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Abstract

Design and analysis of the computer experiment is an area focusing on efficient data

collection (e.g., space-filling designs), surrogate modeling (e.g., Gaussian process models),

and uncertainty quantification. Survival analysis focuses on modeling the period of time until

a certain event happens. Data collection, prediction, and uncertainty quantification are also

fundamental in survival models. In this dissertation, the proposed methods are motivated

by a wide range of real world applications, including high-performance computing (HPC)

variability data, jet engine reliability data, Titan GPU lifetime data and pine tree survival

data. This dissertation is to explore interfaces on computer experiments and survival analysis

with the above applications.

Chapter 1 provides a general introduction of computer experiments and survival analysis.

Chapter 2 focuses on the HPC variability management application. We investigate the appli-

cability of space-filling designs and statistical surrogates in the HPC variability management

setting, in terms of design efficiency, prediction accuracy, and scalability. A comprehensive

comparison for the design strategies and predictive methods is conducted to study the com-

binations’ performance in prediction accuracy.

Chapter 3 focuses on the reliability prediction application. With the availability of multi-

channel sensor data, a single degradation index is needed to be compatible with most existing

models. We propose a flexible framework with multi-sensory data to model the nonlinear

relationship between sensors and the degradation process. We also involve the automatic

variable selection to exclude sensors that have no effect on the underlying degradation process.

Chapter 4 investigates inference approaches for spatial survival analysis under the Bayesian

framework. The Markov chain Monte Carlo (MCMC) approaches and variational inferences

performance are studied for two survival models, the cumulative exposure model and the

proportional hazard (PH) model. The Titan GPU data and pine tree survival data are used

to illustrate the capability of variational inference on spatial survival models. Chapter 5

provides some general conclusions.
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General Audience Abstract

This dissertation focus on three projects related to computer experiments and survival

analysis. Design and analysis of the computer experiment is an area focusing on efficient data

collection, building predictive models, and uncertainty quantification. Survival analysis focuses

on modeling the period of time until a certain event happens. Data collection, prediction, and

uncertainty quantification are also fundamental in survival models. Thus, this dissertation

aims to explore interfaces between computer experiments and survival analysis with real world

applications.

High performance computing systems aggregate a large number of computers to achieve

high computing speed. The first project investigates the applicability of space-filling designs

and statistical predictive models in the HPC variability management setting, in terms of

design efficiency, prediction accuracy, and scalability. A comprehensive comparison of the

design strategies and predictive methods is conducted to study the combinations’ performance

in prediction accuracy.

The second project focuses on building a degradation index that describes the product’s

underlying degradation process. With the availability of multi-channel sensor data, a single

degradation index is needed to be compatible with most existing models. We propose a flexible

framework with multi-sensory data to model the nonlinear relationship between sensors and

the degradation process. We also involve the automatic variable selection to exclude sensors

that have no effect on the underlying degradation process.

The spatial survival data are often observed when the survival data are collected over a

spatial region. The third project studies inference approaches for spatial survival analysis

under the Bayesian framework. The commonly used inference method, Markov chain Monte

Carlo (MCMC) approach and the approximate inference approach, variational inference’s

performance are studied for two survival models. The Titan GPU data and pine tree survival

data are used to illustrate the capability of variational inference on spatial survival models.
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Chapter 1 General Introduction

Analysis of computer experiments has been employed under many objectives, such as exploring

the relationship between the response and input factors, predicting the response of interest,

and quantifying the uncertainty in the computer simulation system. To achieve these objec-

tives, computer experiments often interact with predictive models. Survival analysis covers a

branch of statistical models that focus on various topics that are related to observations’ sur-

vival. Examples of these topics include understanding the survival rates of observations over

time, characterizing factors that contribute to the failures of observations, and predicting the

failure status of products at certain times. To address these problems, survival models often

involve estimation, prediction as well as uncertainty quantification. Both fields have a wide

range of applications in real world. Thus, it is interesting to investigate the intersection of the

two areas through engineering applications. Motivated by the high-performance computing

(HPC) variability prediction, reliability prediction applications, Titan GPU lifetime data, and

pine tree survival analysis, this dissertation aims to explore three interesting research projects

regarding computer experiments and survival analysis interfaces.

For the HPC variability project, computer scientists are interested in accurate HPC vari-

ability predictions using statistical prediction methods, while computer experiments provide

an efficient way to collect data that the predictive models can be built based on. In the

reliability prediction project, engineers are interested in building an accurate degradation pre-

diction model based on complex sensor data with automatic feature selection for the sensor

channels. The capability of variational inference on the spatial survival model is studied in the

third project. In the following, a more detailed introduction to the three projects is provided,

highlighting the interaction between computer experiments and survival analysis.

1



2

1.1 Computer Experiments

Many physical and engineering processes are difficult to study by classical experiments. Ad-

vances in computing power allow computer simulations to model these complicated processes.

Experiments used to study such computer simulations become known as computer experi-

ments (Santner et al., 2003). Computer experiments have wide applications in computational

physics and other similar disciplines. In this dissertation, the application of computer experi-

ments in the HPC variability management is of interest as well as its interfaces with predictive

models, such as the Gaussian process.

1.1.1 Space-filling Designs

There are many types of designs for computer experiments such as space-filling designs (SFDs)

and sequential designs. When little information is known about the phenomenon to be stud-

ied, SFDs are widely used for experimental designs. This dissertation focuses on SFDs. As

the name suggests, SFDs spread out design points evenly in the experiment region in order

to gather thorough information from the whole experiment region. SFDs can be constructed

based on sampling methods, such as the uniform design (Fang et al., 2000) and Latin hy-

percube designs (McKay et al., 1979). SFDs can also be constructed based on the distance

measure, such as the maximin and minimax designs (Johnson et al., 1990). There are also sev-

eral designs constructed based on the variants or combinations of the aforementioned designs,

such as the maximin Latin hypercube design (Morris and Mitchell, 1995) and the maximum

projection design (Joseph et al., 2015).

1.1.2 Surrogate Modeling

Surrogate modeling is an important area in computer experiments. The computer simulation

is sophisticated and it is usually time-consuming to conduct a single simulation. When an

outcome of interest cannot be easily obtained, a surrogate model is often used to approximate

the behavior of the simulation model. There are many popular surrogate modeling approaches,
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such as response surface models, kriging methods, kernel estimation, and neural networks.

Response surface methodology (Box and Wilson, 1951), is a traditional statistical technique

for modeling the response variables given input variables. Gaussian process (GP) regression

(e.g., Sacks et al., 1989, Currin et al., 1991) is also commonly used to build predictive models

based on computer experiments. Some numerical techniques can also be used as surrogates,

such as linear Shepard model (Thacker et al., 2010) and Delaunay triangulation model (Chang

et al., 2020).

1.1.3 High Performance Computing Variability

One motivating application of investigating the computer experiments performance in data

collection efficiency and building predictive models is high performance computing (HPC)

variability data. HPC system aggregates computing powers to process complex tasks at high

speed. The advancements in modern technologies and scientific areas result in the increasing

of computing scale and complexity, which make HPC important. However, many researches

have observed performance variability, which brings challenges in the research of HPC systems

(Giampapa et al., 2010, Akkan et al., 2012, Cameron et al., 2019). High variability in HPC

systems can lead to unstable system performance and potentially high energy costs. Therefore,

variability management is crucial for system performance optimization. To understand the

performance variability in HPC, data collection and building prediction models based on the

collected data are important steps in HPC variability modeling. The performance variability

is affected by many complicated interactions of factors in the system. In this study, I focus

on input/output (I/O) performance variability. We are interested in the relationship between

I/O performance variability and four system factors: CPU frequency, file size, record size, and

the number of I/O threads. In our experiment, the file size needs to be larger than or equal

to the record size.

To collect data for this application, all combinations of the four system factors are enu-

merated. At each system configuration, the IOzone benchmark (2016) is run multiple times

and the throughputs are gathered as an HPC performance measurement. The configurations
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are collected under 6 I/O operation modes. In total, there are 2658 configurations and each

configuration has 300 replications to capture the performance variability. Because the data

collection procedure is time-consuming and motivated by the need for efficient data collection,

Chapter 2 provides a thorough study about the interactions of design strategies and prediction

models in the HPC setting.

1.2 Survival Analysis

1.2.1 Reliability Prediction

Reliability analysis uses survival analysis techniques in engineering problems. In reliability

applications, designing qualified products and maintaining quality over time are the primary

objective. There are various data provide us information about the system reliability, including

failure time data, recurrent events data, and degradation data. Motivated by the jet engine

data, Chapter 3 proposed a statistical model that characterizes product degradation paths.

Degradation data have been widely used for reliability and system health assessment (e.g.,

Meeker and Escobar, 1998). There are many examples of products and systems provide

degradation data, for example, the loss of light output from a light-emitting diode (LED) array,

the power output decrease of photovoltaic (PV) arrays, and the vibration from a worn bearing

in a wind turbine. The data type is typically a repeated measurement of the degradation

index (e.g., the depth of tire tread). The degradation data usually has a failure threshold, the

product fails if its degradation index exceeds the threshold. The degradation-induced failure

is considered as a soft failure.

Most existing research on degradation data modeling assumes that the degradation index

for a product or system is well defined. Measurements can be made for such degradation index.

Modern sensor technology allows one to collect multi-channel sensor data that are related to an

underlying degradation process. For example, in the jet engine simulation data, there are 16

multi-channel sensors after removing those channels with constant signals. However, in multi-

channel sensory data, any single channel may not be sufficient to represent the underlying
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degradation process. Therefore, it is important to construct an appropriate degradation index

with multi-channel sensory data in degradation modeling. Since not all sensory information

contributes to the underlying degradation process, variable selection procedure is desirable to

appropriately construct the degradation index. Chapter 3 introduces a flexible framework to

build a degradation index using multi-channel sensory data with automatic variable selection.

1.2.2 Spatial Survival Models under Bayesian Framework

Spatial survival models receive great attention in recent decades. Generally, spatial effects

are represented by hidden location’s effect on observations’ survival time. Regarding model

inferences, the Bayesian framework is one popular approach in spatial survival models. In

literature, many applications in biomedical and social science areas involve spatial location

effect in survival time. Examples include the leukemia survival (Henderson et al., 2002),

infant mortality (Banerjee et al., 2003), political event processes (Darmofal, 2009), breast

cancer studies (Zhao et al., 2009), and Titan GPU lifetime (Min and Hong, 2022).

The Bayesian framework is one popular approach that conducts inference for survival mod-

els based on posterior samples. Due to high dimensionality of spatial survival models, Markov

Chain Monte Carlo (MCMC) techniques can be used to draw samples from the posterior. The

Hamiltonian Monte Carlo (HMC) is often used to obtain the ground truth from the posterior.

However, HMC can suffer from a low mixing rate. Variational methods (Blei et al., 2017) are

often used as alternative methods to obtain an approximation distribution for the posterior.

1.2.3 Variational Inference

Variational inference (VI) is an optimization-based approach to approximate intractable distri-

butions (Blei et al., 2017). VI approximates the complicated posterior with a simple variational

distribution by minimizing the metrics that quantify the closeness between two distributions.

The Kullback-Leibler (KL) divergence and the α−divergence are two common metrics to

measure distributions distance. Minimizing the KL divergence between the posterior and

a variational distribution that belong to a mean-field family is a standard VI procedure in



6

many studies. But the parameter independence assumption of the mean-field family limits

the flexibility of variational distribution, and the KL divergence can lead to underestimation

of the posterior variance. Structured VI that allows dependencies between parameters is one

direction to introduce flexibility to variational distributions. Another direction is to use differ-

ent divergence metrics, such as the α-divergence, to allow flexible behavior of the variational

distribution. In Chapter 4, the performance of KL divergence, α−divergence, and MCMC

approach is compared for spatial survival models under the Bayesian framework.

1.3 Overview

The rest of this dissertation is organized as follows. Chapter 2 presents a comprehensive

comparison for the combination of design strategies and approximation methods under the

setting of HPC variability management. The design strategies are tailored so that they are

suitable to the HPC constraint and the approximation methods. Chapter 2 is mainly based on

Wang et al. (2022c). Chapter 3 proposes a flexible model to build the degradation index with

multi-sensory data. The variable selection is also incorporated to exclude covariates that do

not contribute to the degradation process. Chapter 3 is mainly based on Wang et al. (2022b).

Chapter 4 studies the performance of VI and MCMC when conducting model inference of

spatial survival models. Two survival models, cumulative exposure model and proportional

hazard model are used to illustrate the capability of VI. Chapter 4 is mainly based on Wang

et al. (2022a).

During my Ph.D. study, I also worked on several other projects besides my dissertation

research. I co-authored one journal paper about the HPC prediction model (Xu et al., 2020),

one journal paper about genome-wide association study (Wang et al., 2020), one journal paper

about Poisson multinomial distribution (Lin et al., 2022), one review paper about reliability of

artificial intelligence systems (Hong et al., 2021), two conference papers (Lux et al., 2020b, Lux

et al., 2020a) in computer science, and one book chapter (Wang et al., 2021) about modern

reliability analysis.
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Chapter 2 Design Strategies and Approximation Methods for

High-Performance Computing Variability Management

Abstract

Problem: Performance variability management is an active research area in high-performance

computing (HPC). In this chapter, we focus on input/output (I/O) variability, which is a

complicated function that is affected by many system factors. To study the performance

variability, computer scientists often use grid-based designs (GBDs) which are equivalent to

full factorial designs to collect I/O variability data, and use mathematical approximation

methods to build a prediction model. Mathematical approximation models, as deterministic

methods, could be biased particularly if extrapolations are needed. In statistics literature,

space-filling designs (SFDs) and surrogate models such as Gaussian process (GP) are popular

for data collection and building predictive models. The applicability of SFDs and surrogates

in HPC variability management setting, however, needs investigation. In this case study,

we investigate their applicability in the HPC setting in terms of design efficiency, prediction

accuracy, and scalability.

Approach: We first customize the existing SFDs so that they can be applied in the HPC

setting. We conduct a comprehensive investigation of design strategies and the prediction

ability of approximation methods. We use both synthetic data simulated from three test

functions and the real data from the HPC setting. We then compare different methods in

terms of design efficiency, prediction accuracy, and scalability.

Results: In our synthetic and real data analysis, GP with SFDs outperforms in most

scenarios. With respect to the choice of approximation models, GP is recommended if the

data are collected by SFDs. If data are collected in a grid-based way, both GP and Delaunay

can be considered. With the best choice of approximation method, the performance of SFDs

and GBD depends on the property of the underlying surface. For the cases in which SFDs

perform better, the number of design points needed for SFDs is about half of or less than that

of the GBD to achieve the same prediction accuracy. Although we observe that the GBD can

also outperform SFDs for smooth underlying surface, GBD is not scalable to high-dimensional

experimental regions. Therefore, SFDs that can be tailored to high dimension and non-smooth

surface are recommended especially when large numbers of input factors need to be considered

in the model.

11
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Key Words: Computer Experiment; Delaunay Triangulation; Gaussian Process; Linear

Shepard’s Method; MARS; Space-Filling Design.

2.1 Problem Description

The computing scale and complexity in modern technologies and scientific areas make high-

performance computing (HPC) increasingly important. Performance variability, however, is an

important challenge in the research of HPC systems, which has been observed for a long time

(e.g., Giampapa et al., 2010, Akkan et al., 2012, Cameron et al., 2019). High variability in HPC

systems can lead to unstable system performance and potentially high energy costs. Therefore,

variability management is crucial for system performance optimization. The performance

variability is affected by many complicated interactions of factors in the system. In this

study, we focus on input/output (I/O) performance variability. The relationship between

system configurations (e.g., CPU frequency, file size, record size, the number of I/O threads,

and I/O operation modes) and the I/O performance variability is of interest.

One framework that has been used for HPC variability management involves three steps

(Cameron et al., 2019), which are data collection on performance variability for a set of system

configurations, building an approximation model to make predictions for new configurations,

and using the prediction to do optimization for future designs. Statistical research is usually

involved in the data collection and prediction steps. Although there is vast research on designs

for data collections and approximation models for predictions, the applicability of those sta-

tistical methods in the setting of HPC performance management needs investigation, which

motivates us to do a case study based on the HPC performance data.

In the data collection stage, researchers identify HPC system settings for which I/O

throughput data should be collected. Computer scientists often use grid-based designs (GBDs)

to collect data under numerous possible system configurations, when the number of factors is

relatively small (Cameron et al., 2019, Xu et al., 2020b). Note that the GBDs are equivalent

to full factorial designs. In statistics literature, space-filling designs (SFDs) are often used,

which assign design points far apart to fill the whole experiment region. In the prediction
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stage, an approximation model is built based on collected data for various system configura-

tions. Mathematical approximation methods such as the linear Shepard’s method (Shepard,

1968) and Delaunay triangulation (Delaunay, 1934) have been used. In statistics literature,

Gaussian process (GP) models are popular for building approximation models.

From an HPC application point of view, there are several questions that need to be ad-

dressed. First, due to HPC system constraints, the design region could be irregular. For

example, in our experiments, the file size needs to be larger than or equal to the record size,

causing complexity in the experimental design. Therefore, existing SFDs need to be tailored

so that they are suitable for the HPC setting. Second, it is desirable to demonstrate SFDs can

collect data more efficiently than the GBD in a way that is accessible to computer scientists.

Third, there is little research on the interaction between design strategies and approximation

methods, especially in the setting of HPC variability management. However, it is possible

that the prediction accuracy of a design may depend on the chosen approximation method.

Motivated by the needs in HPC performance variability management, we perform thor-

ough comparisons between the prediction abilities of different approximation methods under

different design strategies. We aim to recommend some efficient and scalable ways for com-

puter scientists to collect performance data and provide a few practical guidelines in the HPC

setting. Note that in this study, our goal is to model and analyze HPC performance variability

data collected from HPC experiments, rather than using HPC to do statistical analysis.

In literature, SFDs are widely used for experimental design when little information is

known about the phenomenon to be studied. The uniform design proposed by Fang et al.

(2000) has the natural idea of placing design points uniformly in the experimental region. Latin

hypercube designs (McKay et al., 1979) ensure good one-dimensional projection properties.

Some design strategies are based on the distance measure, such as the maximin and minimax

designs (Johnson et al., 1990). There are also several designs constructed based on the variants

or combinations of the aforementioned designs, such as the maximin Latin hypercube design

(Morris and Mitchell, 1995) and the maximum projection design (Joseph et al., 2015).

Non-regular and constrained design regions are quite common in industrial experiments
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and physical sciences. Some efforts have been made to allocate design points within such

regions. Draguljić et al. (2012) introduce an algorithm to construct noncollapsing space-filling

designs for bounded input regions. The design in Draguljić et al. (2012) can be applied to

regions with constraints, but it can be time-consuming, especially when the design size is

in hundreds or thousands. Lekivetz and Jones (2015) propose the fast flexible space filling

algorithm, which constructs designs based on hierarchical clustering. Pratola et al. (2017)

map the original dimension to a higher dimensional space to convert the geodesic distance to

Euclidean distance. Golchi and Loeppky (2015) adopt the idea of sampling from constrained

distributions and propose a sequential constrained Monte Carlo algorithm to sample design

points uniformly from the constrained input region. Hung et al. (2010) propose probability-

based Latin hypercube design for slid-rectangular region with the ability to achieve optimal

design criteria.

When the physical experiment or the corresponding computer simulation model is complex

and time-consuming, a surrogate model is needed to describe the underlying process. Many

smooth techniques, such as response surface models, Kriging methods, kernel estimation, and

neural networks, can be used to approximate the true surface. Response surface methodology,

originally introduced by Box and Wilson (1951), is a traditional technique for modeling the

response variables given input variables. Another commonly-used statistical approximation

model is Gaussian process (GP) regression (e.g., Sacks et al., 1989, Currin et al., 1991), which

can generate a smooth surface and be capable of dealing with the heteroscedasticity (Goldberg

et al., 1998) in the response variable. In the HPC community, mixture models have been used

to study the multimodal behavior of the throughput distribution (Xu et al., 2020b). Some

novel numerical techniques, including max box mesh, iterative box mesh, and Voronoi mesh

methods for interpolation, are investigated by Lux et al. (2018b).

In previous work, the SFDs and approximation models have been compared, separately,

in terms of prediction performance. The prediction accuracy of SFDs is studied by Johnson

et al. (2011) with Gaussian process surrogates. Multiple approximation methods are compared

under GBDs by Lux et al. (2018a) and Cameron et al. (2019). Those compared methods
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include regression methods, such as multivariate adaptive regression spline model, support

vector regression, multilayered perceptron regression, and some numerical methods, such as

linear Shepard’s method and Delaunay triangulation. However, little study has been done

regarding the interaction between design strategies and approximation methods in the HPC

performance setting. This paper aims to investigate the prediction ability of different kinds

of design strategies and approximation methods as a case study. So, when a particular design

strategy is given, HPC engineers can choose the best approximation method to achieve a

higher prediction accuracy, or vice versa.

The rest of the paper is presented as follows. Section 2.2 provides a detailed background

of the motivating example and introduces the underlying problem that we are interested

in. Sections 2.3.1 and 2.3.2 briefly summarize the SFDs and approximation methods that

are under investigation in this paper. Section 2.3.3 conducts synthetic data analyses where

the performance of all combinations of the five designs and five approximation methods are

compared under three test functions. In Section 2.3.4, an HPC variability experiment is

introduced and real-world comparison results are presented. Section 2.4 provides conclusions

of the comparisons, practical guidelines, and areas for future work.

2.2 Data Collection and Preparation

We first introduce some notation for the HPC data. To define a general experiment process,

let X be a d-dimensional space of input factors with a set of constraints. Let Y be the random

vector of the experiment outputs. The first step to start exploring the relationship between

the input factors and the output is to efficiently allocate design points within X, at which

the corresponding output vectors will be obtained. Suppose D = {x1, . . . ,xn} is the set of

selected design points, where xi ∈ X is the ith design point. Let yi be the corresponding

observed output at the ith design point. Then y = (y1, . . . , yn) is the collected output vector

containing the observed outputs at all xi ∈ D.

In the HPC data, there are four numeric factors, including one hardware factor: CPU
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frequency (GHz); and three application factors: the number of I/O threads, the file size (KB),

and the record size (KB). For our experiments, we consider CPU frequencies in the range

[2.0, 3.5] GHz, numbers of I/O threads in the range [1, 64], and file sizes and record sizes in the

range [4, 16384] KB. Additionally, we have the constraint that for each system configuration,

the file size must be greater than or equal to the record size, and the file size and record size

must be of the form of
∑

l∈L 2l, where L is a set of positive integers. To make the design

region uniform, we apply a log transformation to the file size and record size: log file size =

log2(file size), log record size = log2(record size). Then the experiment region becomes X =

[2.0, 3.5]× [1, 64]× [2, 14]× [2, 14] with the constraint that log file size ≥ log record size. In this

application, we define the response of interest Y as the performance variability measurement

(PVM). The PVM is given by the standard deviation of I/O throughputs (in the units of

KB/s) at each input configuration (Cameron et al., 2019).

To collect data for this application, the I/O throughput of hard disk is collected in a grid-

based pattern, using the IOzone benchmark (2016) to produce the workload with each system

setting. Each factor is divided into ki levels, i = 1, . . . , 4 and a configuration is obtained by

taking a possible combination of levels in each factor. Figures 2.1(a) and 2.1(b) show the two-

dimensional projections of the real 4-dimension grid space where data are collected. At each

configuration, the IOzone benchmark is run multiple times and the throughputs are gathered

as an HPC performance measurement. The configurations are collected under 6 IO operation

modes: initial writers, rewriters, readers, re readers, random readers, random writers. In

total, we have 2658 configurations and each configuration has 300 replications to capture the

performance variability. Because the data collection procedure is time-consuming, we are

interested in whether SFDs can select points more efficiently than the GBDs.

After obtaining the data, another problem that we are interested in is the problem of

accurately predicting HPC performance variability at a new configuration. With the col-

lected dataset {D,y}, we want to build models that describe the relationship between system

factors and performance variability. Based on the previous literature and studies, we adopt

both statistical models and numerical models in computer science to explore the underlying
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Table 2.1: Illustration of the HPC performance variability data structure.

Frequency No. of Threads File Size Record Size PVM
2.0 1 2 2 17411.29
2.0 1 4 2 58014.19
2.0 1 4 3 46393.96
2.0 1 4 4 43238.60
2.0 1 6 2 49839.42
2.0 1 6 3 109721.24

relationship.

An example of the data structure is presented in Table 2.1. The 2D surface plots of the

PVM under two pairs of factors are shown in Figure 2.2. From the surface plot, we gain

a rough idea of the relationship between response and input factors. In Figure 2.2(a), we

can see that the number of I/O threads and frequency have a positive relationship with the

throughput variability; the larger the number of threads and frequency, the larger the PVM.

Figure 2.2(b) shows that when the file size and record size are closer to each other (i.e., near

the boundary of the constraint in the plot), the variability is relatively small. When the file

size is much larger than the record size, the performance varies a lot. These relationships are

consistent with our intuition.

2.3 Analysis and Interpretation

In this section, we conduct analyses on the effectiveness of designs and approximation methods

in HPC setting. We first give brief descriptions on the design strategies and approximations

in Sections 2.3.1 and 2.3.2, respectively. We then examine the effectiveness of designs and

approximation methods using synthetic data simulated from three different test functions.

Finally, we study the designs and approximation methods using the real data from the HPC

study.
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Figure 2.1: Two-dimensional projection grids of design points where the real data were col-
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2.3.1 Design Strategies

Space-filling designs (SFDs), as the name suggests, spread out design points evenly in the

experiment region in order to gather information from the whole experiment region. SFDs

can assign points based on distance measures or sampling strategies. One reason to propose

SFDs as an alternative to GBDs is that spreading points evenly across the entire design region

is ideal when prediction accuracy is our primary goal. This is because the prediction error at

a particular point depends on its location relative to the design points. If a design allocates

points only near the center of the experiment region, a large error may result in prediction

for inputs on the boundary of the experiment region. For convenience, we first assume that

the experiment region is a unit hypercube X = [0, 1]d. This assumption can easily be relaxed

with linear transformations. This section introduces several common criteria for constructing

SFDs, as well as a list of designs we will study in this paper.

2.3.1.1 SFDs Constructed by Sampling Strategies

Several sampling strategies to construct SFDs are discussed in this section. An intuitive idea

for a spread-out design is to scatter points uniformly in the design region. Designs built in

this way are referred to as uniform designs (UDs), as described in Fang et al. (2000). UDs

can gather a sufficient amount of information to explore the relationship between the response

variable and the input factors with relatively small runs (Li et al., 2004). UDs consider the

whole design region equally important. However, when some portions of the domain are of

more interest than others, stratified random sampling (SRS) can be used to enhance the design

performance. Suppose n design points are desired. The SRS partitions the design region X

into s strata and in stratum j, nj points are selected based on a certain input distribution,

where j = 1, . . . , s and
∑s

j=1 nj = n. The size and position of each stratum depends on

different experiment scenarios. When we know that some input factors are important to the

response, we also want the design points’ projections on to those factors to be spread out. This

can be achieved by the Latin hypercube design (LHD) (McKay et al., 1979), which is a popular
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SFD and has been combined with various other designs. To construct an LHD of size n, the

range of each input factor is equally divided into n intervals [0, 1/n) , . . . , [(n− 1)/n, 1]. For

each of the d coordinates, exactly one design point projection is sampled from each interval.

In this way, it can be guaranteed that the design points are spread out across the range of

each input factor. One favorable property of LHD is that any lower dimension projection

of an LHD is also an LHD. Although LHDs have good properties for projection, it is not

guaranteed that the design points will be spread out evenly in the entire experiment region.

For example, it is possible that all design points could be located along the diagonal of the

d-dimensional unit hypercube. To overcome this drawback, Latin hypercube sampling is often

used together with other designs such as maximin design (Johnson et al., 1990) or maximum

projection design (Joseph et al., 2015). These SFDs are based on a distance metric, which

will be discussed in the next section.

2.3.1.2 SFDs Based on Distance Measures

In this section, design strategies based on distance measures and metrics are briefly introduced.

One idea for SFDs is that no point in the experiment region X should be too far from its

nearest neighbor in D. Let

d(xi,xj) =

(
d∑

k=1

|xik − xjk|s
)1/s

be the distance metric. Usually, the Euclidean distance, (i.e., s = 2) is used. For an arbitrary

point x inX, we determine its closest design point xi and the minimum distance mini d(x,xi).

To guarantee that no point is too far from the design points, we choose the point x ∈ X with

the maximum distance to its closest design point, which is maxx∈Xmini d(x,xi). Then we

find the design to minimize this distance,

min
D

max
x∈X

min
i
d(x,xi),
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which is called the minimax distance design (Johnson et al., 1990). The second way to spread

out points in D is to allocate the design points as far apart as possible. This can be realized

by finding the design that maximizes the minimum distance between two design points, which

is the criterion of the maximin distance design,

max
D

min
i,j

d(xi,xj).

The maximin distance design ensures that the design points are spread as far apart from each

other as possible in the full dimension but does not guarantee that the design is space filling

for each projection on a subspace. Morris and Mitchell (1995) propose the maximin Latin

hypercube (MmLh) design, which incorporates the structure of an LHD with the maximin

design. The criterion is

min
D

[
n−1∑
i=1

n∑
j=i+1

1

dm(xi,xj)

]1/m
. (2.1)

The MmLh design ensures good projection properties when projecting into one dimension,

but fails to consider the projection onto other subdimensions. Joseph et al. (2015) propose

a maximum projection design (MaxPro) that ensures good space filling on all subspaces. It

considers a weighted Euclidean distance

d(xi,xj,θ) =

[
d∑

k=1

θk(xik − xjk)2
]1/2

, (2.2)

where θ = (θ1, . . . , θd) is a vector of weight factors. Let θk = 1 for those factors that construct

the subspace and θk = 0 for other factors, then (2.2) calculates the distance between xi and xj

after projection into subspaces. The criterion of maximum projection design can be modified

based on (2.1) as

min
D

n−1∑
i=1

n∑
j=i+1

1

dm(xi,xj,θ)
.

Here, the weight factors satisfy
∑d

k=1 θk = 1. To properly choose the weight factor θ, Joseph

et al. (2015) adopt the Bayesian framework. A prior distribution is assigned to θ and the
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expected value of the objective function is minimized. The criterion can be further simplified

with uniform prior and m = 2d:

min
D

n−1∑
i=1

n∑
j=i+1

1∏d
k=1 (xik − xjk)2

. (2.3)

It is clear from (2.3) that any two design points in D can not have the same value in any

dimension. Otherwise, xik − xjk = 0, which will cause the objective function to be infinite.

The criterion automatically guarantees that the design also has the LHD property.

Another design strategy, the maximum entropy design is also included in this section,

although generally it is considered to be a model-based design. The maximum entropy de-

sign (Shewry and Wynn, 1987) maximizes the negative entropy function, which captures

the amount of information gained from an experiment. For a random vector X with sup-

port X and density function f(X), the entropy is defined as H(X) = −EX [log f (X)] =

−
∫
X
f(x) log[f(x)]dx. The information gained is I(X) = −H(X). We want the experimen-

tal design that causes the largest change in the information, which is equivalent to maximizing

the entropy:

max
D

H(X).

This can be simplified as maxD log |Σn| if we assume that the underlying surface is a Gaussian

process, where Σn is the variance-covariance matrix of D. Then the construction of the

maximum entropy design depends on the choice of the correlation function. In this study,

we adopt the format that is implemented in the R package DiceDesign (Dupuy et al., 2015),

where the correlation function is r(xi,xj) = 1− 1.5d/a− 0.5(d/a)3 if d > a and 0 otherwise.

Here, d is the Euclidean distance between the two points (xi and xj) and a denotes the range

of the variogram.

2.3.1.3 Customizing SFDs for HPC Setting

Four of the above designs are considered in this paper. They are uniform sampling, maximum

Latin hypercube design (MnLh), maximum entropy design (MaxEnt), and maximum projec-
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tion LHD (MaxPro). In the HPC performance variability modeling application, the additional

constraint is that the file size needs to be larger than or equal to the record size. To deal with

the constraint in the real application, we want to use an approach that can tailor all different

designs. So above designs must be adjusted in order to accommodate the constrained region.

In this study, a rejection sampling strategy, as a simple way that can be easily applied across

different design strategies, is used. Suppose we would like to generate a design with size n. If

points in the initial size n design fail to meet the constraint, then we generate designs with

size 2n, 3n, . . . , until there are at least n points in the design that satisfy the constraint.

Then we randomly select n points from the large design, which satisfy our constraint.

Note that this idea is different from rejection sampling, because we reject points that are

obtained from a specific optimization problem. After discarding the points that do not meet

the constraint, the remaining design points may not hold all the original properties of that

type of design. However, this is a uniform, simple approach that can be applied to any type

of design. We do not need to solve extra optimization problems or alter the existing sampling

algorithm.

Besides tailoring SFDs for the constraint in the HPC problem, we also need to adjust

designs to include boundary points so that we will not have bad extrapolation problems

when we using the data to build numerical prediction models. The details are explained in

Section 2.3.2.1. In this study, we use central composite designs (CCDs) to augment origin

SFDs. A CCD consists of a factorial (fractional factorial) design with factors of two levels.

That is, the vertices of the experiment region, a set of center points, and a set of axial points.

We add the vertex points, the center point of the axis, and the center point of the hypercube

to the SFDs. If the experiment region is irregular, then the augmented points that do not

meet the constraint are excluded.

2.3.2 Approximation Methods

To conduct the prediction accuracy comparison, we need to select several representative sur-

rogates to approximate the underlying function. The approximation methods often used in
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both computer science and statistics are briefly introduced here.

In applied mathematics, numerical methods are often used to approximate the true surface.

In this section, two numerical methods are used, which are Delaunay triangulation and Linear

Shepard’s method.

2.3.2.1 Delaunay Triangulation Interpolation

Delaunay triangulation interpolation is a numerical method that approximates the underlying

function f : Rd → R based on the values f(p) for a given vertex set P and the corresponding

Delaunay triangulation. A Delaunay triangulation (Delaunay, 1934) is given by any triangu-

lation that satisfies the Delaunay properties. Suppose P = {p1, . . . ,pn} is a set of n points

in Rd. Then a d-dimensional triangulation of P , denoted T(P), is a set of d-simplices that

satisfies the following criteria: 1) the vertex set of T(P) is P ; 2) the union of all simplices in

T(P) is the convex hull of P , denoted as CH(P); and 3) the d-simplices are disjoint besides

their common boundaries (vertices, edges and facets). A Delaunay triangulation, denoted as

DT(P), is the geometric dual of the Voronoi diagram (Watson, 1981). A Voronoi diagram

divides Rd into n regions with each containing one Delaunay vertex in P , such that all points

within each region are closer to the vertex in their region than to any other vertex. The De-

launay triangulation is given by connecting all vertices whose Voronoi cells share a boundary

with an edge.

Let x ∈ CH(P) be an interpolation point and S ∈ DT(P) be the simplex with vertices

s1, . . . , sd+1 that contains x. One finds the weights w1, . . . , wd+1 that satisfy
∑d+1

i=1 wi = 1,

wi ≥ 0, for i = 1, . . . , d + 1 and x =
∑d+1

i=1 wisi. Then the estimated function value f̂DT(x)

based on DT(P) is

f̂DT(x) = w1f(s1) + w2f(s2) + · · ·+ wd+1f(sd+1).

In this paper, the Fortran 2003 package DELAUNAYSPARSE (Chang et al., 2020) is used

to perform the interpolations. In order to achieve computational efficiency, the algorithm in
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DELAUNAYSPARSE only computes a necessary, sparse subset of the Delaunay triangulation

given pre-specified interpolation points (Chang et al., 2018).

In the HPC variability management application, in order to compute the predictions, we

need to approximate the response values for a test set based on the Delaunay triangulation

DT(D) of the proposed design D. However, the points in the test set might not always fall

inside CH(D), which results in an extrapolation problem instead of an interpolation problem.

DELAUNAYSPARSE can handle extrapolation problems by projecting each test point onto

CH(D) when the test point is close to CH(D), but this solution can perform badly if the test

point is far outside of CH(D). Since we do not know whether a test point is inside CH(D)

beforehand, necessary adjustments of the design strategies need to be made to avoid bad

extrapolation problems.

In order to avoid bad extrapolation problems when using the Delaunay method to approx-

imate the true surface, we need to augment the proposed SFDs so that the convex hull of

each augmented SFD covers the entire experimental region. In this way, wherever a test point

falls in the experimental region, it always results in an interpolation problem for the Delaunay

method. To realize this idea, intuitively one can augment each SFD with those boundary

points. In this study, we choose to use CCD to augment the proposed SFDs.

2.3.2.2 Linear Shepard Method

Shepard’s method is a form of inverse distance weighting, originally proposed by Shepard

(1968). It is an interpolation method based on the weighted average of basis functions, each

centered on a point in the data set P = {p1, . . . ,pn}, where the weight is calculated in

terms of inverse distance from the interpolation point to points in P . Several variations of

Shepard’s method are available such as, quadratic and cubic Shepard’s method. However, in

our application, linear Shepard’s method is used for the sake of efficiency. Given the same

setting as in Section 2.3.2.1, the original Shepard approximation of f(x) at point x is:

f̂(x) =

∑n
i=1Wi(x)f(pi)∑n

i=1Wi(x)
,
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where Wi(x) = 1/‖x− pi‖22. This weight is nonzero for all the data points even for those

points that are far away from the interpolation point x. In order to achieve better approxima-

tion performance, a modified linear Shepard’s method considers only the local points within

an R-sphere of x and replaces the original f(pi) with a linear approximation function B(pi).

The modified linear Shepard’s method has the form

f̂(x) =

∑n
i=1Wi(x)B(pi)∑n

i=1Wi(x)
,

where the modified version weights are given by

Wi(x) =

[
max

(
0, Ri − d(x,pi)

)
Rid(x,pi)

]2
.

Here, Ri is the radius of a sphere centered at xi that reflects influence scope of xi. The

Fortran package SHEPPACK (Thacker et al., 2010) is used in our study to perform the linear

Shepard interpolation.

Besides the numerical methods, three statistical models are considered in this study: re-

sponse surface methodology (RSM), multivariate adaptive regression splines (MARS) and

Gaussian processes (GPs). Compared to numerical models, one advantage of statistical mod-

els is that one can quantify the prediction uncertainty in a relatively easy manner.

2.3.2.3 Response Surface Methodology

Response surface methodology (RSM) is a method that investigates the relationship between a

response variable and input factors through design experiments. It is a traditional method for

studying computer experiments (e.g., Myers, 1999, Myers et al., 2004). Low-order polynomial

models such as first- or second-degree polynomial models are commonly used in applications.

In this paper, we use a second-order model to approximate the true response surface.
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2.3.2.4 Multivariate Adaptive Regression Splines

Multivariate adaptive regression splines (MARS) were introduced by Friedman (1991). They

are nonparametric regression models formed by spline basis product expansion. MARS can

automatically capture nonlinearity and interaction effects. The MARS model is given by:

f̂(x) =
M∑
m=1

cmBm(x),

where Bm(x) are the basis functions. These basis functions can be constants, hinge functions,

or products of hinge functions, where each hinge function is of the form max(0, x − c) or

max(0, c−x), where c is a constant. As a flexible nonparametric model, MARS tends to overfit

without pruning. The algorithm for constructing MARS model is based on a modification of

recursive partition trees that requires a forward and backward pass. In the forward pass,

the MARS model is initialized as a constant valued function (whose value is the intercept),

then basis functions are gradually added to the model until the maximum number of terms

is reached or the loss in sum of squared residuals is small. Next, a backward pass is used to

prune the model based on the generalized cross validation (GCV) criterion, which is a trade

off between goodness-of-fit and model complexity. In this study, we use the earth package in

R to build the MARS model (Milborrow, 2019). A grid of hyper-parameter: the number of

maximum terms in the model and the maximum degree of interactions, is used to train the

model in order to the select model with the highest R-squared value.

2.3.2.5 Gaussian Process

Gaussian process (GP) interpolation is a commonly used approximation method in computer

experiments. GP is often defined as a stochastic process where every finite collection of

n observations follows a multivariate normal (MVN) distribution. A GP is determined by

its mean function µ(x) and its covariance function C(x,x′). When a zero-mean GP is as-

sumed, it can be completely determined by the covariance function, which is also referred
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to as the kernel function. There are several common kernel functions, including Gaussian

C(x,x′) = exp[−(x− x′)2/θ] and Matérn kernels. Let Yn = {y1, . . . , yn} be the n observa-

tions at the proposed design points Xn = {x1, . . . ,xn} and Y ∼ Nn(0,Σn), where Σn is the

covariance matrix with covariance elements C(x,x′). Then for an arbitrary point x, the value

of Y (x) given the design and corresponding observations can be obtained by the conditional

distribution Y (x)| {Yn,Xn}. This can be calculated based on the conditional distribution of

MVN:

Y (x)| {Yn,Xn} ∼ N[µ(x), σ2(x)],

where µ(x) = Σ(x,Xn)Σ−1n Yn and σ2(x) = Σ(x,x)−Σ(x,Xn)Σ−1n Σ(Xn,x). Here, Σ(x,Xn)

is a 1× n matrix with elements C(x,x1), . . . , C(x,xn). It is obvious that the mean function

is a linear combination of Yn while the covariance function does not involve information of

observations. A maximum likelihood estimator can be used for parameter estimation. We use

the R package laGP (Gramacy, 2016) to implement the local Gaussian process approximation.

In the local GP model, if one wants to predict at x, instead of using the whole design D, a

subset of D close to x is selected sequentially to increase the computing speed. Note that

when building the GP model, both the input variables and the response are normalized to

range [0, 1].

2.3.3 Synthetic Data Analyses

In order to investigate the performance of each design strategy and approximation method

combination, we conduct synthetic data analyses using three test functions. Specifically, if we

denote yi as the true response for the ith design point and ŷi is the predicted value, i = 1, . . . , n,

we compare the root mean squared error (RMSE)
√∑n

i=1(ŷi − yi)2/n and the mean absolute

percentage error (MAPE)
∑n

i=1 (|ŷi − yi|/yi) /n of the predictions for each combination with

each test function.

We have two goals when conducting the synthetic data analyses. First, we want to perform

simulations with test functions that are representative of the HPC performance. Since this
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application has four input factors, we choose two test functions that have four input variables

each, and for each of these test functions, we apply the same linear constraint function as

in the HPC performance variance problem. Second, we would like to explore the prediction

behavior and computing time of GBD and SFD with a high-dimension test function. So the

eight-dimensional Borehole function is adopted to illustrate the design performance when the

experiment region is of high dimension.

2.3.3.1 Test Functions

The Colville function is a four-dimensional function with the formula:

f(x) = 100(x21 − x2)2 + (x1 − 1)2 + (x3 − 1)2 + 90(x23 − x4)2+

10.1((x2 − 1)2 + (x4 − 1)2) + 19.8(x2 − 1)(x4 − 1),

where x = (x1, . . . , x4). The Colville function’s input domain is xi ∈ [−10, 10], i = 1, . . . , 4.

We apply the constraint x3 ≥ x4 to the input domain to emulate the HPC performance

variability problem.

The Friedman function was proposed by Friedman et al. (1983). It is a five-dimensional

function, and in our study, we map the first four variables to our experiment region and fix

the last variable x5. The function is:

f(x) = 10 sin(πx1x2) + 20(x3 − 0.5)2 + 10x4 + 5x5,

where x = (x1, . . . , x4). This function’s domain is the unit hypercube: xi ∈ [0, 1], i = 1, . . . , 4

with x5 = 0.5. The same constraint as with Colville function was applied here.

The Borehole function is an eight-dimensional function that models water flow rate through

a borehole. Let x = (rw, r, Tu, Hu, Tl, Hl, L,Kw) be the input variables, then the water flow

rate is:

f(x) =
2πTu(Hu −Hl)

log(r/rw)
(

1 + Tu
Tl

+ 2LTu
log(r/rw)Kwr2w

) .
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Table 2.2: Ranges of parameters for the Borehole function.

Variable Minimum Maximum
rw 0.05 0.15
r 100 50000
Tu 63070 115600
Hu 990 1110
Tl 63.1 116
Hl 700 820
L 1120 1680
Kw 9855 12045

The input ranges are listed in Table 2.2. For this test function, no constraint is applied because

the goal of this test function is to investigate the high-dimensional performance of the design

strategy and the approximation method combinations.

2.3.3.2 Comparison Procedures

Using the above test functions, we want to compare the prediction accuracy of GBDs with

that of proposed SFDs for each test function using various design sizes and approximation

methods. Since the GBD is built by selecting n levels on each factor and then enumerate

all possible combinations of d factors, the design size needs to be nd. In a real application,

it is possible that the numbers of levels at each factor are different. However, since our test

functions are continuous functions, we assume that if we can take n levels on one factor, we

can also take the same number of levels on all other factors, which means we only consider

the fine “regular grid” in the synthetic data analyses. After deciding the size of GBD, we can

generate SFDs correspondingly. The simulation procedure is as follow:

1. Choose a test function. Uniformly select ng random points within the input region as

the test set g.

2. For n = 3, . . . , 7,

(a) Create a GBD Dg by choosing n points in each dimension and expanding into a grid

via the Cartesian product. Exclude design points that do not satisfy the constraint
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and denote the size of GBD as Ng.

(b) To generate the SFDs, create designs Dmaximin, Dmaxpro, Dmaxent, and Duniform each

of size N = Ng − na, where na is the size of the augmented design.

(c) For each test function, find the corresponding values of points in the above designs.

(d) Use five approximation methods to generate five predictive surfaces for each design:

i. Linear regression: use backward selection to determine the second-order linear

regression model with minimum Bayesian information criterion (BIC).

ii. Delaunay triangulation: use the DELAUNAYSPARSE package to build the

model.

iii. Linear Shepard: use the SHEPPACK package to build the model.

iv. MARS: use cross validation to tune the MARS model on a hyper-parameter

grid, and select the model with the highest R-squared value.

v. Gaussian process: use the separable Gaussian kernel with a nugget effect in-

cluded in the model.

(e) Repeat Steps 2c - 2d B times.

(f) Compute RMSE and MAPE over repetitions for each SFD and approximation

method.

Although in Section 2.3.1 we introduced that the SFDs are obtained by solving different

optimization problems, those optimization problems often do not have analytic solutions if

large number of points are desired in a high-dimensional experiment region. Numerical al-

gorithms are usually used to obtain SFDs, which lead to non-unique solutions for a certain

type of SFD. In order to understand the overall prediction performance for a certain type

of SFD, we repeat the step of generating designs and making predictions for B times. In

the above procedures, the test set size ng and the repetition number B is changed according

to the dimension of the test function and the approximation method. For relatively smooth

test functions, (e.g., Friedman function) or stable approximation methods, (e.g., Delaunay
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and MARS), we do not require a large number of replications or a large test set to obtain a

stable and representative result. However for other models, such as using the linear Shepard’s

method under a non-smooth test function, we need to increase the replication number in order

to get a reliable result. The summary of the test sizes ng and replication numbers B are listed

in Table 2.3.

For the Borehole function, since the dimension is relatively high, it is difficult to compute

the prediction performance for a series of GBDs within a reasonable time and with reasonable

computational resources. Therefore, we skip the step of generating multiple GBDs of the

same size as each SFD. Instead, we consider one GBD of size 38 = 6561 GBD and compare

its performance with other SFDs varying sizes from {500, 600, . . . , 2000}.

For each test function, we plot the average RMSE and MAPE versus design size for each

combination of approximation methods and design strategies. The results are shown in Fig-

ures 2.3, 2.4, and 2.5. The results show that the overall error decreases as the design size in-

creases, but at different rates for different methods and problems. For the two four-dimensional

test functions, we can see an interaction effect between the approximation method and design

strategy. Under numerical approximation methods, GBD has a smaller prediction error as size

increasing compared to the SFDs. However, under statistical models, the trend is the oppo-

site. One possible explanation for this behavior is that GBDs have good geometric properties

and both numerical approximation methods, Delaunay and linear Shepard, rely on geometric

properties to make predictions. For the eight-dimensional Borehole function, the 38 GBD is

shown as a horizontal line in Figure 2.5. In general for the Borehole function, the GBD does

not perform as well as the SFDs, despite the fact that each SFD has a smaller design size.

2.3.4 HPC Data Analysis

In this section, we conduct a data analysis using the real data as described in Section 2.2.
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Table 2.3: Test set size ng and replication time B in the synthetic data analyses.

Surrogate Model
Friedman Colville Borehole
ng B ng B ng B

RSM 10000 30 10000 30 5000 60
Delaunay 10000 30 10000 30 5000 60

LSP 10000 30 10000 30 5000 180
MARS 10000 30 10000 30 5000 60

GP 10000 30 10000 30 5000 60
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Figure 2.3: Plot of RMSE and MAPE as functions of design size under the Colville test
function. RMSE is on the magnitude of 104.
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Figure 2.4: Plot of RMSE and MAPE as functions of design size under the Friedman test
function.
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Figure 2.5: Plot of RMSE and MAPE as functions of design size under the Borehole test
function. Here, the GBD has a fixed size of 38 = 6561 due to the computational limit.
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2.3.4.1 Model Fittings

In HPC application, the data were collected using a full factorial design. Each of the four input

factors has several unique levels and the throughput data were collected at each combination

of levels. In total there are 2658 possible configurations. Since the real data itself is a GBD,

we construct SFDs with sizes increased from 100 to 2700 with an increment of 200, and

compare them to the real data. In this way, we investigate whether SFDs can achieve the

same prediction accuracy as the GBD with a smaller design size.

A similar procedure as in Section 2.3.3.2 is used. Note that we did not consider the log

transformation when building statistical models using the real data, although the response

PVM is non-negative. Because the performance variability in our study is quite large, which is

far away from 0. The responses are not highly skewed around zero. Thus, the non-negativity

is of less concern. One possible side effect of the log transformation is that it can result in

extremely large predictions after taking the anti-log to obtain the prediction in the original

scale.

There are a few modifications in the comparison procedure when analyzing the HPC data.

Since the experiment region in the HPC performance variability problem is a discrete space,

the SFD points are binned to the nearest feasible value after generation. Also because we do

not know the true underlying surface in the real application as in the synthetic data analysis,

we need to decide an underlying surface that can describe the real data well and also suitable

for conducting comparisons. We choose to use a fitted model with methods in Section 2.3.2

using the real data as the truth. In order to choose the most appropriate model, we first use a

10-fold cross validation (CV) to see the average CV prediction errors for different models. The

result is summarized in Table 2.4. Choosing the model that has the smallest CV prediction

error is a natural idea. In this case, it is either Delaunay which has the smallest MAPE or

GP with the smallest RMSE. However, one property of Delaunay method is that the fitted

model traverses every training data point. This means if we use the fitted Delaunay from the

real data as the underlying truth, the response value we take from the fitted surface for the
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Table 2.4: Average 10-folds CV error for the HPC data under different models.

Model RSM MARS Delaunay LSP GP
MAPE 0.47 0.39 0.20 0.26 0.22
RMSE 89476.99 80468.44 63394.17 76488.13 54854.81

GBD, is exactly the real collected PVM. This benefits the GBD since the GBD has exactly

the same data we used to build the true surface. When building approximation models to

make predictions, the GBD has advantages over SFDs. Especially if we use the Delaunay

approximation method, we will obtain 0 prediction error for the GBD. In this way, we can

not make a fair comparison for the performance of the GBD and the SFD. If we consider the

GP model, without the nugget effect, the GP model also goes through every training point,

resulting in the same situation as using the Delaunay method. Even though in our analysis,

we include the nugget effect so that the model does not go through every training point, and

the GBD will not benefit as much as in the above situation. Using the fitted GP model is still

not a fair comparison. That is because the variance-covariance matrix of the fitted GP model

trained with the real data is featured by the evenly spaced design points. Potentially, using

fitted GP model as the truth also benefits the GBD, which has good geometric properties.

Similarly, LSP model also has the same problem as the Delaunay. Therefore, in order to have

a fair comparison, we decided to use the MARS fitted model. It will not return exactly the

same PVM for the GBD, also is not affected by the geometric property. Although its ability

to describe the real data is not as good as the above three methods, we choose it as the truth

in the real data analysis for a fair comparison.

2.3.4.2 Comparisons

Figure 2.6 describes the MAPE and RMSE of different methods and design combinations

when using MARS fitted model as the underlying truth. The error trends of all SFDs are

similar to each other under every approximation method. GP with SFDs can achieve the

smallest prediction error under both criteria. Like most cases in synthetic analysis, the GBD

outperforms SFDs with Delaunay method. While with GP, MARS and RSM models, SFDs
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Figure 2.6: Plot of RMSE and MAPE as functions of design size in the HPC application. The
GBD is given by the locations where true data were collected. The true underlying surface is
the one based on the MARS fit.

can achieve the same prediction error as the GBD with smaller budget. For the LSP method,

the SFDs outperform the GBD under MAPE criterion and are quite close with the GBD under

the RMSE criterion.

One may notice that in Figures 2.3 to 2.6, the averaged prediction errors of SFDs are

similar. One reason is that SFDs share similar properties, which are trying to fill out the

whole design region to gain thorough information, so the average performance of various SFDs

may perform similarly. Actually there do exist differences among different designs prediction

ability if we look into each replication. However, these differences are hard to distinguish in

the magnitude of those figures (i.e., if we do not zoom in).

2.4 Conclusions and Recommendations

In this paper, comparisons are conducted for synthetic data analysis and HPC variability man-

agement application to explore the prediction accuracy of GBDs and SFDs under different

approximation method. Overall the prediction error decreases as the design size increases. We
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find that no design outperforms all others uniformly. The GP with SFD, however, generates

the best results under most scenarios. In previous work, the Delaunay method with GBD

tends to have the smallest relative error (Lux et al., 2018a). In our analysis, with the maxi-

mum design budget, the best approximation method and design combination under each test

function and real application is summarized in Table 2.5. From this table we can see that GP

outperforms other models under both error criteria. This is consistent with the CV prediction

ability analysis with the real HPC data in Table 2.4. Besides, the GP model can quantify the

prediction uncertainty, which allows a better understanding of the data and model. There-

fore, GP model is recommended when choosing the approximation method. If the data are

collected in a grid-based manner, Delaunay method can also be considered. However, as a

numerical predictive model, the Delaunay method can not provide uncertainty quantifications

at predictions.

If we fix the approximation methods and look at the performance of designs, we notice

that the GBD outperforms the SFD under the two numerical approximation methods (i.e.,

Delaunay and linear Shepard’s method) for most cases. One possible reason is that GBDs

have better geometric properties and these two methods depend on those properties. For the

two statistical methods, MARS and RSM methods, SFDs have higher prediction accuracy

compared to the GBD. One thing interesting with these two statistical methods is that, for

SFDs, the increase of design size brings small improvement in prediction accuracy after the

design size exceeds a certain value. That is, with MARS and RSM method, the prediction

accuracy does benefit from the increase of design size in the early stage but after the design

size achieves a relatively small budget, increasing design size can not guarantee a decrease

in prediction error. While in contrast, under the GP surrogate, increasing the design size of

SFDs always results in an obvious decrease in prediction errors.

With the best approximation method for each scenario, the design budget (i.e., the number

of design points) of SFDs and GBDs to achieve the same or higher prediction accuracy are

summarized in Table 2.6. We allow the design type that has weaker performance to take the

maximum design budget in our analysis, and see how many runs the other type needs to have
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the same or higher precision. Then we can obtain Table 2.6 by comparing the error trends

from Figures 2.3 to 2.6. When making comparisons, we only consider the design sizes that we

computed the RMSE and MAPE in our analysis. For example, under the four-dimensional

test functions, the design sizes of GBDs and SFDs take values from 54, 160, 375, 756, 1372

(i.e., the sizes of GBDs with design budgets 34 = 81, 44 = 256, . . . , 74 = 2401 after adjusting

for the constraint x3 ≥ x4). So when we fix the design type that has weaker performance at

the maximum design budget 1372, we only consider the prediction accuracy of the other type

with size 54, 160, ..., 1372. Similarly for Borehole function and the HPC application. From

Table 2.6 we can see that by choosing the right design type, we can save a large amount of

time and cost. For the cases where SFDs are better, the number of design points needed for

SFDs is about half of or less than that of the GBD to achieve the same prediction accuracy.

Under the Friedman function, where the underlying surface is quite smooth, we observed that

the GBD can also beat SFDs. However, GBD is not scalable to high-dimensional experiment

regions. When the experiment region is of high dimension, the size of the GBD increases

exponentially and building prediction models based on GBD will be time consuming even if

we only consider a few unique points in each dimension. In practice, we can not guarantee

that the underlying mechanism is a smooth function. So SFDs that are able to accommodate

high-dimension and non-smooth functions are recommended when large numbers of input

factors need to be considered in the model.

Despite the non-scalability of GBDs, they do have computational advantages when building

models. Some matrix operations techniques can be used for GBDs because of their regular

structure. To see the computational cost in our numerical studies, we report the running time

for various designs to construct and build different models in the Appendix 2.A. We notice

that GBD almost costs no time to construct, while the construction time of SFDs increases

with the size increases. Except for RSM, which requires very little computational resource,

GBDs do perform with advantages compared to SFDs with the same design size in building

predictive models across all other four models.

In the future, it will be interesting to investigate designs that can maximize the prediction
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Table 2.5: Best design and approximation method combination with different test functions
under the two criteria.

Test Function
RMSE MAPE

Best Method Best Design Best Method Best Design
Colville GP SFD GP SFD

Friedman GP GBD GP GBD
Borehole GP SFD GP SFD

HPC application GP SFD GP SFD

Table 2.6: Design budget (i.e., the number of design points) of the GBD and SFDs to achieve
a certain precision under both criteria.

Test Function and Method
RMSE MAPE

SFD GBD SFD GBD
Colville with GP 54 1372 375 1372

Friedman with GP 1372 375 1372 375
Borehole with GP 500 6561 500 6561

HPC application with GP 1500 2658 1300 2658

accuracy based on a good choice of surrogates in the HPC setting. For example, G-optimal

designs aim to minimize the maximum element on the diagonal of the hat matrix, which

has the effect of minimizing the maximum variance among the predicted values. V-optimal

designs minimize the average prediction variance among a set of points. G-/V-optimal designs

could be considered because they minimize variance predictions. Another direction is that in

our study, we used SFDs for continuous inputs and using a heuristic way to exclude points

that do not satisfy the application constraint. A more refined approach that can propose

discretized designs that maintain the space filling properties and also meet the constraint are

desirable for solving real application. One further step after obtaining desirable designs can

be determining the system configuration that optimizes the HPC performance. For example,

in Xu et al. (2020a) work, the optimal system configuration is determined as the configuration

that can minimize the HPC variability while maintaining the HPC performance (i.e., the

computing speed). This can provide insights in choosing system configurations in real HPC

applications.



Appendix 2.A Computing Time of Different Designs and Models

Here we report the running time for various designs to construct and build different models

in Figures 2.7 and 2.8, respectively. From Figure 2.7, we can see that GBD almost costs

no time to construct, while the construction time of SFDs increases with the size increases.

In Figure 2.8, except for RSM, which requires very little computational resource, GBDs do

perform with advantages compared to SFDs with the same design size in building predictive

models across all other four models.
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Figure 2.7: The running time versus design size to construct various designs. The y-axis is on
the log scale.
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Chapter 3 Building Degradation Index with Variable Selection for

Multivariate Sensory Data

Abstract

The modeling and analysis of degradation data have been an active research area in reli-

ability engineering for reliability assessment and system health management. As the sensor

technology advances, multivariate sensory data are commonly collected for the underlying

degradation process. However, most existing research on degradation modeling requires a

univariate degradation index to be provided. Thus, constructing a degradation index for mul-

tivariate sensory data is a fundamental step in degradation modeling. In this section, we

propose a novel degradation index building method for multivariate sensory data with censor-

ing. Based on an additive nonlinear model with variable selection, the proposed method can

handle censored data, and can automatically select the informative sensor signals to be used

in the degradation index. The penalized likelihood method with adaptive group penalty is

developed for parameter estimation. We demonstrate that the proposed method outperforms

existing methods via both simulation studies and analyses of the NASA jet engine sensor data.

Key Words: Adaptive LASSO; General Path Model; Prognostics; Sensor Selection;

Splines; System Health Monitoring.
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3.1 Introduction

3.1.1 Background

Degradation data have been widely used in reliability engineering for reliability and system

health assessment. There are many examples of products and systems that provide degra-

dation data, such as the loss of light output from a light-emitting diode (LED) array, the

power output decrease of photovoltaic arrays, and the vibration from a worn bearing in a

wind turbine. The data type is typically a repeated measurement of the degradation index

(e.g., the loss of light output from an LED array) with a monotone increasing (decreasing)

trend. The general path model (GPM) is one class of methods for degradation modeling. In

the typically modeling framework of the GPM, a soft failure occurs when the degradation

level reaches a predefined failure threshold. The stochastic process model (SPM) framework

is also popular in the degradation literature. In the SPM framework, the distribution of the

degradation incremental levels is modeled by a Gaussian distribution or other distributions

such as the gamma or inverse Gaussian distribution. In these two frameworks, most existing

research on degradation modeling assumes that the degradation index is well defined and can

be measured over time.

Different from traditional degradation data, modern sensor technology allows one to collect

multi-channel sensor data that are related to an underlying degradation process. This is

very common in many modern engineering systems. One example is the motivating data in

our study, the multi-channel jet engine data (Saxena and Goebel, 2008). In the jet engine

data, multiple sensors such as temperatures and pressures of module parts are recorded while

the engine is operating. The details about the dataset are introduced in Section 3.5.1. In

such multi-channel sensor data, any single channel may not be sufficient to represent the

underlying degradation process. Without a degradation index, most existing methods in

the aforementioned frameworks will not be applicable in the analysis of such sensor signal

data. Thus, building a degradation index is an important step in utilizing the sensor data in
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degradation analysis.

There are several key considerations when building the degradation index based on multi-

sensory data. In real engineering applications, it is typically complicated how each sensor

signal reflects the overall degradation. In such a case, a linear form for the effect of each

sensor signal may not be adequate, which motivates us to consider nonlinear functional forms

of the individual sensor signal. In most cases, not all sensors collected are useful in representing

the underlying degradation process. Thus, it is important to automatically select more useful

and relevant sensors to build the degradation index. Besides, censored data are quite common

in reliability engineering applications. It is ideal to use both exact failure and censored time

data in the training of the model. In addition, when considering the prediction accuracy,

the risks of being false positive and false negative are quite different especially for failures of

important systems such as jet engines. An asymmetric loss function is desirable during the

training of the degradation index model.

Motivated by the these considerations, this section aims to develop a flexible method for

constructing a degradation index from multi-channel signals with automatic variable selection

while accounting for censored data and nonlinear relationships.

3.1.2 Literature Review and Contribution of This Work

Regarding GPM for degradation data, the classic reference book is Meeker and Escobar (1998).

For the SPM for degradation data, the Wiener process, gamma process, and the inverse-

Gaussian process have been used (e.g., Ye and Chen, 2014). Ye and Xie (2015) provided a

comprehensive review of degradation models. These models are suitable for the cases of one-

dimensional degradation data. On the other hand, Meeker and Hong (2014) and Hong et al.

(2018) outlined some opportunities for using sensor data in reliability modeling and analysis.

Regarding the recent development of degradation modeling, Zheng et al. (2021) consid-

ered the joint modeling of degradation data and lifetime data using the proportional hazards

model. Wang et al. (2021) developed a Wiener process model to describe heterogeneity in

degradation data. Chen et al. (2022) developed an integration method of multi-source accel-
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erated degradation testing for reliability evaluation. Duan et al. (2022) proposed an adaptive

monitoring scheme based on the hidden Markov model to predict the faults of systems with

hidden degradation processes. Kumar et al. (2022) proposed a health indicator based on

the state-space model to access the degradation process. Wang et al. (2022) constructed a

stochastic multi-phase model for multi-component systems. In summary, the modeling and

analysis of degradation data is an active area, which is carried out with the availability of

degradation measurements.

In the area of degradation index building, Liu et al. (2013) proposed a data-level fusion

model for developing composite health indices for degradation modeling and prognostic analy-

sis. Follow-up work includes Fang et al. (2017); Song et al. (2018); Chehade et al. (2018); Song

and Liu (2018). Recently, Kim et al. (2019) proposed a latent linear model that constructs a

health index via multiple sensors and selects informative sensors. Wei et al. (2021) proposed

a dynamic conditional variational autoencoder to learn the health index. Kim et al. (2021)

developed a sensor selection framework that can be applied to neural network-based models

and improved in interpretability of neural network models. Li et al. (2022) developed a data-

model interactive prediction method for multi-sensor monitored stochastic degrading devices.

However, existing methods can not handle censored data and conduct variable selection at

the same time, which is the gap that this section aims to fill.

Regarding variable selections, the least absolute shrinkage and selection operator (LASSO)

penalty for regression-type problems was studied in Tibshirani (1996). Zou (2006) developed

the adaptive LASSO to ensure variable selection consistency, and Yuan and Lin (2006) consid-

ered the group LASSO for efficient variable selections with meaningful interpretation. Under

the context of this section, we focus on the adaptive group LASSO to select the important

sensors.

This section proposes a novel framework based on the cumulative exposure model to build

the degradation index with multivariate sensors, which is applicable to many engineering

systems equipped with sensors. The contributions of this section are unique from existing

literature. Specifically, the proposed framework can include censored failure time information
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to train the model, which can preserve the information provided by the data. Besides, the

proposed framework can automatically select the most informative sensors related to the

degradation process using the adaptive group LASSO penalty. To enable sufficient flexibility

on the nonlinear relationship between sensors and degradation path, spline-based methods are

used to describe the contribution of each sensor signal in the cumulative exposure. In addition,

the proposed model can automatically guarantee the monotonicity of the degradation index.

3.1.3 Overview

The rest of this section is organized as follows. Section 3.2 introduces the framework for

degradation index building based on time-to-event data with multivariate signals. Section 3.3

presents the parameter estimation with variable selection. Section 3.4 uses simulation to study

the performance of the proposed methods. The motivating example is used to illustrate the

developed method in Section 3.5. Section 3.6 contains conclusions and discusses areas for

future research.

3.2 Building Degradation Index

3.2.1 Degradation Index

Consider sensor data with p degradation signals. Let x(t) = {[x1(s), · · · , xp(s)]> : 0 ≤ s ≤ t}

be the collection of information for the p signals from a unit, where xj(s) is the jth the

dynamic covariate information at time s, j = 1, . . . , p. For the jet engine data, those xj(·)’s

can be signals from various sensors and recorded operating conditions. We use the cumulative

exposure model (aka, the cumulative damage model) to construct the degradation index (e.g.,

see Hong and Meeker, 2013). The cumulative exposure model is useful when the damage is

accumulative, which is the case for many engineering systems. For example, the damage to

an automobile tire is accumulative due to wear out.
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The cumulative exposure u(t) for the covariate history x(t) is defined as,

u(t) =

∫ t

0

h

{
p∑
j=1

fj[xj(s);βj]

}
ds, (3.1)

where fj[xj(t);βj] represents the nonlinear effect function of the signal xj(t) on the degradation

index and βj are parameters that represent the influence of the covariate on the cumulative

exposure. Note that fj(·;βj) is defined on the range of the covariate, not on time t. Here,

h(z) maps the effect to a positive exposure, and the integral is from 0 to t, which guarantees

that u(t) is monotonically increasing and utilizes all the information in the history up to

time t. In this section, we use the function h(z) = log[1 + exp(z)]/ log(2), which maps the

input z ∈ (−∞,∞) to an output that takes value h(z) ∈ (0,∞). In literature, functions like

h(z) = exp(z) are used, but the function h(z) used here is numerically more stable.

When modeling the nonlinear effect of the jth signal fj(·;βj) in u(t), it is desirable to

make the function form flexible enough to capture potential nonlinearity in sensors’ effect.

Therefore, we use a non-negative spline function, called M-splines (e.g., Ramsay, 1988). For

the jth signal, let

fj[xj(t);βj] =
m∑
k=1

βjkγjk[xj(t)],

where {γjk[xj(t)] : k = 1, . . . ,m} are spline basis of the M-spline of order three with (m− 3)

interior knots and βj = (βj1, . . . , βjm)′ are the coefficients of the basis. Let β = (β>1 , . . . ,β
>
p )>

be the parameters for all p signals. Figure 3.1(a) shows the basis of the M-spline of order 3 with

7 interior knots (m = 10). The magnitude of β can be used to identify which signals are more

important for the degradation index u(t). Although we used the M-splines for implementation,

other splines such as the B-splines can also be used, because most spline basis functions are

quite flexible.

Note that u(0) = 0, and u(t) is always monotonically increasing, which are the two proper-

ties of u(t) that satisfy the characteristics of a degradation index as introduced in Section 3.1.1.

Thus, in this section, we propose to use u(t) as a degradation index.
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3.2.2 Modeling Time to Failure and Degradation Index

Based on the cumulative exposure model, a unit fails at time T when the cumulative exposure

reaches a random threshold U (e.g., Hong and Meeker, 2013). That is

U = u(T ), (3.2)

where the function u(·) is defined in (3.1). We model log(U) by the largest extreme value

(LEV) distribution (e.g., Meeker and Escobar, 1998) with the location parameter log(α) and

the scale parameter σ > 0. The cumulative distribution function (cdf) and the probability

density function (pdf) of U can be expressed as

GU(u;α, σ) = ΦLEV

[
log(u)− log(α)

σ

]
and gU(u;α, σ) =

1

σu
φLEV

[
log(u)− log(α)

σ

]
,

where ΦLEV(x) = exp[− exp(−x)], and φLEV(x) = exp[−x − exp(−x)]. As an illustration,

Figure 3.1(b) shows the pdf of LEV distributions with α = exp(5) and σ = 0.01, 0.03, and

0.1.

The parameter α in the LEV distribution can be used as the target failure threshold for

the degradation index in (3.1), which is pre-fixed. This is because we want those failed units

with their degradation indexes u(t) centered around the failure threshold when they fail. The

scale parameter σ serves as a measurement of how small the difference between u(t) and the

threshold α is if the unit is failed. Because we do not observe U , in practice, we use the

following threshold rule. That is, if u(t) ≥ α, we say a unit fails, and if u(t) < α, we say the

unit is surviving (i.e., the operation status is normal). Through re-scaling, we can map the

degradation index to any range that is desirable for the particular application. For example,

using 100u(t)/α, one can map the normal range of the degradation index into [0, 100].

For building the degradation index, a suitable property of the LEV distribution is its

skewness to the right as shown in Figure 3.1(b). Thus, we allow the larger difference between

u(t) and α on the positive side so that when making predictions, we can potentially reduce
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Figure 3.1: The plots show the construction of the M-spline of order 3 with 7 interior knots
(a), and the pdf of LEV distributions with α = exp(5) and various values of σ (b).

false negative error (i.e., falsely predicting failed units as censored). This is desirable because,

in our study, we focus on important equipment like jet engine. Falsely predicting a failed unit

as censored (i.e., false negative) can result in great losses or even severe accidents. Through

the relationship between T and U as shown in (3.2), the cdf and the pdf of T are, GT (t;β) =

ΦLEV ({log[u(t)]− log(α)} /σ) , and gT (t;β) = {u′(t)/[σu(t)]}φLEV ({log[u(t)]− log(α)} /σ),

where the derivative of of u(t) is u′(t) = h
(∑p

j=1

∑m
k=1 βjkγjk[xj(t)]

)
.

3.3 Parameter Estimation

3.3.1 Log-likelihood with Adaptive Group LASSO Penalty

We first introduce some notation for the data. From the sensor data, there are n units with p

degradation signals. Three sets of observable data are taken into consideration, which include

failure-time data, censoring indicator, and multivariate degradation signals. Let ti be the

failure time of the ith unit and let xi(t) = {[xi1(s), · · · , xip(s)]> : 0 ≤ s ≤ t} be the collection

of p signals for the ith unit prior to and at time t. Here xij(s) is the jth observed dynamic
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covariate information at time s, i = 1, . . . , n, j = 1, . . . , p, and 0 ≤ s ≤ ti. The observed

censoring indicator of the ith unit is denoted by δi, where δi equals to 1 if the ith unit fails

and 0 otherwise. Then, the collected information from unit i is denoted by {ti, δi,xi(ti)},

where i = 1, . . . , n, and let H = {{ti, δi,xi(ti)} : i = 1, . . . , n} be the collection of the data.

To estimate the parameters β, the likelihood for the ith unit is expressed as,

Li(β) =

([
u′(ti)

σu(ti)

]
φLEV

{
log[u(ti)]− log(α)

σ

})δi
×
(

1− ΦLEV

{
log[u(ti)]− log(α)

σ

})1−δi
.

Note that this is not an actual likelihood, because the “response” u(ti) is unknown. Instead,

the log-likelihood function serves as a loss function for the estimation purpose. The log-

likelihood function for the ith unit is

li(β) = δi

{
log[u′(ti)]− log(σ)− log[u(ti)]− log

[
α

u(ti)

]1/σ
−
[

α

u(ti)

]1/σ}

+(1− δi) log

(
1− exp

{
−
[

α

u(ti)

]1/σ})
.

(3.3)

Hence, the overall log-likelihood function is l(β|H) =
∑n

i=1 li(β). Then, we can obtain the

maximum likelihood (ML) estimates of β by maximizing the overall log-likelihood function.

Note that β are the unknown parameters, and α and σ are set as constants because

the “response” u(ti) is unknown. From Figure 3.1(b) and the perspective of the likelihood

function, the smaller value of σ is, the larger value of the pdf of a failure is. Besides, inside

the φLEV(·) and ΦLEV(·), we have the log(u)− log(α) = log(u/α) term. In this case, α and β

can take different combinations of values so that u/α keeps the same, which yields the same

likelihood. Thus, it is necessary to let α and σ be given constants to avoid identifiability

issues.

As discussed in Section 3.2.2 and from (3.3), it can be seen that u(ti) ≈ α if the ith unit

is a failure, and u(ti) < α if the ith unit is censored. That is, the role of α is to set the

target failure threshold. Then, the role of σ is to measure how close the difference between

u(ti) and α. So for the value of σ, ideally, we want σ to be a small enough value to allow the
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degradation index of failed units to end close to the target failure threshold α. For the value

of α, in theory, we can set any value for the target failure threshold α. Then β can adjust

correspondingly to provide a degradation index between 0 and α. In applications, setting α

close to the mean of failure times helps the convergence of the estimation algorithm.

Although multiple sensors are available to assess the degradation process, not every sensor

collected has a significant contribution. So we integrate variable selection in the model to find

out informative sensors. Since there are multiple M-splines basis to represent one sensor, we

want to penalize coefficient parameters associated with one sensor simultaneously when that

sensor does not contribute. Therefore, we adopt the adaptive group LASSO method in Huang

et al. (2010) to conduct variable selection. The adaptive group LASSO approach penalizes

parameters in the same group simultaneously. In our model, the parameters in M-splines for

the same variable are treated to be in the same group. That is, βi and βj are in different

groups for any i 6= j. From the perspective of variable selection, the jth sensor variable has

no effect on u(t) if all elements in βj are significantly small. The adaptive group LASSO

considers the penalties on different grouped parameters have different effects. Let ωj be a

given weight of the penalty for the jth variable, where ωj ≥ 0 and j = 1, . . . , p. Then, the

penalized negative log-likelihood function is

L(β;λ) = −l(β|H) + λ

p∑
j=1

ωj||βj||2, (3.4)

where λ ≥ 0 is a tuning parameter and ||βj||2 =
√∑m

k=1 β
2
jk is the L2 norm of the vector βj.

Typically, the weights are given by setting

ωj =

 ||β̃j||
−γ
2 if ||β̃j||2 > 0

∞ if ||β̃j||2 = 0,
(3.5)

where β̃j is an estimate of βj and γ ≥ 0 is a hyper-parameter. Here we follow the practice in

Huang et al. (2010) and define ∞ · 0 = 0. That means the model does not select sensor j if
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its coefficient estimates L2 norm is zero (i.e., ||β̃j||2 = 0).

3.3.2 Optimization of Objective Function

The optimization of (3.4) is challenging. Here we discuss some strategies used in the optimiza-

tion of the objective functions. To optimize the objective function, we use the Nelder-Mead

algorithm in the R package nloptr (Johnson, 2020). Due to the model complexity and non-

convexity, there exist multiple local optimal of the coefficients. However, in our study, the

main focus is to predict the status accurately. Therefore, even though there are local opti-

mal points, it is of less concern as long as the optimization allows us to predict units’ status

accurately.

One thing to notice is the influence of σ value in the optimization procedure. If σ is

prefixed at a small value (e.g., 0.01) at the beginning of the optimization, the algorithm could

be easily trapped at local optima. As shown in Figure 3.1(b), when σ is small, the pdf of

LEV is highly concentrated around the location parameter log(α). That means a unit with

log[u(ti)] at the event time that is close to the threshold log(α) has a high probability. While a

unit which degradation index at the event time is far away from the threshold has almost zero

probability, thus, its contribution to the likelihood function is small. During the optimization

process, with a small σ, it is possible that the β is updated to an estimation that some units’

degradation paths get almost 0 probability. So the contribution of these units to the objective

function is neglected in the following updates of the β estimation. Only units with log[u(ti)]

that are relatively close to log(α) have the chance to further move close to the threshold.

One approach to avoid the local optima is to set a larger value for σ at the beginning of the

optimization process, and then decrease it gradually to the prefixed lower bound. By setting

σ to a large value, say σ = 1, the information of all units is equally treated, regardless of the

distance between the value of log[u(ti)] and the location parameter. After a certain number

of iterations, the unit’s log[u(ti)] moves closer to log(α), then we can decrease the value of

σ by a small amount and update β estimation. Repeating this step until σ decreased to the

fixed constant can help to avoid the local optima problem. Instead of manually determining
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a sequence of σ to decrease, we add it to the optimization parameters.

Let σl be the prefixed lower bound of σ. We consider the transformation log(σ∗) = log(σ−

σl). Thus, σ = exp[log(σ∗)] + σl. Then we optimize log(σ∗) and β simultaneously. This

transformation can always impose a lower bound for the estimation of σ. Although we include

log(σ∗) in the parameter estimation, the purpose is not to obtain an estimation of log(σ∗). The

reason is that σ is not identifiable and it always becomes smaller to allow a larger likelihood.

Via the iterations, it will get to its lower bound eventually. Thus, we include σ in the parameter

estimation so that it can smoothly decrease and help to avoid the local optima of β estimation.

With a larger value of σ in the early stage of the iterations, the benefit of the asymmetric

property of the LEV distribution is not evident. We introduce the following remedy to ensure

the estimates of u(ti) are moving towards the right direction during the early stage of the

optimization iterations. As discussed above, when building a degradation index, it is desirable

that u(ti) = α if ith unit fails and u(ti) < α if ith unit is censored. Thus, we further impose

those two constraints on the objective function. That is, we modify the objective function as,

M (β, λ) = L(β;λ) + η
n∑
i=1

δi{[α− u(ti)]}2 + (1− δi){[u(ti)− α]+}2. (3.6)

The positive part function is [u(ti)−α]+ = max (u(ti)− α, 0) and the penalty η is non-negative.

Therefore, to encourage the estimated u(t) satisfying the degradation index characteristic (i.e.,

u(ti) = α if ith unit fails and u(ti) < α if ith unit is censored) as well as perform variable

selection, we work with the objective function M (β, λ) as shown in (3.6).

3.3.3 Determining Tuning Parameter

In parameter estimation, we need to determine the tuning parameter λ in the objective func-

tion (3.6). The k-fold cross-validation (k-CV) approach is used. Because the main goal of

our degradation index model is to accurately predict the status of testing units, especially

for the failed units, we use both the false negative error rate and total error rate as the cri-

terion to select the tuning parameters. Let FNR and FPR be the averaged false negative



60

and positive error rates across the k folds, respectively. Then the averaged total error rate is

TER = FNR + FPR. For a sequence of values for λ, denoted by {λ1, . . . , λq}, the correspond-

ing error rates are {TER1, . . . ,TERq}, and {FNR1, . . . ,FNRq}. Let kf = arg minb FNRb be

the index of tuning parameter that minimizes FNR. We want to select the tuning parameter λ

so that FNR is minimized, while TER is kept at a relatively low level. That means we do not

want to sacrifice FPR to achieve the smallest FNR. Therefore, the selected tuning parameter

is λs, of which the index s is determined by

s =


arg minb FNRb if TERkf ≤ 0.2,

arg minb TERb otherwise.

(3.7)

In this way, when a λ minimizes FNR at the cost of FPR, we will switch to the λ that

minimizes TER to achieve a balance between FPR and FNR.

The parameters η, γ, and σl are treated as hyper-parameters. We do not tune η because

the role of the η penalty term is to help u(t) move towards α at the beginning stage. After

u(t) is close to α, the effect of the asymmetric property of LEV kicks in and the shrinkage

of σ towards σl serves the same role. Therefore, we only include η penalty term to help the

algorithm converge and set a moderate large value for η. In particular, η is set to be 5. We

fix the hyper-parameter γ = 2 in the calculation of the weights in (3.5), which is as a common

practice.

The lower bound of scale parameter σl is set to be 0.01 in this section. In practice, the σl

can be set by users. Ideally, the smaller value of σl has better performance of the degradation

index. However, the smaller value takes more computation time. In our cases, we set it as

σl = 0.01, because when α = exp(5), the 99% tolerance interval of the LEV distribution will be

(145.9, 156.5), using the quantile of the LEV distribution. This interval is (−2%, 5%) around

the target exp(5), which is narrow enough. Regarding the selection of the number of splines,

the strategy is to set it be large enough to allow flexibility. Then we use the adaptive group

LASSO penalty to regularize the estimation and let the penalty shrink those less important
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sensors.

3.3.4 Parameter Estimation Procedure

In this section, we describe how to obtain the estimates β̂ based on the training set, using

the adaptive group LASSO procedure. With initial estimates β̃j, we obtain the weights ωj,

as in (3.5) for j = 1, · · · , p. We first apply the k-CV in Section 3.3.3 to obtain the tuning

parameter λs as in (3.7). The average of the β estimates from each fold in k-CV can also

provide a warm starting point for the final estimate of β. Similar ideas are also used in

literature (e.g., Mazumder et al., 2011). With the best selected λs, the warm starting point

for β, and the entire training set, we apply the adaptive group LASSO procedure to obtain

the final estimates of β in (3.6), which is denoted by β̂. The statistical inference and variable

selection results can be obtained based on β̂.

The question remains how to find the initial estimates β̃j’s. Huang et al. (2010) suggested

that one can use the group LASSO procedure (i.e., without adaptive weights) to find the initial

estimates of parameters. For the group LASSO estimates, the objective function in (3.6) is

simplified by setting ωj = 1, j = 1, · · · , p. Similarly, we apply the k-CV to find the best tuning

parameter λ̃s for the group LASSO, and use the averaged estimates as the warm starting points

for the final estimates of the group LASSO procedure, denoted by β̃j, j = 1, · · · , p.

For the initial values of the k-CV of the group LASSO procedure, we have to use cold

starting points as we do not have much information about the parameters at this step. We

randomly select the starting points that satisfy some desirable properties in the degradation

scenario. For example, the starting points need to allow the minimum of log[u(ti)]’s of the

failed units to be larger than the maximum of log[u(ti)]’s of the censored units.

3.4 Simulation Study

In order to evaluate the performance of the proposed degradation index building method,

we use various simulated scenarios to compare our model with the model without variable
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selection model assumes a linear relationship between sensors and degradation index. We

investigate the average times that our model properly selects variables and the average pre-

diction accuracy (i.e., correctly predicts the status of a unit as a failure or censored one).

3.4.1 Simulation Setup and Procedure

In this simulation study, we want to generate datasets similar to the jet engine data to demon-

strate the performance of our degradation index building framework. To generate the simula-

tion data, we first consider the signal sensors. In the simulation study, we generate 10 sensor

signals similar to the jet engine signals within time interval [0, 350]. We assume each signal

is a function of time with some variations. That is Xj(t) = gj(t) + εj(t), j = 1, . . . , 10. The

function gj(t) can take forms such as constant, linear, quadratic, log functions, and the error

term εj(t) follows a normal or a uniform distribution. Figure 3.2 presents the example of sim-

ulated signals for 10 units. The signals can be increasing, decreasing, or randomly fluctuate

over time. After obtaining the sensor information, the basis functions of the M-spline with

2 interior knots are constructed based on the signals. So we have 50 coefficient parameters

for the simulated data. To test the variable selection capability of our method, we assume

that 5 out of 10 signals cause the units to fail, and the rest 5 have no effect on the failure

process. Hence, we set the values of parameters of the first 5 signals to have effects on the

degradation index. Among the five signals with effect, we assume the second and fourth are

linear functions of time, the first and the fifth are quadratic functions of time, and the third

one is assumed to follow a normal distribution. With the true parameter coefficients β and

the simulated sensor signal history, we can compute u(t) using (3.1).

The next step is to generate the failure-time data. The failure-time data are generated by

the following steps:

(a) Generate the censoring time: Let the time to failure be T = min{C, 350}, where C

follows a Weibull distribution. The shape and scale parameters are determined to ensure

the proportion of failed units does not exceed 90%. The shape and scale parameters can

be varied with different coefficient parameters. Here we set the upper bound for T to be
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350 to mimic the jet engine data.

(b) Determine the status of each unit: Set the failure threshold as α = exp(5), and the

censoring indicator is defined as δ = 1 if u(T ) ≥ exp(5) and δ = 0 if u(T ) < exp(5).

To test the procedure under different situations, we consider various n and β to control

the number of total units and effects degree of covariates. In particular,

1. Number of units n = 50, 100, 150, 200, 250, 300.

2. Degree of effects on the degradation process. Because we have 5 splines for each covari-

ate, the corresponding βj is a vector of length 5 for j = 1, . . . , 10. Assume that the last

5 signals do not affect the degradation process, so β =
(
β>1 ,β

>
2 ,β

>
3 ,β

>
4 ,β

>
5 ,0

>
25

)>
. We

consider four scenarios and the coefficients are listed in Table 3.1. In particular,

(A) Contributions of effective covariates (x1(t), . . . , x5(t)) are on the same magnitude;

(B) The signals with quadratic function forms (i.e., x1(t) and x5(t)) have larger effects;

(C) The signals with linear function forms (i.e., x2(t) and x4(t)) have larger effects;

(D) Only the random term (i.e., x3(t)) has larger effect.

3.4.2 Method Comparisons

In order to better understand the performance of the proposed model and procedure, we

compare the proposed model with the model without variable selection, and with the model

considering only linear relationship for the covariate effect.

For the model without variable selection, λ is set to 0 in (3.6). The objective function is,

M(β) = −l(β|H) + η
n∑
i=1

δi{[α− u(ti)]}2 + (1− δi){[u(ti)− α]+}2.

If we assume the covariate effect is in a linear form, then degradation index becomes ũ(t) =∫ t
0
h
{∑p

j=1 xj(s)βj

}
ds. We also use adaptive LASSO to perform variable selection and the

objective function is the same as (3.6) but with u(t) replaced by ũ(t).
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Table 3.1: The true β under four simulation scenarios.

β1 β2 β3 β4 β5

Scenario A: βa

10.61 −2.49 −18.00 −3.07 −4.86
1.39 0.24 −3.31 −16.09 11.55
2.75 −4.93 −0.47 1.32 1.53
4.35 0.17 −1.06 −0.13 1.97
−0.38 −16.67 2.31 7.90 −6.59

Scenario B: βb

2.35 0.08 0.29 −0.12 −2.70
1.76 −0.04 −0.28 0.00 −2.09
2.04 −0.18 0.30 0.14 −2.16
1.59 −0.06 −0.11 −0.08 −2.49
1.74 −0.09 −0.24 −0.04 −1.72

Scenario C: βc

−0.06 2.42 −0.42 −2.64 0.02
0.16 1.44 0.48 −1.37 0.08
−0.04 2.40 −0.49 −1.59 0.10

0.11 1.32 0.04 −2.54 0.07
−0.09 1.79 0.47 −1.94 −0.14

Scenario D: βd

−0.32 −0.13 3.25 −0.75 0.79
−0.46 0.24 3.05 −0.77 0.89

0.02 −0.55 3.68 0.55 0.68
−0.49 −0.05 2.73 −0.18 0.63
−0.47 0.28 2.99 0.78 0.66
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Figure 3.2: Plot of a subset of units with 10 simulated signals. Each panel represents one
signal. The x-axis shows the time and the y-axis shows the signal value.
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3.4.3 Simulation Results

We generate simulation data based on the procedure described in Section 3.4.1 and apply

three different models to the simulated data. We denote our proposed model as DI-VS, the

model without variable selection as DI-NVS, and the model assumes linear sensor effect as

DI-VSL. In this simulation, the target failure threshold is set to be α = exp(5). For each

sample size n and coefficient parameter vector β, we repeat the trial 200 times. For each trial,

we split the simulated data into 80% training set and 20% testing set. The tuning parameter

is selected by 5-fold cross-validation on the training set.

Regrading to the predictions of unit status, although the target failure threshold is α, in

practice, due to training errors. If we use the target failure threshold α as the threshold, some

failures with u(t) < α are reported to be surviving units. In practice, one can use a threshold

that is slightly smaller than α, which typically yields better classification results. We call this

the practical threshold α̃. One can choose α̃p = exp [log(α) + zpσ], where zp is the quantile

function of the standard LEV distribution. In the simulation study, the classification uses the

α̃0.01 threshold. The practical threshold separates the two categories better than the target

failure threshold. For the purpose of prediction, we suggest using the practical threshold for

predicting the status of testing units.

The simulation results are summarized in Figures 3.3 to 3.4. Figure 3.3 shows the average

FNR, FPR, and TER as the number of units increases. Although in general FNR decreases

for all three models, DI-VS has the most consistent performance across various scenarios and

the number of units. When the number of units is small (i.e., less than 100), the FNR of

DI-NVS is the largest among the three models, which shows the benefit to consider variable

selection, especially when n is relatively small. The FNR for DI-VSL is large in Scenarios A

and D, even when the number of units is large. For FPR, in Scenarios B, C, and D, FPR does

not change a lot with the size increases. In Scenario A, DI-NVS has the smallest FPR across

the number of units while DI-VSL has the largest. The results show that ignoring nonlinear

relationships can lead to larger errors in some scenarios. With respect to the TER, DI-VS has
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the smallest errors for almost all scenarios.

Regrading the variable selection capability, Figure 3.4 shows the average number of cor-

rectly specified variables, effect variables, and no effect variables identified by the model versus

the number of units (n) for different methods and scenarios. The actual number of effective

variables is 5, no-effect variables in the model is 0, and correctly specified variables are 10.

Ideally, we want the model to include all 5 effective variables and zero no-effect variable.

The number of correctly specified variables includes the number of effective variables that

remained in the model and no-effect variables excluded from the model, which should be 10.

Compared to DI-VSL, DI-VS tends to include more effective signals in the model when the

number of units is large in Scenarios A and D. For Scenarios B and C, the number of effect

signals remained in the model is close to DI-VSL when the number of units is large. For

signals that have no effect on the underlying degradation process, DI-VS can exclude more

signals across all four scenarios and various numbers of units. In general, the DI-VS model

has more correctly specified variables across different simulation scenarios compared to the

DI-VSL model.

Overall, the simulation results show that our proposed model has better accuracy in pre-

dicting a unit status for various scenarios and numbers of units. It can also exclude signals

with no effect from the model. Appendix Section 4.A also contains some further simulation

results which show that the proposed method can select the most informative sensors and is

robust to different censoring rates.

3.5 Application

3.5.1 The Illustrative Application

In this section, we apply the developed methods to the jet engine sensor data (Saxena and

Goebel, 2008). We first provide a brief introduction to the jet engine data. For illustration,

we use a subset that contains 200 units with 100 failures and 100 surviving units. The failure-

time data give the cycles to failure for failed units and time in service for surviving units. The
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Figure 3.3: Average FNR, FPR and TER versus number of units (n) for different methods
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Figure 3.5: The boxplot of error rates with jet engine data with 50 replicates for different
methods with α̃0.01 practical threshold.

multi-channel sensor data give time-varying signals with cycles for all 200 units. The dataset

includes 21 sensor outputs that measure the system’s physical and functional conditions. There

are 8 sensors that record temperature and pressure at the fan inlet and different outlets and

8 sensors that capture various fan speeds and coolant bleed in the simulation model. Besides,

the measurements of pressure ratio, fuel flow ratio, bypass ratio, burner fuel-air ratio, and

bleed enthalpy are also provided in the dataset. In the jet engine simulation data, there

are 16 multi-channel sensors after removing those with constant signals. For demonstration,

Figure 3.6 visualizes the cycles to failure for 20 units with their corresponding 16 multi-channel

signals.

Except for the model introduced in Section 3.4.2, in the real application, we also compare

our model with existing models in literature Kim et al. (2019), which will be introduced in

Section 3.5.2. To investigate the prediction ability of each model, we split the data into 80%

training set and 20% testing set. We train the degradation model with the training units and

test the parameter estimation with the test units. For each of the comparison methods, we

repeat the splitting 50 times and the results are summarized in Section 3.5.3.
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Figure 3.6: Plot of a subset of the time to event (a), and multi-channel signals of the 20 units
presented by different colors (b).

3.5.2 Existing Health Index Model

Kim et al. (2019) proposed a latent linear model to construct a health index using multiple

sensors and involve variable selection. The health index (i.e., degradation index) is a linear

combination of the sensors, as well as a linear combination of basis functions with measurement

error, which is denoted as DI-KSL (“KSL” are the authors’ last name initials). For unit i, the

health index at time t is hi(t) = xi(t)ω0 = ψ(t)τi+εi(t), where xi(t) denotes the sensor vector,

ω0 represents the model parameter vector to be estimated, ψ(t) are the basis functions, τi is

the coefficient vector for the basis functions, and εi(t) follows a normal distribution. To obtain

the estimation of ω0, the property ψ(ti)τi = α of failed units is used, where α is the failure

threshold and ti is the time to failure for the ith failed unit. Therefore, when training the

health index model, only the failed units are used. The maximum likelihood method was used

to estimate ω0. The variable selection is done by the adaptive LASSO. To ensure a monotonic

trend (i.e., decreasing/increasing) of the health index, the section also introduced strategies to

resolve practice issues. In the following comparison, the choice of basis and tuning parameters
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is set to be the same as in Kim et al. (2019).

3.5.3 Result Comparisons

For the model comparison, we randomly split the dataset into 80% training set and 20%

testing set while keeping the proportion of failed units as 50% in both training and testing

sets. We apply each of the four models DI-VS, DI-NVS, DI-VSL, and DI-KSL to the training

set and then use the trained model to predict unit status in the test set. In DI-VS and

DI-NVS model, we use 10 spline basis to represent each of the 16 sensors, so in total, we have

160 coefficient parameters. The target failure threshold is set as α = exp(5). The tuning

parameter is selected by 5-fold cross-validation. For DI-KSL, we only use the failed units in

the training set to build the model due to the model property. For each method, we repeat

the splitting 50 times and the results are summarized as follows.

Figure 3.5 presents the boxplot of the prediction errors over 50 splits on the testing set of

four models and Table 3.2 provides the average prediction error over repetitions. We can see

that DI-VS has the lowest averaged total error and FPR among the four models. The DI-VSL

has zero FNR. However, its FPR is unusually large. One potential reason is that DI-VSL fails

to capture the nonlinear trend in the data can cause the estimation of log(σ∗) fail to shrink as

expected, which results in the model having errors on one side. The DI-KSL model has the

second smallest average FPR. However, its FNR is 4% larger than our proposed model DI-VS.

One possible reason is that the DI-KSL model neglects the censored unit’s information when

training the model. Except for the DI-VSL model, the other three models have a similar inter

quantile range for prediction errors.

Substituting the parameter estimates into (3.1), the degradation index over time can be

obtained for an individual unit. Figure 3.7 presents the degradation index built with our

proposed framework DI-VS from one split. In this plot, in the testing set, all censored units

are below α̃0.01 threshold and most failed units are over that threshold. We can see from the

plot that using a practice failure threshold helps to allow more true failed units’ u(t) to reach

the threshold.
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Regrading to the variable selection, in the above jet engine data analysis, all 16 sensors

are kept by the DI-VS model. One possible reason is that the jet engine sensors can be highly

correlated to each other. The adaptive group LASSO penalty term is not good at dealing with

highly correlated covariates. It will be interesting to consider the adaptive group elastic net

penalty term under the highly correlated covariates situations. Besides, as we have already

seen in the simulation study, when the number of units in the model becomes larger, DI-VS

tends to keep more variables in the model even some of them are no-effect. Therefore, we take

a small subset of the jet engine data and test the model’s variable selection ability when n is

small. Appendix Figure 3.12(a) shows the proportion of each variable in the model excluded

over 20 replicates when the number of units changes from 40 to 80 with 10 increment. We

can see that when the number of units is relatively small, some sensors such as NRf, altitude,

and Nf are excluded from the model with high probability. When n = 40, each variable is

excluded from the model at least once. However, as n increases, there are variables that can

be remained the model for all repetitions.

To better understand the sensors’ effects on the degradation path, we use the accumulated

local effects (ALE) plot in Apley and Zhu (2020) for visualization. ALE plot is a visualiza-

tion approach to present the predictors’ main and secondary-order effects in complex black

box supervised learning models. We provide the technical details and the ALE plots in Ap-

pendix 3.B. The ALE plot in Appendix Figure 3.12(b) shows that the temperature at LPT

outlet (T50) and pressure at HPC outlet tend to have a constant influence when the measure-

ments are low and a larger effect on the damage level when measurements increase, while the

coolant bleed (W31) has decreasing effect to the damage level before a certain point then the

effect becomes constant.

3.6 Conclusions and Areas for Future Research

In this section, motivated by the jet engine multi-channel sensory data, we propose a new

framework to build the degradation index based on the cumulative exposure model. The
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Figure 3.7: The degradation index for training and testing set with one split of the jet engine
data. The horizontal lines represent different thresholds. The solid line is α = exp(5) and the
dotted line is α̃0.01.

Table 3.2: The average error rate over 50 splits with practical threshold α̃0.01 of four methods.

Method FNR FPR TER
DI-VS 0.030 0.026 0.057
DI-KSL 0.070 0.034 0.104
DI-VSL 0.000 0.645 0.645
DI-NVS 0.040 0.040 0.080
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framework can handle censored data and conduct variable selection automatically. The com-

prehensive simulation studies and jet engine data analysis show that our approach has flexibil-

ity and advantages. It is also demonstrated that the performance of the proposed framework is

more robust than other models. The DI-VS model has consistently good prediction accuracy

regardless of the dataset size and scenarios.

The flexibility of the proposed framework makes it applicable to many complex engineering

systems equipped with multiple sensors. In practice, based on the knowledge about different

applications, the way to model the impact of sensors fj (xj), and how to conduct the nonlinear

transformation h(z) can be adjusted accordingly. Regarding the usage of the proposed degra-

dation index, this section focuses on the product status prediction. Other potential usage

includes the product health assessment and prediction for the remaining useful life based on

existing models.

There are a few limitations of the proposed framework. One of the limitations is that the

model tends to keep no-effect sensors when the number of units n is large. A possible reason

is that we use the log-likelihood function in the objective function. When the number of units

is large, as long as the sensor can provide a little contribution to the likelihood, adding up

these contributions of n units can lead to large minimization of the objective function. It will

be interesting to study the adaptive elastic net penalties or involve the number of units in

the penalty term. Another limitation is that the proposed model can only handle numerical

covariates. It will be useful to extend the current framework to deal with categorical variables.

There are some other future directions for the proposed model. In this section, we con-

sider an additive way to model all sensors’ impact. However, in reality, the way that sensors

influence the degradation process can be much more complex. It will be interesting to allow

sensors interactions in the model. Besides, this proposed framework requires strict monotonic-

ity of the degradation index. If the Wiener process is used, then there needs not to be such

a strict requirement for monotonicity as long as there is an overall trend. It will be inter-

esting to study degradation index building with less requirement on monotonicity. Multiple

degradation characteristics modeling has been popular (e.g., Fang et al., 2020; Saberzadeh and
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Razmkhah, 2022). Building multiple degradation indexes for data with multiple degradation

characteristics is also worth investigating.



Appendix 3.A Additional Results in Simulation Study

3.A.1 Most Informative Sensors Selected

Besides the prediction error rates and the number of correctly selected variables, the most

informative sensors selected are also of interest. In the simulation study, there are four sce-

narios and 10 sensors in each scenario. For all scenarios, sensors No. 1 to 5 have impacts on

the underlying degradation index and sensors No. 6 to 10 have no effect on the degradation

process. The results are summarized to find which are the top 5 most informative sensors

selected under different scenarios by the two methods: DI-VS and DI-VSL. Here the most

informative sensor is referred to as the sensor with the highest average proportion remaining

in the model. Table 3.3 reports the top 5 sensors and their corresponding proportion remain-

ing in the models under various scenarios and different methods. We can see that under all

scenarios, the top 5 most informative sensors selected by the proposed DI-VS model are the 5

sensors that have impacts on the degradation index. However, in the DI-VSL model, except

for scenario A, the model includes sensors that do not impact the degradation index as the top

5 most important sensors. This indicates that on average, our proposed model can correctly

select all useful sensors as the most important sensors while the DI-VSL model can not always

correctly select all useful sensors.

We also summarized the proportion of each sensor being selected by the two models.

Figures 3.8 to 3.9 show the boxplot of the proportion of a sensor remaining in the model

under each scenario. We can see that for those truly effective sensors (No. 1 to 5), the

proposed model has a higher chance to select them for most cases compared to the DI-VSL

model. For those no-effect sensors (No. 6 to 10), our proposed model has a lower chance to

keep them in the model compared to the DI-VSL model.
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Table 3.3: The selected top 5 most informative sensors under various scenarios and different
methods.

Scenario
DI-VS DI-VSL

Sensor No. Proportion Sensor No. Proportion

A

1 1.00 5 0.99
5 0.91 4 0.93
2 0.90 2 0.92
4 0.89 1 0.92
3 0.82 3 0.87

B

1 1.00 1 1.00
5 0.99 2 0.98
2 0.94 5 0.93
4 0.73 4 0.82
3 0.44 9 0.72

C

4 1.00 2 1.00
1 0.99 1 1.00
2 0.99 4 0.98
3 0.77 5 0.87
5 0.59 6 0.67

D

1 1.00 2 1.00
2 0.99 1 0.97
4 0.98 3 0.84
5 0.91 9 0.84
3 0.86 8 0.83
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Figure 3.8: The boxplot for proportions of truly effective sensors selected by the two models
under various scenarios.
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Figure 3.9: The boxplot for proportions of truly no effect sensors selected by the two models
under various scenarios.
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Table 3.4: The average proportions of failed units in the simulated datasets under different
scenarios and sample sizes.

n
Scenario

A B C D
50 0.70 0.75 0.71 0.65
100 0.68 0.74 0.72 0.62
150 0.68 0.74 0.72 0.63
200 0.68 0.73 0.72 0.61
250 0.67 0.74 0.72 0.60
300 0.67 0.73 0.72 0.60

3.A.2 Details on Censoring Rates

The effects of the censoring rate on the model performance are worth investigating. We

summarize the average censoring rates in the simulation study. Table 3.4 shows the average

proportions of the failed units under different scenarios and sample sizes. Overall, the failure

proportions of different samples sizes are close to each other when the scenarios are the same.

So the censoring rate can be considered fixed in each scenario in the simulation study.

Due to the failure mechanism and randomness in the generated observation time and

sensors in our study, it is hard to precisely control the censoring rate. We considered a small

case study under scenario A with a sample size of 100. We generated simulated datasets

with low, medium, and high censoring rates and applied our method to see the performance.

On average the censoring rates are 0.22, 0.34, and 0.52 over replications. Figures 3.10 to

3.11 present the average error rates and variable selection versus censoring rate over 100

replications. We can see that for the proposed DI-VS model, changing the censoring rate

does not have much impact on the error rates and the number of correctly selected variables.

While for the DI-NVS model, a higher censoring rate leads to higher FNR and TER. For the

DI-VSL method, a higher censoring rate reduces the number of correctly selected variables.

Therefore, we can see that the proposed DI-VS model performance is robust with respect to

the censoring rate.
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Figure 3.10: The error rates versus censoring rate under scenario A with a sample size of 100.
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Figure 3.11: The variable selection results versus censoring rate under scenario A with a
sample size of 100.
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Appendix 3.B Visualization of Signal Effects on the Degradation

Process

To better understand sensors’ effects on the degradation path, we use the accumulated local

effects (ALE) plot proposed by Apley and Zhu Apley and Zhu (2020) for visualization. ALE

plot is a visualization approach to present the predictors’ main and secondary-order effects in

complex black box supervised learning models. Here, we focus on the main effect of the sensors.

Suppose the model has p predictor variables X = (X1, . . . , Xp)
′ and the f(x) = f(x1, . . . , xp)

is the fitted model that predicts the response as a function of observed variables x. The ALE

main effect is defined as

gj,ALE(xj) =

∫ xj

xmin,j

E[f j(Xj,X\j)|Xj = zj]dzj, (3.8)

whereX\j denotes the p−1 predictors excluding Xj and f j(Xj,X\j) = ∂f(X)/∂Xj represents

the local effect of Xj on f(X). Here we consider visualizing the effect of sensors to the

damage exposure for interpretability. That means we use the pre-integration damage level

h {
∑p

i=1 fj[xj(s);βj]} instead of u(t) as the predictive model f(x) in (3.8) to reduce the

complexity in interpretation introduced by integration. The ALE plot of each sensor is shown

in Figure 3.12(b), where the x-axes in Figure 3.12(b) are the standardized measurements.

The ALE plot shows that the temperature at LPT outlet (T50) and pressure at HPC outlet

tend to have a constant influence when the measurements are low and a larger effect on the

damage level when measurements increase, while the coolant bleed (W31) has a decreasing

effect to the damage level before a certain point then the effect becomes constant. In addition,

Figure 3.12(a) shows the proportion of sensors being removed from the model when the number

of units is small. It demonstrates that the sensors with no obvious effect (i.e., the ALE main

effects are constant as the measurements change) on the degradation process are more likely

removed from the model, such as altitude and NRf.
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Figure 3.12: The proportion of sensors be removed from the model when the number of
units is small with the jet engine data (a) and accumulated local effects of each signal on the
degradation process (b). The x-axes in (b) are the standardized measurements.
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Chapter 4 Variational Inference for Spatial Survival Models under

Bayesian Framework

Abstract

In the modern survival analysis, the geo-graphically referenced time-to-event data are

often collected for analysis. For such spatial survival data, the spatial dependence among

survival times needs to be properly accounted in the model. In the literature, spatial random

effect models, such as the cumulative exposure model and the proportional hazards model,

are often used for analysis with the Bayesian approach as model inference. However, the

inference problem is often high dimensional with respect to the number of spatial locations.

Consequently, the conventional Markov Chain Monte Carlo (MCMC) methods for sampling

the posterior can be very time-consuming when the number of spatial locations is large.

In this chapter, we investigate the capability of variational inference (VI) for the inference

of spatial survival models and aim for a good balance between the estimation accuracy and

computational efficiency. Specifically, two divergence metrics, α−divergence and the Kullback

Leibler (KL) divergence are used in the VI methods for the spatial survival models. In the

numerical study, we compare the MCMC and VI methods under two spatial survival datasets.

The comparison results show that the VI method has a comparable performance as the MCMC

approach but with much more efficient computational time.

Key Words: α−divergence, Accelerated Failure Time Model, Bayesian Inference, Hamil-

tonian Monte Carlo, Proportional Hazards Model.
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4.1 Introduction

4.1.1 Background

Spatial survival data are commonly observed in medical, biostatistics, and engineering fields,

when the survival data are collected over spatial locations, such as clinical sites and geo-

graphical regions. For example, in the Titan GPU lifetime study (e.g., Min et al., 2022), the

GPUs of Titan supercomputer are regularly arranged in a server room and the lifetime of

these GPUs across various spatial locations is of interest. In the pine tree survival study (Li

et al., 2015), the survival data of pine trees in 182 geographical sites are collected, and the

main focus is to understand the effect of thinning treatment on the survival rates of pine trees

across regions. In these studies, there exist unobserved heterogeneities in observations among

different locations. Besides, the survival data in adjacent locations may be correlated, because

closer locations can share similar environmental characteristics. Thus, modeling the spatial

correlation is crucial for understanding the time-to-event data across locations.

In literature, spatial survival models incorporate the spatial effect by extending exist-

ing survival models with spatially correlated random effects. The spatial random effects are

assumed to follow a certain distribution and the correlations between random effects are de-

scribed by the variance-covariance matrix of the distribution. The Bayesian framework is one

popular approach for spatial survival model inference. In Bayesian approaches, priors are

assigned over model parameters and inferences are conducted by obtaining samples from pos-

teriors. Because the number of spatial locations can be large, the posterior is often intractable.

Markov chain Monte Carlo (MCMC) approaches are used in many studies to generate samples

from the posterior. Recently, Hamiltonian Monte Carlo (HMC), as an efficient MCMC method

in dealing with high-dimensional distributions, receives great attention. Various algorithms

such as No-U-Turn Sampler (NUTS) are deployed for HMC (Hoffman et al., 2014).

However, in problems with a massive amount of data and complex models, the compu-

tational cost of HMC can still limit its application. Thus, we are motivated to study an
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approximation inference approach, variational inference (VI) for spatial survival model infer-

ences. VI is an optimization-based approach to approximate intractable distributions. VI

approximates the complicated posterior with a simple variational distribution by minimizing

the metrics that quantify the closeness between two distributions. The Kullback-Leibler (KL)

divergence and the α−divergence are two commonly used metrics.

In this chapter, motivated by computational efficiency, we are interested in investigating

the performance of VI for spatial survival models. Specifically, we study two types of spatial

survival models: the accelerated failure time (AFT) model, which is a special case of the

cumulative exposure model, and the proportional hazards (PH) model. The capability of VI

for spatial survival model inference is illustrated with the Titan GPU lifetime data and pine

tree survival data. Besides, we compare the performance of VI and HMC regarding computing

time and negative log-likelihood (NLL).

4.1.2 Related Literature

In literature, spatial survival models have been studied in many fields. Henderson et al. (2002)

investigate possible spatial variation in survival of adult leukemia patients based on Bayesian

hierarchical proportional hazards (PH) and proportional odds (PO) models. The study of

Banerjee et al. (2003) employs the PH model with gamma frailties to explain the pattern

of infant mortality among counties while accounting for important covariates and spatial

correlations. Diva et al. (2008) study the joint modeling of multiple cancers while accounting

for spatial correlations. Darmofal (2009) studies political event processes using survival models

that incorporate spatial correlation via a conditional auto-regression (CAR) prior. Zhao et al.

(2009) illustrate a flexible spatial frailty survival modeling with an analysis of spatially oriented

breast cancer data. Li et al. (2015) present a semi-parametric proportional hazards model for

the survival rates of pine trees across 182 sites in the United States. Min et al. (2022) use

mixture distributions within the lifetime regression model to study the potential effect of

spatial locations on the Titan GPU lifetime with competing risks.

In the above studies, MCMC is often used for statistical inferences. However, for massive
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data, MCMC can be time-consuming. VI as an efficient alternative to MCMC receives much

research attention. Blei et al. (2017) provide a thorough review of VI. Minimizing the KL

divergence between the posterior and a variational distribution that belong to a mean-field

family is a standard VI procedure in many studies. But the parameter independence as-

sumption of the mean-field family limits the flexibility of variational distribution, and the KL

divergence can lead to underestimation of the posterior variance. Structured VI that allows

dependencies between parameters is one direction to introduce flexibility to variational distri-

butions. For example, Hoffman and Blei (2015) allow arbitrary dependencies between global

and local hidden variables for better parameter estimations. Kucukelbir et al. (2017) considers

Gaussian variational families with non-diagonal covariance. Ranganath et al. (2016) propose

hierarchical Gaussian process priors to allow the correlation between parameters through a

more flexible and structured approximation distribution. The other direction is to use differ-

ent divergence metrics, such as the α-divergence as in Hernandez-Lobato et al. (2016) to allow

flexible behavior of the variational distribution.

There are some works incorporating VI with Bayesian survival analysis. Kim and Pavlovic

(2018) apply VI to a Gaussian process survival analysis model, which is an extension of the

Cox proportional hazards model. Boškoski et al. (2021) use variational Bayes to estimate pa-

rameters in an unemployment problem. Jung and Gerstung (2021) propose a population level

inference in electronic health records with stochastic VI. Xiu et al. (2020) studies the varia-

tional inference capability of model fitting with individual survival analysis. However, these

applications did not consider survival models with spatial correlations. For the two applica-

tions in this study, Li et al. (2015) and Min et al. (2022) use expectation-maximization (EM)

algorithm and HMC respectively for model inference. Both methods can be time-consuming.

The capability and time efficiency of VI with the KL/α−divergence in survival analysis and the

performance comparison between HMC and variational inference are also worth investigating.

Therefore, this chapter aims to compare the performance of KL divergence, α−divergence,

and HMC in spatial survival models under the Bayesian framework.
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4.1.3 Overview

The rest of this chapter is organized as follows. Section 4.2 introduces two commonly used

spatial survival models: the cumulative exposure model and the proportional hazards model

under the Bayesian framework. Section 4.3 describes two metrics, KL and α−divergence as

well as the parameter estimation in VI. Section 4.4 uses two real datasets, the GPU data and

pine tree data to compare VI and HMC performance. Section 4.5 provides some conclusion

and future directions.

4.2 Bayesian Framework for Spatial Survival Models

In this section, two specific Bayesian spatial survival models are introduced. The first one

is the cumulative exposure model, which is a generalized model for accelerated failure time

(AFT) model for time-dependent covariates. The second one is the proportional hazards

model (PH) with time-dependent covariates.

Suppose there are m distinct locations s1, . . . , sm. Let tij be the event time for the jth

unit in the ith location si, where i = 1, . . . ,m, j = 1, . . . , ni. Here ni is the number of units

in location si and the total number of units is n =
∑m

i=1 ni. Let δij be the corresponding

censoring indicator. Set δij = 1 if the unit is failed, otherwise δij = 0. Denote xij(t) to

be the p-dimensional vector of related explanatory variables at time t. Here we consider

a general notation of the covariates vector xij(t), which is a function of time t. For a time-

invariant variable, the corresponding elements of xij(t) can be set to constants. For categorical

variables, a dummy variable coding can be implemented. The time-to-event data collection

can be denoted by D = {tij, δij,xij(t) : t ≤ tij, i = 1, . . . ,m, j = 1, . . . , ni}

4.2.1 Cumulative Exposure Model

The cumulative exposure model describes the cumulative damage level of the product by a

certain time t given time-varying covariates x(t). Let β be the coefficient vector for covariates.
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The cumulative exposure uij(t) of unit j in location i by time t is defined as

uij(t) =

∫ t

0

exp
[
−xij(s)>β

]
ds.

The unit fails at time T when the amount of cumulative exposure reaches a random threshold

U . Let Tij be the random event time of jth unit in ith location. Usually, the log cumulative

exposure log[uij(Tij)] is assumed to follow a location-scale distribution. When considering the

spatial random effect, the model can be written as

log [uij(Tij)] = µ+ γi + σεij, (4.1)

where γi is the spatial random parameter that represents the random effect of ith location

and εij is independent and identically distributed and follows the standard location-scale

distribution. Let γ = (γ1, . . . , γm)> be the spatial random parameter vector. Under the

Bayesian framework, the random effect vector γ is assumed to follow a multivariate normal

distribution γ ∼ MVN(0,Σ), where Σ = σ2
γΩ. Here, σ2

γ describes the overall spatial variability

and Ω = (ρi,i′)m×m is the correlation matrix. The (i, i′)th element of the correlation matrix ρi,i′

describes the spatial correlation between the random effect of location si and si′ . Commonly

used correlation function includes exponential, Gaussian, and Matèrn correlations. In this

chapter, we use the exponential correlation function

ρi,i′ = exp[−d(si, si′)/ν], ν > 0,

where d(si, si′) is the Euclidean distance between locations si and si′ .

Denote the model parameter vector as θ =
(
µ,β>,γ>, σ, σ2

γ, ν
)>
. Given the distribution
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assumptions, the likelihood of the model parameters is

L(θ|D) = L(σ2
γ, ν|γ)L(µ,β, σ|D,γ) (4.2)

= (2π)−m/2|Σ|−1/2 exp

(
1

2
γ>Σ−1γ

)∏
ij

[
1

σtij
φ(zij)

]δij
[1− Φ(zij)]

1−δi ,

where

zij =
log(uij)− γi

σ
.

Here uij = u(tij) is the cumulative exposure level at the event time tij of jth unit in ith

location, φ(·) and Φ(·) are the probability density function (pdf) and cumulative distribution

function (cdf) of standard location-scale distribution, respectively.

Note that when the covariates are time-invariant, the cumulative exposure becomes

u(t) =

∫ t

0

exp
(
−x>ijβ

)
ds = exp

(
−x>ijβ

)
t.

The model in (4.1) can be simplified to a accelerated failure time (AFT) model:

log [uij(Tij)] = −x>ijβ + log(Tij) = µ+ γi + σεij, (4.3)

which is equivalent to

log(Tij) = µ+ x>ijβ + γi + σεij.

The zij term in the likelihood function (4.2) becomes

zij =
log(tij)− x>ijβ − γi

σ
.

For statistical inferences of the model parameter θ, priors are assigned to model parameters

θ under the Bayesian framework. Denote the priors for θ as p(θ), then posterior function is

proportion to the joint density function of the data collection D and model parameters θ,
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which is

p(θ|D) ∝ p(D|θ)p(θ) = L(θ|D)p(θ).

For spatial AFT model parameters, when assigning priors, since we know σ2
γ > 0 and

ν > 0, inverse-gamma priors are considered. Non-informative priors are considered for µ, β,

and σ. We consider the following Bayesian framework for spatial AFT model:

γ ∝ MVN(0, σ2
γΩ),

µ ∝ 1, βp ∝ 1p,

σl ∝ 1,where σl = log(σ),

σ2
γ ∝ IGAM(aσ, bσ),

ν ∝ IGAM(aν , bν).

Here, MVN stands for multivariate normal distribution and IGAM stands for inverse-gamma

distribution. The parameter aσ, bσ and aν , bν are the shape and scale parameters for σ2
γ and

ν, respectively. Then the log posterior can be derived by plugging in the likelihood function

and priors’ pdf as follows:

log [p(θ|D)] =Constant +
∑
ij

(δi {− log(tij)− σl + log [φ(zij)]}+ (1− δi) log [1− Φ(zij)])

− 1

2

[
log(σ2

γΩ) +
γ>Ω−1γ

σ2
γ

]
− 1

2
(aσ + 1) log(σ2

γ)

− bσ
σ2
γ

− 1

2
(aν + 1) log(ν)− bν

ν
.
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4.2.2 Proportional Hazard Model with Time-dependent Covariates

Proportional hazards (PH) model is an alternative approach to model survival data. The

hazard function of the jth unit in ith location is modeled as

hij(t) = h0(t) exp
[
xij(t)

>β + γi
]
, (4.4)

where h0(t) is the baseline hazard function, β is the coefficient vector for covariates, and γi is

the spatial random effect at location si. The cumulative hazard function is

Hij(t) =

∫ t

0

hij(s)ds = exp(γi)

∫ t

0

h0(t) exp
[
xij(t)

>β
]
ds.

The survival function is obtained by Sij(t) = exp [−Hij(t)]. In this chapter, we consider

a parametric form of the baseline hazard h0(t;θh), where θh is the parameter vector. Then

the model parameter can be written as θ =
(
β>,γ>,θ>h , σ

2
γ, ν
)>
. The likelihood of model

parameter is

L(θ) = L(σ2
γ, ν|γ)L(β,θh|D,γ)

= (2π)−m/2|Σ|−1/2 exp

(
1

2
γ>Σ−1γ

)∏
ij

[hij(tij)]
δij Sij(tij).

Similar to Section 4.2.1, we can assign priors to model parameter and derive the posterior

of θ.

4.3 Variational Inference for Bayesian Spatial Survival

In most Bayesian spatial survival models, due to the high-dimensional parameter space and

model complexity, the exact posterior p(θ|D) is usually intractable. MCMC approach is

the most common way to obtain samples from the posterior distribution. However, MCMC

methods are often time-consuming.
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In this section, we provide a detailed introduction to variational inference. The key idea

of VI is to use a variational distribution q(θ|η) to approximate the exact posterior. Here η

is the parameter vector in the variational probability distribution. Often the case, variational

distribution q(θ|η) is relative simple for future inference. Then a metric that evaluates the

distance between two distributions p(θ|D) and q(θ|η) is optimized to obtain the estimate of

η. Given the estimated η, we can sample model parameters from variational distribution

q(θ|η) and conduct inferences as in MCMC methods.

4.3.1 Two Types of Divergence in Variational Inference

In this section, we introduce the KL divergence and α−divergence, which are commonly

used to measure the closeness between the exact posterior p(θ|D) and variational distribution

q(θ|η). In order to approximate the true posterior, we want to find the variational parameters

η that minimize these divergences.

4.3.1.1 KL divergence

The KL divergence between p(θ|D) and q(θ|η) is defined as:

KL [q(θ|η)||p(θ|D)] =

∫
q(θ|η) log

[
q(θ|η)

p(θ|D)

]
dθ (4.5)

= Eq(θ|η){log[q(θ|η)]} − Eq(θ|η){log ([p(D,θ)])}+ log[p(D)].

Because log[p(D)] is intractable, we can not directly minimize KL divergence. An equiva-

lent optimization problem is to maximize the evidence lower bound (ELBO):

LVI = log[p(D)]−KL(q(θ|η)||p(θ|D)) = Eq(θ|η)

{
log

[
p(θ,D)

q(θ|η)

]}
. (4.6)

One characteristic of the KL divergence is that it is an asymmetric measurement. That

means KL [q(θ|η)||p(θ|D)] 6= KL [p(θ|D)||p(θ|η)]. The choice of KL divergence direction af-

fects the behavior of the variational distribution. Besides, the variational distribution often
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belongs to mean-field family for optimization simplicity. That is, the parameters are assumed

to be independent in q(θ|η). These characteristics of KL divergence potentially lead to un-

derestimate of posterior variance.

4.3.1.2 Rèyi’s α−Divergence

Rèyi’s α−divergence is an alternative metric that measures the closeness of p(θ|D) and q(θ|η).

It is defined as

D [q(θ|η)||p(θ|D)] =
1

α− 1
log

[∫
q(θ|η)αp(θ|D)1−αdθ

]
,

where α > 0, α 6= 1. When α→ 1, the α−divergence approaches the KL divergence.

Similar to the KL divergence, we can not compute the α−divergence directly. Alterna-

tively, we can maximize the variational Rènyi (VR) bound, which is defined as

Lα = log[p(D)]−D [q(θ|η)||p(θ|D)] =
1

α− 1
log

{
Eq(θ|η)

[(
p(θ,D)

q(θ|η)

)1−α
]}

. (4.7)

Unlike the original Rèyi’s α−divergence’s positive support, the VR lower bound can be

extended to α ≤ 0. Besides, the objective Lα is continuous and non-increasing on α (Li and

Turner, 2016). When α → −∞, it allows the approximation mass-covering behavior. That

means θ is encouraged to explore a wider range of possible values. When α→∞, it encourages

the zero-forcing behavior. That means the approximation tends to return an over-confident

θ estimate with a small variance. By adjusting α value, we can encourage flexible variational

distribution.

4.3.2 Parameter Estimation in Variational Inference

In this section, we focus on how to obtain estimates of variational parameters by optimizing

KL/α−divergence. Since KL divergence is a special case of α−divergence, in the following of

this section, we will focus on the α−divergence.
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The VR bound Lα is often intractable due to the model complexity and high-dimensional

integration over θ. Therefore, a Monte Carlo (MC) method is used to evaluate the VR bound.

Specifically, we can randomly sample from the variational distribution θk ∼ q(θ|η), k =

1, . . . , h and Lα can be approximated by

L̂α =
1

α− 1
log

1

h

[(
p(θk,D)

q(θk|η)

)1−α
]
. (4.8)

Then L̂α is optimized and updated iteratively in order to obtain variational parameter

estimates η∗. We optimize L̂α using the Adam algorithm (Kingma and Ba, 2014), which is an

extension to stochastic gradient descent method. The derivation for the gradient of ELBO and

VR bound are shown in Appendix 4.A. The following procedure describes a general approach

to obtain η∗:

1. Determine the variational distribution for θ in a specific spatial survival model, denoted

as q(θ|η).

2. Set the initial value for variational parameter to η0.

3. At step r, r = 1, . . . , g:

(a) Take h samples from the variational distribution with the (r− 1)th step parameter

estimate θk ∼ q(θ|ηr−1), k = 1, . . . , h and compute a stochastic estimate of VR

bound L̂α.

(b) Take a gradient descent step in Adam algorithm (Kingma and Ba, 2014) to obtain

the updated parameter estimate ηr.

4. After getting the variational parameter estimate η∗, we can sample model parameters

from q(θ|η∗) and then make inferences about the spatial survival model.
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4.4 Methods Comparisons with Real Datasets

In this section, we investigate the performance of HMC and VI using the Titan GPU lifetime

data and the pine tree survival data. The statistical inference and computing time of HMC and

VI are compared. The HMC algorithm used in this chapter is implemented in Stan (Carpenter

et al., 2017). We use the default HMC algorithm in Stan, NUTS for model inferences.

4.4.1 Titan GPU Lifetime Data

4.4.1.1 Data Description

The Titan GPU dataset is from the study by Ostrouchov et al. (2020). The Titan super-

computer is on service for over 6 years and the data collected during this period allows us to

understand more about GPU’s failure mechanism. Since supercomputers are a collection of

massive regular arranged GPUs, it is interesting to study whether the location of each GPU

influences its lifetime. Specifically, GPU nodes are placed in 8 × 25 cabinets. There are 3

cages within each cabinet, 8 slots within each cage, and 4 nodes within each slot. Figure 4.1

shows the physical structure of Titan supercomputer. Min et al. (2022) provide more details

regarding the dataset and data cleaning.

One main failure type of GPU is Off the Bus (OTB). In this chapter, we are interested to

study the effect of spatial location on the OTB failure mode. We use a subset of the data,

which includes the units in row number 0-7 and 1-13 with OTB failure mode. The row and

column positions of each unit are considered as the location information. The node, slot, and

cage information are considered as covariates that can affect GPU’s lifetime. Because the

covariates in the GPU dataset are invariant over time, we are interested to build a spatial

AFT model to study the failures of GPU.

4.4.1.2 Bayesian AFT model for GPU data

In GPU dataset, the total number of units is n = 10,101 and there are m = 104 spatial

locations. The covariates cage, slot and node are categorical variables. Consider a dummy
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cage1

cage2

cage3

Node Slot Cage Cabinet Titan Supercomputer
(GPU) (4 nodes) (8 slots) (3 cages) (8× 25 cabinets)

Figure 4.1: The physical organization of Titan supercomputer.

variable encoding, then there are 12 dummy variable covariates. Denote covariate as x =(
1,x>cage,x

>
slot,x

>
node

)>
, where xcage represents the vector of dummy variable encoding of cage

variable and similar for xslot and xnode. The spatial AFT model of jth GPU in ith location

can be written as

log(Tij) = x>ijβ + γi + σεij.

For the GPU data, we assume the error term εij follows the standard smallest extreme

value (SEV) distribution. According to Section 4.2.1, the spatial random effect γ is assumed

to follow a multivariate normal distribution γ ∼ MVN(0,Σ), where Σ = σ2
γΩ and (Ω)ii′ =

(exp[−d(si, si′)/ν]). The model parameter is θ =
(
β>,γ>, σl, σ

2
γ, ν
)>
. We set a weak prior for

σ2
γ by letting aσ = 1, bσ = 1 and strong prior for ν by setting aν = 5, bν = 0.1.

For the variation inference of model parameters, we assume the following variational dis-

tribution assumptions:

β ∼ MVN(µβ,Σβ),where Σβ = Diag(σ2
β),

γ ∼ MVN(µγ ,Σγ),where Σγ = Diag(σ2
γ),

σl ∼ N(µσ, σ
2
σ),

σ2
γ ∝ IGAM(cσ, dσ),

ν ∝ IGAM(cν , dν),

where Σβ and Σγ are diagonal matrices with diagonal elements being σ2
β and σ2

γ . The varia-
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tional distributions are independent to each other. In the above framework, cσ, dσ and cσ, dσ

are the scale and shape parameters in inverse-gamma distribution for σ2
γ and ν, respectively.

Let σlβ = log(σβ), σlγ = log(σγ) and σlσ = log(σσ). Then the variational parameter vec-

tor can be denoted as η =
(
µ>β ,σ

>
lβ,µ

>
γ ,σ

>
lγ , µσ, σlσ, cσ, dσ, cν , dν

)>
. The log density of joint

variational distribution is

log [q(θ|η)] =Constant− 1

2

∑
j

[
2σlβ,j +

(βj − µβ,j)2

exp(2σlβ,j)

]
− 1

2

∑
j

[
2σlγ,j +

(γj − µγ,j)2

exp(2σlγ,j)

]
− 1

2

[
2σlσ +

(σl − µσ)2

exp(2σlσ)

]
+ cσ log(dσ)− log[Γ(cσ)]− (cσ + 1) log(σ2

γ)−
dσ
σ2
γ

+ cν log(dν)− log[Γ(cν)]− (cν + 1) log(ν)− dν
ν
,

where µβ,j is the jth element of mean vector µβ and σlβ,j is the jth element of the log di-

agonal variance vector σβ for β. Similarly for µγ,j and σlγ,j. And Γ(·) denotes the gamma

function. Plugging in log [p(θ,D)] and log [q(θ|η)] in (4.6) and (4.7) we can obtain the ob-

jective functions Lα and LVI in variational inference. The procedures in Section 4.3.2 can be

used to obtain estimates η∗. Then we can sample θ from q(θ|η∗) and conduct inferences for

the spatial AFT model.

4.4.1.3 Analysis Results

For the GPU data, we compare three inference methods, HMC, KL divergence and

α−divergence with α = 0.8. To understand how well the posterior samples from each in-

ference approach fit the model, we use residual plot to conduct diagnostics. The censored

Cox-Snell residual of spatial AFT model is an extension of the standardized residual, which

is defined as

ε̂ij = exp

[
log(tij)− x>ijβ̂ − γi

σ̂

]
.

For a censored unit, the corresponding residual is also censored. With the SEV distribution
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assumption, the residuals should approximately follow a Weibull distribution. The probability

plots of censored Cox-Snell residual of three inference methods are presented in Figure 4.2.

We can see that for α−divergence, its probability plot of residual is almost aligned with the

standard Weibull distribution. While the KL divergence has some deviation at the tail of

residuals.

The negative log-likelihood of posterior samples and computational time are summarized

in Table 4.1. We can see that VI with α−divergence has the smallest negative log-likelihood

value. Besides, the computational time of α−divergence is also the shortest. Thus, the

estimated result of α−divergence is presented. The estimated parameters and corresponding

credible intervals (CIs) are shown in Table 4.2. We can see that when other variables are fixed,

cage 0-1 and slot 0-6 accelerate a unit’s failure compared to the baseline unit with cage 2 and

slot 7, while node 0-2 decelerates a unit’s failure compared to node 3. Figure 4.3 presents

the heat map of random effect at each location as well as its histogram. We can see from

the heat map that the position in the upper left corner tends to decelerate the GPU’s failure.

Figure 4.4 shows the estimated spatial correlation as the distance increase. When fitting the

spatial AFT model, we standardized the distance matrix between each GPU location and the

standardized distance is in the range of (0.083, 1.414). The correlation plot shows that there

exists spatial correlation between adjacent locations.

It is also interesting to examine whether the number of spatial locations impacts the

computing time for each of the three inference method. A series of subsets with the number

of locations m = 56, 104, 160, 200 are selected. Each of the three methods is applied and the

computing time versus the number of locations is presented in Figure 4.5. We can see that

the computing time difference between HMC and α−divergence increases as the number of

locations increases. The computational advantage of α−divergence is more obvious when the

number of locations is large.
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Figure 4.2: Weibull probability plot of residuals for α−divergence, KL divergence and HMC
with the GPU data.

Table 4.1: The negative log likelihood and computing time of α−divergence, KL divergence
and HMC inferences with the GPU data.

α = 0.8 KL HMC
NLL 2024.96 2411.86 2040.68

Time (minutes) 17.80 96.05 20.89

Table 4.2: Parameter estimates and 95% CIs in the AFT model for the GPU data.

Parameter Est SE CI Lower CI Upper
Constant 1.925 0.015 1.896 1.953
Cage 0 0.701 0.040 0.626 0.785
Cage 1 0.275 0.018 0.240 0.311
Slot 0 0.109 0.030 0.048 0.166
Slot 1 0.066 0.026 0.019 0.117
Slot 2 0.108 0.027 0.053 0.159
Slot 3 0.113 0.027 0.061 0.165
Slot 4 0.151 0.031 0.089 0.214
Slot 5 0.048 0.026 −0.002 0.096
Slot 6 0.038 0.025 −0.011 0.087
Node 0 −0.268 0.019 −0.305 −0.228
Node 1 −0.288 0.021 −0.330 −0.248
Node 2 −0.044 0.023 −0.090 0.001
σ 0.199 0.005 0.190 0.208
σ2
γ 0.052 0.014 0.032 0.091
ν 0.037 0.010 0.024 0.061
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Figure 4.3: The heat map and histogram of estimated random effects in the AFT model for
the GPU data.
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Figure 4.5: The computing time of three inference methods versus the number of locations
with the GPU data.

4.4.2 Pine Trees Survival Data

4.4.2.1 Data Description

The pine tree dataset is from Li et al. (2015). In this dataset, 182 pine tree sites are selected

throughout the Piedmont and Atlantic Coastal Plain regions. The survival and growth of trees

with different living conditions and treatments are of interest. During each tree’s lifetime,

variables such as total height (TH), diameter at breast height (DBH), and crown class are

recorded every three years up to 7 times. Other time-invariant variables such as physical region

and thinning treatment (control, light thinning, and heavy thinning) applied to the tree are

also collected. Table 4.3 presents the exploratory variables in the dataset. In total there are

42,525 pine trees at 182 sites. The event of interest is the death of a tree. A tree is recorded as

censored if it survives till the 7th follow-up period. We are interested in studying the thinning

treatment effect and spatial effect on the survival of pine trees. Due to the computational

limitation, in this chapter, we randomly select 60 sites from the original dataset with 13,911

trees and conduct the analysis.
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4.4.2.2 Bayesian PH model for Tree Data

For the pine tree dataset, since modeling the survival rate is of interest, we consider the

spatial PH model with time-dependent covariates. We use a Weibull hazard with function

form h0(t) = atb as the baseline function. The Bayesian framework for spatial PH model is as

follows:

hij(t) = atb exp [xij(t)β + γi] ,

γ ∝ MVN(0, σ2
γΩ),

βp ∝ 1p al ∝ 1,where al = log(a),

bl ∝ 1,where bl = log(b),

σ2
γ ∝ IGAM(aσ, bσ),

ν ∝ IGAM(aν , bν).

We set weak priors aσ = bσ = 1 for σ2
γ and strong priors aν = 5, bν = 0.1 for ν. The log

posterior can be derived as

log [p(θ|D)] =Constant +
∑
ij

{δij [γi + al + bl log(t) + xij(tij)β]−Hij(tij)}

− 1

2

[
log(σ2

γΩ) +
γ>Ω−1γ

σ2
γ

]
− 1

2
(aσ + 1) log(σ2

γ)−
bσ
σ2
γ

− 1

2
(aν + 1) log(ν)− bν

ν
.
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We assume the following variational distribution assumptions:

β ∼ MVN(µβ,Σβ),where Σβ = Diag(σ2
β),

γ ∼ MVN(µγ ,Σγ),where Σγ = Diag(σ2
γ),

al ∼ N(µa, σ
2
a),

bl ∼ N(µb, σ
2
b ),

σ2
γ ∝ IGAM(cσ, dσ),

ν ∝ IGAM(cν , dν),

where Σβ and Σγ are diagonal matrices with diagonal elements being σ2
β and σ2

γ . The vari-

ational distributions are independent to each other. Let σlβ = log(σβ), σlγ = log(σγ),

σla = log(σa) and σlb = log(σb). Then the variational parameter vector can be denoted

as η =
(
µ>β ,σ

>
lβ,µ

>
γ ,σ

>
lγ , µa, σla, µb, σlb, cσ, dσ, cν , dν

)>
. The log density of joint variational

distribution is

log [q(θ|η)] =Constant− 1

2

∑
j

[
2σlβ,j +

(βj − µβ,j)2

exp(2σlβ,j)

]
− 1

2

∑
j

[
2σlγ,j +

(γj − µγ,j)2

exp(2σlγ,j)

]
− 1

2

[
2σla +

(al − µa)2

exp(2σla)

]
− 1

2

[
2σlb +

(bl − µb)2

exp(2σlb)

]
+ cσ log(dσ)− log[Γ(cσ)]− (cσ + 1) log(σ2

γ)−
dσ
σ2
γ

+ cν log(dν)− log[Γ(cν)]− (cν + 1) log(ν)− dν
ν
.

Similar to Section 4.4.1, we can apply VI based on the unnormalized posterior log [p(θ,D)]

and variational distribution log [q(θ|η)].
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4.4.2.3 Analysis Results

For a PH model with time-dependent covariates, the Cox-Snell residual is defined as

ε̂ij =

∫ Tij

0

ĥ0(t) exp[xij(t)
>β̂ + γ̂i]dt,

where Ĥ0(Tij) is the estimated cumulative baseline hazard rate by plugging in â and b̂. If

the model is correct, then ε̂ij approximately follows exponential distribution with λ = 1 and

censoring, which is a special case of Weibull distribution (Klein and Moeschberger, 2003).

Therefore, we can use Weibull probability plot of residuals to check three inference methods

posterior samples.

Figure 4.6 shows the probability plot of residuals for α−divergence, KL divergence and

HMC. We can see although there exists curvature at the tail of α−divergence residual, it is

close to the HMC method. The KL divergence residual far more deviates from the standard

Weibull distribution. Table 4.4 summarizes the NLL and computational time of three methods.

We can see the α−divergence method is close to the NLL of HMC while taking much less

computational time.

Since the statical inference of the α−divergence is very close to HMC and it takes less

computing time, its inference results are presented. Table 4.5 shows the parameter estimates in

the spatial PH model and 95% CIs. We can see that if fixed other covariates, control and light

thinning treatment decrease the survival rates compared to heavy thinning. Pine trees in the

Piedmont region have higher survival rates compared to Coastal Plain and other types. DBH

tends to extend trees’ lifetime while TH tends to shorten trees’ lifetime. Figure 4.7(a) shows

the estimated spatial correlation versus distance. Since the distance matrix is standardized

when fitting the model, now the range of the distance changes to (0.0018, 1.2882). This

indicates that for sites that are near each other, spatial correlations are strong. Figure 4.7(b)

shows the histogram of estimated random effect, which are in the range of (−2, 2). Figure 4.8

shows the spatial random effect at each site on the map. For Virginia and North Carolina

areas, the spatial random effect increases when moving from the coastal to the inland area,
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Table 4.3: The description and summary statistics of explanatory variables in the dataset.

Variable Description N (%)
SN A serial number assigned to each tree 13911 (100%)
Thinning Intensity 1-control 3351 (24.10%)

2-light thinning 5647 (40.59%)
3-heavy thinning 4913 (35.32%)

Physical Region 1-Coastal Plain 7786 (55.97%)
2-Piedmont 4839 (34.79%)
3-other types 1286 (9.24%)

Crown Class 1-dominant 3548 (25.50%)
2-codominant 6583 (47.32%)
3-intermediate 2584 (18.58%)
4-suppressed 1196 (8.60%)

Variable Description Mean (SD)
DBH Diameter at breast height (cm) 7.87 (2.68)
TH Total height of the tree (meters) 56.28 (16.25)

Table 4.4: The negative log likelihood and computing time of α−divergence, KL divergence
and HMC inferences with pine tree data.

α = 0.8 KL HMC
NLL 12341.71 18985.41 12332.84

Time (hours) 7.97 8.52 16.29

which indicates the survival rate becomes lower.

4.5 Conclusion and Future Directions

In this study, we compare the performance of VI and HMC for spatial survival models with

two real applications. The Titan GPU lifetime data is used to illustrate the spatial AFT model

and the pine tree survival data is used to illustrate the spatial PH model. The computing time

and NLL of α−divergence, KL divergence, and HMC are compared. The statistical inferences

using the α−divergence posterior samples are also presented.

In the Titan GPU lifetime application, α−divergence has the smallest NLL and shortest

computing time, indicating its capability on spatial survival models. Although the computing
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Figure 4.6: Weibull probability plot of residuals for α−divergence, KL divergence and HMC
with the pine tree data.

Table 4.5: Parameter estimates and 95% CIs for pine tree data.

Parameter Est SE CI Lower CI Upper
Treatment (Control) 0.969 0.058 0.852 1.088
Treatment (Light) 0.152 0.059 0.043 0.271
Physical region (Coastal Plain) −0.537 0.048 −0.630 −0.441
Physical region (Piedmont) −0.894 0.067 −1.028 −0.758
Crown class (dominant) −2.385 0.063 −2.503 −2.263
Crown class (codominant) −2.312 0.052 −2.409 −2.209
Crown class (intermediate) −1.208 0.045 −1.300 −1.117
DBH −0.277 0.018 −0.314 −0.241
TH 0.004 0.003 −0.000 0.009
a 0.043 0.003 0.037 0.049
b 0.929 0.016 0.900 0.960
σ2
γ 1.309 0.321 0.856 2.096
ν 0.012 0.002 0.009 0.016
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Figure 4.7: Estimated spatial correlation versus distance and histogram of random effects for
pine tree data.
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time is only a few minutes shorter than HMC, the code of VI is implemented with R while the

source code of HMC in Stan is implemented with C++. In the future, it will be useful to also

implement VI with C++ for a more fair computing time comparison. In the pine tree dataset,

the NLL of α−divergence is close to HMC while the computing time is about half of HMC.

Compared to KL divergence, α−divergence encourages a more flexible variational distribution,

thus it has better performance regarding statistical inference. Besides, α−divergence is also

easier to converge compared to KL divergence. Based on these two applications, we find

α−divergence with α < 1 has comparable performance as HMC but with better computational

efficiency.

In the real data analysis, we want the α−divergence to encourage a flexible variational

distribution behavior so we set α = 0.8. However, it will be interesting to study how the

statistical inference performance changes with different α values. It is also desirable to study

how to choose a reasonable α value with various applications and models. Besides, it will

be interesting to investigate the accuracy of the uncertainty quantification of VI for spatial

survival models. It is also desirable to consider using a mixture variational distribution or

other flexible structures to capture the possible multi-mode behavior of posterior distributions

in spatial survival models.



Appendix 4.A The Gradient of ELBO and VR Bound

The derivative of ELBO LVI with respect to variational parameter η is:

∂LVI

∂η
=

∂LVI

∂ log[q(θ|η)]

∂ log[q(θ|η)]

∂η

=

{
∂

∂ log[q(θ|η)]

∫
q(θ|η) log[p(θ,D)]− q(θ|η) log[q(θ|η)]dθ

}
∂ log[q(θ|η)]

∂η

=

∫
q(θ|η) log[p(θ,D)]

∂ log[q(θ|η)]

∂η
dθ −

∫
q(θ|η) {log[q(θ|η)] + 1} ∂ log[q(θ|η)]

∂η
dθ

=

∫
q(θ|η)

{
log

[
p(θ,D)

q(θ|η)
− 1

]}
∂ log[q(θ|η)]

∂η
dθ.

The derivative of VR bound Lα with respect to variational parameter η is:

∂Lα
∂η

=
∂Lα

∂ log[q(θ|η)]

∂ log[q(θ|η)]

∂η

=

(
1

1− α
∂

∂ log[q(θ|η)]
log

{∫
q(θ|η)

[
p(θ,D)

q(θ|η)

]1−α
dθ

})
∂ log[q(θ|η)]

∂η

=
α

1− α

∫
q(θ|η)

[
p(θ,D)

q(θ|η)

]1−α
∂ log[q(θ|η)]

∂η
dθ

∫
q(θ|η)

[
p(θ,D)

q(θ|η)

]1−α
dθ

.
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Chapter 5 General Conclusions and Areas for Future Research

5.1 Conclusions

In this dissertation, I have focused on several advancements in the interface of computer

experiments and survival analysis with real world applications. Specifically, Chapter 2 shows

the usage of the computer experiments to enhance the data collection in high performance

computing setting to manage the variability. Chapter 3 focuses on the reliability analysis,

which uses survival analysis techniques in engineering areas and proposes a flexible framework

for building degradation index. Chapter 4 studies the capability of VI on the spatial survival

analysis under the Bayesian framework.

In Chapter 2, comprehensive comparisons are conducted for synthetic data analysis and

HPC variability management application to explore the prediction accuracy of GBDs and

SFDs under different approximation methods. The comparison shows that the GP model

with SFD generates the best results under most scenarios.

In Chapter 3, a new framework to build the degradation index based on the cumula-

tive exposure model is proposed, motivated by the jet engine multi-channel sensory data.

The framework can handle censored data and conduct variable selection automatically. The

comprehensive simulation studies and jet engine data analysis show that the framework has

flexibility and advantages. It is also demonstrated that the performance of the proposed

framework is more robust than other models.

In Chapter 4, the performance of VI and HMC for spatial survival models are compared

with two real applications. The Titan GPU lifetime data is used to illustrate the spatial AFT

model and the pine tree survival data is used to illustrate the spatial PH model. The results

show that α−divergence has comparable performance as HMC but with less computing time.
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5.2 Areas for Future Research

In the future, it will be interesting to investigate the accuracy of uncertainty quantification of

VI for spatial survival models in Chapter 4. For some spatial survival models, the posterior

distributions may potentially have multi-mode behavior. It is desirable to extend the stan-

dard VI procedure by considering mixture variational distribution or other flexible structures

that allow dependencies between parameters to capture the potential multi-mode behavior of

posteriors.


