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Design, Analysis, and Application
of Immersed Finite Element Methods

Ruchi Guo

(ABSTRACT)

This dissertation consists of three studies of immersed finite element (IFE) methods for inter-
face problems related to partial differential equations (PDEs) with discontinuous coefficients.
These three topics together form a continuation of the research in IFE method including the
extension to elasticity systems, new breakthroughs to higher degree IFE methods, and its
application to inverse problems.

First, we extend the current construction and analysis approach of IFE methods in the
literature for scalar elliptic equations to elasticity systems in the vector format. In particular,
we construct a group of low-degree IFE functions formed by linear, bilinear, and rotated Q1

polynomials to weakly satisfy the jump conditions of elasticity interface problems. Then we
analyze the trace inequalities of these IFE functions and the approximation capabilities of
the resulted IFE spaces. Based on these preparations, we develop a partially penalized IFE
(PPIFE) scheme and prove its optimal convergence rates.

Secondly, we discuss the limitations of the current approaches of IFE methods when we try to
extend them to higher degree IFE methods. Then we develop a new framework to construct
and analyze arbitrary p-th degree IFE methods. In this framework, each IFE function is the
extension of a p-th degree polynomial from one subelement to the whole interface element
by solving a local Cauchy problem on interface elements in which the jump conditions across
the interface are employed as the boundary conditions. All the components in the analysis,
including existence of IFE functions, the optimal approximation capabilities and the trace
inequalities, are all reduced to key properties of the related discrete extension operator.
We employ these results to show the optimal convergence of a discontinuous Galerkin IFE
(DGIFE) method.

In the last part, we apply the linear IFE methods in the literature together with the shape
optimization technique to solve a group of interface inverse problems. In this algorithm,
both the governing PDEs and the objective functional for interface inverse problems are
discretized optimally by the IFE method regardless of the location of the interface in a
chosen mesh. We derive the formulas for the gradients of the objective function in the
optimization problem which can be implemented efficiently in the IFE framework through
a discrete adjoint method. We demonstrate the properties of the proposed algorithm by
applying it to three representative applications.



Design, Analysis, and Application
of Immersed Finite Element Methods

Ruchi Guo

(GENERAL AUDIENCE ABSTRACT)

Interface problems arise from many science and engineering applications modeling the trans-
mission of some physical quantities between multiple materials. Mathematically, these mul-
tiple materials in general are modeled by partial differential equations (PDEs) with discon-
tinuous parameters, which poses challenges to developing efficient and reliable numerical
methods and the related theoretical error analysis.

The main contributions of this dissertation is on the development of a special finite element
method, the so called immersed finite element (IFE) method, to solve the interface problems
on a mesh independent of the interface geometry which can be advantageous especially when
the interface is moving.

Specifically, this dissertation consists of three projects of IFE methods: elasticity interface
problems, higher-order IFE methods and interface inverse problems, including their design,
analysis, and application.
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Chapter 1

Introduction

Interface problems appear in many applications in science and engineering. In general, an
interface problem is imposed in a domain consisting of multiple materials separated from
each other such that each subdomain is occupied by one material distinguished from the
surroundings, and the related physical parameters usually are discontinuous across the in-
terface separating these materials. When partial differential equations (PDEs) are employed
to model the pertinent physics, their coefficients are often discontinuous across the material
interface, and this leads to the consideration of interface problems for these PDEs. For ex-
ample, the heat transmission problem in a domain Ω ⊆ R2 can be modeled by the following
elliptic interface problem

−∇ · (β∇u) = f, in Ω− ∪ Ω+, (1.1)

u = g, on ∂Ω, (1.2)

where Ω− and Ω+ are the subdomains of Ω separated by an interface curve Γ, see an illus-
tration in Figure 1.1, the coefficient β represents the heat conductivity which is assumed to
be a piecewise constant, i.e.,

β(X) =

{
β−, if X ∈ Ω−,
β+, if X ∈ Ω+.

(1.3)

Because of this discontinuity in β, jump conditions need to be imposed on the interface Γ:

[u]Γ := u+|Γ − u−|Γ = 0, (1.4a)

[β∇u · n]Γ := β+∇u+ · n|Γ − β−∇u− · n|Γ = 0, (1.4b)

where n is the normal vector to Γ. The elliptic interface problem such as the one described
in (1.1) has wide applications in other fields too, for example, fluid dynamics [134, 140],
biomolecular electrostatics [68, 201], plasma simulation [31, 108], to name just a few.
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Figure 1.1: The physical domain of an interface problem

Another example is the planar linear elasticity system modeling an elastic body Ω consisting
of two materials:

−div σ(u) = f in Ω− ∪ Ω+, (1.5)

u = g on ∂Ω, (1.6)

where f = (f1, f2)T is the body force, g = (g1, g2)T represents the displacement on the
boundary, u = (u1, u2)T is the unknown displacement field, and σ(u) = (σij(u))16i,j62 is the
stress tensor given by

σij(u) = λ(∇ · u)δi,j + 2µεij(u), (1.7)

with the strain tensor ε(u) = (εij(u))16i,j62 given by

εij(u) =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
. (1.8)

Because of different elastic material properties in subdomains, the Lamé parameters of Ω
are assumed to be piecewise constant functions in the following forms:

λ =

{
λ− if X ∈ Ω−,
λ+ if X ∈ Ω+,

µ =

{
µ− if X ∈ Ω−,
µ+ if X ∈ Ω+.

(1.9)

We recall that λ and µ can be calculated from the Young’s modulus E and Poisson’s ratio
ν by the following formulas:

λ =
Eν

(1 + ν)(1− 2ν)
, and µ =

E

2(1 + ν)
. (1.10)

The discontinuity in the Lamé parameters requires the displacement field u = (u1, u2)T to
satisfy the following jump conditions across the material interface Γ:

[u]Γ := u+|Γ − u−|Γ = 0, (1.11a)
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[σ(u) · n]Γ := σ+(u+) · n|Γ − σ−(u−) · n|Γ = 0, (1.11b)

where, again, n is the normal vector to Γ. Elasticity interface problems also have a wide
range of applications, such as the detection of cracks, cavities or inclusions buried in elastic
bodies [1, 14, 15], and structure compliance optimization [122, 132], to name just a few.

This dissertation is about immersed finite element (IFE) methods for solving these two types
of interface problems and the applications to a group of interface inverse problems. A distinct
feature of IFE methods is their capability to solve interface problems with unfitted meshes,
i.e., meshes independent of the interface; hence, a highly structured mesh such as a Cartesian
mesh can be used by an IFE method for solving an interface problem that has a material
interface with a nontrivial geometry.

In the next section of this chapter, we will first provide a survey of the related numerical
methods for interface problems, and address our motivation to study the IFE methods. Then,
in Section 1.2, we will review the IFE methods in the literature for the elliptic interface
problem (1.1)-(1.4). In Section 1.3, we will review the pertinent interface inverse problems
and the shape optimization methods. In the last section of this chapter, based on these
survey, we will outline the motivation and contributions of this dissertation. In particular,
we will discuss the challenges for extending the current IFE methods in the literature, i.e.,
the one reviewed in Section 1.2, to interface problems of the linear elasticity systems and
to the higher-degree IFE methods for the elliptic interface problem ubiquitously appearing
in many applications, and for applying IFE methods to interface inverse problems through
the shape optimization techniques. These challenges will guide us to present our original
research in this dissertation.

1.1 Numerical Methods for Interface Problems

Traditional finite element methods or discontinuous Galerkin (DG) finite element methods
require interface-fitted meshes to solve the interface problems; otherwise, they might perform
unsatisfactorily, see [20, 22, 47] for discussions about interface-fitted meshes related to elliptic
interface problems. However, when the interface has complex geometry, for example the
material interface in biomedical images [16, 193] and geophysical images [60], it is a time-
consuming and non-trivial process to generate a high-quality interface-fitted mesh to resolve
the interface geometry. And this mesh generation issue will be more severe if the interface
changes its shape or moves in computation, for example, the numerical interface is adjusted
by a shape optimization method for an interface inverse problem or optimal design problem.
A little more detailed discussions for related issues in inverse problems will be presented in
Section 1.3 and Section 4.1. These applications can benefit from numerical methods based
on unfitted meshes, i.e., interface-independent meshes, and this consideration is a major
motivation for us to study the immersed finite element (IFE) methods specifically developed
for taking advantages of unfitted meshes.
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Many studies have been carried out about developing numerical methods for solving interface
problems on unfitted meshes. Among related literatures, two types of techniques are consid-
ered in the finite element formulation around the interface to enforce the jump conditions.
The first approach constructs suitable shape functions on elements around the interface
according to the behaviors of the exact solutions so that they can produce good approxima-
tion, for example, the multiscale finite element method [54, 65], the extended finite element
method [63, 186], and the partition of unity method [157, 187], as well as the IFE method to
be discussed in this dissertation. The other approach employs the standard polynomials as
the shape functions but uses suitable penalties in the finite element scheme near the interface,
such as the CutFEM [25, 91, 92]. Also, we refer readers to [75, 76, 133, 138, 139, 202, 203]
for immersed interface method (IIM) and [200, 206, 207, 211, 212, 213] for matched interface
and boundary (MIB) method in the context of finite difference scheme based a Cartesian
mesh. Recently, a new finite element method based on a semi-structured mesh was proposed
in [46] where the interface geometry is fitted by a local Delaunay triangulation on interface
elements of a pre-generated background Cartesian mesh.

Among those methods based on unfitted meshes, the IFE method and the CutFEM are
related to each other somewhat more closer than to other methods in the sense that a
finite element solution generated by either of these two methods is a standard polynomial
when restricted on each non-interface element, but a macro polynomial, i.e., a piecewise
polynomial, on each interface element defined according to the subelements partitioned by
the interface curve. However, the IFE method and the CutFEM use essentially different ways
to patch two polynomials together to form the macro polynomial on each interface element.
The CutFEM uses two sets of polynomial shape functions on each interface element and uses
a Nitsche’s type penalty in the finite element scheme to glue them together according to the
jump conditions. The IFE method employs one set of Hsieh-Clough-Tocher type [33, 56]
macro shape functions on each interface element constructed to satisfy the jump conditions
in a certain weak sense. This essential difference leads to different degrees of freedom around
the interface for these two methods. Both the total number and location of degrees of
freedom of the IFE space can be fixed and independent of the interface [99, 136, 148], and an
IFE space can be constructed to be isomorphic to the standard H1-conforming finite element
space defined on the same mesh. This feature of IFE methods can be advantageous in some
applications, for example, the method of lines [172] can be readily adopted for using an IFE
method to solve problems with a moving interface [105, 147], and the shape optimization
methodology can naturally work together with IFE methods to solve some interface inverse
problems so that the numerical interface can be adjusted in the optimization procedure on
a fixed mesh, see Section 1.3 and Section 4.1 for more discussions.
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1.2 Previous Works for IFE Methods

We note that IFE methods have been applied in various applications related to interface
problems, for example, the Particle-In-Cell method for plasma particle simulations [90, 123,
124, 151], the moving interface problems [6, 105, 147], the electroencephalography forward
problem [193], fluid dynamics [6, 7], beam equations [143, 144], acoustic wave propagation
[158], and elasticity systems [111, 142, 149, 203]. In this section, we specifically use the scalar
elliptic interface problem in (1.1)-(1.4) as the example to review the current construction
and analysis approaches in the IFE literature. Then, we will give explanations about the
difficulties and challenges to extend these current approaches to a PDE system with a vector
unknown, such as the elasticity interface problems (1.5)-(1.11), or the IFE methods with
higher-degree polynomials.

The development and analysis of IFE methods for the scalar elliptic interface problems
has been extensively studied in the literature, see [76, 129, 136, 141] for the linear IFE
methods, [99, 100, 145] for the bilinear IFE methods, and [150, 209] for the rotated-Q1 IFE
methods. The basic idea in these works is to “explicitly” impose the approximate jump
conditions on a linear approximation of the interface, for example, see Figure 1.2 below, the
line connecting the intersection points of the interface and element boundary, such that the
IFE shape functions can be uniquely determined and constructed with the Lagrange type
degrees of freedom imposed at the vertices of an interface element (the linear or bilinear
case) or midpoints of the element edges (the rotated-Q1 case). As for the analysis of the
approximation capabilities for these IFE spaces, a fundamental theoretical tool used in these
works is the so called multipoint Taylor expansion. This technique was introduced to analyze
the linear IFE space [136], and then the bilinear IFE space [99, 103] and the rotated-Q1 IFE
space [209].

We note that the construction procedure developed in those works mentioned above and
the resulted format of IFE functions all rely on the related mesh type, the related polyno-
mial spaces, and the related interface element configuration. Besides, the multipoint Taylor
expansions require careful and lengthy calculus according to the involved polynomials and
element shapes. These technical issues hinder the extension of the current approaches to
more demanding IFE methods, such as the IFE methods for elasticity interface problems.

The state of disunity in the research for IFE methods motivated the authors in [78, 79] to
develop a unified framework for constructing and analyzing IFE spaces using lower degree
(linear, bilinear, or the rotated-Q1) polynomials for solving elliptic interface problems.

For the IFE spaces based on the lower degree polynomials, the authors of [78, 79] showed
that the construction of an IFE shape function could be accomplished by solving a linear
system with a coefficient matrix in the Sherman-Morrison format; hence, the unisolvence of
IFE shape functions, i.e., their existence and uniqueness, follows from the invertibility of the
Sherman-Morrison matrix. This construction procedure is universally applicable to all the
low-degree IFE functions and any interface element configurations. It simplifies the tedious
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construction procedures presented in previous works.

Since the work in [78, 79] actually shed light on how to extend IFE methods to more demand-
ing cases, we herein provide a review about this unified construction procedure. Given each
element T in a mesh, define an index set I = {1, 2, 3} when T is triangular or I = {1, 2, 3, 4}
when T is rectangular. We denote the local finite element space by (T,ΠT ,ΣT ), with
ΠT = Span{1, x, y}, or ΠT = Span{1, x, y, xy}, or ΠT = Span{1, x, y, x2 − y2} for the
linear, bilinear, or rotated-Q1 polynomial space, respectively, and the local degrees of free-
dom ΣT = {ψT (Ai) : i ∈ I, ψT ∈ ΠT}, where Ais are the vertices of T for the linear
and bilinear polynomials, or Ais are the midpoints of edges of T for the Crouzeix-Raviart
(CR elements) and the rotated-Q1 polynomials [58]. For these finite element spaces, accord-
ing to [35, 55, 58, 171], there exist shape functions ψi,T ∈ ΠT , i = 1, 2, · · · , |I| such that
ΠT = Span{ψi,T , 1 ≤ i ≤ |I|} with

ψi,T (Aj) = δi,j, i, j ∈ I, (1.12)

where δi,j is the Kronecker delta function. Then, the local IFE space on each non-interface
element T is defined as

Sh(T ) = Span{ψi,T : i ∈ I}. (1.13)

(a) CR elements (b) Linear elements (c) Bilinear elements (d) Rotated Q1 ele-
ments

Figure 1.2: Examples of interface elements

For an interface element T , the interface Γ partitions T naturally into two subelements
T− = Ω− ∩ T and T+ = Ω+ ∩ T . Let l be the line connecting the intersection points of ∂T
and Γ. As proposed in [79], we consider IFE functions in the following format:

φT (X) =

{
φ−T (X) ∈ ΠT , if X ∈ T−,
φ+
T (X) ∈ ΠT , if X ∈ T+,

(1.14)

with φ+
T (X) and φ−T (X) satisfying that{

φ−T |l = φ+
T |l, (for the linear polynomials),

φ−T |l = φ+
T |l, d(φ−T ) = d(φ+

T ), (for the bilinear/rotated-Q1 polynomials),
(1.15)
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β+∇φ+
T (F ) · n(F ) = β−φ−T (F ) · n(F ), (1.16)

where F is an arbitrary point on Γ, n(F ) is the normal vector to Γ at F , and d(ψ) is the
coefficients of the second degree term of ψ ∈ ΠT , i.e., the coefficient of xy for a bilinear
polynomial or the coefficient of x2 − y2 for a rotated-Q1 polynomial. Given a set of nodal
values vi, i ∈ I, regardless of interface location, by Theorem 5.1 in [79], we know that there
exists a unique function φT satisfying (1.14)-(1.16) such that φT (Ai) = vi. In fact, it has been
shown in [79] that this IFE function has the following explicit expression: let µ = β+/β−−1,

φT (X) =

{
φ−T (X) = φ+

T (X) + c0L(X) if X ∈ T−,
φ+
T (X) =

∑
i∈I− ciψi,T (X) +

∑
i∈I+ viψi,T (X) if X ∈ T+.

(1.17)

Denote the following vectors

γ = (∇ψi,T · n(F )))i∈I− , δ = (L(Ai))i∈I− , (1.18a)

b =

vi − µL(Ai)
∑
j∈I+
∇ψj,T · n(F ) vj


i∈I−

. (1.18b)

Then, the coefficients c = (ci)i∈I− in (1.17) satisfy the following Sherman-Morrison system

(1 + µδγT )c = b. (1.19)

By the Sherman-Morrison formula, we can express c as

c = b− µ (γTb)δ

1 + µγTδ
, (1.20a)

and then c0 = µ

(∑
i∈I−

ci∇ψi,T · n(F ) +
∑
i∈I+

vi∇ψi,T · n(F )

)
. (1.20b)

Consequently, there exist IFE shape functions satisfying

φi,T (Aj) = δij, i, j ∈ I, (1.21)

which are used to define the local IFE space on the interface element T :

Sh(T ) = Span{φi,T : i ∈ I}. (1.22)

We emphasize that the formulas in (1.17)-(1.20b) do not rely on the polynomial spaces
involved, element shape, and interface element configuration. This feature makes it advan-
tageous in both analysis and implementation.

In addition, according to [78, 79], a group of fundamental identities for the IFE shape
functions have been established for all of these IFE spaces. These intrinsic identities reveal
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the fact that the two polynomial components of an IFE function in the format of (1.14)
are highly related to each other such that, in many situations, each IFE shape function
essentially behaves like one polynomial instead of a macro polynomial with two polynomial
components. Furthermore, these identities greatly help us to simplify and unify the error
analysis techniques based on the multipoint Taylor expansion in the literature [9, 99, 100,
136, 209]. Specifically, given a function u, we consider its IFE interpolation Ihu ∈ Sh(T ):

Ih,Tu =
∑
i∈I

u(Ai)φi,T . (1.23)

Then, this new and unified error analysis framework allows us to establish the following
optimal error bound for the IFE interpolation on every element T in an interface-independent
mesh:

|Ih,Tu− u|Hj(T ) 6 Ch2−j‖u‖H2(T ), j = 0, 1, (1.24)

which states the optimal approximation capability of all of these IFE spaces, regardless of
the involved polynomial types, element shapes, and interface element configurations, and
the tedious derivation in those earlier works are avoided. We refer readers to Theorem 5.14
of [79] for the details of using this unified error analysis framework.

1.3 Interface Inverse Problems and Shape Optimiza-

tion Methods

Since one of the contributions in this dissertation is to develop a shape optimization algorithm
based on IFE methods for solving interface inverse problems, in this section we provide a
survey on the related inverse problems and shape optimization methods.

Inverse problems related to the second order elliptic equations with discontinuous coeffi-
cients (1.1)-(1.4) can be found in many science and engineering applications. An impor-
tant inverse problem is to identify the coefficient β where one needs to either identify the
physical properties of materials, i.e., the values (the parameter estimation problem) and/or
detect the location and shape of inclusions/interfaces (the geometric inverse problem) using
the data measured for u on a subset of the domain or on a subset of the boundary ∂Ω
[51, 106, 117]. This type of inverse problems arises from numerous applications, such as
the electrical impedance tomography (EIT) [38, 110] where u and β represent the electri-
cal potential and the conductivity, respectively, and groundwater or oil reservoir simulation
[67, 205] where u and β are the piezometric head and transmissivity, respectively. Similar
inverse problems related to other partial differential equations can be found in [109, 119] for
medical imaging problems, [130, 180] for elastography, and so on. It is well known that these
inverse problems are usually ill-posed, especially when the available data is rather limited.
Numerical methods based on the output-least-squares formulation are commonly used to
handle these types of inverse problems, see [43, 48, 51, 106, 116] and references therein.
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In many applications, the values of material properties or parameters are known or chosen,
such as the elastic properties of tissue and bone in medical problems [156, 169] and the
electrical properties in EIT problems [12, 27] to mention just a couple of applications. Thus,
to take advantages of IFE methods’ capability for handling geometric changes of interface
on fixed and unfitted meshes, we focus on the geometric inverse problems to recover the
interface shape and location for the related forward problem (1.1)-(1.4).

The shape optimization method [97, 165] is widely used for various geometric inverse prob-
lems. By this method, we solve a geometric inverse problem by seeking for an interface Γ that
can minimize a shape dependent functional constructed according to the available data. Ap-
plications of the shape optimization methods on geometric inverse problems have been stud-
ied by many researchers. For the internal measurements, the authors in [44, 49, 162, 190, 106]
studied recovering both the interface location and coefficients with certain regularization
techniques. A more challenging case is that only the boundary measurement is known a-
priori, such as the well-known EIT problems [110], since the less data makes the problem
severely ill-posed. Research has been carried out for overcoming difficulties caused by the
limited data. The authors of [185] employed the regularized Gauss-Newton method to the
geometric inverse problems in the electrical resistance and capacitance tomography (ERT
and ECT). In [53], the authors investigated the affect of multiple boundary measurements
(Neumann-to-Dirichlet pairs) on reconstruction through an output-least-squares type objec-
tive functional imposed on the boundary. According to their results, as naturally expected,
the more Neumann-to-Dirichlet pairs of data are used, the better reconstruction is. A Kohn-
Vogelius type functional for the shape optimization through topological derivatives in stead
of the shape derivatives was investigated in [42]. And a comparison between the Kohn-
Vogelius formulation and output-least-squares formulation as well as the derivation of their
shape sensitivities in the continuous level is given in [10]. Recently, the authors of [11] pro-
posed a method that uses multiple Neumann-to-Dirichlet data and an output-least-squares
objective functional to solve the optical tomography problem in which there is an addi-
tional absorption term, and their method can simultaneously identify the piecewise constant
diffusion and absorption coefficients including both the values and interface location.

It is important to note that shape optimization methods inevitably involve the movement
of the structure, boundary or interface, which is actually a critical issue in implementation
challenging a solver chosen for the related forward problems. The shape optimization meth-
ods based on standard finite element methods with interface-fitted meshes are referred as
the Lagrangian approach [50]. This approach has been applied to deal with quite a few
inverse problems, for example, the EIT and the related electrical capacitance tomography
(ECT), electrical resistance tomography (ERT) [23, 30, 185], the reconstruction of elastic
properties and material interface in elasticity systems [180], and optimal designing problems
[13, 62, 167], including heat dissipation minimization, elasticity compliance minimization
and so on. However, this approach has a few major drawbacks, and perhaps, the most obvi-
ous one is its computational cost to resolve the interface by the mesh again and again in the
optimization iterations, especially when the interface becomes complicated. Other issues for
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the Lagrangian approach are related to the sensitivity computations which will be discussed
in Chapter 4 in more details.

1.4 An Outline of This Dissertation

Motivated by the survey of IFE methods above, in this dissertation, we focus on three topics
related to IFE methods including the extension of the unified framework in [79] reviewed
in Section 1.2 to elasticity system, invention of a framework for arbitrary p-th degree IFE
methods, and the application of IFE methods to interface inverse problems.

We note that the framework reviewed in Section 1.2 provides us a powerful tool to develop
and analyze various lower-degree IFE functions with Lagrange type degrees of freedom which
avoid many tedious discussions in the earlier works. So we believe it is possible to employ
this framework to handle more complicated interface jump conditions such as those in elas-
ticity systems (1.11). Therefore in Chapter 2, we will extend this framework to the interface
problems in elasticity systems (1.5)-(1.11). However, we also note that there are still many
challenges in this extension, and the fundamental reason is that the two components in the
unknown displacement vector are coupled together through the jump conditions in (1.11)
which can not be simply decoupled into two functions satisfying the jump conditions inde-
pendently. Therefore, in this project, following the framework in Section 1.2, we will study
how to use the Sherman-Morrison idea to construct vector IFE functions and how to employ
the multipoint Taylor expansions to estimate the Lagrange-type interpolation errors of these
IFE spaces. In addition, we will also derive a suitable scheme to employ these vector IFE
functions to solve the elasticity interface problems and prove its optimal convergence. All
these results will be presented in Chapter 2.

Even though the current framework reviewed in Section 1.2 is useful for constructing and
analyzing lower-degree IFE spaces, we note that it has some essential difficulties being ex-
tended to the higher-degree IFE methods. The most critical one is the linear approximation
for both the interface curve and jump conditions involved in the formulation (1.15) and
(1.16) due to the intrinsic O(h2) limitation. Therefore, even if IFE functions as piecewise
higher-degree polynomials can be constructed to satisfy these weak jump conditions on the
line, the resulted IFE spaces still do not have the desired optimal approximation capabilities
to the exact solutions. There are some works attempting to develop higher-degree IFE spaces
within this direction, but limited to the linear interface [3]. Moreover, the approximation
capabilities of the lower-degree IFE spaces are gauged by the Lagrange type interpolation
errors as in (1.23) and (1.24) which are estimated through the multipoint Taylor expansion.
This technique is restrictive since its derivation relies on that the jump conditions are exactly
satisfied on a line approximating the interface, and this is not suitable for higher-degree IFE
functions. We believe the multipoint Taylor expansion is difficult, if not impossible, to apply
in the higher-degree IFE methods.
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These issues motivate us to seek for new construction approaches and analysis tools for
higher-degree IFE methods. For this topic, in Chapter 3, we present a new perspective on
the construction of IFE functions which are actually related to Cauchy problems locally posed
on each interface element where the jump conditions are considered as boundary conditions.
In this approach, the existence of IFE functions is completely addressed and the proof totally
avoids the tedious discussions based on interface element configuration. Besides, we design a
new interpolation operator to gauge the approximation capabilities based on projections to
the associated polynomial spaces, and it overcomes the limitation of the multipoint Taylor
expansions used in the analysis of IFE methods in the literature. Moreover, we also employ
these higher-degree IFE functions in a discontinuous Galerkin IFE method and prove its
optimal convergence. To our best knowledge, the IFE method presented in Chapter 3 is the
first one ever including both construction and analysis.

In addition to those fundamental works about development and analysis of IFE methods
mentioned above, in this dissertation we will also apply and implement IFE methods for one
moving interface problem and show the advantages. In particular, as described in Section 1.3,
the shape optimization method and its applications in inverse problems strongly motivate
us to study how to apply IFE methods to solve interface inverse problems on a fixed mesh
independent of the changes of shape and location of the interface curve in computation.
In Chapter 4, we will develop an IFE-based shape optimization algorithm to reconstruct
interface curves in a spectrum of inverse problems and optimal designing problems. In
this algorithm, both the shape objective functional and the underlying forward problem are
discretized by IFE methods optimally. And a group of formulas are derived for efficiently
and accurately computing the shape sensitivities on a fixed mesh which can be applied in a
standard optimization algorithm such as the quasi-Newton method to minimize the shape
functional in order to find the target interface.
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Chapter 2

IFE Methods for Elasticity Interface
Problems

In this chapter, we construct and analyze a group of vector IFE spaces formed by linear,
bilinear, and rotated Q1 polynomials for solving interface problems of linear planar elasticity
systems. The IFE shape functions are constructed through certain weak jump conditions
imposed on a linear approximation of the interface curve such that the unisolvence can be
guaranteed regardless of the Lamé parameters and the interface location. Multipoint Taylor
expansions are utilized to show the optimal approximation capabilities of the proposed IFE
spaces through the Lagrange type interpolation operator. We employ these IFE spaces in a
partially penalized immersed finite element (PPIFE) method to solve the elasticity interface
problems which contains penalties on interface edges for dealing with the discontinuity in
the IFE functions. We show that this PPIFE method converges optimally in both an energy
norm and the usual L2 norm under the standard piecewise H2-regularity assumption for the
exact solution. Features of the proposed PPIFE method are demonstrated with numerical
examples. The works of this chapter are also reported in [81, 82].

2.1 Introduction

Finite element methods based on the so called fitted or unstructured meshes have been
developed to solve the elasticity interface problems [57, 93, 199]. In many applications, such
as those inverse/design problems mentioned in Section 1.3, the change of the interface shape
and/or location in computation can challenge the traditional finite element methods based
on fitted meshes, and this motivates us to study how to solve the elasticity interface problems
on unfitted or structured meshes. Within this direction, there have been some publications
on developing the finite element methods or the finite difference methods to solve elasticity
interface problems. For example, the CutFEM using the Nitsche’s penalty along the interface
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to enforce the jump conditions is presented in [25, 92], and some immersed interface methods
(IIM) based on finite difference formulation are presented in [202, 203] which handle the jump
conditions through a local coordinate transformation across the interface.

In the literature of IFE methods, a non-conforming linear IFE space on a triangular mesh is
discussed in in [75, 77, 202]. A conforming IFE space is developed in [142, 202] by extending
the IFE shape functions in [75, 77, 202] to the neighborhood interface elements. A bilinear
IFE space on a rectangular Cartesian mesh is discussed in [153]. A non-conforming IFE
space using the rotated Q1 polynomials is presented in [149] which leads to a locking-free
IFE method. Most of the IFE methods for the planar-elasticity interface problems are
Gelerkin type, i.e., the test and trial functions used in these methods are from the same
IFE space. The Petrov-Galerkin formulation can also be used, for example, the IFE method
presented in [111] uses standard polynomials as the test functions but the IFE functions in
macro polynomial format as the trial functions.

The task of this chapter is to extend the unified framework [79] reviewed in Section 1.2 from
the scalar case to the interface problem of the system of partial differential equations for the
linear elasticity. We note that this is a non-trivial extension because the unknown in this
inverse problem is a vector whose two components in the displacement are coupled through
the jump conditions. Because of this coupling, a vector IFE function for the elasticity
interface problem can not be constructed component by component though the procedure
developed for the scalar interface problems in [79], i.e., the construction of a vector IFE
function can not be decoupled for its two scalar components independently. Due to the same
reason, the multipoint Taylor expansion in the literature for scalar functions can not be used
directly in the analysis of the approximation capability of the proposed vector IFE spaces.
In addition, many properties such as the trace inequalities have not been established for
these vector IFE functions.

In this chapter, we will address three issues in the development of IFE methods on elasticity
interface problems. Firstly, we construct the pertinent vector IFE spaces formed by piecewise
linear, bilinear, and rotated Q1 polynomials to satisfy the jump conditions (1.11) in a certain
weak sense. In particular, we extend the construction approach in [79] to the vector case in
which the coefficients in a vector IFE shape function satisfy a generalized Sherman-Morrison
linear system and the unisolvence of the IFE shape functions is guaranteed regardless of the
interface location and Lamé parameters. This construction method is superior to the one
developed in [153] where the unisolvence of IFE shape functions can only hold conditionally.

Secondly, we establish the optimal approximation capabilities of the proposed vector IFE
spaces to functions satisfying the jump conditions in (1.11). This result is achieved by esti-
mating the Lagrange type interpolation errors through multipoint Taylor expansions. And
for this purpose, we develop a group of essential identities for transferring the quantities of a
vector function from one side of the interface to the other according to the jump conditions,
and these identities are nontrivial extensions of their scalar counterparts in [79].

Thirdly, we derive a partially penalized IFE (PPIFE) method to employ the proposed vector
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IFE space to solve the elasticity interface problems. To reduce the adverse effects from
the discontinuity of IFE functions across interface edges, we apply interior penalties at all
interface edges in this PPIFE method, which, in a certain sense, can be considered as an
extension of the one in [85, 148] for scalar elliptic interface problems to interface problems
of elasticity systems. To analyze these penalty terms, we develop a special trace inequality
on interface edges for the stress of the elasticity IFE functions in which the constant in the
bound is independent of the interface location. In addition, in the error analysis, we employ
a patch idea to estimate IFE interpolation errors in these penalty terms with the standard
piecewise H2 regularity assumption for the exact solution. A similar idea was also used in
[85] to circumvent the extra H3 regularity assumption for the exact solution to show the
optimal convergence of IFE solutions.

2.2 Preliminaries and Notations

In this section, we describe terms and facts to be used in the discussions of this chapter. For

a measurable subset Ω̃ ⊆ Ω, we denote the vector Sobolev space by Wk,q(Ω̃) =
[
W k,q(Ω̃)

]2

where W k,q(Ω̃) is the standard Sobolev space, and the associated norm and semi-norm of

Wk,q(Ω̃) are such that for every u = (u1, u2)T ∈Wk,q(Ω̃),

‖u‖Wk,q(Ω̃) = ‖u1‖Wk,q(Ω̃) + ‖u2‖Wk,q(Ω̃), |u|Wk,q(Ω̃) = |u1|Wk,q(Ω̃) + |u2|Wk,q(Ω̃),

‖u‖Wk,∞(Ω̃) = max{‖u1‖Wk,∞(Ω̃), ‖u2‖Wk,∞(Ω̃)}, |u|Wk,∞(Ω̃) = max{|u1|Wk,∞(Ω̃), |u2|Wk,q(Ω̃)}.

The related vector Hilbert space is denoted by Hk(Ω̃) = Wk,2(Ω̃). Let Ck(Ω̃) be the col-

lection of k-th differentiable smooth vector functions. When Ω̃s := Ω̃ ∩ Ωs 6= ∅, s = ±, we
define

PWk,q(Ω̃) = {u : u ∈Wk,q(Ω̃s), s = ±; [u]Γ = 0, and [σ(u)n]Γ = 0}, (2.1)

PCk(Ω̃) = {u : u ∈ Ck(Ω̃s), s = ±; [u]Γ = 0, and [σ(u)n]Γ = 0}, (2.2)

where the definition implicitly implies that [u]Γ and [σ(u)n]Γ are well-defined, with the
following norms and semi-norms:

‖u‖Wk,q(Ω̃) =
2∑
i=1

(
‖ui‖Wk,q(Ω̃−) + ‖ui‖Wk,q(Ω̃+)

)
,

|u|Wk,q(Ω̃) =
2∑
i=1

(
|ui|Wk,q(Ω̃−) + |ui|Wk,q(Ω̃+)

)
,

‖u‖Wk,∞(Ω̃) = max
i=1,2
{max{‖ui‖Wk,∞(Ω̃−), ‖ui‖Wk,∞(Ω̃+)}},

|u|Wk,∞(Ω̃) = max
i=1,2
{max{|ui|Wk,∞(Ω̃−), |ui|Wk,∞(Ω̃+)}}.
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Also we denote the corresponding Hilbert space by PHk(Ω̃) = PWk,2(Ω̃) with the norm
‖ · ‖Hk(Ω̃) = ‖ · ‖Wk,2(Ω̃) and the semi-norm | · |Hk(Ω̃) = | · |Wk,2(Ω̃). Furthermore, for any vector

function v = (v1, v2)T ∈ H1(Ω̃), let ∇v be its 2-by-2 Jacobian matrix where the i-th row is
the row vector ∇vi, i = 1, 2.

Without loss of generality, we assume that the solution domain Ω is the union of several
rectangles. Let Th be a Cartesian rectangular or Cartesian triangular mesh of the domain
Ω with a mesh size h > 0. An element T ∈ Th is called an interface element provided that
the interface Γ intersects T with a non-empty intersection; otherwise, it is called a non-
interface element. Let T ih and T nh be the collection of interface elements and non-interface
elements, respectively. Similarly, let E ih(E̊ ih) and Enh (E̊nh ) be the collection of (interior) interface
edges and non-interface edges, respectively. These notations will be used throughout this
dissertation.

In addition, as in [84, 101], we assume that Th satisfies the following hypotheses when the
mesh size h is small enough:

(H1) The interface Γ cannot intersect an edge of any element at more than two points unless
the edge is part of Γ.

(H2) If Γ intersects the boundary of an element at two points, these intersection points must
be on different edges of this element.

(H3) The interface Γ is smooth enough so that PC2(T ) is dense in PH2(T ) for every interface
element T ∈ T ih .

In this chapter, we will discuss IFE spaces formed by vectors of linear polynomials (including
the Crouzeix-Raviart elements) on triangular meshes and bilinear or rotated Q1 polynomials
on rectangular meshes. For each element T in a mesh Th, we introduce an index set I =
{1, 2, 3} when T is triangular or I = {1, 2, 3, 4} when T is rectangular. Then, the local finite
element space is denoted by (T,ΠT ,ΣT ), with ΠT = [Span{1, x, y}]2, or [Span{1, x, y, xy}]2,
or [Span{1, x, y, x2 − y2}]2 for the linear, or bilinear, or rotated Q1 polynomial space, respec-
tively, and the local degrees of freedom ΣT = {ψT (Ai) : i ∈ I, ψT ∈ ΠT}, where Ais are
vertices of T for the linear and bilinear elements, or midpoints of edges of T for the rotated
Q1 elements and the Crouzeix-Raviart (CR) elements. For these local finite element spaces,
according to [35, 55, 58, 171], there exist vector shape functions ψi,T ∈ ΠT , i = 1, 2, · · · , 2|I|
such that ΠT = Span{ψi,T , 1 ≤ i ≤ 2|I|} with

ψi,T (Aj) =

{
δi,j,
0,

i = 1, · · · , |I|, and ψi,T (Aj) =

{
0,

δi−|I|,j,
i = |I|+ 1, · · · , 2|I|, (2.3)

|ψi,T |Wk,∞(T ) 6 Ch−k, k = 0, 1, 2. (2.4)
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Furthermore, we denote a vectorization map Vec :Rm×n → Rmn×1 such that for any A =
(aij)

m,n
i=1,j=1,

Vec(A) := (a11, · · · , am1, a12, · · · , am2, · · · , a1n, · · · , amn)T ,

and a Kronecker product ⊗ : Rm×n × Rp×q → Rmp×nq such that for any A = (aij)
m,n
i=1,j=1 ∈

Rm×n and B ∈ Rp×q, there holds

A⊗B =

 a11B · · · a1nB
...

. . .
...

am1B · · · amnB

 . (2.5)

There is a well-known formula about the Kronecker product and the vectorization operation
for three matrices P,Q,R:

Vec(PQR) = (RT ⊗ P )Vec(Q). (2.6)

Throughout this chapter, we use In to denote the n-by-n identity matrix and 0m×n to denote
the m-by-n zero matrix for any positive integers m and n.

In this chapter, we shall adopt the generic constant C which only depends on the Lamé
parameters λ±, µ±, but independent of the relative interface location with respect to the
mesh or the mesh size h.

2.3 Geometric Properties of the Interface

In this section, we discuss geometric properties on interface elements that are useful for
developing and analyzing IFE spaces. We emphasize that these properties will be used in
both this chapter and Chapter 3, because they are fundamental results describing how well
the interface is resolved by interface elements. We also believe they can be used in the future
for other IFE methods and other unfitted mesh methods.

Let T be an interface element partitioned by Γ into T− and T+. As illustrated in Figure
2.1, we let l be the line passing through the points D and E where ∂T and Γ intersect. For
a point X̃ on Γ ∩ T , we let n(X̃) = (ñx(X̃), ñy(X̃)) be the normal of Γ at X̃, and we let

X̃⊥ ∈ l be the orthogonal projection of X̃ ∈ Γ ∩ T onto the line l. Also, we let n̄ = (n̄x, n̄y)
be the unit normal vector and let t̄ = (n̄y,−n̄x) be the vector tangential to l. Without loss
of generality, we can assume the orientation of all the normal vectors are from T− to T+. In
addition, we let κ be the maximum curvature of the curve Γ.
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Figure 2.1: Quantities related to in-
terface elements Figure 2.2: The local coordinate system

For each interface element T ∈ T ih , without loss of generality, we can introduce a local
coordinate system (ξ, η) = (ξ, w(ξ)) for a suitable function w such that, in this local system,
D is the origin and its horizontal axis is aligned with l, as shown in Figure 2.2. We start
from the following lemma which extends similar results in [136]:

Lemma 2.1. Assume hκ 6 ε for an ε ∈ (0,
√

2
2

), then for any interface element T ∈ T ih , the
following estimates hold

|w(ξ)| 6 2(1− 2ε2)−3/2κh2, (2.7)

|w′(ξ)| 6
√

2(1− 2ε2)−3/2κh. (2.8)

Proof. In the local system, let ξE be the coordinate of the point E. And by the Mean Value
Theorem, there is some ξ0 ∈ [0, ξE] such that w′(ξ0) = 0. Consider a function g as well as
its derivative

g(ξ) =
w′(ξ)√

1 + (w′(ξ))2
, and, g′(ξ) =

w′′(ξ)

(1 + (w′(ξ))2)3/2
.

Note that g′(ξ) is the curvature of Γ at ξ; hence, we have |g′(ξ)| ≤ κ. Then, by g(ξ0) = 0,

we have |g(ξ)| =
∣∣∣∫ ξξ0 g′(s)ds∣∣∣ 6 ∫ ξξ0 |g′(s)|ds 6 √2κh =

√
2ε, which implies |ω′(ξ)| 6

√
2ε√

1−2ε2
.

By the definition of κ, we have |ω′′(ξ)| 6 (1− 2ε2)−3/2κ.

Now using the Taylor expansion for w around D leads to w(ξ) = w′(0)ξ + 1
2
w′′(ξ̄)ξ2 for

some ξ̄ ∈ [0, ξE]. Note that w(ξE) = 0 shows w′(0) = −1
2
w′′(ξ̄E))ξE. Thus we have w(ξ) =

−1
2
w′′(ξ̄E))ξEξ + 1

2
w′′(ξ̄)ξ2 and therefore, |w(ξ)| 6 2‖w′′‖∞h2 6 2(1 − 2ε2)−3/2κh2, which

yields (2.7). And using Taylor expansion again for w′ around ξ0, we have w′(ξ) = w′′(ξ̃)(ξ−ξ0)
for some ξ̃ between ξ0 and ξ. Finally we obtain |w′(ξ)| 6

√
2‖w′′‖h 6

√
2(1− 2ε2)−3/2h.
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We note that the argument for Lemma 2.1 is similar to Assumption 3.14 in [52] in which a
local polar coordinate system is used on the interface element, but an essential difference is
that we explicitly specify the dependence of constants on the curvature in the estimates given
in Lemma 2.1. The following lemmas provide estimates about various geometric quantities
defined at points on Γ ∩ T .

Lemma 2.2. Assume hκ 6 ε for an ε ∈ (0,
√

2
2

), then for any interface element T ∈ T ih and

any point X̃ ∈ Γ ∩ T , the following estimates hold:

‖X̃ − X̃⊥‖ 6 2(1− 2ε2)−3/2κh2, (2.9)

and

‖n(X̃1)− n(X̃2)‖ 6
√

2(1 + (1− 2ε2)−3/2)κh, ∀ X̃1, X̃2 ∈ Γ ∩ T, (2.10a)

n(X̃1) · n(X̃2) > 1− 2(1 + (1− 2ε2)−3/2)2κ2h2, ∀ X̃1, X̃2 ∈ Γ ∩ T. (2.10b)

Proof. The estimate (2.9) directly follows from (2.7). For (2.10a), we assume X̃1 = (ξ1, w(ξ2))

and X̃2 = (ξ2, w(ξ2)) in the local system, respectively. Then we have

n(X̃1) =
1√

1 + (w′(ξ1))2

(
−w′(ξ1)

1

)
, n(X̃2) =

1√
1 + (w′(ξ2))2

(
−w′(ξ2)

1

)
.

By the calculation in Lemma 2.1 and Mean Value Theorem, there is some ξ̄ ∈ [0, ξE] such
that ∣∣∣∣∣ w′(ξ1)√

1 + (w′(ξ1))2
− w′(ξ2)√

1 + (w′(ξ2))2

∣∣∣∣∣ =
|w′′(ξ̄)|

(1 + (w′(ξ̄))2)3/2
|ξ1 − ξ2| 6

√
2κh

and ξ̃ ∈ [0, ξE] such that∣∣∣∣∣ 1√
1 + (w′(ξ1))2

− 1√
1 + (w′(ξ2))2

∣∣∣∣∣ =
|w′(ξ̃)||w′′(ξ̃)|

(1 + (w′(ξ̃))2)3/2
|ξ1 − ξ2| 6 2(1− 2ε2)−3/2εκh

Then (2.10a) follows by applying these estimates in the local coordinate forms of n(X̃1) and

n(X̃2). Furthermore, by (2.10a) and

‖n(X̃1)− n(X̃2)‖2 = ‖n(X̃1)‖2 + ‖n(X̃2)‖2 − 2n(X̃1) · n(X̃2) = 2− 2n(X̃1) · n(X̃2),

we have (2.10b).

Remark 2.1. Note that there exists a point X̃1 = (ξ1, w(ξ1)) ∈ Γ ∩ T such that w′(ξ1) = 0

which means n(X̃1) = n̄. Hence, by Lemma 2.2, we have the following estimates for an

arbitrary point X̃ ∈ Γ ∩ T :

‖n(X̃)− n̄‖ 6
√

2(1 + (1− 2ε2)−3/2)κh, (2.11a)

n(X̃) · n̄ > 1− 2(1 + (1− 2ε2)−3/2)2κ2h2. (2.11b)
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The two lemmas above have suggested a criteria about how small h should be according to
the curvature κ so that the related analysis is valid. Therefore, for all discussions from now
on, we further assume that

• h is sufficiently small such that for some fixed parameter ε ∈ (0,
√

2/2) and κ̄ ∈ (0, 1]
of one’s own choice, there holds

h < min

{ √
κ̄√

2(1 + (1− 2ε2)−3/2)κ
,
ε

κ

}
. (2.12)

Obviously ε is the proportion by which we should choose the mesh size h according to the
interface curvature κ. Also, by (2.12) and (2.11b), we have

n(X̃) · n̄ ≥ 1− κ̄, ∀X̃ ∈ Γ ∩ T (2.13)

which shows how much the angle between the normal of Γ∩T and n̄ can vary in an interface
element T ∈ T ih , a larger value of κ̄ ∈ (0, 1] allows n(X̃) to vary more from n̄ up to, but not
equal to, 90 degree. Therefore, we will call κ̄ the angle allowance. In this dissertation, we
let the angle allowance κ̄ and the parameter ε be small enough but fixed, i.e., the mesh size
h is sufficiently small, such that all the estimates discussed in this section hold.

Now, we generalize the geometric estimates above to the so called patch of each interface
element [87]. Specifically, for each interface element T ∈ T ih , its patch or macro-element is
the following set:

ωT =
⋃{

T ′ ∈ Th : T ′ ∩ T 6= ∅
}
. (2.14)

Similarly, for any X̃ ∈ Γ ∩ ωT , we let n(X̃) be its normal vector to Γ and let X̃⊥ be the

projection of X̃ onto l. Then, we can establish similar geometric estimates in the following
lemma.

Lemma 2.3. Given each interface element T ∈ T ih and its associated patch ωT , assume the

element size h is small enough, then for any point X̃ ∈ Γ∩ωT , the following estimates hold:

‖X̃ − X̃⊥‖ 6 Ch2, (2.15a)

‖n(X̃)− n̄‖ 6 Ch, (2.15b)

n(X̃) · n̄ > 1− Ch2. (2.15c)

Proof. The arguments for these estimates are the same as those used for Lemma 2.2 and
Remark 2.1.

For each interface element T and its associated patch ωT , recalling that l with the normal
vector n̄ = (n̄1, n̄2) is the line connecting the intersection points of Γ and ∂T , we let the
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interface Γ and the line l partition the patch ωT into sub-patches ωsT , s = ± and ω̂sT , s = ±,
respectively. Let ω̃sT = ωsT ∩ ω̂sT , s = ±, and then ω̃T = (ω̃+

T ∩ ω
−
T ) ∪ (ω̃−T ∩ ω

+
T ) is the sub-

patch sandwiched between l and Γ. In addition, following the idea in [81, 84], we consider
the following set

ωintT =
⋃
{lt ∩ ωT : lt is a tangent line to ωT ∩ Γ}. (2.16)

We further define ω∗,sT = ω̂sT ∩ (ωsT\ωintT ), s = ±, and ω∗T = ωT\(ω∗,−T ∪ ω∗,+T ). We can show
that ω∗T is actually a small subset of the patch ωT in the following lemma.

Lemma 2.4. Assume h is small enough, then there exists a constant C such that |ω∗T | 6 Ch3

holds for every interface element T .

Proof. By the definition, ω∗T = ωintT ∪ ω̃T . By (2.15a), it is easy to see that |ω̃T | 6 Ch3.
Besides, let X be one point in ωintT . According to the definition (2.16), there exists a point
Y ∈ Γ such that XY is tangential to Γ. Denote X⊥ and Y⊥ as the projection of X and Y
onto l, respectively. Let θ ∈ [0, π/2] be the angle between XY and l. According to (2.15a),
we have |Y Y⊥| 6 Ch2. Using the fact |XY | 6 Ch, we obtain |XX⊥| = |Y Y⊥|+|XY | sin(θ) 6
Ch2 + Ch sin(θ). In addition, using (2.15c), there holds

sin(θ) = (1− (n̄ · n(Y ))2)1/2 6 Ch. (2.17)

It shows that |XX⊥| 6 Ch2, i.e., the distance between X and DE is bounded by Ch2. Since
|DE| 6 Ch, we have |ω∗T | 6 Ch3, which finishes the proof.

Finally, we end up this section by introducing a Patch Assumption:

Patch Assumption: For every interface element T , let e be one of the interface edges
of T . Then for s = ±, there exists a triangle T se ⊂ Ωs ∩ ωT and two constants C1, C2

independent of the interface location such that e ∩ T s is one edge of T se and

C1|e ∩ T s|h 6 |T se | 6 C2|e ∩ T s|h. (2.18)

In fact, (2.18) can be guaranteed if the height of the auxiliary triangle T se corresponding
to the edge e ∩ T s has the length O(h), and we note that this Patch Assumption can be
easily satisfied when the mesh size h is sufficient small such that the interface is locally flat
enough. Figure 2.3 provides illustrations for how T se , s = ± are identified for an interface
edge e = A1A2 in the patch ωT of an interface element T = 4A1A2A3 with A1 ∈ Ω− and
A2 ∈ Ω+, where T−e = 4A1PD, T+

e = 4A2QD in Case 1, and T−e = 4A1DQ, T+
e = A2DP

in Case 2, respectively. The auxiliary triangles T se , s = ± do not have to be formed by nodes
in the mesh Th. For example, the point P in Case 1 in Figure 2.3 can be a point in ωT ∩Ω−

so long as its perpendicular distance to the line passing e is O(h).
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(a) Case 1 (b) Case 2

Figure 2.3: The patch for a triangular interface element

2.4 Vector IFE Functions For Elasticity Interface Prob-

lems

In this section, we construct local IFE spaces corresponding to the underlying finite element
spaces (T,ΠT ,ΣT ) described in Section 2.3. As usual the local IFE space on every non-
interface element T is the standard vector polynomial space, i.e.,

Sh(T ) = Span{ψi,T , ψi+|I|,T : i ∈ I}, (2.19)

where ψi,T are the standard vector linear, bilinear or rotated Q1 Lagrange shape functions
depending on whether T is triangular or rectangular, given by (2.3). Following the unified
framework reviewed in Section 1.2, we now propose a procedure to construct vector IFE
functions on interface elements for the jump conditions in (1.11).

2.4.1 Local Vector IFE Spaces

As in [79, 84, 209], without loss of generality, we focus on a typical interface element T with
vertices Mi, 1 ≤ i ≤ |I| where M1 = (0, 0)T ,M2 = (h, 0)T ,M3 = (0, h)T for discussions about
a triangular interface element, but M1 = (0, 0)T ,M2 = (h, 0)T ,M3 = (0, h)T ,M4 = (h, h)T for
discussions about a rectangular interface element. On this typical element T , the pertinent
degrees of freedom will be imposed at the nodes Ai, 1 ≤ i ≤ |I|. When linear and bilinear
polynomials are considered on T , Ai = Mi, 1 ≤ i ≤ |I|. When the non-conforming linear
polynomials (Crouzeix-Raviart elements) on a triangular T are considered, A1 = (h/2, 0)T ,
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A2 = (h/2, h/2)T , A3 = (0, h/2)T . When the rotated Q1 polynomials are discussed on a
rectangular T , A1 = (h/2, 0)T , A2 = (h, h/2)T , A3 = (h/2, h)T , A4 = (0, h/2)T .

According to [79, 101, 136], by considering rotations, there are six possible vertices-nodes
configurations for a non-conforming linear element, two possible configurations for a con-
forming linear and bilinear element, and 5 possible configurations for a rotated Q1 element
as illustrated in Figures 2.4-2.7.

(a) Case 1 (b) Case 2 (c) Case 3 (d) Case 4

(e) Case 5 (f) Case 6

Figure 2.4: Typical non-conforming linear elements

(a) Case 1 (b) Case 2

Figure 2.5: Typical conforming linear ele-
ments

(a) Case 1 (b) Case 2

Figure 2.6: Typical bilinear elements
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(a) Case 1 (b) Case 2 (c) Case 3 (d) Case 4

(e) Case 5

Figure 2.7: Typical rotated Q1 elements

On an interface element T , let the line l partition T into subelements T̂− and T̂+, then we
consider the elasticity IFE functions as piecewise vector polynomials in the following format:

φT (X) =

{
φ−T (X) ∈ ΠT , if X ∈ T̂−,
φ+
T (X) ∈ ΠT , if X ∈ T̂+,

(2.20)

with φ+
T (X) and φ−T (X) satisfying that{

φ−T |l = φ+
T |l, (for the linear polynomials),

φ−T |l = φ+
T |l, d(φ−T ) = d(φ+

T ), (for the bilinear/rotated Q1 polynomials),
(2.21)

σ+(φ+
T )(F ) n̄ = σ−(φ−T )(F ) n̄, (2.22)

where F is a point on l to be specified later and d(ψ) is a vector formed by the coefficients
of the second degree term of ψ ∈ ΠT , i.e., the coefficient of xy for a bilinear polynomial or
the coefficient of x2− y2 for a rotated Q1 polynomial. Given a set of nodal-value vectors vi,
i ∈ I, we further impose the nodal value condition:

φT (Ai) = vi. (2.23)

Let Ψi,T = [ψi,T ,ψi+|I|,T ], i ∈ I be 2-by-2 matrix basis functions and let L(X) = 0 be the
equation of the line l with L(X) = n̄ · (X − D). It is easy to see that Ψi,T (Aj) = δi,jI2,

23



i, j ∈ I. Then by (2.23) and (2.21), we can express (2.20) as

φT (X) =


φ−T (X) = φ+

T (X) + L(X)c0 if X ∈ T̂−,

φ+
T (X) =

∑
i∈I+

Ψi,T (X)vi +
∑
i∈I−

Ψi,T (X)ci if X ∈ T̂+, (2.24)

where c0 = (c1
0, c

2
0)T and ci = (c1

i , c
2
i )
T , i ∈ I− are to be determined. Applying the jump

condition for the stress tensor (2.22) to (2.24), we obtain

σ− (Lc0) (F )n̄ =σ̂(φ+
T )(F )n̄, (2.25)

where σ̂(v)(X) for a vector function v is defined as follows:

σ̂(v) = (σ̂ij(v))16i,j62, σ̂ij(v) = λ̂(∇ · v)δi,j + 2µ̂εij(v),

with λ̂ = λ+ − λ−, µ̂ = µ+ − µ−.
(2.26)

Also, in σ̂(φ+
T )(X), the function φ+

T is a polynomial so that it can be evaluated for any X,
and this meaning applies to similar situations from now on. By direct calculations, we have

σ−(Lc0)(F ) =

[
n̄2

1(λ− + µ−) + µ− n̄1n̄2(λ− + µ−)
n̄1n̄2(λ− + µ−) n̄2

2(λ− + µ−) + µ−

] [
c1

0

c2
0

]
:= Kc0. (2.27)

Then we note that

K = QP−QT , with P− =

[
(λ− + 2µ−) 0

0 µ−

]
, Q = [n̄, t̄], (2.28)

which is obviously non-singular. Hence, by (2.25), c0 is determined by

c0 = K−1σ̂(φ+
T )(F )n̄. (2.29)

Next we apply the nodal value condition (2.23) for j ∈ I− and (2.29) to (2.24) to obtain

Kcj + L(Aj)
∑
i∈I−

σ̂(Ψi,Tci)(F )n̄ = Kvj − L(Aj)
∑
i∈I+

σ̂(Ψi,Tvi)(F )n̄, j ∈ I−. (2.30)

We now put equations in (2.30) into a matrix form. We let (j1, j2, · · · , j|I|) be a permutation
of (1, 2, · · · , |I|) such that jk ∈ I− for 1 ≤ k ≤ |I−| but jk ∈ I+ for |I−| + 1 ≤ k ≤ |I|.
Consider three vectors c, v− and v+ such that

c =
[
cjk

]|I−|
k=1
∈ R2|I−|, v− =

[
vjk

]|I−|
k=1
∈ R2|I−|, v+ =

[
vjk

]|I|
k=|I−|+1

∈ R2|I+|.

We adopt the following notations:

K = I|I−| ⊗K ∈ R2|I−|×2|I−|, L =
[
L(Ajk)I2

]|I−|
k=1
∈ R2|I−|×2, (2.31a)
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Ψ
−

=
[
Ψjk

]|I−|
k=1
∈ R2|I−|×2, Ψ

+
=
[
Ψjk

]|I|
k=|I−|+1

∈ R2|I+|×2, (2.31b)

with Ψj =
[
σ̂(ψj,T )(F )n̄ σ̂(ψj+|I|,T )(F )n̄

]T ∈ R2×2 , 1 ≤ j ≤ |I| . (2.31c)

For any vector r ∈ R2×1, we note the identity σ̂(Ψi,T r)(F )n̄ = Ψ
T

i r. Hence by using the
matrices defined in (2.31a)-(2.31c), we can represent equations in (2.30) as follows:

(K + L Ψ
−T

)c = b, (2.32)

with b = Kv− − L Ψ
+T

v+. (2.33)

We emphasize that the weak jump conditions in (2.21) and (2.22) are similar to their coun-
terparts given in (1.15) and (1.16), but the differences are the choice for the point F and
defining the IFE function on two subelements of T determined by the line l instead of the
interface curve. See Remark 2.6 for the reason and consideration behind these choices. We
also note that the coefficient matrix of the linear system in (2.32) is a generalized Sherman-
Morrison matrix formed by matrices K,L and Ψ which can be considered a generalization
of the one in (1.19).

Now we proceed to discuss the unisolvance for the bilinear and the rotated Q1 IFE func-
tions, i.e., the invertibility of the matrix in (2.32), which can always be guaranteed with a
suitable choice for F through this proposed new construction procedure. The discussion for
unisolvance of the linear IFE functions will be left to Remark 2.4 below.

First, for the rotated Q1 IFE functions in Case 1 as illustrated in Figure 2.7(a), we note that
there is no ci, i ∈ I− coefficients in the formulation (2.24) and c0 is uniquely determined by
(2.29), and this means that the unisolvence for this case is always guaranteed. To discuss
other cases, we define two parameters d and e for describing the interface-element intersection
points D and E for those typical rectangular interface elements illustrated in Figures 2.6-2.7:

• We let d = ‖D − A1‖ /h, e = ‖E − A1‖ /h for Case 1 in Figure 2.6 and d =
‖D −M1‖ /h, e = ‖E −M1‖ /h for Case 2 and Case 3 in Figure 2.7.

• We let d = ‖D − A1‖ /h, e = ‖E − A3‖ /h for Case 2 in Figure 2.6 and d =
‖D −M1‖ /h, e = ‖E −M3‖ /h for Case 4 and Case 5 in Figure 2.7.

We start from some estimates for the following two auxiliary functions:

gn(X) =
∑
i∈I−

L(Ai)∇ψi,T (X) · n̄, gt(X) =
∑
i∈I−

L(Ai)∇ψi,T (X) · t̄, (2.34)

where ψi,T are standard bilinear or rotate Q1 scalar Lagrange type shape functions.

Lemma 2.5. On each rectangular interface element T ∈ T ih , let F0 = t0D + (1− t0)E such
that
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• when it is a bilinear element in Case 1 illustrated in Figure 2.6, assume t0 = e/(d+e),

• when it is a bilinear element in Case 2 illustrated in Figure 2.6, assume t0 = 1− e if
d > e, t0 = 1− d if e > d,

• when it is a rotated Q1 element in Case 2 or Case 3 illustrated in Figure 2.7, assume
t0 = 1 when d > e or t0 = 0 when e > d,

• when it is a rotated Q1 element in Case 4 or Case 5 illustrated in Figure 2.7, assume
t0 = 1/2.

Then

(1− gn(F0))2 − g2
t (F0) > 0, g2

n(F0)− g2
t (F0) > 0, (2.35a)

gn(F0) ∈ [0, 1], gt(F0) ∈ [−1, 1]. (2.35b)

Proof. Bilinear elements:
Case 1. By direct calculation, we have

g2
n(F0)− g2

t (F0) =
4d3e3(d+ e− de)2

(d2 + e2)2(d+ e)2
> 0;

(1− gn(F0))2 − g2
t (F0)

=
−d2e2(e2(1− d)− d2(1− e))2 + (e2(1− d) + d2(1− e+ e2))2(d+ e)2

(d2 + e2)2(d+ e)2
> 0.

Case 2. Because of the symmetry, we assume d > e and take t0 = 1− e.

g2
n(F0)− g2

t (F0)

=
1

(1 + d2 − 2de+ e2)2
(−(2d2(−1 + e) + d(1 + 2e− 4e2) + e(−1 + 2e2))2

+ (d3(−1 + e) + d2(1 + 2e− 3e2)− e2(−2 + e2) + d(1− 3e− e2 + 3e3))2) > 0;

(1− gn(F0))2 − g2
t (F0)

=
1

(1 + d2 − 2de+ e2)2
(−(2d2(−1 + e) + d(1 + 2e− 4e2) + e(−1 + 2e2))2

+ (−1 + d3(−1 + e) + d2(2− 3e)e+ e2 − e4 + d(1− e− e2 + 3e3))2) > 0.

Rotated Q1 elements:

Case 1. As shown by Figure 2.7, this case is trivial since there are no unknown coefficients
involved.
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Case 2. Note that 1 > d > 1/2 > e > 0. Then

g2
n(F0)− g2

t (F0) =
(e− 2de)2(4d3 − 4d4 − 3e2 − 4de(2 + e) + d2(3 + 16e+ 4e2))

4(d2 + e2)2
> 0;

(1− gn(F0))2 − g2
t (F0) =

1

4(d2 + e2)2
(32d5e2 − 16d6e2 − 3e4 + 24de4 + d2e2(7 + 32e− 8e2)

+ 8d3e(1 + e− 12e2 − 4e3) + 4d4(1− 4e− 6e2 + 16e3 + 4e4)) >
1

4
.

Case 3. Note that 1 > d > e > 1/2. Then

g2
n(F0)− g2

t (F0) =
1

4(d2 + e2)2
(8d5 − 4d6 + 8d(−1 + e)e3 − 3e4 − 8d3e(1 + 6e)

+ 2d2e2(13 + 4e− 2e2) + d4(−3 + 8e+ 24e2)) > 0;

(1− gn(F0))2 − g2
t (F0) =

1

4(d2 + e2)2
(8d5 − 4d6 + 8d3(1− 6e)e− 3e4 + 8de3(1 + e)

− 2d2e2(−13 + 4e+ 2e2) + d4(−3− 8e+ 24e2)) >
1

4
.

Case 4. Note that 1 > d > 1/2 > e > 0. Then

g2
n(F0)− g2

t (F0) =
1

4(1 + d2 − 2de+ e2)2
(−d6 + 2d5(1 + e) + d4(10− 6e+ e2)

− 4d3(4 + 2e− e2 + e3) + d2(11 + 24e− 12e2 + 4e3 + e4)

+ e(6 + 3e− 8e2 + 2e3 + 2e4 − e5)

+ 2d(−1− 9e+ 4e3 − 3e4 + e5)) >
1

16
;

(1− gn(F0))2 − g2
t (F0) =

1

4(1 + d2 − 2de+ e2)2
(−d6 + 2d5(1 + e) + d4(2− 6e+ e2)

− 4d3(2− 2e− e2 + e3) + d2(3− 12e2 + 4e3 + e4)

+ 2d(3− 9e+ 12e2 − 4e3 − 3e4 + e5)

− e(2− 11e+ 16e2 − 10e3 − 2e4 + e5)) >
1

16
.

Case 5. Note that 1/2 > d > 0 and 1/2 > e > 0. Then

g2
n(F0)− g2

t (F0) =
(d2 + 2d(−1 + e) + (−2 + e)e)2(1− (d− e)2)

4(1 + d2 − 2de+ e2)2
> 0;

(1− gn(F0))2 − g2
t (F0) =

1

4(1 + d2 − 2de+ e2)2
(−(d3 + d2(−2 + e)− de2 − (−2 + e)e2)2

+ (2 + 3d2 − 2e+ 3e2 − 2d(1 + e))2) >
1

4
.

These estimates lead to (2.35a). For (2.35b), the first inequality is just a special case of
Lemma 5.1 in [79] and the second inequality is a consequence of (2.35a).
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Lemma 2.6. The matrix in the linear system (2.32) is non-singular if and only if the
follwoing matrix is non-singular:

Ξ(F ) = P− +

[
(λ̂+ 2µ̂)gn(F ) λ̂gt(F )

µ̂gt(F ) µ̂gn(F )

]
. (2.36)

Proof. Note that the matrix in (2.32) is in a generalized Sherman-Morrison format. Since
K is invertible, the linear system (2.32) is non-singular if and only if the matrix

I2 + Ψ
−T
K
−1
L = I2 +

∑
j∈I−

L(Aj)Ψ
T

j K
−1 = (K +

∑
j∈I−

L(Aj)Ψj)K
−1 (2.37)

is invertible. Then by using (2.28), we can directly verify that

Q(K +
∑
j∈I−

L(Aj)Ψj)Q
T = P− +

[
(λ̂+ 2µ̂)gn(F ) λ̂gt(F )

µ̂gt(F ) µ̂gn(F )

]
(2.38)

which leads to the conclusion of this lemma because Q is invertible.

Lemma 2.7. With the F0 specified in Lemma 2.5, we have

Det(Ξ(F0)) > 2
(
min{µ+, µ−}

)2
. (2.39)

Proof. By (2.36) and direct calculations, we have

Det(Ξ(F0)) =λ+µ+(g2
n − g2

t ) + λ−µ−((1− gn)2 − g2
t )

+ λ−µ+((1− gn)gn + g2
t ) + λ+µ−(gn(1− gn) + g2

t )

+ 2(µ+)2g2
n + 2(µ−)2(1− gn)2 + 4µ+µ−(1− gn)gn,

in which gn = gn(F0) and gt = gt(F0). Then, applying estimates in Lemma 2.5 to the above,
we have Det(Ξ(F0)) > 2(µ+)2g2

n + 2(µ−)2(1− gn)2 > 2 (min{µ+, µ−})2
.

Finally we can prove the main theorem in this section.

Theorem 2.1 (Unisolvence). Let T ∈ T ih be a rectangular interface element with F = F0

specified in Lemma 2.5. Then given any vector v ∈ R2|I−|×1, for the bilinear and rotated Q1

elements, there exists one and only one IFE shape function satisfying (2.20)-(2.23).

Proof. The proof directly follows from Lemma 2.6 and Lemma 2.7.

Remark 2.2. According to the generalized Sherman-Morrison formula and (2.37), (2.38),
we can give an analytical formula for the coefficients c in (2.32) as

c =K
−1

b−K−1
L(I2 + Ψ

−T
K
−1
L)−1Ψ

−T
K
−1

b

=K
−1

b−K−1
LKQTΞ−1QΨ

−T
K
−1

b.
(2.40)
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Here it is important to note that K is a diagonal block matrix formed only by the 2-by-2
matrix K and Ξ is also a 2-by-2 matrix so that their inverses are easy to calculate analytically.
Hence, if preferred, there is no need to solve any algebraic systems for c numerically because
of (2.40).

Remark 2.3. When F = (D + E)/2, the linear and bilinear IFE shape functions given by
(2.24) with the coefficients determined by (2.29) and (2.32) coincide with those in [153]. In
this case, the unisolvence can be only conditionally guaranteed and an example of interface
element configuration is given in [153] to demonstrate this.

Remark 2.4. For the linear IFE functions, because each side in (2.22) is a constant vector
which is therefore independent of the location of F , the new construction procedure proposed
above is the same as the one considered in [77, 153], i.e., the one in Remark 2.3, regardless
of the choice of F0. In this case, the authors in [153] constructed a specific interface element
configuration such that the conforming linear IFE shape functions can not be uniquely deter-
mined by the Lagrange type degrees of freedom, i.e., the nodal values. They also showed that
the unisolvance can be conditionally guaranteed by some assumptions on the Lamé parame-
ters (Theorem 4.7 in [153]). The immersed nonconforming linear elements, i.e., the linear
Crouzeix-Raviart IFE elements, also have a conditional unisolvence, which can be discussed
similarly as Theorem 4.7 in [153].

Remark 2.5. For the bilinear and rotated Q1 elements, the unisolvence of the IFE shape
functions depends on suitable choices of the point F0 stated in Lemma 2.5. It is easy to
see that a small perturbation of a suitable choice of F = F0 given in Lemma 2.5 can also
yield det(Ξ(F )) > 0 since the Ξ(F ) in (2.36) is a continuous function of F for a fixed
interface location in an element. This means that the choice of F0 is not unique and Lemma
2.5 only provides sufficient conditions for the unisolvence. We also note that, because of the
continuous dependence of c given in (2.40) and c0 given in (2.29) on F , a small perturbation
of F = F0 should lead to a small change of the coefficients, and thus the corresponding IFE
shape functions will not change much.

Remark 2.6. We note that the construction approach above and the resulted formulas are
similar to the one reviewed in Section 1.2 for the scalar elliptic interface problems. We also
emphasize that here the two polynomial components in an IFE function are partitioned by
the line connecting the intersection points of the interface and element boundary instead of
the interface itself in Section 1.2. This is to maintain the continuity of IFE functions on
interface elements which can be considered as one advantage of lower-degree IFE methods.
We also note that this property is difficult, if not impossible, to obtain for higher-degree IFE
methods.

By taking the nodal value vector v to be unit vectors, we construct the IFE shape functions
satisfying the weak jump conditions (2.21)-(2.22) and the following nodal value constraints:

φi,T (Aj) =

{
δi,j,
0,

i = 1, · · · , |I|, and φi,T (Aj) =

{
0,

δi−|I|,j,
i = |I|+ 1, · · · , 2|I|. (2.41)
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The local IFE spaces on interface elements T ∈ T ih are then defined as

Sh(T ) = Span{φi,T , φi+|I|,T : i ∈ I}. (2.42)

The local IFE spaces defined by (2.19) and (2.42) can be used to construct an IFE space
over the whole domain Ω according to the need of a finite element scheme. For example, in
this chapter, by enforcing the continuity at the mesh nodes, we can consider the following
global IFE space:

Sh(Ω) =
{
v ∈ [L2(Ω)]2 : v|T ∈ Sh(T ) ∀T ∈ Th;
v|T1(N) = v|T2(N) ∀N ∈ Nh, ∀T1, T2 ∈ Th such that N ∈ ∂T1 ∩ ∂T2

}
.

(2.43)

2.4.2 Properties of IFE Shape Functions

In this subsection, we present some fundamental properties of the proposed IFE shape func-
tions. We tacitly assume that, on each interface element T ∈ T ih , φi,T , 1 ≤ i ≤ 2|I| are
the bilinear or the rotated Q1 IFE shape functions constructed according to Theorem 2.1
or they are the conforming/non-conforming linear IFE shape functions which uniquely exist
according to their degrees of freedom under some conditions on the Lamé parameters, see
Remark 2.4.

Theorem 2.2 (Boundedness). There exists a constant C such that the following estimates
are valid for IFE shape functions on each interface element T :

|φi,T |Wk,∞(T ) 6 Ch−k, k = 0, 1, 2, 1 ≤ i ≤ 2|I|, ∀T ∈ T ih . (2.44)

Proof. For the bilinear or the rotated Q1 IFE shape functions, we note that (2.28) yields
‖K‖ 6 C. And (2.31a) shows ‖L‖ 6 Ch because |L|0,∞,T 6 Ch, and ‖Ψs‖ 6 Ch−1. So we
have ‖b‖ 6 C, of which the constants C only depend on Lamé parameters. Next (2.35b)
and (2.39) suggest ‖Ξ−1‖ 6 C. So by the formula (2.40), we have ‖c‖ 6 C and then use
(2.29) to show ‖c0‖ 6 Ch−1. Therefore ‖c0L‖0,∞,T 6 C and |c0L|1,∞,T 6 Ch−1 because
|L|0,∞,T 6 Ch and |L|1,∞,T 6 C. In addition, it is easy to see |c0L|2,∞,T = 0, since L is a
linear function. Finally, applying these estimates and (2.4) to (2.24) leads to (2.44). Similar
arguments can be used for the linear IFE shape functions.

Remark 2.7. Because the estimates in (2.4) also hold on each patch ωT associated with an
interface element T , we can extend (2.44) to the patch:

|φi,T |Wk,∞(ωT ) 6 Ch−k, k = 0, 1, 2, 1 ≤ i ≤ 2|I|. (2.45)

For simplicity of presentation, we will use the following matrix shape functions:

Φi,T (X) =
[
φi,T (X), φi+|I|,T (X)

]
, i ∈ I. (2.46)
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Theorem 2.3 (Partition of Unity). On each interface element T ∈ T ih , we have∑
i∈I

Φi,T (X) = I2,
∑
i∈I

∂xjΦi,T (X) = 02×2,
∑
i∈I

∂xjxkΦi,T (X) = 02×2, j, k = 1, 2. (2.47)

Proof. By direct verifications, we can see that vector functions φ1 = (1, 0)T and φ2 = (0, 1)T

satisfy the weak jump conditions (2.21) and (2.22) exactly; hence, they are in the IFE space
Sh(T ). Then the unisolvence of the IFE function leads to the first identity in (2.47). And
the second and third identity in (2.47) are just the derivatives of the first one.

Remark 2.8. The first identity in (2.47) was proved in [153] for the linear and bilinear IFE
shape functions by direct verifications.

Recall that n̄ = (n̄1, n̄2)T and t̄ = (n̄2,−n̄1)T are normal and tangential vectors to the line
l. We introduce the following matrices:

N
s

=


(λs + 2µs)n̄1 µsn̄2 µsn̄2 λsn̄1

λsn̄2 µsn̄1 µsn̄1 (λs + 2µs)n̄2

−n̄2 0 n̄1 0
0 −n̄2 0 n̄1

 , s = ±. (2.48)

It can be directly verified that

Det(N
s
) = µs(λs + 2µs), s = ±, (2.49)

which shows the matrices N
s

are non-singular. We can use these matrices to define

M
−

=
(
N

+
)−1

N
−
, M

+
=
(
N
−
)−1

N
+
. (2.50)

The motivation for us to introduce/construct these matrices is that they can be used to
connect the two polynomial components in an IFE function in the following sense.

Lemma 2.8. For IFE functions satisfying (2.21)-(2.22), there hold

Vec(∇φ+
T (F )) = M

−
Vec(∇φ−T (F )), Vec(∇φ−T (F )) = M

+
Vec(∇φ+

T (F )). (2.51)

Proof. Let φT = (φ1
T , φ

2
T )T . By direction calculations, for s = ±, we have

σs(φT (F )) n̄ =

[
(λs + 2µs)n̄1∂x1φ

1,s
T + µsn̄2∂x2φ

1,s
T + µsn̄2∂x1φ

2,s
T + λsn̄1∂x2φ

2,s
T

λsn̄2∂x1φ
1,s
T + µsn̄1∂x2φ

1,s
T + µsn̄1∂x1φ

2,s
T + (λs + 2µs)n̄2∂x1φ

2,s
T

]
. (2.52)

From the continuity jump condition, we have ∇φi,+T t̄ = ∇φi,−T t̄, i = 1, 2. Combining this
with the stress jump condition (2.52) leads to

N
−

Vec(∇φ−T (F )) = N
+

Vec(∇φ+
T (F ))

from which we have (2.51) because of (2.50).
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Now, using these matrices, we consider the following 2-by-4 matrix functions:

Λ−(X) =
∑
i∈I

(
(Ai −X)T ⊗ (Φ−i,T (X))

)
+
∑
i∈I+

(
(Ai −X i)

T ⊗ (Φ−i,T (X))
)

(M
−− I4), (2.53a)

Λ+(X) =
∑
i∈I

(
(Ai −X)T ⊗ (Φ+

i,T (X))
)

+
∑
i∈I−

(
(Ai −X i)

T ⊗ (Φ+
i,T (X))

)
(M

+− I4), (2.53b)

where X i, i ∈ I are arbitrary points on l, and we further use them to define

Λ+(X) = Λ+(X), Λ−(X) = Λ−(X)M
+
. (2.54)

First we show that both Λ−(X) and Λ+(X) are well defined, i.e., they are independent of
X i ∈ l, i ∈ I.

Lemma 2.9. The matrix functions Λ−(X) and Λ+(X) are independent of the points X i ∈ l,
i ∈ I.

Proof. Denote the vectors α1 = [−n̄2, 0, n̄1, 0]T and α2 = [0,−n̄2, 0, n̄1]T . It can be directly

verified that they are eigenvectors of
(
M

s)T
, s = +, or −, i.e.,(

M
s)T

αi = αi, i = 1, 2. (2.55)

Let X i and X
′
i be two points on l. Then, by (2.55), we have(

(Ai −X i)
T ⊗ (Φs

i (X))
)

(M
s − I4)−

(
(Ai −X

′
i)
T ⊗ (Φs

i (X))
)

(M
s − I4)

=‖X i −X
′
i‖ [Φs

i ,Φ
s
i ] [α1, α2] (M

s − I4) = 0, s = ±,
(2.56)

Hence, by (2.53)-(2.54), functions Λ−(X) and Λ+(X) are independent of X i, i ∈ I.

Lemma 2.9 allows us to consolidate X i, i ∈ I in Λ−(X) and Λ+(X) into a single point X ∈ l.
So, by using (2.47), we rewrite these two functions as follows:

Λ−(X) =
∑
i∈I−

(Ai −X)T ⊗ Φ−i (X)M
+

+
∑
i∈I+

(Ai −X)T ⊗ Φ−i (X)−
(
(X −X)T ⊗ I2

)
M

+
.

(2.57a)

Λ+(X) =
∑
i∈I−

(Ai −X)T ⊗Φ+
i (X)M

+
+
∑
i∈I+

(Ai −X)T ⊗Φ+
i (X)− (X −X)T ⊗ I2. (2.57b)

For every fixed X, we consider the following piecewise 2-by-4 matrix function:

V (X) =

{
(X −X)T ⊗ I2 if X ∈ T̂+,(

(X −X)T ⊗ I2

)
M

+
if X ∈ T̂−.

(2.58)

To simplify the presentation, in the following discussions, we adopt the notations ∂xk = ∂
∂xk

,

k = 1, 2, for partial derivatives with respect to x1 = x, x2 = y.
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Lemma 2.10. On every interface element T ∈ T ih , each column of V (X) is in the local IFE
space Sh(T ).

Proof. Clearly, each column of V (X) restricted on either T̂+ or T̂− is in the corresponding
polynomial space ΠT . Furthermore, we note that V −(X) = V +(X) and[

∂x1V
+

∂x2V
+

]
= I4 = M

+
M
−

=

[
∂x1V

−

∂x2V
−

]
M
−
,

which, together with the fact d(V ) = 02×4, shows each column of V satisfies (2.21) and (2.22)
simultaneously; thus, it is in the corresponding IFE space.

Theorem 2.4. For every interface element T ∈ Th, we have the identities Λ+ = 02×4 and
Λ− = 02×4. And let I1 = [I2, 02×2], I2 = [02×2, I2], for j, k = 1, 2, s = ±, we also have∑

i∈I

(
(Ai −X)T ⊗ (∂xjΦ

s
i (X))

)
+
∑
i∈Is′

(
(Ai −X i)

T ⊗ (∂xjΦ
s
i (X))

)
(M

s − I4) = Ij, (2.59a)

∑
i∈I

(
(Ai −X)T ⊗ (∂xjxkΦ

s
i (X))

)
+
∑
i∈Is′

(
(Ai −X i)

T ⊗ (∂xjxkΦ
s
i (X))

)
(M

s − I4) = 02×4.

(2.59b)

Proof. We construct a piecewise 2-by-4 matrix function:

Λ(X) =

{
Λ−(X) if X ∈ T̂−,
Λ+(X) if X ∈ T̂+.

(2.60)

According to (2.57b) and (2.57a), the first two terms in Λ−(X) and Λ+(X) are the linear
combination of the IFE shape functions with the same coefficients. Lemma 2.10 shows
that their last terms together form a function in the local IFE space. So each column of
the piecewise matrix function (2.60) belongs to Sh(T ) for every interface element T . In
addition, by (2.53b) and (2.53a), we can see that Λ(Ai) = 02×4, i ∈ I. Hence, by the
unisolvence of IFE functions, we know that each column of Λ(X) must be 02×1 which leads

to Λ±(X) = 02×4 because M
+

is non-singular. Furthermore, (2.59a) and (2.59b) can be
obtained by differentiating (2.53b) and (2.53a).

2.5 Approximation Capabilities

In this section, we show optimal approximation capabilities of the proposed IFE spaces by
estimating the errors of the Lagrange type interpolation. Again, we assume the conditions
for the unisolvence of IFE shape functions are satisfied, i.e., F = F0 given in Lemma 2.5 in
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the construction of the bilinear and rotated Q1 IFE shape functions and the conditions on
Lamé parameters are satisfied, see Remark 2.4, in the construction of the conforming/non-
confomring linear IFE shape functions.

The local Lagrange type interpolation operator on each element T : Ih,T : C0(T )→ Sh(T ) is
defined as

Ih,Tu(X) =

{∑
i∈I Ψi,T (X)u(Ai), if T ∈ T nh ,∑
i∈I Φi,T (X)u(Ai), if T ∈ T ih ,

∀u ∈ C0(T ). (2.61)

The global interpolation operator Ih on C0(Ω) can be defined by a usual piecewise mannar
such that

(Ihu)|T = Ih,Tu, ∀T ∈ Th, ∀u ∈ C0(Ω). (2.62)

Applying the standard scaling argument [35, 55, 171] to each component of the vector func-
tion u = (u1, u2)T ∈ H2(T ), we can show that

‖Ih,Tu− u‖L2(T ) + h|Ih,Tu− u|H1(T ) + h2|Ih,Tu− u|H2(T )

6 Ch2|u|H2(T ), i = 1, 2, ∀ T ∈ T nh .
(2.63)

However, on interface elements T ∈ T ih , because of the jump conditions (1.11a) and (1.11b),
the two components of u have to be treated together. To estimate the errors in Ih,Tu, we
will use the technique of the multipoint Taylor expansions. In particular, we extend the
approach in [79] to the proposed IFE spaces of vector functions.

2.5.1 Multipoint Taylor Expansions

We start by introducing the following quantities related to the interface curve and giving
some useful estimates for them. These quantities and estimates are extensions of those
developed in [79] for scalar functions. Let T be an interface element with its associated

patch ωT . Let n(X̃) = (ñ1(X̃), ñ2(X̃))T and t(X̃) = (ñ2(X̃),−ñ1(X̃))T be the normal and

tangential vectors of Γ at a point X̃ ∈ Γ∩ωT , respectively. For s = ±, consider the following
matrices which are the continuous counterparts of the (2.48) defined on the curve:

N s(X̃) =


(λs + 2µs)ñ1(X̃) µsñ2(X̃) µsñ2(X̃) λsñ1(X̃)

λsñ2(X̃) µsñ1(X̃) µsñ1(X̃) (λs + 2µs)ñ2(X̃)

−ñ2(X̃) 0 ñ1(X̃) 0

0 −ñ2(X̃) 0 ñ1(X̃)

 . (2.64)

Similar to (2.49), by straightforward calculations, we have

Det(N s(X̃)) = µs(λs + 2µs), s = ±. (2.65)
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Hence the matrices N s(X̃), s = ±, are non-singular, and we can define

M−(X̃) =
(
N+(X̃)

)−1

N−(X̃), M+(X̃) =
(
N−(X̃)

)−1

N+(X̃). (2.66)

These matrices can be used to transfer the exact solutions across the interface curve in the
following sense.

Lemma 2.11. For every u ∈ PC2(ωT ) and X̃ ∈ Γ ∩ ωT , there hold

Vec(∇u+(X̃)) = M−(X̃)Vec(∇u−(X̃)), Vec(∇u−(X̃)) = M+(X̃)Vec(∇u+(X̃)). (2.67)

Proof. The derivation is the same as Lemma 2.8.

Next, as proved in the following lemma, the matrices M
s

constructed on l can be used to
approximate the matrices M s constructed on the interface Γ ∩ ωT , s = + or −.

Lemma 2.12. There exists a constant C such that for every interface element T ∈ T ih and

every point X̃ ∈ Γ ∩ ωT , we have

‖M s(X̃)‖ 6 C, ‖M s‖ 6 C, s = ±, (2.68)

and
‖M s(X̃)−M s‖ 6 Ch, s = ±. (2.69)

Proof. We only prove the case for s = −, and the argument for s = + is similar. Since

‖n̄‖ = 1 and ‖n(X̃)‖ = 1, we have ‖N−‖ 6 C and ‖N−(X̃)‖ 6 C. Besides, we note that

‖
(
N+(X̃)

)−1

‖ =
1

Det(N+(X̃))
‖adj(N+(X̃))‖ 6 C,

‖
(
N

+
)−1

‖ =
1

Det(N
+

)
‖adj(N

+
)‖ 6 C,

because Det(N−(X̃)) = Det(N
−

) = µ−(λ− + 2µ−) and each term of the adjugate matrices
is bounded by some constants C. Then, (2.68) follows from applying these estimates in the
inequalities below:

‖M−(X̃)‖ 6 ‖
(
N+(X̃)

)−1

‖ ‖N−(X̃)‖ and ‖M−‖ 6 ‖
(
N

+
)−1

‖ ‖N−‖.

For (2.69), we note that

‖M−(X̃)−M−‖ = ‖
(
N+(X̃)

)−1

N−(X̃)−
(
N

+
)−1

N
−‖

= ‖
(
N+(X̃)

)−1 (
N−(X̃)−N−

)
+
(
N+(X̃)

)−1 (
N

+ −N+(X̃)
)(

N
+
)−1

N
−‖

6 C‖N−(X̃)−N−‖+ C‖N+ −N+(X̃)‖
6 Ch

in which we have used the geometric estimate (2.15b).
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Now, we utilize the matrices in (2.64) to describe multipoint Taylor expansions for the
piecewise smooth vector functions satisfying (1.11a)-(1.11b) on the patch of each interface
element. Then we derive the estimates of the remainders in these expansions.

In the discussions from now on, we let s = ± and s′ = ∓, which means s and s′ always take
opposite signs when they appear in the same formula. Note that, for every node Ai of T
and each point X ∈ ωT\ωintT , the line segment AiX intersects Γ∩ωT either with no point or
only one point. In the former case, Ai and X must be on the same side of Γ ∩ ωT , while in
the latter case, they are on different sides. Therefore, by the notations introduced in Section
2.3, we present expansions for u(X) around each node Ai ∈ T s for X ∈ ω∗,sT , X ∈ ω∗,s

′

T and
X ∈ ω∗T , respectively.

For every X ∈ ω∗,sT , s = ±, we let Yi(t,X) = tAi + (1 − t)X, t ∈ [0, 1], i ∈ I. Let

t̃i = t̃i(X) ∈ [0, 1] be such that Ỹi = Yi(t̃i, X) is on the curve Γ ∩ T if X and Ai are on
different sides of ωT . We start from the following theorem that gives the expansion of u(Ai)
around X if Ai and X are the same side of ωT , i.e., Ai ∈ T s and X ∈ ω∗,sT , s = ±.

Theorem 2.5. For every interface element T ∈ T ih and its associated patch ωT , let u ∈
PC2(ωT ), then for Ai ∈ T s, s = ±, we have

us(Ai) = us(X) +
(
(Ai −X)T ⊗ I2

)
Vec(∇us(X)) + Rs

i (X), i ∈ Is, ∀X ∈ ω∗,sT , (2.70)

where Rs
i (X) =

∫ 1

0

(1− t) d
2

dt2
us(Yi(t,X))dt, i ∈ Is. (2.71)

Proof. Since Ai ∈ T s and X ∈ ω∗,sT , we know that Yi(t,X) ∈ ω∗,sT , ∀t ∈ [0, 1]. Apply-
ing the standard Taylor expansion with integral remainder to the components of u(X) =
(u1(X), u2(X))T , we have

us(Ai) =us(X) +∇us(X)(Ai −X) + Rs
i (X), i ∈ Is, ∀X ∈ ω∗,sT , s = ±. (2.72)

Then, we obtain (2.70) by applying the vectorization on each side of (2.72) and using the
formula (2.6) with P = I2, Q = ∇us(X), and R = Ai −X.

In the following theorem, we describe how to expand u(Ai) about X if Ai and X are on
different sides of Γ, i.e., Ai ∈ T s

′
but X ∈ ω∗,sT .

Theorem 2.6. On every interface element T ∈ T ih and the associated patch ωT , let u ∈
PC2(ωT ), then for Ai ∈ T s

′
, we have

us
′
(Ai) = us(X) + ((Ai −X)T ⊗ I2)Vec (∇us(X))

+ ((Ai − Ỹi)T ⊗ I2)(M s − I4)Vec (∇us(X)) + Rs
i (X),

i ∈ Is′ , ∀X ∈ ω∗,sT , s = ±, (2.73)
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where Rs
i = Rs

i1 + Rs
i2 + Rs

i3, with
Rs
i1(X) =

∫ t̃i
0

(1− t) d2
dt2

us(Yi(t,X))dt,

Rs
i2(X) =

∫ 1

t̃i
(1− t) d2

dt2
us
′
(Yi(t,X))dt,

Rs
i3(X) = (1− t̃i)((Ai −X)T ⊗ I2)(M s(Ỹi)− I4)

∫ t̃i
0

d
dt

Vec (∇us(Yi(t,X))) dt.

(2.74)

Proof. Without loss of generality, we only discuss the case Ai ∈ T+ and X ∈ ω∗,−T . Following
a procedure similar to that used in [136], we have

u+(Ai) =u−(X) +

∫ t̃i

0

d

dt
u−(Yi(t,X))dt+

∫ 1

t̃i

d

dt
u+(Yi(t,X))dt

=u−(X) +∇u−(X)(Ai −X)−∇u−(Ỹi)(Ai − Ỹi) +∇u+(Ỹi)(Ai − Ỹi)

+

∫ t̃i

0

(1− t) d
2

dt2
u−(Yi(t,X))dt+

∫ 1

t̃i

(1− t) d
2

dt2
u+(Yi(t,X))dt,

(2.75)

where the last two terms are actually R−i1 and R−i2. For the second and the third term on
the right hand side of (2.75), by applying (2.6), we have

∇u−(X)(Ai −X) = ((Ai −X)T ⊗ I2)Vec(∇u−(X)),

∇u−(Ỹi)(Ai − Ỹi) = ((Ai − Ỹi)T ⊗ I2)Vec(∇u−(Ỹi)).
(2.76)

For the forth term on the right of (2.75), by applying (2.6) and Lemma 2.11, we have

∇u+(Ỹi)(Ai − Ỹi) = ((Ai − Ỹi)T ⊗ I2)Vec(∇u+(Ỹi))

= (1− t̃i)((Ai −X)T ⊗ I2)M−(Ỹi)Vec(∇u−(Ỹi)).
(2.77)

Moreover we note that

∇u−(Ỹi) =

∫ t̃i

0

d

dt
∇u−(Yi(t, x))dt+∇u−(X). (2.78)

Finally, expansion (2.73) follows from substituting (2.78), (2.77) and (2.76) into (2.75).

For X ∈ ω∗T , we consider another group of expansions which only involve the first derivative
of u.

Theorem 2.7. On every interface element T ∈ T ih and the associated patch ωT , let u ∈
PC2(ωT ), then for each X ∈ ω∗T , we have

u(Ai) = u(X) + R̃i(X), with R̃i(X) =

∫ 1

0

d

dt
u(Yi(t,X))dt. (2.79)

Proof. The proof follows from a straightforward derivation by using the continuity of u.
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We proceed to estimate the remainders in (2.71) and (2.74) in terms of the Hilbert norms
associated with PH2 spaces. For every scalar function u, let ∇2u be its Hessian matrix.
Then we note that

d2

dt2
u(Yi(t,X)) =

[
(Ai −X)T∇2u1 (Ai −X)
(Ai −X)T∇2u2 (Ai −X)

]
, (2.80)

d

dt
(∇u(Yi(t,X))) =

[
(Ai −X)T∇2u1

(Ai −X)T∇2u2

]
. (2.81)

Lemma 2.13. There exist constants C > 0 such that for every u ∈ PC2(ωT ) we have

‖Rs
i‖L2(ω∗,sT ) 6 Ch2|u|H2(ωT ), i ∈ Is, s = ±,

‖Rs
i1‖L2(ω∗,sT ) 6 Ch2|u|H2(ωT ), ‖Rs

i2‖L2(ω∗,sT ) 6 Ch2|u|H2(ωT ), i ∈ Is′ , s = ±.
(2.82)

Proof. Let Rs
i = (R1s

i , R
2s
i )T , then according to (2.80), using Minkowski inequality and the

fact ‖Ai −X‖ 6 h, we have

Rjs
i (X) =

(∫
ω∗,sT

(∫ 1

0

(1− t)(Ai −X)T∇2usj(Yi(t,X))(Ai −X)dt

)2

dX

) 1
2

6 Ch2

∫ 1

0

(∫
ω∗,sT

(1− t)2

2∑
k,l=1

|∂xkxlusj|2
) 1

2

dt 6 Ch2|uj|H2(ωT ), j = 1, 2,

where we have used arguments similar to those used in the Lemma 4.1 in [79], and these
estimates lead to the first estimate in (2.82). The derivations for the estimates of Rs

i1 and
Rs
i2 are similar.

Lemma 2.14. There exist constants C > 0 such that for every u ∈ PC2(ωT ) we have

‖Rs
i3‖L2(ω∗,sT ) 6 Ch2|u|H2(ωT ), i ∈ Is

′
, s = ±. (2.83)

Proof. Let Rs
i3 = (R1s

i3 , R
2s
i3 )T . Using (2.81), (2.68), the fact ‖Ai−X‖ 6 h and 0 6 1−t̃i(X) 6

1− t, we have

‖Rjs
i3‖L2(ω∗,sT ) 6 Ch2

∫
ω∗,sT

(∫ t̃i

0

(1− t)
2∑

k,l=1

2∑
j=1

|∂xkxluj|dt

)2

dX

 1
2

.

Then, applying the Minkowski inequality and Lemma 4.1 in [79] to the inequality above
yields

‖Rjs
i3‖L2(ω∗,sT ) 6 Ch2

∫ t̃i

0

(
2∑

k,l=1

2∑
j=1

∫
ω∗,sT

(1− t)2|∂xkxluj|2dX

) 1
2

dt 6 Ch2(|u1|H2(ωT ) + |u2|H2(ωT )),

from which (2.83) readily follows.
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In addition, since u ∈ [H2(ωsT )]
2
, the Sobolev embedding theorem indicates u ∈ [W 1,6(ωsT )]

2
,

s = ±. Therefore we can bound the remainder R̃i in (2.79) in terms of the W 1,6-norm.

Lemma 2.15. There exist constants C > 0 such that for every u ∈ PC2(ωT ) we have

‖R̃i‖L2(ω∗,sT ) 6 Ch2‖u‖W 1,6(ωT ), i ∈ I. (2.84)

Proof. We note that ω∗T = ω̃T ∪ωintT is a small set by Lemma 2.4. So denote R̃i = (R̃1
i , R̃

2
i )
T ,

and by using (2.81), we have

R̃j
i (X) =

∫ 1

0

∇uj(Yi(t,X)) (Ai −X)dt, j = 1, 2.

Then, applying arguments similar to those used for Lemma 3.2 in [84] and using the fact

|ω∗T | 6 Ch3, we have ‖R̃j
i‖L2(ω∗T ) 6 Ch2‖uj‖W 1,6(T ) for j = 1, 2 from which (2.84) follows.

2.5.2 Interpolation Error Analysis

In this subsection, we use the results above to estimate the errors of the IFE interpolation
defined in (2.61) on the patch of each interface element. For this purpose, we give the
following two theorems on the expansions of the interpolation operator in which the key idea
is to use the 2nd order expansion on ω∗,sT (a major part of ωT ) and the first order expansion
on ω∗T (a small subset of ωT ). Denote the matrix functions Φi,T = [φi,T ,φi+|I|,T ] as in (2.46).

Theorem 2.8. On each interface element T ∈ T ih and its associated patch ωT , assume
u ∈ PC2(ωT ), then, for any X i ∈ l, the following expansions hold for every X ∈ ω∗,sT :

Ih,Tu(X)− u(X) =
∑
i∈Is′

Φi,T (X)(Es
i (X) + Fs

i (X)) +
∑
i∈I

Φi,T (X)Rs
i (X), s = ±, (2.85a)

∂xj(Ih,Tu(X)− u(X)) =
∑
i∈Is′

∂xjΦi,T (X)(Es
i (X) + Fs

i (X)) +
∑
i∈I

∂xjΦi,T (X)Rs
i (X), s = ±,

(2.85b)

∂xjxkIh,Tu(X) =
∑
i∈Is′

∂xjxkΦi,T (X)(Es
i (X) + Fs

i (X)) +
∑
i∈I

∂xjxkΦi,T (X)Rs
i (X), s = ±,

(2.85c)
where j, k = 1, 2, Rs

i (X) are given in (2.71), (2.74), and

Es
i (X) =

(
(Ai − Ỹi)T ⊗ I2

)(
M s(Ỹi)−M

s
)

Vec(∇us(X)),

Fs
i (X) = −

(
(Ỹi −X i)

T ⊗ I2

) (
M

s − I4

)
Vec(∇us(X)).

(2.86)
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Proof. The argument is similar to the one used in [79], i.e., we apply the fundamental
identities in Theorem 2.4 to the interpolation operator (2.61). Expanding the nodal values
u(Ai), i ∈ I, about X ∈ ω∗,sT in the interpolation operator (2.61) by (2.70) and (2.73), we
obtain

Ih,Tu(X) =
∑
i∈I

Φi,T (X)u(X) +

(∑
i∈I

Φi,T (X)
(
(Ai −X)T ⊗ I2

))
Vec(∇us(X))

+

∑
i∈Is′

Φi,T (X)
(

(Ai − Ỹi)T ⊗ I2

)
(M s − I4)

Vec(∇us(X)) +
∑
i∈I

Φi,T (X)Rs
i .

(2.87)

Note that for any vector r ∈ R2×1, there holds

Φi,T (X)
(
rT ⊗ I2

)
= rT ⊗ Φi,T (X). (2.88)

Then we apply Theorem 2.4 onto the second term in (2.87) to have

Ih,Tu(X) =
∑
i∈I

Φi,T (X)u(X)−

∑
i∈Is′

(
(Ai −X i)

T ⊗ Φi,T (X)
)

(M
s − I4)

Vec(∇us(X))

+

∑
i∈Is′

(
(Ai − Ỹi)T ⊗ Φi,T (X)

)
(M s − I4)

Vec(∇us(X)) +
∑
i∈I

Φi,T (X)Rs
i .

(2.89)

Then, (2.85a) follows by applying partition of unity, the fact Ai−X i = (Ai− Ỹi)+(Ỹi−X i),
and the identity (2.88) to (2.89). For (2.85b), we apply (2.70) and (2.73) to ∂xjIh,Tu(X) =∑

i∈I ∂xjΦi,T (X)u(Ai) to obtain

∂xjIh,Tu(X) =
∑
i∈I

∂xjΦi,T (X)u(X) +

(∑
i∈I

∂xjΦi,T (X)
(
(Ai −X)T ⊗ I2

))
Vec(∇us(X))

+

∑
i∈Is′

∂xjΦi,T (X)
(

(Ai − Ỹi)T ⊗ I2

)
(M s − I4)

Vec(∇us(X)) +
∑
i∈I

∂xjΦi,T (X)Rs
i .

By using (2.47), (2.59a) and (2.88) in the above, we have

∂xjIh,Tu(X) = IjVec(∇us(X))

−

∑
i∈Is′

(
(Ai −X i)

T ⊗ ∂xjΦi,T (X)
)

(M
s − I4)

Vec(∇us(X))

+

∑
i∈Is′

(
(Ai − Ỹi)T ⊗ ∂xjΦi,T (X)

)
(M s − I4)

Vec(∇us(X)) +
∑
i∈I

∂xjΦi,T (X)Rs
i ,
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which is in the same format as (2.89) because IjVec(∇us(X) = ∂xju(X). Therefore, (2.85b)
follows from arguments used to derive (2.85a) from (2.89). Finally, (2.85c) can be derived
very similarly by applying (2.70) and (2.73) in ∂xjxkIh,Tu(X) =

∑
i∈I ∂xjxkΦi,T (X)u(Ai) and

then using (2.47), (2.59b) and (2.88).

Remark 2.9. We note that (2.85c) is trivial for the linear IFE shape functions Φi,T , i ∈ I
since each side is simply a zero vector. And the non-trivial one is the bilinear case with
j = 1, k = 2 and the rotated-Q1 case with j = k = 1 or j = k = 2.

For X ∈ ω∗T , we have simpler expansions as the follows.

Theorem 2.9. On each interface element T ∈ T ih and the associated patch ωT , let u ∈
PC2(ωT ), then the following expansions hold for every X ∈ ω∗T :

Ih,Tu(X)− u(X) =
∑
i∈I

Φi,T (X)R̃i(X), (2.90a)

∂xj(Ih,Tu(X)− u(X)) = −∂xju(X) +
∑
i∈I

∂xjΦi,T (X)R̃i(X), (2.90b)

∂xjxk(Ih,Tu(X)− u(X)) = −∂xjxku(X) +
∑
i∈I

∂xjxkΦi,T (X)R̃i(X), (2.90c)

where j, k = 1, 2 and R̃i is given in (2.79).

Proof. They can be directly verified by applying (2.79) to the IFE interpolation (2.61)

Now we are ready to estimate the interpolation errors.

Theorem 2.10. There exists a constant C such that the following estimate holds for every
u ∈ PH2(ωT ) on the patch ωT associated with each interface element T ∈ T ih :

‖Ih,Tu− u‖L2(ω∗,sT ) + h|Ih,Tu− u|H1(ω∗,sT ) + h2|Ih,Tu− u|H2(ω∗,sT )

6Ch2(|u|H1(ωT ) + |u|H2(ωT ))
s = ±. (2.91)

Proof. First by (2.69) and ‖Ai − Ỹi‖ 6 Ch, we have ‖Es
i‖L2(ω∗,sT ) 6 Ch2|u|H1(ωT ), i ∈ I,

s = ±. Noticing ‖Ỹi −X i‖ 6 Ch2 from (2.15a) by taking X i = Ỹi⊥ because of Lemma 2.9,
and then using (2.68), we have ‖Fs

i‖L2(ω∗,sT ) 6 Ch2|u|H1(ωT ), i ∈ I, s = ±. Now putting these
estimates, Lemmas 2.13, 2.14 and Theorem 2.2 into (2.85a), (2.85b) and (2.85c), for s = ±,
j, k = 1, 2, we have

‖Ih,Tu− u‖L2(ω∗,sT ) 6
∑
i∈Is′

C(‖Es
i‖L2(ω∗,sT ) + ‖Fs

i‖L2(ω∗,sT )) +
∑
i∈I

C‖Rs
i‖L2(ω∗,sT )

6 Ch2(|u|H1(ωT ) + |u|H2(ωT )),
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‖∂xjIh,Tu− ∂xju‖L2(ω∗,sT ) 6
∑
i∈Is′

Ch−1(‖Es
i‖L2(ω∗,sT ) + ‖Fs

i‖L2(ω∗,sT )) +
∑
i∈I

Ch−1‖Rs
i‖L2(ω∗,sT )

6 Ch(|u|H1(ωT ) + |u|H2(ωT )).

‖∂xjxkIh,Tu− ∂xjxku‖L2(ω∗,sT ) 6 ‖∂xjxku‖L2(ω∗,sT )

+
∑
i∈Is′

Ch−2(‖Es
i‖L2(ω∗,sT ) + ‖Fs

i‖L2(ω∗,sT )) +
∑
i∈I

Ch−2‖Rs
i‖L2(ω∗,sT )

6 C(|u|H1(ωT ) + |u|H2(ωT )).

These estimates lead to the desired result for u ∈ PC2(ωT ). Then the estimate for u ∈
PH2(ωT ) can be obtained from the density Hypothesis (H3).

Theorem 2.11. There exists a constant C such that the following estimate holds for every
u ∈ PH2(ωT ) on each patch ωT associated with each interface element T ∈ T ih :

‖Ih,Tu− u‖L2(ω∗T ) + h|Ih,Tu− u|H1(ω∗T ) + h2|Ih,Tu− u|H2(ω∗T )

6Ch2(‖u‖W 1,6(ωT ) + ‖u‖H2(ωT )).
(2.92)

Proof. According to (2.45), Lemma 2.15 and Theorem 2.9, for j, k = 1, 2, we have

‖Φi,T R̃i‖L2(ω∗T ) 6 Ch2‖u‖W 1,6(ωT ),

‖∂xjΦi,T R̃i‖L2(ω∗T ) 6 Ch‖u‖W 1,6(ωT ),

‖∂xjxkΦi,T R̃i‖L2(ω∗T ) 6 C‖u‖W 1,6(ωT ).

Besides, for u = (u1, u2)T , the Hölder’s inequality implies(∫
ω∗T

(∂xjum)2dX

) 1
2

6

(∫
ω∗T

1
3
2dX

) 1
3
(∫

ω∗T

(∂xjum)6dX

) 1
6

6 Ch‖um‖W 1,6(ωT ), m = 1, 2,

where we have used the fact |ω∗T | 6 Ch3. For the second term above, it is easy to see that(∫
ω∗T

(∂xjxkum)2dX

) 1
2

6 C‖um‖H2(ωT ), m = 1, 2.

Applying the estimates above to (2.90a), (2.90b) and (2.90c), we have (2.92) for all u ∈
PC2(ωT ). Again the result for u ∈ PH2(ωT ) follows from the density Hypothesis (H3).

Finally, by combing the results above, we can prove the optimal approximation capabili-
ties for the proposed IFE space through the following error estimation for the global IFE
interpolation.
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Theorem 2.12. There exists a constant C such that the following estimate holds for every
u ∈ PH2(Ω):

‖Ihu− u‖L2(Ω) + h|Ihu− u|H1(Ω) + h2|Ihu− u|H2(Ω) 6 Ch2‖u‖H2(Ω). (2.93)

Proof. By applying (2.63) to all the non-interface elements and applying (2.91) and (2.92)
to all the interface elements, then summing all the estimates over all the elements in the
mesh, we have

‖Ihu− u‖L2(Ω) + h|Ihu− u|H1(Ω) + h2|Ihu− u|H2(Ω) 6 Ch2(‖u‖H2(Ω) + ‖u‖W 1,6(Ω)).

Then using the inequality ‖w‖2
W 1,p(Ω) 6 C‖w‖2

H2(Ω) for any w ∈ W 1,p(Ω), p ≥ 6 [173], we

have (2.93).

2.5.3 Numerical Examples

In this subsection, we numerically demonstrate the optimal approximation capabilities of the
proposed IFE spaces. We use an example similar to that given in [153] in which the domain
is Ω = [−1, 1]× [−1, 1] and the function u is

u(x1, x2) =



[
u−1 (x1, x2)

u−2 (x1, x2)

]
=

[
a2b2

λ−
rα1

a2b2

λ−
rα2

]
if X ∈ Ω−,

[
u+

1 (x1, x2)

u+
2 (x1, x2)

]
=

[
a2b2

λ+
rα1 +

(
1
λ−
− 1

λ+

)
a2b2

a2b2

λ+
rα2 +

(
1
λ−
− 1

λ+

)
a2b2

]
if X ∈ Ω+,

(2.94)

where λ− = 1, λ+ = 5, µ− = 2 and µ+ = 10, a = b = π/6.28, α1 = 5, α2 = 7 and r(x1, x2) =
(x2

1/a
2 + x2

2/b
2)1/2, the interface Γ is a circle defined by the zero level set r(x1, x2) − 1 = 0

and Ω− = {(x1, x2)T : r(x1, x2) < 1}, Ω+ = {(x1, x2)T : r(x1, x2) > 1}. We note that the
function in (2.94) is simply a constant multiplier of the one used in [153], and here we use
a circle with different radius as the interface. All the numerical results presented below are
generated by the proposed bilinear IFE space on Cartesian meshes. The errors are measured
in both the L2 and semi-H1 norms over a sequence a meshes with the size specified by h.

We present the numerical results for the interpolation operator Ihu defined by (2.61) and
(2.62) in Table 2.1 where the convergence rates are estimated from the errors computed on
two consecutive meshes. As predicted by Theorem 2.12, numerical results presented in this
table clearly show that the IFE interpolation converges optimally.
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h ‖u− Ihu‖L2(Ω) rate |u− Ihu|H1(Ω) rate
1/10 5.6990E-1 6.8680E+0
1/20 1.4528E-1 1.9719 3.4933E+0 0.9753
1/40 3.6502E-2 1.9928 1.7544E+0 0.9936
1/80 9.1372E-3 1.9981 8.7822E-1 0.9984
1/160 2.2851E-3 1.9995 4.3924E-1 0.9996
1/320 5.7132E-4 1.9999 2.1964E-1 0.9999
1/640 1.4283E-4 2.0000 1.0982E-1 1.0000
1/1280 3.5709E-5 2.0000 5.4911E-2 1.0000

Table 2.1: IFE Interpolation errors and rates for the bilinear IFE functions

2.6 A PPIFE Scheme and Its Error Analysis

In this section, we propose a partially penalized IFE (PPIFE) method that employs the
vector IFE space Sh(Ω) described in (2.43) to solve the elasticity interface problem (1.5)-
(1.11) on an interface-independent mesh. As usual, we assume g = 0 in (1.5) to simplify the
discussions, the method and the related analysis can be extended to the case in which g 6= 0
via the standard homogenization procedure.

To describe this PPIFE method, we consider the following underlying space

Vh =
{

v : v|T ∈
[
H1(T )

]2
, ∀T ∈ Th, ∇v · ne|e is well defined for each e ∈ Eh,

v is continuous across each e ∈ E̊nh , v|∂Ω = 0
}
.

(2.95)

Let S0
h(Ω) be the subspace of Sh(Ω) whose functions have zero traces on ∂Ω. Clearly, we have

S0
h(Ω) ⊂ Vh. We emphasize that the global IFE basis functions of Sh(Ω) are discontinuous

across each interface edges e ∈ E̊ ih which imposes challenges to the error analysis of the IFE
method.

Now, for every e ∈ E̊ ih shared by the two elements denoted by T 1
e and T 2

e , and for every
g ∈ Vh, we adopt the following notations for its average and jump over e:

{g}e =
(g|T 1

e
)|e + (g|T 2

e
)|e

2
and [g]e = (g|T 1

e
)|e − (g|T 2

e
)|e. (2.96)

To derive the PPIFE scheme for the elasticity interface problem, we formally multiply (1.5)
by a test function v ∈ Vh as usual, then by the Green’s formula, we have

−
∫
T

(div σ(u)) ·vdX =

∫
T

∇v : σ(u)dX−
∫
∂T

(σ(u)n) ·vds, ∀v ∈ Vh, ∀T ∈ Th, (2.97)
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where ∇ = (∂x1 , ∂x2) is the gradient operator as a row vector. Then, summing (2.97) over
all the elements and using the continuity of v ∈ Vh on all the non-interface edges e ∈ E̊nh ,
we have ∑

T∈Th

∫
T

∇v : σ(u)dX −
∑
e∈E̊ih

∫
e

{σ(u)ne} · [v]ds =

∫
Ω

f · vdX, (2.98)

where ne is from T 1
e to T 2

e . The assumption that u satisfies the jump conditions (1.11)
implies ∫

e

{σ(v)ne} · [u]ds = 0, and

∫
e

[u] · [v]ds = 0, ∀e ∈ E̊ ih. (2.99)

Adding these vanishing terms in (2.99) to (2.98) leads to the following weak form for the
elasticity interface problem (1.5)-(1.11):

ah(u,v) = Lf (v), ∀v ∈ Vh, (2.100)

where

ah(u,v) =
∑
T∈Th

∫
T

2µε(u) : ε(v)dX +
∑
T∈Th

∫
T

λ(∇ · u)(∇ · v)dX

−
∑
e∈E̊ih

∫
e

{σ(u)ne} · [v]ds+ θ
∑
e∈E̊ih

∫
e

{σ(v)ne} · [u]ds+
∑
e∈E̊ih

ρ

h

∫
e

[u] · [v]ds, (2.101)

Lf (v) =
∑
T∈Th

∫
T

f · vdX, (2.102)

and ρ is a stabilizing parameter for the scheme. According to the weak form (2.100) and the
fact that the IFE space S0

h(Ω) has the optimal approximation capabilities for functions in
PH2(Ω) as stated in Theorem 2.12, we propose the PPIFE method for the planar-elasticity
interface problems (1.5)-(1.11) as finding uh ∈ S0

h(Ω) such that

ah(uh,vh) = Lf (vh), ∀vh ∈ S0
h. (2.103)

In this chapter, we consider three PPIFE schemes corresponding to three popular choices
for the parameter: θ = −1, 0, 1, and following the convention [148, 174], we call them
the symmetric, incomplete, and non-symmetric PPIFE (SPPIFE, IPPIFE and NPPIFE)
methods.

We note that the weak formulation described by (2.100)-(2.102) is similar to the interior
penalty DG (IPDG) methods [57] in the sense that the interior penalties are used to penalize
the discontinuities. But in our proposed PPIFE method, the penalties are used only on
interface edges because of the H1 regularity of IFE functions in the subdomain formed by all
the non-interface elements. Moreover, both the location and number of the global degrees
of freedom of the IFE space (2.43) are the same as the those for standard continuous finite
element space defined on the same mesh. This feature makes the proposed PPIFE method
advantageous in moving interface problems.
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2.6.1 A Trace Inequality for Vector IFE Functions

In this subsection, we derive a trace inequality for the elasticity IFE functions in (2.42)
on each T ∈ T ih . Again, by considering geometries, we can classify the interface element
configurations in Figures 2.4-2.7 into two typical configurations for both the rectangular and
triangular interface elements, see Figures 2.8 and 2.9. Without loss of generality, the rest of
our discussions in this subsection are all based on the interface element configurations shown
in Figures 2.8 and 2.9.

(a) Case 1 (b) Case 2

Figure 2.8: Rectangular elements for trace inequalities of vector IFE functions

(a) Case 1 (b) Case 2

Figure 2.9: Triangular elements for trace inequalities of vector IFE functions

On every interface element T ∈ T ih , recall that l is the line connecting the intersection points
D, E of the interface and ∂T that partitions T into T̂− and T̂+, see Figures 2.8 and 2.9
for illustrations, n̄ = (n̄1, n̄2)T and t̄ = (n̄2,−n̄1)T are the normal vector and tangential
vector to l, and L(X) = 0 with L(X) = (X − D) · n̄ being the equation of the line l. By
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(2.20)-(2.29), we have the following formula for IFE functions on T :

φT (X) =

{
φ−T (X) ∈ ΠT , X ∈ T̂−,
φ+
T (X) ∈ ΠT , X ∈ T̂+,

with φ−T − φ
+
T = c0L(X), (2.104)

in which the coefficient vector c0 can be expressed as

c0 =
(
K−
)−1

σ̂(φ+
T )(F )n̄, (2.105a)

with Ks = QPsQT and Q = [n̄, t̄], Ps =

[
λs + 2µs 0

0 µs

]
, s = ±, (2.105b)

where F is a point on l specified in Lemma 2.5.

Because of the lack of regularity, the first order trace inequality commonly used in error
estimation of finite element methods can not be applied to IFE functions on the whole
element directly, and this motivates us to develop a trace inequality for IFE functions that
is useful for proving the coercivity of the bilinear form used in the PPIFE method. We start
from recalling the following trace inequalities for polynomials [197]:

∀v ∈ Pk(m), ∀t ∈ ∂m, |v(t)| 6 k + 1√
|m|
‖v‖L2(m), for a 1-d segment m; (2.106)

∀v ∈ Pk(T ), ∀e be an edge of T, ‖v‖L2(e) 6

√
(k + 1)(k + 2)

2

|e|
|T |
‖v‖L2(T ),

for a 2-d triangle T. (2.107)

By (2.104), the function c0L(X) relates the two polynomial components φ−T (X) and φ+
T (X)

of an IFE function φT (X), and we derive a few estimates for it first. We note that σ−(c0L)
is a matrix independent of spatial variable X.

Lemma 2.16. There exists a constant C independent of the Lamé parameters such that

‖σ−(c0L)‖ 6 C

|l|1/2
‖σ̂(φ+

T )n̄‖L2(l), ∀T ∈ T ih . (2.108)

Proof. Let c0 = (c1
0, c

2
0)T . Using the formula L(X) = n̄ · (X − D) with n̄ = (n̄1, n̄2)T , we

have

σ−(c0L) =

[
(λ− + 2µ−)c1

0n̄1 + λ−c2
0n̄2 µ−(c1

0n̄2 + c2
0n̄1)

µ−(c1
0n̄2 + c2

0n̄1) (λ− + 2µ−)c2
0n̄2 + λ−c1

0n̄1

]
. (2.109)

Given any unit vector r = (r1, r2)T , using (2.105a) and (2.109), we obtain

σ−(c0L)r =

[
λ−r1 + 2µ−n̄1r · n̄ µ−(2n̄1n̄2r1 + n̄2

2r2 − n̄2
1r2)

λ−r2 + 2µ−n̄2r · n̄ −µ−(2n̄1n̄2r2 + n̄2
1r1 − n̄2

2r1)

]
(P−)−1QT σ̂(φ+

T )(F )n̄.

(2.110)
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Rewrite (2.110) as σ−(c0L)r = Λ(r)σ̂(φ+
T )(F )n̄. Then, taking r = n̄, t̄, we have

Λ(n̄) = I2, and Λ(t̄) =

[
λ−

λ−+2µ−
n̄2 n̄1

−λ−
λ−+2µ−

n̄1 n̄2

]
QT , (2.111)

where I2 is the 2-by-2 identity matrix. Hence, we have ‖σ−(c0L)n̄‖ = ‖σ̂(φ+
T )(F )n̄‖, and a

direct computation yields

‖σ−(c0L)t̄‖ 6 ‖Λ(t̄)‖F‖σ̂(φ+
T )(F )n̄‖

=

√(
1 +

(λ−)2

(λ− + 2µ−)2

)
(1 + 2n̄2

1n̄
2
2)‖σ̂(φ+

T )(F )n̄‖

6
√

3‖σ̂(φ+
T )(F )n̄‖,

(2.112)

where ‖ · ‖F denotes the Frobenius norm. Therefore, for every unit vector r, we have

‖σ−(c0L)r‖ 6
(
‖σ−(c0L)n̄‖2 + ‖σ−(c0L)t̄‖2

)1/2
6 2‖σ̂(φ+

T )(F )n̄‖. (2.113)

Using (2.113) with r = e1 and e2 where ei is the i-th unit vector in R2, we obtain

‖σ−(c0L)‖ 6 ‖σ−(c0L)e1‖+ ‖σ−(c0L)e2‖ 6 4‖σ̂(φ+
T )(F )n̄‖. (2.114)

In addition, on the line l, without loss of generality, we can assume
∣∣DF ∣∣ > |l|/2. Then,

applying the standard 1-D trace inequality (2.106) to (2.114) with m = DF , we obtain
(2.108).

The estimate in the previous lemma can be refined so that its bound is expressed in terms
of the IFE function φT (X) and the ratios of the Lamé parameters in the two subelements of
T ∈ T ih . In particular, we discuss this estimate in the following two lemmas for some tricky
cases in which the standard trace inequality (2.107) can not be applied directly. We denote
λM = max{λ+, λ−}, λm = min{λ+, λ−} and similarly define µM and µm.

Lemma 2.17. There exists a constant C independent of the Lamé parameters such that for
every IFE function φT

‖σ−(c0L)‖ 6 C

h1/2|l|1/2

(
µM√
µm
‖
√

2µε(φT )‖L2(T ) +
λM√
λm
‖
√
λ∇ · φT‖L2(T )

)
(2.115)

on the interface element T satisfying one of the following conditions:

(a): T is a Case 1 rectangular interface element illustrated in Figure 2.8.

(b): T is a Case 1 triangular interface element illustrated in Figure 2.9 such that |A1D| 6
h/2 or |A1E| 6 h/2.
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(c): T is a Case 2 triangular interface element illustrated in Figure 2.9 such that |A2D| 6
h/2 or |A2E| 6 h/2.

Proof. Assume T is an interface element satisfying the condition (a), we note that |4A4ED| >√
2h|l|/4 because the distance from A4 to l is greater than

√
2h/2. Then we apply the stan-

dard trace inequality (2.107) to the right hand side of (2.108) on the triangle 4A4ED to
obtain

‖σ−(c0L)‖ 6 C|l|1/2

|l|1/2 |4A4ED|1/2
‖σ̂(φ+

T )‖L2(4A4ED)

6
C

|l|1/2h1/2

(
‖(µ+ − µ−)ε(φ+

T )‖L2(T̂+) + ‖(λ+ − λ−)∇ · φ+
T ‖L2(T̂+)

)
(2.116)

6
C

|l|1/2h1/2

(
µM√
µm
‖
√

2µε(φT )‖L2(T ) +
λM√
λm
‖
√
λ∇ · φT‖L2(T )

)
,

which implies (2.115).

For an interface element T satisfying the condition (b) such that |A1E| 6 h/2, i.e., |A3E| >
h/2. In such a case, we note that |4A3ED| >

√
2h|l|/8. Then, following similar arguments

used for T satisfying the condition (a), we can obtain (2.115) by applying the standard
trace inequality (2.107) to the right hand side of (2.108) on the triangle 4A3ED. Similar
arguments apply when |A1D| 6 h/2.

Estimate (2.115) can be proved similarly when T is an interface element satisfying condition
(c).

By Lemma 2.17, we can develop a stress trace inequality for IFE functions in the following
theorem.

Theorem 2.13. On every interface element T and its interface edge e whose normal is ne,
the following inequality holds for every IFE function φT :

‖h1/2σ(φT )ne‖L2(e) 6 Ct

(
‖
√

2µε(φT )‖L2(T ) + ‖
√
λ∇ · φT‖L2(T )

)
, (2.117)

where Ct 6 max
{

µM√
µm
, λM√

λm

}
C̃t with C̃t independent of the interface location, mesh size h

and Lamé parameters.

Proof. We present our arguments for the rectangular and triangular elements separately.

Rectangular interface elements: Assuming that T is a Case 1 rectangular interface
element illustrated in Figure 2.8, without loss of generality, we only consider the interface
edge e = A1A2 = A1D ∪ DA2 with A1D ⊂ T̂− and DA2 ⊂ T̂+. On the first piece A1D of
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e, applying the trace inequality (2.107) on 4A1DA3 to the polynomial component φ−T , we
have

‖h1/2σ(φT )ne‖L2(A1D) = ‖h1/2σ−(φ−T )ne‖L2(A1D) 6 C‖σ−(φ−T )‖L2(4A1DA3)

6 C(‖σ−(φ−T )‖L2(4A1DE) + ‖σ−(φ−T )‖L2(4A3ED))

6 C(‖σ−(φ−T )‖L2(T̂−) + ‖σ−(φ+
T )‖L2(4A3ED) + ‖σ−(c0L)‖L2(4A3ED)),

(2.118)

where we have used the relation (2.104) between φ−T and φ+
T in the last inequality. The

second term in the last inequality of (2.118) can be bounded by

‖σ−(φ+
T )‖L2(4A3ED) 6 C

(
‖µ−ε(φ+

T )‖L2(4A3ED) + ‖λ−∇ · φ+
T ‖L2(4A3ED)

)
6 C

(
µM√
µm
‖
√

2µ+ε(φ+
T )‖L2(T̂+) +

λM√
λm
‖
√
λ+∇ · φ+

T ‖L2(T̂+)

)
.

(2.119)

For the third term in the last inequality of (2.118), we note that σ−(c0L) is a constant tensor
and |4A3ED| 6 Ch|l|. Then, Lemma 2.17 implies

‖σ−(c0L)‖L2(4A3ED) = |4A3ED|1/2‖σ−(c0L)‖

6 C

(
µM√
µm
‖
√

2µε(φT )‖L2(T ) +
λM√
λm
‖
√
λ∇ · φT‖L2(T )

)
.

(2.120)

On the second piece DA2 of e, applying the standard trace inequality (2.107) to the poly-
nomial component φ+

T on 4DA2A3, we have

‖h1/2σ(φT )ne‖L2(DA2) = ‖h1/2σ+(φ+
T )ne‖L2(DA2) 6 C‖σ+(φ+

T )‖L2(4DA2A3)

6 C

(
µM√
µm
‖
√

2µ+ε(φ+
T )‖L2(T̂+) +

λM√
λm
‖
√
λ+∇ · φ+

T ‖L2(T̂+)

)
.

(2.121)

Therefore, estimate (2.117) for the Case 1 rectangular interface element follows from (2.118)-
(2.121) through the triangular inequality.

When T is a Case 2 rectangular interface element illustrated in Figure 2.8, we can simply
apply the trace inequality (2.107) on 4A1DE and 4DA2E:

‖h1/2σ(φT )ne‖L2(A1D) = ‖h1/2σ−(φ−T )ne‖L2(A1D) 6 C‖σ−(φ−T )‖L2(4A1DE)

6 C
(
‖
√

2µ−ε(φ−T )‖L2(T̂−) + ‖
√
λ−∇ · φ−T ‖L2(T̂−)

)
,

(2.122)

‖h1/2σ(φT )ne‖L2(DA2) = ‖h1/2σ+(φ+
T )ne‖L2(DA2) 6 C‖σ+(φ+

T )‖L2(4DA2E)

6 C
(
‖
√

2µ+ε(φ+
T )‖L2(T̂+) + ‖

√
λ+∇ · φ+

T ‖L2(T̂+)

)
,

(2.123)

from which estimate (2.117) follows through the triangular inequality.
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Triangular interface elements: Assuming T is a Case 1 triangular interface element
illustrated in Figure 2.9, without loss of generality, we also only need to consider the interface
edge A1A2. If |A1E| 6 h/2, by Lemma 2.17, estimate (2.115) holds. Then (2.117) follows
from arguments similar to those for (2.118)-(2.121). If |A1E| > h/2, the proof reduces to the
application of the standard trace inequality (2.107) on 4A1DE and 4DA2E, and (2.117)
follows from arguments similar to those for (2.122) and (2.123). The result for a Case 2
triangular interface element illustrated in Figure 2.9 can be proven similarly.

Remark 2.10. We highlight that the relation (2.104) together with the estimate (2.115) sug-
gests the connection of the two component polynomials in an IFE function, i.e., the difference
of the two polynomial components of an IFE function is always bounded by the energy norm
of the IFE function itself. On each interface element, although an IFE function is a piece-
wise polynomial, by this connection, its two component polynomials behave collectively like
a standard polynomial, which, we believe, is the foundation that the stress trace inequality
given in (2.117) can hold and is also the fundamental spirit in its proof.

2.6.2 Error Estimation of the PPIFE Method

Now, we are ready to estimate errors in the PPIFE solution described by (2.103). We begin
with discussing the following two quantities:

‖v‖2
h =

∑
T∈Th

∫
T

2µ‖ε(v)‖2dX +
∑
T∈Th

∫
T

λ‖∇ · v‖2dX +
∑
e∈E̊ih

ρ

∫
e

‖h−1/2[v]‖2ds, (2.124a)

|||v|||2h = ‖v‖2
h +

∑
e∈E̊ih

ρ−1

∫
e

‖h1/2{σ(v)ne}‖2ds. (2.124b)

It is clear that
‖v‖h 6 |||v|||h, ∀v ∈ Vh. (2.125)

Indeed, in the spirit of [94], we can show that they are norms on the space Vh.

Lemma 2.18. |||·|||h and ‖ · ‖h both are norms of Vh.

Proof. We present arguments only for |||·|||h because the arguments for ‖ · ‖h are similar. It
is obvious that we only need to show that |||v|||h 6= 0 for every nonzero v ∈ Vh. Suppose
|||v|||h = 0 for some v ∈ Vh(Ω), then ‖ε(v)‖L2(T ) = 0 for every T ∈ Th. Thus, by direct
application of calculus, v = pT + qT (−x2, x1)T on each non-interface element T ∈ T nh , and
v = psT + qsT (−x2, x1)T on T s, s = ± on each interface element T ∈ T ih , where qT , qsT and
pT = (p1

T , p
2
T )T , psT = (ps,1T , ps,2T )T are some constants (vectors) defined on each element. The

continuity on interior non-interface edges and ‖h−1/2[v]‖ = 0 on every e ∈ E̊ ih yield that
pT = psT = p and qT = qsT = q for all the elements T ∈ Th for some constant q and vector p.
In addition, since v|∂ΩD = 0, we have p = 0, q = 0 and thus v = 0 on Ω.
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We can establish another relationship for these two norms.

Lemma 2.19. For sufficient large ρ, there holds |||v|||h 6
√

2‖v‖h, ∀v ∈ Sh(Ω).

Proof. For each e ∈ E̊ ih, let T 1
e and T 2

e be the two elements sharing e. By the trace inequality
in Theorem 2.13 we have

ρ−1‖h1/2{σ(v)ne}‖2
L2(e) 6

C2
t

2ρ

∑
i=1,2

(
‖
√

2µε(v)‖2
L2(T ie) + ‖

√
λ∇ · v‖2

L2(T ie)

)
. (2.126)

Then by adding and subtracting the term
∑

e∈E̊ih
ρ−1

∫
e
‖h1/2{σ(v)ne}‖2ds in the norm ‖ · ‖h

defined by (2.124a) and using (2.126), we have

‖v‖2
h >

(
1− C2

t

ρ

)(∑
T∈Th

‖
√

2µε(v)‖2
L2(T ) +

∑
T∈Th

‖
√
λ∇ · vh‖2

L2(T )

)
+
∑
e∈E̊ih

ρ−1‖h1/2{σ(v)ne}‖2
L2(e) +

∑
e∈E̊ih

ρ‖h−1/2[v]‖2
L2(e),

(2.127)

which yields ‖v‖2
h >

1
2
|||v|||2h by taking ρ = 2C2

t .

Remark 2.11. Lemma 2.19 together with (2.125) imply that the two energy norms given by
(2.124a) and (2.124b) are equivalent in the IFE space Sh(Ω) when ρ is large enough, which,
according to Theorem 2.13, can be sufficiently satisfied by choosing its value such that

ρ > 2 max
{µ2

M

µm
,
λ2
M

λm

}
C̃2
t . (2.128)

We need to gauge the interpolation errors in terms of the energy norms (2.124) for which we
shall estimate the errors on interface edges. Similar edge estimation is obtained in [148] for
elliptic interface problems by assuming a H3(Ω±) regularity for the exact solutions. Here,
inspired by ideas presented in [87], we circumvent the excessive H3 assumption by carrying
out related analysis on a patch or macro-element around each interface element so that an
error bound in the optimal order can be derived under the usual H2 regularity assumption.
Using the Patch Assumption and the estimates (2.91) and (2.92), we can apply the standard
trace inequality to estimate the interpolation errors on interface edges.

Theorem 2.14. Assume the mesh Th is sufficiently fine and satisfies the Patch Assumption.
Then, there exists a constant C such that the following estimate holds:∑

e∈E̊ih

‖{σ(u− Ihu)}ne‖L2(e) 6 Ch1/2‖u‖H2(Ω), ∀u ∈ PH2(Ω). (2.129)
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Proof. For each T ∈ T ih , we consider its patch ωT . Let e ∈ E ih be one edge of T and denote
the subedges in each subdomain by es = e∩Ωs, s = ±. According to the Patch Assumption,
there exist triangles T se ∈ ωT with es as one of its edge such that T se ⊂ Ωs and C1h 6 |T se |/|es|.
Then we apply the standard trace inequality on T se and use the estimate (2.92) to obtain

‖∇(Ih,Tu− u)‖L2(es) 6 C|es|1/2/|T se |1/2
(
‖∇(Ih,Tu− u)‖L2(T se ) + h‖∇2(Ih,Tu− u)‖L2(T se )

)
6 Ch1/2(‖u‖H2(ωT ) + ‖u‖W 1,6(ωT )).

(2.130)

For each e ∈ E ih, let T 1
e and T 2

e be the two interface elements sharing e, then (2.130) implies∑
e∈E̊ih

‖{σ(u− Ihu)}ne‖L2(e) 6 C
∑
e∈E̊ih

(
‖∇(Ih,T 1

e
u− u)‖L2(e) + ‖∇(Ih,T 2

e
u− u)‖L2(e)

)
6 Ch1/2

∑
e∈E̊ih

∑
j=1,2

(
‖u‖H2(ω

T
j
e

) + ‖u‖W 1,6(ω
T
j
e

)

)
6 Ch1/2(‖u‖H2(Ω) + ‖u‖W 1,6(Ω)),

(2.131)

where we have used the finite overlapping property of ωT , T ∈ T ih . Finally, we obtain
(2.129) by applying the standard imbedding inequality ‖w‖W 1,6(Ωs) 6 C‖w‖H2(Ωs) [173],
∀w ∈ W 1,6(Ωs), s = ± to (2.131) with w = u1 and u2.

Now we can estimate the interpolation error Ihu− u in terms of the energy norms.

Theorem 2.15. Assume the mesh Th is sufficiently fine and satisfies the Patch Assumption.
Then there exists a constant C such that the following estimates hold for every u ∈ PH2(Ω):

‖Ihu− u‖h 6 Ch‖u‖H2(Ω), (2.132a)

|||Ihu− u|||h 6 Ch‖u‖H2(Ω). (2.132b)

Proof. Since (2.132a) directly follows from (2.132b) because of (2.125), we only need to
prove (2.132b). According to the interpolation error estimation in terms of H1 norm given
by Theorem 5.9 in [81], we directly have∑

T∈Th

∫
T

2µ‖ε(Ihu− u)‖2dX +
∑
T∈Th

∫
T

λ‖∇ · (Ihu− u)‖2dX 6 Ch2‖u‖2
H2(Ω). (2.133)

In addition, since Ihu− u ∈ [H1(T )]
2

for each interface element T ∈ T ih , we apply the trace
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inequality and the approximation capability of Theorem 5.9 in [81] to obtain∑
e∈E̊ih

∫
e

‖h−1/2[Ihu− u]‖2ds 6 Ch−1
∑
e∈E̊ih

∑
j=1,2

‖(Ihu− u)|T je ‖
2
L2(e)

6 Ch−2
∑
e∈E̊ih

∑
j=1,2

(
‖Ihu− u‖2

L2(T je )
+ h2‖∇(Ihu− u)‖2

L2(T je )

)
6 Ch−2

(
‖Ihu− u‖2

L2(Ω) + h2‖∇(Ihu− u)‖2
L2(Ω)

)
6 Ch2‖u‖2

H2(Ω),

(2.134)

where T 1
e and T 2

e are two elements sharing the interface edge e. Finally applying (2.134),
(2.133) and Theorem 2.14 to |||Ihu− u|||h according to its definition given in (2.124b) leads
the desired estimation (2.132b).

With the energy norms |||·|||h and ‖ · ‖h, we can prove the coercivity and continuity for the
bilinear form ah(·, ·) defined by (2.101).

Theorem 2.16. The bilinear form ah(·, ·) has the coercivity as follows:

• For SPPIFE and IPPIFE, the following inequality holds for ρ sufficiently large:

ah(v,v) >
1

2
|||v|||2h, ∀v ∈ Sh(Ω). (2.135)

• For NPPIFE, the following inequality holds for ρ > 0:

ah(v,v) > ‖v‖2
h, ∀v ∈ Vh. (2.136)

Proof. For the NPPIFE, i.e., θ = 1, we note that the coercivity (2.136) directly follows
from the definitions for ah(·, ·) and ‖ · ‖h given in (2.101) and (2.124a), respectively. For the
SPPIFE or IPPIFE, i.e., θ = 0 or −1, letting u = v in (2.101), we have

ah(v,v) =
∑
T∈Th

∫
T

‖
√

2µε(v)‖2dX +
∑
T∈Th

∫
T

‖
√
λ∇ · v‖2dX

+ (θ − 1)
∑
e∈E̊ih

∫
e

{σ(v)ne} · [v]ds+
∑
e∈E̊ih

ρ

∫
e

‖h−1/2[v]‖2ds.
(2.137)

We only need to bound the third term in (2.137). For each interface edge e ∈ E̊ ih, let T 1
e

and T 2
e be its two adjacent interface elements under the notation of (2.96). Then, by the
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trace inequality for IFE functions given by Theorem 2.13, Hölder’s inequality, and Young’s
inequality, we have∫

e

{σ(v)ne} · [v]ds =

∫
e

1

2

(
σ(v|T 1

e
)ne + σ(v|T 2

e
)ne
)
· [v]ds

6
1

2

(
‖h1/2σ(v|T 1

e
)ne‖L2(e) + ‖h1/2σ(v|T 2

e
)ne‖L2(e)

)
‖h−1/2[v]‖L2(e)

6
Ct
2

(∑
i=1,2

‖
√

2µε(v)‖L2(T ie) + ‖
√
λ∇ · v‖L2(T ie)

)
‖h−1/2[vh]‖L2(e)

6
α

2

(∑
i=1,2

‖
√

2µε(v)‖2
L2(T ie) + ‖

√
λ∇ · v‖2

L2(T ie)

)
+
C2
t

2α
‖h−1/2[vh]‖2

L2(e),

(2.138)

where α > 0 and the constant Ct is from the the trace inequality in Theorem 2.13. Since
|θ − 1| ≤ 2, substituting (2.138) into (2.137) leads to

ah(v,v) > (1− α)

(∑
T∈T

‖
√

2µε(v)‖2
L2(T ) +

∑
T∈Th

‖
√
λ∇ · v‖2

L2(T )

)

+
∑
e∈E̊ih

(
ρ− C2

t

α

)
‖h−1/2[v]‖2

L2(e).

(2.139)

Then, by adding and subtracting
∑

e∈E̊ih
ρ−1‖{σ(v)ne}‖2

L2(e) in (2.139), and applying the

inequality (2.126), we have

ah(v,v) >

(
1− α− C2

t

ρ

)(∑
T∈T

‖
√

2µε(v)‖2
L2(T ) +

∑
T∈Th

‖
√
λ∇ · vh‖2

L2(T )

)

+
∑
e∈E̊ih

ρ−1‖h1/2{σ(v)ne}‖2
L2(e) +

∑
e∈E̊ih

(
ρ− C2

t

α

)
‖h−1/2[v]‖2

L2(e).

(2.140)

Finally, by letting α = 1/4 and ρ = 4C2
t + 1/2 in (2.140), we have the coercivity (2.135).

Remark 2.12. According to Theorem 2.13 and the proof above, for ah(·, ·) in the SPPIFE
and IPPIFE methods to be coercive, it is sufficient to choose ρ such that

ρ > 4 max
{µ2

M

µm
,
λ2
M

λm

}
C̃2
t +

1

2
, (2.141)

where C̃t is independent of the interface location and Lamé parameters. Here we choose
stability parameters large enough to enforce and prove the stability, and this technique is
widely used in the interior penalty discontinuous Galerkin (IPDG) methods, for example
[66, 183].
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Theorem 2.17. For every w,v ∈ Vh, there holds

ah(w,v) 6 Cb|||w|||h|||v|||h, (2.142)

where Cb ≤ 5.

Proof. According to the definition (2.101), we have

ah(w,v) =
∑
T∈Th

∫
T

2µε(w) : ε(v)dX +
∑
T∈Th

∫
T

λ(∇ ·w)(∇ · v)dX

+ θ
∑
e∈E̊ih

∫
e

{σ(v)ne} · [w]ds−
∑
e∈E̊ih

∫
e

{σ(w)ne} · [v]ds+
∑
e∈E̊ih

ρ

h

∫
e

[w] · [v]ds.
(2.143)

Denote each term on the right in (2.143) by Qi, i = 1, 2, · · · , 5. For Q1, Q2, the Hölder’s
inequality directly yields

|Q1| 6
∑
T∈Th

‖
√

2µε(w)‖L2(T )‖
√

2µε(v)‖L2(T ) 6 |||w|||h |||v|||h, (2.144)

|Q2| 6
∑
T∈Th

‖
√
λ(∇ ·w)‖L2(T )‖

√
λ(∇ · v)‖L2(T ) 6 |||w|||h |||v|||h. (2.145)

For Q3, Q4 and Q5, a similar argument yields

|Q3| 6
∑
e∈E̊ih

‖{σ(v)ne}‖L2(e) ‖[w]‖L2(e)

6

∑
e∈E̊ih

ρ−1‖h1/2{σ(v)ne}‖2
L2(e)

1/2∑
e∈E̊ih

ρ‖h−1/2[w]‖2
L2(e)

1/2

6 |||w|||h|||v|||h,

(2.146)

|Q4| 6
∑
e∈E̊ih

‖{σ(w)ne}‖L2(e) ‖[v]‖L2(e)

6

∑
e∈E̊ih

ρ−1‖h1/2{σ(w)ne}‖2
L2(e)

1/2∑
e∈E̊ih

ρ‖h−1/2[v]‖2
L2(e)

1/2

6 |||w|||h|||v|||h,

(2.147)

|Q5| 6
∑
e∈E̊ih

ρ1/2‖h−1/2[v]‖L2(e) ρ
1/2‖h−1/2[w]‖L2(e)

6

∑
e∈E̊ih

ρ‖h−1/2[v]‖2
L2(e)

1/2 ∑
e∈E̊ih

ρ‖h1/2[w]‖2
L2(e)

1/2

6 |||v|||h |||w|||h.

(2.148)
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Combining (2.144)-(2.148), we obtain the boundedness (2.142).

The coercivity guarantees the existence and uniqueness of the solution uh determined by the
PPIFE scheme (2.103). Now we are ready to analyze the error with the energy norm |||·|||h.

Theorem 2.18. Assume u ∈ PH2(Ω) is the exact solution to the elasticity interface prob-
lem (1.5)-(1.11), and let uh be the corresponding PPIFE solution defined by (2.103) with
ρ sufficiently large according to (2.141) for SPPIFE and IPPIFE methods or (2.128) for
NPPIFE methods on a Cartesian triangular or Cartesian rectangular mesh Th whose mesh
size is sufficiently small. Then there exists a constant C such that

|||u− uh|||h 6 Ch‖u‖H2(Ω). (2.149)

Proof. By (2.100) and (2.103), we have

ah(uh − Ihu,v) = ah(u− Ihu,v), ∀v ∈ Sh(T ). (2.150)

For the SPPIFE and IPPIFE methods, let ρ be large enough such that (2.141) is satisfied.
Then, letting v = uh − Ihu in (2.150), applying the coercivity (2.135) in Theorem 2.16 and
boundedness in Theorem 2.17, we have

1

2
|||uh − Ihu|||2h 6 ah(uh − Ihu,uh − Ihu) = ah(u− Ihu,uh − Ihu)

6 Cb|||u− Ihu|||h |||uh − Ihu|||h, (2.151)

which leads to |||uh − Ihu|||h 6 2Cb|||u− Ihu|||h. For the NPPIFE method, let ρ be large
enough such that (2.128) is satisfied. Then, applying Lemma 2.19, the coercivity (2.136) in
Theorem 2.16, and the boundedness in Theorem 2.17, we have

1

2
|||uh − Ihu|||2h 6 ‖uh − Ihu‖2

h 6 ah(uh − Ihu,uh − Ihu) = ah(u− Ihu,uh − Ihu)

6 Cb|||u− Ihu|||h |||uh − Ihu|||h, (2.152)

which also leads to |||uh − Ihu||| 6 2Cb|||u− Ihu|||h. Hence, for the PPIFE solution uh gen-
erated by all the PPIFE schemes considered, by the triangle inequality and (2.132b) in
Theorem 2.15, we have

|||u− uh||| 6 |||u− Ihu|||h + |||uh − Ihu|||h 6 (1 + 2Cb)|||u− Ihu|||h 6 Ch‖u‖H2(Ω). (2.153)

At last, we use the duality argument to derive an error bound in L2 norm.

Theorem 2.19. Under the condition of Theorem 2.18, there exists a constant C such that

‖u− uh‖L2(Ω) 6 Ch2‖u‖H2(Ω). (2.154)
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Proof. According to the regularity of elasticity interface problem in [131], we can define an
auxiliary function ω = (ω1, ω2)T ∈ PH2(Ω) which is the solution to (1.5)-(1.11) with the
right hand side f replaced by the error u − uh. Since u − uh ∈ Vh, a similar derivation to
(2.97) and (2.98) yields

‖u− uh‖2
L2(Ω) =

∫
Ω

(div σ(ω)) · (u− uh)dX = ah(ω,u− uh). (2.155)

Let Ihω be the interpolant of ω in the IFE space. Since Ihω ∈ Sh(Ω) and ah(Ihω,u−uh) = 0,
we have ah(ω,u−uh) = ah(ω− Ihω,u−uh). Then the boundedness in Theorem 2.17 yields

‖u−uh‖2
L2(Ω) = ah(ω,u−uh) = ah(ω− Ihω,u−uh) 6 Cb|||ω − Ihω|||h |||u− uh|||h. (2.156)

In addition, the regularity [131] and (2.132b) in Theorem 2.15 lead to

|||ω − Ihω|||h 6 Ch‖ω‖H2(Ω) 6 Ch‖u− uh‖L2(Ω). (2.157)

Finally, by combining (2.156), (2.157) and Theorem 2.18, we have

‖u− uh‖2
L2(Ω) 6 Ch2‖u− uh‖L2(Ω)‖u‖H2(Ω), (2.158)

which leads to the estimate in (2.154).

2.6.3 Numerical Examples

In this section, we compare the proposed PPIFE method and the classic IFE method [81, 153]
for solving the linear elasticity interface problems through a group of numerical examples.
Recall from [81, 153], the classic IFE solution uh is defined by the following discretized
variational form:∑
T∈Th

(∫
T

2µε(uh) : ε(vh)dX + λ(∇ · uh)(∇ · vh)dX
)

=
∑
T∈Th

∫
T

f · vhdX, ∀vh ∈ S0
h(Ω).

(2.159)
We note that the major difference between the proposed PPIFE method (2.101)-(2.103) and
the classic IFE method (2.159) is those terms involving line integrals on interface edges added
in (2.101) for dealing with the discontinuity of IFE functions.

In the numerical experiments, a Cartesian mesh for the domain Ω = (−1, 1) × (−1, 1)
is generated by partitioning Ω into N × N squares with the mesh size h = 2/N . For
each example, we generate the numerical results with the bilinear SPPIFE (θ = −1) with
ρ = 30 maxs=±{λs, µs} and the classic IFE method on a sequence of meshes, and estimate the
convergence rates of the errors in W k,p-norms (semi norms), k = 0, 1, p = 2,∞, computed
on every two consecutive meshes.
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Example 1: We consider a simple interface problem whose interface is a line Γ : x + y −
2π/3 = 0 cutting Ω into two sub-domains Ω− : x+y−1.5/π < 0 and Ω+ : x+y−1.5/π > 0.
The exact solution is also a linear vector function given by

us(X) =

{
(x+ y − 1.5/π) /λs,

(x+ y − 1.5/π) /λs,
on Ωs, s = ±, (2.160)

with λ− = µ− = 1 and λ+ = µ+ = 10, by which the boundary condition and body force
of the interface problem are determined. We note that the function (2.160) is in the corre-
sponding elasticity IFE space. Compared to the obvious errors of the classic IFE method,
the SPPIFE method can produce accurate results, i.e., the SPPIFE solution is exactly the
function (2.160), see the results in Tables 2.2 and 2.3. We believe this is the consequence of
the consistence of the PPIFE methods, i.e., if the exact solution u to the interface problem
is such that u ∈ PH2(Ω), then ah(u− uh,vh) = 0, ∀vh ∈ S0

h(Ω).

h ‖u− uh‖L∞(Ω) ‖u− uh‖L2(Ω) |u− uh|H1(Ω)

1/2 8.0840e-02 7.7812e-02 2.2946e-01
1/4 1.8265e-03 1.1554e-03 6.3312e-03
1/8 1.6146e-03 8.8800e-04 8.2845e-03

Table 2.2: Errors of classic IFE solutions for λ− = µ− = 1, λ+ = µ+ = 10.

h ‖u− uh‖L∞(Ω) ‖u− uh‖L2(Ω) |u− uh|H1(Ω)

1/2 4.4409e-16 4.5269e-16 8.8509e-16
1/4 3.9968e-15 3.1617e-15 1.0767e-14
1/8 1.7208e-15 1.1623e-15 5.4891e-15

Table 2.3: Errors of SPPIFE solutions for λ− = µ− = 1, λ+ = µ+ = 10.

Example 2: This is a benchmark example from [186] which has been used in other articles
such as [25, 92]. This example has a cicular interface described by the zero level set: x2+y2 =
a2 that separates Ω into two sub-domains Ω− : x2 + y2 < a2 and Ω+ : x2 + y2 > a2. On
Ω, the displacement is defined in the polar coordinates i.e., u = (ur, uθ)T , where ur and uθ

represent the radial component and circumferential component, respectively. Then the exact
solution is given by uθ = 0 and

ur(r) =


((

1− b2

a2

)
c+ b2

a2

)
, on Ω−,(

r − b2

r

)
c+ b2

r
, on Ω+,

(2.161)
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with

c =
(λ− + µ− + µ+)b2

(λ+ + µ+)a2 + (λ− + µ−)(b2 − a2) + µ+b2
. (2.162)

Also, the body force in Ω and the boundary displacement on ∂Ω are generated according
to (2.161). We choose a = π/8 and b = 2 in (2.161) and (2.162), and employ the same
Lamé parameters used by [25, 92, 186] in our computation: λ− = µ− = 0.4 in Ω− and
λ+ = 5.7692, µ+ = 3.8461 in Ω+, which correspond to the Young’s modules E− = 1,
ν− = 0.25 and E+ = 10, ν+ = 0.3. The numerical results in Table 2.4 indicate a slow
convergence of the classic IFE method. Nevertheless, according to Table 2.5, the PPIFE
method converges optimally in both the L2 norm and semi-H1 norm. The data in Table 2.5
indicates the convergence of the PPIFE method in the L∞ norm seems to be sub-optimal,
but it is much better than the classic IFE method.

In summary, because those edge integral terms contribute favorably to the accuracy of the
numerical solution and the related error estimation, the proposed PPIFE method is superior
to the classic IFE method discussed in the literature [81, 153].

h ‖u− uh‖L∞(Ω) rate ‖u− uh‖L2(Ω) rate |u− uh|PH1(Ω) rate

1/10 8.0609E-2 4.6267E-2 6.5199E-1
1/20 6.7026E-2 0.2662 2.0816E-2 1.1523 5.7409E-1 0.1836
1/40 5.3065E-2 0.3369 7.9983E-3 1.3799 3.9965E-1 0.5225
1/80 3.7741E-2 0.4917 3.5784E-3 1.1604 3.5914E-1 0.1542
1/160 1.7209E-2 1.1329 1.4183E-3 1.3352 2.5530E-1 0.4923
1/320 9.3939E-3 0.8734 5.5905E-4 1.3431 1.7710E-1 0.5277
1/640 5.0778E-3 0.8875 2.5381E-4 1.1393 1.3084E-1 0.4367

Table 2.4: Errors of the classic IFE solutions for λ− = µ− = 0.4, λ+ = 5.7692 and µ+ =
3.8461.

h ‖u− uh‖L∞(Ω) rate ‖u− uh‖L2(Ω) rate |u− uh|PH1(Ω) rate

1/10 6.9597E-2 3.5335E-2 4.6843E-1
1/20 2.1967E-2 1.6637 8.2012E-3 2.1072 2.1572E-1 1.1187
1/40 4.9360E-3 2.1539 2.1165E-3 1.9542 1.0506E-1 1.0379
1/80 1.7577E-3 1.4897 5.1717E-4 2.0329 5.0728E-2 1.0504
1/160 4.9811E-4 1.8191 1.1584E-4 2.1585 2.3756E-2 1.0945
1/320 1.3869E-4 1.8446 2.7700E-5 2.0642 1.1531E-2 1.0428
1/640 3.8867E-5 1.8353 6.9254E-6 1.9999 5.7069E-3 1.0147

Table 2.5: Errors of SPPIFE solutions for λ− = µ− = 0.4, λ+ = 5.7692 and µ+ = 3.8461.
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Chapter 3

Higher-Degree IFE Methods Based on
A Cauchy Extension

In this chapter, we develop a new framework to construct and analyze arbitrary p-th degree
IFE functions as well as the a related discontinuous Galerkin IFE (DGIFE) method. In this
framework, the proposed p-th degree IFE functions are constructed by the discrete solutions
of local Cauchy problems imposed on each interface element where the jump conditions are
employed as the boundary conditions. Penalties on both the edges of interface elements and
the interface itself are employed in the proposed DGIFE scheme to reduce the adverse effects
from the discontinuities in IFE functions. Analysis is carried to show that the proposed p-th
degree IFE space has the optimal approximation capability and to establish a group of trace
inequalities for these IFE functions. These results are then used to prove that the proposed
p-th degree DGIFE method has optimal convergence rates in both the L2 and H1 norms.
The results of this chapter are also reported in [80].

3.1 Introduction

To facilitate discussions in this chapter, we herein recall the second order elliptic interface
problem:

−∇ · (β∇u) = f, in Ω = Ω− ∪ Ω+, (3.1a)

u = 0, on ∂Ω, (3.1b)

where Ω− and Ω+ are the subdomains of Ω ⊆ R2 partitioned by a Cp+1 simple curve Γ
which does not intersect ∂Ω, β is assumed to be a piecewise constant function defined as
in (1.3) such that, without loss of generality, β− > β+ for the discussions in this chapter.
Also, we have assumed the zero boundary condition in (3.1b) for simplifying the discussions,
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all the results in this chapter can be readily extended to interface problems with a non-
homogeneous boundary condition through the standard procedure. Besides, we employ the
following functionals to denote the required jump conditions on the interface curve Γ:

J0(u) = [u]Γ := u+|Γ − u−|Γ = 0, (3.1c)

J1(u) =
[
β∇u · n

]
Γ

:= β+∇u+ · n|Γ − β−∇u− · n|Γ = 0, (3.1d)

in which n is the unit normal vector to the interface Γ. When p > 2, following [5, 8, 9], in
addition to the original jump conditions (3.1c) and (3.1d), we further impose the so called
Laplacian extended jump conditions

Jj(u) =

[
β
∂j−24u
∂nj−2

]
Γ

= 0, j = 2, · · · p. (3.1e)

The jump conditions in (3.1e) are suggested by the smoothness of the body force term f
across the interface curve which is in fact satisfied in many applications such as the the
constant gravity [181], charge density in electrostatic [110], the source term in Helmholtz
equations [118], and so on.

One dimensional IFE methods for arbitrary degree have already been investigated in the
literature. The extended jump conditions (3.1e) were firstly employed in [9, 39, 146] for
solving 1-D interface problems which led to unisolvence of the IFE shape functions and
optimally convergent IFE spaces. Due to the trivial geometry of the interface (a point),
these 1-D IFE functions can satisfy the all the jump conditions (3.1c)-(3.1e) exactly across
the interface. Recently, the authors in [41] studied super convergence properties for these
1-D IFE spaces through the generalized orthogonal polynomials.

In two dimensions, compared with the lower-degree IFE methods in the literature [76, 79, 84,
100, 102, 136, 141, 145], there are two major issues in the development of higher-degree IFE
methods. The first and a fundamental one concerns the construction. The current construc-
tion approaches for the lower-degree IFE spaces in the literature such as those reviewed in
Section 1.2, all involve a certain linear approximation to the curved interface whose intrinsic
O(h2) accuracy hinders the extension to IFE functions based on higher-degree polynomials
from which a better than O(h2) accuracy is expected [4], see the discussions in Section 1.4.
Since two polynomials in general can not satisfy the jump conditions exactly across a generic
curved interface, it remains unknown in the literature how to enforce the jump conditions in
a suitably weak sense such that the existence of IFE functions is guaranteed and the resulted
IFE space has optimal approximation capabilities. The second issue concerns a suitable for-
mulation in the related IFE schemes for solving the interface problems. Specifically, this is
about the design of penalties to handle the discontinuities of IFE functions on edges and the
interface.

There are more challenges for the error analysis of a higher-degree IFE method because
of the lack of analysis tools in the literature handling macro polynomials. For example,
the commonly used scaling argument is not applicable since piecewise polynomials do not
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have the sufficient regularity and the related piecewise Sobolev spaces mapped from different
interface elements to the reference element are not the same. In particular, it remains obscure
how to show the approximation capabilities of higher-degree IFE spaces. The technique of
multipoint Taylor expansions successfully used in the analysis for lower-degree IFE spaces
is difficulty, if not impossible, to be utilized to analyze the approximation capabilities of
higher-degree IFE spaces, see the discussions in Section 1.4. Besides, the penalties in the
IFE scheme demand trace inequalities for IFE functions as piecewise polynomials on interface
elements. Trace inequalities have been established for lower-degree IFE functions [148, 152]
for which the proof highly relies on the constant gradients of the difference between two pieces
of lower-degree polynomials; however, in general, this feature is not available for the higher-
degree IFE functions. These issues motivate us to develop new tools in the development and
analysis of higher-degree IFE methods.

There have been some exploratory works to address these issues for higher-degree IFE meth-
ods in two dimension. The authors in [3] introduced a correction function to construct the
IFE shape functions for a linear interface, and this idea was also used in [86] to handle curved
interface for a constant coefficient β. As for the interface problem with a curved interface
and discontinuous coefficients, i.e., the one considered in this dissertation, the authors in [5]
considered a L2 inner product defined on the actual interface curve to penalize the jump con-
ditions, but even the existence of the IFE shape functions has not been generally established
in this approach. Later, the authors in [8, 214] developed a least squares method to construct
the IFE shape functions for which the existence is a natural consequence of the least squares
formulation. Specifically, in this approach, the IFE shape functions are constructed by min-
imizing a certain energy functional formed according to the jump conditions. However, the
local linear system for constructing the IFE shape functions by this least squares approach
can be ill-conditioned when the jump of β± is large or the size of subelements is too small.

In this chapter, we propose a new construction procedure for p-th degree IFE functions.
By this procedure, an IFE function is the extension of a p-th degree polynomial from one
subelement to the whole interface element by solving a local Cauchy problem on interface
elements in which the original jump conditions across the interface are employed as the
boundary conditions and all the extended jump conditions are reformulated into the Laplace’s
equation. We note that the extension idea from one piece to another in the construction of
an IFE function was inspired by the one used in [88]. This approach completely addresses the
existence issue of higher-degree IFE functions. The cumbersome case by case procedures [3,
79, 84, 100, 136, 176] for analyzing the existence of IFE functions based on different interface
element configurations or different polynomial degrees are circumvented, see the related
discussions in Section 1.4. The underlying idea in the proposed construction procedure can
be traced back to the early works of Babuška, Caloz and Osborn [19, 21] which proposed
special shape functions constructed by solving some local differential equations. This idea
was further employed by Chu, Graham and Hou in [52] where the special shape functions
were the piecewise linear finite element solutions of a local interface problem on a submesh
in each interface element. In addition, Trefftz methods [137] also use exact solutions to
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the related differential equations as parts in the approximation solution. As for the suitable
formulation for the related p-th degree IFE methods, we propose to use penalties on interface
edges like those used in the partially penalized IFE method in [85, 148] and on the interface
itself like those used in CutFEM [155, 196].

The contributions made in thesis to higher-degree IFE methods are multifold. The core
idea, i.e., constructing IFE functions by solving a Cauchy problem locally on each interface
element, is invented in this chapter which leads to a so called Cauchy mapping to connect
polynomial components in an IFE function. This mapping also plays a critical role in the
related analysis such that major results including the existence of IFE functions, the ap-
proximation capabilities, and trace inequalities for the macro polynomials in the proposed
IFE method can be traced back to properties of this mapping. The new analysis techniques
developed in this thesis enable us to derive error bounds whose proportional constants are
all independent of the interface location relative to the mesh. All of these together form
a framework for us to establish the optimal convergence of a related DGIFE method. We
believe the tools developed in this research overcome the limitations of current analysis tech-
niques in the literature for macro polynomials and may be useful for other finite element
methods based on unfitted meshes. To our best knowledge, the research presented here is
the first systematic framework for both developing and analyzing p-th degree IFE methods
for elliptic interface problems.

3.2 Notations and Assumptions

In this section, we introduce some basic notations and assumptions. Given a measurable
subset Ω̃ ⊆ Ω, let W k,q(Ω̃) be the standard Sobolev space with the norm ‖ · ‖Wk,q(Ω̃) and

semi-norm | · |Wk,q(Ω̃), k > 0, 1 6 q 6 ∞. In the case Ω̃ has a non-empty intersection

with the interface Γ, we define Ω̃± = Ω̃ ∩ Ω±, and further introduce the following the split
space for k ≥ 1 with the associated norm and semi-norm according to the jump conditions
(3.1c)-(3.1e):

PW k,q(Ω̃) =
{
v ∈ W 1,q(Ω̃) : v|Ω̃± ∈ W

k,q(Ω̃±); Ji(u) = 0, i = 0, 1, · · · , k − 1
}
, (3.2a)

‖v‖Wk,q(Ω̃) = ‖v‖Wk,q(Ω̃−) + ‖v‖Wk,q(Ω̃+), |v|Wk,q(Ω̃) = |v|Wk,q(Ω̃−) + |v|Wk,q(Ω̃+). (3.2b)

In particular, when q = 2, we have the Hilbert spaces Hk(Ω̃) and PHk(Ω̃) with norms

‖ · ‖Hk(Ω̃), ‖ · ‖PHk(Ω̃) and semi-norms | · |Hk(Ω̃), | · |PHk(Ω̃), respectively. Let PW k,q
0 (Ω̃) and

W k,q
0 (Ω̃) be the related spaces with zero trace on ∂Ω̃. We note that the spaces in (3.2a) are

different from those in (2.1) in the sense that the spaces in (3.2a) contain scalar functions
and involve more jump conditions. Besides, we will use Pp to denote space of polynomials
with degree not exceeding p.
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We let Th be a triangular mesh of Ω and let h = maxT∈Th{hT} where hT is the diameter of
each element T ∈ Th. In the discussions of this chapter, we do not assume the mesh Th is
Cartesian, but we assume that it is shape-regular, i.e., there exists a constant σ such that

hT
ρT

6 σ, ∀T ∈ Th, (3.3)

where ρT is the diameter of the largest inscribed circle of T . It is well known that the
condition (3.3) yields the existence of constants θm, θM ∈ (0, π) such that

θm 6 every angle of T 6 θM , ∀T ∈ Th. (3.4)

We still use Nh and Eh as the sets of nodes and edges of the mesh Th and denote the sets
of interface and non-interface elements in this mesh by T ih and T nh . In this chapter, we

specifically employ Ẽ ih as the collection of all the edges of elements in T ih and Ẽnh = Eh\Ẽ ih.
Note that Ẽ ih contains the non-interface edges of interface elements which are not in E ih used
in Chapter 2.

As in [196], given each domain K ⊆ R2, we call K ′ := {X ∈ R2 : ∃Y ∈ K s.t.
−−→
OX = µ

−−→
OY }

the homothetic image of K with respect to the homothetic center O and the scaling constant
µ. Hinted by [214], for each interface element T ∈ T ih , we define its fictitious element Tλ
as the homothetic image of T with the homothetic center being the incenter G of T and a
scaling factor λ > 1 independent of mesh size h, and let ΓλT = Γ ∩ Tλ, see Figure 3.1 for
an illustration. To facilitate a simple presentation of the main ideas, and without loss of
generality, we assume that Tλ ⊂ Ω for every interface element T .

In addition, we employ | · | to denote the measure of a d-dimensional manifold such as edges
for d = 1 and elements for d = 2. Also, the generic constants C appearing in estimates in
this chapter are all assumed to be positive and independent of the mesh size h, the interface
location relative to the mesh, and the coefficients β±. Besides, following a convention in the
literature, we employ the notation q1 ' q2 to denote the equivalence of two quantities q1 and
q2, i.e., both q1 6 Cq2 and q2 6 Cq1 hold. We note that the generic constants C in Chapter 2
still depend on the discontinuous coefficients λ± and µ± due to the limitation of the analysis
method there; but in the analysis presented in this chapter, we are able to explicitly specify
how the error bounds depend on the discontinuous coefficients in each estimate such that all
the generic constants C are independent of the coefficients β±.

Furthermore, we make two assumptions for the mesh Th as follows:

(A1) The mesh is generated such that the interface Γ can intersect each interface element
T ∈ T ih and its fictitious element Tλ at two distinct points which locate on two different
edges of T and Tλ.

(A2) There exists a fixed integer N such that for each K ∈ Th, the number of elements in
the set {T ∈ T ih : K ∩ Tλ 6= ∅} is bounded by N .
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We note that assumption (A1) can be satisfied when the mesh is fine enough, assumption
(A2) can be satisfied if Th is shape regular and λ ≥ 1 is not too large.

Figure 3.1: T = 4A1A2A3 and its fictitious element Tλ = 4Aλ1Aλ2Aλ3

To end this section, we describe the Sobolev extensions needed in discussions of this chapter.
Given each u ∈ PHp+1

0 (Ω), we let usE ∈ H
p+1
0 (Ω) be the Sobolev extensions [72] of us = u|Ωs

from Ωs, s = −,+ to Ω such that

p+1∑
k=1

|usE|Hk(Ω) 6 CE

p+1∑
k=1

|us|Hk(Ωs), s = −,+, (3.5)

for some constant CE depending only on Ω±, Ω and p. Estimate (3.5) follows from the
boundedness for the Sobolev extensions (Theorem 7.25 in [72]) and the Poincaré inequality.

3.3 Some Basic Estimates

In this section, we first present some basic geometric estimates related to each interface
element T and the associated fictitious element Tλ. These results enable us to establish a
group of norm equivalences in the polynomial spaces to be used.

3.3.1 Geometric Estimates

Given an interface element T = 4A1A2A3 ∈ T ih with its fictitious element Tλ = Aλ1A
λ
2A

λ
3 ,

λ > 1, without loss of generality, we only consider the interface element configuration where
Γ cuts the edges Aλ1A

λ
3 and Aλ3A

λ
2 with the intersection points Dλ and Eλ, as shown by Figure

3.1. We note that the original element and the fictitious element may have different interface
configuration; but for simplicity’s sake, we also assume that Γ intersects the original element
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T with the intersection points D and E on the edges A1A3 and A2A3. In this configuration,
we let T−λ and T+

λ be the curved-edge triangle DλEλAλ3 and the curved-edge quadrilateral
Aλ1A

λ
2E

λDλ, respectively, as shown in Figure 3.1. First of all, due to the geometric relation
between Tλ and T , we can follow the same arguments for Lemma 2.2 to prove the results in
the following lemma.

Lemma 3.1. On each Tλ, λ > 1, associated with an interface element T ∈ T ih , assume hT
is small enough, then there exist constants δ0 and δ1 independent of the relative interface
location inside Tλ and hT such that for every two points X1, X2 ∈ Γ ∩ Tλ with their normal
vectors n(X1),n(X2) to Γ and every point X ∈ Γ ∩ Tλ with its orthogonal projection X⊥

onto DλEλ, the following estimates hold

‖X −X⊥‖ 6 δ0λ
2h2

T , (3.6a)

n(X1) · n(X2) > 1− δ1λ
2h2

T . (3.6b)

Again, the estimates (3.6) describe the local flatness of the interface inside each interface
element (the special case λ = 1) and the associated fictitious element. The constants δ0, δ1

depend only on the maximal curvature of Γ. Now we let θD and θE be the angles between
the interface Γ and the ray DλAλ3 , EλAλ3 , see Figure 3.2 for an illustration. The following
lemma describes the relative location of Γ inside Tλ.

Lemma 3.2. For each Tλ, λ > 1, associated with an element T ∈ T ih as shown in Figure
3.2, assume hT is small enough, then there exist positive constants θλ, lλ and r1

λ 6 r2
λ < 1

independent of interface location and hT such that

∠Aλ3D
λEλ > θλ, ∠Aλ3E

λDλ > θλ θD > θλ, θE > θλ, (3.7a)

r1
λ 6 min

{
|Aλ3Dλ|
|Aλ3Aλ1 |

,
|Aλ3Eλ|
|Aλ3Aλ2 |

}
6 r2

λ. (3.7b)

|ΓλT | > |DλEλ| > lλhT . (3.7c)

Proof. First, in order to show (3.7a), we consider the auxiliary angle ∠Aλ3D
λD, as shown by

Figure 3.2. Denote the normal vectors to DλEλ and DλD by n̄ and n̄0. By geometry and
(3.6b), there holds

cos(∠Aλ3D
λEλ − ∠Aλ3D

λD) = n̄ · n̄0 > 1− δ1λ
2h2

T . (3.8)

We note that the smallest case for ∠Aλ3D
λD is ∠Aλ3A

λ
1A3 directly calculated by

∠Aλ3A
λ
1A3 = tan−1

(
λ− 1

λ cot(∠Aλ3A
λ
1A1) + cot(∠A3Aλ3A

λ
1)

)
> tan−1

(
λ− 1

λ+ 1
tan(θm/2)

)
:= θ0,

(3.9)
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which only depends on λ and the shape regularity (3.4). So (3.8) and (3.9) yield

∠Aλ3D
λEλ > ∠Aλ3D

λD − cos−1(1− δ1λ
2h2) > θ0 − 2

√
δ1λhT , (3.10)

which can be lower bounded by a positive constant independent of the interface location for
hT small enough. The argument for the angles ∠Aλ3E

λDλ, θD and θE is similar.

Next, for (3.7b), we consider the auxiliary line connecting D and E which intersects the lines
Aλ1A

λ
3 and Aλ2A

λ
3 at Dλ

0 and Eλ
0 , respectively. See Figure 3.3 for an illustration. From (3.6a)

and (3.6b), it can be directly verified that the distance from Eλ
0 to the line DλEλ is bounded

by (δ0λ
2 +
√

2δ1λ)h2
T . Then (3.7a) yields |EλEλ

0 | 6 (δ0λ
2 +
√

2δ1λ)h2
T/ sin (θλ) := dMh

2
T , and

so does |DλDλ
0 |. In addition, we let Dλ

1 and Eλ
1 be the intersection points of the edges A1A3

with Aλ1A
λ
2 and Aλ3A

λ
2 , respectively. Similarly, we define Dλ

2 and Eλ
2 , as shown by Figure

3.3. Without loss of generality, we assume |Aλ3Eλ
0 |/|Aλ3Aλ2 | 6 |Aλ3Dλ

0 |/|Aλ3Aλ1 |. Then Eλ
0 must

be between Eλ
1 and Eλ

2 . Hence, it can be verified that
|Aλ3Eλ2 |
|Aλ3Aλ2 |

6 σλ+1
σλ+λ

and
|Aλ3Eλ1 |
|Aλ3Aλ2 |

> λ−1
σλ+λ

.

Therefore, we have

min
{ |Aλ3Eλ|
|Aλ3Aλ2 |

,
|Aλ3Dλ|
|Aλ3Aλ1 |

}
6 min

{ |Aλ3Eλ
0 |

|Aλ3Aλ2 |
,
|Aλ3Dλ

0 |
|Aλ3Aλ1 |

}
+
dMh

2
T

ρT
6
σλ+ 1

σλ+ λ
+ dMσhT , (3.11)

min
{ |Aλ3Eλ|
|Aλ3Aλ2 |

,
|Aλ3Dλ|
|Aλ3Aλ1 |

}
> min

{ |Aλ3Eλ
0 |

|Aλ3Aλ2 |
,
|Aλ3Dλ

0 |
|Aλ3Aλ1 |

}
− dMh

2
T

ρT
>

λ− 1

σλ+ λ
− dMσhT , (3.12)

which can be both upper bounded from 1 and lower bounded from 0 for hT small enough.

At last, for (3.7c), let Dλ
0E

λ
0 be the segment parallel to DλEλ passing through D, as shown

by Figure 3.4. It is easy to verify that the shortest length of Dλ
0E

λ
0 is achieved when it is

orthogonal to A3A
λ
3 and passing through A3, i.e., it moves to Dλ

3E
λ
3 , as illustrated by Figure

3.4. Therefore, using (3.6a), we have

|DλEλ| > 2 tan(∠A3A
λ
3A

λ
1)(|A3A

λ
3 | − δ0λ

2h2
T )

> 2 tan(θm/2)

(
(λ− 1)

σ
− δ0λ

2hT

)
hT > lλhT ,

(3.13)

for some lλ > 0 independent of interface location for hT small enough, where we have used
(3.3) and (3.4).

Remark 3.1. Lemma 3.2 actually shows that given each interface element T , the triangular
curved-edge subelement of its fictitious element Tλ, λ > 1, has the regular shape.

In the following discussions, we always assume the mesh size h is small enough such that the
results in Lemma 3.1 and Lemma 3.2 hold. Next, we present an estimation of the difference
between the Laplacians of the Sobolev extensions u±E.
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Figure 3.2: Angle estima-
tion

Figure 3.3: Ratio estima-
tion

Figure 3.4: Length estima-
tion

Figure 3.5: Interface elements and strips

Lemma 3.3. Let u ∈ PHp+1(Ω) with the integer p > 1 and the extensions u±E. Then, there
exists a constant C such that on each interface element T ∈ T ih we have

‖β+4u+
E − β

−4u−E‖L2(Tλ) 6 Chp−1
T (β+|u+

E|Hp+1(Tλ) + β−|u−E|Hp+1(Tλ)), λ > 1. (3.14)

Proof. Let w = β+4u+
E − β−4u−E ∈ Hp−1(Ω). Note that the case p = 1 is trivial, so we

only discuss p > 2. Since u±E|Ω± = u±, by the definition (2.1), for i = 0, 1, · · · , p− 2, the i-th
order trace of w on ΓλT is zero.

First, for the curved-edge triangular subelement T−λ , according to (3.7a) and Remark 3.1,

there exists an one-to-one mapping F [215] from the reference element T̂ = Â1Â2Â3 with
Â1 = (0, 0)T , Â2 = (1, 0)T and Â3 = (0, 1)T on the x̂-ŷ plane to T−λ such that its Jacobian
satisfies

C1h
2
T 6

∣∣∣∣det

(
∂F (x̂, ŷ)

∂(x̂, ŷ)

)∣∣∣∣ 6 C2h
2
T ,
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for some constants C1, C2 independent of the curved edge. Let ŵ = w(F (x̂, ŷ)), then the
scaling argument together with the Friedrichs’ inequality for functions vanishing on part of
the boundary [2] yields

‖w‖2
L2(T−λ )

6 Ch2
T‖ŵ‖2

L2(T̂ )
6 Ch2

T |ŵ|2Hp−1(T̂ )
6 Ch

2(p−1)
T |w|2

Hp−1(T−λ )
. (3.15)

On the curved-edge quadrilateral T+
λ , the scaling argument is not applicable directly. Instead,

we employ a different approach by constructing a finite number of strips with bounded width
to cover the whole quadrilateral T+

λ of which the number is bounded independent of the
interface inside Tλ. Let P0 be Aλ1 and P1 be a point on the edge Aλ1A

λ
2 such that Aλ1D

λ is
parallel to P1E

λ, and the first strip s1 is the curved-edge quadrilateral Aλ1P1E
λDλ. Then

we proceed by induction to find Pn on Aλ1A
λ
2 such that Pn−1D

λ is parallel to PnE
λ, n > 2,

and the n-th strip sn is the curved-edge quadrilateral Pn−1PnE
λDλ. The last PN may locate

outside of the edge Aλ1A
λ
2 for which we simply let PN = Aλ2 . This procedure constructs the

total N strips s1, s2, · · · , sN , as shown by the left plot in Figure 3.5. Obviously, we have
T+
λ = ∪Ni=1si. Without loss of generality, we assume ∠Aλ3E

λDλ > ∠Aλ3D
λEλ which implies

|PN−1PN−2| > |PN−2PN−3| > · · · > |P1P0| > lλ sin(θλ)hT , (3.16)

where in the last inequality, we have used the estimates (3.7a) and (3.7c). Therefore, we
have N 6 1

lλ sin(θλ)
+ 1, and this bound is independent of the interface. On each strip

si, i = 1, · · · , N − 1, i.e., the curved-edge quadrilateral Pi−1PiD
λEλ, we consider a local

system with the ξ-direction perpendicular to the parallel sides Pi−1D
λ and PiE

λ, and the
η-direction perpendicular to the ξ-direction, as shown in the right plot in Figure 3.5. On
this local system, let f1(ξ) and f2(ξ) be the functions of the line Pi−1Pi and the curve DλEλ,
ξ ∈ (0, ξi), respectively. Then the 1-d Friedrichs’ inequality [2] yields

‖w‖2
L2(si)

=

∫ ξi

0

∫ f2(ξ)

f1(ξ)

w2dηdξ 6
∫ ξi

0

|f2(ξ)−f1(ξ)|2
∫ f2(ξ)

f1(ξ)

(∂ηw)2dηdξ 6 h2
T |w|2H1(si)

. (3.17)

The estimation on the last strip sN can be shown similarly. Then (3.17) together with the
bound of N gives

‖w‖L2(T+
λ ) 6

N∑
i=1

‖w‖L2(si) 6 hT

N∑
i=1

|w|H1(si) 6 NhT |w|H1(T+
λ ). (3.18)

Therefore, following the argument based on the mathematical induction [2], we have

‖w‖L2(T+
λ ) 6 CNp−1hp−1

T |w|Hp−1(T+
λ ), (3.19)

where the constant C only depends on the order p. Finally (3.14) follows from (3.15) and
(3.19).
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3.3.2 Norm Equivalence

Now we use Lemma 3.2 to establish a group of delicate norm equivalences on every interface
element T and its associated fictitious element Tλ. These results are the fundamental com-
ponents in the proposed analysis framework. We begin with recalling the following lemma
from [196].

Lemma 3.4. Given an integer p > 0 and µ ∈ (0, 1). Let K be a closed convex domain in R2

with a (piecewise) smooth boundary. Assume K ′ contains a homothetic subset of K with the
scaling factor µ. Then there exists a constant C(µ, p + 1) only depending on p and µ such
that

‖v‖L2(K) 6 C(µ, p+ 1)‖v‖L2(K′), ∀v ∈ Pp. (3.20)

The following lemmas are about the equivalence of the L2 norm on an interface element T
and its associated fictitious element Tλ.

Lemma 3.5. Given an interface element T and its fictitious element Tλ, for each degree p,
there holds

‖ · ‖L2(T ) ' ‖ · ‖L2(Tλ) on Pp. (3.21)

Proof. By the definition, T is a homothetic subset of Tλ with the homothetic center being
the incenter, hence (3.21) is a direct consequence of (3.20) by taking µ = 1/λ.

Now we define T̃±λ and T̃± as the auxiliary straight-edge subelements partitioned by the line
connecting the intersection points of the element boundary and the interface. In particular,
on the interface element configuration shown by Figure 3.1, T̃+

λ and T̃−λ are the straight-

edge quadrilateral Aλ1A
λ
2E

λDλ and triangle DλEλAλ3 , respectively, while T̃+ and T̃− are the
straight-edge quadrilateral A1A2ED and triangle DEA3, respectively. Then, we have the
following norm equivalence.
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(a) Case 1 (b) Case 2

Figure 3.6: Equivalent norms on T

Lemma 3.6. Given an interface element T as shown in Figure 3.6, for every degree p, if
|A3D| > 1/2|A3A1| and |A3E| > 1/2|A3A2|, there holds

‖ · ‖L2(T−) ' ‖ · ‖L2(T̃−) ' ‖ · ‖L2(T ) on Pp. (3.22)

On the other hand, if |A3D| 6 1/2|A3A1| or |A3E| 6 1/2|A3A2|, there holds

‖ · ‖L2(T+) ' ‖ · ‖L2(T̃+) ' ‖ · ‖L2(T ) on Pp. (3.23)

Proof. We first prove (3.22). Without of loss of generality, we consider the segment D1E1

which is parallel to the segment DE, tangent to Γ at a certain point and bounds ΓT above,
we further let M and N be the points on A1A3 and A2A3 such that |A3M |/|A3A1| =
|A3N |/|A3A2| = 1/3, see the first plot in Figure 3.6 for an illustration. Then 4A3MN is
a homothetic subset of T with A3 being the homothetic center and the scaling factor 1/3.

Since |A3D| > 1/2|A3A1| and |A3E| > 1/2|A3A2|, i.e., 4A3MN ⊂ T̃−, given any v ∈ Pp,
Lemma 3.4 directly implies

‖v‖L2(T̃−) 6 ‖v‖L2(T ) 6 C(1/3, p+ 1)‖v‖L2(4A3MN) 6 C(1/3, p+ 1)‖v‖L2(T̃−), (3.24)

which suggests ‖ · ‖L2(T̃−) ' ‖ · ‖L2(T ) on Pp, where the constant C(1/3, p+ 1) inherits from

(3.20) with µ = 1/3. In addition, we let d1 and d2 be the distance from A3 to the lines DE
and D1E1, respectively. Then, (3.6a) implies |d1−d2| 6 δ0h

2
T ; hence we have d2

d1
= 1− d1−d2

d1
>

1 − 2δ0σ2

π
hT > 2/3 for hT small enough, where we have also used d0 > |4A1A2A3|

2|DE| > πρ2T
2hT

and

(3.3). Therefore, we can obtain |A3E1|
|A3A2| = |A3E1|

|A3E|
|A3E|
|A3A2| > 1/3, and similarly |A3D1|

|A3A1| > 1/3.

This shows 4A3MN ⊆ 4A3D1E1 ⊆ T− ⊆ T . So the same argument as (3.24) yields
‖ · ‖L2(T−) ' ‖ · ‖L2(T ) on Pp, which further implies (3.22) together with (3.24).
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Next, for (3.23), without loss of generality, we assume |A3E| 6 1/2|A3A2|. Let the points
M and N be at the edges A1A2 and A3A2 such that |A2M |/|A1A2| = |A2N |/|A2A3| = 1/3,
see the second plot in Figure 3.6 for an illustration. Through similar arguments above, we
can show 4A2NM ⊆ T̃+ ∩ T+. Therefore, we have (3.23) by following the same arguments
used for (3.24).

Figure 3.7: Equivalent norms on T λ

Lemma 3.7. Given a fictitious element Tλ, λ > 1 , as shown in Figure 3.7, associated with
an interface element T , then for each degree p, there holds

‖ · ‖L2(T−λ ) ' ‖ · ‖L2(T̃−λ ) ' ‖ · ‖L2(T+
λ ) ' ‖ · ‖L2(T̃+

λ ) ' ‖ · ‖L2(Tλ) on Pp. (3.25)

Proof. Using (3.7b) and the arguments used in Lemma 3.6, we can show that there always

exist two fixed triangles 4Aλ3M1N1 ⊆ T−λ ∩ T̃
−
λ and Aλ2M2N2 ⊆ T+

λ ∩ T̃
+
λ both homothetic

to Tλ regardless of the interface location, as shown in Figure 3.7. Then, (3.25) follows from
similar arguments used for (3.24).

Finally, we present the trace and inverse inequalities related to curved-edge subelements.

Lemma 3.8. There exist constants ci and ct such that for each interface element T , the
following estimates hold on its associated fictitious element Tλ, λ > 1 :

the inverse inequality: ‖∇v‖L2(T±λ ) 6 cih
−1
T ‖v‖L2(T±λ ), ∀v ∈ Pp, (3.26a)

the trace inequality: ‖v‖L2(ΓλT ) 6 cth
−1/2
T ‖v‖L2(T±λ ), ∀v ∈ Pp. (3.26b)

Proof. For (3.26a), we apply the Lemma 3.7 and the standard inverse inequality on Tλ to
obtain

‖∇v‖L2(T±λ ) 6 C‖∇v‖L2(Tλ) 6 Ch−1
T ‖v‖L2(Tλ) 6 Ch−1

T ‖v‖L2(T±λ ). (3.27)
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For (3.26b), the standard inverse inequality on Tλ, Lemma 3.2 in [196], and Lemma 3.7
together lead to

‖v‖L2(ΓλT ) 6 Ch
−1/2
T ‖v‖L2(Tλ) + Ch

1/2
T ‖∇v‖L2(Tλ)

6 Ch
−1/2
T ‖v‖L2(Tλ) 6 Ch

−1/2
T ‖v‖L2(T±λ ).

(3.28)

3.4 IFE Spaces Based on Cauchy Extension

In this section, we develop local IFE functions which can satisfy the jump conditions (3.1c)-
(3.1e) in certain weak sense. On an interface element T , let’s consider an IFE function
consisting of two polynomial components v− on T− and v+ on T+ in Pp. Ideally, we want
these two components to satisfy the the jump conditions (3.1e) exactly along the portion of
the interface curve Γ ∩ T and this consideration leads to β−4v− ≡ β+4v+. We also want
these two polynomial components to satisfy (3.1c) and (3.1d). These properties presumed
for the two polynomial components suggest a way to construct an IFE function: choose one
of its polynomial component v+, for instance, then find the other polynomial component v−

of the IFE function by solving the following equations:

β−4v− = β+4v+, in T−λ , (3.29a)

v− = v+, on ΓλT = Tλ ∩ Γ, (3.29b)

β−∇v− · n = β+∇v+ · n, on ΓλT = Tλ ∩ Γ. (3.29c)

Note that this is a Cauchy problem [89] about v− posed on the subelement T−λ since two
boundary conditions are given on part of its boundary T−λ ∩Γ. We note that it is in general
impossible to find a polynomial solution v− to this Cauchy problem. Alternatively, in the
proposed framework, we consider solving this Cauchy problem in an approximation sense
or a weak sense based on the least squares finite element idea [32, 112], and this procedure
further allows us to introduce a mapping which is a crucial tool in both the construction and
analysis for p-th degree IFE functions.

3.4.1 The Cauchy Mapping

In this subsection, we discuss how to solve the Cauchy problem (3.29) in a weakly approx-
imate sense using the least squares finite element formulation [32, 112] on each interface
element. The weakly approximate solution to this Cauchy problem allows us to introduce a
discrete extension operator that is a crucial tool in our construction and analysis framework
for IFE functions. We shall see that all the critical analysis components in the proposed
method are related to certain properties of this extension operator.
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On each fictitious element Tλ associated with an interface element T ∈ T ih , we introduce the
following bilinear forms and the associated semi-norms:

aλ(v, w) =

∫
T−λ

4v4wdX + h−3
T

∫
ΓλT

vwds

+ h−1
T

∫
ΓλT

∂nv ∂nwds, ∀v, w ∈ H2(T−λ ), (3.30a)

bλ(v, w) =

∫
T−λ

β+

β−
4v4wdX + h−3

T

∫
ΓλT

vwds

+ h−1
T

∫
ΓλT

β+

β−
∂nv ∂nwds, ∀v, w ∈ H2(T−λ ), (3.30b)

|||v|||2aλ = aλ(v, v), |||v|||2bλ = bλ(v, v), ∀v ∈ H2(T−λ ), (3.30c)

here and from now on, we employ the notation ∂ξv = ∇v · ξ for any direction ξ. Recall the
assumption that β− > β+, it is easy to see that

β+

β−
|||v|||2aλ 6 |||v|||2bλ 6 |||v|||2aλ , ∀v ∈ Pp. (3.31)

We note that similar bilinear forms also appear in the discussion of the least squares finite
element method [32]. This idea was recently invented in [112] to solve a Cauchy problem on
the whole domain. The next lemma shows the semi-norms (3.30c) actually become norms
when restricted on polynomial spaces.

Lemma 3.9. |||·|||aλ and |||·|||bλ are both norms on the polynomial space Pp for each degree
p ≥ 1.

Proof. From (3.31), we only need to prove |||·|||aλ is a norm. The result for the linear case
i.e., p = 1 is trivial. Now we proceed by the mathematical induction. Suppose the result
is true for degree p. Then, given each v ∈ Pp+1, |||v|||aλ = 0 is equivalent to 4v ≡ 0 and

v = 0, ∂nv = 0 on ΓλT . According to [86, 133], we actually have ∂ltv = 0 for l = 1, 2, ∂2
nv = 0

and ∂n∂tv = 0 on ΓλT where t is the tangential vector to ΓλT . Consider the polynomial
∂xv ∈ Pp and let an + bt = (1, 0)T on ΓλT . Note that 4v ≡ 0 yields 4∂xv ≡ 0. Besides,
since ∂nv = ∂tv = 0 on ΓλT , we have ∂xv = a∂nv + b∂tv = 0 on ΓλT . In addition, there also
holds ∂n∂xv = a∂2

nv+ b∂n∂tv = 0 on ΓλT . Therefore, by the hypothesis, we have ∂xv = 0, and
similarly ∂yv = 0. Then v must be a constant. Now using v = 0 on ΓλT , we have v ≡ 0.

Based on Lemma 3.9, we can further prove an equivalence between the standard L2 norm
and |||·|||aλ .

Lemma 3.10. For every interface element T ∈ T ih , we have

h2
T |||v|||aλ ' ‖v‖L2(T−λ ), ∀v ∈ Pp, λ > 1.
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Proof. Firstly, we consider the case that T−λ is the curved-edge triangular subelementAλ3D
λEλ,

as shown in the left plot in Figure 3.8. The first two estimates in (3.7a) enable us to construct
an isosceles triangle T0 = 4PDλEλ with ∠PDλEλ = ∠PEλDλ = θλ such that it is always
contained in the straight-edge triangle 4Aλ3DλEλ. Then, we consider a special reference
element T̂0 = 4P̂ ÊD̂ on the x̂-ŷ plane which is also isosceles with ∠P̂ ÊD̂ = ∠P̂ D̂Ê = θλ

and |D̂Ê| = 1 as shown in the second plot in Figure 3.8. Define an affine mapping F which
is simply a scaling rotation transformation:

F (x̂, ŷ) = |DλEλ|
[

cos(α) − sin(α)
sin(α) cos(α)

] [
x̂
ŷ

]
+Dλ,

with (lλ)2h2
T 6

∣∣∣∣∂F (x̂, ŷ)

∂(x̂, ŷ)

∣∣∣∣ 6 λ2h2
T ,

(3.32)

where α is the angle between DλEλ and the x-axis, and the bound of Jacobian matrix follows
from (3.7c).

Let F map a curve Γ̂ : ŷ = f(x̂) to ΓλT , and consider v̂ = v(F (x̂, ŷ)) ∈ Pp. (3.32) and

(3.6a) yield |f(x̂)| 6 δ0(lλ)−1λ2hT , ∀x̂ ∈ (0, 1). So, we can construct a new triangle T̂1 =
4P̂ D̂1Ê1 homothetic to T̂0 according to the center P̂ with the scaling factor |P̂ D̂|/|P̂ D̂1| =
|P̂ Ê|/|P̂ Ê1| = 2/3 such that it always contains the curve Γ̂ inside for hT small enough, see
the right plot in Figure 3.8 for an illustration. Then,

‖v̂‖L2(Γ̂) =

(∫ 1

0

v̂2(x̂, f(x̂))(1 + f ′2(x̂))1/2dx̂

)1/2

>

∫ 1

0

(
v̂(x̂, 0) +

∫ f(x̂)

0

∂ŷvdŷ

)2

dx̂

1/2

(3.33)

>

(∫ 1

0

v̂2(x̂, 0)x̂

)1/2

−

∫ 1

0

(∫ f(x̂)

0

∂ŷvdŷ

)2

dx̂

1/2

> ‖v̂‖L2(0,1) − (δ0/l
λ)1/2λh

1/2
T |v̂|H1(T̂1),

where we have used the Hölder’s inequality and the bound for |f(x̂)|. From (3.6b), it is easy

to verify that |f ′(x̂)| 6 2
√

2δ
1/2
1 λhT , ∀x̂ ∈ (0, 1), for hT small enough, which shows

‖∂nv̂‖Γ̂ =

(∫ 1

0

(−f ′(x̂)∂x̂v̂(x̂, f(x̂)) + ∂ŷv̂(x̂, f(x̂)))
2
dx̂

)1/2

>

(∫ 1

0

(∂ŷv̂(x̂, f(x̂)))2dx̂

)1/2

− 2
√

2δ
1/2
1 λhT

(∫ 1

0

(∂x̂v̂(x̂, f(x̂)))2dx̂

)1/2

.

(3.34)

Applying the similar arguments in (3.33) to each term in the right hand side of (3.34), we
obtain (∫ 1

0

(∂ŷv̂(x̂, f(x̂)))2dx̂

)1/2

> ‖∂ŷv̂‖L2(0,1) − (δ0/l
λ)1/2λh

1/2
T |v̂|H2(T̂1), (3.35)
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(∫ 1

0

(∂x̂v̂(x̂, f(x̂)))2dx̂

)1/2

6 ‖∂x̂v̂‖L2(0,1) + (δ0/l
λ)1/2λh

1/2
T |v̂|H2(T̂1). (3.36)

Substituting (3.35) and (3.36) into (3.34), and using the trace inequality (2.107) on ‖∂x̂v̂‖L2(0,1)

in (3.36) together with the distance from P̂ to D̂Ê equaling tan (θλ)/2, we have

‖∂nv̂‖Γ̂ >‖∂ŷv̂‖L2(0,1) −
[
C1hT |v̂|H1(T̂0) + (C2h

1/2
T + C3h

3/2
T )|v̂|H2(T̂1)

]
, (3.37)

where C1, C2, C3 depend only on p, λ. δ1, δ2 and θλ. Combining (3.33) and (3.37), using
Lemma 3.4 to bound |v̂|Hk(T̂1) by |v̂|Hk(T̂0), k = 1, 2, with µ = 2/3, and applying the inverse

inequality on T̂0, we have

‖4v̂‖L2(T̂0) + ‖v̂‖L2(Γ̂) + ‖∂nv̂‖L2(Γ̂)

>‖4v̂‖L2(T̂0) + ‖v̂‖L2(0,1) + ‖∂ŷv̂‖L2(0,1) − Ch1/2
T ‖v̂‖L2(T̂0),

(3.38)

for hT small enough, where the previous derivation shows this generic constant C also only
depends on p, λ, δ1, δ2 and θλ. By the same argument in Lemma 3.9, ‖4v̂‖L2(T̂0)+‖v̂‖L2(0,1)+
‖∂ŷv̂‖L2(0,1) forms a norm on the polynomial space Pp. Therefore, the norm equivalence on
finite dimensional spaces yields

‖4v̂‖L2(T̂0) + ‖v̂‖L2(Γ̂) + ‖∂nv̂‖L2(Γ̂)

>C‖v̂‖L2(T̂0) − Ch
1/2
T ‖v̂‖L2(T̂0) > C‖v̂‖L2(T̂0)

(3.39)

for hT small enough. Furthermore, Lemma 3.7 indicates ‖4v‖L2(T−λ ) > C‖4v‖L2(T̃−λ ) >

C‖4v‖L2(T0), where recall T̃−λ = 4Aλ3DλEλ. Hence, using (3.39), (3.32) and the scaling
argument, we arrive at

|||v|||2aλ > C‖4v‖2
L2(T0) + h−3

T ‖v‖
2
L2(ΓλT ) + h−1

T ‖∂nv‖
2
L2(ΓλT ) (3.40)

> Ch−2
T

(
‖4v̂‖2

L2(T̂0)
+ ‖v̂‖2

L2(Γ̂)
+ ‖∂nv̂‖2

L2(Γ̂)

)
> Ch−2

T ‖v̂‖
2
L2(T̂0)

> Ch−4
T ‖v‖

2
L2(T0).

Next, on Tλ, we consider the intersection point Q of the lines Aλ3P and DλEλ. By (3.7c), we
have

|QP |
|QAλ3 |

=
sin(θλ)|PEλ|

sin(∠Aλ3EλDλ)|Aλ3Eλ|
=

sin(θλ)|DλEλ|
2 cos(θλ) sin(∠Aλ3EλDλ)|Aλ3Eλ|

>
tan(θλ)lλ

2λ
. (3.41)

Therefore, we can construct a triangle T ′0 = 4P ′Dλ′Eλ′ which is homothetic to T0 according

to the chosen center Q such that |QP |/|QP ′| = tan(θλ)lλ

4λ
, i.e., a fixed scaling factor. Then,

the triangle T̃−λ = 4Aλ3DλEλ is always contained in T ′0 regardless of the interface location
inside Tλ, as shown in Figure 3.8. Hence, using Lemma 3.4 again, the norm equivalences in
Lemma 3.7 and (3.40), for each v ∈ Pp, we have

‖v‖L2(T−λ ) 6 C‖v‖L2(T̃−λ ) 6 C‖v‖T ′0 6 C‖v‖L2(T0) 6 Ch2
T |||v|||aλ . (3.42)
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Finally, the other direction ‖v‖L2(T−λ ) > Ch2
T |||v|||aλ can be easily obtained by the trace

inequality and inverse inequality in Lemma 3.8.

Secondly, we note that Lemma 3.7 implies C1‖4v‖L2(T+
λ ) 6 ‖4v‖L2(T−λ ) 6 C2‖4v‖L2(T+

λ ).

Thus, when T−λ is the curved-edge quadrilateral subelement of Tλ, the result simply follows
from what we have already shown for the curved-edge triangular subelement together with
the norm equivalence in Lemma 3.7.

Figure 3.8: Illustration of the proof for Lemma 3.10

Following the ideas in [112], we then consider a weak problem in the least squares sense
associated with the Cauchy problem (3.29): for each v ∈ Pp, find ṽ ∈ Pp such that aλ(ṽ, w) =
bλ(v, w), ∀w ∈ Pp. Since |||·|||aλ is indeed a norm, the coercivity and boundedness of the
bilinear form aλ(v, w) (Lemma 4.2 in [112]) in this special norm together with the Lax-
Milgram Theorem directly implies that the solution ṽ ∈ Pp to the weak problem uniquely
exists. Hence, we know that the Cauchy problem (3.29) has a unique solution in this weak
sense that allows us to introduce a key tool for the framework presented in this chapter for
higher-degree IFE methods.

Definition 3.1. Define a mapping C : Pp → Pp such that for every v ∈ Pp, C(v) ∈ Pp is
determined by

aλ(C(v), w) = bλ(v, w), ∀w ∈ Pp, (3.43)

and we call C the Cauchy Mapping.

Because of the uniqueness and the fact C(0) = 0, C is an one-to-one linear mapping from
the polynomial space Pp to itself. We let PTλ be the standard L2 projection from Hp+1(Tλ)
onto the polynomial space Pp on Tλ. We present a few properties of the Cauchy Mapping C
that are the fundamental ingredients for us to analyze the local approximation capabilities
and trace inequalities of IFE spaces later on.
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Theorem 3.1. For every u ∈ PHp+1(Ω) with the extensions u±E, there exists a constant C
such that for each interface element T there holds∣∣∣∣∣∣C(PTλu

+
E)− PTλu−E

∣∣∣∣∣∣
aλ

6 Chp−1
T

(
β+

β−
|u+
E|Hp+1(Tλ) + |u−E|Hp+1(Tλ)

)
, λ > 1. (3.44)

Proof. Let w = C(PTλu
+
E) − PTλu−E and note that w ∈ Pp, so the definition (3.43) directly

yields

|||w|||2aλ = aλ(C(PTλu
+
E)− PTλu−E, w) = bλ(PTλu

+
E, w)− aλ(PTλu−E, w)

=

∫
T−λ

(
β+

β−
4PTλu+

E −4PTλu
−
E)4wdX + h−3

T

∫
ΓλT

(PTλu
+
E − PTλu

−
E)wds

+ h−1
T

∫
ΓλT

(
β+

β−
∂nPTλu

+
E − ∂nPTλu

−
E) ∂nwds.

(3.45)

Then, applying the Hölder’s inequality to each term on the right hand side of (3.45), we
have

|||w|||aλ 6 ‖β
+

β−
4PTλu+

E −4PTλu
−
E‖L2(T−λ ) + h

−3/2
T ‖PTλu+

E − PTλu
−
E‖L2(ΓλT )

+ h
−1/2
T ‖β

+

β−
∂nPTλu

+
E − ∂nPTλu

−
E‖L2(ΓλT ). (3.46)

For the first term in (3.46), by the triangular inequality, the error estimation for the projec-
tion operator PTλ , and Lemma 3.3, we obtain

‖β
+

β−
4PTλu+

E −4PTλu
−
E‖L2(T−λ )

6‖β
+

β−
4PTλu+

E −
β+

β−
4u+

E‖L2(Tλ) + ‖4PTλu−E −4u
−
E‖L2(Tλ) + ‖β

+

β−
4u+

E −4u
−
E‖L2(Tλ)

6C
β+

β−
hp−1
T |u

+
E|Hp+1(Tλ) + Chp−1

T |u
−
E|Hp+1(Tλ) + Chp−1

T (
β+

β−
|u+
E|Hp+1(Tλ) + |u−E|Hp+1(Tλ)).

(3.47)

To estimate the second term in (3.46), we first apply the special trace inequality given by
Lemma 3.2 in [196] and the error estimation for the projection operator PTλ to obtain

‖PTλu±E − u
±
E‖L2(ΓλT ) 6 Ch

− 1
2

T ‖PTλu
±
E − u

±
E‖L2(Tλ) + Ch

1
2
T‖∇(PTλu

±
E − u

±
E)‖L2(Tλ)

6 Ch
p+ 1

2
T |u±E|Hp+1(Tλ).

(3.48)

Then, we employ the jump condition (3.1c) for u±E to obtain

h
−3/2
T ‖PTλu+

E − PTλu
−
E‖L2(ΓλT ) 6h

−3/2
T (‖PTλu+

E − u
+
E‖L2(ΓλT ) + ‖PTλu−E − u

−
E‖L2(ΓλT ))

6 Chp−1
T (|u+

E|Hp+1(Tλ) + |u−E|Hp+1(Tλ)).
(3.49)
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By a similar argument to (3.48) and (3.49), we can also show that

h
−1/2
T ‖β

+

β−
∂nPTλu

+
E − ∂nPTλu

−
E‖L2(ΓλT ) 6 C

β+

β−
hp−1
T |u

+
E|Hp+1(Tλ) + Chp−1

T |u
−
E|Hp+1(Tλ). (3.50)

Substituting (3.47), (3.49) and (3.50) into (3.46) yields the desired result.

Lemma 3.11. There exists a constant C such that for each interface element T there hold

|||C(v)− v|||aλ 6 Ch−1
T |v|H1(T−λ ), ∀v ∈ Pp, λ > 1, (3.51a)

|||C(v)− v|||aλ 6 Ch−1
T

β−

β+
|C(v)|H1(T−λ ), ∀v ∈ Pp, λ > 1. (3.51b)

Proof. Let w = C(v)− v. The definition (3.43), the Hölder’s inequality, and the assumption
β− > β+ yield

|||w|||2aλ = aλ(w,w) = bλ(v, w)− aλ(v, w)

=

∫
T−λ

(
β+

β−
− 1

)
4v 4wdX + h−1

T

∫
ΓλT

(
β+

β−
− 1

)
∂nv ∂nwds

6
(
‖4v‖L2(T−λ ) + h

−1/2
T ‖∂nv‖L2(ΓλT )

)
|||w|||aλ

6Ch−1
T |v|H1(T−λ )|||w|||aλ ,

(3.52)

which implies (3.51a), here in the last inequality above, we have used the inverse inequality
(3.26a) and trace inequality (3.26b). For (3.51b), by (3.31), we have

|||w|||2aλ 6
β−

β+
|||w|||2bλ =

β−

β+
(bλ(C(v), w)− aλ(C(v), w)), (3.53)

and the rest of derivation is the same as (3.52).

The following theorem is about the stability of the Cauchy mapping C and its inverse C−1.

Theorem 3.2. The Cauchy mapping C and its inverse C−1 are bounded in terms of the
semi-H1 norm, i.e., there are some constants cb and Cb such that for every interface element
T there holds

cb
β+

β−
|v|H1(T−λ ) 6 |C(v)|H1(T−λ ) 6 Cb|v|H1(T−λ ), λ > 1. (3.54)

Proof. We only prove the inequality on the right side since the one on the left side can be
proved by a similar argument. By the inverse inequality (3.26a), the norm equivalence in
Lemma 3.10 and (3.51a), we have

|C(v)− v|H1(T−λ ) 6 Ch−1
T ‖C(v)− v‖L2(T−λ ) 6 ChT |||C(v)− v|||aλ 6 C|v|H1(T−λ ),

which gives the right inequality in (3.54).
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3.4.2 A p-th Degree IFE Space

In this subsection, using the Cauchy mapping introduced in Subsection 3.4.1, we proceed
to define a p-th degree IFE space and study its properties. Specifically, on each interface
element T ∈ T ih with its fictitious element Tλ, λ > 1, the local p-th degree IFE space is
defined as the following space of piecewise polynomials:

Sph(T ) = {v ∈ L2(T ) : ∃w ∈ Pp s.t. v|T+ = w and v|T− = C(w)}. (3.55)

By definition, every function in Sph(T ) is the extension of a polynomial from T+ to T through
the Cauchy mapping; hence, every function in this local p-th degree IFE space is called a
Cauchy Extension of the related p-th degree polynomial. On every non-interface element
T ∈ T nh , we use the standard polynomial space as the local IFE space, i.e., Sph(T ) = Pp.
As usual, these local IFE spaces can be put together to form a global IFE space in the way
suitable for a finite element formulation. For example, for the IFE method to be introduced
in the next section, we can form the following global IFE space:

Sph(Ω) = {v ∈ L2(Ω) : v|T ∈ Sph(T ), ∀T ∈ Th and v is continuous on each e ∈ Ẽnh }. (3.56)

Now let {ζi : i = 1, 2 · · · , n} be a set of basis functions with desirable features for the
polynomial space Pp with n = (p + 1)(p + 2)/2. Clearly, since C is bijective on Pp, the
following piecewise polynomials

vi =

{
ζi X ∈ T+,

C(ζi) X ∈ T−, i = 1, 2, · · · , n, ∀T ∈ T ih (3.57)

form a set of basis functions of the local IFE space Sph(T ).

We note that, by the traditional construction approaches, for example the procedure for
vector IFE functions described in Section 2.4 and scalar IFE functions reviewed in Section
1.2 (or see [79, 84, 100, 136]), the IFE functions all have the Lagrange type degrees of freedom,
i.e., they are constructed according to their nodal values, and their existence involves tedious
analysis and calculation of the determinant of matrix in the pertinent linear system according
to how the interface cuts the interface element and partitions the Lagrange nodes which
is cumbersome, if not impossible, to be extended to arbitrary degree p. In contrast, the
existence of the proposed p-th degree IFE functions reduces to showing the Cauchy mapping
C has a trivial kernel which is actually easy to verify (because the resulted functional |||·|||aλ
is a norm) for any degree p. The construction procedure for IFE functions proposed here is
obvious advantageous over the traditional ones in the literature.

3.4.3 Approximation Capabilities

Now we show that the proposed IFE space (3.56) has the optimal approximation capabilities
to the space PHp+1(Ω) with respect to the degree of polynomial space used to construct this
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IFE space. On non-interface elements T ∈ T nh , we use the usual Lagrange type interpolation
operator IT [35] to describe the approximation capability, the optimal error bounds for the
Lagrange interpolation are standard which can be obtained by the scaling argument. The
challenge is on interface elements where IFE functions are discontinuous across the interface
Γ because of the lack of readily available error analysis tools in the literature for macro
polynomials. Inspired by [88], we construct a special operator to gauge the approximation
capability by taking the advantages of the Cauchy mapping. Recalling that, for each interface
element T ∈ T ih , PTλ is the standard L2 projection from Hp+1(Tλ) to Pp, we define the
following interpolation operator

ITu =

{
I+
T u := PTλu

+
E on T+,

I−T u := C(PTλu
+
E) on T−,

∀u ∈ Hp+1(Tλ). (3.58)

Then, the global interpolation operator Ih : PHp+1(Ω)→ Sph(Ω) is defined piecewise as

Ihu|T = ITu, ∀T ∈ Th. (3.59)

Figure 3.9: Diagram for analyzing approximation capabilities

The key idea for using this interpolation operator to analyze the approximation capability
of the proposed p-th degree IFE space is a delicate decomposition of the interpolation errors
illustrated by the diagram in Figure 3.9. As shown in this diagram, the error of the interpola-
tion ITu can be decomposed into the errors between the Sobolev extensions usE, s = ± of the
components of u and their projections PTλu

s
E, s = ±, and the error between the projection

PTλu
−
E and the Cauchy extension C(PTλu

+
E). We note that the errors between the Sobolev

extensions and their projections are well understood; hence, a solid arrow is used to connect
them in the diagram. However, the difference between the projection PTλu

−
E and the Cauchy

extension C(PTλu
+
E), connected by a dashed line in the diagram, is unknown in the literature

which motivates us to carry out preparations such as Theorem 3.1 in the previous sections.
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Theorem 3.3. Let u ∈ PHp+1(Ω). There exist constants C such that, on every interface
element T ∈ T ih with its associated fictitious element Tλ, λ > 1,

2∑
j=0

hjT |u
+
E − I

+
T u|Hj(T ) 6 Chp+1

T |u
+
E|Hp+1(Tλ), (3.60a)

2∑
j=0

hjT |u
−
E − I

−
T u|Hj(T ) 6 Chp+1

T (
β+

β−
|u+
E|Hp+1(Tλ) + |u−E|Hp+1(Tλ)), (3.60b)

where I+
T u and I−T u are understood as polynomials on the whole element T .

Proof. We note that (3.60a) is simply the optimal approximation capability for the projection
operator PTλ . For (3.60b), note that I−T u−PTλu

−
E = C(PTλu

+
E)−PTλu−E ∈ Pp, then the norm

equivalence given in Lemmas 3.5, 3.7, and 3.10 together with the estimate given in Theorem
3.1 imply

‖I−T u− PTλu
−
E‖L2(T ) 6 C‖I−T u− PTλu

−
E‖L2(T−λ ) 6 Ch2

T

∣∣∣∣∣∣C(PTλu
+
E)− PTλu−E

∣∣∣∣∣∣
aλ

6 Chp+1
T (

β+

β−
|u+
E|Hp+1(Tλ) + |u−E|Hp+1(Tλ)).

(3.61)

In addition, applying the standard inverse inequality to (3.61), we have

hjT |I
−
T u− PTλu

−
E|Hj(T ) 6 C‖I−T u− PTλu

−
E‖L2(T )

6 Chp+1
T (

β+

β−
|u+
E|Hp+1(Tλ) + |u−E|Hp+1(Tλ)).

(3.62)

Finally, the triangular inequality and the optimal approximation capability for the projection
PTλ yield

hjT |u
−
E − I

−
T u|L2(T ) 6 ChjT |u

−
E − PTλu

−
E|L2(T ) + ChjT |PTλu

−
E − I

−
T u|L2(T )

6 Chp+1
T (

β+

β−
|u+
E|Hp+1(Tλ) + |u−E|Hp+1(Tλ)).

(3.63)

Remark 3.2. Since β− > β+, from (3.60), we have the following estimate which is inde-
pendent of the jumps β±

2∑
j=0

hjT |u− ITu|Hj(T ) 6 Chp+1
T (|u+

E|Hp+1(Tλ) + |u−E|Hp+1(Tλ)). (3.64)

This is also an advantage of the proposed IFE spaces and the related analysis.

83



3.5 A p-th Degree DGIFE Method for the Interface

Problems

In this section, we develop and analyze a discontinuous Galerkin immersed finite element
(DGIFE) method for solving the elliptic interface problem (3.1a)-(3.1e). First of all, on the
unfitted mesh Th, inspired by [88], we consider a mesh-dependent space Vh defined as

Vh =
{
v ∈ L2(Ω) : v|T ∈ H1(T ) if T ∈ T nh , v|T± ∈ H1(T±) if T ∈ T ih ,

and v is continuous on each e ∈ Ẽnh , v|∂Ω = 0
}
,

(3.65)

and we note that the functions in Vh are in H1(Ω\(∪T∈T ihT )). Let Sph,0(Ω) be the subspace

of Sph(Ω) with zero trace on ∂Ω, and clearly, we have Sph,0(Ω) ⊆ Vh. We emphasize that
functions in Vh may not be continuous across non-interface edges of interface elements. We
will use the following operators on Vh defined across the interface and across an interface
edge e ∈ Ẽ ih shared by two elements T1 and T2, respectively:

[v]Γ = (v|Ω+)|Γ − (v|Ω−)|Γ and {v}Γ =
(v|Ω+)|Γ + (v|Ω−)|Γ

2
, ∀v ∈ Vh, (3.66a)

[v]e = (v|T1)|e − (v|T2)|e and {v}e =
(v|T1)|e + (v|T2)|e

2
, ∀v ∈ Vh. (3.66b)

Then, testing (3.1a) by a function in Vh(Ω) and applying the integration by parts on each
element, we obtain the following weak formulation:

ah(u, v) = Lf (v), ∀v ∈ Vh(Ω), (3.67a)

ah(u, v) =
∑
T∈Th

∫
T

β∇u · ∇vdX

−
∑
e∈Ẽih

∫
e

{β∇u · n}e[v]eds+ ε0
∑
e∈Ẽih

∫
e

{β∇v · n}e[u]eds+
∑
e∈Ẽih

ρ0
eγ

|e|

∫
e

[u]e [v]eds (3.67b)

−
∑
T∈T ih

∫
ΓT

{β∇u · n}Γ[v]Γds+ ε1
∑
T∈T ih

∫
ΓT

{β∇v · n}Γ[u]Γds+
∑
T∈T ih

ρ1
eγ

hT

∫
ΓT

[u]Γ [v]Γds,

Lf (v) =

∫
Ω

fvdX, (3.67c)

where ρ0
e ,ρ1

e are some constants independent of the coefficients β±, and

γ = (max{β−, β+})2/min{β−, β+}. (3.68)

Based on the weak formulation in (3.67), we define the p-th degree DGIFE solution to the
interface problem (3.1a)-(3.1d) as the uh ∈ Sph,0(Ω) such that

ah(uh, vh) = Lf (vh), ∀vh ∈ Sph,0(Ω). (3.69)
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Following the tradition, we also call (3.69) the symmetric, non-symmetric and incomplete
p-th degree DGIFE method for ε0 = ε1 = −1, ε0 = ε1 = 1 and ε0 = ε1 = 0 in (3.67),
respectively. Note that the bilinear form (3.67b) used in this method involves the penalties

on edges in Ẽ ih and the interface itself which set the proposed DGIFE method apart from
the partially penalized IFE (PPIFE) method [85, 148] and the one in (2.101) in Chapter 2
where the penalties are only used on the interface edges, and from the CutFEM [91] where
the penalties are only enforced on the interface. This p-th degree DGIFE method (3.69) is
also related with the selective IFE method [104] and the IFE method in [88] sans the penalty
on the interface.

3.5.1 Trace Inequalities for p-th Degree IFE Functions

In this subsection, we establish a group of trace inequalities for the p-th degree IFE func-
tions on interface elements, which are critical for the error analysis of the proposed DGIFE
scheme. We emphasize that the trace inequalities for IFE functions as well as their proofs
are nontrivial since the underlying piecewise polynomials do not have sufficient regularity
for standard trace inequalities to be applied and the usual scaling argument of finite element
analysis is also inapplicable. We seek for new analysis techniques by taking advantages of
the Cauchy extension, in particular its stability stated in Theorem 3.2 which suggests two
polynomial components in an IFE function are connected together to behave collectively in
a certain way close to a standard polynomial. Without loss of generality, we consider the
two interface element configuration as shown in Figure 3.10 where T− is either the triangular
or quadrilateral curved-edge subelement.

(a) Case 1 (b) Case 2

Figure 3.10: Trace inequalities for higher-degree IFE functions

Theorem 3.4. Let e be an edge of an interface element T in the configuration of Case 1 in
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Figure 3.10. If |A3D| > 1/2|A3A1| and |A3E| > 1/2|A3A2|, then

‖β∇φ‖L2(e) 6 Ch
−1/2
T ‖β∇φ‖L2(T ), ∀φ ∈ Sph(T ). (3.70)

On the other hand, if |A3D| 6 1/2|A3A1| or |A3E| 6 1/2|A3A2|, then

‖∇φ‖L2(e) 6 Ch
−1/2
T ‖∇φ‖L2(T ), ∀φ ∈ Sph(T ). (3.71)

Proof. Without loss of generality, we consider the interface edge A1A3 and the non-interface
edge A1A2. Recall T̃− and T̃+ are the straight-edge triangle 4A3DE and quadrilateral
A1A2ED. Firstly, if |A3E| > 1/2|A3A2| and |A3D| > 1/2|A3A1|, the trace inequality (2.107)
and the norm equivalence in (3.22) lead to

‖β−∇φ−‖L2(A3D) 6 Ch
−1/2
T ‖β−∇φ−‖L2(T̃−) 6 Ch

−1/2
T ‖β−∇φ−‖L2(T−). (3.72)

For the estimation on the sub-edge DA1, we apply the trace inequality (2.107) to obtain

‖β+∇φ+‖L2(DA1) 6 Ch
−1/2
T ‖β+∇φ+‖L2(T )

6 Ch
−1/2
T (‖β+∇φ+‖L2(T+) + ‖β+∇φ+‖L2(T−)).

(3.73)

Now using the fictitious element Tλ, we proceed to bound the second term on the right hand
side of (3.73). The triangular inequality and the norm equivalence in (3.22), (3.25) and the
lower bound in Theorem 3.2 yield

‖β+∇φ+‖L2(T−) 6 C‖β+∇φ+‖L2(T−λ ) 6 C|β+C−1(φ−)|H1(T−λ )

6 C|β−φ−|H1(T−λ ) 6 C‖β−∇φ−‖L2(T−),
(3.74)

where we have also used the definition φ− = C(φ+). Thus, combining (3.72)-(3.74), we have
the desired trace inequality (3.70) on the interface edge e = A1A3. The estimation on the
non-interface edge e = A1A2 follows from a similar derivation to (3.73)-(3.74).

Secondly, if |A3E| 6 1/2|A3A2| or |A3D| 6 1/2|A3A1|, without loss of generality, we assume
|A3D| 6 1/2|A3A1|. Then, the estimation on the sub-edge A1D directly follows from the
trace inequality (2.107) and the norm equivalence in (3.23). For the sub-edge A3D, a similar
argument to (3.73) yields

‖∇φ−‖L2(A3D) 6 Ch
−1/2
T ‖∇φ−‖L2(T )

6 Ch
−1/2
T (‖∇φ−‖L2(T−) + ‖∇φ−‖L2(T+)).

(3.75)

Then, similar to (3.74), using the norm equivalence in (3.23) and (3.25), but the upper bound
in Theorem 3.2, we have

‖∇φ−‖L2(T+) 6 C‖∇φ−‖L2(T+
λ ) 6 C|φ−|H1(T−λ ) 6 C|φ+|H1(T−λ )

6 C‖∇φ+‖L2(T+
λ ) 6 C‖∇φ+‖L2(T+).

(3.76)

Therefore, (3.71) on the interface edge A1A2 follows from (3.75)-(3.76). The result for the
non-interface edge follows directly from the standard trace inequality (2.107) together with
the norm equivalence (3.23).
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The next theorem concerns the trace inequalities on the interface.

Theorem 3.5. Let T be an interface element in the configuration of Case 1 in Figure 3.10.
If |A3D| > 1/2|A3A1| and |A3E| > 1/2|A3A2|, then for ∀φ ∈ Sph(T ),

‖∇φ−‖L2(ΓT ) 6 Ch
−1/2
T ‖∇φ−‖L2(T−), ‖β+∇φ+‖L2(ΓT ) 6 Ch

−1/2
T ‖β∇φ‖L2(T ). (3.77)

On the other hand, if |A3D| 6 1/2|A3A1| or |A3E| 6 1/2|A3A2|, then for ∀φ ∈ Sph(T ),

‖∇φ−‖L2(ΓT ) 6 Ch
−1/2
T ‖∇φ‖L2(T ), ‖∇φ+‖L2(ΓT ) 6 Ch

−1/2
T ‖∇φ+‖L2(T+). (3.78)

Proof. The proof is basically as the same as the one of Theorem 3.4. Here, for simplicity, we
only discuss the case that |A3D| > 1/2|A3A1| and |A3E| > 1/2|A3A2|, and the other case
can be discussed similarly. The trace inequality (3.26b) and the norm equivalence in (3.21),
(3.22) and (3.25) yield

‖∇φ−‖L2(ΓT ) 6 Ch
−1/2
T ‖∇φ−‖L2(T−λ ) 6 Ch

−1/2
T ‖∇φ−‖L2(T−). (3.79)

‖β+∇φ+‖L2(ΓT ) 6 Ch
−1/2
T ‖β+∇φ+‖L2(Tλ)

6 Ch
−1/2
T (‖β+∇φ+‖L2(T+) + ‖β+∇φ+‖L2(T−)). (3.80)

Note that (3.79) already gives the first inequality in (3.77). Applying the results in (3.74)
to the second term on the right of (3.80), we arrive at the second inequality in (3.77).

To avoid redundancy, we now present the trace inequalities for an interface element T in
the configuration of Case 2 in Figure 3.10 without giving the detailed proof because the
arguments are basically as same as those for Theorems 3.4 and 3.5.

Theorem 3.6. Let e be an edge of an interface element T in the configuration of Case 2 in
Figure 3.10. If |A2D| > 1/2|A2A1| and |A2E| > 1/2|A3A2|, then

‖∇φ‖L2(e) 6 Ch
−1/2
T ‖∇φ‖L2(T ), ∀φ ∈ Sph(T ). (3.81)

On the other hand, if |A2D| 6 1/2|A2A1| or |A2E| 6 1/2|A3A2|, then

‖β∇φ‖L2(e) 6 Ch
−1/2
T ‖β∇φ‖L2(T ), ∀φ ∈ Sph(T ). (3.82)

Theorem 3.7. Let T be an interface element in the configuration of Case 2 in Figure 3.10.
If |A2D| > 1/2|A2A1| and |A2E| > 1/2|A3A2|, then for ∀φ ∈ Sph(T ),

‖∇φ−‖L2(ΓT ) 6 Ch
−1/2
T ‖∇φ‖L2(T ), ‖∇φ+‖L2(ΓT ) 6 Ch

−1/2
T ‖∇φ+‖L2(T+). (3.83)

On the other hand, if |A2D| 6 1/2|A2A1| or |A2E| 6 1/2|A3A2|, then for ∀φ ∈ Sph(T )

‖∇φ−‖L2(ΓT ) 6 Ch
−1/2
T ‖∇φ−‖L2(T−), ‖β+∇φ+‖L2(ΓT ) 6 Ch

−1/2
T ‖β∇φ‖L2(T ). (3.84)
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Remark 3.3. We can summarize estimates given in Theorems 3.4-3.7 as follows so that
they can be directly used later on:

|e|1/2‖β∇φ‖L2(e) 6 Ct
β−√
β+
‖
√
β∇φ‖L2(T ), ∀φ ∈ Sph(T ),

h
1/2
T ‖β∇φ‖L2(ΓT ) 6 Ct

β−√
β+
‖
√
β∇φ‖L2(T ), ∀φ ∈ Sph(T ),

(3.85)

where Ct is a constant independent of interface location and β±.

Remark 3.4. We highlight that the stability in Theorem 3.2 reveals the connection of the two
polynomials components in an IFE function for arbitrary degree which is also the fundamental
spirit in the proofs for Theorems 3.4-3.7.

3.5.2 Error Estimation of the DGIFE Method

In this subsection, we employ the results established above to estimate errors in the solution
of the DGIFE scheme. According to (3.67b), we consider the following quantities on the
space Vh:

‖v‖2
h =

∑
T∈Th

∫
T

‖
√
β∇v‖2dX +

∑
e∈Ẽih

ρ0
eγ

|e|

∫
e

[v]2eds+
∑
T∈T ih

ρ1
eγ

hT

∫
ΓT

[v]2Γds, (3.86a)

|||v|||2h = ‖v‖2
h +
|e|
ρ0
eγ

∑
e∈Ẽih

∫
e

({β∇v · n}e)2ds+
hT
ρ1
eγ

∑
T∈T ih

∫
ΓT

({β∇v · n}Γ)2ds, (3.86b)

and it is easy to verify that
‖v‖h 6 |||v|||h, ∀v ∈ Vh. (3.87)

In addition, we show that they are indeed norms in the space Vh.

Lemma 3.12. ‖ · ‖h and |||·|||h are both norms on the space Vh.

Proof. Because of (3.87), we only need to discuss ‖ · ‖h. Given each v ∈ Vh, ‖ · ‖h = 0 yields
v|T ∈ P0 for every T ∈ T nh , v|T± ∈ P0 for every T ∈ T ih and v is continuous on all the edges
and the interface. Furthermore, due to that v|∂Ω = 0, we have v = 0 on the whole domain
Ω.

Furthermore, in addition to (3.87), we can prove the following relation between these two
norms.

Lemma 3.13. For sufficiently large ρ0
e and ρ1

e, there holds
√

2‖v‖h > |||v|||h, ∀v ∈ Sph(Ω).
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Proof. Given each e ∈ Ẽ ih, let T 1 and T 2 be the two elements sharing e. Then the Hölder’s
inequality and the trace inequality (3.85) yield

|e|
ρ0
eγ

∫
e

({β∇v · ne}e)2ds 6
C2
t

2ρ0
e

(‖
√
β∇φ‖2

L2(T 1) + ‖
√
β∇φ‖2

L2(T 2)), (3.88)

hT
ρ1
eγ

∫
ΓT

({β∇v · nΓ}Γ)2ds 6
C2
t

ρ1
e

‖
√
β∇φ‖2

L2(T ), (3.89)

Hence, we have |||v|||2h 6 2‖v‖2
h, ∀v ∈ S

p
h(Ω) for any ρ0

e ≥ 3C2
t /2 and any ρ1

e ≥ 3C2
t /2.

The following theorem provides an estimate for the global approximation capability in terms
of the energy norms defined in (3.86b).

Theorem 3.8. Given each u ∈ PHp+1(Ω), there exists a constant C such that

|||u− Ihu|||h 6 Chp
β−√
β+

p+1∑
k=1

(|u−|Hk(Ω−) + |u+|Hk(Ω+)). (3.90)

Proof. Firstly, using the estimate for the Lagrange interpolation [35] on non-interface ele-
ments, we have ∑

T∈T nh

∫
T

β‖∇(u− ITu)‖2dX 6 Ch2pβ−
∑
T∈T nh

|u|2Hp+1(T ). (3.91)

Over all the interface elements, Theorem 3.3 directly yields∑
T∈T ih

∫
T

β‖∇(u− ITu)‖2dX 6 Ch2pβ−
∑
T∈T ih

(|u+
E|

2
Hp+1(Tλ) + |u−E|

2
Hp+1(Tλ)), (3.92)

In addition, given each interface edge e ∈ Ẽ ih with the two neighbor elements T 1 and T 2, let
e± = e ∩Ω± and h̃ = max{hT 1 , hT 2}. Using Theorem 3.3 and the standard trace inequality,
we have∑
r=±

ρ0
eγ

|e|

∫
er

[ur − Irhu]2eds 6 C
∑
r=±

h̃−1γ

∫
e

[urE − Irhu]2eds

6 C
∑
r=±

∑
j=1,2

h̃−1γ

∫
e

((urE − Irhu)|T j)2ds

6 C
∑
r=±

∑
j=1,2

γ(h̃−2‖urE − IrT ju‖2
L2(T j) + |urE − IrT ju|2H1(T j))

6 Ch̃2pγ(|u+
E|

2
Hp+1(T 1

λ∪T
2
λ) + |u−E|

2
Hp+1(T 1

λ∪T
2
λ)).

(3.93)
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The estimations on non-interface edges in Ẽ ih can be proven similarly. Thus, we have∑
e∈Ẽih

ρ0
eγ

|e|

∫
e

[u− Ihu]2eds 6 Ch2pγ
∑
T∈T ih

(|u+
E|

2
Hp+1(Tλ) + |u−E|

2
Hp+1(Tλ)). (3.94)

Next, using Lemma 3.2 in [196], Theorem 3.3 and the standard trace inequality, we have∑
T∈T ih

ρ1
eγ

hT

∫
ΓT

[u− Ihu]2Γds 6 C
∑
T∈T ih

∑
r=±

h−1
T γ

∫
ΓT

(urE − IrTu)2ds

6 C
∑
T∈T ih

∑
r=±

h−1
T γ

(
h−1
T ‖u

r
E − IrTu‖2

L2(T ) + hT‖∇(urE − IrTu)‖2
L2(T )

)
6 Ch2p

T γ
∑
T∈T ih

(|u+
E|

2
Hp+1(Tλ) + |u−E|

2
Hp+1(Tλ)). (3.95)

By similar arguments, we can also show that∑
e∈Ẽih

|e|
ρ0
eγ

∫
e

({β∇(Ihu− u) · ne}e)2ds

6Ch2pγ
∑
T∈T ih

(|u+
E|

2
Hp+1(T 1

λ∪T
2
λ) + |u−E|

2
Hp+1(T 1

λ∪T
2
λ)), (3.96)

∑
T∈T ih

hT
ρ1
eγ

∫
ΓT

({β∇(Ihu− u) · nΓ}Γ)2ds

6Ch2pγ
∑
T∈T ih

(|u+
E|

2
Hp+1(Tλ) + |u−E|

2
Hp+1(Tλ)). (3.97)

Now recall γ = (β−)2/β+ because of the assumption that β− ≥ β+, then combining the
estimations above and using the finite overlapping Assumption (A2), we arrive at

|||u− Ihu|||h 6 Chp
√
γ
(
|u−E|Hp+1(Ω) + |u+

E|Hp+1(Ω)

)
, (3.98)

which yields the desired result by the boundedness of Sobolev extension in (3.5).

Remark 3.5. Let m > 1 and p > 1 be two integers with m 6 p, u ∈ PHm+1(Ω) and let Ih be
p-th degree interpolation operator defined in (3.58). Using the more general approximation
capability for the Lagrange interpolation operator and standard L2 projection operator, we
can actually prove a more general result:

|||u− Ihu|||h 6 Chm
β−√
β+

m+1∑
k=1

(|u−|Hk(Ω−) + |u+|Hk(Ω+)). (3.99)
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The following two theorems establish the coercivity and continuity of the bilinear form
ah(·, ·).

Theorem 3.9. Assume the constants ρ0
e and ρ1

e are large enough for the symmetric and
incomplete p-th degree IFE method or they are just positive for non-symmetric p-th degree
IFE method, then there holds

ah(v, v) >
1

2
‖v‖2

h, ∀v ∈ Sph(Ω). (3.100)

Proof. We note that

ah(v, v) =
∑
T∈Th

∫
T

β∇v · ∇vdX + (ε0 − 1)
∑
e∈Ẽih

∫
e

{β∇v · ne}e[v]eds+
∑
e∈Ẽih

ρ0
eγ

|e|

∫
e

[v]2eds

(ε1 − 1)
∑
T∈T ih

∫
ΓT

{β∇v · nΓ}Γ[v]Γds+
∑
T∈T ih

ρ1
eγ

hT

∫
ΓT

[v]2Γds. (3.101)

Thus, the result (3.100) is trivial for the non-symmetric case because ε1 = ε0 = 1. For the

other two, given each e ∈ Ẽ ih, let T 1 and T 2 be the two elements sharing e, then the derivation
in (3.88) and (3.89) gives∣∣∣∣(ε0 − 1)

∫
e

{β∇v · ne}e[v]eds

∣∣∣∣ 6 α(‖
√
β∇φ‖2

L2(T 1) + ‖
√
β∇φ‖2

L2(T 2)) +
C2
t γ

2α|e|
‖[v]e‖2

L2(e),

(3.102)∣∣∣∣(ε1 − 1)

∫
ΓT

{β∇v · nΓ}Γ[v]Γds

∣∣∣∣ 6 2α‖
√
β∇φ‖2

L2(T ) +
C2
t γ

2αhT
‖[v]Γ‖2

L2(ΓT ), (3.103)

for α > 0, where we have used the Young’s inequality. Substituting (3.102) and (3.103) into
(3.101) yields

ah(v, v) >
∑
T∈Th

(1− 5α)‖
√
β∇φ‖2

L2(T ) + (ρ0
e −

C2
t

2α
)
γ

|e|
‖[v]e‖2

L2(e) + (ρ1
e −

C2
t

2α
)
γ

hT
‖[v]Γ‖2

L2(ΓT ).

(3.104)

Then, letting α = 1/10, ρ0
e ≥ 5C2

t + 1/2, and ρ1
e ≥ 5C2

t + 1/2 in (3.104) leads to the desired
(3.100).

Again, we note that the technique of choosing stability parameters ρ0
e and ρ1

e large enough
to prove the coercivity of the related bilinear form is widely used in the interior penalty DG
methods such as those in [66, 183].

Theorem 3.10. For every v, w ∈ Vh, there holds

ah(v, w) 6 7|||v|||h|||w|||h. (3.105)
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Proof. The result follows from applying the Hölder’s inequality on each term in the bilinear
form (3.67b).

The coercivity in term of the energy norm ‖ · ‖h guarantees the existence and uniqueness of
IFE solution uh to the p-th degree IFE method (3.69). Now we show the fundamental error
estimation for the p-th degree IFE solution uh.

Theorem 3.11. Let u ∈ PHp+1(Ω) with the integer p > 1 be the exact solution to the
interface problem (3.1a)-(3.1d). Assume that the mesh Th is fine enough such that all the
previous results hold and assume that ρ0

e and ρ1
e large enough such that Lemma 3.13-Theorem

3.9 hold. Then the p-degree IFE solution uh has the following optimal error bound:

|||u− uh|||h 6 C
β−√
β+

hp
p+1∑
k=1

(|u−|Hk(Ω−) + |u+|Hk(Ω+)). (3.106)

Proof. Note that the exact solution u satisfies the weak formulation (3.67) for every v ∈ Vh.
Then

ah(uh − Ihu, v) = ah(u− Ihu, v), ∀v ∈ Sph,0(Ω). (3.107)

where Ihu ∈ Sph(Ω) is given by (3.59). Since uh − Ihu ∈ Sph,0(Ω), Lemma 3.13 and Theorems
3.9, 3.10 give

1

4
|||uh − Ihu|||2h 6

1

2
‖uh − Ihu‖2

h 6 ah(uh − Ihu, uh − Ihu)

= ah(u− Ihu, uh − Ihu) 6 7|||u− Ihu|||h|||uh − Ihu|||h,
(3.108)

which yields |||uh − Ihu|||h 6 C|||u− Ihu|||h. Then, (3.108), the triangular inequality, and
Theorem 3.8 together lead to

|||u− uh|||h 6 |||u− Ihu|||h + |||Ihu− uh|||h 6 Chp
β−√
β+

p+1∑
k=1

(|u−|Hk(Ω−) + |u+|Hk(Ω+)). (3.109)

Remark 3.6. The regularity result from [52, 88, 113] implies that the exact solution u to
the interface problem satisfies

β−
p+1∑
k=1

|u−|Hk(Ω−) + β+

p+1∑
k=1

|u+|Hk(Ω+) 6 C‖f‖Hp−1(Ω). (3.110)

Therefore (3.106) implies

|||u− uh|||h 6 C
β−

(β+)3/2
hp‖f‖Hp−1(Ω). (3.111)
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Finally, we follow the standard duality argument to estimate the error in L2 norm.

Theorem 3.12. Under the conditions of Theorem 3.11, there exists a constant C such that

‖u− uh‖L2(Ω) 6 C

(
β−

β+

)2

hp+1

p+1∑
k=1

(|u−|Hk(Ω−) + |u+|Hk(Ω+)). (3.112)

Proof. Define an auxiliary function z ∈ PH2(Ω) as the solution to the interface problem
(3.1a)-(3.1d) with the right hand side f replaced by the solution error u − uh ∈ L2(Ω). In
particular, we let Ih be the p-th degree interpolation defined in (3.59). Because u− uh ∈ Vh
and Ihz ∈ Sph,0(Ω), we have ah(Ihz, u−uh) = 0. By the continuity in Theorem 3.10, we have

‖u− uh‖2
L2(Ω) =

∫
Ω

β∇z · ∇(u− uh)dX = ah(z, u− uh)

= ah(z − Ihz, u− uh) 6 C|||z − Ihz|||h|||u− uh|||h.
(3.113)

Besides, Remark 3.5 and the regularity (3.110) yield

|||z − Ihz|||h 6 Ch
β−√
β+

2∑
k=1

(|z−|Hk(Ω−) + |z+|Hk(Ω+)) 6 C
β−

(β+)3/2
h‖u− uh‖L2(Ω). (3.114)

Finally, combining (3.113), (3.114) and (3.111), we arrive at (3.112).

Remark 3.7. Following Remark 3.6, we also have

‖u− uh‖L2(Ω) 6 C
(β−)2

(β+)3
hp+1‖f‖Hp−1(Ω). (3.115)

Remark 3.8. Let m > 1 and p > 1 be two integers with m 6 p, and further let the
exact solution u ∈ PHm+1(Ω). Based on Remark 3.5, we can derive the following estimates
corresponding to (3.106) and (3.112), respectively, for u with a lower regularity:

|||u− uh|||h 6 C
β−√
β+

hm
m+1∑
k=1

(|u−|Hk(Ω−) + |u+|Hk(Ω+)), (3.116a)

‖u− uh‖L2(Ω) 6 C

(
β−

β+

)2

hm+1

m+1∑
k=1

(|u−|Hk(Ω−) + |u+|Hk(Ω+)). (3.116b)

Their proof are standard and similar to those in Theorems 3.11 and 3.12 but with the estimate
in (3.99). Therefore, for solving problems whose exact solutions do not have the optimal
regularities, the proposed higher-degree IFE method behaves in the same way as standard
higher-degree finite element methods in the sense that the order of convergence of the finite
element solution decreases as the regularity of the exact solution deteriorates.
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3.5.3 Numerical Examples

Now, we present some numerical examples to demonstrate features of the proposed DGIFE
method. To avoid redundancy, we only consider the SDGIFE method and similar results
have been observed for other choices of penalty parameters. All the computations for the
presented numerical results are carried in the domain Ω = (−1, 1) × (−1, 1) in which the
interface curve Γ is a circle with radius r0 = π/6.28 which divides Ω into two subdomains
Ω− and Ω+ with

Ω− = {(x, y) : x2 + y2 < r2
0}.

The exact solution to be tested is

u(x, y) =


1

β−
rα, (x, y) ∈ Ω−,

1

β+
rα +

(
1

β−
− 1

β+

)
rα0 , (x, y) ∈ Ω+,

(3.117)

where r =
√
x2 + y2 and α = 7. It is easy to verify that u satisfies the interface jump

conditions. We note that similar numerical examples have been used in [8, 79, 88, 148].
An implementation issue is the numerical quadrature on interface elements due to the cut
of interface. Since the proposed IFE shape functions are piecewise polynomials partitioned
by the exact interface curve, given the parametric equation of the interface, we perform
the quadrature by building an iso-parametric mapping between the reference straight edge
triangle/square and the physical curved edge triangles/quadrilaterals. We refer readers to
[182] for the details of this quadrature technique as well as other quadrature rules on curved-
edge domains.

Let e0
h, e

1
h, e

∞
h and e1,∞

h be the solution errors measured in L2, H1, L∞ and W 1,∞ norms,
respectively. In addition, we choose λ = 1.4 for constructing the fictitious elements and IFE
spaces. To avoid redundancy, we only present numerical results generated by the cubic IFE
methods for a small ratio of β− = 1, β+ = 10 and a large ratio β− = 1, β+ = 1000 in Tables
3.1 and 3.2, respectively. For the example with the small ratio, Table 3.1 clearly shows an
optimal convergence rate in all the L2, H1, L∞ and W 1,∞ norms. In contrast, in the large
ratio case, the convergence in L∞ and W 1,∞ norms has a little wiggle while the convergence
in L2 and H1 norms clearly behaves optimally. These numerical results corroborate the error
analysis presented in the previous section.
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e∞h order e1,∞
h order e0

h order e1
h order

20 1.95E-4 NA 3.15E-2 NA 4.24E-5 NA 5.01E-3 NA
30 4.09E-5 3.85 5.65E-3 4.24 8.20E-6 4.05 1.48E-3 3.01
40 1.36E-5 3.83 2.84E-3 2.40 2.57E-6 4.03 6.26E-4 2.99
50 5.73E-6 3.87 1.28E-3 3.56 1.04E-6 4.04 3.20E-4 3.01
60 2.82E-6 3.89 7.59E-4 2.87 5.02E-7 4.02 1.85E-4 2.99
70 1.54E-6 3.91 4.76E-4 3.03 2.70E-7 4.03 1.17E-4 3.00
80 9.13E-7 3.92 3.21E-4 2.95 1.58E-7 4.02 7.82E-5 3.00

Table 3.1: Solution errors for p = 3, β− = 1, β+ = 10

e∞h order e1,∞
h order e0

h order e1
h order

20 8.34E-5 NA 1.90E-2 NA 1.19E-5 NA 1.33E-3 NA
30 1.56E-5 4.13 4.64E-3 3.48 2.36E-6 3.98 4.03E-4 2.94
40 6.68E-6 2.95 3.24E-3 1.25 7.91E-7 3.80 1.81E-4 2.78
50 2.68E-6 4.09 1.35E-3 3.91 3.21E-7 4.03 9.34E-5 2.97
60 1.39E-6 3.60 9.69E-4 1.83 1.57E-7 3.91 5.50E-5 2.91
70 7.21E-7 4.26 6.15E-4 2.95 8.49E-8 4.01 3.45E-5 3.02
80 5.21E-7 2.43 3.64E-4 3.93 4.98E-8 3.98 2.33E-5 2.93

Table 3.2: Solution errors for p = 3, β− = 1, β+ = 1000
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Chapter 4

Applications of IFE Methods to
Inverse Problems

In this chapter, we develop an IFE-based shape optimization algorithm for solving a class
of interface inverse problems related to scalar elliptic equations on unfitted meshes. In the
proposed method, both the governing PDEs and the objective functionals in the shape opti-
mization are discretized accurately by an IFE method regardless of the interface location in
a chosen unfitted mesh. Explicit formulas for both the velocity fields and the shape deriva-
tives of IFE shape functions are derived on the unfitted mesh and they are employed in the
material derivative formula together with the discretized adjoint method for accurately and
efficiently computing the gradients of objective functionals with respect to the parameters
of the interface curve. The shape optimization problem is therefore accurately reduced to
a constrained optimization that can be implemented efficiently within the IFE framework
together with a standard optimization algorithm. As demonstrated by three representa-
tive applications, the proposed IFE-based shape optimization algorithm can be employed to
solve a spectrum of interface inverse problems efficiently and satisfactorily. The results in
this chapter were also reported in [83].

4.1 Introduction

In this chapter, we focus on the inverse problems governed by the scalar elliptic interface
(forward) problems described in (1.1)-(1.4). Here, in order to describe a general algorithm
for inverse problems, we consider a group of K interface forward problems:

−∇ · (β∇uk) = fk, in Ω− ∪ Ω+,

uk = gkD, on ∂Ωk
D ⊆ ∂Ω,

∂uk

∂n
= gkN , on ∂Ωk

N ⊆ ∂Ω,

(4.1)
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where ∂Ωk
N ∪ ∂Ωk

D = ∂Ω and n is the outward normal vector of ∂Ω, together with the jump
conditions on the interface Γ:

[uk]|Γ := uk,+|Γ − uk,−|Γ = 0,

[β∇uk · n]|Γ := β+∇uk,+|Γ · n− β−∇uk,−|Γ · n = 0,
(4.2)

in which n is the normal vector of Γ, uk,s = uk|Ωs , and β(X) = βs for X ∈ Ωs, s = ±,
and k = 1, 2 · · · , K. We note that all these forward problems share the same interface and
coefficient β, and the difference is on the boundary data gkD, gkN and the load force data fk

which represent multiple measurements in practice.

As discussed in Section 1.3, the focus of this chapter is to develop an efficient shape opti-
mization method based on an unfitted mesh for solving geometric inverse problems related
to the interface forward problems described by (4.1) and (4.2) in which we assume that the
material values βs = β|Ωs , s = −,+ are known a-prior. In particular, we need to use the
given measurements about uk, 1 ≤ k ≤ K to recover the location and shape of the material
interface Γ. By the shape optimization method [97, 165], we seek for the interface Γ∗ from
an optimization problem:

Γ∗ = argmin J (Γ), (4.3)

where

J (Γ) =

∫
Ω0

J(u1(Γ), u2(Γ), · · · , uK(Γ);X,Γ)dX, (4.4)

and uk(Γ)s, k = 1, 2, · · · , K, are the solutions to the interface forward problems (4.1) and
(4.2), but Ω0 ⊆ Ω and J(u1(Γ), u2(Γ), · · · , uK(Γ);X,Γ) are application dependent. Some
specific formulations of J are given in Section 4.6 for a group of representative applications.
A survey of shape optimization methods applied to geometric inverse problems can be found
in Section 1.3.

Due to the movement of interface, the shape optimization methods based on fitted meshes,
referred as the Lagrangian approach [50], have a few drawbacks. The first concerns the
mesh updating process from one iteration to the next in the optimization. As the geometry
changes, to guarantee the accuracy, the mesh used by the chosen solver for the forward
problems needs to be updated to fit the new interface [28, 188], which not only consumes
time but also generates unsatisfactory meshes in many situations, see the illustrations in
Figure 4.1 where the two plots on the left demonstrate an inappropriate mesh movement
strategy leading to a mesh with less desirable qualities, especially near the right boundary.
Various approaches were proposed to overcome this issue [29, 34, 191], but these approaches
are challenged by complicated geometries and large shape changes in shape optimization
[29, 204] which can cause excessive mesh distortion and consequently inaccurate finite element
solutions. We refer readers to a survey of works about the application of the Lagrange
approaches to geometric inverse problems in Section 1.3.
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(a) The initial fitted
mesh

(b) The fitted mesh af-
ter movement

(c) The unfitted mesh (d) The unfitted mesh

Figure 4.1: The fitted and unfitted meshes

The Lagrangian approach has more issues in the sensitivity computation in which one needs
to compute the gradient of an objective functional with respect to the design variables, i.e.,
parameters describing the interface [97, 192, 194]. Indeed, the gradient of the objective func-
tional is a necessary ingredient in many commonly used numerical optimization algorithms
such as the descent methods and the trust region methods [61, 163]; hence, sensitivity is
a fundamental part for applying these algorithms to a shape optimization problem. The
gradient computation in shape optimization involves the shape derivatives and the velocity
field. In this research, we employ the method of [50, 175] such that the velocity field is
defined as derivatives of spatial variables with respect to the design variables which poses
challenges for the Lagrangian approach. First, the nodes in a fitted mesh depend on the
interface parameters (design variables), but it is difficult, if not impossible, to find or con-
struct a formula for this dependence because the mesh is usually produced by an automatic
mesh generator. Most, if not all, general mesh generators are not based on any explicit
mathematical rules [50] and requiring such a formula to be differentiable is an even more
excessive demand. Furthermore, the assumption that each node of a fitted mesh has to move
in general as the interface changes in the Lagrangian framework inevitably leads to a global
velocity field in the Lagrange framework, and a global velocity field and related quantities
in a shape optimization are expensive to compute especially when the number of design
variables is large.

In the Lagrangian framework, the velocity field is highly related to the mesh updating
procedure in the shape optimization process. According to [50], the velocity field in the
sensitivity analysis used to move the finite element mesh should have a few desirable features
for maintaining the topology and quality of the mesh. Indeed, it was pointed out in [45] that
an inappropriate choice of velocity field for mesh update will result in a distorted mesh and
thus an inaccurate finite element solution, see again the illustration in the plots in Figure
4.1. The authors in [50] summarized three basic approaches to compute a suitable velocity
field: (1) finite difference methods, (2) isoparametric mapping methods, and (3) boundary
displacement and fictitious load methods. Except for the isoparametric mapping method,
the other two lead to an approximate velocity field to be globally computed over the whole
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solution domain. The isoparametric mapping method needs special decomposition of the
computational domain which results in extra difficulties for complicated geometry. Also, it
can not always guarantee mesh quality as pointed out in [50].

Therefore, forward problem solvers that can handle discontinuous coefficients on an unfitted
mesh are desirable alternatives for shape optimization applications, and methods within
this direction are referred as the Eulerian approach in some literatures [126]. Since the
interface cuts edges of elements, various techniques are suggested to improve the accuracy
of the evaluation of either the stiffness matrix or sensitivity on those interface elements.
One group of the Eulerian approaches [11, 36, 44, 53] uses a local averaging method [37]
to smooth the discontinuous coefficient such that standard finite element methods can be
applied on an unfitted mesh. Another group of Eulerian approaches employs special finite
difference/element methods such as the immersed interface methods (IIM) in [117] for cavity
reconstruction in scalar elliptic equations and the extended finite element methods (XFEM)
in [161, 170, 195] for crack detection.

The goal of this chapter is to develop an IFE-based shape optimization method for solving the
interface inverse problem described by (4.1)-(4.4) on unfitted meshes. Specifically, we will use
the PPIFE method [85, 148] with the linear IFE space for solving the related interface forward
problems on an unfitted triangular (Cartesian) mesh. Using an IFE method in the shape
optimization for solving interface inverse problems with an unfitted mesh is advantageous,
below are some of its benefits.

• Because the IFE method allows us to use an interface-independent unfitted mesh in the
shape optimization process, the issues caused by the mesh regeneration or movement
from (large) interface changes are circumvented, see Figure 4.1 for an illustration. With
an unfitted mesh, the velocity field does not need to guide the mesh movement; hence,
some practical and theoretical issues for the construction of the velocity field [50] are
simply avoided.

• Using an unfitted mesh in the shape optimization process admits a velocity field for
the sensitivity that can be computed efficiently and accurately. With an unfitted mesh,
as the interface updates in the optimization, the interface-mesh intersection points are
changing but all the mesh nodes are fixed. Consequently only the points in interface
elements should be considered to move according to the interface, and this allows a
velocity field that is zero outside interface elements. Moreover, we can derive a function
that explicitly relates the points inside interface elements and the design variables of
the interface. Thus, the velocity field defined as the derivatives of this function can be
computed efficiently by explicit formulas rather than any numerical approximation to
be globally carried out over the whole domain.

• Since the mesh is the same in one step and the next of the iterative optimization
process, the IFE discretization of the governing equations (4.1) maintains the same al-
gebraic structure because the global degrees of freedom do not change, and this feature
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facilitates the derivation of computation procedures for sensitivity. Moreover, assum-
ing the interface does not evolve too drastically, the accuracy of an IFE discretization
on an unfitted mesh can always remain optimal regardless of the location of the inter-
face. Of course, no need to regenerate the mesh over and over again in the iterative
optimization process helps to reduce the computational cost.

• Using the IFE method in the discretization of the shape optimization for solving inter-
face inverse problems enables efficient and accurate computations for the sensitivity.
First, the proposed framework allows us to derive explicit formulas for all the deriva-
tives with respect to the design variables in the sensitivity including the velocity field
and shape derivatives of IFE functions. Furthermore, almost all the computations for
the sensitivity of the objective function are carried out only over interface elements be-
cause both the velocity field constructed in this framework and the shape derivatives
of the IFE basis functions vanish over non-interface elements. This feature drasti-
cally decreases the computational cost for sensitivity since the number of the interface
elements is only O(h−1) compared with O(h−2) for the total number of elements.

As demonstrated by numerical examples for a group of representative interface inverse prob-
lems in Section 4.6, these features can greatly benefit a successful application of a typical
optimization algorithm, especially those based on the quasi-Newton descent direction, to
minimize the objective function for solving the interface inverse problems.

4.2 An IFE Method for Interface Forward Problems

In this section, we employ the PPIFE method [85, 148] with the linear IFE space [79, 85,
136, 148], as an example of IFE methods, to describe the discretization of interface forward
problems. In particular, we put the discretized interface forward problems into a unified
matrix-vector form which facilitates both the derivation of shape sensitivities and related
computations in practice.

We let Γ(t,α), t ∈ [0, 1] be a parametrization of the interface Γ with the design variables as
entries in the vector α = (αj)j∈D where D is the index set of the chosen design variables.
For example, when Γ(t,α) is a cubic spline, α is the vector of all the coordinates of the
control points of this cubic spline [70]. In a Cartesian triangular mesh Th of Ω, let the node
set be Nh = {X1, X2, · · · , X|Nh|} and let N̊h be the set of the interior nodes. Recall that T ih
(E ih) and T nh (Enh ) are the sets of interface and non-interface elements (edges), respectively.

On non-interface elements, the local IFE spaces are defined according to (1.12), but on
interface elements, they are defined according to (1.22). In particular in this chapter, in the
construction of IFE functions (1.14)-(1.21) on each interface element T , we employ F as the
midpoint of the segment DE and n(F ) = n̄ where D and E are interface-mesh intersection
points of Γ and ∂T and n̄ is the normal vector to DE, see the illustration in plot (b) of
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Figure 1.2. In addition, we partition the two polynomial components of an IFE function
on T by the line segment DE instead of the interface curve Γ for constructing piecewise
polynomials. Such a set-up is a little different from the one in Section 1.2 but are equivalent
to those in [136]. Then, we employ these local IFE spaces to define the following global IFE
space

Sh(Ω) =
{
v ∈ L2(Ω) :v|T ∈ Sh(T ),∀T ∈ Th; v|T1(X) = v|T2(X), ∀X ∈ Nh,∀T1, T2 ∈ Th

with X ∈ T1 ∩ T2

}
. (4.5)

We note that this IFE space is similar to the vector IFE space in (2.43) for the elastic-
ity system in the sense that all the functions in this space are continuous at mesh nodes.
With this IFE space and its associated space S0

h(Ω) whose elements have zero trace on ∂Ω,
the interface forward problems (4.1) and (4.2) can be discretized by the symmetric PPIFE
(SPPIFE) method [148] as follows: find ukh ∈ Sh(Ω), k = 1, 2, · · · , K such that

ah(u
k
h, vh) = Lkf (vh), ∀vh ∈ S0

h(Ω), ukh(X) = gkD(X), ∀X ∈ Nh ∩ ∂Ωk
D, (4.6)

where the bilinear form ah(·, ·) and the linear functional Lkf (·) are given by

ah(uh, vh) =
∑
T∈Th

∫
T

β∇uh · ∇vhdX −
∑

e∈Eih\∂ΩkN

∫
e

{β∇uh}e · [vh]eds

−
∑

e∈Eih\∂ΩkN

∫
e

{β∇vh}e · [uh]eds

+
∑

e∈Eih\∂ΩkN

ρ0
e

|e|

∫
e

[uh]e · [vh]eds, ∀uh, vh ∈ Sh(Ω),

(4.7)

Lkf (vh) =

∫
Ω

fkvhdX +

∫
∂ΩkN

gkNvhds−
∑

e∈Eih∩∂ΩkD

∫
e

βgkD∇vh · neds

+
∑

e∈Eih∩∂ΩkD

ρ0
e

|e|

∫
e

gkDvhds, ∀vh ∈ Sh(Ω).

(4.8)

In the bilinear form ah(·, ·), the operators [·]e and {·}e on each interior interface edge e ∈ E̊ ih
shared by elements T1 and T2 are such that

[v]e = (v|T1n1
e + v|T2n2

e) and {β∇v}e =
1

2
(β∇v|T1 + β∇v|T2), ∀v ∈ Sh(Ω),

where the normal vector n1
e = −n2

e is from T 1 to T 2. For e ∈ E ih∩∂Ω, we define the operators
[·]e and {·}e as

[v]e = v|Tne, {β∇v}e = β∇v|T , ∀v ∈ Sh(Ω), (4.9)
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where T is the element that contains e and ne is the outward normal vector to ∂Ω. In our
applications, we choose ρ0

e = 10 max{β−, β+}. We note that the edge operators in (4.9) are
different from those in the literature [148] or (3.66b), but the induced penalties on interface
edges in the bilinear forms are actually equivalent to each other. The purpose to use (4.9)
is to facilitate a systematic matrix representation of the local penalties discussed below.

It has been shown [85, 148] that the PPIFE solutions ukh from (4.6) approximate the true
solutions uk, 1 6 k 6 K, with an optimal accuracy in both the L2 and H1 norms with
respect to the involved polynomial degree regardless of the interface location and shape on
unfitted meshes, i.e.,

‖ukh − uk‖L2(Ω) + h|ukh − uk|H1(Ω) 6 Ch2. (4.10)

Here the PPIFE scheme (4.7)-(4.8) can be considered as a “complete one” in the sense that
it takes into account both the boundary conditions, including the Dirichlet and Neumann
conditions, and the situation that interface meets the boundary.

We now put the SPPIFE method described by (4.6)-(4.8) into a matrix form. This is also
important for deriving formulas of their material derivatives and the related computations
in practice. We assume that Sh(Ω) = Span{ϕi(X) | Xi ∈ Nh} in which ϕi(X) is the global
IFE basis function associated with the node Xi ∈ Nh. When the k-th (1 ≤ k ≤ K) interface
forward problem has a mixed boundary condition, we let NM

h = {Xi | Xi ∈ N̊h ∪ ∂ΩN}
such that we can denote the SPPIFE solution ukh(X) ∈ Sh(Ω) determined by (4.6)-(4.8) as
follows:

ukh(X) =

|NMh |∑
i=1

ukiϕi(X) +

|Nh|∑
i=|NMh |+1

gkD(Xi)ϕi(X), (4.11)

where, without loss of generality, we have assumed that nodes in NM
h are ordered first. Here

and from now on, the superscript M means that the boundary condition in the k-th interface
forward problem is of a mixed type.

To simplify the notations, we only use φp,T to denote local IFE shape functions without dis-
tinguishing interface or non-interface elements, i.e., on each element T , φp,T is the IFE shape

function associated with the p-th vertex Ap of T . Then, the stiffness matrix Ã = (ai,j)
|Nh|
i,j=1

associated with the bilinear form defined in (4.7) can be assembled from the following local
matrices on elements and edges of Th:

KT =

(∫
T

β∇φp,T · ∇φq,TdX
)
p,q∈I

, ∀T ∈ Th, (4.12a)

Er1r2
e =

(∫
e

β∇φp,T r1 · (φq,T r2nr2e )ds

)
p,q∈I

, ∀e ∈ E ih, (4.12b)

Gr1r2
e =

(
ρ0
e

|e|

∫
e

(φp,T r1n
r1
e ) · (φq,T r2nr2e )ds

)
p,q∈I

, ∀e ∈ E ih, (4.12c)
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where the index r1, r2 = 1, 2 and the edge e ∈ E̊ ih is shared by the two neighbor elements T 1

and T 2, but in the case e ∈ E ih ∩ ∂Ω, we let r1 = r2 = 0, and n0
e = ne is the outward normal

vector and T 0 = T is the element that contains e. In (4.12) and from now on, we use p, q to
represent the position of an entry in the related matrix or vector. Let

ÃM,k
b = (akb,i)

|Nh|
i=1 = Ã

[
0 gkD

]T
,

where 0 is the
∣∣NM

h

∣∣-dimensional zero vector and gkD = [gkD(X|NMh |+1), · · · , gkD(X|Nh|)]
T . Sim-

ilarly, the load vector F̃k = (fki )
|Nh|
i=1 associated with the linear form defined in (4.8) can be

assembled from the following vectors:

Fk
T =

(∫
T

fkφp,TdX

)
p∈I

, ∀T ∈ Th, (4.13a)

Bk
e =

(∫
e

βgkD∇φp,T · neds
)
p∈I

, Ck
e =

ρ0
e

|e|

(∫
e

βgkDφp,Tds

)
p∈I

, ∀e ∈ E ih ∩ ∂ΩD, (4.13b)

Nk
e =

(∫
e

gkNφp,Tds

)
p∈I

, ∀e ∈ E ih ∩ ∂ΩN . (4.13c)

Letting uM,k
h = [uk1, u

k
2, · · · , uk|NMh |]

T , we can see that the unknown vector uM,k
h of the SPPIFE

solution ukh(X) described by (4.11) is determined by the following linear system:

AM,kuM,k
h = FM,k, (4.14)

where AM,k = (ai,j)
|NMh |
i,j=1 , FM,k = (fki )

|NMh |
i=1 − (akb,i)

|NMh |
i=1 .

When the k-th (1 ≤ k ≤ K) interface forward problem has a Neumann boundary condition
such that ∂Ωk

N = ∂Ω, we know that
∣∣NM

h

∣∣ = |Nh|, ukh(X) given in (4.11) does not have

the second term and the related load vector F̃k = (fki )
|Nh|
i=1 is assembled by the local vectors

only in (4.13a) and (4.13c). Since the solution to the interface problem is not unique, as
a common practice, the normalization condition

∫
Ω
ukdX = uk0 is imposed such that the

SPPIFE solution ukh(X) described by (4.11) is determined by the following linear system:

AN,kuN,kh = FN,k, with AN,k =

[
Ã R
RT 0

]
,

{
uN,kh = [uk1, u

k
2, · · · , uk|Nh|, λ]T ,

FN,k = [fk1 , f
k
2 , · · · , fk|Nh|, u

k
0]T ,

(4.15)

where the superscript N refers to the pure Neuman boundary condition, λ is the Lagrange
multiplier, and R is the vector assembled with the following local vector constructed on each
element:

RT =

(∫
T

φp,TdX

)
p∈I

, ∀T ∈ Th. (4.16)

In summary, according to (4.14) and (4.15), the SPPIFE discretization for the K interface
forward problems described in (4.1) and (4.2) can be written in the following unified matrix
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form:

Akukh = Fk, (4.17)

with ukh =

{
uM,k
h

uN,kh

Ak =

{
AM,k

AN,k
Fk =

{
FM,k for a mixed boundary condition,

FN,k for a Neumann boundary condition.

We note that the matrices Aks in (4.17) are symmetric positive definite, and their size and
algebraic structure remain the same as the interface Γ(t,α), t ∈ [0, 1] evolves in an unfitted
mesh when the design variable α varies.

4.3 An IFE Method for Interface Inverse Problems

We now discuss the discretization of the shape optimization method for solving the inter-
face inverse problem (4.3) subject to the interface forward problems (4.1) and (4.2) by the
SPPIFE method on an unfitted mesh. By the discussion above, we note that the local ma-
trices (4.12a)-(4.12c), local vectors (4.13a)-(4.13c), and (4.16) are all influenced by the shape
variation. Hence, we write the matrix Ak and vector Fk in the SPPIFE equation (4.17) as

Ak = Ak(α), Fk = Fk(α), k = 1, 2, · · · , K,

which further imply the solution ukh to the IFE equation (4.17) depends on α and so we will
denote it as ukh(α) from now on. In addition, as an important feature in a shape optimization
problem, the spatial variables X should be considered to depend on the interface curve, i.e.,
they are functions of α. More details about this dependence will be given in Subsection
4.4.2. Therefore, the IFE solution ukh to the k-th (1 ≤ k ≤ K) interface forward problem in
the form of (4.11) depends on α through the IFE solution vector ukh(α), the spatial variable
X(α), and the IFE basis functions; hence, we can comprehend it as follows

ukh = ukh(α) = ukh(u
k
h(α), X(α),α)

=

|NMh |∑
i=1

uki (α)ϕi(X(α),α) +

|Nh|∑
i=|NMh |+1

gkD(Xi)ϕi(X(α),α),
(4.18)

where the second variable in ϕi(X(α),α) emphasizes the fact that α effects the IFE solu-
tion ukh through the coefficients ci, c0, and the function L(X) in the IFE shape functions
described by the formulas (1.18a)-(1.20b). More details of this dependence will be discussed
in Subsection 4.4.3.

The IFE solutions ukh(X) ≈ uk(X), 1 ≤ k ≤ K, spatial-design-variable mapping X =
X(α), and the interface parameterization Γ(·,α) together naturally suggest the following
discretization of the integrand in the objective functional defined by (4.4):

J(u1(α), u2(α), · · · , uK(α);X,Γ(·,α))

≈J(u1
h(α), u2

h(α), · · · , uKh (α);X(α),Γ(·,α)).
(4.19)
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Following the explanations similar to those in the previous paragraph, the design variable
α can influence the approximated integrand J(u1

h(α), u2
h(α), · · · , uKh (α);X(α),Γ(·,α)) not

only through ukh(α), 1 ≤ k ≤ K, X(α), but also through the coefficients of IFE shape
functions (1.17) represented by the last variable α in the following notation for the discretized
integrand Jh:

Jh(u
1
h(α),u2

h(α), · · · ,uKh (α), X(α),α)

:= J(u1
h(α), u2

h(α), · · · , uKh (α);X(α),Γ(·,α)).
(4.20)

The discretized integrand defined in (4.20) can be then used to define a discretized objective
function:

Jh(u1
h(α),u2

h(α), · · · ,uKh (α),α) =

∫
Ω0

Jh(u
1
h(α),u2

h(α), · · · ,uKh (α), X(α),α)dX. (4.21)

In many applications such as those to be presented in Section 4.6, the approximation opti-
mality of the IFE solution ukh(X), 1 ≤ k ≤ K [85, 148] implies that the discretized objective
function Jh in this IFE method is also an optimal approximation to the exact objective
functional given by (4.4) regardless of the interface location in the unfitted mesh.

Therefore, we propose an IFE method on an unfitted mesh of Ω for solving the interface
inverse problem formulated as a shape optimization with (4.1)-(4.4) by carrying out a con-
strained multi-variable optimization as follows: find the design variable α∗ such that

α∗ = argmin Jh(α), Jh(α) = Jh(u1
h(α),u2

h(α), · · · ,uKh (α),α)

subject to Ak(α)ukh(α)− Fk(α) = 0, k = 1, 2, · · · , K.
(4.22)

The proposed method follows the idea of discrete derivatives [194], i.e., we first discretize
the whole system and then calculate the gradient of the discretized objective function with
respect to the vector α for optimization. This methodology has been used in many shape
optimization applications, see [160, 175, 194] and references therein.

It is well known that many inverse problems discussed in the literature are ill-conditioned.
By choosing a reasonably small number of control points, the proposed IFE-based shape
optimization algorithm actually searches for the target interface curve in a small space on
a unfitted mesh. This means that the parameterization Γ(α) in the optimization problem
(4.22) can be interpreted as a “hidden” regularization for the inverse problem. Indeed, the
numerical experiments presented in Section 4.6 show that the reconstructions produced by
the proposed IFE-based shape optimization algorithm are quite satisfactory without addi-
tional regularization such as the geometric regularization [117], total variation regularization
[53], and Tikhonov regularization [120]. We will further discuss this in more details in Section
4.7.
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4.4 Sensitivity Analysis

In this section, we discuss the sensitivity analysis of the shape functional (4.21) and its
computations. Due to the discussion in Section 4.3, there are two critical components in
this sensitivity computation: the derivatives of spatial variables and IFE shape functions
with respect to the design variables, referred as velocity field and shape derivatives of IFE
functions, respectively. In the following discussions, we use the operator Dαj to denote the
total derivative operator with respect to the j-th design variable αj, j ∈ D, and Dα is the
corresponding gradient operator. Also, we will use ∂

∂αj
and ∂

∂α
to denote the standard partial

differential operators and the gradient operator with respect to αj and α, respectively.

4.4.1 Velocity at Intersection Points

By (1.17), an IFE function on an interface element depends on the interface-mesh intersection
points D and E, see the illustration in Figure 4.2. Obviously, the points D and E change
their locations when the interface Γ(α) evolves due to the change in the design variables
α = (αi)i∈D. Hence, the objective function in the IFE method for solving the interface
inverse problem essentially depends on how the interface-mesh intersection points D and
E change when the design variable α of the parametrization of the interface Γ varies, so
that the derivatives of D and E with respect to α are critical ingredients for the sensitivity
analysis of the proposed IFE method, and this motivates us to derive their formulas in this
subsection. According to [175], these derivatives are the velocity defined at those intersection
points, and we will further use these point-wise velocity to construct the velocity field on
the whole domain.

Figure 4.2: Movement of interface-mesh intersection points

To be precise, we let Γ(t,α) = (x(t,α), y(t,α)), t ∈ [0, 1] be a certain parametrization
of the interface curve and let T = 4A1A2A3 ∈ Th be an interface element such that Ai =
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(xi, yi)
T , i = 1, 2, 3, as shown in Figure 4.2. Assume that Γ(t,α) intersects with the edges of T

at points D = (xD, yD) and E = (xE, yE) corresponding to certain parameters t̂D, t̂E ∈ [0, 1].
Obviously, these two interface-mesh intersection points and their corresponding parameters
t̂D and t̂E all vary with respect to the design variable α; hence, we can express them as
functions of α as follows:

D = D(α) = (xD, yD) = (x(t̂D), y(t̂D)) = (x(t̂D(α),α), y(t̂D(α),α)),

E = E(α) = (xE, yE) = (x(t̂E), y(t̂E)) = (x(t̂E(α),α), y(t̂E(α),α)).

Without loss of generality, we let the interface-mesh intersection points be D ∈ A1A2 and
E ∈ A1A3 as illustrated in Figure 4.2. Then the following two lemmas establishes explicit
formulas for computing the total derivatives of interface-mesh intersection points with respect
to α.

Lemma 4.1. Assume Γ(t,α) is not tangent to A1A2 at D. Then the function D =
D(t̂D(α),α) is differentiable and its velocity defined as the total derivatives DαjD with re-
spect to αj, j ∈ D is determined by the following linear system:

MD(t̂D) DαjD = bD,j(t̂D), ∀ j ∈ D, (4.23)

where

MD(t̂D) =

[
y2 − y1 −(x2 − x1)
∂y
∂t

(t̂D) −∂x
∂t

(t̂D)

]
and bD,j(t̂D) =

[
0

∂y
∂t

(t̂D) ∂x
∂αj

(t̂D)− ∂x
∂t

(t̂D) ∂y
∂αj

(t̂D)

]
.

Proof. First, differentiating xD = x(t̂D(α),α) and yD = y(t̂D(α),α) with respect to αj, we
have

DαjxD =
∂x

∂t

∂t̂D
∂αj

+
∂x

∂αj
, DαjyD =

∂y

∂t

∂t̂D
∂αj

+
∂y

∂αj
,

which leads to
∂y

∂t
DαjxD −

∂x

∂t
DαjyD =

∂y

∂t

∂x

∂αj
− ∂x

∂t

∂y

∂αj
. (4.24)

On the other hand, since D is on the edge A1A2, we have the equation

(y2 − y1)xD − (x2 − x1)yD = x2y1 − x1y2. (4.25)

Differentiating (4.25) with respect to αj yields

(y2 − y1)DαjxD − (x2 − x1)DαjyD = 0. (4.26)

Combining (4.26) and (4.24) yields the linear system for DαjD in (4.23). Let ne be the
normal vector to the edge A1A2. Then we have

det(MD(t̂D) = ne · ∇Γ(t̂D(α),α)

which is non-zero by the assumption that A1A2 is not tangent to Γ(t,α) at D.
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Note that formulas (4.23) allow us to compute DαjD without using ∂t̂D
∂αj

which is cumber-

some to compute because the dependence of t̂D on α involves the inverse function of the
parametrization Γ(t,α) for the interface. By similar ideas, we can derive the formula for the
point E.

Lemma 4.2. Assume Γ(t,α) is not tangent to A1A3 at E. Then the function E = E(t̂E(α),α)
is differentiable and its velocity defined as the total derivatives DαjE with respect to αj, j ∈ D
is determined by the following linear system:

ME(t̂E) DαjE = bE,j(t̂E), ∀ j ∈ D, (4.27)

where

ME(t̂E) =

[
y2 − y1 −(x2 − x1)
∂y
∂t

(t̂E) −∂x
∂t

(t̂E)

]
and bE,j(t̂E) =

[
0

∂y
∂t

(t̂E) ∂x
∂αj

(t̂E)− ∂x
∂t

(t̂E) ∂y
∂αj

(t̂E)

]
.

Also, the formulas for the derivatives of interface-mesh intersection points with respect to the
design variables α are valid for general parametrization Γ(t,α) in which ∂x/∂t and ∂y/∂t
can be calculated directly because they are the standard partial derivatives with respect to
the parameter t. But ∂x/∂αj and ∂y/∂αj depend on the specific parameterization, and we
herein use a cubic spline as an example to explain how to calculate them. Let x = x(t, cx)
and y = y(t, cy) be the cubic splines interpolating the vectors αx and αy, respectively, at
the sampling points with cx and cy being the coefficients of the involved cubic polynomials.
As usual, αx and αy are the x and y coordinates of the control points for this cubic spline
parameterization. According to [70], the vectors cx and cy are determined by two linear
systems

Wxcx = rx(αx), Wycy = ry(αy) (4.28)

where the matrices Wx and Wy are independent of the design variable α = (αx,αy)
T .

Differentiating (4.28) with respect to αj leads to

Wx
∂cx
∂αj

=
∂rx(αx)

αj
, if 1 ≤ j ≤ dim(αx), (4.29a)

Wy
∂cy
∂αj

=
∂ry(αy)

∂αj
, if dim(αx) + 1 ≤ j ≤ dim(αx) + dim(αy), (4.29b)

from which we can solve for ∂cx
∂αj

and ∂cy
∂αj

to obtain

∂x/∂αj = x(t,
∂cx
∂αj

), ∂y/∂αj = y(t,
∂cy
∂αj

). (4.30)

Remark 4.1. We can directly verify DαjD ·ne = neM
−1
D bD,j = 0 which means that DαjD is

in the same direction as the edge A1A2 for any αj, j ∈ D. In a certain sense, this property
follows from the geometry that the intersection point D can only move along the edge A1A2.
The intersection point E has a similar property.
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4.4.2 A Velocity Field for Sensitivity Computations

As discussed at the beginning of Section 4.3, in shape optimization, the two sub-domains Ω−

and Ω+ separated from each other by the interface Γ = Γ(t,α), t ∈ [0, 1] change their shapes
when the parametric interface moves because of a variation in the design variable α. Hence,
Ω− and Ω+ can be considered as functions of α. Consequently, since Ω− ∪ Ω+ = Ω\Γ, we
can consider the spatial variable X ∈ Ω as a mapping from the design variables α to Ω, i.e.,
X = X(α), and its derivative DαX is the so called velocity field [175], a key ingredient in
the sensitivity analysis in shape optimizations. Therefore, in this subsection, we employ the
results in Subsection 4.4.1 to develop and analyze a velocity field for the proposed IFE-based
shape optimization method to solve the interface inverse problems.

Since the IFE method proposed in (4.22) is based on an unfitted mesh, the design variable
α for the parameterized interface Γ(t,α), t ∈ [0, 1] will influence the IFE basis functions
on interface elements only. Alternatively speaking, all the points located in non-interface
elements can be considered as constant functions of the design variable α. Therefore, on
such an unfitted mesh used by the proposed IFE method, the velocity field vanishes on all
non-interface elements because DαX = 0, and this suggests we need to discuss the velocity
field only on interface elements.

As before, we consider a typical interface element T = 4A1A2A3. Without loss of generality,
we consider the case that the parameterized interface Γ(t,α) = (x(t,α), y(t,α)), t ∈ [0, 1]
intersects with T at D(α) ∈ A1A2 and E(α) ∈ A1A3, see the illustration in Figure 4.3, but
neither D nor E coincides with vertices of T . All results derived from now on are readily
extended to the case in which one of the interface-mesh intersection points D and E is a
vertex of T . A core idea is to find a function relating every point X in this interface element
T to the design variable α. For this purpose, following the ideas in [184], we partition T
into three sub-elements as follows: T1 = 4A1DE, T2 = 4A2ED, T3 = 4A3EA2, see the
illustration in Figure 4.3.

Figure 4.3: Mapping each sub-element to the reference triangle

Let B̂T = 4B̂1B̂2B̂3 be the usual reference element with vertices B̂1 = (0, 0)T , B̂2 =
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(1, 0)T , B̂1 = (0, 1)T . Then, the standard affine mappings from the reference element B̂T =
4B̂1B̂2B̂3 to Tm,m = 1, 2, 3 provide a relation between the points in T and the design
variable α as follows:

X(α) = Fm(α, ξ, η) = Jm(α)

(
ξ
η

)
+ Am, for X ∈ Tm ⊂ T, m = 1, 2, 3, (4.31)

where the matrix Jm(α) is the Jacobian matrix of Fm such that

J1(α) = (D(α)− A1, E(α)− A1) ,

J2(α) = (E(α)− A2, D(α)− A2) ,

J3(α) = (E(α)− A3, A2 − A3) .

(4.32)

By Lemma 4.1 and Lemma 4.2, these Jacobian matrices are differentiable with respect to α
such that ∀j ∈ D we have

DαjJ1(α) =
(
DαjD,DαjE

)
,

DαjJ2(α) =
(
DαjE,DαjD

)
,

DαjJ3(α) =
(
DαjE,0

)
.

(4.33)

Therefore, for every X ∈ T , the function X(α) given in (4.31) is a piecewise differentiable
function such that its total derivative with respect to the j-th design variable is

DαjX(α) = (DαjJm(α))

(
ξ
η

)
= (DαjJm(α))J−1

m (α)(X(α)− Am) for X(α) ∈ Tm, m = 1, 2, 3.

(4.34)

Hence, using the formula for X ∈ T in terms of α given in (4.31), we can define a piecewise
velocity field Vj with respect to the j-th design variable αj, j ∈ D as follows:

Vj(X) = DαjX(α)

=

{
Vj
T (X) = 0, if T /∈ T ih ,

Vj
T (X) = (DαjJm(α))J−1

m (α)(X(α)− Am), if T ∈ T ih , X ∈ Tm,m = 1, 2, 3.
(4.35)

We now discuss some properties of the velocity field developed above.

Theorem 4.1. For any j ∈ D, the velocity Vj(X) defined in (4.35) has the properties:

P1: on each interface element T = 4A1A2A3 ∈ T ih , there hold

Vj
T |AmD =

‖X − Am‖
‖D − Am‖

DαjD, m = 1, 2, (4.36a)
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Vj
T |AmE =

‖X − Am‖
‖E − Am‖

DαjE, m = 1, 2, 3, (4.36b)

Vj
T |DE =

‖X − E‖
‖D − E‖

DαjD +
‖X −D‖
‖D − E‖

DαjE, Vj
T |A2A3 = 0, (4.36c)

div(Vj
T |Tm) = tr

(
(DαjJm)J−1

m

)
, m = 1, 2, 3; (4.36d)

P2: Vj ∈ H1(Ω) and supp(Vj) ⊆
⋃
T∈T ih

T ;

P3: when restricted on each interface edge e, Vj(X) is in the same direction as the edge e.

Proof. Identities in (4.36a)-(4.36c) can be verified by direct calculations, and to avoid redun-
dancy, we only provide a proof for the first identity in (4.36c), and the proofs for the other
follow similarly. Without loss of generality, we let T have the configuration shown in the
right plot in Figure 4.3. Since Vj

T is a piecewise function, we need to prove Vj
T |Tm ,m = 1, 2

are the same when they are restricted on DE. We consider Vj
T |T1 first. For any X ∈ DE,

we note that

X − A1 =
‖X − E‖
‖D − E‖

(D − A1) +
‖X −D‖
‖D − E‖

(E − A1)

and J−1
1 (D−A1) = (1, 0)T , J−1

1 (E−A1) = (0, 1)T . Hence, by (4.35) and (4.33), for X ∈ DE,
we have

Vj
T |T1(X) =(DαjJ1)J−1

1 (X − A1)

=
‖X − E‖
‖D − E‖

(DαjJ1)(1, 0)T +
‖X −D‖
‖D − E‖

(DαjJ1)(0, 1)T

=
‖X − E‖
‖D − E‖

DαjD +
‖X −D‖
‖D − E‖

DαjE.

Similar arguments show that Vj
T |T2(X) satisfies the same identity; hence, the first identity

in (4.36c) is proved.

As for P2, it is to see the velocity field vanishes on all the non-interface elements. Besides,
we consider an arbitrary interface edge e shared by two interface elements T1 and T2. By
(4.36a), (4.36b) and (4.23), we can see that, for every αj, j ∈ D, the velocity field Vj

T1
and

Vj
T2

have the same formula on e. Thus, the velocity field defined by (4.35) are continuous
across the interface edges. Similarly, (4.36b) and the first identity in (4.36c) indicates that
the velocity field are also continuous across the internal sides DE and A2E. Also, by its
definition and the second identity in (4.36c), the velocity field Vj(X) is continuous across
every non-interface edge. Furthermore, by (4.35), the velocity field Vj(X), j ∈ D is a
piecewise polynomial. Thus, we have that Vj(X) is a continuous piecewise C1 function;
therefore, Vj(X) ∈ H1(Ω).

P3 follows from Remark 4.1 together with (4.36a) and (4.36b).
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Remark 4.2. According to P3, since a velocity field describes the movement of the spatial
variables X, this means that every points on interface edges can only move along the edge.

We note that there are other ways to express a point X in an interface element T as a function
of the design variable α and they can lead to different velocity fields. The advantage of the
proposed formula (4.31) for X is that its derivatives can be calculated by the explicit formulas
given in (4.35) instead of any approximation techniques. Furthermore, P2 in Theorem 4.1
shows that the velocity field and other related quantities can be computed efficiently since
the support of this velocity field is inside the union of interface elements whose number is
proportional only to O(h−1) while the number of all elements in the mesh is in the order of
O(h−2).

4.4.3 Shape Derivatives of IFE Shape Functions

In the proposed shape optimization problem (4.22), the IFE basis functions ϕi, 1 ≤ i ≤ |Nh|
on the chosen unfitted mesh are directly employed in the objective function Jh according
to (4.18)-(4.21). By their construction described in (1.17)-(1.20b), the IFE basis functions
change when the interface Γ(t,α), t ∈ [0, 1] moves because of the variations in the design
variable α. Hence, the gradient of the objective function Jh in this IFE method inevitably
involves the derivatives of the IFE basis functions with respect to α. By definition, each
IFE basis function is a piecewise polynomial that is a linear combination of the IFE shape
functions on each element according to (1.22) or (1.13) depending on whether the element
is an interface element or not. Consequently, the derivative of an IFE basis function ϕi
with respect to α is zero on each non-interface element where all the shape functions are
independent of α, and our focus in this subsection will be the derivative of IFE shape
functions with respect to α on interface elements.

Consider a typical interface element T = 4A1A2A3 configured as in Figure 4.2. By (1.17)
and the discussions in Section 4.3, we can express an IFE shape function φT (X) on T as
φT (X) = φT (X(α),α) to emphasize that the design variable α influences the value of φT
not only through the spatial variable X which is a function of α according to (4.31), but
also directly through its coefficients c0, c, and the coefficients of L(X). However, the rate of
change for an IFE shape function φT with respect to α through X(α) is readily known by
the simple chain rule for differentiation because the velocity field Vj(X) = DαjX, j ∈ D,
can be computed by the formula prepared in Subsection 4.4.2. Therefore, we only need to
discuss the rate of change for an IFE shape function φT with respect to αj, j ∈ D not through
X(α), and this rate of change is referred as the shape derivative in the shape optimization
literature [97]. We note that [160, 208] presented similar approaches to calculate the shape
derivative for special finite element shape functions.

First, we recall that l is the line connecting the intersection points of the interface and
element boundary, i.e., D = (xD, yD) and E = (xE, yE), as shown in Figure 4.2. Then, the
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normal vector and the tangential vector for the line l are

n̄ =
1

||D − E||
(yD − yE,−(xD − xE))T , t̄ =

1

‖D − E‖
(xD − xE, yD − yE)T ,

and the equation for the line l is L(X) = 0 with L(X) = n̄·(X−D). Both L(X) and n̄ depend
on the design variableα because of their dependence on the interface-mesh intersection points
D = (xD, yD)T and E = (xE, yE)T that are functions of α. By direct calculations, we have

∂L

∂D
= −(X −D)T t̄n̄T

‖D − E‖
− n̄T ,

∂L

∂E
=

(X −D)T t̄n̄T

‖D − E‖
,

∂n̄

∂D
=
−t̄n̄T

‖D − E‖
,

∂n̄

∂E
=

t̄n̄T

‖D − E‖
,

(4.37)

where
∂L

∂D
= (

∂L

∂xD
,
∂L

∂yD
),

∂L

∂E
= (

∂L

∂xE
,
∂L

∂yE
)

are 1-by-2 matrices, and

∂n̄

∂D
= (

∂n̄

∂xD
,
∂n̄

∂yD
),

∂n̄

∂E
= (

∂n̄

∂xE
,
∂n̄

∂yE
)

are 2-by-2 matrices. Then, by the chain rule, we can use (4.37) to calculate ∂L(X,α)
∂αj

and ∂n̄
∂αj

as follows:

∂L(X,α)

∂αj
=
∂L

∂D
DαjD +

∂L

∂E
DαjE,

∂n̄

∂αj
=
∂n̄

∂D
DαjD +

∂n̄

∂E
DαjE, (4.38)

in which DαjD and DαjE are given by formulas in Lemma 4.1 and Lemma 4.2.

Remark 4.3. According to (4.38), we note that the shape derivatives of L and n̄ are de-
composed into two components: their derivatives with respect to interface-mesh intersection
points D and E, and the total derivatives of D and E with respect to the design variables.
The derivatives of L and n̄ with respect to interface-mesh intersection points D and E given
in (4.37) are independent of the parametrization of the interface.

As discussed in Section 4.2, in the construction of IFE shape functions (1.17)-(1.20b), we
let F be on the line l and n(F ) = n̄, i.e., the normal vector to l, and let the IFE functions
formed by piecewise polynomials partitioned by l. So, based on Lemmas 4.1 and 4.2, on
every interface element T ∈ T ih , we have the following explicit formulas for the derivatives
of the coefficients (1.18a)-(1.20b) with respect to α:

∂c0

∂αj
= µ

∑
p∈I−

(
∂cp
∂αj
∇ψp,T · n̄ + cp∇ψp,T ·

∂n̄

∂αj

)
+
∑
q∈I+

vq∇ψq,T ·
∂n̄

∂αj

 , (4.39a)
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∂γ

∂αj
=

(
∇ψp,T ·

∂n̄

∂αj

)
p∈I−

,
∂δ

∂αj
=

(
∂L(Ap)

∂αj

)
p∈I−

, (4.39b)

∂b

∂αj
=

−µ∂L(Ap)

∂αj

∑
q∈I+
∇ψq,T · n̄ vq − µL(Ap)

∑
q∈I+
∇ψq,T ·

∂n̄

∂αj
vq


p∈I−

. (4.39c)

Furthermore, by (1.20a), we can compute ∂c
∂αj

, j ∈ D with (4.39b) and (4.39c) as follows:

∂c

∂αj
=

∂b

∂αj
−µ

[(
∂γ
∂αj

)T
bδ + γT ∂b

∂αj
δ + γTb ∂δ

∂αj

]
(1 + µγTδ)− µγTbδ

[(
∂γ
∂αj

)T
δ + γT ∂δ

∂αj

]
(1 + µγTδ)2

.

(4.40)
Finally, we use (4.38), (4.39a), and (4.40) to obtain the following formula for the shape
derivatives of an IFE shape function defined by (1.17): for every j ∈ D,

∂φT (X,α)

∂αj
=


∂φ−T (X,α)

∂αj
=

∂φ+T (X,α)

∂αj
+ ∂c0

∂αj
L(X,α) + c0

L(X,α)
∂αj

if X ∈ T̂−,

∂φ+T (X,α)

∂αj
=
∑

p∈I−
∂cp
∂αj

ψp,T (X) if X ∈ T̂+,

(4.41)

where T̂− and T̂+ are subelements of T partitioned by the line l.

4.4.4 The gradient of the Discretized Objective Function

The gradient of the objective function Jh is necessary for the implementation of the pro-
posed IFE method with a common minimization algorithm based on a decent direction or
trust region. We now put all the preparations in the previous subsections into a procedure
for accurately and efficiently computing the gradient of the objective function Jh within the
IFE framework, i.e., the total derivatives of Jh with respect to αj, j ∈ D. And these total
derivatives involve both the velocity field and shape derivatives discussed in the previous
subsections, which are referred as the material derivatives of Jh in shape optimization lit-
erature [184]. As we can see later in this subsection, the material derivative of Jh depends
on its counterparts for the matrix Ak(X(α),α) and the vector Fk(X(α),α). Therefore, we
start from the formulas for the material derivatives with respect to αj, j ∈ D of the local
matrices and local vectors which are used to construct Ak(X(α),α) and Fk(X(α),α), and
the results are presented in the two theorems below.

Theorem 4.2. On each interface element T ∈ T ih and each interface edge e ∈ E ih with
the intersection point D, we have the following formulas for the material derivatives of
KT ,E

r1,r2
e ,Gr1,r2

e and RT with respect to αj, j ∈ D:

DαjKT =

(∫
T

β∇∂φp,T
∂αj

· ∇φq,TdX
)
p,q∈I

+

(∫
T

β∇∂φp,T
∂αj

· ∇φq,TdX
)T
p,q∈I
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+

(
3∑

m=1

∫
Tm

β∇φp,T · ∇φq,T dX tr
(
(DαjJm)J−1

m

))
p,q∈I

, (4.42a)

DαjE
r1r2
e =

(∫
e

β∇∂φp,T
r1

∂αj
· (φq,T r2nr2e )ds

)
p,q∈I

+

(∫
e

β∇φp,T r1 · (
∂φq,T r2

∂αj
nr2e )ds

)
p,q∈I

+

(
β−∇φ−p,T r1 · (φ

−
q,T r2n

r2
e )|D − β+∇φ+

p,T r1 · (φ
+
q,T r2n

r2
e )|D

)
p,q∈I

DαjD · (A2 − A1)

‖A2 − A1‖
,

(4.42b)

DαjG
r1r2
e =

ρ0
e

|e|

(∫
e

(
∂φp,T r1

∂αj
nr1e ) · (φq,T r2nr2e )ds+

∫
e

(φp,T r1n
r1
e ) · (∂φq,T

r2

∂αj
nr2e )ds

)
p,q∈I

,

(4.42c)

DαjRT =

(∫
T

∂φp,T
∂αj

dX +

∫
T

∇φp,T ·VjdX

)
p∈I

+

(
3∑

m=1

∫
Tm

φp,T dX tr
(
(DαjJm)J−1

m

))
p∈I

, (4.42d)

where
∂φp,T
∂αj

and
∂φq,T
∂αj

are the shape derivatives of the IFE shape functions given by the

formula (4.41) for each T ∈ T ih .

Proof. For each T ∈ T ih , according to the material derivative formula given in Lemma 3.3 of
[97], we have

DαjKT =

(
Dαj

∫
T

β∇φp,T · ∇φq,TdX
)
p,q∈I

=

(∫
T

β∇ ∂

∂αj
φp,T · ∇φq,TdX +

∫
T

β∇φp,T · ∇
∂

∂αj
φq,TdX

)
p,q∈I

+

(∫
T

∂

∂X
(β∇φp,T · ∇φq,T ) ·Vj

TdX

)
p,q∈I

+

(∫
T

β∇φp,T · ∇φq,T div(Vj
T ) dX

)
p,q∈I

,

(4.43)

where
∂φp,T
∂αj

, p ∈ I are the shape derivatives of the IFE shape functions with respect to αj
given by the formula in (4.41). Since ∇φp,T · ∇φq,T are constants for any p, q ∈ I, we have
∂
∂X

(β∇φp,T · ∇φq,T ) = 0; hence, (4.42a) follows from (4.43) together with (4.36d). And the
formula (4.42d) for the material derivatives of RT can be derived similarly.

For the material derivatives of Er1r2
e , let e = A1A2 be an interface edge with the intersection

point D of an interface element T , as configured in Figure 4.2, without loss of generality.
According to Remark 4.2, the geometry change restricted on interface edges can be viewed
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as the 1-D shape change with the two ending points fixed. Hence, applying the material
derivative formula given in Lemma 3.3 of [97] to Er1r2

e given in (4.12b), we have

D∂jE
r1r2
e = Dαj

(∫
e

β∇φp,T r1 · (φq,T r2nr2e )ds

)
p,q∈I

=

(∫
e

∂

∂αj
(β∇φp,T r1 · (φq,T r2nr2e )) ds

)
p,q∈I

(4.44)

+

(
β−∇φ−p,T r1 · (φ

−
q,T r2n

r2
e )|DVj

T (D) · te

)
p,q∈I

−

(
β+∇φ+

p,T r1 · (φ
+
q,T r2n

r2
e )|DVj

T (D) · te

)
p,q∈I

(4.45)

−

(
β∇φp,T r1 · (φq,T r2nr2e )|A1V

j
T (A1) · te

)
p,q∈I

+

(
β∇φp,T r1 · (φq,T r2nr2e )|A2V

j
T (A2) · te

)
p,q∈I

, (4.46)

where te is the unit direction vector from A1 to A2. Then, (4.42b) follows from applying
(4.36a) and the fact Vj

T (A1) = Vj
T (A2) = 0 to (4.46). The formula (4.42c) for the material

derivative of Gr1,r2
e can be derived similarly.

Theorem 4.3. On each interface element T ∈ T ih and each interface edge e ∈ E ih with the
intersection point D, we have the following formulas for the total derivatives of FT ,Be,Ce

and Ne with respect to αj, j ∈ D:

DαjF
k
T =

(∫
T

fk
∂φp,T
∂αj

dX

)
p∈I

+

(∫
T

∇(fkφp,T ) ·Vj
TdX

)
p∈I

+

(
3∑

m=1

∫
Tm

fkφp,T dX tr
(
(DαjJm)J−1

m

))
p∈I

, (4.47a)

D∂jB
k
e =

(∫
e

βgkD∇
∂φp,T
∂αj

· neds
)
p∈I

+

(
β−gkD∇φ−p,T · ne|D − β

+gkD∇φ+
p,T · ne|D

)
p∈I

DαjD · (A2 − A1)

‖A2 − A1‖
, (4.47b)

D∂jC
k
e =

ρ0
e

|e|

(∫
e

βgkD
∂φp,T
∂αj

ds

)
p∈I

+
ρ0
e

|e|

(
β−gkDφ

−
p,T |D − β

+gkDφ
+
p,T |D

)
p∈I

DαjD · (A2 − A1)

‖A2 − A1‖
,

(4.47c)

116



D∂jN
k
e =

(∫
e

gkN
∂φp,T
∂αj

ds

)
p∈I

+

(
gkNφ

−
p,T |D − g

k
Nφ

+
p,T |D

)
p∈I

DαjD · (A2 − A1)

‖A2 − A1‖
, (4.47d)

where
∂φp,T
∂αj

are the shape derivatives of IFE shape functions given by the formula (4.41) for

each T ∈ T ih

Proof. The proof follows from applying arguments similar to those for Theorem 4.2 to the
local vectors defined in (4.13a)-(4.13c).

Now, by Lemma 3.3 in [97] again, we have the following standard formula of the objective
functional for the material derivative associated to the j-th design variable αj:

DαjJh =

∫
Ω0

DαjJhdX +

∫
Ω0

Jh div
(
Vj
)
dX

=
K∑
k=1

(∫
Ω0

(
∂Jh
∂ukh

)
·Dαju

k
hdX

)
+

∫
Ω0

(
∂Jh
∂X

)T
VjdX +

∫
Ω0

∂Jh
∂αj

dX +

∫
Ω0

Jh div
(
Vj
)
dX

=
K∑
k=1

(
∂Jh
∂ukh
·Dαju

k
h

)
+

∫
Ω0

∂Jh
∂αj

dX +

∫
Ω0

∇Jh ·VjdX +

∫
Ω0

Jh div
(
Vj
)
dX

(4.48)

in which we have used the fact that

∂Jh
∂ukh

=

∫
Ω0

∂Jh
∂ukh

dX. (4.49)

The terms ∂Jh
∂αj

are derivatives of Jh with respect to its last variable α specified in the generic

formula (4.20), not through other variables ukh(α)s and X(α) of Jh , and the computations
for ∂Jh

∂αj
essentially rely on the shape derivatives of IFE shape functions given in (4.41), a

typical example to further explain this is given by (4.56) in the next section. Furthermore,
as demonstrated by examples presented in the next section, in this fundamental formula for
DαjJh, the terms ∂Jh

∂ukh
,∇Jh, ∂Jh∂αj

, and Jh are problem dependent, but they are easy to calculate

for many applications by explicit formulas. Also, we note that Vj is given in (4.35) and

div (Vj) is given in (4.36d); hence, we proceed to derive the formula for
(
∂Jh
∂ukh

)
·Dαjuh, j ∈ D

which can be directly used in (4.48).

For Dαju
k
h, 1 ≤ k ≤ K, j ∈ D, by differentiating the IFE system in (4.17) with respect to

αj, we have

DαjA
k(X(α),α) ukh(α) + Ak(X(α),α) Dαju

k
h = DαjF

k(X(α),α),

which leads to the linear system for Dαju
k
h:

Ak(X(α),α) Dαju
k
h =

(
DαjF

k(X(α),α)−DαjA
k(X(α),α) ukh(α)

)
, 1 ≤ k ≤ K. (4.50)
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Then, by (4.50) and the standard process in the discretized adjoint method [73], we obtain

the following formula to compute
(
∂Jh
∂ukh

)
·Dαju

k
h efficiently (especially when |D| is large):(

∂Jh
∂ukh

)
·Dαju

k
h = Yk ·

(
DαjF

k(X(α),α)−DαjA
k(X(α),α) ukh(α)

)
, 1 ≤ k ≤ K,

(4.51)

where Yk is obtained by solving (
Ak
)T

Yk =
∂Jh
∂ukh

, (4.52)

and Ak is the matrix for the k-th IFE equation described in (4.17). We further note that the
formula (4.51) involves the material derivatives of the global stiffness matrix and load vector
with respect to αj, j ∈ D, i.e., DαjA

k(α) and DαjF
k(α) which can be assembled with the

material derivatives of the local matrices for Ak and the material derivatives of local vectors
for Fk according to the same standard assemblage procedure as that for assembling matrix
Ak and vector Fk. However, the assemblage for DαjA

k(α) and DαjF
k(α) only needs to

be performed over the interface elements/edges since the material derivatives of the local
matrices and local vectors all vanish on the non-interface elements/edges.

4.5 Implementation

For the implementation of the proposed IFE-based shape optimization method, we put the
discretization of forward/inverse problems and the sensitivity computation together into an
algorithm as follows.
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Algorithm The IFE-based Shape Optimization Algorithm

1: Generate an unfitted mesh and choose an initial design variable α.
2: Loop until convergence.
3: Prepare data:

a: use the design variables to generate the parametric curve Γ(α) as the numerical
interface;
b: find the interface-mesh intersection points, interface edges and interface elements.

4: Prepare matrices and vectors for the IFE systems and compute the objective function:
a: use (4.12) and (4.13) and the IFE spaces given in (1.13) and (1.22) to assemble
matrices and vectors Ak,Fk, 1 ≤ k ≤ K for the IFE systems (4.17);
b: compute the PPIFE solutions uk, 1 ≤ k ≤ K by (4.17) and the objective function
Jh(α) in (4.22).

5: Compute the shape sensitivities:
a: form the material derivatives of local matrices and vectors according to Theorems 4.2,
4.3, and use them to assemble the global matrices DαjA

k(α) and vectors DαjF
k(α);

b: compute ∂Jh
∂ukh
·Dαju

k
h for k = 1, · · · , K, according to (4.51);

c: compute the terms
∫

Ω0

∂Jh
∂αj

dX,
∫

Ω0
∇Jh ·VjdX and

∫
Ω0
Jhdiv(Vj)dX according to the

given shape functional;
d: compute the material derivatives of Jh(α) according to (4.48).

6: Use Jh(α) and its material derivatives to update the design variable α by a chosen
gradient-based optimization algorithm.

7: End loop

In this proposed IFE-based Shape Optimization Algorithm, we note that the mesh can be
fixed during the optimization process, and the only mesh information needed to be updated
are those interface-mesh intersection points and interface elements/edges. Consequently, the
sizes and algebraic structures of the global matrices Ak and vectors Fk in step 4 remain
the same on this fixed unfitted mesh, which is beneficial for implementation. Also, they
do not need to be completely re-assembled in each iteration, because only those global
basis functions whose supports overlap with the interface elements/edges in two consecutive
iterations are changed. As a result, their assemblage can be done very efficiently by just
updating those entries corresponding to the global basis functions whose supports overlap
with the interface elements/edges in the previous and the current iteration.

In step 5 above (computing the shape sensitivities), we emphasize that the velocity fields and
the shape derivatives of IFE shape functions are only needed on interface elements, which can
be implemented according to the analytical formulas (4.35) and (4.41). These two quantities
vanishing over all the non-interface elements make the whole procedure of shape sensitivity
computation remarkably efficient. Firstly, the integration for the terms

∫
Ω0
∇Jh ·VjdX and∫

Ω0
Jhdiv(Vj)dX in the material derivative of the objective functional (4.48) only needs to

be done on those interface elements intersecting with Ω0 because the involved integrands
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vanish on all the non-interface elements. Secondly, assembling the matrices DαjF
k(α) and

DαjA
k(α), i.e., the material derivatives of global matrices Ak and Fk, is also a very efficient

process since it is only performed over the interface elements/edges by the explicit formulas
given in Theorems 4.2 and 4.3. In summary, the computations of shape sensitivity in this
algorithm only need to be carried out over interface elements whose number is in the order
of O(h−1) versus the number of all elements in the order of O(h−2) in the mesh. In contrast,
preparing DαjF

k(α) and DαjA
k(α) is usually expensive within the Lagrange framework

where a global velocity field requires to carry out the assemblages over all elements in a
mesh [50], and DαjF

k(α) and DαjA
k(α) are usually prepared approximately in methods in

the Eullerian framework, see the related discussions in [64, 198, 208].

Finally, we note that the proposed IFE-based shape optimization algorithm is highly par-
allelizable because computing the velocity fields Vj (4.35), shape derivatives of IFE shape
functions ∂φT

∂αj
(4.41) and the material derivatives of stiffness matrices and vectors DαjA

k(α)

and DαjF
k(α), i.e., the material derivatives of objective functions (4.48) with respect to each

individual design variable αj, are independent with each other. Hence these computations
can be done very efficiently with an easy implementation on modern parallel computers.

Therefore, we believe these properties together with the optimal accuracy of PPIFE solutions
(4.10) and the resulted optimal accuracy of discretized objective functions, regardless of the
interface location, make the proposed IFE-based shape optimization algorithm advantageous
compared with those in the literature.

4.6 Some Applications

In this section, we demonstrate how the general IFE-based shape optimization method pro-
posed in the previous section can use an unfitted mesh to solve a spectrum of interface inverse
problems posed in the format of (4.1)-(4.4) by applying this method to, but not limited to,
three representative interface inverse/design problems: (1). an output-least-squares problem
[40, 43, 74]; (2). a Dirichlet-Neumann problem [27, 110, 179]; and (3). a heat dissipation
minimization problem [69, 135, 210]. The first problem uses the interior data available on
the whole or a portion of Ω to reconstruct/design the interface, the second one recovers the
interface from the data only available on ∂Ω, and the last one is an application for an op-
timal design of heat conduction fields. These examples also serve as hints/suggestions how
the proposed IFE method can be implemented efficiently.

All numerical examples to be presented are posed on the domain Ω = (−1, 1)×(−1, 1) with an
unfitted Cartesian mesh that is formed by partitioning Ω into congruent rectangles and then
partitioning each rectangle into two triangles along its diagonal line. The parameterized
interface Γ(α) in the shape optimization is expressed by a cubic spline. This choice of
parametrization for the interface Γ is based on the accuracy, versatility, and popularity of
the cubic spline, and we emphasize that the algorithm developed here can be readily extended
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to other parameterizations.

4.6.1 An Output-Least-Squares Problem

In this example, we consider an interface inverse/design problem associated to the interface
forward problem described by (4.1) and (4.2) with K = 1, in which we assume an observation
data (or a target function in an optimal design application) ū for the solution u1 to the
forward problem described by (4.1)-(4.2) with a pure Dirichlet boundary condition g1

D on
∂Ω is available on a sub-domain Ω0 ⊆ Ω, and we need to recover/design the location and
the shape of the interface from ū by solving an output-least-squares problem [43, 117], i.e.,
by optimizing the following shape functional

J (Γ) =

∫
Ω0

(u1 − ū)2dX. (4.53)

This problem arises from oil/underwater reservoirs [67, 205] and optimal designing of cooling
elements in battery systems [168]. Applying the IFE method proposed in (4.22) to the inverse
problem formulated in (4.53) suggests to seek the design variable α∗ by solving the following
constrained optimization problem:

α∗ = argmin Jh(α), Jh(α) =

∫
Ω0

Jh(u
1
h(α), X(α),α)dX,

subject to A1(α)u1
h(α)− F1(α) = 0,

(4.54)

where, expressing the IFE solution u1
h(α) = u1

h(u
1
h(α), X(α),α) in the format given in

(4.18), we have

Jh(u
1
h(α), X(α),α) =

(
J̃h(u

1
h(α), X(α),α)

)2
,

with J̃h(u
1
h(α), X(α),α) =

|N̊h|∑
i=1

u1
i (α)ϕi(X(α),α) +

|Nh|∑
i=|N̊h|+1

g1
D(Xi)ϕi(X(α),α)− ū.

(4.55)

It is easy to see that the discrete objective function Jh(α) has the optimal second order
accuracy to approximate the continuous objective functional J (Γ(α)) regardless of the in-
terface location and shape on an unfitted mesh. According to (4.55), the evaluation of
Jh(u

1
h(α), X(α),α) is straightforward and it is obvious that

∇Jh = 2J̃h(u
1
h(α), X(α),α)

·

|N̊h|∑
i=1

u1
i (α)∇ϕi(X(α),α) +

|Nh|∑
i=|N̊h|+1

g1
D(Xi)∇ϕi(X(α),α)−∇ū

 ,

∂Jh
∂αj

= 2J̃h(u
1
h(α), X(α),α)

|N̊h|∑
i=1

u1
i (α)

∂ϕi(X(α),α)

∂αj
+

|Nh|∑
i=|N̊h|+1

g1
D(Xi)

∂ϕi(X(α),α)

∂αj

 ,

(4.56)
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where ū is assumed to be optimization independent, ∇ϕi(X(α),α) is the standard gradient

with respect to X, and ∂ϕi(X(α),α)
∂αj

, j ∈ D are the shape derivatives of the global IFE basis

functions which are zero on all the non-interface elements or computed by (4.41) on interface
elements. Furthermore, a direct calculation leads to

Jh =

(
u1
h

g1
D

)T
M

(
u1
h

g1
D

)
− 2

(
u1
h

g1
D

)T
ū +

∫
Ω0

ū2dX, (4.57)

∂Jh
∂u1

h

= 2M0

(
u1
h

g1
D

)
− 2ū0, (4.58)

where M =

(∫
Ω0

φiφjdX

)|Nh|,|Nh|
i=1,j=1

∈ R|Nh|×|Nh|, ū =

(∫
Ω0

ūφidX

)|Nh|
i=1

∈ R|Nh|×1, (4.59)

and M0, ū0 are formed by the first |N̊h| rows of M and ū, respectively. Formulas above
confirm that the computations for ∂Jh

∂ukh
,∇Jh, ∂Jh∂αj

and Jh itself are problem dependent but

they are usually straightforward to calculate within the IFE framework. These preparations
can then be utilized in the proposed IFE-based Shape Optimization Algorithm presented in
Subsection 4.4.4.

Cases β Interface S and initial guess Data ū

Case 1
β− = 1

β+ = 20

S = (x2 + y2)2(1 + 0.8 sin (6 arctan (y/x)))− 0.1

S0 = (x+ 0.6)2 + (y + 0.2)2 − (π/9)2

ū =S/βs in Ωs

s = ±

Case 2
β1 = 1 β2 = 10

β3 = 100

S = 4 sin(πx) cos(πy + π/2)− 2

S1
0 = 64x2 + 144(y + 0.5)2 − π2

S2
0 = 64x2 + 144(y − 0.5)2 − π2

ū =S/βi in Ωi

i = 1, 2, 3

Case 3
β− = 1

β+ = 10 or 1000

S = r − 1, where r = (16x2 + 64(y − 0.4)2)/π2

S0 = (x− 0.4)2 + (y − 0.2)2 − (π/6.28)2

ū =
1024

π4βs
(r

5
2 − 1)

+
1024

π4β− in Ωs0, s = ±.

Table 4.1: Configuration for the Output-Least-Squares Problem

We now present three specific cases for this interface inverse/design problem whose key data
are described in Table 4.1. In this table, S(x, y) = 0 is the target curve Γ to be recovered
that is plotted as a dotted curve (in red color) in the related figures. We use the BFGS
optimization algorithm [163] in step 6 of the IFE-based Shape Optimization Algorithm pre-
sented in Section 4.5, for which, S0(x, y) = 0 is the initial curve that is plotted as a solid
curve (in blue color) in the first plot of related figures as all other presented approximate
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curves in shape optimization by the BFGS iterations.

Case 1: The data ū(X) is given on the whole Ω, i.e., Ω0 = Ω. The numerical curve is
a parametric cubic spline with 20 control points, and the target curve has a star shape
representing a certain complexity in the convexity. Some approximate curves generated in
the BFGS iterations are presented in Figure 4.4 from which we can see a quick evolution
of the numerical curve towards to the target curve with a complicated geometry for this
inverse/design problem.

Initial interface Iteration 20 Iteration 40 Iteration 84

Figure 4.4: Reconstruction process for case 1 with interior data

Case 2: We demonstrate how the proposed algorithm can handle an interface inverse/design
problem whose target interface consists of multiple components. For this purpose and for
simplicity, we consider the case in which the interface Γ consists of two simple curves. We
denote the sub-domain inside the upper-left dotted curve (in red color) by Ω1, the sub-domain
inside the lower-right dotted curve (in red color) by Ω2, and denote the sub-domain outside
these two closed dotted curves by Ω3, see Figure 4.5, and the corresponding parameter is
given by βi, i = 1, 2, 3. Each numerical curve component is a parametric cubic spline with 15
control points and 30 control points in total. We notice that the numerical curve component
started from S1

0 converges to the exact curve component much faster than that started from
S2

0 . We believe the objective function is more sensitive to the design variables for the first
numerical curve component than the second because the jump β3/β1 is much larger than
β3/β2 in this example, and the gradient in the proposed algorithm seems to be capable to
capture this kind of subtle dependence of the objective function on the design variables.
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Initial interface Iteration 10 Iteration 60 Iteration 110

Figure 4.5: Reconstruction process for case 2 with interior data

Case 3: The data function ū is given on a proper sub-domain Ω0 = [−0.5, 1] × [0, 1] in
the upper-right of Ω illustrated in Figure 4.6. In Figure 4.6, we observe that the converged
numerical curve is a much better approximation to the target interface curve Γ inside Ω0

than outside, and we believe this is a reasonable consequence of the available data function
ū given only on Ω0. In addition, we also test this example with a larger jump case, i.e.,
β−=1, β+ = 1000. The numerical results are presented in Figure 4.7 which also shows a
better reconstruction.

Initial interface Iteration 10 Iteration 20 Iteration 80

Figure 4.6: Reconstruction process for case 3 with interior data and β− = 1, β+ = 10

Initial interface Iteration 10 Iteration 20 Iteration 80

Figure 4.7: Reconstruction process for case 3 with interior data and β− = 1, β+ = 1000
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4.6.2 The Dirichlet-Neumann Problem with a Single Measure-
ment

In this group of numerical examples, we apply the proposed IFE-based shape optimization
algorithm to the well-known and challenging Dirichlet-Neumann inverse problem in which we
try to recover the interface Γ from a single pair of Dirichlet-Neumann data, i.e., gD and gN ,
provided on the boundary for an interface forward problem of the elliptic equation described
by (4.1)-(4.2). This type of inverse problems has a wide range of applications in electronic
impedance tomography (EIT) [27, 110, 154] where one wishes to detect a material interface
by injecting the voltage potential gD on ∂Ω and measuring the current density gN on (or
a portion of) ∂Ω. When the charge source f = 0, it is referred as the Calderón’s inverse
conductivity problem [38] which is well-known ill-conditioned since only the data on the
boundary ∂Ω is available for the reconstruction of Γ.

This problem relates to the so called Dirichlet-to-Neumann operator Λβ : H
1
2 (∂Ω) →

H−
1
2 (∂Ω) with

Λβ : u|∂Ω →
∂u

∂n
|∂Ω, (4.60)

where u satisfies the elliptic equation with the coefficient β. In [127], Kohn and Vogelius
proved that the operator (4.60) can uniquely determine the piecewise analytical coefficients β.
Then the analyticity assumption was weakened by a series of articles [159, 189]. Recently,
the authors in [17] proved the uniqueness by only assuming βs ∈ L∞(Ωs), s = ± and
bounded away from zero and infinity. If β is assumed to be piecewise C2 functions and only
the coefficient β− of the inclusion Ω− is unknown, the uniqueness of Γ and β+ can be also
guaranteed from the operator (4.60) [115]. Besides, a more challenging problem is to recover
the interface and coefficients β as piecewise constants in general from only a single pair of
Dirichlet-Neumann measurement. However there are no complete solutions to the issue of
uniqueness in this case. When the coefficients β are known, the global uniqueness can only
be obtained for several classes of the inclusion Ω−, such as the convex cylinders, unions of
discs in [114], and convex polyhedrons in [24]. But if β− is also an unknown, even a two or
three dimensional ball may not be identified uniquely by one single measurement [125].

Here we consider the construction of the interface by a single pair of Dirichlet-Neumann
measurement and assuming β± are known. In particular, we formulate this inverse problem
as a shape optimization problem with a Kohn-Vogelius type functional [27, 128, 164]:

J (Γ) =

∫
Ω

(u1 − u2)2dX, (4.61)
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where u1 and u2 are the solutions of the following interface forward problems:
−∇ · (β∇u1) = f,

[u1]|Γ = 0,

[β∇u1 · n]|Γ = 0,

u1 = g1
D = gD, on ∂Ω,


−∇ · (β∇u2) = f,

[u2]|Γ = 0,

[β∇u2 · n]|Γ = 0,

u2 = g2
D = gD, on ∂ΩD,

∂u2

∂n
= g2

N , on ∂ΩN ,

and
∫

Ω
u2dx = u0 needs to be imposed when ∂ΩN = ∂Ω. With the IFE-based Shape Opti-

mization Algorithm, we solve this interface inverse problem by seeking the design variable
α∗ from the following constrained optimization problem:

α∗ = argmin Jh(α), Jh(α) =

∫
Ω0

Jh(u
1
h(α),u2

h(α), X(α),α)dX,

subject to Ak(α)ukh(α)− Fk(α) = 0, k = 1, 2,

(4.62)

where Jh(u
1
h(α),u2

h(α), X(α),α) =
(
J̃h(u

1
h(α),u2

h(α), X(α),α)
)2

with

J̃h(u
1
h(α),u2

h(α), X(α),α) (4.63)

=

|N̊h|∑
i=1

u1
iϕi(X(α),α) +

|Nh|∑
i=|N̊h|+1

g1
D(Xi)ϕi(X(α),α)

−
|NMh |∑
i=1

u2
iϕi(X(α),α)−

|Nh|∑
i=|NMh |+1

g2
D(Xi)ϕi(X(α),α).

Again, we note that the discrete objective function Jh(u1
h(α),u2

h(α),α) approximates the
objective functional J (Γ(α)) with an optimal second order independent of interface location
and shape, and this objective function can be evaluated quickly by matrix-vector operations
as follows:

Jh(u1
h(α),u2

h(α),α) =

[(
u1
h

g1
D

)
−
(

u2
h

g2
D

)]T
M

[(
u1
h

g1
D

)
−
(

u2
h

g2
D

)]
, (4.64)

where g1
D = (gD(Xi))

|Nh|
i=|N̊h|+1

, g2
D = (gD(Xi))

|N |h
i=|NMh |+1

, and M is the global mass matrix on

the whole domain Ω:

M =

(∫
Ω

φiφjdX

)|Nh|,|Nh|
i=1,j=1

. (4.65)

Also, formulas similar to those in (4.56) can be easily derived to compute ∂Jh
∂X

and ∂Jh
∂αj

, j ∈ D.

Furthermore, by direct calculations, we have

∂Jh
∂u1

h

= 2M1

[(
u1
h

g1
D

)
−
(

u2
h

g2
D

)]
, and

∂Jh
∂u2

h

= 2M2

[(
u2
h

g2
D

)
−
(

u1
h

g1
D

)]
, (4.66)
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where M1 and M2 are the mass matrices formed by the first |N̊h| and |NM
h | rows of M,

respectively. These derivations together confirm again that formulas for Jh, ∇Jh, ∂Jh
∂αj

, j ∈ D
as well as ∂Jh

∂ukh
, k = 1, 2 in general can be easily derived explicitly and efficiently implemented

in the IFE framework. These preparations can then be used in the proposed IFE-based
Shape Optimization Algorithm presented in Section 4.5.

For the Dirichlet-Neumann inverse problem, we report 3 experiments that are configured
with the target curve S(x, y) = 0 and one of the exact solutions u(X) given in Table 4.2
corresponding to the interface S(x, y) = 0 for the interface forward problem. We emphasize
that u(X) given in the third column of this table is used only to generate the Dirichlet and
Neumann boundary data, i.e., gD and gN on ∂Ω, for the related inverse problem. As before,
the BFGS algorithm [163] is employed to carry out the shape optimization described by
(4.62) according to the proposed IFE-based Shape Optimization Algorithm. In Table 4.2,
S0(x, y) = 0 is the initial curve that is plotted as a solid curve (in blue color) in the related
figures as all other presented approximate curves in the BFGS iterations and the dotted
curve (in red color) is the target curve to be recovered.

Cases β Interface S and initial guess Exact u

Case 1
β− = 1

β+ = 10

S = r − 1, where r = (100(x− 0.4)2 + 36(y + 0.3)2)/π2

S0 = (x− 0.1)2 + y2 − (π/4)2

u =
3600

π4βs
(r

5
2 − 1)

+
3600

π4β− in Ωs s = ±

Case 2
β− = 1

β+ = 2

S = (2((x+ 0.5)2 + y2)− x− 0.2)2 − ((x+ 0.5)2 + y2) + 0.3

S0 = 64(x− 0.5)2 + 16y2 − π2

u =S/βs in Ωs,

s = ±

Case 3
β− = 1,

β+ = 2

S = sin (πx) + π
1.5y + 0.1

S0 = y + 0.15/π

u =S/βs in Ωs,

s = ±

Table 4.2: Configuration for the Dirichlet-Neumann Problem

Case 1: The Neumann data is given on the whole ∂Ω, and the numerical curve is a para-
metric cubic spline with 20 control points. These numerical results demonstrate that the
proposed IFE method can handle a large shape change, as illustrated in Figure 4.8 from
the initial interface to the one generated by the third iteration. We note that such a large
shape change often causes mesh distortion when body fitting mesh is used, but the proposed
IFE method circumvents this issue by using an unfitted mesh. The numerical curve quickly
converges to the target curve after about 80 iterations.
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Initial interface Iteration 3 Iteration 30 Iteration 80

Figure 4.8: Reconstruction process for case 1 with boundary data

Case 2: We now consider a more difficult Dirichlet-Neumann interface inverse problem
whose exact solution interface curve Γ has a non-conical and non-convex kidney-like shape,
and, to the best of our knowledge, there is no general theory to guarantee the uniqueness of
the solution to this inverse problem with only a single pair of Dirichelt and Neumann data
given on the whole ∂Ω. The numerical curve is a parametric cubic spline with 20 control
points. We note this example takes far more iterations to converge and we believe this is
caused by the challenging nature of this interface inverse problem whose exact solution is
non-convex; nevertheless, the proposed IFE method still produces an approximate solution
quite satisfactory. Furthermore, it is interesting to note that the portion of the target
interface curve close to the center of the domain is more difficult to retrieve than the portion
near the boundary. In our extensive numerical experiments, we have also observed such a
phenomenon. This is a well-known issue due to the ill-conditioning nature of the considered
inverse problems which has already been observed in the literature through different methods
[121] that the portion of the target curve in the center of the domain is much harder to recover
by the boundary data.

Initial interface Iteration 95 Iteration 155 Iteration 250

Figure 4.9: Reconstruction process for case 2 with boundary data

Case 3: In this case, the Neumann data is provided only on a proper subset of the boundary
∂Ω. Specifically, the true interface Γ is the level set S(x, y) = 0 plotted as the dotted curve
(in red color) in Figure 4.10 that partitions Ω into two sub-domains Ω− and Ω+ below and
above Γ, and the Neumann data function gN is given only on the lower and upper edges of the
square domain Ω. The numerical interface is a 1-D cubic spline y = y(t), t ∈ [−1, 1] with 10
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control points whose end points match the exact interface. The last plot in Figure 4.10 shows
that the numerical curve after 140 iterations matches the exact curve well. This demonstrates
that the proposed IFE method can handle a Dirichlet-Naumann interface inverse problem
that has a limited Neumann data measured on part of the boundary of Ω. We also test the
case in which the Neumann data is on the left and right boundary of Ω instead of the lower
and upper boundary, but the result is not as satisfactory as the one presented here.

Initial interface Iteration 41 Iteration 94 Iteration 140

Figure 4.10: Reconstruction process for case 3 with boundary data

4.6.3 The Heat Dissipation Problem

We now consider the application of the proposed IFE method to an optimal design problem
for a heat system in which the goal is to minimize the overall heat dissipation by optimally
distributing two materials in a domain [69, 71, 210]. This thermal design problem has
wide applications such as cooling fins [18, 178] and high-conductivity channel of electronic
components [26].

In the steady heat conduction situation, this design problem is to find an optimal curve Γ∗

separating two chosen materials that can minimize the following objective functional [69]:

J (Γ) =

∫
Ω

∇u1 · (β∇u1)dX subject to |Ω−| 6 θ|Ω|, (4.67)

where u1 is the solution to the interface problem described by (4.1)-(4.2) with K = 1 and a
Dirichlet boundary condition, Ω− is the sub-domain filled with the high conductivity mate-
rial, and θ ∈ (0, 1) is a prescribed design parameter. By the proposed IFE method (4.22),
we seek a design variable α∗ by solving the following constrained optimization problem:

α∗ = argmin Jh(α), Jh(α) =

∫
Ω0

Jh(u
1
h(α), X(α),α)dX,

subject to A1(α)u1
h(α)− F1(α) = 0 and |Ω−| 6 θ|Ω|,

(4.68)

where

Jh(u
1
h(α), X(α),α) = β

∣∣∣∣∣∣
|N̊h|∑
i=1

u1
i∇ϕi(X(α),α) +

|Nh|∑
i=|N̊h|+1

gD(Xi)∇ϕi(X(α),α)

∣∣∣∣∣∣
2

. (4.69)
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It is easy to show that the discrete objective function can approximate the true shape
functional (4.67) with an optimal first order accuracy independent of the interface shape
and location. Also, similar to (4.56)-(4.59) again, formulas can be easily derived for Jh(α),
∂Jh
∂αj

, j ∈ D and ∂Jh
∂u1

h
that can be implemented efficiently within the IFE framework. In

particular, we have ∇Jh = 0, and

Jh(u1
h(α),α) =

(
u1
h

gD

)T
K

(
u1
h

gD

)
(4.70)

where

K =

(
K11 K12

K12 K22

)
∈ R|Nh|×|Nh| (4.71)

is the global stiffness matrix in block form according to the vector partition in (4.70). Since
ϕi, 1 ≤ i ≤ |Nh| are linear IFE basis functions, and a formula similar to the one in (4.56)
can be easily derived to compute ∂Jh

∂αj
, j ∈ D. Furthermore, by direct calculations, we have

∂Jh
∂u1

h

= K11u
1
h + K12gD. (4.72)

These preparations can then be employed in the proposed IFE-based Shape Optimization
Algorithm together with the SQP (sequential quadratic programming) method [163] to carry
out the constrained optimization numerically.

We test the proposed IFE method on a specific design problem configured in the domain
Ω that contains a design independent heat source f = −1 on a center square [−0.1, 0.1] ×
[−0.1, 0.1], and the boundary temperature is fixed to be u = 0 and θ = 0.5, see the illustration
in Figure 4.11. The two materials separated by the curve Γ are such that β− = 1 and
β+ = 10−3. We start the SQP iteration from a circle x2 + y2 = 0.822 plotted as a solid curve
(in blue color) in Figure 4.11(a), and the numerical curve in the optimization is a parametric
cubic spline with 20 control points. After 28 iterations, the algorithm generates a design
shown in Figure 4.11(b) whose patten is very similar to the one reported in [69].

(a) The heating conditions and ini-
tial guess

(b) The optimal design

Figure 4.11: The heat dissipation problem
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4.7 Some Conclusions on Numerical Experiments

First of all, for solving the interface forward problems in each iteration, our numerical ex-
perience demonstrate that the IFE method is robust with respect to how interface cuts
elements, i.e., there is no ill-conditioning issue when some interface elements contain small
sub-elements because the two polynomial components in every IFE function are constructed
collectively capturing the jump conditions and behaving close to a standard polynomial.
This important property for moving interface problems follows from the analysis in [148].

In addition, in our numerical experiments, we have observed that the proposed algorithm
can produce a reasonably good reconstruction within a relatively small number of iterations.
We believe this is the consequence of two main features in the proposed algorithm. Firstly,
in this IFE-Based Shape Optimization Algorithm, the involved forward problems and the
objective functional are discretized optimally by the IFE method, and the formula for the
discrete gradient is not only derived explicitly but also can be implemented in the IFE
framework without any further approximation. All these computations are executed on
an unfitted mesh independent of the interface movement which circumvents extra errors
induced by the mesh movement process and the related velocity computation. Secondly, the
proposed algorithm actually searches the interface curve to be recovered in a small space,
for instance, 20 control points are used in the numerical curve for the presented examples
which lead to a 40-dimensional searching space. Besides, extensive numerical experiments
suggest that the numerical interface curve converges diffeomorphically to the target interface
curve in the shape optimization. All these features suggest our algorithm searches the target
interface in a small set which can quickly locate the target interface. As mentioned in
Section 4.3, this feature can be considered as a regularization mechanism “hidden” in the
proposed algorithm to enhance its robustness. Shape optimization methods with similar
regularization features can be found in [59, 96, 107, 166, 167]. This is in contrast to the
explicit regularization methods, such as the geometric regularization [117], total variation
regularization [53], and the Tikhonov regularization [120] in level-set type methods for some
inverse problems [44, 53, 95, 117, 177] which search for the interface in a much larger space.

Finally, it is interesting to mention that the Kohn-Vogelius type functional (4.61) is used
for shape optimization when there is only boundary data available for reconstruction rather
than a least squares functional imposed on the boundary. We make this choice because the
boundary integration of finite element solutions will lose order in general. Indeed, according
to our numerical experience, we have the impression that in the proposed algorithm the
Kohn-Vogelius type functional in general can produce a better result for data only available
on boundary. We also think this may be due to the self-regularizing features of this type
functional as mentioned in [98]. However, we note that, in order to use the Kohn-Vogelius
type functional (4.61), we need to solve two interface problems for each iteration and each
pair of Dirichlet-Neumann data.
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Chapter 5

Conclusions

In this dissertation, we have discussed the design, analysis, and application of IFE methods
on two types of interface problems and the related inverse problems. In this chapter, we
summarize our main contributions in this dissertation and make some conclusions.

In Chapter 2, we have extended the current IFE framework in the literature [79, 85, 148]
from the scalar elliptic interface problems to the elasticity interface problems with a vector
unknown. In particular, we have proposed a new construction approach such that the bilin-
ear and rotated Q1 vector IFE functions can be uniquely determined by their nodal values at
element vertices. This result improves those in [153] in which the existence of IFE functions
can only be guaranteed conditionally. We have extended the multipoint Taylor expansions
from scalar functions to vector functions, by which, we have proved the optimal approxima-
tion capabilities of the proposed vector IFE spaces through the Lagrange type interpolation
operator. Furthermore, we have proposed a PPIFE method for solving the elasticity inter-
face problems with these vector IFE spaces. We have established the trace inequalities for
the vector IFE functions which are further used to analyze the stability of the proposed
PPIFE scheme. Finally, we have proved the optimal convergence of the PPIFE solutions.
This chapter is the first work to analyze IFE methods for elasticity interface problems.

In Chapter 3, we have proposed the first systematic framework for arbitrary p-th degree IFE
methods to solve elliptic interface problem including both the construction and analysis. We
have constructed IFE functions by solving local Cauchy problems on interface elements, and
this procedure yields the so called Cauchy mapping. In this framework, various key results
in the analysis can be traced back to some properties of this Cauchy mapping. In particular,
we have shown that the existence of IFE functions is universally guaranteed regardless of in-
terface element configuration, and the proof simply reduces to showing the bijectivity of the
Cauchy mapping on polynomial spaces. This approach completely avoids the tedious discus-
sion used in the literature for the lower-degree IFE methods based on different polynomial
spaces and interface element configuration. In addition, we have proved the optimal approx-
imation capabilities of the proposed IFE spaces through a new interpolation operator based
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on Sobolev extension, projections, and the Cauchy mapping illustrated by the Diagram in
Figure 3.9. This is rather different from the Lagrange interpolation used in the literature for
the lower-degree IFE methods and avoids the complicated derivation of multipoint Taylor
expansions. We have also established the trace inequalities for the proposed IFE functions,
and the argument is based on the stability of the Cauchy mapping in terms of the semi-H1

norm. This technique also circumvents the tedious direct calculus employed in the literature
for the lower-degree IFE functions. All these analysis techniques are applicable for IFE func-
tions with arbitrary polynomial degree p. Using these results, we have proved the optimal
convergence of DGIFE solutions based on the proposed IFE space. By this method, we have
achieved what the conventional construction/analysis techniques in the literature for macro
polynomials cannot offer, and we believe it may be useful for other finite element methods
based on unfitted meshes.

In Chapter 4, we have developed an IFE-based shape optimization algorithm to solve a group
of interface inverse and optimal design problems on unfitted meshes. In this algorithm,
we parameterize the interface curve by a cubic spline and use the coordinates of control
points as the design variables for optimization. This parameterization, we believe, also acts
as a geometric regularization mechanism to reduce the searching space. Besides, we have
discretized both the interface forward problems and shape dependent functionals optimally
by a linear IFE method on unfitted meshes. In addition, we have derived exact formulas to
calculate the velocity field and shape derivatives of IFE shape functions which are further
used to calculate the shape sensitivities of the discretized shape functions accurately through
a discretized adjoint method. The computation of the shape sensitivities is efficient in the
sense that almost all the computations are only performed on interface elements. All these
properties enable the proposed algorithm to reconstruct the target interface curve quickly
and satisfactorily as illustrated by numerical examples presented in Section 4.6.
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[22] Ivo Babuška and John E. Osborn. Can a finite element method perform arbitrarily
badly? Math. Comp., 69(230):443–462, 2000.

[23] Robert Banasiak and Manuchehr Soleimani. Shape based reconstruction of exper-
imental data in 3D electrical capacitance tomography. NDT and E International,
43(3):241–249, 2010.
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JTH. Forskningsmiljö Produktutveckling. Discontinuous Galerkin methods for incom-
pressible and nearly incompressible elasticity by Nitsche’s method. Comput. Methods
Appl. Mech. Engrg., 191(17):1895–1908, 2002.

[95] Eduard Harabetian and Stanley Osher. Regularization of ill-posed problems via the
level set approach. SIAM Journal on Applied Mathematics, 58(6):1689–1706, 1998.

[96] Helmut Harbrecht and Johannes Tausch. On the numerical solution of a shape opti-
mization problem for the heat equation. SIAM J. Sci. Comput., 35(1):A.104–A121,
2013.
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