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Rational Interpolation Methods for Nonlinear Eigenvalue Problems

Michael Brennan

(ABSTRACT)

This thesis investigates the numerical treatment of nonlinear eigenvalue problems. These
problems are defined by the condition T(A\)v = 0, with T : C — C"*", where we seek to
compute the scalar-vector pairs, A € C and nonzero v € C". The first contribution of this
work connects recent contour integration methods to the theory and practice of system iden-
tification. This observation leads us to explore rational interpolation for system realization,
producing a Loewner matrix contour integration technique. The second development of this
work studies the application of rational interpolation to the function T(z)™!, where we use
the poles of this interpolant to approximate the eigenvalues of T. We then expand this idea
to several iterative methods, where at each step the approximate eigenvalues are taken to
be new interpolation points. We show that the case where one interpolation point is used is

theoretically equivalent to Newton’s method for a particular scalar function.



Rational Interpolation Methods for Nonlinear Eigenvalue Problems

Michael Brennan

(GENERAL AUDIENCE ABSTRACT)

This thesis investigates the numerical treatment of nonlinear eigenvalue problems. The
solutions to these problems often reveal characteristics of an underlying physical system.
One popular methodology for handling these problems uses contour integrals to compute a
set of the solutions. The first contribution of this work connects these contour integration
methods to the theory and practice of system identification. This leads us to explore other

techniques for system identification, resulting in a new method.

Another common methodology approximates the nonlinear problem directly. The second
development of this work studies the application of rational interpolation for this purpose.
We then use this idea to form several iterative methods, where at each step the approximate
solutions are taken to be new interpolation points. We show that the case where one inter-
polation point is used is theoretically equivalent to Newton’s method for a particular scalar

function.
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Chapter 1

Introduction

Mathematical modeling enables us two significant capabilities: to predict the behavior of

complex physical systems and to optimize the performance of systems that we construct.

Several examples highlight the importance of prediction and simulation to human safety.
Emergency responses to natural disasters depend on the prediction of a storm’s strength or
aftershock locations when handling severe weather patterns or seismic activity. Structural
design decisions for buildings and vehicles depend on our modeling of material interactions,

stresses, and deformations.

In addition, optimization techniques that minimize material waste and control laws that
govern automated processes rely on accurate and efficient models that often must be eval-
uated in real time. Optimal solutions help reduce project costs and build structures that

perform better. For these reasons, the scientific and industrial communities have invested



much effort toward the development of mathematical modeling.

The process of mathematical modeling can be split into two parts. First, one develops a
mathematical description of the laws governing the phenomena of interest, known as a model.
This thesis regards the next step of the process, the implementation of the model numerically,
where we obtain the results needed for the application purpose. Specifically, we look to
improve the treatment of nonlinear eigenvalue problems that are generated by dynamical
systems, a common framework used to cast a mathematical model. These problems come in

the form

where T : C — C™™ denotes an analytic matrix-valued function, and one seeks to find the

scalar-vector pairs, A € C and nonzero v € C".

Many physical phenomena can be modeled in the setting of dynamical systems, coming

in the form of a general degree d differential equation,
f(x@(t),...,x/(t),x(t),t,p) =0,

subject to some initial condition, where the function f : C"x---xC"xC"x [0, 00) x C" — C™.
One often looks to compute the state vector, x(¢) € C", as a function of time, where the
dynamics of the model describe x(¢) through the differential equation defined above. The
dimension of the state variable, n, is referred to as the order of the dynamical system.

Realistic applications commonly yield n of 10° or greater.

For optimization, control and uncertainty quantification, one is challenged to evaluate



this model for many choices of system parameters, represented as p € CP. For example, the
damping coefficients in a spring-damper system may be thought of as tunable parameters,

where we wish to dampen vibrations of certain frequencies optimally.

We now describe how several common dynamical systems generate eigenvalue problems,
and how the solutions to these eigenvalue problems expose possible behaviors of the under-

lying dynamical system.

1.1 First Degree Linear Dynamical Systems and Stan-

dard Eigenvalue Problems

Consider the first degree linear differential equation
x'(t) = Ax(t), (1.1)

where A € C™". A common method of building analytic solutions to this problem starts
by making the ansatz of

x(t) = eMv,
where A € C and v € C" are constant. By substituting this ansatz into (1.1), one arrives at

the standard eigenvalue problem:
(eMv) = A(eMv) = NeMv = eMAVv = \v = Av.

When this relationship is satisfied with v # 0, the scalar/vector pair (A, v) is referred to as

an eigenpair of A, where X is called an eigenvalue of A with corresponding eigenvector v.



The collection of all eigenvalues is referred to as the spectrum of A and will be denoted by

a(A).
The eigenvalue equation can be equivalently written as
(A —A)v =0,

and so we see that eigenvalues are the values that render the matrix valued function A — A\

singular. Thus for A\ to be an eigenvalue, we require
det(A — A\I) = 0.

The expression det(A — AI) is known as the characteristic polynomial of A, i.e., eigenvalues
are roots of the characteristic polynomial. From this condition we see there are n eigenvalues,
accounting for repeated roots. The number of times an eigenvalue repeats is referred to as

its algebraic multiplicity.

Given that (1.1) is linear, any linear combination of solutions will also be a solution. If
each eigenvalue has the same number of linearly independent eigenvectors as its algebraic

multiplicity, one can provide the general solution to (1.1) as

n

x(t) =Y a;eMtv;, (1.2)

j=1
where the scalar coefficients {a;}}_; are determined by the initial condition x(to) = Xq.

We see from (1.2) that the possible behaviors of x(t) depend on characteristics of o(A).
For example, if all eigenvalues of A have a negative real part, the state is guaranteed to decay

to zero in every component as time increases. We also see that purely imaginary eigenvalues



will generate oscillations that neither decay nor grow. Questions of the system’s stability

are answered by analyzing the spectrum of the matrix A.

A common generalization of this problem introduces a matrix to the left hand side of the
equation (1.1), yielding

Ex'(t) = Ax(t), (1.3)

where A, E € C"*". Using the same ansatz as before, we arrive at the generalized eigenvalue

problem:

AEv = Av,

or, equivalently

(A - )ME)v =0.

This is referred to as the eigenvalue problem corresponding to the matriz pencil A — \E, also
denoted (A,E). When E is invertible, the generalized eigenvalue problem is theoretically
equivalent to the standard eigenvalue problem for the matrix E7'A. When E is singular, we
refer to equation (1.3) as a differential-algebraic system of equations, reviewed extensively

in [27]. Further examination of the standard eigenvalue problem can be found in [50].



1.2 Higher Degree Linear Dynamical Systems and Poly-

nomial Eigenvalue Problems

Consider the degree d linear differential equation,

d
> AxB(t) =0,
k=0

where Ay, ..., Ay € C™" and x™ () denotes the k" derivative of x(¢). In addition, second
order equations are generated by mass-spring-damper systems, giving them importance when
studying vibrations of idealized structures (see [42]). Making the same ansatz as before,

x(t) = e*v, we come to the polynomial eigenvalue problem:

d
<Z )\’“Ak> v=0,.
k=0

We can analyze this problem by converting to a generalized eigenvalue problem of greater

dimension. Consider the quadratic case,
(Ao + A+ N2Ay)v = 0.

Defining concatenated matrices, we can pose this as a generalized eigenvalue problem of

dimension 2n,

AO Al 0 AQ Vv

0 I -I 0 AV

A similar procedure for the degree d case yields a dimension dn generalized eigenvalue prob-
lem. Here we see a possible numerical complication. The dimension of the problem is

compounded by the degree of the differential equation, which is problematic when the order



of the system is very large. This is also significant from the standpoint of approximation
capabilities. Later we will discuss replacing general nonlinear eigenvalue problems with poly-
nomial approximations, but this analysis shows that larger degree approximations increase

the dimension of the resulting problem considerably.

1.3 Delay Dynamical Systems and a 7Truly Nonlinear

Eigenvalue Problem

Although the previous example did yield a nonlinear eigenvalue problem, we showed that it
could be recomposed as a generalized linear eigenvalue problem of larger dimension. Now we
consider a dynamical system that generates an eigenvalue problem with more exotic features,
highlighting the interest (and difficulty) of general nonlinear eigenvalue problems. Consider
the delay differential equation

x'(t) = Ax(t — 1),

where A € C™" and 7 > 0. Delay differential equations are used for a variety of applications,
including describing incubation periods for diseases and transmission delays in networks. The
preface of [33] provides a comprehensive overview of the applications of delay systems. Here,
the length of the delay enters as a physical parameter denoted by 7. Using the ansatz

x(t) = e v as before, we arrive at the nonlinear eigenvalue problem:

AeMv = Av.



This last equation implies that the quantity e’ is an eigenvalue of the matrix A, in the
linear eigenvalue sense. Taking the scalar case where A = 1 and setting 7 = 1, our problem
reduces to the scalar nonlinear equation Ae* = 1. This generates infinitely many possible
values for A given by the multi-valued Lambert-W function, detailed in depth in [16], yielding
in this case A\, = W,(1). Figure 1.1 shows the structure of the set of solutions of \e* = 1.
The integer k denotes the use of the £*® branch of the Lambert-W function, in the same way
one may refer to different branches of the complex logarithm. In the case where A € C™"*",
with o(A) = {p1, ..., pn}, then any value taken by A;, = Wj(7u;)/7 is a solution to this
nonlinear eigenvalue problem, and the eigenvectors to the nonlinear problem are simply the

corresponding eigenvectors of A.
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Figure 1.1: Wy (1) for k = —20, ..., 20.

This example exposes several difficulties with general nonlinear eigenvalue problems.
First, their nonlinear structure requires specific treatment. In the case above, the well
studied Lambert-WW function is available, but this is not the case for all problems. Second,
similar to the polynomial case, the dimension of the underlying state compounds an already
difficult problem. Here, we had to consider the n eigenvalues of A, but the computation

of the spectrum of A might be burdensome to begin with. Finally, we note that for both
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the polynomial and delay eigenvalue problems, we lose linear independence of eigenvectors.
Simply by the fact that there are more eigenvalues then n, we see that the set of eigenvectors
cannot be linearly independent. In this particular case, all eigenvalues generated by A;; =

Wi (Tp;)/7 will have the same eigenvector; the eigenvector of A corresponding to f;.

This simple delay problem exposes several key attributes of nonlinear eigenvalue problems
and allows us to specify the locations of eigenvalues and characteristics of eigenvectors with
ease. Therefore we will use this problem as the main numerical example for the following
numerical methods. Most nonlinear eigenvalue problems do not have such an easy solution.
We intend to develop new algorithm to solve such problems. For the interested reader, many

more nonlinear eigenvalue problems are described in [13].

1.4 Numerical Experiments

For our main numerical example, we use the simple delay problem described above with
7 =1, defined by

T(\) =AM —e?A, T(\)v=0,

where we set the size of A to be n = 100, with o(A) = {—1,-2,...,—n}. We set the left
and right eigenvectors of A using a seeded random number generator. Four branches of exact
eigenvalues are plotted in Figure 1.2. In the following chapters, this numerical example will

be referred to as Example 1.
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Figure 1.2: Exact Solutions for Example 1: Simple delay problem

1.5 Measuring Error of Approximate Eigenvalue-Eigenvector

Pairs

Given that this thesis will introduce several methods for approximating the solutions to

nonlinear eigenvalue problems, we need a method of measuring the success of these estimates.
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Let (A, v) denote a true eigenpair of the nonlinear eigenvalue problem

T(A)v=0

that we approximate with the pair (, w), where we assume ||v|| = |[|w|| = 1. There are
several ways of measuring the difference between these two pairs. Linear stability analysis for
a dynamical system often reduces to finding the locations of the eigenvalues to an underlying
nonlinear problem. To this end, it makes sense to measure the distance between the true
and approximate eigenvalue, |\ — 6|. We will refer to this quantity as the eigenvalue error.
This measure does not account for accuracy in the eigenvector. To do so, we could measure
|v—w]||, assuming we have normalized and orientated the two vectors. Alternatively, we can
compute the angle between the two vectors to avoid considering normalization. One method
that considers the approximate eigenpair together is the residual norm for (6, w), meaning
|T(A\)v — T(0)w| = [|T(#)w]. In the linear case with T(A\) = A — AE, the residual norm

is the familiar quantity ||[(E — 0A)w]].

1.6 Contributions of this Thesis

This thesis makes several contributions to current numerical methods for nonlinear eigen-
value problems. The first primary effort goes toward connecting recent contour integration
methods to results regarding system identification. In Chapter 4, we show that these meth-
ods implicitly apply the Silverman realization algorithm to identify an underlying linear

dynamical system related to the set of eigenvalues in a chosen region of the complex plane.
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We then expand this methodology by using general rational interpolation for system identi-
fication, producing a Loewner matrix contour integration technique. In Chapter 5, we study
the application of rational interpolation directly to the function T(z)™!, and we find that the
poles of this interpolant approximate the eigenvalues of T. We expand this idea to several
iterative methods, where at each step the approximate eigenvalues are taken as new inter-
polation points. We show that the case where one interpolation point is used is theoretically

equivalent to the application of Newton’s method for a particular scalar function.

Chapter 2 provides an overview of current methods that relate to the new proposed meth-
ods developed in the proceeding chapters. Chapter 3 provides the necessary background for
Loewner matrix techniques used in systems theory and model reduction that guide the de-
velopment of the two new methods proposed in this thesis. Finally Chapter 6 will summarize

the conclusions of this work.



Chapter 2

Overview of current methods

In this chapter will overview several methods for approximating solutions to nonlinear eigen-
value problems. We do this to inform ourselves of the strengths and weaknesses of these
methods, which will help us evaluate the merits of the new techniques proposed in later
chapters. First, we must give our definition of a solved problem. As discussed in Chapter 1,
there are several hurdles to solving large scale nonlinear eigenvalue problems, including the
large dimension of the problem and its nonlinear structure. For the purpose of this work, we
assume that handling either one of these issues results in a simplified problem that can be
solved using existing algorithms. For example, we will discuss linearization methods where
the nonlinear problem is approximated by a generalized linear eigenvalue problem of larger
dimension. Because the theory of such generalized eigenvalue problems is well developed, we
consider this the end of the treatment of the nonlinear problem and pass the baton accord-

ingly. On the other hand, we will also discuss how one can use subspace projection to form an

14
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approximating nonlinear problem of smaller dimension. In this case, our goal is to form an

approximate problem small enough to pass to standard techniques for nonlinear equations.

2.1 Linearization Methods

We start with perhaps the most intuitive set of methods, linearization methods. Considering

the general nonlinear eigenvalue problem, given as
T(z)v=0, T:C—C"",

the underlying idea for methods of this type is to approximate the nonlinear terms of T using
a set of approximating functions, typically either polynomials or rational functions. Polyno-
mials and rational functions are commonly used because the underlying theory for solving
problems of these types is more developed than for general nonlinear problems (see [29]
and [18] for overviews). The following result found in [21] characterizes how an approximate
nonlinear eigenvalue problem can be formed by approximating the matrix valued function

T itself.

Theorem 2.1.1
Let T : C — C™" define the nonlinear eigenvalue problem of interest and consider P : C —

C™*™ an approzimating function. Assume for the domain Q C C that
|IT — Pllo :=max || T(z) — P(2)]]a < ¢
z€Q

for some € > 0. If P has an eigenvalue X € Q with the right eigenvector v normalized so
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that ||v||a = 1, then

ITA)v|2 < e.

Proof. Given A € ¢(P) with unit-length right eigenvector v, we have P(A)v = 0, and

therefore

ITA)v]l2 = [[(TA) = PA)vll2 < [[TA) = P(V)l2[[v]l2 = [[T(A) = P(M)[l2 <€

However, it is important to note that enforcing small || 'T(\)v|| does not necessarily imply

that X is close to an eigenvalue. Take the linear example where

T(z) = and P(z) = . (2.1)

We have enforced that ||T(z) — P(2)||2 = €. Note that T has a repeated eigenvalue at A,

where the eigenvalues of P are A + /e. Scaling this example to the dimension n case, we

1/n

find that the eigenvalues of P lie on the circle radius |¢'/"| centered at A, and therefore the

eigenvalues of T and P differ by €'/”

. Figure 2.1 shows these eigenvalues for the case where
n =100, ¢ = 107° and A = 0, and we see a relatively large error of |e!/"| = 0.891 between

the true and approximate eigenvalues.
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Figure 2.1: Eigenvalues of T and P defined in Equation 2.1 with n = 100; ¢ = 107%; A = 0

2.1.1 Polynomial Linearization

We now review linearization using polynomials as the approximating functions. Recall from

Chapter 1 that a polynomial eigenvalue problem can be converted to a generalized eigenvalue
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problem. Given the polynomial eigenvalue problem of degree d and dimension n defined by

d
(Z AkAk> v =0, (2.2)
k=0
where A, € C"*" for k=0, ...,d, we can form the generalized eigenvalue problem
AO A1 tee Ad—l \% —Ad \%
o 1 --- 0 AV 0 AV
— A\ ,
0O O 1 Ny 1 0 Ny
]%,0 N :; ]§r1 :V, /
or
B[)W = )\Blw,

where By, B; € C"™™ and w € C". This generalized eigenvalue problem is referred to

as a companion problem for the polynomial problem defined in (2.2). Other formulations

for companion problems exist, and can be attractive when there is structure present in the

matrices A; that one wishes to exploit. For example, Mehrmann and Watkins [32] detail

a structure-preserving companion formulation for quadratic eigenvalue problems generated

by Hamiltonian dynamical systems. We will focus on the quality of the polynomial approx-

imation to the nonlinear problem, rather than the computation of the eigenvalues of the

polynomial problem. In the numerical experiments below, we use Matlab’s polyeig routine

for the computation of eigenvalues and eigenvectors of polynomial eigenvalue problems.
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Lagrange Interpolating Polynomials

A natural selection for approximating polynomials is for them to interpolate the original
function at a set of interpolation points. That is, provided interpolation points {z; }?:0 c C,

we form a degree d matrix valued polynomial P, such that
P(z;) = T(z)

for j =0,...,d. A common framework for achieving this is to introduce Lagrange polyno-

mials for the set of interpolation points.

Definition 2.1.1. Given the set of interpolation points {z;}4_, C C, we define corresponding

Lagrange polynomials ¢; for j =0,...,d:

A4
fj(z) = Hz —Z];'
J

ki

Note that each ¢; is a polynomial of degree d and that

0, j#m.

Denoting the interpolation data T; := T(z;), the matrix-valued polynomial defined by

interpolates T at the set of interpolation points, meaning

P(z;) = T(z)
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for 7 = 0,...,d. This process allows us to form an interpolating polynomial for a given
nonlinear eigenvalue problem, provided a set of interpolation points. Choices for interpola-
tions points are picked based on a search region. If crude approximations for eigenvalues of

interest are already available, these can be considered for interpolation points.

Below we have simulated this situation for the simple delay problem (Example 1) intro-
duced in Chapter 1. We have provided four approximate eigenvalues to be used as interpo-
lation points. After forming the interpolating polynomial, we rewrite the polynomial in the

monomial basis, and compute the eigenvalues of the approximate polynomial problem using

polyeig.
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Figure 2.2: Eigenvalues of a Degree 3 Lagrange Polynomial

Given that the dimension of the problem n = 100 and we used a degree d = 3 approxi-
mating polynomial, we obtain 300 approximate eigenvalues. Certainly the four eigenvalues
close to the interpolation points are well approximated, with the maximum error of these
four being 3.5 x 1073. We also see that many of the other eigenvalues in the same branch
are well approximated. However, we also see two clusters of eigenvalues of the polynomial

problem that do not approximate any true eigenvalue; they are completely spurious. In fact
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only seven of the 300 approximate eigenvalue yielded eigenvalue error less than 10~!. This
raises the problem of deciding which eigenvalues are successful approximations. For more

results using Lagrange interpolation, see [47].

Taylor Polynomials

An another possible choice for an approximating polynomial is to enforce interpolation of
the derivatives of T. If we desire all eigenvalues near a particular point (, € C, we can form

the Taylor polynomial centered at (, defined as
~TO(G) ~
P(:) =) —— (=G,
j=0
enforcing interpolation of the derivatives of T at (4 up to order d. For comparison, we
have taken the centroid of the interpolation points used in the Lagrange interpolant shown
in Figure 2.1.1 to be (p. Similar to the Lagrange interpolation case, we see accurate ap-
proximations for eigenvalues near (y. To compare with the Lagrange interpolant, the four
eigenvalues closest to the approximation center were still well approximated, with the max-

imum error 7.7 x 1073, but again there were only seven approximate eigenvalues with error

less then 1071,
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Figure 2.3: Eigenvalues of a Degree 3 Taylor Polynomial

Other types of approximating polynomials have been investigated as well, including New-

ton and Chebyshev polynomials, which can be found in [1].
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2.1.2 Rational Linearization

There has also been work in linearization methods using rational approximation for nonlin-
ear eigenvalue problems. In this case, the polynomial function P(z) above is replaced by
a rational approximant Q(z), where one enforces Q ~ T in a region of interest. Current
methodologies include using rational Newton polynomials, where the approximating func-
tions are defined by providing desired roots and poles [22]. The compact rational Krylov
(CORK) method developed in [46] provides a framework for using a generalization of the
compact Arnoldi decomposition to reduce the computation cost of the rational linearization
step. There is also a process for using the adaptive Antoulas-Anderson (AAA) method for
rational approximation found in [30]. The AAA algorithm is developed in [34] with its origins

laid down in [6].

2.2 Projection Methods

In contrast to linearization, projection methods look to preserve the nonlinear structure of

a problem while reducing the dimension of the problem. One forms a subspace
U = Range U,
where U € C™*" is sub-unitary, and defines the projected nonlinear problem

T,(z) = U'T(2)U.
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We obtain a smaller, but still nonlinear problem to work with, given that T(z) has dimension
n x n, and T,(z) has dimension r x r. We assume that the reduction in dimension is
sufficient so that one can realistically pass the new problem to standard small-scale nonlinear
eigenvalue algorithms. This leaves us with the task of picking the subspace . Two notable
methods for this are the Arnoldi [48] and Jacobi-Davidson methods [14,49], which are inspired
by corresponding methods of the same name for the linear eigenvalue problem. Another
choice informed by work in structure preserving model reduction (see [11,41]) is to form the
subspace U so that T,(z)~" interpolates T(z)~" at a set of interpolation points {o;}5_, C C

along directions {w;}7_, C C", ie.,
T, (0;) " U'w; = T(0;) "' w;;,
for y =1,...,r. This can be achieved by a specific choice of the projective subspace.

Theorem 2.2.1

Given T(z), {0;}j—; C C and {w;};_, C C", let U be constructed as
U = orth [T(o1)"'wy --- T(0,) 'w,].
Then the reduced nonlinear problem T,.(z) satisfies
T.(0;) ' U'w; = T(o;) 'w;, j=1,...,r
An apparent strength of this methodology is that it can be applied iteratively. Starting
with an initial selection of interpolation points {0;}}_; and directions {w;}7_,, we can form

the reduced problem T, (z) = U*T(2)U as detailed before, and compute r desired eigenval-

ues {\;}j_; and eigenvectors {v;};_; of T,. We then update the interpolation points and
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directions using these eigenvalues and eigenvectors. This iteration is summarized in Algo-
rithm 1, taking inspiration from the dominate pole algorithm (DPA) [36] and the iterative

rational Krylov algorithm (IRKA) [20].

Algorithm 1 Iterative Projection

input: initial interpolation points and directions {o;};_, and {w;}i_,.

for £ =0,1,... until converged do
1. Form the subspace U = orth [T(cy) 'wy -+ T(o,) 'w,].
2. Form the projected nonlinear eigenvalue problem: T,(z) = U*T(2)U.
3. Compute r desired eigenvalues {\;}7_, and eigenvectors {v;}7_; of T,.
4. Update interpolation points and directions: o; <= A;, w; < Uv;.

5. end for

Figure 2.4 shows the results of this method applied to the simple delay equation of
Example 1, where we have taken r = 2. The two initial points were placed just right of the
two principle branches in hopes of converging to the right-most eigenvalues. We see from the
zoomed-in plot on the right that the approximations converged to eigenvalues slightly in the
interior of the spectrum. The average error measured by the Euclidean distance between the
approximate and true eigenvalues shown here was 4.46 x 104, In this case, both interpolation
points converged to the same point, and thus only one approximation appears per branch of

solutions.
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Figure 2.4: Results of Iterative Projection

2.3 Contour Integration Methods

The following methods rely on contour integration in the complex plane to extract a linear
problem that shares a set of eigenvalues in a search region. This is made possible using a
theorem from Mstislav Keldysh detailed in [23,24], where we can guarantee a particular form
for the inverse of a matrix valued function; the theorem explicitly tells us how the eigenvalues
and eigenvectors of T enter into a Laurent decomposition of T(z)™'. We will refer to this
decomposition as the Keldysh decomposition for T(z)~'. We provide the theorem for the
case where the eigenvalues of interest are semi-simple, meaning the algebraic multiplicity of

the eigenvalues matches the number of corresponding linearly independent eigenvectors.
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Theorem 2.3.1 (Keldysh [23,24])

Let T : C — C™" be analytic in the domain 2 C C. Assume that T has m eigenvalues

denoted A1, ..., N\, in Q, counting multiplicities. If each eigenvalue is semi-simple, then
-1 —1yx7* S VjWj
T(z) ' =V(EI-A) "W +R(2) = ) +R(2),
= Z— )‘j
where V.= [vq,...,vp|, W = [wy,...,w,]| € C"™ contain the right and left eigenvectors

satisfying the normalization condition that wiT'(\;)v; = 1, A = diag(\y,...,A\n), and

R : C — C™" s analytic in €.

The key fact here is that information regarding the eigenvalues in () is captured in the
summation term of the right hand side. Given that R is analytic, this term integrates to
zero over any closed path contained in €2 by Cauchy’s Theorem. The methods detailed by
Asakura, Sakurai, Tadano, Ikegami and Kimura in [10] and Beyn in [15] use this fact to
extract the nonlinear eigenvalues from a linear eigenvalue problem. To present this clearly,

we first introduce the Cauchy integral theorem, which is used later.

Theorem 2.3.2 (Cauchy’s Integral Theorem and Formula)
Let f: Q) — C be analytic on the simply connected set Q. If T is a rectifiable closed path in

1, then

and
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These two facts lead us to the following result, which is stated in a more general case
in [15] where the eigenvalues are permitted to be derogatory.

Theorem 2.3.3
Let f : Q — C be analytic, and consider the nonlinear eigenvalue problem for T with the

Keldysh decomposition given in Theorem 2.3.1. Then
Y ldz =V W
3 [ FETE) = VAW

Proof. Given that f and R are analytic in {2, we have

27rz/f

by the Cauchy integral theorem. Therefore we have that

2m/f 2m/f V(I - )1W*dz+2—m/f

_ 1 *
27m/f V(iI—-A)" W dz.

Computing this integral with

we obtain

2mi Jp
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We now describe two methods that are detailed in [15], and are closely related to methods
developed in [10]. First, consider the case where the number of eigenvalues in the search
region (2 is less than the dimension of the problem, i.e., m < n, and when their corresponding
eigenvectors are linearly independent. In the linear case, eigenvectors corresponding to
distinct eigenvalues are always linear independent, but this condition places a restriction on
the search region for general nonlinear eigenvalue problems. Note that then the matrices V
and W are rank m, as their columns are m linearly independent eigenvectors of T. We first

introduce a probing matrix ® € C™*", where r < n, and consider the quantity

1
- omi

A, /Ff(z)T(z)—le dz € C.

The purpose of this probing matrix is to reduce the computational burden of evaluating
T(2)~! during the numerical evaluation of the contour integral. Now consider two choices

for the function f as f(z) =1 and f(z) = z, defining

1 1

Ap=— [ T(2)'®dz, Ay=— [ 2T(2)7'O dz. 2.
v g [TEOd Av= g [T el 2.3
Then by Theorem 2.3.3, we have

We now state results from [15], which produces a method for extracting the eigenvalues

Ay A
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Theorem 2.3.4
Suppose that © is chosen such that W*® € C™*" has rank m. Defining Ay and Ay as in

(2.3), compute the short SVD of Ay:

Ag = VEWy, (2.5)

where Vo € C™™ 3 = diag(o1,...,0m), and Wo € C™™. Then the eigenvalues of

M = V;A W3, !

are the eigenvalues of T contained in ), i.e., \1,..., A\m. Also, the corresponding eigenvectors
of T, denoted vy for k=1,...,m can be computed as
Vi = VoQ,

where qu are the eigenvectors of M corresponding to \j.

This theorem relies on the rank condition that @ is chosen so that W*® is rank m, which
implies that Range Ay = Range V = Range V. This theorem also sheds light on where this
procedure fails in the case where the number of enclosed eigenvalues is greater then the
dimension of the problem, i.e., m > n. In this case, the rank of W*® must be less than m.
We now summarize section 5 of [15], which details how the case where m > n (when the
eigenvectors of the eigenvalues contained in (2 are linear dependent) can be treated. Similar

to the definitions of Ay and A4, we define

1
A,=— P T(z)"?
P =3 /. 2P T(2)" O dz,



noting that by Theorem 2.3.3, we have

A, = VA"W*O.
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(2.6)

We now choose an integer K > 1, and build the Hankel and shifted Hankel matrices, denoted

H, and H; respectively:

Ay A

A A,
H, =

Ag_1 Ag

AK,1 Al A2 AK
AK A2 A3 AK+1
) Hl =
A2K—2 AK AK—H AQK—I

Note that K = 1 yields Hy = Ay and H; = A;. Given the decomposition for A, given in

(2.6), we can decompose the Hankel matrices as

Hy, = VW*,

H, = VAW*,

where the matrices V and W are defined as

v

VA

VAK—I

, W= [W'@|AW'O| ---| AX'w*e].

(2.7)

(2.8)

We assume that we have chosen K such that the rank of W is m. We can then compute the

eigenvalues of interest in a similar fashion to Theorem 2.3.4.

Theorem 2.3.5

Suppose that © is chosen such that W has rank m. Then we compute the short SVD of Hy
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to be

Hy = Vo3 W{, (2.9)

where Vo € CE™™ 3 = diag(oy,...,0,), and Wy € CE™™_ Then the eigenvalues of

M == VSH1W0261

are the eigenvalues of T contained in €2, i.e., A1, ..., A\n. Also, the corresponding eigenvectors
of T, denoted vy for k=1,...,m, can be computed as
Vi = V[()l)qka

)

where qu are the eigenvectors of M corresponding to A\, and V(()1 1s the upper n x m block

Of VO;

vy
Vo= |—r

V(()Q:K)
2.3.1 Integral Approximation Using the Trapezoid Rule

To perform these contour integration methods, we must approximate contour integrals of

the form

1
Ap= — T(z)"!
1= 5 |, JETE) d:

with a numerical quadrature rule. As in [15], we assume that the boundary of €2, denoted

0Q =T, has a smooth and 27-periodic parameterization, meaning that ¢ € C* and ¢(6 +
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21) = ¢(0) for 6 € R. This leads to

1

A, —
! 21

/O " H(6(0)T(6(6) " #(6) db.

Using a numerical quadrature rule leads to the approximation

N-1

Ap = wif(o(z)T(e(z)) "¢/ (2).

5=0
where {z; }éy:’Ol denotes the set of quadrature points and {w; };V:’Ol denotes the set of quadra-
ture weights. Given the success of the trapezoid rule for periodic functions discussed in [43],
the trapezoid rule is a good candidate for performing the numerical integration. Taking N
equidistant points along the unit circle z; = 2mwj/N for j =0,..., N — 1, we obtain weights

w; = x;/N and the integral approximation

A= o 3 FOG)TO() 9 ()

2.3.2 Numerical Results

Figure 2.5 provides results for the simple delay problem of Example 1 when two full branches
of solutions are contained in the region 2. In this came, m = 2n, and thus we must use
Theorem 2.3.5. Given that the dimension of the problem, n = 100, is relatively small, we
do not use a probing matrix. We take K = 3, yielding Hankel matrices of size 300. Note
that as NV increases, the singular value decay of Hy drops more sharply after 200 singular
values. On the right, we plot the geometric mean, maximum and minimum of the residual
errors the approximate eigenvalues as N increases. The eigenvectors were normalized so that

lvillz = 1.
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Figure 2.5: (left) Placement of the contour 02 and the eigenvalues of T; (center) Singular
value decays of the Hankel matrix Hy for varying number of contour points (N); (right)

Summary of the residual errors for the approximate eigenvalues.

2.4 Newton’s Method

We now detail several ways one can utilize Newton’s method for nonlinear eigenvalue prob-
lems. These methods are most suitable for computing a single eigenvalue at a time. These

methods break into two general categories:

1. One can find a scalar function f : C — C that has roots at some or all of the eigenvalues

of T, and then apply Newton’s method for scalar functions.

2. One can apply Newton’s method for vector valued functions to T(A)v, enforcing nor-

malization conditions on the eigenvector v.
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2.4.1 Scalar Methods

Newton-Trace

A natural choice of a scalar function that has roots at the eigenvalues of T is the characteristic
function, f(z) = det(T(z)), detailed in Section 5 of [29]. To form the Newton’s method

iteration, we obtain the derivative of f using Jacobi’s formula, yielding
f'(2) = det(T(z)) Trace(T(z) 'T'(2)).

Thus in this case the Newton iteration is defined by

1
ST AT Trace(T(z)'T(2)))

where the initial guess zg must be provided.

We note that the evaluation of T(z;)~'T'(z;) requires O(n?) operations per iteration,
restricting the use of this method to modestly sized problems. Figure 2.6 shows the conver-
gence trajectory for the simple delay problem, where the initial guess differs from the closest

eigenvalue by 0.1.
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Figure 2.6: Convergence path for the Newton-Trace method.

Newton-QR

Another choice of scalar function comes from exploiting particular matrix factorizations that

reveal the rank of the matrix. For example, if one forms the QR decomposition of T(z) at

a particular z, i.e.
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then as z approaches an eigenvalue, one or more of the diagonal entries of R(z) will approach
zero. The Newton-QR method was first investigated in [25,26] and then expanded in [17].

Assume we have

where II(z) is a permutation matrix enforcing decreasing magnitude diagonal entries in the
upper triangular matrix R(z). In a neighborhood of a simple eigenvalue the permutation

matrix will be constant, II(z) = II. Partitioning the matrix R(z) as

Ri1(2) rin(z)
R(:) = ,

0 Tnn(Z2)

it is shown in [17] that
rn,n(z) - Tn,n(z()) + EZQ<Zo)*T/(Zo)Hy(Z - ZO) + O(|Z - ZO|2)7

where e; is the unit vector with 1 in the j™ entry. Therefore we can express the derivative

term as
Tnn(2) = €,Q(20)"T'(20) Iy,
thus forming the iteration

= Tnn(2))
T erQlz) T () My

Similar to the Newton-Trace iteration, this method has a computational cost O(n®) oper-
ations per iteration given the required QR factorization at each step. This cost is greatly
reduced for particular structured problems, as shown in [17] for problems with banded struc-

ture.
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Implicit Determinant

Note that as the Newton-Trace and Newton-QR methods converge to an eigenvalue, we
are faced with computations of a near singular matrix T(z;). Bordering, Deletion and
Substitution (BDS) methods look to reduce possible numerical errors emerging from this.
We now describe the Implicit Determinant method given in [3]. First define a bordered

matrix-valued function G : C — C+1)x(n+1).

where b,c € C" are picked so that G(z) is nonsingular and ideally well conditioned at a
simple eigenvalue A. As shown in [2], taking c*v # 0 and w*b # 0, where v and w are the
right and left eigenvectors of T for the eigenvalue A ensures that G(\) is nonsingular. For a

vector x € C" such that c*x = 1, define the linear system

T(z) b X 0
ct 0 f 1
By Cramer’s rule, we have that
B det(T(z))

f(z) = Jet(G(2))’
and f(A\) =0 if and only if A € ¢(T). Differentiating, we obtain
T(z) b x’ —T'(2)x'(2)
0|/ 0
One then solves both linear systems using a factorization of G(z;) to obtain f(z;) and f'(z;),

and applies Newton’s method accordingly. Table 2.1 summarizes convergence results for the
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Table 2.1: Convergence summary for scalar newton methods applied to Example 1

Method | Trace | QR | Implicit Determinant

Iterations 17 3 5

three scalar Newton’s method routines. Each method was performed with the same initial

guess 2g, shown in Figure 2.6.

2.4.2 Vector Methods

Newton’s method can also be applied to nonlinear eigenvalue problems to obtain both an

eigenvalue and a corresponding eigenvector. Noting that T(A)v = 0 enforces n equations

for n + 1 unknowns, we add a normalization condition on the eigenvector v, namely that

u;v = 1 for a chosen vector u;, € C". Note that we have allowed for the normalization

condition to be updated after each iteration, yielding the dependence on the step number k.

This leads to the root finding problem

uv—1 0

Applying Newton’s method to (2.10) yields the iteration

Vi41 Vi

= —Jun (Vk,/\k)il./\/‘(vky)\k)a
)\k+1 Ak

(2.10)

(2.11)



where J, denotes the Jacobian matrix for N'. In this case we have

Vi T()\k> T’()\k)vk
Jn =
)\k uz 0

We can then rewrite this as

T (M) Vi1 = (A — A1) T (i) v

*k
uka+1 - 1
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(2.12)

(2.13)

We now detail two possible choices for u, which lead to the nonlinear inverse iteration

and the two sided Rayleigh iteration.

Inverse Iteration

First, we can decide to fix u, = u, a constant vector. In this case, equation (2.11) gives us

the nonlinear inverse iteration detailed in [4] and [37], given in Algorithm 2.

Algorithm 2 Nonlinear Inverse Iteration

input: initial pair (Ao, vg) with ||vo]| = 1 and u # 0.

for k =0,1,... until converged do

1. Solve T(Ax)v = T'(\g) vy for v.

*

u
2. Set Aprs = A —
u*v
v
3. Set Vit+1 = 7= -
v

end for
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Note that by enforcing u*v = 1, one avoids convergence to any eigenvector orthogonal to
u. Therefore a common method is to pick u orthogonal to the span of previously computed
eigenvectors to avoid convergence to already known solutions [4]. However, recall that for the
simple delay problem given in Chapter 1, distinct eigenvalues can share eigenvectors exactly.
In this case, choosing u in this manner will avoid convergence to all eigenvalues that share

the previously computed eigenvector.

Two Sided Rayleigh Iteration

Now we consider the case where we update the vector ug. Taking up = T(A\;)wy, where
Wy, is an approximate left eigenvector leads us to the generalized Rayleigh quotient iteration
developed for polynomial eigenvalue problems in [28] and [29]. In this case one can express

the eigenvalue update step in Algorithm 2 as

Apsr = Ay — —b kTR
k+1 k WZT/()\k)Vk

Later this was extended to general nonlinear problems in [38] and [39] as the Rayleigh

functional iteration, where the update to the approximate eigenvalue is performed by solving

WZ+1T()\I€+1)VI€+1 =0.
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Algorithm 3 Rayleigh Functional Iteration

input: initial triple (Ao, vo, wo), with ||vo| = ||wo| = 1.

for £k =0,1,... until converged do

1. Solve T(Ax)v = T'(\g) vy for v.

A%
2. Set Vil = W

3. Solve T()\k>*\’7\vf = T’()\k)*Wk for w.

w
4. Set Wil = m

5. Solve Wi T(Apt1)Vis1 = 0 for A\ypq, taken as the closest solution to Ay if multi-

ple solutions exist.

end for

It should be noted that a factorization of T()) can be used to solve the linear system

involving T(Ag)*.

Residual Inverse Iteration

The inverse iteration requires a factorization of T(\;) at each iteration step, which unfortu-
nately cannot be re-used as A\, varies. In fact, replacing \; in this computation with some
constant ¢ € C results in an iteration that will not converge to an eigenvalue of T unless

T is linear. In [35] this problem is avoided by considering the residual between consecutive
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approximate eigenvectors. If T is twice differentiable, then Algorithm 2 can be expressed as

Vg — Vg1 = Vi — ()\k — )\k+1)T()\k)71T/()\k)Vk (214)
=T\e) " [TA) = Ak = M) T (An)] vie (2.15)

Considering only the linear terms leads to the iteration
Viy1 = Vg — T()\k)_lT()\k+1)Vk.

Note that for this iteration, an update for the approximate eigenvalue Ap,; is required.
In [35] it is show that replacing A, with a fixed o does not destroy convergence, which leads

to the Residual inverse iteration.

Algorithm 4 Residual Inverse Iteration

input: initial pair (Ao, vg) with ||vg]| =1, u# 0 and o € C:
for £ =0,1,... until converged do

1. Solve u*T (o) 'T/(Apy1)vi = 0 for Ay 1, where A\, is taken as the closest solu-

tion to A, if multiple solutions exist.
2. Solve T(0)x = T(Agy1) vy for x.

\% -~
3. Set vpi1 = ——=, where v = v} — x.
u*v

end for

The convergence behavior for these methods depends on the initial eigenvector vq. For

example, taking a random initial guess for inverse iteration can lead to convergence to an
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eigenvalue relatively far away from the initial guess Ay, as shown in Figure 2.7

Convergence of Inverse Iteration with random vy

* Initial guess A
4+ * Solution of convergence

Imaginary
o

-7 -6 5 -4 -3 2 -1 0 1
eal

Figure 2.7: Inverse iteration with random v for 15 iterations; A\g was a distance 0.1 from

the eigenvalue directly right of it.

When vy is taken as an approximate eigenvector for \g, i.e. , setting v to the last right
singular vector of T'()\g), we obtain convergence to the close eigenvalue in 3 iterations, shown

in Figure 2.8.



Convergence of Inverse Iteration with approximate eigenvector v

11r * Initial guess Ay
* Solution of convergence
-12
-1.3
-14

Imaginary
AN
6]

-1.6
*
-1.7 ¢
-1.8
*
-19r
1 1 1 1 1 1
-0.6 -0.4 -0.2 0 0.2 0.4

Figure 2.8: Inverse Iteration with approximate eigenvector v for 3 iterations; Ao was a

distance 0.1 from the eigenvalue directly right of it.



Chapter 3

The Loewner Framework

In the context of model reduction, Loewner matrix techniques are used for data driven
approximation and for realizing the transfer function of linear [31], bilinear and quadratic
dynamical systems [8,19]. In this chapter, we state the definitions of the Loewner (L) and
shifted Loewner (L,) matrices, summarize the Loewner framework for rational interpola-
tion and system realization, and provide useful factorizations for these matrices. Then we
briefly describe two ways that Loewner matrix techniques can be used for approximating
the solutions to nonlinear eigenvalues problems, which are developed fully in the following

chapters.

47
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3.1 Interpolation Theorems

Let

H:C—CY"

be a matrix valued function with possibly countably infinitely many poles in C. The following
definitions and theorems summarize rational interpolation of H using the Loewner framework
and can be found in [9], along with more information on Loewner matrix methods in model

reduction.
Theorem 3.1.1
Given distinct interpolation points partitioned into two sets:
{zi}io = {o}jm U{witjm € C,
and interpolation directions partitioned into two sets:
(¥ = ) U il c e
assume that H(z) is defined for all z € {o;};_, U{p;}—. Define vectors of left and right

data:

bj =H(o;)";,  ¢; = H(y;)r;,
for 5 =1,...1r and matrices of left and right data:
B, =[by,...,b. "€ C™" C,=]cy,...,c,.] €C".

Also define the Loewner (L. € C™*") and shifted Loewner (Ls € C"™*") matrices:

E;k [H(O']) — H(uk)] T bjl‘k — E;Ck
(L) = = )

05 = Mk 95 — Mk
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(Ly)jx = E; [O'jH(Uj) — e H (pg)] T _ O—jb;frk . Mke;ck
g 0j — Mk o — )

for g,k =1,...,r. Ifdet(Ls — sL) # 0 for s € {o;}j_; U{p;}j=y, then the rational matriz
valued function

G(z) =C, (L, —2L)"'B,
satisfies the tangential interpolation conditions:
LG(o;) = £H(o;), G(uy)r; = H(py)r;,
forjg=1,....,r. Ifo; = p;, for j=1,...,r, then G(z) also satisfies the Hermite interpola-
tion condition
£;G'(0;)r; = £;H (0;)r;,
where the the diagonal entries of the Loewner matrices are defined

(L)j; = 6;H' (05)r;,  (Ly)j; = £; (0;H'(07) + H(oy)) 15

forg=1,...,r.

This interpolation result allows for data driven approximation, as even when the specific
structure of H(z) is not known, we can form this rational interpolant using measurements
of H(z) at the interpolation points. In the context of linear dynamical systems however, the
Loewner framework provides a methodology for identifying a dynamical system. Consider

the linear dynamical system

Ex'(t) = Ax(t) + Bu(t), A,EeC"" BeC"™

y(t) = Cx(t) + Du(t), CeC»™" D eC™,
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which yields the transfer function
H(z) =C(:E - A)"'B+D. (3.1)

The transfer function is ubiquitous in the field of dynamical systems, as it maps the input

u to the output y in the frequency domain, i.e.,

where y and u are the Laplace transforms of y and u. We see that the poles of H(z) are
in fact the eigenvalues of the matrix pencil (A, E). The Loewner matrices for this transfer
function H(z) have useful factorizations into the generalized observability matrix O, and the

generalized reachability matrix R.

Definition 3.1.1. Consider the transfer function H(z) defined in (3.1), and left/right in-

terpolation points {o;}i_;, {i;}5=; C C, and left/right directions {£;};_;,{r;};_, C C™.

Assume that H(z) is defined at each interpolation point. Then we define

ETC(O}E — A)il

0= : , and R = [(uE — A)"'Bry, -+, (n.E — A)"'Br,],

£C(0,E — A)~!

where O is referred to as the generalized observability matriz and R is referred to as the

generalized reachability matriz for the transfer function H(z).

Theorem 3.1.2
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The Loewner matrices for the transfer function H(z) defined in (3.1) have the factorizations

L =-0OER

L, =—-0OAR.

We include a proof for the Hermite interpolation case of this factorization for complete-
ness, and because several algebraic steps provide insight into computations performed in the
following chapters. The Lagrange case can be recovered using the first step of the proof.

These factorizations are also given in [7] and [31], where they are discussed in further detail.

Proof. First we show that the off-diagonal entries of L indeed match those of —OER. We

have

_ £ [H(o,) — H(ow)] xs

05 — Ok

(L)

_ L;C[(0,;E—A)""' — (6xE — A)"'| Bry,

)

0j — Ok
using the definition of H and canceling out the D terms. Factoring the resolvent terms on
either side, we obtain for j # k

_ E;C(UJE — A)_l [(O'kE — A) — (O'jE — A)] (O’kE — A)_IBI'k

0; — Ok

(L)

_ L;C(0;E - A)" o}, — 0;] E(0,E — A)~'Bry,

0j — O

= —K;C(O']E - A)ilE(O'kE - A)ilBI'k

= —row;(O)Ecoly(R) = —(OER) j.
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We also have
(L)j; = &H (0;)r;
= —£,C(0,E - A)'E(s,;E — A)'Br,
= —10w;(O)Ecol;(R) = —(OER);;.

Therefore, L = —OER. Similar steps show that the shifted Loewner matrix can be expressed

as L, = —OAR. O

3.2 The Loewner Matrix Pencil

These factorizations allow us to express the matrix pencil (L, L), which we will call the
Loewner pencil, as

2L—Ls =-0(zE — A)R.
We can investigate three cases relating the eigenvalues of the Loewner pencil (ILg, L) and

the poles of the transfer function H, which are given by the eigenvalues of the matrix pencil

(A,E).

1. If the rank of either O or R are less then n, one can view zIL — L as a compression of
zE — A. In this case, G(z) is a lower order interpolant of H(z). We will not recover

the poles of H(z) from the Loewner pencil.

2. If rankO = rank R = r = n, then O and R are square and invertible, and the

eigenvalues of the Loewner pencil (L, L) are the poles of the transfer function H(z);
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we recover the poles exactly. In fact, we recover the transfer function, obtaining G = H.

. If rankO® = rank’R = n and r > n, then the Loewner pencil contains repetitive
information. Shown in [31] and [9], we can perform an SVD truncation of the Loewner

pencil to obtain a regular realization of H.

Theorem 3.2.1 (SVD truncation)

Assume that

L
rank [Ly — sL| = rank[L L] = rank =n

L,

forall s € {o;};_y U{p;}i_,. Then consider the reduced SVDs of concatenations of L

and LLg, obtaining

~ L ~
L L,=Y%X" = Y3, X
Ls

where ?, X, € C* " Y, X, € C™", and X1,%, € C™™. Defining matrices,

L=YLX, L,=YL,)X, B,=YB, C,=CX,

then the transfer function

-1 -

G(z)=C, (is - 21’1:) B,

achieves the same Lagrange or Hermite interpolation conditions as G, and is minimal,

meaning the matriz-pencil (i[:s,]i) 15 reqular. In this case, G = H.

In theory the concatenation of the Loewner matrices will have n nonzero singular

values. In practice one must define the reduced SVDs based on numerical rank.
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3.3 Applications to Nonlinear Eigenvalue Problems

Now we look to apply the Loewner framework to the nonlinear eigenvalue problem
T(\)v = 0.
The following chapters propose two general ways of doing this.

1. We can form a similar contour integration method discussed in Chapter 2 and in
[10] and [15], where instead of forming the Hankel and shifted Hankel matrices for a
particular dynamical system, we form the Loewner pencil. This tool is derived from

the Loewner framework’s use as a realization tool.

2. We can use the poles of a rational interpolant of T(2)~! to approximate eigenvalues of
the nonlinear problem. We see that in particular cases, this method is equivalent to

the application of Newton’s method to a particular scalar function.



Chapter 4

Contour Integration in the Loewner

Framework

4.1 Connecting Contour Integration with System Iden-

tification

This chapter proposes a new contour integration approach for nonlinear eigenvalue problems.
Rather than forming the Hankel and shifted Hankel matrices as in [10,15], our new method

is based in system identification via rational interpolation and the Loewner framework.

Assume that T has m eigenvalues denoted Aq,..., )\, in the domain 2 C C, counting

multiplicities, and that each eigenvalue is semi-simple. Using the Keldysh decomposition

95
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stated in Theorem 2.3.1, we can express

T(2)"' = VEI-A) "W+ R(2) = Y 2k £ R(z), (4.1)
1 z — )\k
where V = [vy,...,v,], W = [wy,...,w,,] are right and left eigenvectors of T satisfying

the normalization condition that wiT'(Ay)ve = 1, A = diag(\y, ..., A), and R : C — C™*"

is analytic in 2.

Note that the sum on the right hand side of (4.1) is in fact the transfer function defined

in (3.1),with E=I, A=A, C=V,B=W*and D = 0. We will denote

VW,

H(z) = V(I - A)'W* = i

— (4.2)

for this reason. We now see that the contour integration methods discussed in Chapter 2 can

be thought of as applications of the Silverman realization algorithm developed by Silverman

in [40] and discussed in [5].

Definition 4.1.1. The infinite Hankel matriz H for the transfer function H(z) is the block
Hankel matrix of Markov parameters or moments of a dynamical system. For the system

defining the transfer function (4.2), H is defined

VW*  VAW*

H=| VAW* VA*W*

The Silverman realization algorithm (Lemma 4.41 of [5]) provides a realization for these
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Markov parameters. By this we mean a methodology for forming state space matrices that

produce the same Markov parameters.

Theorem 4.1.1
Let m be the rank of H. First, find an m X m sub-matrix H of H that has full rank. Then

construct the following matrices:

o H, € C™"™: a sub-matriz of H that has rows with the same index as H and columns

obtained by shifting each column of H by one block.

o U c C™*™: composed of the same rows as H; its columns are the first m columns of

H.

o & c C"™™: composed of the same columns as H; its rows are the first n rows of H.

Then
G(2) = @I - H 'H,) '"H ' = &(zH — H,)'¥ = H(2),
meaning we can identify the underlying transfer function exactly.

In the case of the Hankel contour integration methods of [10,15], rather than finding a

m X m sub-matrix of H, one truncates after a certain number of block columns and rows,
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forming ) i
Ay Ay Ak
A, A, Ak
HO -
A1 Ag - Agg o

The resulting matrices are not necessarily full rank, which is why a SVD truncation based on
numerical rank is required. Once the transfer function H(z) is identified, finding the resulting
eigenvalues and eigenvectors can be achieved by diagonalizing the transfer function. One also
can note that in the context of dynamical systems that the matrices V and W defined in
(2.8) are truncations of the observability and reachability matrices corresponding to the

transfer function H(z).

4.2 Contour Integration with Rational Functions

Given this connection, we are motivated to develop a contour integration method using the
Loewner realization technique. The first step seeks a suitable contour integral that will

yield the data required in the Loewner framework. Recall that for any analytic function

f:Q—=C,

> a0 f()T(2) ' dz = VF(A)W*,

211

Let us define
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where o € C. We can consider three possible cases for the location of ¢ compared to the

search region ; when o € Q, 0 € 9Q, or o ¢ QU 9.

Given that we have control over search region {2, we can assume that we can avoid the

second case; we provide contour integration results for the other two.

Theorem 4.2.1

Assume o € C and that o is not an eigenvalue of T. Using the Keldysh decomposition given

in (4.1) and the definition of H given in (4.2), the following results hold.

1. If o ¢ QU O, then

1 1 B

57 | £A9T() ! dz = H(o)
2. If 0 € ), then

Qjm fo(2)T(z)" dz = ~R(0)

Proof. 1f o ¢ QU 09, then f, is analytic on 2. Therefore

=y [ T e = VAW = V(e - A) W = H(o).

Therefore we can evaluate H(z) at any point outside of {2 by computing a contour integral.

If 0 € Q, then f, is not analytic on ; we are in fact adding a pole to T(z)~! located at

o. Then
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To compute I, we use the calculus of residues, yielding

I = Res(o, f,(2)H(2)) + Y Res(\, fo(2)H(2)).

Since

VW]

Res(Ar, fo(2)H(2)) =

o and Res(o, f,(2)H(2)) = —H(0),
o k

we conclude

I, =—-H(o) + i

Thus,

1
271 a0 7

We can then see that the Loewner matrices L and L, and the matrices of left and right
data B, and C,, can be formed through contour integration. We provide results for the case

where the interpolation points are located outside of search region 2.

Theorem 4.2.2

Assume the sets of distinct interpolation points {o;};_y, {1;}j=, are not contained in QUOQ,
and are not eigenvalues of T. Given interpolation directions {r;}’_, and {£;}_,, we obtain
vectors of left and right data by

1 1
bj = H(aj)*ﬁj = —— T(z)**ﬁj dZ,
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and

1 1
c; = Hp)r; = o o

T(2) 'r; dz
for 5 =1,...r. Then the Loewner matrices can be obtained by

(L) . b;I‘k - EjCk (L ) o ajb;frk - ,ukf;kck
gk — ) s)ik — )
95 = Hk 95 — Mk

for 3,k =1,...,r, along with matrices of left and right data,

CT:[Cl,...7CT], BT:[bl,...,br]*.

We now have a way to obtain the matrices required in Theorem 3.1.1. Assuming we set
r > m, we can therefore identify the function H(z) exactly using the SVD truncation shown
in Theorem 3.2.1. One can also note that we can in fact obtain the entries of the Loewner

and shifted Loewner matrix using a single contour integral per entry.

Theorem 4.2.3
Assuming the sets of interpolation points {o;}5_,, {1;}j—, are not contained in QUOIS, then

we obtain the entries of the Loewner matrices using the following contour integral formulas:
1 i} .
(L)je = "t oo Jo, (2) [ ()€ T(2) "1y, dz,

(Ly)jx = —— [ b ETE)

21

where {£;}5_,{r;};—; C C" are the supplied interpolation directions.

Proof. Given that o, ju, ¢ QU 05, the function f, (2)f,, (2) is analytic in 2. Therefore we
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have

zm/ Joy () ()T ()7 dz =V o, (A) fu (M)W

=V(o;I—A) (I — A) "W

Given the factorization of L into the generalized observability and reachability matrices,

we have that

1
271

Wia =6 (557 | T )

and thus we compute the entries of Loewner matrix for H as

Jk___/ fO'] fuk e* ( ) 1I'k dz.

2mi
Similarly for the entries of the shifted Loewner matrix, we can compute

1
i

foj( )fM('Z)T(Z)il dz = Vfcrj(A)Afuk(A)W*
= V(o,I — A) Al — A) W

and so

4.3 Obtaining Eigenvalue-Eigenvector Pairs

From the Loewner realization of H(z) given by

H(z) = C, (L, — 2L) "' B,,
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we can obtain the eigenvalues contained in €2 and their corresponding eigenvectors by diag-
onalizing the matrix pencil (Ls,L). If we assume the generalized eigenvalue decomposition
for the Loewner pencil,
L, =LXAX™! (4.3)
then we obtain
H(z) = C,X(A — zI)™* (X’llLleT) :

We can see that if the Loewner pencil (L, L) has eigen-triples (\;,x;,y;) for j = 1,...m,
then T has eigen-triples (\;, C,x;, By;). The process for the Loewner contour integration

method is now summarized in Algorithm 5.

Algorithm 5 Loewner Contour Integration

input: left/right interpolation points {o;}7_, {;}j—; C C —Q, and left/right interpola-

tion directions {£;}7_,, {r;}j_,, C C™

1. Compute Loewner matrices I and IL,, and matrices of left and right data B, and

C, as detailed in Theorem 4.2.2.

2. Perform SVD truncation detailed in Theorem 3.2.1 to obtain reduced Loewner ma-

trices L and ]L, and matrices of left and right data fi,, and ér.

3. Obtain eigen-triples of the Loewner pencil (L,L;) as (A, x;,y;) for j =1,...,m.

4. Obtain approximate eigen-triples of the nonlinear eigenvalue problem
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4.4 Numerical Experiments

We now show several numerical experiments for Algorithm 5 applied to the simple delay
problem detailed in Example 1. A fundamental difference in implementation between the
Loewner and Hankel contour integration methods is the requirement of choosing the location
of the interpolation points {o;}7_, and {u;}’_,. We show results for several different location
choices and describe the differences in the numerical results. We will compute the required
contour integrals using the trapezoid rule detailed in Chapter 2. To draw comparisons with
the results of the Hankel contour integration method, we use the same circular contour
encompassing 200 eigenvalues. We also take r = 300, yielding Loewner matrices of size

300 x 300, as was the case with the Hankel matrices Hy and H;.

Figure 4.1 shows numerical results for several different interpolation point locations. The
first column shows results when the interpolation points are taken on the circle of radius 6.
In this case, we see less of a drop after 200 singular values compared to the other choices of
interpolation points. We also see slower decay in the residual error of the eigenvalues. We
see a substantial improvement in both how sharply the singular values drop and the residual
error in the second column when the interpolation points are taken on the circle of radius
10. We see similar singular value and error results when taking the interpolation points to

the left and right of the contours, shown the third and fourth columns.
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Figure 4.1: (Top) locations of interpolation points; (middle) Singular value decays of L for

varying N; (bottom) Residual error decays

4.5 Analysis of Hankel and Loewner Methods Using

Filter Functions

We now summarize the description of the Hankel contour integration methods by [44, 45]

using the concept of filter functions, and find similar results for the Loewner contour inte-



66

gration method. This analysis provides a measure of how eigenvalues outside the region (2
are filtered out as the approximation of the integral improves. Recalling the definition

1
A — PT(2)1d
p = 27_”/ aQZ (Z) Z,

we approximate A, using a quadrature formula with /N points on the contour (z; € 92 for
j=0,...,N) defined by

A, ~ A, = wjz;’T(zj)_l.

Using the Keldysh decomposition, where m is the number of eigenvalues contained in €2, we

have

2
L

A, = H(z;) +Zw]

Ww;z
o S S S R
Z] k =0

<.
Il
o

I
|M3

AP
N—1 WjZ;
j=0

Then defining b,(z) :== >

, we have
Zj — %

m N—-1
= viwiby(\e) + > w2l R(z))
k=1 j=0

Using the trapezoidal rule where 2 is taken to be the unit disk Q@ = {z : |z| < 1}, points

on the contour are taken to be z; = e?™/N and the quadrature weights are taken to be

w; = z;/N. In this case we obtain the simplification

bo(2) 1= 2 1
Z) = — =
0 szozj—z 1— 2N’

and similarly

by(2) = [N~ 2Pby(2).
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One can view by(z) as the trapezoidal rule approximation of the unit step filter defined by

the unit circle,

L A<
21 Joq z — A
0, |A>1.

We can measure how well the eigenvalues outside the search region €2 are filtered out by how
well by(z) approximates this unit step function. We see that one desires the filter function
to decay rapidly near eigenvalues exterior to €. We now provide similar analysis for the
Loewner method where the rational function f,(z) = (¢ — z)~! is placed in the contour
integral. Rather than approximating the term A,, we approximate an arbitrary vector of

right data, and obtain

N-1 N-1

1 wJR

— “lrdz ~ E VEWLT E —I— E

271 a—z , z—)\k (0 — z; o — Z;
o) =0 i) j=0 J

where r is an interpolation direction and ¢ is an interpolation point. Assuming o # A\ for

k=1,...,m, then

wj o wy ( I )
(Zj — )\k)(O' — Zj) g — >\k Zj — )\k Zj — 0 .

Using the trapezoidal rule with w; = z;/N and z; = >/~

N-1 N-1
1 i Zj o Zj
—/\ O'—ZJ) c—=A) N=\z—-A z-0)

J

, we then have the filter function

“M

Given that

1
szj—z 1— 2N

]_
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we have

by(\) = (giA) (1 —1>\N - _1UN) .

Note that given that we assume o ¢ 2, (in this case meaning |o| > 1) we have

e A<t
ba(A)zi/ ! R R
211 Joq \ 2 — A o—z

0, [Al>1

Figure 4.2 shows cross sections of the filter functions corresponding to the Hankel and
Loewner contour integration methods for ¢ = —1.1, —2, and —4. The number of points
used in the trapezoid rule approximation is taken to be N = 25 in each case. We can see
that by(z) is approximately 1 inside the unit interval, where as b, (z) approximates the func-
tion (o — 2)7! inside the unit interval. Notably, we see that b,(z) decays to zero for z > 1
more rapidly then by(z) for these choices of o. This suggests that when  is taken as a
disk, that the interpolation points should be set on the opposite side of the closest exterior

eigenvalue.
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Figure 4.2: Comparing filter functions from the Hankel and Loewner contour integration

methods

A preliminary test of this concept is included below, where €2 is defined to include six of
the right most eigenvalues of a particular branch of solutions, with the seventh right most
eigenvalue lying close to the boundary of 2. In this situation one would desire the filter
function to decay rapidly near the seventh eigenvalue. The result shown in Figure 4.2 then
suggests taking the interpolation points to the right of the contour. In this case, we take
r = 10 yielding Loewner matrices of size 10 x 10. We again compute the contour integrals
using the trapezoid rule. Figure 4.3 shows results for several choices of interpolation point
locations. Although we see similar singular value decays in each case, the residual error is
worst when we take the interpolation points on a circle surrounding €2, compared to taking

the interpolation points on an arch that is to the right of €.
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Figure 4.3: (Top) locations of interpolation points; (middle) Singular value decays of L for

varying N; (bottom) Residual error decays

Table 4.1 summarizes the residual errors of the approximate eigenvalues when N = 185.
We see that the minimum error in the eigenvalues is smallest for column 4, when taking the
interpolation points to the right of {2 and farthest away, while the geometric mean and the

maximum error is smallest for column 2 when they are to the right of 2 and closer.



Table 4.1: Residual error results for N = 185

Location of

interpolation points

Geometric mean

residual error

Maximum

residual error

Minimum

residual error

Column 1 3.3979 x 107% | 4.9542 x 10™* | 2.1282 x 1074
Column 2 1.0815 x 107* | 2.3047 x 107 | 5.9679 x 10~°
Column 3 1.5033 x 107% | 4.0280 x 10~ | 2.7478 x 10~°
Column 4 1.5110 x 107% | 4.1898 x 107 | 2.2517 x 10~°
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Chapter 5

Eigenvalue approximation via

Rational Interpolation

We now examine the use of rational interpolation to approximate a set of eigenvalues for
a nonlinear eigenvalue problem. In the previous chapter pertaining to contour integration

methods, we saw that the Keldysh decomposition,
T(2) ' = V(I - A)"W* + R(2),

exposes an underlying linear transfer function H(z) = V(zI — A)"'W*. We used contour
integration to remove contributions from the residual nonlinear term R(z) and rational
interpolation to identify H(z). Now, we view T(z)™! as a general nonlinear transfer function
that we approximate with a rational interpolant. One key difference between this method

and rational linearization methods discussed in Chapter 2, is how we obtain the approximate
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eigenvalues. In linearization methods, one forms the rational function Q such that Q =~ T
and uses the eigenvalues of Q as approximations of the eigenvalues of T. The dimension of
the resulting approximate problem is typically larger than the dimension of the nonlinear

problem. Defining

we will form G such that G ~ F, and we use the poles of G to approximate the poles of F,
equivalently the eigenvalues of T. We use the Loewner methodology, where G(z) is formed
as a rational interpolant as detailed in Chapter 3. We find this framework attractive due
to its wide development in model reduction and because the resulting linear problem is of

small dimension.

5.1 Eigenvalue Approximation by Poles

The matrix valued function T(z)~! has poles at the eigenvalues of T. The method proposed

here approximates T(z)~! using a rational function G(z),
G(z) =C, (Ls — z}L)_1 B, ~ T(z)™*

where the Loewner matrices I and IL,, and matrices of left and right data B, and C,
are defined in Theorem 3.1.1, where the function H(z) is replace by T(z)™'. We then
approximate the poles of T(z)~! with the poles of G(z), obtaining approximate eigenvalues
for T. Approximate eigenvectors are obtain by diagonalizing the Loewner pencil in the same

fashion detailed in Section 4.3. We now summarize this method in Algorithm 6.
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Algorithm 6 Rational interpolation: Approximation by poles

input: left/right interpolation points {o;}7_,, {11;}j—; C C, and left/right interpolation

directions {£;}5_;, {r;};_;, C C™

1. Compute Loewner matrices L and L, and matrices of left and right data B, and

C, as detailed in Theorem 3.1.1 using T(z) .
2. Obtain eigen-triples of the Loewner pencil (L,,L) as (Aj,x;,y;) for j=1,...,m

3. Obtain approximate eigen-triples of the nonlinear eigenvalue problem

(Aj, Crx;, Bry;)

Note that the primary computational cost comes from forming the Loewner and data
matrices, which requires 2r factorizations of T(z) in the Lagrange case and r factorizations
in the Hermite case, yielding a computational cost of O(n3r) when we assume that T(z) is
generally dense. Once these are formed, the resulting generalized linear eigenvalue problem
is of size r, which we expect to be significantly less than n. One can also note that one
obtains r approximate eigenvalues, given the Loewner pencil will be of dimension r. We will
assume that we have access to T'(z) and therefore we choose to work with the Hermite case.
Given that we desire our rational approximations to be accurate near the poles of T(z)™,
we assume that the interpolation points are distributed around a particular search region
or that they are rough approximations to eigenvalues of interest. This leaves us with the
task of choosing interpolation directions. Later we will show that the eigenvectors of the

approximated eigenvalues are very successful interpolation directions.
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5.2 Numerical Experiments

We now provide numerical results for Example 1, the simple delay case detailed in Chap-
ter 1. The following figures show results of Algorithm 6 using four interpolation points close
to distinct eigenvalues (the same interpolation points used in Chapter 2 when discussing
polynomial linearization). In Figure 5.1, we show the resulting approximate eigenvalues us-
ing Algorithm 6, for three different choices for interpolation directions: random directions,
the singular vectors corresponding to the smallest singular values of T(o;) for j =1,...,r
and finally the exact eigenvectors corresponding to the nearest eigenvalue. We see that us-
ing random directions yields the poorest approximations. Using singular vectors we achieve
approximations of one eigenvalue with eigenvalue error less then 1073, and see that using the
exact eigenvectors yields the best results, approximating four eigenvalues with eigenvalue

error less then 1073,
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Figure 5.1: Results of Algorithm 6: (left) Using random interpolation directions; (center)

singular vectors; (right) exact eigenvectors.
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5.3 Iterative Rational Interpolation

We now examine the use of rational interpolation to approximate a set of eigenvalues for a
nonlinear eigenvalue problem iteratively. The general idea of the iterative methods built here
is to iteratively form rational interpolants of T(z)~!, using the approximate eigenvalues from
each step as new interpolation points. We will also note that this method is closely related
to the iterative rational Krylov algorithm using transfer function evaluations (TF-IRKA) [12]
and the dominant pole algorithm [36]. First, we focus on the case where we limit the method
to one interpolation point, meaning we take r = 1 and approximate one eigenvalue of T.
We will see that this method is theoretically equivalently to Newton’s method. Given that
the interpolant depends on the interpolation directions as well, we also must decide on how

these directions can be updated.

5.3.1 Single Interpolation Point

We first describe the most basic case for this method, where we keep the interpolation
directions constant. We will see that this leads to the implicit use of Newton’s method to

find the poles of a particular scalar function.

Proposition 5.3.1
The iterative application of Algorithm 6, setting r = 1, updating the interpolation point to be

the approzimate eigenvalue yielded from the previous step, and using constant interpolation
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directions, £,r € C" is equivalent to the application of Newton’s method to the scalar function

9(z) = ﬁ

2)"r’

Proof. Let us define F(2) := T(z)™! to simplify the following calculation. In the case where
we interpolate F(z) at one interpolation point, z = 2, along right and left directions r and

£, the Loewner matrices reduce to scalars, yielding
L =£F(z)r,

and

Ls = £ (20F'(20) + F(20)) r = 2oL + £'F (20)r.

The generalized eigenvalue problem yielding the poles of this interpolant reduces to the linear

scalar equation,

L, — 2L =0,

where z; denotes the single pole. Assuming IL # 0, we see

L, £ (2F'(20) + F(z))r LF (z)r f(20)

aATT T CF (2)r IRCRIYZ P R R TTPA

where we have defined the scalar function

f(z) = L£F(2)r. (5.1)

Expanding this to an iterative scheme, we obtain a recursive formula for a sequence of

approximate eigenvalues:

fr(z)
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This is in fact Newton’s method applied to g(z) = 1/f(z), noting that poles of f will be

roots of g. O]

To compute f'(z), we require an identity for the derivative of the inverse of a matrix-

valued function:

dz

We now summarize this method in Algorithm 7.

Algorithm 7 Iterated Rational Interpolation with One Point (IRI-1)

input: initial interpolation point zy € C, and left/right interpolation directions £,r €
C™
for £ =0,1,... until converged do

1. Compute f;, = £°T(z) 'r and f; = —€"T(2) ' T/(2)T(21) " 'r

Jr

2. Set zpy1 =z + =

I

end for

In the case where f(z) = c*(E — 2A)~'b, i.e., the transfer function of the single input -

single output linear dynamical system,

Ex'(t) = Ax(t) + bu(t)

Algorithm 7 is specifically known as the dominant pole algorithm (DPA) [36]. DPA looks to

locate the dominant pole of a linear dynamical system, meaning the pole with the largest
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magnitude corresponding residue in a pole-residue decomposition. This connection indicates
that we can influence convergence to particular eigenvalues based on our choice of interpo-
lation directions. This also means we can find poor choices of interpolation directions for a
given problem. Consider

T(z) = , d:C—C, r= , €= : (5.3)
0 —d(z) 1 1

Here we see T is diagonal and the eigenvalues are given by the roots of the scalar function
d(z). But given this choice of directions, the scalar function f is identically 0, and we lose all
information regarding the roots of d, and thus the eigenvalues of T. We desire interpolation
directions that preserve the poles of the underlying function. We now show that this depends

on the eigenvectors of T and build intuition for suitable choices for interpolation directions.

5.3.2 Updating Interpolation Directions

To understand the convergence of the recurrence relationship defined in (5.2), we require
information relating the poles of the scalar function f to the poles of T(z)™!. Recall the
Keldysh decomposition stated in Theorem 2.3.1, and assume that T has m semi-simple
eigenvalues denoted Aq,..., \,, in the domain 2 C C, counting multiplicities. Then we can

express T(z)™! as

VW,

T(z) ' = V(I - A)"W* +R(2) = L 4R
(! = V- AW R = 3 4 RE)
where V. = [vy,...,vp,], W = [wy,...,w,,] are the right and left eigenvectors satisfying

the normalization condition wiT'(\;)v; = 1, A = diag(\,...,Ap), and R : C — C™" is
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analytic in 2. Thus we can express the scalar function f as

) = £ = 30 0D

J

+ 'R (2)r.

j=1
We see explicitly that the only possible poles of f contained in €2 are the eigenvalues
A1,y Am, and that whether they are preserved or omitted from f depends on the in-
ner products between the eigenvectors and interpolation directions. Suppose we start with
20 &= A\ where Ay € {A1,...,\n}. There are several limiting cases. Let us assume that
m < n, and that the columns of V and W are linearly independent. Then ideally, we would
pick £ and r such that

1, ifj =k
£vj=wir= (5.4)

0, ifj+#k

and obtain

fle) =~ e o +EREE

We see that this choice of interpolation directions isolates A\ as the only pole of f contained
in 2. Here we are guaranteed that if the iteration defined in (5.2) converges to a point
in ©, then that point is A\y. However, note that the ability to enforce the condition (5.4)
requires that none of the eigenvalues in {2 share eigenvectors, which we have seen in Chapter
1 is not always true for nonlinear eigenvalue problems. Assuming the case where each of
the eigenvalues of T contained in €2 is simple and shares the same eigenvectors, we obtain
£y, = £'v; and wir = wir for j,k = 1,...,m. In this case, the choice of interpolation

directions cannot omit any pole of T(z)~! in © without omitting every pole of T(2)~! in Q.
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5.3.3 Analysis Using a Spectral Decomposition

We saw above that the choice of interpolation directions influences the eigenvalue to which
the iteration can converge. But given that we typically do not have information regarding
the function R, it is difficult to understand how this Newton iteration will behave for the

scalar function f. We now show that for specific problems, we can gain greater insight. Let

us assume T has the spectral decomposition
T(z) = W *D(2)V ! (5.5)

where

V =[vy,...,v,], and W =[wy,...,w,| € C""

are right and left eigenvectors of T, and

D(z) = diag(di(z), .. .,d,(2)),

where d; : C — C, for j = 1,...,n. Also we denote
_ . -
vi= |, and W =[wy,...,w,] € C™",
Vi
yielding
T(z) = ” w;vid;(2).
j=1

This decomposition exposes v; and w; as eigenvectors for all eigenvalues corresponding to

the roots of the scalar functions d;. This form is restrictive, as we saw in Chapter 1 that this
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is not always possible even for the quadratic eigenvalue problem unless each of the matrices

are simultaneously diagonalizable. However, consider problems of the form
T(2) = g1(2) A1 + g2(2) As, (5.6)

where Ay, Ay € C"", g1,9o : C — C, and A, is nonsingular. Note that the basic delay
problem of Example 1 detailed in Chapter 1 comes in this form with ¢;(2) = z and go(2) =

—e*. If a generalized eigenvalue decomposition between A; and A, exists, i.e.,
A; = A, VAV
then one can write equation (5.6) as

T(2) = 91(2) A1 + g2(2) Ay
= g1(2)A2VAV ™ + g5(2) A,
= A (g1 (2)VAV ™! + go(2)])
= AV (g1(2)A + go(2)T) V!

=W *D(2)V !,

where D(2) = g1(2)A + ¢2(2)I, and W= = A, V. Therefore, the following results do apply
to several common problems. Given the form (5.5), we have an explicit formula for the

inverse of T(z):

e (5.7)

T(z)"' = VD(z)'W* =

j=1

Note that this is similar to the Keldysh decomposition in that the eigenvalues and eigenvec-

tors are exposed. However, in this form the repetition of eigenvectors for distinct eigenvalues
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is captured as well. Then the scalar function f defined in (5.1) can be expressed as

f(z)=0T()'r= Z w

By writing the left and right interpolation directions in the convenient bases {wy,...,w,}

and {Vvy,...,V,}, we obtain

n n
r = E akﬁ/k, and E* = E bqu,
k=1 k=1

where {a;}7_, and {b;}7_, denote basis coefficients. Then for j = 1,...,n, we have £'v; = b;
and wir = a;. Defining ¢; = a;b;, we can express the scalar function f as a sum of the

reciprocals of the functions d;:

Therefore the iteration given in (5.2) implicitly applies Newton’s method to find the poles
of f, which are the roots of the functions d;(z). This also explains how to avoid the issue

exposed in example (5.3), where f was identically zero for particular interpolation directions.

In that case, we had di(z) = —dy(z) = d(2) and ¢; = ¢3, yielding f(z) =0 for all z € C. If

we define
r = " , €= h ,
To ly
then we have
rily — 1ol
&) ==

and so long as /1 # r9ls, f will still have poles at the roots of d.



84

As before, if given full knowledge of the spectral decomposition of T(z), we would take

r =w; and £ = v} for some integer 1 < j < n, and we would obtain

In this case, it is only possible to converge to poles corresponding to the roots of d;. Moreover,

plugging in f'(z) = —% into (5.2), we obtain
J

1
f(zz) d;(z) d](zl)
Ziv1 = % + =2z + T .
j\Zi

From this we see this method implicitly applies Newton’s method to the function d;.

One typically does not have full knowledge of this decomposition of T(z). Let us as-
sume our interpolation directions are not exactly r = w; and £° = v}, but that they have

perturbations in the direction of other eigenvectors, i.e.,

I = * o~k S
r=w;+ew, and £ =V; + v,

for some integers j,q € {1,2,...,n}. Then we obtain
1 €
f(z) = + , (5.8)
di(z)  dg(2)

where we define € = €;¢65. In this setting, we may hope to approximate the eigenvalues cor-
responding to the roots of d;, but iteration (5.2) can in fact converge to poles corresponding
to the roots of d,;. One can hope to expect the iteration would converge to a solution corre-
sponding to d;(z) = 0 if € is small. In the linear case, this is shown explicitly in [36]. In our

case, we visualize the basins of attraction to measure the attraction of different eigenvalues.
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We use the simple delay problem given in Example 1 in Chapter 1. For this case, we can

explicitly see the forms of d; to be

dp(2) = 2z — e 7 Ay,

where A\, = —k € o(A). Figure 5.2 shows the poles of f(z) defined by (5.8) when € # 0,

setting j = 1 and ¢ = 2 and thus A\; = —1 and A\, = —2.

60
Pk *
* *
4Or % *
* *
* *
20 + * *
- * *
5 . s
2 o £l
* *
-20 * *
* *
* *
40+ ¥ *
* * *  Roots of d;(z)
*  Roots of dy(z)
-60 . . . . . . . . !
-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0 0.5
real part

Figure 5.2: Poles of f(z) defined in Equation (5.8).
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Figure 5.3 shows how the basins of attraction depend on the magnitude of ¢ applying

Algorithm 7 with constant interpolation directions of the form
r = ﬁ/fj + elv~vq, and E* = G;( + 6262.

As e grows the basins of convergence for the roots of d, begin to appear.

Convergence Basins, € = 0 Convergence Basins, € = 0.2

Convergence Basins, € = 0.4
P o S o

S S &

imaginary part
imaginary part
imaginary part

4 35 3 25 2 15 4 05 0 05 i -3. 2. 10! 05
real part
Convergence Basins, € = 0.8

imaginary part
imaginary part
imaginary part

real part real part

Figure 5.3: Basins of convergence for iteration (5.2) for f(z) defined in (5.8).The shading
of each point is determined by the number of iterations needed to converge, taken by when
the relative change in z;, was less than 107°. Blue coloration indicates convergence to a
root of d;(z), and red coloration indicate convergence to a root of d,(z). White denotes

that the iteration did not converge in 20 steps. We show basins for ¢ = 0,0.2,..., 1.
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We can also note that the behavior of the convergence of the iteration defined by (5.2)
differs depending on how the nonlinear eigenvalue problem is defined. We can pose the

simple delay problem in the form T(z)v = 0 in two natural ways, either as
Ti(z) =21-e¢ A

or as
Ty(z) = ze™I — A.

We have here that To(z) = e™T;(2). We see that o(T;) = o(T5) given that ™ # 0 for
any z € C. However, these two problems exhibit different iteration behaviors. We see that

in these two cases the scalar function f defined in (5.8) will change, where
dp(z) =z — e N,

when working with T, and

di(2) = ze™ — )\,

when working with Ts, where A\, € o(A). Using the same computational experiment, we see

different basins of attraction, with much larger regions where the method failed to converge.
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Figure 5.4: Basins of convergence for iteration (5.2) for f(z) defined in (5.8). The shading
of each point is determined by the number of iterations needed to converge, taken by when
the relative change in z;, was less than 107°. Blue coloration indicates convergence to a
root, of c@(z), and red coloration indicate convergence to a root of (ZI(Z) White denotes

that the iteration did not converge in 20 steps. We show basins for ¢ = 0,0.2,... 1.

Now we discuss how singular vectors can be used as interpolation directions, given that

it is not reasonable to expect to know W or V.
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5.3.4 Updating Interpolation Directions with Singular Vectors

Recall that (5.2) was derived based on one updated interpolation point and constant inter-
polation directions. Now let us assume we update the pair of interpolation directions as well.

In this case we could write the recurrence formula as

Zip1 = 2 + %7 (5.9)

where f;(z) = E(i)*T(z)_lr(i), noting that the directions now depend on the iteration step.
Assume we wish to interpolate at the point u, and that T(u) has the singular value decom-
position,
T(p) =YEX" = Z SjYiX;
j=1

If o1 ¢ o(T), then T(p) is nonsingular, and so s; # 0, for all j. Then note that

and so

Using an identity for the derivative of the inverse of a matrix-valued function, we have

(T(p)™ ") = =T () "T'() T ()",
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and therefore,

Plugging this result into (5.9), we obtain,

Sq U—;T(Zi)xq
m e M % 5.10
i = u; T (2:)%, : u; T (2)%, (5.10)

If we take ¢ = n, so that s, = s, is the smallest singular value, then as s, — 0, we have

that z; — A € o(T(2)), assuming u;T'(2;)v, does not go to zero as well. This method is

summarized in Algorithm 8.

Algorithm 8 IRI-1 using singular vectors as interpolation directions

input: initial interpolation point z, € C.

for £ =0,1,... until converged do

1. Compute smallest singular value (s) and corresponding singular vectors (u, x) of

3. Set fr=sand f, = u"T'(2)x

Jr

4. Set zpyi1 = 2 + —.

i

end for
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Figure 5.5 shows results for Algorithm 8 with three different initial starting points. Con-

vergence was determined when the relative change in the interpolation point was less than

1075,
5 5 5
oos senm—
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Figure 5.5: Results of Algorithm 8: (left) iteration took 10 step to converge; (center) itera-

tion took 7 step to converge; (right) iteration took 10 step to converge

Notably in column 1 of Figure 5.5, we see Algorithm 8 does not converge to an eigen-
value close to an intermediate interpolation point. We now expand Algorithm 8 when using
multiple interpolation points. Due to the interactions between the interpolation directions
when forming the Loewner matrices, we are unable to form a simple expression similar to

(5.10). This method is summarized in Algorithm 9.



92

Algorithm 9 IRI-multiple point using singular vectors as interpolation directions

input: an initial set of interpolation points {2 ; }2:1 c C.
for £k =0,1,... until converged do

for j=1,2,...r do

(i)  Compute smallest singular value (s;) and corresponding singular vectors (u;, x;)

of T(de').

(ii)  Set interpolation directions to singular vectors:
Ej <Yy, X

end for
1. Compute Loewner and shifted Loewner matrices as detailed in Theorem 3.1.1.

2. Compute eigenvalues of Loewner pencil

{:U’lv e nur} = U(LsaL)'

3. Set zpy1,; =p; for j=1,2,...r.

end for

Results for Algorithm 9 applied to the simple delay problem of Example 1 are shown in
Figure 5.6. Convergence was measured by the relative change in the interpolation points,

|Zk+1 — 2|2
|Zhv1 |2

where zj4; is the vector of interpolation points z; ; for j = 1,...,r, with a relative tolerance
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of 107°. Here several interpolation points converged to the same solution, which is why two

approximations are shown.
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> 1.6
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Figure 5.6: Results for Algorithm 9. The 4 initial interpolation points were taken as the

interpolation points used in Chapter 2 while discussing polynomial linearization.

Y

Eigenvalues of Example 1

i\( Starting point
ECZ Solution of convergence




94
5.3.5 Updating Interpolation Directions using Approximate Eigen-

vectors

We can also use the approximate eigenvectors generated by the rational interpolant to update
the interpolation directions. Recall that if (A;, x;,y;) is an eigen-triple of the Loewner pencil
(Ls, L), then (\;, C,x;,Bly;) is an approximate eigen-triple of T. This methodology in fact
imitates the iterative rational Krylov algorithm using transfer function evaluations (TF-
IRKA) found in [12], with the notable difference being that the interpolation points are
updated to be the eigenvalues of the Loewner pencil, rather than their reflection across the
imaginary axis. In the case where r = 1, the eigenvectors of the Loewner pencil reduce to
scalars, and therefore the approximate eigenvectors of T are in fact the vectors of left and

right data. Algorithm 10 summarizes this method.

Algorithm 10 IRI-1 Using approximate eigenvectors as interpolation directions

input: initial interpolation point 2z, € C, and set left/right interpolation directions
LreCr

for £ =0,1,... until converged do

1. Compute f, = £*T(2;)'r and f] = €T (2;,) ' T/ (21,) T (2) " 'r

Jr

2. Set Zk+1 = Rk + e
fx
3. Set

L+ b=T(x)" r<c=T(x)'r

end for




95

Figure 5.7 show results for Algorithm 10 with three different initial starting points. Con-
verge was determined when the relative change in the interpolation point was less then 107°.

Comparing to the results of Algorithm 8. we see in column 1, the iteration does converge to

the left most eigenvalue.
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Real Real Real

Figure 5.7: Results of Algorithm 10: (left) iteration took 10 step to converge; (center) iter-

ation took 8 step to converge; (right) iteration took 10 step to converge

We now expand Algorithm 10 when using multiple interpolation points, summarized in

Algorithm 11.
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Algorithm 11 IRI-multiple points using approximate eigenvectors as interpolation direc-

tions

input: interpolation points {20;}7_; C C, and left/right interpolation directions

{ej}gzh {I'] }§:17 C C™:

for £k =0,1,... until converged do

1. Compute Loewner matrices L and L, and matrices of left and right data B, and

C, as detailed in Theorem 3.1.1 using T(z) ™.
2. Obtain eigen-triples of the Loewner pencil (L,, L) as (Aj,x;,y;) for j=1,...,m
3. Set

gj <— B:yj', r; < CTXj, Zh+1,j = )‘j‘

end for

We now provide results for Algorithm 11 applied to the simple decay problem of Example

1. Convergence was measured by the relative change in the interpolation points,

121 — 2l

12kl
where zj; is the vector of interpolation points z; ; for j = 1,...,r, with a relative tolerance
of 1073, Here several interpolation points converged to the same solution, which is why two

approximations are shown.
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Figure 5.8: Results for Algorithm 11 for 12 iterations: the 4 initial interpolation points
were taken as the interpolation points used in Chapter 2 while discussing polynomial lin-

earization.



Chapter 6

Conclusions

This thesis has proposed several contributions to current methods for nonlinear eigenvalue
problems. The first contribution of this work connected recent contour integration methods
to the theory and practice of system identification. This observation led us to expand the
methodology of [10, 15] by using general rational interpolation for system identification,
producing a Loewner matrix contour integration technique. The second development of this
work studied the application of rational interpolation directly to the function T(z)~!, and we
found that the poles of this interpolant approximate the eigenvalues of T. We then expanded
this idea to several iterative methods, where at each step the approximate eigenvalues are
taken as new interpolation points. We showed that the case where one interpolation point

is used is theoretically equivalent to Newton’s method for a particular scalar function.

98



99

Future Work

Several future research directions are planned for the methods proposed in this thesis. It will
be beneficial to study the effects of different interpolation point locations on the accuracy
and numerical stability of the Loewner contour integration method. We showed preliminary
results suggesting that the placement of the interpolation points alter an underlying filter
function, and that we may be able to lessen numerical contributions from eigenvalues exterior
to a given search region. Further development of this process will aid in situations where
eigenvalues are clustered close together. We will also investigate the success of the Loewner

contour integration method when taking the interpolation points inside the search region.
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