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Design, Analysis, and Application
of Immersed Finite Element Methods

Ruchi Guo

(ABSTRACT)

This dissertation consists of three studies of immersed finite element (IFE) methods for inter-
face problems related to partial differential equations (PDEs) with discontinuous coefficients.
These three topics together form a continuation of the research in IFE method including the
extension to elasticity systems, new breakthroughs to higher degree IFE methods, and its
application to inverse problems.

First, we extend the current construction and analysis approach of IFE methods in the
literature for scalar elliptic equations to elasticity systems in the vector format. In particular,
we construct a group of low-degree IFE functions formed by linear, bilinear, and rotated ¢4
polynomials to weakly satisfy the jump conditions of elasticity interface problems. Then we
analyze the trace inequalities of these IFE functions and the approximation capabilities of
the resulted IFE spaces. Based on these preparations, we develop a partially penalized IFE
(PPIFE) scheme and prove its optimal convergence rates.

Secondly, we discuss the limitations of the current approaches of IFE methods when we try to
extend them to higher degree IFE methods. Then we develop a new framework to construct
and analyze arbitrary p-th degree IFE methods. In this framework, each IFE function is the
extension of a p-th degree polynomial from one subelement to the whole interface element
by solving a local Cauchy problem on interface elements in which the jump conditions across
the interface are employed as the boundary conditions. All the components in the analysis,
including existence of IFE functions, the optimal approximation capabilities and the trace
inequalities, are all reduced to key properties of the related discrete extension operator.

We employ these results to show the optimal convergence of a discontinuous Galerkin IFE
(DGIFE) method.

In the last part, we apply the linear IFE methods in the literature together with the shape
optimization technique to solve a group of interface inverse problems. In this algorithm,
both the governing PDEs and the objective functional for interface inverse problems are
discretized optimally by the IFE method regardless of the location of the interface in a
chosen mesh. We derive the formulas for the gradients of the objective function in the
optimization problem which can be implemented efficiently in the IFE framework through
a discrete adjoint method. We demonstrate the properties of the proposed algorithm by
applying it to three representative applications.
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of Immersed Finite Element Methods

Ruchi Guo

(GENERAL AUDIENCE ABSTRACT)

Interface problems arise from many science and engineering applications modeling the trans-
mission of some physical quantities between multiple materials. Mathematically, these mul-
tiple materials in general are modeled by partial differential equations (PDEs) with discon-
tinuous parameters, which poses challenges to developing efficient and reliable numerical
methods and the related theoretical error analysis.

The main contributions of this dissertation is on the development of a special finite element
method, the so called immersed finite element (IFE) method, to solve the interface problems
on a mesh independent of the interface geometry which can be advantageous especially when
the interface is moving.

Specifically, this dissertation consists of three projects of IFE methods: elasticity interface
problems, higher-order IFE methods and interface inverse problems, including their design,
analysis, and application.
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Chapter 1

Introduction

Interface problems appear in many applications in science and engineering. In general, an
interface problem is imposed in a domain consisting of multiple materials separated from
each other such that each subdomain is occupied by one material distinguished from the
surroundings, and the related physical parameters usually are discontinuous across the in-
terface separating these materials. When partial differential equations (PDEs) are employed
to model the pertinent physics, their coefficients are often discontinuous across the material
interface, and this leads to the consideration of interface problems for these PDEs. For ex-
ample, the heat transmission problem in a domain 2 C R? can be modeled by the following
elliptic interface problem

—V - (BVu) = f, in Q- UQT,
u =g, on 0f),
where 7 and Q" are the subdomains of 2 separated by an interface curve I', see an illus-

tration in Figure [I.1] the coefficient 3 represents the heat conductivity which is assumed to
be a piecewise constant, i.e.,

BT, it X e,
s0={ 5 ix con 13
Because of this discontinuity in 5, jump conditions need to be imposed on the interface I':
[ulr == u"|r —u”|p =0, (1.4a)
[BVu - n]r = BTVu -n|p — B~ Vu -nfp =0, (1.4b)

where n is the normal vector to I'. The elliptic interface problem such as the one described
in (1.1)) has wide applications in other fields too, for example, fluid dynamics [134] [140],
biomolecular electrostatics [68, 201], plasma simulation [31], T08], to name just a few.
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Figure 1.1: The physical domain of an interface problem

Another example is the planar linear elasticity system modeling an elastic body €2 consisting
of two materials:

—divo(u) =f inQ UQT, (1.5)
u =g ond, (1.6)
where f = (fi, f2)T is the body force, g = (g1, 92)" represents the displacement on the

boundary, u = (uy,u2)” is the unknown displacement field, and o(u) = (0;;(u))1<i j<o is the
stress tensor given by

oij(u) = ANV -u)d; j + 2pue;;(u), (1.7)
with the strain tensor e(u) = (¢;;(u))1<i j<2 given by
1 EMZ an

Because of different elastic material properties in subdomains, the Lamé parameters of €2
are assumed to be piecewise constant functions in the following forms:
)\:{)\‘ it X € Q7 M:{N_ it X € Q7

MO X € 0, it X € 0F) (1.9)

We recall that A and p can be calculated from the Young’s modulus £ and Poisson’s ratio
v by the following formulas:

Ev FE

A aroa-wy M = say

(1.10)

The discontinuity in the Lamé parameters requires the displacement field u = (uy,u3)7 to
satisfy the following jump conditions across the material interface I':

[ulp :=ut|r —u|r =0, (1.11a)
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[o(u) -n]p ;=0 (u") njp -0 (u)-njp =0, (1.11b)
where, again, n is the normal vector to I'. Elasticity interface problems also have a wide
range of applications, such as the detection of cracks, cavities or inclusions buried in elastic
bodies [I} [14], T5], and structure compliance optimization [122] 132], to name just a few.

This dissertation is about immersed finite element (IFE) methods for solving these two types
of interface problems and the applications to a group of interface inverse problems. A distinct
feature of IFE methods is their capability to solve interface problems with unfitted meshes,
i.e., meshes independent of the interface; hence, a highly structured mesh such as a Cartesian
mesh can be used by an IFE method for solving an interface problem that has a material
interface with a nontrivial geometry.

In the next section of this chapter, we will first provide a survey of the related numerical
methods for interface problems, and address our motivation to study the IFE methods. Then,
in Section [I.2) we will review the IFE methods in the literature for the elliptic interface
problem (L.I)-(1.4). In Section we will review the pertinent interface inverse problems
and the shape optimization methods. In the last section of this chapter, based on these
survey, we will outline the motivation and contributions of this dissertation. In particular,
we will discuss the challenges for extending the current IFE methods in the literature, i.e.,
the one reviewed in Section to interface problems of the linear elasticity systems and
to the higher-degree IFE methods for the elliptic interface problem ubiquitously appearing
in many applications, and for applying IFE methods to interface inverse problems through
the shape optimization techniques. These challenges will guide us to present our original
research in this dissertation.

1.1 Numerical Methods for Interface Problems

Traditional finite element methods or discontinuous Galerkin (DG) finite element methods
require interface-fitted meshes to solve the interface problems; otherwise, they might perform
unsatisfactorily, see [20, 22] 47] for discussions about interface-fitted meshes related to elliptic
interface problems. However, when the interface has complex geometry, for example the
material interface in biomedical images [16} 193] and geophysical images [60], it is a time-
consuming and non-trivial process to generate a high-quality interface-fitted mesh to resolve
the interface geometry. And this mesh generation issue will be more severe if the interface
changes its shape or moves in computation, for example, the numerical interface is adjusted
by a shape optimization method for an interface inverse problem or optimal design problem.
A little more detailed discussions for related issues in inverse problems will be presented in
Section and Section [4.1l These applications can benefit from numerical methods based
on unfitted meshes, i.e., interface-independent meshes, and this consideration is a major
motivation for us to study the immersed finite element (IFE) methods specifically developed
for taking advantages of unfitted meshes.



Many studies have been carried out about developing numerical methods for solving interface
problems on unfitted meshes. Among related literatures, two types of techniques are consid-
ered in the finite element formulation around the interface to enforce the jump conditions.
The first approach constructs suitable shape functions on elements around the interface
according to the behaviors of the exact solutions so that they can produce good approxima-
tion, for example, the multiscale finite element method [54] [65], the extended finite element
method [63, 186], and the partition of unity method [I57, [I87], as well as the IFE method to
be discussed in this dissertation. The other approach employs the standard polynomials as
the shape functions but uses suitable penalties in the finite element scheme near the interface,
such as the CwtFEM [25] 011, [92]. Also, we refer readers to 75}, [76, 133, 138 [139] 202} 203]
for immersed interface method (IIM) and [200, 206], 207, 21T, 212] 213] for matched interface
and boundary (MIB) method in the context of finite difference scheme based a Cartesian
mesh. Recently, a new finite element method based on a semi-structured mesh was proposed
in [46] where the interface geometry is fitted by a local Delaunay triangulation on interface
elements of a pre-generated background Cartesian mesh.

Among those methods based on unfitted meshes, the IFE method and the CutFEM are
related to each other somewhat more closer than to other methods in the sense that a
finite element solution generated by either of these two methods is a standard polynomial
when restricted on each non-interface element, but a macro polynomial, i.e., a piecewise
polynomial, on each interface element defined according to the subelements partitioned by
the interface curve. However, the IFE method and the CutFEM use essentially different ways
to patch two polynomials together to form the macro polynomial on each interface element.
The CutFEM uses two sets of polynomial shape functions on each interface element and uses
a Nitsche’s type penalty in the finite element scheme to glue them together according to the
jump conditions. The IFE method employs one set of Hsieh-Clough-Tocher type [33, [56]
macro shape functions on each interface element constructed to satisfy the jump conditions
in a certain weak sense. This essential difference leads to different degrees of freedom around
the interface for these two methods. Both the total number and location of degrees of
freedom of the IFE space can be fixed and independent of the interface [99, 136, 148], and an
IFE space can be constructed to be isomorphic to the standard H'-conforming finite element
space defined on the same mesh. This feature of IFE methods can be advantageous in some
applications, for example, the method of lines [I72] can be readily adopted for using an IFE
method to solve problems with a moving interface [105, [147], and the shape optimization
methodology can naturally work together with IFE methods to solve some interface inverse
problems so that the numerical interface can be adjusted in the optimization procedure on

a fixed mesh, see Section [I.3] and Section [4.1] for more discussions.



1.2 Previous Works for IFE Methods

We note that IFE methods have been applied in various applications related to interface
problems, for example, the Particle-In-Cell method for plasma particle simulations [90} 123],
124] 151], the moving interface problems [0}, 105l 147], the electroencephalography forward
problem [193], fluid dynamics [6, [7], beam equations [143] [144], acoustic wave propagation
[158], and elasticity systems [111], 142} 149, 203]. In this section, we specifically use the scalar
elliptic interface problem in — as the example to review the current construction
and analysis approaches in the IFE literature. Then, we will give explanations about the
difficulties and challenges to extend these current approaches to a PDE system with a vector
unknown, such as the elasticity interface problems (L.5)-(1.11]), or the IFE methods with
higher-degree polynomials.

The development and analysis of IFE methods for the scalar elliptic interface problems
has been extensively studied in the literature, see 76l 129, 136, 141] for the linear IFE
methods, [99, 100} 145] for the bilinear IFE methods, and [150} 209] for the rotated-Q; IFE
methods. The basic idea in these works is to “explicitly” impose the approximate jump
conditions on a linear approximation of the interface, for example, see Figure below, the
line connecting the intersection points of the interface and element boundary, such that the
IFE shape functions can be uniquely determined and constructed with the Lagrange type
degrees of freedom imposed at the vertices of an interface element (the linear or bilinear
case) or midpoints of the element edges (the rotated-@); case). As for the analysis of the
approximation capabilities for these IFE spaces, a fundamental theoretical tool used in these
works is the so called multipoint Taylor expansion. This technique was introduced to analyze
the linear IFE space [136], and then the bilinear IFE space [99, [103] and the rotated-@Q; IFE
space [209].

We note that the construction procedure developed in those works mentioned above and
the resulted format of IFE functions all rely on the related mesh type, the related polyno-
mial spaces, and the related interface element configuration. Besides, the multipoint Taylor
expansions require careful and lengthy calculus according to the involved polynomials and
element shapes. These technical issues hinder the extension of the current approaches to
more demanding IFE methods, such as the IFE methods for elasticity interface problems.

The state of disunity in the research for IFE methods motivated the authors in [78, [79] to
develop a unified framework for constructing and analyzing IFE spaces using lower degree
(linear, bilinear, or the rotated-(Q);) polynomials for solving elliptic interface problems.

For the IFE spaces based on the lower degree polynomials, the authors of [78| [79] showed
that the construction of an IFE shape function could be accomplished by solving a linear
system with a coefficient matrix in the Sherman-Morrison format; hence, the unisolvence of
IFE shape functions, i.e., their existence and uniqueness, follows from the invertibility of the
Sherman-Morrison matrix. This construction procedure is universally applicable to all the
low-degree IFE functions and any interface element configurations. It simplifies the tedious



construction procedures presented in previous works.

Since the work in [78,[79] actually shed light on how to extend IFE methods to more demand-
ing cases, we herein provide a review about this unified construction procedure. Given each
element 7" in a mesh, define an index set Z = {1, 2,3} when 7T is triangular or Z = {1, 2, 3,4}
when T is rectangular. We denote the local finite element space by (7', Ilr,¥7), with
Iy = Span{l,z,y}, or Iy = Span{l,z,y,zy}, or lly = Span{l,z,y,2? — y?} for the
linear, bilinear, or rotated-(); polynomial space, respectively, and the local degrees of free-
dom Xr = {¢r(4;) : i € Z, ¢r € I}, where A;s are the vertices of T for the linear
and bilinear polynomials, or A;s are the midpoints of edges of T for the Crouzeix-Raviart
(CR elements) and the rotated-@Q); polynomials [58]. For these finite element spaces, accord-
ing to [35], 55, B8, [I71], there exist shape functions ¢, € Iy, i = 1,2,--- | |Z| such that
IIr = Span{¢; r, 1 < i < |Z|} with

Yir(A;) =065, 1,5 €T, (1.12)

where §; ; is the Kronecker delta function. Then, the local IFE space on each non-interface
element 7" is defined as

Sp(T') = Span{y,;r : i € T}. (1.13)
As, Ay
M; A3 M,
E
A, A
T+
F
r
.
A A B My
(a) CR elements (b) Linear elements (c) Bilinear elements (d) Rotated @ ele-
ments

Figure 1.2: Examples of interface elements

For an interface element T, the interface I' partitions 7' naturally into two subelements
T-=Q NTand TT = Q" NT. Let | be the line connecting the intersection points of 9T
and I". As proposed in [79], we consider IFE functions in the following format:

op(X)elly, if XeT,
or(X)=1q | v s (1.14)
op(X)elly, if XeT™,
with ¢(X) and ¢ (X) satisfying that
o7l = oxi, (for the linear polynomials), (1.15)
orli = ohli, d(¢p) = d(¢F), (for the bilinear/rotated-Q; polynomials), =

6



BIVG1(F) -n(F) = B¢ (F) - n(F), (1.16)

where F' is an arbitrary point on T', n(F') is the normal vector to I' at F, and d(¢) is the
coefficients of the second degree term of ¢ € Ilr, i.e., the coefficient of zy for a bilinear
polynomial or the coefficient of 22 — y? for a rotated-Q); polynomial. Given a set of nodal
values v;, i € Z, regardless of interface location, by Theorem 5.1 in [79], we know that there

exists a unique function ¢r satisfying ((1.14))-(1.16)) such that ¢r(A;) = v;. In fact, it has been
shown in [79] that this IFE function has the following explicit expression: let p = /8~ —1,

o= T T iy waere O
Denote the following vectors

v = (Viir -n(F)))iez—, 0= (L(Ai)) ez (1.18a)

b= |v—uL(A) Y Vibjr-n(F) v : (1.18b)

Jert i€~
Then, the coefficients ¢ = (¢;);ez- in (|1.17)) satisfy the following Sherman-Morrison system
(1+ pé~y")ec =b. (1.19)

By the Sherman-Morrison formula, we can express c as

c=b-— u%, (1.20a)
and then c¢q = p (Z Vi -n(F) + Z vV - n(F)) ) (1.20b)
€T~ ieT+
Consequently, there exist IFE shape functions satisfying
oir(Aj) =0i5, 1,j €T, (1.21)
which are used to define the local IFE space on the interface element 7"
Sp(T) = Span{¢;r : i € I}. (1.22)

We emphasize that the formulas in (1.17))-(1.20b)) do not rely on the polynomial spaces
involved, element shape, and interface element configuration. This feature makes it advan-
tageous in both analysis and implementation.

In addition, according to [78, [79], a group of fundamental identities for the IFE shape
functions have been established for all of these IFE spaces. These intrinsic identities reveal

7



the fact that the two polynomial components of an IFE function in the format of
are highly related to each other such that, in many situations, each IFE shape function
essentially behaves like one polynomial instead of a macro polynomial with two polynomial
components. Furthermore, these identities greatly help us to simplify and unify the error
analysis techniques based on the multipoint Taylor expansion in the literature [9, Q9] 100,
136, 209]. Specifically, given a function u, we consider its IFE interpolation Iu € Sy (T):

Inru = Z u(A;) i (1.23)

1€

Then, this new and unified error analysis framework allows us to establish the following
optimal error bound for the IFE interpolation on every element 7" in an interface-independent
mesh:

\Inru — ulgiry < CRP7|ullgeery,  j=0,1, (1.24)

which states the optimal approximation capability of all of these IFE spaces, regardless of
the involved polynomial types, element shapes, and interface element configurations, and
the tedious derivation in those earlier works are avoided. We refer readers to Theorem 5.14
of [79] for the details of using this unified error analysis framework.

1.3 Interface Inverse Problems and Shape Optimiza-
tion Methods

Since one of the contributions in this dissertation is to develop a shape optimization algorithm
based on IFE methods for solving interface inverse problems, in this section we provide a
survey on the related inverse problems and shape optimization methods.

Inverse problems related to the second order elliptic equations with discontinuous coeffi-
cients — can be found in many science and engineering applications. An impor-
tant inverse problem is to identify the coefficient 5 where one needs to either identify the
physical properties of materials, i.e., the values (the parameter estimation problem) and/or
detect the location and shape of inclusions/interfaces (the geometric inverse problem) using
the data measured for u on a subset of the domain or on a subset of the boundary 0f2
[51), 106, 117]. This type of inverse problems arises from numerous applications, such as
the electrical impedance tomography (EIT) [38, I10] where u and /3 represent the electri-
cal potential and the conductivity, respectively, and groundwater or oil reservoir simulation
[67, 205] where u and 8 are the piezometric head and transmissivity, respectively. Similar
inverse problems related to other partial differential equations can be found in [109, 119] for
medical imaging problems, [130} [180] for elastography, and so on. It is well known that these
inverse problems are usually ill-posed, especially when the available data is rather limited.
Numerical methods based on the output-least-squares formulation are commonly used to
handle these types of inverse problems, see [43] 48, [51) T06], 116] and references therein.

8



In many applications, the values of material properties or parameters are known or chosen,
such as the elastic properties of tissue and bone in medical problems [I56 169] and the
electrical properties in EIT problems [12, 27] to mention just a couple of applications. Thus,
to take advantages of IFE methods’ capability for handling geometric changes of interface
on fixed and unfitted meshes, we focus on the geometric inverse problems to recover the

interface shape and location for the related forward problem (1.1])-(1.4]).

The shape optimization method [97, 165] is widely used for various geometric inverse prob-
lems. By this method, we solve a geometric inverse problem by seeking for an interface I' that
can minimize a shape dependent functional constructed according to the available data. Ap-
plications of the shape optimization methods on geometric inverse problems have been stud-
ied by many researchers. For the internal measurements, the authors in [44], 49, 162}, 190, 106]
studied recovering both the interface location and coefficients with certain regularization
techniques. A more challenging case is that only the boundary measurement is known a-
priori, such as the well-known EIT problems [I10], since the less data makes the problem
severely ill-posed. Research has been carried out for overcoming difficulties caused by the
limited data. The authors of [I85] employed the regularized Gauss-Newton method to the
geometric inverse problems in the electrical resistance and capacitance tomography (ERT
and ECT). In [53], the authors investigated the affect of multiple boundary measurements
(Neumann-to-Dirichlet pairs) on reconstruction through an output-least-squares type objec-
tive functional imposed on the boundary. According to their results, as naturally expected,
the more Neumann-to-Dirichlet pairs of data are used, the better reconstruction is. A Kohn-
Vogelius type functional for the shape optimization through topological derivatives in stead
of the shape derivatives was investigated in [42]. And a comparison between the Kohn-
Vogelius formulation and output-least-squares formulation as well as the derivation of their
shape sensitivities in the continuous level is given in [10]. Recently, the authors of [11] pro-
posed a method that uses multiple Neumann-to-Dirichlet data and an output-least-squares
objective functional to solve the optical tomography problem in which there is an addi-
tional absorption term, and their method can simultaneously identify the piecewise constant
diffusion and absorption coefficients including both the values and interface location.

It is important to note that shape optimization methods inevitably involve the movement
of the structure, boundary or interface, which is actually a critical issue in implementation
challenging a solver chosen for the related forward problems. The shape optimization meth-
ods based on standard finite element methods with interface-fitted meshes are referred as
the Lagrangian approach [50]. This approach has been applied to deal with quite a few
inverse problems, for example, the EIT and the related electrical capacitance tomography
(ECT), electrical resistance tomography (ERT) [23] [30 I85], the reconstruction of elastic
properties and material interface in elasticity systems [I80], and optimal designing problems
[13, 62, 167], including heat dissipation minimization, elasticity compliance minimization
and so on. However, this approach has a few major drawbacks, and perhaps, the most obvi-
ous one is its computational cost to resolve the interface by the mesh again and again in the
optimization iterations, especially when the interface becomes complicated. Other issues for



the Lagrangian approach are related to the sensitivity computations which will be discussed
in Chapter [4] in more details.

1.4 An Outline of This Dissertation

Motivated by the survey of IFE methods above, in this dissertation, we focus on three topics
related to IFE methods including the extension of the unified framework in [79] reviewed
in Section to elasticity system, invention of a framework for arbitrary p-th degree IFE
methods, and the application of IFE methods to interface inverse problems.

We note that the framework reviewed in Section [1.2| provides us a powerful tool to develop
and analyze various lower-degree IFE functions with Lagrange type degrees of freedom which
avoid many tedious discussions in the earlier works. So we believe it is possible to employ
this framework to handle more complicated interface jump conditions such as those in elas-
ticity systems . Therefore in Chapter [2, we will extend this framework to the interface
problems in elasticity systems —. However, we also note that there are still many
challenges in this extension, and the fundamental reason is that the two components in the
unknown displacement vector are coupled together through the jump conditions in ((1.11))
which can not be simply decoupled into two functions satisfying the jump conditions inde-
pendently. Therefore, in this project, following the framework in Section [1.2, we will study
how to use the Sherman-Morrison idea to construct vector IFE functions and how to employ
the multipoint Taylor expansions to estimate the Lagrange-type interpolation errors of these
IFE spaces. In addition, we will also derive a suitable scheme to employ these vector IFE
functions to solve the elasticity interface problems and prove its optimal convergence. All
these results will be presented in Chapter [2|

Even though the current framework reviewed in Section [1.2] is useful for constructing and
analyzing lower-degree IFE spaces, we note that it has some essential difficulties being ex-
tended to the higher-degree IFE methods. The most critical one is the linear approximation
for both the interface curve and jump conditions involved in the formulation ((1.15) and
due to the intrinsic O(h?) limitation. Therefore, even if IFE functions as piecewise
higher-degree polynomials can be constructed to satisfy these weak jump conditions on the
line, the resulted IFE spaces still do not have the desired optimal approximation capabilities
to the exact solutions. There are some works attempting to develop higher-degree IFE spaces
within this direction, but limited to the linear interface [3]. Moreover, the approximation
capabilities of the lower-degree IFE spaces are gauged by the Lagrange type interpolation
errors as in and which are estimated through the multipoint Taylor expansion.
This technique is restrictive since its derivation relies on that the jump conditions are exactly
satisfied on a line approximating the interface, and this is not suitable for higher-degree IFE
functions. We believe the multipoint Taylor expansion is difficult, if not impossible, to apply
in the higher-degree IFE methods.
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These issues motivate us to seek for new construction approaches and analysis tools for
higher-degree IFE methods. For this topic, in Chapter |3 we present a new perspective on
the construction of IFE functions which are actually related to Cauchy problems locally posed
on each interface element where the jump conditions are considered as boundary conditions.
In this approach, the existence of IFE functions is completely addressed and the proof totally
avoids the tedious discussions based on interface element configuration. Besides, we design a
new interpolation operator to gauge the approximation capabilities based on projections to
the associated polynomial spaces, and it overcomes the limitation of the multipoint Taylor
expansions used in the analysis of IFE methods in the literature. Moreover, we also employ
these higher-degree IFE functions in a discontinuous Galerkin IFE method and prove its
optimal convergence. To our best knowledge, the IFE method presented in Chapter |3|is the
first one ever including both construction and analysis.

In addition to those fundamental works about development and analysis of IFE methods
mentioned above, in this dissertation we will also apply and implement IFE methods for one
moving interface problem and show the advantages. In particular, as described in Section [1.3]
the shape optimization method and its applications in inverse problems strongly motivate
us to study how to apply IFE methods to solve interface inverse problems on a fixed mesh
independent of the changes of shape and location of the interface curve in computation.
In Chapter [4, we will develop an IFE-based shape optimization algorithm to reconstruct
interface curves in a spectrum of inverse problems and optimal designing problems. In
this algorithm, both the shape objective functional and the underlying forward problem are
discretized by IFE methods optimally. And a group of formulas are derived for efficiently
and accurately computing the shape sensitivities on a fixed mesh which can be applied in a
standard optimization algorithm such as the quasi-Newton method to minimize the shape
functional in order to find the target interface.
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Chapter 2

IFE Methods for Elasticity Interface
Problems

In this chapter, we construct and analyze a group of vector IFE spaces formed by linear,
bilinear, and rotated ), polynomials for solving interface problems of linear planar elasticity
systems. The IFE shape functions are constructed through certain weak jump conditions
imposed on a linear approximation of the interface curve such that the unisolvence can be
guaranteed regardless of the Lamé parameters and the interface location. Multipoint Taylor
expansions are utilized to show the optimal approximation capabilities of the proposed IFE
spaces through the Lagrange type interpolation operator. We employ these IFE spaces in a
partially penalized immersed finite element (PPIFE) method to solve the elasticity interface
problems which contains penalties on interface edges for dealing with the discontinuity in
the IFE functions. We show that this PPIFE method converges optimally in both an energy
norm and the usual L? norm under the standard piecewise H2-regularity assumption for the
exact solution. Features of the proposed PPIFE method are demonstrated with numerical
examples. The works of this chapter are also reported in [81] [82].

2.1 Introduction

Finite element methods based on the so called fitted or unstructured meshes have been
developed to solve the elasticity interface problems [57, 93], 199]. In many applications, such
as those inverse/design problems mentioned in Section , the change of the interface shape
and/or location in computation can challenge the traditional finite element methods based
on fitted meshes, and this motivates us to study how to solve the elasticity interface problems
on unfitted or structured meshes. Within this direction, there have been some publications
on developing the finite element methods or the finite difference methods to solve elasticity
interface problems. For example, the CutFEM using the Nitsche’s penalty along the interface
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to enforce the jump conditions is presented in [25, 92], and some immersed interface methods
(IIM) based on finite difference formulation are presented in [202, 203] which handle the jump
conditions through a local coordinate transformation across the interface.

In the literature of IFE methods, a non-conforming linear IFE space on a triangular mesh is
discussed in in [75], [77, 202]. A conforming IFE space is developed in [142, 202] by extending
the IFE shape functions in [75] [77, 202] to the neighborhood interface elements. A bilinear
IFE space on a rectangular Cartesian mesh is discussed in [I53]. A non-conforming IFE
space using the rotated ¢); polynomials is presented in [149] which leads to a locking-free
IFE method. Most of the IFE methods for the planar-elasticity interface problems are
Gelerkin type, i.e., the test and trial functions used in these methods are from the same
IFE space. The Petrov-Galerkin formulation can also be used, for example, the IFE method
presented in [I11] uses standard polynomials as the test functions but the IFE functions in
macro polynomial format as the trial functions.

The task of this chapter is to extend the unified framework [79] reviewed in Section [1.2| from
the scalar case to the interface problem of the system of partial differential equations for the
linear elasticity. We note that this is a non-trivial extension because the unknown in this
inverse problem is a vector whose two components in the displacement are coupled through
the jump conditions. Because of this coupling, a vector IFE function for the elasticity
interface problem can not be constructed component by component though the procedure
developed for the scalar interface problems in [79], i.e., the construction of a vector IFE
function can not be decoupled for its two scalar components independently. Due to the same
reason, the multipoint Taylor expansion in the literature for scalar functions can not be used
directly in the analysis of the approximation capability of the proposed vector IFE spaces.
In addition, many properties such as the trace inequalities have not been established for
these vector IFE functions.

In this chapter, we will address three issues in the development of IFE methods on elasticity
interface problems. Firstly, we construct the pertinent vector IFE spaces formed by piecewise
linear, bilinear, and rotated @, polynomials to satisfy the jump conditions in a certain
weak sense. In particular, we extend the construction approach in [79] to the vector case in
which the coefficients in a vector IFE shape function satisfy a generalized Sherman-Morrison
linear system and the unisolvence of the IFE shape functions is guaranteed regardless of the
interface location and Lamé parameters. This construction method is superior to the one
developed in [I53] where the unisolvence of IFE shape functions can only hold conditionally.

Secondly, we establish the optimal approximation capabilities of the proposed vector IFE
spaces to functions satisfying the jump conditions in . This result is achieved by esti-
mating the Lagrange type interpolation errors through multipoint Taylor expansions. And
for this purpose, we develop a group of essential identities for transferring the quantities of a
vector function from one side of the interface to the other according to the jump conditions,
and these identities are nontrivial extensions of their scalar counterparts in [79)].

Thirdly, we derive a partially penalized IFE (PPIFE) method to employ the proposed vector
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IFE space to solve the elasticity interface problems. To reduce the adverse effects from
the discontinuity of IFE functions across interface edges, we apply interior penalties at all
interface edges in this PPIFE method, which, in a certain sense, can be considered as an
extension of the one in [85] [148] for scalar elliptic interface problems to interface problems
of elasticity systems. To analyze these penalty terms, we develop a special trace inequality
on interface edges for the stress of the elasticity IFE functions in which the constant in the
bound is independent of the interface location. In addition, in the error analysis, we employ
a patch idea to estimate IFE interpolation errors in these penalty terms with the standard
piecewise H? regularity assumption for the exact solution. A similar idea was also used in
[85] to circumvent the extra H? regularity assumption for the exact solution to show the
optimal convergence of IFE solutions.

2.2 Preliminaries and Notations

In this section, we describe terms and facts to be used in the discussions of this chapter. For
a measurable subset 2 C ), we denote the vector Sobolev space by W*4(Q) = [qu(ﬁ)} i
Where~Wk’q(ﬁ) is the standard Sobolev space, and th(i associated norm and semi-norm of
WFE4(Q) are such that for every u = (up,up)? € Wh4(Q),

||u||wk,q(§) = ”ulnwk,q(ﬁ) + ||u2||wk,q(§)a |u|Wk,q(§) = |U1|Wk,q(§~z) + |U2|Wk,q(§)7

||11||Wk,oo(§) = max{l!ul\lwkm@), ||u2||wk,oo(§)}7 ‘u|wk7w(§) = max{lullwk,oo@ , ’u2|wk,q(§)}'
The related vector Hilbert space is denoted by H¥(Q) = W“((NZ) Let C¥(Q) be the col-

lection of k-th differentiable smooth vector functions. When Q¢ := Q N Q* £0,s =+, we
define

PWHI(Q) = {u : ue Wh(®), s =+; [ur =0, and [o(wn]r =0},  (2.1)

PCF(Q) = {u : ue CHD), s ==+; [ulr =0, and [o(u)n]p = 0}, (2.2)

where the definition implicitly implies that [u]p and [o(u)n|r are well-defined, with the
following norms and semi-norms:

[\

Pl = 3 (sl + lallpra@n)
=1
2

s = 3 (lhyeage) + ilisagn)

1=

HU—HWk,oo(ﬁ) = ma X{maX{Hquwkm( Huz”wkfw(fﬁ)}}a
[l gy = maxdmaxy [ty G-y, [Uilyes @)}
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Also we denote the corresponding Hilbert space by PH*(Q) = PW*2(Q) with the norm
I M@y = [+ llyyre () and the semi-norm |- |Gy = | [yyrz)- Furthermore, for any vector

function v = (vy,v9)T € HY(Q), let Vv be its 2-by-2 Jacobian matrix where the i-th row is
the row vector Vu;, i =1, 2.

Without loss of generality, we assume that the solution domain €2 is the union of several
rectangles. Let 7;, be a Cartesian rectangular or Cartesian triangular mesh of the domain
2 with a mesh size h > 0. An element T" € 7}, is called an interface element provided that
the interface I' intersects T° with a non-empty intersection; otherwise, it is called a non-
interface element. Let 7, and 7;* be the collection of interface elements and non-interface
clements, respectively. Similarly, let £ (1) and E7(ET) be the collection of (interior) interface
edges and non-interface edges, respectively. These notations will be used throughout this
dissertation.

In addition, as in [84] [T0T], we assume that 7y, satisfies the following hypotheses when the
mesh size h is small enough:

(H1) The interface I" cannot intersect an edge of any element at more than two points unless
the edge is part of T

(H2) IfT intersects the boundary of an element at two points, these intersection points must
be on different edges of this element.

(H3) The interface I is smooth enough so that PC*(T') is dense in PH?(T') for every interface
element T' € T

In this chapter, we will discuss IFE spaces formed by vectors of linear polynomials (including
the Crouzeix-Raviart elements) on triangular meshes and bilinear or rotated ()7 polynomials
on rectangular meshes. For each element 7" in a mesh 7, we introduce an index set Z =
{1,2,3} when T is triangular or Z = {1, 2, 3,4} when T is rectangular. Then, the local finite
element space is denoted by (7', Iy, Xr), with ITr = [Span{1, z, y}]Q, or [Span{l, z,y, zy}]Q,
or [Span{1,z,y,z* — y2}]2 for the linear, or bilinear, or rotated ()1 polynomial space, respec-
tively, and the local degrees of freedom X7 = {¢,(4;) : i € Z, ¥ € IIr}, where A;s are
vertices of T for the linear and bilinear elements, or midpoints of edges of T for the rotated
@1 elements and the Crouzeix-Raviart (CR) elements. For these local finite element spaces,
according to [35] 55, [58, [I71], there exist vector shape functions v, € Iy, i =1,2,--- | 2|Z]
such that Il = Span{, r, 1 < i < 2|Z|} with

(51' iy . O’ )
Y, r(A;) = { 0’9 i=1,--,|Z|, and 9, 1(4;) = { 5 i=|Z|+1,---,2[Z|, (2.3)
Y, rlwreery < ChTF, k=0,1,2. (2.4)
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Furthermore, we denote a vectorization map Vec:R™ " — R™**1 guch that for any A =

(aijﬁn:’?,j:lv
Vec(A) = (&117 T, Qml, A12, 0 5, Am2, A,y 7amn)T

Y

and a Kronecker product ©@ : R™™ x RPX? — R™P*" such that for any A = (a;;);2);_; €
R™™ and B € RP*?, there holds

GHB s alnB
A® B = : . : : (2.5)
a1 B - B

There is a well-known formula about the Kronecker product and the vectorization operation
for three matrices P, Q, R:

Vec(PQR) = (RT ® P)Vec(Q). (2.6)

Throughout this chapter, we use I,, to denote the n-by-n identity matrix and 0,,,x, to denote
the m-by-n zero matrix for any positive integers m and n.

In this chapter, we shall adopt the generic constant C' which only depends on the Lamé
parameters A\*, pu*, but independent of the relative interface location with respect to the
mesh or the mesh size h.

2.3 Geometric Properties of the Interface

In this section, we discuss geometric properties on interface elements that are useful for
developing and analyzing IFE spaces. We emphasize that these properties will be used in
both this chapter and Chapter [3| because they are fundamental results describing how well
the interface is resolved by interface elements. We also believe they can be used in the future
for other IFE methods and other unfitted mesh methods.

Let T be an interface element partitioned by I' into 7~ and T'F. As illustrated in Figure
2.1, we let I be the line passing through the points D and £ where 9T and I intersect. For
a point X on I' N T, we let n(X) = (7,(X), 7, (X)) be the normal of I" at X, and we let
X, €1 be the orthogonal projection of X € TN T onto the line [. Also, we let n = (7, ny)
be the unit normal vector and let t = (7, —7,) be the vector tangential to . Without loss
of generality, we can assume the orientation of all the normal vectors are from T~ to 7. In

addition, we let k be the maximum curvature of the curve I'.
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T+
X = (57‘”(5))
U r
e
D
T T

Figure 2.1: Quantities related to in-
terface elements Figure 2.2: The local coordinate system

For each interface element T' € 7,, without loss of generality, we can introduce a local
coordinate system (£,1) = (&, w(&)) for a suitable function w such that, in this local system,
D is the origin and its horizontal axis is aligned with [, as shown in Figure 2.2l We start
from the following lemma which extends similar results in [136]:

Lemma 2.1. Assume hx < € for an € € (0, ‘/75), then for any interface element T € T}, the
following estimates hold

lw(&)] < 2(1 — 2¢%)7*2kh?,
w'(€)] < V2(1 — 2€%) 73/ 2kh.

Proof. In the local system, let g be the coordinate of the point £. And by the Mean Value
Theorem, there is some &, € [0, {g] such that w'(§y) = 0. Consider a function g as well as
its derivative

_ v ond. o) = ()
9e) = Twor ¢ N (N T GIRER)

Note that ¢’(£) is the curvature of I' at &; hence, we have |¢'(¢)| < k. Then, by g(&) = 0,
we have |g(§)| = ’ffo g’(s)ds] <[5 19'(s)lds < v/2Kh = /2€, which implies |w'(€)] < 2.
By the definition of s, we have |w”(£)] < (1 — 2¢2)73/2x.

Now using the Taylor expansion for w around D leads to w(¢) = w'(0)¢ + w"(§)&* for
some & € [0,&g]. Note that w(¢g) = 0 shows w'(0) = —1w”(£g))€s. Thus we have w(g) =
—Lw"(€p))Eps + 1w"(£)€* and therefore, |w()| < 2[|w”||oh* < 2(1 — 2€2)73/2kh?, which
yields (2.7). And using Taylor expansion again for w’ around &, we have w'(§) = w” (€)(E—&)
for some & between & and &. Finally we obtain |w'(€)] < v2||w”||h < V2(1 —2¢%)%2h. O
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We note that the argument for Lemma [2.1| is similar to Assumption 3.14 in [52] in which a
local polar coordinate system is used on the interface element, but an essential difference is
that we explicitly specify the dependence of constants on the curvature in the estimates given
in Lemma [2.1] The following lemmas provide estimates about various geometric quantities
defined at points on I'N7T.

Lemma 2.2. Assume hr < € for an e € (0, */75), then for any interface element T € T} and
any point X € I' T, the following estimates hold:

X — X || <201 —26%)%2kh?, (2.9)

and
In(X;) —n(Xy)| < V201 + (1 =23 kh, ¥V X, X, e'NT, (2.10a)
n(X;) n(Xy) > 1-2(1+(1-23))220%, VX1, XoeI'NT. (2.10b)

Proof. The estimate ([2.9)) directly follows from ([2.7)). For (2.10a), we assume X, = (&1, w(&2))
and X5 = (&, w(&2)) in the local system, respectively. Then we have

= 1+<1u/<51>>2(_w/1(§1>)’ (%)= 1+<1u'<52>>2(_w/1(§2))'

By the calculation in Lemma and Mean Value Theorem, there is some £ € [0, £g] such
that

‘ w'(&1) _ w'(&)
VIt @(@)? VIt @(&))?

and € € [0, &g| such that

(&)
1+ @(©)?)

"
/

3/2‘51 - 62’ < \/§/€h/

1 _ |w’(§~)||u~)”(£)| € — &) < 2(1 — 262>73/2€/€h

1
‘ VIH W (&) V1+ (&) 1+ w(€)?)3?
Then (2.10a)) follows by applying these estimates in the local coordinate forms of n()z 1) and
n(Xs). Furthermore, by (2.10a) and

In(X1) = n(Xo)[* = |[n(X1)|* + [In(X2)|* — 2n(Xy) - n(Xp) = 2 - 2n(X;) - n(Xy),
we have . O

Remark 2.1. Note that there exists a point X, = (&1, w(&)) € T NT such that w' (&) = 0
which means n(X;) = n. Hence, by Lemma we have the following estimates for an

arbitrary point X €e I'N7T':
In(X) —al < V2(1+ (1 —262)%)kh, (2.11a)
n(X) 0 >1—2(1+ (1—26)32)22n2, (2.11b)
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The two lemmas above have suggested a criteria about how small A should be according to
the curvature x so that the related analysis is valid. Therefore, for all discussions from now
on, we further assume that

e h is sufficiently small such that for some fixed parameter ¢ € (0,/2/2) and & € (0, 1]
of one’s own choice, there holds

(2.12)

h<min{ VA 6}.

V2(1 + (1 —22)732)k

Obviously € is the proportion by which we should choose the mesh size h according to the

interface curvature k. Also, by (2.12)) and (2.11b|), we have
n(X)-n>1—7 VXel'NT (2.13)

which shows how much the angle between the normal of I'NT" and n can vary in an interface
element T' € T}, a larger value of & € (0, 1] allows n(X) to vary more from n up to, but not
equal to, 90 degree. Therefore, we will call k the angle allowance. In this dissertation, we
let the angle allowance <k and the parameter € be small enough but fixed, i.e., the mesh size

h is sufficiently small, such that all the estimates discussed in this section hold.

Now, we generalize the geometric estimates above to the so called patch of each interface
element [87]. Specifically, for each interface element T' € T}, its patch or macro-element is
the following set:

wT:U{T/EE:T’ﬂT%Q)}. (2.14)

Similarly, for any X € I' N wyp, we let n(X) be its normal vector to I and let X, be the

projection of X onto [. Then, we can establish similar geometric estimates in the following
lemma.

Lemma 2.3. Given each interface element T € T, and its associated patch wr, assume the
element size h is small enough, then for any point X € I'Nwy, the following estimates hold:

X — X < on?, (2.15a)
In(X) —n|| < Ch, (2.15b)
n(X)-n>1-Ch. (2.15¢)

Proof. The arguments for these estimates are the same as those used for Lemma and
Remark 2.1 ]

For each interface element 7' and its associated patch wr, recalling that | with the normal
vector n = (71, 7My) is the line connecting the intersection points of I' and dT , we let the
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interface I" and the line [ partition the patch wy into sub-patches w3, s = & and w7, s = =+,
respectively. Let W5 = wi N @S, s = 4, and then Wy = (0F Nwy) U (W; Nwy) is the sub-
patch sandwiched between [ and T'. In addition, following the idea in [81, 84], we consider
the following set

Wit = U{lt Nwr : l; is a tangent line to wyp N T'}. (2.16)

We further define wy® = &% N (w\wi), s = £, and wh = wr\(wy~ Uwi™). We can show

that w7 is actually a small subset of the patch wy in the following lemma.

Lemma 2.4. Assume h is small enough, then there exists a constant C' such that |wi| < Ch?
holds for every interface element T

Proof. By the definition, w} = wi™ U @r. By (2.154), it is easy to see that |wp| < Ch®.
Besides, let X be one point in wi". According to the definition , there exists a point
Y € T such that XY is tangential to I'. Denote X | and Y, as the projection of X and YV
onto [, respectively. Let 6 € [0,7/2] be the angle between XY and . According to (2.15a)),
we have |YY || < Ch?. Using the fact | XY| < Ch, we obtain | XX | = [YY| |+|XY]|sin(f) <
Ch? + Chsin(f). In addition, using (2.15d), there holds

sin(f) = (1 — (d-n(Y))?)2 < Ch. (2.17)

It shows that [ XX, | < Ch?, i.e., the distance between X and DE is bounded by Ch?. Since
|DE| < Ch, we have |w}| < Ch?, which finishes the proof. O

Finally, we end up this section by introducing a Patch Assumption:

Patch Assumption: For every interface element 7', let e be one of the interface edges
of T. Then for s = =, there exists a triangle 77 C ° N wy and two constants Cy, Cf
independent of the interface location such that e N7* is one edge of 77 and

Cile N T*|h < |T5| < Calen T (2.18)

In fact, can be guaranteed if the height of the auxiliary triangle 77 corresponding
to the edge e N T* has the length O(h), and we note that this Patch Assumption can be
easily satisfied when the mesh size h is sufficient small such that the interface is locally flat
enough. Figure [2.3| provides illustrations for how 77, s = + are identified for an interface
edge e = A; Ay in the patch wr of an interface element T' = AA;A; A3 with A; € Q7 and
Ay € QF where T, = AAPD, T;F = AAQD in Case 1, and T, = AADQ, T.F = A;DP
in Case 2, respectively. The auxiliary triangles 77, s = £ do not have to be formed by nodes
in the mesh 7,. For example, the point P in Case 1 in Figure can be a point in oy N Q™
so long as its perpendicular distance to the line passing e is O(h).
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Figure 2.3: The patch for a triangular interface element

2.4 Vector IFE Functions For Elasticity Interface Prob-
lems

In this section, we construct local IFE spaces corresponding to the underlying finite element
spaces (T, ILp,37) described in Section As usual the local IFE space on every non-
interface element T is the standard vector polynomial space, i.e.,

Si(T') = Span{®; r, Yy € T}, (2.19)

where 1), ;- are the standard vector linear, bilinear or rotated @; Lagrange shape functions
depending on whether 7" is triangular or rectangular, given by (2.3). Following the unified
framework reviewed in Section [I.2] we now propose a procedure to construct vector IFE
functions on interface elements for the jump conditions in ((1.11]).

2.4.1 Local Vector IFE Spaces

As in [79, 84, 209], without loss of generality, we focus on a typical interface element 7" with
vertices M;, 1 < i < |Z]| where M; = (0,0)T, My = (h,0)T, M3 = (0, h)” for discussions about
a triangular interface element, but M; = (0,0)%, My = (h,0)T, M3 = (0, h)T, My = (h, h)* for
discussions about a rectangular interface element. On this typical element 7', the pertinent
degrees of freedom will be imposed at the nodes A;,1 < i < |Z|. When linear and bilinear
polynomials are considered on T';, A; = M;,1 < i < |Z|. When the non-conforming linear
polynomials (Crouzeix-Raviart elements) on a triangular 7" are considered, A; = (h/2,0)7,
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Ay = (h/2,h)2)T, A3 = (0,h/2)T. When the rotated @; polynomials are discussed on a
rectangular T, Ay = (h/2,0)", Ay = (h,h/2)T, A3 = (h/2,h)", Ay = (0,h/2)T.

According to [79) [T0T] 136], by considering rotations, there are six possible vertices-nodes
configurations for a non-conforming linear element, two possible configurations for a con-
forming linear and bilinear element, and 5 possible configurations for a rotated (); element
as illustrated in Figures 2.4

(e) Case 5 (f) Case 6

Figure 2.4: Typical non-conforming linear elements

As Ay A Ay

Ay A D Ay

(a) Case 1 (b) Case 2 (a) Case 1 (b) Case 2

Figure 2.5: Typical conforming linear ele-

Figure 2.6: Typical bilinear elements
ments
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.
1A Ay Ay T 1Ay Ay
T+ r
E >
U [
L) T D
M A, My M 4 M, MR, A M, M
(a) Case 1 (b) Case 2 (c) Case 3 (d) Case 4
My g Ag M,
r
A.
A, l 2
T{
T
D
M, Ay M,
(e) Case 5

Figure 2.7: Typical rotated ), elements

On an interface element T, let the line [ partition T into subelements T— and T, then we
consider the elasticity IFE functions as piecewise vector polynomials in the following format:

or(X)elly, if XeT,
br(X) =37 . . (2:20)
¢r(X)elly, if XeT™,
with ¢+ (X) and ¢, (X) satisfying that
b7l = o7, (for the linear polynomials), (2.21)
o7 = o1, d(py) =d(¢pF), (for the bilinear/rotated @, polynomials),

o' (¢p)(F) n=0"(¢7)(F) B,

where F' is a point on [ to be specified later and d(t)) is a vector formed by the coefficients
of the second degree term of 1 € Iy, i.e., the coefficient of xy for a bilinear polynomial or
the coefficient of 22 — 2 for a rotated @ polynomial. Given a set of nodal-value vectors v;,
1 € I, we further impose the nodal value condition:

dr(Ai) = vi.

(2.22)

(2.23)

Let Wiz = [¥; 1, Vi z.7], @ € Z be 2-by-2 matrix basis functions and let L(X) = 0 be the
equation of the line [ with L(X) = n- (X — D). It is easy to see that WV, r(A;) = d; 1>,
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i,7 € Z. Then by (2.23) and (2.21]), we can express (2.20) as

b7 (X) = ¢7(X) + L(X)ey if XeT,
Ori) =1 67(X) = 3 ir(Xvi+ 3 Win(X)er it X T, (2:24)
€Tt 1€~

where ¢y = (¢}, )T and ¢; = (c¢},c?)”, i € I~ are to be determined. Applying the jump

17 1

condition for the stress tensor ([2.22)) to (2.24)), we obtain
0~ (Leo) (F)n =6(¢y) (F)n, (2.25)
where ¢(v)(X) for a vector function v is defined as follows:

6(v) = (65;(v)1<ijez, 0i5(v) = MV - V)3 + 2jie55(v),

' . N - . B (2.26)
with A=AT -7, f=pu" —pu".

Also, in 6(¢+)(X), the function ¢ is a polynomial so that it can be evaluated for any X,
and this meaning applies to similar situations from now on. By direct calculations, we have

. RN pT) Fp mag(A o) | ._
o~ (Leo)(F) = mﬁf‘w_‘; ﬁ%()\_Jr/f)ljru—] [Cg} = K. (2.27)

Then we note that

K=QPQT, with P~ = [ (A +02“_) MO } . Q=1 (2.28)
which is obviously non-singular. Hence, by , Co is determined by
co = K '6(pt)(F)n. (2.29)
Next we apply the nodal value condition for j € 77 and to to obtain
Kc;+ L(A) Y 6(Vige;)(F)n = Kv; — L(A) > 6(Vigv)(F)n, jeI. (2.30)
€T~ i€zt

We now put equations in (2.30)) into a matrix form. We let (ji, ja, - -, jjz) be a permutation
of (1,2,--+,|Z|) such that j, € T~ for 1 < k < |Z7| but j, € Z* for |Z7|+1 < k < |Z|.
Consider three vectors ¢, v and v such that

11

|Z_| - — |I_| T Tt
c= [Cjkh:1 € RZ‘ |, v = [ij]kzl € ]R2’ ‘7 vt = [ij}k:_ﬁ-i-l € R2’ ’
We adopt the following notations:
— _ o = - _
K=l @KeRI DU T = [L(Ajk)b] 1 g, (2.31a)
k=1
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Al oy =+ [
v | k]' leporie gt W] erE (2.31b)
k=1 k=|T—|+1

with U; = [ 6(¢;7)(F)i 6(s; m7)(F)n )" € R®? | 1< <|T]. (2.31¢)

&

For any vector r € R2¥!, we note the identity (¥, 7r)(F)a = ¥, r. Hence by using the
matrices defined in ([2.31a})-(2.31¢), we can represent equations in (2.30]) as follows:

(K+LT )c=h, (2.32)
with b=Kv —LT  v*. (2.33)

We emphasize that the weak jump conditions in (2.21]) and (2.22)) are similar to their coun-
terparts given in and , but the differences are the choice for the point F' and
defining the IFE function on two subelements of 7" determined by the line [ instead of the
interface curve. See Remark [2.6] for the reason and consideration behind these choices. We
also note that the coefficient matrix of the linear system in is a generalized Sherman-
Morrison matrlx formed by matrices K, L and ¥ which can be considered a generalization

of the one in .

Now we proceed to discuss the unisolvance for the bilinear and the rotated ); IFE func-
tions, i.e., the invertibility of the matrix in (2.32), which can always be guaranteed with a
suitable choice for F' through this proposed new construction procedure. The discussion for
unisolvance of the linear IFE functions will be left to Remark 2.4] below.

First, for the rotated )1 IFE functions in Case 1 as illustrated in Figure (a), we note that
there is no ¢;, « € Z~ coeflicients in the formulation and ¢y is uniquely determined by
, and this means that the unisolvence for this case is always guaranteed. To discuss
other cases, we define two parameters d and e for describing the interface-element intersection
points D and FE for those typical rectangular interface elements illustrated in Figures 2. 7]

o We let d = ||D— Ayl /h, e = ||[E—Ay||/h for Case 1 in Figure and d =
|D — M| /h, e =||E — M| /h for Case 2 and Case 3 in Figure 2.7]

e We let d = ||D— Ayl /h, e = ||[E— As||/h for Case 2 in Figure and d =
|D — M| /h, e =||E — Mjs]|| /h for Case 4 and Case 5 in Figure 2.7]

We start from some estimates for the following two auxiliary functions:

= > L(A)Viir(X) -1, = D> LA)VUir(X) -8, (234)
1€L— 1€L—
where 9); r are standard bilinear or rotate (); scalar Lagrange type shape functions.
Lemma 2.5. On each rectangular interface element T € 7711', let Fo =toD + (1 —to)E such
that
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e when it is a bilinear element in Case 1 illustrated in Figure[2.6, assume to = e/(d+e),

e when it is a bilinear element in Case 2 illustrated in Figure assume to = 1 — e if
d>e to=1—d ife>d,

e when it is a rotated ()1 element in Case 2 or Case 3 illustrated in Figure assume
to=1 when d > e orty =0 when e > d,

e when it is a rotated ()1 element in Case 4 or Case 5 illustrated in Figure assume

to=1/2.

Then

(1= gu(F0))* — g;(Fo) =20,  ga(Fo) — g; (Fy) >0, (2.35a)
gn(Fp) €10,1],  g(Fo) € [-1,1]. (2.35b)

Proof. Bilinear elements:
Case 1. By direct calculation, we have

5 ) _AdPe(d+e—de)® _

gn(FO)_gt(FO)_ (d2+62)2(d—|—6)2 2()’

(1= gu(F0))* — g (Fo)
=1 —d) —d*(1—e)? + (21 —d) + d*(1 —e+e?))*(d+e)?
B (d? + €2)%(d + e)?

= 0.

Case 2. Because of the symmetry, we assume d > e and take tp =1 — e.

ga(Fo) — g2 (Fy)

T+ —12de Ty (—(2d%(—=1 + €) + d(1 + 2e — 4€?) + e(—1 + 2¢?))?
(@ (=1 +€) + (1 + 26 — 3¢%) — (=2 + ¢2) + d(1 — 3¢ — ¢ + 3¢4))2) > 0:
(1= gu(F0))* — g} (Fp)

B _12de ey (—(2d%(=1 + €) + d(1 + 2e — 4e?) + e(—1 + 2¢2))?

+(-1+d*(-1+e)+d*(2—3e)e+e* —e' +d(1 — e —e* +3¢”))%) > 0.

Rotated (), elements:

Case 1. As shown by Figure this case is trivial since there are no unknown coefficients
involved.
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Case 2. Note that 1 >d >1/2>e > 0. Then
(e — 2de)?(4d® — 4d* — 3e? — 4de(2 + e) + d*(3 + 16e + 4¢?))
= 0;
4(d? + e?)?

1
R (32d°¢® — 16d°¢* — 3e* 4 24de* + d*e*(7 + 32e — 8¢?)
€

9721<F0) - QE(FO) =
(1- gn(Fo))2 - th(FO) =

+ 8d%e(1 + e — 12e* — 4€*) + 4d*(1 — 4e — 6 + 16¢® + 4e)) >

P

Case 3. Note that 1 > d > e > 1/2. Then

1
2 2 _ 5 6 3 4 3
+ 2d%€*(13 + 4e — 2€?) + d*(—3 + 8e + 24¢?)) = 0;
1
2 2 _ 5 6 3 4 3
(1 = gn(F0))” — g; (Fo) N TCEYEE (8d° — 4d° 4 8d*(1 — 6e)e — 3e* + 8de*(1 + e)

—2d%*(—13 + de + 2¢%) + d*(—3 — 8e + 24¢€%)) >

N

Case 4. Note that 1 > d >1/2 > e > 0. Then

1
2 2
Fy) —g;(Fy) =
gn( 0) gt( 0) 4(1—|—d2—2d€—|—€2)2
—Ad*(4 + 2e — € + &) + d*(11 + 24e — 12€* + 4e® + *)
+e(6 + 3e — 8e? + 2¢® + 2¢ — €°)

(—=d°® +2d°(1 + €) + d*(10 — 6e + ¢€?)

1

+2d(—1 — 9e + 4e* — 3e* + €°)) > o

1

1— F 2 2F — 6 251 42_ 2

(1 = ga(F0))” — ¢ (Fo) 4(1+d2—2d€—|—62)2( d’+2d°(1+e) +d* (2 — 6e + %)
—4d*(2 — 2e — € + ) + d*(3 — 12e* + 4e® + &)
+2d(3 — 9e + 12¢% — 4¢® — 3e* + ¢°)

1
—e(2 — 1le + 16€* — 10e* — 2¢* + €%)) > o

Case 5. Note that 1/2>d >0 and 1/2 > e > 0. Then

(d®>+2d(—1+¢€)+ (=2 +e)e)*(1 — (d—e)?)
4(1 + d? — 2de + €2)?

d*+d*(—2+e

92(Fo) — g; (Fy) = > 0;

! (—(
(14 d? — 2de + €2)?

(1= gn(F0))* = g7 (Fo) =7 —de® — (=2 + e)e?)?

B~ =

+ (24 3d* — 2e + 3¢* — 2d(1 +¢))?) >

These estimates lead to (2.35al). For (2.35b)), the first inequality is just a special case of
Lemma 5.1 in [79] and the second inequality is a consequence of (2.35al). O
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Lemma 2.6. The matriz in the linear system (2.32)) is non-singular if and only if the
follwoing matriz is non-singular:

i e | A 20)g.(F)  Agi(F)
=) =7 *[ () ﬂgnw)] (236)

Proof. Note that the matrix in (2.32)) is in a generalized Sherman-Morrison format. Since
K is invertible, the linear system (2.32)) is non-singular if and only if the matrix

L+U 'K L=L+Y LA K '=(K+ Y LA)T)K"! (2.37)
JET- JET-
is invertible. Then by using (2.28)), we can directly verify that

QUK + Y LA)T)Q" = P~ + { (A +21)9.(F)  Aau(F) } (2.38)

= fgi(F)  fign(F)

which leads to the conclusion of this lemma because () is invertible. O]

Lemma 2.7. With the Fy specified in Lemma we have

Det(Z(Fy)) > 2 (min{u*, u})*. (2.39)
Proof. By (2.36) and direct calculations, we have

Det(E(Fo)) =X 1t (g5 — g7) + A (1 = 9a)* — ¢7)
F AT (L = 90)9n + 97) + A1 (9a(1 = g0) + 67)
+2(") g+ 2(n7)* (1 = g)* + 4T (1= gn)gn,
in which g, = ¢,(Fy) and g; = ¢:(Fp). Then, applying estimates in Lemmato the above,
we have Det(2(F)) = 2(ut)262 + 2(1)2(1 — g,)? > 2 (min{ut, u=})* . O
Finally we can prove the main theorem in this section.

Theorem 2.1 (Unisolvence). Let T € T} be a rectangular interface element with F = F,
specified in Lemma . Then given any vector v € RAT X1 for the bilinear and rotated @Q;
elements, there exists one and only one IFE shape function satisfying (2.20)-(2.23)).

Proof. The proof directly follows from Lemma [2.6] and Lemma O

Remark 2.2. According to the generalized Sherman-Morrison formula and (2.37)), (2.38)),

we can give an analytical formula for the coefficients c in (2.32)) as
c=K b-K LL+V K L)' K 'b 2.40)
K 'b—K 'TKQ'Z'Q¥ 'K 'b. '
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Here it is important to note that K is a diagonal block matriz formed only by the 2-by-2
matriz K and = is also a 2-by-2 matrix so that their inverses are easy to calculate analytically.
Hence, if preferred, there is no need to solve any algebraic systems for ¢ numerically because

of (240).
Remark 2.3. When F' = (D + E)/2, the linear and bilinear IFE shape functions given by
(2.24) with the coefficients determined by (2.29) and (2.32) coincide with those in [153]. In

this case, the unisolvence can be only conditionally guaranteed and an example of interface
element configuration is given in [153] to demonstrate this.

Remark 2.4. For the linear IFE functions, because each side in 15 a constant vector
which is therefore independent of the location of F', the new construction procedure proposed
above is the same as the one considered in [77, [153)], i.e., the one in Remark regardless
of the choice of Fy. In this case, the authors in [153] constructed a specific interface element
configuration such that the conforming linear IFE shape functions can not be uniquely deter-
mined by the Lagrange type degrees of freedom, i.e., the nodal values. They also showed that
the unisolvance can be conditionally guaranteed by some assumptions on the Lamé parame-
ters (Theorem 4.7 in [153]). The immersed nonconforming linear elements, i.e., the linear
Crouzeiz-Raviart IFE elements, also have a conditional unisolvence, which can be discussed
similarly as Theorem 4.7 in [153)].

Remark 2.5. For the bilinear and rotated ()1 elements, the unisolvence of the IFE shape
functions depends on suitable choices of the point Fy stated in Lemma [2.5. It is easy to
see that a small perturbation of a suitable choice of F' = Fy given in Lemma 2.5 can also
yield det(Z(F)) > 0 since the Z(F') in is a continuous function of F for a fived
interface location in an element. This means that the choice of Fy is not unique and Lemma
only provides sufficient conditions for the unisolvence. We also note that, because of the
continuous dependence of ¢ given in and cqy grven in on F', a small perturbation
of ' = Fy should lead to a small change of the coefficients, and thus the corresponding IFE
shape functions will not change much.

Remark 2.6. We note that the construction approach above and the resulted formulas are
similar to the one reviewed in Section[1. for the scalar elliptic interface problems. We also
emphasize that here the two polynomial components in an IFE function are partitioned by
the line connecting the intersection points of the interface and element boundary instead of
the interface itself in Section |1.2. This is to maintain the continuity of IFE functions on
interface elements which can be considered as one advantage of lower-degree IFE methods.
We also note that this property is difficult, if not impossible, to obtain for higher-degree IFE
methods.

By taking the nodal value vector v to be unit vectors, we construct the IFE shape functions
satisfying the weak jump conditions ([2.21))-(2.22)) and the following nodal value constraints:

J

4,5 . 07
sty ={ 5 =tz md g = {

P=|Z) 41, ,2Z] (2.41)
i—|Z|,5>
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The local IFE spaces on interface elements T' € T are then defined as

Si(T') = Span{®; 1, Dipzr: 1€ T} (2.42)

The local IFE spaces defined by and can be used to construct an IFE space
over the whole domain €2 according to the need of a finite element scheme. For example, in
this chapter, by enforcing the continuity at the mesh nodes, we can consider the following
global IF'E space:

Sr(2) :{V € [L2(Q)? : v|r € Su(T) VT € Ty;

(2.43)
V|, (N) = v|r,(N) VN € N, VI1, Ty € Ty, such that N € 0Ty N 9T }.

2.4.2 Properties of IFE Shape Functions

In this subsection, we present some fundamental properties of the proposed IFE shape func-
tions. We tacitly assume that, on each interface element T € T/, ¢, r,1 < i < 2|Z| are
the bilinear or the rotated (); IFE shape functions constructed according to Theorem
or they are the conforming/non-conforming linear IFE shape functions which uniquely exist

according to their degrees of freedom under some conditions on the Lamé parameters, see
Remark 2.4

Theorem 2.2 (Boundedness). There ezists a constant C' such that the following estimates
are valid for IFE shape functions on each interface element T':

b rlwrooery <CRTF, k=0,1,2, 1<i<2|Z|, VT €T, (2.44)

Proof. For the bilinear or the rotated (); IFE shape functions, we note that yields
|K| < C. And shows ||L|| < Ch because |L|gsor < Ch, and |[¥°|| < Ch~'. So we
have ||b|| < C, of which the constants C' only depend on Lamé parameters. Next
and suggest |[E7!| < C. So by the formula (2.40)), we have [/c|[| < C and then use
to show ||co|| < Ch™!. Therefore ||coLllpcor < C and |coL|icor < Ch™! because
|L|o,co,r < Ch and |L|; o < C. In addition, it is easy to see |coL|scor = 0, since L is a

linear function. Finally, applying these estimates and ({2.4)) to (2.24)) leads to (2.44)). Similar
arguments can be used for the linear IFE shape functions. ]

Remark 2.7. Because the estimates in (2.4)) also hold on each patch wr associated with an
interface element T, we can extend (2.44]) to the patch:

@i rlwroewr) S CRTF, k=0,1,2, 1<i<2[Z]. (2.45)

For simplicity of presentation, we will use the following matrix shape functions:

D, 1(X) = [, 1(X), ¢i+\1|,T(X)] , 1€l (2.46)
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Theorem 2.3 (Partition of Unity). On each interface element T € T}¢, we have

ST0ir(X) =L, Y 0 ®ir(X) =000, Y Opu, Pir(X) = Onua, Gk =1,2. (2.47)

1€L €T €T

Proof. By direct verifications, we can see that vector functions ¢' = (1,0)” and ¢* = (0,1)7
satisfy the weak jump conditions and exactly; hence, they are in the IFE space
Si(T). Then the unisolvence of the IFE function leads to the first identity in (2.47). And
the second and third identity in are just the derivatives of the first one. O

Remark 2.8. The first identity in (2.47) was proved in [153] for the linear and bilinear IFE

shape functions by direct verifications.

Recall that n = (7i;,n9)" and t = (723, —1)7 are normal and tangential vectors to the line
[. We introduce the following matrices:

()\S + 2,[!8)7_11 ,usﬁg ,uST_LQ )\87_11
N = Ang ot e (A 2utng | (2.48)
—MNy 0 ny 0
0 —ny 0 ny
It can be directly verified that
Det(N°) = pu*(\* 4 2u%), s = =, (2.49)

which shows the matrices N° are non-singular. We can use these matrices to define
- N\l J— —_\ 1 __
M = <N+> N, M = (N ) N (2.50)

The motivation for us to introduce/construct these matrices is that they can be used to
connect the two polynomial components in an IFE function in the following sense.

Lemma 2.8. For IFE functions satisfying (2.21)-(2.22), there hold
Vec(Vot(F)) = M Vec(Vr(F)), Vee(Vp(F)) = M Vee(Véi(F)).  (2.51)
Proof. Let ¢y = (¢4, #2)T. By direction calculations, for s = 4, we have

o (bp(F)) i = | O+ 2OV 00, 08 + 1 RaOrabp” + 10 1s00i 677 + N1y 7

= _ s _ s i s _ s 2.52
)\Snanl(ﬁ; + usnla‘r2¢;" + ﬂsnlaﬂh ¢§’7 + (AS + 2“5)n28x1¢§l ( )

From the continuity jump condition, we have V¢h™t = V¢s t, i = 1,2. Combining this
with the stress jump condition (2.52)) leads to

N Vec(Vor(F)) = N Vec(Vepi(F))
from which we have (2.51]) because of ([2.50)). O
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Now, using these matrices, we consider the following 2-by-4 matrix functions:

A(X) =) (A= X)" @ (2, (X)) + Y (A= X)" @ (9,,(X))) (M~ — 1), (2.53a)

AL(X) = Z (A= X)" @ (9/,(X))) + Z (A = X)) @ (@] (X)) (M'—1,), (2.53b)

where X, i € T are arbitrary points on {, and we further use them to define

ATX) =AL(X), A (X)=A_(X)M". (2.54)

First we show that both A~ (X) and A*(X) are well defined, i.e., they are independent of
X, el,ieT.

Lemma 2.9. The matriz functions A=(X) and AT (X) are independent of the points X; € I,
1e’.

Proof. Denote the vectors a; = [—ip,0,71,0]7 and ay = [0, —7ip, 0,74]7. It can be directly
verified that they are eigenvectors of (MS)T, s =+, or —, ie.,
() ai=ai, i=1,2 (2.55)
Let X, and Yi be two points on [. Then, by , we have
(4~ X" @ (@) (O ~ L) — (4~ X)" & (®(X))) (T ~ 1)

— . (2.56)
=[X; = Xi[| [®7, 7] [an, 0] (M™ = 14) =0, 5=+,
Hence, by (2.53)-(2.54), functions A~(X) and A*(X) are independent of X, i € T. ]

Lemma allows us to consolidate X;, i € Z in A=(X) and AT (X) into a single point X € I.
So, by using (2.47)), we rewrite these two functions as follows:
A (X) =D (A-X)"@o (X)M +> (4 -X)" @0, (X)- (X -X)"®L) M.

1€L— i€Zt

(2.57a)

A X) = Y (A-X)T@f (X)M + > (4 -X)" @0/ (X)— (X - X)" @ L. (257b)

€L i€Zt

For every fixed X, we consider the following piecewise 2-by-4 matrix function:

X-X)T®I if X e T+
v =] WA ek T (2.58)
((X—X) ®[2)M it X eT™.
To simplify the presentation, in the following discussions, we adopt the notations 0,, = 88 ,
Tk

k = 1,2, for partial derivatives with respect to x1 = x, 9 = y.
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Lemma 2.10. On every interface element T € T}, each column of V(X) is in the local IFE
space Sy(T).

Proof. Clearly, each column of V' (X) restricted on either T+ or i‘ is in the corresponding
polynomial space IIy. Furthermore, we note that V'~ (X) = V*(X) and

0y, V'~

O, VT
O0p, V™

; V+]:14:M+M:{ }M,

which, together with the fact d(V') = 034, shows each column of V' satisfies (2.21)) and -
simultaneously; thus, it is in the corresponding IFE space.

Theorem 2.4. For every interface element T € Ty, we have the identities Ay = 0354 and
A = 09x4. And let I' = [I3,09x0], I? = [Oax2, 1], for j,k =1,2, s =+, we also have

ST {(A = X)T @ (0,0X) + Y (A = X)T ® (0, ®5(X))) (M° — 1) = I, (2.59)

€L iEIS/

D (A = X)" @ (05,0, 25(X)) + Y (A = X)) @ (00,0, B3 (X))) (M = 1) = Ogss.

i€T icTs’

(2.59b)
Proof. We construct a piecewise 2-by-4 matrix function:
A (X) ifXeT
AX) = A 2.60
(X) {A*(X) it X eT™. (2.60)

According to and (2.574), the first two terms in A7(X) and AT(X) are the linear
combination of the IFE shape functions with the same coefficients. Lemma [2.10| shows
that their last terms together form a function in the local IFE space. So each column of
the piecewise matrix function belongs to S;,(T") for every interface element 7. In
addition, by and , we can see that A(A;) = Oax4, ¢ € Z. Hence, by the

unisolvence of IFE functions, we know that each column of A(X ) must be 02X1 Which leads
to AL(X) = 0954 because M s non-singular. Furthermore, ) and ( can be
obtained by differentiating (2.53b]) and ([2.53al). O

2.5 Approximation Capabilities

In this section, we show optimal approximation capabilities of the proposed IFE spaces by
estimating the errors of the Lagrange type interpolation. Again, we assume the conditions
for the unisolvence of IFE shape functions are satisfied, i.e., F' = Fj given in Lemma in
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the construction of the bilinear and rotated (); IFE shape functions and the conditions on
Lamé parameters are satisfied, see Remark , in the construction of the conforming/non-
confomring linear IFE shape functions.

The local Lagrange type interpolation operator on each element T: I),r : C°(T) — S,,(T) is
defined as

2ier Vir(X)u(Ay), if T'e Ty,

A Yu € CYT). 2.61
S Gr(Xu(A), ETeT, (T) (2.61)

IhyTu(X) = {

The global interpolation operator I, on C°(2) can be defined by a usual piecewise mannar
such that
([hu)|T = [hyTu, VT € 77“ Yu € CO(Q) (262)

Applying the standard scaling argument [35, 55, [I71] to each component of the vector func-
tion u = (uy,us)” € H?(T), we can show that

HIh’Tu — uHLQ(T) -+ h|Ih,Tu — u|H1(T) -+ h2’[h’TU_ — u’Hz(T) (2 63)
< ORulpery, i=1,2, VT €T '
However, on interface elements T € 7', because of the jump conditions and ,
the two components of u have to be treated together. To estimate the errors in I ru, we
will use the technique of the multipoint Taylor expansions. In particular, we extend the
approach in [79] to the proposed IFE spaces of vector functions.

2.5.1 Multipoint Taylor Expansions

We start by introducing the following quantities related to the interface curve and giving
some useful estimates for them. These quantities and estimates are extensions of those
developed in [79] for scalar functions. Let T be an interface element with its associated

patch wy. Let n(X) = (71 (X), 2(X))” and t(X) = (72(X), —721(X))T be the normal and

tangential vectors of I" at a point X € I'Nwy, respectively. For s = 4, consider the following
matrices which are the continuous counterparts of the (2.48) defined on the curve:

W+ 2 (X) pia(R) paa(X) Nm(X)
W

> A*7a(X) °na (X)

N*(X) = < - 2.64
S I S I B N 0 200
0 —a(X) 0 n1(X)
Similar to (2.49)), by straightforward calculations, we have
Det(N*(X)) = p*(\° + 21°), s = +. (2.65)
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Hence the matrices N*(X), s = &, are non-singular, and we can define

- - - N1 -

M- (X) = (N+(X)) N=(X), M*X)= (N’(X)) N*(X).  (2:66)
These matrices can be used to transfer the exact solutions across the interface curve in the
following sense.

Lemma 2.11. For every u € PC*(wy) and X € T Nwr, there hold
Vee(Vut (X)) = M~ (X)Vece(Vu™ (X)), Vee(Vu (X)) = M*(X)Vec(Vut(X)). (2.67)

Proof. The derivation is the same as Lemma [2.§] O

Next, as proved in the following lemma, the matrices M’ constructed on [ can be used to
approximate the matrices M* constructed on the interface I' Nwy, s = + or —.

Lemma 2.12. There exists a constant C' such that for every interface element T € T,' and
every point X € I' Nwr, we have

X)) <C, <O s =4 (2.68)
and o
|M*(X) = M| <Ch, s=+=. (2.69)
Proof. We only prove the case for s = —, and the argument for s = + is similar. Since
0] =1 and |[n(X)|| =1, we have |[N || < C and ||[N=(X)|| < C. Besides, we note that
~\-1 1 _ ~
(VD) = ————=—lladi(N* (X)) < C,
Det(N*(X))

~+\ ! 1 ot

(V) = = ladi(N )l < .
Det(N )

because Det(N~(X)) = Det(N ) = (A~ 4+ 2u7) and each term of the adjugate matrices

is bounded by some constants C'. Then, (2.68)) follows from applying these estimates in the

inequalities below:

[ (< (VHE) 1IN and 3 < (F) 1IN
For (2.69)), we note that
M () =3 | = || (VX)) N () - (W) W

S (VE) T (@ -N )+ (VD) (W N E) (3) W

SOINT(X) =N | +CIN" - N*(X)]
< Ch
in which we have used the geometric estimate (2.15h)). [
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Now, we utilize the matrices in (2.64) to describe multipoint Taylor expansions for the
piecewise smooth vector functions satisfying ([L.11a})-(1.11b)) on the patch of each interface

element. Then we derive the estimates of the remainders in these expansions.

In the discussions from now on, we let s = + and s’ = F, which means s and s’ always take
opposite signs when they appear in the same formula. Note that, for every node A; of T
and each point X € wr\wi, the line segment A; X intersects I' Nwy either with no point or
only one point. In the former case, A; and X must be on the same side of I' N wy, while in
the latter case, they are on different sides. Therefore, by the notations introduced in Section

, we present expansions for u(X) around each node A; € T* for X € wi*, X € wi* and
X € wj, respectively.

For every X € wy®, s = £, we let Yi(t,X) = tA;+ (1 — )X, t € [0,1], i € Z. Let
f; = £:(X) € [0,1] be such that ¥; = Y;(;, X) is on the curve I N7 if X and A; are on
different sides of wy. We start from the following theorem that gives the expansion of u(4;)
around X if A; and X are the same side of wr, i.e., A; € T% and X € wy®, s = +.

Theorem 2.5. For every interface element T € T;' and its associated patch wr, let u €
PC?(wy), then for A; € T®, s = &, we have

w(A) =u*(X) + (4 — X)" ® L) Vee(Vu' (X)) + R{(X), i € T°, VX € wp®,  (2.70)

2

1

d

where R(X) = / (1~ 1) e (Yi(t, X))t i € 7" (2.71)
0

Proof. Since A; € T° and X € wy’, we know that Y;(t,X) € wy®, Vt € [0,1]. Apply-
ing the standard Taylor expansion with integral remainder to the components of u(X) =
(u1(X), up(X))", we have

u(A) =u’(X) + V' (X)(4; — X) + R(X), i € T°, VX € Wi, s = +. (2.72)

Then, we obtain ([2.70) by applying the vectorization on each side of (2.72)) and using the
formula (2.6) with P =I5, Q@ = Vu®(X), and R=A; — X. O

In the following theorem, we describe how to expand u(A4;) about X if A; and X are on
different sides of ', i.e., A; € T* but X € wy’.

Theorem 2.6. On every interface element T € T,' and the associated patch wr, let u €
PC*(wr), then for A; € T, we have

/

u® (4;) = u®(X) + ((A; — X)T ® I,)Vec (Vu*(X))

o i €T, VX ewy, s=4, (2.73)
+ ((4; = V)T @ L)(M*® — I)Vec (Vu®* (X)) + R3(X),

36



where R = R}, + Rj, + Rj3, with

Riy(X) = Jy' (1= ) ({1, X))
RE(X) = [} (1= ) (e, X))t

R (X) = (1 — ) ((A; — X)T @ L)(M*(Y;) — L) thIdVec(Vu( (t, X)) dt.

(2.74)

Proof. Without loss of generality, we only discuss the case A; € T+ and X € wy~ . Following
a procedure similar to that used in [136], we have

w(A;) =u-(X) + /0 i%u_(Yi(t,X))dth /t %u*(Yi(t,X))dt

—u " (X) 4+ Vu (X)(A; — X) = Vu (V) (A — V) + Vat (V)(4 — V)  (2.75)

+ [ G i X+ [ (1) G e X))

where the last two terms are actually R;; and R;,. For the second and the third term on
the right hand side of (2.75)), by applying (2.6)), we have

Vu (X)(4; — X) = ((4; — X)T ® I,)Vec(Vu™ (X)),

Vu (Y))(A; = Vi) = (4 = Y)" ® ) Vee(Vu™ (V7).
For the forth term on the right of (2.75), by applying (2.6) and Lemma [2.11] we have

V' (7)(4, = V) = (4, = 1) @ F) Vee(Var' (7)) e
= (1= 5)((4; = X)T @ 1) M™ (V) Vee( Vur (V)

(2.76)

Moreover we note that

Y) /—vu ,x))dt + Vu~ (X). (2.78)

Finally, expansion (2.73) follows from substituting (2.78)), (2.77) and (2.76) into (2.75). O

For X € wj, we consider another group of expansions which only involve the first derivative
of u.

Theorem 2.7. On every interface element T € T,' and the associated patch wr, let u €
PC?(wr), then for each X € wi, we have

u(4;) = u(X) + Ri(X), with Ry(X)= /0 CZ (Y;(t, X))dt. (2.79)

Proof. The proof follows from a straightforward derivation by using the continuity of u. [
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We proceed to estimate the remainders in (2.71)) and (2.74)) in terms of the Hilbert norms
associated with PH? spaces. For every scalar function u, let V?u be its Hessian matrix.
Then we note that

(Al - X)TV2U1 (Az - X)
g b X)) = [ (A, — X)TVuy (4; — X) ] ’ (280)

3 (Va0 = | 4 Prgant |

Lemma 2.13. There exist constants C > 0 such that for every u € PC?(wr) we have
IR r2pey < CR* gy, i €T7, s =4,

IR 2oy < CR2lulazry, IREN2p) < CH*Uln2ger), i €T, 5=+,

(2.81)

(2.82)

Proof. Let R = (R}*, R?*)T then according to (2.80]), using Minkowski inequality and the
fact ||A; — X|| < h, we have

RIX) = </w (/01(1 —t)(A; — X)" V2 (Yi(t, X)) (A; — X)dt)2 dX) :
C

1
1 2
<cw | (/ A2 o j|> < Oy G = 1,2,
0 w,

k=1

where we have used arguments similar to those used in the Lemma 4.1 in [79], and these
estimates lead to the first estimate in (2.82). The derivations for the estimates of R}, and
R, are similar. [

Lemma 2.14. There exist constants C > 0 such that for every u € PC?(wr) we have
IR r2wsy < Ch2ul gy, 0 € 795 = +. (2.83)

Proof. Let Ri; = (R}, R%)T. Using (2-81), (2-68), the fact [|4;— X || < hand 0 < 1—£;(X) <
1 —t, we have

A & 2 2 2 :
IR || 2y < Ch? / (/O (1—t)22|8wuj|dt> ax | .

T kl=1 j=1

Then, applying the Minkowski inequality and Lemma 4.1 in [79] to the inequality above
yields

1
||Rz§||m(w;s><0h2/ (Z > / (1-1) |a$kxluj|2dx) dt < CH(Jus| 2oy + [zl opy):

k=1 j=1
from which (2.83)) readily follows. O
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In addition, since u € [H2(w3)]?, the Sobolev embedding theorem indicates u € [W6(ws)]?,
s = £. Therefore we can bound the remainder R; in (2.79) in terms of the W%-norm.

Lemma 2.15. There exist constants C > 0 such that for every u € PC*(wr) we have

IR |2y < CR?|[ullwror), @ € L. (2.84)

"JT X
Proof. We note that wh = r Uwi™ is a small set by Lemma So denote R; = (}N%,Ll, E?)T,

and by using , we have
RI(X) = / Vu,(Yi(t, X)) (A — X)dt, j=1,2.
0

Then, applying arguments similar to those used for Lemma 3.2 in [84] and using the fact
wi| < Ch?, we have || R]|| 2(ws) < Ch?||ujllwrer for j = 1,2 from which (2.84) follows. [

2.5.2 Interpolation Error Analysis

In this subsection, we use the results above to estimate the errors of the IFE interpolation
defined in on the patch of each interface element. For this purpose, we give the
following two theorems on the expansions of the interpolation operator in which the key idea
is to use the 2nd order expansion on wy® (a major part of wr) and the first order expansion
on wr (a small subset of wr). Denote the matrix functions ®; r = [@; 1, P, 77| as in (2.46).

Theorem 2.8. On each interface element T' € T and its associated patch wr, assume
u € PC*(wy), then, for any X; € I, the following expansions hold for every X € wy’

Lu(X) —u(X) =) & p(X)(E}(X) + F{(X)) + > @ir(X)R{(X), s ==+, (2.85a)
iezZs’ i€l
axj (Ih,Tu<X> - u(X>> = Z a:]ch)z T(X)(Es( + Fs + Zam]q)zT ( )7 § = :|:,
iezs i€l
(2.85b)
Oy In (X)) = ) 0y 0, @i (X)(EJ(X) + FJ (X)) + > 0o, Lir(X)RF(X), s = £,
iezs’ i€Z
(2.85¢)

where j, k = 1,2, R}(X) are given in , , and
E3(X) = ((A V) ® 12) (M (Y;) — MS) Vee(Vu' (X)), s
Fi(X) =~ ((V: - X" @ ) (" ~ L) Vec(Vu* (X)) '
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Proof. The argument is similar to the one used in [79], i.e., we apply the fundamental
identities in Theorem to the interpolation operator (2.61). Expanding the nodal values
u(4;), i € Z, about X € wy® in the interpolation operator (2.61]) by (2.70) and (2.73)), we
obtain

Ligu(X) =Y & 7(X)u (Z D, r(X) (A - X)"® 12)> Vec(Vu® (X))

(2.87)
+ [ ®(x <A YT ®12> (M* — L) | Vee(Vu* (X)) + 3 &,.1(X)

i€z i€
Note that for any vector r € R?*!, there holds
P r(X) (r" @ L) =r" ® ¢, 7(X). (2.88)
Then we apply Theorem onto the second term in to have

Liu(X) =) ®r(X)uX) - | > (A4 - X)" @ 0ir(X)) (M — L) | Vec(Vu'(X))

i€l ieT¥

[ X (A= V)T @ @ir(X)) (M7 = 1) | Vee(Vu' (X)) + 3 @ir(X)

iezs’ €L

(2.89)

Then, (2.85a]) follows by applying partition of unity, the fact A — X = (4 -Y)+ (Y- X,),

and the 1dent1ty - to . For , we apply (2.70)) and - to Oy, Inru(X) =

> ier Oz, @ir(X)u(4;) to obtam

Op, Ingu(X) =Y 0y, @i r(X) (Za D, 7 (X) (4 - X)T ®12)> Vee(Vu?(X))

1€ 1€

3 0, @,0(X) ( (A4 - V)T ® 12) (M* — L) | Vee(Vw* (X)) + Y 0, @:0(X)R;.

iezs’ i€T

By using (2.47)), (2.59a)) and (2.88]) in the above, we have

0w, Inru(X) = I’Vec(Vu®(X))

— [ D (A = X)" @ 05, ®i7(X)) (M — L) | Vec(Vu'(X))

i€z’

[ D0 (4= )7 @0, @00 (X)) (M = 1) | Vee(Vu'(X)) + 3 8, i (X)

icTs’ 1€
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which is in the same format as (2.89) because I7Vec(Vu®(X) = 9,,u(X). Therefore, (2.85b)
follows from arguments used to derive (2.85a)) from (2.89). Finally, (2.85c)) can be derived
very similarly by applying (2.70)) and (2.73)) in 0,2, Jnru(X) = > .7 02,2, Pir(X)u(A4;) and

then using (2.47)), (2.59b)) and ([2.88]). O

Remark 2.9. We note that (2.85c)) is trivial for the linear IFE shape functions ®;r,i € T
since each side is simply a zero vector. And the non-trivial one is the bilinear case with
7 =1, k=2 and the rotated-Q), case with j = k=1 orj=k=2.

[\S)

For X € wj., we have simpler expansions as the follows.

Theorem 2.9. On each interface element T € T;' and the associated patch wr, let u €
PC?(wr), then the following expansions hold for every X € wi:

Liu(X) —u(X) = & r(X)Ri(X), (2.90a)
0o, (Inru(X) — (X)) = =0, u(X) + > 95, 0ir(X)Ry(X), (2.90D)
Or sy (Inru(X) — (X)) = =0, o u(X) + Z oy Pir (X )RS (X)), (2.90¢)

where 7,k = 1,2 and R, is given in (2.79).
Proof. They can be directly verified by applying (2.79)) to the IFE interpolation (2.61) [

Now we are ready to estimate the interpolation errors.

Theorem 2.10. There exists a constant C' such that the following estimate holds for every
ue PHQ(wT) on the patch wr associated with each interface element T € Tj':

2
H[h;Tu — uHL2(w;’S) + h\[hju — u\Hl(w;»S) + h ’[h,Tu — u’HQ(w;:S) P (291)

SCR(|ulmi(wy) + [lB2(0s)
Proof. First by (2.69) and ||A; — YH Ch, we have [|E7|[L2(n) < CR*u|pi(eyy, @ € T,

s = *+. Noticing HY X;|| < Ch? from (2.15a)) by takmg X, = Y;L because of Lemma, [2
and then using (2.68), we have ||F| 12, 50 Ch [u|p1(wpys @ € Z, s = . Now putting these
estimates, Lemmas - 2.14 and Theorem n into (2. 85a|) ([2-85D) and (2.85d), for s = =,
7,k =1,2, we have

Hhzu =l 2wy < D CUE 2y + IF; l2wy) + D ClIRE 2

P i€z
< CR*([ul iy + [ul2go));
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100, Inr0 = Oujull 2y < D CBTHIE 2y + IFS 2y + Y O RS 2y

iezs’ i€l

< Ch(|u|H1(wT) + |u|H2(WT))'

Haﬂ?jﬂ%]hju o aﬂvﬂku”L2(w;’3) < ||axjxku||L2(w;’s)
+ D Ch (B |2y + IFS cary) + D Ch 2R [ p2gusesy
ieTs i€T

< C(

U1 (wp) + (U E2(0p))-

These estimates lead to the desired result for u € PC?*(wy). Then the estimate for u €
PH?(wr) can be obtained from the density Hypothesis (H3). O

Theorem 2.11. There exists a constant C' such that the following estimate holds for every
u € PH?(wr) on each patch wy associated with each interface element T € Tji:
HIh,Tu — uHLz(w}) + h\[hyu — u]Hl(w%) + hzlfhyTu — u‘Hz(w})

; (2.92)
<CR*(lullwrswr) + [l r2er))-

Proof. According to (2.45)), Lemma and Theorem [2.9] for j, k = 1,2, we have

1P 7R L2 (wr) < Ch2{[ullyr6ur),
102, @i 7R || L2 (wzy < Chl[ulwrs ),

||aszk (I)i,TRi ”LQ(w}) < C”uHWI’G(wT)-

Besides, for u = (uy,u2)?, the Holder’s inequality implies

(/

6

(8mjum)6dX> < Ch|tm ||lwiswye), m=1,2,

(azjumde) g(/ 13dX> (/

T T

where we have used the fact |wi| < Ch3. For the second term above, it is easy to see that

(/

T

(NI

(({9xjxkum)2dX) < Clltml| m2ry, m=1,2.

Applying the estimates above to (2.90al), (2.90b) and (2.90¢c)), we have (2.92) for all u €
PC?(wr). Again the result for u € PH*(wyr) follows from the density Hypothesis (H3). O

Finally, by combing the results above, we can prove the optimal approximation capabili-
ties for the proposed IFE space through the following error estimation for the global IFE
interpolation.
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Theorem 2.12. There exists a constant C' such that the following estimate holds for every
u c PH*(Q):

||Ihu — u||L2(Q) + h|Ihu — u|H1(Q) + h2|jhll — ll’HZ(Q) < Ch2HuHH2(Q) (293)

Proof. By applying (2.63) to all the non-interface elements and applying (2.91)) and ( -
to all the interface elements then summing all the estimates over all the elements in the

mesh, we have
||Ih11 — u||L2(Q) + h|[hu — u\H1(Q) + h2|Ihu — u|H2(Q) < Ch2(||uHH2(Q) + Hu||W1,6(Q)).

Then usmg the inequality Hw||W1p < C||wH%{2(Q) for any w € W'P(Q),p > 6 [173], we

have . O

2.5.3 Numerical Examples

In this subsection, we numerically demonstrate the optimal approximation capabilities of the
proposed IFE spaces. We use an example similar to that given in [I53] in which the domain
is Q = [—1,1] x [—1,1] and the function u is

( - a®b? o
ul_(;z:l,xz) o if X € Q,
L Ug (x17x2) ] L A~ e
o) = o (2.94)
uf (w1, x2) _ ,\+ ret + </\% a AL*) a’p? if X € QT
+ - por 4 (L Ly | ’
ul Ug (.1'1,1'2) ] | >\+ +()ﬁ >\+)a

where \™ =1, AT =5, = =2and ut =10, a =b=7/6.28, a1 =5, ay = 7 and r(x1, 22) =

(z2/a® + 22/b%)Y/2, the interface I is a circle defined by the zero level set r(x1,15) — 1 = 0
and Q~ = {(x1,22)T : r(z1,79) < 1}, QF = {(x1,22)T : r(21,29) > 1}. We note that the
function in is simply a constant multiplier of the one used in [153], and here we use
a circle with different radius as the interface. All the numerical results presented below are
generated by the proposed bilinear IFE space on Cartesian meshes. The errors are measured
in both the L? and semi-H' norms over a sequence a meshes with the size specified by h.

We present the numerical results for the interpolation operator I,u defined by and
in Table where the convergence rates are estimated from the errors computed on
two consecutive meshes. As predicted by Theorem [2.12] numerical results presented in this
table clearly show that the IFE interpolation converges optimally.

43



h |lu— |20 rate | |[u—Tyulg) rate

1/10 5.6990E-1 6.8680E+0

1/20 1.4528E-1 1.9719 | 3.4933E+0  0.9753

1/40 3.6502E-2 1.9928 1.7544E+0  0.9936

1/80 9.1372E-3 1.9981 8.7822E-1 0.9984
1/160 2.2851E-3 1.9995 4.3924E-1 0.9996
1/320 5.7132E-4 1.9999 2.1964E-1 0.9999
1/640 1.4283E-4 2.0000 1.0982E-1 1.0000
1/1280 3.5709E-5 2.0000 5.4911E-2 1.0000

Table 2.1: TFE Interpolation errors and rates for the bilinear IFE functions

2.6 A PPIFE Scheme and Its Error Analysis

In this section, we propose a partially penalized IFE (PPIFE) method that employs the
vector IFE space Sj,(2) described in to solve the elasticity interface problem (1.5))-
on an interface-independent mesh. As usual, we assume g = 0 in to simplify the
discussions, the method and the related analysis can be extended to the case in which g # 0
via the standard homogenization procedure.

To describe this PPIFE method, we consider the following underlying space

VvV, = {V V|r € [HI(T)}Q, VT € T, Vv -n|. is well defined for each e € &,
(2.95)

v is continuous across each e € &', v]go = 0}.

Let SY(€) be the subspace of S;,(€2) whose functions have zero traces on 952. Clearly, we have
SY(Q) € V;,. We emphasize that the global IFE basis functions of S(£2) are discontinuous
across each interface edges e € £, which imposes challenges to the error analysis of the IFE
method.

Now, for every e € £ shared by the two elements denoted by 7% and 72, and for every
g € V;,, we adopt the following notations for its average and jump over e:

(g}, = (8lz2)]e + (g]z2)le

5 and  [gle = (&lz2)]e — (8l72)le- (2.96)

To derive the PPIFE scheme for the elasticity interface problem, we formally multiply (/1.5
by a test function v € V, as usual, then by the Green’s formula, we have

- /T (div o(u))-vdX = /TVV co(u)dX — aT((f(u)m) -vds, Vv eV, VTeT, (297)
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where V = (0, 0y,) is the gradient operator as a row vector. Then, summing (2.97)) over
all the elements and using the continuity of v € V;, on all the non-interface edges e € &},
we have

3 /TVv:a(u)dX— Z/@{a(u)ne}~[v]ds:/gf~vdX, (2989

TeTn el

where n, is from T} to T?. The assumption that u satisfies the jump conditions ([1.11]
implies

/ {o(v)n.} - [ulds = 0, and / ] - [V]ds = 0, Ve e &l (2.99)

e

Adding these vanishing terms in (2.99) to ([2.98) leads to the following weak form for the
elasticity interface problem ((1.5)-(1.11):

ah(u, V) = Lf(V), Vv € Vy, (2100)
where
an(wv) = 3 / Ype(u) : e(v)dX + 3 / MY - u)(V - v)dX
TeT, VT e, /T
- z;/e{a(u)ne}-[v]dswz;/e{a(v)ne}-[u]ds+§;§/e[u] - [v]ds, (2.101)
Li(v)=)_ /f-vdx, (2.102)

TeT

and p is a stabilizing parameter for the scheme. According to the weak form (2.100)) and the
fact that the IFE space SY(Q2) has the optimal approximation capabilities for functions in
PH?(Q) as stated in Theorem [2.12} we propose the PPIFE method for the planar-elasticity

interface problems (1.5)-(1.11)) as finding u; € S%(Q) such that
ah(uh,vh) = Lf(Vh), Vv, € S?L (2103)

In this chapter, we consider three PPIFE schemes corresponding to three popular choices
for the parameter: § = —1,0,1, and following the convention [148, [174], we call them
the symmetric, incomplete, and non-symmetric PPIFE (SPPIFE, IPPIFE and NPPIFE)
methods.

We note that the weak formulation described by — is similar to the interior
penalty DG (IPDG) methods [57] in the sense that the interior penalties are used to penalize
the discontinuities. But in our proposed PPIFE method, the penalties are used only on
interface edges because of the H! regularity of IFE functions in the subdomain formed by all
the non-interface elements. Moreover, both the location and number of the global degrees
of freedom of the IFE space are the same as the those for standard continuous finite
element space defined on the same mesh. This feature makes the proposed PPIFE method
advantageous in moving interface problems.
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2.6.1 A Trace Inequality for Vector IFE Functions

In this subsection, we derive a trace inequality for the elasticity IFE functions in (2.42))
on each T € T;'. Again, by considering geometries, we can classify the interface element
configurations in Figures|2.4H2.7]into two typical configurations for both the rectangular and
triangular interface elements, see Figures and 2.9] Without loss of generality, the rest of
our discussions in this subsection are all based on the interface element configurations shown

in Figures [2.8 and 2.9

As Ay As Ay

Ay A A

(a) Case 1 (b) Case 2

Figure 2.8: Rectangular elements for trace inequalities of vector IFE functions

(a) Case 1 (b) Case 2

Figure 2.9: Triangular elements for trace inequalities of vector IFE functions

On every interface element T' € T,%, recall that [ is the line connecting the intersection points
D, E of the interface and T that partitions T into 7~ and T, see Figures and
for illustrations, n = (fy,72)7 and t = (7, —n;)7 are the normal vector and tangential
vector to [, and L(X) = 0 with L(X) = (X — D) - n being the equation of the line [. By

46



(2.20])-(2.29)), we have the following formula for IFE functions on T

o7 X)elly, XeT,

SH(X) eIy, xefr, VM Or- o7 = coL(X), (2.104)
T y ,

(X)) = {
in which the coefficient vector cy can be expressed as

co= (K7) " 6(é3)(F)n, (2.105a)
A4 200 0

with K®=QP*Q" and Q =[n,t], P*= l 0 e

} , s==£,  (2.105b)

where F' is a point on [ specified in Lemma 2.5

Because of the lack of regularity, the first order trace inequality commonly used in error
estimation of finite element methods can not be applied to IFE functions on the whole
element directly, and this motivates us to develop a trace inequality for IFE functions that
is useful for proving the coercivity of the bilinear form used in the PPIFE method. We start
from recalling the following trace inequalities for polynomials [197]:

k+1

Vo € Pr(m), Vteom, |v(t)] < WHUHLz(m), for a 1-d segment m; (2.106)
m
k+1)(k+2
o € Py(T), Ye be an edge of T, |[o]|z2e) < \/< + )2( i )%HUHLQ(T),
for a 2-d triangle T. (2.107)

By (2.104)), the function coL(X) relates the two polynomial components ¢ (X) and ¢ (X)
of an IFE function ¢, (X), and we derive a few estimates for it first. We note that 0~ (coL)
is a matrix independent of spatial variable X.

Lemma 2.16. There exists a constant C' independent of the Lamé parameters such that

C

o™ (coL)|| < [z

6 (@)l 20y, VT €Ty (2.108)

Proof. Let ¢y = (c},c3)T. Using the formula L(X) = i - (X — D) with n = (g, 7i2)7, we
have

o (coL) = [ ( (2.109)

AT+ 2u7)ehng + AT A w(cing + cing)
1~ (cong + cgnn) (A~ 4207 )iy + A\ cbig

Given any unit vector r = (r1,72)7, using (2.105a]) and (2.109)), we obtain

ATry+2u e - (2000 + NATy — TAT)

- _ N1 AT Af it _
o (col)r = [ Ay + 20 Rgr - —p (2 7Ty + Riry — ndry) ] (P7) 7@ o(or)(F)n.

(2.110)
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Rewrite (2.110) as 0~ (coL)r = A(r)6(¢5)(F)n. Then, taking r = n, t, we have

A(n) =1, and A(t) =

A = _
R Ko (2.111)
Y e

where I, is the 2-by-2 identity matrix. Hence, we have ||[c~(coL)i|| = ||6(¢+)(F)i|, and a
direct computation yields

lo™ (caL)t ]l < A £llo(7) (F)nl|

- \/ (1+ e ) 0+ oD @12)

A~ +2u7)
< V3||6(¢F) (F)all,
where || - || denotes the Frobenius norm. Therefore, for every unit vector r, we have
lo~(coL)rl| < (o™ (o L)R|* + [0~ (eo L)) < 2]|6(¢}) (A (2.113)
Using (2.113) with r = e; and e, where e; is the i-th unit vector in R?, we obtain
lo™(coL)|| < [lo™ (coL)er]| + o™ (coL)es|| < 4[|5(p7)(F)all. (2.114)

In addition, on the line [, without loss of generality, we can assume ‘ﬁ{ > |l|/2. Then,

applying the standard 1-D trace inequality (2.106)) to (2.114) with m = DF', we obtain
[@.108). O

The estimate in the previous lemma can be refined so that its bound is expressed in terms
of the IFE function ¢ (X) and the ratios of the Lamé parameters in the two subelements of
T € T;. In particular, we discuss this estimate in the following two lemmas for some tricky
cases in which the standard trace inequality can not be applied directly. We denote
Ay = max{AT, A"}, A\, = min{ A", A7} and similarly define iy and fiy,.

Lemma 2.17. There exists a constant C' independent of the Lamé parameters such that for
every IFE function ¢

- C pat A
o~ ()l < s (ol Btz + SA=IVAY - rlln ) (2115)

on the interface element T satisfying one of the following conditions:

(a): T is a Case 1 rectangular interface element illustrated in Figure .

(b): T is a Case 1 triangular interface element illustrated in Figure such that |A1D| <
h/2 or |A1E| < h/2.
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(c): T is a Case 2 triangular interface element illustrated in Figure such that |AyD| <
h/2 or |AsE| < h/2.

Proof. Assume T is an interface element satisfying the condition (a), we note that |AA4ED| >
V/2h|l|/4 because the distance from A, to [ is greater than v/2h/2. Then we apply the stan-
dard trace inequality (2.107) to the right hand side of (2.108)) on the triangle AA4ED to
obtain

_ C|l|M? .
o (CoL)H < A A, Ep o@D e D)

SRTIETAY) |l|1/2h1/2 <H( pO)E(D) |2y + AT = A7)V - Cb;HLz(Tﬂ) (2.116)

¢ p
< |[[/2R1/2 (\/Ij‘j—H\/QHE(GbT)”L?(T) + \/—||\/_V ¢T||L2(T),

which implies (2.115)).

For an interface element 7" satisfying the condition (b) such that |A;E| < h/2, ie., |A3E| >
h/2. In such a case, we note that |AA3ED| > v/2h|l|/8. Then, following similar arguments
used for T satisfying the condition (a), we can obtain (2.115) by applying the standard

trace inequality (12.107] m to the right hand side of (2.108) on the triangle AA3ED. Similar
arguments apply when |A;D| < h/2.

Estimate (2.115)) can be proved similarly when 7' is an interface element satisfying condition
(c). O

By Lemma [2.17, we can develop a stress trace inequality for IFE functions in the following
theorem.

Theorem 2.13. On every interface element T' and its interface edge e whose normal is n.,
the following inequality holds for every IFE function ¢p:

Hh1/2 (Pr)ne|lr2e) < G (H\/_E ér)lle2er) + ||\/Xv ’ ¢THL2(T)> ’ (2.117)

where Cy < max{ LA )‘;\‘4 }@ with 6} independent of the interface location, mesh size h
and Lamé pammeters

Proof. We present our arguments for the rectangular and triangular elements separately.

Rectangular interface elements: Assuming that 7" is a Case 1 rectangular interface
element illustrated in Figure [2.8) without loss of generality, we only consider the interface
edge e = A1A; = A1D U DA, Wlth AD C T- and DA, C T+. On the first piece A1 D of

49



e, applying the trace inequality (2.107)) on AA;DA;5 to the polynomial component ¢, we
have

1820 (pr)nell2(a,p) = 10207 (7 )0el 24,0y < Cllo™ (@7) 222 a1 a5)
< Clllo™ (o) l2anpr) + o™ (@7)ll2aa,60)) (2.118)
< Clo™ (@)l 2y + o™ (@) l2ans20) + lo™ (coL)l L2 (aas6D)),

where we have used the relation (2.104) between ¢, and ¢ in the last inequality. The
second term in the last inequality of (2.118) can be bounded by

lo™(p7) |22 asem) < C (" e(D) 2(aasEn) + 1AV - @7l 2(an5ED))

(2.119)
c (ﬁnmmw;)um) + W—mWFV - ¢%Hm+)) -

For the third term in the last inequality of :2.118 ), we note that 0~ (coL) is a constant tensor
and |AA3ED| < Ch|l|. Then, Lemma [2.17] implies

lo™ (coL)llz2(ansm) = |AAsED]2 |0 (coL)|
C(\//L—ﬁ“vwﬁ(%)!’mm \/—H\/_V Oz )

On the second piece DA, of e, applying the standard trace inequality (2.107)) to the poly-
nomial component ¢4 on ADA;As, we have

(2.120)

1220 (p)ne| r2(pag) = [[h 20T (@30 12(pas) < Cllo™ (07| L2(apasas)

M + Am +
C y— 2 + 2 (T p— )\+V' 2 [ .
(LB Sy + IV - )

Therefore, estimate ([2.117)) for the Case 1 rectangular interface element follows from ([2.118])-
(2.121]) through the triangular inequality.

(2.121)

When T is a Case 2 rectangular interface element illustrated in Figure 2.8, we can simply
apply the trace inequality (2.107) on AA;DFE and ADAsE:

1020 (@r)nel 2,0y = 16207 (@7)mel zasy < Cllo™ (@)l z2(a 06

B - (2.122)
C (V20 (@)l i) + VAV - $7ll - ) -
1o @iz = 020" (@Dnlon < Cllo* @ loons)

¢ <|| V2ute(or) ||L2(T+) + VATV ¢T||L2(T+)> 5
from which estimate (2.117)) follows through the triangular inequality.
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Triangular interface elements: Assuming T is a Case 1 triangular interface element
illustrated in Figure[2.9] without loss of generality, we also only need to consider the interface
edge A1As. If |A1E| < h/2, by Lemma estimate holds. Then follows
from arguments similar to those for (2.118)-(2.121)). If | A1 E| > h/2, the proof reduces to the
application of the standard trace inequality (2.107) on AA;DE and ADAyE, and
follows from arguments similar to those for (2.122) and (2.123). The result for a Case 2
triangular interface element illustrated in Figure 2.9 can be proven similarly. [

Remark 2.10. We highlight that the relation together with the estimate (2.115)) sug-
gests the connection of the two component polynomials in an IFE function, i.e., the difference
of the two polynomial components of an IFE function is always bounded by the energy norm
of the IFE function itself. On each interface element, although an IFE function is a piece-
wise polynomial, by this connection, its two component polynomials behave collectively like
a standard polynomial, which, we believe, is the foundation that the stress trace inequality

gwen in (2.117) can hold and is also the fundamental spirit in its proof.

2.6.2 Error Estimation of the PPIFE Method

Now, we are ready to estimate errors in the PPIFE solution described by (2.103]). We begin
with discussing the following two quantities:

MEDS /T2M||6(V)||2dX+ > /T)‘HV'VHQCZX‘I— Zp/llh‘l/Q[V]llzds, (2.124a)

TeT TeT, eeé,il

IVIE = vl + 3= o7t [ 102 (o wn.) s (2.124b)

ecél

It is clear that

[viln < [l[vlly, Vv e Va. (2.125)
Indeed, in the spirit of [94], we can show that they are norms on the space V.
Lemma 2.18. |||-||,, and || - || both are norms of V.
Proof. We present arguments only for ||-||, because the arguments for || - ||, are similar. It

is obvious that we only need to show that ||v||, # 0 for every nonzero v € V,. Suppose
[Iv]l,, = 0 for some v € V;(Q), then |e(v)| 2y = 0 for every T' € Tj,. Thus, by direct
application of calculus, v = pr + gr(—x2,21)7 on each non-interface element T € 7,*, and
v = p5 + ¢5(—x9, )T on T%, s = + on each interface element T € T’ where ¢z, ¢5 and
pr = (ph, p3)7, p5 = (P51, p3°)T are some constants (vectors) defined on each element. The

continuity on interior non-interface edges and |[h"2[v]|| = 0 on every e € & yield that
pr = p7 = p and gr = ¢; = ¢ for all the elements 7" € T}, for some constant ¢ and vector p.
In addition, since v|sq, = 0, we have p =0, ¢ = 0 and thus v = 0 on €. O
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We can establish another relationship for these two norms.

Lemma 2.19. For sufficient large p, there holds ||v|], < V2|[V|ln, ¥V € SK(Q2).

Proof. For each e € S;L, let T! and T be the two elements sharing e. By the trace inequality
in Theorem 2.13] we have

P IRt < S Y (VB ey + VAV i) - (2129

1=1,2

Then by adding and subtracting the term 3 . p~t [ ||hY*{o(v)n.}|]*ds in the norm || - |,
defined by ([2.124a)) and using ([2.126]), we have

uvuz>(1—7)(2nr () acr +2Mv-vhu%2m>

T TeTn (2.127)
+ D I o (vinHIz + D Ak VI
ecé] e}
which yields ||v]? > %|||V|||fZ by taking p = 2C?. O

Remark 2.11. Lemma together with ([2.125)) imply that the two energy norms given by

(2.124a]) and (2.124b) are equivalent in the IFE space S,(Q2) when p is large enough, which,
according to Theorem can be sufficiently satisfied by choosing its value such that

2 \2 o
p> Qmax{“—M —M}Cf. (2.128)
L

We need to gauge the interpolation errors in terms of the energy norms for which we
shall estimate the errors on interface edges. Similar edge estimation is obtained in [14§] for
elliptic interface problems by assuming a H3(2*) regularity for the exact solutions. Here,
inspired by ideas presented in [87], we circumvent the excessive H?® assumption by carrying
out related analysis on a patch or macro-element around each interface element so that an
error bound in the optimal order can be derived under the usual H? regularity assumption.
Using the Patch Assumption and the estimates ) and -, we can apply the standard
trace inequality to estimate the interpolation errors on interface edges.

Theorem 2.14. Assume the mesh Ty is sufficiently fine and satisfies the Patch Assumption.
Then, there exists a constant C such that the following estimate holds:

> o= L) < CB2 (), Vu € PH(Q). (2.129)

eet;

52



Proof. For each T' € T,%, we consider its patch wr. Let e € £ be one edge of T' and denote
the subedges in each subdomain by e®* = eNQ*, s = +. According to the Patch Assumption,
there exist triangles T € wy with e® as one of its edge such that 75 C Q° and C1h < |T?]/|ef|.
Then we apply the standard trace inequality on 77 and use the estimate to obtain

Cle’ |2/ (IV (nra = W) 2z + BV (Inra = w)l| 2y
CR ([l 2 or) + 1llwrogr))-

||V(Ih7T11 — u)||L2(es)

VASV/AN

(2.130)

For each e € &}, let T! and T? be the two interface elements sharing e, then (2.130]) implies
Y How = Lwnlee <C Y (IVUnzu = w)eze + [V (rzu = w)z)
e€s} e€s}

<SS (Il + allwio, ) (2.131)

i e
eGS}LJ:LQ

< Ch2(J|ull i) + lullwrse)),

where we have used the finite overlapping property of wy, T € T;'. Finally, we obtain
(2.129) by applying the standard imbedding inequality ||w|w1iss) < Cllw||mz@s 173,
Vw € WH(Q#), s = + to (2.131]) with w = u; and us. O

Now we can estimate the interpolation error I,u — u in terms of the energy norms.

Theorem 2.15. Assume the mesh Ty, is sufficiently fine and satisfies the Patch Assumption.
Then there exists a constant C' such that the following estimates hold for every u € PH?(Q):

1w = ully < ChlJull e, (2.132a)
Il = ull, < Chljuliz(a)- (2.132b)

Proof. Since (2.132a)) directly follows from ([2.132b)) because of (2.125)), we only need to
prove (2.132b)). According to the interpolation error estimation in terms of H' norm given

by Theorem 5.9 in [81], we directly have

Z / 2u|e(Iyu — u)|[2dX + Z / MV - (Ihu —u)|PdX < Ch2HuH§{2(Q). (2.133)
T T

TeTh TeTh

In addition, since J,u —u € [H'(T)]* for each interface element T' € 7, we apply the trace
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inequality and the approximation capability of Theorem 5.9 in [81] to obtain

3 / W2 — wPds < B ST ST 1 — W) o

ecéi ec&l J=1,2

<On? 30 3 (I =l + 21V =) ) 130

eeglj 12
<R (M = ul3agq) + W2V (Iha = w)[[32(q )
< Ch?lullfzqay,

where T} and T? are two elements sharing the interface edge e. Finally applying (2.134)),
(2.133)) and Theorem [2.14] to ||/,u — ul||, according to its definition given in (2.124b)) leads
132b

the desired estimation (2.1 . O

With the energy norms |||-[||, and || - ||», we can prove the coercivity and continuity for the

bilinear form ay(+,-) defined by (2.101)).

Theorem 2.16. The bilinear form ay(-,-) has the coercivity as follows:
e For SPPIFFE and IPPIFE, the following inequality holds for p sufficiently large:
1
ap(v,v) = §\|\v|||i, Vv € S,(Q). (2.135)

e For NPPIFE, the following inequality holds for p > 0:

an(v,v) = ||v|3, Vv E V. (2.136)

Proof. For the NPPIFE, i.e., § = 1, we note that the coercivity :2.136) directly follows
from the definitions for a,(-,-) and || - ||, given in (2.101)) and (2.124a), respectively. For the
SPPIFE or IPPIFE, i.e., 8 =0 or —1, letting u = v in (2.101)), we have

(v,v) Z/H\/_e )| dX+Z/H\/_V vl||?dX

TeTh TeTh

+(9—1)Z/{a(v) s+ 3" p /Hh 2]y |2ds.

ecéi ¢ et}

(2.137)

We only need to bound the third term in (2.137)). For each interface edge e € 5}1, let T}
and T2 be its two adjacent interface elements under the notation of (2.96)). Then, by the
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trace inequality for IFE functions given by Theorem [2.13] Holder’s inequality, and Young’s
inequality, we have

Jtotvny - Mds = [ 5 (o(lmne + o(vlzz)n) - s

<5 (Ilhl/2 (VIrnellzae) + 1B 2o (vir2)nel|2) 1R 2 V] | 2oy

& _ 2.138
<5 (Z N/ 206(V) || 2y + ||¢Xv.v||m(m> =2 [va] 2o (2.138)

i=1,2

o |

c?
(Z V2172 + VAV - v 72 T1> + o 102 valllZa ),

i=1,2

where o > 0 and the constant C} is from the the trace inequality in Theorem [2.13| Since

0 — 1| < 2, substituting (2.138)) into (2.137)) leads to
g
als1)> (1) (T VB + 3 VAT vl |

TeT TeT, (2.139)

+Y (p— &Y
6687’
Then, by adding and subtracting Zeeé,g pHH{o(v)n 3, 2.139)), and applying the
inequality (2.126]), we have
an(v,v) > (1 —o- —) (Z V2R oy + 3 ||fw-vh|\%zm)
TeT TGTh (2.140)
£ o R o R + 3 ( ) IREE

e€é}l el

Finally, by letting o = 1/4 and p = 4C? +1/2 in (2.140]), we have the coercivity ([2.135)).

Remark 2.12. According to Theorem and the proof above, for ay(-,-) in the SPPIFE
and IPPIFE methods to be coercive, it is sufficient to choose p such that

K Al 24 1
>4 { }O 2.141
p> dmax {20, J4G 4 0 (2.141)

where 5,5 i1s independent of the interface location and Lamé parameters. Here we choose
stability parameters large enough to enforce and prove the stability, and this technique is
widely used in the interior penalty discontinuous Galerkin (IPDG) methods, for example
[60, [185].
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Theorem 2.17. For every w,v € Vy, there holds
an(w,v) < Cyl[wll, IVl (2.142)
where Cy < 5.

Proof. According to the definition (2.101)), we have

(w,v) Z/Q,ue X dX+Z/VwVv)d

TETh T€ETh
(2.143)
+0 Z /{O‘(V)ne} wlds — /{0 wn.} - [v]ds + Z /
ecéi € e€&} e€&}

Denote each term on the right in (2.143) by Q;, i = 1,2,---,5. For @1, @2, the Holder’s
inequality directly yields

Q1 < D I/ 2ue)l e llv/2ue()lzery < Wl VI, (2.144)

TeTh
Qo < 3 IVAY - W) 2 IVAY V) iz < lIwll, vl (2.145)
TeTh

For )3, Q4 and @), a similar argument yields

Qs < 3 otz Niwllzz)

6651
1/2 1/2 ( )
2.146
> o Ao (v)ned > ol P Wl
eeéi eeé}il
< il Al
Qal < Y IHo(wWnedlzzeo V]2
et}
1/2 1/2 ( )
2.147
> o IR {o(windd iz > ol V]I
e€&l e€&}
< Mwllaliv iy
Qs < D P2 I V]2 2 IR W] 2
ekl
1/2 1/2 ( )
2.148
< ZPHh_l/Q[V]H%?(e) ZPHhI/Q[W]H%%)
e€l e€&}

< vl el
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Combining (12.144))-(2.148]), we obtain the boundedness ([2.142)). n

The coercivity guarantees the existence and uniqueness of the solution u;, determined by the
PPIFE scheme (2.103]). Now we are ready to analyze the error with the energy norm |||-|],.

Theorem 2.18. Assume u € PHQ(Q) 18 the exact solution to the elasticity interface prob-
lem (L.5)-(1.11)), and let uy be the corresponding PPIFE solution defined by (2.103|) with

p sufficiently large according to (2.141) for SPPIFE and IPPIFE methods or (2.128)) for

NPPIFE methods on a Cartesian triangular or Cartesian rectangular mesh T, whose mesh
size 15 sufficiently small. Then there exists a constant C' such that

llw — wall, < Chlfullszqe. (2.149)

Proof. By (2.100) and ([2.103]), we have
ah(uh — I, V) = ah(u — Iju, V), Vv € Sh<T) (2150)

For the SPPIFE and IPPIFE methods, let p be large enough such that (2.141)) is satisfied.
Then, letting v = u;, — Ipu in (2.150)), applying the coercivity (2.135)) in Theorem and

boundedness in Theorem [2.17, we have

2

1
§|||llh — ]hu|||h ah(uh — ]hll, u, — ]hll) = ah(u — ]hll, u;, — ]hll)

<
< Gylla = L, (lan = Ll (2.151)

which leads to [|u, — Iul|, < 2C,||u — Iyu||,. For the NPPIFE method, let p be large
enough such that (2.128)) is satisfied. Then, applying Lemma [2.19, the coercivity (2.136]) in

Theorem [2.16, and the boundedness in Theorem [2.17} we have

||11h — Ihu||i < ah(uh — Ihu, u, — ]hll) = ah(u — Ihu, u, — ]hu)

1 2
g lhan = Ll <
< Gylu = Tpulf, [fan = Ipull, (2.152)

which also leads to [|u, — [pul| < 2C,||u — I,ull|,. Hence, for the PPIFE solution u; gen-
erated by all the PPIFE schemes considered, by the triangle inequality and (2.132b) in
Theorem [2.15 we have

llu = il < fa = Zuull, + fw, — T, < (14263 [[u — Zull, < Chljull. (2.153)

]

At last, we use the duality argument to derive an error bound in L? norm.

Theorem 2.19. Under the condition of Theorem [2.18, there exists a constant C' such that

||U.— uhHL2(Q) < Ch2HuHH2(Q) (2154)
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Proof. According to the regularity of elasticity interface problem in [I31], we can define an
auxiliary function w = (w1, ws)?” € PH?(Q) which is the solution to (T.5)-(T.11) with the
right hand side f replaced by the error u — u;. Since u — u, € Vy,, a similar derivation to

[2.97) and (2:98) yields
[u = up|72i0) = /(div o(w)) - (u—up)dX = ap(w,u — uy,). (2.155)
Q

Let Iw be the interpolant of w in the IFE space. Since Iw € S,(Q2) and ay,([pw, u—u,) =0,
we have aj(w,u—uy,) = ap(w — Iw,u—uy). Then the boundedness in Theorem yields

[u—unllf2q) = an(w, u—un) = ap(w — Liw, u—uy) < Gyf|w — Liw]l, la - unll,- (2.156)

In addition, the regularity [131] and (2.132bf) in Theorem lead to

llw = Lol < Chllolea < Chlla = w0 (2.157)
Finally, by combining (2.156)), (2.157) and Theorem [2.18| we have

= w20 < Ch? = willzzqolfullaego) (2.158)
which leads to the estimate in (2.154)). [

2.6.3 Numerical Examples

In this section, we compare the proposed PPIFE method and the classic IFE method [81] [153]
for solving the linear elasticity interface problems through a group of numerical examples.
Recall from [81) 153], the classic IFE solution uy is defined by the following discretized
variational form:

> </T 2pe(uy) : e(va)dX + A(V - Uh)(V'Vh)dX) =) /Tf-vth, Vv, € SY(9).

TeTh TeTh,
(2.159)

We note that the major difference between the proposed PPIFE method (2.101))-(2.103]) and
the classic IFE method (2.159)) is those terms involving line integrals on interface edges added
in (2.101) for dealing with the discontinuity of IFE functions.

In the numerical experiments, a Cartesian mesh for the domain Q = (—1,1) x (—=1,1)
is generated by partitioning 2 into N x N squares with the mesh size h = 2/N. For
each example, we generate the numerical results with the bilinear SPPIFE (6 = —1) with

p = 30max,_; {\*, ;1°} and the classic IFE method on a sequence of meshes, and estimate the
convergence rates of the errors in W*P-norms (semi norms), k = 0,1, p = 2, 0o, computed
on every two consecutive meshes.
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Example 1: We consider a simple interface problem whose interface is a line I' : x + y —
27/3 = 0 cutting € into two sub-domains Q™ : x4+y—1.5/7r <0and Q" : z+y—1.5/7 > 0.
The exact solution is also a linear vector function given by

i _ (x4+y—15/m) /XN, on
() { (x4+y—15/m) /)N,

(2.160)
with A= = = =1 and A = put = 10, by which the boundary condition and body force
of the interface problem are determined. We note that the function (2.160|) is in the corre-
sponding elasticity IFE space. Compared to the obvious errors of the classic IFE method,
the SPPIFE method can produce accurate results, i.e., the SPPIFE solution is exactly the
function (2.160)), see the results in Tables [2.2] and [2.3] We believe this is the consequence of
the consistence of the PPIFE methods, i.e., if the exact solution u to the interface problem
is such that u € PH?*(Q), then aj,(u — uy,, v;) = 0, Vvy, € SY(Q).

h | llu—upllz=@) | lu—unllre@ | [0 —wnlmg
1/2 8.0840e-02 7.7812e-02 2.2946e-01
1/4 1.8265e-03 1.1554e-03 6.3312e-03
1/8 1.6146e-03 8.8800e-04 8.2845e-03

Table 2.2:

Errors of classic IFE solutions for A= = p~ =1, AT = u™ = 10.

h | la—upllze@) | [[u—upllze | [u—unlmg
1/2 4.4409e-16 4.5269e-16 8.8509¢e-16
1/4 3.9968e-15 3.1617e-15 1.0767e-14
1/8 1.7208e-15 1.1623e-15 5.4891e-15

Table 2.3: Errors of SPPIFE solutions for A= = u~ =1, AT =t = 10.

Example 2: This is a benchmark example from [I86] which has been used in other articles
such as [25,02]. This example has a cicular interface described by the zero level set: 2%+4y? =
a® that separates € into two sub-domains Q~ : 22 +y? < a? and QF : 22 +9y? > d%2. On
Q, the displacement is defined in the polar coordinates i.e., u = (u",u?)”, where u" and u’
represent the radial component and circumferential component, respectively. Then the exact
solution is given by v’ = 0 and
( ) b—2> , on ),
u"(r) = >

2.161
on O, ( )
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with B B o

c= A"+ )b . (2.162)

N+ + () (2 —a)

Also, the body force in €2 and the boundary displacement on Jf) are generated according
to . We choose a = 7/8 and b = 2 in and , and employ the same
Lamé parameters used by [25, 92 [I86] in our computation: A~ = g~ = 0.4 in Q= and
At = 5.7692, ut = 3.8461 in QF, which correspond to the Young’s modules £~ = 1,
v~ = 0.25 and BT = 10, v* = 0.3. The numerical results in Table indicate a slow
convergence of the classic IFE method. Nevertheless, according to Table 2.5, the PPIFE
method converges optimally in both the L? norm and semi-H! norm. The data in Table
indicates the convergence of the PPIFE method in the L* norm seems to be sub-optimal,
but it is much better than the classic IFE method.

In summary, because those edge integral terms contribute favorably to the accuracy of the
numerical solution and the related error estimation, the proposed PPIFE method is superior
to the classic IFE method discussed in the literature [S11, [153].

h [u—upl[re@ rate | [[u—upllr2 rate | [u—uplpmi rate

1/10 8.0609E-2 4.6267E-2 6.5199E-1

1/20 6.7026E-2 0.2662 2.0816E-2 1.1523 5.7409E-1 0.1836
1/40 5.3065E-2 0.3369 7.9983E-3 1.3799 3.9965E-1 0.5225
1/80 3.7TT41E-2 0.4917 3.5784E-3 1.1604 3.5914E-1 0.1542
1/160 1.7209E-2 1.1329 1.4183E-3 1.3352 2.5530E-1 0.4923
1/320 9.3939E-3 0.8734 5.5905E-4 1.3431 1.7710E-1 0.5277
1/640 5.0778E-3 0.8875 2.5381E-4 1.1393 1.3084E-1 0.4367

Table 2.4: Errors of the classic IFE solutions for A= = = = 0.4, AT = 5.7692 and pu™ =
3.8461.

h [u—wupl[re@ rate | [[u—upll2 rate | [u—uplpgig rate

1/10 6.9597E-2 3.5335E-2 4.6843E-1

1/20 2.1967E-2 1.6637 8.2012E-3 2.1072 2.1572E-1 1.1187
1/40 4.9360E-3 2.1539 2.1165E-3 1.9542 1.0506E-1 1.0379
1/80 1.7577E-3 1.4897 5.1717E-4 2.0329 5.0728E-2 1.0504
1/160 4.9811E-4 1.8191 1.1584E-4 2.1585 2.3756E-2 1.0945
1/320 1.3869E-4 1.8446 2.7700E-5 2.0642 1.1531E-2 1.0428
1/640 3.8867E-5 1.8353 6.9254E-6 1.9999 5.7069E-3 1.0147

Table 2.5: Errors of SPPIFE solutions for A\~ =y~ = 0.4, At = 5.7692 and pu* = 3.8461.
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Chapter 3

Higher-Degree IFE Methods Based on
A Cauchy Extension

In this chapter, we develop a new framework to construct and analyze arbitrary p-th degree
IFE functions as well as the a related discontinuous Galerkin IFE (DGIFE) method. In this
framework, the proposed p-th degree IFE functions are constructed by the discrete solutions
of local Cauchy problems imposed on each interface element where the jump conditions are
employed as the boundary conditions. Penalties on both the edges of interface elements and
the interface itself are employed in the proposed DGIFE scheme to reduce the adverse effects
from the discontinuities in IFE functions. Analysis is carried to show that the proposed p-th
degree IFE space has the optimal approximation capability and to establish a group of trace
inequalities for these IFE functions. These results are then used to prove that the proposed
p-th degree DGIFE method has optimal convergence rates in both the L? and H' norms.
The results of this chapter are also reported in [80].

3.1 Introduction

To facilitate discussions in this chapter, we herein recall the second order elliptic interface
problem:

~V-(BVu)=f, inQ=0Q UQt, (3.1a)

u=20, on 0, (3.1b)

where Q= and QF are the subdomains of Q C R? partitioned by a CP*! simple curve T’
which does not intersect 02, [ is assumed to be a piecewise constant function defined as

in (1.3) such that, without loss of generality, 5~ > T for the discussions in this chapter.
Also, we have assumed the zero boundary condition in (3.1b]) for simplifying the discussions,
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all the results in this chapter can be readily extended to interface problems with a non-
homogeneous boundary condition through the standard procedure. Besides, we employ the
following functionals to denote the required jump conditions on the interface curve I':

Jo(u) = [ulr == u"|r —u"|r =0, (3.1c)

Ji(u) = [BVu-n] = p"Vu" -nlp — f7Vu -n|p =0, (3.1d)

in which n is the unit normal vector to the interface I'. When p > 2, following [5 8, 9], in
addition to the original jump conditions (3.1c) and (3.1d)), we further impose the so called

Laplacian extended jump conditions

2 A\
OonJ—2

Ji(u) = [6 } =0, j=2,p. (3.1e)
r

The jump conditions in (3.1€]) are suggested by the smoothness of the body force term f

across the interface curve which is in fact satisfied in many applications such as the the

constant gravity [I81], charge density in electrostatic [I10], the source term in Helmholtz

equations [118], and so on.

One dimensional IFE methods for arbitrary degree have already been investigated in the
literature. The extended jump conditions were firstly employed in [9, [39, 146] for
solving 1-D interface problems which led to unisolvence of the IFE shape functions and
optimally convergent IFE spaces. Due to the trivial geometry of the interface (a point),
these 1-D IFE functions can satisfy the all the jump conditions — exactly across
the interface. Recently, the authors in [41] studied super convergence properties for these
1-D IFE spaces through the generalized orthogonal polynomials.

In two dimensions, compared with the lower-degree IFE methods in the literature [76, (79, 84,
100] 102, 136}, 14T, 145], there are two major issues in the development of higher-degree IFE
methods. The first and a fundamental one concerns the construction. The current construc-
tion approaches for the lower-degree IFE spaces in the literature such as those reviewed in
Section (1.2, all involve a certain linear approximation to the curved interface whose intrinsic
O(h?) accuracy hinders the extension to IFE functions based on higher-degree polynomials
from which a better than O(h?) accuracy is expected [4], see the discussions in Section [1.4]
Since two polynomials in general can not satisfy the jump conditions exactly across a generic
curved interface, it remains unknown in the literature how to enforce the jump conditions in
a suitably weak sense such that the existence of IFE functions is guaranteed and the resulted
IFE space has optimal approximation capabilities. The second issue concerns a suitable for-
mulation in the related IFE schemes for solving the interface problems. Specifically, this is
about the design of penalties to handle the discontinuities of IFE functions on edges and the
interface.

There are more challenges for the error analysis of a higher-degree IFE method because
of the lack of analysis tools in the literature handling macro polynomials. For example,
the commonly used scaling argument is not applicable since piecewise polynomials do not
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have the sufficient regularity and the related piecewise Sobolev spaces mapped from different
interface elements to the reference element are not the same. In particular, it remains obscure
how to show the approximation capabilities of higher-degree IFE spaces. The technique of
multipoint Taylor expansions successfully used in the analysis for lower-degree IFE spaces
is difficulty, if not impossible, to be utilized to analyze the approximation capabilities of
higher-degree IFE spaces, see the discussions in Section [I.4] Besides, the penalties in the
IFE scheme demand trace inequalities for IFE functions as piecewise polynomials on interface
elements. Trace inequalities have been established for lower-degree IFE functions [148] [152]
for which the proof highly relies on the constant gradients of the difference between two pieces
of lower-degree polynomials; however, in general, this feature is not available for the higher-
degree IFE functions. These issues motivate us to develop new tools in the development and
analysis of higher-degree IFE methods.

There have been some exploratory works to address these issues for higher-degree IFE meth-
ods in two dimension. The authors in [3] introduced a correction function to construct the
IFE shape functions for a linear interface, and this idea was also used in [86] to handle curved
interface for a constant coefficient 3. As for the interface problem with a curved interface
and discontinuous coefficients, i.e., the one considered in this dissertation, the authors in [5]
considered a L? inner product defined on the actual interface curve to penalize the jump con-
ditions, but even the existence of the IFE shape functions has not been generally established
in this approach. Later, the authors in [8, 214] developed a least squares method to construct
the IFE shape functions for which the existence is a natural consequence of the least squares
formulation. Specifically, in this approach, the IFE shape functions are constructed by min-
imizing a certain energy functional formed according to the jump conditions. However, the
local linear system for constructing the IFE shape functions by this least squares approach
can be ill-conditioned when the jump of 3% is large or the size of subelements is too small.

In this chapter, we propose a new construction procedure for p-th degree IFE functions.
By this procedure, an IFE function is the extension of a p-th degree polynomial from one
subelement to the whole interface element by solving a local Cauchy problem on interface
elements in which the original jump conditions across the interface are employed as the
boundary conditions and all the extended jump conditions are reformulated into the Laplace’s
equation. We note that the extension idea from one piece to another in the construction of
an IFE function was inspired by the one used in [88]. This approach completely addresses the
existence issue of higher-degree IFE functions. The cumbersome case by case procedures [3),
79, 184}, 100, 136}, [176] for analyzing the existence of IFE functions based on different interface
element configurations or different polynomial degrees are circumvented, see the related
discussions in Section [1.4] The underlying idea in the proposed construction procedure can
be traced back to the early works of Babuska, Caloz and Osborn [19, 2I] which proposed
special shape functions constructed by solving some local differential equations. This idea
was further employed by Chu, Graham and Hou in [52] where the special shape functions
were the piecewise linear finite element solutions of a local interface problem on a submesh
in each interface element. In addition, Trefftz methods [137] also use exact solutions to
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the related differential equations as parts in the approximation solution. As for the suitable
formulation for the related p-th degree IFE methods, we propose to use penalties on interface
edges like those used in the partially penalized IFE method in [85] T48] and on the interface
itself like those used in CutFEM [I55] [196].

The contributions made in thesis to higher-degree IFE methods are multifold. The core
idea, i.e., constructing IFE functions by solving a Cauchy problem locally on each interface
element, is invented in this chapter which leads to a so called Cauchy mapping to connect
polynomial components in an IFE function. This mapping also plays a critical role in the
related analysis such that major results including the existence of IFE functions, the ap-
proximation capabilities, and trace inequalities for the macro polynomials in the proposed
IFE method can be traced back to properties of this mapping. The new analysis techniques
developed in this thesis enable us to derive error bounds whose proportional constants are
all independent of the interface location relative to the mesh. All of these together form
a framework for us to establish the optimal convergence of a related DGIFE method. We
believe the tools developed in this research overcome the limitations of current analysis tech-
niques in the literature for macro polynomials and may be useful for other finite element
methods based on unfitted meshes. To our best knowledge, the research presented here is
the first systematic framework for both developing and analyzing p-th degree IFE methods
for elliptic interface problems.

3.2 Notations and Assumptions

In this section, we introduce some basic notations and assumptions. Given a measurable
subset Q C €, let W*4(Q) be the standard Sobolev space with the norm || - [ra@) and

semi-norm | - ]qu(ﬁ) k>0,1<q< oo In the case { has a non-empty intersection

with the interface I', we define Of=Qn QF, and further introduce the following the split
space for k > 1 with the associated norm and semi-norm according to the jump conditions

B19-E19):
PWha(Q) = {v e WH(Q) : v]ge € WRIQE), Ti(w) =0,i=0,1,--- ,k — 1}, (3.2)
”UHWk,q(ﬁ) = [lv ”qu y T [0]lye, 4(§+) |U|qu = [v]y, a@-) T V], 4(Q+) (3.2b)

In particular, when ¢ = 2, we have the Hilbert spaces H*(Q) and PH*(€) with norms
I W@y || |l pan(ey and semi-norms | - [y, [+ |pyr(y, Tespectively. Let PW (Q) and
WO (Q) be the related spaces with zero trace on 9. We note that the spaces in are
different from those in in the sense that the spaces in contain scalar functions
and involve more jump conditions. Besides, we will use [P, to denote space of polynomials
with degree not exceeding p.
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We let 7, be a triangular mesh of Q and let h = maxper, {hr} where hy is the diameter of
each element T" € Tp,. In the discussions of this chapter, we do not assume the mesh 7 is
Cartesian, but we assume that it is shape-regular, i.e., there exists a constant o such that

hr

<o, VTET, (3.3)
Pr

where pr is the diameter of the largest inscribed circle of T. It is well known that the
condition (3.3 yields the existence of constants 6,,,0y € (0,7) such that

0,, < every angle of T' < 0y, VT € Tp,. (3.4)

We still use NV, and &, as the sets of nodes and edges of the mesh 7, and denote the sets
of interface and non-interface elements in this mesh by 7, and 7;". In this chapter, we
specifically employ &} as the collection of all the edges of elements in 7, and & = &,\E;.

Note that & contains the non-interface edges of interface elements which are not in &/ used
in Chapter

As in [196], given each domain K C R? we call K’ := {X e R? : JY € K s.t. OX = ,u(f}}
the homothetic image of K with respect to the homothetic center O and the scaling constant
p. Hinted by [214], for each interface element T € T;', we define its fictitious element T)
as the homothetic image of T" with the homothetic center being the incenter G of T" and a
scaling factor A > 1 independent of mesh size h, and let '), = I' N Ty, see Figure for
an illustration. To facilitate a simple presentation of the main ideas, and without loss of
generality, we assume that T\ C €2 for every interface element 7'

In addition, we employ |- | to denote the measure of a d-dimensional manifold such as edges
for d = 1 and elements for d = 2. Also, the generic constants C' appearing in estimates in
this chapter are all assumed to be positive and independent of the mesh size h, the interface
location relative to the mesh, and the coefficients 3. Besides, following a convention in the
literature, we employ the notation ¢; ~ ¢» to denote the equivalence of two quantities ¢; and
q2, i.e., both ¢; < Cqy and g < C¢y hold. We note that the generic constants C' in Chapter 2]
still depend on the discontinuous coefficients A* and p* due to the limitation of the analysis
method there; but in the analysis presented in this chapter, we are able to explicitly specify
how the error bounds depend on the discontinuous coefficients in each estimate such that all
the generic constants C' are independent of the coefficients 3.

Furthermore, we make two assumptions for the mesh 7, as follows:

(A1) The mesh is generated such that the interface I' can intersect each interface element
T € T,! and its fictitious element T) at two distinct points which locate on two different
edges of T" and TJ.

(A2) There exists a fixed integer N such that for each K € Ty, the number of elements in
the set {T" € T;' : K NTy # 0} is bounded by N.
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We note that assumption (A1) can be satisfied when the mesh is fine enough, assumption
(A2) can be satisfied if T, is shape regular and A > 1 is not too large.

A

Figure 3.1: T = AA;AyA;z and its fictitious element Ty = AA} A3 A3

To end this section, we describe the Sobolev extensions needed in discussions of this chapter.
Given each v € PH!(Q), we let u, € HPT'(Q) be the Sobolev extensions [72] of u® = u

Qs
from Q° s = — 4 to 2 such that
p+1 p+1
D uplure) < Ce YW lmray, 5= =+, (3.5)
k=1 k=1

for some constant Cp depending only on O, Q and p. Estimate (3.5 follows from the
boundedness for the Sobolev extensions (Theorem 7.25 in [72]) and the Poincaré inequality.

3.3 Some Basic Estimates

In this section, we first present some basic geometric estimates related to each interface
element T and the associated fictitious element T. These results enable us to establish a
group of norm equivalences in the polynomial spaces to be used.

3.3.1 Geometric Estimates

Given an interface element T = AA;A;A; € T with its fictitious element Ty = A} A} A3,
A > 1, without loss of generality, we only consider the interface element configuration where
[ cuts the edges A} A3 and A3 Ay with the intersection points D* and E*, as shown by Figure
3.1l We note that the original element and the fictitious element may have different interface
configuration; but for simplicity’s sake, we also assume that I' intersects the original element
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T with the intersection points D and F on the edges A; A3 and A;As. In this configuration,
we let T3 and Ty be the curved-edge triangle D*E*A} and the curved-edge quadrilateral
A} A3 E* DX respectively, as shown in Figure . First of all, due to the geometric relation
between T and T', we can follow the same arguments for Lemma to prove the results in
the following lemma.

Lemma 3.1. On each Ty, A > 1, associated with an interface element T € T,!, assume hr
1s small enough, then there exist constants dg and 6, independent of the relative interface
location inside T\ and hr such that for every two points X1, Xo € I' VT with their normal
vectors n(X1),n(Xs) to I' and every point X € T'N Ty with its orthogonal projection X+
onto DAE?, the following estimates hold

X — X|| < 6oAh7, (3.6a)

Again, the estimates describe the local flatness of the interface inside each interface
element (the special case A = 1) and the associated fictitious element. The constants dg, 01
depend only on the maximal curvature of I'. Now we let 0p and g be the angles between
the interface I’ and the ray D*A3, E*A3, see Figure for an illustration. The following
lemma describes the relative location of I' inside T).

Lemma 3.2. For each T\, A\ > 1, associated with an element T € T;' as shown in Figure
assume hr is small enough, then there exist positive constants 0*, 1* and r} <73 <1
independent of interface location and hr such that

LAYDYEY > 0%, ZAYE D> 0% 0p >0, 0p >0, (3.7a)
AYDM |AYEX

A <min{ o Ty ) <7 (3:70)

T3 > |D*EA > *hy. (3.7¢)

Proof. First, in order to show ([3.7a), we consider the auxiliary angle Z A3 D*D, as shown by
Figure . Denote the normal vectors to D*E* and D*D by i and ny. By geometry and

(3.6b)), there holds
cos(LA3 D E* — ZA3D*D) =0 -ng > 1 — 5, \*h3. (3.8)

We note that the smallest case for ZA3D*D is £ A} A} Az directly calculated by

A—1
/A3A} Az = tan™!
3f14s = tan (Acot(zAgAMl) + cot(AAgAéAi\)) (3.9)
-1 ’
> tan (i . tan(&m/Q)) := by,
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which only depends on A and the shape regularity (3.4). So (3.8]) and (3.9) yield
ZAYD EN > ZAYDMD — cos™ (1 — 6,A%h%) = 6y — 24/01 Ahr, (3.10)

which can be lower bounded by a positive constant independent of the interface location for
hr small enough. The argument for the angles ZAyE*D? p and 0 is similar.

Next, for , we consider the auxiliary line connecting D and E which intersects the lines
A} A3 and A3 A3 at Dy and Ej, respectively. See Figure 3.3 for an illustration. From
and (3.6b), it can be directly verified that the distance from EJ to the line D*E* is bounded
by (JoA% + /201 \)h%. Then yvields |[EAE}| < (60A2 4+ /201 \)h3/ sin (6*) := dprh%, and
so does |[D*D}|. In addition, we let D and E} be the intersection points of the edges A; A3
with AYA5 and A3 Aj, respectively. Similarly, we define D3 and E3, as shown by Figure
3.3l Without loss of generality, we assume |A3E}|/|A3 Ay| < \A’\D’\| /|A2A}|. Then E7 must

be between E} and Ej. Hence, it can be verified that GBS < oML gy BRSOt

Theref h |AAAA| N oA A>\A>‘| IR
ereiore, we nave
. {rAéFﬂr \Aém} . {\AéEar |A§Dé\} duhi ONEL L ohn, (311)
[A3A3]" TAYAY] A BA T e T ox e -
. {|A§EA| |A§DA|} . {|A§E3| |A§D3|}_th2T S AL ke, (312)
YA JAYAY AR T e T oaea M

which can be both upper bounded from 1 and lower bounded from 0 for h; small enough.

At last, for (3.7d), let D)E7 be the segment parallel to D*E* passing through D, as shown
by Figure |3.4L It is easy to verify that the shortest length of D} E} is achieved when it is
orthogonal to A3A3 and passing through As, i.e., it moves to D3 E3, as illustrated by Figure

3.4} Therefore, using ({3.6al), we have
|IDE > 2tan(£ A3 A3 AY) (| A3 A — 6o \2h%)

> 2 tan(6,,/2) ((A - D (3.13)

- 5@%) he = Phy,

for some [* > 0 independent of interface location for hy small enough, where we have used

and (34). 0

Remark 3.1. Lemmal3.9 actually shows that given each interface element T, the triangular
curved-edge subelement of its fictitious element Ty, A > 1, has the regular shape.

In the following discussions, we always assume the mesh size h is small enough such that the
results in Lemma 3.1 and Lemma 3.2 hold. Next, we present an estimation of the difference
between the Laplacians of the Sobolev extensions uz.
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Figure 3.4: Length estima-

Figure 3.2: Angle estima- Figure 3.3: Ratio estima- u
ion

tion tion

(P
Figure 3.5: Interface elements and strips

Lemma 3.3. Let u € PHPY(Q) with the integer p > 1 and the extensions u% Then, there
exists a constant C' such that on each interface element T € T;} we have

8% Duf = B~ Dugllzcry < CHE (B [uflmvvcry + B [uplursiry)), A>10 (3.14)

Proof. Let w = B Auf, — /B*Aug € HP1(Q). Note that the case p = 1 is trivial, so we
only discuss p > 2. Since UE|Q:E = u*, by the definition . fori=0,1,---,p—2, the i-th
order trace of w on '} is zero.

First, for the curved-edge triangular subelement 7", according to and Remark |3.1] .
there exists an one-to-one mapping F' [215] from the reference element T = A1 Ay As with
Ay = (0,0)T, Ay = (1,0)” and A3 = (0,1)7 on the i-j plane to Ty such that its Jacobian

satisfies
(50 )
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for some constants C7, Cy independent of the curved edge. Let & = w(F(Z,7)), then the
scaling argument together with the Friedrichs’ inequality for functions vanishing on part of
the boundary [2] yields

N 2 1
lllZaqr ) < ORIz < CHM 1y < CHE Dol (3.15)

o)

On the curved-edge quadrilateral T}f, the scaling argument is not applicable directly. Instead,
we employ a different approach by constructing a finite number of strips with bounded width
to cover the whole quadrilateral T} of which the number is bounded independent of the
interface inside Ty. Let Py be A} and P, be a point on the edge A}A) such that A}D? is
parallel to P E*, and the first strip s; is the curved-edge quadrilateral A} P, E*D*. Then
we proceed by induction to find P, on A}Aj such that P,_;D”* is parallel to P,E*, n > 2,
and the n-th strip s, is the curved-edge quadrilateral P,_; P, E*D?*. The last Py may locate
outside of the edge A} Ay for which we simply let Py = Aj. This procedure constructs the
total IV strips si, 82, -, Sy, as shown by the left plot in Figure 3.5l Obviously, we have
Ty = UY s;. Without loss of generality, we assume ZA3 EAD* > /A3 D*E* which implies

|Py_1Pn_s| > |Py_2Pn_3| > --- > |PLPy| > [*sin(0*)hp, (3.16)

where in the last inequality, we have used the estimates and . Therefore, we
have N < m + 1, and this bound is independent of the interface. On each strip
s;, i =1,--- N — 1, ie., the curved-edge quadrilateral P,_;P;,D*E*, we consider a local
system with the &-direction perpendicular to the parallel sides P,_;D* and P,E*, and the
n-direction perpendicular to the &-direction, as shown in the right plot in Figure |3.5. On
this local system, let fi(£) and fo(€) be the functions of the line P;_; P; and the curve D*E?,

€ €(0,&), respectively. Then the 1-d Friedrichs’ inequality [2] yields

) & f2(8) & f2(8) ) ) )
leol2ace, / / W dnde < / RO-HEF [ @odnde < Wilwlinc, (317
1

The estimation on the last strip sy can be shown similarly. Then (3.17) together with the
bound of N gives

N N
lollporsy < 3 lwllzagey < e S [l < Nhrlw] g (3.18)
=1 i=1

Therefore, following the argument based on the mathematical induction [2], we have
Hw”L2 (T < ONP™ 1hp 1|w|Hp Y1) (3.19)

where the constant C' only depends on the order p. Finally (3.14) follows from (3.15) and
(3.19). 0
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3.3.2 Norm Equivalence

Now we use Lemma |3.2| to establish a group of delicate norm equivalences on every interface
element 7" and its associated fictitious element 7. These results are the fundamental com-
ponents in the proposed analysis framework. We begin with recalling the following lemma
from [196].

Lemma 3.4. Given an integer p > 0 and p € (0,1). Let K be a closed convex domain in R?
with a (piecewise) smooth boundary. Assume K' contains a homothetic subset of K with the
scaling factor y. Then there exists a constant C(u,p + 1) only depending on p and p such
that

[vllzery < O p+ Vvl r2iery, Vv € Py (3.20)

The following lemmas are about the equivalence of the L? norm on an interface element T
and its associated fictitious element T.

Lemma 3.5. Given an interface element T' and its fictitious element T, for each degree p,
there holds

|2y = |- N2y on Py (3.21)

Proof. By the definition, T is a homothetic subset of T with the homothetic center being
the incenter, hence (3.21]) is a direct consequence of (3.20)) by taking p = 1/\. O

Now we define Tf and T* as the auxiliary straight-edge subelements partitioned by the line
connecting the intersection points of the element boundary and the interface. In particular,
on the interface element configuration shown by Figure , Ty and Ty are the straight-
edge quadrilateral A}A)E*D* and triangle D* E* A}, respectively, while T+ and T~ are the
straight-edge quadrilateral A;AsED and triangle DFE A3, respectively. Then, we have the
following norm equivalence.
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(a) Case 1 (b) Case 2

Figure 3.6: Equivalent norms on 7T’

Lemma 3.6. Given an interface element T as shown in Figure for every degree p, if
|AsD| > 1/2|A3A;| and |AsE| > 1/2]|A3As|, there holds

I le2y = - N2y = M- M2y on Py (3.22)
On the other hand, if |AsD| < 1/2|A3A4| or |AsE| < 1/2|A3As|, there holds

|- N2y 2 M1 N peey 2 M- lz2ery  on P (3.23)

Proof. We first prove . Without of loss of generality, we consider the segment D; F;
which is parallel to the segment DFE, tangent to I' at a certain point and bounds I'r above,
we further let M and N be the points on A; A3 and A Aj such that |AsM|/|AsAi| =
|A3N|/|A3As| = 1/3, see the first plot in Figure for an illustration. Then AAsMN is
a homothetic subset of T" with A3 being the homothetic center and the scaling factor 1/3.
Since [A3D| > 1/2|AsA;| and |AsE| > 1/2|A3Ay|, ie., AAsMN C T~ given any v € P,,
Lemma [3.4] directly implies

[0l 27y < olle2ery < C(/3,p+ Dl[oll2anmny < CA/3,p+ Dol o), (3.24)

which suggests || - || 27—y = || - [[z2¢r) on P, where the constant C(1/3,p + 1) inherits from
(3.20) with p = 1/3. In addition, we let d; and dy be the distance from Aj to the lines DE

and Dy E, respectively. Then, (3.6a]) implies |d; —ds| < dph%; hence we have Z—f = —% >
2
1— %hT > 2/3 for hy small enough, where we have also used dy > % > % and
. |A3E AsE| |AsE . AsD
(3.3). Therefore, we can obtain IAiA;I = ‘|A33E1|| ||A;A2|| > 1/3, and similarly “A‘;’)Ai- > 1/3.

This shows AAsMN C AA3DE; C T~ C T. So the same argument as (3.24)) yields
|- [[z20-) = || - || z2(r) on P, which further implies (3.22) together with (3.24).
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Next, for (3.23)), without loss of generality, we assume |A3E| < 1/2|A34,|. Let the points
M and N be at the edges A1 Ay and A3A; such that [AsM|/|A1As| = |AaN|/|AsAs| = 1/3,
see the second plot in Figure for an illustration. Through similar arguments above, we
can show AAsNM C Tt NT*. Therefore, we have by following the same arguments

used for (3.24)). O

Figure 3.7: Equivalent norms on 7%

Lemma 3.7. Given a fictitious element T\, A > 1 , as shown in Figure associated with
an interface element T, then for each degree p, there holds

I Wlzory = 1 Hagiey = 1 ey = - gy = N ez on B, (3.25)

Proof. Using and the arguments used in Lemma , we can show that there always
exist two fixed triangles AA§M1N1 cCTy N T/\_ and AyM,yN, C T;“ N Tj both homothetic
to T\ regardless of the interface location, as shown in Figure . Then, follows from
similar arguments used for (|3.24)). m

Finally, we present the trace and inverse inequalities related to curved-edge subelements.

Lemma 3.8. There exist constants ¢; and c; such that for each interface element T, the
following estimates hold on its associated fictitious element T\, A > 1 :

the inverse inequality: |[Vvl| >z < cih;leHLz(T;), Yo € P, (3.26a)

the trace inequality:  [|v]l2ry) < cth;1/2||v|\L2(TAi), Yu € P, (3.26Db)
Proof. For (3.26a)), we apply the Lemma and the standard inverse inequality on T to
obtain

IVl 2y < ClIVollizry) < C lolliery) < O loll . (3.27)
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For (3.26h)), the standard inverse inequality on T, Lemma 3.2 in [I96], and Lemma
together lead to

< Chp vl rzeryy + Chil 1V | 2y (3.28)
< Chy ||U||L2 (1) S ChT ||U||L2(T§t)'

||U||L2(FA

3.4 IFE Spaces Based on Cauchy Extension

In this section, we develop local IFE functions which can satisfy the jump conditions —
in certain weak sense. On an interface element 7', let’s consider an IFE function
consisting of two polynomial components v~ on 7~ and v* on 7" in P,. Ideally, we want
these two components to satisfy the the jump conditions (3.1€|) exactly along the portion of
the interface curve I' N T and this consideration leads to f~Av~ = ST Avt. We also want
these two polynomial components to satisfy and . These properties presumed
for the two polynomial components suggest a way to construct an IFE function: choose one
of its polynomial component v, for instance, then find the other polynomial component v~
of the IFE function by solving the following equations:

B~ Av™ = ptAvT, in T, (3.29a)
vo =v", on 'y =T\NT, (3.29Db)
BV -n=p"Vo-n, onlp=T\NT. (3.29¢)

Note that this is a Cauchy problem [89] about v~ posed on the subelement T} since two
boundary conditions are given on part of its boundary 7, NI'. We note that it is in general
impossible to find a polynomial solution v~ to this Cauchy problem. Alternatively, in the
proposed framework, we consider solving this Cauchy problem in an approximation sense
or a weak sense based on the least squares finite element idea [32], [112], and this procedure
further allows us to introduce a mapping which is a crucial tool in both the construction and
analysis for p-th degree IFE functions.

3.4.1 The Cauchy Mapping

In this subsection, we discuss how to solve the Cauchy problem in a weakly approx-
imate sense using the least squares finite element formulation [32, I12] on each interface
element. The weakly approximate solution to this Cauchy problem allows us to introduce a
discrete extension operator that is a crucial tool in our construction and analysis framework
for IFE functions. We shall see that all the critical analysis components in the proposed
method are related to certain properties of this extension operator.
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On each fictitious element T) associated with an interface element 7' € T;¢, we introduce the
following bilinear forms and the associated semi-norms:

a(v,w) = AvAwdX + th/ vwds
Ty ry
+ hpt /FA Onv Oqwds, Yo, w € H*(TY), (3.30a)
T
_ [ 8 3
ba(v,w) = —AvAwdX + hy vwds
o B o
+
+ hpt ——0pv Oqwds, Yv,w € H*(Ty ), (3.30Db)
e 5
loll;, = ax(v,0),  lolly, = balv,v), Vo€ HA(TY), (3-30¢)

here and from now on, we employ the notation d¢v = Vv - £ for any direction £. Recall the
assumption that S~ > 87T, it is easy to see that

5—1—
5—,|||v|||fu <Mlolly, <llvllz,, Vo €P,. (3.31)

We note that similar bilinear forms also appear in the discussion of the least squares finite
element method [32]. This idea was recently invented in [I12] to solve a Cauchy problem on
the whole domain. The next lemma shows the semi-norms actually become norms
when restricted on polynomial spaces.

Lemma 3.9. [[-|,, and [|-|l,, are both norms on the polynomial space P, for each degree
p=1

Proof. From (B.31)), we only need to prove [|-|[,, is a norm. The result for the linear case
i.e., p = 1 is trivial. Now we proceed by the mathematical induction. Suppose the result
is true for degree p. Then, given each v € Py, [[v|l,, = 0 is equivalent to Av = 0 and
v =0, O,v = 0 on I'}.. According to [86} 133], we actually have dlv =0 for [ = 1,2, 0>v =0
and 9,0yv = 0 on T'} where t is the tangential vector to I'}. Consider the polynomial
Oyv € P, and let an + bt = (1,0)” on I'}. Note that Av = 0 yields Ad,v = 0. Besides,
since O,v = v = 0 on '}, we have ,v = adpv + bdyv = 0 on I'}. In addition, there also
holds 0,0,v = ad?v + b3,dyv = 0 on I'.. Therefore, by the hypothesis, we have 9,v = 0, and
similarly 9,0 = 0. Then v must be a constant. Now using v = 0 on I'},, we have v =0. [

Based on Lemma , we can further prove an equivalence between the standard L? norm
and |-l
A

Lemma 3.10. For every interface element T € T}, we have

W llollla, = 0l 2y, Yo €y A> 1.
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Proof. Firstly, we consider the case that T is the curved-edge triangular subelement A} DAE?,
as shown in the left plot in Figure (3.8, The first two estimates in (3 enable us to construct
an isosceles triangle Ty = APD)‘E)‘ with /ZPD E* = /PE D = 9’\ such that it is always
contained in the straight-edge triangle AA3D*E*. Then, we consider a special reference
element Ty = APED on the i- y plane which is also 1sosceles with /ZPED = /PDE = 6>
and ]DE | = 1 as shown in the second plot in Figure Define an affine mapping F' which
is simply a scaling rotation transformation:

F(2,9) = |D B { cos(a)  —sin() ] { T ] + D,
sin(a)  cos(a) 7 (3.32)
OF (z,9) '
9(z,9)
where « is the angle between D*E* and the z-axis, and the bound of Jacobian matrix follows
from (|3.7¢)).

Let F map a curve I' : § = f(2) to I'), and consider & = v(F(,9)) € P,. and
(3.64) yield [f(2)] < 50(l’\) "N2hy, V& € (0,1). So, we can construct a new trlangle T1 =
APDlEl homothetic to Tj according to the center P with the scaling factor [PD|/|PD;| =
|PE|/|PE,| = 2/3 such that it always contains the curve I inside for hy small enough, see
the right plot in Figure [3.8| for an illustration. Then,

1 1/2
6] p200) = ( [ G sanas f’2(£))1/2d§:)

) 1/2

1 1(@)
> / (@(i,O)Jr / agvdg> dz (3.33)
0 0
1 1/2 1 f(&) 2 2
>( / 62(93,0)55) — / / Ogudy | di
0 0 0

~ 1/2, ~
> [[9]l 200y — (80/1) 2 AR 28] 1 1

where we have used the Holder’s inequality and the bound for |f(Z)|. From (3.6b)), it is easy
to verify that |f'(z)| < 2\/55}/2)&@ vz € (0,1), for hy small enough, which shows
1/2

with (1*)%h3 < ‘ < Nh7,

|00 = (/01 (= f(2)0:0(2, f(2)) + 050(, f(fc)))zdfc)
> ( /0 1((9@@(3:«, f(:%)))%) v — 2v261 Ay ( /0 1(83@@(:2-, f(:i-)))zd:f:> 1/2.

Applying the similar arguments in (3.33)) to each term in the right hand side of (3.34)), we
obtain

(3.34)

1 1/2
( / <a@@<fc,f<:fc>>>2df) > 10520 — Go/ ) PARY ooy (335)
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1 1/2
( / (8@6(:%,f(:?:)))2di) < 105l + o/ PV AR il oy (3.36)

Substituting (3.35)) and ([3.36]) into (3.34]), and using the trace inequality ((2.107)) on ||0;0|| £2(0,1
in (3-36) together with the distance from P to DE equaling tan (6*)/2, we have

100l 2195l 20,1y — [Cubrlil sy + (Cohtl? + Coliy )il oy | (3.37)

where Oy, Cy, C3 depend only on p, X\. 1, 6, and #*. Combining (3.33) and (3.37), using
Lemma to bound |@|Hk(T}) by \ﬁ]Hk(TO), k =1,2, with u = 2/3, and applying the inverse
inequality on Tp, we have

18D 207y + 100 ey + 1000 2y (3.38)
X A R 1/2)) ~ '
21800 2ty + 19l 20 + 1050 2200y = Cha 101 2y

for hp small enough, where the previous derivation shows this generic constant C' also only
depends on p, A, d1, d, and #*. By the same argument in Lemma [ A Loz + 0] £20,1) +
1050 £2(0,1) forms a norm on the polynomial space IP,. Therefore, the norm equivalence on
finite dimensional spaces yields

[ A0 oz + [10] 2y + 100 2

A o A (3.39)
2C0ll p2giyy — Chy |0l 2y = Cllol 20

for hr small enough. Furthermore, Lemma indicates |[Av|[ o) = Cf Ao 27 2
C||Av|| 2z, where recall i\_ = AA3D*E*. Hence, using (3.39), (3.32) and the scaling

argument, we arrive at
2 - _
lvllz, = CNAVIL ) + b l0ll7aa) + Pz 1000 Fry, (3.40)
> Chi? (118822 0 + 101220y + 10001225, ) = Ch2 100220y = CT 01321

Next, on Ty, we consider the intersection point @ of the lines A3 P and D*E*. By (3.7d), we
have
QP| sin(6))|PE?| B sin(6))| DA EA| - tan(6*)1A
QA sin(ZAYEADMN)|AYEXN  2cos(6M)sin(LAZEADN)|AEN © 20

(3.41)

Therefore, we can construct a triangle 7j) = AP’ DY E* which is homothetic to Ty according

to the chosen center @) such that |QP|/|QP'| = tanf;)lk, i.e., a fixed scaling factor. Then,

the triangle f; = AA}D*E? is always contained in T}, regardless of the interface location
inside T, as shown in Figure |3.8 Hence, using Lemma [3.4] again, the norm equivalences in

Lemma (3.7 and (3.40)), for each v € P, we have
Wl 2y < Cllvll ey < Cllvli < Cllvllzey < Chzllvll, - (3.42)
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Finally, the other direction |[[v|| L2rs) 2 Chz[[v]l,, can be easily obtained by the trace
inequality and inverse inequality in Lemma [3.8

Secondly, we note that Lemma implies Cl||AU”L2(T;r) < ||Av||L2(T;) < CQHAU”Lz(T;r).
Thus, when T} is the curved-edge quadrilateral subelement of T}, the result simply follows

from what we have already shown for the curved-edge triangular subelement together with
the norm equivalence in Lemma |3.7

Figure 3.8: Illustration of the proof for Lemma |3.10]

]

Following the ideas in [I12], we then consider a weak problem in the least squares sense
associated with the Cauchy problem (3.29): for each v € P,, find @ € P, such that a, (7, w) =
ba(v,w), Yw € P,. Since [[-[|,, is indeed a norm, the coercivity and boundedness of the
bilinear form ay(v,w) (Lemma 4.2 in [I12]) in this special norm together with the Lax-
Milgram Theorem directly implies that the solution v € P, to the weak problem uniquely
exists. Hence, we know that the Cauchy problem has a unique solution in this weak
sense that allows us to introduce a key tool for the framework presented in this chapter for
higher-degree IFE methods.

Definition 3.1. Define a mapping € : P, — P, such that for every v € P,, €(v) € P, is
determined by
ax(€(v),w) = by(v,w), Yw eP,, (3.43)

and we call € the Cauchy Mapping.

Because of the uniqueness and the fact €(0) = 0, € is an one-to-one linear mapping from
the polynomial space P, to itself. We let Pr, be the standard L? projection from H?P*(T))
onto the polynomial space [P, on T). We present a few properties of the Cauchy Mapping €
that are the fundamental ingredients for us to analyze the local approximation capabilities
and trace inequalities of IFE spaces later on.
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Theorem 3.1. For every u € PHPT(Q) with the extensions us, there evists a constant C
such that for each interface element T there holds

B _
_,|UE|HP+1(T>\) + |UE|HP+1(T>\) s A > 1. (344)

lletPra) - Prugll,, < cr (5

Proof. Let w = €(Pr,u}) — Pr,up and note that w € P,, so the definition (3.43) directly
yields

H‘wm; = CL)\(Q:(PTAUE> - PTAUZW w) = b,\(PTAuE, w) - CL)\(PTAUE,U})

+
= / (=—APruj, — APruyp)AwdX + hTS/ (Pryuj, — Ppoug)wds
N g ry (3.45)

Jr
+h;1/ g p
ry

(5__8nPTAUE — OnPr,uy) Oqwds.
Then, applying the Holder’s inequality to each term on the right hand side of , we
have
BJF — —3/2 + —
llwll,, < Hﬁ—_APTAUE — APrugll 2y + he ™Il Prug — Pryugliceey)

1je, B )
+ hT1/2||5—_ainAug — OuProug | r2r)- (3.46)

For the first term in (3.46)), by the triangular inequality, the error estimation for the projec-
tion operator Pr,, and Lemma [3.3] we obtain

pr _
Hﬁ__APTAuE - APTAuEHLQ(T;)

BY o Bt o B
<I|ﬁ—_APTAuE - 5—_AUE||L2(TA> + |APrup — Augllreer,) + ||5—_AUE — Dugllr2ry)
B 1y 1, B _
<Cﬁ—_h§ 1|u£|Hp+1(T)\) + Ch% 1|”U/E|HP+I(T)\) + Ché’ﬂ 1(5—_|UE|HP+1(T)\) + |U/E|HP+I(T)\)).

(3.47)

To estimate the second term in (3.46)), we first apply the special trace inequality given by
Lemma 3.2 in [I96] and the error estimation for the projection operator Pr, to obtain

_1 1
|1 Pryuis — upllp2ray < Chy? |Pryuy — uillzy) + Chil|V(Pryup — up)llzm)

" (3.48)
é Chgﬂ 2 ‘U?al+1(T/\).
Then, we employ the jump condition (3.1d) for u% to obtain
—3/2 _ —3/2 _
Pty = Pz <he” (1Pt = wiglliay) + 1Pos = villowy) g 40

< CHH (Juglmovrery) + [up o ry))-
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By a similar argument to (3.48) and (3.49)), we can also show that

172,87 _ GRS 1y -
hT1/2”6__8nPTAuE — anPTAuEHLz(F%F) < Cﬁ—_hg 1’UJ}~5|H”+1(TU + Ch}% 1|uE‘HP+1(T,\)- (3.50)
Substituting (3.47)), (3.49) and (3.50)) into (3.46|) yields the desired result. O
Lemma 3.11. There exists a constant C' such that for each interface element T there hold
I€(w) = vlll,, < Chz' vl Yo eP,, N> 1, (3.51a)
B
I€(v) = vll,, <Ch 16+| Oy, Yo EP, A> 1L (3.51b)

Proof. Let w = €(v) —v. The definition (3.43), the Holder’s inequality, and the assumption
B~ = BT yield

lollz, = ax(w, w) = ba(v,w) — ax(v, w)

+ +
:/ (B_ — 1) Av AwdX + h;l/ (B—_ — 1) Onv Oqwds
- \ S p (3.52)
< (120l 2y + b 10020y ) ol
<CRZ ol s Il

which implies (3.51a]), here in the last inequality above, we have used the inverse inequality

(3.26a)) and trace mequahty . For m by -, we have

Il \H wll, = ( A(€(v), w) — ax(€(v), w)), (3.53)
and the rest of derivation is the same as ‘} O

The following theorem is about the stability of the Cauchy mapping € and its inverse €1,

Theorem 3.2. The Cauchy mapping € and its inverse €1 are bounded in terms of the
semi-H' norm, i.e., there are some constants ¢, and Cy, such that for every interface element
T there holds

B+
Cbﬁ__|v|H1(T;) < [€(v )|H1(T ) X Ob|U’H1 ) A>1 (3.54)

Proof. We only prove the inequality on the right side since the one on the left side can be
proved by a similar argument. By the inverse inequality (3.26a)), the norm equivalence in
Lemma [3.10] and (3.51a)), we have

€(v) = vlry < Chpt €0) = vll 2y < Chrll€(v) — vl < Clolmapys
which gives the right inequality in (3.54)). ]
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3.4.2 A p-th Degree IFE Space

In this subsection, using the Cauchy mapping introduced in Subsection we proceed
to define a p-th degree IFE space and study its properties. Specifically, on each interface
element T € T;% with its fictitious element Ty, A > 1, the local p-th degree IFE space is
defined as the following space of piecewise polynomials:

SHT) ={ve L*(T) : JweP,st. v|p+ =w and v|p- = €(w)}. (3.55)

By definition, every function in S} (7) is the extension of a polynomial from T to T through
the Cauchy mapping; hence, every function in this local p-th degree IFE space is called a
Cauchy FExtension of the related p-th degree polynomial. On every non-interface element
T € T,", we use the standard polynomial space as the local IFE space, i.e., S}(T) = P,.
As usual, these local IFE spaces can be put together to form a global IFE space in the way
suitable for a finite element formulation. For example, for the IFE method to be introduced
in the next section, we can form the following global IFE space:

SP(Q) = {v e LA(Q) : v|p € SP(T), VT € T, and v is continuous on each e € £'}. (3.56)

Now let {(; : @« = 1,2--- ,n} be a set of basis functions with desirable features for the
polynomial space P, with n = (p + 1)(p + 2)/2. Clearly, since € is bijective on P,, the
following piecewise polynomials

. +
vi:{(’:Q Xeln 1.

&) XeT 2, ,m, YT €T} (3.57)

form a set of basis functions of the local IFE space S} (7).

We note that, by the traditional construction approaches, for example the procedure for
vector IFE functions described in Section 2.4 and scalar IFE functions reviewed in Section
[1.2] (or see [79,84], 100, [136]), the [FE functions all have the Lagrange type degrees of freedom,
i.e., they are constructed according to their nodal values, and their existence involves tedious
analysis and calculation of the determinant of matrix in the pertinent linear system according
to how the interface cuts the interface element and partitions the Lagrange nodes which
is cumbersome, if not impossible, to be extended to arbitrary degree p. In contrast, the
existence of the proposed p-th degree IFE functions reduces to showing the Cauchy mapping
€ has a trivial kernel which is actually easy to verify (because the resulted functional [|-[],,
is a norm) for any degree p. The construction procedure for IFE functions proposed here is
obvious advantageous over the traditional ones in the literature.

3.4.3 Approximation Capabilities

Now we show that the proposed IFE space (3.56)) has the optimal approximation capabilities
to the space PHPT!(Q)) with respect to the degree of polynomial space used to construct this
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IFE space. On non-interface elements 1" € 7,", we use the usual Lagrange type interpolation
operator I [35] to describe the approximation capability, the optimal error bounds for the
Lagrange interpolation are standard which can be obtained by the scaling argument. The
challenge is on interface elements where IFE functions are discontinuous across the interface
[’ because of the lack of readily available error analysis tools in the literature for macro
polynomials. Inspired by [88], we construct a special operator to gauge the approximation
capability by taking the advantages of the Cauchy mapping. Recalling that, for each interface
element T € T,!, Pr, is the standard L? projection from H?™'(T)) to P,, we define the
following interpolation operator

Yu € HPH(TY). (3.58)

Tou — Iju:= Pruj, on T,
I;u:=&(Pruf) onT",

Then, the global interpolation operator I, : PHP™(Q) — SP(Q) is defined piecewise as

[hu|T = ITU, VT € 771 (359)

+
PT)\UE

Q:(PTAU‘E)

Figure 3.9: Diagram for analyzing approximation capabilities

The key idea for using this interpolation operator to analyze the approximation capability
of the proposed p-th degree IFE space is a delicate decomposition of the interpolation errors
illustrated by the diagram in Figure As shown in this diagram, the error of the interpola-
tion Iru can be decomposed into the errors between the Sobolev extensions u}, s = £ of the
components of v and their projections Pr,uj, s = £, and the error between the projection
Pruy and the Cauchy extension €(Pr,uj). We note that the errors between the Sobolev
extensions and their projections are well understood; hence, a solid arrow is used to connect
them in the diagram. However, the difference between the projection Pp uj and the Cauchy
extension €(Pr,u};), connected by a dashed line in the diagram, is unknown in the literature
which motivates us to carry out preparations such as Theorem in the previous sections.
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Theorem 3.3. Let u € PHPTY(Q). There exist constants C' such that, on every interface
element T € T,;' with its associated fictitious element Ty, A > 1,

2
Z h%’ug — [;u’Hj(T) < C’h?l\ug]HpH(Tk), (360&)
j=0

: J oy~ - pt+l B + -
ZhT|uE — Ipul iy < ChYp (6__|UE‘HP+1(T>\) + |ug|mrr(ny)), (3.60Db)
j=0

where Ifu and Izu are understood as polynomials on the whole element T.

Proof. We note that (3.60a)) is simply the optimal approximation capability for the projection
operator Pr,. For (3.60b]), note that I.u — Ppuy = €(Pru},) — Pr,uy € P,, then the norm
equivalence given in Lemmas [3.5] and together with the estimate given in Theorem
3.1 imply
117w — Pryugllery < CllIpu — Proug|l oy < Ch2|||€(Pryug) — Pryugl|],,
Bt - (3.61)
< Chgﬂ(ﬁ—_‘ug'H”l(Tx) + |uE|Hp+1(T>\)>'

In addition, applying the standard inverse inequality to (3.61]), we have

Wyl Iru — Proug|psery < CllIpu — Proug| e

Bt (3.62)

e \uf gei ) + [uglaeri(ny))-

Finally, the triangular inequality and the optimal approximation capability for the projection
Pp, yield

< Oon(

héﬂ]u;; — [EU'LZ(T) < C'th|uE — PT/\’U,ElLQ(T) + Ch‘%—v’PTAUE — IEU|L2(T)

B+ (3.63)

< Ch];_l(ﬂ, |UE|HP+1(T>\) + |u;3|Hp+1(TA)).
m
Remark 3.2. Since 5~ > B, from (3.60), we have the following estimate which is inde-
pendent of the jumps [+
2 .
Z hl|u — ITU|H]'(T) < Chgw+1(|ug|ﬂp+l(T)\) + |UE|HP+1(TA))- (3.64)
§=0

This is also an advantage of the proposed IFE spaces and the related analysis.
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3.5 A p-th Degree DGIFE Method for the Interface
Problems

In this section, we develop and analyze a discontinuous Galerkin immersed finite element
(DGIFE) method for solving the elliptic interface problem (3.1a)-(3.1¢]). First of all, on the
unfitted mesh 7y, inspired by [88], we consider a mesh-dependent space V}, defined as

Vi={vel*Q) : v[re H(D) T T, vlr € H(TH) i T € T},

o . (3.65)
and v is continuous on each e € &', v|spn = O},

and we note that the functions in Vj, are in H'(Q\(Ureri T)). Let Sp () be the subspace
of S5 () with zero trace on 9, and clearly, we have Sy ;(2) € V,. We emphasize that
functions in V}, may not be continuous across non-interface edges of interface elements. We
will use the following operators on Vj, defined across the interface and across an interface
edge e € & shared by two elements T and T3, respectively:

e = (o) — (Wlo-)|r and  {v}r = (vlo)le ; - (3.66a)

ol = el = Ol and {0}, = A v oo

Then, testing (3.1a) by a function in V}(€2) and applying the integration by parts on each
element, we obtain the following weak formulation:

ap(u,v) = Ly(v), Yv e V3(Q), (3.67a)
ap(u,v) Z /BVU VodX
TeTh
- Z /{BVu ‘n}e[v]eds + € Z /{BVU n}.[ul.ds + Z pe Jeds (3.67b)
ecfi 7 ° ecfi
- Z {ﬁVu . n}r[ [‘dS + €6 / {QVU Il}r‘ FdS + Z pe/y/ FdS
TET; T€eT} TEeT; r
_ / fodX, (3.67¢)
Q

where p? ,pl are some constants independent of the coefficients 3%, and

v = (max{3~, 7})*/ min{5~, B7}. (3.68)

Based on the weak formulation in (3.67)), we define the p-th degree DGIFE solution to the
interface problem (3.1a)-(3.1d)) as the u;, € S} 4(€2) such that

ah(uh, Uh) = Lf(Uh>, Yy, € Sﬁ,O(Q) (369)
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Following the tradition, we also call the symmetric, non-symmetric and incomplete
p-th degree DGIFE method for ¢ = ¢ = —1, ¢¢ = ¢, = 1 and ¢ = ¢; = 0 in ,
respectively. Note that the bilinear form (3.67h|) used in this method involves the penalties
on edges in g}; and the interface itself which set the proposed DGIFE method apart from
the partially penalized IFE (PPIFE) method [85) 148] and the one in in Chapter
where the penalties are only used on the interface edges, and from the CutFEM [01] where
the penalties are only enforced on the interface. This p-th degree DGIFE method is
also related with the selective IFE method [104] and the IFE method in [88] sans the penalty
on the interface.

3.5.1 Trace Inequalities for p-th Degree IFE Functions

In this subsection, we establish a group of trace inequalities for the p-th degree IFE func-
tions on interface elements, which are critical for the error analysis of the proposed DGIFE
scheme. We emphasize that the trace inequalities for IFE functions as well as their proofs
are nontrivial since the underlying piecewise polynomials do not have sufficient regularity
for standard trace inequalities to be applied and the usual scaling argument of finite element
analysis is also inapplicable. We seek for new analysis techniques by taking advantages of
the Cauchy extension, in particular its stability stated in Theorem which suggests two
polynomial components in an IFE function are connected together to behave collectively in
a certain way close to a standard polynomial. Without loss of generality, we consider the
two interface element configuration as shown in Figure where 7'~ is either the triangular
or quadrilateral curved-edge subelement.

A3z Az

A
D

(a) Case 1 (b) Case 2

Figure 3.10: Trace inequalities for higher-degree IFE functions

Theorem 3.4. Let e be an edge of an interface element T in the configuration of Case 1 in
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Figure[3.10 If |A3D| > 1/2|A3A1| and |A3E| > 1/2|A3As], then

18V 6|l o) < Chp 218Vl 2y, Vo € SE(T). (3.70)
On the other hand, if |AsD| < 1/2|A3A1| or |[AsE| < 1/2|A3As|, then
Vol 120y < Chy PV || 2y, Vo € SE(T). (3.71)

Proof. Without loss of generality, we consider the interface edge A; A3 and the non-interface
edge A;A,. Recall T— and T are the straight-edge triangle AAs;DFE and quadrilateral
A1 A ED. Firstly, if |[AsE| > 1/2|A3As] and |A3D| > 1/2| A3 A, |, the trace inequality (2.107))
and the norm equivalence in (3.22)) lead to
18-V |lz2(s0) < Ch' 2187V |l oy < Chy 2187V 2. (3.72)
For the estimation on the sub-edge DA;, we apply the trace inequality (2.107)) to obtain
187V z2pay < Ch'? |8V |2y
< Cth/Q(”6+V¢+"L2(T+) +1BTVE | L2(r-))-

Now using the fictitious element T, we proceed to bound the second term on the right hand
side of (3.73). The triangular inequality and the norm equivalence in (3.22)), (3.25) and the
lower bound in Theorem [3.2] yield

1B¥V 6" |2y < ClIBTVS ooy < CIBYEC S ) mry
SCIB~ ¢ lmg) < CIB™VO 2@~

where we have also used the definition ¢~ = €(¢1). Thus, combining 3.72—, we have
the desired trace inequality (3.70) on the interface edge e = A;As. The estimation on the
non-interface edge e = A; A, follows from a similar derivation to ([3.73])-(3.74)).

Secondly, if |A3E| < 1/2|A3As| or |[A3D| < 1/2|A3A,|, without loss of generality, we assume
|AsD| < 1/2|A3A;|. Then, the estimation on the sub-edge A;D directly follows from the
trace inequality (2.107)) and the norm equivalence in (3.23)). For the sub-edge A3D, a similar

argument to (3.73)) yields
IV~ || 22(a3)

(3.73)

(3.74)

Ch 2|1V 6™ | 2y
Chi' (V¢ |2y + IV |2er)-

Then, similar to (3.74]), using the norm equivalence in (3.23)) and ([3.25]), but the upper bound
in Theorem we have

VO llrecrey < CUIVO oty < CloT iy < CloT lnrs)
< CIVOT 2ty < O\|V¢+||L2 (T+)-

Therefore, (3.71) on the interface edge A; Ay follows from (3.75)-(3.76). The result for the
non-interface edge follows directly from the standard trace inequality (2.107)) together with
the norm equivalence (3.23)). O]

<
(3.75)
<

(3.76)
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The next theorem concerns the trace inequalities on the interface.

Theorem 3.5. Let T be an interface element in the configuration of Case 1 in Figure[3.10

IV6 | 2rey < Chn IV L2y, 187V 2wop < Chp P18V 2y (3.77)
On the other hand, if |AsD| < 1/2|AsA,| or |A3E| < 1/2|A3As], then for V¢ € S)(T),

IVO N2y < Chz PIVll2iy, 1V reer) < Chp IV O |l 2r). (3.78)

Proof. The proof is basically as the same as the one of Theorem [3.4] Here, for simplicity, we
only discuss the case that |A3D| > 1/2|A3A;| and |A3E| > 1/2|A3As|, and the other case
can be discussed similarly. The trace inequality (|3.26b]) and the norm equivalence in (3.21)),

(3:22) and (323) yield

IV I rarpy < Ch'?IVG (| ooy < Ch V6 |2y, (3.79)
18¥ Ve || 2 < Ch_1/2||5+v¢+||m @)
< Chy 185V 2gre) + 187V | o). (3.80)

Note that (3.79) already gives the first inequality in (3.77). Applying the results in (3.74))
to the second term on the right of (3.80)), we arrive at the second inequality in (3.77). O

To avoid redundancy, we now present the trace inequalities for an interface element T in
the configuration of Case 2 in Figure [3.10] without giving the detailed proof because the
arguments are basically as same as those for Theorems [3.4] and

Theorem 3.6. Let e be an edge of an interface element T in the configuration of Case 2 in
Figure|3.10. If |AsD| > 1/2|AyAy| and |AsE| > 1/2|A3As|, then

IV6llz20) < Chy PV ellay, Vo € SUT). (3.81)
On the other hand, if |AsD| < 1/2|A2A| or |AsE| < 1/2|A3A,|, then
18V éll2e) < Chy' 18V Sllay, Vo € SHT). (3.82)

Theorem 3.7. Let T be an interface element in the configuration of Case 2 in Figure[3.10.
[f |A2D| 2 1/2|A2A1| and |A2E| > 1/2|A3A2|, then fO’l” \V/¢ € SZ(T),

V6 N2y < Ch? IVl 2y, VO | 20p) < Ch V6 | 120y, (3.83)
On the other hand, if |AsD| < 1/2|AsA1| or |A2E| < 1/2|A3As|, then for Vo € S7(T)
IVo llr2r) < Ch PIIVS 2y, 187V |2wny < Chp P18Vl ). (3.84)
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Remark 3.3. We can summarize estimates given in Theorems as follows so that
they can be directly used later on:

218Vl 2 < iz VBV llzaqry, Vo € SUT),
VBT (3.85)

18Vl e < Gz VBV ol 96 € SUT),
where C, is a constant independent of interface location and B*.

Remark 3.4. We highlight that the stability in Theorem[3.3 reveals the connection of the two
polynomials components in an IFE function for arbitrary degree which is also the fundamental

spirit in the proofs for Theorems 5.7,

3.5.2 FError Estimation of the DGIFE Method

In this subsection, we employ the results established above to estimate errors in the solution
of the DGIFE scheme. According to (3.67b)), we consider the following quantities on the
space Vj:

0
ol = 3 [ 1VAvilax + 3 2
e}

/ of2ds + 3 phlg /F s (3.862)

e

T€Tn TET;:
e h
ol = ol + 14 $° [V npzas e 5 ST [ ((pve-npepas, @sob)
p(fr)/ = € peﬂy i FT
e€&} TeT,
and it is easy to verify that
[olln < lly, Vo € Vi (3.87)

In addition, we show that they are indeed norms in the space V},.

Lemma 3.12. || - ||, and ||-||,, are both norms on the space V.
Proof. Because of (3.87)), we only need to discuss || - ||. Given each v € V},, || - ||, = 0 yields
vl € Py for every T € T;", v|p+ € Py for every T € T;' and v is continuous on all the edges

and the interface. Furthermore, due to that v|sg = 0, we have v = 0 on the whole domain
Q. m

Furthermore, in addition to (3.87), we can prove the following relation between these two
norms.

Lemma 3.13. For sufficiently large p? and pl, there holds v/2|[v||n = ||v]l,, Vv € SP(Q).
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Proof. Given each e € &, let T and T2 be the two elements sharing e. Then the Holder’s
inequality and the trace inequality (3.85]) yield

CZ
L [(ovo ndpas < SoOVETO g + IVBVOlE). (359
hT V 2d < OtQ \/—v 2
m ({BVv-nrir)ids < FH g ¢||L2(T), (3.89)
Hence, we have [|v]|> < 2||v]|2, Yo € SP(Q) for any p° > 3C2/2 and any p! > 3C?/2. O

The following theorem provides an estimate for the global approximation capability in terms

of the energy norms defined in (3.86b)).
Theorem 3.8. Given each u € PHPT(Q), there exists a constant C' such that

_ ptl

Z(‘U_‘Hk(ﬂ—) + [u™t | g o)) - (3.90)

|u — Thull Ch?
|| h Hh \/ﬂ_Jrk:l

Proof. Firstly, using the estimate for the Lagrange interpolation [35] on non-interface ele-
ments, we have

3 / BV (u— Iw) [2AX < CH25~ S [ulpes (3.91)
TeT! TeT!
Over all the interface elements, Theorem directly yields

3 / BIV (= L) [2dX < O~ S (ub oy, + Wuplmnny), (392)

TET; TET;

In addition, given each interface edge e € &' with the two neighbor elements 7" and T2, let
* =enQ* and h = max{hg, hy=}. Using Theorem and the standard trace inequality,
we have

pey
";‘ / u” — ITuld CZh fy/ o — ITu)’ds
+
<Y Y [((uh— Rl s
r=%£j5=1,2 (393>
< CZ Z y(h |l — Ipyullfaesy + [up — Tpsulfn )

r==+j=1,2

< ChZP’Y(WH?{pH(TAluTg) + |u5’§{P+1(T){UT§))'
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The estimations on non-interface edges in & can be proven similarly. Thus, we have

0

PeY -

§ | /[U — Lyllds < Ch*y E :(’uJErﬁ{PH(T)\) + |uE|%{P+1(T,\))' (3.94)
eeg,i N TeT)

Next, using Lemma 3.2 in [196], Theorem and the standard trace inequality, we have

pﬂ/ — Iulids < C Z ZhT ’y/ — Ijw)*ds

TET, TeT) r=%
<C S S nty (bl = Lulacr + el V(s — To) e )
TeT} r=+
2 _
Cth/Y Z (|UE|%{”H(T/\) + |uE|?{p+1(T>\))' (395)
TEeT;!

By similar arguments, we can also show that

;PUV {BV(Ihu —u) - ne}e)st

<OR*y Y ([ublimn riure) + [ T yure)s (3.96)
TET!

Z hT {8V (Inu — u) - nplp)?d

TeT2 Tz
<Ch*y Z (’uﬂqupﬂ(m + ’ug“?{P“(TA))' (3.97)

TeT)

Now recall v = (87)%/8" because of the assumption that 3~ > BT, then combining the
estimations above and using the finite overlapping Assumption (A2), we arrive at

\Hu - Ihumh Chp\/_ (|UE|HP+1 + |UJErv|Hp+1(Q)) R (398)
which yields the desired result by the boundedness of Sobolev extension in (3.5)). O

Remark 3.5. Letm > 1 andp > 1 be two mtegers withm < p, w € PH™™(Q) and let I}, be
p-th degree interpolation operator defined in . Using the more general approximation
capability for the Lagrange interpolation opemtor and standard L* projection operator, we
can actually prove a more general result:

+1
Jlu— Dl < Ch (1 ey + [ sy (3.99)
S \//8_+kz:; HE Q™) HE(QF)
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The following two theorems establish the coercivity and continuity of the bilinear form
ah(-, )
Theorem 3.9. Assume the constants p° and pl are large enough for the symmetric and

incomplete p-th degree IFE method or they are just positive for non-symmetric p-th degree
IFE method, then there holds

1
ap(v,v) = §H'UH,2” Vo € S7(Q). (3.100)

Proof. We note that

(v,v) Z/BVU VodX + (g — 1) Z/{BVU n.}.[v d3_|_zpe / 12ds

T€Th e€&; €

(€1 — 1) Z/ {BVv - npdrfoleds + p”/F (3.101)

TeTy) TET;

Thus, the result (3.100]) is trivial for the non-symmetric case because €; = ¢; = 1. For the
other two given each e € &, let T* and T? be the two elements sharing e, then the derivation

in and (| gives

c:
(o= 1) / (B0 neYeloleds| < allVBV6airy + IV EVOlEacra) + 5l

(3.102)

Cty

(e =1) | {BVv-nr}rfvlrds| < 2alv/BVElIZeer) mll[@]r“iz(m, (3.103)

Ir

for a > 0, where we have used the Young’s inequality. Substituting (3.102)) and (3.103) into
(3.101)) yields
CZ

C? v
an(v,0) 2 > (1= 5a) VBV 72 + (6 2&)|€|!![ Vel Z2) + (02 — i)EH[v]rH%z(m-

TeTh

(3.104)

Then, letting o = 1/10, p > 5C? + 1/2, and p! > 5C? + 1/2 in (3.104) leads to the desired
[.100). 0

Again, we note that the technique of choosing stability parameters p° and p! large enough
to prove the coercivity of the related bilinear form is widely used in the interior penalty DG
methods such as those in [66], [183].

Theorem 3.10. For every v,w € V},, there holds
an(v, w) < 7ol llwll,- (3.105)
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Proof. The result follows from applying the Holder’s inequality on each term in the bilinear
form (3.67h)). O

The coercivity in term of the energy norm || - ||, guarantees the existence and uniqueness of
IFE solution uy to the p-th degree IFE method ([3.69). Now we show the fundamental error
estimation for the p-th degree IFE solution wy,.

Theorem 3.11. Let w € PHPT(Q) with the integer p > 1 be the ezact solution to the
interface problem -. Assume that the mesh Ty, is fine enough such that all the
previous results hold and assume that p° and p! large enough such that Lemma — Theorem
hold. Then the p-degree IFE solution uy, has the following optimal error bound:

1
e~ wll, < S (u Ty + et Liva): (3.106)
VBT S

Proof. Note that the exact solution u satisfies the weak formulation (3.67)) for every v € V,.
Then
ap(up, — Inu,v) = ap(u — Iyu,v), Y€ Sﬁ,o(Q)' (3.107)

where [u € S}(Q) is given by (3.59). Since uj, — lu € S} ((£2), Lemma and Theorems
8.9, B.10] give

1 2 1
llen = Inully, < Sllwn = Dl < anlun = T, w, = Iu) (3.108)

= ap(u — Iyu, up — Iyw) < 7w — Lyul||,|llun — Inulf,,

which yields [|up — Iyul|, < Cllu— Inull|,. Then, (3.108), the triangular inequality, and
Theorem [3.§] together lead to

1
B~ -
\/5—4_2““ |H’€(Q*) + |U+|Hk(Q+)). (3.109)
k=1

e = wnlll, < llw = Tnully, + [I[1nw = wnlll, < CR?

[]

Remark 3.6. The regularity result from [52, [88, [113] implies that the exact solution u to
the interface problem satisfies

p+1 p+1
B~ Z |U_|Hk(Q—) + B Z |U+|Hk(Q+) < C||f||Hp—1(Q). (3.110)
k=1 k=1

Therefore ([3.106) implies

=l < C s 1o (3.111)
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Finally, we follow the standard duality argument to estimate the error in L? norm.

Theorem 3.12. Under the conditions of Theorem there exists a constant C' such that

+1
/8_ 2 p B
lu = unl[r2) < C (6_+ RPN (T ey + [u e gar))- (3.112)
k=1

Proof. Define an auxiliary function z € PH?(Q) as the solution to the interface problem
— with the right hand side f replaced by the solution error v — u;, € L*(2). In
particular, we let I, be the p-th degree interpolation defined in . Because u —uy, € Vj,
and Iz € S (), we have a,(I,z,u —up,) = 0. By the continuity in Theorem , we have

|lu — uh||%z(m = / BV z-V(u—up)dX = ap(z,u — up)
0

= ap(z — Inz,u —up) < C||z — Izl llv — uall,-

(3.113)

Besides, Remark and the regularity (3.110)) yield
Lzl < Ch-= - + b, 3.114
Iz = Izl < WZ“Z lur@-y + [27 [mr@r)) < (5+)3/2 lu = unllr2@).  (3.114)
k=1
Finally, combining (3.113)), (3.114)) and (3.111]), we arrive at (3.112)). O
Y g ) )
Remark 3.7. Following Remark[3.6, we also have
(87)°
(B1)?

Remark 3.8. Let m > 1 and p > 1 be two integers with m < p, and further let the
ezact solution v € PH™ (). Based on Remark we can derive the following estimates

corresponding to (3.106)) and (3.112)), respectively, for u with a lower regularity:

lu = unllz2@) < Coog W Lo (3.115)

5_ mm+1 ~
llw = wunlll, < C\/ﬁ—h Z(W | vy + |u+|Hk(Q+))a (3.116a)
k=1
B_ 2 . m—+1 -
|u —upllr2) < C (ﬁ_* RS (T ey + [ut |egr))- (3.116b)

k=1

Their proof are standard and similar to those in Theorems[3.11] and[3.19 but with the estimate
mn . Therefore, for solving problems whose exact solutions do not have the optimal
reqularities, the proposed higher-degree IFE method behaves in the same way as standard
higher-degree finite element methods in the sense that the order of convergence of the finite
element solution decreases as the reqularity of the exact solution deteriorates.
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3.5.3 Numerical Examples

Now, we present some numerical examples to demonstrate features of the proposed DGIFE
method. To avoid redundancy, we only consider the SDGIFE method and similar results
have been observed for other choices of penalty parameters. All the computations for the
presented numerical results are carried in the domain 2 = (—1,1) x (—1,1) in which the
interface curve I is a circle with radius ry = 7/6.28 which divides € into two subdomains
Q" and QF with

O = {(z,y) : * +y* <75}

The exact solution to be tested is

ﬁir‘”ﬂ (z,y) € Q7,
u(z,y) = 1 1 1 N (3.117)
5—+7’a+(5—_—6—+>7“3, (z,y) € Q7

where r = (/22 4+ 92 and o = 7. It is easy to verify that u satisfies the interface jump
conditions. We note that similar numerical examples have been used in [8, [79, [88] [148].
An implementation issue is the numerical quadrature on interface elements due to the cut
of interface. Since the proposed IFE shape functions are piecewise polynomials partitioned
by the exact interface curve, given the parametric equation of the interface, we perform
the quadrature by building an iso-parametric mapping between the reference straight edge
triangle/square and the physical curved edge triangles/quadrilaterals. We refer readers to
[182] for the details of this quadrature technique as well as other quadrature rules on curved-
edge domains.

Let €9, ef, e5° and ¢, be the solution errors measured in L?, H', L™ and W"* norms,
respectively. In addition, we choose A = 1.4 for constructing the fictitious elements and IFE
spaces. To avoid redundancy, we only present numerical results generated by the cubic IFE
methods for a small ratio of 3~ = 1, 7 = 10 and a large ratio 8~ = 1, 87 = 1000 in Tables
and respectively. For the example with the small ratio, Table clearly shows an
optimal convergence rate in all the L?, H', L> and W norms. In contrast, in the large
ratio case, the convergence in L> and W1 norms has a little wiggle while the convergence
in L? and H' norms clearly behaves optimally. These numerical results corroborate the error
analysis presented in the previous section.
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[o@)
€h

order

T,00
€h

order

0
€h

order

1
en

order

20
30
40
20
60
70
80

1.95E-4
4.09E-5
1.36E-5
5.73E-6
2.82E-6
1.54E-6
9.13E-7

NA
3.85
3.83
3.87
3.89
3.91
3.92

3.15E-2
5.65E-3
2.84E-3
1.28E-3
7.59E-4
4.76E-4
3.21E-4

NA
4.24
2.40
3.56
2.87
3.03
2.95

4.24E-5
8.20E-6
2.57TE-6
1.04E-6
5.02E-7
2.70E-7
1.58E-7

NA
4.05
4.03
4.04
4.02
4.03
4.02

5.01E-3
1.48E-3
6.26E-4
3.20E-4
1.85E-4
1.17E-4
7.82E-5

NA
3.01
2.99
3.01
2.99
3.00
3.00

Table 3.1: Solution errors for p =3, 5~ =1, 7 =10
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€n

order

T,00
€h

order
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order
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e

order

20
30
40
20
60
70
80

8.34E-5
1.56E-5
6.68E-6
2.68E-6
1.39E-6
7.21E-7
5.21E-7

NA
4.13
2.95
4.09
3.60
4.26
2.43

1.90E-2
4.64E-3
3.24E-3
1.35E-3
9.69E-4
6.15E-4
3.64E-4

NA
3.48
1.25
3.91
1.83
2.95
3.93

1.19E-5
2.36E-6
7.91E-7
3.21E-7
1.57E-7
8.49E-8
4.98E-8

NA
3.98
3.80
4.03
3.91
4.01
3.98

1.33E-3
4.03E-4
1.81E-4
9.34E-5
5.50E-5
3.45E-5
2.33E-5

NA
2.94
2.78
2.97
291
3.02
2.93

Table 3.2: Solution errors for p = 3, 5~ =1, S = 1000
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Chapter 4

Applications of IFE Methods to
Inverse Problems

In this chapter, we develop an IFE-based shape optimization algorithm for solving a class
of interface inverse problems related to scalar elliptic equations on unfitted meshes. In the
proposed method, both the governing PDEs and the objective functionals in the shape opti-
mization are discretized accurately by an IFE method regardless of the interface location in
a chosen unfitted mesh. Explicit formulas for both the velocity fields and the shape deriva-
tives of IFE shape functions are derived on the unfitted mesh and they are employed in the
material derivative formula together with the discretized adjoint method for accurately and
efficiently computing the gradients of objective functionals with respect to the parameters
of the interface curve. The shape optimization problem is therefore accurately reduced to
a constrained optimization that can be implemented efficiently within the IFE framework
together with a standard optimization algorithm. As demonstrated by three representa-
tive applications, the proposed IFE-based shape optimization algorithm can be employed to
solve a spectrum of interface inverse problems efficiently and satisfactorily. The results in
this chapter were also reported in [83].

4.1 Introduction

In this chapter, we focus on the inverse problems governed by the scalar elliptic interface
(forward) problems described in (1.1)-(1.4). Here, in order to describe a general algorithm
for inverse problems, we consider a group of K interface forward problems:

— V- (BV) =5, inQ UQt

uf =gk, on 90k, C 99, (4.1)
ou” & 5
I = IV on 0y C 09,
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where Q% U 0Q%, = 00 and n is the outward normal vector of 99, together with the jump
conditions on the interface I'":

[u*]|p = u*F|p —uP | =0,

4.2

[BVWF - n]|p = BTV p n— B7VuPT|p-n =0, (4.2)
in which n is the normal vector of I', u®* = uF|gs, and B(X) = 8° for X € Q%, s = =+,
and £k =1,2---, K. We note that all these forward problems share the same interface and
coefficient 3, and the difference is on the boundary data g%, g% and the load force data f*
which represent multiple measurements in practice.

As discussed in Section [I.3], the focus of this chapter is to develop an efficient shape opti-
mization method based on an unfitted mesh for solving geometric inverse problems related
to the interface forward problems described by and in which we assume that the
material values 3° = flgs, s = —,+ are known a-prior. In particular, we need to use the
given measurements about u®, 1 < k < K to recover the location and shape of the material
interface I'. By the shape optimization method [97) [165], we seek for the interface I'* from
an optimization problem:

I'* = argmin J(I'), (4.3)

where

J([T) = /Q J(u' (D), u*(T), -, u([); X, I)dX, (4.4)

and u*(T')s, k = 1,2,--- , K, are the solutions to the interface forward problems (4.1]) and
(4.2), but Q € Q and J(u!(T),u*(T),--- ,uf(); X,T) are application dependent. Some
specific formulations of J are given in Section for a group of representative applications.

A survey of shape optimization methods applied to geometric inverse problems can be found
in Section [L.3l

Due to the movement of interface, the shape optimization methods based on fitted meshes,
referred as the Lagrangian approach [50], have a few drawbacks. The first concerns the
mesh updating process from one iteration to the next in the optimization. As the geometry
changes, to guarantee the accuracy, the mesh used by the chosen solver for the forward
problems needs to be updated to fit the new interface [28| [I88], which not only consumes
time but also generates unsatisfactory meshes in many situations, see the illustrations in
Figure |4.1| where the two plots on the left demonstrate an inappropriate mesh movement
strategy leading to a mesh with less desirable qualities, especially near the right boundary.
Various approaches were proposed to overcome this issue [29, [34] [191], but these approaches
are challenged by complicated geometries and large shape changes in shape optimization
[29,204] which can cause excessive mesh distortion and consequently inaccurate finite element
solutions. We refer readers to a survey of works about the application of the Lagrange
approaches to geometric inverse problems in Section [1.3
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(a) The initial fitted (b) The fitted mesh af- (c) The unfitted mesh (d) The unfitted mesh
mesh ter movement

Figure 4.1: The fitted and unfitted meshes

The Lagrangian approach has more issues in the sensitivity computation in which one needs
to compute the gradient of an objective functional with respect to the design variables, i.e.,
parameters describing the interface [97, 192, [194]. Indeed, the gradient of the objective func-
tional is a necessary ingredient in many commonly used numerical optimization algorithms
such as the descent methods and the trust region methods [61, [163]; hence, sensitivity is
a fundamental part for applying these algorithms to a shape optimization problem. The
gradient computation in shape optimization involves the shape derivatives and the velocity
field. In this research, we employ the method of [50}, [175] such that the velocity field is
defined as derivatives of spatial variables with respect to the design variables which poses
challenges for the Lagrangian approach. First, the nodes in a fitted mesh depend on the
interface parameters (design variables), but it is difficult, if not impossible, to find or con-
struct a formula for this dependence because the mesh is usually produced by an automatic
mesh generator. Most, if not all, general mesh generators are not based on any explicit
mathematical rules [50] and requiring such a formula to be differentiable is an even more
excessive demand. Furthermore, the assumption that each node of a fitted mesh has to move
in general as the interface changes in the Lagrangian framework inevitably leads to a global
velocity field in the Lagrange framework, and a global velocity field and related quantities
in a shape optimization are expensive to compute especially when the number of design
variables is large.

In the Lagrangian framework, the velocity field is highly related to the mesh updating
procedure in the shape optimization process. According to [50], the velocity field in the
sensitivity analysis used to move the finite element mesh should have a few desirable features
for maintaining the topology and quality of the mesh. Indeed, it was pointed out in [45] that
an inappropriate choice of velocity field for mesh update will result in a distorted mesh and
thus an inaccurate finite element solution, see again the illustration in the plots in Figure
m. The authors in [50] summarized three basic approaches to compute a suitable velocity
field: (1) finite difference methods, (2) isoparametric mapping methods, and (3) boundary
displacement and fictitious load methods. Except for the isoparametric mapping method,
the other two lead to an approximate velocity field to be globally computed over the whole

98



solution domain. The isoparametric mapping method needs special decomposition of the
computational domain which results in extra difficulties for complicated geometry. Also, it
can not always guarantee mesh quality as pointed out in [50].

Therefore, forward problem solvers that can handle discontinuous coefficients on an unfitted
mesh are desirable alternatives for shape optimization applications, and methods within
this direction are referred as the Eulerian approach in some literatures [126]. Since the
interface cuts edges of elements, various techniques are suggested to improve the accuracy
of the evaluation of either the stiffness matrix or sensitivity on those interface elements.
One group of the Eulerian approaches [11, [36], 44l [53] uses a local averaging method [37]
to smooth the discontinuous coefficient such that standard finite element methods can be
applied on an unfitted mesh. Another group of Eulerian approaches employs special finite
difference/element methods such as the immersed interface methods (IIM) in [117] for cavity
reconstruction in scalar elliptic equations and the extended finite element methods (XFEM)
in [I61), 170, 195)] for crack detection.

The goal of this chapter is to develop an IFE-based shape optimization method for solving the
interface inverse problem described by — on unfitted meshes. Specifically, we will use
the PPIFE method [85, [148] with the linear IFE space for solving the related interface forward
problems on an unfitted triangular (Cartesian) mesh. Using an IFE method in the shape
optimization for solving interface inverse problems with an unfitted mesh is advantageous,
below are some of its benefits.

e Because the IFE method allows us to use an interface-independent unfitted mesh in the
shape optimization process, the issues caused by the mesh regeneration or movement
from (large) interface changes are circumvented, see F igurefor an illustration. With
an unfitted mesh, the velocity field does not need to guide the mesh movement; hence,
some practical and theoretical issues for the construction of the velocity field [50] are
simply avoided.

e Using an unfitted mesh in the shape optimization process admits a velocity field for
the sensitivity that can be computed efficiently and accurately. With an unfitted mesh,
as the interface updates in the optimization, the interface-mesh intersection points are
changing but all the mesh nodes are fixed. Consequently only the points in interface
elements should be considered to move according to the interface, and this allows a
velocity field that is zero outside interface elements. Moreover, we can derive a function
that explicitly relates the points inside interface elements and the design variables of
the interface. Thus, the velocity field defined as the derivatives of this function can be
computed efficiently by explicit formulas rather than any numerical approximation to
be globally carried out over the whole domain.

e Since the mesh is the same in one step and the next of the iterative optimization
process, the IFE discretization of the governing equations (4.1)) maintains the same al-
gebraic structure because the global degrees of freedom do not change, and this feature

99



facilitates the derivation of computation procedures for sensitivity. Moreover, assum-
ing the interface does not evolve too drastically, the accuracy of an IFE discretization
on an unfitted mesh can always remain optimal regardless of the location of the inter-
face. Of course, no need to regenerate the mesh over and over again in the iterative
optimization process helps to reduce the computational cost.

e Using the IFE method in the discretization of the shape optimization for solving inter-
face inverse problems enables efficient and accurate computations for the sensitivity.
First, the proposed framework allows us to derive explicit formulas for all the deriva-
tives with respect to the design variables in the sensitivity including the velocity field
and shape derivatives of IFE functions. Furthermore, almost all the computations for
the sensitivity of the objective function are carried out only over interface elements be-
cause both the velocity field constructed in this framework and the shape derivatives
of the IFE basis functions vanish over non-interface elements. This feature drasti-
cally decreases the computational cost for sensitivity since the number of the interface
elements is only O(h™!) compared with O(h™2) for the total number of elements.

As demonstrated by numerical examples for a group of representative interface inverse prob-
lems in Section [4.6] these features can greatly benefit a successful application of a typical
optimization algorithm, especially those based on the quasi-Newton descent direction, to
minimize the objective function for solving the interface inverse problems.

4.2 An IFE Method for Interface Forward Problems

In this section, we employ the PPIFE method [85] [148] with the linear IFE space [79, [85],
136, 148], as an example of IFE methods, to describe the discretization of interface forward
problems. In particular, we put the discretized interface forward problems into a unified
matrix-vector form which facilitates both the derivation of shape sensitivities and related
computations in practice.

We let I'(t, @), t € [0, 1] be a parametrization of the interface I' with the design variables as
entries in the vector o = () jep where D is the index set of the chosen design variables.
For example, when I'(t, ) is a cubic spline, a is the vector of all the coordinates of the
control points of this cubic spline [70]. In a Cartesian triangular mesh 7;, of €2, let the node
set be N}, = {X1, X, -+, X\n, } and let ./\ofh be the set of the interior nodes. Recall that 7’
(&) and T;™ (&) are the sets of interface and non-interface elements (edges), respectively.

On non-interface elements, the local IFE spaces are defined according to , but on
interface elements, they are defined according to . In particular in this chapter, in the
construction of IFE functions — on each interface element T', we employ F' as the
midpoint of the segment DE and n(F') = n where D and E are interface-mesh intersection
points of I" and 0T and n is the normal vector to DFE, see the illustration in plot (b) of
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Figure [1.2] In addition, we partition the two polynomial components of an IFE function
on T by the line segment DF instead of the interface curve I' for constructing piecewise
polynomials. Such a set-up is a little different from the one in Section but are equivalent
to those in [136]. Then, we employ these local IFE spaces to define the following global IFE
space

S(Q) = {v e L*(Q) w|r € Sp(T), VT € Tp; v (X) = 0| (X), VX € N}, VT, T, €Ty,
with X € Ty N T}, (4.5)
We note that this IFE space is similar to the vector IFE space in (2.43) for the elastic-
ity system in the sense that all the functions in this space are continuous at mesh nodes.
With this IFE space and its associated space S} (£2) whose elements have zero trace on 9,

the interface forward problems (4.1)) and (4.2)) can be discretized by the symmetric PPIFE
(SPPIFE) method [148] as follows: find uf € S,(Q2),k =1,2,---, K such that

an(uf,vp) = L];(Uh), Yo, € S, uf(X) = gh(X), VX € N,Nonk, (4.6)

where the bilinear form a(-, -) and the linear functional L% (-) are given by

ap(up, vp) = Z /T,BVuh -VurdX — Z /{ﬁVuh}e - op]eds

e

TETh e€EI\OOK,
- X [t5Voe fuds @)
e€&I\OQk, €
0
+ Y %’ (unle - [onleds, Vo, vn € Sp(9),
6652\89% ¢

Li(vn) = / frondX + / ghonds — ) / By Vun - neds
Q o0k,

i €
e€ELNONY,

0 (4.8)
+ Z |_66| eg']f)vhds, Y, € Sh(Q)

e€ELNINE,

In the bilinear form ay (-, -), the operators [-]. and {-}. on each interior interface edge e € £
shared by elements T} and T5 are such that

1
[v]e = (v|pn! +v|pn?) and {BVo}. = §(BVU|T1 + BV|p,), Yv € Sp(Q),
where the normal vector nl = —n? is from 7" to T?. For e € £ NS, we define the operators
[-]e and {-}. as
[v]e = v|rne, {BVv}e = BV|r, Yu € SL(Q), (4.9)
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where T is the element that contains e and n. is the outward normal vector to 9€2. In our
applications, we choose p? = 10max{3~, 37}. We note that the edge operators in are
different from those in the literature [148] or (3.66D]), but the induced penalties on interface
edges in the bilinear forms are actually equivalent to each other. The purpose to use
is to facilitate a systematic matrix representation of the local penalties discussed below.

It has been shown [85 48] that the PPIFE solutions u} from approximate the true
solutions u*, 1 < k < K, with an optimal accuracy in both the L? and H' norms with
respect to the involved polynomial degree regardless of the interface location and shape on
unfitted meshes, i.e.,

[uf = u[ 20y + Bluy, — u* |0y < CR2. (4.10)

Here the PPIFE scheme (4.7)-(4.8) can be considered as a “complete one” in the sense that
it takes into account both the boundary conditions, including the Dirichlet and Neumann
conditions, and the situation that interface meets the boundary.

We now put the SPPIFE method described by — into a matrix form. This is also
important for deriving formulas of their material derivatives and the related computations
in practice. We assume that S;,(Q2) = Span{y;(X) | X; € N}} in which ¢;(X) is the global
IFE basis function associated with the node X; € Nj,. When the k-th (1 < k& < K) interface
forward problem has a mixed boundary condition, we let NM = {X; | X; € N;, U 09 N}
such that we can denote the SPPIFE solution u}(X) € S,(Q2) determined by (4.6)-(4.8) as

follows:

W] |3
up(X) = > ufedX)+ ) gh(Xiei(X), (4.11)
=1 i=|VM|+1

where, without loss of generality, we have assumed that nodes in NM are ordered first. Here
and from now on, the superscript M means that the boundary condition in the k-th interface
forward problem is of a mixed type.

To simplify the notations, we only use ¢, v to denote local IFE shape functions without dis-
tinguishing interface or non-interface elements, i.e., on each element T, ¢, 1 is the IFE shape
function associated with the p-th vertex A, of T. Then, the stiffness matrix A = (az’,j»{}/g
associated with the bilinear form defined in can be assembled from the following local

matrices on elements and edges of Tj:

K, = ( / BV ¢y - v¢q,TdX) : VT € Th, (4.12a)
T p,q€EL
E;"” = (/5V¢p,Tn *(@g,1r2 nf)ds) ) Ve € 527 (4.12b)
e p,q€EL
0 .
G = (£ [l yreazias) o vees, (412¢)
|€| e p,q€L
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where the index r1,79 = 1,2 and the edge e € S}L is shared by the two neighbor elements T
and T2, but in the case e € £ NN, we let r; = ry = 0, and n? = n, is the outward normal
vector and 7Y = T is the element that contains e. In and from now on, we use p, q to
represent the position of an entry in the related matrix or vector. Let

~ , N T
Al]7\/[k:(abz>l }ll‘_A[O g%} )

where 0 is the |AV}M|-dimensional zero vector and g}, = [g%(XWéqu), s b (X))t Sim-
ilarly, the load vector F* = ( "“)Li/’{‘ associated with the linear form defined in (4.8)) can be

assembled from the following vectors:

Fi = ( / f%p,TdX) , VT € Ty, (4.13a)
T peT

0
BF = ( / BabV b, - neds) , CF= Pe ( / 5gg¢p,Tds) , Yee€ & NoQp, (4.13b)
e peT |6| e peEL

NF = ( / gijds) : Ve € & NOQy. (4.13¢c)
€ peEL
Letting uy " = [uf, ub, - - - fij‘] we can see that the unknown vector u, " of the SPPIFE

solution uf(X) described by is determined by the following linear system:

AMEME _ pME (4.14)
N NP N
where AMF = (a”l‘j)lj 1‘7 FMk (fzk)| | (allf,i)l:f |

When the k-th (1 < k < K) interface forward problem has a Neumann boundary condition
such that 00k = 99, we know that |A}M| = \WVal, uf(X) given in (4.11)) does not have
the second term and the related load vector F¥ = ( Z’“)Lﬁ[’{l is assembled by the local vectors
only in (4.13al) and (4.13c). Since the solution to the interface problem is not unique, as
a common practice, the normalization condition f uFdX = uf is imposed such that the

SPPIFE solution uf(X) described by (4.11]) is determined by the following linear system:
< Nk
AN,ku;lV,k — FVF with AN — [ AT R} w, " = [uf,uf, aquhp AT, (4.15)
R 0 FNk [fl?an”'?fC\/’h‘aulg]Ta

where the superscript N refers to the pure Neuman boundary condition, A is the Lagrange
multiplier, and R is the vector assembled with the following local vector constructed on each
element:

Ry — ( / ¢p,TdX> VT e (4.16)
T peL

In summary, according to (4.14) and (4.15)), the SPPIFE discretization for the K interface
forward problems described in (4.1) and (4.2)) can be written in the following unified matrix
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Afuf = F*, (4.17)
) & uhM’k & AMF k FME  for a mixed boundary condition,
with uy =4¢ %, A= ve EF =9 vk o
b A FY*%  for a Neumann boundary condition.

We note that the matrices A¥s in (4.17)) are symmetric positive definite, and their size and
algebraic structure remain the same as the interface I'(t, &), t € [0, 1] evolves in an unfitted
mesh when the design variable o varies.

4.3 An IFE Method for Interface Inverse Problems

We now discuss the discretization of the shape optimization method for solving the inter-
face inverse problem (4.3 subject to the interface forward problems (4.1)) and (4.2) by the
SPPIFE method on an unfitted mesh. By the discussion above, we note that the local ma-

trices (4.12al)-(4.12¢|), local vectors (4.13al)-(4.13c]), and (4.16)) are all influenced by the shape
variation. Hence, we write the matrix A* and vector F¥ in the SPPIFE equation (4.17)) as

A = A¥a), FF=F"a), k=1,2,--- K,

which further imply the solution uf to the IFE equation depends on a and so we will
denote it as uf () from now on. In addition, as an important feature in a shape optimization
problem, the spatial variables X should be considered to depend on the interface curve, i.e.,
they are functions of ae. More details about this dependence will be given in Subsection
. Therefore, the IFE solution u} to the k-th (1 < k < K) interface forward problem in
the form of depends on « through the IFE solution vector uf(a), the spatial variable
X (), and the IFE basis functions; hence, we can comprehend it as follows

up, = w(e) = uy(wj(@), X (o), @)

A ™
=) uf(@)g(X(a),a)+ Y gh(X)pi(X(a), ), (4.18)
= i=INM |+1

where the second variable in ¢;(X (), @) emphasizes the fact that a effects the IFE solu-
tion uf through the coefficients c;, cg, and the function L(X) in the IFE shape functions
described by the formulas —. More details of this dependence will be discussed
in Subsection [£.4.3]

The IFE solutions uf(X) ~ w*(X), 1 < k < K, spatial-design-variable mapping X =
X(a), and the interface parameterization I'(:, ) together naturally suggest the following
discretization of the integrand in the objective functional defined by (4.4)):

J(ul(a)7u2<a>? T JuK<O‘);X7F('7 OL))

1 9 K (4.19)
%J(uh(a)a uh(a)v T, Uy (Ot); X(a)7 F(‘, a))

104



Following the explanations similar to those in the previous paragraph, the design variable
a can influence the approximated integrand J(uj (o), ui (), -+ ,ul (a); X (), (-, @) not
only through uf(a),1 < k < K, X(«), but also through the coefficients of IFE shape
functions represented by the last variable « in the following notation for the discretized
integrand Jj,:

(4.20)

The discretized integrand defined in (4.20)) can be then used to define a discretized objective
function:

jh(u}lz<a)7u?z(a)v"' ,u,lf(a),a) :/Q Jh(ullz(a)?uﬂa)?'” 7u£((a)7X(a)7a)dX' (4'21>

In many applications such as those to be presented in Section (.6}, the approximation opti-
mality of the IFE solution uf(X), 1 < k < K [85, [148] implies that the discretized objective
function Jj, in this IFE method is also an optimal approximation to the exact objective
functional given by regardless of the interface location in the unfitted mesh.

Therefore, we propose an IFE method on an unfitted mesh of Q) for solving the interface
inverse problem formulated as a shape optimization with (4.1))-(4.4]) by carrying out a con-
strained multi-variable optimization as follows: find the design variable a* such that

a* = argmin Jy(a), Th(a)= Th(uy(a),uj(a), -, up (), o)

i X . X (4.22)

subject to  A(a)uj(a) —F*(a) =0, k=1,2,--- K.
The proposed method follows the idea of discrete derivatives [194], i.e., we first discretize
the whole system and then calculate the gradient of the discretized objective function with
respect to the vector a for optimization. This methodology has been used in many shape
optimization applications, see [160, 175, 194] and references therein.

It is well known that many inverse problems discussed in the literature are ill-conditioned.
By choosing a reasonably small number of control points, the proposed IFE-based shape
optimization algorithm actually searches for the target interface curve in a small space on
a unfitted mesh. This means that the parameterization I'(at) in the optimization problem
can be interpreted as a “hidden” regularization for the inverse problem. Indeed, the
numerical experiments presented in Section show that the reconstructions produced by
the proposed IFE-based shape optimization algorithm are quite satisfactory without addi-
tional regularization such as the geometric regularization [I17], total variation regularization
[53], and Tikhonov regularization [I120]. We will further discuss this in more details in Section

5]
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4.4 Sensitivity Analysis

In this section, we discuss the sensitivity analysis of the shape functional and its
computations. Due to the discussion in Section [£.3] there are two critical components in
this sensitivity computation: the derivatives of spatial variables and IFE shape functions
with respect to the design variables, referred as velocity field and shape derivatives of IFE
functions, respectively. In the following discussions, we use the operator D, to denote the
total derivative operator with respect to the j-th design variable o, 7 € D, and D, is the
corresponding gradient operator. Also, we will use % and % to denote the standard partial
differential operators and the gradient operator with respect to a;; and «, respectively.

4.4.1 Velocity at Intersection Points

By , an IFE function on an interface element depends on the interface-mesh intersection
points D and F, see the illustration in Figure Obviously, the points D and E change
their locations when the interface I'(ax) evolves due to the change in the design variables
a = (w;);ep. Hence, the objective function in the IFE method for solving the interface
inverse problem essentially depends on how the interface-mesh intersection points D and
E change when the design variable ac of the parametrization of the interface I' varies, so
that the derivatives of D and E with respect to a are critical ingredients for the sensitivity
analysis of the proposed IFE method, and this motivates us to derive their formulas in this
subsection. According to [I75], these derivatives are the velocity defined at those intersection
points, and we will further use these point-wise velocity to construct the velocity field on
the whole domain.

Ay

Figure 4.2: Movement of interface-mesh intersection points

To be precise, we let I'(t, ) = (z(t, ), y(t, ), t € [0,1] be a certain parametrization
of the interface curve and let T' = AA; A3 Az € T, be an interface element such that A; =
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(4, y:)T,1=1,2,3, as shown in Figure Assume that I'(¢, &) intersects with the edges of T
at points D = (xp,yp) and E = (zg,yg) corresponding to certain parameters fp, iz € [0, 1].
Obviously, these two interface-mesh intersection points and their corresponding parameters
tp and g all vary with respect to the design variable a; hence, we can express them as
functions of a as follows:

D = D(a) = (xp,yp) = (z(tp),y(tp)) = (:v(fD(a% @), :D(a), @)),

(
E = E(e) = (p,yp) = (x(p),y(ip)) = (2(ip(a), &), y(tp(er), o).

Without loss of generality, we let the interface-mesh intersection points be D € A;A; and
E € Ay Aj as illustrated in Figure . Then the following two lemmas establishes explicit
formulas for computing the total derivatives of interface-mesh intersection points with respect
to a.

Lemma 4.1. Assume I'(t,a) is not tangent to A1As at D. Then the function D =
D(tp(ev), o) is differentiable and its velocity defined as the total derivatives Do, D with re-
spect to o, j € D is determined by the following linear system.:

Mp(tp) Da,D =bp;(tp), VjeD, (4.23)
where
; Yo =y — (79— 21) . 0
Mp(tp) = A - and bp.i(tp) = PN Bn w7 -
o) = lauzy)  —ix (i) 20} = |y 2o () — 22 (G) 22 (0))

Proof. First, differentiating xp = 2(fp(a), @) and yp = y(tp(a), ) with respect to a;, we
have

oz Ot p ox y otp N dy
a; D = [ a3 a_ ;i = A, A P~
P 9t 0y Oay P =0t 0a; ' Doy
which leads to 5 5 o -
Y x y Ox x Oy
—D,Tp— —DoYyp=——— — ———. 4.24
ot P T 9 =Y T 9t da; 0t 0oy (4.24)
On the other hand, since D is on the edge A; A5, we have the equation
(Y2 — y1)xp — (¥2 — X1)Yyp = T2y1 — T1Ya. (4.25)
Differentiating (4.25]) with respect to «; yields
(Y2 — ¥1)Da,xp — (T2 — 21)Da,yp = 0. (4.26)

Combining (4.26) and (4.24) yields the linear system for ©,,D in (4.23). Let n. be the

normal vector to the edge A;A;. Then we have
det(Mp(tp) =n, - VI'(ip(a), @)

which is non-zero by the assumption that A; A, is not tangent to I'(¢, ) at D. O
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Note that formulas (4.23)) allow us to compute D,, D without using % which is cumber-
J

some to compute because the dependence of {p on a involves the inverse function of the
parametrization I'(¢, ) for the interface. By similar ideas, we can derive the formula for the
point E.

Lemma 4.2. Assume I'(t, @) is not tangent to Ay As at E. Then the function E = E(tg(a), o)
is differentiable and its velocity defined as the total derivatives Do, E with respect to a;, j € D
1s determined by the following linear system:

Mg(tg) Do, E =bp;(tp), Vj€D, (4.27)
where
2 Yo —y1 —(22 —11) . 0
Mg(tg) = N - and bg,(tg) = RN P = /7 -
200) = [0,y —ieiy) ealE) =\ () 22 (1) — 22(0) 22 (i)

Also, the formulas for the derivatives of interface-mesh intersection points with respect to the
design variables a are valid for general parametrization I'(¢, &) in which dz/0t and 0y /0t
can be calculated directly because they are the standard partial derivatives with respect to
the parameter t. But 0z/0a; and dy/0a; depend on the specific parameterization, and we
herein use a cubic spline as an example to explain how to calculate them. Let = = z(t, c,)
and y = y(t,c,) be the cubic splines interpolating the vectors e, and o, respectively, at
the sampling points with ¢, and ¢, being the coefficients of the involved cubic polynomials.
As usual, o, and o, are the x and y coordinates of the control points for this cubic spline
parameterization. According to [70], the vectors ¢, and c, are determined by two linear
systems

W.c, =r,(a,), Wyc, =r, () (4.28)

where the matrices W, and W, are independent of the design variable a = (o, o).

Differentiating (4.28]) with respect to «; leads to
dc,  Ory(ow)

W, do, T o, if 1<j<dim(a,), (4.29a)
dc, Ory(oy) .. .. : : :
W, = , i dim(og) +1 < j < dim(a,) + dim(ay), (4.29Db)
Oa; Oa;
from which we can solve for gg; and g%j to obtain
oc, Jdc
0oy = a(t. 5). Dufon, = y(t. 5) (4.30)

Remark 4.1. We can directly verify ®,, D -n, = neMglbDJ = 0 which means that Do, D 1s
in the same direction as the edge A1 Ay for any «;, 7 € D. In a certain sense, this property
follows from the geometry that the intersection point D can only move along the edge Ay A,.
The intersection point E has a similar property.
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4.4.2 A Velocity Field for Sensitivity Computations

As discussed at the beginning of Section , in shape optimization, the two sub-domains €2~
and QT separated from each other by the interface ' = T'(¢, &), t € [0, 1] change their shapes
when the parametric interface moves because of a variation in the design variable ae. Hence,
Q™ and Q* can be considered as functions of . Consequently, since Q~ U QT = Q\T', we
can consider the spatial variable X € ) as a mapping from the design variables « to €2, i.e.,
X = X(a), and its derivative D,X is the so called velocity field [I75], a key ingredient in
the sensitivity analysis in shape optimizations. Therefore, in this subsection, we employ the
results in Subsection [4.4.1] to develop and analyze a velocity field for the proposed IFE-based
shape optimization method to solve the interface inverse problems.

Since the IFE method proposed in is based on an unfitted mesh, the design variable
a for the parameterized interface I'(t, ), t € [0, 1] will influence the IFE basis functions
on interface elements only. Alternatively speaking, all the points located in non-interface
elements can be considered as constant functions of the design variable . Therefore, on
such an unfitted mesh used by the proposed IFE method, the velocity field vanishes on all
non-interface elements because ®,X = 0, and this suggests we need to discuss the velocity
field only on interface elements.

As before, we consider a typical interface element T'= A A; As A3. Without loss of generality,
we consider the case that the parameterized interface I'(t, ) = (z(t, @), y(t, ¢)), t € [0, 1]
intersects with T at D(a) € A1 Ay and E(a) € A; A3, see the illustration in Figure , but
neither D nor F coincides with vertices of T'. All results derived from now on are readily
extended to the case in which one of the interface-mesh intersection points D and E is a
vertex of T'. A core idea is to find a function relating every point X in this interface element
T to the design variable . For this purpose, following the ideas in [I84], we partition T
into three sub-elements as follows: 177 = AADE, T, = AAsED, T3 = NA3FEA,, see the
illustration in Figure {4.3|

Ay

By = (0,1)

Br

By=(1,0) ¢

B =(0,0)

Figure 4.3: Mapping each sub-element to the reference triangle

Let By = AB;ByB; be the usual reference element with vertices B, = (0,0)T, By =
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(1,0)", AB% — (0,1)T. Then, the standard affine mappings from the reference element By =
AB1ByB3 to T,,,m = 1,2,3 provide a relation between the points in 7" and the design
variable ac as follows:

X(a) = Fola. &) = In(a) ( 757 ) 4 A, for XE€T,CT, m=1,2.3,  (431)

where the matrix J,,(a) is the Jacobian matrix of F,, such that
Ji(a) = (D(a) = Ay, E(a) = Ay,
Jg(a) = (E(a) — Ag,AQ — Ag) .

By Lemma[£.1 and Lemma [1.2] these Jacobian matrices are differentiable with respect to o
such that Vj € D we have

Do, J1(a) = (Do, D,9,,E)
Do, Jo(a) = (Do, E, D4, D), (4.33)
Do, d3(a) = (Do, E,0).

Therefore, for every X € T, the function X (a) given in (4.31)) is a piecewise differentiable
function such that its total derivative with respect to the j-th design variable is

9,,X(@) = @0, ne) (¢ )

= (Do, I (a))J ) (X (a) — Ay)  for X () € Tp, m=1,2,3.

m

(4.34)

Hence, using the formula for X € T in terms of a given in (4.31)), we can define a piecewise
velocity field V7 with respect to the j-th design variable «;, j € D as follows:

VI(X) =Dy, X ()
Vi.(X) =0, if ¢ T
VI(X) = (Do, dm(a@)I ) (X () — Ay), T €T X €Ty,m=1,2,3.

m

(4.35)

We now discuss some properties of the velocity field developed above.

Theorem 4.1. For any j € D, the velocity VI(X) defined in (4.35) has the properties:

P1: on each interface element T = NA; Ay Az € T}, there hold

; X — A,
\% = H—mi)a.D =12 4.36
T‘AmD HD — AmH G M » <y ( a)
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[ X — A

Vg, g =D, E m=1,2,3, (4.36D)
’ I1E = Anll
: X —E| | X — DJ :

Vilpe = H—Qa.D = 9, B V) =0 4.36
o = o= 2P oy P Vil =0 (1359

div(V| ) = tr (Do, Jm)d), m=1,2,3; (4.36d)

P2: Vi e H(Q) and supp(V?) C Urer: T
P3: when restricted on each interface edge e, VI(X) is in the same direction as the edge e.

Proof. Identities in - can be verified by direct calculations, and to avoid redun-
dancy, we only provide a proof for the first identity in , and the proofs for the other
follow similarly. Without loss of generality, we let T" have the configuration shown in the
right plot in Figure . Since V]f is a piecewise function, we need to prove V{}|Tm, m=1,2
are the same when they are restricted on DE. We consider ij|T1 first. For any X € DFE,
we note that

IIX = DI
ID— E|

and J7H(D—A;) = (1,0)7, 71 (E—A;) = (0,1)". Hence, by (4.35) and (4.33)), for X € DE,

we have

== —1(D—A4)+ (E—A)

VI (X) =(Da, J1)I7H(X — Ay)

|x - B| + |x-D| .
= (Dq,;J1)(1,0)" + (Dq,;J1)(0,1)
D —E[ e [D—E|

Ix - B| |X - DJ

=D, D+ 1D, E.

ID—E| ID-E|

Similar arguments show that V%|T2(X ) satisfies the same identity; hence, the first identity
in (4.36d]) is proved.

As for P2, it is to see the velocity field vanishes on all the non-interface elements. Besides,
we consider an arbitrary interface edge e shared by two interface elements 77 and 7. By
(4.36a)), (4.36b) and (4.23)), we can see that, for every a;, j € D, the velocity field V7, and

V%Q have the same formula on e. Thus, the velocity field defined by are continuous
across the interface edges. Similarly, and the first identity in (4.36¢|) indicates that
the velocity field are also continuous across the internal sides DE and AsE. Also, by its
definition and the second identity in (4.36d), the velocity field V7(X) is continuous across
every non-interface edge. Furthermore, by , the velocity field V/(X),j € D is a
piecewise polynomial. Thus, we have that V7(X) is a continuous piecewise C! function;
therefore, VI(X) € H'(Q).

P3 follows from Remark [4.1] together with (4.36a)) and (4.36b)). O
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Remark 4.2. According to P3, since a velocity field describes the movement of the spatial
variables X, this means that every points on interface edges can only move along the edge.

We note that there are other ways to express a point X in an interface element 7" as a function
of the design variable v and they can lead to different velocity fields. The advantage of the
proposed formula for X is that its derivatives can be calculated by the explicit formulas
given in instead of any approximation techniques. Furthermore, P2 in Theorem
shows that the velocity field and other related quantities can be computed efficiently since
the support of this velocity field is inside the union of interface elements whose number is
proportional only to O(h™") while the number of all elements in the mesh is in the order of
O(h™2).

4.4.3 Shape Derivatives of IFE Shape Functions

In the proposed shape optimization problem , the IFE basis functions p;, 1 < i < |V,
on the chosen unfitted mesh are directly employed in the objective function 7, according
to —. By their construction described in —, the IFE basis functions
change when the interface I'(¢, ), t € [0, 1] moves because of the variations in the design
variable ae. Hence, the gradient of the objective function Jj in this IFE method inevitably
involves the derivatives of the IFE basis functions with respect to a. By definition, each
IFE basis function is a piecewise polynomial that is a linear combination of the IFE shape
functions on each element according to or depending on whether the element
is an interface element or not. Consequently, the derivative of an IFE basis function ¢;
with respect to « is zero on each non-interface element where all the shape functions are
independent of a, and our focus in this subsection will be the derivative of IFE shape
functions with respect to a on interface elements.

Consider a typical interface element T" = AA; A A3 configured as in Figure . By
and the discussions in Section , we can express an [FE shape function ¢7(X) on T as
or(X) = ¢or(X (), ) to emphasize that the design variable @ influences the value of ¢r
not only through the spatial variable X which is a function of av according to , but
also directly through its coefficients ¢y, ¢, and the coefficients of L(X). However, the rate of
change for an IFE shape function ¢ with respect to a through X () is readily known by
the simple chain rule for differentiation because the velocity field V/(X) = Do, X, Jj €D,
can be computed by the formula prepared in Subsection [£.4.2] Therefore, we only need to
discuss the rate of change for an IFE shape function ¢ with respect to o, 7 € D not through
X (), and this rate of change is referred as the shape derivative in the shape optimization
literature [97]. We note that [160], 208] presented similar approaches to calculate the shape
derivative for special finite element shape functions.

First, we recall that [ is the line connecting the intersection points of the interface and
element boundary, i.e., D = (zp,yp) and E = (zg,yg), as shown in Figure . Then, the
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normal vector and the tangential vector for the line [ are

1 — 1
n = —(?JD —YE, _<=TD - Z‘E))T, t = —<17D —TE,YD — yE)T>
|1D — E|| 1D — E|

and the equation for the line [ is L(X) = 0 with L(X) = n-(X—D). Both L(X) and n depend

on the design variable a because of their dependence on the interface-mesh intersection points

D = (zp,yp)t and E = (zg,yr)? that are functions of . By direct calculations, we have
oL (X - D)'ta” . 0L (X - D)Ttn”
o~ p—Ee[ "% BT p-E]
on —tn” on ta’

oD |D—E|" 9E |D-E|

(4.37)

where

OL _ 9L 0L, 0L _ 0L OL
6D n (91:,3’ (9yD ’ 8E N 8$E’ 8yE
are 1-by-2 matrices, and
o om on on_ on on
0D N 8a:D’ 8yD ’ 8E N 8ZEE7 ayE

are 2-by-2 matrices. Then, by the chain rule, we can use - to calculate 2 XO‘) and g{fj
as follows:
OL(X,at) OL oL on on on

— P o p+ T L_DPo pi Do E 4,
o, oD Pt g Pl 5o = ap PPt gg P (4.38)

in which ®,,D and D, F are given by formulas in Lemma and Lemma .

Remark 4.3. According to (4.38)), we note that the shape derivatives of L and n are de-
composed into two components: their derivatives with respect to interface-mesh intersection
points D and E, and the total derivatives of D and E with respect to the design variables.
The derivatives of L and n with respect to interface-mesh intersection points D and E given
mn are independent of the parametrization of the interface.

As discussed in Section , in the construction of IFE shape functions — , wWe
let F' be on the line [ and n(F') = n, i.e., the normal vector to [, and let the IFE functions
formed by piecewise polynomials partitioned by I. So, based on Lemmas 4.1 and 4.2 on
every interface element T € T;’, we have the following explicit formulas for the derivatives

of the coefficients ([1.18al)-(1.20b)) with respect to a:

1516y Jdc _ on on
G = | 2 (Gevoe mr oW g )+ Y e g ). e

oo
pel— qeT+ J
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oy on 96 (OL(A,)
oo <v¢p’T aj)pez’ oo ( oy ’ (4.39b)

a peEL—
Jb aL(Ap) B on
87% | H da Z Vipgr -0 vg — ﬂL<Ap) Z Vb r - a—% Vg . (4.39¢)
11617L qEI*

peEL—

Furthermore, by ([1.20a] m we can compute 2 8a ,J € D with m and m as follows:

e o [(gg) b6+'yTab6+'yTb‘95}(1+u7T6)—u~yTb6{<§;’> 5+7T“”}
" 0a; (1+py"4)? '

(4.40)
Finally, we use , (4.39a), and (4.40) to obtain the following formula for the shape
derivatives of an IFE shape function defined by ((1.17)): for every j € D,

O¢r(X,a) _ 065 (X,0) | deq L(X,a) - n
) = : + 2 L(X, a)+c _ if Xel™,
dorXoa) | 0w e temHbelteny

P = (4.41)
“ 00p(X0) _§~ ey, () if XeTt
do; pEL~ day P T )

where 7~ and T+ are subelements of T partitioned by the line [.

4.4.4 The gradient of the Discretized Objective Function

The gradient of the objective function J}, is necessary for the implementation of the pro-
posed IFE method with a common minimization algorithm based on a decent direction or
trust region. We now put all the preparations in the previous subsections into a procedure
for accurately and efficiently computing the gradient of the objective function ), within the
IFE framework, i.e., the total derivatives of [, with respect to a;,7 € D. And these total
derivatives involve both the velocity field and shape derivatives discussed in the previous
subsections, which are referred as the material derivatives of 7, in shape optimization lit-
erature [I84]. As we can see later in this subsection, the material derivative of J, depends
on its counterparts for the matrix A*(X(a), ) and the vector F*(X (a), ). Therefore, we
start from the formulas for the material derivatives with respect to «;,j € D of the local
matrices and local vectors which are used to construct A*(X (o), @) and F¥*(X (), o), and
the results are presented in the two theorems below.

Theorem 4.2. On each interface element T € T;' and each interface edge e € & with
the intersection point D, we have the following formulas for the material derivatives of
Kr,EV2 GV and Ry with respect to o, j € D:

o 8¢p,T a¢p T
o= ([ ) ([ o)
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3
+ (Z/ BV, 1 Vor dX tr ((@aij)Jm1)> : (4.42a)
m=1 m

p,9€L

8 1 8 T2
g ( v -(cbq,Trznf)dS) " ( [ 8 epn (52 n?)ds)
e Q; p,gET e @ p,q€l

Do, D - (Ay — A7)

+ (Bv¢p,TT1 ) (¢q r211 )| B+v¢+TT1 ) ( q+TT2 T2)|D>
p,q€L

[A2 — Asf|
(4.42b)
0
P a(prTl aQZﬁqTW
0, G = 1 ([P yrentids [0yt (PP nas)
lel \J.© Oq; Lk P Ja el
(4.42¢)
0 .
Do, Ry = (/ EdXJr/vgbp,T-de)
T 60./]' T peET
3
+ (Z dpr dX tr ((@aij)J;l)) , (4.42d)
m=1"Tm peL
where ggT nd ¢qu are the shape derivatives of the IFE shape functions given by the

formula (4.41)) for cach T e T

Proof. For each T € T}!, according to the material derivative formula given in Lemma 3.3 of
[97], we have

a]/ﬁv¢pT ngquX)

p,q€L

Past (4.43)
+

(/ BV_QSpT V¢quX+/ﬁv¢pT V ¢quX>

5v¢pT Vogr) - V{FdX)

p,q€T

+ ( / BV ¢pr - Voar div(Vi) dX) ,
T

p,q€EL

J
given by the formula in (4.41). Since V¢, 1 - Ve, 1 are constants for any p,q € Z, we have

aix (BVépr - Vogr) = 0; hence, (4.42a) follows from (4.43) together with (4.36d]). And the
formula (4.42d|) for the material derivatives of Ry can be derived similarly.

For the material derivatives of E'"?, let e = A; A be an interface edge with the intersection
point D of an interface element T, as configured in Figure without loss of generality.
According to Remark the geometry change restricted on interface edges can be viewed
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as the 1-D shape change with the two ending points fixed. Hence, applying the material
derivative formula given in Lemma 3.3 of [97] to EI'"2 given in (4.12b)), we have

@@EZ”Q = Dy, </ﬁv¢p,T” : <¢q,TT2nZ2)d5>
e p,q€T

_ ( / 8% (BV by - (¢q7Tr2ng2))ds) (4.44)

p,q€L

+ | BV - (D 7r20?)DVE(D) - t )
p,q€T

— | BV prn - (850m) D V(D) - te (4.45)

p,9€L

— | BV - <(/§t1,TT2 nZQ)‘Alvé(Al) -t

p,q€L

+ | BV - (Sgrronl?)| 4, Vir(As) - b : (4.46)

p,9€L

where t. is the unit direction vector from A; to A2 Then, m ) follows from applying
(4.36a) and the fact V7.(A;) = V(A4;) = 0 to . The formula (4.42d]) for the material

derivative of G can be derived similarly. ]

Theorem 4.3. On each interface element T € T;' and each interface edge e € E; with the
intersection point D, we have the following formulas for the total derivatives of Fr,B., C,
and N, with respect to o, j € D:

ko k a¢p T k J
- () ([ o via)

+ (Z:l /Tm fropr dX tr ((i?aij>J;3)> : (4.47a)

peL
0, B = ( e~ -neds)
e 80éj pel

Do, D - (Ay — Ay)
(B 9V, nelp — BT g v¢+T.ne|D> A _il ” 28 (4.47b)
peT 2 1
Pe 5 0 P D,,D (A — A
D,,Cl = re (/5 9n cpr s) + L g6 2o — B bt 1o (4. 1>,
ez €l et A2 — Ayl
(4.47¢)
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Odpr _ Do, D - (Ay — Ay)
k _ b, k Gk + J
QajNe - (/gN da ds )pez + <9N¢p,T|D gN¢p,T|D> ||142 o A1|| ’ (447d)

peET

where ag%f are the shape derivatives of IFE shape functions given by the formula (4.41]) for
each T € T}

Proof. The proof follows from applying arguments similar to those for Theorem to the

local vectors defined in (4.13a)-(4.13c)). O

Now, by Lemma 3.3 in [97] again, we have the following standard formula of the objective
functional for the material derivative associated to the j-th design variable «;:

Do, T = / Do, JndX + / Jp div (V) dX
QQ Q0

K T
=> / 9n Do updX ) + / 90N viax 4 [ Prax ¢ / Jp div (V7) dX
1 auh I Qo 0X Qo (904] Q0

K
_ (a_{f;.@ajug)+ 0% x + VJh~deX+/ Jy div (V7) dX

8uh Qo aOé] Qo

(]

k=1 o
(4.48)
in which we have used the fact that
0 0J
il’; = [ X, (4.49)
ouy 0, Oug
The terms 222 are derivatives of Jj, with respect to its last variable o specified in the generic

Oaj
formula (4.20)), not through other variables uf(a)s and X () of J;, , and the computations
for gTJ;% essentially rely on the shape derivatives of IFE shape functions given in (4.41)), a

typical example to further explain this is given by (4.56) in the next section. Furthermore,
as demonstrated by examples presented in the next section, in this fundamental formula for

Do, I, the terms gJZ , V., %, and J, are problem dependent, but they are easy to calculate
J

for many apphcatlons by explicit formulas. Also, we note that V7 is given in (4.35) and
div (V7) is given in ([4.36d)); hence, we proceed to derive the formula for <gTj§> Da,up, jED
which can be directly used in (4.48)).

For @ajuf’l, 1 <k < K,j € D, by differentiating the IFE system in (4.17)) with respect to
o, we have

Do, A" (X (ar), @) (@) + AM(X (@), @) Doy = Do, FH (X (), @),
which leads to the linear system for D, uj:

A (X (), a) Dy, uf = (D, FH (X (), a) — Dy, A" (X (), @) uj(e)), 1<k< K. (4.50)
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Then, by (4.50) and the standard process in the discretized adjoint method [73], we obtain
h

the following formula to compute < ) - Do, uf efficiently (especially when |D] is large):

(o) - 2u,u = Y*- (2., FH(X(@). @) D, A%(X(e), ) uf(@), 1K< K
u,; :
(4.51)

where Y* is obtained by solving

N/

NI~k Ydn
(A%)7Y ~ oul’

(4.52)
and A* is the matrix for the k-th IFE equation described in (4.17). We further note that the
formula involves the material derivatives of the global stiffness matrix and load vector
with respect to a;,j € D, i.e., Do, A¥(a) and D, F*(a) which can be assembled with the
material derivatives of the local matrices for A* and the material derivatives of local vectors
for F* according to the same standard assemblage procedure as that for assembling matrix
AF and vector F*. However, the assemblage for ©,, A*(a) and D,,F*(a) only needs to
be performed over the interface elements/edges since the material derivatives of the local
matrices and local vectors all vanish on the non-interface elements/edges.

4.5 Implementation

For the implementation of the proposed IFE-based shape optimization method, we put the
discretization of forward/inverse problems and the sensitivity computation together into an
algorithm as follows.
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Algorithm The IFE-based Shape Optimization Algorithm

1: Generate an unfitted mesh and choose an initial design variable a.

2: Loop until convergence.

3: Prepare data:

a: use the design variables to generate the parametric curve I'(a) as the numerical
interface;
b: find the interface-mesh intersection points, interface edges and interface elements.

4: Prepare matrices and vectors for the IFE systems and compute the objective function:
a: use and and the IFE spaces given in @ and to assemble
matrices and vectors A¥ F¥ 1 < k < K for the IFE systems j4.17 ;

b: compute the PPIFE solutions u*,1 < k < K by and the objective function
jh(a) in .

5: Compute the shape sensitivities:

a: form the material derivatives of local matrices and vectors according to Theorems 4.2,
, and use them to assemble the global matrices Do, A¥(ar) and vectors D, F*(cv);
b: compute g—ﬂg - Dg,uf for k=1, , K, according to (4.51));

c: compute the terms [, 9hgx, Joo VI VIdX and [, Jpdiv(V7)dX according to the

a;

given shape functional;
d: compute the material derivatives of J,(a) according to (4.48)).

6: Use Jn(a) and its material derivatives to update the design variable e by a chosen
gradient-based optimization algorithm.

7: End loop

In this proposed IFE-based Shape Optimization Algorithm, we note that the mesh can be
fixed during the optimization process, and the only mesh information needed to be updated
are those interface-mesh intersection points and interface elements/edges. Consequently, the
sizes and algebraic structures of the global matrices A* and vectors F¥ in step 4 remain
the same on this fixed unfitted mesh, which is beneficial for implementation. Also, they
do not need to be completely re-assembled in each iteration, because only those global
basis functions whose supports overlap with the interface elements/edges in two consecutive
iterations are changed. As a result, their assemblage can be done very efficiently by just
updating those entries corresponding to the global basis functions whose supports overlap
with the interface elements/edges in the previous and the current iteration.

In step 5 above (computing the shape sensitivities), we emphasize that the velocity fields and
the shape derivatives of IFE shape functions are only needed on interface elements, which can
be implemented according to the analytical formulas and . These two quantities
vanishing over all the non-interface elements make the whole procedure of shape sensitivity
computation remarkably efficient. Firstly, the integration for the terms fQo VJ,-VidX and
Jo, Jndiv(V7)dX in the material derivative of the objective functional only needs to
be done on those interface elements intersecting with €2y because the involved integrands
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vanish on all the non-interface elements. Secondly, assembling the matrices @aij(a) and
D, A*(a), i.e., the material derivatives of global matrices A* and F¥, is also a very efficient
process since it is only performed over the interface elements/edges by the explicit formulas
given in Theorems [£.2] and [4.3] In summary, the computations of shape sensitivity in this
algorithm only need to be carried out over interface elements whose number is in the order
of O(h™!) versus the number of all elements in the order of O(h™?) in the mesh. In contrast,
preparing D, F¥(a) and D,,A*(a) is usually expensive within the Lagrange framework
where a global velocity field requires to carry out the assemblages over all elements in a
mesh [50], and Do, F"(a) and D, A¥(ax) are usually prepared approximately in methods in
the Eullerian framework, see the related discussions in [64] [198] 208].

Finally, we note that the proposed IFE-based shape optimization algorithm is highly par-
allelizable because computing the velocity fields V7 (4.35]), shape derivatives of IFE shape
functions 42 (£41)) and the material derivatives of stiffness matrices and vectors D,, A*(c)

Oaj
and @aij(a), i.e., the material derivatives of objective functions (4.48)) with respect to each
individual design variable o, are independent with each other. Hence these computations
can be done very efficiently with an easy implementation on modern parallel computers.

Therefore, we believe these properties together with the optimal accuracy of PPIFE solutions
(4.10) and the resulted optimal accuracy of discretized objective functions, regardless of the
interface location, make the proposed IFE-based shape optimization algorithm advantageous
compared with those in the literature.

4.6 Some Applications

In this section, we demonstrate how the general IFE-based shape optimization method pro-
posed in the previous section can use an unfitted mesh to solve a spectrum of interface inverse
problems posed in the format of (4.1)-(4.4) by applying this method to, but not limited to,
three representative interface inverse/design problems: (1). an output-least-squares problem
[40], 43, [74]; (2). a Dirichlet-Neumann problem [27, 110} [179]; and (3). a heat dissipation
minimization problem [69, [135] 210]. The first problem uses the interior data available on
the whole or a portion of €2 to reconstruct/design the interface, the second one recovers the
interface from the data only available on 0f2, and the last one is an application for an op-
timal design of heat conduction fields. These examples also serve as hints/suggestions how
the proposed IFE method can be implemented efficiently.

All numerical examples to be presented are posed on the domain 2 = (—1,1)x(—1, 1) with an
unfitted Cartesian mesh that is formed by partitioning €2 into congruent rectangles and then
partitioning each rectangle into two triangles along its diagonal line. The parameterized
interface I'(a) in the shape optimization is expressed by a cubic spline. This choice of
parametrization for the interface I' is based on the accuracy, versatility, and popularity of
the cubic spline, and we emphasize that the algorithm developed here can be readily extended
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to other parameterizations.

4.6.1 An Output-Least-Squares Problem

In this example, we consider an interface inverse/design problem associated to the interface
forward problem described by and with K = 1, in which we assume an observation
data (or a target function in an optimal design application) u for the solution u' to the
forward problem described by (4.1)-(4.2) with a pure Dirichlet boundary condition g}, on
02 is available on a sub-domain €, C 2, and we need to recover/design the location and
the shape of the interface from u by solving an output-least-squares problem [43, [117], i.e
by optimizing the following shape functional

J(T) = /Q (u' — u)*dX. (4.53)

This problem arises from oil/underwater reservoirs [67, [205] and optimal designing of cooling
elements in battery systems [168]. Applying the IFE method proposed in (4.22)) to the inverse
problem formulated in (4.53)) suggests to seek the design variable a* by solving the following
constrained optimization problem:
o = argmin Jh(a),  Ju(a) = [ Ju(ub(@), X(a), a)dX.
Qo (4.54)
subject to Al(a)u}(a) — F'(a) =0,

where, expressing the IFE solution u}(a) = u}(u}(a), X(a), @) in the format given in
(4.18), we have

In(uj(@), X (@), ) = (Ju(uj(a), X(a), ),

IVl [NVl 4.55
with J,(up (), X Zu (@), )+ > g]l)(Xi)@i(X(a),a)—ﬂ.( )
i=| NG |+1

It is easy to see that the discrete objective function J,(a) has the optimal second order
accuracy to approximate the continuous objective functional J(I'(«x)) regardless of the in-
terface location and shape on an unfitted mesh. According to (4.55)), the evaluation of
Jp(u} (o), X (), @) is straightforward and it is obvious that

VJ, = 2J~h(u,ll(a),X(a),a)

IV [Nzl
Zu Wil X(a),e) + Y gp(X)Vei(X(a),a) = Va |,
i=|Np|+1
|| [Na|

o = 20w (@), X(e).0) | Sl TR 57 gy 22Tk )

=1 i=|Nn|+1
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where w is assumed to be optimization independent, Vy,;(X (a), ) is the standard gradient
W, j € D are the shape derivatives of the global IFE basis
functions which are zero on alljthe non-interface elements or computed by on interface
elements. Furthermore, a direct calculation leads to

u \7 ul u \7
jh—( {L) M( {1)-2( f) ﬁ+/ u?dX, (4.57)
gp gp 29)) Qo

with respect to X, and

OTn u’ _
|N}L|7‘Nh| |Nh|
where M = ( qsiqudx) e RMnIXINl g = </ u(bidX) e RWalx1 (4 59)
Qo i=1,j=1 Qo i=1

and My, 1y are formed by the first |Nh| rows of M and 1, respectively. Formulas above
confirm that the computations for %, V Iy, ZTJ’; and Jj, itself are problem dependent but
they are usually straightforward to cal?:ulate within the IFE framework. These preparations
can then be utilized in the proposed IFE-based Shape Optimization Algorithm presented in

Subsection [4.4.4].

Cases I3 Interface S and initial guess Data @
c L =1 S = (2% +y?)%(1 + 0.8 sin (6 arctan (y/z))) — 0.1 a=S/8° in Q°
ase
Bt =20 So = (x+0.6)2 + (y+0.2)2 — (7/9)? s==+
S = 4sin(rz) cos(my + 7/2) — 2 , ,
pl=1 p*=10 . , . w=8/p" in Q'
Case 2 5100 Sp = 64z + 144(y + 0.5)* — 7 i—1.9.3
S2 = 642% + 144(y — 0.5)% — 72
o_lo2d, o
c 5 B~ =1 S =r—1, where r = (1622 + 64(y — 0.4)2) /72 [* = 7T4ﬁs(r -1
ase
B+ =10 or 1000 So = (z — 0.4)% + (y — 0.2)2 — (/6.28)? n 1407;% in Q5 5=+
T

Table 4.1: Configuration for the Output-Least-Squares Problem

We now present three specific cases for this interface inverse/design problem whose key data
are described in Table In this table, S(x,y) = 0 is the target curve I' to be recovered
that is plotted as a dotted curve (in red color) in the related figures. We use the BFGS
optimization algorithm [I63] in step 6 of the IFE-based Shape Optimization Algorithm pre-
sented in Section , for which, Sy(z,y) = 0 is the initial curve that is plotted as a solid
curve (in blue color) in the first plot of related figures as all other presented approximate
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curves in shape optimization by the BFGS iterations.

Case 1: The data u(X) is given on the whole Q, i.e., Qy = Q. The numerical curve is
a parametric cubic spline with 20 control points, and the target curve has a star shape
representing a certain complexity in the convexity. Some approximate curves generated in
the BFGS iterations are presented in Figure from which we can see a quick evolution
of the numerical curve towards to the target curve with a complicated geometry for this
inverse/design problem.

Initial interface Iteration 20 Iteration 40 Iteration 84

Figure 4.4: Reconstruction process for case 1 with interior data

Case 2: We demonstrate how the proposed algorithm can handle an interface inverse/design
problem whose target interface consists of multiple components. For this purpose and for
simplicity, we consider the case in which the interface I' consists of two simple curves. We
denote the sub-domain inside the upper-left dotted curve (in red color) by Q' the sub-domain
inside the lower-right dotted curve (in red color) by Q2 and denote the sub-domain outside
these two closed dotted curves by Q3, see Figure and the corresponding parameter is
given by 3%, i = 1,2, 3. Each numerical curve component is a parametric cubic spline with 15
control points and 30 control points in total. We notice that the numerical curve component
started from S} converges to the exact curve component much faster than that started from
S2. We believe the objective function is more sensitive to the design variables for the first
numerical curve component than the second because the jump 33/3' is much larger than
3%/3% in this example, and the gradient in the proposed algorithm seems to be capable to
capture this kind of subtle dependence of the objective function on the design variables.
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Initial interface Iteration 10 Iteration 60 Iteration 110

Figure 4.5: Reconstruction process for case 2 with interior data

Case 3: The data function @ is given on a proper sub-domain Q4 = [—0.5,1] x [0,1] in
the upper-right of (2 illustrated in Figure In Figure [4.6] we observe that the converged
numerical curve is a much better approximation to the target interface curve I' inside €2
than outside, and we believe this is a reasonable consequence of the available data function
@ given only on 5. In addition, we also test this example with a larger jump case, i.e.,
B~=1, 7 = 1000. The numerical results are presented in Figure which also shows a
better reconstruction.

Initial interface lteration 10 Iteration 20 lteration 80
\/ /
Figure 4.6: Reconstruction process for case 3 with interior data and 3~ =1, 8t = 10
Initial interface lteration 10 lteration 20 Iteration 80

D

Figure 4.7: Reconstruction process for case 3 with interior data and 5~ = 1, 8 = 1000
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4.6.2 The Dirichlet-Neumann Problem with a Single Measure-
ment

In this group of numerical examples, we apply the proposed IFE-based shape optimization
algorithm to the well-known and challenging Dirichlet-Neumann inverse problem in which we
try to recover the interface I' from a single pair of Dirichlet-Neumann data, i.e., gp and gy,
provided on the boundary for an interface forward problem of the elliptic equation described
by —. This type of inverse problems has a wide range of applications in electronic
impedance tomography (EIT) [27, 110, 154] where one wishes to detect a material interface
by injecting the voltage potential gp on 92 and measuring the current density gy on (or
a portion of) 0€2. When the charge source f = 0, it is referred as the Calderén’s inverse
conductivity problem [38] which is well-known ill-conditioned since only the data on the
boundary 0f2 is available for the reconstruction of I.

This problem relates to the so called Dirichlet-to-Neumann operator Ag : H %(GQ) —
H~2(99) with
ou

Ag: — 4.60
8 U|aaéan|aaa (4.60)

where u satisfies the elliptic equation with the coefficient §. In [127], Kohn and Vogelius
proved that the operator (4.60) can uniquely determine the piecewise analytical coefficients (.
Then the analyticity assumption was weakened by a series of articles [159, [189]. Recently,
the authors in [I7] proved the uniqueness by only assuming g° € L*(Q*), s = + and
bounded away from zero and infinity. If 3 is assumed to be piecewise C? functions and only
the coefficient 5~ of the inclusion €~ is unknown, the uniqueness of I and ST can be also
guaranteed from the operator (4.60) [I15]. Besides, a more challenging problem is to recover
the interface and coefficients 3 as piecewise constants in general from only a single pair of
Dirichlet-Neumann measurement. However there are no complete solutions to the issue of
uniqueness in this case. When the coefficients g are known, the global uniqueness can only
be obtained for several classes of the inclusion €27, such as the convex cylinders, unions of
discs in [114], and convex polyhedrons in [24]. But if 8~ is also an unknown, even a two or
three dimensional ball may not be identified uniquely by one single measurement [125].

Here we consider the construction of the interface by a single pair of Dirichlet-Neumann
measurement and assuming 3% are known. In particular, we formulate this inverse problem
as a shape optimization problem with a Kohn-Vogelius type functional [27, 128 [164]:

J() = /Q (u' —u?)%dX, (4.61)
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where u! and u? are the solutions of the following interface forward problems:

~V - (BVul) = f, ~V - (BVu?) = f,

[w!]lr =0, [u?]lr =0,

[6Vu' - n]|p =0, [BVu? - n]|p =0,

u' = gh =gp, ondQ, u? = g% = gp, ondQp, %in = g%, ondQy,

and [, u’dz = ug needs to be imposed when 9Qy = 0Q. With the IFE-based Shape Opti-
mization Algorithm, we solve this interface inverse problem by seeking the design variable
a* from the following constrained optimization problem:

o = argmin Jp (), Jh(a) = /Q Jn(up(a),vi(a), X (), a)dX,

(4.62)
subject to AF(a)uf(a) = Ff(a) =0, k=1,2,
where J;,(u} (o), vi (), X (o), ) = (jh(u}l(oz),u,%(oz),X(oz),oz))2 with
Jn(ui(a),vi(a), X (), a) (4.63)
Il IVl
= S daX@at S gh(X)e(X(e)a)
=1 =[N |+1
N VG|
- Z (X (o)) = D gh(X)@i(X (), ).
i=|NM|+1

Again, we note that the discrete objective function Jj,(u; (), ui (), &) approximates the
objective functional J (I'(ax)) with an optimal second order independent of interface location
and shape, and this objective function can be evaluated quickly by matrix-vector operations
as follows:

s [(3) (2 w((3) ()] o

where g}, = (9p(X; ))erlf " g2 = (gp(X; >)|/\[|‘,/}</'M\+1’ and M is the global mass matrix on

VAN
Q i=1,7=1

Also, formulas similar to those in (4.56) can be easily derived to compute 5 a‘jh and a‘]h T jeD.

the whole domain €2:

Furthermore, by direct calculations, we have

N u u? N/ u? ut
S _ony | M) - (% O _on | (M) 4
=2 ()= ()] e Gir=o () - ()] oo

126



where M; and M, are the mass matrices formed by the first |Nh] and |NM]| rows of M,

respectively. These derivations together confirm again that formulas for J;,, VJj, %, jeD
J
as well as 272k = 1,2 in general can be easily derived explicitly and efficiently implemented
ou

h
in the IFE framework. These preparations can then be used in the proposed IFE-based
Shape Optimization Algorithm presented in Section [4.5]

For the Dirichlet-Neumann inverse problem, we report 3 experiments that are configured
with the target curve S(z,y) = 0 and one of the exact solutions u(X) given in Table
corresponding to the interface S(z,y) = 0 for the interface forward problem. We emphasize
that «(X) given in the third column of this table is used only to generate the Dirichlet and
Neumann boundary data, i.e., gp and gy on 0f2, for the related inverse problem. As before,
the BFGS algorithm [163] is employed to carry out the shape optimization described by
according to the proposed IFE-based Shape Optimization Algorithm. In Table [4.2]
So(z,y) = 0 is the initial curve that is plotted as a solid curve (in blue color) in the related
figures as all other presented approximate curves in the BFGS iterations and the dotted
curve (in red color) is the target curve to be recovered.

Cases B Interface S and initial guess Exact u
_ 3600 5
Cose 1| & =1 S =r—1, where r = (100(z — 0.4)2 + 36(y + 0.3)2)/7>  [*~ qags ("~ 1
ase
gt =10 S0 = (& — 0.1 + 3 — (/4)? -0 g st
Y
Case 2 g~ = S=2(x+052+y2) —x—02)2—((z+0.5)2+y2)+0.3 u=5/8° in O,
pr=2 So = 64(x — 0.5)% + 1632 — 72 s=+
Case 3 Fm=1 S =sin (mz) + {5y + 0.1 u=S8/3% in Q°,
pr=2 So =y +0.15/7 s==+

Table 4.2: Configuration for the Dirichlet-Neumann Problem

Case 1: The Neumann data is given on the whole 02, and the numerical curve is a para-
metric cubic spline with 20 control points. These numerical results demonstrate that the
proposed IFE method can handle a large shape change, as illustrated in Figure from
the initial interface to the one generated by the third iteration. We note that such a large
shape change often causes mesh distortion when body fitting mesh is used, but the proposed
IFE method circumvents this issue by using an unfitted mesh. The numerical curve quickly
converges to the target curve after about 80 iterations.
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Initial interface Iteration 3 Iteration 30 Iteration 80

Figure 4.8: Reconstruction process for case 1 with boundary data

Case 2: We now consider a more difficult Dirichlet-Neumann interface inverse problem
whose exact solution interface curve I' has a non-conical and non-convex kidney-like shape,
and, to the best of our knowledge, there is no general theory to guarantee the uniqueness of
the solution to this inverse problem with only a single pair of Dirichelt and Neumann data
given on the whole 9. The numerical curve is a parametric cubic spline with 20 control
points. We note this example takes far more iterations to converge and we believe this is
caused by the challenging nature of this interface inverse problem whose exact solution is
non-convex; nevertheless, the proposed IFE method still produces an approximate solution
quite satisfactory. Furthermore, it is interesting to note that the portion of the target
interface curve close to the center of the domain is more difficult to retrieve than the portion
near the boundary. In our extensive numerical experiments, we have also observed such a
phenomenon. This is a well-known issue due to the ill-conditioning nature of the considered
inverse problems which has already been observed in the literature through different methods
[121] that the portion of the target curve in the center of the domain is much harder to recover
by the boundary data.

Initial interface Iteration 95 lteration 155 Iteration 250

Figure 4.9: Reconstruction process for case 2 with boundary data

Case 3: In this case, the Neumann data is provided only on a proper subset of the boundary
0€). Specifically, the true interface I" is the level set S(z,y) = 0 plotted as the dotted curve
(in red color) in Figure that partitions €2 into two sub-domains Q~ and Q% below and
above I'; and the Neumann data function gy is given only on the lower and upper edges of the
square domain €. The numerical interface is a 1-D cubic spline y = y(¢), t € [—1,1] with 10
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control points whose end points match the exact interface. The last plot in Figure 4.10|shows
that the numerical curve after 140 iterations matches the exact curve well. This demonstrates
that the proposed IFE method can handle a Dirichlet-Naumann interface inverse problem
that has a limited Neumann data measured on part of the boundary of 2. We also test the
case in which the Neumann data is on the left and right boundary of €2 instead of the lower
and upper boundary, but the result is not as satisfactory as the one presented here.

Initial interface Iteration 41 Iteration 94 Iteration 140

Figure 4.10: Reconstruction process for case 3 with boundary data

4.6.3 The Heat Dissipation Problem

We now consider the application of the proposed IFE method to an optimal design problem
for a heat system in which the goal is to minimize the overall heat dissipation by optimally
distributing two materials in a domain [69, [71, 210]. This thermal design problem has
wide applications such as cooling fins [I8, [178] and high-conductivity channel of electronic
components [26].

In the steady heat conduction situation, this design problem is to find an optimal curve ['*
separating two chosen materials that can minimize the following objective functional [69]:

J(1) = / Va' - (3Vul)dX  subject to Q| < 6], (4.67)
Q

where u! is the solution to the interface problem described by — with K =1 and a
Dirichlet boundary condition, 2~ is the sub-domain filled with the high conductivity mate-
rial, and 6 € (0,1) is a prescribed design parameter. By the proposed IFE method ,
we seek a design variable a* by solving the following constrained optimization problem:

o = argmin J,(a), Th(a) = /Q Jn(up(a), X (o), a)dX,

(4.68)
subject to Al(a)uj(a) —F'(a) =0 and |Q7| <09|9,
where
1A% NG ’
Tn(uy (), X(@), @) = 8| ujVei(X(a),a) + Y gp(Xi)Vai(X () @)| . (4.69)
i=1 i=|Np|+1
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It is easy to show that the discrete objective function can approximate the true shape
functional with an optimal first order accuracy independent of the interface shape
and location. Also, similar to — again, formulas can be easily derived for Jj, (),
‘37‘]’;, j € D and gTjg that can be implemented efficiently within the IFE framework. In

particular, we have V.J, = 0, and
1 w, ' u,,
Tn(wy (@), o) = < o ) K ( o ) (4.70)

K1 Ky [INRIX N
K= € RWEAIZVER 4.71
(K12 K22> (4.71)

is the global stiffness matrix in block form according to the vector partition in (4.70)). Since
i, 1 < i < |N,| are linear IFE basis functions, and a formula similar to the one in (4.56)
can be easily derived to compute %, 7 € D. Furthermore, by direct calculations, we have
"J
N}

8—11}1 = Kyu;, +Kpgp. (4.72)

where

These preparations can then be employed in the proposed IFE-based Shape Optimization
Algorithm together with the SQP (sequential quadratic programming) method [163] to carry
out the constrained optimization numerically.

We test the proposed IFE method on a specific design problem configured in the domain
) that contains a design independent heat source f = —1 on a center square [—0.1,0.1] x
[—0.1,0.1], and the boundary temperature is fixed to be u = 0 and § = 0.5, see the illustration
in Figure 4.11, The two materials separated by the curve I' are such that 3~ = 1 and
BT = 1073, We start the SQP iteration from a circle 22 4+ y? = 0.822 plotted as a solid curve
(in blue color) in Figure[4.1](a), and the numerical curve in the optimization is a parametric
cubic spline with 20 control points. After 28 iterations, the algorithm generates a design
shown in Figure [4.11|(b) whose patten is very similar to the one reported in [69].

u=0 u=0
u=0
(a) The heating conditions and ini- (b) The optimal design
tial guess

Figure 4.11: The heat dissipation problem
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4.7 Some Conclusions on Numerical Experiments

First of all, for solving the interface forward problems in each iteration, our numerical ex-
perience demonstrate that the IFE method is robust with respect to how interface cuts
elements, i.e., there is no ill-conditioning issue when some interface elements contain small
sub-elements because the two polynomial components in every IFE function are constructed
collectively capturing the jump conditions and behaving close to a standard polynomial.
This important property for moving interface problems follows from the analysis in [14§].

In addition, in our numerical experiments, we have observed that the proposed algorithm
can produce a reasonably good reconstruction within a relatively small number of iterations.
We believe this is the consequence of two main features in the proposed algorithm. Firstly,
in this IFE-Based Shape Optimization Algorithm, the involved forward problems and the
objective functional are discretized optimally by the IFE method, and the formula for the
discrete gradient is not only derived explicitly but also can be implemented in the IFE
framework without any further approximation. All these computations are executed on
an unfitted mesh independent of the interface movement which circumvents extra errors
induced by the mesh movement process and the related velocity computation. Secondly, the
proposed algorithm actually searches the interface curve to be recovered in a small space,
for instance, 20 control points are used in the numerical curve for the presented examples
which lead to a 40-dimensional searching space. Besides, extensive numerical experiments
suggest that the numerical interface curve converges diffeomorphically to the target interface
curve in the shape optimization. All these features suggest our algorithm searches the target
interface in a small set which can quickly locate the target interface. As mentioned in
Section this feature can be considered as a regularization mechanism “hidden” in the
proposed algorithm to enhance its robustness. Shape optimization methods with similar
regularization features can be found in [59, 96] 107, 166, 167]. This is in contrast to the
explicit regularization methods, such as the geometric regularization [I17], total variation
regularization [53], and the Tikhonov regularization [120] in level-set type methods for some
inverse problems [44, 53, 95, 117, [I77] which search for the interface in a much larger space.

Finally, it is interesting to mention that the Kohn-Vogelius type functional is used
for shape optimization when there is only boundary data available for reconstruction rather
than a least squares functional imposed on the boundary. We make this choice because the
boundary integration of finite element solutions will lose order in general. Indeed, according
to our numerical experience, we have the impression that in the proposed algorithm the
Kohn-Vogelius type functional in general can produce a better result for data only available
on boundary. We also think this may be due to the self-regularizing features of this type
functional as mentioned in [98]. However, we note that, in order to use the Kohn-Vogelius
type functional , we need to solve two interface problems for each iteration and each
pair of Dirichlet-Neumann data.
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Chapter 5

Conclusions

In this dissertation, we have discussed the design, analysis, and application of IFE methods
on two types of interface problems and the related inverse problems. In this chapter, we
summarize our main contributions in this dissertation and make some conclusions.

In Chapter , we have extended the current IFE framework in the literature [79] [85] [148]
from the scalar elliptic interface problems to the elasticity interface problems with a vector
unknown. In particular, we have proposed a new construction approach such that the bilin-
ear and rotated ()1 vector IFE functions can be uniquely determined by their nodal values at
element vertices. This result improves those in [I53] in which the existence of IFE functions
can only be guaranteed conditionally. We have extended the multipoint Taylor expansions
from scalar functions to vector functions, by which, we have proved the optimal approxima-
tion capabilities of the proposed vector IFE spaces through the Lagrange type interpolation
operator. Furthermore, we have proposed a PPIFE method for solving the elasticity inter-
face problems with these vector IFE spaces. We have established the trace inequalities for
the vector IFE functions which are further used to analyze the stability of the proposed
PPIFE scheme. Finally, we have proved the optimal convergence of the PPIFE solutions.
This chapter is the first work to analyze IFE methods for elasticity interface problems.

In Chapter [3, we have proposed the first systematic framework for arbitrary p-th degree IFE
methods to solve elliptic interface problem including both the construction and analysis. We
have constructed IFE functions by solving local Cauchy problems on interface elements, and
this procedure yields the so called Cauchy mapping. In this framework, various key results
in the analysis can be traced back to some properties of this Cauchy mapping. In particular,
we have shown that the existence of IFE functions is universally guaranteed regardless of in-
terface element configuration, and the proof simply reduces to showing the bijectivity of the
Cauchy mapping on polynomial spaces. This approach completely avoids the tedious discus-
sion used in the literature for the lower-degree IFE methods based on different polynomial
spaces and interface element configuration. In addition, we have proved the optimal approx-
imation capabilities of the proposed IFE spaces through a new interpolation operator based
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on Sobolev extension, projections, and the Cauchy mapping illustrated by the Diagram in
Figure[3.9] This is rather different from the Lagrange interpolation used in the literature for
the lower-degree IFE methods and avoids the complicated derivation of multipoint Taylor
expansions. We have also established the trace inequalities for the proposed IFE functions,
and the argument is based on the stability of the Cauchy mapping in terms of the semi- H*
norm. This technique also circumvents the tedious direct calculus employed in the literature
for the lower-degree IFE functions. All these analysis techniques are applicable for IFE func-
tions with arbitrary polynomial degree p. Using these results, we have proved the optimal
convergence of DGIFE solutions based on the proposed IFE space. By this method, we have
achieved what the conventional construction/analysis techniques in the literature for macro
polynomials cannot offer, and we believe it may be useful for other finite element methods
based on unfitted meshes.

In Chapter [ we have developed an IFE-based shape optimization algorithm to solve a group
of interface inverse and optimal design problems on unfitted meshes. In this algorithm,
we parameterize the interface curve by a cubic spline and use the coordinates of control
points as the design variables for optimization. This parameterization, we believe, also acts
as a geometric regularization mechanism to reduce the searching space. Besides, we have
discretized both the interface forward problems and shape dependent functionals optimally
by a linear IFE method on unfitted meshes. In addition, we have derived exact formulas to
calculate the velocity field and shape derivatives of IFE shape functions which are further
used to calculate the shape sensitivities of the discretized shape functions accurately through
a discretized adjoint method. The computation of the shape sensitivities is efficient in the
sense that almost all the computations are only performed on interface elements. All these
properties enable the proposed algorithm to reconstruct the target interface curve quickly
and satisfactorily as illustrated by numerical examples presented in Section [4.6]
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