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Parameter Estimation for Delay Differential Equations: A New Galerkin

Approximation Framework

JC Hartman

(ABSTRACT)

Delay differential equations with discrete and/or distributed delays are widely used in many
applied fields, including mathematical biology, climate science, and engineering. These equa-
tions contain free parameters and integral kernels that must be optimized to fit the dynamics
of the physical systems they model. In this thesis, we present a framework for determining
the discrete delays, integral kernels, and other unknown model parameters for these equa-
tions from training data through a Galerkin approximation approach proposed by Chekroun
et al. [10]. The adopted Galerkin approximation is based on a particular type of polynomials
due to T. H. Koornwinder, which are orthogonal under an inner product with a point mass
[26]. Within this Galerkin framework, the parameter estimation problem is reduced to the
estimation of some scalar parameters in the resulting ordinary differential equations. Thanks
to the analytical nature of the Galerkin approximation, the latter estimation problem can be
handled efficiently, even with distributed delays, which is a known computationally challeng-
ing scenario. In all the cases, the system’s dependence on the delay parameters is nonlinear.
We will show how the training data and the Galerkin systems can be suitably adapted to effi-
ciently convert this nonlinear estimation problem into successive linear estimation problems.
The approach will be illustrated on concrete examples arising from various applications that

exhibit either periodic or chaotic dynamics.



Parameter Estimation for Delay Differential Equations: A New Galerkin

Approximation Framework

JC Hartman

(GENERAL AUDIENCE ABSTRACT)

We consider delay differential equations with discrete and/or distributed delays, which are
differential equations that contain either continuously distributed or discrete history de-
pendence in their vector fields. These equations are widely used in many applied fields,
including mathematical biology, climate science, and engineering. These equations contain
free parameters that must be optimized to fit data and dynamics from the physical systems
they model. We present a framework for determining these free parameters from training
data through a Galerkin approximation approach proposed by Chekroun et al. [10]. Within
this Galerkin framework, the parameter estimation problem is reduced to the estimation of
some scalar parameters in the resulting ordinary differential equations. In all the cases, the
system’s dependence on the delay parameters is nonlinear. We will show how the training
data and the Galerkin systems can be suitably adapted to efficiently convert this nonlinear
estimation problem into successive linear estimation problems. The approach will be illus-
trated on concrete examples arising from various applications that exhibit either periodic or

chaotic dynamics.
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Chapter 1

Introduction

Time-delayed systems arise in diverse scientific fields and engineering such as biology [32],
chemistry [15], climate dynamics [5, 24|, semiconductor lasers [39], and social networks [1].
Intuitively, time-delayed terms aim to model non-instantaneous system responses to either
internal or external perturbations. Some examples of delay include incubation period of in-
fectious diseases [28], wave propagation induced delays [9, 41|, and feedback delay in chemical

kinetics [14, 35].

In contrast to ordinary differential equations (ODEs), the state space of a delay differential
equation (DDE) system is infinite dimensional since its initialization requires a function
over a time history segment rather than a single state vector at a fixed time instant. For
this reason, the existence, uniqueness, and regularity of solutions for DDEs requires its own
development rather than relying on classical ODE theory [16, 45]. For instance, unlike the
case of ODEs, a DDE solution may not be C"*° smooth even if the vector field and the initial

history segment both have this regularity [17].

Dynamically, time-delayed terms can alter the stability of some basic solutions such as a
steady state, leading to either delay-induced stabilization or destabilization [28]. In that
respect, it is also interesting to note that even a scalar DDE can support chaotic dynamics;
see Chapter 4 for some concrete examples of chaotic models developed [27, 30, 40]. For the
numerical integration of DDEs, one usually utilizes existing numerical ODE methods along

with a suitable interpolation scheme to handle those delay terms whose values are needed at



time instants other than the mesh points of the ODE schemes. The success of the resulting
DDE method, in terms of accuracy and stability, depends on the particular choice of the

discrete ODE method and of the interpolation scheme [4, Chapter 6.

As pointed out above, the forward problems for DDEs usually require new techniques go-
ing beyond ODE theories and computational techniques. The inverse problems for DDEs
also require a separate treatment of the time-delayed terms. In this thesis, we focus on the
parameter estimation problem for DDEs, which is an active research field [3, 31, 37]. In
particular, computationally efficient methods for the estimation of integral kernels of dis-
tributed delays are still lacking. For instance, a naive finite-difference discretization of such
kernels leads typically to high-dimensional inverse problems whose dimension depends on
the unknown delay length 7. As 7 increases, the dimension also increases; and these high-
dimensional inverse problems need to be solved repeatedly as the underlying optimization

algorithm explores the space of candidate 7 values.

Here, we propose a method that can efficiently handle both discrete and distributed delays.
The approach is based on a rigorous Galerkin approximation framework recently established
in [10], which converts a given DDE to a finite-dimensional ODE system approximation
using a particular type of orthogonal polynomial basis called the Koornwinder basis. The
estimation of discrete and distributed delays is then reduced to the estimation of scalar
parameters in the Galerkin ODE approximations, which can be handled using classical esti-
mation techniques such as linear and nonlinear least squares, maximum likelihood estimation,

or Bayesian estimation approaches.

The remainder of the thesis is organized as follows. In Chapter 2, we recall some background
material regarding the Galerkin approximation framework of DDEs as well as relevant pa-
rameter estimation techniques that will be used in later chapters. We then describe in detail

the proposed parameter estimation framework in Chapter 3, and illustrate its efficiency for



both discrete and distributed delays using several concrete examples in Chapter 4. After

that, a brief conclusion is presented in Chapter 5.



Chapter 2

Preliminaries

Within this chapter, we review some results from the literature required for the development
of our method. In particular, we review properties and definitions for the orthogonal polyno-
mials due to T.H. Koornwinder in Section 2.1, the construction of a Galerkin approximation
scheme for DDEs in Section 2.2, the regression and regularization methods in Section 2.3,

and examples of nonlinear search methods in Section 2.4.

2.1 Overview of the Koornwinder Polynomials

We begin by introducing the orthogonal polynomial basis due to T. H. Koornwinder from
[26], called the Koornwinder polynomials, used in the DDE approximations that we will
consider. We follow the discussion for the use of these Koornwinder polynomials in the DDE

context, which was first done by Chekroun et al. [10].

Following [10] in discussing the construction and relevant properties of the Koornwinder

polynomials for the DDE context, we work in the product Hilbert space given by
H, = L*([-7,0); R?) x RY, (2.1)

where d = 1 is the scalar system. The inner product on this Hilbert space for elements



(f1,7), (f2,72) € H, given in [10] is:

() e, = 5 [ (O 20D 8+ (1.3, 2.2)

with (-, -) denoting the Euclidean inner product on R¢. This inner product is associated with
the measure

V(df) = %d@ + o, (2.3)

where 0y denotes the Dirac measure concentrated at § = 0. We also denote by || - ||3, the

norm induced by the inner product given in eqn. (2.2). That is

1) e = V) (o)) Y(fr7) € My (2.4)

We now define the subspace of H, denoted by

V= H'([-7,0); RY) x R?,

where H'([—7,0); R?) denotes the standard Sobolev subspace of L?([—7,0); RY). As stated
in [10], the space we are considering contains squarely integrable functions with squarely

integrable first-order weak derivatives.

In the special functions literature, orthogonal polynomials with respect to a measure such as
eqn. (2.3) could be expressed in terms of polynomials orthogonal with respect to the smooth
part of the measure. An early contribution on this topic is from Uvarov [43]. In particular, the
Koornwinder polynomials we consider can be expressed in terms of the Legendre polynomials
defined on [—7, 0], which are orthogonal with respect to the smooth part of the measure in

eqn. (2.3).



With this in mind, we now recall the definition of the Koornwinder polynomials in terms of

the Legendre polynomials L; from [10, Proposition 3.1] on [—1, 1] given by

K,(s) = (27 + DLi(s) + (n* + 1)L,(s), n €Ny, (2.5)

We also have that the sequence given by
{K, = (K,, K,(1)) :n € Ny} (2.7)
forms an orthogonal basis of the product space defined by
£:=L*[-1,1;R) xR (2.8)
with the inner product

((f,a) / f(s)g(s)ds + ab, (2.9)

as stated in eqns. 3.8 and 3.9 of [10, Proposition 3.1].

Proposition 3.1 from [10] further shows that the normalized Koornwinder polynomial se-
quence given by { ﬁ} forms a Hilbert basis of £, where the norm induced by eqn. (2.9)

has the analytic expression:

1KCnlle = \/W - 1)2(;n++11)2 i 1), n € Ny. (2.10)



Now that we have a definition of the Koornwinder polynomials on [—1, 1], we wish to work
on the interval [—7, 0] for the DDE context, where 7 will be the maximum delay in the DDE.
To do this, we need to define the transformations of these Koornwinder polynomials from

[—1,1] to [—7,0] and state a few properties.

From [10, Section 3.2], the rescaled Koornwinder basis can be defined under the transforma-

tion 7 provided in eqn. 3.17 of [10]:

T:[-7,00—=[-1,1, 6#6—=1+ ? (2.11)

The transformation defined in eqn. (2.11) therefore defines K by eqn. 3.18 of [10]:

K] :[-7,0] > R

92 (2.12)
0 — Kn(l + —),n € Ny,
T
which obtains an orthogonal basis for the Hilbert space H, defined in eqn. (2.1) of
[K] = (K], K7(0),n € No}. (2.13)

We further state two properties of these transformed Koornwinder polynomials, which will
be used in the parameter estimation framework we discuss in chapter 3. These two properties
are used to change equation forms. The first property is that the norms are the same under

T. So, as presented in eqn. 3.21 of [10],

I, = 1K lle- (2.14)



The second property we care about is that under 7,

KT (—7) = K, (~1). (2.15)

Using these properties and definitions for the Koornwinder polynomials, we will derive a
transformation property for transforming an arbitrary function f(¢) on the interval [—w, 0]

o [—7,0] with [—7,0] C [~w, 0], where 7,w > 0.

We start with the decomposition of an arbitrary f € L*([—7,0];R). From eqn. 3.24 in [10],

we know that f can be written as an expansion under the Koornwinder basis in an L? sense

as follows
= - 2.16
Z T (210
where the inner product on L?([—7,0]; R) is given by
0
(K = [ 0K 0). (2.17)

Using this function decomposition, a further relationship between the coefficients of two
Koornwinder basis expansions of f on [—w,0] and [—7,0] can be obtained as explained

below.

Let w > 7 > 0 be arbitrarily fixed and let f € L*([~w,0];R). Then, by eqn. (2.16), we have

f= Z H,CT Kj and f= Z HIC“ (2.18)

HH HH

where the first identity holds as functions in L?*([—7, 0];R) and the second identity holds in



L*([~w, 0]; R). So, we get that

. <f’K]T>L2 - <f7Kw>L2
MG per  NT M T g, (2.19)
D o AR B e
Let us now denote f] = %é{#ﬂ and fy = WJIIIE,JHQ Multiplying both sides of eqn. (2.19)
Hr

by K] for some n € Ny and taking the H, inner product on both sides, we obtain
IKoI3, fr = wa (KY, K7 ) wa (K%, K])12 + 1), (2.20)
where L2 = L*([—7,0];R). So, we obtain the relationship between coefficients given by

nHH wa (K%, KJ)2 + 1) (2.21)

In practice, we will truncate the infinite summation to obtain

fa ™ > S (KT Kz +1) (2.22)

for an N-dimensional approximation. We use this relationship to perform a change of basis

between K}’ and K for our delay mesh method presented in Section 3.2.

2.2 Construction of the Galerkin Approximations

We now review the Galerkin approximation of DDEs presented by Chekroun et al. [10] using
the Koornwinder basis recalled above. While the framework of [10] is general, in order to

present the essential ideas in a relatively simple context, we restrict the framework to the



case of autonomous scalar DDEs of the following form

dx(t)
dt

=az(t) + bx(t — 1) + c/ G(t — s)x(s)ds
e (2.23)
+ F(z(t),z(t — 7), /t_ | G(t —s)g(z(s))ds), 1<i<n,

where a, b, c € R are constants, 7; > 0 are the delay parameters, GG is a kernel function, g is
an arbitrary function that satisfies a local Lipschitz condition as discussed in [10], and F'is a
given scalar nonlinear function, where all g and F' are chosen so that a global solution exists.
The case of a nonlinear term g(x(t)) in the integral is discussed in [10, Remark 4.4] and in
Remark 2.2.1, so we will present the derivation when considering g(z(s)) = x(s). In [10],
G(s) = 1, but we extend the ODE construction presented there to one involving a nontrivial

kernel, extending the discussion of this case in [10, Appendix C.2| for the scalar case.

We proceed with the reformulation of eqn. (2.23) in the same manner as in [10] into an
abstract ODE considering the case of only one delay, 7. Multiple delays are discussed in
[10] and can be found in Remark 2.2.2. In particular, the only term that changes in this
derivation is the distributed delay term with the kernel G. From the methods presented by

Chekroun et al. [10] and Chekroun et al. [11], we let
u(t) = (u”,u) = (2, 2(t)) = (21, 2,(0)), (2.24)

where

x(0) =z(t+6), t>0, 6¢c]|-1,0]. (2.25)

Using these definitions, we substitute these into the distributed delay term to obtain

/;G@ — s)a(s)ds = / G(t — syuPds, 2.26)



As a result, mirroring the definitions provided in eqns. 2.7 - 2.10 in [10], we obtain the

abstract ODE from eqn. (2.23) given by

% = Au+ F(u), (2.27)

with the linear operator A : D(A) C V — H,. The linear operator in this abstract ODE is

given by

+yD
dd\g ’ 6 e [—T,0),

[AV](6) = (2.28)
aWs + 0P (—7) +c [° G(—s)TP(s)ds, 6 =0,

where

D(A) = {(VP,¥%) € L*([-71,0);R) x R: ¥ € H([~7,0);R), lim ¥"(9) = U5},

60—0—

which is given in eqn. 2.9 of [10] and discussed by Kappel [23, Prop. 2.6]. The nonlinearity

in this abstract ODE is given by
[FU](0) = (2.29)

for all U = (VP 0%) € H,.

Now, by using the Koornwinder polynomials provided in Proposition 3.1 in [10] and discussed
in Section 2.1, we can obtain an N-dimensional approximation of the solution to the DDE

uy, whereby

uy(t) =Y y(K;, >0, (2.30)



where

(un(t), KD 2 Ji @ (6 = 1)d6 + 2(0) K (0)

n

S ||’C£HHT

Yn(t) = (2.31)

Now, substituting this into the eqn. (2.26) and completing a change of variables, we obtain

/t G(t—s)uDds:/ G(—e)(i (KT (0))dO = z_:yn(t)/ G(—0)K7(0)do (2.32)

Using this with the results from [10], we get that the ODE system is given for each 0 < j <

N — 1 by
Q1 NSk 4 c/o G(—0)K (6)d0
1. n\ T - n
dt K75, = -
2 n—1
+= an i (0561713, = 1))ym (t) (2.33)
k=0
-1 N-1 0
HICTH (Z Yn(t Z Y () K (=7), Z yn(t)/ G(-0) (9)(19)
Hr n=0 n=0 n=0 -7
which we can rewrite into the matrix form
d
di Ay + Fy (). (2.34)

In this, Ay is an N x N matrix with entries given by

0

! (—1)+¢ — T
[AN]j,n:W<a+bKn( )+ / G(—0)K;(0)do

-7

n—1 (2.35)

= Zank 0l I, — 1)),



and Fy: RY — R is a vector-valued function with its components given by

Fy(y)]; = WF (ijyn@),Z_yn@)K;(—r),ijyn@) / G(—G)K£(9>d9)- (2.36)

If the kernel is given by G(s) = 1, we obtain the same equation as eqn. 5.18 in [10].

Remark 2.2.1. If we consider an integral with a nonlinearity, such as ftt_T G(t—s)g(z(s))ds,

where ¢ is a nonlinear function, we can approximate this by considering

This term may not be separable in terms of removing the y,(¢) from the integral, so com-
putation of these approximations to the solutions may be more computationally intensive
than in the linear case due to being unable to separate the y,(t) from the integrals. Refer
to [10, Remark 4.4] for a more detailed discussion on the requirements for these nonlinear

functions, g.

Remark 2.2.2. In the case of multiple delays 71,79, ..., 7p, defining 7 = max{7;} as dis-

cussed in [10], we now have that the distributed delay terms become

and the discrete delays become




2.3 Overview of the L-Curve Method and Multiple Re-

gression

For the framework we wish to present, we consider parameter estimation problems to de-
termine parameters of DDEs based on data from systems that these equations model. To
do this, both multiple linear regression following the methods presented by Wasserman [44,
Chapter 13] and an L-Curve method such as the one presented by Hansen [20] are considered.
We will use these methods with the ODE approximation developed in Section 2.2 to form

our framework in chapter 3.

Following the notation from [44, Chapter 13|, we denote the covariate matrix by X of size

Ng x Ny, the observable vector by Y of size /Ny, x 1, and the parameter vector by

B = [60 ﬁNl]T, (2.37)

where N is the total number of samples considered and [V, is the number of parameters.

Using these matrices, the system from [44] given by
Y = X3 +¢, (2.38)

is considered for the least squares estimation method, where € is some error term. We
now search for 3 such that the squared error is minimized, which in particular minimizes

Y — X3||2, the Euclidean norm for R™:.

Therefore, from Theorem 13.13 in [44], this system admits the parameter estimates of

B =(X"X)"'XTY, (2.39)



assuming that X” X is an invertible N, x N, matrix. From [44], the 1 —7 confidence interval
will be given by
éj + Zn/QSAQ(éj), (240)

where z,/5 = ®1(1 — 7/2), where ® is the cumulative distribution function of the Normal
distribution, and sb(éj) is the j' diagonal element of 62(X?X)~'. 62 is defined by 6% =

L ; ¢ with ¢ = X3 — Y from [44].

However, we may not be able to use these confidence intervals or eqn. (2.39) directly as
we may have ill-conditioned matrices in which X?X is nearly not invertible. Since X'X
may be ill-conditioned, we also use regularization methods. These methods may include an
iterated Tikhonov regularization presented by Buccini et al. [7, 1. Introduction], a singular
value decomposition (SVD) method presented by Hansen [19], and an L-Curve method using
Tikhonov regularization presented by Hansen [20]. We will focus on the L-Curve method

using Tikhonov regularization from [20] for this thesis.

We will start by considering the Tikhonov regularization, also known as ridge regression.
This regularization uses the system from eqn. (2.38) and considers a penalized minimization
problem with both residual and solution norms are minimized. So, the minimized value is

now

Y — XBl* + arl (B — Bo) 1%, (2.41)

for the general problem, where for our purposes, By is an available approximation of the
true minimization value, and «a; > 0 is a regularization parameter, which determines the
sensitivity of eqn. (2.41). Also, L € R is a suitable regularization matrix with N'(L) N
N(X) = {0}, where N (L) is the null space of L [7]. For the purposes of this thesis, we
consider L to be the identity matrix and B3y = 0. We can consider this in both a one-step

method as well as an iterated procedure, which is discussed by Buccini et al. [7] and Engl



et al. [13].

For convergence and error bounds of the iterated procedure, the work from Hanke and
Groetsch [18, Chapter 2] can be used, which references the work on convergence and error
bounds completed by Brill and Schock [6]. In particular, for bounded operators, an iterated
Tikhonov method will converge to B if and only if > a,' = oco. Under the additional

? < 00, [6] establishes a convergence rate, which can be found in

assumption that ) a,
[18, Theorem 1]. However, for our purposes, we will only be considering the Tikhonov

regularization with one step.

Now, using the Tikhonov regularization with only one step, we consider the L-Curve method
discussed by Hansen [20]. In the Tikhonov regression, we considered minimizing eqn. (2.41)

for a given o = 72 by treating this as the least squares problem with the solution given by

B =B+ (X'X ++°Ly) X' (Y — XBo) (2.42)

with By being the initial guess of the parameters. However, the L-Curve method minimizes
the impact of damping the solution from too much regularization and allowing errors to
dominate from too little regularization, as discussed in [20, Section 1]. In doing this, the
two quantities from the loss function causing these discrepancies are plotted to construct a

curve given by

UXBy = Y, [I1L(8, = Bo)ll), (2.43)

where 3, is the corresponding solution to the linear system for a given @ = * used in

eqn. (2.41).

We consider the formulation of this method under the following assumptions. In most
applications the discrete Picard condition given by the exact SVD coefficients |u! Y| decaying

faster than the o; is assumed to hold [20]. Furthermore, the noise in the data is assumed to



be approximately white noise for the application of this method [20].

Now, under these assumptions, 3, is the Tikhonov solution given by

B, = (X"X +~°Iy) ' X"Y. (2.44)

The parameterized curve from eqn. (2.43) is defined in a log-log scale, which as discussed in

20, Section 5| is given by

log([[XB, — YI) log([IB,1)\ _ (log(n) log(p)\ _ (1 p (2.45)
2 ’ 2 2 72 2°2)° '
We want to find the maximum curvature of this curve to find the corner for the optimal

value of v used, which is given as a function of v by

A S

A A
a(y) =2 L L
()2 +(7)?)

(2.46)

where 77/, p/, 1), and p” are the first and second derivatives, respectively.

There are multiple ways to either compute this curvature or to find the corner. One way is
presented by Lu et al. [29] using a discrete derivative method with a mesh of 7 values, and
selecting the v with maximal curvature. Another way is following eqn. (18) in [20] which is
derived from eqn. (14) in [20, Section 5] and gives the curvature in terms of first derivatives
alone by

2,/ 2 4 /
() = 2P P+ 20mp + (2.47)

o (0?4 )32

This equation can be solved numerically using a difference approximation with a mesh of ~



values. However, from eqn. (22) in [20] 7’ can be computed directly using

4
=P 2 = (XTX +77Ly) "' XT(XB, ~ Y). (2.48)

Other methods not using the curvature include finding point where the angle is approximately
5 between two legs extending outwards from the point, or finding the point minimizing the
distance between the smallest 1 and smallest p values in the plot. More involved algorithms
exist, including the adaptive pruning method presented by Hansen et al. [22] that is used
in this thesis, provide a more resilient method of finding the corner. The code for many
L-Curve algorithms, including the adaptive pruning method used in this thesis, have been

developed by Per Christian Hansen in the MATLAB regtools package [21].

There are some limitations to this method, as discussed in [20, Section 8]. These include
the fact that the smoother the solutions, the worse the v computations may be in their
accuracy to the exact solutions as well as the fact that the v computed using this method
may not behave consistently with an optimal v as the problem size increases, often over
regularizing the solution. We refer to [20, Section 8] for a more detailed discussion of these
limitations. For the derivation of the geometric basis for this method, we refer to [20] for more
information. We similarly refer to [22] for a discussion of the adaptive pruning algorithm

used to find the corner of the L-Curve in many of the results presented.

2.4 Survey of Nonlinear Search Methods

In addition to the parameter estimation methods we considered, we also will need, in Sec-
tion 3.5, a way to perform a nonlinear search of our delay term parameter space to reduce

computational costs. To this end, we present here some possibilities for nonlinear search



methods that exist in the current literature.

We will focus on a brief discussion of derivative-free optimization methods. These opti-
mization methods depend on the choice of loss function. An example of a loss function
for these methods can be found in Section 3.5. However, in this section, we will discuss
some algorithms for these optimization methods, which include Particle Swarm Optimiza-
tion (PSO), the Nelder-Mead method, Random Search, and Genetic Algorithms, although

other algorithms exist in the literature.

We choose to discuss derivative-free optimization methods as we may not have access to the
gradients of the loss function for the method we present in Section 3.5 due to the nonlinear
nature of the delay terms being inputs to the Koornwinder polynomials. However, if we
have access to the required gradients for the delays, we can consider using gradient descent

methods.

The first nonlinear search method we consider will be PSO, which we will discuss in more
detail here due to its use in Section 4.4. We follow a constrained method as reviewed by
Poli et al. [34], which summarizes the results by Clerc and Kennedy [12] on the constrained
method and the extension of the original PSO method presented by Kennedy and Eberhart
[25]. For this method, we refer to the overview presented in [34], which we summarize the

key algorithms that we used.

In the PSO, we consider the algorithm given by [34, Algorithm 1]. This algorithm gives a
procedure that we can follow for implementing the method as PSO is designed as a search

method over large dimensional spaces. The equation within this algorithm we wish to con-



sider changes to for our implementation is the position and velocity update step given by

T 0+ U0,61) O (5 — &) + U (0, ¢2) © (5, — T)
(2.49)

X; < T; + vy,

where U(0, ¢;) is a uniform distribution on the interval [0, ¢;] with ® representing component-
wise (Hadamard) multiplication with the difference between the best position, p;, and the
current position of the ith particle, #;, and the difference of the best global position, p,
and the ith particle’s current position. In these formulas, ¢; determines the magnitude
of random forces in the direction of their respective bests. For this formula, the method
presented in [34, Algorithm 1] had each component of ¥; kept within the range [—Vaz, Vinaz]
for some maximum velocity V.., but we do not want this restriction in our applications, so

we consider inertia terms.

In particular, further development of this method introduced an inertia weight term, w, to

the velocity component [34] with
i ¢ wi; + U(0,61) © (7 — 72) + U(0,62) © (7 — To).

Further development has led to the use of constriction coefficients to converge without the
need for a V... However, these methods still tend to limit V,,,,, to the maximum position
value X4, which is the dynamic range of each variable on each dimension. This constriction

coefficient is given by

2
_ , 2.50
e S oy (2.50)

and is exemplified in eqn. (2.51) below, where ¢ = 4.1 is a common choice.

For the purposes of the Mackey-Glass example in Section 4.4, we used a constrained fully



informed PSO (FIPSO). For this, we used eqns. 4 and 5 from [34], which are given by

n=1 ' (2.51)

where again ® represents the component-wise (Hadamard) multiplication with the difference
between the nth neighbor’s best position, p,,, and the current position of the ith particle, ;.
We use this in conjunction with the procedure outlined in [34, Algorithm 1] using eqn. (2.51)
in place of steps 5 and 6 of this algorithm. We refer to [34] for a more detailed discussion of

these implementations of PSO and a discussion of the limitations of this method.

Another nonlinear search method that can be considered is the Nelder-Mead method as
originally developed by Nelder and Mead [33]. In this method, reflection, contraction and
expansion about the centroid of the points in n-dimensional space is used to search for the
point that minimizes the loss function. In particular, the worst point will be replaced by
a new point on every iteration following reflection, then expansion, and then contraction
comparisons with regards to the centroid. Explicit details of this method can be found in

33).

Random search algorithms are another set of nonlinear search algorithms that encompass
a larger number of algorithms. A review of these algorithms was completed by Zabinsky
[46], in which a description of random search algorithms is provided. These random search
algorithms may encompass genetic algorithms for optimization and PSO algorithms, de-
pending on how these methods are implemented. For a general random search algorithm,
the process minimizes a loss function over a given search region. In particular, points are
randomly distributed in the region at iteration 0. Then, candidate points based on the pre-

vious iteration’s points are generated based on a sampling distribution and updates to the



previous iteration’s points are made if the candidate points improve the given loss metric.
This process continues until a stopping criteria is met. For a more in depth discussion of

these methods and specific algorithms, see [46].

As a final example of these nonlinear search methods, genetic algorithms are another search
algorithm, which is discussed by Bajpai and Kumar [2]. These algorithms model genetic
mutations and the evolution process, wherein there is an initialization of individual solu-
tions randomly for a given generation. Then at each generation, each solution is given a
weight and this weight gives an associated probability for nearby solutions to be selected
for the next generation. Once the next generation is selected based on the probabilities, an
associated mutation occurs, which in the case of search algorithms may take the form of a
random displacement in a hypercube or hypersphere around the parameters of the previous
generation. This process continues until a stopping condition is met. For further discussion

on this optimization method, we refer to [2] for a more detailed discussion.



Chapter 3

The Proposed Estimation Framework

Within this chapter, we discuss the construction of the framework we propose to determine
the free parameters in the DDEs we consider. In particular, we discuss the general construc-
tion for the covariate matrix, observable vector, and parameter vector for the parameter

estimation methods discussed in Section 2.3.

For this purpose, we note that the delay parameter i, enters the parameter estimation
problem in a nonlinear way; see eqn. (2.23). A natural choice to proceed is then to iso-
late the delay parameter from other unknown parameters/kernels, and suitably adapt the
Galerkin systems to convert the nonlinear estimation problem into multiple linear estimation
problems. These latter linear estimation problems are each performed with a fixed 7 value.
The 7 values to be tested can be either chosen from a predefined discrete mesh or automat-
ically updated through some nonlinear search algorithm as reviewed in Section 2.4. Under
this general idea, we present three different methods for constructing the corresponding

covariate matrix and observable vector.

As a preparation, we start by defining an reformulation of the integral kernel to account
for the changing 7 values used to complete parameter estimation in Section 3.1. We then
introduce a naive mesh method for decoupling the estimation of the delays 7; and the other
parameters in the DDEs, wherein we construct a mesh of delay values and perform a linear
search through those values for the best choices of parameters in Section 3.2. After discussing

this mesh method, in Section 3.3, we introduce a scaling map that reduces the computations

23



in the mesh method. We further introduce how to deal with nonlinearities within the integral
terms in Section 3.4. These sections inform our extension of the method to the use of
nonlinear search methods in Section 3.5 by using the methods discussed in Section 2.4.
Finally, we discuss the benefits and potential limitations of each of the proposed methods in

Section 3.6.

3.1 Reformulating the Integral Kernel

We start by a simple reformulation of the integral kernel, G, to account for the changing
7 values used to complete parameter estimation. Assuming the reformulated kernel G is
sought over some interval [0, w], then G is simply taken to be the restriction of the G to the
interval [0,w] if w < T4 and its extension by 0 if w > 7y.. Namely, the reformulation of

the kernel is defined to be

~ ~ G(6)7 O S 0 S Ttrue
G =Glpu, fw < Twe  and  G(0) = Jif W > Tie- (3.1)

07 Ttrue S 9 S w

From this, G inherits the smoothness of G. However, note that if w > 7Tiue, then even if G is
smooth, we may see a jump discontinuity or a corner at 7., in the reformulation, G. In the
case of a jump discontinuity, we will expect the Gibbs phenomena to occur here. As a result,
we expect oscillations in the resulting estimation of G, localized near the jump discontinuity.
However, our numerical results indicate such oscillations do not impact the ability to recover
the dynamics of the original system when a sufficiently large number of basis functions are

used.



3.2 Method 1: Delay Mesh Method

We now consider the first method of our framework, which is the method we intuitively used
to separate the nonlinear dependence of the 7 values. In particular, this method uses a mesh
of possible 7 values to determine the true value, 7;,.. This method is a constrained nonlinear
least squares method, where we constrain the possible values of 7 to a given mesh that we
can compute Koornwinder polynomials for to remove one of the unknown parameters that
would otherwise appear. If we were to consider the case of a known delay, this method would

be applied using a mesh of only one value.

Algorithm. We can summarize this method using the following algorithm:

Algorithm 3.1 (Delay Mesh Algorithm). Assume that we know the structure of the mod-

eling equation with its ODE approximation form and have the data available for projection.

1. Choose a mesh of 7 values in the interval |19, 7¢] C R, forming the set {7, 71,...,7¢}.

2. For a given 7, € {7,...,7s}, construct the covariate matrix and observable matrix

using eqns. (3.9) and (3.10), respectively. The y,(¢;) will be given by the formula

(z(t:), Ko )u

- . i=1,....N;, n=0,...,N—1 (3.2)
1w |2

yn(tZ) =

where NN, is the number of time samples and N is the dimension of the Koornwinder ba-
sis. We can choose some w > 7 to project using the above formula and use eqn. (2.22)

to find

Yrr (t) & Zyj (K, K[r)p2 +1). (3.3)
1K HHT v

p j=0

3. Complete the parameter estimation using the L-Curve method or any other method.



4. Construct the residual r,, =Y — Xz3.

5. Compute the average of the absolute value of the residual over all samples given by

NN

Z |r7—p7i|

6. Repeat steps 2-6 for each 7, € {79,...,7¢}.

7. Identify estimated parameters based on the residuals. For a discussion of the differences
in discrete vs. distributed delays in determining the estimated parameters, see Remark

3.2.1.

When using the above procedure, caution must be taken to use the extended kernel discussed
in eqn. (3.1) to construct the system for each 7,. In particular, when using the extended

kernel, we obtain the N-dimensional ODE approximation given by

N-1 0

] :% Z (a + 0K (—7p) + c/ G(—0)K *(0)do
it K7

n=0 —Tp
9 n—1
+ 23 0l T, = 1) (0 85)
P k=0
1 N-1 N-1 N-1 o
+ WF (Z yn<t)7 Z Kgp(_Tp)yn(t% Z yn(t) / G(—@)K:;‘%&)d@) )
Jj UH, n=0 n=0 n=0 —Tp

where G is given by eqn. (3.1) with 7, = w being any value in the mesh.

When constructing the parameter estimation method, we will present an example of a possi-
ble parameter situation with one delay, but any terms that are known on the covariate side
can be moved to the observable side, depending on the application of this method. We also

can add more terms depending on the number of unique delays.



Parameter Estimation Equation. In setting up the parameter estimation equations,
we want to define the estimation in the form of eqn. (2.38). However, to use the entirety
of the data for the parameter estimation, we sample the data at different time steps given
by t;, where ¢ = 1,2,..., N;, where N, is the total number of time steps considered. Thus,
we need to construct a covariate matrix and observable vector at each time ¢;. To handle
each of these matrices, we stack them vertically to use the least squares estimation method

discussed in [44] given by

Y(tNt) X(tNt)

We use this system to define the system we wish to minimize in the parameter estimation we
complete, where the least squares minimum will be given by eqn. (2.39) using these matrices.
Furthermore, using this construction, we can use any of the parameter estimation methods

we discussed in Section 2.3 to determine 3.

Parameter Vector. The parameter vector using the coefficients known from eqn. (3.5) is

given by
T
/3: |f1; b co ... cy—1 ho ... hM—l; (37)
where we define ¢,, = cg,, with g, defined as
~ 0 ~
gn = (G K70 = / G(—0)K™(0)d6, 0<n<N-—1 (3.8)

—Tp

for a N-dimensional approximation. Furthermore, the h,, are the coefficients we wish to

estimate from the nonlinear terms, where we again absorb any constant coefficients that are



unknown into the kernels in the nonlinear terms.

Covariate Matrix and Observable Vector. These parameters require the covariate ma-

trix and observable vector to be at each time sample, ¢;, constructed according to eqn. (3.5),

given by
rN—1 N-—1 -
Yn (t; K'r:p —Tp)Yn (i
g::o (t) g::o (=mplum(t) yo(ti) yn—1(t:) Ho(y(t:)) Har—1(y(t:))
KT, KR, e, TR, KB, I3,
X(t;) =
N—1 N-—1
Yn (t; K'r:p —Tp)Yn (i
nZZ:O (t) g::o (=mplum(t) yo(ti) yn—1(t:) Ho(y(t:)) Har—1(y(t:))
IR KRR, KR, (SN TSON T, |
(3.9)
and
dyg (t43) 1 N2t et TP |2 1 N=!
dt _HKTPHQ 2 (g k=0 an,k (80, 11KCq ”H-rp_l))y"(t'i)_WS Z:o yn(ti)
. o 5, n= 0 13, n=
Y(t) = : )
dyn _1(t;) N-1 n—1 - N-1
ythl -l Y (E Y ankOno1kllKF_ 113, —D)yn(td)——5L5—5( X yn(ts)
IKR_1 1B, #=0 7 i=o ™ S =
(3.10)
N-1
respectively for a given 7, in the mesh at a single time ¢;. In the above formulas, S( > (%))
n=0

is all terms in the nonlinearity F' that are known parameters and H;(y(t)) are the terms
which are multiplied by unknown parameters, h;, in the nonlinearity F, where y(t;) =
(yo(ti),y1(ti),- .., yn(t;)). The form of these matrix and vector means that the covariate
matrix and observable vector from eqn. (3.6) will have size NNy x (N + M +2) and NN; x 1,

respectively.

Estimating the Kernel. Once we complete the parameter estimation to determine 3,
we can reconstruct an estimation, G, of the unknown kernel, G. From eqn. 3.24 in [10], we

know that the kernel G can be written as an expansion under the Koornwinder basis; see



equ. (2.16).

For the parameter estimation, we truncate this projection onto an N-dimensional subspace
spanned by the first N Koornwinder polynomials leading us to the coefficients
~ G, K72
n:%,ogng\f—l (3.11)
llK5" 115
for an N-dimensional subspace. Note that by eqn. (3.8), we have (G, K;p)Lz = gj, SO We can
use the estimated parameters, g;, to obtain estimates of the coefficients for the estimated

kernel G on the interval [0, 7,] given by

= On
n=——7m,0<n<N-—1 (3.12)
TPHICj ||3{
We then obtain
N
Gr> G.K. (3.13)

5=0

Remark 3.2.1. For the estimations we consider, if 7, < Tiue, We may obtain a poor ap-
proximation due to the estimated parameters overcompensating for the change in kernel as
we will not be recovering the entire kernel in the integrals. However, we expect that for
Tp 2 Tiue, if we only have a distributed delay for the given delay we are estimating, we
should obtain nearly the same residual for each 7, > 7y, as the distributed delay terms will
contain all information from the kernel used to construct the original system. A derivation
of this result can be seen in Section 3.3, when we derive a scaled equation to be equivalent
to the original eqn. (2.33), where we are only considering w as a value greater than 7, used
in a scaling method. As a result, we have a non-unique solution to the inverse problem for

distributed delays; see the numerical results in Sections 4.1 and 4.3.

In contrast, for estimating discrete delays, if the dynamics are sensitive to the discrete delay,



one would naturally expect a unique global minimum in the residuals to occur at 7., as any
other delay should give rise to different dynamics. Therefore, we can determine the delay
by a minimum in the residuals for the case of discrete delays; see the numerical results in

Section 4.2.

Remark 3.2.2. If we consider multiple delays, we may need to search multiple dimensions,
which increases the computational complexity quickly as we add on more delays to the search
region. To circumvent these issues, one can use nonlinear search methods over the delay
meshes, although these search methods are mainly used with a scaling in this framework
due to how these methods are implemented. An example of this is discussed in Section 4.4,
where we use a FIPSO method discussed in [34]. These nonlinear search methods can also
be used in any of the methods presented in Sections 3.3 and 3.4 and are discussed in Section

3.5.

3.3 Method 2: Scaled Delay Mesh Method

Since the method presented in Section 3.2 requires the computation of a projection on every
iteration, this method can have a larger computational complexity, especially as more delays
are added or larger search regions are considered, even with the conversion formula from
eqn. (3.3). Therefore, we consider using a scaling of the system by w with a mesh of 7

values. In this method, we define the mapping
P,:R—=R, t—uwi (3.14)

where w is a predetermined parameter that is a guess at a value that is larger than 7.



Scaling the DDE. From this mapping, we define y(¢) = x(¢) to be the scaled solution to
the DDE from eqn. (2.23). We now follow the scaling method outlined by Smith [38, Section

2.2] to determine the scaled ODE approximation. The scaled DDE equation is given by

dy  dx(t)
ai Y at
— w(az(t) + br(t — Tomse) + € /t_ G(t — 8)2(s)ds + F(x(t), /t_ G(t — 5)2(s)ds))

*Ttrue/w
t

+ﬂ¢ﬂw/‘ Gl — ))y(s)ds))

= wlay(t) + by(t — Trwe/w) + cw/t G(w(t — s))y(s)ds

t_Ttrue/w
(3.15)
To obtain the ODE equations, we must first define the y,(f) to be
- t), K¢
yn(t)zxn(t):M n=0,...,N—1, (3.16)

(e 7

which are independent of 7., as we are using w as the delay. Since we are now considering
w as the delay, we use the abstract setting from eqn. (2.27) to define the new values. At this
point, we must consider w > 7y, as we now require —™e € [—1,0] to use the Koornwinder
polynomials, K} on [—1,0], which is where our assumption of choosing the parameter w

comes from.

Scaling the ODE Approximation. Now, using the y, defined in eqn. (3.16), we only

affect the terms involving the delay ™ since we are now assuming the delay is given by

w in the non-scaled system or by 1 in the scaled system. So, the delay term y(t — ™) in

eqn. (3.15) can be rewritten as

y(F = 1) = 37y (- ) = 37y () (-1, (3.17)

rue
w w w



which allows us to write the integrals and the discrete delays to form an ODE that can be

used for parameter estimations despite the explicit reference to 7 ye.

We first write the ODE system for z(t) following eqn. (2.33) with 7 = w and using the

extended kernel from eqn. (3.1) gives us for 0 < j < N — 1,

i, Nl ) 0 _ .
E :W Z a+ bKn (_Ttrue) +c G(_Q)Kn (Q)de
j WHe pn=—0 i
n—1

2 Zank 5l 2, — >)mn<t>

N-1
| an S (K (~Tine). / G(—0)K=(0)db
|’C IIHW ot ot
(3.18)
This equation inherently assumes that a history function exists on the range [—w,0] to
compute the delay terms and integrals to approximate the DDE solution. This history
function is not considered for the parameter estimation; however, when simulating the system

using this formulation of the ODE system, one must consider the new history function, h(wt).

We can now follow the scaling procedure we completed for the DDE and consider y,,(£) from

eqn. (3.16), and we obtain for 0 < j < N — 1,

dyj 1 Nl( 1 Ttrue 2/0 ~ 1

—_ = aw + bw kK, + cw G(—wl)K_(0)dd

2~ () bt [ G-ut) KN
n—1

#23 anslos I~ 1>)yn<f>

|/c1||m (Zy" Z Tn(/ (=59, > wyn(D) / é(—wem;w)de).

n=0 n=0 -1
(3.19)




Algorithm. Now, for the general case, since we have a nonlinear dependence on 7y in
this ODE system, we can constrain our parameter estimation to consider an estimation over
a mesh of 7 values again. We follow a similar procedure to that presented in Section 3.2. In

particular, this procedure is:

Algorithm 3.2 (Scaled Delay Mesh Algorithm). Assume that we know the structure of
the modeling equation with its ODE approximation form and have the data available for
projection.

1. Choose a mesh of 7 values in the interval 7y, 7¢] C R, forming the set {7y, 71,...,7¢}.

2. Choose an w > 74 and construct the y,(%;) given by eqn. (3.2) with 7, = w for each

1=1,...,Nyandn=20,...,N — 1.
3. Complete the parameter estimation using the L-Curve method or any other method.
4. Construct the residual r,, =Y — Xg.

5. Compute the average of the absolute value of the residual over all samples given by

equ. (3.4).
6. Repeat steps 2-6 for each 7, € {79,...,7¢}.

7. Identify estimated parameters based on the residuals. For a discussion of the differences
in discrete vs. distributed delays in determining the estimated parameters, see Remark

3.2.1.

Updates to the Covariate Matrix and Observation Vector. When constructing the
parameter estimation method in this procedure, we will discuss an example of a possible

parameter situation with one delay, but any terms that are known on the covariate side can



be moved to the observable side, depending on the application of this method. We again
wish to take multiple samples at different times steps given by t;, where i = 1,2,..., N,
where NV, is the total number of time steps considered. Using these samples, we construct

the NN, x (N + M + 2) covariate matrix and the NN; x 1 observable vector.

In particular, the parameter vector using the coefficients known from eqn. (3.19) is given by

eqn. (3.7) with the g, now defined by

On = / 0 G(—wh) K (0)dh, (3.20)

-1
where 0 < n < N — 1 for a N-dimensional approximation.

These parameters now require the covariate matrix and observable vector at a single time ¢;

to be
- N-1 Nl ]
n(Ei KL (=2 )yn (F; . N wB (i ; ;
wnz::oy (t:) wnzzjo (—5)yn(ts) w2yo(E) wyn_1 (%) wHo(y(ti)) wHp—1(y(E:))
K315, SIS Wil TR, KR, TR,
N-1 Nl .
% KL (= 2y (; - Ty wilo(y(i 7 i
v nzz:O un(t) nZ::o n(= () w?yo(t:) Wyn_1(f) wHo(y(i)) wha -1 (y(E:))
L TR T, Rl TRAR, 7 TRAGIR, TRAAMR,  TTRAAME,
(3.21)
and
dyg () N n—1 1112 i w N
S 2 (22200 an k(00,1515 — D)y (i) — oS | 22 yn(ti)
||7C0HH1 n=0 1 ”ICOHHI n=0
dyN—}(fi)_ 1 Nil(Qnila (5 HKl ||2 _1))y ({)—*S Nily (E)
a7 HK}V—l“’zHl 20 n,k\ON—1,k N-—11lH4 n\ti H’C}\f—lu’zﬂl = n\li
(3.22)

N-1

respectively for a given 7, in the mesh. In the above formulas, S( " v,(¢;)) is all terms in the
n=0

nonlinearity F that correspond to known parameters and H;(y(#;)) are the terms which corre-

spond to unknown parameters, h;, in the nonlinearity F', where y(¢;) = (yo(£;), y1(&:), - - -, yn(:))



with w multiplied into any of the terms that are multiplied by g, explicitly.

Remark 3.3.1. If there are terms of the form K(—2) in the estimation, we again expect

to determine a minimum in the residuals at 7y, as discussed in Section 3.2.

If we consider the case with no explicit dependence on 7y, apart from the distributed delays,
we can construct a reduced system, where the columns corresponding to b are removed from
eqn. (3.21). We can use this to do one parameter estimation with w. This can be done as we
do not need to consider a mesh for the delays since the mesh does not influence the parameter
estimation process. Using this method, we can obtain a kernel and parameters that will work
for the system provided w > T we- In this case, there may be a jump discontinuity in the
kernel, in which case one can reduce the value of w in the estimation to try and approximate
a continuous kernel to avoid errors due to the Gibbs phenomenon near the discontinuity.
However, within our numerical results, this jump discontinuity did not impact the ability
to recover the dynamics of the original system provided a sufficiently large number of basis

functions were used.

3.4 Using a Basis for the Kernel

As an extension of the two methods outlined in Sections 3.2 and 3.3, we can make further

adjustments to the scaling method to treat a more general problem.

In particular, we consider the same procedure as was presented in Section 3.3. Using this
procedure, we expand on the method to allow the determination of the kernel when multiplied

by the nonlinear factors. To do this, we can define G in a beneficial manner.

Expanding G. We start by considering any basis that we can expand G in, where G is

the reformulated kernel from Section 3.1. In particular, we define the functions e, to be the



functions that we expand G in defined on [—7,,0], where 7, is an element from the mesh,

and g, to be the coefficients for each of these functions. This gives us the formula

00 M-1

G(-0) = 29666(9) ~ Z geeo(6) (3.23)

/=

for —7, <0 <0, which we will refer to as a kernel expansion. We note that we must choose
a set of functions carefully, so as to have convergence to the kernel even if discontinuities
or non-smooth functions are estimated. In particular, from our numerical tests, we suggest
choosing orthogonal basis in Ly([—7,,0]; R) to expand the kernel in. A brief motivation for

this can be found in remark 3.4.1.

Defining the ODE. Using this approximation of the kernel G, we can now substitute this
into the integrals from the N-dimensional scaled system given by eqn. (3.19), which we use
as the basis for the formulation of this method. When we complete this approximation of
the kernel, we can choose M to be a different dimension than N, depending on the dynamics

of the expected kernel.

From this substitution, the integrals we consider for our parameter estimation procedure
change in the following manner. In particular, we note that we extend by 0 again the G in

this case to the interval |w, 0] for the scaling, denoting this extension by Gxt, which gives us

0

/ 0K 0)d0 = | G(0)K#(0)a0

—w —Tp

0

—

> gee0) K5 (6)do (3.24)
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These integrals can then be scaled by w as before and we obtain

/ Gext(—wO) K (0)dO = w Z 9 / J(wO) K (6)d6. (3.25)

‘rp/w

Plugging these integrals in to the N-dimensional equation with a M-dimensional kernel

approximation, we now have for 0 < 7 < N — 1,

dy N-1 7_ M-1 0
@Y 1(_ Ttrue 2 1
S Z aw + bw K} ( )+ cw gg/ eo(wO) K} (0)do
dt ||’C B 2= w = /e

n—1

+2) an (Gl K13 — 1))ya(D) (3.26)
k=0
N-1 —1
|IC1|| (Z Yn (1), Z Wy (t Z gg/ eo(wh) K} (9)d9> :
H n=0 n=0 =0 77‘1’/"')

Now that we have this ODE approximation, we can create the parameter vector, covariate

matrix, and observable matrix from these.

Parameter Vector. Now that we are expanding the kernel in terms of other functions,

we need to change our parameter vector. Redefining 3 for each 7, in the mesh, we get that

T
B=la b ¢ ... 1 ho ... hp_q, (3.27)

where ¢, = cg,” with g,/ are the coefficients from eqn. (3.23) for the 7, in the mesh and
h; are any nonlinear term parameters, where we again absorb coefficients multiplied to the

integral kernel terms into the kernel expansion coefficients.

Covariate Matrix and Observable Vector. For the corresponding covariate matrix

and observable vector, we now have more agency over the sizes of these matrices. We still



wish to take multiple samples at different times steps given by ¢;, where i = 1,2,..., Ny,
where N, is the total number of time steps considered. Using these samples, we construct

the NN; x (P 4 M + 2) covariate matrix and the NN, x 1 observable vector.

Therefore, the parameter vector now requires the covariate matrix and observable vector at

each time £; to be

N-1 -
w Z yn(ti) w 3 Kh(=2)yn(ti)

n=0 2[()(15) 2[]w 1({) Wﬁo( (f )) pr l(y(f ))
T KL, KLE, KB, KA, KL,
X( Z) = )
w Z yn( i) w Z Kl(— )yn(fz) ‘U2IO(£7;) w2IM,1(t~i) wgo(y(t”l)) wI:Ipfl(y(t]))
IS5 S T eyl 2 ey R 1o oyl 2 vyl o Al
(3.28)

N-1
where I,(1) = 3 [Py em(wB)KL(0)dOy, (i) for m =0,...,M — 1, and
n=0 «

. N-—1
d t. ~ w ~
y%&’) [ Z (232020 an,k S0,k 13112, —1)yn (i) ——t22—S | 3 yn(h)
I3 1 513, \ =0

="

d _q(t ~ ~
A e Te z @i (O 1kl 1\\%;1))%(%)*@ (z un(Fs ))

1”7—11 n=0 k=0 n=0

(3.29)
N_ ~
where S( > y,(t;)) is all terms in the nonlinearity F' that correspond to known parameters
n=0
and H,(y(#;)) are the terms which correspond to unknown parameters, h;, in the nonlinearity

F, where y(t) = (yo(t;),y1(t:), .., yn(f;)). We can now use these matrices and follow the

procedure outlined in Section 3.3.

Nonlinearity in the Integral. A main reason to use this method is when the integral
terms have a nonlinearity in the argument. In particular, this will be exemplified in the

distributed KTF example in Section 4.3. However, if we consider an arbitrary nonlinearity



given by f(z(s)) in an integral term, we see that the term becomes

which may or may not be separable in terms of removing the y,(¢) from the integral. In
this case, using the kernel expansion allows the estimation of the kernel by estimating the

g¢ using terms of the form

o u [ et s mOKL ).
/=0 —T/w n=0

These terms are often considered to be terms within the definition of H Ay (%)) in the co-

variate matrix constructed in eqn. (3.28).

Remark 3.4.1. We will consider the orthogonality property of the basis to expand the
kernel. Suppose we choose some set {e,}>°, where we do not assume orthogonality. Then,
we note that we are estimating the coefficients g, from the expansion in eqn. (3.23). In
particular, we see that taking the L? inner product with one of the functions on both sides,
we get assuming we can swap integration and summations, which generally required uniform

convergence,
[e§)

(Gei)re = Z gelee, €i)r2,

=0

Rearranging for the coefficient ¢; we wish to obtain, we get

(Gei)rz — D20 0 0z 9eler €0) 12

lesll7

C;, =

However, we note that without an orthogonal basis, this gives us a coupling between the
parameter we want to estimate. This coupling may be one of the reasons why the non-

orthogonal bases we consider in Sections 4.1 and 4.3 do not have convergence as the dimension



increases according to our numerical results, where the condition number of the matrix given
by [(€i, €;)2]i; for the expansion basis may be large. However, numerical tests of this have

yet to be completed.

Remark 3.4.2. Due to the lower dimension requirements of these methods, it is often
more time efficient to use this method. However, some accuracy in the kernel and solution
reconstructions are lost due to the lower dimensions, so using this instead of the mesh
methods discussed previously may not provide benefits in the case of f(z(s)) = z(s). Higher
dimensions may not work for this method due to the problem becoming stiff due to the
integrals between the functions becoming large in magnitude depending on the basis chosen

or due to possible coupling as exemplified later in Section 4.3 and discussed in remark 3.4.1.

3.5 Method 3: Nonlinear Search Method

In this section, we extend the methods and algorithms developed above to the use of nonlinear
searches. We will see an example of this in the Mackey-Glass equation application in Section
4.4. We refer to the examples of nonlinear search methods from literature in Section 2.4
for a motivation on the changes we make to the methods in Section 3.3. We discuss the
implementation of the method discussed in Section 3.3 within the nonlinear search methods

in this section.

As a motivation for the use of this method, we can consider the use of the linear search
completed in the methods presented in Sections 3.2 and 3.3. These linear searches grow
quickly in size when we need to search in large search regions or when we have many delay
parameters we need to estimate. However, the nonlinear search methods can help reduce the
computational cost, especially in high-dimension delay spaces when you have many delay

parameters or large search regions for the parameters.



Algorithm. In implementing the nonlinear searches, we use the scaling method discussed
in Section 3.3 as a starting point, where the reason is discussed in remark 3.5.1. However,
we no longer consider a mesh of values and instead consider only an initial guess for the
distribution of the delay terms, often chosen by random starting points within the search
region. Using this, we can change our algorithm from algorithm 3.2 to consider the most

general case, which is inclusive of linear searches and nonlinear searches.

Algorithm 3.3 (DDE Estimation Algorithm). Assume that we know the structure of the
modeling equation with its ODE approximation form and have the data available for pro-

jection.

1. Choose a search interval [ry,,7,] C Ry for each element in the delay set 7 = {7;}7,
where P is the number of different delays in the modeling equation. Choose also an
arbitrary 7, € [, 7ys,| for each ¢ = 0,..., P as the initial starting delay estimates

chosen based on the search method.

2. Choose an w > max {r1.} and construct the y,(%;) given by eqn. (3.2) for each i =

1,...,N;and n=0,..., N — 1 for this w.
3. Define your loss function for the estimation problem, for instance the average absolute

residual can be used given by eqn. (3.4).

4. Use a search method, such as the nonlinear search method examples from Section 2.4,

to complete the parameter estimation. At each iteration in the search,

(a) Construct your covariate and observable matrix using equs. (3.21) and (3.22) for
only linear terms in the integral or eqns. (3.28) and (3.29) for nonlinear terms in

the integral with the delays determined at the iteration.

(b) Complete the parameter estimation for any non-delay parameters considered us-

ing the L-Curve method or any other method.



(c) Evaluate the loss function used for the nonlinear search method using these esti-

mated parameters and the delay values for this iteration.

(d) Update delay values for the next iteration of the search.

5. Terminate the search based on exit criteria, such as once a minimum is reached based

on the specific nonlinear search method’s termination conditions.

When using this algorithm with a nonlinear search, only one output will be provided, which
will be a non-unique value for any delays involved only in distributed delay terms in the DDE
that may differ from the true delay, 7iyue,;, as discussed in remark 4.1.1. Furthermore, many
nonlinear search techniques may find local minimums and not absolute minimums over the
search region, so multiple generations may be required with randomized initial conditions to

find a best local minimum in the search region for the delays.

Remark 3.5.1. To use a nonlinear search method, if we were to have no scaling, we would
need to at every iteration determine the maximum value of the 7, being estimated in the pro-
cedure and rescale the solution using eqn. (3.3). This becomes quite costly computationally
as this must happen at every iteration of the nonlinear search, and if multiple generations

of search are used, this will increase the computational cost significantly.

Remark 3.5.2. When we consider the nonlinear search, if there are any nonlinearities in
the integrals, since we have to construct the expansion of the kernel in a basis, we have to
compute the functions in this set at every iteration for the new scaling used. This increases
computational costs as we can no longer predict the 7, we need to compute the functions for
and cannot do this in an offline stage, unlike what is possible in the Delay Mesh in Section
3.2. However, most bases used will have an analytic form that can be used to construct
the required functions with little additional cost at each step added from constructing these

functions.



3.6 Comparison of Methods

We now have shown three related methods, each of which have their benefits and potential
limitations to using them. We will discuss these benefits and potential limitations individu-

ally. For a quick reference on applications of each method, we refer to Table 3.1.

Method dim(7) Small, dim(7) Small,  dim(7) large = Non-linearity
R, Small R, Large in Integral
Delay Mesh v X X v
Scaled Delay Mesh v X X v
Nonlinear Search 4 4 v v

Table 3.1: A reference guide for the applicability of each of the methods to different cases.
R, refers to the search region and 7 is the set of delays, {7;}£,. A X represents an expected
very high computational cost to completing the task that may make it nearly impossible to
use this method, while a v represents an expected moderate to low computational cost.

3.6.1 Delay Mesh Method

We start with the benefits and potential limitations of the Delay Mesh method presented in

Section 3.2.

Benefits. The Delay Mesh method is the easiest to implement into code as there is no
concern about choosing a scaling w that is too small to capture the value of 7. If this
value is not captured in the original mesh, the mesh only needs to be extended to larger
values. Furthermore, this method shows the distinct minimum in the case of discrete delays
and the flattening of the residual for distributed delays, so one can determine the approximate
parameters that correspond the closest to 7,4 in each case. This method can also work with
nonlinearities in the kernel using the kernel expansion as was done in the scaling case in

Section 3.4. Furthermore, you can compute the Koornwinder polynomials and basis for the



kernel expansion for each 7, in the mesh in an offline stage, which reduces the computational

cost of this method in the online stage.

Potential Limitations. However, there are many potential limitations to this method.
Despite the conversion equation between 7, from eqn. (3.3), this step still costs computa-
tional memory and can take a lot of memory space if large amounts of data are used in the
estimation problem. Furthermore, as more delays are added, to handle multiple delays, this
method requires a determination of the maximum delay at each iteration to then scale the
solutions to that maximum delay 7,,,,. This then also falls into a curse of dimensionality, in
which as the number of delays or the search region increases in size, the computational cost
of a linear search increases. In particular, if there is a large search region, the use of a large
step size should be implemented initially to find a smaller region to search with a finer mesh,
which can be iterated until the required tolerance is met to find a minimum. However, this
may require multiple iterations through many meshes, which will increase the computational
requirement linearly in terms of the number of mesh points used. For multiple delays, one
will require a search through minsng...np mesh points, where n, is the number of mesh
points for the linear search along the 7, search region. This can grow very quickly, and can
result in a large computational cost, depending on the mesh step chosen for each of the 7,

search regions.

3.6.2 Scaled Delay Mesh Method

Similarly to the Delay Mesh method’s benefits and potential limitations from Section 3.6.1,

the Scaled Delay Mesh method has similar benefits and potential limitations.



Benefits. In particular, the benefits of the Scaled Delay Mesh method include the removal
of the need to scale the solution data using eqn. (3.3) at every iteration due to the scaling
by w. This scaling makes implementation of distributed delays simple as the only change in
distributed delays is in the domain of the kernel expansion as done in Section 3.4. Otherwise,
if only a distributed delay is present and the kernel expansion is not used, then the choice
of w is only needed as the problem is independent of 7,, which gets absorbed into the kernel
being estimated of G(6). Furthermore, this method also shows the distinct minimum in the
case of discrete delays and the flattening of the residual for distributed delays when using a
kernel expansion, so one can determine the parameters that correspond the closest to 7 ue
in each case. This method can also work with nonlinearities in the kernel using the kernel
expansion from Section 3.4. Furthermore, you can compute the Koornwinder polynomials
and the basis for the kernel expansion for each 7, in the mesh in an offline stage, which

reduces the computational cost of this method.

Potential Limitations. Again, there are many potential limitations to this method. As
a cost to not changing the scaling of the solution at every step, the value for w needs to be
chosen to cover 7., otherwise projection for a larger value may be needed, which can be
done using eqn. (3.3) or direct computation using eqn. (3.2), which will take computational
resources. Furthermore, as more delays are added, to handle multiple delays, this method
requires that w is larger than the largest value in the search regions along all 7, directions.
If any of the true delays, 7iye,, are greater than w, then the scaling must again be changed.
Similar to the Delay Mesh method, this method also falls into a curse of dimensionality, in
which as the number of delays or the search region increases in size, the computational cost
of a linear search increases. In particular, if there is a large search region, the use of a large
step size should be implemented initially to find a smaller region to search with a finer mesh,

which can be iterated until the required tolerance is met to find a minimum. However,



this may require multiple iterations through many meshes, which will again increase the
computational requirement linearly in terms of the number of mesh points used. However,
for multiple delays, one will require a search through nynsns...np, where n, is the number
of mesh points for the linear search along the 7, search region. This can grow very quickly,
and can result in a large computational cost, depending on the mesh step chosen for each of
the 7, search regions. Furthermore, if only distributed delays are present, the mesh will not
be needed unless kernel expansion is used, but this relies on the choice of the w to recover the
kernels and may not give accurate values of each 7y, to have an estimation of a continuous

kernel depending on how far away w is from Tiye, -

3.6.3 Nonlinear Search Method

The most versatile method is the nonlinear search. This method does have some potential

limitations, though, despite its effectiveness.

Benefits. The Nonlinear Search method has many benefits. In this method, due to the
scaling required to use a nonlinear search as is discussed in remark 3.5.1, the removal of
the need to scale the solution data using eqn. (3.3) at every iteration due to the scaling by
w is again obtained. Furthermore, this method has the same benefits from this scaling for
problems with only distributed delays as the Scaled Delay Mesh in Section 3.6.2, where the
kernel absorbs the 7, unless a kernel expansion is used. However, when a kernel expansion
is used, this method is able to extract an estimate of 7., that is greater than or equal to
Tirue, Used for the kernel without searching through a mesh in a linear fashion. This method
also does not face a cost of dimensionality. Since we are doing a nonlinear search, provided
the search can converge in higher dimensions or over large search regions, the search will

adapt step sizes to find the minimum of the cost function considered. The adapting step



sizes allows for searching the space to a higher accuracy and in fewer iterations. There is
also no need to determine a mesh for any of the 7, to search over. This method, as a result,
can also be used both for a few distinct delays and many distinct delays over a large range

of search region sizes without adding large computational costs.

Potential Limitations. There are a couple potential limitations to the Nonlinear Search
method. In particular, when using kernel expansion, the basis used needs to be computed
at every iteration in the online stage, which adds to the computational cost. On top of this,
the choice of the loss or cost function for the nonlinear search must be made in accordance
with the problem, as the wrong cost function could find the wrong estimated values. These
cost functions will often have local minima as well as an absolute minima over the search
region in which the nonlinear search method may get stuck. Therefore, multiple generations
of running the nonlinear search method and choosing the best result may be required, which
adds to the computational costs. Furthermore, the search regions are limited by [0, w] along
each 7, search direction due to the scaling, so choosing w large enough must be taken into
consideration. On top of this, if there is no way to separate the y, from the nonlinearity
when considering a nonlinear expansion case, the integral will need to be explicitly computed
for every sampled time, which is computationally costly, although this limitation also applies

in the Delay Mesh and Scaled Delay Mesh methods.



Chapter 4

Applications

In this chapter, we apply our framework presented in chapter 3 to various example problems.
We apply the framework to a logistic Volterra integrodifferential equation in Section 4.1, a
highly idealized ENSO model in Section 4.2, a modified KTF model in Section 4.3, and a

Mackey-Glass equation in Section 4.4.

4.1 Application to a Logistic Volterra Integrodifferen-

tial Equation

We now apply the framework presented in chapter 3 to the example of a logistic Volterra in-
tegrodifferential equation with a strong kernel discussed by Ruan [36, Chapter 11]. However,
instead of considering an infinite delay, as was done for the analytical methods presented
in [36, Chapter 11], we instead consider this equation with a finite delay 7. The equation

considered is given by eqn. 9.10 in [36] with a finite delay:

rRECIS 3 R S O (1.1

where the strong kernel considered is given by G(s) = a?se™®

%, We choose to examine the
oscillatory behavior for the parameter estimation of this equation, so we use the values of

r=20.15, K =1, a = 0.065, and 7 = 40 to obtain oscillatory behavior. For the parameter

48



estimation results, we take these values of » and K as given; however, in general, we can

treat r and K as unknowns and absorb % into the kernel.

For these approximation methods, using an arbitrary scaling w > T, We have that the

Galerkin ODE system for the logistic equation is

dy 1 N-1 n—1

— = 12 (rw + 2Zan,k(5j,k||lcgl'”3-tl - 1))yn(t>

dt ||IC]||H1 n=0 k=0

1 ro? N-1 N-1 .o (4.2)
- e (S Y [ Gt Ob)).0 <5< N -1,
||]Cj||’H1 K n=0 n=0 —1
where

. e 0<O<T
G(0) = (4.3)

For this example, we apply the method presented in Section 3.2 to the logistic Volterra
integrodifferential equation from eqn. (4.1) with the simulated data scaled by w = 80. This
method follows the same process as that presented in Section 3.2, wherein we use eqn. (3.3)
to change the solutions between different 7, scales. When we follow this method using
data from a linear chain trick solution to eqn. (4.1) and using a mesh of delays from 20
to 60 by increments of 5, we obtain 40-dimensional kernel estimates seen in Fig. 4.2 with
residuals from the estimation of the parameters for these kernels seen in Fig. 4.1. These
kernels provide a Galerkin approximation of the solution over a short-term time scale seen
in Fig. 4.3. In practice, we used the equivalent scaled equation from eqn. (3.19) to define
the covariate and observable matrices for this example for the conversions between K, and

Ky for each 7, in the mesh.

In particular, for this method, we constructed the covariate matrix and the observable vector
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Figure 4.1: The residuals from the delay mesh for the logistic equation. The residuals
decrease and eventually flatten, showing the non-uniqueness of the solution to the inverse
problem.
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Figure 4.2: The resulting 40-dimensional kernel approximations from the estimation using
the delay mesh for the logistic equation. Agreement of the kernels with the known kernel
can be seen for 7 > 40, but these result in non-unique solutions.

respectively. The parameters we wish to estimate are given by the vector given by

Go 2 G(=m,0) K} (6)d6
(4.6)

Gy_1 [°, G(=7,0)K}_,(0)d0

which are the values we need to use with eqn. (3.11) to be able to reconstruct the kernels.

From Fig. 4.3, we see the non-unique solution in effect, at least over short time periods.
In the system, as the values of 7, change, the kernels are adjusted to compensate for the
differences in the 7 values, resulting in a non-unique kernel and 7, that can reproduce the

data. As a result, we cannot choose one 7, value to be the true value for this example, and
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Figure 4.3: The 40-dimensional reconstruction of the solutions from the parameter estimation
compared to the linear chain trick solution to the logistic equation, which shows the non-
uniqueness of the solution for all 7 > 35.

may not be able to in general, but can get a lower bound from this mesh of at least 7, = 35,
as that is when the solutions agree, even if the kernels may not agree. This can also be seen
in the residuals from Fig. 4.1, where the residuals from the parameter estimation level off

around 7, = 35.

Remark 4.1.1. Since we have this non-unique solution, we can choose one value that can
reconstruct the data and use that kernel and the 7 value chosen as the true values for
the system based on the data provided. This can be done for the case of only having a
distributed delay, but may not be possible if there is a discrete delay that shares a delay

with the distributed delays.

Remark 4.1.2. In some cases, such as in this example, for values of 7, < Tie, We can



recover well-behaved dynamics, even if they do not produce estimated kernels that estimate
the original kernels well. Despite this, we may obtain poor approximations of the dynamics
of the solutions in this regime as we are estimating integrals over a shorter interval and will
have more errors in the integral kernels estimated to compensate for the smaller time delay

in the integral.

Remark 4.1.3. When we have to estimate a kernel, since we get the coefficients correspond-
ing to the kernel decomposition onto a basis, we are unable to use the linear chain trick or
similar simulation methods to reconstruct the solutions. In this case, we can either compute
integrals directly using the estimated kernels or we can use the Galerkin approximation ODE
system to simulate the solution. In our case, we use the ODE system as we have ready access
to all of the parameters and do not need to construct the kernel directly to verify the solution

plots.

4.1.1 Examples of the Use of Different Basis

In the following sections, we further wish to exemplify the method presented in Section 3.4,
through the use of the simple example provided by the logistic Volterra integrodifferential
equation. In particular, we want to consider three different bases to show how these bases
can be used to estimate the kernels in a linear application before we apply the method to a
nonlinear case, as done in Section 4.3. The three bases we consider here are the Koornwidner
polynomial basis, a sine basis that matches Dirichlet boundary conditions, and the Legendre
polynomial basis. The only orthogonal basis we consider in this example is the Legendre

basis for the purposes of the kernel estimation with respect to the L?([—7,, 0]; R) norm.

To start, we will construct the general form of the covariate matrix and observable vector

for this example using the kernel basis method presented in Section 3.4. We see that these



matrices are constructed almost exactly the same as in Section 4.1, but with some slight

changes.

The covariate matrix and the observable vector we construct at each time ¢; = &

e S W EIE) e (PN v ) )
X(f,) = : )
m(‘}?)@f o Un(@) () . m(‘}?)@fg Yn(t:)) In—1(F:)
(4.7)
where I, (5;) = 32 ([ r e/ (0) K1(8)dO)y, (i) for m = 0,..., M — 1 with e2’* is the basis
n=0 @
function we use to expand the kernel, and
B0 — et S (77 2 70 aun Gol I3, — 1)) (F)
Bl — e T 2 5 @Byl K11, — D))
(4.8)

respectively. The parameters we wish to estimate are given by the coefficients of g, in the

expansion of the kernel from eqn. (3.23).

4.1.2 Koornwinder Basis

Starting with the Koornwinder basis, we again consider a mesh of delays from 20 to 60 with a
step size of 5 and use a scaling of w = 80. Once we use these, we can construct the covariate
matrix and observable vector at each time £ using eqns. (4.7) and (4.8) with e,(0) = K" (0)

for each 7, in the mesh.

For this estimation, we used a 10-dimensional basis for the kernel, i.e. M = 10. As a

result, we obtain the kernels seen in Fig. 4.4, which have the associated residuals from their



estimation seen in Fig. 4.10. Furthermore, we can reconstruct the solutions to the logistic

equation seen in Fig. 4.5.
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Figure 4.4: The resulting 10-dimensional kernel approximations from the estimation using
the delay mesh with Koornwinder polynomials for the logistic equation. Agreement of the
kernels with the known kernel can be seen for 7, > 40, but these result in non-unique
solutions as seen in the reconstruction of the solution to the logistic equation in Fig. 4.5.

From Fig. 4.4, we again see that we can reconstruct the kernels well, especially for values
above the true delay or near the true delay. However, in this case, we get slightly less
agreement in the reconstruction of the solutions due to the differences in the kernel from the
lower dimension in their approximation and the coupling that is exemplified in Section 4.3
that occurs in non-orthogonal bases as mentioned in remark 3.4.1. As a result, the general
form of the data is followed in the reconstruction of the solution, but we have small errors

in the values at every time.
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Figure 4.5: The 40-dimensional reconstruction of the solutions estimated using Koornwinder
polynomials from the 10-dimensional parameter estimation compared to the linear chain
trick solution to the logistic equation. Agreement is seen for all 7 > 35, although slight
errors in the periodicity can be seen.

4.1.3 Sine Basis

The second basis we consider is a Fourier sine series that has correction terms to match
Dirichlet boundary conditions on the kernel. We again use a scaling by w = 80 for this
method and a mesh from 20 to 60 with a step size of 5. Now, using this sine series, we can

estimate the kernel with this basis and the resulting covariate matrix and observable vector



for this basis is given by eqns. (4.7) and (4.8), where

(

1, (=0

() =40, (=1 (4.9)
\ngmgm,ézz

For this estimation, we again used a 10-dimensional basis for the kernel, which gives the

estimated kernels seen in Fig. 4.6, which have the associated residuals from their estimation

seen in Fig. 4.10. Furthermore, we can reconstruct the solutions to the logistic equation

seen in Fig. 4.7.
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Figure 4.6: The resulting 10-dimensional kernel approximations from the estimation with a
sine basis using the delay mesh for the logistic equation. Rough agreement of the kernels
with the known kernel can be seen for 7, > 40, but these result in non-unique solutions as
seen in the reconstruction of the solution to the logistic equation in Fig. 4.7.
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Figure 4.7: The 40-dimensional reconstruction of the solutions estimated from the 10-
dimensional sine basis parameter estimation compared to the linear chain trick solution
to the logistic equation. Agreement is seen for all 7, > 40, although slight errors in the
periodicity can be seen.

From Fig. 4.6, the kernels we reconstruct have a large amount of oscillations, even if they
mostly agree. This is due to the low dimensional sine approximation we are using, using
only 8 sine terms for these approximations as well as the coupling due to the basis not being
orthogonal due to the e; function. However, we are able to recover the kernels well for this
low dimensional approximation. Despite the errors in the kernels, we see that the solutions
in Fig. 4.7 agree well, similar to the Koornwinder basis results in Section 4.1.2. They again
have the slight error in values for all reconstructions with 7, > 40, but these errors can be
partially attributed to the errors in the kernels being estimated due to the low dimension

approximations and coupling.



4.1.4 Legendre Basis

The third basis we consider is a Legendre basis on [—7, 0], which is orthogonal under the Ly
inner product on this interval. We again use a scaling by w = 80 for this method and a mesh
from 20 to 60 with a step size of 5. Now, using this Legendre basis, we can estimate the
kernel with this basis and the resulting covariate matrix and observable vector for this basis

is given by eqns. (4.7) and (4.8) with e,(0) = L,(6), where L, are the Legendre polynomials.

For this estimation, we again used a 10-dimensional basis for the kernel, which gives the
estimated kernels seen in Fig. 4.8, which have the associated residuals from their estimation
seen in Fig. 4.10. Furthermore, we can reconstruct the solutions to the logistic equation

seen in Fig. 4.9.

From Fig. 4.8, the kernels we reconstruct are relatively stable without many oscillations until
7, gets far from 7i,,.. This may be due to the orthogonality of this basis on [—7,0], which
we show further in Section 4.3. We see that the solutions in Fig. 4.9 agree, similar to the
Koornwinder and sine basis results in Sections 4.1.2 and 4.1.3. They again have the slight
error in values for all reconstructions with 7, > 35, but these errors can be partially attributed

to the errors in the kernels being estimated due to the low dimension approximations.

4.2 Application to a Simple Cubic Nonlinear Discrete

DDE

In this section, we consider an example system from [10] and considered first by Sprott [40].
This system is given by

dx 3
i ax(t — 1) —bx(t —7)°, (4.10)
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Figure 4.8: The resulting 10-dimensional kernel approximations from the estimation using
Legendre polynomials in the delay mesh for the logistic equation. Agreement of the kernels
with the known kernel can be seen for 7, > 40, but these result in non-unique solutions as
seen in the reconstruction of the solution to the logistic equation in Fig. 4.7.

where we consider a = 0.5, b = 20, and 7 = 3.35 for this example to give chaotic dynamics.
A discussion of the Galerkin approximation using Koornwinder polynomials for this model
can be found in [10, Section 6.3]. Also, as discussed in [10, Remark 6.1], eqn. (4.10) can be

regarded as a highly idealized ENSO model with memory effects.
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Figure 4.9: The 40-dimensional reconstruction of the solutions from the 10-dimensional
Legendre polynomial parameter estimation compared to the linear chain trick solution to the
logistic equation. Agreement is seen for all 7, > 35, although slight errors in the periodicity
can be seen.

4.2.1 Using a Delay Mesh

We start with the delay mesh method for the ENSO model from eqn. (4.10). From this

equation, we get the N-dimensional ODE approximation given by

N-1 n—1
dy' 1 T 2 Tp
o T 22K ) + = D ans(@ikl K I, = 1)un()
H j H?—LTP n=0 p k=0
(4.11)
N—1

b .
+ o O K (—m)yn(t)?,0< j < N -1,
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Figure 4.10: (Top) The residuals from the delay mesh for the logistic equation using Koorn-
winder polynomials. (Middle) The residuals from the delay mesh for the logistic equation
using the Fourier sine basis. (Bottom) The residuals from the delay mesh for the logistic
equation using Legendre polynomials. In all cases, the residuals decrease and eventually
flatten, resulting in the non-uniqueness of the solution to the inverse problem.

with 7, from the delay mesh. From this equation, we can construct the parameter vector,

covariate matrix, and the observable matrix, which are given at each time ¢; by

B = , (4.12)
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Figure 4.11: (Left) The residuals from the ENSO model parameter estimation on a mesh of
delays from 2 to 4 using the method presented in Section 3.2. (Right) The residuals from
the ENSO model parameter estimation on a mesh of delays from 2 to 4 with a scaling by

w = 5 using the method presented in Section 3.3.
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respectively for a given 7, in the mesh.
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(4.13)

o (4.14)

With these matrices defined, we can apply the procedure from Section 3.2. For the purposes
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Figure 4.12: (a) The estimated solutions of the system from the parameters estimated by
multiple regression without using any scaling. The closest agreement in behavior is seen
in the 7 = 3.35 case. (b) The corresponding estimated solutions of the system from the
parameters estimated using the scaling method. The closest agreement is again seen in the
7 = 3.35 case. The 7 = 3.5 case has poor parameter estimates, causing instability.



of this example, we use a mesh of delays from 2 to 4 with a step size of 0.01. This mesh
produces the residual plot seen in Fig. 4.11. There is a clear minimum in the residuals in
this plot, which occurs at 7, = 3.35, which is the estimate of 7,4 and is in good agreement.
Using this 7,,, we further find that a ~ 0.50001784 and b ~ 20.011506 using a multiple linear

regression, which is close to agreement with the expected values.

From these estimates, we reconstruct the system for sampled values of 7 in the mesh. These
reconstructed solutions are seen in Fig. 4.12a. We see that the closest reconstruction of the
dynamics of the system is seen in the 7 = 3.35 case. This agrees with the minimum of the
residual being at 7 = 3.35, so we see that the solutions can be approximately reconstructed,

even in chaotic systems.

4.2.2 Using a Scaled Delay Mesh

We also use the scaled delay mesh method for the ENSO model from eqn. (4.10). From this

equation, we get the scaled N-dimensional ODE approximation given by

N-1 n—1
dy; 1 1,_To 12 ;
1 n=0 k=0
o (4.15)
3 .
7-[1 —0

with 7, from the delay mesh. From this equation, we can construct the parameter vector as

in eqn. (4.12), covariate matrix, and the observable matrix, which are given at each time %
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respectively for a given 7, in the mesh.

With these matrices defined, we can apply the procedure from Section 3.3. For the purposes
of this example, we use a mesh of delays from 2 to 4 with a step size of 0.01 and a value
of w = 5. This mesh produces the residual plot seen in Fig. 4.11. There is again a clear
minimum in the residuals in this plot, which occurs at 7, = 3.35, which is the estimate
of Tyue and is in good agreement. Using this 7, we further find that a ~ 0.50007232 and

b~ 20.01210, which is close to agreement with the expected values.

From these estimates, we did reconstruct the system for sampled values of 7 in the mesh.
These reconstructed solutions are seen in Fig. 4.12b. We see that the closest reconstruction
of the dynamics of the system is seen in the 7 = 3.35 case. This agrees with the minimum
of the residual being at 7 = 3.35, where the residuals in this case are the same as those
without scaling multiplied by the scaling factor w = 5, so we see that the solutions can be

approximately reconstructed, even in chaotic systems using a scaling method.



4.3 Application to a Distributed KTF Model

We now consider an application to a chaotic distributed delay system. In particular, we
consider the KTF model introduced by Koren et al. [27] and further discussed in [11], but

replace the nonlinear discrete delay with a nonlinear distributed delay given by
t
() =1+ ah(t) — b / R2(s)G(t — 5)ds, (4.18)
t—1

where we consider an exponential kernel given by G(s) = e~7%) which can preserve chaotic
dynamics and does not have a strong smoothing effect like the gamma kernels. The param-
eters we specifically consider for this system are a = —0.2, b = i with p = 0.1, v = 0.31,
7 = 2.4, and a constant initial condition given by z(s) = 0.34,—7 < s < 0, which were

chosen to induce chaos. Furthermore, we will consider the scaling w = 5 for these examples.

This system permits the following scaled Galerkin approximation ODE system given by

N-1 n—1

dy w 1 )
S o o w0+ 2 ) k(G I, — 1)yl
N ISTERM T STAP RS
«— (4.19)
w? — . 0 1 1 |
_ b_||/C1||2 Z Yny (t)ym(t)/ ) Km (Q)Kn2(9>G<—w9)d0,O <j< N—1
3WHL ny ny=0 —Tp/w

However, if we were to attempt to complete an estimation procedure on the system in the
form in eqn. (4.19), we would require at least N2 terms to reconstruct the kernel, and these
terms do not correspond directly to the formula given by eqn (3.12). Therefore, we must
consider expanding the kernel itself on a basis, as discussed in Section 3.4. For this system,
we exemplify this by considering a Koornwinder polynomial basis and a Legendre polynomial

basis.

Using this expansion method, expanding G(s) = Zé‘igl geee(0) according to eqn. (3.23) with



e¢ a basis function defined on [—2,0], we obtain the ODE
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(4.20)

We can now complete the estimation on only M terms given by g, and can reconstruct the

kernel according to eqn. (3.23).

We can construct a covariate matrix and observable vector corresponding to eqn. (4.20) with

the parameter vector

B=l|a bgy ... bgy_1| - (4.21)

The covariate matrix and observable vector become at each time 7;
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Koornwinder basis. We now start by considering the Koornwinder polynomials as our
basis for this example, where we consider M = 10. For this, we obtain the 10-dimensional
reconstructions of the exponential kernel multiplied by b in Fig. 4.13a. The kernels we
obtain are in agreement for 7 > 2.4, although oscillations appear near the discontinuity,
which are expected from the Gibbs phenomenon. We used these kernels to estimate the
original system, resulting in agreement of the attractor for the chaotic system as seen in
Fig. 4.13b for 7 > 2.4. The residuals from this estimation procedure can be seen in Fig.
4.15. We can further see that the estimations of a approach the known value once we have
T > 2 as seen in Table 4.1, so we obtain good agreement from this procedure here as well.
Furthermore, we obtain agreement in the power spectral densities of the estimated system
and the original data within the broadband spectrum, including recovery of the primary

oscillations, as seen in Fig. 4.16a.

7 | Koornwinder | Legendre
1.2 0.809 0.785
1.6 0.006 0.110
2.0 -0.183 -0.180
2.4 -0.200 -0.200
2.8 -0.200 -0.200
3.2 -0.200 -0.200
3.6 -0.203 -0.202
4.0 -0.199 -0.197

Table 4.1: Estimated a values from the Koornwinder and Legendre polynomials rounded to
the nearest thousandth. They both converge to a = —0.2 as 7, increases past Tyme = 2.4.
Differences from the true value are partly due to discretization and numerical errors.

We have yet to discuss the pitfalls of this strategy, which can result in incorrect kernels being
recovered. Although the kernels are not unique, there can be over-fitting and conditioning
issues that may happen. This often occurs from an increasingly ill-conditioned problem
as the dimension of the systems we consider increases. To exemplify this, we use the KTF

equation with 7 = 2.4 fixed and only changing the dimension, M, that we use to approximate
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Figure 4.13: (a) The resulting 10-dimensional Koornwinder polynomial kernel approxima-
tions from the estimation using the delay mesh for the KTF equation. Agreement of the
kernels with the known kernel can be seen for 7 > 2.4, but we again have a non-unique solu-
tion as seen in the reconstruction of the solution to the KTF equation. (b) An approximation
of the solutions to the KTF equation using the estimated values from the 10-dimensional
kernel approximations with Koornwinder polynomials. Agreement in the attractors can be
be seen with a solution from using the linear chain trick and MATLAB’s dde23 with the
known kernel for 7 > 2.4.
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Figure 4.14: (a) The resulting 10-dimensional Legendre polynomial kernel approximations
from the estimation using the delay mesh for the KTF equation. Agreement of the kernels
for 7 > 2.4 is seen, but we again have a non-unique solution as seen in the reconstruction of
the solution. (b) An approximation of the solutions to the KTF equation using the estimated
values from the 10-dimensional Legendre polynomial kernel approximations. Agreement in
the attractors is again seen for 7 > 2.4.
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Figure 4.15: (Top) The residual plot for the KTF equation parameter estimation when esti-
mating a and the 10-dimensional Koornwinder polynomial kernel approximation. (Bottom)
The residual plot for the KTF equation parameter estimation when estimating a and the
10-dimensional Legendre polynomial kernel approximation.

the kernel. We see that as we increase the dimension in Fig. 4.17a, oscillations begin to
appear, which leads to an instability in the reconstruction of the kernel. So, the system is
sensitive to the basis and the dimension we expand the kernel in with that basis. Despite

these sensitivity issues in the kernel, low residuals may still able to be obtained.

Legendre basis. However, we see that there are still errors using the Koornwinder basis
that we want to correct, so we will consider a new basis, the Legendre polynomial basis.

In particular, the Legendre polynomial basis defined on [—7,0] is orthogonal under the
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Figure 4.16: (a) The recovered power spectral densities of the original data compared to
the recovered system using the Koornwinder polynomial basis. Agreement is seen in the
broadband spectrum.(b) The recovered power spectral densities of the original data compared
to the recovered system using the Legendre polynomial basis. Agreement is again seen in
the broadband spectrum.



inner product (f,g) = fi f(x)g(x)dzx. Furthermore, since the Legendre polynomials are
orthogonal, we do not see the stiffness or coupling issues that the Koornwinder polynomials
may have in the construction of the covariate matrix that get amplified by ill-conditioning
when computing the parameters. We believe these are the reasons we are able to get a

smoother result provided the jump discontinuity is not of concern.

We again consider M = 10. For this, we obtain the 10-dimensional reconstructions of the
exponential kernel multiplied by b in Fig. 4.14a. The kernels we obtain are in agreement for
T > 2.4, although oscillations appear near the discontinuity that propagate across the entire
interval, which are expected from the Gibbs phenomenon. We used these kernels to estimate
the original system, resulting in slight agreement of the attractors for the chaotic system
as seen in Fig. 4.14b for 7 > 2 in this case. The residuals from this estimation procedure
can be seen in Fig. 4.15, which are seen to level out to a residual of nearly 0. We can
further see that the estimations of a approach the known value once we have 7 > 2 as seen
in Table 4.1, so we obtain good agreement from this procedure here as well. Furthermore,
we obtain agreement in the power spectral densities of the estimated system and the original
data within the broadband spectrum, including recovery of the primary oscillations, as seen

in Fig. 4.16b.

We can check the stability of these kernel estimates for 7 = 2.4 as we change the dimension
of the basis we expand the kernel under. Doing this process again, we see that as we increase
the dimension in Fig. 4.17b preserves the resulting kernel in this case. This is most likely due
to the orthogonality of the Legendre polynomials over the interval we consider for the kernel
as discussed in remark 3.4.1. In particular, this means that the system is not sensitive to the
basis and the dimension we expand the kernel in with that basis when using the Legendre

polynomials.



4.4 Application to the Mackey-Glass Equation

In this section, we apply our methods to the Mackey-Glass equation discussed originally by
Mackey and Glass [30], wherein chaotic behavior for ¥ = 1 and B = 2 with an average of
Tavg = 17 using the methods proposed by Tavakoli and Longtin [42] and Mackey and Glass
[30] were seen. In [42], a discussion of complexity collapse with this equation was seen. For
our purposes, we will discuss the Mackey-Glass equations presented by Cassidy [8], in which
we discuss the discrete Mackey-Glass equation from [8, Section 4]. The equation we consider

is given by

dz
- 4.24
a = et Zl—i—xt—T 10 (4.24)

where {TZ . is a bounded set with 7,,, = 17 for this example. We further take v = 1 and
B = 2. To obtain the 7;, we use the formula from eqn. 2 in [42] with L = 1.8 x 107 and

¢ = 0.3 with é7; taken from a normal distribution given by

Ti = Tavg — “;;” — A7, iodd, (4.25)
4.25

Ty = Tavg + (l — AT1;, i even.

For our simulations and testing, we took M = 50, but this method is expected to work for

larger numbers of delays.

In this example, we emphasize the benefit of the Nonlinear Search method presented in
Section 3.5. Due to the size of the system we are considering, since we must construct
a mesh over 50 different 7 values, we cannot reasonably search the entire space with a
linear search. So, we must implement a nonlinear search algorithm to complete the search
for the optimal parameters, examples of which we discuss in Section 2.4. In this case, we

implemented a FIPSO method as discussed in [34].



To use this algorithm, we constructed the N-dimensional Galerkin approximation to the

system using a scaling of w, which is given by

dy4 1 N-1 n—1 i
& ST 2= (1w 22wl e = D)o (D)
JNH n= k=0
N-1
B M > (DK (—2) (4.26)
n=0 .
HIGH MZ N—-1 ~ )),OSJSN—L
H i=1 1 4 ( Z yn(t)K%(_%))lo
n=0

From the ODE system in eqn. (4.26), we can construct the covariate matrix and observable

vector for the parameter estimation using the method presented in Section 3.3 for each time

t; given by
r N-—-1 N-—1 T
& % yn(@) Mo @KL
IiCE 2 akaE, 2o (e -
" =1 14 (X yn () K (=)
X(t;) : (4.27)
N-1 ~ N-1 . .
& % yn(@) Mo X KT
1SS W 1l izzl(H(Nilyn(a)Ka(—ﬂ))lo)
and
[l S oyl (Gl — D))
dt IK3G, 2= k=0 @n.k(00.k[[ Ko I3, n(li
Y(t) = : : (4.28)
dyn—1(F:) T = -
N;lgl = = SRR nZ (2 Z nk(On— lk‘”lCN 1||H1 ))yn(ti)_

respectively for a given delay vector, wherein we estimate v and B

Using these matrices, we choose the average of the absolute value of the residual over all

samples given by

NN

2. [7ryl

i=1

o —
NN,

(4.29)



where N, is the total number of time samples, as the score function for the FIPSO algorithm,
which we wish to minimize. We used a population size of 20 over 20 runs of the FIPSO
algorithm with randomized starting positions between a delay of 15 and 20 for each of the
50 delays we wished to estimate. These gave us the estimated delays seen in Fig. 4.18a
with estimates of 4 ~ 0.985781 and B ~ 1.97145. We see that the estimates are close to
the expected values with some expected error, even if they do not provide exact agreement
using this method. Furthermore, we are able to obtain a reconstruction of the solution that

agrees in the chaotic attractor, as seen in Fig. 4.18b.
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Figure 4.17: (a) The resulting M-dimensional Koornwinder polynomial basis kernel approx-
imations from the estimation completed at 7 = 2.4 for the KTF equation. Slight agreement
of the kernels with the known kernel can be seen, but oscillations begin to appear as the
dimension increases. (b) The resulting M-dimensional Legendre polynomial basis kernel ap-
proximations. Agreement of the kernels with the known kernel can be seen with minimal
oscillations appearing.
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Figure 4.18: (a) The estimated delays from the FIPSO method for the Mackey-Glass discrete
DDE from eqn. (4.26). Close agreement can be seen among many of the delays. (b) The
estimated solution attractor of the system from the parameters estimated by the multiple
regression at the chosen delay vector from the FIPSO method. There appears to be some
agreement between the attractors, but differences appear due to the chaotic nature of the
equation.



Chapter 5

Conclusions

Within this thesis, we have discussed a new parameter estimation framework using a partic-
ular type of Galerkin approximations for delay differential equations reviewed in Section 2.2.
As illustrated in Chapter 4, the approach is applicable to delay differential equations with

both discrete delays and the more challenging cases of distributed delays.

The framework we proposed was constructed initially using a linear search through a discrete
mesh of the delay parameter 7, but we have shown in Section 3.5 that we can extend this
framework to nonlinear search algorithms, which is more efficient when either the delay
parameter space is high-dimensional or the potential search region is large. This has been
exemplified in Section 4.4 when there is a large number of discrete delays to be estimated.
Furthermore, we have shown the non-uniqueness of the solution for the inverse problem
when there are no discrete delays and only distributed delays are present, as exemplified in

Sections 4.1 and 4.3.

Some relatively accessible future work within this framework includes testing this framework
on simulated data with noise to verify the robustness of the framework and testing this
framework on experimental data to obtain a DDE model for that data. The approach can

also be readily extended to handle systems of delay differential equations.
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