�q�.�(�2�.�1�.�4�-�4�)� �i�s� �a�n� �e�v�e�n� �f�u�n�c�t�i�o�n� �o�f� �t�,� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �l�i�m�i�t� �o�f� �t� �m�a�y� 

�b�e� �c�h�a�n�g�e�d�.� 

�g�(�@�)� �=� �1� �|� �|� �g�(�T�)�c�o�s� �t�(�t�-�w�)�d�t�d�t� �E�q�.�(�2�.�1�.�4�-�5�)� 
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�D�e�p�e�n�d�i�n�g� �o�n� �w�h�e�t�h�e�r� �g�(�@�)� �i�s� �a�n� �o�d�d� �o�r� �e�v�e�n� �f�u�n�c�t�i�o�n�,� �f�u�r�t�h�e�r� �s�i�m�p�l�i�f�i�c�a�t�i�o�n�s� �a�r�e� 

�p�o�s�s�i�b�l�e�.� �I�n� �o�r�d�e�r� �t�o� �s�e�e� �t�h�i�s� �m�o�r�e� �c�l�e�a�r�l�y�,� �f�i�r�s�t� �e�x�p�a�n�d� �t�h�e� �c�o�s�i�n�e� �t�e�r�m� �i�n� �t�h�e� �i�n�t�e�g�r�a�n�d� �o�f� 

�E�q�.�(�2�.�1�.�4�-�5�)�,� �a�n�d� �t�h�e�n� �r�e�w�r�i�t�e� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �l�i�m�i�t� �o�f� �T�.� 

�0� �o�o� 

�g�(�@�)� �=� �+� �{� �g�(�T�)�c�o�s� �t�T� �c�o�s� �t�w�@�d�t� �+� �|� �g�(�T�)�c�o�s� �t�t� �c�o�s� �t�w�d�t�}�d�t� 
�0� 

�0� 
�o�o� 

�0� �e�o� 

�+� �+� �i� �g�(�T�)�s�i�n� �t�t� �s�i�n� �t�w�d�t� �+� �|� �g�(�T�)�s�i�n� �t�t� �s�i�n� �t�w�d�t�}�d�t� 

�N�e�x�t�,� �t�h�e� �p�a�r�t�i�a�l� �s�u�b�s�t�i�t�u�t�i�o�n� �t� �=� �-�z� �w�i�t�h� �t�h�e� �p�r�o�p�e�r� �l�i�m�i�t� �g�i�v�e�s� 
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�2�0� 

�g�(�@�)� �=� �1� �[� �|� �g�(�-�z�)�c�o�s�(�-� �t�z�)� �c�o�s� �t�@� �(�-�d�z�)� �+� �|� �g�(�t�)�c�o�s� �t�t� �c�o�s� �t�a�d�t�}�d�t� 

�7�H�.� �0� �E�q�.�(�2�.�1�.�4�-�6�)� 
�0� 

�o�o� 

�o�o� 

�i� �g�(�-�z�)�s�i�n�(�-� �t�z�)� �s�i�n� �t�a�@�(�-�d�z�)� �|� �g�(�T�)�s�i�n� �t�t� �s�i�n� �t�a�d�t�]�d�t� 
�0� 
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�I�f� �g�(�t�)� �i�s� �a�n� �e�v�e�n� �f�u�n�c�t�i�o�n�,� �t�h�e� �t�w�o� �i�n�n�e�r� �i�n�t�e�g�r�a�l�s� �i�n� �t�h�e� �f�i�r�s�t� �t�e�r�m� �i�n� �E�q�.�(�2�.�1�.�4�-�6�)� �b�e�c�o�m�e� 

�i�d�e�n�t�i�c�a�l�.� �S�i�m�i�l�a�r�l�y�,� �t�h�e� �t�w�o� �i�n�n�e�r� �i�n�t�e�g�r�a�l�s� �i�n� �t�h�e� �s�e�c�o�n�d� �t�e�r�m� �t�u�r�n� �o�u�t� �t�o� �b�e� �n�e�g�a�t�i�v�e�s� �o�f� 

�e�a�c�h� �o�t�h�e�r�.� �H�e�n�c�e� 

�g�(�@�)� �=� �2� �|� �|� �g�(�T�)�c�o�s�(�t�t�)� �c�o�s� �(�t�a�)� �d�t�d�t� �;�g�(�@�)� �e�v�e�n� �K�q�.�(�2�.�1�.�4�-�7�)� 

�I�f� �g�(�@�)� �i�s� �a�n� �o�d�d� �f�u�n�c�t�i�o�n�,� �t�h�e�n� �t�h�e� �t�w�o� �i�n�n�e�r� �i�n�t�e�g�r�a�l�s� �i�n� �t�h�e� �f�i�r�s�t� �t�e�r�m� �i�n� �E�q�.�(�2�.�1�.�4�-�6�)� �a�r�e� 

�n�e�g�a�t�i�v�e�s� �o�f� �e�a�c�h� �o�t�h�e�r� �a�n�d� �t�h�e� �i�n�n�e�r� �i�n�t�e�g�r�a�l�s� �i�n� �t�h�e� �s�e�c�o�n�d� �t�e�r�m� �a�r�e� �e�q�u�a�l�.� �H�e�n�c�e� 

�2�(�@�)� �=� �2� �|� �|� �g�(�t�)�s�i�n�(�t�t�)� �s�i�n� �(�t�w�)� �d�t�d�t� �:�g�(�@�)� �o�d�d� � �E�q�.�(�2�.�1�.�4�-�8�)� 

�E�q�.�(�2�.�1�.�4�-�7�)� �a�n�d� �E�q�.�(�2�.�1�.�4�-�8�)� �c�a�n� �b�e� �v�i�e�w�e�d� �i�n� �t�e�r�m�s� �o�f� �t�r�a�n�s�f�o�r�m� �p�a�i�r�s� �d�e�f�i�n�e�d� �a�s� 

�f�o�l�l�o�w�s�.� 

�W�h�e�n� �g�(�6�)�)� �i�s� �e�v�e�n�:� 
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�f�(�t�)� �=� �2� �|� �g�(�t�)� �c�o�s�(�t�t�)� �d�t� �=� �|� �g�(�@�)� �c�o�s�(�a�t�)� �d�o� �E�q�.�(�2�.�1�.�4�-�9�)� 

�W�h�e�n� �g�(�@�)� �i�s� �o�d�d�:� 

�g�(�@�)� �=� �|� �f�(�t�)� �s�i�n�w�t� �d�t� 
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�f�(�t�)� �=� �2� �|� �g�(�t�)� �s�i�n�(�t�t�)� �d�t� �=�<� �|� �2�(�@�)� �s�i�n�(�@�t�)� �d�w� �E�q�.�(�2�.�1�.�4�-�1�0�)� 

�T�h�e� �f�i�n�a�l� �r�e�s�u�l�t�s� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�s�,� �E�q�.�(�2�.�1�.�3�-�1�1�)� �a�n�d� �E�q�.�(�2�.�1�.�3�-�1�2�)�,� �s�h�o�w� �t�h�a�t�  ¬�(�@�)� 

�i�s� �a�n� �e�v�e�n� �f�u�n�c�t�i�o�n� �o�f� �@� �a�n�d� �e ¬� �(�@�)� �i�s� �a�n� �o�d�d� �f�u�n�c�t�i�o�n� �o�f� �w�m�.� �B�y� �i�d�e�n�t�i�f�y�i�n�g� �g�(�a�)� �a�s� 
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�a�n�d� �f�(�t�)� �a�s� 

�0�)� 
�d�t� 

�a�n�d� �u�t�i�l�i�z�i�n�g� �E�q�.�(�2�.�1�.�4�-�9�)�,� �s�i�n�c�e�  ¬�(�@�)�,� �a�n�d� �c�o�n�s�e�q�u�e�n�t�l�y� �g�(�)�,� �i�s� �a�n� �e�v�e�n� �f�u�n�c�t�i�o�n�,� �i�t� 

�f�o�l�l�o�w�s� �t�h�a�t� 

�o�o� 

�d�(�t�)� �>� �|� �£�@�)�-�c�.�.� 
�d� �(�2�.�1�.�4�-�1� �d�t� �x� �E�f�.� �}� �c�o�s�@�t� �d�w� �E�q�.� �1�)� � � 

�I�n� �t�h�e� �s�a�m�e� �m�a�n�n�e�r� �f�o�r�  ¬� �(�0�)�,� �i�t� �i�s� �d�e�d�u�c�e�d� �t�h�a�t� 

�d�t� �T�t�  ��c�o�o� 

�0� �|� �©�)�,� �s�i�n�w�t� �d�a� �E�q�.�(�2�.�1�.�4�-�1�2�)� 

�F�o�r� �e�x�p�r�e�s�s�i�o�n�s� �e�x�p�l�i�c�i�t�l�y� �i�n� �t�e�r�m�s� �o�f� �®�(�t�)�,� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �E�q�.�(�2�.�1�.�4�-�1�1�)� �a�n�d� �E�q�.�(�2�.�1�.�4�-�1�2�)� 

�y�i�e�l�d�s� �E�q�.�(�2�.�1�.�4�-�1�3�)� �a�n�d� �E�q�.�(�2�.�1�.�4�-�1�4�)� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�o�o� 

�_�2� �£�.�.�- ¬�(�@�)� �s�i�n�@�t� �g� �E�q�.�(�2�.�1�.�4�-� �H�I�)� �=�2� �|� �(�l�d�o� �q�.�(�2�.�1�.�4�-�1�3�)� 

�-�2�]�  ¬�@�)�,� �c�o�s�a�t� �g� �E�q�.�(�2�.�1�.�4�-�1�4� �a�)� �=�2� �|� �(�o�e�)� �S�s�e� �d�e� �g�.�2�.�1�.�4�-�1�4�)� 
�0� 

�2�1



�I�t� �i�s� �t�o� �b�e� �n�o�t�e�d� �t�h�a�t� �E�q�.�(�2�.�1�.�4�-�1�3�)� �f�a�i�l�s� �w�h�e�n� �t� �e�q�u�a�l�s� �z�e�r�o�.� �T�h�u�s�,� �i�t� �i�s� �e�a�s�y� �t�o� �s�e�e� �t�h�a�t� �t�h�e� 

�c�o�n�d�i�t�i�o�n� �o�f� �t�h�e� �a�b�o�v�e� �t�r�a�n�s�f�o�r�m� �i�s� �t�h�a�t� �t� �b�e� �p�o�s�i�t�i�v�e�.� �U�s�i�n�g� �E�q�.�(�2�.�1�.�4�-�1�4�)�,� �t�h�e� �t�i�m�e� 

�d�e�c�a�y�i�n�g� �f�u�n�c�t�i�o�n� �@�(�t�)� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �a� �h�a�l�f� �s�i�d�e�d�,� �o�r� �o�n�e� �s�i�d�e�d�,� �c�o�s�i�n�e� �t�r�a�n�s�f�o�r�m� 

�o�f� �n�o�r�m�a�l�i�z�e�d� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �d�a�t�a�.� �O�f� �c�o�u�r�s�e�,� �E�q�.�(�2�.�1�.�4�-�1�3�)� �m�a�y� �b�e� �u�s�e�d� �f�o�r� �t�h�i�s� �p�u�r�p�o�s�e�.� 

�H�o�w�e�v�e�r�,� �i�n� �t�h�i�s� �c�a�s�e�,� �t�h�e�r�e� �i�s� �o�n�e� �m�o�r�e� �p�a�r�a�m�e�t�e�r�  ¬�,�,� �w�h�i�c�h� �m�u�s�t� �b�e� �k�n�o�w�n� �e�x�p�l�i�c�i�t�l�y� 

�f�r�o�m� �e�x�p�e�r�i�m�e�n�t�.� �T�h�u�s� �E�q�.�(�2�.�1�.�4�-�1�4�)� �i�s� �p�r�e�f�e�r�r�e�d� �f�o�r� �p�r�a�c�t�i�c�a�l� �p�u�r�p�o�s�e�.� 
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�i�)� �Y�(�t�)� �=�O� �f�o�r� �t�<�0�O� 

�i�i�)� �l�i�m� �Y�(�t�)�=�0� 
�t�o�o� 

�1�1�1�)� �|� �Y�(�t�)� �d�t�  �� �i�s� �f�i�n�i�t�e� 

�0� 

�o�b�e�y�s� �K�r�a�m�e�r�s�-�K�r�o�n�i�g� �r�e�l�a�t�i�o�n�.�©� �T�h�i�s� �r�e�l�a�t�i�o�n� �s�t�a�t�e�s� �t�h�a�t� �t�h�e� �k�n�o�w�l�e�d�g�e� �o�f� �o�n�e� �p�a�r�t� �(�r�e�a�l� 

�o�r� �i�m�a�g�i�n�a�r�y� �)� �o�f� �a� �c�o�m�p�l�e�x� �p�r�o�p�e�r�t�y� �X� �p�e�r�m�i�t�s� �t�h�e� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �o�t�h�e�r�.� �F�r�o�m� 

�E�q�.�(�2�.�1�.�3�-�9�)�,� �i�t� �i�s� �r�e�a�d�i�l�y� �s�e�e�n� �t�h�a�t� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �c�o�m�p�l�e�x� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �o�b�e�y�s� �t�h�e� 

�K�r�a�m�e�r�s�-�K�r�o�n�i�g� �r�e�l�a�t�i�o�n�.� �R�i�g�o�r�o�u�s� �p�r�o�o�f� �o�f� �t�h�e� �K�r�a�m�e�r�s�-�K�r�o�n�i�g� �r�e�l�a�t�i�o�n� �w�h�i�c�h� �u�t�i�l�i�z�e�s� 

�c�o�n�t�o�u�r� �i�n�t�e�g�r�a�t�i�o�n� �i�n� �t�h�e� �c�o�m�p�l�e�x� �p�l�a�n�e� �o�f� �f�r�e�q�u�e�n�c�y� �c�a�n� �b�e� �f�o�u�n�d� �r�e�a�d�i�l�y�. ��»�8� �R�a�t�h�e�r� 

�s�i�m�p�l�e� �p�r�o�o�f� �m�a�y� �b�e� �b�o�r�r�o�w�e�d� �t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�i�s� �r�e�l�a�t�i�o�n� �a�s� �f�o�l�l�o�w�s�.�?� 
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�S�u�b�s�t�i�t�u�t�i�o�n� �o�f� �E�q�.�(�2�.�1�.�4�-�1�2�)� �i�n�t�o� �E�q�.�(�2�.�1�.�3�-�1�1�)� �g�i�v�e�s� 

�o�o� 

� � 

� � 

 ¬�(�)�- ¬� �"�a�e� �c�o� �2� �E�(�V�)�,� �.� 
�=� �s�@�t� �[�«�  �� �v�t� �d�v� �]� �d�t� �E�q�.�(�2�.�1�.�5�-�2� �m�e� �c�o�s� �2� �G�e�)� �s�i�n�v�e�d�v� �|� �q�.�(�2�.�1�.�5�-�2�)� 

�0� �0� 

�-�2�  ¬� �(�v�)� �d�v� �|� �c�o�s� �@�t� �s�i�n�v�t� �d�t� 
�T�C� �E�o�-�E�,�,� �;� 

�T�h�e� �i�n�t�e�g�r�a�l�s� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �p�r�o�d�u�c�t� �o�f� �c�o�s�i�n�e� �a�n�d� �s�i�n�e� �t�e�r�m� �m�a�y� �b�e� �e�x�p�a�n�d�e�d� �i�n�t�o� �t�h�e� 

�s�u�m� �o�f� �t�w�o� �s�i�n�e� �t�e�r�m�s� �a�n�d� �t�h�e�n� �i�n�t�e�g�r�a�t�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t� �a�s� 

�2�]� �e�W�)� �d�v� �1� �-�c�o�s�(�@� �+�v�)�t� �c�o�s�(�@� �-� �v�e�r� 
 ��m�t� �|� �t�e�e�,� �2�b� �@�+�v� �o�-�v� 

 ¬� �e�(�v�)� �d�v� �1�f�-�c�o�s�(�@� �+�V�)�t� �c�o�s�(�@� �-� �v�i�t� 
�|� �E�o�-�£�,�,� �O�+�V� �@�-�v� �J�y� 

�0� 

�f� �e�"�(�v�)� �I�{�[�-�2�0�s�R�@� �+�)� �s�2�2�5�R�@�-�V�)�)� �-�(� �1�,� �1� �)� �d�v� 
�T� �R�o�v� �|� �e�e�,� �2� �w�t�+�v� �@�-�v� �O�+�V� �@�-�V�v� 

�0� 
� � 

�A�t� �t�h�i�s� �m�o�m�e�n�t�,� �i�t� �w�o�u�l�d� �b�e� �c�o�n�v�e�n�i�e�n�t� �t�o� �a�s�s�e�s�s� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�u�n�c�t�i�o�n� �o�n� 

�t�h�e� �f�i�n�a�l� �i�n�t�e�g�r�a�t�i�o�n� �r�e�s�u�l�t�.� 

�-�c�o�s�R�(�W� �+� �V�v�)� �c�o�s�R�(�@� �-� �v�)� �c�o�s�R�(�v� �+� �@�)� �c�o�s�R�(�v� �-� �@�)� 
�+� �n�a�m�e�l�y� �-� �+� 

�@�+�V� �@�-�V� �V�+�O� �V�-�@� 
� � � � 

�s�i�n�c�e� �c�o�s�i�n�e� �i�s� �a�n� �e�v�e�n� �f�u�n�c�t�i�o�n� �o�f� �v�.� 

�T�h�i�s� �e�f�f�e�c�t� �i�s� �e�a�s�i�l�y� �i�l�l�u�s�t�r�a�t�e�d� �w�i�t�h� �t�h�e� �f�u�n�c�t�i�o�n� �f�(�v�)� �d�e�f�i�n�e�d� �a�s� 

�c�o�s�R�(�v� �+� �c�)� 

�V�+�c� 
�f�(�v�)� �=� 

�w�h�e�r�e� �c� �i�s� �a� �c�o�n�s�t�a�n�t� �@� �o�r� �-�@� �i�n� �t�h�e� �v� �d�o�m�a�i�n�.� 
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�T�h�e� �f�u�n�c�t�i�o�n� �f�(�v�)� �m�u�l�t�i�p�l�i�e�d� �b�y� �a� �c�o�n�t�i�n�u�o�u�s� �n�o�n�-�o�s�c�i�l�l�a�t�i�n�g� �f�u�n�c�t�i�o�n� �o�f� �v�,� �n�a�m�e�l�y�  ¬� �(�v�)�,� 

�b�e�h�a�v�e�s� �i�n� �t�h�e� �v� �d�o�m�a�i�n� �s�c�h�e�m�a�t�i�c�a�l�l�y� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5�.� �T�h�e� �p�r�o�p�e�r�t�y�  ¬� �(�0�)� �=� �0� �a�n�d� 

�t�h�e� �d�e�c�r�e�a�s�i�n�g� �a�m�p�l�i�t�u�d�e� �o�f� �f�(�v�)� �a�r�e� �t�h�e� �g�u�i�d�e� �l�i�n�e�s� �f�o�r� �t�h�e� �d�r�a�w�i�n�g�.� �I�n� �F�i�g�u�r�e� �5�,� �i�t� �i�s� 

�e�a�s�i�l�y� �s�e�e�n� �t�h�a�t� �a�s� �R� �i�n�c�r�e�a�s�e�s� �t�o� �i�n�f�i�n�i�t�y�,� �t�h�e� �p�o�s�i�t�i�v�e� �a�r�e�a� �r�a�p�i�d�l�y� �c�a�n�c�e�l�s� �t�h�e� �n�e�g�a�t�i�v�e� 

�a�r�e�a� �s�i�g�n�i�f�y�i�n�g� �t�h�a�t� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �c�o�s�i�n�e� �t�e�r�m�s� �i�n� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �i�s� �n�u�l�l� �s�i�n�c�e� �R� �i�n� 

�f�(�v�)� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a�n�g�u�l�a�r� �f�r�e�q�u�e�n�c�y� �i�n� �t�h�e� �v� �d�o�m�a�i�n� �w�i�t�h� �p�e�r�i�o�d� �T� �=� �2�1� �/�R�.� 

�A�s� �s�u�c�h�,� �w�i�t�h� 

� � 

�(�S�N� �t�o�n�l�s� �v�e� 

�E�q�.�(�2�.�1�.�5�-�2�)� �b�e�c�o�m�e�s� 

 ¬�(�W�)�- ¬�.�.� �"�o�e� �E�(�O�)�E�.� �2� �|� �(�E�M�)�)�_�v� �a�y� �E�q�.�(�2�.�1�.�5�-�3�)� 
�E�s ¬�.� �M�J� �E�s� �E�n� �y�?� �-� �@�?� 

�F�r�o�m� �E�q�.�(�2�.�1�.�5�-�3�)�,� �i�t� �i�s� �o�b�v�i�o�u�s� �t�h�a�t� �t�h�e� �k�n�o�w�l�e�d�g�e� �o�f�  ¬�'�(�@�)� �a�u�t�o�m�a�t�i�c�a�l�l�y� �d�e�t�e�r�m�i�n�e�s� 

�t�h�a�t� �o�f�  ¬�(�@�)�,� �w�h�i�c�h� �i�s� �t�h�e� �K�r�a�m�e�r�s�-�K�r�o�n�i�g� �r�e�l�a�t�i�o�n� �a�s� �s�t�a�t�e�d� �i�n� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �t�h�i�s� 

�s�e�c�t�i�o�n�.� 

�2�.�1�.�6� �S�i�n�g�l�e� �a�n�d� �M�u�l�t�i�p�l�e� �R�e�l�a�x�a�t�i�o�n� �M�o�d�e�l� 

�B�a�s�e�d� �o�n� �t�h�e� �B�o�l�t�z�m�a�n�n�'�s� �s�u�p�e�r�p�o�s�i�t�i�o�n� �p�r�i�n�c�i�p�l�e�,� �t�w�o� �i�m�p�o�r�t�a�n�t� �m�o�d�e�l�s�,� �s�i�n�g�l�e� 

�a�n�d� �m�u�l�t�i�p�l�e� �r�e�l�a�x�a�t�i�o�n� �m�o�d�e�l�s� �c�a�n� �b�e� �f�o�r�m�u�l�a�t�e�d�.� �T�h�e� �s�i�n�g�l�e� �r�e�l�a�x�a�t�i�o�n� �m�o�d�e�l� �h�a�s� 

�s�p�e�c�i�a�l� �m�e�a�n�i�n�g� �i�n� �t�h�a�t� �D�e�b�y�e� �d�e�r�i�v�e�d� �t�h�e� �s�a�m�e� �f�o�r�m� �f�r�o�m� �a� �m�o�l�e�c�u�l�a�r� �l�e�v�e�l� �m�o�d�e�l�.� �1�0� 

�F�o�r� �p�o�l�y�m�e�r�i�c� �s�y�s�t�e�m�s�,� �t�h�i�s� �m�o�d�e�l� �i�s� �h�a�r�d� �t�o� �r�a�t�i�o�n�a�l�i�z�e� �b�e�c�a�u�s�e� �o�f� �t�h�e� �b�r�o�a�d� �r�e�l�a�x�a�t�i�o�n� 

�r�a�n�g�e� �o�f� �p�o�l�y�m�e�r�s�,� �w�h�i�c�h� �a�t� �t�h�e� �v�e�r�y� �l�e�a�s�t� �e�x�c�l�u�d�e�s� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �a� �s�i�n�g�l�e� �r�e�l�a�x�a�t�i�o�n� 

�m�e�c�h�a�n�i�s�m�.� �A�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �d�e�t�a�i�l� �i�n� �s�u�b�s�e�q�u�e�n�t� �c�h�a�p�t�e�r�s�,� �t�h�e�r�e� �m�i�g�h�t� �b�e� �m�a�n�y� 

�c�a�u�s�e�s� �f�o�r� �t�h�i�s� �b�e�h�a�v�i�o�r�.� �L�e�a�v�i�n�g� �a�l�o�n�e� �t�h�e� �e�x�a�c�t� �c�a�u�s�e�s� �o�f� �b�r�o�a�d� �r�e�l�a�x�a�t�i�o�n�,� �i�t� �i�s� �t�o� �b�e� 
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�2�5



�n�o�t�e�d� �t�h�a�t� �a� �m�u�l�t�i�p�l�e� �r�e�l�a�x�a�t�i�o�n� �m�o�d�e�l� �c�a�n� �a�s�s�i�m�i�l�a�t�e� �t�h�e� �b�r�o�a�d� �r�e�l�a�x�a�t�i�o�n� �b�e�h�a�v�i�o�r� �o�f� 

�p�o�l�y�m�e�r�i�c� �s�y�s�t�e�m�s� �q�u�i�t�e� �s�u�c�c�e�s�s�f�u�l�l�y�.� �T�h�e� �f�o�r�m�a�l�i�s�m� �o�f� �t�h�e� �m�u�l�t�i�p�l�e� �r�e�l�a�x�a�t�i�o�n� �m�o�d�e�l� �i�s� 

�b�a�s�e�d� �o�n� �t�h�e� �l�i�n�e�a�r� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �s�i�n�g�l�e� �r�e�l�a�x�a�t�i�o�n� �m�o�d�e�l�.� 

�F�o�r� �t�h�e� �s�i�n�g�l�e� �r�e�l�a�x�a�t�i�o�n� �m�o�d�e�l�,� �t�h�e� �t�i�m�e� �d�e�c�a�y�i�n�g� �f�u�n�c�t�i�o�n� �i�s� 

�O�(�t�)�=�e�-� �V�t� �E�q�.�(�2�.�1�.�6�-�1�)� 

�w�h�e�r�e� �7� �i�s� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e�.� 

�S�u�b�s�t�i�t�u�t�i�o�n� �o�f� �E�q�.�(�2�.�1�.�6�-�1�)� �i�n�t�o� �E�q�.�(�2�.�1�.�3�-�9�)� �f�o�l�l�o�w�e�d� �b�y� �i�n�t�e�g�r�a�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �|� 

�g�i�v�e�s� 

�E� �a� �1� 

 ¬�.�- ¬�,�,� �1�+�i�w�t� 
� � � � �E�q�.�(�2�.�1�.�6�-�2�)� 

�S�e�p�a�r�a�t�i�o�n� �o�f� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �o�f� �E�q�.�(�2�.�1�.�6�-�2�)� �r�e�s�u�l�t�s� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�e�q�u�a�t�i�o�n�s� �w�h�i�c�h� �m�a�y� �b�e� �u�s�e�d� �i�n� �f�i�t�t�i�n�g� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �t�o� �e�v�a�l�u�a�t�e� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e�.� 

�E�W�)�.� �|� �e�(�@�)�_� �a�t� �a�n�g� �a�f� �=� �e�e� 
�E�s ¬�.�.� �L�4�+�@�*�t� �+�»� �E�E� �1�+�4�+�m�*�t�?� �;�  ¬� �E�e� �+�&�,�,�0�T�"� 
� � 

�T�h�i�s� �r�e�s�u�l�t� �i�s� �i�d�e�n�t�i�c�a�l� �t�o� �D�e�b�y�e� �e�q�u�a�t�i�o�n�s� �i�n� �t�h�e� �f�o�r�m� �i�f� �t�T� �i�s� �r�e�p�l�a�c�e�d� �w�i�t�h� �w�h�a�t� �D�e�b�y�e� 

�d�e�f�i�n�e�d� �o�r�i�g�i�n�a�l�l�y�.� 

�T�h�e� �t�i�m�e� �d�e�c�a�y�i�n�g� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �m�u�l�t�i�p�l�e� �r�e�l�a�x�a�t�i�o�n� �m�o�d�e�l� �i�s� �t�h�e� �l�i�n�e�a�r� 

�s�u�m�m�a�t�i�o�n� �o�f� �t�h�e� �t�i�m�e� �d�e�c�a�y�i�n�g� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �s�i�n�g�l�e� �r�e�l�a�x�a�t�i�o�n� �m�o�d�e�l�.� �T�h�e�n� 

�a�t�)�=� �>�)� �A�m�e� �-� �V�T� �E�q�.�(�2�.�1�.�6�-�3�)� 

�w�h�e�r�e� �A�(�t�)� �i�s� �t�h�e� �f�r�a�c�t�i�o�n� �o�f� �s�i�n�g�l�e� �r�e�l�a�x�a�t�i�o�n� �m�e�c�h�a�n�i�s�m� �w�i�t�h� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �7�j�.� 

�I�n� �c�o�n�t�i�n�u�o�u�s� �f�o�r�m�,� �E�q�.�(�2�.�1�.�6�-�3�)� �b�e�c�o�m�e�s� 
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�o�o� 

�®�t�)� �=� �|� �o�i�e� �-� �U�T� �d�t� �E�q�.�(�2�.�1�.�6�-�4�)� 
�0� 

�a�n�d� �t�h�e� �t�i�m�e� �d�e�r�i�v�a�t�i�v�e� �o�f� �i�t� �i�s� 

�0� �|� �p�r�e�t� �d�t� �E�q�.�(�2�.�1�.�6�-�5�)� 
�0� 

�w�h�e�r�e� �p�(�t�)� �i�s� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �f�u�n�c�t�i�o�n� �o�f� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �w�h�i�c�h� �s�a�t�i�s�f�i�e�s� �t�h�e� �n�o�r�m�a�l�i�z�a�t�i�o�n� 

�|� �p�(�t�)�d�t� �=� �1� 
�0� 

�A�l�s�o� �b�y� �c�h�a�n�g�i�n�g� �v�a�r�i�a�b�l�e�s� �w�i�t�h� �y� �=� �1�/�1�,� �i�t� �i�s� �e�a�s�i�l�y� �s�e�e�n� �t�h�a�t� �E�q�.�(�2�.�1�.�6�-�4�)� �i�s� �t�h�e� �L�a�p�l�a�c�e� 

�c�o�n�d�i�t�i�o�n� 

�t�r�a�n�s�f�o�r�m� 

� � 

�I�f� �I�f� �w�0�-�|� �p�c�x�)� �h�a�y� �=� �L�P� �*�)� 

�x�"� �x�"� 

�S�u�b�s�t�i�t�u�t�i�o�n� �o�f� �E�q�.�(�2�.�1�.�6�-�5�)� �i�n�t�o� �E�q�.�(�2�.�1�.�3�-�9�)� �f�o�l�l�o�w�e�d� �b�y� �i�n�t�e�g�r�a�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t� 

�y�i�e�l�d�s� 

� � � � 
�e�v�e�,� �f�-� �p�(�7�)� �=�|� �T�r�e� �*� �E�q�.�(�2�.�1�.�6�-�6�)� 

�a� �0� 

�S�e�p�a�r�a�t�i�o�n� �o�f� �t�h�e� �r�e�a�l� �a�n�d� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �o�f� �E�q�.�(�2�.�1�.�6�-�6�)� �g�i�v�e�s� 

� � 
�e�(�o�)�-�e�,�,� �|� �(�E�m� �{�|� �P�O� �E�q�.�(�2�.�1�.�6�-�7�)� 

�s�f�.� �J� �1�+� �0�7�0�?� 

�E�(�@�)� �_� �|� �P�M�O�T� �4� �E�q�.�(�2�.�1�.�6�-�8�)� 
�E�s ¬�o� �J� �1�+� �a�r�t�?� 
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�T�h�e�s�e� �l�a�s�t� �t�w�o� �e�q�u�a�t�i�o�n�s� �a�r�e� �t�h�e� �s�t�a�r�t�i�n�g� �p�o�i�n�t� �f�o�r� �m�o�d�e�l�i�n�g� �c�o�m�p�l�e�x� �d�i�e�l�e�c�t�r�i�c� �r�e�l�a�x�a�t�i�o�n� 

�w�h�i�c�h� �a�p�p�e�a�r�s� �a�s� �a� �c�l�o�s�e� �a�s�s�o�c�i�a�t�i�o�n� �o�f� �m�a�n�y� �d�i�s�t�i�n�c�t�i�v�e�l�y� �d�i�f�f�e�r�e�n�t� �t�y�p�e�s� �o�f� �r�e�l�a�x�a�t�i�o�n�s� 

�a�s� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �5�.� 

�2�.�2� �E�m�p�i�r�i�c�a�l� �D�i�e�l�e�c�t�r�i�c� �R�e�l�a�x�a�t�i�o�n� �F�u�n�c�t�i�o�n�s�.� 

�2�.�2�.�1� �C�o�l�e�-�C�o�l�e� �M�o�d�e�l� 

�W�h�e�n� �p�a�i�r�s� �o�f� �d�a�t�a�  ¬�(�w�)� �a�n�d�  ¬� �(�@�)� �a�r�e� �p�l�o�t�t�e�d� �i�n� �a� �c�o�m�p�l�e�x� �p�l�a�n�e� �o�v�e�r� �a� �w�i�d�e� 

�r�a�n�g�e� �o�f� �f�r�e�q�u�e�n�c�i�e�s�,� �a�n� �a�r�c� �s�h�a�p�e� �i�s� �g�e�n�e�r�a�l�l�y� �o�b�t�a�i�n�e�d�.� �F�o�r� �t�h�e� �s�i�n�g�l�e� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� 

�m�o�d�e�l�,� �a� �p�l�o�t� �o�f�  ¬� �(�@�)� �v�e�r�s�u�s�  ¬�(�@�)� �g�i�v�e�s� �a� �s�e�m�i�-�c�i�r�c�l�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �E�q�.�(�2�.�2�.�1�-�1�)�.� 

�E�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �f�o�r� �m�a�n�y� �p�o�l�a�r� �l�i�q�u�i�d�s� �g�i�v�e� �e�x�c�e�l�l�e�n�t� �a�g�r�e�e�m�e�n�t� �w�i�t�h� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� 

�s�e�m�i�-�c�i�r�c�l�e� �c�u�r�v�e� �p�r�e�d�i�c�t�e�d� �b�y� �E�q�.�(�2�.�2�.�1�-�1�)�,� �t�h�e�i�r� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �b�e�i�n�g� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �1�0� 

�-�1�1� �s�e�c�o�n�d�.� �!�!� 

�E�q�.�(�2�.�2�.�1�-�1�)� � � 

�,� �F�e�)� �p�a� �|�e� �i� 
�e�S� �t�l�e�P�=�|� 

�A�s� �s�t�a�t�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�,� �f�o�r� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �r�e�l�a�x�a�t�i�o�n� �o�f� �m�a�n�y� �p�o�l�y�m�e�r�i�c� �s�y�s�t�e�m�s�,� 

�t�h�e� �s�i�n�g�l�e� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �m�o�d�e�l� �a�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �E�q�.�(�2�.�1�.�6�-�2�)� �i�s� �f�o�u�n�d� �t�o� �b�e� 

�u�n�s�a�t�i�s�f�a�c�t�o�r�y�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �v�a�r�i�o�u�s� �e�m�p�i�r�i�c�a�l� �r�e�l�a�t�i�o�n�s� �b�e�t�w�e�e�n� �l�o�s�s� �a�n�d� �s�t�o�r�a�g�e� 

�d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t�s� �h�a�v�e� �b�e�e�n� �p�r�o�p�o�s�e�d�.� �P�r�o�b�a�b�l�y� �t�h�e� �s�i�m�p�l�e�s�t� �k�n�o�w�n� �e�m�p�i�r�i�c�a�l� �e�q�u�a�t�i�o�n� 

�i�s� �t�h�a�t� �o�f� �C�o�l�e� �a�n�d� �C�o�l�e�.�!�2� �F�r�o�m� �t�h�e� �p�l�o�t� �o�f� �n�o�r�m�a�l�i�z�e�d� �l�o�s�s� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �v�e�r�s�u�s� 

�l�o�g�@�t�T�o�,� �t�h�e�y� �f�o�u�n�d� �a� �c�o�n�s�i�d�e�r�a�b�l�y� �b�r�o�a�d�e�r� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �o�f� �d�i�s�p�e�r�s�i�o�n� �t�o�g�e�t�h�e�r� �w�i�t�h� �a� 

�s�m�a�l�l�e�r� �m�a�x�i�m�u�m� �v�a�l�u�e� �o�f�  ¬� �(�@�)� �t�h�a�n� �i�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �s�i�n�g�l�e� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �m�o�d�e�l�.� 

�S�u�c�h� �b�e�h�a�v�i�o�r� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �d�e�p�r�e�s�s�e�d� �s�e�m�i�-�c�i�r�c�l�e� �i�n� �a�n� �A�r�g�a�n�d� �d�i�a�g�r�a�m� �o�f�  ¬�(�@�)� 

�v�e�r�s�u�s�  ¬� �(�@�)�,� �w�h�i�c�h� �i�s� �a�l�s�o� �c�a�l�l�e�d� �a� �C�o�l�e�-�C�o�l�e� �d�i�a�g�r�a�m� �i�n� �m�e�m�o�r�y� �o�f� �C�o�l�e� �a�n�d� �C�o�l�e� �w�h�o� 
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�i�n�i�t�i�a�t�e�d� �i�t�s� �w�i�d�e� �u�s�e�.� �C�o�l�e� �a�n�d� �C�o�l�e� �f�o�r�m�u�l�a�t�e�d� �E�q�.�(�2�.�2�.�1�-�2�)� �a�f�t�e�r� �w�o�r�k�i�n�g� �o�n� �t�h�e� 

�g�e�o�m�e�t�r�y� �o�f� �c�o�m�p�l�e�x� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t�s� �i�n� �a�n� �A�r�g�a�n�d� �d�i�a�g�r�a�m�.� 

 ¬� �- ¬�,�,� �j� 
�E�q�.�(�2�.�2�.�1�-�2�)� 

�E�s�-�E�.�5� �1� �+� �(�i�w�)�!� 

�w�h�e�r�e� �T�o� �i�s� �c�o�n�s�i�d�e�r�e�d� �a�s� �t�h�e� �c�e�n�t�r�a�l� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �a�n�d� �o� �h�a�s� �l�i�m�i�t� �o�f� �O�S� �a�<� �1�.� 

�T�h�i�s� �e�q�u�a�t�i�o�n� �r�e�d�u�c�e�s� �t�o� �t�h�e� �D�e�b�y�e� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �&� �=� �0�.� �A�s� �a� �a�p�p�r�o�a�c�h�e�s� �o�n�e�,� �t�h�e� 

�d�i�s�p�e�r�s�i�o�n� �r�e�g�i�o�n� �b�e�c�o�m�e�s� �b�r�o�a�d�e�r� �a�n�d� �t�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �o�f�  ¬� �(�@�)� �f�o�r� �@� �=� �1� �/� �%� 

�d�e�c�r�e�a�s�e�s� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�o�m�a�i�n�.� �I�n� �t�h�e� �C�o�l�e�-�C�o�l�e� �d�i�a�g�r�a�m�,� �t�h�e� �C�o�l�e�-�C�o�l�e� �m�o�d�e�l� 

�r�e�p�r�e�s�e�n�t�s� �a� �d�e�p�r�e�s�s�e�d� �s�e�m�i�-�c�i�r�c�l�e� �w�h�o�s�e� �c�e�n�t�e�r� �i�s� �b�e�l�o�w� �t�h�e� �a�b�s�c�i�s�s�a� �(�E�q�.�(�2�.�2�.�1�-�3�)�)� �a�s� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.� 

�2� �(�E�s� �-� �E�.�0�)� �c�o�s�e� �l�o�o�m� �2� 
�2� �2� 

� � 
�2�1� �(�g�e� �-� 

�f�e� �t�e� �f�e� �F�o�)� �o�o�t� �(�l�a�n� �E�q�.�(�2�.�2�.�1�-�3�)� �2� �i� �n�y�)� 
�T�h�e� �p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �m�e�a�n�i�n�g� �o�f� �t�h�i�s� �m�o�d�e�l� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �a� �g�r�o�u�p� 

� � � � 

�o�f� �s�i�n�g�l�e� �r�e�l�a�x�a�t�i�o�n� �p�r�o�c�e�s�s�e�s� �w�i�t�h� �a� �r�a�n�g�e� �o�f� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e�s� �t�h�a�t� �a�r�e� �s�y�m�m�e�t�r�i�c�a�l�l�y� 

�d�i�s�t�r�i�b�u�t�e�d� �a�b�o�u�t� �T�o�.� 

�2�.�2�.�2� �D�a�v�i�d�s�o�n�-�C�o�l�e� �M�o�d�e�l� 

�M�o�d�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �C�o�l�e�-�C�o�l�e� �M�o�d�e�l� �w�a�s� �p�r�o�p�o�s�e�d� �b�y� �D�a�v�i�d�s�o�n� �a�n�d� �C�o�l�e� �a�f�t�e�r� 

�t�h�e�y� �d�i�s�c�o�v�e�r�e�d� �a�n� �e�v�e�n� �b�r�o�a�d�e�r� �r�a�n�g�e� �o�f� �d�i�s�p�e�r�s�i�o�n� �e�s�p�e�c�i�a�l�l�y� �a�t� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�i�e�s�.� 

�T�h�i�s� �m�o�d�e�l� �h�a�s� �s�i�g�n�i�f�i�c�a�n�c�e� �s�i�n�c�e� �"� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �"� �m�e�a�n�s� �f�r�e�q�u�e�n�c�i�e�s� �w�h�i�c�h� �a�p�p�r�o�a�c�h� 

�o�p�t�i�c�a�l� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �t�h�e�i�r� �m�o�d�e�l� �c�o�u�l�d� �e�n�c�o�m�p�a�s�s� �m�u�c�h� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� 

�d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t�s� �o�f� �r�a�d�i�o� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �o�p�t�i�c�a�l� �f�r�e�q�u�e�n�c�i�e�s�.�!�3� �T�h�e�i�r� �c�o�n�c�e�p�t� �i�s� 

�f�o�r�m�u�l�a�t�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�m�p�i�r�i�c�a�l� �e�q�u�a�t�i�o�n�.� 
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�e�e� �1� �=� �i� �E�q�.�(�2�.�2�.�2�-�1� 
�E�s�-�E�.�.�,� �(�1� �+�i�@�T�)�¥� �a�.�¢� 
� � 

�w�h�e�r�e� �Y� �i�s� �a� �p�a�r�a�m�e�t�e�r� �w�i�t�h� �t�h�e� �c�o�n�s�t�r�a�i�n�t�,� �0�<�y�<� �1� 

�I�n� �t�h�e� �C�o�l�e�-�C�o�l�e� �d�i�a�g�r�a�m�,� �E�q�.�(�2�.�2�.�2�-�1�)� �a�p�p�e�a�r�s� �a�s� �a� �s�k�e�w�e�d� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �r�e�l�a�x�a�t�i�o�n� 

�t�i�m�e�s� �a�b�o�u�t� �T�o� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6�.� �T�o� �b�e� �m�o�r�e� �p�r�e�c�i�s�e�,� �T�o� �i�s� �t�h�e� �u�p�p�e�r� �b�o�u�n�d� �o�f� �t�h�e� 

�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e�s� �a�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�.� �T�h�e� �s�m�a�l�l�e�r� �t�h�e� 

�g�a�m�m�a�,� �t�h�e� �m�o�r�e� �s�k�e�w�e�d� �t�h�e� �r�e�s�u�l�t�i�n�g� �s�e�m�i�c�i�r�c�l�e� �b�e�c�o�m�e�s�.� �T�h�e�r�e� �m�a�y� �b�e� �s�e�v�e�r�a�l� 

�r�e�a�s�o�n�s� �f�o�r� �t�h�e� �b�r�o�a�d�e�n�i�n�g� �o�f� �t�h�e� �l�o�s�s� �c�u�r�v�e� �a�t� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�i�e�s�.� �I�n� �s�o�m�e� �c�a�s�e�s�,� �t�w�o� �o�r� 

�m�o�r�e� �d�i�s�c�r�e�t�e� �r�e�l�a�x�a�t�i�o�n�s� �w�h�i�c�h� �o�v�e�r�l�a�p� �a�t� �a� �g�i�v�e�n� �t�e�m�p�e�r�a�t�u�r�e� �a�r�e� �a�s�s�u�m�e�d�.� �1�4� �T�h� �o�t�h�e�r� 

�i�n�t�e�r�p�r�e�t�a�t�i�o�n�s�,� �i�n�t�r�i�n�s�i�c�a�l�l�y� �s�u�c�h� �b�e�h�a�v�i�o�r� �i�s� �p�r�e�s�u�m�e�d�.� �F�o�r� �e�x�a�m�p�l�e�,� �G�l�a�r�u�m� �d�e�r�i�v�e�d� �t�h�e� 

�D�a�v�i�d�s�o�n�-�C�o�l�e� �m�o�d�e�l� �u�s�i�n�g� �a� �d�i�f�f�u�s�i�o�n� �m�o�d�e�l�.� �1�5�,�1�6� �H�o�w�e�v�e�r�,� �i�t� �i�s� �e�n�o�u�g�h� �a�t� �t�h�i�s� 

�m�o�m�e�n�t� �t�h�a�t� �t�h�e� �D�a�v�i�d�s�o�n�-�C�o�l�e� �m�o�d�e�l� �c�a�n� �b�e� �u�s�e�d� �a�s� �a�n� �e�m�p�i�r�i�c�a�l� �m�o�d�e�l� �w�h�i�c�h� �c�a�n� 

�h�a�n�d�l�e� �s�k�e�w�-�s�y�m�m�e�t�r�i�c� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e�s�.� 

�2�.�2�.�3� �H�a�v�r�i�l�i�a�k�-�N�e�g�a�m�i� �M�o�d�e�l� 

�B�o�t�h� �C�o�l�e�-�C�o�l�e� �a�n�d� �D�a�v�i�d�s�o�n�-�C�o�l�e� �e�q�u�a�t�i�o�n�s� �m�a�y� �b�e� �v�i�e�w�e�d� �a�s� �o�n�e� �p�a�r�a�m�e�t�e�r� 

�m�o�d�e�l�s� �w�h�i�c�h� �i�n�t�e�n�d� �t�o� �i�n�c�o�r�p�o�r�a�t�e� �t�h�e� �s�y�m�m�e�t�r�i�c� �a�n�d� �s�k�e�w� �s�y�m�m�e�t�r�i�c� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� 

�r�e�l�a�x�a�t�i�o�n� �t�i�m�e�s� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�o�r� �t�h�e�m�,� �t�h�e� �m�a�j�o�r�i�t�y� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l� �o�b�j�e�c�t�s� �w�e�r�e� �s�i�m�p�l�e� 

�o�r�g�a�n�i�c� �a�l�c�o�h�o�l�s� �o�r� �l�o�w� �m�o�l�e�c�u�l�a�r� �w�e�i�g�h�t� �g�l�y�c�o�l�s�.� �F�u�o�s�s� �a�n�d� �K�i�r�k�w�o�o�d�,� �o�n� �t�h�e� �o�t�h�e�r� 

�h�a�n�d�,� �d�e�v�e�l�o�p�e�d� �a�n� �e�m�p�i�r�i�c�a�l� �m�o�d�e�l� �f�o�r� �t�h�e� �l�o�s�s� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �w�h�i�c�h� �w�a�s� �a�p�p�l�i�e�d� �t�o� 

�b�u�l�k� �p�o�l�y�m�e�r�s� �s�u�c�h� �a�s� �p�o�l�y� �v�i�n�y�l� �c�h�l�o�r�i�d�e�-�d�i�p�h�e�n�y�l� �s�y�s�t�e�m�s�.� �1�7� �A�l�t�h�o�u�g�h� �t�h�i�s� �w�o�r�k� �w�a�s� 

�p�i�o�n�e�e�r�i�n�g� �i�n� �t�h�e� �s�t�u�d�y� �o�f� �b�u�l�k� �p�o�l�y�m�e�r�s�,� �t�h�e�i�r� �e�m�p�i�r�i�c�a�l� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �n�o�t� �p�o�p�u�l�a�r� �t�o�d�a�y� 

�s�i�n�c�e� �i�t� �i�s� �n�o�t� �b�a�s�e�d� �o�n� �a� �s�i�m�p�l�e� �c�o�m�p�l�e�x� �f�u�n�c�t�i�o�n�a�l� �f�o�r�m� �w�h�i�c�h� �m�o�d�e�l�s� �t�h�e� �r�e�l�a�t�i�o�n� 

�b�e�t�w�e�e�n� �l�o�s�s� �a�n�d� �s�t�o�r�a�g�e� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �c�o�n�c�i�s�e�l�y�.� �W�i�t�h� �t�h�e�i�r� �m�o�d�e�l�,� �a�p�p�l�i�c�a�t�i�o�n� �o�f� 
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�v�a�r�i�o�u�s� �i�n�t�e�g�r�a�l� �t�r�a�n�s�f�o�r�m�s� �w�h�i�c�h� �p�e�r�m�i�t� �m�o�r�e� �c�o�m�p�l�e�t�e� �k�n�o�w�l�e�d�g�e� �o�f� �v�i�s�c�o�e�l�a�s�t�i�c� 

�p�r�o�p�e�r�t�i�e�s� �o�f� �s�o�l�i�d� �p�o�l�y�m�e�r�s� �i�s� �n�o�t� �e�a�s�y�.� 

�H�a�v�r�i�l�i�a�k�-�N�e�g�a�m�i� �f�u�s�e�d� �t�o�g�e�t�h�e�r� �t�h�e� �c�o�n�c�e�p�t� �o�f� �t�h�e� �C�o�l�e�-�C�o�l�e� �a�n�d� �t�h�e� �D�a�v�i�d�s�o�n�-�C�o�l�e� 

�m�o�d�e�l�s� �a�s� �i�n� �E�q�.�(�2�.�2�.�3�-�1�)�.� 

 ¬�*�- ¬� 
�e�e� �1� �=� �E�q�.�(�2�.�2�.�3�-�1�)� 

�E�,�-�E�,�,� �(�1� �+�(�i�@�T�)� �1�%�)�"� 

�A�l�t�h�o�u�g�h� �t�h�e�r�e� �e�x�i�s�t�e�d� �e�f�f�o�r�t�s� �w�h�i�c�h� �y�i�e�l�d�e�d� �r�e�s�u�l�t�s� �c�l�o�s�e� �t�o� �E�q�.�(�2�.�2�.�3�-�1�)� �b�y� �o�t�h�e�r� 

�w�o�r�k�e�r�s� �a�t� �a�b�o�u�t� �t�h�e� �s�a�m�e� �t�i�m�e�2�9�,� �H�a�v�r�i�l�i�a�k� �a�n�d� �N�e�g�a�m�i� �w�e�r�e� �t�h�e� �f�i�r�s�t� �t�o� �a�c�t�u�a�l�l�y� �t�e�s�t� 

�t�h�e� �m�o�d�e�l� �f�o�r� �v�a�r�i�o�u�s� �p�o�l�y�m�e�r�s� �i�n� �b�u�l�k� �f�o�r�m�.� �E�q�.�(�2�.�2�.�3�-�1�)� �m�a�y� �b�e� �v�i�e�w�e�d� �a�s� �a� �t�w�o� 

�p�a�r�a�m�e�t�e�r� �m�o�d�e�l� �o�f� �a� �a�n�d� �y� �w�h�i�c�h� �h�a�s� �o�n�e� �m�o�r�e� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m� �t�h�a�n� �p�r�e�v�i�o�u�s� �m�o�d�e�l�s� 

�i�n� �t�h�e� �d�a�t�a� �f�i�t�t�i�n�g� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s�.� �P�a�r�a�m�e�t�e�r�s� �&� �a�n�d� �y� �i�n� �t�h�i�s� �m�o�d�e�l� �r�e�t�a�i�n� �t�h�e�i�r� 

�o�r�i�g�i�n�a�l� �m�e�a�n�i�n�g�s� �a�n�d� �c�o�n�s�t�r�a�i�n�t�s� �a�s� �i�n� �t�h�e� �C�o�l�e�-�C�o�l�e� �a�n�d� �D�a�v�i�d�s�o�n�-�C�o�l�e� �m�o�d�e�l�s�.� 

�O�n�c�e� �a� �c�o�m�p�l�e�x� �f�o�r�m� �o�f� �a�n� �e�m�p�i�r�i�c�a�l� �e�q�u�a�t�i�o�n� �i�s� �g�i�v�e�n�,� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g�  ¬�(�@�)� �a�n�d� 

 ¬� �(�@�)� �i�s� �r�e�a�d�i�l�y� �d�e�r�i�v�e�d� �u�s�i�n�g� �D�e� �M�o�i�v�r�e�'�s� �t�h�e�o�r�e�m�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �H�a�v�r�i�l�i�a�k�-�N�e�g�a�m�i� 

�e�q�u�a�t�i�o�n�,� �t�w�o� �s�u�c�c�e�s�s�i�v�e� �a�p�p�l�i�c�a�t�i�o�n�s� �o�f� �D�e� �M�o�i�v�r�e�'�s� �t�h�e�o�r�e�m�,� �f�i�r�s�t� �w�i�t�h� �o�,� �t�h�e�n� �w�i�t�h� �y�,� 

�w�i�t�h� �t�h�e� �p�u�r�e� �i�m�a�g�i�n�a�r�y� �n�u�m�b�e�r� �i�@�T�g� �i�n� �t�h�e� �f�o�r�m� �o�f� 

�i�W�T�o� �=� �M�T�o�(�c�o�s� �5� �+�i�s�i�n� �5�)� 

�y�i�e�l�d�s� �i�n� �a� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �m�a�n�n�e�r� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�s�u�l�t�s�.� 

�*�  ¬�(�@�)�- ¬�,�,� �=� �r�¥�(�e�,�- ¬�,�.�)�c�o�s� �(�B�Y�)� 

 ¬� �(�@�)� �=� �r�¥�2�(�e�,�-�e�,�,�)�s�i�n� �(�O�Y�)� 

�r� �=� �(�1�4�(�w�t�o�)�!�©� �s�i�n�(�a�n�/�2�)� �?� �+� �(�(�w�t�9�)�!�-!"� �c�o�s�(�a�n�/�2�)�)� 
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�(�W�t�)�!� �c�o�s�(�a�n�/�2�)� 
� � �0� �=� �a�r�c�t�a�n� �E�q�.�(�2�.�2�.�3�-�2�)� 
�1�+�(�@�T�9�)�! �!"� �s�i�n�(�c�n�/�2�)� 

�T�a�b�l�e� �1� �s�u�m�m�a�r�i�z�e�s� �t�h�e� �o�r�i�g�i�n�a�l� �e�x�p�r�e�s�s�i�o�n�s� �o�f�  ¬�(�@�)� �a�n�d�  ¬� �(�@�)� �f�o�r� �t�h�e� �C�o�l�e�-�C�o�l�e� �a�n�d� �t�h�e� 

�D�a�v�i�d�s�o�n�-�C�o�l�e� �m�o�d�e�l�s� �w�h�i�c�h� �a�r�e� �d�e�r�i�v�e�d� �i�n� �t�h�e� �s�a�m�e� �m�a�n�n�e�r�.� �O�f� �c�o�u�r�s�e� �E�q�.�(�2�.�2�.�3�-�2�)� 

�r�e�d�u�c�e�s� �i�n�t�o� �t�h�e� �e�q�u�a�t�i�o�n�s� �i�n� �T�a�b�l�e� �1� �w�i�t�h� �p�r�o�p�e�r� �v�a�l�u�e�s� �o�f� �a� �a�n�d� �¥�.� 

�2�.�3� �D�i�s�t�r�i�b�u�t�i�o�n� �o�f� �R�e�l�a�x�a�t�i�o�n� �T�i�m�e�s� 

�2�.�3�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�T�h�e� �v�a�r�i�o�u�s� �e�m�p�i�r�i�c�a�l� �e�q�u�a�t�i�o�n�s� �d�i�s�c�u�s�s�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�2�.� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�o�p�e�d� 

�b�e�c�a�u�s�e� �t�h�e� �r�e�l�a�x�a�t�i�o�n� �b�e�h�a�v�i�o�r� �i�n� �m�a�n�y� �d�i�e�l�e�c�t�r�i�c� �s�y�s�t�e�m�s� �i�s� �t�o�o� �c�o�m�p�l�e�x� �t�o� �b�e� �d�e�s�c�r�i�b�e�d� 

�i�n� �t�e�r�m�s� �o�f� �a� �s�i�n�g�l�e� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �m�o�d�e�l�.� �T�h�i�s� �h�a�s� �b�e�e�n� �s�h�o�w�n� �t�o� �b�e� �t�r�u�e� �i�n� �a� �w�i�d�e� 

�v�a�r�i�e�t�y� �o�f� �m�a�t�e�r�i�a�l�s� �i�n�c�l�u�d�i�n�g� �o�r�g�a�n�i�c� �l�i�q�u�i�d�s�,� �s�o�l�u�t�i�o�n�s�,� �p�o�l�y�m�e�r�s�,� �a�n�d� �i�n� �p�a�r�t�i�c�u�l�a�r� �m�a�n�y� 

�g�l�a�s�s� �f�o�r�m�i�n�g� �m�a�t�e�r�i�a�l�s�.� �I�t� �i�s� �t�r�u�e� �t�h�a�t� �r�i�g�o�r�o�u�s� �t�h�e�o�r�i�e�s� �h�a�v�e� �n�o�t� �y�e�t� �b�e�e�n� �d�e�v�e�l�o�p�e�d� 

�w�h�i�c�h� �f�u�l�l�y� �d�e�s�c�r�i�b�e� �n�o�n�-�e�x�p�o�n�e�n�t�i�a�l� �r�e�l�a�x�a�t�i�o�n� �b�e�h�a�v�i�o�r�.�2�!� �T�w�o� �m�a�i�n� �a�p�p�r�o�a�c�h�e�s� �t�o� 

�e�x�p�l�a�i�n� �n�o�n�-�e�x�p�o�n�e�n�t�i�a�l� �r�e�l�a�x�a�t�i�o�n� �b�e�h�a�v�i�o�r� �i�n� �d�i�e�l�e�c�t�r�i�c�s� �h�a�v�e� �b�e�e�n� �t�a�k�e�n�.� �O�n�e� 

�a�p�p�r�o�a�c�h� �i�s� �f�r�o�m� �m�o�l�e�c�u�l�a�r� �l�e�v�e�l� �i�n�t�e�r�p�r�e�t�a�t�i�o�n�.� �T�h�e� �o�t�h�e�r� �1�s� �f�r�o�m� �m�a�c�r�o�s�c�o�p�i�c� �t�h�e�o�r�y� 

�w�h�i�c�h� �i�n�t�e�r�p�r�e�t�s� �t�h�e� �n�o�n�-�e�x�p�o�n�e�n�t�i�a�l� �r�e�l�a�x�a�t�i�o�n� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �m�a�t�e�r�i�a�l�s� �i�n� �t�e�r�m�s� �o�f� �a� 

�s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �e�x�p�o�n�e�n�t�i�a�l�l�y� �r�e�l�a�x�i�n�g� �p�r�o�c�e�s�s�e�s� �w�h�i�c�h� �l�e�a�d�s� �t�o� �a� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� 

�r�e�l�a�x�a�t�i�o�n� �t�i�m�e�s�.� �S�o� �f�a�r� �i�t� �i�s� �n�o�t� �k�n�o�w�n� �w�h�i�c�h� �a�p�p�r�o�a�c�h� �i�s� �m�o�r�e� �c�o�r�r�e�c�t�.� �I�f� �t�h�e� 

�m�a�c�r�o�s�c�o�p�i�c� �t�h�e�o�r�y� �i�s� �t�a�k�e�n�,� �t�h�e�n� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �e�x�p�o�n�e�n�t�i�a�l�l�y� �r�e�l�a�x�i�n�g� �p�r�o�c�e�s�s�e�s� 

�b�e�c�o�m�e�s� �i�m�p�o�r�t�a�n�t� �i�n� �o�r�d�e�r� �t�o� �u�n�d�e�r�s�t�a�n�d� �t�h�e� �r�e�l�a�x�a�t�i�o�n� �b�e�h�a�v�i�o�r� �o�f� �d�i�e�l�e�c�t�r�i�c�s�.� �I�n� 

�m�a�c�r�o�s�c�o�p�i�c� �t�h�e�o�r�y�,� �t�h�r�e�e� �p�r�o�p�e�r�t�i�e�s�  ¬�°�,� �P�(�t�)�,� �a�n�d� �p�(�t�)� �a�r�e� �o�f�t�e�n� �e�m�p�l�o�y�e�d�,� �w�h�i�c�h� �a�r�e� �t�h�e� 

�c�o�m�p�l�e�x� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t�,� �t�h�e� �t�i�m�e� �d�e�c�a�y�i�n�g� �f�u�n�c�t�i�o�n� �(�T�D�F�)�,� �a�n�d� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� 

�3�3



�T�a�b�l�e� �1�.� 

�O�r�i�g�i�n�a�l� �f�o�r�m� �o�f�  ¬�(�@�)� �a�n�d�  ¬� �(�@�)� �f�o�r� �C�o�l�e�-�C�o�l�e� �a�n�d� �C�o�l�e�-�D�a�v�i�d�s�o�n� 

� � 

� � 

� � � � 

�M�o�d�e�l� �C�o�l�e�-�C�o�l�e� �D�a�v�i�d�s�o�n�-�C�o�l�e� 

�£�(�W�)�- ¬�,�,� �1� �+�(�W�t�9�)�!� �s�i�n�(�a�n�/�2� �{�O�%�o�)�  ��s�i�n�t�a�r�n�i�)�  ��_� �(�c�o�s� �6�)�"� �c�o�s� �(�1�)� 
�E�s�- ¬�.�,� �1� �+�2�(�w�t�o�)�!�-�@� �s�i�n�(�a�n�/�2�)� �+� �(�@�t�)�2�-!"� 

�o� �=� �a�r�c�t�a�n�(�@�T�)� 
�o�r� 

�L�f�,� �.� �s�i�n�h�[�(�1�-�)� �I�n�(�@�t�)�]� 

�2� �c�o�s�h�[�(�1�-�a�)� �I�n�(�@�t�)�]� �+� �c�o�s� �(�a�m�/�2�)� 
� � 

� � 

� � � � 

 ¬� �(�@�)� �(�M�t�)�!� �c�o�s�(�a�n�/�2�)� �Y�.�.� 

�E�s�t�a�.� �1� �+�2�(�c�t�)�!� �s�i�n�(�o�e�n�/�2�)� �+� �(�t�)�2�0�-�®� �(�c�o�s� �@�)�'� �s�i�n� �(�O�Y�)� 
�o� �=� �a�r�c�t�a�n�(�@�T�o�)� 

�o�r� 

�1�.� �c�o�s�(�a�n�/�2�)� 
� � 

�2� �(� �c�o�s�h�[�(�1�-�a�)� �I�n�(�o�t�o�)�]� �+� �s�i�n� �(�a�n�/�2�)� �)� 

� � 

�N�o�t�e�:� �E�x�t�r�e�m�e� �c�a�u�t�i�o�n� �i�s� �r�e�q�u�i�r�e�d� �i�n� �t�h�a�t� �«� �a�n�d� �y� �i�n� �t�h�i�s� �t�a�b�l�e�,� �a�l�s�o� �i�n� �t�h�e� �H�a�v�r�i�l�i�a�k�-� 

�N�e�g�a�m�i� �m�o�d�e�l�,� �a�r�e� �s�o�m�e�t�i�m�e�s� �w�r�i�t�t�e�n� �a�s� �1�-�«�.� �I�n� �t�h�o�s�e� �c�a�s�e�s�,� �a�l�l� �t�h�e� �i�n�t�e�r�p�r�e�t�a�t�i�o�n�s� 

�r�e�g�a�r�d�i�n�g� �t�h�e� �t�r�e�n�d�s� �o�f� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �s�h�o�u�l�d� �b�e� �m�a�d�e� �i�n� �t�h�e� �r�e�v�e�r�s�e� �w�a�y�.� �A�l�s�o� �t�h�e� 

�e�q�u�a�t�i�o�n�s� �t�a�k�e� �r�a�t�h�e�r� �d�i�f�f�e�r�e�n�t� �f�o�r�m�s� �t�h�a�n� �w�h�a�t� �i�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �d�i�r�e�c�t� �s�u�b�s�t�i�t�u�t�i�o�n� �o�f� 

�1�-�o� �o�r� �1�-�y� �i�n�t�o� �t�h�e� �e�q�u�a�t�i�o�n�s� �i�n� �t�h�i�s� �t�a�b�l�e�.� 
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�f�u�n�c�t�i�o�n� �o�f� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e�s� �(�D�F�R�T�)� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e�s�e� �t�h�r�e�e� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �d�e�p�e�n�d�e�n�t� 

�o�n� �e�a�c�h� �o�t�h�e�r� �t�h�r�o�u�g�h� �i�n�t�e�g�r�a�l� �t�r�a�n�s�f�o�r�m�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �7�.� �A�s� �s�u�c�h�,� �t�h�e� �k�n�o�w�l�e�d�g�e� 

�o�f� �o�n�e� �p�r�o�p�e�r�t�y� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �o�t�h�e�r� �t�w�o�,� �a�t� �l�e�a�s�t� �i�n� �p�r�i�n�c�i�p�l�e�.� 

�2�.�3�.�2� �C�o�l�e�-�C�o�l�e� �m�o�d�e�l�.� 

�T�h�e� �D�E�R�T� �o�f� �t�h�e� �C�o�l�e�-�C�o�l�e� �m�o�d�e�l�2�2� �w�a�s� �f�i�r�s�t� �d�e�r�i�v�e�d� �b�y� �C�o�l�e� �a�n�d� �C�o�l�e� �u�s�i�n�g� 

�t�h�e� �m�e�t�h�o�d� �o�f� �F�u�o�s�s� �a�n�d� �K�i�r�k�w�o�o�d�.�2�3� �L�a�t�e�r� �D�a�v�i�d�s�o�n� �a�n�d� �C�o�l�e� �f�o�u�n�d� �t�h�e� �S�t�i�e�l�t�j�e�s� 

�t�r�a�n�s�f�o�r�m� �t�o� �b�e� �c�o�n�v�e�n�i�e�n�t� �i�n� �d�e�r�i�v�i�n�g� �t�h�e� �D�F�R�T� �o�f� �t�h�e�i�r� �m�o�d�e�l�.�2�4� �T�h�e� �S�t�i�e�l�t�j�e�s� 

�t�r�a�n�s�f�o�r�m�2�>�:� �2�6� �j�s� �q�u�i�t�e� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �o�n�c�e� �t�h�e� �f�o�r�m� �o�f� �c�o�m�p�l�e�x� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �i�s� 

�g�i�v�e�n�.� 

�E�q�.�(�2�.�1�.�6�-�6�)� �c�a�n� �b�e� �r�e�o�r�g�a�n�i�z�e�d� �f�o�r� �t�h�e� �S�t�i�e�l�t�j�e�s� �t�r�a�n�s�f�o�r�m� 

�°�°� 

�e�*�-�e�,�,�\� �(�L�R�)� 

�i�@�t�o� �=� �7� 

�w�i�t�h� 

�F�(�Z�)� �=� �1�p�(�0�)� �E�q�.�(�2�.�3�.�2�-�2�)� 

�F�o�r� �E�q�.�(�2�.�3�.�2�-�1�)�,� �t�h�e� �S�t�i�e�l�t�j�e�s� �t�r�a�n�s�f�o�r�m� �a�p�p�l�i�e�s� �a�s� �f�o�l�l�o�w�s� 

�B�y� �s�u�b�s�t�i�t�u�t�i�o�n� �o�f� 

�*� 

�=� �(�i�@�)� 
�S�s�  ��o�o� 

� � �S�(�s�)� �=� �|� 

�f�(�x�)� �=�F� �P�(�E�)� �=� �2� �F�O�)� 

�T�r�a�n�s�f�o�r�m� 

� � �S�(�s�)� �=� �|� �2�.� �d�x� �E�q�.�(�2�.�3�.�2�-�3�)� 
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�F�i�g�u�r�e� �7�.� �I�n�t�e�g�r�a�l� �t�r�a�n�s�f�o�r�m� �r�e�l�a�t�i�o�n�s�h�i�p�s� �w�h�e�r�e� �S� �a�n�d� �L� 
�s�t�a�n�d�s� �o�r� �S�t�i�e�l�t�j�e�s� �a�n�d� �L�a�p�l�a�c�e� �t�r�a�n�s�f�o�r�m� 
�r�e�s�p�e�c�t�i�v�e�l�y� �a�n�d� �F� �f�o�r� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �o�r� 
�p�u�r�e� �i�m�a�g�i�n�a�r�y� �L�a�p�l�a�c�e� �t�r�a�n�s�f�o�r�m� 
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�a�n�d� �I�n�v�e�r�s�e� �T�r�a�n�s�f�o�r�m� 

�f�0�0�)� �=� �[�S�(�x�e�i�®�)� �-� �S�(�x�e ��)� �E�q�.�(�2�.�3�.�2�-�4�)� 
�T�U� 

�y�i�e�l�d�s� �t�h�e� �D�F�R�T� �o�f� �t�h�e� �C�o�l�e�-�C�o�l�e� �m�o�d�e�l� �a�s� 

�.� �1�-�0� �s�i�n� �m�a�:� �(�&� �C�o�)� 
� � �F�t�)� �=�1�.� �E�q�.�(�2�.�3�.�2�-�5�)� 

�w�o� �[�1� �+�E� �)�P�%� �e�-�i�m�t�l�-�o�)� �J�f� �1� �+� �(�Z�i�.� �e�i�n�(�]�-�0�)�]� 

�E�q�.�(�2�.�3�.�2�-�5�)� �c�a�n� �b�e� �s�h�o�w�n� �t�o� �b�e� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �a�s� �o�n�e� �w�h�i�c�h� �C�o�l�e� �a�n�d� �C�o�l�e� �d�e�r�i�v�e�d� 

�o�r�i�g�i�n�a�l�l�y� �b�y� �i�n�t�r�o�d�u�c�i�n�g� �m� �=� �I�n�(�t�/�t�o�)�.� �T�h�e�n� �E�q�.�(�2�.�3�.�2�-�5�)� �b�e�c�o�m�e�s�,� �a�f�t�e�r� �u�n�f�o�l�d�i�n�g� �t�h�e� 

�d�e�n�o�m�i�n�a�t�o�r� 

�s�i�n� �T�O� �-�e�-�M�(�1�-�e�)� 
� � �F�(�4�)� �=�1�.� �t� 

�T�o�"� �R�H� �F�d� �t�e�-�m�(�l�-�0�)�.�{� �@�-�i�m�(�1�-�0�)� �4� �g�i�n�(�l�-�0�)� �}� �4� �e�i�n�(�-�a�)�]� 

�S�u�b�s�t�i�t�u�t�i�n�g� 

�e�-� �i�n�(�1�-�a�)� �+� �e�i�t�(�1�-�o�)� �=� �-�~� �2�c�o�s� �a�n� 

�a�n�d� �d�i�v�i�d�i�n�g� �b�o�t�h� �t�h�e� �n�u�m�e�r�a�t�o�r� �a�n�d� �d�e�n�o�m�i�n�a�t�o�r� �b�y� �e�-!"�(�-�©� �g�i�v�e�s� �t�h�e� �f�i�n�a�l� �r�e�s�u�l�t�.� 

�F�(�t�)� �=�-�L�.� �s�i�n� �L�O� �E�q�.�(�2�.�3�.�2�-�6� 
�G�e�)� �2�%� � �c�o�s�h�l� �(�1� �-� �&�)� �I�n�(�t�/�t�o�)� �]�-� �c�o�s� �a� �a�.�¢� �)� 
� � 

�I�t� �i�s� �t�o� �b�e� �n�o�t�e�d� �t�h�a�t� �s�i�n�c�e� �c�o�s�i�n�e� �h�y�p�e�r�b�o�l�i�c� �i�s� �a�n� �e�v�e�n� �f�u�n�c�t�i�o�n�,� �E�q�.�(�2�.�3�.�2�-�6�)� �i�s� 

�s�y�m�m�e�t�r�i�c� �a�b�o�u�t� �t�=� �w�h�e�n� �t�h�e� �a�b�s�c�i�s�s�a� �i�s� �I�n�(�t� �/�t�o�)�,� �w�h�i�c�h� �s�h�o�w�s� �t�h�e� �s�y�m�m�e�t�r�i�c� 

�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e�s� �f�o�r� �t�h�i�s� �m�o�d�e�l�.� 

�T�D�F� �,� �P�(�t�)�,� �f�o�r� �t�h�e� �C�o�l�e�-�C�o�l�e� �m�o�d�e�l� �i�s� �o�r�i�g�i�n�a�l�l�y� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �o�f� 

�t�r�a�n�s�i�e�n�t� �c�u�r�r�e�n�t� �I�(�t�)� �w�h�i�c�h� �i�s� �o�b�t�a�i�n�e�d� �b�y� �a�p�p�l�y�i�n�g� �u�n�i�t� �p�o�t�e�n�t�i�a�l� �d�i�f�f�e�r�e�n�c�e� �a�t� �t�i�m�e� �t� �=� �0� 

�t�o� �a� �c�o�n�d�e�n�s�e�r� �o�f� �u�n�i�t� �g�e�o�m�e�t�r�i�c�a�l� �c�a�p�a�c�i�t�a�n�c�e�.�*�/� �T�h�e�n� �u�s�i�n�g� �t�h�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �I�(�t�)� 

�a�n�d� �-� �d�®�(�t�)�/�d�t� 
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�d�@�(�t�)� �e�t�e� �h�a� �]� �E�q�.�(�2�.�3�.�2�-�7�)� �I�(�t�)� �=� 
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�T�h�i�s� �e�q�u�a�t�i�o�n� �i�s� �r�e�d�u�c�e�d� �i�n�t�o� �s�i�m�p�l�e�r� �f�o�r�m� �w�h�e�n� �t� �<�<�  ��t�o� �b�y� �t�h�e� �l�e�a�d�i�n�g� �t�e�r�m� �o�f� �t�h�e� �s�e�r�i�e�s�.� 

�_� �d�®�(�t�)� �_� �1� �t�o� �-�O� �E�q�.�(�2�.�3�.�2�-�9�)� 
�d�t� �a�r�d�-�a�)� 

�W�h�e�n� �E�q�.�(�2�.�3�.�2�-�7�)� �i�s� �r�e�o�r�g�a�n�i�z�e�d� �i�n� �a�s�y�m�p�t�o�t�i�c� �e�x�p�a�n�s�i�o�n� �i�n� �n�e�g�a�t�i�v�e� �p�o�w�e�r�s� �o�f� �t� �/� �%�,� 

� � �d�®�(�t�)� �y�e�o�y� �C�D�M� �a� �1�"�!� �n� �-� �(�n�-�1�)�(�1�-�0�)� �;� �-�1� �e�s� �t�y� �E�q�.�(�2�.�3�.�2�-�1�0�)� 
�d�t� �a� �e�T� �T�[�1� �-� �n�(�1�-�0�)�]� �,� 

�T�h�i�s� �r�e�d�u�c�e�s� �i�n�t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�h�e�n� �t� �>�>� �%�o�,� 
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�I�t� �m�a�y� �b�e� �w�o�r�t�h�w�h�i�l�e� �t�o� �c�h�e�c�k� �w�h�e�t�h�e�r� �E�q�.�(�2�.�3�.�2�-�9�)� �r�e�v�e�r�t�s� �t�o� �t�h�e� �c�o�m�p�l�e�x� �f�o�r�m� �o�f� �t�h�e� 

�C�o�l�e�-�C�o�l�e� �m�o�d�e�l� �u�s�i�n�g� �t�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �E�q�.�(�2�.�1�.�3�-�9�)�.� �I�n� �o�r�d�e�r� �t�o� �d�o� �t�h�a�t�,� �t�h�e� 
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�T�h�e� �"�1�"� �i�n� �t�h�e� �d�e�n�o�m�i�n�a�t�o�r� �d�r�o�p�s� �o�u�t� �b�e�c�a�u�s�e� �o�f� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t� �<�<� �t�o� �i�n� �E�q�.�(�2�.�3�.�2�-� 

�8�)�.� �T�h�e� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m� �o�f� �E�q�.�(�2�.�3�.�2�-�8�)� �a�n�d� �E�q�.�(�2�.�3�.�2�-�1�0�)� �d�o�e�s� �n�o�t� �s�e�e�m� �o�b�v�i�o�u�s�.� 
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�I�n� �t�h�e� �s�a�m�e� �w�a�y� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�,� �t�h�e� �S�t�i�e�l�t�j�e�s� �t�r�a�n�s�f�o�r�m� �y�i�e�l�d�s� 
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�S�i�n�c�e� �t�h�i�s� �f�o�r�m� �i�s� �n�o�t� �i�n� �t�h�e� �s�e�r�i�e�s� �f�o�r�m�,� �u�n�l�i�k�e� �t�h�e� �C�o�l�e�-�C�o�l�e� �m�o�d�e�l�,� �E�q�.�(�2�.�3�.�3�-�4�)� �r�e�a�d�i�l�y� 

�y�i�e�l�d�s� �t�h�e� �c�o�m�p�l�e�x� �f�o�r�m� �o�f� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t�,� �E�q�.�(�2�.�2�.�2�-�1�)� �w�h�e�n� �t�h�e� �F�o�u�r�i�e�r� 
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�b�e�e�n� �o�m�i�t�t�e�d�.� �T�h�e� �r�e�a�s�o�n� �m�i�g�h�t� �b�e� �t�h�e� �p�r�a�c�t�i�c�a�l�i�t�y� �o�f� �s�u�c�h� �a� �d�e�r�i�v�a�t�i�o�n�,� �l�e�t� �a�l�o�n�e� �t�h�e� 

�m�a�t�h�e�m�a�t�i�c�a�l� �d�i�f�f�i�c�u�l�t�y� �o�f� �t�h�e� �d�e�r�i�v�a�t�i�o�n� �i�n� �t�h�e� �c�a�s�e� �o�f� �P�(�t�)�.� �F�o�r� �t�h�e� �r�e�c�o�r�d�,� �h�e�r�e�,� �p�(�t�)� �i�n� 

�t�h�e� �f�o�r�m� �o�f� �F�(�t� �/� �T�g�)� �i�s� �d�e�r�i�v�e�d� �u�s�i�n�g� �t�h�e� �S�t�i�e�l�t�j�e�s� �t�r�a�n�s�f�o�r�m�.� 
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�2�.�3�.�5� �K�o�h�l�r�a�u�s�c�h�-�W�i�l�l�i�a�m�s�-�W�a�t�t�s� �M�o�d�e�l� 

�T�h�e� �K�o�h�l�r�a�u�s�c�h�-�W�i�l�l�i�a�m�s�-�W�a�t�t�s� �(�K�W�W�)� �f�u�n�c�t�i�o�n� �i�s� �a�n� �e�m�p�i�r�i�c�a�l� �e�q�u�a�t�i�o�n� �w�h�i�c�h� 

�c�a�n� �m�o�d�e�l� �t�h�e� �n�o�n�-�e�x�p�o�n�e�n�t�i�a�l� �t�i�m�e� �d�e�c�a�y�i�n�g� �b�e�h�a�v�i�o�r� �o�f� �m�a�n�y� �n�o�r�m�a�l�i�z�e�d� �p�h�y�s�i�c�a�l� 

�p�r�o�p�e�r�t�i�e�s� �i�n� �t�h�e� �f�o�r�m� �o�f� 

�P�(�t�)� �=� �e�t�)�?� �E�q�.�(�2�.�3�.�5�-�1�)� 

�w�h�e�r�e� �T�o� �i�s� �t�h�e� �t�i�m�e� �a�t� �w�h�i�c�h� �®�(�t�)� �b�e�c�o�m�e�s� �1� �/�e�.� �O�n� �r�e�c�o�r�d�,� �t�h�i�s� �e�q�u�a�t�i�o�n� �w�a�s� �u�s�e�d� �a�s� 

�e�a�r�l�y� �a�s� �1�8�6�3� �b�y� �F�.� �K�o�h�l�r�a�u�s�c�h� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �a�f�t�e�r�-�e�f�f�e�c�t� �o�f� �t�h�e� �t�o�r�s�i�o�n� �o�n� �g�l�a�s�s� 

�f�i�b�e�r�s�.�3�2�0� �H�i�s� �f�a�t�h�e�r�,� �R�.� �K�o�h�l�r�a�u�s�c�h� �u�s�e�d� �s�i�m�i�l�a�r� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �d�i�e�l�e�c�t�r�i�c� �s�t�u�d�y�.� �A�l�s�o� 

�t�h�i�s� �e�q�u�a�t�i�o�n� �i�s� �u�s�e�d� �i�n� �f�i�t�t�i�n�g� �l�i�g�h�t� �s�c�a�t�t�e�r�i�n�g� �d�a�t�a�3�!� �a�n�d� �t�h�e� �c�r�e�e�p� �b�e�h�a�v�i�o�r� �o�f� �g�l�a�s�s�y� 

�p�o�l�y�m�e�r�s�.�3�2� 

�F�o�r� �t�h�e� �s�t�u�d�y� �o�f� �d�i�e�l�e�c�t�r�i�c� �r�e�l�a�x�a�t�i�o�n�,� �E�q�.�(�2�.�3�.�5�-�1�)� �w�a�s� �s�t�u�d�i�e�d� �s�y�s�t�e�m�a�t�i�c�a�l�l�y� �f�i�r�s�t� �b�y� 

�W�i�l�l�i�a�m�s� �a�n�d� �W�a�t�t�s�.� �A�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �7�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �h�a�v�e� �t�h�e� �i�d�e�a� �o�f� �b�o�t�h� �e ¬�°� �a�n�d� 

�p�(�t�)� �o�n�c�e� �P�(�t�)� �o�f� �E�q�.�(�2�.�3�.�5�-�1�)� �i�s� �c�h�o�s�e�n�.� �I�n� �1�9�6�9�,� �W�i�l�l�i�a�m�s� �a�n�d� �W�a�t�t�s�>�3� �f�i�r�s�t� �d�e�r�i�v�e�d� �t�h�e� 

�c�o�m�p�l�e�x� �f�o�r�m� �o�f� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �t�h�r�o�u�g�h� �t�h�e� �L�a�p�l�a�c�e� �t�r�a�n�s�f�o�r�m� �f�o�r� �t�h�e� �s�p�e�c�i�a�l� �c�a�s�e� 

�o�f� �B� �=� �1�/�2� �a�n�d� �l�a�t�e�r� �t�h�e�y� �d�e�r�i�v�e�d� �t�h�e� �g�e�n�e�r�a�l� �c�a�s�e�3�4� �a�s� �i�n� �E�q�.�(�2�.�3�.�5�-�2�)�.� 

�)� �=�i� �s�i�n�)� �E�q�.�(�2�.�3�.�5�-�2�)� � � �=�F� �c�y�t�.�  ��1�_� �P�O�R� �+�D� �|�g� �B�a�e� �n�e� �(�o�t�)� �T�i�n� �+�1�)� �,� 

�A�l�s�o�,� �t�h�e� �D�F�R�T� �o�f� �K�W�W� �h�a�s� �b�e�e�n� �d�e�r�i�v�e�d� �b�y� �L�i�n�d�s�e�y� �a�n�d� �P�a�t�t�e�r�s�o�n�3�5� �i�n� �1�9�8�0�.� 

� � �p�(�t�)� �=�-� �S�x�S� � �s�i�a�(�B�k�)� �r�(�B�k� �+� �1�)� �(�=� �=�p�K�+� �E�q�.�(�2�.�3�.�5�-�3�)� 
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�L�i�n�d�s�e�y� �a�n�d� �P�a�t�t�e�r�s�o�n� �p�e�r�f�o�r�m�e�d� �p�a�i�n�s�t�a�k�i�n�g� �n�u�m�e�r�i�c�a�l� �c�a�l�c�u�l�a�t�i�o�n�s� �o�f� �E�q�.�(�2�.�3�.�5�-�3�)� �t�o� 

�f�i�n�d� �o�u�t� �t�h�a�t� �a�s� �B� �i�n�c�r�e�a�s�e�s� �f�r�o�m� �n�e�a�r� �z�e�r�o� �t�o� �n�e�a�r� �o�n�e�,� �p�(�T�)� �s�h�o�w�s� �a� �b�r�o�a�d� �n�e�a�r�l�y� 

�s�y�m�m�e�t�r�i�c� �d�i�s�t�r�i�b�u�t�i�o�n� �t�o� �s�h�a�r�p� �a�s�y�m�m�e�t�r�i�c� �d�i�s�t�r�i�b�u�t�i�o�n� �w�h�e�n� �p�(�t�)� �i�s� �p�l�o�t�t�e�d� �o�v�e�r� 

�l�o�g�(�t� �/�T�o�)�.� 

�2�.�3�.�6� �D�i�s�c�u�s�s�i�o�n�s� 

�T�h�e�r�e� �h�a�v�e� �b�e�e�n� �o�t�h�e�r� �f�o�r�m�s� �o�f� �T�D�F� �a�n�d� �D�F�R�T� �i�n� �b�o�t�h� �e�m�p�i�r�i�c�a�l� �a�n�d� �m�o�l�e�c�u�l�a�r� 

�l�e�v�e�l� �m�o�d�e�l�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�m�p�i�r�i�c�a�l� �T�D�F� 

�@�(�t�)�=�A�t�"� �E�q�.�(�2�.�3�.�6�-�1�)� 

�w�h�e�r�e� �A� �a�n�d� �n� �a�r�e� �p�a�r�a�m�e�t�e�r�s�,� �h�a�s� �b�e�e�n� �p�r�o�p�o�s�e�d� �b�y� �C�u�r�i�e�s� �a�n�d� �h�a�s� �b�e�e�n� �f�o�u�n�d� �t�o� �h�o�l�d� 

�o�v�e�r� �a� �r�a�n�g�e� �o�f� �t�i�m�e�s� �b�y� �s�e�v�e�r�a�l� �w�o�r�k�e�r�s�.�3�6� �R�e�c�e�n�t�l�y� �M�a�t�s�u�o�k�a�3�/� �p�r�o�p�o�s�e�d� �a� �T�D�F� �o�f� �t�h�e� 

�f�o�r�m� 

�@�(�t�)� �=� �e�l�B�/� �I�n�(�x�/�t�o�)� �|� �E�q�.�(�2�.�3�.�6�-�2�)� 

�T�h�i�s� �e�q�u�a�t�i�o�n� �h�a�s� �b�e�e�n� �d�e�r�i�v�e�d� �f�r�o�m� �a� �s�e�m�i�-�m�o�l�e�c�u�l�a�r� �m�o�d�e�l� �b�a�s�e�d� �o�n� �i�n�t�e�r�m�o�l�e�c�u�l�a�r� 

�c�o�o�p�e�r�a�t�i�v�i�t�y� �.�3�8� �I�t� �i�s� �c�l�a�i�m�e�d� �t�h�a�t� �E�q�.�(�2�.�3�.�6�-�2�)� �d�e�c�a�y�s� �l�e�s�s� �t�h�a�n� �t�h�e� �K�W�W� �m�o�d�e�l� �i�n� �e�a�r�l�y� 

�s�t�a�g�e�s� �o�f� �r�e�l�a�x�a�t�i�o�n� �a�n�d� �f�i�t�s� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �b�e�t�t�e�r� �i�n� �t�h�i�s� �r�e�g�i�o�n�.� �I�t� �i�s� �t�o� �b�e� �n�o�t�e�d� �t�h�a�t� 

�t�h�i�s� �f�u�n�c�t�i�o�n� �i�s� �s�h�a�r�p�l�y� �d�e�c�l�i�n�i�n�g� �a�r�o�u�n�d� �t�=� �t�,�/�¢� �a�n�d� �u�n�d�e�f�i�n�e�d� �a�t� �t� �=� �T�o�.� 

�T�h�e� �c�o�n�c�e�p�t� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e�s� �i�s� �s�a�i�d� �t�o� �h�a�v�e� �b�e�e�n� �i�n�t�r�o�d�u�c�e�d�,� �f�i�r�s�t�,� 

�b�y� �S�c�h�w�e�i�d�l�e�r�2�9�,� �a�s� �e�a�r�l�y� �a�s� �1�9�0�7�.� �L�a�t�e�r� �W�a�g�n�e�r�4�0� �p�r�o�p�o�s�e�d� �t�h�e� �u�s�e� �o�f� �a� �l�o�g�a�r�i�t�h�m�i�c� 

�G�a�u�s�s�i�a�n� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �f�o�r�m� 

�_� �b� �a�l�-�b ��m ��|� �_� �F�(�m�)� �=� �P�e� �E�i�q�.�(�2�.�3�.�6�-�3�)� 
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�w�h�e�r�e� �m� �=� �I�n�(�T�/� �T�o� �)� �a�n�d� �t�h�e� �p�a�r�a�m�e�t�e�r� �b� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �b�r�e�a�d�t�h� �o�f� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�.� �T�h�i�s� 

�e�q�u�a�t�i�o�n� �y�i�e�l�d�e�d� �i�t�s� �p�l�a�c�e� �t�o� �t�h�e� �m�a�n�y� �o�t�h�e�r� �d�i�s�t�r�i�b�u�t�i�o�n� �f�u�n�c�t�i�o�n�s� �w�h�i�c�h� �h�a�v�e� �b�e�e�n� 

�e�x�p�l�a�i�n�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�3� �d�u�e� �t�o� �t�h�e� �h�i�g�h� �i�d�e�a�l�i�t�y� �e�m�b�e�d�d�e�d� �i�n� �i�t�.� 

�2�.�4� �M�e�a�n� �R�e�l�a�x�a�t�i�o�n� �T�i�m�e� 

�I�f� �o�n�e� �t�a�k�e�s� �m�a�c�r�o�s�c�o�p�i�c� �t�h�e�o�r�y� �a�n�d� �a�c�c�e�p�t�s� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e�s� 

�f�o�r� �t�h�e� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �d�i�e�l�e�c�t�r�i�c� �r�e�l�a�x�a�t�i�o�n�,� �m�e�a�n� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �a�s� �d�e�f�i�n�e�d� �b�y� �E�q�.�(�2�.�4�-� 

�1�)� �m�i�g�h�t� �b�e� �t�h�e� �o�n�e� �m�e�a�n�i�n�g�f�u�l� �p�a�r�a�m�e�t�e�r� �w�h�i�c�h� �e�x�p�l�a�i�n�s� �t�h�e� �r�e�l�a�x�a�t�i�o�n� �b�e�h�a�v�i�o�r� �o�n� 

�a�v�e�r�a�g�e�.� 

�<�T�>�=� �|� �t� �F�r�)� �d�i�n�)� 

�-�|� �T�o� �F�e�)� �d�e�)� 

�=� �|� �T�t� �p�(�t�)� �d�t� �E�q�.�(�2�.�4�-�1�)� 

�F�o�r� �t�h�e� �D�a�v�i�d�s�o�n�-�C�o�l�e� �a�n�d� �t�h�e� �K�W�W� �m�o�d�e�l�s�,� �t�h�e� �e�x�a�c�t� �a�n�a�l�y�t�i�c� �f�o�r�m� �f�o�r� �<�t�>� �h�a�s� �b�e�e�n� 

�d�e�r�i�v�e�d�.� �F�o�r� �o�t�h�e�r� �m�o�d�e�l�s�,� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �m�i�g�h�t� �b�e� �p�o�s�s�i�b�l�e�.� 

�F�o�r� �t�h�e� �D�a�v�i�d�s�o�n�-�C�o�l�e� �m�o�d�e�l�,� �E�q�.�(�2�.�3�.�3�-�2�)� �i�n�t�o� �E�q�.�(�2�.�4�-�1�)� �w�i�t�h� �t�h�e� �f�a�c�t� �t�h�a�t� �t� �c�a�n� �h�a�v�e� 

�t�h�e� �v�a�l�u�e� �o�f� �T�o� �i�n� �t�h�e� �l�i�m�i�t�,� �g�i�v�e�s� 

�1� 
�s�i�n� �-� �-�y�)�-�]�  �� �|� �c�y� �e�f� �(�1� �2�0�4� �o�f�)� 

�T�U� �T�O� �T�o� �T�o� 
�0� 

�=� �%� �a� �B�C� �1�+�y�,� �1�-�7�)� �E�q�.�(�2�.�4�-�2�)� � � 

�w�h�e�r�e� �B� �i�s� �t�h�e� �B�e�t�a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �i�d�e�n�t�i�t�y� �a�m�o�n�g� �o�t�h�e�r�s�!� 
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�_�T�m�)� �r�a�)� �B�(� �m�,�n�)� �E�q�.�(�2�.�4�-�3�)� 
�I�'�(�m�+�n�)� 

�T�(�m�)�P�(�i�-�m�)� �=� �s�i�n� �(�m�n�)� �E�q�.�(�2�.�4�-�4�)� 

�T�h�e�n� �w�i�t�h� �t�h�e� �G�a�m�m�a� �f�u�n�c�t�i�o�n� �p�r�o�p�e�r�t�y�,� �[�(�1�+�m�)� �=� �m�I�(�m�)�,�t�h�a�t� �i�s� 

�B�(� �1�+�y�,� �1�-�y�)� �=� �y� �B�(�y�.�1�-�y�)� �,� �M�e�a�n� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �f�o�r� �D�a�v�i�d�s�o�n�-�C�o�l�e� �m�o�d�e�l� �b�e�c�o�m�e�s� 

�<�T�>� �=� �T�o�y� �F�q�.�(�2�.�4�-�5�)� 

�L�i�n�d�s�e�y� �a�n�d� �P�a�t�t�e�r�s�o�n�4�2� �d�e�r�i�v�e�d� �g�e�n�e�r�a�l� �n�-�t�h� �m�o�m�e�n�t�s� �o�f� �t�h�e� �a�v�e�r�a�g�e� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� 

�<�t�T� �>� �a�s� 

�<�t�"�>� �=� �|� �T�p�(�t�)�d�t� �-�1�|� �t!"�!� �@�(�t�)� �d�t� �E�q�.�(�2�.�4�-�6�)� 
�0� �T�(�n�)� �J�,� 

�E�q�.�(�2�.�4�-�6�)� �c�a�n� �b�e� �r�e�t�r�o�-�c�o�n�f�i�r�m�e�d� �b�y� �s�u�b�s�t�i�t�u�t�i�o�n� �o�f� �E�q�.�(�2�.�1�.�6�-�4�)� �i�n�t�o� �E�q�.�(�2�.�4�-�6�)�.� �T�h�e�n� 

�<�T�!�>�=� �|� �t�r�l� �|� �e� �Y�t� �y�(�t�)� �d�t�]� �d�t� 
�T�n�)� �J�o� �0� 

�=� �|� �p�(�T�)� �(�|� �t�w�l�e�-�v�t� �d�t�]� �d�t� 
�T�n�)� �0� �0� 

�W�i�t�h� �t�h�e� �f�o�l�l�o�w�i�n�g� �G�a�m�m�a� �f�u�n�c�t�i�o�n� �i�d�e�n�t�i�t�y�,� 
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�N�-�t�h� �m�o�m�e�n�t� �o�f� �t�h�e� �a�v�e�r�a�g�e� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �i�s� �o�b�t�a�i�n�e�d� �a�s� 

�<�t�>�=� �1� �|� �p�i�)� �[�T�i�n� �7�)� �d�t� 
�T�n�)� �J�,� 

�w�h�i�c�h� �p�r�o�v�e�s� �t�h�e� �s�t�a�r�t�i�n�g� �e�q�u�a�t�i�o�n� �E�q�.�(�2�.�4�-�6�)�.� 

�A�s� �s�u�c�h�,� �f�o�r� �t�h�e� �K�W�W� �e�q�u�a�t�i�o�n�,� �t�h�e� �f�i�r�s�t� �m�o�m�e�n�t� �o�f� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �c�o�m�e�s� �w�i�t�h� �t�h�e� 

�s�u�b�s�t�i�t�u�t�i�o�n� �o�f� �E�q�.�(�2�.�3�.�5�-�1�)� �i�n�t�o� �E�q�.�(�2�.�4�-�6�)� �w�i�t�h� �n�=� �1�.� 

�<�1�>�=� �|� �e�-�(�t�/� �u�o�) �� �a�t� 
�0� 

�B�y� �r�e�p�l�a�c�i�n�g� �(�t�/�t�)�*� �w�i�t�h� �x� 

�<�t�>�=� �W�y� �e�x� �x� �B�l� �d�x� �E�q�.�(�2�.�4�-�7�)� 
�B� 

�0� 

�T�h�e� �i�n�t�e�g�r�a�l� �p�a�r�t� �o�f� �E�q�.�(�2�.�4�-�6�)� �i�s� �t�h�e� �c�a�s�e� �w�h�e�r�e� �k� �=� �1� �a�n�d� �z�=� �1�/�B� �i�n� �E�q�.�(�2�.�3�.�2�-�1�2�)�.� 

�T�h�u�s�,� �i�t� �f�o�l�l�o�w�s� 

�<�t�>�=� �W�b� �E�q�.�(�2�.�4�-�8�)� 
�B� �O�B� 

�A�s� �a�c�o�m�p�r�e�h�e�n�s�i�v�e� �m�a�p� �o�f� �w�h�a�t� �h�a�s� �b�e�e�n� �d�o�n�e� �i�n� �t�h�e� �m�a�c�r�o�s�c�o�p�i�c� �t�h�e�o�r�y� �o�f� 

�d�i�e�l�e�c�t�r�i�c� �r�e�l�a�x�a�t�i�o�n�,� �T�a�b�l�e� �2� �h�a�s� �b�e�e�n� �p�r�e�p�a�r�e�d�.� �I�n� �r�e�c�a�p�i�t�u�l�a�t�i�o�n�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�a�j�o�r� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �m�a�y� �b�e� �s�t�a�t�e�d� �f�o�r� �e�a�c�h� �m�o�d�e�l� �i�n� �T�a�b�l�e� �2�.� 

�i�)� �T�h�e� �C�o�l�e�-�C�o�l�e� �m�o�d�e�l� �i�m�p�l�i�e�s� �p�e�r�f�e�c�t� �s�y�m�m�e�t�r�i�c� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �r�e�l�a�x�a�t�i�o�n� 

�t�i�m�e�s�.� �I�t�s� �t�i�m�e� �d�e�c�a�y�i�n�g� �f�u�n�c�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �i�n� �s�e�r�i�e�s� �f�o�r�m� �b�u�t� �i�t�s� �D�F�R�T� �i�s� �d�e�r�i�v�e�d� �i�n� 
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�T�a�b�l�e� �2�.� 

�S�u�m�m�a�r�y� �o�f� �e�q�u�a�t�i�o�n�s� �f�o�r� �v�a�r�i�o�u�s� �m�o�d�e�l�s� �b�a�s�e�d� �o�n� �m�a�c�r�o�s�c�o�p�i�c� �t�h�e�o�r�y� 

� � 

� � 

� � 

� � 

� � 

� � 

�m�o�d�e�l� �e� �P�(�t�)� �0�(�T�)� �<�t�>� 

�C�o�l�e�-�C�o�l�e� �A� �A�S� �A� �-� 

�D�a�v�i�d�s�o�n�-�C�o�l�e� �A� �A� �A�c� �A� 

�H�a�v�r�i�l�i�a�k�-�N�e�g�a�m�i� �A� �-� �A�*� �-� 

�K�W�W� �A�s� �A� �A�s� �A� 

�N�o�t�e�s�:� 
�A�:� �A�n�a�l�y�t�i�c� �f�o�r�m�,� �C�l�o�s�e�d� 
�A�s�:� �A�n�a�l�y�t�i�c� �f�o�r�m�,� �i�n� �S�e�r�i�e�s� 
�A�c�:� �A�n�a�l�y�t�i�c� �f�o�r�m� �w�i�t�h� �c�o�n�s�t�r�a�i�n�t� 
�A�*�:� �A�n�a�l�y�t�i�c� �f�o�r�m� �(� �D�e�r�i�v�e�d� �i�n� �t�h�i�s� �p�a�p�e�r� �)� 

�@�(�t�)� �m�e�a�n�s� �-�d�@�(�t�)�/�d�t� �w�h�e�n�e�v�e�r� �n�e�c�e�s�s�a�r�y�.� 
�O�(�T�)� �m�e�a�n�s� �F�(�t�/�t�o�)� �w�h�e�n�e�v�e�r� �n�e�c�e�s�s�a�r�y�.� 

� � 

� � 

� � 

� � 

� � 

� � 

�m�o�d�e�l� �£� �P�(�t�)� �p�(�T�)� �<�T�>� 

�C�o�l�e�-�C�o�l�e� �2�.�2�.�1�-�2� �2�.�3�.�2�.�-�8� �2�.�3�.�2�-�6� �-� 

�D�a�v�i�d�s�o�n�-�C�o�l�e� �2�.�2�.�2�-�]� �2�.�3�.�3�-�4� �2�.�3�.�3�-�3� �2�.�4�-�5� 

�H�a�v�r�i�l�i�a�k�-�N�e�g�a�m�i� �=� �2�.�.�2�.�3�-�1� �-� �2�.�3�.�4�-�1� �-� 

�K�W�W�w� �2�.�3�.�5�-�2� �2�.�3�.�5�-�1� �2�.�3�.�5�-�3� �2�.�4�-�8� 

�N�o�t�e�s�:� 
�N�u�m�b�e�r�s� �c�o�r�r�e�s�p�o�n�d� �t�o� �e�q�u�a�t�i�o�n� �n�u�m�b�e�r�s� �i�n� �C�h�a�p�t�e�r� �2�.� 

�@�(�t�)� �m�e�a�n�s� �-�d�@�(�t�)�/�d�t� �w�h�e�n�e�v�e�r� �n�e�c�e�s�s�a�r�y�.� 
�9�(�T�)� �m�e�a�n�s� �F�(�t�/�T�t�o�)� �w�h�e�n�e�v�e�r� �n�e�c�e�s�s�a�r�y�.� 
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�c�l�o�s�e�d� �a�n�a�l�y�t�i�c� �f�o�r�m�.� �F�o�r� �t�h�e� �m�e�a�n� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e�,� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �c�a�n� �b�e� �u�s�e�d� 

�w�h�e�r�e� 

�t� �c�a�n� �t�a�k�e� �a�n�y� �v�a�l�u�e� �f�r�o�m� �z�e�r�o� �t�o� �i�n�f�i�n�i�t�y�.� 

�1�1�)� �T�h�e� �D�a�v�i�d�s�o�n�-�C�o�l�e� �m�o�d�e�l� �p�r�e�s�u�m�e�s� �s�k�e�w�-�s�y�m�m�e�t�r�i�c� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �r�e�l�a�x�a�t�i�o�n� 

�t�i�m�e�s� �a�n�d� �p�o�s�s�e�s�s�e�s� �a� �w�e�l�l� �d�e�f�i�n�e�d� �t�i�m�e� �d�e�c�a�y�i�n�g� �f�u�n�c�t�i�o�n�.� �I�t�s� �d�i�s�t�r�i�b�u�t�i�o�n� �f�u�n�c�t�i�o�n� 

�d�i�c�t�a�t�e�s� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t�s� �n�o� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �w�h�i�c�h� �i�s� �b�i�g�g�e�r� �t�h�a�n� �T�o�,� �w�h�i�c�h� �s�e�e�m�s� �t�o� �l�a�c�k� �a� 

�l�i�t�t�l�e� �b�i�t� �o�f� �g�e�n�e�r�a�l�i�t�y�.� �M�e�a�n� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �i�s� �m�o�s�t� �s�i�m�p�l�y� �d�e�f�i�n�e�d�.� 

�i�i�i�)� �T�h�e� �H�a�v�r�i�l�i�a�k�-�N�e�g�a�m�i� �m�o�d�e�l� �i�s� �t�h�e� �g�e�n�e�r�a�l� �m�o�d�e�l� �w�h�i�c�h� �p�r�o�v�i�d�e�s� �t�h�e� �m�o�s�t� 

�f�r�e�e�d�o�m� �i�n� �t�h�e� �d�a�t�a� �f�i�t�t�i�n�g� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�.� �T�D�F� �a�n�d� �m�e�a�n� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �m�a�y� �b�e� 

�e�v�a�l�u�a�t�e�d� �u�s�i�n�g� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n�.� �A�t�t�e�m�p�t�s� �t�o� �d�e�r�i�v�e� �a�n�a�l�y�t�i�c� �e�x�p�r�e�s�s�i�o�n�s� �o�f� �T�D�F� 

�a�n�d� �m�e�a�n� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �s�e�e�m� �n�o�t� �t�o� �b�e� �o�f� �m�u�c�h� �p�r�a�c�t�i�c�a�l� �u�s�e� �n�o�t� �t�o� �m�e�n�t�i�o�n� �t�h�e� 

�m�a�t�h�e�m�a�t�i�c�a�l� �d�i�f�f�i�c�u�l�t�y�.� 

�i�v�)� �T�h�e� �K�W�W� �m�o�d�e�l� �i�s� �v�e�r�y� �d�i�f�f�i�c�u�l�t� �t�o� �u�s�e� �i�n� �t�h�e� �d�a�t�a� �f�i�t�t�i�n�g� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l� 

 ¬�(�w�)� �a�n�d�  ¬� �(�@�)�,� �a�l�t�h�o�u�g�h� �i�t� �i�s� �v�e�r�y� �c�o�n�v�e�n�i�e�n�t� �f�o�r� �t�r�a�n�s�i�e�n�t� �t�y�p�e� �e�x�p�e�r�i�m�e�n�t�s�.� �M�e�a�n� 

�r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �i�s� �d�e�r�i�v�e�d� �i�n� �c�l�o�s�e�d� �a�n�a�l�y�t�i�c� �f�o�r�m� �a�n�d� �D�F�R�T� �c�a�n� �c�o�v�e�r� �f�r�o�m� �a� �b�r�o�a�d� 

�a�l�m�o�s�t� �s�y�m�m�e�t�r�i�c� �d�i�s�t�r�i�b�u�t�i�o�n� �t�o� �a� �s�h�a�r�p� �a�s�y�m�m�e�t�r�i�c� �d�i�s�t�r�i�b�u�t�i�o�n� �w�i�t�h� �a� �s�i�n�g�l�e� �p�a�r�a�m�e�t�e�r� 

�B�.� 
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�C�h�a�p�t�e�r� �3�.� �I�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �D�i�e�l�e�c�t�r�i�c� �P�r�o�c�e�s�s�e�s� �i�n� �B�u�l�k� �P�o�l�y�m�e�r� 

�3�.�1� �D�i�p�o�l�e� �M�o�m�e�n�t� �A�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �F�u�n�c�t�i�o�n� 

�T�h�e� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �C�(�t�)� �o�f� �a� �p�h�y�s�i�c�a�l� �p�r�o�p�e�r�t�y� �A� �i�s� �g�e�n�e�r�a�l�l�y� �d�e�f�i�n�e�d� 

�a�s�4�3� 

�_� �<�A�(�Q�)�-�A�(�t�)�>� 

�<�A�(�0�)�-�A�(�O�)�>� 
�C�(�t�)� �E�q�.�(�3�.�1�-�1�)� 

�w�h�e�r�e� �A� �i�s� �a� �d�y�n�a�m�i�c� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �v�a�r�i�a�b�l�e�s� �o�f� �a� �g�i�v�e�n� �s�y�s�t�e�m�.� �T�h�e� �a�v�e�r�a�g�e� �i�s� �t�a�k�e�n� 

�o�v�e�r� �a�n� �e�n�s�e�m�b�l�e� �o�f� �s�y�s�t�e�m�s� �a�t� �t�h�e� �r�e�f�e�r�e�n�c�e� �t�i�m�e� �t� �=� �0�.� 

�I�n� �d�i�e�l�e�c�t�r�i�c� �a�n�a�l�y�s�i�s�,� �A� �i�s� �M�,� �w�h�i�c�h� �i�s� �t�h�e� �v�e�c�t�o�r�i�a�l� �s�u�m� �o�f� �b�o�t�h� �p�e�r�m�a�n�e�n�t� �a�n�d� �i�n�d�u�c�e�d� 

�m�o�m�e�n�t�s� �o�f� �a�l�l� �t�h�e� �d�i�p�o�l�e�s� �e�x�i�s�t�i�n�g� �i�n� �t�h�e� �s�y�s�t�e�m� �t�o� �b�e� �s�t�u�d�i�e�d�.�4�®� �I�f� �t�h�e� �s�y�s�t�e�m� �t�o� �b�e� 

�s�t�u�d�i�e�d� �i�s� �a� �p�o�l�y�m�e�r� �s�o�l�u�t�i�o�n�,� �M�(�t�)� �i�s� �t�h�e� �s�u�m� �o�f� �Q�j�(�t�)�,� �t�h�e� �p�e�r�m�a�n�e�n�t� �d�i�p�o�l�e� �m�o�m�e�n�t� �o�f� 

�t�h�e� �i�-�t�h� �c�h�a�i�n� �q�j�j�,� �t�h�e� �i�n�d�u�c�e�d� �d�i�p�o�l�e� �m�o�m�e�n�t� �o�f� �t�h�e� �j�-�t�h� �r�e�p�e�a�t�i�n�g� �u�n�i�t� �i�n� �i�-�t�h� �c�h�a�i�n�,� �a�n�d� 

�q�s�,� �t�h�e� �d�i�p�o�l�e� �m�o�m�e�n�t� �o�f� �t�h�e� �s�o�l�v�e�n�t�.� 

�M�H�=� �>� �Q�W�H�+�Y�,� �q�y�+�>�d�,� �a�s� 
�i� �i�j� 

�I�n� �t�h�e� �s�t�u�d�y� �o�f� �t�h�e� �d�i�p�o�l�e� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �b�u�l�k� �p�o�l�y�m�e�r�i�c� �s�y�s�t�e�m�s� �q�s� �a�n�d� �q�i�j� �w�h�i�c�h� �a�r�e� �t�i�m�e� 

�i�n�d�e�p�e�n�d�e�n�t�,� �a�r�e� �u�n�n�e�c�e�s�s�a�r�y�.� �S�i�n�c�e� �Q�j� �i�s� �t�h�e� �v�e�c�t�o�r� �s�u�m� �o�f� �t�h�e� �d�i�p�o�l�e� �m�o�m�e�n�t� �1�;� �o�f� �t�h�e� 

�r�e�p�e�a�t�i�n�g� �u�n�i�t�s�,� �i�t� �c�a�n� �b�e� �d�e�c�o�m�p�o�s�e�d� �i�n�t�o� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �p�a�r�a�l�l�e�l�,� �W�P�,� �a�n�d� 

�p�e�r�p�e�n�d�i�c�u�l�a�r�,� �1 ��,� �t�o� �t�h�e� �c�h�a�i�n� �c�o�n�t�o�u�r� �(�s�u�p�e�r�s�c�r�i�p�t� �v� �m�e�a�n�i�n�g� �"�v�e�r�t�i�c�a�l�"� �i�s� �u�s�e�d� �t�o� �a�v�o�i�d� 

�c�o�n�f�u�s�i�o�n� �w�i�t�h� �p� �m�e�a�n�i�n�g� �"�p�a�r�a�l�l�e�l�"�)� 

�Q�i�(�t�)� �=�D�)� �(�H�F�O� �H�j� �|� 
�j� 

�w�h�e�r�e� �[�1�;�;� �d�e�n�o�t�e�s� �t�h�e� �d�i�p�o�l�e� �m�o�m�e�n�t� �o�f� �t�h�e� �j�-�t�h� �r�e�p�e�a�t�i�n�g� �u�n�i�t� �i�n� �t�h�e� �i�-�t�h� �c�h�a�i�n�.� �H�e�n�c�e�,� 
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�<�Q�(�0�)�-�Q�i�(�0�>� �=� �D�d�,� �<�H�E�O�)�-�u�,�P� �O�>�+�d�)� �D�d�)� �<�u�h�O�)�-�u�i�e �� �(�O�>� 
�j�k� �j�k� �E�q�.�(�3�.�1�-�2�)� 

�+�2� �D�d� �<�M�j�O�u�j�e� �O�>�+�D�,� �D�,� �<�M� �O�v�e� �O�>� 
�j�k� �j� �o�k� 

�L�e�t� �b�j�j�(�t�)� �b�e� �t�h�e� �b�o�n�d� �v�e�c�t�o�r� �o�f� �t�h�e� �j�-�t�h� �r�e�p�e�a�t� �u�n�i�t� �o�f� �t�h�e� �i�-�t�h� �m�o�l�e�c�u�l�e�,� �t�h�e�n� �L�i� �(�t�)� �m�a�y� �b�e� 

�w�r�i�t�t�e�n� �a�s� 

�L�i� �(�t�)� �=� �b�;�(�t�)� 

�w�h�e�r�e� �l�i�s� �a� �c�o�n�s�t�a�n�t� �h�a�v�i�n�g� �t�h�e� �m�e�a�n�i�n�g� �o�f� �t�h�e� �p�a�r�a�l�l�e�l� �d�i�p�o�l�e� �m�o�m�e�n�t� �p�e�r� �u�n�i�t� �c�o�n�t�o�u�r� 

�l�e�n�g�t�h�.� �T�h�e�n�,� 

�d�X� �<�M� �O� �u�P� �O�>�=� �w�e�d� �Y� �<�d�j�O�)�-�d�x�(�)�>� 
�j�k� �j� �k� �J� 

�=� �p�?� �<�1�(�0�)�-�4�(�0�>� 
�s�i�n�c�e� �t�h�e� �e�n�d�-�t�o�-�e�n�d� �v�e�c�t�o�r� �r�;�(�t�)� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �v�e�c�t�o�r� �s�u�m� �o�f� �t�h�e� �b�o�n�d� �v�e�c�t�o�r�s�.� 

�I�f� �t�h�e� �c�r�o�s�s�-�t�e�r�m�s� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �n�e�g�l�i�g�i�b�l�e�,� 

�p�t�?� �<�r�,�(�0�)�-�1�,�(�t�)�>�+� �>�)� �>�)� �<�i�)� �(�>� 
�j�k� 

� � �C�(�t�)� �=� �E�q�.�(�3�.�1�-�3�)� 
�L�p�?� �<�x�(�0�)�1�(�0�)�>�+� �D�Y� �D�Y�)� �<�i�)�!� �(�O�)�>� 

�j�k� 

�T�h�e� �f�i�r�s�t� �t�e�r�m� �o�f� �E�q�.�(�3�.�1�-�3�)� �i�s� �t�h�e� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �f�o�r� �t�h�e� �n�o�r�m�a�l� �m�o�d�e� �p�r�o�c�e�s�s� 

�a�n�d� �t�h�e� �s�e�c�o�n�d� �i�s� �t�h�e� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �p�e�r�p�e�n�d�i�c�u�l�a�r� �c�o�m�p�o�n�e�n�t� �d�i�p�o�l�e� 

�m�o�m�e�n�t� �r�e�p�r�e�s�e�n�t�i�n�g� �s�e�g�m�e�n�t�a�l� �m�o�t�i�o�n�s�.� �S�i�n�c�e� �t�h�e� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e�s� �f�o�r� �t�h�e�s�e� �t�w�o� 

�c�o�m�p�o�n�e�n�t�s� �a�r�e� �w�e�l�l� �s�e�p�a�r�a�t�e�d�,� �C�(�t�)� �m�a�y� �b�e� �e�v�a�l�u�a�t�e�d� �f�r�o�m� �E�q�(�2�.�1�.�3�-�1�0�)� �f�o�r� �e�a�c�h� �p�r�o�c�e�s�s� 

�o�n�c�e� �C�(�t�)� �i�s� �e�q�u�a�t�e�d� �t�o� �@�(�t�)�.�4�6� 
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�T�h�e� �b�a�s�i�s� �o�f� �e�q�u�a�t�i�n�g� �m�a�c�r�o�s�c�o�p�i�c� �t�i�m�e� �d�e�c�a�y�i�n�g� �f�u�n�c�t�i�o�n� �t�o� �m�o�l�e�c�u�l�a�r� �l�e�v�e�l� 

�a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �o�r�i�g�i�n�a�t�e�s� �f�r�o�m� �G�l�a�r�u�m�,� �w�h�o�s�e� �w�o�r�k� �w�a�s� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� 

�K�u�b�o� �m�e�t�h�o�d� �f�o�r� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �r�e�l�a�x�a�t�i�o�n� �o�f� �r�i�g�i�d� �d�i�p�o�l�e�s�.� �H�i�s� �r�e�s�u�l�t� �f�o�r� �a� �l�i�q�u�i�d� 

�c�o�n�t�a�i�n�i�n�g� �o�n�l�y� �o�n�e� �t�y�p�e� �o�f� �d�i�p�o�l�e� �i�s� �e�x�p�r�e�s�s�e�d� �a�s�4�/� 

 ¬�'�(�W�)� �-� �&�,� �_� �3�¢�,� �4� �1� 
�e�e�,� �=� �[�1� �+�5�6� �+�6�,� �O�O�)� �-� �1�}�]� 

�G�(�@�)� �=� �|� �[�-� �e�t�a� �d�t� �E�q�.�(�3�.�1�-�4�)� 

�w�h�e�r�e� �I�(�t�)� �i�s� �t�h�e� �d�i�p�o�l�e� �c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �d�e�f�i�n�e�d� �a�s� 

�<�j�1�(�0�)�-�W�U�t�)�>� �T�(�t�)� �=� �2� 

�T�h�e� �f�a�c�t�o�r� �3 ¬�,� �/� �(�2 ¬�,� �+ ¬�,�,�)�,� �w�h�i�c�h� �l�i�e�s� �b�e�t�w�e�e�n� �1�.�0� �t�o� �1�.�5�,� �i�s� �d�u�e� �t�o� �l�o�c�a�l� �f�i�e�l�d� �e�f�f�e�c�t�s�.� 

�I�f� �[�(�t�)� �i�s� �g�i�v�e�n� �b�y� 

�T�(�t�)� �=� �e�x�p�[�-�t�/�T�n�i�c�r�o�]� �E�q�.�(�3�.�1�-�5�)� 

�E�q�.�(�3�.�1�-�4�)� �t�u�r�n�s� �i�n�t�o� �a� �f�a�m�i�l�i�a�r� �s�i�n�g�l�e� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �m�o�d�e�l� 

 ¬�°�(�W�)� �-� �&�.� �1� 
� � 

�E�s� �~� �a� �1�+�1�@�T�m�a�c�r�o� 

�w�h�e�r�e� �T�m�a�c�r�o� �=� �[�3 ¬�s� �/� �(�2 ¬�s� �-�E�.�.�)� �J�T�m�i�c�r�o�.� �T�h�i�s� �i�s� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �m�a�c�r�o�s�c�o�p�i�c� �a�n�d� 

�m�i�c�r�o�s�c�o�p�i�c� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e�.� �A�l�s�o�,� �i�f� �t�h�e� �i�n�t�e�r�n�a�l� �f�i�e�l�d� �f�a�c�t�o�r� �i�s� �s�e�t� �e�q�u�a�l� �t�o� �u�n�i�t�y�,� 

�E�q�.�(�3�.�1�-�4�)� �b�e�c�o�m�e�s� 

 ¬�'�(�W�)� �-�  ¬�,� �°� �.� �"�=� �|� �[�-� �S�W�i�e� �i�o� �d�t� �E�q�.�(�3�.�1�-�6�)� 

�5�0



�C�o�m�p�a�r�i�s�o�n� �o�f� �E�q�.�(�3�.�1�-�4�)� �a�n�d� �E�q�.�(�2�.�1�.�3�-�9�)� �r�e�s�u�l�t�s� �i�n� �T�(�t�)� �=� �@�(�t�)� �a�n�d� �t�h�e� �m�a�c�r�o�s�c�o�p�i�c� �t�i�m�e� 

�d�e�c�a�y�i�n�g� �f�u�n�c�t�i�o�n� �o�r� �r�e�s�p�o�n�s�e� �f�u�n�c�t�i�o�n� �i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �m�o�l�e�c�u�l�a�r� �l�e�v�e�l� �d�i�p�o�l�e� �m�o�m�e�n�t� 

�a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�.� �I�f� �t�h�e� �i�n�t�e�r�n�a�l� �f�i�e�l�d� �f�a�c�t�o�r� �i�s� �c�o�n�s�i�d�e�r�e�d�,� �t�h�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� 

�I�(�t�)� �a�n�d� �®�(�t�)� �b�e�c�o�m�e�s� �c�o�m�p�l�i�c�a�t�e�d�.� �H�o�w�e�v�e�r�,� �f�o�r� �a�p�p�r�o�x�i�m�a�t�e� �w�o�r�k�,� �i�t� �m�a�y� �b�e� �a�s�s�u�m�e�d� 

�a�g�a�i�n� �t�h�a�t� �i�n� �t�h�i�s� �c�a�s�e� �I�(�t�)� �=� �D�(�t�)�.� 

�A�S� �a� �s�u�m�m�a�r�y�,� �t�w�o� �a�s�s�u�m�p�t�i�o�n�s� �s�h�o�u�l�d� �b�e� �m�a�d�e� �f�o�r� �®�(�t�)�,� �t�h�e� �m�a�c�r�o�s�c�o�p�i�c� �t�i�m�e� 

�d�e�c�a�y�i�n�g� �f�u�n�c�t�i�o�n�,� �t�o� �b�e� �e�q�u�a�t�e�d� �t�o� �t�h�e� �m�o�l�e�c�u�l�a�r� �l�e�v�e�l� �d�i�p�o�l�e� �m�o�m�e�n�t� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� 

�f�u�n�c�t�i�o�n� �C�(�t�)� �f�o�r� �t�h�e� �c�h�a�i�n�-�l�i�k�e� �m�o�l�e�c�u�l�e�.� �F�i�r�s�t�,� �l�o�c�a�l� �f�i�e�l�d� �e�f�f�e�c�t�s� �s�h�o�u�l�d� �b�e� �n�e�g�l�e�c�t�e�d� 

�a�n�d� �s�e�c�o�n�d�,� �c�r�o�s�s� �i�n�t�e�r�a�c�t�i�o�n�s� �b�e�t�w�e�e�n� �d�i�p�o�l�e�s� �i�n� �t�h�e� �r�e�p�e�a�t�i�n�g� �u�n�i�t� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� 

�a�b�s�e�n�t�.� �O�n�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �e�x�a�m�p�l�e� �o�f� �t�h�e� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �a�p�p�r�o�a�c�h� �i�s� �t�h�e� �s�t�u�d�y� 

�o�f� �b�u�l�k� �p�o�l�y�i�s�o�p�r�e�n�e� �w�h�e�r�e� �t�h�e� �n�o�r�m�a�l� �m�o�d�e� �a�n�d� �t�h�e� �s�e�g�m�e�n�t�a�l� �m�o�d�e� �w�e�r�e� �s�e�p�a�r�a�b�l�e� �a�n�d� 

�t�h�e� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �c�o�u�l�d� �b�e� �c�a�l�c�u�l�a�t�e�d� �s�e�p�a�r�a�t�e�l�y� �f�o�r� �e�a�c�h� �m�o�d�e�.�4�8� 

�C�o�n�c�e�p�t�u�a�l�l�y�,� �t�h�e� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �i�s� �a� �m�a�t�h�e�m�a�t�i�c�a�l� �e�x�p�r�e�s�s�i�o�n� �o�f� �t�h�e� �t�i�m�e�-� 

�e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�e�r�t�u�r�b�a�t�i�o�n� �a�r�i�s�i�n�g� �f�r�o�m� �a�n� �i�n�i�t�i�a�l� �d�i�s�t�u�r�b�a�n�c�e� �o�f� �a� �d�i�p�o�l�e� �f�r�o�m� �i�t�s� 

�e�q�u�i�l�i�b�r�i�u�m� �o�r�i�e�n�t�a�t�i�o�n�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� �d�i�p�o�l�e� �m�o�m�e�n�t� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� 

�d�e�s�c�r�i�b�e�s� �t�h�e� �d�e�c�r�e�a�s�e� �o�f� �t�h�e� �p�r�o�j�e�c�t�i�o�n� �o�f� �t�h�e� �a�v�e�r�a�g�e� �d�i�p�o�l�e� �m�o�m�e�n�t� �t�o� �a�n� �o�r�i�g�i�n�a�l� 

�d�i�r�e�c�t�i�o�n� �a�s� �t�i�m�e� �p�a�s�s�e�s� �4�4�,�4�5� �T�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�e� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �a�p�p�r�o�a�c�h� 

�i�s� �t�h�a�t� �i�t� �r�e�l�a�t�e�s� �m�o�l�e�c�u�l�a�r� �l�e�v�e�l� �r�e�l�a�x�a�t�i�o�n� �p�a�r�a�m�e�t�e�r�s� �t�o� �m�a�c�r�o�s�c�o�p�i�c� �r�e�l�a�x�a�t�i�o�n� 

�p�a�r�a�m�e�t�e�r�s�.� 

�3�.�2� �F�r�e�q�u�e�n�c�y� �D�e�p�e�n�d�e�n�t� �C�o�n�d�u�c�t�i�v�i�t�y� 

�I�n� �a�n� �a�c�t�u�a�l� �d�i�e�l�e�c�t�r�i�c� �e�x�p�e�r�i�m�e�n�t�,� �i�t� �i�s� �p�r�a�c�t�i�c�a�l� �t�o� �c�o�n�s�i�d�e�r� �t�h�e� �s�a�m�p�l�e� �a�s� �a� 

�c�o�n�t�a�m�i�n�a�t�e�d� �m�i�x�t�u�r�e� �o�f� �p�o�l�y�m�e�r�i�c� �m�a�t�e�r�i�a�l� �t�o� �b�e� �a�n�a�l�y�z�e�d� �a�n�d� �u�n�w�a�n�t�e�d� �i�m�p�u�r�i�t�i�e�s� �s�u�c�h� 

�a�s� �c�o�n�d�u�c�t�i�n�g� �i�o�n�i�c� �s�p�e�c�i�e�s� �w�h�i�c�h� �m�i�g�h�t� �c�o�m�e� �f�r�o�m� �a� �c�a�t�a�l�y�s�t� �o�r� �a� �m�i�n�u�t�e� �a�m�o�u�n�t� �o�f� 

�w�a�t�e�r� �w�h�i�c�h� �h�a�s� �b�e�e�n� �i�n�c�o�r�p�o�r�a�t�e�d� �d�u�r�i�n�g� �s�a�m�p�l�e� �p�r�e�p�a�r�a�t�i�o�n�.� �I�t� �i�s� �w�e�l�l� �k�n�o�w�n� �t�h�a�t� 
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�h�u�m�i�d� �a�i�r� �s�u�r�r�o�u�n�d�i�n�g� �t�h�e� �p�l�a�c�e� �o�f� �a�n� �e�x�p�e�r�i�m�e�n�t� �p�l�a�y�s� �a� �s�i�g�n�i�f�i�c�a�n�t� �r�o�l�e� �i�n� �t�h�e� 

�a�c�q�u�i�s�i�t�i�o�n� �o�f� �d�e�c�e�n�t� �d�a�t�a�.� �A�s� �s�u�c�h�,� �t�h�e� �s�a�m�p�l�e� �m�i�g�h�t� �b�e� �t�h�o�u�g�h�t� �o�f� �a�s� �a� �h�e�t�e�r�o�g�e�n�e�o�u�s� 

�d�i�e�l�e�c�t�r�i�c�.� �F�o�r� �s�u�c�h� �m�a�t�e�r�i�a�l�,� �p�o�l�a�r�i�z�a�t�i�o�n� �o�c�c�u�r�s� �a�s� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �a�c�c�u�m�u�l�a�t�i�o�n� �o�f� �v�i�r�t�u�a�l� 

�c�h�a�r�g�e� �a�t� �t�h�e� �i�n�t�e�r�f�a�c�e� �o�f� �t�w�o� �m�e�d�i�a� �h�a�v�i�n�g� �d�i�f�f�e�r�e�n�t� �p�e�r�m�i�t�t�i�v�i�t�i�e�s� �a�n�d�/�o�r� �c�o�n�d�u�c�t�i�v�i�t�i�e�s�.� 

�T�h�e� �s�i�m�p�l�e�s�t� �m�o�d�e�l� �o�f� �t�h�i�s� �i�s� �a� �m�e�d�i�u�m� �h�a�v�i�n�g� �t�w�o� �l�a�y�e�r�s� �o�f� �p�e�r�m�i�t�t�i�v�i�t�i�e�s� �E�;� �a�n�d� �E�>� �a�n�d� 

�c�o�n�d�u�c�t�i�v�i�t�i�e�s� �0�;� �a�n�d� �0�7� �r�e�s�p�e�c�t�i�v�e�l�y�.� �A�c�c�o�r�d�i�n�g� �t�o� �v�a�n� �B�e�e�k�4�9�,� �t�h�e� �f�r�e�q�u�e�n�c�y� 

�d�e�p�e�n�d�e�n�c�e� �o�f� �t�h�e� �l�o�s�s� �p�e�r�m�i�t�t�i�v�i�t�y� �o�f� �t�h�e� �c�o�m�p�o�s�i�t�e� �s�y�s�t�e�m� �i�s� �e�x�p�r�e�s�s�e�d� �a�s� 
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�d�j�,� �d�2� �a�r�e� �t�h�e� �t�h�i�c�k�n�e�s�s� �f�o�r� �l�a�y�e�r�s� �1� �a�n�d� �2�.� �d�=�d�j�]� �+�d�?�.� 

�I�n� �E�q�.�(�3�.�2�-�1�)�,� �t�h�e� �a�p�p�e�a�r�a�n�c�e� �o�f� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t� �c�o�n�d�u�c�t�i�v�i�t�y� �i�s� �t�o� �b�e� �n�o�t�e�d�.� 

�U�s�u�a�l�l�y� �t�h�i�s� �e�f�f�e�c�t� �i�s� �o�b�s�e�r�v�e�d� �i�n� �t�h�e� �s�t�e�e�p� �r�i�s�e� �o�f�  ¬� �a�t� �l�o�w� �f�r�e�q�u�e�n�c�i�e�s� �o�r� �a�t� �h�i�g�h� 

�t�e�m�p�e�r�a�t�u�r�e�s�.� 

�A�l�s�o� �t�h�e�r�e� �i�s� �a� �g�e�n�e�r�a�l� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t� �c�o�n�d�u�c�t�i�v�i�t�y� �o�f� 
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� � �e�'�(�@�)� �=�  ��2�0� �E�q�.�(�3�.�2�-�2�)� 

�w�h�e�r�e� �O�g� �a�n�d� �s� �a�r�e� �f�i�t�t�i�n�g� �p�a�r�a�m�e�t�e�r�s�.�.� �I�n� �c�e�r�t�a�i�n� �c�a�s�e�s�,� �b�o�t�h� �E�q�.�(�3�.�2�-�1�)� �a�n�d� �E�q�.�(�3�.�2�-�2�)� 

�a�r�e� �c�o�n�s�i�d�e�r�e�d� �f�o�r� �t�h�e� �f�i�t�t�i�n�g� �o�f�  ¬� �(�@�)� �t�o� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �m�o�d�e�l� �o�f� �c�h�o�i�c�e�,�>�!� �a�n�d� �t�h�e� �b�a�s�i�s� 

�o�f� �s�u�c�h� �a�n� �a�p�p�r�o�a�c�h� �i�s� �t�h�a�t� �t�h�e� �p�o�w�e�r� �l�a�w� �b�e�h�a�v�i�o�r� �o�v�e�r� �m�a�n�y� �d�e�c�a�d�e�s� �o�f� �f�r�e�q�u�e�n�c�y� �i�s� 

�t�y�p�i�c�a�l� �f�o�r� �a� �w�i�d�e� �v�a�r�i�e�t�y� �o�f� �d�i�f�f�e�r�e�n�t� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �m�e�c�h�a�n�i�s�m�s�.�»�2�\� 

�3�.�3� �A�c�c�e�p�t�e�d� �I�n�t�e�r�p�r�e�t�a�t�i�o�n�s� 

�3�.�3�.�1� �C�o�o�p�e�r�a�t�i�v�e� �D�i�p�o�l�a�r� �R�e�l�a�x�a�t�i�o�n� 

�A� �m�a�j�o�r� �f�e�a�t�u�r�e� �o�f� �a�m�o�r�p�h�o�u�s� �o�r� �p�a�r�t�i�a�l�l�y� �c�r�y�s�t�a�l�l�i�n�e� �p�o�l�y�m�e�r�i�c� �m�a�t�e�r�i�a�l� �i�s� �t�h�e� 

�g�l�a�s�s� �t�r�a�n�s�i�t�i�o�n�.� �I�t� �i�s� �g�e�n�e�r�a�l�l�y� �a�c�c�e�p�t�e�d� �t�o� �a�t�t�r�i�b�u�t�e� �T�g� �t�o� �a� �m�a�j�o�r� �c�h�a�n�g�e� �i�n� �t�h�e� 

�s�e�g�m�e�n�t�a�l� �m�o�b�i�l�i�t�y� �o�f� �p�o�l�y�m�e�r� �c�h�a�i�n�s�.� �A�b�o�v�e� �T�g�,� �t�h�e�r�e� �i�s� �s�u�f�f�i�c�i�e�n�t� �c�h�a�i�n� �m�o�b�i�l�i�t�y� �d�u�e� 

�t�o� �m�i�c�r�o�-�B�r�o�w�n�i�a�n� �m�o�t�i�o�n� �t�o� �e�n�a�b�l�e� �l�a�r�g�e�-�s�c�a�l�e� �r�e�o�r�g�a�n�i�z�a�t�i�o�n� �o�f� �t�h�e� �c�h�a�i�n�s�.� �I�n� �o�t�h�e�r� 

�w�o�r�d�s�,� �a�n� �o�b�s�e�r�v�e�d� �T�g� �i�s� �t�h�a�t� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �w�h�i�c�h� �t�h�e� �t�i�m�e� �c�o�n�s�t�a�n�t� �f�o�r� �a� �m�o�l�e�c�u�l�a�r� 

�r�e�a�r�r�a�n�g�e�m�e�n�t� �p�r�o�c�e�s�s� �b�e�c�o�m�e�s� �c�o�m�p�a�r�a�b�l�e� �t�o� �t�h�e� �t�i�m�e� �s�c�a�l�e� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�.� �A�t� �T�g�,� 

�p�e�r�m�a�n�e�n�t� �d�i�p�o�l�e�s� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �p�o�l�y�m�e�r� �b�a�c�k�b�o�n�e� �t�e�n�d�s� �t�o� �o�r�i�e�n�t� �t�h�e�m�s�e�l�v�e�s� �i�n� �a�n� 

�e�l�e�c�t�r�i�c� �f�i�e�l�d� �a�n�d� �t�h�e� �g�l�a�s�s� �t�r�a�n�s�i�t�i�o�n� �i�s� �a�c�c�o�m�p�a�n�i�e�d� �b�y� �a� �m�a�j�o�r� �d�i�e�l�e�c�t�r�i�c� �d�i�s�p�e�r�s�i�o�n�.� 

�A�l�s�o� �f�r�e�e� �v�o�l�u�m�e� �i�n�c�r�e�a�s�e�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�n�d� �t�h�i�s� �p�r�o�v�i�d�e�s� �a� �v�a�c�a�n�t� �s�i�t�e� �f�o�r� �t�h�e� �m�o�l�e�c�u�l�a�r� 

�s�e�g�m�e�n�t� �t�o� �m�o�v�e� �i�n�.� �F�o�r� �t�h�i�s� �f�r�e�e� �v�o�l�u�m�e� �d�r�i�v�e�n� �p�r�o�c�e�s�s�,� �t�h�e� �w�e�l�l� �k�n�o�w�n� �W�L�F� 

�(�W�i�l�l�i�a�m�s�,� �L�a�n�d�e�l�,� �a�n�d� �F�e�r�r�y�)� �e�q�u�a�t�i�o�n� �i�s� �a�p�p�l�i�c�a�b�l�e�.�5�3� 

�l�o�g�a�r� �=� �l�o�g� �t�-�=�-� �C�i�s�)� �E�q�.�(�3�.�3�-�1� 
�T�r�g� �C�o�+�T�-�T�g� �a�.�(� �)� 

�w�h�e�r�e� �C�j� �a�n�d� �C�2� �a�r�e� �u�n�i�v�e�r�s�a�l� �c�o�n�s�t�a�n�t�s� �a�n�d� �a�r�y� �i�s� �t�h�e� �s�h�i�f�t� �f�a�c�t�o�r�.� 

�3�.�3�.�2� �S�e�c�o�n�d�a�r�y� �D�i�p�o�l�a�r� �R�e�l�a�x�a�t�i�o�n� 

�5�3



�W�h�e�n� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �i�s� �s�c�a�n�n�e�d� �f�r�o�m� �l�o�w� �t�o� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e�,� �m�o�l�e�c�u�l�a�r� 

�m�o�b�i�l�i�t�i�e�s� �o�f� �v�a�r�i�o�u�s� �t�y�p�e�s� �b�e�c�o�m�e� �s�u�c�c�e�s�s�i�v�e�l�y� �e�n�e�r�g�i�z�e�d� �a�n�d� �a�v�a�i�l�a�b�l�e� �f�o�r� �d�i�p�o�l�a�r� 

�o�r�i�e�n�t�a�t�i�o�n�.� �B�y� �c�o�n�v�e�n�t�i�o�n� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �r�e�l�a�x�a�t�i�o�n� �p�r�o�c�e�s�s�e�s� �a�r�e� �l�a�b�e�l�e�d� �a�s� �a�,� �B�.�.� �a�n�d� �s�o� 

�o�n�,� �b�e�g�i�n�n�i�n�g� �f�r�o�m� �t�h�e� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e� �e�n�d�.� �T�h�e� �s�a�m�e� �r�e�l�a�x�a�t�i�o�n� �p�r�o�c�e�s�s�e�s� �a�r�e� 

�g�e�n�e�r�a�l�l�y� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �d�i�s�p�e�r�s�i�o�n�s� �i�n� �m�e�c�h�a�n�i�c�a�l� �p�r�o�p�e�r�t�i�e�s�,� �t�o�o�,� �a�l�t�h�o�u�g�h� �a� �p�a�r�t�i�c�u�l�a�r� 

�m�o�l�e�c�u�l�a�r� �r�e�a�r�r�a�n�g�e�m�e�n�t� �p�r�o�c�e�s�s� �m�a�y� �p�r�o�d�u�c�e� �a� �s�t�r�o�n�g�e�r� �d�i�e�l�e�c�t�r�i�c� �e�f�f�e�c�t� �t�h�a�n� 

�m�e�c�h�a�n�i�c�a�l� �e�f�f�e�c�t�,� �o�r� �v�i�c�e� �v�e�r�s�a�.� �O�n�e� �g�o�o�d� �e�x�a�m�p�l�e� �i�s� �w�a�t�e�r�.� �T�h�e� �s�t�r�o�n�g� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� 

�d�u�e� �t�o� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �w�a�t�e�r� �i�n� �d�i�e�l�e�c�t�r�i�c� �t�h�e�r�m�a�l� �a�n�a�l�y�s�i�s� �d�o�e�s� �n�o�t� �c�o�n�t�r�i�b�u�t�e� �t�o� �t�h�e� 

�a�b�s�o�r�p�t�i�o�n� �o�f� �m�e�c�h�a�n�i�c�a�l� �e�n�e�r�g�y�.� 

�S�o�m�e� �p�o�l�y�m�e�r�s� �a�r�e� �w�h�o�l�l�y� �a�m�o�r�p�h�o�u�s� �a�n�d� �t�h�e�r�e� �i�s� �o�n�l�y� �o�n�e� �p�h�a�s�e� �p�r�e�s�e�n�t� �i�n� �t�h�e� �b�u�l�k� 

�m�a�t�e�r�i�a�l�.� �I�n� �s�u�c�h� �c�a�s�e�s� �t�h�e�r�e� �m�i�g�h�t� �b�e� �a�t� �l�e�a�s�t� �o�n�e� �l�o�w� �t�e�m�p�e�r�a�t�u�r�e� �s�u�b�s�i�d�i�a�r�y� �(�B�,� �y�,� �e�t�c�.� �)� 

�r�e�l�a�x�a�t�i�o�n�.� �F�o�r� �t�h�e� �B� �p�r�o�c�e�s�s�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�e�c�h�a�n�i�s�m�s� �h�a�v�e� �b�e�e�n� �p�o�s�t�u�l�a�t�e�d�.� 

�(�a�)� �R�o�t�a�t�i�o�n� �o�f� �a� �s�i�d�e� �g�r�o�u�p� �a�b�o�u�t� �a� �C�-�C� �b�o�n�d� 

�(�b�)� �C�o�n�f�o�r�m�a�t�i�o�n�a�l� �f�l�i�p� �o�f� �a� �c�y�c�l�i�c� �u�n�i�t� 

�(�c�)� �L�o�c�a�l� �m�o�t�i�o�n� �o�f� �a� �s�e�g�m�e�n�t� �o�f� �t�h�e� �m�a�i�n� �c�h�a�i�n� 

�F�o�r� �a� �B� �p�r�o�c�e�s�s�,� �t�h�e�r�e� �i�s� �a� �t�e�n�d�e�n�c�y� �f�o�r� �t�h�e� �l�o�s�s� �i�n�t�e�n�s�i�t�y� �t�o� �i�n�c�r�e�a�s�e� �w�i�t�h� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e�,� 

�i�m�p�l�y�i�n�g� �t�h�a�t� �t�h�e� �n�u�m�b�e�r� �o�f� �d�i�p�o�l�e�s� �p�a�r�t�i�c�i�p�a�t�i�n�g� �i�n� �t�h�e� �B�-�t�r�a�n�s�i�t�i�o�n� �b�e�c�o�m�e�s� �g�r�e�a�t�e�r� �o�r� 

�t�h�a�t� �t�h�e�y� �a�r�e� �l�e�s�s� �r�e�s�t�r�i�c�t�e�d� �a�t� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e�s�.�2�4� 

�3�.�3�.�3� �C�r�y�s�t�a�l�l�i�n�e� �P�h�a�s�e� �A�s�s�o�c�i�a�t�e�d� �T�r�a�n�s�i�t�i�o�n� 

�A�s� �t�h�e� �a�m�o�r�p�h�o�u�s� �a�n�d� �c�r�y�s�t�a�l�l�i�n�e� �p�h�a�s�e�s� �a�r�e� �n�o�t� �a�s� �c�l�e�a�r�l�y� �d�e�f�i�n�e�d� �i�n� �p�o�l�y�m�e�r�s� �a�s� 

�i�n� �s�m�a�l�l� �m�o�l�e�c�u�l�e�s�,� �i�t� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �d�e�c�i�d�e� �w�h�i�c�h� �t�r�a�n�s�i�t�i�o�n�s� �b�e�l�o�n�g� �t�o� �w�h�i�c�h� �p�h�a�s�e�.� �I�t� �i�s� 

�c�o�n�s�i�d�e�r�e�d� �t�h�a�t� �t�r�a�n�s�i�t�i�o�n�s� �w�h�i�c�h� �a�r�e� �a�p�p�r�e�c�i�a�b�l�y� �i�n�c�r�e�a�s�e�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �c�r�y�s�t�a�l�l�i�n�i�t�y�,� 

�c�r�y�s�t�a�l� �f�o�r�m� �o�r� �s�i�z�e� �b�e�l�o�n�g� �t�o� �t�h�e� �c�r�y�s�t�a�l�l�i�n�e� �p�h�a�s�e�.� �A�t� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �l�a�m�e�l�l�a�e�,� �t�h�e� 

�m�o�b�i�l�i�t�y� �o�f� �t�h�e� �c�h�a�i�n� �s�e�g�m�e�n�t�s� �i�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�a�t� �o�f� �t�h�e� �a�m�o�r�p�h�o�u�s� �r�e�g�i�o�n�.� �T�h�u�s�,� �t�h�e� 

�t�r�a�n�s�i�t�i�o�n� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �s�u�r�f�a�c�e� �g�r�o�u�p�s� �o�f� �t�h�e� �l�a�m�e�l�l�a�e� �w�i�l�l� �b�e� 

�5�4



�c�o�n�s�i�d�e�r�e�d� �a�s� �a� �c�r�y�s�t�a�l�l�i�n�e� �t�r�a�n�s�i�t�i�o�n� �a�s� �i�t� �i�s� �h�i�g�h�l�y� �i�n�c�r�e�a�s�e�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �c�r�y�s�t�a�l�l�i�n�i�t�y�.� 

�I�t� �i�s� �b�e�l�i�e�v�e�d� �t�h�a�t� �m�e�c�h�a�n�i�c�a�l� �o�r� �d�i�e�l�e�c�t�r�i�c� �t�r�a�n�s�i�t�i�o�n�s� �a�r�e� �n�o�t� �e�x�p�e�c�t�e�d� �t�o� �o�c�c�u�r� �i�n� �p�e�r�f�e�c�t� 

�c�r�y�s�t�a�l�s�.� �T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �f�a�c�t� �t�h�a�t� �s�o�m�e� �t�r�a�n�s�i�t�i�o�n�s� �a�r�e� �s�t�r�o�n�g�l�y� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� 

�c�r�y�s�t�a�l�l�i�n�i�t�y� �1�s� �a�t�t�r�i�b�u�t�e�d� �t�o� �l�o�c�a�l� �m�o�t�i�o�n� �a�t� �d�i�s�l�o�c�a�t�i�o�n� �a�n�d� �d�e�f�e�c�t�s�.�5�°� 

�5�5



�C�h�a�p�t�e�r� �4�.� �M�o�d�e�l�i�n�g� �o�f� �D�i�e�l�e�c�t�r�i�c� �R�e�l�a�x�a�t�i�o�n� �P�r�o�c�e�s�s�e�s� 

�4�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�T�h�r�o�u�g�h� �p�r�o�p�e�r� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �p�e�r�m�i�t�t�i�v�i�t�y� �d�a�t�a�,� �i�m�p�o�r�t�a�n�t� 

�v�i�s�c�o�e�l�a�s�t�i�c� �p�a�r�a�m�e�t�e�r�s� �s�u�c�h� �a�s� �t�h�e� �m�e�a�n� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �a�t� �g�i�v�e�n� �t�e�m�p�e�r�a�t�u�r�e� �c�a�n� �b�e� 

�r�e�a�d�i�l�y� �o�b�t�a�i�n�e�d�.� �S�o� �f�a�r�,� �m�o�s�t� �o�f� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �s�t�u�d�y� �o�f� �r�e�l�a�x�a�t�i�o�n� �p�a�r�a�m�e�t�e�r�s� �w�a�s� �d�o�n�e� 

�b�y� �a�n�a�l�y�z�i�n�g� �f�r�e�q�u�e�n�c�y� �p�l�a�n�e� �d�a�t�a�.� �B�y� �a�n�a�l�y�z�i�n�g� �f�r�e�q�u�e�n�c�y� �p�l�a�n�e� �d�a�t�a�,� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� 

�r�e�l�a�x�a�t�i�o�n� �p�a�r�a�m�e�t�e�r�s� �c�o�u�l�d� �b�e� �r�e�a�d�i�l�y� �r�e�l�a�t�e�d� �t�o� �a� �m�o�l�e�c�u�l�a�r� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �e�s�p�e�c�i�a�l�l�y� 

�w�h�e�n� �t�h�e� �s�y�s�t�e�m� �t�o� �b�e� �s�t�u�d�i�e�d� �i�s� �m�o�n�o�d�i�s�p�e�r�s�e�,� �a�n� �a�m�o�r�p�h�o�u�s� �s�i�n�g�l�e� �p�h�a�s�e� �w�i�t�h� �a� �s�u�b�-� 

�a�m�b�i�e�n�t� �T�g�;� �h�e�n�c�e� �n�o�t� �s�u�b�j�e�c�t� �t�o� �p�h�y�s�i�c�a�l� �a�g�i�n�g� �a�t� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e�.� �H�o�w�e�v�e�r�,� �o�f�t�e�n� �t�h�e� 

�d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �t�r�a�n�s�i�t�i�o�n� �i�s� �c�o�m�p�o�s�e�d� �o�f� �c�l�o�s�e�l�y� �a�s�s�o�c�i�a�t�e�d� �m�u�l�t�i�p�l�e� �p�e�a�k�s�.� �C�l�o�s�e�l�y� 

�a�s�s�o�c�i�a�t�e�d� �m�u�l�t�i�p�l�e� �g�l�a�s�s� �t�r�a�n�s�i�t�i�o�n�s� �a�r�e� �a�c�c�e�p�t�e�d� �f�o�r� �c�e�r�t�a�i�n� �t�y�p�e�s� �o�f� �c�o�p�o�l�y�m�e�r�s� �a�n�d� 

�b�l�e�n�d�s�,� �y�e�t� �t�h�e�i�r� �a�p�p�e�a�r�a�n�c�e� �i�n� �h�o�m�o�p�o�l�y�m�e�r� �s�a�m�p�l�e�s� �h�a�s� �b�e�e�n� �m�o�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �e�x�p�l�a�i�n�.� 

�C�l�o�s�e�l�y� �a�s�s�o�c�i�a�t�e�d� �m�u�l�t�i�p�l�e� �t�r�a�n�s�i�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �s�p�e�c�u�l�a�t�e�d� �t�o� �o�c�c�u�r� �d�u�e� �t�o� �s�e�g�m�e�n�t�a�l� 

�c�o�o�p�e�r�a�t�i�o�n� �o�f� �d�o�m�a�i�n� �s�i�z�e�s� �a�b�o�v�e� �a�n�d� �b�e�l�o�w� �t�h�e� �c�r�i�t�i�c�a�l� �e�n�t�a�n�g�l�e�m�e�n�t� �m�o�l�e�c�u�l�a�r� 

�w�e�i�g�h�t�>�9�,� �c�o�p�o�l�y�m�e�r� �c�o�m�p�o�s�i�t�i�o�n�a�l� �v�a�r�i�a�n�c�e�s�»�/�,� �a�n�d� �t�h�e� �s�i�m�u�l�t�a�n�e�o�u�s� �p�r�e�s�e�n�c�e� �o�f� �m�o�r�e� 

�t�h�a�n� �o�n�e� �c�r�y�s�t�a�l�l�i�n�e� �f�o�r�m� �i�n� �t�h�e� �s�a�m�p�l�e�.�9�8� �W�h�e�n� �c�l�o�s�e�l�y� �a�s�s�o�c�i�a�t�e�d� �m�u�l�t�i�p�l�e� �r�e�l�a�x�a�t�i�o�n� 

�p�e�a�k�s� �a�r�e� �p�r�e�s�e�n�t�,� �i�t� �i�s� �v�e�r�y� �h�a�r�d� �t�o� �o�b�s�e�r�v�e� �a�l�l� �m�u�l�t�i�p�l�e� �t�r�a�n�s�i�t�i�o�n�s� �w�i�t�h�i�n� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� 

�f�r�e�q�u�e�n�c�y� �w�i�n�d�o�w� �a�v�a�i�l�a�b�l�e� �i�n� �o�n�e� �t�y�p�e� �o�f� �m�e�a�s�u�r�i�n�g� �a�p�p�a�r�a�t�u�s�.� �A�l�s�o�,� �f�i�n�d�i�n�g� �t�h�e� �p�r�o�p�e�r� 

�i�s�o�t�h�e�r�m�a�l�]� �t�e�m�p�e�r�a�t�u�r�e� �f�o�r� �a� �f�r�e�q�u�e�n�c�y� �s�w�e�e�p� �e�x�p�e�r�i�m�e�n�t� �b�e�c�o�m�e�s� �d�i�f�f�i�c�u�l�t� �i�f� �t�h�e� �s�a�m�p�l�e� 

�n�e�e�d�s� �a� �t�i�m�e� �d�e�p�e�n�d�e�n�t� �s�t�u�d�y� �w�i�t�h� �a� �l�i�m�i�t�e�d� �a�m�o�u�n�t� �o�f� �s�a�m�p�l�e�.� �E�x�p�e�r�i�m�e�n�t�a�l�l�y� �w�h�e�n� 

�m�u�l�t�i�p�l�e� �d�i�e�l�e�c�t�r�i�c� �r�e�l�a�x�a�t�i�o�n�s� �a�r�e� �e�n�c�o�u�n�t�e�r�e�d�,� �c�h�a�n�g�i�n�g� �t�h�e� �t�e�s�t� �f�r�e�q�u�e�n�c�y� �t�o� �e�x�t�r�e�m�e� 

�h�i�g�h� �o�r� �l�o�w� �s�i�d�e�s� �o�f�t�e�n� �e�n�a�b�l�e�s� �o�n�e� �t�o� �r�e�s�o�l�v�e� �t�h�e� �m�u�l�t�i�p�l�e� �c�u�r�v�e�s�.� �H�o�w�e�v�e�r�,� �b�y� �t�h�a�t� 

�t�i�m�e�,� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �r�a�n�g�e� �o�f� �a�n� �i�n�d�i�v�i�d�u�a�l�l�y� �r�e�s�o�l�v�e�d� �r�e�l�a�x�a�t�i�o�n� �p�e�a�k� �s�h�i�f�t�s� �o�u�t� �o�f� �t�h�e� 
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�t�e�m�p�e�r�a�t�u�r�e� �r�a�n�g�e� �b�e�i�n�g� �i�n�v�e�s�t�i�g�a�t�e�d� �a�n�d� �i�t� �i�s� �n�o�t� �f�e�a�s�i�b�l�e� �t�o� �o�b�t�a�i�n� �r�e�l�a�x�a�t�i�o�n� �p�a�r�a�m�e�t�e�r�s� 

�a�t� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �i�n�t�e�r�e�s�t�.� 

�R�e�c�e�n�t�l�y� �R�o�t�t�e�r� �a�n�d� �I�s�h�i�d�a�>�?� �u�s�e�d� �c�u�r�v�e�-�f�i�t�t�i�n�g� �t�e�c�h�n�i�q�u�e�s� �t�o� �r�e�s�o�l�v�e� �m�u�l�t�i�p�l�e� 

�p�e�a�k�s� �i�n� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �p�l�a�n�e� �a�n�d� �t�h�e�y� �f�o�u�n�d� �t�h�a�t� �t�h�e� �G�a�u�s�s�i�a�n� �l�i�n�e� �s�h�a�p�e� �w�a�s� �i�n�t�r�i�n�s�i�c� 

�t�o� �t�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �c�o�m�p�o�n�e�n�t�s� �w�h�i�c�h� �c�o�n�s�t�i�t�u�t�e� �t�h�e� �l�o�s�s� �s�p�e�c�t�r�u�m�.� �T�h�i�s� �c�o�n�c�e�p�t� �w�a�s� 

�t�e�s�t�e�d� �i�n� �d�y�n�a�m�i�c� �m�e�c�h�a�n�i�c�a�l�,� �d�i�l�a�t�o�m�e�t�r�y�,� �t�o�r�s�i�o�n� �b�r�a�i�d�,� �t�o�r�s�i�o�n� �p�e�n�d�u�l�u�m�,� �a�n�d� �d�i�e�l�e�c�t�r�i�c� 

�t�h�e�r�m�a�l� �a�n�a�l�y�s�i�s�.� �T�h�e�y� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �c�u�r�v�e� �r�e�s�o�l�v�i�n�g� �m�u�l�t�i�p�l�e� �r�e�l�a�x�a�t�i�o�n� �p�e�a�k�s� �i�n� �t�h�e� 

�t�e�m�p�e�r�a�t�u�r�e� �p�l�a�n�e� �w�i�t�h� �a� �G�a�u�s�s�i�a�n� �p�e�a�k� �w�a�s� �v�e�r�y� �u�s�e�f�u�l�,� �a�t� �l�e�a�s�t�,� �i�n� �a�n� �e�m�p�i�r�i�c�a�l� �s�e�n�s�e�,� �t�o� 

�h�a�v�e� �q�u�a�l�i�t�a�t�i�v�e� �i�n�s�i�g�h�t�s� �i�n�t�o� �t�h�e� �b�l�e�n�d�i�n�g� �o�f� �c�o�m�p�a�t�i�b�l�e� �p�o�l�y�m�e�r�s� �a�n�d� �t�h�e� �m�a�n�i�f�e�s�t�a�t�i�o�n� 

�o�f� �c�r�y�s�t�a�l�l�i�n�i�t�y� �e�f�f�e�c�t�s� �o�n� �t�h�e� �g�l�a�s�s� �t�r�a�n�s�i�t�i�o�n�.� �B�a�s�e�d� �o�n� �R�o�t�t�e�r� �a�n�d� �I�s�h�i�d�a�'�s� �w�o�r�k�,� 

�q�u�a�n�t�i�t�a�t�i�v�e� �a�n�a�l�y�s�i�s� �w�h�i�c�h� �p�r�e�s�u�m�e�s� �G�a�u�s�s�i�a�n� �t�y�p�e� �l�o�s�s� �p�e�a�k� �i�n� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �p�l�a�n�e� �o�f� 

�d�i�e�l�e�c�t�r�i�c� �d�a�t�a� �c�a�n� �b�e� �a�t�t�e�m�p�t�e�d�.� �T�h�i�s� �a�t�t�e�m�p�t� �m�i�g�h�t� �b�e� �u�s�e�f�u�l� �i�n� �u�n�d�e�r�s�t�a�n�d�i�n�g� �t�h�e� 

�r�e�l�a�x�a�t�i�o�n� �b�e�h�a�v�i�o�r� �o�f� �b�i�n�a�r�y� �b�l�e�n�d�s� �w�h�i�c�h� �a�r�e� �m�i�s�c�i�b�l�e� �o�r� �p�a�r�t�i�a�l�l�y� �m�i�s�c�i�b�l�e� �a�s� �w�e�l�l� �a�s� 

�c�l�o�s�e�l�y� �a�s�s�o�c�i�a�t�e�d� �m�u�l�t�i�p�l�e� �r�e�l�a�x�a�t�i�o�n�s� �a�r�i�s�i�n�g� �f�r�o�m� �t�h�e� �h�o�m�o�p�o�l�y�m�e�r�.� �E�s�p�e�c�i�a�l�l�y�,� �t�h�e� 

�e�m�p�i�r�i�c�a�l� �f�o�r�m�a�l�i�s�m� �m�o�d�e�l�e�d� �h�e�r�e� �p�r�o�v�i�d�e�s� �t�h�e� �m�e�a�n� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �a�t� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� 

�o�f� �i�n�t�e�r�e�s�t� �a�n�d� �d�o�e�s� �n�o�t� �i�n�t�r�o�d�u�c�e� �n�e�w� �p�a�r�a�m�e�t�e�r�s� �o�t�h�e�r� �t�h�a�n� �w�h�a�t� �c�o�m�e�s� �f�r�o�m� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�.� �F�r�o�m� �a�n� �e�n�g�i�n�e�e�r�i�n�g� �p�o�i�n�t� �o�f� �v�i�e�w�,� �t�o�u�g�h�e�n�i�n�g� �b�r�i�t�t�l�e� �p�l�a�s�t�i�c�s� �w�i�t�h� �o�t�h�e�r� 

�p�o�l�y�m�e�r�s� �w�h�i�c�h� �p�o�s�s�e�s�s� �h�i�g�h� �c�h�a�i�n� �m�o�b�i�l�i�t�y� �a�t� �/� �b�e�l�o�w� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �o�f�t�e�n� �a�n� 

�a�t�t�r�a�c�t�i�v�e� �r�o�u�t�e�.� �I�n� �t�h�i�s� �c�a�s�e�,� �c�l�o�s�e�l�y� �a�s�s�o�c�i�a�t�e�d� �m�u�l�t�i�p�l�e� �r�e�l�a�x�a�t�i�o�n�s� �a�r�e� �o�f�t�e�n� �e�x�p�e�c�t�e�d� 

�a�n�d� �t�h�i�s� �i�s� �t�h�e� �c�a�s�e� �i�n� �w�h�i�c�h� �t�h�e� �e�m�p�i�r�i�c�a�l� �f�o�r�m�a�l�i�s�m� �m�o�d�e�l�e�d� �h�e�r�e� �c�o�u�l�d� �p�l�a�y� �a� �s�m�a�l�l� 

�r�o�l�e�.� 
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�4�.�2� �B�a�s�i�s� �o�f� �M�o�d�e�l� 

�T�h�e� �b�a�s�i�c� �i�d�e�a� �o�f� �c�u�r�v�e� �r�e�s�o�l�u�t�i�o�n� �i�n� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �p�l�a�n�e� �c�a�n� �b�e� �b�o�i�l�e�d� �d�o�w�n� �t�o� 

�t�h�e� �l�i�n�e�a�r� �a�d�d�i�t�i�v�i�t�y� �o�f� �l�o�s�s� �p�r�o�p�e�r�t�y�.�©�0� �I�n� �d�i�e�l�e�c�t�r�i�c� �a�n�a�l�y�s�i�s� �t�h�i�s� �m�e�a�n�s� �a�t� �c�o�n�s�t�a�n�t� 

�a�n�g�u�l�a�r� �f�r�e�q�u�e�n�c�y� �@� 

�t�o�t�a�l� �(�T�)� �=�  ¬�)�(�T�)� �+�  ¬�(�T�)� 
�w�h�e�r�e� �1� �a�n�d� �2� �d�e�n�o�t�e� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �c�o�m�p�o�n�e�n�t�s� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �t�h�e� �m�u�l�t�i�p�l�e� �l�o�s�s� �p�e�a�k�s� 

�o�v�e�r�a�l�l�.� �F�o�r� �t�h�e� �f�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�t� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �d�u�e� �t�o� �c�o�n�d�u�c�t�i�v�i�t�y� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� 

�p�l�a�n�e�,� �a�n� �e�x�p�o�n�e�n�t�i�a�l� �f�u�n�c�t�i�o�n� �i�n� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �p�l�a�n�e� �i�s� �p�r�o�p�o�s�e�d�.� �T�h�i�s� �p�r�o�p�o�s�i�t�i�o�n� �i�s� 

�m�a�d�e� �b�a�s�e�d� �o�n� �t�h�e� �g�e�n�e�r�a�l� �c�o�n�c�e�p�t� �t�h�a�t� �t�h�e� �g�i�v�e�n� �l�o�s�s� �b�e�h�a�v�i�o�r� �o�b�s�e�r�v�e�d� �o�n� �a� �l�o�g�(�t�i�m�e�)� 

�s�c�a�l�e� �c�a�n� �b�e� �o�b�s�e�r�v�e�d� �i�n� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �p�l�a�n�e� �a�n�d� �t�h�e�s�e� �t�w�o� �s�c�a�l�e�s� �a�r�e� �p�r�o�p�o�r�t�i�o�n�a�l�.� 

�l�o�g�t� �<�-�>� �T� 

�A�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�i�s� �r�e�l�a�t�i�o�n� �t�o� �t�h�e� �p�o�w�e�r� �l�a�w� �E�q�.�(�3�.�2�-�2�)� �r�e�s�u�l�t�s� �i�n� �a�n� �e�x�p�o�n�e�n�t�i�a�l� �f�u�n�c�t�i�o�n� 

�a�n�d� �E�q�.�(�3�.�2�-�2�)� �c�a�n� �b�e� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �E�q�.�(�4�.�2�-�1�)� �w�h�e�r�e� �p� �a�n�d� �q� �a�r�e� �f�i�t�t�i�n�g� �p�a�r�a�m�e�t�e�r�s�.� 

 ¬� �(�T�)� �=� �e�P�(�T�-�a�)� �E�q�.�(�4�.�2�-�1�)� 

�4�.�3� �B�i�n�a�r�y� �B�l�e�n�d�-� �M�u�l�t�i�p�h�a�s�e� 

�L�e�t�  ¬�,�(�T�)�,�  ¬�5�(�T�)�,� �a�n�d�  ¬�9�(�T�)� �b�e� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �p�e�r�m�i�t�t�i�v�i�t�y� �f�u�n�c�t�i�o�n� �o�f� �p�u�r�e� 

�c�o�m�p�o�n�e�n�t�s� �1�,� �2�,� �a�n�d� �b�i�n�a�r�y� �b�l�e�n�d� �o�f� �1� �a�n�d� �2� �w�i�t�h� �m�o�l�e� �f�r�a�c�t�i�o�n�s� �n�{� �a�n�d� �n�2�.� 

�A�c�c�o�r�d�i�n�g� �t�o� �R�o�t�t�e�r� �a�n�d� �I�s�h�i�d�a�,� �G�a�u�s�s�i�a�n� �t�y�p�e� �l�o�s�s� �p�e�r�m�i�t�t�i�v�i�t�y� �i�s� �p�r�e�s�u�m�e�d� �f�o�r�  ¬�;� �(�T�)� �a�n�d� 

 ¬�,�(�T�)�.� �T�h�e� �s�h�a�p�e� �o�f�  ¬�n�(�T�)� �i�s� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �t�h�e� �s�u�m� �o�f� �a�l�l� �l�o�s�s� �p�e�a�k�s� �a�r�i�s�i�n�g� �f�r�o�m� �m� 

�m�u�l�t�i�p�l�e� �p�h�a�s�e�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �8�.� 
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�e�n�(�T�)� �=� �>�)�  ¬�p�,�(�T�)� �E�q�.�(�4�.�3�-�1�)� 
�i�=�]� 

�w�h�e�r�e� �E�R�;� �(�T�)� �i�s� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �a�r�i�s�i�n�g� �f�r�o�m� �t�h�e� �i�-�t�h� �m�i�x�e�d� �p�h�a�s�e�.� �T�h�e� �t�o�t�a�l� �a�m�o�u�n�t� �o�f� 

�c�o�m�p�o�n�e�n�t� �I�,� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �m�o�l�e� �f�r�a�c�t�i�o�n� �a�s� �n�j�,� �i�s� �s�u�p�p�o�s�e�d� �t�o� �b�e� �d�i�s�t�r�i�b�u�t�e�d� �i�n� 

�v�a�r�i�o�u�s� �m�i�x�e�d� �p�h�a�s�e�s� �a�s� �n�j� �1�,�n�2�]�,� �a�n�d� �s�o� �o�n�.� �F�o�r� �c�o�m�p�o�n�e�n�t� �2�,� �s�i�m�i�l�a�r� �r�e�a�s�o�n�i�n�g� �i�s� 

�a�p�p�l�i�e�d�.� 

�m� 

�>� �n�j�=�n� �,� �f�y�=�n�y�j�/�n�;� �E�q�.�(�4�.�3�-�2�)� 
�i�=�l� 

�w�h�e�r�e� �i�:� �i�n�d�e�x� �o�f� �m�i�x�e�d� �p�h�a�s�e� 

�j�:� �b�l�e�n�d� �c�o�m�p�o�n�e�n�t� �i�.�e�.� �j� �=� �1� �o�r� �2� 

�F�o�r� �t�h�e� �i�-�t�h� �m�i�x�e�d� �p�h�a�s�e�,� �l�i�n�e�a�r� �a�d�d�i�t�i�v�i�t�y� �o�f� �l�o�s�s� �p�e�a�k�s� �y�i�e�l�d�s� 

�E�q� �(�T�)� �=� �n�y�y�  ¬�y� �(�T�-�T�y�y�)� �+� �n�i�g�  ¬�9�(�T�-�T�i�)� �E�q�.�(�4�.�3�-�3�)� 

�w�h�e�r�e� �T�i� �a�n�d� �T�j� �a�r�e� �s�h�i�f�t� �s�c�a�l�e�s� �o�f� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �f�u�n�c�t�i�o�n�s� �o�f� �g�;� �(�T�)� �a�n�d�  ¬�(�T� �)� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�h�e� �E�,� �(�T�)� �a�n�d�  ¬�,�(�T�)� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �o�s�c�i�l�l�a�t�o�r� �s�t�r�e�n�g�t�h� �a�n�d� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� 

�f�u�n�c�t�i�o�n� �o�f� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �w�h�i�c�h� �a�r�e� �f�u�n�c�t�i�o�n�s� �o�f� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �g�i�v�e�n� �f�r�e�q�u�e�n�c�y�.� �T�h�e�n�,� 

�.� �"� �T�,�(�T�)�O�T� 
�p�(�T�)� �=� �n�i�s� �A�e� �(�T�-�T�i�1�)� �|� �P�u�r� �O�O�T� �a�c� 

�1�+� �@�*�t� �w�o� �E�q�.�(�4�.�3�-�4�)� 
�"� �T�(� �T�O�T� 

�+� �n�i� �A�E� �(�T�-�T�j�2�)� �P�2�.�r�-�T�a�A�T�W�O�T� �y� 
�,� �b�+� �@�*�t�?� 

�=� �A�e�n� �(�T�)�|� �P�B�A�M�D�O�T� 
�,� � �L�+�@�t�?� 

�w�h�e�r�e� 
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�A�E�R� �j� �(�T�)� �=� �»� �n�j�f�y�A�e�;� �(�T�-�T�i�j�)� 

�j� 

�P�B� �i�r�(�t�)� �=� �S�s� �F�i�j�0�j�.�7�-�7�;�(�0�)� 
�j� 

�n�j�f�j�A�e�,� �(�T�-�T�y�)� 

�S�s� �n�j�f�y�A�e�,� �(�T�-�T�;�)� 

�j� 

�T�h�e�n� �f�r�o�m� �E�q�.�(�4�.�3�-�1�)� 

�i�j� �=� 

�e�T�)� �=� �>�,� �e�,�(�D� �=� �>� �A�e�n�,� �(�T�)� �[� �P�e�i� �a�n� 
�i�=�l� �1�+�@�*�t� �.� �E�q�.�(�4�.�3�-�5�)� 

�=� �A�e�p� �(�T�)� �P�B�.�T�(�T�)�O�T� 

�1� �+� �@�*�1�?� 

�w�h�e�r�e� 

�A�e�p�(�T�)� �=� �2� �A�e�p�,�(�T�)� �=� �2� �>�,� �n�j�f�A�e�;� �(�T�-�T�y�)� 
�j� 

�P�p�.�7�(�t�)� �=� �)� �P�p� �i�P�B�,�i�1�(�T�)� 

�"� �»� �n�j�f� �A�e�,� �(�T�-�T�y�)� 

�A�e�g�i�(�T�)� �i�j� 

�Y�,� �A�e�g�,�j�(�T�)� �y�y� �n�j�f�i�y�A�e�;� �(�T�-�T�i�)� 
�i� �t�j� 

� � �B�i� �=� 

�T�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �E�q�.�(�4�.�3�-�5�)� �i�s� �t�h�a�t� �i�f� �t�h�e� �n�u�m�b�e�r� �o�f� �m�u�l�t�i�p�l�e� �p�h�a�s�e�s� �i�s� �s�m�a�l�l� �a�n�d� �i�f� �a� 

�p�r�o�p�e�r� �i�n�i�t�i�a�l� �g�u�e�s�s� �o�f� �f�i�j� �i�s� �c�h�o�s�e�n�,� �n�u�m�e�r�i�c�a�l� �f�i�t�t�i�n�g� �o�f�  ¬�,�(�T�)� �f�r�o�m�  ¬�;� �(�T�)� �a�n�d�  ¬�5�(�T�)� �c�o�u�l�d� 

�y�i�e�l�d� �t�h�e� �b�e�s�t� �l�e�a�s�t� �s�q�u�a�r�e� �f�i�t�t�e�d� �v�a�l�u�e� �o�f� �f�i�j� �a�s� �w�e�l�l� �a�s� �o�s�c�i�l�l�a�t�o�r� �s�t�r�e�n�g�t�h� �a�n�d� �m�e�a�n� 

�r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �o�f� �e�a�c�h� �c�o�n�t�r�i�b�u�t�i�n�g� �p�h�a�s�e� �t�o� �t�h�e� �t�o�t�a�l� �l�o�s�s� �p�e�a�k�.� 

�4�.�4� �M�i�s�c�i�b�l�e� �B�i�n�a�r�y� �B�l�e�n�d� 

�A�p�p�l�i�c�a�t�i�o�n� �o�f� �E�q�.�(�4�.�3�-�5�)� �w�i�t�h� �a� �s�i�n�g�l�e� �p�h�a�s�e� �c�o�n�s�t�r�a�i�n�t� �y�i�e�l�d�s� 
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 ¬�,�(�T�)� �=� �n�j�  ¬�,�(�T�-�T�}�)� �+� �n�g�  ¬�,�(�T�-�T�o�)� �E�q�.�(�4�.�4�-�1�)� 
�w�h�e�r�e� �T�,� �a�n�d� �T�?� �a�r�e� �t�h�e� �s�h�i�f�t� �s�c�a�l�e�s� �t�e�n�t�a�t�i�v�e�l�y� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �l�e�v�e�r� �r�u�l�e� 

�T�y� �=� �n�o�(�T�o�2�-�T�e� �1�)� �2� �T�e�,� �E�q�.�(�4�.�4�-�2� �T�p� �=�1�\�(�T�e�1�-�T�e�2�)� �V�A� �2�)� 
�w�h�e�r�e� �T�,�,�;� �a�n�d� �T�,�.�2� �a�r�e� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e�s� �o�f� �m�a�x�i�m�u�m� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �p�e�r�m�i�t�t�i�v�i�t�y� �o�f� �p�u�r�e� 

�c�o�m�p�o�n�e�n�t�s� �|� �a�n�d� �2� �r�e�s�p�e�c�t�i�v�e�l�y� �a�t� �a� �g�i�v�e�n� �f�r�e�q�u�e�n�c�y�.� �P�r�a�c�t�i�c�a�l�l�y� �T�,�;� �a�n�d� �T�,�2�.� �c�a�n� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �a�s� �f�i�t�t�i�n�g� �p�a�r�a�m�e�t�e�r�s� �w�h�i�c�h� �g�i�v�e�s� �t�h�e� �b�e�s�t� �f�i�t� �o�f�  ¬�,�(�T�)� �f�r�o�m� �E�;� �(�T�)� �a�n�d�  ¬�,�(�T�)� 

�a�c�c�o�r�d�i�n�g� �t�o� �E�q�.�(�4�.�4� �-�1�)�.� �T�h�e�n�,� 

�e�(�T�)� �=�n�,� �A�e�,� �(�T�-�T�,�)�|� �P�L�E�T�O�O�T� 
�1� �+� �w�?�1�2� �f�o� �E�q�.�(�4�.�4�-�3�)� 

�$�n� �A�e�,� �(�T�-�T�,�)� �|� �P�2�E�R�O�O�T�y�,� 
�»� �1�+� �a�r�?� 

�_� �A�e�g�(�T�)� �P�B�.�T�(�O�T� 
�,� �1�+�?� 

�w�h�e�r�e� 

�A�e�p�(�T�)� �=� �>�,� �n�i�A�g�;� �(�T�-�T�}�)� 

�P�p�.�r�(�t�)� �=� �>�)� �F�i�p�i�r�-�1�(�)� 

�n�y�A�g�;� �(�T�-�T�;�)� 

�S�)� �n�j�A�e�;� �(�T�-�T�}�)� 
�1� 

�F�j� �=� 

�F�r�o�m� �E�q�.�(�4�.�4�-�3�)�,� �t�h�e� �o�s�c�i�l�l�a�t�o�r� �s�t�r�e�n�g�t�h� �a�n�d� �m�e�a�n� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �o�f� �t�h�e� �b�l�e�n�d� �c�a�n� �b�e� 

�e�v�a�l�u�a�t�e�d� �a�n�d� �c�o�m�p�a�r�e�d� �w�i�t�h� �v�a�l�u�e�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �s�i�n�c�e�,� 

�<�T�>�B�T� �=� �|� �T�O�p�,� �T�(�T�)�d�t� �=� �|� �T�I�F� �P�1�.�t�-�1�,�(�1�)� �+� �F�o�p�2�,�r�-�7�,�(�t�)�]�d�t� 

�=� �F�y�\�<�t�>�)� �1�-�1�,� �+� �F�<�T�>�2�,�1�7�-�T�,� �E�q�.�(�4�.�4�-�4�)� 
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�E�q�.�(�4�.�4�-�4�)� �t�e�l�l�s� �u�s� �t�h�a�t� �t�h�e� �m�e�a�n� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �o�f� �t�h�e� �b�l�e�n�d� �a�t� �t�e�m�p�e�r�a�t�u�r�e� �T� �c�a�n� �b�e� 

�o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �l�i�n�e�a�r� �s�u�m� �o�f� �i�n�d�i�v�i�d�u�a�l� �m�e�a�n� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e�s� �a�t� �o�t�h�e�r� �t�e�m�p�e�r�a�t�u�r�e�s� 

�w�i�t�h� �a� �s�c�a�l�i�n�g� �f�a�c�t�o�r� �w�h�i�c�h� �e�n�c�o�m�p�a�s�s�e�s� �t�w�o� �i�m�p�o�r�t�a�n�t� �v�a�r�i�a�b�l�e�s�,� �m�o�l�e� �f�r�a�c�t�i�o�n� �a�n�d� 

�o�s�c�i�l�l�a�t�o�r� �s�t�r�e�n�g�t�h�.� 

�4�.�5� �C�l�o�s�e�l�y� �A�s�s�o�c�i�a�t�e�d� �M�u�l�t�i�p�l�e� �R�e�l�a�x�a�t�i�o�n�s� �f�r�o�m� �H�o�m�o�p�o�l�y�m�e�r� 

�W�h�e�n� �c�l�o�s�e�l�y� �a�s�s�o�c�i�a�t�e�d� �m�u�l�t�i�p�l�e� �r�e�l�a�x�a�t�i�o�n�s� �a�r�i�s�e� �f�r�o�m� �a� �h�o�m�o�p�o�l�y�m�e�r�,� �t�h�e� �p�u�r�e� 

�c�o�m�p�o�n�e�n�t� �b�e�h�a�v�i�o�r� �i�s� �n�o�t� �k�n�o�w�n� �a� �p�r�i�o�r�i� �a�s� �i�n� �t�h�e� �c�a�s�e� �o�f� �b�l�e�n�d�i�n�g� �t�w�o� �k�n�o�w�n� 

�p�o�l�y�m�e�r�s�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �m�o�l�e� �f�r�a�c�t�i�o�n� �o�f� �a�n� �i�n�d�i�v�i�d�u�a�l� �p�e�a�k� �b�e�c�o�m�e�s� �u�n�n�e�c�e�s�s�a�r�y� �a�n�d� 

�t�h�e� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �o�f� �t�h�e� �t�o�t�a�l� �p�e�a�k� �a�t� �t�e�m�p�e�r�a�t�u�r�e� �T� �i�s� �s�i�m�p�l�y� �t�h�e� �s�u�m� �o�f� �i�n�d�i�v�i�d�u�a�l� �p�e�a�k�s�.� 

� � 

�E�r�o�t�a�l� �(�T�)� �=�  ¬�1�(�T�)� �+�  ¬�,�(�T�)� �E�q�.�(�4�.�5�-�1�)� 
�t�h�e�n�,� 

�"� �"� �"� �"� �£�1�P�1�(�t�)� �+� �f�o�P�2�(�t�)�]�@�t� �E�p�a� �(�T�)� �=� �A�e�}� �(�T�)� �+� �A�e�x�(�T�)� �|� �H�i�t�)� �+� �E�p� �2�t�7�)�0�7� �a�e� 
�0� �1�+� �W�T� 

�w�h�e�r�e� �f�,� �=�a�)� �_�_� �i�=�l� �o�r�2� �E�q�.�(�4�.�5�-�2�)� 
�A ¬�,� �(�T�)� �+� �A�e�,� �(�T�)� 

�a�n�d� 

�<�T�>�t�o�t�a�l�=� �£�1�<�T�>�]� �+� �f�o�<�T�>�2� 

�A�s� �t�h�e� �p�r�o�p�o�s�e�d� �e�m�p�i�r�i�c�a�l� �m�o�d�e�l� �i�s� �l�i�n�e�a�r� �i�n� �n�a�t�u�r�e�,� �t�h�e� �K�r�a�m�e�r�s�-�K�r�o�n�i�g� �r�e�l�a�t�i�o�n� 

�s�h�o�u�l�d� �h�o�l�d� �f�o�r� �t�h�e� �t�o�t�a�l� �c�u�r�v�e� �w�h�i�c�h� �h�a�s� �b�e�e�n� �c�o�n�s�t�r�u�c�t�e�d� �b�y� �t�h�i�s� �m�o�d�e�l�.� �I�n� �o�r�d�e�r� �t�o� 

�s�h�o�w� �t�h�i�s� �p�o�i�n�t�,� �f�i�r�s�t�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�r�i�v�e� �s�o�m�e� �r�e�l�a�t�i�o�n�s� �r�e�g�a�r�d�i�n�g� �t�h�e� �t�o�t�a�l� �c�u�r�v�e� 

�f�r�o�m� �l�i�n�e�a�r� �v�i�s�c�o�e�l�a�s�t�i�c� �t�h�e�o�r�y� �d�e�v�e�l�o�p�e�d� �i�n� �s�e�c�t�i�o�n� �2�.�1�.�3�.� 
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�E�t�o�t�a�l� �(�V�)� �-� �E�.�.� �E�r�o�t�a�l� �(�@�)� �_�2� �[� �t�o�t�a�l� �t�o�t�a�l� �o� �-�|�d�v� �F�q�.�(�4�.�5�-�8�)� 
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�N�o�t�e� �t�h�a�t� �E�q�.�(�4�.�5�-�8�)� �h�a�s� �s�a�m�e� �f�o�r�m� �a�s� �E�q�.�(�4�.�5�-�6�)�.� �A�s� �s�u�c�h�,� �t�h�e� �t�o�t�a�l� �l�o�s�s� �c�u�r�v�e� �o�b�e�y�s� �t�h�e� 

�K�r�a�m�e�r�s�-�K�r�o�n�i�g� �r�e�l�a�t�i�o�n�,� �w�h�i�c�h� �i�s� �p�r�e�d�i�c�t�a�b�l�e� �s�i�n�c�e� �t�h�e� �e�m�p�i�r�i�c�a�l� �m�o�d�e�l� �p�r�o�p�o�s�e�d� �i�s� 
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�C�h�a�p�t�e�r� �5�.� �D�i�e�l�e�c�t�r�i�c� �R�e�l�a�x�a�t�i�o�n� �o�f� �P�o�l�y�(�3�-�h�y�d�r�o�x�y�b�u�t�y�r�a�t�e�)� 

�5�.�1� �L�i�t�e�r�a�t�u�r�e� �R�e�v�i�e�w� �o�f� �P�o�l�y�(�3�-�h�y�d�r�o�x�y�b�u�t�y�r�a�t�e�)� 

�5�.�1�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�R�e�c�e�n�t�l�y�,� �d�u�e� �t�o� �e�v�e�r� �i�n�c�r�e�a�s�i�n�g� �e�n�v�i�r�o�n�m�e�n�t�a�l� �a�w�a�r�e�n�e�s�s�,� �s�i�g�n�i�f�i�c�a�n�t� �e�f�f�o�r�t�s� �h�a�v�e� 

�b�e�e�n� �m�a�d�e� �t�o� �u�t�i�l�i�z�e� �b�i�o�d�e�g�r�a�d�a�b�l�e� �p�o�l�y�m�e�r�s� �i�n� �p�r�o�d�u�c�i�n�g� �d�i�s�p�o�s�a�b�l�e� �p�r�o�d�u�c�t�s�.� �P�o�l�y�(�3�-� 

�h�y�d�r�o�x�y�b�u�t�y�r�a�t�e�)� �(�P�H�B�)� �(�F�i�g�u�r�e� �9�)� �i�s� �a� �g�o�o�d� �c�a�n�d�i�d�a�t�e� �f�o�r� �s�u�c�h� �a�n� �a�p�p�r�o�a�c�h� �s�i�n�c�e� �i�t� �i�s� 

�i�n�t�r�i�n�s�i�c�a�l�l�y� �a� �n�u�t�r�i�e�n�t� �f�o�r� �b�a�c�t�e�r�i�a�.�©�!� �I�t� �c�a�n� �b�e� �a�t�t�a�c�k�e�d� �b�y� �a� �w�i�d�e� �v�a�r�i�e�t�y� �o�f� �b�a�c�t�e�r�i�a� �a�n�d� 

�i�t�s� �a�p�p�l�i�c�a�t�i�o�n� �p�o�s�s�i�b�i�l�i�t�i�e�s� �a�r�e� �n�u�m�e�r�o�u�s� �i�n� �m�e�d�i�c�a�l�,� �p�a�c�k�a�g�i�n�g�,� �a�n�d� �a�g�r�i�c�u�l�t�u�r�a�l� �f�i�e�l�d�s�.�O�2� 

�P�H�B� �w�a�s� �f�i�r�s�t� �d�i�s�c�o�v�e�r�e�d� �b�y� �L�e�m�o�i�g�n�e�®�3� �i�n� �1�9�2�7�.� �W�h�e�n� �c�e�r�t�a�i�n� �b�a�c�t�e�r�i�a� �a�r�e� �p�l�a�c�e�d� 

�u�n�d�e�r� �p�o�o�r� �n�u�t�r�i�e�n�t� �c�o�n�d�i�t�i�o�n�s�,� �t�h�e�s�e� �b�a�c�t�e�r�i�a� �p�r�o�d�u�c�e� �P�H�B� �a�s� �a�n� �e�n�e�r�g�y� �s�t�o�r�a�g�e� �c�h�e�m�i�c�a�l� 

�a�n�d� �u�s�e� �i�t� �a�g�a�i�n� �w�h�e�n� �g�r�o�w�t�h� �r�e�s�u�m�e�s� �i�n� �n�u�t�r�i�t�i�o�n�a�l�l�y� �f�a�v�o�r�a�b�l�e� �c�o�n�d�i�t�i�o�n�s�.� �P�H�B� �i�s� �m�a�s�s� 

�p�r�o�d�u�c�e�d� �u�s�u�a�l�l�y� �b�y� �a� �f�e�r�m�e�n�t�a�t�i�o�n� �p�r�o�c�e�s�s�.�6�4� �R�e�m�a�r�k�a�b�l�y�,� �q�u�i�t�e� �r�e�c�e�n�t� �n�e�w�s� �r�e�p�o�r�t�s� 

�t�h�a�t� �w�h�e�n� �a� �c�e�r�t�a�i�n� �t�y�p�e� �o�f� �w�e�e�d� �c�a�l�l�e�d� �m�o�u�s�e�-�e�a�r�e�d� �c�r�e�s�s� �i�s� �i�m�p�l�a�n�t�e�d� �w�i�t�h� �s�p�e�c�i�a�l� �g�e�n�e�s� 

�f�r�o�m� �b�a�c�t�e�r�i�a�,� �i�t� �p�r�o�d�u�c�e�s� �P�H�B� �i�n� �i�t�s� �t�i�s�s�u�e�s�.�5� �I�t�s� �i�m�p�l�i�c�a�t�i�o�n� �i�s� �t�h�a�t� �h�a�r�v�e�s�t�i�n�g� �p�l�a�s�t�i�c�s� 

�f�r�o�m� �p�l�a�n�t�s� �i�s� �n�o�t� �t�o�t�a�l�l�y� �i�m�p�o�s�s�i�b�l�e�.� �A�l�s�o� �i�t� �i�s� �s�a�i�d� �t�h�a�t� �e�f�f�o�r�t�s� �a�r�e� �b�e�i�n�g� �m�a�d�e� �b�y� 

�s�c�i�e�n�t�i�s�t�s� �t�o� �p�r�o�d�u�c�e� �P�H�B� �a�t� �a� �c�o�s�t� �w�h�i�c�h� �i�s� �o�n�e� �h�u�n�d�r�e�d�t�h� �o�f� �t�h�a�t� �o�f� �t�h�e� �c�o�n�v�e�n�t�i�o�n�a�l� 

�f�e�r�m�e�n�t�a�t�i�o�n� �p�r�o�c�e�s�s� �u�s�i�n�g� �t�h�i�s� �b�i�o�l�o�g�i�c�a�l�l�y� �e�n�g�i�n�e�e�r�e�d� �p�l�a�n�t� �a�p�p�r�o�a�c�h�.� 

�P�H�B� �i�s� �a� �h�i�g�h�l�y� �c�r�y�s�t�a�l�l�i�n�e� �t�h�e�r�m�o�p�l�a�s�t�i�c� �w�h�i�c�h� �i�s� �o�p�t�i�c�a�l�l�y� �a�c�t�i�v�e� �a�n�d� 

�p�i�e�z�o�e�l�e�c�t�r�i�c�.�6�7� �I�t�s� �c�r�y�s�t�a�l�l�i�n�i�t�y� �c�a�n� �v�a�r�y� �f�r�o�m� �6�0� �t�o� �9�0� �%� �d�e�p�e�n�d�i�n�g� �o�n� �i�t�s� �p�r�e�p�a�r�a�t�i�o�n� 

�a�n�d� �p�h�y�s�i�c�a�l� �t�r�e�a�t�m�e�n�t� �s�u�c�h� �a�s� �a�n�n�e�a�l�i�n�g�.�©�8� �G�l�a�s�s� �t�r�a�n�s�i�t�i�o�n�®�8� �o�f� �P�H�B� �i�s� �r�e�p�o�r�t�e�d� �i�n� �t�h�e� 

�r�a�n�g�e� �o�f� �-�5� �t�o� �5�°�C� �a�n�d� �i�t�s� �m�e�l�t�i�n�g� �p�o�i�n�t� �i�s� �a�r�o�u�n�d� �1�8�0�°�C�.� �P�H�B� �i�s� �p�o�l�y�m�o�r�p�h�i�c� �a�n�d� �e�x�i�s�t�s� 

�i�n� �w� �a�n�d� �f� �c�r�y�s�t�a�l�l�i�n�e� �f�o�r�m�s�.�©�9� �T�h�e� �B� �f�o�r�m� �i�s� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �o�r�i�e�n�t�a�t�i�o�n� �p�r�o�c�e�s�s� �o�f� 

�f�i�l�m� �s�o� �t�h�e� �B� �f�o�r�m� �i�s� �b�e�l�i�e�v�e�d� �t�o� �b�e� �a� �r�e�s�u�l�t� �o�f� �s�t�r�a�i�n� �i�n�d�u�c�e�d� �c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �o�f� �t�h�e� 

�a�m�o�r�p�h�o�u�s� �r�e�g�i�o�n�s�.� �T�h�e� �b�i�g�g�e�s�t� �p�r�o�b�l�e�m� �i�n� �u�t�i�l�i�z�i�n�g� �P�H�B� �a�s� �a�n� �i�n�d�u�s�t�r�i�a�l�l�y� �u�s�e�f�u�l� 

�t�h�e�r�m�o�p�l�a�s�t�i�c� �l�i�e�s� �i�n� �i�t�s� �b�r�i�t�t�l�e� �m�e�c�h�a�n�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �w�h�i�c�h� �h�a�v�e� �b�e�e�n� �a�s�c�r�i�b�e�d� �t�o� �t�h�e� 
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�c�r�a�c�k�s� �a�l�r�e�a�d�y� �p�r�e�s�e�n�t� �i�n� �i�t�s� �s�p�h�e�r�u�l�i�t�e�s�.� �7�0� �T�h�e�r�e� �h�a�v�e� �b�e�e�n� �n�u�m�e�r�o�u�s� �r�e�s�e�a�r�c�h� �e�f�f�o�r�t�s� �i�n� 

�t�h�e� �h�o�p�e� �o�f� �o�v�e�r�c�o�m�i�n�g� �t�h�i�s� �p�r�o�b�l�e�m�.� �N�o�t�a�b�l�e�s� �a�m�o�n�g� �t�h�e�m� �a�r�e� �c�o�p�o�l�y�m�e�r�i�z�a�t�i�o�n� �/�1�-�7�6� 

�a�n�d� �b�l�e�n�d�i�n�g� �P�H�B� �w�i�t�h� �s�e�c�o�n�d�a�r�y� �c�o�m�p�o�n�e�n�t�s�,� �7�7�-�8�5� �N�o� �m�a�t�t�e�r� �w�h�a�t� �t�y�p�e� �o�f� �a�p�p�r�o�a�c�h� �i�s� 

�t�a�k�e�n�,� �t�h�e� �c�o�s�t� �o�f� �p�r�o�d�u�c�t�i�o�n� �(�i�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �s�y�n�t�h�e�t�i�c� �a�p�p�r�o�a�c�h�)�,� �b�i�o�d�e�g�r�a�d�a�b�i�l�i�t�y� �(�o�f� 

�t�h�e� �b�l�e�n�d�i�n�g� �a�l�t�e�r�n�a�t�i�v�e�)�,� �a�n�d� �m�e�c�h�a�n�i�c�a�l� �t�o�u�g�h�n�e�s�s� �o�b�t�a�i�n�e�d� �o�u�t� �o�f� �s�u�c�h� �e�f�f�o�r�t�s� �s�h�o�u�l�d� 

�b�e� �a�l�w�a�y�s� �b�a�l�a�n�c�e�d� �a�n�d� �m�a�x�i�m�i�z�e�d� �t�o� �a�t�t�a�i�n� �u�l�t�i�m�a�t�e� �s�u�c�c�e�s�s�.� 

�5�.�1�.�2� �C�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �o�f� �P�o�l�y�(�3�-�h�y�d�r�o�x�y�b�u�t�y�r�a�t�e�)� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n�,� �s�e�v�e�r�a�l� �e�f�f�o�r�t�s� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �P�H�B� �w�h�i�c�h� �c�o�u�l�d� �s�e�r�v�e� �a�s� �c�r�o�s�s�-� 

�r�e�f�e�r�e�n�c�e�s� �f�o�r� �f�u�t�u�r�e� �w�o�r�k� �a�r�e� �r�e�v�i�e�w�e�d� �i�n� �c�h�r�o�n�o�l�o�g�i�c�a�l� �o�r�d�e�r�.� 

�I�n� �1�9�8�1�,� �M�a�r�c�h�e�s�s�a�u�l�t� �e�t� �a�l�8�©� �m�e�a�s�u�r�e�d� �t�h�e� �m�e�l�t�i�n�g� �p�o�i�n�t� �o�f� �P�H�B� �f�r�o�m� �o�l�i�g�o�m�e�r� 

�s�i�z�e� �(�4� �r�e�p�e�a�t�i�n�g� �u�n�i�t�s�)� �t�o� �p�o�l�y�m�e�r� �(�9�9�4� �r�e�p�e�a�t�i�n�g� �u�n�i�t�s�)�.� �T�h�e�i�r� �S�m�a�l�l� �A�n�g�l�e� �X�-�r�a�y� 

�d�i�f�f�r�a�c�t�i�o�n� �e�x�p�e�r�i�m�e�n�t� �r�e�v�e�a�l�e�d� �t�h�a�t�  ��c�o�l�d� �d�r�a�w�n�"� �a�n�d� �"�h�o�t� �d�r�a�w�n�"� �f�i�b�e�r�s� �s�h�o�w�e�d� 

�d�i�s�t�i�n�c�t�i�v�e�l�y� �d�i�f�f�e�r�e�n�t� �b�e�h�a�v�i�o�r� �i�n� �t�h�e� �m�e�r�i�d�i�o�n�a�l� �m�a�x�i�m�u�m�.� 

�B�a�r�h�a�m�®�8� �c�a�r�r�i�e�d� �o�u�t� �a� �c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �s�t�u�d�y� �o�f� �P�H�B� �f�r�o�m� �i�t�s� �m�o�l�t�e�n� �s�t�a�t�e�.� �H�e� 

�p�o�i�n�t�e�d� �o�u�t� �P�H�B�'�s� �s�p�e�c�i�a�l� �p�r�o�p�e�r�t�i�e�s� �s�u�c�h� �a�s� �i�t�s� �h�a�v�i�n�g� �l�a�r�g�e� �s�p�h�e�r�u�l�i�t�e�s�.� �T�h�i�s� �w�a�s� 

�a�t�t�r�i�b�u�t�e�d� �t�o� �t�h�e� �h�i�g�h� �p�u�r�i�t�y� �o�f� �b�i�o�l�o�g�i�c�a�l�l�y� �s�y�n�t�h�e�s�i�z�e�d� �P�H�B�.� �U�n�u�s�u�a�l� �c�r�y�s�t�a�l� �h�a�b�i�t�s�,� 

�e�x�t�r�e�m�e� �t�h�i�n�n�e�s�s� �o�f� �l�a�m�e�l�l�a�e�,� �a�n�d� �t�h�e� �p�o�s�s�i�b�l�e� �R�e�g�i�m�e� �I�I� �t�o� �I�I� �t�r�a�n�s�i�t�i�o�n� �w�e�r�e� �m�e�n�t�i�o�n�e�d� 

�i�n� �t�h�i�s� �w�o�r�k�.� �I�n� �h�i�s� �n�e�x�t� �p�a�p�e�r�®�/�,� �B�a�r�h�a�m�,� �s�h�o�w�e�d� �t�h�a�t� �t�h�e� �n�u�c�l�e�a�t�i�o�n� �b�e�h�a�v�i�o�r� �o�f� �P�H�B� �i�s� 

�s�p�o�r�a�d�i�c� �a�n�d� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �a� �h�o�m�o�g�e�n�e�o�u�s� �p�r�o�c�e�s�s�.� �W�h�e�n� �f�o�r�e�i�g�n� �p�a�r�t�i�c�l�e�s� �a�r�e� �a�d�d�e�d� 

�t�h�e� �r�a�t�e� �o�f� �n�u�c�l�e�a�t�i�o�n� �b�e�h�a�v�i�o�r� �i�s� �f�o�u�n�d� �t�o� �b�e� �m�o�d�i�f�i�e�d� �a�n�d� �t�h�i�s� �e�f�f�e�c�t� �i�s� �e�x�p�l�a�i�n�e�d� �i�n� �t�w�o� 

�w�a�y�s�.� �O�n�e� �i�s� �t�h�a�t� �t�h�e� �l�o�c�a�l� �c�r�y�s�t�a�l� �m�e�l�t�i�n�g� �p�o�i�n�t� �i�s� �r�a�i�s�e�d� �d�u�e� �t�o� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �o�f� �t�h�e� 

�a�c�t�u�a�l� �p�r�e�s�e�n�c�e� �o�f� �a� �s�u�r�f�a�c�e�,� �a�n�d� �t�h�e� �o�t�h�e�r� �i�s� �t�h�a�t� �e�p�i�t�a�x�i�a�l� �g�r�o�w�t�h� �o�c�c�u�r�s� �o�n� �t�h�e� �f�o�r�e�i�g�n� 

�s�u�r�f�a�c�e�.� �A�l�s�o� �B�a�r�h�a�m� �a�n�d� �K�e�l�l�e�r� �/�9� �i�n�v�e�s�t�i�g�a�t�e�d� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �m�i�c�r�o�-�s�t�r�u�c�t�u�r�e� 

�a�n�d� �m�o�d�e� �o�f� �f�r�a�c�t�u�r�e� �i�n� �P�H�B�.� �T�h�e� �f�a�m�o�u�s� �b�r�i�t�t�l�e�n�e�s�s� �o�f� �P�H�B� �w�a�s� �a�t�t�r�i�b�u�t�e�d� �t�o� �c�r�a�c�k�s� 
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�w�i�t�h�i�n� �t�h�e� �s�p�h�e�r�u�l�i�t�e�s�.� �T�h�e�y� �p�o�i�n�t�e�d� �o�u�t� �t�h�a�t� �t�h�e�s�e� �c�r�a�c�k�s� �f�o�r�m� �u�n�d�e�r� �c�o�n�d�i�t�i�o�n�s� �o�f� �n�o� 

�e�x�t�e�r�n�a�l�l�y� �a�p�p�l�i�e�d� �s�t�r�e�s�s�,� �h�e�n�c�e� �t�h�e� �c�r�a�c�k�s� �w�e�r�e� �f�o�u�n�d� �t�o� �a�r�i�s�e� �f�r�o�m� �t�h�e�r�m�a�l�l�y� �i�n�d�u�c�e�d� 

�s�t�r�e�s�s�.� �B�a�s�e�d� �o�n� �t�h�i�s� �o�b�s�e�r�v�a�t�i�o�n�,� �t�h�e�y� �s�u�g�g�e�s�t�e�d� �t�w�o� �p�o�s�s�i�b�l�e� �w�a�y�s� �o�f� �p�r�o�d�u�c�i�n�g� �d�u�c�t�i�l�e� 

�P�H�B� �s�h�e�e�t�s�:� �f�i�r�s�t�,� �b�y� �m�e�n�d�i�n�g� �t�h�e� �c�r�a�c�k�s� �b�y� �a� �c�o�l�d� �r�o�l�l�i�n�g� �p�r�o�c�e�s�s�;� �s�e�c�o�n�d�,� �b�y� �s�p�e�c�i�a�l� 

�c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �c�o�n�d�i�t�i�o�n�s�.� 

�I�n� �1�9�8�8�,� �S�c�a�n�d�o�l�a� �e�t� �a�l�8�8� �s�t�u�d�i�e�d� �t�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �a�n�d� �t�h�e�r�m�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �P�H�B�.� 

�I�t� �w�a�s� �f�o�u�n�d� �f�r�o�m� �t�h�e�r�m�o�g�r�a�v�i�m�e�t�r�i�c� �a�n�a�l�y�s�i�s� �t�h�a�t� �u�n�l�e�s�s� �M�v� �i�s� �l�o�w�e�r� �t�h�a�n� �6�x�1�0�4�,� 

�s�i�g�n�i�f�i�c�a�n�t� �w�e�i�g�h�t� �l�o�s�s� �o�c�c�u�r�s� �a�t� �t�e�m�p�e�r�a�t�u�r�e�s� �a�b�o�v�e� �2�3�0�°�C�.� �F�r�o�m� �D�i�f�f�e�r�e�n�t�i�a�l� �S�c�a�n�n�i�n�g� 

�C�a�l�o�r�i�m�e�t�r�y�,� �t�h�e� �"�r�o�o�m� �s�t�o�r�e�d�"� �s�a�m�p�l�e�s�'� �T�m� �w�a�s� �f�o�u�n�d� �t�o� �b�e� �1�7�7�°�C� �a�n�d� �i�t�s� �a�r�e�a� �i�n�c�r�e�a�s�e�s� 

�w�i�t�h� �a�n�n�e�a�l�i�n�g�.� �T�h�e� �v�i�s�c�o�e�l�a�s�t�i�c� �s�p�e�c�t�r�u�m� �o�b�t�a�i�n�e�d� �f�r�o�m� �D�y�n�a�m�i�c� �M�e�c�h�a�n�i�c�a�l� �T�h�e�r�m�a�l� 

�A�n�a�l�y�z�e�r� �(�f�r�e�q�u�e�n�c�y� �0�.�3�3� �t�o� �3�3� �H�z�)� �s�h�o�w�e�d� �t�h�r�e�e� �r�e�l�a�x�a�t�i�o�n�s�:� �a� �w�a�t�e�r� �r�e�l�a�t�e�d� �l�o�w� 

�t�e�m�p�e�r�a�t�u�r�e� �r�e�l�a�x�a�t�i�o�n� �(�-�8�0�°�C�)�,� �t�h�e� �g�l�a�s�s� �t�r�a�n�s�i�t�i�o�n� �a�n�d� �a� �b�r�o�a�d� �r�e�l�a�x�a�t�i�o�n� �i�n� �t�h�e� 

�t�e�m�p�e�r�a�t�u�r�e� �r�a�n�g�e� �b�e�t�w�e�e�n� �T�g� �a�n�d� �T�m� �d�u�e� �t�o� �m�o�t�i�o�n� �i�n� �t�h�e� �c�r�y�s�t�a�l�l�i�n�e� �p�h�a�s�e�.� �T�h�e�y� �a�l�s�o� 

�s�p�e�c�u�l�a�t�e�d� �t�h�a�t� �t�h�e� �e�f�f�e�c�t� �o�f� �p�h�y�s�i�c�a�l� �a�g�i�n�g� �d�u�r�i�n�g� �s�t�o�r�a�g�e� �w�o�u�l�d� �a�f�f�e�c�t� �t�h�e� �s�o�l�i�d� �s�t�a�t�e� 

�p�r�o�p�e�r�t�i�e�s� �o�f� �P�H�B�.� �T�h�e� �a�g�i�n�g� �t�i�m�e� �o�f� �t�h�e�i�r� �s�a�m�p�l�e� �w�a�s� �s�t�a�t�e�d� �a�s�  ��s�e�v�e�r�a�l� �w�e�e�k�s�"� �a�n�d� 

�w�a�s� �n�o�t� �f�u�r�t�h�e�r� �c�l�a�r�i�f�i�e�d�.� 

�I�n� �1�9�8�9�,� �R�e�v�o�l� �e�t� �a�l�8�9� �v�i�s�u�a�l�i�z�e�d� �t�h�e� �l�a�t�t�i�c�e� �p�l�a�n�e�s� �o�f� �P�H�B�,� �w�h�i�c�h� �a�r�e� �h�i�g�h�l�y� 

�b�e�a�m� �s�e�n�s�i�t�i�v�e�,� �u�s�i�n�g� �h�i�g�h�-�r�e�s�o�l�u�t�i�o�n� �e�l�e�c�t�r�o�n� �m�i�c�r�o�s�c�o�p�y�.� �F�r�o�m� �l�a�t�t�i�c�e� �i�m�a�g�e�s� �h�a�v�i�n�g� �a� 

�r�e�s�o�l�u�t�i�o�n� �o�f� �0�.�3�5� �n�m�,� �a� �s�i�m�p�l�e� �F�o�u�r�i�e�r� �a�v�e�r�a�g�i�n�g� �p�e�r�f�o�r�m�e�d� �o�p�t�i�c�a�l�l�y� �g�e�n�e�r�a�t�e�d� �a�n� �i�m�a�g�e� 

�o�f� �t�h�e� �c�r�y�s�t�a�l� �p�r�o�j�e�c�t�e�d� �a�l�o�n�g� �i�t�s� �f�i�b�e�r� �a�x�i�s�.� �T�h�e� �l�a�t�t�i�c�e� �i�m�a�g�e� �p�r�o�v�i�d�e�d� �a� �m�o�l�e�c�u�l�a�r�-�l�e�v�e�l� 

�p�i�c�t�u�r�e� �o�f� �t�h�e� �e�l�l�i�p�t�i�c�a�l� �P�H�B� �c�r�o�s�s�-�s�e�c�t�i�o�n� �w�i�t�h� �r�o�w�s� �o�f� �a�l�t�e�r�n�a�t�i�n�g� �o�r�i�e�n�t�a�t�i�o�n� �c�l�e�a�r�l�y� 

�i�d�e�n�t�i�f�i�a�b�l�e�,� �a�s� �i�n� �t�h�e� �X�-�r�a�y� �u�n�i�t� �c�e�l�l� �p�a�c�k�i�n�g�.� 

�F�o�r� �t�h�e� �m�e�t�h�o�d� �o�f� �b�i�o�d�e�g�r�a�d�a�t�i�o�n�,� �D�o�i� �p�r�o�v�i�d�e�d� �a� �v�a�l�u�a�b�l�e� �r�e�f�e�r�e�n�c�e�.�9�0� 

�I�n� �1�9�9�2�,� �O�w�e�n� �e�t� �a�l�?�!� �s�t�u�d�i�e�d� �t�h�e� �c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �b�e�h�a�v�i�o�r� �o�f� �P�H�B� �u�s�i�n�g� �o�p�t�i�c�a�l� 

�m�i�c�r�o�s�c�o�p�y�,� �W�i�d�e� �A�n�g�l�e� �X�-�r�a�y� �s�c�a�t�t�e�r�i�n�g� �a�n�d� �c�a�l�o�r�i�m�e�t�r�i�c� �m�e�a�s�u�r�e�m�e�n�t�.� �I�t� �w�a�s� �s�h�o�w�n� 

�7�0



�t�h�a�t� �s�u�b�t�l�e� �c�h�a�n�g�e�s� �o�c�c�u�r� �w�h�e�n� �P�H�B� �i�s� �h�e�a�t�e�d�.� �T�h�e�y� �s�p�e�c�u�l�a�t�e�d� �t�h�a�t� �t�h�e�r�e� �w�a�s� �s�o�m�e� 

�m�e�l�t�i�n�g� �a�n�d� �s�t�r�u�c�t�u�r�a�l� �r�e�o�r�g�a�n�i�z�a�t�i�o�n� �a�t� �t�e�m�p�e�r�a�t�u�r�e�s� �w�e�l�l� �b�e�l�o�w� �t�h�e� �m�a�i�n� �m�e�l�t�i�n�g� �r�e�g�i�o�n� 

�b�a�s�e�d� �o�n� �t�h�e� �a�p�p�e�a�r�a�n�c�e� �o�f� �m�e�l�t�i�n�g� �p�e�a�k�s� �w�h�i�c�h� �w�e�r�e� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �h�e�a�t�i�n�g� �r�a�t�e� �i�n� 

�t�h�e�i�r� �D�i�f�f�e�r�e�n�t�i�a�l� �T�h�e�r�m�a�l� �A�n�a�l�y�s�i�s� �e�x�p�e�r�i�m�e�n�t�.� �O�n� �h�e�a�t�i�n�g� �P�H�B�,� �o�p�t�i�c�a�l� �p�o�l�a�r�i�z�i�n�g� 

�m�i�c�r�o�s�c�o�p�y� �d�e�t�e�c�t�e�d� �o�n�l�y� �a� �g�r�a�d�u�a�l� �d�e�c�r�e�a�s�e� �o�f� �b�i�r�e�f�r�i�n�g�e�n�c�e� �b�u�t� �d�i�s�t�i�n�c�t�i�v�e� �s�p�h�e�r�u�l�i�t�e� 

�t�y�p�e�s� �w�e�r�e� �n�o�t� �o�b�s�e�r�v�e�d�.� �T�h�i�s� �w�o�r�k� �r�e�m�a�i�n�s� �t�o� �b�e� �f�u�r�t�h�e�r� �r�e�s�e�a�r�c�h�e�d� �b�y� �t�h�e� �a�u�t�h�o�r�s�.� 

�B�u�r�g�e�r� �e�t� �a�l�9�2� �u�s�e�d� �m�a�s�s� �s�p�e�c�t�r�o�m�e�t�r�i�c� �a�n�a�l�y�s�i�s� �b�a�s�e�d� �o�n� �m�a�t�r�i�x�-�a�s�s�i�s�t�e�d� �l�a�s�e�r� 

�d�e�s�o�r�p�t�i�o�n� �a�n�d� �i�o�n�i�z�a�t�i�o�n� �t�o� �s�t�u�d�y� �t�h�e� �m�o�l�e�c�u�l�a�r� �w�e�i�g�h�t� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �P�H�B� �w�h�o�s�e� 

�m�o�l�e�c�u�l�a�r� �w�e�i�g�h�t� �w�a�s� �l�e�s�s� �t�h�a�n� �1�0�,�0�0�0�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �a�l�l�o�w�e�d� �t�h�e� �c�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �o�f� 

�o�l�i�g�o�m�e�r� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �b�y� �p�a�r�t�i�a�l� �d�e�p�o�l�y�m�e�r�i�z�a�t�i�o�n� �o�f� �P�H�B� �t�h�r�o�u�g�h� �p�y�r�o�l�y�s�i�s� �o�r� 

�t�r�e�a�t�m�e�n�t� �w�i�t�h� �b�a�s�e�s�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �r�e�s�u�l�t�s� �w�i�t�h� �t�h�e� �d�a�t�a� �f�r�o�m� �g�e�l� �p�e�r�m�e�a�t�i�o�n� 

�c�h�r�o�m�a�t�o�g�r�a�p�h�y� �s�h�o�w�e�d� �t�h�a�t� �w�i�t�h� �s�o�m�e� �l�i�m�i�t�a�t�i�o�n�s�,� �b�o�t�h� �m�e�t�h�o�d�s� �y�i�e�l�d�e�d� �s�i�m�i�l�a�r� �r�e�s�u�l�t�s�.� 

�T�h�e� �m�o�t�i�v�e� �o�f� �t�h�i�s� �r�e�s�e�a�r�c�h� �w�a�s� �t�h�e� �p�o�t�e�n�t�i�a�l� �a�p�p�l�i�c�a�t�i�o�n�s� �o�f� �P�H�B� �o�l�i�g�o�m�e�r�s� �(�a�)� �a�s� 

�p�l�a�s�t�i�c�i�z�e�r�s� �f�o�r� �h�i�g�h� �m�o�l�e�c�u�l�a�r� �w�e�i�g�h�t� �P�H�B�,� �(�b�)� �f�o�r� �d�r�u�g� �d�e�l�i�v�e�r�y� �s�y�s�t�e�m�s� �o�r� �(�c�)� �f�o�r� �t�h�e� 

�s�y�n�t�h�e�s�i�s� �o�f� �b�l�o�c�k� �c�o�p�o�l�y�m�e�r�s�.� �A�l�t�h�o�u�g�h� �n�o�t� �a�s� �e�f�f�e�c�t�i�v�e� �a�s� �g�e�l� �p�e�r�m�e�a�t�i�o�n� 

�c�h�r�o�m�a�t�o�g�r�a�p�h�y� �w�h�e�n� �m�o�l�e�c�u�l�a�r� �w�e�i�g�h�t� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �b�r�o�a�d�,� �t�h�i�s� �m�e�t�h�o�d� �h�a�s� �a�d�v�a�n�t�a�g�e�s� 

�i�n� �t�h�a�t� �i�t�s� �p�r�o�c�e�d�u�r�e� �i�s� �s�i�m�p�l�e� �a�n�d� �t�h�a�t� �i�t� �p�r�o�v�i�d�e�s� �c�h�e�m�i�c�a�l� �s�t�r�u�c�t�u�r�e� �i�n�f�o�r�m�a�t�i�o�n� �t�o�g�e�t�h�e�r� 

�w�i�t�h� �m�o�l�e�c�u�l�a�r� �w�e�i�g�h�t� �d�i�s�t�r�i�b�u�t�i�o�n�.� 

�5�.�2� �D�i�e�l�e�c�t�r�i�c� �S�t�u�d�y� �o�f� �P�o�l�y�(�3�-�h�y�d�r�o�x�y� �b�u�t�y�r�a�t�e�)� 

�5�.�2�.�1� �S�a�m�p�l�e� �P�r�e�p�a�r�a�t�i�o�n� 

�T�h�e� �P�H�B� �u�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y� �w�a�s� �a�n� �i�n�d�u�s�t�r�i�a�l� �s�a�m�p�l�e� �o�f� �b�i�o�l�o�g�i�c�a�l� �o�r�i�g�i�n�.� �I�n� �t�h�e� 

�f�i�n�a�l� �s�t�a�g�e� �o�f� �t�h�e� �f�e�r�m�e�n�t�a�t�i�o�n� �p�r�o�c�e�s�s�,� �t�h�e� �P�H�B� �w�a�s� �c�e�n�t�r�i�f�u�g�e� �d�r�i�e�d� �a�n�d� �h�a�d� �a�n� 

�e�x�t�r�e�m�e�l�y� �f�i�n�e� �p�o�w�d�e�r� �f�o�r�m� �w�i�t�h� �a� �d�i�a�m�e�t�e�r� �l�e�s�s� �t�h�a�n� �a� �m�i�c�r�o�n� �a�n�d� �i�t� �d�i�d� �n�o�t� �s�h�o�w� �a�n�y� 

�s�i�g�n� �o�f� �a�g�g�r�e�g�a�t�i�o�n� �t�o� �t�h�e� �n�a�k�e�d� �e�y�e�.� �N�o� �a�d�d�i�t�i�v�e�s� �s�u�c�h� �a�s� �f�i�l�l�e�r�s�,� �p�l�a�s�t�i�c�i�z�e�r�s�,� �o�r� �h�e�a�t� 
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�s�t�a�b�i�l�i�z�e�r�s� �w�e�r�e� �p�r�e�s�e�n�t� �i�n� �t�h�e� �p�a�r�t�i�c�u�l�a�r� �b�a�t�c�h� �p�r�o�v�i�d�e�d� �f�o�r� �t�h�i�s� �s�t�u�d�y�.� �I�t�s� �i�n�t�r�i�n�s�i�c� 

�v�i�s�c�o�s�i�t�y� �i�n� �c�h�l�o�r�o�f�o�r�m� �a�t� �3�0�°�C� �w�a�s� �3�.�9� �(� �d�l�/�g�)� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �v�i�s�c�o�s�i�t�y� �a�v�e�r�a�g�e� 

�m�o�l�e�c�u�l�a�r� �w�e�i�g�h�t� �o�f� �a�b�o�u�t� �6�2�2� �k�g�/�m�o�l�.�9�3� 

�N�e�a�t� �P�H�B� �p�o�w�d�e�r� �w�a�s� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �a� �s�o�l�i�d� �c�h�u�n�k� �u�s�i�n�g� �a� �B�r�a�b�e�n�d�e�r� �m�e�l�t� 

�b�l�e�n�d�e�r� �w�i�t�h� �c�a�m� �b�l�a�d�e�s� �a�n�d� �a� �t�y�p�e�-�6� �m�e�a�s�u�r�i�n�g� �h�e�a�d�.� �T�h�e� �o�p�e�r�a�t�i�o�n� �c�o�n�d�i�t�i�o�n�s� �a�r�e� 

�s�p�e�c�i�f�i�e�d� �i�n� �T�a�b�l�e� �3�.� �T�h�i�s� �m�e�l�t� �p�r�o�c�e�s�s� �i�s� �n�e�c�e�s�s�a�r�y� �f�o�r� �t�w�o� �r�e�a�s�o�n�s�.� �F�i�r�s�t�,� �i�t� �i�s� �a�l�m�o�s�t� 

�i�m�p�o�s�s�i�b�l�e� �t�o� �m�a�k�e� �s�e�l�f�-�s�t�a�n�d�i�n�g� �f�i�l�m�s� �w�i�t�h�o�u�t� �m�i�c�r�o� �b�u�b�b�l�e�s� �d�i�r�e�c�t�l�y� �w�i�t�h�i�n� �t�h�e� �p�r�e�s�s� �b�y� 

�c�o�n�s�o�l�i�d�a�t�i�n�g� �p�o�w�d�e�r� �w�h�e�n� �t�h�e� �p�o�w�d�e�r� �i�s� �e�x�t�r�e�m�e�l�y� �f�i�n�e�.� �I�f� �a� �l�o�n�g� �p�r�e�s�s� �t�i�m�e� �i�s� �u�s�e�d�,� 

�t�h�e�r�m�a�l� �d�e�g�r�a�d�a�t�i�o�n� �i�s� �h�i�g�h�l�y� �p�r�o�b�a�b�l�e�.� �S�e�c�o�n�d�,� �s�a�m�p�l�e�s� �p�r�e�p�a�r�e�d� �i�n� �t�h�i�s� �w�a�y� �c�a�n� �s�e�r�v�e� 

�a�s� �c�o�n�t�r�o�l� �s�a�m�p�l�e�s� �f�o�r� �P�H�B� �b�l�e�n�d�s� �p�r�o�d�u�c�e�d� �b�y� �m�e�l�t� �p�r�o�c�e�s�s�.� 

�P�H�B� �f�i�l�m� �w�i�t�h� �a� �d�i�a�m�e�t�e�r� �o�f� �a�b�o�u�t� �2�0� �c�m� �a�n�d� �a� �t�h�i�c�k�n�e�s�s� �o�f� �a�b�o�u�t� �0�.�3� �m�m� �w�a�s� 

�m�a�d�e� �u�s�i�n�g� �a� �p�r�e�s�s� �a�t� �1�8�5�°�C�.� �E�v�e�n� �t�h�o�u�g�h� �t�h�e� �p�r�e�s�s� �s�e�t�t�i�n�g� �t�e�m�p�e�r�a�t�u�r�e� �w�a�s� �1�8�5�°�C�,� �d�u�e� 

�t�o� �t�h�e� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �p�l�a�t�e�s� �o�f� �t�h�e� �p�r�e�s�s� �a�n�d� �t�h�e� �f�e�r�r�o�-�t�y�p�e� �m�o�l�d� �c�o�v�e�r�e�d� 

�w�i�t�h� �a�l�u�m�i�n�u�m� �f�o�i�l�,� �t�h�e� �a�c�t�u�a�l� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �t�h�e� �s�u�r�f�a�c�e� �o�f� �P�H�B� �c�h�u�n�k� �w�a�s� �l�o�w�e�r� �t�h�a�n� 

�1�8�5�°�C�.� �T�h�e� �p�r�e�s�s� �w�o�r�k� �w�a�s� �d�o�n�e� �s�u�c�h� �t�h�a�t� �a�s� �s�o�o�n� �a�s� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �P�H�B� �c�h�u�n�k� 

�s�t�a�r�t�e�d� �t�o� �m�e�l�t�,� �c�o�n�t�i�n�u�o�u�s� �p�r�e�s�s�u�r�e� �w�a�s� �a�p�p�l�i�e�d� �t�o� �k�e�e�p� �a� �c�o�n�s�t�a�n�t� �s�u�r�f�a�c�e� �r�e�n�e�w�a�l� 

�p�r�o�c�e�s�s�,� �h�e�n�c�e� �m�i�n�i�m�i�z�i�n�g� �t�h�e�r�m�a�l� �d�e�g�r�a�d�a�t�i�o�n�.� �W�h�e�n� �b�o�t�h� �t�h�e� �u�p�p�e�r� �a�n�d� �b�o�t�t�o�m� �p�l�a�t�e�s� 

�o�f� �t�h�e� �p�r�e�s�s� �m�e�t�,� �p�r�e�s�s�u�r�e� �w�a�s� �i�n�c�r�e�a�s�e�d�.� �A�t� �t�h�a�t� �m�o�m�e�n�t�,� �p�r�e�s�s�u�r�e� �w�a�s� �r�a�p�i�d�l�y� �i�n�c�r�e�a�s�e�d� 

�t�o� �1�0�0�p�s�i�,� �k�e�p�t� �5� �s�e�c�o�n�d�s� �a�t� �t�h�a�t� �p�r�e�s�s�u�r�e�,� �a�n�d� �t�h�e�n� �t�h�e� �m�o�l�d� �w�a�s� �m�o�v�e�d� �i�n�t�o� �a� �c�o�o�l�i�n�g� 

�p�r�e�s�s�.� �C�o�o�l�i�n�g� �w�a�s� �d�o�n�e� �f�o�r� �5� �m�i�n�u�t�e�s� �a�t� �1�8�°�C�.� �T�h�e� �P�H�B� �f�i�l�m� �t�h�u�s� �p�r�e�p�a�r�e�d� �h�a�d� �a� 

�p�a�n�c�a�k�e� �s�h�a�p�e� �a�n�d� �i�t� �w�a�s� �s�t�o�r�e�d� �i�n� �a� �s�e�a�l�e�d� �c�o�n�t�a�i�n�e�r� �f�o�r� �t�h�e� �e�x�p�e�r�i�m�e�n�t�.� 

�5�.�2�.�2� �E�x�p�e�r�i�m�e�n�t�a�l� �C�o�n�d�i�t�i�o�n�s� 

�S�t�r�e�s�s�-�s�t�r�a�i�n� �e�x�p�e�r�i�m�e�n�t�:� 

�A�f�t�e�r� �o�n�e� �d�a�y� �o�f� �a�n�n�e�a�l�i�n�g� �a�t� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e�,� �d�o�g� �b�o�n�e� �s�h�a�p�e�d� �s�p�e�c�i�m�e�n�s� �w�e�r�e� 

�p�r�e�p�a�r�e�d� �u�s�i�n�g� �a�n� �A�S�T�M�-�D�3�3�6�8� �d�i�e�.� �T�h�e� �s�t�r�e�s�s�-�s�t�r�a�i�n� �e�x�p�e�r�i�m�e�n�t� �w�a�s� �d�o�n�e� �w�i�t�h� �a� 
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�T�a�b�l�e� �3�.� 

�M�e�l�t� �p�r�o�c�e�s�s�i�n�g� �c�o�n�d�i�t�i�o�n�s� �o�f� �p�o�l�y�(�3�-�h�y�d�r�o�x�y�b�u�t�y�r�a�t�e�)� 

� � 

� � 

� � 

�T�o�t�a�l� �C�h�a�r�g�e� �W�e�i�g�h�t� �(�g�)� �6�0� 

�S�e�t�t�i�n�g� �T�e�m�p�e�r�a�t�u�r�e� �1�7�5� 
�o�f� �B�l�e�n�d�e�r� �(�°�C�)� 

�A�c�t�u�a�l� �M�e�l�t� �m�i�n�.� �1�7�5� 
�T�e�m�p�e�r�a�t�u�r�e� �(�°�C�)� �m�a�x�.� �1�8�5� 

� � 

�R�.�P�.�M�.� �&� �B�l�e�n�d�i�n�g� �t�i�m�e� 

� � 

�c�h�a�r�g�e� �p�e�r�i�o�d� �1�0� �f�o�r� �1� �m�i�n�.� 
�b�l�e�n�d�i�n�g� �5�0� �f�o�r� �1� �m�i�n�.� 

�8�0� �f�o�r� �2� �m�i�n�.� 

�N�o�t�e�s�:� 
�B�l�e�n�d�e�r�:� �B�r�a�b�e�n�d�e�r� �P�l�a�s�t�i�c�o�d�e�r� 
�M�e�a�s�u�r�i�n�g� �H�e�a�d�:� �T�y�p�e�-�6� 
�M�i�x�i�n�g� �B�l�a�d�e�s�:� �C�a�m� �t�y�p�e� 
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�m�i�n�i�a�t�u�r�e� �m�a�t�e�r�i�a�l� �t�e�s�t�e�r� �m�a�d�e� �b�y� �P�o�l�y�m�e�r� �L�a�b�o�r�a�t�o�r�i�e�s�.� �T�e�s�t� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �t�i�m�e� 

�d�e�p�e�n�d�e�n�t� �s�t�r�e�s�s�-�s�t�r�a�i�n� �b�e�h�a�v�i�o�r� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �4� �a�n�d� �F�i�g�u�r�e� �1�0� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�D�e�n�s�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�:� 

�D�e�n�s�i�t�y� �c�h�a�n�g�e� �o�v�e�r� �t�i�m�e� �w�a�s� �m�e�a�s�u�r�e�d� �w�i�t�h� �a� �d�e�n�s�i�t�y� �g�r�a�d�i�e�n�t� �c�o�l�u�m�n� �w�h�i�c�h� 

�u�s�e�d� �a� �w�a�t�e�r�-�s�o�d�i�u�m� �b�r�o�m�i�d�e� �s�o�l�u�t�i�o�n�.�?�4� �T�h�e� �d�e�n�s�i�t�y� �g�r�a�d�i�e�n�t� �o�f� �s�o�l�u�t�i�o�n� �r�a�n�g�e�d� �f�r�o�m� 

�1�.�1�4�2�6� �t�o� �1�.�2�6�7�2� �(�g�/�c�c�)�.� �F�o�r� �e�a�c�h� �e�x�p�e�r�i�m�e�n�t�,� �a� �P�H�B� �c�h�u�n�k� �o�u�t� �o�f� �t�h�e� �m�e�l�t� �b�l�e�n�d�e�r� �w�a�s� 

�s�l�i�c�e�d� �i�n�t�o� �t�w�o� �t�h�i�n� �s�a�m�p�l�e�s�,� �o�n�e� �f�r�o�m� �t�h�e� �s�k�i�n� �a�n�d� �t�h�e� �o�t�h�e�r� �f�r�o�m� �t�h�e� �c�o�r�e�.� �T�h�e� �s�a�m�p�l�e�s� 

�w�e�r�e� �p�l�a�c�e�d� �i�n� �t�h�e� �c�o�l�u�m�n� �a�n�d� �a�f�t�e�r� �1�4� �h�o�u�r�s� �t�h�e� �h�e�i�g�h�t� �w�a�s� �m�e�a�s�u�r�e�d� �a�n�d� �c�a�l�i�b�r�a�t�e�d� 

�a�g�a�i�n�s�t� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�n�s�i�t�y� �f�l�o�a�t�s�.� �S�a�m�p�l�e�s� �w�e�r�e� �s�w�o�l�l�e�n� �0�.�8�6�%� �o�n� �a�v�e�r�a�g�e�.� �I�n� �o�r�d�e�r� �t�o� 

�c�o�n�v�e�r�t� �d�e�n�s�i�t�y� �i�n�f�o�r�m�a�t�i�o�n� �i�n�t�o� �%�c�r�y�s�t�a�l�l�i�n�i�t�y�,� �B�a�r�h�a�m�'�s� �d�a�t�a� �f�o�r� �t�h�e� �d�e�n�s�i�t�y� �o�f� �t�h�e� 

�c�r�y�s�t�a�l�l�i�n�e� �a�n�d� �a�m�o�r�p�h�o�u�s� �p�h�a�s�e�s�,� �1�.�2�6�0� �a�n�d� �1�.�1�7�7� �(�g�/�c�c�)� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�e�r�e� �u�s�e�d�.�6�8� �T�h�e� 

�r�e�s�u�l�t�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�1� �a�n�d� �T�a�b�l�e� �5�.� 

�D�i�e�l�e�c�t�r�i�c� �M�e�a�s�u�r�e�m�e�n�t�:� 

�T�w�o� �s�e�t�s� �o�f� �e�x�p�e�r�i�m�e�n�t�s� �w�e�r�e� �d�o�n�e�.� 

�[�S�e�t� �A�]�:� 

�O�n�e� �s�e�t� �o�f� �e�x�p�e�r�i�m�e�n�t�s� �w�a�s� �p�e�r�f�o�r�m�e�d� �d�u�r�i�n�g� �t�h�e� �s�u�m�m�e�r� �w�h�e�n� �t�h�e� �r�e�l�a�t�i�v�e� 

�h�u�m�i�d�i�t�y� �o�f� �t�h�e� �l�a�b�o�r�a�t�o�r�y� �w�a�s� �5�0� �+�/�-� �5�%�.� �A� �w�i�d�e� �t�e�m�p�e�r�a�t�u�r�e� �r�a�n�g�e� �o�f� �-�1�3�0� �t�o� �1�3�0�°�C� 

�w�a�s� �u�s�e�d� �h�e�a�t�i�n�g� �a�t� �a� �r�a�t�e� �o�f� �1�°�C�/�m�i�n�.� �T�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �w�a�s� �f�r�o�m� �0�.�5� �t�o� �5�0�k�H�z� �a�n�d� 

�d�i�s�k� �e�l�e�c�t�r�o�d�e�s� �w�i�t�h� �d�i�a�m�e�t�e�r� �o�f� �2�0� �m�m� �w�e�r�e� �u�s�e�d�.� 

�[�S�e�t� �B�]�:� 

�T�h�e� �s�e�c�o�n�d� �s�e�t� �o�f� �e�x�p�e�r�i�m�e�n�t�s� �w�a�s� �d�o�n�e� �d�u�r�i�n�g� �t�h�e� �w�i�n�t�e�r� �w�h�e�n� �t�h�e� �r�e�l�a�t�i�v�e� 

�h�u�m�i�d�i�t�y� �w�a�s� �2�5� �+�/�-� �5� �%�.� �T�h�e� �t�e�m�p�e�r�a�t�u�r�e� �r�a�n�g�e� �u�s�e�d� �w�a�s� �f�r�o�m� �-�6�0� �t�o� �1�3�0�°�C� �a�t�a� 

�h�e�a�t�i�n�g� �r�a�t�e� �o�f� �0�.�5�°�C�/�m�i�n�.� �T�h�e� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �w�a�s� �0�.�2� �t�o� �2�8�k�H�z� �a�n�d� �d�i�s�k� �e�l�e�c�t�r�o�d�e�s� 
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�T�a�b�l�e� �4�.� 

�S�t�r�e�s�s�-�S�t�r�a�i�n� �e�x�p�e�r�i�m�e�n�t�a�l� �c�o�n�d�i�t�i�o�n�s� 

� � 

� � 

� � 

�C�r�o�s�s�-�h�e�a�d� �r�a�t�e� �(� �m�m�/�m�i�n�.�)� �2� 

�S�p�e�c�i�m�e�n� �t�y�p�e� �A�S�T�M�-�D�3�3�6�8� 

�A�p�p�a�r�a�t�u�s� �M�i�n�i�a�t�u�r�e� 
�M�a�t�e�r�i�a�l� �T�e�s�t�e�r� 
�(� �P�o�l�y�m�e�r� �L�a�b�o�r�a�t�o�r�y� �)� 

� � 

�T�i�m�e� �d�e�p�e�n�d�e�n�t� �S�t�r�e�s�s�-�S�t�r�a�i�n� �b�e�h�a�v�i�o�r� 

� � 

� � 

� � 

�2�n�d� �d�a�y� �1�3�t�h� �d�a�y� �3�4�t�h� �d�a�y� 

�M�a�x�i�m�u�m� 
�S�t�r�e�s�s� �a�t� �b�r�e�a�k� �7�2�(�3�.�4�)� �8�0�(�6�.�5�4�)� �8�0�.�4�(�2�.�8�7�)� 
�(�M�P�a�)� 

�M�a�x�i�m�u�m� 
�S�t�r�a�i�n� �a�t� �b�r�e�a�k� �3�.�8�(�0�.�4�)� �2�.�9�(�0�.�2�)� �2�.�9�(�0�.�2�)� 
�(�%�)� 
� � 

�N�o�t�e�:� �V�a�l�u�e�s� �i�n�s�i�d�e� �t�h�e� �p�a�r�e�n�t�h�e�s�e�s� �i�n�d�i�c�a�t�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�f� �5� �s�a�m�p�l�e�s� 
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� � 

� � 

� � 

� � � � 

� � 

� � 

� � � � � � 

�9�0�-� 

�a� �:� �a�,� �«�8� �4� 
�=�>� �|� 
�N�e�w �� 

�n�a� �7�0�5� 
�o� �e�t� 

�m�2� 
�3�s� �6�0�7� 
�i�)� 
�A� 

�u� 
�§� �m�n� 

�1� 

�4�0� �'� �t� �t� �'� �t�  �� 
�0� �1�0� �2�0� �3�0� �4�0� 

�T�i�m�e� �(� �D�a�y� �)� 

�5� 

�o� �4� 
�S�s� 
�a�t� 

�o�S� 
�x� �3�-� �5� �4� 

�S�e�)� 

�C�S� 

�=� 
�x� �2�4� 

 ��_� 

�T�N� 

�1�  � ��  ��  �� 
�0� �1�0� �2�0� �3�0� �4�0� 

�T�i�m�e� �(� �D�a�y� �)� 

�F�i�g�u�r�e� �1�0�.� �|� �T�i�m�e� �d�e�p�e�n�d�e�n�t� �s�t�r�e�s�s�-�s�t�r�a�i�n� �b�e�h�a�v�i�o�r� �o�f� 
�p�o�l�y�(�3�-�h�y�d�r�o�x�y�b�u�t�y�r�a�t�e�)� 
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i�n
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� � 

� � 
� � 

� � 

� � � � 

�1�0�0� 

�9�0� �7� 

�8�0� �-� 

�7�0� �-� �e� �°� �°� 
�A� �A� �A� �W�A� 

�6�0� �-� �m�e� �a� 

�5�0� �7� 

�4�0� �-� 

�3�0� �5� 

�0�.� �A� �-� �s�k�i�n� 
�1� �®� �c�o�r�e� 

�1�0� �-� 

�0� �T� �T�  ��T� �T�  � ��T� �T� �T� �T�t� �T� 
�0� �2� �4� �6� �8� �1�0� �1�2� �1�4� 

�T�i�m�e� �(� �D�a�y� �)� 

�F�i�g�u�r�e� �1�1�.� �T�i�m�e� �d�e�p�e�n�d�e�n�t� �%�c�r�y�s�t�a�l�l�i�n�i�t�y� �o�f� 
�p�o�l�y�(�3�-�h�y�d�r�o�x�y�b�u�t�y�r�a�t�e�)� 
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�T�a�b�l�e� �5�.� 

�T�i�m�e� �d�e�p�e�n�d�e�n�t� �d�e�n�s�i�t�y� �o�f� �p�o�l�y�(�3�-�h�y�d�r�o�x�y�b�u�t�y�r�a�t�e�)� 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

�T�i�m�e� �(�d�a�y� �)� �P�H�B� �s�k�i�n� �P�H�B� �c�o�r�e� 

�1� �1�.�1�9�5�7� �1�.�2�1�4�4� 

�2� �1�.�2�2�6�2� �1�.�2�3�0�4� 

�3� �1�.�2�3�7�2� 

�4� �1�.�2�3�0�2� 

�5� �1�.�2�2�9�0� 
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�w�i�t�h� �a� �d�i�a�m�e�t�e�r� �o�f� �3�3� �m�m� �w�a�s� �u�s�e�d�.� �I�n� �t�h�e� �s�e�c�o�n�d� �s�e�t� �o�f� �e�x�p�e�r�i�m�e�n�t�s�,� �a�n� �a�c�c�e�l�e�r�a�t�e�d� 

�a�n�n�e�a�l�i�n�g� �e�x�p�e�r�i�m�e�n�t� �w�a�s� �p�e�r�f�o�r�m�e�d� �i�n� �a�d�d�i�t�i�o�n� �t�o� �a� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e� �a�n�n�e�a�l�i�n�g� 

�e�x�p�e�r�i�m�e�n�t�.� 

�S�a�m�p�l�e�s� �f�o�r� �s�t�r�e�s�s� �-�s�t�r�a�i�n� �a�n�d� �d�i�e�l�e�c�t�r�i�c� �m�e�a�s�u�r�e�m�e�n�t� �w�e�r�e� �c�u�t� �o�u�t� �o�f� �a� �p�a�n�c�a�k�e� 

�s�h�a�p�e�d� �f�i�l�m� �i�n� �a� �s�y�m�m�e�t�r�i�c� �f�a�s�h�i�o�n� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�2�.� 

�5�.�2�.�3� �D�a�t�a� �R�e�d�u�c�t�i�o�n� �P�r�o�c�e�d�u�r�e� 

�S�i�n�c�e� �s�t�o�r�a�g�e� �a�n�d� �l�o�s�s� �d�i�e�l�e�c�t�r�i�c� �p�r�o�p�e�r�t�i�e�s� �a�r�e� �r�e�l�a�t�e�d� �t�o� �e�a�c�h� �o�t�h�e�r� �v�i�a� �a� 

�K�r�a�m�e�r�s�-�K�r�o�n�i�g� �r�e�l�a�t�i�o�n�,� �d�a�t�a� �r�e�d�u�c�t�i�o�n� �w�a�s� �c�o�n�c�e�n�t�r�a�t�e�d� �o�n� �t�h�e� �l�o�s�s� �p�r�o�p�e�r�t�y�.� �T�h�e� �d�a�t�a� 

�r�e�d�u�c�t�i�o�n� �p�r�o�c�e�d�u�r�e� �b�e�g�a�n� �w�i�t�h� �n�o�n�l�i�n�e�a�r� �c�u�r�v�e� �r�e�s�o�l�u�t�i�o�n� �o�f� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �p�e�r�m�i�t�t�i�v�i�t�y� 

�s�i�n�c�e� �a�l�l� �d�a�t�a� �s�h�o�w�e�d� �m�u�l�t�i�p�l�e� �r�e�l�a�x�a�t�i�o�n� �p�e�a�k�s� �t�o�g�e�t�h�e�r� �w�i�t�h� �d�.�c�.� �c�o�n�d�u�c�t�i�v�i�t�y�.� �F�o�r� �t�h�i�s� 

�p�u�r�p�o�s�e�,� �a� �L�e�v�e�n�b�e�r�g�-�M�a�r�q�u�a�r�d�t� �a�l�g�o�r�i�t�h�m� �w�a�s� �u�s�e�d� �(�A�p�p�e�n�d�i�x� �A�)�.� �A� �c�u�s�t�o�m�-�m�a�d�e� 

�p�r�o�g�r�a�m� �w�a�s� �d�e�v�e�l�o�p�e�d� �t�o� �h�a�n�d�l�e� �m�u�l�t�i�p�l�e� �G�a�u�s�s�i�a�n� �p�e�a�k�s� �w�i�t�h� �a�n� �e�x�p�o�n�e�n�t�i�a�l� �b�a�s�e�l�i�n�e� 

�(�A�p�p�e�n�d�i�x� �B�-�1�)�.� 

�N�e�x�t�,� �e�v�a�l�u�a�t�i�o�n� �o�f� �e�m�p�i�r�i�c�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �f�u�n�c�t�i�o�n� �p�a�r�a�m�e�t�e�r�s� �w�a�s� �d�o�n�e� �u�s�i�n�g� �t�h�e� 

�H�a�v�r�i�l�i�a�k�-�N�e�g�a�m�i� �o�r� �t�h�e� �C�o�l�e�-�C�o�l�e� �t�y�p�e� �m�o�d�e�l� �w�h�i�c�h�e�v�e�r� �y�i�e�l�d�e�d� �l�o�w�e�r� �c�h�i�-�s�q�u�a�r�e� 

�v�a�l�u�e�s� �(�A�p�p�e�n�d�i�x� �B�-�3�)�.� �F�o�l�l�o�w�i�n�g� �t�h�e� �a�p�p�r�o�a�c�h� �o�f� �C�o�o�k� �e�t� �a�l�,�3�4� �w�h�o� �d�o� �n�o�t� �c�o�n�s�i�d�e�r� �t�h�e� 

�d�e�t�a�i�l�e�d� �m�e�c�h�a�n�i�c�a�l� �m�o�t�i�o�n�s� �o�f� �c�h�a�i�n�s�,� �n�o� �s�p�e�c�i�a�l� �m�o�d�e�l� �f�o�r� �c�h�a�i�n� �d�y�n�a�m�i�c�s� �o�r� �s�t�r�u�c�t�u�r�a�l� 

�r�e�l�a�x�a�t�i�o�n� �w�a�s� �p�r�e�f�e�r�r�e�d�.� 

�I�n� �t�h�e� �t�h�i�r�d� �s�t�e�p�,� �t�h�e� �t�i�m�e� �d�e�c�a�y�i�n�g� �f�u�n�c�t�i�o�n� �o�r� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �w�a�s� 

�c�a�l�c�u�l�a�t�e�d�.� �T�h�i�s� �p�r�o�c�e�s�s� �w�a�s� �d�o�n�e� �b�y� �h�a�l�f�-�s�i�d�e�d� �c�o�s�i�n�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �a�n�d� �i�n�v�o�l�v�e�d� 

�n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� �l�o�s�s� �p�e�r�m�i�t�t�i�v�i�t�y� �f�u�n�c�t�i�o�n�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �h�a�d� �t�h�e� �a�d�v�a�n�t�a�g�e� 

�o�f� �b�e�i�n�g� �a�b�l�e� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �b�y� �a�n� �a�n�a�l�y�t�i�c�a�l� �a�n�d� �w�e�l�l�-�k�n�o�w�n� 

�e�q�u�a�t�i�o�n� �(�A�p�p�e�n�d�i�x� �C�)�.� 

�7�9



�F�i�g�u�r�e� �1�2�.� 

� � 
�S�c�h�e�m�a�t�i�c�:� �(�a�)� �s�a�m�p�l�e�s� �f�o�r� �S�t�r�e�s�s�-�S�t�r�a�i�n� �e�x�p�e�r�i�m�e�n�t�,� 
�(�b�)� �s�a�m�p�l�e�s� �f�o�r� �d�i�e�l�e�c�t�r�i�c� �t�h�e�r�m�a�l� �a�n�a�l�y�s�i�s� 

�8�0



�F�i�n�a�l�l�y�,� �t�o� �t�h�e� �r�e�s�u�l�t�i�n�g� �c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�s�,� �t�h�e� �e�m�p�i�r�i�c�a�l� �r�e�l�a�t�i�o�n� �a�s� �g�i�v�e�n� �b�y� 

�t�h�e� �K�o�h�l�r�a�u�s�c�h�-�W�i�l�l�i�a�m�s�-�W�a�t�t�s� �(�K�W�W�)� �f�u�n�c�t�i�o�n� �w�a�s� �f�i�t�t�e�d� �(�A�p�p�e�n�d�i�x� �B�-�2�)�.� �F�r�o�m� �t�h�e� 

�d�e�t�e�r�m�i�n�e�d� �K�W�W� �p�a�r�a�m�e�t�e�r�s�,� �t�h�e� �m�e�a�n� �r�e�l�a�x�a�t�i�o�n� �t�i�m�e� �w�a�s� �o�b�t�a�i�n�e�d�.� 

�5�.�3� �R�e�s�u�l�t�s� �a�n�d� �D�i�s�c�u�s�s�i�o�n�s� 

�5�.�3�.�1� �G�e�n�e�r�a�l� �C�o�n�s�i�d�e�r�a�t�i�o�n�s� �f�o�r� �t�h�e� �I�n�t�e�r�p�r�e�t�a�t�i�o�n�s� �o�f� �D�a�t�a� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �a�n� �a�t�t�e�m�p�t� �a�t� �a� �p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �s�t�u�d�y� �o�f� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �r�e�l�a�x�a�t�i�o�n� 

�b�e�h�a�v�i�o�r� �o�f� �a� �m�e�l�t� �p�r�o�c�e�s�s�e�d� �P�H�B� �b�u�l�k� �s�a�m�p�l�e� �w�i�l�l� �b�e� �m�a�d�e�.� �A�f�t�e�r� �a�l�l� �t�h�e� 

�p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �a�n�a�l�y�s�i�s�,� �t�h�e� �m�o�l�e�c�u�l�a�r� �m�e�a�n�i�n�g� �o�f� �r�e�l�a�x�a�t�i�o�n� �p�e�a�k�s� �w�i�l�l� �b�e� 

�s�p�e�c�u�l�a�t�e�d�.� �W�h�e�n� �t�h�e� �s�y�s�t�e�m� �t�o� �b�e� �s�t�u�d�i�e�d� �b�y� �d�i�e�l�e�c�t�r�i�c� �a�n�a�l�y�s�i�s� �h�a�s� �a� �s�i�n�g�l�e� �c�o�m�p�o�n�e�n�t�,� 

�a� �s�i�n�g�l�e� �a�m�o�r�p�h�o�u�s� �p�h�a�s�e�,� �m�o�n�o�d�i�s�p�e�r�s�e� �m�o�l�e�c�u�l�a�r� �w�e�i�g�h�t� �d�i�s�t�r�i�b�u�t�i�o�n�,� �a�n�d� �a� �s�u�b�-� 

�a�m�b�i�e�n�t� �g�l�a�s�s� �t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e�,� �h�e�n�c�e� �n�o� �p�h�y�s�i�c�a�l� �a�g�i�n�g� �e�f�f�e�c�t� �d�u�r�i�n�g� �t�h�e� �s�a�m�p�l�e� 

�s�t�o�r�a�g�e� �p�e�r�i�o�d� �(�a�t� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e�)� �a�n�d� �w�i�t�h�i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �t�i�m�e� �s�c�a�l�e�,� �a� �m�o�l�e�c�u�l�a�r� 

�l�e�v�e�l� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �i�s� �r�e�a�d�i�l�y� �a�c�h�i�e�v�e�d�.� �H�o�w�e�v�e�r�,� �w�h�e�n� �t�h�e� �p�o�l�y�m�e�r�i�c� �s�y�s�t�e�m� �o�f� �i�n�t�e�r�e�s�t� 

�h�a�s� �m�u�l�t�i�-�c�o�m�p�o�n�e�n�t�,� �m�u�l�t�i�-�p�h�a�s�e� �(�c�r�y�s�t�a�l�l�i�n�e� �o�r� �c�r�o�s�s�-�l�i�n�k�e�d� �s�y�s�t�e�m�)�,� �p�o�l�y�d�i�s�p�e�r�s�e� 

�m�o�l�e�c�u�l�a�r� �w�e�i�g�h�t� �d�i�s�t�r�i�b�u�t�i�o�n�,� �a�n�d� �a�n� �a�m�b�i�e�n�t� �o�r� �a�b�o�v�e� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e� �g�l�a�s�s� �t�r�a�n�s�i�t�i�o�n� 

�t�e�m�p�e�r�a�t�u�r�e�,� �h�e�n�c�e� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �p�h�y�s�i�c�a�l� �a�g�i�n�g� �d�u�r�i�n�g� �t�h�e� �s�a�m�p�l�e� �s�t�o�r�a�g�e� �p�e�r�i�o�d� �a�n�d� 

�w�i�t�h�i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �t�i�m�e� �s�c�a�l�e�,� �m�o�l�e�c�u�l�a�r� �l�e�v�e�l� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �c�a�n� �n�o�t� �b�e� 

�s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�.� 

�T�h�e� �s�y�s�t�e�m� �o�f� �p�r�e�s�e�n�t� �c�o�n�c�e�r�n�,� �m�e�l�t� �p�r�o�c�e�s�s�e�d� �P�H�B� �b�u�l�k� �s�a�m�p�l�e�,� �h�a�s� �a� �c�r�y�s�t�a�l�l�i�n�e� 

�p�h�a�s�e� �a�n�d� �i�t�s� �g�l�a�s�s� �t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e� �c�h�a�n�g�e�s� �d�u�r�i�n�g� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e� �s�t�o�r�a�g�e� �s�i�n�c�e� 

�t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �r�a�n�g�e� �o�f� �g�l�a�s�s� �t�r�a�n�s�i�t�i�o�n� �a�n�d� �m�e�l�t�i�n�g� �t�e�m�p�e�r�a�t�u�r�e� �e�n�c�o�m�p�a�s�s�e�s� �r�o�o�m� 

�t�e�m�p�e�r�a�t�u�r�e�.� �H�e�n�c�e�,� �o�n�l�y� �p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �i�s� �s�u�i�t�a�b�l�e� �a�t� �t�h�e� �m�o�m�e�n�t�.� �I�f� 

�o�n�e� �s�t�u�d�i�e�s� �k�i�n�e�t�i�c�a�l�l�y� �f�u�l�l�y� �d�e�v�e�l�o�p�e�d� �P�H�B� �s�a�m�p�l�e�s� �s�u�c�h� �a�s� �f�u�l�l�y� �a�n�n�e�a�l�e�d�,� �l�o�n�g� �t�i�m�e�-� 

�s�t�o�r�e�d� �s�a�m�p�l�e�s�,� �q�u�i�t�e� �s�t�r�a�i�g�h�t� �f�o�r�w�a�r�d� �a�n�a�l�y�s�i�s� �o�f� �d�i�e�l�e�c�t�r�i�c� �r�e�l�a�x�a�t�i�o�n� �b�e�h�a�v�i�o�r� �i�s� �r�e�a�d�i�l�y� 
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�a�c�h�i�e�v�e�d�.�?�/� �H�o�w�e�v�e�r�,� �w�h�e�n� �o�n�e� �i�s� �i�n�t�e�r�e�s�t�e�d� �i�n� �t�h�e� �c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �b�e�h�a�v�i�o�r� �o�f� �P�H�B� �a�s� �a� 

�r�e�f�e�r�e�n�c�e� �f�o�r� �a�n�y� �t�o�u�g�h�e�n�e�d� �P�H�B� �b�l�e�n�d� �a�t� �a� �r�e�l�a�t�i�v�e�l�y� �e�a�r�l�y� �s�t�a�g�e� �(�w�i�t�h�i�n� �t�w�o� �w�e�e�k�s� �)� �o�r� 

�i�f� �o�n�e� �w�a�n�t�s� �t�o� �s�t�u�d�y� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �r�e�l�a�x�a�t�i�o�n� �b�e�h�a�v�i�o�r� �o�f� �P�H�B� �i�n� �o�r�d�e�r� �t�o� �c�o�r�r�e�l�a�t�e� �i�t� �w�i�t�h� 

�m�e�c�h�a�n�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �w�h�i�c�h� �a�r�e� �w�e�l�l� �k�n�o�w�n� �t�o� �b�e�c�o�m�e� �p�r�o�g�r�e�s�s�i�v�e�l�y� �b�r�i�t�t�l�e� �d�u�r�i�n�g� �s�h�e�l�f�-� 

�l�i�f�e� �(�F�i�g�u�r�e� �1�0�)�,� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �c�o�n�d�i�t�i�o�n�s� �o�f� �a� �d�i�e�l�e�c�t�r�i�c� �e�x�p�e�r�i�m�e�n�t� �s�h�o�u�l�d� �b�e� �c�l�o�s�e� �t�o� 

 ��n�o�r�m�a�l� �c�o�n�d�i�t�i�o�n�s�"�,� �m�e�a�n�i�n�g� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e� �s�t�o�r�a�g�e� �w�i�t�h� �n�o� �e�x�p�o�s�u�r�e� �t�o� �e�x�t�r�e�m�e�l�y� 

�l�o�w� �p�r�e�s�s�u�r�e� �o�r� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e�.� �T�h�e� �t�h�e�r�m�a�l� �d�e�g�r�a�d�a�t�i�o�n� �b�e�h�a�v�i�o�r� �o�f� �P�H�B� �i�s� 

�a�p�p�r�e�c�i�a�b�l�e�,� �e�v�e�n� �w�h�e�n� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �w�e�l�l� �b�e�l�o�w� �t�h�a�t� �o�f� �d�e�g�r�a�d�a�t�i�o�n� �o�n�s�e�t� �i�n�d�i�c�a�t�e�d� 

�b�y� �t�h�e�r�m�o�g�r�a�v�i�m�e�t�r�y�,� �d�u�e� �t�o� �c�h�a�i�n� �s�c�i�s�s�i�o�n� �w�h�i�c�h� �i�s� �n�o�t� �r�e�f�l�e�c�t�e�d� �b�y� �a� �w�e�i�g�h�t� �c�h�a�n�g�e� 

�b�e�c�a�u�s�e� �o�f� �t�h�e� �l�o�w� �v�o�l�a�t�i�l�i�t�y� �o�f� �o�l�i�g�o�m�e�r�i�c� �s�p�e�c�i�e�s�.�9�8� �T�h�e�r�m�a�l� �d�e�g�r�a�d�a�t�i�o�n� �p�r�o�d�u�c�t�s�,� 

�n�o�t�a�b�l�y� �c�r�o�t�o�n�i�c� �a�c�i�d�,� �c�a�n� �h�i�n�d�e�r� �o�b�s�e�r�v�a�t�i�o�n� �o�f� �p�u�r�e� �d�i�e�l�e�c�t�r�i�c� �r�e�l�a�x�a�t�i�o�n� �b�e�h�a�v�i�o�r� �o�f� 

�P�H�B�.� �I�f� �s�a�m�p�l�e�s� �t�o� �u�n�d�e�r�g�o� �d�i�e�l�e�c�t�r�i�c� �a�n�a�l�y�s�i�s� �h�a�v�e� �t�o� �b�e� �s�t�o�r�e�d� �a�t� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e�,� 

�w�a�t�e�r� �n�a�t�u�r�a�l�l�y� �b�e�c�o�m�e�s� �a� �c�o�n�c�e�r�n�.� �T�h�e� �e�f�f�e�c�t� �o�f� �w�a�t�e�r� �o�n� �l�o�w� �t�e�m�p�e�r�a�t�u�r�e� �r�e�l�a�x�a�t�i�o�n�s� �o�f� 

�p�o�l�y�m�e�r�s� �c�o�n�t�a�i�n�i�n�g� �p�o�l�a�r� �g�r�o�u�p�s� �i�s� �a�l�r�e�a�d�y� �w�e�l�l� �k�n�o�w�n�.� �1�0�0�-�1�0�2� �W�a�t�e�r� �m�o�l�e�c�u�l�e�s�,� 

�i�n�e�v�i�t�a�b�l�y� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n� �t�h�e� �P�H�B� �s�a�m�p�l�e� �u�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y�,� �m�a�y� �h�a�v�e� �c�o�m�e� �f�r�o�m� �t�w�o� 

�s�t�a�g�e�s� �o�f� �s�a�m�p�l�e� �p�r�e�p�a�r�a�t�i�o�n�.� �T�h�e� �f�i�r�s�t� �s�t�a�g�e� �w�a�s� �w�h�e�n� �t�h�e� �w�e�i�g�h�i�n�g� �o�f� �P�H�B� �p�o�w�d�e�r� �w�a�s� 

�f�o�l�l�o�w�e�d� �b�y� �m�e�l�t� �p�r�o�c�e�s�s�i�n�g� �i�n� �t�h�e� �b�l�e�n�d�e�r�.� �T�h�e� �a�p�p�r�o�x�i�m�a�t�e� �t�i�m�e� �w�a�s� �a� �m�a�x�i�m�u�m� �o�f� �5� 

�m�i�n�u�t�e�s�.� �I�n� �t�h�i�s� �s�t�a�g�e�,� �w�a�t�e�r� �m�o�l�e�c�u�l�e�s� �f�r�o�m� �a�m�b�i�e�n�t� �h�u�m�i�d�i�t�y� �a�d�s�o�r�b�e�d� �t�o� �t�h�e� �e�x�t�r�e�m�e�l�y� 

�f�i�n�e� �P�H�B� �p�o�w�d�e�r� �p�a�r�t�i�c�l�e�s�.� �W�h�e�n� �m�e�l�t� �p�r�o�c�e�s�s�i�n�g� �w�a�s� �p�e�r�f�o�r�m�e�d�,� �s�o�m�e� �o�f� �t�h�e� �w�a�t�e�r� 

�v�o�l�a�t�i�l�i�z�e�d� �a�n�d� �e�s�c�a�p�e�d�,� �b�u�t� �t�h�e� �m�a�j�o�r�i�t�y� �o�f� �w�a�t�e�r� �w�a�s� �l�i�k�e�l�y� �b�l�e�n�d�e�d� �w�i�t�h� �P�H�B� 

�m�o�l�e�c�u�l�e�s�.� �T�h�e� �s�e�c�o�n�d� �s�t�a�g�e� �w�a�s� �w�h�e�n� �t�h�e� �s�a�m�p�l�e� �w�a�s� �t�a�k�e�n� �o�u�t� �o�f� �t�h�e� �s�e�a�l�e�d� �c�o�n�t�a�i�n�e�r� 

�t�o� �b�e� �i�n�s�t�a�l�l�e�d� �i�n�-�b�e�t�w�e�e�n� �t�h�e� �d�i�s�k� �e�l�e�c�t�r�o�d�e�s�.� �T�h�e� �a�p�p�r�o�x�i�m�a�t�e� �t�i�m�e� �t�a�k�e�n� �f�o�r� �t�h�i�s� �s�t�a�g�e� 

�w�a�s� �a� �m�a�x�i�m�u�m� �o�f� �2� �m�i�n�u�t�e�s�.� �I�n� �t�h�i�s� �s�t�a�g�e�,� �w�a�t�e�r� �m�o�l�e�c�u�l�e�s� �f�r�o�m� �a�m�b�i�e�n�t� �h�u�m�i�d�i�t�y� 

�a�d�s�o�r�b�e�d� �o�n� �t�h�e� �s�u�r�f�a�c�e� �o�f� �P�H�B� �f�i�l�m� �a�n�d� �t�h�e�s�e� �w�a�t�e�r� �m�o�l�e�c�u�l�e�s� �m�a�y� �n�o�t� �h�a�v�e� �d�e�s�o�r�b�e�d� 

�c�o�m�p�l�e�t�e�l�y� �d�u�r�i�n�g� �t�h�e� �n�i�t�r�o�g�e�n� �p�u�r�g�e� �t�i�m�e� �(�3�0� �m�i�n�u�t�e�s� �)� �p�r�i�o�r� �t�o� �a�c�t�u�a�l� �d�a�t�a� �c�o�l�l�e�c�t�i�o�n�.� 

�T�h�e� �p�a�n�c�a�k�e� �s�h�a�p�e�d� �f�i�l�m� �p�r�e�p�a�r�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �m�e�t�h�o�d� �i�n� �s�e�c�t�i�o�n� �5�.�2�.�1� �w�a�s� �s�t�o�r�e�d� �i�n� 

�8�2



�a� �s�e�a�l�e�d� �c�o�n�t�a�i�n�e�r� �w�h�i�c�h� �d�i�d� �n�o�t� �c�o�n�t�a�i�n� �a�n�y� �a�c�t�i�v�e� �d�e�h�u�m�i�d�i�f�y�i�n�g� �a�g�e�n�t�.� �T�h�e�r�e� �w�e�r�e� 

�t�h�r�e�e� �r�e�a�s�o�n�s� �f�o�r� �n�o�t� �u�s�i�n�g� �a�n�y� �a�c�t�i�v�e� �d�r�y�i�n�g� �a�g�e�n�t�.� �F�i�r�s�t� �m�a�n�y� �d�r�y�i�n�g� �a�g�e�n�t�s� �a�r�e� 

�i�n�o�r�g�a�n�i�c� �s�a�l�t�s�,� �a�n�d� �i�f� �P�H�B� �f�i�l�m�s� �a�r�e� �c�o�n�t�a�m�i�n�a�t�e�d� �b�y� �t�h�e�s�e� �c�h�e�m�i�c�a�l�s�,� �a�d�d�i�t�i�o�n�a�l� �o�r� 

�e�x�c�e�s�s�i�v�e� �n�o�i�s�e� �i�n� �c�o�n�d�u�c�t�i�v�i�t�y� �i�s� �p�o�s�s�i�b�l�e�.� �S�e�c�o�n�d�,� �i�f� �t�h�e� �s�a�m�p�l�e� �w�e�r�e� �s�t�o�r�e�d� �i�n� �a� 

�d�e�s�i�c�c�a�t�o�r�,� �e�s�c�a�p�e� �o�f� �w�a�t�e�r� �m�o�l�e�c�u�l�e�s� �f�r�o�m� �t�h�e� �s�u�r�f�a�c�e� �a�n�d� �i�n�t�e�r�i�o�r� �o�f� �t�h�e� �P�H�B� �f�i�l�m� 

�t�h�r�o�u�g�h� �d�i�f�f�u�s�i�o�n� �w�o�u�l�d� �b�e� �e�x�p�e�c�t�e�d�.� �T�h�i�s� �w�o�u�l�d� �c�a�u�s�e� �d�i�f�f�i�c�u�l�t�y� �i�n� �c�o�m�p�a�r�i�n�g� �t�h�e� �d�a�t�a� 

�o�f� �a� �f�r�e�s�h�l�y� �p�r�e�p�a�r�e�d� �s�a�m�p�l�e� �w�i�t�h� �t�h�a�t� �o�f� �a� �l�o�n�g� �t�e�r�m� �s�h�e�l�f�-�l�i�f�e� �s�a�m�p�l�e�.� �A�s� �a� �t�h�i�r�d� �r�e�a�s�o�n�,� 

�o�n�e� �o�f� �t�h�e� �m�a�j�o�r� �c�o�n�d�i�t�i�o�n�s� �o�f� �s�a�m�p�l�e� �s�t�o�r�a�g�e� �f�o�r� �c�o�m�m�e�r�c�i�a�l� �p�r�o�d�u�c�t�s� �w�o�u�l�d� �b�e� �t�h�a�t� 

�d�r�y�i�n�g� �a�g�e�n�t� �w�o�u�l�d� �n�o�t� �b�e� �p�r�e�s�e�n�t�.� �T�h�u�s�,� �t�h�e� �o�b�s�e�r�v�e�d� �d�i�e�l�e�c�t�r�i�c� �r�e�l�a�x�a�t�i�o�n� �b�e�h�a�v�i�o�r� 

�u�n�d�e�r� �t�h�e� �b�e�s�t� �c�o�n�d�i�t�i�o�n�s� �o�f� �t�h�i�s� �s�t�u�d�y� �w�o�u�l�d� �r�e�v�e�a�l� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e� �r�e�l�a�x�a�t�i�o�n� �o�f� �P�H�B� 

�w�h�i�c�h� �m�a�y� �b�e� �o�n�l�y� �c�o�u�p�l�e�d� �w�i�t�h� �t�h�e� �r�e�o�r�g�a�n�i�z�a�t�i�o�n� �o�f� �w�a�t�e�r� �m�o�l�e�c�u�l�e�s� �w�i�t�h� �P�H�B� 

�m�o�l�e�c�u�l�e�s�.� �T�h�e� �p�o�i�n�t� �o�f� �u�s�i�n�g� �t�h�e� �c�u�r�v�e� �r�e�s�o�l�u�t�i�o�n� �s�c�h�e�m�e� �i�s� �t�o� �d�e�c�o�u�p�l�e� �t�h�i�s� �e�f�f�e�c�t� �o�f� 

�w�a�t�e�r� �m�o�l�e�c�u�l�e�s�,� �i�n�e�v�i�t�a�b�l�y� �i�n�c�o�r�p�o�r�a�t�e�d� �u�n�d�e�r� �t�h�e� �s�p�e�c�i�a�l� �c�o�n�d�i�t�i�o�n� �o�f� �t�h�i�s� �s�t�u�d�y�,� �i�n� �t�h�e� 

�l�o�w� �t�e�m�p�e�r�a�t�u�r�e� �r�e�l�a�x�a�t�i�o�n� �b�e�h�a�v�i�o�r� �a�s� �w�e�l�l� �a�s� �t�h�e� �m�u�l�t�i�p�l�e� �r�e�l�a�x�a�t�i�o�n�s� �d�u�e� �t�o� �t�h�e� 

�c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �p�r�o�c�e�s�s� �i�n� �t�h�e� �g�l�a�s�s� �t�r�a�n�s�i�t�i�o�n� �r�e�g�i�o�n�.� 

�5�.�3�.�2� �T�i�m�e� �D�e�p�e�n�d�e�n�t� �B�e�h�a�v�i�o�r� �o�f� �D�i�e�l�e�c�t�r�i�c� �L�o�s�s� �P�r�o�p�e�r�t�y� 

�I�n�i�t�i�a�l�l�y�,� �t�h�e� �t�i�m�e� �d�e�p�e�n�d�e�n�t� �b�e�h�a�v�i�o�r� �o�f� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �p�r�o�p�e�r�t�y� �w�a�s� �i�n�v�e�s�t�i�g�a�t�e�d� 

�u�s�i�n�g� �a� �w�i�d�e� �t�e�m�p�e�r�a�t�u�r�e� �r�a�n�g�e�.� �T�h�e� �t�e�s�t� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�i�s� �e�x�p�e�r�i�m�e�n�t� �a�r�e� �d�e�s�c�r�i�b�e�d� �i�n� 

�S�e�t� �A� �(�s�e�c�t�i�o�n� �5�.�2�.�2�)�.� �F�r�o�m� �F�i�g�u�r�e� �1�3� �t�o� �1�7�,� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �p�e�r�m�i�t�t�i�v�i�t�y� �o�v�e�r� �e�l�a�p�s�i�n�g� 

�t�i�m�e� �i�s� �s�h�o�w�n� �f�o�r� �a� �f�r�e�q�u�e�n�c�y� �o�f� �2�k�H�z� �t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �p�o�i�n�t�.� �I�n� �a�l�l� �t�h�e�s�e� �f�i�g�u�r�e�s�,� 

�e�x�p�e�r�i�m�e�n�t�a�l� �v�a�l�u�e�s� �a�r�e� �e�x�p�r�e�s�s�e�d� �w�i�t�h� �f�i�l�l�e�d� �c�i�r�c�l�e�s�.� �A�f�t�e�r� �c�u�r�v�e� �r�e�s�o�l�u�t�i�o�n�,� �i�n� �g�e�n�e�r�a�l�,� 

�f�o�u�r� �c�o�m�p�o�n�e�n�t�s� �o�f� �l�o�s�s� �p�e�r�m�i�t�t�i�v�i�t�y� �a�r�e� �f�o�u�n�d�;� �t�h�e� �f�i�r�s�t� �o�n�e� �f�o�r� �l�o�w� �t�e�m�p�e�r�a�t�u�r�e� 
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�s�c�a�l�e� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�i�s� �e�x�p�e�r�i�m�e�n�t� �(�F�i�g�u�r�e� �1�8� �a�n�d� �1�9�)�,� �t�h�e� �s�y�s�t�e�m� 

�u�n�d�e�r�w�e�n�t� �c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �d�u�r�i�n�g� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �a�n�d� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�a�s�o�n�i�n�g� �i�s� �n�o�t� 

�r�i�g�o�r�o�u�s� �b�u�t� �i�s� �a� �g�o�o�d� �e�n�o�u�g�h� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �s�h�o�w� �t�h�e� �p�o�i�n�t�.� 

�I�n� �a� �d�i�e�l�e�c�t�r�i�c� �t�h�e�r�m�a�l�!� �a�n�a�l�y�s�i�s� �e�x�p�e�r�i�m�e�n�t� �w�h�i�c�h� �i�s� �p�e�r�f�o�r�m�e�d� �d�y�n�a�m�i�c�a�l�l�y�,� �t�h�e� 

�a�n�a�l�y�z�e�r� �a�c�q�u�i�r�e�s� �t�h�e� �c�a�p�a�c�i�t�a�n�c�e� �o�f� �t�h�e� �s�a�m�p�l�e� �i�n� �a� �s�e�q�u�e�n�t�i�a�l� �m�a�n�n�e�r�.� �W�h�i�l�e� �t�h�e� 

�a�n�a�l�y�z�e�r� �i�s� �c�o�l�l�e�c�t�i�n�g� �t�h�e� �c�a�p�a�c�i�t�a�n�c�e� �f�o�r� �e�a�c�h� �f�r�e�q�u�e�n�c�y� �o�f� �a� �g�i�v�e�n� �f�r�e�q�u�e�n�c�y� �s�e�t� 

�a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �p�r�e�-�d�e�t�e�r�m�i�n�e�d� �o�r�d�e�r� �s�e�t� �b�y� �t�h�e� �o�p�e�r�a�t�i�n�g� �s�o�f�t�w�a�r�e�,� �t�h�e� �h�e�a�t�e�r� �i�s� �b�e�i�n�g� 

�c�o�n�t�r�o�l�l�e�d� �t�o� �p�r�o�d�u�c�e� �l�i�n�e�a�r� �t�e�m�p�e�r�a�t�u�r�e� �r�i�s�e� �i�n� �t�h�e� �o�v�e�n�.� �I�f� �t�h�e� �h�e�a�t�i�n�g� �r�a�t�e� �i�s� �g�i�v�e�n� �a�s� �r�p�,� 

�t�h�e�n� 

�_� �d�T� �5�.�3�.�2�-�1� �T�h� �d�t� �E�q�.�(�5�.�3�.�2�-�1�)� 

�T�h�e� �t�o�t�a�l� �a�m�o�u�n�t� �o�f� �c�r�y�s�t�a�l�l�i�n�e� �p�h�a�s�e� �i�n�c�r�e�a�s�e�s� �d�u�r�i�n�g� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �w�h�i�c�h� �t�s� �t�h�e� �c�a�u�s�e� 

�o�f� �t�h�e� �d�e�c�r�e�a�s�e� �i�n� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s�.� �L�e�t� �X�q� �a�n�d� �X�(�t�)�,� �b�e� �t�h�e� �%�c�r�y�s�t�a�l�l�i�n�i�t�y� �o�f� �t�h�e� �s�a�m�p�l�e� 

�a�t� �t�h�e� �s�t�a�r�t�i�n�g� �t�i�m�e� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �a�n�d� �a�t� �a�n�y� �t�i�m�e� �t� �d�u�r�i�n�g� �t�h�e� �e�x�p�e�r�i�m�e�n�t� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �S�i�n�c�e� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �p�r�o�g�r�a�m�m�e�d� �l�i�n�e�a�r�l�y� �w�i�t�h� �t�i�m�e�,� �i�t� �i�s� �t�h�e� �s�a�m�e� �a�s� 

�s�t�a�t�i�n�g� �t�h�a�t� �X�o� �a�n�d� �X�(�t�)� �a�r�e� �t�h�e� �%�c�r�y�s�t�a�l�l�i�n�i�t�y� �o�f� �t�h�e� �s�a�m�p�l�e� �a�t� �t�h�e� �s�t�a�r�t�i�n�g� �t�e�m�p�e�r�a�t�u�r�e� �o�f� 

�e�x�p�e�r�i�m�e�n�t� �a�n�d� �a�t� �a�n�y� �t�e�m�p�e�r�a�t�u�r�e� �T� �d�u�r�i�n�g� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e�n�,� 

�x�=� �[� �M�a� 
�)� 

�O�T� 

�X�(�T�)� �=� �|� �[�A�O� �|� �a�r� �E�q�.�(�5�.�3�.�2�-�2�)� 

�T�h�e� �e�x�a�c�t� �f�u�n�c�t�i�o�n�a�l� �r�e�l�a�t�i�o�n� �o�f� �i�n�c�r�e�a�s�i�n�g� �c�r�y�s�t�a�l�l�i�n�i�t�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�i�m�e� �i�n� �t�h�i�s� 

�d�y�n�a�m�i�c� �h�e�a�t�i�n�g� �s�i�t�u�a�t�i�o�n� �u�n�d�e�r� �a�n� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �i�s� �n�o�t� �k�n�o�w�n�.� �H�o�w�e�v�e�r�,� �i�t� �i�s� �c�e�r�t�a�i�n� �t�h�a�t� 

�a�s� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� �o�v�e�n� �g�e�t�s� �c�l�o�s�e�r� �t�o� �t�h�e� �g�l�a�s�s� �t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e�,� �t�h�e� �r�a�t�e� �o�f� 
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�t�h�e� �c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �p�r�o�c�e�s�s� �i�n�c�r�e�a�s�e�s� �d�u�e� �t�o� �t�h�e� �i�n�c�r�e�a�s�e� �i�n� �f�r�e�e� �v�o�l�u�m�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� 

�t�h�e� �c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �r�a�t�e� �i�s� �l�i�n�e�a�r� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �i�n�c�r�e�a�s�i�n�g� �t�e�m�p�e�r�a�t�u�r�e�,� 

�_� �_� �d�X�(�t�)� �r�y� �=�  ��a� 

�X�(�T�)� �=� �|� �K�r�s�t� 
�T�o� 

�k�T�,� �k� �=� �c�o�n�s�t�a�n�t� 

�T� 

�X�(�T�)� �=� �|� �k�=� �g�e�l�?� �-� �T�0�7� �E�q�.�(�5�.�3�.�2�-�3�)� 
�T�o� 

�T�h�i�s� �l�a�s�t� �e�q�u�a�t�i�o�n� �s�h�o�w�s� �t�h�e� �n�o�n�l�i�n�e�a�r� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �e�x�t�e�n�t� �o�f� �c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �t�e�m�p�e�r�a�t�u�r�e�.� �I�n� �F�i�g�u�r�e� �2�3�,� �t�h�e� �p�e�a�k�s� �d�r�a�w�n� �w�i�t�h� �t�h�e� �t�h�i�n� �a�n�d� �t�h�i�c�k� �l�i�n�e�s� �a�r�e� 

�t�h�o�s�e� �o�f� �l�o�w� �f�r�e�q�u�e�n�c�y� �a�n�d� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �r�e�s�p�e�c�t�i�v�e�l�y� �i�n� �i�d�e�a�l� �m�e�a�s�u�r�e�m�e�n�t�.� �A�s� �t�h�e� 

�t�e�m�p�e�r�a�t�u�r�e� �i�s� �i�n�c�r�e�a�s�e�d�,� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �p�r�o�p�e�r�t�y� �d�e�c�r�e�a�s�e�s� �d�u�e� �t�o� �i�n�c�r�e�a�s�i�n�g� 

�c�r�y�s�t�a�l�l�i�n�i�t�y� �a�n�d� �d�e�v�i�a�t�e�s� �f�r�o�m� �i�d�e�a�l� �m�e�a�s�u�r�e�m�e�n�t�.� �T�h�e� �d�e�v�i�a�t�i�o�n� �i�s� �o�f� �a� �n�o�n�l�i�n�e�a�r� 

�f�a�s�h�i�o�n� �(�c�i�r�c�l�e�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �a�c�t�u�a�l� �s�i�t�u�a�t�i�o�n� �f�o�r� �i�d�e�a�l� �l�o�w� �f�r�e�q�u�e�n�c�y� �l�o�s�s� �b�e�h�a�v�i�o�r� �i�n� 

�F�i�g�u�r�e� �2�3�)�.� �A�l�s�o�,� �d�u�e� �t�o� �t�h�e� �o�r�d�e�r� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �i�n� �a� �g�i�v�e�n� �f�r�e�q�u�e�n�c�y� �s�e�t�,� �t�h�e� �a�n�a�l�y�z�e�r� 

�a�c�q�u�i�r�e�s� �t�h�e� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �d�a�t�a� �a�f�t�e�r� �t�h�e� �l�o�w� �f�r�e�q�u�e�n�c�y� �d�a�t�a� �i�s� �o�b�t�a�i�n�e�d�.� �T�h�i�s� �c�a�u�s�e�s� 

�e�v�e�n� �m�o�r�e� �d�e�v�i�a�t�i�o�n� �o�f� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �p�r�o�p�e�r�t�y� �f�r�o�m� �t�h�e� �i�d�e�a�l� �c�u�r�v�e� �f�o�r� �t�h�e� �h�i�g�h� 

�f�r�e�q�u�e�n�c�y� �d�a�t�a� �(�s�q�u�a�r�e�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �a�c�t�u�a�l� �s�i�t�u�a�t�i�o�n� �f�o�r� �i�d�e�a�l� �h�i�g�h� �f�r�e�q�u�e�n�c�y� �l�o�s�s� 

�b�e�h�a�v�i�o�r� �i�n� �F�i�g�u�r�e� �2�3�)�.� �A�s� �s�u�c�h�,� �f�o�r� �t�h�e� �p�e�a�k� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �w�i�t�h� �t�h�e� �r�e�l�a�x�a�t�i�o�n� �o�f� 

�c�r�y�s�t�a�l�l�i�z�i�n�g� �s�p�e�c�i�e�s�,� �t�h�e� �h�i�g�h�e�r� �f�r�e�q�u�e�n�c�y� �d�a�t�a� �t�e�n�d�s� �t�o� �h�a�v�e� �s�m�a�l�l�e�r� �l�o�s�s� �v�a�l�u�e�s�,� �a�n�d� �t�h�i�s� 

�i�s� �b�a�s�i�c�a�l�l�y� �t�h�e� �s�i�t�u�a�t�i�o�n� �f�o�r� �t�h�e� �L�T�P� �i�n� �F�i�g�u�r�e� �2�0�.� �F�o�r� �t�h�e� �H�T�P� �b�e�h�a�v�i�o�r� �i�n� �F�i�g�u�r�e� �2�0�,� 

�t�h�e� �r�e�v�e�r�s�e� �s�i�t�u�a�t�i�o�n� �i�s� �a�p�p�l�i�c�a�b�l�e� �i�f� �H�T�P� �1�s� �c�o�n�s�i�d�e�r�e�d� �a�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �r�e�l�a�x�a�t�i�o�n� 

�o�f� �s�p�e�c�i�e�s� �w�h�i�c�h� �a�r�e� �a�f�f�e�c�t�e�d� �b�y� �c�r�y�s�t�a�l�l�i�z�i�n�g� �s�p�e�c�i�e�s� �n�e�a�r�b�y�.� �F�r�o�m� �E�q�.�(�5�.�3�.�2�-�3�)�,� �o�n�e� 

�m�i�g�h�t� �t�h�i�n�k�,� �i�f� �r�y�,� �t�h�e� �h�e�a�t�i�n�g� �r�a�t�e� �o�f� �e�x�p�e�r�i�m�e�n�t� �i�s� �i�n�c�r�e�a�s�e�d�,� �t�h�e� �s�y�s�t�e�m� �w�o�u�l�d� �u�n�d�e�r�g�o� 

�l�e�s�s� �c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �d�u�r�i�n�g� �t�h�e� �t�i�m�e� �o�f� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n�,� �a�n�d� �m�a�y� �y�i�e�l�d� �l�o�s�s� �c�u�r�v�e�s� �w�h�i�c�h� 

�d�e�s�c�r�i�b�e� �t�h�e� �d�y�n�a�m�i�c� �c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �b�e�h�a�v�i�o�r� �m�o�r�e� �f�a�i�t�h�f�u�l�l�y�.� �H�o�w�e�v�e�r�,� �p�r�a�c�t�i�c�a�l� �d�a�t�a� 
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�a�c�q�u�i�s�i�t�i�o�n� �m�i�g�h�t� �s�u�f�f�e�r� �a� �s�e�r�i�o�u�s� �a�l�i�a�s�i�n�g� �e�f�f�e�c�t� �a�s� �w�e�l�l� �a�s� �m�o�r�e� �s�i�g�n�i�f�i�c�a�n�t� �d�e�v�i�a�t�i�o�n� �o�f� 

�p�r�o�b�e� �t�e�m�p�e�r�a�t�u�r�e�s� �f�r�o�m� �a�c�t�u�a�l� �t�e�m�p�e�r�a�t�u�r�e�s� �w�h�i�c�h� �a�r�e� �e�x�p�e�r�i�e�n�c�e�d� �b�y� �t�h�e� �s�a�m�p�l�e�.� 

�5�.�3�.�3� �T�e�m�p�e�r�a�t�u�r�e� �D�e�p�e�n�d�e�n�t� �B�e�h�a�v�i�o�r� 

�A�s� �s�h�o�w�n� �i�n� �E�q�.�(�5�.�3�.�2�-�2�)�,� �i�f� �a� �s�l�o�w� �h�e�a�t�i�n�g� �r�a�t�e� �i�s� �u�s�e�d�,� �t�h�e� �e�x�t�e�n�t� �o�f� �t�h�e� 

�c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �p�r�o�c�e�s�s� �w�o�u�l�d� �b�e� �g�r�e�a�t�e�r� �b�y� �t�h�e� �t�i�m�e� �t�h�e� �o�v�e�n� �r�e�a�c�h�e�s� �a� �c�e�r�t�a�i�n� 

�t�e�m�p�e�r�a�t�u�r�e� �t�h�a�n� �i�n� �t�h�e� �c�a�s�e� �o�f� �r�a�p�i�d� �h�e�a�t�i�n�g� �r�a�t�e�.� �A�n�o�t�h�e�r� �s�e�t� �o�f� �e�x�p�e�r�i�m�e�n�t�s� �w�a�s� �d�o�n�e� 

�u�s�i�n�g� �e�x�p�e�r�i�m�e�n�t�a�l� �c�o�n�d�i�t�i�o�n�s�,� �S�e�t� �B� �(�s�e�c�t�i�o�n� �5�.�2�.�2�)�,� �w�h�i�c�h� �u�s�e� �a� �s�l�o�w�e�r� �h�e�a�t�i�n�g� �r�a�t�e� �t�h�a�n� 

�t�h�e� �p�r�e�v�i�o�u�s� �e�x�p�e�r�i�m�e�n�t� �o�f� �s�e�c�t�i�o�n� �5�.�3�.�2�.� �A�l�s�o� �t�h�i�s� �e�x�p�e�r�i�m�e�n�t� �w�a�s� �d�o�n�e� �o�v�e�r� �a� �n�a�r�r�o�w�e�r� 

�t�e�m�p�e�r�a�t�u�r�e� �r�a�n�g�e� �o�f� �-�6�0� �t�o� �1�3�0�°�C�,� �w�i�t�h� �t�h�e� �s�a�m�e� �n�u�m�b�e�r� �o�f� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �p�o�i�n�t�s�.� 

�F�r�o�m� �F�i�g�u�r�e� �2�4� �t�o� �2�8�,� �t�i�m�e� �d�e�p�e�n�d�e�n�t� �l�o�s�s� �p�e�r�m�i�t�t�i�v�i�t�y� �i�s� �s�h�o�w�n� �f�o�r� �t�h�e� �g�l�a�s�s� �t�r�a�n�s�i�t�i�o�n� 

�r�a�n�g�e�.� �A�s� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�p�e�r�i�m�e�n�t�,� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �o�f� �b�o�t�h� �L�T�P� �a�n�d� �H�T�P� �a�r�e� 

�d�e�c�r�e�a�s�i�n�g�.� �F�o�r� �t�h�e� �f�r�e�s�h� �s�a�m�p�l�e� �o�f� �t�h�i�s� �s�e�t� �o�f� �e�x�p�e�r�i�m�e�n�t�s� �(�F�i�g�u�r�e� �2�9�)�,� �c�u�r�v�e� �r�e�s�o�l�u�t�i�o�n� 

�w�a�s� �p�e�r�f�o�r�m�e�d� �a�s� �i�n� �F�i�g�u�r�e� �3�0� �f�o�r� �H�T�P� �a�n�d� �F�i�g�u�r�e� �3�1� �f�o�r� �L�T�P�.� �I�n� �o�r�d�e�r� �t�o� �i�l�l�u�s�t�r�a�t�e� �t�h�e� 

�r�e�l�a�t�i�v�e� �m�a�g�n�i�t�u�d�e�s� �o�f� �L�T�P� �a�n�d� �H�T�P�,� �F�i�g�u�r�e� �3�2� �w�a�s� �p�r�e�p�a�r�e�d�.� �U�n�l�i�k�e� �F�i�g�u�r�e� �2�0�,� �H�T�P� 

�n�o�w� �s�h�o�w�s� �a� �f�a�m�i�l�i�a�r� �d�i�s�p�e�r�s�i�o�n� �o�f� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �w�h�i�c�h� �p�e�r�m�i�t�s� �t�h�e� �e�v�a�l�u�a�t�i�o�n� �o�f� 

�r�e�l�a�x�a�t�i�o�n� �p�a�r�a�m�e�t�e�r�s�.� �B�y� �c�o�m�p�a�r�i�s�o�n� �o�f� �F�i�g�u�r�e� �2�0� �a�n�d� �F�i�g�u�r�e� �3�2�,� �i�t� �c�a�n� �b�e� �s�e�e�n� �t�h�a�t� �t�h�e� 

�s�l�o�w�e�r� �h�e�a�t�i�n�g� �r�a�t�e� �i�n�c�r�e�a�s�e�d� �t�h�e� �e�x�t�e�n�t� �o�f� �c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �a�t� �a�n�y� �t�e�m�p�e�r�a�t�u�r�e�.� �A�s� �a� �r�e�s�u�l�t�,� 

�t�h�e� �L�T�P� �i�s� �n�o�w� �v�e�r�y� �s�m�a�l�l� �a�n�d� �H�T�P�s� �s�h�o�w� �d�e�c�e�n�t� �d�i�s�p�e�r�s�i�o�n� �b�e�h�a�v�i�o�r�.� �S�t�i�l�l� �L�T�P� �i�s� 

�c�e�n�t�e�r�e�d� �a�r�o�u�n�d� �0�°�C�,� �w�h�i�c�h� �i�s� �t�h�e� �a�v�e�r�a�g�e� �g�l�a�s�s� �t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �r�e�p�o�r�t�e�d� �v�a�l�u�e�s� 

�(�-�5� �t�o� �5�°�C�)�.� �F�i�g�u�r�e� �3�3�,� �s�h�o�w�s� �t�h�e� �T�a�x� �o�f� �H�T�P� �o�v�e�r� �t�i�m�e� �a�t� �5�k�H�z�.� �S�i�m�i�l�a�r� �b�e�h�a�v�i�o�r� �w�a�s� 

�o�b�s�e�r�v�e�d� �f�o�r� �a�l�l� �t�h�e� �o�t�h�e�r� �t�e�s�t� �f�r�e�q�u�e�n�c�i�e�s� �u�s�e�d� �i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�4�.� 

�F�i�g�u�r�e�s� �3�5�,� �3�6�,� �a�n�d� �3�7� �s�h�o�w� �f�r�e�q�u�e�n�c�y� �p�l�a�n�e� �p�l�o�t�s� �o�f� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� �f�o�r� �f�r�e�s�h�,� �s�e�c�o�n�d� �d�a�y�,� 

�a�n�d� �f�o�u�r�t�h� �d�a�y� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e� �c�r�y�s�t�a�l�l�i�z�e�d� �s�a�m�p�l�e�s�.� �W�h�i�l�e� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s� 

�m�a�x�i�m�u�M�  ¬�m�a�x� �f�o�r� �t�h�e� �f�r�e�s�h� �s�a�m�p�l�e� �s�h�o�w�s� �r�a�t�h�e�r� �s�i�m�i�l�a�r� �v�a�l�u�e�s� �f�o�r� �t�h�e� �g�i�v�e�n� �t�e�m�p�e�r�a�t�u�r�e� 

�r�a�n�g�e� �(�2�0� �t�o� �4�0�°�C�)�,� �a�s� �t�h�e� �r�o�o�m� �t�e�m�p�e�r�a�t�u�r�e� �c�r�y�s�t�a�l�l�i�z�a�t�i�o�n� �p�r�o�c�e�e�d�s�,� �E�m�a�x� �i�s� �h�i�g�h�l�y� 

�9�8



�2�
8�.

�6�
 �f�{

�(�
k�H

�z�
)� 

�0�
.�2

� 

� � 

� � 

� � 
� � 

� � 
� � 

� � � � � � � � �0�.�0�5� �|� 
�l�o

�s
�s

� 

�T
�e

�m
�p

� 

�O
�v

�e
�r�

a�
l�l

� �d
�i�e

�l�e
�c

�t�
r�i

�c
� �l�o

�s�
s� �

c�
o�

n�
s�

t�a
�n

�t�
 

�b
�e

�h
�a

�v
�i�

o�
r� 

�o�
f� �

P
�H

�B
� �(�
f�r

�e
�s�

h�
 �s
�a

�m
�p

�l�
e�

,� �S
�e

�t� �
B�

)�,�
 

�f�
r�e

�q
�u

�e
�n

�c
�i�

e�
s�

,� 
�0�

.�2
�,� �

0�.
�3�

,� �0
�.�6

�,� 
�1�,

� �
1�.

�7�
,� �3

�,� 
�5�,

� �8
�.�6

�,� 
�1�

5�,
� �2

�9
� �k

�H
�z

� �f�
r�o

�m
� �f�
r�o

�n
�t�

 �t�o
� 

�r�
e�

a�
r� �f

�a
�c

�e
� �o

�f� 
�t�

h�
e�

 �c
�u

�b
�i�

c�
l�e

� 

�F
�i�

g�
u�

r�e
� �2�
4�,

� 

�9�9



�2
�8

�.�6
� �0�
.�2

� 

� � 

� � 

� � 
� � 

�b�e�c� �p�o�r�s�e�n� �E�w�e�i�t�e�e�c�w�a�c�t�a�r�e�c�t�l� 
�W�i�e�n�e�r�)� 

�M�t�r� �b�a�n�c�e� 

� � 

� � � � 
� � � � 

�0�
.�1

�;� 

�l�o
�s

�s
� �0
�.�

0�
5�

 
�7�

 

�T
�e

�m
�p

� 

�O
�v

�e
�r�

a�
l�l

� �d
�i�e

�l�e
�c

�t�
r�i

�c
� �l�o

�s�
s� �

c�
o�

n�
s�

t�a
�n

�t�
 

�b
�e

�h
�a

�v
�i�

o�
r� 

�o�
f� �

P
�H

�B
� �(�
2�

n�
d�

 �d
�a

�y
� �s

�a
�m

�p
�l�

e�
,� �S
�e�

t� 
�B

�)�,
� �

f�r
�e

�q
�u

�e
�n

�c
�i�

e�
s�

,� 
�0�

.�2
�,� �

0�.
�3�

,� �0
�.�6

�,� 
�1�,

� �
1�.

�7�
,� �3

�,� 
�5�,

� �
8�.

�6�
,� �

1�5
�,� �

2�9
� �k

�H
�z

� �f�
r�o

�m
� �f�

r�o
�n

�t�
 �t�o

� 
�r�

e�
a�

r� �
f�a

�c
�e

� �o
�f� 

�t�
h�

e�
 �c

�u
�b

�i�
c�

l�e
� 

�F
�i�

g�
u�

r�e
� �2�
5�.

� 

�1�0�0



�2
�8

�.�6
� �f�

(�k
�H

�z
�)�

 

�0�
.�2

� 

� � � � 

� � 

� � 
�a� 

�s�c�a�a�t�o�n�e� �R�e�a�s�o�a�h�c�e�r�e�e� �e�e�e� 
�C�e�o� 

�S�o�r�a�t� �W�b�t�e�e�c�e�e�c�s�c�t�a�l�a�a�n�t�e�h�e�e� �e�e� 
�N�g�r�e�u�d�i�g�s�i�v�u�o�t�n�g�c�r�c�c�e�c�c�n� �_� 

� � � � � � 

�*� 
�s�c�c�e�e�n�t�a�e�n� �a�C�e� �S�e� 

�P�e�c�a�n� �e�S� 
�o�e� 

�2�k� 
�a�s�c� 

�c�e�c�e� 

�a�S� 
�o�e� 
�>� 

�a�e� 
�S� �P�o� �e� �&� �S�N� �a�S� 

�S�e� 
�i� 

�S�J� 
�a� 

 ��A� 
�A�y� �A� 

 ��S�u�a� 
�f�e�w� 

�e�S� �S�s� �\�S� �S�F� �o�d� 
�e�m� �o�o� 

�f�a� �W�O� 
�o�O� �«�a� 

�w�e� 

�e�n� 
�o�y� �e�t� 
�=� �o�l� 

�i�)� �o�N� �o�e� �Y�Y� �o�o� �2� 
�n�m� �=� �A�o� 

�E�n�e�a� 
�g�e� 

�~ �� �7� �¢� 

�3�°�5� 
�=� �m�i� �2�3�6� 

�a�v�s� 
�S� �5� �5� �o�O� �o�t� �&� 

�>� �o�s� 

�p�h�o�n�e� �o�w�n� �©� �a� �L�o� � � 
� � � � 

�l�o
�s

�s
� 

�F
�i�

g�
u�

r�e
� �2�
6�.

� 

�0
�.�

0�
5�

 
�|� 

�1�0�]



�I�I�I�Q
�N

�S
� 

�9�Y�}� �J�O� �9�o�V�j� �A
�V

�I� 
�0�}� �J�U�O�I�Z� 

�W
�O

�I�Z� 
�Z

�A
� �6�7�  ��S�T�  ��9�°�8�  ��S�  ��E�  ��L�T� �S�T� �°�9�°�0�  � ¬�°�0� �°�Z�'�0�  ��s�a�f�o�u�a�n�b�a�.�y� 

 ��(�g�q� �3�9�S�  ��A�e�p� �4�3�8�)� �T
�H

�d
� 

�J�O� �J�O
�A

�L
�Y

�a
�q

� 
�J�U

�L�J�S
�U

�O
�D

� 
�S�S�O�]� �d�1�I�}�D

�9�]�9�I�P� 
�[�]�B

�1�B
�A

�C
� �L�Z

� �a�a�n�s�t�y� 

�d
�u

�r�a
� 

�|�,� 

�0�6� 
�0�9� 

�O�L� 
�0� 

�O
�e� 

�
 
�
 

�S�0�°�0� 
�S�S�O�|� 

�c�0� 

�(�Z�H� �D�J� �9�°�8�7� 

�1�0�2



�I�I�I�Q
�N

�d� 
�I�Y�}� �J�O� �a�d�V�j� �v�a�l� 

�0�}� �J�U�O
�L�Y� 
�W

�O
�A

�J� 
�Z

�E
�D

� 
�6�7�  ��S�T�  ��9�°�8�  ��S�s�  � ¬�  ��L�'�T�  ��T�  ��9�°�0�  � ¬�'�0�  ��7�0�  ��s�a�r�s�u�a�n�b�a�.�l�y� 

 ��(�g�q� �3�0�8�  ��A�U�p� �U�I�S�T�)� �P
�H

� 
�J�O� �A

�O
�I�A

�B
�Y

�a�q� 
�J�U

�L�J�S
�U

�O
�D

� 
�S�S�O�]� �S�E�Q

�I�I�P�I�I�P� 
�J�T�V�A�O

�A�Q
� 

�=� 
 ��B�T� �a�i�n�s�i�]� 

�d
�u

�d
� 

�J�,� 

�0�6� 
�0�9� 

�O�¢� 
�0� 

�O�f� 

�
 
�
 

�S�0�°�0� 
�S�S�O�|� 

�T�0� 

�c�'�0� 

�(�Z
�H

�I� �9�°�8�C� 

�1�0�3



 ��J�a�p�i�o� �X�P
�U

�l�y� 
�S

�u
�u

�v
�a

�p
�e

� 
�U�l� �Z

�H
� �6�7�  ��S�T�  ��9�°�8�  ��s�  � ¬�  ��L�'�T�  ��T�  ��9�°�0�  � ¬�°�0�  ��Z�'�9�  ��S�o�l�n�u�a�n�b�a�a�y� 

 ��(�g�q� �3�9�9�  ��a�j�d�w
�e�s� 

�Y�s�a�t�J�)� �U�O
�N

�N
�[�O

�S
�a�I� 

�I�A
�I�N

� �d�1�O
�J�a�q� 

�J�U
�L�I�S

�U
�O

�D
� 

�S�S�O�]� �3�1�.�1�4�9�9�]�a�I�p� 
�J�o� �U

�O
�I�s�A

�a�d�s�I�g� 

�(�D�.�)�'�d�w�a�y� 
�O

�c�t� 
�O

�O
�r� 

�0�8� 
�0�9� 

�O
�V� 

�0�7� 
�0� 

�O
�c�-� 

�=�O�0�r�-� 
�
 
�
 

� � 

�"�6�7� �P
�A

�N
�S

�Y
� 

�0�9�-� �0�0�°�0� 
�
 
�
 

�
 
�
 

�F
�E

� 
�=� 

�H�i� 
�N� 

�!� 
�Y�Y� 

�N�S�S� 

�V
�a

� 
�S

�t�e�d� 

� � 
� � 

� � 
� � 

� � � � � � 
� � 

�|� 
� � 

� � � � 
� � � � � � 

� � 
� � 

�|� �c�0�°�0� 

�-� �£�0�°�0� 

�-� �9�0�°�0� 

�|� �8�0�°�0� 

�L� �o�r�o� 
�[� �c�r�0� 

�p�r�o� 

�q� �9�T�°�0� 

�-� �8�1�°�0� 
�L� � � 

�
 
�
 

�0�7�°�0� 

�A�P�A� �U�s�e�d� �s�s�o�'�y� 

�1�0�4



 ��J�a�p�a�o� 
�X

�B
�W

�)� 
�s�u�l�u�e�a�A

�p�e� 
�U�l� �Z�H

� �6�7�  ��S�T�  ��9�°�8�  ��s�  � ¬�  ��L�'�T�  ��T�  ��9�°�0�  � ¬�°�0� �7�0�  ��S�a�f�p�u�a�n�b�e�a�a�y� 
 ��(�q� �3�0�S�  ��a�j�d�u�i�e�s� 

�y�s�o�1�z�)� 
�Q

�L
� �p�e�a�l�o�s�a�l� 

�d�a�i�n� �s�u�e�d� �a�i�n�j�e�s�a�d�u�i�a�y� 
�=� 

 ��9�g� �B
�A

�M
�B

�I� 

�(�D
�.�)�'�d�w

�a�y� 
�O

�c�r� 
�O

�O
�T� 

�0�8� 
�0�9� 

�O
�r� 

�0�7� 
�0� 

�O
�c�-� 

�O
�F�-� 

�0�9�-� 
�
 
�
 

� � 

�
 
�
 

�4
�+

� 
�0�0�°�0� 

�N�X� 
�-� �p�0�0� 

�9�0�°�0� 

�8�0�°�0� 
� � 

�O
�r�o� 

�c�v�0� 

�p�r�o� 

�9�T�°�0� 

�8�T�°�0� 

� � � � 
� � 

� � 
� � � � 

� � 
� � 

�P�r�e�r�r�p�r�e�r�e� �P�P�T� �P�r�e�p�e�r�e�r�y�p�r�e�r�r�r�p�e�e�r�r�r�g�p�r�r�r�r�p�r�e�r�e�r�g�r�r�r�r�g�y�p�e�r�e�r�e� 

� � � � � � 
� � � � � � � � 

� � � � � � 
� � 

�0�2�°�0� 
�
 
�
 

�1�0�5� 

�A�V�W�A�I�U�W�A�I�e�d� �s�s�o�'�y�T



�9�j�8�1� �S
�U

�I�B
�A

�Y
� 

�M
�O

�I�S� 
�0�}� �o�N

�p� 
�J�O

�I�A
�B

�Y
�I�q� 
�U

�O
�I�s�A

�a�d�s�i�p� 
�J�o� �a�d�u�e�.�e�a�d�d�e�s�i�p� 

�o�y�}� �9
�0

�N
�  ��a�p�n�y�u�s�e�u�w

� 
�S

�u�i�s�e�a�.�o�e�p� 
�J�O� �J�O

�p�1�O
� 

�o�t�f�}� �U�l� �Z
�Y

� �G�7�  ��S�T�  ��9�°�8�  ��s�  � ¬�  ��L�T�  ��T�  ��9�°�0�  � ¬�'�0�  ��7�'�0�  ��s�a�t�o�u�a�n�b�a�.�y� 

�
 
�
 

� � � � � � � � � � � � � � � � � � � � � � � � 
� � � � � � 

� � 
� � � � � � � � 

�
 
�
 

 ��(�g�q� �3�9�S�  ��a�j�d�u�l�e�s� 
�y�s�a�a�y�)� 

�C
�L

�T
� 

�p�o�a�j�o�s�a�s� 
�a�a�a�n�d� 

�a�u�e�y�d� 
�a�i�n�j�e�s�s�d�u�i�a�y�,� 

�=� �*�[�¢� �a�a�n�B
�1�y� 

�(�D
�.�)�'�d�u�r�a� 

�J�,� 

�O�c�c�.� 
�O

�O
�r� 

�0�8� 
�0�9� 

�O
�V� 

�O�0�7� 
�0� 

�0�7�>� 
�O

�P�-� 
�0�9�-� 

�; � ��t� 
�0�0�0�°�0� 

�-� �$�0�0�°�0� 
�i�N� 

�-� �0�1�0�0� 

�-� �S
�T

�O
�O

� 

�-� �0�2�0�°�0� 

�d� �L�T
� �4�1�0�J� 

�L� 
�A

�d�u�a�n�b�a�a�y� 
�S

�U
�I�S

�B
�I�I�D

�U
�T

� 
�.� �S�Z�7�0�°�0� 

�0�£�0�°�0� 

�A�J�I�A�I�W�U�W�A�a�d� �=�s�s�o ��y� 

�1�0�6



�A�J�a�a�A�t�q�o�0�d�s�a�.�1� 
�d�A

�I�N
�D

� 
�3�}�I�S�O

�d�U
�I�O

�D
� 

�p�u�e� �J�U�I�O
�d� 
�B�y�e�p� �[�e�y�U

�I�U
�I�T�I�e�d�x�a� 

�j�u�s�s�e�1�d�a�l� 
�a�u�l�]� 

�P�I�[�O�s� �p�u�e� �a�f�d�.�1�1�9� �p�a�l�l�y�  ��Z
�H

� �7�0� �A
�d�u�e�n�b�a�a�y� 

 ��(�g�q� �3�9�S�  ��a�j�d�u�r�e�s� 
�y�s�e�.�a�J�)� �d

�H
� 

�p�u�e� �Z
�L

� �G
�s�a�A�j�J�o�q� 

�J�U
�L�J�S

�U
�O

�D
� 

�S�S�O�]� �d�L�I�Q
�I�A�T�I�I�P� 

�9�}� �J�O� �a�p�N
�y�l�u�U

�s�e�U
� 

�s�a�y�e�y�p�o�y� 

�(�D
�,�)�'�d�u�a�y�,� 

�O�Z�7�I� 
�O

�O
�T� 

�O�0�8� 
�0�9� 

�O�r� 
�0�7� 

�0� 
�O�Z�-� 

�O�F�r�-� 
�
 
�
 

� � 

�"�T�E� �D�A�N�S�L�]� 

�0�9�-� �0�0�°�0� 
�
 
�
 

� � 

� � � � � � 
� � � � 

� � 
� � � � � � 

� � � � � � � � 
� � 

� � 
� � 

� � 
� � 

�7�0�0� 

�p�0�0� 

�L� �9�0�7�0� 
�L� �g�0�°�0� 
�L� �O�r� 
�|� �Z�1�'�0� 
�L� �p�r �� 
�L� �o�r� 
�L� �S�T�O� 
� � 

�0�7�°�0� 
�
 
�
 

�A�P�A� �U�W�A�I�d� �s�s�o�T� 

�1�0�7



�(�Z�H
�Y

� 
�§�  ��A

�o�u�e�n�b�a�a�y� 
 ��J� �1�9�S�)� �A

�L
�H

� 
�J�O� �J�U

�e�}�S
�U

�O
�D

� 
�S�s�O�T� �D�L�A�P�D�a�T�A�I�P� 

�J�O� �U
�O

�T�B
�I�A

�V
�A

� 
�J�U

�S
�P

�U
�a�d�a�p� 

�9�U�I�T�]�,� �«�=�=�  ��E�g� �B
�A

�N
�S

� 

�
 
�
 
�
 
�
 

�
 
�
 

� � � � 

�(�D
�,�)�'�d�w

�a�y�,� 

�O
�0�O

�T� 
�0�8� 

�0�9� 
�O

�P
� 

�0�7� 
�0� 

�O
�C

�"� 
�O�P�p�-� 

�0�0�°�0� 

�y�e� 
�M�N� 

�|� 
�k�e�p� �W�I�s�t� 

�N
�w

� 
�/� 

�|� �S�o�r�o� 
�|� 

�|� 
�o�Y� 

 ��r�p� �"�8� 

 ��c�e� �m�w� 
�k�e

�p
� �p

�u
�z� 

�-� �O
�L�'�O

� 

�|� 
�|� 

 ��U�I� �O�E� 
�Z�H� �S� 

�s�v�0� 
� � 

� � � � � � 
� � � � 

� � 
� � � � 

� � 
� � � � � � 

�
 
�
 

�1�0�8� 

�A�P�W�A�J�U�I�I�d� �s�s�o�T


