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Deep Gaussian Process Surrogates for Computer Experiments

Annie E. Sauer

(ABSTRACT)

Deep Gaussian processes (DGPs) upgrade ordinary GPs through functional composition, in

which intermediate GP layers warp the original inputs, providing flexibility to model non-

stationary dynamics. Recent applications in machine learning favor approximate, optimization-

based inference for fast predictions, but applications to computer surrogate modeling –

with an eye towards downstream tasks like Bayesian optimization and reliability analysis

– demand broader uncertainty quantification (UQ). I prioritize UQ through full posterior

integration in a Bayesian scheme, hinging on elliptical slice sampling of latent layers. I

demonstrate how my DGP’s non-stationary flexibility, combined with appropriate UQ, al-

lows for active learning: a virtuous cycle of data acquisition and model updating that departs

from traditional space-filling designs and yields more accurate surrogates for fixed simula-

tion effort. I propose new sequential design schemes that rely on optimization of acquisition

criteria through evaluation of strategically allocated candidates instead of numerical opti-

mizations, with a motivating application to contour location in an aeronautics simulation.

Alternatively, when simulation runs are cheap and readily available, large datasets present

a challenge for full DGP posterior integration due to cubic scaling bottlenecks. For this case

I introduce the Vecchia approximation, popular for ordinary GPs in spatial data settings.

I show that Vecchia-induced sparsity of Cholesky factors allows for linear computational

scaling without compromising DGP accuracy or UQ. I vet both active learning and Vecchia-

approximated DGPs on numerous illustrative examples and real computer experiments. I

provide open-source implementations in the deepgp package for R on CRAN.
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Annie E. Sauer

(GENERAL AUDIENCE ABSTRACT)

Scientific research hinges on experimentation, yet direct experimentation is often impossible

or infeasible (practically, financially, or ethically). For example, engineers designing satellites

are interested in how the shape of the satellite affects its movement in space. They cannot

create whole suites of differently shaped satellites, send them into orbit, and observe how they

move. Instead they rely on carefully developed computer simulations. The complexity of

such computer simulations necessitates a statistical model, termed a “surrogate”, that is able

to generate predictions in place of actual evaluations of the simulator (which may take days or

weeks to run). Gaussian processes (GPs) are a common statistical modeling choice because

they provide nonlinear predictions with thorough estimates of uncertainty, but they are

limited in their flexibility. Deep Gaussian processes (DGPs) offer a more flexible alternative

while still reaping the benefits of traditional GPs. I provide an implementation of DGP

surrogates that prioritizes prediction accuracy and estimates of uncertainty. For computer

simulations that are very costly to run, I provide a method of sequentially selecting input

configurations to maximize learning from a fixed budget of simulator evaluations. I propose

novel methods for selecting input configurations when the goal is to optimize the response or

identify regions that correspond to system “failures”. When abundant simulation evaluations

are available, I provide an approximation which allows for faster DGP model fitting without

compromising predictive power. I thoroughly vet my methods on both synthetic “toy”

datasets and real aeronautic computer experiments.
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Chapter 1

Introduction

Virtualization and simulation increasingly play a fundamental role in the design and study

of complex systems that are either impossible or infeasible to experiment with directly.

Examples abound in epidemiology [e.g., 31], engineering [e.g., 133], aeronautics [e.g., 86],

economics [e.g., 23, 71], and ecology [e.g., 58], to name a few. Simulation can provide

insight into complex processes that might otherwise be immeasurable, but it may come

with significant computational costs. Such cases necessitate statistical surrogates, meta-

models that furnish accurate predictions for nonlinear dynamics with appropriate uncertainty

quantification (UQ) from a limited, carefully designed simulation campaign. Surrogates may

thus stand-in for actual simulations at untried input settings to support downstream tasks

such as calibration [56, 70], optimization [60, 98], and sensitivity analysis [83, 94, 107].

Surrogate accuracy, combined with effective UQ, is key to the success of such enterprises.

Gaussian processes (GPs) are a common surrogate modeling choice [42, 104, 109] because

they offer accurate nonlinear predictions and UQ in a semi-analytic Bayesian nonparametric

framework. Despite their prowess in many settings, the typical assumption of stationarity –

made primarily for computational convenience – compromises the GP’s ability to accommo-

date features common to many computer simulations, such as regime changes in input-output

dynamics. Early solutions to this problem from a spatial statistics [e.g., 55, 96, 108, 113] and

machine learning (ML) perspective [e.g., 102, 103] focused on low input dimension (e.g., lon-

gitude and latitude) and small training data sizes. More recent advances in non-stationary

1



spatial modeling [e.g., 12, 64] emphasize scaling-up to larger training data sets, still privi-

leging low-dimensional input spaces. The computer surrogate modeling literature now has

bespoke solutions which work well in specific, modest-dimensional cases: treed-GP hybrids

for when non-stationarity manifests along coordinate directions [44]; composite processes

when it arises as changes in amplitudes [2]; local data subsets when training data are mas-

sive [16, 43]. Yet general purpose design and modeling strategies remain elusive.

I see promise in the form of deep Gaussian processes (DGPs) – originating in geo-spatial com-

munities [108, 113] but recently popularized by Damianou and Lawrence [20] with analogy

to deep neural networks. The setup neatly synthesizes elements of warping, latent inputs,

and composition as earlier introduced in isolation by authors of several of the papers cited

above. By warping the input space through hidden Gaussian layers, effectively moving some

training samples closer and others farther apart, they achieve non-stationarity even under

otherwise conventional kernel structures. Prowess has been demonstrated on many classifi-

cation tasks [20, 32, 131]. Application as surrogates for simulation experiments is rather less

well developed [100].

The compositional form of the DGP likelihood makes direct Bayesian inference impossible.

Initial schemes leveraged approximate variational inference [e.g., 13, 20, 106], embracing

computational thrift at the cost of full UQ. This is a mismatch to typical surrogate mod-

eling scenarios in which downstream applications necessitate careful, thorough uncertainty

quantification. I thus depart from the canonical inferential apparatus to favor Markov chain

Monte Carlo (MCMC) posterior sampling via a novel hybrid Gibbs-Metropolis and elliptical

slice sampling [ESS; 91] scheme. This is computationally heavy, but adds value in straight-

forward implementation, and remains tractable in typical surrogate modeling scenarios.

In this dissertation I provide a variety of examples demonstrating DGP prowess on accuracy

and UQ. When regimes change abruptly, DGPs mimic partition schemes. When dynamics



change more smoothly, they mimic kernel evolution. When stationary, they gracefully revert

to ordinary GP dynamics via identity warpings. But there is a catch. Non-stationary flexibil-

ity is intimately twinned with training data size and structure; you need enough of the right

kind of data to detect relevant dynamics. One solution is to specifically target areas of inter-

est through active learning (AL): the sequential design and build-up of a surrogate through

a virtuous cycle of data acquisition and fitting. AL is crucial when the simulator is com-

putationally expensive and training data is limited. [In 2021, I collaborated with engineers

at NASA Langley Research Center on a proprietary simulator that required nearly a week

of compute time to produce a single run, even with careful utilization of supercomputing

resources.]

In lieu of a targeted research objective, sequential designs simply seek to maximize learning

with each successive evaluation of the simulator. This was the goal in one of my moti-

vating real-world experiments: the Test Particle Monte Carlo simulator [86] developed by

researchers at Los Alamos National Lab to simulate satellites moving through low earth orbit

(featured later in Sections 3.1.5 and 4.5). Researchers aimed to achieve under 1% root mean

squared prediction error with as few evaluations of the simulator as possible. Such goals boil

down to AL acquisition criteria that minimize posterior predictive variance. Some inroads

have been made with DGPs in these realms. Dutordoir et al. [25] fit DGPs to sequentially

collected data, but acquisition criteria were not based on the DGP fits. Rajaram et al.

[101] suggested a maximum variance criterion, a strategy sometimes called “active learning

MacKay” [ALM; 80], with DGPs. ALM is under-powered compared to aggregate variance-

based criteria that are more common in the computer experiments literature. I propose using

integrated mean-squared error (IMSE) and its ML cousin “active learning Cohn” [ALC; 15],

which has better properties and empirical performance under GPs [45, 115].

Alternatively, the objective may be to find the input configuration that optimizes the re-



sponse variable, so-called “global optimization”. As an example, consider the “QBLADE”

simulator [84] which simulates the energy output of a wind turbine based on blade design

and environmental circumstances. Naturally, finding the design that yields the highest en-

ergy output is of great interest. The expected improvement criterion [EI; 60] selects inputs

by balancing exploitation (inputs that are expected to yield high responses) and exploration

(inputs with high predictive variance). Sequential design using EI is commonly termed

“Bayesian optimization” (BO). Hebbal et al. [53] applied DGPs to BO but relied on ap-

proximate variational inference for DGP fitting. The challenge of DGP-based BO in my

MCMC setting lies in the optimization of the EI criteria, which is typically multi-modal

with many local maxima. Multi-start numerical optimizers are not feasible for thousands

of DGP posterior samples. Pseudo-optimization through evaluation over a set of candidate

inputs is required. For this setting, I propose a new candidate allocation scheme hinging

on Delauney triangulation of the training design and show that it outperforms traditional

space-filling candidates.

Another common surrogate modeling objective, which is especially prevalent in aerospace

engineering applications, is to identify a specific contour or level set in the response surface.

For example, consider a simulation of an aircraft gliding through the atmosphere at varying

speeds and configurations [such as the Common Research Model developed by NASA, 127].

The simulator outputs the amount of vibration experienced by the aircraft. The research

objective is to identify which inputs result in unsafe conditions, i.e., vibration that exceeds

safety thresholds. Ensuring inputs pass safety standards with acceptably low failure proba-

bilities is termed “reliability analysis” [see 119, for work I did with engineers at NASA on

reliability analysis with gradient-enhanced GPs]. Targeting an entire level set is even trickier

than targeting a single optimum, and as far as I know there is no existing work utilizing DGPs

for contour location. Entropy is a popular acquisition criteria for typical GP surrogates in



a contour finding setting [82], but it is extremely peaky and underweights exploration of

areas with high uncertainty. Cole et al. [17] circumvented these limitations with a clever

hybrid-local numerical optimization, but again such schemes are not feasible for MCMC-

based DGP surrogates. I propose a new candidate-based scheme that extends my Delauney

triangulation candidates to select acquisitions on the “Pareto front” of entropy and predic-

tion uncertainty. The candidate-based nature of my proposed contour location algorithm

allows for the application of DGPs to previously untouched realms. This work is motivated

by application to an SU2 computational fluid dynamics simulation of incrompessible flow

around an airfoil [28].

In active learning applications like the three discussed above, computational bottlenecks

center on the number of evaluations of the computer simulation. If instead a large training

data set is readily available, computational concerns shift to those of fitting and evaluating

the surrogate. Inference for GPs requires the evaluation of multivariate normal likelihoods,

which involves dense matrix decompositions that scale cubically with the size of the training

data. Computer simulation campaigns used to be small, but recent advances in hardware,

numerical libraries, and STEM training have democratized simulation and led to massively

larger campaigns [e.g., 69, 75, 79, 81, 123]. The literature has since adapted to address this

bottleneck by borrowing ideas from machine learning and geo-spatial GP approximation.

Examples include sparse kernels [87], local approximations [16, 30, 43], inducing points [35,

99], and random feature expansions [81]. See [52] and [77] for thorough reviews. Here I am

drawn to a family of methods that leverage “Vecchia” approximation [128], which imposes

a structure that generates a sparse Cholesky factorization of the precision matrix [21, 66].

When appropriately scaled or generalized [22, 65, 121, 122], and matched with sparse-matrix

and multi-core computing facilities, Vecchia-GPs dominate competitors [67] on the frontier

of accuracy, UQ, and speed.



Computational costs are even more significant in DGP settings. Cubic scaling in flops is

present in multitude, with large dense matrices at each latent DGP layer. MCMC sampling

exacerbates cubic bottlenecks and limits training data sizes to the hundreds. Recent works

on DGPs have overwhelmingly embraced inducing point approximations [117] to circumvent

computational obstacles [e.g., 13, 20, 51, 106], but these inducing point approximations

are notoriously low fidelity. Instead, I embrace Vecchia approximation which offers higher

fidelity approximations without the added burden of selecting inducing point locations [129].

Incorporating a Vecchia approximation at each DGP layer allows for computation that scales

linearly with training data size, thereby expanding the utility and reach of fully-Bayesian

posterior inference for DGP surrogate models.

In the remainder of this chapter, I offer a birds-eye view of my contribution and provide a

necessary review of GP fundamentals. In Chapter 2, I detail my fully-Bayesian DGP model.

In Chapter 3, I develop active learning methodology for variance reduction, Bayesian op-

timization, and contour location. That chapter culminates in a motivating application to

an SU2 computational fluid dynamics airfoil computer experiment. In Chapter 4, I inte-

grate Vecchia approximation into my Bayesian DGP framework to accommodate larger data

sizes. Each chapter (or section in the case of Chapter 3) begins with review of existing

methodologies, progresses into details of my proposed advancements, and wraps up with

implementation details and empirical results.

1.1 Summary of Contribution

My goal is to develop and promote deep Gaussian processes as surrogate models for com-

puter experiments (if it wasn’t obvious enough from my title). This requires developing

new methodology, perfecting straight-forward and feasible implementations, providing pub-



licly available and easy-to-use software, and demonstrating superior performance in both

simulated and real-world scenarios. Although I am primarily motivated by applications to

aerospace engineering, I believe this work will have a lasting long-term impact on a vast

array of scientific fields. The use of computer simulations is continually expanding, and I

suspect this trend will only escalate over time.

Gaussian processes have a tight grip on the surrogate modeling community, and many have

accepted that their stationary limitations are worth the nonlinear predictive prowess and an-

alytic UQ that comes with them. But regime shifts are prevalent in computer experiments,

and stationarity presents a clear handicap in these situations. Previous, more flexible GP al-

ternatives such as deep neural networks [125] and Bayesian additive regression trees [14] have

not been widely embraced, most likely a consequence of their less-than-thorough accounts

of uncertainty. There is a great need for a flexible surrogate model that can outperform GP

accuracy and UQ in the face of non-stationary dynamics.

First, I propose a new inferential apparatus for deep Gaussian process regression models that

prioritizes uncertainty quantification through full posterior integration of latent variables in

a Bayesian MCMC sampling scheme. I sample latent Gaussian layers through elliptical slice

sampling [ESS; 91]. Previously utilized Metropolis-Hastings sampling of these layers suffers

from sticky chains/poor mixing and is not feasible for input dimensions above one or two

[113]. I suspect the lack of an efficient sampling scheme is the reason DGPs had not yet made

their way from the ML community (where approximate variational inference was sufficient) to

the surrogate modeling community. On the contrary, the Gaussian proposals and rejection-

free nature of ESS is uniquely suited for the multi-modal posteriors of DGP latent layers.

Perhaps most importantly, I provide an open-source off-the-shelf implementation of my fully-

Bayesian DGP in the deepgp R-package on CRAN [110].

Second, I incorporate variance-reducing acquisition criteria for sequential designs with DGPs



when training data is limited (which is the case when the simulator is computationally ex-

pensive). I detail implementations of both integrated mean squared error and its counterpart

“active learning Cohn” [15], which account for both variance in posterior predictions and

uncertainty in the warpings (i.e. the latent layers) of the DGP. When paired with a typical

stationary GP, these criteria result in space-filling designs, nullifying the efforts of a strate-

gic sequential design. But when combined with the non-stationary flexibility of a DGP

and full posterior integration, they allow for adaptive designs that depart from traditional

space-filling schemes and outperform both stationary and non-stationary competitors. These

criteria are also integrated into the deepgp package.

Third, I employ the expected improvement criteria to allow for DGP-based Bayesian opti-

mization. The key contribution here is the integration of the DGP with strategic selection

of candidate locations through Delauney triangulation, an idea originating from joint work

with my advisor Bobby Gramacy and fellow student Nathan Wycoff [46]. Although space-

filling candidates sufficed for optimization of the variance-reducing criteria mentioned above,

there was much room for improvement in the placement of candidates. Strategically allo-

cating candidates between existing training data allows for superior acquisitions, yielding

better performance for fixed simulation effort – all while avoiding any bulky numerical opti-

mization. Integration of the EI criterion with my Bayesian DGP is provided as an optional

feature in the deepgp package.

Fourth, I propose an avenue for utilizing Bayesian DGP surrogates in reliability analysis

with real-world implications to aerospace systems design. To my knowledge, this is the

first work to apply DGPs in a contour location setting. This work is perhaps the most

exciting development as it is the culmination of several of my earlier contributions: fully-

Bayesian DGPs, sequential design, and Delauney triangulation candidates. I develop a novel

acquisition criteria that balances entropy and posterior variance to strike a balance between



exploitation and exploration. I provide evidence of excellent performance on a real-world

aerospace simulation.

Finally, I incorporate the Vecchia approximation into my DGP apparatus to allow for appli-

cations to upwards of 100,000 simulator evaluations. My original DGP implementation was

limited to data sizes in the hundreds, so the expansion to a hundred thousand is a massive

extension. I present empirical comparisons of my Vecchia-DGP to both stationary Vecchia

GP’s and previously considered “state-of-the-art” non-stationary DGPs, which utilize a vari-

ety of inferential tools including variational inference and Hamiltonian Monte Carlo sampling

[9]. I demonstrate Vecchia-DGP superiority on a variety of non-stationary examples.

All of my contributions are supported by the deepgp package and a public git repository of

reproducible examples:

https://bitbucket.org/gramacylab/deepgp-ex/.

I will highlight some package functionality throughout, but thorough demonstration and

documentation is provided in the package vignette and reference manual on CRAN [110].

At the time of writing, much of this work (but not all) has been published in peer-reviewed

journals [46, 111, 112].

1.2 Foundations: Gaussian Process Surrogates

Let f : Rd → R represent a (possibly noisy) black-box function, say to abstract a computer

model simulation. To help manage simulation costs, it is common to develop a surrogate

f̂n : Rd → R that approximates f based on outputs from a small set of n designed inputs. Let

X denote an n×d training design of input locations and Y = f(X) denote the corresponding

function evaluations of size n × 1. [In Chapter 3, I will denote X = Xn and Y = Yn to

https://bitbucket.org/gramacylab/deepgp-ex/


emphasize the training data size when building up sequential designs.] Throughout I use

lowercase xi to refer to the ith (transposed) row of X, and likewise for Y .

The canonical GP surrogate assumes a multivariate normal distribution (MVN) over the

response,

Y ∼ Nn (µ,Σ(X)) . (1.1)

To streamline notation, denote Σn = Σ(X). The mean µ may be linear in columns of X,

but µ = 0 is often sufficient after centering [42, 109].

Figure 1.1: GP prior realization passed through latent GPs to generate two- and three-layer
DGPs. Colored tick marks on the x-axes show the distribution of the latest input (X, Y1,
and Y2). Y1 clusters data at the boundaries, and Y2 overlaps data near the middle of the
input space.

The left panel of Figure 1.1 shows a “prior” random draw from such an MVN based on

a gridded X with d = 1 under a covariance structure determined by inverse (squared)

Euclidean distance:

Σij
n = τ 2

(
exp

(
−||xi − xj||2

θ

)
+ gI{i=j}

)
. (1.2)

In this so-called isotropic Gaussian kernel, τ 2, θ, and g act as hyperparameters controlling

the scale, correlation strength (lengthscale), and noise level (nugget) respectively. More

generally, I will often denote Σn = τ 2 (Kθ(X) + gIn) where Kij
θ = k (||xi − xj||2/θ) for kernel



k(·). Any choice of k(·) leading to positive definite Σ(X) is valid. Popular choices include

the squared exponential as in Eq. (1.2) and Matèrn [120], but my work here is not kernel

specific. [I offer both kernels in my software.]

There are many variations on this theme. For example, vectorized θ allow the rate of

decay of correlation to vary with input direction. Such embellishments implement a form of

anisotropy, a term preferred in geo-spatial contexts, or automatic relevance determination in

machine learning [78]. My DGP setup does not need such modifications; once latent layers

are involved, such flexibility manifests more parsimoniously via those values. Several of my

competitors in later sections do utilize additional hyperparameters and/or equivalent affine

pre-scaling [130].

Given (potentially noisy) training data samples Dn = {X,Y }, I would want to learn these

hyperparameters. The MVN model structure emits the following (marginal) log likelihood,

logL (Y | X) ∝ −1

2
log |Σn| −

1

2
Y ⊤Σ−1

n Y. (1.3)

Maximum likelihood estimates are commonly used as plug-ins for τ 2, θ, and g. MLE τ̂ 2

has a closed form. Derivative-based numerical maximization is required for θ̂ and ĝ. De-

tails and implementation are provided by Gramacy [e.g., 42, Chapter 5]. Here I promote

Bayesian posterior sampling, thinking ahead to DGPs. One can marginalize τ 2 out of the

posterior analytically under a reference prior (π(τ 2) ∝ 1/τ 2), or any conditionally conjugate

inverse Gamma specification; however, θ and g require rejection-based MCMC schemes (i.e.,

Metropolis-Hastings). Details are provided, e.g., by Gramacy [42, Section 5.5]. When train-

ing data sizes are low, it can be crucial to average over posterior uncertainty for θ and g

which, together, facilitate a signal-to-noise trade-off. For deterministic (or very low noise)

computer model simulations, I usually fix g at a small constant, e.g., g = 10−6. Regardless



of these choices, evaluation of the likelihood (1.3) relies on both the inverse and determinant

of Σn. For a dense n× n matrix, this is an O(n3) operation with conventional libraries.

Figure 1.2: Surrogates f̂n fit to data from f(x) in Eq. (3.4): (left) using MLE ĝ and θ̂;
(center) using MCMC sampling of g and θ; (right) using a two-layer DGP (described in
Section 2.1). ALC and negative IMSE (described in Section 3.1) are plotted along a dense
grid of candidate locations.

Given Dn, and under settings of hyperparameters (either MLE or via posterior sampling),

the posterior predictive distribution for an n′ × d matrix of testing locations X has closed

form

Y (X ) | Dn ∼ Nn′ (µY (X ),ΣY (X )) , where µY (X ) = Σ(X , X)Σ−1
n Y

ΣY (X ) = Σ(X )− Σ(X , X)Σ−1
n Σ(X,X ),

(1.4)

and Σ(X,X ) is an n× n′ matrix derived by extending the kernel across training and testing

locations. These equations, coupled with an inferential strategy (e.g., MLE τ̂ 2 converts

Gaussian to Student-t), complete the description of surrogate f̂n. A 1d illustration is provided

in the left and center panels of Figure 1.2, based on MLE and full posterior sampling,

respectively. The GP surrogate’s flexibility provides accurate posterior mean estimates in

the non-linear regions, but MLE point-estimates (left) lead to over-fitting – interpreting noise



as signal – in the flat region. Full posterior sampling (center) appropriately averages over

posterior evidence for both regimes.

The above GP specification is stationary because only relative positions of training and

testing inputs are involved (1.2). Consequently, identical input-output dynamics apply ev-

erywhere in the input space, which can be limiting for some computer simulations. A great

example comes from aeronautics/computational fluid dynamics. Lift forces on aircraft are

fundamentally different at high speed versus low, and in particular at the sound barrier

where the transition is abrupt [97]. This so-called stationarity limitation is coupled, from

a practicality perspective, with computational bottlenecks. Even if stationarity is relaxed,

multiple regimes may not be recognized without large amounts of training data.



Chapter 2

Deep Gaussian Process Surrogates

A deep Gaussian Process [20] is a hierarchical layering of GPs where each layer is condition-

ally multivariate normal (MVN). Dunlop et al. [24] detailed four methods for constructing

DGPs, each providing different levels of feasibility and interpretability. I view DGPs as

functional compositions, arguably the most interpretable and easily implemented option.

In a DGP prior, the inputs X are mapped through one or more intermediate GPs before

reaching the response Y . The inputs to those intermediate “layers” act as latent variables,

warping the input space into a plausibly stationary regime but remaining unobserved. Hence-

forth, I shall refer to typical GP regression as described in Section 1.2 as a “one-layer” GP.

A two-layer model, with inputs to the new hidden GP labeled as W , may be described

hierarchically as

Y | W ∼ Nn (0,Σ(W )) , Wk
ind∼ Nn (0,Σk(X)) , k = 1, . . . , p. (2.1)

W = [W1, . . . ,Wp] is an n × p matrix with each row representing one observation and each

column representing a dimension of the latent space. I adopt the deep learning convention

of referring to the component dimensions of W as “nodes”. Each node has its own Σk(X)

which may or may not share features, like kernels and hyperparameters, with others.

Adding additional depth and nodes to intermediate layers will eventually yield diminishing

returns. Damianou and Lawrence [20] found some justification for a five-layer DGP in clas-
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sification tasks, but two- and three-layer DGPs have been sufficient for real-valued outputs

common to computer surrogate modeling [100]. Dunlop et al. [24] similarly preferred two

and three layers. I find that low numbers of latent nodes (no higher than the dimension of

the input space) and limited depth (no deeper than three layers) are sufficient for surrogate

modeling. More details are provided in Section 2.1, with evidence in Chapter 3. Again, my

work and implementation are not limited to this choice.

Conditional on Σ(·) and each Σk(·), the marginal likelihood may be represented as an integral

over unknown W ,

L (Y | X) =

∫
L (Y | W )

p∏
k=1

L (Wk | X) dW, (2.2)

where logL(Y | W ) and logL(Wk | X) are defined as in Eq. (1.3). A three-layer model

will have two hidden layers (denoted Z and W ) and will involve three MVN likelihoods

with a double integral over Z and W . The center and right panels of Figure 1.1 show the

hierarchical composition of two- and three-layer DGPs in a single dimension, accumulating

from the left panel’s ordinary, one-layer GP. As uniformly distributed X are fed through

intermediate layers they are re-distributed, and response values are no longer stationary.

The benefit of DGPs from the perspective of active learning (AL) is foreshadowed in the

right panel of Figure 1.2. A degree of non-stationarity, as facilitated by warping the input

space so that some pairs are (effectively) closer than others when calculating covariance, is

sufficient to nudge acquisitions towards the “interesting” part of the input space, rather than

being essentially space-filling.

Closed form Bayesian inference for two- and three-layer DGPs is intractable since it is not

possible to analytically integrate the hidden layer(s) out of the (marginal) likelihood (2.2).

Variational inference and other maximization-oriented methods [20, 106] may be computa-

tionally thrifty, but they yield probabilistic representations which can over-simplify, partic-



ularly as regards UQ. MCMC methods address uncertainty more thoroughly at the expense

of computation. To mitigate these costs, efficient mixing of the Markov chain is essential.

2.1 Model Specification

In a DGP, extreme flexibility can come at the cost of identifiability and practicality. Here I

provide a template that has worked well for surrogate modeling in several realistic settings,

as showcased in Sections 3.1.4, 3.1.5, 3.3.4, and 4.5, and which supports downstream tasks

such as AL. I begin with a two-layer setup (2.1), defining the hierarchical structure in terms

of distance-based covariance (1.2).

Y | W ∼ Nn

(
0, τ 2(Kθy(W ) + gIn)

)
Wk

ind∼ Nn

(
0, Kθw[k](X)

)
, k = 1, . . . , p

(2.3)

Notice that scale τ 2 and nugget g are placed on the outer layer only. Specifying noiseless

hidden layers with unit scale is crucial, I find, to stable posterior inference. I find that p =

dim(W ) = dim(X) = d works well as a default, although smaller values may be appropriate

for high-dimensional X. Note that, like a column of X or response Y , Wk is an n-vector

with one coordinate for each training data point. Although nodes of W could be modeled

jointly with cross covariances [113], I recommend the following simplifications.

i. Wj and Wk, for j ̸= k, are conditionally independent [20].

ii. Each Wk is modeled as isotropic (1.2) in inputs X via unique scalar lengthscale θw[k],

for k = 1, . . . , p, regardless of the input dimension d.

iii. Similarly, Y is modeled as isotropic in all nodes of W with scalar lengthscale θy.



Figure 2.1: Model structure for a two-layer DGP with p latent nodes.

Figure 2.1 depicts this model structure, still focusing on the two-layer setup. Impositions

ii.–iii. are essential to reign in complexity. Latent W , even with a single node but especially

for p ≫ 1, offer more than enough flexibility to “imitate” a separable/anisotropic kernel

without the added complexity of additional lengthscale parameters. This is simplest to see

with p = d. If the data desire lower correlation in one coordinate direction compared to

another, then components of W can organize themselves so that Wj, say, “fans out” more

than Wk does. Of course, it is easy to imagine more complicated arrangements. The filled

circle between the W and Y layers in the diagram represents imposition iii., depicting that

all nodes of W form inputs to the outer layer for Y under isotropic (scalar) lengthscale θy.

Building off that setup, consider a three-layer model built as follows.

Y | W ∼ Nn

(
0, τ 2(Kθy(W ) + gIn)

)
Wk | Z

ind∼ Nn

(
0, Kθw[k](Z)

)
, k = 1, . . . , p

Zj
ind∼ Nn

(
0, Kθz [j](X)

)
, j = 1, . . . , p

Here, as above, conditional independence and isotropy (i.-ii.) for W is duplicated in the new

latent layer Z. I have found it helpful to restrict the number of nodes in Z to match W ,

i.e., dim(Z) = dim(W ) = p ≤ d. Again, each Zj is an n-vector of latent variables. Figure

2.2 depicts this structure diagrammatically. The filled circle between Z and W layers, with



Figure 2.2: Model structure for a three-layer DGP with p latent nodes in Z and W .

edges fanning out in both directions, is intended to represent communication between all Z

and W nodes, like an “information bus” capturing p2 interconnections. Each latent Zj input,

j = 1, . . . , p, is connected to each Wk output through an inverse-distance-based covariance

kernel with (scalar) lengthscale parameters θw[k], for k = 1, . . . , p.

Hyperparameter priors

I complete my Bayesian hierarchical model specification with the following priors on hyperpa-

rameters, comprising lengthscales θ = {θy, θw, θz}, scale τ 2, and nugget g on the outer layer.

Conditionally conjugate inverse Gamma (IG) priors are common for scales like τ 2 because

they may subsequently be analytically integrated out of an otherwise numerical posterior

sampling scheme. Details are provided in Section 2.2 shortly. Specifying IG parameters of

zero [following the description in 38] leads to a so-called reference prior π(τ 2) ∝ 1/τ 2 [8],

which is a common default in GP spatial modeling. Although improper, the posterior is

proper (in my zero-mean context) as long as n ≥ 1, i.e., as long as there is at least one

training data example.

I prefer proper priors for the other parameters and choose members of the Gamma family as

their familiar form offers convenient specification, which I tailor to penalize against patho-

logical settings such as θ → {0,∞}. Specifically, consider {θ, g} iid∼ G(3/2, b[·]) where b[·]



is adjusted depending on the hyperparameter in question. This choice mirrors other work

in Bayesian posterior sampling of GP hyperparameters [e.g., 44] and in penalized marginal

maximum likelihood settings [e.g., 43]. I find it helpful to nudge the posterior toward a

hierarchy in the latent nodes with b[θy ] > b[θw] > b[θz ] encoding a prior belief that as layers

get deeper they should be less “wiggly” (closer to the identity mapping). Particular, user-

adjustable, default values for b[·] provided in my software are detailed in Section 2.4. When

modeling a deterministic computer model simulation, I fix g = ε, a small non-zero value

such as sqrt(.Machine$double.eps) in R, to interpolate training data.

2.2 Posterior Sampling

Here I propose a hybrid Gibbs-ESS-Metropolis scheme for sampling hyperparameters and

latent layers. A closed form GP marginal likelihood, integrating out scale τ 2 under the

reference prior, is crucial to the subsequent development. Although the calculation is rather

textbook, e.g., see Gramacy [42, Section 5.5, exercise 1], I provide it below in my notation

for concreteness.

logL(Y | W, θy, g) ∝ −
n

2
log
(
nτ̂ 2
)
−1

2
log |Kθy(W )+gIn| with τ̂ 2 =

Y ⊤(Kθy(W ) + gIn)−1Y

n

(2.4)

Throughout, relationship “∝” for log likelihoods denotes that an additive constant has been

dropped. Taking W ≡ X lends explicit form to Eq. (1.3) for the ordinary GP case, where

τ̂ 2 may be interpreted as an MLE. For DGPs with two and three layers, I additionally need

logL(W | Z, θw) ∝
p∑

i=1

logL (Wi | Z, θw[i])

∝
p∑

i=1

(
−1

2
log |Kθw[i](Z)| −

1

2
W⊤

i

(
Kθw[i](Z)

)−1
Wi

)
.

(2.5)



In two-layers, take Z ≡ X and collect

logL(Y | W,X, θ, g) = logL(Y | W, θy, g) + logL(W | X, θw),

combining Eqs. (2.4–2.5). Of course, in the context above of unknown (latent) W , the

quantity logL(W | X, θw) is actually a log prior, but its form is nevertheless given by

Eq. (2.5), so I find it convenient to notate using marginal log likelihoods.

Finally, in the three layer case (with trivial extension beyond), I have

logL(Y | W,Z,X, θ, g) = logL(Y | W, θy, g) + logL(W | Z, θw) + logL(Z | X, θz)

where the third term (and beyond) follows Eq. (2.5) for Z and X instead of W and Z. The

posterior distribution is completed with the hyperparameter priors outlined at the end of

Section 2.1,

π(W,Z, θ, g | Dn) ∝ L(Y | W,Z,X, θ, g)× π(θ, g).

The remainder of this section details how I obtain samples in the Gibbs framework summa-

rized in Algorithm 1. Hyperparameters θ and g follow a somewhat conventional random-walk

Metropolis-Hastings (MH) procedure. To acknowledge a restricted support [ε,∞], proposals

(q) follow a “uniform sliding window” scheme first outlined by Gramacy and Lee [44] whereby

θ⋆ ∼ Unif
(
ℓθ(t−1)

u
,
uθ(t−1)

ℓ

)
so that q(θ(t−1) | θ⋆)

q(θ⋆ | θ(t−1))
=

θ(t−1)

θ⋆
(2.6)

features as the proposal ratio in the MH acceptance probability. I sample all components

of θ and g (except when g → ε for interpolating deterministic simulations) in this way.

Defaults for tuning parameters u and ℓ are given in Section 2.4. Under my template, each

hyperparameter is involved in only one likelihood component. Thus each MH acceptance



ratio requires only one MVN density evaluation. For example, acceptance for θ⋆y is based on

α = min

1,
L
(
Y | W, θ⋆y, g

)
π
(
θ⋆y
)

L
(
Y | W, θ

(t−1)
y , g

)
π
(
θ
(t−1)
y

) × θ
(t−1)
y

θ⋆y

 . (2.7)

The likelihood component involved in each Metropolis-within-Gibbs step is detailed in Al-

gorithm 1. To shorten this algorithm for a two-layer model, simply remove sampling of θz

and Z and replace remaining instances of Z with X.

Algorithm 1: Gibbs sampling procedure for three-layer DGP

initialize g(1), θ(1)y , θ
(1)
w , θ(1)z , W (1),and Z(1)

for t = 2, . . . , T do

g(t) ∼ π(g | Y,W (t−1), θ
(t−1)
y , g(t−1)) // MH (2.7) via L(Y | W, θy g)

θ
(t)
y ∼ π(θy | Y,W (t−1), θ

(t−1)
y , g(t)) // MH (2.7) via L(Y | W, θy g)

for i = 1, . . . , p do

θw[i]
(t) ∼ π(θw[i] | W (t−1)

i , Z(t−1), θw[i]
(t−1)) // MH (2.7) via L(Wi | Z, θw[i])

for i = 1, . . . , p do

θz[i]
(t) ∼ π(θz[i] | Z(t−1)

i , X, θz[i]
(t−1)) // MH (2.7) via L(Zi | X, θz[i])

for i = 1, . . . , p do

W
(t)
i ∼ π(W | Y,W (t−1)

≥i ,W
(t)
<i , Z

(t−1), g(t), θ
(t)
y , θ

(t)
w ) // ESS via (2.9)

for i = 1, . . . , p do

Z
(t)
i ∼ π(Z | X,W (t), Z

(t−1)
≥i , Z

(t)
<i , θ

(t)
w , θ

(t)
z ) // ESS via (2.10)

Latent W and Z could be handled similarly, i.e., by MH. While there are a number of

approaches for sampling Gaussian fields in non-conjugate settings [e.g., 54, 92, 95], such

rejection-based samplers may mix poorly even with tedious fine tuning of proposal func-

tions. I think this is why MCMC inference for DGPs is often dismissed in preference for



maximization-based shortcuts. However, I find elliptical slice sampling [ESS; 91] of W and

Z to be particularly efficient.

To adapt ESS for DGP latent layers, allow me to briefly digress to the general case in which

I desire samples from a posterior under a zero-mean MVN prior, π(f) ∝ L(f)×N (f ; 0,Σ).

ESS initializes with a random draw from the prior fprior ∼ N (0,Σ) and a random angle

γ ∼ Unif(0, 2π) with consequent boundaries set to γmin = γ− 2π and γmax = γ. Proposal f ⋆

is a function of the previous iteration, the prior draw, and the angle,

f ⋆ = f (t−1) cos γ + fprior sin γ with acceptance probability α = min
(
1,
L(f ⋆)

L(f (t−1))

)
.

(2.8)

Upon rejection, ESS shrinks the “bracket” on the angle – specifically, setting γmin = γ if

γ < 0 and γmax = γ otherwise – and re-samples γ ∼ Unif(γmin, γmax), yielding new f ⋆. The

process is repeated, shrinking the bracket and re-proposing, until acceptance, constituting

one iteration/one sample. This distinguishes ESS from MH methods in which rejections

result in identically repeated values and poor mixing. Although ESS may require more

likelihood evaluations (each new proposal warrants one) than MH, it tends to yield more

“effective samples” [63] through enhanced mixing, as demonstrated in Section 2.2, all without

having to set any tuning parameters.

To implement ESS for W and Z, one may leverage the likelihood (2.5) as a prior over the

unknown function. First generate from the prior for each node,

W prior
i ∼ Nn

(
0, Kθw[i](Z)

)
and Zprior

i ∼ Nn

(
0, Kθz [i](X)

)
.

In the two-layer case, set Z ≡ X for each Wi. ESS proposals W ⋆
i and Z⋆

i follow Eq. (2.8)

based on previous iteration W
(t−1)
i and Z

(t−1)
i respectively. Acceptance probabilities are

based on a likelihood component designed to “receive” that latent quantity as an input.



Even though nodes of a layer are independently proposed, all are involved in the model

likelihood (under imposition iii.) and hence impact acceptance. For Wi, in either a two- or

three-layer model, that involves Eq. (2.4),

α = min
(
1,
L(Y | W ⋆

i ,W
(t−1)
>i ,W

(t)
<i , θy, g)

L(Y | W (t−1)
≥i ,W

(t)
<i , θy, g)

)
(2.9)

where, in true Gibbs fashion, I condition on the most recent iteration of each node. Accep-

tance probabilities for Zi use the likelihood of Eq. (2.5).

α = min
(
1,
L(W | Z⋆

i , Z
(t−1)
>i , Z

(t)
<i , θw)

L(W | Z(t−1)
≥i , Z

(t)
<i , θw)

)
(2.10)

In contrast to θw[i], which only features in one component of this likelihood, acceptance

of node Zi requires full evaluation of this likelihood (including all p elements of the sum).

Specific implementation details are reserved for Section 2.4.

Illustration

MCMC sampling of latent layers W and Z is crucial to downstream tasks, such as AL

in Chapter 3. Their posteriors are inherently multi-modal, since only pairwise distances

feature in the next layer. Such lack of identifiability poses a challenge to MCMC mixing and

posterior exploration, but on the flip side of that coin is a convenient barometer for judging a

proposed sampling scheme. My ESS proposal mechanism (2.8) is particularly well-suited for

this as it can “bounce” back and forth between modes. To demonstrate, consider the setup

in Figure 1.2 with a two-layer DGP. The fitted surface is shown in the right panel, but I have

not yet discussed prediction (Section 2.3). For now, focus on latent W via ESS shown in the

left panel of Figure 2.3. Notice how W samples bend inputs X so that the middle inputs

are distinguished from extremities, separating flat interior dynamics from outer wiggly ones



Figure 2.3: ESS and MH samples of latent W from the two-layer DGP of Figure 1.2, other-
wise following Algorithm 1 for hyperparameters θ and g. MH samples show three different
initializations; each (three MH & one ESS) comprise 10,000 total and 6,000 burn-in iterations
with thinning by half.

either by bending down then back up or up then back down.

To offer contrast, I implemented an MH alternative for sampling W using kernel-based basis

proposals [similar to 54, 114] conditioned on sampled θ
(t)
w . See the right panel in Figure

2.3. MH samples were highly sensitive to initialization and step size. Depending on how

the chain is initialized, with three random settings shown (and indicated with color), I get

very different W , a telltale sign of poor mixing/convergence of the chain. In each case

shown, the step size was finely tuned to achieve an acceptance rate of 30-35%. This tuning

and re-initialization requires many more MCMC iterations than the ESS comparator and

makes burn-in of the chain difficult to assess. Posterior predictions calculated from these

MH samples (following Section 2.3, but not shown) all resulted in poorer out-of-sample root

mean square errors (RMSEs) than those fit via ESS under similar computational budgets.



2.3 Posterior Prediction

Here I extend MCMC sampling (Section 2.2) to posterior predictive draws Y (X ) | Dn at

n′ × d testing locations specified row-wise in X . For simplicity I limit the discussion here

to the two-layer DGP case. Extending to three layers is straightforward, albeit cumbersome

notationally.

After conducting MCMC sampling and any thinning or burn-in (details in Section 2.4), I

am left with samples {τ̂ 2(t), g(t), θ(t)w , θ
(t)
y ,W (t) | t ∈ T } from the posterior distribution of

all unknowns. Although all of these are involved, development of the relevant predictive

quantities hinges most crucially on W . Recall that W follows a GP in X, and Y a GP in W .

Samples W (t) in hand, I may utilize predictive equations (1.4) to calculate posterior moments

over X . Combining with Eq. (2.3) yields that W ≡ W (X ) is MVN. For a particular sample

indexed by t, the moments are:

µ
(t)
Wi
(X ) = K

θ
(t)
w [i]

(X , X)(K
θ
(t)
w [i]

(X))−1W
(t)
i

Σ
(t)
Wi
(X ) = K

θ
(t)
w [i]

(X )−K
θ
(t)
w [i]

(X , X)(K
θ
(t)
w [i]

(X))−1K
θ
(t)
w [i]

(X,X ).
(2.11)

Sampled W(t), whose values represent a warping of predictive locations X , may then be fed

into the outer-layer to derive posterior moments for Y ≡ Y (X ). Together with τ̂ 2(t) following

Eq. (2.4) evaluated with W (t) and θ
(t)
w , similar arguments as for W yield that Y(t) follows a

multivariate Student-t predictive distribution with n degrees of freedom and

µ
(t)
Y (W(t)) = K

θ
(t)
y
(W(t),W (t))(K

θ
(t)
y
(W (t)) + g(t)In)−1Y (2.12)

Σ
(t)
Y (W(t)) = τ̂ 2(t)

[
K

θ
(t)
y
(W(t)) + g(t)In′ −K

θ
(t)
y
(W(t),W (t))(K

θ
(t)
y
(W (t)) + g(t)In)−1K

θ
(t)
y
(W (t),W(t))

]
.

Instead sampling τ 2(t) from its conjugate posterior conditional IG(n
2
, nτ̂

2

2
), and swapping in



for τ̂ 2(t) would be MVN. In practice I find that this distinction hardly matters, and it is

sufficient to treat the former, in spite of estimated scale τ̂ 2(t), as MVN except when n is very

small. Although posterior predictive uncertainty is most completely described by a large

collection of Y(t), it can be far more compact to accumulate moments through the law of

total expectation and variance. As long as the samples T retained number more than n′,

µY =
1

|T |
∑
t∈T

µ
(t)
Y and ΣY =

1

|T |
∑
t∈T

Σ
(t)
Y +

1

|T | − n′

∑
t∈T

(µ
(t)
Y − µY )(µ

(t)
Y − µY )

⊤, (2.13)

are moments depicting an MVN approximation to the empirical distribution {Y(t)}t∈T .

There are a few other shortcuts I find handy. Unless sample paths of Y (X ) are desired, one

may short-cut a full covariance calculation – i.e., Σ(t)
Y (W(t)) in Eq. (2.12) – for its diagonal

(variance) components yielding point-wise equations described by independent scalar Gaus-

sian (or Student-t) equations. This saves on both storage and computational effort, with the

latter being quadratic rather than cubic on n′. Variances are sufficient for evaluating AL cri-

teria in Chapter 3 and for calculating quantile-based error-bars. Such quantities would still

capture all relevant uncertainties for most purposes, e.g., for posterior predictive intervals.

It may moreover be sufficient, and even desirable, to describe mean uncertainty only, i.e.,

for E{Y (X )} rather than Y (X ). Simply replace g(t)In′ with the zero matrix in Eq. (2.12).

This is common in AL applications (Chapter 3) and when building “confidence intervals” on

prediction. Note that the nugget is still involved in (K
θ
(t)
y
(W (t)) + g(t)In)−1, which is what

induces smoothing.

Even after reducing to point-wise calculations in Y (W(t)), extracting variances instead of

covariances, the entire process is still cubic in n′ because sampling W(t) involves n′× n′ ma-

trices (2.11), which could be prohibitive. However, I often find it sufficient to skip calculating

Σ
(t)
Wi
(X ), and subsequent MVN draws, and instead take W(t)

i ≡ µ
(t)
Wi
(X ). This results in an



underestimate of predictive uncertainty, but not substantially so and not in a way that has

any detectable effect on downstream tasks. In the running example of Figure 1.2, sampled

W(t) (as plotted in Figure 2.3) are indistinguishable from µ
(t)
W (X ) and produce equivalent

predictions.

2.4 Implementation Details

All empirical work in this manuscript is supported by the deepgp package on CRAN [110].

Defaults, described momentarily, are used throughout except where noted. [For example,

I entertain p < d in Section 3.1.5.] These defaults are appropriate for inputs X coded

to [0, 1]d and outputs Y pre-processed to have mean zero and variance one. While the ESS

component of Algorithm 1 is free of tuning parameters, hyperparameter priors and proposals

are required for θ and g. In the uniform sliding window proposal of Eq. (2.6), I use l = 1

and u = 2 for g and θ at all layers.

Recall from Section 2.1 that I take {θ, g} iid∼ G(3/2, b[·]). For g I select a rate so that 95% of

the prior mass lies below 1 (the scaled data variance), resulting in b[g] = 3.9. Lengthscales θ

proceed similarly, but I differentiate between those which act on coded inputs X spanning

[0, 1], those for latent layers under MVN spread, i.e., spanning [−2, 2] at 95% (see Figure

2.3), and latent depth. In a three-layer model, θz acts on X, and I want to encourage an

identity latent mapping in Z. This helps regularize the system in the face of dynamics

which are stationary, nearly so, or for which I do not yet have enough data (say in an AL

context) to identify regime shifts. I thus choose b[θz ] = 3.9/4, so that 95% of the prior

mass falls at less than four times the maximum pairwise distances in X. In a two-layer

model, where θw acts on X, I choose b[θw] similarly. The outer layer always acts on latent

inputs in [−2, 2], but I am willing to substantially diverge from identity mappings – after



all, presumably one entertains GPs because of an a priori belief in nonlinearity. Following

similar logic, but this time targeting 95% prior mass at less than 1.5 times the maximum

pairwise distance in [−2, 2], I choose b[θy ] = 3.9/6. This choice is mirrored in one-layer

models, setting b[θ] = 3.9/1.5 for an isotropic lengthscale acting on coded X. Finally, in

three-layer models I preserve this hierarchy with b[θw] = 3.9/12 (95% mass less than 3 times

the maximum pairwise distance). These settings are, of course, all user-adjustable.

Conducting MCMC sampling for two- and three-layer models in the deepgp package using

built-in defaults is as simple as the following, producing distinct S3-class objects.

R> fit.2 <- fit_two_layer(X, Y)

R> fit.3 <- fit_three_layer(X, Y)

Unless otherwise specified, the dimension of hidden layers will match that of inputs, i.e.,

p = d. For lower dimensional problems, it is important to allow for this flexibility, if only

to imitate the kernel structure of separable processes. Smaller p < d can have deleterious

effects except when the majority of (an already small number of) inputs are irrelevant, which

is rare in computer surrogate modeling applications. In higher dimensional settings, upwards

of d = 7 as in Sections 3.1.5, some tension between the dimension of inputs and layers can

have a beneficial “autoencoding effect”, uncovering a lower-dimensional latent structure such

as may arise when dynamics unfold on a sub-manifold of inputs.

Once samples are collected, one may remove early iterations, saving burned-in samples in-

dexed as t ∈ T . To reduce the size of this set, samples may further be thinned. Both are

facilitated by an S3 method called trim.

After MCMC, which is an inherently serial affair, all downstream tasks are parallelizable

across iterations t ∈ T . Predictions may be made separately for each t, with expectations

(2.13) calculated afterwards in a map-reduce fashion. When only point-wise means and



variances are required, predictions may be parallelized across testing locations, X . Parallel

implementations of prediction are provided by the S3 method predict via foreach [88]

constructs.

2.5 Synthetic Experiment

I will provide thorough empirical results in Chapters 3–4, but for now I will preview one of

the examples explored later in Section 4.4. Consider the G-function [83], defined in arbitrary

dimension on the pages of the Virtual Library of Simulation Experiments [124],

f(x) =
d∏

i=1

|4xi − 2|+ ai
1 + ai

where ai =
i− 2

2
for i = 1, . . . , d. (2.14)

A visual in two dimensions is provided in the left panel of Figure 2.4. This function is

characterized by steep inclines and abrupt shifts. A stationary “shallow” GP is unable to

distinguish between the steep sloping regions in the corners and the valley regions that form

a cross shape in the center. Figure 2.4 also shows a posterior sample (i.e., a burned-in ESS

draw) of the hidden layer W plotted as a function of X with each of two “nodes” in their

own pane. These nodes act together to stretch the inputs in each diagonal direction – thus

accommodating the diagonally-oriented steep inclines seen on the left.

Two dimensions provide a clear visual, but they are not very interesting from a surrogate

modeling perspective. For a more realistic test, I consider four dimensions. I fit both one-

layer GPs and two-layer DGPs to equivalent training data sets of various sizes. I evaluated

the predictions using root mean square error (RMSE, providing a measure of accuracy of

mean predictions) and continuous rank probability score [CRPS; 39, providing a measure

of uncertainty quantification]. For both metrics, lower values indicate better fits. Figure



Figure 2.4: (Left) Visual of the two-dimensional G-function. (Middle) Posterior sample of
W for a two-layer DGP fit to the data of the left panel, comprised of two “nodes” (one in
each panel). (Right) The same ESS sample, now visualized jointly as a warping of X.

Figure 2.5: RMSE (left) and CRPS (right) on log scales for fits to the four-dimensional G-
function as training size (n) increases. Boxplots represent the spread of 10 MC repetitions.

2.5 displays results across 10 Monte Carlo (MC) repetitions. The flexibility of the DGP

model results in better predictions (in terms of both accuracy and UQ). This example will

be featured and expanded upon in Section 4.4; here I use it as merely a precursor of potential.



2.6 Discussion

I provided a novel Gibbs-ESS-Metropolis method for fitting deep Gaussian processes, specif-

ically targeted towards surrogate modeling applications. In addition to illustrations of com-

ponent parts of my inferential scheme, I demonstrated a preview of DGP superiority over

typical GP regression on a synthetic example. I reserve further empirical evidence of DGP

performance for later chapters.

The recent success of DGPs as surrogates, such as for calibration [81], multi-fidelity modeling

[19], and black-box optimization [53], is exciting. UQ plays a key role in each of these,

yet approximation via maximization is the modus operandi. Consequently, such surrogates

under-estimate – or at best mis-characterize – relevant uncertainties. My novel Gibbs-ESS-

Metropolis scheme makes MCMC tractable where it wasn’t previously effective.

I made several modeling choices in order to protect identifiability and to favor simplicity.

These were motivated by challenges brought to light in empirical work behind earlier incan-

tations. Examples include enforcing common dimensionality in latent layers, limiting depth

to three-layers (or even two), and limiting nodes to no more than the input dimension. These

constraints seem to provide a degree of regularization which does not overly hinder reactiv-

ity of the apparatus. However, a more detailed cost-benefit analysis of DGP complexity

v. prowess may be warranted.

The additional computation required to fit DGP models poses a challenge for larger sample

sizes. My MCMC method in its current state is not appropriate when data is abundant. I

explore one remedy, the Vecchia approximation, in Chapter 4.



Chapter 3

Active Learning for DGPs

The most common designs for computer simulation experiments are based on space-filling

principles, either along the margins with Latin hypercube samples [LHS; 85], via pairwise

distances [59], or hybrids thereof [90]. These “static” strategies presume a fixed budget of

n runs in advance. Sequential adaptations exist but do not leverage model uncertainties.

For a review, see Gramacy [42, Chapter 4]. Model-based analogues, which devise criteria

via prior-posterior information gain [so-called maximum entropy designs; 116] and posterior

mean-squared prediction error (MSE), offer similar behavior. But these have a chicken-or-egg

problem because they condition on (a priori unknown) hyperparameter settings. [Guessing

good hyperparameters at the start is even less feasible for a DGP with its unknown latent

layers and layered kernels.] Sequential adaptations that leverage and update model infor-

mation along the way offer a natural remedy, especially when suitably initialized [132]. See

Gramacy [42, Chapter 6] for review.

Figure 3.1: Illustration of an active learning procedure.
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Much recent work on sequential design for GPs comes from machine learning (ML) as a

branch of reinforcement learning called active learning (AL). I adopt their terminology of

solving acquisition functions (sequential design criteria) to “actively” select the data which

the model is trained on. Figure 3.1 provides an illustration of this process. Begin (0) with

a small training data set Dn = {Xn, Yn} of size n = n0; then (1) fit a flexible surrogate to

Dn; (2) select xn+1 to augment the data n → n + 1; and (3) repeat from (1). This setup

avoids many pathologies inherent to static/batch training through a baby-steps approach

and allows progress to be monitored. The “acquisition step” (step 2) may be chosen to tar-

get specific design objectives. Acquisitions based on aggregate variance reduction [15] aim

to minimize predictive error. Acquisitions based on expected improvement target optima in

blackbox simulation output [e.g., 46, 98, 118]. Acquisitions based on entropy (or hybridiza-

tions thereof) target level sets in the respone surface [e.g., 16, 119]. Sequential designs aimed

at calibrating computer simulations to real-world data [70] are a newer development [72]; I

will defer DGP-based active learning for simulator calibration to future research.

The novelty of my work here stems from upgrading the surrogate model (step 1) to a deep

Gaussian process. This upgraded surrogate makes evaluation of acquisition criteria (step

2) more challenging, necessitating further advancements. Note, the UQ provided by the

Bayesian MCMC scheme outlined in Chapter 2 will be especially impactful, as surrogate-

based variance estimates feature heavily in each acquisition criterion.

3.1 Variance Reduction

Here I emphasize building up a simulation campaign where runs are acquired to reduce

MSE. Let Xn+1 = {x1, . . . , xn, xn+1} represent the combined set of n current input locations

and new input location xn+1. Let σ2
n(x) denote the posterior predictive variance (i.e., the



MSE) at location x calculated from Xn, i.e., via Eq. (1.4) with singleton X = {x}. Take

hyperparameter settings from maximum likelihood estimates (MLE) or as posterior samples

conditioned on dataDn. Now, let σ̆2
n+1(x) denote the deduced posterior predictive variance at

location x calculated from the augmented Xn+1, but otherwise with hyperparameter settings

based on Dn.

σ̆2
n+1(x) = Σ(x)− Σ(x,Xn+1)Σ

−1
n+1Σ(Xn+1, x)

I follow the convention of defining both σ2
n(x) and σ̆2

n+1(x) for the purpose of AL via Σ(x) = 1

rather than Σ(x) = 1+g, targeting the variance of the latent random field (i.e., the variance

of the mean) rather than the full predictive variance. Making this, and other kernel details

explicit,

σ̆2
n+1(x) = τ 2

(
1−Kθ(x,Xn+1) (Kθ(Xn+1) + gIn+1)

−1Kθ(Xn+1, x)
)
.

Hence σ̆2
n+1(x) → 0 as n → ∞, providing a natural “asymptote for learning.” Observe that

the nugget g is still involved in Σ−1
n+1.

It is sensible to acquire new x⋆
n+1 to minimize σ̆2

n+1(x) integrated over all x,

x⋆
n+1 = argmin

xn+1

IMSE(Xn+1) where IMSE(Xn+1) =

∫
σ̆2
n+1(x) dx.

When the input space used in the domain of integration is a hyper-rectangle, a closed form

expression is available. See, e.g., Binois et al. [11] for coded inputs [0, 1]d and extensions by

Cole et al. [16] to [a, b]d and Gaussian measures over inputs.

Despite a degree of analytic tractability, calculating IMSE is cumbersome, especially in

the Bayesian posterior sampling context. Varying hyperparameterization thwarts many pre-

calculations and matrix decomposition tricks that would otherwise lend a degree of efficiency.



Instead I prefer an approximation obtained by extending Monte Carlo (MC) integration over

posterior draws to include the input space. This is the acquisition criteria now known as

“active learning Cohn” [ALC; 15, 115]. Observe that minimizing IMSE over xn+1 is equivalent

to maximizing the difference between σ2
n(x) and σ̆2

n+1(x).

∆σ2
n(Xn+1) =

∫
σ2
n(x)− σ̆2

n+1(x)dx ∝
∫

τ 2Kθ(x,Xn+1) (Kθ(Xn+1) + gIn+1)
−1Kθ(Xn+1, x)dx

The ALC criterion approximates this integral with a sum over a reference set, Xref,

ALC(Xn+1 | Xref) ∝
∑

x∈Xref

τ 2Kθ(x,Xn+1) (Kθ(Xn+1) + gIn+1)
−1Kθ(Xn+1, x) (3.1)

with acquisition as x⋆
n+1 = argmaxxn+1

ALC(Xn+1 | Xref). A uniform reference set yields

proportional ALC and IMSE surfaces. See left and center panels of Figure 1.2. Instead of

library-based optimization [43], I prefer discrete search over (possibly random) candidates

because this lends well to averaging across MCMC iterations and parallel implementation.

Even with variance-based criteria, AL is limited by the stationarity of the covariance kernel

of the GP [45]. In Figure 1.2, the MLE surface (left) gets the “wrong answer” as regards

AL, discouraging acquisition where it needs it most: in the middle of inputs where it has

confused noise as signal. With MCMC (center), the ALC/IMSE criteria indentify a more

uniform preference for the next run, although both ultimately prefer runs near the edges,

which manifests as a form of leverage in this case. Neither MLE nor MCMC-based fits are

able to recognize what human intuition would likely suggest: more data is needed where

the function is wiggly than where it is not. This is not the fault of the AL criteria. The

stationary GP is not “allowed” to recognize two (or more) distinct regimes, of wiggly and

flat. Only after relaxing stationarity, so that predictive variance is not simply a matter of

distance to nearby training values, can we obtain a notion of predictive uncertainty which is



region-dependent.

For another illustration, consider a typical, stationary GP surrogate fit to simulations fol-

lowing Eq. (3.5), detailed in Section 3.1.3. The left panel of Figure 3.2 shows ALC, using

a dense Xref grid, after training on evaluations obtained from an LHS of size n = 30. In

this example, the lower left corner is the area of highest interest, but ALC is, in essence,

a function of proximity to Xn. A two-layer DGP fit to the same training data is able to

allocate uncertainty in the “interesting” region, resulting in non-space filling acquisitions.

Figure 3.2: Heat map of ALC surface for typical GP and two-layer DGP surrogates (via
MCMC) for f(x1, x2) in Eq. (3.5). Open circles indicate design Xn. White/high, red/low.

3.1.1 Acquisition

Given training data Dn = {Xn, Yn}, AL seeks to optimize a criterion conceived to assess

the potential value of xn+1 | Dn at which to acquire a new yn+1 = f(xn+1), ultimately

forming augmented data Dn+1 = {Xn+1, Yn+1} with x⊤
n+1 and yn+1 in the last row and

entry, respectively. The heftiness of the MCMC-based DGP is at odds with numerical

optimizers [e.g., 76] which require repeated successive evaluation of the simulator at an

a priori unknown number of locations. I instead embrace discrete optimization through



candidate evaluation. All candidate locations may be evaluated simultaneously, possibly in

parallel, which assuages computational costs. The pre-set size of the candidate set also offers

control over computational expenses.

Let X denote a set of candidates from which xn+1 will be selected. Criterion in hand, AL

acquisition with DGPs may proceed as follows: (1) collect MCMC samples indexed by t ∈ T

(Section 2.2), (2) map X to the criterion for each t; (3) average over t ∈ T ; (4) choose from

X optimizing the average. The relevant calculations boil down to propagating testing inputs

X (i.e., the AL candidates) through latent layers X → W → Y over MCMC iterations t ∈ T .

Let W (t)
n+1 denote the row-combined set of mapped latent layer values for the existing data

W
(t)
n and those (transposed values) corresponding to candidate/testing location xn+1 ∈ X ,

commensurately w
(t)
n+1 ∈ W (t), for a particular MCMC iteration t ∈ T . I find it helpful to

denote the un-scaled covariance as C(t)
n+1 = K

θ
(t)
y
(W

(t)
n+1)+g(t)In+1, where only the last row and

column depend on w
(t)
n+1, and C

(t)
n similarly. Whereas W(t) quantities play a fundamental

role in the input warping behind the predictive scheme from Section 2.3, C(t)
n+1 evaluated

point-wise for all wn+1 ← xn+1 ∈ X is fundamental to ALC and IMSE acquisition under

DGPs.

Consider IMSE first. Binois et al. [11] and Joseph et al. [61] integrated predictive variance,

i.e., Σ(t)
Y (w) in Eq. (2.12), in closed form under a uniform measure in the unit cube. This

is fine in ordinary GP applications where X can be trivially coded to [0, 1]d, but w’s are

Gaussian and thus have support on the whole real line (in each of p coordinates). Maintaining

integration over a uniform measure, in keeping with the spirit of earlier IMSE applications,

thus required an upgrade. Letting a(t) = min{W(t)}, applied column-wise to calculate a

p-vector, and similarly b(t) = max{W(t)}, I derived the following closed form IMSE over a



uniform measure in [a(t), b(t)] and Gaussian kernel (1.2)

IMSE(w(t)
n+1) = τ̂ 2(t)

p∏
i=1

(b
(t)
i − a

(t)
i )
[
1− tr

(
(C

(t)
n+1)

−1H(t)
)]

(3.2)

where H(t) is an (n+ 1)× (n+ 1) matrix with elements

H
(t)
jk =

(
πθ

(t)
y

2

) p
2 p∏

i=1

exp
(
−(wj,i − wk,i)

2

2θ
(t)
y

)Φ
2bi − wj,i − wk,i√

θ
(t)
y

− Φ

2ai − wj,i − wk,i√
θ
(t)
y

 ,

in which wj,i is the jth element of the ith node of W (t)
n+1 and Φ is the standard Gaussian CDF.

A detailed derivation is provided in Appendix A.2. IMSE is a function of w(t)
n+1, as the first

n rows of W (t)
n+1 are fixed. The first n × n block of H(t) may be pre-calculated as only the

final row and column depend on w
(t)
n+1. Similarly, pre-calculating (C

(t)
n )−1 using partitioned

matrix inverse (Appendix A.1), allows for linear computation of (C(t)
n+1)

−1 for each w
(t)
n+1.

ALC proceeds similarly, but requires the specification of an additional reference set Xref. I

prefer Xref ≡ X , which is the default in other/ordinary GP contexts and simplifies matters

considerably. Although one could map novel Xref → W (t)
ref following Eq. (2.11), it is far

easier to take W(t)
ref = W(t). I simplify notation by denoting k(t)

n (w) = K
θ
(t)
w
(W

(t)
n , w) and

k(t)
n+1(w) = K

θ
(t)
w
(W

(t)
n+1, w). Following Eq. (3.1), the ALC statistic may be developed as

follows, with details in Appendix A.3.

ALC(W (t)
n+1 | W

(t)
ref ) =

∑
w∈W(t)

ref

τ̂ 2(t)k
(t)⊤
n+1(w)(C

(t)
n+1)

−1k
(t)
n+1(w)

∝
∑

w∈W(t)
ref

τ̂ 2(t)
[
v(h⊤k(t)

n (w))2 + 2zh⊤k(t)
n (w) + v−1z2

]
,

(3.3)

with v = 1 + g(t) − k
(t)⊤
n (w

(t)
n+1)(C

(t)
n )−1k

(t)
n (w

(t)
n+1), h = −v−1(C

(t)
n )−1k

(t)
n (w

(t)
n+1), and z =

K
θ
(t)
y
(wn+1, w).



Aggregate criteria (either IMSE or ALC) for xn+1, mapped to w
(t)
n+1 for each t ∈ T arise as

IMSE(xn+1) =
1

|T |
∑
t∈T

IMSE(w(t)
n+1) and ALC(xn+1) =

1

|T |
∑
t∈T

ALC(w(t)
n+1 | W

(t)
ref ).

Depending on the preferred criterion, acquisition involves selecting xn+1 = argminx IMSE(x)

or xn+1 = argmaxx ALC(x). These acquisitions could be solved using a numerical optimizer,

but again I prefer discrete search over a candidate set because it lends well to pre-calculations,

averaging over iterations, and parallel implementation.

Extending my earlier illustrations, the right panel of Figure 1.2 shows DGP-based IMSE

and ALC evaluated over a dense candidate set X . Both criteria favor acquisitions in the

left, more wiggly region. ALC’s reference set Xref = X , which is uniform over the inputs,

becomes warped through the latent W and yields non-uniform Wref, accounting for the

slight differences between the IMSE and ALC surfaces. This discrepancy can become more

pronounced in three-layer models, and higher. Figure 3.2 provides an illustration of the ALC

surface for the 2d example of Section 3.1.3. When combined with the non-stationary DGP,

the ALC criterion is able to identify the area of highest interest (lower left corner).

3.1.2 Implementation Details

IMSE and ALC calculations are provided in the deepgp package through the S3 methods

IMSE and ALC, which are parallelized via foreach [88] constructs. Under-the-hood calcula-

tions utilize C and C++ for faster computation. These functions require an S3 class object

containing burned-in MCMC samples and the specification of a set of candidates.

R> fit.2 <- fit_two_layer(X, Y)

R> imse.2 <- IMSE(fit.2, Xcand)



R> alc.2 <- ALC(fit.2, Xcand)

When designing sequentially with AL, after new {xn+1, f(xn+1)} is acquired, it is helpful

to re-start MCMC samples at the values where the previous chain/model left-off, reducing

the burn-in effort (these may be specified as optional inputs to fit_two_layer). In my AL

examples, I found that as few as 500 burn-in iterations were sufficient. Of course, the success

of such shortcuts is intimately tied to the rejection-free nature of ESS. Efficient MCMC allows

me to remove the “human-in-the-loop”, specifying numbers of total and burn-in iterations

in advance, without the need to investigate trace plots along the way.

3.1.3 Synthetic Experiments

First, I validate my DGP/AL methodology on two hypothetical simulations. To bench-

mark against simpler alternatives out-of-sample, I evaluate root mean-squared error (RMSE,

smaller is better), and additionally a proper scoring rule [39, Eq. 25] proportional to the pre-

dictive MVN log likelihood (larger is better) in the presence of noisy simulations. I also

compare the ability of the model to place design points in the region of highest complexity,

offering perhaps the most compelling visual of sequential design success. I compare DGP

models to both one-layer stationary GP surrogates (using MCMC sampling of hyperparam-

eters) and non-stationary treed GP models [TGP; 44] fit through the tgp package on CRAN

[40]. TGP uses trees to partition the input space, fits separate GPs on each rectangular

partition element, and averages across an MCMC posterior sampling scheme. I use the ALC

selection criterion since it is already implemented in tgp and allows for direct comparison.



1d. Consider a 1d example generated piecewise:

f(x) =


1.35 cos(12πx) x ∈ [0, 0.33]

1.35 x ∈ [0.33, 0.66]

1.35 cos(6πx) x ∈ [0.66, 1].

(3.4)

Figure 3.3 provides a visual. The input space is divided into three distinct, equally-sized

regions. I posit that x ∈ [0, 0.33] is of highest modeling interest because it is the most wiggly.

Realizations are observed with N (0, 0.12) additive noise. One-, two-, and three-layer models

were fit via AL acquiring a total n = 35 runs initialized via novel n0 = 10 LHSs (i.e., 25

AL acquisitions) and 100-point candidate/reference set(s) using ALC, all wrapped in a MC

exercise with 100 repetitions.

Figure 3.3: (Left) f(x) from Eq. (3.4). Three regions of the input space are highlighted by
the green, orange, and blue lines on the x-axis. (Right) Proportion of sampled points falling
in each region. Boxplots represent the spread of 100 repetitions. A red dotted line marks
the actual proportion of the input space occupied by each region.

Figure 3.4 shows RMSE and score calculated after each iteration for the four comparators.

The two-layer DGP dramatically outperforms the one-layer GP for small data sizes (n =

10, . . . , 25). Once n is large enough, the one-layer model catches up. This ordinary GP



Figure 3.4: RMSE (left) and score (right) for f(x) from Eq. (3.4). Solid lines represent the
average over 100 repetitions. Shaded regions represent 90% quantiles.

eventually edges out on RMSE, but the two-layer DGP wins on score. The latter’s wider

RMSE quantiles at n = 35 are caused by models that over-fit the noisy observations. The

three-layer model performs well on average, but is marked by very wide quantiles due to

even more prominent over-fitting. Both DGPs do a better job of placing runs in the region

of highest interest, x ∈ [0, 0.33]; see Figure 3.3, right. In the two-layer case, notice the

right-hand region x ∈ [0.66, 1] has the fewest acquisitions of all. This happens, I believe,

because of the shape of the latent W layer. Refer again to the left panel of Figure 2.3, where

the right-hand region bends toward the left-hand one, “borrowing strength” from the more

substantial corpus of information there. Despite a strictly distance-based kernel structure,

such latent W may impart a periodic effect on dynamics. The non-stationarity of the TGP

model allows some departure from space-filling designs, but performs poorly on score; likely

a by-product of model uncertainty in the spatial location of tree partitions.

2d. Next consider a 2d example originally from Gramacy and Lee [45]:

f(x1, x2) = 10x1exp
(
−x2

1 − x2
2

)
for x1, x2 ∈ [−2, 4], (3.5)



observed with N (0, 0.12) noise. Although there are no abrupt shifts, this function is char-

acterized by two distinct regimes. Figure 3.5 marks these with color along the x-axes;

Figure 3.5: (Left) f(x1, x2) from Eq. (3.5). Two input regions are marked by the green and
orange lines along the x-axes. (Right) Proportion of AL acquisitions falling in each region.
Boxplots indicate spread over 100 repetitions. Red dotted lines mark the actual proportions
occupied by each region.

naturally the “peaky”, bottom-left region is of more interest than the much larger flat one.

AL is initialized with random LHSs of size n0 = 10, followed by ALC acquisitions (200 can-

didates/references) up to n = 80. Figure 3.6 shows RMSE and score calculated after each

Figure 3.6: RMSE (left) and score (right) for f(x1, x2) from Eq. (3.5). Solid lines represent
the average over 100 repetitions. Shaded regions represent 90% quantiles.

iteration for one-, two-, and three-layer models as well as TGP. The two-layer DGP per-



forms similarly to the one-layer GP in terms of RMSE, but the former achieves consistently

higher scores after a modest number of acquisitions (n > 35). The three-layer DGP beats

the others in both metrics on average but has the widest quantiles. As in the 1d case, both

deep models do a better job of placing design points in the region of interest; see Figure 3.5.

TGP performs similarly to the one-layer GP.

3.1.4 Langley Glide-Back Booster Computer Experiment

The Langley Glide-Back Booster (LGBB) computer model was designed by NASA to assess

the movement of a rocket booster gliding back to Earth for re-use after launching a payload

into orbit. A thorough review is provided in Pamadi et al. [97]. The LGBB simulator has

three inputs – speed upon entry (mach), angle of attack (alpha), and side-slip angle (beta)

– and produces six deterministic response values (lift, drag, pitch, side, yaw, and roll). This

model is uniquely non-stationary because the sound barrier at mach 1 imparts regime changes

on aeronautic dynamics.

Gramacy and Lee [44] developed Bayesian treed Gaussian process (TGP) models specifically

to account for these kinds of axis-aligned regime shifts. In my work here, I utilize a dense

grid of TGP-surrogate evaluated LGBB response values from one of their AL experiments, in

lieu of real simulations (the actual simulator is propriety). Having the “truth” lie inside the

TGP-model class elevates this model to gold standard in terms of out-of-sample validation,

but nevertheless I find comparison outside that class (with DGPs) to be informative. For

more details on these data, and surrogate evaluations, see Gramacy [42, Chapter 2].

Here I focus on the side response; dynamics in the other outputs are similar. Figure 3.7

provides a visual of this response for a fixed beta value. The sound barrier causes a sharp

ridge at mach 1. The region with mach values less than 2 is clearly the most “interesting”.



After initializing with a random uniform (sub-) design of size n0 = 50, I entertained ALC (500

Figure 3.7: (Left) Visual of the LGBB side response for fixed beta = 4. White/high, red/low.
A vertical dotted line splits the input region at mach 2. (Right) Proportion of 300 sampled
points falling left/right of mach 2. Boxplots represent spread over 30 repetitions. Red dotted
lines mark actual proportion of input space.

candidates/references) for acquisitions up to n = 300 using my usual four comparators. A

nugget of g = 10−8 was fixed to account for the deterministic nature of simulations. RMSE on

a 1000-point out-of-sample testing set (newly randomized for each calculation) was evaluated

after every 10th acquisition. On those occasions, I re-used the 1000-point testing set as ALC

candidates/references. Joint evaluation of predictions and ALC is efficient since both rely

on mapped W(t) (2.11).

Figure 3.8 tracks out-of-sample RMSE for the four comparators over AL acquisitions, via

averages over thirty MC repetitions (left), and the spread of values after the final AL acquisi-

tion (right). Both deep models outperform the one-layer GP model but are unable to match

the “gold standard” of TGP. The difference in the allocation of design points among these

models is pronounced. See the right panel of Figure 3.7. The one-layer model is very similar

to a space-filling design. TGP deviates from space filling and puts more design points in the

region of interest (mach < 2), but still allocates the majority of points in the flat region.

DGPs even more aggressively acquire/learn in the interesting region, placing more than half



of the inputs left of mach 2.

Figure 3.8: (Left) RMSE on out-of-sample 1000 point testing sets for the LGBB computer
experiment, averaged over 30 repetitions. (Right) spread of final RMSE at n = 300 across
30 repetitions. Black stars denote the RMSE obtained from static 300-point designs. Both
one-layer MLE variants performed equivalently to the one-layer MCMC fit.

To further investigate the benefit of AL with DGPs, I generated a purely random design

of size n = 300 to train each of the four surrogates. These RMSEs are indicated as *s

overlayed on the boxplots of their respective AL counterparts in the right panel of Figure

3.8. Observe that these static design results are substantially worse for the two- and three-

layer fits. These DGPs demand non-uniform acquisition to predict well. One-layer results

are comparable because these AL designs are essentially space-filling. The TGP results are

curious. Apparently, predictive prowess here comes from “serendipitous accuracy”, arising

from within-model simulations, more than from AL reinforcement. Finally, I fit a one-layer

model using MLE hyperparameters with both separable and non-separable lengthscales using

the laGP package [41]. These RMSEs are identical to those obtained from the one-layer fit,

with stars obscuring one another in the figure. I took this as in indication that the experiment

was internally well-calibrated.



3.1.5 Satellite Drag Computer Experiment

Researchers at Los Alamos National Laboratory developed the Test Particle Monte Carlo

simulator to compute drag coefficients for satellites in low earth orbit. These are useful in

the development of positioning and collision avoidance systems. Sun et al. [123] created

an R wrapper for the simulator and made it publicly available1. The simulator relies on a

geometric satellite specification, atmospheric composition, and 7 input variables. See Sun

et al. [123] and Gramacy [42, Chapter 2] for a thorough discussion of the simulator and its

inputs. I consider the GRACE satellite here; details on atmospheric composition settings

are available in my public Git repository2. Each simulation takes about 86 seconds on a

modern desktop.

Mehta et al. [86] showed that over a restricted portion of the input space, a GP surrogate

trained via 1000-point LHS is able to predict drag within 1% root mean square percentage

error (RMSPE). I use Mehta’s work as a benchmark and show that sequentially designed

DGP models can achieve predictions within 1% RMSPE with fewer data points. I begin with

a 7d LHS of size n0 = 100. To help my model properly estimate the noise of the stochastic

simulator I ran (multiplicity two) replicates at a random selection of ten of these original

locations, so my training actually comprised of n0 = 110 runs. To measure out-of-sample

accuracy by RMSPE, and thus benchmark against Mehta et al., I built a single 1000-element

testing set via LHS.

Considering the substantial simulator expense, I did not entertain three-layer DGPs. my

previous experiments suggested that three-layer models were overkill, and potentially risky.

Although their average-case behavior was attractive, it was also more volatile over repeti-

tions. However, considering the larger input dimension compared to those earlier exercises,

1https://bitbucket.org/gramacylab/tpm/
2https://bitbucket.org/gramacylab/deepgp-ex/

https://bitbucket.org/gramacylab/tpm/
https://bitbucket.org/gramacylab/deepgp-ex/


Figure 3.9: (Left) Out-of-sample average RMSPE for sequential design of the satellite drag
simulator over ten repetitions. (Right) Spread of final RMSPE at n = 500 across 10 repe-
titions. Dashed lines highlight the 1% goal. The top-right sub-panel zooms in on the best
comparators.

I did variations in latent dimension, with p ∈ {3, 5, 7}. In all three cases, training data

inputs were sequentially selected using ALC (1000 candiates/references) up to n = 500, and

RMSPE on the testing set was evaluated after every 10th acquisition. Again due to simu-

lator expense, I limited the MC exercise to ten repetitions (only five for TGP). Results are

summarized in Figure 3.9.

Observe that all but the one-layer (ordinary GP) and TGP comparators were able to achieve

the 1% benchmark, with high probability, with fewer than 500 runs of the simulator. Inter-

estingly, it is possible to accomplish this feat with a latent dimension of p = 3 ≪ d = 7.

Although results are improved with more latent dimensions, up to p = d = 7 which is the

software default, this comes at greater computational expense (p = 3 is two times faster on

an eight core machine).



3.2 Bayesian Optimization

Optimization is a common surrogate modeling objective; the goal is to find the input con-

figuration that yields the lowest response value (alternatively, to find the highest response

simply assign f(x) → −f(x)). More concretely, one seeks to solve the global optimization

problem

x⋆ = argmin
x∈B

f(x) for bounding box B ⊂ Rd, (3.6)

ideally with as few evaluations of the blackbox computer experiment as possible. Greedy

sequential design that leverages surrogate information to seek x⋆ (3.6) is commmonly referred

to as “Bayesian optimization” (BO). Rather than targeting posterior variance as in Section

3.1, acquisitions seek to balance exploitation of known “low” areas and exploration of high

variance regions. Popular BO acquisition criteria include expected improvement [EI; 60],

Thompson sampling [126], and the upper confidence bound [1]. I prefer the EI criterion

because it has a deterministic, closed-form analytic expression, which lends well to evaluation

with MCMC-based DGPs.

Consider the simple one-dimensional example provided in Figure 3.10. Red circles indicate

training data (n = 6). Predicted mean and 95% confidence intervals from a one-layer GP

(using the fit_one_layer functionality in the deepgp package) are shown by the solid and

dashed black lines. Each grey line represents a random draw from the posterior distribution

Y (X ) | Dn following Eq. (1.4). The lowest observation so far is the right-most red point;

this is termed the “best observed value” and is denoted as fmin (assuming f is deterministic

– I will discuss adaptation to noisy data in Section 3.2.2). The next acquisition x⋆ would

be an improvement if f(x⋆) < fmin. There are two promising domains where a lower value

may be observed: in the middle of the space near x = 0.5 and at the upper boundary of the

space near x = 1. These two realms have low predicted mean and high predictive variance.



Figure 3.10: (Left) One-layer GP predicted mean (solid black), 95% confidence interval
(dashed black), and posterior draws (grey). Red circles indicate training data; green triangle
indicates EI acquisition. (Right) The EI criterion evaluated along a dense grid.

Let µY (x) and σY (x) denote posterior predictive mean and standard deviation at location x

(Eq. (1.4) with singleton X = x). The EI criterion is defined as

EI(x) = (fmin − µY (x)) Φ

(
fmin − µY (x)

σY (x)

)
+ σY (x)ϕ

(
fmin − µY (x)

σY (x)

)
(3.7)

where Φ is the standard Gaussian CDF and ϕ is the standard Gaussian PDF. EI is high when

µY (x) < fmin (i.e., exploitation) and/or σY (x) is high (i.e., exploration). The right panel of

Figure 3.10 provides a visual of the EI surface for the GP surrogate fit of the left panel. The

green triangle in the left panel indicates the location that maximizes EI. BO would progress

by evaluating the blackbox simulator at this location and repeating the process of updating

the surrogate and optimizing EI, following the procedure of Figure 3.1.

The effectiveness of EI-acquisitions is intricately tied to the fidelity of the surrogate posterior

predictions. If the true surface is non-stationary, a DGP surrogate may provide better

predictions and more effective BO than a one-layer stationary GP. Hebbal et al. [53] utilized



DGPs for BO, but with variational inference and inducing point approximations (tools which

oversimplify UQ and are lower fidelity than the alternatives I propose, see Chapter 4 for

further discussion and demonstration). Posterior variance estimates are just as prominent in

the EI criterion (3.7) as posterior mean estimates. Even a flexible DGP will not be a useful

BO tool without both high accuracy and full UQ. My fully-Bayesian MCMC-based DGP

(Chapter 2) thus has potential to excel in non-stationary BO settings.

Up to this point, I have glossed over the most challenging part of the BO procedure: finding

the maximum EI location. The EI surface is generally multi-modal with many local optima.

For a visual, return to the EI surface in the right panel of Figure 3.10. There are three

local maxima: near x = 0, x = 0.5, and x = 0.95. A numerical optimizer is likely to get

stuck in inferior modes depending on where it is initialized. To circumvent this, multi-start

optimization is required: run many instances of a numerical optimizer initialized at different

locations and select the highest of all local optima identified. Yet multi-start optimization

is very computationally cumbersome. Each optimization requires a large (and possibly un-

constrained) number of simulatior evaluations, many of which must proceed sequentially,

without scope for parallelization. Such schemes are especially infeasible for MCMC-based

surrogates.

The alternative to numerical optimization is candidate optimization: evaluate EI at a smat-

tering of input locations (which may be done simultaneously, leveraging parallel computing)

and acquire the location that yields the highest EI. The fidelity of candidate optimization

relies heavily on the placement of candidates. Candidates that are allocated randomly or

based on space-filling LHS (as I used in Section 3.1) are likely to miss the steep peaks of the

EI surface, especially in higher dimensions.



3.2.1 Triangulation Candidates

The work in this section stems from joint work with Bobby Gramacy and Nathan Wycoff

[46]. I present a new scheme for allocating candidates for BO with large MCMC-based DGPs

when numerical optimization of the sequential design criterion is not feasible. Start with a

Delauney triangulation of the existing training data locations: a set of line segments between

points that divy up the space so no lines cross. Figure 3.11 provides a visual of this in two

dimensions. Open circles indicate observed training data locations, and black solid lines

form the Delauney triangulation. In two dimensions, this triangulation forms triangles; in

higher dimension it forms tetrahedra although I will still refer to them as triangles. Each

triangle is defined by a (d+1)×d matrix. Denote each triangle by Tj for j = 1, . . . , nT . The

number of triangles, nT , is affected by the size of the training data, n, and the dimension of

the input space, d.

Figure 3.11: Internal and fringe (α = 0.5) triangulation candidates.

I allocate candidates in two realms: internal and fringe. For internal candidates, I propose



the barycenter of each triangle,

x̃j =
1

d+ 1

d+1∑
i=1

Tj[i, ].

These candidates are indicated by the red diamonds in the left panel of Figure 3.10. No-

tice how they are spread out between existing design points. For fringe candidates, denote

Fj for j = 1, . . . , nF as the d × d matrix representing a facet (outer edge of the triangula-

tion). Together, these facets form the convex hull. Calculate the midpoint of each facet as

F̄j =
1
d

∑d
i=1 Fj[j, ] then take the normal vector v⃗j extending perpendicularly from Fj at the

midpoint F̄j. I allocate a candidate along each v⃗j, with the exact placement determined by a

tuning parameter α ∈ [0, 1] representing the proportional distance from the facet midpoint to

the boundary of the space. For BO, I have found α = 0.5 to perform well. Fringe candidates

for the example of Figure 3.10 are represented by the tips of dashed arrows. I refer to the

combination of internal and fringe candidates as the “tricands.”

As dimension increases, the number of total candidates, N = nT + nF will increase. For

large N , it is helpful to constrain the computational burden by setting a maximum size

of the candidate set. I accomplish this with targeted sub-sampling of the triangulation

candidates. In BO settings, I subsample a maximum set of 100 × d candidates, making

sure that atleast 10% of the retained candidates are near the current best observed value

to ensure opportunities for exploitation. See Gramacy et al. [46] for details. Overall, this

tricands scheme allows for strategic allocation of points betweeen existing training design

locations (and the bounding box), which is where sequential design criteria optima are most

likely to be found.

I use the geometry package for R [50], which is coded in C under the hood, to compute

Delauney triangulations. I provide R code wrappers for calculating tricands with all of the



nuances I have described thus far in a public git repository3.

3.2.2 Implementation Details

With EI criterion (3.7) and candidate scheme in hand, integration with the Bayesian DGP

is relatively straightforward. Start with an initial training design and conduct MCMC sam-

pling for DGP latent variables following Section 2.2. Generate tricands candidates, Xtri as

described in the previous subsection. For each burned-in sample t ∈ T , calculate posterior

predictive mean and point-wise variances, µ(t)
Y (Xtri) and σ

2(t)
Y (Xtri) = diag(Σ(t)

Y (Xtri)) follow-

ing Eqs. (2.11–2.12) (by mapping through latent warpings) at Xtri locations. Then slot these

into the EI calculation,

EI(t)(Xtri) =
(
fmin − µ

(t)
Y (Xtri))

)
Φ

(
fmin − µ

(t)
Y (Xtri)

σ
(t)
Y (Xtri)

)
+ σ

(t)
Y (Xtri)ϕ

(
fmin − µ

(t)
Y (Xtri)

σ
(t)
Y (Xtri)

)
,

and take the expectation over t ∈ T ,

EI(Xtri) =
1

|T |
∑
t∈T

EI(t)(Xtri).

When the simulation is deterministic, fmin = min(Yn) is a true representation of the best

observed value (BOV). But if the simulation is observed with stochastic noise, then min(Yn)

may not represent the actual best location, particularly if the low value was simply caused

by white noise. In this case, I implement the replacement of fmin with f
(t)
min = min(µ(t)

Y (Xn)).

In other words, find the predicted mean at the training data locations and use the minimum

mean value as the BOV, thus removing the impact of the noise term. In the case of the

DGP, these predicted BOV’s must also be indexed based on the MCMC sample and averaged

appropriately. In the presence of noise, I remove the additive nugget from the point-wise
3https://bitbucket.org/gramacylab/tricands/

https://bitbucket.org/gramacylab/tricands/


posterior variances (i.e. remove g(t)In′ in Eq. (2.12)).

EI calculations are offered as an optional feature of the predict commands in the deepgp

package. They are triggered by the indicator EI = TRUE.

R> fit.2 <- predict(fit.2, Xtri, EI = TRUE)

Optional parallelization via foreach [88] constructs is triggered by additionally setting the

cores argument to an integer greater than one.

3.2.3 Synthetic Experiment

As an empirical comparison, I offer a synthetic example involving the Levy function, which

is again found in the Virtual Library of Simulation Experiments [124] and is defined in

arbitrary dimension,

f(x) = sin2(πw1) +
d−1∑
i=1

(wi − 1)2
[
1 + 10 sin2(πwi + 1)

]
+ (wd − 1)2

[
1 + sin2(2πwd)

]
where wi = 1 +

xi − 1

4
for all i = 1, . . . , d.

Here I use d = 5 and a random starting design of size n0 = 12. I entertain two non-stationary

surrogates: my Bayesian DGP and the treed Gaussian process [TGP; 44] implemented in

the tgp package [40]. I entertain two candidate based allocations: Latin Hypercube samples

(lhs) and my tricands (tri). The maximum candidate set size for both is fixed at N =

d× 100 = 500.

Results for EI-based acquisitions up to n = 75 are provided in Figure 3.12. The left panel

reports the median BOV over 100 Monte Carlo repetitions (with re-randomized initial de-

signs). The center panel shows a slice of the performance midway through the design at



Figure 3.12: Bayesian optimization of the Levy function in 5d.

n = 50. The right panel shows the performance at the end of the sequential design. The

DGP outperforms the TGP competitor in this example, but the key takeaway is that both

surrogates perform better with tricands candidates than LHS candidates (in the left panel,

the dotted lines are uniformly dominated by the solid lines).

3.3 Contour Location

Another common surrogate modeling objective is “contour location” (CL) in which the goal

is to identify an entire level set in the response surface. Contour location goes hand-in-hand

with reliability analysis; the specified level set denotes the boundary between a pass and fail

(“pass” and “fail” definitions are domain specific, they may refer to safe v. unsafe conditions

or efficient v. inefficient use). In practice, it is crucial to know the precise locations of

failure regions so they can be avoided. These situations are especially prevalent in aerospace

enginnering applications in which response values are linked to either safety or performance

characteristics of aircraft.



Contour location is very similar to Bayesian optimization; both seek to sequentially select

inputs that balance exploitation and exploration. The key difference lies in the size of the

target: in BO the target is a single location, in CL the target is an entire slice of the surface.

As a concrete demonstration, consider the surface displayed in Figure 3.13. The formal

definiton of the displayed function is provided in Eq. (3.10), but I will simply refer to it as

the “plateau” function. It is marked by two flat regions with a sloping drop between them.

I have defined a failure boundary at f(x) = 0, indicated by the solid blue line in the left

panel. The sequential design objective is to pinpoint the location of this entire line in as few

evaluations of the blackbox function as possible.

Figure 3.13: Heat map and surface plot of the 2-dimensional plateau function (3.10).

Existing work on surrogate-informed contour location utilizes GP surrogates almost exclu-

sively (I have not seen DGPs deployed in this context yet). The most popular acquisition

criterion for contour location is entropy [17, 82, 93]. Let g indicate the contour level thresh-

old such that f(x) > g indicates a failure. Denote px = P (f(x) > g) as the probability of

observing a failure at location x. The entropy criteria,

Ent(x) = −px log(px)− (1− px) log(1− px), (3.8)



will be high in regions of pass/fail uncertainty (i.e. px ≈ 0.5). Under a GP surrogate, failure

probabilities simplify to a Gaussian CDF computation,

px = P (f(x) > g) = 1− Φ

(
g − µY (x)

σY (x)

)
, (3.9)

where µY (x) and σY (x) are the predicted posterior mean and standard deviation respectively.

In a DGP, the posterior predictions are conditionally Gaussian instead of margianally Gaus-

sian, but I find the form of Eq. (3.9) sufficient nonetheless.

To provide a concrete visual, I fit a two-layer DGP to random training data of size n0 = 15

for the plateau function. [I’m not providing a comparison to a stationary GP fit at this

point, but hopefully I’ve convinced you by now that a one-layer GP would struggle to

handle the steep transition between the two flat regions.] The left panel of Figure 3.14

shows a heatmap of the predicted mean surface, with training data locations indicated by

open circles. The estimated failure contour is displayed by the black dashed line; the true

failure contour is overlayed in blue for reference. The center panel displays a heat map of

the predicted standard deviation. Notice that the predictive uncertainty is high in areas

near the transition and far from training data [If I had fit a stationary GP here, this plot

would look just like the left panel of Figure 3.2 with uncertainty solely based on distance to

training data.] The right panel displays a heat map of the entropy surface. It is very peaky,

with a ridge of maxima highlighted by the blue circles. For now, ignore the green diamond,

I will discuss it in Section 3.3.1.

Two of the high entropy points (blue circles) are nestled right next to existing training

data locations. Even though uncertainty is low here, entropy is still high. And this is the

region where the surrogate actually predicts the contour most accurately! An acquisition

in this region would not be advantageous. Simply maximizing entropy will not yield the



Figure 3.14: Two-layer DGP predicted mean (left), standard deviation (center), and corre-
sponding entropy (right). Open circles indicate training data. Blue circles indicate locations
with highest entropy. Green diamond indicates Pareto front acquisition (Section 3.3.1).
White/high, red/low.

best acquisition. Cole et al. [17] noticed this inconvenient behavior of entropy and posited

a solution that seeks local optima in the entropy surface, as an alternative to the global

optima, through a hybridized multi-start optimization scheme. While this is a step in the

right direction, this strategy still relies on entropy as the sole acquisition criteria and re-

sults in acquisitions that cluster together. Nevertheless, Cole et al. demonstrated superior

performance over a plethora of competing methodologies, making their method my primary

competitor.

3.3.1 Pareto Front of Entropy and Uncertainty

In this section I propose a novel sequential design scheme for DGP-informed contour location.

The motiviation behind this contribution is two-fold. First, I need an acquisition scheme

that relies only on prediction at candidate locations and not on burdensome numerical op-

timization (which is incompatible with the Bayesian DGP). Second, I need an acquisition

criterion that addresses the pitfalls of entropy (it is overly peaky and does not thoroughly



promote exploration).

To motivate my proposed methodology, let us return to the example of Figure 3.14. An ideal

acquisition would acquire a new input on the outer edges of the predicted contour where the

contour prediction is not accurate and surrogate uncertainty is high. In summary, I want

to target both high entropy and high uncertainty, not one or the other. The left panel of

Figure 3.15 combines the visuals from the center and right panels of Figure 3.14 by plotting

entropy vs. predictive standard deviation, evaluated over a dense grid of locations. An ideal

acquisition would be in the upper right corner of this plot. This “upper-right edge” is the

“Pareto” front (red triangles). Acquisitions along that frontier target both high uncertainty

and high entropy.

Figure 3.15: (Left) Entropy vs. predictive standard deviation for the DGP of Figure 3.14.
Red triangles indicate the “Pareto” front. (Center) Triangulation candidates (α = 0.9) for
the existing design. (Right) Same as left, but evaluated at tricands instead of a dense grid.

My candidate-based contour location scheme boils down to three steps: propose a selection of

candidate locations, use the surrogate to evaluate posterior standard deviation and predictive

entropy for these candidates, and select an acquisition on the Pareto front of uncertainty

and entropy. I have yet to discuss the first of these steps though. In higher dimension it

is not possible to propose a dense grid of candidates. Even in lower dimensions, there is a

computational limit to the number of candidates that can be quickly evaluated through the



surrogate.

Thus, I again need a strategic method for allocating candidates... re-enter tricands! Triangu-

lation candidates (Section 3.2.1) strategically allocate candidates between existing training

data, where predictive uncertainty is likely to be high, making them a natural fit for my

Pareto front acquisitions. To tailor tricands for CL (instead of BO), I offer two adaptations.

First, I utilize α = 0.9 for fringe candidates to push candidates closer to the boundary. I find

this is advantageous since failure regions are more likely to be near boundaries (as opposed to

optimum locations which are more commonly in the interior of the space). Second, I adapt

the targeted sub-sampling approach to guarantee at least 10% of sub-sampled tricands are

near high response locations (instead of the “best observed value” I used previously).

The center panel of Figure 3.15 displays tricands (red diamonds and points of arrows) for

the training data of the plateau function. The right panel re-creates the left panel, but with

evaluations done only on the tricands locations, with the Pareto front acquisition marked by

the red triangle. The right panel is much sparser, but it still manages to place an acquisition

in a strategic location. Returning to Figure 3.14, this tricands-Pareto-front acquisition is

indicated by the green diamond. It is in an ideal area of high entropy and high uncertainty.

3.3.2 Implementation Details

I utilize the deepgp package for DGP surrogate training and predictions. The calculation

of entropy is straightforward, given posterior predictive moments (3.8–3.9). An updated

version of tricands that accounts for targeted sub-sampling near a contour is provided in the

same git repository.4 I utilize the rPref R package on CRAN [105] for identification of the

Pareto front.

4https://bitbucket.org/gramacylab/tricands/

https://bitbucket.org/gramacylab/tricands/


R> XPareto <- psel(data.frame(ent, sigma), pref = high(ent) * high(sigma))

When the Pareto front includes more than one candidate location (as in the multiple red

triangles of the left panel of Figure 3.15), I sample an acquisition from these uniformly at

random. Reproducible code that runs an entire sequential design is provided in my other git

repository (the same one I’ve been plugging all along).5

3.3.3 Synthetic Experiments

I entertain the following competitors:

• DGP ESS Pareto: my Bayesian ESS-based DGP using tricands and the Pareto front

acquisition defined in Section 3.3.1.

• GP MCMC Pareto: a stationary one-layer GP with MCMC-sampled separable length-

scales utilizing tricands and the Pareto front acquisition.

• GP MLE Pareto: a stationary one-layer GP utilizing maximum likelihood estimated

separable lengthscales and the multi-start pseudo optimization of entropy from Cole

et al. [17].

All surrogates utilize the Matèrn ν = 5/2 kernel. The first two competitors differ only in

the use of a DGP surrogate, while the third competitor represents the “state-of-the-art” at

the time of publication. All empirical studies in this section are observed without noise.

5https://bitbucket.org/gramacylab/deepgp-ex/

https://bitbucket.org/gramacylab/deepgp-ex/


Plateau Function. Consider the function

f(x) = 2 ∗ Φ

(
√
2

(
−4− 3

d∑
i=1

xi

))
− 1 for x ∈ [−2, 2]d

(
but scaled to x ∈ [0, 1]d

)
,

(3.10)

which I have adapted from Izzaturrahman et al. [57] to be defined in arbitrary dimension.

I define the failure contour at g = 0, such that f(x) > 0 indicates a failure. Starting with

d = 2 and an initial LHS design of size n0 = 5, I conduct sequential designs targeting this

contour up to an ending design size of n = 30 (25 acquisitions). The median sensitivity

or “true failure rate” (1.0 indicates detection of all failures) across 50 Monte Carlo (MC)

repetitions with re-randomized starting designs is displayed in the left panel of Figure 3.16.

The distribution of sensitivities across MC repetitions at the end of the sequential design are

displayed in the left side of the right panel. As an additional benchmark, I fit each surrogate

on static LHS designs of equivalent size (n = 30) and reported the sensitivities in the same

panel.

Figure 3.16: Sensitivity (higher is better) for the two-dimensional plateau function.

Notably, although the DGP surrogate starts at a similar place as the MCMC-based GP sur-



rogate, it quickly jumps to the top performance after a couple of acquisitions and maintains

this superiority for the extent of the design. All methods benefited from the contour locating

sequential designs when compared to their static LHS counterparts.

Figure 3.17: Sensitivity for the five-dimensional plateau function.

To make things a little tricker, I bumped the dimension up to d = 5 and repeated this

exercise. Higher dimension requires larger data sizes, so I started with n0 = 20 and extended

the designs up to n = 150. Results are shown in Figure 3.17. Performance trends are

similar to those of Figure 3.16, although it appears the DGP has an even bigger edge in

this higher dimensional setting. Also noteworthy, the entropy-based acquisitions of the “GP

MLE hybrid” model occasionally led the GP astray, and offered poorer performance than

their static design counterparts. I supsect this is due to clustering of points and a lack of

exploration.

Cross-in-Tray Function. Next, consider the “cross-in-tray” function

f(x1, x2) = −0.001

(∣∣∣∣∣sin(x1) sin(x2)exp
(∣∣∣∣∣100−

√
x2
1 + x2

2

π

∣∣∣∣∣
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found on the pages of the VLSE [124]. I use the domain x ∈ [−2, 2]2 (similarly scaled down

to [0.1]2). A visual of the surface is provided in the left panel of Figure 3.18 with a contour

defined at g = 2. I follow the same sequential design procedures, but increase training data

sizes to n0 = 50 and a final design size of n = 300 to account for the increased complexity

in the surface and the contour. Results over 20 MC repetitions are displayed in Figure 3.19.

Again, all methods benefit from the sequential design, but the DGP has a clear advantage

due to its non-stationary flexibility.

Figure 3.18: (Left) Heat map of the two-dimensional cross-in-tray function with contour
at g = 2. (Center) Sequential design from two-layer DGP with Pareto front acquisitions.
(Right) Sequential design from stationary GP with hybrid-entropy acquisitions. Red “x”
indicate starting LHS; black circles indicate acquired points.

In addition, the center and right panels of Figure 3.18 display the resulting design at the end

of a single MC exercise for the “DGP ESS Pareto” scheme and the “GP MLE hybrid” scheme.

Red “x” indicate the starting LHS design, and black circles indicate the acquired points. As

expected, the acquisitions that rely solely on entropy tend to cluster (right panel). The

Pareto front acquisitions do a better job of exploring the contour. The real “secret sauce”

though is the combination of the Pareto front acquisition scheme with the right surrogate

model (the flexible two-layer DGP in this case).



Figure 3.19: Sensitivity for the two-dimensional cross-in-tray function.

3.3.4 SU2 Airfoil Computer Experiment

The SU2 suite provides an array of aeronautic computer experiments [28]. I am particularly

motivated by a 7-dimensional computational fluid dynamics simualtion of incompressible

flow around an airfoil. Four of the seven inputs are wing shape parameters; they define the

airfoil mesh. The other three inputs are angle of attack, Reynolds number (which controls

fluid dynamics characteristics), and mach number (speed). The response variable is the “lift

to drag ratio” (LD). High LD values correspond to high efficiencies; an aircracft will not

require as much fuel in these settings. Low LD values are inefficient. Ideally, wing design

and flight characteristic (like angle and speed) will be calibrated to avoid inefficient settings.

DGPs are relatively new to this area, but expert knowledge suggests that there is some non-

stationarity in the response surfaces of these simulations. To test this, I ran the simulator

at a large LHS of size n = 5, 000. It takes about 5 minutes to get a single observation on

an 8-core hyper-threaded Linux machine, so evaluating this entire design required weeks of

compute time. I took random subsets of size n = 500, fit both two-layer DGP and stationary



Figure 3.20: Root mean squared error, continuous rank probability score [39], sensitivity,
and specificity for surrogate fits to static LHS designs of size n = 500. Failures defined at
LD < 3. Lower RMSE/CRPS and higher sensitivity/specificity are better. Boxplots show
10 MC repetitions.

one-layer GP surrogates, and evaluated their performance on the remaining 4,500 points. In

addition to my Bayesian ESS DGP (“DGP ESS”), I used the gpytorch suite in Python [36]

to fit a two-layer DGP (“DGP TORCH”) that utilizes variational inference and inducing

point approximations. The gpytorch implementation required careful, tedious tuning of

the hyperparameters governing the optimization procedure. Results are displayed in Figure

3.20. Both DGP variations outperformed the GP on prediction accuracy and uncertainty

quantification (indicated by low CRPS), with my ESS-based DGP performing marginally

better than the variational-inference-based competitor. It may be possible to improve the

results from gpytorch with additional tuning, but it is noteworthy that my deepgp package

implementation does not require any fine tuning (I utilized all the package defaults). See

Section 4.3 for further discussion of competing DGP methodologies.

Encouraged by these results, I employed a contour location sequential design utilizing the

DGP ESS surrogate with tricands and Pareto front acquisitions. I specified a failure contour

at LD = 3 such that f(x) < 3 represents a failure (low efficiency). I started with a random

LHS of size n0 = 100 and acquired 400 points for a resulting design of size n = 500.

Sensitivity and specificity (higher is better) for 10 MC repetitions (with re-randomized initial



LHS) are shown in Figure 3.21. The left panels show progress across the sequential designs,

and the right panels show the results from static designs of equivalent size (copied from

Figure 3.20 for reference). The DGP-tricands-Pareto sequential designs outperformed the

static fits with as few as 200 evaluations of the simulator. Performance saturates after several

hundred acquisitions, which is a useful metric for determining a satisfactory “stopping point”

for the sequential design.

Figure 3.21: Sensitivity (top) and specificity (bottom) for “DGP ESS Pareto” sequential
designs of the SU2 simulator (left panels). Right panels show results from static LHS designs.

Figure 3.22 shows one of the resulting sequential designs, visualized as a projection over the

two most impactful inputs: angle of attack and mach number (speed). Although the designs

are in seven dimensions, this low dimensional projection still provides some insights. Pareto



front acquisitions (filled circles and triangles) occasionally explore, but overwhelmingly focus

on low angles of attack. All “failures” occurred at low angles of attack and high speeds.

This behavior makes sense, as this is where drag is generally high and lift is generally low.

Acquisitions were often placed near this boundary in the upper left corner, an indication

that the sequential design procedure is properly honing in on the contour.

Figure 3.22: Two-dimensional projection of a “DGP ESS Pareto” sequential design for the
7-dimensional SU2 simulator.

3.4 Discussion

The non-stationary nature of DGPs makes them an excellent candidate for sequential design

via active learning (AL) when simulation dynamics are characterized by stark regime shifts.

The flexibility of a DGP, combined with an inferential scheme that offers thorough UQ

through full posterior integration, allows for sequential designs that depart from traditional

space-filling allocations and yield improved performance. I demonstrated DGP superiority

over typical GP regression in examples ranging up to seven dimensions. I entertained three



unique AL objectives: variance reduction, Bayesian optimization, and contour location.

I was most surprised by how well a simple default setup – two layers with nodes matching

the input dimension (p = d) – compared to more complex alternatives. Although there is

evidence that even deeper GPs (≥ 3 latent layers) work well when there are abrupt regime

shifts [20, 24], I was unable to identify any common computer simulation benchmarks which

demanded that complexity. It may be that typical simulators simply aren’t that pathological.

Perhaps incorporating input connected networks [27], in which deep layers depend on both

the previous layer and the original inputs, may increase the utility of deeper models. In

higher dimensional settings, I found the relative success of two-layer DGPs with p < d to be

intriguing. My work was limited to post-hoc analysis of depth and node size; selecting these

specifications in real-time, for example, would be of great practical interest.

Triangulation candidates proved useful in both the BO and CL settings, but the computa-

tional costs of the Delauney triangulation may become prohibitive in higher dimensions. In

my experience, 8 dimensions is pushing the boundary of feasibility for the Delauney trian-

gulation. There are some opportunities for improvement, such as only updating the portion

of the triangulation near a newly acquired point. But I suspect that new methodology will

be needed to replace the Delauney triangulation in higher dimension while still mimicing its

behavior.

While I chose to use the Pareto front of entropy and posterior standard deviation for contour

location, the utility of the Pareto front procedure is not limited to the entropy criterion nor

to the contour location setting. Combining any acquisition criteria with posterior standard

deviation and selecting acquisitions on the frontier has potential to encourage exploration

while retaining exploitative behavior, which could be useful for a wide range of sequential

design endeavors.



Chapter 4

Vecchia-approximated DGPs

Contrary to active learning set-ups, some computer experiments are computationally cheap,

and large training datasets are easy to come by. When n is large, cubic computational

bottlenecks caused by the large matrix determinant and inverse computations of the GP

likelihood (1.3) become prohibitive. These bottlenecks are exacerbated in a Bayesian DGP

with dense covariance matrices at every Gaussian layer and many likelihood evaluations

required for full posterior integration. A thrifty approximation is necessary. I introduced

some popular GP approximations in Chapter 1, but I prefer Vecchia approximation [128].

The Vecchia approximation is motivated by computational bottlenecks in GP regression,

which are compounded in a DGP setting. The underlying idea is basic: any joint distribution

can be factored into a product of conditionals p(y) = p(y1)p(y2 | y1)p(y3 | y2, y1) · · · p(yn |

yn−1, . . . , y1). This is true up to any re-indexing of the yi’s. In particular, and to establish

some notation for later, any joint likelihood (1.3) may be factored into a product of univariate

likelihoods

L (Y ) =
n∏

i=1

L
(
yi | Yc(i)

)
(4.1)

where c(1) = ∅ and c(i) = {1, 2, . . . , i − 1} for i = 2, . . . , n. The Vecchia approximation

instead takes a subset, c(i) ⊂ {1, 2, . . . , i− 1}, of size |c(i)| = min (m, i− 1). When m < n,

the strict equality of Eq. (4.1) is technically an approximation, yet I will use equality notation

throughout when speaking of the general case with unspecified m. This approximation is

71



indexing-dependent for fixedm < n, but hold that thought for a moment. Crucially Eq. (4.1),

in the context of Eqs. (1.3) and (1.1), induces a sparse precision matrix: Q(X) = Σ(X)−1.

The (i, j)th element of Q(X) is 0 if and only if yi and yj are conditionally independent

(i.e. i /∈ c(j) and j /∈ c(i)). The Cholesky decomposition of the precision matrix, Ux for

Q(X) = UxU
⊤
x , is even sparser with fewer than m off-diagonal non-zero entries in each row.

I follow Katzfuss et al. [66] in working with the upper trianglular Ux, referred to as the

“upper-lower” Cholesky decomposition.

A GP-Vecchia approximation requires two choices: an ordering of the data and selection

of conditioning sets c(i). There are many orderings that work well [47, 65, 121], but a

simple random ordering is common [22, 122, 129]. The prevailing choice for conditioning

sets is “nearest-neighbors” (NN) in which c(i) comprises of integers indexing the closest

observations to xi which appear earlier in the ordering. Approximations based on NN are

sometimes referred to as NNGPs [22]. To demonstrate an ordering and NN conditioning

set, the left panel of Figure 4.1 shows a grid of inputs with random ordering (the numbers

plotted). [The other panels will be discussed in Section 4.1.3.] For point i = 45 (red triangle),

the NN conditioning set of size m = 10 is highlighted by blue circles. These are the points

closest to x45 in Euclidean distance, with indices j < i in the ordering. Sets c(i) for all

i = 1, . . . , 100 are chosen similarly.

Under a GP, components of Eq. (4.1) are univariate Gaussian,

L(yi | Yc(i)) ∼ N1(µi(X), σ2
i (X)) where Bi(X) = Σ(xi, Xc(i))Σ(Xc(i))

−1,

µi(X) = Bi(X)Yc(i),

σ2
i (X) = Σ(xi)−Bi(X)Σ(Xc(i), xi),

(4.2)

and Xc(i) is the row-combined matrix of X’s rows corresponding to indices c(i). Foreshadow-

ing a DGP application in Section 4.1, one may define Bi(W ), µi(W ) and σ2
i (W ) identically



Figure 4.1: (Left) A uniformly spaced grid of inputs, randomly ordered. NN conditioning set
for x45 (red triangle) is highlighted by blue circles. (Middle) Same ordering/NN sets instead
plotted as the “warped” W from Figure 2.4. (Right) “Warped” W , but re-ordered randomly
with NN conditioning adjusted accordingly.

but with w/W in place of x/X. With this representation, I convert a large n × n matrix

inversion (O(n3)) into n-many m×m matrix inversions (O(nm3)), a significant improvement

if m≪ n.

The details of Vecchia-GPs, including numerous options for orderings, conditioning sets,

hyperparameterizations, and computational considerations, are spread across multiple works

[e.g., 21, 22, 33, 47, 48, 65, 66]. These specifications, along with software implementations

[e.g., 34, 49, 68], can be rather complex. I do not need such hefty machinery in my DGP

setup for computer surrogate models. Much of my research effort involved sifting through this

literature to determine what is essential and which variations work best for DGP surrogates.

As one example, latent layers W and deterministic Y = f(·) utilize noise free modeling

(small/zero nugget g), which affords several simplifications. In particular, I do not follow

Datta et al. [22] and Katzfuss and Guinness [65] in distinguishing between noisy observations

and latent “true” variables. This greatly streamlines development [Section 4.1] and reduces

computational demands.



4.1 Posterior Inference

4.1.1 Inferential Building Blocks

I impose the Vecchia approximation at each layer of the DGP. Leveraging sparsity of the

upper-lower Cholesky decomposition of the precision matrices, a two-layer Vecchia-DGP

model may be represented as

Y | W ∼ Nn

(
0, (UwU

⊤
w )

−1
)

Wk
ind∼ Nn

(
0,
(
(U (k)

x )(U (k)
x )⊤

)−1
)
, k = 1, . . . , p,

(4.3)

where Σ(W )−1 = UwU
⊤
w and Σk(X)−1 = (U

(k)
x )(U

(k)
x )⊤. Each Wk, having its own Gaussian

prior, also has its own Vecchia decomposition. Often these U
(k)
x will share conditioning sets

but have disparate hyperparameterization, e.g., unique lengthscales θ(k)x . When m = n, this

formulation is equivalent to Eq. (2.1). When m < n, Uw and U
(k)
x have induced sparsity.

I aim to conduct full posterior integration for this model, extending Eq. (2.2) to include in-

tegration over hyperparameters, but as I’ve mentioned several times, this is not analytically

tractable. Posterior sampling via ESS and MH regarding L(Y | W ) and L(Wk | X) requires

three ingredients: (i) prior sampling, (ii) likelihood evaluation, and (iii) prediction at un-

observed inputs. These are detailed here, for the model in Eq. (4.3), in turn. I shall focus

on L(Y | W ), but the idea is immediately extendable to L(Wk | X). Both are GPs, so the

details only differ superficially in notation, and with iteration over k = 1, . . . , p. Ultimately,

these “building blocks” tie together to support posterior sampling, with details following in

Section 4.1.2.

(i) Prior. Direct sampling of Y ⋆ ∼ Nn(0, (UwU
⊤
w )

−1), often called “conditional simula-

tion”, involves individually drawing y⋆i ∼ N1(Bi(W )Y ⋆
c(i), σ

2
i (W )) for Bi(W ) and σ2

i (W )



defined with analogy to Eq. (4.2). An important difference, however, is that the application

here crucially relies on previously sampled Y ⋆
c(i), meaning each y⋆i must be sampled sequen-

tially. With an eye towards parallel implementation [Section 4.2], I instead leverage the

sparsity of the upper-triangular Uw. Katzfuss and Guinness [65, Proposition 1] derived a

closed-form solution for populating Uw, with (j, i)th entry

U ji
w =



1
σi(W )

i = j

− 1
σi(W )

Bi(W )[index of j ∈ c(i)] j ∈ c(i)

0 otherwise

(4.4)

for Bi(W ) and σi(W ) in Eq. (4.2). With Uw in hand, sampling Y ⋆ follows Gelman et al. [38,

App. A]:

Y ⋆ = (U⊤
w )

−1z where z ∼ Nn(0, I). (4.5)

Strategically, I avoid matrix inversions by using a forward solve of U⊤
w Y

⋆ = z.

(ii) Likelihood. Evaluations of L(Y | W ) could similarly be calculated as the product of

univariate Gaussian densities, combining Eqs. (4.1–4.2) via L(yi | W ) ∼ N1(µi(W ), σ2
i (W )).

I instead choose to leverage the sparse Uw formulation (4.4), yielding the log likelihood

logL(Y | W ) ∝ log |(UwU
⊤
w )

−1|−1/2 − 1

2
Y ⊤UwU

⊤
w Y

∝
n∑

i=1

log(U ii
w )−

1

2
Y ⊤UwU

⊤
w Y,

(4.6)

in which the sparse structure of Uw allows for thrifty matrix multiplications.

(iii) Prediction. Given observed Y | W ∼ Nn(0, (UwU
⊤
w )

−1), i.e., training observations

Y and a burned-in ESS sample of W , I wish to predict Y for an np × d matrix of novel



W . Note these novel W ultimately arise as samples following analogous application of the

very same procedure I am about to describe, except for Wk as the “response” drawn at

novel testing sites X (more on this in Section 4.1.2). The simplest approach treats each

row of W independently. Independent prediction is sufficient if only point-wise means and

variances are required, as is common in many downstream surrogate modeling tasks. For

each i = 1, . . . , np, I form c(i) with m training locations from W (details in Section 4.1.3).

This imposes conditional independence among Yi (i.e., Yi is not conditioned on Yj for i ̸= j).

The posterior predictive distribution then follows Yi ∼ N1(µi(W ), σ2
i (W )) with µi(W ) and

σ2
i (W ) defined as in Eq. (4.2).

This independent treatment is fast and easily parallelized over index i = 1, . . . , np. Conse-

quently, it is the method I prefer for the benchmarking exercises of Sections 4.4–4.5, involving

a cumbersome additional layer of Monte Carlo (MC) over training-testing partitions. Yet

an imposition of independence among Y can be limiting. In some cases, joint prediction

utilizing the full covariance structure Y | Y,W ∼ Nnp(µ
⋆,Σ⋆) is essential. I can accom-

modate such settings as follows. First append W indices to the existing ordering of W ,

ensuring predictive locations are ordered after training locations, forming the full ordering

i = 1, . . . , n, n + 1, . . . , n + np. Conditioning sets c(i) for i = n + 1, . . . , n + p index any

observations from W or W with indices prior to i in the combined ordering, thus allowing

predictive outputs to potentially condition on other predictive outputs, in addition to nearby

training data observations.

Next, “stack” training and testing responses in the usual way [42, Section 5.1.1]

Y
Y

 ∼ Nn+np (0, Σstack) where Σstack = Σ


W
W


 =

 Σ(W ) Σ(W,W)

Σ(W ,W ) Σ(W)

 .

Then leverage Eq. (4.4) to analogously populate a “stacked” upper-lower Cholesky decom-



position,

Ustack =

Uw Uw,W

0 UW

 such that Σstack =
(
UstackU

⊤
stack

)−1
=


UwU

⊤
w + Uw,WU⊤

w,W Uw,WU⊤
W

UWU⊤
w,W UWU⊤

W




−1

.

An application of the partition matrix inverse identities (details in Appendix A.4–A.5)

results in the following posterior predictive moments, after applying the usual multivariate

normal conditioning identities for Y | Y,W (1.4):

Y | Y,W ∼ Nnp (µ
⋆,Σ⋆) for µ⋆ = −(U⊤

W)−1U⊤
w,WY and Σ⋆ =

(
UWU⊤

W
)−1

. (4.7)

These are simplified versions of the moments provided by Katzfuss et al. [66], thanks to a

streamlined latent structure and the imposition that predictive locations must be ordered

after training locations. Naturally, if no predictive locations condition on others then UW

and Σ⋆ will be diagonal, and I can return to the simpler implementation of independent

predictions.

Katzfuss et al. [66] remark that conditioning on other predictive locations, i.e., using joint µ∗

and Σ⋆, is more accurate than conditioning only on training data, say following the indepen-

dent µi and σ2
i version I presented first. Anecdotally, in my own empirical work, I have found

this difference to be inconsequential. Unless a joint Σ⋆ is required, say for calibration [70], I

prefer the faster, parallelizable, independent approach. [Both are provided by my software;

more in Section 4.2.] In settings where it might be desirable to reveal/leverage posterior

predictive correlation, but perhaps it is too computationally burdensome to work with n2
p

pairs of testing sights simultaneously, a hybrid or batched scheme might be preferred.



4.1.2 Inferential Scheme

Building blocks (i–iii) in hand, posterior sampling by MCMC may commence following Sec-

tion 2.2. In other words, the underlying inferential framework is unchanged modulo an

efficient (Vecchia) method for (i) prior sampling, (2) likelihood evaluation, and (3) predic-

tion. Rather than duplicate details here, allow me point out a few relevant highlights. In

model training, every evaluation of a Gaussian likelihood utilizes Eq. (4.6), whether for inner

(Wk) or outer (Y ), matched with U
(k)
x and Uw, respectively, and with appropriate covariance

hyperparameters, e.g., θ(k)x , embedded into the Bi(·) and σi(·) components of said U matrices

(4.4). When employing ESS forWk, say, random samples from the prior follow Eq. (4.5). The

MCMC scheme remains unchanged in its structure, while every under-the-hood calculation

is replaced with its Vecchia-approximated counterpart.

To predict at unobserved inputs X , i.e., Section 2.3, replace traditional GP prediction at

each Gaussian layer (1.4) with its Vecchia counterpart (4.7). For each candidate (burned-

in/thinned) MCMC iteration, predictive locations X are mapped to “warped” locations W ,

which are then mapped to posterior moments for Y , with each step following Eq. (4.7).

The resulting moments are post-processed, with ergodic averages yielding the final posterior

predictive moments. Joint predictive distributions may be replaced with independent point-

wise, and parallelized predictions as described in Section 4.1.1 in the presense of a large/dense

testing set. Note, a DGP predictive distribution is not strictly Gaussian, even though it arises

as an integral over Gaussians. However, I find that ergodic averages, represented abstractly

here by empirical moments µ̄ and Σ̄ + Cov(µ) through the law of total variance (2.13), are

a sufficient substitute for retaining thousands of high-dimensional MCMC draws of µ⋆ and

Σ⋆, say, or their pointwise analogues.

It is important to briefly acknowledge the substantial computation inherent in this inferential



scheme. The requisite MCMC requires thousands of iterations, each of which necessitates

multiple likelihood (4.6) evaluations. Predictions require averaging across these draws, al-

though thinning can reduce this effort. Despite these hefty computational demands, efficient

parallelization (described in more detail momentarily), strategic initializations of latent lay-

ers, and other sensible pre-processing yield feasible compute times even with large data sizes.

For example, the Vecchia-DGPs of Section 4.5 with n = 100, 000 may be fit in less than 24

hours on a 16-core machine. I aim to show that this investment pays dividends compared to

faster GP and DGP alternatives in terms of prediction accuracy and UQ [Section 4.4–4.5].

4.1.3 Ordering and Conditioning

Each Gaussian component of the DGP could potentially have its own ordering and condition-

ing set, c(k)x (i) for U (k)
x and cw(i) for Uw in the two-layer model, in which orderings denoted

by i need not be the same. Since each c
(k)
x (i) acts on the same input space, I simplify the

approximation by sharing ordering and conditioning sets across k = 1, . . . , p, resulting in

only two orderings and two conditioning sets, cx(i) and cw(j). Here, separate indices i and

j are intended to convey uniqueness.

These choices are not part of the stochastic process describing the data generating mecha-

nism, although that is an interesting possibility I discuss in Section 4.6. A consequence of

this is that once a chain has been initialized under a particular ordering, yielding Ux or Uw up

to hyperparameters like θ which are included in the hierarchy describing the stochastic pro-

cess, cx(i) and cw(j) must remain fixed throughout the MCMC in order to maintain detailed

balance. It occurred to me to try randomizing over orderings from one MCMC iteration to

the next, but the chain does not burn in/achieve stationarity. Each change to one of cx(i) or

cw(j) causes the chain to “jump” somewhere else. Nevertheless, it could be advantageous to



customize aspects of a Vecchia ordering and conditioning dynamically, say based on a DGP

fit or other analysis, or to hedge by averaging results from multiple orderings. This is fine

with independent chains.

With this in mind, I adopt the following setup. Begin with a random ordering of indices

and subsequent NN conditioning. This follows the recommendation of Guinness [47] and

mirrors other recent work on NNGPs [22, 122, 129]. Then select conditioning sets based

on NN, as eponymous in the NNGP/Vecchia literature. In X-space, calculating cx(i) as the

min(m, i−1) nearest points (of lower index) is straightforward. These locations are anchored

in place by the experimental design. For latent Gaussian layer W , NN conditioning sets can

be more involved. Since W is unobserved, I start with no working knowledge of the nature of

the warping. [My prior is mean-zero Gaussian under a distance-based covariance structure

with unknown hyperparameterization.] A good automatic initialization for the MCMC is to

assume no warping (i.e. W = X). In that setting, NN for W based on relative Euclidean

distance in X space is sensible.

Such a conditioning set is even workable after considerable posterior sampling, whereby W

may have diverged from the identity mapping with X. I find that in practice each individual

nodes’ (i.e., Wk) contribution to the overall multidimensional warping for k = 1, . . . , p is

usually convex. As a visual, consider again Figure 4.1. The right two panels show two

different orderings (both random) and conditioning sets (both NN in a certain sense) for a

W arising as a function of X corresponding to the maps in Figure 2.4, only now visualized as

spread of W1 and W2 in two-dimensional space. The locations of the observations (marked

by numbers) represent a warping of the original evenly-gridded inputs (left panel). The

middle panel shows the conditioning set cw(45) that was selected based on NN in X space.

Observe that these highlighted points are equivalent to those of the left panel.

Selecting cw(j) based on X is a good starting point, but I envision scope to be more strate-



gic. Given posterior information about W , one may wish to update cw(j) in light of that

warping. For example, NN on W could be calculated after burn-in and used as the basis

of Uw conditioning for a re-started chain. Such an operation could be viewed as a nonlin-

ear extension of sensitivity pre-warping [130], tailored to the Vecchia approximation. The

right panel of Figure 4.1 shows what such re-conditioning might look like under a novel

random reordering. There is some precedence for evolving neighborhood sets in this way

from the ordinary Vecchia-GP literature. For example, Katzfuss et al. [67] use estimated

separable lengthscale parameters to find NN based on re-scaled inputs X/
√
θ, vectorizing

over columns; Kang and Katzfuss [62] extend that to full kernel/correlation based re-scaling.

Both are situated in an optimization based inferential apparatus, and the authors describe a

careful “epoch-oriented” scheme to circumvent convergence issues, analogous to maintaining

detailed balance in MCMC. My particular re-burn-in instantiation of this idea, described

above, represents a natural extension: an affine warping of inputs for NN calculations is

upgraded to a nonlinear one via latent Gaussian layers. Yet in my empirical work exploring

this idea [Section 4.4], I disappointingly find little additional value realized by the extra effort

for DGPs. I speculate in Section 4.6 that this may be because I haven’t yet encountered any

applications demanding highly non-convex W .

A final consideration involves extending orderings and neighborhood sets to testing sites

when sampling from the posterior predictive distribution. Here, I again use NN sets to

select cx(i) and cw(j) for predictive/testing locations X (which are mapped to W). In X

space, NN sets are fixed once for each row of X . In W space, after MCMC sampling (i.e.,

model “training”), I leverage the learned warpings (W (t) for t ∈ T , after discarding burn-in

and thinning as desired) and calculate NNs in that space to maximize the efficacy of the

approximation at each location. Specifically, for each row of W , I re-calculate “warped” NN

sets for each sample W (t). Resulting predictions are combined with expectation taken over



all t ∈ T . This re-calculation of cw(i) for each t requires extra effort, but it is not onerous

and focuses computation where it is most needed, in making the best possible prediction for

each testing location.

4.2 Implementation Details

I provide an open-source implementation as an update to the deepgp package [110] for R

on CRAN. Although I embrace a bare-bones approach, my R/C++ implementations of the

“building blocks” in Section 4.1.1 are heavily inspired by the more extensive GPvecchia [68]

and GpGp [49] packages. Computational speed relies on strategic parallelization and careful

consideration of sparse matrices. For example, I utilize OpenMP pragmas to parallelize the

calculation of each row of the sparse Uw and U
(k)
x (4.4). I use RcppArmadillo [29] in C++

and Matrix [7] in base R to handle sparse matrix calculations, aspects of which are also

parallelized (but usually to a lesser degree) under-the-hood.

While my Vecchia-DGP implementation in deepgp is distinct from its fully (un-approximated)

counterpart, they share an interface for ease of use. A vecchia indicator to the existing fit

functions triggers approximate inference, i.e.,

R> fit <- fit_two_layer(X, Y, vecchia = TRUE, m = 25, true_g = eps)

R> fit <- predict(fit, Xpred, lite = TRUE, m = 25)

The neighborhood size is specified as m = m = min{25, n − 1} by default, where choosing

n− 1 results in no approximation, but still uses the Vecchia implementation, which is useful

for debugging and benchmarking. Notice training and prediction accommodate distinct m.

I have found that m = 25 (for both) works well in low/no-noise settings, but it may be

advantageous to use larger m for prediction or to scale m with n. I additionally allow



predict calls to toggle between independent (lite = TRUE) or joint predictions (lite =

FALSE).

A two-phase MCMC option, updating orderings and NN conditioning sets based on a burned-

in warping [Section 4.1.3] is supported by providing re_approx = TRUE to continue, an

S3 method automating additional MCMC from the end of a previous chain. The true_g

argument is optional. If it is not provided, then a nugget is estimated along with other

hyperparameters. In my experiments later, I fix eps = 1e-8 for all but the satellite drag

example [Section 4.5] where I follow others in using eps = 1e-4.

Figure 4.2: Computation time in seconds per 1000 MCMC iterations for both training and
prediction (connected with vertical lines) of a two-layer DGP with and without Vecchia
approximation (m = 25).

To demonstrate computational improvements over the full un-approximated implementation,

the left panel of Figure 4.2 compares the computation time of 1000 such MCMC iterations

between my full implementation (black) and my proposed Vecchia-DGP (blue). A 16-core,

hyperthreaded, Intel i9 CPU at 3.6GHz, was used to collect these timings. The full, non-

Vecchia implementation experiences cubic-in-n costs and is not generally feasible for sample

sizes above several hundred. The Vecchia implementation scales linearly-in-n, allowing for

much larger data sizes. To contrast approaches to prediction outlined in Section 4.1.1, the



right panel of Figure 4.2 shows computation times for Vecchia-DGPs on larger training data

sizes with both independent (diamonds) and joint (stars) schemes. Observe that independent

predictions scale linearly in both n and np, but joint predictions are more costly. Note the

change in scale of the y-axes from the left to the right panel; both independent and joint

predictions are leagues faster than un-approximated counterparts.

4.3 Competing Methodology and Software

As an alternative to MCMC, others have embraced variational inference (VI) in which the

intractable DGP posterior (2.2) is approximated with a simpler family of distributions, which

are often also Gaussian [20]. Inspired by deep neural networks, Bui et al. [13] proposed an

Expectation Propogation (EP) scheme for DGPs, which is closely related to VI. Salimbeni

and Deisenroth [106] broadened previous VI-like approaches for DGPs by allowing intra-layer

dependencies, naming their method “doubly stochastic variational inference” (DSVI). The

main advantage of these approaches is that integration is replaced by optimization, which

requires less work. The disadvantage is that optimization ignores uncertainty; the fidelity

of a VI approximation is linked to the choice of variational family, rather than directly

to computational effort. More MCMC always improves posterior resolution; more VI does

not. Hyperparameters don’t neatly fit into variational families otherwise preferred for latent

nodes, so they often get ignored, or their tuning is left to external validation schemes. By

contrast, extra Metropolis easily accommodates a few more hyperparameters without hassle.

In order to handle training data sizes (n) upwards of hundreds of thousands, VI-based DGPs

utilize inducing points, an umbrella term covering ideas developed separately as pseudo-inputs

in machine learning [e.g., 117] and as predictive processes in geostatistics [e.g., 4]. Inducing

points impose a low-rank kernel structure by measuring distance-based correlations through



a smaller subset of m≪ n reference locations or “knots” in d-dimensions. Woodbury matrix

identities improve decomposition of the implied full n× n structure from O(n3) to O(nm2).

Although often framed as an “approximation”, inducing points can represent a fundamental

change to the underling kernel structure. Large n and m small enough to sufficiently speed

up calculations can result in low-fidelity or “blurry” GP approximations [129]. Moreover,

optimizing inducing point placement can be fraught with challenges [e.g., 37]. DSVI uses

k-means to place inducing points near clusters of inputs, but computer experiments often

deploy space-filling designs which would ensure there are no clusters.

The Vecchia approximation offers an alternative to inducing points, but without introducing

auxiliary quantities. Although it is sometimes cast as a novel modeling framework rather

than an approximation [22], a key advantage is that it doesn’t fundamentally change the

underlying kernel structure – at least not in the way inducing points do. Rather, it more

subtly imposes sparsity in its inverse Cholesky factor. Although Vecchia can be higher on

the computational ladder (O(nm3)), it is able to provide good approximations with m much

smaller than that required of inducing points without the “blur” or hassle in tuning the

locations of m× d quantities. Wu et al. [129] entertain Vecchia in lieu of inducing points for

ordinary GPs via VI with favorable results. It may only be a matter of time before Vecchia

is deployed with VI for DGPs. I prefer MCMC for its UQ properties.

Other alternatives to inducing points in a VI context have been suggested, including random

feature expansion [RFE; 74]. Extending RFE from ordinary to DGPs has been the subject

of several recent papers [18, 73, 81], with some success. Others have taken the opposite

route, keeping inducing points but swapping out VI for Hamiltonian Monte Carlo [HMC;

9] for DGPs [51]. HMC has an advantage over VI in that hyperparameters can easily be

subsumed into the inferential apparatus without external validation. I show [Section 4.4]

that this leads to performance gains on predictive accuracy in surrogate modeling settings.



Nevertheless, DSVI is generally considered the state-of-the-art inferential method for DGPs

in machine learning. I think this is largely to do with computation and prowess in clas-

sification tasks. DSVI’s inducing point approximation enables mini-batching to massively

distribute a stochastic gradient descent. This seems to work well in classification settings

where resolution drawbacks are less acute, but my experience [Section 4.4] suggests this

may not extend to the low-noise regression settings encountered in surrogate modeling of

computer simulations.

Ultimately, benchmarking against such alternatives comes down to software, as even the

best methodological ideas are only as good, in practice, as their implementations. DSVI is

neatly packaged in gpflux for Python [26], but requires specifying hyperparameters. Default

settings were not ideal for my test problems, and I found manual tuning to be cumbersome.

The sampling-based HMC implementation is available on the authors’ GitHub page [51].

This performs better, I think, precisely because of its ability to more automatically tune

hyperparameters in an Empirical Bayes/EM fashion, but uncertainty in these is not included

in the posterior predictions. RFE software is on the authors’ GitHub page [18], but relies

on the specification of myriad inputs, with few defaults provided. Despite attempts to

port example uses to my surrogate modeling setting, I had limited success. I found that

results were uniformly inferior to DSVI, and no predictive uncertainties were provided leading

me to ultimately drop RFE from further consideration. Finally, EP is available on the

authors’ GitHub page [13], but was written in Python2 and relies on legacy versions of

several dependencies; I was unable to reproduce a suitable environment to try their code.

4.4 Synthetic Experiments

I include the following comparators:



• DGP VEC: my Vecchia-DGP, via deepgp using defaults, Matèrn ν = 5/2 kernel,

independent predictions, and “warped” conditioning sets. See Section 4.2.

• DGP FULL: full, un-approximated analog of DGP VEC, with everything otherwise

identical (also via deepgp). This comparator was not feasible for all data sizes.

• DGP DSVI: from Salimbeni and Deisenroth [106], implemented in gpflux, with Matèrn

ν = 5/2 kernel. I follow package examples in using 100 k-means located inducing

points. For numerical stability I required eps = 1e-4, lower bounding the noise pa-

rameter.

• DGP HMC: from Havasi et al. [51], again using 100 inducing points. This code only

supports a squared exponential kernel and estimates (i.e., does not fix) the noise pa-

rameter (g/eps). I found no easy way to adjust these specifications, so I let them

be.

• GP SVEC: scaled Vecchia GP of Katzfuss et al. [67], via GPveccia and GpGp. This is

a fast “shallow” GP where kernel hyperparameters are estimated (4.6) via lengthscale-

adjusted conditioning sets. I use m = 25, Matérn ν = 5/2 kernel, and independent

predictions to match DGP VEC.

All DGP variations are restricted to two layers. My metrics include out-of-sample root mean

squared error (RMSE) and continuous rank probability score [CRPS; 39]. Lower is better for

both. While RMSE focuses on accuracy of predictive means, CRPS incorporates point-wise

predictive variances, thus providing insight into UQ. Although my DGP VEC is able to

provide full predictive covariance, my competitors DGP DSVI, DGP HMC, and GP SVEC

cannot.

Code to re-produce all results (including for competitors) is available on my public GitHub



repository.1

Schaffer Function. The two-dimensional “fourth” Schaffer function can be found in the

Virtual Library of Simulation Experiments [VLSE; 124]. I follow the second variation therein,

f(x1, x2) = 0.5 +
cos2 (sin(|x2

1 − x2
2|))− 0.5

[1 + 0.001 (x2
1 + x2

2)]
2 for x1, x2 ∈ [−2, 2].

The function is characterized by steep curved inclines followed by immediate drops. These

quick turns are challenging for stationary GPs, making the Schaffer function an excellent

candidate for DGPs. I fit models to Latin hypercube samples [LHS; 85] of training sizes n ∈

{100, 500, 1000} with fixed noise g = 10−8. I use LHS testing sets of size np = 500. Results

for 20 MC repetitions – all stochastic components from training/testing re-randomized – are

displayed in Figure 4.3.

Figure 4.3: RMSE (left) and CRPS (right) on log scales for fits to the two-dimensional
Schaffer function as training size (n) increases. Boxplots represent the spread of 20 MC
repetitions.

All variations of my DGP fits outperform competitors by both metrics. Crucially, my

Vecchia-DGP (DGP VEC) matches the performance of the un-approximated DGP (DGP
1https://bitbucket.org/gramacylab/deepgp-ex/
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FULL). For this example I additionally implemented a “DGP VEC noU” comparator, iden-

tical to DGP VEC but without ordering/conditioning sets reset after pre-burn-in. Observe

that this additional work is of dubious benefit empirically. Aside from MC variability, DGP

VEC matches DGP VEC noU. Going forward I shall drop DGP VEC noU, focusing on my

preferred DGP VEC setup, without evidence that results are better or worse and despite the

additional (marginal) cost. Additional discussion is deferred to Section 4.6. Finally, at the

outset I expected the stationary GP (GP SVEC) to perform poorly given the complexity

of the response surface, but was surprised to see GP SVEC holding its own against DGP

HMC, and eventually surpassing it with n = 1000. I suspect this is a consequence of “blurry”

inducing point approximations.

To investigate the choice of conditioning set size m for the Vecchia-DGP (DGP VEC) and

scaled Vecchia-GP (GP SVEC), I recreated this exercise with n = 1, 000 and varied m ∈

{5, 10, 25, 50, 100}. Resulting RMSE and CRPS from 20 MC repetitions are shown in Figure

4.4.

Figure 4.4: RMSE (left) and CRPS (right) for fits to the 2d Schaffer function as conditioning
set size (m) increases (same m used for training and prediction). Boxplots represent the
spread of 20 repetitions.

As expected, increasing the size of the conditioning set improves predictive accuracy for both

models. However, the benefits of conditioning on more points diminishes beyond m = 25.



While present in both models, this “leveling off” effect appears more starkly in the stationary

GP SVEC than the non-stationary DGP VEC.

G-function. The G-function (2.14), also in the VLSE, is defined in arbitrary dimension. I

worked with d = 2 in Figures 2.4 and 4.1. Here, I expand to d = 4. [I provided a preview of

these results in Figure 2.5.] Higher dimensionality raises modeling challenges and demands

larger training sets. I fit models to LHS samples of training sizes n ∈ {3000, 5000, 7000} with

fixed noise g = 10−8. LHS testing sets were of size np = 5000. Results for 20 MC repetitions

are displayed in Figure 4.5.

Figure 4.5: RMSE (left) and CRPS (right) on log scales for the four-dimensional G-function.

Again, my DGP VEC outperforms both deep and shallow competitors. DGP HMC, aided

by its ability to estimate hyperparameters, bests DGP DSVI, but neither benefits from

additional training data. Their predictive capability appears to saturate; I suspect this is

due to inducing point approximations. While it is possible to increase the number of inducing

points and potentially improve things, this requires adjustments to the source code and, in

my experience, yields only marginal improvements before computation becomes prohibitive.

GP SVEC is able to adapt to larger training sizes and surpass these deeper models. My

DGP VEC benefits from all of these: estimation of hyperparameters, additional depth, and



learning from additional training data.

G-function with Noise. As an example of a noisy simulation, I re-create the Monte

Carlo exercise for the G-function [83] with the addition of additive Gaussian noise ϵi ∼

N (0, 0.012). The set-up is equivalent to that of Section 4.4, except that each model is

now tasked with estimating a noise parameter (i.e. true_g = NULL in deepgp). The DGP

HMC and GP SVEC models have built-in capability to estimate noise. The DGP DSVI

model does not, so I simply fix the noise parameter to the true variance (g = 0.01). To

account for the extra challenge of distinguishing signal from noise, I double the data sizes to

n ∈ {6000, 10000, 14000} and np = 10000.

Figure 4.6: RMSE (left) and CRPS (right) on log scales for the four-dimensional G-function
observed with Gaussian white noise. Boxplots represent the spread of 10 MC repetitions.

The results resemble Figure 4.5, suggesting the addition of noise does not affect the com-

parative efficacy of the models. DGP HMC and GP SVEC perform similarly, the former

benefiting from the flexibility of DGP layers and the latter benefiting from the Vecchia ap-

proximation (as compared to inducing points). The DGP VEC model outperforms across

the board. When matched by training/testing data, DGP VEC had lower RMSE and CRPS

than each of these comparators in 30/30 trials.



G-function in Higher Dimension. To display functionality in higher dimension, I re-

create the noise-free MC exercise for the G-function, this time expanding to d = 6. Higher

dimension demands larger data sizes; I entertain random LHS training designs of size n ∈

{10000, 20000, 30000} and LHS testing designs of size np = 20000. Results are shown in

Figure 4.7.

Figure 4.7: RMSE (left) and CRPS (right) on log scales for the 6d G-function. Boxplots
represent the spread of 10 MC repetitions.

As in the lower dimensional exercises, DGP VEC outperforms on both prediction error and

uncertainty quantification. Both DGP DSVI and DGP HMC are limited by inducing point

approximations which are especially blurry in high dimensions. I acknowledge that the DGP

HMC model is at a slight disadvantage since it estimates a noise parameter – the poor fits

from this model may be over-estimating the noise.

4.5 Satellite Drag Computer Experiment

The Test Particle Monte Carlo (TPM) simulator [86] models the bombardment of satellites

in low earth orbit by atmospheric particles; TPM returns coefficients of satellite drag based

on particle composition and seven input variables specifying the orientation of the satellite.



I worked with this simulator on a restricted domain in Section 3.1.5. Researchers at Los

Alamos National Lab, who developed the TPM library, wished to build a surrogate achieving

less than 1% prediction error (measured in root mean squared percentage error, RMSPE)

across the entire domain with as few runs of the simulator as possible. Sun et al. [123]

used locally approximated GPs to reach the 1% goal with one million training data points.

Katzfuss et al. [67] were later able to reach lower RMSPE’s using scaled Vecchia GPs (GP

SVEC). Here, I show that my Vecchia-DGP is able to beat the 1% RMSPE benchmark with

as few as n = 50, 000 (and can beat it consistently with n = 100, 000), and provide better

UQ than the stationary GP SVEC alternative.

I work specifically with the GRACE satellite, specified by a seven-dimensional input con-

figuration, and a pure Helium atmospheric composition. For training data, I use random

samples from Sun et al. [123]’s one million runs in sizes of n ∈ {10000, 50000, 100000}. I use

random out-of-sample testing sets of size np = 50, 000 from the complement, and follow Sun

et al. [123] in fixing g = 10−4. TPM simulations are technically stochastic, but the noise is

very small.

In light of these large training data sizes and the accompanying computational burden, I

make some strategic choices to initialize my DGP models and set up the MCMC for faster

burn-in. First, I scale the seven input variables using estimated vectorized length-scales from

GP SVEC (e.g., Xi/
√
θi). This “pre-scaling” is common in computer surrogate modeling

[e.g., 130], and mirrors the “scaled” component of the GP SVEC model. Second, I “seed”

my MCMC by first running a long, thoroughly burned-in, set of iterations for one sample

of n = 10,000 and use the burned-in samples from this fit to initialize the chains for the

larger data sets. This isn’t necessary in practice but helps reduce the burden of repeated

applications in a MC benchmarking context.

Results for 10 MC repetitions are displayed in Figure 4.8. Observe that DGP DSVI and



Figure 4.8: RMSE (left) and CRPS (right) on log scales for fits to the satellite drag simula-
tion. DGP DSVI and DGP HMC are omitted (with RMSPE’s betIen 30-35%). Horizontal
line marks 1% RMSPE goal.

DGP HMC results are omitted from these plots. Because they were not competitive (each

producing RMSPE’s between 30-35%), their inclusion would severely expand the y-axis of

the plots and render them hard to read. My DGP VEC consistently outperforms the shal-

low/stationary GP SVEC and is able to achieve the 1% RMSPE goal with as few as 50,000

training observations. Compared to GP SVEC counterparts (with matched training/test-

ing data), DGP VEC models have lower CRPS in all 30 MC repetitions (represented by 3

boxplots of 10) and lower RMSPE in 28 of the 30.

4.6 Discussion

In this chapter I have extended the capabilities of full posterior inference for deep Gaussian

processes through the incorporation of the Vecchia approximation. DGPs offer more flexi-

bility than shallow GP surrogates as they are able to accommodate non-stationarity through

the warpings of latent Gaussian layers. But inference is slow owing to cubic scaling of matrix

decompositions. With a Vecchia approximation at each Gaussian layer, my fully-Bayesian



DGP enjoys computational costs scaling linearly-in-n. I demonstrated the superior UQ and

predictive power of Vecchia-DGPs over both approximate DGP competitors and stationary

GPs.

I envision many opportunities for extension. Most notably, I restricted my simulation studies

to those where the noise parameter (g) was fixed to a small value. While many computer

simulations are deterministic, others are increasingly stochastic in nature [3] and prompt

estimation of this hyperparameter, and possibly others. My deepgp software is capable of

estimating g through additional Metropolis steps. In the Vecchia context, my implementation

incorporates the g parameter directly into the kernel by adding it to the diagonal of Σ(xi) and

Σ(Xc(i)) in Eq. (4.2). Thus g is subsumed into Bi(W ) and σ2
i (W ) which in turn populate Uw

(4.4). As a demonstration of this capability, I provide a noisy simulated example in Section

4.4. Some authors separate responses into “true/latent” and “actual/observed” variables and

caution against incorporating the noise parameter directly into the kernel [e.g., 22, 65], but

I have not seen any drawbacks to my simplified approach in the DGP context. Furthermore,

it may be possible to extend my DGP model to accommodate heteroskedastic noise through

additional latent Gaussian random variables [10], although I caution that a model that is

too flexible may fall prey to a signal–noise identifiability trap. One remedy is to provide for

replicates in the design [11].

I restricted my empirical studies to a conditioning set size of m = 25, after finding limited

advantage to larger m. This echoes other GP-Vecchia works which have found success with

small conditioning sets [e.g., 22, 67, 122, 129]. Similarly, I entertained only two-layer DGPs.

My experience with three-layer DGPs – mainly involving surrogate modeling – is that one

of the latent layers settles into a near identity mapping, resulting in a lot more computation

for no additional gain. In some cases, the added flexibility of a three-layer DGP can lead

to overfitting and adversely affect predictions/UQ [Section 3.1.3]. My test functions and



real-data computer simulations may not be non-stationary enough to warrant two or more

levels of latent warping.

Perhaps the most intriguing extension lies in the choice of the Vecchia ordering and condi-

tioning sets. Common practice, as I embraced, involves simply fixing an ordering and con-

ditioning, sometimes informed by the data as when NNs are scaled or warped. Many works

have investigated the effects of different ordering/conditioning structures [e.g., 47, 65, 121],

yet these analyses have all been post hoc. If one views the ordering and conditioning structure

as components of the stochastic (data generating) process, there may be potential to learn

these, either through maximization or similar MCMC sampling. In my simulation studies,

updating the NN conditioning sets based on learned latent warpings did not affect posterior

predictions, perhaps suggesting that inference for these would have similar null-effects. Yet

I suspect this is because the learned latent warpings I have encountered tend to rotate and

stretch inputs, resulting in minimal effects on the proximity of observations. I am continuing

to “hunt” for examples where more flexible neighborhoods are valuable, since it seems like

they should be.



Chapter 5

Extensions and Future Work

I provided a novel Bayesian framework for deep Gaussian process (DGP) surrogates which

prioritizes uncertainty quantification (UQ). I demonstrated superior performance (both in

predictive accuracy and UQ) over stationary GPs and various non-stationary competitors

(including alternative inferential apparati for DGPs) on a variety of synthetic examples and

real computer experiments. When computer simulations are computationally expensive,

I provided novel methodology for sequential designs in three realms: variance reduction,

Bayesian optimization, and contour location. When data is more abundant, I integrated the

Vecchia approximation for faster computation without sacrificing DGP surrogate fidelity.

Perhaps most importantly, I furnished an R package for easy implementation of all methods

[110]. I also provided a public git repository with a plethora of reproducible examples,

including all of those presented in this work.1

I embraced a fully-Bayesian scheme for DGPs by conducting MCMC sampling of the latent

Gaussian layers and the kernel hyperparameters. In hindsight, the latent layers are the most

important unkown variables, and the kernel hyperparameters have much smaller influence

over the model. Full posterior integration of these hyperparameters may be overkill, and

maximum-likelihood based alternatives like Expectation Maximization schemes may provide

the same result with less computation [89].

DGPs excel when dynamics are non-stationary, but if the response surface is stationary

1https://bitbucket.org/gramacylab/deepgp-ex/
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then a DGP surrogate requires a lot of extra computation for no additional gain. I relied

on expert knowlege of the real-world computer simulations I entertained to posit whether

non-stationary dynamics would be present. It would be beneficial to have methodology that

could indicate whether non-stationary is present with minimal computation. Perhaps some

diagnostic plots of a quick stationary GP surrogate would suffice [6].

The DGP surrogate I developed addresses non-stationarity in the response surface (i.e. the

mean). It may be possible to upgrade the DGP to also account for non-stationarity in the

noise level as done by Binois et al. [10] for stationary GPs. I caution against introducing

too much flexibility in the surrogate model, as it could fall prey to signal-to-noise trade-offs.

But adequate replication may circumvent this pitfall [11]. Most of the simulations I worked

with were deterministic or low-noise, but there exist computer simulations with significant

amounts of stochastic noise [3].

Although I explored three realms of sequential design, it would be beneficial to additionally

explore sequential designs for calibration with DGPs. DGPs have been shown to perform

well in calibration contexts [81]. Sequential design for calibration with stationary GPs has

just recently come on the scene [72]. The combination of these two may prove very effective.
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Appendix A

Derivations

A.1 Partitioned Matrix Inverse (V1)

Following the properties of partitioned matrices [e.g., 5], with kn(wn+1) = Kθy(Wn, wn+1),

Cn+1 =

 Cn kn(wn+1)

k⊤
n (wn+1) 1 + g

 yields C−1
n+1 =

[C−1
n + hh⊤v

]
h

h⊤ v−1


where v = 1 + g − k⊤

n (wn+1)C
−1
n kn(wn+1) and h = −v−1C−1

n kn(wn+1).

A.2 IMSE Derivation

Here I extend the closed-form IMSE derivation of Binois et al. [11] and Joseph et al. [61] to

allow integration under uniform measure over the general domain Wi ∈ [ai, bi] for i = 1, . . . , p

for the model Y ∼ Nn(0, Kθy(W ) + gI) and isotropic Gaussian kernel (1.2). Application

to MCMC samples requires indexing with iteration (t), but I drop this notation here for

convenience. I set Σ(w) = 1 instead of Σ(w) = 1 + g to target the variance of the mean.

Using Wn+1 and Cn+1 as described in Section 3.1.1, and additionally denoting kn+1(w) =
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Kθy(Wn+1, w), IMSE may be expressed as follows.

IMSE(Wn+1) =

∫ bp

ap

· · ·
∫ b1

a1

ΣY (w) dw1 . . . dwp

=

p∏
i=1

(bi − ai)E [ΣY (w)]

=

p∏
i=1

(bi − ai)E
[
τ̂ 2
(
1− k⊤

n+1(w)C
−1
n+1kn+1(w)

)]
= τ̂ 2

p∏
i=1

(bi − ai)
[
1− E

[
k⊤
n+1(w)C

−1
n+1kn+1(w)

]]
This expectation reduces to a trace of matrix products following Lemma 3.1 of Binois et al.

[11],

E
[
k⊤
n+1(w)C

−1
n+1kn+1(w)

]
= tr

(
C−1

n+1H
)
,

where the elements of H are defined as

Hjk =

p∏
i=1

∫ bi

ai

Kθy(wj,i, w)Kθy(wk,i, w) dwi

=

p∏
i=1

∫ bi

ai

exp
(
−(wj,i − w)2

θy

)
exp

(
−(wk,i − w)2

θy

)
dwi

=

p∏
i=1

∫ bi

ai

exp
(
− 2

θy

(
w − wj,i + wk,i

2

)2

− 1

2θy
(wj,i − wk,i)

2

)
dwi

=

p∏
i=1

[
exp

(
−(wj,i − wk,i)

2

2θy

)∫ bi

ai

exp
(
− 2

θy

(
w − wj,i + wk,i

2

)2
)

dwi

]

=

p∏
i=1

[√
πθy
2

exp
(
−(wj,i − wk,i)

2

2θy

)∫ bi

ai

N
(
w | µ =

wj,i + wk,i

2
, σ2 =

θy
4

)
dwi

]

=

(
πθy
2

) p
2

p∏
i=1

{
exp

(
−(wj,i − wk,i)

2

2θy

)[
Φ

(
2bi − wj,i − wk,i√

θy

)
− Φ

(
2ai − wj,i − wk,i√

θy

)]}
.

Above, wj,i is the jth element of the ith node of W and Φ is the standard Gaussian cumulative

distribution function (CDF).



A.3 ALC Derivation

Here, I detail the re-expression of ALC from Eq. (3.3) in terms of the new latent element,

wn+1. Again, I drop (t) indexing to streamline. Quantities kn(w), v, and h are defined in

Appendix A.1 and yield partitioned representation of k⊤
n+1(w) =

[
k⊤
n (w) | z

]
where z =

Kθy(wn+1, w). Tedious matrix multiplication gives

k⊤
n+1(w)C

−1
n+1kn+1(w) =

[
k⊤
n (w) | z

]C−1
n + hh⊤v h

h⊤ v−1


kn(w)

z


=

[
k⊤
n (w)

(
C−1

n + hh⊤v
)
+ zh⊤ | k⊤

n (w)h + zv−1

]kn(w)

z


= k⊤

n (w)(C
−1
n + hh⊤v)kn(w) + zh⊤kn(w) + k⊤

n (w)hz + v−1z2

= k⊤
n (w)C

−1
n kn(w) + v(k⊤

n (w)h)2 + 2zk⊤
n (w)h + v−1z2

∝ v(k⊤
n (w)h)2 + 2zk⊤

n (w)h + v−1z2,

producing the following ALC

ALC(wn+1 | Wref) ∝
∑

w∈Wref

τ̂ 2
[
v(h⊤kn(w))

2 + 2zh⊤kn(w) + v−1z2
]
.



A.4 Partitioned Matrix Inverse (V2)

The inverse of a partitioned matrix follows [5]:

A11 A12

A21 A22

 =

B11 B12

B21 B22


−1

where

A11 =
(
B11 −B12B

−1
22 B21

)−1

A12 = −B−1
11 B12

(
B22 −B21B

−1
11 B12

)−1

A21 = −B−1
22 B21

(
B11 −B12B

−1
22 B21

)−1

A22 =
(
B22 −B21B

−1
11 B12

)−1

A.5 Vecchia Posterior Predictive Moments

I aim to predict Y at locations W conditioned on observed Y and W . I assume a zero-mean

Gaussian process prior distribution,

Y
Y

 ∼ Nn+np (0, Σstack) where Σstack = Σ


W
W


 =

 Σ(W ) Σ(W,W)

Σ(W ,W ) Σ(W)

 .

Under the Vecchia-approximation, I decompose the precision matrix using the sparse upper-

lower Cholesky decomposition, with entries populated according to Eq. (4.4),

Ustack =

Uw Uw,W

0 UW

 such that Σstack =
(
UstackU

⊤
stack

)−1
=


UwU

⊤
w + Uw,WU⊤

w,W Uw,WU⊤
W

UWU⊤
w,W UWU⊤

W




−1

.

I aim to find a closed-form solution to the posterior predictive moments (1.4),

Y | Y,W ∼ Nnp (µ
⋆,Σ⋆) for

µ⋆ = Σ(W ,W )Σ(W )−1Y

Σ⋆ = Σ(W)− Σ(W ,W )Σ(W )−1Σ(W,W),



which can avoid dense covariance matrices by instead relying on elements of the sparse Ustack.

The simplification of Σ⋆ follows directly from the partitioned matrix inverse (Appendix A.4),

UWU⊤
W =

(
Σ(W)− Σ(W ,W )Σ(W )−1Σ(W,W)

)−1 =⇒ Σ⋆ =
(
UWU⊤

W
)−1

.

The calculation of µ⋆ first involves simplification of Σ(W ) and Σ(W ,W ), again using parti-

tioned matrix inverses (Appendix A.4)

Σ(W ) =
(
UwU

⊤
w + Uw,WU⊤

w,W − Uw,WU⊤
W
(
UWU⊤

W
)−1

UWU⊤
w,W

)−1

=
(
UwU

⊤
w

)−1

Σ(W ,W ) = −
(
UWU⊤

W
)−1

UWU⊤
w,W

(
UwU

⊤
w + Uw,WU⊤

w,W − Uw,WU⊤
W
(
UWU⊤

W
)−1

UWU⊤
w,W

)−1

= −
(
UWU⊤

W
)−1

UWU⊤
w,W

(
UwU

⊤
w

)−1

Together, these yield

µ⋆ = Σ(W ,W )Σ(W )−1Y

= −
(
UWU⊤

W
)−1

UWU⊤
w,W

(
UwU

⊤
w

)−1
UwU

⊤
w Y

= −
(
U⊤
W
)−1

U⊤
w,WY.
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